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EFFECT OF THE CAVITY ANGLE ON FLOW STRUCTURES IN AN ANNULAR
WEDGE CAVITY

HALIS BILGIL, ZARIFE DOLEK

ABSTRACT. This paper analyzes the 2-D Stokes flow in annular wedge cavities with dif-
ferent cavity angles. In order to analyze the flow structures, the two dimensional bi-

harmonic equation is solved analytically. The flow is governed by two physical control

parameters: the cavity angle @ and the ratio of the upper and lower lid speeds (S = % ).

By varying «a for each S, the effect of cavity angle on the streamline patterns and their
bifurcations are investigated.

1. INTRODUCTION

Stokes flow generated within different shaped cavities is encountered in several
manufacturing processes and engineering applications. The list of some of these ap-
plications can be found in the references [6,12,14,17]. Flow within the cavities has also
been a focus attention for computational fluid dynamic studies since it is a commonly
used as a benchmark problem.

There are many works in the literature on cavity flows related to eddy structure and
their bifurcations. Giircan et al. [8] analyzed the generation of eddies in a rectangular
cavity. They showed effects of cavity aspect ratio and speed ratio of the moving lids on
the streamline topology and the flow bifurcations. Flow bifurcation and eddy gener-
ation for steady, viscous flow in an L-shaped cavity, with the lids moving in opposite
directions, has been investigated by Deliceoglu and Aydin [2]. Arun and Satheesh [1]
analyzed the effects of aspect ratio and Reynolds number on flow structures in a rect-
angular cavity.

Most of the these studies in literature related to cavity flow are concerned with the
square or rectangular cavity flows, although the cavities may be non-rectangular in
applications. Giircan & Bilgil [9], and Giircan et al. [10] investigated bifurcations and
eddy genesis mechanisms of Stokes flow in a sectorial cavity. Ertlirk and Dursun [3]
solved 2-D steady and driven skewed cavity flow of an incompressible fluid numeri-
cally for skew angles ranging between 15° and 165°. Ertiirk and Gokgol [4] studied 2-D,
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steady and incompressible flow inside a triangular driven cavity. A sequence of flow
structures is illustrated by Gaskell et al. [7] for Stokes flow in a cylindrical cavity. Flow
structures in different shaped cavities investigated by Ozalp et al. [15]. They showed
effects of cavity shape on flow structure within the cavity in detail.

As can be seen from the literature survey given above and references therein, most
of the studies on cavity flows are performed on cavity aspect ratio and speed ratio of
moving lids. There is a need to investigate the effect of cavity angle on flow structure
in annular wedge cavities. This is aim of this study.

2. MATHEMATICAL FORMULATION

We considered a two-dimensional creeping flow in an annular wedge cavity r; <
r < rn,—a < 0 < a (Fig. 1). The side walls, r = r;, r = r, are fixed. The boundaries
0 = a and 0 = —a are two moving lids, which translate with speeds U; and U, in the
radial direction respectively. The equation for the stream function governing the two-
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FIGURE 1. Geometry and boundary conditions for the lid driven cavity
dimensional steady flow of a viscous fluid is

2.1) VAVAY(r,0)=0,
where V? stands for the Laplace operator
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in polar coordinates.
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The derivatives of ¢ give the velocity components:

10y oy
Y ) uB =X >
rao or
where u, and uy are the radial and azimuthal components of velocity, respectively.
The streamfunction is constant (taken to be zero) on the boundaries

2.3) u, =

2.4) Y(n,0)=y(rn,0)=0 , Y(r+a)=0.
The ratio of the radii of the cylinders and speed ratio of the moving lids are our two
control parameters which are defined by:

(2.5) A==, S=—.
n U,

In the plane polar coordinate system (r, ), the other boundary conditions are

(2.6) u(r,a)=8 , u(r—a)=1,
and on the side walls:

2.7 ug(ry, 0)=ug(r,0)=0,
where we fixed Uy =S and U, = 1.

2.1. Eigenfunctionsolution. The general solution for the streamfunction can be writ-
ten [13] in separable form as

(2.8) Y (1,0)="> _[E,sin(A,0)+ F, cos(A,0)]{"(r),
where
(2.9) O (1, Ap) = ayr* + byr ™ + ey 1 d, 1

and A, are complex eigenvalues given by

(2.10) sin(A,,)=+pA,,

where

2.11) 2,=(ilo 1);\ and B = 1 (A 1)
' n 08 ~2logA” AT

These complex eigenvalues are found via a Newton iteration procedure as described
by Robbins & Smith [165], Fettis [5] and Khuri [13]; and values of the corresponding
eigenvalues A,, are given in Table 2.1.

The coefficients a,, b, ¢,, and d,, have to be determined from the sidewall bound-
ary conditions. These coefficients are given by Khuri [13].

The coefficients E,, and F, in Eq. (2.8) have to be determined from the upper and
the lower boundary conditions in (2,4) and (2,6). It is clear that the coefficients and
the eigenvalues depends on S and A, respectively (see for details [55,99]).
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Table 2.1: The first 30 roots of A,, for r, =1, 1, =4.

n Ay n An

1 1.86054+2.99451i | 11 | 3.75801+48.66728i
2 | 2.46101+7.70825i | 12 | 3.82201+53.203498i
3 | 2.78163+12.30346i | 13 | 3.88080+57.739178i
4 | 3.00270+16.86922i | 14 | 3.93515+62.27442i
5 | 3.17170+21.42265i | 15 | 3.98570+66.80932i
6 | 3.30856+25.96964i | 16 | 4.03295+71.34393i
7 | 3.42358+30.51282i | 17 | 4.07728+75.87830i
8 | 3.522774+35.05353i | 18 | 4.11906+80.41247i
9 | 3.60998+39.59256i | 19 | 4.15854+84.94646i
10 | 3.68778+44.13037i | 20 | 4.19598+89.48031i

The infinite series thereby obtained are in practice truncated after N terms, i.e. the
lower and upper summation limits are replaced by —N and N, respectively. The con-
vergence of the infinite series in (2.9) are necessary to determine the number N which
assures that the truncated series is close enough to the infinite series.

3. RESULTS

We first analyzed flow structures and their bifurcations in a half-annular ring cavity.
Then flow structures and their bifurcations in an annular wedge cavity wiht different
cavity angle are investigated. Effects of the cavity angle on flow topology are revealed.

3.1. Flow structures in a half-annular ring. A half-annular ring cavity, ¢ = 7 and
3.2 < r £ 18, consisting of two stationary side walls and both lids moving is consid-
ered; the boundary conditions and solution procedure are as given in section 2. As
in Giircan and Bilgil’s work [9], mechanisms for eddy generation are examined via the
emergence and the coalesce of corner-eedies or side-eddies as the aspect ratio is de-
creased; initially for single driven cavity, S = 1, and then for symmetric flow S =—1 and
S =1. For each case, the flow structures and eddy genesis mechanisms are illustrated
in detail with figures.

3.1.1. Bifurcations for a Single Lid-Driven Sectorial Cavity. The aim of this section is
to consider Stokes flow in a single lid driven annular cavity with three stationary walls
(from Fig 1., S = 0 implies the top lid is stationary ; since the solutions obtained are
independent of which lid is stationary and which one moves, to aid visualsation the
flow patterns presented are for the case of a stationary bottom lid). Although the an-
alytical solution of this problem was obtained by Khuri [13], he was not interested in
the mechanism(s) of eddy generations.
In this case, the boundary conditions are defined as follows:

(3.1 Y(n,0)=y(rn,0)=0 , Y(r+a)=0

and imposing the no-slip condition on all four walls gives,

(3.2) ug(ry, 0)=ug(r,,0)=0

(3.3) u(r,a)=1 , u,(r,—a)=0
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The values of the streamfunction and the radial velocity on top and bottom bound-
aries are given in Table 3.1. For different values of V in the infinite series in (2.8), the
radial velocity on top and bottom boundaries are given in Table 3.2.

To investigate streamline bifurcations and hence a mechanism of eddy generation
in this cavity, the aspect ratio was decreased, starting from A = 18 where the flow con-
sist of a single main eddy and two smaller ones near the bottom corners (Fig. 2a). As A
decreases it is observed that the corner eddies grow in size relative to the large central
eddy, to meet each other on the bottom wall at a critical value of A =15.49, see Fig. 2b.
At this critical aspect ratio a new eddy is formed with a saddle point and a separatrix
with streamfunction value ¢ = 0. As A is decreased further this new eddy continues
to grow (see Fig. 2c-d), the centers of two sub-eddies approach the saddle point and
the center near the left-bottom of the cavity (say left center) coalesces with the saddle
point to form a cusp bifurcation at A = 12.05. Hence these two critical points disap-
pear and only the center near the right-bottom side of the cavity remains (say right
center). In fact, at this critical aspect ratio the development of this second eddy is now
complete as shown in Fig. 2e, A=11.10. In this figure small corner eddies can be seen
once again developing in each of the bottom corners. The process of eddy generation
continues as the aspect ratio decreases( see Fig. 2f, where A =3.20).

The same mechanism of eddy generation has similarly been reported by Gurcan
[8,11] for the case of a rectangular cavity and Gurcan & Bilgil [9] for a sectorial cavity
(fora=13%).

Table 3.1: The values of ¥ and u, on boundaries for r, =1, r, =4 and N = 30.

r | (r3:30) [¢(r—5:30) |-355(r5:30) | -3 55 (r—5;30)
1.0 | -9.6458E-17 | -3.2719E-020 1.7708E-15 0
1.2 | 7.1537E-04 | -7.8157E-13 | 0.8817E+01 -0.1332E-10
1.4 | -1.1147E-03 3.0229E-12 | 0.1071E+01 0.3918E-10
1.6 | -1.4256E-03 3.7842E-12 | 0.1122E+01 0.3750E-09
1.8 | 9.9134E-04 | -3.8356E-12 | 0.9247E+00 -0.3135E-09
2.0 | -1.8560E-03 4.8247E-12 | 0.1163E+01 0.5496E-09
2.2 | -1.4157E-03 2.3535E-12 | 0.1123E+01 0.3588E-09
2.4 | -1.9610E-03 3.1865E-12 | 0.1139E+01 0.3818E-09
2.6 | -1.5174E-03 8.4531E-12 | 0.1047E+01 0.2580E-09
2.8 | 2.2270E-03 | -3.4649E-12 | 0.9173E+00 -0.3142E-10
3.0 | -1.7164E-04 | -2.5217E-12 | 0.1036E+01 -0.4235E-09
3.2 | 1.6848E-03 2.0594E-11 0.9621E4+00 0.5959E-09
3.4 | -2.1931E-03 | 4.9270E-12 0.1170E+01 0.7111E-09
3.6 | 2.1211E-03 -1.3457E-11 0.9658E+00 -0.1104E-08
3.8 | -4.6814E-05 | 2.9814E-11 0.1195E+01 -0.1758E-09
4.0 | -3.9111E-16 | 2.0768E-19 0.6123E-15 0

Table 3.2: The values of u, on boundaries for different Nand r;, =1, r, =4.
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r | -155(n5:15) | -+ 55 (rn—5:15)
1.0 0 0

1.6 0.9127 -0.1003-07
2.2 1.0922 0.8708E-08
2.8 1.0043 0.5807E-08
3.4 0.9439 -0.1674E-7
4.0 0 0

r | -155(r5:30) | -+55(r—5:30)
1.0 0 0

1.6 1.1227 0.3750E-09
2.2 1.1236 0.3588E-09
2.8 0.9173 -0.3142E-10
3.4 1.1707 0.7111E-09
4.0 0 0

r | -155(r5:60) | 355 (r—5:60)
1.0 0 0

1.6 1.0484 -0.2170E-10
2.2 1.0698 -0.9644E-11
2.8 1.0628 -0.2684E-10
3.4 0.8381 0.3904E-10
4.0 0 0

r | -155(r5:90) | 355 (r—5:90)
1.0 0 0

1.6 1.0015 0.3599E-11
2.2 1.0003 -0.4064E-12
2.8 0.9996 -0.1018E-10
3.4 0.9928 -0.4382E-11
4.0 0 0

3.1.2. CaseS =—1. Inthe case oflids moving in opposite directions with equal speeds,
(i.e. S=-1), the flow structure is symmetrical about 8 = 0 for all values of A. For large
aspect ratios, a single eddy occupies the cavity, see Fig. 3a for A =180. As the aspect
ratio is decreased from 180 there are four main stages in the development of the second
and third eddies. In the first stage, a 'Pitchfork bifurcation appears at a critical value
of A} = 161.4. Thus, two additional stagnation points are generated in the cavity, (see
Fig. 3b where A =130).

As A is decreased further, the separatrix continues to grow and the second critical
aspect ratio, A, = 4.14, is obtained at which two degenerate critical points appear on
the two stationary side walls where side eddies are about to emerge as A is decreased
further, see Fig. 3c-h.

In the third stage, at A; = 3.56, the heteroclinic connections coalesce with each
other at the interior saddle point to produce four heteroclinic connections between
the saddle point and the four separation points on the side walls, as shown in Fig. 3i
(where A=3.5).

At this critical aspect ratio, Az, there are now two complete eddies within the cavity
and between them a third is about to be created. As A decreases, the sub-eddy center
lying left of the saddle on 8 = 0 approach the saddle point on § = 0 and coalesce,
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FIGURE 2. Eddy generation with decreasing A and S fixed at S =0.
a) A=18.0,b) A=1549,¢c) A=13.20,d) A=12.50,e) A=11.10, )
A=3.20

disappearing at A, = 3.29. This is a cusp (saddle-node) bifurcation. At this critical
aspect ratio the formation of a third eddy, between the other two, is completed so that
three eddies now occupy the cavity (Fig. 3j).

This is a mechanism for eddy generation in which one eddy becomes three. The
number of complete eddies increases from 3 to 5 and 5 to 7 etc. via similar eddy genesis
mechanism (see Fig. 3k-m).
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FIGURE 3. Eddy generation via the appearance of sides-eddies with
decreasing A and S fixedat S=—1fora = 7.

a) A=180,b) A=130,c) A=90,d) A=25,e) A=12,f) A=5,g) A=4,
h)A=36,i) A=35,j)A=32,kA=241)A=2,m)A=14
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FIGURE 4. Eddy generation with decreasing A and S fixed at S =1.
a)A=5b)A=3.1,c)A=285,d) A=28,e) A=24,)A=1.74

3.1.3. Case S = 1. In the case of lids moving in the same radial direction with equal
speed, (i.e. S = 1), the flow structure is symmetric about = 0 for all values of A. It is
clear that the peripheral velocity is zero on 8 =0.

For large aspect ratios, only two symmetric eddies occupy the cavity; see Fig. 4a
for A =5. As the aspect ratio is decreased from 5, there are three main stages in the
simultaneously development of the third and fourth eddies. In the first stage, as A is
decreased the first critical aspect ratio, A; = 3.076, is reached at which two degenerate
critical points appear on each stationary sidewall; see Fig. 4b for A = 3.10. The side
eddies approach each other as A is further decreased, such that, when A, = 2.831 is
reached, they coalesce on 8 = 0. Thence a separatrix with a saddle point and two
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centers (i.e. two sub-eddies) is seen in the cavity (see Fig.4c-d). As A decreases, the
sub-eddy centers lying to the left of each of the saddles, approach the saddle point
and coalesce, disappearing at A; = 2.664 which means that this is a cusp (saddle-node)
bifurcation. Hence four fully developed eddies are now visible in the cavity (see Fig.
4e-f).

This is a mechanism that consists from three steps for eddy generation from two
complete eddies to four. Firstly, side eddies born on each stationary sidewall. Sec-
ondly, these side eddies approach and coalesce each other to produce two reflected
separatrices enclosing two sub-eddies. In the last step, the cusp bifurcation are seen
on the each separatrix and there are now four complete eddies within the cavity. A
similar mechanism in a sectorial cavity is given by Giircan and Bilgil [9].

3.2. Effect of the cavity angle on flow structures. It is the aim of this section to track
the various flow transformations arising in the cavity as « is gradually increased for
0 < a < 7, and to expose the mechanisms by which new eddies emerge and develop
within a sectorial cavity.

This work is, which to our knowledge, the first such study in the literature in terms
of effect of cavity angle on flow structures and bifurcations.

ForS=0,A=3and S =1,A =2, the various flow transformations are tracked as « is
increased and hence the means is identified by which new eddies appear and become
fully developed.

3.2.1. Case: S =0, A= 3. Solution of this problem is introduced in above section. For

narrow cavity angle, a single eddy occupies the cavity; see Fig.5 for a = 15, where the
flow consist of a single main eddy and two smaller ones near the bottom corners.

90

180 -

WRPPNNERRRREO00000000R FEREENNNNN®
OO RNOOVOIRNOOORANONDRIOOONPAOOONAOIOO

270

FIGURE5. The cavity geometry and flow structure for S =0, A=3 and
a=15.
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As a increases it is observed that the corner eddies grow and meet each other on
the bottom wall at a critical value of @ = 47.31, see Fig. 6a-d. At this critical cavity
angle a new eddy is formed with a separatrix. As « is increased further this new eddy
continues to grow and the centers of two sub-eddies approach the saddle point and
the center near the left-bottom of the cavity coalesces with the saddle point to form
a cusp bifurcation at ¢ = 50.902. Hence these two critical points disappear and only
the center near the right-bottom side of the cavity remains see Fig. 6e-f. Hence the
second eddy is completed in the cavity. As « increases the small corner eddies can
be seen once again developing in each of the bottom corners. The process of eddy
generation continues as the cavity angle increases (see Fig. 6g-p). It is seen that, as
a — 7, the number of completed eddy is five in the cavity for A = 3, see Fig.6p. It is
clear that, in case of selecting smaller aspect ratio, the number of completed eddy will
be more.

3.2.2. Case: S =—1, A= 2. In this special case the flow is symmetric about 8 = 0 for
all values of a. When 5 < a < 17.44 (Fig. 7a-b) the flow in the cavity is in its simplest
form: one single eddy with a centre-type stagnation point on 6 = 0. As a is gradually
increased a sequence of flow transformations unfold, by which two additional eddies
are generated in the cavity. For example, at @ = 17.44 the centre on 8 = 0 becomes a
saddle point and two new centres appear (see Fig.7b where @ = 22). As a is increased
further, the separatrix continues to grow and the second critical aspect angle is a =
48.24, at which two degenerate critical points appear on the two side walls (see Fig.
7c-f).

As a increases, the side eddies expand and approach the saddle point on 8 =0, and
at a =53.1 coalesce with each other at the interior saddle point. At this critical cavity
angle there are now two complete eddies within the cavity and between them a third is
aboutto be created. As aisincreased further, it seen that there are a separatrix between
the two complete eddies (see Fig. 7g). As a increases, the sub-eddy center lying left of
the saddle approach the saddle point on § = 0 and coalesce at @ = 56.7 to produce
a centre. At this critical aspect ratio the development of the third eddy, between the
other two, is complete so that three eddies now occupy the cavity (see Fig. 7h).

It can be seen from the above that there are four main stages in the development of
the flow as the cavity aspect angle is increased: an interior saddle point appears; side
eddies appear; the left side eddy and saddle point touch; and the interior substructure
disappears.

This mechanism of eddy generation continues as the cavity angle increases (see Fig.
7i-1). It is seen that, as « is increased up to 7, there are seven complete eddy and one
separatrix in the cavity for A = 2 (see Fig. 7r). It is clear that, in the case of selecting
smaller aspect ratio than A =2, the number of complete eddy will be more.

In this study, derived from the one of the most important results, decreasing the
aspectratio (A) of cavity with increasing the cavity angle of flow structures cavity shows
similar effects on the eddy genesis and their bifurcations.
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FIGURE 6. Eddy generation with increasing a for S=0and A=3.
a)a=25b)a=35c)a=43,d) a=46,e) a =48,f) a =52, g) a =65,
h)a=87,1)a=90,j) a=110,k a=120,1) ¢ =127, m) ¢ = 130, n)
a=155,0) =170, p) a — 180
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FIGURE 7. Eddy genera i sing rS=— =4.
a)0=5Db)0=15,c)0=22,d) 8=30,e) 0 =45,f) 6§ =52, g) § =54,
h) 6 =60,1) 8 =80,j) 0 =100,k) 0 =105,1) 6 =106.76, m) 0 =107, n)
0 =120,0) 6 =130, p) 6 =158,1) § =170, s) 8 — 180
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NONPOLYNOMIAL CUBIC SPLINE APPROXIMATION FOR
THE EQUAL WIDTH EQUATION

ALI SAHIN AND LEVENT AKYUZ

ABSTRACT. In this paper, we investigate the numerical solutions of the equal
width (EW) equation via the nonpolynomial cubic spline functions. Crank-
Nicolson formulas are used for time discretization of the target equation. A
linearization technique is also employed for the numerical purpose. Accuracy
of the method is observed by the pointwise rate of convergence. Stability
of the suggested method is investigated via the von-Neumann analysis. Six
numerical examples related to single solitary wave, interaction of two, three
and opposite waves, wave undulation and the Maxwell wave are considered as
the test problems. The accuracy and the efficiency of the purposed method are
measured by Lo and Lg error norms and conserved constants. The obtained
results are compared with the possible analytical values and those in some
earlier studies.

1. INTRODUCTION

The field of nonlinear dispersive waves is one of the rapidly developed area in
science over the last few decades. Because of their attractive solutions such as
shallow water and plasma waves, studying on this field has been source of interest.
Since the analytical solutions are not available in general and the possible cases are
limited, numerical solutions for those equations have importance to understand the
nonlinear phenomena.

There are many different models for the nonlinear dispersive waves in the lit-
erature. In this paper, we focus on the equal width (EW) equation which is first
suggested by Morrison et.al. [2] and it represents an alternative to the well known
KdV and RLW equations.

The EW equation has the following form:

ou ou Ry

(1.1) E—i—u% _Mi&ﬁat =0

Date: May 19, 2015 and, in revised form, September 2, 2015.
2000 Mathematics Subject Classification. 35Q51; 35Q53; 41A15.
Key words and phrases. EW equation; Nonpolynomial spline; Solitary waves.
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where p is a positive parameter and v is a smooth function that represents the
wave amplitude on a domain £ x [0,7] with Q € R. The only possible analytical
solution of Eq.(1.1) is the single travelling solitary wave solution. Therefore numer-
ical methods have to be used for some other initial conditions such as interactions,
undulation or the Maxwell initial condition.

Numerical methods including spectral method[4], least squares finite element
method[5], Galerkin method[6][8][9], collocation method[7][10][14], finite difference
method[12][13], differential quadrature method, meshless method[14][22] and Petrov-
Galerkin method[3][19] have been presented in the literature for the EW equation.

Spline approximation is based upon to divide the solution domain into a collec-
tion of subdomains and construct an approximating function on each subdomains.
The most known spline approximation is the cubic spline in which piecewise cubic
polynomials are used for the approximation. The objective of spline approximation
is to obtain an interpolation formula that has continuous derivatives in required
order both within the intervals and at the interpolating nodes.

Nonpolynomial spline based methods have been used for some other partial dif-
ferential equations such as non-linear Schréodinger equation[20], RLW equation[21],
Burgers’ equation[16], Klein-Gordon equation[17], Bratu’s problem[18]. However,
with our knowledge, numerical solution of the EW equation has not been pub-
lished yet. The aim of this paper is to investigate the numerical solution of the
EW equation via the nonpolynomial cubic spline method. Crank-Nicolson method
and Rubin-Graves technique[l] are also used for the time discretization and the
linearization of the governing equation respectively.

This paper is organized as follows: Section 2 is devoted to the numerical method.
Truncation error and stability analysis are also given in that section. The numerical
testing and the comparisons on the examples are studied in Section 3. Finally, a
conclusion is presented in the last section.

2. NUMERICAL METHOD

Let’s start the numerical method by partitioning the solution domain Q € R into
subintervals. For this purpose, we consider N + 1 equally distributed mesh points
such that

QZ$0<£L’1<"'<.’£N

where ;401 = 2; + h,1=0,1,..., N — 1 and h is the grid size.

The proposed spline functions in this paper have the form

T35 =span{1, z, sin (wz) , cos (wz)}
where w is the frequency of the trigonometric part of the spline. The cubic non-
polynomial spline functions can be constructed over this mesh as follows:
(2.1) P (z,t;) = a;(tj)cos[w(x — ;)] + b; (t;) sin [w (x — z;)]
+ci (t) (x — ;) + di (t5)

where 7 and j are indices for space and time respectively.
Because of the spline properties, it can written that

Uij =F (xi,tj), U-]+1 :H(xi+17tj>7

7

S? =P (zi,t;), Sy =P (wir1,t5)-
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Then the coefficients in Eq.(2.1) are obtained as

. 7h72Sj . h? (Sf cosf — Sf+1>

! 627 ' 62 sin 6 ’
v, —ui  h(Sh -] 2

¢ = it — Y ( + ) d-—hfo%-Uij

? h 92 I (2 92
where § = wh and capital U is used for the approximation to the exact function wu.
Another useful tool for the purposed method comes from the continuity of
the first derivatives. Having first order continuous derivatives at grid points, i.e.
P! (x;,t;) = P/_ (z;,t;), gives the equation

3
(2.2) biw+ ¢ = —a;_qwsinf + b;_jwcosl +c;_1.

Substitution of related coefficients in Eq.(2.2) and slight arrangements on it lead
to the following relation between the solutions and their second derivatives:

(2.3) Ul —2U] + Ul =aS]_ +BS/+aSl,, i=1,2,-- ,N—1

h? h? 2h?cos®  2h?
where o = W e a;d B = fﬁ + TR Also note here that if # — 0
then @« - — and 8 — —— which means the standard cubic spline case.

Eq.(2.3) can be written between two successive time levels j and j 4+ 1 so that
j+1 1 i1 . i1 .
(Ui]jl B Ugfl) -2 (U"H - Ui]) + (Uijj_l - Ui]+1) =
@ (S = SLa) 46 (577 = 81) v (S5 - 1)

where i = 1,2,--- | N — 1. The present numerical method will be built on Eq.(2.4).

(2.4)

Theorem 2.1. The difference equation (2.4) has the local truncation error of order
i) O(h?) when 2a + B # h?,
ii) O(h*) when 2a+ 8 = h? and o # h?/12,
iit) O(h®) when 2+ B = h* and o = h?/12.

Proof. Tt was proved in [21] by using the Taylor series expansion, see [21]. O

Besides the spline relation (2.4), the EW equation gives some additional facts
about the second derivative of the solution. First, Eq.(1.1) may be rearranged as

O (Pu_1N_1(0u
ot \ 0x2 ,uu o Yoz )

Then following Crank-Nicolson scheme for the time discretization, the EW equation
turns into the form:

U 1 17 [9fu 1, 1Tk U=ttt U=
I e I R Ll 4 (- O -1 W
The nonlinear term in Eq.(2.5) can be linearized with the technique

UU,y* = vt ul + Ut - U7V
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which is suggested by Rubin and Graves[1] as

(2.6) SItt— 57 = — (UIt — U7 + o (Uttul + UUith) .
1 [

Using difference formulas for the first order space derivatives in Eq.(2.6) leads
to

ST =8I, = 3 (U — UL, ) w2007 (U7 - UL, )+ 2eui, (U - Ui,

Jj+1 J o j+1 J j+1 j J J j+1 j+1
(2.7) SZ - SZ = ,% (UZ - UZ) + TUZ <U3+1 - Uz'771) + TU’i] (Uijrl - Uz?fl) ’
i1 i i1 ) i1 R . . i1 i1
Si+1 - Si+1 = % (Ug+1 - U7?+1> +2TU1‘]-¢-1 <U7{+1 - Ulj) Jr27'U1’J-¢-1 (Uij+1 -Uj )

where r = k/ (4uh) .
Finally, considering Eq.(2.4) together with Eq.(2.7) gives the recurrence relation
(2.8) AU+ BUIT w Ul = DU+ BEUY + FUYL,

where 4 4
Ai=1—-a/p+4arU]_| —r(2a - B) U},
B, =-2—-B/u+r(2a—p) (Uf;l - Uij—l) ,

Ci=1-a/u—4arUl, +r(2a - B)U},

D;=1-a/u,
Ei:_z_ﬁ//fca
F,=1-a/p.

The recurrence relation (2.8) contains N — 1 equations in N + 1 unknowns. By
adding two equations from the boundary conditions, it will be a solvable linear
system. After the initial solutions U® computed from the initial condition, all the
other solutions at different time levels are calculated from the system (2.8).

2.1. Stability analysis. According to von-Neumann analysis, it is assumed that
the solution of the governing equation is in the following form:

Ul = ¢l eavih
where ¢ is the imaginary unit, ¢ is the wave number and ¢ is the amplification
factor. Substitution of the above expression in Eq.(2.8) yields
A; 80T eae(i=Dh o peitleavin o o citlgap(it)h
= Digjeqw(ifl)h + Eigjeqw‘h + Fz_gjeqso(iﬂ)h.
Then
2
<2— a> cos ph — 2 — é—i—q(?a—&—ﬂ)%d*
p p

§:
<22a>cos<ph26q(2a+ﬂ)27’d*
7 [
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where d* is locally constant for U in the nonlinear terms. Hence, the above ex-
pression gives || = 1 which means that the numerical method is unconditionally
stable.

3. TEST PROBLEMS

In this section, several test problems take part in order to show the accuracy
and the efficiency of the numerical method. The accuracy is measured by L., and
Lo error norms that are defined by

_ exact numeric
Lo = max }ul -U; ,
N
12
_ exact __ numeric
Ly = h § : s Ui |
=0

In all numerical computations except the motion of single solitary wave, the
discretization parameters are chosen as h = 0.1 and k = 0.1. Additionally, similar
to the reference [21], the parameters a and 3 are selected as 2a + 3 = h? and
a = h?/4 in all computations.

The EW equation has also the following conserved quantities:

b b b
Cr = Jude, Cy=[(u?+p(w))de, Cs=[ulde
a a a
which correspond to mass, momentum and energy respectively. These invariants
also give an idea about the accuracy of the numerical method especially in cases
that the equation does not have an analytical solution. Therefore the invariants
are monitored to check the conservation of the numerical algorithms for all test

problems.
In order to compute the rate of convergence, the algorithm has been performed
for difference space and time steps. Then the results are used in the formula

log({|u — Uh; ||2 / Hu — Uhiqy H2)
log(h;/hi+1)

log(||u — ug, ||2 / Hu — Uk Hz)
IOg(ki/k‘i+1)

where v is the exact solution and up, and ug, are the numerical solutions for space
size h; and time step k; respectively.

space order =

time order =

3.1. Motion of single solitary wave. A single solitary wave which is initially
centered at Ty and travels with a constant velocity has the following analytical
solution

(3.1) w(z,t) = 3esech? [K (x — &y — ct)],

where K = 1/1/4p is the width of the wave pulse, ¢ is the velocity and 3c is the
magnitude of the wave.
The initial condition comes from Eq.(3.1) and the boundary conditions are given
by
u(zrg,t) =0 and wu(zn,t)=0.
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The common parameter choices in the literature are y = 1 and x;, = 10. Although
almost all earlier papers use same time increment, i.e. k = 0.05, there are some
different considerations for the grid size. For instance, h = 0.15 in [22] and MM][14],
h = 0.1 in DQM[14], h = 0.05 in [7], [9] and [6]. In this test problem, similar
to QBGM][14], the solutions are calculated over @ = [0,30] and ¢ € [0,80] with
the discretization parameters h = 0.03 and & = 0.05. The solution profiles are
illustrated in Fig.1-2 for ¢ = 0.1 and Fig.3-4 for ¢ = 0.03 at different times. It is
clear from these figures that solutions remain in same profile.

03—

0.2 —f

0.1 —f

0 10 20 30

Eilh X

Fig.1: Solitary waves for ¢ = 0.1 Fig.2: Solitary waves for ¢ = 0.1

01—
0.08 —
0.06 —
0.04 —

0.02 —

Fig.3: Solitary waves for ¢ = 0.03 Fig.4: Solitary waves for ¢ = 0.03

The analytical values of the invariants are calculated by

6c 12¢2  48Kc%u 144¢3
& Tk T 0 BT%x

that correspond to C; = 1.2, C3 = 0.288 and C3 = 0.0576 for ¢ = 0.1 and C; = 0.36,
Co = 0.02592 and C3 = 0.001555 for ¢ = 0.03. Computed errors and invariants are
presented in Table 1 and Table 3 for ¢ = 0.1 and ¢ = 0.03 respectively. According to
Table 1 and 3, the present results are acceptable and the given method is comparable
with others.

Ci =
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Table 1

Errors and invariants at time ¢ = 80 for ¢ = 0.1

Method Loo X ].04 Lg X 104 Cl CQ 05
Analytic 1.2 0.288 0.05760
Present 0.07372964 0.1289443 1.199985 0.2879897 0.05760
[7] 0.53 0.56 1.19998 0.28798 0.05759
[9] 0.21 0.29 1.19995 0.28798 0.05759
[6] 0.01704 0.03064 1.19999 0.28801 0.05760
QBGM][14] 0.07370 0.06095 1.20000 0.288000 0.05760
DQM][14] 0.07373 0.07035 1.19999 0.288000 0.05760
MM][14] 0.20296 0.31198 1.20003 0.288000 0.05760
W(7,5)[22] 0.03537611 0.03360406 1.19999752 0.28800001 0.05760

Absolute error distributions at t = 80 are plotted in Fig.5 and Fig.6. Due to the
relatively high velocity, the solution domain is short when ¢ = 0.1. Therefore the
maximum error is observed at the right hand boundary in Fig.5. To overcome this
problem, the solution domain can be extended so that the error at the right hand

boundary decreases.

0.08 —

0.06 —

0.04 —H

Absolute Error x 10

0.02 —

0.025 —

0.02 —H

0.015 —

0.01 —

Absolute Error x 104

0.005 —

0 T T T T T ]
0 10 20 30
X

Fig.5: Absolute error for ¢ = 0.1

Fig.6: Absolute error for ¢ = 0.03

The orders for pointwise rate of convergence are given in Table 2 which shows
that the present method has second order accuracy in terms of both space and time.

Table 2: Rate of convergence

Spatial order (At = 0.05)

Temporal order (h = 0.03)

h; t =80 At t =80
2.00 2.00

1.00 3.1914841 1.00 1.9942460
0.50 2.1804472 0.50 2.0091253
0.25 2.0403988 0.25 2.0364273
0.125 2.0157560 0.125 1.9910816
0.0625 2.0207153 0.0625 0.9043434
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Table 3

Errors and invariants at time ¢ = 80 for ¢ = 0.03

Method Loo x 107 Ly x 10% Cy Co Cs
Analytic 0.36000 0.02592 0.001555
Present 0.02299 0.03812 0.359997 0.025919 0.0015552
8] 18.36 26.83 0.36665 0.02658

9] 0.07 0.13 0.36000 0.02592 0.00156
[6] 0.01483 0.01025 0.36000 0.02592 0.00156
QBGM][14] 0.01483 0.01064 0.36000 0.02592 0.00156
DQM][14] 0.01483 0.00934 0.36000 0.02592 0.00156
MM][14] 0.07598 0.04911 0.36000 0.02592 0.00156

W(7,5)[22] 0.01418041 0.01267701 0.36000055 0.02592 0.0015552

3.2. Interaction of two solitary waves. As a second problem, interaction of two
solitary waves is considered. The initial condition

(32 o) =t
' Uj :3CjS€Ch2 [KJ (I*fj 76]')], j: 1,2
yields two waves travelling in same direction and having amplitude 3c¢; and 3cs.
These waves are initially positioned at x = 7 and x = Ty respectively. The
following parameter choices give a complete interaction over the solution domain
x €]0,80].
n = 1, K1 = 05, K2 = 05, 51 = 10, EQ = 25, Cc1 = 15, Cy = 0.75.

To illustrate the interaction, the solution profiles are figured in Fig.7-8 at three
different times. The figures show that there is no decay on the solitary waves after
the interaction. However, as seen in Fig.9, there are some changes on magnitudes
for both waves at the interaction process.

Fig.7: Interaction of two solitary waves Fig.8: Interaction of two solitary waves

In order to see the results quantitatively and to make a comparison, Table 4
is constructed. Since there is no analytical solution with the considered initial
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condition (3.2), only the invariants are compared in the table. Analytical values of

the invariants are

C1=12(c1 +¢2) =27, Co=288(ci+c3) =81, C3=057.6(ci+c3) =218.7.

Magnitudes of the waves
w
o
L

Fig.9: Magnitudes of the waves

Table 4

Invariants for the interaction of two solitary waves at ¢ = 30.
Method Cl C2 03
Analytic 27 81 218.7
Present 26.999997 80.968402 218.70289
[9] 27.00003 81.01719 218.70650
6] 27.00068 81.02407 218.73673
[10] 27.12702 80.98988 218.6996
QBGM][14] 26.99973 80.99778 218.69094
DQM[14] 27.00017 81.00044 218.70304
MM][14] 27.00024 81.00140 218.70694
W(7,5)[22] 27.000049 81.000204 218.70186

3.3. Interaction of three solitary waves. Interaction of three solitary waves is
figured out in this subsection. The initial condition

where

Kl = KQ = Kg = 0.57 C1 = 4.5, Co = 1.5, C3 = 0.5, 51 = 10, %2 = 25, .Eg =35

3
ug (z) = Z 3¢jsech? [Kj (v — T — ¢;)]
j=1

leads to three waves which interact together. Figs.10-11 shows the complete inter-
action. The backmost wave passes the others without any decay on its profile. The
invariants are tabulated at ¢ = 15 for Ao = 0.1 and k£ = 0.1 in Table 5.
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t=15

T T 1
80 100

Fig.10: Interaction of three solitary waves Fig.11: Interaction of three solitary waves

Table 5

Invariants for the interaction of two solitary waves at ¢t = 15.
Method Cl CQ Cg,

Analytic 78 655.2 5450.4
Present 77.999994 655.069708 5451.895023
[10] 77.99539 652.8104 5411.639
[11] 78.00490 652.3474 5412.232
W(7,5)[22] 78.000004 655.263936 5451.005509

3.4. Interaction of opposite waves. The last interaction example is the inter-
action between two opposite waves that have exactly the same form but different
signs. This case is relatively less considered problem in the literature. Although
it is stated in [22] that the colliding solitons has never been treated before, it was
also studied in [4] and [11].

The initial condition for colliding waves that are initially centered at x = 40 and
x =120 is given in [4] as

ug () = 4.5sech? [(z — 40) /2] — 4.5sech? [(z — 120) /2]

which is also considered here with h = 0.1 and k¥ = 0.1.

These two opposite waves move towards each other and then a singularity occurs
when they meet. The colliding yields trains of smaller waves on both sides, while
the singularity gradually vanishes over time, see Figs.12-15.
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Fig.12: Waves move towards each other Fig.13: Colliding solitons with singularity

" t=0

Fig.14: Singularity vanishes over time Fig.15: Trains of smaller waves

3.5. Wave undulation. Development of an undular bore is studied here by the
initial function

where d shows the slope between the still and deeper water and x. is the center of
the change in water level of magnitude Uy. The EW equation has not an analytical
solution with the mentioned initial condition. So, only the invariants of the EW
equation are considered in order to see the efficiency of the method. A comparison
on invariants, position and amplitude of the leading undulation is presented in
Table 6.
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Table 6
Development of undular bore
Time Cl C2 Cg x U
d=2 0 2.0000000 0.19027759 0.018500000
200 3.0000000 0.32337149 0.033500252 9.4 0.17579731
400  4.0000000 0.45637134 0.048500614 21.4  0.18142204
600 5.0000000 0.58937051 0.063500976 33.6  0.18321870
800 5.9999778 0.72236947 0.078501338 45.8  0.18383578
QBGM][14] 800 0.6002474 0.72386 0.078525 45.85 0.18471
DQM][14] 800 0.6025073 0.72402 0.07853 45.85 0.184713
d=5 0 2.0000839 0.17512787 0.01625251521
200 3.0000815 0.30837385 0.03125247301 8.8 0.16035721
400  4.0000815 0.44138580 0.04625256015 20.4  0.17905369
600 5.0000815 0.57438765 0.06125265022 32.5  0.18242416
800 6.0000801 0.70738790 0.07625274062 44.7  0.18364070
QBGM]14] 800 6.002578  0.708710 0.076277 44.75 0.18405
DQM[14] 800 6.025306  0.711361 0.076579 44.75 0.17259
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Fig.16: Undulation for d = 2 Fig.17: Undulation for d =2

02— 02—

0.16 — 0.16 —
012 — 012 —
U B U i
0.08 —| 0.08 —

R

0 T T T T T T
-20 0 20 40 60 -20 0 20 40 60

o
,

Fig.18: Undulation for d = 2 Fig.19: Undulation for d =2



NONPOLYNOMIAL CUBIC SPLINE APPROXIMATION FOR THE EW EQUATION

02—

0.16 —

0.12 —

0.08 —

0.04 —

=200

\
\
\
\
\
\
\
~

-20

02—

0.16 —

0.08 —

0.04 —

0.12 —
u p

t=400

-20 0 20 40 60
X X
Fig.20: Undulation for d = 5 Fig.21: Undulation for d = 5
02— d=5 02— d=5
1 t=600 . t=800
0.16 — 0.16 —
012 — 012 -
U U A
0.08 — 0.08 —
] u U ] “ U U L
0 T 1 T 0 L e e
-20 0 20 40 -20 0 20 40 60

29

Fig.22: Undulation for d =5 Fig.23: Undulation for d =5

Variations in invariants that are given in Table 7 are calculated numerically with
the formula
C; (at time ¢ = 800) — C; (at time t = 0)

M; =
! Running time

and analytically with

ac, d [~ 1, L
M, = —t=° dz = ~U2=5x 10
! a i), T2 0T
dCs d [*N 2 2.3 —4
My = —4=— dr = Uy = 6.66667 x 10
2 i dif,, (0 + puz) de = 3Us x
dCs d [*™V 3, s
My = —3=° dv="Ut=75x1
3 qt dt/xo udx 4U0 7.5 x 10

The undulation profiles are illustrated in Figs.16-19 for d = 2 and Figs.20-23 for
d=5.
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Table 7

Variations in invariants
Method M; x 1073 M, x 10~ % M; x 10~°
Analytical 5 6.66667 7.5

d=2 Present 4.9999723 6.6511485 7.500167
QBGM][14] 4.99997 6.66665 7.5
DQM][14] 5 6.669387 7.507
MM][14] 5 6.669387 7.507
W(7,5)[22] 4.99937586 6.66667317 7.50000017

d=15 Present 4.9999953 6.6532503 7.5001382
QBGM][14] 4.99999 6.66665 7.7
DQM]J14] 5 6.671688 7.509
MM][14] 5 6.671688 7.509

3.6. The Maxwell wave. The last problem for testing our method is the Maxwell

wave where the starting function is

uo () = 0.05 exp (7 (x — 20)? /25) :

Again the analytical solution does not exist with this initial condition. The solutions
are computed over @ = [0,50] until 7" = 1000. The wave profiles are drawn in
Figs.24-25 at four different times to figure out the behavior of the initial wave over

time.

t=1000

Fig.24: Wave profiles at t = 0 and 250 Fig.25: Wave profiles at ¢t = 500 and 1000

There are some changes in the initial profile in course of time. It turns into a
train such that while its amplitude becomes larger, the wave length becomes smaller

and there are tails that will turn to a new small wave.

The invariants are presented at some different times in Table 8. The results show

that the method is very conservative in this problem.
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Table 8

Invariants for the Maxwell wave

Time Cl CQ Cg

0 0.44311346 0.016292833 0.00063957919
100 0.44311348 0.016292567 0.00063957921
200 0.44311349 0.016291320 0.00063957928
300 0.44311349 0.016289148 0.00063957937
400 0.44311350 0.016287762 0.00063957944
500 0.44311349 0.016287480 0.00063957947
600 0.44311337 0.016287483 0.00063957947
700 0.44311225 0.016287440 0.00063957948
800 0.44310227 0.016287342 0.00063957947
900 0.44301341 0.016287228 0.00063957915
1000 0.44222656 0.016287133 0.00063955380

4. CONCLUSION

In this study, cubic nonpolynomial spline based numerical method is imple-
mented in order to get the solution of the EW equation. Over the uniform mesh,
Crank-Nicolson formulas are employed for time discretization whereas Rubin and
Graves[1] technique is used for the linearization. According to pointwise rate of
convergence, the present method has second order accuracy for both space and
time. Also the von-Neumann stability analysis shows that the purposed method is
unconditionally stable. Six problems that related to single solitary wave, interac-
tion of two, three and opposite solitary, the undulation bore and the Maxwell wave
are examined for testing the numerical scheme. Comparisons between the obtained
results and some earlier papers show that the present results are all acceptable and
in agreement with those in the literature. Simple adaptation and yielding band
matrices can be stated as the advantages of the method. On the other hand, ac-
cording to your problem, requiring the determination of two parameters (o and f3)
is an undesirable situation. In conclusion, cubic nonpolynomial spline method can
be considered as a conservative numerical method that leads to reasonable results.
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ON A SUBCLASS OF UNIFORMLY QUASI CONVEX
FUNCTIONS OF ORDER «

D. VAMSHEE KRISHNA, B. VENKATESWARLU, AND T. RAMREDDY

ABSTRACT. In this paper, we introduce two new classes of analytic functions
namely uniformly quasi convex functions of order @ and quasi uniformly con-
vex functions of order a denoted by UQCV (a) and QUCV (a) (0 < o < 1)
respectively and study certain properties of functions belonging to these two
classes. Further, we obtain a necessary and sufficient condition for the function
f(2) to be in the class UQCV (). These results are generalized recent results
of Rajalakshmi Rajagopal and Selvaraj [7].

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
(1.1) f(2) :z+Zanz"
n=2

which are analytic in the unit disc U = {z : |z| < 1}. Let S denote the subclass of
A which are univalent in U.

Definition 1.1. [3] A function f given in (1.1) is said to be uniformly convex in
U, if f is convex and has the property that for every circular arc « contained in
U with centre £ the arc f(v) is convex. The class of uniformly convex functions is
denoted by UCV. The analytical characterization of the function f € UCV was
given by Goodman [3].

Theorem 1.1. [3] A function f of the form (1.1) is in UCV if and only if

Re{l + (z—§)§l,,((j))} >0,V (2,£) €U xU and z #¢.
Theorem 1.2. [8] A function f of the form (1.1) is in UCV if and only if

) s [
Re{1+ 0} > |0 | vzev
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Definition 1.2. [5] A function f of the form (1.1) is said to be quasi convex in
U if there exists a convex function g in U with ¢(0) = 0 = ¢’(0) — 1 such that

Re{{zf/(z)} } ~0VzeUl.

g'(2)
The class of quasi convex functions is denoted by c*.
Definition 1.3. [6] A function f of the form (1.1) is said to be close-to- uniformly

convex if there exists a uniformly convex function g in U such that Re { z :Eg} >
0,z eU.

The class of all close-to-uniformly convex functions is denoted by CUCYV. The
subclasses uniformly quasi convex functions and quasi uniformly convex functions
denoted by UQCV and QUCYV respectively of S are introduced and studied by
Rajalakshmi Rajagopal and Selvaraj [7]. The following Definitions are due to them.

Definition 1.4. A function f(z) in A is said to be uniformly quasi convex in U if
there exists a uniformly convex function g in U with ¢g(0) = 0 = ¢’(0) — 1 such that

Re{{(zf”'(”}} >0,V 26U,z 4E.

g'(2)
The class of all such functions is denoted by UQCV'.

Definition 1.5. A function f(z) is A is said to be quasi uniformly convex in U if
there exists a uniformly convex function g in U with g(0) = 0 = ¢’(0) — 1 such that

Re{{zf'(z)} } ~0,Vzel.

g’ (2)

The class of all quasi uniformly convex functions is denoted by QUCYV. From the
Definitions 1.4 and 1.5, it is observed that QUCV C UQCYV. Now, we introduce
and study certain important properties of the following two classes.

2. MAIN RESULTS:

Definition 2.1. A function f(z) in A is said to be uniformly quasi convex function
of order a (0 < a < 1) if there exists a uniformly convex function g in U with
g(0) = ¢’(0) — 1 such that

, /
(2.1) Re{{(zg/f()zf)(z)}}>oz,V(z,§)€UanndZ7é§.
We denote the class of uniformly quasi convex functions of order a by UQCV («).

Definition 2.2. A function f(z) in A is said to be uniformly convex of function of
order o (0 < v < 1) if and only if

(2.2) Re {1 +(z-9 {cfll/((:’))

The class of such functions is denoted by UCV («).

}>a7V(z,§)EU><Uandz7é§.

Definition 2.3. A function f(z) in A is said to be quasi convex function of order
a (0 < a < 1) if there exists a convex function g in U with g(0) =0 = ¢’(0) — 1
such that
, /
(2.3) Re{{zfl(z)}}>a, VzeU.
9'(2)
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The class of such functions is denoted by ¢*(a).

Definition 2.4. A function f(z) in A is said to be quasi uniformly convex function
of order o (0 < o < 1) if there exists a uniformly convex function ¢ in U with
g(0) =0 = ¢'(0) — 1 such that

’ /
(2.4) Re{{zfl(z)}}>a, Vzel.
9'(2)
The class of all quasi uniformly convex functions is denoted by QUCV («).
Definition 2.5. A function f(z) in A is said to be close-to-convex function of order
a (0 < a < 1) if there exists a convex function g in U such that

(2.5) Re { 58

The class of all close - to- convex functions of order « is denoted by K(«).

}>a,Vz€U.

Definition 2.6. A function f(z) in A is said to be close-to- uniformly convex
function of order o (0 < a < 1) if there exists a uniformly convex function g in U
such that

f'(2)

(2.6) Re { 7

The class of all close - to- uniformly convex functions of order « is denoted by
CUCYV («). From the above Definitions, we observe the following conclusions:

1. Choosing g(z) = f(z) in (2.1), where g(z) € UCV, we obtain

S R

for z# € in |z| < 1for (0 <a<1).

}>a,Vz€U.

From this result and in view of Definition 2.2, we get
(2.7) UCV(a) cUQCV ()
2. Taking £ =0 in (2.1), we obtain

, /

(2.8) Re{{zi((;))}}>a, for ze€ U, for (0 <a<1).
From the Definition 2.3, we observe that

(2.9) UQCV (a) C c*(a).
From the expressions (2.7) and (2.9), we obtain

(2.10) UCV(a) cUQCV(a) C c*(a).

Therefore, an immediate consequence of (2.10) is that every uniformly
quasi-convex function of order « is univalent.
3. Choosing t(z) = zf'(z) in (2.3), we get

Re{;((‘?)} > a, for (0 < a < 1),

(2.11) From the Definition 2.5, we observe that ¢*(a) C K(«).
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4. Taking £ =0 in (2.1), we obtain

(2.12) Re {{z;“/’((:))}/} > q, for z € U,

which implies that QUCV (o) C UQCV ().
Lemma 2.1. If g(z) € UCV, then

1
l9'(2)] < 1T forlz|=r<1, zeU.

Proof. Let g(z) = 2+ > 0 5 bp2" < ¢'(2) = 1+ >0, nb, 2"~ !. Taking modulus
on both sides of ¢'(z), using the facts |a 4+ 0| < |a| + |b] and |ab| = |a]|b], we get

1+ Z nbpz" ! 1+ Z n|bn|r”1] .
n=2 n=2

For the function g(z) € UCV (according to Goodman [2]), we have

(2.13) l9'(2)| = & lg'(z)] <

1
(2.14) Iba| < =, Vn > 2.
n

Simplifying the expressions (2.13) and (2.14), we obtain

143 ] _
7;2 1—r

Hence the Lemma. O

l9'(2)] <

Theorem 2.1. Let f(z) be in A. Then f is uniformly quasi-convex function of

order a (0 < « < 1) if and only if Re { {Z!J;,((:))} } >a + zg,/ég) .

Proof. Let f(z) € UQCV (a) (0 < a < 1). By virtue of Definition 2.1, there exists
uniformly convex function g(z) € U such that

(2.15) Re{W} > o, V(2,6 €UxUand z €.

(=1 ()Y §f"(2)
If we choose &€ = ze'? in a suitable way, for some real 3, we get
ff”(Z)} _ [z ()| _ |2 (2)
240 e\ S = el e
From the expressions (2.16) and ( 2.17), we obtain
{=f' (=)} } 2f" (%)
(2.18) { 1zt e

Hence, the condition is necessary.
Conversely, suppose the condition given by (2.18) is true.
Let £ be an arbitrary but fixed point in the unit disc U. Since the quotient of two an-

{Zf’(Z)}/}

alytic functions, whose real part is harmonic and hence the function Re { e

becomes harmonic, provided g(z) € UCV.
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Therefore, by the minimum principle it is enough to show that the result is true
for |z| = p > €], p < 1. From (2.18), for || < |z| = p < 1 and using the fact

Re(z) < |z|, we get
re{ S )2 [ [ | > [ [ | 2 e {5500
(Cooreyy
g'(2)

which shows that f(z) € UQCV (). Hence the condition is sufficient. O

z I/(Z)
9'(2)

< Re

’

Remark 2.1. Since % is analytic in |z| < 1 and maps 0 to 1, the open mapping
theorem implies that equality in (2.18) is not possible.

Theorem 2.2. If f(2) e UQCV («) (0 < v < 1) then

(%

lan| < i[(l_a)+(2n—1)

},n>2.

Proof. Let f(z) € UQCV (), from the Definition 2.1, there exists uniformly convex
function g given in Lemma 2.1, such that

Re{{(sz} >,V (%€ €U xUand z £ ¢

9'(2)
(z=9f"(2) + f'(z)
(2.19) < Re { 70) } > a.
Choosing £ = —z in (2.19), it takes the form
22f"(2) | ['(2)
(220 R[S+ 25 e

Let p(z) = 2?;()2) + ;:Ejg, which is incompatible with p(z) = %ﬂ(‘gj@
w(z) is schwarz’s function in the unit disc U and p(z) = Y.~ pnz" with pg =1,

then we have
(2.21) 22f"(2) + f'(2) = p(2)g' (2).

Replacing f'(2), f"(z),9'(z) and p(z) by their equivalent expressions in series in
(2.21), after simplifying, we get

, where

(2.22) 1+ Z {2n(n —1) +n}a,z" "t = {1 +prz4ped 4 4 pa12™ !

n=2

+ppt } X {1 4+ 2002 + 3032 + -4 (n— D)by_12" %+ nby2" 4 }
Equating the coefficient of 2”~! on both sides of (2.22), we have
(2.23)  [2n(n—1)+nla, = [nby + p1(n — 1)by—1 + pa(n — 2)by_o+
o+ Pn—22by + pr1].

Taking the modulus on both sides of (2.23) and using the facts, for the functions
with positive real part, |pg] =1, |pn| <2(1 —«), Vn > 1 with 0 < a < 1 and the
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result from (2.14), which simplifies to
n2n —1)|a,] <[(1—-a)(2n—1)+q]

1
& ay| < [(1a)+
n

Hence the Theorem. O
Theorem 2.3. If f e UQCV () (0 < a < 1) then

2f'(z) = f(2)] < {2(1__;‘“)’““1—2@) log(l—r)} , for|z] =r < 1.

Proof. Let f € UQCV («), from the Definition 2.1, there exists a uniformly convex
function g such that

Re{{(z_'é)fl(z)}/] >a, z, £ €U, where z # ¢

9'(2)
(2.24) = Re {(z - g)fg”/z; + f/(z)] > a
Choosing £ = —z in (2.24), we get
22f"(2) | f'(2)
(2.25) Re{ FIOR g,(z)] > a

Put p(z) = 22{;;(5) + 518 in (2.25), which takes the form Re(p(z)) > a (0 < a < 1)

so that we can have
22f"(2) + f'(2)] = p(2)g'(2) & [221'(2) — f(2)]" = p(2)g ().
Taking modulus on both sides, we get
|[22f'(2) = f(2)]'| = [p(2)]|g(2)]-

Using the known result for |p(z)| ( according to Goodman [2] ) and Lemma 2.1,
resolving into partial fractions on the right hand side, we obtain

(2.26)
, , 14+ (1—2a)r 2a—-1 2(1—-«
e - s < [F ] = R )

On integrating along a line segment from 0 to |z| = r in (2.26) and using the fact
|f(2)] <[5 |f/(2)l|dz|, which simplifies to give

227/ - 1) = | 2=
Hence the Theorem. O
Theorem 2.4. f(z) € QUCV(a) & zf' € CUCV(a) (0 <a < 1).

Proof. Let f(z) € QUCV («), from the Definition 2.4 , we have

(2.27) Re [{ZZ((;))}/] > a
Choosing zf'(z) = F(z) in (2.27), we get

F'(z2)

re| 55

},for|z|=r<1.

+ (1 —2a) log(1 —r)} , (0<a<).

] > a, for|z] <1.
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From the Definition 2.6, we conclude that F = zf" € CUCV («).

