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NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
CONVEX FUNCTIONS ON A RECTANGULAR BOX

A. BARANI AND F. MALMIR

ABSTRACT. In this paper some Hermite-Hadamard type inequalities for convex
functions of three variables on a rectangular box in R3 are given.

1. INTRODUCTION

Let I = [a,b], a < b, be an interval in R and f : I — R a convex function.
The following double inequality

f<a+b>< 1 /abf(x)dx<f(a)+f(b).

2 b—a 2

is known in the literature as Hermite-Hadamard inequality for convex functions
(see for example [5]). In resent years there have been many extensions, generaliza-
tions, refinements and similar results of Hetmite-Hadamard inequality, see [1-16]
and references therein.

In [11] Dragomir consider an inequality of Hetmite-Hadamard type for convex
functions on the co-ordinates on a rectangle from the plane R2. A function f :
A :=a,b] x [c,d] CR? - R, a < b and ¢ < d, is called convex on the co-ordinates
if partial mappings, f, : [a,b] — R defined as f,(v) = f(u,y), and f; : [c,d] —
R defined as f,(v) = f(x,v), are convex where defined for every y € [c¢,d] and
x € [a,b]. Clearly every convex function is co-ordinated convex. Furthermore,
there exists co-ordinated convex function which is not convex (see [11]). Since then
several important generalizations introduced on this category, see [14,15,18-20] and
references therein.

On the other hand, M.E. Ozdemir [15] defined convex functions on a rectangular
box Q := [a,b] x [c,d] x [e, f] in R? as follows: A function g :  — R is said to be
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2 A. BARANI AND F. MALMIR

convex on the co-ordinates on € if for every (z,y,2) € Q, the partial mapping,

X [¢,d] — R, 9:(u,v) = g(u,v,2), z€le,f],
gy la, b x e, f] = R, gy(u,w) = g(u,y,w), y€lcd],
9z - [Cvd] X [ev.ﬂ — Ra gx(vaw) :g(CL’,’U,’IU), S [avb]a

are convex. Recall the following inequality of Hermite-Hadamard type for co-
ordinated convex function on a rectangular box in R? from [15].

Theorem 1.1. Suppose that g : Q@ — R is convex function. Then one has the
inequalities:

a+b c+d e+ f
27 2 7 2

;[bia/abg<x’c;d7e;f)dm+dic/cdg<a—2‘rb7y,e—’2_f>dy
+fie/fg(a+b,cgd )dz]
b—a)d—o) _6/// 9(x,y, 2)dadydz
[(b—a(d—c// gz, y,€) + g(a,y, )] dydz
b_al(f //A2 (z,¢,2) + g(z,d, z)|dzdx
i 1(f //A 9(a,y,2) + g(b,y, 2 )}dzdy}

1
: (g<a, )+ gla,d,) + (b, €) + 900, )

IN

Fglae, )+ glad, )+ glb,e, )+ g(b,d, f>),

where Q := [a,b] x [¢,d] x [e, f] € R3, Ay = [a,b] x [e,d], Ay = [a,b] x [e, f] and
Az = [Cad] x [e7f]'

The main purpose of this paper is to establish new Hermite-Hadamard type
inequalities of convex functions of 3-variables on the co-ordinates.

2. MAIN RESULT

Throughout this section T is a rectangular box in R3 defined by T': I x I x I3
where I := [a1,b1], I := [c1,d1] and I35 := [e1, f1] are intervals in R with a1 < by,
¢y < dy and e; < f;. Moreover, Q := [a,b] X [¢,d] X [e, f] is a rectangular box
contained in I'° where, a,b € I{ (the interior of I1), ¢,d € I§ and e, f € I such that
a<bc<d e<f.

To reach our goal, we need the following new lemma.
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Lemma 2.1. Let g : I' — R be a mapping on I'. Suppose that g is third partial
3
differentiable on Q. If % € L1(R2), then the following equality holds:

1
§ (ota.c.0) + 0.0+ g(0.c.6) + 0.0

(2.1) Fgae, )+ glad, )+ glbe )+ 9(b,d, f))

- (bfa)(dic)(f,e) ///Qg(:ay,z)dxdydz

(b_al_c//A l9(x.y,€) + g(a,y, )] dxdy
1(f //A2 (z,¢,2) + g(x,d, z) | dxdz
1
) (f

( — //A gla,y,z) + g(b,y, )]dydz
_ﬂ(bl/ [9(z,c,e) + gz, ¢, f) + g(x,d, ) + g(x,d, f)]dx

L1
2

70’) a

d
/ [9(a,y,e) +g(a,y, )+ g(b,y.e) + g(by, f)]dy

Ta=o .

1 f
+ F-e /e [9(a,c,z) + g(a,d, 2) + g(b,c, 2) + g(b,d, z)]dz]

—a@=aU =) [
_ . /0/0/0(1 2r)(1 — 25)(1 — 21)

3
g
X 51050 (ta+ (1 —t)b,sc+ (1 —s)d,re + (1 —r) f)dtdsdr,

where Ay = [a,b] X [¢,d], As = [a,b] X [e, f] and Az = [¢,d] X [e, f].
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Proof. By integration by parts, we have

/// (1—2r)(1—2s)(1—2t)

315838 (ta+ (1 —t)b,sc+ (1 —s)d,re + (1 —r)f)dtdsdr

:// (1—2r)(1 - 2s)

x{ 161——2;)8638 (ta+ (1= t)b,sc+ (1= s)d,re+ (1 —r)f)

1

0

+a7b858r

(ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 — r)f)dt}dsdr

= /0 /0 (1-2r)(1 _28){a_1baigr(a7sc+ (1—s)d,re+ (1 —7r)f)

L Py —(b,sc+ (1 —s)d,re+ (1 —1r)f)
~ a—Dbasor ’

2% (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —r)f)dt}dsdr
a—bdsor ’ ’

= bia/ (1—27"){/0 (1—23)<aaag (a,sc+ (1 —s)d,re+ (1 —1r)f)

88 (b,sc+ (1 — s)d, 7‘6+(17”)f))d82/ / (1—2s)

8567’ (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 — r)f)dtds) }dr.
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If we denote the right hand side of (2.2) by I; and again by integrating by parts,
we have

= ' — ar (1_28) @GSC — S re -Tr
n=[a 2){ 2 (Pwwse+ (= s)dure + (1= 1))

1
+ %(bjsc{— (]_ — S)d,T€+ (]- _T)f)>

0

1
+Cid/0 {(;z(a,sc+(1s)d,re+(lr)f)
9

+6r

(b,sc+ (1 —s)d,re+ (1 — T)f)] ds

1

1 —2s
_2/0 [(lc_il)gi(ta—k(l—t)b,sc+(1—S)d,T€+(1—7")f)

0

: /01 %(ta + (1 —t)b,sc+ (1 —s)d,re + (1 — r)f)ds} dt}dr
1

2
4
c—

(23) = dic/o (1—2r){(;g(a7c,re+(l—r)f)+gﬁ(b,cme—&-(l—r)f)

99

ar(a,d,re—k(l—T)f)—l-@(b,d,re—l-(l—r)f)

+ or

1 1
+4/ / %(tcﬂ—(l—t)b,sc+(1—$)d77"6+(1—7”)f)d5dt
0 0

_Ql/ol (gi(a,sc—i-(l—s)d,re+(1—7")f)

99
or

1 ag
+/0 <8r(m+ (1—t)b,c,re+ (1 —r)f)

+ (b,sc+(ls)d,re+(1r)f))ds

+ %(ta + (1 —t)b,d,re+ (1 — r)f)) dt] }dr.
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Similarly, we denote the right hand side of (2.3) by I, it follows that

(2.4)
B= S22 (glacret (0= n) + et (1= )

+g(a,dyre+ (1 —7)f) +g(b,d,re + (1 — r)f))

2
e—f
+g(a,d,re—|—(1—7")f)—&—g(b,d,re—i—(l—r)f)]dr

1

0

+

/0 [g(a,c,re—i— (1=r)f)+g(bc,re+ (1 —1r)f)

4 1

e—f

+ 2/1 g(ta+ (1 —t)b,sc+ (1 — s)d,re + (1 — T)f)dr] dsdt
0

=1

+g(b,sc+ (1 —s)d,re+ (1 — r)f))

+

/o1 /01 {(1 —2r)g(ta+ (1 —1)b,sc+ (1= s)d,re+ (1 —7)f)

0

(1—2r) <g(a,sc+ (1-s)d,re+ (L —1)f)

1

0
+2/0 (g(a,sc—i— (I1=9)d,re+ (1 —1r)f)
+g(b,sc+ (1 —s)d,re+ (1 — r)f))dr] ds

2

e —

; /0 [(1 o) <g(m (L= Db ere+ (1—1)f)

+g(ta+ (1 —t)b,d,re + (1 — r)f))

0

4 2/0 ((g(ta + (1 —t)b,e,re+ (1—1)f)

+g(ta+ (1 —t)b,d,re + (1 — r)f))dr] dt,

writing (2.3) and (2.4) in (2.2), we have

1
(b—a)d=c)(f —e)

x {g(a, c,e) +9(ac f)+gbee)+gbc f)

I3 =

+ g(a,d,e) + g(a,d, f) + g(b,d,e) + g(b,d, f)





HERMITE HADAMARD INBQUALITY .
—2/01 [g(a,c,re+(1—r)f)+g(b,c,re+(1—r)f)

tglardire + (1—)f) + g(b,dyre+ (1 - r)f)}dr
+4/01/01 [g(ta+ (1= )b, sc+ (1 — s)d, )

4g(ta+ (1= )b, s+ (1— s)d, f)} dsdt
- 8/01/01/019[ta+ (1= )b, sc+ (1 — 8)d, re + (1 — r) f)dtdsdr
_ 2/01 [g(a,sc+ (1= 8)d,e) + g(a, sc+ (1 — s)d, f)

4 g(b,se+ (1— 5)d, ¢) + g(b, sc+ (1 — )d, f)} ds
+4/01/01 [g(a,sc—i— (1— s)d,re + (1 - 1)f)

4 g(b, s+ (1— s)d,re + (1 — r)f)} dsdr
- 2/01 [g(ta L (1= t)bese) +gltat (1—t)be, f)

+g(ta+ (1 —t)b,d,e) + g(ta+ (1 —t)b,d, f)} dt
+4/01/01 [g(ta+(1—t)b,c,re+(1—r)f)

+g(ta+ (1 —1)b,d,re + (1 — r)f)} dtdr}.

Using the change of variable z = ta+ (1 —1)b, y = sc+(1—s)d and z = re+(1—7) f
for t,s,r € [0, 1], and multiplying the both side by %7 we obtain (2.1),
which completes the proof. ([

Theorem 2.1. Let g : I' — R be a mapping on I'. Suppose that g is third partial

differentiable on Q. If ‘%| s a convez function on the co-ordinates on 2, then
the following inequality holds:

1
(b—a)(d—c)(f —e) ///Qg(x;y>z)d$dydz—A+B_C
(2.6) _ b—a)d=o)(f—e) <1{ 93 o)
128 4 |0tdsor
3

g &g g
d
‘ aigsor @ 6)‘ i ‘ aigsor 4T )' - ‘ diasor ¢ 6)’

&g
aigsor w7 )‘

+

3
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3¢ ) &g . 8
+‘8t658r( ’c’f)‘+ Stsor ’e)‘+)3ta ar ’f)‘
where A and B and C are defined, respectively with
1
A= // 9(z,y,€) + g(z,y, f)]dzdy
2 —a)(d—c) JJa,

)

b—al(f //A2 (z,¢,2) + g(x,d, )| dzdz
1
(d=c)(f—e)

)(f = //A 9(a,y,2) + 9(b,y, )}dydz]

b
b= 411[ : / [9(z,ce) +g(z, ¢, f) + g(x,d,e) + g(x,d, f)]dz

1
(d—c)
1

f
+ F—e) /e l9(a,c,z) + g(a,d, z) + g(b,c, 2) + g(b,d, z)]dz] ,

d
/ [9(a,y,e) +g(a,y, )+ g(b,y,e) + g(by, f)]dy

and

1
C= 8<g(a76,€) +g(a,d,e) +g(b,C76) +g(b7d76)

T glae. )+ glad, f) + g(bse. f) + g(b.d, f)).

Proof. From Lemma 2.1, we have

(b—a)(dic)(f—e) ///Qg(x,y,z)dxdydz—Aq-B_O
. (a—b)(d—c)(f—e) /01/01/01|(1_2,~)<1_zs)<1_2t>\

33
Otdsor

(ta+ (1 —t)b,sc+ (1 —s)d,re + (1 — r)f)’dtdsdr.

3
Since |%| is co-ordinated convex on ), then one has:

(b—a)(dic)(f—e) ///Qg(ﬁﬂ,y,z)dxdydz—A+B_C
csbe=ay=a ' l/o (L 20)(1— 26)(1— 20)

x{t‘ 0 (a,sc—l—(l—s)d,re—l—(l—r)f)’

Otdsor

+(1- t)’ g (b,sc+ (1 — s)d,re + (1 — r)f)‘}dt] dsdr-.

0t0sOr
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By calculating the integral in above inequality we have

1 83g
/O = 2t‘{t’8tasar(a, sc+ (1 —s)d,re+(1 —r)f)‘

0%g

+(1- t)latasﬁr

(b,sc+ (1 —s)d,re+ (1 —r)f)‘}dt

- /0;(1 _2t){t’8t883398r(a’80+ (1—3s)d,re+ (1 _T)f)’

&g

- t)‘atasar

(bysc+ (1 —s)d,re+ (1 — r)f)‘}dt

2

1 3
+[ (2t — 1){t‘ at%jar(a,sw (1—s)d,re+ (1 — r)f)‘

8%g
1t
+ )‘(%Bsar

(b,sc+ (1 —s)d,re+ (1 r)f)‘}dt

:1<’ Py (a,sc+(1—s)d,re+(1—r>f)‘

4\ |otosor
L] P (b, sc+ (1 — s)d,re + (1 — 1) f)
050 , SC s)d,re r .

Thus,

1
(b—a)(d—c)(f —e) ///Qg(x,y,z)dxdydz_A+B_C
< (a—=b)(d—c)(f —e)

- 32
X 1 1‘(1—27")(1—23)’ P9 (a,sc+ (1 —s)d,re+ (1 —7)f)
/0 /0 ‘8t8887“
3

0°g
otdsor

+‘ (b, sc+ (1 — s)d, re + (1 r)f)‘}dsdr.

3
A similar way for other integral, since |%’ is co-ordinated convex on 2, we have

1 839
/0 ‘1—23[{‘8tasar(a,sc+(l —s)d,Te—l—(l—T‘)f)’

|2
Otdsor

(b,sc+ (1 —s)d,re + (1 — r)f)’}ds
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3 93
:/0 (1_25){8‘8tasg(’9r(a’c’re+(1_T)f)‘

3

+(1_5)‘atasgar(a,d7re+(1—T)f)‘

+s at%zgar (b,c,re+ (1 — r)f)’ +(1- S)‘ataassgar(b’ dhre+{l- T)f)’}ds
" /;(28 B 1){8 8t883595'r (@eret (1= rm‘
+(1_5)‘6g587ﬂ(a,d,re+(1—7")f)‘
+s‘£j&,(b7cﬂ“e+(l_r)f)’+(1_8)‘(%%3;@@’%4—(1_7“)]0)’}%

1 0g 0%g
= 4{‘M(G7C,T€+(1—T)f)’+‘W(a7dﬂ”€+(1—’“)f)’

+ ﬁ(h c,re+ (1—r)f) + ﬂ(h d,re+(1—r)f)
otdsor otosor ’

and
1
_A _
(b—a)(d—c)(f —e) ///Qg(%y,z)dmdydz +B-C
(@a=bd=o)(f —¢) [
= 123 /0 1= 2r|
(2.7) 5 )
g {‘8755587" (a,¢,re + (1= T)f)‘ * ’3t686r(a’ d,re+ (1~ T)f)‘
o3 9
i ‘atajar(b’”@+ (1= T)f)‘ * ‘6t88%r(b’d’re+ (1 r)f>‘}dr'
Thus,
1 5 .
/0 . 2r’{’8tasgar(a’c’m +a- r)f)’ * ‘8tas!]8r(a’d’re +(1 - r)f)’
(2.8) . ;
i ’3t6598r(b’ eret(1- T)f)‘ - latasg@r(b’ d,re + (1~ ’”)f)’}dr
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: 0%g ?°g
-/ (1—2r>{r\8tasar<a,c,e>]+<1—r>\8tasar<a,c,f>\

+r 8t%3sgar (a,d,e)| + (1 —r) 8158635931" (a4 f)‘
+r %(b@e) +(1=7) &taa?)sgar(b’c’f)’
B afaz%r(”’d’e) a _T)‘at%?’sgar(b,d,f)‘}dr
+ /;(27" - 1){r 81&%3507“ (@ee)| + (1 - T)‘at;‘sgm(a’c, f)‘
+r ag)s%r (be,e)] + (1 =) %(b’ “ f)‘
B 82389871(@(176) a _T)‘atﬁ';sgar(b,d,f)’}dr
A ) T T

63 63 g 3 3

g d°g g
* '3t658r(b’ & e)‘ * ‘Qtasﬁr(b’ ef )’ + ‘8153587’ (b, e)‘ * ’atasar (6.4, )‘}

By the (2.7) and (2.8), we get the inequality (2.6). O

Another similar result may be extended in the following theorem.

Theorem 2.2. Let g : I' — R be a mapping on I'. Suppose that g is third partial

3
differentiable on Q. If | at%s%r 1 q>1, is a convex function on the co-ordinates on

Q, then the following inequality holds:

o ar—a s stz — 45

< (bia)( )(f ) } ‘ 63.9 (a ¢ 8) a
- 8(p+1)» 4 |otosor "

839 q 839 (adf)q 639
OtOsOr otosor" OtOsOr

3

g
aiosor @& 1)
q

"

(2.9)
(a,d,e)

+ ' (b,c,e)

"

q 3

0°g
OtOsOr (6.d, f)

(b, ¢, f)

0%g
otdsor

q 83g
* ‘ aigsor O d-e)

"

where A, B and C' is defined in theorem 2.1, and % + % =1.
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Proof. From Lemma 2.1, we have

(bfa)(dic)(ffe) ///Qg(l”ay,Z)d:cdydz—A+B_C
< (afb)(d;c)(f—e) /01/01/01|(12r)(12s)(12t)|

’ 3

d°g
” o0tosor

(ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 — r)f)’dtdsdr.

By using the well known Holder inequality for triple integrals, then one has:

1
(b—a)d—c)(f —e) /-//Qg(x’yvz)dxdde_A"i_B—C‘
(@a-v)d—o(f—e [ [* [ [ . ) ) 2
- 8 (/0 /O /O |1 —2r|"[1 - 2s"[1 - 2| dtdsdr>

1,1 1 q a
X / / / dtdsdr | .
o Jo Jo

? ¢ >1is convex function on the co-ordinates on €, for t € [0,1] we

D3g
m(ta + (1 —t)b,sc+ (1 —s)d,re+ (1 —7)f)

. 93 g
Since ‘ dtosor
have

0°%g 4

Otdsor

0%g

Otdsor

‘ i (ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 —r)f)

q

gt‘ (a,sc+ (1 —s)d,re+ (1 —7)f)

03g

otosor

q

—|—(1—t)‘ (bysc+ (1 —s)d,re+ (1 —7r)f)

Similarly

839 q
‘M(ta—i— (I =t)b,sc+ (1 —s)d,re+ (1 —1)f)

q—|—t(1—s)

3 q

0%g g
atasar(aadare+ (1 - T)f)

otosor

(a,c,re+ (L —1)f)

< ts’

639 q

+(1=1)s 0tdsor

(b,e,re+ (1 —1)f)

8%g

otosor

q

+(1-6)(1—ys) (b, d,re+(1—1)f)

)
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and
839 q
M(m—l— (1—=t)b,sc+ (1 —s)d,re+ (1 —7r)f)
g q 3¢ q
< _
< tsr 8t888r(a7c’ e)| +ts(l—r) 3t858r(a’ ¢ f)
3 q 3
g d°g
+t7"(]._8) m(a,d,e) +t(1—8)(1_'f') m(a,d,f)
839 q 839 q
—|—(1—t)sr m(bvcve) +(1—t)(1—7‘)8 ataSaT(bacmf)
83 q
+ (1 -t)(1=9)r Do ———(b,d,e)
aSg q
F =00 = )1 =) 5L (b, )

Hence, it follows that

(b—a(d o)(f—e) /// 9(z,y,2)dzdydz — A+ B - C

(b—a)(d—c)(f—¢) / / /
<
< 8(p+ 1) tsr 81588 ace)
839 D3g a
+ts(1—r) 510507 ——(a,c, f) —|—tr(1—s) 8t8387“(a d,e)
(:)39 q 839 q
+t(1—8)(1—r) m(a7d,f) +(1 _t)ST' m(b,c7e)
3 339 q
F =005 + 0= 922 (b
LAt —s)(1—7) Py (bdf) dtdsd ’

S T 8 8 8 sar
_(b=a)d=)(f - } g / g /
- 8(p+1 4 8t358r ) F | geasar @)

83 3 q 33g q
+‘8t888 (a.d.e) +‘8t8 ar (@4 ) ’atasar(b’c’e)

83g q Bg q 3 q %
+ ‘Z’%asar(b’ “hl + ‘8t853r<b7 de)| + ‘8t858r<b7 d.f)

O

Theorem 2.3. Let g : I' — R be a mapping on I'. Suppose that g is third partial
differentiable on Q. If | 8t898r| , q > 1, is a convex function on the co-ordinates on
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Q, then the following inequality holds:

1
(b—a)(d—c)(f —e) ///Qg(x,y,z)dxdydz_AJFB_C
< (b—a)(d—c)(f—e)<1{’ g q

3
+‘ 99_(4,c.f)

Otdsor

q

= 128 1) |Btasar (@ @)

|2
Otdsor

(2.10)

q

639 q 839
(0:0.0) + | 50 ) + | e

q q

0%g
Otdsor

0%g
Otdsor

0%g
Otdsor

(b,e, f) (b,d,e)

(b,d, f)

"

il

d
where A, B and C is defined in theorem 2.1.

Proof. From Lemma 2.1, we have

(b*a)(dic)(ffe) ///Qg(x,y,z)dxdydz—A+B_C

(a=b)d-c)(f—¢ [* [" [
< 2 /0/0/0|(1—2r)(1—23)(1—2t)|

03g
otosor

X ’ (ta—l—(1—t)b,sc+(1—s)d,re—k(l—r)f)’dtdsdr.

By using the well known power mean for triple integrals, then one has:
L /// ( Ydxdydz — A+ B - C
g\, Yy, z)araydaz — -
(b—a)(d—=c)(f—e€) )] Ja

< (b_a)(dgC)(f_E) (/01 /01 /01 = 2020} _%)‘)1;
x </01/01/01 (1 —2r)(1 —2s)(1 = 2¢)|

&3g
otdsor

(ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —7)f)

q i
dtdsdr) .

3
Otdsor

q
is convex function on the co-ordinates on 2, for ¢ € [0, 1] we have

Since

d°g 4

otdsor
‘ 3

‘ i (ta+ (1 —t)b,sc+ (1 —s)d,re+ (L —1)f)

q

(a,sc+ (1 —s)d,re+ (1 —1)f)

29
Ot0sOr

&g

otosor

q

(bysc+ (1 —s)d,re+ (1—7r)f)| ,

+(1t)‘
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and

q

o

6t388r(ta + (1 —t)b,sc+ (1 —=s)d,re+(1—7)f)

q+t(1—s)

3 q
m(a7d7T€+(1—7‘)f)

0%g
< ts'[)tas@r(a’ ere+ (1—r)f)

3

0tosor

q

+(1- t)‘ (bye,re+ (L—1)f)

0%g

0t0sOr

q

+(1—t)(1—s)

(b,d,re+ (1 —1r)f)

b

and

0°g 4

otosor
3

g
Otdsor

’ ’ (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —1)f)

q
+its(l—r)

3

0°g
atosor “ 6 f)

q

< tsr

(a’7 C? 6)

3

0°g
Ot0sor (a,d,e)

0g

Otdsor

q—|—t(1 —s)(1—r)

(9 q
+tr(1—s) e (@)
0%g

atasar )

q

+(1=t)(1—-r)s

q

q

+(1—t)sr (b,c,e)

%9
otdsor

+ (1=t =-9)r (b,d,e)

&g

otosor SR

+(1=-t)(1=s)(1—-1)

hence, it follows that

(b—a)(dic) F—o ///g(wvy,z)dmdydz—A—i-B—C‘
S(“_w(dgc)(f () (///11_% (1—2s)(1 - 2t)]

03g 1 &g

X {tsr W(a,c,e) +ts(l — )ata 5 (a,c, f)

639 q 639 q
+ir(l—s) 6t833r(a’d’e) +t(l—s)(1—1) 5t0s0r (a,d, f)

339 q 83
+( —t)S’I“ INMOsO (b,c,e) +(1_t)(1_ ) IMOs (97"(’ 7f)

asg q
+(1-t)(1—-s)r 51050 (b,d,e)
839 q %

+(1-t)1-98)(1-7) atasar(b’d’f) dtdsdr | .
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By calculating the integral in the above inequality, we get

1 839 q 83
/0 |1 —2t|| tsr m(a,c,e) +ts(1— )8t8 5 (a cf)
639 q 639 q
tr(l — s)‘atasar(a,d,e) +t(1=95)(1—r) atasar(a,d, )
839 q 639 q
+(1—t)87" m(b,c,e) +(1_t)(1 —T)S m(b,c,f)
8 q
+ (1 =81 =9)r 51050 (b,d,e)
639 q
+1=-t)1—-s)(1—1) ﬁtasar(b’d’f) >dt
3 3¢ q 39 q
:/0 (1—2t)| tsr 8t(,asar(a,c,e) +ts(l—r) Btasar(a’c’f)
93g 1 0%g
+itr(l—s) 51550 (a,d,e)| +t(1—s)(1—r) atasﬁr(a7d7f)
839 q 639 q
+ (1 —t)sr 6tasar(b,q el +(1—-t)(1—-r)s m(b,c7 )
aSg q
+ (1 =61 —s9)r atasar(b’d’e)
839 q
1 3¢ q 3¢ q
+A (2t7 ].) tsr m(a, C, 6) +t$(1 77’) m(a,c, f)
339 q 339 q
+tr(l—s) 8t888r(a’d’e) +t(1—s)(1—1) 5tBs0r (a,d, f)
D3g ? _0%g
839 q
+ (1 -1 —s9)r 8t838r(b’d’e)
aSg q
+(1-6)1-=98)(1-7) 8tasar<b’d’f) dt

839 q 839 q
B T‘ dtasar @ eo)| - T)’atasar (a.c.f)
B 24 24
3 q 3 q
g g
N r(l— 8)’&8567" (a,d,e) N 1-s)(1-7) 5t550r (a,d, f)
24 24
93 q 3¢
" gigsar ¢ ©) . 5s(l - )‘Btﬁ ar (b n|
24 24
839 q o g q
N 5r(1 — 8)‘&8337“([)’ d,e) N 5(1-r)(1—y9) 8t856r(b7 d, f)

24 24
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839 q Sg
*"| otosor bs(l - T)‘ aigsor o 7)

24 + 24

839 q 639
5r(1 = 5) g () 300 =) 1)

5

(a,c,e)

+

24 24
0%g 1 0%g
| Grasar ¢ . s(1- )‘8158 ar 0 n
24 24
83 q 83g
Do (b,d,e) N (1—=r)(1—s) 7(9156581"([)’ d, f)
24 24
639 q 839 q
T‘ Biosar s(1 - T)’atasar (a,¢, )
4 4
83 q a g
(1 - >]6ta I (@da)| -0 2L (ad.f)
4 4

r(l—s)

+

a,c,e)

3

" Stgsar ) .
1 1

o L 9
P O U RS Pra R
4 4

o

otosor
_l’_

Thus,

(b—a)( dic F—o ///g($7y,z)dxdydz—A+B_C
(b_a)( —c)(f—e [//“_271 )]( 39

Atdsor 8 (e,
839 q
Otdsor
3

g
Basar 0 6:€)

0%g

0tosor

+r(1—s) (a,d,e)

93

atosor 1)
839 q
giosor @ f )‘ tr

s(1— >]

(2.11) \

+(1-s)(1-1)

3

93g 4
ol )| 5o e s)

q

+7r(1—s) (b,d,e)

+(1—=s5)(1-r)

0%g
8t858

dsdr]

¢.¢)

q
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By a similar way for other integrals, we deduce that

3

g
OtOsOr (a,¢, )

839 q

O0tosOr

q+s(1—7°)

(a,c,e)

1
/ ’1 —25‘ (sr
0

1= 9) g (w0 +0 -8 - |50 wd.p)|
+ sr Gtac?gs%r (b,c,e) ’ +(1=1r)s %(b, e, f) ’
+(1-s)r 8t883sgar(b’ d,e) 4 1-s)(1—7) 8t8635g8r(b’ d, f) q) ds
= /05(1 —2s) <sr aglg(%(OL, c,e) ! +s(1—r) 8t83596r (a,c, f) ’
+r(l— S)’8t63sgﬁr (a,d,e) s (1-s)(1—7) &‘Z%T (a,d, f) '
+sr at%z%r (b, c,e) 4 (1—1)s at?ass%r (b, ¢, f) '
+(1-s)r 8%13 (b, d, e) 4 (1-s)(1-1) ata;%r (b d, ) q) ds
(2.12) + / 1(2s —1) (sr 8t8835%r (a,c,e) 4 s(1—r) 8%23 (a,c, f) '
+r(1 - s)’at;%r (a,d,e) . (1-s)(1—7) 67588339(% (a,d, f) '
T ataagsgar (b,ce) q +(1=r)s 0158835987" (b,¢, ) q
+(1-s)r at%i%r (b, d, e) 4 (1-s)(1-1) 8t8835g87“ (b, d, f) q) ds
_ r’ 61?%1%7‘ (a’ & 6) q + (1 B r)‘(‘%;j(%(a’ & f) q
24 24
57" 829?87‘ (a,d¢) q N (1 =) (’“)t%ds%r (a,d, f) q
24 24
r‘ags%r(b, ce) ! . (1 —r)‘%(b, e f) '
24 24
5T‘ at%?)sgar (b,d,e) q 51 - r)’ataagsgar(b’ d.f) q

24 24
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g a 3¢ q
5T‘t9t33197“(a’c’6) 5(1T)‘W(a,c,f)
24 51
0%g a 9 .
r‘ Biosar 4 e) N (1- 7‘)‘ soe(a,d, f)
24 o
»g 1 g q
5T‘ 0tdsor (b, c,€) 5(1=7) Otdsor (b,¢, f)
24 51
»g 1 g q
r‘@t@s@r(b’ die)  (1=7)| 55 (b.d, f)
24 51
0%g q 9 .
_ r’ giosor wee)| (- ’“)’atasar (a,¢,f)
- . 4
0%g q oy .
N | Grgsar @) .\ (1- 7")‘ e L)
4 4
g a 39 q
+7’M(b76,€) (17‘)‘m(b,c,f)
4 4
&g q g .
L iosor el (- T>‘atasar (b, f)
4 4

Thus, we obtain

19

1
(b—a)(d—c)(f—e) ///Qg(x’y»z)dwdydz - A+B-— c’
< b=a)ld=o)(f —¢)

- 128

1 5 . ) q
X /|1—2T| r 0°g (a,c,e)| + (1 —1)|=="(a,c, f)

0 otdsor otdsor

(2.13)

0%g q g .
T OtdsOr (a,d,e)] + (1~ T)’(?tas(“)r (a,d, f)

&g q 9 .
T otdsor (b,ce)] + (A=) m(l)? ¢, f)

839 ! 639 q %
T Otdsor (b.d,e)) +(1—7) Otdsor (6.4, ) >dr]
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A similar way for other integrals, implies that

(2.14)

1 83g 839 q
/O 1 -2r] <T aigsor @) T )| Gags e )
839 q 839 q
7\ Gigsar @40 T A1) g5 (@ )
839 q aSg q
+T6tasar(bvcve) +(1_r)‘6tasar(b’c’f)
839 q 339 q
1\ Gigsar O )|+ (=) 5 g (0 f) )dr
1 &g q 39 q
/0 |12T|<7" m(aaQe) Jr(lr)‘atas(%(a,c’f)
839 q aSg
T gisar @ de)| - r)‘atasar(a’d’ 2
839 q 839 q
7 gisar e+ T)‘atasa (5.¢, f)
83 q
47| g B oe)| (1= )‘8%)8 )
83 3
/ 1] (r| a0 +1- >]8ta _(a.e.f)|
83 q 639 q
7\ Gigsar @40 T A1) g5 (@ )
839 q 39 q
+r m(@@e) +(1—T)‘M(bac7f)
839 q 39 q
T gtsar OB 1) G, 04 ) )dr
639 q 39 q
‘61?85’87‘(@’ 76) 5‘W(G»C,f)
24 24
839 q 839 q
. dasar @ %) 5‘87&8587“ (a,d, f)
24 24
839 q 339 q
. Btasar 06 €) . 5 Stgsar ¢ F)
24 24
839 q 83
. Btasar 0 €) . g 8t358r( . f )
24 24
83 q 839 q
‘315888 (a,¢,¢) . aigsor @ <))
24 24
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839 q 339 q
. 5| gigsor (@ %) . ‘(’%838 (a,d, )
21 24
83_(] q 339 q
. 5 gigsor ¢ ©) ‘atasﬁr (b,e. )
24 24
g q g q
+5ataa(bde) ’ataa(bdf)
24 21
83 q 83g q
‘Btf)sé‘ (a¢,¢) ‘3158587”( ¢f)
1 1
8 g q 839 q
| |91dsor igsor = ®e) ’6t86 (ad, f)
1 4
83 q 839 q
. Btgsor ) ‘atasar (b;¢, )
1 1
83 q 339 q
Btgsor %€ ’825838 (6,4, )
+ 1 + 1
By the (2.11), (2.12), (2.13) and (2.14), we get the inequality (2.10). 4

Remark 2.1. Since =z <

L L < 1,if p > 1, the estimation given in Theorem 2.3

(p+1)?

8

is better than the one given in Theorem 2.2.
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HADAMARD AND FEJER-HADAMARD INEQUALITIES FOR
GENERALIZED FRACTIONAL INTEGRALS INVOLVING
SPECIAL FUNCTIONS

G. FARID

ABSTRACT. Fractional calculus is as important as calculus. This paper is due
to presentation of Hadamard and Fejér-Hadamard inequalities for fractional
calculus. We prove Hadamard and Fejér-Hadamard inequalities for general-
ized fractional integral involving Mittag—Leffler function. Also, inequalities for
special cases are obtained.

1. INTRODUCTION
Definition 1.1. A function f : [a,b] — R is said to be convex if
(1.1) fOz+ (1 =Ny) < Af(x) + (1 =N f(y)

holds, for all x,y € [a,b] and A € [0,1]. The function f is called concave if reverse
of inequality (1.1) holds.

For any convex function f : I — R where I is an interval in R, following inequality
holds

(1.2) f(a”)s . /abf(m)dxgw

2 b—a 2 ’

where a,b € I and a<b.

Inequality (1.2) is well known in literature as Hadamard inequality. The Hadamard
inequality got attention of many mathematicians and many generalizations, refine-
ments have been found so far for example see, [7, 3, 4, 6, 14, 15, 16] and the
references cited therein.

In [9] Fejér gave generalization of Hadamard inequality known as Fejér-Hadamard
inequality.
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108





HADAMARD AND FEJER-HADAMARD INEQUALITIES FOR GENERALIZED ... 109

For any convex function f : I — R where [ is an interval in R, following inequality
holds

(1.3) f(“b)/ g(@ dx<7/f dz<Wng(w)dx,

a+b
t atb,

where g is a function which is inegrable, non-negative and symmetric abou
Fractional calculus refers to integration or differentiation of fractional order is as
old as calculus. For a historical survey the reader may see [11, 12, 13].

Fractional integral inequalities are useful in establishing the uniqueness of solu-

tions for certain fractional partial differential equations. They also provide upper
and lower bounds for the solutions of fractional boundary value problems. Many
researchers have explored certain extensions and generalizations of integral inequal-
ities by involving fractional calculus (see, [1, 2, 5, 10, 17, 22, 8, 20]).
As we are going to give Hadamard and Fejér-Hadamard inequalities for generalized
fractional integral operator containing Mittag—Leffler function [19]. We give two
sided definition of this generalized fractional integral operator containing Mittag—
Leffler function as follows:

Definition 1.2. Let «, 8, k, [,y be positive real numbers and w € R. Then the gen-
eralized fractional integral operator containing Mittag—Leffler function el’%”? woat
for a real-valued continuous function f is defined by:

1) (@@ = [ =0l - 0 0
and

b
(1.5) (@ D) = [ (¢ =P Ll = 0)) )t

where the function Egg’; is generalized Mittag—Leffler function defined as

n

1.6 EVSk @)
(16) arpil nzofan—i—ﬂ (0)in

and (a), is the Pochhammer symbol: (a), = a(a + 1)...(a +n—1),(a)o = 1.

If 6 =1 =1in (1.4), then integral operator elz‘;iw,ﬁ reduces to an integral
operator containing generalized Mittag—Leffler function Egéﬁ introduced by Sri-
vastava, and Tomovski in [21]. Along § =1 =1 in addition if k = 1 (1.4) reduces to
an integral operator defined by Prabhakar in [17] containing Mittag-Leffler function
Eg g- Forw=101in (1.4), integral operator El:%§7w,a+ would correspond essentially

to the Riemann—Liouville fractional integral operator (see, [19]),
1 x
I° f(x :—/ x—t)P"Lf(t)dt, B> 0.
@) = | =07

b
1P fz) = %ﬂ) /m (t —z)?~Lf(t)dt, B > 0.

In[20], Sarikaya et al. proved the following result:
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Theorem 1.1. Let f : [a,b] — R be a function with 0 < a < b and f € Ly[a,b]. If
f is a convex function on [a,b], then the following inequality for fractional integral
holds:

w0 () < g [ v 1] < KOO

with B > 0.

In [18] Fejér-Hadamard inequality for Reimann-Liouville fractional integrals which
appears as a generalization of Theorem 1.1 is given.
As fractional integral inequalities are useful in establishing the uniqueness of so-
lutions for certain fractional partial differential equations, in this paper we are
interested to give versions of Hadamard and Fejér-Hadamard inequalities in frac-
tional calculus. Also we show our results are more general than such results which
already have been proved.

2. HERMITE HADAMARD INEQUALITY FOR GENERALIZED FRACTIONAL
INTEGRALS INVOLVING MITTAG-LEFFLER FUNCTION

In the following we give Hadamard and Fejér-Hadamard inequalities for gener-
alized fractional integral containing generalized Mittag—Leffler function defined in
(1.4). We also show that these inequalities are generalizations of Hadamard and
Fejér-Hadamard inequalities for Reimann—Liouville fractional integrals given in [18]
and [20].

Theorem 2.1. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b]. If f is a convex function on |a,b], then the following inequality for
fractional integral holds:

10,k v,0,k
atb\ 4ok (€argtwrat F)O) + (€750 0 - ()
(2.1) f( ! )eg,57l,w,,a+1><b> < .

Mﬁléﬁﬁw,k 1)(a),

IN

! __ w
where w' = [C=nEE

Proof. For t € [0,1]; ta+ (1 — )b, (1 — t)a + tb € [a,b]. As f is convex function on
[a, b], therefore we have

Fta+ (1 —1)b) + f((1 - t)a + tb)

(et a-om+ (1-3) @ -arm) < 2

that gives after multiplying with tﬁ_lEz:g’f (wt®)

210 BT (i) f (“ ‘; b) < tPVEYSE i) (f(ta+ (1 — £)b) + F((1 - t)a + tb)).

Integrating over ¢ on [0, 1] we have
a+ b ! _ 5.k «
2f ( 5 ) /O P ED S (wt®)dt

1 1
g/ tﬁ’lEz:g’f(wt“)f(taJr(lft)b)dtJr/ P ELS (wt®) f((1 — t)a + th)dt.
0 0 ’
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If u=at+ (1—t)b, then t = &= and if v = (1 — t)a + tb, then t = £=2. So one
can have

(2.2) = ) (€L D) < >

On the other hand using that f is convex on [a, b] we have
fta+(1=t)b)+ f((1-t)a+tb) <tf(a)+(1—=1)f(b)+(1=t)f(a)+1f(b) = f(a)+ [ (D).
Now multiplying with tﬂ_lE;’:g’f (wt®) and integrating over [0, 1] we get,

f<a+b) (i QB DO + (@5 Dl0)

1 1
/tﬁ_lEZ:g’f(wt“)f(m—&-(1—t)b)dt+/ P BT (wt®) F((1 — t)a + th)dt
0 0

< U@+ 10) [ P B
from which by using change of variables as for (2.2) we get

23) (@5 DO+ @) < () + FO) L, D).
Combining equation (2.2) and equation (2.3) we get inequality in (2.1). O

Remark 2.1. If 6 =1 =11in (2.1), then we have fractional Hadamard inequality for
integral operator introduced by Srivastava, and Tomovski in [21]. Along § =1 =1
in addition if ¥ = 1 in (2.1), then we have fractional Hadamard inequality for
integral operator defined by Prabhakar in [17].

Remark 2.2. If we take w = 0, the above theorem gives inequality in Theorem 1.1.
Moreover if along w = 0 we take o = 1, then we get (1.2).

In the following we give Fejér-Hadamard inequality for generalized fractional
integral operator defined in (1.4).

Theorem 2.2. Let f : [a,b] = R be a convex function with 0 < a < b and
f € Lia,b]. Also, let g : [a,b] — R be a function which is non-negative, integrable

and symmetric about “T'H’. Then the following inequality for generalized fractional
integral holds

751@ ’Y"s»k
o) () (@) < e PO s T
I}

! __ w
where W' = Tae

Proof. For t € [0,1]; ta+ (1 — )b, (1 — t)a + tb € [a,b]. As f is convex function,
therefore we have

f <;(m+ (1—t)b) + (1 - ;) (1 t)a+tb)> < ftat 7t)b);f((1 —tat )

that gives after multiplying with 7~ E" 5 P (wt™)g(th + (1 — t)a)

2P ELO (wt) f (“;b) g(tb + (1 — t)a)

< LB ) (Flta+ (L= ) + (L= ta+ 1) g(th + (1 t)a).
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Integrating over ¢ on [0, 1]

b 1
2f (a; )/O P ELS (wt)g(th + (1 — t)a)dt

1
< / P BT (wit®) f(ta + (1 — £)b)g(th + (1 — t)a)dt
0

1
+ / P B (@t) f((1 = ta+ th)g(th + (1 — t)a)dt.
0

If u=at+ (1—t)b, then t = &=% and if v = (1 — t)a + tb, then t = 2=%. So one
can have

b a
2f (a—2|—b> / (b—u)t Egg’? (w (Z:Z) >g(a+b—u)du
b b—u\”
< / (b—w)’ BTy (w (b_a) ) F(u)ga+b—u)du
+ /ba (v— a)ﬁ71 Egg’? (w (Z_Z>Q> f()g(a+b—wv)dv.

: ; +b
From which by symmetry of function g about “3= one can have

10,k v,0,k
a+b Sk (el,g,l7w/7a+ fg)(b) + (6a7g717w/7b— fg) (a)
23 1(550) Ao < 2 .

On the other hand using that f is convex on [a, b] we have
fta+(1=)b)+f((1—t)a+tb) < tf(a)+(1—1)f(0)+(1=t)f(a)+Lf(b) = f(a)+ (D).
Now multiplying with t5*1E312’5 (wt*)g(ta+ (1 —¢)b) and integrating over [0, 1] we
get,

[ B e+ (- Ogtta+ (1 -
0

1
+/ LB ) F((1 = t)a + th)g(ta + (1 — £)b)de
0

< (f(a) + f(b))/1?55_1E312’f(wta)9(ta+ (1 —t)b)dt.
From which by change of variables it can beoseen
(2:6) (€15 o ar fOO) + (5 0y f9)(@) < (fla) + ) €15 0 -9)(a).
Combining equation (2.5) and equation (2.6) we get inequality in (2.4). O
Remark 2.3. If we take g = 1, then we get Theorem 2.1.

Remark 2.4. If § =1 =1 in (2.4), then we have fractional Fejér-Hadamard inequal-
ity for integral operator introduced by Srivastava, and Tomovski in [21]. Along
d =1 =1 in addition if ¥ = 1 in (2.4), then we have fractional Fejér-Hadamard
inequality for integral operator defined by Prabhakar in [17].

Remark 2.5. If we take w = 0, the above theorem gives Fejér-Hadamard inequality
given in [18]. Moreover if along w = 0 we take o = 1, then we get (1.3).
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NONLOCAL INTEGRO-DIFFERENTIAL EQUATIONS WITH
ARBITRARY FRACTIONAL ORDER

MOHAMMED M. MATAR

ABSTRACT. In this paper, we investigate the existence and uniqueness of some
nonlocal boundary condition for fractional integro-differential equations with
any order. The results are obtained by using fixed point theorems. An example
is introduced to illustrate the theorem.

1. INTRODUCTION

In the last decades, there has been a great researches on the study of fractional
differential equations. A variety of results on initial and boundary value problems
of fractional order, ranging from the theoretical to the analytic and numerical meth-
ods for finding solutions, have appeared in the literature. It is mainly due to the
extensive application of fractional differential equations in many engineering and
scientific disciplines such as physics, chemistry, biology, economics, control theory,
signal and image processing, biophysics, blood flow phenomena, aerodynamics, and
fitting of experimental data (see [14]-[17] and references therein). The fact that
fractional differential equations are considered as alternative models to nonlinear
differential equations which induced extensive researches in various fields including
the theoretical part. The existence and uniqueness problems of fractional nonlin-
ear differential equations as an analytical part are investigated by many authors
(see [1]-[15]) and references therein). In [4], and [5], the authors obtained sufficient
conditions for the existence of solutions for a class of boundary value problem for
fractional differential equations of orders a € (0, 1] and « € (1, 2] respectively that
involving the Caputo fractional derivative and nonlocal conditions. Whereas, The
authors in [1], [2], and [13] considered the existence problem of solutions for a class
of boundary value problems for fractional differential equations of higher orders
involving the Caputo fractional derivative. The existence and uniqueness of initial
value problems for some fractional differential equations are investigated by many
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authors ( see for example [6], [8], and [9]). The fractional integro-differential equa-
tions in different orders are investigated by [10]-[12] using Banach and Krasnoleskii
fixed point theorems. The existence of local solutions to initial value problem of
Cauchy type for fractional differential equations involving Caputo definition are
deeply investigated in the books ([14], [15], and references therein). In fact, the
equivalent Volterra integral equation to Cauchy problem for nonlinear fractional
differential equations introduced in the cited articles is essential to prove the exis-
tence of such systems. For arbitrary order case, there exists a gap that needs more
investigations with various types of initial and boundary conditions. Recently, the
existence and uniqueness problems of local solutions for arbitrary fractional differ-
ential equations is considered by the researchers in [7]. Motivated by these works,
we study in this paper the existence and uniqueness of a local solution to nonlocal
fractional integro-differential equations at any inner point of a finite interval involv-
ing the Caputo derivative. The results are obtained by applying the Banach fixed
theorem on the corresponding Volterra integral equation.

2. EQUIVALENCE FORMS

In this section, for given fractional differential equations, we obtain equivalent
integral forms in order to use it in the proof of the existence problems. Let us firstly
introduce some basic definitions and properties of fractional calculus (see [14], and
[15]) which will be used in this paper.

Definition 2.1. A function f is said to be fractional integrable of order a > 0 if
for all t > tg,
t

[@-9 ps)as,

to

1

1°f(t) = (I f) (t)zm

exists and if a = 0, then I f(t) = f(t).

Definition 2.2. The Caputo fractional derivative of x is defined as

d™x(t
B Co1) P

provided that D"z is fractional integrable of order n — a.

In what follows, we assume that f, g are fractional integrable functions of any
order less than or equal to n on their domains.
The compositions between the Caputo fractional derivative and fractional inte-
grals are given by the following Lemma.
Lemma 2.1. Lett € J, and ¢ € R, then
“Dg (I°x(t)) = (1),
I*(“Dg) = x(t) + co 4+ c1(t —to) + ca(t —to)* + -+ 4 cpo1(t — o)™,
CD%x(t) =0, for x(t) = co + c1(t —to) +colt —to)% + -+ ca1(t —to)" L

We begin these forms by the following basic linear form:

Dy a(t) = g(t) +tft f(s)ds,t € J — {t.}

(2.1) g
N (t) =bp,k=0,1,2,...,n—1,t, € .J

where g, f € X.
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Theorem 2.1. The fractional integro-differential system (2.1) is equivalent to the
Volterra integral equation

(2.2) 2 (bp —I*7FF(t.)) + I*F(t),t € J,
where F(t) )+ ff
Proof. See ([7]: Theorem 3.1). O

In accordance with Theorem (2.1), it is not hard to deduce some equivalent
forms of different nonlinear integro differential systems. In what follows, assume

that G(t,z(t)) = g(t, x(t —|—ff (s, z(t
Corollary 2.1. The nonlocal fractional integro-differential system

“Dga(t) = g(t,x(t) +ffsa: Yds,, t € J —{t.}
x®) () = hi(z(ts)), k—O 1,2,.,n—1,t. € J

(2.3)

is equivalent to the integral equation

=0 I'(a) /
n—1 . k T
Y e [ -9 Gt

forte J

Corollary 2.2. The nonlocal fractional integro-differential system

(2.4) CDra(t) = glt.x(t)+ / f(s,2(t))ds, t € [0, T)

tMN(T) = hp(z(T)),k=0,1,2,...,n—1,
is equivalent to the integral equation

n—1 t

_ (T B t)k 1 a—1
a(t) = kZ:O(—l)kThk(x(T)) + F(a)t/(t —5)" " G(s,z(s))ds
= k1 (T —t)* [ a—k—1
k=0 to

forte J
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Corollary 2.3. The nonlinear fractional integro-differential system

(2.5) “Dyx(t) = g(tw(t))—i—/f(s,x(t))ds,te (to,T)

x(to) = ho(l‘(to)),x(k)(T) = hk(x(T)),k = 1,2, P 1,
is equivalent to the integral equation
n—1 _1\k
(26)  a(t) = ho(a(to)) — 3 (T~ 10)" — (T — 1)) (a(T)
k=1 ’

1 / a—1
e / (t— $)°L G(s, 2(s))ds

n—1 _1\k T
i ; k,F(al)_k) (T —to)* — (T —t)") / (T — s)* "1 G(s,2(s))ds,

to

3. EXISTENCE PROBLEMS

We investigate in the following section the existence of solution for the fractional
integrodifferential systems (2.3)-(2.5) by using Banach fixed point Theorem.
Let J; = [t« — h,t. + h] C (to,T), where 0 < h < min{t. — to,T — t.}, and
X1 = C(J1,R) be the space of all real valued continuous functions.
(H1): Let f,g : J x X — R, and hy : X — R be jointly continuous Lip-
schitzian functions that is, there exist positive constants Ay, A, and Ay

such that
f(t,z) — f(t, )|l < Agllz —yl],
lg(t,z) — gt )| < Agllz —yll,
k() = hi(y)]| < Akllz —yll,

for any £ = 0,1,....,n —1,t € J, and z,y € X. Moreover, let By =
supye s [[f(£,0)l], Bg = sup;e s [9(t, 0) ||, Bi = [h(0)| and L = max{A¢, Ay, Ay, By, By, Bi}, k =
0,1,2,....,.n—1.

Therefore, in accordance with Corollary 2.1, the nonlocal fractional system

3.1) CDy _,a(t) = g(t, x(t)) +t*[h Fls,a(t)ds,t € Jy — {t.}

2 ®)(t) = he(x(t)), k= 0,1,2,..,n — 1,

is equivalent to the integral equation

n—1 o k t
32 o) = XS - i [ 09 Gl
ti—h

k=0
_kZ:Ok!F(a—k) / (8 —5) G(s,z(s))ds.

te—h

Accordingly, we define the operator ¥ on X; as follows:
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t

n—1
_ (t— )" x L — ) VG (s, x(s))ds
(3.3) Wa(t) = ;;) i (t*)HF(Q)t*Zh (t—9)""" G(s,2(s))d
_"71 (t—t) 7 N T
Zok.p(a_k)t/h (t. — )" Gs,x(s))d

The next hypothesis is essential to state and prove the first main result in this
section.

(H2): Let 61, and r1 be positive real numbers such that

{ ( o+ +2h)ha( i + Om))<17
ry >

1

Moreover, let O = {z € X3 : ||z]| < r}.

Theorem 3.1. Let (H1) and (H2) be satisfied, then, there exists a unique solution
for the nonlocal fractional integrodifferential system (3.1) in X;.

Proof. The Banach fixed point theorem is used to show that ¥ defined by (3.3) has
a fixed point on the closed subspace €2y of the Banach space X;. This fixed point
satisfies the integral equation (3.2), hence is a solution of (3.1). For any ¢t € .J;, the
joint continuity of f, g, and hy implies the joint continuity of G(¢, ) and hence the
continuity of Uz. By using (H1), we have

|t —t,
wal < 2D (4ol + )
k=0 ’
—1
+Z |t—f AN (A 2l + By) + (Af 2l + By) (¢ =t + )y o
= k! Fa—k+1)
L Agllzll + Bg) + (Ayllall + By) (=t +1) o
F(a+1) (=t +h)
— h¥ L(Jlz]l +1) (1 + 2h)
< o
= z::k (ol +1) +Z K D(a—k+1)
(||x\|+1)(1+2h) o
F(a+1) (2h)
20 — 1
< o
= LZ +L1+2h)h (F(a+1 +Zi-clra—kﬂ))

n—1

h o
+LZM+L(1+2h)h< +1+Zw k+1)>||x|.

k=0
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Hence, if If x € 4, it is obvious that Uz € Q. Next, let z,y € 21, then

1

n— t_t, k
wa(t) -~ o) < 3 Eh Ay
k=0 '
n—1
[t —t.|" (Bf + Af (t —t. + h)) ||z — -
k= k! (Osz+ )
<B + Ay (¢~ to+ 1)) [z —y| .
I'a+1) (t—t.+h)
n—1 ne1
Kk 9a .
< & J—
- L(ko ! t {1+ 2R)h" (F(a+1)+kz_()klf(a—k+1)>>||x yll
< Oillz—yll,

since #; < 1, then ¥ is a contraction mapping on {2;. Hence, ¥ has a fixed point
which is the unique solution to (3.1). O

Next result is getting the existence of a local solution for the Cauchy problem
(2.4). Let Jo = [T — h,T] C (to,T], where 0 < h < T — tp, and Xy = C(J2,R) be
the space of all real valued continuous functions on J;. The nonlocal system
DS, x(t) = g(t,z(t) + f f(s,z(t))ds,t € [T —h,T),
2T = hy(x(T)), k = 07 1, 2, won—1

(3.4)

is equivalent to the Fredholm-Volterra integral equation

n—1

o) = S

(t — s)* ' G(s,x(s))ds

Eol
I
o
\\ﬁ

D / )" s, (s))ds

for x € X5, and t € J5.
The modified version of (H2) can be given by the following:

(H3): Let 6o, and r2 be positive real numbers such that

{ (Ek 377 + (1 +h)h” (r( D Dy om)) <1
T2

02
= 1-03"

Moreover, let Qo = {z € X5 : ||z]| < r2}.

The proof of the next result is similar to that one of Theorem (3.1), hence it is
omitted.

Corollary 3.1. Let (H1) and (H3) be satisfied, then, there exists a unique solution
for the fractional integro-differential system (3.4) in X.
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Now, consider the fractional integro-differential system

D¢ x(t) = +ff s, x(t))ds, ,t € (to,T),
Z‘(k)(to):hk( ( ))7k_0a132 sn—1,

that has an equivalent Volterra integral equation given by

(3.5)

O (t—to)k 1
— o a—1
t=>_ g e(a(to)) + m/(t— $)* 1 G(s, x(s))ds
k=0 o
fort € Jy = [to,to + h], T € Xg= C(JO,R)
To establish the existence and uniqueness results to the system (3.5), we replace
the next hypothesis instead of (H2).

(H4): Let 6y, and rg be positive real numbers such that

n—1 o
g (A B
<k T(a+1)

Moreover, let Qo = {m € Xo: ||z <o}

< 1l,and ry > .
) ,an To_l_eo

Corollary 3.2. Let (H1), and (H4) be satisfied, then, there exists a unique solution
for the fractional integro-differential system (3.5) in X.

The last result in this article is considering the system (2.5)-(2.6). For this, we
search the existence and uniqueness of a solution in the interval J.

(H5): Let 05, and r3 be positive real numbers such that

{ ( o S (1T = t0)(T = t0)* (rraery + Thot ey ) ) < L
T3 >

d

Moreover, let Q3 ={z € X3 : ||z|| < rs}.

Corollary 3.3. Let (H1), and (H5) be satisfied, then, there exists a unique solution
for the fractional integro-differential system (2.5) in X.

Example 3.1. Consider the following fractional system

2 €T L . (s
D x(t) = 3-ﬂ3|g(t) J sin % ds, t € (0, 1)U (3,1]

wh) =2 () == (3)=1.

The functions f(¢,z(t)) = tsin z(t ,and g(t, z(t)) = 3fr|§|(;21)‘are jointly continu-
ous functions on [0, 1] x [0, oo).Moreover, the hypotheses (H1) and (H2) are satisfied
such that L = %, h < %, and #; < 1. Hence for large r, there exist a unique solution

for the fractional differential system (3.6) on C]0, 1].

(3.6)
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A SYMMETRIC KEY FULLY HOMOMORPHIC ENCRYPTION
SCHEME USING GENERAL CHINESE REMAINDER THEOREM

EMIN AYGUN AND ERKAM LUY

ABSTRACT. The Fully Homomorphic Encryption (FHE) was an open problem
up to 2009. In 2009, Gentry solved the problem. After Gentry’s solution, a lot
of work have made on FHE. In 2012, Xiao et al suggested a new FHE scheme
with symmetric keys. They proved that security of their scheme depends on
large integer factorization. In their scheme, they used 2m prime numbers
in keygen algorithm and they used Chinese Remainder Theorem (CRT) in
encryption algorithm. In 2014, Vaudenay et al broken this scheme. In this
paper we present a new FHE scheme with symmetric keys which is a little
different from Xiao et al scheme. We extend the approach with using General
Chinese Remainder Theorem (GCRT). With using GCRT, we obtained a new
FHE scheme and also we achieved to avoid choosing 2m prime/mutually prime
numbers. Our scheme works with random numbers.

1. INTRODUCTION

The privacy homomorphism idea was introduced in 1978 by Rivest, Adleman
and Dertouzos in [1]. In 1982, S. Goldwasser and S. Micali made Goldwasser-
Micali cryptosistem [3], and a generalization of this system which is called Pailler
cryptosystem [4] presented in 1999. Some cryptosystems homomorphic according
to a single operation. RSA and El-Gamal (known cryptosystems) are homomorphic
according to multiplication [2]. Pailler cryptosystem is homomorphic according to
addition.

None of the mentioned cryptosystems above does not provide the feature of
being homomorphic for both two operations. They are homomorphic for just one
operation. Only addition or only multiplication.

It is very well known that making any arbitrary operation on encrypted data is
very important for privacy. Up to 2009, when Gentry suggested first FHE Scheme
[5], this was an open problem. After Gentry’s solution, many cryptographers made
a lot of study on it for doing it more practice and more secure.
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In 2011 Vaikuntanathan, in his article [6], asked some questions like can be build
any FHE scheme whose security based on problems in number theory? What can
be said about factorization and DLP?

Dealing with this subject a study conducted in 2012, authors built a FHE scheme
[7]. They proved that security of their scheme is based on factorization problem.
Also they used CRT and matrices type 4x4. After that this study was developed
by C. P. Gupta and Iti Sharma [8] and [9]. In 2014, Vaudenay and Vizar broken
schemes [7], [8] and [9] in their study [12].

In this paper we present a new scheme with using GCRT. Our scheme is fully
homomorphic, symmetric and main idea of our scheme is same with [7].

Main difference of our scheme is that we achieve FHE with random numbers
which used in keygen algorithm. Our idea was avoiding from choosing 2m prime /
mutually prime numbers. In this paper we showed how we achieved this.

Note that security of our scheme is depend on large integer factorization problem
too. But attack in [12] can break our scheme too. But there is a big difference in
our scheme. We use GCRT first time in cryptography and we achieved FHE with
random numbers.

Rest of paper designed as follows: in section 2 we gave CRT, GCRT and scheme
in [7]. In section 3 we introduce our scheme. Section 4 contains proof and ho-
momorphism of our scheme. We showed differences between [7] and our scheme
in section 5. In section 6 there is a simple example of our scheme and section 7
contains security and conclusions.

2. CRT, GCRT AND SCHEME SUGGESTED IN [7]

Chinese Remainder Theorem Suppose the positive integers my, ms, ms, ..., Mk
are coprime in pairs, that is (m;, m;) = 1 for all ¢, j where ¢ # j , then the set of
congruences ¢ = ¢;(mod m;) fori = 1,2, ..., k has a unique common solution modulo
m where m = my.mq.ms...my [10].

General Chinese Remainder Theorem A necessary and sufficient condition
that the system of congruences x = ¢;(mod m;) for i = 1,2,...,k be solvable is
that for every pair of indices ¢, j between 1 and k inclusive, (m;, m;)|(c; —¢;). The
solution, if exists, is unique modulo the least common multiple of mq, mo, ms, ..., my
[11].

Scheme suggested in [7]

Keygen

(1) Choose 2m prime numbers p; and ¢; , for 1 <4 < m. This extended to 2m
odd numbers which are mutually prime in [8] and [9].
m
(2) Let f; = pi.qi and N = [] fi.

i=1
(3) Pick an invertible matrix k € M4(Zn).
(4) Public key is {N} and secret key is {k, f;}.
Encryption
(1) Choose a random value r € Zy.
(2) Choose plaintext x € Zy.

(3) Construct a matrix X,,, 3 such that each row has only one element equal to
z, and other two equal to 7.
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(4) Using Chinese Remainder Theorem, let a,b, ¢ be solution to the set of si-
multaneous congruences a = a; mod f;, b = b; mod f;, ¢ = ¢; mod f;, for
1< <m.

(5) Compute k’s inverse as k= € My(Zy)

(6) Ciphertext is C = (k~!.diag(x,a,b,c).k) (mod N).

Decryption

(1) Given ciphertext C and key k, the decryption algorithm computes the plain-
text © = (k.C.k~1)11 (mod N).

3. OUR SCcHEME WITH GCRT

The algorithm is as follows:
Keygen

(1) Choose randomly 2m numbers p; and ¢; , for 1 < i < m.
Remark 1: It is very important that p; and ¢; are not prime and not
mutually prime.
m
(2) Let fi =pi.qi and N = ] fi.

i=1
(3) Evaluate (f1, fo, ..., fm) = a.

Remark 2: If m value is bigger, then the probability of being a > 1 is
quite small but even if a = 1 then our scheme reduces to original one. Also
if @ > 1 then we generalize the original one. So for small values of m, our
scheme is more useful.

(4) Compute & = Nj.

(5) Pick an invertible matrix k € M4(Zn;,).

(6) Public key is {N1} and secret key is {k, f;}.
Encryption

(1) Take the keys.

(2) Determine your plaintext as x € Zy;,.

(3) Compute k’s inverse as k=1 € My(Zn;, ).

(4) Evaluate (f1, fi) =bj,for2<i<mand1<j<m-—1.

Remark 3: It is enough that only evaluate (fi, f;) =b; for 2 < i <m
and 1 < 7 < m — 1 because the matrix which construct in step 6’s type is
m.3 and in step 7 we use this matrix’s coloumns for GCRT. So if m > 3 we
will have same element as previous rows because of we will take only one x
plaintext each row. In the m. row other two element will be equal to r. So
if this element both x or r it will be same with one of previous elements.
So property of GCRT, differnces of mod values will absolutely divide the
differences of x and r because £ —xz = 0 and r — r = 0 and every value can
divide 0. So evaluate (f1, f;) = b; is enough for applicate GCRT.

(5) Chose a r like that seperately for every j, bjlz —r, r # z and r € Zy,. If
does not provide this condition, chose again.

Remark 4: For applicate GCRT we must chose like above. If we don’t
chose like above, differences of mod values will not divide the values which
is front the mod.

Remark 5: Also we can easily show that there is at least a certain r
such that which provides the above conditions.

