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SOME INTEGRAL INEQUALITIES FOR FUNCTIONS WHOSE
SECOND DERIVATIVES ARE ¢—CONVEX BY USING
FRACTIONAL INTEGRALS

M. ESRA YILDIRIM, ABDULLAH AKKURT, AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, we obtain new estimates on generalization of Hermite-
Hadamard type inequalities for functions whose second derivatives is ¢ —convex
via fractional integrals.

1. INTRODUCTION

The following inequality is called the Hermite-Hadamard inequality;

(1) F(452) < 52 frwas < L0210,

where f: I CR — R is a convex function and a,b € I with a < b. If f is concave,
then both inequalities hold in the reversed direction .

The inequality (1.1) was first discovered by Hermite in 1881 in the Journal
Mathesis. This inequality is known as the Hermite-Hadamard inequality, because
this inequality was found by Mitrinovic Hermite and Hadamard’ note in Mathesis
in 1974.

The inequality (1.1) is studied by many authors, see ([1]-[7], [9]-[11], [12], [15]-
[21]) where further references are listed.

Firstly, we need to recall some concepts of convexity concerning our work.

Definition 1.1. [6] A function f : I C R — R is said to be convex on I if inequality
(1.2) flta+ (L =)b) <tf(a) + (1 —1)f(b),
holds for all a,b € I and ¢ € [0, 1].
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Definition 1.2. [8] Let s € (0,1]. A function f: I C Ry = [0,00) — R is said to
be s—convex in the second sense if
(1.3) flta+ (1 =1)b) <t f(a) + (1= 1)°f(b),
holds for all a,b € I and ¢ € [0, 1].
Tung and Yildirim in [21] introduced the following definition as follows:

Definition 1.3. A function f:I CR — R is said to belong to the class of MT (I)
if it is nonnegative and for all x,y € I and t € (0,1) satisfies the inequality;

Vi VI—t
b+ (1= )y) < 5 (0) + 25— ).

Dragomir in [3] introduced the following definition as follows:

Definition 1.4. [3] Let ¢ : (0,1) — (0,00) be a measurable function. We say that
the function f : I — [0,00) is a ¢—convex function on the interval [ if for z,y € I,
we have

flz+ @ =t)y) <to(t) f(2)+ (1 -t)p (1 —1)f(y).
Remark 1.1. According to definition 4, the followings hold for the special choose of
¢ (t):
For ¢(t) = 1, we obtain the definition of convexness in the classical sense,
for p(t) = t5~1, we obtain the definition of s— convexness,

for p(t) = — ===, we obtain the definition of MT—convexness.
2/t(1—1)
Now, we give some definitions and notations of fractional calculus theory which
are used later in this paper. Samko et al. in [14] used the following definitions as
follows:

Definition 1.5. [14] The Riemann-Liouville fractional integrals J2, f and J{* f of
order o > 0 with a > 0 are defined by

x

(1.4) T f(z) = r(la)/(““’ 0o f()dt, x> a
and ’

b
(1.5) J& f(x) = F(la)/(t —2)* N f()dt, < b

where f € Lj[a,b], respectively. Note that, I' () is the Gamma function and
Joe f(x) = Jg f(2) = f(2).
Definition 1.6. [14] The Euler Beta function is defined as follows:
1
By = [ A=t it iy >
0
The incomplete beta function is defined as follows:

B(a,x,y):/tx_l(l—t)y_ldt, z,y >0, 0<a<l.
0
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In [13], Jaekeun Park established the following lemma which is necessary to prove
our main results:

Lemma 1.1. Let f: I CR — R be a twice differentiable function on the interior
I° of an interval I such that f" € Ly [a,b], where a,b € I with a < b. Then, for
any x € [a,b], A € [0,1] and o > 0, we have

Sy (x, N\, a;a,b) = %folt()\—ta)f” (te+(1—t)a)dt

+ O [ (= 6%) 7 (b + (1 — ) b) dt.

a

2. MAIN RESULTS

Throughout this paper, we use Sy as follows;

Sy (@ Aaza,b) = (1— ) { =l ()

—a

(1 o= ) { ==t g ()

(w—a)* (f (@) + (b—2)* £ (b)
A { 2) + }

IR f (@) + T2 (0
for any x € [a,b], A € [0,1] and @ > 0.
Theorem 2.1. Let ¢ : (0,1) — (0,00) be a measurable function. Assume also
that f : I C [0,00) — R be a twice differentiable function on the interior I° of an

interval I such that f" € Ly [a,b], where a,b € I° with a < b. If |f"| is p—convex
on [a,b] for some fized ¢ > 1, then for any x € [a,b], t,A € [0,1] and a > 0,

1-1 r—a)t2
1Sy (@0t gra,b)] < Ay 7 (0, 0) [S525 {Aa(as At o) |7 (@)
(2.1) +A3 (a, N\, t,0) |f (a)| }

+ O LAy (A @) 17 @)+ As (o, A, 9) 17 (D)7} 7] -

The above inequality for fractional integrals holds, where

1+2
Al (Oé, )‘) = M\TJ -

A
2
AQ (O[, Avt@) - fo |t _ta)
A3 (aa Aata 50) - fo |t 7ta)

)

|t (8) dt,
(1-t)p(1—1t)dt.
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Proof. By using Lemma 1.1, the power mean inequality, we get
(2.2)
1St (2, A a1, 50, 0)|

< = (P —eygar) (SO =1 e+ (- ) )

Q=

O (o= i) (= el o+ (- 0] )

1—
1

Q=

=A

o \) [ 2= 1 - (= 1) a)] de)

(b— x)"‘+

(f 3=l o+ - o).

where

AMHE 41 A
L (e \) /|t |di= (AL A
S a+2 2

Since | f”|? is ¢—convex on [a, b], we have

L= [l =) (te + (1 - t)a)|*dt
(2.3) < ol =) {tp () 1 @)+ (1 = ) o (1= D1 (@)} dt

= A2 (0[7 )‘7t7 ‘p) |f,/ (x)|q + A3 (a7 )‘7t7 SD) ‘f// (a’)|q )
and similarly, we can obtain
I, ffo [t (A=t |f" (tx + (1 —t)b)|? dt

(2.4) < [ It — )] {tp (017 @)+ (1= ) (1— 0) |7 ()"} dt

= Ag (e, A, 0) |7 ()| + Az (e, At 0) |7 (D)7
where

AQ(aa)‘vtﬂw) _fo |t 7ta|t<p()d

Az (a, N\, t, ) _fo [t(A =t (1 —t)p(1—t)dt.

Q=
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By substituting (2.3) and (2.4) in (2.2), we get

ISt (@, A\, a,t,@;a,b)|

1—1
1+2 U (p—qg)@t2
S(a/\awﬂ_g) [( ) {f” Ik fo [t (A =1t (t) dt

1
q

@I fy A=) (1 =) o (1~ bt |

fE+ OL
O L @) fy = )] o (1) e

FL O L =) (1—t)<p(1—t)dt}q].

Thus the proof is completed. ([

Corollary 2.1. Let ¢ (t) =1 in Theorem 2.1, then we get the following inequality:

|S¢ (2, A, 50, )|

1

2 I-3 at2
< (M_;\) [(r D LA (M) |7 (2)] " + Az (0, A) £ (a)|")

a+2

+ 05 LAz () 7 (@)1 + As (a, ) £ (0)]°)]

Where
3—(a+3) A+ 2o ta
A A) = t fto‘ tdt =
2(0[, ) fol | 3(Oé+3)
and
Az (o, \) —fo [t(AN—t*)] (1 —t)dt
altd A+ a\ o

“at2 3(@+3) 6 (ax(atd)

Corollary 2.2. If we choose ¢ (t) =1 and x = ’ITH’ in Theorem 2.1, we can obtain
the corollary 2.2, 2.8, 2.4 in [13], respectively for A = %, A=0,A=1.

Corollary 2.3. Let ¢ (t) = t*~! in Theorem 2.1, then we have

ISt (x, X, o, t, 05a,D)]

Q=

a+2

2 17%
<(av+a+l—é> [0 (177 @)1 Ax (@, A, 5) + 17" @) 45 (0,2, 1,9)}

z)o+2 1
O {17 (@)1 Ao M) + 7 B)]7 As (0, 0, 8,9} 7] -
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Where

s+2 s5+2
A Tl A Tl 1

-2 +
s+2 a+s+2 a+s+2

Ay (o, A, ) =2
As (M) =23 (Aé,z,sﬂ) —ﬂ(Aé,a+27s+1)

+8 (I—Ai,a+2,s+1) Y (1—Aé,2,s+1).

Theorem 2.2. Let ¢ : (0,1) — (0,00) be a measurable function. For f : 1 C
[0,00) — R be a twice differentiable function on the interior I° assume also that
f" € Ly a,b], where a,b € I° with a < b. If |f"|? is o—convex on [a,b] for some
fized ¢ > 1 with X + = =1, then for any x € [a,b], A € [0,1] and o > 0 the following
inequality holds

1Sy (x, A\, a,t, 5 a,b)|

Q=

ns  <PH@AD) [W{uf“( 157 @I7) fy v (1) di

SO L @ 1 O e ()t}

where

l+ptap

B (osA,p) = 2 (D +p)T (HE2) (oF (1, 1+p,2+p+12,1))

also, for 0 < b < c and |z| < 1, oFy is hypergeometric function defined by

1 ! b -
oF1 (a,b,¢,2) = D / A=) (1= )" dt
0

ﬁ (bv c—
Proof. By using Lemma 1.1 and the Holder inequality, we have the below inequality

|Sf (x, X, a, t, 05 a,D)]

<l (-t |”dt)%(f(f\f”(tﬁ(l—t)a)'th)%

Q=

z)ot?

(2.6) (fo (A I”dt) (fo |7 (t + (1—t)b)|th)

:(f01|t()\—t“)|p)% [@ a)* (f If" (tr + (1 — t) )|th)%

O (o 1 (b4 (1= 1) )th)‘l’}
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Since |f”] is p—convex on [a, b], we have

Jo lf" (tz+ (L=t)ya)"dt <[5 to (1) |f" (2)|* dt
(2.7) + [y A=t (1=1) [ ()| dt
= (If" @)+ 1" @) [y te (1) dt,
and using same technique, we get
Jolf" (tz+ (=) b)|"dt < [t () | (2)]" dt
(2.8) +fy A=t =t) [ ()" dt
= (IF" @" + £ ®)|) [y te (2) dt.
On the other hand, we can obtain the following equality;
B(a,\,p) = fo [t (A —t*)|Pdt
(2.9) =/ “ (b =ty dt + [11 {t (t* = N}’ dt
= C) (o, \,p) + Cy (, \,p) .

By letting A — t* = u and t* = u, respectively, we have

(2.10)
1
Ci(anAp) = [ {t(A—t*)}" dt
=L ()
= Ly AR (1) T Ady
)\pa+1+p n
o 1 1Tp —
=y 1-w* 1=y " dy
l1+ptap
=2 < T(1+p) T (H22), F (1L, 1+p.2+p+£2.1),
and
Co(an\p) = [yr {t(t* — N} dt
(2.11) = 10 e\ du
1+p+rvx7

—_ A {B (1 +p,— 1+P+0¢p) ,3()\,1-‘1-;0,—%#)}
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By substituting (2.7), (2.8), (2.9), (2.10) and (2.11)in (2.6), we get

ISy (x, A\, a,t,¢;a,b)|

o=
Q=

<B(axmpw@*{ww>Q+W’ ") Jo te (0 de

O (0 @) ) fy e ()]

thus, the proof is completed. (I

Corollary 2.4. Let ¢ (t) =1 in Theorem 2.2, then we get the following inequality
for any x € [a,b], A € [0,1] and o > 0;

Corollary 2.5. If we choose ¢ (t) =1 and x = 23>

ISt (x, A\, a,t,0;a,b)
P z—a)*t? f”(m) Tt f”(“) ? a
< (feen- ng (-0’ {O 4] I)}
1
4Byt {(If”<w>|“;|f”<b>|")}q

b—a

£ in Theorem 2.2, we can obtain

the corollary 2.6, 2.7, 2.8 in [13], respectively for X = %, A=0,A=1.
Corollary 2.6. Let ¢ (t) = t*~! in Theorem 2.2, then we obtain

(10]

ISt (z, A\, a,t, @5 a,b)
P r—a)*t? f”(m) 74 f”(“) a4 a
< (B len-epa)” e {(relren ]
1
4 o)t {(If"<w>|“+|f“<b>|")}q

b—a s+1
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PARTIAL DERIVATIVE EFFECTS IN TWO-DIMENSIONAL
SPLINE FUNCTION NODES

OGUZER SINAN

ABSTRACT. One of the methods is two-dimensional spline functions for to cre-
ate geometrical model of surface. In this study Eligibility of partial derivatives
values for each node was examined. These nodes are projection of creation
aimed surface. Created effects by the chosen values were evaluated. The
results of the application example was provided with a computer software de-
veloped.

1. INTRODUCTION

F1GURE 1. Conversational usage of mechanical spline.

In mathematics, a spline is a numeric function that is piecewise-defined by poly-
nomial functions([5][7]). In dictionary, the word ”spline” originally meant a thin
wood or metal slat in East Anglian dialect. By 1895 it had come to mean a flexible
ruler used to draw curves[10]. These splines were used in the aircraft and ship-
building industries. The successful design was then plotted on graph paper and the
key points of the plot were re-plotted on larger graph paper to full size. The thin
wooden strips provided an interpolation of the key points into smooth curves. The

2000 Mathematics Subject Classification. 41A15, 65D07.
Key words and phrases. cubic spline, two dimensional splines, partial derivative.
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strips would be held in place at the key points (using lead weights called ”ducks”
or ”dogs” or "rats”)([6][7]) as shown in figurel. It is commonly accepted that the
first mathematical reference to splines is the 1946 paper by [6], which is probably
the first place that the word ”spline” is used in connection with smooth, piecewise
polynomial approximation([8][7]).

Let T = (to, t1, rev tn_1) and U = (’LLO, Uy, Un—l) here,
tp < t; <--- < tnp_y are distinct ordered real numbers and ug, uy, ‘-, Up_1
are real numbers that represent each node. It describes a spline function fs,

fot), to <t < 1y
filt), 1 <t <ty
fsp(t) =
Jns(t), thz <t <ty o
Jn2a (), tha <t <ty
f](tj):u]’ f] (t]+1):uj+17 .]207 17 T n—2.
a,b € R, a=ty < t1 < -+ < th_9 < t,_1 =0bis to be; fj : [tj,tj+1] — R,
j=0,1, -, n—2, fo :[a,b] = R. Each f; function may have any degree

that is polynomial functions. Often the first, second and third order polynomial
functions are used in practice([8][1]).

< >
t t
j J+1
FIGURE 2. f; piecewise function.
1.1. Cubic spline functions. Let T = (to, t1, - -, tn—1), U= (ug, U1, -+, Up—1)
and G = (g0, g1, -, gn_l)[. fsp [to,tn-1] = R, u = fsp (t), t € [to,tn-1]-
fj : [tj,tj_;'_ﬂ — ]’%7 fj (t) = ajt‘3 —+ bjt2 —+ Cjt + dj, j = O, 1, e, N— 2 which
satisfied the conditions f;p (t;)=gi;, =0, 1, ---, n—1 is unique [9].

fi ;) = g; and f; (t;) = v,
fi CGis1) = gj41 and f; (tj41) = ujpa
j=0,1, -, n—2

Condition can provides, at least third degree spline functions [9]. The cubic spline
function f,,( t ) has following representation [1].

1 U; — Uj—1
w; = — gi_
Yot —tion \ ti—tioa gim1

1 9i — gi—1
a; = — 2w;
ti —ti—1 \ti —tia1
by = — (ti +2ti—1) a; +w;
Ci = gi—1 — Sait?_l — 2b;t; 1
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di =iy — a;t] | — bt | — citia
i=1,2 ...,n-1
1.2. CubicSPL Cubic spline subroutine. The following subroutine representa-
tion have input values that are three vectors establish for cubic spline function and

provision sought value of ¢. The result of this subroutine is a value that u = fs,(¢).
double CubicSPL (double* T, double* U, double* G, double t)

Example 1.1. T=(1, 2, 3, 4,5),U=(-3, 3, 2, =2, 1) and G = (0, 0, 0, 0, 0)
are vectors representing the values of nodes.

#define TMax 5

T[TMax] = {1, 2, 3, 4, 5 };
U[TMax] = { -3, 3, 2, =2, 1 };
G[TMax] = {0, 0, 0, 0, 0 };
double t = 3.7 ;

u = CubicSPL(T, U, G, t);

u @ —1.1359999999998536
u = CubicSPL( T, U, G, 2.07);
u @ 2.9859860000000111

Graphical representation of the results are also observed at figure 3.

2.986 /\_\

; TSN
-1.136 / \-—/ '

FiGURE 3. Graphical representation of example 1.1.

2. Two DIMENSIONAL SPLINE

a,b,c,d € R and Q = [a,b] X [¢,d], consider the rectangle on tOx plane as
region.

a:t0<t1<--~<ti<-~~<tm_1:b;m21
c=x9 < 1 < - <x; < - <Tp_1=d;n>1
1=0,1,---,m—1,45=0,1, -+, n—1

Q region divided into (n — 1) x (m — 1)sub regions.

Qij={t,zx): t; <t < tips, 75 < @ < i}
i=0,1,---,m—2;, j=0,1, ---, n—2. For any ; ; sub region have this edge
cardinal points:

th,-, r_jaCti+1, Zjo Cti+l, Tj41 Cti,, Tj41
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The cardinal points of each ); ; sub region defines a grid €4,.q. Be introduced a
function A : Qg.q — R, X(t;,7;) = u( ;) on the grid extended on the € region [8].

U = {u©0,0), 40,1)s " » U0n-1)> U1,0) "> Um—1,n—1)}
Gt = {gt(op)a to,1)> " Gt(on—1)s 9t(1,0) " gt(m71,n71)}
G, = {gw(0,0)v 9z(0,1)) "5 9z(0n—1)» 9z(1,0 > gI(m—l,n—l)}

UGig) € s giig) € By o) € R
Aty z5) = ug gy, A (s @) = Gy A (LisTj) = 9a ()

i=0,1, -, m—1j=0,1, -, n—1
The purpose is find f: Q@ — R, f (¢, z) derivable real function [8].

H(t07$), H(tlvx)a H(t27x)a RS H(tm—lv'x)a Zo S x S Tm—1
S(t,LEQ), S(t,ml), S(t,l‘g), ceey S(t,xn_1), to S t S tn—l
H(tj,z), i=0,1, ---, m—1, zg < x < x,-1 describe direction of x spline
functions and S (t,z;), =0, 1, ---, n—1, t¢ < t < t,,_1 describe direction

of ¢ spline functions|8].
U, G, and G; data sets according with £4,.q. These sets provides m amounts

Us = {uay |i=0,1, -, n—1} and G¢ = {gw(m) ‘ij, 1, -, n—l}
vectors for each H (t;, z) spline functions direction of z and n amounts
Uz = {uy [i=0,1, -, m—1} and G = {gt(i’j) ’i:(), 1, -, m—1}

vectors for each S (¢,z;) spline functions direction of ¢. At the end of the m +n
amounts supply one-dimensional spline functions can be calculated.

A
Xn-11
[
le
X1
X!

— oo -

b &1 t (3 tm-1

FIGURE 4. m + n amounts one-dimensional spline functions.
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v
v

l t 1 t

FIGURE 5. The demonstration will consist of an auxiliary spline
function according to the direction.

3. ANY f(t,z) ON THE

Calculations can be started with the any direction spline functions the direction
of t or direction of x arbitrarily chosen. Let tg < | < t;p_1andxzg < k< xp_1 -
If t direction spline functions are chosen, a supplementary spline function can create
using these spline functions.The solution is shown below.

Let k € (w0, 2n—1) and [ € (to, tm—1). u,,,, jy =S, x;), 7=0,1, ---, n—
1, f(l, k) = H(tsup, k). In detail uy,, ;) = CubicSPL(T, Ui" Gi" l); for

j=0,1, -+, n—1 create a new U= vector for use in x direction. Therefor

sup

CubicSPL function need a G§ vector represent = direction derivative values of

sup

H (tsup, ) ti < 1 < ti41, G= and G; vectors represent partial derivative
i+1

X, +
values relationship H (¢;, =) and H (t;4+1, x) spline functions on direction z. Get
help these two vectors to determine G§Sup. U§Supwas obtained. t; < I < t;41
and j =0, 1, ---, n—1. As shown in figure 6.

FIGURE 6

[tiv1 — 1 It: — 1
( Xsup)j (gXi)j |ti+1 - til Xit1 J ‘ti+1 - ti‘

f(, k)= CubicSPL(X, U=, G= , k);

sup Xsup
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4. SMOOTH SURFACE

At the direction of ¢t and the direction of x, partial derivative values can be
arbitrarily chosen on the grid nodes. Nevertheless the created surface able to reach
somewhat smoothness using some basic rules. For spline functions direction of ¢ :

(97,). = (7,),~ (45,

t1 —to
(g: ) _ (u?j)m—Q - (u?j>m,—l
Ti/)m—1 tm_g - tm—l
(g: ) _ (ui‘)i B <u?j)i71 [tit1 — ti n (ui)iﬂ_(ui‘)i [tiz1—t4]
Ti/i by —ti—1 [tit1—tiz1] tiv1—t; [tit1—ti—1]
i=1,2 -, m—2 =01, - ,n—1.

For spline functions direction of x :

U= —(u=
(g;) _( Xi)l ( Xi)o
Xi/o T1—Xo
iz, (%)
7< Xi)n—2 Xi)n—1
9%.) i ™
i/n—1 Tpn—2—Tn-1
ix),~ (%) (=), (=)

(F) _ ( XiJg N X g gyl VX e VXY )
Xi/j Tj—Tj-1 |j 41—z Tj41—1; |j 41—z

i=0, 1,---;m—1, j=1,2, -+ n—2.

5. RESULTS AND DISCUSSION

A computer program was developed as a result of this study is. Using the
http://oguzersinan.net.tr web address that is accessible to this computer program.

3 4 3 0 0O 0 0 O
U = 4 5 4 ], G, = 0 0 O and G; = 0 0 O get in that
3 3 3 0 0O 0 0 O

way. Surface appearance is shown in figure 7. Computer software by the method
described hereinabove, when it determines partial derivatives of nodes is calculated

1 0 -1 1 1 1
as G, = 1 0 -1 and Gy = 0 0 0 . New surface appearance
0 0 O -1 -2 -1

is shown in figure 7.
Determine the value of partial derivatives with the weighted arithmetic mean
method on two-dimensional cubic spline functions reveals appropriate results.
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FIGURE 7. On left side without correction, on right side after
smoothness correction.
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ON RECTIFYING SLANT HELICES IN EUCLIDEAN 3-SPACE

BULENT ALTUNKAYA, FERDA K. AKSOYAK, LEVENT KULA, AND CAHIT AYTEKIN

ABSTRACT. In this paper, we study the position vector of rectifying slant he-
lices in E3. First, we have found the general equations of the curvature and
the torsion of rectifying slant helices. After that, we have constructed a second
order linear differential equation and by solving the equation, we have obtained
a family of rectifying slant helices which lie on cones.

1. INTRODUCTION

In classical differential geometry; a general helix in the Euclidean 3-space, is a
curve which makes a constant angle with a fixed direction.

The notion of rectifying curve has been introduced by Chen [2, 3]. Chen showed,
under which conditions, the position vector of a unit speed curve lies in its rectifying
plane. He also stated the importance of rectifying curves in Physics.

On the other hand, the notion of slant helix was introduced by Izuyama and
Takeuchi [4, 5]. They showed, under which conditions, a unit speed curve is a slant
helix. Later, Ahmet T. Ali published a paper in which position vectors of some
slant helices were shown [1]. In [6, 7], L. Kula, et al studied the spherical images
under both tangent and binormal indicatrices of slant helices and obtained that the
spherical images of a slant helix are spherical helices.

The papers mentioned above led us to study on the notion of rectifying slant
helices. We began with finding the equations of curvature and torsion of a rectifying
slant helix. After that, we constructed a second order linear differential equation
to determine position vector of a rectifying slant helix. By solving this equation for
some special cases, we obtained a unit speed family of rectifying slant helices which
lie on cones.

2. PRELIMINARIES

The Euclidean 3-space E? is the real vector space R? with the metric

g = da? + da + da?,

2000 Mathematics Subject Classification. 53A04, 53A05.
Key words and phrases. Rectifying Curve, Curvature, Torsion, Slant Helix, Cone.
This research has been supported by Ahi Evran University: PYO-EGF.4001.15.001.
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where (21,22, 23) is a rectangular coordinate system of E3.

A curve a: I C R — E? is said to be parametrized by the arclength parameter
s, if g (a' (s),a (s)) = 1, where o’ (s) = da/ds. Then, we call a unit speed.
Consider unit-speed space curve « has at least four continuous derivatives, then «
has a natural frame called Frenet Frame with the equations below,

’

t =Kn
n =—kt+7b
b = —Tn,
where « is the curvature, 7 is the torsion, and {¢,n, b} is the Frenet Frame of the
curve a. We denote unit tangent vector field with ¢, unit principal normal vector
field with n, and the unit binormal vector field with b. It is possible in general, that
t (s) = 0 for some s € I; however, we assume that this never happeuns.

Definition 2.1. A curve is called a slant helix if its principal normal vector field
makes a constant angle with a fixed line in space.

Theorem 2.1. A unit speed curve « is a slant helix if and only if the geodesic
curvature of the spherical image of the principal normal indicatriz of o which is

ols) = (W(;) ) (5

is constant [4, 5].

A unit speed curve « is called rectifying curve when the position vector of it
always lie in its rectifying plane. So, for a rectifying curve we can write

a(s) =A(s)t(s)+p(s)b(s).
Theorem 2.2. A unit speed curve a is congruent to a rectifying curve if and only
if
7(s)
r(s)

for some constants ¢c1 and ca, with ¢; # 0 [2, 3].

=cC18+C2

3. RECTIFYING SLANT HELICES IN E?

If the position vector of a unit speed slant helix always lies in its rectifying plane
we call it a rectifying slant helix. For a rectifying slant helix we have the following
theorem.

Theorem 3.1. Let a be a unit speed curve in E3. Then, a(s) is a rectifying slant
heliz if and only if the curvature and torsion of the curve satisfies the equations
below;
s es (c18 + ¢2)
H‘(s): 9 3/2?7-(5): 9 3/27
(1+(c13+02) ) (1+(C1S+02) )

where ¢y #0,c0 € R, 0 £ 0+ kn/2,k € Z, and c3 € R™.
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Proof. Let a be a unit speed rectifying slant helix in E3, then the equations in
Theorem 2.1, and Theorem 2.2 exists. If we combine them then we have
C1

- N\ 3/2
K (1 + (184 ¢2) )
where m is a constant. So we can write x as follows

C3

(1 + (c15 + 02)2)3/2’

k(s) =

then, from Theorem 2.2
cs(c18 + ¢a)

T(s) =
(1 + (c1s + 02)2)

3/2°

where ¢35 = |¢1/ml].

Conversely, it can be easily seen that, the curvature functions as mentioned above
satisfy the equations at Theorem 2.1 and Theorem 2.2. So, « is a rectifying slant
helix.

O

Now, we give another Theorem by using the definitions of slant helix and recti-
fying curve to determine cs.

Theorem 3.2. Let o be a unit speed rectifying slant helix whose principal normal
vector field makes a constant angle with a unit vector u, then the curvature and
torsion of a satisfy the equations below;

/ﬁ:(s) = |Cl tar;(eﬂ 3/2 )
((c1s +e2)” + 1)
where ¢y # 0,¢2 € R.

_lertan(0)] (c1s + c2)
o 3/2
((cls )’ + 1)

7(s)

Proof. Let o be a unit speed rectifying slant helix in E3. Then, from the definition
of slant helix there is a unit fixed vector u with

g(n,u) = cos(6),

where § € RT. If we differentiate this equation with respect to s, we have,

g(—kt+ 7b,u) = 0.
If we divide both parts of the equation with x, we get

(3.1) g(—t + (c15 + c2)b,u) = 0,
then,

g(t,u) = (c18+ c2)g(b,u).
While {t,n,b} is a orthonormal frame we can write,

v = >\1t =+ AQTL —+ )\36,
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with A7 + A3 + A3 = +1. If we make the neccessary calculations we have,
in(6 in(6

U (c18 + c2)sin(h) e = cos(®), Ne =i sin(6) .

(c1s+c2)2+1 (c1s+c2)?>+1

By differentiating (3.1) we have,

1 8in(0) 9
+ —(1+(as+c cos(6) = 0.
ry/(c1s + c2)2 + 1 (L (e1s )" cos(6)
Therefore,
cq tan(6
H(S) = | ! 2( )| 3/27
((cls+02) +1)
and

_ |c1 tan(0)| (c1s + ¢2)

7(s) 5
((015 +e) + 1)3/

O

Theorem 3.3. Let a(s) be a unit speed rectifying slant heliz. Then, the vector v
satisfies the linear vector differential equation of second order as follows;

(c1 tan (9))?
(1 + (c18 + 02)2)

v"(s) + 5v(s) =0,

where v = .

K
Proof. Let a be a unit speed rectifying slant helix then we can write frenet equations
as follows,

’

t = Kn
(3.2) n' = —kt+ frb
b = —fkn,
where f(s) = c1s + co. If we divide second equation by x we have,
I
(3.3) L
K
By differentiating (3.3), we have
n\’
(3.4) c1b = (ﬁ) + k(L + f2)n.
By differentiating (3.4) and using (3.2) we have
N
(3.5) (Z) + (L4 f2)n' + [(n<1+f2>)’+c1fn] n=0,

with the necessary calculations we easily see
(k1 + f2) +erfr=0.

So we have (3.5) as follows,

(3.6) <7:)H +r(1+ fAn =0.
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Let us denote % = v. Then (3.6) becomes to
(c1 tan (0))?
2
(1 + (018 + Cg) )

this completes the proof. ]

(3.7) v+ v=0,

As we know every component of vector v = (v1,va,v3) must satisfy (3.7). We
can show

vy(s) = — (1 + f2 (s)) sin [sec(d) arctan [f(s)]] ,

va(s) = (1 + 12 (s)) cos [sec() arctan [f(s)]]
v3(s) = 0.

We can show v is a solution for (3.7). Therefore, we can write n = (n1,n2,n3) as
follows,

ni(s) = [ k(s)v1(s)ds = Ay |c1]sin(0) cos [sec(f) arctan [f(s)]]

(3.8) na(s) = [ K(s)va(s)ds = Az |c1|sin(f) sin [sec(f) arctan [f(s)]],
ns(s) = cos(f).

On the other hand, Let a be a unit speed rectifying slant helix, whose principal

normal vector field makes a constant angle 6 with e3. Then, for its principal normal
we can write

< m,es >= cos(f).
While n = (ny, ng,n3) is a unit vector, n3+n3+n2 = 1. So, n3+n3 = 1 —cos?(f) =
sin?(#). Therefore n can be in the form,

) = sin(
(3.9) na(s) = sin() sin(h(s))

where h(s) is a differentiable function.
If we take, Ay = 1/e1|, Az = 1/ |e1|, h(s) = sec(f) arctan [f(s)] at (3.8), (3.8)
and (3.9) coincides. Thus, a unit speed rectifying slant helix « can be in the form;

a;(s)
as(s)

sin ( J ([ &(s) cos [sec( ) arctan (c1s + c2)] ds) ds,
sin f ([ k(s)sin Sec 0) arctan (c1s + c2)] ds) ds,
3(s) = [ ([ w(s) cos(#)ds) ds,
where a = (aq, ag, a3).
Therefore, we find « as follows.

C()b

ay(s) = 1+ (c15 + ¢2)” cos [sec (A) arctan (c15 + ¢2)],

as(s) = = 14 (e15+ ¢o)? sin [sec (0) arctan (c1s + ¢2)],
ag( )= i 1+ (18 + c2)”sin (0).

Now, we can write a new 1emma,
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Lemma 3.1. Let a(s) : I — R3 be a space curve with the equation below,

1+ (c1s+c 2
as) = — ( ?) (cos(8) cos [sec (#) arctan (c1s + c2)],

(3.10) “

cos(f) sin [sec () arctan (18 + ¢2)],
—sin(9)),
where 0 # 5 + km,k € Z, and c1 # 0,c2 € R. Then, a(s) is a unit speed rectifying
slant helixz which lies on the cone
(3.11) tan®(0) (z* + y?) = 2%
Proof. With direct calculations we have g(o/,a’) = 1, g(n,n) = 1, and the curva-
ture functions of « as,

_ |c1 tan(6)|
/{(S) - ((cls—i1-02)2+1)3/2’
’T(S) _ |c1 tan(0)|(c1s+c2)
((c15402)2+1)3/2
with,
K2(s) 7(s) /
373 ( ) = cot(6),
(k2(s) + 72(s))*/? \£(s)
and
@ =18+ Co.
K(s)

So, « is a unit speed spacelike rectifying slant helix. We also have
tan? 9) (a12(5) + a22(s)) - a32(s) =0,

then, « lies on the cone above. ([l
Example 3.1. If we take ¢; = 1,co = 0, and cos(f) = 1/3 then, tan() = 2v/2. If
we put these into (3.10) and (3.11), we have the following equations;

a(s) = (—%\/32 + 1cos (3arctan(s)) , —5V/s? + Lsin (3arctan(s)), %5\/52 + 1) ,

w(s) = sy T(s) = e,
8 (22 +y?) = 22

FIGURE 1. Rectifying Slant Helix on 8 (332 + y2) = 22
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Example 3.2. If we take ¢; = 1/2,¢5 = —1/5, and cos(f) = 1/10 then, tan() =
v/99. If we put these into (3.10) and (3.11), we have the following equations;

/3(8) = — cos <10 arctan (— — %)) ,
1
— sin <10 arctan (— — —)) ,
5
£
K(s) = 1500/11 150v/11(55—2)

3725 T(s> 373
(53(53—4)+104 (58(58—4)+104>
99 (2% +y?) = 22

-04 -02 00 02 04 =
Ty

o= ol oT=

DA s N es
J

FIGURE 2. Rectifying Slant Helix on 99 (x2 + y2) = 22

FiGURE 3. Tangent, Normal,and Binormal indicatrix of 3 resp.
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ON THE FAMILY OF METRICS FOR SOME PLATONIC AND
ARCHIMEDEAN POLYHEDRA

OZCAN GELISGEN AND ZEYNEP CAN

ABSTRACT. Convexity is an important property in mathematics and geometry.
In geometry convexity is simply defined as; if every points of a line segment
that connects any two points of the set are in the set then this set is convex. A
polyhedra, when it is convex, is an extremely important solid in 3-dimensional
analytical space. Polyhedra have interesting symmetries. Therefore they have
attracted the attention of scientists and artists from past to present. Thus
polyhedra are discussed in a lot of scientific and artistic works. There are
many relationships between metrics and polyhedra. Some of them are given
in previous studies. For example, in [7] the authors have shown that the unit
sphere of Chinese Checkers 3-space is the deltoidal icositetrahedron. In this
study, we introduce a family of metrics, and show that the spheres of the 3-
dimensional analytical space furnished by these metrics are some well-known
polyhedra.

1. INTRODUCTION

A polyhedron is a geometric solid bounded by polygons. Polygons form the faces
of the solid; an edge of the solid is the intersection of two polygons, and a vertex of
the solid is a point where three or more edges intersect. If all faces of a polyhedron
are identical regular polygons and at every vertex same number of faces meet then
it is called a regular polyhedron. A polyhedron is called semi-regular if all its faces
are regular polygons and all its vertices are equal.

Polyhedra have very interesting symmetries. Therefore they have attracted the
attention of scientists and artists from past to present. Thus mathematicians,
geometers, physicists, chemists, artists have studied and continue to study on poly-
hedra. Consequently, polyhedra take place in many studies with respect to different
fields. As it is stated in [3] and [6], polyhedra have been used for explaining the
world around us in philosophical and scientific way. There are only five regular con-
vex polyhedra known as the platonic solids. These regular polyhedra were known by
the Ancient Greeks. They are generally known as the ”Platonic” or ”cosmic” solids

2000 Mathematics Subject Classification. 51K05, 51K99,51M20.
Key words and phrases. Platonic solids, Archimedean solids, metric, Truncated cube, Cuboc-
tahedron, Truncated octahedron.
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because Plato mentioned them in his dialogue Timeous, where each is associated
with one of the five elements - the cube with earth, the icosahedron with water, the
octahedron with air, the tetrahedron with fire and the dodecahedron with universe
( or with ether, the material of the heavens). The story of the rediscovery of the
Archimedean polyhedra during the Renaissance is not that of the recovery of a ’lost’
classical text. Rather, it concerns the rediscovery of actual mathematics, and there
is a large component of human muddle in what with hindsight might have been
a purely rational process. The pattern of publication indicates very clearly that
we do not have a logical progress in which each subsequent text contains all the
Archimedean solids found by its author’s predecessors. In fact, as far as we know,
there was no classical text recovered by Archimedes. The Archimedean solids have
that name because in his Collection, Pappus stated that Archimedes had discovered
thirteen solids whose faces were regular polygons of more than one kind. Pappus
then listed the numbers and types of faces of each solid. Some of these polyhedra
have been discovered many times. According to Heron, the third solid on Pap-
pus’ list, the cuboctahedron, was known to Plato. During the Renaissance, and
especially after the introduction of perspective into art, painters and craftsmen
made pictures of platonic solids. To vary their designs they sliced off the corners
and edges of these solids, naturally producing some of the Archimedean solids as a
result.For more detailed knowledge, see [3] and [6].

The dual polyhedra of the Archimedean solids are called Catalan solids, and they
are exactly thirteen just like Archimedean solids. Platonic solids are regular and
convex polyhedra and Archimedean solids are semi-regular and convex polyhedra.
The Catalan solids are all convex. They are face-transitive when all its faces are
the same but not vertex-transitive. Unlike Platonic solids and Archimedean solids,
the face of Catalan solids are not regular polygons.

As it is stated in [14], Minkowski geometry is a non-Euclidean geometry in a
finite number of dimensions. Here the linear structure is the same as the Euclidean
one but distance is not uniform in all directions. That is, the points, lines and
planes are the same, and the angles are measured in the same way, but the distance
function is different. Thus, instead of the usual sphere in Euclidean space, the
unit ball is a general symmetric convex set. Some mathematicians studied and
improved metric geometry in plane and space. (Some of these are [1, 4, 5, 8, 9, 10]
) According to studies on polyhedra, there are some Minkowski geometries in which
unit spheres of these spaces furnished by some metrics are associated with convex
solids. For example, unit spheres of maximum space and taxicab space are cubes
and octahedrons, respectively, which are Platonic Solids. And unit sphere of CC-
space is a deltoidal icositetrahedron which is a Catalan solid. Therefore, there
are some metrics in which unit spheres of space furnished by them are convex
polyhedra. That is, convex polyhedra are associated with some metrics. When a
metric is given we can find its unit sphere. Naturally a question can be asked; "Is
it possible to find the metric when a convex polyhedron is given?”. In this study,
we introduce a family of metrics and show that spheres of 3-dimensional analytical
space furnished by these metrics are some polyhedra. Then we give relationships
between metrics and some of Platonic and Archimedean solids. Some results for
these relationships are already known from previous studies. But we introduce
three metrics and give three new relationships for cuboctahedron, truncated cube
and truncated octahedron.
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2. ARCHIMEDEAN METRIC

As it is mentioned in introduction, there are some 3-dimensional Minkowski ge-
ometries which have distance function distinct from Euclidean distance and unit
spheres of these geometries are convex polyhedrons. That is, convex polyhedra are
associated with some metrics. When a metric is given, we can find its unit sphere
in related space geometry. This enforce us to the question ” Are there some metrics
whose unit sphere is a convex polyhedron?”. For this goal, firstly, the related poly-
hedra are placed in the 3-dimensional space in such a way that they are symmetric
with respect to the origin. And then the coordinates of vertices are found. Later one
can obtain metric which always supply plane equation related with solid’s surface.
When we started studying on this question, we firstly handled separately convex
polyhedra. But we noticed a relationship between the metrics. Now, we introduce
a family of distances which include Taxicab distance and maximum distance as
special cases in R3.

Definition 2.1. Let u € [0,00) , and Py = (x1,4121), P2 = (x2, Y2, 22) be two points
in R%. The distance function dap : R® x R® — [0,00) Archimedean polyhedral
distance between P; and P» is defined by

dap(Pr, Po)=max {|z1 — x2|, |y1 — v2|, |21 — 22|, u (|x1 — z2| + |y1 — y2| + |21 — 22|) } -

Clearly, there are infinitely many different distance functions in the family of
distance functions defined above, depending on value of u. One can think the def-
inition not to be well-defined since the Archimedean polyhedra distance between
two points can also change according to value of . To remove this confusion, sup-
posing value of u is initially determined and fixed unless otherwise stated. We write
R3 p» = (R3,d4p) for the 3-dimensional analytical space furnished by Archimedean
polyhedral distance defined above.

Since proof is trivial by the definition of maximum function, we give following
lemma without proof which is required to show that each of d4p distances gives a
metric.

Lemma 2.1. Let P, = (z1,y121) and Py = (2,2, 22) be any distinct points in
R3. Then

dap(P1, Py) > |z — x4,
dap(P1, P2) > |y1 — 92|,
dap(P1, Py) > |21 — 2],
dap(Pr, P2) > u(|lzy — x2| + [y1 — ya| + 21 — 22]) .

Theorem 2.1. Every dsp distance determines a metric in R3.

Proof. Let dap : R? x R?® = R is Archimedean polyhedral distance function, and
Pi=(x1,y1,21) , Pa=(x2,y2,22) and Ps=(z3,ys,23) are distinct three points in
R3. We have to show that dsp is positive definite, symmetric, and the triangle
inequality holds for dp.

Absolute value gives always non-negative value and u > 0, then dap(P1, P2) > 0.
Clearly, dap(Py1, P2) = 0 iff P, = P,. So dp is positive definite.

Since |a —b| = |b—a] for all a, b € R, obviously dap(P1, P2) = dap(Ps, P1).
That is, dap is symmetric.

Now, we should prove that dp(Py, P3) < dp(P1, P2) + dp(Ps, P3) for all Py, Py,
P; € R3.
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dp(Py, Ps3)

= max{|ry —x3|,|y1 —y3|, 21 — 23], u (|21 — 23]+ |y1 — y3| + |21 — 23])}

— max |3 — zotx2 — 21, [Ys — Yaty2 — Y1l , |23 — 22+22 — 21],
u(|zs — xotao — 21| +|ys — yoty2 — y1| + |23 — 22+22 — 21|)

|r3 — 22|+ w2 — 21|, |ys — y2| + ly2 — y1, |23 — 22| + |22 — 21|
max

u(|zz — @] + |2 — 21|+ |yz — ya| + |y2 — y1| + |23 — 22| + |22 — 21])
= T

One can easily find that I < dap(P1,Ps) + dap(P2, P;) from Lemma 2.1. So
dap(P1, P3) < dap(P1, Py) + dap(Ps, P3). Consequently, Archimedean polyhedral
distance is a metric in 3-dimensional analytical space. O

According to Archimedean polyhedral metric, distance is one of quantities |z — 2|,
ly1 — ya|, |21 — 22| or u times sum of quantities |x1 — 3|, |y1 — y2|, |21 — 22|. Ge-
ometrically, there are two different paths between two points in R3 . If the line
segment P, P, is out of cones with apex P; and square bases which corner points
are all permutations of the three axis components and all possible +/— sign change
of each axis component of (F1,F(1 — u),0), then

dap (Pr, P2) = u(|x1 — 22| + |y1 — yo| + |21 — 22])

,and the path between P; and P; is union of three line segments which is parallel to
a coordinate axis. Otherwise, the path between P; and P; is a line segment which
is parallel to a coordinate axis. Thus Archimedean polyhedral distance between
P, and P; is u times sum of Euclidean lengths of these three line segments or the
Euclidean length of line segment (See Figure 1).

Figure 1: AP ways from P; to P,

The following proposition gives an equation which relates the Euclidean distance
to the Archimedean polyhedral distance between the points in R3:

Proposition 2.1. Let | be the line through the points Py = (x1,y1,21) and P =
(z2,y2, 22) in the analytical 3-dimensional space and dg denote the Euclidean met-
ric. If 1 has direction vector (p,q,r), then

dap(A, B) = p(AB)de(A, B)

where
max{|p|, |q|, 7] ,u (|p| + |q| + |7])}

/P2 + @2 + 12 )

1(AB) =
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Proof. Equation of I gives us 1 —xa = Ap, y1 — Y2 = A\q, 21 — 22 = Ar, A € R\ {0}.
Thus,

and dg(A, B) = |A| /p? + ¢% + r? which implies the required result. O

The above lemma says that d 4 p-distance along any line is some positive constant
multiple of Euclidean distance along same line. Thus, one can immediately state
the following corollaries:

Corollary 2.1. If P,, P, and X are any three collinear points in R3, then
dE(Pl,X) = dE(PQ,X) Zf and only ifdAp(Pl,X) = dAP(PQ,X) .

Corollary 2.2. If P;, P, and X are any three distinct collinear points in the real
3-dimensional space, then

dap(X,P1) | dap(X,P) = dp(X,P)) | dp(X, Ps) .

That is, the ratios of the Euclidean and d 4 p—distances along a line are the same.

3. SOME RELATIONS ABOUT THE ARCHIMEDEAN POLYHEDRAL DISTANCE AND
POLYHEDRA

The polyhedral metric gives a family of metrics and unit spheres in 3-dimensional
analytical space furnished by Archimedean polyhedral metric which are some poly-
hedra. Of course, polyhedra varies depending on choice of u. Some results of re-
lations between metrics and polyhedra are already known from previous studies.
Here, we especially give three new relations between polyhedra and metrics by using
Archimedean polyhedral metric. Now, according to choice of u, we give five cases
for Archimedean polyhedral metric.

Case 1. Let u > 1. So AP—metric is u times taxicab metric. In particular,
if u = 1, then AP—metric is taxicab metric. In this case the unit sphere is the
octahedron.

1
Case 2. Set u € (0, 3) . Hence, AP—metric is the maximum metric. So the
unit sphere is the hexahedron.

1
Case 3. Let u = =. Then Archimedean polyhedral metric gives a new result.

In this case, the unit sphere is cuboctahedron. So we called cuboctahedron metric
which is defined by

1
dap(Pr, Pp)=max{ler — z2f, ly1 = gol, |21 — 2], 5 (Jon — 22 +[yr = yol +[21 — 22))}-
(see Figure 2a).
11
Case 4. Let u € (3, 2). Then Archimedean polyhedral metric gives a new

result. In particular, if = v/2 — 1, then the unit sphere is truncated cube. So we
called truncated cube metric which is defined by
dap(Pr, P2)

—max{le = 2], |1 — vl |21 = 22, (V21) (J21 = w2l + g1 — gl + |21 — 22])}.
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11 1
For u € <§, 5) case, the unit sphere is like truncated cube. When u — 5 and
u — —, the unit sphere looks like cuboctahedron and cube, respectively. But for

all values of u, unit sphere has 8-triangular faces and 6-octagonal faces (see Figure
2b).

1
Case 5. Let u € (5, 1). Then Archimedean polyhedral metric gives a new

result. In particular, if w = =, then the unit sphere is truncated octahedron. So we

called truncated octahedron metric which is defined by

2
dap(P1, Py)=max{|z1 — x|, |y1 — y2|, |21 — 22/, 3 (Jzr — 22|+ |y1 — 2| + |21 — 22]) }-

1
For u € <§, 1) case, the unit sphere is like truncated octahedron. When v — 1

and u — 2 the unit sphere looks like octahedron and cuboctahedron, respectively.

But for all values of w, unit sphere has 6-square faces and 8-hexagonal faces (see
Figure 2c).

Figure 2a Cuboctahedron Figure 2b Truncated cube Figure 2¢ Truncated octahedron

One can observe that the Archimedean metric has two parts, one is
max{|z1 — x2|,|y1 — Y2/, |21 — 22|} and the otheris u (|1 — x2| + |y1 — y2| + |21 — 22]) .
In fact, max{|z1 — z2|,|y1 — y2|, |21 — 22|} and w (|x1 — 22| + |y1 — ya2| + |21 — 22|)
indicate the hexahedron and the octahedron, respectively. Thus sphere of Archimedean
polyhedral metric is intersection of hexahedron and octahedron. The cases which
defined above are explicated by this way.

One can take dap(O,P) = r. then gets max{|x1 — z2|,|y1 — Y2, |21 — 22|}=r
and u (|x1 — 22| + |y1 — y2| + |21 — 22|) = r. That is, these are the cube with ver-
tices such that all permutations of (Fr, Fr, Fr) and the octahedron with vertices

r

such that all permutations of ( F—,0,0 ), respectively. The faces of the cube are on

the planes with equations |z| = r, |y| = r and |z| = r, and the faces of octahedron
r

are on the planes with equations |z| + |y| + |z| = —. The intersection of the faces of

the cube and the octahedron are found by solving the systems of linear equations

T 'S T
{|x|+|y|+|z|:— {|m|+|y|+|z|=— {|x|+y|+|z|:—
u ) u I} u

|z =r lyl =r |2l =
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r
For example, we handle the system of equations { :x: +lyl el = u . Since
x| =r
|z|=r, it is obtained that |y| + |z| = L 7. The solution is the taxicab circles
u

1
with the center (Fr,0,0) and radius T ron planes |z| = r. If u € [2, 1} , then
u
the circle is completely on face of the cube. Thus intersection consist of squares

11
and hexagons. If u € <3, 2) , then the circle is not completely on face of the cube.

Therefore intersection consist of triangles and octagons. If w = —, then intersection

consist of squares and triangles. Figure 3a,3b,3c illustrate these cases.