Conversely, let F = zf’ € CUCV («, from the Definition 2.6, we have

! !
Re [{zf/(z)}] > o, |z < 1.
g'(2)
In view of Definition 2.4, we conclude that f(z) € QUCV (a).
Hence the Theorem. O

Theorem 2.5. If f € QUCV («) then f € CUCV (a).
Proof. Let f € QUCV («), then by a result obtained by Libera [4], we have

(2.28) Re {{Zj((j))y} > a S [ng(lg)} > a, z€ U,

where g € UCYV, which is also in S, denotes the class of parabolic star like functions
introduced by Ronning [9]. Geometrically S, is the class of functions f given (1.1),

for which Z}CQS) takes its value in the interior of the parabola in the right half plane

symmetric about the real axis with vertex at (%, O) .
gt
(2.29) Put h(z) = / #dt & h(z)= 9z) & g(z) =z (2) € S,
0 z

By the relation between UCV and S, given in terms of the Alexander type Theo-
rem [1] by Ronning [8], we have

zh'(z) € S, & h(z) € UCV.
Simplifying the relations (2.28) and (2.29), we obtain

!/
Re {{L,Ezﬂ >a, zeUfor (0<a<l).
Since h(z) € UCV, from the Definition 2.7, we conclude that f(z) € CUCV («).
Hence the Theorem. d

Remark 2.2. From the Theorems 2.4 and 2.5, we conclude that
if f(z) € QUCV («) then both f(z) and zf’(z) belongs to CUCV («).

Theorem 2.6. If f € QUCV (a) (0 < a < 1) then
1
lan| < ﬁ[2n(1—a)+(2a—1)}, Von>2.

Proof. Let f € QUCV (), from the Definition 2.4, there exists uniformly convex
function g in U such that

ErEY] L.
(2.30) Re { 70 ] >a, z€U.
Choosing p(z) = w in (2.30), we can have

Re(p(2)) > o, so that {zf'(2)}' = p(2)g'(2).
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Applying the same procedure described in Theorem 2.2, we obtain

(2.31) |an| g%[(l—a)(2n—1)+a]7 Von>2.

Hence the Theorem. O

Theorem 2.7. If f € QUCV (a) (0 < a < 1), then

lzf'(2)| < [w + (1 —2a)log(1 — r)] Jfor 2] <r < 1.
Proof. Let f € QUCV («), from the Definition 2.1, we have
{=1'(2))

Putp(z) = %in (2.32), we get Re{p(2)} > a,

so that, we can have
(2.33) {z1'(2)} = p(2)d'(2).
Taking modulus on both sides of (2.33), which takes the form
12f'(2))| = Ip(2)llg'(2)]-
Applying the same procedure described in Theorem 2.3, we obtain
21 — a)r
(1=7)

Hence the Theorem. O

l2f'(2)] < + (1 —2a)log(l —r)
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LEFT-HOM-SYMMETRIC AND HOM-POISSON DIALGEBRAS

BAKAYOKO I. AND BANGOURA M.

ABSTRACT. The aim of this paper is to introduce left-Hom-symmetric dial-
gebras (which contain left-Hom-symmetric algebras or Hom-preLie algebras
and Hom-dialgebras as special cases) and Hom-Poisson dialgebras. We give
some examples and some construction theorems by using the composition con-
struction. We prove that the commutator bracket of any left-Hom-symmetric
dialgebra provides Hom-Leibniz algebra. We also prove that bimodules over
Hom-dialgebras are closed under twisting. Next, we show that bimodules over
Hom-dendriform algebras D extend to bimodules over the left-Hom-symmetric
algebra associated to D. Finally, we give some examples of Hom-Poisson dial-
gebras and prove that the commutator bracket of any Hom-dialgebra structure
map leads to Hom-Poisson dialgebra.

1. INTRODUCTION

Leibniz algebras are introduced by J.-L. Loday in [8] as a generalization of Lie
algebras where the skew-symmetry of the bracket is dropped and the Jacobi iden-
tity is changed by the Leibniz identity. The author showed that the relationship
between Lie algebras and associative algebras translates into an analogous relation-
ship between Leibniz algebras and the so-called diassociative algebras or associative
dialgebras, which are a generalization of associative algebras possessing two prod-
ucts. In particular, he showed that any dialgebra becomes a Leibniz algebra under
the commutator bracket.

Otherwise, left-symmetric dialgebras appear in the work of R. Felipe [10] as
an algebraic structure with two products containing dialgebras as particular case,
and Poisson dialgebras are introduced in [7] as a vector space endowed with both
dialgebra structure and Leibniz structure which are compatible in certain sense.

The purpose of this paper is to study Left-Hom-symmetric dialgebras and Hom-
Poisson dialgebras. We define bimodules over Hom-dialgebras and Hom-dendriform
algebras [2] and give some construction theorems. Next, we introduce Hom-Poisson
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dialgebras as Hom-type of Poisson dialgebras which are generalization of “non-
commutative Poisson algebras”.

The paper is organized as follows. In section 2, we recall some basic notions
related to Hom-algebras, Hom-Lie algebras and Hom-Leibniz algebras. In Section
3, we show that one can obtain a left-Hom-symmetric algebra from a left-symmetric
algebra and an algebra endomorphism. We prove that twisting a Hom-dialgebra
module structure map by an endomorphism of Hom-dialgebras, we get another
one. Next, we show that any left-Hom-symmetric dialgebra leads to Hom-Leibniz
algebra via the Loday commutator. Finally, we introduce affine Hom-Leibniz struc-
ture on Hom-Leibniz algebras and point out that one may associate a left-Hom-
symmetric algebra to any affine Hom-Leibniz algebra. In section 4, we introduce
bimodules over Hom-dendriform algebras and prove that to any bimodule over a
Hom-dendriform algebra D corresponds a module over the left-Hom-symmetric al-
gebra associated to D. In section 5, we introduce Hom-Poisson dialgebras ; we give
some examples and some construction theorems of Hom-Poisson dialgebras.

Throughout this paper, all vector spaces are assumed to be over a field K of
characteristic different from 2.

2. PRELIMINARIES
In this section, we recall some basic definitions.

Definition 2.1. [1] By a Hom-algebra we mean a triple (4, [, -], «) in which A is a
vector space, [-,-] : A® A — A is a bilinear map (the multiplication) and « : A — A
is a linear map (the twisting map).

If in addition, a o [-,-] = [-,-] o (& ® «), then the Hom-algebra (A, [, -], ) is said
to be multiplicative.

A morphism f: (A, [,],a) = (A',[-,-]', &) of Hom-algebras is a linear map f of
the underlying vector spaces such that foa=a'o f and [,/]'o (f® f) = fol,"].

Remark 2.1. If (A, [-,]) is a non-necessarily associative algebra in the usual sense,
we also regard it as the Hom-algebra (A, [, ], Id4) with identity twisting map.

Definition 2.2. [1] Let (A4, [, ], &) be a Hom-algebra.
(1) The Hom-associator of A is the trilinear map as, : A% — A defined as

asq = [ ]o([]®a—a®],]).
(2) The Hom-Jacobian of A is the trilinear map J, : A®® — A defined as
Jo=[,Jo ([ ]®a)o(Ids + 0o +0%),

where o : A®3 — A®3 is the cyclic permutation o(z @y ®2) =y ® z ® .
(3) The Hom-Leibnizator of A is a trilinear map Leib, : A®? — A defined as

Leiba = ['7 ](Oé ® ['7 ]) + ['a }([7 ] ® Oé) - ['7 ]([a ] ® a)(IdA ® T)?
where 7 is the twist isomorphism i.e. 7(z ® y) = y ® x, for any x,y € A.

Definition 2.3. [1] A Hom-associative algebra is a triple (A, -, «) consisting of a
linear space A, a K-bilinear map - : A x A — A and a linear map oo : A — A
satisfying

(2.1) asq(z,y,2) =0 (Hom-associativity),
for all z,y,z € A.
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Definition 2.4. [6] A Hom-Lie algebra is a triple (V, [, ], @) consisting of a linear

space V, a bilinear map [-,-] : VxV — V and a linear map a : V' — V satisfying
(22) [z,yl = =y, 2] (skew-symmetry),
(2.3) Jo(z,y,2) =0 (Hom-Jacobi identity),

for all z,y,z € V.
Remark 2.2. When o = Idy, we obtain the definition of Lie algebras.
Definition 2.5. [1] A Hom-algebra (L, [+, ], ) is said to be a Hom-Leibniz algebra

if it satisfies the Hom-Leibniz identity i.e.
(2.4) Leiby(z,y,2) =0,
for all z,y,z € L.

Remark 2.3. (1) When o« = Idy,, we recover the concept of Leibniz algebra.
(2) If the bracket is skew-symmetric, then L is a Hom-Lie algebra. Therefore
Hom-Lie algebras are particular cases of Hom-Leibniz algebras.

3. LEFT-HOM-SYMMETRIC DIALGEBRAS
We introduce modules over Hom-dialgebras and left-Hom-symmetric dialgebras.
3.1. Left-Hom-symmetric algebras.

Definition 3.1. [1] A left-Hom-symmetric algebra is a vector space S together
with a bilinear map o : S® S — S and a linear map « : S — S such that the
following left-Hom-symmetry identity

(31) a(z)o(yoz)—(zoy)oa(z)=a(y)o(zoz)—(yox)oa(z),
holds.

Remark 3.1. (1) When o« = Idg, we recover the notion of left-symmetric alge-
bras.
(2) In terms of Hom-associators, the left-Hom-symmetry identity is

asa(,y,2) = asa(y, , 2).

Example 3.1. Let (5, 0, ag) be a left-Hom-symmetric algebra and (A, -, «4) a com-
mutative Hom-associative algebra. Then (S ® A, e, asga) is a left-Hom-symmetric
algebra, with

QagpA = 05 aa,
(z@a)e(y®b) = (zoy)®(a-b),
for all z,y € S,a,b € A.

The following theorem allows to obtain left-Hom-symmetric algebras from left-
symmetric algebras.

Theorem 3.1. Let (S,e) be a left-symmetric algebra and o : S — S be an endo-
morphism. Then, Sy = (S, 84, ), where x o,y = a(zoy), is a left-Hom-symmetric
algebra.

Moreover, suppose that (S’, ') is another left-symmetric algebra and o' : S" — S’
is an algebra endomorphism. If f : S — S is a left-symmetric algebra morphism
that satisfies foe =e'o f then f : Sy — S, is a morphism of left-Hom-symmetric
algebras.
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Proof. For any z,y,z € S, we have

a(z) e (yoa z) = (zeay) ea afz) = afz)eq (aly)ea(z) — (a(z) e a(y)) ea a(2)
(0®(y) ® o®(2)) — (a®(x) @ & (y)) ® o*(2)
)P (woy)ez) —(zey)ez)
Py e(zez)—(yex)ez)
) ®a (

o)~ (yoaw)eqal2).

= a2(x) °
= (a2
= (a

= aly

For the second part, we have
fosa=foaoe=a'ofos=a 0 o(f&f) =y o(f®f).
This completes the proof. ([

Example 3.2. : Left-Hom-symmetric algebra of vector fields

First we need some definitions. Let M be a differential manifold, and let 57 be
the covariant operator associated to a connection on the tangent bundle 7M. The
covariant derivation is a bilinear operator on vector fields (i.e. two sections of the
tangent bundle) (X,Y) — 7 xY such that the following axioms are fulfilled :

vixY = fvxY,
vx(fY) = fyuxY+(X:f)Y (Leibniz rule).
The torsion of the connection 7 is defined by :
(3.2) T(X,Y) = vxY-vuyX-[X,)Y],

and the curvature tensor is defined by :

(3.3) R(X,Y) = [Vx,Vy]| — Vix,v]

The connection is flat if the curvature R vanishes identically, and torsion-free if
7=0.

Now, let M be a smooth manifold endowed with a flat torsion-free connection
<, X(M) the space of vector fields and ¢ : M — M a smooth map such that
do(VxY) = Vapx)de(Y). Then (x(M),o,dyp) is a left-Hom-symmetric algebra,
with the left-Hom-symmetric product given by :

XoY =vyxY.
3.2. Modules over Hom-dialgebras.

Definition 3.2. A Hom-dialgebra is a vector space D equipped with a linear map
a: D — D and two Hom-associative products

4+ DxD — D
F-DxD — D.

satisfying the identities :

(3.4) az)d(y-dz) = alz)d(yk 2),
(3.5) (zFy) dalz) = al@)t (y2),
(3.6) (zFy)kalz) = (xdy)Falz).

If in addition, « is an endomorphism with respect to 4 and F, then D is said to be
a multiplicative Hom-dialgebra.
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Remark 3.2. For any x,y, z in a Hom-dialgebra, one has
a(z) * (y*2) = a(x) x (zxy) (right commutativity)
where zxy =2 dy+yt x.
Here are some examples of Hom-dialgebras.
Example 3.3. Any dialgebra is a Hom-dialgebra with o = Id.

Example 3.4. If (A, i, o) is a Hom-associative algebra, then (D, ,F, «) is a Hom-
dialgebra in which 4= p =F.

Example 3.5. Let (D,,F,a) be a Hom-dialgebra. Then (D, FH, «) is also a
Hom-dialgebra, with

z~y:=ykz and zF y:=y-z.

Example 3.6. Let (D, 4p,Fp,ap) and (D', 4ps,Fps, aps) be two Hom-dialgebras.
The tensor product D ® D’ is also a Hom-dialgebra with

apgp(r®y) = ap(r)®ap(z’),
(zed)4yey) = (rdpy) @@ H4p ),
(z@2)F(yey) = (@Fpy) @@ Fpy).

Example 3.7. Let (4, -, «) be a Hom-associative algebra. Then, for any positive
integer n, A" = Ax A X --- x A (n times) is a Hom-dialgebra, with

aan = (oyay...,a),

(@Hany)i = @O yy),
(xFany)i = (Z Tj) - Yi,
forany 1 <i,5 <n.

Example 3.8. The Hom-dialgebra arising from a bimodule over Hom-associative
algebra and morphism of Hom-bimodules is exposed in [4].

Now, we have the following definitions.

Definition 3.3. [5] A Hom-module is a pair (M, 3) in which M is a vector space
and f: M — M is a linear map.

Definition 3.4. Let (A,-,«) be a Hom-associative algebra and let (M, 3) be a
Hom-module. A bimodule structure on M consists of :

(1) aleft A-action, <: AQ M — M (x @ m — x < m), and
(2) aright A-action, = M @A — M (mQ@x +— m > x)

such that the following conditions hold for x,y € A and m € M :
3.7) Bl <m) = a(z)=<p(m),
) = B(m) > a(z),
) < ) = (z-y) < B(m),
3.10) (m>»z)=aly) = B(m)> (x-y),
) < ) (x <m) = a(y).
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Definition 3.5. Let (D, ,F, «) be a Hom-dialgebra and (M, 8) be a Hom-module.
Assume that M is endowed with two operations <: D M — M and »=: M ® D —
M. We say that (M, <, >, ) is a bimodule over the Hom-dialgebra (D, ,, «) if,
for any z,y € D,m € M, the following identities are satisfied :

(3.12) Blx <m) = a«az)<p(m),

(3.13) Bm=z) = B(m) = a(v)

(3.14) (x<m)=aly) = alz)<(m>y),

(3.15) Bim) = (x4y) = (m>1x)=aly)=pBm)> (zFy)
(3.16) (xdy) < B(m) = afz)<(y<m)=(zFy)<p(m)

Remark 3.3. (1) (a) Axioms (3.12) and (3.13) can be interpreted as the mul-
tiplicativity in the Hom-modules theory.
(b) Axiom (3.15) (resp. (3.16)) is the left-module (resp. right-module)
condition.
(c) Axiom (3.14) is the compatibility condition of left and right modules.
(2) Taking M = D (as vector space), <= and >=F, we see that any Hom-
dialgebra is a bimodule over itself.

We have the following result.

Proposition 3.1. Let (D,,F,«) be a Hom-dialgebra. Then (M,=<,>,5) is a
bimodule over (D, ) if and only if it is a bimodule over (D, u, @), where 4=
w=r.

Proof. The proof follows from Definition 3.4 and Definition 3.5. (]

The following theorem asserts that bimodules over Hom-dialgebras are closed
under twisting.

Theorem 3.2. Let (D,,F, a) be a Hom-dialgebra and (M, <, =, 3) be a bimodule
over D. Define the maps

(317)  <a==o(a*®@Idy): DM — M, z@m— a’(z) <m
(318) sqi==o(Idy®a®): M®D — M, m®z—m>a’(z).
Then (M, <u, >a, ) is a bimodule over D.

Proof. We shall only prove (3.12) and (3.14). For any =,y € D,m € M,

Bz <o m) "= Bla2(@) < m) O 0¥() < Bm) "= a(z) <0 Bm),
and,
(2 %o m) =a aly) = az) <o (m =0 y) “E (@3(x) <m) = a¥(y)
—a¥(@) < (m + a2(y)) "2V 0
All the rest of equalities are proved analogously. ([

Proposition 3.2. Let (M, <, >, ) be a bimodule over the Hom-dialgebra (D, .+
,a). Then, we have the following identities :

(3.19) [z,y] < B(m) = a(z) < (y<m)—a(y) < (z<m),

(3.20) Bm) = [z,y] = (z<m)>ay) +az) < (m>y),

where, [x,y] =y —yF a.
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Proof. The first equality is proved by using (3.16). For the second equality, we
have, for any z,y € D,m € M,
B(m) = [z, yl = (z <m) = a(y) — afz) < (m > y) =
=pB(m) - (@dy—yrz)—(z<m)>aly) —alz) < (m>y) =
=pB(m) = (zHy) = B(m) - (yF ) — (x <m) = ay) — afz) < (m > y).
The last line vanishes by (3.14) and (3.15). O

3.3. Left-Hom-symmetric dialgebras.

Definition 3.6. A Left-Hom-symmetric dialgebra is a vector space S equipped
with two bilinear products

+SxS — 5,
F:SxS — S,
satisfying the identities

(3.21) al@)4(y-z) = al@) 4k 2),
(3.22) (zkFy)Falz) = (xdy)t+alz),
(323) alz)d(yd2)—(zdy) dalz) = alykF(z-dz)—(yFz)dalz),
(324) alx)F (ykF2)—(zFy talz) = alybzkz)—(yFz)Falz).
Remark 3.4. The identities (3.23) and (3.24) can be written as
Lawly = Lagyle = Lige
Lawly = Lawle = Lha

where, L' and L are defined respectively by L)'y = 4y and Ly = = I y, and
[,y =4y -y

Now we give some examples of left-Hom-symmetric dialgebras.
Example 3.9. Any Hom-dialgebra is a left-Hom-symmetric dialgebra.

Example 3.10. Any left-Hom-symmetric algebra is a left-Hom-symmetric dialge-
bra in which F=-.

Example 3.11. Let (S, ,F, ag) be a left-Hom-symmetric dialgebra and (A4, -, a4)
be a left-Hom-symmetric algebra, then S x A is a left-Hom-symmetric dialgebra
with

asxa = (ag,aa),
(z,a) 4sxa (y,b) = (x-y,a-b),
(x,a) Fsxa (y,b) = (zty,a-b).

We have the following result whose ordinary case is Proposition 4 in [10].

Proposition 3.3. A left-Hom-symmetric dialgebra S is a Hom-dialgebra if and
only if both products of S are Hom-associative.

Proof. If a left-Hom-symmetric dialgebra S is a Hom-dialgebra, then both products
- and  defined over S are Hom-associative according to Definition 3.2. Conversely,
if each product of a left-Hom-symmetric dialgebra is Hom-associative, then from
(3.23), we get (3.5). O
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The next statement is one of the main results of this paper ; it states that
the commutator bracket of any left-Hom-symmetric dialgebra gives rise to a Hom-
Leibniz algebra.

Theorem 3.3. Let (S,,F, ) be a left-Hom-symmetric dialgebra. Then the Loday
commutator defined by

(3.25) [,y =xHdy—ytx,
defines a structure of Hom-Leibniz algebra on S.

Proof. The proof follows by a straighforward computation in which the identities
(3.21) and (3.22) are used once. In fact, for any z,y,z € S, we have

Leiba(x,y,2) = [a(x), [y, 2l] = [[z, 4], a(2)] + [z, 2], a(y)]
= a@)dyHz)—al@) A(zFy) —(yH42)Falx)+(zFy) Falz)
—(zHy)daz)+yF ) daz) +az) (@ dy) —alz) F (yF )

+(z

=]

Now, by (3.23) and (3.24) it follows that Leib,(x,y,2) = 0. This completes the
proof. O

We need the below definition in the next theorem.

Definition 3.7. Let (S,,F,a) and (S’, 4, , &) be two left-Hom-symmetric di-
algebras. A map f : S — S’ is said to be a morphism of left-Hom-symmetric
dialgebras if

dof=foa, flxdy)=f(z)+ f(y) and f(zFy) = f(z)F f(y),
for any z,y € S.

Twisting a left-symmetric dialgebra by a left-symmetric dialgebras endomor-
phism, we get a left-Hom-symmetric dialgebra ; this is stated in the following
theorem.

Theorem 3.4. Let (S,-,F) be a left-symmetric dialgebra and o : S — S be a
morphism of left-symmetric dialgebras. Then (S, a,Fa, @) is a multiplicative left-
Hom-symmetric dialgebra with

zhay = alzty),
rday = alzdy).
Proof. The proof is similar to that of Proposition 3.1. (]

In the rest of this section, we introduce affine Hom-Leibniz structures on Hom-
Leibniz algebras.

Definition 3.8. Let (L,[—,—],«) be a Hom-Leibniz algebra. A pair (v/1,/2) of
bilinear maps

Vi:LxL—L
and

Ve:LxL— L.

) daly) - (zFo)daly) —aly) F(e42)+aly) F (2 2)
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is called an affine Hom-Leibniz structure if

(3.26) Va(z,y) — Vily, ) = [z,y],

(3.27) V1(Vi(z,y), a(2)) = Vi(Va(z,y), a(z)),

(3.28) Va(a(z), V2(y, 2))) = Vala(z), V1i(y, 2))),

(3.29)  va(a(z), V1Y, 2)) — vila(y), va(z, 2)) = Va([z, y], a(z)),

(330) VI(a(x)a VI(yv Z)) - VI(a(y)v VI(xa Z)) = v1([$7 y]a Oé(Z)),
for all x,y,z € L.
The next result is the Hom-type of ([10], Theorem 11).

Theorem 3.5. Let (L,[—,—],«) be a Hom-Leibniz algebra and let (N71,%/2) be an
affine Hom-Leibniz structure. Then L is a left-Hom-symmetric dialgebra with +
and - defined as

Proof. Relations (3.27) and (3.28) imply (3.21) and (3.22) respectively. Next, (3.23)
follows from (3.26) and (3.29). Finally, (3.24) is established by applying (3.21),
(3.26) and (3.30). O

Corollary 3.1. Let (7,v) be an affine structure on the Hom-Leibniz algebra
(L,[—,=],@). Then (L,~7,«) is a left-Hom-symmetric algebra.
4. HOM-DENDRIFORM ALGEBRAS

This section in devoted to modules over Hom-dendriform algebras.

Definition 4.1. [2] A Hom-dendriform algebra is a vector space D together with
bilinear maps 4: D ® D — D, F: D ® D — D and linear map « : S — S such that

(4.1) al@)F(ydz) = (zkvy)dalz),
(4.2) (zdy)da(z) = a@z)dydz)+alz)dyF2),
(4.3) alz)Fykz) = (@dytakz)+(@rFy)Falz).

Lemma 4.1. [2] Let (D,,F, «) be a Hom-dendriform algebra. Defining x oy =
x 'y —y -z, one obtains a left-Hom-symmetric algebra structure on D.

The following result is the Hom-analogue of Proposition 5.3 in [7].

Proposition 4.1. Let (D,,F,ap) and (D, <,>,ap) be a Hom-dialgebra and a
Hom-dendriform algebra respectively. Then, on the tensor product D ® D, the
bracket

[T®a,y®b = (2dy)®@(a<b)—(yFz)®(b>a)
—(yH2)® (b =<a)+ (2ky) ®(a> D),

where x,y € D,a,b € D, defines a structure of Hom-Lie algebra on D & D, with
apep = ap K ap.
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Proof. The bracket is skew-symmetric by definition. Hence, it suffices to show that
the Hom-Jacobi identity is fulfilled.

The Hom-Jacobi identity for z ® a, y ® b, z ® ¢ gives a total of 48 terms, in fact
8 x 3! terms. There are 8 terms for which z,y, z (and also a, b, ¢) stay in the same
order. The other set of 8 terms are permutations of this set which reads :

a@)d(yd4z)@ala) < (b<c)—(zdy) da(z) ® (a <b) < alc),
az)Flyd2)@ala) = (b<c)—(zky) dalz) ® (a > b) < alc),
az) 1(yF2)@ala) < (b>=c¢)— (xHdy) Falz) ® (a < b) = ac),
al@)F(yFz)@aa) = (b=c)—(zFy)F alz) ® (a>b) = alc).

The terms 1 and 3 in column 1 together with the term 1 in column 2 cancel due to

Definition 3.2 and (4.2). Similarly, the terms 41, 32 and 42 cancel due to Definition
3.2 and (4.3). Finally the terms 21 and 22 cancel due to Definition 3.2 and (4.1). O

Corollary 4.1. If D and D are multiplicative, then D ® D is also a multiplicative
Hom-Lie algebra.

Definition 4.2. Let (S,0,«) be a left-Hom-symmetric algebra. An S-bimodule
is a vector space M endowed with a linear map 8 : M — M, two bilinear maps
SOM —>M,zm—x<mand M ®S — M,m®x — m > x, such that

a(z) < (y <m) = (zoy) < f(m) —ay) < (x <m)+ (yox) < B(m) =0,
and,

a(z) < (m=y)—(x<m)>aly) —B(m) = (xoy)+ (m > x) = a(y) =0.
Example 4.1. Any left-Hom-symmetric algebra is a bimodule over itself.

The following theorem gives a kind of connection between left-Hom-symmetric
algebras and left-Hom-symmetric dialgebras.

Proposition 4.2. Let (S, -, «) be a left-Hom-symmetric algebra and I be a bimodule
over S. Assume that, for alli,j € I and a,b,c,d € S,

a(i)-(a-b) = (i-a)-ab) = afa)-(i-b)—(a-i)-ab),
a(e)-(d-j) —(c-d)-a(j) = ald)-(c-j)—(d-c)-a(j)
Then (S ® I,-,F, asqr) is a left-Hom-symmetric dialgebra with

aser = oagsdary,
(i1 +a1) 4 (ix +a2) = i1a2 +aiaq,
(i1 +a1)F (ia+a2) = aris+ ajas.
Proof. Tt is straighforward by calculation. O

Corollary 4.2. Let (S,-,a) be a left-Hom-symmetric algebra and I be an ideal of
S. Then (S @ I,-,F, aser) is a left-Hom-symmetric dialgebra.

Now, we define bimodules over Hom-dendriform algebras which are Hom-analogue
of ([9], Definition 5.5).

Definition 4.3. Let (D,,F, @) be a Hom-dendriform algebra. A D-bimodule is
a Hom-module (M, ) together with four bilinear maps
DM — M,z @m— x> m; DM — M,x@m—x <m;
M®D—-Mm®xz—m> x; M®RD—-Mmr—m-<z
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such that

(4.4) afz) = (y=<m) = (zky)=<pB(m),

(4.5) (@dy) < B(m) = afz) <(y=<m)+alx)<(y>m),
(4.6) afz) = (y=m) = (z-y) = B(m)+ (zky) = B(m),
(4.7) afz) = (m=<y) = (z=m)=<ay),

(4.8) (@=<m)<aly) = a@)=<(m=<y)+a(@)=<(m>y),
(4.9) a(@) - (m=y) = (z=<m)>a(y)+(@>m)=a(y),
(4.10) Bm) = (z4y) = (m>z)<ay),

(4.11) (m=<z)=<aly) = B(m)=<(z-dy)+B(m)=<(zFy),
(4.12) Bm) = (zky) = (m=<z)=aly)+(m=>2z)-ay).

Theorem 4.1. Let (D, a) be a Hom-dendriform algebra and (M, =<,>,[3) be
a dendriform bimodule over D. Then (M,<,>, 8) is a left-symmetric bimodule over
the left-Hom-symmetric algebra associated to (D,H,F,«) (i.e. (D,o,qa), where x o
y=xty—y-z) by means of

rdm=x>=m-—-m-=<zxz and MbPT=m>T—T <M.
Proof. The first condition in Definition 4.2 is proved by expanded
a(z) <(y<am) — (zoy) <f(m) —aly) < (zam) + (yox) < f(m)
by means of -, -, < and >, and using (4.6), (4.7) and (4.11). The second condition
is proved similarly by using the rest of relations. [
5. HOM-POISSON DIALGEBRAS

In this section, we introduce Hom-Poisson dialgebras and we give some examples
and some construction theorems.

Definition 5.1. A Hom-Poisson dialgebra is a quintuple (P, -, -, [—, —], &) in which
P is a vector space, 4,+,[—, —] : P® P — P are three bilinear maps and « : P — P
is a linear map such that

(5.1) [z 4y, a(2)] = @) Ay 2]+ [z, 2] Taly),

(5.2) [zFyalz)] = a@)kly 2]+ [z 2] Faly),

(5.3) [a(x),y 42l = aly)t [z, 2]+ [z, 9] Ha(z) = [a(z),y - 2].

for all x,y,z € P.
Example 5.1. Any Poisson dialgebra is a Hom-Poisson dialgebra with o = Id.
Example 5.2. If (4, «) is a symmetric Hom-Leibniz algebra [11] i.e. both left

and right Hom-Leibniz algebra, then (A, -, F, [, =], «) is a Hom-Poisson dialgebra,
with [—, ] = - =—=F.
Example 5.3. Let (P, -, [, —],«) and (P', ', [—, =], &) be two Hom-Poisson

dialgebras. Then the direct product P x P’ is also a Hom-Poisson dialgebra
with componentwise operation. In particular, for any non-negative integer n,
P" =P x P x---x P (n times) is a Hom-Poisson dialgebra.

The below theorem generalizes Proposition 2.6 in [3].
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Theorem 5.1. Let (D,,,a) be a Hom-dialgebra. Then (D, b, [—, -], «) is a
Hom-Poisson dialgebra, where

[zyl=2zdy -yt
for any x,y € D.
Proof. Tt follows from axioms in Definition 3.2. O
Observe that by setting 4= p and k= u°P, we recover ([3], Proposition 2.6).

Definition 5.2. Let (P,-,F,[—,—],«) and (P',4,F,[—, -], ') be two Hom-
Poisson dialgebras. A linear map f : P — P’ is said to be a morphism of Hom-
Poisson dialgebras, if o’ o f = f o a and for any z,y € P,

flady)=f@) 4 f), fleky)=f@) f), f(zy])=[f@), fy]-

The following theorem allows to obtain a Hom-Poisson dialgebra from Poisson
dialgebra and an endomorphism.

Theorem 5.2. Let (P,,\,[—,—]) be a Poisson dialgebra and o« : P — P an
endomorphism of Poisson dialgebras. Then (P,a,Fa, [—;, —]a; @) is a Hom-Poisson
dialgebra, with

ey =alzdy), shay=alzty), [z,yl« = a(lz,y]),
for all x,y € P.

Proof. The proof is analogue to the one of Theorem 3.1. O
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ON SOME INEQUALITIES FOR THE EXPECTATION AND
VARIANCE

ZHENG LIU

ABSTRACT. Some elementary inequalities for the expectation and variance of
a continuous random variable whose probability density function is defined on
a finite interval are obtained by using an identity due to P. Cerone for the
Chebyshev functional and some standard results from the theory of inequali-
ties. Thus some mistakes in the literatures are corrected.

1. INTRODUCTION

Let X be a continuous random variable having the probability density func-
tion f defined on a finite interval [a, b].
By definition

(1.1) B(X) = /btf(t) dt

the expectation of X, and

o*(X) = [U[t—EX)Pf(t)dt

(1.2) = [P2f(t)dt — [E(X))?

the variance of X.
For two integral functions f, g : [a,b] — R, define the Chebyshev functional

(1L3)  T(f.9): /f t——/f Bt i/

In [1], P. Cerone has obtained the following identity that involves a Riemann-
Stieltjes integral:
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Lemma 1.1. Let f,g : [a,b] — R be such that f is of bounded variation on [a, b
and g is continuous on [a,b]. Then

1 b
(14) T(1.9) = o | HOTO.
where
(1.5) U(t) := (t — a)A(t,b) — (b —t)A(a, ),
with

d
(1.6) A(c,d) == / g(z) dz.
In [1] we can also find the following useful result:

Lemma 1.2. Let f,g: [a,b] = R be such that f is of bounded variation and g is
continuous on [a,b]. Then

(1.7)
b
Supte[a b] ‘\Il(t)‘va(f)a
(b—a)*IT(f,9)| < Lf |W(t)| dt, for f L-Lipschitzian,
f [P (t)] df (¢) for f monotonic nondecreasing,
where \/Z(f) is the total variation of f on [a,b].
The purpose of this paper is to derive some elementary inequalities for the ex-

pectation (1.1) and variance (1.2) by using Lemma 1.1 and Lemma 1.2. Thus some
mistakes in [1] and [2] are corrected.

2. INEQUALITIES FOR THE EXPECTATION
We prove the following theorem by using the Lemma 1.1.

Theorem 2.1. Let f : [a,b] — Ry be an absolutely continuous probability density
function associated with a random variable X, then the expectation E(X) satisfies
the inequalities

a+b
Bx)
12 Hf/”olm ) f/ € Lo [a b]'
(2.1) < ) 5(0—a)TiBlg+La+ D)7l ' € Lyla,b], p > 1,
< 1.1,
(b—a)? | P a
s [ € Lila,b).
where || - ||p, 1 < p < 0o are the usual Lebesgue norms on [a,b), i.e.,
t)[P ] 1< p< oo,
22) oy = { U o€ spees
€85 SUP; e[,y 9], p=oo
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Proof. Notice that f; f@)dt =1 and f is absolutely continuous on [a, b], by
(1.3) and (1.4)-(1.6) we get

a+b

1 b
B(Y) - "7 = (b= a)T(.£(0) = 5 [ (= a)b- 07 () at

and so

a+b

b
Bx) - 20 < 1/u—ww—MfwMt

Using the Holder’s integral mequahty7 we have
b
, %Ilf’\\oofg(t—a)(b—f)dt, - J € Leola, b;
1 l ki 1
/ t—a)b—t)f)dt < Il 1 —a)b ) dt]7, Ifff’i[‘i”ip N
a 7p q - )
3l F Nl suppepa (t—a)(b 1), f € Lia,b].
Clearly,

b
/a(t—a)(b—t)dt: -2

sup (t—a)(b—1t) =
t€la,b] 4

and it is easy to find by substitution u = a + (b — a)t that

b 1
/ [(t—a)(b—1t)]9dt = (b—a)?T! / ul(1—u)du = (b—a)* ™ B(g+1,q+1).
a 0
Thus we have proved the inequalities (2.1).

Remark 2.1. The inequalities (2.1) provide a correction of the inequalities (3.22)
in [2].

Theorem 2.2. Let f : [a,b] — Ry be a probability density function associated with
a random variable X. Then the expectation E(X) satisfies the inequalities

ot b %\/Z(f)7 for f of bounded variation,
3
|<¢ Ga for f L-Lipschitzian,
2
%[f(b) — f(a)], for f monotonic nondecreasing.

(2.3) |E(X)—

Proof. Notice that [ f(t)dt = 1, by (1.3), (1.4) and (1.6) we get

a+b

— (b= )T F0) = 5 [ (= a)b- D).

and so it follows from Lemma 1.2,

T is SUPyeq,p) (t —a)(b — t)\/ (f), for f of bounded variation,
a
|E(X)— 2 | < éfgb(t —a)(b—t)dt for f L-Lipschitzian,
5 [,G—a)(b—t)d ( ), for f monotonic nondecreasing.
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We need only to calculate and estimate that

t—a)b-dit) = (t—a)b-1f) |b+2f”tf“ib> f(t)dt
= [ ) F(E) e+ [t~ ) F (1)
< 2f(a) [, (6 S0y de+ 2 (0) [t — %50 dt
— =) — f(a)].

Consequently, the inequalities (2.2) are proved.

Remark 2.2. The inequalities (2.2) provide a correction of inequalities (3.14) in [1].

3. INEQUALITIES FOR THE VARIANCE

For convenience in further discussions, we will first to derive some technical
results in what follows. Put

1
(3.1) 6(t) = (t =7 + [0 =t)(y —a)° = (t = a)(b = )"]
for ¢t € [a,b] and v € R.
It is easy to find that
d(t) = 33yt —[a® 4+ ab+b? — 3(a + b)y]t — ab[3y — (a + b)]
= (t—a)(t—0)(t—c),
where ¢ = 3y — a — b. This implies that

(3.2)

>, > ot
(3.3) g =7, 7—““’
<7, 7<““’

Moreover, we see that ¢ < a for v < %, c > b for vy > ‘”321’ and a < ¢ < b for
2atb < < @420 Therefore, by (3.2) we can conclude that ¢(t) < 0 for ¢ € [a,b] if
v < 28b g(t) > 0 for t € [a,b] if v > 22 and ¢(t) > 0 for t € (a, ) with ¢(t) < 0
for t € (c,b) if 240 <y < @420,

Thus we have

b
(3.4) / ()| dt = / sty dt = S(“E )0~ a?

in case v < 2‘”1’

b b a P
(35) o= [“otat= 56— e -

a+2b

in case < 7, and

(3.6)
I 1) dt

[0ty dt — [T o(t) dt
i[ 8(y —a)(b—7)(b—a)* —54(y —a)*(b—7)* — (b—a)’]
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: 2a+b a+2b
in case =5—= <y < 5=

Also, it is not difficult to get by elementary calculus that

(b—a)?
12

a+b
=,

(3.7 sup |p(t)] = 2{[(y - a+b)2 + )2 —(y—a)b—)ly -

t€la,b] 2
for v € R.
Now we would like to give some inequalities for the variance with different
bounds.

Theorem 3.1. Let f : [a,b] — Ry be an absolutely continuous probability density
function associated with a random variable X. If ' € Loo[a,b], then the variance
0%(X) satisfies the inequalities

(3.8)
o2(X) = (7 — 2422 — L
(3 =0 —-a) a <y < 2
< 1f M BI8(y —a)(b =) (b —a)® = 54(y —a)*(b—7)* — (b—a)?], 24 <y < A2,
(v =) —a)?, G <y <D,
where a < v=E(X) <b

Proof. It is easy to find from (1.3)-(1.6) that

7a+b)27 (b—a)?
2 12

where ¢(t) is as defined in (3.1).
Thus the inequalities (3.8) follow from (3.4), (3.5) and (3.6).

b
3G9 PX0-G 3 [ s0rwa

Theorem 3.2. Let f : [a,b] — Ry be an absolutely continuous probability density
function associated with a random variable X. If f' € Lila,b], then the variance
0%(X) satisfies the inequality

02(X) — (y — gb)? — L7
7012 3 a
< [y -9ty 4+ B3y —a)(b— )y — L2,
where a <y = E(X) <b.

Proof. The inequality (3.10) follows immediately from (3.7) and (3.9).

(3.10)

Remark 3.1. The inequalities (3.8) and inequality (3.10) provide a correction of
inequalities (3.23) in [2].

Theorem 3.3. Let f : [a,b] — Ry be a probability density function associated with
a random variable X which is of bounded variation on [a,b]. Then the variance
0%(X) satisfies the inequality

02(X) — (7 — 52)? — L5
< {[(y— 22)2 + L5818 — (v — a)(b— )|y — SELIVI(S)

where a < v = E(X) <b and \/Z(f) is the total variation of f on [a,b].

(3.11)
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Proof. By Lemma 1.1 and Lemma 1.2 we can conclude that

a+b, (b—a)? 1
_ <=

where ¢(t) is as defined in (3.1).
Thus the inequality (3.11) follows from (3.7).

|7 (X) = (7 =

Theorem 3.4. Let f : [a,b] — Ry be a probability density function associated with
a random variable X which is L-Lipschitzian on [a,b]. Then the variance o*(X)
satisfies the inequalities

(3.12)
02(X) = (y - 23)? — L3
§(F =N —a)?, a<ny< 2
<L { LI8(y—a)(b—)(b—a)> = 54(y — a)2(b—7)? — (b—a)¥], 20 <y < ot
(=5 -a)’, 5 <r<b

(
where a <y = E(X) <b.

Proof. By Lemma 1.1 and Lemma 1.2 we can conclude that

9 B 7a+b27(b—a)2 <L/b
) - - 522 - B < 5 [t
where ¢(t) is as defined in (3.1).

Thus the inequalities (3.12) follow from (3.4), (3.5) and (3.6).

Theorem 3.5. Let f : [a,b] — Ry be a probability density function associated
with a random variable X which is monotonic nondecreasing on [a,b]. Then the
variance o*(X) satisfies the inequality

(3.13)
02(X) — (v — o) — oo
bHAa=9 () —)2[£(b) — f(a)], a <y < 2
< { mdinee 02(f(e) - fla)] + BEEBa (b o2[f(b) — f(c)], 2D <y < w2
9r=ba—ib (p — q)2[f(b) — f(a)], i oy,

where a < v=E(X) <bandc=3y—a—0.

Proof. By Lemma 1.1 and Lemma 1.2 we can conclude that

2y . atbo (b—a? 1 [
|o"(X) = (v = =) o 153/

where ¢(t) is as defined in (3.1).
Notice that

o(t) = (t —a)(t = b)(t —c)
for t € [a,b], where ¢ = 3y — a — b, it is easy to calculate that
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—f (1) = [0 f)d
NI b)(t - C) +(t—a)(t— C) + (t—a)(t = )If(t) dt

L sl df (¢)

<
= BN (b —a)?[f(b) — f(a)],
in case a < y < 2%k,
L loWldre) = fiemdi) = - [ ¢/ ()f ) dt
= f [(t=b)(t—c)+ (t—a)(t—c)+ (t—a)(t—Db)]f(t)dt
< —f(a)f(g(tfb)( ¢)dt — f(b) [/ (t — a)(t — c)dt — f(b) [ (t — a)(t — b) dt
= D=2 (h— a)?[f(b) — f(a)),
incaseﬂ<7<b and
[ loldft)y = [Lo(t)df(t) — J2 o(t)df(t)
= —[renf@dt+ L' (1)f () dt
= —LIt=DE=—g+(t-a)t -+ E-at-bl/(M)d
+ [t =b)(t —c)+ (t—a)(t —c) + (t —a)(t — b)] f(¢t) dt
< —f@) [t =b)(t—e)dt = f(c) [t~ a)(t — ) dt — f(c)fg
+f(c) [t —b)(t —c)dt + f(b) fg (t—a)t—c)dt+ f(c) [,
= B=2a=c(c—a)2[f(c) — fla)] + 22 (b — 0)2[f(b) — (c)]

incasezaTH’g'yg%%.
Consequently, the inequalities (3.13) are proved.

Corollary 3.1. Let f : [a,b] — Ry be a probability density function associated
with a random variable X. If E(X) = %t then the variance 0*(X) satisfies the
inequalities

) (b— a)? E%G\(%g \/ (f), f of bounded variation,
o™ (X) — 12 | < 9g L, f L-Lipschitzian,
(bﬂz) [f(b) — f(a)], f monotonic nondecreasing.

Proof. It is immediate from the inequalities (3.11), (3.12) and (3.13).

Remark 3.2. The inequalities (3.11), (3.12) and (3.13) provide a correction of in-
equalities (3.15) in [1].

Remark 3.3. The mistakes of Corollary 8 and Corollary 9 In [2] as well as the
mistakes of Corollary 3.7 and Corollary 3.8 in [1] seemed as if they are originated
from having wrongly examined the behaviour of ¢(t) as given by

b—t t—a
o(t) = (t =" + (m)@ —a)"*t - (m)(b — )"t
for t € [a, b] in case n is even. (See (3.13) of Lemma 2 in [2] and also (3.6) of Lemma
3.3 in [1] and compare them with the assertions expressed at the beginning of this

section as a special case of n = 2.)

Fla) [2(t=b)(t —e)dt + F(b) [(t —a)(t — ¢)dt + f(a) [2(t —a)(t —b) dt
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A DIFFERENT LOOK FOR PARANORMED
RIESZ SEQUENCE SPACE DERIVED BY
FIBONACCI MATRIX

MURAT CANDAN AND GULSEN KILINC

ABSTRACT. This paper presents the generalized Riesz sequence space rq(ﬁf:)
which is formed all sequences whose Rﬁﬁ -transforms are in the space ¢(p),
where F' is a Fibonacci matrix. a- B- and ~-duals of the newly described
sequence space have been given in addition to some topological properties of
its. Also, it has been established the basis of Tq(ﬁff). Finally, we have been
described a matrix class on the sequence space. Results obtained are more
general and more comprehensive than presented up to now.

1. PRELIMINARIES

The concept of sequence is widely considered to be one of the important concepts
in summability theory, so let us begin by remembering the definition of it. A
sequence is a function of which domain set is natural numbers N = {0,1,2,...}.
In other words, an ordered list of numbers xg, x1, ..., T, ... is a sequence. If it is
an infinite sequence, it is illustrated with notation {z,}52,, as a convenience, we
write {z,} briefly. A sequence {x,} converges with limit a if each neighborhood
of a contains almost all terms of the sequence, i.e., there must be at most only
finitely many elements of {z,,} outside any neighborhood of a. In this case, we say
that {z,,} converges to a as n goes to co. The set of all real or complex convergent
sequences is indicated by c. Let {x,} be a sequence and define a new sequence
{sn} called the sequence of partial sums of {z, }with relation s, = Y ;_; x. When
{sn} is convergent, we say that {x,} is summable and we point out the lriLmsn

by Z;io x;. A real or complex number sequence converges to zero is called null
sequence. The set of all real or complex null sequences is denoted by ¢g. A sequence
is bounded, if all its terms remain between two numbers. The set of all bounded
sequences is denoted by l,. We denote the family of all {z,,} sequences by w, where
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x, belongs to real or complex numbers set. Then w is a linear space under the
usual pointwise addition and scalar multiplication over C and R. Since any linear
subspace of w is called a sequence space, also ¢, ¢y and £, are the subspaces of w,
we concludes that they are sequence spaces. Further, we symbolizes the spaces of
all bounded, convergent, absolutely and p—absolutely convergent series by bs, cs,
4y, £y; respectively.

These spaces are Banach spaces with following norms:

lzllee. = llzlle = llzllcs = supy lzal, lellos = ll@lles = sup, [ 24l and
lelle, = (S lewl?)? -

For sake of brevity, here and after the summation without limits runs from 1 to
00.
Now, let us look at historical information about Fibonacci sequence. Fibonacci
sequence consist of {f,,} numbers such that each its term is the sum of two terms
preceding its. In this sequence, the first two terms are 1. If we write it clearly, it is
a sequence of numbers 1,1,2,3,5,8,13,---. We can define it by the equation f, =
fn-1+ fn2, where n > 2 and f; = fy = 1. Fibonacci numbers were come out by
Leonardo Pisano Bogollo (¢-1170-¢1250), he is known with his nickname Fibonacci.
Numbers of the sequence is seen in the book “Liber Abaci "firstly written by
Leonardo of Pisa. He helped to replace Roman numerical system with the numbers
system used today consists of numbers from 0 to 9 in Europa. Fibonacci sequence
has some well-known properties such as Golden Ratio and Cassini Formula. If we
take ratio of two successive terms of Fibonacci sequences, limit of the this ratio is
famous Golden Ratio which is 1.61803 and written by ¢.

fotr 1+V5

nl;rrgo 7. =— = ¢ (Golden Ratio).

kazfn+2—1 for each n € N.

k=0

Z 1 converges.

i
frno1-fos1 — f2= (=1 for each n > 1 (Cassini Formula).

Let A = (ank) be a triangle matrix, that is a,x = 0 for £ > n and a,, # 0 for
all n € N. The equality A(Bz) = (AB)z holds for the triangle matrices A, B and
a sequence . Furthermore, a triangle matrix A has an inverse A~'which is also a
triangle matrix and unique such that for each z € w, v = A(A7'z) = A1 (Axz).

The domain X 4 of an infinite matrix A which is a sequence space is defined as

(1.1) Xa:={z=(vs) Ew: Az € X},

in a sequence space X.

Generally X4 constructed by the limitation matrix A is either the expansion or
the contraction of the space X itself, where X is a sequence space. Sometimes they
are overlap. The inclusion Xg C X is provided strictly for X € {¢~, ¢, co}. From
this property, it can be concluded that the inclusion X C X is also provided
firmly for X € {{w,c,co,¢p}. But, if X is taken as X := ¢y @ span{z} for each
x € X, there exist an s € ¢p and an « € C such that z := s+ az, where z = ((—1)¥)
and it is considered the matrix A with the rows A,, defined by A,, := (—1)"e(™) for
all n € N, then we obtain Ae = z € X\ when Az = e ¢ A resulting in the sequences



64 MURAT CANDAN AND GULSEN KILING

z2€ X\ X4 and e € X4\ A, here e = (1,1,1,...) and e(™ represents a sequence
of which n'” term is 1 for each n € N and the others are 0. Namely, the sequence
spaces X 4 and X are overlap when none of them contains the other one [10].

A linear topological space X over the real field R is said to be a paranormed
space if there is subadditive function ¢g : X — R such that g(8) = 0, g(z) = g(—z),
la, — o] = 0 and g(z, —x) — 0 imply g(apz, — ax) — 0 for all @ € R and all
x € X, where 6 is the zero vector in the linear space X.

Let us suppose that (p) be a bounded sequence of strictly positive real numbers
with suppr, = H and M = max {1, H} and l/pk—i—l/p;C =1 provided 1 < infpg <
H < co. The linear spaces ¢ (p) and £(p) were defined by Maddox in [56, 57] (see
also Simons [68] and Nakano [63]) as follows:

ﬁ(p):{x:(xk)ew:2|mk|p’“ <oo},

k
and
tap) = {2 = () € w3 suplan < oo}
kEN
which are the complete spaces paranormed by

1/M
hi(z) = <Z xk|p’“> and hy(z) = sup |z [P/ iff infpy > 0,
. kEN
respectively. In addition to this, by notation F, we denote the collection consisting
of all nonempty and finite subsets of N.

Constructing a new sequence space by means of the matrix domain of a particular
triangle has been used in literature as the sequence Spaces X, = (4p)c, [64], r'(p) =
(£(p)r. [2]; e = (bp)er and €"(p) = (£(p))er (7, 48, 61]. Z(u,v,£p) = () (uv)
and £(u,v,p) = (£(p))G(uw) [4, 60], a”(p) = (£p)ar and a”(u,p) = (€(p))ay [8, 9],
bu, = (€p)a and bu(u,p) = (£(p))a, [3, 11, 59], £(p) = (£(p))s [37], €, = (6)x in
62), Ay 0 53] Apgry in 251, Jo(B) and F(B) in 12}, fo(B) and f(B) in [26),
where C1 = {cui}, Rt ={rt.}, E"={e",}, S = {sur}, A={0nk}, Gu,v)=
{ga}, AU = (AU} AT = far, ), AL = {au(r)}, A" = {a%}, Blr,s) =
{bni(r,s)}, B(7,3) = {bnk(r S A= {)‘nk}n,k:O and A(X) = {ank(A)} denote the
Cesaro, Riesz, Euler, generalized weighted means or factorable matrix, summation
matrix, difference matrix, generalized difference matrix and sequential band matrix,
respectively [6, 13, 14, 16, 17, 18, 19, 20, 21, 22, 23, 27, 28, 29, 40, 41, 42, 50, 51,
52, 54, 55, 66]. Let us note here, there are many different ways to construct new
sequence spaces from old ones. To get more detailed information, one can look at
the articles [24, 30, 35, 36, 69].

Given any infinite matrix A = (a,) of real numbers a,i, where n,k € N and
let X,Y be sequence spaces. For any sequence x, A-transform of x is written as
Ar = ((Ax)n) If it is A-transform of z, it means that (Ax), = ), anixi converges
for each n € N. If x € X implies that Az € Y then A is called a matrix mapping
from X into Y and is denoted by A : X — Y. We illustrate the class of all infinite
matrices such that A: X — Y by (X :Y).

The new sequence spaces derived by Riesz mean (R, g,) and Fibonacci matrix
F = {fur} are given in this study.
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In this paper, section 2 is dedicated for the spaces of difference sequences and
given some historical developments about this subject. In addition, the definition
of Fibonacci Matrix and the paranormed sequence space rq(ﬁg) of non-absolute
type which is the set of all sequences whose Rgﬁ -transforms are in the space ¢(p)
are presented. In section 3, alpha-, beta- and gamma-duals of the sequence space
r4(FP) are found. Moreover, the basis of the space 74(FP) is attained. In the final
section, we characterize a matrix class on the sequence space.

2. DIFFERENCE OPERATOR AND THE RIESZ SEQUENCE SPACE r%(F?) OF
NON-ABSOLUTE TYPE

Before following non-absolute type the Riesz sequence space rq(ﬁf ), firstly, let us
recall some definitions. We remember the idea of difference operator. The difference
sequence spaces have been introduced by Kizmaz [49]. For A € {lw,c,co}, A(A)
consisting of the sequences x = () such that (z;—2xk+1) € Ais called the difference
sequence spaces [49]. The difference spaces bv, consisting of the sequences x = (zy,)
such that (zx — xx—1) € ¢, have been studied in the case 0 < p < 1 by Altay and
Bagar [5], and in the case 1 < p < oo by Bagar and Altay [11], and Colak, et.al.
[38].

The concept of difference sequences was generalized by Colak and Et [39]. They
defined and analyzed some property of these sequence spaces

A™N = {m:(xk) Gw:Ame)\},

where Az = (2 — 2541) and A™z = A(A™ 1z) for m € {1,2,3,...}. Malkowsky
and Parashar [58] introduced the sequence spaces as follows

A\ = {IE = (zp) cw: AMg e )\},

where m € N, AWz = (2 — 25_1) and Az = AM(AM=Dz). Polat and
Basar [65] introduced the spaces ef(A™), eZ(A™)) and el (A(™)) consisting of
all sequences whose m!" order differences are in the Euler spaces ey, er and el
respectively. Altay [1] studied the space £,(A(™)) consisting of all sequences whose
m!" order differences are p—absolutely summable which is a generalization of the
spaces bu, [11, 38].
The transformation given by
_ q151 ++Qnsn
an on

is called the Riesz mean (R, g, ) or simply the (R, ¢,,) mean, where (gi) is a sequence
of positive numbers and Q,, = q1 +q2 + - + qn.
The (R, ¢,,) matrix method is given by

A
0 , (k>n).

The Riesz sequence spaces r?(u,p) and r9(AP) of non-absolute type had been
studied by Ganie and Sheikh [43, 67]. After then, Candan and Giines [32] had
examined the sequence space r4(B?F).

Many mathematician used Fibonacci numbers to construct new sequence space.

~

Some of them are here. Kara [46] defined ¢,(F) sequence space. After Kara et
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al. [47] characterized some class of compact operators on the spaces Ep(ﬁ) and
loo(F), where 1 < p < co. Also, Bagarir et al. [15] introduced the sequence space
A(F) and A(F,p). Later, Candan [31] presented the sequence spaces co(F (r, s))
and c(F (r,s)). After then, Candan and Kayaduman [34] introduced the sequence
space ¢/ (%) derived by generalized difference Fibonacci matrix. Finally, Candan
and Kara [33] studied the space Ep(ﬁ(r, s)), where 1 < p < oo.

Let f, be the n—th Fibonacci number for every n € N. Then we define the
Fibonacci matrix F = {f..} by

fn

—~ Ffn+1 , k=m,
fok = _7f¢}+1 , k=n-—-1,
0 , 0<k<n—1 or k>n,

for all k,n € N.
For 0 < pr < H < o0, let us define the set r?(FP) as the set of all sequences
whose R? F-transforms are in the sequence space £(p), that is

Pk

k
N 1 N
rY(FPYy =<z = (z}) Ew: g —Qk g ujq; Frj| < oo
k j=0

We can rewrite the set 7¢(FP) by means of the notation of (1.1) as follow
PI(BE) = {60)}

where RIF = (rfi) is a matrix defined as follows:

. o (f,{iluk% - ;’;if uk+1<1k+1) , 0<k<n—1,
r F — fn Gnun —
nk fn+1 Qn ’ k =M
0 , k> n.
Ify = (yx) isa Rzﬁ- transform of any given sequence x = (xy), then it is written
as
L
(2'1) Yk = 5ZUijij.
k20

Hereafter, when we talk about the sequences z = () and y = (y), we will
mean that they are connected with the relation (2.1).
For the sake of simplicity, here and what follows, we shall write

 Jim Jit1 _fi g fi+2u .
S _ L @i — 2 i
YU fiwig o fipotipgie T fipn O fin
for every i € N.
Now, it is time to give the following theorem.