Let
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(fi,fa) = b
(f1,f3) = bo
(fi,fa) = b3
(flvfm) = bmfl

so we are looking for a r such that

by | x—r
by | z—r
bs | x—r
b1 | z—r

if b1|lz — r than r = x(mod b;) and with same idea if bg|z — r than
r = x(mod by), ... and if by,_1 |z — r than r = x(mod bp,—1).
So because of z —x = 0 and every number can divide 0 than from GCRT
there must be a solution. So we guarantee a value of 7.
(6) Construct a matrix X,,, 3 such that each row has only one element equal to
x, and other two equal to 7.
(7) Using General Chinese Remainder Theorem, let a, b, ¢ be solution to the set
of simultaneous congruences a = a; mod f;, b = b; mod f;, ¢ = ¢; mod f;,

for1<i<m.

(8) Ciphertext is C = (k~'.diag(z,a,b,c).k) (mod Ny).

Decryption

(1) Given ciphertext C and key k, the decryption algorithm compute the plain-
text x = (k.C.k~1)11 (mod Ny).

4. PROOF AND HOMOMORPHISM OF OUR SCHEME

Theorem 4.1. The encryption scheme is correct.

Proof. ((k=Y)~Y(k=Ydiag(x,a,b,c)k)k=1)11 = diag(x,a,b,c)11 = x

Theorem 4.2. The multiplication and addition algorithms are correct.

Proof. Let E(x, k) and E(y, k) represent chiphertext of respectively plaintext x and

y under the key k.

First we show that addition is correct.

E(x,k)+ E(y, k)

[k~ Y.diag(z,a,b,c).k] + [k~ .diag(y,d, e, f).k]
k= .(diag(x,a,b,c) + diag(y, d, e, f)).k

kY (diag(x +y,a+d,b+e,c+ f)).k
E(x+y,k)
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So scheme is additional homomorphic. Secondly we show that multiplication is

correct.

E(z,k).E(y, k)

E(z.y, k)

[k~ .diag(z,a,b,c).k].[k" .diag(y,d,e, f).k]
k= (diag(x,a,b,c).diag(y,d,e, f)).k
k= (diag(x.y,a.d,b.e,c.f)).k

So scheme is multiplicational homomorphic. Thus scheme is fully homomorphic.

O

Note that above two theorems are taken from [7]. Also in our encryption scheme
we use matrix like in [7]. So this two theorems are valid for our scheme.

5. DIFFERENCES BETWEEN XIAO ET AL.’S SCHEME AND OUR SCHEME

Xiao et al.’s Scheme

Our Scheme

Keygen

Keygen

2m prime

2m random

fi values must be different

fi values can be same

Compute (f1, fo, ..., fm) = a

Compute % =N

Pick an inversible matrix k € M4(Zn)

Pick an inversible matrix k € M4(Zn;,)

Public Key {N} and Secret Key {k, f;}

Public Key {N;} and Secret Key {k, f;}

Encryption

Encryption

Take Public and Secret Key

Take Public and Secret Key

Determine plaintext in mod N

Determine plaintext in mod Ny

Compute £~ T matrix in mod N

Compute k=T matrix in mod N;

Evaluate (f1, f;) = b;, for 2 < ¢ < m and
1<j<m-1

Chose a random r

Chose a r like that seperately for every j,
bjle —r, v # x and r € Zy,. If does not
provide this condition, chose again.

Construct a matrix X,, s such that each row
has only one element equal to x, and other two
equal to r.

Construct a matrix X,, 3 such that each row
has only one element equal to x, and other two
equal to .

Solve congrances with Using CRT

Solve congrances with Using GCRT

Ciphertext is C (k=t.diag(z,a,b,c).k)
(mod N)

Ciphertext is C (k=1.diag(z,a,b,c).k)
(mod Ny)

Decryption

Decryption

Compute z = (k.C.k~1)11 (mod N)

Compute z = (k.C.k~1)11 (mod Ny)

6. EXAMPLE OF OUR SCHEME

A simple example of our scheme is following:
Keygen

(1) Let m =2 and consider p; and ¢; values p = (3,8), ¢ = (6, 10).
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(2) fi =3.6=18 and f, = 8.10 = 80 so that N = f,.fo = 18.80 = 1440.
(3) Compute (f1, f2) =a = (18,80) = 2.

(4) Compute & = Ny is 1410 = 720.

17 44 25 126
91 121 &4 85
8 71 119 25
0 8 57 44
(6) Public key is {N7 = 720} and secret key is {k, f1 = 18, fo = 80}.

(5) We randomly chose the key k = matrix (mod720).

Encryption:

(1) Take the keys {Ny,k, f1, f2}.

(2) Determine plaintext as x = 42 € Zzg0.

605 181 329 120

146 123 449 611

146 253 403 566

347 711 296 1

(4) Compute (f1, f2) = (b;) = (18,80) = 2.

(5) Tober € Zrgg, r #x =42 and 2|42 —r — 42 —r =2k — r =42 - 2k
for k = —25 r = 92 chosen.

(6) For m = 2 so we construct m.3 = 2.3 type X = (

(3) Compute k’s inverse matrix k=1 = (modT20).

92 42 92 .
92 92 49 ) matrix.
(7) This gives us the linear congruences as follows:

a) a = 92(mod 18)

a = 92(mod 80)

b) b = 42(mod 18)

b = 92(mod 80)

¢) ¢ = 92(mod 18)

¢ = 42(mod 80)

If we solve the congruences with using GCRT, solutions are a = 92(mod 720),

b = 492(mod 720), ¢ = 362(mod 720).

Encryption proceeds as :

2 440 150 500
300 142 390 80
140 180 492 520
90 110 600 352

(8) C = (k~t.diag(x,a,b,c).k) = (modT20).

Decryption:
42 0 0 0
0 92 O 0
o -1y _
(1) Is done as: x = (k.C.k™ 1)1 = 0 0 492 0 = 42 (mod720).
0 0 0 362

For example of homomorphism of our scheme; if we encrypt zo = 5 € Zrgg

plaintext
93 40 570 700

564 1 474 400
484 108 707 440
198 226 264 655

we obtain this chiphertext: Co= (mod 720).
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95 480 0 480
144 143 144 480

SoC1+Co=| Go4 988 479 240 | (M0 720)
288 336 144 287
47 0 0 0
. . 0 95 0 0
and decryption of Cy + Cy is 0 0 335 0 (mod 720).
0 O 0 527
Really addition of x; and z9 is 47.
So our scheme is additional homomorphic.
186 120 630 660
. . 108 342 198 480
With same idea C.Cy = 588 36 84 600 (mod 720)
666 462 648 360
210 O 0 0
. . 0 276 0 0
and decryption of C1.Cs is 0 0 516 0 (mod 720).

0 0 0 690
Really multiplication of x; and x5 is 210.
So our scheme is multiplicational homomorphic. So our scheme is fully homo-
morphic.

7. SECURITY AND CONCLUSION

In [7] authors proved that the security of their scheme based on factorization
problem. Security assumptions of our scheme is same with this scheme. Addi-
tionally D. Vizar and S. Vaudenay have broken this scheme in 2014. They broken
the scheme with a known plaintext key-recovery attack. Also they can break our
scheme with same attack.

But difference of our scheme is that our scheme allows using random numbers
in keygen algorithm and we use first time GCRT.

As a conclusion of this paper, we extended the study on [7]. We designed a
new FHE scheme which uses GCRT and allows using random numbers in keygen
algorithm.
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ON NEW INEQUALITIES OF HERMITE-HADAMARD-FEJER
TYPE FOR GA-s CONVEX FUNCTIONS VIA FRACTIONAL
INTEGRALS

MEHMET KUNT AND IMDAT ISCAN

ABSTRACT. In this paper, some Hermite-Hadamard-Fejer type integral in-
equalities for GA-s convex functions in fractional integral forms are obtained.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

(1.1) f <a+b> < ! /abf(:v)d:r < fla+ /)

2 b—a 2

is well known in the literature as Hermite-Hadamard’s inequality [2].

The most well-known inequalities related to the integral mean of a convex func-
tion f are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities.

In [1], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality (1.1):

Theorem 1.1. Let f : [a,b] = R be convex function. Then the inequality

an (%) / oo < [ st < IO [y

a

holds, where g : [a,b] = R is nonnegative,integrable and symmetric to (a + b)/2.

For some results which generalize, improve, and extend the inequalities (1.1) and
(1.2) see [3, 12, 13, 15].
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Definition 1.1. [10, 11]. A function f: I C (0,00) — R is said to be GA-convex
(geometric-arithmetically convex) if
flty'™) <tf(@) + (1 —1) f(y)

for all z,y € I and ¢ € [0,1].
Definition 1.2. [14]. A function f: I C (0,00) — R is said to be GA-s convex on
Iif

fy'™) <t f (@) + (1 -1)" f (y)
for all z,y € I and ¢ € [0, 1].

In [9], Latif et al. established the following inequality which is the weighted
generalization of Hermite-Hadamard inequality for GA-convex functions as follows:

Theorem 1.2. Let f : I C (0,00) — R be a GA-convex function and a,b € T
with a < b. Let g:[a,b] — [0,00) be continuous positive mapping and geometrically
symmetric to vV ab. Then

(1.3) f(@)/abgﬂ(f)mg/abf(x)xg(x)dxgf(a)+f(b) /:g(“")dx.

2 T

In [8], the authors established new Hermite-Hadamard type inequality for GA-
convex function in fractional integral forms and new Hermite-Hadamard-Fejer in-
equality for GA-convex function in fractional integral forms as follows:

Theorem 1.3. Let f : [a,b] C Ry— R be a GA-convex function with a < b and
f € La,b], then the following inequalities for fractional integrals hold:

(1L4)  f(Vab) < m (75 f @) + T, £ (9] < OO

Theorem 1.4. Let f : [a,b] C Ry— R be a GA-convex function with a < b and
f € Lla,b]. If g : [a,b] = R is nonnegative,integrable and geometrically symmetric
with respect to vV ab, then the following inequalities for fractional integrals hold:

(15)  f(Vab) [I50 (@) + 50 g )] < [J505_ (£9) (@) + TS, (f9) ()]

b
< LT o @)+ 15,0 0)]
with o > 0.

Lemma 1.1. [8]. Let f : [a,b] C Ri— R be a differentiable mapping on (a,b) with
a <band f' € Lla,bl. If g : [a,b] = R is integrable and geometrically symmetric
with respect to \ab then the following equality for fractional integrals holds:

(16) 7 (Vab) [159 (@) + T 0 0)] — [T (F9) (@) + T3, (Fo) )]
[T T ) o

F(Oé) Jrf\b/% (ftb (hl g)afl g(s)if) F () dt

with o > 0.

We will now give definitions of the right-hand side and left-hand side Hadamard
fractional integrals which are used throughout this paper.
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Definition 1.3. [7]. Let f € L[a,b]. The right-hand side and left-hand side
Hadamard fractional integrals Jg, f and Ji* f of order a > 0 with b > a > 0 are

defined b
e . 1 (" a\o-ldt
JaJrf(.'L') = @/a (ln ?) f(t)7, x> a

and , )
1 t\ " dt
@ = — 1 —_— —
Jb—f(x) I‘(a)/z (nl') f(t)ta .13<b
respectively, where I'(a) is the Gamma function defined by I'(a) = [~ et~ 1dt.

Because of the wide application of Hermite-Hadamard type 1nequaht1es and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see [4, 5, 6, 16, 17].

In this paper, we obtained some Hermite-Hadamard-Fejer type integral inequal-
ities for GA-s convex functions in fractional integral forms.

2. MAIN RESULTS

Throughout this section, let ||g||, = sup;e(q,4) [9(7)], for the continuous function
g:la,b]— R,
Theorem 2.1. Let f : I C Ry— R be a differentiable mapping on I° and f' €
Lia,b] with a <b. If |f'| is GA-s convex on [a,b] and g : [a,b] = R is continuous
and geometrically symmetric with respect to Vab, then the following inequality for
fractional integrals holds

[ (Vab) [79m_g (@) + T, 0 0)] = [T50_ (F9) (@) + TSz (F9) )] |

M[ (@)1 (a)] + Ca(e) | ()]
< F(a+ 1) 1 « a 2l
where
(R @)
Cl(Oé) = ( +0f 1— ’LL oc+s (al—ubu) du )
_ J%a“<1%ﬂw
Cy (04) = < +f 01 —u (a1—ubu) du )
with o > 0.

Proof. From Lemma 1.1 we have

| (Vab) [%_gwuaﬁg )| =[5 (F9) (@) + T, (P9 0]
1 fﬁ%toz %Mf )|t
= T +fr( n )" g(s) L) |7 (1) de

- )" lds)lf’ )| dt
S T +fr( n)* ) () dr
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Setting ¢t = a' 7“b* and dt = a*~“b*In (2) du gives

b
7 (Vab) [79-9 (@) +Jm9 )| = [ G @) + T3, (F9) 0|
ol [ o (1 %)|f’ =g (al=ub) In (2) du
Py | gt

al_nbu d?) |f/ 1— ubu lfubu) In (g) du

o | (““,f)“ ) @) @ ()

I(e) L ((lni)a '

. ) 7 (a1 ) n (2)
L al—ubu
lgll.o (n2)**

|f/( 1— ubu)| (alfubu) du ‘|
INa+1)

IN

N|=

+f 1 _ u Ot |f/ ( lfubu)| (alfubu) du
Since |f'] is GA-s convex on [a,b], we know that for u € [0, 1]
(22) et < (1 -

Hence, if we use (2.2) i

W) | (@)] +u* |f (b)),

n (2.1), we obtain

[ (Vab) [ 159 (@) + TS5, 0 )] = [T (F9) (@) + T, (F9) ®)]|

lolle (02" [ fF w1 - )s\f’(a)|+us|f’(b)|] (a¥="b") du
Tlat1) | +fy (0= u) [(1—w|f @] +u | f O] (a'~") du

C lgll (2 JEue (1= w)® (a=ub) du )
- mm{( Jra - w0 @y da ) )
f uaJrs ( 1— ubu) du ,
( +f 1 —u (alfub“) du ) |f (b)|}

This completes the proof.

O
Corollary 2.1. In Theorem 2.1;

(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3)

(i) [ £ [ 12

< lallot® (2) 017 @1+ G017 0],

(2) If we take g (x) = 1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side
of (1.4):

7 (Vab) - 2“0‘(1“)) [T (@) + TS, £ )] |
o ()

sica (C1(Q) [f ()] + Co() [ (O]
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(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function

’f(@ [

< I (Z> [CLD) S (@) + Ca(1) [/ (D)) -

Theorem 2.2. Let f : I C Ry— R be a differentiable mapping on I° and [’ €
Lla,b] with a < b. If |f'|",q > 1, is GA-s convezx on [a,b] and g : [a,b] — R
is continuous and geometrically symmetric with respect to \/ab, then the following
inequalities for fractional integrals hold:

1 (Vab) [755_9 (@) + T3 0 )] = [T55 () (@) + T3, (F9) 0]

a+1 (g)

a

1g1loo
20D(1-3) (0 + 1) T T(a + 1)

[Cs(a) £ (@] + Caa) | ( >|q]31]
Q]E

|+ [es@) 1 (@) + Cole) 7 O)
where
Cya) = A;u (1—w)* (a*b") du,
Cila) = /0 : ot (a1 du,
Cs(a) = /; (1 =)™ (a' ") du,
Cola) = /;(1—@ () du,
and o > 0.

Proof. Using Lemma 1.1, we have

| (Vab) [755_9(a)+ J‘hg )] = |75 (F9) (@) + T, (F9) 0)]|
LR ) T a1 ) 1 )l
I(a) +fr(ff’ nt)*” <>?) | ()] dt

||g|| S U S IO
(@ +fr<ftb n8) Y ) dr |
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Setting ¢ = a'~*b* and dt = a’~"b" In (£) du gives
£ (Vab) [1955_9 (@) + I 0 O)] = [I505_ (F9) (@) + T55, (F9) )]
||g|| Jy (f;““”“ (In2)" 7 42) [ (a'0")] (al0") In (%) du

(@) | +J3 (Jhup 2)* 7 L) |57 (@ 0v) | (a!=0") In (4) du |
el | S (fa T ()" ) | (@) () du

P@) | 4 fd ([hape )" 2) |57 (@700 (al o) du |

Using power mean inequality we have

(23] (Vab) [J9m_9 (@) + IS, 0 0)] = [T50_ (F9) (@) + T, (F9) ()]
' (" ) )]

Q=

191l

in (%)

= I'(a)

191l s

[ )™ ) | ) 7 ) ]

+ Uél (fal wpu (1 b)a 1 %) dur—%

2 (B O 2 5 ) )]

2

" (2)

2(+D(1=3) (a4 1) T(a + 1)
) { [ w7 (@) (@) ] ] |
+[JE A= (@) | (o) dul
Since |f’|? is GA-s convex on [a,b], we know that for u € [0, 1]
(24) | (@ o) < [ =) If (@) +u* £ B))].
in (2.3), we obtain

Q=

Hence, if we use (2.4)

7 (Vab) [Jr 9(0) + 50,9 0)] = [T50 (F9) (@) + 5, (F9) )] |
gl oo " (a)

olat+1)(1-71) (a + 1) i L(a+1)

| e e wn i @ o) @) ad”

[ = [ =0 I @I 4wt | )] (') du]
9]l I (2)
200073 (a4 1) T(a+ 1)
|: {(fo 1 - U ( liubu)q du) |f/ (a)|q + (foé uts (alfubu)q du) |f/ (b)|q} a

(3 =0 (@) ) |7 @)+ (f1 (=0 u® (ol e) du) | (1))
0

This completes the proof.

Q=
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Corollary 2.2. In Theorem 2.2;
(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3):

f(\/@/ / F@g@ 1 llgll n® (5)

23(1—*)
(G5 If (@) + CaM 1 B)FF] " ]
+[Cs () [f" (a)|* + Co(1) | (B)]7] 7

(2) If we take g (x) =1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side

of (1.4):

|f (Vab) ~ 0D g £ @)+ T3, £ 0)

(In3)
() [Ca@) I (@) + Caf) | D] ]
2= (1) 8 [+ [Cale) If @)+ Cole) |7 ()]

(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function
n (2)

b X
s (Vab) ‘ml/ P < $(-1)

[Co0) I @I + (D)1 O)I"] ] .
+[Cs (1) [ (@)]" + Co(1) | £ (B)]7] ®
Theorem 2.3. Let f : I C Ry— R be a differentiable mapping on I° and f' €
Lla,b] with a < b. If |f'|%,q > 1, is GA-s convex on [a,b] and g : [a,b] — R
is continuous and geometrically symmetric with respect to Vab, then the following
inequalities for fractional integrals hold:

1 (Vab) 19 (@) + TS, 0 0)] = [19m_ (F9) (@) + TS0, (F9) B)]|

Q=

lglloe a5 (2) (Cr 11 @]+ Cs | ()] ]
ap+1 1 1 1
277 (ap+1)7 qal(a+1) | +[Colf (a)* + Cio|f (b)|*]"
where
C; = /§ (1 —w)® (a*7b") " du
0
Cs = /E u® (al_“b“)qdu
0
1
Cy = / (1—u)® (ak“b“)qdu
o
Cio = / u® (al_“b“)qdu

witha >0 and 1/p+1/g=1.
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Proof. Using Lemma 1.1, setting ¢t = a'~“b* and dt = a*~*b*In (2) du, Holder’s
inequality and (2.4) we have

£ (Vab) [755 9 (@) + J%g( )} - [ () (@) + T, () )|

_o [ ) e ) 1 o] de
T +fr(ftb( Ol |d8)|f'<>\dt
gl [ 07 (2 (m2)™ ™" 22) 1 (o)) at
= T +fr(ff 2“‘“)|f'(>dt]
el [ (T )" ) 1 @) @ m (e
NONESH (f1 w02V (@) | (a1 In () du
gl (y) | S (f; P () T ) [ ()| (@) du |
T | L (e (02" L) 57 (@1 )] (a1 0") du |
(i (" ) ) w)"
< gl In (%) (f £ (a'=5*)|? (' ubu)qdu)f
I I
< (1S (@t () du)%

Q=

27 (ap+1)%l“(a+

el () { (517 (o 1—ubu)|"< oy )’ ]
p (L1 (@) @) du)

[ (a)

ap+1

E ap+1 MNa+1)
(A= w)” |f (@) +u | (b)]] (alfubu)qdu)a
(1= w)* [ (a)|* +w | £ (1) "] (alfubu)qdu)

a+17— )

Q=

||9||
2% (ap+1) giT(a+1)

% |: [(f()? (1—u)’ (al—ubu) du) I (a)|? + (fo% u ( 1_ub“)qdu) 7 (b)ﬂ 311
+ [(fél (1—u)” (a' ") du) I (a (f u (a 1‘“b“)qdu) g (b)lq]a

This completes the proof. (I

Corollary 2.3. In Theorem 2.3;
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(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3):

b b
f<m)/ g(x)dmif fla)g(@)
a xz a xz
_1 1
lgllo aln®7s (2) | [Cr[f" (a)]® + Cs | £ ()]
1 1 1 1
2% (p+ )7 g |+ [Calf @]+ Cuolf B
(2) If we take g (x) = 1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side

of (1.4):

f (Vab) - f(“(;?) (79 £ (@) + I, £ )]

1

Halnl_ﬁ (L) 1 [Cr1f (@] + Cs | )] "
255 (ap+1)7 g7 | + [Colf (a)]* + Cro | £ (B)]%]

(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function

()~ Ly [ 10,

1
q

b
ng a X

Q=

Can () [ e @+ Gl o))
|

ptl q]

25 (p+1)7 i |+ [Colf (@)|” + Cro |/’ (b)
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DEVELOPABLE BERTRAND OFFSETS OF TRAJECTORY
SPACELIKE RULED SURFACES

MEHMET ONDER!, ZEHRA EKINCI!, AHMET KUCUK?2

ABSTRACT. In this study, some characterizations for developable Bertrand off-
sets of a spacelike ruled surface are introduced. It is shown that if there exist
more than one developable Bertrand offsets of a developable spacelike ruled
surface, then the striction curve of reference surface is a general helix in the
Minkowski 3-space R‘;’.

1. INTRODUCTION

Ruled surfaces are the surfaces generated by moving a straight line continuously
in the space and are one of the most important topics of differential geometry. In a
spatial motion, the trajectories of oriented lines embedded in a moving space or in
a moving rigid body are generally called trajectory ruled surfaces [7]. Trajectory
ruled surfaces and their offsets are used in many areas of sciences. These sur-
faces are used to study design problems in spatial mechanisms or space kinematics,
Computer Aided Geometric Design (CAGD), geometric modeling and model-based
manufacturing of mechanical products [2,3,7,11,14]. The well-known offset of ruled
surfaces is Bertrand offset which is a generalization of the notion of Bertrand curve
to the ruled surfaces. These offsets have been introduced by Ravani and Ku [11].
The corresponding characterizations of timelike and spacelike ruled surfaces in the
Minkowski 3-space R3 have been given by Kasap and Kuruoglu [4]. Furthermore,
Kiictik has studied developable timelike ruled surfaces and Bertrand trajectory ruled
surface offsets [6,7].

The classification of ruled surfaces in R3 has been introduced by Kim and Yoon
[5]. Using this classification, Onder and Ugurlu have introduced the Frenet frames
of timelike and spacelike ruled surfaces [9,12].

In this paper, we give characterizations for developable Bertrand offsets of space-
like ruled surfaces in R3. We introduce some theorems and results between curva-
tures of striction curves of offset surfaces.

Date: January 1, 201X and, in revised form, February 2, 201X..
2000 Mathematics Subject Classification. 53A10, 53B25, 53C50.
Key words and phrases. Minkowski 3-space; spacelike ruled surface; Bertrand offsets.
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2. PRELIMINARIES

Let consider the standard flat metric defined by

(,) = —dz? + da + da?.

The real vector space R? provided with this metric is called the Minkowski 3-space
and denoted by R$. Then, (x1,22,23) is a standard rectangular coordinate system
of R}. In this space, there exist three types of vectors ¥ € R} such that ¥ is
spacelike if (7, ¥) > 0 or ¥ = 0, timelike if (7,7) < 0 and null (lightlike) if (¥, 7) = 0
and ¥ # 0. Similarly, Lorentzian casual character of an arbitrary curve & = @&(s)
is determinate with its velocity vector o/(s). Then, @ = d(s) is locally spacelike,
timelike or null (lightlike), if all of its velocity vectors o (s) are spacelike, timelike
or null (lightlike), respectively [8]. The norm of the vector ¥ = (v1,vq,v3) € RS is
given by

9]l = v I{7, 0)].
For any vectors ¥ = (z1, 22, z3) and ¥ = (y1,y2,y3) in R}, Lorentzian cross product
is defined by

€1 —€g —€3
TXY=| T1 X2 T3 = (I2y3 — T3Y2, T1Y3s — T3Y1, T2Y1 — l’lyz)-
Y1 Y2 Y3

The Lorentzian sphere and hyperbolic sphere of radius r and center origin 0 in
R3$ are given by

SE = {# = (z1,22,23) € R} : (%,7) = 7“2},

and

HE = {f: (x1,70,23) € R?: (&, &) = —7”2},
respectively (See [13] for details).

For two spacelike vectors & and ¢ that span a spacelike vector subspace, the real
number 6 > 0 given by < &, § >= ||&|| ||7]| cos@ is called spacelike angle between
the vectors z and y [10].

Analogue to the curves, the characterization of a surface in R} is determinate by
its normal vector. Then, a surface is called a timelike surface if its normal vector
is spacelike and called a spacelike surface if its normal vector is timelike [1]. Now,
we consider ruled surfaces in R$ and we give a brief summary of theory of ruled
surfaces in R3. The more information can be found in [9,12].

Let I be an open interval in the real line R. Let k = E(s) be a curve in R}
defined on I and ¢ = §(s) be a unit direction vector of an oriented line in R}. Then
the parametric representation of a ruled surface N is given by

(2.1) o(s,v) = k(s) +v4q(s).

Different positions of the straight lines i.e., the parametric s-curve of surface is
called ruling. In (2.1), if we take v = 0, then we obtain the curve k = k(s) which
is called base curve or generating curve of the surface. Of course, there exist much
more regular curves on the surface. But one of these curves have an important role
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and is called striction curve and denoted by ¢ = &(s). The striction curve is the
focus of striction point which is the foot of common normal between two consecutive
rulings. The parametrization of the striction curve ¢ = &(s) is given by

B <dzj/ds, dlS/ds>
(2.2) cls) = k(s) — W@(S)

From (2.2) it is clear that the base curve of the ruled surface is its striction curve
if and only if <d(j'/ ds, dE/ ds> = 0. Furthermore, the generator ¢ of a developable

ruled surface is tangent of its striction curve [11].
The distribution parameter (or drall) of a ruled surface is given by

‘dE/ds, 7, d(j/ds‘
2. =
23) % = ajds, agjds)

The geometric interpretation of (2.3) can be given as follows: If

dk/ds, §, dq’/ds) -
0, then the timelike normal vectors of spacelike surface are collinear at all points of
the same ruling which means that the tangent plane does not change and contacts
the surface along a ruling which is called a torsal ruling. If ‘dl;;'/ds, q, dtj’/ds’ # 0,

then the tangent planes of the surface IV are different at all points of the same
ruling, such a ruling is called nontorsal.

Definition 2.1. ([12]) A spacelike ruled surface whose all rulings are torsal is
called a developable spacelike ruled surface. The remaining spacelike ruled surfaces
are called skew spacelike ruled surfaces. Then, it is clear that a spacelike ruled
surface is developable if and only if distribution parameter d, is zero at all points
of the surface.

For the unit normal vector m of spacelike ruled surface N, we can write m =

%. So, at the points of a nontorsal ruling s = s; we have
s v

L (dg/ds) x ¢
2.4 a= lim m(sy,v) = ———"———
24 N T
which is called central tangent. The timelike vector h defined by h=ax q is called

central normal. Since the vectors ¢, d¢/ds and a are orthogonal, the unit vector h
of the central normal is given by

dq/ds

2.5 h=—2""_
(25) dq/ds]

-

Then, the orthonormal system {C; q, h(timelike), d'} is called Frenet frame of
spacelike ruled surface N where C' is the striction point.

Let now assume that the spacelike ruled surface N has non-null Frenet vectors
and non-null derivatives of Frenet vectors. Then, for the vectors ¢, h and @ we have
following Frenet formulae
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dq/ds 0 w1 O q
(2.6) dhfds | = | k1 0 Ko h |,
da/ds 0 ke O a

where s is arc length parameter of striction curve and k1, ko are first and second
curvatures of the surface. If the surface is developable, then k1, ko coincide with
the curvature and torsion of striction curve. From (2.6), the Darboux vector of the

Frenet frame {O; g h,a } can be given by W/ = —kog+r1d. Thus, for the derivatives

in (2.6) we can write

(2.7) dg/ds =@ x §, dh/ds =@ x h, di/ds =1 x @,

and also we have

(2~8) (TXHZ—(_I’, f_ixc_i:—(b Zixq’:ﬁ.
(For details [12]).

3. DEVELOPABLE BERTRAND OFFSETS OF SPACELIKE RULED SURFACES

Let ¢ and ¢* be two spacelike ruled surfaces given by the parametrizations
(3.1) e(s,v) =c(s) +vqls), (0@ =1,

(32) ¢ (s,0) =" (s) +vq(s), (7.0 =1,
respectively, where (€) (resp. (¢)) is striction curve of ¢ (resp. ¢*). Let the
Frenet frames of surfaces ¢ and ¢* be {(j’, l_i, EL’} and {(j*, H*, Ez’*}, respectively. The

ruled surface ¢* is said to be Bertrand offset of ¢, if there exists a one to one
correspondence between their rulings such that they have common central normal
along the striction lines (¢) and (¢*). In this case, (¢, ¢*) is called a pair of Bertrand
offsets of spacelike ruled surfaces. By definition, we have

—

(3.3) h* =h,

and so, we can write

q cos 0 siné q
(3.4) =10 10 hol,
a* —sinf® 0 cosf a

where 6 is spacelike angle between the rulings ¢ and ¢* and called offset angle.
By definition, the striction curve of ¢* is given by

(3.5) & (s) = &s) + Ah(s),

where A is called offset distance. Then the parametrization of ¢* is obtained as
follows
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¢ (s,0) = & (s) + v (s)

(3.6) - (5(5) + ,\E(s)) + v (cos 7 + sin 0a) .

Theorem 3.1. ([4]) The offset angle 6 and offset distance A are constants.

In general, the Bertrand offset of a developable ruled surface is not a developable
surface.

Assume now that spacelike ruled surface ¢ is developable and (¢, ¢*) be a pair of
Bertrand offsets of trajectory spacelike ruled surfaces. From (2.3), (3.4) and (3.6)
the distribution parameter of ¢* is

(Ak2) cosO — (1 + Akq)sin 6

(3.7) Opr = K1 cosf + kysinb

)

which gives us that ¢* is developable if and only if

(3.8) (Ak2) cosf — (1 + Aky)sinf =0,
holds. So, we may give the following theorem and corollaries.

Theorem 3.2. Let (p, p*) be a pair of Bertrand offsets of spacelike ruled surfaces
and ¢ be developable. Then ¢* is developable if and only if

(Ak2)cosd — (1 4+ Akq1)sinf =0

s satisfied.
From Theorem 3.2 we obtain the following special cases.

Corollary 3.1. i) If 0 =0, then A =0 or ko = 0.
(ii) If A\ =0, then 6 =0, i.e., rulings are congruent.
(iii) If ko = 0,\ # 0, then k1 = — = const or 6 = 0.
(i) If 0 = 5, A #0, then k1 = f% = const.

Let now assume that both ¢ and ¢* are developable spacelike ruled surfaces and
(¢, ¢*) is a pair of Bertrand offsets. Then, from (2.6) and (3.5), we can write

d *
(3.9) " js = (1 + M1 )7 + Mindi.
From (3.4) we have
(3.10) q" = cos 0§ + sin 0d.

Then, from (3.9) and (3.10), we have the following relationships

(3.11) sin@ = A\ka dcii.

{ cos = (1+ Ary)

Since, there exits a reciprocal relationship between the curves ¢ and ¢*, from (3.11)
we may write
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(3.12)

- S
sinf = \kids

{ cosf = (1 — Awj) L,
27ds

and if we take

cos

—— )\ = a = const.
sin 6

from (3.11), we have

(313) akg — Alﬁll =1.
Similarly, from (3.12), we have

(3.14) aky + Ak} = 1.
Then Eq. (3.13) and (3.14) give the following theorem and corollary.

Theorem 3.3. Let (v, ") be a pair of developable Bertrand offsets of spacelike
ruled surfaces. Then there exists the following relationship between curvatures and
torsions of striction curves,

*
H1+Ii1

a4 t

— = const.
K — kg A
Corollary 3.2. The striction curves ¢ and c* are planar curves in Rif if and only
if k1 = —kKT holds.

Now, assume that ¢* and ¢** are two developable Bertrand offsets of the same
developable spacelike ruled surface ¢. Since ¢* is a Bertrand offset of developable
spacelike surface ¢, from (3.13) and (3.14), there exist two real constants a, A such
that

ake — Ak = 1,
(3.15) { aks + Ak] = 1.

Similarly, since ¢** is another developable Bertrand offset of ¢, there are two real
constants b, ¢ such that

brko —ck1 =1
1 ’
(3.16) { br5* 4+ cri* = 1.
where k7* and k3* are curvature and torsion of striction curve ¢** of developable

spacelike ruled surface ¢**, respectively. From (3.15) and (3.16) we have

b—
(3.17) :—; = i = const.,

which means that the striction curve ¢ is a general helix. Then, we have the
followings.

Theorem 3.4. If there exist more than one developable Bertrand offsets of a devel-
opable spacelike ruled surface @, then the striction curve ¢ of ¢ is a general helix.
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Also, we can give the following corollary from (3.11) and (3.12).

Corollary 3.3. There are the following relationships between curvatures of the
striction curves ¢ and ¢*,

(3.18)

sin?(0) = N?kak} = const.
cos?(0) = (1 — Ax})(1 + Aky1) = const.

Also from (3.18), the following corollary may be given.

Corollary 3.4. 1) If 0 =0, A #0, then ke =0 or k3 =0 and Hl;’? = )\ = const.

K1
.. _ T * 1 * 1 _ 1
it) If 0 = T, then we have A\ # 0, Kok = 53 and K] = 5 or Ky = —5.

4. CONCLUSIONS

Some conditions characterizing developable Bertrand offsets of spacelike ruled
surfaces are given. It is shown that the striction curve of the reference spacelike
ruled surface is a general helix if there are more than one developable Bertrand
offset of a developable spacelike ruled surface in R$. Furthermore, some relation-
ships between curvatures and torsions of the striction curves of Bertrand offsets of
spacelike ruled surface are found.

[10]
(11]

(12]
(13]

(14]
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THE (¢, k)-EXTENSION OF SOME GAMMA FUNCTION
INEQUALITIES

KWARA NANTOMAH*!, EDWARD PREMPEH? AND STEPHEN BOAKYE TWUM?

ABSTRACT. In this paper, the authors establish some inequalities for the (g, k)-
extension of the classical Gamma function. The procedure utilizes a mono-
tonicity property of the (g, k)-extension of the psi function. As an application,
some previous results are recovered as special cases of the results of this paper.

1. INTRODUCTION AND DISCUSSION

Let us begin by recalling the following basic definitions concerning our results.

The classical Euler’s Gamma function, I'(x) and the classical psi or digamma func-
tion, 1 (x) are usually defined for 2 > 0 by

oo 'nz
I'(z) = e t* ldr = lim i
() /0 nlﬁoox(x—l—l)(:r:—l—Q)...(x—l—n)

and
P(x) = %lnF(x) = 11:((;))

The p-extension (also known as p-analogue, p-deformation or p-generalization) of
the Gamma function, I',(z) is defined (see [2]) for p € N and = > 0 by

X

_ p'p* _ p
) = ). ) a0 D). (0T E)

where lim, ., I'y(z) =T'(z).
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Also, the g-extension of the Gamma function, I';(x) is defined (see [7]) for ¢ € (0,1)
and x > 0 by

oo

. © 1— qn+1 . 1—q"
Ly(x) =(1-¢g)! Hm:ﬂ*@l HW
n=0 n=1

where lim,_,1 Ty(z) =T(z) .

The k-extension of the Gamma function, I'x(¢) is similarly defined (see [5]) for k& > 0
and x € C\KZ~ as

e tk km (nk)®—1
Ty (x) :/ e” ®t* ldr = lim nik" (nk) e
0 n—oo (l‘)n,k
where (z)pk = z(z + k)(z +2k)...(x 4+ (n — 1)k) is the k-Pochhammer symbol
r

and limg_ Tx(z) = T'(2).

Krasniqi and Merovci [8] also defined the (p, g)-extension of the Gamma for p € N,
g € (0,1) and = > 0 by

[plg [Pl

el = G+ 1. o+ 7,

where [p], = %7 and T, 4(z) > T'(z), asp— oo and ¢ — 1.

Furthermore, Diaz and Teruel [6] also defined the (g, k)-extension of the Gamma
for ¢ € (0,1), k> 0 and x > 0 as follows.

1

A= -y
R (e S AT
where ‘
(1) (z+y)gp = [T/~ (z + ¢™*y) and

(i) (1 +x), = % for z,y,t € R and n € N.

By using the relations (i) and (ii), the function I'y x(x) takes the following form.

q(n+1)k
(11) F‘Lk(x) 1 _ q 771 H 1— an+:r
It satisfies the following identities.
(1.2) Lgr(z+k) = []glgk(z)
(1.3) Lyr(k)=1

Similarly, the (g, k)-extension of the psi fuction is defined as

F:;,k(x)
Ly k()

where T'yx(xz) = T'(z), Ygr(z) = Y(z)asqg—1,k— 1

d
lnFq k( ) =

VYor(z) = ar
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The function 9, () as defined above exhibits the following series representations

1 0 an+m
(1.4) V() = —%ln(l—q)—i—(lnq);l_qm’

1 o0 q(nJrl)x
(1.5) :*%ln(1*Q)+(IHQ);w

By taking the logarithmic derivative of (1.1), we obtain (1.4), and the relation (1.5)
was established in [4].

In 2008, Shabani [14] proved the following inequality generalizing the previous
results of [1], [3], [12] and [13].

Lla+b* T(a+bx)* _T(a)*
T+ d) = T(etdo) = T(e

where a,b,c,d,p and A are real numbers such that a + bx > 0, ¢+ dzx > 0,
a+br<c+dzr,0<pb< A and ¢(a+bx) >0 or ¢(c+dx) > 0.

(1.6) z € 10,1]

Since then, this inequality has attracted the attention of several researchers. For
instance, in [9], [15], [11] and [8], the authors respectively proved the results for the
p-extension, g-extension, k-extension and (p, ¢)-extension of the gamma function.

Also, in 2009, Vinh and Ngoc [16] proved the following related results by using the
Dirichlet’s integral.

i T +a) [l P +aiw) 1
T8+ i) ~ D(B+ 30, i) ~ T(B)
where z € [0,1], 8> 1, a; >0, n € N.

(1.7)

In addition, in the papers [11] and [17], the authors by using different procedures,
separately proved the k-extension of (1.7) together with other results.

In this paper, the objective is to prove the (g, k)-extension of the inequalities (1.6)
and (1.7) by using similar techniques as in [11] and [14]. We present our results in
the following section.

2. RESULTS
In order to present our results, we need the following Lemmas.
Lemma 2.1. Let © > 0, y > 0 with x <y, then for ¢ € (0,1) and k > 0,
(2.1) Va,k () < Vg, (y)-

Proof. By differentiating the series representation (1.4), we obtain

> nk+x
q
V(@) = ) Y =y 20
n=0

Thus, 94 k() is increasing for > 0. Then, for 0 < = < y, we have g x(z) <
g1 (y) concluding the proof. See also [10]. O
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Remark 2.1. The fact that 1, x(z) is increasing for = > 0, can alternatively be
established by using identity (1.2). That is, by taking the logarithmic derivative

of (1.2), we obtain ¢, ,x(x + k) — ¢g k(x) = —% > 0.

Lemma 2.2. Let a, b, ¢ and d be real numbers such that 0 < a + bz < ¢ + dz.
Then for g € (0,1) and k > 0, we have

g k(a+bx) < g p(c+ de).
Proof. Follows directly from Lemma 2.1. ([

Lemma 2.3. Let a, b, ¢, d, p and X\ be positive real numbers such that pb < A\d
and a + bz < c+dzx. For q € (0,1) and k > 0, if either:
(i) Ygrx(a+bzx) >0 or
(1) Yq.x(c+dz) >0,
then,
pbthg k(@ + bx) — Adipg (¢ + dx) < 0.

Lemma 2.4. Let a, b, ¢, d, u and X\ be positive real numbers such that ub > \d
and a +bx < c+dx. For g€ (0,1) and k > 0, if either:
(1) Yqx(a+bx) <0 or
(1) Yq.rx(c+dzx) <O,
then,
pbthg k(a +bx) — Adipg i (c + dx) < 0.

The proofs of Lemmas 2.3 and 2.4 follow from Lemma 2.2, and are in a similar
method as those in [14]. As a result, we omit them.

Lemma 2.5. Let x > 0, o; > 0, 8>k >0 and q € (0,1). Then, k + ayx <
B+ >, iz, n €N implies

g ik + a;x) < g (B + Z a;T).

i=1

Proof. Follows from Lemma 2.1.

Theorem 2.1. Define a function G for x >0, ¢ € (0,1) and k > 0 by

Lyn(a+ bx)”

[y r(c+dx)?

where a, b, ¢, d, u and A\ are positive real numbers such that a + bx < ¢ + dx,

pb < Ad and either g (a + bx) > 0 or Vg r(c+ dx) > 0. Then G is a decreasing
function of x and the following inequalities hold true:

G(x) =

" u u
(2.2) Lyrla+ b))\ < Lyxla+ ba:)/\ < Fq,k(a))\
Lyrlc+d) Ly r(c+dx) Iy r(c)
for x €10,1], and
(2.3) Loula+be)" Tou(a+b)”
’ ].—‘q_’k(0+d$))‘ Fq,k(chd))‘

for x € (1,00).
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Proof. Let u(z) = InG(x) . Then,

“w
Lonlat )" T w(at be) — AnTy (e + da)
k

(2) =In T

=In

ST ket do)
That implies,

() = bI‘;7k(a+bx) B I e+ dx)
a Iy x(a+bx) Ly k(c+dx)

= ubt)g r(a + bx) — Adpg k(¢ + dx) < 0. (i.e. by Lemma 2.3)

That implies u is decreasing on x € [0,00). Consequently, G is also decreasing on
x € [0,00). Then for = € [0, 1] we have,

G(1) < G(z) < G(0)

yielding the result (2.2). Also, for z € (1,00), we have G(x) < G(1) yielding the
result (2.3). O

Remark 2.2. In Theorem 2.1, if ub > Ad and either ¢, i (a+bx) < 0 or ¢, k(c+dz) <
0, then by Lemma 2.4, G is decreasing and the double inequalities (2.2) and (2.3)
still hold true.

Theorem 2.2. Define a function H for x >0, g € (0,1) and k > 0 by

T Tkt o)
H@) =t o, o)

where B>k, a; >0, n € N. Then H is a decreasing function of x and the following
inequalities are valid:

(2.4)

T, Dyn(k + a;) < [T, Ty r(k + a;z) < 1
Por(B+ 20 ai) ~ Doru(B+ X0 aix) ~ Tgr(B)

for x € 0,1], and

L2 Dok (k + aiz) < [Ty Tor(k + ai)
r

29 (PSTERS SPes B IR S

for x € (1,00).
Proof. Let v(z) = In H(z). Then,

H?:l Fq,k(k + a;z)
Lor(B+ 20, aix)

n

=1n H Lyr(k+ojz) —InTg 1 (8 + Z ;x)

=1 i=1

v(z) =In
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implying that,

, 7 n T’ k(k + ay) n I’ k(ﬁ + 22;1 ;)
V)= <%W> - (Z ai) Fz,k(ﬂ 37 )

=1 i=1

= Z (aiwq,k(k +aiz)) — (Z ai) wq,k(ﬁ + Z a;x)

i=1
= Zai Ve r(k + o;x) — (B + Z a;z)| <0. (by Lemma 2.5)
i=1 j=1

That implies v and as a result H are decreasing on z € [0,00). Then for z € [0, 1]
we obtain
H(l) < H(z) < H(0)
concluding the proof of (2.4). Also, for x € (1,00), we have H(z) < H(1) estab-
lishing the result (2.5). O
By a similar method, it is easy to prove the following results.
Theorem 2.3. Let Q be defined for x >0, g € (0,1) and k > 0 by
v Dor(k+ iz
Q(I):Hil (L(n )
Lorx(B+ > i)
where B >k, a; < 0, n € N such that 0 < k+ oz < 8+ E?Zl a;x. Then @ is
increasing and the following inequalities are satisfied:
1 < H:l:1 Lyr(k + a;z) < H?:l Dok + as)
Lor(B) ~ Tor(B+ 2l asw) ~ Tar(B+ 201, i)
for x € [0,1], and

(2.6)

Hzlzl Fq,k(k + a;x) > H?:l Fq,k(k + ;)
Con(B+ 2 cir) = Tyr(B 4200, i)

(2.7)
for z € (1,00).

3. CONCLUDING REMARKS

Remark 3.1. By setting kK = 1 in Theorem 2.1, we obtain the g-extension of (1.6)
as presented in [15].

Remark 3.2. By allowing ¢ — 1 in Theorem 2.1, we obtain the k-extension of (1.6)
as presented in [11].

Remark 3.3. By allowing ¢ — 1 whiles & — 1 in Theorem 2.1, we obtain (1.6).

Remark 3.4. By allowing ¢ — 1 in Theorem 2.2, we obtain the k-extension of (1.7)
as presented in [11] and [17].

Remark 3.5. By setting k = 1 in Theorem 2.2, we obtain the g-extension of (1.7).
Remark 3.6. By allowing ¢ — 1 whiles £ — 1 in Theorem 2.2, we obtain (1.7).
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SEMI-HOMOTOPY AND SEMI-FUNDAMENTAL GROUPS

AYHAN ERCIYES*, ALl AYTEKIN AND TUNCAR SAHAN

ABSTRACT. In this study we introduce the notions of semi-homotopy of semi-
continuous maps and of semi-paths. We also construct a group structure,
which will be called semi-fundamental group, using semi-loops and explore
some properties of semi-homotopy and semi-fundamental groups.

1. INTRODUCTION

Homotopy theory studies topological objects up to homotopy equivalence. Ho-
motopy equivalence is a weaker relation than topological equivalence, i.e., homo-
topy classes of spaces are larger than homeomorphism classes. Therefore, homotopy
equivalence plays a more important role than homeomorphism. Homotopy theory is
a subdomain of topology. Instead of considering the category of topological spaces
and continuous maps, one may prefer to consider as morphisms only the continuous
maps up to homotopy. On the other hand the concept of homotopy groups is a
way to interpret topological problems to algebraic problems which could be solve
much easier. For this reason, homotopy groups, especially fundamental groups, are
very powerful tools for this purpose. To obtain further insights on applications of
homotopy groups, see for example the books of Brown [2] and of Rotman [9].

The concept of semi-open set in topological spaces was introduced in 1963 by
Levine [7]. He defined a set A to be semi-open in a topological space if and only
if A is between an open subset and the closure of that open. Further, Levine
investigated a notion of semi-continuity. After the works of Levine on semi-open
sets, various mathematician turned their attention to the generalisations of various
concepts of topology by considering semi-open sets instead of open sets. New results
are obtained in some occasions and in other occasions substantial generalisations
are exibited, by replacing open sets with semi-open sets

In 1971, S. Gene Crossley and S. K. Hildebrand [4] introduce semi-closed sets,
semi-interior, and semi-closure in a manner analogous to the corresponding con-
cepts of closed sets, interior, and closure. Further, a year later, they defined

Date: January 1, 2013 and, in revised form, February 2, 2013.
2010 Mathematics Subject Classification. 54C08, 14F35, 55Q05, 57MO05.
Key words and phrases. Semi-open sets, semi-closed sets, homotopy, fundamental groups.
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that a property of topological spaces is a semi-topological property if there is a
semi-homeomorphism which preserves that property [5]. Also, they shown that
Hausdorff, separable, and connected properties of topological spaces were semi-
topological properties.

S.M.N. Maheshawari and R. Prasad [8] used semi-open sets to define and inves-
tigate three new separation axiom called Semi-T(, Semi-T; and Semi-Ts.

Recently, P. Bhattacharyya and B.K. Lahiri [1] generalised the concept of closed
sets to semi-generalised closed sets with the help of semi-openness.

In the light of these works, the main purpose of this paper is to introduce the
notions of semi-homotopy and semi-fundamental group using the semi-open sets,
to obtain different group structures from topological spaces.

2. PRELIMINARIES

The notion of semi-open sets in a topological space was introduced by Levine [7]
as follows.

Definition 2.1. [7] Let X be a topological space and A C X. A is called semi-
open provided that there exists an open set U such that U C A C U, where U
denotes the closure of the set U in X.

Here is a concrete example of semi-open sets.

Example 2.1. Let 7 = {X, 0, {a}, {a, b}} be the topology on the set X = {a,b, ¢, d}.
Therefore we have semi-open subsets of X as follows:

SO(X) = {X,0,{a} ,{a,c},{a,d},{a,b},{a,b,c},{a,c,d},{a,b,d}}.

Following proposition is a well known result for semi-open sets. Hence we omit
the proof.

Proposition 2.1. [10, 7] Union of any collection of semi-open sets in a topological
space s also semi-open.

Example 2.2. Consider the space of the real numbers with the usual topology.
It is easy to see that intervals of the form (a,b), (a,b],[a,b) and [a,b] and their
arbitrary unions are semi-open.

Proposition 2.2. Let X be a topological space and A C X. Then A is semi-open
if and only if for each point x in A there exist a semi-open subset B, of X such
that x € B, C A.

Proof. Let A be a semi-open set in X. Thus we can choose the set B, as A for all
x € A

Conversely assume that for each point x in A there exist a semi-open subset B,
of X such that x € B, C A. Then

UJB.=4
€A
and by Proposition 2.1 A is a semi-open subset of X. ([l

The notion of semi-closedness is introduced in [4]. Now we will recall the defini-
tion of semi-closed sets and some-properties of semi-closed sets from [4].
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Definition 2.2. [4] Let X be a topological space and C' C X. C is called semi-
closed if there exists a closed set K such that K° C C' C K where K° is the
interior of K.

Example 2.3. Let 7 = {X,0,{a}, {a, b}} be the topology on the set X = {a, b, c,d}.
Therefore we have semi-closed subsets of X as follows:

SC(X) ={X,0,{b},{c}. {d},{c.d},{b,c},{b,d}, {b,c,d}}.

Proposition 2.3. [4] In a topological space the complement of a semi-open set is
semi-closed and vice-versa.

Now we will recall the definitions of semi-continuities and some properties of
them from [10].

Definition 2.3. Let X and Y be two topological spaces, f : X — Y a function
and p a point of X. Then f is called
[label=(), leftmargin=1cm]|so-1-continuous at p provided for each open

set V containing f(p) in Y, there exists a semi-open set A in X that contains
pand f(A) CV, so-2-continuous at p provided for each semi-open set
B containing f(p) in Y, there exists a semi-open set A in X that contains p
and f(A) C B, and  so-3-continuous at p provided for each semi-open
set B containing f(p) in Y, there exists an open set U in X that contains
p and f(U) C B.

If f is so-i-continuous at every point of X for a fixed i then f is called so-i-

continuous.

Relations between so-i-continuous functions, constant functions and continuous
functions are given with the following figure.

so — 2Q2— >[dr|constant@2— >[r]so — 3@2— >[ur|@2— >[dr]so — lcontinuous@2— >[ur]

This figure says that every constant map is so-3-continuous, every so-3-continuous
function is both so-2-continuous and continuous, every so-2-continuous function and
every continuous function is so-1-continuous.

Following proposition gives a criteria for so-i-continuous functions similar to one
in classical topology. The proof is also similar, hence we omit.

Proposition 2.4. Let X and Y be topological spaces and f: X —'Y a function.
Then f is
[label=(), leftmargin=1cm]so-1-continuous iff for each open set V CY,
FUV) is semi-open in X,  so-2-continuous iff for each semi-open set
B CY, f~Y(B) is semi-open in X,  so-3-continuous iff for each semi-
open set B CY, f~Y(B) is open in X.

This proposition could be given by using semi-closed sets as follows.

Proposition 2.5. Let X and Y be topological spaces and f : X — Y a function.
Then f is
[label=(), leftmargin=1cm/so-1-continuous iff for each closed set K CY,
fYUK) is semi-closed in X,  so-2-continuous iff for each semi-closed set
M CY, f~Y(M) is semi-closed in X,  so-3-continuous iff for each semi-
closed set M CY, f~1(M) is closed in X.
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so-1-continuous functions are called semi-continuous and so-2-continuous func-
tions are called irresolute [4]. In this paper the unit interval [0, 1] will be denoted
by I, as a subspace of reel numbers R with the usual topology.

Remark 2.1. Let X be a topological space. Then it is easy to see that the iden-
tity function 1x: X — X is so-l-continuous and so-2-continuous but not so-3-
continuous. Moreover usual composition of so-2-continuous (resp. so-3-continuous)
functions are again so-2-continuous (resp. so-3-continuous). Thus we obtain the
category s-Top of topological spaces with morphisms so-2-continuous (irresolute)
functions. On the other hand composition of so-1-continuous functions need not to
be so-1-continuous.

3. SEMI-HoOMOTOPY

In this section we will introduce the notions of so-i-homotopy of so-i-continuous
functions, so-2-homotopy type, so-i-paths and so-i-homotopy of so-i-paths, and give
some properties. From now on ¢ will symbolize of a fixed element of the set {1,2, 3}
for each item.

Definition 3.1. Let X and Y be two topological spaces and f,g: X — Y be two
so-i-continuous functions. If there exist a function H: X x I — Y such that for all
t € I the restrictions of H
H : X — Y
x +— Hy(x)= H(z,t)
are so-i-continuous with Hy = f and H; = g, then we say that f and g are so-i-

homotopic. In this case H is called an so-i-homotopy from f to g and this will
be denoted by H: f ~; g or briefly, by f ~; ¢.

Theorem 3.1. The relation being so-i-homotopic on the set of all so-i-continuous
functions between two topological spaces is an equivalence relation.

Proof. Let X and Y be two topological spaces and f,g,h : X — Y be so-i-
continuous functions.
[leftmargin=2.7cm]If f : X — Y define

H : XxI — Y
(z,t) +— H(z,t)= f(x)

for all x € X and all t € I. It is clear that F : f ~; f. Assume that
H: f~; g, so there is a function H : X x I — Y with H(x,0) = f(x) and
H(z,1) = g(x) for all x € X. Define

G : XxI — Y
(z,t) — G(z,t)=H(z,1-1)

for all z € X and all t € I. Since H is so-i-continuous,
Gi(z) = G(z,t) = H(z,1 —1t)

is so-i-continuous, and Go = ¢ and G; = f. Therefore G : g ~; f.
Assume that F': f ~; g and G : g ~; h. Define

H(z.t) = F(z,2t), tel0,1/2]
PTG - 1), teiy2,1).

Therefore H : f ~; h. Thus ~; is an equivalence relation.
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d

Let X and Y be two topological spaces and f: X — Y be an so-i-continuous
function. Then the set of all so-i-continuous functions from X to Y which are
so-i-homotopic to f is called the equivalence class (so-i-homotopy class) of f and
denoted by [f];.

[fli={g | g: X =Y so-i-continuous, f ~; g}

Similar to classical theory, using the new homotopy defined above we will in-
troduce the notion of so-i-homotopy equivalence and so-i-homotopy type just for
the case i = 2 since the composition of so-2-continuous functions is again so-i-
continuous.

Definition 3.2. Let X and Y be two topological spaces. An irresolute function
f: X =Y is called a irresolute homotopy equivalence if there exist an irreso-
lute function ¢g: Y — X such that gf ~5 1x and fg ~5 1y. If there is an irresolute
homotopy equivalence between two topological spaces then we say that these spaces
have the same irresolute homotopy type.

Now we will give the definition of so-i-paths which is the special case of so-i-
continuous functions. Further we will give a more stronger version of so-i-homotopy
for so-i-paths.

Definition 3.3. Let X be a topological space, a: I — X be an so-i-continuous
function and «a(0) = @ and «(1) = b . Then « is called an so-i-path from a to b
in X. If a = b then « is called an so-i-loop at a.

Definition 3.4. Let o, 5: I — X be two so-i-path in X with a(1) = 8(0). Then
the function
a(2t), tel0,1/2
(a=p)n) =1 22 v
6(2t - 1)7 te [1/2a 1]
is an so-i-path and is called the composition of so-i-paths o and g in X. a*
will be denoted by af for short.

Definition 3.5. Let X be a topological space and a: I — X be an so-i-path in
X. Then the function
a:l — X

defined by @(t) = a(1 —t) is an so-i-path in X and is called the inverse of a.

Definition 3.6. Let X be a topological space and «,8: I — X be two so-i-
paths where a(0) = 3(0) and «(1) = B(1). If there is an so-i-continuous function
F : 1 xI— X such that

[label=(), leftmargin=1cm]for all ¢ € T the restrictions of F

F : I — Y
s — Fy(s)=F(s,t)
are so-i-continuous and  F(s,0) = a(s), F(0,t) = a, F(s,1) = B(s), and
F(1,t)=0b
then we say that F' is so-i-homotopy of so-i-paths from « to § relative to end-

points and denoted by F': a ~; 8 rel I. We will denote this by « ~; 3 where no
confusion arise.
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Theorem 3.2. The relation being so-i-homotopic relative to endpoints on the set
of all so-i-paths in a topological space is an equivalence relation.

Proof. This can be proved by a similar way to the proof of theoremrem 3.1. O
Definition 3.7. Let X be a topological space and «: I — X an so-i-path in X.
Then the set

[a; ={B | a=~; B rel 1}

is called equivalence class (so-i-homotopy class) of .

4. SEMI-FUNDAMENTAL GROUPS

In this section, using the so-i-loops, we will construct a group structure on the
set of all so-i-homotopy classes of so-i-loops at a base point of a topological space.
Following lemma is a very useful tool to construct this group structure.

Lemma 4.1. Let X be a topological space, a,b € X and « be an so-i-path from a
to b. If there is an so-i-continuous function p: [0,1] — [0,1] such that p(0) =0 and
p(1) =1 then ap ~; a.
Proof. First of all note that ap is an so-i-path from a to b. Now we define the
so-i-homotopy F': ap ~; a as follows:
F : IxI — X
(5,6) — Fls,t) =a((l—1)s+tp(s))

It is easy to see that F' is an so-i-homotopy from ap to a. (I

Proposition 4.1. Let X be a topological space and ., 3,0, 5': I — X be so-i-paths
such that a(0) = o/(0), a(l) = /(1) = B(0) = '(0) and (1) = p'(1). If a ~; o/
and B ~; B8 then aff ~; o'S'.

Proof. Let F and G be two so-i-homotopy from a to o’ and from 3 to 3, respec-
tively. Then the function H: I x I — X defined by

F(2s,t 0,1/2
Hog _ [FEs0. selay
G(2s —1,t), s€[1/2,1]
is so-i-continuous and defines an so-i-homotopy from a3 to o’f’. O

Proposition 4.2. Let X be a topological space and o, 3,7v: I — X be three so-i-
paths with a(1) = B(0) and B(1) = v(0). Then

a(By) =5 (afB)y.
Proof. By the Definition 3.4 compositions «(87v) and (a3)y are defined as follows:

a(2t), te0,1/2]
a(By)(t) =< B4t —2), te[1/2,3/4]
v(4t —3), te[3/4,1]

and
a(4t), te0,1/4]
te1/4,1/2]
y(2t—1), te[1/2,1].

(aB)y(t)

Il
=
—

N
~

I

—_
:—/
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Now let define a function p: I — I by
2t,  tel0,1/4]
p(t) = qt+13, tell/4,1/2]
Hl te1/2,1].
One can see that p is an so-i-continuous function and p(0) = 0, p(1) = 1. Moreover
(a(B7))p = (aB)y. Then by Lemma 4.1 a(87) ~; (afB). O

Proposition 4.3. Let X be a topological space, x,y € X and a: I — X be an
so-i-path from x to y. Then
1o~ a~; aly

where 1; and 1, are the constant maps at x and y, respectively.

Proof. First of all let define a function p: I — I by
0, te|0,1/2
o) = v
2t—1, te[1/2,1].
This function satisfies the conditions of Lemma 4.1 and 1, = ap. Hence 1,a ~; a.
Similarly by taking p as
2t, te[0,1/2
o) = o
1, tell/2,1]
one can show that o ~; al,. O
Proposition 4.4. Let X be a topological space, x,y € X and a: I — X be an
so-i-path in X from x toy. Then
o~ 1, and oo~ 1.
Proof. Let define a function F': [ x I — X for all t € I by
a(2s), s €10,t/2]
F(s,t) =< a(s), s€[t/2,1—1t/2]
a(2—-2s), sell—t/2,1].
This function defines an so-i-homotopy from 1, to aa. Similarly, one can show
that o ~; 1,,. O
Theorem 4.1. Let X be a topological space and x € X. Then the set
7 (X,z) ={[a]i | a: I = X so-i-loop at x}

of all so-i-homotopy classes of so-i-loops at x has a group structure with the oper-

ation ) . ,
« @ om(X,z) xmi(X,z) — 7w(X,2)
(la]s, [8]:) — [o]i % [Bi = [a* Bli.
Proof. Proposition 4.1 shows that the operation * is well defined. By Proposition

4.2 the operation is associative. The so-i-homotopy class of constant map 1, at x
acts as the identity element, i.e. for all [a]; € 74 (X, x)

(Le]i * [a]i = [a]; * [12]; = [a];

by Proposition 4.3. Finally according to Proposition 4.4 for all [a]; € (X, x) the
inverse of [a]; up to the operation * is [a]; ! = [@]; € 7} (X, z). O
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This group will be called the so-i-fundamental group of X at . In particular
7H(X,z) will be called semi-fundamental group and 7?(X,z) will be called
irresolute fundamental group.

Proposition 4.5. Let X be a topological space, x,y € X and v: I — X be an
so-i-path from x to y. Then

(X, 2) 2 1 (X,y).
Proof. The claimed isomorphism is
o mXe) — wiXy)
[ali  — D7 *[afix Vi
O

Corollary 4.1. In a topological space whose topology is so-i-path-connected, i.e. for
each pair of elements there exist an so-i-path between them, every so-i-fundamental
group is isomorphic.

Proposition 4.6. Let s — Top, be the category of pointed topological spaces with
morphisms so-2-continuous (irresolute) functions and Grp be the category of groups
with morphisms group homomorphisms. Then

72 : s—Top, — Grp
(X,z) +— m(X,2)

is a functor.

Corollary 4.2. Let X and Y be two topological spaces. If f: X — Y is a homeo-
morphism then m3(X,x) = 72(Y, f(z)).

5. CONCLUSION

It seems that according to these results one can define a more general notion
semi-fundamental groupoid following the way in [2] and [9]. Further, using the
results of the paper [3] of Csdszédr it could be possible to develop more generic
homotopy types and homotopy groups. Hence parallel results of this paper could
be obtained for generalized open sets and for generalized continuity.
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COMMUTATIVITY OF WEIGHTED SLANT HANKEL
OPERATORS

GOPAL DATT AND ANSHIKA MITTAL

ABSTRACT. For a positive integer k > 2, the k*"-order weighted slant Hankel
operator D£¢ on L?(B) with ¢ € L*°(B) is defined as Dfd’ = JﬁWkMﬁ7
where J? is the reflection operator given by JPe, = e_,, for each n € Z and
Wy is given by Wien(z) = Bﬂkﬁem(z) if n = km,m € Z and Wien(z) =0
m
if n # km. The paper discusses the product and commutativity of k*"?-order
weighted slant Hankel operators of different order. Compactness and essential
commutativity of these operators are also addressed and it is obtained that the
commutativity of these operators coincides with the essential commutativity.

1. INTRODUCTION

Laurent operators or multiplication operators My(f — ¢f) on L*(T) induced
by ¢ € L>®(T), T being the unit circle, play a vital role in the theory of operators
with their tendency of inducing various classes of operators. The classes of Toeplitz
and Hankel operators are some among them and form two of the most important
classes of operators on Hardy spaces.