YR KV

Figure 3a Figure 3b Figure 3c 3

Now, we can give some new results:

The truncated cube, or truncated hexahedron, is an Archimedean solid. It has
14 regular faces (6 octagonal and 8 triangular), 36 edges, and 24 vertices (See [16]).

The cuboctahedron is an archimedean solid with eight triangular faces and six
square faces. It has 12 identical vertices, with two triangles and two squares meeting
at each, and 24 identical edges, each separating a triangle from a square (See [15]).

The truncated octahedron is an archimedean solid which has 14 faces (8 regular
hexagonal and 6 square), 36 edges, and 24 vertices. Since each of its faces has point
symmetry the truncated octahedron is a zonohedron (See [17]).

The following corollaries are direct consequences of Proposition 2.1, Corollary
2.1 and Corollary 2.2

Corollary 3.1. The equations of cuboctahedron, truncated cube and truncated oc-
tahedron with center C = (xo, Yo, 20) and radius v are

1

max |$—$0|7|y—y0|7|2—20|a§(|=’U—$o|+|y—yo\+|2—zo|) =T

max { |z — wol |y = vol 12 = 20, (V2= 1) (o = wol +ly = ol +|z = 20D} =
2

max |x—x0|,|y—y0|,|z—zo|,§(|x—xo|+|y—y0\+|z—zo|) = r

,respectively. The the cuboctahedron, truncated cube and the truncated octahedron
have 14- regqular faces with vertices such that all permutations of the three axis com-
ponents and all possible + /- sign changes of each axis component of (1"7 T, (\@ — 1) 1") ,
(r,r,0) and (r/2,7,0), respectively (See Figure 4a,4b,4c).
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Figure 4a Figure 4b Figure 4c

Lemma 3.1. Let | be the line through the points P, = (x1,y121) and Py =
(z2,Yy2, 22) in the analytical 3—dimensional space and dg, drc, dco and dro de-
note the Euclidean metric, the truncated metric, the cuboctahedron metric and the
truncated metric respectively. If 1 has direction vector (p,q,r), then

1
max 4 |p|,1ql,|"|,5 (p| +1q| +|T
doo PPy = mdleblalirl g (el +lal #1D} - gy

/p2+q2+7-2
max {|pl, |ql, |r|, (V2 —1) (Ip] +lq| +|7])}
/p2_~_q2+,r2
2
max 4 |p|,lql,|r|, 5 Up| +1q| +|T
dro (P Py) = {Ipl,lal,Irl. 3 (Ipl +q| I\)}dE(PhPQ).

/p2 +q2 +7’2

Corollary 3.2. If P,, P, and X are any three collinear points in R3, then

drc (P, P>) dg (P1, P»)

dg (P1,X) = dg (P, X) if and only if doo (P1,X) = dco (P2, X)
dE (Pl,X) = dE (PQ,X) ’Lf and only ’ideC (P1,X) ZdTC (PQ,X)
dE (Pl,X> = dE(PQ,X) zfcmd only ’LdeO (Pl,X):dTO <P2,X>.

Corollary 3.3. If Pi, P> and X are any distinct collinear points in R3, then
dg (P, X) _doo (P, X) _ drc (P, X) _ dro (P, X)
dp (P2, X)  dco (Pe, X)  dro(Pe, X)  dro (Pe, X))

That is, the ratios of the Euclidean, the cuboctahedron, the truncated cube and
the truncated octahedron distances along a line are the same.
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GRAPHS WHICH ARE DETERMINED BY THEIR SPECTRUM

ALI ZEYDI ABDIAN

ABSTRACT. It is well-known that the problem of spectral characterization is
related to the Hiickel theory from Chemistry. E. R. van Dam and W. H.
Haemers [11] conjectured almost all graphs are determined by their spectra.
Nevertheless, the set of graphs which are known to be determined by their
spectra is small. Hence discovering infinite classes of graphs that are deter-
mined by their spectra can be an interesting problem and helps reinforce this
conjecture. The main aim of this work is to characterize new classes of graphs
that are known as multicone graphs. In this work, it is shown that any graph
cospectral with multicone graphs K, v GQ(2,1) or Ky v GQ(2,2) is de-
termined by its adjacency spectra, where GQ(2,1) and GQ(2,2) denote the
strongly regular graphs that are known as the generalized quadrangle graphs.
Also, we prove that these graphs are determined by their Laplacian spectrum.
Moreover, we propose four conjectures for further reseache in this topic.

1. INTRODUCTION

All graph considered here are simple and undirected. All notions on graph that
are not defined here can be found in [3, 4, 6, 15]. Let G = (V, E) be a simple graph
with vertex set V = V(G) = {vy1,...,v,} and edge set E = E(G) = {e1,...,em}
Denote by d(v) the degree of vertex v. Let A(G) be the (0, 1)-adjacency matrix of
graph G. The characteristic polynomial of G is det(A] — A(G)), and it is denoted by
P (N). The roots of Pg(\) are called the adjaceny eigenvalues of G and since A(G)
is real and symmetric, the eigenvalues are real numbers. If G has n vertices, then it
has n eigenvalues in descending order as Ay > Ay > ... > A\,,. Let A1, Ao, ..., A, be
the distinct eigenvalues of G with multiplicity mq, ma, ... , my,, respectively. The
multi-set of eigenvalues of A(G) is called the adjacency spectrum of G. The matrices
L(G) = D(G) — A(G) and SL(G) = D(G) + A(G) are called the Laplacian matrix
and signless Laplacian matrix of G, respectively, where D(G) is the diagonal matrix
diag {d(v1), ...,d(v,)} and A(QG) is the (0, 1) adjacency matrix of G. Two graph with
the same spectrum are called cospectral. A graph G is determined by its spectrum
(DS for short) if every graph cospectral to it is in fact isomorphic to it. About the

2010 Mathematics Subject Classification. 05C50.
Key words and phrases. Adjacency spectrum, Laplacian spectrum, Determined by their spec-
tra, generalized quadrangle .
34
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background of the guestion ”which graph are determined by their spectrums?”, we
refer to [11,12]. A spectral characterization of multicone graph is studied in [13].
In [13], Wang, Zhao and Huang investigated on the spectral characterization of
multicone graph and also they claimed that friendship graph F),( that are special
classes of multicone graph) are DS with respect to their adjacency spectra. In
addition, Wang, Belardo, Huang and Borovi¢anin [14] proposed such conjecture on
the adjacency spectrum of F},. This conjecture caused some activity on the spectral
characterization of F,,. Das [5] claims to have a proof, but Abdollahi, Janbaz and
Oboudi [2] found a mistake. In addition, these authors give correct proofs in some
special cases. Abdian and Mirafzal [1] characterized new classes of multicone graph
that were DS with respect to their spectra. In this paper, we present new classes
of multicone graph that are DS with respect to their spectra.

This paper is organized as follows. In Section 2, we review some basic information
and preliminaries. In Subsection 3.1, we show that any graph cospectral with
multicone graph K,, 7 GQ(2,1) must be bidegreed ( Lemma 3.1 ). In Subsection
3.2, we prove that any graph cospectral with K; 7 GQ(2,1) is determined by its
adjacency spectra ( Lemma 3.2 ). In Subsection 3.3, we prove that complement
of K, v GQ(2,1) is DS with respect to their adjacency spectra ( Theorem 3.1
). In Subsection 3.4, we show that graph K,, 7 GQ(2,1) are DS with respect to
their Laplacian spectra ( Theorem 3.2 ). In Section 4, we characterize multicone
graph K,, 7 GQ(2,2) and we show that these graph are DS with respect to their
spectra. Subsections 4.1, 4.2 and 4.3 are the similar of Subsections 3.2, 3.3 and 3.4,
respectively. We conclude with final remarks and open problems in Section 5.

2. SOME DEFINITIONS AND PRELIMINARIES

Lemma 2.1. [1,9] Let G be a graph. For the adjacency matriz and Laplacian
matriz, the following can be obtained from the spectrum:

(i) The number of vertices,

(i) The number of edges.

For the adjacency matriz, the following follows from the spectrum:
(#i1) The number of closed walks of any length,

(iv) Being regular or not and the degree of reqularity,

(v) Being bipartite or not.

For the Laplacian matriz, the following follows from the spectrum:
(vi) The number of spanning trees,

(vit) The number of components,

(viii) The sum of squares of degrees of vertices.

Theorem 2.1. [4] If Gy is r1-regular with ny vertices, and Gy is ro-reqular with
ng vertices, then the characteristic polynomial of the join Gy 7 G2 is given by:

PGl (y)PGz (y)

PGlVGz(y) = (y — rl)(y — 7,2) ((y - Tl)(y - 7‘2) - n1n2)-

Proposition 2.1. [12, Proposition 4] Let G be a disconnected graph that is deter-
mined by the Laplacian spectrum. Then the cone over G, the graph H ; that is,
obtained from G by adding one vertex that is adjacent to all vertices of G, is also
determined by its Laplacian spectrum.
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Theorem 2.2. [1] Let G be a simple graph with n vertices and m edges. Let
0 = §(G) be the minimum degree of vertices of G and o(G) be the spectral radius of
the adjacency matriz of G. Then

6—1 5+ 1)2
0(G) < 2+\/2mn5+(+4).
FEquality holds if and only if G is either a regular graph or a bidegreed graph in
which each vertex is of degree either 6 orn — 1.

Theorem 2.3. [8] Let G and H be two graphs with the Laplacian spectrum Ay >
Ao > .. > Ay and gy > po > ... >y, respectively. Then the Laplacian spectrum
of G and G~y H are n — X1, — A2, .y — An—1,0 and n + m,m + A1,...,m +
A1, 4+ Hy,...,n + K1, 0, respectively.

Theorem 2.4. [8] Let G be a graph on n vertices. Then n is one of the Laplacian
eigenvalue of G if and only if G is the join of two graph.

Theorem 2.5. [7,p.163] For a graph G, the following statements are equivalent:
(1) G is d-regular.

(#) 0o(G) = dg, the average vertex degree.

(i73) G has v = (1,1,...,1)! as an eigenvector for o(G).

Proposition 2.2. [4] Let G —j be the graph obtained from G by deleting the vertex

2
Xij

where m is the

J and all edges containing j. Then Pa_;(y) = Pa(y) > e
i=1 ‘

number of distinct eigenvalues of graph G.

3. MAIN RESULTS

In this subsection, we show that any graph cospectral with a multicone graph
K, v GQ(2,1) must be bidegreed.

3.1. Connected graph cospectral with a multicone graph K,, v GQ(2,1).
Proposition 3.1. Let G be a graph cospectral with a multicone graph K, <7

1
Q+ V2 44T Q—VvQ2+4T
2 2

1

GQ(2,1). Then Spec(G) = { [-11°7", [-21*, [1]*,

where = w + 3 and I' = bw + 4.
Proof. 1t is well-known that Spec(GQ(2,1)) = {[—2]4, 1%, [4]1}. Now, by Theo-

rem 2.1 the proof is clear. (I

Lemma 3.1. Let G be cospectral with a multicone graph K, 7 GQ(2,1). Then G
is bidegreed in which any vertex of G is of degree w + 4 or w + 8.

Proof. 1t is obvious that G cannot be regular; since regularity of a graph can be
determined by its spectrum. By contrary, we suppose that the degrees sequence
of graph G consists of at least three number. Hence the equality in Theorem 2.2
cannot happen for any §. But, if we put 6 = w + 4, then the equality in Theorem
2.2 holds. So, G must be bidegreed. Now, we show that A = A(G) = w + 8.
By contrary, we suppose that A < w + 8. Therefore, the equality in Theorem 2.2
cannot hold for any 6. But, if we put § = w + 4, then this equality holds . This is
a contradiction and so A = w+ 8. Now, § = w + 4, since G is bidegreed and G has



GRAPHS WHICH ARE DETERMINED BY THEIR SPECTRUM 37

w—+9
w+9, A=w+8and ww+8)+9(w+4) =wA+9(w+4) = > degu,.
i=1
This completes the proof. ([l

In the following subsection, we prove that the cone of the generalized quadrangle
graph GQ(2,1) is DS with respect to its adjacency spectra.

3.2. Connected graph cospectral with the multicone graph K; v GQ(2,1).

Lemma 3.2. Any graph cospectral with the multicone graph K; 7 GQ(2,1) is DS
with respect to its adjacency spectrum.

Proof. Let G be cospectral with multicone graph K; v GQ(2,1). By Lemma 3.1,
it is easy to see that GG has one vertex of degree 9, say j. Now, Proposition 2.2
implies that Po_;(y) = (y — p3)*(y — pa)?[ad; Fi + a%ng + o3, F5 + OzijF4], where

4++/52 4—+/52

w1 = > —, U = > , 3 =1 and pg = —2.
Py = (y — p)(y — p3)(y — pa),
By = (y — p1)(y — p3)(y — pa),
Fy = (y — p)(y — p2)(y — pa),
Fy=(y—p)(y — p2)(y — p3).

Now, we have:
a+b+4=—3us+ 3us),
a? + b2+ 16 = 36 — (3u2 + 3u32),

where a and b are the eigenvalues of graph G — j. If we solve the above equations,
then a = 1 and b = —2. Hence Spec(G — j) = Spec(GQ(2,1)) and so G — j =
GQ(2,1).

This follows the result. O

Until now, we have shown the cone of generalized quadrangle graph K;57GQ(2,1)
is DS. The natural question is; what happens for multicone graph K,, 57 GQ(2,1)?
we will respond to this question in the following theorem.

3.3. Connected graph cospectral with multicone graph K,, v GQ(2,1).

Theorem 3.1. Multicone graph K., 7 GQ(2,1) are DS with respect to their adja-
cency spectrums.

Proof. We solve the problem by induction on w. If w = 1, by Lemma 3.3 there is
nothing to prove. Let the claim be true for w; that is, if Spec(G1) = Spec(Ky v
GQ(2,1)), then G; = K,, v GQ(2,1), where G; is an arbitrary graph cospectral
with multicone graph K, v GQ(2,1). We show that the claim is true for w + 1;
that is, if Spec(G) = Spec(Kyp+1 vV GQ(2,1)), then G = K11 7 GQ(2,1), where
G is an arbitrary graph cospectral with multicone graph K,,+1 7 GQ(2,1). It is
clear that G has one vertex and 9 edges more than G;. Also, By Lemma 3.1 and
the spectrums of G and G1, we can conclude that G = K; 7 Gy.

Now, induction hypothesis follows the result. ([l

In the following subsection, we prove that multicone graph K,, v GQ(2,1) are
DS with respect to their Laplacian spectrum.
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3.4. Connected graph cospectral with multicone graph K,y GQ(2,1) with
respect to Laplacian spectrum.

Theorem 3.2. Multicone graph K,,~7 GQ(2,1) are DS with respect to their Lapla-
cian spectrums.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to
prove. Let the claim be true for w; that is, if Spec(L(G1)) = Spec(L(Ky 7
GQe.1) = {[w+9" [w+3", w+6*, [0}, then G1 = K, v GQ(2,1).
We show that the problem is true for w + 1; that is, we show that Spec(L(G)) =
Spec(L(Kyi1 vV GQ(2,1))) = {[w + 10"t [w + 4, [w+ 7, [O]l} follows that
G = K, v GQ(2,1), where G is a graph. Theorem 2.4 implies that G; and G are
the join of two graph. On the other hand, Spec(L(K7 v G1)) = Spec(L(G)) =
spec(L(Kyi1 vV GQ(2,1))) and also G has one vertex and w + 9 edges more than
G1. Therefore, we must have G = K; 7y G1. Because, G is the join of two graph
and also according to the spectrum of G, must K7 be joined to G; and this is only
possibility.

O

FIGURE 1. Generalized quadrangle GQ(2,2)

Hereafter, we characterize another new classes of multicone graph that are DS
with respect to their spectra. Our arguments are the similar of the above subsection.
So, we will avoid bringing description before each subsection.
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4. CONNECTED GRAPH COSPECTRAL WITH MULTICONE GRAPH K, v GQ(2,2)

Proposition 4.1. Let G be a graph cospectral with multicone graph K,y GQ(2,2).

Then
1 1
2 _ 2
Spec(@) = § (-1 [P, [T N EEVEEAT R ere

9=5+wand T = 9w + 6.
Proof. It is well-known that Spec(GQ(2,2)) = {[—3]5, [1)°, [6]1}. Now, by Theo-

rem 2.1 the proof is clear. O

In the following lemma, we show that any graph cospectral with multicone graph
K, 7 GQ(2,2) must be bidegreed.

Lemma 4.1. Let G be cospectral with multicone graph K,, 7 GQ(2,2). Then G is
bidegreed in which any vertex of G is of degree w + 6 or w + 14.

Proof. Tt is obvious that G cannot be regular; since regularity of a graph can be
determined by its spectrum. By contrary, we suppose that the sequence of degrees of
vertices of graph G consists of at least three number. Hence the equality in Theorem
2.2 cannot happen for any §. But, if we put § = w46, then the equality in Theorem
2.2 holds. So, G must be bidegreed. Now, we show that A = A(G) = w + 14. By
contrary, we suppose that A < w + 14. Therefore, the equality in Theorem 2.2
cannot hold for any é. But, if we put § = w + 6, then this equality holds. This is a

contradiction and so A = w 4 14. Now, § = w 4 6, since G is bidegreed and G has
w+15

w+15 vertices, A = w+14 and w(w+14)+15(w+6) = wA+15(w+6) = deg v;.
i=1

Therefore, the assertion holds. ([l
4.1. Connected graph cospectral with multicone graph K; v GQ(2,2).

Lemma 4.2. Any graph cospectral with a multicone graph Ky 7 GQ(2,2) is iso-
morphic to K1 7 GQ(2,2).

Proof. Let G be cospectral with multicone graph K; 7 GQ(2,2). By Lemma 4.1,
it is easy to see that G has one vertex of degree 15, say j. Now, Proposition 2.2
implies that Po—;(y) = (y — p3)* (y — pa)®[03 ;N1 + a3 Na + a3 N3 + o ; Ny, where

6 + /96 6 — /96
MIZTaNQZTHUB:_?’and/M:L
Ny = (y — p2)(y — p3)(y — pa),

Ny = (y — pa)(y — p3)(y — pa),
N3 = (y — p1)(y — p2)(y — pa),
Ny = (y— )y — p2)(y — p3)-

Now, we have:

n+&4+6= —(3M3 + 3M4),
n? 4 €2 436 = 90 — (3u3 + 3u3),

where 7 and £ are the eigenvalues of graph G — j. If we solve above equation, then
n=1and £ = —3. Hence Spec(G — j) = Spec(GQ(2,2)) and so G — j = GQ(2,2).
Therefore, the assertion holds. O
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FIGURE 2. Generalized quadrangle GQ(2,1)

4.2. Connected graph cospectral with a multicone graph K, v GQ(2,2).

Theorem 4.1. Multicone graph K,, 7 GQ(2,2) are DS with respect to their adja-
cency spectra.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to
prove. Let the claim be true for w; that is, if Spec(G1) = Spec(K, v GQ(2,2)),
then G = K,, 7 GQ(2,2), where G is a graph. We show that the claim is true for
w + 1; that is, if Spec(G) = Spec(Ky+1 7 GQ(2,2)), then G =2 K11 v GQ(2,2),
where G is a graph. By Lemma 4.2, G has one vertex, 15 edges and 280 triangle
more than G;. Hence G = K; v G;.

This follows the result. O

4.3. Multicone graph K,,57GQ(2,2) are DS with respect to their Laplacian
spectrum.

Theorem 4.2. Multicone graph K,,~7 GQ(2,2) are DS with respect to their Lapla-
cian spectrums.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to prove.
Let the claim be true for w; that is, Spec(L(G1)) = Spec(L(K, 7 GQ(2,2))) =
{[w +15]°, [w +5)°, [w+9]°, [0}1}
follows that G & K,,vGQ(2,2). We show that the claim is true for w+1; that is,
we show that Spec(L(G)) = Spec(L(Kyw11vVGQ(2,2))) = {[w + 16" [w+6)°, [w+10)°, [0]1}
follows that G = K11 v GQ(2,2), where G is a graph. Theorem 2.4 implies that
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G and G are the join of two graph. On the other hand, Spec(L(K; v G1)) =
Spec(L(Q)) = spec(L(Kyy1 v GQ(2,2))) and also G has one vertex and w + 15
edges more than G;. Therefore, we must have G = K; 57 G;. Because, G is the
join of two graph and also according to spectrum of G, must K; be joined to Gy
and this is only available state. O

5. CONCLUSION REMARKS AND OPEN PROBLEMS

In this paper, we have shown multicone graph K,, v GQ(2,1) and K,, v GQ(2,2)
are DS with respect to their adjacency spectra as well as their Laplacian spectra.
Now, in the following, we pose these conjectures.

Conjecture 1. Graphs K,, 7 GQ(2,1) are DS with respect to their adjacency spec-
tra.

Conjecture 2. Multicone graphs K, 7 GQ(2,1) are DS with respect to their sign-
less Laplacian spectra.

Conjecture 3. Graphs K,, v GQ(2,2) are DS with respect to their adjacency spec-
tra.

Conjecture 4. Multicone graphs K, 7 GQ(2,2) are DS with respect to their sign-
less Laplacian spectra.
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ON THE UNIQUENESS OF PRODUCT OF DIFFERENCE
POLYNOMIALS OF MEROMORPHIC FUNCTIONS

RENUKADEVI S. DYAVANAL AND ASHWINI M. HATTIKAL

ABSTRACT. In this paper, we study the uniqueness of product of difference
polynomials f™ [1_[‘]’.1:1 f(z+¢;)%]%®) and g™ [ngl g(z + ¢;)%]*), which are
sharing a fixed point z and f, g share oo IM. The result extends the previous
results of Cao and Zhang[1] into product of difference polynomials.

1. INTRODUCTION, DEFINITIONS AND RESULTS

Let C denote the complex plane and f be a non-constant meromorphic function
in C. We shall use the standard notations in the Nevanlinna’s value distribution
theory of meromorphic functions such as T'(r, f), N(r, f), N(r, f) and m(r, f), as
explained in Yang and Yi[14], L.Yang[12] and Hayman[8]. The notation S(r, f) is
defined to be any quantity satisfying S(r, f) = o(T(r, f)), as r — oo possibly out-
side a set r of finite linear measure. A meromorphic function a(z) is called a small
function with respect to f(z), provided that T'(r,a) = S(r, f). A point 2y € C is

called as a fixed point of f(z) if f(z0) = 20.

The following definitions are useful in proving the results.

Definition 1.1. We denote p(f) for order of f(z).

log T
po(f) = limsup oe 2 7) (r. f)
r—00 logr

And p2(f) is to denote hyper order of f(z), defined by

. loglog T'(r,
() = limsup 122 1OE T T)
r—00 ogr
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Definition 1.2. Let a be a finite complex number and k be a positive integer.
We denote by Ni)(r,1/(f — a)) the counting function for the zeros of f(2) —a in
|z| < r with multiplicity < k and by Ny)(r,1/(f — a)) the corresponding one for
which multiplicity is not counted. Let N (r,1/(f — a)) be the counting function
for the zeros of f(z) — a in |z| < r with multiplicity > k and by N (r,1/(f — a))
the corresponding one for which multiplicity is not counted. Then we have

Ni(r,1/(f =a)) = Na(r,1/(f = a)) + Ne(r, 1/(f —a) + ... + N(r, 1/(f - a))

Definition 1.3. Let f(z) and g(z) be two meromorphic functions in the complex
plane C. If f(z) —a and g(z) —a assume the same zeros with the same multiplicities,
then we say that f(z) and g(z) share the value ‘a’ CM, where 'a’ is a complex
number.

In 2010, J.F.Xu, F.Lu and H.X.Yi obtained the following result on meromorphic
function sharing a fixed point.

Theorem A. ([11]) Let f(z) and g(z) be two non-constant meromorphic functions
and let n, k be two positive integers with n > 3k + 10. If (f™(2))*) and (g"(z))*
share z CM, f and g share co IM, then either f(z) = 016022, g(z) = 026_“2,
where c1,ca and c are three constants satisfying 4n®(cic2)"c® = —1, or f = tg for
a constant t such that t™ = 1.

Further, Fang and Qiu investigated uniqueness for the same functions as in the
theorem A, when k£ = 1.

Theorem B. ([7]) Let f(z) and g(z) be two non-constant meromorphic functions
and let n > 11 be a positive integer. If f™(z)f'(z) and g"(2)g'(z) share z CM,
then either f(z) = e’ 9(z) = cae™ %, where c1,c2 and ¢ are three constants
satisfying 4(c1c2)" T e? = —1, or f(2) =tg(z) for a constant t such that t"T! = 1.

In 2012, Cao and Zhang replaced f’ with f*) and obtained the following theorem.

Theorem C. ([1]) Let f(z) and g(z) be two transcendental meromorphic functions,
whose zeros are of multiplicities atleast k, where k is a positive integer. Let n >
mazx{2k — 1,4 4+ 4/k + 4} be a positive integer. If f*(2)f*)(2) and g"(2)g"*® (2)
share z CM, and f and g share oo IM, then one of the following two conclusions
holds.

(1) fr(2)f* () = g"(2)9™) (2)

(2) f(z) = e’ g(z) = coe=% | where ¢y, ¢y and ¢ are constants such that
4(creg)"te? = —1.

Recently, X.B.Zhang reduced the lower bond of n and relax the condition on mul-
tiplicity of zeros in theorem C and proved the below result.

Theorem D. ([15]) Let f(z) and g(z) be two transcendental meromorphic functions

and n, k two positive integers with n > k+6. If f*(2)f*)(2) and g"(2)g™® (2) share

z CM, and f and g share oo IM, then one of the following two conclusions holds.

(1) fr(2)f® () = g"(2)9™ (2);

(2) f(z) = 016022, g(z) = cze_czz, where ci,ca and ¢ are constants such that
4(6182)n+162 =—1.

We define a difference product of meromorphic function f(z) as follows.
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(k)

E&

(1.1)

(z+¢)°
]:1

d
(1.2) H (z+4¢;)°

Where ¢; € C \ {0}(j = 1,2,...,d) are distinct constants. n,k,d,s;(j =
1,2,...,d) are positive integers and A = E?:1 55
For j = 1,2,3...d, Ay = Z?:l a;s; and Ay = Z?Zlﬁjsj, where f(z + ¢;) and
g(z + ¢;) have zeros with maximum orders «; and 3; respectively.

In this article, we prove the theorem on product of difference polynomials sharing
a fixed point as follows.

Theorem 1.1. Let f and g be two transcendental meromorphic functions of hy-
per order pa(f) < 1 and pa(g) < 1. Let k,n,d, \ be positive integers and n >
max{2d(k+2)+ A(k+3)+ 7, 1, \a}. If F(2) and G(2) share z CM and f, g share
oo IM, then one of the following two conclusions holds.
(1) F(z) =G(2)
(2) H;‘l:1 flz+cj)s; = CreC?, H?:l g(z+cj)sj = Che=%%" where Cy, Cy and
C are constants such that 4(C1C3)"1C? = —1

2. LEMMAS

We need following Lemmas to prove our results.

Lemma 2.1. ([13]) Let f and g be two non-constant meromorphic functions, 'a’

be a finite non-zero constant. If f and g share'a’ CM and oo IM, then one of the
following cases holds.

(1) T(r, ) < N2 (r,4) + N (.2) + 3N, 1) + S(r, /) + S(r,9).

The same inequality holding for T(r,g);

(2) fg=a*

B) f=g
Lemma 2.2. ([10]) Let f(z) be a transcendental meromorphic functions of hyper
order p2(f) < 1, and let ¢ be a non-zero complex constant. Then we have

T(r, f(z+c)) = T(r, f(2)) + S(r, f(2)),
N(r, f(z+¢)) = N(r, f(2)) + S(r, f(2)),

N ( ﬂlﬂ) _N ( f(1)> TS0, £(2).

Lemma 2.3. ([14]) Let f be a non-constant meromorphic function, let P(f) =
ap +arf +asf? + ...+ anf", where ag,a1,as,...,a, are constants and a, # 0.
Then

T(r, P(f)) = nT(r, )+ S(r, f).
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Lemma 2.4. ([14]) Let f be a non-constant meromorphic function and p, k be
positive integers. Then

(1) T (r f®) < T )+ kN (1, f) + S0 f),

@) N, (14t ) S TOSS) =T ) + Ny (17 ) +509)
3) N, (17t ) < Mo (7 ) + KNG ) + 50
(@) N <r, f(1k)> <N (7‘, }) + KNG f) + S(r, f).

Lemma 2.5. ([8]) Suppose that f is a non-constant meromorphic function, k > 2
is an integer. If

N(r,f)—i—N(r,le)—i—N(r,f(lk)) :S<r7j;l>,

then f(z) = e***t where a # 0,b are constants.

Lemma 2.6. ([14]) Let f be a transcendental meromorphic function of finite order.

Then ,
m (7", J;) =S(rf)

Lemma 2.7. Let f(z) be a transcendental meromorphic function of hyper order
p2(f) <1 and Fy(z) be stated as in (1.2). Then

(n=NT(r, f) +5(r, ) <T(r, Fi(2)) < (n+ N)T(r, f) + S(r, )

Proof: Since f is a meromorphic function with pa(f) < 1. From Lemma 2.2 and
Lemma 2.3, we have

T(r, Fi(2))

IN

d
Tmf@%+T(nHj@+qw)+smn

< (n+NT(r )+ S0, )
On the other hand, from Lemma 2.2 and Lemma 2.3, we have
(n+NT(r,f) = T(r ")+ S(r, f)
= m(r f" )+ N f ) + S(r, f)

ng R )+N0dﬂ@ﬁ >
Hj:l f(z+c¢j)% H_j:l f(z+cj)®
+S(r, f)
F<»+N<F<»+T< - )
< m(r, Fi(z T, F1(z T,
= 15y f(z+cj)®
+S(r, f)
< T(r,F1(2)) 4+ 2XT(r, ) + S(r, )
(n=NT(r,f) < T(r,Fi(2)+S(rf)
= (n*)\)T(’)",f)+S(T‘,f) S T(TaFl(Z»



46 RENUKADEVI S. DYAVANAL AND ASHWINI M. HATTIKAL

Hence we get Lemma 2.7.

3. PROOF OF THEOREM

Proof of the theorem 1.1

F
(3.1) Let, F*=— and G = ¢
z z

From the hypothesis of the theorem 1.1, we have F' and G share z CM and f,g
share oo IM. It follows that F* and G* share 1 CM and oo IM.

By Lemma 2.1, we arrive at 3 cases as follows.

Case 1. Suppose that case (1) of Lemma 2.1 holds.

(3.2) T(r,F*) < Ny ( F1> + Ny < r, (,}) +3N(r, F*) 4+ S(r, F*) 4+ S(r, G*)
We deduce from (3.2) and obtained the following

(3.3) T(r,F) < Ny (n ;,) + Ny (r, é) +3N(r,F)+ S(r,F) + S(r,G)

From Lemma 2.2 and Lemma 2.7, we have S(r, F') = S(r, f) and S(r,G) = S(r, g).
From (3.3), we have

T(r,F)

IN

Ny (r, ;) N, (r, é) +3N(r, F) + S(r, f) + S(r,g)

e (T’fl")ﬂv2 " : @ | T <T1")
(I G2 %) ’

IN

1
(H;l:1 g(z+ cj)sj) )

d
+Ny | 7 +3N(r, f")+ 3N | r, H (z4¢j)°

(3.4) +S(r, f)+ S(r,g)

(k)
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Using (2) of Lemma 2.4 in (3.4), we have

2N ( fn)—i—T(r (Hfz—i—cJ )(k))T<r,Jf[1f(z+0j)s])

T(r, F)

T(r, F)

T(r,F)

T(T, Fl)

<

IN

IN

j=1

(k)
1 _ 1 d
N, 2N — T
+Ng42 <7"7 H;'i:l f(Z+Cj)sj> + (2 (T, g”) + (r (1;[ z—&-w ) )

d
T(r ngJch) )+Nk+2<r Hd (1Z’+Cl)sj>+3N(r,f)

j=1 j=19

d
+3N (Tanf(z+cj)8j> +S(Taf) +S(”nvg)

4 (k)
2T(r, f)+ T (r (Hf z+¢j)* ) ) T(r, f*) = T(r, f)

Tr,F1)+ (k+2)dT(r, f)+2T(r,g9) + kXT(r, g)

d

-T H (z +¢5)° ) +(k+2)dT(r,f)+2T(r,g)
d

+T H (z4¢j)° )+kN< ng—i—cj )
d

-T H (z4¢j)° ) +(k+2)dT(rg)

+3T(r, f) + 3XT(r, f) + S(r, f) + S(r,9)

27°(r, f) + ( F)

+(k+2)dT(r,g)

2[T(r, f) + T'(r, 9)]
+B4+3NT(r, f)+ S(r, f)+S(r,9)

From Lemma 2.7, we have

(n=N)T(r, f) <

(3.5)

+5(r,9)

Similarly for T'(r, g), we obtain the following

(n—=A\)T(r,

(3.6)

g) <

+5(r, 9)

24+ (k+2)d)[T(r, £)+T(r,g)|+EXT(r, )+

+ @B4+3NT(r, f)+ S0, f)+S(r,9)
+(k+2)d[T(r,f)+T(r,g)] + kAT (r,g)

((k+2)d+2)[T(r, [)+T(r, g)|+EXT (7, 9)+(B3+3NT (r, f)+5(r, f)

(B+3NT(r,g9)+S(r, f)
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From (3.5) and (3.6), we have

(n=M[T'(r, [)+T(r, 9)] < 22+(k+2)d))[T(r, f)+T(r, )|+ (kA+3+3X)[T(r, f)+T(r, )]
+S(r, f) + S(r,9)

Which is contradiction to n > 2d(k +2) + A(k + 3) + 7.

Case 2. Suppose that F'G = 22 holds.

. (k)

®
Hf<z+6j>3j] g [Hg(zﬂj)”] n

j=1

(3.7) ie ik

Now, (3.7) can be written as

52

frg" = ® ®
TG+ ep] [ o+

By using Lemma 2.2, Lemma 2.3 and (4) of Lemma 2.4, we derive

mN@ﬁ+N@gﬂ§A@(n;»HVGé)

(3.8)
+kd[N(r, f)+ N(r,g)] + S(r, f) + S(r,9)

From (3.7), we can write

L e ] M a4 epr]

fngn 22
Similarly, as (3.8), we obtain

(3.9) n {N (r, }) N <r, ;)} < O+ kd) [N(r, f) + N(r, )] + S(r, f) + S(r, )

From (3.8) and (3.9), deduce

(n—(A+2kd)) [N (r, )N (r, )]+ (=) [N (n }) LN (7«, ;)] < S(r, )+5(r, )

Since n > 2d(k + 2) + A(k + 3) + 7, we have

N(r f)+ N(r,g) + N (n ch) +N (r, ;) < S(r. )+ S(r.g)

Hence, we conclude that f and g have finitely many zeros and poles.

Let zg be a pole of f of multiplicity p, then z; is pole of f™ of multiplicity np, since
f and g share co IM, then zg is pole of g of multiplicity q.



ON THE UNIQUENESS OF PRODUCT OF DIFFERENCE POLYNOMIALS OF ... 49

(k) (k)
If 2o also zero of |:Hj‘=1 flz+ cj)Sj] and {H?:l g(z + cj)sy} then we have from

(3.7) that

d
n(p+q) <Y ays; +Zﬂjsj — 2%
= =
d d
= 2n < n(p+q) < Zajsj—l—Zﬁjsj—Qk =AM +A—2k < A+ < 2max{A, A2}
j=1 j=1

= n < max{\i, A2}, which is contradiction to n > max{2d(k + 2) + A(k + 3) +
7,A1, A2}. Therefore f has no poles.
Similarly, we can get contradiction for other two cases namely, if zy is zero of

(k) (k)
[H?Zl flz+ cj)sf} , but not zero of [H‘;:l g(z + cj)s’} and other way. There-
fore f has no poles. Similarly, we get that g also has no poles. By this we

k)
conclude that f and g are entire functions and hence [H?:l f(z+¢)% and

(k)
[H;i:l g(z + cj)sﬂ] are entire functions.

Then from (3.7), we deduce that f and g have no zeros.
Therefore,

f= ea(Z) g= P and
(3.10) d d

H (z4¢j)° H QZJFCJ)

(z4¢j)° ZJ”:J)

H'E&
le&

where «, 8 are entire functions with po(f) < 1. Substitute f and g into (3.7), we
get

(k)

d (k) B d -
(3.11) ene(®) H a(z+C] )% enB(2) H(eﬁ(ZJrcj))s]‘ = ;2
=1 b= |
If £ =1, then
d ! w 77
(3.12) ena(?) H(e”‘<z+cj))51 enB(z) H(eﬁ(ercj))sj — 2
Jj=1 =1 |
d d
(3.13) = en@tAXim(alste)Thte))s; Z (z+¢)))s; Z (z +¢j))s; = 2°
Jj=1 j=1

Since a(z) and S(z) are non-constant entire functions, then we have

(I £+ (I, evterens )

,,,7 — l ,r’
d a(z+cj)s;
I I] 1 e ( J) J

H?:l f(z+¢j)
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(3.14)

d / Ne. TTY a(z+cj)s; d
A (z4ci)s ._q € 3723
=T (r, 2= )81l ) =T, E o' (z+¢)s;
i=1

Hj’:l ea(z-i—cj)sj

bt T =T T(’(H?_lf(ercj)Sj)(’“))

; ®
< T(rF)+T | (H (z+¢)° ) +5(r, f)
d
< T(rF)+T H (z+¢;)% | + kN H (z4¢;)°
j=1 Jj=1
+S(r, f)
nT(r,f) < T F)+ \N+kd)T(r,f)+ S(r, f)

(3.15) (n—XA—kd)T(r,f) <T(r,F)+ S(r,f)
We obtain from (3.15) that
(3.16) T(r,f)=0(T(r, F))

as r € E and r — oo, where E C (0, 400) is some subset of finite linear measure.

On the other hand, we have

(k)
T(r,F) = [Hfzm ] < nT(r, f) + AT(r, f)

d
+kN (r, Hf(z —l—cj)sf) +S(r, f)
j=1

<(n+kd+NT(r f)+S(r, f)

(3.17) = T(r,F)=0(T(rf))

asr € F and r — oo, where E C (0, +00) is some subset of finite linear measure.

Thus from (3.16), (3.17) and the standard reasoning of removing exceptional set
we deduce p(f) = p(F). Similarly, we have p(g) = p(G). It follows from (3.7) that

p(F) = p(G). Hence we get p(f) = p(g)-

We deduce that either both o and § are polynomials or both « and § are transcen-
dental entire functions. Moreover, we have
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1 1
(3.18) N (r, (H‘;:l o cj)sj)(’f)) <N <7", 22) = O(logr)
From (3.18) and (3.10), we have

d 1
T, z+c;)¥ N |,
[IrG+e)s |+ ( . >

d
=1 jo1 f(z+¢j)%

1
N (T’ (H?:l f(z + CJ)S]>(I€)> = O(logr)

If k£ > 2, then it follows from (3.14),(3.18) and Lemma 2.5 that 27:1 o (z +¢j)s;
is a polynomial and therefore we have «(z) is a non- constant polynomial.

Similarly, we can deduce that §(z) is also a non-constant polynomial. From this,
we deduce from (3.10) that

(k) k]
d
Hf(z+cj)sj — eXjm et | P (of (z+¢5)) ZO‘ z+¢j)s
j=1
d (k) ) d g
H (2 +¢;)* === PETe)s 1 Q1 (d (24 ¢5)) + Zﬂ' z+cj)s
et =

Where Pj,_; and Q—1 are difference-differential polynomials in o/ (z + ¢;) with de-
gree at most k£ — 1.

Then (3.11) becomes

k
d
e (@B) iy (a(z+e))+B(2+¢s)s; Z a® (2 +¢j)s; + Z o' (z+¢j)s
j=1
k
d d
(3.19) Zﬁ(k)z—kc )s; + Zﬁ’z—kcj 5; =22
j=1 j=1

We deduce from (3.19) that a(z) + 8(z) = C for a constant C.
If k=1, from (3.13), we have

d d
(3.20) e (@B ] (a(ztey) +B(z+e)))s; Z (z+¢j))s; Z (z+¢))) = ,2

j=1 j=1

Next, we let a + 8 = v and suppose that «, 5 both are transcendental entire func-
tions.

If «y is a constant, then o + 5’ = 0 and 2?21 o (z+¢)=— 2?21 B'(z +¢;).
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From (3.20) we have

n(a+6)+Z}i 1(a(z+c;)+B(z+c;)))s; Za z+ CJ = z2

(3.21) e — 1> " d (24 ¢y)si | p =2

Which implies that o is a non-constant polynomial of degree 1. This together
with o/ + 8’ = 0 which implies that 3’ is also non-constant polynomial of degree 1.
Which is contradiction to «, 5 both are transcendental entire functions.

If v is not a constant, then we have

a+f=y and I alz+¢)s 0 Bzt e)s =i vz +¢)s;

From (3.20) we have

d
(3.22) [Z o (z+c¢j)s :| [Z'y (z4¢j)s; Z o (z+ Cj)Sj:| MV TE G v(Erey)s; 2

Jj=1

d d d
Since ’I‘,Z’y,ZJer =m Z (z+¢j)sj | +N T,Z’YIZ+CJ
=1 i=1 =1
d
(eXi=1 YHei)siy s e
2 < 1) = ( - 'y(z-&-cj)s])
(3 3) =m <T7 eZ}i=1 "/(Z"rcj)sj + O( ) S r,e—J
And also we have
d d d
T r,n'y’—l—Z'y’(z—i—cj)sj =m r,n7’+27’(z+cj)sj +N r,n'y’+z'y’(z+cj)sj
j=1 j=1 j=1

(eerZ?:l v(zteg)ss

6”74_2?:1 Y(z+cj)s;

(3.24) <m (r,

From (3.22), we have

) £O(1) = § (e

2

T (,r, en’y+2j=1 'y(z+cj)sj) <7 |r z
’ - T —d d d
> =10 (2 +¢j)s; |:Zj:1 V' (z+cj)s; — 5= /(2 +¢5)s;

+0(1)

d

d
< T(r,2*)+T T,Za’(z+cj)sj Zv’ z+¢j)s Za z+¢j)s
Jj=1 j=1
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+0(1)

d
< 2logr + 2T T,Za’(z—i—cj)sj +0(1)
j=1

d
(3.25) =T (7,7 en“/+z;?:1 'Y(Z+Cj)3j) <o|T 7"720/(2 + cj)sj
j=1

Similarly, we have

(3.26) T\, ji:l o (z+ ¢)s; | <O (T (7"7 B DD ’Y(Z+Cj)8j))

Thus, from (3.23)-(3.26) we have
T <r, ny' + 2?21 v'(z+ Cj)Sj) =5 (r, e+ ”f(”cj)si) =5 (r7 2?21 o (z+ cj)sj)

By the second fundamental theorem and (3.22), we have

d
— 1
T r, E O[/(Z+cj)sj S N (7"7 d >
i=1

ijl o/ (z +¢j)s;

d

_ 1

N ( i i ) 15 [n >4 s,
D1 (2 cg)si — D05 (2 ¢j)s; i=1

d
<O(logr)+ S | r, Za’(z +¢j)s;
j=1

This implies ijl o/ (z+c;)s; is a polynomial, which leads to /(z) is a polynomial.
Which contradicts that «(z) is a trascendental entire function.

Thus « and § are both polynomials and «(z) + 8(z) = C for a constant C.
Hence, from (3.19) and using o + § = C we get

4 2k
(3.27)  (-1)F (Za'(z—&—c‘j)s‘j) =22+ P 1( (2 +¢5)s5) for j=1,2,...,d.
=1

Where Poj_1 is difference-differential polynomial in o/(z + ¢;)s; of degree at
most 2k — 1. From (3.27), we have

d
(3.28) 2kT | r, Z a'(z+¢j)s; | =2logr + S(r,a’(z +¢;)s;)
=1

From (3.28), we can see that Z;l=1 o/(z + ¢;)s; is a non-constant polynomial of
degree 1 and k = 1.
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Which implies,

d
Y od(z4e)sy =2l
j=1

Since o 4+ ' = 0, we get Z;l=1 B'(z+cj)s; = — Zj=1 o' (z + ¢j)s;. Which implies

Z?:l B'(z + ¢;j)s; is also a non-constant polynomial of degree 1. Hence we have

d

Zﬁl(z +¢j)s; = zlo

j=1
Hence, we get

flz+c¢j)s; = 016022

d
=1

<

Similarly, we have

g(z +¢j)sj = 02€—c,z2

—

1

J
where C,Cy and C are constants such that 4(C;Cy)"t1C? = —1.

This proves the conclusion (2) of theorem 1.1.

Case 3. f F =G

(k)

R R G 5
e f*[[Tio f(e+e)% | =g [Ty gz + )%
This proves the conclusion (1) of theorem 1.1.
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ON SOME NEW DIFFERENCE SEQUENCE SPACES DERIVED
BY USING RIESZ MEAN AND A MUSIELAK-ORLICZ
FUNCTION

KULDIP RAJ AND RENU ANAND

ABSTRACT. In this paper we introduce new difference sequence spaces r9(M,
AT, u,p) by using Riesz mean and Musielak-Orlicz function. We also make an
effort to study some topological properties and compute a—, 8— and y— duals
of these spaces. Finally, we study matrix transformations on newly formed
spaces.

1. INTRODUCTION AND PRELIMINARIES

Let w be the vector space of all real or complex sequences. By [, c and cp;
we denote the classes of all bounded, convergent and null sequences; respectively.
Also, we write bs, cs and [, to denote the spaces of all bounded, convergent series
and p-absolutely summable sequences, respectively, where 1 < p < co. We use the
convention that any term with a negative subscript is equal to zero.

Let X and Y be two sequence spaces and let A = (a,x) be an infinite matrix
of real or complex numbers a,x, where n,k € N. Then, the matrix A defines the
A—transformation from X into Y if for every sequence x = (z) € X the sequence

Az = {(Azx),}, the A-transform of x exists and is in Y’; where (Ax),, = Z ApkTh-

k
By A € (X : Y) we mean the characterizations of matrices A : X — Y. A sequence

x is said to be A-summable to [ if Az converges to [ which is called the A-limit of x.
For a sequence space X, the matrix domain X 4 of an infinite matrix A is defined
as

(1.1) XA:{x:(xk)Gw:AxEX}.

The theory of matrix transformations is a wide field in summability theory. It deals
with the characterizations of classes of matrix mappings between sequence spaces

2000 Mathematics Subject Classification. 46A45, 40C05, 46J05.
Key words and phrases. sequence space of non-absolute type, Musielak-Orlicz function, para-
norm space, matrix transformations.
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by giving necessary and sufficient conditions on the entries of the infinite matrices.
The classical summability theory deals with a generalization of convergence of se-
quences and series. One original idea was to assign a limit to divergent sequences
or series. Toeplitz [29] was the first to study summability methods as a class of
transformations of complex sequences by complex infinite matrices.

Let A = (ank) be any matrix. Then a sequence x is said to be summable to [, writ-

ten xp — [, if and only if A,z = Z ankxy, exists for each n and A,z — 1 (n — 0).

k
For example, if A,, = I, the unit matrix for all n, then x; — I(I) means precisely
that z; — I (k — o0), in the ordinary sense of convergence.
An infinite matrix A = (ank) is said to be regular ([11], page:165) if and only if the
following conditions (or Toplitz conditions) hold:

oo
(i) lim > an =1,
k=0

(i) lm an =0, (k=0,12,..)

(o)
(iil) sup Z |ank] < 0.

neN o
n

Let (gx) be a sequence of strictly positive numbers and let us write, @Q,, = Z qx
k=0

for n € N. Then the matrix R? = (rf ) of the Riesz mean (R, ¢,,) is given by

5—’“, if 0<k<mn,

Tnk =

0 if k>n.

The Riesz mean (R, g,) is regular if and only if @), — 0o as n — oo (see, Petersen
[22], p.10).
The sequence space 79(u, p) is introduced by Sheikh and Ganie [26] as:

Pk
<oo}7

k
r9(u,p) = {ac = (z) Ew: Z ‘é Zujqjxj
k =0

where 0 < pp, < D < o0.
Let p = (pr) be a bounded sequence of strictly positive real numbers with sup px, =
k

D and H = max{1, D}. Then, the linear spaces I(p) and I (p) were defined by
Maddox [13] (see also, [27],[30]) as follows:

Up) = {z = (x1) : ) ol < oo}
k

and
loo(p) = {z = (wg) : Sup |z |PF < oo}

which are complete spaces paranormed by
1
" Pi
o1() = [ S feal] " and go(x) = sup ey #
k

if and only if inf p;, > 0 for all k.
Throughout the paper we shall assume that p,~! + {p}c}*1 = 1 provided 1 <
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inf prp < D < oo and we denote the collection of all finite subsets of N by F' where
N={0,1,2,...}.

An Orlicz function M is a function, which is continuous, non-decreasing and convex
with M(0) =0, M(x) > 0 for > 0 and M(z) — oo as & — o0.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the follow-
ing sequence space. Let w be the space of all real or complex sequences © = (),
then

EMz{xGwzliM(?')<oo, for some p>0}

which is called as an Orlicz sequence space. The space £, is a Banach space with

the norm
el =inf {p > 0: 3" ar(14) <1},
k=1 P

It is shown in [9] that every Orlicz sequence space £; contains a subspace isomorphic
to £,(p > 1). The Ay—condition is equivalent to M (Lx) < kLM (z) for all values
of x >0, k>0 and for L > 1.