Theorem 2.1. The set rq(ﬁf) is a linear space together with coordinatewise addi-
tion and scalar multiplication, that is, r9(FPF) is a sequence space.

Proof. The proof of this theorem is obtained by using elementary calculations of
linear algebra. (I



A DIFFERENT LOOK FOR PARANORMED RIESZ SEQUENCE SPACE ... 67

Theorem 2.2. Let 0 < pp < H < oo. Then, rq(ﬁfj) is the complete linear metric
space with h paronorm defined by the following equality
Pk ﬁ
1 3= Jr Ukqk
hz(z) = — iT; + Tk
P(@) Z Qk Jz:%% T e Qi

k

Proof. According to the definition of paranorm reminded in introduction, it is suffi-
cient to show that the conditions of the paranorm are satisfied. It is easy to see that

h(8) = 0 for the null element of 7(FP) and hz(x) = hp(—=) for all o € r9(FP).

Now, we shall show the subadditivity of h. By taking z,z € rq(}/i{’), we have

- o1 PR
(2.2) hﬁ(x—i-z) = Xk: Qlka_%ﬁpj(l‘j—FZj)—Fffil ué;zk(xk“‘zk)
_ - fe urqr Sk
SO NL RS el

Pe M
1= fr urqr
+ = 25 + z
zk: Qr 4 0% T e Qr "
( h

= h
For an arbitrary o €
(2.3) la|Pr < max{1,|a|™}.

Again, the inequalities (2.2) and (2.3) are come out by the subadditivity of h
and the following inequality clearly holds

hz(ax) < max{l,|a|”}hz(z).

Finally, we show that the scalar multiplication is continuous. Let « be any
complex number and (2") be any sequence in r?(F?) such that hp(2" —x) — 0.
Additionally, let (a,) be an arbitrary sequence of scalars such that «,, — «, we get

1
P M

n_

hg(anz™ — ax) T — axj)

1
™
ST
\'M
S
?

< Jan —alThp(@") + |a|Thp(" — ),
tending to zero, for n — oo, since {h ﬁ(x")} is bounded due to the inequality
hgp(@") < hp(z) + hp(e" — ).
Because of subadditive of A, it is valid. It means that the scalar multiplication is

continuous and hz is a paranorm on the space r¢(FY).

Let us suppose that {z'} is an arbitrary Cauchy sequence in the space rq(ﬁf;),
where z' = {xf,z},...}. In that case, there exists a positive integer ng(e)

(2.4) ha(z' —27) < oo,
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for all 4, j > ng(e) for a given € > 0. By using definition of hz, for each fixed k € N
1

(RiFa'), — (RLFa/)| < Z!(Rzﬁxwk—(z%zﬁxf)k]”’“] < o0,
k

for 4,5 > ng(e), and {(Rgﬁxo)k, (R1Fz!)y, } is a Cauchy sequence of real num-
bers ior every ﬁxe(i k € N. Since R is complete, it converges. 'I’herefoAre7 we can write
(RIFz"), — (RIFz)y, for i — co. Using these infinitely limits (RZ Fx)o, (RIFx)1, ...
we can constitute the sequence {(Rgﬁx)o, (R1Fz),, } From inequality (2.4) for
each m € N and ¢,j > ng(e), we have
(2.5) Z ‘(RZﬁxi)k - (R,Zﬁmj)k‘pk < hp(a' — )M < M.

k=0

For j and m — oo inequality (2.5) becomes
hp(z' — x) < oo.
Taking € = 1, i > ng(1) in inequality (2.5) and using Minkowsky’s inequality, for

each m € N, we get

zm: ‘(Rzﬁx)k

k=0

M
m] <hpa' — o)+ hp(a') <1+ hp(ah),

ie,z € rq(ﬁf). Because hz(2' — x) < oo for all i > ng(e), 2* — x as i — oo, thus

it is proved that r4(FP) is complete. O

It is seen that the absolute property is invalid on the space rq(ﬁf), in other
words hg(x) # hg(| o [) holds for at least one sequence in the space r?(F?) i.e.,
r?(FP) is a sequence space of non-absolute type.

Theorem 2.3. Let 0 < pp < H < co. Then the sequence space rq(ﬁqf) is linearly
isomorphic to the space £(p).

Proof. To prove this theorem’s assertion, we firstly have to make sure that there
exists a transformation T between the spaces r7(FP) and £(p). Let us take into
account the transformation T from 79(FP) to {(p) by @ — y = Tx. Since it is
obvious to show that T is linear, we omit the details. Now, it is necessary to prove
that both T is injective and surjective. If we take x = 0, we obtain that Tx = 0
and this shows that T is injective.

We consider an arbitrary sequence y € ¢(p) and later define the sequence x = ()

k—1k—1 2
=TI (fj+2> 0Ot -+ Jev1 Qk "

fi+1 e unqr

n=0j=n
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for k € N. If we use the newly defined sequence z = (z}), then we have
I k-1 pr
1 fr ukgk
hz(z) = — T+ Tk
#(7) 2 op jz:(:)% T frer Q
r Pr ﬁ

k
= [k
j=0

L
M

S

hi(y) < oo

where
(5 — 1 ) k = j7
KTl 0, k#7
This shows that = € rq(ﬁf). In other words, T is surjective and paranorm

preserving. Thus, the transformation 7T is a linear bijection which means that
r?(FP) and ¢(p) are linearly isomorphic. This completes the proof. O

3. SCHAUDER BASIS AND a—, f— AND y— DUALS OF THE SPACE r?(FP)

In the present section, firstly, let us recall the definitions of alpha-, beta-, and
gamma- dual concepts.
If \, 4 C w and z is an arbitrary sequence, we write
e N ={r = (1) Ew:xz €N},
and
M()‘7 M) = ﬁ16/\37_1 * .
If we choose u = ¢1, cs and bs, then we obtain the a—, 3— and y— duals of the
space )\, respectively as
A =M\ 0)={a=(ar) €w:ax = (arxy) € {1 for all z € A},
M =M\ es)={a=(a) €w:ax = (apxy) € cs for all z € A},
AT = MM\ bs) ={a = (ar) € w:azx = (agzy) € bs for all x € A\}.
Now, we are going to give the following lemmas necessary to prove the theorems
related to the a—, f— and y— duals of the space r?(FPF).
Lemma 3.1. [44]

(i) Let 1 < px < H < 0o. Then A € (U(p) : £1) if and only if there exists an
integer B > 1 such that

sup Z Z anp B!

KerF nekK
(ii) Let 0 < px, < 1. Then A € ({(p) : ¢1) if and only if

Pk
E Ank

nek

’

Py
< 0.

sup sup < 0.

KeF k
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Lemma 3.2. [45]

(i) Let 1 < pp < H < oo. Then A € (U(p) : Uso) if and only if there exists an
integer B > 1 such that

(3.1) supz |ankB*1|p"
"ok
(ii) Let 0 < pr <1 for every k € N . Then A € (U(p) : bwo) if and only if
(3.2) sup lank|F < oc.

Lemma 3.3. [45] A € (U(p) : ¢) if and only if there exists an integer B > 1 provided
that (3.1) and (3.2) hold,

(3.3) lim any = B for k € N,
also holds, where 0 < pp, < H < oo for every given k € N.

Theorem 3.1. Let 0 < p < 1 for all k € N. The sets D1(u,p), Da(u,p) and
D3 (u,p) are defined by following equations:

Pk
n—1 2
Jj+2 Jnt1 Gn ~1
Daup) = |J {a= (@) cw: sup (22) mai+ 22 220, 5] oo
u o3| (11 (42) e
Jr+1 ak fi+1 1
Dy(u,p) = |J Sa=(ax) ew: ) +me Y a H Qr| B <00,
B>1 k Je urar i=k+1  j=k+ fi
f 2
D3(u7p): Z a; H ( J+1> exists
i=k+1  j=k+1 fi
In this case,
[r9(BE)]" = Di(u,p), [r9(B2))” = Da(u, p)NDs(u, p), [r9(BY)]" = Da(u, p).

Proof. Let us take any a = (aj) € w. Then, we obtain

n—1ln—1 f 2 f a
j+2 n+1 n
(34) anT, = Z (j+> Wkaanyk+ f+ Ung Qnyn

where the matrix D = (d) is defined by

2
H?:_kl(f?”) TanQr , 0<k<n-—1,

f]+1

dnk} - fn+1 Qn QTI k — n’

fn ungn ’

, k> n,

for all n,k € N. Thus from Eq.(3.4) that ax = (anz,) € ¢; whenever x = (x,) €
r?(FP) if and only if Dy € ¢; whenever y € ¢(p). This means that D € ({(p), {1),

and Lemma 3.1(ii) gives that {TQ(FP)] = D1 (u,p).
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For f— dual of space r?(FP?), let us consider following equation,

n

(35) Zn:akivk = Z fk+1 ak Tk Z a; H (f]+1> Qk Yk
k=0

k=0 f uqu i=kt1 =kl
= (Eyn,
where, E = (e,1) is defined as
fri1 _ap n i Fion )2
e — |:fkuqu + e D pr1 @i L gy (T) ] Qe , 0<k<n,

0 , k> n.

From Eq.(3.5), ax = (axwy) € cs whenever x € r4(FP) if and only if Ey € ¢

whenever y € £(p). In other words, E € (¢(p), c). We obtain [rq(ﬁf)} ’ = Ds(u,p)N
Ds(u, p), using Lemma 3.3.

For y— dual of space r?(FP), using Eq.(3.5) ax = (axzy) € bs whenever z €
r4(FP) iff By € £y whenever y € £(p). In other words, a = (ay) € [r9(FP)]" iff
E € ({(p),ls). Then from Lemma 3.2 (i) we obtain [r9(EP)]Y = Dy(u, p). O

Theorem 3.2. Let 1 < pp < H < oo for every k € N and define the sets D4(u,p)
and Dy (u,p) with the following equations:

k

2
D4(uap) = {a = (ak) € w: sup sup Z H <fj+2) 7TnanQn + fk+1 In Qk < OO},

1 u
Ker k| | o \i+ fe ukgr

Pk
Ds(u,p) = {a = (a) € w: sup karl @k + Z a; H (fjﬂ) Qrl < oo}.
k fr ukgr Bt fi
Then
o ~ 18 ~ 17
PN = Dawp),  [FUED] = Dslwp)nDs(u,p), 1P| = Ds(u,p).
Proof. Tt can be done as that of Theorem 3.1. (]

Theorem 3.3. Let 0 < pp, < H < oo for all k € N. Define the sequence b*)(q) =
{b%’“) (q)} of the elements of the space rq(ﬁf) for every fized k € N by

fr+1 Qp n—Fk
fr UKk, ’ ’

k )
bgz )(q) = H_;L:k+l (%) Wka: y N> kv
0 , n<k.

Then, the sequence b'*)(q) is a basis for the space rq(ﬁfj) and any x € 7“‘1(1/55) has
a unique representation of the form

(3.6) =Y M(g)b*(q)
k

where \,(q) = (R1Fz), for all k € N.
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Proof. Let 0 < pp < H < 00, and for k € N
(3.7) RLFV™®) (q) = e®) € (p),

where e(®) is a sequence of which k" term is 1 and the others are 0 for each k € N.

Moreover, let x € rq(ﬁf). For all non-negative integer m, we get

(3.8) 2] = 3 A ()b
k=0

Putting RZF to Eq.(3.8), for i,m € N, we have

m

RIFalm) = Z)\k VRLFbM) (q) = (R Fa) e
k=0 k=0
and hence
~ 0 0<i<m
q _ lm] ) _ J , U=sesm,
(R“F(m =) i { (RIFzx); , i>m.

Also, for any given € > 0, there exists an integer mg such that for every m > mg

(_f: ‘(Rq‘iﬁx)i p) <s

Hence, it is obtained that for all m > mg

hg(z —2™)

IA I
/N /
Me L[M]e
)
N - s
N——— — g
‘ =)

< =—<e

By using limit properties, limm, ,oohp(z — 2™) = 0 is obtained. Thus x is repre-

sented as Eq.(3.6).
Let us suppose that it has two representation as z = ), uk(q)b(’“) and x

>k M (g)b™). Since the linear transformation from rq(ﬁ{j) to £(p) is continuous, we

get
(Rzﬁx)n

n

> 1lq) (RZF b*) (q))
k

> nk(@)et? = palg),
k

for n € N. Taking (Rgﬁa:)n = A\, for all n € N, it is obtained A, (¢) = pn(q) thus

we get Eq. (3.6).

4. MATRIX MAPPING ON THE SPACE rq(ﬁf)
In this section, we characterize the matrix class <Tq(1?'jf),£oo>.

Theorem 4.1.

O
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(i) A€ (Tq(ﬁ,f),foo) if and only if there exists an integer B > 0 such that
(4.1)

’
Py

n i 2
—SUPZ fipn Guk +me > aw [ (T) QeB™' < oo,
J

u
fe uka =kl =kl

and
{ank}keN € cs (n € N),
where 1 < pp < H < oo for every k € N.
(il) A€ (rq(ﬁf),€w> if and only if

Pr

. fk+1 Onk fj+1 2
(4.2) sup Tk Z Ani H Qr| < oo,

u
n,k fr qu S S

and
{nk tren € cs (n €N),
where 0 < pp, <1 < oo for every k € N.

Proof.
(i) Let 1 < pp < H < oo for every k € Nand A € (rq(ﬁg), Eoo). Then Az exists for

~ ~ 18
x € ri(FP), {anklren € {rq(Ffj)} for each n € N. Further, let us consider the
following equality obtained by using the relation (3.4) that

m

m 2
(4.3) Z Akl = Z fl}-]:1 Ank - Z n; H <f1+1> Qk Y.
k=0

u
k=0 ka i=kt1 =kl

From Lemma 3.1 and Eq.(4.3), we obtain the expression.
Conversely, {ank}ren € cs for each n € N, € r2(FP). Since {ank}ren €

~ 1B
[rq(Ffj)} for every fixed n € N A-transform of z exists. We derive from Eq.(4.3)

as m — oo that

2
(4.4) Zankxk—z Srt1 Qnk - Z O H <f1+1> O | vk

u
k=0 Je qu i=kt1  j=hkil

Now, by combining Eq.(4.4) and inequality holding for an arbitrary B > 0 and
complex numbers a, b

jabl < B {laB=1 + o},

where p > 1 and 1/p + 1/p, = 1. We obtain

fr+1 ank - : (fj+1)2
sup ankTr| < sup — + 7 Qs — Qx Yk
neN Z nENZ fr urqr i:zk—:i-l j:lgrl fi e
< BIC(B) +h¥(y)] < .

This mean that Az € £, whenever x € rq(ﬁff).
(ii) The proof of (ii) can be obtained same way. O
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ON SOME CEBYSEV TYPE INEQUALITIES FOR FUNCTIONS
WHOSE SECOND DERIVATIVES ARE (h1,h)-CONVEX ON THE
CO-ORDINATES

B. MEFTAH AND K. BOUKERRIOUA*

ABSTRACT. The aim of this paper is to establish some new CebySev type
inequalities involving functions whose mixed partial derivatives are (hi, ha)-
convex on the co-ordinates.

1. INTRODUCTION

In 1882, Cebysev [4] gave the following inequality :
1 2
(1.1) T (.9 < 15 (0= a) [ lloc 191l
where f, g : [a,b] — R are absolutely continuous functions, whose first derivatives
' and ¢’ are bounded,

b b b
(12) T(.9) = [f@a@de— | 2 [raan ) (5 [s@s ],

¢
a

and ||.|| ., denotes the norm in Lo [a, b] defined as || f|| ., = esssup|f (t)].

t€la,b]

During the past few years many researchers have given considerable attention to
the inequality (1.1), various generalizations, extensions and variants of this inequal-
ity have appeared in the literature, see [1, 3,6, 8,9, 10] . Recently, Guezane-Lakoud
and Aissaoui [6] established new Cebysev type inequalities similar to (1.1) for func-
tions f,g defined on bidimensional intervals A = [a,b] X [¢,d] C [0,00)? whose
mixed partial derivatives fg; and g are integrable and bounded. The authors of
the paper [12] further extend these results in special cases when the mixed partial
derivatives belong to certain classes of functions that generalize convex function on
the co-ordinates.

2000 Mathematics Subject Classification. 26D15, 26D20, 39A12.
Key words and phrases. Cebysev type inequalities, co-ordinates (hi,hs)-convex, integral
inequality.
This work has been supported by CNEPRU-MESRS-B01120120103 project grants.
7
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The main purpose of this work is to obtain new Cebysev type inequalities in-
volving functions whose mixed partial derivatives are (hi, hs)-convex on the co-
ordinates.

2. PRELIMINARIES

Throughout this paper we denote by A the bidimensional interval in [0, c0)?,
A =: [a,b] x [e,d] with a < band ¢ < d, k = (b—a)(d — ¢) and fr, for
i
OO ®

Definition 2.1 ([5]). A function f : A — R is said to be convex on the co-ordinates
on A, if the following inequality

fAz+ (1 =Nt,ay+(1—a)v) < Aaf(z,y)+A(1—a)f(z,0)
(2.1) +(1=Naf(t,y)+ (1 =X (1-a)f(tv)
holds for all A\, € [0,1] and (z,¥), (x,v), (t,y), (t,v) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates. Fur-
thermore, there exists co-ordinated convex function which is not convex.

Definition 2.2 ([2]). A function f : A — R is said to be s-convex in the second
sense on the co-ordinates on A, if the following inequality

FOc+(1-Ntag+(1-a)) < Na'flz,y)+ X (1-a)° f(z,0)
(2.2) F (L= N F(ty) + (1= N (L— ) £(t,0)

holds for all A\, € [0,1] and (z,¥), (z,v), (t,9), (t,v) € A,
for some fixed s € (0,1].

s-convexity on the co-ordinates does not imply the s-convexity, that is there exist
functions which are s-convex on the co-ordinates but are not s-convex.

Definition 2.3 ([7]). Let h: J CR — R be a positive function. A mapping f : A
— R is said to be h-convex on A, if the following inequality

(2.3) flax+ (1 —a)t,ay + (1 — a)v) < (@) f(z,y) + h(1 — a)f(t,v)
holds, for all (z,y), (t,v) € A and « € (0,1).

Definition 2.4 ([7]). A function f: A — R is said to be (hq, ha)-convex on the
coordinates on A, if the following inequality
fOz+ (1 -=Ntay+ (1 —-a)v) < hi(Mha(a)f(z,y) + hi(MNh2 (1 - a) f(x,v)
+h1 (1= A) hao(a) f(t,y)
(2.4) +h1 (1 =X he (1 —a) f(t,v)
holds for all A, @ €]0,1[ and (z,y), (z,v), (t,y), (t,v) € A.

h-convexity on the co-ordinates does not imply the h-convexity, that is there
exist functions which are h-convex on the co-ordinates but are not h-convex.

Lemma 2.1 (Lemma 1. [11]). Let f: A — R be a partial differentiable mapping
on A in R%. If faa € L1(A), then for any
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(z,y) € A, we have the equality:

flz,y) = bi(}]f(t,y)dt—&—dl_cjf(x,v)dv—;77f(t,v)dvdt
+,1€77<z—t> (v )

(2.5) X foow Qz+ (1= Nt,ay — (1 — a)v) dadX | dvdt
Il

3. MAIN RESULT

Theorem 3.1. Let h; : J; C R — R be positive functions, fori =1,2. f,g: A — R
be partially differentiable functions, such that their second derivatives fro and gia
are integrable on A. If | faa| and |gra| are (hi, ha)-convex on the co-ordinates, then
we have

1 2 /1 2
(3.1) IT(f,9)] mkz /h1 )dA /hg(a)da MN
0 0

where

b d d b
1(f9) = 1 [ [F@ws 9(20) (/f(t,y)dt) dyda
—a) ]79 (x,y) 7f (z,v)dv | dydz
(] o) (o)

M= esssup  [[faa (z,y)|+ [faa (@, 0)] + [fra (& y)| + [fra (£ 0)]]
z,t€la,b],y,vE|c,d]
N = €8S sup [|g/\o¢ (.Z‘, y)' + ‘g)\a (.’I,‘,U)| + |g)\o¢ (t,y)\ + |g>\oz (t’ U)l]

z,t€la,bl,y,vE|c,d]
and k=(b—a)(d—c).

Proof. Let F, G, F and G be defined as follows

b d b d
F = fla,y) - ﬁ/f(t,y)dt - ﬁ/f(a:, v)dv + %//f(t, v)dvdt

c

d

G =g(z,y) — b1a7g(t, y)dt — ﬁ/g(m,v)dv + ]19779(1?, v)dvdt
F= 277 (z—1t)(y —v) x (]]f Az + (1= Mt ay — (1 — a)v) dadA) dvdt

00
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G= ;77 (z —t) (y — v) x (Zzgm Az + (1 =Nt ay — (1 — a)v) dad)\) dvdt.

By Lemma 2.1, we have
F=Fand G = é,
then
(3.3) FG = FG.

Integrating (3.3) over A, with respect to ,y, multiplying the resultant equality
by %, using Fubini’s Theoerm and modulus, we get

b d b d
1ol = w5\ @-w-0
y ( { [ o ()\a:+(1—/\)t,ay—(1—a)v)dad/\) dvdt]
b d
[ [@-tw-0

\R‘ @\w
N ——
oS~ —

@I B
s =
* .
(4 ~
N~ ~——
N N
& &
Il Il
gl~ &
—~ —
o >
| I
& &
il 1
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1 1 1

{hl(l—/\)d/\:{hl()\)d)\ and {hg(l—a)da:/hg(a)da,

0
we obtain

1 2 1 2
IT(f,9)] < % (/}h()\)d)\) (/hg(&)d&)
0 0

b

//|m—t| = ol % [l (@) + |fr (@, 0)]

+|fko< tay |+ |f)a t v)Hdvdt

x {//Ix—tl = ] % [lg,. (@ 9)] + |9, (@, 0)]

1950 G u)| + 195 (t,0)]] dodt] dyd

1 2 1 2
% ( [ hl(/\)d)\) ( / hg(&)d&)

<
0
b d
// (//mt |yv|dvdt> dydx
2, 2
= Z\iﬁ\f /hl()\)d)\ /hg(a)da
0 0
b /b 2 d /d 2
/(/|x—t| dt) dx /(/y—v|dv) dy
1 2 /1 2
- D ( / hl()\)d)\) ( / hg(a)da) MN.
3600
0 0
This completes the proof of Theorem 3.1. O

Corollary 3.1. Let h: J CR — R be positive function, f,g : A — R be partially
differentiable functions, such that their second derivatives faoand gxe are integrable
on A. If | faal and |gra| are h-convez on the co-ordinates, then we have

4
(3.5) (/. )|_3600k2 (/h d)\) MN,

where T'(f,g), M, N, k are defined as in Theorem 3.1.

Proof. Applying Theorem 3.1, for hi(v) = ha(v) = h(v), we obtain the desired
inequality. (I



82 B. MEFTAH AND K. BOUKERRIOUA*

Corollary 3.2. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gra are integrable on A. If |faa| and |gra| are
convex on the co-ordinates, then we have

49
3.6 T < —K’MN
(3.6) IT(/.9)| < g=655K MN.

where T(f,q), M, N, k are defined as in Theorem 3.1.

Proof. In Theorem 3.1, if we replace hy and he by the identity, we obtain

1 2 /1 2
IT(f,9) < A9 /)\d)\ /ada MN
= 3600
0 0
2 1A=1 2 2 =1 2
= ﬂ}f )‘7 @ MN
3600 2 |\, 2| o
49 1 1
= —k?x-x=-MN
3600° 171
49
= —— k*MN.
57600
This is the desired inequality in (3.6). The proof is completed. O

Remark 3.1. The result of Corollary 3.2 is similar to the inequality (6) of Theorem
2.1 in [12].

Corollary 3.3. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gra are integrable on A. If |faa| and |gra| are
(s1, 82)-convez in the second sense on the co-ordinates, then

9 , 1 1
| < k 2 p)
3600 (1+s1)" (1+s2)
where T(f,q), M, N, k are defined as in Theorem 3.1 and s1,s2 € (0,1].

(3.7) IT(f.9)

)

Proof. Taking in Theorem 3.1, h1(A) = A** and ho(a) = a2, we obtain

1 2 /1 2
T(f9)| < 29 4 /AsldA /oﬁ?da MN
3600
0 0
_ 49, 1 1
3600 (14 51)% (1+s2)°
This is the desired inequality in (3.7). The proof is completed. O

Corollary 3.4. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gra are integrable on A. If |faa| and |gra| are
s-convex in the second sense on the co-ordinates, then

49 1
3.8 T < —— k2 MN
(33) T0.9) < 3e00F (g MV

where T(f,g), M, N, k are defined as in Theorem 3.1 and s € (0,1].
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Proof. Putting in Theorem 3.1, hy(A) = A* and ha(a) = o, we get

1 2 /1 2
49
T < k2| [ rsar sda | MN
79 < gk | [ [oda
0 0
1
_ k2 MN.

3600° (1 +s)"
(3.9)

This is the required inequality in (3.8). The proof is completed.

83

Theorem 3.2. Let h; : J; C R — R be positive functions, fori =1,2, f,g: A — R
be partially differentiable functions, such that their second derivatives fyo and gia
are integrable on A. If | faa| and |gra| are (b1, he)-convex on the co-ordinates, then

we have
1 1
IT(f,9)] < 8% /h1(>\)d/\ /hz(a)da
- 0 0
< [ [ 1gta) + ¥ 15w
x (2= + b -2)") (v =) + (d—y)*) dyda.
(3.10)

where T(f,q), M, N, k are defined as in Theorem 3.1.

Proof. By Lemma 2.1, we have

b d

b d
fa) = 5o [femar e 2 [reoio—y [ [0
b d

i [@-0w-v

a c
11

X fow Qz+ (1 =Nt ay — (1 — a)v) dadX | dudt,
{Z
(3.11)
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and

b b d
1 1 1
sa) = oo fattdr+ 7= [otaoris— 1 [ [atv)ava

11
X ({{gm M+ (1 - Nt,ay — (1 — a)v) dad)\) dvdt.

Multiplying (3.11) by ig(x,y) and (3.12) by if(ac,y)7 summing the resultant
equalities, then integrating on A, we get

b d b d
T(f.9) = Q;[//g(a@,y) l//@:—t)(y—v)
11
y ({/f ()\m—f—(l—/\)t,ay—(1—a)v)dad)\> dvdt] dydz

b dO b d
+[ [1ww) [//(m—w(y—v)
X ({/gM A+ (1 —=Nt,ay — (1 — a)v) dad)\) dvdt] dydx] ,

0

(3.12)

(3.13)

using the properties of modulus, (3.13) becomes

b d b d
TG0 < 5 [// 9z 3)] {/ o tlly ol
X |fi, Az + (1= Nt,ay — (1 — a)v)] dad/\) dvdt] dydx
1

b d

+77|f(w>y) l/ @ =ty — vl

a

1
X (/[ lg,. Az + (1= Nt,ay — (1 — a)v) dad)\) dvdt] dydx] )

0
(3.14)
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Using the (hq, ho)-convexity, (3.14) gives

b

Tl < 2,;[/7|g<x,y>| (]wm) ( / h2<a>da)
> 0 0

a c

b d
X [//Iﬂf—tl ly = ol [lfsa (2 9)| + | (2, 0)]

+ o G+ [fra (8 0)]] dodt | dyda

+7 ] F(.y) (]hlwcu) (/1m<a>da)
c 0

a 0

b d
x //|x—t|\y—v|ugM (@,9)] + lg... ()]

+ 1920 &Y+ 19,5, (0)]] dvdt] dydz],
(3.15)

By a simple calculation we get

IT(f,9)| < # (/hl()\)d)\) (/hg(a)da)

0 0

b d b d
<[] [M|g<x7y> (//|x—t| y—v|dvdt)
+N |f(z,y)] (77|x—t| y—v|dvdt) dydx

a ¢

_ # (]hl(A)dA) (]hg(a)da)
0

0
b d
x / / M lg(z, )| + N | £z, 9)]

X ((a: — a)2 +(b— x)2> ((y — 6)2 +(d— y)g) dydz.
(3.16)

This completes the proof of Theorem 3.2. (]

Corollary 3.5. Let h: J CR — R be positive function, f,g : A — R be partially
differentiable functions, such that their second derivatives fro and g are integrable
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on A. If | faa| and |gra| are h-convex on the co-ordinates, then we have
L 2

b d
179l < g | [ran] [ [101en)l+ N i)

0

% (2= ay + b -2)°) (y= 07+ (d—y)*) | dyda.
where T(f,q), M, N, k are defined as in Theorem 3.1.

Proof. Applying Theorem 3.2, for hq(A) = ha(A), we obtain the desired inequality.
O

Corollary 3.6. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fr, and gra are integrable on A. If |fra| and |gra| are
convex on the co-ordinates, then we have

b d
19 < gy [ [ Mlglen)] + N |

x (2= a)* + b -2)") (v =)+ (d—v)*) dyda.
(3.17)

where T'(f,g), M, N, k are defined as in Theorem 3.1.

Proof. In Theorem 3.2, if we replace h; and ho by the identity, we obtain

1 1
1
IT(f,9)] < e /Ad/\ /ada
0 0

b d
x// M |g(z, )] + N [ £(2,5)]]

x (= +0-27) (-0 +([d-1)?*) dyds.
b d
_ 321k2/ [M |g(2,y)] + N | f(2,3)]]

a

X ((x —a)’+ (b— x)2) ((y — )’ 4 (d— y)2) dydz.
This is the desired inequality in (3.17). The proof is completed. O

Remark 3.2. The result of Corollary 3.6, is similar to the inequality (7) of Theorem
2.1 in [12].

Corollary 3.7. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gra are integrable on A. If |faa| and |gra| are
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(s1, 82)-convez in the second sense on the co-ordinates, then we have

1
8k2 (1 +s1) (1+ s2)

T(f 9l <

b d
<[ [ lgte) + ¥ 10
< (@=a)’+0-27) (4= + (@~ y)*) dyda,
(3.18)
where T(f,q), M, N, k are defined as in Theorem 3.1 and s1,s2 € (0,1].

Proof. Putting in Theorem 3.2, hy(\) = A*! and ho(a) = a2, we get

1 1

1 S1 S2
IT(f,9)] < el /)\ d\ /a da

0

N

0
b d
y / / M |g(z, )] + N |f(z,3)]

X ((:c —a)’+ (b— x)2) ((y —¢)® 4+ (d - y)2) dydz.
1
8(1+s1)(1+s2)k?

b d
« / / M |g(z, )| + N |f(z,3)]

x (2= + b -2)") (v =)+ (d—v)*) dyda.

This is the required inequality in (3.18). The proof is completed. (]

Corollary 3.8. Let f,g : A — R be partially differentiable functions, such that
their second derivatives fro and gro are integrable on A. If |faa| and |gra| are
s-convex in the second sense on the co-ordinates, then we have

1

IT(f,9) < m

b d
x / / M lg(z,9)| + N (@, 9)]]

% (@ = ay+ 0 -2)) (h— 0+ (d—)*) dydz,
(3.19)

where T(f,q), M, N, k are defined as in Theorem 3.1 and s € (0,1].
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Proof. Taking in Theorem 3.2, h1(A) = A® and ha(a) = o, we get

1 1
1
IT(f,9) < 52 /Asd)\ /asda
0 0

b d
x / / M lg(z, )| + N | £z, 9)]

% ((z=a) + b -2)) (=) + (d—y)*) dyda.
1
8k2 (14 s)

b d
« / / [M |g(z, )| + N |f(z, )]

% ((z=a) + b -2)) (s )+ (d—y)*) dyda.
This is the desired inequality in (3.19). The proof is completed. (I
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CONVERGENCE OF MULTI-STEP ITERATIVE SEQUENCE FOR
NONLINEAR UNIFORMLY L-LIPSCHITZIAN MAPPINGS

MOGBADEMU, ADESANMI ALAO

ABSTRACT. In this paper, by using the proof method of Xue, Rafiq and Zhou[19]
some strong convergence results of multi-step iterative sequence are proved for
nearly uniformly L— Lipschitzian mappings in real Banach spaces. Our results
generalise and improve some recent known results.

1. Introduction

We denote by J the normalized duality mapping from X into 2X° by
J(x) ={f € X" : (z, f) = || = |l £I*},

where X* denotes the dual space of real Banach space X and (.,.) denotes the
generalized duality pairing between elements of X and X*. We first recall and
define some concepts as follows (see [4]):
Let K be a nonempty subset of real Banach space X.
The mapping T is said to be uniformly L- Lipschitzian if there exists a constant
L > 0 such that

|72 — Ty < Lilz -yl
for any z,y € K and Vn > 1.
The mapping T is said to be asymptotically pseudocontractive if there exists a
sequence (k,) C [1,00) with lim, ks, = 1 and for any x,y € K there exists
j(x —y) € J(x — y) such that

< Tz —T"y, jlx —1y) >< kpllz —y||*,Vn > 1.

The concept of asymptotically pseudocontractive mappings was introduced by Schu
[17].
A mapping T : K — X is called Lipschitzian if there exists a constant L > 0 such
that

[Tz — Tyl < L|lz -y,

2000 Mathematics Subject Classification. 47H10, 46A03.
Key words and phrases. Multistep iteration; asymptotically pseudo-contractive; uniformly L—
Lipschitzian; Banach spaces.
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for all z,y € K and is called generalized Lipschitzian if there exists a constant
L > 0 such that

[Tz =Tyl < L(llz — yl + 1),
for all z,y € K.
It is obvious that the class of generalized Lipschitzian map includes the class of
Lipschitz map. Moreover, every mapping with a bounded range is a generalized
Lipschitzian mapping.
Sahu [18] introduced the following new class of nonlinear map which is more general
than the class of generalized Lipschitzian mappings and the class of uniformly L-
Lipschitzian mappings. In fact, he introduced the following class of nearly Lips-
chitzian: Let K be a subset of a normed space X and let {a,},>0 be a sequence
in [0, 00) such that lim,_o0a, = 0.
A mapping T : K — K is called nearly Lipschitzian with respect to {a,} if for each
n € N, there exists a constant k,, > 0 such that

(1.1) [T"2 = T"y|| < kn(llz =yl +an), V z,y € K.
Define
n T2 — Ty||
pw(Tm) = sup{———— x,y € K,x # y}.
) =y a J

Observe that for any sequence {k,}, > 1 satisfying (1.1) u(7T") < k,, Vn € N and
that

[T = T"y[| < w(T")(lz = yll + an), V 2,y € K
w(T™) is called the nearly Lipschitz constant of the mapping T. A nearly Lips-
chitzian mapping T is said to be
(i) nearly contraction if p(7™) < 1 for all n € N;
(ii) nearly nonexpansive if u(7") =1 for all n € N;
(iil) nearly asymptotically nonexpansive if p(7™) > 1 for all n € N and
limy, o0 u(T7) = 1;
(iv) nearly uniformly L— Lipschitzian if u(7") < L for all n € N;
(v) nearly uniformly k— contraction if u(T™) <k < 1 for all n € N.
A nearly Lipschitzian mapping T with sequence {a,} is said to be nearly uniformly
L— Lipschitzian if k, = L for all n € N.
Observe that the class of nearly uniformly L— Lipschitzian mapping is more general
than the class of uniformly L— Lipschitzian mappings.
Example 1.1 (see Sahu[18]). Let E = R, K =[0,1].
Define T': K — K by

1/2, z €[0,1/2),
0, x € (1/2,1].
It is obvious that T' is not continuous, and thus not Lipschitz. However, T is nearly

nonexpansive. Infact, for a real sequence {a,}, > 1 with a; = % and a,, — 0 as
n — 0o, we have

Tx={

1Tz =Tyl < ||z —yll + a1, Yo,y € K
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and

[|[T"x —T"y|| < ||z —y|| + an, Yo,y € K, n>2.
This is because T"xz = %,Vw €[0,1], n>2.
Remark 1.1: The class of nearly uniformly L— Lipschitzian is not necessarily
continuous.
In recent years, many authors have given much attention to iterative methods for
approximating fixed points of Lipschitz asymptotically type nonlinear mappings
(see [1-4, 6, 9, 17, 18]).
Schu [17] proved the following theorem:
Theorem 1.1 ([17]). Let H be a Hilbert space, K be a nonempty bounded closed
convex subset of H and 7' : K — K be completely continuous, uniformly L-
Lipschitzian and asymptotically pseudocontractive mapping with a sequence k,, C
[1,00) satisfying the following conditions:
(i) kn, = Llasn — oo (ii) Yoo, ¢2 — 1 < oo, where g, = 2k — 1.
Suppose further that {a,}52; and {8,}52; be two sequences in [0,1] such that
€< an<fB,<b VYn>1, where e>0andbe (0,L2[(1+ L?)= — 1]) are some
positive numbers. For any z1 € K, let {z,}52 be iterative sequence defined by

Tpt1 = (L —ap)zy + @y T2y, n>1.
Then {x,}22, converges strongly to a fixed point of T in K.
In [1], Chang extended Theorem 1.3 to a real uniformly smooth Banach space and
proved the following theorem:
Theorem 1.2 ([1]). Let E be a real uniformly smooth Banach space, K be a
nonempty bounded closed convex subset of E, T : K — K be an asymptoti-
cally pseudocontractive mapping with a sequence k,, C [1,00) with k, — 1 and
F(T) # ¢, where F/(T) is the set of fixed points of T in K. Let {a,, }22  be a sequence
in [0,1] satisfying the following conditions: (i) limy, 00, = 0 (ii)>_7 5 v = 00.
For any x¢ € K, let {z,}52, be the iterative sequence defined by

Tpt1 = (1 —ap)zy + T2, n>0.
If there exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such
that

< Ty —p,j(xn — p) >< knllzn — ol = @(llzn = pl)), 720
where p € F(T) is some fixed point of T in K, then x, — p as n — oo.
Ofoedu [13] used the modified Mann iteration process introduced by Schu [17] ,

(1.2) Tpe1 = (1 —ap)zy + Tz, n>0,

to obtain a strong convergence theorem for uniformly Lipschitzian asymptotically
pseudocontractive mapping in real Banach space setting. He proved the following
theorem:

Theorem 1.3 ([13]). Let E be a real Banach space, K be a nonempty closed
convex subset of E, T : K — K , be a uniformly L-Lipschitzian asymptotically
mappings with a sequence k,, C [1,00) , k, — 1 such that p € F(T'), where F(T)
is the set of fixed points of T in K. Let {a,}52, be a sequence in [0, 1] satisfying
the following conditions: (i) > 0o ja, = 0o (il) Yooy a2 < oo (iii) dorey B < 00
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(iv) o0 g an(kn — 1) < .

For any zg € K, let {z,}52, be the iterative sequence defined by (1.1).

If there exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such
that

<T"wn = pj(@n = p) >< knllon — pl* = @(llzn — pl))

for all x € K, then {x,}°2, converges strongly to p.

Obviously, this result extends Theorem 1.2 of Chang [1] from a real uniformly
smooth Banach space to an arbitrary real Banach space and removes the bounded-
ness condition imposed on K.

Chang et al.[3] used an Ishikawa iteration sequence to prove a strong convergence
theorem for a pair of L— Lipschitzian mappings instead of a single map used in
Ofoedu [13].

Rafiq, Acu and Sofonea [15], improved the results of Chang et al. [3] in a significant
more general context. They then gave an open problem whether their results can
be extended for the case of three mappings which are more general than the two
maps. Indeed, they proved the following theorem.

Theorem 1.3 ([15]). Let K be a nonempty closed convex subset of a real Banach
space E, T; : K — K , (i = 1,2) be two uniformly L-Lipschitzian mappings with
sequence k, C [1,00), Y07 (k, — 1) < oo such that F(T1) N F(Ty) # ¢, where
F(T;) is the set of fixed points of T; in K and p be a point in F(T1) N F(T5).
Let {a,,}52, and {B,}52, be two sequences in [0,1] such that > 7 a, = oo,
limp ooy = Bn = 0. For any a1 € K, let {z,}52; be a sequence iteratively de-
fined by

Tnt+1 = (1 - an)zn + anTinyn

Yn = (1 - ﬁn)xn + 5nT2nxn-

Suppose there exists a strictly increasing function @ : [0, 00) — [0, c0) with ®(0) =0
such that

<Tan = p,j(2n = p) >< knllzn — pl* = @([lzn — pll), Ve € K(i = 1,2),

then {z,}52, converges strongly to p € F(T1) N F(Ty).

In [10], the author established a new result on convergence of the modified Noor
iteration for three nearly Lipschitzian mappings. His result extends, improves and
unifies a host of recent results. Although, Mogbademu and Xue [9] had earlier
obtained a strong convergence theorem for asymptotically generalized ®— hemi-
contractive map in real Banach spaces using the iterative sequence generated by
this map.

More recently, Xue, Rafiq and Zhou [19] employed an analytical technique to prove
the convergent of an Ishikawa and Mann iterations for nonlinear mappings in uni-
formly smooth real Banach spaces. It is the purpose of this paper, using the style
of proof by Xue, Rafiq and Zhou [19] to prove strong convergence theorems of mul-
tistep iteration scheme (1.3) for nearly uniformly Lipschitzian mappings in a real
Banach space. Our results significantly generalise and improve some recent results
of [1-3, 6, 13, 17, 18] in some aspects. For this, we need the following concepts and
Lemmas.
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The following iteration (see Rhoades and Soltuz [16]):
Tpi1 = (1 —ap)zy + T yL, n>0,
Y= (1= B )z, + BTy i =1,2,....p—2,

(1.3) Pl = (1 - Y, + BT 2, n>0,p > 2.

n

is called the multistep iteration sequence, where p > 2 is fixed order, {ay,}, {3%}
are sequences in [0,1] for : =1,2,...,p — 1.
Taking p = 3 in (1.3) we obtain the Noor iteration scheme as follows:

Tn+1l = (]- - an)xn + anTnyrlL, n Z 07
o = (1= Bo)an + BTy,
(1.4) y72z =(1- Z)xn + ﬂyzzTnxm n > 0.

where {a,,}, {35} are sequences in [0, 1] for i = 1,2.
Taking p = 2 in (1.3) we obtain the Ishikawa iteration scheme as follows:

Tpe1 = (1 —ap)z, + och”y,ll, n >0,

(1.5) Yy = (1= BY)ay + BT xn,

where {a,,}, {BL} are sequences in [0, 1].
In particular, if 8L = 0 for n > 0 in (1.5) the sequence {z,,} defined by

(1.6) Tt = (1 — an)xn + @nT"xn, n >0,

is called the Mann iteration sequence (see [7]).

We remark that iteration (1.3) generalises the Mann, Ishikawa and Noor iteration
sequences. The multistep iteration sequence (1.3) can be viewed as the predictor-
corrector methods for solving nonlinear equations in Banach spaces. For the con-
vergence analysis of the predictor-corrector and multistep iteration sequences for
solving the variational inequalities and optimization problems (see Noor[11], Noor
et al. [12]).

Lemma 1.1 [1, 9]. Let E be real Banach Space and J : E — 2F" be the normalized
duality mapping. Then,for any x,y € F

lz+yl* < ll=* + 2 <y, (@ +y) > Vi(z +y) € (@ +y).

Lemma 1.2 [8]. Let ® : [0,00) — [0,00) be an increasing function with ®(x) =
0 < z =0 and let {b,}>2, be a positive real sequence satisfying

n—oQ

oo
an =400 and lim b, =0.
n=0
Suppose that {a,}>2, is a nonnegative real sequence. If there exists an integer
Ny > 0 satisfying
a?H_l < a2 4 o(by) — b, ®(an11), ¥Yn >Ny

where lim,, % =0, then lim,, ,o a, = 0.
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2. Main results

Theorem 2.1. Let X be a real Banach space, K be a nonempty closed con-
vex subset of X, T : K — K be a nearly uniformly L-Lipschitzian mapping
with sequence {a,}. Let k, C [1,00) and €, be sequences with lim, .k, =
1, limy oo €, =0 and F(T) = {p € K : Tp = p}. Let {a, }n>0 and {8} }n>0, (i =
1,2,...,p—1) be real sequences in [0, 1] satisfying the following conditions: (i)}, <, n =
oo (ii) limy e i, B4 = 0, (i = 1,2,...,p — 1). For arbitrary zg € K, let {z,, }n>0
be iteratively defined by (1.3). If there exists a strictly increasing function ® :
[0,00) — [0,00) with ®(0) = 0 such that

<T"z—T"p,j(x — p) >< knllz = p||* = ®(l|lz — pll) + €n
for all z € K. Then, {z,},>0 converges strongly to p € F(T).

Proof. Since there exists a strictly increasing continuous function @ : [0,00) —
[0, 00) with ®(0) = 0 such that

(2.1) (T"x = T"p,j(x — p)) < knllz = pl* = @(llz = pl)) + €n,
forx € K, p e F(T), that is

(2.2) én + (kn(z = p) = (T"2 = p), j(x = p)) = &([lx — pl)-

Choose some xg € K and xg # Tz such that €, + (k, + L)||zo — p||* + L||zo — p||? €
R(®) and denote that ag = €, + (k, + L)||zo — p||> + L|lzo — p||?, R(®) is the
range of ®. Indeed, if ®(a) — +oo as a — oo, then ag € R(P); if sup{P(a) : a €
[0,00]} = a1 < 400 with a; < ag, then for p € K, there exists a sequence {u,} in
K such that u, — p as n — oo with u,, # p. Clearly, Tu, — Tp as n — oo thus
{tn, — T'u,} is a bounded sequence. Therefore, there exists a natural number ng
such that €, + (kn + L)|[un — p||* + Lljun — p||> < % for n > ng, then we redefine
To = Up, and €, + (k, + L)|lzo — p||*> + L||zo — p||* € R(®). This is to ensure that
®~1(ap) is well defined.

Step 1. We first show that {z,}52, is a bounded sequence.

Set R = ®~1(ag), then from above (2.2), we obtain that ||x,, — p| < R. Denote

23) Bi={zeK:|z—p| <R}, By={zecK:|z—p|<2R).

Now, we want to prove that z, € B;. If n = 0, then g € B;. Now assume
that it holds for some n, that is, z,, € B;. Suppose that, it is not the case, then
l&nss — ol > B> £

Since {a,} € [0, 0] with a,, — 0, set M = sup{a, : n € N}. Denote

_ . ®(5) *(5) ®(F) (%)
(2.4) o = min{l, 5fs, T6RE(LERI M) FR)FM]* TORLRIM) TR 8 }-

Since lim,, o0 v, B, = 0 for i = 1,2,....;p — 1 and lim,, o k, = 1. Without loss
of generality, let 0 < o, 8., kn, — 1,6, < 79 for any n > 0. Then, we have the
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following estimates from (2.1) for i = 1,2,...,p — 1.

< (=B Yllwn = pll + 85T 2, — pll
< R+TOL(R+ M)
< 2R.

lyh =t = pll

then y?~! € B,. Similarly,

lp= =pl < (L= B2 lwn = pll + BE2IT YR~ = p
< R+70L(2R+M)

< 2R
then y?~2 € B,..., we have
lyn — ol < (1 =B)llzn — pll + BT Y2 — pll
< R+TOL(2R+M)
< 2R.

then for y! € By. We get

Jonrs = ol < (1= an)lien — pll + anll 7L — g
< R+7L(2R+ M)
< 2R.
Therefore, we have
[Znt+1 —znl < an”Tny}Ll_ T |
(2.5) < an([[T"yy, = pll + llzn — pll)
’ < 7(L(2R+ M)+ R).
”%11 —Tpp|l < @L“Tnyai T + O‘n”Tnyrlz — zy|
< BullTmyn = pll + Iz — pll)

(2.6) +an (| Ty = pll + llzn = pll)
270(L(2R + M) + R).

IN

Using Lemma 1.1 and the above estimates, we have

lznsa = pl* <l = pl? + 20m < Ty = Tn,y j (@1 — p) >

= |lzn - p”2 + 20, <T"Zpt1 — Tpg1, §(Tpp1 — p) >
+ < zpy1 — xnvj(xn—&-l - P) >
+ <Typ —T"xpi1,§(Tngr — p) >

< on = ol + 200 (knllznt1 — pl* = @(|2ns1 — pll) + €n)
—2ap|zns1 = pl1* + 200 L([lys — Tntall + an)[[znt1 = pll
+2an || Znt1 — Tl |20+t — pll

= |lon = pl? + 2an(kn — 1)[| 2041 — pl|?
=200 ®(||Tn+1 — pll) + 2anen
+20n LIy — |+ an)llnss — gl
20 || #ns1 — Tl |20t — pll - -

< e = pl2 = 20, B(E) + 20, W2 4R? 4 20, 22
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o(5)
2o Ligrpreronsman 2RR2(L(2R + M) + R) + M]

()
20 = plI* — 0 ®(%)

R

INIA

which is a contradiction. Hence {z,,}5°, is a bounded sequence. So, {y}}, {¢?},...,
{yP~1} are all bounded sequences.

Step 2. We want to prove ||z, — p|| — 0 as n — oo.

Since lim,, o0 ap, BE = 0, lim,, 00 b, = 1 and {x,,}°%, is bounded. From (2.5) and
(2.6), we observed that

(2.8) B [lzper — 2| =0, lim Ly} — 2] = 0.

So from (2.7), we have

(2.9)
[Zn41 — /)||2 < lzn - p||2 + 20y, < Tnyrlz — T, j(Tnt1 — p) >
= |z, - i0||2 +2an < T"Tpt1 = Tot1, J(Tnt1 — p) >
+ < zpy1 — xnaj(xn-&-l - p) >
+ < Tny}z —T"xpy1,j(Tns1 — p) >
< lon = p||2 + 200 (kpl| 41 — p”2 = O([lznt1 — pll) + €n)
=20 |41 — sz + 2anL(||yi = Tyt + an) |01 — pll
+2an [|Tnt1 — zoll|Tnr1 — Pl
< lan = pll? 4 200 (kn = D201 — ol
=200 ®(||Tn+1 — pll) + €n
+2an L(|lyp, — ot [l + an) a1 = pll
20 || Tns1 — Tl |20t — pll
= Non — ol — 200 @21 — pll) + o),
where

200, (kn — D|lwne1 — pl* + +2an Lyt — 21|l + an)l|Tns1 — pl]
+2aonn+1 - xn”Hxn—H - P” + 206y
= o(ap).

By Lemma 1.2, we obtain that

lim ||z, — p|| = 0.
n—o0

This completes the proof.

Remarks 2.1. Theorem 2.1 improves and extends the corresponding results of

[1-3, 6, 13, 17, 18] in some aspects.

(i) The method of proof of Theorem 2.1 is different from the method given in Chang

[1], Ofoedu [13] and Chang et al. [3] .

(ii) The control conditions (ii)-(iv) in Theorem 2.1 of Chang [1] and that of Ofoedu[13]
are replaced by weaker condition lim,,_,~ a,, = 0.

(iii) Under suitable conditions, sequence {z,}5, defined by (2.1) in Theorem 2.1

can also be generalized to multi-step iterative scheme with errors.

(iv) The assumption that there exists a strictly increasing function ® : [0,00) —
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[0, 00) with ®(0) = 0 such that

<T"x—T"p,j(x — p) >< knllz — pl* — &(||z — pl))
for all x € K used by several authors in literature is extended to a more general

assumption: there exists a strictly increasing function ® : [0,00) — [0,00) with
®(0) = 0 such that

<T"z—T"p,j(x — p) >< kalle — pl* = @(||lz — pll) + en
forall z € K
(v) The iteration sequences used in Chang [1], Ofoedu [13] Chang et al. [3] and
Mogbademu [10] are extended to (1.3).
(vi) The mappings in [1, 3, 9, 13, 15] are extended to a more general class of nearly
Lipschitzian mappings.

The following reveals that Theorem 2.1 is applicable.
Application 2.1. Let X = R, K =[0,1] and T : K — K be a map defined by

x
142’

Clearly, T is nearly uniformly Lipschitzian (a,, = 2%) with F(0) = 0.
Define @ : [0,00) — [0,00) by

Tx = Vi €[0,1)

t2
1 +nt
then, ® is a strictly increasing function with ®(0) = 0. For all z € K, p € F(T),
we have that operator T in Theorem 2.1 satisfies

(1)

<T"a—T"p,j(x — p) >< kallz = plI* = @(lle — pll) + e

with the sequences k, = 1 and €, = ~Z—. Set a, = =L and Bl = i=

1
1+nx " 2+n 3%n (
1,2,...,p—1)Vn >0.

Remarks 2.2. Our results enrich and develop the theory of multi-step iterative
sequence introduced by Rhoades and Soltuz [16].

Taking p = 3 in (1.3), Theorem 2.1 leads to the following corllaries.

Corollary 2.2. Let X be a real Banach space, K be a nonempty closed convex sub-
set of X, T': K — K be a nearly uniformly L-Lipschitzian mapping with sequence
{an}. Let k, C [1,00) and €, be sequences with lim, o0 ky = 1, lim, o0 €, =
0 and F(T) = {p € K : Tp = p}. Let {an}n>0 and {B}n>0,(i = 1,2) be
real sequences in [0,1] satisfying the following conditions: (1)}, <o, = oo (ii)
lim, 00 n, B85, = 0, (i = 1,2). For arbitrary zo € K, let {z,},>0 be iteratively
defined by (1.4). If there exists a strictly increasing function

® : [0,00) — [0,00) with ®(0) = 0 such that

<T"x —T"p,j(x = p) >< kallw = pl* = (|l — pll) + en
for all z € K. Then, {z, },>0 converges strongly to p € F(T).
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Taking p = 2 in (1.3), Theorem 2.1 leads to the following results.

Corollary 2.3. Let X be a real Banach space, K be a nonempty closed convex sub-
set of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with sequence
{an}. Let k, C [1,00) and €, be sequences with lim, ,cc k, = 1, lim, o0 €, = 0
and F(T) ={p € K : Tp = p}. Let {a, }n>0 and {85 }n>0, (i = 1) be real sequences
in [0, 1] satisfying the following conditions: (1)}, < s = oo (ii) limy, 00 v, B =
0,(i = 1). For arbitrary z¢ € K, let {x,},>0 be iteratively defined by (1.5). If
there exists a strictly increasing function

® : [0,00) — [0,00) with ®(0) = 0 such that

<T"x—T"p,j(x — p) >< knllz — pl* = @(l|z — pl]) + €n
for all z € K. Then, {z,}n>0 converges strongly to p € F(T).

Corollary 2.4. Let X be a real Banach space, K be a nonempty closed convex sub-
set of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with sequence
{an}. Let k, C [1,00) and €, be sequences with lim, ,cc bk, = 1, lim, o0 €, = 0
and F(T) = {p € K : Tp = p}. Let {a,}n>0 be a real sequence in [0, 1] satisfy-
ing the following conditions: (i)}, <, an = oo (ii) lim, o o, = 0. For arbitrary
zo € K, let {x,}n>0 be iteratively defined by (1.6). If there exists a strictly in-
creasing function

® : [0,00) — [0,00) with ®(0) = 0 such that

<T"w =T"p,j(x — p) >< knllz — pl* = @(l|lz — pl]) + €n
for all z € K. Then, {z,}n>0 converges strongly to p € F(T).
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LP LOCAL UNCERTAINTY PRINCIPLE FOR THE DUNKL
TRANSFORM

FETHI SOLTANI

ABSTRACT. In this paper, we establish LP local uncertainty principle for the
Dunkl transform on R%; and we deduce LP version of the Heisenberg-Pauli-
Weyl uncertainty principle for this transform. We use also the LP local uncer-
tainty principle for the Dunkl transform and the techniques of Donoho-Stark,
we obtain uncertainty principles of concentration type in the LP theory, when
I1<p<2

1. INTRODUCTION

In this paper, we consider R? with the Euclidean inner product (.,.) and norm
ly| := \/{y,y). For a € R?\{0}, let o, be the reflection in the hyperplane H, C R?
orthogonal to a:

2o, y)
|al?

A finite set ® C R¥\{0} is called a root system, if ® N R.a = {—a,a} and
oo =R for all & € R. We assume that it is normalized by |a|? = 2 for all a € R.
For a root system R, the reflections o,, a € R, generate a finite group G. The
Coxeter group G is a subgroup of the orthogonal group O(d). All reflections in
G, correspond to suitable pairs of roots. For a given g € R\ Uaen Hay we fix
the positive subsystem R, := {a& € ® : (o, ) > 0}. Then for each a € R either
OZE§R+ orfa€§R+.

Let k£ : ® — C be a multiplicity function on R (a function which is constant
on the orbits under the action of G). As an abbreviation, we introduce the index

V=Y = Daen, ko).

Oy ‘=Y —
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Throughout this paper, we will assume that k(«) > 0 for all « € . Moreover,
let wy denote the weight function wi(y) = [[,en, [(a, y)|2*(@) for all y € RY,
which is G-invariant and homogeneous of degree 2~.

Let ¢ be the Mehta-type constant given by ¢ := ([ga e"y|2/2wk(y)dy)*1. We
denote by py the measure on RY given by dux(y) := cpwi(y)dy; and by LP(uy),
1 < p < o0, the space of measurable functions f on R%, such that

1/p
iy = ([ 1 @Pdm)”" <o, 1<p< .