The notion of Toeplitz operators defined as Ty = PM,, was introduced by O.
Toeplitz in 1911, where P is an orthogonal projection of L?(T) onto H?(T). Later
in 1964, Brown and Halmos studied algebraic properties of these operators. This
class of operators was flourished to a great extent with the introduction of slant
Toeplitz operators, k'"-order slant Toeplitz operators, A\-Toeplitz operators and es-
sentially A-Toeplitz operators (see [2],[9] and references therein). The study in this
direction becomes very promising as spectral properties of the slant Toeplitz oper-
ators are well connected with the smoothness of wavelets and wavelet transforms
are an alternative for the Fourier transforms, which have many applications in data
compression and to solve the differential equations.
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However, the first appearance of Hankel operators is seen in terms of Hankel
matrix in the dissertation submitted by H. Hankel in 1861, which is a square com-
plex matrix (finite or infinite) that is constant on each diagonal orthogonal to the
main diagonal. A Hankel operator, in abstract terms, is an operator on a Hilbert
space that can be represented by a Hankel matrix with respect to an orthonormal
basis. From the work of Nehari, it became apparent that a Hankel operator on
Hardy spaces is always of the form Hy given by Hy = PJM, for some ¢ € L>(T),
where J denote the reflection operator on L?(T) given by Jf(z) = f(%). This class
of operators further resulted into the study and introduction of essentially Hankel
operators, A\-Hankel operators, slant Hankel operators, k*"-order slant Hankel op-
erators and (A, p)-Hankel operators (see [3],[5],[9] and references therein). A lot of
applications of Hankel operators can be seen in different directions, which makes
the study in this direction more demanding. For example : Hamburger’s moment
problem [10], interpolation problems [1], rational approximation and stationary
processes.

Shields [12], during his study of multiplication operators and the weighted shift
operators, discussed weighted sequence spaces which have the tendency to cover
Hardy spaces, Bergman spaces and Dirichlet spaces. We begin with the following
notational setup needed in the paper.

Let 8 = {8y }nez be a sequence of positive numbers with 5y = 1, r < Bf—il < 1 for

o
n>0andr < 5’3"1 <1forn <0, for somer > 0. Let f(z) = > a,z", a, €C,
" n=—oo

be the formal Laurent series (whether or not the series converges for any values of
z). Define || f| 5 as

oo

171 =D laal*8a>

n=—oo

The space L?(3) consists of all f(z) = > anz™, a, € C for which || f|z < occ.

n=-—oo

The space L?(f3) is a Hilbert space with the norm ||-|| 5 induced by the inner product

(fr9) =D anbuB’,
for f(z) = > anz™, g(z) = > bpz". The collection {e,(z) = 2"/Bn}nez

forms an orthonormal basis for L?(3).

The collection of all f(z) = Y a,z" (formal power series) for which || f||3 =
n=0
o0
S |an|?8n? < o0, is denoted by H?(B). H?(B) is a subspace of L*(j).
n=0

Let L*°(8) denote the set of formal Laurent series ¢(z) = > a,2" such that

n=—oo

#L*(B) C L*(B) and there exists some ¢ > 0 satisfying ||¢f]|s < c||f|| for each f €
L3(B). For ¢ € L*°(3), define the norm ||¢||~ as

Illoc = inf{c > 0:[|¢f]ls < c|f]p for each f € L*(5)}.

L () is a Banach space with respect to || - ||oo. H*°(8) denotes the set of formal
Power series ¢ such that ¢H?(8) € H?(B). Throughout the paper, we consider
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these spaces under the assumption that 8 = {8, }ncz is semi-dual sequence (that
is B, = B_n for each n). We refer [12] as well as the references therein, for the
details of the spaces L?(8), H?(), L>=(83) and various properties of the weighted
multiplication (Laurent) operator M(f(f — ¢f) on L?(B) with the symbol ¢ €
L>(B).

L(et) PP . L?(3) — H?(j) be the orthogonal projection of L%(3) onto H?(3).
Lauric, in the year 2005, discussed the notion of weighted Toeplitz operator Tf =

PﬁMf on H?%(B). The operators of the kind Ag = Wqu on L*(B), where W is

the operator on L%(j3) given by Wey, = [%Len and Weg,_1 = 0 for n € Z, are

discussed in [4] and are named as slant weighted Toeplitz operators. For a positive
integer k > 2, let W, be the operator on L?(3) given by

e if n = km for s €Z
Waen(z) = 4 i em(z) ifn 'm or some m '
0 otherwise

A kth-order slant weighted Toeplitz operator Ulf,d: on L?(B) with ¢ € L*>(p) is
defined as U,i o = WiM, 5 (see [6]). A k'"-order weighted slant Hankel operator
D,f’d) on L?(B) with ¢ € L®(f) is defined as D,f,d, = J5WkM£ (see [8]), where J”
is the reflection operator given by J%e, = e_,, for each n € Z. If 8 = {B,}nez is
such that 5, = 1 for each n € Z, then U;i(z, and Dl/j,qb on L?(B) become kt"-order
slant Toeplitz operator Uy 4 ([2]) and k'"-order slant Hankel operator Dy, 4 ([3]) on
L?(T) respectively. In [11], Liu and Lu has derived relations among the inducing
functions of two slant Toeplitz operators with different orders for them to commute
or essentially commute. In this paper, we are interested to study the product,
compactness and commutativity of weighted slant Hankel operators on L?(3) of
different orders. If we assume 3, = 1 for each n then our results provide results
for k'-order slant Hankel operators. We derive a relation among the symbols of
two k*'-order weighted slant Hankel operators on L?(3) so that their product is a
kth-order weighted slant Hankel operator on L2(3).

The algebra of all bounded operators on the Hilbert space L?(f3) is denoted by
B(L2(8)).

2. COMMUTATIVITY

Let ¢ € L>=(B) be given by ¢(z) = >, anz", a, € C. For an integer k >

n=—oo

2, the symbol ¢(z*) stands for ¢(z¥) = > @,z and by ¢ we mean gzNS(z) =

n—=—oo

o]
> a_nz™. Under the assumption of semi-duality of the sequence 8 = {8, }nez,

n=—oo

we find that 5 € L>°(pB) for each ¢ € L>°(f). We list here some simple facts which
are used in the paper and follows using the definitions of respective operators (see

[8]).
(1) (JP)? = I, the identity operator on L?(3).
(2) JPM) = ngﬁ.
(3) JPW), = Wi JB, if B = {Bn}nez is semi-dual sequence (which is assumed
throughout the paper).
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(4) If ¢ € L>(B) is such that ¢(z*) € L>(B) then M, W), = Wka(zk).
(5) Wi, Wi, = Wik, for k1 and ko > 2. (see [6]).
It is evident, from the definition of reflection operator J? and Wj, that the
kth —order weighted slant Hankel operator D£7¢ given by D£,¢ = JﬂWkMg on
L?(B3) induced by the symbol ¢(z) = i anz™ € L*>(f3) satisfies

n=—oo

1 %)
D]f,q;ej = 67 Z a—nk—jﬂ—nen
J

n=—oo

for each integer j. We use the above mentioned facts to conclude that the product of
two weighted slant Hankel operators of different order is a k"-order slant weighted
Toeplitz operator.

Theorem 2.1. Let ky, ko > 2 and ¢ € L>°(83) be such that ¢(2%2) € L°°(B). Then

for any ¢ € L>=(p), D£1,¢D£z,¢ = Ulflkz,$(zk2)w'

Proof. A simple computation presents that
B 8 _ B B
D; Dy, = I Wi, M T W, M)

k1,6
_ g8 8 s i
=J Wk1J szMg(sz)Mw
_ 8 _pf
= Weaka M50y = Upia gty .

In [8], it is shown that, in case Sk(8) = {f(z) = ioj anz" € L2(B) : f(z¥) =

n—=—oo

> anz*™ € L%(B)} is a closed subspace of L%(3) then ¢(z*) € L>(B) for each

QZ;E L>°(3). Thus an immediate corollary that follows from Theorem 2.1 is the
following.

Corollary 2.1. Let ko > 2 be such that Sk, () is a closed subspace of L*(3). Then
for ¢,9 € L=(B) and ky > 2, D Dy, = U}fle@(zk?)w.

In [8] it is shown that if the sequence 8 = {8, }nez is such that {%}nez is
bounded then ¢(z*) € L>°(B) for each ¢ € L°°(j3). Thus, we have the following.
Corollary 2.2. Let ko > 2 be such that {%}nez is bounded. Then for ¢, €

L>=(B) and ky 22, Dy, ,Dp, = U], = .

Now we can conclude from Theorem 2.1 that two k*"-order weighted slant Hankel

operators, in general, do not commute. In fact, we have D,f ¢>wa = Ulf2 F(F )0 and
B pf _ b ’
D Pro = Upa ganyg

Theorem 2.1 of Liu and Lu [11], which is further extended for slant weighted
Toeplitz operators and states that a k*"-order slant weighted Toeplitz operator is a
mth-order slant weighted Toeplitz operator (k # m) if and only if ¢ = 0 [6] suggests
the following.

Theorem 2.2. The product D,thng%W b, € L>(B) is a k" -order slant weighted
Toeplitz operator if and only if one of the following holds:
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(1) k = kyks.
(2) d(z*2)1h =0, when k # kiks .

As a consequence of this, we have the following.

Theorem 2.3. The product Dy, 4Dy, ¢, € L2(T), of two slant Hankel oper-
ators of different orders is a k' -order slant Toeplitz operator if and only if one of
the following holds:

(1) k = kqks.

(2) ¢(zF2)1h =0, when k # kyks .

Proof. If we take 3, = 1 for each n € Z then Theorem 2.1 provides that Dy, ¢ Dy, =
Uk1 K, B(F2 )0 kiko-order slant Toeplitz operator. Now result follows applying

[Theorem 2.1, 11]. O

Now we check the feasibility for the product of two weighted slant Hankel opera-
tors of different orders to be a kt"-order weighted slant Hankel operator. It is easy
to see that the product Wlefz o is always a ki ko-order weighted slant Hankel op-
erator. In fact it is Dfl ko " Our next result shows that this product is a k**-order
weighted slant Hankel operator, k # k1ko only if it is zero operator.

Theorem 2.4. Let ky,ko > 2 and k # kiko. The operator Wlewa ¢ € L>(B)

is a ki""-order weighted slant Hankel operator if and only if ¢ = 0. Further,
JBW;QDQQ,QJ) is a k1" -order weighted slant Hankel operator if and only if ¢ = 0.

Proof. Let ¢(z) = > anz™ € L*™(B) and WlefM, = ng/) for some (z) =

n=—o0
oo
nzwbnz" € L*(B). Then for each i € Z, Wi, Dy, sei = Dy, e, equiva-
oo oo
lently, ﬁi > a_nklkriﬁ_nklﬁf—:en = ﬂi > bonk,—iB—nen. This gives that
n=-—oo 1 n=-—o0o

G—pkiky—i = b_nk,—i for each ¢,n € Z. This on taking n = 0 gives that a;, = b; for
each ¢ and hence we have ag, +; = Ay ky+i = g k240 = Qpypz i = - Now ap, =0
as n — oo, we get that ag, y; = 0 for each 7. Hence ¢ = 0. The converse is obvious.
Further, along the same lines of proof, we can show that .J# Wk1D£2,¢ is a kt"-order
weighted slant Hankel operator if and only if ¢ = 0. (]

We are now in a position to obtain the following.
Theorem 2.5. Let ky,ky > 2 and k # k1ko. A necessary and sufficient condition
for the product D,fh(bsz’w of be¢ and Df%w, é, € L>(B) to be a kih-order
weighted slant Hankel operator is that (E(Zkz)w =0.

Proof. Proof follows on applying Theorem 2.6 to the fact that D£1,¢D£2,w = JPWy,
B
Dkg,&?(zk?)w‘ =

Now we extend the result [Theorem 2.1, 11] to the weighted slant Hankel oper-
ators. It is apparent to see that the doubly infinite matrix [A; j]; jez of a ktP-order

slant weighted Hankel operator D£7¢7 d(z) = Y, anz™ € L™(B), with respect to

n—=—oo
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the standard orthonormal basis {e,(2) = 2" /B }nez of L?(B) always satisfies

55_]1 Aij = %)\Hl,jw,

where \; ; = <D£’¢ej, €)= %a—ki—j for all 4,7 € Z. Now we have the following.

Theorem 2.6. Let ¢ € L>®(B) and m # k. Then Df’q5 is a m*"-order weighted
slant Hankel operator on L*(3) if and only if ¢ = 0.

o0
Proof. Let ¢(2) = Y, an2z™ € L*°(8) be such that ngb is a m*-order weighted

n=—oo

slant Hankel operator. Then for all i, j € Z, we have

ﬁj B 5j7m
D js€i) =
5—i< k€2 > 5—(i+1)

<D£7¢€j,m, €i+1> (21)

As D£7¢ is a k'-order weighted slant Hankel operator, we have <Dg,¢ej,ei> =
&@7”“<D£ ¢ej,k,ei+1>. Now (2.1) gives that

Bj B_(i+1)
B—i Bj—mk B
D? e e = J D, ei_mk,€itk
< k,p=3 2> ﬁj ﬁf(i+k)< k,p=J—mKry =1 >’
equivalently,
B—i B—i

B O—ki—j = ?j_afk@%)fnmk
for each ¢, € Z. This yields that

A kij = Q_p(itk)—jtmk = O—k(itk—m)—j (2.2)
for each i, j € Z. From (2.2), we get that a_;xx—m| = @0 = Qk|k—m|> O—tk|k—m|+1 =
a1 = Qtklk—m|+1" " 5 O—tk|lk—m|+klk—m|-1 = Oklk—m|-1 = Otk|k—m|+klk—m|—1> for
o0

each natural number t. But ¢ € L*(3) C L?*(B3), so we have > |a,]?> <

n=—oo

(o]
S |an|?Bn® < o0o. Thus, a, — 0 as n — oo, and this helps us to conclude

n=—oo
that ap = a1 = - - -, agjg—m|—1 = 0. As a consequence of this, (2.2) helps to provide
that a,, = 0 for each n € Z, which gives that ¢ = 0.
The converse is straightforward.
O

As the linear mapping ¢ — U,f,qs is one-one between L>(3) and B(L*(3)), we
have the following.

Theorem 2.7. Let ki,ks > 2 and ¢, € L>=(p).
(1) If p(2*2) € L>(B) then DQI’QSDQQW =0 if and only if $(z*)y = 0.
(2) If ¢p(2%2),4(2%1) € L>=(B) then ngﬁ and Dgz,’l/} commute if and only if
(g —(M)p =0.

(3) If k1 < ko and {Bgi"‘ tnez is bounded then Dfl,cb commutes with Di’w if

and only if qg(zk*")w - J(zkl)qﬁ =0.
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Proof. Proof of (1) and (2) are straightforward. However, proof of (3) follows with

the observation that boundedness of { ;kl Ynez is obvious from the boundedness
of {ﬂgsz }oez. Hence, ¢(2%2) and 1(2*1) belong to the space L>(3). Rest of the
proof follows using (2). O

3. COMPACT AND ESSENTIALLY COMMUTING OPERATORS

We say that operators A and B essentially commute if AB — BA is a compact
operator. The aim of this section is to investigate essentially commuting k*-order
weighted slant Hankel operators on L?(3). To discuss the compactness of the

operators, we consider the transformation Vi on L?(B) given by Vie, = ’%”“ €kn

for each n € Z. It is a bounded operator if the sequence = {f,}nez is such
that {%J}nez is bounded. For more properties and applications of this operator,
we refer [9]. In [8], it is shown that a k*"-order weighted slant Hankel operator
le-,dﬂ ¢ € L*°(B) is compact if and only if ¢ = 0 and this result is obtained for
the k'"-order slant weighted Toeplitz operator U, kﬁ o 0 [6]. With the use of these

results along with the linearity of ¢ — Df’ 4 We prove the following without any
extra efforts.

Theorem 3.1. Let 5 = {B,}nez be such that {%}nez s bounded. For ¢, €

L>(5), the product Sng,qp of the weighted Hankel operator Sg(z JBMf) and the
B

kth-order weighted slant Hankel operator Df’w is compact if only if Dk SRy 18

compact.

Proof. Proof follows as Sng’w is compact if and only if J? S(fo , is compact

(being /@ invertible) and JS Dy, = D)~ . . m

Theorem 3.2. Let 8 = {Bn}nez be such that {ﬁgin}nez is bounded. Let ¢, €
L>(B). Then the following are equivalent.

We conclude this study with our next result which proves that the notion of
essentially commuting and commuting coincides for k"-order weighted slant Hankel
operators on L?(3).

Theorem 3.3. Let ¢, € L>=(B) be such that ¢(z%2),(z¥1) € L>(B). Then the
following are equivalent.

(1) ngﬁ and D,iyw essentially commute.

(2) Dfm5 and Difwb commute.

(3) d(z*2)p — go(2F1) = 0.

Corollary 3.1. If2 < ky < kg and 8 = {Bn }nez 1s such that {ﬁgi” bnez is bounded.
Then the following are equivalent for ¢, € L>(3).
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(1) Dfl;(b and Dlgwﬁ essentially commute.
(2) Dgl s and D,iyw commute.

(3) B(*2)y — ph(F1) = 0.
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FIBONACCI AND LUCAS SEQUENCES AT NEGATIVE INDICES

SERPIL HALICI, ZEYNEP AKYUZ,

ABSTRACT. This study investigate the Fibonacci and Lucas sequences at neg-
ative indices. In this paper we give the formulas of F_ (51 and L_(nrqr)
depending on whether the indices are odd or even. For this purpose we con-
sider a special matrix and we give various combinatorial identities related with
the Fibonacci and Lucas sequences by using the matrix method. Some of the
resulting identities are well known identities in the literature, but some of these
are new.

1. INTRODUCTION

Horadam sequences {W,, }en, Wi = Wi (a, b;p, q), are defined as follows,
Wp =pWp_1 —qWp_o; Wo=a, Wi =0.

Where a, b, p and ¢ are arbitrary complex numbers, with ¢ > 0. The sequences
{Wp }nen have several famous number sequences as special cases. For example, E.
Lucas investigated the special cases {U,} and {V,,} of this sequence such as

Up=W,(0,1;p,q9), Vo =Wu(2,p;p,q).

Further and detailed knowledge can be found in the references [2, 5, 6, 9]. If o and
B are assumed distinct roots of the characteristic equation A2 — pA 4+ ¢ = 0, then
the terms W, of this sequence can be computed by the Binet formula.

Wy = (Aa” = BE")/(a = B),

where A = b — aff, B = b — aa. Note that the Binet formula of the Horadam
sequence at negative indices can be given as

pW—n+1 - W—n+2
q

W_, =

2000 Mathematics Subject Classification. 11B37, 11B39, 11C20.
Key words and phrases. Horadam Sequence, Recurrence Relations, Matrix Methods.
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From [1, 3, 4, 10, 11, 12] we know that the matrix M, M = ( 117 _()q ), is reduces

to the Fibonacci Q— matrix if p =1 and ¢ = —1.

p —q
1 0
combinatorial identities involving the terms of the sequence {W, },en. Further-
more, we consider a special matrix A as follows[3],

2 _
A:(p 2 p )
—qp  —2q

And for n > 1, we calculated the power of it as follows.

In [1, 3], using the powers of the matrix M = , we derived various

A" = (p? —4Q)(n_1)/2( YZJ{/; 7(1“2’7_1 ); if n is odd number,

and

no__ (2 n/2 Un+1 Un L .
A (p= —4q) ( U, —qUa s ), if n is even number.

a b

In [7, 8, 9] for any matrix B = < ¢ d >, the authors investigated the nth power

of this matrix B;

CYn—1 Yn — AYn—1

B" — ( Yn — dYn—1 byn—1 ) 7

where

Note that T" and D are the trace and determinant of the matrix B, respectively.

In this study, we derive various identities involving the generalized Fibonacci and
Lucas sequences at negative index. For this purpose, we consider a new matrix F

as follows,
3 -1
(5 ).

Now, using the powers of the matrix E we will give the following theorem.

Theorem 1.1. For integers n, we have the following matrices.

E" = 5("1)/2( L) Ln >; if n is odd number
L_, Lf(nfl)
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and

F F_
E" = 5"/? ( —(n+1) " ) ; if mois even number,
Fon. F (n !

where F,, = W,(0,1;1,1) and L, = W,(2,1;1,1)

Proof. We use induction on n. First, we consider even numbers n. For n = 0, the
claim is obvious. We suppose that it is true for n = k and k is even number, then
by using the equations, L_,, = (—=1)"L,, and F_,, = (—=1)""1F, we get

R — k2 < L_(k42) L—_(k+1) > )
L 41y Lok

When n = k is an odd number if we use the identities L_,, = (—=1)" and L,_1 +
Ly 41 = 5F,, then we obtain

EFH — R g — 5(t1)/2 ( F_(ky2) F_(k11) ) .
F_(ky1y  Fok
So, using the equations, L_,, = (—=1)"L,, and F,,_1 + F,,41 = L,,, we have

F F_
m _ gn/2 —(n+1) n
B ( Fon Fomen ) '

In a similar way, for odd number n
L L_
n _ (n—1)/2 —(n+1) n
B0 < Lon  L-@m- )

can be written. Thus, the proof is completed. [l

Consequently, by the aid of the matrix F we can get the following equations.
a — ﬂn
det(E™) =5", F,=——+, n>0
et(E") = 5", — >

and
Fn—an—i-l - F’s = (_1)77,7 Ln—an+1 - Li = 5(_1)7171.

Thus, the various identities are well known in the literature and involving the terms
of Fibonacci and Lucas numbers at negative indices can be easily obtain by the ma-
trix F.

In the following theorem, we give the binomial expansion of the Binet formula
for the golden ratio at negative indices.

Theorem 1.2. Forn > 1, we have
S -
F_, = Z < ; >5 > (=)D if nois even number
i=0

L5 .
Lo,=5"7 Z ( " 1 ! )E)"_l_i(—l)(i"rl)7 if n is odd number.
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Proof. From the following matrices B™ and E™ we can write

E" — Yn — 2yn71 —Yn—1
—Yn—1 Yn — 3yn—1 ’

-1

n—1
. n_1 n
where n is an even number and y,_; = > Z.L:g ! < ;

- >5nl2i(5)i.

If we equal the corresponding elements of the matrices E™ and B™ in the The-
orem 1.2, then we have

Lnfl

2 . ) )
52 F = Y ( ”_Z.l_l )5“22%(—5)1.

=0

If we make necessary arrangements, then we get the following formula.
=5

N S

i=0
A similar proof can be written down for the odd numbers n. ([

Note that, for n = 5 we can write

2 .
L5s=57%) ( 4 A ! ) 547 (1) = 11,
=0

Theorem 1.3. For all integers n and k > 1, we have the following combinatorial
identities,

k—1
= .
i) Fopp=F_,LF1 Z ( k _2.1 ! )L;Qi(—l)i7 n and k are even numbers.
i=0
1—k L%J k—1—1 . . )
i) L_px =52 L_, Z ( ; > 5TUFEFIT20( 1) moand k are odd numbers.
i=0
Proof. When n is even number, if we calculate the kth power of the matrices E"™,
then
gk o= [ Yk~ 521 (n-1)Yk—1 52 Fonyr—1
52 F_pyk—1 Yk — 92 F_(ny1)Yr—1
where

L554) e—1—i
_ —1- o Nk—1-2i// s\n\i
= (577 )erna ey
On the other hand, we know that

Enk: — 5% ( Ff(nkJrl) F—nk

, nk is even number.
Fonk  Fo(nr—1) )

So, if we equal reciprocal elements of these matrices, we have

5% F_, =5%F_,yp_1.
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Thus, we can get
L552]
- E—1—3i ; ;
_ k—1 —2i/_ 1)\t
Fpp=F_,Li™ Y ( . )Ln (—1)".
i=0
Note that, for n =2, k = 4 we get

1
3—1 —2 i
Fg=F_ol3) ( . )L22 (—1)" = —21.

i=0

When n and k& numbers are odd, the proof can be seen alike for even numbers. [

In addition using the multiplication matrix, for m and n even numbers, we can
get the following equations.

F_min) = F_(mynyFon + F-nF'_(n,_1), m and n even,

and
nk

F_m—n)y =52 F_(_1)F_py = F_nF_(n—1), m and n even.
Lemma 1.1. For n, r integers we have
i) Fo(noyy =F_nF_(p_1)y = F_(n_yF_, 7 and n even,
i) 5F_(n—py = L_nL_(r—1) = L_(n_1yL_r, T and n even,
i11) L_(n—py =L _nF_(n_1y = L_(n_1yF—r, 7 even and n odd,
i) L_(nory=F_nL_(r_1y — F_(n_1)L_y, 7 odd and n even.
Proof. From the powers of the matrices E and B the proof can be easily seen. [

Theorem 1.4. For all integers n,r and k > 1 we have the following equations.

L5)

, k=i \ o poi o k—2 F_ e,

i) F_(npgr) = Z < ; >Lfl Z()Y(F_ .+ - #), n, k and r even,
i=0 "
L5 k—1 k=1-2i 4 o . k— 21 F,(n,T)

i) F_(nhtr) = Z ( ; ) 5 2 FF(1)Y(L_,.+ T T)’ n, k and r odd.
=0 n

Proof. If n, k, r are even numbers, then nk + r is also even number. So, using
Theorem 1.2

(1.1) pritr — g M (O F okt Fo(nkan)
F—(nk’«i»r) Ff(nk«#rfl)
can be written. On the other hand,
(12) (EMFE =55 Y~ 52 F (n-1)yr—1 52 Fonyk—1 ( F_(r41) F_, >
52 F_pygp—1 Y =52 F _(ni1)¥k—1 - Fo(ro1)

can be written.
So, if we equal the reciprocal elements of matrices in the equations (1.1) and (1.2),
then we get

nk+r

T (pgr) =52 F(yp — 52 F_(_1yyk—1) + 52 F_(,_1)52 F_yp_1.
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Since, T =5% L, D = 5", y;, = Zié ( k Z_Z ) T*=2(—~D)?, n even number
nk+r L5 k—1 ; . r ntr k— 21
5 o = (3 (F7 ) TR DG 45 P ST
and =
nhtr & k—i \ pnktr i k—2i k—2i F(nr)
S e = (O (17 ) S 0

can be written.
Thus, the proof of ) is completed. In case ii) the proof can be seen in a similar
way. (I

If we want to give an example, then for n =4, k = 2, r = 6 we get

1 .
2—1 2-9; i 272ZF2
F_ 4= . Ly ='(—1)")(F- —=)=- .
= (T ) e G ) =
And, forn=5k=3,r=7 we get F_9o = —17711.

Theorem 1.5. For k > 1, the odd numbers n,k and even number r we have

L5)

. k—i ko204l g o ; k—2i L_(p_y
i) Loquian) = ) < i ) 5 By (1) (Pl + P %)
=0 n

And when n, k are even numbers and r is odd number we have

L5) .
.. o k—1 k—2i i k—21 L—(TL—T)
i) L (nktr) = ; < i ) Ly 2 (=1)"(L— + WTH)
Now, we will give the following theorems without proof.

Theorem 1.6. For k > 1, we have

. L%J k—1 kE=2i _p_o; i k—2¢ L—(n—r)
i) F_(nktr) = Z ; 57z F(-1) (FLH—ET), n odd, k and r even,
=0 n

L3) .

.. k — 'L —92; i k — 27, F_ _

i) F_(nptr) = Z < ; )Lﬁ (1) Y(F_+ R zn T)), n, r even, k odd.
i=0 "

Theorem 1.7. For k > 1, the odd numbers n,r and number even k we have

L5) . .
. k—1 k—2i Y i k—20F (s
) L =3 (F77 ) PR @, + SR ),

=0

And when n is even number and k,r are odd numbers we have

L5) , .

.. k - —92 i k — 27, L_ —r

ZZ) L—(nk+7’) = Z ( i ) LZ 2 (—1) (Lfr + k — %)
i=0 n
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Thus, we derive various identities for the Fibonacci and Lucas sequences at neg-

ative index.
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GENERALIZED FOURIER-DUNKL TRANSFORM OF
(6,7)-GENERALIZED DUNKL LIPSCHITZ FUNCTIONS

R. DAHER S. EL OUADIH M. EL HAMMA

ABSTRACT. Using a generalized translation operator, we obtain an analog of
Younis Theorem 5.2 in [5] for the generalized Fourier-Dunkl transform for func-
tions satisfying the (4, y)-generalized Dunkl Lipschitz condition in the space
L2 ..

1. INTRODUCTION AND PRELIMINARIES

Younis Theorem 5.2 [5] characterized the set of functions in L?(R) satisfying
the Cauchy Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transforms, namely we have

Theorem 1.1. ([5]) Let f € L*(R). Then the following are equivalents
(@) Nf(w+0) = f@)] =0 (@hs), e h=00<5<1y20,
w [ ifora=o(

7,726
[Al=r

(logr)*

where f stands for the Fourier transform of f.

>, as r— o0,

In this paper, we consider a first-order singular differential-difference operator A
on R which generalizes the Dunkl operator A,. We prove an analog of Theorem
1.1 in the generalized Fourier-Dunkl transform associated to A in Li,n . For this
purpose, we use a generalized translation operator.

In this section, we develop some results from harmonic analysis related to the
differential-difference operator A. Further details can be found in [1] and [6]. In all
what follows assume where o > —1/2 and n a non-negative integer.

Consider the first-order singular differential-difference operator on R

Af(x) = f'(x) + <a + 1) flw) —Jz2) _,, ),

2 T x

Date: August 4, 2015 and, in revised form, October 6, 2015.
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For n = 0, we regain the differential-difference operator

Aaf@) = £(a) + (a3 ) HEZTED,
2 x
which is referred to as the Dunkl operator of index a + 1/2 associated with the re-
flection group Zs on R. Such operators have been introduced by Dunkl (see [3], [4])
in connection with a generalization of the classical theory of spherical harmonics.
Let M be the map defined by

Mf(z) =2*"f(x), n=0,1,..

Let LF, ,, 1 < p < oo, be the class of measurable functions f on R for which
Hf”p,am = ||M_1f||p,a+2n < o0,
where

1/p
1llpa = ( / |f<x>p|:c2a+1dx) |

If p = 2, then we have L2, = L*(R, |z[***1).
The one-dimensional Dunkl kernel is defined by

(1.1) ea(z) = jaliz) + )ja+1(iz), z € C,

_
2(a+1
where

)=o) 3 S

m=0

z € C,
is the normalized spherical Bessel function of index a. It is well-known that the
functions e, (A.), A € C, are solutions of the differential-difference equation

Agu = Au,u(0) = 1.

Lemma 1.1. (/2]) For x € R the following inequalities are fulfilled

i) lealin)] < 1,

i) |1 — ealiz)] < |2,

ii1) |1 — eq(iz)| > ¢ with |z| > 1, where ¢ > 0 is a certain constant which depends
only on «.

For A € C, and = € R, put
pa(z) = 2™ eatan(iA),
where e, 12, is the Dunkl kernel of index « + 2n given by (1.1).
Proposition 1.1. i) ¢y satisfies the differential equation

Apx =idpax.

ii) For all A € C, and z € R

[pa(@)] < || elfmAlel.
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The generalized Fourier-Dunkl transform we call the integral transform

Faf(A /f z)p_x(x)|z[**Tdx, A € R, feL

Let f € L}, ,, such that Fa(f) € La+2n = LY(R,|z[?*+47+1dx). Then the inverse
generalized Fourier-Dunkl transform is given by the formula

z) = / Pt N (@)dttosan(V).
where
1

o 2a+4n+1 o
dpa+2n(A) = Gatan| Al d\,  aq = 22a+2(D(a 1+ 1))

Proposition 1.2. i) For every f € La o
Fa(AS)(A) = iAFA(F) (D).

it) For every f € L N L2 we have the Plancherel formula

/ @) P2 de = / Faf O Pdptosan(V)-
R R

i1i) The generalized Fourier-Dunkl transform Fa extends uniquely to an isometric
isomorphism from La . onto L2(R, fa2n)-

The generalized translation operators 7, & € R, tied to A are defined by

i) = a:yQ”/ f\/x2—|—y2—2xy)<1+ x

—y
A(t)dt
z? +y? — 2xyt)" ﬁ+ﬁ—%m>()

2 — 2yt —
/ oy Y G . Y77
(z 2xyt)" 2 4+ y2 — 2yt
INa+2n+1)
Vrl(a+2n+1/2)
Proposition 1.3. Let x € R and f € L2, ,,. Then 7*f € L2 ,, and

17 fllz.am < 22| fll2,0m-

+

where

At) = (141)(1 — ¢?)a+n=1/2,

Furthermore,

(1.2) FATTF)N) = 22" earan(iA2) FA(F)(N).

2. MAIN RESULTS

In this section we give the main result of this paper. We need first to define
(6, v)-generalized Dunkl Lipschitz class.

Definition 2.1. Let § € (0,1) and v > 0. A function f € L2 , is said to be in the
(6, 7v)-generalized Dunkl Lipschitz class, denoted by DLip(é,~,2), if

h5+2'n
||Thf(.17) - h2nf($)||2,a,n =0 <(10g,11)7> as h — 0.
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Theorem 2.1. Let f € L? Then the following are equivalents

a,n’

(a) f € DLip(é,,2)

-2
(b) Ao \FafN)Pdpiaton(A) = O (W
Proof.

(a) = (b). Let f € DLip(d,7,2). Then we have

7" f(z) — h*" f(z) 2,00 = O <(h§+2n> as h— 0.

log %)7

>7 as r— 0.

Formula (1.2) and Plancherel equality give

+oo
17" £ () = B f (@) I13, 00 = h4"/ leatan(iAR) = 12| FAf (V) dptocy2n ().

— 00

If ] € [+, 2], then |Ah| > 1 and (4ii) of Lemma 1.1 implies that

1 .
1 S g|€a+2n(lAh) - 1|2

Then
1 .
/ |FAfV)Pdparan(V) < = learon(iMh) — 12| Faf (V)P dpason(N)
F<INSE @izt
1 +o00 ‘ ) )
s 2 lea+2n (iAR) — 17| FA f(N)["dpa+2n(A)
=t 2 2
42 ||T f({l?) —h nf(m) 2,a,mn
h26
- o —_).
<(logi)2”>
We obtain
—25
FafN)2d <O ,
[ SO < O, v
where C is a positive constant. Now,
/ FafMPdpasan(V) = 3 / | EAFO)Pdptagan (V)
[AlZr i—p Y 2ir<|A|<2it 1y
B S .0 N C0 Bl
- (logm)2r ~ (log2r)?r =~ (logdr)®
r% —25 —2612 2613
< KT
- 5(logr)2“f’
where K5 = C(1 —2729)"! since 272 < 1,

Consequently

—26
/A|> |fAf<A)|2dua+2n<A>:o((7”), s e

log r)2Y
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(b) = (a). Suppose now that

—26
/A|> |fAf<A)|2dua+2n<A>=o((7"), s e

log r)2Y
and write
17" f(x) = B f(@)|3 0 = h*" (11 + L),
where
= [ o) AP O) a0 ),
and '

I = / leasan(iAR) — 121 FafO0)2dttasan (V).
[Al>L

Firstly, we use the formulas |eq2,(iAh)] < 1 and

h25
2 _
I, < 4//\| |~7:Af()‘)‘ d,uoc+2n(>‘) - <(

), h— 0.
log 2)2”> “

Set oo
6@ = [ IFAS O P san (V).
Integrating by parts we obtain

/IA2|]:Af()\)|2dua+2n(/\) - /I—A2¢'<A>dx=—w2¢<x>+2 /mm(w
0 0

0
x
< / M2 (log \)~2dA = O(x2~? (log ) =),
0
where C1 is a positive constant.
We use the formula (i) of Lemma 1.1

+oo
/ |ea+2n(i/\h) - 1|2|]:Af(/\)‘2d:ua+2n()‘) = 0 <h2 /A| . )‘2|‘FAf()‘)|2dMa+2n(/\)>
<n

— 00

h25
_|_ S —
<(log i)2”>
h2672 h26

= O(hW——|+0—+—

(*roa) + ()

h26

= O _— s

()

and this ends the proof.[]
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ON THE CODIMENSION-TWO AND -THREE BIFURCATIONS
OF A FOOD WEB OF FOUR SPECIES

HSIU-CHUAN WEI, JENN-TSANN LIN, SHIN-FENG HWANG, AND YUH-YIH CHEN

ABSTRACT. This paper is concerned with codimension-two and -three bifurca-
tions of a food web containing a bottom prey X, two competing predators Y
and Z on X, and a super predator W only on Y. Parameter conditions for a
part of codimension-two bifurcations and a codimension-three bifurcation are
derived. Three-parameter bifurcation diagrams are computed using an adap-
tive grid method to locate the bifurcations determined by the eigenvalues of
equilibria.

1. INTRODUCTION

Mathematical modeling is a promising tool to analyze, predict, and control bi-
ological systems. Many mathematical models of biological systems use nonlinear
dynamical systems. In this paper, we study bifurcations of a food web of four
species considered in [5, 6]. The food web includes a bottom prey X, two predators
Y and Z on X, and a super-predator W only on Y. The predators Y and Z have
no direct competition. However, they have competition from consuming the same
resource X. The dimensional model is as follows:

dX X X X
(1.1) :rX<1—) Pty P22 g

dr K) Hi+X  Hy+X
(1.2) % - %Y—dlY—%m

az bops X
(1.3) = = Hzpﬁzfdgz,

dw bspsY
(1.4) - = Hzpij—dgw

Date:
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The meanings of the parameters are given in the above quoted papers. Using the

scaling transformations together with the nondimensional parameters suggested in
[5, 6], the nondimensional form of Egs. (1.1)-(1.4) becomes

(1.5) de - _ :z:(l—x— Y - )

dt Btz fotu
(16) % - (ﬁlim m0 ﬁsu'ij- y) ’
(1.7) % = az (6;3:—62)7
(18) %‘} - <63?iy _53> '

This mathematical model has been studied by varies researchers and proven to
have rich dynamics. Without the top-predator w, y and z cannot coexist at a
stable equilibrium state due to the competitive exclusion principle. When z goes to
extinction, the system becomes a food chain system, and its chaotic dynamics have
been studied by Deng and Hines [1, 2, 3, 4]. Bockelman et al. [5] have proven that
when w is efficient, coexistence of all species is possible and the noncompetitive
z can drive the dynamics from periodic orbits to chaos. Bockelman and Deng [6]
have shown that population chaos does not require the existence of oscillators in any
subsystem of the web, and chaos occurs via a period-doubling cascade from a Hopf
bifurcation point. Wei [7] studied the existence and stability of equilibria using
mathematical analysis and computed two-parameter bifurcation diagrams using
an adaptive grid method. Interesting dynamics and different cascades leading to
chaos were observed from numerical simulations. Wei and Li [8] analyzed a Hopf
bifurcation from the equilibrium with z = 0 and w = 0.

The identification of steady states and their bifurcations is important as a stan-
dard process to study a dynamical system. The steady states in a dynamical system
often provide insight into the mechanism of biological processes leading to predic-
tions of the biological behavior. Bifurcation analysis is the study of the changes in
qualitative or topological structure as parameter values vary, and dynamical sys-
tems often exhibit complex dynamics around high codimensional bifurcation points.
However, since realistic models are nonlinear and complicated, analytical results are
often restricted to particular models with special properties. Numerical analysis is,
thus, important for studying the bifurcations of these systems. An adaptive grid
technique for bifurcations of equilibria in continuous time dynamical systems has
been developed in our previous studies [7, 9]. It does not require the computation of
higher derivatives and can be easily applied to the computation of three-parameter
bifurcations of equilibria [10].

This paper is a continuation of the work by Wei [7] and focuses on three-
parameter bifurcations, as well as codimension-two and -three bifurcations. To
provide details, the mathematical analysis of a part of codimension-two bifurca-
tions and the codimension-thee bifurcation is carried out in Section 2. Numerical
examples and discussion are presented in Section 3. Section 4 provides a brief
conclusion.
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2. MATHEMATICAL ANALYSIS

Wei [7] has studied the conditions for the existence of the equilibria and their sta-
bility properties. In this paper, we further derive some conditions of codimension-
two and -three bifurcations of equilibria in Egs. (1.5)-(1.8) using 1, B2, and 3 as
bifurcation parameters. A rectangular parameter domain = (0,1) x (0,1) x (0,1)
is considered, and the other parameters are fixed as in Table 1. Eqgs. (1.5)-(1.8)
have eight possible equilibria labeled by P;, ¢ = 1,...,5,61,62,7, as shown in Table

2 [7]. The notations (z,y, z,w)p,, E;, and A(P;) are used for the coordinates, region
of existence, and Jacobian matrix of the steady state P;, respectively, throughout
this paper. Also, R; denotes the region where P; is stable.

TABLE 1. Parameter values in Egs. (1.5)-(1.8)

¢ €1 €2 01 0o 03
0.1]10.5]0.1]0.5|0.52]0.54

TABLE 2. possible equilibria in Egs. (1.5)-(1.8), t € (0,1)

P1 P2 P3 P4 P5
518 328 528
r |0 1 o5, oo, Toss
y|| 0 0 (1-—2z)(f+2) 0 t(1—2)(f1 +x)
z| 0 0 0 (1—2)(Ba+x) (1—1)(1—2)(Bs+ )
w 0 0 0 0 0
Py Psa Py
(1-81)+/(1-81)2—4(y—B1) (1-B1)—/(1—B1)2—4(y—B1) 5280
z D) 2 132
53,@3 63ﬂ3 6363
Y T—05 T—0; 5 T—05
z 0 , 0 ., 1_'%/32 (1—z— —Blﬁ_m)
w (g — s (g — s ooy (gis — %)

Theorem 2.1. The system, Eqs. (1.5)-(1.8), undergoes a double-zero bifurcation,
where A(P3) has two zero eigenvalues if 1 = 15151 and By = 152‘52 or if B > = 10

1+61 7
61(1—4.
Bo = $G=3 51, and Bs = 585 A (1 - 125 B1).

Proof. We let \;, i = 1,...,4, be the eigenvalues of A(P3). From the work by
Wei [7}’ (xayvsz)Ps. = (617[35117(1 - x)(ﬁl + x),0,0), AL+ A2 = 671(1 - %—gfl))v

1
)\1)\2 = 6*1(1 - 51 — 51&1) 3 = 61(% — 52), and )\4 = 62(53+y 53) Note
that if Ay = 0, then 8 = _151, z =1, and y = 0. P3 coincides with P,. Also,
A2 = —1/¢ < 0, and Ay = —€203 < 0. Thus, the system undergoes a double-zero

bifurcation if A3 = 0 implying o = 1= 52 . The system undergoes the other double-

zero bifurcation if )\1 + X < 0, /\1/\2 >0, \3 = O and \y = 0. This gives the
conditions 3; > 1+61’ By = g;(i gi)ﬁl’ and (3 = 53 — 51)51( ilél B1). O

Theorem 2.2. The system undergoes a fold Hopf bifurcation, where A(P3) has
a zero eigenvalue and a pair of pure imaginary eigenvalues, if 1 = 1 51 and
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either By = glg 22)51 and 3 > 53 — 51)61( 5 B1) or Ba > 51(1 22;,6’1 and

By = sy Bl — 125 51).

Proof. Given \;, i = 1,...,4, in the proof of Theorem 2.1, the system undergoes
a fold Hopf bifurcation if A\ + Ao = 0, A;As > 0, and either A3 = 0 and Ay < 0
or \3 < 0 and Ay = 0. With the domain 2 and the parameter values shown

in Table 1, this gives the conditions 8, = 1+§1 and either 8, = g;(i gj%ﬁl and

By > 5 Br(1— 125 B1) or By > $HG=5 B and B3 = 725 A (1- 3 p1). O

The system undergoes a codimension-three bifurcation, where A(P;) has double-
zero and a pair of pure imaginary eigenvalues, if A\ + Ao = 0, AA2 > 0, A3 = 0,
and Ay = 0. This gives the conditions of the codimension-three bifurcation in the
next theorem.

Theorem 2.3. The system undergoes a fold Hopf bifurcation, where A(Py) has

a zero eigenvalue and a pair of pure imaginary eigenvalues, if f1 = 238123 and

P2 = 1123'

Proof. We let \;, i = 1,...,4, be the eigenvalues of A(P;). From the work by
Wei (7], (@, w)p, = (325,0,(L=2)(B2 +2),0), ha +do = (1 - B,
Adg = 51452 (1—09 —08202), Az = 7z — 01, and Ay = —€203. The system undergoes
a fold Hopf bifurcation if Ay + )\2 = O A1Ae > 0, and A3 = 0. This gives the

conditions 8, = 528 +§;) and By = O

1+62

The bifurcations related to Ps are not discussed in this paper because Ps is
not an isolated equilibrium, as shown in Table 2, and is always degenerate. Other
codimension-two bifurcations determined by the eigenvalues of A(FPs) and A(P;)
will be carried out using numerical computation.

3. NUMERICAL SIMULATIONS AND DISCUSSION

In this section, bifurcation diagrams are computed using an adaptive grid method
by Wei [7, 9], and this adaptive grid method is extended to a three-parameter space
and codimension-two bifurcations. Figs. 1(a)-(c) show the region where P;, i =
4, 61, 62, or 7, exists. Note that Py, Py, and Ps, exist in Q [7]. The surfaces are
plotted in Fig. 1(d) to show the coexistence of equilibria.

Next, we compute the stability of the equilibria and codimension-two and -
three bifurcations, which are determined by the eigenvalues of the equilibria. The
codimension-two bifurcations of P3 and P, are confirmed with the mathematical
analysis given in Sec. 2. Fig. 2(a) shows that Pj is stable in the region Rs. The
system undergoes a double-zero bifurcation on the curve Bs; = {(B1, B2,83) €
QIB1 > 1/3; 8o = 1251 /13; B3 = 4651 (1 — 1)/27} or Bsy = {(B1, 2, 83) € Q|B1 =
1; 82 = 12/13} and a fold Hopf bifurcation on the curve Gs; = {(51,52,8;) €
Q|B1 = 1/3; 52 = 4/13; B3 > 92/243} or G2 = {(B1,P2,03) € Q1 = 1/3;52 >
4/13,53 = 92/243} The pOth (ﬁ1;527ﬁ3) = (1/3,4/13,92/243), where Bgl, G31,
and Gsg intersect, is a codimension-three point. Fig. 2(b) shows that P, is stable
in the region R4y. The system undergoes a fold Hopf bifurcation on the curve
Gy = {(B1, B2, B3) € Q|1 = 13/38; B2 = 6/19}.

Fig. 3(a) shows the region where Ps; is stable. Note that Bs; and Gso are
the same codimension-two bifurcation curves as shown in Fig. 2(a). In addition,
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FIGURE 1. The regions where (a) Py, (b) Ps; and Psa, or (c) Py
exist. (d) The surfaces shown in (a), (b), and (c¢) are plotted to
show their intersections where coexistence of equilibria occurs.

the system undergoes a fold Hopf bifurcation on the curve Gg; or Ggz. Fig. 3(b)
shows that P; is stable in the region enclosed by the surfaces, and the bifurcation
curves Bz and G;, i = 61,62, are the same as shown in Fig. 2(a) and Fig. 3(a),
respectively. A close look at a part of the region is also shown in this figure. In
Fig. 4 we plot all the bifurcation surfaces and curves shown in Figs. 2 and 3.
Finally, a cross section of Fig. 4 (a) at 2 = 0.57 is plotted in Fig 5, which is a
two-dimensional bifurcation diagram in 81 and 3. Note that there are stable limit
cycles or chaotic attractors in the regions where none of the equilibria is stable. Fig
5 shows that how the dynamics of the system may be changed with the introduction
of the top predator w. Consider the situation that z goes extinct in the absence
of w. This occurs in the region for f; < 0.6175 in Fig 5. When g3 is large, w is
not efficient. Neither z nor w can survive. As w becomes more efficient so that 83
becomes smaller, Py is stable. As 3 continue to decrease, all species coexist as
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"X
imension-three
point h

FIGURE 2. The codimension-two and -three bifurcations and the
regions where (a) Ps or (b) P, is stable.

FIGURE 3. The codimension-two and -three bifurcations and the
regions where (a) Ps; or (b) Py is stable.

a stable equilibrium. Introducing an efficient top predator increases the possibility
of the survival of the inferior competitor that would otherwise go to extinction.

4. CONCLUSION

In this paper, we study the codimension-two and -three bifurcations that are
determined by the eigenvalues of equilibria using a food web of four species. An
adaptive grid method is employed and modified to compute three-parameter bifur-
cation diagrams in which codimension-one, -two, and -three bifurcations are located.
Conditions of a part of codimension-two bifurcations, as well as the codimension-
three bifurcation, are derived using mathematical analysis. These conditions are
confirmed with the numerical simulation.
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0.6

Boundaries inside
which P, is stable

FIGURE 4. (a) The surfaces shown in Figs. 2 and 3 are plotted
to show the relative locations of these bifurcations. (b) Fig 4(a) is
rotated to show the location of the region where P; is stable.

0.8f

0.6f

0.2 0.4 0.6 0.8 1

FIGURE 5. A cross section of Fig. 4(a) along the plane S5 = 0.57.
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VISUALISATION OF CAUCHY PROBLEM SOLUTION FOR
LINEAR T-HYPERBOLIC PDE

OGUZER SINAN AND AYSE BULGAK

ABSTRACT. Graphics Constructor and Cauchy Solver computer dialogue pro-
grams were created by A.Bulgak and D.Eminov [1, 2]. These programs use
the one dimensional spline functions for visualisation of graphics of real func-
tions. The study generalises this approach to the Cauchy problem for linear
one dimensional t-hyperbolic PDE[4, 5, 7].

1. INTRODUCTION

Two-dimensional spline functions are important at applied mathematics and
computer applications of mathematics. It offers approaches surface creation and
approximate value search on over surface.

For one-dimensional spline functions ” Graphics Constructor” interactive com-
puter software was created by Bulgak and Eminov in 2003[1]. This computer pro-
gram provides opportunities to graphically display the first, second and third-order
one-dimensional spline functions. The algorithms which are based on ”Graphics
Constructor” were used a Cauchy problem in another study and ”Cauchy Solver”
[2] software were obtained.

Let tg,t1 € R, Ais asquare N dimensional real matrix, yq is a real N dimensional
real vector. Takes Cauchy problem,

y (t) = Ay (t), to <t <t, y (to) = o,
”Cauchy Solver” solves this problem and shows each component of the solution
obtained as graphs by using the approximate one dimensional cubic spline functions.
This study discusses the two dimensional spline functions. Based on existing
background it develops similar programs and algorithms. The results of this study
give us new algorithms and software which have abilities for visualisation.
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A Cauchy problem solution for first-order linear homogeneous constant coeffi-
cients partial differential equation is displayed with two dimensional spline func-
tions.

Let a,a,B and T > 0 be real numbers, ¢ € C'(a, 8) U C([a, B]) is a derivable
real function. G be a parallelogram as G = {(¢t,z) : at+a <z < at+£,0 <t < T}.

Uy (t, ) + atiy (t,2) = 0, t,xeG

@(0,2)=¢(x), a<z<p
It is known, there exists the solution of this problem and it is unique[7]. The aim
of this study is to show the solution graphically in the mentioned G parallelogram.

2. LINEAR T-HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS
a is a real number. Let us consider the following PDE,
(2.1) G (t, ) + atiy (¢, ) =0, t,x € R

It is known as t-hyperbolic equation in literature. For example,[4, 5] mentioned this
type of equations. Let us give some basic information about this equation from the
literature. The line sets as

x —at =c, t,ce R
which provides the condition;

ﬂ:d—x, a#0
t a

is known as the characteristic set of equation (2.1). Every element of this set is
known as characteristic of the equation (2.1).
Let’s give well-known theorems in the literature[4, 5]

Theorem 2.1. The general solution of (2.1) is as follow
a(t,z) = f(z —at), t,x € R. Here fecC!
Theorem 2.2. a € R and ¢ € C! then Cauchy problem
G (t,x) + atiy (¢, x) =0, t,x € R

@ (0,z) = ¢ (x), r€R
has a unique solution as follows 4 (t,x) = ¢(x — at).
Let a,«, 8,T > 0 are real numbers, ¢ : [«, 5] — R is a derived function and
G={(t,z):at+a<z<at+5,0<t<T}
In this case;

Gt (t, ) + atiy (8, 2) = 0; t,r eG
(2.2)
4 (0,2) = ¢ (x),z € [, ]
There exists the solution of this Cauchy problem and it is unique. The solution is
i (t,x) = ¢ (x — at),t,x € G. If desired the solution is until 7', the solution zone is
a parallelogram. For example, if it is a > 0, solution zone is shown in figure 1.
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FIGURE 1. G parallelogram.

T Tt t to ts ... tnes | tna | tn_1
Y || vo Y1 Y2 Y3 e Yn—3 | Yn—2 | Yn—1
TABLE 1

3. SPLINE FUNCTIONS AND CUBIC SPLINE

Here, tg < t; < --- < t,_1 are distinct ordered real numbers and yo, y1, ..., Yn—1
are real numbers that represent each node as figure 2. It describes a spline function
fsp according to the table 1.

fo(t), to <t <t
fi(t), th <t <ts

fszl (t) =

Jnos(t), th3<t<t, o
fn—2 (t) ) tn—2 S t S tn—l

fi (t;) =y; and f; (tj41) = yj41 seems for each j =0,1,--- ;n—2. Let a,b € R and
a=ty <ty <+ <tpo <t,_1 =0bunder this circumstances f; : [t;,t;4+1] = R
and fsp : [a,b] — R. Each f; function may have any degree that is polynomial
function. Often the first, second and third order polynomial functions are used in
practice.

3.1. Cubic Spline. Take table 2 with a real sequence Fy, Fy, ---, F,_1 a cu-
bic spline function fsp : [to,tn—1] = R, y = fop(t), t € [to,tn_1]. For each

.,Vn-z
t|'.Tl‘ E-.'|! t2 En-z En-l r

FIGURE 2
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T to t1 to ts . thes | th—a | th—1

Y | v Y1 Yo Y3 <o | Yn-3 | Yn—2 [ Yn—1

F FO Fl F2 F3 Fn—S Fn—2 Fn—l
TABLE 2

sequential nodes interval, every polynomial functions
fji[tj,tj+1]—>R, fj(t):ajt3+bjt2+cjt+dj j:O71,~-,n—2

which satisfied table 2 as fz/ (tz) = Fi, fz (tl) =1Y; fll (ti+1) = Fi—‘—l, fl (ti+1) = Yi+1
and the condition f;p (t;) = F; for i =0,1,--- ,n— 1 is unique. This condition can
provides, at least third degree spline functions[7].

This situation is important for us in this study. Now let us remember the Cauchy
problem for linear t- hyperbolic PDE, presented in section 2. There exists a unique
solution of (2.2). Here; if it is a # 0, 4, (¢, z) partial derivative must be there. In
this case, ¢ function must be selected derived. ¢’ () would not have been, hence
U (t, ) + ati, (¢, z) = 0 equation would not have been.

An Algorithm. To calculation for any ¢ , t € R according the table 3.2, process
steps created algorithm are on following lines|[1].

InPUt: ‘t07tlat2a"~7tn71; Yo, Y1,Y25 -+ Yn—1; FOvFlaFQa"'aanl; 4

Output : ‘ Y

if (n<2)or(t<tg)or(t>ty,_1)) then
{get out of processing steps that make up the algorithm};
for(j=1 to n—1) do begin
if (t>tj—1)and(t <tj)) then begin
w=[(y; —yj-1)/(t; —tj—1) = Fja]/(t; —t;-1)
a=[(Fj = Fj1)/(t; = tj—1) = 2w]/(t; — ;1)
b= —(tj+2tj_1)a+w
Cc = Fj,1 - 3a(tj,1)2 - Qb(tjfl)
d=y;_1—a(tj—1)’ = b(t;_1)* — c(tj_1)
end if;
end for;
Output at® + bt? + ct + d.

4. THE USE OF CUBIC SPLINE FUNCTIONS FOR THE PROBLEM OF TWO
DIMENSIONAL INTERPOLATIONS

An interpolation problem the brief analysis of on one dimensional cubic spline
functions showed on section 3. Now we can expand this approach to the two
dimensional functions. R = [a,b] X [¢,d] , consider the rectangle on tOx plane.

a=tg<t; < - <tpm_1=b m>1
c=rg<1 < - <xp_1=d, n=>1
n X m points are located on tOx plane and these points are identifying a grid.
U = {U(o,oy U0,1)s -+ > U(0,n—1), U(1,0)) - - - ,U(m71,n71)} )

u(m)GR,z‘:O,l,...,mfl, j:O,]_’”"nfl
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each u(; ;) values are defined be on this grid. However, let come two sets as

fe= {ft(o,opft(o;), s Jrom—1) fr(1,0)0 - - '7ft(’m,—1,n—1)} ;

Jtajpy €R i=0,1,....m—1,j=0,1,2,...,n—1
and
fo = {fm(om, Je1) s Seom—1)s fo@,00- -+ fx(m—1,n—1)} ;
Jea ) €ER, i=0,1,....m—1;7=0,1,2,...,n—1
both of them have n x m elements. R

The aim is to find a derived function f (¢,z) , which was defined on R. Let it
provide the condition: f (¢;, z;) = u( j), ft/ (ti,x5) = fiiy) and f; (tisz5) = fai)
fori=0,1,...,m—1and j=0,1,...,n—1.

As a first, table 3 is created with the help of aforesaid information. H (g, z),
z9 < x < x,,—1, cubic spline function, is calculated according to the table 3. Then
table 4 is created. Basing on this table calculated the H (t1,z), v¢o < < X1
cubic spline function. Similarly H (t2,z),..., H (th—1,2), o < & < Z,,,—1 functions
are calculated on the basis of the other data tables. So, n units one dimensional
cubic spline functions are acquired.

Tto to t1 to B

Xto ZTo i) Zo ‘e ZTo

Fto || fiwo | frao | fieo) |- | fim—10)

Uty || w0 U1,0 U0 v | Um—1,0
TABLE 3

Tt || to t t Tt

th I T I . I

Fti || fioy | fray | fien |- | fame11)

Uty U0, 1 u1,1 U2 1 coe | Um—11
TABLE 4

T.Z’O to t() to PN to

XZL’O i) T T2 . Tp—1

Fro || fe0) | foo) | Je02) |- | feon-1)

Uzg || uoo ug,1 U0,2 o | Ugn—1
TABLE 5

T.Z‘l t1 tl tl PN tl

XZL’l ZTo I T2 . Tp—1

Fri || feao) | foen) | Jea2) |- | fe@n-n

Uz, U1,0 Ui, Ui,2 oo | Uln—1
TABLE 6

The same process is repeated for each ¢;, for ¢ = 0,1,2,...,m — 1. Table 5 is

created with the help of aforesaid information.S (¢, zg), to < ¢ < t,,_1, cubic spline
function, is calculated according to the table 5. In addition table 6 is created.
Basing on this table calculated the S (t,21), tg <t < t,_; cubic spline function.
Similarly S (¢t,22),...,5(t,xp—1), to <t < t,—1 functions are calculated on the
basis of the other data tables. So, m units one dimensional cubic spline functions
are acquired.
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Placement of Spline functions on Three-Dimensional Coordinate System.

H(to,fﬂ),H(tl,CE),H(t2,$),...,H(tm,1,x), Zo ngmmfl

S(t,ll?o),S(t,ﬂ'}l),S(t,l’g),...,S(t,xn_l), to §t§tn_1

include totally n 4+ m spline functions.

F 9
EOER J
X3 9| @@ oo @ @ [
X9
X g
Apey
e B i 4 - & '
h 4§ & & &4 tn1
FIGURE 3
a=t0<t1<---<tm_1=b, m>1
c=xp<x1 < - <Tp_1=d, n>1

on R =la,b] x [¢,d] define a grid.
The values of step size corresponding successive pixels and functions are calcu-
lated for each spline functions in the x and t directions. 3.

5. THE GRID AND SPLINE FUNCTIONS RELATED TO LINEAR T-HYPERBOLIC PDE

It is important to identify the following factors for visualisation of Cauchy so-
lutions. It is chosen n points representing “well-chosen” ¢ function given on [, f]
interval.

To=a<r1 <Tr< < Xpo<Tp_1=p

The value of ¢ (2;) function for each z; is the height of spline function in the
direction 2 . By considering ¢ (z;) a cubic spline function, g (z), is obtained and
the graphic of z(¢t,2) = g(z —at), t,x € G, 0=ty <t;1 < -+ <ty =T
functions are visualised.
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z(t,x) =g(x—at), t=to,t1,...,tm-1, <€ [a+atj,[+ at;]
z(t,x)=g(x—at), ==z0,Ty,.,Tn-1, tEI[0,T]
this information identifies a grid as figure 4.
A cubic spline function representing ¢ (z) is taken instead of ¢ (x) function.
Between @ —at = 8 and © —at = a, t € [0,7] lines, left edging is (0, z),
x € [a, f] and right edging is (T,x), =z € [a+ aT, B + aT)] belonging to G paral-
lelogram. A grid on G parallelogram and nodes are shown in figure 4. (; ; nodes

™ v

FIGURE 4

are defined as

C¢$j:(ti7a(ti7to)+l’j), ’L':O,l,...,mfl, j:O,l,...,nfl

Tz to to to ... | %o

XI‘O i) T i) . Tp—1
Fao || ¢ (z0) |0 (w1) [¢'(wa) [... |4 (wa1)
Uzg || ¢(z0) |d(z1) | d(a2) ¢ (Tn-1)

TABLE 7. This table is used for setting aforesaid g(x) spline function.

Example 5.1. G = {(t,z) : 0 < ¢t < 100, 0+ 0.5t < x < 100 + 0.5t} is a
parallelogram and ¢ (z) = 2214 — 25214, 0 < 2 < 100 is an initial function.
Consider this Cauchy problem

Gy (t,x) + 0.54, (t,x), t,zx el
4 (0,z) =¢(x), 0<z<100
and let it be 9 = 0, x7; = 10, x5 = 20, z3 = 30, x4 = 40, x5 = 50,
xg = 60, x7 = 70, xg = 80, x9 = 90, =x190 = 100. Take g (z) cubic spline
function in approach to ¢ (z) instead of ¢ (z) initial function. ¢ (x) cubic spline
function is given in table 8.
In this case;

ve (t, ) + 0.50, (¢, z) , t,x € G, v(0,2) =g (z);0 <z <100.
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The Cauchy problem must be visualised on G parallelogram. For this, the following
t values are chosen; tg = 0, t; = 10, to = 20, t3 = 30, ¢4 = 40, t5 = 50,
t¢ = 60, t; = 70, tg = 80, t9g = 90, t19 = T = 100; Generated surface
visualisation is shown in figure 5.

X 0 10 20 30 40 50
(@) |0 6.43 | -11.72 | -15.11 |-16.60 | -16.24
¢ (x) |0 0.62 |-043 [-024 [-005 |0.12

X 60 70 80 90 100
o (z) -14.08 | -10.20 | -4.65 2.51 11.26

o (x) 0.30 0.47 0.63 0.79 0.95
TABLE 8

X -2.5 —2.0 -1.5 -1.0 —0.5 0
(x) -0.598 | -0.909 | -0.997 | -0.842 | -0.479
(z) || -0.801 |-0.416 |0.071 |0.540 |0.877 |1
X 0.5 1.0 1.5 2.0 2.5

(x) 0.479 ]0.842 |-0.997 | 0.909 | 0.598
(x) || 0.877 | 0.540 |0.071 |-0.416 |-0.801

TABLE 9

FIGURE 5. Output screen of computer program.

Example 5.2. Consider this Cauchy problem

Gy (t,x) + 044, (t,z), t,x€G

4(0,z) =¢(x), —25<x<25
and let it be zg = —2.5, 1 = -2, x5 =-15, z3=-1.0, x4 =-0.5, 25 =0,
T = 05, Ty = 10, xrg = 15, Tg = 20, T10 = 2.5.

G={(t,z):0<t<10 and—25+04t <x <25+ 0.4t}

is a parallelogram and ¢ (x) = sin(z), —2.5 < z < 2.5 is an initial function.
The following ¢ values are chosen. ty = 0, t; = 2, to =4, t3 =6, ty =38,
t5 = 10. The cubic spline function is given in table 9. Figure 6 shows input panel
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for cubic spline function. This panel is related on the computer program. This
computer program was developed based on result of this study. Generated surface
visualisation is shown in figure 7.

This computer program is used perspective projection method. There have many
kinds of three dimensional projection methods. Generally three dimensional pro-
jection methods is any method of mapping three dimensional points to a two di-
mensional plane.

T Value Range: Y S T Value Step : |2 O AutcDerivate

FI1GURE 6. Computer program input panel.