A sequence M = (M},) of Orlicz functions is called a Musielak-Orlicz function (see
[14], [19]). A sequence N = (Ny) is defined by

Ni(v) = sup{|v|Ju — My(u) :u >0}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space taq and its sub-
space haq are defined as follows

tam = {wa:IM(cx) < oo for some c>0},

hM:{IEw:IM(cx)<oo for all c>0},

where Iy is a convex modular defined by
Im(w) = My(ay,)
k=1

and = = (xg) € tam.
We consider tyq equipped with the Luxemburg norm

lz|| = inf{k >0: IM(%> < 1}
or equipped with the Orlicz norm

2]]° = inf{%(l + I(ke)) : k> 0},

The notion of difference sequence spaces was introduced by Kizmaz [8], who studied
the difference sequence spaces I (A), ¢(A) and c¢o(A). The notion was further gen-
eralized by Et and Colak [5] by introducing the spaces lo (A™), ¢(A™) and c¢o(A™).
Let n, m be non-negative integers, then for Z a given sequence space, we have

Z(AT) ={z = (ap) ew: (AT'xy) € Z}
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for Z = ¢,y and lo, where ATz = (AMxy) = (AT oy, — A gy 1) and Az =
xy for all k € N, which is equivalent to the following binomial representation

Apay = (=1)" < " ) Thetno-

v=0

Taking n = 1, we get the spaces loo(A™), c(A™) and ¢o(A™) studied by Et and
Colak [5]. Taking m =n = 1, we get the spaces lo(A), c(A) and ¢o(A) introduced
and studied by Kizmaz [8]. Mursaleen et al. ([15], [16], [17], [18]) used the idea of
Orilez function and study different sequence spaces. Esi et al. ([1], [3], [4]) work on
these type of sequence spaces. For more details about sequence spaces and matrix
transformations (see [2], [7], [12], [20], [21], [23], [24], [25], [28]) and references there
in.

2. THE RIESZ SEQUENCE SPACE 7%(M, A u,p) OF NON-ABSOLUTE TYPE

Let X be a linear metric space. A function g : X — R is called paranorm, if

(1) g(x) >0, for all x € X,

(2) g(—z) =g(z), for all z € X,

(3) gl +) < g(x) + g(y), for all 2,y € X,

(4) if (A\,) is a sequence of scalars with A,, = A as n — oo and (z,,) is a sequence
of vectors with g(z, —x) — 0 as n — oo, then g(Apz,—Az) — 0 as n — co.

A paranorm ¢ for which g(x) = 0 implies = 0 is called total paranorm and the
pair (X, g) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [31], Theorem 10.4.2,
P-183).
Let M = (M;) be Musielak-Orlicz function, v = (u;) be a sequence of strictly
positive real numbers and p = (pg) be a bounded sequence of positive real numbers.
Then we define new difference sequence space r4(M, A" u,p) as follows:
1 & Pk
P AT ) = (o= (o) € w: 30| 5 D0 My(ugayArayl)| < oo},
- ;

7=0

where 0 < pp, < D < 0.
With the definition of matrix domain (1.1), the sequence space r?(M, A" u,p)
may be redefined as

rf(M, AY u,p) = {l(P)} ra(Mm,am )

where RY(M, A, u) denotes the matrix RI(M, AT, u) = rl, (M, AT u) defined

é(Mk(quk) — Myg1(upg1qryr)), if 0<k<n—-1
rd (M,AT u) = 7M"‘8‘”q"), if k=n

0, if k>n.
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Define the sequence y = (yi) which will be used by the RY(M, AT u)-transform of
a sequence z = (xy), we have

k

1
(2.1) = =Y Mj(lujg; A7 a;)).-

Yk =
Q=

The main purpose of this paper is to study some new difference sequence spaces
generated by Riesz Mean and Musielak-Orlicz function. We shall show that these
spaces are complete and paranormed spaces. We have also discuss the a—, f—duals
of these spaces in section third of this paper. Finally, we discuss the matrix trans-
formations on these spaces in the last section of this paper.

Theorem 2.1. Let M = (M;) be Musielak-Orlicz function, uw = (u;) be a sequence
of strictly positive real numbers and p = (pg) be a bounded sequence of positive real
numbers. Then rq(M, AT u,p) is a complete linear metric space paranormed by

M,
{Z ‘ Q M;(ujqj) — Mjp1(uj+1g541))z; + %x

Pk%
]

with 0 < prp < D < o0 and H = max{1, D}.

Proof. The linearity of r4(M,A™ wu,p) follows from the inequality. For x,y €
ri(M, A" u,p) (see [11], p.30)

(2.2)
= M K7
[Z ‘67 Z(Mj(ujqj) — M1 (ujr1gi41))(z; +y5) + %(m ) ’ }
k k=0 *
[Z‘lkz:l i (ujq;) 1(Ujr1q541))x; +M$k pk}%
. Ox 2 45 g+ J+1495+ Qr

1 k— M k %

[zk: ‘6,7 M;j(ujq;) — Mjy1(ujy1q541))y; + Wyk ’ }

and for any o € R (See [12])

(2.3) la|PF < max(1, |a|?).

It is clear that g(f) = 0 and g(z) = g(—=z) for all x € r?(M, A u,p). Again the
inequality (2.2) and (2.3) yield the subadditivity of g and

g(ax) < max(1, |af)g(z).

Let {z"} be any sequence of points of the space r4(M, A" wu,p) such that g(z™ —
z) — 0 and (a™) is a sequence of scalars such that o™ — «. Then since the
inequality,

g(z") < g(x) + g(z" — )
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holds by subadditivity of g, {g( ™)} is bounded and we thus have

Pk}%

glana™ - az) [Z]Qk M (u505) = M g1(uj41541)) (@n + az)

< lag —almg(a") +|a] 7 g(a" — )

which tends to zero as n — oo. This proves that the scalar multiplication is contin-
uous. Hence g is paranorm on the space (M, A7 u, p).

Now we prove the completeness of (M, AT u,p):

Let {z'} be any Cauchy sequence in the space r4(M, A™, u, p), where z* = {z}, 2%, ...}.
Then, for a given € > 0 there exists a positive integer ng(e) such that

(2.4) glat —29) < e ¥V i, > no(e).

Using definition of g and for each fixed k& € N that

‘(RQ(M7 A:Lnau)xi)k: - (Rq(M, Aﬁ7u)x])k|

1

[ IRIM, A7 w)a ) — (RIM, AR w)ad ) 7| T < e for i, > no(e)
k

which yields that {(R9(M,A™ u)x0)g, (RI(M, A" u)zl)y, ...} is a Cauchy se-
quence of real numbers for every fixed £ € N. Since R is complete, it converges
say
(RY(M, A™ w)x" )y — (RY(M, AT u)z)), as i — oo.
Using these infinitely many limits (RY(M, AT, u)x)o, (RI(M, AT, u)x)1, ..., we de-
fine the sequence {(RI(M, A" u)x)o, (RI(M, A" u)x)1,...}. From (2.4) for each
teN and i,5 > ng(e),
¢
(2.5) S HRIM, AR w)at ), — (RYM, A u)ad )P
k=0

< g(a'—ah)¥

< e,

Take any 4,5 > ng(€). First, let j — oo in (2.5) and then ¢ — co, we obtain
gzt —z) <e

Finally, taking ¢ = 1 in (2.5) and letting ¢ > ng(1), we have by Minkowski’s
inequality for each ¢t € N that

(S IRr M, A7 wapel] T < gl - 2) + o)

k=0

which implies that z € r?9(M, A™ u,p). Since g(x — z*) < e for all i > ng(e), it
follows that 2* — = as i — oco. Hence, the space r?(M, A™ u,p) is complete. [J

< 1+ g(ah)
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Theorem 2.2. Let M = (M;) be Musielak-Orlicz function, uw = (u;) be a sequence
of strictly positive real numbers and p = (px) be a bounded sequence of positive real
numbers. Then the sequence space r9(M, AT, u,p) of non-absolute type is linearly
isomorphic to the space l(p), where 0 < pp < D < o0.

Proof. To show that the spaces r9(M, AT u,p) and I(p) are linearly isomorphic,
we have to prove that there exists a linear bijection between these spaces. Define
a linear transformation 7" : r9(M, A" u,p) — l(p) by * — y = T'z by using equa-
tion (2.2). The linearity of T is trivial. Further, it is obvious that x = 6 whenever
T(x) = T(0) and hence T is injective. Let y € I(p) and define the sequence z = (xy)
by
k—1 1 1 O
k= Z (Mn(UnQn) Mn+1(un+1Qn+1)>Qkyk + Mk(uqu)yk

n=0

for k € N. Then

M, (urqr)

k—1 1
g9(x) = {Z ‘é D (M;(uig;) — My (wyg1g541))2; + — 2 ’ } :
k 7=0

Qrk

Pk}%

- (Sl

= qi(y) < oo,

s [ 1 k=]
KT 0, if k#£7

Thus, we have z € r9(M, A™ u, p). Consequently, T is surjective and paranorm pre-
serving. Hence, T is linear bijection and this shows that the spaces r?2(M, A u,p)
and [(p) are linearly isomorphic. O

where

3. BASIS AND a—,f— AND y— DUALS OF THE SPACE r?(M, A" u, p)

In this section, we compute a—, f— and y— duals of the space r9(M, A", u,p)
and finally we give the basis for the space r?7(M, A u, p).

For the sequence space X and Y, define the set
S(X:Y)={z=(2) : vz = (xp2) € Y}.
The a—, B— and y— duals of a sequence space X, respectively denoted by X<, X#
and X7 which are defined by
X“=8(X:1),X% =5(X :cs)and X” = S(X : bs).

Firstly, we state some lemmas which are required in proving our theorems:
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Lemma 3.1. [6] (i) Let 1 < pp < D < co. Then A € (I(p) : l1) if and only if there
exists an integer B > 1 such that

sup Z ’ Z anpB!

keF nek

<oo

(i1) Let 0 < pr, < 1. Then A € (I(p) : l1) if and only if

Pk
sup sup ‘ Z anyB7l < o0.

keF k

Lemma 3.2. [10] (i) Let 1 < pr, < D < co. Then A € (I(p) : loo) if and only if
there exists an integer B > 1 such that

(3.1) supz B! o < 00.
"ok
(i1) Let 0 < pr, < 1 for every k € N. Then A € (I(p) : ls) if and only if
(3.2) SUp |k . < 00.
n,k

Lemma 3.3. [8] Let 0 < pp < D < oo for every k € N. Then A € (I(p) : ¢) if and
only if (3.1) and (3.2) hold along with

(3.3) lim a = By fork e N
also holds.

Theorem 3.1. Let M = (M;) be a Musielak-Orlicz function, u = (u;) be a se-
quence of strictly positive real numbers and p = (pr) be a bounded sequence of posi-
tive real numbers. Define the sets D1 (M, A" w,p) and Da(M, A" u,p) as follows:

Dl(Ma A:anuap) =

U {a = (o - sup Z ‘ Z K & (urqr) Mk+1(u1+1qk+1))Qkan+

B>1 keF
Qn } 1 Pi
SR, PR
My (ungn))

and

DZ(Ma A?vuvp) =

n

U {a— ) € w: ZH(Mk (ugqr) (Mk(iqu)_ 1 )) Z ai)

M u
et k1 (Ukr1qr1)/ S

o <x)
Then

1M, A7 )| = DML AT )
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and 5
(1M, AT wp)] = Da(M AT wp) Nes.

Proof. Let us take any o = () € w. We can easily derive with (2.1) that

n—1

1 1 (077
3.4 ATy = — o' + ——Qnyn
34 kZ:O (Mk(uqu) Mk+1(uk+1Qk+1)) Qb Mn(unqn)Q Y
= (Cy)n,

where C = (¢yy) is defined as

( : - . )aan, f0<k<n-—1

M (urqr) Mi41(Uk+19k+1)

M, (un Qn Qn’

0, if k>n,

for all n,k € N. Thus, we observe by combining (3.4) with (i) of lemma (3.1) that
ar = (apx,) € li whenever x = (z,) € r9(M, A7, u,p) if and only if Cy € 4

whenever y € [,,. This gives the result that [rq(/\/l, AT u,p)} = D1 (M, A" u,p).
Further, consider the equation

(3.5)

Z“kxk‘ZKnglqk)+(Mk<iqu>‘ : >) > a)Quu

M1 (u
k1 (Ut 1Gr41 imhl

- (Dy)na
where D = (d,y) is defined as

n

1 1 :
(Mk(();kkqlc) T (Mk(uqu) N Mk+1(uk+1qxc+1)) Z O[i)Q’€7 f0<k=<mn

07 if k>n.

Thus, we deduce from Lemma (3.3) with (3.5) that ax = (a,x,) € cs whenever
x = (z,) € ri(M, A" u,p) if and only if Dy € ¢ whenever y € I(p). Therefore, we
derive from (3.1) that

(3.6)
a 1
Zk:H(Mk(Ukk%) - (Mk(uk:Qk) My y1 (g 11qr41) ) Z az)Qk]

i=k-+1

and lim d,,, exists and hence shows that ['rq(/\/l, A u,p)} = Dy(M, A" u, p)Ncs.

From lemma (3.2) together with (3.5) that ax = (agzr) € bs whenever z =
(xn) € rI(M, AT u,p) if and only if Dy € I whenever y = (yi) € I(p). There-

fore, we again obtain the condition (3.6) which means that |:7“q(./\/l7 A u,p)| =

Do(M, A" u,p) Nes and the proof of theorem is complete.
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Theorem 3.2. Let M = (M;) be Musielak-Orlicz function, uw = (u;) be a sequence
of strictly positive real numbers and p = (pi) be a bounded sequence of positive real

numbers. Define the sets D3(M, AT u,p) and Dy(M, A" u,p) as follows:

D3(Ma AZL,U,])) =

1 1 Qn
o = () € w: supsu ) [( — ) an—l—ian]
{ (o) keIF) kp nze;c My (urqr) My (Urr1qr+1) O M, (Unqn)

Pk
< oo}
and

D4(Ma A:anuap) =

n

{a = (o) € w: Sl/ip ‘ {(Mk(o;kqu)—i—(Mk(’tltqu)_Mk+1(ui+1%+1)) i:zk;rl ai)Qk} "< oo}.
Then

(1M, AT )] = Da(M, AT )
and

B
[11(M, A7 )] = Da(M,L AT ) s

Proof. This is obtained by proceeding in proof of Theorem (3.1), by using second
parts of lemmas (3.1), (3.2) and (3.3) instead of the first parts so we exclude the
details. 0

Theorem 3.3. Let M = (M;) be Musielak-Orlicz function, u = (u;) be a sequence
of strictly positive real numbers and p = (px) be a bounded sequence of positive

real numbers. Define the sequence b*)(q) = {bglk)(q)} of the elements of the space
ri(M, A" u, p) for every fized k € N by

Mpt1(Unt1qn+1)

1 1 -1 Q .
(k) (Mn(“nqn) - )Qn T U Mfc(ui,%)’ f0sn<k-1
by (q) =

0, if n>k-—1.

Then the sequence {b*)(q)} is a basis for the space ri(M,A™, u,p) and any x €
r9(M, A" u,p) has a unique representation of the form

(3.7) = Melg)p™(q),
k

where A\ (q) = (RYM, AT u)x)y for allk € N and 0 < p, < D < 0.

Proof. Tt is clear that {b(*)(q)} C r9(M, A", u,p), since

(3.8) RIM,A™ w)b®) (q) = e € (p) for ke N

and 0 < pp, < D < oo, where e*) is the sequence whose only non-zero term is 1 in
kth place for each k£ € N.



66 KULDIP RAJ AND RENU ANAND

Let x € r4(M, A", u,p) be given. For every non-negative integer t, we put

(3.9) 2 =3 " Ne(@)p™(q)
k=0

Then, we obtain by applying RZ(M, A™ u) to (3.9) with (3.8) that

t t

RUM, AT, w)al = " M\ (q)RUM, AT, u)b™® (q) = > (RUM, AT u)a)pe™

k=0 k=0

and

, ifo<i<t

(R, A7 u)(z — o)) =
: (RI(M, A™ w)z);, if i >t,

where 7,t € N. Given € > 0, there exists an integer t; such that

(Z‘RQMA’” w)z);

Pk % €
) <§Vt2t0.

Hence,

oo 1

gxfx[t] (Z’ (RYM, AT u)x); pk)ﬁ

")

Sl

< (i‘RqMAm w)z);

<
<

Dol

)

for all t > ¢y which proves that © € r4(M, A" u,p) is represented as equation
(3.7).

Let us show that the uniqueness of the representation for z € r9(M, AT u, p) given
by equation (3 6) Suppose, on the contrary that there exists a representation x =

Zuk . Since the linear transformation 7' from r4(M, A u,p) to l(p)

used in the Theorem (2.2) is continuous, we have

(RI(M, AT u Z,Uk (RYM, AT )b ™ () = ir(@)ell) = pin(q)
k
for n € N, which contradlcts the fact that (RY(M, A" w)x), = An(q) V n € N.
Hence, the representation (3.7) is unique. O

4. MATRIX MAPPINGS ON THE SPACE r?(M, A™ u,p)

In this section, we characterize the matrix mappings from the space r9(M, AT u, p)
to the space [
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Theorem 4.1. Let M = (M;) be Musielak-Orlicz function, uw = (u;) be a sequence
of strictly positive real numbers and p = (pi) be a bounded sequence of positive real
numbers.

(i) Let 1 < pp < D < oo for k € N. Then A € (r{(M,A™ u,p) : ls) if and
only if there exists an integer B > 1 such that
(4.1)

1

¢(B) = S?Lpzk: ’ [(Mk(zéZ:%)_‘_(Mk(quk) M1 (Up+1qr41) )1;10%)@4

< o0

and {ank }ken € cs for each n € N.

(i) Let 0 < pr, < 1 for every k € N. Then A € (r{(M, A7 u,p) : l) if and
only if

n

i} Qnk 1 1 .
(4.2) b??llf) [(Mk(Zka) " <Mk(quk) - Mk+1(uk+1Qk+1)> i:zk—%-l am> Qk}

Pk

< 0

and {ank }ken € ¢s for each n € N.

Proof. We shall prove only (i) and the proof of (ii) will follow on applying simi-
lar argument. Let A € (r9 (M, AT u,p) : lo) and 1 < pp < D < oo for every
k € N. Then Az exists for x € r%(M,A” u,p) and implies that {ani}ren €
{r9(M, A7 u,p)}? for each n € N. Hence necessity of (4.1) holds. Conversely, sup-
pose that (4.1) holds and = € r9(M, A™ u, p), since {a,x bren € {r1(M, AT u, p)}?
for every fixed n € N, so the A— transform of z exists. Consider the following equal-
ity obtained by using the relation (3.4) that

(4 3)

Z“”’“‘”’“‘Z[(Mk?Z:qk>+(Mk<iqu>‘ : >) > ) Q]

M1 (u
i k1 (Ukr1qr41 Nl

Taking into account the assumptions, we derive from (3.3) as ¢t — oo that

(4.4)

o =3 (7 (tmay ~ ) 2o, @)

M
kot 1 (Uk+1 k41 P

Now by combining (4.4) and the inequality which holds for any B > 0 and any
complex numbers a, b

jab] < B(laB~! "+ o)
with p= + {p’}~! =1 [10], we can see that

sup ‘gankxk‘ < supz ‘ [(MkO(ZZ:q;C)Jr(Mk(iqu)i 1 )> Z Oém)Qk:| ’|yk|

M, u
neN k+1( k+19k+1 iRl
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< BIC(B)+hi(y)]

< 0oQ.

This shows that Az € I, whenever x € r7(M, A, u,p). The proof is complete. [
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SOME NEW INEQUALITIES OF HERMITE-HADAMARD-FEJER
TYPE FOR s—CONVEX FUNCTIONS

CETIN YILDIZ

ABSTRACT. In this paper, we establish some new inequalities for differentiable
mappings whose derivatives in absolute value are s—convex in the second sense.
These results are connected with the celebrated Hermite-Hadamard-Fejér type
integral inequality.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on an interval I of real numbers,
a,b € I and a < b. The following double inequality is well known in the literature
as Hermite-Hadamard inequality:

(1.1) f<“+b>< ! /abf(x)dx<f(a>+f(b)_

2 b—a 2

Both inequalities hold in the reversed direction if f is concave.

Many uses of these inequalities have been discovered in a variety of settings.
Moreover, many inequalities of special means can be obtained for a particular choice
of the function f. Due to the rich geometrical significance of Hermite-Hadamard
inequality, there is growing literature providing its new proofs, extensions, refine-
ments and generalizations, see for example ( [3]-[7],[11]-[15],[17]) and the references
therein.

Definition 1.1. Let real function f be defined on a nonempty interval I of real
line R. The function f is said to be convex on I if inequality

fltz+ (1 -t)y) <tf(z) + (1 —t)f(y)
holds for all z,y € I and t € [0, 1].

The class of functions which are s-convex in the second sense has been given as
the following (see [9]).

2000 Mathematics Subject Classification. 26D15, 26D10.
Key words and phrases. Fejér Inequality, Hermite-Hadamard Inequality, s—Convex Functions,
Holder Inequality.
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Definition 1.2. A function f : [0,00) — R is said to be s—convex in the second
sense, if

flz+ (1 —=t)y) <t°f(x)+ (1 -1)°f(y)
holds for all z,y € [0,00), t € [0,1] and for some fixed s € (0, 1].
Some interesting and important inequalities for s—convex (in the second sense)
functions can be found in [1],[10],[13]-[16]. It can be easily seen that convexity
means just s—convexity when s = 1.

In [8], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality:

Theorem 1.1. Let f: I — R be convex on I and let a,b € I with a <b. Then the
inequality

(1.2) f(““’)/ dx</ F@)g(x)dz < f(“);rf(b) /abg(:r)dx

a+b

holds, where g : [a,b] — R is nonnegative and symmetric to

If ¢ = 1, then we are talking about the Hermite-Hadamard inequalities. More
about those inequalities can be found in a number of papers and monographs.

For recent results and generalizations concerning Fejér inequality (1.2) see ([2],[18]-
[24]).

In [1], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which
holds for s—convex functions in the second sense:

Theorem 1.2. Suppose that f : [0,00) — [0,00) is an s-convexr function in the
second sense, where s € (0,1) and let a,b € [0,00), a < b. If f € L[a,b], then the
following inequalities hold:

_ a+b fla)+ f(b)
1.3 251 < < ——.
(13) / ( 2 ) - - s+1
The constant k = —= is the best posszble in the second inequality in (1.3).

The main purpose of this paper is to establish new Fejér type inequalities for
the class of functions whose derivatives in absolute value at certain powers are
s—convex in the second sense.

2. MAIN RESULTS
In order to prove our main results, we need the following Lemmas (see [22]):

Lemma 2.1. Let f: I CR — R be differentiable on I° and a,b € I° with a < b
and let g : [a,b] = [0,00). If f',g € Lla,b], then the following identity holds:

f(”b)/ dt—/ 10 /bp(t)f’(t)dt

for each t € [a,b], where

Jig(s)ds, te [a, %)

—ftbg(s)ds7 te [%’b,b] )

p(t) =
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Lemma 2.2. Let f : I — R be differentiable on I° and a,b € I° with a < b and let
g:[a,b] = [0,00). If f',g € L[a,b], then the following identity holds:

/f w)du — f )/ab /k: (ta+ (1 — B)b)dt

for each t € [0,1] and z,u € [a,b], where

o

=

JEg(sa+ (1= s)b)ds, te [0,

=)

ft (sa+ (1 — s)b)ds, te[g z,l}

(2.1) k(t) =

Theorem 2.1. Let f : I C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00). If f',g € Lla,b] and |f'| is s—convex on [a,b],
for some fized s € (0,1], then the following inequality holds:

‘f(a—&—b)/ dt_/ £0)
(b—a)? | {”g”[a’%ﬁ]m (2572 = (s +3)) |f' ()| + (s + 1) | £/ (B)]]

S (s ) (s 42
lgllpese g 00 [(s+ D 1F @) + (2742 = (s +3) 1 O] } -

Proof. By Lemma 2.1 and since |f’| is s-convex on [a, b], then we have

(557 [[soa= [ o

afb ot b b
< [ 7] st irolars [ / o(s)ds| | (1)
afb b
< Nollpogte [ = O+ gl [ 0= 017 O]
) a

ooy [ -0 [(22) 17 @1+ (2) 17 @ a
ol [, 00 [(575) 1 @1+ (52) 170 a

(b—a)

= T8 Ul (277 = @1+ (1) 1£ O]

g lpase g 0 [(5 D17 (@)] + (2572 = (s +3) 17 B))] }

where use the facts that
a+b

/a2<t_a>(§j2)sdt _ ﬁzb<b‘t>(223)sdt

(b—a)?(2°72 = (s +3))
25%2(s + 1) (s + 2)

S
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and
Ea t—a\® b b—t\*
t— dt = b—t dt
[oea=) e = faen (=)
B (b—a)?
o 2s%2(s 4 2)°
which completes the proof. ([

Theorem 2.2. Let f: I C R — R be differentiable mapping on I° and a,b € I1°
with a < b and let g : [a,b] — [0,00). If f',g € Lla,b] and |f'|? is s-convex on |a, b],
for some fized s € (0,1] and p > 1, then the following inequality holds:

(552 [ [ o

(b— a)? @+ 1) |f/(@)|" + | F()\ 7
TPESVE {”g”[“’"?”]m (i)

F/(@)]" + 2+ — D) /()7

(b—a) < 1 )q
dlp+1)V/P \ 25(s+ 1)
%l { [1 @ = D5 (1 @1+ 170D}

1,1 _
where;—&—a—l.

Proof. Suppose that p > 1. From Lemma 2.1 and using the Holder inequality, we

obtain
(552) o o

< | = /atg(s)ds (1)l dt + /b| / o(s)ds| [7/(0)] i
S </ [ pdt>; (/ |f’<7s>|th>é
+ </b [ pdt); (/b |f'(t)|th>;

b b b 7
+Hg|\[i oo (/Hb b —t|” dt) (/m I ()| dt> .

2
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Using the s-convexity of |f’|?, we have

‘f(a;b)/ab i~ [ gosa
< ol {2&;:“}1(/ (=

_ (b—a) @ =D @ + B
B 4(p+1)1/p{”9” < oo( 255+1) )

F/ (@) + (2 — D) |F ()" *
I )}

Let ay = (27" = )[f(a)", by = [f'B)[*, a2 = [f'(a)]", ba = (2271 = D [f(D)].

Here, 0 < % < 1 for g > 1. Using the fact that

n

Slan+b)* <Y ap+ > b

k=1 k=1 k=1

for (0 <s<1),ar,a2,...,an >0, by,ba, ..., bg; we obtain

‘f(ajb) [ swa [ qwswa

s (2 s+1>)

2°(
% Nl lagoe {2 = DF 1@+ /B + /()] + (24 = 105 17/ 0)]}

B 48; f;f/p <2s<s1+ 1));

%l a0 { [1+ @ = DT (1 @1+ 17O } -

Q

Q=

Also
1904, 2£2],00 < 19lfa,81,00
and
90252 1100 < 191101
This completes the proof. ([

Theorem 2.3. Let f:I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and g : [a,b] — [0,00) be differentiable mapping. If |f'| is s-convex on

)s'f'@)'” (Z_Z)svwb)w} dt);
+lollese s [2”“ pf':rl1 (/b b—a |f’ ()" + (Z:Z)SU' (b)Iq] dt)q

1



SOME NEW INEQUALITIES OF HERMITE-HADAMARD-FEJER TYPE FOR ... 75

[a,b], for some fized s € (0,1], then the following inequality holds:

‘f(fv) / " ) - / " Flu)g(u)du
1

(b—a)*(s+2)

—a)*t2 4+ (z —a)*T(xz — b)(s —(b—a
Mol gy [0 12 @) 4 =R TR D =00 g
+ Hgll[gg],o@ |:(b — a)5+ + (b — 33)3‘; 5(_0,1— 33)(3 + 1) — (b - U,)] |f'(a)\ + (.13 _ a)s+2 |f’(b)|:| } )

Proof. Let x € [a,b]. Using Lemma 2.2, we obtain

@ | " () / " fug(u)du

< (b—a)Q{/Oba /Og(sa—i—(l—s)b)ds ' (ta + (1 — £)b)| dt
+ﬁ_z /f g(sa+ (1 —s)b)ds |f’(ta+(1—t)b)dt}
< Gap {|9|[0,22‘Z},oo [ s G - o

1
Hlgllpes e [ 1= l1F (G0t 0 —t>b>|dt}.

b—a

Since |f’| is s-convex on [a, b], we obtain

‘f(x) / " wydu / " Flu)g(u)du

b—x

(b—a)? {ngn[o,zz]m | i@ a-orir e

1
+9lzs e [

1 b—a
(b—a)*(s+2)

IN

A=) [ |f (@) + 1 =8)* |f'®)] dt}

—a)’ T2+ (z —a)* M (z = b)(s —(b—a
ol g [0 - 20702 | C= =2 D 2 02l gy
—a)%t? — )5 (a — x)(s —(b—a
ol 1y | OO MO DR DO g 4 0 - a2}
This completes the proof. ([

Theorem 2.4. Let f: I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00) be differentiable mapping. If | f'|? is s-convex
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on [a,b], for some fized s € (0,1] and p > 1, then the following inequality holds:
b b
£@ [ gtwdu= [ g
1

(b—a)i(p+1)»

x%mmg

Tr—a 2q—1 —a s+1 _ s+1 q —a 2q+s | £/ q %
gl s ) o [( )27 —a)™™ — (b= x) T [f'(a)|" + (x — @)™ | f(B)] ] }

<

[(b — @)1 |f" (@) + (b — 2)* (b —

s+1

x
a],oo

aV”—@—@”Wﬁ@PF

s+1
1 1 _
where;+af1.

Proof. Using Lemma 2.2, Holder’s inequality and the s-convexity of | f/|?, 1 +1 =1
we have

M@LZM@—L?@M@M

Q=

"(ta+ (1 — t)b)|th>

) ( ta—i—(l—t)b)th)q}
< @GV{”mmﬂgkm<Abﬂﬁ> (Abatﬂf (@I"+(1 wﬂfWNﬂdO

9=z 1o (ﬂ.tl—tpﬁ> ( bztﬂf(>Q+«1—wa%mQ]ﬂ> }

b—a
1

(b—a)i(p+1)
— 2q+s / a q —x 2g—1 _
X{Mm&gz [w P+ - o

7 —a)2 (b — a)st — (b — )5 £ (a)|?
g o) [T = O IO

S

100

aV“@@”mf@Wr

} |

Q=

+ (x — )t If’(b)lq}

This completes the proof. O

Theorem 2.5. Let f: I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00) be differentiable mapping. If | f'|? is s-convex
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on [a,b], for some fized s € (0,1] and p > 1, then the following inequality holds:

‘ﬂ@Lme—Lﬂmmmw

1 e @I
@+n{g” -2 | }

s+1
gt 1) (2= 0 |

] 0o

=

fMV+W@WF}
s+1 )

1,1 _
where;—&—a—l.

Proof. From Lemma 2.2 and using the Holder inequality, we have

ﬂ@l%@m—éUmmmw

< (b—a)?

(L

b—x

pdt) (/b_ |f'(ta+ (1 —t)b)|th> q
0
dt) p (/l |f'(ta + (1 = 1)b)|* dt) q }
< (U—@Q{Mwmzﬂaa<éb“ﬁﬁ> <A
1 l 1
F 9l ez 1] oo (/bz(l - t)pdt> </

[ it o< =

D=

/0 g(sa+ (1 —s)b)ds

/t g(sa+ (1 —s)b)ds

=

'(ta + (1 —t)b)|* dt)

"(ta+ (1 t)b)|th>q}.

[ @) + f’(b)|q>

Since | f’]|? is s-convex, by (1.3) we have

s+1
and ) . .
- ()" + | f' ()]
Ji 1t o< 5= (R
Therefore,

b b
Pw/gMM— f(w)g ()

a

: e [@I e
(p+1)7 {”9”[0,3_;:],00 (b—2) [ o }
*”ﬂn:ww@®2pm@gif@>]},

This completes the proof. [
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ON HADAMARD-TYPE INEQUALITIES FOR k-FRACTIONAL
INTEGRALS

GHULAM FARID, ATIQ UR REHMAN, AND MOQUDDSA ZAHRA

ABSTRACT. In this paper we prove Hadamard-type inequalities for k-fractional
Riemann-Liouville integrals and Hadamard-type inequalities for fractional Riemann-
Liouville integrals are deduced. Also we deduced some well known results
related to Hadamard inequality.

1. INTRODUCTION

Fractional Calculus is a branch of mathematical study that developed from the
established definitions of calculus integral and derived operators [2].

Fractional calculus was mainly a study kept for the finest minds in mathemat-
ics. Fourier, Euler, Laplace are among those mathematicians who showed a casual
interest by fractional calculus and mathematical consequences. A lot of them es-
tablished definitions by means of their own notion and style. Most renowned of
these definitions are the Grunwald-Letnikov and Riemann-Liouville definition [4].

There are many types of fractional integrals have been defined in literature, the
most classical are Riemann-Liouville fractional integrals defined as follows:

Definition 1.1. Let f € Li[a,b], then Riemann-Liouville fractional integrals of
order o > 0 with @ > 0 are defined as:

(1.1) o, f(z) = ﬁ /I (@— 0" f(B)dt, =>a
and

b
(1.2) o f(x) = ﬁ/ (t—2)* Lf()dt, @ <b.

For further details one may see [3, 6, 7].

2010 Mathematics Subject Classification. Primary 26A51, 26A33; Secondary 26D10.
Key words and phrases. Convex functions; Hadamard inequalities; fractional integrals.
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[1] If k£ > 0, then k-Gamma function Ty is defined as:

1.1 X _
k() = lim ik (nk)F — 1 1.

n—oo (a),,Lk

If R(a) > 0 then k-Gamma function in integral form is defined as

[ee) +k
Ti(a) = / t* e~ ® dt,
0
with the property that
Ti(a+ k) = al'k(a)
In [5] k-fractional Riemann-Liouville integrals are defined as follows:

Let f € Li[a,b]. Then k-fractional integrals of order o,k > 0 with @ > 0 are
defined as

(1.3) Ig‘+kf(x) = ﬁm) /w (x—t)* "1 f(t)dt, = >a
and

b
(1.4) I f(x) = kl“:@)/ (t —z)* 7L f(t)dt, = <b.

For k = 1, k-fractional integrals give Riemann-Liouville integrals.

Besides applications of fractional integrals in applied sciences, now a days many
researchers in the field of pure mathematics, for example mathematical analysis
have studied them extensively see [2, 3, 4, 6].

In [8], Sarikaya et al. proved the following Hadamard-type inequalities for
Riemann-Liouville fractional integrals.

Theorem 1.1. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Li[a,b]. If f is a convex function on [a,b], then the following inequalities for
fractional integrals hold:

a+b 29710 (a 4+ 1) 7, o
(15) f( 2 )< Goa ey SO+ Ty (@) <

with « > 0.

fla) + f(b)
2

Theorem 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|2 is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

201 (o + 1)

e ey SO+ sy g0l 5 (57

10 < 2t () [ D@+ @ alrom?

(@ + 3 @I+ (a+ DI G)9)7].

Theorem 1.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If | f']9 is convex on [a,b] for ¢ > 1, then the following inequality for fractional
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integral holds:

20" T(a +1) ., @b
et s 50+ I, 1] - 1 (457

(1.7) b;“ (aler 1>i [(lf’(a)lq ZSIf’(b)qy N (3|f/(a)|q: |f’(b)|Q>31

b;a( 4 )”[fmn+u%mm

ap+1
1,1
where;—&—a—l.

IA

S

IA

In this paper we generalize the fractional Hadamard-type inequalities (1.5), (1.6)
and (1.7) via k-fractional integrals and show that these inequalities are special cases
of our results. Also we deduced some well known results.

2. HADAMARD-TYPE INEQUALITIES FOR k-FRACTIONAL INTEGRALS
Here we give k-fractional Hadamard-type inequalities.

Theorem 2.1. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b]. If f is a convex function on [a,b], then the following inequalities for
k-fractional integrals hold:

a+b 25 (e + k) [ an ak
(2.1) f( 2 )< (b—a)% [I(a+b)+f(b) I(a+b) f(a) Sf

with a, k > 0.

Proof. From convexity of f we have

) f<x;y><f@rgﬂm.

Putting z = £a + @b, = - t)a + 5b for t € [0,1]. Then z,y € [a,b] and above
equation gives

(2.3) 2f<a+b><f( +b>+f(2;ta+;b>,

multiplying both sides of above inequality with % 1, and integrating over [0, 1] we

have
2k b,
-/ (a;b>/ t5 1 dt
0
</1t“1f<t +2_tb)dt+/lt“1f<2_t +tb>dt
< k —a —_— k a -
o 2 2 o 2 2
C28ED(Q) [ak ok
_W[I(%M)Jrf(b)—i_I(nﬁ—b f(a)},
from which one can have
a+b 2%_1Fk( +k) a.k a.k
<
e (57) 2 E O [, 0+ I, ]
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On the other hand convexity of f gives

(et 2500) + £ (Pgta 30) < g + 25050 + 2 @) + 510

multiplying both sides of above inequality with % 1, and integrating over [0, 1] we

have
/dtilf Loy 270y ﬁ%1/1ﬁ51f 2 tr L) a
o 2T 9 A 2 ¢T3

< [f(a) + (b)) / £,

from which one can have

25 'T(a+ k) [rak .k fla) + f(b)
: L ’ < :
(2.5) T [0k PO + Ik f(@)] < 555
Combining inequality (2.4) and inequality (2.5) we get inequality (2.1) . O

Remark 2.1. If we take k = 1, Theorem 2.1 gives inequality (1.5) of Theorem 1.1
and putting o = 1 along with £ = 1 in Theorem 2.1 we get the classical Hadamard
inequality.

3. k-FRACTIONAL INEQUALITIES RELATED TO HADAMARD INEQUALITY

For next results we need the following lemma.

Lemma 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f/ € Lla,b], then the following equality for k-fractional integrals holds:

a,k o,k a+b
1k, S0+ 12 1) - £ (57

b—al [t o, [t 2—t L, (2—t

Proof. One can note that
b—al (Y o, [t 2—t
trf' [ za+ =—=—b)dt
L (e )l
b—ala 2 t 2—t la o 2 t 2—t
= th - bllo— [ -+t —a+=—b
1 ka—bf<fl% 2 )b K;kk a—beﬂ+ 2 )]
b

= (a;b> } k(jib) /;,T (an(b_x))z_l GQbf(x)daj]

(3.1)

Similarly
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b—al [t o, (22—t t
- 4[Atf( 2a+f)4

b—al 2 a+b 25T (a+ k) ok
(3.3) = [baf< 5 )— G- Ly, fla)| .

Combining (3.2) and (3.3) one can have (3.1).

83

]

Using the above lemma we give the following k-fractional Hadamard-type in-

equality.

Theorem 3.1. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b.
If | f'|7 is convex on [a,b] for ¢ > 1, then the following inequality for k-fractional

integrals holds:

251 (a + k)
(b—a)*

2

a,k a,k a’—"_b
12, 1O + 155, @] 1 (250)]

80 <=5 (5 12»;[«Z+4)u%ww+(j+3ﬁfwm)é

(G 9@ (G o).
with a, k > 0.

Proof. From Lemma 3.1 and convexity of |f’| and for ¢ = 1 we have

251y (a + k)

a.k ak a+b
12, 1O + 155, @] -7 (450)]

(b—a)f NG 2
1
sbjTa ; t(i< /<;a+2;tb>‘dt+ U <2;ta+;b>Ddt'
b—a ’ /
_ 2?(§§f¥‘ii[Lf (@) + £ ()]].

For ¢ > 1 we proceed as follows. Using Lemma (3.1) we have

25 'y (a+ k) ak ak a+b
et o+, )5 (%57

2
b—al ! a t 2t L,
< te [ = . te
< U kf(2a+ . b)‘dﬂ—/o :

Using power mean inequality we get

28 1Ty (a + k)
(b—a)¥

() [
4 41 0
LA 2t ¢
b / _

Jr[/o tk f( 5 a+2b>

o,k a,k a+b
[I<“§b>+f(b)+l<“;b>f(“)]f( 2 )‘
Lt 2 ¢t \|* 17

qﬁr}

IN

S(2-t ¢
(2 a—|—2b dt| .
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Convexity of |f|7 gives

’21Fk(a +k)
(b—a)¥

< b;“ (211)11“ H/Oltiz (;If’(a)|q+ Z;tIf’(b)w) dt};
+ [/olt? (2ztf’(a)|q + ;U,(b)'q) dt] 31

_b-a( 1 @ 1OF e @l @
-5 (71) Hmz+m*z+1 dzenl *lEe e
i)

2(¢ +2

o,k a+b
12k 1)+ 125, @] 1 (950)]

=

)

which after a little computation gives the required result. (I

Remark 3.1. If we take k = 1 in Theorem 3.1, we get inequality (1.6) of Theorem
1.2 and if we take « = ¢ = 1 along with & = 1 in Theorem 3.1, then inequality (3.4)
gives inequality the following result.

Corollary 3.1. With assumptions of Theorem 3.1 we have

s (45

Theorem 3.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If | f'|7 is convex on [a,b] for ¢ > 1, then the following inequality for k-fractional
integral holds:

< p@i+iron.

()
N <?il) Ku&>wszwW)i+(mfwwz.ﬂ@q)ﬂ
ba(?il) F@)+1f o,

01 1
wzth;+§—1

Proof. Using Lemma 3.1 we have

28 Ty (a+ k)
(b—a)¥

< b—a /175(’5
<3 ;

12y S0+ 12, @] -1 (450)]

2
2 — b 2 —
f’(;a-l—th)‘dt—i—/ te f’( 2ta+;b>‘dt]
0
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From Holder's inequality we get

2%71Fk(0é + k?)
(b—a)*

e[l I

» 2—t t
" =——a+ =b
f< 5 a+2)

el

Convexity of |f'|? gives

o,k a,k a+b
1k, S0+ 1k s - 1 (45|

_ q
f (;a + 22tb> dt}

¢ qu
q]

28T Th(a+ k) o a.k a+b
g i, S0+ I, @)1 (7))

<b—a 1 »
-4\ 4+

+ {Al <22t|f'(a)|‘1 i ;|f’(b)|q> dtr

_b4a<?1+1)é [f’(a)|q+3|f’(b)lq]3+{3|f’(a)lq+f’(b)qr]_

4 4
For second inequality of (3.5) we use Minkowski’s inequality as

P ]

a,k a,k a+ b
12k, 10+ 17, 1) - 7 (457

b—a 4 v "(a)|d '(p)]914 (a4 1(pV9]E
< (%1) (/@1 + 817/ @) + 317" ()| + 1)1
b—a 4 » 1 , ,

<15t (m) B 00 @I+ )

b—a/ 4 \* . )

<5 () 0@l o,

O

Remark 3.2. For k = 1 in above theorem we get inequality (1.7). If we take
a =k =1 we get the following result.

Corollary 3.2. With assumptions of Theorem 3.2 we have

b_lajabf<sc>dz—f(“;b)|

<l <pf‘;1) (7@ + 317 @) + GBI @+ 17O

Q=
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ON ALMOST IDEAL CONVERGENCE WITH RESPECT TO AN
ORLICZ FUNCTION

EMRAH EVREN KARA, MAHMUT DASTAN, AND MERVE ILKHAN

ABSTRACT. In this article, we define new classes of ideal convergent and ideal
bounded sequence spaces combining an infinite matrix, an Orlicz function and
invariant mean. We investigate some linear topological structures and alge-
braic properties of the resulting spaces. Also we find out some relations related
to these spaces.

1. INTRODUCTION

By w and /.., we denote the space of all complex valued sequences and bounded
sequences, respectively. N and C stand for the set of natural numbers and complex
numbers and e = (1,1, 1, ...).

The notion of ideal convergence which is a generalization of statistical conver-
gence (see [1, 2]) was introduced by Kostyrko et al. [3].

A family Z of subsets of a non-empty set X is called an ideal on X if for each
A, B €T, wehave AUB € Z and for each B €7 and B C A, we have B € Z. If
X ¢ T, it is called a non-trivial ideal. A non-trivial ideal is said to be admissible if
it contains all the finite subsets of X.

A sequence x = (x) in R is called ideal convergent to a real number [ if for
every € > 0 the set {k € N: |z}, — | > ¢} belongs to the ideal [3].

A sequence z = (xy) of real numbers is said to be ideal bounded if there is a
K > 0 such that {k € N: |zx| > K} € T [4].

Later, many authors studied on ideal convergence. See for example [5, 6, 7].
Also, ideal convergence is studied on normed spaces and topological spaces in [8, 9,
10, 11, 12].

Let o be an injective mapping from the set of the positive integers to itself such
that oP(n) # n for all positive integers n and p, where o?(n) = o(c?~%(n)). An
invariant mean or a o-mean is a continuous linear functional defined on the space
ls such that for all z = (z,,) € lo:

(1) If 2, > 0 for all n, then ¢(x) > 0,

2000 Mathematics Subject Classification. 40A05, 40A35, 46A45.
Key words and phrases. Invariant means; ideal convergence; Orlicz functions.
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(2) p(e) =1,
(3) (P(S‘r) = QD(IZ’), where Sz = (xo'(n))'

V, denotes the set of bounded sequences all of whose invariant means are equal
which is also called as the space of o-convergent sequences. In [13], it is defined by

Vo={r€ly: lilgn tin(z) =1, uniformly in n,l = o — limz},

Tnt+T 1.t +T_k
where tg, (z) = 5 B

o-mean is called a Banach limit if ¢ is the translation mapping n — n + 1. In
this case, V,, becomes the set of almost convergent sequences which is denoted by
¢ and defined in[14] as

é={rels: lilgn din () exists uniformly in n},

where dj,, (z) = —w’L+z"L+]iii"+w"+".

The space of strongly almost convergent sequences was introduced by Maddox
[15] as follow:

€ ={zr e lx: lilgn din(|z — le|) exists uniformly in n for some I}

A function M : [0,00) — [0,00) is called an Orlicz function if M is continuous,
nondecreasing and convex with M(0) = 0, M(z) > 0 for z > 0 and M(z) — oo
as ¢ — 0o. By convexity of M and M(0) = 0, we have M (Az) < AM (x) for all
A€ (0,1).

It is said that M satisfies As-condition for all x € [0, 00) if there exists a constant
K > 0 such that M (Lz) < KLM(z), where L > 1 (see [16]).

By using the idea of Orlicz function, Lindenstrauss and Tzafriri [17] defined
Orlicz sequence space

EM:{méo.;:ZjM'(xpk|><oo7 forsomep>0}

k=1
which is a Banach space with the norm

B :inf{p>0:§:M<x:|> gl}.

k=1
Several authors used the concept of an Orlicz function to define a new sequence
space. For some of the related papers, one can see [19, 20, 21, 22].
Let p = (pr) be a sequence of positive real numbers such that 0 < h = inf py, <
pr < H = sup pg < 0o. For each k € N the inequalities

(1.1) lak + Bel™ < D {|o|™* + [Brl"*}
and
|afP* < max{L, a"}
hold, where a, ay, B € C and D = max {1,277},
Let A = (a;j) be an infinite matrix of complex numbers a;;, where ¢, j € N. We

write Az = (A;(z)) if A;(z) = > a;jz; converges for each ¢ € N. Throughout the
j=1

text, by tgn(Az), we mean
An(x) + Agl(n)(x) + ...+ Aak(n) (1‘)

tkn(Al‘) = 1
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for all k,n € N.
A sequence space X is called as solid (or normal) if (yxzr) € X whenever
(zr) € X and () is a sequence of scalars such that |y;| <1 for all k € N.
Let X be a sequence space and K = {k; < kg < ...} € N. The sequence space
Z%X = {(zy,) €Ew: (x,) € X} is called K-step space of X.
A canonical preimage of a sequence (zy,) € Z; is a sequence (y,,) € w defined
by
|z, ifneN,
Yn = { 0, otherwise.
A sequence space X is monotone if it contains the canonical preimages of all its
step spaces.

Lemma 1.1. ([18],p.53) If a sequence space X is solid, then X is monotone.

Recently, strongly almost ideal convergent sequence spaces in 2-normed spaces
defined via an Orlicz function was introduced by Esi [23]. Quite recently, Hazarika
[24] defined a new class of strongly almost ideal convergent sequence spaces using an
infinite matrix, Orlicz functions and a new generalized difference matrix in locally
convex spaces and proved some results about this notion. Further in [25, 26, 27],
the authors defined new spaces by combining ideal convergence, Orlicz functions
and infinite matrices.

The purpose of this paper is to introduce and study some new ideal convergent
sequence spaces with respect to an Orlicz function and an infinite matrix.

2. Main results

In this section, by combining ideal convergence, an infinite matrix, an Orlicz
function and invariant means, we define some new sequence spaces.

From now on, by Z, we denote an admissible ideal of N.

Let M be an Orlicz function, A be an infinite matrix and p = (px) be a bounded
sequence of positive real numbers.

For every ¢ > 0 and some p > 0, we introduce the spaces as follows:

Pr
IT—cf(M,A,p) = {uEw : {k eN: [M (WAU)D} > 8} € 7 for allneN},
p
[tin (Au — le)]

Ic"(M,A,p){qu:{kEN:[M( 5

Pk
)] Zs}GIforallnENandsomele(C},

t A Pk
Il (M, A p) = {u € w: 3K > 0 such that {k eN: [M <|k"(pu)>} > K} €7 foralln e N}.
If we take pj, = 1 for all k € N, then the above spaces are denoted by Z—c§ (M, A),
Z—c"(M,A), T -9, (M,A), respectively.

Theorem 2.1. The spaces T — c§(M,A,p), T —c°(M,A,p) and T — ¢ (M, A,p)
are linear spaces.