1Nl oo () = ess sup |f(y)| < oo,
yER?
and by L . (uy) the subspace of LP(uy) consisting of radial functions.

For f € L'(uy) the Dunkl transform is defined (see [4]) by

Fi(f)(x) = » Ey(—iz,y) f(y)due(y), x€R%

where Ej(—ix,y) denotes the Dunkl kernel (for more details, see the next section).
Many uncertainty principles have already been proved for the Dunkl transform,

namely by Rosler [10] and Shimeno [11] who established the Heisenberg-Pauli-Weyl

inequality for the Dunkl transform, by showing that for every f € L?(uy),

2
(1.1) 1172 ) < mll |21 22 (o) |11 FR (N 22 () -

Recently the author [17] proved the following LP version of the Heisenberg-Pauli-
Weyl inequality for the Dunkl transform Fj. Let 0 < a < (2y +d)/q, b > 0, if
1<p<2g=p/(p—1) and f € LP(u), then

(1.2) 1Fe(H) auy < Cla O el P15 P F DI, .

where C(a,b) is a positive constant.

Building on the ideas of Faris [5] and Price [8, 9] for the Fourier transform, we
show a local uncertainty principles for the Dunkl transform Fj. More precisely,
we will show the following results. Let E be a measurable subset of R? such that
0<pr(E)<oo,anda>0.If1<p<2 g=p/(p—1)and f € LP(uy), then

K1) (1 (B) 55| |21 | 1o (e 0<a<2H,
29+d
IXEFR(F) ) < § Ko@) (ue(EDYAUS b |2l f 50 ) > 2,
a 1/2 1/2
2K () (i (B)) % | Iy 21 £y @ = 222,

where g is the characteristic function of the set E and K (a), K3(a) are positive
constants given explicitly by Theorem 2.1.

We shall use the L? local uncertainty principle to show LP version of the Heisenberg-
Pauli-Weyl uncertainty principle for the Dunkl transform Fi. Let a,b > 0, if
1<p<2,qg=p/(p—1)and f € LP(uy), then

b a
=5 =55 2vtd.
K0 1l P ol FelFIEET, . 0< <2
T SO | 11 At 2v+d
a + a 2 d b
IFe s < 3 Kol DA | oo I ZE45 | oy |7 g 2k,
Py Py Tt 2v+d
Ko(a DI el FIEE Iyl FeFIET o= 2t
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where K1(a,b), Ka(a,b) and K3(a,b) are positive constants given explicitly by The-
orem 2.2. The inequalities which generalize the Heisenberg-Pauli-Weyl inequalities
given by (1.1) and (1.2). In the case k = 0 and g = 2, these inequalities are due to
Cowling-Price [1] and Hirschman [6].

We shall use also the local uncertainty principle, and building on the techniques
of Donoho-Stark [2, 14, 15, 16, 18], we show uncertainty principles of concentration
type in the LP theory, when 1 < p < 2.

This paper is organized as follows. In Section 2 we show a local uncertainty
principle for the Dunkl transform Fj; and we deduce LP version of the Heisenberg-
Pauli-Weyl uncertainty principle for this transform. The last section is devoted
to present uncertainty principles of concentration type in the LP theory, when
l<p<2

2. LP UNCERTAINTY PRINCIPLES

The Dunkl operators D;; j = 1,...,d, on R? associated with the finite reflection
group G and multiplicity function k are given, for a function f of class C' on R,
by

D) =5 )+ Y k(a)ajJW.
! ey )

For y € RY, the initial problem Dju(.,y)(z) = yju(z,y), j = 1,..,d, with
u(0,7) = 1 admits a unique analytic solution on R? which will be denoted by
Ex(x,y) and called Dunkl kernel [3, 7]. This kernel has a unique analytic extension
to C? x C?. In our case (see [3, 4]),

(2.1) |Ep(—iz,y)| <1, z,y € R

The Dunkl kernel gives rise to an integral transform, which is called Dunkl
transform on R?, and was introduced by Dunkl in [4], where already many basic
properties were established. Dunkl’s results were completed and extended later by
De Jeu [7]. The Dunkl transform of a function f in L'(uy), is defined by

]:/C(f)(x) = Ra Ek(_l$7y)f(y)dﬂk(y>, S Rd-
We notice that Fy agrees with the Fourier transform F that is given by
F()w)i= r) 2 [ e gy, o e R
R4

Some of the properties of Dunkl transform Fj, are collected bellow (see [4, 7]).
(a) L' — L**-boundedness. For all f € L*(uy), Fr(f) € L*(ux) and

(2.2) IFR (Lo ) < ANt -
(b) Inversion theorem. Let f € L'(uy), such that Fi(f) € L' (uy). Then
(2.3) f(z) = Fe(Fr(f))(-2), ae. zeR™

(c) Plancherel theorem. The Dunkl transform Fy, extends uniquely to an isomet-
ric isomorphism of L*(uy) onto itself. In particular,

(2.4) 11122 ey = IFR (D22 ) -
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Using relations (2.2) and (2.4) with Marcinkiewicz’s interpolation theorem [19,
20], we deduce that for every 1 < p < 2, and for every f € LP(uy), the function
Fi(f) belongs to the space L(uy), ¢ =p/(p — 1), and

(2.5) [ Fe (O Lague) < NF1 Lo (u)-
If fe Ll () with f(z) = F(|z]), then
1
2.6 )d F(r)yr2td=14
(2.6) / FMne) = / N

In the following we use the inequality (2.5) to establish LP local uncertainty
principle for the Dunkl transform Fj, more precisely, we will show the following
theorem.

Theorem 2.1. Let E be a measurable subset of R such that 0 < uy(E) < co, and
a>0.Ifl<p<2,g=p/(p—1) and f € LP(uy), then

K1) (1 (B) 55| |21 | 1o (e 0<a<2H,

2y+d

1
K@) (ue( BV Sl Il 2l e, 0> 22,

2K (%) (i (B)) % | I oy 21 £y @ = 222,

IN

IxEFr ()l La(u)

where a
Ki(a) = —2 T4 2y +d—ga)i=t |7
1 2’Y+d—qa 2”/+%71F(,Y+ %)(qa)q )
1
T wsh-di\n+d 2751 pga?l(y + )0(2)

Proof. (i) The first inequality holds if |||z|*f||1r(u,) = 00. Assume that
[ 12|%f[| e (ug) < 00. For 7 >0, let B, = {z: |z| <r} and B¢ = R*\B,. Denote
by x&, xB, and xpe the characteristic functions. Let f € LP(uz), 1 < p < 2 and
let ¢ = p/(p — 1). By Minkowski’s inequality, for all » > 0,
IxeFk(HllLaw) < IxeFr(s, e + IxeFe(XBe )l La(u)

< (u(ENY N Fr(xm Pl oo o) + 1Fe e ) La(un);
hence it follows from (2.2) and (2.5) that
(2.7) IXEF () Latuny < (BN NXB, Nl ue) + IXBE |0 (i) -
On the other hand, by Holder’s inequality,

X8, Lty < Il XB, Lo guo 21 Fll 2o -
By (2.6) and hypothesis a < (2v+d)/q,

2| =X B, | La(uy) = axr™*TEHD/,
where
d d 71/‘1
ay = (27+d7qa)2v+§7lr(v+§) ’

and therefore,

(2.8) IXB, Fll Lt (o) < arr ™ T D9 (2|9 £ oy
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Moreover,

(2.9)  lxseflloruo < Hael™*XBell o guo el Flloe oy < 77 el Flloe gu-

Combining the relations (2.7), (2.8) and (2.9), we deduce that

(
||XE]:k(f)||L<1(M) < {T—a+ak(uk(E))l/qr—a-&-(Q'y-&-d)/q ” |$|af||LP(;¢k)-

We choose r = (m) e (g (E))_ﬁ, we obtain the first inequality.

(ii) The second inequality holds if || f|| z»(,.,) = o0 o1 || [2]* f|| £r () = 00. Assume
that || f|| e )+ 2| fll p (uy) < 00. From the hypothesis a > (2y+d)/q, we deduce
that the function z — (1+ |z|P*)~/? belongs to L4(uz), and by Hélder’s inequality,

gy = ([ 0+ P @I+ ) o))

d p/q
- (Loahmm) 1+ Nt ]

Then the function f belongs to L'(uy). Replacing f(x) by f(rz), r > 0, in the last
inequality gives

dpur(z) o/ d d a
Hf”il(uk) < (/Rd W [ (2v+d)(p— 1)||fHLp () + @) p=1)-p |zl £117, ,U«k)j| ]

1

a 1/0.
1) (W) and the fact that
M

We choose r = (2 d

/ dpk () _ 1 /oo r2y+d=14, F(%{:—d)r(gl%d)
( (v+9Jo (

L Jafpeyale — gr+g-ip L rre)ile = gt pal (4 + 4T(E)

we deduce that

1l oy < Ka@II 1 Il 2l F1 5

Thus,
IxeFe(Allzag) < G ENYINF(H)llo (u)
< (kBN 2 )
< Ko@) (BN o,

which gives the second inequality.

2y+d 2v4d
(iii) Let r > 0. From the inequality (‘ |> o<1+ (M) it follows that

2y-+d 2y+d 27+d
25l <7 50 (1 lorgo +r 5 275 fllisg
Optimizing in r, we get
2y+d 1/2 1/2
2l %0 Flloga < 2011l e /

Thus, we deduce that

IXEFe(llLagn) < Kl

1/2

A
Do
=

) (i (B)) 3 || £ o |25
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which gives the result for a = (2y + d)/q.
Remark 2.1. Let a > 0. If 1 <p<2 g=p/(p—1) and f € LP(uy), then

||fH S < Ki(a)[l 2" flloo(uy), 0 <a<(2y+d)/q,
223

. a
11l zoesapu) < Kz(a)llfHLp(m [NEd fIILp Ly 0> (2v+d)/g,

1/2 1/2
20y < 2K N el IR, 0= 23+ d)/a,
where L®9(py) is the Lorentz-space defined by the norm
11
[fllLea(uy) == sup ((Mk(E))S L ||XEfHLq(uk,))-
ECR?
0<pi(E)<oco
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In the next part of this section, we shall use the LP local uncertainty principle
(Theorem 2.1) to extend the Heisenberg-Pauli-Weyl uncertainty principles (1.1)

and (1.2) to more general case.

Theorem 2.2. Let a,b>0,If1<p<2,q=p/(p—1) and f € LP(uy), then

_b_ _a_
K1 (@, O)l 2l 1155 o Y Fr U £

||]: (f)” < Z((q(erg'v:rg) a(l;<~,2+;f3;b) b 2,Y+d+qb
R LaGuy < 9 Ka(a, I ey Il Fll e ™ Nyl PO i
Ks(a,b)llf\lzzf;k)ll IwI“fIIZZEZk)\\ Iylb]-'k(f)”%k),
where
{( ) ( >a+b:|1/q
Kifa.b) = — o (K1(a)) 7,
2v+d)(a+b
[2 F(w—i— +1)}(+>(+)
[( qb )% n (27+d)27+j’+@}1/f1
= 2rtd 9 2 qdb 3
Ks(a,b) = - p—— (K2 (a))7raras,
[2etrey+ 4 41)] T
and

2 ﬁ a a+2b 1/q

() + (%) @)

Koo, b) = 2K ()
[2’7+%I‘(7 +44 1)} e

Proof. (i) Let 0 < a < (2y+4d)/q, b > 0 and r > 0. Then

210)  IF DNy = X8 Fal D) + X8 Fe(F) L
Firstly,
(2.11) X BeFr (NG uy < 7Y Frl N o -

By (2.6) and Theorem 2.1, we get
(2.12) X8, Fe )% < K2l £

0<a<27+d

a >

2v+d
q )

_ 2v+d
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where a
q d d ~ma
Ky = (K1 (a)) [Q'H'ZF(V +5+ 1)]
Combining the relations (2.10), (2.11) and (2.12), we obtain

1Fe )0y < Kl A1 oy + TP F D

1
awrm (P Fi ()l ot . :
We choose r = (azb(1> ! < i Ir:flmiz,i‘;k)> , we get the first inequality.

(ii) Let a > (2y +d)/q, b > 0 and r > 0. By (2.6) and Theorem 2.1, we get

(2.13) X8, Frl P ) < Ko £

where

+d o ey 220
el -

d —1
Ky = (K3(a))? [27+3I‘("y +5+ 1)] .
Combining the relations (2.10), (2.11) and (2.13), we obtain

IFe () ey < Ear? P A1 o el iy + 7 P F O

1 b q 2'Y+d+qb
We ch o qb 2y+d+qb Iyl ]:k(f)HLq(Mk) h
e choose r = (CZETINe o7 PR , we get the sec-

112y M2l f 1l s,
ond inequality.
(iii) Let a = (2y +d)/q, b > 0 and r > 0. From Theorem 2.1, we get

| 1R ) < Kar Il
B,
where 1o
2v+d d d B
Ky = (Ky(FL5)7 (25T (v + 5+ 1)
2q 2
Therefore,
2 2
1Fe (N0 y < Kar 5170 v AT

PRz 2 L Fe()1 s
3y FdT2qb k
We choose r = ( 5220 L (e we get the
(2v+d)K3 1/2 2kd 1o ’
IFIY2, el T A2,

third inequality.

Remark 2.2. The inequalities of Theorem 2.2 generalize the results of the papers
[12, 13, 17]. Furthermore, we have explicitly given the values of the constants
Ki(a,b), Ks(a,b) and Ks(a,b). In particular case, if ¢ = 2, the inequalities of
Theorem 2.2 are given by

b
1122y < K@, 0| 2] FIl Gy | [WIPFi(f )Hp(m,

where
Ki(a,b), 0<a<(2y+d)/2, b>0,
a(2v+d+2b)
K(a,b) = ¢ (Ka(a,b))@®+a@n a> (2y+d)/2, b> 0,
a+2b

(K3(a,b))ets a=(2y+d)/2, b>0.
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Here Ki(a,b), K2(a,b) and K3(a,b) are the constants given by Theorem 2.2 with
p=q=2.
3. LP DONOHO-STARK UNCERTAINTY PRINCIPLES

Let T and E be a measurable subsets of R?. We introduce the time-limiting
operator Pr by

PTf = XTf7
and, we introduce the partial Dunkl integral Sg f by
(3.1) Fu(Sef) = xeFu(f).

We shall use the LP local uncertainty principle (Theorem 2.1) to obtain the
following results for the partial Dunkl integral Sg f.

Lemma 3.1. (i) If up(F) < oo and f € LP(ug), 1<p<2,
Sef(x) =F; ' (xeFe(f))(@).
(i) If 0 < pp(E) <00, a>0,1<p S 2, q=p/(p—1) and f € LP(u), then
Ky (a) (e (B)) 74555 72 2] £l o ) 0<a< 2t

15 fllzeu) < Ka(@) (e EDY2IL Iy alofll i) 0> 224,

2K (8) (i (B)) 2 || FI o Nl Iy = 222,

where Ki(a) and Ks(a) are the constants given by Theorem 2.1.

Proof. (i) Let f € LP(ux), 1 < p <2 and let ¢ =p/(p —1). Then by Holder’s
inequality and (2.5), we have
IXEFi (N < (e ENYPIF() Lo < GlEDYPIF N o gu) s

and

IXEFR(z2m) < (o) 5 17k zagu) < (s (E)) T F Lo
Thus xgFi(f) € L*(ur) N L%(pr). Then by (2.3) and (3.1), we obtain

Sef =T, (xeFu(f))-

(ii) Let f € LP(ug), 1 < p < 2 and let ¢ = p/(p —1). By (2.5) and Holder’s
inequality, we have

1S Laguy < IxeFe(H)lleg) < (@) 7~ ixeFe(HllLagn)-

Then we obtain the results from Theorem 2.1. |
Let T be a measurable subset of R%. We say that a function f € LP(us),
1 < p <2, is e-concentrated to T in LP(u)-norm, if
(32) If = Prflleeuy < erllflloegu)-
Let E be a measurable subset of R? and f € LP(uz), 1 < p < 2. We say that
Fi(f) is eg-concentrated to E in L7(uy)-norm, ¢ = p/(p — 1), if
(3.3) IF&(f) = Fr(SellLau) < epllFr(HllLagun)-
Let By(E), 1 < p < 2, be the set of functions f € LP(uy) that are bandlimited
to E (ie. f € B,(E) implies Sgf = f).
Then, the space B,(F) satisfies the following property.
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Lemma 3.2. Let T and E be a measurable subsets of R? such that 0 < i (E) < 0o,
anda>0. If1<p<2, ¢g=p/(p—1) and f € B,(E), then

1, a
K1 () (s (7)) P (o (B)) 7 555 | |21 1| 26 () 0<a< 2t

1Pr o <3 Kala) TNV (E)IF 1 I 1ol o> 2t

2K (4) (i (D) (i (B)F 2 FIN2 e fIN2, . o= 2k,

Proof. If Mk( ) = 00, the inequality is clear. Assume that ug(T) < co.
For f € B,(E), 1 < p <2, from Lemma 3.1 (i), we have

Sef(x) = F  (xeFr(f))(@).
By (2.1) and Hélder’s inequality, we obtaln

f(@)] < (e ENPIxeFe(HllLag), ¢=p/(p=1).
Hence,
1Pz fll 2o uy < (uae(T)P (i EN VP2 F () 2 () -
Then we obtain the results Theorem 2.1. O

The following theorem, states an uncertainty principle of concentration type for
the LP theory.

Theorem 3.1. Let T and E be a measurable subsets of R? such that 0 < ux(E) <
o0, anda>0. If1l<p<2,qg=p/(p—1), f € Bp(E) and f is ep-concentrated to
T in LP(ui)-norm, then

a 1, _ a
53 (g (D) P (i (B)) 7 =57 || 2] f ]| 1o ) 0<a< 2t

178'1"

Ko(a ia __ga__ _ga_ o
1oy < 3 (2) 7™ (un(1)) 757 (ua(B)) 257 | 212 | uyys @ > 22,
2K, (2)) 2 1 a
(B2 G @) (DS ] o a =25
Proof. Let f € By(E), 1 < p < 2. Since f is ep-concentrated to T in LP(ug)-
norm, then by (3.2), we have
2o ey < el Flleeguy + 1P FllLe u-
Thus,

1 ze () < 77 ||PTf||LP (1)

Then we obtain the results from Lemma 3.2. O
Another uncertainty principle of concentration type for the LP theory is given
by the following theorem.

Theorem 3.2. Let E be a measurable subset of R? such that 0 < uy(E) < oo, and
a>0. Ifl<p<2 q=p/(p—1), f € LP(ux) and Fi(f) is eg-concentrated to E
in Li(uy)-norm, then

T (i (B)) 755 | | F ] o ) 0<a< 2,
1Fe(P o) < 4 229 (ui (B ))l/quHLp(M) I || f||Lp oy a> 2

2K (% 1/2 1/2

28 (1 (B)) % | 1 I |af||Léw), 0=t

Lr(py)
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Proof. Let f € LP(ug), 1 < p < 2. Since Fi(f) is eg-concentrated to E in
(p)-norm, ¢ = p/(p — 1), then by (3.3), we deduce that

IFk( ey < eBlF(H e + IxeFre(Hl Lo

Thus,

1
||]:k(f)||L‘I(uk) < @HXE.Fk(f)HLq(My

Then we obtain the results from Theorem 2.1. O
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MATRICES OF GENERALIZED DUAL QUATERNIONS

MEHDI JAFARI

ABSTRACT. After a brief review of some algebraic properties of a generalized
dual quaternion, we investigate properties of matrix associated with a gener-
alized dual quaternion and examine De Moivre’s formula for this matrix, from
which the n-th power of such a matrix can be determined. We give the relation
between the powers of these matrices.

1. INTRODUACTION

Mathematically, quaternions represent the natural extension of complex num-
bers, forming an associative algebra under addition and multiplication. Dual num-
bers and dual quaternions were introduced in the 19th century by W.K. Clifford [5],
as a tool for his geometrical investigation. Study [17] and Kotel’nikov [12] system-
atically applied the dual number and dual vector in their studies of line geometry
and kinematics and independently discovered the transfer principle.

The use of dual numbers, dual numbers matrix and dual quaternions in instan-
taneous spatial kinematics are investigated in [15,18]. The Euler’s and De-Moivre’s
formulas for the complex numbers are generalized for quaternions in [4]. These
formulas are also investigated for the cases of split and dual quaternions in [11,14].
Some algebraic properties of Hamilton operators are considered in [1,2] where dual
quaternions have been expressed in terms of 4 x 4 matrices by means of these opera-
tors. Properties of these matrices have applications in mechanics, quantum physics
and computer-aided geometric design [3,20]. Recently, we have derived the De-
Moivre’s and Euler’s formulas for matrices associated with real, dual quaternions
and every power of these matrices are immediately obtained [9,10].

A generalization of real and dual quaternions are also investigated by author
and et al. [6,7]. Here, after a review of some algebraic properties of generalized
dual quaternions, we study the Euler’'s and De-Moivre’s formulas for generalized
dual quaternions and for the matrices associated with them. Also, the n-th roots of
these matrices are obtained. Finally, we give some examples for more clarification.

Date: January 1, 2013 and, in revised form, February 2, 2013.

2000 Mathematics Subject Classification. 30G35.

Key words and phrases. De-Moiver’s formula, Hamilton operator, Generalized dual quaternion,
Dual quasi-orthogonal.
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2. PRELIMINARIES

In this section, we give a brief summary algebra of generalized dual quaternions.
For detailed information about this concept, we refer the reader to (7, 8].

Definition 2.1. A generalized dual quaternion @ is written as

Q= A1+ Aji + Asj + Ask,
where A., A1, As and A3 are dual numbers and i, j, k are quaternionic units which
satisfy the equalities
i2 = —Q, j2:_ﬁa k'2:—O£B,
ij = k=—ji, jk=pi=—kj,
and
ki=aj =—ik, a,f €R.
As a consequence of this definition, a generalized dual quaternion @ can also be

written as;

Q = q+eq", ¢,4" € Hup

where g and ¢*, real and pure generalized dual quaternion components, respectively.
A quaternion Q = Agl + Ayi+ Agj + Ask is pieced into two parts with scalar piece
Sqg = A. and vectorial piece V g = Aji+ Asj + Azk. We also write @ = Sg + 7Q.
The conjugate of Q = Sg + V ¢ is then defined as Q = Sg — 7@. If Sg =0, then
@ is called pure generalized dual quaternion, we may be called its generalized dual
vector. The set of all generalized dual vectors denoted by Di,@ [15].

Dual quaternionic multiplication of two dual quaternions @ = Sg + 7@ and P
=Sp+ 71) is defined;
QP = SoSp-— g(VQ,Vp) + Sp?@ + SQVP + ?Q N 713
- AoBo - (aAlBl + 6A2B2 + O‘ﬁAZSBS) + AO(BL B23 B3) + Bo (Ala AQa A3)
+(B(A2Bs — A3Bs), a(A3By — A1 B3), (A1 By — A3 By)).

Also, It could be written
Ao —aA; —BAy —afAs B,

oP — A As —BA3 BAs B
As s A, —a Ay By
Az —As Ay A, Bs

So, the multiplication of dual quaternions as matrix-by-vector product. The
norm of @ is defined as Ng = QQ = QQ = A3 + aA? + BA3 + aBA%. If Ng =1,
then @ is called a unit generalized dual quaternion.The set of all generalized dual
quaternions (abbreviated GDQ) are denoted by Hyg.

Theorem 2.1. Every unit generalized dual quaternion is a screw operator [8].
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We investigate the properties of the generalized dual quaternions in two different
cases.

Case 1: Let «, 8 be positive numbers.

Definition 2.2. Let §]?§ be the set of all unit generalized dual quaternions and
S%, the set of unit generalized dual vector, that is,

S} = {QEﬁaﬁiNQzl}Cffaﬁ’

§%) {7Q:<A1’A2’A3):g(vQ7?Q):OZA?‘FBA%-FaﬂA%:l},

Definition 2.3. Every nonzero unit generalized dual quaternion can be written in
the polar form

Q = Ao+ Avi+ Azj + Ask
= cosgzﬁ—f—ﬁ)/singb,

where cos ¢ = Ag, sing =/ aA? + BAZ + aBA3. ¢ = p+ep* is a dual angle and
the unit generalized dual vector W is given by

W Avi+Aoj+Asj A+ Agj+ Azj

VaA? + BAZ + aBA2 J1-42

with aA? + SA3 + aBA3 # 0.
Note that W is a unit generalized dual vector to which a directed line in Riﬁ
corresponds by means of the generalized E. Study map [16].

= = 4
Theorem 2.2. (De-Moivre’s formula) Let Q = "' = cos ¢+ W sin ¢ € S3,, where
¢ = @+ ep* is dual angle and W € S%. Then for every integer n;
_)
Q" = cosng + W sinng.

Proof. The proof follows immediately from the induction (see [13]). O

Every generalized dual qauetrnion can be separated into two cases:
1) Generalized dual quaternions with dual angles (¢ = ¢ + ¢*); i.e.

Q = \/Ng(cosp + Wsind)).
2) Generalized dual quaternions with real angles (¢ = ¢, ¢* = 0); i.e.
Q = \/Ng(cosp + Wsimp).

% ~,
Theorem 2.3. Let Q = cosp + Wsing € S3,.De-Moivre’s formula implies that
there are uncountably many unit dual generalized quaternions @ satisfying Q™ =

forn > 2 [13].
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Case 2: Let a be a positive and 3 a negative numbers.
In this case, for a generalized dual quaternion Q = Ag + Ayi + Axj + Ak, we
can consider three different subcases.

Subcase (i): The norm of generalized dual quaternion is negative, i.e.
Ng = A% + AT + BA3 + aBA3 <0,
since 0 < A3 < —a A} — BA3 — aBA2 thus aA? + BA3 + afA% < 0. In this case,
the polar form of @ is defined as
_>
Q@ = r(sinh ¥ + W cosh ¥)

where we assume

r = \INgl = /142 + a3 + B3 + apa3),

A —aA? — BAZ — aB A2
sinh¥ = 0 , cosh\Il:\/ adi - fd; —ab 3.
VINel VING|
%
The unit dual vector W (axis of quaternion) is defined as
= 1

W = (wi,wq,ws) =
(w3, e, ws) V—0A? — BAZ — af A2

(A17A27 A3)

_>
Theorem 2.4. (De-Moivre’s formula) Let Q = sinh W + W cosh ¥ be a unit gen-
eralized dual quaternion with Ng < 0. Then for every integer n;

Q" = sinhnW¥ + W coshnW.
Proof. The proof follows immediately from the induction [13]. O

Subcase (ii): The norm of generalized dual quaternion is positive and the norm
of its vector part to be negative, i.e.

No >0, Ny = aA? + A2 + aBA2 <0,

In this case, the polar form of () is defined as
Q = r(cosh® + W sinh D)
where we assume
ro= Ng=1/43+aA?+ A3+ aBAl,
cosh® = Ao , sinh® = \/_QA% — PA3 - aﬁA‘%.
vNo VNo
The unit dual vector W (axis of quaternion) is defined as

1
V/—aA} — BA3 — aB A3

(AlaAQa AS)

_>
W = (wy, w,ws3) =
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Theorem 2.5. Let (Q = cosh® + Wsinh@ be a unit generalized dual quaternion
with Ng > 0 and NVQ < 0. Then for every integer n;

—
Q" = coshn® 4+ W sinh n®.
Proof. The proof follows immediately from the induction [13]. O

Subcase (1ii): The norm of generalized dual quaternion is positive and the norm
of its vector part to be positive, i.e.

Nog >0, Ny = aA? + A2 + aBA2 >0,
In this case, the polar form of @ is defined as
Q =r(cos® + W/sin@)

where we assume

r

VNg = \/Ag + ad? + BAZ + aBAZ,
3 7 3
cos® = Ao sin® = VaA] + A7 + aﬂA3'

Vers VMo

%
The unit dual vector W (axis of quaternion) is defined as

— 1
W = (wy,ws,w3) =
(w1, w2, ws) VAT + BAZ + aBA2

(A17 A27 A3)

Theorem 2.6. Let Q = cos© + Wsin ® be a unit generalized dual quaternion with
Ng >0 and Nv@ > 0. Then for every integer n;

Q" = cosn® + V_[}sin no.

Proof. The proof follows immediately from the induction. (Il

2.1. 4 x 4 Dual Matrix representation of GDQ.

In this section, we introduce the R-linear transformations representing left mul-
tiplication in ﬁ[aﬁ and look for also the De-Moiver’s formula for corresponding
matrix representation. Let ) be a generalized dual quaternion, then the linear

+ - ~
map hqg : Hog — H,p defined as follows;
+ ~
hqo(P)=QP, P € Hyg.

+
The Hamilton’s operator H, could be represented as the matrix

AO 7C¥A1 *BAQ 7046143
+ A Ay —pAs A,
H(Q) o AQ aA3 AO —OéAl

A3 —A2 A1 AO
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Theorem 2.7. IfQ and P are two generalized dual quaternions, A is a real number,
then the following identities hold;
+ +
i. Q=P H(Q)=H(P)
o+ + +
i HQ+P)=H(@)+ H(P)
+
140 ( Q) =\H(Q)
, + o+
iv. ( P)=H(Q)H(P)
+ +
v. H(Q')=[H(Q) " Ng#0.
. +oo
vi.  H(Q)=[H(Q)]
+
vii. det [H(Q)] = (Ng)?
+
vidi. tr[H(Q)] = 44,

Proof. The proof can be found in [7]. O

Following the usual matrix nomenclature, a matrix A is called a dual quasi-
orthogonal matrix if ATeA = Ae, where A is a dual number and € is a 4 x 4
diagonal matrix. A matrix A is called dual quasi-orthonormal matrix if A =1 [g].

+
Theorem 2.8. Matrices generated by operators by H is a dual quasi-orthogonal
+ +
matrices; i.e. [H(Q)|TeH(Q) = Nge where

oo o~
co 9 o
oo o
oo o

+
Also, H(Q) is a dual quasi-orthonormal matrices if Q is a unit generalized dual
quaternion [8].

Theorem 2.9. The ¢ map defined as

¢ : (ﬁaﬁa +, ) — (M(4,D)7€B7®)

Ay —aA; —BAy —afAs3
A1 AO 7BA3 ,BAQ
Ay aAs Ap —aAy
A3 —AQ Al AO

O(Ao + Avi+ Asj + Ask) —

is an isomorphism of algebras.

Proof. We first demonstrate its homomorphic properties. If Q = Agl+ Ayi+ Azj+
Ask and P = Byl + Byi + Byj + Bsk are any two GDQ, then
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HQ+ P} = éf’_{(Ao + Bo) + (A1 + B1)i+ (A2 + Ba)j + (Az + B3)k}

AO + Bo —Oé(Al + Bl) —ﬁ(Az + Bz) —aﬁ(Ag + Bg)
_ (4 +Bl) Ao+ By —B(As + Bs) B(As + Bo)
(A2 + Bs)  a(As+ Bs) Ao + By —a(A1 + By)
| (A3 +B3) —(A2+ B») (A1 + By) Ap + By
[ Ao —aA1 —BAQ —O[ﬁA;g Bo —OéBl —ﬁBQ —aﬂng
_ A1 Ay —BAs BA n B1 By —pBs BB
AQ OéAg Ao —OéAl B2 OéB3 BO —a31
L Az —Ay Aq Ap B3 —Bs By By
= Qe o{Pr},

H{QP} = ¢{AoBo — (€A1 By + fA3Bs + aBA3B3) + Ao(By, Ba, B3) + Bo (A1, Az, A3)
(B(A2Bs — A3Bs),a(A3By — A1B3), (A1By — A2 Bh))}
Ao —aAr —BAy —aBA; By —aBy —pBy —afBs
_ Ay Ay —BA3 BAy ® By By —BBs BB
- A2 CkAg AO —aA1 B2 CVB3 BO —OéBl
Az —As Ay Ay B3 —B B, By
O

+
We can express the matrix H(Q) in polar form. Let @ be a unit generalized dual
quaternion and a, 8 > 0. Since

Q = Ao+ Ajer + Agea + Azes

= cos¢+ W/singh

= cos¢+ (wi,wz, ws3)sin ¢
so we have
Ay —aA; —BAy; —afAj cos¢p —awising —Pwssing —aPwssing
Ay Ay —BAs BAs _ w1 sin ¢ cos ¢ —Bwsgsing  Lwssin g
Ay «Aj Ag —aA a wesing  awssin ¢ cos ¢ —aaw; sin ¢
As  —Ay Aq Ag w3sing  —wssin ¢ wy sin ¢ cos ¢

Theorem 2.10. (De-Moivre’s formula) For an integer n and matriz

cos¢p —awsing —Pwssing —aBwssing |
A_ | W sin ¢ cos ¢ —Bwssing  fwssin @ (1.1)
wosing  qwssin @ cos ¢ —Qwi sin @ '
wssing  —wsgsin ¢ w1 sin ¢ cos ¢

the n-th power of the matriz A reads

cosng  —aw;sinng —Pwysinng —afwssinng |
An— | W sin ne cos ng —Bwssinng  Pwssinng
wo SinNg  qws sin ng cosne —qwi sin ng
wgsinng  —wsysinng w1 sinng cos ng

Proof. The proof follows immediately from the induction. O
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Special cases:

1) If ¢, w1, we and ws be real numbers, then Theorem 3.4 holds for real quater-
nions (see [10]).
2) If @ = 8 =1, then Theorem 3.4 holds for dual quaternions (see [9]).

Example 2.1. Let Q = % + %(%, ﬁ, ¢) be a unit generalized dual quaternion.
The matrix corresponding to this quaternion is

ML _Va VB _aBe
V2 2 2 2
1 L _Be VB
A = V2a V2 2 2
_1 ae 1 _Va ’
V2B 2 V2 2
£ 1 1 1
L 2 V28 V2a V2
r s o T o T o T
cos —awrsin i —pws sin —OéB’LUg.SIIl T
_ wy sin cos —Bws sin 7 Bwsg sin
wWs Sin % aws sin % cos % —owi sin %
: us M s 3 us us
L w3 Sin 1 — W2 S1nN y w1 SIn 1 COS 1

every powers of this matix are found to be with the aid of Theorem 3.4 , for
example, 6—th and 15-th power is

i . 1
0 Vs 5 Jgeab
1 1 B
A = | T 0 #mE s
1 1 a
I A
L % v v Y
! Va VB
s T abg
__1 1 [ —icl
A5 = V2a V2 2 2
1 _4: L Ve
) 2VB  V2a V2
2.2. Euler’s Formula for Matrices of GDQ.
Definition 2.4. Let A be a dual matrix. We choose
0 —aw; —Pws —afws
A- | @ 0 —Bws  Pws
Wy Qw3 0 —owq
ws —Wa3 w1 0
then one immediately finds A? = —I;. We have a netural generalization of Euler’s

formula for matrix A;
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(A49)?  (49)° | (Ag)!

e = I+ A+ TR TR TR
2 4 3 5
= L(1- % + %—) + Ao — % + % — )
= cos¢+ Asin g,
cos¢p —awising —fwssing —aPwssinp
w1 sin ¢ Cos ¢ —pwzsing  Pwssin g
- wosSin g  aawssin ¢ cos ¢ —qaw1 Sin @
wgsing  —wssin ¢ w1 sin ¢ cos ¢

2.3. n-th Roots of Matrices of GDQ.

Let @ be a unit generalized dual quaternion with real angle, i.e. ¢ = ¢ and
¢* = 0. The matrix associated with the quaternion @ is of the form (1.7). In a
more general case, we assume for the matrix of (1.1)

cos(p + 2km)  —aw;sin(p + 2kw) —Pwssin(e + 2kw) —aPfwssin(p + 2km)

A wy sin(p + 2km) cos(p + 2km) —Bwssin(p + 2kw)  Pwsasin(p + 2kT)
- wo sin(p + 2km)  awssin(p + 2kw) cos(p + 2km) —aws sin(p + 2k7)
wysin(p + 2kw)  —wsq sin(p 4 2kn) wy sin(p + 2km) cos(p + 2km)
where k € Z.
The equation X™ = A has n roots. Thus
cos(i“’fk") —aw; sin(i“’fk") —Bws sin(i“‘”rjk7T ) —afws sin(i“’tfk”)
Ar w1 sin(Lrs’”) cos(Lrjk”) —Bws sin(Lfk”) Bwo sin(Lrs’”)
ke wo sin(*”jk”) aws sin(%%”) COS(%M) —Qw sin(%m)
w3 sin(i‘ﬁsk“) —wo sin(i“"tfk”) wy Sin(i“"tfk”) cos(i‘ﬁikw)

For k = 0, the first root is

cos(£-)  —awsin(%-) —Pwssin(f) —afwssin(L)
Ar wy sin(£) cos(£) —pBwzsin(¥£)  Pwasin(L)
0 wosin(Z)  awssin(£) cos(£) —aw;sin(2) |
wssin(£)  —wsgsin(¥) wy sin(£) cos(£)

for k = 1, the second root is

Cos(%) —aw sin( 90+7127T ) —Pws Sin(%) —aBws Sin(%zﬂ)
A wy sin(£127) cos(£27) —Buwssin(£X2)  Buwg sin(£T2T)
L we sin( 9"‘;2”) Qs sin(%%) cos(%%) —auw sin( Wwfﬂ)
wgsin(ELE) - —wpsin($5E) - wysin(HLE) cos(#477)

Similarly, for K = n — 1, we obtain the n-th root.
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2.4. Relation Between Power of Matrices. The relations between the powers
of matrices associated with a generalized dual quaternion can be realized by the
following Theorem.

Theorem 2.11. @ be a unit generalized dual quaternion with the polar form Q =
cos + Wsmgp Ifm= 2—” € Z*T — {1}, then n = p(mod m) is possible if and only
if Q" =Qr.

Proof. Let n = p(mod m). Then we have n = a.m + p, where a € Z.
%
Q" = cosnp+ Wsinnp
%
= cos(am + p)p + W sin(am + p)p
27 = . 27
= cos(a; +p)p+ Wsm(az +p)p

%
= cos(py + a27m) + W sin(py + a2)
= .
= cos(pp) + Wsin(pyp)
Q.

Now suppose Q™ = cosnyp + Wsin ny and QP = cospy + Wsinpga . Since
Q" = QP, we have cos ny = cos py and sin ny = sin py, which means ny = pp+27a,
a€Z. Thusn = a%” +p, n = p(mod m).

O
Example 2.2. Let Q = f + %(T L ¢) be a unit generalized dual quaternion.
From the theorem 6.1, m = 2% = 8, we have

/4
Q = Q=Q7=..
Q? = QU =QB=..
QP = QUM =0QY=..
Qr = QR2=Q¥=..=-1
Q = é“ﬂ =¥ =.. =1

Theorem 2.12. Q be a unit dual quaternion with the polar form @ = cosp +
Wsmgp Let m = 2” € Z*T — {1} and the matriz A corresponds to Q. Then n =
p(mod m) is posszble if and only if A™ = AP.

Proof. Proof is same as above. O

Example 2.3. Let Q = —1 + (e, W’ 2\ﬁ) = cos ¢ +W sin 2% be a unit
generalized dual quaternion. The matrix corresponding to this dual quaternlon is

_1 _ _./B 1
3 ae 5 svap
. _1 _1. /8 B
A= 2 2V a 2 ,
1 1 a _1 _
V2B 24/ B 2 ae
1 1

N}
3
@

-
S o
™

\
[N
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From the Theorem 6.2, m = 23:;3 = 3, we have
A = A*=AT=_.
A2 = AP =A% =

A3 = AS=4A= ... =1,

The square roots of the matrix A can be achieved too;

cos 2k7H2~120 —oapy sin 2k7r45120 _ Bws sin 2k7h;120 —afBws sin (Zkrﬁ;lQO )
B wy sin 21m45120 cos (21«3120 —Buws sin 2k7r§120 Buws sin (2k:7r§120 )
A2 =
Wy sin 2k7r—i2-120 ws sin (2%;120 ) oS (2]@77-12-120 ) —auwy sin 21m45120
ws sin 2k7r—i2-120 —wo sin (2k7r—',2-120 ) wy sin (2kﬂ-§120 ) cos <2k7r-5120 )
The first root for k£ = 0 reads
1 _ _. /8 _1
5 Qe 5 svap
Az = 2 2V a 2
1 fa 1 e
V283 24/ B 2
S I 1
2v/ap V2B 2

and the second one for £ = 1 becomes

-3 oE \/é 3vap
A12 = 2 2 « 2
1L _1 /a _1 Qe
V2B 2\ B 2
1 L —c _1
2V ap 283 2

1 1
Also, it is easy to see that Aj + A7 =0.

Remark 2.1. Let a be a positive number and S be a negative number, the Theorem
3.4 holds.
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SYMMETRY REDUCTIONS AND EXACT SOLUTIONS TO THE
SEVENTH-ORDER KDV TYPES OF EQUATION

YOUWEI ZHANG

ABSTRACT. In present paper, the seventh-order KdV types of equation is con-
sidered by the Lie symmetry analysis. All of the geometric vector fields of the
KdV equation are obtained, then the symmetry reductions and exact solutions
to the KAV equation are investigated by the dynamical system and the power
series method.

1. INTRODUCTION

Recently, mathematics and physics field have devoted considerable effort to the
study of solutions to ordinary and partial differential equations (ODEs and PDEs).
Among many powerful methods for solving the equation, Lie symmetry analysis pro-
vides an effective procedure for integrability, conservation laws, reducing equations
and exact solutions of a wide and general class of differential systems representing
real physical problems [12, 15]. Sinkala et al [14] have performed the group classifi-
cation of a bond-pricing PDE of mathematical finance to discover the combinations
of arbitrary parameters that allow the PDE to admit a nontrivial symmetry Lie
algebra, and computed the admitted Lie point symmetries, identify the correspond-
ing symmetry Lie algebra and solve the PDE. Under the condition of the symmetry
group of the PDE is nontrivial, it contains a standard integral transform of the
fundamental solution for PDEs, and fundamental solution can be reduced to in-
verting a Laplace transform or some other classical transform in [1]. In [7], by the
direct construction method, all of the first-order multipliers of the the generalized
nonlinear second-order equation are obtained, and the corresponding complete con-
servation laws of such equations are provided. Furthermore, Lie symmetry analysis
helps to study their group theoretical properties, and effectively assists to derive
several mathematical characteristics related with their complete integrability [10].
Also, Lie symmetry analysis and dynamical system method is a feasible approach
to dealing with exact explicit solutions to nonlinear PDEs and systems, (see, e.g.,
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[2, 3, 8, 11]). Liu et al have derived the symmetries, bifurcations and exact explicit
solutions to the KdV equation by using Lie symmetry analysis and the dynamical
system method [5, 6]. The KdV equation models the dust-ion-acoustic waves in
such cosmic environments as those in the supernova shells and Saturn’s F-ring [4],
etc., In present paper, we will investigate the vector fields, symmetry reductions
and exact solutions to the KdV equation with power law nonlinearity and linear
damping with dispersion

(11) Uus + UZUI + uug, + 2uru3m + Uﬁx + Uty = O;

where u = wu(z,t) is the unknown functions, z is the spatial coordinate in the
propagation direction and ¢ is the temporal coordinates, which occur in different
contexts in mathematical physics.

The rest of this paper is organized as follows: in Section 2, the vector fields of
Eqgs. (1.1) are presented by using Lie symmetry analysis method. Based on the
optimal system method, all the similarity reductions to the Eqgs. (1.1) are obtained.
In Section 3, the exact analytic solutions to the equations are investigated by means
of the power series method. Finally, the conclusions will be given in Section 4.

2. LIE SYMMETRY ANALYSIS AND SIMILARITY REDUCTIONS

Recall that the geometric vector field of a PDE equation is as follows:
(2.1) V =¢&(z,t,u)0; + 7(x,t,u)0 + n(x,t,u)dy,

where the coefficient functions &(z,t,u), 7(x,t,u), n(z,t,u) of the vector field are
to be determined later.

If the vector field (2.1) generates a symmetry of the equation (1.1), then V' must
satisfy the Lie symmetry condition

PI‘V(A)|A:0 = 0,
where PrV denotes the 7-th prolongation of V , and A = u; + vuy + v, +
2UzpUsy + uim + u7,. Moreover, the prolongation PrV depends on the equation
PrV = 00y + 00w, + 1" 0y + 0> Oug, + 0" sy + 10" Ouir,

xTx

where the coefficient functions n**(k = 1,2,3,4,7) are given as
0" = D¥(n — Tuy — Euy) + Tuper + SUu(hr1ye, k=1,2,3,4,7,
here symbol D, denotes the total differentiation operator and is defined as
Dy = 0y + ugOy + 00, + Uz Oy, + ...

Then, in terms of the Lie symmetry analysis method, we obtain that all of the
geometric vector fields of Eq. (1.1) are as follows:

Vi = a0, + 7t0y — 3udy,, Vo =0,, Viz=0J,.

Moreover, it is necessary to show that the vector fields of Eq. (1.1) are closed
under the Lie bracket, we have

Vi, Vil =0, i=1,2,3,
[V15V2] = 7[‘/27‘/1] = ‘/23 [V17V3] = 7[‘/3;‘/1] = 7‘/37 [‘/27‘/3] = 7[‘/37‘/2] = 0

In the preceding section, we obtained the vector fields and the optimal systems
of Eq. (1.1). Now, we deal with the symmetry reductions and exact solutions to the
equations. We will consider the following similarity reductions and group-invariant
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solutions based on the optimal system method. From an optimal system of group-
invariant solutions to an equation, every other such solution to the equation can be
derived.

For the generator Vi, we have

(2.2) u=1"7f(2),

where z = 2t~ 7. Substituting (2.2) into Eq. (1.1), we reduce it into the following
ODE

(23) f(7) + f2f/(4) + Qf/(?)) + fll2 . %Zfl o %f _ O,

where [/ = j—é.

For the generator Vs, we get the trivial solution to Eq. (1.1) is u(x,t) = ¢, where
¢ is an arbitrary constant.

For the generator V3, we have

(2.4) u=f(2),
where z = x. Substituting (2.4) into Eq. (1.1), we reduce it into the following ODE
(25) f(7) + f2f/(4) + 2f/(3) + f//2 _ O7

where [/ = fil—];.
For the generator V3 4+ vVs, v is an arbitrary constant, we have

(2.6) u= f(2),

where z = x — vt. Substituting (2.6) into Eq. (1.1), we reduce it into the following
ODE

(27) f(7) + f2fl(4) + Qf/(S) + f//2 . ’Uf/ _ 0’

where f' = %.

3. THE EXACT POWER SERIES SOLUTIONS

By seeking for exact solutions of the PDEs, we mean that those can be obtained
from some ODEs or, in general, from PDEs of lower order than the original PDE.
In terms of this definition, the exact solutions to Eq. (1.1) are obtained actually
in both of the preceding Sections 2. In spite of this, we still want to detect the
explicit solutions expressed in terms of elementary or, at least, known functions of
mathematical physics, in terms of quadratures, and so on. But this is not always
the case, even for simple semilinear PDEs. However, we know that the power series
can be used to solve differential equations, including many complicated differential
equations [9, 13]. In this section, we will consider the exact analytic solutions to
the reduced equations by using the power series method. Once we get the exact
analytic solutions of the reduced ODEs, the exact power series solutions to the
original PDEs are obtained, now we consider the solutions of ODEs (2.3), (2.5) and
(2.7).

3.1 Ezact analytic solutions to Eq. (2.3)
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In view of (2.3), we seek a solution in a power series of the form

(oo}
(3.1) f(z) = Z cn2™.

n=0
Substituting (3.1) into (2.3), and comparing coefficients, then we obtain the follow-
ing recursion formulas:

1
Din+2)(n+3)(n+4)(n+5)(n+6)(n+17)

+
n k
X Z Z(n —k+ 1)cick—iCn—k+41

Cnt7 = *(

(3.2)

+2) (n—k+1)(n—k+2)(n—k+3)(k+ 1)crs1cn ks
k=0

+> m—k+D(n—k+2)(k+1)(k+ 2)ckr2Cn—r+2

nc —§C
n 7 n |

>
Il
<]

-~

forallm=0,1,2,....

Thus, for arbitrarily chosen constants ¢; (i =0,1,...,6), we obtain
(3.3) c :—i(czc + 24coeq + 12¢1¢ +4C2_§C)
: 7 5040 0¢1 0 1€3 2 z 1)-

Furthermore, from (3.2), it yield

2
cg = — 50160 (cocf + 6302 + 60cocs + 36¢1cq + 24coc3 — ?cl),
1
(3.4) cg = ————(3cfes + ¢} + 6eoerca + 360cocs + 240ci 5 + 14deacy
181440
5
+ 720§ + 24cocy — ?02),
and so on.

Thus, for arbitrary chosen constant numbers ¢; (i = 0,1,...), the other terms
of the sequence {c,}52, can be determined successively from (3.3) and (3.4) in a
unique manner. This implies that for Eq. (2.3), there exists a power series solution
(3.1) with the coefficients given by (3.3) and (3.4). Furthermore, it is easy to prove
the convergence of the power series (3.1) with the coefficients given by (3.3) and
(3.4). Therefore, this power series solution (3.1) to Eq. (2.3) is an exact analytic
solution.
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Hence, the power series solution of Eq. (2.3) can be written as

f(z)=co+crz+ 222 4328 Yozt tes2® + 28 +er2” + Z cn+7z”+7

n=1
=co+c1z+ 02z2 + 0323 + 0424 + c5z5 + 0626
1 3
5040 (6061 + 24cocq + 12¢1c3 + 462 — ?61)2’7
53 1
(n+Dn+2)(n+3)(n+4)(n+5)(n+6)(n+7)

n=1

n k
X ( (n—k+ 1)cick—iCngt1
k=0 i=0

M=

+Y n—k+1)n—k+2)(n—k+3)(n—k+4)crcn_k+a

o~

0
n

+QZ n—k+1)(n—k+2)(n—k+3)(k+1)Cht1Cn—k+3

k=
n

[}

1
+ (n—k+Dn—k+2)(k+ 1)(k+ 2)ckr2Cn—k+2 — - cnicn)znw.

k=

(e}

Thus, the exact power series solution of Eq. (1.1) is
_3 _4 2,—5 3,—8 4,—1 5,—8
u(x,t) = cot™ 7 4 c1at”T 7 + cox®tT T + c3x”tT T 4 gt +esx’tT T

3
(c%cl + 24coeq + 12¢1¢3 + 4c3 — 701)x7t_170

9
+c 257 —
6 7

1
5040
Z 1

—(n+1)n+2)(n+3)(n+4)(n+5)(n+6)(n+7)

n k
X <Z Z(n —k+ 1D)cick—iCn—k+1

k=0 i=0

(3.5) + i(n —k+1D)n—k+2)(n—k+3)(n—k+4)crcn_kia

+2 Z(n —k+1)(n—k+2)(n—k+3)(k+ 1)ckr1cn—k+3
=0

k
- 1
+ Z(n —k+1)(n—k+2)(k+1)(k+2)cpt2cn—kt2 — ~Ncn
k=0

3 L7, n+10
— —cp | x"TT T
-C > x
3.2 Exact analytic solutions to Eq. (2.5)

In view of (2.5), we have

(36) P O g e =0,
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where c is an integration constant.
We seek a solution of Eq. (3.6) in a power series of the form (3.1). Substituting
(3.1) into (3.6), and comparing coefficients, we obtain

1 n k
T T A D+ 2)(n+3)(n+ 4)(n +5)(n + 6) <3 2 ; Cik—=iCn=k

(3.7) +Y (n—k+1)(n—k+2)(n—k+3)ckcn_ris
k=0

+Z (n—k+1)(n—k+2)(k+1crricn— k+2>
k=0

foralln=1,2,....
Thus, for arbitrarily chosen constants ¢; (i =0,1,...,5), we have

1,1
¢y + 6coes + 2c1c2 + c)

¢ = ~735 (3%

Furthermore, from (3.7), we have

1
~ %040 <c001 + 24cpeq + 12¢1c3 + 40102)

1
((3002 + cocf + 60cocs + 36¢1cq4 + 240203),

20160

and so on.
Hence, the power series solution of Eq. (2.5) can be written as

o0
fe)=co+az+ 222+ e32% + gzt + 052 + 628 + E cn+62”+6

n=1

1.
=cy+c1z+ c22? + 032:3 +eazt + 525 — ¢y + 6cocs + 2cic0 + c)

1

%(3
1 1 k

(n+D(n+2)(n+3)(n+4)(n+5)(n+6) <3kz_:z=: iCk—iCn—k

M

n=1

M=

+> (n—k+1)(n—k+2)(n—k+3)ckcn_r+3

=~
I
<

M=

(n—k+n—k+2)(k+ 1)ck+1cnk+2> 2",

E
I
=
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Thus, the exact power series solution of Eq. (1.1) is
u(z,t) = co + c10 + cox? + c3x® + cazt + c5x®
1 1
720 (300 + 6coes + 2c1c0 + c)
1

a ; (n+1)(n+2)(n+3)(n+4)(n +5)(n + 6)

n k
(38) X (; ZZcick_icn_k

k=0 i=0

n

—I—Z (n—k+1n—k+2)(n—k+3)cpcn_k+s3
k=0

+ Z n—k+1)(n—k+2)(k+ 1)ck+1cn_k+2>x"+6.
k=0

3.3 Ezxact analytic solutions to Eq. (2.7)

In view of (2.7), we have
1
(3:9) SO —of =0,

where c¢ is an integration constant.
Similarly, we seek a solution of Eq. (3.9) in a power series of the form (3.1).
Substituting (3.1) into (3.9), and comparing coefficients, we obtain

1

T T D)+ 2)(n+ 3)(n + 4)(n+5)(n +6)
n k
1
< (3P cenens
k=0 i=0
(3.10) n
+ Z(n —k+1)(n—k+2)(n—k+3)crcn_k+3
k=0
+ Z(n —k+1)(n—k+2)(k+ 1)ckr1Cn—gr2 — Ucn) ,
k=0
forallm=1,2,....
Thus, for arbitrarily chosen constants ¢; (i =0,1,...,5), we can get
1
cg = ~720 (300 + 6coes + 2c1c0 — veg + c)

Furthermore, from (3.10), we have

1
5010 (c%cl + 24cocy + 12¢1¢3 + 4cico — vq),

1
(C(Q)CQ + coc% + 60cocs + 36¢1¢c4 + 24c0c3 — U02>7

“ = 750160

and so on.
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Hence, the power series solution of Eq. (2.7) can be written as

oo
f(z)=co+c1z+ 922 4 e32° 4 cqzt + e52° + g% + Z cn+62"+6

n=1

5

=co+crz+ 0222 + 0323 + 0424 + c52° — 6

1
ﬁo(gcg + 6cges + 2¢100 — ’UCO)Z

1 1 n k
(n+1)(n+2)(n+3)(n+4)(n+5)(n+6) <3 Z ZCiCk—iCn—k

M

n=1 k=0 i=0
n
+ Z(n —k+1D)(n—k+2)(n—Fk+3)ckCnrgrs
k=0
+ Z(n —k+1)(n—k+2)(k+ Derricn—tt2 — Ucn>z"+6.

b
Il
=]

Thus, we obtain the traveling wave solution to Eq. (1.1) as follows
u(z,t) = co + c1(x — vt) + ca(x — vt)? + c3(x — vt)3 + cq(x — vt)?

1 .1
+es(x —vt)® — — (fcg + 6coes + 20102) (z —vt)®

7203
5 1
— (n+1)(n+2)(n+3)(n+4)(n+5)(n+06)
1 n k
(3.11) x <3 DD cikicn-
k=0 i=0
+ Z(n —k+1)(n—k+2)(n—k+3)crCn_rk+3
k=0
+ Z(n —k+1D)(n—k+2)(k+ 1)cgr1Cn—rr2 — UCn>
k=0
x (x — vt)" O,

Remark 3.1. We would like to reiterate that the power series solutions which have
been obtained in this section are exact analytic solutions to the equations. More-
over, we can see that these power series solutions converge for the given chosen
constants ¢; (i =0,1,...,6) of (3.5), ¢; (i=0,1,...,5) of (3.8) and (3.11), respec-
tively, it is actual value for mathematical and physical applications.

4. SUMMARY AND DISCUSSION

In this paper, we have obtained the symmetries and similarity reductions of the
seventh-order KdV types of equations by using Lie symmetry analysis method. All
the group-invariant solutions to the equations are considered based on the optimal
system method. Then the exact analytic solutions are investigated by using the
power series method, and we can see that these power series solutions converge.
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SOME GENERATING RELATIONS INVOLVING 2-VARIABLE
LAGUERRE AND EXTENDED SRIVASTAVA POLYNOMIALS

Ahmed Ali Al Gonah !