FIGURE 7

ol

st

Toberanged” = Tvesio: 2 o =

veos | 1 [ 2 | 3 [ & | s [ 6 | 7 [ & [ o [ w [ u [ » [ » [ wil s [ s [ v ][ s w]
o os | 10 | 15 | 20 | 2

0 oams osus  osers  ososr  oses

FIGURE 8. General view of the computer program.

vectors | 1 | 2 | 3 [ a4 | s [ & | 7 | s [ ¢ | ww [ 11 |
X 2.5 2.0 -1.5 -1.0 0.5 0 0.5 1.0 1.5 2.0 25
PHIfx) | -0.5085 -0.9083 -0.9975  -0.8415  -0.4794 0 0.4794 | 08415  0.9975  0.9093  0.5985
PHI'(x) 0601l | DAL 00707 05403 08776 1 0.8776 = 0.5403  0.0707 -0.4161  -0.8011
4
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to
B

il
[2
3
4
5
6

[7

CONCLUSION

This software togetter with “MVC” Matrix Vector Calculator programs[6] allows
give visualisation of Cauchy problem selection for AU, +BU, =0, A= AT >0,
= BT t-hyperbolic PDE.
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ANALYTICAL PROBLEM SOLUTION ABOUT INITIAL STEP
OF PRESSING POWDER MATERIAL TUBE

M.YA. FLAX, A.V. BOCHKOV, V.A. GOLOVESHKIN, A.V. PONOMAREV

ABSTRACT. The prediction of finite size in the process of hot isostatic press-
ing (HIP) of powder material tubes is a difficult task which is important for
practical purposes. In this paper we propose an analytical problem solution
about initial step of the process.

1. INTRODUCTION

The difficulty in making a mathematical modeling for the pressing process of
powder material tubes consists in predicting the size of a finished product. Thor-
oughly research [6] investigates the reason for the deviation in this type of modeling
and also shows possible ways to determine the movement direction of internal bor-
der. It has been noted in research [3] and [5] that most deviations of final form
emerge at the initial stage of the process.

The analytical solution has ample areas of application including but not limited
to the tubes. The problem of a mathematical modeling of HIP tubes process is a
part of many tasks of the mathematical modeling for HIP process which consist of
embedded elements with a large radial stiffness.

2. OBJECTIVES

The purpose of this research is to find an analytical solution to a stress-strain
behavior of powder material in initial stage of hot isostatic tube pressing.

3. PROBLEM STATEMENT

The problem is analyzed in an axisymmetric setting in a cylindrical coordinates
system [1]. The domain Ry < r < Ry, R3 < r < Ry - filled by plastically in-
compressible material (capsule). The domain Ry < r < Rs- filled by plastically
compressible powder material.

2000 Mathematics Subject Classification. T4Cxx.
Key words and phrases. Powder Material. Green’s Condition. Hot Isostatic Pressing. Analyt-
ical Solution. Predictive Analytics.
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_ T 111f DI 111

v

Ri R Rs R4
Fig.1.

Deformation rate e, is constant throughout the entire volume, u (r) - radial
displacement speed, o, 0, 0, - components of stress tensor dependent only on the
coordinate r.

Density is constant throughout the entire volume.

Steady-state equation:

do, o,—0,

(3.1) =0

dr r

The equation of the yield surface for the powder material is taken in the form of
Green:
(or +0,+ 0.)? +L
9f3 67

From the associated flow law it follows:

[(207. -0, — o) + (20, — 0y — 0.)’ + (20, — o, — aW)Q} =7?

e [2(0r +0p+0.) (20, —0p,—02)]
T 9f3 I I
2(0, + 0, + 0, 20, — 0, — 04
(3.2) €p = A ( 9f§ L 7 ) ,
Y [2(0, +0,+0.) (20, —0, —0y)]
L 9f3 1t ]
The equation of the yield surface for a plastic incompressible material is:

1
6 [(QO'T -0y — UZ)2 + (20, — 0y —02)

From the associated flow law it follows:

2—1—(202 — o, —U¢)2 :T12

er =A(20, —0p, —0,),
(3.3) o =A(20, -0, —0.),
€. =A(20, -0, —0y).

External pressure P is given on the outer boundary.
Then boundary conditions are:

(3.4) o, =—P,r=Ri,r =Ry
The equilibrium equation in z-axis is satisfied by the integral form:

Ry
277/ . (r)rdr = —Pr (R] — R}).
Ry
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Suppose that tube end is affected by the same pressure as a side wall tube.
At the boundaries “Powder-Capsule” r = Ry, r = Rg it is assumed a condition
for continuity of displacement and stress equality o

A connection of rate of deformation tensor with a displacement rate u (r) is
determined by relations:

du U
Er = —,Ep = —.
ATy
In the domains R; < r < Rg, R3 < r < R4 a condition of incompressibility is:
du u
— 4+ —+e, =0.
dr r
Then displacement rate is
C
(3.5) uz—%zr—i——,

where C' is a constant.

4. SOLUTION
To describe the behavior of powder material a relation (3.2) can be rewritten as:
er = AMAo, + Bo, + Bo,},
ey = A Bo, + Ao, + Bo.},

€. =A{Bo, + Bo,+ Ao},
where

a2, S92
I ft 9f3 17

Then

1
o, = 3 {Ce; + Dey, + De. },
(4.1) 1

o, = X {De, + Cey + De. },

1
0, = X {De, + De, + Ce. },

where
A+B 1 1
= . I 4
C=3"B d125 18 V2 +4M1)
B 1 1
D:

- = — (9f7 — 2f7).
A-B A+2B 18(f2 7)
Using the equation of the yield surface an expression for A-parameter is
1 T
[18C (2 + €2 +¢2) 4+ 36D (e,6, + €,6, +2,6.)]°

Then from Steady-state equation (3.1) and relations (4.1), (4.2) it follows:
de, de
. [(C+ D)l + (C+ D)e2 +2De e,] + d—f [De2 — (C+ D)e,e,

— De,e, — Dege,] +
I (o2 ep +e2) +2D (g,8, + 6,8, +2,8.)] =0

Let w(r) = kr + up (r).
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Then
er =k +ei;
o dul.
E1r = ar
Ep =k + €145 €10 = 2,
dElr

o [(C+D)ei, +2(C+D)key, + (C+ D)+ (C+D)e? +2Dey e, + 2Dke, | +
€1, — €&
+%2Dkaz = 0.

Choose k from condition: 2 (C + D) key,, + 2De; e, = 0. Then k = _MLDEZ'
Then the following condition will be

dey, 9 C(C+2D) ,
= [(C+D)E1‘0+(C+D) o

+w [Cgfr + C€ip —(C=D)eyeq, + 0212563} =0.
For resolving this equation the change of variables is made.
Let uy (r) =rv(Inr), Inr = 2.
Then ¢;, = v+, &1, = v, ddirl = (v +v') 1.
The equation for the function v (z) definition is:

C(C+2D)
" 2 2
v [(C’+D)v +7C+D 52}
C+2D
12 D)v? +2 2 D) v’ 2l =o0.
+v[(0+ )v+CC+D€z+(C+ )vu+0v] 0

Then parametric dependence can be written as:

_ R(]
" V/ehé (Y — o) sinp + dshd (1 — ) cos
- fo shd (o) — 2 ] =
v \/ch5 (¥ — o) sinyp + dshd (v — 1)) cos [ 75hd (¥ = vo) 1+ cosa] Eo

5 -1
=e; |—yshd (Y — o) — 252} )

5?2 — 0
oo = e |=asna (0 = o) = St 2% (e (0= )t -+ 85n5 (6~ )

where v is a parameter, Ry, 1)y - arbitrary constants,

5= c 1
7C—|—D720052%’

2 1—5—2% ~ 1+2cosa (352—1)(52+1)

(42 (reosal W

PR T i

Then for the stress the following conditions will be
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= —\/@Tsimp,
1)
= —V2CTsiny [(52 n 1 252 n 1th5 (v — o) ctg@/;] ,
B 1 62— 207y ctgy
= ~V2CTsiny [52 121 5”“5 W= o) 9V Gy Ty s (o - ¢0)]

The solution for a research of a capsule behavior (R; < r < Rg,R3 < r < Ry):
Using (3.5) we get [2]:

e C
Ty T
& C
=gt

From the equation (3.3) it follows:

1
52 = e (24 €2 +erey).

Therefore

3.2 Cc?2
i€t

VAL
V3T, ( 20)

(o)
O —0p = 5 (6 —€p) = ————= 5
3\ 3./ %53 + %f r
then from the equilibrium equation (3.1) it follows

. T, 2
(43) do :ﬁ 1 C

dr 3 \/Tr?)

Using (3.5), R1 < r < Ra, an expression for the radial displacement speed will be

A=

As far as

As regards to (3.4) o, = —P at which r = Ry, then from (4.3) it follows, that
at which r € [Ry; Ro]

L =—-P-Yo71
g 3 1nC1

Accordingly for r € [Ry; Rs):

Op=0r+ 7T1T

Aso. =% [or+0,— (e +e4)] = § [0r + 0 + 5], then

e 3.2, Cf
3 v R Vi ior e 3 _C 1 1 5
o, = —P—%Tl In — Jrng—1 —+V3T} — c:
CREVE SR RV et
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Similarly for r € [R3; R4] the relations are the same with replacement Cito Cs,
thO Rg, RgtO R4.

Complete system of equations for arbitrary constants definition in case of a
continuous field of velocities is

1) Stress equality at with R = Ry is

Cq 3.2 C'12

G /324 2

3 R2 4=z R2
—V2CTsintps = —P — ng In — 2,

R2 _ R(Q)
27 Cché (g — o) sinty + 65hd (1hy — ) cos by

2) Stress equality at with R = R3 is

Ca 3.0, %

2e
V2CT sinys = —P \/ngnRg—’_ 4Z+R§
- 3 =—F - — ;
3 Cz+ §E2_~_C§
R2 4%z T g1

R2 . R%
7 chd (1hs — o) sinaps + Gshd (13 — o) cos g

3) Displacement rate equality at with R = Ry is

&g +ﬁ_5 Ro[-%“(%-%)‘%}
27" " Ry "7\ /chd (ths — tho) sin Uy + 05ho (3 — tho) cos Uy

4) Displacement rate equality at with R = Rj3 is

ep  Cr_ Ry [~vshd (s — o) — 5]
27 " Ry "7\ Jcho (s — tho) sin s + 05hd (3 — o) cos U3

5) Equilibrium condition about the z-axis

Ry
/ 0 2mrdr = —Pm (Ri — R%) .
Ry

In practice, we define the relation <&, €2

R
The research shows, that in geometric parameter domain there are 4 areas for
different deformation modes (Fig. 2).





ANALYTICAL PROBLEM SOLUTION ABOUT INITIAL STEP OF PRESSING POWDER MATERIAL TURE

Fig. 2

Area 1 - continuous field of velocities in entire system.

Area 2 - displacement rate with a displacement rate with a discontinuity in
internal boundary r = Rs.

Area 3 - plane deformation with a fixed outer boundary and a localization of
deformation in internal border.

Area 4 — plane deformation with a fixed internal boundary.

5. CONCLUSIONS

The result shows that we get a plane deformation from a certain capsule wall
thickness which has an important practical application. It demonstrates the pos-
sibility to create a radially directional effect capsule. As per the rough scheme
axis direction effect capsules are constructed as follows. Side walls become quite
thin while top and bottom ones become thick. In this case it is mostly an axial
shrinkage. The possibility of transition into a plane deformation demonstrates a
possibility to get only a radial shrinkage during the HIP process. It is important
when a shape of the surface of powder product is rather complex.
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A SCHUR TYPE THEOREM FOR ALMOST a—COSYMPLECTIC
MANIFOLDS WITH KAEHLERIAN LEAVES

GULHAN AYAR, MUSTAFA YILDIRIM AND NESIP AKTAN

ABSTRACT. In this study, we give a Schur type theorem for almost a—cosymplectic
manifolds with Keahlerian leaves.

1. INTRODUCTION

Let M be a Riemannian manifold with curvature tensor R. The sectional curva-
ture of a 2-plane « in a tangent space TpM is defined by K(a, P) = R(X,Y,Y, X),
where {X, Y} is an orthonormal basis of TpM. F. Schur’s classical theorem remarks
that if M is a connected manifold of dimension n > 3 and in any point P € M |
the curvature K(«, P) does not depend on o € TpM then it does not depend on
the point P too, i.e. it is a global constant. Such a manifold is called a manifold of
constant sectional curvature.

In following years, many authors has studied Schur’s theorem for different struc-
tures ([6]-[10]).For instance,In 1989, Schur’s theorem is improved by Nobuhiro and
a new version for locally symmetric spaces is gotten. [10].In 2001, Kassabov regards
connected 2n-dimensional almost Hermitian manifold M to be of pointwise constant
anti-holomorphic sectional curvature v(p), p € M and proves that v is a global con-
stant [6].In 2006, Cho defines a contact strongly pseudo-convex C'R space-form
using the Tanaka-Webster connection in a method similar to the Sasakian space
form. He studies the geometry of such spaces and introduces a Schur type theorem
for such structures [7].And finally in 2013 a new version of Schur’s lemma for almost
cosymplectic manifolds with Kaehlerian leaves are given by Aktan et. al.[22]

The presence of an almost cosymplectic manifold was firstly introduced by Gold-
berg and Yano in 1969, [19]. The simplest examples of these manifolds are those
being the products (possibly local) of almost Kaehlerian manifolds and the real line
R or the circle S*.

Later on, curvature properties of almost cosymplectic manifolds were studied
mainly by Goldberg and Yano [12], Olszak [13], [14], Kirichenko [15], Endo [16]
some other autors. We relate some of them in a historical order.

2000 Mathematics Subject Classification. 53D10, 563C15, 53C25, 53C35.
Key words and phrases. Contact Manifold, Cosymplectic Manifold, Sectional Curvature.
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A cosymplectic manifold of constant curvature is necessarily locally flat [17]. Tt
is obvious that the locally flat cosymplectic manifolds exist. In fact, they are locally
products of locally flat Kaehlerian manifolds and the real line (for instance, C™ x R).
If the curvature operator R of an almost cosymplectic manifold M commutes with
the fundamental singular collineation ¢, then M is normal, that is, it is a cosym-
plectic manifold [12]. In particular, an almost cosymplectic manifold of constant
curvature is cosymplectic if and only if it is locally flat. Generalizing these,in [13],
[14] , it is proved that almost cosymplectic manifolds of non-zero constant curvature
do not exist. For a conformally flat almost cosymplectic manifold of dimension > 5,
the scalar curvature r is non-positive and the manifold is cosymplectic if and only
if it is locally flat [13], [14]. If M is an almost cosymplectic manifold of constant
@-sectional curvature then the scalar curvature r and the @-sectional curvature H
satisfy the inequality n(n+1)H > r. This equality holds if and only if the manifold
is cosymplectic [13].

In this paper, we focus on almost a-cosymplectic manifolds with Kaehlerian
leaves and considering Schur’s lemma on spaces of constant curvature and the paper
[22]. We get a new version of Schur’s lemma for almost a-cosymplectic manifolds
with Kaehlerian leaves.

2. ALMOST a—COSYMPLECTIC MANIFOLDS

We repeat the relevant material from Blair [4] without proofs.

Let M be a (2n 4 1)-dimensional differentiable manifold equipped with a triple
(p,&,m), where ¢ is a type of (1,1) tensor field, £ is a vector field,  is a 1-form on
M such that

(2.1) n€) =1 ¢*=-I+na¢,
which implies

(2.2) w&E=0, nop=0, rank(p)=2n.
If M admits a Riemannian metric g, such that

(2.3) 9(pX,9Y) = g(X,Y) =0 (X)n (Y),
' n(X) = g(X,),

then M is said to have an almost contact metric structure (¢, £,7,g) .On such a
manifold, the fundamental 2-form ® of M is defined by

O(X,Y) = g(pX,Y),

for any vector fields X,Y on M.for any vector fields X,Y on M.

An almost contact metric structure is almost cosymplectic if and only if both dn
and d® vanish. An almost contact manifold (M, ¢, &, n) is said to be normal if the
Nijenhuis torsion

No(X,Y) = [pX, ¢Y] = 9[pX,Y] = [X, Y] + @?[X, Y] + 2dn(X, Y )¢,

vanishes for any vector fields X,Y on M.

A normal almost cosymplectic manifold is called a cosymplectic manifold. A nor-
mal almost cosymplectic and almost Kenmotsu manifolds are called a cosymplectic
manifold and Kenmotsu manifold, respectively. As it is known that an almost
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contact metric structure is cosymplectic if and only if both 77 and 7 ® vanish and
an almost contact metric structure is Kenmotsu [13] if and only if

(Vxp)Y = g(eX,Y)§ = n(Y)eX.
An almost contact metric manifold M?"+! is said to be almost a-Kenmotsu if
dn = 0and d® = 2anA P, « being a non-zero real constant. Geometrical properties
and examples of almost a-Kenmotsu manifolds are studied in [1], [13], [24] and [5],

. Given an almost Kenmotsu metric structure (¢, &, 7, g), consider the deformed
structure

n=én, £=ag, =g, g=%g7 a#0, aeR,
where « is a non-zero real constant. So we get an almost a-Kenmotsu structure
(¢,€,m,¢g). This deformation is called a homothetic deformation. It is important to
note that almost a-Kenmotsu structures are related to some special local conformal
deformations of almost cosymplectic structures (see [5]).
If we join these two classes, we obtain a new notion of an almost a-cosymplectic
manifold, which is defined by the following formula

dn=0, d®=2anAN®o,

for any real number « (see [1]). Obviously, a normal almost a-cosymplectic manifold
is an a-cosymplectic manifold. An a-cosymplectic manifold is either cosymplectic
under the condition o = 0 or a-Kenmotsu (« # 0) for a € R

Let M be an almost a-cosymplectic manifold with structure (¢, £, n,g) and D
is the distribution of M defined by D = kern. If the almost complex structure is
Kaehlerian on every integral submanifold of the distribution D, such manifold is
said to be an almost a-cosymplectic manifold with Kaehlerian leaves. Suppose that
M is an almost a-cosymplectic manifold. Denote by A the (1, 1)-tensor field on M
defined by

(2.4) A= -V¢,
and by h the (1,1)-tensor field given by the following relation
h = %ﬁg(p,

where £ is the Lie derivative of g. Obviously, A(£) = 0 and h(§) = 0.
Moreover, the tensor fields A and h are symmetric operators and satisfy the
following relations [23]

Proposition 2.1.

(2.5) Vxé=—ap’X — phX,

(2.6) (poh)X + (hop)X =0,

(2.7) (Vxn)Y = «afg(X,)Y) = n(X)n(Y)] + g(Y, hX),
(2.8) on = —2an, tr(h)=0,

(2.9) tr(A) = —2an,

(2.10) tr(pA) =0,

(2.11) Ap + pA = =200,

(

2.12) A€ =0,
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(2.13) (VxA) €= A%X

for any vector fields X, Y on M.We also remark that for any vector fields X,Y on
M. We also remark that h = 0 & V& = —ap?.

Proposition 2.2. Let M be an almost a-cosymplectic manifold. M has Kaehlerian
leaves if and only if it satisfies the condition

(2.14) (Vx@)Y = —g(pAX,Y)E +n(Y)pAX,
for any vector fields X,Y on M [23].

3. BAsic CURVATURE RELATIONS

Proposition 3.1. Let M be an almost a-cosymplectic manifold. Then we have
[23]

31  RX,)Y)( = o[pX)Y —n(Y)X] —a[n(X)ehY —n(Y)phX]
+(Vyph)X — (Vxph)Y,
(

(3.2) R(X,Y)E = —(VxA)Y + (VyA)X

(3.3) R(X,6)¢ = a0 X + 2aphX — b2 X + p(Veh) X
(3.4) (Veh)X = —pR(X,€)¢ — a?pX — 2ahX — ph* X,
(3.5) R(X, )¢ — pR(pX, )¢ = 2[00 X — h?X]
(3.6) S(X, &) = —2na’n(X) =221 g((Ve,0h) e, X),
(3.7) tr(l) = S(&,€) = — [2na® + tr(h%)]

for any vector fields X, Y on M .

We have the following proposition that will be used in the next important re-
sult,by simple computations, .

Proposition 3.2.

Theorem 3.1. For the curvature transformation of almost a-cosymplectic manifold
with Kaehlerian leaves, we have [22]
R(X,Y)pZ — pR(X,Y)Z = g(AX,pZ)AY — g(AY,pZ)AX
(3.8) —g(AX, Z)pAY + g(AY, Z)pAX
—1(Z)p(R(X,Y)E) — g(R(X,Y)E, Z)¢
and
R(pX,oY)Z — R(X,Y)Z =n(Y)R(&, X, Z) + g(AZ, pX)ApY
(3.9) —g(AZ, pY)ApX — g(AZ, X)AY
+9(AZ,Y)AX —n(X)R(&,Y, Z) + n(X)n(Y)R(£,§)
Lemma 3.1. Let M be an almost a-cosymplectic manifold with Kaehlerian leaves.
If we denote

P, (X,Y) = (Vyph)X — (Vxph)Y
and
P(X,Y)=(Vyh)X — (Vxh)Y.
Then we satisfy following relations [22]:
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Py (X)Y) =P (X,Y)

P, (X’Y) =—P, (Y, X)

Theorem 3.2. Let M be an almost a-cosymplectic manifold with Kaehlerian leaves.
The necessary and sufficient condition for M to have pointwise constant p—sectional
curvature H s

) —9(X, Z)g(W,Y)]
g(X, W)

AR(X,Y,Z,W) = (H + 302) [9(X,W)g(Z,Y
(2)
Z) — (X)n(Z)g(W,Y}

—(H+?)[n(X)n(W)g(Z,Y)+n(Y)n
+29(X, 0Y)g(Z, oW) =0 (Y)n (W) g(X
(3.10) +(H - a?) [g(X,92Z)g (W @Y) —g(X
—9(AX, pZ)g(AY, W) + g(AW, o X
—9(AZ, o X)g(AW, oY) + g(AX, W)
+29(AX, Z)g(AW,Y) — 29(AX,W)g(AZ,Y)

—29(AX, Z)g(W,Y) + 21
+29(AX, W)g(Z,Y) — 27
+29(AZ)Y)g(X, W) — 2n
—29(X, Z)g(AW,Y) + 27
HAn(X)Po(Z,W,Y) + 4n(Z) Py(X, Y, W
—An(W)P,(X,Y, Z) — 4n(X)n (W) Py(
—4775;( ( ) Pp(§,W,Y) — 4n (X))W (Y) Pp(2,W,§)
(Y
(

+a

)
—An(Y)P,(Z,W, X) + 4n(Y ) (W) P, (2.€
+an(V ) (2) P o (& W, X) +4n(X)n (Z) Py(é,
—An(X)n(W)P,(&,Y, Z).
—4an(X)n (Z) g(phY, W) + dan(X)n(W)g(phY, Z)
+4ow7(Y) (Z)g(phX, W)—4an(Y)n(W)g(<phX,Z)

Z
—602n(X)n(W)g(Y, Z) — 6a*n(Y)n(Z)
+6a*n(Y)n(W)g(X, Z) + 6a*n(X)n (Z

for all vector fields X,Y, Z, W in M.

Proof. For any vector fields X and Y € D,we have

(3.11) g(R(X,0X)X,0X) = —Hg (X, X)*
By (3.8)we see

R(X,9Y,X,¢Y) = R(X,9Y,Y,0X)+ g(AX, pX)g(AY,¢Y)
(3.12) —9(ApY, pX)g(AX,Y) + g(ApY, ¢Y)g(AX, X)
+9(ApY, X)g(pAX,Y)

R(X,pX,Y, pX) = R(X,pX,X,¢Y)—2ag9(X,X)g(AX,Y)
+2ag9(AX, X)g(X,Y) — 2ag(AX, pX)g(X, pY)

for XY € D. Submitting X + Y in (3.11), we get

(3.13)
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—H [29(X,Y)" +29(X, X)g(X,Y) + 29(X,Y)g(Y,Y) + g(X, X)g(¥, Y]
1 (gR( X+Y¢X+¢Y)(X+Y),¢X+<p¥)

$H (9(X, X)*+g(Y,Y)?)

R(X,0X,Y,0X)+ R(X,0X, X, oY) + R(X,pX,Y, oY)
+R(X,0Y,Y,0X)+ R(Y,pX,Y,pY) + R(X, oY, Y, pY)

+LIR(Y, X, Y,0X) + R(X, 9V, X, 4],

using of (3.8)

=+

—H (29 (X, Y)" + 29(X, X)g(X.Y) +29(X, V)g(¥.Y) + (X, X)g(Y,Y))

= R(X,0X,Y,0X)+ R(X, X, X,0Y) + R(X,pX,Y,0Y) + R(X,¢Y,Y, 0X)

+R(Y,pX,Y, oY) + R(X,9Y,Y, oY) + 3 [9(ApX, pX)g(AY,Y) — g(AY, pX)?
g(ApY, Y )g(AX, X) + g(AX, @Y)Q] ,

Then using (3.13) and Bianchi identity

—H (29 (X.Y) +29(X, X)g(X.Y) + 29(X, ¥V )g(Y,Y) + (X, X)g(¥. 1))
=2R(X,0X, X,pY) —2ag(X, X)g(AX,Y) 4+ 2a9(AX, X)g(X,Y)
—2ag(AX,pX)g(X,9Y) — R(¢Y, XY, pX) — R(X,Y, pY, pX)

+2R(Y, XY, 0Y) — 2ag(AX,Y)g(Y,Y) + 2a9(AY, Y )g(X,Y)
—2ag(AY Y )g(Y,pX)+ R(X,pY,Y,pX) + R(X, pY, X, oY)
+39(AY,Y)g(ApX, pX) — g(AY, pX)? — g(ApY,»Y)g(AX, X)

+9(AX, pY)?]

It then turns to

=2R(X,pX, X, 0Y) + 2R(X,¢Y. Y, pX) + R(pX, Y, X,Y)

+2R(Y, X, Y,0Y) + R(X,0Y, X, Y ) + & [-4ag(X, X )g(AX,Y)
+4ag(AX X)g9(X,Y) —4ag(AX, 0 X)g(X,9Y) — 4dag(AX,Y)g(Y,Y)
+4ag(AY,Y)g(X,Y) — dag(AY, oY )g(Y, pX) + g(AY, Y )g(Ap X, pX)
—g(AY, 9X)? = g(ApY, Y )g(AX, X) + g(AX, pY)?]

because of (3.9) and (3.12). Thus we get

3.14

( 2]%( X, 0X, X, pY) Jr 2R(Y, XY, pY) + 3R(X, Y, Y, pX)
+R(X Y, X,Y) + 529 (AX7 ©X) g (AY,9Y) = 29 (AX, pY) g (AY, pX)
29 (AX,X)g (AY, V)] + 29 (AX,Y)? — 29 (AX, @Y )?
+ag (AX,Y) g (X,Y) + 29 (AX,Y)? + 29 (AX, pX) g (AY, pY)
—4ag (X, X)g(AX,Y) +4ag (AX, X) g(X,Y) —dag (AX, pX) g (X, Y)
—4ag (YY) g(AX,Y) +4ag (AY,Y) g (X,Y) — dag (AY, oY) g (Y, pX)
+9(AY,Y) g (ApX, pX) — g (AY,pX)* — g (AX, X) g (ApY, oY)
19 (AX, @Y)Q]

= —H (29 (X,Y) + 29(X, X)g(X,Y) +29(X, Y )g(Y.Y) + g(X, X)g(¥,Y))

Replacing Y by —Y in (3.14) and summing it to (3.14) we have
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(3.15)
3R

X, @Y, Y,0X) + R(X,Y,X,Y) = —H [2 (X,Y)" + (X, X) g (V,Y)
—g Y. Y

AX,0X) g (AY,9Y) + g (AX,9Y) g (AY, pX) + g (AX, X) g (AY,Y)
AX,Y)? + g (AX,9Y)* +2ag (AX, X) g (Y,Y) — 29 (AX,Y)?

—~

—g(

+9(AX, X) g (AY,Y) — 2ag (AX,Y) g(X,Y) — g (AX,Y)?
—g(AY,9Y) g (AX,pX) — Lg (AY)Y) g (ApX, pX) — g (AY, pX)?
—9(AX, X) g (ApY,0Y) + g (AX, ¥ )’]

By virtue of (3.15) we see

—H |29 (X,9Y)* + 9 (X, X) g (¢Y,0Y)| = =3R(X,Y, 0V, X)
+R (X, Y, X,0Y) — g (AX, pX) g (ApY.Y)

+9 (AX,Y) g (ApY, 0 X) — g (AX, X) g (ApY, pY)
+9(AX,pY)? — g (AX,Y)? — 209 (AX, X) g (V,Y)

+29 (AX, pY)? — g (AX, X) g (ApY,pY)

_2049 (AXa SDY) g (Xv SOY) -9 (AX’ SOY)Z

+9 (ApY,Y) g (AX, 0X) + 5 [g (ApY, Y ) g (ApX, 0 X)

g (ApY, pX)* = g (AX, X) g (AV.Y) + g (AX.Y)*]

=3R(pX, oY, X,Y) + R(X, Y, X, pY)

=29 (AX,pX) g (AY,9Y) — g (AX, X) g (ApY, ¢Y)

+9 (AX,Y) g (ApY, pX) + 29 (AX,pY)? — 209 (AX, X) g (V.Y
+20g (AX,9Y) g (X,90Y) + 5 [9 (ApY, Y ) g (ApX, pX)

g (ApY, pX)* — g (AX, X) g (AV.Y) — g (AX.Y)*]

= 3R(X,Y,X,Y)+R(X,0Y,Y,pX)

+29 (AX, pX) g (AY, oY) — 39 (AX, pY) g (AY, 9 X)
~I9(AX,X)g(AY,Y) + 59 (AX,Y)? — g (AX, X) g (ApY, oY)
+g (AX, <pY)2 —2a9(AX, X) g (Y,Y) + 2ag (AX, oY) g (X, 9Y)
1 |9 (A6Y,9Y) g (49X, oX) - g (AgY, 0X)?]

Because of (3.9), (3.15) and (3.12), After simplication (3.16) follows

—3R(X,Y,X,Y) = SR(X,Y, X,Y) = 4 [20(X,¥)" + (X, X) g (V. )]
+%g(AX,<pX)29(AY,<pY)—%g(AX,soY)g(AK<pX)—%g(AX,X)g(AY,Y)
g(AY)Y) g (ApX,pX) + g (AY,0X)" — 29 (AX, X) g (ApY, ¢Y)

+2ag (AX,0Y) g (X, YY) + 3 [9 (ApY, Y ) g (ApX, pX) — g (ApY, sz)Q}

Therefore by a standard calculation we have
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SR(X,Y,X,Y) = =3H |29 (X, Y )" + g (X, X) g ¢V, V)]
HH [29(X,Y) 4+ 9(X, X) g (Y,Y)] - 49 (AX, 0X) g (AY, 4Y)
+89 (AX, Y) g (AY, pX) + g (AX, X) g (AY,Y)

(3.16) ~59(AX,Y)? - Tg(AX,0Y)” +4dag (AX, X) g (YY)
+20g9 (AX,Y) g (X,Y) + 39 (AY,Y) g (ApX, pX)
—19(AY,pX)* + 3g(AX, X)g(ApY, V)
—6ag (AX,9Y) g (X,9Y) — 5 [g (ApY, pY) g (ApX, pX)
—g (ApY, pX )2}

for any X,Y € D. Replacing X = X + Z in (3.16), we obtain

(3.171)6]% (X,Y,X,Y)+32R(Z,Y,X,Y) + 16R(Z,Y, Z,Y)
—9H [29 (X, V)’ +49(X,Y) g (Z.Y) +2g(2,Y)
+9 (X, X)g (YY) +29(X,2)g(Y,Y)+9(Z,2)g(Y.Y)]
~6H 29 (X,9Y) +49 (X, ¢Y) g (Z,¢Y)

+29(Z,0Y)? + 9 (X, X) g (V,Y) +29 (X, Z)g(V,Y)
+9(2,2) g (Y,Y)] — 89 (AX, pX) g (AY,¢Y)
-89 (AX,pZ) g (AY,9Y) —8g(AZ,pX) g (AY,pY)
=89 (AZ,0Z) g (AY,pY) + 169 (AX, ¢Y') g (AY, pX)
+16g (AX,¢Y) g (AY, 9Z) + 169 (AZ, ¢Y') g (AY, 0X)
+169 (AZ,¢Y) g (AY, 0Z) + 179 (AX, X) g (AY,Y)
+34¢ (AZ,X) g (AY,Y) + 17 (AZ, Z) g (AY,Y)
—11g (AX,Y)* = 22¢ (AX,Y) g (AZ,Y) — 119 (AZ,Y)?
—Tg(AX,Y)? — 149 (AX,¢Y) g (AZ, oY) — 19 (AZ,¢Y )’
+9 (AY,)Y) g (ApX,pX) + 29 (AY,Y) g (Ap X, pZ)
+9(AY,Y) g (ApZ, Z) — g (AY, pX)?
~29 (AY,02) g (AY,pX) — g (AY,02)?
+59 (AX, X) g (ApY, pY) + 109 (AZ, X) g (ApY, ¢Y)
+59(AZ, Z) g (ApY,¢Y) — 39 (ApY, Y ) g (ApX, pX)
—6g (ApY, pY) g (ApX,0Z) — 39 (ApY,¢Y) g (ApZ, 0 Z)
+ 69 (ApY, pX) g (ApY, pZ) + 39 (ApY, pZ)°
g(Y,Y)+ 169 (AX,2) g (Y,Y)+8g(AZ,Z) g (Y,Y)
X,Y) 449 (AX,Y)g(Z,Y) +49(AZ,Y) g (X,Y)

) g
+3g (ApY, pX)?
+a[8¢ (AX, X)
+4g (AX,Y) g(
+49(AZ,Y) g(Z,Y) =129 (AX, pY) g (X, pY) — 129 (AX, pY) g (Z,¢Y)
—129 (AZ,pY ) g (X, YY) =129 (AZ, YY) g (Z, pY)]

If we replace Y =Y + W in (3.17) again and use (2.6) ,then we obtain
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16R (XY, Z,W) +32R (X, W, Z,Y) + 16R (X, Z,Y,W)
= H129 (X’ Y)g (Zv W) - 129 (X7 @Y) g (Za (pW)
=249 (X, W) g (Z,pY) —129(X, Z) g (Y, W)
+129 (X, 92) g (Y, oW)] + 39 (AX, pZ) g (AY, W)
=39 (AX,9Y) g(AZ,oW) — 129 (AX, pZ) g (AW, Y)
+12g (AX, oY) g (AW, 0Z) — 129 (AZ, pX) g (AY, W)
+12g (AY, pX) g (AZ, W) — 39 (AZ, pX) g (AW, pY")
+39 (AY, 0 X) g (AW, ¢ Z) + 159 (AX, W) g (AY, pZ)
—15g (AX, W) g (AZ,pY) + 99 (AZ, Y ) g (AW, pX)
=99 (AY, 0Z) g (AW, 9 X) + 459 (AX, Z) g (AY, W)
—459 (AX,Y) g (AZ, W) 4+ 29 (ApX,0Z) g (AY, W)
=29 (ApX,9pY) g (AZ,W) + 109 (AX, Z) g (ApW, oY)
—10g (AX,Y) g (ApW, pZ) — 99 (Ap X, pZ) g (ApY, pW)
+99 (ApX, oY) g (ApZ, oW) + a [14g (AX, Z) g (Y, W)
—14g (AX,Y) g(Z,W) 429 (AZ,W) g (X,Y)
—69 (AX,9Y) g(Z,pW) =129 (AX, W) g (Z,¢Y)
—69 (AZ,pY) g(X,pW) — 69 (AZ, W) g (X, pY)
=29 (AY, W) g(X,Z) + 69 (AX,¢Z) g (Y, pW)
+69 (AY, 0Z) g (X, W) + 69 (AY, oW) g (X, pZ)]

and by using Bianchi identity and (2.6) we have

ASR(X,W,Z,Y) = H([129(X,Y) g (Z, W)
—129 (X, 9Y) g(Z, W) — 249 (X, oW) g (Z, ¢Y')
—129(X, Z)g(Y, W) + 129(X, 0 Z)g(Y, W]
+39 (AX, 0Z) g (AY, pW) — 39 (AX, oY) g (AZ, W)
—12g (AX, pZ) g (AW, ¢Y) + 129 (AX, Y ) g (AW, 0Z)
—129 (AZ, 9 X) g (AY, W) + 129 (AY, X)) g (AZ, W)
=39 (AZ,0X) g (AW, ©Y') + 39 (AY, pX) g (AW, 0Z)
+159 (AX, W) g (AY,¢Z) — 159 (AX, oW) g (AZ, Y)
+99 (AZ,¢Y ) g (AW, 9 X)) — 99 (AY, pZ) g (AW, p.X)
+249 (AX,Z) g (AY, W) — 249 (AX,Y) g (AZ, W)
(3.18) +36029 (X,Y) g(Z,W) — 36029 (X,Z) g (Y,W)
+all4g (AX, Z) g (Y, W) — 149 (AX,Y) g (Z,W)
+29(AZ, W) g (X,Y) — 69 (AX,0Y) g (Z,oW)
—129 (AX,oW) g (Z,¢Y) — 69 (AZ,¢Y) g (X, W)
—69 (AZ, W) g(X,9Y) — 29 (AY,W) g (X, Z)
—49(X, Z)g(AY, W) 4+ 69 (AX, ¢Z) g (Y, W)
+69 (AY, 9Z) g (X, W) + 69 (AY, oW) g (X, 0Z)
+49()(7 Y)g(sz W) - 209(Y7 W)g(AXa Z)
+20g(W, Z)g(AX,Y) — 18¢(X, Z)g(AY, W)
—18¢9(AX, Z)g(Y,W) + 189(AX,Y )g(Z, W)
+189(X,Y)g(AZ, W)]
where X,Y,Z, W € D. Here, X is an arbitrary vector field on M. Also we can
write
X =X"+n(X)E
where, X7 determines the horizontal part of X. We have all vector fields X,Y, Z, W
on M.
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W8R(X,Y, Z, W) =48R(XT, YT ZT WT)

HA8(X)R(E, YT, ZT W) +48n(Y)R(XT, ¢, 2T, WT)
+48(Z)R(XT, YT ¢, WT) + 48n(W)R(XT, YT, ZT ¢)
FA8n(X)n(Z)R(E, YT, &, WT) + 48n(X)n(W)R(E, YT, Z7,€)
FA8(Y)In(Z)R(XT,&,6,WT) + 48n(Y)n(W)R(XT, ¢, Z7,€)
Then if we use

48R(X,Y, Z,W) = H [129(X,W)g(Z,Y) — 121 (X)) n (W) g(Z,Y)
—12n(Y)n (2) g(X, W) — 129(X, W) g(Z,pY ) — 249(X, pY)g(Z, W)
—129(X, Z)g(W,

Y)+120(Y)n(W)g(X, Z) + 120(X)n (Z) g(W,Y)
+129(X, 0 Z)g(W, oY )] + 39(p X, Z)g(eW,Y) — 39(p X, W)g(vZ,Y)
—129(pX, Z)g(Y, W) 4+ 12g(0 X, W)g(¢Y, Z) — 129(pZ, X )g(¢W,Y)
+12g9(eW, X)g(pZ,Y) — 3g(pZ, X)g(pY, W) + 3g(oW, X)g(pY, Z)
+159(p X, Y)g(eW, Z) — 15g9(¢ X, Y )g(pZ, W) + 99(¢Z, W)g(4Y, X)
=99(eW, Z)g(¢Y, X) + 249(X, Z)g(W,Y) — 24n (W) n (Y) (X, Z)
=240 (X)n (Z) g(W,Y) = 249(X, W)g(Z,Y) + 240 (Z)n (V) g(X, W)
(3.19)  +24n(X)n (W) g(Z,Y) + 369(X,W)g(Z,Y) — 360 (X)n (W) g(Z,Y)
=36n(Y)n (2) g(X, W) — 369(X, Z)g(W,Y) + 360 (Y)n (W) g(X, Z)

+361 (Z)n (X) g(W,Y') + 249(X, Z)g(W,Y) — 24n (X)n (Z) g(W,Y)
=240 (Y)n (W) g(X, Z) — 249(X, W)g(Z,Y) + 24n (X)n (W) 9(Z,Y)
+24n (Y)n(Z) g(X, W) = 249(Z,Y ) g(X, W) + 24n (Z)n (Y) g(X, W)
+24n (X)n (W) g(Z,Y) — 69(p X, W)g(Z, oY) — 12g(p X, Y )g(Z, pW)

(
—69(0Z, W)g(X,pY) —6g(0Z,Y)g(X, oW) + 249(X, Z)g(W,Y)
=24n (W) n(Y) g(X, Z) — 240 (X)n (Z) gW,Y) + 69(¢ X, Z)g(W, pY")
+69(eW, Z)g(X, pY) + 69(eW,Y)g(X, pZ)] + 48n(X)n (Z) g(Y, W)
—48n(X)n(W)g(Y, Z) — 48n(Y)n(Z2)g(X, W) + 48n(Y )n(W)g(X, Z)

from (3.10), we get

+a?[1=3n]g(Y,Z) —a®[L+n]n(Y)n(Z)
(3.20) o (2— 4n) g (9Y,hZ) + 2 (2) 3 P,

=20 (Y)Y Py (Z,Ef, Ef) + 20 (Y)n (Z2) 3. Py (& Ej, E)

—4P, (§,Y, Z)
for all vector fields X and Y in M where {e;} (i =1,2,...,2n + 1) is an arbitrary

local orthonormal frame field on M since the trace of h vanishes,from (3.20),we
have for the scalar curvature

T=n(n+1)H —na® [l - 3n] - 2T7r(h?)

4. A CLASS OF ALMOST COSYMPLECTIC MANIFOLDS ®

There are two typical examples of contact manifolds;one is formed bye the prin-
cipal circle bundles over symplectic manifolds of integral class (including the odd-
dimensional spheres)and the other is given by the unit tangent sphere bundles.
The former admit a Riemannian metric which is Sasakian concerning the latter,in
(15),it was proved that the associated CR-structure of a unit tangent sphere bundle
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T1 M with standard contact Riemannian structure is integrable if and only if the
base manifold is of constant curvature. Here,we note that the unit tangent sphere
bundle of a space of constant curvature satisfies

(4.1) g (Vxrh)YT, ZT) = 0.

Now we consider a contact Riemannian manifold whose structure tensor h satisfies
(4.1)and (3.4) simultaneously. Then we have,

0=g((Vxr)Y",Z") = g (Vx_yx)e)(Y =0 (Y) & Z =0 (2)€)
=9((Vxh)Y,Z) —n(X) g (Veh)Y, Z) —n (V) g (Vxh)§, 2)
—1(2)g(Vxh)Y,€) + )n(2) g (Vxh)§, §)

n(X)n(Y)g (Ve )5 Z) + (Y 7 (
+n(Z)n(X)g((th)Y7€)—T}(X)TI(Y)U(Z ((th)ﬁ,é)

From the above equation ,by using(2.6),(2.7) and using(3.4),we have

(Vxh)Y =n(X) [-olY — a?pY — 2ahY — ph*Y]

(4.2) —n(Y) [OchX + goth] —g (ahX + <ph2X, Y) §

moreover from (4.2) we have

i3 P(X.Y) = —n(X) [-¢lY — a’pY — ahY]

(43) + (V) [~0lX — a®pX — ahX] — 29 (ph*X,Y) €
P, (X,Y) = n(X) [-IY + a?¢?Y + aphY]
—n (V) [-1X + a®p®X + aphX]

for any vector fields X and Y now we define a (1,2) tensor field @ (X,Y) by

Q1 (X,Y) = (Vxh)Y —n(X) [-¢lY — a?pY — 2ahY — ph?Y]
+n (Y) [ahX — ph®>X| + g (—ahX + ph?X,Y) &

(4.4)

Definition 4.1. The class © is given by the spaces of almost a-cosymplectic man-
ifold with Kaehlerian integral submanifolds satisfying )1 = 0, that is,

D={(M*" ", 6,€,1m,9) - Q1 = 0}
We can see that this class © is invariant under D-homothetic deformations [21].

Lemma 4.1. Let M be a space € ® then the eigenvalues of h are constant.

5. SCHUR TYPE THEOREM

Theorem 5.1. Let M be an almost a-cosymplectic manifold with Kaehlerian leaves
belonging to the class ®. If the p—sectional curvature at any point of M is indepen-
dent of the choice of p—section, then it is constant on M and the curvature tensor
is given by

4R(X,Y,Z,W) (H+3a )[ ( ) )g( 7Y)—g(X,Z)g(VV,Yﬂ

—(H +?) [n(X)n (W) g(Z,Y) +n(Y)n(Z) g(X, W)

+29(X, oY )g(Z, oW) — 1 (Y) n(W)g(X,Z) —n(X)n(Z) g(W,Y]
(5.1) +(H — o?) [9(X,02)g(W, oY) — g(X, oW)g(Z, pY]

©
—9(AX, 0Z)g(AY, W) + g(AW, p X )g(AZ, pY)
—9(AZ, X )g(AW, pY) + g(AX, oW )g
+29(AX, Z)g(AW,Y) — 29(AX,W)g(AZ,Y)





222 GULHAN AYAR, MUSTAFA YILDIRIM AND NESIP AKTAN

—29(AX, Z)g(W,Y) +2n (Y)n (W) g(AX, Z)
o | T2IAXW)Y(ZY) =29 (Y) 1 (Z) g(AX, W)
+29(AZ,Y)g(X, W) = 2n (X)n (W) g(AZ,Y)
—29(X, Z)g(AW,Y) + 21 (X) 1 (Z) g(AW,Y)
—8an(Y)n(W)g(phX, Z) + 4an(Y)g(phW, X)
—8an(X)g(phZ,Y)
=8n(X)n (Z) g(IW,Y') + 8n(Y)n(W)g(IX, Z)

+8n(X)g(1Z,Y) — 4n(Y)g(IX, Z) — 4n(Y)g(IW, X)
(Z)g(*W,Y)

(¢*2,Y) = 8a”n(Y)n(W)g(¢* X, Z)
Y)g(@*W, X) + 40?n(Y)g($*Z, X)

+60’n(Y)n(W)g(X, Z) + 6a*n(X)n (2) g(Y, W)
for all vector fields X, Y, Z, W in M .

Corollary 5.1. Let M be an almost a-cosymplectic manifold with Kaehlerian leaves
belonging to the class ®. If the p—sectional curvature at any point of M is inde-
pendent of the choice of p—section, then Ricci and scalar curvature are given as
following

(5.2) 25(Y,Z) = [(n+ 1) H +a*(5-3n)|{g(Y,Z) —n(Y)n(2)}
' +2Tr ()n(Y)n(Z) +4g (1Y, Z) + a (4n — 2) g (¢Y, hZ)
(5.3) r=nn+1)H+a’n(5—3n)+3Tr (1)

Proof. From (4.3) and by using (2.14) and Lemma 4.1, we have

2(VxS) (Y, 2)=[n+ 1) X (H)[{g(Y.Z) —n(Y)n(Z)}
+2Tr (1) = (n+ 1) H[{n(Z) g (Y,Vx&) —n(Y)g(Z,VxE)}
+4g9 (Vx1)Y, Z),
which yields
(5.4)
>2(Vg,S) (Y, Ep) = Z[(n+1) i (H)]{g (Y, Ej) —n(Y)n(E})}
+2 2T (1) = (n+ 1) H] {n (Y (valﬁ) ()(Y,vEff)}
+Z4g((VEIl)YE)
=(n+ )Y E;(H)g(Y,Ej) —(n+1)EH)n(Y)+> 49 (Ve 1) Y, E}) .

by the well-known formula
(Vx7) =232 (Vi S) (X, Bj) .

for any local orthonormal frame field {F;} (i = 1,2,...,2n 4+ 1) and by using (5.3),
(5.4) and Lemma 4.1, we have

(n+1){XH — (6H)n(X)} = 2n(n+ 1) X H.
This says that £¢H = 0 and (n — 1) XH = 0 .Since n > 1,we see that H is con-
stant,say c. by applying (4.2) (4.3) and (4.4) in Proposition 3.2, we obtain (5.1) O

Definition 5.1. A complete and simply connected almost a-cosymplectic man-
ifold of class ® with constant ¢—sectional curvature is said to be an almost a-
cosymplectic space form.
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And then, from the proof of Proposition 3.2 and Theorem 5.1, we have,

Theorem 5.2. Let M be a complete and simply connected almost a-cosymplectic
space belonging to the class ®. Then M is an almost cosymplectic space form if
and only if the curvature tensor R is given by (5.1).
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COMPARISON OF OPEN SOURCE SOFTWARES IN
MATHEMATICS EDUCATION

ERDAL OZUSAGLAM AND PELIN POSPOS TEKIN

ABSTRACT. Most of the Universities in the world widely use open source soft-
wares in education for teaching mathematics. In education using computer of-
fers to provide opportunities applications of mathematics. OSS (Open Source
Softwares) are Maxima, Octave, Sage, Xcas, Edubuntu respectively. In this
article, free and open source CAS software were compared in mathematics
education.

1. Introduction

It is observed that the method of using technology in education changes con-
stantly today. While technological tools such as calculator and computer were
considered as materials which can be utilized in improving mathematical communi-
cation and reasoning of students in 1991 in line with reports of the council (NCTM
“Professional Standards for Teaching Mathematics”) established by mathematics
teachers upon these changes, report entitled “Principles and Standards for School
Mathematics” (NCTM, 2000) which was published in 2000 accepted these tools
as one of the fundamental principles of high-quality mathematics education. It
is indicated in this report that technology is one of the principal tools in learn-
ing and teaching of mathematics and it can contribute to in-depth comprehension
of mathematics by students by improving their learning if used appropriately in
mathematics courses (MoNE, 2009).

All technologies utilized in realization of such processes as processing, produc-
tion, storing, using and sharing information are called as “Information Technol-
ogy”. As it is known, these technologies in question are also based on computer
technology. Thus, information technologies in mathematics education mean teach-
ing mathematics by using computer-based cognitive tools very specifically. This is
called “Computer-Aided Mathematics Education” (Baki, 2002).

Another property of computer which is more important than being an effective
calculation tool is its ability to concretize the abstract mathematical concepts in
electronic media. Therefore, this new technology has not only made calculation

2000 Mathematics Subject Classification. 53D10, 563C15, 53C25, 53C35.
Key words and phrases. Open Source Software, comparison, mathematic education.
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and graph-drawing easier but has also changed nature of important problems in
mathematics and research methods of mathematicians. Computers are also used in
mathematics for such purposes as teaching some subjects, formulizing some algo-
rithms, making some operations and carrying out solution, analysis and researches.
In this sense, computer plays the role of a bridge where the mathematician can
bring his/her knowledge and skills to the forefront (Baki, 2002).

The main purpose of computer aid in mathematical education is elimination by
teachers and students of their future concerns by using the new advancing tech-
nologies and teaching methods. However, in order to achieve this, first of all it has
become inevitable for mathematics teachers to be informed of information tech-
nologies, follow the developments and therefore apply them in class environment in
the current century (Oziisaglam, 2001).

In short, Open Source Programme is the name given to the roof under which
programmes mostly distributed freely are gathered and where source code of the
software can be obtained by those who desire. The best-known ones include Linux,
Libre Office, GNU and Debian.

Today, usage of open source software becomes increasingly common in various
education fields. Open source programmes can be used in network field of educa-
tional institutions (Network, Mail and Web Servers, Firewall etc.), administrative
and academic desktop and office software (Open Office, Libre Office, multimedia,
Web Browser etc.) and thirdly, in education and training as educational tools. As
well as Octave (Erdal et all 2009), Excel (Erdal et all, 2009), Edubunda (Erdal
and Ali, 2009) programmes, which are used commonly in mathematical education
field, usage of MAXIMA and XCAS programmes which will be strong alternatives
for programmes with high licence fees such as Maple and Mathematica on CAS
(Computer Algebra System) platform can be deemed indispensable.

It is known that in mathematics education, using concrete expressions instead
of abstract ones is the way to help students at every educational stage to enjoy and
learn mathematics easily. In this context, it is emphasized that not replacement of
teachers by computers, which was discussed in the past, but on the contrary, guid-
ance role of teachers in computer-aided education is inevitable. Through computer-
ailded mathematics education, mathematical operations are concluded much faster;
new information is obtained and mathematics courses are rendered more interesting
by using graphs, sounds, animations and shapes. In this way, students can solve
the problems they have identified step-by-step and reveal their mistakes through
practice with the programmes with which they will be provided. Thus, concepts
are learned by a more effective method and students can assess their individual
performances. These facilities provided by computer-aided mathematics education
are the most significant gains (Oziisaglam, 2004).

Among the most important reasons for Open Source Software to be used in
education are its simple installation, easy usage and the fact that it allows users
at every level to carry out all mathematical operations easily. As an alternative
for license fees, it offers, as a solution, free and easily comprehendible programmes
which can improve institutions in such a way that they make profit economically
and which can constitute an equivalent of all educational applications.

There are most popular mathematical softwares that are used in mathematics
education. We should not forget that we will benefit in terms of the country’s
economy there is in alternative solution which is open source software.
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Therefore the technology can strengthen students learning process by presenting
content numerically, graphically, as well as symbolically without extra burden of
spending time to calculate the complex computational problems by hand. Moreover,
integrating technology into a mathematical courses will increase awareness among
the students and help them to evaluate and correct themselves. Instead, the main
aim in use of technology should be to enrich students’ learning process by providing
interactive experience. The CAS (Computer Algebra System) which are Maxima,
Sage, Octave, XCAS, Edubuntu and Geogebra have been used to teach Calculus,
Algebra, ODE, Geometry, Linear Algebra, as well as many mathematical topic.

Using Computer Algebra System’s tools support the student to understand
mathematics easily and gain some skills. Therefore the main objectives of this
paper as follows:

(i) Using OSS in mathematics education to carry out the necessary computa-
tional calculations and to draw the students’ attention to focus on strategies.

(ii) To provide collaboration among the students in the completion of their as-
signment and projects.

2. Open Source Softwares in Mathematics Education

The term OSS ”Open Source Softwares” refers to something which can be
modified and distributed. Because OSS’s design is publicly accessible. The OSS
developer-user who both uses the softwares and contributes to its development.

OSS that must be distributed under a free license that redistribute, modify, and
use the software. There are many licence agreement which are GPL (General Public
License which use very common OSS Licence) , MPL (Mozilla Public License) and
BSD (Berkeley Software Distribution License

CAS (Computer Algebra Systems), which are Maxima, Sage, Octave, XCAS,
Edubuntu and Geogebra effectively material for teaching and learning mathematics.
Many research show that Open Source Softwares can be used to encourage to solve
applications of mathematics, learning in class and their visualization features can
be effectively employed in teaching to generate conjectures (Lavicza 2006, Kreis
2004).

Open source Softwares us efor mathematics learning from primary scholl to the
university.

Licenced Software has source code which can’t be modified by anyone. This
kind of software is called ” closed source software ” or ” licenced software ”. Maple,
Mathematica and Matlab are examples of licenced software. To use software, com-
puter users must agree that they will not do sharing.

OSS have many facilities such as,

Graphical and Computer Algebra and Numeric representations of objects, Pow-
erful Commands Flexible Nice Graphical User Interface (GUI) and Easy-to-Use
Java-based (IPad or Android platforms) Large Amount of Educational Applica-
tions Open Source and Free

for teachers to implement their pedagogical ideas; for students to explore and
create understandings for themselves. Moreover, there are many advantages and
disadvantages during using OSS, advantages are
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e Using OSS solutions with zero licence cost allowing you to focus budgets
on other areas,

Free licence administration and easy to updating software,

Most of OSS supported on Windows and Linux platform,

Easy to installation,

Goverment, Universities Community Project capable individuals all release
software for other to improve and use

e More control of overall IT strategy

e Open Source Promotes innovation and ensure customisation and

and There are barries to overcome,

All IT needs support and the education sector has limited budget
There is generally less support in the business space for OSS

Too much software — how to choose what is useful

e Users expectations — Personality using (Open Office versus MS Office)

0SS, just like any other but free of licence cost. OSS that come with licence
that provides their users with certain freedoms (to use, to copy, to view, to modify,
to redistribute). OSS use in many way in Institue,

Infrastructure: E-mail, firewall, desktop

Administration: Learning Manegement Sys, Distance Education, School Tool

Applications: Open Office, Qcad, Scribus

System Software: Open LDAP, Statistics, Network Monitoring

OSS offer many benefits to the mathematics education. By using OSS, many
mathematicians and students can develop software that can be used and improved.
m

Nowadays, there are many popular technological OSS tools which are commonly
used in mathematics education. A number of CAS packages for courses are available
such as Maxima, XCAS, Sage,
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Edubuntu

Edubuntu is powerful and cost-effective education platforms for schools bring
education into 21st century Designed for fast and easy setup without technical
expertise, delivers the effective Linux Terminal Server Project (LTSP)

Applications to;

Kids : Pre-School aged children should have educational and full games and
activities, (TuxMath)
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Teacher: The tools teachers need to manage their class should be easily installed
and usable with minimal worry. Student : Students, K-12 and beyond, should have
the best open source educational software available

Personality : Full Office suite, Instant Messaging, graphing app., sound and
videos.

Among these for first and secondary schools include different educational and
scientific software. This software, as well contribute to the child’s learning and
intelligence, as well as course work becomes more enjoyable.

A version of Ubuntu for Education Includes extra programs useful in the class-
room.

Edubuntu is to be the administrative center of the configuration in the classroom,
learning and design process, creating cooperation with educational institutions.

. LibreOffice ( Writer(Word), Calc(Excel), Impress(Power Point), Draw (Paint),
Base (SQL), Math (MS Equation)

) Educational Programs: Gcompris, Kalzium, Kanagram, Kbruch, Khang-
man, Kig, KmPlot

° Also Internet browser Mozilla and e-mail software provider is Thunderbird.

Maxima

This, free software had an earlier incarnation, Macsyma. Developed by Mas-
sachusetts Institute of Technology in 1960’s, it was maintained by William Schelter
from 1982 to 2001. In 1998, Schelter obtained the permission to release MAXIMA.
It is a computer algebra system, distributed under the General Public License. It
has, both, capability of symbolic , as well as numerical operations. Subsequently,
he released the source code to the world later that year. Since his passing in 2001,
a group of MAXIMA enthusiasts have continued to provide technical support.

Content of Maxima Arithmetic, Algebra, Calculus, Matrix Calculations, Plot-
ting 2D-3D, Linear algebra





ERDAL OZUSAGLAM AND PELIN POSPOS TEKIN

wxManirms 12,00, 0 | unsaved®

Ble Edt Cefl Madma Equations Algebra Caloulus Simplfy Plot Humen: bele

O %1

wxMaxima 12.04.0

race lor the
]

% u graghical us
#d on wetdidgats.

Credes 2 glose

Paady for user imput

welcome to weMaxima
-
Ble Edt Tabs Help

There are several application of Linear Algebra as follow (matrix, echelon form,

transpose, etc.)

| 1,21-[2:5]1) ¢ ] 1,2,2),[2,4, )
) ]
2 5 o
g r i P r (45 ) 5 ]
- |
3 ) 2
]
1%) transpeosge(a)
4 ~ A i 2
41
= ) 2 4
iz 29 >






COMPARISON OF OPEN SOURCE SOFTWARES 231

Decdleben Lagn jrg-gab

File Edit View Perspectives Options Tools Window Help
e e —— =
| | - _!/ | % Lj Ol (00 Pl AN ++ | Move: Drag or select objects (Esc) u
Algebra &0 | Graphics BE0 | gpreadsheet o o)
Free Objects 1|l <~ A B
2 A=(4,2) ’ 1| -
Dependent Objects ; 3
3 B = [4.84,4.02) 81
3
4
.I‘. 5
6
" 7
8
ol 9
4 2 0 2 4 ] 10
1
2 12
13
| 14 g
< » 41 « ¥
Input: LI c

Geogebra

GeoGebra is dynamic mathematics and geometric software which is use in teach-
ing geometry, mathematics, algebra, statistics, calculus in class. It was developed
by Markus Hohenwarter, at the University of Salzburg in 2002, and international
team of programmers. They did a brilliant jod and we as mathematics teachers
and lecturers must salute them.

In Geogebra software includes, points, vectors, line, polygons, lines, all conic
sections and functions in x, dynamic constructions, coordinates, equations, num-
bers and commands, easy-to-use interface, multilingual menus, commands, help,
Midpoints, Angle bisectors, Perpendicular bisectors, Transformations, Conjecture
/ proof.

Octave

It was developed by J. W. Eaton in 1988. Octave is freely redistributable, open
source software in undergraduate school. Octave includes high-level programming
languages, numerical computations. solving linear and nonlinear equations numer-
ically, Matrix arithmetic, Graphical output — 2D and 3D. To start Octave type the
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shell command octave. You see a message then a prompt:

» dfdx: differentiate(f,x)

tan (@) + 1
Type: Expression Integer

— P: integrate(fesqrt(l+=dfdx—2),x)

p—— Y

% 4 +1 4 con (m) + 1
—log| 2cosix)"y/ = 2008 () +1 |+2 ——
YV eeaimy VYV eesin)

Type: Union(Expression Integer,...)

— F2: differentiate(P,x)

(cos (=) + 1]1'::1 (=)

s '.C
cos(a)’y Type: Expression Integer

» simplify(F2)

ype: Expression Integer
— F3: ran(x)szqre(l+sac(x)-4)

/ =
tan (aly/ses(x)” +1

Axiom

Axiom is a general purpose Computer Algebra system. It is useful for doing
mathematics by computer and for research and development of mathematical algo-
rithms. It defines a strongly typed, mathematically correct type hierarchy. It has
a programming language and a built-in compiler. Axiom has been in development
since 1973 and was sold as a commercial product. It has been released as free
software.

This software to; develop a better user interface, make it useful as a teaching
tool, develop an algebra server protocol, integrate additional mathematics, rebuild
the algebra in a literate programming style, integrate logic programming, develop
an Axiom Journal with refereed submissions.
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Xcas

Xcas is a main computer algebra system. It can be use Windows, Mac OS X
and Linux-based operating systems. It has developed by Bernard Parisse. It has
written in C++ and it has a general public licence. It is suitable for the use of
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the secondary education, under graduate and graduate. It has the main menu,
Equation, Calculus, Simplify, Aritmetic and Linear Algebra. It is a program that
can be used for Function operations, 2D and 3D graphics, spreadsheets statistical
computation and programming.

It has the main menu, equation, calculus, simplify, aritmetic and linear algebra,
plot 2D and 3D, spreadsheets statistical computation programming. In addition,
there are applications of high school 9, 10 and 11 class topic. Multivariate, poly-
nomial multiplication, division operations, includes fast algorithms commonly used
for transactions.

Let us examine the visual examples presented calculations associated with point
range, surface graphics, calculus, limit account, force expansion and basic calcula-
tions.
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Sage

SAGE is free, open source math software that supports research and teaching in
algebra, geometry, number theory, cryptography, numericl computation and related
areas. Both the sage development model and the technology in sage itself are dis-
tinguished by an extremely strong emphasis on openness, community, cooperation,
an collaboration: we are building the car, no reinventing the wheel. The overall
goal of sage is to create a viable, free, open source alternative to Maple, Magma
and MATLAB.

Designed for use with algebra, calculus, elementary to very advanced number
theory, cryptography, commutative algebra, group theory, combinatorics, graph
theory, exact linear algebra and many others. Graphical front-end to local (or
remote) Sage web server via AJAX and jsMath. Object-oriented, user extensible
Python environment interface to third-party software such as Mathematica, Maple
and Magma, Support Linux and Windows.
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TABLE 1. According to Platforms, Licence Type, Education of Levels

Software 0S Download & Document | Licence Type Platform Specified Tovel Document
Tinux, Primary, High,
Windows , ‘, Undergraduate i
Geogebra MAG www.geogebra.com Free GPL Java, HTML DGS e Online
Android School
Linux, ary, High,
Maxima \}}\‘g‘l‘g‘s}j www.sourgeforge.net Free GPL Common Lisp Lang. CAS. DGS i 11”:: Online
Solaris
Tinux, . High,
XCAS Aamdows | www-fourier.ujf-grenoble fr | Freo GPL C+ Progr. Lang. cAs peraduate Online
Solaris School
Tigh,
Octave Linux, octave.en.softonic.com Free GPL Compatible with Matlab Algebra and Progr. E:?ff“flfl“ﬁ‘i“ Online
School
P— i@;tc(ln‘nl’af)l'l. Figh
Sage MAC www.sagemath.org Free GPL | Pyhton and Cuthon Progr.Lang. cAS e ate Online
Solaris »(End Graduate
School
Tinux, Secondary, Tigh,
Maple \}?\‘(‘,“1‘]’3‘2‘]) www.maplesoft.com Private Licenced C Progr. Lang. CAS, DGS il Gt Online
Solaris School
A Secondary, High,
Linu, . ;
Mathematica | Windows www.wolfram.com | Private Licenced Ct+. C, Java CAS, DGS Undergraduate Online
MAC :1(11(‘1( Glrad\mm
School

TABLE 2. According to Functionality of Calculus, Geometry, Al-
gebra, Linear Algebra, Tensor

DO
o

Algebra | Linear Algebra | Tensor
+
+

Software Calculus
Geogebra —
Maxima,
XCAS
Octave
Sage

Maple

Mathematica

+|+

+|+|+] |
+|+ [+ ||+ +]+
+ |||+ S
+|+ [+ |+ ||+
+ |+ [+ |+ +[+]+
+|+[+]

bk

After introducing each software in general, their functionalities, operating sys-
tem, Platform, Education of Levels, Funcionality according to (Calculus, Graphing,
Algebra, Linear Algebra, Tensor), usability are compared in Table 1 and Table 2.