Proof. The result will be proved only for Z—c§ (M, A, p). The others follow similarly.
Take any u,v € Z — ¢§ (M, A,p). Then for given € > 0 the sets

Sl{keN: [M(Wﬂ” 22;}
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ng{keN: [M('tknp(;‘l”)ﬂp’“ ZQED}

are contained in Z for some p1, p2 > 0.
By using the inequality (1.1) and the fact that M is nondecreasing and convex,
one can see the following inequality:

o (Lm0 ) Ty (B0 (A0

P P1 P2

o [u(=0] s o ()

where p = max{2|A|p1, 2|p|p2} and A, u € C.
If we choose a positive integer k' from N\S; U Ss, we obtain

[M (Itkn(A(/)JU+Mv)I>rk ce

and

Hence the set

fien: (Pt 7=

belongs to the ideal which implies Au + pv € T — ¢ (M, A, p). This completes the
proof.
O

Theorem 2.2. The inclusions
Z—cf(My,A,p)NT — (M2, A,p) CT —cg (M + M, A, p),
T—c" (M, Ap)NT —c”(Ma, A,p) CT — (M + M, A, p),
-0 (M, A,p)NT — 3 (Ma, A,p) CT — 45 (M; + Ms, A, p)
hold for any Orlicz functions My and M.

Proof. Let u belong to the intersection of Z — ¢§ (M1, A,p) and Z — ¢ (Ma, A, p).
Since the inequality

(a1 (A | _ [, (MonlAC) |, (im0

o{ [ (] (]
holds, the result is obvious.

The other inclusions can be shown similarly. ([l

Theorem 2.3. Let My satisfy Ao condition. Then the inclusions
T —cf(My,A,p) CT —cj(MyoMs, A,p),
Z— (M, A,p) CT —c"(My oMy, A, p),
T -0 (M, Ap) CT— 47 (Mo My A, p)
hold for any Orlicz functions My and M.
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|tkn(;4(u)\) > 8. By us-

ing the properties of an Orlicz function and the fact that My satisfies Ay condition,
we have

o ()" o )

< max {1, (K6 'M(2))"} {Ml (W)Fk,

Proof. We prove the theorem in two parts. Firstly, let M; (

where K > 1 and 6 < 1. From the last inequality, the inclusion

{rem: o (o (B )2 of o {eeme o (B0 2 e

is obtained. If u € 7 — ¢§(My, A, p), then the set in the right side of the above
p .
inclusion belongs to the ideal and so {k‘ eN: |:M2 (Ml (MPA"”))} * > 5} S

[t (A(u)]
p

Secondly, Suppose that M; ( ) < 4. Since M> is continuous, we have

Pk
M, (Ml (w)) < eforall e > 0 which implies Z—limy [Mg (M1 (MPA”)'))] o

0 as € — 0. This completes the proof.
The other inclusions can be shown similarly. ]

Theorem 2.4. If sup,[M(t)]P* < oo for all t > 0, then we have
ZT—c"(M,A,p) CT -1t (M, A,p).
Proof. Let x € T — ¢°(M, A, p). The inequality

pr ()] = o L (=) e ()]

holds by (1.1), where p = 2p;. Hence we have

o ()" 2] oo (st

for all n and some K > 0. Since the set in the right side of the above inclusion
belogs to the ideal, all of its subsets are in the ideal. So

oo (0] e

which completes the proof. [

Theorem 2.5. Let 0 < pr < qx < oo for each k € N and (%) be bounded. Then
we have
I_ W(M5A7Q) g I_ W(M7A7p)7

where W = ¢f, c.
Proof. Suppose that v € T — c¢§(M, A, q). Write ay = Z—}’; By hypothesis, we have

q Pk
O<a<a, <1 If [M (M)] * > 1, the inequality [M (MPA“)I” * <

[M (M)]qk holds. This implies the inclusion

o () e o) )
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q
and so the result is obvious. Conversely, if {M (W)} * < 1, we obtain the

following inclusion

e ()" e e () o)

P ey @
since then the inequality [M (W)} * < ([M (MPAW)} k) holds. Hence
we conclude that u € T — ¢ (M, A, p).

Theorem 2.6.

(1) If 0 < infpy, < p <1 for eachk €N, then T—W (M, A,p) CT-W (M, A),
where W = ¢§, c.

(2) If 1 < pp < suppr < oo for each k € N, then T — W(M,A) C T —
W(M, A,p), where W = ¢§,c°.

Proof.
(1) Letuw € T—cg(M, A, p). Suppose that k ¢ {k eN: [M (M;‘u)l)rk > 5}
for 0 < € < 1. By hypothesis, the inequality M (M) < [M (M)}pk
holds. Then we have k ¢ {k eN: M (W) > 5} which implies

emon(BL0) o () .

Hence u € T — ¢ (M, A) since the set {k eN: M (W) > 5} in 7.
(2) The proof is similar to the first part.
O

Theorem 2.7. The spaces T — c§(M, A,p) and T — {5 (M, A,p) are solid.

Proof. Letu € T—c§(M, A, p). Then we have {k eN: {M (Mfl“)')rk N g} €T

for all n. If v = (y&) is a sequence of scalars such that |yx| <1 for all k¥ € N, then
the following holds:

(=) ()]

Hence we obtain {k eN: [M (M)rk > 5} - {k eN: [M (Mpfm)lﬂm > 5}

and so {k eN: [M (Myu)‘)]pk > z—:} € Z which means yu € T — ¢ (M, A, p).

We conclude that the space Z — ¢ (M, A, p) is solid.
]

Corollary 2.1. The spaces T — c§(M,A,p) and T — (% (M, A,p) are monotone.

Proof. The proof follows from Lemma 1.1. (Il

Theorem 2.8. Iflimy pr, > 0 and u — uo(Z — ¢ (M, A, p)), then ug is unique.
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Proof. Let limgpr = po > 0. We assume that v — uo(Z — ¢“(M, A, p)) and
u— vo(Z — (M, A,p)). Then there exist p1, p2 > 0 such that

{k eN: [M <|t"'"(AZ1 “06”)]“ > 261)} eT

fren: o (Btm) 2 e

for all n € N. Put p = max{2p1,2p2}. Then the inequality

o () 2o ()] [ ()

holds. Hence we have for all n € N

R R I

e o (s o)

p

By this inclusion, we obtain {k eN: [M (@)] i > e} € 7 which means
p

7 — lim [M (@)} - 0. Also we have

(=) ()

P
as k — oo since the limit of the sequence (py) is po and so [M (M)} - 0.

and

This implies that ug = vg.
O
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BLASCHKE APPROACH TO EULER-SAVARY FORMULAE FOR
ONE PARAMETER DUAL HYPERBOLIC SPHERICAL MOTION

ZEHRA EKINCI AND H. HUSEYIN UGURLU

ABSTRACT. In this paper, we have introduced one parameter dual hyperbolic
spherical motions in the dual Lorentzian space. This examination is given
using Blaschke frame of axodes corresponding to the curves on the unit dual
hyperbolic sphere. By considering Disteli axis on the Blaschke frame we have
obtained Euler Savary formulae for one parameter dual hyperbolic spherical
motions. At the end of this study, by obtaining orthogonal rotation matrices
in the sense of dual Lorentzian type, we have found real and dual invariants
of fixed and moving axodes.

1. INTRODUCTION

Line trajectories have an important place in the kinematic design and mecha-
nism. In spatial motions, trajectories of directed lines connected in a moving rigid
body are ruled surface. Differential geometry of ruled surfaces has been widely
used in spatial mechanism, Computer Aided Geometric Design (CAGD), kinematic
modeling of analytical tools of robot science and manufacturing of mechanical prod-
ucts. On dual geometry, many applications of ruled surfaces is studied by using
transference principle or E. Study mapping. By this transfer, ruled surfaces can be
represented by dual spherical curves lying on unit dual sphere of dual space. Then,
a motion of a line in the 3-dimensional space can be studied by the motion of a
unit dual vector of dual space and the properties of this motion can be obtained
(2,3,4,12,19,20,30,32]. On the one parameter spatial motion, instantaneous screw
axis ISA which a pair of ruled surface generates moving axode in the moving space
and fixed axode in the fixed space. Kinematics and geometry of these axodes with
corresponding to dual curves have investigated by some mathematician [2,3,4,14,19].
In the planar kinematics, there exists only one curvature circle and the position of
point is given in the moving plane, then the radius and center of this circle can be
determined by the famous Euler-Savary formulae. Euler-Savary formulae of a line
trajectory were studied. This formula have introduced on the spherical kinematics
[2, 3,14,30]. Furthermore, Lorentzian space kinematics is more different and more
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interesting than the Euclidean case. Differential geometry of curves and surfaces
in the Lorentzian space are studied [1,13,17,21,23,26,27,28,29]. In this space, the
spherical motions are studied according to the Lorentzian casual characters of the
lines. Then, the spherical motion is called hyperbolic spherical motion if the mo-
tion is determinated by moving and fixed unit hyperbolic spheres and the spherical
motion is called Lorentzian spherical motion if it is determinate by moving and
fixed unit Lorentzian spheres [16,22]. Similar to the Euclidean case, by considering
the E. Study mapping of timelike and spacelike lines, the motions of these lines are
studied in dual Lorentzian space and the properties of these motions are obtained
[25]. One parameter spherical motion have investigated at reel and dual Lorentzian
spaces [5,8,16,24,25]. The purpose of this paper is to introduce one parameter dual
hyperbolic spherical motions on the dual Lorentzian space. By considering Disteli
axis on the Blaschke frame we have obtained Euler Savary formulae for one param-
eter dual hyperbolic spherical motions. At the end of this study, we have found
real and dual invariants of fixed and moving axodes by using orthogonal rotation
matrices in the sense of dual Lorentzian type 3 x 3.

2. LORENTZ SPACE

Let R} be a 3-dimensional Minkowski space over the field of real numbers R with
the Lorentzian inner product (,) given by

<CT7 5> = —aiby + azbz + azbs,

where @ = (a1, as, as), b = (by,by,b3) € R3 A vector @ = (a1, as,as)
of IR} is said to be timelike if (@,a@) < 0, spacelike if (@, @) > 0 or @ = 0, and
lightlike (null) if (@,@) = 0 and @ # 0. Similarly, an arbitrary curve @(s) in R3 is
spacelike, timelike or lightlike (null), if all of its velocity vectors @’ (s) are spacelike,
timelike or lightlike (null), respectively [15]. The norm of a vector @ is defined by
ldll = /T(@a) |- Now,let @ = (a1, as, as)and b = (by, by, bs) be two vectors
in IR3. Then the Lorentzian cross product of @ and bis given by

a x 5 = (a2b3 — a3b2 s G,lbg — agbl, a2b1 —albg).
The sets of the unit timelike and spacelike vectors are called hyperbolic unit
sphere and Lorentzian unit sphere and denoted by

Hi ={d = (a1, a2, a3) € R}: (d,a)=-1},

and

St =1{d = (a1, as a3) €R}: (d,a)=1},
respectively [28].
3. DUAL SPACE
A dual number has the form A = A+eA*, where A and A* are real numbers and

¢ is called dual unit which is subject to following rules:

£#0,e2=0,06=c0=0,le =¢l = ¢.
We denote the set of all dual numbers by D:
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D={A=X+eX": A\, \"€R, = 0}.

Equality, addition and multiplication are defined in D by

(i) A+ eX* =B +¢ep* if and only if A = § and \* = §*.

{)(A+eX*) + (B+eB*) = (A +8) + (A" + 5%).

(i) (A +eX*)(B+eB*) = (AB) +e(\*B + B*N).

respectively. Then it is easy to show that (D, +, .) is a commutative ring with
unity [20].

The dual number @ = a + ea* divide by dual number b = b + eb*, with b # 0, is
defined by

a_a n €a*b — ab*
b b b2

Let f be a differentiable function with dual variable £ = = + ez*. Then the
Maclaurin series generated by f is

f@) =flx+ea”) =f(x) +ea"f (2),
where f’ () is the derivative of f with respect to x.
Let D2 be the set of all triples of dual numbers, i.e.

D? ={a=(a,a2,a3) | a; €D, 1<i<3}.
The elements of D3 are called dual vectors. A dual vector @ may be expressed

in the form a = @ + ea*, where @ and @* are the vectors of R3. Let & = d@ + ea*,
b=>b+eb*c D3 and A= A+ ¢\* € D. Then we define

a+b=a+b+e(@+ o),
Aa = M+ e(Ad* + \*d) .

By these operations, D? becomes a unitary module and it is called D-module or
dual space (See [7,9]).

For any dual vectors @ = @+¢ea* and b=b+eb* in D3, scalar product and vector
product are defined by

and
dx5:6x5+5<6x5"+&’*xg),
respectively, where <Ei, 5> and @ x b are inner product and vector product of the

vectors @ and b in R3, respectively.
The norm of a dual vector a is given by

. — o, (@A)
lall = v/(a,a) = ] +¢ i ;@7 0.

Definition 3.1 (7,30). The set of all unit dual vectors is called unit dual sphere,
and is denoted by S? and this sphere is defined by

S*={aeD? |la|=(1,0)}.
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Theorem 3.2. (E. Study’s Mapping)i There exists a one-to-one correspondence
between the points of unit dual sphere S* and the directed lines of the space R® [7].

4. DuUAL LORENTZIAN SPACE

The Lorentzian inner product of two dual vectors @ = @+ ea@*, b = b+eb* € D?

is defined by
(a,b) = (a,8) + e ((a,5) +(a",5))

where <d’, E> is the Lorentzian inner product of the vectors @ and b in the Minkowski

3-space R3. Then, a dual vector @ = @ + £a* is said to be dual timelike if @ is
timelike, dual spacelike if @ is spacelike or @ = 0 and dual lightlike (null) if @ is
lightlike (null) and @ # 0 [25].

The set of all dual Lorentzian vectors is called dual Lorentzian space and it is
denoted by

Di={a=d+ead": d a R} }.

The Lorentzian cross product of dual vectors a,b € D3 is defined by

i xb=axb+e(@ xb+axb),
where @ x b is the Lorentzian cross product in R3.

Let a = @+ a* € D} . Then a is said to be unit dual timelike (resp. spacelike)
vector if the vectors @ and a* satisfy the following equations:

< d,a >= -1 (resp. < d,a>=1), <a,a" >=0.
The set of all unit dual timelike vectors is called dual hyperbolic unit sphere,
and is denoted by H3. Similarly, the set of all unit dual spacelike vectors is called
dual Lorentzian unit sphere, and is denoted by S? and these spheres are defined by

H={aeD}: (a,a)=-1}, Si={aeD}: (aa) =1}
respectively (See [21,25,28]).

Definition 4.1 (18,31). (i) Dual hyperbolic angle: Let @ and b be dual timelike
vectors in D}. Then the dual angle between a and b is defined by < a, b >=
—lall HIN) ‘ cosh@. The dual number 6 = 6 + ¢0* is called the dual hyperbolic angle.
The geometric interpretation of dual hyperbolic angle is that 6 is the real hyperbolic
angle between timelike lines Ly, Ly corresponding to the dual timelike unit vectors
a, b, respectively, and 6* is the shortest distance between those lines.

(ii) Dual central angle: Let @ and b be dual spacelike vectors in D? that span
a dual timelike vector subspace. The dual angle between a and b is defined by
‘< a, b >‘ = |lal HEH cosh f. The dual number § =  +6* is called the dual central
angle. The geometric interpretation of dual central angle is that 6 is the real
central angle between spacelike lines Li, Lo corresponding to the dual spacelike
unit vectors a, bin D? that span a dual timelike vector subspace, respectively, and
0* is the shortest distance between those lines.
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(iii) Dual spacelike angle: Let @ and b be dual spacelike vectors in D? that span
a dual spacelike vector subspace. Then the angle between @ and b is defined by
<a,b>=|al HEH cosf. The dual number § = 0 + £0* is called the dual spacelike
angle. The geometric interpretation of dual spacelike angle is that 6 is the real
spacelike angle between spacelike lines Ly, Ly corresponding to the dual spacelike
unit vectors a, b in D3 that span a dual spacelike vector subspace, respectively,
and 6* is the shortest distance between those lines.

(iv) Dual timelike angle: Let a be a dual spacelike vector and b be a dual

timelike vector in D}. Then the angle between @ and b is defined by ’< a, b >’ =

llal| HEH sinh §. The dual number § = 0 + £0* is called the dual timelike angle. The
geometric interpretation of dual timelike angle is that € is the real timelike angle
between spacelike line L; and timelike line Ly corresponding to the dual spacelike
unit vector a and timelike unit vector E, respectively, and 6* is the shortest distance
between those lines.

Theorem 4.2 (E. Study’s Mapping for Lorentzian Space). : The dual timelike
(respectively spacelike) unit vectors of the dual hyperbolic (respectively Lorentzian)
unit sphere FIg (respectively S3) are in one-to-one correspondence with the directed
timelike (respectively spacelike) lines of the Minkowski 3-space IR} [25].

5. DIFFERENTIAL GEOMETRY OF DUAL HYPERBOLIC SPHERICAL CURVES

G = ¢(t)+eqd*(t) be a unit dual timelike vector is connected to a real parameter ¢ |
this vector draws a curve on the unit dual hyperbolic sphere Hg. Applying Study’s
map, this curve represents a timelike ruled surface M. If the ruling ¢ is timelike,
then the ruled surface M is said to be of type M [11]. Therefore, differential
geometry of dual hyperbolic spherical curves corresponds to differential geometry
of timelike ruled surface M?!.

Let df = df + £df* dual arc-length of dual hyperbolic spherical curve § = G(t).
Thus, we have

(5.1) do? = (dq,dq) + 2¢ (dq, dg*)

Hence we obtain

(5.2) do* = (dq,dq), d9de* = (dq,dq*) .

Therefore, differential invariant of timelike ruled surface M! given by
dg*  (dg.dg*)  (7,d¥)
9 (dg.dg)  (7.q)"

The invariant ¢, is said to be distribution parameter (or drall) of the timelike

(5.3) 5, =

ruled surface. If <q_; , (;’ > = 0, the ruled surface is said to be timelike cylindrical and

we except this case [17,21].
We now give an orthonormal moving frame of a dual hyperbolic spherical curve
as follows:
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~/
(5.4) i= i), h:ﬁ , a=—gxh
This frame is called the Blaschke frame, and the corresponding lines intersect
at the striction point of timelike ruled surface ML. The set of the striction points
constitute a curve C' = C(t) lying on the timelike ruled surface M1 and is called
striction curve. h and a are known as the central tangent and the central normal

of the timelike ruled surface M!. So, Blaschke formula is given by

a=hh k=@, 1)
9 Vhirka =)
@ = —Foh
and
d _ _
(5.6) d—f — cosh ¢4 + sinh ¢

where k;, ko are called the Blaschke’s invariants. From (5.5) for dual vector P =
W+ ep* = —koG — k1@ we can write

Cj/ZQZJXCj’ E/:Z/;Xi% d/:/&xgbv
where dual vector z/; = 1Z + 51;* = —koG — k1@ is called the dual instantaneous
Pfaffian vector. The pole vector and the Steiner vector of the motion are given by

(57) o= 2. a= 4.
respectively [17,21].

6. ONE PARAMETER DUAL HYPERBOLIC SPHERICAL MOTIONS

Let two coordinate systems {O’;q}, Ef, c?f} and {O; T s Hm, dm} be orthonor-
mal coordinate systems which one represents fixed space Ly and which one repre-
sents moving space L3 in R} | respectively, where ¢ '+ and Gy, are assumed as timelike
vectors. In order to introduce the motion Ls/Ly let take the coordinate system

{Q; q, h,c?} as an orthonormal relative system which represent the relative space

Lq. Let 31, 35 and X3 be unit dual hyperbolic spheres with same center O. Accord-
ing to the E. Study mapping, the points of unit dual hyperbolic spheres 31, 5 and

Y3 can be represented by dual orthogonal systems {O; q, iL, EL}, {O; qs, ﬁf, sz} and
{O;(jm,flm,dm} respectively. Therefore, the motions Li/Ls, Li/L3 and L3/Lo
can be considered as dual hyperbolic spherical motions 31 /39, ¥1/¥5 and X3/¥0,
respectively.

Let Ay and A,, be a unit dual Lorentzian orthogonal matrices of type 3 x 3 and
we can write

(6.1) S =AYy, Sy = AT,
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where

qr

q Gm
Si=| h|,Z=|h |, 5= hm
i iy im

are dual column matrices. The elements of the matrices Ay and A,, are continuous
and differentiable functions of dual parameter ¢ = ¢ + &t*. In order to introduce
one parameter hyperbolic motion we assume that ¢t* = 0.

Differential of the relative orthonormal coordinate frame ¥; with respect to unit
dual fixed and moving hyperbolic spheres Y5 and Y3 are

(6.2)  dSi; =dAYe =dA;(Ap) 'S, dE1 = dALSs = dAy (An) TS

By choosing Qf = dAf(Af)~", Q. = dA,.(A,)"" Eq. (6.2) can be rewritten
as follows

(63) dzlf = szh dzlm = szl

where Q ¢ and Q),, matrices are anti-symmetric in the sense of Lorentzian.
During the one parameter dual hyperbolic motion X3/35 the differential velocity
vector of a fixed dual hyperbolic point X; = Z; + 2} (1 <i<3) on X3 is

(6.4)

where Q = G+e@* is called the instantaneous dual hyperbolic Pfaffian vector of the
motion ¥3/%. The Pfaffian dual vector  of the motion X3/, at the instant ¢, is
like to the Darboux vector of space curves in the differential geometry. In this case
w and w* correspond to instantaneous rotational differential velocity vector and the
instantaneous translational differential velocity vector of corresponding hyperbolic

motion L3/Ls, respectively. The dual number HQH =0 = w+ ew* is said to be

dual angular speed of the one parameter dual hyperbolic motion ¥3/¥.
We consider the following identification

I @
(65) Q= Q3_ O_ —Ql 4 92 =Q.
Q0 0, 0 Qs

Lemma 6.1. For a one parameter dual hyperbolic spherical motion the following
conditions are provided:

(i) The skew-symmetric in the sense of Lorentzian matriz of type 3 x 3 deter-
mined by Qu(t) = A=Y A’ is called the moving polode.

(ii) The skew-symmetric in the sense of Lorentzian matriz of type 3 x 3 deter-
mined by Qf(t) = A’A~1 s called the fized polode.

(iii) The moving and fized polodes are related by Qf(t) = adA(t)Q(t), where
adAQ,, = AQ, AL

(i) s = ]
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(v) G¢(t) = Hgfi:)” and g, (t) = Hgmigﬂ are called the fized azode and moving

azodes of the one parameter dual hyperbolic motion X3/%s, respectively.
(vi) < dqf = adAYr dqf = A%m A-1 [5].

During the dual hyperbolic motion ¥3/%,, the differentiable curve

(6.6) teR — Gn(t) € X3

states a differentiable family of straight lines on the moving axode. Now give an
orthonormal moving frame along curve ¢, (¢) ;

(6.7) G = Gm(t) (timelike), h (dqm> H ddm ||~

This frame is called the Blaschke frame, and the corresponding lines intersect at
the striction point of the axode ¢, = ¢ (t) . am and h, are described as the central
tangent and central normal of the timelike ruled surface ¢, = ¢ (t), respectively.

) :_QmXBm

Let 7" be a dual unit hyperbolic sphere generated by the set {O;(jm,ﬁm,&m}.
Therefore, the motion X7*/33 is given by

d(zm (_) Elm Q gm,
(6.8) dhm | = | kim 0 ko P,
dam, 0 —kom O Gm

where dual functions

dim  d*Gm
d(jm det <QWL7 dt 0 dt2 )
dt k2.,

are called Blaschke invarians of the moving axode. Striction curve is given by

(69) ];Jlm = kim + Ek’)lkm = s ];52m = kom + Ekgm ==

acm™
dt
In this case dual functions in Eq. (6.9) abide by

(6.10) = kynGm + K lm.-

(6.11) Eim = kim + esinhG,,, kom = kom + € cosh G,y

where 7, is the striction angle measuring the derivation of the generating lines of
Gm (t) from the striciton curve. The distribution of timelike moving axode is
ki sinh &
6.12 Ap = A = i
( ) " klm klm
During the one parameter dual hyperbolic motion ¥3/35, the ISA on fixed hy-
perbolic sphere Y5 generates the fixed polode which accepts the Blaschke frame

daell ™ B ~
ﬁ y afz—qthf.

dt

(6.13) G5 = Gy (t)(timelike), hy = (diflt(t)> ‘

Similarly, the set {O; qr, h i, a f} describes a unit dual hyperbolic sphere Z{ , and
the hyperbolic spherical motion E{ /%9 is given by
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dgy 0 kiy O qr
(6.14) dhy | =| kiy 0 Ky hy
déy 0  —ky O iy

where the dual functions

- dgy d%§
det (a5, %3¢, %)
ki

are the Blaschke invariants of fixed polode. Striction curve is given by

_ da
(6.15) ki = kis + ki) = Hgtf

) EQf:ka‘i’gk;f:*

dc’
dt
Likewise the dual functions in (6.15) are

(6.16) = k5pGp + kipay.

(6.17) /_€1f = kiy +esinhoy, /_fzf = koy +ecoshoy,

where G is the striction angle between the lines of §;(¢) and the striction curve.
Therefore, the distribituon parameter of the fixed axode is

ki‘f sinh of
6.18 Ap=—+ = .
(6.18) 1= Py

Theorem 6.2. Relations between Blaschke invariants of the timelike axodes are
given by the equalities

(6.19) Foim = Fip, Fom — Foy = HQH .
Proof. Using (6.8) and (6.14) and Lemma (6.1) can be easily proved. O
Consequently, the following corollary can be given.

Corollary 6.3. During the one parameter hyperbolic spherical motion 33/39, the
moving polode is contact with the fixed polode along ISA in the first order at any
instant ¢. The common distribution parameter of timelike axodes is

ki
= o

Let 31 be unit dual hyperbolic sphere generated by the system
{O;cj(timelike),ﬁ,d}. In this system, a(t) = a(t) + ea*(¢) is the common per-
pendicular of §(t) and §(t + dt) and a(t) = a(t) + ea*(t) = —§ x h and; §,h and
@ correspond to orthogonal lines in the Minkowski 3-space R}. Then, the deriva-

tive equations of the one parameter dual hyperbolic spherical motions 37 /33 and
¥1/%, are

(6.20) A=A = As

dg q 0 ky 0
m a 0 —koym O
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and
dg ﬂj 0 k1 0
622 S —cmiw. q=|h | CE) =]k 0 ky |,
t ~
f a 0 —kgf 0
respectively,where
(623) ]:Zl = ]fl + 6]'{31:, ];IQm = ka + €k;m, Z:Qf = sz + Sk‘;f

are the Blaschke invariants of the one parameter dual hyperbolic spherical motion.

7. THE APPROACH TO A TIMELIKE RULED SURFACE WITH AXODES

In this section, we introduce geometrical and kinematic meanings of dual invari-
ants of hyperbolic polodes. In order to this analysis we consider a timelike point X
on the unit dual hyperbolic sphere such that its coordinates are

(7.1) X2+ X34 X2=-1, X=XTG X=| X,

If X is a function of ¢, the velocity of X at the instant ¢ with according to the
moving unit dual hyperbolic sphere X5 and fixed unit dual hyperbolic sphere ¥
are

dX dXT . d§
and
(7.3) x| _ —dXT~+XT u
‘ at |, "~ 1 dt |,

respectively. From (6.21) and (6.22), we get

dX axXT o N
and

dX D G N

If the line X is fixed relative to the moving unit dual hyperbolic sphere, then

the derivative % = 0. That is we have
m

(7.6) % =-XTc(M).
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Now, assume that X is fixed according to the moving unit dual hyperbolic sphere
Y3 and let us compute its velocity according to the fixed unit dual hyperbolic sphere
Y. Then we obtain equation

(7.7) — = X"T(C(F) - C(M))q.
Let us define a matrix C(R) by

(7.8) C(R)=C(F)—-C(M).
Then (7.7) can be rewritten as
dX

(7.9) - =X (CR)q.

‘We have an axial dual vector D, = d + ed* such that

(7.10) C(R)X =D, x X.
Therefore (7.9) can be stated as
X . - . . _
(7.11) a;—t =D, xX, Dy=Djs—Dpy=-0q,
where HQH = Q = w + ew*. Then from Theorem 6.2 and (7.11) we have

%
dt
From (7.11) and (7.12), it follows that the acceleration of X is given by

(7.12) = (X307 + (Xo0)a

2X o _ . o _ L

(7.13) —7 = (—Qk1 X3)G + (' X3 — QP Xo)h + (k1 X1 + Q' X — O*X3)a.

8. LINE COMPLEX DURING ONE PARAMETER HYPERBOLIC SPHERICAL MOTION
_ In this section, we investigate timelike ruled surface generated by the timelike line
X. Now we describe a frame moving along the curve X (¢) on the unit hyberbolic
sphere Y. According to transference principle, this curve corresponds to a timelike
ruled surface in the fixed Lorentzian space Lo. The Blaschke frame along X (t) is
defined as follows:

(8.1) Ey = X = X1§+ Xoh + X3a, (time)

~ X' 7X3?L+X2&

8.2 FEy = = = =

8.2) T E SeEwe

(14 X2)§+ X1 Xoh + X1X3d>

(8.3) Fs=—(F, x By) = —
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The unit dual timelike vector E; is one-to-one correspondence with the directed
timelike line of the Minkowski 3-space IR$ and dual spacelike unit vectors E,, E;
are one-to-one correspondence with the directed spacelike lines of the Minkowski
3-space. The Blaschke derivative formulas are

d @1 [ 0 kia 0 El
(8.4) = Ey | = ke 0 kxn Es
E3 L 0 *er 0 E3
where
ko = kip + ek, = ’%H = 0\/X2+ X2,
(8.5)

are Blaschke invariants of the timelike curve X ().

Theorem 8.1. During the one parameter dual hyperbolic spherical motion 33/%,,
consider a set of lines are contact with the timelike moving arode and these lines
are generators of timelike ruled surfaces having the same distribution parameter in
the fixed Lorentzian space Lo. Therefore this set of lines belongs to a quadratic line
complez.

Proof. The distribution parameter of the timelike ruled surface generated by the
line X from (8.5) can be stated by

(8.6) \ 7@7 Tox} + w37} + h(23 + 23)
. === =
1z (x% + ‘T%)
This equation can be applied to determine those lines of timelike moving axode

that trace timelike ruled surfaces having the same distribution parameter. This set
of timelike lines is called a line complex and is stated by the equation

(8.7) Toxh 4+ x32h + (b — \p) (23 + 23) = 0.
This equation shows a quadratic line complex. O

Now let p(x,y, z) be the position vector of an arbitrary point on the timelike line
X. In order to introduce (8.7) If we use Lorentzian cross product then,

T =pxuzx

88) (al,z3,73)= |2 y =2 = (yx3 — 2T2, TL3 — 2X1, YT1 — TL2).
r1 X2 I3

After that, substituting (8.8) into (8.7) we have

(8.9) 2123y — 11722 + (h — Ao (23 4 23) = 0.
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This equation represent that the timelike lines X of timelike moving axode that
trace timelike ruled surfaces with the same distribution parameter lie on a plane
parallel to the ISA of the one parameter Lorentzian spatial motion L3/ Lo.

From (8.9), we have two different cases: In the case of A\, = h the distribution
parameter is associated with the lines in planes passing through the ISA. In the case
of Ay = 0, the timelike line X of the timelike moving axode, generate a developable
timelike ruled surface, (8.9) reduces to

(8.10) T3y — 1392 + h(25 + 23) = 0.

Now, kinematic investigation of Blaschke frame is given by using Blaschke in-
variants ki, = kiz + €k}, and ko, = koy + k3, . To realize this, we define dual
vector

(8.11) D, = —koyFy — k1, E3
known as Darboux’s vector. Hf)H =k}, — k2, = w, + ew? is the angular speed
of timelike line El about the Darboux vector.

are the rotational angular speed and translational angular speed of timelike line
F, respectively. The pitch of F; along the Darboux vector is

Y kigkl, — kogks
8.13 hpy= "% = —2% = =%
( ) Wy k%m - k%x
Disteli axis is axis of hyperbolic motion of the timelike line El and it’s defined
by

" Da: _];321E~|1 - ElrEB
(8.14) U= = L
HDx V k%w - k%x

From (8.14), the Disteli axis is parallel to tangent plane of timelike ruled surface
X = X(t), and is unit dual timelike vector. Then the ISA of one parameter
hyperbolic spherical motion ¥3/¥s and the Disteli axis lie on a single great dual
hyperbolic circle determined by the intersection of Ej Es-plane and the unit dual
hyperbolic sphere ¥5. Now let A = § 4+ £6* be the dual hyperbolic angle between
the Disteli axis and the timelike line X ; then we have

(8.15) U = —cosh A F, — sinh A F,

where A = § + &6* is dual hyperbolic spherical radius of curvature. For differential
of (8.15) we have

(8.16) U = (—sinhA FE; —cosh A Eg)A' + (koy sinh A — ky, cosh A)E~2

and



108 ZEHRA EKINCI AND H. HUSEYIN UGURLU

(8.17) coth A = ]]_iﬁ

lx
This equation shows that the relationship between the dual hyperbolic spherical
curvature p and the dual hyperbolic spherical radius of curvature is

(8.18) p=p—+ep" =cothA.

9. DURING ONE PARAMETER HYPERBOLIC SPHERICAL MOTION LINE
TRAJECTORIES AND EULER SAVARY FORMULAE

In this section, by using dual hyperbolic angle we give a different method for
deriving a new Euler-Savary formula of Lorentzian spatial kinematics. This means
that we investigate an oriented timelike line in the moving Lorentzian space Lg with
a fixed hyperbolic angle with respect to a given timelike line in the fixed Lorentzian
space Lo.

Theorem 9.1. Let X3/35 be the one parameter dual hyperbolic motion. In this
case, the relation between the spherical radii of curvature of the pole curves is given

by

_ - Q
(9.1) (cothd, — cothf)sing = p = = coth ¥ — coth 7y,

1
where ¢ and 7y, are the dual hyperbolic spherical curvatures, Q is the dual screw
velocity and Eim = kzlf are dual invariants.

Proof. For instantaneous fixed timelike line X of the hyperbolic motion 23 /39, we
present the dual hyperbolic angle = 6 4 £6* and dual spacelike angle b= ¢+eo*
to determine the direction of timelike line X. Because X is a unit dual timelike
vector, we can give the components of X in the following form:

(9.2) X = coshfG +sinh0L, L = cos¢h + sin da.

The dual hyperbolic angle 6 = 0 + €6* describes the position of timelike line X
relative to the ISA of the one parameter dual hyperbolic spherical motion X3/%,.

A similar set of coordinates may be used to determine the timelike Disteli axis
U of the timelike ruled surface X = X (¢ (t). Since central normal E, is also normal
to the timelike Disteli axis, it is determined by the same dual central angle ¢ about
the ISA of the hyperbolic motion X3/35. Describing its dual hyperbolic angle with
the ISA by 0. = 0. + €0, we can write

(9.3) U = cosh 6, G+ sinh 0, cos @ h + sinh 0, sin @ @
From (9.2) and (9.3) we have

(9.4) <)~(, U> = —cosh(f. — ).

This equation describes a hyperbolic circle on the dual hyperbolic unit sphere
Y5 where (0. — 6) a given dual hyperbolic spherical radius is and U is a fixed dual
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p i (space)

 (space)
FIGURE 1. The moved timelike line X and its timelike Disteli axis U

unit timelike vector which identifies the hyperbolic circle’s center. According to
E. Study’s map (9.4) defines the set of all oriented timelike lines X. Like this a
set of timelike lines depends on two parameters and is called linear timelike line
congruence. Since osculating hyperbolic circle should have contact of at least second
order with the curve, timelike Disteli axis U and (6. — ) remain constant up to
second order at t = tg, that is

d(0. — ) dU
(9.5) =0, — =
at |, de|,_,
and
d?(0. — 0) d?U
(9.6) | = 0, 7 =0.
=to t=to

From differentiation of (9.4) and equation (9.5) we have

(9.7) <dd)t~(, U> =0.

‘We have second order

(9.8) <d2t)2( U> =0.

We substitute from (7.13) and (9.3) into (9.8) and obtain:
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~ .- Q
(9.9) (cothf, — coth#)sin¢ = T
1
This equation is dual hyperbolic Euler-Savary equation of one parameter dual
hyperbolic spherical motion ¥3/¥s [24]. By using (8.18) we can rewrite Euler-

Savary equation the form as desired

(9.10) (coth . — coth ) sin ¢ = p.
If this equation separate real and dual part then we have
(9.11) (coth . — coth @) sing = p
and
(9.12) (coth 8, — coth 0)¢* cos p — < - 9:2 - — 9*2 ) sin ¢ = p*.
sinh“ 6. sinh®#

Lorentzian Euler-Savary Eq. (9.11) together with (9.12) is called Disteli formulae
of axode of dual hyperbolic spherical motion. (9.11) is Euler-Savary equation for
axode of real hyperbolic spherical motion in the Lorentzian space. In order to Eq.
(9.12) simplified to reduce by using (9.11) we have

o 0"

sinh? 6.,  sinh?6

(9.13) pP* cot p — < > sin ¢ = p*.

10. EXAMPLE

In this section we display the use of dual Lorentzian vectors for denoting the ISA
of the one parameter dual hyperbolic spherical motion ¥3/%5. The one parameter
dual hyperbolic spherical motion Y3/ can be denoted analytically by the matrix
equation

(100) (1) = AWEa(t) + s (1) o Enlt) = A7 (O 7(0) + 0 (t)

where T¢, Z,, are vectors of a same point, with respect to the orthonormal frames of
the moving space and fixed space, respectively, and m ¢, m,, and A are differentiable
functions of a dual parameter t = t +&t* , since we study one parameter hyperbolic
spherical motion we consider the case t* = 0. Also we know that

(10.2) My =AMy , W, =—-A"1my

where A and A~! matrices are anti-symmetric in the sense of Lorentzian.
The velocity of a fixed point Z,, € X3 is

(10.3) iy = Az, + 0y
From (10.1) we get

(10.4) = AAT By 4 () — AT AT Mg,
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If we consider matrix w = A’A~! is anti-symmetric in the sense of Lorentzian,
then Eq. (10.4) can be rewritten in the form

(10.5) By =wap + (M — wing).

As a consequence of this equation, there is a dual vector

(10.6) Qt) = w(t) + cw*(t)
such that
(10.7) wrp=wxzp w'=(m —wxm).

Now we give a simple example using by above statement. First we consider
the one parameter dual hyperbolic spherical motion ¥3/¥s denoting by the dual
Lorentzian orthogonal matrix

cosh? ¢ —sinh¢ — cosh¢sinh ¢
(10.8) A=R;-Ry=| —sinh¢cosh¢ coshé  sinh®¢
—sinh ¢ 0 cosh ¢
such that
cosh @ ~ —sinh 6 0 cosh ¢ 0 —sinh¢
(109) Ry =| —sinh® coshf 0 |, Ry=| 0 10
0 0 1 —sinh¢ 0 cosh¢

where we assume that § = ¢, 6* = ¢* = 0. Also we consider an anti-symmetric in
the sense of Lorentzian matrix

0 0 psinh ¢
(10.10) m(¢)=1 0 0 —pcosho |,
psinh¢ pcoshg 0

where we assume that y > 1. Since G, Gm,, G¢ are timelike vectors we can write

pcosh ¢
(10.11) m(¢) = | psinh¢
0

If we substitute the (10.8) and (10.10) in (10.7), we have

—sinh ¢ 2psinh ¢
(10.12) w(@)=1| —cosh¢ |, w (¢)=| 2ucosh¢
1 %

Therefore the dual hyperbolic Pfaffian dual vector 2 at the instant ¢ of the one
parameter dual hyperbolic spherical motion ¥5/3 is
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~ — sinh ¢ 4 2gp sinh ¢
(10.13) Q¢) =w(¢p) +ew™(¢) = | —cosh¢+ 2epcoshe
14+ep
Fixed axode is given by
~ —sinh ¢ 4 2ep sinh ¢

Q 1
— = — cosh ¢ 4 2ep cosh ¢
|~ 7

Moving polode on X3 is denoted by

(10.14) s (o) = ‘

-1
(10.15) Q= dj\di -M; M =(A+emA)
where
cosh? ¢ 4 epu(— sinh? ¢) —sinh¢ —sinh ¢ cosh ¢ + ep(sinh ¢ cosh ¢)
M = | —sinh¢cosh¢ + eu(sinh ¢ cosh ¢) cosh ¢ sinh? ¢ — eu(cosh? ¢)
—sinh ¢ e cosh ¢

Therefore the moving axode is given by

Q. 1 sinh ¢
. B W CEE T R

Now we introduce the Blaschke invariants of the fixed axode ¢ = G7(¢). For the
one parameter hyperbolic spherical motion 33/3s, from (10.14), we can give

(10.17) Qr(0) =Qa(0); Q=+/2-2ep.
For differential of (10.17) with respect to ¢, we have
aQf o, -
(10.18) qu =0 =G+ kOR

and by writing the (6.22) in the differentiation of (10.18)we obtain

(10.19) Of = (' + k)G + (251 Q + K QA + (ki Qkay )a.
Further, if we consider Lorentzian vectorial product of (10.18) and (10.19) we
find

(10.20) Qp () x Vp(¢) = —k1Q%a.
And then by using following Lorentzian property
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we find that

(1022) —(04,08) (Vg + F1Qh, 03+ kOR) + ({02, 27 + ROR)) = BO"

Finally, we have

(10.23) det(Qy, U, Q) = k1 Qkyy.

From (10.13) we can give

— cosh ¢ + 2¢p cosh ¢
(10.24) Q4(¢) = | —sinh¢ + 2epsinh ¢
0

and

R —sinh ¢ 4 2ep sinh ¢
(10.25) Q% (p) = [ —cosh¢+2epcoshg
0

From (10.13) and (10.14) we obtain

(10.26) (94(6).(0)) = 0
and so
(10.27) ((250).2(0)))" =0.

Besides, we have

(10.28) <Q'f(¢), Q;(¢)> = 1+ 4ep.
Substituting the (10.13), (10.27) and (10.28) in (10.22), we find

(10.29) —(2 = 2ep)(—1 + dep) = k2Q*
If we separate the real and dual parts the (10.29), we have

1, 3V2pu
K=

By using (6.20) we find that the common distribution parameter of the axodes
is given by

(10.30) fy = &

A=t
2
From (10.13), (10.23), (10.24) and (10.25), we find that

(10.31)

(10.32) det(Qf, 0, Qf) =1 — 3ep = k;QPhoy.
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If we separate that the real and dual parts of above equations, we have

(10.33) ko =

Vi, 33
FR

By means of (6.19) and (10.33) we get

3v2 V2

(10.34) Fom = 2 K, = e

2 4

Therefore we obtain real and dual parts of the integral invariants of the axodes.

11. CONCLUSION

In this paper, we have introduced one parameter dual hyperbolic spherical mo-
tions in the dual Lorentzian space. By considering Disteli axis on the Blaschke
frame we have obtained Euler Savary formulae of dual hyperbolic spherical mo-
tions. At the end of study, for given orthogonal rotation matrices in the sense of
dual Lorentzian type 3 x 3, we have found real and dual invariants of fixed and
moving axodes.
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THE ANALYSIS OF THE EFFECT OF THE NORMS IN THE
STEP SIZE SELECTION FOR THE NUMERICAL INTEGRATION

GULNUR CELIK KIZILKAN, AHMET DUMAN, AND KEMAL AYDIN

ABSTRACT. In scientific studies involving norm calculations, the choice of the
norm affects the obtained results. We have aimed to examine the behavior of
the step sizes using different norms and norm inequalities in step size strategy
obtained in [1] for linear Cauchy problems.

1. INTRODUCTION

Selection of step size is an important concept for the convergence of the numerical
solution to exact solution in numerical integration of differential equation systems.
For the use constant step size, it must be investigated how should be selected the
step size in the first step of numerical integration. Also, if the solution is changing
slowly in some regions and it is changing rapidly in some another regions then it
is not practical to use constant step size in numerical integration. So, we should
use small step sizes in the region where the solution changes rapidly and we should
choose larger step size in the region where the solution changes slowly. In literature,
step size strategies have been given for the numerical integration. Consider the
Cauchy problem

X' =F(t,X),X(to) = Xo
on the region D = {(t,X) : [t — to| < T, |z; — xjo| < b;}, where X (t) = (x;(t)),
Xo = (wjo); wjo = wj(to), F(t,X) = (f;); fj = [i(t, x1,22,...2n), F(t,X) €
CY([to—T,to+T)x RN), X(t), Xo and b = (b;) € RN. In [1, 2] a step size strategy
for F(t,X) = AX is proposed by
1 20p (1

< _(—2)2
1) i = QW(Bi—l
such that the local error ||LE;|| < dr. Strategy given in (1.1) is the generalization
of the strategy in [3, 4].

2010 Mathematics Subject Classification. 67F35, 67L05, 97N30.
Key words and phrases. Step size strategy, linear systems, norms.
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The above-mentioned step size strategies are based on matrix and vector norms.
As in all the scientific studies involving norm calculations, the choice of the norm
affects the obtained results in step size strategies.

The aim of this paper to examine the behavior of the step sizes using different
norms and norm inequalities in step size strategy obtained in [1] for linear Cauchy
problems. In section 2, we have introduced the step size strategy based on error
analysis for the linear systems (SSS). We have reminded commonly used vector and
matrix norms. In section 3, we have investigated the effects of choice of the norms
on step size strategy. Finally, we have analyzed the all strategies with numerical
examples.

2. THE STEP SIZE STRATEGY AND NORMS
2.1. The Step Size Strategy (SSS). Let us consider the Cauchy problem
(2.1) X' = AX, X (ty) = Xo.

Following inequality is given
h2
(2.2) ILE]] < AP Z(m)l],7i € [t )

for the local error of the Cauchy problem (2.1) in i-th step of the numerical inte-
gration. According to equation (2.2), the upper bound of local error for the system
(2.1) is given by

1
(23) ILE| < (5028 1)VNER2,

where
I|A]| < Nmax; ; |a;;| = Na,
12]] < VN max; |2| < V'N max;(sup,, |2;(i)]) < VNB_1.
From the inequality(2.3)in the stepi, the step size is calculated by

1 207,

< (T (222
24) i = (QW)(/Bi—l)
such that the local error ||LE;|| < §1, where d7, is the error level that is determined
by user ([1, 2]).

While formulating the step sizes (2.4), a more practical way is obtained for
calculations by using the upper bound (2.3) instead of the upper bound (2.2) of
the local error. The effects of the calculation errors resulting from floating point
arithmetic are reduced in doing so.

N

2.2. Vector and Matrix Norms and Relations between Matrix Norms. A
norm is a real valued function that provides a measure of the size of vectors and
matrices. For X = (z;) € RY, some commonly used norms are given below. The
lo norm (Euclidean norm) is defined by

N 1
1X]l2 = (5= 27)2.
The I3 norm (sum norm) is given as
N
1 X1 = Zj:l |21
Another norm is formulated by

|| X oo = max; |z,
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which is called as lo, norm (maximum norm).
For A = (a;;) € RM*N | the most frequently used matrix norms are the
(maximum column) norm

M
Al = max; 5252, Jayl,
the I ( maximum row) norm

N
|[A][oc = max; Zj:l |a;|,

HAH? =V )‘maw(ATA)v

where Az (AT A) is the maximum eigenvalue of the matrix A7 A, Frobenius norm
M N 1
[AllF = (322, Zj:l laij|*)2,

the lo (spectral) norm

and the maximum norm
[[Allmax = max; ; [ai;]-

We have used in our study the relations

1All2 < [|Allr, [[Allr < VN[ All2, [|All2 < Nl Allmax, [[All2 < /AT TAll
which hold for all matrices 4 = (a;;) € RVM*N. And we have also used the com-
patible norms in this study.

For all information about norms in this section, you can see for example [5, 6, 7,
8,9, 10].

3. AN ANALYSIS ON THE EFFECT OF THE NORMS IN THE STEP SIZE SELECTION

3.1. The Effect of Choice of Norm to Step Size Strategy. The inequality
(2.4) given in [1, 2] gives step sizes based on matrix and vector norms in the i-th
step of numerical integration of the Cauchy problem (2.1) such that local error is
smaller than d;, error level. Different formulations are obtained for the step size
according to the choice of the norms in the inequality (2.2). Changes that occur in
step sizes may be significant. Now, let investigate the effect of the norms to step
sizes. In calculations consider that

NZ(7)llk < sup || Z(Ti)llk < Bri-1, k= 1,2, 00.
Strategy 1 (SSS1)The step sizes given by
1 201 |1
2,7 € [ti—1,ti)
AL Bois) 07 €
are obtained from the inequality (2.2) according to l; norm.
Strategy 2 (SSS2) The step sizes given by
1 20
he < o (e
[[Al[1 " Bri—1
are obtained from the inequality (2.2) according to {3 norm.
Strategy 3 (SSS3) The step sizes given by
1 ( 20y,
||AH00 ﬁoo,ifl
from the inequality (2.2) according to /. norm.
Strategy 4 (SSS4) The step sizes given by
1 26
-
1Al B2,i1

(3.1) h; <

(3.2) )%ﬂ'i € [ti—1,t;)

(3.3) hi < V3,7 € [tio1,ti)

1

(3.4) )2, 7i € [ti—1,ti)
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INPUT Step number with SSSLS and SSSk (-=1,2,3,4,5,6,7)

Fx. a T | SS5 | SSS1 | S552 | SSS3 | 5584 | SSS5 | 886 | S887
02 1 -

1 (0 —u.1) 10| 168 | 72 81 84 72 | 103 | 142 | 93

2 ( 50 ]) 01| 134 | 54 55 55 | s4 78 | 112 | 2986
—0.01 0
|

3 ( . _2) 25 | 34 26 31 24 27 28 35 43

TABLE 1. Step number with the strategies in numerical integration

from the inequality (2.2) according to I norm.