ABSTRACT: In this paper, we derive families of bilateral and mixed multi-
lateral generating relations involving 2-variable Laguerre and extended Srivastava
polynomials. Further, several bilateral and trilateral generating functions involving
2-variable Laguerre polynomials and other classical polynomials are obtained as
applications of main results.

1. INTRODUCTION

Srivastava [9] introduced the Srivastava polynomials (SP) SZ(w) by the fol-
lowing series definition:

5

SN (w) :Z( Z?NkAnyk w* (n € Ny = NU{0}; N € N), (1.1)
k=0 ’

where N is the set of positive integers, {An i}, 1_, is a bounded double sequence

of real or complex numbers, [a] denotes the greatest integer in a € R and (\),,
(Ao = 1, denotes the Pochhammer symbol defined by [10]

(A +v)

(e = =57t (12)
in terms of familiar Gamma function.
Afterward, Gonzdlez et al. [3] extended the SP S (w) as follows:
(~] (=n)
Smq(w) =Y Ausqr w* (¢, € Nos N €N), (1.3)
k=0

which were investigated rather extensively in [3] and more recently in [6]. The poly-
nomials S (w) called as extended Srivastava polynomials (ESP), since S3'(w) =

SN (w).

It is important that, appropriate choices of the double sequence {4, ;} in
equation (1.3) give many well known polynomials such as Laguerre, Jacobi and
Bessel polynomials (see [3]). Here, we will recall them and add further new partic-
ular cases as the following remarks:

12010 Mathematics Subject Classification: 33B10, 33C45, 33E30.
Keywords: Generating relations, Laguerre polynomials, Extended Srivastava polynomials.
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Remark 1.1. ([3; p.147] see also [6]) Choosing A, , = (—a —¢)n (¢,n € Ny) in Eq.
(1.3), we get

-1 n!
1 _ a+

Sn,q (w> - (_w)nLgl q)(w)a (14)

where Lﬁf‘) (w) denotes the associated Laguerre polynomials defined by [10; p.42]

« (7w)n -1
L (w) = " oFy [ —n, o=~ (1.5)
and ,F, is the generalized hypergeometric function defined by [10; p.42]:
1 (@)p - (Qp)p 2™

Folay,...,ap;B1,...,084;2) = -— 1.6

P q( 1 PPl q ) ;(ﬁl)n(ﬂq)n nl ( )

where p, g € Ny and for p = ¢ = 1 reduces to the confluent hypergeometric function
1F1 .

Remark 1.2. ([3; p.146]) Choosing A, = (ij:;f#)fj&:%:qz);)y (g,n € Np) in Eq.
(1.3), we get

2 2 "
1 — a+q,f+
Sn,q <1+w> _n!(a+5+q+n+]—)q <1+w> Pr(L e q)(w)’ (17)
where P{*? )(w) denotes the classical Jacobi polynomials defined by [8; p.255]
2 1 " 2
P = (0T (58) m (n o mmas - )
(1.8)

Remark 1.3. ([3; p.148]) Choosing A, = (—a — ¢q)» (¢,n € Ny) in Eq. (1.3), we
get

—w
St () =wmlw1—a =g 20.9) (3 £0) (1.9
where y,, (w, , 8) denotes the Bessel polynomials defined by [10; p.75]
yn(w, o, B) = 2 Fy (—n,aﬁ-n—l;—;_ﬂw) . (1.10)

Now, we add the following new particular cases as remarks:

Remark 1.4. Choosing A, ,, = % (g,n € Ny) in Eq. (1.3), we get

(2 20
sn,q( )_ =Ty O, (1.11)

1—w

where C¥(w) denotes the classical Gegenbauer polynomials defined by [8; p.279]

5 227 (1), (w—1\" 1 2
C"(w)_n!<2> oy (n,2un,12y2n71_w>. (1.12)

Remark 1.5. Choosing A, ,, = ?i(ﬁf;)): (g,n € Np) in Eq. (1.3), we get

Spq(w) = nl(p+ 1) g7 (w), (1.13)
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where g(p )( ) denotes the Cesaro polynomials defined by [10; p.449]

+n
@) = (V" )aFu(on i = ). (114)
Remark 1.6. Choosing A, ,, = @ﬁ%q)n (¢g,n € Np) in Eq. (1.3), we get
S}Lq(w) =nl(a+q+2n)y R.(a+q,w), (1.15)

where R, (a,w) denotes the Shively’s pseudo Laguerre polynomials defined by [8;
p.298]
(Q)Qn

n!(a); 1F1(—n;a + n;w). (1.16)

Next, we recall that the 2-variable Laguerre polynomials (2VLP) L, (z,y) are
defined by the series definition (see[1,2])

R, (a,w) =

k

= nl Z N v ol (1.17)

and specified by the following generatlng funct10n8'

exp(yt) Co(xt) E Ly (zx y (1.18)
or, equivalently
1 —t —
exp( ) =S Loz, )" (Jyt] < 1), 1.19
o (1) = X et (i <) (119)

where Cp(z) denotes the 0" order Tricomi function. The n'”* order Tricomi func-
tions Cy,(x) are defined by [10]

Z;)Ic! n+k (1.20)

Also, we note that the 2VLP L, (x, y) satisfy the following generating function:

1 —xat >
m 1F1 (a;l; 1—7yt) = T;)(a) L, (z, y)

which for a = 1 reduces to Eq. (1.19).

Tl
n!

(\yt| < 1), (1.21)

The 2VLP L, (x,y) are linked to the classical Laguerre polynomials L,,(x) by
the relations

Lo(x,y) = y" Ly (;) : (1.22)
L,(z,1) = L,(z), (1.23)
where L, (x) are defined by [§]
L,(z) = i M (1.24)
" = (k1)? (n — k)!

The aim of this paper is to derive some families of bilateral and mixed mul-
tilateral generating relations involving the 2VLP L, (z,y) and the ESP Sfxq(w) by
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using series rearrangement techniques. Also, the above mentioned remarks will be
used to obtain some illustrative bilateral and trilateral generating functions involv-
ing the 2VLP L, (z,y) and many classical polynomials in terms of the confluent
hypergeometric function.

2. BILATERAL GENERATING RELATIONS

We prove the following results:

Theorem 2.1. The following family of bilateral generating relation involving the
2VLP Ly(x,y) and the ESP SY (w) holds true:

t 4+ u)? (w(—u)N "
Z Lq+n$ y q' n' Z Lq+NnCCy Aq+Nn,n( qIU) ( ( ) ) .

q,n=0 q,n=0

n!

(2.1)

Proof. Denoting the L.h.s. of Eq. (2.1) by A; and using definition (1.3), we have

1 Nk td

Z Loin(z,y Z kl(n Agtnk wk— 7! u™. (2.2)

q,n=0
Replacing n by n+ Nk in the above equation and using the lemma [10; p.101]
oo 7] 0o oo
ZZAk n) =Y A(k,n+mk), (2.3)
n=0 k=0 n=0 k=0
in the resultant equation, we find
—1)Nk Lt n+Nk

Z Lgtn+ni(z, ?J)TA +n+Nk,k w” pri
q,n,k=0 Eh

— (2.4)

Again, replacing ¢ by ¢ —n in the r.h.s. of Eq. (2.4) and using the lemma [10;

p-100]
SN Alkn) =) "> A(k,n — k), (2.5)

n=0 k=0 n=0 k=0
in the resultant equation, we get

(oo} k n
11 w(_u)N ! —q)n [ —U
A=Y Loynk(@y)Aginek 7( i ) > ( n,) <) (2.6)
q,k=0 a : n=0 :
which on using the binomial expansion [10]
ANy 2"
(=)= (Mar (2.7)

n=0
in the r.h.s., yields the r.h.s. of Eq. (2.1), then the proof of Theorem (2.1) is
completed.

Remark 2.1. Taking u = —t in assertion (2.1) of Theorem 2.1, we deduce the
following consequence of Theorem 2.1.
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Corollary 2.1. The following family of bilateral generating relation involving the
2VLP Ly (x,y) and the ESP SN (w) holds true:

q,mn=0

> wtV)"
n=0 ’

Remark 2.2. Taking ¢ = 0 in assertion (2.1) of Theorem 2.1 and using the relation
SNo(w) = SN (w), we deduce the following consequence of Theorem 2.1.

Corollary 2.2. The following family of bilateral generating relation involving the
2VLP L, (z,y) and the SP SY (w) holds true:

q Ny™
ZL a?y Z Lq-&-Nnxy Aq+Nnn Z(UJ(U))

q,n=0

- (2.9)

In the next section, Corollaries 2.1 and 2.2 will be exploited to get families of
mixed multilateral generating relations involving the 2VLP L, (x,y), ESP Sfx ,(w)
and SP S¥ (w) with the help of the method considered in [10,5,7].

3. MULTILATERAL GENERATING RELATIONS
First, we prove the following theorem by using Corollary 2.1:

Theorem 3.1. Corresponding to an identically non-vanishing function Q,,(&1,. .., &)
of complex variables &1, ...,& (I € N) and of complex order p, let

A (€nr- 5 &m) = ak Qi &)n*, (ar # 0,9 € C). (3.1)

k=0

Then we have, for n,p € N,

(_l)ntn+q—pk

Z Zak Lq+n*pk(xay)57{xq7pk(w) Quryr(&r, -5 &) 7" m

q,n=0 k=0

oo tN n
- A#ﬂl’(flv o 75“77) Z LNn(x;y) ANn,n % (32)

n=0

provided that each member of assertion (3.2) exists.
Proof. Denoting the L.h.s. of Eq. (3.2) by Ay and using relation (2.3) , we find

tq (=)™
n!

Ay = Zak Quypr(§1, -+, &) Z Lgin(z,y) SYy(w ) (3.3)
k=0

q,n=0

Using Egs. (3.1) and (2.8) in the r.h.s. of Eq. (3.3), we get the r.h.s. of Eq.
(3.2), then the proof of Theorem 3.1 is completed.

Next, proceeding on the same lines of proof of Theorem 3.1 and using Corollary
2.2, we get the following result:
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Theorem 3.2. Corresponding to an identically non-vanishing function Q,,(&1,. .., &)
of complez variables &1, ...,& (I € N) and of complex order p, let

AppCrse&sm) =Y ar Ly (s &Y, (ax # 0,9 € C),

k=0
(5] Tk
@Zig(ﬂf,% Z, W 517 s 751;7—) = Zak Ln—pk(xa y) S’rlzv—pk(w) Qu+wk(§17 s agl)m
k=0
(3.4)
where n,p € N. Then, we have
ZQWZ) (90 Y, 2, w; &1 fl'ﬂ) t
70 n7p ) b ) ) AR b tp
1 (w(=t)N)"
Mw 51;-“’517 Z Lq+Nn x y Aq+Nnn q(n') (35)

q,n=0
provided that each member of assertion (3.5) exists.

Notice that, for every suitable choice of the coefficients ax (k € Np), if the
multivariable function Qi (&1,-..,&), (I € N), is expressed in terms of simpler
function of one and more variables, the assertions of Theorems 3.1 and 3.2 can

be applied in order to derive various families of multilateral generating relations
involving the 2VLP L, (x,y) and the ESP S} (w).

For example, if weset | =1, & =0, ¥ = 1, Quir(v) = y;(v,u+ k,B) and
ar = (“*327’“72), (k,7 € Ng, o € C) in assertion (3.2) of Theorem 3.1 and making

use of the following generating relation [4; p.270]:

E:(“+j2"_2>yxau+4umt"=(l—ﬂ““ﬂih(1xgﬂﬁﬁ’ (36)

n=0

we readily obtain the following mixed trilateral generating function:

o 4] . _
ptj+k—2 i A
Z Z ( k ) Lq+nfpk(xay)sﬁquk(w) yj(v’ﬂ+k’5)( —)pk)!

|
q,n=0 k=0 (q n.

oo wtN n
= (1 - U)l_“_j Yj ( invuaﬂ) ZLNn(xay)ANn,n% (37)

1 n=0

In the next section, we derive some bilateral and trilateral generating func-
tions for the 2VLP L, (z,y) in terms of the confluent hypergeometric function as
applications of the results derived in Sections 2 and 3 with the help of generating
function (1.21) and the remarks introduced in Section 1.
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4. APPLICATIONS

First, the following bilateral generating functions are obtained as applications
of Corollary 2.1:

I. Taking N = 1 and {Aq,n} _o as in Remark 1.1 and using relation (1.4) in
Eq. (2.8), we get

S Lynley) L0 () (t) =Y (a+ 1)y La(z,y) (5? (4.1)

|
q,n=0 7 n=0

which on using relation (1.21) in the r.h.s. gives

t(t\" w O\ —at
Z Lytn(z.y) LT (w)= () :( ) Filatnn ).
gm0 gl \w w — yt w — Yyt
(4.2)

II. Taking N = 1 and {Aqm}zon:o as in Remark 1.2 and using relation (1.7) in Eq.
(2.8), we get

> N —2t
> (a+B+q+n+1)g Logn(a,y) PTOHHD (w ) (1+w)

q,n=0

o 2t \"
Z B+ 1)n Ln(x y)<1+w>, (4.3)

n!

which on using relation (1.21) in the r.h.s. gives

oo

—2t
> (atB+gtn+1)g Lygn(a,y) PO (w ) <1+w)
q,mn=0

B+1

14+w 2xt

_(trw F <B+1 1; 7) (4.4)
14+w—2yt "1+ w— 2yt

II1. Taking N = 1 and {Aq,n};onzo as in Remark 1.3 and using relation (1.9) in
Eq. (2.8), we get

() (%)
Z Lq+n T y) yn(w l—a—q—2n 6) . n! = Z(OL + 1)n Ln(xay) nl

q,mn=0 n=0

(4.5)
which on using relation (1.21) in the r.h.s. gives

1a " a+1 t
Z Lyn(,9) yn(w, 1=ag—2n, ) — (n!) (B—ﬁywt) RICEE e xZUwJ

(4.6)

q,n=0

IV. Taking N =1 and {Aq,n}gonzo as in Remark 1.4 and using relation (1.11) in
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Eq. (2.8), we get

¢ n

- y 200 [t \" & (m)

D ()q Lawn(w,y) CiH(w) 7 (1_w> =Y (@) Lule,y) 27 (47)

q,mn=0 ’ n=0 ’
which on using relation (1.21) in the r.h.s. gives

> 2t [t \" 1-w \* —at

Lysn(z,y) C* ()~ | —— | = —— F(2;1;7).
32 W Ll €700 (1) - (2) wln—r
(4.8)

V. Taking N = 1 and {Aq’n}gonzo as in Remark 1.5 and using relation (1.13) in
Eq. (2.8), we get

S (p+ 1) Lgsn(z,y) gap+q><w>§, (—" =3 Lu(n,y) (—wt)”,  (49)
q,n=0 ' n=0

which on using relation (1.19) in the r.h.s. gives

> 14 1 Twt
) 1)g Lgtn (PHa) () = ()" = (
(p+ )q q+ (l"ay) 9n (U’)q! ( ) 1+ ywt exp 1+ ywt

). (4.10)

q,n=0

VI. Taking N =1 and {Aq’n};onzo as in Remark 1.6 and using relation (1.15) in
Eq. (2.8), we get

oo o0

> (@t a+ 20y Lysne) Balo+ g0 (40" = 3 Lafep) 0, (411)

)
! n!
q,n=0 n=0

which on using relation (1.18) in the r.h.s. gives

e q

Z (a+¢qg+2n)g Lyyn(z,y) Ro(a+g, w)% (=t)" = exp(ywt) Co(zwt). (4.12)

q,n=0

Next, the following trilateral generating function is obtained as applications
of result (3.7):

VII. Taking N = 1 and {Aq’n};onzo as in Remark 1.1 and using relation (1.4)
in Eq. (3.7), we get

(3]

S

= u+j+k—2) (b a—pk) ta—phkpk (t)"
Laown—pie(@,y) LOFP () g (0, ke, f) —— T (L
Z_k_( ) L) () v B (4
oo t\"
pi v -
:(1_77)1 Ha Yj (1—17’“”8) Z;J(a+1)n Ln(xay)(n? ) (4.13)

which on using relation (1.21) in the r.h.s. gives

oo (3]
2

q,n=0 k=0

1S

pAj+k—2 (abg—pk) tPEpE N
Lgin- plota—p : By o
( k ) q+n pk(mvy) n (’LU) Z/J(%/H-kw@) (q—pk)! w
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a+1 _
- () () k(e ). @

w — yt 1-n’

Similarly other trilateral generating functions can be obtained as applications
of result (3.7) with the help of Remarks 1.2-1.6 and relation (1.21).

Finally, it is worthy to note that, by taking y = 1 and using relation (1.23) the
results obtained in this section give many bilateral and trilateral generating func-
tions for the classical Laguerre polynomials L, (x) associated with other classical
polynomials.

1]

[10]
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ON RIGHT INVERSE I'-SEMIGROUP

SUMANTA CHATTOPADHYAY

ABSTRACT. Let S = {a,b,c,...} and T' = {o,3,7,...} be two nonempty
sets. S is called a I'-semigroup if aab € S, for all & € I" and a,b € S and
(aad)Bc = aa(bBc), for all a,b,c € S and for all o, 8 € I'. An element e € S
is said to be a-idempotent for some o € I' if eae = e. A I'- semigroup S is
called regular I'-semigroup if each element of S is regular i.e, for each a € S
there exists an element = € S and there exist «, 8 € " such that a = aaxfa.
A regular I'-semigroup S is called a right inverse I'-semigroup if for any a-
idempotent e and [-idempotent f of S, eafBe = fBe. In this paper we
introduce ip - congruence on regular I'-semigroup and ip - congruence pair on
right inverse I'-semigroup and investigate some results relating this pair.

1. INTRODUCTION

Let S ={a,b,c,...} and I' = {«, 8,7, ...} be two nonempty sets. S is called a
I'-semigroup if
(i)aadb € S, for all « € " and a,b € S and
(ii) (aab) Be = aa(bBe), for all a,b,c € S and for all a, 8 € T

A semigroup can be considered to be a I'-semigroup in the following sense. Let
S be an arbitrary semigroup. Let 1 be a symbol not representing any element of S.
Let us extend the binary operation defined on S to S U {1} by defining 11 = 1 and
la = al for all @ € S. Tt can be shown that S U {1} is a semigroup with identity
element 1. Let I = {1}. If we take ab = alb, it can be shown that the semigroup
S is a I'—semigroup where I' = {1}.

In [8] we introduced right inverse I'-semigroup. In [2] Gomes introduced the
notion of congruence pair on inverse semigroup and studied some of its properties.
In this paper we introduce the notion of ip - congruence on regular I'-semigroup, ip
- congruence pair on right inverse I'-semigroup and studied some of its properties.
We now recall some definition and results.

Date: July 25, 2014 and, in revised form, April 28, 2015.

2000 Mathematics Subject Classification. 20M17.

Key words and phrases. I'-Semigroup, right orthodox I'-Semigroup, right inverse I' - semigroup,
left partial congruence, ip - congruence, normal subsemigroup, ip - congruence pair.
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2 SUMANTA CHATTOPADHYAY

Definition 1.1. Let S be a I'-semigroup. An element a € S is said to be regular
if a € al'STa where al'STa = {aabBa : b € S,a, 5 € T'}. S is said to be reqular if
every element of S is regular.

Ezample 1.1. [§] Let M be the set of all 3 x 2 matrices and T" be the set of all 2 x 3
matrices over a field. Then M is a regular I" semigroup.

Example 1.2. Let S be a set of all negative rational numbers. Obviously S is not
a semigroup under usual product of rational numbers. Let T' = {— % : p is prime
}. Let a,b,c € S and a € T'. Now if aab is equal to the usual product of rational
numbers a, o, b, then aab € S and (aab)Bc = aa(bBc). Hence S is a I'-semigroup.

Let a = "> € S where m > 0 and n < 0. Suppose m = p,p,.......... p, where p,’s are
i DaPprvvePy ¢ 1y 0 m (1 ym _ PiPyreee Py i
prime. Now - ( P ) P— - ( Pk) T = - . Thus taking
b=—" a=(—21)and 8= (—) we can say that a is regular. Hence S

Poeeeeenens Py_1 Py Py

is a regular I'-semigroup.

Definition 1.2. Let S be a I'-semigroup and o« € T'. Then e € S is said to be an

a-idempotent if eae = e. The set of all a-idempotents is denoted by E, and we

denote U E, by E(S). The elements of E(S) are called idempotent element of S.
acl

Definition 1.3. Let S be a I'-semigroup and a,b € S, a,B € I'. b is said to be an

(v, B)-inverse of a if a = aabBa and b = bBaab. This is denoted by b € V.2 (a) .

Theorem 1.1. Let S be a regular I'-semigroup and a € S. Then V%(a) is non-
empty for some «, 8 € I

Proof: Since S is regular there exist b € S and «, 8 € I" such that a = aabfa.

Now we consider the element bfaab. ac(bBaab)Ba = (aabfa)abfa = aabfa = a
and (bfaab)Bac(bfaad) = bB(aad)Ba)abfacb = bBaabBacb = bBaab. Hence
bBaab € VP (a).
Definition 1.4. Let S be a I'-semigroup. An equivalence relation p on S is said to
be a right (left) congruence on S if (a,b) € p implies (aac, bac) € p, ((caa, cab) € p)
for all a,b,c € S and for all « € T'. An equivalence relation which is both left and
right congruence on S is called congruence on S.

Definition 1.5. A regular I'-semigroup S is called a right orthodoz T'-semigroup if
for any a-idempotent e and B-idempotent f of S, eaf is a f-idempotent.

Definition 1.6. A regular I'-semigroup M is a right orthodoz I"-semigroup if and
only if for a,b € S, a,,a,,p,,8, € T, a' € V:f (a) and V' € V;f (b), we have
b'p,a € V;lz (ace,b).

Definition 1.7. A regular T'-semigroup S is called a right inverse I'-semigroup if
for any a-idempotent e and B-idempotent f of S, eafBe = ffSe.

Theorem 1.2. Every right inverse I'-semigroup is a right orthodox I'-semigroup.

Theorem 1.3. Let S be a regular I'-semigroup and F, be the set of all a-
idempotents in S. Let e € E, and f € Ez. Then

RS(e, f) = {g € Vi (eaf)NE, : gae = fBg = g}

is non-empty.
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Proof: Since S is regular, there exist b € S and 7, € I such that ea fybdeaf =
eaf and bdeafvyb = b. Now (eaf)B(fvybde)a(eaf) = eafvybleaf = eaf and
(fybde)aleaf)B(fybde) = fybdeafybde = fybie. Hence fybde € Vi*(eaf). Thus
Vil(eaf) # ¢. Now let z € V§(eaf) and setting g = fBrae we have gag =
(fBrae)a(fBrae) = fB(xae)afBr)ae = fBrae = g. Thus g € E,.

Again gaeaffBg = fBrxaeaeafBfpfrae = fLraeaffrae = fBrae = g and
eafBgaeaf = eafffPraecceaf = eafBraeaf = eaf implies that g € Vé)‘(eaf)
. Hence gae = fBraeae = fBxae = g and fBg = fBfBrae = fBrae = g .
Therefore RS(e, f) # 0 .

Definition 1.8. Let S be a reqular I'- semigroup and e and f be o and - idempo-
tents respectively. Then the set RS(e, f) described in the above Theorem is called
the right sandwich set of e and f.

Theorem 1.4. Let S be a regular I'-semigroup and e and f be a and S-idempotents
respectively. Then the set RS(e, f) = {g € V§*(eaf) : gae = g = fBg and eagaf

=eaf}.
Proof: Let P = {g € V§'(eaf) : gae = g = fBg and eagaf = eaf} and let
g € RS(e, f). Then g € E,,gae = g = fBg and g € V§'(eaf). Now eagaf =

eagaeaffBgaf = eaffgaecaffgacaf = eafBgacaf = eaf. Hence RS(e, f) C P.
Next let ¢ € P. Now gag = gaeaffg = g. Hence g € E,, which shows that

P C RS(e, f) and hence the proof.

Theorem 1.5. Let S be a regular I'- semigroup and a,b € S.If a’ € Vi(a), V' €
Vj(b) and g € RS(a'Ba,byb’) then b'dgaa’ € VP (aab).

Proof: Let ¢ = a/Ba and f = byb. Then e is an a-idempotent and f is
a d-idempotent and also g is an a-idempotent. Now (aad)y (b dgaa’)B(aad) =
aafdgaeab = aagab = aad Baagabyb' §b = aceagacab = aceafdb = aaa’ facd
vb'0b = aadb. Again (Vdgaa’)B(aad)y(Vdgaa’) = Vdgaeafigaa’ = b'dgagaa’ =
b'6gaa’. Hence b'dgaa’ € V.2 (aab).

Corollary 1.1. For a,b € S, if V5(a) and Vf(b) are nonempty then Vf(aab) is
nonempty.
Proof: Let o' € V/(a) and b’ € V(b) then we know that RS(a'Ba,byb’) # ¢.
For g € RS(a'Ba,byb) and hence we get b'dgaa’ € V. (aab). Hence the proof.
2. IP- CONGRUENCE PAIR ON RIGHT INVERSE I'-SEMIGROUP

In this section we characterize some congruences on a right inverse I' - semigroup

S.

Definition 2.1. Let S be a I'-semigroup. A nonempty subset K of S is said to be
partial T'-subsemigroup if for a,b € K,aab € K, whenever V2 (a) # ¢. for o, 3 € T.

Definition 2.2. A partial T'-subsemigroup K of S is said to be reqular if V2 (k) C K
forallk € K and o, € T.

Definition 2.3. A partial T-subsemigroup K is said to be full if E(S) C K where
E(S) is the set of all idempotent elements of S.

Definition 2.4. A partial T'-subsemigroup K of S is said to be self conjugate if for
alla € S,k € K and o’ € V2 (a),d Bkya € K whenever Vj(k) % ¢ for some § €T,
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Definition 2.5. A partial T'-subsemigroup K of S is said to be normal if it is
regular, full and self conjugate.

Definition 2.6. An equivalence relation p on S is said to be left partial congruence
if (a,b) € p implies (ca,a, ca,b) € p whenever Vaﬁ;’ (¢) is nonempty. Note that every
left congruence is a left partial congruence.

Here we consider these left partial congruence which satisfy the following condi-
tion:
(a,b) € p implies (acic,basc) € p whenever each of the sets Vo’il (a), aiz (b) is
nonempty for «;, B; € I'yi = 1,2. We call this left partial congruence as inverse
related partial congruence (ip - congruence).

Ezample 2.1. Let A = {1,2,3} and B = {4,5}. S denotes the set of all mappings
from A to B. Here members of S will be described by the images of the elements
1, 2, 3. For example the map 1 — 4,2 — 5,3 — 4 will be written as (4,5,4)
and (5,5,4) denotes the map 1 — 5,2 — 5,3 — 4. A map from B to A will be
described in the same fashion. For example (1,2) denotes 4 — 1,5 — 2. Now
S = {(4,4,4),(4,4,5),(475,4),(4,575),(5,575),(5,4,5), (5,4,4), (5,5,4)} and let
r = {(1,1),(1,2),(2,3),(3,1)}. Let f,g € S and a € T'. We define fag by
(fag)(a) = fa(g(a)) foralla € A. So fag is a mapping from A to B and hence
fag € S and we can show that (fag)Bh = fa(gBh) forall f,g,h € S anda, B € T.
Hence S is a T' - semigroup.

We can also show that it is right inverse. We now give a partition S = U S;

1<i<5
and let p be the equivalence relation yielded by the partition where each S; is given
by:
Sl - {(4a 474)}7
Sy = {(5’ 9, 5)}7
Sz ={(4,5,4),(5,4,5)},
Ss={(4,5,5),(5,4,4)},
55 = (4a 47 5)7 (5a 5; 4)}

Here we see that (4,5,4)p(5,4,5) but (4,5,4)(3,1)(4,4,4) = (4,4,4) and (5,4,5)
(3,1)(4,4,4) = (5,5,5) i.e p is not a congruence.
Now for f € S we observe the following cases:
(a) (4,4, 4)af = (4,4,4) for alla €T,
(b) (5,5,5)af = (5,5,5) for alla er,

(¢) (4,5,4)(1,2)f = [ and (4,5,4)(2,3)f = [,
(5,4,5)(2,3)f = f and (5,4,5)(1,2)f = f',
(d) (4,4,5)(2,3)f = f and (4,4,5)(3,1)f = f,
(5,5,4)(3,1)f = f and (5,5,4)(2,3)f = [,
(e) (4,5,5)(1,2)f = f and (4,5,5)(3, 1) f = [,
(5,4,4)3,1)f = f and (5,4,4)(1,2)f = [,

From the above cases we can easily verify that p is a ip - congruence on S.

Definition 2.7. An ip - congruence & on E(S) of S is said to be normal if for
any a-idempotent e and B-idempotent f,a € S and o' € Vf(a), (e, f) € & implies
(a'deaa,d'd fBa) € & whenever a'deaa,d’§fBa € E(S).
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Let p be an ip - congruence on a regular I' - semigroup S then we can define
a binary operation on S/p as (ap)(bp) = (aab)p whenever V.5 (a) exists for some
B € T. This is well defined because if ap = a’p and bp = V'p then
(ap)(bp) = (aab)p (Since V.2 (a) # ¢ for some o, 3 € T)
= (aad')p
= (d'a,b)p(Since Voi1 (a') # ¢ for some «,, 3, €T)
= (d'p)(¥'p).
The operation is easily seen to be associative, and so S/p is a semigroup.

Definition 2.8. Let p be an ip - congruence on a reqular T'-semigroup S. Let
a €T, then the subset {a € S : ap € E(S/p)} of S is called kernel of p and it is
denoted by K.

Definition 2.9. Let p be an ip - congruence on a reqular I'-semigroup S. Then the
restriction of p to the subset E(S) is called the trace of p and it is denoted by trp.

We now treat S as a right inverse I'-semigroup throughout the paper.

Definition 2.10. A pair (&, K) consisting of a normal ip - congruence & on E(S)
and a normal partial T'- subsemigroup K of S is said to be ip - congruence pair for
S if for all a,b € S,a’ € VP(a) and e € E,

(i) eva € K, (e,aad) € = a e K

(it) a € K = (acevyad',eyaaa') € €

Given a pair (£, K) we define a relation p, ., on S by (a,b) € p,, ., if and only
if there exist a’ € V/(a) and b’ € V2 (b) such that aab’ € K, (a/Ba,b'db) € &.

Theorem 2.1. Let S be a right inverse I'-semigroup. Then for an ip - congruence
pair (¢, K) and a p-idempotent e, aab € K implies aceub € K for all a,b € S and
VP (a) # ¢ for some B €T.

Proof: Let aab € K. Since S is regular there exist 7,6 € I such that Vf (b) #
¢. Then by Corollary 1.1 , Vf(aab) #+ ¢. Let b € Vf(b). Then byb' is a 6-
idempotent and since S is a right inverse I'-semigroup (byb')deu(byb’') = ep(byd’).
Now acepb = aceubyb/db = ac(byd')deu(byb')ob = (aab)y(b'deub). Since S is right
inverse I'-semigroup b'deub € E, C K . Since K is a partial I-subsemigroup and
aab € K, (aab)y(b'deub) € K. So aceub € K.

Theorem 2.2. Let (£, K) be an ip - congruence pair for S and a,b € S are such
that (a,b) € p ., then there exist a’ € V2 (a) and b' € V2(b) such that

(i) aad’ € K and (a/fa,b'dd) € &

(ii) bya’ € K and so (b,a) € p,

(iil) (byb', acd' Bbyb') € € and (aaa’, byb'daaa’) € €

Proof: (i) Let a,b € S and (a,b) € p ,- Then (i) follows from definition of
Pie.xcy- Now from (i) we have aad’ € K and (a'Ba,b'0b) € £. Let g € RS(V'db, a’ Ba),
then g is a y-idempotent. So by Theorem 1.5 we have aagyb’ € Vg (bya’). Also
by Theorem 2.1 aagyb’ € K since aad’ € K and g € E,. On the other hand
bya' € Vf (aagyb') and so bya’ € K, since K is a normal subsemigroup of S.
Therefore (b,a) € p,, ., since § is symmetric. Hence (ii) follows.

Again for g € RS(V'6b,a’Ba), g = gyb'db = d/Baag and (V' 6b)ygy(a’'Ba) = (b'0b)~y
(a’Ba) by Theorem 1.4. Hence bygyb' € Es. Now b'ob = (b'db)y(b/db) £ (b'ob)y
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(a'Ba) = (V'ob)ygy(d'Ba) & (V/6b)ygy(b'db) and so by normality of & we have
by(b'6b)yY € by(V Sbygyb' )b ie byb £ bygyb'. Now aagyb’ € Vﬁ‘f(b’ya’) and
so we have

by & bygyt’

= by(a’'Bacg)yb’ (Since g € RS(V'6b,a’Ba))

(bya)B(aad Ba)agr
(bya')B(aca’) B(acgyb’) (Since aaa’ € Eg and bya' € K)
(aca’)B(bya')B(aagyb’) (by Definition 2.6 and acgyb’ € Vﬁé(b'ya’))
aaa’ Bbygyb'
(aaa')B(byb).
Similarly interchanging the role of a and b we can get the second relation.

]

Theorem 2.3. Let (¢, K) be an ip - congruence pair for S and a, b € S are such that
a,b € p i, then for all a* € V2 (a) and b* € V2(b), aab* € K and (a*Ba,b*ob) € &

Proof: Since (a,b) € p ¢ k), there exist a’ € Vfll (a) and V' € lel (b) such that
all the three conditions of Theorem 2.2 are satisfied. Now
aB,a = dBaca*Pa
= d'Baaa*Pac,d B, a
¢ d'B,aa,a*Baca’Ba (Since € is an ip - congruence and V2 (a) and
Vfll (a) are nonempty.)
= (@B,a)a, (a"Ba)ala’B,a)
= (a*Ba)a(d Ba)
¢ a*Baa,d'Ba (Since £ is an ip - congruence and V/(a) and Ve (a)
are nonempty.)
= a*fa.
Similarly we can show that (0'6,b,b*db) € . Hence we have a*fa & o/f,a £ V'6,b
€ b*0b. Hence (a*fa,b*0b) € £. We now prove that aad® € K. To prove this we
proceed by five steps.
Stepl: by,a’ € K.
Step2: V6,0 € K.
Step3: b*da € K.
Step4: (byb*, aaa*Bbyb*) € €.
Steph: aab* € K.
Let ¢ € RS(b'4,b,a'B,a), then g is a yi-idempotent and we have aa, gv,b" €
V:ll (by,a’). Also since aa,b" € K and g € E., , by Theorem 2.1 aa, gv,b" € K. On

the other hand by,a’ € V(ffl (acx, gv,b"). Since K is regular we have by,a’ € K.

Let h € RS(by,V',ac,a’). Then o/B,hé,b € Vi* (b'6,a) ie, V'6,a € Vy' (a'B,h
0,b). Now since by,a’ € K and K is full self conjugate partial I'-subsemigroup of
S, we have

(6/51 b)71 (alﬂl a)al (a/61 h51 b) - b/51 ((b71 a/)ﬁl h)§1b € K.

Now
hé, (ax,a’) = (aa,ad')B,hé, (aa,a)
& (by,b)d, (ac,a’) B, hé, (acr,a’)(By Theorem 2.2)
= (by')d,hd, (aaa’) (Since S is right inverse)
= (byb')d, (aaa’) (Since h € RS(by, V', ac,a’).
¢ aa,d (By Theorem 2.2).

Again
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(a/61 h(slb)’% (b/(sla’) = a/51h61a
¢ aa,d
& (V'4,b)v,(d'B,a) (By Theorem 2.2).
Now since S is a right inverse I'-semigroup, it is right orthodox and hence (b'6,b)~,
(a/B,a) is an a,-idempotent. Thus by Definition 2.10 a’8,hd,b € K and since K is
regular, b'd,a € K.

Now we have v'd,a € K. Hence we get b'0,(byb*)da € K by Theorem 2.1.
Again b*da = b*ébyb*da = b*0(by,b',0)vb*0a = (b*0b)~y, (V/dbyb*da) € K since
b*obe E, C K, lel (b) is nonempty and K is a partial I'-subsemigroup.

We now prove step 4.

byb* (b,0)8, (00")
(act,a)B, (03,15, (75")
(aca™)B(ac,a’) B, (by,b')6, (byb*)
(aaa™)B(by, b')d, (byb*)
(aaa™) B(byb*).

Finally we show the last step. Now we have b*da € K. Since a* € V/(a) and
b* € V2(b), we have (a*3b) € V7 (b*da) and hence a*Bb € K, since K is regular. Let
x € RS(a*Ba,b*6b). Then byraa* € Vf(aab*). Now ((aca®)B(byb*))d(byzaa*) =
aca*fbyraa® = aa((a*Bb)yr)aa* € K, since a*fb € K,x € E_ C K and hence
(a*Bb)yx € K and also K is self conjugate. Again

[l |l v |

za(b*db) = (b*0b)yxza(b*db) (Since S is right inverse)
€ ((b*0by(a*Ba))axa(b*b) (Since (a*Ba,b*ddb) € &
= (b*0b)y(a*Ba)a(b*ob) (Since x € RS(a*Ba,b*db).)
& ((b*5b)y(b*db)~y(b*b)(Since ¢ is an ip - congruence and
(a*Ba,b*sb) € &)
= b*0b.
Thus
byxab® = by(xa(b*ob))yb*
£ bbb’
— byt
Now
(byxaa®)B(aad*) = by(za(a*fa))ad*
= byzad*
£ byt

£ (aaa”)B(brb").

Again since S is a right inverse I'-semigroup, (aca*)S(byb*) is a d-idempotent and
by Definition 2.10(i) byzaa* € K and hence aad* € K since K is regular. Hence
the Theorem.

Remark 2.1. From the previous Theorem, we can say that in the definition 3.11 of
Pe.rcy and in the Theorem 2.2 "there exist” can be substituted by “for all”.

Theorem 2.4. Let (£, K) be an ip - congruence pair for S and a,b,c € S and let
a’ € VPi(a), b € V2(b), ¢ € Vi3 (c),g € RS(¢Byc,aa,a’),h € RS(¢Bye,bayl).
Then (a'B,a,b' B,b) € &, ac, b’ € K implies (a’f3, ga,a,b' B,ha,b) € €.

Proof: Let (¢, K) be an ip - congruence pair for S and a,b € S are such that
for some o’ € Vfll (a), V' € ij (b), (a'B,a,b'B,b) € € and aa, b’ € K. Given ¢ € S
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and ¢ € V(;B; (¢), let g € RS(Byc,aa,a’) and h € RS(c'B,¢,ba,b’). Then g and
h are a,-idempotents. Choose an arbitrary element = € RS(a'S,a,b' 8,b). Then
ba,zaya’ € Vﬁil(aalb’). So aa,b' B,ba,xa,a’ € Eg,. Also let t € RS(g,aa, V' B,ba,
ra,a’) thent € E,, and t = ta,g and hence ba,ra, a’ B, ta,g € Vﬂa;' (gazaa,b’) and
ba,za,a' B tasac, b = (bayza,a’)B, (ta,g)a,aa, b = (ba,xa,d B, ta, g)a, (gagan,
V') € Ep,. On the other hand ba,za,a’ € K, since it is an (B,,3,)-inverse of
ac, b which belongs to K. Now since (£, K) is an ip - congruence pair for S, by
definition we have ((ba,za,a’) B, ta, (aa, V') , ta,ba,za,a’ B, ac,b’) € €. Again since
za, (d'B,a) = x we get

(2.1) (ba,za, d B tagaa, b taba,za,b’) € €

for all x € RS(a'B,a,b'B,b)

Now since ¢ is an ip - congruence and (a’3, a, b’ 8,b) € £, we have b'8,ba, xa, V' 3,b
¢ d'Baa,xa b B,b = ' Baa /B0 € VBbab/ B, = b B,b.  Again and hence
(ba,za, V') B, (ba,za,b') = ba,za, (V' B,ba,x)a, b = ba,za, b’ and hence ba, xa, b €
Ejg, . Hence ¢ is normal, we have (ba, (b'53,ba,xa, V' B,b)a, b, ba, (b 8,b)a,b') € €
which implies
(2.2) (ba,za, b’ ba,b') € €

Similarly we can show that
(2.3) (aa,zayd’ ac,a’) € €

Using (2.1)and(2.2) we get
(2.4) (ba,za, a' B taac, b taba, b') € €

Since aa,d'f,t = ac,d' B, ((ac, b’ B,ba,xa,a’)B,t) = aa, VB, b,z d Bt = t, we
have a'f,ta,a € E, . Since (V',b,d'$3,a) € £, we have

b B,ba,xand Bita,ac, ' 8,0 € d/ B ac,xayd Bita,an,d/ B a
= dpaa,zad B taa
a' B ac, (xa,d B,a)a, d B taga

& dpaaza, (W B,b)a,d B taga (Since € is an
= ip - congruence)
= d'paa b/ B,ba,d B ta,a (Since z €
RS(d'B,a,b'B,b))
¢ dBaa,d B aa,d Btaga
= d B ta,a.
Hence
(2.5) (b'B,ba,za,a’ B ta,ac, b/ B,b,d’ B ta,a) € €

Next since g € RS(c'B,¢,aa,a’), aa,a’ B, g = g and hence we have a'3, ga,a € E, .
Now since z € RS(a’B,a,V'B,b),ac,b'B,ba,xa,a’ = aa, a0’ € Eg, and hence t €
RS(g,aa,za,a’). Thus we have ga,ta,ac, xa,a’ = gagaa, za,a’. Now by (2.3) we
have ((ga,t)a,ao,za,d, (gat)a,aa,a’) € € ie, (gazaa, za,d, gataan,a’) € €
since t € RS(gaa, za,a’) and again using (2.3)we have gaac,a’ € gayaa, zaya’ €
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gagtagan, a’ ie, we get (gag,aa,d, gatasana’) € €. Now since S is a right inverse
I'-semigroup ta,ga,t = ga,t and hence we have ga,to,ac,d’ = ta,go,ta,an,ad’ =
tag ac, a’ since ta,g = t. Thus (ga,aq, d, tagaa,a’) € € by transitivity of £&. Now
since £ is normal, we have ('8, (ga,ac,a')B,a , ' B, (taac,a’)B,a) € €. e,

(2.6) (a'B,ga,a,ad B, ta,a) € &

Again since S is a right inverse I-semigroup and the fact that ¢ € RS(g, ac, za, a’)
and g € RS(c'B,c,aa,a’) we see that
ta,bayb! = ba,b/ B, ta,ba,b’ (Since S is right inverse I'-semigroup)
= ba,V'B, (tas 9)013 (ba, ')
= ba,b' B, (ta,ga,c Byc)a,bal.
Now since (a'8, a,b'3,b) € £ and aa, b’ € K, proceeding the same way of Theorem
2.2 we have (ba,b',ac,d'8,ba,b’) € §&. Now
taba,b/ = ba,b B, ta, ga, d B, ca,bay b’
& ba, VB, ta,ga,d B, coy (aay a/ B, ba,b') (Since
(b, b, ace,a' B, bab’) € €)
= ba, VB, (ga ta,g)a,d B cajan, a’ B,ba,b’ (since S is right inverse)
= ba, V' fB,g9a ta, (aa,d B, g)a,d B, ca,an, d B,ba,b’ (Since g €
RS(d B,c,aa,a’))
€ ba,bB,ga,ta, (a0, za,0)B, ga, ¢ Bcaan, a'B,ba,b’ (by (2.3))
= ba,b'B,(ga,(ac, zaya’) B, g)a,d Bca an, a B, ba, b’ (since t €
R8(g,a0, 70, a"))
& ba, VB, (ga,(ar,a’)B,g)a,c Bycaan,a’ B ba,t’ ( By (2.3))
= ba,V'f,ga,c B cajan, a’ B, bay b’ (Since (aa,a’)B, g = g)
= ba,b'B,(d B,ca,ga,d Byc)a,an, d B, ba,b’ (since S is right
inverse)
= ba,b'B,c Bca,ga, (aa,d' B, ¢ B,ca,an, a’) B, ba, b (Since S is right
inverse)
= ba,b'p,(d B ca an,a’) B, ¢ B, caan, a B, ba, b (since g €
RS(dB,c,aa,a’))

ba,b' B,ac,d' B, ¢ Bycazaa, a’ B, ba, b (since S is right inverse)
ba,b' B, Bycaan,a’ B, ba,b
= baQb/52(Clﬁsca3aa1a,)ﬁ1ba2b,
' Bycaaa,a’ B ba,b’ (Since S is right inverse and hence right orthodox)
' Bycaba, b’
d By hagba,b (since h € RS(' B, ¢, ba,b')
= ha,d B ca habo,b’ (since S is right inverse)
= ha,ba,b’ (Since h € RS(c'B,¢, ba, b))
Hence we have
(2.7) (taba, b, hagba,b') € €

[| o

Finally from (2.4) and (2.7) we have (ba,zc,a’ S, ta,aa, b, ha,ba,b’) € € and by
normality of & we have (V/3,ba,za,a' B taac, b/ 8,0,V 5, ha,ba,b' 8,b) € € i.e,

(' B,ba,xan d Bitagac, b 5,0, 0 B, hayb) € €. Tt is to be noted that both the elements
belong to E, . Also by normality of { together with (2.5) and (2.6) we have
(d'B,ga,a,b B,hayb) € €. Hence the proof.
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Theorem 2.5. If (§, K) is an ip - congruence pair for S,then p . is an ip -
congruence with trace £ and kernel K. Conversely if p is an ip - congruence on S

then (trp, Kerp)is an ip - congruence pair and p = Pltrp icers) -

Proof. Let (¢, K) be an ip - congruence pair for S and p, ., and let p=p ..
Since E(S) C K and ¢ is reflexive, p is also reflexive. Again from Theorem 2.2 and
Remark 2.1, we see that p is symmetric. We now show that p is transitive. For this
let us suppose that (a,b) € p and (b,c) € p and let o’ € Vfll (a), b € Vaﬂ; (b),c €
Vf;(c). Then we have (a'B,a,b' 8,b) € &, (V' B,b,c'B,¢) € & a0,V € K, ba,c € K.
Since ¢ is transitive we have (a/f, a, ¢'5,¢) € £&. We now show that aa, ¢’ € K. Now
by Theorem 2.2, ba,a’ € K and ca,b’ € K. Hence ca,b'f,ba,a’ € K, Since K is a
I-subsemigroup. Let g € RS(c'B,¢,b'3,b) and h € RS(c'B,¢,a’B,a). By Theorem
2.1 and since g = ga,c/Byc € Eas, we have,

(2.8) (ca, b/ B,b), (g0, Bye)ad’ € K

Again since ba,ga,c € Vﬂﬁj (cagb'), ca,b'B,ba,ga,c’ € Eg . Now c'B,c = ' B;ca,
' Byc & ¢ Byeab B,b = Byea,gab' B,b € ¢ Bca, ga,d Boe = Bycayg, since (b 5,b,
c'Bye) € £ and g € RS(B,e,b'B,b). Also since cayga,c’ € Eg, and ¢ is normal, it
follows that (ca,(c'B,c)a,c, coy, (¢ B cay9)a,d) € € ie(ca,d, caga,d) € €. Simi-
larly since (¢',¢,a’B,a) € § and ca ha,c’ € Eg, we have (cayc, cazhagc’) € €. By
transitivity of £ , (ca,ga,c, cazha,d) € €. Again ca, (V' 8,ba,g)a,d = ca,ga,c €
cazha,d = ca,(d'Baa h)a,c. ie,

(ca,b' B,ba, g,y caga B aa, ha,d) € €. Again since ba,ga, ¢ € V;j (ca,b), ca,t/
B,ba,ga,c’ € Eg and since aa, ha,c' € Vﬂﬁf (caya’), from (2.8) and Definition 2.10
we can say that ca,a’ € K and by Theorem 2.2 we have aa, ¢ € K. Hence p is
transitive. Hence p is an equivalence relation.

We now prove that p is an ip - congruence. Let us suppose that (a,b) € p. Then
for all @’ € Vo’il (a),b € ij (b), (d'B,a,b'B,b) € £ and aa, b’ € K. Let ¢ € S and
¢ € Va2 (c). Wenow prove that (ca,a,ca,b) € p. Let g € RS(¢'B,¢,aa,a’) and h €
RS(dB,c,ba,b’). Then o/ B, ga,c € fo (caya) and V' B,ha,d € Vf; (ca,b) and by
Theorem 2.4 we have o', ga, ¢ B,ca,a = o' B, gaza € b B,ha,b = 0 B, ha, ¢ B, cab.
Also (caga)a, (b'B,ha,c) = cay(aa,b)B,ha,c € K since aa, b’ € K and h € B,
and K is self conjugate. Hence by definition of p we have (ca,a,ca,b) € p.
Next we prove that (ac,c,b8,¢) € p. For this let g € RS(d'B,a,ca,c’) and
h € RS(V'B,b,ca,c’). Then ¢fB,ga,a € Vf; (ac,c) and /B ha,b’ € Vf;(bazc).
Now
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ga,ca,d = go,d B ac,ca,c (Since g € RS(d'B,a, ca,c))
¢ ga,bBba,cad
= ga, VB, ba,ha,ca,d (Since h € RS(V'B,b, ca,d))
¢ ga,(d B a)a ha,ca,d (Since € is an ip - congruence and
(B0, H5,b) € &)
= (d'B,aa,g9a,d' B, a)a, ha,ca,c’ (Since S is right inverse)
= d'paa,ga,d B an, (ca,d B h)a, ca,c (Since h €
RS(V' B8,b, ca,c))
= alﬂlaoﬁgoﬁ(alﬂlaalca3cl)53hazca3d
= d' B aa,ga, (ca,d B,d' B, aq, ca,d) By hay, ca,d (Since S is
right inverse)
= d'paa, ga, ca,d B,d B aa, ha,ca,d (Since h € RS(V 3,0, ca,c))
= (d'B,aqa,co,d Byd B, a)o, hoyca,d (Since g € RS(d' S, a, cayc'))
= ca,dpB,(a'B,aa,h)a,ca,c (Since S is right inverse)
= ad'p,aa, ha,ca,d (Since S is right inverse and
hence right orthodox)
¢ bB,ba,hayca,d
= U B,ba,ha, b B,ba,ca,c (Since h € RS(VB,b, ca,c’))
& ha,b'B,ba,ca,c (Since S is right inverse)
= ha,ca,c.
Hence
(2.9) (ga, ca,d hayca,d) € €

Now since g € RS(a'B,a,ca,c’) and h € RS(V'B,b,ca,c’),c'Bha,c € E,, and
c'Byga; ¢ € By, . Again by normality of § and by (2.9) we have (¢'B,(ga, ca,c’)B,e,
B, (hayca,d)B,c) € €. ie, (¢B,g9a,¢,d B,ha,c) € £ Thus (¢'B,9a,a’)8, (aa,c) €
(¢ Byha,b') B, (bayce). Finally (aw,c)o, (¢ B.hat’) = aa, (ca,d B h)a,b € K since
ao, b’ € K. Hence (ac, ¢, ba,c) € p by definition of p.
Let us now show that trp = £. Let us suppose that e be an a-idempotent and f be
a [-idempotent are such that (e, f) € p. Then by definition of p we have (e, f) € &,
since e € V%¥(e) and f € Vﬂﬁ(f). Hence trp C €. Conversely let e € E, and f € Eg
and (e, f) € &. We now show that (e, f) € p. Since S is right inverse I'-semigroup,
eaf € Eg C K. Again considering e € V*(e) and f € Vﬁﬁ(f) we can say that
(e, f) € p. Hence & = trp.
Let us now show that K = kerp. For that let a € Kerp. Then there exists an
a-idempotent e € S such that (a,e) € p and hence (a’da,e) € £ for all a’ € Vf(a)
and aye € K. Then by Theorem 2.2 and Remark 2.1 eaa’ € K and so by definition
of (&, K) we have o’ € K and hence from regularity of K,a € K.
Conversely suppose that a € K. Let a’ € V(a) then (a'Ba,d'Baad’Ba) € ¢ and
aad'Ba € K i.e, (a,a’fa) € p by definition of p. Thus a € Kerp. Hence K = Kerp.
We now prove the converse part of the Theorem. Let us suppose that p is a
ip - congruence on S. We show that (trp, Kerp) is an ip - congruence pair and
P = Plorp rcerp - L€0 @b € kerp and let VB (a) # ¢. Hence ap = ep and bp = fp for
some y-idempotent e and d-idempotent f. Now ape implies aab p evb p ey f. Since
S is a right inverse I'-semigroup ey f € Es and hence aab € Kerp. Thus Kerp is
a partial I-subsemigroup of S. Clearly Kerp contains E(S). Let a € Kerp and
a’ € VP(a). We show that a’ € Kerp. Since a € Kerp, ap = ep for some e € E.,,.
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Now o’ = d'Baad’ p o' feya’ = o’ Beyeya' p o’ Baceya’ p o’ Bacaad’. Since (a'fa)a
(acd’) € Eg,a’ € Kerp. Thus Kerp is regular. Next let « € S and o €
VP(a) and k € Kerp where Vf(k) # ¢. Since k € Kerp,kp = ep for some p-
idempotent e. Now since S is a right inverse I'-semigroup, (a/fepa)a(a’Bepa) =
a' B(epaad’ Be)pa = d’' Blaca’ Be)pa = o' Bepa i.e,a’ Bepa € E,,.
Now a'Bkva p o’ fepa and hence o’ Bkya € Kerp i.e, Kerp is self conjugate. Thus
Kerp is a normal partial [-subsemigroup of S. We now prove that (trp, Kerp) is
an ip - congruence pair for S. Since p is a ip - congruence and for o’ € V)?(a)
and e € E,,d'feya € E,,trp is a normal ip - congruence. Now let a € S and
a’ € Vf(a) and e € E, be such that eya € kerp and (e,aaa’) € trp. Now a p
(acd’)Ba p eya p f for some f € E(S) since eya € Kerp. Hence condition (i)
of Definition 2.10 is satisfied. Next let a € Kerp and e € E,, and let o’ € V()
. Now since a € Kerp,ap = fp for some d-idempotent f and a’p = gp for some
p-idempotent g.
Now aceya' = acevya'Baca’ p féeygufdg p féeyfég p evfdg p eyaaa’. Now
since aaevya',eyaaa' € Eg,we have (acevya',eyaaa’) € trp. Thus condition (ii) of
definition 2.10 is also satisfied. Finally we show that p = p, , .., i€, we prove
(a,b) € p if and only if for all a’ € Vaﬁl1 (a) and for all b" € Vo2 (b),aa, b’ € Kerp
and (a'B,a,b'8,b) € trp . Suppose (a,b) € p and d’ € Vfll (a),t € Vf;(b). Now
aa, b’ p ba,b’ since p is an ip - congruence. Again since ba,b’ is a (,-idempotent
we can say that aa, b’ € Kerp. Now a'f,a p a’8,b = a'5,ba,b'B,b p a’3,ac,b'B,b p
(a'B,a)a, (V' B,a) = (a'B,a)a, V' Bac,d’ Ba p (a'B,a)a, (V' B,b)a, (a'B,a) = (VB,b)a,
(a'B,a) = V' B,ba,(d'B,a) p VB, (ac,d'B,a) = V' B,a p V' 3,b. Now since o/, a and
b'B,b are o, -idempotent and «,-idempotent respectively, we have (a’S,a,b'8,b) €
trp. Hence p C p,, . o -
Conversely let (a,b) € S such that for all o’ € Vi (a), b € Vo7 (b), (a'B,a,b'B,b) €
trp and ac, b’ € Kerp.
Now

(aoﬁb/)/@)z (baza/)/@1 (CLOélbl) = aq (b/ﬁQb)az (a’/ﬁla)al (b/ﬁzb)O‘Qb/
ac, (a B, a)ar, (b Bb)ast
= aa,b

and
(ba2al)ﬁl (aalb/)ﬁ2(ba2a/) = ba2(alﬁla)al (b/ﬂZb)a2(al/Bla)ala/
= ba,(V'5,b)a,(a'8,a)a,a
= ba,d

Hence aa, b’ € V;f (baya’).  Again since aa, b’ € Kerp,ba,a’ € Kerp and let
(aa, V') p e and (ba,a’) p f for y-idempotent e and d-idempotent f. Now a =
aal (alﬁla)al (al/Bla) paal (b//BZb)aQ (a//Bla) p (aalb/)52 (ba2a/)5lape’}/f6a = fae’yf
6a p (ba2al)/31 (aalb/)ﬁQ (ba2a/)61a/ = ba2 (alﬁla)al (b/52b)a2 (a/ﬂla/) = baZ (bl/32b)a2
(a'B,a) p ba, (V' B,b)a, (b’ B,b=0. i.e, (a,b) € p. Hence the proof.
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ON Z,-ASYMPTOTICALLY )\?>-STATISTICAL EQUIVALENT
DOUBLE SEQUENCES

OMER KiSi

ABSTRACT. In this paper, we introduce the concept of Zs—asymptotically
A2 —statistically equivalence of multiple L for the double sequences (x;) and
(yk1). Also we give some inclusion relations.