DGS: Dynamic Geometry System, OS: Operating System, CAS:Computer Alge-
bra System
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3. Applications of OSS in Linear Algebra

In this section, all operations of especially matrix algebra which are basic op-
erations of Linear Algebra are carried out from “Algebra” menu. Applications
pertinent to matrix writing, inverse matrix, determinant calculation, transposition
of a matrix, characteristic polynomial of a matrix given and an additional ma-
trix and calculation of eigenvalue and eigenvector linked to this polynomial can be
conducted under this menu (Figure 1).

Feady for user inpuk

Enter a matrix

Figure 1: The sub-menus where we can carry out mathematical operations under
algebra menu of Maxima

“Enter Matrix” sub-menu is selected from “Algebra” menu for entry of matrix
data in matrix applications of Linear Algebra section and matrix’s name (can be
preferred when programming will also be used), row and column numbers are en-
tered from Figure 1 screen.

@ waMaxima 12.04.0 | unsaved |

T —

smeric  Help

"

T

I’:&' ;.Q\!: ._i 5@“
—
Rows: 3
Columns: 3
Type:
general
Name:  dagonal
Symmetric
antsymmetric
[« Cancel

For example, image of A matrix entered in 3x3 type is given.
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File Edt Cell Masma Equations Algebra Caloulus  Simplify Plot Numeric Help
By & A0 & O 2]

(%il) A: matrix(
[, 3%, x"2+1]),
(x=2, 6=x, 0],
[2*x=5,x"2=x, x*3]
1i

x Ix xe1
(301) | x=2 6=x ©

2x-5 x*-x x°

Fieady for Ler input

Let’s show entry, transposition, inversion and determinant calculation operations

3 -1 0
of square matrix of 3 x 3 type givenas A= |2 1 =3|;
0 -1 2

a Equations Algebra Calculus  Simplity  Plot  Mumeric  Help
0O c @ @
P (%i1) A: matrix( =
[3,-1,0],
[2,1,-3],
[0.-1.2]
| ):
3 -1 0
(%o1)|2 1 -3
o -1 2
(%i3) Iransposa(%):
-1 -4 -2
(%03)|2 & 3
3 9 5
7 s . : =
(%ei1) A: matrix(
[3,-1,0],
[2,1.-3].
[0,-1,2]
3 -1 0
(%o1)|2 1 -3
0 -1 2
= el
(%i2) invert(%),
=1 2 3
(%o2)|-4 68 9
-2 3 3
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” (%i1) A matrix(

[3.-1.0],
[2,1,-3],
[0,-1,2]
);
3=k 0
(%o1)|2 1 -3
0 -1 2
(%i4) determinant(%);
(%od) 1

7

Ready for user input

Figure: Screen of linear algebra application operations performed from Algebra
menu

A characteristic polynomial entered for matrix operations, which is among linear
algebra application subjects, and accordingly, eigenvalue and eigenvector values can
also be calculated.

In operations depending on calculation of determinant of a matrix entered, it
gives warning in calculations depending on the determinant value in the event that
determinant of the matrix entered is zero as it is shown in figure 7.

invertc (%) ;
axpt: undefined: 0 to a negative axponent.
-- an errer. To debug this try: debugmede (true);

Figure 7: Warning screen as the determinant result is not significant for calcu-
lations

4. Result

Usage of OSS in mathematics education has created a very effective learning
environment. In this context, the fact that these software have GPL (General
Public License), they are free, and that their source codes can be developed by users
on the basis of volunteerism constitute the valid grounds for preference. It is also
an advantage that language of these software can be translated into any language
by mathematicians engaged in software subject. In addition, we emphasized the
increasingly important role of free open-source software packages for mathematics
teaching world-wide. Open-source packages do not only offer opportunities for
teachers and students to use them both at home and in the classroom without
any restriction, but they also provide a means for developing support and user
communities reaching across borders. CAS has been suggested that these systems
will benefit K12 education to postgraduates in mathematics, geometry.
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As a consequence, free and open source CAS software were compared in mathe-

matics education and it was proven that Maxima, Xcas and Sage software was able
to compete with Maple and Matlab software, which are most-commonly known ones
among mathematics software in the sector. Furthermore, when country’s economy
is considered, economical usage of sources and their effective utilization in mathe-
matics education give rise to finding a valid reason for not using Maxima.

(1

[9)
[10]

(11]
(12]
(13]
14]

[15]
[16]

REFERENCES

Ozﬁsaglam E., Pogpos P. ve Atalay A., 2010. Matematik Egitiminde Agk Kaynak Kodlu
Yazilim: Octave” 9. Matematik Sempozyomu, KTU, Trabzon.
(")Ziisaglam E., Dikici E. ve Pogpos P., 2012. Matematik Egitiminde Alternatif Bir Yazilim:
Maxima,, 11. Matematik Sempozyumu, Samsun.
Baki, A., 2002, Bilgisayar Destekli Matematik, Istanbul Bitav Yayinlari.
E. Oziisaglam, G.Biger, A. Atalay, P. Pogpos, 1st International Eurasian Conference on math-
ematical Sciences and Applications Konferans: ”Open Source Softwares in Mathematics Ed-
ucation”, 269 pp., Prigtine, Kosova, Eylil 2012.
E. ('jziisaglam7 Web Tabanhh Matematik égretimi ve Ders Sunum (.f)rnegi, Pamukkale
Universitesi Egitim Fakiiltesi Dergisi, Vol.21, 33-43, 2007.
Baki, A. Bilgisayar Destekli Matematik istanbul: Bitav Yaymlari, 2002.
(")ziisaglam7 E., Mathematica Destekli On-line Matematik Dersi Sunumu Uzerine bir Caligma,
BTIE ODTU, Ankara, 2001.
Oziisaglam, E. Teknoloji Destekli Matematik Ogretiminin Ogretimi, Matematik Etkinlikleri
2004, Ankara, 2004.
P.N. de Souza and et al., The Maxima Book, 2004.
C)ziisaglam E., Mersin E., Atalay A., Excel ve VBasic Yardimiyla Matrisler Konusunun
Ogretimi, VIII.Matematik Sempozyomu, 12 — 14 Kasim 2009, TOBB, Ankara
E.Oziisaglam, Ali Atalay, Egitimde Acik Kaynak Kodlu Yazihmlar: Edubuntu, 7.Matematik
Sempozyumu, Izmir Ekonomi Universitesi7 2008, Izmir.
E. Oziisaglam, Web Tabanli Matematik Dersi Sunum Ornegi, Matematik Etkinlikleri 2006,
Ankara Milli Kiitiiphane 2006, Ankara
G. Cetin “Kamuya Mal Olan Yatirimlar”, Elektrik Miihendisligi, TMMOB Elektrik
Miihendisligi Odasi Yayimi, Ankara, Vol: 425; 21-25, 2005.
Milli Egitim Bakanlhgt, ilk(’jéretim matematik dersi 6-8 6gretim program ve kilavuzu. Ankara:
Devlet Kitaplar1 Mid., 2009.
CAS: http://en.wikipedia.org/wiki/Computer_algebra_system.
Egitimde Linux: http://www.teknoturk.org/docking/yazilar/tt000122-yazi.htm

E-mail address: materdalo@gmail.com, pelinpospos@gmail.com

Current address: Aksaray University, Department of Mathematics






— KONURALP JOURNAL OF MATHEMATICS
VOLUME 4 No. 1 pp. 23-32 (2016) ©KJM

COMPUTATION OF MONODROMY MATRIX ON FLOATING
POINT ARITHMETIC WITH GODUNOV MODEL

ALI OSMAN CIBIKDIKEN AND KEMAL AYDIN

ABSTRACT. The results computed monodromy matrix on floating point arith-
metics according to Wilkinson Model have been given in [1]. In this study,
new results have been obtained by examining floating point arithmetics with
respect to Godunov Model the results in [1]. These results have been applied
to Schur stability of system of linear difference equations with periodic coef-
ficients. Also the effect of floating point arithmetics has been investigated on
numerical examples.

Keywords: Floating point, Godunov model, fundamental matrix, mon-
odromy matrix, Schur stability, linear difference equations, periodic coeffi-
cients.

1. INTRODUCTION

Consider the following linear difference equation system with period T
(11) Tnt+l = An(En, An = An+T,TL € Z,

where A, is N x N dimensional periodic matrix.

It is important to investigate Schur stability in order to know the behaviours
of solution without compute the solutions of the system (1.1) [2, 3, 4, 5, 6]. In
literature, the parameter is used as Schur stability parameter. It is well-known
that

o0
(1.2) wi(A,T) = | 3 (X5 (X0)]| < o

k=0
implies Schur stability of the the system (1.1), where the matrix X is monodromy
matrix of the the system (1.1) [7], and system (1.1) is Schur stable if and only if
the monodromy matrix Xz is Schur stable [2, 3]. According to spectral criterion,
the monodromy matrix X is Schur stable if and only if each eigenvalue of the
monodromy matrix Xp belongs to unit disc (JA(X7)| < 1) [4]. It is clear that
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Schur stability of the the system (1.1) depends on the monodromy matrix X in
both cases. The computation processes on computer are related to floating point.
The errors are produced when computer is used to perform calculations, by nature.
Therefore, Schur stability of the the system (1.1) and quality of Schur stability
are affected by occured errors on computation of the monodromy matrix Xp. In
[1], the results on computation of the monodromy matrix Xt on floating point
arithmetics with Wilkinson Model have been given. As parallel the results with
Wilkinson Model in [1], the new results have been obtained according to floating
point arithmetics with Godunov Model in this study. In Section 2 of this study,
floating point numbers and arithmetics with respect to Godunov Model and linear
difference equations with periodic coefficients are investigated. Some results on
the computation of fundamental matrix of linear difference equations with periodic
coefficients in floating point arithmetics are obtained in Section 3. The obtained
results are applied to Schur stability of the system (1.1) in Section 4. Finally, these
results are supported with numerical examples.

2. PRELIMINARIES

2.1. Floating Point Numbers and Arithmetic, Godunov Model. The set
(2.1) F = F (3,04, k) = {0} U {21z = £97Cm, ()}

is called as the set of computer numbers or Format set [2]. The set F is also
characterized by the parameters g, €1 and €, where

_ _ _ 1
(22) 50:71)7 17 61:71 kv 50:71)7 15 EOO:’YP+ <1’Yk>

are defined (see, for example, [2, 9]). In the represent (2.1), p_ € Z7,k,p, € ZT
forp- <p<py, p€Zand

(2.3)
m m m .
mv(z):71+722+...+7:; m; €2,0<m; <~v—1, j=1,2,--- k (m1 #0)

is defined [2, 8, 9, 10, 11, 12, 13]. In [2, 9, 14], the operator
(2.4) fl:D—=F, fliz)=z(14+a)+p5; [of <wu, [|B] <v, af=0

converts the elements of D = [—e,,£00] N R to floating point numbers, where
£L roundin £0 roundin

(2.5) u=1{2 e u=1{72 e
€1, chopping €0, chopping

We have called as Godunov Model, the model which is defined by the equation
(2.4). A vector x = (z;) € DV and a matrix A = (a;;) € My (D) can be stored
to memory by floating point as fi(x) = (fl(z;)); fI(A) = (fl(ai;)). The upper
bound of error that storing vector x by floating point is

(2.6) |z = fi(@)[| < ulz]| +vVN,
[2, 10], the upper bound of the error storing matrix fI(A) is

(2.7) 1A = fUA)]| < uV'N | Al +vN,
[2]. The upper bound errors of fl(AB) and flI(A+ B) are
(2.8) |AB — fU(AB)|| < uN?||A||||B]| + vN,
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(2.9) (A+B) = fi(A+ B)|| <uN |[A+ B|| +vN,
where u, v are defined by (2.5) and A, B € My (D) [9].

2.2. Linear Difference Equations with Periodic Coefficients. The system
(1.1) and for given zo € RY initial value

(2.10) Tn+1 = AnTy, xo — initial vector,n > 0

is called linear difference-Cauchy problem with periodic coefficients. If I is identity
matrix and

(2.11) Xnt1=An X0, Xo=1I,n>0
is solution of Cauchy problem, then
n—1
(212) Xn = H Aj = An—lAn—Q te AOv
j=0

is called fundamental matrix of the system (2.10).

T-1
(2.13) Xp =[] Aj=Ar1Ar - Ay,

=0

is called monodromy matriz of the system (2.10) [2, 3, 7, 15, 16, 17]. The solution
of the system (2.10) is

(214) XkT+7rz = XWLX§“$0

where 2o € RY inital value z,, = X,2z9, n =kT +m ,0<m <T —1[3,7].

3. COMPUTATION OF FUNDAMENTAL MATRIX

In this chapter, the computation of fundamental matrix X,, that given by (2.10)
will be investigated on floating point arithmetics with Godunov model. Let us
introduce some definitions and symbols before calculation.

Let
n—1
Qn,s = H Aj; Qn,s X Qs,r = Qn,r; Qn,O = Xn, Qn,n =1 (I - ldentlty matrix).
Jj=s

n—1
dn,s = H HA]” y Gn,s X Qs;r = Qnry Gn,0 = qny Qnn = 17

j=s

S b 0 — matriz, kj-matrix function
! 0, kj-real function

Jj=s
where r < s < n and r, s,n are natural numbers. Linear Cauchy problem can be
written

(31) fl(Anflynfl) =Y, = An,1Yn71 + ©n; Yo = Iv n=123,---,

where A,,_1 € My(F), Y, = fl(A,—1Yn_1) is computation of the matrix X,, by
floating point numbers. Matrix ¢, is the computation error of A,,_1Y,,_1 and it is
clear that ¢; = 0.
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It is clear that the solution of difference-Cauchy problem (2.14) is

(3.2) Yo =Xo+ Y Quipr.
k=2

Let us investigate the upper boundary of ¢,, in equation (2.14) according to
(3.3) lonll < uVNGun1|Yu1ll +oN, Yo=1, n=2,3,---.
Theorem 3.1. The inequality

n—2 n—l n—j—1
lonll Suﬁ(l%—ux/ﬁ) qn—|—qu%Z<l+u\/N) qn,j+vN, n=2,3,---

Jj=2

holds, where @, is error from (3.3) and u,v are defined by (2.5).
Proof. 1. Let consider

okl < uvNag g1 [Vi-rll + 0N, Vel < qrp—r [Virll + llexll, k=23,
from (3.3). Let us write Y,,—1 and ¢, _1

lenll < U\/Nqn,n—l Vo1l +vN

in this inequality.

||<an S u\/NQn,n—l (QH—l,n—Q ||)/n—2|| + ||<pn—1||) + 'UN

S U\/NQn,n72 ||Yn72|| + u\/ﬁqn,nfl (u\/ﬁQn71m72 ||Yn72|| + UN) + vIN

= uw/N (1 + U\/N) Ann—2 [Yn—2|l + qu\/Nqnyn_l + vN.

If we write Y,,_2 and ¢, _o in last inequality, we can obtain
lall < /N (14 wVN) gun2 (@n-2.0s Vool + lon—all) + w0 NV NGt + 0N
< VN (14 wVN) guns [Ya sl + VN (140N gun2 (0 N2 Vs +0N)
+ qu\/Nqn,n,l +ovN

2
<uV/N (1 + u\/ﬁ) Gnon—3 || Yn-3l + wNVN (1 + u\/ﬁ) Gnn—2 + qu%qnm_l + vN.

We can iterate to n same way, and

n—1 .
n—2 - n—j—1
©n SU\/N 1+ uVN qn—i—qu% 1+uVN Qn.i+oN, n=2,3,---
J
=2
is obtained. O

Proof. 2.
HCPTLH < u\/NQn,n—l HYTL—1|| + ’UN, n=23---
can be written by (3.3).

n—j—1

n—>9 n—1
HYnle < (1+U\/N) dn—1 +UNZ (1+U\/N) gn—1,j
j=2
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can be written from Theorem 3.2. We ordered in this inequality,

n—j—1

n—29 n—1
lenll < uVNgpn (1 + ux/ﬁ) o1 +UN Y (1 + ux/ﬁ) Gn-1;| +oN
j=2

n—j—1

n—2o n—1
=uVN (1+u\/ﬁ) qn-i-qu%qnm_l Z (1+u\/ﬁ) Gn-1,; +vN
j=2

n—1

n—2 2 n—j—1
/N (1+uVN)" g+ w3 (14uwVN) " g+ 0N,
j=2
So the inequality
n—2 , ! n—j—1
lenll < uvV'N (1 + um) gn +uoN Y (1 + U\/N) Gn; + N
j=2

is obtained. [

Theorem 3.2. The inequality

n—

n—1 n J
1YLl < (l—i—u\/JV) qn—l—vNZ<1+u\/]V) Gnjs n=1,2,3,-
j=2

holds, where Y,, is defined by (3.1) and u,v are defined by (2.5).
Proof. Consider

okl < uVNagp—1 [[Yiorll + 0N Vil < qrer [[Yaoill + okl s & =2,3,-

by (3.3).

(3:4) [IYall < gnon—1 IYa1ll + lenll < gnm—1 1Ya1ll + uVNgpn1 [[Yaall + 0N
(3.5) = (1 + u\/ﬁ) Gnn—1 [[Yo-1ll + vV

is obtained by (3.1). It can be obtained Cauchy problem of first-order variable
coefficient difference-inequality

HYnH S (1 + U\/ﬁ) qn,n—1 ||Y'”’71|| + UN’ ||Y1H = HAOH , = 2737 T
By iteration,

”YHH < <1 + U\/N) dn,n—1 [(1 + U\/N) An—1,n—2 ||Yn_2|| + UN:| +uN

2
(1+uVN) qun2 Va2l + (1+uVN) oNgu1 + 0N

IN

(1 + U\/JV)Q dnn—2 ||[Yn—2| + vN {1 + (1 + u\/ﬁ) qn,nq}
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is written. Y,,_o is written in the inequality,
2
Y]l < (1 + U\/N) G2 [(1 + U\/N) Gnzn_3 |[Ya_s] + UN] +oN [1 + (1 + U\/N) qn,n,l]
3 2
= (1 + m/]v) Inn—3 || Yo—sl|l + (1 + u\/ﬁ) vNgnn—2 +vN {1 + (1 + u\/JV) qn,n,l]

3 2
= (1 + U\/N) qn,n-3 HYn—3H +uN |:1 + (1 + U\/N) dn,n—1 + (1 + 'U/\/N) UNQn,n—2:| .

By iteration in the same way, the inequality
n—1 n n—j
Yall < (1+uVN)" gu+oN > (1+0VN)" gy
j=2

is obtained. O

Theorem 3.3. The inequality

n k—9 on k—1 k—j—1 n
|1 Xn = Yol < U\/NZ (1 + U\/JV) qn—HwN% Z Z (1 + u\/ﬁ) qn7j+UNan’k
k=2 k=2 j=2 k=2

holds, where the matriz X,, is fundamental matriz of the system (1.1), the matrix
Y, is computed fundamental matriz by (3.1), and u,v are defined by (2.5).

Proof. From (3.2),
| X0 = Yol < |An—1An—2---Aspas+ Ap_1An_2---Aspz+ -+ Ap_1n—1 + o]

is written, where fundamental matrix X, of the system (1.1) and computed funda-
mental matrix Y,,.

k-2 k-1 k—j—1
H<pk||§um(1+u\/ﬁ) qk+qu%Z(1+u\/N> qr,; +vN
j=2
is known from

n
1Xn = Yall <D gk lleoxl
k=2

and Theorem 3.1. So

n k—2 k-1 k—j—1
1Xn = Yol < an)k uVN (1+u\/ﬁ> qk—l—uUN% (l—l—ux/N) qr,j +oN
k=2 =2
is obtained. We arranged last inequality,
n L—2 . n k—1 k—j—1 n
1 X — Yall gu\/ﬁz (l—s—u\/ﬁ) qnt+uvN 2 ZZ (l—l—u\/ﬁ) qn,j—&—vNan)k
k=2 k=2 j=2 k=2
is obtained. O
We can write easily Corollary 3.1 from
n—1
n k—2 (1 + ux/ﬁ) -1
Z (1 + u\/N) =
P uwV/N

and Theorem 3.3.
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Corollary 3.1. The inequality

n—1 n k—1 k—j—1 n
1 X = Yall < [(1 +u/N)" - 1} autuwNE IS (14 uVN) T qutoN Y au
k=2 j=2 k=2

holds, where the matriz X,, is fundamental matriz of the system (1.1) and the matrix
Y,, is the computed matriz of the fundamental matriz X,, of the system (1.1), and
u,v are defined by (2.5).

4. APPLYING THE RESULTS TO SCHUR STABILITY OF PERIODIC SYSTEMS

Applying the results to Schur stability of periodic system in section 4 of [1] that
obtained with Wilkinson Model is available for results with Godunov Model. The
changes due to differences in models can be occured in the computations.

Let

(4.1) Yn+1 = (An + Bp) yn,n € Z,

where A,, = A,+r and B,, = B,4r , N-dimensional periodic (T-period). It is
called perturbed system of the system (1.1).

Continuity theorem on the monodromy matrix in [16] guarantees Schur stability
of the system (4.1) when the system (1.1) or matrix X is Schur stable. The
following theorem which is application of continuity theorem can easily be obtained
as same to Theorem 4.1 in [1].

For T' =1, the system (1.1) transforms the system

Tn+1 = Az, ,n € Z,

and it is called lineer difference equation system with constant coefficients. There-
fore, w1 (A, T) can be written

k=0
Furthermore, in this case wi(A,1) is equal to w(X;) = w(A4) [7, 17].

wi(A,T)=w(4), w(A)=

Theorem 4.1. If the matrix Y is Schur stable and the inequality

1

4.2 Yo — Xoll < JI1Yrl? + ———
(4.2) 1Y — Xz| <4/ T||+w(YT)

— Yz ||
holds, then the matriz X is Schur stable, where the matriz Y is computed mon-
odromy matriz of Xt and the matriz X1 is perturbed matriz of Yr.
We can obtain following corollary by n =T in Corollary 3.1.
Corollary 4.1. The inequality

T-1 T k—j—1 T
X7 — Yr|| < [(1 + ux/N) - 1} gr+uvNs Y (1 + u\/N) 440N > ari
k=2

k—1
k=2 j=2 =

holds, where the matriz X is monodromy matrixz of the system (1.1) and the matriz
Yr is the computed matriz of the monodromy matriz X, .

The Corollary 4.2 guarantees Schur stability of the system (1.1) (or monodromy
matrix Xr) when the computed matriz Yr is Schur Stable.
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Corollary 4.2. Let monodromy matriz X1 of the system (1.1) and the computed
matriz Y7 of the matriz X on floating point arithmetic. If the computed matriz
Y7 is Schur stable and the inequality

A <A,

holds then monodromy X is Schur stable, where

_— T k—1 ki1 T
A= (1) T gt Y (140 W) T o Y an
k=2 j=2 k=2
A= IVl 4~ — ¥
s — T w (YT) Til -
Proof. Tt is clear from Theorem 4.1. O

5. NUMERICAL EXAMPLES

The MVC (Matrix Vector Calculator) software has been used in numerical com-
putation to calculate the value w(A) of matrix A by function QdaStab [18].

In the examples, let us denote rounding by r, chopping by ¢, spectral norm of a
matrix by [|A]| and let A” = A(YF), A® = A(YF), AL = Ay(YF), AS = Ay(YF).

Example 5.1. Let F = F(10,—3, 3, 3) and matrices

A [0-855 0.0005] ,_ [0.953 0.155
710956 0.156 |~ | 1.55  0.165

where Ag, A1 € Ms(F). Let us investigate Schur stability, where 7' = 2. Mon-
odromy matrix X5 of the system (1.1) has been computed with

., — [0:962995 0.0246565
27 11.48299  0.026515 | -

And the monodromy matrix X5 is not Schur stable, since w(Xz) = oo.
If the matrix Y5 is computed matrix in F, the matrices
v _ 0.963 0.0247 ye 0.962 0.0246
271148 00265772 7 | 1.48 0.0265|°

are obtained. w(X7%) = oo, w(X§) = 2655.69 and so, computed matrix Y3 is Schur
stable by chopping, but it is not Schur stable by rounding.

Example 5.2. Let F = F(10,—5,5,5) and matrices

2.002 0.1 1.675 0.005 0.6 0.04
Ao=1| 1.5 0.017 0.008955| , A; = [0.006 0.009842 0.0083 |,
0.002 3.986 0.00245 1.2 1.986 0.00025
0.02 0.1982 0.03
Ay = | 0.002 0.056 0.0475

0.75622 0.03 0.0008
where Ag, A1, Ay € M3(F). Let us investigate Schur stability, where 7' = 3. The
matrices
0.18495 0.014755 0.063124 0.18495 0.014754 0.063123
Yy = 10.25894 0.0095870 0.096916| ,Yy = [0.25893 0.0095869 0.096916 | ,
0.69334 0.12980 0.012398 0.69333 0.12980 0.012397
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are computed matrices in F. So, the values
w(Yy) = 1.6621, AL = 0.3213943129, A" = 0.001247028

w(Yy) = 1.66207, A = 0.3214029037, A° = 0.002494142

are obtained. It seems that A” < A7 and A® < A¢. Therefore, in both cases, Corol-
lary 4.2 guarantees Schur stability of the monodromy matrix X3 in F(10,—5,5,5).

6. CONCLUSION

In this study, the effects of floating point arithmetic using Godunov Model on
computation of the monodromy matrix X were investigated. The bounds were
obtained for || X7 — Y7||, where the matrix Y7 is the computed value of monodromy
matrix. The obtained results were applied to Schur stability of the system (1.1).
Further, these results were supported with numerical examples.
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MERIDIAN SURFACES OF WEINGARTEN TYPE IN
4-DIMENSIONAL EUCLIDEAN SPACE E*

GUNAY OZTURK, BETUL BULCA, BENGU K. BAYRAM, AND KADRI ARSLAN

ABSTRACT. In this paper, we study meridian surfaces of Weingarten type in
Euclidean 4-space E4. We give the necessary and sufficient conditions for a
meridian surface in E? to become Weingarten type.

1. INTRODUCTION

A surface M in E™ is called Weingarten surface if there exist a non-trivial function
(1.1) U(K,H)=0

between the Gauss curvature K and mean curvature H of the surface M. The exis-
tence of a non-trivial functional relation ¥(K, H) = 0 on a surface M parametrized
by a patch X (u,v) is equivalent to the vanishing of the corresponding Jacobian
determinant, namely

O(K,H)
1.2 —| =
- Koo
The condition (1.2) that must be satisfied for the Weingarten surface M leads to
(1.3) K,H,—-K,H,=0

with subscripts denoting partial derivatives.

These surfaces were introduced by Weingarten [16, 17] in the context of the
problem of finding all surfaces isometric to a given surface of revolution. For the
study of these surfaces, W. Kiihnel [12] investigated ruled Weingarten surface in a
Euclidean 3-space E3. Further, D. W. Yoon [18] classified ruled linear Weingarten
surface in E3. Meanwhile, F. Dillen and W. Kiihnel [5] and Y. H. Kim and D. W.
Yoon [11] gave a classification of ruled Weingarten surfaces in a Minkowski 3-space
E3. Also, linear Weingarten surfaces were studied by Galvez et. all. [6]. Recently,
M. I. Munteanu and I. Nistor [15], R. Lopez [13, 14] and D.W. Yoon [19] studied
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polynomial translation Weingarten surfaces in a Euclidean 3-space. W. Kiihnel and
M. Steller classified the closed Weingarten surfaces [10].

The study of meridian surfaces in E* was first introduced by G. Ganchev and
V. Milousheva (See, [7], [8] and [9]). Basic source of examples of surfaces in 4-
dimensional Euclidean or pseudo-Euclidean space are the standard rotational sur-
faces and the general rotational surfaces. Further, Ganchev and Milousheva de-
fined another class of surfaces of rotational type which are one-parameter system
of meridians of a rotational hypersurface. They constructed a family of surfaces
with flat normal connection lying on a standard rotational hypersurface in R* as a
meridian surfaces. The geometric construction of the meridian surfaces is different
from the construction of the standard rotational surfaces with two dimensional axis
in R*. So, they constructed a surface M? in E* in the following way:

(1.4) M?: X (u,v) = f(u) r(v) +g(u) es, wel, veJ

where f = f(u), g = g(u) are non-zero smooth functions, defined in an interval
I C R, such that (f'(u))?>+ (¢'(w))> =1, w € I andr = r(v) (veJCR) is
a curve on S%(1) parameterized by the arc-length and e4 is the fourth vector of
the standard orthonormal frame in E*. See also [2] and [1] for the classification of
meridian surfaces in 4-dimensional Euclidean space and 4-dimensional Minkowski
space which have pointwise 1-type Gauss map.

In this paper, we study meridian surfaces of Weingarten type in 4-dimensional
Euclidean space E*. We proved the following main theorem:

Let M? be a meridian surface given with the parametrization (3.2). Then M?
is a Weingarten surface if and only if M? is one of the following surfaces;

i) a planar surface lying in the constant 3-dimensional space spanned by {z, y,na},

ii) a developable ruled surface in a 3-dimensional Euclidean space E3,

iii) a developable ruled surface in a 4-dimensional Euclidean space E*,

iv) a surface given with the surface patch

X(u,v) = ( - + C2) r(v) +
N (2 (sin (au + acy) — 1) /1 + sin (au + acl)>
€4,

cos (au + acy)

cos (au + acq)

v) a surface given with the surface patch

X (u,v) = (¢1 cosu+ casinu) 7(v) + /1 — (c2 cosu — ¢ sinu)2ey,

vi) a surface given with the surface patch

X(u,v) = :I:g (eu;rc +e_u¢c) r(v)
1 ute ute ute ute
:I:% (2b—a(e T e )) (Qb—l—a(e et ))e4

where a, b, ¢, c1, co are real constants.

2. Basic CONCEPTS

Let M be a smooth surface in E™ given with the patch X (u,v) : (u,v) € D C E2.
The tangent space to M at an arbitrary point p = X (u,v) of M span {X,, X,}.
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In the chart (u,v) the coefficients of the first fundamental form of M are given by
(21) E: <Xu7Xu>7F: <XuaXU>7G: <X'U7XU>7

where (,) is the Euclidean inner product. We assume that W2 = EG — F? # 0, i.e.
the surface patch X (u,v) is regular. For each p € M, consider the decomposition
T,E" =T,M & TPJ-M where T;-M is the orthogonal component of T, M in E".
Let x(M) and x*(M) be the space of the smooth vector fields tangent to M
and the space of the smooth vector fields normal to M, respectively. Given any

local vector fields X7, X5 tangent to M, consider the second fundamental map
he X(M) x x(M) = x*(M);

(2.2) WX X,)=Vx X, -Vx X, 1<ij<2

where V and V are the induced connection of M and the Riemannian connection
of E™, respectively. This map is well-defined, symmetric and bilinear.

For any arbitrary orthonormal frame field {Ny, No, ..., N,_2} of M, recall the
shape operator A : (M) x x(M) — x(M);

(2.3) AN X = —(Vx,No)T,  X; € x(M),
This operator is bilinear, self-adjoint and satisfies the following equation:

(2.4) (AN, X, Xi) = (h(Xi, X;), Ni) = ¢y, 1 <, j <2 1<k <n-—2
where cf’j are the coeflicients of the second fundamental form.

The equation (2.2) is called Gaussian formula, and

n—2
(2.5) WX X;) =Y Ny, 1<ij<2.
k=1

Then the Gauss curvature K of a regular patch X (u,v) is given by

1 n—2
(2.6) K= w2 Z(lelcgz - (CIfQ)z)'
k=1
Further, the mean curvature vector of a regular patch X (u,v) is given by

1

n—2
= 572 > (hiG + 5y E — 2¢5,F)Ny..

k=1

(2.7)

where F, F,G are the coefficients of the first fundamental form and cfj are the
coefficients of the second fundamental form.
The norm of the mean curvature vector H = ﬁH is called the mean curvature

of M. The mean curvature H and the Gauss curvature K play the most important
roles in differential geometry for surfaces [4]. Recall that a surface M is said to be
flat (resp. minimal) if its Gauss curvature (resp. mean curvature vector) vanishes
identically [3].
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3. MERIDIAN SURFACES IN E*

Let {e1, e, e3,e4} be the standard orthonormal frame in E4, and S?(1) be a 2-
dimensional sphere in E = span{e;, 2, e3}, centered at the origin O. We consider
a smooth curve ¢ : r = r(v), v € J, J C R on S%(1), parameterized by the arc-
length (#'*(v) = 1). We denote t(v) = /(v) and consider the moving frame field
{t(v),n(v),r(v)} of the curve ¢ on S?(1). With respect to this orthonormal frame
field the following Frenet formulas hold good:

(3.1) t'(v) = k(v) n(v) —r(v);

where k is the spherical curvature of c.

Let f = f(u), g = g(u) be non-zero smooth functions, defined in an interval
I C R, such that (f'(u))? + (¢'(u))?> =1, u € I. Now we construct a surface M? in
E* in the following way:

(3.2) M?: X(u,v) = f(u) r(v) + g(u) ey, uel, veld

The surface M? lies on the rotational hypersurface M? in E* obtained by the
rotation of the meridian curve o : u — (f(u),g(u)) around the Oey-axis in E*.
Since M? consists of meridians of M3, we call M? a meridian surface (see, [7]).

The tangent space of M? is spanned by the vector fields:

Xo(u,v) = F(w)r(v) + ¢ (wes:
(3:3) Xy (u,v) = f(u) t(v),

and hence the coefficients of the first fundamental form of M2 are E = 1; F =
0; G = f?(u). Without lose of generality we can take ¢’(u) # 0. Taking into
account (3.1), we calculate the second partial derivatives of X (u,v):

Xow(u,v) = f"(u)r(v) + g" (u)es;
(3.4) Xuw(u,v) = f/(u)t(v);
X (u,v) = f(u)k(v) n(v) — f(u) r(v).

Let us denote X = X,,, Y = % =t and consider the following orthonormal
normal frame field of M?2:

(3.5) Ni=n(v); Na=—g'(u) r(v)+ f'(u) es

Thus we obtain a positive orthonormal frame field {X,Y, Ny, No} of M2. If we
denote by k,(u) the curvature of the meridian curve a(u), i.e.

—f"(u)

(3.6) Kalu) = f'(u) g"(u) — g’ (W) f" (u) = NS0l





MERIDIAN SURFACES OF WEINGARTEN TYPE IN E* 243

Using (3.4) and (3.5) we can calculate the coefficients of the second fundamental
form of X (u,v) as follows;

0%1 = Oacézzf(“)/‘ﬁ(v)»
0%2 = C§2—07

(3.7) = Ralw),
3o = flu)g'(u).

Lemma 3.1. Let M? be a meridian surface given with the surface patch (3.2) then

00 Ka(u) 0
(3.8) AN, = l 0 £ | An, = [ 0 g'(u) 1 :
fu) f(u)
Further by the use of (2.6) and (2.7) with (3.7), the Gauss curvature is given by
Ka(u)g'(u)
3.9 K=—-
(39) 7w
and the mean curvature vector field of M2 becomes
K(v) Ka(u) f(u) +g'(u)
3.10 H= N N,.
(310) 2@ T 2w

From the equation (3.10), we get the mean curvature of M?

1
T= 55

4. PROOF OF THE MAIN THEOREM

(3.11) VR)2 + (k0 () f(1) + /().

Let M? be meridian surface given with the surface patch (3.2). Then differenti-
ating K and H with respect to u and v one can get

’ "

(Fas” @) = £ s w)
J(wy? |

0 RO (v) |
27 (u)y/ 5(0)? + () (1) + /(1)

Suppose that M? is a Weingarten surface then by the use of equation (1.3), we
get,

K, = 0, K, =—

) ©) (f07 "W - S W 'w)
21 () /5 (0)? + (ke () () + ¢/ (w)?

Thus we distinguish the following cases:
Case I: k(v) = 0;

Case II: £ (v) = 0;

Case IIT: f(u)f" (u) — f (u)f" (u) = 0.

(4.1)

Let us consider these in turn;

Case I: Suppose k(v) = 0, i.e. the curve c is a great circle on S?(1). In this case
N; = const, and M? is a planar surface lying in the constant 3-dimensional space
spanned by {X,Y, No}. Particularly, if in addition k,(u) = 0, i.e. the meridian
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curve lies on a straight line, then M? is a developable surface in the 3-dimensional
space span {X,Y, N2} [7].

Case II: Suppose # (v) = 0. This implies that x(v) is nonzero constant. Then
we have the following subcases;

Case II(a): r,(u) = 0. In this case ¢ is a circle on S?(1), then M? is a
developable ruled surface in a 3-dimensional Euclidean space E3.

Case II(b): k,(u) is nonzero constant. In this case we obtain the following
ordinary differential equation.

(4.2) ),

1— f"(u)
Thus, the following expression is obtained from the solution of the differential equa-
tion (4.2)
cos +
flu) = (‘Wa 2 + ca.
Further, using the condition (f’(u))? + (¢'(u))? = 1 we get

2 (sin (au + acy) — 1) \/1 + sin (au + acy)
cos (au + acy) '

g(u) =

Case III: Suppose f(u)f (u) — f (u)f" (u) = 0. Then we have the following
subcases;

Case III(a): f"(u) = 0. This implies that ra(u) = K = 0, i.e. the meridian
curve is part of a straight line and M? is a developable ruled surface. If in addition
k(v) # const, i.e. ¢ is not a circle on S%(1), then M? is a developable ruled surface
in E* [7].

Case ITI(b): f”(u) # 0. In this case we obtain the following ordinary differential
equation.

" ’ "

(4.3) f)f (w) = f w)f (u)=0
An easy calculation shows that
flu) =cicosu+ casinu

is a non-trivial solution of (4.3). Furthermore, the following expression is obtained
from the general solution of the differential equation (4.3)

f(u) _ i% ( u«[!»c +e_u2»c> .

Further, using the condition (f’(u))? + (¢'(u))? = 1 one can get

g(u) = i21b\/<2b - a(eutc - eiu:rc)) (2b+ a(eu;rE — e*uTJrc))

where a, b, ¢, ¢1, co are real constants. This completes the proof of the theorem.

REFERENCES

[1] K. Arslan and V. Milousheva, Meridian Surfaces of Elliptic or Hyperbolic Type with Pointwise
1-type Gauss map in Minkowski 4-Space, accepted Taiwanese Journal of Mathematics.

[2] B. Bulca, K. Arslan and V. Milousheva, Meridian Surfaces in E* with Pointwise 1-type Gauss
Map, Bull. Korean Math. Soc., 51 (2014), 911-922.

[3] B. Y. Chen, Geometry of Submanifolds , Dekker, New York, 1973.





MERIDIAN SURFACES OF WEINGARTEN TYPE IN E* 245

[4] B. Y. Chen, Pseudo-umbilical surfaces with constant Gauss curvature, Proceedings of the
Edinburgh Mathematical Society (Series 2), 18(2) (1972), 143-148.
[5] F. Dillen and W. Kiihnel, Ruled Weingarten surfaces in Minkowski 3-space, Manuscripta
Math., 98 (1999), 307-320.
[6] J. A. Galvez, A. Martinez and F. Milan, Linear Weingarten Surfaces in R?, Monatsh. Math.,
138 (2003), 133-144.
[7] G. Ganchev and V. Milousheva, Invariants and Bonnet-type theorem for surfaces in R*, Cent.
Eur. J. Math., 8(6) (2010) 993-1008.
[8] G. Ganchev and V. Milousheva, Special Class of Meridian Surfaces in the Four-Dimensional
Euclidean Space, arXiv: 1402.5848v1 [math.DG], 24 Feb. 2014.
[9] G. Ganchev and V. Milousheva, Geometric Interpretation of the Invariants of a Surface in
R* via Tangent Indicatrix and the Normal Curvature Ellipse, arXiv:0905.4453v1 [math.DG],
27 May 2009.
[10] W. Kithnel and M. Steller, On Closed Weingarten Surfaces, Monatsh. Math., 146 (2005),
113-126.
[11] Y. H. Kim and D. W. Yoon, Classification of ruled surfaces in Minkowski 3-spaces, J. Geom.
Phys., 49 (2004), 89-100.
[12] W. Kiihnel, Ruled W-surfaces, Arch. Math., 62 (1994), 475-480.
[13] R. Lopez, On linear Weingarten surfaces, International J. Math., 19 (2008), 439-448.
[14] R. Lopez, Special Weingarten surfaces foliated by circles, Monatsh. Math., 154 (2008), 289-
302.
[15] M. I. Munteanu and A. I. Nistor, Polynomial translation Weingarten surfaces in 3-dimensional
Euclidean space, arXiv:0809.4745v1 [math.DG], 27 Sep 2008.
[16] J. Weingarten, Ueber eine Klasse auf einander abwickelbarer Flaachen, J. Reine Angew.
Math. 59 (1861), 382-393.
[17] J. Weingarten, Ueber die Flachen, derer Normalen eine gegebene Flache beruhren, J. Reine
Angew. Math. 62 (1863), 61-63.
[18] D. W. Yoon, Some properties of the helicoid as ruled surfaces, JP Jour. Geom. Topology, 2
(2002), 141-147.
[19] D. W. Yoon, Polynomial translation surfaces of Weingarten types in Euclidean 3-space, Cent.
Eur. J. Math., 8(3) (2010), 430-436.

KocAELI UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, KOCAELI-
TURKEY
E-mail address: ogunay@kocaeli.edu.tr

ULUDAG UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, BURSA-
TURKEY
E-mail address: bbulca@uludag.edu.tr

BALIKESIR UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, BALIKESIR-
TURKEY
E-mail address: benguk@balikesir.edu.tr

ULUDAG UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, BURSA-
TURKEY
E-mail address: arslan@uludag.edu.tr






— KONURALP JOURNAL OF MATHEMATICS
VOLUME 4 No. 1 pp. 246-253 (2016) ©KJIM

THE L-SECTIONAL CURVATURE OF S-MANIFOLDS

MEHMET AKIF AKYOL, LUIS M. FERNANDEZ, AND ALICIA PRIETO-MARTIN

ABSTRACT. We investigate L-sectional curvature of S-manifolds with respect
to the Riemannian connection and to certain semi-symmetric metric and non-
metric connections naturally related with the structure, obtaining conditions
for them to be constant and giving examples of S-manifolds in such conditions.
Moreover, we calculate the scalar curvature in all the cases.

1. INTRODUCTION.

In 1963, Yano [13] introduced the notion of f-structure on a C*° (2n + s)-
dimensional manifold M, as a non-vanishing tensor field f of type (1,1) on M which
satisfies f2 + f = 0 and has constant rank » = 2n. Almost complex (s = 0) and
almost contact (s = 1) are well-known examples of f-structures. The case s = 2
appeared in the study of hypersurfaces in almost contact manifolds [5, 8] and it
motivated that, in 1970, Goldberg and Yano [9] defined globally framed f-structures
(also called f.pk-structures), for which the subbundle ker f is parallelizable. Then,
there exists a global frame {{;,...,&} for the subbundle ker f (the vector fields
&1,...,& are called the structure vector fields), with dual 1-forms o', ... 7®.

Thus, we can consider a Riemannian metric g on M, associated with a globally
framed f-structure, such that g(fX, fY) = g(X,Y) = >0 _, n*(X)n*(Y), for any
vector fields X,Y in M and then, the structure is called a metric f-structure.
Therefore, T M splits into two complementary subbundles Im f (whose differentiable
distribution is usually denoted by £) and ker f and, moreover, the restriction of f
to Imf determines a complex structure.

A wider class of globally framed f-manifolds (that is, manifolds endowed with a
globally framed f-structure) was introduced in [3] by Blair according to the follow-
ing definition: a metric f-structure is said to be a K-structure if the fundamental
2-form @, given by ®(X,Y) = ¢g(X, fY), for any vector fields X and Y on M, is
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closed and the normality condition holds, that is, [f, f]+2 " _, dn*®&, = 0, where
[f, f] denotes the Nijenhuis torsion of f. A K-manifold is called an S-manifold if

dn® = @, for all @ = 1,...,s. If s = 1, an S-manifold is a Sasakian manifold.
Furthermore, S-manifolds have been studied by several authors (see, for example,
[4, 6, 10, 12]).

It is well known that there are not exist S-manifolds (s > 2) of constant sectional
curvature and, for Sasakian manifolds, the unit sphere is the only one. This is due
to the fact that K (X,&,) = 1 and K (£, &) = 0, for any unit vector field X € £ and
any a, 8 =1...,s. For this reason, it is interesting to study the sectional curvature
of planar sections spanned by vector fields of £ (called L-sectional curvature) and
to obtain conditions for this sectional curvature to be constant.

Further, in 1924 Friedmann and Schouten [7] introduced semi-symmetric linear
connections on a differentiable manifold. Later, Hayden [11] defined the notion of
metric connection with torsion on a Riemannian manifold. More precisely, if V is a
linear connection in a differentiable manifold M, the torsion tensor T of V is given
by T(X,Y) = VxY — Vy X — [X,Y], for any vector fields X and Y on M. The
connection V is said to be symmetric if the torsion tensor T' vanishes, otherwise
it is said to be non-symmetric. In this case, V is said to be a semi-symmetric
connection if T(X,Y) = n(Y)X — n(X)Y, for any X,Y, where 7 is a 1-form on
M. Moreover, if g is a Riemannian metric on M, V is called a metric connection
if Vg = 0, otherwise it is called non-metric. It is well known that the Riemannian
connection is the unique metric and symmetric linear connection on a Riemannian
manifold. Recently, S-manifolds endowed with a semi-symmetric either metric or
non-metric connection naturally related with the S-structure have been studied in
1, 2].

In this paper, we investigate L-sectional curvature of S-manifolds with respect
to the Riemannian connection and to the semi-symmetric metric and non-metric
connections introduced in [1, 2], obtaining conditions for them to be constant and
giving examples of S-manifolds in such conditions. Moreover, we calculate the
scalar curvature in all the cases.

2. PRELIMINARIES ON S-MANIFOLDS.

A (2n+ s)— dimensional differentiable manifold M is called a metric f-manifold
if there exist a (1,1) type tensor field f, s vector fields &;,...,&s, called structure
vector fields, s 1-forms o', ..., n* and a Riemannian metric g on M such that

21) =T+ 0 @b 1(65) = baps fla =0, %0 f =0,

a=1

(2.2) g(f X, 1Y) = g(X,Y) =Y n*(X)n*(Y),

for any X, Y € X(M), o, € {1,...,s}. In addition:

(23) na(X):g(vaa)a g(XafY):_g(fXaY)

Then, a 2-form ® is defined by ®(X,Y) = g(X, fY), forany X,Y € X (M), called
the fundamental 2-form. In what follows, we denote by M the distribution spanned
by the structure vector fields £1,...,&s and by L its orthogonal complementary
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distribution. Then, X(M)=L® M. If X € M, then fX =0 and if X € L, then
n*(X) =0, for any a € {1,...,s}, that is, f2X = —X.

In a metric f-manifold, special local orthonormal basis of vector fields can be con-
sidered: let U be a coordinate neighborhood and F; a unit vector field on U orthog-
onal to the structure vector fields. Then, from (2.1)-(2.3), fE; is also a unit vector
field on U orthogonal to F; and the structure vector fields. Next, if it is possible, let
F be a unit vector field on U orthogonal to F4, fE; and the structure vector fields
and so on. The local orthonormal basis {E1,...,E,, fE1,..., fEn,&1,...,&},, SO
obtained is called an f-basis.

Moreover, a metric f-manifold is normal if

[fvf] +22d77a ®§o¢ =0,
a=1

where [f, f] denotes the Nijenhuis tensor field associated to f. A metric f-manifold
is said to be an S-manifold if it is normal and

A AR A ()" #£0and @ =dn®, 1 < a <s.

Observe that, if s = 1, an S-manifold is a Sasakian manifold. For s > 2, examples
of S-manifolds can be found in [3, 4, 10].

If V is a linear connection on an S-manifold and K denotes the sectional curva-
ture associated with V, the L-sectional curvature K, of V is defined as Kz (X,Y) =
K(X,Y), for any X,Y € L. The scalar curvature of the S-manifold with respect
to V is given by

1 2n+s
(2.4) T=5 Z K(ei,ej),
i,j=1
for any local orthonormal frame {ey,...,e2,1s} of tangent vector fields to M.

3. THE L-SECTIONAL CURVATURE OF S-MANIFOLDS.

From now on, let M denote an S-manifold (M, f,&1,..., &0, ...,n%, g) of di-
mension 2n + s. We are going to study the sectional curvature of M with respect
to different types of connections on M.

3.1. The case of the Riemannian connection. First, let V denote the Rie-
mannian connection of g. For the sectional curvature K of V, in [6] it is proved
that

(3'1) K(SQ,X):R(&I,X,X,&X):g(fX,fX),

for any X € X(M) and a € {1,...,s}. Consequently, if s = 1, the unit sphere is
the only Sasakian manifold of constant (sectional) curvature. If s > 2, from (3.1),
we deduce that M cannot have constant sectional curvature. For this reason, it is
necessary to introduce a more restrictive curvature. In general, a plane section 7w
on a metric f-manifold M is said to be an f-section if it is determined by a unit
vector X, normal to the structure vector fields and fX. The sectional curvature of
m is called an f-sectional curvature. An S-manifold is said to be an S-space-form
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if it has constant f-sectional curvature ¢ and then, it is denoted by M(c). The
curvature tensor field R of M (c) satisfies [12]:

(32) R(X,Y,Z,W) = > {g(fX, fW)n"(Y)n*(2)
a,B=1

—g(f X, fZm™ (Y )" (W) + g(fY, fZ)n*(X)n" (W)
—g(fY, fWin™(X)n’(2)}

+£ 235 {9(f X, fW)g(fY, fZ) — g(f X, fZ)g(fY, fW)}
+EB(X, W)Y, Z) - DX, 2)B(Y, W) - 20(X, Y)O(Z, W)},

for any X, Y, Z, W € X(M).

Therefore, if M is an S-space-form of constant f-sectional curvature ¢ and con-
sidering an f-basis, from (3.1) and (3.2), we deduce that the scalar curvature of M
with respect to the curvature tensor field of the Riemanian connection V satisfies:

n(n —1)(c+ 3s)

T = f—i—n(c—&—%).

Now, in view of (3.1) it is interesting to investigate the conditions for K, to be
constant. In this context, we observe that, if n = 1, K is actually the f-sectional
curvature. Moreover, for n > 2, we can prove the following theorem.

Theorem 3.1. Let M be a (2n + s)-dimensional S-manifold with n > 2. If the
L-sectional curvature K with respect to the Riemannian connection V is constant
equal to ¢, then ¢ = s. In this case, the scalar curvature of M is:

T=ns(2n+1).

Proof. 1t is clear that if K, is constant equal to ¢, then M is an S-space-form M (c).
Consequently, from (3.2), we have

c+3s 3(c—s
B3 gx

for any orthonormal vector fields X,Y € L. Now, since n > 2, we can choose X
and Y such that g(X, fY) = 0. Thus, from (3.3) we deduce

c+ 3s
4 - )

(3.3) K (X,Y) =

that is, ¢ = s.
Now, considering a local orthonormal frame of tangent vector fields such that

eonta = Ea, for any a =1,...,s, since K(e;,e;) = Ko(es,e5) =s,4,j=1,...,2n,
i # 7, and using (3.1) and (2.4), we get the desired result for the scalar curvature.
[

By using (3.2) and (3.3), we have:

Corollary 3.2. Let M(c) be an S-space-form of constant f-sectional curvature c.
Then, M is of constant L-sectional curvature (equal to c¢) if and only if c = s
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R>"T2+(=1) with coordinates

Example 3.3. Let us consider
(Il sy Tt Yly oy Ynt 1, 215 - '728—1)

and with its standard S-structure of constant f-sectional curvature —3(s—1), given
by (see [10]):

o . 1 n+1
fazQaTan 25 dza_zyzd'rl 7a:1a"'75_1a
« i=1

s—1 n+1
1
92;77&®7la+Z;(d$i®dxi+dyi®dyi)7
n+1 s—1 n+1
0 0 0
X =3 (Vig— — Xi Yigio—,
0= 20 Xy L

where
n+1

B o =19

is any vector field tangent to R272+(s—1),
Now, let S?"*1(2) be a (2n + 1)-dimensional ordinary sphere of radius 2 and
M = §%"+1(2) x R*~! a hypersurface of R?*+2+(s=1) Let

n+1 a 8 n+1 s—1 a
& = Zzzl <_y2(9z1 +$iayi) - ;;y?@

and n°(X) = g(X, &), for any vector field X tangent to M. Then, if we put

~ - 1
ga:sga; 77a:§77a7 Oézl,...,S;

I U R < SN
f=fg=-9+—7 Zln 1%,
=

it is known ([10]) that (M, f,&1,..., &, 7", ..., 7, §) is an S-space-form of constant
f-sectional curvature ¢ = s. Moreover, from (3.2), it is easy to show that the
L-sectional curvature K, is also constant and equal to s.

3.2. The case of a semi-symmetric metric connection. In [1], a semi-symmetric
metric connection on M, naturally related to the S-structure, is defined by

(3.4) VY =VxY +) (V)X =) g(X,Y)g,

j=1 j=1
for any X,Y € X(M). For the sectional curvature K* of V*, the following theorem
was proved in [1]:

Theorem 3.4. Let M be an S-manifold. Then, the sectional curvature of V*
satisfies
(i) K5(X,)Y)=K(X,Y)—s;
(i) K*(X,€0) = K* (€0, X) = 2 s;
(iil) K*(€a,€8) = K7(§p,8a) =2 — s,
for any orthonormal vector fields X, Y € L and o, € {1,...,s}, a # .
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Therefore, from Theorem 3.1, if s # 2, an S-manifold cannot have constant
sectional curvature with respect to the semi-symmetric metric connection defined
in (3.4). For s =2, M = §?"*1(2) x R endowed with the connection V* and the
S-structure given in Example 3.3 is an S-manifold of constant sectional curvature
(equal to 0) with respect to V*. Moreover, for any s, by using Theorem 3.1 again
and (7) of Theorem 3.4, if the £-sectional curvature associated with V* is constant
equal to ¢, then ¢ = 0 and examples of such a situation are given in Example 3.3.
In this case, the scalar curvature is given by:

. (dns+s(s—1))(2 — 5)'
2

Regarding the f-sectional curvature of V*, from Theorem 4.5 in [1], we know
that it is constant if and only if the f-sectional curvature associated with the
Riemannian connection is constant too. In this case, if ¢ denotes the constant f-
sectional curvature of the Riemannian connection, ¢ — s is the constant f-sectional

curvature of V*. Furthermore, from (7) of Theorem 3.4 and (3.3) it is easy to show
that

cC— S

Kz(X,Y) = (1+39(X, fY)?),

for any orthonormal vector fields X,Y € L. Therefore, considering an f-basis, we
deduce that the scalar curvature of a (2n 4 s)-dimensional S-manifold of constant
f-sectional curvature ¢ with respect to V* satisfies:
. nn+(c—s)+ @Uns+s(s—1))(2—s)
T =
2

3.3. The case of a semi-symmetric non-metric connection. In [2], a semi-
symmetric non-metric connection on M, naturally related to the S-structure, is
defined by

S
VxY =VxY +) V)X,
j=1

for any X, Y € X(M). To consider the sectional curvature of V has no sense
because R(&q, X, X, &) = 1, while R(X, 4,84, X) = 2, for any unit vector field
X € Land any o € {1,..., s} (see [2] for the details). However, for the L-sectional
curvature K, we have that K (X,Y) = K. (X,Y), for any orthogonal vector fields
X,Y € L. Consequently, Theorem 3.3 and Example 3.3 can be applied here. In the
case of constant L-sectional curvature (equal to s) and since R(§n,&s,65,8a) = 1,
for any o, 8 € {1,...,s}, a # j3, the scalar curvature is given by:

~ -1

T=2ns(n+1)+ %

Regarding the f-sectional curvature of 6, in [2] it is proved that it is constant
if and only if the f-sectional curvature associated with the Riemannian connection
is constant too. In this case, both constant are the same and the curvature tensor
field of V is completely determined by ¢. Furthermore, since from (3.3),
c+3s  3(c—s) 9

X, fYy

T T I YY)
for any orthonormal vector fields X,Y € L, considering an f-basis, we deduce that
the scalar curvature of a (2n + s)-dimensional S-manifold of constant f-sectional

Kp(X,Y) =
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curvature ¢ with respect to V satisfies:

~_ n(n+1)(c+3s)+s(s—1).

2
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HERMITE-HADAMARD TYPE INEQUALITIES FOR h-CONVEX
FUNCTIONS VIA FRACTIONAL INTEGRALS

ERHAN SET, M. ZEKI SARIKAYA, AND FILIZ KARAKOC*®

ABSTRACT. By making use of identity of the established by Sarikaya [4], some
new Hermite-Hadamard type inequalities for Riemann-Liouville fractional in-
tegral are established. Our results are the generalizations of the results obtain
by Sarikaya [4].

1. INTRODUCTION

The following inequlity is well known in the literature as the Hermite-Hadamard
integral inequality

(1.1) f(a;rb>§bia/abf(r)dx§f(a);f(b)

where f : I C R — R is a convex function on the interval I of real numbers and
a,b € I with a <b.

Both inequalities hold in the reversed direction if f is concave.

The notion of s—convex function was introduced in Breckner’s paper [1] and a
number of properties and connections with s—convexity in the first sense discussed
in paper [7].

Definition 1.1. A function f : [0,00) — R is said to be s—convex in the second
sense if

FOz+ 1=y <Nf(@)+ 0= f()

for all z,y € [0,00), A € [0,1] and for some fixed s € (0,1]. This class of
s—convex function is usually denoted by K?2.

It can be easily seen that for s = 1, s—convexity reduces to ordinary convexity
of functions defined on [0, 00).

2000 Mathematics Subject Classification. 26A51, 26D15.
Key words and phrases. Hadamard’s inequality, convex function, h-convex function, s-convex
function, Riemann-Liouville fractional integral.
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Definition 1.2. [6] We say that f : I — R is a P—function or that f belongs to
the class P (I) if f is nonnegative and for all z,y € I and « € [0, 1], we have

fAz+ (1 =Ny < f(z)+ fy)

Definition 1.3. [15] Let h : J C R — R be a nonnegative function. We say that
f:I CR — R is h—convex function, or f belongs to the class SX(h,I), if f is
nonnegative and for all z,y € I and « € (0,1), we have

(1.2) fQz+ (1 =A)y) <hA)f(x)+h(1=N) f(y)

If inequality (1.2) is reversed, then f is said to be h—concave, i.e. f € SV (h,I).

Obviously, if h(A\) = A, then all nonnegative convex functions belongs to SX (h, I)
and all nonnegative concave functions belongs to SV(h,I); if h(A) = 1, then
SX(h,I) D P(I); and if h(\) = \*, where s € (0,1), then SX(h,I) D K2.

Sarikaya ([9]) is generalized Kirmaci’s ([8]) results for fractional integral. These
results are given below.

Theorem 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'] is convex on [a,b] then the following inequality for fractional integrals holds:

(1.3) W sy O+ Ty f(@)] = 1 <“;b>’
b—a / ’
S Tarp W@+l

Theorem 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|? is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

-y ?T;F;jn[ﬁ%w+””+J@#%fWﬂ‘f(a;bN
< b;“ (aplﬂ)‘l’ [(If’(a)l+43|f’(b)|)3+ <3f’(a)4+|f’(b)|)ﬂ

b—a 4
<
- 4 ap—+1

1,1 _
Whereg—l—a—l.

)puwwn+u%w]

Theorem 1.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|? is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

201 (v + 1) [Ja

o) [y SO+ Ty r@] -1 (5]

(1.5) 2 .

s (arg) e DI @1+ @31y o

(@t 3)If @+ @+ 1)1 )]

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used further this paper.
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Definition 1.4. Let f € L{a,b]. The Riemann-Liouville integrals J&, f and J f
of order o > 0 with a> 0 are defined by

S f@) = [ =07 @ o>a

and ,
o 1 ae
B t@) = g [ ¢=a . e <a
respectively. Here, I'() is the Gamma function and JY. f(z) = JJ_ f(z) = f(z).
For some recent results connected with fractional integral ineqalities, see([2]-
[5],[10]-[14]).

2. MAIN RESULTS
In order to prove our main theorems we need the following lemma see ([9]).

Lemma 2.1. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following inequality for fractional integrals holds:

i [y 0 sy s 0] = (457)

b—a 1 t 2t ! 2t t
tf = ~_b)dt— tef | — —b | dt
P e (e ) [er (e o) af

with a > 0.
Using lemma 2.1, we obtain the following fractional integral inequality for h—convex
functions.

(2.1)

Theorem 2.1. Let h: J C R — R be a nonnegative function. f: I CR — R be
a differentiable mapping on (a,b) with a < b. If |f'| is h—convex on [a,b] then the
following inequality for fractional integrals holds:

2753; 2 gy 0+ Ty S @] = 1 <a;b>’

< el (3) (- 9)]abis @i on

Proof. From Lemma 2.1 since |f’| is h—convex, we have

2O [y 0+ Ty Fl@)] - 1 (50|

3 2
b—a /lta
4 0

(2.2)

IN

£ (;a+22tb)‘dt+/01t°‘ f’<22ta+;b>‘dt}
b4a{/01ta h(;) f’(a)+h(1;) If’(b)l} dt

el (i- ) @ien(g)irol)
_ e {/t n(5)+n(i-5)]abir @i+ on

IN

—_
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Corollary 2.1. If we choose h(t) = t°, then the inequality (2.2) of Theorem 2.1

becomes the following inequality:

2‘733; ; [Tfeseyod @)+ Tagsy F@)] = 1 (a;b)‘

< o e (o) fur @i i o

The incomplete beta function, a generalization of the beta function is defined as
x
B (z;a,b) :/ 1=t dt, a>0,b>0and0<z <1
0

and we used the fact that

1 s
t
/to‘(lz) dt = 2““3( a+15+1>
0

Corollary 2.2. If we choose h(t) = 1, then the inequality (2.2) of Theorem 2.1
becomes the following inequality:

QQE;F_(Z; 2 gy O+ Ty S @] = 1 (é”j)’

= :
< S I @17 O

Remark 2.1. If we choose h (t) = t, then the inequality (2.2) of Theorem 2.1 reduces
the inequality (1.3) of Theorem 1.1.

Theorem 2.2. Let h: J C R — R be a nonnegative function. f: I CR — R be a
differentiable mapping on (a,b) with a < b. If |f'|? is h—convez on [a,b] for ¢ > 1,
then the following inequality for fractional integrals holds:

(2.3)

20— 1F a+1 [

+J(a+b) f(a)} —f <a;b)‘

ap+1> { (;>dt+f’<b)q/olh<1_)dt>‘l*

1

(o >dt+|f<>w/;h<z>dt>“}
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Proof. From Lemma 2.1, using the Hélder inequality and |f’|? is h—convex we have

W [ gyt ® ”?“—“)ff(“)} - <a;b)‘
< B[ el Gor Bl ol (e )}
< (L) {([ b oot )
(L (5t a) )
< 52 (gta) {ror [a@aeor [36-))

e [n(i-g)asror [n(3) dt)i}
[

Corollary 2.3. If we choose h(t) = t°, then the inequality (2.3) of Theorem 2.2
becomes the following inequality:

20-1T (v + 1)
(b—a)®

s+1 %
(17 @ oy + 1O (1“)) }

03012

= 2

Corollary 2.4. If we choose h(t) = 1, then the inequality (2.3) of Theorem 2.2
becomes the following inequality:

i e O+ s @] -1 (7))

2

b—a 1 % / q / Q%
< S (oh) (r@rsiron

ap+1

Remark 2.2. If we choose h (t) = t, then the inequality (2.3) of Theorem 2.2 reduces
the inequality (1.4) of Theorem 1.2.