Strategy 5 (SSS5) By using inequality ||Al|s < ||A||r < V/N||A||2, the step
sizes are calculated by

1 ( 261, )
|| All2 "N Ba,i—1
from the inequality (2.2) according to I norm.

Strategy 6 (SSS6)By using inequality ||A||2 < N||A||max, the step sizes ob-
tained by

Nl

(3.5) hi <

JTi € [tic1,ti)

1 251,
i <
NHAHmax BQ,i—l

from the inequality (2.2).
Strategy 7 (SSST7)The step sizes are given as follows

1 207,
i <
[[All1[[Alloo " B2,i—1

by considering the inequality ||All2 < v/||Al]1]|A]]|oo-

3.2. Analysis of the Strategies with Numerical Examples. Consider X'(t) =
AX(t), X(to) = Xo on the region D = {(¢t,X) : [t —to| < T,|z; — xjo| < bj}. Let
to =0, bj =3, T = 1 and 6y = 10~1.

(3.6) h )27 € [tio1, i)

(3.7) h V2,7 € [ti,t;)

Following figures give us an idea about the step sizes obtained from strategies.
The values and numbers of the step sizes depend on the choice of norm.

The main strategy SSS usually generates little step sizes which cause an expensive
computation as shown in Figure 1 and Figure 3. However, no matter how the
matrix, SSS provides ease of calculation for the step sizes. Because, calculation the
parameters o and ;1 of SSS in inequalities (2.4) is easier to obtain the parameters
of the other strategies.

As we can see from Figure 1, Figure 2 and Figure 3, SSS1 gives the largest step
sizes than other strategies. But, in this case local errors may occur very close to
error level ¢y, in calculations (see, Figure 4.(b)). The calculation errors may cause
to be ||LE;|| > d1, on some steps in numerical integration because of the effects of
the floating-point arithmetic (Remark 3.1. in [2], and Remark 1. in [1]). If the
situation that the occurred errors exceeds desired error level is not so important,
then SSS1 is the most suitable strategy for the numerical integration. Because it
always provides quite cheap computations.
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o 8588 ®x S881 = 5882 ~ 8883
L 5554 ¢ SS85 + 8886 = 8887
i z i :
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FIGURE 1. Step sizes and iteration numbers for Example 1.

For SSSk (k=2,3,4,5), almost similar results have been obtained as SSS1. So, we
think that it will be enough to comment only SSS1.
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FIGURE 2. Step sizes and iteration numbers for Example 2.
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FIGURE 3. Step sizes and iteration numbers for Example 3.

SSS6 completes the calculation process a little less step when compared with
SSS. The step sizes are partially calculated more easily with SSS6 than SSSk
(k=1,2,3,4,5,7) because of the term ||A||mqz- But the calculation of the step sizes
with SSS is easiest of among all the strategies.

It is not practical to compare SSS7 directly with the other strategies regarding
largeness of calculated step sizes and the number of iterations. For instance, it-
eration has taken 2986 steps in Example 2, but it has taken 43 steps in Example
3 as we can see in Figure 2 and Figure 3. That is, it may calculate the largest
or the smallest step sizes according to given coeflficient matrix. Even one of the
elements of the coefficient matrix is large, the number of iterations increases in the
calculation. The term ||A4]|1]|Al|oo in SSS7 causes the becoming smaller of the step
sizes. So, if the elements of the matrix is not very large, SSS7 should be used.

Figure 4 shows the local errors calculated by the strategies for Example 1, Ex-
ample 2 and Example 3.

4. CONCLUSION

In this paper, the effects of choice of the norms have been examined in the
calculation of the step sizes. It has been seen that some norms and norm inequalities
provide ease of calculation for step size.

SSS1 gives the larger step sizes than other strategies. So, SSS1 completes the
numerical integration in less time and fewer steps. It provides quite cheap compu-
tations. Although it is advantageous with this aspect, local errors may occur very
close to error level ¢y, in calculations. As all computations are done with floating-
point arithmetic on computer, the calculation errors may cause to be ||LE;|| > &,
on some steps in numerical integration. If this situation is unimportant, users
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FI1GURE 4. Local errors for Example 1, Example 2 and Example 3.

should prefer SSS1 (or SSSk (k=2,3,4,5) that have similar properties) for cheap
computations.

However the effects of floating point arithmetic does not considered in this study,
it has emphasized that SSS is given to reduce these effects. SSS usually generates
little step sizes which cause an expensive computation, but even so, it allows us to
easier calculations for the step sizes. SSS should be used for ease of calculations.

SSS4 may be suggested if the elements of the matrix is not very large. If the
coefficient matrix has at least one large element, it may calculate too small step
sizes according to coefficient matrix.

Consequently, the choice of the norm should be considered as an important part
of the step size strategy.
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ON FANO CONFIGURATIONS OF THE LEFT HALL PLANE OF
ORDER 9

Z. AKCA, S. EKMEKCI, AND A. BAYAR

ABSTRACT. In this paper, we introduce Fano subplanes of the projective plane
of order 9 coordinatized by elements of a left nearfield of order 9. We give an
algorithm for checking Fano subplanes of this projective plane and apply the
algorithm (implemented in C#) to determine and classify Fano subplanes.

1. INTRODUCTION

It is shown that the projective plane of order 2, 3, 4, 5, 7 and 8 are unique and
projective plane of order 9 is not unique. There are four known projective planes of
order 9: the Desarguesian plane, a nearfield plane, the dual of the nearfield plane
and the Hughes plane of order 9, [4]. The last three planes of order 9 are called
”"miniquaternion planes” because they can be coordinatized by the miniquaternion
near field. O. Veblen and J. M. Wedderburn discovered these miniquaternion planes
in 1907, [6].

The regular near field of order ¢2, for ¢ an odd prime power, are defined taking
the elements of GF(q?), using the field addition and definition a new multiplication
on the elements in terms of the field multiplication. This gives an algebraic system
in which the non-zero elements form a group under the multiplication and the right
or left distributive laws hold. The near field can be used to define and coordinatize
the near field plane of order 9.

In the first section, we give the left near field of order 9 by taking the elements
of GF(3) and using the field addition and a new multiplication on the elements
in terms of the left near field multiplication, . In the second section, we identify
the non-homegeneous coordinates of the points and lines and then homegeneous
coordinates of the points and lines in this left near field plane of order 9. In third
section, we investigate the Fano subplanes imbedded in this projective plane. It is
shown that there are 18 complete quadrangles which generate Fano plane. Finally,

2000 Mathematics Subject Classification. 51E12, 51E15, 51E30.

Key words and phrases. Near field, Projective plane, Fano plane.

This work was supported by the Eskisehir Osmangazi University under the project number
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we write a computer program C# that determine the complete quadrangles which
generate Fano plane in this plane.

2. THE LEFT NEARFIELD SYSTEM OF ORDER 9

We give a near field of order 9 which is not left disributive.

Definition 2.1. A left nearfield is a system (S, @, ®), where @ and © are binary
operations on the set S and

(1) S is finite

(2) (S,®) is a group, with identity 0

(3) (S\{0},®) is a group, with identity 1

(4) 0©z=0forallzes

(5) © is left distributive over @, thatis 2 © (y®2) = (2 O y) ® (z © z) for all
T,y,z €S

(6) Given m,n,k € S with m # n, there exists a unique x € S such that

—-meOrdnOr=k.

Let (F5,+,.) be the Galois field of order 3.We now construct (S, ®, ®), using Fj,
a left nearfield of order 9.

The nine elements of S are a + Ab, a,b € F3, A ¢ F3. Addition in S is defined by
the rule

(1) (a+A0)® (c+ Ad) = (a+c)+ A(b+d)
and multiplication by

[ ac+ Mad), if b5=0
(2) (a+ ) O (c+Ad) = { ac —b=1df(a) + A(be— (a—1)d), if b#0
where, a,b,c,d € F3, A ¢ F3 and f(t) = t> + 1 is a irreducible polynom on F3, [5].
For the sake of sorthness if we use ab instead of a + Ab in equation (1) and (2),
then addition and multiplication tables are obtained as follows:

@© [00]01|02]|10 |11 |12|20 |21 |22
00[00|01|02|10|11 12|20 |21 |22
01|01{02]00|11|12|10|21 |22 |20
02102]00|01|12 10|11 |22]20 |21
1010 (111220 |21|22|00|01]O02
11111121021 |22}20|01]|02]|00
12 12 10|11 }22 20|21 |02 00|01
2012012112200 |01|02|10 |11 |12
211211222001 ]02|00]| 11|12 |10
22122(20|21(02]00|01|12]10 |11

Table 1.
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the addition and multiplication tables in

The system (S, ®,®) satisfies the conditions of Definition 2.1 and therefore a left
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nearfield of order 9.

Definition 3.1. While N and D are two distinct sets whose elements are called as
the points and the lines, respectively and o is the incidence relation between N and
then the ordered triple (N, D, o) is called as geometrical structure.
satisfying the following three axioms is called a projective plane and denoted by
P. If N is finite, projective plane P is called as finite projective plane. P1. Any
distinct two points are incident with just one line.

D ;

3. THE PROJECTIVE PLANE P»S

P2. Any two lines are incident with at least one point.
P3. There exists four points of which no three are collinear.

(N, D, o)




ON FANO CONFIGURATIONS OF THE LEFT HALL PLANE OF ORDER 9 127

The order of P is defined to be the number of points on any line of projective
plane P = (N, D, o). If the order of a finite projective plane is ¢, total number of
its points and lines is equal and ¢% + g + 1.

It is well known that every projective plane has also an algebraic structure ob-
tained by coordinazation. Conversely, certain algebraic structures can be used to
construct projective planes.

In this section, we will construct projective plane order 9. The projective plane
whose the points and the lines are coordinatized by the elements of (S, ®, ®).

The 91 points of P»S are the elements of the set

{(z,9)] z,y € SU{(m):m e S}t U{(c0)}.
The points of the form (x, y) are called proper points, and the unique point (occ0) and

the points of the form (m) are called ideal points. The 91 lines of P»S are defined
to be set of points satisfying one of the three conditions:

[m k] = {(z,y) € $* | y=m Oz @k} U{(m)}

[a] = {(z,y) € S* | @ =a}U{(c0)}

[oc] = {(m) € S} U {(c0)}
The 81 lines having form y = m ® x @ k and 9 lines having equation of the form
x = X are called the proper lines and the unique line [co] is called the ideal line.

The system of points, lines and incidence relation given above defines a projective
plane of order 9, which is the left nearfiled plane.

Now, we are considering the projective plane of order 9 homogeneous coordi-
natized by elements of the above left nearfield. We notice that the homogeneous
coordinates of a point are not unique. Two triples that are multiples of each other
specify are the same point. Thus the same point has many sets of homogeneous
coordinates: (z,vy,z) and (a',y’, z’) represent the same point if and only if there is
some X\ # 0, A € Ssuch that 2’ = A0z, ¥y = A0y, 2 = A©® 2. We convert a point
expressed in Cartesian coordinates to homogeneous coordinates in left nearfield
plane of order 9. We have seen that a point (z,y) in the P»S has homogeneous
coordinates A ® (z,y,1) = A0z, A0y, A® 1), A # 0, A € S. Homogeneous coor-
dinates of the form A ® (m,1,0) do correspond to all ideal points (m), m, A € S*
in the P»S. Homogeneous coordinates of the form (\,0,0) do correspond to the
unique point at infinity in the P»S .

We have seen that a line [m, k] in the P»S has homogeneous coordinates p ©®
[m, -1kl = [pomue(=1),u®k], u # 0, p € S. Homogeneous coordinates
of the form p ® [z,0,1] do correspond to all lines [a], @ # 0, a € S in the P,S.
Homogeneous coordinates of the form [0, 0, ] do correspond to the unique line [00]
at infinity in the .S .

A line in the P»S has general equation y = m@x®k. Suppose (x1,x2,x3), €3 # 0
are the homogeneous coordinates of a point (z,y) on the line; hence = = x5! ®x;
and y = x5 !'® x,. Substituting for = and y in the line equation and multiply-
ing through by z3, yields the conditions for (x1,z2,z3) to be the homogeneous
coordinates of a point on the line:

moOz1®(—1)0rs kO3 =0.

The following table lists all homogeneous coordinates of the 91 points and lines in
the projective plane of order 9 coordinatized by elements of the above left nearfield.
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3.1. Fano Subplanes of P»S. The completion of a regular quadrangle has got the
important role in many investigations of the structure of projective planes. In a
projective plane of order 9, the non-projective subplanes can have orders 2 or 3. An
order 2 affine subplane is a quadrangle, so projective affine subplane of order 2 are
quadrangles which generate Fano configurations. We search for the Fano subplanes
in P,S by starting with a quadrangle.
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Definition 3.2. A regular quadrangle in a projective plane is a set of four points
of which no three are collinear. If OI X P is a regular quadrangle, the six lines OX,
OI, OP, IX, PX, PI are called the sides of the quadrangle, and the three points
OPNIX=U,0INXP=V,0XNIP =W are called the diagonal points of the
quadrangle.

The Fano plane occurs as a subplane of many larger planes. Therefore, the
discovery of the Fano plane has played an important role in the improvement of the
theory of finite geometries. Fano subplanes in some projective planes have been
examined by many authors. For instance, Tag [7]JRoom-Kirpatrick [5], Caligkan
and Moorhouse [2], Cifci-Kaya [3], Ak¢a-Giinaltih-Giiney [1] ext. A Fano plane is
a configuration of 7 points and 7 lines with 3 points on a line and 3 lines through
a point. In Fano plane the diagonal points of any regular quadrangle are collinear.

Now, in this part of the study we will determine all Fano planes in P»S by
choosing a regular quadrangle OIX P; with O = 11 = (0,0,1), I = 21 = (1,1,1),
X =1=(1,0,0) and P; = (a,b,1), a,b € S.

A regular quadrangle OIX P; can be completed to a Fano plane if and only if
the diagonal points OINXP, =V;, OP,NIX =U;, OX NIP; = W; are collinear.

Theorem 3.1. There are exactly six Fano subplanes of PyS which are completions
of the regular quadrangles OIX P; with P; = (0,b,1), b€ S.

Proof. If b € F3 then OI X P; do not the regular quadrangles. Consider the quad-
rangles OIXP; with O,I, X and P; = (0,b,1), b € S\F5. Then OI X P, is a regular
quadrangle with the diagonal points (0,1,1), (b,b,1), and (¢,0,1). If b,c € S\F;
and b @ ¢ = 2 then the diagonal points are collinear and the completion of OI X P;
is a Fano plane. There are six classes of Fano subplanes which are completions of
OIXP;. These are represented by:

{11,21,1, 38,41, 20,19},

{11,21,1,47,51, 20,18},

{11,21,1,56,61,20,17},

{11,21,1,65,71,20,16}

{11,21,1, 74,81, 20, 15}

and

{11,21,1,83,91, 20,14} O

Theorem 3.2. There are exactly six Fano subplanes of P»S which are completions
of the regular quadrangles OIXR; with R; = (1,b,1), b€ S.

Proof. If b € F5 then OIX R; do not the regular quadrangles. Consider the quad-
rangles OIX R; with O, I, X and R; = (1,b,1), b € S\F5. Then OI X R; is a regular
quadrangle with the diagonal points (1,0,1), (b,b,1), and (¢, 1,1). If b,c € S\F;
and b @ ¢ = 0 then the diagonal points are collinear and the completion of OI X R;
is a Fano plane. There are six classes of Fano subplanes which are completions of
OIXR;. These are represented by:

{11,21,1, 39,41, 26, 12},

{11,21,1,48,51, 28,12},

{11,21,1,57,61,27,12}

{11,21,1,66,71, 23,12},

{11,21,1,75,81,25,12}

and
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{11,21,1,84,91,24,12} 0

Theorem 3.3. There are exactly sixz Fano subplanes of P»S which are completions
of the regular quadrangles OIXS; with S; = (2,b,1), b€ S.

Proof. If b € F3 then OI X R; do not the regular quadrangles. Consider the quad-
rangles OIXS; with O, I, X and S; = (2,b,1), b € S\F5. Then OI XS, is a regular
quadrangle with the diagonal points (b,0,1), (b,b,1), and (b,1,1). If b € S\ F3 then
the diagonal points are collinear and the completion of OIX.S; is a Fano plane.
There are six classes of Fano subplanes which are completions of OIX.S;. These
are represented by:

{11,21,1, 40,41, 23,14},

{11,21,1,49,51,24,15} ,

{11,21,1,58,61,25,16} ,

{11,21,1,67,71,26,17},

{11,21,1,76,81,27,18}

and

{11,21,1, 85,91, 28,19} O

4. ALGORITHM

In this section, we will give an algorithm for checking Fano subplanes in projec-
tive plane P,S.

Steps of algorithm

Read the Incidence matrice of projective plane P»S from Excell File of table 5
and assign to array variable

Input the points A;, i =1,2,3,4 and A; € {1,2,...,91}

Begin

S1 < the row on A1, As

Sy < the row on Az, Ay

D1 < the same point on Sjand S

S3 < the row on A1, Aj

S4 < the row on AQ, A4

Dy < the same point on Ssand Sy

S5 < the row on Ay, Ay

Se < the row on As, A3

D3 <+ the same point on Ssand Sg

S7 + the row on D1, Do

if D3 on S7 then

print ”the set of points { Ay, As A3, Ay, D1, D2, D3} is Fano plane”

else

print ”it is not Fano plane”

go to Begin

end

Conclusion: We attempted to construct Fano subplanes to contain a regular
quadrangle with one ideal point X. There are just 18 Fano subplanes containing
O, I, X namely the completions of the regular quadrangles O, I, X, (a,b,1), with
a € F3, b € S\F3. Every Fano subplane of P»S contains precisely diagonal point
(b,b,1), b € S\ F3. There are 18 Fano pairs determined by taking from two different
classes which have contained one comman diagonal point. These are represented



ON FANO CONFIGURATIONS OF THE LEFT HALL PLANE OF ORDER 9 131

by three classes. Two classes have one comman diagonal point. These are checked
once again, with computer program in C#, the same results are obtained.
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ON THE PARANORMED TAYLOR SEQUENCE SPACES

HACER BILGIN ELLIDOKUZOGLU AND SERKAN DEMIRIZ

ABSTRACT. In this paper, the sequence spaces t{(p), ti(p) and t"(p) of non-
absolute type which are the generalization of the Maddox sequence spaces
have been introduced and it is proved that the spaces t{;(p), ti(p) and t"(p)
are linearly isomorphic to spaces co(p), ¢(p) and £(p), respectively. Further-
more, the a—, 8— and y—duals of the spaces t{(p), t.(p) and t"(p) have been
computed and their bases have been constructed and some topological proper-
ties of these spaces have been investigated. Besides this, the class of matrices
(t5(p) : ) has been characterized, where i is one of the sequence spaces £oo, ¢
and co and derives the other characterizations for the special cases of p.

1. INTRODUCTION

By w, we shall denote the space of all real-valued sequences. Any vector subspace
of w is called a sequence space. We shall write /o, c and ¢g for the spaces of
all bounded, convergent and null sequences, respectively. Also by bs,cs,¢; and
£,, we denote the spaces of all bounded, convergent, absolutely and p—absolutely
convergent series, respectively, where 1 < p < oco.

A linear topological space X over the real field R is said to be a paranormed
space if there is a subadditive function g : X — R such that ¢g(0) =0, g(z) = g(—=x)
and scalar multiplication is continuous, i.e., |a, —a|] — 0 and g(z,, —z) — 0 imply
g(anx, —ax) = 0 for all o’s in R and all z’s in X, where 6 is the zero vector in
the linear space X.

Assume here and after that (py) be a bounded sequences of strictly positive
real numbers with supp, = H and L = max{l, H}. Then, the linear spaces
loo(p), c(p), co(p) and £(p) were defined by Maddox [12] (see also Simons [14] and

2000 Mathematics Subject Classification. 46A45, 40C05, 46B20.
Key words and phrases. Taylor sequence spaces, matrix domain, matrix transformations.
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Nakano [13]) as follows:
loo(p) = {x = (zx) € w : sup |zx["* < oo},
keN
c(p) ={z = (xx) Ew: klim |z —I|P* = 0 for some [ € R},
—00

co(p) = {& = (x) € w: lim |ay|"* =0},
k—oo

L(p) = {:c = (z) Ew: Z|azk|p’c < oo} ,

k

which are the complete spaces paranormed by

1/L
g1(x) = sup |z|P*/* < inf pp > 0 and go(z) = (Z xk|p’“> ,
keN ©

respectively. For simplicity in notation, here and in what follows, the summation
without limits runs from 0 to co. By F and Ng, we shall denote the collection of
all finite subsets of N and the set of all n € N such that n > k, respectively. We
shall assume throughout that pgl + (p},)~' =1 provided 1 < infp, < H < oo.

Let A, u be any two sequence spaces and A = (a,x) be an infinite matrix of real
numbers a,j, where n, k € N. Then, we say that A defines a matrix mapping from
A into p, and we denote it by A : A — p, if for every sequence x = (x) € A, the
sequence Az = {(Ax),}, the A—transform of x, is in u, where

(1.1) (Az)p = anpa, (n€N).

k

By (A : p), we denote the class of all matrices A such that A : A — u. Thus,
A € (A : p) if and only if the series on the right-hand side of (1.1) converges for
each n € N and every z € A, and we have Az = {(Az)p}neny € p for all z € p. A
sequence x is said to be A—summable to « if Az converges to a which is called the
A—limit of z.

2. THE SEQUENCE SPACES t{(p), t/(p) AND t"(p) OF NON-ABSOLUTE TYPE

In this section, we define the sequence spaces t};(p), t.(p) and t"(p), and prove
that t{(p), t5(p) and t"(p) are the complete paranormed linear spaces.

For a sequence space A, the matrix domain A4 of an infinite matrix A is defined
by

(2.1) Xa={z=(zy) cw: Az € X}.

In [5], Choudhary and Mishra have defined the sequence space £(p) which consists
of all sequences such that S—transforms are in £(,), where S = (s,) is defined by

1, 0<k<n,
Snk =100 , k> n.

Bagar and Altay [3] have studied the space bs(p) which is formerly defined by Bagar

in [4] as the set of all series whose sequences of partial sums are in £ (p).

More recently, Altay and Bagar have studied the sequence spaces 7t (p), 7% (p) in

r oo

[1] and r(p),rf(p) in [2] which are derived by the Riesz means from the sequence
spaces £(p), L= (p), c(p) and c¢o(p) of Maddox, respectively.
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With the notation of (2.1), the spaces ¢(p), bs(p), 7 (p), rt.(p), rt(p) and rf(p)
may be redefined by

Up) = [¢(p)]s,5(p) = [los ()]s, (p) = [E(P)]}x
1% (P) = oo (P)] s 7e(P) = [e(P)] s 70(P) = [co(p)] -

In [6], Demiriz and Cakan have defined the sequence spaces e (u,p) and el (u,p)
which consists of all sequences such that E™%- transforms are in c¢o(p) and c(p),
respectively E™" = {el, (u)} is defined by

- (1 =7k, (0< k< n),
enk(u) = { (k) 0 g 7 (k > n)

forall k,ne Nand 0 <r < 1.

In [9], the Taylor sequence spaces ¢ and t. of non-absolute type, which are
the matrix domains of Taylor mean 7" of order r in the sequence spaces ¢y and
¢, respectively, are introduced, some inclusion relations and Schauder basis for
the spaces t; and ¢t are given, and the a—, 8— and «— duals of those spaces are
determined. The main purpose of this paper is to introduce the sequence spaces
t5(p), t-(p) and t"(p) of nonabsolute type which are the set of all sequences whose
T"—transforms are in the spaces ¢y (p), ¢(p) and £(p), respectively; where 7" denotes
the matrix 7" = {t, } defined by

— Z(l—r)"“rk_" , (k> n),
tnk‘{” 0 , (0<k<n)

where 0 < r < 1. Also, we have constructed the basis and computed the a—, —
and y—duals and investigated some topological properties of the spaces tj(p), t%(p)
and t"(p).

Following Choudhary and Mishra [5], Bagar and Altay [3], Altay and Basar [1, 2],
Demiriz [6], Kiriggi [9], we define the sequence spaces t}j(p), t-(p) and ¢"(p), as the
sets of all sequences such that 7" —transforms of them are in the spaces ¢o(p),c(p)
and ¢(p), respectively, that is,

Pn }

= 0 for some [ ER}

Pn
<oo}.

In the case (pn) = e = (1,1,1,...), the sequence spaces t{(p), t.(p) and t"(p)
are, respectively, reduced to the sequence spaces ¢ and ¢, which are introduced by
Kirisgi [9] and ¢"(p) is reduced to the sequence space t,. With the notation of (2.1),
we may redefine the spaces t{,(p), t%(p) and t"(p) as follows:

(2.2) to(p) = [co(p)l7r, te(p) = [c(p)lr- and t"(p) = [€(p)]r-.

n—00

i (i) (1 —r)ntipk=ng,

to(p) = {x = (z) €w: lim
k=n

Pn

to(p) = {x = (25) €w: lim

n—oo

Z <k> (1- T)"+1rk_"xk -1
k=n n

i (:) (1 —r)ntlpk=ng,

k=n

t"(p) = {x: (xk) szz

n
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Define the sequence y = {yx(r)}, which will be frequently used, as the T" —transform

of a sequence = = (zy), i.e.,

(2.3) y(r) = i <k> (1 —r)"Hpk=ngy for all k € N.

n
k=n
Now, we may begin with the following theorem which is essential in the text.

Theorem 2.1. t{(p) and t.(p) are the complete linear metric space paranormed by
g, defined by

o /L
_ J k+1,j—k
) =su 1—7r T,
o) =g (1)t
Also, t;(p) is the complete linear metric space paranormed by h, defined by
o | oo _ pr\ /M
J i
(2.4) ha)=(>_1> <k>(1 — p)kHtpi kg
k=0 |j=Fk

Proof. Since the proof is similar for t(p) and ¢~ (p), we give the proof only for the
space t{(p). The linearity of ¢{(p) with respect to the co-ordinatewise addition and
scalar multiplication follows from the following inequalities which are satisfied for
x,z € t5(p) (see Maddox [11, p.30])

oo pr/L
swp 3 (1) =ty )
ne -
Jj=k
o . pr/L - pr/L
J k+1 j—k J k+1, j—k
2.5) <sup ()1—7" (N + sup ()l—r 7 25
29) <)y (3)0-n | ()an ;

and for any o € R (see [14])
(2.6) la|PF < max{1,|a|*}.

It is clear that g(8) = 0 and g(z) = g(—=) for all = € tj(p). Again the inequalities
(2.5) and (2.6) yield the subadditivity of g and

g(azr) < max{1,|a*}g(z).

Let {z™} be any sequence of the points 2™ € t{,(p) such that g(z™ — ) — 0 and
(o) also be any sequence of scalars such that «,, — «. Then, since the inequality
g9(z") < g(z) + g(a" — )

holds by the subadditivity of g, {g(z™)} is bounded and we thus have

pr/L

oo .
g(anxn _ am) — ?elg Z (i}) (1 _ T)k+17"j_k(anx? _ Oéﬂ?j)
=k

< an —alg(@™) + |alg(=™ — ),

which tends to zero as n — oo. This means that the scalar multiplication is con-
tinuous. Hence, g is paranorm on the space tj(p).
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It remains to prove the completeness of the space tj(p). Let {z*} be any Cauchy
sequence in the space t}(p), where '’ = {xé’), azgl), zg), ...}. Then, for a given ¢ > 0
there exists a positive integer ng(e) such that

gz’ — %) <

NN e

for all 7,5 > ng(€). Using the definition of g we obtain for each fixed k € N that

(27) (T — (T [P/ < sup (T )y — (177 )P/ <
keN

for  every i,j > no(e)  which leads to the fact that
{(Tm2°) g, (T2 )k, (T2, ...} is a Cauchy sequence of real numbers for every
fixed k € N. Since R is complete, it converges, say (T"z%)x — (T"2), as i —
oo. Using these infinitely many limits (7)o, (T"x)1, ..., we define the sequence
{(T"x)o,(T"x)1,...}. From (2.7) with j — oo, we have

(2.8) (72" = (7)™ " < 5 (05 > no(e))

for every fixed k € N. Since 2 = {x,(:)} € ti(p) for each ¢ € N, there exists
ko(e) € N such that

(2.9) (@7l < S

for every k > ko(e) and for each fixed i € N. Therefore, taking a fixed ¢ > ng(e) we
obtain by (2.8) and (2.9) that

€

()il < (T2 — (TP (7)ol < 5

for every k > ko(e). This shows that = € t§;(p). Since {z'} was an arbitrary Cauchy
sequence, the space tj(p) is complete and this concludes the proof.

Now, t"(p) is the complete linear metric space paranormed by h defined by (2.4).
It is easy to see that the space ¢"(p) is linear with respect to the coordinate-wise
addition and scalar multiplication. Therefore, we first show that it is a paranormed
space with the paranorm h defined by (2.4).

It is clear that h(0) = 0 where 6 = (0,0,0,...) and h(x) = h(—x) for all z € t"(p).
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Let z,y € t"(p); then by Minkowski’s inequality we have

ey 1/M
J -
patn) = | |2 (1)t )
k=0 |j=k
po/ar] MY 1M
- | Z(i)(l VIR (a4 ;)
k=0 | |j=k
pry\ /M
< Z Z(i)(l )Rt pi=ky
k=0 |j=k
w o . ey 1/M
J
+ Z Z<k>(1 )k+1 y
k=0 |j=k
(2.10) = h(z)+ h(y)

Let {z"} be any sequence of the points 2" € t"(p) such that h(z" — z) — 0 and
(M) also be any sequence of scalars such that A, — A. We observe that

BO"Z" —Az) < B[O — N — 2)]
(2.11) + A" - 2)]

+ AN = A)al.
It follows from A" — A(n — oo) that |\ — A| < 1 for all sufficiently large n; hence

(2.12) lim A[(A, — A)(z" —2)] < lim h(z" —z) =0.

n—oo n—oo

Furthermore, we have

(2.13) lim A\ (2" — )] < max{1,|A\M} lim h(z" —2z) = 0.
n—oo

n— oo

Also, we have

. B < 1 - _
(2.14) nl;rr;oh[(kn Nz)] < nl;rr;o|An Ah(x) =0.

Then, we obtain from (2.11), (2.12), (2.13) and (2.14) that h(A"2™ — Az) — 0, as
n — oo. This shows that h is a paranorm on t"(p).

Furthermore, if h(x) = 0, then (Zzozo ’Z;’ik (1) (1 = r)ktipi=hy,
Therefore ‘Z;’;k @ - r)k+1r3*kxj’ " =0 for each k € N. Since 0 < r < 1, we

have (i)(l — r)k+1pi=k > 0. Then, we obtain x), = 0 for all k € N. That is, z = 6.
This shows that A is a total paranorm.

Now, we show that t"(p) is complete. Let {x"} be any Cauchy sequence in the
space t"(p), where 1™ = {xé"),xgn),zg"), ...}. Then, for a given € > 0, there exists
a positive integer ng(€) such that h(z™ — 2™) < € for all n,m > ng(e). Since for

pk)l/M — 0.
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each fixed k£ € N that
1
M

DT a) — (TP
k

(2.15) = h(a"—2M)<e

for every n,m > ng(e), {(T72%)k, (T"2 )k, (T"2?)g, ...} is a Cauchy sequence of real
numbers for every fixed & € N. Since R is complete, it converges, say (T"2"); —
(T"x) as n — oo. Using these infinitely many limits (T7z)o, (T7x)1, ..., we define
the sequence {(T"x)o, (T"x)1, ...}. For each K € N and n,m > ng(e)

(T"z" ), — (T"2™)| <

L
M

K
(2.16) > oI, — (Trxm)w] < h(z" —2™) <e.
k=0

By letting m, K — oo, we have for n > ng(e) that
1
g

(2.17) h(z" —z) = Z [(T"x™), — (T’“a:)k|p’€] < €.
k

This shows that ™ — 2 € t"(p). Since ¢"(p) is a linear space, we conclude that
x € t"(p); it follows that 2™ — x, as n — oo in ¢"(p), thus we have shown that t"(p)
is complete. (Il

Note that the absolute property does not hold on the spaces tj(p), t.(p) and
t"(p), since there exists at least one sequence in the spaces t(p), t.(p) and t"(p)
and such that g(z) # g(|z|), where |z| = (|z|). This says that t{(p), t%(p) and
t"(p) are the sequence spaces of non-absolute type.

Theorem 2.2. The sequence spaces tjy(p), t-(p) and t"(p) of non-absolute type are
linearly isomorphic to the spaces co(p), c(p) and £(p), respectively, where 0 < pj, <
H < o0.

Proof. To avoid repetition of similar statements, we give the proof only for {(p).
We should show the existence of a linear bijection between the spaces ¢{(p) and
¢o(p). With the notation of (2.3), define the transformation T from t{(p) and cy(p)
by x +— y = Tz. The linearity of T is trivial. Furthermore, it is obvious that x =6
whenever Tx = 6, and hence T is injective.

Let y € co(p) and define the sequence

xp(r) = Z (‘;) (=r)?7F(1 =)~y kel

j=k
Then, we have
o pr/L
J i
g(z) =sup |y (k) (1—r)ftipizhg, = i g P/E = gi(y) < oo
€

keN |2k

Thus, we have that x € tj(p) and consequently T' is surjective. Hence, T is a
linear bijection and this says that the spaces tj;(p) and ¢ (p) are linearly isomorphic,

as was desired.
O

Theorem 2.3. Convergence in t"(p) is stronger than coordinate-wise convergence.
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Proof. First we show that h(z™ —z) — 0, as n — oo implies 2} — xy; as n — oo
for every k € N. We fix k, then we have

oo Pk
® /n Pr
SRS WISt
(2.18) = lim A" —2)]" =0.
Hence, we have for k = 0 that
Tim (1= )" = wol| = 0
n=0

which gives the fact that |:z:6") — 20| = 0, as n — oco. Similarly, for each k € N, we
have x} — x; as n — oo.

A sequence space A\ with a linear topology is called a K-space provided each
of the maps p; : A = C defined by p;(z) = z; is continuous for all i € N, where
C denotes the complex field. A K-space A is called an FK-space provided M\ is
complete linear metric space. An F K-space whose topology is normable is called
a BK-space. Given a BK-space A D ¢, we denote the n th section of a sequence
z = (z) € A by 2" := 371 2pe®), and we say that = (24) has the property
AK if lim,, o0 ||z — 2[™||5 = 0. If AK property holds for every = € \, then we say
that the space A is called AK-space (cf. [7]). Now, we may give the following. O

Theorem 2.4. The space t"(p) has AK.
Proof. For each x = (x1) € t"(p), we put
(2.19) <> =Y "ape®) vm e {1,2,.. ).

k=0
Let € > 0 and « € ¢"(p) be given. Then, there is N = N(e) € N such that

Pk
o0 o0

(2.20) DO <‘;> R L )

k=N |j=k

Then we have for all m > N,

h(x —x<™>) = h (:c - Zxke(k)>

k=0
- - pey 1/M
= [ 2 ()u e
k=m+1 |j=k
pry\ /M

(2.21)

IN
[~]e
[]e

PR
>~
N~

—

|

=

ol

t

ﬁM

-

o

8

A\

(@)

This shows that z = >, z,e®.
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Now, we have to show that this representation is unique. We assume that x =
>, Ake®). Then for each k,

pr\ /M
J i — (] i
Z <k> (1 _ r)k"rlr] k)\j . Z <k> (1 _ r)k?"l‘lrj kx]’
j=k j=k
o . - pry\ /M
J k+1,.5—k J k+1,.5—k
< > A (k>(1 — )RR Z (k>(1 — )RRy
k |j=k Jj=k
(222) = h(r—2)=0
Hence, >372, (D)1 = r)kttpi=k); = Dk (1)(1 = r)k+1pi=kg; for each j. Then,
Aj = z; for each j. Therefore, the representation is unique. O

3. THE BASIS FOR THE SPACES t{(p), t.(p) AND t"(p)

Let (A, k) be a paranormed space. Recall that a sequence (by) of the elements of
A is called a basis for A if and only if, for each z € A, there exists a unique sequence
(ag) of scalars such that

h(m—Zakbk>—>Oasn—>oo.

k=0

The series > agbr which has the sum « is then called the expansion of x with
respect to (b,), and written as = > agbk. Since it is known that the matrix
domain A4 of a sequence space A has a basis if and only if A has a basis whenever
A = (ank) is a triangle (cf. [8, Remark 2.4]), we have the following. Because of the
isomorphism 7' is onto, defined in the proof of Theorem 2.2, the inverse image of
the basis of those spaces ¢o(p), ¢(p) and £(p) are the basis of the new spaces tj(p),
t"(p) and t"(p), respectively. Therefore, we have the following:

Theorem 3.1. Let Ay (r) = (T"x)y, for allk € N and 0 < p, < H < co. Define the
sequence b (r) = {bF) (r)}ren of the elements of the space th(p), to(p) and t"(p)
by

k(1 _ oy=(k+1)(_\k—n
®y = GA=-r7) (-, k>n
) { 0 L 0<k<n

for every fized k € N. Then

(a): The sequence {b¥)(r)}ren is a basis for the space t§(p), and any = € t§(p)
has a unique representation of the form

T = Z e (r)p®) (1),
k

(b): The set e,bM(r),bP)(r),... is a basis for the space t%(p), and any x €
tr(p) has a unique representation of the form

x=le+ Z[/\k(r) - l]b(k) (r),
k

where | = limg_ oo (T72) .
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(c): The sequence {b™®) (r)}ren is a basis for the space t”(p), and any x € t"(p)
has a unique representation of the form

z =Y \e(r)p®(r),
k

4. THE a—, — AND y—DUALS OF THE SPACES t{(p), t.(p) AND t"(p)

In this section, we state and prove the theorems determining the a—, 5— and
~v—duals of the sequence spaces tj(p), t-(p) and t"(p) of non-absolute type.

We shall firstly give the definition of a—, 5— and y—duals of sequence spaces
and after quoting the lemmas which are needed in proving the theorems given in
Section 4.

The set S(A, u) defined by

(4.1) S\ p)={z=(2) € w:xzz = (xpz) € p for all x = (z1) € A}

is called the multiplier space of the sequence spaces A and p. One can eaisly observe
for a sequence space v with A D v D u that the inclusions

S(A, 1) C S(v, p) and S(A, p) € S(A,v)

hold. With the notation of (4.1), the alpha-, beta- and gamma-duals of a sequence
space \, which are respectively denoted by A%, A® and \7 are defined by

XY= S\, £1), N = S(\ cs) and XV = S()\, bs).

The alpha-, beta- and gamma-duals of a sequence space are also referred as Kothe-
Toeplitz dual, generalized Kothe-Toeplitz dual and Garling dual of a sequence space,
respectively.

For to give the alpha-, beta- and gamma-duals of the spaces tj(p), t5(p) and
t"(p) of non-absolute type, we need the following Lemma:

Lemma 4.1. [7] Let A = (ank) be an infinite matriz. Then, the following state-
ments hold

(1): A € (co(p) : (q)) if and only if
—1/pk

(4.2) I?élj)f%: kze;ankM
(ii): A € (c(p) : L(q)) if and only if (4.2) holds and

(4.3) S an
k

(iii): A € (co(p) : ¢(q)) if and only if
(4.4) supz |ank|M_1/pk < o0, dM € Ny,
i

an

< oo, IM € N,.

an
< 00.

neN
(4.5) J(ax) CR > ILm |ank — agl™ =0 for all k € N,

(4.6) 3(ax) CR S sup NV " Y " |ans — o[ M~V/P* < 00, IM € Ny and VN € Ny.
neN &
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(iv): A€ (c(p): c(q)) if and only if (4.4), (4.5), (4.6) hold and

3 _ dn —
(4.7 JaeR> nh_)rr;o \ zk:ank o 0.
(v): A€ (co(p) : loo(q)) if and only if
n
(4.8) sup (Z |ankM_1/p"‘> < oo, dM € N,.
neN &

(vi): A€ (Up):¥t1) if and only if
(a): Let 0 < pr <1 for all k € N. Then

Pk
§ Qpk

neN

(4.9) sup sup < 0.

NeF keN

(b): Let 1 < pp < H < oo for all k € N. Then, there exists an integer
M > 1 such that

’

Py

(4.10) sup Z

NeFr =

Z ankM_l

nenN

< 0.

Lemma 4.2. [10] Let A = (ank) be an infinite matriz. Then, the following state-
ments hold

(i): A€ (Up) : L) if and only if
(a): Let 0 < py <1 for all k € N. Then,

(4.11) sup |ank|P* < oo.
n,keN

(b): Let 1 < pr < H < oo for all k € N. Then, there exists an integer
M > 1 such that

(4.12) supz ‘ankM_1|p;“ < 00.
neN "

(ii): Let 0 < pyp < H < oo for all k € N. Then, A = (anx) € ({(p) : ¢) if and
only if (4.11) and (4.12) hold, and

(4.13) lim a,x = Br, Vk € N.
n—00

Theorem 4.1. Let K € F and K* ={k € N:n >k} N K for K € F. Define the
sets TT (p), Ty, T5(p) and Ty(p) as follows:
an
< oo} R

7 (p) = a=(ay) €Ew: su
1 (p) ll{ (ak) EPE
exists for eachnGN},

Z cnkM—l/Pk

keK*

M>1 n

5 = {a(ak)ewsz

n

E Cnk

n k=0
P
Ts3(p) = U a = (ag) € w: sup Z Z M <oo, b,
M>1 NeF % Inen
Pk
Ti(p) = <a=(ar) € w: sup sup chk <00y,
NeFkeN | =%
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where the matriz C(r) = (c,.) defined by

(414) o= { (ﬁ)(—r)k‘"(lo— r)~*a, Elg zn), "
Then, [to(p)]* = T7 (p), [te(p)]* = T7 (p) N'T5 and

(4.15) " (p)]* = { %Eﬁ; é zgi i f;k Oeoi\?k <

Proof. We chose the sequence a = (ax) € w. We can easily derive that with the
(2.3) that

o)
(416) Ap Ty = Z <7k;> (—T)k_n(l _ r)_(k“)anyk — (Cry)T“ (’I’L c N)
k=n

for all k,n € N, where C" = (c},) defined by (4.14). It follows from (4.16) that
ar = (apxy) € €1 whenever x € t{)(p) if and only if C'y € ¢; whenever y € co(p).
This means that a = (a,) € [t7(p)]® if and only if C € (co(p) : £1). Then, we derive
by (4.2) with g, =1 for all n € N that [t{(p)]* = 17 (p).

Using the (4.3) with g, = 1 for all n € N and (4.16), the proof of the [t7(p)]* =
T7 (p) N Tz can also be obtained in a similar way. Also, using the (4.9),(4.10) and
(4.16), the proof of the

[tr( )]a_ Tg(p) , 1<py <H<oo,Vk eN,
b B T4(p) ) 0< Pk < 17Vk S Na

can also be obtained in a similar way. O
Theorem 4.2. The matriz D(r) = (d},) is defined by

(4.17) i, = { k-0 (Z)(—T)”’Ok(l — 1), 22 i Z)g n)

for all k,n € N. Define the sets T¢ (p), T¢, Tw, Ts(p), To(p) and Tio(p) as follows:

70 = U {om o€ ws 5 [aar | <o),
k

M>1
5 = {a = (ar) € w: lim |d;,| exists for each k € N},
n—o0
7 = {a = (ay) €Ew: nl;rrgoz |dr | exists } ,
k=0
Ts(p) = U {a = (ay) Ew: supz ’dnkM_llpk < oo} ,
M>1 neENTY
To(p) = {a=(ar) Ew:dpr <0},
Tio(p) = {a = (ag) €w: sup |dnx|™" < oo} )
n,keN

Then, [t5(p)]° = T5 (p) N T, [tz (p))° = [t5())° N TF and

Ts(p) N To(p) 1 <pp <H <o0,Vk €N,
r B __ 8 9
(4.18)  ["(p))" = { To(p) N Tio(p) , 0<pp<1,¥k€N.
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S = E[E e 0-reom o
k=0

=0 | k=g

(4.19) = )

F —r) i1 — )~k g = (D"
> (j)< V(1 — )6 0a | g = (D7),

where D" = (d!',) defined by (4.17). Thus, we decude from (4.19) that ax =
(arzr) € cs whenever x = (z) € t§(p) if and only if D"y € ¢ whenever y = (yx) €
co(p). That is to say that a = (a) € [t5(p)]? if and only if D" € (co(p) : c).
Therefore, we derive from (4.4),(4.5) and (4.6) with ¢, = 1 for all n € N that
() = T2 (u, p) N TE ().

Using the (4.4),(4.5), (4.6) and (4.7) with ¢, = 1 for all n € N and (4.19), the
proofs of the [t”(p)]? = [t5(p)]? N T¥ can also be obtained in a similar way. Also,
using the (4.11),(4.12), (4.13) and (4.19), the proofs of the

7 )]5: Ts(p) NTo(p) , 1<ppr<H<oo,VkeN,
p Tg(p)ﬂTlo(p) s 0<pk§1,Vk€N.

Proof. We give the proof again only for the space tj(p). Consider the equation

IM<
i Ma-
[}

can also be obtained in a similar way. |

Theorem 4.3. Define the set T§ (u) by

k
T (u)=<¢a=(ag) €Ew: Z (k> (=) 91— )~k + g, b € bs

=0 M
Then, [ty(p)]" = T§ (p) N T§, [t-(p)]" = [ts(p)]* N T}, and

i (p)]" = Ts(p) , 1<pr < H<oo,VkeN,
Tio(p) , 0<pp <1,VkeEN.

Proof. This is obtained in the similar way used in the proof of Theorem 4.2. (I

5. CERTAIN MATRIX MAPPINGS ON THE SEQUENCE SPACES t{(p), t/(p) AND
t"(p)

In this section, we characterize some matrix mappings on the spaces tj(p), t%(p)
and t"(p).

We known that, if ¢{,(p) = co(p), th(p) = c(p) and t"(p) = ¢(p), we can say: The
equivalence “z € t{(p), tL(p) or t"(p) if and only if y € ¢o(p), c¢(p) or £(p)” holds.

In what follows, for brevity, we write,

~ S n n— —(n
Ank *= Z <k> (_T) k(l - T) ( +1)a'nk

k=0
for all k,n € N.

Theorem 5.1. Suppose that the entries of the infinite matrices A = (ank) and
E = (enk) are connected with the relation

(5.1) Cnk ‘= Gnk

for all k,n € N and p be any given sequence space. Then,
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(i): A € (th(p) : p) if and only if {ank}ren € {th(p)}? for all n € N and

(ii): A € (¢ (p) :' w) if and only if {anktren € {t5(0)}° for alln € N and
E € (c(p) : ).

(iii): A € (t"(p) : p) if and only if {ank}ren € {t"(p)}? for alln € N and
E e (6p) : p).

Proof. We prove only part of (i). Let u be any given sequence space. Suppose
that (5.1) holds between A = (a,1) and E = (eny), and take into account that the
spaces t{,(p) and ¢o(p) are linearly isomorphic.

Let A € (t5(p) : p) and take any y = (yx) € co(p). Then ET(r) exists and
{ank tren € TE (p) NTE which yields that {e, tren € co(p) for each n € N. Hence,

FEy exists and thus
Z EnkYk = Z AnkTk
k k

for all n € N.
We have that Fy = Az which leads us to the consequence E € (co(p) : p).
Conversely, let {a,i}ren € {t§(p)}? for each n € N and E € (co(p) : p) hold,
and take any x = (z1) € t{(p). Then, Az exists. Therefore, we obtain from the
equality

oo 00 k .
7 . s
D ek = > (k) (=) ~F (1 =)0 Va,; | g
k=0 k=0 | j=0
for all n € N, that Ey = Ax and this shows that A € (¢{(p) : n). This completes
the proof of part of (i). O

Theorem 5.2. Suppose that the elements of the infinite matrices A = (ank) and
B = (bni) are connected with the relation

5.2 bpk := J 1— ) tipl—ng for all k,n € N.
j
_ n
j=n

Let p be any given sequence space. Then,
(D): A€ (u:t5(p)) if and only if B € (u: co(p))-
(ii): A€ (u:tl(p) if and only if B € (u: c(p)).
(iii): A€ (u:t"(p)) if and only if B € (1 : {(p)).

Proof. We prove only part of (i). Let z = (z;) € p and consider the following
equality.

E bnkzi = E (]> (1 —r)ntipi—n < E ajkzk> for all m,n € N
n
k=0 j=n k=0

which yields as m — oo that (Bz), = {T(r)(Az)}, for all n € N. Therefore, one
can observe from here that Az € t[(p) whenever z € p if and only if Bz € ¢y(p)
whenever z € p. This completes the proof of part of (i). O

Of course, Theorems 5.1 and 5.2 have several consequences depending on the
choice of the sequence space u. Whence by Theorem 5.1 and Theorem 5.2, the
necessary and sufficient conditions for (¢{(p) : p), (1 : t5(p)), (t5(p) : p), (p: tL(p))
and (t"(p) : u), (1 : t"(p)) may be derived by replacing the entries of C' and A
by those of the entries of E = C{T(r)}~! and B = T(r)A, respectively; where
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the necessary and sufficient conditions on the matrices £ and B are read from the
concerning results in the existing literature.