1. INTRODUCTION

Pobyvanets [14] introduced the concept of asymptotically regular matrices which
preserve the asymptotic equivalence of two nonnegative numbers sequences. In
1993, Marouf [9] presented definitions for asymptotically equivalent and asymp-
totic regular matrices. In 2003, Patterson extended these concepts by prensenting
an asymptotically statistical equivalent analog of these definitions and natural reg-
ularity conditions for nonnegative summability matrices. Later these definitions
extended to A-sequences by Savas and Bagarir in [18]. Esi and Acikgoz [1] extended
the definitions prensented in [18] to double A%-sequence.

2. PRELIMINARIES AND BACKGROUND

In this section, we recall some definitions and notations, which form the base for
the present study.

The notion of statistical convergence depends on the density (asymptotic or
natural) of subsets of natural numbers N. A subsets of natural numbers N is said
to have natural density § (E) if

1
0 (F) = nlgr;@ - {k <mn:ke E}| exists.

Definition 2.1. [4] A real or complex number sequence z = (zy) is said to be
statistically convergent to L if for every € > 0,

1
lim —{k<n:|zx—L| >} =0.
n

n—oo

1991 Mathematics Subject Classification. 40A05, 40A35.
Key words and phrases. Double Statistical convergence, Zo—convergence , \%—convergence,
asymptotically equivalence, double sequences.
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In this case, we write S —limz = L or z; — L (.5), and S denotes the statistically
convergent sequences.

Definition 2.2. [7] A family of sets Z C 2V is called an ideal if and only if

(1) ez,
(i) For each A, B € T we have AUB € T,
(7i) For each A € 7 and each B C A we have B € T.

Definition 2.3. [7] A family of sets F C 2 is a filter in N if and only if
(i) 0¢F,

(#4) For each A, B € F we have AN B € F,
(#i1) For each A € F and each B O A we have B € F.

Lemma 2.1. [7] If Z is proper ideal of N (i.e., N ¢ T), then the family of sets
FIZ)={M CcN:JA€Z: M =N\ A}
is a filter of N and it is called the filter associated with the ideal.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} € T for each n € N.

Definition 2.4. [7] A sequence x = (z}) of points in R is said to be Z—convergent
to a real number L if

{keN:|z, —L| >} €T,
for every € > 0. In this case we write Z-limz = L.

Definition 2.5. [10] Let A = (\,) be a non-decreasing sequence of positive real
numbers tending to infinity such that A\; = 1 and A\,41 < A, + 1. A sequence
x = (x) is said to be A—statistically convergent or Sy—convergent to L if for every
e >0,

lim i|l<:€In:\:vk—L|2€|:O

n—o0 \,

where I, = [n— X\, + 1,n] forn =1,2,....

In 1900 Pringsheim presented the following definition for the convergence of
double sequences.

Definition 2.6. [15] A double sequence x = (x;) has a Pringsheim limit L (de-
noted by P —limz = L) provided that for given & > 0, there exists a n € N such
that |z — L| < €, whenever k,l > n. We describe such an z = (zy;) more briefly
as ”P-convergent”.

The double sequence (xy,;) is bounded if there exists a positive integer M such
that |zx| < M for all k and I. We denote all bounded double sequence by 1% .

Definition 2.7. [11] A real double sequence z = (z;) is to be statistically conver-
gent to L provided that for every € > 0,

1
P— lim —|{
m,n—o00 MmN

denoted by S¥ —limz = L.

(k,):k<mandl<n:l|zy; — L| >} =0,

Now we give a brief history for asymptotical equivalence for single and double
sequences.
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Definition 2.8. [15] Two non-negative double sequences = = (zy;) and y = (yx1)
are said to be P—asymptotically double equivalent of multiple L provided that for
every € > 0,
P—lim=k — [,
kb Ykt

denoted by (x1;) ~F (yr) and simply asymptotically double equivalent if L = 1.

)

Definition 2.9. [1] Two non-negative double sequences (zx;) and (yx;) are said
to be asymptotically double statistical equivalent of multiple L provided that for
every € > 0,

1
P—- lim —

m,n—o00 MmN

{k<m,l<n: =0,

W—L‘Ze}
Ykl

denoted by (zx;) ~° " (yx1) and simply asymptotically double statistical equivalent

if L=1.

Definition 2.10. [6] Two non-negative double sequences (zx;) and (yx;) are said
to be asymptotically Z—equivalent of multiple L provided that for every ¢ > 0,

{(k,l)ENxN:

W-L’za}ez,
Ykl

denoted by (k) ~T (yx1) and simply asymptotically Z—equivalent if L = 1.

Definition 2.11. [6] Two non-negative double sequences (xx;) and (yx) are said
to be asymptotically Z-statistically equivalent of multiple L provided that for every
€ > 0, and for every § > 0,

{(m,n)eNxNz1

mn

{kgm,lgn:

W—L‘ze}lzé}el
Ykl

L
denoted by (k) S (yr1) and simply asymptotically Z—statistical equivalent if
L=1.

Definition 2.12. [5] Let A = (\,) be a non-decreasing sequence of positive real
numbers tending to infinity such that Ay = 1 and A,,41 < A, +1. Two non-negative
sequences (z) and (yi) are Sy—asymptotically equivalent of multiple L provided
that for every ¢ > 0,

{k cl,:

where I, = [n— X\, + 1,n] forn=1,2,....

1
lim —
n—00 Ap yk

- ifa -

Definition 2.13. [5] Let A = (A,) be a non-decreasing sequence of positive real
numbers tending to infinity such that Ay = 1 and A1 < A\, + 1. Two non-
negative sequences (z) and (y) are strong A—asymptotically equivalent of multiple

L provided that
. 1
s 2

where I, = [n— X\, + 1,n] forn=1,2,....
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The double sequence (A,,,) of positive real numbers tending to infinity such that

)\erl,n S >\mn + 17 )\m,n+1 S )\mn + 17

/\mn - /\m—i-l,n < >\m,n+1 - >\m+1,n+1, /\1,1 =1

and
I ={(k, 1) :m —Apn + 1<k <m,n—Apn +1 <1< n}.

Definition 2.14. [1] For double A2 —sequence; two non-negative double sequences
(zx1) and (yg,;) are said to be \*—asymptotically double statistical equivalent of
multiple L if for every € > 0,

P— lim W—L‘za

m,n— o0

kel,lel,: =0,

Ykl

mn

Sk,
(denoted by (zr) ~ (f%z))-

Definition 2.15. [1] For double A2 —sequence; two non-negative double sequences
(zg1) and (yg,) are said to be strong A% —asymptotically double equivalent of mul-
tiple L provided that

Tht L’ =0,

Ykl

1
P— lim
m,n— oo >\771'IL (k,l)e]

mn

NT,
denoted by (xg) < (yr) | -

Throughout the paper we take 75 as a nontrivial admissible ideal in N x N. A
nontrivial ideal Z, of N x N is called strongly admissible if {i} x N and N x ¢ belongs
to Zy for each ¢ € N.

It is evident that a strongly admissible ideal is admissible also.

3. MAIN RESULTS

In this section we define T, —asymptotically A2 —statistically equivalent, strongly
/\%2 —asymptotically equivalent, strongly Cesaro asymptotically Zo—equivalent of
double sequences and obtain some analogous results from these new definitons point
of views.

Definition 3.1. For double A\? = (\,,,,,)-sequence; two nonnegative sequences ()
and (yy;) are said to be Zy—asymptotically A\?—statistically equivalent of multiple
L if for every €,6 > 0,

mn

{(m,n)GNXN: )\1

{(k,l) € Inn -

2
Ykl

Z 6} EIQa

Sk (T
denoted by (1) X ().
Definition 3.2. For double A\? = (\,,,,)-sequence; two non-negative double se-
quences (zj;) and (yx) are said to be strongly A7 —asymptotically equivalent of
multiple L provided that for every € > 0,

W—L‘ 25} €D,
Ykl

{(mm)eNxN:

)\mn (k,)ELyn



ON T,-ASYMPTOTICALLY A?—STATISTICAL EQUIVALENT DOUBLE SEQUENCES 169
Vi (ZT2)
(denoted by zx Y~ Yk ) -

Definition 3.3. Two non-negative double sequences (zg;) and (yx;) are said to be
strongly Cesaro asymptotically Zo—equivalent of multiple L provided that for every
e >0,

M—L’>E}€I27

Ykl

1 mn
{(m,n)ENXN:
MmN k,l=1,1

L
(denoted by Tl 2 [%1] ykl> .

Theorem 3.1. Let A2 = (\,un,) be a double sequence and Ty is strongly admissible
5 (Z2)

VE(T. SL, (T
ideal in N x N. If (x1;) sl (yri) then (xy) () (Y1) -

Vi (T2)
Proof. Assume that (zx,;) "~ (yg) and € > 0. Then,
Tl Tl
LI o I IR,
(k,1)€Imn Yt ‘ = (g;j;ezmn it ‘
—— —L|>¢
Ykl
> e {(k,l) € I : ”“"’”—L‘ >5} ,
Yki
and so,
1
IML‘E {(k,l)e]mn: mL‘st.
€.Amn (k1) ELypn | Ykl mn Ykl
Then for any § > 0,
1 Tk
(m,n) e Nx N: (k,)) €Ly : |— —L| >ep| >0
/\mn Ykl
Q{(m,n)ENXN: m—L’EE.&}.
Amn (k,0)€lmn | YKL

Since right hand belongs to Zs, then left hand also belongs to Z; and this completes
the proof. O

Theorem 3.2. Let A2 = (\un) be a double sequence and Iy is a strongly admissible
53 (ZT2)

ideal in N X N. If (xg;) and (yx;) are bounded sequences and (xg;) “~  (yri) then
Vi (Z2)
(@er) "~ (yw) -
5L, (72)

Proof. Let (xy;) and (yi;) are bounded sequences and let (xg;) "~ (ygi). Then
there is a M such that

xle‘gM

Ykl
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for all (k,1) € N x N. For each ¢ > 0,

! T ! Thi L’
Amn (k) ElLnn | Y Amn (k1) €Lnn | Ykl
Tl
—— —L|>e
Ykl
1
+ Tkt _ L‘
Amn (k)Elnn | YKL
Tkl
— —L|<e
Ykl
1 w23
< M. k)€ L |28 ) >S4 4 8
>\mn {( ) Ykl 2
And define the sets
Dlz{(m,n)eNxN: W—L‘zs}
mn (k,)ELymn | Ykl
and
1 Thi € €
Dy=1{(mn) e NxN: k)€ L s |2 — >S4 > =
2 {(m ") Amn {( ) Ykl ‘ 2}‘ 2M}
1
If (m,n) ¢ Do, then - {(k,l) € L % - L‘ > ;H < ﬁ Also we can get
1 Tkl ‘ M { Tl ‘ 6}‘ €
R < ) € Iyt |~ — L] >S4 + 2
Amn (k1) €l nn | Yk Amn (h,0) € L Ykl 2 2
< fifo.
2 2
Thus (m,n) ¢ D;. Consequently, we have
(m,n) e NxN: W—L‘za
Amn (k1) €L | Ykl
g{(mm)eNxN: {(k,l)e[mn: W—L’ZEHEE}GIQ.
mn Ykl 2 2
vk
Therefore (x;) () (yrt) - O

The following example shows that if (zy;), (yx) are not bounded, then theorem
2 can not be true.

Example 3.1. Let (zy;) and (yx;) be two double sequences as follows:

kl, ifkp-1<k<kmn+ [VAn],lhor <I<loor+ [VA], mn=1,2,3,.;
(xkl) = .
0, otherwise.

and (yx,;) =1 for all k,{ € N.

It is clear that (zg;) ¢ [2 and for € > 0,

1 )\mn
Ly {(k,l)e[mn: ml‘ze}‘g[&]%()asm,n%oo,
mn Ykl mn
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RIS
Yki

g{(m,n)eNxN:[M’"”] 25}.

This implies that

{(mm)ENxN:

{(k,l) € Iy :

mn

>\mn

By virtue of last part (1.1), the set on the right side is a finite set, and so it belongs
to Zy. Consequently, we have

{(m,n)eNxN: {(k,l)e],,m: %—1‘28}’25}612.

)\m,n Ykl

572 (Z2) V5 (T2)
Therefore, (zr;) “~  (yr1), On the other hand, we shall show that (z) *~

V(T
(yk1) is not satisfied. Suppose that (zy;) a(F) (yxi). Then for every 6 > 0, we

have

(1.2) {(m,n) eNxN:

Ykl

>
—

mn (k1) €Ly
Now,

. 1
lim
M0 A (k,0) €L

m,n—oo

Ykl

T 1‘ | ([ Xonn] - ([Vm] — 1)) 1
It follows for the particular choice § = % that

LI 1‘ > 1}

Ykl 4

:{(m,n)eNxN: Gm]'(wm_l)) >1}

Ao =1

{(m,n)éNxN:

Amn (k1) €L nn

={(r,s), r+1,s+1), (r+2,s4+2),....}
for some r, s € N which belongs to F (Z) as Z» is admissible. This contradicts (1.2)

for the choice § = %. Therefore () Vi (Z2) (Yrt)-

Theorem 3.3. Let A2 = (\un,) be a double sequence and Iy is a strongly admissible
Vi (T2) T L

. . A2 52 . 2[0;1]

ideal in N X N. If (z) "~ (ywt) is then (xp) "~ (ywi) -

Vi (Z2)

Proof. Assume that (1) “~ " (yw) and € > 0. Then,
B I S S VR B T
MmN k,l=1,1 | Ykl mnk,l=1,1 Ykl MN (kD) €Im n | Ykl
M—=Am, n—Apn
< 1 TRt _ L' + 1 L L‘
Amn k,=1,1 Ykl )\mm (k,1)ELm.n Ykl
2
< Tkl _ L’
Amn (k) €L, | YKL
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and so,
1 m,n
{(m,n) ENxN: — xkl—L‘ 25} c {(m,n) €NxN:gper, . W—L‘ > E} € Tp.
MmN k,i=1,1 | Yri ’ " Ykt 2
I,[C,1]*
Hence (zr) ~ ~ " (ywi)- u
Amn stz Sk, (T2)

Theorem 3.4. Ifliminf > 0 then (x) & (y1) implies (xk) "~ (yri) -
mn

mn

Proof. Assume that lim inf

A
> 0. Then, there exists a § > 0 such that == > §
) mn mn
for sufficiently large m, n. For given € > 0 we have,

njn{0<k<m;o<l<n, (m,n) € Nx N: W—L’>s}
Ykl
1 Tkl
O — (k) elnn, (mn)e NxN:|——-L|>¢e;.
mn Ykl
Therefore,
1 Tkl
—_— {nggm;oglgn: —L’zs}‘
mn Ykl
1 Tri
> — Rkl elpyn:|——L| >«
mn Ykl
)\mn Tkl
> . khel,,:|——L|>
- omn )\mn {( ’ )e ’ Ykt ‘ 6}’
> 5.1 {(kl)e[ -mL'>s}
~ An ’ e Ykl o ’
then for any n > 0 we get
1
{(m,n)eNxN: {(k,l)e[mm: m—L’EE} 277}
>\mn Ykl

1
C{(m,n)ENXN:HO<k<m;O<l<n:
mn

o ifo sl en,
Yki

and this completes the proof. (I

Theorem 3.5. Let A2 = (\un) be a double sequence and Iy is a strongly admissible
ideal in N x N, and (zy;) and (yr) are two non-negative double sequences. Then

(i) If (zw)
(ii) Let (xkl), (ykl) S lgo and («Tkl)

[C1]F ST (T,)

(yr1) then (xg) =~ (Ymi),
st(z. I, [C,1]F
g2 (Yr1), then (xx) A (Yn1)-
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Z,[C,1]* .
Proof. (i) Let € > 0 and (z) A2 (yx1). Then we can write
n ok , Ty
2121,1 P L‘ > Z?lle P L‘
Ykl T Yki
——L|>¢
Ykl
S {1§k§m,1§l§n: W—L‘ze}’
Ykl
1 1
W—L‘z {1§k§m,1§l§n: W—L‘za}‘.
Emnk,l=1,1| Ykl mn Ykl

Thus, for any § > 0,

mn

{1§k§m,1§l§n:

e
Ykl

implies that
1 mn
i _ L‘ > e.0.

Ykl

mnk,l=1,1

Therefore, we have

1
{(m,n)eNxN: {1<k<m,1<l<n: xM—L‘>5} >5}
mn Ykl
C{(m,n)eNxN: 7 W—L‘za.d}.
mnk,l=1,1| Ykl
L
Since (k) =i (yx1), so that
1 ™n
{(m,n)ENXN: xkl—L'Zs.é}eIg
mnk,l=1,1 | Yki

which implies that

mn

1
{(m,n)ENxN:'{1§k§m71§l§n:
Ykl

W—L‘ZEHZ(S}EIQ.

L
This shows that (zx;) ) (Y1) -

L
(i) Suppose that (zg), (yr) € 12, and (zy,) o) (yg1) - Then there is an M
such that

x
LU L‘ <M
Ykl
for all (k,1) € N x N. Given € > 0, we get
1™ Jry Il - 1 n Th 1 on Thl g
— - = k=11 | — k=11 | —
mnk,l=1,1 | Ykl Th Ykl Th Ykl
——L|>¢ ——L|<e
Ykl Ykl

IN

mn

{1§k§m,1§l§n:

:EML‘ 25}‘+5.
Ykl
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If we put
1 mn
Ae) = {(m,n) ENxN:—

mnk,l=1,1

o2

Ykl
Tkl €1
B _Ll>¢ > 20
Yl ‘_ H_M}’

where e =6 —e > 0, (and § and ¢ are independent), then we have A (¢) C B (g1),

and

1
B(sl)—{(m,n)eNxN:ngkgm,lglgn:
mn

2[0»1]

L
and so A (€) € Zy. This shows that (zy) BT (yx1) - O
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LACUNARY STATISTICAL SUMMABILITY OF SEQUENCES OF
SETS

UGUR ULUSU AND FATIH NURAY

ABSTRACT. In this paper we define the W Sg—analog of the Cauchy criterion
for convergence and show that it is equivalent to Wijsman lacunary statistical
convergence. Also, Wijsman lacunary statistical convergence is compared to
other summability methods which are defined in this paper. After giving new
definitions for convergence, we prove a result comparing them. In addition, we
give the relationship between Wijsman lacunary statistical convergence and
Hausdorf lacunary statistical convergence.

1. INTRODUCTION AND BACKGROUND

The concept of convergence of a sequence of real numbers has been extended to
statistical convergence independently by Fast [5] and Schoenberg [11]. The concept
of lacunary statistical convergence and summability were defined by Fridy and
Orhan in [7, 8].

The concept of convergence of sequences of numbers has been extended by
several authors to convergence of sequences of sets. The one of these such ex-
tensions considered in this paper is the concept of Wijsman convergence (see,
[1],[2],[3],[4],[9],[12],[13],[14]). Nuray and Rhoades [9] extended the notion of con-
vergence of set sequences to statistical convergence and gave some basic theorems.
Ulusu and Nuray [12] defined the Wijsman lacunary statistical convergence of se-
quence of sets and considered its relation with Wijsman statistical convergence,
which was defined by Nuray and Rhoades.

In this paper, we shall define the concept of Wijsman lacunary statistical Cauchy
sequences for sequences of sets and show that this concept is equivalent to the con-
cept of Wijsman lacunary statistically convergence. Also, Wijsman lacunary statis-
tical convergence will be compared to newly defined Wijsman lacunary summability
methods. Further, the definition of Wijsman lacunary almost convergence for se-
quences of sets is introduced and some comparison theorems are given.
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2. DEFINITIONS AND NOTATIONS

Now, we recall the concept of statistical, lacunary statistical, Wijsman, Haus-
dorff, Wijsman statistiscal, Hausdorff statistical, Wijsman strongly almost, Wijs-
man almost statistical, Wijsman lacunary statistical convergence, Wijsman lacu-
nary summability, Wijsman strongly lacunary summability and Wijsman Cesaro
summability of the sequences of sets (see, [2],[6],[7],[9],[12])

Definition 2.1. A sequence x = (x}) is said to be statistically convergent to the
number L if for every € > 0,

. 1
lim —|{k <n: o — L] > e} = 0.

In this case, we write st — limx, = L.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,.} such
that kg = 0 and h, = k. — k,._1 — o0 as r — oo. Throughout this paper the
intervals determined by 6 will be denoted by I, = (k,—1, k.].

Definition 2.2. A sequence x = (zy) is said to be lacunary statistically convergent
to the number L if for every € > 0,

1
lim h—|{k €l : |z, — Ll >e}|=0.

In this case, we write Sp — limaxy, = L or xx — L(Sp).

Let (X, p) be a metric space. For any point 2 € X and any non-empty subset A
of X, we define the distance from x to A by

d(z, A) = 51612 oz, a).
Definition 2.3. Let (X, p) be a metric space. For any non-empty closed subsets
A, A C X, we say that the sequence {Ay} is Wijsman convergent to A if
khﬁn;o d(z, A) = d(x, A),
for each € X. In this case, we write W — lim A, = A.
As an example, consider the following sequence of circles in the (z,y)-plane:
Ay ={(z,y) : 2* +y* + 2kx = 0}.
As k — oo the sequence is Wijsman convergent to the y-axis A = {(x,y) : z = 0}.

Definition 2.4. Let (X, p) be a metric space. For any non-empty closed subsets
A, A C X, we say that the sequence {Ay} is Hausdorff convergent to A if

lim sup |d(z, Ag) — d(z, A)| = 0.
k b'e

—00 ¢

In this case, we write H — lim A = A.

The concepts of Wijsman statistical convergence and Hausdorff statistical con-
vergence were given by Nuray and Rhoades [9] as follows:
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Definition 2.5. Let (X, p) be a metric space. For any non-empty closed subsets
A, Ar C X, we say that the sequence {Ay} is Wijsman statistical convergent to A
if {d(x, Ag)} is statistically convergent to d(z, A); i.e., for every € > 0 and for each
re X,

1

lim —|{k <n:l|d(z,Ar) —d(z,A)| > e} = 0.

n—,oo N
In this case, we write st — limy A = A or Ay — A(WS).
Definition 2.6. Let (X, p) be a metric space. For any non-empty closed subsets
A, Ar C X, we say that the sequence { Ay} is Hausdorff statistical convergent to A
if for each € > 0,

1
lim —|{k < n:sup |d(z, A) — d(z, A)| > e}| = 0.

n—oo N reX
In this case, we write st — limpy Ay, = A or A, — A(HS).

Let (X, p) be a metric space. For any non-empty closed subsets A of X, we say
that the sequence {Ay} is bounded if sup, d(x, A) < oo, for each z € X.

Also, the concepts of Wijsman Cesaro Summability, Wijsman strongly almost
convergence and Wijsman almost statistical convergence for sequences of sets were
given by Nuray and Rhoades [9] as follows:

Definition 2.7. Let (X, p) be a metric space. For any non-empty closed subsets
A, A, C X, we say that {A;} is Wijsman Cesaro summable to A if {d(x, A)} is
Cesaro summable to d(z, A); i.e., for each z € X,

. 1¢
Jim > d(x, Ay) = d(z, A).

k=1
Definition 2.8. Let (X, p) be a metric space. For any non-empty closed subsets
A, A C X, we say that {Ag} is Wijsman strongly almost convergent to A if for
each r € X,

o 1g
nl1_>n;o - ’; |d(z, Agyi) — d(z, A)| =0,
uniformly in .

Definition 2.9. Let (X, p) be a metric space. For any non-empty closed subsets A,
A C X, we say that the sequence { A} is Wijsman almost statistically convergent
to A if for each € > 0 and for each x € X,
1
lim — [{k <n:l|d(x,Ary;) —d(z, A)| > e} =0,
n—oo n

uniformly in .

The concepts of Wijsman lacunary summability, Wijsman strongly lacunary
Summability and Wijsman lacunary statistical convergence of sequences of sets
were given by Ulusu and Nuray [12] as follows:

Definition 2.10. Let (X, p) be a metric space and § = {k,} be a lacunary sequence.
For any non-empty closed subsets A, Ax, C X, we say that { Ay} is Wijsman lacunary
summable to A, if {d(z, Aj)} is lacunary summable to d(x, A); i.e., for each z € X

. 1
lim e IZ d(z, Ay) = d(z, A).
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Definition 2.11. Let (X, p) be a metric space and 6 = {k,.} be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that { Ay} is Wijsman strongly
lacunary Summable to A, if {d(z, Ax)} is strongly lacunary summable to d(z, A);
i.e., for each z € X,

. 1
7"11>Ho10 W ; |d(z, Ag) — d(z, A)| = 0.

Definition 2.12. Let (X, p) be a metric space and § = {k, } be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that the sequence {A} is
Wijsman lacunary statistical convergent to A, if {d(z, Ax)} is lacunary statistically
convergent to d(z, A); i.e., for every € > 0 and for each z € X,

1
limh—|k €l :|d(z,A;) — d(z, A)| > e| =0.
In this case, we write Sp — limy A = A or A — A(W Sy).

Example 2.1. Let X = R and we define a sequence {A} as follows:

1fkj22, kir_1<k§kr

2<x < . .
{eeR:2<2 <k}, and k is a square integer,

Ak =
{1} , otherwise.
As k — oo this sequence is Wijsman lacunary statistical converget to the set
A={1}.
3. MAIN RESULTS

Definition 3.1. Let (X, p) be a metric space and 8 = {k,.} be a lacunary sequence.
For any non-empty closed subsets A, A, C X, we say that the sequence {A;} is
said to be a Wijsman lacunary statistical Cauchy sequence if there is a subsequence
{Ag/(r} of {Ar} such that &'(r) € I, for each 7, W —lim, Ay () = A, and for every
e>0and z € X,

(3.1) lim hi\{k €1, :|d(x, Ax) — d(z, Agry)| > €} = 0.

r—00 r

Theorem 3.1. Let (X, p) be a metric space and 8 = {k,} be a lacunary sequence.
The sequence {Ay} is Wijsman lacunary statistical convergent if and only if {Ag}
is a Wijsman lacunary statistical Cauchy sequence.

Proof. (=) Let A — A(WSp) and write
) 1
KU = {k e N: |d(x, Ax) — d(z, A)| < j}’

for each € X and each j € N. Hence, for each j, K() D KU+ and
KU
i K OL]
r—o0 h,

IKW NI,
_— >

Choose m(1) such that » > m(1) implies 0, ie., KO NI # 0.

Next choose m(2) > m(1) so that r > m(2) implies K® N I, # (). Then, for
each r satisfying m(1) < r < m(2), choose k'(r) € I, such that k'(r) € I, N K1,
ie., |d(z, Ay () — d(z, A)| < 1. In general, choose m(p + 1) > m(p) such that
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r > m(p+1) implies I, NK®+1) £ (. Then, for all r satisfying m(p) < r < m(p+1),
choose k'(r) € I, N K@) i.e.,

(3.2) Az, Ay () — d(A,2)]| < %.
Hence, we get k'(r) € I, for every r and (3.2) implies that

W — 1i£n d(x, A (ry) = d(x, A).
Furthermore, for every € > 0 we have,

1
h—\{k el :|d(z,Ax) — d(x7Ak,(T))| > el
1 €
< h—|{k €L :|d(z, Ag) — d(z, A)| > 5}\

1 €
+ h—|{k; el : |d(m,Ak,(T)) —d(z, A)| > §}|.

Using the assumptions that Ay — A(WSp) and W —lim,. d(z, Ay (,)) = d(z, A), we
infer (3.1), whence Ay is a Wijsman lacunary statistical Cauchy sequence.

(<) Conversely, suppose that {A} is a Wijsman lacunary statistical Cauchy
sequence. For every € > 0, we have

g
[k Lo, Ap) — (e, A)| 2 2} < [k e L ldw, A) — d(, A = Y

&
+[{h € 1 ld(w, Apiry) - do, )] 2 5|

from which it follows that Ay — A(W.Sp). O

Now we give following theorem where A denotes the forward difference operator
defined by Ad(x, A;) = d(z, A;) — d(z, Aiy1).

Theorem 3.2. Let (X, p) be a metric space and 0 = {k,} be a lacunary sequence.
If A, — A(WSp) and for each x € X

max{|Ad(z, A;)|:i € L.} = o(hi) as r — oo,

r

then W — lim A, = A.

Proof. Assume that Ay — A(WSp) and by Theorem (3.1), choose a subsequence
{Ag(} of {Ax} as in Definition (3.1). Since k/(r) € I, for each 2 € X we have

k' (r)—1
> |Ad(z, Ai)|

i=k

|d(z, Ak) — d(x, Apr ()]

IN

<y (maxger {|Ad(z, 4;)| 2 i € 1,.})

= o(l)
and therefore A,y — A(W.S) implies that A — A(WS). O
Theorem 3.3. Let (X, p) be a metric space and 0 = {k,} be a lacunary sequence.

If {Ax} is a bounded sequence and Ay, — A(WSp), then {Ar} is Wijsman Cesdaro
summable to A.
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Proof. Let (X, p) be a metric space, 8 = {k,} be a lacunary sequence and let n be
a positive integer with n € I,.; then

Z( (z, Ag) — (x,A)) = ZZ( (z, Ag) — @;,A))

p=1kel,
(3.3)

n

=S (d(x,Ak)—d(x,A)>-

n
k=1+k._1

Consider the first term on the right in (3.3),

T (de a0 - don) = ot

say, where
Z |d(z, A) — d(z, A)] .
iy kel,

Since {Ay} is bounded and A — A(WSp), it follows from Theorem 1 (ii) of [12]
that ¢, — 0. Moreover

kr_lzg hy — 00 as r — 0o,

because @ is a lacunary sequence, which implies that (3.4) is a regular weighted
mean matrix transform of ¢ in [10]; hence,

(3.5) (Ht), — 0

Now consider the second term on the right in (3.3). Since {4} is bounded,
there is a constant M > 0 such that |d(x, Ay) — d(z, A)] < M, for all k. Therefore,
for every € > 0 we have,

(3.6)
S (d<x,Ak>—d(x,A>)| <1 d(x, Ay) — d(z, A)|
Ng=1+k,_1 n kp_1<k<n

ld(z,Ax)—d(z,A)|2e

1
+— > |d(z, Ax) — d(z, A)|
n kr_1<k<n
|d(z,Ar)—d(z,A)|<e

M
< h—|{k €l :|d(z,Ay) —d(z, A)| > e}| + .

Since Ay — A(WSy) and ¢ is an arbitrary, the expression on the left side of (3.6)
tends to zero as r — oo. Hence, (3.3), (3.5) and (3.6) imply that {Aj} is Wijsman
Cesaro summable to A. O
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Definition 3.2. Let (X, p) be a metric space and 6 = {k,.} be a lacunary se-
quence. For any non-empty closed subsets A, A;, C X, we say that {Ay} is Wijsman
strongly p—lacunary summable to A if {d(x, A)} is strongly p—lacunary summable
to d(x, A); i.e., for each p positive real number and for each x € X

. 1
Jim 2= Z jd(z, Ay) — d(z, )P = 0.

Theorem 3.4. Let (X, p) be a metric space, § = {k.} be a lacunary sequence and
let p positive real number. Then, for any non-empty closed subsets A, Ap C X;

(i) {Ax} is Wijsman lacunary statistical convergent to A if it is Wijsman
strongly p—lacunary summable to A.

(ii) If {Ar} is bounded and Wijsman lacunary statistical convergent to A then
it s Wigsman strongly p—lacunary summable to A.

Proof. (i) For any {Ax}, fix an € > 0. Then
> ld(x, Ay) — d(x, A)P > eP[{k € I, : |d(x, Ag) — d(x, A)| > e},
I

and it follows that if {Ag} is Wijsman strongly p—lacunary summable to A then
{Ay} is Wijsman lacunary statistical convergent to A.

(73) Let {Ax} be bounded and Wijsman lacunary statistical convergent to A.
Since {Ax} is bounded set

st;p {d(z, Ar)} + d(z, A) = M.

Since {Ay} is Wijsman lacunary statistically convergent to A, for given € > 0 we
can select N, such that for each x € X

E\p €
: - > (< =
W {ke I.:|d(z, Ag) — d(z, A)| > (2) H < 5L

for all » > N, and we let the set

L, = {k e, : |d(z, Ay) — d(z, A)| > (;)}

Then, for each x € X

1 1
= ld(z, Ap) —d(z, A)fF = — | ¥ ld(z, A) — d(z, A)
hr I, hr kel,.

kEL,

+ Z |d($=Ak) - d(:L‘7A) b
kel,
k& Ly

1 h,c 1 h,.e €
N P + —. —
h. 2MP h, 2 2
Hence, {A} is Wijsman strongly p—lacunary summable to A. [

<
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Definition 3.3. Let (X, p) be a metric space and 8 = {k,.} be a lacunary sequence.
For any non-empty closed subsets A, Ar C X, we say that {A;} is Wijsman
lacunary almost convergent to A, if for each ¢ > 0 and for each z € X,

. 1
Jim o= ; d(w, Agys) = d(z, A),

uniformly in 4.

Definition 3.4. Let (X, p) be a metric space and 8 = {k,-} be a lacunary sequence.
For any non-empty closed subsets A, A C X, we say that {A;} is Wijsman
lacunary strongly almost convergent to A, if for each £ > 0 and for each z € X

. 1
Jim g D14 Aus)  de, A) =,

uniformly in 4.

Example 3.1. Let X = R? and we define a sequence {A} as follows:

1
{(x,y)€R2:(x—1)2+(y+1)2:k} , i ko1 <k <kpo1 4+ Ve,
Ak =

{(1,0)} , otherwise.

As k — oo this sequence is Wijsman lacunary strongly almost convergent to the
set A={(1,0)}.

Definition 3.5. Let (X, p) be a metric space and 8 = {k,-} be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that {A;} is Wijsman
lacunary strongly p—almost convergent to A, if for each € > 0 and for each x € X,

. 1
i g S 14 Ave) —de AP =,

T

uniformly in ¢, where p is a positive real number.

Definition 3.6. Let (X, p) be a metric space and 8 = {k,-} be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that the sequence {Ax} is
Wijsman lacunary almost statistically convergent to A, if for each ¢ > 0 and for
each ¢ € X,

1
lim h—|{k €l :|d(z, Agys) —d(z, A)| > €] =0,

T—>00
uniformly in 4.
Let Lo, C, (WAC), and |W AC|, respectively, denote the sets of the all bounded,

Wijsman convergent, Wijsman lacunary almost convergent and Wijsman lacunary
strongly almost convergent sequences of sets. It is easy to see that

C C(WAC), C |[WAC|p C Leo.
Theorem 3.5. Let (X, p) be a metric space, 0 = {k.} be a lacunary sequence and
p be a positive number. Then, for any non-empty closed subsets A, A C X,

(i) {Ax} is Wigsman lacunary almost statistically convergent to A, if it is Wigs-
man lacunary strongly p—almost converget to A,
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(ii) If {Ax} is bounded and Wijsman lacunary almost statistically convergent
to A, then it is Wijsman lacunary strongly p—almost convergent to A.

Proof. The proof is similar to the proof of Theorem (3.4). O

Definition 3.7. Let (X, p) be a metric space and 8 = {k, } be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that the sequence {Ax} is
Hausdorff lacunary statistically convergent to A, if for each € > 0,

. 1
lim —
T—>00 r

{k € I, : sup |d(z, Ax) — d(x, A)| > s}‘ =0
zeX

ie.,
sup |d(z, Ax) —d(z, A)| < e a.a.k.
reX
in this case, we write HSyp — lim Ay, = A, Sp — limy A = A, A, — A(HSp).

Theorem 3.6. Let (X, p) be a metric space, 0 = {k,} be a lacunary and {Ay} be a
sequence of non-empty closed subsets of X. If {Ax} is Hausdorff lacunary statistical
converget, then {A} is Wijsman lacunary statistical convergent.

Proof. For any sequence {A} and for every £ > 0, since

{k €I, : sup |d(z, Ay) — d(z, A)| > 5}‘
reX

we get the result. |

Hk eI, :|d(z, Ag) — d(z, A)| > }| <
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A NOTE ON FIBERED QUADRANGLES

S. EKMEKCI & A. BAYAR

ABSTRACT. In this work, the fibered versions of the diagonal triangle and the
quadrangular set of a complete quadrangle in fibered projective planes are
introduced. And then some related theorems with them are given.

1. INTRODUCTION

Fuzzy set theory was introduced by Zadeh [10] and this theory has been applied in
many areas. One of them is projective geometry, see for instance [1,2,5,7,8,9]. A first
model of fuzzy projective geometries was introduced by Kuijken, Van Maldeghem
and Kerre [7,8]. Also, Kuijken and Van Maldeghem contributed to fuzzy theory
by introducing fibered geometries, which is a particular kind of fuzzy geometries
[6]. They gave the fibered versions of some classical results in projective planes
by using minimum operator. Then the role of the triangular norm in the theory
of fibered projective planes and fibered harmonic conjugates and a fibered version
of Reidemeister’s condition were given in [3]. The fibered version of Menelaus and
Ceva’s 6-figures was studied in [4].

It is well known that triangles and quadrangles have an important role in projec-
tive geometry. A complete quadrangle is a system of geometric objects consisting
of any four points in a plane, no three of which are on a common line, and of the
six lines connecting each pair of points. The free completion of a configuration
containing either a quadrangle or a quadrilateral is a projective plane. In contrast,
the free completion of a (non-empty) configuration which does not contain either
a quadrangle or a quadrilateral is not a projective plane. Notice that the existence
of a quadrangle and the associated diagonal triangle forces any projective plane
to have at least seven points. If, in fact, the points of the diagonal triangle are
collinear, we obtain a projective plane with seven points. This projective plane is
known as the Fano plane.

In the present paper, we consider the fibered versions of classical theorems related
to complete quadrangles. We start by defining the fiber version of the diagonal
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triangle of a complete quadrangle in fibered projective planes. And then some
related theorems are given between them. It is shown that four f-points intersecting
two opposite sides of two f-complete quadrangles are f-collinear when four f-lines
spanned by two opposite vertices of two f-complete quadrangles are f-concurrent.
Finally, the fiber version of a quadrangular set is defined and related theorems with
f-quadrangular sets are given in fibered projective planes.

2. PRELIMINARIES

We first recall some basic notions from fuzzy set theory and fibered geometry.
We denote by A a triangular norm on the (real) unit interval [0, 1], i.e., a symmetric
and associative binary operator satisfying (aAb) < (¢cAd) whenever a < cand b < d,
and a A1 =a, for all a,b,¢,d € [0,1].

Definition 2.1. (see [6]) Let P = (P, B, o) be any projective plane with point set
P and line set B, i.e., P and B are two disjoint sets endowed with a symmetric
relation o (called the incidence relation) such that the graph (PUB, o) is a bipartite
graph with classes P and B, and such that two distinct points p, ¢ in P are incident
with exactly one line, every two distinct lines L, M are incident with exactly one
point, and every line is incident with at least three points. A set S of collinear
points is a subset of P each member of which is incident with a common line L.
Dually, one defines a set of concurrent lines. We now define fibered points and
fibered lines, briefly called f-points and f-lines.

Definition 2.2. (see [6]) Suppose a € P and « €]0,1]. Then an f-point (a, @) is
the following fuzzy set on the point set P of P :

a— a,

<a,a>:P+[O»11:{ r =0 if e P\{a}.

Dually, one defines in the same way the f-line (L, ) for L € B and B €]0,1]. The
real number a above is called the membership degree of the f-point (a,«), while
the point a is called the base point of it. Similarly for f-lines.

Definition 2.3. (see [6]) Two f-lines (L,a) and (M, ), with a A § > 0, intersect
in the unique f-point (LN M,a A ). Dually, the f-points (a,\) and (b, p), with
AA >0, span the unique f- line ({a,b), A A u).

Definition 2.4. (see [6]) A (nontrivial) fibered projective plane FP consists of
a set FP of f-points of P and a set F'B of f-lines of P such that every point
and every line of P is the base point and base line of at least one f-point and f-
line, respectively (with at least one membership degree different from 1), and such
that FP = (FP,FB) is closed under taking intersections of f-lines and spans of
f-points. Finally, a set of f-points are called collinear if each pair of them span
the same f-line. Dually, a set of f-lines are called concurrent if each pair of them
intersect in the same f-point.
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3. FIBERED VERSION OF QUADRANGLES

Definition 3.1. (see [3]) Suppose we have a fibered projective plane FP with base
projective plane P. Choose four f-points (a1,a1), (az,a2),(as,as), and (a4, o)
in FP no three base points of which are collinear. These f-points are called f-
vertices. The configuration that consists of these four f-points, the siz f-lines
(Agigy Bgy) = ((as,a5) 05 N ay), fori # j, 4,5 € {1,2,3,4} (which we call f-
sides), and three f-points (Agjn A Agey, 00 Aag Aas A ay), with {i,5,k, 1} =
{1,2,3,4} (the f-diagonal points), is called an f-complete quadrangle.

Definition 3.2. Suppose we have a fibered projective plane FP with base projective
plane P. If the vertices of an f-triangle are the f-diagonal points of an f-complete
quadrangle, it this f-triangle is called an f-diagonal triangle.

To simplify notation, we will sometimes omit the binary operator A and write
af for a A . In this notation, we will also abbreviate a A a to o?.

Theorem 3.1. Suppose we have a fibered projective plane FP with base plane P
that is Desarquesian. Let four f-points (a1, 1), (ag, as), (a3, a3) and (aq,aq) form
an f-complete quadrangle and let the three f- points (b;, 5;), ¢ = {1,2,3}, with
b1 = asasNayayg, by = asagNaias and by = ajasNagay, be the associated f-diagonal
triangle in FP. The three intersection f-points (cx,vx) of the f-lines (a;a;, a; Noj)
and (b;b;, Bi A Bj), with {i,j, k} = {1,2,3}, are f-collinear if a3asas = aja3as =
ajanas.

Proof. Note that by Definition 3.1 8; = a1 Aag Aag Aay =: 5,1 =1,2,3. The
lines a;b;,7 = 1,2,3 are incident with the point a4 in P. If Desargues’ theorem is
applied to the triangles {a1,az2,a3} and {b1,b2,b3}, we see that the points ¢ =
a;aj A bib;, with {i,j,k} = {1,2,3}, are collinear in P. Also, using afasas =
aja3as = ajagad, the equality

01%020@,54 = a1a§a354 = 04104201354

is obtained. So, the three f-points (cx, Vi) = (a;a; A bibj, aza;3?), with {i,5,k} =
{1,2,3}, are f-collinear. O

Corollary 3.1. Suppose we have a fibered projective plane FP with base plane
P that is Desarguesian and let A be the minimum triangular norm. Let four f-
points (a1, 1), (az, as), (as, asz) and (aq, aq) form an f-complete quadrangle and let
(b, Bi), i = {1,2,3} be the corresponding f-diagonal triangle, with by = asasNajay,
by = asas Naraz and by = a1az Nazas. Then the three f-points (cx, k) = (a;a; N
bibj, o Aoy A Bi A By), with {3, 7, k} = {1,2,3}, are f-collinear.

Theorem 3.2. Suppose we have a fibered projective plane FP with Desarguesian
base plane P. Choose two different f-quadrangles (a;, ;) and (b;, 3;), i =1,2,3,4
in FP. Let the f-lines ({a;,b;),a;0:), for i € {1,2,3,4}, be concurrent with in-
tersection points (p,7) in FP, a; # b; # p; # a;. Let the f-lines ((a1,az), ar1as),
({as, aq) ,azay), ((b1,b2), B182) and ({bs,bs), B334) meet in the f-point (c1,71), the
f—lines (<a1, a4> ,041044), (<a2, a3> 7042053), (<b1, b4> ,ﬂ1ﬁ4) and (<b2, b3> ,62ﬁ3) meet
in the f-point (co,v2), the f-lines ({as,aq),ascs) and ((ba,bs),P2P4) meet in the
f-point (c3,7v3) and let the f-point (cq,v4) be the intersection point of the f-lines
({(a1,as3) ,0nas3) and ((b1,bs),B183). Then (ci,vi), ¢ € {1,2,3,4} are collinear in
FP (in particular, y1 = 2 = 3 = Y4
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Proof. One calculates v = o, 8;3;, for {3,5} C {1,2,3,4},with ¢ # j. Since the
f-lines ((a1,a2) ,102), ((as, as) , azas) , ((b1,b2) , B182) and ((bs,bs), B3B4) are f-
concurrent in (c1,71), 1 = aroeazoay = 1528301 = aroefife = arafB3fBs =
aszayf1 P = azayf3fs = . Similarly, it is seen that vo = ayasagzay = B16820384 =
araf1Bs = aqaufaffy = aeazfifs = aeazfBefls = v, 13 = asaufafBs = 7y, T4 =
arasf1f3 = . Since P is a Desarguesian plane, the ¢;, i € {1,2,3,4}, are collinear
and the memberships degrees of them are equal to . Hence the f-points (¢;,v;),
i €{1,2,3,4} are collinear in FP. O

Although the assumptions of the previous Theorem imply a lot of equalities
between expressions in the membership degrees of the points a; and b;, 7,5 €
{1,2,3,4}, they do not imply that all membership degrees should be equal. For
instance, if the minimum operator is used, then oy = s = 1 = 83 < «;, §5, for
1 =1,2 and j = 2,4, satisfies the assumptions.

Definition 3.3. Suppose we have a fibered projective plane FP with base projective
plane P. Let (a;,;), i = 1,2,3,4, be the vertices any f-quadrangle in FP and let
(L, &) be any f-line such that the base line L is not incident with any of the points
a;, 1 = 1,2,3,4. Let (p1,51), (p2,02), (p3,B3) be the f-intersection point of the
f-line (L, ) with the f-line (a1a2, a12), (a1a3,a1a3), (a1a4, a1, ), Tespectively,
and let (q1,71), (g2,72), (g3,73) be the f-intersection point of the f-line (L, ) with
the f-line (asaq,asay), (asaq, asay), (asas, as, as), respectively. Then these siz
(not necessarily distinct) points are called an f-quadrangular set.

The f-quadrangular set may be consist of five or four f-points if the f-line (L, @)
happens to pass through one or two f-diagonal points.

Although the six base points p1, p2, p3, ¢1, g2 and g3 of the f-quadrangular set are
collinear in the base plane P, the six f-points (p1,51), (p2,B2), (p3,53), (q1,71),
(g2,72) and (g3,v3) are not necessarily f-collinear in FP. But we do have the
following property.

Theorem 3.3. Suppose we have a fibered projective plane FP with Desarquesian
base plane P. Let, with the notation of Definition 3.3, {(pi, 5i), (¢, 7))}, 1 = 1,2, 3,
be the f- quadrangular set determined by the f-quadrangle (a;,a;), i = 1,2,3,4,
and the f-line (L,«) in FP . Then the three pairs of f-points {(pi,5i), (qi,7V:)},
i=1,2,3, span the same f-line, namely (L, a*aiasazay).

Proof. Easy calculation. O
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ON THE INVOLUTES FOR DUAL SPLIT QUATERNIONIC
CURVES

CUMALI EKICI AND HATICE TOZAK

ABSTRACT. In this study, definition of involute-evolute curves for semi-dual
quaternionic curves in semi-dual spaces ]]])‘2l known as dual split quaternion
and ]D)f are given and also some well-known theorems for involute-evolute dual
split quaternionic curves are obtained.

1. INTRODUCTION

The idea of a string involute is due to C. Huygens (1658) who is also known with
his work in optics. He discovered involutes while trying to build a more accurate
clock [4]. Later, the relations Frenet frame of involute-evolute couple in the space
E3 were given in [10].

In recent years, the theory of degenerate submanifolds has been treated by re-
searchers and some classical differential geometry topics have been extended to
Lorentz manifold. For instance, in [23], the authors extended and studied the
spacelike involute-evolute curves in Minkowski space-time ([2], [5], [23]).

The quaternions were first defined in 1843 by Hamilton. The dual quaternions
are extension of the real quaternions by means of the dual numbers [3], [22], and
they were first introduced by Clifford [6]. In D3 and D* dual spaces, Serret Frenet
Formulas had been defined by Sivridag [21]. Inclined curves and characterization
of quaternionic Lorentz manifolds were given in 1999 by Karadag. In 2002, Serret
Frenet Formulas for quaternionic curves in Semi-Euclidean space were defined by
Tuna. The quaternionic inclined curves in the Semi-Euclidean space Ej were given

Date: January 1, 2013 and, in revised form, February 2, 2013.

1991 Mathematics Subject Classification. 53A04, 53A17, 53A25.

Key words and phrases. semi-dual quaternions, semi-dual space, Serret-Frenet formula,
involute-evolute curve couple.

The author is supported by ...

190



ON THE INVOLUTES FOR DUAL SPLIT QUATERNIONIC CURVES 191

in 2004 by Coken and Tuna [8]. The split quaternions were identified with Semi-
Euclidean space E3, while the vector part of split quaternions were identified with
Minkowski 3-space [11]. In 2009, Serret Frenet Formulas for split quaternionic
curves in Semi-Euclidean space E3 were given in [7].

In this paper, we firstly define involute-evolute curve couples in definition of
involute-evolute curves on D3 and Dj. Later, we calculate Frenet frame of the
evolute curve by the help of the frame of the involute curve. We use the methods
expressed in [7]. (In this paper, we consider non-null curves, and a version of this
adapted to null curves can be studied.)

2. PRELIMINARIES

In this section, we will give basic definitions of the dual spaces D and D* and
then the semi-dual spaces D} and Dj.

A dual number has the form a + £a* where a and a* are real numbers and
¢ = (0,1) is the dual unit with the property that &2 = 0. The set of all dual
numbers form a comutative ring over the real number field and denoted by D [25].

D3 dual vector space (D - Module) can be written as

D? = {(A1, Ag, A3) : Ay, Ag, A3 €D }.
The Euclidean inner-product of two dual vectors A, B € D3 is defined as
(y: D’xD® — D
(A,B) — (A,B) = (a,b) +£((a*,b) + (a,b*)).
Given a dual vector A = a + £a*, the norm of A is

1Al = (A, AD? = o] + 42970 420,

lall

The cross-product of two dual vectors A, B € D3 is defined as,
ANB=aAb+&(aNb"+a" AD).
Similarly, D* dual vector space can be written as
D* = {(Ay, Ag, A3, Ay) - A1, Ay, A3, Ay €D }.

The same definitions of inner-product, norm and cross-product are hold for D?.

The Lorentzian inner-product of two dual vectors A = a+£a* and B = b+ &b*,
a, b € R} is given as
(A, B) = (a,b) + &({a”,b) + {a,b"))
with the signature (—,+,+) in R$. The D—module D? with the Lorentzian inner-
product is called the semi-dual space D [24].

On the other hand, a semi-Euclidean inner-product of two dual vectors in D*,
A=a+€a* and B = b+ £b*, a, b € R}, can be defined as

(4, B) = (a,b) +£((a,b) + {a,b%))

with the signature (—, —, 4+, +) in Rj. The dual space D* with the semi-Euclidean
inner-product is called the semi-dual space D3 or dual-split quaternion [12].

Let A be a dual vector in D3. If (a,a) < 0, then A is called timelike, if (a,a) > 0,
then A is called spacelike and if (a,a) = 0, then A is called lightlike (or null) vector.
A smooth curve on the semi-dual space D3 is said to be timelike, spacelike or null
if its tangent vectors are timelike, spacelike or null, respectively. Observe that, a
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timelike curve corresponds to the path of an observer moving at less than the speed
of light while the spacelike curves are faster and the null curves are equal to the
speed of light [17].

A real quaternion consists of a set of four ordered real numbers
a, b, c,d associated with four units eq, es,e3 and 1, respectively. The three units
e1,es and ez have the following properties:

e? =e3=e3=—1,
(1) e X eg = e3, ey X e3 = €1, €3 X €1 = €3
ey X e = —es, ez X eg = —e€1, €1 X €3 = —€3

A real quaternion ¢ may be written as ¢ = aey + besy + ces + d.

Clearly, a quaternion ¢ consists of two parts: the scalar part S, = d and the
vector part V; = ae; + beg + ces. The set of all real quaternions is denoted by Q.

The multiplication of two real quaternions p and ¢ is defined as

(2) pxq:V},/\Vq—(V},,‘/}ﬁ—l—Squ—i-Squ—l-Squ

where (,) and A are the inner-product and the cross-product on R3 | respectively.
The conjugate of the quaternion ¢ is denoted by ag and defined as ag = S — V.
The h—inner-product of two quaternions is defined as

1
(3) h(p,q) = 5(px ag+qxap), p,qeQz
The real number [h(p,p)]'/? is called the norm of the real quaternion p and is
denoted by ||p|| . Hence we obtain that
(4) Ipll* = h(p,q) = a® + b + ¢ + .
It is easy to see that, if p = a1e1 +bi1ea+cre3+dy and ¢ = ase; +boes +coe3+do,
then

(5) h(p,q) = araz + biba + c1co + dids [1].

Given two real quaternions p and p*, we define the dual quaternion as
P=p+¢ p* and denote the set of dual quaternions by Qp. For given A, B,C, D € D,
we can write P = Ae; + Beg + Ces + D. Here Sp = D is called the scalar part of
P and Vp = Aey + Bes + Ces is called the vector part of P.

The multiplication of two dual quaternions P and @ is defined as

(6) PxQ=pxq+&(pxq +p" xq)

where P = p+¢£ p* and Q = ¢+£¢* and x shows the real quaternion multiplication.
It is clear that

(7) PXQZSPSQ—I—SPVQ—I-SQVP—<VP,VQ>+VP/\VQ
where (,) is the inner product and A is the cross-product on D? . If P = Sp + Vp,
then the conjugate of P is defined by aP = Sp — Vp. By using this definition, the
following properties can be easily proved:

(i) alaP)=P,

(1i)) a(P xQ)=a@ x aP.

The symmetric dual-valued bilinear form H is defined as

(8) H(P,Q):%(anQJrQXQP).
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As a result, we obtain the followings :
1- For all elements P, Q of Qp, we have

H(P,Q) = h(p,q) + ¢[h(p, q*) + h(p™, q)]
where h is the symmetric real-valued bilinear form.
2- If P = Aey + Bes + Cez + D, then we have

H(P,P) = A? + B>+ C? 4+ D*.
3-V P € Qp, the norm of P is defined by

h(p,p")
HII’

1Pl =

and so
(9) |P|? = H(P,P) = P x aP.
4-V P € Qp, the scalar part and the vector part of P is

1 1
Sp=5(P+aP),  Vp=_(P—aP).

As a result,
(1) if P4+ aP =0, then P € D — module,
in this case, P is called dual-spatial quaternion
(1) if P—aP =0, then P € D,
in this case, P is called dual-temporal quaternion.

Let P and @ be two dual-spatial quaternion. If H(P,Q) = 0, we say that P
and @ are H—orthogonal[19].

A semi-real quaternion consists of a set of four ordered real numbers a, b, ¢, d
associated with four units e, es,e3 and 1, respectively. The three units e, es and
e3 have the following properties:

i) e; x e; = —g(e;), 1<4i<3
(10) ii) in R}, e; xe; =ele;)e(ej)ek 1<4,5,k <3,
iii) inR3, e; xe; =—c(e;)e(ej)en, 1<4,5,k <3,

where (ijk) is the even permutation of (123).