Theorem 2.3. Let h: J C R — R be a nonnegative function. f: I CR — R be a
differentiable mapping on (a,b) with a < b. If |f'|? is h—convez on [a,b] for ¢ > 1,
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then the following inequality for fractional integrals holds:

2‘}2”2; ; [Tfeseyod @)+ Tagsy fl@)] = 1 <;b)‘

- b;“ <0“1“>; Klf/ (a)lq/oltah (;) dt+1f’ (b)|q/01t“h (1_ ) dt);
s [Fen(i-g)aeiror [ en(}) dtﬂ

Proof. From Lemma 2.1, using the power mean inequality and |f’|? is h—convex
we have
a+b
aa b aa :| -
[Ty 0 Ty s @] =1 (5 )‘

20710 (o + 1)
1 (2=t \[" O\
f (2a+2 b) dt

(b—a)*
) ()
tdt e
4 { 0 0
L 3 Loy 9t \|9
— b—a 1 ’ / q/1 a E / Q/l o _ - i
= = <a+1> [<|f (a)| Oth 5 dt+ | f" ()] Oth 1 dt
1 1 " :
+ (lf’ (a)|"/ t*h <1 - ) dt+ [ (b)| / t*h <> dt)
0 0 2
Corollary 2.5. If we choose h(t) = t°, then the inequality (2.4) of Theorem 2.8
becomes the following inequality:

W [J<a+b>+f< >+J<a+b> f@) =1 <;b>‘

b-a £ (a s |
< 4 <a+1) {( 04+3+1 +2 +1\f (b)qB<2,a+1,3+1>>

. ! JHCIRY
+<2+1|f (2 +1s+1>+25(04—|—8—|—1)> }

and we used the fact that

1 s
t
/to‘(l—Z) dt = 2a+1B( a+15+1>
0

Corollary 2.6. If we choose h(t) = 1, then the inequality (2.4) of Theorem 2.3
becomes the following inequality:

2“(2“3; 1) [JE‘QTH,)_i_f(b) + J(O‘M)_f(a)} " <a42rb>’

b—a ! q ! (Ié
m(lf (@) + | ®)])

(2.4)

IN

O
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Remark 2.3. If we choose h (t) = t, then the inequality (2.4) of Theorem 2.3 reduces
the inequality (1.5) of Theorem 1.3.
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SOME CHARACTERIZATIONS OF EULER SPIRALS IN E}

SEMRA SARACOGLU CELIK, YUSUF YAYLI, AND ERHAN GULER

ABSTRACT. In this study, some characterizations of Euler spirals in Ef have
been presented by using their main property that their curvatures are lin-
ear. Moreover, discussing some properties of Bertrand curves and helices, the
relationship between these special curves in E’{’ have been investigated with
different theorems and examples. The approach we used in this paper is useful
in understanding the role of Euler spirals in E'{’ in differential geometry.

1. INTRODUCTION

In three dimensional Euchlidean space E3, Euler spirals are well-known as the
curves whose curvatures evolves linearly along the curve. It is also called Clothoid
or Cornu spiral whose curvature is equal to its arclength.

The equations of Euler spirals were written by Bernoulli first, in 1694. He
didn’t compute these curves numerically. In 1744, Euler rediscovered the curve’s
equations, described their properties, and derived a series expansion to the curve’s
integrals. Later, in 1781, he also computed the spiral’s end points. The curves were
re-discovered in 1890 for the third time by Talbot, who used them to design railway
tracks [1].

A new type of Euler spirals in £? and in E? are given in [1] with their properties.
They prove that their curve satisfies properties that characterize fair and appealing
curves and reduces to the 2D Euler spiral in the planar case. Furthermore, they
require that their curve conforms with the definition of a 2D Euler spiral. Smiliarly,
these curves are presented in [6] as the ratio of two rational linear functions and have
been defined in E? as generalized Euler spirals with some various characterizations.
On the other hand, linear relation between principal curvatures of spacelike surfaces
in Minkowski space is studied in [3].

In this paper, we present the timelike and spacelike Euler spirals in Minkowski
space E3. At first, we give the basic concepts and theorems about the study then
we deal with these spirals whose curvatures and torsion are linear. Here, we seek

Date: January 1, 2016 and, in revised form, February 2, 2016.
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that if any timelike Euler spirals in E} is regular or not. Next, we investigate in
which conditions the timelike Euler spirals can be Bertrand curve. Additionally, by
using the definition of logarithmic spiral having a linear radius of curvature and a
radius of torsion from [1,2,6], we obtain the spacelike logarithmic spiral.

We believe that this study gives us a link and relation between the classical
differential surface theory and Euler spirals in Minkowski space E3.

2. PRELIMINARIES

Now, we recall the basic concepts and important theorems on classical differen-
tial geometry about the study, then we use them in the next sections to give our
approach. References [1,2,5,7], contain these concepts.

Let

a:l—E®
s+ as)
be non-null curve and {T', N, B} frame of «. T, N, B are the unit tangent, principal
normal and binormal vectors respectively. Let x and 7 be the curvatures of the
curve a.
We consider a regular curve o parametrized by the length-arc. We call
T da
(s) = ds
the tangent vector at s. In particular, (T'(s),7"(s)) = 0. We will assume that
T'(s) # 0. In this study we investigate the curve « in two different cases timelike
and spacelike.
We suppose that « is a timelike curve. Then 77(s) # 0 is a spacelike vector
independent with T'(s). We define the curvature of « at s as k(s) = |T(s)|.The
normal vector N (s) is defined by

TR ()]
Moreover k(s) = (T"(s), N(s)). We call the binormal vector B(s) as
B(s) =T(s) x N(s)
The vector B(s) is unitary and spacelike. For each s, {T, N, B} is an orthonormal

base of E which is called the Frenet trihedron of a. We define the torsion of a.
We define the torsion of « at s as

7(s) = (N'(s), B(s)) [5].

By differentiation each one of the vector functions of the Frenet trihedron and
putting in relation with the same Frenet base, we obtain the Frenet equations,
namely,

T’ 0 « O T
N | = 0 71 N
B’ 0 —7 0 B

On the other hand, Let « be a spacelike curve. These are three possibilities
depending on the casual character of T"(s)

1. The vector T'(s) is spacelike. Again, we write k(s) = |T’(s)|, N(s) =
T'(s)/k(s) and B(s) = T(s) x N(s). The vectors N and B are called the normal





SOME CHARACTERIZATIONS OF EULER SPIRALS IN Eio’ 263

vector and the binormal vector respectively. The curvature of « is defined by k.
The equations are

T 0 x O T
N |=|-k 0 71 N
B’ 0 7 0 B

The torsion of « is defined by 7 = — (N’, B).
2. The vector T'(s) is timelike. The normal vector is N = T"/k, where k(s) =
—(T"(s),T'(s)) is the curvature of . The binormal vector is B(s) = T'(s) x N(s),
which is spacelike vector. Now, the Frenet equations
T 0 k 0 T
N |=|x 0 7 N
0 7= 0 B

The torsion of @ is 7 = — (N/, B).

3. The vector T"(s) is lightlike for any s (recall that 77(s) # 0 and it is not
proportional to T'(s)). We define the normal vector as N(s) = T"(s), which is inde-
pendent linear with T'(s). Let B be the unique lightlike vector such that (N, B) =1
and orthogonal to T. The vector B(s) is called the binormal vector of « at s. The
Frenet equations are

T’ 0O 1 0 T
N | = 0o 7 O N
B’ -1 0 -7 B

The function 7 is called the torsion of a. There is not a definition of the curvature
of a [5].

It is well-known that a planar curve of E3 is included in a affine plane and also
this plane is a vector plane. In [5], planar curves with constant curvature is studied.
If the curve « is a planar curve in E? parametrized by the length-arc and v is a
fixed unitary direction, we call (s) the angle that makes T'(s) and v, that is

cos(6(s)) = (T(s),v) [5].
It can be proved that the curve a is |6'(s)].

Harary and Tall define the Euler spirals in E® the curve having both its curvature
and torsion evolve linearly along the curve. Furthermore, they require that their
curve conforms with the definition of a Cornu spiral.

Here, these curves whose curvatures and torsion evolve linearly are called Euler
spirals in E$. Thus for some constants a, b, c,d € R,

(2.1) k(s)=as+b
7(s) =cs+d
Next, we define logarithmic spiral having a linear radius of curvature and a linear

radius of torsion from [1,2]. They seek a spiral that has both a linear radius of
curvature and a linear radius of torsion in the arc-length parametrization s :

1

as+b
1

cs+d

where a, b, c and d are constants.
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Accordingly, the Euler spirals in EZ and in E} that satisfy equation above by a set
of differential equations is the spacelike curve « for which the following conditions

hold:
T~ () T

ds as +b)

T2 = (o) T+ () 79

= () o

In addition to these, we want to give our definition that Euler spirals in E} whose
ratio between its curvature and torsion evolve linearly is called generalized Euler
spirals in E5. Thus for some constants a, b, c,d € R,

K as+b

T es+d

Theorem 2.1. Let a be a timelike curve parametrized by the length-arc and in-
cluded in a timelike plane. Let v be a unit fized vector of the plane pointing to the
future. Let ¢(s) be the hyperbolic angle between T(s) and v. Then k(s) = |¢'(s)| [5].

Theorem 2.2. Let the curve o be a timelike planar Euler spirals in E3. Then «
is a Bertrand curve and there are two constants A and B; the curvature x and the
torsion T such that

Ak +Br=1 [5].

3. PLANAR EULER SPIRALS IN E}

In this section, we will discuss the main properties of timelike and spacelike
Euler spirals. At that time, the relationship between Euler spirals, Bertrand curves,
regular curves and helices are given with some theorems and cases.

3.1. The Timelike Planar Euler Spirals in E3. Let ¢ : I — R be the function.
We assume that the plane is timelike and the plane P be timelike, that is P =
(F2, E5) and then let parametrized curve by the arc-length be the curve 8. Thus,
this curve can be given as

B(s) = y(s)Ez + 2(s) Es

with
Y(9)? = 2(s)? = —1.
From that,
B(s) = /cosh(b(t)du/sinhgb(t)dt

with the linear curavature

This approach shows that a plane curve with any given smooth function as its
signed curvature can be found. But simple curvature can lead to these curves.
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Thus, the function ¢ € R such that
y'(s) = sinh ¢(t)dt,
2'(s) = cosh ¢(t)dt
taking the derivative of this curve,
B'(s) = (sinh ¢(s), cosh ¢(s))
and giving the dot product
(', ') = sinh ¢(s)? — cosh ¢(s)? = —1
the timelike Euler spiral can be computed with the property
K(s) = [B"(s)] = [¢(s)| = s.

Therefore, taking the signed curvature be k(s) = s and so = 0, the timelike Euler
spiral 8 can be obtained as

s? ) 52
B(s) = /cosh —ds,/sinh —ds
2 2
0 0
Example 3.1. Let the signed curvature be k(s) = as + b. Taking so = 0, we get
¢'(s) = as + b and
o(s) = 352 + bs.
then the timelike planar curve 8 can be given as
s 0, s . a,
B(s) = cosh(is + bs)ds, s1nh(§s + bs)ds

0 0

1
Example 3.2. Let the signed curvature be x(s) = —. Taking s = 0, we get the
s

timelike planar curve as

B(s) = /cosh(lns)ds,/sinh(lns)ds
0 0

Theorem 3.1. Any timelike planar Euler spirals in E3 is regular.

Proof. Assume that the curve § is timelike planar Euler spiral and is written by

B(s) = ] cosh ¢(s)ds, ] sinh ¢(s)ds

where
B'(s) = (2'(s),y'(s), 2 (s)) = (0,4/(5), #'(s))
and
(B'(s), B'(5)) = ¥/ (5)* = 2'(5)*(0,
In particular SSO sinh ¢(s) # 0 that is, 8 is a regular curve. O
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3.2. The Spacelike Planar Euler Spirals in E}. Let ¢ : I — R be the function.
We suppose that the plane is timelike and is given by {x = 0}. We are going to
find the spacelike planar curve «; at this time, the curve « is written as

a(s) = x(s)Ey + z(s)E3 and
a(s) = (x(s),0,2(s))
with
2’ (s)* — 2/ (s)? = 1.
Thus, the spacelike planar Euler spiral is given by

a(s) = /sinh ¢(t)dt7/cosh o(t)dt

where

with the curvature . Here, as it is known the curvature « is linear and the function
¢ € R such that

2'(s) = cosh ¢(s) and
Z'(s) = sinh ¢(s).
Then, the tangent vector « is
o' (s) = (2'(s),2'(s)) and
a’(s) = (cosh ¢(s),sinh ¢(s)).
It is clear that
(o (s),0/(s)) = cosh ¢(s)? — sinh ¢(s)? = 1.

Let the signed curvature be x(s) = s. Thus, the spacelike planar Euler spiral in E}

can be found as
S

) 52 52
as) = /sinh —ds,/cosh —ds
2 2
0 0

Example 3.3. If we take

k(s)=as+b
then
¢'(s)=as+b
and
2
@(s) = a;ds + bs
So,

S

a(s) = /Sil’lh(%SQ + bs)ds,/cosh(gs2 + bs)ds
0 0
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Example 3.4. If the curvature k is constant as k = a, then ¢(s) = as + b. Thus,
the spacelike planar curve is obtained as

S S

a(s) = /sinh(as + b)ds,/cosh(as +b)ds
0 0

Example 3.5. If the curvature s is given as

1
K=,
s
then
¢(s) =lns.
Therefore, the spacelike planar curve is
a(s) = /sinh(ln s)ds,/cosh(lns)ds
0 0

4. EULER SPIRALS IN E}

In this section, we study some characterizations of Euler spirals in E3 by giving
some theorems and definitions from [4, 5, 6].

Proposition 4.1. If the curvature T is zero then k = as + b and also the curve is
planar cornu spiral in E3.

Proof. If T =0 and the curvature is linear, then the ratio

—
K
Therefore, we see that the curve is planar Euler spiral in Ef. [
Proposition 4.2. If the curvatures are
T=as+b

K=c
then the Euler spirals are rectifying curves in E3.

Proof. If we take the ratio
T as+b

K c
where A; and A2 , with Ay # 0 are constants, then [4]

z = )\18+>\2.
K

It shows us that the Euler spirals are rectifying curves in E3. It can be easily seen
from [3] that rectifying curves have very simple characterization in terms of the

T
ratio —. O
K

Proposition 4.3. Euler spirals in E}are Bertrand curves.
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Proof. From the definition of Euler spiral in Ef and the equations above, we can
take

T(s) =c1s+c2

K(s) = dys + dy, with ¢; # 0 and dy # 0.
Here,

5= 0—1(7'—02)

and then,

d
Ii:fl(T—CQ)—f—dQ
C1

c1k =di (T — ¢2) + c1da

cik —diT =c3

C1 dl
—k——1=1
C3 C3
Thus, we obtain
A +pur =1
from Theorem.2 that Euler spirals are Bertrand curves in E3. (]

Theorem 4.1. Let M and M, be parallel surfaces in E} and also let the curve o
be a geodesic timelike Euler spiral on the surface M such that the curvatures

K(s) = c18 + co

7(s) = d1s + da, with ¢1 # 0 and dy # 0.

In this case, the Bertrand pair of the curve « is on the surface M,.. Here,
C1
r=———.
C1 d2 — d1 C2

Proof. From the proposition before, the Euler spiral is Bertrand curve. Let 8 be
the Bertrand pair of the curve of « as:

B(s) = a(s) + vN(s).
From the property that « is geodesic on M

N(s) =n(s).

Therefore,

B(s) = a(s) + vn(s).
From the Proposition 12, we can give

C1
r=—-—".
Cldg — d1(32

Thus, if we take r = v then we have §(s) € M,.. O

Theorem 4.2. Let M be a surface in E and o : I — M be non-null curve
(timelike or spacelike). If the Darbouz curve
W(s) =etT + kB

is geodesic curve on the surface M, then the curve o is Euler spiral in E3. Here, if
the curve « is timelike then ¢ = —1 and if the curve « is spacelike then € = 1.
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Proof. Let a be timelike. Thus,
W(s)=—7T — kB

then we have

(4.1) W'(s)=—7'"T —«k'B
(4.2) W"(s) = —1"T — k"B — (k7' — 7K')N
and also

W"(s) = A(s)n(s).

269

Here, n(s) is the unit normal vector field of the surface M. Darboux curve is geodesic

on surface M, therefore we have
W"(s) = A(s)N(s).
and then it can be easily given that n = N. If we take
7_// _ O K// — 0
and also

K=as+b
T=cs+d

then the curve « is generalized Euler spiral in Ef.

On the other hand, let a be spacelike. Thus,
W(s)=71T — kB.
Here, if the vector T"(s) is spacelike or timelike then we have
W'(s)=7"T - k'B
W'(s) =7"T — k"B + (k7" — 7K')N
and also it can be seen that

W"(s) = A(s)n(s).

Smiliarly, n(s) is the unit normal vector field of the surface M. Darboux curve is

geodesic on surface M, therefore we have
W"(s) = A(s)N(s).
and because of that it can be easily given n = N. If we take
=0, k" =0
and also

K=as+b
T=cs+d

then the curve « is generalized Euler spiral in Ej.
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5. GENERALIZED EULER SPIRALS IN E}

In this section, we investigate generalized Euler spirals in E} by using the defi-
nitions in above.

Theorem 5.1. In E}, all logarithmic spirals are generalized Euler spirals.

Proof. As it is known that in all logarithmic spirals, the curvatures are linear as:

cs+d
In that case, it is clear that the ratio between the curvatures can be given as:
k cs+d

T as+b
Thus, it can be easily seen all logarithmic spirals are generalized euler spirals.

Theorem 5.2. Euler spirals are generalized Euler spirals in E3.

Proof. Tt is clear from the property of curvature, torsion and the ratio that are
linear as:

k(s)=as+b

7(s) =cs+d
and then

kK __as+b
T cs+d
That shows us Euler spirals in E} are generalized Euler spirals in Ej. ([
|

Proposition 5.1. All generalized Euler spirals in E3 that have the property

Z = d18 + d2

K
are rectifying curves.
Proof. If the curvatures k(s) and 7(s) are taken as

k(s)=c¢
T(S) = d18 + d2 with dl # 0
then, from [4]
d d
T_Gistdy Ais 4 Ao
K c

where A1 and Ay are constants. This gives us that if the curve « is generalized
Euler spiral in E3 then it is also in rectifying plane. |

Result.1 General helices are generalized Euler spirals in E.

Proof. Tt can be seen from the property of curvatures that are linear and the ratio
is also constant as it is shown:

2=
K
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Theorem 5.3. Let
(5.1) a:1— FE}

s+ afs)

be non-null curve (spacelike or timelike) and let k and T be the curvatures of the
Frenet vectors of the curve a. For a,b,c,d, \ € R, let take the curve B as

(5.2) B(s) = a(s) + (as +b)T + (cs + d)B + AN.
In this case, the curve « is generalized Euler spiral in E} which has the property

K cs+d 1
—=— e =
T as+b’ +

if and only if the curves B and (T) are the involute-evolute pair. Here, the curve

(T') is the tangent indicatriz of o.

Proof. The tangent of the curve S is
(5.3) B'(s) =((1 =Nk +a)T + (c+ A1)B + (k(as + b) — 7(cs + d))N.
The tangent of the curve (T) is
ar
— =¢eN.
dST €

Here, st is the arc parameter of the curve (7).

(5.4) (B',N) =r(as +b) — 7(cs + d)

If the curves 8 and (T') are the involute-evolute pair then
(B',N) =0.

From (7), it can be easily obtained

Kk cs+d

T as+b

This means that the curve « is generalized Euler spiral in E3.
On the other hand, if the curve « is generalized Euler spiral in E5 which has the

property

Kk cs+d
T T as b
then from (7)
(B',N) =0.
This means that 8 and (T') are the involute-evolute pair in E3. O

Result.2 From the hypothesis of the theorem above, the curve « is generalized
Euler spiral in E} which has the property

Kk cs+d

T as+b

if and only if 8 and (B) are the involute-evolute pair. Here, (B) is the binormal of
the curve a in Ef.
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Proof. The tangent of the curve (B) is
4B _
dSB N

It can be easily seen from [5] for (B).
Theorem 5.4. Let the ruled surface ® be
(5.5) $:IxR— F}
(s,v) = ®(s,v) = a(s) + v[(as + )T + (cs + d)B|
and the curve o« : I — M be non-null curve. The ruled surface ® is developable if
and only if the curve « is generalized Euler spiral in E} which has the property
K scs +d P
T as+b’ -t

Here, « is the base curve and T, B are the tangent and binormal of the curve «,
respectively.

O

Proof. For the directrix of the surface
X(s)=(as+b)T+ (cs+d)B,
and also for
X'(s) =aT + [(as + b)k £ (cs + d)T]N + ¢B,
we can easily give that

1 0 0
det(T, X, X') = | as+b 0 cs+d
a (as+b)k £ 7(cs + d) ¢

In this case, the ruled surface is developable if and only if det(T, X, X') = 0 then
(cs+d)(as+b)k—(cs+d)T=0
then for es +d # 0
(as+b)k+ (ecs+d)T =0.
Thus, the curve « is generalized Euler spiral in E} which has the property

T as+b

Kk cs+d

Theorem 5.5. Let a: I — M be non-null curve. If the curve
1

U(s)=-T--B
K T

is a geodesic curve then the curve « is a logarithmic spiral in E.

Proof. Let a be timelike. Thus we have

1, 1
U(s)=—-T—-B
K T
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(5.7) U — <—i>NT - (i)ﬁB -

U(s) is geodesic on surface M, therefore

ORORE

U" = py1(s)n(s).

Here, n(s) is the unit normal vector field of the surface M. And also n = N, then
we have

U" = p1(s)N(s).
Also, from (10) it can be easily seen that

=as+b

=cs+d

NI=E e

Thus, it is clear that the curve « is a logarithmic spiral in E3.
On the other hand, let a be spacelike. Thus we have

1 1
U(s)=-T—-B

K T

then
(5.8) U= (i)T (i)lB
(5.9) U= (i)HT - (i)lIB -

Iy 1\’
(2) = (3) T] N.
K T
U(s) is geodesic on surface M, therefore

U" = pa(s)n(s).

Here, n(s) is the unit normal vector field of the surface M. And also n = N, then
we have

U" = pa(s)N(s).

Also, from (12) it can be easily seen that

=as+b

=cs+d

N ==
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6. CONCLUSIONS

In this study, at the beginning, planar Euler spirals in E5 have been defined and
then generalized Euler spirals in E§ have been introduced by using their important
properties. Depending on these, some different characterizations of Euler spirals
in E3 are expressed by giving theorems, propositions with their results and proofs.
At this time, it is obtained that Euler spirals are generalized Euler spirals in E.
Additionally, we show that all logarithmic spirals are generalized Euler spirals in
E3. Moreover, many different approaches about generalized Euler spirals in E3 are
presented in this paper.

We hope that this study will gain different interpretation to the other studies in
this field.
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TRANSLATION SURFACES IN THE 3-DIMENSIONAL SIMPLY
ISOTROPIC SPACE I} SATISFYING Az, = )\,

BAHADDIN BUKCU, DAE WON YOON, AND MURAT KEMAL KARACAN

ABSTRACT. In this paper, we classify translation surfaces in the three dimen-
sional simply isotropic space ]Ié satisfying some algebraic equations in terms of
the coordinate functions and the Laplacian operators with respect to the third
fundamental form of the surface. We also give explicit forms of these surfaces.

1. INTRODUCTION

Let x : M —E™ be an isometric immersion of a connected n-dimensional man-
ifold in the m-dimensional Euclidean space E™. Denote by H and A the mean
curvature and the Laplacian of M with respect to the Riemannian metric on M in-
duced from that of E™, respectively. Takahashi ([19]) proved that the submanifolds
in E™ satisfying Ax = Ax, that is, all coordinate functions are eigenfunctions of the
Laplacian with the same eigenvalue A € R are either the minimal submanifolds of
E™ or the minimal submanifolds of hypersphere S™~1 in E™.

As an extension of Takahashi theorem, Garay studied in [12] hypersurfaces in E™
whose coordinate functions are eigenfunctions of the Laplacian, but not necessarily
associated to the same eigenvalue. He considered hypersurfaces in E™ satisfying
the condition

(1.1) Ax = Ax,

where A €Mat (m,R) is an m x m- diagonal matrix, and proved that such hyper-
surfaces are minimal (H = 0) in E™ and open pieces of either round hyperspheres
or generalized right spherical cylinders.

Related to this, Dillen, Pas and Verstraelen ([10]) investigated surfaces in E3
whose immersions satisfy the condition

(1.2) Ax = Ax + B,

where A €Mat (3,R) is a 3 x 3-real matrix and B € R3. In other words, each
coordinate function is of 1-type in the sense of Chen ([9]). For the Lorentzian

Key words and phrases. Simply isotropic space, translation surfaces, Laplace operator.
Mathematics Subject Classification 2010: 53A35,53B30.
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version of surfaces satisfying (1.2), Alias, Ferrandez and Lucas ([1]) proved that
the only such surfaces are minimal surfaces and open pieces of Lorentz circular
cylinders, hyperbolic cylinders, Lorentz hyperbolic cylinders, hyperbolic spaces or
pseudo-spheres.

The notion of an isometric immersion x is naturally extended to smooth functions
on submanifolds of Euclidean space or pseudo-Euclidean space. The most natural
one of them is the Gauss map of the submanifold. In particular, if the submanifold
is a hypersurface, the Gauss map can be identified with the unit normal vector
field to it. Dillen, Pas and Verstraelen ([11]) studied surfaces of revolution in the
3-dimensional Euclidean space E2 such that its Gauss map G satisfies the condition

(1.3) AG = AG,

where A € Mat (3,R). Baikoussis and Verstraelen ([4]) studied the helicoidal sur-
faces in E3. Choi ([7]) completely classified the surfaces of revolution satisfying
the condition (1.3) in the 3- dimensional Minkowski space E3. The authors (|8,
20]) classified surfaces of revolution satisfying (1.2) and (1.3) in the 3-dimensional
Minkowski space and pseudo-Galilean space. The authors ([21]) classified the trans-
lation surfaces in the 3-dimensional Galilean space under the condition Ax? = \ix?,
where A\* € R.The authors ([6]) classified translation surfaces in the 3-dimensional
space satisfying A™r;= ji,r;. The authors ([13]) classified surfaces of revolution in
the 3-dimensional Minkowski space satisfying A™r = Ar, where A € Mat (3,R).
The authors ([14]) classified the translation surfaces in the 3-dimensional simply
isotropic space under the condition A7x; = \;x;, where \; € R and j = I, II,

The main purpose of this paper is to complete classification of translation sur-
faces in the three dimensional simply isotropic space I} in terms of the position
vector field and the Laplacian operator.

2. PRELIMINARIES

A simply isotropic space I3 is a Cayley—Klein space defined from the three di-
mensional projective space P(R3) with the absolute figure which is an ordered
triple (w, f1, f2), where w is a plane in P(R?) and f1, f» are two complex-conjugate
straight lines in w. The homogeneous coordinates in P(R3) are introduced in such
a way that the absolute plane w is given by x¢p = 0 and the absolute lines fi, fo by
g = x1+ize =0, g = x1 —ixe = 0. The intersection point F(0:0:0: 1) of these
two lines is called the absolute point. The group of motions of the simply isotropic

space is a six-parameter group given in the affine coordinates z = i—é, Yy = i—i, z= i—;
by
(2.1) T=a+xcosf —ysind

y=b+ xsinf + ycost
Z=Cc+ 1T+ Cy + 2,

where a, b, ¢, c1,c,0 € R. Such affine transformations are called isotropic con-
gruence transformations or é-motions [15, 17].

Isotropic geometry has different types of lines and planes with respect to the
absolute figure. A line is called non-isotropic (resp. completely isotropic) if its
point at infinity does not coincide (coincides) with the point F. A plane is called
non-isotropic (resp. isotropic) if its line at infinity does not contain F. Completely
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isotropic lines and isotropic planes in this affine model appear as vertical, i.e.,
parallel to the z-axis. Finally, the metric of the simply isotropic space I} is given
by

ds? = da® + dy?.

A surface M immersed in I} is called admissible if it has no isotropic tangent
planes. For such a surface, the coefficients E, F, G of its first fundamental form are
calculated with respect to the induced metric and the coefficients L, M, N of the
second fundamental form, with respect to the normal vector field of a surface which

is always completely isotropic. The (isotropic) Gaussian and mean curvature are
defined by
LN — M? EN —2FM + GL
BG 2 PH=hth= e e
where ki, ko are principal curvatures, i.e., extrema of the normal curvature deter-
mined by the normal section (in completely isotropic direction) of a surface. Since
EG—F? > 0, for the function in the denominator we often put W2 = EG — F2.The
surface M is said to be isotropic flat (resp. isotropic minimal ) if K (resp. H) van-
ishes [17].

It is well known in terms of local coordinates {u, v} of M the Laplacian operator
AT of the third fundamental form on M is defined by ([13])

o) Zxu—Y Xy _
VEG - F? | % ((LN—MQ)\/EG—F2)

(2.2) K=kiks =

(23) A= TN | o (L e :
0v \ (LN-M?2)\/EG—F?
where
X = EM?-2FLM + GL?,
Y = EMN—FLN +GLM — FM?,
Z = GM?—-2FNM + EN?.

3. TRANSLATION SURFACES IN [}

In order to describe the isotropic analogues of translation surfaces of constant
curvatures, we consider translation surfaces obtained by translating two planar
curves. The local surface parametrization is given by

(3.1) x(u,v) = a(u) + Av).

Since there are, with respect to the absolute figure, different types of planes in
I} |, there are in total three different possibilities for planes that contain translated
curves: the translated curves can be curves in isotropic planes (which can be chosen,
by means of isotropic motions, as y = 0, resp. « = 0); or one curve is in a non-
isotropic plane (z = 0) and one curve in an isotropic plane (y = 0); or both curves
are curves in non-isotropic perpendicular planes (y — z = m, resp. y + z = 7).
Therefore, the obtained translation surfaces allow the following parametrizations:

Type 1: The surface M is parametrized by

(3-2) X(u,v) = (u,v, f(u) +9(v)),

and the translated curves are a(u) = (u,0, f(u)), S(v) = (0,v,g(v)).
Type 2: The surface M is parametrized by

(3-3) x(u,v) = (u, f(u) + g(v),v),
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and the translated curves are a(u) = (u, f(u),0), B(v) = (0,g(v),v). In order to
obtain admissible surfaces, ¢’(v) # 0 is assumed (i.e. g(v) F#const.).
Type 3: The surface M is parametrized by

(3.3) x(u,v):%(f(u)—i—g(v),u—v—i—mu—i—v),

and the translated curves are
T

aw) = 5 (F,ut 5u=2),50) = (900, 5 =0, 5 +0)

In order to obtain admissible surfaces, f'(u) + ¢'(v) # 0 is assumed (i.e. f/(u) #
—¢'(v) = a =constant.) ([17]).
In this paper, we will investigate the surface Type 1.

4. TRANSLATION SURFACES SATISFYING AMx,= \;x;

In this section, we classify translation surface in I3 satisfying the equation
(4.1) A= \ix;,
where \;€R, i=1,2,3 and
AllLy _ (AIIIXhAIIIXQ,AIIIXS) :
where
X1 =u, Xg =v, x3 = f(u)+g(v).

For the translation surface is given by (3.2), the coefficients of the first and second
fundamental form are

(4.2) E=1,F=0,G=1,
(43) L= " M—0,N—g",

respectively. The Gaussian curvature K and the mean curvature H are
(4.4) K = f"(u)g"(v), H= M
respectively.

Suppose that the surface has non zero Gaussian curvature, so f”(u)g”(v) #
0,Yu € I. By a straightforward computation, the Laplacian operator on M with
the help of (4.2),(4.3) and (2.3) turns out to be

3 3
I B f/// g/// _f// g// f// g// _|_ f/ " f/// + g/f// g///
(4.5) Ax = .

f//3 ’ g//3 ’ f//3 3

Equation (4.1) by means of (4.5) gives rise to the following system of ordinary
differential equations

(4.6) (J{l,) = A1,

g///

(47) (g”g) = AQU,
3,2 2 3 3 3
_f// g// _f// g// +f’g” f///_|_g/f// g///
f//3g//3

(4.8) = A3 (f(w) +9(v)),
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where A1, Ao and A3 € R.This means that M is at most of 3- types. Combining
equations (4.6), (4.7) and (4.8), we have

1
"

f

Here u and v are independent variables, so each side of (4.9) is equal to constant,
call it a. Hence, we have

1
(49) - + )\1qu - /\3f = ? - )\g’ug/ + )\3g.

1 1
(4.10) —F—i—)\luf’—)\gf:a: ?—)\gvg'—k)\gg.
If we choose a = 0, then we get

1

1
(4.11) + /\1uf/ —X3f=0= ? - /\Q’Ug/ + A3g,

7
where ¢;, \; € R. If we solve (4.10) and (4.11), there are no any suitable solutions.

If we differentiate both sides of (4.10) respect to u and v, respectively, we get the
following

(4.12) P duf” + FF (A = As) =0,
g" + Agvg”g + g’g"2 (A2 — A3) =0.

We discuss four cases according to constants i, Ao, Ag.
Case 1: Let Ay = Ay = A3 = A # 0, from (4.12), we obtain

(4.13) £ (u) + Muf"” (u) = 0,
9" (v) + Xvg” (u) =0,

and their general solutions are

oY uln ()\u + /A (A2 — 203))
+ ;
A VA
W2 — 2cq . vin ()\v + /A (A2 — 206)>
A vV ’

where A, ¢; € R. In this case, M is parametrized by

(4.14) flw) =c1 +uca +

g(v) = ¢4 +ves +

u,
v?

=9 win( Au+4/A(Au2—2c3)

(4.15) x(u,v) = <01 +ucy + VA2 4 ( oy )

P vlin( Av+4/A(Av2—2c¢6)

+(c4+vc5+“§2ﬁi ( ﬁ 6)>
Case 2: Let \y = A2 =0, A3 # 0, from (4.12), we obtain
(4.16) 1) = s ()7 () = 0,

§"(v) = dag'(v)g" (v) = 0.
Differential equation (4.16) admits the particular solutions

(4.17) flu)=cyor flu)=cru+ca,

g(v) = co or g(v) = c3v + ¢y,
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where ¢; € R. Using the solutions (4.17) give rise a contradiction with our assump-
tion saying that the solution must be non-degenerate second fundamental form. In
the other cases, there are no any suitable solutions

Case 3: Let A\ # 0,3 #0, A3 =0, from (4.12), we obtain

(4.18) £ () + M () + A f () f7 (u) = 0,

9" () + Aavg” (v) + Aag/ (v)g"" (v) = 0.

Differential equation (4.18) admits the particular solutions
(4.19) f(u) =cyor f(u)=-cru+ cq,

g(v) = co or g(v) = c3v + ¢y,
where ¢; € R. Using the solutions (4.19) give rise a contradiction with our assump-
tion saying that the solution must be non-degenerate second fundamental form. In

the other cases, there are no any suitable solutions.
Case 4: Let \; = Ao = 0= A3 =0, from (4.12), we obtain

(4.20) f"(u) =0,
g"(v) =0,
and their general solutions are
(4.21) f(u) = cu® 4 cou + c3,
g(v) = cqv® + csv + ¢,
where ¢; € R. In this case, M is parametrized by

(4.22) x(u,v) = (u,v, (c1u® + cou+ ¢3) + (cav® + csv 4 ¢g) ) -

Definition 4.1. A surface of in the three dimensional simple isotropic space is said
to be ITI-harmonic if it satisfies the condition AMx = Q.

Theorem 4.1. Let M be a translation surface given by (3.2) in the three dimen-
sional simply isotropic space I3. If M is III-harmonic, then it is congruent to an
open part of the following surface

x(u,v) = (u, v, (clu2 + cou + 03) + (04112 + esv + 06)) .
where ¢; € R.
Theorem 4.2. (Classification)Let M be a translation surface with non-degenerate
second fundamental form given by (8.2) in the three dimensional simply isotropic

space I3. The surfaces M satisfies the condition AMx,=\;x;, where \;€R, then it
is congruent to an open part of the fallowing surface

u,
v

+ \/m :IZ uln()\u+\/)\()\u272c‘g))
X Y

vin( Av+4/A(Av2—2¢
+ (c4 + e + YA 4 ( fi 6))>

x(u’ 'U) = <Cl + uco

where A\, ¢; € R.
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RELATIONS AMONG HIGHER ORDER CROSSED MODULES OVER
GROUPOIDS

CAGRI ATASEVEN

ABSTRACT. In this work, we explored the categorical relationships between crossed modules,
2-and 3- crossed modules of groupoids

INTRODUCTION

Crossed modules were introduced by Whitehead in [I1] as algebraic models for homotopy 2-
types. They can be seem as 2- dimensional version of groups. The category of crossed modules is
equivalent to that of [9] and simplicial groups with Moore complex of length 1. Conduche [§] in
1984 described the notion of 2-crossed module as a model of connected 3-types. He proved that
the category of 2-crossed modules over groups is equivalent to the category of simplicial groups
with Moore complex of length 2.The relations among algebraic models for homotopy 3-types were
explored by Arvasi and Ulualan in [I] explicitly. The notion of 3- crossed module was defined in [2]
as model for homotopy connected 4-types. It can be said that the category of 3- crossed modules is
equivalent to that of crossed 3-cubes and simplicial groups with Moore complex of length 3. This
equivalence has been constructed in [2].In this paper, we will consider these notion over groupoids.
By using the definition of crossed modules over groupoids [6],the definition of 2-crossed modules
can be extended to the notion of groupoids.Thus we can explore the relationship between 3-crossed
modules over groups and 2- crossed modules over groupoids.Therefore, the results of this paper
can be summarized by the following diagram

XMod —— Grpoid

— S

X2Mod —— X3Mod —— 2CMod <—— CMod

with the arrows given below.

1. PRELIMINARIES

In this section, we recall some basic definitions. The following definition is due to Whitehead
[11].

Definition 1.1. [II] (Crossed Modules Over Groups): A crossed module is a group homo-
morphism 0 : M — P together with an action of P on M, written Pm for p € P and m € M,
satisfying the conditions.

Date:
2000 Mathematics Subject Classification. 18D35,18D20,18G55.
Key words and phrases. Crossed modules, 2-crossed modules, Groupoids.
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CM1) 0 is P-equivariant, i.e, forallpe P, me M
d(Pm) = pd(m)p~*

CM2) (Peiffer Identity) for all m,m’ € M

o 1

"m! = mm'm”
We will denote such a crossed module by (M, P,d). A morphism of crossed module from (M, P, 0)
to (M’, P’,9") is a pair of group homomorphisms

¢p:M—M  p:P— P

such that ¢(Pm) =¥®) ¢(m) and &' ¢(m) = YA (m).
We thus get a category XMod of crossed modules.

Ezamples of Crossed Modules

1) Any normal subgroup N < P gives rise to a crossed module namely the inclusion map,
i: N — P. Conversely, given any crossed module 0 : M — P |, I'mQ is a normal subgroup of P.

2) Given any P-module M, the trivial map

1:M — P

that maps everything to 1 in P, is a crossed module. Conversely, if 0 : M — P is a crossed
module, ker d is central in M and inherits a natural P-module structure from the P-action on M.

Conduche in [§] has defined 2-crossed module. The following definition of 2-crossed module is
equivalent to that given by Conduche in [8];

Definition 1.2. (2-Crossed Modules Over Groups) A 2-crossed module of groups consists
of a complex of groups

JARENG VN
together with (a) actions of N on M and L so that 95,01 are morphisms of N-groups, and (b) an

N-equivariant function
{, }MxM—1L
called a Peiffer lifting. This data must satisfy the following axioms:
2CM1) &o{m,m'} = (9"m')mm'~'m™!
2CM2) {02, 01'}y = [U)]]
2CM3) (i) {mm',m"} nmLm! m" Hm, m'm"m'~1}
(u) {m7 m/m//} {m’ Tn/}mm’m*1 {m’ m//}
2CM4) {m, 82l}{82l,m} Ormpr—1
2CM5) "{m,m'} = {"m, m’}

forall ,I’ € L, m,m’,m"” € M and n € N.
We can give definition of 3-crossed module from [2] as follows;
Definition 1.3. [2] A 3-crossed module consists of a complex of groups
K% 0% 2N

together with an action of N on K, L, M and an action of M on K, L and an action of L on K so
that 03, 02,01 are morphisms of N, M-groups and the M, N-equivariant liftings

o bxL— K, { oo LxL—K { oo LxL—K
{ oo M xL—K, {,}eonq:MxL-—K,

{ Yoen: LxM—K, {,}:MxM—1L

called 3-dimensional Peiffer liftings. This data must satisfy the following axioms:
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3CM1) K 225 [ %2 M is a 2-crossed module with the Peiffer lifting { , }(2,1)
3CM2) {m, 83k} 1 oy2y = 1m0 03k} g,090y ™ (R)P T (kTY)

3CM3) {Osk,mY )00y = "(K)E!

3CM4) {m, 03k} 10)2) = {m. O3k} o000y {03k} gy 00y KO (KT
3CM5) {l/aaQI}(O)(Q,l) = {lvl/}(}%(l) {llﬂll}(l)(o)

3CM§6) {02l oy = {0 0y g, U}y L1} ay0)
3CM7) {02l 1Y 1 0)2) = {L U oy) ™

3CMS8) 0LV 1y oy) = 11,11 {0l, Do}

3CMY9) 83({l, l/}(o)(z)) = 83({82l, l/}(l,o)(z))_l

3CM10) O {l,m}ygyony = "UTH{al,m}

3CM11) 9 {m Dy = 03 4m, B0y 2™ ™(17Y) {m, Dl
3CM12a) {03k, 1} (1)) = (R)ETT

3CM12b) {1, 03k} 1)) K(R)

3CM13) {0k, 0ak'} 1)) = K]

3CM14) {05k, U} g0y =1

3CM15) (0ol 05k} 1 gy = {1, O3k} 02

3CM16) {001, 05k} 3.0y 1) = {1 Bk} ()2 K (#'(B71))

3CM17) {33]{},821}(0)(271) = Ol -1

3CM18) Oy {m,m'} = mm'm=(Ormm/ )1

We denote such a 3-crossed module by (K, L, M, N, 03,04, 01).
A morphism of 3-crossed modules of groups may be pictured by the diagram

o 8 o
L3 : Ly & L, - Lo
f3 f2 f1 fo
L L L L
3 o 2 2 1 o 0

where
fi(tm) = Pt (m), fo(M1) = DD (1), fa(k) = oD fa(k)
for {, }(0)(2) A }(2)(1)7 {, }(1)(0)
{, texfo=fi{,}

for {', Yoo 1 teon
{,thxfa=f{,}
for £}y
{,texh=Ff{,}
and for { , }
{,Yhxh=FR{,}
forall k € K,l € Lym € M,n € N. These compose in an obvious way. We thus can define the
category of 3-crossed modules, denoting it by XsMod.

2. GROUPOIDS, CROSSED MODULES AND 2-CROSSED MODULES OVER (GROUPOIDS

Recall that agroupoid is a small category in which every arrow is an isomorphisms. That is,
for any morphisms o there exists a morphisms ™! such that a0 a™! = €,y and a™ ' oo = e4(q)
where e : Cyp — C gives the identity morphism at an object. We write a groupoid as (Cy, Cp),
where Cj is the set of object and C is the set of morphisms. For any groupoid C, if C(z,y) is
empty whenever x,y are distinct (that is, s = t), than C is called totaly disconnected. You can
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find detailed description of groupoids in [3],[4],[5],[7],[I0]. A morphism of groupoid is (f1, fo) in
the following diagram

oo

S

C() — C(/)
fo

and we denote the category of groupoids by Grpoid. Now we recall the definition of crossed
modules of groupoids. The basic reference is Brown-Higgins [6].

Definition 2.1. Let G,C be groupoids over same object set and let C be totally disconnected.
Then an action of G on C is partially defined function

CxG—-C

written (¢, a) — ¢®, which satisfies
L. ¢* is defined if only if ¢(c) = s(a) and then ¢(c*) = t(a)
IL. (c1 0¢2)® = c¢f o ch
I ¢$°% = (c%)? and ¢§* = ¢;

for all ¢1,c2 € C(z,z) and a € G(z,y), b € G(y, 2).

Definition 2.2. A crossed module of groupoids consists of a morphisms § : C — G of groupoids
C and G which is the identity on the object sets that C is totally disconnected, together with an
action of G on C which satisfies

Ld(c*)=altod(c)oa

IL % =clocoe
for all ¢1,¢ € C(z,z) and a € G(z,y). A crossed module of groupoids will be denoted by (C, G, ).
A morphism of crossed modules of groupoids from (C,G,J) to (C',G’,d’) is a pair of groupoid
homomorphisms

a:C=C',B:G—=G

such that a(c?) = a(c)?@ and §’a(c) = B(c) for all ¢ € C(z,z) and a € G(x,y). We thus get a
category CMod of crossed modules of groupoids.

Using the definition of crossed modules of groupoids, we can define 2-crossed modules of
groupoid similarly.

Definition 2.3. L,M and N are groupoids, having the same set of objects,O, and let L,M be
totally disconnected groupoids.
A crossed modules of groupoids consists of a complex of groupoids

NN

together with an action of N on L and M, so that both d; and J; are morphisms of groupoid.
Also
(==} MxM—=L
called a Peiffer lifting, which satisfies the following axioms:
2CM1) d{m,m'y = ("™m)omom'Lom™!
2CM2) {0a1, 051"} [,
2CM3) (1) {mom/,m"} amLm! m"Hm,m' om” om'~1}
(i) {m,m’ om”} {m, Wll}mom’omﬁ1 {m,m"}
2CM4) {m, 0pl}{0al,m} = 91™mo]~!
2CM5) "Im,m'} = {"m,"m’}





286 CAGRI ATASEVEN

for all m,m’,m” € M, I,I’ € L and n € N. A morphism of 2-crossed modules of groupoids is
groupoid homomorphisms from (L, M, N,ds,0) to (L', M’',N',34,07)
fz:L—)Ll,fllM%M/,folN—)Nl

such that

fo01 = 0! f1, f102 = 05 fa,

fr ("m) =100 fi(m), fa (") =10 fo (1)

and

{=—thxfi=f{--}
forall ] € L, m € M and n € N. We thus can define the category of 2-crossed modules of
groupoids, denoting it by 2CMod.

3. RELATIONS AMONG HIGHER ORDER CROSSED MODULES

In this section, we would have given the following diagram by defining the functors between
categories.

XMod —~ Grpoid

in |

XsMod —— CMod
4

| ’ J»

XsMod — 2CMod
5

3.1. From crossed modules of groups to groupoids. For this functor see also [4]. Let 0 :
M — P be crossed module. In this case, there is an action of P on M so that we can define
M % P, which is called semi direct product group. The operation in M x P as follows:

(m,p).(m, p') = (mm™, pp')
Let Cyp = P and C; = M x P. Now we must define s,¢,e and o in (Cq,Cp). The source, target
maps and identity morphism are given by respectively

s(m,p) = p, t(m,p)0m.p, e(p) = (1,p)

The composition of two morphisms is given by

(m/,p') o (m,p) = (m'm, p)
it S(m/,p") =p' = Om.p =t(m,p).
In this case, we obtain

s((m/,p") o (m,p)) = s(m'm,p)
= P
= s(m,p)
and
t((m',p') o (m,p)) = t(m'm,p)
= 9(m)o(m’)p
= om)p’ (.- 0(m)p=p)
t(m',p')
Furthermore

se(p) = s(1,p) = p and se = id : Cy — Cy
te(p) =t(1,p) =90(1)p=p and te = id : Cy — Cy
and we can show inverse morphism of (m,p) : p — 9(m)p as follows

(m~",8(m)p) : d(m)p — p.
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Then we obtain a groupoid (C1,Cy, s,t,e). Therefore, we can define a functor from XMod to
Grpoid. We denote this functor by

F; : XMod — Grpoid
3.2. From 2 crossed modules of groups to crossed modules of groupoids. Let
K212 M

be a 2-crossed module. There are actions of M on L and K so we can define K x M and L x M.
For (I,m) € Lx M, s(I,m) = m and t(I,m) = 01 (I)m,thus L x M is groupoid over M. Moreover,
for (k,m) € K x M, s(k,m) =m and t(k,m) = 0102(k)m = m, so K x M is totally disconnected
groupoid.

We now try to show that the structure

KxM-"sLxM

is a crossed modules of groupoid, where §(k,m) = (92(k), m). Then we will use the action given
b

’ 'k ={0:(k), 1} .k
CM1. For (k,m),(k',m) € K x M and (I,m) € L x M, we have

(0™ (kym)) = 5('k,m) = (82('k),m)

(02({02(k), 1}.k), m)
(121 05 (k)1 .02 (k)"0 (K), m)
(
(

1.02(k).17 m) o (I,m) o (O2(k),m) o (I,m)
= (I,m)od(k,m)o(l,m)”}
CM2. For (k,m), (k',m) € K x M, we have

5(k,m)(k/7 TI’L) — (02(k),m) (k’, m) — (ag(k)k/, m)
= ({02(K"), 02(k)}.K',m)
= ([k, KK ,m)

= (k,m)o (K,m)o (k,m)™?

Then we obtain a crossed module of groupoids from 2-crossed module of groups. So we can define
a functor from XoMod to CMod. We show this functor by

Fy : XaMod — CMod

3.3. From crossed modules to 2-crossed modules of groups. Let M o, N be crossed
module.

{——}:Mx M- {1}
This map clearly satisfies the required conditions. Therefore, we can define a functor from XMod
to XoMod. We denote this functor by

F5 : XMod — X;Mod
3.4. From 2-crossed modules to 3-crossed modules of groups. Let
{ .o :LxL—A1}, {,}oe:LxL—A1, {,}ou:LxL—{1}
{:taoe :MxL—A{1}, {,}teow :MxL—{1}

{7}(0)(271)2LXM—>{1}, {,}:MXM—)L

be 3-dimensional Peiffer liftings.
3CM1. We showed that the structure
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is a 2-crossed module in the previous section.

3CM2.{m, 831} (1,0)2) = 1 and {m, D31} (2,0)(1)."1.92™1 = 1.

3CM3.{831,m}(0)(271) =land "1l.1=1

3CM4.{m,531}(1,0)(2) =1 and {m,é)gl}(m)(l).{ﬁgl, m}(o)(gﬂ).l.alml =1.

The other axioms of 3-crossed module can be showed similarly. Therefore, we can define a functor
from XoMod to XgMod. We denote this functor by

F3;: XoMod — X3Mod
3.5. From 3-crossed modules to 2-crossed modules of over groupoids. Let
K202 u 2N

be a 3- crossed module. We try to show that structure

KxN-20LuN-MxN
N —— N —— N
id id

is a 2-crossed module over groupoid N.
In this structure, we obtain

d1(l,n) = (02(1), n)
02 (k,n) = (0s(k),n)

and s(l,n) =n, t(l,n) = 91 0 92(l)n = n and s(k,n) =n, t(k,n) = 01 0 &2 0 I3(k)n = n then
s,t s,t

LxN—ZN,KxN—%N

are totally disconnected groupoids.
We can define Peiffer lifting map for the above structure by using {—, —}@2)1) : L x L — K,
namely.

{=,—}:(IxN)x(IxN)—-KxN

{=,=}:(IxN)x(IxN) — KxN
(), (",n)) — (LU} 2)a):n)

We can show that all axioms of Peiffer lifting map given in Definition 2.3 are satisfied.
PL.1. It must be that

So{(L,n),(';n)} = (t,n) o (U;n) o ()~ H %) (17 )
For (I,n),(I',n) € L x N we obtain the following equality;
o{(,n),(I,n)} = (LI} e)a)n)
= (33{l,"} 1), n)
= (Wi Oa)~tn)
= (Ln)o(l',n)o(l,n)~to%1m) (=1 p)
PL.2. For (k,n),(k',n) € K x N. We have
{02(k,n), 02(k",n)} = {(0s(k),n), (05(K'),n)}
({05(K), 93(K") }2)(1), m)
= ([kK],n)
= (k,n)o(K,n)o (k7' n)o (K1, n)
= [(k,n), (K, n)]

and this shows that the axiom PL.2 is satisfied.
PL.3.For the elements (I,n), (I’,n),({”,n) in L x N, we calculate the following result:
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{(n), (11", n)}

{5, 11"} 2)1),n)
= ({1 )
(LY Gy n) o (LI yysm)
{(Ln), (U, )y EmelmeU5m (1 p), (17, )},

{W,n),(1",n)} = {W,1"}2)a):n)

= (OO oy LT o)) m)

OO @y ay,m) o ({LUTT Y21y, m)

OOD ), (I ), () o (07m) o (11 m)

= 2 ), (" ) H (), ('n) o (I",n) o (7 )},
PLA4. For (I,n) € L x N and (k,n) € K x N, we have
{(l,n), 62(k,n)H{02(k, n), (I,n)} = {(,n), (05(k),n)H{(93(k),n), (I,n)}

({1, 05(k)}2)(1), ) ({0s(k), L} 2) (1), 1)
51(l’”)(k,n) o (k71 n).
PL5. For (I,n),(I',n) € L x N and (m,n) € M x N, we have

(1), ()} = ML o)a),n)

(™1} @)y M)

= ({"" "} o),n)

= {("Ln), ("' ,n)}
{m(1,m), 0™ (1 n)}

Therefore, we can define a functor from the category of 3-crossed module to that of 2-crossed
module of groupoids. We denote this functor by

F5 : X3Mod — 2CMod

s,t

3.6. From groupodis to crossed module of groupoids. Let N ——= O be groupoid, so it

can be clearly seen that
s,t

is crossed module over O, where 7 is inclusion map. Therefore, we can define a functor from the
category of groupois to CMod. We show this functor by

Fs : Grpoid — CMod

3.7. From crossed module of groupoids to 2-crossed module of groupoids. We can obtain
a 2-crossed module of groupoids from crossed module over groupoids by using smiler way in
subsection 3.3.
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ON GENERALIZED f-HARMONIC MAPS AND LIOUVILLE
TYPE THEOREM

MUSTAPHA DJAA AND AHMED MOHAMED CHERIF

ABSTRACT. In this paper, we prove that every semi-conformal harmonic map
between Riemannian manifolds is a generalized f-harmonic map. We also
prove a Liouville type theorem for f-harmonic maps in general sense from
IR™ onto a Riemannian manifold N with non-positive sectional curvature,
where f € C°(IR™ x N) is a smooth positive function which satisfies some
suitable conditions.

1. INTRODUCTION

Liouville type theorems for harmonic maps between complete smooth Riemann-
ian manifolds have been done by many authors. Eells-Sampson [9] proved that
any (bounded) harmonic map from a compact Riemannian manifold with positive
Ricci curvature into a complete manifold with non-positive curvature is a constant
map. Schoen-Yau [15] also proved that any harmonic map with finite energy from
a complete smooth Riemannian manifold with non-negative Ricci curvature into
a complete manifold with non-positive curvature is a constant map. Cheng [3]
showed that any harmonic map with sublinear growth from a complete Riemann-
ian manifold with non-negative Ricci curvature into an Hadamard manifold is a
constant map. Liu [8] proved the Liouville-type theorem for p-harmonic maps with
free boundary values. Bair-Fardoun-Ouakkas [1] proved the Liouville-type theorem
for bi-harmonic maps

The purpose of this paper is to provide a proof of the Liouville type theorem
for f-harmonic maps in generalized sense from I R™ onto a Riemannian manifold
N with non-positive sectional curvature, where f € C*°(IR™ x N) is a smooth
positive function which satisfies some suitable conditions.
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Consider a smooth map ¢ : (M™,g) — (N, h) between Riemannian manifolds
and let f : M x N — (0, 4+00) be a smooth positive function. The map ¢ is said to
be a generalized f-harmonic map, if it is a critical point of the f-energy functional

(1) Ey(p) =3 /K F(@, (@) |del? v,

on any compact subset K C M. The Euler-Lagrange equation associated to the
f-energy functional is

(12)  74(p) = for(p)+dp(grad™ f,) — e(p)(grad™ f) oo =0,
where:
fo : M — (0,+00) is the positive function defined by
(1.3) fo(@) = f(z,0()), xe€M,
) 0
(grade>(x,y) = Z g’ anZ (xay)@’ (z,y) € M x N,
ij=1
“ L Of 0
(grade)(r,y) = Z hmii(xvy)i*v (x,y) € M x N7
ij=1 Oy oy’

(i) = tracey Vdep is the tension field of ¢, and e(yp) = 3|dip|? is the energy density
of .

Tr(¢p) is called the f-tension field of ¢ ([4]) [11]).

2. SEMI-CONFORMAL MAPS AND f-HARMONICITY

Let o : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds.
Let z € M, the tangent space at = splits T, M = H, @V, where V,, = Kerd,p and
H, = VgCL is the orthogonal complement of the vertical space V,. The map ¢ is
called semi-conformal if for each x € M where d,p # 0 the restriction d, : H, —
Tp() N is conformal and surjective. On setting A(z) = 0 at points 2 where d,¢ = 0,
we obtain a continuous function A : M — IR, such that for any X,Y € H,

h(dzp(X), dup(Y)) = N (2)g(X,Y),

the function A is called the dilation of . Note that the generalized conformal maps
is discussed in [13].

Let M™ be a Riemannian manifold and N™ be a Riemannian submanifold of
IR*. Then, we have

Theorem 2.1. Any semi-conformal harmonic map ¢ : M™ — N™ is f-harmonic
with f(z,y) = F(2y+ (n—2) p(x)) for all (z,y) € M x N where F € C*°(IRF) is
a smooth positive function.

Proof. A semi-conformal harmonic map ¢ is f-harmonic if and only if

mi(p) = de(grad™ f,) —e(p)(grad” f) o =0,

where f, : M — (0, +00) is a smooth positive function given by

fo(@) = f(z, 0(x)) = F(np(z)).
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Let us choose {ey, ..., e, } an orthonormal frame on a domain of M such that the
vectors {eq, ..., e, } are horizontal and the vectors {e;, 41, ..., e, } are vertical, so that
dp(e;) = A(€; 0 ¢) for i = 1,...,n where {€1,...,€,} is an orthonormal frame on a
domain of N. Then, we have

I
[
D
.Gkh
=9
S
—~
£

do(grad™ f,)

nA%(grad™ F) o .

(grad™ f)op => (€ op)(f) (Eiop)

i=1

n k
=23 Y (@ o 9)u™) alF) @ 0 )

i=1 a=1
n

2> (€iop)(F)(€ioyp)

i
=2(grad"V F) o .

Since e(p) = A2, we get

e(p)(grad™ f) o =nA%(grad" F)o .

If n =1, we arrive at the following corollary
Corollary 2.1. Let F € C*(IR) be a smooth positive function and f(z,y) =
F(2y — ga(ac)) for all (x,y) € M x IR. Then ¢ € C*®(M) is f-harmonic map if

and only if is harmonic.

Proof. From the formula (1.2) we have

(2.1) 7i(p) = for(p) +do(grad™ f,) — e(p)(grad™ f) o,

with
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for all x € M. By calculating the terms of equation 2.1, we obtain

do(grad™ f,)

> eilfo)dp(er)

i=1

= Z ei(Fop)ei(p)

= Z ei()(F" o p)ei(p)

(2.2) = (F'oyp)|grad™ o],

of

—e(p)(grad’® flop = - Z<d¢(ei),dw(ei)>(@)ow

i(9)?12(F 0 )]

@

(2:3) = —[grad™ o]*(F' o ),

where {e;} is an orthonormal frame in M, F’ = dF/dt and e;(¢) = dp(e;).
Substituting (2.2) and, (2.3) in (2.1), we obtain

Ti(0) = fo ().

Example 2.1. Let F € C°°(IR) be a smooth positive function. The map

p:IR> — IR

(x1,22) —> x%—x%

is f-harmonic with f(xy,72,y) = F(2y — 22 + 22) for all (z1,22,y) € IR? x IR.

Note that ¢ is harmonic, from the formula (1.2), we deduce that ¢ is f-harmonic
if and only if

(2.4) dp(grad™ f,) — e()(grad'® f) o p = 0.
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We have
f¢($17$2) = f(3317332,80(3317$2))
= F(2p(x1,22) — o] + 3)
= F(22? — 222 — 2% +22)
= F(z]—23).
2 of, 0O of, 0
JiE - e ¥ L ZJe Y
gra fLP 8%1 8x1 8.%2 axg
= 2z F’(mQ—xQ)i—%c F’(a:2—332)i
! ! 2 8131 2 1 2 31‘2.
2 a(p 8(,0
dp(grad’? fo) = 2xF'(2% — x%)a—xl — 2xo F' (22 — :E%)a—%2
(2.5) = 422F' (2% — ) + 4adF (23 — 23).
1,002 1,002
G(QD) - 2(6x1) +2(6$2)
= 2z% + 2x3.
(Ead ™ fop = (g)ow

= 2F'(2? — 22).
(26) e(p)(grad’ flop = 4aiF'(af - a3) +daF' (af — a3).
From (2.5) and (2.6) we obtain (2.4).
Example 2.2. The radial projection ¢ : x € IR™\{0} — p(x) = ﬁ e sm
is f-harmonic, where F € C®°(IR™*1\{0}) is a smooth positive function and

f(xvy) = F(W) for all (557:1/) c (IRm+1\{O}) x §m .

Indeed; the radial projection ¢ is a semi-conformal harmonic maps (see [6]), so
from Theorem 2.1, we deduce that ¢ is f-harmonic with

fle,y) = F(2y+ (m — 2)%)

F(2yz|+|3(37|712)z).

Remark 2.1. Using Theorem 2.1, we can construct many examples for f-harmonic
maps in a generalized sense.

Theorem 2.2. Let f1 € C®(M) and f, € C>®°(N) be two smooth functions and
f = ez A semi-conformal map ¢ : M™ — N? from a Riemannian manifold
M of dimension m to a Riemannian manifold N of dimension 2, is f-harmonic if
and only if

() + (f2 0 ¢) dp(grad™ f1) = 0.
Proof. We have
(2.7) 71(p) = fo7() + dep(grad™ f,) — e(p)(grad™ f)o o,

where f,(z) = f(z,p(z)) = ef1(®) f2(e(2)),
Let {eq,...,em} be an orthonormal frame on a domain of M such that the vectors
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{e1,ex} are horizontal and the vectors {es, ..., e,,} are vertical, so that dp(e;) =
A(€; o) for i = 1,2 where {€71, €2} is an orthonormal frame on a domain of N. By
calculating the terms of equation 2.7, we obtain

dip(grad™ fo) = Z (fo) de(es)

= Z f1(f20¢) (fl(f2 o 90)) d(ﬂ(ei)

=1
= ef 120901 ( £ 0 ) dep(grad™ f1) + f1 dp(grad™ (f2 0 0))},

m

dp(grad™ (f200)) =D ei(f2 0 9) dp(e:)

i=1

2
- Z do(eq)(f2) dp(e;)
i=1
2
=Y N @op)(f) (Eioyp)
i=1
= X2 (grad™ fy) 0 o,
dgp(gradM fo) =
(2.8) N 229 {(fa 0 ) dp(grad™ f1) + f1 X (grad™ f2) o o}

[ V)

(grad™ f)ow = (@ o @) ()@ o)

i=1
2
=S @ o) (fi ) e ) (5 0 )
i=1
=fi o1 (f209) (gradN f2) o,
As e(p) = A2, then

(2.9) e(p)(grad™ f) oo = A2 fy e1172°9) (grad® fo) o

Substituting (2.8) and (2.9) in (2.7), we obtain

Ti(e) = el r(p) + (f2 0 p)dp(erad™ fi) + fi)*(grad™ f) o
—fiX*(grad™ f2) 0 ¢
(2.10) — 1 (f200) [T(ap) +(fa0 90) d(p(gradM fl)]
From the formula (2.10), the Theorem 6 follows. O

Example 2.3. Let M = (IR?\{0}) x IR and let ¢ : M — I R? defined by

p(z1,22,23) = (y/af + 23, 23).
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The map ¢ is semi-conformal with dilation A = 1. The tension field of ¢ is

() (1,22, 35) = (Wiﬁ,o).

According to Theorem 2.2 the map ¢ is f-harmonic with f = ef1/2 where
1

i@, 02,03) = —=—=—= and fa(y1,y2) = 1.
Ty + x5

3. A LiouviLLE TYPE THEOREM FOR f-HARMONIC MAPS

Theorem 3.1. Let (N,h) be a Riemannian manifold with non-positive sectional
curvature Sect™ < 0. Consider an f-harmonic map @ IR™ — N with finite
f-energy Ef(@) = % [1pm foo ldo|? du < oo, where f € C*°(IR™ x N) is a smooth
positive function such that Hess(f,) < 0. If Vee(p)(grad¥ Inf) o ¢ > 0 and
Volf(IR™) = [;pm fodx = 00, then ¢ is constant.

We need the following lemmas to prove Theorem 3.1.

Lemma 3.1 ([14]). Let ¢ : (M™,g) — (N™, h) a smooth mapping between Rie-
mannian manifolds and let f € C*°(M), then

(do, Vedp(arad™ £)) = 1 (arad™ 1) (deP) + (dp, dp(V™ grad f)).