The necessary and sufficient conditions characterizing the matrix mappings be-
tween the sequence spaces of Maddox are determined by Grosse-Erdmann [7]. Let
N and K denote the finite subset of N, L and M also denote the natural numbers.
Prior to giving the theorems, let us suppose that (g, ) is a non-decreasing bounded
sequence of positive numbers and consider the following conditions:

(5.3) lim [a,| 7 = 0, for all k
n
(5.4) VL,3M > sup L'/ Z || M~Y/PF < oo,
" k
(5:5) wp | 3 e < o,
Tk
(5.6) lim| " apel = 0
k
(5'7) VL,sup sup ‘ankLl/q" Pk < oo,
n keKi
(5.8) VL,3M > sup Z |ankL1/an—1|p§C < o0,
" keK,
(5.9) VM, (Y g MY/Pe)a =0,
k
(5.10) VM, supz || MY/PF < o0,
"ok
(5.11) VM, H(an) 3 Tm(Y [ank — ax|MYP)7 =0,
k
(5.12) VM, supZ| Z g MY/PR |7 < o0,
K keK

Lemma 5.1. Let A = (ank) be an infinite matriz. Then

(1): A= (ank) € (co(p) : Oo(q)) if and only if (4.8) holds.

(ii): A = (ank) € (c(p) : Loo(q)) if and only if (4.8) and (5.5) hold.

(iii): A = (ank) € (U(p) : boo) if and only if (4.11) and (4.12) hold.

(iv): A = (ank) € (co(p) : ¢(q)) if and only if (4.4), (4.5) and (4.6) hold.
(v): A= (ank) € (c(p) : c(q)) if and only if (4.4), (4.5), (4.6) and (4.7) hold.
(vi): A= (ank) € (£(p) : ¢) if and only if (4.11), (4.12) and (4.13) hold.
(vii): A = (ank) € (co(p) : colq)) if and only if (5.3) and (5.4) hold.
(viii): A = (ank) € (c(p) : co(q)) if and only if (5.3), (5.4) and (5.6) hold.
(ix): A = (ank) € (L(p) : co(q)) if and only if (5.3), (5.7) and (5.8) hold.
(x): A= (ank) € (loo(p) : co(q)) if and only if (5.9) holds.

(xi): A= (ank) € (lo(p) : c(q)) if and only if (5.10) and (5.11) hold.
(xii): A = (ank) € (boo(p) : €(q)) if and only if (5.12) holds.

(xiii): A = (ank) € (co(p) : £(q)) if and only if (4.2) holds.

(xiv): A = (ank) € (c(p) : £(q)) if and only if (4.2) and (4.4) hold.

Corollary 5.1. Let A = (anr) be an infinite matriz. The following statements
hold:

l
¢
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(1): A€ (t5(p) : Lo(q)) if and only if {ank}ren € {t5(p)}’ for alln € N and
(4.8) holds with @,y instead of ani with ¢ = 1.

(ii): A € (t5(p) : co(q)) if and only if {ank }ren € {th(p)}? for alln € N and
(5.3) and (5.4) hold with @y instead of an with ¢ = 1.

(iii): A € (t5(p) : c(q)) if and only if {ani }ren € {th(p)}? for alln € N and
(4-4), (4.5) and (4.6) hold with G,y instead of ank with ¢ = 1.

Corollary 5.2. Let A = (ank) be an infinite matriz. The following statements
hold:
(D) A € (t2(p) : Loo(q)) if and only if {ani}ren € {E(p)}? for alln € N and
(4.8) and (5.5) hold with @y instead of any with ¢ = 1.
(ii): A € (t2(p) : co(q)) if and only if {ank }ren € {t%(p)}? for alln € N and
(5.3), (5.4) and (5.6) hold with Gy instead of any with ¢ = 1.
(iii): A € (t%(p) : c(q)) if and only if {ank}ren € {t.(p)}? for alln € N and
(4-4), (4.5), (4.6) and (4.7) hold with Gny instead of any with ¢ = 1.

Corollary 5.3. Let A = (anr) be an infinite matriz. The following statements
hold:
(): Ae () :
(4.11) and (4.12) hold with Gy, instead of ang.
(ii): A € (t"(p) : co(q)) if and only if {ank}ren € {t"(p)}? for alln € N and
(5.3), (5.7) and (5.8) hold with any instead of any with ¢ = 1.
(iii): A € (t"(p) : ¢) if and only if {ank}ren € {t"(p)}? for alln € N and
(4.11), (4.12) and (4.13) hold with Gy instead of ank.
Corollary 5.4. Let A = (an) be an infinite matriz and by, be defined by (5.2).
Then, following statements hold:
(1): A€ (b(q) : th(p)) if and only if (5.9) holds with byy, instead of any, with
q=1.
(ii): A € (co(q) : t5(p)) if and only if (5.3) and (5.4) hold with by, instead of
ank with g = 1.
(iii): A € (e(q) : t§(p)) if and only if (5.3), (5.4) and (5.6) holds with by
instead of ank with g = 1.
Corollary 5.5. Let A = (anr) be an infinite matric and by, be defined by (5.2).
Then, following statements hold:
(1): A€ (l(q) : th(p)) if and only if (5.10) and (5.11) hold with by instead
of any with ¢ = 1.

(ii): A € (colq) : t5(p)) if and only if (4.4), (4.5) and (4.6) hold with by
instead of any with g = 1.
(iii): A € (e(q) : t&h(p)) if and only if (4.4), (4.5), (4.6) and (4.7) hold with
bnk instead of any with g = 1.
Corollary 5.6. Let A = (an) be an infinite matriz and by, be defined by (5.2).
Then, following statements hold:
(1): A € (Uo(q) : t"(p)) if and only if (5.12) holds with b,y instead of ank

l) if and only if {ank}ren € {t"(p)}? for alln € N and

with ¢ = 1.
(ii): A € (co(q) : t"(p)) if and only if (4.2) holds with b,y instead of any, with
qg=1.

(iii): A € (c(q) : t"(p)) if and only if (4.2) and (4.4) hold with by instead of
ank with g = 1.
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A MESH-FREE TECHNIQUE OF NUMERICAL SOLUTION OF
NEWLY DEFINED CONFORMABLE DIFFERENTIAL
EQUATIONS

FUAT USTA

ABSTRACT. Motivated by the recently defined conformable derivatives pro-
posed in [2], we introduced a new approach of solving the conformable ordinary
differential equation with the mesh-free numerical method. Since radial basis
function collocation technique has outstanding feature in comparison with the
other numerical methods, we use it to solve non-integer order of differential
equation. We subsequently present the results of numerical experimentation
to show that our algorithm provide successful consequences.

1. INTRODUCTION

Until quite recently, the question of how to take non-integer order of derivative or
integration was phenomenon among the mathematicans. However together with the
development of mathematics knowledge, this question was answered via fractional
differentiation and integration [8], [9], [11], [12]. Although there are a number
of different type of definition of fractional derivatives or integrations, Riemann-
Liouville and Caputo are the most popular ones among them. Then Abdeljawad
[1] and Khalil et. al. [7] defined the limit based conformable derivative which
is another type of fractional derivative and integrations. In more recent times,
Anderson and Ulness [2] have described another precise definition of conformable
derivatives motivated by a proportional derivative controller. As a result of this new
definition of conformable derivatives, its differential equations need to be handled.

In this paper, we develop a meshless algorithm for the numerical solution of the
conformable differential equations by taking advantageous of radial basis function
(RBF) interpolation [3], [5], [L0]. The goal of this approach is to acquire approxi-
mate solution of conformable differential equations with RBF collocation method.
Of course this approach would provide an insight the solution of more complex
cases.

2000 Mathematics Subject Classification. 65L60, 26A33.
Key words and phrases. Conformable derivative, mesh-less method, radial basis functions,
collocation technique.
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The remainder of this work is organized as follows: In Section 2, the conformable
derivatives are summarised, along with the newly defined type. In Section 3, the
RBF interpolation method is reviewed while in Section 4 the numerical scheme of
solving conformable ordinary differential equation using mesh-free method is intro-
duced and we also reviewed the RBF collocation technique. Numerical examples
are given in Section 5, while some conclusions and further directions of research are
discussed in Section 6.

2. A CLASS OF CONFORMABLE DERIVATIVES

In [7] and [1], a new version of limit based fractional derivative called conformable
derivative have been defined via

l—a) _
(2.1) Dou(z) = tim UEFEEY) —ul@)
£—0 &
on condition that limit exists. Another proposed limit based fractional derivative
is

2.2 D* = li
22) u(w) = Jim A,
in [6]. For both approaches the conformable derivative can be summarised via
d
2.3 Du(z) = '~ —
(23) u(a) = 2'~* u(a)
where % denotes the classical derivative operators. In addition to this, Anderson

and Ulness [2] introduced a new class of conformable derivatives via proportional-
derivative controller.

Definition 2.1. [2] Let a € [0,1]. The conformable derivative operator D* de-
scribe as

(2.4) D%(z) = k1 (o, z)u(z) + no(aw)%u(x)

where K1, ko : [0,1] x R — [0,00) are continuous function such that

lim xq(a,z) =1, lim ko(a,z) =0, for all x € R,
a—0t a—0t
lim #1(o,2) =0, lim ko(o,x) =1, for all x € R,
a—1- a—1—
k1(a, ), ko(a, z) # 0, a € (0,1], for all x € R.
So, for instance, one can define the conformable derivative operator
d
(2.5) D%u(z) = (1 — a)e“u(z) + ael’o‘d—u(x),
x
or
« 6% . 1—a d
(2.6) Du(x) = cos(am/2)e“u(x) + sin(aw/2)e %u(aj)

This new definition of conformable derivative enables to compute the non-integer
order of derivatives via classical derivative operator. Thus, conformable differential
equations can be solved with the numerical methods after this transformation has
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been applied. In next section, we will summarised the RBF methods which is one
of the mesh-free techniques and then applied it to solve conformable differential
equations.

3. RADIAL BASIS FUNCTION INTERPOLATION METHOD

The history of the RBF approximation goes back to 1968 with Hardy who in-
troduced the multiquadric RBF's in academia [4]. Thereafter RBF method become
increasingly popular interpolation technique as it provides us delicately and accu-
rately results with no mesh. Not only interpolation or quadrature of any function,
but also solving partial differential equations is also an application area of RBF's
technique.

One can define the RBF interpolation as follows:

Definition 3.1. Consider a given data set f = (fi,..., fy)T € RY of function
values, taken from an unknown function f : R — R at scattered data points
x, € R4 k =1,...,N such that f;, = f(z;) and d > 1. The RBF interpolation is
given by

N
(3.1) Pr(x) = anp(|lx —xl)),
k=1

where ¢(+) is a radial function and || - || is the Euclidean distance. The coefficient
a; can be determined from interpolation requirements Py(x;) = f; by solving the
following symmetric linear system:

(3.2) Aa=Hf,

where the matrix Ay y) is constructed for o, such that @i = o(||lz; — zxl]),
Jk=1,...,N.

Here the basis function ¢ must be choose as a positive definite function. Ad-
ditionally, radial basis functions can be divided into two major groups: piecewise
smooth and infinitely smooth which are given in Table 1 and Table 2. The rate
of convergence in the infinitely smooth RBFs is quicker in comparison with the
piecewise smooth RBFs which cause to an algebraical rate of convergence.

Piecewise Smooth RBF's o(r)

Piecewise Polynomial (R,,) [r|™ , n odd

Thin Plate Spline (T'PS,,) | |r|*In|r| , n even

TABLE 1. Piecewise Smooth

Additionally, RBFs can be expressed by using a scaling parameter named the
shape parameter €. This can be done in the manner that ¢(r) is replaced by ¢(er).
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Infinitely Smooth RBF's o(r)
Multiquadric (MQ) V1+1r2
Inverse Multiquadric (IMQ) \/%
1
Inverse Quadratic (1Q) 1312
Gaussian (GA) e
Bessel (BE) Jo(2r)

TABLE 2. Infinitely Smooth

In general shape parameter have been chosen arbitrarily since there are no exact
results about how to choose best shape parameter.

4. NUMERICAL SCHEME USING MESH-FREE TECHNIQUE

Together with the development of derivative concept, the question of how to
solve non-integer order differential equations have arisen in the scientific area. One
of the similar problem has been faced for the conformable differential equations
since it contains the non-integer order derivative terms. However through the defi-
nition of conformable derivative operator one can transform it to classical ordinary
differential equations that there are huge amount of literature about it. Thus by
applying the mesh-free numerical methods, we can find an approximation results of
conformable differential equations. The conformable ordinary differential equation
can be expressed via

(4.1) D%u(x) + 9(x)u(x) = v(z), uo(x) = u(xo).
Then by substituting of equation (2.4) into equation (4.1), we get

(4.2) k1(a, z)u(z) + Ko(a, x)%u(x) + ¥ (z)u(z) = v(z).

Then by rearranging of equation (4.2), we obtain the below classical ordinary dif-
ferential equation, that is

(4.3) %u(x) + A(a, z)u(z) = B(a, ), up(z) = u(xo),

where

k1(a,z) + 9(x)

(4.4) Ao, 2)u(z) = (0. 7)
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Now the above equation can be solved easily by applying the RBF collocation
method which will present next section.

4.1. RBF collocation technique. In order to solve equation (4.3) by numerically
we use the RBF collocation method which is quite popular method in the engineer-
ing and applied mathematics. Let xf;’:l be the collocation points for interior and
boundary region. Then by using definition of RBF interpolation, we get

Y Td
(45) > an | gpule) + Alea)| el - ) = Blasa),

k=1

with the boundary condition

N
(4.6) > awlllxo — xucl) = u(zo).

k=1

Then by using the points xI_,, we can collocate the equations (4.5) and (4.6) to
determine the unknown coefficients aj’s. Thus the unknown function value u(zx)
can be calculated by using the determined coefficients with collocation method.

An algorithm for RBF collocation of conformable differential equation is as fol-
lows:

Algorithm 1: RBF collocation method for conformable differential equation

Require: Equally spaced grid data decomposition for 0, M.
1: Initialize the matrix A and f via collocation points x2_; .
2: Construct and solve the matrix equality Aa = f to determine the unknown
values of ay’s.
3: By using the value of a;’s, calculate the solution of equation for each collocation
points.
4: return Approximation value

5. NUMERICAL EXPERIMENTS

In this section, we presents some numerical results to verify proposed algorithm.
To do that, we take the first order conformable ODE which is solved by RBF
collocation technique.

5.1. Numerical solution of conformable ODE. For this example, we take the
below conformable ODE [2] to solve it via RBF method,

(5.1) D%u(z) + u(z) = v(x)
with the boundary condition

(5.2) uo(z) = u(zp)
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Let z; be equally spaced grid points in the interval 0 < xz; < M suchthat 1 <7 < N,
x1 =0 and xy = M. Additionally, because collocation approach has been used we
not only require an expression for the value of the function

N
(5-3) u(z) =Y age(|le — axl)
k=1

but also for the conformal derivative given in (5.1). Thus, by conformal differenti-
ating (5.3), we get

N
(5-4) Du(z) =Y a;D¢(||x — i)
k=1

where D“denotes the conformable derivative the with respect to x. In a particular
case of Multiquadric and Gaussian basis functions, we have

r — T
D% ([|lx —zxll) = ki, z)V/ ||z — 2kl + €2 + Ko(a, ) —
Ve —xp||?+ e

2T~ Tk) o—ap)?/e?
2

(5.5) D%z —axl]) = ri(e,z)e 150/ _ gi(a, 2)

where kg and k1 are given in Definition 3.1. So in order to determine the value of
a;’s in equation (5.3), we need to solve

N N
(5.6) > aD%(|lz; — arl) + Y asella; — wil) = v(x)
k=1 k=1
by using
N
(5.7) > age(ller — zxl) = ulwo)
k=1

where j = 2,..., N. If we put the equations (5.5) into equation (5.6), we get the
classical ODE which can be solved easily. In other words, one need to solve below
algebraic systems

(5.8) PINx NIA[N x1] = V[Nx1]

where
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Dp114+¢11 ... D@1 N+ @1 N ai V1

D% 14+ @21 ... D% N+ 2N as U2
¢ = ) ) . a4 = . V= )

D%nN1+e¢n1 ... D% NN+ oNN an UN

to determine a;’s. Then one can obtain the numerical solution using a;’s into RBF
method. The numerical experiment results has been presented for different left hand
side functions such as vi(z) = x/x + 1/22%/x + 22, vo(x) = e~ %(z + /2/2) and
v3(z) = (1 — \/x/2) cos(4+/7) — sin(4+/x) in Figures 1, 2 and 3 respectively. These
results confirm that RBF method converge the solution of ordinary conformable
differential equations.

Function Alpha ¢ Number of Nodes Max-Error RMS-Error
v1(x) 0.5 5 500 3.829195e-006 5.527372e-008
va () 0.5 5 500 2.352912e-005  3.757950e-007
v3(x) 0.5 5 500 2.267579e-004  3.500312e-006

TABLE 3. Numerical results of conformable ordinary differential
equation via RBF using Multiquadric on the domain [0, 10].

120

; r
Exact Solution
O Numerical Solution

u(x)

FIGURE 1. u(x) versus x using Multiquadric basis function with
e =5 for v (x) = x/T +1/22%\/z + 2?: Exact solution (Blue) and
Numerical solution (Red circle) on equally spaced evaluation grid.

In the numerical experiments, Maz-FError represents the maximum modulus er-
ror, i.e., || f — g|lcoc and Rms-Error represents the standard root mean squared error,
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i.e.

eval
59) S - gl
’ Neval ’

where f is the exact solution, g is the approximate solution, and Newval is the
number of the test points.

0.4

; r
Exact Solution
O Numerical Solution | |

0.351

0.3r

0251 &§

u(x)

0.2
0.15
0.1f

0.05

FIGURE 2. u(x) versus x using Multiquadric basis function with
e = 5 for ve(z) = e *(z + +/z/2): Exact solution (Blue) and
Numerical solution (Red circle) on equally spaced evaluation grid.

15

; r
Exact Solution
O Numerical Solution

FIGURE 3. u(x) versus x using Multiquadric basis function with
e =5 for vs(z) = (1 — /z/2) cos(4y/z) — sin(44/z): Exact solu-
tion (Blue) and Numerical solution (Red circle) on equally spaced
evaluation grid.
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6. CONCLUDING REMARK

A new radial basis function collocation technique to solve conformable ordinary

differential equation is proposed and tested in this paper. To do that Gaussian or
Multiquadric basis functions can be used. In order to verify this methods stability,

we

have presented some numerical results. Thus this study would help to solve

modelled non-integer order of differential equations.
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PERIODIC SOLUTIONS FOR THIRD ORDER DELAY
DIFFERENTIAL EQUATION IMPULSES WITH FREDHOLM
OPERATOR OF INDEX ZERO

S.BALAMURALITHARAN

ABSTRACT. In this paper the periodic solutions for third order delay differen-
tial equation of the form
() + f(t, 2" (1) + g(t, 2" (8)) + h(x(t — 7(t)) = p(t), t 2 0, # t,

is investigated. We derive a third order delay differential equation with Fred-
holm operator of index zero and periodic solution. We obtain the existence of
periodic solution and Mawhin’s continuation theorem. The delay conditions
for the Schwarz inequality of the periodic solutions are also obtained. An ex-
ample is also furnished which demonstrates validity of main result. Some new
positive periodic criteria are given. Therefore it has at least one 27-periodic
solution.

1. INTRODUCTION

The theory of impulsive delay differential equations is promising as an impor-
tant role of investigation, since it is better than the corresponding theory of delay
differential equation without impulse effects. Furthermore, such equations may
demonstrate several real-world phenomena in physics,chemistry, biology, engineer-
ing, etc. In the last few years the theory of periodic solutions and delay differential
equations with impulses has been studied by many authors, respectively [3, 5, 7, 8].
There are several books and a lot of papers dealing with the periodic solution of
delay differential equations [1, 2, 4, 6, 9]. Periodic solutions of impulsive delay dif-
ferential equations is a new research area and there are many publications in this
field. The paper deals with impulsive equations with constant delay and Fredholm
operator of index zero. We obtain the theorems of existence of periodic solution
based on the following Mawhin’s continuation theorem.

Let PC(R,R) = {z : R — R, z(t) be continuous everywhere except for some tj,
at which z(t;) and z(t;,) exist and z(t; ) = z(t)},

2000 Mathematics Subject Classification. 34K13, 34K45.
Key words and phrases. third order delay differential equations; Impulses; Periodic solutions;
Mawhin’s continuation theorem; Fredholm operator of index zero.
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PCYR R) = {z : R — R, z(t) is continuous everywhere except for some ¢ at
which 2/(¢)) and 2/(t;) exist and 2/(¢;,) = 2/ (tx)}-

PC?(R, R) = {z R — R,z(t) is continuous everywhere except for some tj at
which 2" () and x”(tk) exist and 2" (t,) = «" (tx)}.

Let X = {z(t) € PCY(R,R),z(t + T) = z(t)} with norm ||z| = max{|z|ec, |2']0c },
where |r]oc = Supye(or [£(1)],

Y = PC(R,R)xR"xR", with norm ||y|| = max{|u|s, |¢|}, where u € PC(R,R),c =
(c1,...con) € R x R, |c| = maxi<k<on{|ck|}-

Z = PC(R,R)xR"xR"™, with norm ||z|| = max{|v|eo, |d|}, where v € PC(R,R),d =
(dl, c. dzn) € R" xR", ‘dl = maxlgkggn{\dﬂ}

Then X, Y and Z are Banach spaces. L: D(L)C X Y and L: D(L)CY — Z
are a Fredholm operator of index zero, where D(L) denotes the domain of L.
P:X—-XQ:Y—Y R:Z— Z are projectors such that

ImP=kerL, kerQ=ImL, kerR=ImlL,

X=kerL@kerP, Y=ImL®ImQ, Z=ImL®ImR.
It continues that
L|p)ynker p : D(L) Nker P — Im L

is invertible and we assume the inverse of that map by K,. Let {2 be an open
bounded subset of X, D(L) N # 0, the map N : X — Y will be called L-compact
in Q, if QN(Q) is bounded and K,(I — Q)N : Q — X is compact.

Similarly it follows that

Lipyrkerg : D(L) Nker @ — Im L

is invertible and we assume the inverse of that map by K,. Let {2 be an open
bounded subset of Y, D(L) N # (), the map N : Y — Z will be called L-compact
in Q, if RN(Q) is bounded and K,(I — R)N : Q — Y is compact.

2. PRELIMINARIES

This paper obtains the existence of periodic solutions for the third-order delay
differential equations with impulses

2" (t) + f(t, 2" (1) + g(t, 2’ (1) + h(x(t — 7(8)) = p(t),t = 0, # t,

(2.1)

where Az(ty) = x(tZ)—x(t,;), x(t:) = limtﬁt;r x(t), z(ty, ) = limtﬁt; x(t), z(ty, ) =
z(tr);

AL (ty) = (tk) —a'(t,), x (tk) = hmt—m; '(t), 2'(t;) = limt_ﬁ; Z'(t), 2'(t,) =
(tk)7

Az (ty) = a:”(t;) — 2’ (t,), x”(tﬁ) = limtﬁt: (t), a"(t,) = hmtat; 2 (¢),

2 (t, ) = a" (tr).

We assume that the following conditions:
(H1) f € C(R%R) and g(t + T,) = g(t,2), h € C(R,R), p,7 € C(R,R) with
T(t+T)=7(t), pt +T) = p(t);
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(H2) {tx} satisfies ¢ty < tg+1 and limg_ 1ot = t00, k € Z,
In(2,y), Je(x,y), Ki(z,y) € C(R% R), and there is a positive n such that
{tk} N [O,T] = {tl,tz, e 7tn};tk+n = tk + T,
Ik+n($, y) = Ik(l’, y)7 Jk+n(x> y) = Jk(x7 y)7 Kk+'n,<x7 y) = Kk(aj? y)

(H3) There are constants o, 8 > 0 such that

(2.2) lf(t )| <oz, V(tz)e€l[0,T] xR,

(2.3) zf(t,x) > Blz?, V(t,z) €[0,T] x R;
(H4) There are constants o, 8 > 0 such that

(2.4) lg(t,z)| < olz|, VY(t,z)e[0,T] xR,

(2.5) 22g(t,x) > Bla?, VY(t,x) €[0,T) x R;
(H5) there are constants 8; > 0 (i = 1,2, 3) such that

(2.6) |h(z)| = B1 + Be||,

(2.7) |h(z) = h(y)| < Bsle —y;

. +AJk (@,y)
(H6) there are constants v; > 0 (i = 1,2,3), such that | [ h(s)ds| <

|Jk(may)|(’71 —l—’72|x|+’}/3‘e]k;($,y)|), VA€ <0a1)7
(H7) there are constants ag, a}, a} > 0 such that |Ky(z,y)| < ag|z|* +a}|z| +a};
(H8) zKk(x,y) <0 and there are constants by > 0 such that |Ky(x,y)| < b.

Lemma 2.1. Let L be a Fredholm operator of index zero and let N be L-compact
on Q. We assume that the following conditions are satisfied:

(i) Lz # ANz, Ve € 02N D(L),A € (0,1);
(i) RNz # 0, for all x € 00 Nker L;
(ili) deg{KRNz,Q\ker L,0} # 0, where K : Im R — ker L is an isomorphism.

Then the abstract equation Lz = Nx has at least one solution in Q) D(L).

We assume the operators L: D(L) C X - Y and L: D(L) CY — Z by
(2.8) Lx = (2", Ax(t1), ..., Ax(ty), Ax'(t1),..., Az (t,), Az" (t1), ..., Az" (t,)),
and N: X -Y N:Y — Z by
(2.9)
N = (=f(t,2"(t) — g(t,2'(t)) — h(z(t — 7(1))) + p(t),

Li(z(t)), ..y Ln(z(tn)), J1 (2 (81)), - - o, Jn(@ (t0)), K1 (2" (81)), - . ., Kn (2" (t))).

Lemma 2.2. L is a Fredholm operator of index zero with
(2.10) ker L = {z(t) = ¢, t € R},
and

ImL(y,z,a1,...,an,b1,...,by)
(2.11) T ~ " ,
= (y(s) + 2(s))ds + > bi(T — t) + > ag, + 2/ (0)T = 0.
0 k=1 k=1

Let the linear operators P: X — X, Q:Y =Y and R: Z — Z be defined by
(2.12) Pz = z(0),
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Q(yaala"'aanabla"'7bn)

(2.13) 2 (7 Z = ,
= 23l (T=s)y(s)ds + D b(T —tx) + Y ax +2/(0)T),0,...,0),
0 k=1 k=1
and
R(z,al,...,ambl,...,bn)
(2.14) 2 [T = =
_ ﬁ[/ (T = s)2(s)ds + S b(T — t4) + 3 ax + 2/ (0)T1,0,....,0).
0 k=1 k=1
Lemma 2.3. If a > 0, z(t) € PC?*(R,R) with z(t + T) = x(t), then
T t T
(2.15) / / |x’(s)|2dsdt:a/ PO
0 t—a 0
and
T t+a T
(2.16) / / & ()[2 ds dt = a/ o (1) 2dt.
0 t 0
Let

At a) = Z ar, As(t,a)= Z ar,

t—a<t,<t t<tp<t+o
/ ’
By (tv O‘) = E Qg B2(t7 a) = § Qg
t—a<tp<t t<tp<t+a
" "
Cy(t,a) = E ap, Cs(t,a)= E ay,
t—a<t,<t t<tp<t+a

I = (/OT A%(t,a)dt)l/2 + (/OT A%(t,a)dt)l/z,
T

I = (/0 B%(t,a)dt)l/z + (/OT B%(ua)dt)lm,

T T
I = / A2(t, ) dt + / A2(t, a)dt,
0 0
T T
.[4 :/ Al(t,a)Bl(t)dt—i—/ Ag(t,a)BQ(t)dt,
0 0

T T
Is = / B(t,)dt + / B2(t, )dt
0 0

The following Lemma is important for us to the delay 7(t).

Lemma 2.4. Suppose 7(t) € C(R,R) with 7(t +T) = 7(t) and 7(t) € [—«, a] for
allt € [0,T), z(t) € PCY(R,R) with z(t +T) = x(t) and there is a positive n such
that {tx} N[0, T] = {t1,t2,...,tn}, Ax(ty) = M (x(tx), 2’ (tx)) for all A € (0,1) and
thwn =tk + T, Igyn(x,y) = Ix(z,y). Furthermore there exist nonnegative constants
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ag,ay, such that |Ii(z,y)| < ag|z| + a),. Then
T
/ lz(t) — x(t — 7(t)|?dt
0
T T 1/2
217) < 2a2/ \x’(t)|2dt—|—2a11\x(t)|oo(/ (1) Pt
0 0

T 1/2
+2aba( [ OPa) " + Bl + Ll (O] + 1
0

3. MAIN RESULTS

We establish the theorems of existence of periodic solution based on the following
two conditions.

Theorem 3.1. We assume that (H1)-(H8) hold. Then (3.3) has at least one T'-
periodic solution and

(3.1) zn:ak <1

n

EONBEET S ETAEETT

(3.2) k=1 =1 s
+20r(®)le L (17(0)])M + Lr(0)])M?| T < B,

1 o

M =
S TR

Proof. Consider the abstract equation Lx = ANz, with A € (0,1), where L and N
are given by (2.8) and (2.9). Let

Oy ={xz € D(L) : ker L, Lx = ANz for some A € (0,1)}.
For = € Q4, we get
(3-3) 2 () + £t 2" (1) + g, 2 (1) + h(x(t — 7(t)) = p(t),t = 0, # t,

Integrating the interval on [0, T, using Schwarz inequality, we get

|/ (t — 7(t))dt|

f\/ dtf/ Ft,2"( dtf/ gt,x’(t))dtJr;Kk(z(tk),z"(tk)ﬂ

< Tl +0 / Ol + Y b
0 k=1

T 1/2 n
< UTl/Q(/ |x”(t)|2dt) +Tlp(t)]oo + 3 br-
0 k=1

From the above formula, there is a interval on to € [0, 7] such that

o T
alto = ()| < 75| la" (a2 + ot Zbk.

+T1/2).
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From (2.6),we get
n
g

T 1
1+ Balotto = rito))] < 7875( [ 12 @Fd) 2 + 1p(0) + > b

Then
o 4 " 2 1/2
_ < -
oo = r(t0)| < 577 ([ " 0P ar) " +a

where d = (|[p(t)|oo+ % >p_; b —B1])/Ba. So there is an integer m and an interval
t1 € [0,T] such that tg — 7(tg) = mT + ¢1. Therefore

g g " 2 1/2
)] = latto = 10| < -7z ([ 1 @)Pae) " 4,

ac(t):x(tl)—l—/lx”(s)ds—i— S Kila(tn), " ().

t1 t1<tp<t

Thus

\w(t)looélx(tl)H/t [ (s)lds + Y 1 Kn(e(te)]

11 <tp<t

. T n n n
< ﬁ(/ & () ?dt)? + d + / 2 Oldt+ > arlaloo + ) af 4D af
X o 0 k=1 k=1 k=1

n T 1/2 n n
g
<l > ak + (57172 +T1/2)(/0 Ix”(t)lzdt) +d+ Y a+ > al.
k=1 k=1 k=1

It continues that

d+ 3 p_ ay. 1 4 1/2 /T 72 e 1/2
(V)| < =1k | +T 2" (#)|2dt)Y
o0 < B e[ e opa

(3.4) ¢
eyt M(/0 1o (8)2d) /2,

where ¢ is a positive constant. On the other hand, multiplying both side of (3.3)
by 2/(t), we have

/0 2" (t)x (t)dt—i-)\/o f, 2" (@) (t)dt —l—)\/o g(t,z'(t))x (t)dt-i—)\/o h(t,x(t — 7(t))z'(t)dt

T
= A/O p(t)x’' (t)dt.

Since
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Our assumption (H7) that

In (2.5), by use Schwarz inequality

(3.5)
T
8 / 2" () 2t
T n

, R 1
< 7/0 h(z(t — 7(t))z (t)dt+/0 p(t)x (t)dt+52bi

k=1

:/ [h(x(t) — h(ac(t—T(t))]x/(t)dt—/ h(x(t))x' (t)dt
0 0

T n
1
+/ p(t)x'(t)dt+§§ b:
0 i=1
T

= Ih(ﬂf(lt))—h(ﬂf(lt—T(t))ll»”ﬂ’(t)ldt+Ip(t)\oo/0 ' (t)|dt

+] ; h(z(t))x' (t)dt| + %Z b:

<[( [ ey -~ nete—rampar) o] ([ opar)”
T

S RCOROTEE >SS
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From (H5) and (H6), we get

|/ W) (O)dt]

z(t1) z(t2) =(T)
= | / h(s)ds + / h(s)ds +---+ / h(s)ds|

(0) (tf) e (th)
z(T) n z(t))

= \/ h(s)ds — Z/ h(s)ds|
x(O) k=1 x(tk)

IA

@(tr) FAK (x(tr),2" ()
|/ h(s)ds|
xr

(k)

1+ IM-

IN

Bk (2(tr), ' (te) [ (71 + 2l ()| + s K (2 (), 2" ()])]

b
Il
—

< (D an) + (D ap)llz(t) + colz (Bl + cs,

k=1 k=1

where c¢g, ¢35 are constants. From (3.4), we get
T

| / ha(t))2 (£)d]

0 S S 2 2 g 2 g 2 1N1/2
< b3 a0+ (3 adr / /(1) dt+c4</0 12! (1)[2d8)' 7 + e,

where cq4, c5 are constants. From Lemma 2.4, we get

(3.6)

T
| Ihtatt) = ntate - o) Pat
T
Sﬂ?,/o lz(t) — (t — 7(t))|*dt

T

T
< B0k [ P+ 2r0l(r O oole [ 1 0Pa)

T 1/2
+ 207 (Oloe E2(17(8) o) ( / W Odt) "+ L))l
+ La([7(8)| o) () loe + I5(I7(8)] o))
(

Substituting (3.4) into the above inequality, we get

T
/ Ih(a(t) — B (t — (1)) Pt

0
< BERIT()|3% + 217 (8) oo L1 (I7(8)]o0) M
2 g 2 T 2\ /2
RO [ OFd e [ 12 @OFd) e
0 0
where cg, c7 are constants. From above inequality

(3.7) (a+b)2<a?+bY% for a>0,b>0,



166 S.BALAMURALITHARAN
we get
T
(] ntate = hate = rep)lar)
< Bs2lr (D)5 + 217 loo Ir (|7() o0) M
T T
+13(|T(t)\oo)M2]1/2(/0 |z’(t)|2dt) +cé/2</0 @' (8) Pdt) e

Substituting the above formula and (3.6) in (3.5), we get

= [ Zak + 73 Zak — Bs[2l7(1)[%

1/2

T
+2|T(t)|oo11(\7(t)loo)M+Is(\7(t)|oo)M2}1/2}/0 |’ (t)[*dt

T , T
< CS(/ |x’(t)\2dt)§ + 09(/ |2/ (£)2dt) "% + eq,
0 0

where cg, cg, c1g are constants. There is a constant M7 > 0 such that

(3.9) /T & (4)|2dt < M.

0
From (3.4), we get

T
|2(t)]oo < cH—M(/O |2/ (£)|2dt)"/? < d+ M(My)"/2.

Then there is a constant My > 0 such that |z(t)|cc < Ms. Therefore, integrating
(3.3) on the interval [0, T], using Schwarz inequality, we get

T T
/O |2 (t)|dt = /0 | = f(t,2" (1) = g(t, 2" (1)) = h(a(t = 7(1))) + p(t)|dt
T T T ’
S/O If(t,x (t))|dt+/0 lg(t, = (t))|dt—|—/0 \h(x(t—7‘(t)))|dt+/0 Ip(t)|dt
T
< a/ 2" (t)|dt + hsT + T|p(t)| oo
0

T
< oTV3( / |2 (£)]dt)? + hsT + T|p(t) |
0

< oTY2(M)Y2 + hsT + T|p(t)] o,

where hs = max|,<5 [g(2)|. Then there is a constant M3 > 0 such that
T
(3.9) / o ()|t < M.
0
From (3.8),then there are ¢t € [0,T] and ¢ > 0 such that |2'(t2)| < ¢ for t € [0,T]
T n
(3.10) |2 ()00 < |2 (t2)] +/ |2 (t)|dt + Zbk'
0 k=1

Then there is a constant My > 0 such that
(3.11) |2 ()]0 < My.
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It follows that there is a constant Iy > max{Ma, My} such that ||z|| < Iz, Thus O
is bounded.
Let Qo = {z € ker L, RNz = 0}. If 2 € Qy, then z(t) = ¢ € R and satisfies

(3.12)  RN(2,0) = (—%/ [F(£0) + g(t,0) + h(c) — p()]dt,0,. .., 0) = 0.
0
we get
T
(3.13) /O [£(£,0) 4+ g(t,0) + h(c) — p(¢)]dt = 0.
In (3.13),there must be a interval ¢¢ € [0, 7] such that
(3.14) h(c) = —f(to,0) — g(to, 0) + p(to)-

From (3.14) and assumption (H3), (H4), we get

(3.15) P14 Balc] < [h(c)] < |f(to,0)] +1g(to, 0)] + [p(to)| < o X 0+ |p(t)]oc-
Then
[p(t)]o00 — B1]

B2
which implies (23 is bounded. Let € be a non-empty open bounded subset of X
such that Q D Q) U Qs U Q3, where Q3 = {x € X : |z] < |[p(t)|oc — B1|/B2 + 1}.
By Lemmas 2.2, we can see that L is a Fredholm operator of index zero and N is
L-compact on 2. Then by the above argument,

(i) Lz # ANz for all z € 9Q N D(L), A € (0,1);
(i) RNz # 0 for all z € 992 Nker L.

Finally we prove that (iii) of Lemma 2.1 is satisfied. We take H(x, u) : 2 x [0,1] —
X

(3.16) | <

)

_ T
Hea) = o+ 2052 [ 0) = gt/ (0) + Bt = 7(0) + ple.

From assumptions (H3) and (H4), we can easily verify H(z,u) # 0, for all (z, u) €
00 Nker L x [0,1], which results in

deg{ KRNz,QNker L,0} = deg{H(x,0),Q2Nker L,0}
=deg{H(z,1),QNker L,0} # 0,

where K(z,0,...,0) = z. Therefore, by Lemma 2.1, Equation (3.3) has at least
one T-periodic solution. ([

Example 1. Consider the third order delay differential equation with impulses

1 1 1 1
2" (t) + gx”(t) + éx'(t) + ﬁx(t — 70 08 t) =sint, t#k,
i km
sin &% y
Ii(z,y) = =3
k(xvy) 120 z+ 1+y27
(3.17) 2
k\Ly 1+.’Il4y27
4t
Kk(l',y) - Y

1+ asy?’
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where t, =k, f(t,z) = $2%,g(t,x) = tz, h(y) = 57y, p(t) = sint, 7(t) = ;5 cost,
it is casy to see that |7(t)|e = 5, T = 2m,{k} N [0,27] = {1,2,3,4,5,6,7,8},
g = /6 = %a ﬁl = 07 BZ = /63 = 2711 Since |Ik($,y)‘ < 17%0|1'| + %7

z+1 (x,
k()| < 1] [T h(s)ds| < |, y) (G 2] + 5l i, m)),

+Jk (2,
(K (zy)| < L] [25 his)ds| < [T, 9) (2] + 51Tk ),

then we take aj = %, ay, = %, e =1(k=1,2,34,56,7,8), 71 =0, 72 =1/21,
3
1
k;lak = % <1,
M= ! (A V) S 5 +(2m)/2) < 8.
1— Y0 ag BeT1/? 1— 5 o (2m)1/2

By Theorem 3.1, Equation (3.17) has at least one 27-periodic solution.
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SOME SPACES OF A-IDEAL CONVERGENT SEQUENCES
DEFINED BY MUSIELAK-ORLICZ FUNCTION

SELMA ALTUNDAG AND MERVE ABAY

ABSTRACT. We introduce basic properties of some sequence spaces using ideal
convergent and Musielak Orlicz function M = (M}). Including relations re-
lated to these spaces are investigated in this paper.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Throughout this article w, ¢, cp, I, I, denote the spaces of all, convergent,
null, bounded and p -absolutely summable sequences, where 1 < p < oc.

Firstly, the notion of I -convergence was introduced by Kostryrko et all [1] and
it is the generalization of statistical convergence.
A = (ank) be an infinite matrix of complex entries a,; and x = () be a sequence
o0
inw. If A,(x) = > ankxk converges for each, then we write n € N.
k=1
Definition 1.1. If X is a non-empty set then a family of sets I C 2% is ideal if
and only if for each A, B € I we have AUB € [ and for each A € I and each B C A
we have B € L[1]

Definition 1.2. A non-empty family of sets F' C 2% is said to be a filter on X if
and only if ) ¢ F, for each A, B € F we have AN B € F and for each A € F and
each B D A we have B € F.[1]

Definition 1.3. An ideal I # ) is called non-trivial if [ # () and X ¢ L[1]

Definition 1.4. A non-trivial 7 C 2% is called admissible ideal if and only if
{{z} 2z e X} C IL[1]

Definition 1.5. A sequence z = (z,,) € w is said to be I-convergent to L if there
exists L € C such that for all e > 0, the set {n € N: |x,, — L| > ¢} € I. We say z,
I — convergent to L and we write I — lima = L. The number L is called I — limit
of x.[2]

2010 Mathematics Subject Classification. 40A05, 46A45, 46E30.
Key words and phrases. ideal; Z-convergence; paranorm space; Musielak-Orlicz function.
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170 SELMA ALTUNDAG AND MERVE ABAY

Definition 1.6. An Orlicz function M is a function which is continuous, nonde-
creasing, and convex with M(0) = 0, for x > 0 and M(z) — o0 as x — 0.
Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to construct the
sequence space

lM:{xew:ZM(pcpM> <oof0rsomep>0}

k=1

which is called an Orlicz sequence space. The space [); becomes a Banach space

with the norm
||| :inf{p>O:ZM<g;k|> < 1}.

k=1

The space [ is closely related to the space I, which is an Orlicz sequence space
with M(z) = 2P for 1 < p < co. Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [5], Bhardwaj and Singh [6] and many others. It is
well known that since M is a convex function and M(0) = 0 then M(tz) < tM(x)
for all ¢t with 0 < ¢ < 1. Dutta and Basar [18] have recently introduced and stud-
ied the Orlicz sequence spaces l;w (C,A) and hps (C, A) generated by Cesaro mean
of order one associated with a fixed multiplier sequence of non-zero scalars. The
readers may refer to [17] for relevant terminology and details on the algebraic and
topological properties on sequence spaces. An Orlicz function M is said to sat-
isfy Ag — condition for all values of u, if there exists constant K > 0 such that
M(2u) < KM(u) (u>0). The Ay — condition is equivalent to the inequality
M(Lu) < KLM(u) satisfying for all values of v and for L > 1 [7]. A sequence
M = (M) of Orlicz function is called a Musielak-Orlicz function see [8], [9]. The
sequence N = (Ny) defined by

Ni(v) =sup{|v|]uv— (Mg):u >0}, k=12,..

is called the complementary function of a Musileak-Orlicz function M = (My). For
a given Musileak-Orlicz function M = (M}), the Musileak-Orlicz sequence space
t pm and its subspace haq are defined as follows:

tm={r€w:1,,(cx) < oo for somec >0},
hpm ={x €w: I, (cx)<ooforallc>0},

where I is a convex modular defined by

IM(CC):ZMk(LL’k), I:(Q?k)GtM.
k=1

We consider ty, equipped with the Luxemburg norm

|x||:inf{p>0:IM (i) <1}

or equipped with the Orlicz norm
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ol = int {1+ Lag(pa)) 5 > 0}

The following inequality will be used throughout this paper. Let p = (px) be a
sequence of positive real numbers with 0 < h = infp,, < p, < H = supp, < ©
and let D = max {17 2H_1}. Then for ay,br € C, the set of complex numbers for
all k € N, we have

(1.1) |ag + be|”" < D {|ap" + [bx|""} .

Also, |a|”* < max {1, \a|H} for all a € C.

The notion of paranormed space was introduced by Nakano [10] and Simons [11]
and many others.

Definition 1.7. Let X be a linear metric space. A function g : X — R is called
paranorm if

(1) g(x) >0, for all x € X,

(2) g(—xz) =g (x), for all x € X

(3)gx+y) <g(x)+g(y), foralazyeX,

(4) if (A,) be a sequence of scalars with A,, = A as n — oo and (z,,) is a sequence
of vectors with g (z, —x) — 0 as n — oo, then g (\,z, — Az) = 0 as n — oo.

Definition 1.8. A sequence space X is solid (or normal) if (a,z,) € X whenever
(z,,) € X for all sequences («,) of scalars with |, | <1 for all n € N.

Definition 1.9. A sequence space X is said to be monotone if it contains the
canonical preimages of its step spaces.[19]

Lemma 1.1. If a sequence space X is solid, then X is monotone.[12]

Definition 1.10. A sequence space X is sequence algebra if zy = (v,y,) € X
whenever x = (z,,),y = (yn) € X.

We define the following sequence spaces in this article,

_ Pk
CI(M,A,p):{xew:I—lilgn[Mk<Ak(gc)Ll)} =0 forsomeLandp>0},
p

Pk
cé(M,A,p){zewslliin{Mk<Ak($)>} =0 forsomep>0}7
p

Pr
loo(M, A, p) = {x € w : sup [Mk (Ak;x)')] < oo for some p > 0} .
k

Also we write

mI(Ma Aap) = CI(Ma Aap) N lOO(M7 A7p)

my(M, A, p) = ¢f(M, A,p) N (M, A, p).
If we take A = ), these spaces are respectively reduced to the spaces c}(M, A, p),
(M, p), Lo (M, A, p), mE(M, X, p), m (M, )\, p) defined by Mursaleen and Sharma
[19]. If we take p = 1 for all k, M(x) = M(z) and A = I, we get the spaces c{, (M),
(M), Lo (M), mE(M), mI(M) which were studied by Tripathy and Hazarika [14].

Our aim is to define the paranormed space of ideal convergent sequence space
with matrix transformation and Musielak-Orlicz function.
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2. MAIN RESULTS

Theorem 2.1. Let M = (My) be a Musielak-Orlicz function and p = (pr) be a
bounded sequence of positive real numbers. Then, the spaces ¢!(M, A, p), ct(M, A, p),
mi(M, A, p) and m{(M, A,p) are linear.

Proof. Let z,y € ¢! (M, A,p) and a, 3 be scalars. So, there exist positive numbers
p1, p2 and for given € > 0, we have

e fren (2B S
o fre (2B )

Let p3 = max{2|a|p1,2|8] p2}. Since M = (M}) is nondecreasing and convex
function, we can obtain

<|Ak (ozx+5y)p—3 (aLy +5L2)> < M, (|Ak(xp)1_ L1|)+Mk <|Ak(yp)2— L2|> .

I \/

I \/

M,

So, we have

e | I e | I K G 1

Suppose that k ¢ A; U As. So, [ <|Ak(aw+ﬁy) (aLlJrﬁLz)I)} < ¢ and hence

pP3
— Pk
. {k eN {Mk (|Ak (az + By) — (aL, +6L2)|)] N E} AL
P3
Therefore, I—liin [Mk (‘Ak(am-i-ﬁy)—

Pk
pS(O‘LﬁBLZ)l)} " — 0. Hence az+pBy € cl (M, A, p)

and so ¢/ (M, A, p) is a linear space. Similarly, we can prove that c}(M, A, p),
m{(M, A, p) and m! (M, A, p) are linear spaces. O

Theorem 2.2. [, (M, A, p) is a paranormed space with the paranorm g defined by

g(z) = inf {,OSIC : sup {Mk (|Ak($)|>} <1, k= 1,2,...},
k p

where S = max {1, H}.

Proof. It is clear that g (z) = g(—=z). Since My(0) = 0, we get g(0) = 0. Let us
take x = (zx) and y = (yx) in loo(M, A, p). We denote,

= ()]
- i (2] < .

Let p = p1 + p2. Then using the convexity of Mursielak-Orlicz function M = (M),
we obtain

i (Bt o1y (UG gy () ey

P P p1 P2 PP
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Therefore,

]
=

=
k p

We can see that
g(w+y) =t {(p+ps) ¥ ).p2 € B(y) |

€B(x
<infl{(p)¥ :peB@ }+ {(pg)?":pzeB(y)} 9(x)+9g(y).

PE
Let B(z™) = {p : sup [Mk (W)} < 1}, B(z"—x) = {p : sup [Mk (‘Ak(ﬂfip—f)‘>:| S < 1}
k k
and p,, € B (z"™), pl, € B (2™ — x). We can obtain,
[Ag(ynz" —va)| [Yn=71on | Ak (2™)] [v1p}, |Ag (z" —a)]|
Mk (pnl’Yn*'YlJ"p;ll'Yl) S pn"Yn*’Y“i’p’nh/‘Mk ( Pn ) + Pn"\/n 'YH’pn"Y‘Mk ( p;1 )

m—len [71pz, -1
= palm—7l+oLV " pnlyn—7+ps 7] :

Taking supremum over k on both sides,

Pl

Ap (Y™ — s
sup [Mk<| k (Y ’Yll’)| )} <1
k Pr [ =+ 0 17

and so,

A (Y™ — v Pk
{pn|vn =1+ o0 17| pu € B(a"), pLGB(w”—w)}C{p>0zsgp[Mk(| £ (1 5 i )N <1}.

Therefore,

. Pr
9 (" =2) =inf {(pn 90 =21+ 0 DD¥ < pu € Ba"), 7 € B" — )}
PE
<|vn—7l"% mf{(pn) 5 pn € B(a"), k= 1,2,...}
+max {1, \7|S}1nf{(p;)?’” L pl € B(a" —z), k= 1,2,...}

where s = sup (2) = min{1,H}. Since |y, —7| — 0 and g(z" —z) — 0 as
k
n — 0o, we obtain that g (y,z2" — vyx) — 0 as n — oo. O

Theorem 2.3. Let (My,) and (M},) be Musielak-Orlicz functions that As—condition
satisfies. Then,

(Z) w (Mkﬂ Aap) - w (M]/g © Mka Aap)

where W = ¢}, ¢!, mf,m!.