Notice here that,

e(es) = —1 , e; timelike
Y71 +1 , e; spacelike

As a notation, we denote the semi-real quaternions by @, with an index v = 1,2

such that
0, = g | g=ae; +bes+ces+d, abec,deR
v e1,e2,e3 €RY, hy(ei,e) =e(e;), 1<i<3
The multiplication of two semi-real quaternions p and ¢ is defined as
pXxq=V, ANVy— (Vp, V) + SpSq + SpVy + S,V

where (,) and A are the inner-product and the cross-product on R3, respectively.
The conjugate of the quaternion ¢ is denoted by ag and defined as ag = S, — V,

For every p,q € @,, the h—inner-product h, : @, x @, — D of p and ¢ is
defined as:
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hi(p,0) = 5 E@)0a) (0 x ag) +e(a)elop)(a x ap)]  for B

and
-1
ha(p,q) = —-[e(p)e(aq)(p x ag) + £(g)e(ap)(g x ap)]  for R,
The real number [k, (p, p)]'/? is called the norm of semi-real quaternion p and is

denoted by ||p|| - Hence we see that

2
I2lI” = |hw (p, p)| = [e(p)(p X ap)].
Given q € Q,, if ¢+ ag = 0, then ¢ is called semi-real spatial quaternion. If
q — aq = 0, q is called semi-real temporal quaternion. The set of semi-real spatial

quaternions is isomorphic to R? .
In general, we can write that

1 1
¢=3la+aq+lg—aq.
For p,q € Q,, if h(p,q) = 0, p and ¢ are called h—orthogonal. If the norm of ¢
is unit, then it is called unit semi-real quaternion and denoted by ¢g. So,

N, =lgxaq = V@ =B+ + &

and

_q _ aeptbestces+d
0 Ng  V/]—a%2 = b2+ 2 + d?|

([8],[200)-

Let p and p* be two semi-real quaternions. We define the semi-dual quater-
nion as P = p+ & p* and denote the set of semi-dual quaternions by @p,, with an
index v = 1,2 such that

Q]D),V:{ P‘ P:A€1—|—B€2+C€3+D, A,B,C,DE]D), 61,62,636[@? }

We will use Hy(e;,e;) = e;, i = 0,1,2 for D} and Ha(e;,e;) = (e;), i = 0,1,2,3
for D3 . The multiplication of two dual quaternions P and @ is defined as

PxQ=pxq+&(pxqg"+p*xq) where P=p+¢ p* and Q = ¢+ &¢* and x
shows the quaternion multiplication. It is clear that

(12) P><Q:SPSQ—I—SPVQ-i-SQVp—<VP,VQ>+VP/\VQ

where {,) is the inner product and A is the cross-product on D$ . If P = Sp+ Vp,
then the conjugate of P is defined by aP = Sp — Vp. By using this, the following
properties can be easily proved:
(i) «a(aP)=P,
(11) a(P xQ)=aQ x aP.
For every P, () € Qp,,, we define the symmetric dual-valued bilinear form
Hl/ : Q]D,V X Q]D),V — D as

(18)  Hi(P,Q) = L(P)(aQ)(P x aQ) +=(@)=(aP)(@ x aP)]  for D}
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and
(14)  H(P,Q) = S E(P(a@)(P x 0Q) + £(Q)e(aP)(@Q x aP)]  for DY,

The following results may be obtained:
1- For all elements P, Q of Qp,,, we have

H,(P,Q) = h,(p,q) + &[hu(p,¢7) + hu (", @)

where h is the symmetric real-valued bilinear form.
2-If P = Ae; + Bes + Cez + D, then we have

H,(P,P)=—A? - B? 4+ C? + D*.
3-V P € Qp,, the norm of P is defined by

hIJ b *
1Pl = | +gfpp”p>
and so
(15) |P||* = |H, (P, P)| = |e(P)(P x aP)|.

4-V P € @p,,, the scalar part and the vector part of P are

1 1
Sp=5(P+aP),  Vp=_(P-aP).

As a result,

(1) if P+ aP =0, then P € D — module,
in this case, P is called semi-dual-spatial quaternion
(15) if P—aP =0, then P €D,
in this case, P is called semi-dual-temporal quaternion.
Let P and @ be two semi-dual spatial quaternion. If H,(P,Q) = 0, we say that
P and @ are H,—orthogonal.

Now, we give the Serret-Frenet formulas for a non-null semi-dual quater-
nionic curve in D3.

Consider the smooth curve 3 C D3 , {8 € Q, | B+ af = 0} given by
g ICR — Q,CD3
3
s — B(s) = > Bi(s)e;.
i=1

Let s be the parameter along 8. For any s € I, if {t(s), n1(s), na(s)} is the Serret-
Frenet frame and k(s), r(s) are the curvatures, then we have the following formulas

t = E(nl )k‘nl
(16) ny = e(t)[e(t)e(n1)rne — ki
ny, = —e(n2)rng

where t(s) = t+ £, ni(s) = ny +€nf and na(s) = ng +&nd with the Serret-Frenet
frame {t(s),n1(s),n2(s)} of R3.

If a curve is a non-null semi-dual quaternionic curve, then the Serret-Frenet
formulas in D} are defined as following :
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Consider the smooth curve v C D3,
v : I — Qp,C D4
4
s — y(s)=>_ Bi(s)es, eq=1.
i=1

with B4(s)es = D(s), D(s) = d(s) + £€d*(s). For any s € I, if {T'(s), N1(s), Na(s),
Ns(s)} is the Serret-Frenet frame of dual-split quaternionic curve, then

T’ = €(N1)KN1

17 Ni = e(n1)kNy—e(Ny)e(t)KT

(17) N} = —e(DkN; + e(n)[r — e(T)e(t)e(N1)K]Ns
Ny = —e(na)[r —e(T)e(t)e(N1)K]N2

where T'(s) = T+ET*, Ni(s) = N1+ENT, Nao(s) = Na+EN5 and N3(s) = N3+EN3
with the Serret-Frenet frame {T'(s), Ni(s),
No(s), N3(s)} of R and K = e(Ny) |T']| [7].

3. THE INVOLUTES OF THE SEMI-DUAL CURVES IN D$

Definition 3.1. Let M;, M, C D$ be two curves which are given by (I, ) and
(I, 8*) coordinate neighbourhoods, respectively. Let Frenet frame of M; and My
be {t,n1,n2} and {t*,n},n3}, respectively. My is called the involute of M;(M; is
called the evolute of My) if

(18) Hi(t,t") = 0.

Theorem 3.1. Let (M, M) be the involute-evolute curve couple which are given
by (I,8) and (I,3*) coordinate neighbourhoods, respectively. The distance between
the points B(s) € My and B*(s*) € My is given by

d(B(s),B"(s)) =eo|c—s|, c=dual constant.

Proof. If Ms is the involute of M7, we have

(19) B*(s) = B(s) + A(s)t(s)
Let us derivate both side with respect to s:
dpg* dp
2 2,22 had
(20) ds  ds + ds b+ )\
Because of ﬂ =t = e1knq,
ds

dag* d\

(21) dﬁs (1+ Is —)t + Aerkng

where s and s*are arc parameters of M; and Ms, respectively.
Thus we have

ds* dA
22 * =14 — .
(22) o = (L )t Aerkm
By using the equation (22), we have
ds* dX
(23) Hl(t,t*) ds (1+d7)H1(t t)+)\€1]€H1(t Tll).
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From the definition of the involute-evolute curve couple, Hy(t,t*) = 0. Thus we
obtain

dA
(24) 1+ e 0Oand A=c—s, c¢=dual constant.
s

From the definition of the distance on Lorentzian space, we easily find

(25) d(B(s), B*(s)) = 118"(s) = B(s)ll

=eglc—s|.

O

Theorem 3.2. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,B) and (I,5*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points 5(s) € My and B*(s*) € My be {t,n1,n2} and {t*,nf,ni},
respectively. For the curvature and torsion of curve Ms, we have
5*
k* = ——1/|eok? 2],
(c— )k [£0k® + €27
Proof. If M is the involute of M7, we have
B*(s) = B(s) + A(s)t(s).

Let us derivate both side with respect to s. From equations (22) and (24), we obtain

d *
(26) ¢ ;S = (c— s)erkny
where s and s*are arc parameters of M; and Ms, respectively. We can find
d *
(27) dis =¢le1(c—9)k.

Thus we have

(28) t* =egna.

Hence {t*(s), n1(s)} is linear dependent. That’s why we consider that
(29) t*(s) = ni(s).

By derivating t* and using equations (16), (27) and (29), then we get
EDEL
(c—9)k
Then, by the norm of the both side of the equation (30), we have

S
m \/ |50k2 —+ 827”2‘.

(30) erk*ny = [eo[eoerirng — kt]] .
(31) k* =

O
Theorem 3.3. Let (M, Ms) be the involute-evolute curve couple which are given

by (I, «) and (I, ) coordinate neighbourhoods,respectively. Let Frenet frames of M
and My in the points 5(s) € My and p*(s*) € Ma be {t,n1,n2} and {t*,n3,n}},
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respectively, and let the curvature and torsion of curves My and My be k, r and k*,
*

r*, respectively. We have

: cics

ny = [eo(e0e1rng — kt)]
b Ve k)

1

ny = (eart + e1kns)
P VR ek
. 62(]{7/7” - k:r/)

T =

(ear? +e0k?)(c — s)k’

Proof. By using equation (30) and (31), we get

« €160
32 ny = colegerirng — kt)] .
(32) Y = ) [e0(e0e1mn2 — Kt)]
From ng = goe; (t X ny), we find
ny = ehel (t* xn))
* * ok ETES
ne = €p&; | N1 X eo(eperrng — kt
o ( e e ”)
1
(3.1) ny = (eart + 1kna).

Vet (212 + £0k?)]
By derivating n3 and using this result in equation (16), we obtain
eretesea(k'r — k')

(34) = (ear? + gok?)(c — 8)k~

4. THE INVOLUTES OF THE SEMI-DUAL CURVES IN D}

Definition 4.1. Let M;, My C D3 be two curves which are given by (I, ) and
(I, 8*) coordinate neighbourhoods, respectively. Let Frenet frame of M; and Mo
be {T,N1, N2, N3} and {T*,N;, N5, N5}, respectively. My is called the involute of
M (M; is called the evolute of My) if

(35) Ho(T, T*) = 0.

Theorem 4.1. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,7v) and (I,v*) coordinate neighbourhoods, respectively. The distance between
the points y(s) € My and v*(s*) € Ms is given by

d(v(s), v*(s)) = |e—s|, ¢ = dual constant.

Proof. If My is the involute of M, we have

(36) 7" (s) = v(s) + A(s)T(s).
Let us derivate both side with respect to s:

dv*  d dA dr
(37) LA

ds  ds ds ds
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dar ,
Because of o= T =¢e(Ny)K Ny,
s

dvy* d\
(38) i 1+ E)T—F)\E(Nl)KNl
where s and s*are arc parameters of M7 and Mo, respectively. Thus we have
ds* dX
T =(1+—)T N1)K Nj.
(39) = (1 DT+ (VDK Ny
Taking inner product with ¢ this equation’s both side, we have
ds* dA
(40) Hy(T, T2 = (1 + S5V Hy(T, T) + Aey KH(T, Ny).

ds ds
From the definition of the involute-evolute curve couple, Ho(T,T*) = 0. Thus we
obtain

X

(41) 1+ T = 0and A =c—s, c=dual constant.
From the definition of the distance on Lorentzian space, we easily find
) 406, 76 = () =0

(]

Theorem 4.2. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,v) and (I,v*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points v(s) € My and v*(s*) € My be {T, N1, Ny, N3} and
{T*,N{, N5, N3}, respectively. For the curvature and torsion of curve My, we
have

_ e V]e(N2)k? + e(T) K2
(c—s)K '

Proof. If My is the involute of M7, we have

7" (s) = (s) + A(s)T(s).

Let us derivate both side with respect to s. From equations (39) and (41), we obtain

(43) T* (ii: =¢e(Ny) (c—8) KNy

where s and s*are arc parameter of My and Ms, respectively. We can find
(44) B )l le - s K

Thus we have

(45) T* = [e(T")| e(N1)N1.

Hence {T™(s), N1(s)} is linear dependent. We consider that

(46) T*(s) = Ni(s).

By derivating 7% and using equations (17), (44) and (46), then we get
(47) e(N7)K*Ny = HCCIE (e1kNy — e(Ny)e1 KT).

[(c—s)|k
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Then, by the norm of the both side of equation (47), we have

_ eV VIe(N2)k? + 6(T) K2
(c—s)K

(48) K*(s")
O

Theorem 4.3. Let (M, M) be the involute-evolute curve couple which are given
by (I,v) and (I,v*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points y(s) € My and v*(s*) € My be {T,N1, N2, N3} and
{T*,Ny, N3, N3}, respectively, and let the curvature and torsion of curves My and
Ms be K, v,k and K*, r*, k ,respectively. we have

e(NT) [e(V)|

Ny = e1kNy — e(N1)e1 KT
T TR ey TSR ED
e(T*)
N = €960 Ny + e(T)KT
’ \/|51‘(€27“2+50k2)|(20 2+ (DR
* 6(11*)6260
N (—e(T)T + £1kNy).

VIei(e2r? + eok?)]

Proof. By using equations (47) and (48), we get
Ny N

(49) Nik — 6( 1 )2|€( 1)| -

VIe(N2)[ k2 + [e(T)] K2

From equalities No = &(T') (ny X T'), na X N1 = e162No and ¢t x Ny = —e(T)T,
we find

(ElkNg — E(N1)€1KT) .

Ny = e(T")(ni xT")
T* * %
(4.1) N; STEIE(opeor Ny + e(T)RT).50

Vet (e2r2 + gok?)]

If we use similar step as equation (50) and equality N3 = ¢(T') (ne x T'), then
N = e(T")(n5xT")

e(T*)eaeq

Ny = —e(T)T + e1kNa).
’ \/|5f(52r2+50k2)|( @) 1kh)
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WEAK SOLUTIONS VIA LAGRANGE MULTIPLIERS FOR
CONTACT MODELS WITH NORMAL COMPLIANCE

ANDALUZIA CRISTINA MATEI

ABSTRACT. We consider a 3D elastostatic frictional contact problem with
normal compliance, which consists of a systems of partial differential equa-
tions associated with a displacement boundary condition, a traction boundary
condition and a frictional contact boundary condition. The frictional con-
tact is modeled by means of a normal compliance condition and a version of
Coulomb’s law of dry friction. After we state the problem and the hypothe-
ses, we deliver a variational formulation as a mixed variational problem with
solution-dependent Lagrange multipliers set. Next, we prove the existence and
the boundedness of the weak solutions.

1. INTRODUCTION

The present work focuses on a 3D elastostatic frictional contact problem with
normal compliance. A normal compliance condition was firstly proposed in [11].

Then, the contact with normal compliance was involved in many models, see e.g.
the papers [2, 7, 8, 9, 18].

The model we discuss herein consists of a system of partial differential equations
associated with a displacement boundary condition, a traction boundary condition
and a frictional contact boundary condition. The frictional contact is modeled
by means of a normal compliance condition and a version of Coulomb’s law of
dry friction. This model was already analyzed in the frame of quasivariational
inequalities,

a(u,v —u) + j(u,v) — j(u,u) > (f,v —u)x;
for details see [19] and the references therein. The novelty in the present paper
consists in the variational approach we adopt; herein, we propose a mixed varia-
tional formulation in a form of a generalized saddle point problem with solution
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dependent Lagrange multipliers set A = A(u),

a(u,v) +b(v,\) = (f,v)x for all v € X,
b(u, p— N) < 0 for all p € A(u);

Let us refer to [3, 4] for basic elements on the saddle point theory. For recent
papers related to mixed variational formulations in contact mechanics see e.g. [6,
13, 14, 15].

The mixed variational formulations are related to modern numerical techniques
in order to approximate the weak solutions of contact models and this motivates
the research on this direction. Referring to numerical techniques for approximating
weak solutions of contact problems via saddle point technique, we send the reader
to, e.g., [5, 20, 21].

The main goal of the present paper is to prove the existence and the boundedness
of the weak solutions of the considered model, via Lagrange multipliers technique.
The results we obtain rely on the abstract results in [12] which, for the convenience
of the reader, will be recalled below, in Section 2.

The problem we analyze in the present paper can be viewed as a new application
to the abstract results in [12]. A first application was delivered in the antiplane
framework, see [12]. A second application was presented in the conference paper
[17], for a 3D bilateral contact model with slip-dependent friction (see also [16] for
an extended and improved version of the conference paper [17]).

The structure of the paper is as follows. In Section 2 we present abstract auxiliary
results. In Section 3 we state the problem and we fix the hypotheses. Then, in
Section 4 we prove the existence and the boundedness of the weak solutions of the
frictional contact model with normal compliance.

2. ABSTRACT AUXILIARY RESULTS

Let us consider the following abstract mixed variational problem.

Problem 1. Given f € X, f # Ox, find (u,\) € X XY such that A\ € A(u) CY
and

(2.1) a(u,v) +b(v,\) = (f,v)x forall ve X,

(2.2) b(u, pp — N) < 0 for all € A(u).

We made the following assumptions.
Assumption 1. (X, (-, )x, |- |lx) and (Y, (-, )y, || - |ly) are two Hilbert spaces.

Assumption 2. a(-, 1) : X x X — R is a symmetric bilinear form such that
(i1) there exists My > 0: |a(u,v)| < Myllullx|lvllx for all u,v € X,
(i2) there exists mg > 0: a(v,v) > mg|v|%  for allv € X.

Assumption 3. b(-, 1) : X XY = R is a bilinear form such that
(j1) there exists My > 0: |b(v, p)| < Mp|lv||x|lplly  for allve X, pey,
b
(j2) there exists > 0:  inf sup _b.p) > a.
HEYn#0y wex vzox [[vllx[lully

Assumption 4. For each ¢ € X, A(p) is a closed conver subset of Y such that
Oy € A(p).
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Assumption 5. Let (1), C X and (uy), C X be two weakly convergent sequences,

N — 1 in X and uy, — u in X, as n — oco.
(k1) For each € A(n), there exists a sequence (fin)n CY such that p, € A(n,) and
lim inf,, o0 b(tn, tin, — 1) > 0.
(ko) For each subsequence (A(nn))ns of the sequence (A(nn))n, of (tn/)ns CY such that
tn € Anpr) and ppy — pin'Y as n’ — 0o, then u € A(n).

Theorem 2.1. If Assumptions 1-5 hold true, then Problem 1 has a solution. In
addition, if (u,A) € X x A(u) is a solution of Problem 1, then

(U,)\) S Kl X (A(u) ﬂK2)7

where
1
Ky o= foeX|olx < —Iflx}:
mg + M,
Ky = {peY|lully < ——fllx}
am,

mg, @ and M, being the constants in Assumptions 2-3.

For the proof of this theorem we refer to [12].

3. THE MODEL AND HYPOTHESES

3.1. The statement of the problem. We consider the following 3D frictional
contact model with normal compliance.

Problem 2. Find : Q — R3 and : Q — S? such that

(3.1) Div() +o () = 0 in €,

(3.2) () =£&(0) in Q,

(3.3) ()= onTy,

(3.4) () =2 () on Iy,

(3.5) —0u() = pu(u() — ga) on I's,
(3.6) -0l < pr(un() — ga),

T()
=01

Herein Q is a bounded domain in R3, T';, T'y, I's is a partition of the boundary
0N :=T,0=QUT, (:Q — R denotes the density of the volume forces, » : I's, — R
represents the density of the tractions, = () denotes the infinitesimal strain tensor
(eij = (g;] gZZ) for all 4,5 € {1,2,3}) and &€ denotes the elastic operator. Here
and everywhere below | - || denotes the Euclidean norm on R? or S?. Finally, u, = -,
r = —Uy, 0y, = (), - = —0,, where ” -7 denotes the inner product of two vectors
and is the unit outward normal vector.

Problem 2 has the following structure: (3.1) represents the equilibrium equation,
(3.2) represents a constitutive law for linearly elastic materials, (3.3) represents the
displacements boundary condition, (3.4) represents the traction boundary condition
and (3.5)-(3.6) models the frictional contact with normal compliance, the friction
law in (3.6) being a version of the Coulomb law of dry friction, where p, is a given
nonnegative function. In the normal compliance contact condition (3.5) p, is a
nonnegative prescribed function which vanishes for negative argument and g, > 0

() = =pr(w() = 9a) if ;() # onTs.
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denotes the gap. When u, < g, there is no contact and the normal pressure
vanishes. When there is contact then u, — g, is positive and represents a measure
of the interpenetration of the asperities. Then, condition (3.5) shows that the
foundation exerts a pressure on the body which depends on the penetration.

3.2. Assumptions. In order to weakly solve Problem 2 we make the following
assumptions.
Assumption 6. £ = (E;j5) : QA x S* — $3,

o Cijis = Eijol = Elsij € L(Q),

e There exists mg > 0 such that &;jiseijes > me |||, € S3, a.e. in Q.
Assumption 7. g € L2(Q)3, 5 e L?(T'y)3.

Assumption 8. p, : I's x Ry — Ry
o there exists L, > 0: |p,(,r1)—pu(,r2)| < Ly |ri—ra| 71,72 €Ry, ae. €
Is;
e the mapping — p,(, r) is Lebesgue measurable on T's, for all r € Ry;
e p,(,r)=0 for allT <0 a.e. €Ts.
Assumption 9. p; : I's x Ry — Ry;
o there exists Ly > 0: |pr(,71)—pr(,r2)| < Lo |ri—7ra| 71,72 €Ry, ace. €
I's;
e the mapping — p.(, r) is Lebesgue measurable on I's, for all v € Ry;
e p.(,r)=0 forallr <0 a.e. €Ts5.

3.3. Weak formulation. Let us introduce the following functional space.
(3.7) V={ec H'(Q)*| =0ae. onT;}.

This is a Hilbert space endowed with the following inner product

(v = /Q (0): (0)da,

where ” : 7 denotes the inner product of two tensors.

Everywhere in this paper, for each € V, we denote w, = - and , = —w, a.e. on
I', where denotes the Sobolev trace operator for vectors.

Define € V using Riesz’s representation theorem,

(3.8) QﬁwiAOOIMm+A;ﬂyOdF for all v € V.

Let be a sufficiently regular solution of Problem 2. By a Green formula we get

(3.9) a(’):(’)v+/r ()-()dr  forall €V

3

where

(3.10) o) VXV SR mgzégwy«»m.
Let us introduce the spaces

(3.11) S = {lr, €V}

(3.12) D = 9.

For each € S, we denote (, = - and ; = —(, a.e. on I's.
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Notice that |p, denotes the restriction of the trace of the element € V to I's.
Thus, S C¢ H'/?(I'3; R3) where H'/?(I's; R3) is the space of the restrictions on T'
of traces on I' of functions of H!(Q)3. On S we consider the Sobolev-Slobodeckii

norm ) ,
_ 1/2
s = ([ [ =Pl asas)™
r,Jrs =l
see e.g. [1, 10].
For each € V we define
(3.13) A) ={e D|{lry) <

/F (pu(v%() - ga)|vl/()| +p7‘(7<)01/() - ga)”T()”)dr € V}7

here and below (-, ) denotes the duality pairing between D and S.
Let us define a Lagrange multiplier € .S,

(3.14) (==[ 0-0ar.
Thus, for all € V|
QHQ:—A&MMm+4y4mw

By (3.14) and (3.13) we deduce that € A().
We also define

(3.15) b:VxD—=R b(,)=1{lr)
Let us rewrite (3.9) as
a(, )=()v — (,|ry) forall e V.
By the definition of the form b(-,-), we obtain
(3.16) a(, )+b(,)=()y forall eV.

On the other hand, the normal compliance condition (3.5) leads us to the identity

AJNWAMF—/ZMmﬂ)gJMOMF

I's
while the friction law (3.6) leads us to the identity

/FS () ()dl' = /rg pr(un() — 9a)[l- 0 dl-
Thus,

(317) b(v) = /I‘ (pu(a uu() - ga)luu(x)l +p‘r(7 uu() - ga)HT()“)dF

By (3.13) with = we are led to

(3.18) b(»)é/ (P ( () = ga) [ O + pr( un () = ga)[I-Ol)dl” for all € A().

s
Subtract now (3.17) from (3.18) to obtain the inequality
(3.19) b(,—) <0 forall €A().

Therefore, Problem 2 has the following weak formulation.

Problem 3. Find € V and € A() C S such that (3.16) and (3.19) hold true.
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Each solution of Problem 3 is called weak solution of Problem 2.

3.4. Existence and boundedness results.

Theorem 3.1 (An existence result). If Assumptions 6 -9 hold true, then Problem
2 has a weak solution.

Proof. As the spaces V and D, see (3.7) and (3.12) are real Hilbert spaces, then
Assumption 1 is fulfilled with X =V and Y = D.
The form a(-,-) defined in (3.10) verifies Assumption 2 with

(3.20) M, = €]l and m, = me,
where
[€]loc = o tmax [ Eijkill oo () -

Let us prove (j1) in Assumption 3. We have

G < Dl £

We recall that Hr = { € V} and the Sobolev trace operator : H*(Q)3 — Hr is
a linear and continuous operator. Since || - ||y and || - || g1 (q)ys are equivalent norms,
we deduce that there exists M), > 0 such that (j1) holds true.

We also recall that there exists a linear and continuous operator Z such that

Z:Hp — HY(Q)?® (2()= forall € Hy.
The operator Z is called the right inverse of the operator . Obviously,

(2() = for all € V.
For every € V, we denote by * an element of V' such that =* a.e. on I's and
* =0 a.e. on I's. Therefore, |||r,lls = ||*||zp-
Since, for each * € V, Z(*) has the same trace as *, we deduce that for each

eV, Z() eV
Let us prove now (j2) in Assumption 3.

o = swp il
Ir; €8, |ry #0s |||F%||S

.
= sup <’* |F3>
ey €5, [y #£0s ||l Hr

b(Z2("),)

< c sup s
Ir5 €5, Iry 20 129V
b
S c Sup (7 ) ,
ev,#v v
where ¢ > 0. We can take
1
3.21 _1
(321) o=

Obviously, Op € A(). Also, A() is a closed convex subset of the space D. Hence,
Assumption 4 is fulfilled.

Let us verify Assumption 5. To start, let (), C V and (,,)n C V be two weakly
convergent sequences, , — in V and ,, — in V, as n — oco. Let us take € A().
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In order to check (k1) in Assumption 5, we define (,,),, as follows: for each n > 1,

() = /Fpmwo—ga>sgnuwo<yodr

Pr(Mnw() = 9a)(nr() == () dT

pr (10 () = ga)lln - Ol dT°

A
/F Po(s0() = G)ltin s O AT
A

+<7 n|F3>7 € S?
where
o=l m I
if =,
and, as usually,
1 if r > 0;
sgn(r) =14 0 ifr=0;
-1 if r <0.
Taking into account (3.13), we deduce that, for each positive integer n, we have

n € A(n).
Since ,, = in V and ,, — in V as n — oo, we deduce that
nr() —=r () a.e. on T'z as n — oo,
Un () = uy() ae. on 'y as n — oo,

pu(annu() - ga) — pu(,ny() - ga) a.e. on F3 as n — o0
and
p‘r(annu() - ga) — p'r(ynu() - ga) a.e. on I's as n — oo.

Setting =,, |r, we can write

<n_m |F3> = /I‘ (pu(annl/() - ga) _pu(vnu() - ga))|unu()‘ dr’
4 [ 0 oms0) = 90) = ) = g Ol
s

Hence, passing to the limit as n — oo, we get

liminf b(y,n =) = Hm [ (o (700 () = ga) = Po () = ga))[tin v ()] dT

+nh_>ngc . (pr(vnnl/() - ga) - p‘r(a 771/() - ga))HnT()H)dF

=0.

Using again the properties of the trace operator and the assumptions on the
friction bound we deduce that (k2) in Assumption 5 is also verified.
We apply now Theorem 2.1. [



WEAK SOLUTIONS VIA LAGRANGE MULTIPLIERS FOR CONTACT MODELS WITH NORMAL COMPLIANZIE

Let us introduce the notation:

1
(3:22) K = {eVIllv < ——llvk
me + M,
3.23 K, = {€D < — .
(3.23) 2 {e Dllllp < prpy ([lv}

Theorem 3.2 (A boundedness result). If (,) is a weak solution of Problem 2, then
(,) € Ki x (A() ﬁKQ)

where K1 and Ky are given by (3.22)-(3.23), V' given by (3.7), D given by (3.12),
given by (3.8), m, and M, being the constants in (3.20) and « being the constant
in (3.21).

The proof is a straightforward consequence of Theorem 2.1.
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OSCILLATION OF A CLASS OF NONLINEAR DIFFERENCE
EQUATIONS OF SECOND ORDER WITH OSCILLATING
COEFFICIENTS

MUSTAFA KEMAL YILDIZ

ABSTRACT. In this paper, we study asymptotic behaviour of solutions of the
following second-order difference equation:
Ala(n)Alz(n)+r(n)F(z(n—p))]]+p(n)G (z(n — 7)) =q(n)G (z(n — o)) = s(n),
where n € No := NU {0}, {r(n)}nen, and {s(n)}nen, are sequences of real
numbers, {p(n)}nen, and {g(n)}nen, are nonnegative sequences of real num-
bers, {a(n)}nen, is positive, p, 7,0 > 0 are integers and F,G are continuous
functions satisfying the usual sign condition; i.e., F(u)/u,G(u)/u > 0 for
u € R\{0}. Various ranges of the sequence {r(n)},en, are considered, and
illustrating examples are provided to show applicability of the results.

1. INTRODUCTION

In the literature, all the papers concerning second-order equations deal with
asymptotic behaviour of all solutions of delay difference equations have the following
form:

Ala(n)Afz(n) +r(n)z(n = p)ll + p(n)z(n — 1) = f(n),

where n € Ny, {r(n)}nen, is of single sign, {a(n)}nen, and {p(n)}nen, are nonneg-
ative sequences of real numbers, p, 7 > 0 are integers and {f(n)},en, is a sequence
of real numbers (see [1, 2]). Here, the forward difference operator A is defined as
Az(n) :==x(n+1) —x(n) and A%z(n) := A [Ax(n)] for n € Ny.

In this paper, depending on the sign of the sequence {r(n)}, cy,, we investigate
the oscillatory and asymptotic behavior of solutions of the second-order neutral

Date: Address: Department of Mathematics, Faculty of Science and Arts, ANS Campus,
Afyon Kocatepe University, 03200 Afyonkarahisar, Turkey
Email: myildizQaku.edu.tr
AMS 2000 Subject Classification: 39A10.
Keywords: Asymptotic behaviour, neutral difference equations, oscillating coefficients,
positive and negative coefficients, second-order.
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nonlinear difference equation with positive and negative coefficients having the fol-
lowing form:

(1.1)
Alfa(n)A[z(n) + r(n)F (z(n = p)l] + p(n)G (z(n — 7)) = ¢(n)G (z(n — 7)) = s(n),

where n € N, {r(n)}nen, and {s(n)}nen, are allowed to oscillate, {p(n)}nen, and
{q(n)}nen, are nonnegative, {a(n)}nen, is positive, p,7,0 > 0 are integers. To
the best of our knowledge, in the literature, there is no work done on second-order
difference equations involving oscillating coefficients inside the neutral part, and
positive and negative coefficients outside the neutral part. Moreover, some of our
results are not restricted with boundedness of the solutions. Also the readers are
referred to the paper [3] which introduces a new method for

Afa(n)A[z(n) +r(n)z(n — p)]l + p(n)z(n — 7) — q(n)z(n — o) = s(n).
In [4], the authors study the following difference equation

A la(n)A |z(t) + Zrl(n)x(n — pi)

i€ER

+Zpi(”)x(”*ﬂ')*z gi(n)x(n—o;) = f(n),

iEP 1E€EQ

and state new results depending on three different ranges of the sequence {Z serTi(n) }n Ny’
Our results here extend the results of [4] for nonlinear equations, also see the results
in the paper [5] where the author gives results for the existence of positive solutions.
For the fundamentals on the oscillation theory, the readers are referred to the
books [6, 7, 8.
Let § := max{p,7,0}. As is usual, a solution x of (1.1) is a sequence of real
numbers defined for all integers satisfying n > —o, and satisfies (1.1) identically for
all n € Ny. It is also known that (1.1) has a unique solution z if an initial sequence
xo is given to hold z(n) = xg(n) for n = —06,—5 + 1,...,1. Throughout the paper,
for convenience, we do not consider eventually null solutions of (1.1).

2. MAIN RESULTS

In this section, we give sufficient conditions for (1.1) to be almost oscillatory,
that is every solution of (1.1) oscillates or tends to zero at infinity. We state our
primary assumptions as follows:

(H1) 0 < F(u)/u < M and Ny < G(u)/u < N for all u # 0 and some positive
constants M, Ny, Nj,

(H2) There exists a pair of nonnegative real numbers r—, 7" such that either one
the followings are true:
{i} —r~ < r(n) < r* holds for all sufficiently large n , and that [r~ +r*| M <

1 holds,

{ii} r~ < r(n) <r* holds for all sufficiently large n and, satisfying Mr— >
L,

{iii} —r~ < r(n) < —r* holds for all sufficiently large n and satisfying
Mrt > 1,

(H3) Y>°(1/a(n)) is divergent,
(H4) {i} 6 > 1 holds, where 6 =7 — o,
{ii} {h(n)}nen, defined by h(n) := p(n) —q(n—0) is an eventually positive
sequence of reals,
{iii} >°° h(n) is divergent,
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{iv} S2%°(1/a(n)) S} 5 q(k) is convergent,

(H5) There exists a sequence {S(n)}nen, such that lim,_,. S(n) exists and
A ((1/a(n))AS(n)) = s(n) holds for all n € Ny.

Theorem 2.1. Assume that (H1), (H2){i}, (H3), (H4){i-iv} and (H5) hold, then
every solution of (1.1) oscillates or tends to zero at infinity.

Proof. Let (1.1) have a nonoscillatory solution x, which does not tend to zero at
infinity. Without loss in the generality, we may suppose that z is eventually positive,
the case where z is eventually negative is very similar and thus we omit. There
exists n; € Ng such that z(n) > 0 for all n > ny. From (H2){i} and (H4){iv}, we
may find ny > ny + J such that

(2.1) N Z Z % (1-77)

n=ns k n—é
holds. For n > ns, set
(2.2) y(n) :=z(n) +r(n)F (z(n —p))
and
nol g k-l
(2.3) z(n):=yn) = ) —= q()G (z(l = o)) = S(n).

Using the fact that z is a solution of (1.1) and (H4){i,ii}, we have

Aw(n) =Ala(n)Ay(n)] = [g(n)G (z(n — 7)) — q(n = 0)G (x(n — 7))] — s(n)
=-—p(n)F(z(n—7)) +q(n - 8)G(z(n - 7))
< —pn)G(x(n— 7))+ q(n —0)G(x(n — 7))
=—[p(n) —q(n = 9)] G(z(n — 7))
(2.4) =—h(n)G(z(n—7)) <0

for all n > no, Where w is defined by w(n) := a(n)Az(n) for n > ny. Clearly, w is

or w > 0 for all n > ng for some ng > na. Con51der the following possible ranges:
(C1) w(n) < 0 holds for all n > ng. We first claim that

(2.5) lim z(n) = —oc0

n—oo

holds. Considering the definition of w, we may write

(2.6) Az(n) < IZ((Z?) <0

for all n > ng, which proves that (2.5) is true by summing up from ng to
oo because of (H3). Hence, (H5) and (2.5) implies that

(2.7) nh_{r;o[z(n) + S(n)] = —o0

holds. Next, we claim that z is bounded. If it is not the case, from (2.7),
there exists T' > ng,

(2.8) z(T) = max{z(n) :n3 <n <T}and 2(T)+ S(T) <0
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Therefore, considering (H2){i}, (2.1), (2.3) and (2.8), we obtain the follow-
ing contradiction:

Nolog o kel
0>2(T)+ S(T) = y(T) - ) q()G (z(l — o))
k=na 1=k—35
T
>a(T) —r~a(T—p) = Na Y P qO)z(l — o)
k=ng2 Cl( ) l=k—9
T
> 1—r" =Ny — (l)) x(T)
( 2 a2,

2% (1—r7)a(T) >0.

Thus, by (H2){i}, (H5), (2.1)—(2.3), we see that z is bounded. This is a
contradiction to (2.5). Hence, this case is not possible.

(C2) w(n) > 0 for all n > ns. In this case, we see that L is a nonnegative
constant, where L := lim,_,c w(n). Considering (H4){iii} and summing
up (2.4) from ns to oo, we obtain

(2.9) 00 >w(ng) — L =Ny Y h(n)az(n—7),

n=ns

which implies that liminf,, . z(n) = 0 and ¢ € (0,00) are true, where
¢ := limsup,,_,. #(n). Note that, z has limit at infinity because Az > 0
holds since a > 0 holds. Because of the boundedness of x, monotonicity
of z, (H4){iv}, (H5) and (2.3), we infer that y has a finite limit at infin-
ity. Now, we prove the contradiction that ¢ = 0 holds. For this purpose,
pick two increasing divergent sequences of integers {(p fnengs {€n nen, such
that limy, 00 2(¢n) = £ and lim, o 2(€,) = 0 hold. Without loss in the
generality, we may suppose that lim, . 2((, — p) and lim, 0 2(§, — p)
exist because of the boundedness of z, and it is trivial that all these limits
are not greater than ¢. From (2.2), we can estimate that

Y(Cn) — y(&n) =2(Cn) +7(Co) F (2(Cr — p)) — [#(&n) +7(&n) F (2(En — p))]
>2(Ca) =7 F (2(Go = p) — [2(&n) + 17 F (2(&0 — p))]
>(Cn) — 1~ Ma(Cn — p) — 2(&n) — " Ma(én — p)
is true for all n € Ny, which yields the inequality
0>(1—(r~+r")M)e
by letting n tend to infinity, and this implies that ¢ = 0 holds by (H2){i}.
A contradiction.

Contradictions appear in both possible distinct cases. Hence, every solution of
(1.1) oscillates or tends to zero at infinity. O

Theorem 2.2. Assume that (H1), (H2){ii}, (H3), (H4){i-iv}, and (H5) hold, then
every solution of (1.1) oscillates or tends to zero at infinity.
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Proof. Assume that (1.1) has an eventually positive solution x, which does not tend
to zero at infinity. Pick n; € Ny such that x(n) > 0 for all n > n;. From (H2){ii}
and (H4){iv}, we may find ns > ny + 6 such

n—1

(2.10) My ﬁ S k) <%

n=nsg k=n—4¢

holds. Set y,z and w as in the proof of Theorem 2.1, then we have (2.4) for all
n > ng for some ny > ny. It is not hard to prove that w < 0 is not possible by
following the steps in (C1) of the proof of Theorem 2.1. Then, by following the
steps in (C2) of the proof of Theorem 2.1, we learn that liminf,,_, . z(n) = 0 and
£ € (0,00) are true, where £ is the superior limit of x, and y has a finite limit at
infinity. Now, we show that ¢ = 0 holds. Pick two increasing divergent sequences
of integers {&, }rneng, {Cn nen, as in the proof of Theorem 2.1. Without loss in the
generality, we may suppose that lim,, ;oo (&, + p) and lim,, o (¢, + p) exist. We
can estimate that

Y(&n +p) = y(Cn + p) =2(&n + p) +7(&n + P)F (2(&n)) — [2(Cn + p) + 7(Cn + P)F (2(Cn))]
<z(&n + p) + 1" Ma(6n) — 1~ Ma(Ga)
is true for all n € Ny, which yields to the inequality
0<(1+r M)¢

by letting n tend to infinity, and this implies that £ = 0 by (H2){ii}. This is a
contradiction. Hence, every solution of (1.1) oscillates or tends to zero at infinity.
O

The proof of the following theorem is very similar to that of Theorem 2.2, and
thus we omit.

Theorem 2.3. Assume that (H3), (H2){iii}, (H3), (H4){i-iv} and (H5) hold, then
every bounded solution of (1.1) oscillates or tends to zero at infinity.
3. APPLICATIONS

To illustrate the applicability of our main results in § 2, we give the following
examples.

Example 3.1. Consider the following neutral nonlinear difference equation:

2, akln = 2)[at(n —2)| n  xz(n—3)(|z3(n—3)|+1)
A o) + 5 (B o 211 |(n—3)+3
B ix(n—l) (|z3(n —1)|+ 1) B 2
3n |z3(n —1)] + 3 S (n+1D(n+2)(n+3)

For this equation, we see that a(n) =1, r(n) =2(-1)"/5, p=2, p(n) =1/(n+1),
7 =3, q(n) =1/3", 0 = 1, Hence, we have r~ = rt =2/5 r~ +rt =4/5 < 1,
d=7—-0=3-1=2h(n)=pn)—qn—-=5) =1/(n+1)-1/3""2 - 0" asn —
and S(n) =1/ (n+1) for n € Ny. It is not hard to see that

-3 (g -5 -
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and

o'} n—1 oo n—1 1

S (E )2 (¥ 5]

n=2 \k=n—§ n=2 \k=n-—2
are true. Therefore, all conditions of Theorem 2.1 are satisfied, and thus every
solution of (3.1) oscillates or tends to zero at infinity. The following graphic belongs
to the solution with the initial conditions #(—3) = 2(—2) = z(—1) = x(0) = z(1) =
1 and of 70 iterates:

S0 0 0 20 3 40 50 &0 70
Figure 1. Graphic of (n,z(n))
Next, we give another example.

Example 3.2. Consider the following neutral nonlinear difference equation:

A{;A{x(n)%%ﬂ3)|x(n3)|” L a2 (fe(n—2)|+3)

|z(n—3)|+1 nd +1 |z(n —2)|+5
Lo —-1)(jz(n—1)|+3) _ 2
" |z(n —1)|+5 (n+2)(n+3)(n+4)

For this equation, we see that a(n) = 1/n, r(n) = 3, p = 3, p(n) = n?/(n3 + 1),
T7=2,q(n)=1/7, 0 =1. Hence, we haver- =r* =3>1,d=7—0=2-1=1,
h(n) = p(n)—q(n—"=8) =n?/(n®>+1)—1/7"1 - 0" asn — oo and S(n) = 1/(n+2)
for n € Ny. It is not hard to see that

S =3 (757 ) =

and

i ( 1 nil o k)) i n 49
n=1 a(n) k=n—4d n=1 [ 36

are true. Therefore, all conditions of Theorem 2.2 are satisfied, and thus every
solution of (3.2) oscillates or tends to zero at infinity. The following graphic belongs
to the solution with the initial conditions z(—3) = 2(—2) = z(—1) = z(0) = z(1) =
1 and of 70 iterates:
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0.5

70

I
40 50 60

Figure 2. Graphic of (n,z(n))

Next, we give another example.
Example 3.3. Consider the following neutral nonlinear difference equation:
2 2(n—3)(z%(n—3)+2)

1 23(n—1) n
3)A[-A -2
(3:3) {n [x(n) xQ(n—l)—&—lH nd+1 x2(n—3)+3
- lam- 2)(a?*(n—2)+2) 0
5 22(n—2)+3 -
For this equation, we see that a(n) = 1/n, r(n) = 1/4, p(n) = n?/(n®* + 1), 7 = 3,
9 =1,
=0 for

q(n) = 1/5", 0 = 1. Hence, we have r* =2, r7 =2, 6 =7—0 =3—
h(n) = p(n) — q(n — 8) = n?/(n®+1) — 1/5""1 — 0T as n — oo and S(n)

n € Ng. Also, one can shown that

Y e R
and

o) 1 n—1 o) n 25

> (st 32 0) - S5

hold. Therefore, all bounded solutions of (3.3) oscillate or tend to zero at infinity

by Theorem 2.3.
The following graphic probably belongs to an unbounded solution with the initial
conditions z(—3) = z(—2) = z(—1) = 2(0) = (1) = 1 and of 75 iterates:
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x 0%

Figure 3. Graphic of (n,z(n))

Thus, the equation may also admit unbounded solutions.
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OPTIMAL SURPLUS, MINIMUM PENSION BENEFITS AND
CONSUMPTION PLANS IN A MEAN-VARIANCE PORTFOLIO
APPROACH FOR A DEFINED CONTRIBUTION PENSION
SCHEME

CHARLES I. NKEKI

ABSTRACT. In this paper, we study the problem of simultaneous maximization
of the value of expected terminal surplus and, minimization of risks associated
with the terminal surplus in a defined contribution (DC) pension scheme. The
surplus, which is discounted, is solved with dynamic programming techniques.
The pension plan member (PPM) makes a flow of contributions from his or her
stochastic salary into the scheme. The flow of contributions are invested into
a market that is characterized by a cash account, an index bond and a stock.
The efficient frontier for the discounted and real surplus are obtained. Optimal
consumption of the PPM was found to depend on the terminal wealth, random
evolution of minimum pension benefit and ”variance minimizing” parameter.
It was found that as the variance minimizing parameter, tends to zero, the op-
timal consumption tends to negative infinity. The optimal expected discounted
and real surplus, optimal total expected pension benefits and expected min-
imum pension benefits were obtained. We found that the optimal portfolio
depends linearly on the random evolution of PPM’s minimum benefits. Some
numerical examples of the results are established.

Keywords. pension scheme, mean-variance, stochastic funding, defined contri-
bution, efficient frontier, surplus, minimum pension benefits, optimal consumption
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1. INTRODUCTION

In this paper, we consider a mean variance portfolio selection problem for a de-
fined contribution pension scheme. We study the optimal surplus process, minimum
pension benefit and optimal total benefit that will accrued to a PPM at terminal
time. The salary process of the PPM is assumed to be stochastic. The flow of
contribution by by the PPM are invested into a market that is composed of cash
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account, index bond and stock. The real and nominal surplus for the stakeholders
(i.e., PPM and PFA) are obtained. The consumption process of the PPM at time, ¢
is examined in this paper. The optimal investment allocation strategy can be found
by solving a mean and variance optimization problem, see Nkeki (2012). Optimal
surplus, optimal pension benefits, minimum pension benefits and optimal consump-
tion plan in a mean-variance portfolio selection approach for a defined contribution
pension scheme are considered in this paper.

Haberman and Sung (1994), considered a defined benefit (DB) plans and mod-
eled it as linear-quadratic optimal control problems. Markowitz (1952) studied a
meanvariance optimization model and used it to compare securities and portfolios
based in a tradeoff between their expected return and its variance. Colombo and
Haberman (2005) and Huang and Cairns (2005) considered a mean-variance port-
folio problem in pension plans from a static point. Chiu and Li (2006) studied a
dynamic case of the model for asset and liability management under the meanvari-
ance criteria. Josa-Fombellida and Rincon-Zapatero (2008) studied the benefits of
the DB plan by assuming that the benefits are stochastic, modeled by a geometric
Brownian motion. They assumed that benefit is a non-tradeable asset. They also
considered the existence of correlation between the sources of uncertainty in the
benefits and in the asset returns.

Our paper follows the work of Josa-Fombellida and Rincon-Zapatero (2008). In
our own case, we study optimal surplus, minimum pension benefit, optimal total
benefit and optimal consumption plan under the context of a defined contribution
pension plan. We assume that the salary process of a PPM is stochastic and
modeled by a geometric Brownian motion.

There are extensive literature that exist on the area of accumulation phase of
DC pension plan and optimal investment strategies. This can be found in Cains
et.al (2006), Deelstra et.al (2000), Korn and Krekel (2001), Blake et.al (2008),
Battocchio and Menoncin (2004), Boulier et.al (2001), Di Giacinto et.al (2010),
Haberman and Vigna (2002), Vigna (2010), Gao (2008), Devolder et.al (2003),
Nkeki and Nwozo (2012), Nkeki (2013). For optimal portfolio and life-cycle of a
PPM consumption plan, see Nkeki (2011), Nwozo and Nkeki (2011), Merton (1971).

In the context of DC pension plans, the problem of finding the optimal sur-
plus, minimum pension benefits, total pension benefits, and optimal consumption
plan, with stochastic funding in a DC pension scheme under mean-variance effi-
cient approach has not been reported in published articles. H¢jgaard and Vigna
(2007) and Vigna (2010) assumed a constant flow of contributions into the pension
scheme which will not be applicable to a time-dependent salary earners in pension
scheme. We assume that the contribution of the PPM grows as the salary grows
over time. In the literature, the problem of determining the minimum variance
on trading strategy in continuous-time framework has been studied by Richardson
(1989) via the Martingale approach. Bajeux-Besnainou and Portait (1998) used
the same approach in a more general framework. Li and Ng (2000) solved a mean-
variance optimization problem in a discrete-time multi-period framework. Zhou and
Li (2000) considered a mean-variance in a continuous-time framework. They show
the possibility of transforming the difficult problem of mean-variance optimization
problem into a tractable one, by embedding the original problem into a stochas-
tic linear-quadratic control problem, that can be solved using standard methods.
These approaches have been extended and used by many in the financial literature,
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see for instance, Vigna (2010), Bielecky et.al (2005), Hpjgaard and Vigna (2007),
Chiu and Li (2006), Josa-Fombellida and Rincon-Zapatero (2008).

In this paper, we study a mean-variance approach to portfolio selection problem
for optimal surplus, minimum pension benefits, total pension benefits and optimal
consumption plan with stochastic salary of a PPM in accumulation phase of a
DC pension scheme. Nkeki (2012) considered a mean-variance portfolio selection
problem with inflation hedging strategy for a defined contributory pension scheme.
The efficient frontier was obtained for three asset classes which include cash account,
stock and index bond. The paper assumed that the flow of contributions of the PPM
is stochastic. In this paper, we assumed that the salary of the PPM is stochastic.

The remainder of this paper is organized as follows. In section 2, we present
financial market models. In section 3, we presents the pension benefits that will
accrued to PPM. In section 4, we present the expected discounted flow of contri-
butions, discounted wealth, discounted minimum pension benefit and discounted
surplus. Section 5 presents the problem formulation of the paper. In section 6, we
present the optimal portfolio and optimal consumption plan of a PPM. Section 7
presents the efficient frontier of the optimal terminal expected surplus. In section
8, we presents optimal pension benefit for a PPM at retirement. Section 9 presents
the numerical examples of our models. Finally, section 10 concludes the paper.

2. FINANCIAL MARKET

Let (2, F,P) be a probability space. Let F(F) = {F;, : t € [0,T]}, where
Fi = c(Wi(s),W9(s) : s < t), where W9(t) and W!(t) are Brownian motions
with respect to stock and index bond at time ¢. The Brownian motions W (t) =
(WIt),Ws(t))', 0 <t < T isa 2-dimensional process, defined on a given filtered
probability space (Q, F,F(F),P), where P is the real world probability measure.

In this paper, we assume that the pension fund administrator (PFA) manage the
fund contributed by the PPMs through pension fund custodians during the planning
interval [0,7] by means of a portfolio characterized by a cash account with price
process, B(t), index bond with price process, Z(t, I(t)) which is correlated geometric
Brownian motion, generated by source of inflation risks, W (¢), where I(t) is the
price index at time ¢ and has the dynamics: dI(t) = j(t)I(t)dt + o1 (t)I(t)dW(t),
j(t) the expected inflation index, which is the difference between nominal interest
rate, r(t), real interest rate R(t) (i.e. j(t) = r(t) — R(t) + o1(t)01(¢t)) and o;(t) =
(o1(¢),0). Z(¢,1(t)) is a zero-coupon bond which pays the price index at maturity,
with a payoff

A(T)
2(0.10) = £ | 1) 5
where
A(t) = B(t) " H(t)

and H (t) satisfies the process
(2.1) H(t) = exp(=6' (L)W (L) — %Ilﬁ(t)IIQ),

which we assume to be martingale in P, and a stock with price process, S(t)
correlated to geometric Brownian motions, WY (t) and W*(t), whose evolutions are
respectively given by the equations:

(2.2) dB(t) = r(t)B(t)dt, B(0) = 1,
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(2.3) dZ(t,1(t)) = Z(t, I())((r(t) + o1 (D)0 ())dt + o1 (H)dWL (1)), Z(0) = 2 € R4,

(2.4) dS(t) = S(t)(u(t)dt+os(t)gdW ! (t)+os(t)\/1 — 2dW>(t) =s€ERy.

Here r(t) € R4 denotes the short risk-free interest rate, u(t) € ’R+ the mean rate
of return of the stock, og(t) € R the volatility of stock, o1(t) € R the volatility
of index bond, ¢ € (—1,1) correlation coefficient of sources of risks from inflation,
W(t) and stock, W (t) and 6;(t) € R the inflation price of risk. Moreover, og(t)
and o1(t) are the volatilities for the stock and index bond respectively, referred to
as the coefficients of the market and are progressively measurable with respect to
the filtration F.

The proportion of fund invested in stock, S(t) at time, ¢ is denoted by A®(t) and
proposition fund invested in index bond is A’ (¢). The remainder, 1—A’(t)—A%(t) is
invested in cash account at time, t. We suppose the trading strategy {A(¢t) : ¢t > 0},
with A(t) = (Al(t),A%(t)) is a control process adapted to filtration {F;}i>0, Fi-
measurable, Markovian, and stationary processes, satisfying

(2.5) E/ A)A(t)dt < oo,

where FE is the expectation operator. Let C(t) be the consumption rate process at
time ¢. Then C(t) is an adapted process with respect to {F; };>0, satisfying

(2.6) E/OT C(t)%dt < oo.

Let Y (¢) be the salary process of a PPM at time ¢, then Y (¢) satisfies the following
stochastic differential equation:

(2.7)  dY(t) = Y(t)(B(t)dt + oy, ()W (t) + oy, (t)dW S (1)), Y (0) = yo € R.

where §(t) € Ry is the expected growth rate of the salary, oy, () is volatility of
the salary of a PPM arising from the uncertainty of inflation, W(¢) and oy, ()
is volatility of the salary of a PPM arising from the uncertainty of stock market,
W#9(t). We can express (2.3), (2.4) and (2.7) in compact form respectively, as
follows:

(2.8) dZ(t,I(t)) = Z(t,I(t))((r(t) + o1(t)01(t))dt + oz (t)dW (t)), Z(0) = z € Ry,

(2.9) dS(t) = S(t)(pu(t)dt + o (t)dW (), S(0) = s € R,
(2.10) dY (t) = Y (t)(B(t)dt + oy (t)dW (1)), Y (0) = yo € R,
where o (t) = (01(t),0), o(t) = (o5(t)q,05(t)\/T = ¢2), oy (t) = (0w, (1), 0%, (1))

and W(t) = (W((t),W(°(t))’. Suppose the proportion ¢ € R, of the salary
process is a contribution of the PPM into the scheme, then cY'(t) is the gross
amount of fund contributed into the scheme at time ¢.

Remark 2.1. If the pension PPM’s salary is deterministic, then (2.10) becomes
Y (t) = B(t)Y (t)dt.
Then, the volatility matrix

o O’l(t) 0
(2.11) n(t) = ( gos(t) os(t)V/1—¢ )
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corresponding to the two risky assets and satisfies det(X%(t)) = os(t)o1(t)/1 — ¢ #
0. Therefore, the market is complete and there exists a unique market price of risks
vector, 0(t) satisfying

01 (¢)
(2.12) 0(t) = ( qu((?) ) = ( u(t)U;“étt))\I/G(;(f);c;s(t) )

where 05(t) is the market price of stock risks. In this paper, we assume that r(¢),
M(t)a U(t), US(t)’ Ul(t)7 UY(t)’ Oy, (t)7 UYz(t)7 91(t), (95(75), q(t>7 B(t)7 UZ(t) are
constants in time.

Therefore, the fund, X (¢) dynamic evolution under the investment policy A is
(2.13)

dX ()= (X@®)(r+ AN +c(1 =Y () = Ct))dt + X (t)(Z'A'(¢t)) dW (¢),

X(O) =z0 € Ry,

where A = (107, 4 — r)’, n denotes the proportion of PPM’s contribution that is
set aside for administrative cost (AC). It implies that ncY (¢) is the AC at time ¢
and the net contribution is ¢(1 — 7)Y (t) at time ¢t. We observe that when n = 0,
it implies that the PFA do not charge any management costs. If n = 1, it implies
that the entire contributions by the PPM is taken as management costs, which
is unrealistic. Since the PFA may not (or may) charge management costs for the
operation, we assume that 0 < n < 1.

3. PENSION BENEFITS

In this section, we consider the minimum pension benefits, P™(¢) at time ¢ that
will accrued to a PPM up to the final time, T. Let P(t) be the total pension
benefits of the contributor at time, ¢ € [0,7]. It is assumed that the value of
minimum benefits a PPM can get at retirement should not be less than the value
of contributions made into the scheme.

The PPM makes a flow of contribution to the pension fund. This flow consists
of a lump sum at time 0, denoted by zy, and a continuously paid premium, at a
rate denoted by cY (¢)(t),¢ € [0,T]. The value at time O of the cash given by the
contributor (i.e., PPM) to the pension scheme is equal to:

T
Xo=20+c(l—n)E / A(s)Y (s)ds]| .
0

At time T', the PFA will provide a benefit which consists of two parts: The first part
P™(T) is the minimum pension benefit, which means that the total benefit will be
greater than P™(T) almost surely. The minimum pension benefit is not a constant
(it is a stochastic minimum pension benefit), but a nonnegative random variable
that is Fp-measurable, which is LP integrable with p > 2. The second part of the
benefit is a fixed fraction of the surplus O (P™(T)) (the difference between the
terminal wealth X (T) of the managed portfolio and the minimum pension benefit
P™(T). Indeed, we suppose that the PFA receives a fixed fraction of the surplus,
as a way to encourage him/her (see Jensen and S¢rensen, 1999). Let h denotes the
fixed fraction of the surplus that will be kept by the PFA. Then, the total benefit
of the PPM at time T equals:

P(T) = P™(T)+(1-h)X(T)-P™(T))
= P™(T)+6r(P™(T)),
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where O7(P™(T)) = (1 — h)V(T) is the surplus function at the final time, T' and
V(T) = X(T) — P™(T). For h = 0, it implies that the PFA does not keep any
profit from the surplus, so introduction of the minimum pension benefit is more
an obstacle for the PPM, since minimum pension benefits may induce a significant
utility loss for quadratic risk tolerant investors (see Jensen and S¢rensen, 1999 for
relative risk averse investor). On the other hand, if h = 1, it implies that the
PPM will receive only the minimum pension benefit, no matter the final surplus,
which is not reasonable. In order to avoid these trivial cases, we therefore assume
that h € (0,1). One of the aims of this paper is to find the optimal discounted
benefit that will accrued to the PPM at the final time, 7. This is obtained from
the discounted surplus and discounted minimum pension benefit at the final time,
T.