Proof. Let {e1,...,em} be an orthonormal frame such that V¥e; = 0 at x € M for
all i,7 = 1,...,m. Then calculating at =

(do, V?de(grad™ f)) = hldp(e:), VE dp(grad™ ).
i=1
For all i =1, ..., m, we have

Ve de(grad™ f) = V¢ (e;(f) dp(e;))

NE

<.
Il
—

ej(f) Ve dp(e;) + ) eile;(f)) deles)

NE
NE

j=1

<.
Il
—_

ei(e;(f)) dp(ej),

NE
M

e;(f) VE dp(e;) +
1

<.
Il
—

J

we conclude that

(dp, V?dp(grad™ f)) = }Z e;(f) h(dp(e;), VE dp(e;))

By noticing that
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and
(dp, dp(VM grad™ f)) = > h(dp(e;), dp(V X e;(f)e;))
i,j=1
= Z ei(ej(f)) h(dp(e:), dp(e;)),
i,j=1
the Lemma 3.1 follows. O

Lemma 3.2. Let (N,h) be a Riemannian manifold and f € C*°(IR™ x N) be a
smooth positive function. Consider an f-harmonic map ¢ : IR™ — N, then we
have

1 m 1 m
S AT ldpl? = [Vdgl* + ﬁldw(gradm Fo)? + (dp, V¥e(p)(grad™ In f) o )

%)

—~ i(gradm” fo) (ldel?) — J}ww, dp(VIE" grad™™" f,))

= 27 h(BN (dp(er). dp(e;)) dple;). diple:)
ig=1
where {e1,...,em} be an orthonormal frame on IR™.

Proof. We start recalling the standard Bochner formula for the smooth map ¢. Let
{e1,...,em} be an orthonormal frame on IR™, we have

m

%AIRM do|* = [Vdep|* + (dp, VeT()) + Z h(de(Ricci'™" €;), dp(e;))
i=1
(3.1) - i h(RN (deo(es), dg(e;))dp(e;), dp(e;))
ig=1
where
|Vdp|* = Z h(Vdep(es,e;), Vdp(es, e;)),
=1
and
(de, Ve7(p)) = f: h(dp(ei), VET(0)).
i=1
Since

1) = fo () + dip(grad™™" f,,) — e(y)(grad™ f) o =0,

we obtain

() = ——dp(grad! X" fe) () (grad™ f) o ¢

+ ie
fe fe

- —fidso(grad”‘” fo) +e(@)(grad™ In f) o g,
)
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then we get
(do, Vo7 (¢)) = 7 L |dp(grad!®” fo)l? (d%Wd@(gradIR fe))

(3.2) + (dg, V¥?e(p)(grad™ In f) o <p>.
By the Lemma 3.1, the second term on the right-hand side of (3.2) is

—f—¢<d<p,vwd<p (grad'™" f,)) = fﬁ(grad”%m £0) (ldgl?)

(3.3) -7 L o, dp(VIF" grad!®" f,)).
©
Since Ricci’®" =0, by (3.1), (3.2) and (3.3), we have

SAT dgf? = [Vdgl? + 5 |dplgrad ™" 1,2 + (dg, T2e(i)(grad™ In f) o )

f2
= L)) = 7 1)
- Z (RN (dg(es), dp(e;))dp(e;), dpler)).
ij=1

Proof. of Theorem 3.1. By the Lemma 3.2, we have
1 m 1 m 1 m
o oA el = [ Vgl + ldo(arad™ fo)l* = 5 (arad™ f,) (del’)

+ fo(dp, V¥e(p)(grad™ In f) o @) — {dp, dp(VI " grad"®" f,))

m

— o 3 (RN (de(er), diole;))dole; ), diper)).

i,7=1

If we denote Af,Rmp = f,AE" p 4 (gradIRm fo)(p) for all p € C=(IR™),
then

1 m
S AT diol? = [o| Vil + fo(dio, Voe(p) (grad™ In ) o )

1 . » .
+ —|dp(grad"™" f,)? — (di, dp(VI" grad™™" f,))
©

(3.4) — fo Y h(RY (dp(e:), dip(e;))dp(e;), dples)).
ij=1

Since Sect™ < 0, Hess'®" fo < 0 and V¥e(p)(grad¥ In f) o ¢ > 0, by (3.4) we
obtain

1 m
(3.5) FAFT ldgl® > fo [Vl
Since

AIR’"\dsolQ |d| AFE" |d| + £, | grad"™" |dep|?
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by (3.5) and the Kato’s inequality (see [2] [7]) we get
(3.6) |do| AT |dg| > f,(IVdp|* — | grad™" |de||*) > 0.
Let p: IR™ — IR be a smooth function with compact support, then
PPldp| AL |dip| = p?|dip| div' " (£, grad"®" |dy))
= div'™" (p?|de|f, grad"™" |dip]) — fop?| grad™ |de||?
(3.7) —2f,pldp| < grad™" p, grad™" |dip| > .
By (3.6), (3.7) and the Stokes theorem, we deduce

0 S/ p°ldp| AL dp|dz
IR™

0<-— fop? grad™™" |dy|[dx

(3.8) — 2/ fopldp| < grad ®" p, grad’®" |dp| > pm da.
IR’VTL
By the Young inequality (see [17]) we have
(3.9)
m m 1 m m
~2 < |de|grad™" p, pgrad ™" |dg| >1rn < —|dgl*| grad™™" pf + ep?| grad" " |deo|*.

Substituting (3.9) in (3.8), we obtain
m 1 m
05— [ eplend ™ faelPde L [ foldegd™ s
IR™ € JIR™

e [ foptlerd!™” g,
IR’VYL
then
m 1 m
310 (1=0) [ foplarad™ dplPde < ¢ [ folagl g™ pPda,
IR’"L IR‘NL

for any € > 0. Choose the smooth cut-off p = pr, i.e p <1on M, p =1 on the ball
B(0,R), p =0 on TR™\B(0,2R) and | grad’®" p| < 2. Let 0 < € < 1, replacing
p = pr in (3.10) we obtain

m 4
Gr)  0<0-9 [ foled™ ldolPdr< o [ fildpPd.
IR™ eR IR™
Since Ef(@) = 3 [;pm fo ldp|? dz < oo, when R — oo, we have
4
— dep|*dz — 0.
€R2 IR™ f‘P‘ <)O| v

Thus, by (3.11), we have | grad!®" |dyp|| = 0, i.e |d¢| = ¢ constant. If ¢ > 0,

2 2
Bilp) =5 | fodu= %Volf(IRm) < .

But Voly(/R™) = oo then ¢ = 0, i.e ¢ is constant. (]

If f(x,y) =1 for all (z,y) € IR™ x N, we recover the following classical result:
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Corollary 3.1. Let (N,h) be Riemannian manifold with non-positive sectional
curvature Sect’ < 0. Consider an harmonic map ¢ : IR™ —s N with finite
energy E(p) = %f]}%m dy|* dx < 0o, then ¢ is constant.

Let fi : IR™ — (0,00) be a smooth function. If f(z,y) = fi(z) for all
(z,y) € IR™ x N. We recover the following result obtained in Theorem 3.3 of [14]
and Theorem 1.2 of [16]:

Corollary 3.2. Let (N,h) be Riemannian manifold with non-positive sectional
curvature Secty < 0 and let f; : IR™ — (0,400) be a smooth positive func-

tion with non-positive hessien Hess' " fi < 0. Consider an fi-harmonic map
¢ : IR™ — N with finite f1-energy Ey, () = %IIR"L filde|? doe < co. If

Vol;, IR™) = fidx = oo,
IR™

then ¢ is constant.
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ON THE W;-CURVATURE TENSOR OF GENERALIZED
SASAKIAN-SPACE-FORMS

D. G. PRAKASHA, VASANT CHAVAN AND KAKASAB MIRJI

ABSTRACT. The object of the paper is to characterize generalized Sasakian-
space-forms satisfying certain curvature conditions on Wjs-curvature tensor.
We characterize Wi-flat, ¢-Ws-flat and ¢-Wi-semisymmetric generalized Sasakian-
space-forms.

1. Introduction

Generalized Sasakian-space-forms have become today a rather special topic in
contact Riemannian geometry, but many contemporary works are concerned with
the study of its properties and their related curvature tensor. The study of gen-
eralized Sasakian-space-forms was initiated by Algre et al., in [1] and then it was
continued by many other authors. A generalized Sasakian-space-form is an almost
contact metric manifold (M, ¢, &, n, g) whose curvature tensor R is given by

RX,Y)Z = fi{g(Y,Z2)X —g(X,2)Y}
+  fA9(X,02)0Y — g(Y,0Z)pX +29(X, Y )0 Z}
fs{n(XOn(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E},

where f1, fo, f3 are differentiable functions on M and X,Y, Z are vector fields on
M. In such case we will write the manifold as M (f1, fa, f3). This kind of manifolds

+

appears as a natural generalization of the Sasakian-space-forms by taking: f; = 61'3
and fo = f3 = 621, where ¢ denotes constant ¢-sectional curvature. The ¢-sectional

curvature of generalized Sasakian-space-form M(f1, f2, f3) is f1 + 3f2. Moreover,
cosymplectic space-form and Kenmotsu space-form are also considered as particular
types of generalized Sasakian-space-form. Generalized Sasakian-space-forms have
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been studied in a number of papers from several points of view (for instance, [2]-[4],
(6-[8], [9]-{11], [13]-[17], etc).

In the context of generalized Sasakian-space-forms, Kim [11] studied conformally
flat and locally symmetric generalized Sasakian-space-forms. Some symmetric prop-
erties of generalized Sasakian-space-forms with projective curvature tensor were
studied by De and Sarkar [6] and Sarkar and Akbar [16]. In [13], Prakasha shown
that every generalized Sasakian space-form is Weyl-pseudosymmetric. Hui [10]
studied Wa-curvature tensor in generalized Sasakian-space-forms. Also, Prakasha
and Nagaraja [14] studied quasi-conformally flat and quasi-confomally semisym-
metric generalized Sasakian-space-forms. In a recent paper [8], De and Majhi stud-
ied ¢-Weyl semisymmetric and ¢-projectively semisymmetric generalized Sasakian-
space-forms. Conharmonically flat generalized Sasakian-space-forms and conhar-
monically locally ¢-symmetric generalized Sasakian-space-forms were studied in
[17]. In a recent paper, Hui and Prakasha [9] studied certain properties on the C-
Bochner curvature tensor of generalized Sasakian-space-forms. As a continuation
of this study, in this paper we plan to characterize flatness and symmetry property
of generalized Sasakian-space-forms regarding Ws-curvature tensor.

The paper is organized as follows: after preliminaries in Section 3, we study the
Ws-flat generalized Sasakian space-forms. We prove that a generalized Sasakian-
space-form is Wix-flat if and only if fi; = 3f3/1 — 2n = f3. In section 4, we study
¢-Ws-flat generalized Sasakian-space-form and obtain that a generalized Sasakian-
space-form of dimension greater than three is ¢-Ws-flat if and only if it is confor-
mally flat. In the last section, we prove that a generalized Sasakian-space-form is
¢-Wis-semisymmetric if and only if it is Wi-flat.

2. Preliminaries

An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact
metric manifold [5] if there exist on M a (1, 1) tensor field ¢, a vector field & (called
the structure vector field) and a 1-form 7 such that

(2.1) P*X = X +n(X)E ¢€ =0, 7€) =1, n(¢X) =0,
for arbitrary vector fields X and Y. In view of (2.1) and (2.2), we have
(Vxn)(Y) =g(Vx&Y).
Again, we know that in a generalized Sasakian space-form
(X, Y)Z = fi{g(Y,2)X —g(X,2)Y}
+  [A9(X,0Z)Y — g(Y,02)9X +29(X, ¢Y)9Z}
+  fs{n(X)n(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)&}

for any vector fields X, Y, Z on M, where R denotes the curvature tensor of M
and f1, f2, fs are smooth functions on the manifold. The Ricci operator @} and
Ricci tensor S of the manifold of dimension (2n + 1) are respectively given by

(2.4) RQX = (2nfi+3fr— f3)X —{3f2+(2n—1)f3}n(X)¢,
(2.5) S(X,Y) = (2nfi+3fa— f3)9(X,Y) = {3f2 + (2n — 1) f3}n(X)n(Y).
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In addition to the relation (2.3)-(2.5), for an (2n + 1)-dimensional (n > 1) gen-
eralized Sasakian-space-form M (f1, fo, f3) the following relations also hold [1]:

(2.6) n(R(X,Y)Z) = (fr = fs){g(Y, Z)n(X) = g(X, Z)n(Y)},
(2.7) RX,Y)E = (A —f){n(Y)X —n(X)Y},
(2.8) REX)Y = (fi— f{g(X,Y)E—n(Y)X}.

The Ws-curvature tensor on a (2n + 1)-dimensional generalized Sasakian-space-
form M (fy, f2, f3) is given by [12]

(29) Ws(X.Y,Z,0) = R(X,Y, Z,U) + 5 {9(X, )S(Y,U) ~ g(V-U)S(X, 2)}

For n > 1, M(f1, fa, f3) is locally Ws-flat if and only if the Wi-curvature tensor
vanishes, Also, notice that Ws-curvature tensor is symmetric with change of pairs of
the vector fields and does not satisfies the cyclic property. A relativistic significance
of Ws-curvature tensor has been explored by Pokhariyal [12],

In view of (2.6)-(2.8), it can be easily construct that in a (2n + 1)-dimensional
(n > 1) generalized Sasakian-space-form M/(f1, fa, f3), the Ws-curvature tensor
satisfies the following conditions:

(210) W(W5(X,V)2) = (fi~ F)o(¥, Z(X)} — 5-n(V)S(X, 2),
Q1) Wi(X,V)E = (i~ f)n()X 20XV} + 5 n(X)QY,
(212) n(Ws(X,Y)§) = 0.

3. Ws-flat generalized Sasakian-space-forms

Definition 3.1. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form
is called Wix-flat if it satisfies the condition

Ws(X,Y)Z =0,
for any vector fields X, Y and Z on the manifold.

Let M(f1, f2, f3) be a (2n+ 1)-dimensional (n > 1) Ws-flat generalized Sasakian
space-form. Then, by Definition 3.1) and (2.9), we get

(3.1) RX,Y)Z = — {S(X 2)Y — g(X,Z)QY}.

In view of (2.6) and (2.7), the above equation takes the form

(32) R(X,¥)Z =~ [32 + (20— 1) ] (NX)(Z)Y — g(X, Z)n(¥)e}.
Using (2.3) in (3.2) yields

F{oYV, 2)X — g(X, 2)Y } + fo{9(X,02)0Y — g(Y,0Z)pX +29(X, Y )0 Z}
+  fa{n(X(2)Y —n(Y)n(2)X + g9(X, Z)n(Y)§ — g(Y, Z)n(X)E}

(38) —5-[3f2 + (20— D5 n(X)n(Z)Y — g(X, Z)n(V)€}
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Taking Z = ¢Z in (3.3), we have

folg(X, 9> 2)Y — g(Y,¢° Z2)pX + 29(X, ¢Y)$* Z}
f3{9(X,0Z)n(Y)E — g(Y, ¢ Z)n(X)E

= 5Bt 2n - D] {9(X,02)n(V)E)

If we take Y = £, then we obtain from the above equation

+
_|_

(3.4) —2n(f1 = f3)9(X, 92)€ = [3f2 + (2n — 1) f3]9(X, 9 Z)¢.
Since g(X, ¢Z)& # 0, in general. Thus from (3.4), it follows that
(3.5) ofi +3f2 — f3 = 0.
Again, we take X = £ in (3.3), we obtain
(3.6) (f1 = fs){9(Y, 2)§ —=n(2)Y}

= Bt @n— DAY —n(V)E)
Taking inner product with £ of (3.6), we obtain
(3.7) (fr = fs){9(Y, Z2) = n(Z)n(Y)} = 0.
This implies that
(3.8) fi=fs
Since (Y, Z) # n(Y)n(Z), in general. From (3.5) and (3.8), it is easy to see that
(3.9) fo= 72
Thus in view of (3.8) and (3.9), we have
(3.10) h= o g

Conversely, suppose that (3.10) holds. Then from (2.4) and (2.5), we have QX =0
and S(X,Y) = 0, respectively.
Making use of this in (2.9), we get
(3.11) Wi(X,Y,Z,U)=R(X,Y,Z,U),
where Wi(X,Y,Z,U) = g(W5(X,Y)Z,U) and R (X,Y,Z,U) = g(R(X,Y)Z,U).
Putting Y = Z = ¢; in (3.11) and taking summation over 4, 1 <i < 2n + 1, we get
2n+1
(3.12) > WX ei e, U) = S(X,U).
i=1
Next, because of (2.3) and (3.11), we have
(3.13) W'(X,Y,Z,U)
fi{g(Y, 2)9(X,U) — g(X, Z)g(Y,U)}
FA9(X, 62)g(#Y.U) — g(Y, $Z)g(6X, U) + 29(X, 6Y )g(62,U)}
fs{n(X)n(Z)g(Y,U) = n(Y)n(2)g(X,U)
9(X, Z)n(Y)n(U) = g(Y, Z)n(X)n(U)}-

+ + +
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Now, putting Y = Z = ¢; in (3.13) and taking summation over ¢, 1 <i < 2n + 1,
we get

2n+1

(3.14) > WX, ei,ei,U)
i=1

= 2f19(X,U) +3f29(¢X, ¢U) — f3{(2n — 1)n(X)n(U) + g(X,U)}.
By virtue of S(X,U) =0, (3.12) and (3.14) we have

(3.15) 2nf19(X,U) + 3f29(¢X, ¢U)
= f3{@n = n(X)n(U) + 9(X,U)} = 0.

Putting X = U = ¢; in (3.15) and taking summation over 7, 1 <14 < 2n+ 1, we get
fi = 0. Then in view of (3.10), fo = f3 = 0. Therefore, we obtain from (2.3) that

(3.16) R(X,Y)Z = 0.

Using (3.15) and S(X,Y) = QX = 0, we have from (2.9) that W5(X,Y)Z = 0,
That is, M (f1, f2, f3) is Ws-flat. This leads us to state the following:

Theorem 3.1. A (2n+ 1)-dimensional (n > 1) generalized Sasakian-space-form is
3f2

Ws-flat if and only if f1 = = fs.
1—2n

4. ¢ —Ws-flat generalized Sasakian-space-forms

Definition 4.1. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form
is called ¢-Ws-flat if it satisfies the condition

(4.1) P*Ws(9X, 0Y)¢Z =0,
for any vector fields X, Y and Z on the manifold.
First, taking X = ¢X,Y = ¢Y and Z = ¢Z in (2.9), we have
(4.2) Ws(0X, ¢Y)9Z
= RIOX,0Y)67 + - {9(6X, 62)Q0Y — S(6X, 62)6Y ).
Using (2.4) and (2.5) in (4.2), we get
W5(9X,9Y)pZ = R(¢X, ¢Y ) Z.

In virtue of (2.3), we get from above equation
(4.3) Ws(0X,9Y)oZ

= [{9(Y, 2)X —n(Y)n(Z)¢X — g(X, Z)¢Y +n(X)n(Z)¢Y'}

+ foA9(X,02)6°Y — g(Y,02)6° X + 29(X, ¢Y )¢ Z}.
Applying ¢? to both sides of (4.3), we have
(4.4) P*Ws(0X, 9Y)pZ

= *If1{9(Y, 2)¢X —n(Y)In(2)pX — g(X, Z)Y + n(X)n(Z)¢Y }
+  f{9(X,02)0*Y — g(Y,02)¢* X + 29(X, ¢Y) > Z}].
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Let M(f1, f2, f3) be a (2n+1)-dimensional (n > 1) ¢-Ws-flat generalized Sasakian-
space-form. Then, by Definition 4.1 and (4.4), we get
(4.5) ?*[Fi{9(Y. Z2)pX —n(Y)n(Z)$X — g(X, Z)¢Y +n(X)n(Z)¢Y '}
+ f{e(X,02)8%Y — g(Y,02)6° X + 29(X, ¢Y)¢p* Z}] = 0.
By virtue of (2.1) and (2.2), the above equation yields

(4.6) g, 2)¢X —n(Y)n(Z2)9X — g(X, Z)¢Y +n(X)n(Z)¢Y}
+ fo{g(X,02)8°Y — g(Y.0Z)¢° X +29(X,¢Y)$*Z} = 0.
Taking inner product with U in (4.6), we obtain

(4.7) fi{g(Y, 2)g9(o X, U) —n(Y)n(Z2)g9(¢X,U) — g(X, Z)g(8Y,U)
+ n(X)n(2)g(eY,U)} + fo{9(X,02)9(¢°Y,U) — g(Y,9Z)g(¢* X, U)
+ 29(X,0Y)g(¢*2,U)} =0.

Putting Y = Z = ¢; in (4.7) and taking summation over i, 1 <i < 2n + 1, we get
3f29(X, @U) = 0. Since g(X, ¢pU) # 0, in general. Hence, it follows that

(4.8) f2 = 0.

In (4.7) again putting Y = U = ¢;, and taking summation over ¢, 1 <i < 2n + 1,
we get

(4.9) {fi+@n+1)fa}e(eX, Z) — fi{g(X, Z) —n(X)n(Z)}4 = 0,

where ¢» = Trace of ¢. Plugging X = Z = ¢; in (4.9), and taking summation over
i, 1 <i<2n+1, we obtain {(2n —1)f1 + (2n+ 1) fo} = 0. Which in view of (4.8)
yields f; = 0. Hence, we have f; = fo = 0.

Conversely, if fi = fo = 0 then from (4.4) it follows that

(4.10) G Ws(6X,¢Y)$Z = 0.

That is, M(f1, f2, f3) is ¢ — Wis-flat. Therefore, the converse holds when f; = fo =
0. Thus we are able to state the following:

Theorem 4.1. A (2n+ 1)-dimensional (n > 1) generalized Sasakian-space-form is
o — Ws-flat if and only if f1 = fo =0 holds.

In [11], U. K. Kim proved that for a (2n+1)-dimensional generalized Sasakian-
space-form the following holds:
(i) If n > 1, then M is conformally flat if and only if fo = 0.
(ii) If M is conformally flat and £ is a Killing vector field, then M is locally sym-
metric and has constant ¢-sectional curvature.

In view of the first part of the above theorem of Kim we immediately obtain the
following:

Theorem 4.2. A (2n+ 1)-dimensional (n > 1) generalized Sasakian-space-form is
¢ — Ws-flat if and only if it is conformally flat.

Also, in view of the second part of the above theorem of Kim we get the following;:

Theorem 4.3. A (2n + 1)-dimensional (n > 1) ¢ — Ws-flat generalized Sasakian-
space-form with & as a Killing vector field is locally symmetric and has constant
¢-sectional curvature.
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5. ¢-Ws-semisymmetric generalized Sasakian-space-forms

Definition 5.1. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form
M(f1, fa, f3) is called ¢-Wi-semisymmetric if it satisfies the condition

for any vector fields X, Y on the manifold.

Let M (f1, f2, f3) be a (2n 4 1)-dimensional (n > 1) ¢-Ws-semisymmetric gener-
alized Sasakian-space-form. The condition W5(X,Y).¢p = 0 implies that

(5.2) (Wa(X,Y) - 6)Z = Ws(X,Y)$Z — oWs(X,Y)Z =0,

for any vector fields X, Y and Z. Now,

(5.3) Wix(X,Y)oZ = R(X,Y)oZ + %{Q(X, 0Z)QY — S(X,02)Y}.

Using (2.3), (2.6) and (2.7) in (5.3), we get

(5.4) Ws(X,Y)6Z
= [{9(Y.02)X —g(X,02)Y} + fo{9(Y, Z)¢X — g(X, Z)9pY + n(X)n(Z)¢Y
= n(Y)(Z)¢X —29(X,0Y)Z + 29(X, oY )n(Z)E} + f3{9(X, 0Z)n(Y)E
~ giezmxg) - |2 DR ok szmne.

2n
Similarly,

(5.5) oW5(X,Y)Z =¢R(X,Y)Z + %{Q(X, Z)pQY — S(X, Z)oY'}.

By virtue of (2.3), (2.6) and (2.7) we obtain from (5.5) that

(5.6) oW5(X,Y)Z
= [i{9(Y, 2)¢X — g(X, Z2)oY'} + fo{g(Y, ¢2) X — g(X,p2)Y + g(X,0Z)n(Y)E
— 9(Y,0Z)n(X)§ — 29(X, 9Y)Z + 29(X, oY )n(Z)&} + f3{n(X)n(Z)oY
- amzexy + | PEEG=DB e

2n
Substituting (5.3) and (5.5) in (5.2) yields
(5.7) (fr = 2 {9V, 02)X — g(X,02)Y — g(Y, Z)pX + g(X, Z)¢Y }

+ (f2 = f){n(X)n(2)eY —n(Y)n(Z)¢X — g(X,0Z)n(Y)E + (Y, 6Z)n(X)S}

2B DR ] fox, 02 ) - X n(2)6r) =

Putting Y = £ in (5.7), we obtain

{W} 9(X,62)¢ = (fi = Ja)n(Z)6X.

Taking inner product with U, we get from (5.8)

9 [BER2 i 02)nw) = (- n(2)9(6X.0).

Putting X = U = ¢; in (5.9), and then taking summation over ¢, 1 <i < 2n + 1,
we get

(5.10) (fr = fs)n(2)p =0,

(5.8)
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where ¢ = Trace of ¢. From (5.10), we get

(5.11) fi = fs.
Making use of (5.11) in (5.8), we obtain
(5.12) [(1—2n)fs — 3f]9(X,902))§ =0,
which implies that
3f2

.1 Q = .
(5.13) fs=1—35,
Thus in view of (5.11) and (5.13), we have

_ 3k

(5.14) fi= 1—om = fs.

Conversely, suppose (5.13) holds. Then in view of Theorem 3.1, we have W5 = 0
and hence W5(X,Y").¢ = 0. Thus we can state the following:

Theorem 5.1. A (2n+1)-dimensional (n > 1) generalized Sasakian space-form is
O-Ws-semisymmetric if and only if f1 = % = f3.
In [7], De et al., proved the following result:

Theorem 5.2. A (2n+1)-dimensional (n > 1) generalized Sasakian space-form is
conharmonically flat if and only if f1 = 2n = f3.

Taking into account of Theorem 3.1, Theorem 5.1 and Theorem 5.2, now we may
present the following theorem:

Theorem 5.3. Let M fy, fa, f3) be a (2n+1)-dimensional (n > 1) generalized
Sasakian space-form. Then the following statements are equivalent:

(1) M(fr, f2, [3) is Ws-flat;

(2) M(f1, fa, f3) is ¢-Ws-semisymmetric;

(3) M(f1, fa, f3) is conharmonically flat;

@) fr=3 =1

1=
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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
p-CONVEX FUNCTIONS

S. S. DRAGOMIR!»2

ABSTRACT. Some inequalities of Hermite-Hadamard type for ¢-convex func-
tions defined on real intervals are given.

1. INTRODUCTION

We recall here some concepts of convexity that are well known in the literature.
Let I be an interval in R.

Definition 1.1 ([37]). We say that f : I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all z,y € I and ¢ € (0,1)
we have

(11) Flte+(=0)9) < 5 @)+ 1= f )

Some further properties of this class of functions can be found in [28], [29], [31],
[43], [46] and [47]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

Definition 1.2 ([31]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all z,y € I and t € [0, 1] we have

(1.2) flte+(1=t)y) < f(x)+f(y).

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions, i.
e. nonnegative functions satisfying

(1.3) [tz + (1 =t)y) <max{f(z),f(y)}
for all z,y € I and t € [0,1].
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For some results on P-functions see [31] and [44] while for quasi convex functions,
the reader can consult [30].

Definition 1.3 ([7]). Let s be a real number, s € (0,1]. A function f : [0,00) —
[0, 00) is said to be s-convex (in the second sense) or Breckner s-convex if

flte+(1-t)y) <t°f(z) +(1—1)°f(y)
for all z,y € [0,00) and t € [0,1].
For some properties of this class of functions see [1], [2], [7], [8], [26], [27], [38],
[40] and [49].
In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f are
real non-negative functions defined in J and I, respectively.

Definition 1.4 ([52]). Let h: J — [0,00) with h not identical to 0. We say that
f:I—[0,00) is an h-convex function if for all z,y € I we have
(1.4) fle+ A=ty <h(@)f(@)+h(1-1)f(y)
for all t € (0,1).

For some results concerning this class of functions see [52], [6], [41], [50], [48] and
[51].

We can introduce now another class of functions.
Definition 1.5. We say that the function f : I — [0,00) is of s-Godunova-Levin
type, with s € [0,1], if

1 1

1.5 t 1-1¢ < — —_—
(15 flto+(1=19) < 2F () + e ().
for all t € (0,1) and =,y € 1.

We observe that for s = 0 we obtain the class of P-functions while for s = 1 we
obtain the class of Godunova-Levin. If we denote by Qs (I) the class of s-Godunova-
Levin functions defined on I, then we obviously have

PI)=Qo(I) Qs (1) S Qs (1) S Q1 (1) =Q(])

for 0 < 81 <59 < 1.
The following inequality holds for any convex function f defined on R

b
(1.6) (b—a)f <“+b></ f@)dm(%@M, a,b€R.

2

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see [42]).
But this result was nowhere mentioned in the mathematical literature and was not
widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex
functions, wrote that this inequality was proven by J. Hadamard in 1893 [5]. In
1974, D. S. Mitrinovié found Hermite’s note in Mathesis [42]. Since (1.6) was
known as Hadamard’s inequality, the inequality is now commonly referred as the
Hermite-Hadamard inequality.

For related results, see [10]-[19], [22]-[25], [32]-[35] and [45].

The following inequality of Hermite-Hadamard type holds [48]
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Theorem 1.1. Assume that the function f : I — [0,00) is an h-convex function
with h € L[0,1]. Let y,x € I with y # x and assume that the mapping [0,1] > ¢ —
FI(1—t)z +ty] is Lebesgue integmble on [0,1]. Then

(1.7) th(%)f(ijy) /f )du < [f :c)—f—f(y)]/olh(t)dt

If we write (1.7) for h(t) = ¢, then we get the classical Hermite-Hadamard
inequality for convex functions

(s P(E) < [ < L)

If we write (1.7) for the case of P-type functions f : I — [0,00), i.e., h(t) =
1,t € [0,1], then we get the inequality

(1.9) f($+y)

that has been obtained for functlons of real variable in [31].
If f is Breckner s-convex on I, for s € (0,1), then by taking h (t) = ¢* in (1.7)

we get
(1.10) 93~ 1f<x+y> _x/f < (21{()7

that was obtained for functions of a real variable in [26].
If f:I—[0,00) is of s-Godunova-Levin type, with s € [0, 1), then

u)du < f(z) + f(y),

1 (z+y f@)+ 1)
1.11 < .
g () <o [ rwas T
We notice that for s = 1 the ﬁrst inequality in (1.11) still holds, i.e.
1
(1.12) 4f(x+y> /f (1—t)z + ty] dt.

The case for functions of real variables was obtained for the first time in [31].

2. ¢-CONVEX FUNCTIONS
We introduce the following class of h-convex functions.

Definition 2.1. Let ¢ : (0,1) — (0,00) a measurable function. We say that the
function f : I — [0,00) is a p-convex function on the interval I if for all z,y € T
we have

(2.1) flte+ A =t)y) <te(t)f(z)+ A -t)e(d—-1t)f(y)
for all t € (0,1).

If we denote £ (t) = t, the identity function, then it is obvious that f is h-convex
with h = fp. Also, all the examples from the introduction can be seen as p-convex
functions with appropriate choices of .

If we take ¢ (t) = 5 with s € [0,1] then we get the class of s-Godunova-Levin
functions. Also, if we put ¢ (t) = t*~! with s € (0,1), then we get the concept of
Breckner s-convexity. We notice that for all these examples we have

p+(0):= lim o (f) = co.
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The case of convex functions, i.e. when ¢ (t) = 1 is the only example from above
for which ¢4 (0) is finite, namely ¢ (0) = 1.
Consider the family of functions, for p > 1 and k > 0

(2.) 5(p.k)  0,1] 5 Ry, 8 (p, k) (£) = k(1 — )" + 1.
We observe that 61 (p, k) (0) = (p, k) (0) =k + 1, 6 (p, k) is strictly decreasing on
0,1] and & (p, k) (1) > 6 (p, k) (1) = 1.

Definition 2.2. We say that the function f : I — [0,00) is a 0 (p, k)-convex
function on the interval I if for all z,y € I we have

(2.3) flle+(1-0)y) <tk -’ +1]f(z) + (1 —t) (k" +1) f (y)
for all t € (0,1).

It is obvious that any nonnegative convex function is a §(?"*)-convex function for
any p > 1 and k > 0.
For m > 0 we consider the family of functions

n(m) :[0,1] = Ry, n (m) (t) := exp [m (1 - 1)].

We observe that n4 (m) (0) = n(m) (0) = exp (m), n(m) is strictly decreasing on
[0,1] and 7 (m) (t) = 5 (m) (1) = 1.

Definition 2.3. We say that the function f : I — [0, 00) is a n (m)-convex function
on the interval I if for all x,y € I we have

(24)  flz+ (A —-t)y) <texp[m (1 —1)]f(z)+ (1—1t)exp(mt) f(y)
for all t € (0,1).

It is obvious that any nonnegative convex function is a 1 (m)-convex function for
any m > 0.

There are many other examples one can consider. In fact any continuos function
¢ :[0,1] — [1,00) can generate a class of p-convex function that contains the class
of nonnegative convex functions.

Utilising Theorem 1.1 we can state the following result.

Theorem 2.1. Assume that the function f : I — [0,00) is a p-convex function
with bp € L[0,1]. Let y,x € I with y # = and assume that the mapping [0,1] >
t— f[(1—t)x+ty] is Lebesgue integrable on [0,1]. Then

1 T+y 1 Y 1
25 i () <5 [rwasr@ero [ o

The proof follows from (1.7) by taking h () = te (), t € (0,1).

Remark 2.1. We notice that, since fol ty (t)dt can be seen as the expectation of
a random variable X with the density function ¢, the inequality (2.5) provides
a connection to Probability Theory and motivates the introduction of p-convex
function as a natural concept, having available many examples of density functions
 that arise in applications.

We have the following particular cases:
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Corollary 2.1. Assume that the function f : I — [0,00) is a a ¢ (p, k)-convex
function on the interval I with p > 1 and k > 0. Let y,x € I with y # = and
assume that the mapping [0,1] 2 t — f[(1 —t)x + ty] is Lebesgue integrable on

0,1]. Then
(2.6) z f(x“’) _x/ f (u) du
<U@+I0|3+ orp g |

k+2p 2
2 (p+1)(p+2)
Proof. For ¢ (t) = k(1 —t)” + 1 we have ¢ (3) = Z£Z and

2p

\ A

/Otcp(t)dt /(1—t)<p(1—t)dt:/0 (1 —t) (kt? +1)dt

1 k
=k ) dt+ - = ————— + -,
/ 2 (p+1)(p+2) 2

and utilizing (2.5) we get (2.6). O
and

Corollary 2.2. Assume that the function f : I — [0,00) is an (m)-convex function
on the interval I with m > 0. Let y,xz € I with y # x and assume that the mapping
0,1] >t f(1—1t)x+ty] is Lebesgue integrable on [0 1]. Then

(2.7) f(“y) /f yau< M ) 1 r ).

Proof. For ¢ (t) = exp [m (1 —t)] we have ¢ (3) = €% and

y—x

/1tg0(t)dt /1(1—15) (1—t)dt = 1(1—t)emtdt
0 0

1 1 1
(1—-1t)d =—|(1-t)e™ mt qt
m/ ) =g [a=nelys [Lemal

—m-—1

and utilizing (2.5) we get (2.7). O

3. SOME RESULTS FOR DIFFERENTIABLE FUNCTIONS

If we assume that the function f : I — [0, 00) is differentiable on the interior of

I denoted by I then we have the following “gradient inequality” that will play an
essential role in the following.

Theorem 3.1. Let ¢ : (0,1) — (0,00) a measurable function and such that the right
limit vy (0) exists and is finite, the left limit ¢_ (1) = 1 and the left derivative in
1 denoted @' (1) exists and is finite. If the function f : I — [0,00) is differentiable
on I and p-convez, then

(3.1) 01 (0) f () = [¢L () + 1] f(y) = f' () (z — y)
for any x,y € I with z #y.
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Proof. Since f is p-convex on I, then
to(t) fa)+ A=) @ —1t)f(y) = flte+(1-1)y)
for any ¢t € (0,1) and for any z,y € I, which is equivalent to
to() f@)+[1-t)e(d—=t)=1]f(y) = fta+ (1 —-1)y) - f(y)
and by dividing by t > 0 we get
(32) o) f(x)+ ﬂ—ﬂwg—ﬂ—l fle+(A-t)y) - f(y)

fy) > ;
for any t € (0,1).
Now, since f is differentiable on y € I, then we have

flz+(A-0y) —fly) _ [l tte—y)-fQ)

(33)  lim

0+ t t—0+ t
S+t —y)-f)
- (m—y)t1_1>1(1)fl+ t(zx—y)
=(z—y) f (v)

for any = € I with z # .
Also since p_ (1) =1 and ¢’ (1) exists and is finite, we have

1-— 1—-t)—1 —1 —1
(3.4) TRl € et hl ST 1B N AC
t—0+ t s—=1— 1 —s s—1—-  s—1
sl ) rs -
s—1— s—1
=—¢_ (1)1
Taking the limit over t — 0+ in (3.2) and utilizing (3.3) and (3.4) we get the desired
result (3.1). O

Remark 3.1. If we assume that

(3.5) 0+ (0) —o- (1) 2 ¢" (1),
then the inequality (3.1) also holds for = = y.

There are numerous examples of such functions, for instance, if , as above. we
take p (t) =k(1—t)’ +1,t € [0,1] (p > 1,k > 0) then p; (0) =k +1, p_ (1) =1
and ¢’ (1) = 0, which satisfy the condition (3.5).

If we take ¢ (t) = exp[m (1 —t)] (m > 0), then ¢4 (0) = expm, ¢_ (1) =1 and
¢’ (1) = —m. We have

o (0~ ()~ () =" ~14m>0
for m > 0.
The following result holds:

Theorem 3.2. Let ¢ : (0,1) — (0,00) a measurable function and such that the right
limit o4 (0) exists and is finite, the left limit o_ (1) = 1 and the left derivative in 1
denoted ¢'_ (1) exists and is finite. Assume also that ¢’ (1) > —1. If the function
f:1—10,00) is differentiable on I and @-convex, then

e (0)  fl@)+fly o (D+1 (z+y
(36) ¢ﬁb+1' 2 = —x/‘f ydu > = o (0) f( 2)
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for any x,y € 1.

Proof. Assume that y > x with z,y € I. From (3.1) we get
x+ T+ T+
<P+(0)f(u)—[s0’(1)+1]f( 29)>f/(2y> (x_ zy)

for any u € [x,y] with u # %ﬂ
Integrating this inequality over u on [z,y] we get

e 0) [ fdu= [ @) 41) - (52

Zf/(x;y)/y(uw;ry>du0

which implies (3.6).

The case y < z goes likewise and the proof of the second inequality in (3.6) is
completed.

Assume that y > 2 with z,y € I. From (3.1) we get

(3.7) 01 (0) f(2) = [¢- () + 1] fF (A=) +ty)
> f(A-tz+ty)(x—(1-t)z—ty)
=tf (1-t)z+ty)(z—y)

for any t € (0,1) and

(3-8) e (0)f(y) = [¢- D+ F(A-t)a+ty)
>f((A=-tz+ty)(y—(1-t)a—ty)
=1-0)f (A-t)z+ty) (y—x)

for any t € (0,1).
Now, if we multiply (3.7) by 1 — ¢, (3.8) by t and add the obtained inequalities,
then we get

(3.9) e (0 [(1=1) f(2) +tf ()] = [¢L () + 1] f((A - )z +1ty)

for any ¢t € (0,1), that is of interest in itself as well.
Now, if we integrate this inequality on [0, 1] we get

(3.10) e [r@ [ a-nars ) [ ral
> [ )+ 1] [ Fl0- 0+t
0
Since
1 1 1
/0(17t)dt:/0 tdt = 3
and

1 1 y
/0 fA=taz+ty)dt= /$ I (u) du,

y—x
then by (3.11) we get the desired inequality (3.7). O
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Remark 3.2. Since the function f takes nonnegative values, then the second in-
equality in (3.6) and the inequality (3.10) are trivially satisfied if ¢’ (1) +1 <0,
so we must assume that ¢’ (1) +1 > 0.

This condition is satisfied for the function ¢ (t) = k(1 —)’ +1,t € [0,1] (p >
1,k >0).If ¢ (t) = exp[m (1 — )] (m > 0) then the condition ¢’ (1)+1=1-m >0
is satisfied only for m € (0,1).

Now, if we write the inequality (3.6) for ¢ (t) = k (1 —t)” + 1,we get

(3.11) (k+1)f()+f > —x/f du_lmf<x+y>

From (2.6) we also have
I S LN R e e ] R AL

(p+1)(p+2)
. 2P f<m+y>'
k+2r 2

2?1 k420 —k—2" (- 1)k
E+2r  k+1 (k+20)(k+1)  (k+27)(k+1)

Since

>0

and
k+1 1 k k k

- - - = >0
22 (p+D)+2) 2 (+D(+2)
it follows that the inequality (3.12) is better than (3.11).
Now, consider the family of functions

9 (kypy ) = kit (1= )7 +1
where k£ > 0,p > 0 and ¢ > 1.

Definition 3.1. We say that the function f : I — [0,00) is a ¥ (k, p, q)-convex
function on the interval I if for all z,y € I we have

(B13) ftr+ (1 —t)y) <t[ktP A1 -t) !+ 1 f(x)+ QA —t)[k(1 =)’ t7+1] f (y)
for all t € (0,1).

We observe that this class contains the class of nonnegative convex functions for
any k> 0,p >0 and ¢ > 1.

Corollary 3.1. If the function f : I — [0,00) is differentiable on I and 9 (k,p,q)-
convex with k > 0,p > 0 and g > 1 then

(3.14) f();rf( > —a:/f " >f<x+y>

for any x,y € I.

If we write the inequality (2.5) for ¢ = ¥ (k,p, q) , then we get

1 z+y 1 v
(3.15) k(%)pﬂﬂf( 5 ><y—m/m f(w) du

<@+ £ W] B30+ 2.0+ 1)+ 3]






62 S. S. DRAGOMIRY'2

where
1
B (u,v) = / A=) ue >0

is Euler’s Beta function.

Since
1

k(37 41
it follows that the inequality (3.14) is better than (3.15).
Now, more generally, assume that

©(9,9) :[0,1] = [1,00), ¢ (g,9) () =g () (1 —1)"+1

where g : [0,1] — [0, 00) is continuous and ¢ > 1.
We then have

01 (9,0)(0)=g(0)+1, o_(g9,9) (1) =1, ¢" (9,9) (1) =0

@(é) ZQG) <;>q+1, /Oltcp(t)dtz/Olt(l—t)qg(t)dt+;

If we apply Theorem 2.1 to the function ¢ (g,q) we have

N =

1
<1andkﬁ(p+2,q+l)+f>§,

and

10 @+l [ ta-otewas ]z [ rwa
Zg(%) (11)q+1f<x;ry>'

If we apply Theorem 3.2 to the same function ¢ (g, q) we also have

(3.17) 0+ T s L [Ty

2
29(0)+1f<x;y>'

Consider the difference

and the difference

1
1 0)+1
A 2 2
! 1
— [ ta-0tg - 590).
0 2
We observe that if Ay, As > (<) 0 then the double inequality (3.17) is better (worse)

than (3.17).
If we take ¢ (0) = 0, then (3.17) is better than (3.16) for any ¢ > 1.
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If we take g (t) =kt + 1, k > 0 then

9()() 9(0) k()

MO U@ A ] k)T
(

showing that the second inequality in (3.1
(3.16) for any k > 0 and ¢ > 1.
We also have

1 1
Ay = / £(1— 1)1 ()dt—%g(o):/ot(l—t)q(kt—kl)dt—%

1
_k/ t? (1 dt+/t(1—t)th—
0

=k6(3,q+1)+6(2,q+1)—%

7) is better than the same inequality in

If we take

1 1
—B2at+l) 2~ G
BB,q+1) BB.q+1)
1 2)—2
__ (g+D(e+2) (>0)
2(¢+1)(¢+2)8B,q+1)
then Ay > 0 showing that the first inequality in (3.17) is better than the first
inequality in (3.16).
If we take

1
k> 2

(g+1)(g+2)—2
2(¢+1)(g+2)B8@3,q+1)

then Ay < 0 showing that the first inequality in (3.17) is worse than the first
inequality in (3.16).

0<k<

Conclusion 1. The inequalities (2.5) and (3.6) are not comparable, meaning that
some time one is better then the other, depending on the p-convex function involved.

4. SOME RELATED RESULTS

If we apply Theorem 2.1 on the subintervals [z, IT”] and [“’Tﬂ,y} (provided
x < y) and add the corresponding inequalities we get:

Proposition 4.1. Assume that the function f: I — [0,00) is a p-conver function
with bp € L[0,1]. Lety,x € I withy # = and assume that the mappings [0,1] > ¢ —
FlA—t)z+ =], f[(1—t) &5 + ty] are Lebesgue integrable on [0,1]. Then

() ()]
< _x/ f(u)du { (%Ly)+f($);rf(y)]/olt<p(t)dt.

Also, by Theorem 3.2 we have

Proposition 4.2. Let ¢ : (0,1) — (0,00) a measurable function and such that
the right limit @4 (0) exists and is finite, the left limit ¢_ (1) = 1 and the left
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derivative in 1 denoted ¢’ (1) exists and is finite. Assume also that ¢’ (1) > —1.
If the function f : I — [0,00) is differentiable on I and p-convex, then

e () ()]
<i f du<[< ) f (@ f()] ()

for any x,y € I.

Now we can prove the following result as well:

Theorem 4.1. Let ¢ : (0,1) — (0,00) a measurable function and such that the right
limit 4 (0) exists and is finite, the left limit o_ (1) = 1 and the left derivative in 1
denoted ¢'_ (1) exists and is finite. Assume also that ¢’ (1) > —2. If the function
f:1—10,00) is differentiable on I and @-convez, then

ylx/:f(u)du

+(0) Tty 1 f@)+f(y)
_w’(1)+2f< 2 >+so’(1)+2' 2

(4.3)

for any x,y € I.
Proof. Assume that x < y. From the inequality (3.1) we have

a0 e (S - Wz s w (S )

: +
for any u € [z,y] with u # =¥,

Integrating over u € [z,y] and dividing by y — 2 we have

(45) e 01 (532) = w1 [ rwa

zylx/:f’(u) (x;y—u>du.

Integrating by parts, we have

/f (mﬂ’ u)du

I
VRS
K
|+
Ned
|
I
N———
kh
—~
I
S~—

and by (4.5) we get
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which is equivalent to

e )7 (£52) 4 L)1)

2
1 Y 1 y
zy_x/mf(u)dU+[<p’_(1)+1]y_x/z £ (u) du

/ 1 Y
¢ W +2) = [ T

Since ¢’ (1) + 2 > 0, then on dividing by ¢’ (1) + 2 we get the desired result
(4.3). O
Remark 4.1. We observe that
¢+ (0) < P+ (0)
e (1) +2 L (1)+1

and if we assume that ¢ is taken to satisfy the condition

o (1) +1
o (1)+2

P+ (0) > € (07 1) s

then
1 v+ (0)
L () +2 L (1)+1
and the inequality (4.3) is better than the second inequality in (4.2).
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AN ALTERNATIVE TECHNIQUE FOR SOLVING ORDINARY
DIFFERENTIAL EQUATIONS

NESE DERNEK, FATIH AYLIKCI, AND SEVIL KIVRAK

ABSTRACT. In this paper, a new method for solving ordinary differential equa-
tions is given by using the generalized Laplace transform L,. Firstly, the
authors introduce a differential operator § that is called the d-derivative. A
relation between the £,-transform of the d-derivative of a function and the £,,-
transform of the function itself are derived. Then, the convolution theorem
is proven. Using obtained theorems, a few initial-value problems for ordinary
differential equations are solved as illustrations.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The Laplace transform is defined by

(1.1) LU @) = [ ep(-oy)fla)da.

The following Laplace-type the Lo transform
(12) Lo{f(@)iy) = [wexp(-a*y?) f(a)d
0

was introduced by Yurekli and Sadek [10]. After then Aghili, Ansari and Sedghi [1]
derived the following complex inversion formula

c+io0
_ 1
13 LMLU@N =5 [ 2@ Vi explu)dy,
where Lo{f(z);/y} has a finite number of singularities in the left half plane
Re(y) < c¢. The generalized Laplace transform £, and the inverse generalized

2000 Mathematics Subject Classification. 44A10, 44A15, 44A20, 34A30.
Key words and phrases. The Laplace transform, The L, -transform, The L7 -transform and
Linear ordinary differential equations.
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Laplace transform £, ! were introduced by Dernek and Aylikg in

(14) Lalf @iy} = [0 exp(-amy") (o)
0
c+i00
—1 ]- i n
(15) LMEWin) = o [ nLalf@iut b ep(ua”)dy,

respectively. The £, -transform is related to the Laplace transform with

1 i
(1.6) Lolf(z)iyt = —L{f(@");y"}.
Definition 1.1. The ¢ differential operator ¢ that we call the d-derivative is defined
as
- 1 d
1. =
(1.7) Oy e (n €N)
and
B 1 d? —-1) d
(1.8) 32 = 3,0, = & -

22n—2 2 2n—1 dp°
The 6 derivative operator can be successively applied in a similar fashion for any

positive integer power.

Definition 1.2. The convolution of f(x) and g(x) is defined by

(1.9) f() * glx) = / () f((@ — 7)Y,
0

The above integral is often referred to as the convolution integral.

2. THE MAIN RESULTS

In this section we will give some properties of the £,,-transform that will be used
to solve the initial-boundary-value problems for ordinary differential equations.

Here we will derive a relation between the £,,-transform of the §-derivative of a
function (1.7) and the £, -transform of the function itself.

Theorem 2.1. If f, f/, ..., f*=1 are all continuous functions with a piecewise con-
tinuous derivative f*) on the interval [0, 00), and if all functions are of exponential
order exp(a™z™) as x — oo for some constant « then

Lo{0e f(@)sy} = (ny™FLo{f(@);y} — (ny™)E =1 F(0T)

—<k—2 k—1

(2.1) —(ny") 202 )(0%) — . = ny™ (8, " F)(0F) ~ (3,

for k> 1, k is a positive integer.

£

Proof. Suppose that f(z) is a continuous function with a piecewise continuous de-
rivative f'(x) on the interval [0, 00). Also, suppose that f and f’ are of exponential
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order exp(a™z™) as x — oo where « is a constant. With using the definitions of
L,-transform and the § derivative and integration by parts, we obtain

o0

(2.2) Lo{3.f(x);y) = / exp(—y"z") f' (),

0
/eXp( ynxn)f/(iv)dx:blggof(x) exp(—y"z"™)[}
0

(2.3) —&—ny”/x"‘l exp(—y"z") f(z)dx.
0

Since f is of exponential order exp(a™z™) as x — 0o, it follows

(2.4) lim exp(—y"z")f(z) =0

T—>00

and consequently,

(2.5) Lo{d:f(2);y} = ny" Lo{f(x);y} — F(O).
Similarly, if f and f’ are continuous functions with a piecewise continuous derivative

/" on the interval [0, 00). If all three functions are of exponential order exp(a™z™)
as ¢ — oo, we can use (1.8) to obtain

(2.6) Lo{0f(2);y} = n2y* Lo (@)} — ny" F(OF) — 5, F(0F).
Using (2.5) and (2.6), we get

Lo{00 @)y} = n®y* Lo {f(x);y} — n2y? F(0T)

(2.7) —ny"5.f(0) ~ 5,.£(0°).
With repeated application of (2.5) and (2.7), we obtain the identity (2.1) of Theorem
1.

Theorem 2.2. If f is piecewise continuous on the interval [0,00) and is of expo-

nential order exp(a™x™) as x — o0, then the following relation holds true:

(-1
nk

(2.8) Lo{a™ f(x);y} = Se Lol f(@)iy}

for k> 1, k is a positive integer.

Proof. The L,{f(x);y} defined by (1.4) is an analytic function in the half plane
Re(y) > a. Tt has derivatives of all orders and the derivatives can be formally
obtained by differentiating (1.4). Applying the 0 with respect to the variable y, we
obtain

5y Lol f(2)iy} = —

d o0
— exp —y"z™) f(z)dx
d !

(2.9) 1_1 /x"fl(fx”nynfl exp(—y"z™)) f(z)dz = —nL,{z" f(x); y}.
0
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If we keep taking the d-derivative of (1.4) with respect to the variable y, then we

deduce

(2.10) 5L {f(2):y} = / 15" exp(—y"a") f (x)de

for £ € N. Where

/ "5y exp(—y"a") f(z)de = / 218, [(—n)a" exp(—y"a")] f (x)da
0

0

21 = /wnfl[(*n)kxk" exp(—y"a")] f(2)dz = (—n)"Lo{a*" f(2);}.
0
Thus we obtain the relation (2.8).

Theorem 2.3. Let L,{f(x);y"/"} be an analytic function of y except at singular
points each of which lies to the left of the vertical line Re y = a and they are finite
numbers. Suppose that y = 0 is not a branch point and hm LA f(x);y"/™} =0 in
the left plane Re y < a then, the following identity

a+i00

LML @) =5 [ nLal )it explya)dy
(2.12) Z Res{nL,{f(z);y""}exp(ya™);y = yi}]

holds true for m smgular points.

Proof. We take a vertical closed semi-circle as contour of integration. Using residues
theorem and boundedness of £, {f(x);y'/"}, we show that the identity (2.12) of
Theorem 3 is valid. When y = 0 is a branch point we take key-hole contour instead
of simple vertical semi-circle.

We assume that £,{f(x),y'/"} has a finite number of singularities in the left
half plane Rey < a. Let v = 1 + ¥2 be the closed contour consisting of the vertical
line segment ~y;, which is defined from a — iR to a + iR and vertical semi-circle
Y2, that is defined as |y — a| = R. Let 7, lie to the left of vertical line v;. The
radius R can be taken large enough so that v encloses all the singularities of the
L, {f(x);y"/™}. Hence, by the residues theorem we have

a+i00

o | nEalf@ig " exp(ya)dy

a—100

- / nLalF (@)} explya )y — 5 / Rl f(); g/} exp(ya™)dy
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ZRes{nE {f(x); Un}exp(ya? ;Y = Yi ]
k=1

1

o
Y2

(2.13) nLn{f(x);y"/"} exp(ya™)dy

where y1,%2,. .., ym are all the singularities of £, {f(z);y*/"}. Taking the limit
from both sides of the relation (2.13) as R tends to 400, because of the Jordan’s
Lemma, the second integral in the right tends to zero.

Even £,{f(x);y'/™} has one branch point at y = 0, we can use the identity
(2.12). The proof of the proposition is similar to the proof of the Main Theorem in
the paper [1], where we take n = 2.

If the number of singularities is infinite, we take the semi-circles ~,, which is
centered at point a, with radius R,, = 7?m?,m € N.

We illustrate the above Theorem with showing the following examples.

Example 2.1. We show

(2.14) L‘,;l{

where Re a > 0.
Using the assertion (2.12) of Theorem 3, we obtain

1

n
ﬁ;x} = 751n(an33n)
Y= + a<m a™

(2.15) L;l{m } Z Res[ P exp(yx");y = yk}

where the singular points are yr = Fia™ , k = 1,2. Then we have

010 {1 ] gy Moot ot
and similarly we have
1 exp(—ia™z™)
y? + a?n 2ia™
Using the relations (2.16) and (2.17), we find the formula (2.14) from (2.15) as
follows:

(2.17) Res [n exp(yx™); fia"} =-n

C_l{ 1 ) } _n exp(ia™z™) — exp(—ia™z™)
"oy a2n’ T gn 2
(2.18) = sin(a™z™).

an

Example 2.2. We show

n

(2.19) ﬁﬁl{yin exp ( - Z—n)x} = nJo(2a"*2"/?)

where Jj is the Bessel function of order zero.
Using the assertion (2.12) of Theorem 3, we have

n

(2.20) 1{— exp ( — Z—) x} = Res {n; exp ( ay”) exp(yz"),y = yr|-
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From the following Taylor expansions of the exponential functions in (2.20),

mn X kxnk

1 a” n n - Y
noep (= exp(ya™) = T3 (<)M TS
Yy Y Y m=o Y=o )
n an a2n a?m " y 2ny2 x?m
2.21 - [1 _a _ 4 } [1 ry }
(2.21) 7 R I TR v R | L TR TR TR
we find Res[n exp(—4 )exp(yx )] as the coefficient of the term 1 , as follows
1 n " ax" a2nm2n a3nx3n
Res [n; exp ( — ?) exp(yx )} = n[l - GE + CIE - EIE + ]

)mn

— 7’LJ0(2G7L/2.’)37L/2).

(2.22) i
2)a

Thus, we obtain from (2.2
2.

nd the formula (2.20), the assertion (2.19) of Example

Theorem 2.4. (Convolution Theorem)

If L.{f(x);y} = F(y) and L,{g(z);y} = G(y), then we have

(2.23) LoAf(@)*g(@);y} = Lo f(2);y}Ln{g(2)iy} = F(y)G(y).
Or equivalently,

(2.24) LHF(y)Gy);a} = f(z) * g(x),

where f(x)* g(x) is called the convolution of f(x) and g(x) and it is defined by the
relation (1.9).

Proof. We have, by definitions (1.4) and (1.9),

oo

(2.25) En{f(x)*g(x),y}:/ "~ Lexp(—a"y") /T" ! (2" — 7)YV drda.
0 0

The integration in (2.25) is first performed with respect to 7 from 7 =0 to 7 = x
of the vertical strip and then from x = 0 to oo by moving the vertical strip from
x = 0 outwards to cover the whole region under the line 7 = x. We now change
the order of integration so that we integrate first along the horizontal strip from
t = 7 to oo and then from 7 = 0 to co by moving the horizontal strip vertically
from 7 = 0 upwards. Evidently, (2.25) becomes

Lo{f(z) *g(x);y}
(2.26) = [ " lg(1) 2" Lexp(—z"y") f((a" — 7)™ dxdr,
[0 )
which is, by the change of variable z" — 7™ = u",
Lalfta) xglelin) = [ 77 g(r) [t exp(-(u + 7)) (w)duds

T
oo 0
0 0
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(o) o0
/7’ exp(—7"y") (/U exp(—u"y") f(u )du)
0 0
(2.27) GY)F(y).
3. APPLICATION OF THE L,-TRANSFORM TO ORDINARY DIFFERENTIAL
EQUATIONS

Example 3.1. We solve the following ordinary differential equation
(3.1) xz”—(?v—&—n—?))z’—i—x"*lzzo keN, veN.

solution: Dividing (3.1) by 27!, adding and subtracting the term = =

21 2" we obtain

2 +2=0.

(3.2) x”( 1, n-1 ,) n-1, 2v4+n-3

I2n72z o x2nflz Zn—1 z on—1

Using the definition of the d-derivative given in (1.7) and (1.8), we can express (3.2)
as

(3.3) 232 (x) — 2(v — 1)3u2(x) + 2(x) = 0.
Applying the £, -transform to (3.3), we find
(3.4) En{xngiz; Yy —2(v — 1)L, {02y} + Lo{2(x);y} = 0.

Using Theorem 1 for k = 1 and k = 2 in (3.4) and performing necessary calculations
we obtain

(35) 2B, La () — 20~ DLa{Bziy) + Lafziyh =0

L 142z nyna(0*) - 5,2(07))

ny” Ldy

(3.6) —2(v = 1)(ny"Z(y) — 2(07)) + Z(y) = 0
where Z(y) = L,{z(z);y}. We assume that z(0") = 0. Thus, we obtain the
following first order differential equation:

1
—

Solving the first order differential equation (3.7), we have

= 1
(38) E(y) =C Z (_1)m m!n2mymn+2n+2v72 :

=0
Applying the £, transform, we obtain

mn+n+2v72

3.9 =C
( ) mzo m'F m + n+2v 2 + 1)7127" 1
where we use the following relations

Nk +1
(3.10) Ln{xk;y}w , k=mn+n+2v—2
and

xmn+n+2v—2

1 n
3.11 ﬁ‘l{—; }: ,
( ) n ymn+n+2v—2+n €z F(m—I— 1 4 21{;2 + 1)
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Setting a = W ,C=n" 272_2, we obtain the solution of the ordinary differ-
ential equation (3.1),
no 2 .
(3.12) z(z) = a:TJa(fx@),
n

where o € Z because of the inequality v > n (v,n € N) and J,, is the Bessel function
of the first kind of order a.

Example 3.2. We solve the following ordinary differential equation
(3.13) w2 —(n? = 1) + 2" =0, n=0,1,2,..,

solution: Dividing (3.13) by 2"~!, adding and subtracting the term ;n%llz’ we
obtain

" 1 n—1 n—1
o (e (@) — gmr? @) + ¥ @)

(3.14) —(n?—1)

Z'(x) + 2(z) = 0.

an—1
Using the definition of the ,-derivative (1.7) and (1.8), we can express (3.14) as
(3.15) x"giz(x) —n(n—1)5,2(x) + z(z) = 0.

Considering the following relations;
(3.16)

_ 1_ _
Lo{2"5oz(x);y} = 755y£n{5iz(x)§y} = —2n%y"z(y) — ny" % (y) + nz(07),

n(n — 1) La{dz2(x);y} = n(n —1)(ny"z(y) — 2(07))

(3.17) =n*(n—1)y"2(y) —n(n —1)z(0"),

and applying the £, -transform to (3.15), we obtain

(3.18) Lofa"Boz(@)iy} — n(n — 1) La{B,2(@)i v} + Laf2(@)iy} =0
(3.19) ny" 7 (y) + [0 (n + 1)y — 1Jz(y) — n?2(0%) =0

where Z(y) = L,{z(2);y}.
We may assume

(3.20) z(0M) = 0.

Solving the first order differential equation after substituting (3.20) into (3.19), we
get

- e 1
(3.21) zZ(y) = Cy exp ( — n2y”)'

Calculating the Taylor expansion of the exponential function in (3.21), we have

_ = (=)™ 1
.22 = .
(3 ) Z(y) sz::O mln2m yn+nm+n2

Using the following relation,

1 ,’,Lx’rnn-i-n2
3.23 5—1{7; } =
( ) " | yntnmin? v F(m+n+1)
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and applying the £, transform to (3.22), we find

n? — 1 2™/ 2\ 2mAn
24 = CnmHar S (- (5-)
Setting C' = n~""! in (3.24), we obtain the solution of the equation (3.13)
71,2 2 n
(3.25) z2(zx) =o7 Jn{fx?}
n

where J,, is the Bessel function of the first kind of order n.
Example 3.3. We solve the following initial-value problem:

1
(3.26) Upy — (N — 1) =y — 2" tu, = 2®" 72 f(2), v >0,

x
(3.27) u(07) =0, u,(07) =0.
solution: Dividing both sides of (3.26) by 22”2, we get
(3.28) 7 2y, — (0 — D™ 2"y, — o7, = f(2).
We use the definitions (1.7) and (1.8), the equation (3.28) becomes
(3.29) giu —6,u = f(x).
Applying the £, -transform on both sides of (3.29), we have

72 —

(330) En{éwua y} - En{émuv y} = ‘Cn{f(w)7 y}'
Using the definitions (1.7) and (1.8), we get
(331) 02U —nyu(0) — (B.u)(0F) — ny"U + u(0%) = F(y)

where Ly {u(z);y} = U(y), Lo{f(2);y} = F(y).
Applying the initial conditions (3.27), we get the following equation:

(332) Uls) = oy Flo) = = F (o).

The inverse generalized Laplace transform (1.5) together with the Convolution The-
orem (2.24) leads to the solution:

633 ule) = £ { i)« fle) - £ i) < fGo),

ny™ —1
where
B3y L) = tim (- )7 explua”) = expla”/n),
_ 1
(3.35) L’nl{m;x} —1
and
(3.36) u(z) = (exp(z™/n) — 1) x f(z).

By the definition of convolution for the £, -transform, we get the following formal

solution:
T

(3.37) u(z) = / -l [exp (%(az” - Tn)) - 1] F(r)dr.

0





AN ALTERNATIVE TECHNIQUE FOR SOLVING ODES s

In particular, if we take f(x) = Ay =constant then the solution (3.37) is reduced

to
n

(3.38) u(z) = Ao(exp(x"/n) - % - 1).

Example 3.4. We solve the following initial-value problem:

—1
(3.39) Uaw — Sy 2" Yy = 222 f(2), x> 0
(3.40) uw(0%) =0, u,(07) =0.
solution: Dividing both sides of (3.39) by 2”2, we have
1 n—1 1
(341) Wum — x?nflux + xnfl Uy = f(m)

Using the definitions of §, and gi—derivatives (1.7,1.8), we get
(3.42) 52w+ d,u = f(2)
Applying the £,-transform to both sides of (3.42), we obtain

(3.43) Lo{oou;y} + Lo{ausy} = Lo{f(2); ).