Proof. (i) Since W € {c m{,m'} can be proved similarly, we give the prove only
for W =c}. Let x € ¢} (M, A,p). So, we have p > 0 for every £ > 0,

B:{keN:(Mk(mp(x)'>)pk>s}eI.

Since (Mj,) is continuous, given for ¢ > 0 chosen § with 0 < ¢ < 1 such that
M (t) <efor 0 <t<¢. Wedefine y, = My, (M) For y; > 4,

Yk
< =<1 —
Yk <75 +5

Therefore;

/ P VY e (Lo LYo < Lop Lop (9
(2.1) Mk(yk)<Mk(1+6)Mk( 2+262) 2Mk(2)+2Mk(52)
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Since (M],) satisfies Ay — condition, we can write that

(2.2) M (%2) < K%’“M,; (2) forK > 1.

From (2.1) and (2.2), we have
Mj (yr) < 3M; (2) + 5K %M (2)

H
Hence;[M}, ()" < [K1M} (2)]™ ()™ < max{l, (KiMmy (2)) }(yk)m. Since
= M; (lA’“(QJN) we have I — lilgn (yr)™™ = 0. So,

C=dk: (y)"™ > c el

max {1, (K% 07 (2)"}

Pk €
Suppose that k ¢ C. Then, (yi)"* < max{l,(KkaM,;(z))H}' Hence,

9
max {1, (K% 7 (2))"}

=E.

(0t ) < o {1, (1601 2)) "}

Therefore, k ¢ {k : (M}, (yr))" > €, yp > 6} = D. Thus D C C and D € I. Since
M (yx) < € for y, < 9§, we have

[My(yi)]P* < eP* < max{e",e"}.

From this inequality, we have I — lim [M] (yx)]"* = 0 for y, < 6. Therefore
E={k:(Mj(y)™ >, yo <6} €L So DUE € Iand x € ¢} (M] o My, A, p).

(i1) Let x € ¢ (My, A, p) Nl (M}, A, p). So, there exists p > 0 such that

o {rer (i ()" )
o fee (s (AN)2 )

Let k ¢ BUC. Hence k¢ {k: (M +Mp) (Le2))™
{k : ((Mk + M) (W))pk > s} € I This completes the proof. O

} Therefore

Corollary 2.1. Let M= (My) be a Musielak-Orlicz functions which satisfies Ag —
condition. Then W (A,p) CW (M, A,p) where W = cf,c!,mf,m!.

Proof. We can obtain W(A,p) C W (M, A, p) from Theorem 2.3 by taking
My(z) = z and Mj(z) = My (x) for all z € [0, 00). O

Theorem 2.4. The spaces cb (M, A,p) and ml (M, A,p) are solid for A = I.
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Proof. We will prove for the space ¢ (M, A, p).
Let = € ¢} (M, A, p). So, for every ¢ > 0

B:{keN:(Mk (W))pkza}el(p>0).

Let o = (ag) be a sequence of scalars with |ag| < 1 for all k& € N. Suppose that
k ¢ B. Therefore, we obtain

o () = o, ()" < o, ()]

< o ()7 = o (= o ()]

Hence, k ¢ {k eN: (Mk (Mpax)‘))pk > E}. Therefore, we obtain
I—lim (Mk (M))p —0. 0
k P

Corollary 2.2. The spaces cb (M, A,p) and md (M, A, p) are monotone for A = L.

Proof. This is clear from Lemma 1.1. a

Theorem 2.5. The spaces ¢l (M, A,p) and ¢! (M, A,p) are sequence algebra for
A=1

Proof. Let z,y € ¢} (M, A,p) . Then there exists p1,p2 > 0 such that for every

€ > 0, we have
|xk| Pk €
Ay =<keN: M, | — > — I
! { © { k(m oD <

do = dwenw: i ()" 5 21 ¢
' P2 — 2D '
Let p = pa |zk| + p1 lyx| > 0. By using this fact one can see that
()< ()2 () o () (),
p 2p P2 2p P2 P2 P2

which shows that A3 = {k eN: [Mk (%)rk > 5} e L
Thus (zxyx) € ¢ (M, A,p) for A=1. O
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SOME ESTIMATES FOR THE GENERALIZED FOURIER-DUNKL
TRANSFORM IN THE SPACE Lin

R. DAHER AND S. EL OUADIH

ABSTRACT. Some estimates are proved for the generalized Fourier-Dunkl trans-

form in the space L2 ,, on certain classes of functions characterized by the

generalized continuity modulus.

1. INTRODUCTION

In [5], Abilov et al. proved two useful estimates for the Fourier transform in the
space of square integrable functions on certain classes of functions characterized by
the generalized continuity modulus, using a translation operator.

In this paper, we consider a first-order singular differential-difference operator A
on R which generalizes the Dunkl operator A,, we prove some estimates in cer-
tain classes of functions characterized by a generalized continuity modulus and
connected with the generalized Fourier-Dunkl transform associated to A in L2
analogs of the statements proved in [5]. For this purpose, we use a generalized
translation operator.

In section 2, we give some definitions and preliminaries concerning the generalized
Fourier-Dunkl transform. The some estimates are proved in section 3.

2. PRELIMINARIES

In this section, we develop some results from harmonic analysis related to the
differential-difference operator A. Further details can be found in [1] and [6]. In all
what follows assume where o > —1/2 and n a non-negative integer.

Consider the first-order singular differential-difference operator on R defined by

) fe)=fen) g, I

2 T x

() = F(a) + (a n

2000 Mathematics Subject Classification. 42B37.
Key words and phrases. Differential-difference operator, Generalized Fourier-Dunkl transform,
Generalized translation operator.
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For n = 0, we regain the differential-difference operator

Aaf(a) = J'(2) + (a+ ;) fr) I

which is referred to as the Dunkl operator of index a + 1/2 associated with the re-
flection group Zs on R. Such operators have been introduced by Dunkl (see [3], [4])
in connection with a generalization of the classical theory of spherical harmonics.
Let M be the map defined by

Mf(x)=2*"f(z), n=0,1,..
1 < p < o0, be the class of measurable functions f on R for which

1 llp.ace = 1M~ fllp.at2n < oo,

1/p
1llpa = ( / |f<x>p|x2a+1dx> |

If p = 2, then we have L2, = L*(R, |x|?**1).

a,n
The one-dimensional Dunkl kernel is defined by

(2.1) eal2) = jaliz) +

)

Let LP

a,n?

where

z
YR 'a i ’ C?
2(Oé+ 1).7 +1(ZZ) z €

where

N (D™ (/27
(2.2) Ja(2) = T(a+ 1);::0 mD(m+a+1)’

z € C,

is the normalized spherical Bessel function of index a. It is well-known that the
functions e, (\.), A € C, are solutions of the differential-difference equation

Aqu = du,u(0) = 1.

In the terms of j,(z), we have (see [2])

(2.3) 1—ja(z) = OQ1),z>1,
(2.4) 1—jo(z) = O@@*,0<x <1,
(2.5) Vhado(hz) = O(1),hz >0,

where J, () is Bessel function of the first kind, which is related to j,(z) by the
formula

Jo(z), RT.
" (x),z €
For A € C, and =z € R, put

ox(z) = $2"6a+2n(i)\az)7

where €419, is the Dunkl kernel of index a + 2n given by (1).
Proposition 2.1. (i) ¢, satisfies the differential equation
A(p,\ = i/\gO)\.

(i) For all A € C, and z € R

[oa(@)] < [af*reltmAlel.
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The generalized Fourier-Dunkl transform we call the integral transform

Faf(A /f z)p_x(x)|z[**Tdx, A € R, feL

Let f € L}, ,, such that Fa(f) € La+2n = LY(R, |x[?**t47F1dz). Then the inverse
generalized Fourier-Dunkl transform is given by the formula

z) = / FafNor(@)dpiasan(N).
R

where
1
220+2(T( 4 1))2°

dﬂa+2n()\) = a)a+2n|A|2a+4n+1dA; Qo =

Proposition 2.2. (i) For every f € L2,

Fa(AS)(N) = iAFA(F)(N)-

(i) For every f € Ly, ,, N L2 ,, we have the Plancherel formula

/ (@) Plaferdr = / Faf )P dpiasan(N).
R R

(iii) The generalized Fourier-Dunkl transform Fy extends uniquely to an isometric

isomorphism from L2 . onto L*(R, ftat2n).

The generalized translation operators 7, & € R, tied to A are defined by

) = / f(Va? +y? = 2yt <1+ Ty )A(t)dt

(22 + y? — 2zyt)" Va2 4y — 2yt

+

2 _ 2 —
/ = 2”“’ Va2 ty? = 2eyt) [ i A(t)dt,
(22 +y2 — 2zyt)" 2% 4 y? — 2wyt
where

MNa+2n+1)
Val(a +2n+1/2)

Proposition 2.3. Let x € R and f € L2

At) = (141)(1 — t?)o+n=1/2,

,n°

Then 7°f € LZ,,, and

17 fll2,0m < 22

Furthermore,

(2.7) FA(TTH)N) = 22" earon(iA2) FA(F)(N).

The generalized modulus of continuity of function f € La is defined as

n

w(fa 5)2,04,71 = Ssup HThf({E) + T_hf(‘r) - 2h2nf(x)”2,a,nv 0 >0.

0<h<é
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3. MAIN RESULTS

The goal of this work is to prove some estimates for the integral
Blf) = [ SO dbaran (),
(A[>N

in certain classes of functions in Li)n.

Lemma 3.1. For f € L2, , we have,

a,n’

17" f (@) + 77" f (@) = 207" f (@) 3 0 = 4h4”/R [a+2n (M) = 12| Faf (V) Pdpatzn(N),
where r =0,1,2, ...

Proof. By using the formulas (2.1), (2.2) and (2.7), we conclude that

(3.1)  Fa(r"f 77" = 202" F)(N) = 20" (jas2n (M) — DFAF(N).

Now by formula (3.1) and Plancherel equality, we have the result. [

Theorem 3.1. Given f € L2 ,,. Then there exist a constant C > 0 such that, for
all N >0,

‘]N(f) = O(NQHW(fv CN_l)Q,a,n)'

Proof. Firstly, we have
(32) R <[
[A[=N

with j = j,(AR), p=a+ 2n and dp = |Faf(N)[*dpia+2,(N). The parameter h > 0
will be chosen in an instant.
In view of formulas (2.5) and (2.6), there exist a constant C; > 0 such that

] < CL(IA[R) P2,

Ijldu+/ |1 — jldpu,
IAI>N

Then
/ ldi < CLN) P I3 (6).
>N

_p_1
Choose a constant C'y such that the number C3 =1 — C1C, P72 i positif.
Setting h = Co/N in the inequality (3.2), we have

(3.3) C3J2(f) < /M>N 11— jldp.

By Hoélder inequality the second term in (3.3) satisfies

[ e = [ gl
[AI>N IA|I>N
1/2 1/2
(/ |1j|2du> (/ du)
A>N [A[>N
1/2
[ =itde) ).
[A[>N

IN

IN
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From Lemma 3.1, we conclude that
/ 1= 1% du < b= |7 f (@) + 77" f (2) = 207" f(2) 13 0,0
(AI=N
Therefore
/ 1= jldu < 72" f (@) + 77" f () = 207" f (@) | 2,0m I (f)-

IAI>N

For h = C3/N, we obtain
C3JR(f) < C7"N*™w(f, C2/N)2,amJn(f).
Consequently
C3"CsJIn(f) < N*"w(f,C2/N)2,a.n-

for all N > 0. The theorem is proved with C' = Cs. O
Theorem 3.2. Let f € LZ,,. Then, for all N >0,

N—-1 2
W(f, N Vgan =0 [ N72FD (Z 1+ 1)3Jf<f>>

=0

Proof. From Lemma 3.1, we have
17" f () +77" f(2) = 20°" f ()13 0.n = 4h4"/R\ja+2n(/\h)—1|2\}'Af(/\)|2dua+2n(>\)~

This integral is divided into two

[ Lo en
R Iy Jpzw

where N = [h™1]. We estimate them separately.
From (2.3), we have the estimate

I, < C4/ |FAf V) Pdiaran(N) = CaJX (f).
AZN

Now, we estimate I;. From formula (2.4), we have
N-1

L o< Gt / NI FFO) Pdjtason(A) = C5h? / NI FfO) Pdptaszn (M)
AI<N I<|A|<I4+1

=0

N-1
Csh* > ar (JF(f) = T (f)) s
1=0

with a; = (l + 1)4.
For all integers m > 1, the Abel transformation shows

m

Zaz (le(f) - J12+1(f)) = ang(f) + Z (a1 —a;-1) Jzz(f) - amJiH(f)
1=0

=1

(a1 — ar—1) J2(f),

NE

IA

aoJ5(f) +

=1
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because amJ2 1 (f) > 0.

Hence N1
< Csh* | JG(H) + Y ((F+ 1) =1 JE(f) = NUIR(f)
1=1
Moreover by the finite increments theorem, we have (14 1)* — 14 < 4(1 4 1)3. Then
N-1
L<CNTHJg(f) +4 Y I+ 1P = NYIR () |

=1

since N < % Combining the estimates for I; and Iy gives

N-1
17" f () + 77" f(2) = 207" f (@[30 = O | NT44 Y1+ DETE(S) |
1=0
which implies
N-1 3
W(f;, N Naan =0 [ N2 LN 0+ 1277 (f) | |,
1=0
and this ends the proof. |
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Z-LIMIT SUPERIOR AND Z-LIMIT INFERIOR FOR SEQUENCES
OF FUZZY NUMBERS

OZER TALO AND ERDINC DUNDAR

ABSTRACT. The statistical limit inferior and limit superior for sequences of
fuzzy numbers have been introduced by Aytar, Pehlivan and Mammadov [Sta-
tistical limit inferior and limit superior for sequences of fuzzy numbers, Fuzzy
Sets and Systems, 157(7) (2006) 976-985]. In this paper, we extend concepts
of statistical limit superior and inferior to Z-limit superior and Z-inferior for a
sequence of fuzzy numbers. Also, we prove some basic properties.

1. INTRODUCTION

The definition of convergence for sequences of fuzzy numbers has been firstly
presented by Matloka [21] and the Cauchy Criterion for sequences of fuzzy numbers
is defined by Nanda [22].

The notions of limit superior and limit inferior for a bounded sequence of fuzzy
numbers is introduced by Aytar et al. [4]. Afterwards, some properties of these
concepts have been obtained by Hong et al. [15], Talo and Cakan [29], Talo [30].

The notion of statistical convergence was defined by Nuray and Savas [23] for
sequences of of fuzzy numbers. Also, Aytar et al. [5] introduced the characterization
of statistical limit superior and limit inferior for statistically bounded sequences of
fuzzy numbers and proved some fuzzy-analogues of properties of statistical limit
superior and limit inferior.

The idea of Z-convergence was introduced by Kostyrko et al. [16]. Kostyrko
et al. [17] and Aytar et al. [6] proved some of basic properties of Z-convergence.
Also, Demirci [10] presented the notions of Z-limit superior and inferior of a real
sequence and gave some properties.

Kumar and Kumar [18] studied the concepts of Z-convergence, Z*-convergence
and Z-Cauchy sequence for sequences of fuzzy numbers. Kumar et al. [19] intro-
duced the concepts of Z-limit points and Z-cluster points for sequences of fuzzy num-
bers. Diindar and Talo [11] presented the notions of Z,-convergence, Z;-convergence

2010 Mathematics Subject Classification. Primary 03E72 ; Secondary 40A35.
Key words and phrases. Fuzzy numbers, sequences of fuzzy numbers, Ideal convergence, Ideal
limit superior and inferior.
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for double sequences of fuzzy numbers and proved their some properties and rela-
tions. Recently, various types of Z-convergence for sequences of fuzzy numbers have
been studied by many authors [13, 14, 25, 27, 33]

In this paper, we extend the concepts of Z-limit superior and Z-limit inferior to
fuzzy numbers space and prove several basic properties.

2. PRELIMINARIES, BACKGROUND AND NOTATION

First, we recall basics of fuzzy numbers.

Let E! denote the set of fuzzy subsets of the real line, if v : R — [0, 1], satisfying
the following properties:

(i) w is normal, i.e., there exists an zg € R such that u(xo) = 1;

(ii) w is fuzzy convex, i.e.,
u[Az 4+ (1 — N)y] > min{u(z),u(y)} for all z,y € R and for all A € [0,1];

(iii) w is upper semi-continuous;

(iv) The set [u]o := cl{z € R: u(z) > 0} is compact.

Then u is called a fuzzy number and E' is called fuzzy number space. A-level
set [u]x of u € E' is defined by

{ {reR:ux)>A} , (0<A<1),

M=) TeRmmsor . (=o0).

Obviously, [u]y is closed, bounded and non-empty interval for each A € [0,1] and
denoted as [u]y := [u™(A\),ut(N\)]. For any r € R, define a fuzzy number # by

oy P 1 ’ ( :T)v
=0 (o
for any = € R.

Let u,v,w € E' and k € R, the addition, scalar multiplication and product are
defined by

u+v=w<< [wy=[ulr+ [v]x foral Xel0,]1]

[ku]x = k[u]x for all A € [0,1]
and
ww = w <= [w]x = [u]x[v]y for all A € [0,1].
Let W = {A=[A",AT]: Ais closed bounded intervals on the real line R}. Define
d(A, B) := max{|A~ — B™|,|AT — B*|}

as the metric on W.

Hausdorff metric D between fuzzy numbers defined by
D(u,v) = sup d([ulx [vlx) = s max{[u”(A) — v~ (V)] [u"(A) = v T (V][]

A€o, elo,

The partial ordering relation on E! is defined as follows:
u = v [uly X[y = u(A) <v (A and uT () <oT(N) forall A € [0,1].
u < v means u < v and at least one of u™ () < v~ (a) and u*(a) < v* () holds
for some « € [0, 1].

Two fuzzy numbers u and v are said to be incomparable if neither u < v nor
v < u holds. In this case we write u ¢ v .
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Combining the results of Lemma 6 in [5], Lemma 5 in [3], Lemma 3.4, Theorem
4.9 in [20] and Lemma 14 in [31], following Lemma is obtained.

Lemma 2.1. Let u,v,w,e € E' and é > 0. The following statements hold:

(i) D(u,v) <e if and only if u—& v <u+¢
If u v+ € for every e > 0, then u X v.
If u = v and v X w, then u X w

v) If u <v, v <X w, then u < w.

ii)
)
)
v) Ifu=wandv <e, thenu+v < w+e.
)
)
)

11

.~

(
(

—

—~

(vi) ifu<w andv <e, thenu+v <w+e.
Ifu=0 and v = w , then uv = uw.
If u+w=<v+w then u < v.

<

(vii

(viii

Wu and Wu [28] defined boundness of a set of fuzzy numbers according to relation
=< and proved that if a set A of E' is bounded, then supremum and infimum of A
exist.

We denote the set of all sequences of fuzzy numbers by w(F).

A sequence (u,) € w(F) is called convergent with limit u € El, if and only if
for every € > 0 there exists an ny = ng(e) € N such that

D(up,u) < e for all n > ng.

A sequence (uy,) of fuzzy numbers is said to be bounded if there exists M > 0
such that D(u,,0) < M for all n € N. By o (F), we denote the set of all bounded
sequences of fuzzy numbers.

The statistical convergence of sequences of fuzzy numbers defined as follows:

For a subset K of natural numbers N, the natural density of K is given by

S(K) = lim ~|{k <n:ke K}
n

n— oo

if this limit exists, where |A| denotes the number of elements in A.
A sequence u = (ug) of fuzzy numbers is said to be statistically convergent to
some fuzzy number pyg, if for every € > 0 we have

.1
nhﬁ\rr;o ﬁHk < n: D(ug, po) > e}| =0.

The statistical boundedness of a sequence of fuzzy numbers was introduced and
studied by Aytar and Pehlivan [3]. The sequence u = (uy) is said to be statistically
bounded if there exists a real number M such that the set {k € N: D(ug,0) > M}
has natural density zero.

Aytar et al. [5] defined the concepts of statistical limit superior and limit inferior
of statistically bounded sequences of fuzzy numbers.

Let u = (uy) be statistically bounded and let us define the following sets:

A, ={peE" :6({k e N:uy < pu}) #0},
Ay={peE :5({keN:uy > p}) =1},
B,={peE":6({k € N:uy = pu}) #0},

B,={peE" :6({keN:u, <pu})=1}.
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The statistical limit superior and limit inferior are defined as follows:
st—liminfu, = infA, =supA,,
st—limsupur = supB, = inf B,,.
For more result on sequences of fuzzy numbers we refer to [1, 2, 7, 9, 26, 32] and
[8, Section 8.
Now, we recall the concept of ideal and ideal convergence of sequences of fuzzy

numbers.
Let X # (. A class T of subsets of X is said to be an ideal in X provided:
i) 0 ez,
(ii) A, B € 7 implies AUB € 7,
(iii) A€ Z, B C A implies B € T.
7 is called a nontrivial ideal if X ¢ 7.
Let X # (. A non empty class F of subsets of X is said to be a filter in X
provided:
(i) 0 ¢ F,
(ii) A, B € F implies AN B € F,
(iii) Ae F, AC B implies B € F.

Lemma 2.2. [16] If T is a nontrivial ideal in X, X # (), then the class
FI)y={MCX:(3Ae)(M=X\A)}
is a filter on X, called the filter associated with T.
A nontrivial ideal Z in X is called admissible if {z} € T for each z € X.
Lemma 2.3. [24, Lemma 2.5] K € F(Z) and M CN. If M ¢ 7 then MNK ¢ T.
Throughout this paper we take Z as a nontrivial admissible ideal in N.

Definition 2.1. Let u = (u,) be a sequences of fuzzy numbers.

(7)[18] w = (uy,) is said to be Z-convergent to a fuzzy number uy, if for any € > 0
we have

A(e) ={n e N: D(up,ug) > ¢} € L.

In this case we say that u is Z-convergent and we write Z — lim,, o0 U, = Ug-

(#9)[19] The fuzzy number p is said to be Z-limit point of u = (u,,) if there exits
a subset K = {k1 < ky < k3 < ---} € Z such that lim,_, o ug, = p. The set of all
Z-limit points of the sequence u = (u,,) will be denoted by Z(A,,).

(#44)[19] The fuzzy number p is said to be the Z-cluster point of u = (u,,) if for
each € > 0, {n € N: D(up, ) < e} € Z. The set of all Z-cluster points of the fuzzy
number sequence u = (u,) will be denoted by Z(T',).

The propose of this paper is to present the notions of ideal limit superior and
inferior for a sequence of fuzzy numbers and give some ideal analogues of properties
of the statistical limit superior and inferior of sequences of fuzzy numbers.

3. THE MAIN RESULTS

Definition 3.1. u = (ux) € w(F') is said to be Z-bounded above if there exists a
fuzzy number p such that

{keN:uy>putU{keN:u, L u}t el
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Similarly, u = (uy) is said to be Z-bounded below if there exists a fuzzy number v
such that

{keN:u, <viU{keN:u, £v} el
If u = (ug) is both Z-bounded above and below, then it is said to be Z-bounded.

This definition can be stated as follows:
u = (ug) € w(F) is said to be Z-bounded if there is a real number M such that

{k € N: D(uy,0) > M} € T.

Since Z is an admissible ideal in N, if © = (uy) is bounded, then u is Z-bounded.

We give a generalization of notions of st—lim inf v and st—1lim sup u of a sequence
u = (uy) of [5]. Given Z-bounded sequence u = (uy) € w(F), we define the following
sets:

Ay = {peE' :{keN:iu<put eI},
A, = {peE' :{keN:u »u}eFI)},
B, = {peE' :{keN:u-putg¢I},
B, = {peE" :{keN:u, <p}eF(I)}.

It is evident that if the sequence u = (uy) is Z-bounded, then the sets A,, A,, B,
and B, are non-empty. It is also evident that the sets A, and B, have lower
bounds, and the sets A, and B, have upper bounds. Hence, we obtain that inf A,
sup A,, sup B, and inf B, exist.

Now, we prove the main results in line of Theorem 2, Theorem 3, Theorem 5
and Theorem 7 in [5]. Our proofs are similar to those in [5].

Theorem 3.1. If u = (ux) € w(F) is Z-bounded, then inf A, = sup A, and
sup B, = inf B,,.

Proof. We prove only for inf A, = sup A,. Denote v := inf A, and p := sup A,.
Then, we have v < v for all 7 € A,, and pu = i for all i € A,. Since U € A,,
{k € N:wup < v} ¢Z. On the other hand, from 1 € A,, we have {k € N : uy, >
p} € F(Z). Therefore,

{keN:u, <v}n{keN:u, =pu}t &7

that is, {k € N:up < v} N{k € N:u, > i} # (0. Then, there is a number k£ € N
such that g < up < v. This implies that

(3.1) p—<v forall veA,, ueA,.

From (3.1), it is immediate that j is a lower bound of the set A,,. Then, we have
i = v = inf A,. This inequality is valid for all i € A,. Then, we get u < v. Now,
we show that the case y < v is impossible.

To the contrary, assume that 1 < v. This means that, there is a number « € [0, 1]
such that

p (o) <v (a) or ut(a) <vt(a).

Without of loss of generality, we take into account the case pu~(a) < v~ (a) and
show that it leads to a contradiction.

Denote b := v(pu~(«)). It is obvious that b < o (b may be zero). Furthermore,
the inequality = () < v~ (A) holds, for all A € (b, a]. Since the functions pu(x) and
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v(z) are upper semi-continuous, there is a point (z, 8) such that z € (1~ (), v~ (@),
B € (b,a) and

(3.2) p=(A) <z, v (A) >z foral X €8 al
We define the numbers 1, v, € E! by
0 , t<t (0), 0, t<zg,
) B, te[t(0),7], ) B, telztt(0)],
n=9 1 o and w2(0):=9 1 | =),
0, t>z, 0 , t>1t7(0),

where the numbers ¢~ (0) = Z — lim inf u;, (0) — 1 and ¢*(0) = Z — limsup u; (0) +1
are finite.
From (3.2), it is easily seen that

p(B) > I —liminfu, (8) >Z —liminfu, (0) >t (0) =~ (B),
p (o) <z=n7 (@)
and
v (b) S p (@) <z =75 (b), v (B) > 2= (B)
This means that
(3:3) pobm and v ok .
Let
C1:={keN:u;(N) <z for some X € (8,a]},

Cy:={keN:ug(\) >z for some X € (3,0]}.
Clearly, we have
(3.4) CiuCy=N.
First we assume that C; ¢ Z. Considering v, and ¢*(0), we have
ug < y2, forall ke Ci\Kj,
where K := {k € N: uj(\) > t7(0), for some X € [0,1]}. This means that
{keN:u, <7} 2C\ K.

It is evident that Ky € Z and Cy \ K7 ¢ Z. For this reason, {k € N: up <y} € Z.
This means that vo € A, and therefore, from the definition of inf A, we get v, =
v =inf A,,. This contradicts to (3.3), that is, v o v,.

Hence, we have shown that C; € Z. In this case, from (3.4), it follows that the
set Cy € F(Z). Counsidering v, and ¢t~ (0), we have

ug =1 forall k€ Co\(Ch UK3),
where Ky := {k € N:u; (\) <t7(0) for some A € [0,/]}. This means that
{k eN:ug = ’71} D) CQ\(Cl U KQ)

It is obvious that the set Ky € Z and consequently we have Cs\ (C1 U K») € F(I).
Therefore

{keN:u,>m}eFT).
This implies that v, € A,. Thus, 71 < p = sup A,. This contradicts to (3.3), that
is, i ¢ 1. This completes the proof. O
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Definition 3.2. If u = (ux) is a Z-bounded sequence of fuzzy numbers, then
7 — liminf uy := inf A,,,

and
Z — limsup uy := sup B,,.

Example 3.1. We will give some example of ideals.

1. Let Z; be the family of all finite subsets of N. Then Zy is a non-trivial ad-
missible ideal and Z¢ limit superior and inferior coincides with the ordinary
limit superior and inferior of sequences of fuzzy numbers [4],[15].

2. Let Zs = {A C N: §(A) = 0} where §(A) denotes the natural density of the
set A. Then Zj is a non-trivial admissible ideal and Zs limit superior and
inferior coincides with the statistical limit superior and inferior of sequences
of fuzzy numbers [5].

3. A set K C N has C-density if 6c(K) := lim, o0 ) pc i Cnk €Xists, where
C = (cnk) is a non-negative regular matrix [12]. If Zs, = {A C N :
dc(A) = 0}, then Zs,, is a non-trivial admissible ideal and Zs,, limit superior
and inferior coincides with the C-statistical limit superior and inferior of
sequences of fuzzy numbers, which is also mentioned in [5].

Theorem 3.2. For any Z-bounded sequence of fuzzy numbers u = (ug),
7 —liminfu < Z — limsup u.

Proof. Let p € A,. Then {k:uy > pu} € F(Z). Since Z is a nontirvial ideal of
N, we get {k:up > u} ¢ Z. Therefore p € B,. This implies 4, C B,. Hence
sup A, = sup B,,. This means that Z — liminf v < Z — lim sup u. O

Since 7 is an admissible ideal, the inclusion 7y C 7 holds. Therefore, the in-
equalities

Liminfu X7 —liminfu < Z — limsupu < Limsupu
hold for every bounded sequence (uy) of fuzzy numbers.

Theorem 3.3. Let u = (uy) be a Z-bounded sequence of fuzzy numbers.
(i) If v :== T — liminf uy, then

(35) {keN:upy<v—¢teZ, {keNiupy<v+étU{keN:u, Av+EreT

for every e > 0.

(¢4) If p:= T — limsup ug, then

{keN:iupy-p+éteZand {keN:u,>p—}U{keN:u, Ap—~E¢7
for every e > 0.
Proof. We prove (i). To the contrary, we assume that there exists € > 0 such that
{keN:u, <v—¢} ¢Z This means that v — & € A,. Since v = inf A, we get
v =< v — & which is a contradiction.

Now, let us show that (3.5) holds. Suppose that it is not true, that is, there
exists € > 0 such that

{keN:up,<v+éteTand{keN:u, fv+£éFel.
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For each k € N, only the following three cases are possible: uy < v +¢&, up A v+¢
and ug = v + €. Then,

{keN:uy<v+éU{keN:u, Lv+EétU{keN:u, »v+£é =N

Thus, from (3.6), we have {k € N : uy = v+£} € F(Z). This means that v+£ € A,.
Hence, we can write v 4+ € < sup 4, = v, which is a contradiction. (I

Theorem 3.4. If u= (ux) € w(F) is T convergent to u, then
7 — liminf up, =7 — lim sup ug, = p.

Proof. First suppose that Z — limug, = g and € > 0. Then, {k € N : D(xg,pn) >
e} € Z, so we have {k € N : D(xp,u) < ¢} € F(Z). By Lemma 2.1, we get
{keN:p—é=<u,<p+éteFD),
{keN:pu—&é<utnN{keN:uy < pu+é} e F(I). Therefore,
1) {k € N: p—¢& < ug} € F(Z). This means that y — & € A,. Then,
T — liminfuy = sup A, = pu — é.
2) {k € N:uy < p+¢é} € F(Z). This means that u + ¢ € B,. Then,
T — limsupuy, = inf B, < p+ é.

By these inequalities and Theorem 3.4, we obtain
(3.6) p—&=X7Z—liminfuy X7 — limsupug <X p+ €.
Since € > 0 is an arbitrary, we obtain Z — liminf uy, = Z — limsup uy = . [

Example 3.2. We decompose the set N into countably many disjoint sets
N, ={2""'(2k—-1): keN}, (j =1,2,3,...).

It is obvious that N = U;O:1 N, and N; N N; = ( for i # j. Denote by Z the
class of all A C N such that A intersects only a finite number of INV,. It is easy
to see that Z is an admissible ideal. Define (u,) as follows: for n € N, we put
up, =vp (p=1,2,3,...), where

(2) = 1—px ,ﬁogxg;
UpAT) = 0 , otherwise.

Then, for n € Ny, D(uy,, 0)=1/p (p=1,2,3,...). Then, obviously Z—lim D(u,,0)
=0 that is Z — limu,, = 0.

Now, consider the ideal Zs. It can be easily shown that the natural density of
N, is 6(N,) = 1/27 (p = 1,2,3,...). Then, it is clear that a € A, for each a € E*

with @ < 0 and b € B,, for each with b € E! with b = v;. So, we obtain
Zs — liminfu = 0 and Zs — limsupu = vy.

The converse of Theorem 3.4 is not valid in general as shown Example 2 in [5].
The following theorem gives a sufficient condition for a sequence of fuzzy numbers
to be Z—onvergent.

Theorem 3.5. Assume that T — limsupuy = Z — liminfug, = p and there is a
number g > 0 such that for each € € (0,e9) the sets {k € N : uy, o p+ €} and
{k € N:uy ot u—é} belong to . Then, we have T — limuy = p.
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Proof. Take any number ¢ € (0,e¢). Since Z — liminf xp, = Z — limsup z;, = u, by
Theorem 3.3 we have

{keN:iuy<p—¢éteZand{keN:u,>pu+é} el

foralle > 0. From{k e N:ug ft p—é} € Zand {k € N:uy £ p+¢E} €Z, we
conclude that

{keN:u, Sp+éte F(Z)and {k e N:uy = p— £} € F(I).

By Lemma 2.1, we obtain {k € N:up < p+é}N{k e N:u, = u—¢&} € F),
{keN:p—€=3u, 2 pu+é € F@), {k € N: D(ug,u) < e} € F(Z). Therefore,
{k € N: D(ug, ) > e} € Z. Since € > 0 is an arbitrary number, we conclude that
I —limug = p. O

The proofs of following theorems are clear and omitted.

Theorem 3.6. If u = (ug) and v = (vi) are Z-bounded sequences of fuzzy numbers
such that {k € N :uy # v} € Z, then we have:

(i) Z — limsupuy = Z — limsup vy,
(ii) Z — liminf up, = Z — lim inf vy,.

Theorem 3.7. Let u = (ux) € w(F) be Z-bounded from above. Assume that
7 — limsupug = p and there is a number €9 > 0 such that for each € € (0,¢q), the
sets

{keN:up L u+é} and {k € N:uy ot p—é}
belong to . Then, p € I(T,).

Theorem 3.8. Let u = (ux) € w(F) be T-bounded from below. Assume that
7 —liminf uy, = v and there exists a number g9 > 0 such that for each € € (0,¢9),
the sets

{keN:u, fv+eé} and {k € N:uy b v—E}
belong to Z. Then, v € Z(T,).

Theorem 3.9. Let u = (uy) € w(F) be T-bounded. Ify € Z(T',,), then Z-liminf u <
v = Z — limsup u.
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BIOPERATIONS ON «o-SEMIOPEN SETS

ALIAS B. KHALAF AND HARIWAN Z. IBRAHIM

ABSTRACT. The aim of this paper is to introduce and study the concept of
o, ,Y/]—semiopen sets. Using this set, we introduce and study the concept of

ahﬁ/],a[Byﬁx])-semlcontlnuous and (ahﬁ/],a[Byﬁz])-lrresolute functions.

1. INTRODUCTION

The notion of semiopen sets is an important concept in general topology. In
1963, Levine [4] defined semiopen sets in a space X and discussed many of its
properties. Njastad [3] introduced a-open sets in a topological space and studied
some of its properties. Ibrahim [2] defined the concept of an operation on aO(X, 7)
and introduced o.-open sets in topological spaces and studied some of their basic
properties. Khalaf, et. al. [1] introduced the notion of aO(X,7), ./, Which is
the collection of all o, ,/1-open sets in a topological space (X, 7). In this paper,
we introduce and study the notion of aSO(X, ), /) which is the collection of all
[, ,/j-semiopen by using operations v and " on a topological space aO(X, 7). We
also introduce (ay, 1, g g))-semicontinuous and («, ./}, ag g1)-irresolute func-
tions and investigate some important properties of these functions.

2. PRELIMINARIES

Throughout this paper, (X, 7) and (Y, o) represent nonempty topological spaces
on which no separation axioms are assumed, unless otherwise mentioned. The
closure and the interior of a subset A of X are denoted by CI(A) and Int(A),
respectively.

Definition 2.1. A subset A of a topological space (X, 7) is called a-open [3] (resp.,
semiopen [4]) if A C Int(Cl(Int(A))) (resp., A C Ci(Int(A))). The complement of
an a-open (resp., semiopen) set is called a-closed (resp., semiclosed) set.

The family of all a-open (resp., semiopen) sets in a topological space (X, 1) is
denoted by aO(X,7) or aO(X) (resp.,SO(X, 7) or SO(X)).

2000 Mathematics Subject Classification. Primary: 54A05, 54A10; Secondary: 54C05.
Key words and phrases. Bioperations, a-open set, ap, /-open set, ap, 7/]—semiopen set.
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Definition 2.2. [2] Let X be a topological space. An operation v on the topology
aO(X) is a mapping from aO(X) into the power set P(X) of X such that V C V7
for each V' € aO(X), where V7 denotes the value of v at V. It is denoted by
v:a0(X) = P(X).

Definition 2.3. [2] An operation v on aO(X) is said to be a-regular if for every a-

open sets U and V containing = € X, there exists an c-open set W of X containing
x such that WY CUYN V7.

Definition 2.4. [1] A subset A of X is said to be o, /-open if for each z € A,
there exist a-open sets U and V' of X containing x such that U” N VY C A A
subset I of (X, 7) is said to be oy, j-closed if its complement X \ F' is «,, /j-open.

The family of all «, /-open sets of (X, 1) is denoted by aO(X, T)[,Y’,Y/].

Definition 2.5. [1] Let (X, 7) be a topological space and A be a subset of X, then:
(1) The intersection of all oy, -closed sets containing A is called the o
closure of A and denoted by oy, /-CI(A).
(2) The union of all o, ,/-open sets contained in A is called the «, ./ -interior
of A and denoted by o, ,/-Int(A).

S
7]

Definition 2.6. [5] A nonempty subset A of (X,7) is said to be [y, ]-open if for
cach 2 € A there exist open sets U and V of X containing « such that U'NV7" C A.

The family of all [y,~']-open sets of (X, 7) is denoted by Ty ]

Definition 2.7. [1] A function f : (X,7) — (Y,0) is said to be (a}, .}, o5,4)-
closed if for o, ./ \-closed set A of X, f(A) is a4 g-closed in Y.

3. o /]—SEMIOPEN SETS

VY

Definition 3.1. Let (X,7) be a topological space and ’y,fy' be two operations
on aO(X, 7). A subset A of X is said to be o, +j-semiopen, if there exists an
o, ,1-open set U of X such that U € A C oy, -CU(U).

The family of all a[%vz]—semiopen sets of a topological space (X, 7) is denoted by
aSO(X, 7)) Also, the family of all o, /j-semiopen sets of (X, 7) containing z

is denoted by aSO(X, z), /)

Theorem 3.1. If A is an oy /1-0pen set in (X, 1), then it is ahﬁ/]-semiopen set.
Proof. The proof follows from the definition. ([

The following example shows that the converse of the above theorem is not true
in general.

Example 3.1. Let X = {a,b,c} and 7 = {¢, X, {a}, {c}, {a, b}, {a,c}} be a topol-
ogy on X. For each A € aO(X, 1), we define two operations v and ~', respectively,
by

X ifceA

A ifcé¢ A

Now, aO(X, 1)y, 1 = {9, X, {a}, {a,b}}. Let A = {a,c}, then there exists an
o, y-open set {a} such that {a} € A C «a, /;-Cl({a}) = X. Thus, A is o
semiopen but not Q[ ,/)-OPen.

A’YA“//{

,ie
7]
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Theorem 3.2. If A is a [y,~']-open set in (X,7), then it is /) -Semiopen set.
Proof. The proof follows from [[1], Proposition 3.14] and Theorem 3.1. |

The converse of the above theorem need not be true. The subset {a,b} in [[1],
Example 3.15.], is an [,,,/j-Semiopen set but it is not [v,7 ]-open.

Also by Theorem 3.1 and [[1], Proposition 3.14], we obtain the following inclu-
sion
T

1 € a0(X, 1) C aSO(X,T1)

¥y [v7'] (v

The following examples show that the concept of semiopen and oy /|-Semiopen
sets are independent.

Example 3.2. Let X = {a,b,c} and 7 = {¢, X, {a}, {b}, {a, b}, {b, c}} be a topol-
ogy on X. For each A € «O(X, 1), we define two operations v and ~', respectively,
by

A ifac A

Cl(A) ifaé¢ A

Calculations give aO(X, 7)1, /1 = {9, X, {a}, {a,b}}. Then, A = {a,c} is ap, /-
semiopen but not a semiopen set.

Example 3.3. Let X = {a,b,c} and 7 = {¢, X, {a}, {b},{a, b}, {a,c}} be a topol-
ogy on X. For each A € «O(X, 1), we define two operations v and 7,, respectively,
by

m:m':{

’ A ifbe A
Y — A —
AT=4 —{ Cl(A) ifbe A
Calculations give aO(X, 1), .,y = {¢, X, {b},{a,b},{a,c}}. Then, A = {a} is
semiopen but not an ahﬁ/]—semiopen set.

Theorem 3.3. A subset A is Oy /) -S€Emiopen if and only if A C ahﬁf]—Cl(ahﬁ/]—
Int(A)).

Proof. Let A C oy, 1-Cl(ey, /1-Int(A)). Take U = o, /-Int(A). Then, by [[1],
Proposition 3.44 (1)], U is «, ,/j-open and we have U = «, /-Int(4) € A C
oy, 1-CUU). Hence, A'is ay, ./ )-semiopen.

Conversely, suppose that A is an o, ,;-semiopen set in X. Then, U C A C
oy, 1-CUU), for some ap, ,/-open sets U in X. Since U C ay, /-Int(A). Thus,
we have o, -ClU(U) C o, /1-Cl(ey, ,-Int(A)). Hence, A C oy 1-Cl(oy, -
Int(A)). O

Theorem 3.4. Let A be an a[%ﬂ/]—semiopen set in a space X and B a subset of
X. IfAC B C oy, /1-Cl(A), then B is o

"/;’Y/] -SEMiopen.

Proof. Since A is an ahﬁr]—semiopen set in X, then there exists an [y '1-OPen set
U of X such that U C A C oz[%ﬂ—C’l(U). Since A C B, so U C B. But Ay 1
Cl(A) C a[,m/]—C’l(U), then B C a[,m/]-C'l(U). Hence U C B C oz[%,yr]—Cl(U).
Thus, B is [ /1-Semiopen. O

Theorem 3.5. If A; is oy, r-semiopen for every i € I, then U{A; : i € I} is
a[,w/]-semiopen.
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Proof. Since A; is an [y /1-Semiopen set for every ¢ € I, so there exist an O‘h e
open set U; of X such that U; C A; C Ay ] -Cl(U;) this impies that |J,c; U; C
Uier 4i € ap, ,/-Cl(U;er Us)- By [[1], Proposition 3.2], U, Ui is open.

Therefore, U;cA; is an a[,m/]—semiopen set of (X, 7).

¥

If A and B are two o, ,/-semiopen sets in (X, 7), then the following example
shows that A N B need not be [ /j-Semiopen.

Example 3.4. Let X ={a,b,c} and 7 = {¢, X, {a}, {c}, {a, b}, {a, c}} be a topol-
ogy on X. For each A € aO(X, 1), we define two operations v and 7 , by

A — Cl(A) ifce A,
1 X ifc¢ A,

and
e A if A#{a},
X if A={a}.
Then, it is obvious that the sets {a, b} and {a, c} are «
intersection {a} is not «, ,/-semiopen.

[v,,/]-Semiopen, however their

Remark 3.1. From the above example we notice that the family of all ALy ')
semiopen subsets of a space X is a supratopology and need not be a topology
in general.

Theorem 3.6. Let v and ’y/ be a-reqular operations on aO(X). If A is a subset
of X, then for every o, /]—open set G of X, we have:
(2) Ay ' —Cl(AﬂG) = a C’l( oy —CZ(A) NG).

Proof. (1) Letz € oy, , —Cl( )NG and V be any oy, +j-open set containing z.
Then by [[1], Proposmon 3.4], VNG is also an o, /j-open set containing
x. Since © € ay, —C’l(A) implies that (VN G)N A # ¢, this implies that
VN(ANG) # ¢ and hence by [[1], Proposition 3.31], z € o, /-CI(ANG).
Therefore o, -CU(A) NG C oy, -CUANG).
(2) By (1), ahﬁ/]—C’l(A) NG C ap,Cl(ANG) and so ap, 1-Cl(ay, -
Cl(A)NG) € ap, ) CI(ANG). But ANG C ap, ./ -CI(A) N G implies
that o, ,/-Cl(ANG) C ap, /-Cl(ey, /1-CI(A) N G). Therefore, o
Cl(ANG) = ap, ,-Cl(ay, ,-CI(A) N G).

¥
O

Theorem 3.7. Let~y and 'y/ be a-regular operations on aO(X). If A is ALy '] -0PEN

and B 1is Q] -SEmiopen, then AN B is Oy /] -SEMIopen.

Proof. Since B is |, /j-semiopen, there exists an [y 1-0Pen set G such that
G CBC o, ClG)andso ANG € ANB C ANap, -CUG). By [[1],
Proposition 3.4], AﬂG is ay, ;-open and so ANG = o, /-Int(ANG). By Theorem
3.6 (1), ANnay, -CUG) C «ap, /-CI(ANG). Therefore, ANB C AN ap, /-
Cl(G) C ap, - CUANG) = ap, - Clla, - Int(AN G)) C -Cl(oy, 1
Int(AN B)). By Theorem 3.3, AN B is «ay, ,/-semiopen.

')
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Proposition 3.1. The set A is Q1 -semiopen in X if and only if for each x € A,

there exists an Q) -SEmiopen set B such that x € B C A.

Proof. Suppose that A is an oy ,/-Semiopen set in the space X. Then for each
x € A, put B = A which is an [, /)-Semiopen set such that x € B C A.
Conversely, suppose that for each = € A, there exists an oy ,-semiopen set B
such that z € B C A. Thus A = UzeaB;, where B, € aSO(X, 1), /- Therefore,
by Theorem 3.5, A is an [, /)-semiopen set. O

Proposition 3.2. Let (X,7) be a topological space and ’y,vl be operations on
aO(X). A subset A of X is oy, .+ -semiopen if and only if o, 1-CU(A) =
Cl(a[%,y/]-]nt(A))

Qlyn'1"

Proof. Let A € aSO(X), } Then, we have A C oy, 1-Cl(ey, ,/1-Int(A)), which
implies that a[ -CU(A) C oy, -Cl(ey, - Int(A )) C o, ,-Cl(A) and hence
a[%,y/]—Cl(A) CZ(O[ ]-Int(A))

Conversely, Slnce by [[1], Prop051t10n 3.44 (1)] and Theorem 3.1, oy, 11-Int(A)
is an ay, sj-semiopen set such that a[%ﬂ/]—fnt(A) CAC ahﬂ/]—C’l(A) = Q)
Cl(ay, /;-Int(A)) and hence A is ay, /j-semiopen.

O
Proposition 3.3. If A is a nonempty o, ' -semiopen set in X, then Ny o]
Int(A) # ¢.
Proof. Since A is ay, /-semiopen, by Proposition 3.2, we have aj, -CZ( ) =
a[,w/]—Cl(a[%ﬂ/]—fnt(A)) Suppose that oy, ,/-Int(A) = ¢. Then, we have Q1
Cl(A) = ¢ and hence A = ¢. This contradlcts the hypothesis. Therefore, ALy ')
Int(A) # ¢. O

Proposition 3.4. Let (X,7) be a topological space and =, fy' be operations on

aO(X). Then a subset A of X is « -semiopen if and only if A C o

[v,7'] 17

Cl(ay, -Int(ay, . -Cl(A))) and o, . -Int(oy, 1-Cl(A)) C o, 1-Cllay, ,-Int(A)).
Proof. Let A be an o, ,/-Semiopen set. Then, we have A C a[%,y/]—Cl(a[%,yl]—
Int(A)) C Cl(ahv] -Int(oy, ,-Cl(A))). Moreover, o, ,/-Int(ay, ,/-Cl(A)) C
Oz[%,y/]—Cl( ) — ~,y Cl( ]—Int(A))

Conversely, since a[ ]Int( V] CZ(A)) € ap 4 Cllay, - Int(A)). Thus,
we obtain that o, Cl(a[ " Im‘( Cl(A ))) C ap ) Cllay, -Int(A)).
By hypothesis, we have ACao, ]—C’l(ah N ]—Imf( Cl(A))) € ap, -Cllay, 1
Int(A)). Hence, A is an «, ./j-semiopen set. O

Definition 3.2. Let A be a subset of a topological space (X, 7) and 7, 'y/ be oper-
ations on aO(X). Then, a subset A of X is said to be c, ./-semiclosed if and only
if X\ Ais ahﬁ/]—semiopen. The family of all ahﬁ/]—semiclosed sets of a topological
space (X, 7) is denoted by aSC(X,7), ..

The following theorem gives characterizations of @y, /-semiclosed sets.

Theorem 3.8. Let A be a subset of X and 'y,’y/ be operations on «O(X). Then,
the following statements are equivalent:
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(1) A s ay, s -semiclosed.
(2) o Int(a[ -Cl(A)) C A.
(4) There exists an I closed set F such that oy, Int(F) CACF.

Proof. (1) = (2): Since A € aSC(X,7)(, ./, then we have X\ A € aSO(X, 7), /-
Hence, by Theorem 3.3 and [[1], Proposition 3.45], X\ A C o, -Cl(a, /- Int(X\

A)) = X\ (ap, - Int(oy, /1-Cl(A))). Therefore, we obtain a, ,-Int(ag, /-
Cl(A4)) C A.