Definition 3.1. The flow of expected discounted minimum pension benefits for
t < T is defined by

(u)

(3.1) P(t) = E, /OT icY(u)du] > 0.

(t)

where E; = E(-|F;) is the conditional expectation with respect to the Brownian
filtration {F};>o.

Definition 3.2. The flow of expected pension benefits, P(t) is defined by

_f P@),if0<t<Ty<T,

where Tp is the time of voluntary retirement and ©(-, ) is the surplus function.
At time t > T the surplus depends on the fund wealth level in time period [t — T, ].

Proposition 3.1. Let P™(t) be the value of flow of the minimum pension benefits

that will accrued to PPM at time t, then

cY (t)
)

where § = f—& —oyl, £ €]0,r] is the instantaneous guaranteed rate of return and
cY (t) is flow of contributions of PPM at time t.

(3.3) Pt = (T - ),

Proof: By definition 3.1, we have that

T Aw)
/0 A@)cY(u)du}

/Twwdu]
o A Y(@®) |

Applying change of variable and Markovian rule on the above equation, we have
T
A
[y, ]
o A(0)Y(0)

Applying parallelogram law and martingale principles on (3.4), we have

CY(t)Ef

(3.4) P™(t) = Y (H)E

T
(3.5) P™(t) =cY(t)E / eP=E=ov 0T g
0
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Integrating, we have
cY (t)(eP=E-ovOT _q)

(3.6) P™(t) = 5—€— oyl
Therefore,
(3.7) P™(t) = %‘ST—U

where § = 8 — & — oy 6.
This implies that the final minimum pension benefits for a PPM is
cY (T)(eT — 1)
6 )
and the present value of a PPM’s future minimum pension benefit is
cyo(edT — 1)
— 5
Taking the differential of both sides of (3.7), we have

(3.10) dP™(t) = P™(t)(Bdt + oydW(1)).
Corollary 3.1. Let P™(Ty) be the minimum pension benefits for a PPM who

retired voluntarily from the scheme and Ty the time of voluntary retirement, then
Y (Ty)(e?To — 1)
)

(3.8) P™(T) =

(3.9) P™(0) = P =

(3.11) P™(Ty) = € 0<Ty<T.

4. EXPECTED DISCOUNTED FLOW OF CONTRIBUTIONS

In this section, we presents the expected discounted flow of PPM’s contributions
at time ¢.

Definition 4.1. The expected value of flow of a PPM’s net contribution is defined
as

Alu

T
(4.1) O(t) = E; /t /\((t))c<1 —nY (u)du]| .

Theorem 4.1. Suppose ®(t) is the expected value of a PPM’s net contributions,

then
(12) a(p) - LY OCLTE )
where « = B —r — oy0.
Proof: By definition 4.1, we have
T
(4.3) () =c(1—n)Y(t)E: [ t mmdu] .

Applying change of variable and Markovian rule on (4.3), we have

[y,
0 A0 YO

(4.4) O(t)=c(1—n)Y)E
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Applying parallelogram law and martingale principles on (3.4) and then integrate,
we have
_ L)Y (t)(e*"H 1)

(4.5) o(t) . :

where a = 8 —r — oy 6. The present value of a PPM’s future contribution is obtain
as

c(1 —n)yo(e®” — 1).

(4.6) o(0) = o
Taking the differential of both sides of (4.5), we have
(4.7 d®(t) = @) ((r + oy 0)dt + oy dW (t)) — c¢(1 — n)Y (t)dt.

Corollary 4.1. Let ®(Ty) be the value of the contributions of a PPM who will
retired voluntarily at time period Ty, then
_ )Y ($)(erTH 1)

(4.8) o(t) -

L0<t<Tp.

It implies that the present value of the PPM’s contributions that retired voluntarily
from the scheme is

(4.9) a(0) = 1= ”)y(;fem -1

4.1. Discounted Wealth, Contribution, Minimum Pension Benefit and
Surplus Process. In this subsection, we consider the discounted wealth, dis-
counted contributions and discounted minimum pension benefit of a PPM at time
t. The discounted surplus process of the stakeholder is also established in this
subsection. The discounted wealth of a PPM is given by (4.10).
(4.10)

AA)X (1) = A@)X () (XA () — ) dW () + (e(1 — n)AR)Y (¢) — A@)C(t))dt

(4.11) gives the discounted contributions of a PPM at time ¢ and is given by

(4.11) d(A@R)D(t)) = A@t)D(t) (o — 0)' dW (t) — (e(1 —n)A(R)Y (t)dt.
The discounted minimum pension benefits is given by
(4.12) d(A(t)P™(t)) = A(t)P™(t)(oy — 0) dW (1).

Setting X (t) = A(t)X (1), Y(t) = A@Q)Y(t), C(t) = A)C(t), ®(t) = At)D(¢),
P™(t) = A(t)P™(t), (4.10)-(4.12) become:

(4.13) dX (t) = X(t)(Z'A'(t) — 0) dW () + (c(1 — n)Y (t) — C(t))dt
(4.14) dd(t) = ®(t) (ol — 6)'dW () — (c(1 —n)Y (t)dt

(4.15) dP™(t) = P™(t)(c%, — 6)'dW (t)dt

Remark 4.1.

(4.16) d(A)Y (1)) = A)Y (t)(B — 7 — oy0)dt + A)Y (t)(o, — ) dW (t).
Solving (4.16), we have
(4.17) E(A@®)Y () = yoe P01,
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Solving (4.14), we have

t
(4.18) Bd(t) = By — o1 — 1) / E(A(s)Y (s))ds.
0
Using (4.17) on (4.18), we have
= cyo(1=n) [ (sr—oyo) )
4.19 Ed(t) =P)g — ——— YeOr—1).
o) 0=, o
Hence, the value of a PPM’s surplus is given as
(4.20) V(t) = X(t) + ©(t) — P™(1).
Therefore, the value of a PPM’s discounted surplus process is given as
(4.21) V(t) = X(t) + ®(t) — P™(t).

Proposition 4.1. Suppose X(t) satisfies (4-13), P™(t) (4.15) and ®(t) satisfies
(4.14), then the discounted surplus process, V(t) has the following dynamics

AV (t) = [X (1) (/A (8) = 0) + (&(t) — P™(1))(0% — 0)1dW () — C(t)dt,
(4.22) 7(0) = v,

5. THE MEAN-VARIANCE FORMULATION

The objective of the PFA is double. The first objective is to maximize the
expected value of fund’s (and discounted) assets. The second objective is aim at
to minimize the variance of the terminal discounted surplus (and real surplus or
simply surplus), Var(V*(T)) (and Var(V*(T))) and the consumption risk, C*(t)
on the interval [0,7]. This dual-objective problem reflects the major concern of
the stakeholders (in this paper, stakeholders represents the PFA and the PPM
only) to increase fund assets in order to pay due pension benefits as at when due,
but at the same time not exposed the pension fund to large variations in other
to provide stability to the scheme. According to Josa-Fombellida and Rincon-
Zapatero (2008), minimization of the contribution risk (though, in this paper, we
consider consumption risk) has been considered in other works as Haberman and
Sung (1994), Haberman et al. (2000) and Josa-Fombellida and Rincon-Zapatero
(2001, 2004).

Therefore, this paper is considering a multi-objective optimization problem in-
volving two criteria
(5.1)

i i % " once dt + Var(V(T
i (L (A.C).Lo(AC)) = min (~E(V(T)).E [ e CHe)it+ Var(V(T))
subject to (4.22). Here A is the set of measurable processes (A,C), where A
satisfies (2.5), C' satisfies (2.6), and such that (4.22) admit a unique solution that
is Fy-measurable adapted to the filtration {F;}¢>o.

An admissible control process (A*, C*) is Pareto efficient if there exists no ad-
missible (A, C) such that

Li(A,C) < Li(A*,C%), Ly(A, C) < Ly(A*, C%)

with at least one of the inequalities hold strictly. The pairs (L1 (A*, C*); Ly(A*,C*)) €
R? form the Pareto frontier. We will refer to C* an efficient consumption rate and
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A* an efficient portfolio. The aim of this paper is to find (E(V*(T)), Var(V*(T)))
(and then deduce (E(V*(T)),Var(V*(T)))) refer to as an efficient frontier.
According to Da Cunha and Polak (1967) (in Josa-Fombellida and Rincon-
Zapatero (2008)), when the objective functionals defining the multi-objective pro-
gram are convex, the Pareto efficient points can be found by solving a scalar optimal
control problem where the dynamics is fixed and the objective functional is a con-
vex combination of the original cost functionals. In our case (4.15) and (4.22) are
linear, so both L; and Lo are indeed convex. Hence, the original problem (4.15),
(4.22) and (5.1) are equivalent to the scalar problem
(5.2)

T
s _ . _ ~ =9 ~
(AI,%’I)HEA Ly (A, C)+Lo(A,C) = (A{rg)neA EV(T))+y <E/0 eP C3(t)dt + Var(V(T)))

subject to (4.22) and (4.15), with ¢» > 0 a weight parameter. As v varies within
the interval (0,00), the solutions of (5.2) describe the Pareto frontier (see Josa-
Fombellida and Rincon-Zapatero (2008)). Observe that 1 serves the PFA the op-
portunity to transfer linearly units of risk to units of expected return, and vice
versa. The size of 1) shows which one of the objectives is of major concern for the
PFA, to reduce risk or to maximize return.

Problem (4.15), (4.22) and (5.2) are not standard stochastic optimal problem
due to the presents of the term (E(V(T)))? in the variance term, and the dynamic
programming approach cannot be applied at this point. Following Zhou and Li
(2000), Li and Ng (2000) and Josa-Fombellida and Rincon-Zapatero (2008), we
propose an auxiliary problem that transform into a stochastic problem of linear-
quadratic case:

T
) i AC)= mi E rtc2 E(V3(T) — 20V (T
(5.3) (Afrg)réAJ( ,C) (A%%A< /O e’ C*(t)dt + E(VA(T) — 29V ( )))

subject to (4.22) and (4.15) and ¢ € R.
The relationship between problems (4.15), (4.22), (5.2) and (4.15), (4.22), (5.3)
is shown in the following result.

Theorem 5.1. For any ¢ > 0, if (A*,C*) is an optimal control of (4.15), (4.22),
(5.2) with associated optimal surplus, V*, then it is an optimal control of (4.15),

(4.22), (5.3) for o = 55 + E(V*(T)).

Proof: see Josa-Fombellida and Rincon-Zapatero (2008).

6. OPTIMAL PORTFOLIO AND OPTIMAL CONSUMPTION

In this section, we find the optimal portfolio and optimal consumption rate for
a PPM. First, we determine the Hamilton-Jacobi-Bellman equation for our surplus
process. We define the follows differential operator:
1z, 02 -~ 02 1~, 02
6.1 L=|-0"" - OP——= + - P? ~)aa’—za 0+06'0).
(6.1) (2 092 ovop 2l gpr ) VoY T2y )

We define the general value function

L(taiai)vp) :E[V(TvXai)’p”X(t) :jvi)(t) :évpm(t) :P]
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where L(t, &, ®, P) is the path of V(t) given the portfolio strategy A(t) = (A (t), A%(t)).
Let L(t, &, ®, P) be a convex function in V'(¢) such that
U(t,&,®, P) = mina ¢ L(t, Z, ®, P),

(6.2) subject to (3.8).

Then U(t, &, ®, P) satisfies the HJB equation

Uy — C(t)Us + C2(t)ePt + L2 (BA()T'A'(t) — 28A()0 + 0'0)Uzs
(6.3) +2(3BU, 5 — TPU 5)(BA(t)oh, — 22A()0 + 6'0) + LU = 0,
subject to: U(T,#, ®, P) = (i — P)? — 2p(i — P).

Proposition 6.1. The optimal rate of consumption and the optimal investment in
the risky assets (index bond and stock) are respectively given by

(6.4) A1) = (22) " (E50Uss — 2Py — PU;p) (S0 — 256))

2Uzz
ok 1 t
(6.5) C*(t) = iUie" )

Substituting (6.4) and (6.5) into (6.3), we have
Up — UZer" — 20/0(2* — 1)Usz — 2[0'S' M (So, — 256)®
—2i®(ay 0 — 20'0) — 2®0'0)U_ 4 + 2P[0'S M (S}, — 250)
+25(20'0 — 0y 0) — B0'0)U, p — Aoy 0 — 40'0) PO Tz lar
(6.6) +2(0y 0l — 40'0)P% — AP2(30v0 — 20'0 — oy 0, )] g:;
+2(oy ol — 40'0)0 4 43%(30y 0 — 20'0 — oy ol )] Uj‘: + LU =0,

subject to: U(T,#,®, P) = (& — P)? — 2p(i — P).
We assume a quadratic solution of the form:

6n  UtEEP)= ¢0()+P¢p()+q’¢q>() B3 (1) + x% #(0)
' +EPGp(t) + PPy p(t) + P*55(t) + F2¢3a(t) + P (t)
Fmdlng the partial derivatives of (6.7) with respect to t, Z, P, ®, @i, i, iP, P,

PP, ®d as follows:
) U= 90lt) POpt) + B64(0) + 36a(t) + 596040

+zP¢ (1) + ®Phgp(t) + D2dgg(t) + #2605 (t) + P2dpp(t),

(6.9) Us = ¢z (t) + D54 (t) + Py p(t) + 28 ¢z (1),

(6.10) Us = g (t) + 86,5(t) + Po, p(t) + 20854 (1),
(6.11) Up = ¢p(t) + 3, p(t) + Pogp(t) + 2Pdpp(t),
(6.12) Uszi = 2033(1), Ugs = 2055 (t), Upp = 20p5(t),

Usp = 2035 (1), Uz p = 20;5(1), U p = 205 p(t).
The following ordinary differential equations are obtained for the above coefficients
of &, P, ®, i&, #®, iP, ®P, PP, ®® in (6.6):

Po(t) = Lerl @2 (t) — 0'067:(t), ¢o(T) =
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Sp(t) = 56 65(1)9;p(1) — 40'S M (S0 — 250)¢,5(t), 65(T) = 24,
$3(t) = 5z (t) by () +40'S M (S0y — 250)5(t), 64(T) = 0,
bop(t) = 5e o5 (t)d;p(t) + 2(ov 0ol — 20v0 +0'0)¢pg

+8(0'Y0'g/ — 40’6) 7(1)5}5;:1??)‘5“), &)p(T) = 0,
bpi(t) = 11025 (t) — (ovoy —20v0+0'0)d55
+4(0y 0y + 30y 0 + 80') %22 635 (T) = 0,
.Pﬁ(t) = iept¢)§p(t) . (oyoy —20y0 + 9/9)¢}51§,
+12(0y ol — 20v0) S22, 65 5(T) = 0,

(6.13) Gi(t) = e dz(t) bz (t), 2 (T) = —2p,
(6.14) G25(t) = eP' -5 () bzz(t) — 4(20y 0 — 30'0)¢.5(t), $-5(T) = 0,
(6.15) G:p(t) = ' () Bz (t) — 4(30'0 — 20y 0)d, (1), b5 p(T) = —2.

(616) 5050(75) = Pt %i(t) + H’Q%i(t), ¢505;(T) =1.

Therefore, from (6.6) the optimal controls must be

(6.17)  A™*(t) = (52)"'%60 — 2 (&);’ggfg - P ;;;Q?)) (29~ 1(Sol, — 256).

(6.18) C*(t) = (¢3(t) + Pz4(t) + Poyp(t) + 28z (t))e”.

Solving (6.13), we have

B 20(60'60 + p)
(6.19) 92(8) = 5T ot — oot = 00+ p)’

Solving (6.14), we have

(6.20) b2p(t) =0,

Solving (6.15), we have
9p4(30'0—20y 0)(T—t)[e= ' OT =040t _ePT (904 p)]

00+ p

(6.21) bip(t) =
Solving (6.16), we have

(9/0+p)679'9(T7t)
(9/9 + p) — e 00(T'—t)+pt + erT”

Substituting (6.19)-(6.22) into (6.17) and (6.18), we have the following optimal
portfolio and optimal discounted consumption for the PPM at time ¢:

(6.22) bzz(t) =

A1) = Mg — APONER 20

(6~23) e(lse/e+Says)(T—t)(0/9+p76—9’9(T—t)+nt+enT)2
00+7)° :
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The first part of (6.23) is the Merton portfolio process. The second part is the
variational part which is the intertemporal hedging term that offset any shock to
the stochastic salary of a quadratic risk PPM in the scheme.

2}5m(t)e4(3e’e—2gye)(:r—t)+pt [E—BlB(T—t)-Ppt7epT7(019+p)]
6’0+p

c(t) =
2(0'0+p)eP (X* (e~ 0T—8) o)
9/9+p_e—9’9(T—t)+pt+epT

(6.24)

At time ¢t = 0, we have

™ . 4P™(0)M (S0, —250) 6(139/9+80y9)T(9/9+ _670,0T+epT)2
(6.25)  A™*(0) = MX6 — L GIEE :

~ ap! ! ’
= B 2Pm(0)e4(3‘9 9—20y9)T[e—9 QTiepTi(alaer)] 2(0/9+p)(i’08_9 eTﬂp)
(626) C (O) - 0'0+p + 9/9+p_c—9’9T+epT .

The terminal discounted consumption can be obtained by setting ¢t = T as follows:

0'0 + p)erT (X*(T) — )
0'0 + p '

- - 2
(6.27) C*(T) = —2P™(T)e!T + (
6.1. Optimal Consumption of a PPM. In this subsection, we consider the
optimal consumption process of a PPM at time ¢. It is given by
(6.28) C*(t) _ A(t)flé*(t) _ C«*(t)e(r+\|9“2)t+afw(t).

It implies that

t)e4(30/072n‘y9)(T7t)+pt[679/9(T7t)+pt_epT_(019+p)]

C’* (t) _ 2Pm(

(6 29) 6'0+p
. 2(9/9+p)X*(t)ept*9’9(T*t) 2(9/9+p)we(p+v'+\|9H2)t+9’W(t)
+9,9+p,e_s’s(T—t)+pt+epT - 9/9+p,e—e'e(T—n)+pt+epT

The positive term 6’6 captures the uncertainty of the financial markets. (6.29)
shows that when the market become bearish, it induces the PPM not make more
contributions into the pension fund and consume more, and vice versa. It is also
observed that when the preference consumption rate, p increases, the consumption
process increases over time, for all other parameters remain fixed.

At time ¢ = 0, (6.29) becomes

o (O) . 2P6n84(39/972aye)T[679'9T_epT_(919+p)]
- 0'0+p
+ 2(0'0+p)zoe_6l6T B 2(0'0+p)p
9/9+p,e—8’8T+epT 9/9+p,e—e’eT+epT .

At time t =T, (6.29) becomes

(6.30)

C*(T) = _2Pm(T)e/"T[(9/9+P)] + 2(9/9+p,)X*(T)e”T
(6~31) ( /) ( +r+ueﬁ2(§JTrfe/W<T> ot
2(0"0+p)pe”
- 00+p :

We can express (6.29) in terms of the parameter ¢ (which represents the variance
minimizer) as follows:
o 2Pm(t)€4<39l9720'y9)(T7t)+pt [efﬁ/G(T—t)+pt_epT_(9/9+p)]
(1) = haaC 2

! ~ ’
2(0"0+p) X" (1)eP! 0T 2(0"04p) (1420 BV (T)))e P HICITHHIW O
9/9+p_679/9(T7t)+pt+epT Qw(g/g_;'_p_efs’S(Tft)+pt+epT) .

(6.32)
_|_
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It is observe that as ¥ becomes smaller and smaller for all other parameters remain
constant, consumption rate reduces and vice versa. It imply that

_ 2Pm(t)e4(39,9—2<7y9)(T—t)+pt [e—BlB(T—t)-Ppt7epT7(9/9+p)]

Gay O e
' 2(0'04p) X * (£)ePt =0 9(T—1)
+ ‘9/0+IJ—€79/9(T7Q+‘”+69T )
and
(634) ]imwﬁo C* (t) - oo,

This is an intuitive result, since the PPM will consume more over time when the
market is volatile and consume less when the market is not volatile. Observe that
the taste of consumption will be negative if the market is absolutely riskless.

6.2. Special Cases: 6 = (0,0)', p#£0; p=0, 0 € Ri Special Case I: Suppose
6 = (0,0) and p # 0, then (6.29) becomes

(6.35) Cr(t) = W e ) | 20Xl Bppe T

P p—ertterT  p—ertyer”
(6.35) shows the consumption level when the investment is not in the risky assets.
It implies that consumption level of the investor do not depends on the uncertainty
of the market over time, but upon the riskless asset. In this case, the initial con-

sumption level and the terminal consumption level are given respectively in (6.36)
and (6.37). At t =0, (6.35) becomes

v/ 2P [1—efT —p] 2r0  2pp
(6.36) C*(0) = =2 ; + u
At t =T, (6.35) becomes
(6.37) C*(T) = —2P™(T)e!T + 2X*(T)erT — 2T,
Special Case II: Suppose p =0, and 6 € Ri, then (6.29) becomes

2P'm,(t)e4(36/6—2r7y9)(T—t) [e—GIG(T—t)iliele]

* _
(1) = 2L -

200X (e~ 0T 29/ppe(r+101)1+0"W (1)
+ 00—e-00(T—t11  §/h—e-00(T-t)1]

(6.38)

(6.38) shows the consumption level when the sharpe ratio 6’6 is not zero and the
discount factor, p is zero. It is observe that consumption level strictly depend
on the risky assets with respect to the riskless one. We observe that the market is
booming, consumption reduces, and vice versa. In this case, the initial and terminal
consumption level are given respectively in (6.39) and (6.40).

Similarly, at ¢ = 0, (6.38) becomes

o 2P(;’n.g4(39’9—2r7y9)T[e—S/STilielG]

¢ (0) 770

(6.39) i 20" 9zqe= 00T 266

0/0—e=0"0T+1  0/0—e=0"0T+1"
At ¢t =T, (6.38) becomes
(6.40) C*(T) = —2P™(T) + 2X*(T) — 2pe(rH 01 T+0'W(T)
We therefore have the following propositions.
Proposition 6.2. Let
_2P™(t)eftlert — erT — p] 20X *(t)eft 2ppelptr)t

*
Cr(t) = 5 Tt et et
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and
C*(t) . 2P'm,(t)e4(36/6—2r7y9)(T—t)[e—HlH(T—t)iliele]
0 - 0’0
+29/9X*(t)6—9/9(T—t) _ 29/0W6(7‘+H6H2)t+8/W(t)
0/0—e—0"0(T—1) 41 0'0—e—0"0(T—t) 41
then

. CH (), i 06 = 0, p # 0,
- p
(641 (1) { Ch(t), if 0 € R, p = 0.

7. THE EFFICIENT FRONTIER

In this section, we determine the efficient frontier of the surplus process. Substi-
tuting (6.23) and (6.24) into (4.22), we have the dynamics of the surplus as follows:

AV*(t) = [(P™(t)(1+ f(t) + ©(£))(0} — 0)]dW (¢)
~ / PM (1) _ & e 0'0(T—t) _(p/
—9ept [Pm(t)g(t) (0 9+p)(91/’9+(;)_:i((j)9)w4>+m+epT(9 0+p)p

~ ’
(0"0+p) V" ()e” 0T 7 (0) —
+ 970+ p—e—00(T—)+pt {epT ]dt7 |4 (0) = Yo,

(7.1)

where
e—0'0(T—t)+pt + 6pT)2

@0+ )2 ’
—0"0(T—t)+pt _ ePT _ (9/0 + P)
00+ p

Re-writing (7.1) in a more compact form, we have
(7.2) dV*(t) = (K()V*(t) + G(t) + pa(t))dt + F(t)dW (t), V*(0) = vo,

where

f(t) = —4(130"6480v 0)(T—t) (00 +p—

g(t) = oA(300—20y 0)(T—t) e

F(t) = (P™(6)(1+ f(t) + ®(t))(0y — 6)
(06 + p)(P™ () — D(t))e 0T
0’0 + p— e—0"0(T—t)+pt + ePT }
2(0'0 + p)er?
a(t) = 00 + p— e—0'0(T—t)+pt + erT

G(t) = —2eP [P™(t)g(t) +

2(0'0 + p)ert=?"0T—
00 + p— e 00T—DFpt { pT "
Applying Ito Lemma on (7.2), we have
dV*2(t) = 2K (6)V2(t) + 2V* (1) G(t) + 20V (t)a(t)
+F(t)F(t))dt + F(t)dW (t), V*2(0) = v3,
Taking the mathematical expectation of (7.2) and (7.4), we have
(7.5) dE(V*)(t) = (K()E(V*(t)) + E(G(1)) + pa(t))dt, E(V*)(0) = v,

(7.3) K(t) =

(7.4)

dE(V*?)(t) = (2K () E(V*?)(t) + 2E(V*) () E(G(t)) + 20 E(V*)(t)a(t)
+E(F (1)) E(F(t)))dt, E(V2)(0) = vg,
Solving the ordinary differential equations (ODEs), (7.5) and (7.6), we have follow-

ings:

(7.7) E(V)(t) = A(t)elo K()ds 4 pefs K(s)ds fot e Jo K(9)ds oy (5)ds,

(7.6)
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where ,
At) =g +/ e Jo K()ds G () ds
0

(7.8)

E(V*Q)( ) =} 62f0 K(7)dr + leo K(r)dr j‘ E )) E(F(T))dT—‘r

2e2Js Kar [1 p(G(r)) ( (r )efo (w)du 4 Lpefo Kwdu (7 e=Jo K(")d“a(s)ds) dr+
28062f°t K(7)dr f(f a(T) ( ( )efo u)du Jrsaefo K(u)duf e~ o K u)d“a(s)ds) dr

Simplifying (7.8), we have

(7.9)
(V*Q)( ) =02 62f0 K(r)dr _|_62f0 K(T)de E )) E(F( ))dT
+262f0 K(T)de E )) ( )efo K(u)dud7_+2¢62fo K(T)d‘f‘f ( )BIOT K(u)dudT

202 i K(ryar s tfo eI K= i KO)d p(G(r))a(s)dsdr
222 o KT (1 [T oy K(w)due= [ K(wdug (1) (s)dsdr

Re-writing (7.9) in compact form, we have

E(‘}*Z)( ) =3 62 fo (r)dr + Dl(t)62 fot K(r)dr

7.10 ¢
( ) +2D2(t)(p62 fo (r)dr 4 2D3(t)(p262 Jo K(r)dr

where
t) = [ B(F(r) ’E(F(T) dr +2 [ B(G(7))A(r)dr
= [J [T eld Kldue= [ Kdu p(G(7))a(s)dsdr + [} a(r)A(T)dr

—2/ / elo Kwdug=[5 K(w)du (1) o(s)dsdr
Att =T, (7.7) and (7.10) becomes:
(7.11) E(V*)(T) = A(T)y + ¢y,
where, v = elo K(Wdu , — fOT e~ Jo K(9)dsq()ds.
Lemma 7.1. Suppose that K(t) satisfies (7.14), then

, 2
_ (9/9+p)60 oT
=11 —e?T(0'0 + p + erT)

Proof: Using (7.14), we have that

t (0'0+p)t _ (0'0+p)T _ 0’6 00T
/ K (u)du = 2log, c Z,HT (66 + pe .
o 1—e”9T (06 + p + erT)

It implies that

’ / , 2
efot K(u)du _ e (0/0 + p)ee T
1—ef"0T(0'0 + p + erT)

Therefore, setting ¢t = T, we have

, 2
B (9/9+p)€9 T
T —e?T(00 +p+erl) |
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Using Lemma 7.1, the second moments of the surplus process becomes
(7.12) E(V*2)(T) = v37* + Di(T)y* 4+ 2D5(T)py* + D3(T)p*y*
Substituting (7.11) into (7.12), we have

B(V2)(T) = u§y> + Da(T)y?* + RO E(V(T)) = A(T))

(7.13) + 230 (B(7+(T)) — A(T))?

The variance of the discounted surplus process for the stakeholders is

Var(V1(T) = B(V)(T) - (BV)(T))?
= it D+ BB ) - )
L D) (BE(V*(T)) — A(T)y)? — (E(V*)(T))2

OJ2
= v5y? — A(T)*y* 4+ Di(T)?

Loy (D 2(T) A(T)) (E(7*(T)) — A(T))

(de )2 2 (D3<T> 1)
% (B(V(T) )+ ( — A(T)y)?)
DQ(T) 2
(T) N
= 72Q+ ) + E(V(T)) — A(T)y

D3(T) )

where
(P40 - a))

()

Therefore, the efficient frontier of discounted surplus is obtain as

Q=5 — A(T)* + Dy(T) —

(7.14) E(V*(T)) = Y(2wA(T) — Do(T)) N U%/*(T) - VQQ.
N Y (T

From (7.14), shows a kind quadratic relation between optimal discounted surplus
and its variance. The minimum possible variance, Var(V (*(T)) = v2Q > 0, could
be attained when the stakeholder borrows money from the total amount of surplus
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at time ¢ = 0 for T years, so that

B (1)) — 122A) — Do)
()

We now establish the efficient frontier of the optimal terminal surplus of the stake-
holders. The expected surplus and the variance, 0‘2,*(T), at time T are related by

the following (7.15).

Proposition 7.1. Suppose (7.14) holds and E(A(T)) = e_(’“+2“9”2)T, then

(r+2101*)T /52 A2
QWA(T) — Do(T))er+2101HT € 0oy — VR
(115) B(v(r)) = 22AT - D) ; VoV TR
w (DZ(QT) . 1) (Di)(2T) _ 1)

From (7.15), shows the quadratic relation between surplus and its variance. The
minimum possible variance, Var(V*(T)) = v2Q > 0, could be attained when the
stakeholder borrows money from the total amount of surplus at time ¢ = 0 for T
years, so that

 (2wA(T) — Do(T))e+210I)T

E(WVH(T)) =
w (DZ(2T) _ 1)
We observe that if % =1, we have infinite slope, if DZ(QT) > 1, we have real
slope and complex slope if D3(2T) <1.

w

8. OPTIMAL PENSION BENEFIT FOR A PPM AT RETIREMENT

In this section, we consider the optimal benefit that will accrued to the PPM at
retirement. By definition, the benefit that will accrued to a PPM at the final time,
T is given by

(8.1) P(T)=P™(T)+ O¢(P™(T)).

Proposition 8.1. : Let ©%(P™(T)) be the optimal discounted surplus function at
the final time, T, then

(8.2) P*(T) = P™(T) + ©5(P™(T)),
with

B T B T
83)  V*(T)=wo+ /0 (K(&)V*(t) + G(t) + pa(t))dt + /0 F(t)dW (¢).

Corollary 8.1. : Let ©5.(P™(T)) be the optimal surplus function at the final time,
T, then

(8.4) P*(T) = P™(T) 4+ ©7(P™(T)),

with

(8.5)

* 1 r O 7k r /
V(T = AT <vo +/0 (K@®)V*(t) + G(t) + palt))dt +/0 F(t) dW(t)) .

-
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Corollary 8.2. : Let E(05(P™(T))) be the expected optimal discounted surplus
function at the final time, T, then

(8.6) E(P*(T)) = E(P™(T)) + E(©5(P™(T))),
with
~ T ~
(8.7) E(V*(T)) =vo + /0 (K&)E(V*(t) + E(G(t)) + palt))dt.

Corollary 8.3. : Let E(©%(P™(T))) be the optimal expected surplus function at
the final time, T, then

(8.8) E(PH(T)) = E(P™(T)) + E(©7(P™(T))),
with
1 T -
(8.9) E(V*(T)) = mE Vo +/O (K@) V*(t) + G(t) + pal(t))dt| .

9. NUMERICAL ILLUSTRATION

In this section, we give numerical illustration of our results in the previous sec-
tions. The aim of this numerical illustration is to observe the nature of the expected
final optimal surplus (both discounted case and the real case) as against the final
standard deviation, the initial optimal consumption, optimal final pension benefits,
minimum pension benefits, with respect to the terminal time to retirement, the
expected final surplus and parameter, ¥ given to the minimization of the variance.
The values of parameters that we consider are as followings.

¢ = 0.15,n = 0.01, r = 0.04, v = 10, £ = 0.3, p = 0.01, p = 0.09, oy =
(0.25,0.32), 8; = 0.02, 8 = 0.0292, yo = 0.8, xg = 1, 05 = 0.35, o1 = 0.23.

1684 - b

Expected Discounted Swrplus
iD: 1
E
]
1

18035 b

o 1000 2000 2000 4000 5000 &000 7000
Vanance

Figure 1. Efficient Frontier
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Table 1: Initial Optimal Consumption, Cj,

CHARLES

I. NKEKI

with z = E(V*(T))

| ©=01 [ 9=01 ] ¢=01 1 ¢=01][¢=1[d¢=11]¢=1 v=1
T=1 T=2 T=10 T=20 T=1 T=2 T=10 T =20
6 | -10.4172 -7.8403 -13.3382 -21.0730 -5.9279 | -4.8594 | -12.5551 | -20.6823
10 | -14.4077 -10.4901 -14.0343 -21.4202 -9.9184 -7.5091 -13.2512 -21.0296
20 | -24.3838 -17.1144 -15.7745 -22.2883 -19.8945 | -14.1334 | -14.9914 -21.8877
30 | -34.3600 -23.7387 -17.5148 -23.1564 -29.8707 | -20.7577 | -16.7317 | -22.7658
35 | -39.3481 -27.0509 -18.3849 -23.5905 -34.8588 | -24.0699 | -17.6018 -23.1998
Continuation of Table 1
3 P =10 P =10 Y =10 Y =10 P =00 P =00 P = 00 =00
T=1 T=2 T =10 T=20 T=1 T=2 T =10 T=10
6 -5.4790 -4.5613 -2.4767 -20.6433 -5.4266 -4.2949 -3.36116 -1.4281
10 | -9.4695 -7.2110 -13.1728 -20.9905 -9.4443 -6.9929 -4.1453 -1.8692
20 | -19.4456 | -13.8353 | -14.8131 -21.8586 | -19.4886 | -13.7380 | -6.1057 -2.9719
30 | -29.4200 | -20.4597 | -16.6534 | -22.7267 | -29.5328 | -20.4830 | -8.0661 -4.0747
35 | -34.4099 | -23.7718 | -17.5235 | -23.1608 | -34.5550 | -23.8556 | -9.0463 -4.6260

Table 2: EODS, EODPB and Minimum Pension Benefit for a PPM

. . - ED” EP” EP* EP” EP* EP”
T\ Ev EV Epm o EP™ h=0.2 h=0.2 h=0.3 h=0.3 h=04 h=0.4
1 -2.8513 | -2.7400 | 0.1202 | 0.1189 | -2.1676 -2.2573 -1.8816 -1.9603 -1.5956 -1.6632
2 1-0.7245 | 0.2409 | 0.2409 | 0.2357 | -0.5314 -0.5807 -0.4349 -0.4786 -0.3383 -0.3766
3 0.2708 0.2402 0.3622 | 0.3567 | 0.2646 0.2868 0.2768 0.2948 0.2890 0.3027
4 1.4329 1.2211 0.4844 | 0.4640 | 1.0737 1.2391 1.0001 1.1422 0.9264 1.0453
5 2.7673 2.2657 | 0.6077 | 0.5758 | 1.9341 2.3290 1.7683 2.1099 1.6025 1.8907
6 | 4.2720 | 3.3605 | 0.7322 | 0.6853 | 2.8348 3.5548 2.5720 3.1963 2.3091 2.8377
10 | 11.7552 | 7.8797 1.2463 | 1.1187 | 6.5531 9.6279 5.8897 8.5643 5.2264 7.5006
20 | 40.9465 | 18.3985 | 2.7168 | 2.1890 | 15.2621 33.1950 13.6940 29.3193 12.1258 25.4435
Continuation of Table 2
T EP* EP* EP* EP* EP* EP* EP* EP*
h=0.5 h=0.5 h=0.6 h=0.6 h=0.7 h=0.7 h=0.8 h=0.8

1 -1.3097 -1.3662 -1.0237 -1.0692 -0.7377 -0.7722 -0.4518 -0.4751

2 -0.2418 -0.2745 -0.1453 -0.1725 -0.0487 -0.0704 0.0478 0.03161

3 0.3012 0.3107 0.3134 0.3187 0.3256 0.3267 0.3378 0.3347

4 | 0.8527 0.9484 0.7791 0.8515 0.7054 0.7546 0.6318 0.6577

5 1.4367 1.6715 1.2709 1.4524 1.1051 1.2332 0.9393 1.0141

6 2.0463 2.4791 1.7835 2.1205 1.5207 1.7620 1.2578 1.4034

10 | 4.5630 6.4370 3.8997 5.3733 3.2363 4.3097 2.5730 3.2460

20 | 10.5576 21.5678 8.9895 17.6920 7.4213 13.8163 5.8531 9.9405

EODS denotes Expected Optimal Discounted Surplus, EODPB denotes Expected
Optimal Discounted Pension Benefit.
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Figure 7. Portfolio Value in Stock for Stochastic Salary

Table 1 shows the initial optimal consumption of a PPM at various values of
expected discounted surplus in a varying value of variance minimizer parameter, 1
at time T'= 1,2, 10 and 20 years. We observed at different values of 1) and T', that
as the expected optimal surplus increases, the initial optimal consumption decreases
and vice versa. This shows that the positive growth of the surplus (resulting from
the positive growth of the financial market and effective management on the part
of the PFA) is capable of discouraging consumption. It was also observed that as v
increases, the initial optimal consumption increases. This shows that as the market
continues to be volatile, consumption rate will continue increase and vice versa.



242 CHARLES I. NKEKI

Table 2 show the expected optimal surplus, expected discounted optimal surplus,
expected discounted minimum pension benefit, expected minimum pension benefit,
expected discounted total benefit and expected total pension benefit for a PPM,
at time T = 1,2,3,4,5,6,10 and 20 years, and at different value of h (i.e., the
proportion of the surplus that will accrued to the PFA). It was observed that
the optimal surplus increases in time, 7. It also observed that as the value of h
increases, the benefit of the PPM will decrease, and vice versa, which is an obvious
result. Hence, what ever the bargain between the PPM and PFA on the sharing of
the surplus will be, the values of the PPM minimum and total pension benefit are
given in table 2.

Figure 7?7 shows the efficient frontier of the surplus process. We observed that
the shape of the efficient frontier is parabolic in nature. It is also observed that the
minimum possible variance is attained when the PFA borrows the amount of about
5200 from the total surplus at time ¢ = 0 for time ¢t = T'. Figure ?7? shows the initial
optimal consumption of a PPM with 0 — 40 optimal surplus at time period 0 — 20
years. It is observed that the initial optimal consumption of a PPM remain negative
over the time period, 7. This confirm the results obtained in Table 1. Figure 77
shows the portfolio value of the investment in cash account and figure 7?7 and figure
77 show the portfolio values of a PPM in index bond and stock respectively, under
deterministic salary of a PPM. Figure 7?7 and figure 7?7 show the portfolio values
of a PPM in index bond and stock under stochastic salary. Figure 7?7, figure 77
and figure 77 tell us that the fund should be invested in index bond and stock only
and that cash account should be shorten and then invest in the risky assets (which
include index bond and stock), with high proportion of it being invested in stock
over time in order to attain the required target.

10. CONCLUSION

This paper have studied the management of a stochastic pension funding process
of a defined contributory pension scheme. The objectives are to determine the
minimum pension benefits, total pension benefits, optimal consumption and optimal
investment strategies maximizing the expected terminal surplus and simultaneously
minimizing the variance of the terminal surplus. The financial market is made up
of cash account, index bond and stock. The salary of the pension plan member is
stochastic. The problem was formulated as a modified mean-variance optimization
problem and was solved using dynamic programming approach.

The efficient frontier which was found to be nonlinear (i.e., possess a parabolic
shape). The optimal investment strategies have two components. The first com-
ponent depends ultimately on the risky assets and its correlation. The second
component is proportional to the ratio of the present expected value of PPM’s min-
imum benefit to the optimal wealth. The second component is the inter-temporal
hedging terms that offset any shock to the stochastic finding overtime.

The optimal consumption (both for real and discounted cases) plan have three
components. First component depends on the current level of minimum pension
benefit, with a coefficient involving the instantaneous variance of salary, prefer-
ence rate of consumption and risky assets. The second component depends on the
optimal wealth, preference rate of consumption and risky assets. The third compo-
nent is proportional to the present expected value of discounted surplus planned,
with coefficient involving preference rate of consumption, variance minimizer, short
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term interest rate, risky assets and the Brownian motion term, which shows that
the consumption of the PPM is stochastic. We found the as the variance mini-
mizing parameter tends to zero, the consumption level tends to negative infinity.
This shows that PPM will consume more over time when the market is volatile and
consume less when the market is less volatile. Also, the taste of consumption will
be negative, if the market is absolutely riskless.

The optimal terminal surplus for the stakeholders was determined in this pa-
per. The pension fund administrator (PFA) was encouraged by sharing the surplus
arising from the investment with the PPM. This strategy will go a long way in-
creasing the final benefit that will accrued to the PPM at retirement. The PFA
charge propositional administrative costs (AC) for the management of the fund.
This costs is on the PPM stochastic contributions into the scheme.

The minimum pension benefit is taken not to be less than the gross contributions
of the PPM. It implies that the total benefit must be greater or equal to the
minimum pension benefit.

A numerical illustrations show the analytical results and models established in
the paper.
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ON INVARIANT SUBMANIFOLDS OF ALMOST
a-COSYMPLECTIC f-MANIFOLDS

SELAHATTIN BEYENDI, NESIP AKTAN, AND ALI IHSAN SIVRIDAG

ABSTRACT. In this paper, we investigate some properties of invariant subman-
ifolds of almost a-cosymplectic f- manifolds. We show that every invariant
submanifold of an almost a-cosymplectic f- manifold with Kaehlerian leaves is
also an almost a-cosymplectic f- manifold with Kaehlerian leaves. Moreover,
we give a theorem on minimal invariant submanifold and obtain a necessary
condition on a invariant submanifold to be totally geodesic. Finally, we study
some properties of the curvature tensors of M and M.

1. INTRODUCTION

In 1963, Yano [13] introducted an f-structure on a C'*° m-dimensional manifold
M, defined by a non-vanishing tensor field ¢ of type (1,1) which satisfies ¢®>+¢ = 0
and has constant rank r. It is know that in this case r is even, r = 2n. Moreover.
T M splits into two complemantary subbundles Imy and kery and the restriction
of ¢ to Imy determines a complex structure on such subbundle. It is know that the
exixtence of an f-structure on M is equivalent to a reduction of the structure group
to U(n) x O(s) [2], where s = m — 2n. The geometry of invariant submanifolds
of a Riemannian manifold was studied by many geometers (see [3], [4], [6], [7], [8],
[9], [10]). In general, the geometry an invariant submanifold inherits almost all
properties of the ambient manifold. In 2014, Oztiirk et.al. introduced and studied
almost a-cosymplectic f-manifold [7] defined for any real number o which is defined
a metric f-manifold with f-structure (p,&;,n¢, g) satisfying the condition dn® = 0,
dQ) = 2am A Q.

In this paper, we introduce properties of invariant submanifolds of an almost
a-cosymplectic f-manifold. In Section 2, we review basic formulas and definitions
for almost a-cosymplectic f-manifolds. In Section 3, we show that every invariant
submanifold of an almost a-cosymplectic f- manifold with Kaehlerian leaves is also
an almost a-cosymplectic f- manifold with Kaehlerian leaves. Further, we give
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a theorem on minimal invariant submanifold and obtain a necessary condition on
a invariant submanifold to be totally geodesic. In last section, we obtain some
relations of curvature tensors M and M.

2. PRELIMINARIES

Let M be a real (2n+ s)-dimensional framed metric manifold [12] with a framed
(0,&ism',9), i € {1,..., s}, that is, ¢ is a non-vanishing tensor field of type (1,1) on

M which satisfies ¢ + ¢ = 0 and has constant rank r = 2n; &;,...£, are s vector
fields; n',...,n* are 1-forms and g is a Riemannian metric on M such that

(2.1) ¢* = —I+Z77i®§i,
=1
(2.2) n'(&) =06, o(&) =0, nlop =0,
(2.3) n'(X) = g(X, &),
(2.4) 9(X,pY) +g(pX,Y) =0,
(2.5) 9(eX,0Y) = g(X,Y) =Y n'(X)n'(Y)
=1

for all X,Y € F(T]Tf) and i,j € {1,...,s}. In above case, we say that M is a metric
f-manifold and its associated structure will be denoted by M(gp, &,nthg) [12].

A 2-form Q is defined by Q(X,Y) = g(X,¢Y), for any XY € F(T]T])7 is called
the fundamental 2-form. A framed metric structure is called normal [12] if

[0, 0] +2dn" © & =0
where [, ¢] is denoting the Nijenhuis tensor field associated to ¢. Throughout this
paper we denote by 7 = nt+n?+...4n°, € = &+ +...+& and gf =6 +0%+...+68.

In the sequel, from [7] we give the following definition.

Definition 2.1. Let M(gp, &,m', g) be a (2n + s)-dimensional a metric f-manifold
for each n', (1 < i < s) 1-forms and each 2-form €, if dn’ = 0 and dQ = 2a7 A Q
satisfy, then M is called almost a-cosymplectic f-manifold [7].

Let M be an almost a-cosypmlectic f-manifold. Since the distribution D is
integrable, we have L¢;n? =0, [§;,&;] € D and [X, ;] € D for any X € I'(D). Then
the Levi-Civita connection is given by [7]:

(2.6) 29((Vxp)Y, Z) = 2ag (Z(g(sDX, V)& —n'(YV)eX), Z)

+9(N(Y, Z),pX)

for any X,Y € T(TM). Putting X = & we obtain V¢, = 0 which implies Ve¢,&; €
D+ and then V¢ & = Ve, &, since [§;,&;] = 0. We put A;X = —Vx§ and h; =



ON INVARIANT SUBMANIFOLDS OF ALMOST «a-COSYMPLECTIC f-MANIFOLDS 247

(Lg, ), where L denotes the Lie derivative operator. If M is almost a-cosymplectic
f-manifold with Kaehlerian leaves [6], we have

S

(Vxp)V = Z [~9(p A X, Y)E + 7' (Y)p A X]

S

27) (Vxe)Y =D [a(9(pX, V)& = 7' (V)X ) + g(hi X, Y)& — n'(Y)h: X] .
=1

Proposition 2.1. ([7]) For any i € {1,...,s} the tensor field A; is a symmetric
operator such that

() Ai(&) =0, for any j € {1,...5}
(ii) A; 0<p+<poA = 20y
(iii) tr(4;) = —2an
( ) Vsz - _a@QX - LphiX-
for any X € F(TM).
Proposition 2.2. ([2]) For any i € {1,...,s} the tensor field h; is a symmetric
operator and satisfies

() i(gj)zov fO?” any j € {15""8}
(ii) hsop 4+ @oh; =0
(iii) trh; =0
(iv) tr(gh;) =0

Let M be an almost a-cosymplectic f-manifold with respect to the curvature ten-
sor field R of V, the following formulas are proved in [7], for all X, Y € T(T M), i,j €
{1,...,s}.

(2.8) R(X, V)& =0a> (F(V)e*X — " (X)e?Y)

—a ) (0 (X)ehiY — n*(Y)phi X)

+ (ey@hi)X — (6)“0}”)}/,

(2.9) R(X,&)¢ Zak 202X 4 aphX)
k=1
+ aphiX — hih; X + (Ve hi) X

(2.10) R(&;, X)& — @R(&,0X)& = 2(—0?9*X + h;h; X).

Moreover, by using the above formulas, in [7] it is obtained that

(2.11) S(X,&) = —2na? Zn — (divph;) X,

(2.12) S(&:,&5) = —2na® — tr(h;hy)
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for all XY € F(T]\Aj), i,j € {1,...,s}, where S denote, the Ricci tensor field of the
Riemannian connection.
From [7], we have the following result.

Proposition 2.3. Let M be an almost a-cosymplectic f-manifold and M be an
integral manifold of D. Then

(i) when o =0, M is totally geodesic if and only if all the operators h; vanish;
(ii) when a # 0, M is totally umbilic if and only if all the operators h; vanish.

Theorem 2.1. [2] A C-manifold M2+ s g locally decomposable Riemannian
manifold which is locally the product of a Kaehler manifold M#" and an Abelian
Lie group M.

3. ON INVARIANT SUBMANIFOLD OF ALMOST a -COSYMPLECTIC f-MANIFOLDS

Let M be a submanifold of the a (2n + s)-dimensional almost a-cosymplectic
f-manifold M. If o(T,M) C T,M, for any point p € M and §; are tangent to M
for all i € {1,..., s}, the M is called an invariant submanifold of M.

Let V be the Levi-Civita connection of M with respect to the induced metric g.
Then Gauss and Weingarten formulas are given by

(3.1) VxY = VxY + B(X,Y)

(3.2) VxN =V%N — Ay X
for any X,V € I'(TM) and N € I'(TM)+. V< is the connection in the normal
bundle, B is the second fundamental form of M and Ay is the Weingarten en-

domorfhism associated with N. The second fundamental form B and the shape
operator A related by

(3.3) g(B(X,Y),N)=g(AnX,Y).

The curvature transformattion of M and M will be denote by
(3.4) R(X,Y)Z =VxVyZ —VyVxZ —Vxy1Z
and

(3.5) R(X,Y)Z =VxVyZ - VyVxZ —VixyZ,
respectively. Using (3.1) and (3.2) in (3.4) and (3.5), we obtain
(3.6) R(X,Y)Z = R(X,Y)Z — Apy. )X + Apx.2)Y

+(VxB)(Y,Z) - (VyB)(X, Z)
for any X,Y,Z € T(TM). Then, if W is tangent to M, then using (3.6), we get
(37 g(RX.Y)Z,W) = g(R(X.Y)Z,W) +g(B(Y.W), B(X, Z))
Proposition 3.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we have
(3.8) (Vx@)Y = (Vxp)Y
and

(3.9) B(X,9Y) = ¢B(X,Y) = B(pX,Y)
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for any XY e T(TM).
Proof. For any X, Y € T'(TM), using (3.1) we get
(Vx@)Y = VxpY — pVxY

In above equation, comparing the tangential and normal part of last equation, we
obtain B(X,pY) = ¢B(X,Y). Then (3.9) follows in both cases by the symmetry
of B. O

From (3.9) and using symmetry of B, we have the following result.

Corollary 3.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we get

(3.10) B(pX,pY) = —B(X,Y)
for any XY e T(TM).

Definition 3.1. A submanifold of an almost a-cosymplectic f-manifold is called
totally geodesic if B(X,Y)=0, for any X,Y € I'(TM).

Proposition 3.2. Let M be an invariant submanifold of the almost c-cosymplectic
f-manifold. Then we have

(3.11) ﬁxfj =Vx§;
and

for any X € T(TM).
Proof. From (3.8), we obtain
(Vx9)& = (Vx9); = oVx§ = oVx§
= Vng = ngj.
Then, using (3.11) we have
Vxé = Vxé +B(X,§)
= B(X,§;) =0.
O

Proposition 3.3. An invariant submanifold of an almost a-cosymplectic f-manifold
with Kaehlerian leaves is also almost a-cosymplectic f-manifold with Kaehlerian
leaves.

Proof. For any X,Y € I'(T M), using (3.1) we get

(Vxp)Y = VgV — p(VxY)
=VxpY + B(X,¢Y) —p(VxY) —¢B(X,Y).
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From (2.7) and the above equation, we get by considering the submanifold as in-
variant and comparing tangential and normal compenents, we obtain

(3.13) (Vx@)V =) [a(geX, V)& — 7' (V)eX) + g(hiX, Y& — 7' (V)b X] .

i=1

From (3.13), we get the proof. O

Theorem 3.1. Fach invariant submanifold of almost a-cosymplectic f- manifold
is minimal.

Proof. Suppose that M minimal submanifold of an almost a-cosymplectic f-manifold
and dimM = 2m + s(m < n). From (3.3), one can write,

(2m + s)tr(An) = Zg (ei,e:), N)
+Zg (pei, pei), N)

+Zg (&.&),N)
—0.

Hence from above calculations, mean curvature of M, so tr(Ay) = 0. O

4. CURVATURE PROPERTIES

Proposition 4.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we

(4.1) R(X,Y)& = R(X,Y)
for any X, Y € T(TM).

Proof. For any X,Y € I'(TM), using (3.1) in (3.6) we get

R(X,Y)& = R(X,Y)§ — ApvenX + Apxe)Y + (VxB)(Y,&) — (Vy B)(X, &)
= R(X,Y)& — B(Y, V&) + B(X, Vy&)
— R(X,Y)& + ap?B(Y, X) — ag® B(X,Y) + ¢B(Y, hiX) — oB(X, hi,Y)
= R(X,Y)&.

O

Corollary 4.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then R(X,Y)¢ is tangent to M for any X, Y € T'(TM) and
1=1,..,8
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Proposition 4.2. Let M be an invariant submanifold of the almost a-cosymlectic
f- manifold M. Then, we have

(4.2) R(&;, X)& = R(&5, X)&,

(4.3) R(X,&)6 = R(X. &),

(4.4) R(&.&)6 = R(&k, )& = 0,

(4.5) R(&, X)Y = R(&, X)Y

for any XY e T(TM).

Proof. Using (4.1), we obtain (4.2), (4.3), (4.4) and (4.5). O

Proposition 4.3. Let M be an invariant submanifold of the almost a-cosymlectic
f-manifold M. Then, following relations hold

(4.6) P(ANX) = Apn X = —AnpX

for any X € T(TM),

Proof. For any X,Y € I'(TM), using (3.3) and (3.9) we have
9(p(ANX),Y) = —g(AN X, Y)

= —g(B(X,¢Y),N)
= _g(B((anY)’N)
= —g(ANpX,Y)

and then,
(p(ANX) = —ANQOX.
Moreover, we have
=—9(¢B(X,Y),N).
On the other hand, using (3.3) we have
and then we get
(p(ANX) = AwNX.
O

Proposition 4.4. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we have

J(R(X, pX)pX, X) = g(R(X, pX)pX, X)

for any X e T'(TM).
Proof. In (3.6), if we take Z =Y = ¢X and W = X, then we obtain (4.7). O

Proposition 4.5. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. And let M be of constant ¢ sectional curvature [2]. Then M is
totally geodesic if only if M has constant ¢ sectional curvature.
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Proof. Let M be totally geodesic then from (4.7), the sectional curvature of M is

the same as M. Vice versa we suppose that the sectional y-curvature determined
by {X,pX} is the same for M and M for any X € I'(TM). Hence from (4.7), we
get that B(X,X) =0and B =0. O

Proposition 4.6. Let M be an invariant submanifold of the almost o cosymplectic
f-manifold M and let o = 0. Then B is parallel if only if M is totally geodesic.
Proof. An easy calculation, we get

(VxB)(Y,&) = —aB(Y, X) + hipB(Y, X).
for any X,Y € I'(TM). Hence, if B is parallel, then B(Y,X) =0, for any X,Y €
D(TM). Vice versa, it is clear that if B =0, then VB = 0, so B is parallel. O

Let M be a submanifold of a Rieamannian manifold M. An isometric immersion
i: M — M is semi- parallel if
R(X,Y)B =Vx(VyB) - Vy(VxB) — Vixy;B=0
where R is the curvature tensor of V [3], where R curvature tensor of the Van der

Waerden-Bortolotti connection V and B the second fundamental from. In([1]), K.
Arslan et al. defined and studied 2-semi parallel submanifold if

R(X,Y)VB =0
for any X, Y e I'(TM).
Theorem 4.1. Let M be an invariant submanifold of the a-cosymplectic f-manifold.
If M is semi-parallel, then .
1) When a = 0, M totally geodesic and M is a locally decomposable Riemannian
manifold which is locally the product of a kaehler manifold M#" and an Abelian Lie
group M5 .
2) When o # 0, M totally geodesic.

Proof. V is the connection in TM &T M~ built with V and V+, where R (resp.R*)
denotes curvature tensor of the connection V(resp.V+). If R denotes the curva-
ture tensor of V+ then we have

(4.8) (E(X7 Y)B)(Z,U) = RJ‘(X, Y)B(Z,U)
— B(R(X,Y)Z,U)
— B(Z,R(X,Y)U)
for any X,Y,Z,U € T'(TM). Now, we suppose that M is semi-parallel. Then

R(X,Y)B =0 for any X,Y € I'(T'M). Using (4.8), we get
RY(X,Y)B(Z,K) — B(R(X,Y)Z,K) — B(Z,R(X,Y)K) = 0.
If we take X = ¢&;, K = ¢, then we obtain,
RH(&,Y)B(2,€)) — B(R(&,Y)Z,¢;) — B(Z,R(&,Y)&;) = 0.
From (3.12), we have
B(Z,R(&,Y)&) =0
and from the above equation, we arrive

o’B(Z,Y) =0.
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,wegeta =0or B=0. O
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