Using the formulas (2.5) and (2.6) of Theorem 1 and the initial conditions (3.40),
we find the following equation:

1 1
(3.44) Uly) = F(y) — W

ny™

F(y).

Applying the £ *-inverse transform to both sides of (3.44) and using the Convolu-
tion Theorem, we get

e pey Ve L :

(3.45) u(e) = £, P — £ P,

I oyt
(346) )= £ f e f) - £ e+ S )
where

—1 L _ —1 1 . _ _n

(3.47) L {ny”’x} =1and L {rﬂ n 1,96} = exp(—z"/n).
Substituting the relations in (3.47) into (3.46), we find
(3.48) u(z) = (1 —exp(—z"/n)) * f(z).

From the definition (1.9) of convolution for the £,,-transform, we have the following
formal solutions:

(3.49) u(z) = /7'"_1(1 —exp(—7"/n)) f((&" — 7))/ ")dr
0

or

(3.50) u(z) = /TH (1 — exp ( - %(x" - T”)))f(T)dT.
0
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In particular if f(x) = Ap =constant, then the solution (3.49) reduces to

(3.51) u(z) = Ao(exp(—x"/n) + % - 1).
Example 3.5. We solve the following initial-value problem:
(3.52) T2 Upy — NTUL = fl@), >0
(3.53) w(0") =0, u,(07) =0.
solution: We can write the non-homogenous equation (3.52) the following form:

o/ 1 n—1 n 1
(3.54) z? (mQ"—Q Ugg — x2n_1ux) T e = f(z)

Using the definitions &, and Si differential operators (1.7,1.8), we have
(3.55) z%giu —a"0,u = f(x).
Taking the L, -transform yields
(3.56) En{xmgiu; Yy — Lo{z"0usy} = Lo {f(2); 9}
Using the relation 2.8 of Theorem 2 and the relation 2.1 of Theorem 1, we find
12 =2 1- -
1 1 d* n-14d n N -
n? (y2n—2 dy? oyt @) [n*y*"U — ny"u(0") — (3,u)(0")]
d

3.58 —[ny"U —u(0")] = F
(3.5%) g U (0] = F)
Using the given initial conditions 3.53, we obtain the following differential equations:
(3.59) y?Uyy + (3n + 2)yU, +n(2n + 1)U = F(y).
Multiplying to 2" of (3.59), we get
(3.60) d(y>"2U,) +nd(y*"F1U) = y*" F(y).

Integrating both sides of (3.60) and multiplying by y~"~2 both sides of the result,
we have

(3.61) y"Uy + ny" U = y*"*Q / yZ”F(y)dy + clgf”*z
and then,
(3.62) dy"U) =y "2 /yz"F(y)dy +ay "?

where ¢ is an arbitrary constant.
Integrating both sides of (3.62) and multiplying y~" both sides of the result, we
obtain

3.63 Uly) =y [y 2] [ *"F(y)dyldy — c1 2
(3.63) (y) =y /y [/y (y)dyldy R

where ¢y is an arbitrary constant. If we take f(z) =0, then £, {f(z);y} = F(y) =
0. Making use the following relation:

—2n—1
n

+ c2y

T'(k+1)
kn, _
(364) ﬁn{x 79} - nyn(k_;’_l) 9
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the solution of the problem becomes
n xn-{-l

(365) U(.T) = Nncg — Clmm.

Conclusion: We conclude this investigation by remarking that many other
available initial-boundary value problems can be solved in this manner by apply-
ing the above theorems. In some problems, this method is useful than the other
methods.
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STABILITY OF O.D.E. SYSTEMS ASSOCIATED WITH FIRST
ORDER CHEMICAL KINETICS MECHANISMS WITH AND
WITHOUT FINAL PRODUCTS

VICTOR MARTINEZ-LUACES

ABSTRACT. First order chemical reaction mechanisms are modelled through
Ordinary Differential Equations (O.D.E.) systems of the form: X =AX , be-
ing X the chemical species concentrations vector, X its time derivative and A
the associated system matrix. In previous papers, First Order Chemical Ki-
netics Mechanisms (F.O.C.K.M.) involving two or three chemical species were
considered and in all these cases, solutions show a weak stability (i.e., they are
stable but not asymptotically). This fact implies that small errors due to mea-
surements in the initial concentrations will remain bounded, but they do not
tend to vanish as the reaction proceeds. In order to know if these results can
be extended or not to other chemical mechanisms, a general result is obtained
through an inverse modelling approach. For this purpose, theoretical mecha-
nisms with and without final products are proposed, and the corresponding
F.O.C.K.M. matrices are studied. As a consequence of the particular structure
of the F.O.C.K.M. matrices, the Gershgorin Circles Theorem can be applied
to show that all the eigenvalues have real parts negative or zero. Moreover, it
is proved as the main result of the paper, that for the null eigenvalue, alge-
braic and geometric multiplicities (A.M. and G.M.) give the same number. As
an application of these results, several conclusions about the stability of the
O.D.E. solutions are obtained for this kind of chemical reactions, and its con-
sequences on the propagation of concentrations and/or surface concentrations
measurement errors are analyzed.

1. INTRODUCTION

A typical example of a mechanism of chemical reactions involving three different
species takes place when a chemical substance A reacts giving a chemical compound
B which reacts again to give C', which is the final product of the whole reactions
sequence [1]. This is a very common situation in real life, for example, when
grape juice is converted into wine, and then it is transformed into vinegar. This
sequence of reactions is a particular case of first order chemical kinetics mechanism
(F.O.C.K.M), which can be easily represented as follows:

2000 Mathematics Subject Classification. 15A18, 34A30, 34D23.
Key words and phrases. Chemical mechanisms, O.D.E. linear systems, Solutions stability.
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(1.1) Al Bt

where k1 and ks are the corresponding kinetic constants. In the production of
wine and vinegar, A is a carbohydrate, B is ethylic alcohol and C is acetic acid. In
this mechanism, A is only reactant, C' is only final product and B is both reactant
and final product. The mathematical model for this F.O.C.K.M. is the following
O.D.E. system:

— = -k [A
A= k4
d[B]
1.2 — = Al — B
(1.2) o k1[A] — ko[ B]
d[C]
el ko[B]
and its associated matrix is:
—k1 0 0
(1.3) A= ki -k O
0 ke O

It is important to note that A has a null column and a possible conjecture is
that this is due to the presence of the final product C' which does not appear in the
right side of the O.D.E. system.

A second observation is that A is a triangular matrix, so its eigenvalues are:
A =—-k1 <0, =—ky <0and A3 =0, ie., two of them are negative and the
other is zero.

An interesting classical example of F.O.C.K.M. without final products is given
by the Mutarotation of Glucose [2] . This is a typical reversible reaction where
a-Glucose is converted into B-Glucose and vice versa. This situation could be
represented as below:

(1.4) A5 B |, B4

where A and B represent a-Glucose and S-Glucose, and K and k are the corre-
sponding kinetic constants. This situation can be modelled using an O.D.E. system
like this:

dlA] _

. A8 = K(A)+ ()
) 4Bl _ ka1 - ki)
dt

This system can be written easily as X = AX being the associated system
matrix:

(1.6) A= (‘If _’2)
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In this case, there are no final products since A and B are reactants of the
direct and the opposite reaction, respectively and so, there are no null columns in
this matrix. Also, it is important to note that the corresponding eigenvalues are
A =—(K+k)<0and Ay =0 (see [3] for this result), so again the eigenvalues are
negative or zero as in the previous example.

Another interesting example, involving three species without final products comes
from the study of the adsorption of Carbon Dioxide (CO3) on Platinum (Pt) sur-
faces [3-4-5]. Ome more time, for this new F.O.C.K.M. all the eigenvalues are
negative, except one which is zero.

In all the prior examples, the chemical or electrochemical processes considered
were quite different; however in all of them the mathematical models showed certain
regularity. In order to propose general results about F.O.C.K.M., several theoretical
examples will be considered in the next section.

2. A FEW REMARKS ABOUT THE EIGENVALUES

The first example to be considered in this section is an F.O.C.K.M. without
final products, where three different species are involved [6]. This F.O.C.K.M. can
be considered as an extension of the Glucose Mutarotation example and can be
schematized as follows:

(2.1) A , B Lo, c4

The corresponding O.D.E. system is:

4] _
e —k[A] + m[C]
dB] _
(2.2) e k[A] — [B]
ey _
T [[B] — m|[C]
And the associated matrix is:
-k 0 m
(2.3) A=k -1 0
0 [ m

The characteristic equation for this matrix is p(A) = (=A\)(A\2 4+ X1\ + 33) where
Y1 =k+1+4+m and 3s = kl + km + Im. For instance, if £k > 0,0 >0 and m =0
then A is a lower matrix and the O.D.E. system has only real simple eigenvalues:
—k, —l and 0. Now, if k =1 > 0 and m = 0 , the F.O.C.K.M. matrix will have
a double eigenvalue. Finally, if k = [ = m > 0 then A = —3k? < 0 and there
will be complex roots. In this last case, the solutions will be linear combinations of

exp(0t) =1, exp (—%kt) cos (—@kzt) and exp (—%kt) sin (—@k‘t).

These solutions will show oscillations which tend to vanish as time tends to
infinite. Then, the solutions will be stable, but not asymptotically.

In the second example of this section, an F.O.C.K.M. with final products will
be considered [7]. In this case, four species A, B, C' and D are involved, such that
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all possible reactions between A, B, C take place, while D is just a final product.
This mechanism can be schematized as follows:

Af3p - p Ky
(2.4) Ao o By
o | ¢ Esp
and
(2.5) A4 p

The corresponding O.D.E. system is:

(2.6)
[A] —Kip — K13 — Kis Ko K3 0\ [I[4]
a B _ Kip —Ky — Ko Ko ol [(B]
dat | [C]| K3 Ko —K3 — Kz 0] | [C]
D] Ky 0 0 o/ \[D]

It can be noted that this system has a null column, that can be expected since D
is only a final product and so, it does not appear in the right side of the differential
equations given in (2.6). The characteristic equation corresponding to (2.6) is:

-S1—=A Koy K3y
(27) p()\) = (—)\)det K12 —SQ - A K32 =0
K3 Kos —S3— A

where S1 = K19 + K13+ K14, So = K91 + Koz and S3 = K31 + K39
This equation can have a double null eigenvalue if and only if:

-5 Ko Kz
(28) det K12 —SQ K32 =0
Kiz Kpz —S3

or after some algebraic manipulations:

(2.9) K14 (K21 K31 + Ko1 K39 + K23K31) =0

It is not necessary to have two null columns in order to get a double null eigen-
value. For instance, if Ko7 = K31 = 0 then (2.9) is satisfied and the corresponding
F.0.C.K.M. matrix will be:

-5 0 0
Kia —Ka3 Kz
Kiz3 Koz —Kso
K, 0 0
being S; = K12 + K13 + K14 as mentioned before.

In this case the characteristic polynomial is p(A) = A2(S1+ ) [A + (K23 + K32)]
and this mathematical model corresponds to the following F.O.C.K.M.:

(2.10) A=

O O OO
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(2.11) A3 p  afsc pEsc | ocE3p 4fup

In this mechanism, A is only reactant, D is only final product and B and C
are linked by reversible reactions like in the mutarotation example. Due to this,
the system will have two negative eigenvalues and a null double eigenvalue (i.e.,
A.M.)\:() = 2)

It is important to point out that in this example appeared a double null eigen-
value without having in the mechanism more than one final product (and only one
null column in the corresponding F.O.C.K.M. matrix). As a last remark, it can be
observed that in all the previous examples —with and without final products— it is
possible to get a plethora of solutions with real simple eigenvalues, complex eigen-
values, double eigenvalues, etc. Nevertheless, in all cases there was a null eigenvalue
(simple, double, etc.) and all the other eigenvalues had negative real parts. This
general result will be commented with more details in the next section.

3. SOME PREVIOUS RESULTS

A general form for mathematical models of F.O.C.K.M. was developed and it
appears in a book chapter recently published in New York [8]. In this book it was
proved that the corresponding O.D.E. system can be written as:

[E1] -5 Ka -+ Kpn [E1]
d | [E2] Ko =S -+ Kpo [E2]
(3.1) al = : : . : :

and the associated matrix is:

-5 Koy -+ Kn

Kig =S -+ Kpo
(3.2) A= .

Kln KQn T _Sn

All the non-diagonal entries of this matrix are non-negative and the diagonal
elements are —S; = — ZKZ-j , 50 all the matrix columns add to zero. To summarize,

J#i
the characteristics that define these F.O.C.K.M. matrices, are the following;:

e Ais a n X n matrix with real entries a;;.

e The non-diagonal entries are always non-negative numbers: a;; >0 V i # j

e The diagonal elements are —S; , being 5; the sum of the non-diagonal entries
in the i-th column.

Due to this particular structure, three important results can be obtained for this
general form:

e )\ =0 is an eigenvalue of A.
eRe(\) <0V i=1,2,...,n
e Re(Ap) =0 A\ =0
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The first one is a consequence of the fact that all the matrix columns add to
zero and the last two properties can be obtained by applying the Gershgorin circle
theorem [9] to the general F.O.C.K.M. matrix [8].

From the O.D.E. solutions point of view, the non-zero eigenvalues give linear
combinations of functions like:

(3.3) exp(At) , texp(At) , t2exp(At), ..., tPexp(At)

depending on the algebraic multiplicity (A.M.) and the corresponding geomet-
ric multiplicity (G.M.) of the eigenvalue A . Therefore, taking into account that
exp(At) = e*(cosbt + isinbt) , being a < 0 , it follows that exp(At) — 0 when
t — 400 and the same happens with all the other functions:

(3.4) texp(At) , t2exp(Mt), ..., tPexp(\t)

Then, all the O.D.E. solutions associated with an eigenvalue A\ # 0 tend to vanish
with time, independently of corresponding A.M. and/or G.M.

The O.D.E. solutions corresponding to the null eigenvalue are linear combina-
tions of these functions: {e%, te%,... %%} | or the equivalent: {1,t,...,t%}.
Then, the solutions due to the null eigenvalue are polynomial functions which grade
q depends on both the A.M. and the G.M., corresponding to A = 0 and it follows
straightforward that only if ¢ = 0 the polynomial solutions remain bounded when
t tends to infinite.

To sum up all the previous results, it can be stated that only the null eigenvalue
—and particularly, its A.M. and G.M.— is relevant to make predictions about the
stability of the O.D.E. system solutions.

All these results were proved for the F.O.C.K.M. general matrix, so they happen
both in mechanisms with final products (like wine-vinegar example) or without
final products (like mutarotation example) and these results are true for reversible
or irreversible reactions, independently of the number of chemical species involved.

4. TWO GENERAL RESULTS

As it was mentioned before, the general form for F.O.C.K.M. mathematical
models has the following form:

[EA] -5 Ko -+ Kn [E4]
d | [E2] Ko =S -+ Kpo [E2]
(4.1) al 171 : N : :

In this O.D.E. system, the diagonal elements are —S; = — > Kj; , so all the ma-
J#i
d

trix columns add to zero, then it can be stated that 7 ([Er] 4+ [E2]+ ...+ [EL]) =0
and so, the sum of variables [E1] + [E2] + ... + [Ey,] is a constant &.

As a consequence of this fact, it follows that for every [E;] with 1 <i < n , the
inequalities 0 < [E;] < [E1] + [E2] + ... + [En] = K are satisfied and all the [E}]
must be bounded for every time ¢ > 0.
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In examples like (2.11) it was observed that the null eigenvalue can have an
algebraic multiplicity greater than one. If in one of those cases, the inequality
G.M.y—¢g < A.M.5— is satisfied, then solutions of the O.D.E. system will contain
linear combinations of {e%, te’, ... %%} | or the equivalent: {1,t,...,t?} which
are unbounded for ¢ > 0 . This fact contradicts the previous statement about [E;]
which must be bounded for every time ¢t > 0 .

Consequently, a first general result can be stated: G.M.x—¢g = A.M. —o and this
result is valid for every n x n F.O.C.K.M. matrix.

A second general result can be obtained from the following statements mentioned
in the previous section: Re()\;) <0 V i=1,2,...,n and Re(A\y) =0 < A\ =0
. These results combined with the previous one (i.e., G.M.x—g = A.M. —¢ ), gives
a second general result: the solutions of the O.D.E. system are stable but not
asymptotically.

5. CONCLUSION

In previous papers, a general form for matrices associated with F.O.C.K.M.
problems was obtained. As a consequence of this structure, several properties were
proved. Particularly, for a general n X n matrix A , corresponding to a given
F.O0.C.K.M., the following statements were demonstrated:

o det(4) =0
o if ) is an eigenvalue of A, then Re(A) <0
e Re(\) = 0 if and only if Ay =0

In this paper it was proved that if n chemical substances are considered, the cor-
responding F.O.C.K.M. matrix verifies that G.M.x—g = A.M. —o and this algebraic
result has an analytical corollary: the O.D.E. solutions for F.O.C.K.M. systems are
always stable, but not asymptotically.

This weak stability has an important chemical consequence, since it implies that
small errors in the initial concentrations measurements will remain bounded as the
reactions take place, but they will not tend to disappear when ¢t — +o0 .

It is important to remark that other qualitative results can be obtained by an
inverse modelling approach (i.e., proposing a theoretical F.O.C.K.M. that fits with
a given matrix and/or O.D.E. system). This methodology was used in several
previous articles, book chapters, etc. [3-6-7-8-10-11-12-13-14]. For instance, it is
possible to analyse the form of the solutions [3-6], the existence and number of
inflexion points in curves of [E;] vs. t [3], the A.M. and G.M. of the null eigenvalue
[6-7-8-14], among other conclusions with important mathematical and chemical
consequences.

Finally, the study of stability properties and qualitative results, for any number
of reactants and for any kind of chemical reactions like second and third order
reactions represents a challenging problem and an opportunity for further research
in this area.
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HYERS-ULAM-RASSIAS TYPE STABILITY OF POLYNOMIAL
EQUATIONS

N. EGHBALI

ABSTRACT. In this paper we introduce the concept of Hyers-Ulam-Rassias
stability of polynomial equations and then we show that if x is an approximate
solution of the equation an,z™ + an_12" "1 + arz+ ag, then there exists an
exact solution of the equation near to x.

1. Introduction

The basic problem of the stability of functional equations had been first raised
by Ulam [7] which Hyers in [3] gave a partial solution of Ulam’s problem for the case
of approximately additive mappings. And then Rassias provided a generalization
of the Hyers'theorem for additive and linear mappings in [6].

Moreover the approximately mappings have been studied extensively in several
papers (See for instance [4], [5]).

Li and Hua [2] investigated the Hyers-Ulam stability of the polynomial equation
2"+ ax+ =0on [—1,1]. Later Bikhdam et al. in [1] proved that if |a1] is large
and |ap| is small enough, then every approximate zero of the polynomial of degree
N, a2 +an_12" 1 + ...+ a1z +a = 0, can be approximated by a true zero within
a good error bound.

In this paper, we prove the Hyers-Ulam-Rasssias stability for the following two
equations

A"+ ap_ 12" P+ Faz+a=0

e +ar+p=0

on a Banach space X with real coefficients.

Date: August 1, 2015 and, in revised form, October 4, 2015.

2000 Mathematics Subject Classification. Primary 46540; Secondary 39B52, 39B82, 26E50.

Key words and phrases. Hyers-Ulam stability, Hyers-Ulam-Rassias stability; Polynomial equa-
tion; power series equation.

88





HYERS-ULAM-RASSIAS TYPE STABILITY OF POLYNOMIAL EQUATIONS 89

2. Preliminaries

In this section, we provide a collection of definitions and related results which
are essential and used in the next discussions.

Definition 2.1. One says that the equation
™ + ap_12" P+ .. +ax+a=0

has the Hyrs-Ulam stability if there exists a constant K > 0 with the following

property:
for every e > 0, y € [-1,1], if

lanx™ + 12" '+ . 4 ax + ap| <e

then there exists some y € [—1, 1] satisfying
U™ + ap12" P+ . +az+a=0
such that |z — y| < Ke. One call such K a Hyers-Ulam stability constant for 2.1.
Theorem 2.1. For a given integer n > 1, let the constants ag, aq, ..., a, € R satisfy
la1| > 2|az|+3l|as|+...+(n—1)|an—1]|+n|ay| and |ag| < |a1]— (Jaz|+]as|+...4|an]).
If v € [—1,1] satisfies the inequality

|anx™ + ap_12™" 4+ ... +arx +agl < €

for some e > 0, then there exists a zero y € [—1,1] of polynomial 2.1 such that
ly —v| < Ke.

Proof. [1] O

3. Hyers-Ulam-Rassias Stability of power series equations

We start our work with definition of Hyers-Ulam-Rassias stability of power series
equations.

Definition 3.1. Let X be a complex Banach algebra with unit. The equation
ant” + ap12" '+ . taxz+a=0

from X into X with constant coeflicient, has the Hyers-Ulam-Rassias stability if
there exists a constant K > 0 with the following property:
for givene > 0,pe Rand y € X, if

lanz™ 4+ ap_12" 1+ ...+ a1z + ag| < €| X||"P
then there exists some x € X satisfying
ant” + ap12" '+ . taxz+a=0
such that ||z — y|| < Ke. One call such K a Hyers-Ulam-Rassias stability constant
for 2.1.
Theorem 3.1. Let X be a complex Banach algebra with unit, the constants ag, a1, ..., a, €
R and r € Rt satisfy
lai|r > |ag| + r2|az| + ... + nr" Yay),
and
lao| < r%|as| + 3r3|az| + ... + (n — 1)r"|a,]).
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If a v € {x € X;||z|| < r} satisfies the inequality
(3.1) l|ans™ + ap_12" 1 4 ...+ a1x + ao|| < el|z||™?

for some e > 0 and p € R, then there exists a zero xg € {z € X;||z|| < r} of
polynomial 2.1 such that
P
(1- /\)lall
where A — \ — 2\a2\+3|a3\+...+|(n|—1)\an,1\+n\an\
ay
it is independent of € and xg.

||z — 2ol <

18 a positive constant less than 1 and

Proof. If we set g(x) = ;fll(ao +agx? +azx® + ...+ ap_12" "t +apa™), for x € {x €
X;|lz|| <7}, then we have

(@)l = llao + asa? + ... + an_12" + apa]| < 1.
Now, we show that g is a contraction map:

1 n 1 n
(3:2)  llg(@) =gl =1 (ao +azz® + ..+ apa”) — o (0 F eyl <
\Hﬂ? yll{lazllle + yll + .. + lanl[la" " + ..+ y" 7|} <
‘al‘ |z — y|[{2r|az| + 3r3|ag| + ... + nr" " an|}.

la1

Here, with \ = 2lazl+Slaslt. +|EZ| Dian-sltnlanl 9 ¢ i5 a contraction map. By

the Banach contraction mapping theorem, there exists a unique zg € {z € X;||z|| <
1} such that g(xg) = xo. It follows from (3.1) and (3.2) that

e = 2ol| < [z — g(@)]| + llg(x) — glao)l| < llr — & (~ag — aze? - ... — arz + aol| +
Al = 2]l = lana™ + an12"=1 + .. & arz + aol| + Allz — o]l

Thus we have

)
lle = zoll < Gra=ellelI™ < w5y

O

Theorem 3.2. Let X be a complex Banach algebra with unit, r € RY, |a| >
Maz {300, mr < tlﬁl} and x € {x € X;||z|| < r} satisfies
lle” + ax + | < e[|
Then e* + ax + = 0 has a unique solution x¢ € {x € X;||z|| < r}, such that

np oo nr™
[lz — zo]| < Tafi=y s where A = 72"@‘ ol

Proof. We define the function g(x) = _Tl(ex 4 B). Tt follows that [jg(x)|| <
Wlh,ﬂ(er +|B|) < r. Now, we have

lg(@) — gw)l| < fhlle” — e¥ll < by oo, Ut <
LT, bl =yl 4 22y 2y 4y 1||<Z|i"'||x—y||

co  nrnTl

By putting A = %ﬁ“ and Banach’s contraction mapping theorem, g has
a unique fixed point. So

llz = ol < [lz — g(@)Il + llg () — g(@o)ll < rpellz]|™” + Al — woll.
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er™P

Therefore ||z — z¢]| < Tald=x "

REFERENCES

[1] M. Bikhdam, H. A. Soleiman Mezerji and M. Eshaghi Gordji, Hyers-Ulam stability of power
series equations, Abstract and Applied Analysis, Vol: 2011 (2011), 6 pages.

[2] Y. Li and L.Hua, Hyers-Ulam stability of a polynomial equation, Banach J. Math. Anal. Vol:
3, No. 2 (2009), 86-90.

[3] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci., U.S.A.
Vol: 27 (1941), 222-224.

[4] D.H. Hyers, G.Isac and Th.M. Rassias, Stability of functional equations in several variables,
Birkhdauser, Basel, 1998.

[5] D.H. Hyers and Th.M. Rassias, Approzimate homomorphisms, Aequationes Math. Vol: 44,
No. 2-3 (1992), 125-153.

[6] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.
Soc., Vol: 6 (1978), 297-300.

[7] S. M. Ulam, Problems in modern mathematics, Chap. VI, Science eds., Wiley, New-York,
1960.

DEPARTMENT OF MATHEMATICS WITH APPLICATIONS, FACULTY OF MATHEMATICAL SCIENCES,
UNIVERSITY OF MOHAGHEGH ARDABILI, 56199-11367, ARDABIL, IRAN.
E-mail address: nasrineghbali@gmail.com;eghbali@uma.ac.ir






— KONURALP JOURNAL OF MATHEMATICS
VOLUME 4 No. 1 pp. 92-107 (2016) ©OKJIM

ON THE GROWTH PROPERTIES OF GENERALIZED
ITERATED ENTIRE FUNCTIONS

DIBYENDU BANERJEE AND NILKANTA MONDAL

ABSTRACT. In this paper, we study some growth properties of generalized
iterated entire functions to generalize some earlier results.

1. INTRODUCTION AND DEFINITIONS

If f and g be two transcendental entire functions defined in the open complex

: s T(r,.fog) _ iy T(r,fog)
plane C, then Clunie [4] proved that Tlgrolo T = and rlggo )

In [10] Singh proved some comparative growth properties of logT(r, f o g) and
T(r, f) and raised the problem of investigating the comparative growth properties
of log T'(r, fog) and T(r, g). After this several authors {see [3], [7] etc.,} made close
investigation on comparative growth of logT'(r, f o g) and T'(r, g) by imposing cer-
tain restrictions on orders of f and g. In the present paper, we study such growth
properties for generalized iterated entire functions.

= Q.

Definition 1.1. Let f be a meromorphic function and 7'(r, f) be its Nevanlinna’s

characteristic function. Then the numbers p(f), A(f) defined by

1 log T(r.f)
p(f) = lim sup=5

and A(f) = lirg inf % are respectively called order and lower order of f.

Definition 1.2. ([3]) Let f be a meromorphic function. Then the numbers p,(f),
Ap(f) defined by
log®! T'(r,f)

po(F) = lim sup 22 1L
r—00

]
and A, (f) = Hgg%gf%, where p =1,2,3, ...
are respectively called p-th order and p-th lower order of f.
For p = 1, the above definition coincides with the classical definition of order

and lower order.

2010 Mathematics Subject Classification. 30D35.
Key words and phrases. Entire function, Generalized iteration, Growth.
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If f is entire one can easily verify that

. logP+11 o )
pp(f) = limsup-t————"0 Toar (r.f)

700

and M\, (f) = 1£Igg1f%, where p=1,2,3, ...

Definition 1.3. ([3]) Let f be a meromorphic function. Then the numbers p,(f),
Ap(f) defined by
logPt1] T(r,f)

ﬁp(f) = lim sup Togr
r—00

flogl” ! T(r, f)

Togr , where p=1,2,3, ...

and  \,(f) = limin
r—>00
are respectively called pth hyper order and pth hyper lower order of f.

If f is entire one can easily verify that

_ . logP+2] pr ,
py(f) = llgsnggTrW)

and A, (f) = hminfm, where p = 1,2,3, ...

r—00 logr

Definition 1.4. ([3]) Let f be a meromorphic function of order zero. Then the
numbers py(f) and A;(f) are defined as follows

logl”) T(r,f)

*(f) = limsup
Pp( ) . logl@ 1

« .. ploglPlT :
and  N5(f) = hrlggfogl?w, where p =1,2,3, ...

T

Definition 1.5. ([7]) A function A;(r) is called a lower proximate order of a mero-
morphic function f if
i) Af(r) is non negative and continuous for r > rq say;
ii) A¢(r) is differentiable for r > ro except possibly at isolated points at which
)\} (r—0) and )\/f (r+0) exist;
) Jim As(r) = X(f) < e :
iv) Tli_)r{)lor)\f(r) logr =0 ; and

v) lim g}fff;;{)) =1.

Definition 1.6. A real valued function ¢(r) is said to have the property P; if
i) (r) is non negative and continuous for r > r( say;
ii) p(r) is strictly increasing and ¢(r) — oo as r — 0o;
iii) log ¢(r) < d¢(%) holds for every 6 > 0 and for all sufficiently large values of r.

Remark 1.1. If (r) satisfies the property P; then it is clear that 1og[p] o(r) <op(%)
holds for every p > 1.

Definition 1.7. ([1]) Let f and g be two non-constant entire functions and « be
any real number satisfying 0 < a < 1. Then the generalized iteration of f with
respect to g is defined as follows:
frg(2) = (1— )z +af(2)
fa9(2) = (1 = a)gu 5 (2) + f(91,4(2))
f3.9(2) = (1 = a)ga 5 (2) + f (92.1(2))
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L )= ) gn1.4(2) + af (gn_1.1(2))
g14(2) = (1 - a)z + ag(2)
42 7(2) = (1— a) fry(2) + ag(fre(2)
4 1(2) = (1 — ) farg () + ag(frg(2))

n(2) = (1= @) fa14(2) + ag(Fa_1,9(2)).

Definition 1.8. ([3]) Let a be a complex number, finite or infinite. The Valiron

deficiency d(a, f) of a with respect to a meromorphic function f is defined as:
c+« o N(ra;
5((7“’ f) =1- hrniggf 75(7,f{)
m(r,a;f)
T(r.f) -

= lim sup
r—>00

We do not explain the standard notations and definitions of the theory of entire
and meromorphic functions as those are available in [5] and [11]. Throughout we
assume f, g etc., are non-constant entire functions such that maximum modulus
functions of f, g and all of their generalized iterated functions satisfy property P;.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. ([5]) If f(z) be regular in |z| < R, then for 0 <r < R
T(r, f) <log® M(r, f) < F2T(R, f).
In particular, if f be non-constant entire, then for all large values of r

T(r,f) <log M(r, ) < 3T(2r, f).

Lemma 2.2. ([7]) Let f be a meromorphic function. Then for § > 0 the function
rAMO+=2:(") s an increasing function of r.

Lemma 2.3. (/8]) Let f be an entire function of finite lower order. If there exist
entire functions a;(i = 1,2,3,..m;m < oo) satisfying T(r,a;) = of{T(r, f)} and
> d(ag, f) =1 then

i=1

; Trf) _ 1
TgnolologM(T‘,f) T

Lemma 2.4. ([2]) If f is meromorphic and g is entire then for all large values of
r

T(r,fog) < (1+0(1) a2 T(M(r,9), f).

Since g is entire so using Lemma 2.1, we have

T(r,fog) < (1+401)T(M(r,g),f).
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Lemma 2.5. ([9]) Let f and g be transcendental entire functions with p(g) < oo, 1
be a constant satisfying 0 <n <1 and § be a positive number. Then

T(r,fog)+0(1) = N(r,0; f o g)
(1og N(M((nr )11T’g) ) _ O(1)]

log(M((nr) 1+9,9)—0(1))
as r — oo through all values

Lemma 2.6. Let f and g be two non-constant entire functions. Then
M(r,fog) < M(M(r,g), f) holds for all large values of r.

Lemma 2.7. ([8]) For a meromorphic function f of finite lower order, lower proz-
imate order exists.

3. MAIN THEOREMS

In this section, we present the main results of this paper.

Theorem 3.1. Let f(z) and g(z) be two entire functions such that A\, (f) and py(g)
are finite and A\,(g) > 0. Then for even n

[(n=1)p] (.
i) lim infleg " T fug) 3p,(f)2*@

r—00 T(r.9)
. . logl"= VP (£, ) Ap(f)
i) lim sup—2 Tog) o 2 aat-ia@
r—00

Proof. If A(g) = oo, then (i) and (ii) are obvious. So we suppose that A(g) < oc.
If p,(f) = oo then ( ) is obvious. So we suppose that p,(f) < co. Since f and g
are non-constants so
(3.1) M(r, f) > pr and M(r,g) > pr for some 0 < p < 1.
Now by Lemma 2.1 we get for all large values of r and arbitrary ¢ > 0
T(r, fr.g) <log M (7, frng)
Zlog M(r, (1~ @)gn_1.5 + 0 f(gn_14))
< IOg{(l _0‘)%M(M(ragnfl,f) ) i (M(ragnfl,f)’f)}»
using (3.1) and Lemma 2.6

(3. 2) =log M(M(r,gn-1,7), f) + O(1)
or, log”! T(r, f,,.4) < 1og®" ™ M(M (7, gu_1,4), f) + O(1)
< (pp(f) +€)log M(r,gn-1,r) + O(1)
or, log[Qp] T(r, fn,g) < log[p] log M (7, gn—1,7) + O(1)
< log" {log M(M(r, f,_2.4),9)} + O(1), using (3.2)
< (pp(g) + €)log M (r, fn—Q,g) O(1).
So, logP*! T(r, fu.4) < (pp(f) + €) log M(r, gn—3.) + O(1).

Proceeding smnlarly after some steps we get

lo g[(n 2 T(r, fn,g) < (pp(g) +€)log M(r, f2,4) + O(1).
So, log!"~ 1P ] T(r, fng) < (pp(f) + €)log M(r,g1.7) + O(1)
(pp(f) + €)log M(r, (1 — a)z + ag(z)) + O(1)
(pp(f) + €){log M(r, z) +log M(r,g)} + O(1)
(pp(f) + €){logr +log M (r,g)} + O(1).

A

(3.3)
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On the other hand, since hm 1nf Aqgf)) = 1, we get for a sequence of values of r

tending to infinity

(3.4) T(r,g) < (1+e)r*9)
and for all large of values of r,
(3.5) T(r,g) > (1 —€e)r 9,

Therefore, for all large values of r, we get from (3.3) and (3.5)
log! "V T(rfng) . (pp(f)+e){logrtlog M(r,g)}+O(1)
T(r.9) (1—e)rra(m)

(pp(](?t))i(;i%(r 9) | o(1) [since TlLrgloAg(r) = A(g) > 0]

» €)3T (2r
< @OTeng) | o),

Therefore we get from (3.4) for a sequence of values of r tending to infinity

log! " VP T(r fr ) — 3(pp(f)+e)(1+e)(2r) @+
= T(ng)r ’ S(k%(zr);(gwsixg(rzmMg(r) o(1)

3(pp(f)+e)(1+e P9 +8—Ag(r)
LU M) 10200 )

< 3(P;n(]8“_’3(1+5) 2)\(9)4-5 +O(1)

because rM9)+9-2(") is an increasing function of r.
Since € > 0 and § > 0 are arbitrary we get

lim inf 28" T (s fn.q) < 3p,(f)2*9) and (i) is proved.

r—00 T'(r,9)
If \,(f) =0, then (ii) is obvious. So we suppose that A,(f) > 0. Then we have
for all large values of r
T(r, frog) = T(r, (1 — @)gn_1.5 + @f (gn1.1))
> T(r,af(gn1.4)) = T( (1 — @)ga_1.7) + O(1)
> T(T, f(gnfl,f)) - T(T7 gnfl,f) + 0(1) [fOI‘ @ 7é 1]
> % exp[p_l]{éM(ivgnfl,f)}hp(f)_e - T(Ta gnflhf) + O(l)a
see [10], page 100}
or, og?” T(r, fug) > log{gM (5, gn—1,7)}**\ = = log? T(r, g—1.) + O(1)
> ()‘P(f) - 6) logM(gagnfl,f) - %()‘P<f) - 6) IOgM(Zagnfl,f)

+0(1),
using property P, and Lemma 2.1
(3.6) = 5 (Mp(f) = ) log M(§, gn-1,5) + O(1)
or, log?”! T(r, fn,g) > log[p]{log M(5,9n-1,5)} +0O(1)
> log!”! T(% 9n-1,5) +0O(1), using Lemma 2.1
> 10(9) — ) log M(4, fa_24) +O(1).  using (3.6)

Proceeding similarly after some steps we get
(37)  1ogl"TIT(r, f9) > 300(9) — ) log M (572, fag) + O(1).
So, log!™= VPl (., frng) > 3(Ap(f) — €)log M (55, 91,7) + O(1)

E0(f) — ) log M (5, (1 - a)z + ag(2)) + O(1)
(3.8) L00(f) — ){log M52+ ) — log M( 2+, 2)} + O(1)
(3.9) > L00() — T (521.9) - log r } + O(1).
From (3.4), (3.5) and (3.9) we get for a sequence of values of r tending to infinity
logl " TVP T(r,fg) 5 (N -{T(F57,9)—log 77 }+0(1)

VIV

T(r,g) (1+e)r o
3 Op(N—-OT(F=1,9) . .
=2 p(1+e)rxg(4,. D9y o(1) {since rlggo)\g(r) = A(g) > 0}
o 3 (D)-90-0 (5= ey o)

(14€)rra()





ON THE GROWTH PROPERTIES OF GENERALIZED ITERATED ENTIRE FUNCTIONS 97

_ 30u(D=00=9) (1 \A(g)+s_ 0T
= 15 (g=r)N@OF (o @R 7 +o(1)

n—1
gqn—1 4

FOw(H—e)(1—¢)
> Froioowrs T o(l)

because rM9)+9-2¢(7) ig yltimately an increasing function of r.
Since € > 0 and ¢ > 0 are arbitrary, so we have from above that
3 logl(m=1p] g A, .

llg%.}p e T(r’g)(rf 2) > 2'4(;1({))”9) and (ii) is proved.

Theorem 3.2. Let f(z) and g(z) be two entire functions such that A,(g) and pp(f)
are finite and A,(f) > 0. Then for odd n

. . elogl VPP f, Y A

Z) hTH_lJ;l Wq S 3pp(g)2 (£
.. . logl» VPl P(r £, Ap(9)

i) 1171~ri>8;o1p T(r,f)r “2 2.4("p—gk(f>'

Theorem 3.3. Let f(z) and g(z) be two entire functions such that \p(g) > 0.

Also suppose that there exist entire functions a;(i = 1,2,3,...,m;m < 00) such that

T(rya;) = o{T(r,9)} asr — oo(i = 1,2,3,...,m) and >_ 6(a;,g9) = 1. Then for
i=1

even n

logl " VP T(r £ ) o TAL(S)
T(r,g) = 2.4(n-1)A(g) *

lim sup
T—>00

Proof. If A(g) = oo or A,(f) = 0, then the theorem is obvious. So we suppose
that A(g) < oo and A,(f) > 0.
For 0 < € < min{A\,(f), A\p(g),1} we get from (3.8)
g™ VT (r, fu) > FOy (1) — ©)flog M(gr, ) — log g} + O(1)
logl™= VPl 7 (p £, ) T (Ap(f)—e){log M (=7 ,9)—log -1 }+0O(1)
Therefore, ) 9> 4T(T’g) 4

L (f)—€) log M(571,9)
=2 T(r,g) A +0(1)

log M(7=7,9) T(7=1-9)
=30 (f) -t + o)
But from (3.4) and (3.5) we get for a sequence of values of r tending to infinity

and for 6 >0

T(Fm=7.9) s (1=9) (=)0 1
T(r,g9) (1+e) (7 YT (GRET) rre ()
(1=€) 1

= (THe) @ —1)2@+s
because A (9)+0=29(") ig an increasing function of r.
Since e(> 0) and (> 0) are arbitrary, so we have from Lemma 2.3 and above
that

lim sup
T—>00

logl "V T(r fn9) < T3 Ap(f)
T(r,g) = 4(n=1)X(9)

— TAp (f)
T 2.4(n=1)X(9) "

Theorem 3.4. Let f(z) and g(z) be two entire functions such that A\,(f) > 0.
Also suppose that there exist entire functions a;(i = 1,2,3,...,m;m < 00) such that

T(rya;) =o{T(r,f)} asr — oco(i =1,2,3,...,m) and in: 0(ai, f) = 1. Then for odd
i=1

n
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: lOg[(n_l)p] T(r fn.qg) mAp(9)
lim sup o) > SRy -
T—00

Theorem 3.5. Let f(z) be an entire function and g(z) be a transcendental entire
function such that pp(f), A(g) and pp(g) are finite. Also suppose that there exist
entire functions a;(i = 1,2,3,....,m;m < o0) such that T(r,a;) = o{T(r,g)} as

r—oo(t=1,2,3,..,m) and > 6(a;,g) = 1. Then for even n
i=1

logl(m=1pl .,
lim inf <5 prer e < m(f).

Proof. We have for all large values of r
T(T7 fmg) = T(T‘, (1 - a)gn—Lf + af(gn—l,f))
<T(r,gn-1,7) + T(r, f(gn-1,5)) + O(1)
<T(r,gn-1,£) + 1 +o(1)T(M(7,gn-1,f), f)+O(1), using Lemma 2.4
or, 1Og[p] T(Tv fn,g) < IOg[p] T(T, gn—l,f) + 1Og[p] T(M(Tv gn—l,f)a f) + O(l)
<10g T(r, gn—1,7) + (pp(f) + € log M(r, g1 5) + O(1)
< T(2r, gn-1,7) + (pp(f) + €)3T(2r, gn—1,5) + O(1),
using Lemma 2.1

(3.10) = {3(pp( )+€)+1}T(2r, gn—1,5) + O(1)
or, log®?! T'(r, f,, g) < log”! T'(2r, gn—1,§) +O(1)
<{3(pp(9) +€) + 1}T(2%r, fn_2,4) + O(1), using (3.10)

or, logl®”! T(7, fn,g) < log!?! T (227, fr_2,4) + O(1).
Proceeding similarly after some steps we get
logl ™= VPI7(p, fng) < logl?! T (2727, fa.q) +O(1)
=log” T(2" 21, (1 = a)g1.s + af(g1,5)) + O(1)
<log®” (2721, g1 ;) +10g® T(2" 21, f(g1.5)) + O(1)
(3.11) <log®' (2721, g1 4) + log® T(M (221, g1 4), f) + O(1).
using Lemma 2.4
Therefore, for a sequence of values of r tending to infinity
logl(»=Vrl T(7, frng) < log!”! T(2" 21, g1,8)+ (Ao (f)+€) log M(2" 21, g1.¢)+O(1)
= log” (272, (1 — a)z + ag) + (\(f) + €)
xlog M (2" 2r, (1 — a)z + ag) + O(1)
< logl?! (2" 2r, z)—i—log[p] T(2"2r, g)+(A\p(f)+€){log M (22, 2)
+log M(2"2r,g)} + O(1)
< log*1(2772r) +10gP T(27=27, g) + (A, (f) +€){log (2" ~?r)
+log M (2" 2r,g)} + O(1).

logl "= DP T(p f,0 log®! T (27 2r,g)+(Ap (f)+e) log M (2" 2r,9)+0O(1
Therefore, T 2r.9) 2) < ( ) (75)((273727")9) ( ol)

= Op(f) + )M ) o).
Since €(> 0) is arbitrary, we get using Lemma 2.3 that

logl" " VP T(r £, 4)
hTrglorng(zn—Qrg)g <A (f).

Remark 3.1. Under the hypothesis of Theorem 3.5 we have also

]Og[(nfl)P] T(’I”,fn,g) < ﬂ'pp(f).

lim sup T2 g)

T—00
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Theorem 3.6. Let f(2) be a transcendental entire function and g(z) be an entire
function such that py(f), M f) and p,(g) are finite. Also suppose that there exist
entire functions a;(i = 1,2,3,...,m;m < oo) satisfying T(r,a;) = o(T(r, f)) as

r—oo(t=1,2,3,...,m) and Z d(ai, f) = 1. Then for odd n

log[(" 1)p] T(r,fn.q) <7T)\ ( )

lim inf T )

r—00

Remark 3.2. Under the hypothesis of Theorem 3.6 we have also
. logl(m=1pl " fng
lim SUPgT(WfQT(’f)f’) < pr(g)~

T—00

Theorem 3.7. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) <00 and 0 < Ap(g) < pp(g) < co. Then for even n

Aplg) log[’”’*” T(rfng) — 1; logl"? U T(r.fr 4) _ Ppl9)
orte) = NI gt~ S HMSUP T omrr gy~ < Xla)
fork=0,1,2,..

Proof. We have for all large values of r from (3.9)
log!" =V T (r, fr4) > 3O () — T (55, 9) —log 7=} + O(1)

or,
(312) gl T(r, fug) > log T3, 9) — log? ™ (i) + O(1)
or,
(3.13)  log" T fg) > log" ! T(5r,9) — 10" () + O(1).
P (k
Since lim sup% = pp(g) so for all large values of r we obtain
r—00
(3.14) log?! T(r, g®)) < (pp(g) + €) log .
Now from (3.13) and (3.14)
log P+ T(r £, o) log? T T(ZE1,9)—logP 2 (721)+0(1)
log ™ T(r,g") [ (]pp(g)+e) log r
. 1 loglP 1 T(—21 g) log(—2)
= ¥ Toaloir) ogr T o(1)-
Since € (> 0) was arbitrary, by Definition 1.3
x ( ) log[mp+1] T(Tfﬂ q)
(3.15)  Gagy < M Gy
From (3. 3) for all large values of r and arbitrary € > 0
log "V T(r, fo.4) < (pp(f) + €){logr +log M(r, g)} + O(1)
or,

(3.16)  log"P T(r, £, 4) < log?™ 4 10gPH U M (r, g) + O(1)
or,  log"T(r, f,,) <log®t 7 +10gPt M(r, g) + O(1).
Therefore,

(317) IO e o lospm Mg 4 o).

logl?] T'(r,g (%)) logl?) T(r,g (M)
[v) ()
Since lim inf % = Ap(9), it follows for all large values of r
r—o0 X

(3.18) log?” T(r, g®)) > (A\,(g) — €) log .
Now from (3.17) and (3.18)

logmP+1l T(r,fn,q) log[?t2] M(r,g)
Tog TP T (r,g (M) fogrOo(g—a T ().
Since €(> 0) is arbitrary, we have
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. log[np+1] T(T:fn, ) p (g)
(3.19) hinjcgp log 7] T(,«,goc))“’ < /\z(g)'

The theorem follows from (3.15) and (3.19).

Theorem 3.8. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) < oo and 0 < A,(9) < pp(g) < co. Then for odd n
A IOg[anrl] T(r,fn.g) IOg[np+l] T(rfn.g) < Pp(f)

X)) < qir s
po() < NN Cnrrtr, 7)) logPTT(r f®) = (D)
for k=0,1,2,..

< limsup
T—00

Theorem 3.9. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) <00, 0 < Ap(9) < pp(g) < 00 and A(g) < co. Then for even n

)\p(g) < i : IOg[np] T(van,g) IOE[HP] T(van,g) < Pp(g)
ol < it ey 10gP T(r,g) = Ap(9)”

<1< limsup

r—00

Proof. From (3.12) we get for all large values of r
log#) T(r.fug) o logl” T'( - ,9)—logP ! (1) +0(1)
logl?P! T'(r,g) logl?I T'(r,g)
o log!! T(7=7:9) log r—log 4" 1 + 0(1)

3

log( 71 logl? T(r,9)

log!?! T°( - ,9) log r
(3.20) = log(4:+1) logl?! T'(r,g) +o(1).

log!”! T'(r,g)

Since lim sup Togr

r—00

(3.21) log” T(r, g) < (pp(g) + €) log .
Since €(> 0) is arbitrary, we get from (3.20) and (3.21)

Ap(9) LI IOg[np] T(r,fn.q)
(3:22)  Gtay < B omrreg
From (3.16) we get for all large values of r
(3:23)  10g!" T(r, fug) <log M r 4 log”  M(r,g) +O(1).
Again from Lemma 2.1 and (3.4) we get for a sequence of values of r tending to

infinity and for § > 0
log M(r,g) < 3(1 + €)(2r) (")
(2r)M9)+d
= 3(1 + &) Gryswr—sy

= pp(g), for all large values of r, we obtain

A(9)+6—Ag(r)
=3(1+ 6)2/\(9)%(27;)@%,"&@)

< 3(1 4 €)2M9) g (1)
because rM9)+9-29(") is an increasing function of r.
Using (3.5) we get for a sequence of values of r tending to infinity
log M(r,g) < ?’(11726)2)‘(9)+5T(r,g).

Therefore, log?+ M (r, g) < log?! T(r, g) + O(1).

So, from (3.23) we get for a sequence of values of r tending to infinity

log" " T (1, fn4)

ot gy~ < 1+ o(1).

So,

s s IOg[np] T("'vfn.g)
(.24 i Semrg s < b

Also from (3.16) we get for all large values of r
logl"?] T(r,fn,q) log!Pt 1 r4+10gP T M (r,g)+0O(1)
loglP! T'(r,g) logl?! T'(r,g)
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_ logPtY M(r,9) +0o(1)

lo%Jr"{(r ,9)
_ lo P M (r,g) log r
(3.25) S M) leer (1),

Since hTH_l) ioréf % = A\p(9), it follows for all large values of r

(3.26) log? T(r, g) > (Ap(g) — €) logr.
Since €(> 0) is arbitrary, we get from (3.25) and (3.26)

. log!™?) T(r, fr o) Pp(9)
(3.27) hﬁs;}p logl?] T(T,g)g < /\Z(g)'

From (3.12) we get for all large values of r
og!™ T(r, fn.q) — 108 T(7,9)—logP T (21)+0(1)
logl?] T'(r,g) logl?l T(r,g)

log! T'( 75+ ,9)
(328) W + 0(1)

Now from (3.5) we get for all large values of r
T(g5r,9) > (1 — &) (=)ol

_ . 1 Ag46 PO F5=2g(r) Ag (1)
= (1= &)(gz=r)" RS viewas L
(7m=1)

)
> (1 &) (g o or)
A(g)+0—XAg(

because r T) is an increasing function of r.
So, by (3.4) we get for a sequence of values of r tending to infinity
T(g=r,9) > (1 - €) (500 Tl

So,
(3.29)  log® T(5,g) > log®” T'(r, g) + O(1).

Therefore by (3.28) and (3 29) we get for a sequence of values of r tending to infinity
log!"" T(rfn.g)  log” T(rg) | o(1).

- logl?] T'(r,g) logl?] T'(r,g)
ence,
. log!" ™ T(r, fn.g)

The theorem follows from (3.22), (3.24), (3.27) and (3.30).

Remark 3.3. If in addition to the condition of Theorem 3.9, we suppose that p,(g) =
Ap(g) then for even n

lim log["” T(r,fn,g) _ -1
7—00 Iog[P] T(r,9) '

Remark 3.4. The conditions A,(f) > 0 or p,(f) < oo cannot be omitted in Theo-
rem 3.9 and Remark 3.3 which are evident from the following examples.

Example 3.1. Let f(z) =z, g(z) =expz, p=1and a = 1.
Then p,(f) = A\ (f) =0,0 <1 =p,(g) = \p(g) < o0 and f, 4(2) = expl] 2 for
even 7.
Now, log™! T(7, fn,g) = log!™ T(r,explz] 2)
< log"™ (log M (r, expl%] 2))
log[E‘H] 7.

log[”p] T(r fng) _ 0.

Therefore, lim
T roo log!?] T(r,9)

Example 3.2. Let f(z) =exp? 2, g(2) =expz,p=1and a = 1.
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Then p,(f) = A\p(f) = 00, pp(9) = Ap(g) =1 and f,, 4(2) = expl ]z for even n.
Now, log™?! T'(r, f,, g) = log™ T(r, expl%] 2)

> log™ (§ log M (5, expl ¥ 2))

= expl#1(5) + O(1).

. logl™ T(r £ )
Therefore, lim —=>——— /™9’
P r oo loglPl T(r,g)

= 0.
Theorem 3.10. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) <00, 0 < Ap(y ) < pp(g) < 00 and A(f) < oo. Then for odd n

An(f) mg T(r.fos) 10g" T(r.fn ) — pplf)
o S Mt =G g T(f) = A

<1 < limsup
T— 00

Remark 3.5. If in addition to the condition of Theorem 3.10, we suppose that
pp(f) = A (f) then for odd n

. log("?] T(r,fn,g) _
rlin)o log!?! T'(r, f)g =1

Remark 3.6. Similarly the conditions A,(g) > 0 or p,(g) < oo cannot be omitted
in Theorem 3.10 and Remark 3.5, which are evident from the following examples.

Example 3.3. Let f(z) =expz, g(z) =2, p=1and a = 1.
Then p,(g) = Ap(g) = 0, 0 < 1= p,(f) = Ap(f) < 00 and fo (2) = expl57 2
for odd n.
Now, log""! T'(r, f,..,) = log" T'(r, expl “12)
< log!™ (log M (r,expl"s7] 2))
—log[ =y,

. log!™ T(r fr )
Therefore, lim —=——2"%92 = (),
T r oo 10g[p] T(r,f)

Example 3.4. Let f(2) =expz, g(z) =exp? z, p=1and a = 1.
Then p,(f) = M\p(f) = 1, pp(g) = A\p(g) = o0 and f, 4(2) = expl'*
exp[ =12 for odd n.
Now, log!™ T(r, frg) = log!™ T(r, expl¥s] 2)
> log[”]( log M (%, expl 75 2))
= expl*z1(5) + O(1).

. logl"™P T(r, £ g)
Therefore, lim —5———2mmdl
’ r—00 log[p] T(r,9)

3(n—1)]
2 z

= Q.

Theorem 3.11. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) < oo and 0 < Ay(9) < pplg) < oo. Then for even n

Ap(9) log[np T(r,fn,g) log!"”! T(r, fr.q) Pp(9)
potp) < Hminf e sy Tog Pl T ) <3 nEd)

fork=0,1,2,3,...

< lim sup
r—00

Proof. From (3.12) we get for all large values of r
10g!"P T(r,fn.g) - 108" T(g557.9)—log" ! () +0(1)
log T T(r,f () log T T(r, 1)
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o log!?! T(5=1:9) logr—log4™~? +O(1)
log(7=1)  logl?! T'(r,f(*))

log!” T( 57 9) 1
(3.31) = TaGen e 1t + )

Since lim sup% = pp(f), so for all large values of r
r—00

(3.32)  log® T(r, ™) < (pp(f) + €) log.

From (3.31) and (3.32)

log[”p] T(r,fn,q) Ap(g)—¢€
log® T(r, f(k)) > pp(f)te + 0(1)'
Since €(> O) is arbitrary
Ap(9) . . elog™P T £, )
(3.33) (g) < hrrgg.}filogg[p T 99
Also from (3 16) for all large values of r
log["”] T(r,fn,qg) log[p'H] r+log[7’+1] M(r,g)+0(1)

TogPT T (r, fF)) Togl?l T(r, f (%))
]og[p+1] M(r,g) 1
(334) log log!?] ’;‘g(:,f(k)) + 0(1)

log!?! T(r, f(*))
lo

g T

Since liminf
r—00

(335)  log® T(r, f®)) > (A,(f) - €) log .
Since (> 0) is arbltrary, we get from (3.34) and (3.35)

»l
(3.36) limsuplog T(rifng) ~ Pol9)
r—00

= A\p(f), it follows for all large values of r

log!Pl T(r,f(®))  — Xp(f)
The theorem follows from (3.33) and (3.36).

Theorem 3.12. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) < o0 and 0 < A ( ) < pplg) < o0. Thenfor odd n
log!" ]T(r fng) < pp(f)

Ap lo Ty fn .
ﬂpgf)) = hrrggéf logg T((r gf(’“>g)) = llgsup loglPl T'(r,g(®)) = Ap(9)
fork=0,1,2,3,...

Theorem 3.13. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) < 00 and py(g) < oo. Then
log[(nil)P] T(r,fn.g)

T (explpl(2n—2y), (k)

hmsuplogp =0 fork=0,1,2,3,..

r—00

Proof. First suppose that n is even. Suppose 0 < € < A, (f).
From (3.11) we have for all large values of r
logl " T(r, f,,4) < log? T(2"~2r, g1 5) + log” T(M (2"~ 2r,g1.5), f) + O(1)
<1og” 72721, g1, 1)+ (pp(f) +€) log M(2"2r, g1 ) +O(1)
=log”! T(2"2r (1 — a)z + ag) + (pp(f) +€)
xlog M (2" 2r, (1 — a)z + ag) + O(1)
< logl? T(272r, 2)+log T(272r, 9)+(pp(f)+e){log M (2" 2, 2)
+log M(2"2r,g)} + O(1)
(3.37) < log" (2" =2r) 4 (p, (9)+€) 1og (2" ~2r)+(py () +e€) log(2"~2r)
+(pp(f) + €) explP=H(2n=2r)prlo)te 1 O(1).
On the other hand we get for all large values of r
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log!?! 7(r, £ >) )\p(f)—e

logr
or, logP =1 (r, fB)) > pAr(F)—e,
Therefore,
(3.38) logP =Y T(explPl (27727), FR)) > (explP) (20— 27)) e (H) e
From (3.37) and (3.38) we have for all large values of r
logl(n— D)7l T(van,g) (pp(f)+e)eapl?~ (2" 2r)rr(9)te
log!?=1 T'(explPl (2n—27),f (k) < (explPl(2n—2p)) p(f)—¢ + 0(1)
log!" “IPI T(r, fr, )
T (explel(2n=2r), f ()

and hence, hm sup Toalr— =0 and the theorem is proved for even

n.
Also for odd n we get as in (3.37)
log " VP T(r, f,4) < log? (27 72r) 4 (py (f)+€) 1og(2"2r)+(pp (9)+¢) log (2"~ ?r)
+(pp(g)+e) explP= (20 2r)r (e 10(1)
and consequently the theorem follows immediately.

Remark 3.7. The condition p,(g) < co cannot be omitted in Theorem 3.13 which
is evident from the following example.

Example 3.5. Let f(z) =expz, g(z) =expll z, p=1and a = 1.
Then pp(f) = Ap(f) = 1, pp(g) = 00 and
fr.g(2) = exp?™ 2 when n is even.
= expl?”~1 2 when n is odd.
Therefore for even n
log! "= VPl (., fnyg) = log" M T'(r, expl2n] 2)
> log[" (3 log M (5, expl2 2)]

= expl™l(5) +0(1),
and for odd n
0" VT (r, f,4) = logh" " T(r, explr =1 2)
> log" " U[L log M (5, expl2»—1 2)]
= exp"~1(5) + O(1).

Also, log[p 1] T(explPl(272r), fF)) = T(exp(2"~2r), f))
_ exp(2"2r)

11
3
)+

Thus it follows that for any n > 2
10g[(" 1)p] T(’l‘ fn.g)
=1 T (explel(2n=2r), F (1)) ™

lim Sup = 00.

T—00

Theorem 3.14. Let f(z) and g(z) be two entire functions such that 0 < A\,(g) <
pp(g) < 00 and pp(f) < oo. Then

logl(" =PI 7 (r £, )

lim sup g o =0 fork=0,1,2,3

- =
00 log!?=1 T'(explPl (2n—27),9(k)) ) Ly 4y Dy

Remark 3.8. The condition p,(f) < co cannot be omitted in Theorem 3.14 which
is evident from the following example.

Example 3.6. Let fz) = exp[3] 2, 9(2) =expz, p=1and a = 1.
Then p,(g9) = A\p(9) =1, pp(f) = 0o and
frg(2) = eXp[Q”] z when n is even.
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= expltll 2 when n is odd.
Therefore as in Example 3.5 we get for even n
log!" VT (r, f,,4) > exp™(3) + O(1),
and for odd n
log! "=V T (1, £,4) > expl*1(5) +O(1).
Also, logl? =1 T'(explr! (272r), g%)) = %M.
Thus it follows that for any n > 2
log[(” 1)p] T(r fr.g)

lim sup s
1 2 k
oo loglP=H T (explpl(2n=2r),g())

= Q.

Theorem 3.15. Let f(z) and g(z) be two transcendental entire functions such that
(i) 0 < Ap(9) < pp(9) < plg) < o0;
(i) 2 (f) > 0
and (i) 6(0; f) < 1.
Then for any real number A and for even n

: lOg[(nil)p] T(Tafn.g) — —
thupW =0 fO'I" k= 07 ]., 2, 37
r—00

Proof. We suppose that A > 0, because otherwise the theorem is obvious.
From (3. 7) we get for all large values of r
log!" 2P (1, fr4) > 3(Ap(9) — €)log M (5, fa,9) + O(1)

= L0 (9) — ) log M52, (1 — a)gu.g + af(g1.)) + O(1)
> 5(M(9) — ){log M (7=, f(91.7)) — log M (==, 91.5)}
+0(1)
> 1((9) — T (552, f(91.5)) — log M(57=2, 91,5)} + O(1)
or,
(339)  logl™ " VPIT(r, £, ) > log® T3, f(gr.5)) — log ! M (55, g1.5)

+0(1).
For given €(0 < e < 1—4(0; f))
N(r,0; f) > (1 =6(0; f) — e)T'(r, f) for all sufficiently large values of r.
So, from Lemma 2.5, for all sufficiently large values of r

(1 7fg7 +0 log (1-6(0;f)— GT{M((WT”)H'Yaglf)f} —0(1
(z==,f(91,5)) + O(1) = (log )] TP =——— (1)]

or, log” T(52, f(gr.)) > log? T(M((nr) ™5, g1 5), £)—log? ™ M((yr) T, g1.5)

+0(1)
(3.40) = log® T(M((1r) ™7, g1.1), f) + Ollog 7).
Again log[p+1] M(z==,91,f) = log[p‘H M (5=, (1 — o)z + ag)
> log[pH] M(z==,9) — log[pﬂ} M(g==,2)
> (Ap(g) —€)lo ( ) — logP ! 5
(3.41) = O(log ).

Therefore from (3.39), (3.40) and (3.41) for all sufficiently large values of r
log "=V T (1, £, ) > logl?! T(M((nr) ™7, g1 1), ) + Olog )
> (A (f) = ) log M((gr) ™7, g1.5) + O(log)
= (Ap(f) = ) log M((nr) 77, (1~ @)z + ag(2)) + O(log)
> (A\p(f)—€)(log M((nr) ™7, g)—log M((nr) 77, 2))+O(log r)
> (p(f) =€) (explr = (nr) 7 A2 (979 _log(nr) 57 ) +O(log 7)
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(3.42) = (p(f) — € explr=1 () 5 2979 1 O(log 7).
Also,

(3.43) log?! T(r4, g < A(p,(g) + €) log r

for all sufficiently large values of r.
So from (3.42) and (3.43) for all sufficiently large values of r

1 e
logl " VP (1 £, ) Ollogr) __  Op(f)=a) explt” yr) 17 Or 70
loglP! T(r4,g(%)) A(pp(9)+e) logr A(pp(g)+e) logr ‘
. logl(n =02 T f
Therefore, lim sup 26—~ Lsfna) _ o

[p] A gk
M SUP ™ oe T T (A (R

Theorem 3.16. Let f(z) and g(z) be two transcendental entire functions such that
() 0 < M) < pplF) < plf) < 0
(i1) Mplg) >0 ;
and (i11) 6(0;g) < 1.
Then for any real number A and for odd n

. logl(m=1pl o,
hmsupw =00 fork=0,1,2,3,....
o0

Theorem 3.17. Let f(z) and g(z) be two entire functions such that p,(f) = 0,
py(f) < oo and p(g) < oo. Then for even n, pi—1)p(fn,g) < 00.

Proof. To prove the theorem we first prove that p,(g1,¢) < oo for any p > 1.
We have g1,(z) = (1 — a)z + ag(z), p(z) = 0 and p(g) < cc.

So, plgr.s) < max{p(2), pl9)}-

Therefore, p(g1,f) < 0.

Again py(g1,7) < p(g1,5) < 0.

From (3.11) for all large values of r

log! " VAT frg) o Mog® TR Prgry) | log TOM(R" 2rgr 1) f) | (1)

logr — log r logr
_ logP (2" "2r, g1 1) log 2" 2 4logr log”! T(M (2" *r,g1.4),f)
- log(2n—2r) logr log log M (2" ~2r,g1,5)
log log M (2" 27,g1,¢)
X logr + 0(1)

Therefore, p(,,—1)p(fn.g) < 00

Theorem 3.18. Let f(z) and g(z) be two entire functions such that p,(g) = 0,
py(g) < oo and p(f) < oo. Then for odd n, pi—1)p(fn,g) < 00.
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