(2) = (3): Since oy, -Int(ayp, ,/-Cl(A)) € A implies that oy, -Int(ap, /-
Cli(A) C ap., ]—Int(A) but a[, ]—Int(A) C ap - Int(oy, ]—Cl( )) and so
OZ[,y v ]-Int( -CZ( )) = O[[,%,Y/]-Int(A).

(3) = (4): Let F' = ay, /-Cl(A), then F is an «ay, ./ |-closed set such that a, /-
Int(F) = ap, -Int(ey, -ClU(A)) = o, -Int(A) € A C F, which proves (4).

(4) = (1): If there exists an o, ,/-closed set F' such that a, /-Int(F) C ACF,
then X \ FF C X\ A C X\ o, - Int(F) = ap, -CU(X \ F). Since X \ F' is

Qp, ,/1-open, then X \ A is @, /|-Semiopen and so A is o -semiclosed. (Il

7]
Theorem 3.9. Let (X, 1) be a topological space and ~, ' be operations on a0O(X).
Arbitrary intersection of ahﬁ/]-semiclosed sets is always a[,w/]-semiclosed.

Proof. Follows from Theorem 3.5. g

Lemma 3.1. Let A € aSC(X, 1), /1 and suppose that o, . -Int(A) € B C A.

Then, B € aSC(X,T)}, .-

Proof. Let A € aSC(X, T)[,m/], then by Theorem 3.8, there exists an ahﬁ/]—closed
set ' such that a[%,y/]—lnt(F) CACF. Since BCAand ACF. Thus, BC F
also ap, -Int(F) € ap, -Int(A) and ap, /-Int(A) € B. This implies that
oy - Int(F) € B. Hence, oy, -Int(F) € B C F, where F is oy, /j-closed in X.
This proves that B € aSC(X, ), )

([

Proposition 3.5. Let (X,7) be a topological space and 7,7/ be operations on
aO(X). Then, a subset A of X is oy 7 -semiclosed if and only ifa[yﬁf]—fnt(ozhﬁz]—
Cl(ay, -Int(A))) € A and oy, ./ -Int(ey, -CU(A)) C oy, -Cl(ay, -Int(A)).

Proof. Let A be an ap, /-semiclosed set. Then, by Theorem 3.8 (2), we have
oy, Int(ag, 1 -Cllayg, -Int(A))) C a[ vy It (e, ,-Cl(A)) € A. Moreover,
by Theorem 3.8 (3), O‘[%“/ ]—Int(oz[%v Cl(A)) = ap, - Int(A) C oy, -Cllap, )
Int(A)).

Conversely, since o, ,/-Int(ap, ,/-Cl(A)) € ap, /-Cl(ay, /=Int(A)). Thus,
we obtain that O([ ] Int( CZ(A)) [,\/},\/’]—Int(a[,y’,yf]—cl(a[,y ] Int(A)))
By hypothesis, we have oy ]—Int(a[ 4+ 1"CUA)) € ap, -Int(oy, ]—C’l(
Int(A))) C A. Hence, by Theorem 3.8, A is an a, /-semiclosed set. D
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Definition 3.3. Let A be a subset of a topological space (X, 7) and ~, 7" be oper-
ations on aO(X). Then:

(1) The oy, j-semiclosure of A is defined as the intersection of all ay,
semiclosed sets containing A. That is, o, /-sCI(A) = ({F: F'is o, /-
semiclosed and A C F'}.

(2) The o, ./ -semiinterior of A is defined as the union of all o, ./-semiopen
sets contained in A. That is, a, ./ -sInt(4) = {U : U is a, /-semiopen
and U C A}.

(3) The oy, /-semiboundary of A, denoted by ai, ,/-sBd(A) is defined as
oy 417SCUA) \ o, p-sInt(A).

(4) The set denoted by oy, /-sD(A) and defined by {z : for every ay, /-
semiopen set U containing x, U N (A \ {z}) # ¢} is called the o, -

semiderived set of A.

The proofs of the following theorems are obvious and therefore are omitted.

Theorem 3.10. Let A, B be subsets of a topological space (X, 7) and 7, *y' be op-
erations on aO( ). Then:

(1) o, ,11-sCU(A) is the smallest oy, 1j-semiclosed subset of X containing A.
(2) Ae SC(X )iy if and only if ap, . -sCIU(A) = A.
(3) 04[777/]-SCI(OC[,%,Y/]-SCZ(A)) = Oz[%ﬂ/]—SCl(A).
(4) A g Oz[%,y/]—SCZ(A).
(5) If AC B, then o, ,/-sCI(A) C oy, ,/-sCU(B).
« 1S N - Nay, /1-8 .
(6) ap,,-sCl(ANB) C ap, -sCl(A) Ney, 1-sCU(B)
(7) ap,4-sCU(AU B) 2 oy, /-sCU(A) U oy, 11-sCIU(B).
(8) z € ap, ,/-sCU(A) if and only ifVNA# for every V € aSO(X, x), .-

Theorem 3.11. Let A, B be subsets of a topological space (X, T) and 7, 'y/ be op-
erations on «O(X). Then:

(1) o, y1-sInt(A) is the largest o, ./ -semiopen subset of X contained in A.

(2) A is ap, . -semiopen if and only if A=« ./ -sInt(A).
(3) ap, -sInt(a, sInt(A)) = oy, -sInt(A).
(4) o /]-slnt( )
(5) If C B, then ah N ]—slnt(A) C ap, -sInt(B).
(6) o, yy-sInt(AUB) 2 oy, ,-sInt(A) U oy, ,-sInt(B).
(7) oy y-sInt(AN B) C ay, . -sInt(A) Nay, /) -sInt(B).
(8) X\ ozhﬂ -sInt(A) = oy, 1-sClU(X \ A).
(9) X\ ap, -sCUA) = ap, -sInt(X \ A).

(10) oy, -sInt(A) = X \ oy, -sCU(X \ A).

(11) o, ,-sCUA) = X \ ap, g sInt(X\A).

Theorem 3.12. Let A, B be subsets of a topological space (X, T) and 7, 'y' be op-
erations on «O(X). Then:

(1) oy 41-sCUA) = ap, y-sInt(A) Uay, s-sBd(A)
(2) oy, y-sInt(A) N oy, y-sBd(A) =

(3) o, 4-sBd(A) = ap, . -sCU(A) Nay, /-sCUX \ A)
(4) o, -sBd(A) = o, -sBd(X \ A)
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(5) o, -sBd(A) is an ay, s -semiclosed set.

Theorem 3.13. Let A, B be subsets of a topological space (X, 7) and ’y,’y/ be op-
erations on «O(X). Then:

B) 2 Oé['Yv’Y 1 S.D( ) U OZ[,Y7,Y/]—SD(B),

B) C Oé[ ] SD( )ﬁ a[,y7,yl]—SD(B).
SD(A))\ A C ay,1-5D(A),
41-8D(AU ahﬂ/]-sD(A)) CAUap, -sD(A).

ap, 1-SCl(A) = AUy, 1 -sD(A).

A is o, -semiclosed zf and only if Ly ]—sD(A) C A.

Remark 3.2. Let A be subset of a topological space (X, 7) and ~, 7" be operations
on aO(X). Then:
Oz[%,y/]—fnt(A) g OZ[,Y7,Y/]-SInt(A) g A g OZ[,Y7,Y/]-SCZ(A) g Oz[%,y/]—Cl(A).

Theorem 3.14. Let (X, 7) be a topological space, v,y operations on aO(X) and
A a subset of X. Then, the following statements are equivalent:
(2) oy sInt( Ay ] —sC’l(A)) C A.

() (apy -CUX\(ap, -CUANN (X \ (0, 41)-CU(A)))) 2 (o, ,11-CU(A)\ A).
Proof. (1) = ( ) If A= Cv[,y7,y/]—SCl(A)7 then ap, -sInt(oy, -sClU(A)) = o, -
sInt(A) C A.

(2) = (1): Suppose that «, ./ -sInt(ay, 1-sCI(A)) € A. Now, by Theorem 3.10
(1), oy ,/1=sCU(A) is an o, /j-semiclosed set and so, by Theorem 3.8, there is an
o, -closed set F' such that o, -Int(F) C «p, ,-sCl(A) C F. Since o

Int(F)is o

fore, a, -Int(F) = ap, -sInt(oy, - Int(F)) C ap, . -sint(ag, 1-sCLI(A))
and hence ap, -Int(F) C A. But A C o, -sCl(A) C F. Thus, q
Int(F) C A C F, where F is o, 7/]—closed. Hence by Theorem 3.8, A is o

semiclosed and by Theorem 3.10 (2), A= ay, -sCIU(A).

A1
+/1-Semiopen, then o, _rj-sInt(ay, ., ]—Int(F)) = oy, /- Int(F). There-

,ie

7Y']
,ie

7]

(3) & (1): We have (o, -CUX\ (v, ,/-CUA))\ (X \ (v}, ,/-Cl(A)))) 2 (@
Cl(A)\ A)

(VA1

(a[ ’yl]_Cl(X \ (04[7,7’]'0“ I (
( (7] —Cl ( CZ(A)
(

\
Xy A1 Cl( \ (o, )
[vv] Cux \(O‘[“/W]Cl( )
Cl(X \ (Oz[,yﬁ ]-Cl(

X
)

& ap, -Cl(A) Nay, n-Int(ay, 1-Cl(A)) € A
& ap,-Int(ey, ,-Cl(4)) € A

< Als Ay ') semlclosed

S A= Oé[nm/]—sC’l(A). O
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Theorem 3.15. If A is a subset of a nonempty space X and 'y,’yl are operations
on aO(X), then the following statements are equivalent:

(1) 06[777/]-CZ(A) =X.
( ) CY[,Y,,Y/]—SCI(A) =X.
(3) If B is any o, /-semiclosed subset of X such that AC B, then B=X.
(4) Every nonempty a[%vf]—semiopen set has a nonempty intersection with A.
(5) apy yy-sInt(X \ A) = ¢

Proof. (1) = (2): Suppose z ¢ o, /1-sCl(A). Then, by Theorem 3.10 (8), there
exists an o, sj-semiopen set G containing z such that GN A = ¢. Since G is a
nonempty ahﬁ/]—semiopen set, then there is a nonempty [y /1-OPen set H such
that H C G and so H N A = ¢ which implies that a, ./-CI(A) # X, a contradic-
tion. Hence ay, /-sCl(A) = X.

(2) = (3): If B is any o, /-semiclosed set such that A C B, then X = a, /-
sCl(A) C oy, /1-sCl(B) = B and so B = X.

= : 1s any nonempty o semiopen set such that G N A = ¢, then
3 G [y,,/]Semi h that GN A = ¢, th
ACX \ G and X \ G is o, /- sennclosed By hypothesis, X \ G = X and so
G = ¢, a contradiction. Therefore, G N A # ¢.

4) = (5): Suppose that « -sInt(X \ A ¢. Then, by Theorem 3.11 (1),
[v'1

4y 17 8INE(X\ A) s a nonempty [, ,/j-semiopen set such that aj, /-sInt(X

N A = ¢, a contradiction. Therefore, a, /-sInt(X \ A) = ¢.

= 2

(5) = (1): Since ay, /;-sInt(X \ A) = ¢ implies that X \ o, ,/j-sInt(X \ A) = X
by Theorem 3.11 (11), implies that oy, ./-sCI(A) = X. By Remark 3.2, a; /-

sCl(B) € ay, ,/)-Cl(B) for every subset B of X. Therefore, ay, 11-sCI(A) =
implies that g, -CIl(A) = X.

0O >~

Proposition 3.6. Let vy and 'y/ be a-regular operations on aO(X). If A is a subset
of X and ahﬁ/]-sCl(A) = X, then for every Qp, /1-0pen set G of X, we have
OZ[,Y7,Y/]—CZ(A N G) /] —CZ(G)

= Ay

Proof. The proof follows from Theorem 3.15 and Theorem 3.6 (2). g

Definition 3.4. Let (X,7) be a topological space and -, 7/ be operations on
a@O(X). A subset B, of X is said to be an ay, _/-semineighborhood (resp. ay, /-

neighborhood) of a point z € X if there exists an QA semiopen (resp. Ay A1

open) set U such that x € U C B,.

Theorem 3.16. Let (X, 1) be a topological space and 7, ~" be operations on aO(X).
A subset G of X is Q'] -Semiopen if and only if it is an ahﬁr]—semineighborhood
of each of its points.

Proof. Let G be an [, /j-semiopen set of X. Then, by Definition 3.4, it is clear
that G is an ahﬂ/]—semineighborhood of each of its points, since for every z €
G,r € GCGandGis a[,yy,y/]—semiopen.
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Conversely, suppose that G is an ahﬁf]—semineighborhood of each of its points.
Then, for each z € G, there exists S, € aSO(X, x)[%,y/] such that S, C G. Then,
G = U{S: : © € G}. Since each Sy is o, /-semiopen, hence by Theorem 3.5, G is
[, /j-Semiopen in (X, 7). O

Proposition 3.7. For any two subsets A, B of a topological space (X, 7) and A C
B, if A is an ozhﬁr]-semineighborhood of a point x € X, Then, B is also o
semineighborhood of the same point x.

Proof. Obvious. (]

,ie
7]

4. SOME NEW FUNCTIONS

Throughout this section, let 7,7 : aO(X) — P(X) and 8,8 : aO(Y) = P(Y)
be operations on «O(X) and aO(Y), respectively.
Definition 4.1. A function f : (X,7) — (Y,0) is said to be (a}, ./}, o5,4)-
semicontinuous if for each z € X and each g g/-open set V of Y containing f(z),
there exists an a, s-semiopen set U of X such that € U and f(U) C V.

Theorem 4.1. For a function f : (X,7) — (Y,0) the following statements are
equivalent:
(1) fis (ap, ), op,5))-s€micontinuous.

2) The inverse image of each c gy 41-open set in'Y is ay., q-semiopen in X.
(8,8°] ']

3) The inverse image of each oz g1-closed set in'Y is o, _q-semiclosed in X.
[8,87] [v']

(4) For each subset A of X, f(ay, ,-sCU(A)) C ag 51-CU(f(A)).

(5) For each subset B of Y, oz[%n/]—SC’l(ffl(B)) C ffl(a[ﬁﬁf]—C’l(B)).

(6) For each subset B of Y, f~!(ag g-Int(B)) C ay, -sInt(f~1(B)).

Proof. (1) = (2): Let f be (o, /1, /g g7)-semicontinuous. Let V' be any oz g/)-
open set in Y. To show that f~1(V) is an o, /|-Semiopen set in X, if f7HV) = ¢,
then f~1(V) is an o, ,/j-semiopen set in X, if f~YV) # ¢, then there exists
x € f~YV) which implies f(z) € V. Since f is (41> p,577)-semicontinuous,
there exists an @, /1-semiopen set U in X containing x such that f(U) C V. This
implies that z € U C f~1(V). This shows f~1(V) is o, /-Semiopen.

(2) = (3): Let F' be any o g)-closed set of Y. Then Y \ F is an ayg g-open
set of Y. By (2), f7Y(Y\F) =X\ f71(F) is an o, /p-Semiopen set in X and

hence f~1(F) is an @, /1-semiclosed set in X.

']
(3) = (4): Let A be any subset of X. Then, f(A) C a5 4-Cl(f(A)) and oz g)-
CI(f(A)) is an ag g)-closed set in Y. Hence A C f~' (a5 51-Cl(f(A))). By (3),

we have f’l(aw,ﬁ/]—Cl(f(A))) is an o, ,v)-semiclosed set in X. Therefore, o, /)=
sCI(A) C f’l(a[ﬂﬁ/]—Cl(f(A))). Hence, f(ay, ,/1-sCU(A)) C ag 5-CL(f(A)).

(4) = (5): Let B be any subset of Y. Then f~!(B) is a subset of X. By (4),
we have f(ay, 1-sCU(fH(B))) € aygz-CUf(f~1(B))) C oz 5)-Cl(B). Hence,

o]
gy 1=sCUSTH(B)) € f 7 g 5-CUB)).
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(5) & (6): Let B be any subset of Y. Then apply (5) to Y \ B we obtain
05U MY\ B) € ey -CUY \ B) & g sCIX | f74(B)) €
iy \ g, 5-Int(B)) & X\ ahﬂ/]—sfnt(f* (B)) C X \ ! (o, Int(B)) <
f- 1(a[575/]—1nt(3)) - ah’,yl]—sfnt(f_l(B)) Therefore, f~ ( 5,5 Int(B)) C o
sInt(f~1(B)).

Ve
7'

(6) = (1): Let z € X and V be any a4 51-open set of Y containing f(z). Then, z €
71 (V) and f~1(V) is a subset of X. By (6), we have f~'(ag g)-Int(V)) C o, /-
sInt(f~1(V)). Since V is an a5 5'1-0pen set, then f71(v)c ahﬁ/]—slnt(ffl(V)).
Therefore, f~1(V) is an a[%,y/}—semiopen set in X which contains x and clearly
f(f~Y(V)) C V. Hence, f is (/1> p,577)-Semicontinuous. O

Theorem 4.2. Let f : (X,7) — (Y,0) be an (o, 1, g g11)-semicontinuous

s

function. Then, for each subset B of Y, f~ ( 8.5 Int(B)) C oy, -Cllay, -
Int(f~1(B)))-

Proof. Let B be any subset of Y. Then, a[ﬁﬂl]—lnt(B) is g, 5')-open in Y and so by
Theorem 4.1, f_l(a[ﬁ 5 ]—Int(B)) is a, ;-semiopen in X. Hence, Theorem 3.3, we

have f~(a Bm—lnt(B)) apy - Cllag, - Int(f~ (a[57ﬁ/]-lnt(3)))) C ap
Cl(ay, - Int(f~ L(B))). O

Corollary 4.1. Let f : (X,7) = (Y,0) be an (o, /), @[5 51) -semicontinuous func-
tion. Then, for each subset B of Y, ahﬁ/]—Int(oz[%vf]—C’l(f_l(B))) - f_l(a[ 8
Cl(B)).

Proof. The proof is obvious. O

Theorem 4.3. Let f: (X, 7) — (Y, 0) a bijective function. Then, f is (o, /1 @5 51)-
semicontinuous if and only if ajg gr-Int(f(A)) C foy, ,-sInt(A)) for each subset

A of X.

Proof. Let A be any subset of X. Then, by Theorem 4.1, f~(« 5,57 Int(f(A4))) €
ahﬁ% sInt(f~1(f(A))). Since f is a bijective function, then oz, Int(f(A4)) =
(g g-Int(f(A)))) € floy, yy-sInt(A)).

Conversely, let B be any subset of Y. Then, ag g-Int(f(f~ YB)
sInt(f~1(B))). Since f is a bijection, so, g5 Int(B) = ayg gr-Int(
f(ozhﬁr]—slnt(f_l(B))) Hence, f~(a 8,57 Int(B)) C oy, -sInt(f
fore, by Theorem 4.1, f is (o, /1, @5 7))-semicontinuous. O

I%:/

Proposition 4.1. A function f : (X,7) — (Y, 0) is (o, /1, @[ g1) -semicontinuous
if and only if a[,wl]-sBd(f_l(B)) C f_l(a[ﬂﬁ/]-Cl(B) \ aig g1-Int(B)), for each
subset B in'Y.

Proof. Let B be any subset of Y. By Theorem 4.1 (2) and (5), we have f_l(a[ﬂﬁ/]—
Cl(B)\oyg,5-Int(B)) = f_l(a[B,ﬁ’]'Cl( AV AR T ]'Int(B)) 2 ap, -sCUfH(B))\
F~Hagg py-Int(B)) = ap, y-sCUf~H(B)\ey, , s Int(/- Hayg g Int(B))) 2 apy -
sC’l(f_l(B))\ahﬂ/]—slnt(f_l(B)) = oy, -sBd(f~ L(B)), and hence f~ 1(04[5’5/}—
ClU(B) \ g ;- Int(B)) 2 oz[%wz]—sBd(ffl(B)).
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Conversely, let V' be a3 g-openin Y and F' = Y'\V. Then by (2), we obtain a, /-
SBA(f 1 (F)) € fHays 5-CUF)\ays g-Int(F)) C F (g 5-CUF)) = £~ 1(F)
and hence by Theorem 3.12 (1), ahﬁ/]—sCl(ffl(F)) = ap, sInt(f~ YF) u

a[,w/]—s.Bd(f_l(F)) C f7YF). Thus, f~%F) is [,,,/)-semiclosed and hence
V) isa,

-semiopen in X. Therefore, by Theorem 4.1 (2), f is (a},, ), 5, 57))-
semicontinuous. (]

Proposition 4.2. A function f : (X,7) = (Y, 0) is (o, /1, @ 51) -semicontinuous
if and only if f(oy, ,-sD(A)) C oz 5-CU(f(A)), for any subset A of X.

Proof. Let A be any subset of X. By Theorem 4.1 (4), and by the fact that a, /-
sCl(A) = AUay, -sD(A), we get f(ay, ,-sD(A4)) C f(ayp, ., -sCU(A)) C ag 51
CI(f(A)).

Conversely, let F' be any o g-closed set in Y. By (2), we obtain f(ay, /-
SD(fil(F))) g Q[B’ﬁ’]—ol(f(fil(F))) g Oé[ﬁ)ﬁl]—cl(F) = F ThiS implies OL[,Y),Y/]—
sD(f~Y(F)) C f~%(F). Hence, by Theorem 3.13 (7), f~1(F) is oy ' )-semiclosed
in X. Therefore, by Theorem 4.1 (3), f is (a, /), o 57))-semicontinuous. O

Definition 4.2. A function f : (X,7) — (Y,0) is said to be (a}, .}, o5,4)-
semiopen if and only if for each o, ,/-open set U in X, fU) is g, 5'-Semiopen
set in Y.

Theorem 4.4. A function f: (X,7) = (Y,0) is (q[, /), &g g1)-semiopen if and
only if for every subset E C X, we have f(ap, ., ]—Int( ) € aigg-Cllag g
Int(f(E))).

Proof. Let f be (ahﬂ’ 8,8 ]) semiopen. Since f(oy, ,/j-Int(E )) C f(E), and
flap, - Int(E)) is ajg z-semiopen. Then, f(oy, /- Int(E)) C a5 Cllag g1
Int(f(ap, -Int(E)))) € oz 5-Cllag 5 ]—Int(f(E))).

Conversely, let G be any a,, _-openset in X. Then, a5 51-Int(f(G)) C f(G)
flapy - Int(G)) € ag g1-Cllag g-Int(f(G))). Therefore, f(G)is oz )-semiopen
and consequently f is (a[%v L [5,6/])—semiopen. O

Theorem 4.5. Let f: (X,7) — (Y,0) be an (a[%,yl]7a[/@ﬁ/])—semiopen function,
then for every subset G of Y, a[,yy,y/]-lnt(f_l(G)) - ahﬁ/]-Cl(f_ (o5,5-CUG))).

Proof. Let f be (a[%,y/],amﬁ/])—semiopen. By Theorem 4.4, we have f( /

']
Int(f~4@))) C a[ﬁyﬂ/]-Cl(a[ﬁﬁ/]_Int(f(f_l(G)))) C aﬁﬁ -Cl(ag —Int( )) C
a[ﬁﬁﬁ/]—Cl(G) implies that ah’A/]—Int(f_l(G)) C f_l( CZ(G)) i -CI(f~ 1(a[ﬁ,ﬁ']_
Cl(@))). O

Theorem 4.6. A function f: (X,7) = (Y,0) is (ap, ), o g)-semiopen if and
only if for every x € X and for every oz[%,y/]—neighborhood U of x, there exists an
o, g1 -semineighborhood V' of f(x) such that V C f(U).

Proof. Let U be an a[,m/]—neighborhood of x € X. Then, there exists an Ay A1
open set O such that x € O C U. By hypothesis, f(O) is awﬁ/]—semineighborhood

in Y such that f(z) € f(O) C f(U).
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Conversely, let U be any o, rj-open set in X. For each y € f(U), by hypothesis
there exists an a[B’B/]-semineighborhood Vy of y in Y such that V,, C f(U). Since
Vy is ajg g-semineighbourhood of y, there exists an a4 4\-semiopen set A, in Y’
such that y € A, C V. Therefore, f(U) = U{A, : y € f(U)} is an oy g-semiopen
in Y. This shows that f is an (o, ./}, o5 g;)-semiopen function.

O

Theorem 4.7. The following statements are equivalent for a bijective function
f:(X,7) = (Y,0):

)ﬁg g 51 -8Int(f(A)), for every A C X.

B f_l(a[ﬁ’ﬁ/]-slnt(B)), for every BCY.
ahﬂ/]-C’l(f_l(B)), for every BCY.
C flapy 4-Cl(A)), for every A C X.

C floyy,4-Cl(A)), for every A C X.

c
c

~

Proof. (1) = (2): Let A be any subset of X. Since f(ay, ./ -Int(A)) is ag 5
semiopen and f(ay, ,-Int(A)) C f(A), and thus f(ap, . -Int(A)) C ap g
sInt(f(A)).

The proof of the other implications are obvious. O

Theorem 4.8. Let f : (X,7) = (Y,0) be (o, 1, g 1) -s€micontinuous and

(41> p,5))-semiopen and let A € aSO(X), 1. Then, f(A) € aSO(Y) 5

Proof. Since A is oz[%wf]—semiopen, then there exists an [y '1-0Pen set O in X such
that O C A C ay, ,/-Cl(O). Therefore, f(O) C f(A) C f(e, ,-CUO)) C a[ﬁ’ﬁg

CI(f(O)). Thus, by Theorem 3.4, f(A) € aSO(Y)[ﬂﬁ/].

Theorem 4.9. Let m and 7 be operations on aO(Z). If f: X — Y is a func-
tion, g 1 Y — Z is (a[ﬁ’m,a[ﬂm/})-semiopen and injective, and gof : X — Z is
(O /1> Qp 1)) -sEmicontinuous. Then, fis (a, ./, g g1)-semicontinuous.

Proof. Let V' be an oz g/;-open subset of Y. Since g is (a[ﬁﬁ/],a[ﬂ’wf])—semiopen,

g(V) is a|, ./;-semiopen subset of Z. Since gof is (v, /|, @[ »/1)-semicontinuous

and g is injective, then f=1(V) = f~Y(g7(g(V))) = (gof)~L(g(V)) is Ay

semiopen in X, which proves that f is (oz[%ﬂ,a[ﬁﬁr])—semicontinuous. O
Definition 4.3. A function f : (X,7) — (Y,0) is said to be (a}, ), o5,4)-

irresolute if the inverse image of every g, 5/)-Semiopen set of YV is y /1-Semiopen

in X.

Proposition 4.3. Every (a[%,y/] , a[ﬁﬁ/])-irresolute function is (a[%,y/], amﬁ/])—semicontmuous.

Proof. Straightforward. |

The converse of the above proposition need not be true in general as it is shown
below.

Example 4.1. Let X = {a,b,c} and 7 = 0 = {¢, {a}, {b}, {a, b}, X} be a topology
on X. For each A € aO(X), define the operations v : aO(X,7) — P(X), v :
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aO(X,7) = P(X),:a0(X,0) = P(X)and 8 : aO(X,0) — P(X), respectively,
by
! A it A={a,b}
T — AY — )
AT=A4 _{X it A £ {a,b}

and

s (A A=
Aﬁ_Aﬁ_{X it A £ {b}.

Define a function f: (X,7) — (X, 0) as follows:
a ifzx=a
flz)=¢ a ifz=0>
c ifzx=c
|)-irresolute be-

Then, f is (o, ;g 7)-semicontinuous, but not (a, ., a5 5
= {c} is not o

cause {b,c} is an o g|-semiopen set of Y but f~t({b,c})
semiopen in X.

,ie
7'

Theorem 4.10. If f : (X,7) — (Y,0) is (o, ), p,5))-s€micontinuous and
fﬁl(awﬁ/]—Cl(V)) - ozhﬁ/]—C'l(ffl(V)) for each subset V€ aO(Y )5 4, then
fis (ap, ), o g))-irresolute.

Proof. Let B be any g z1-semiopen subset of Y. Then, there exists V' € on(Y)[ﬁﬁ/]
such that V' C B C ayg 5)-Cl(V). Therefore, we have f~'(V) C f~'(B) C
f’l(aw’ﬂz]—Cl(V)) C ozhﬁ/}—Cl(ffl(V)). Since f is (ay, /1, 5,))-semicontinuous
and V' € aO(Y)5 g, then f7H(V)isan Ay
rem 3.4, f~1(B) is an [, /j-semiopen set of X. This shows that fis (v, ./}, a5 51)-
irresolute. (]

-semiopen set of X. Hence, by Theo-

Theorem 4.11. A function f: (X,7) = (Y,0) is (a}, 1), o g7))-irresolute if and
only if for each x € X and each g, 5/ -semiopen set V. of Y containing f(x), there
exists an ay, 1 -semiopen set U of X containing x such that f(U) C V.

Proof. Let x € X and V be any g, 5/)-Semiopen set of Y containing f(z). Set
U= f~1(V), then by f is (ahﬂ/],a[ﬁ’ﬁ/])-irresolute, U is an o, /-semiopen subset
of X containing z and f(U) C V.

Conversely, let V be any g 5/)-Semiopen set of Y and x € f~1(V). By hypoth-
esis, there exists an @, /|-Semiopen set U of X containing x such that f(U) C V.
Thus, we have z € U C f~1(f(U)) € f~1(V). By Proposition 3.1, f=1(V) is
o, ,/j-semiopen of X. Therefore, f is (v, ./}, g g1)-irresolute. O

Theorem 4.12. A function f: (X,7) = (Y,0) is (a}, 1), o 57))-irresolute if and

only if for every awﬂ/]—semiclosed subset H of Y, f~1(H) is a[%v/]—semz’closed m
X.

Proof. Let f be (ahﬁ/],a[ﬁ,ﬁf])—irresolute, then for every ag 5-semiopen subset
Qof Y, f71Q) is [y ,,/)-Semiopen in X. Let H be any a[[g’B/]—semiclosed subset
of Y, then Y\ H is ag g-semiopen. Thus, YUY \ H) is [, ,,/j-Semiopen, but
7YY \H)=X\ f~Y(H) so that f~}(H) is o, /-semiclosed.
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Conversely, suppose that for all oz g)-semiclosed subset H of Y, fY(H) is
oz[%,yr]—semiclosed in X and let @) be any a[ﬁwﬁ/]—semiopen subset of Y, then Y\ Q is
(g g-semiclosed. By hypothesis, X \ f~1(Q) = f~1(Y'\ Q) is o, ./-semiclosed.
Thus, f~1(Q) is ay, /j-semiopen. O

Theorem 4.13. Let f : (X,7) = (Y,0) be function. Then, the following state-
ments are equivalent:

(1) fis (ap, )y o, -irresolute.

(2) oz[,yy,/]-sC’l(f_l(B)) - f_l(a[ﬁﬁ/]-sCl(B)), for each subset B of Y.

(3) flay,,,)sClU(A)) C ag 41-sCL(f(A)), for each subset A of X.

Pmof (1) (2): Let B be any subset of Y. Then, B C g 5-sCI(B) and
-1(B) C (a[ﬁﬂl]—sCl(B)). Since f is (ay, ./, o, 5/))-irresolute, so, f’l(a[ﬁﬁ/]—
sCl( )) is an a, s -semiclosed subset of X. Hence, a[%,yf]—sCl(f_l(B)) Cap
—1

sCIU(f (a[ﬁm—;g'l( B))) = f_l(oz[ﬁyﬁl]—sC’l(B))

(2) = (3): Let A be any subset of X. Then, f(A) C o5 4-sCI(f(A)) and
O‘[%W']'SCZ(A) - 0‘[%7/]'301(f71(f(14))) c s (O‘[ﬁﬂ] -sCI(f(A))). This implies
that f(ayp, ,-sCU(A)) C f(f~ (ags 5-sCUF(A))) C s 51-5sCUF(A)).

(3) = (1): Let V' be an ag 5y-semiclosed subset of Y. Then, f(a[,w/]—sC’l(f_l(V)))
oz[ﬁ’ﬁ/]—sC'l(f(f_l(V))) C ajg 51-sCI(V)) = V. This implies that ozhﬁ/}—sC'l(f_l(V))
FH(fay, =sCUf~1(V))) € f~1(V). Thus, f~1(V) is an ay, /j-semiclosed sub-
set of X and consequently f is an (ozhﬁf],a[ﬂ’ﬁr])—irresolute function. O

-
c

Theorem 4.14. A function f : (X,7) = (Y,0) is (a}, 1), o g7))-irresolute if and
only if f_l(a[ﬁﬁ/]-slnt(B)) C oz[,wf]-slnt(f_l(B)) for each subset B of Y.

Proof. Let B be any subset of Y. Then, aw’ﬁ/]—slnt(B) C B. Since fis (a[ﬂm/], a[ﬁﬁ'])'
irresolute, f_l(a[,gﬁ/]-slnt(B)) isan a7 )-semiopen subset of X. Hence, f_l(a[ﬁﬁf]-
sInt(B)) = oz[,y’,y/]-slnt(f_l(amwﬁ/]—slnt(B))) - ahﬁr]—slnt(f_l(B)).

Conversely, let V' be an a5 5j-semiopen subset of Y. Then, f~Yv) = f_l(ozw’m-
sInt(V)) C ap, -sInt(f~1(V)). Therefore, f~*(V) is an oy, ,/-semiopen subset
of X and consequently f is an (a[,m/],a[ﬁyﬁ/])-irresolute function. O

Proposition 4.4. A function f : (X,7) = (Y,0) is (a}, ), o g))-irresolute if
and only if o, 7/]-sBd(f_1(B)) C f_l(a[B g'1-sBd(B)), for each subset B of Y.

Proof. Let B be any subset of Y. Then, o, ,/j-sBd(f~ YB)) = o, -SsCUf~ LB))\
oy st (f~ YB)) C f- (a[ﬁﬁ 1=SCUB)) \ oy -sInt(f~ ( )) sed Theorem
4.13. Therefore, by Theorem 4.14, we have o, r-sBd(f~ YB)) C 1(a[5’m—
SCUB)\ S~ (. -5Tnt(B)) = (0, y-5CUB) s yry-sTnt(B)) = [~ gy -

sBd(B)).
Conversely, let V' be a[ﬂyﬁ/]—semiopen inY and F = Y \ V. Then, by hy-

pothesis, we obtain a, ]sBd(f* (F)) C ffl(a[ﬁ g1sBd(F)) = f’l(a[ 8
sCUF) \ ajg gy-sInt(F )) C f~ ( 15,57 5CUF)) = f71(F) and hence by Theo-
rem 3.12 (1), a, /-sCU(f~ HF)) = o, -sInt(f~ HF) U a[,m/]—sBd(f_l(F)) C
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f7H(F). Thus, f~'(F) is a, ,/-semiclosed and hence f~'(V) is ay, ,/-semiopen

in X. Therefore, f is (a, /), oz g)-irresolute. O
Corollary 4.2. Let f : (X,7) — (Y, 0) be a function. If f is (o, ./, g g11)-closed
and (oz[,w/],amﬁ/])—irresolute then f(oy, 11-sCUA)) = oy g1 -sCl( (A)) for every

subset A of X.

Proof. Since for any subset A of X, A C a, ./ -sCI(A). Therefore, f(A) C
flap, ,-sCU(A)). Since fis (o, 11, g g1)-closed, then ayg 51-sCU(f(A)) C oy g
sCl(f(ay, ., -sCl(A))) = f(ap, ,-sCU(A)). Hence, f(ap, ,-sCl(A)) 2 apg

sCI(f(A)) and by Theorem 4.13, we have f(oy, ./1-sCl(A)) = ag 51-sCIL(f(A)

B
).
[
Corollary 4.3. Let f : (X,7) = (Y,0) be a bijective function. Then, [ is

(a[,y’,y/],a[ﬁﬁ/])-semiopen and (a[%,y/],a[ﬁwﬁ/])-irresolute if f_l(ozmﬁ/]-sCl(V)) =
Oé[%,y/]-SCl(f_l(V)) for every subset V of Y.

Proof. The proof is follows from Remark 3.2, Theorems 4.7 and 4.13. (|

Theorem 4.15. If f : X — Y is (ahﬁ/],a[m@/])—irresolute and g :' Y — Z is
(v 5110 s 577) -irresolute, then g(f) : X — Z is (a, ), o5 51) -irresolute.

Proof. 1f A C Z is o4 5)-semiopen, then g 1(A)is 3,5)-Semiopen and g (4))
is ap, ,/-semiopen. Thus, (g(f)~1A) = fL g7 A)) is o, /-semiopen and
hence g(f) is (e, 1, s, 4))-irresolute. O
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COVARIENT DERIVATIVES OF ALMOST CONTACT
STRUCTURE AND ALMOST PARACONTACT STRUCTURE
WITH RESPECT TO X¢ AND X" ON TANGENT BUNDLE T (M)

HASIM CAYIR

ABSTRACT. The differential geometry of tangent bundles was studied by sev-
eral authors, for example: D. E. Blair [1], V. Oproiu [4], A. Salimov [5], Yano
and Ishihara [8] and among others. It is well known that differant structures
deffined on a manifold M can be lifted to the same type of structures on its
tangent bundle. Several authors cited here in obtained result in this direction.
Our goal is to study covarient derivatives of almost contact structure and al-
most paracontact structure with respect to X¢ and XV on tangent bundle
T(M). In addition, this covarient derivatives which obtained shall be studied
for some special values in almost contact structure and almost paracontact
structure.

1. INTRODUCTION

Let M be an n—dimensional differentiable manifold of class C'*° and let T),(M)
be the tangent space of M at a point p of M. Then the set [8]

(L1) T(M) = U T,(M)

is called the tangent bundle over the manifold M. For any point p of T'(M), the
correspondence p — p determines the bundle projection « : T(M) — M, Thus
m(p) = p, where w : T(M) — M defines the bundle projection of T'(M) over M.
The set 7= 1(p) is called the fibre over p € M and M the base space.

Suppose that the base space M is covered by a system of coordinate neighbour-
hoods {U ; xh} , where (2") is a system of local coordinates defined in the neighbour-
hood U of M. The open set 7=1(U) C T(M) is naturally differentiably homeomor-
phic to the direct product U x R™, R™ being the n—dimensional vector space over
the real field R, in such a way that a point p € T,(M)(p € U) is represented by an
ordered pair (P, X) of the point p € U, and a vector X € R™ ,whose components are
given by the cartesian coordinates (y") of p in the tangent space T},(M) with respect

2000 Mathematics Subject Classification. 53C05; 53C15.
Key words and phrases. Covarient Derivative,Almost Contact Structure,Almost Paracontact
Structure.
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to the natural base {0}, where 05 = %. Denoting by (z") the coordinates of
p=m(p) in U and establishing the correspondence (z",3") — p € 7=}(U), we can
introduce a system of local coordinates (z",y") in the open set #=*(U) c T(M).
Here we cal (2", y") the coordinates in 7=(U) induced from (z") or simply, the
induced coordinates in 7~ 1(U).

We denote by S7 (M) the set of all tensor fields of class C*°and of type (r,s) in

M. We now put (M) = > Q% (M), which is the set of all tensor fields in M.

S
r,5=0

Similarly, we denote by S%(T(M)) and S(T(M)) respectively the corresponding
sets of tensor fields in the tangent bundle T'(M).

1.1. Vertical lifts. If f is a function in M, we write fV for the function in T'(M)
obtained by forming the composition of 7 : T(M) — M and f: M — R, so that

(1.2) ' = for

Thus, if a point p € 771 (U) has induced coordinates (z",y"), then

(1.3) f®) = f(x,y) = for(p) = fp) = f(2).
Thus the value of f(p) is constant along each fibre T,,(M) and equal to the value
f(p). We call f¥ the vertical lift of the function f [8].

Let X € S4(T(M)) be such that )j(f“ =0 for all f € SH(M). Then we say
that X is a vertical vector field. Let (ﬁ;) be components of X with respect to the
induced coordinates. Then X is vertical if and only if its components in 7= (U)
satisfy

X" 0
()-(2)

Suppose that X € 3§(M), so that is a vector field in M. We define a vector field
X* in T(M) by
(1.5) Xt w) = (wX)"

w being an arbitrary 1—form in M. We cal XV the vertical lift of X [8].

Let © € SY(T(M)) be such that ©(X)¥ = 0 for all X € S§(M). Then we say
that @ is a vertical 1—form in T'(M). We define the vertical lift w¥ of the 1—form
w by
(1.6) w? = (w;)¥ (dz*)?

in each open set 7~ 1(U), where (U;z") is coordinate neighbourhood in M and w is
given by w = w;dz’ in U. The vertical lift w® of w with lokal expression w = w;dz"
has components of the form

(1.7) w? (W', 0)

with respect to the induced coordinates in T'(M).
Vertical lifts to a unique algebraic isomorphism of the tensor algebra (M) into
the tensor algebra S(T'(M)) with respect to constant coefficients by the conditions

(1.8) (P@Q)V =P 2@V, (P+R)Y =PV +R"
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P,Q and R being arbitrary elements of T'(M). The vertical lifts 'V of an element
F € $1(M) with lokal components F* has components of the form [8]

(1.9) FV;(% 8)
Vertical lift has the following formulas [3, 8]:
(1.10) (fX)" = f°X°,I"X"=0,1"(X") =0
(fn)" = [’ [X° YY" =0,0"X" =0
XU = 0,XUfY =0

hold good, where f € S§(M,), X,Y € S{(M,), n € SVM,), ¢ € ST(M,), I =
idr, -

1.2. Complete lifts. If f is a function in M, we write f€ for the function in T'(M)
defined by
J = ildf)
and call f¢ the comple lift of the function f. The complete lift f¢ of a function f
has the lokal expression
(1.11) fe=y'o,f =of
with respect to the induced coordinates in T'(M), where df denotes y'0; f.
Suppose that X € 3}(M). Then we define a vector field X¢ in T'(M) by
(112) XEpe= (X,

f Dbeing an arbitrary function in M and call X¢ the complete lift of X in T (M)
[2, 8]. The complete lift X of X with components " in M has components

(1.13) X© = ((;;Lh)

with respect to the induced coordinates in T'(M).
Suppose that w € SY(M), then a 1—form w® in T(M) defined by

(1.14) WX = (wX)°
X being an arbitrary vector field in M. We call w® the complete lift of w. The
complete lift w® of w with components w; in M has components of the form
(1.15) w : (Ow; w;)
with respect to the induced coordinates in T'(M) [2].
The complete lifts to a unique algebra isomorphism of the tensor algebra (M)

into the tensor algebra (T'(M)) with respect to constant coefficients, is given by
the conditions

(1.16) (P2Q)°=P°2Q"V+P"2Q% (P+R)"=P°+RC,

where P, and R being arbitrary elements of T'(M). The complete lifts F of an
element F € 1 (M) with lokal components F* has components of the form

F' 0
C . i
(1.17) FC . ( ort B )

In addition, we know that the complete lifts are defined by [3, 8]:
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(1.18) (fX)° = [X"+['X°=(X[),
Xef' = (X0 (2% = (n(x)",
XUfe = (Xf)", 0" X = (pX)",
P°XY = (pX)", (pX) = XS,
N’ (X9 = (X)), (X") = (n(X))",
(XU, V] = [X,Y]",I°=1,I°X°=X",[X,Y]=[X,Y]°.

Let M,, be an n—dimensional diferentiable manifold. Differantial transformation
of algebra T'(M,,), defined by

D=Vx :T(M,) = T(M,), X € S§(M,),
is called as covariant derivation with respect to vector field X if
Vixtgvt = fVxt+gVyt,
Vxf = X[,
where Vf, g € S§(M,),VX,Y € S§(M,),Vt € S(M,,).
On the other hand, a transformation defined by
Vv %é(Mn) X C\\Yé(Mn) - S(l)(Mn),

is called as affin connection [5, §].
We now assume that M,, is a manifold with an affine connection V. Then there
exist a unique affine connection V¢ in ¥(M,,) which satisfies

(1.19) .Y = (VxY)°

for any X,Y € 3§(M,). This affine connection is called the complete lift of the
affine connection V to T'(M,,) and denoted by V¢ [§].

Proposition 1.1. For any X € S(M,,), f € SY(M,,) and V€ is the complete lift
of the affine connection V to T (M,) [8]

i) Vi f? =0,

i) Vi f©=(Vx f)",

i) Ve f" = (Vx )",

w) Vi f¢ = (Vxf)e.
Proposition 1.2. For any X,Y € S§(M,,) and V¢ is the complete lift of the affine
connection V to T(M,) [8]

i) V5, Y =0,

i) V5, Y° = (VxY)?,
i11) V&YV = (VxY)",
w) V.Y = (VxY)e.

2. MAIN RESULTS

Let an n—dimensional differentiable manifold M,, be endowed with a tensor
field ¢ of type (1,1), a vector field &, a 1—form 7, I the identity and let them
satisfy

(2.1) P =-T+17®E, ©(&) =0, nop = 0, n() =1.
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Then (p,&,n) define almost contact structure on M, [3, 6, 8]. From (2.1), we get
on taking complete and vertical lifts

(2:2) ) = —I+70°®&+n° 0L,
6" = 0,9 =0,n"p" =0,
np® = 0,7"(¢") =0,1n"(£) =1,

n°(€") = 1,n°(€°) = 0.
We now define a (1, 1) tensor field J on T'(M,,) by
(2.3) J=¢ =@’ +£ @
Then it is easy to show that J?X? = —XV and J2X¢ = —X*¢, which give that .J is
an almost contact structure on T'(M,,). We get from (2.3)

JXY = (pX)"+ (n(X))"¢,
JXO = (pX)° = (n(X))"€" + (n(X))°¢"
for any X € S§(M,) [3].

Theorem 2.1. For Vx the operator covarient derivation with respect to X, J €
SUT(My)) defined by (2.3) and n(Y) = 0, we have

i) (V& )Y? = 0,
ii) (Vi )Y = ((Vx)Y)" + (Vxn)Y)"E",
iit) (Vi)Y = ((Vx)Y)" + (Vxn)Y)"¢",
w) (Vi)Y = (Vxp)Y)* = ((Vxn)Y)"€" + (Vxn)Y )€,

where X,Y € S§(M,,), a tensor field ¢ € $1(M,,), a vector field ¢ and a 1—form
1 € (M)

Proof. For J =¢°—&*@n" +£°®@n° and n(Y) = 0, we get

i) (Vo J)YY = V(e =" 00" +@n)Y" — (¢ =" @n" + £ @)V Y
= V% (9Y)" = V& (n"(Y)")E" + Vo (n(Y))"€°
= 0’

i) (Vo )YS = V(@ =" @n" +0n)Y° - (p° =" @n" +£°@n° )V Y

= V%@V =V (Y)'€" + Vi (n(Y))%€° — V& Y©
+n"(VxY)"¢" = (n(VxY)) €

= (V&)Y + (V5 Y) = VY = (Vx(n(Y)))"€°
+((Vxn)Y)ree

= (Vxp)Y)"+(Vxn)Y)'¢,

iti) (Vi )Y = Vie(pf =& @n" + @)V — (p° =" @n’ + & @) Vi Y
= VeV = Vie(n"(Y)")E" + Vi (n(Y))"€" = 9" Vi Y
0 (VxY)€" = (n(VxY))¢s
= (VDY + 9 (VEY?) = Vi Y" = (Vx (0(Y))) "€
+(Vxn)Y)*€
= (Vxe)Y)" + (Vxn)Y)"¢",
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w) (Vi)Y = Vie(p® =" @n" + @0 )Y — (¢° =" @n’ +£° ®@n°)
= Vi@V = Vie((nY)")E" + Vie(n(Y))°€ — ¢V Y
+(M(VxY))"€" — (n(VxY))%¢e
= (V&)Y + (V& Y?) = V&Y + (Vx(n(Y)))"€"
—((Vxn)Y) € = (Vx(n(Y)))€° + (Vxn)Y)“E*
(Vxp)Y)* = (Vxn)Y)"€" + ((Vxn)Y)“E".

O

Corollary 2.1. If we put Y = ¢, i.e. n(€) =1 and £ has the conditions of (2.1),
then we get different results

i) (V. J)E" = (Vx§)",
i) (Vi J)§ = ((Vx9)§)” + ((Vxn))§) €,
i) (Vi) = ((Vx9)§)" + (VxE + (Vxn)§)"E",
w) (Vi J)E = (Vx)§)® = (Vx&)" = (Vxm)§)"€” + (Vxm)§)“€”.

Let an n—dimensional differentiable manifold M,, be endowed with a tensor
field ¢ of type (1,1), a vector field £, a 1—form 7, I the identity and let them
satisfy

(24) ' =1-n®¢, (&) =0, nop =0, 7§ =1
Then (¢, &, n) define almost paracontact structure on M, [3, 6]. From (2.4), we get
on taking complete and vertical lifts

(2.5) ) = I-n" @& -0,
€ = 0,0%€° =0,n"0p" =0,
nCOSDC — 07,'71)(511) — 077711(50) — 17

n°(€") = L) =0.
We now define a (1,1) tensor field J on T(M,) by
(2.6) T=¢" =& on -
Then it is easy to show that J2X¥ = XV and J2X¢ = X°¢, which give that J is an
almost product structure on T'(M,,). We get from (2.6)

JXU = (pX)" - (n(X))"¢,
JX¢ = (pX)" = (n(X))"€" — (n(X))°¢°
for any X € S{(M,,).

Theorem 2.2. For Vx the operator covarient derivation with respect to X, J e

SHT(M,)) deﬁned by (2.6) and n(Y) =0, we have
i) (Vs Y'Y = 0,
i) (Vi)Y = (Vx@)V) — (Vxn)V)'
i) (Vi)Y' = (Vx@)Y)" = (Vxn)Y)"¢
) (VDY = (Txo)¥ )~ (V¥ € — (T e
where X,V € § (Mn), a tensor field ¢ € $1(M,,), a vector field ¢ € S§(M,)

i

and a 1—form 7 € $9(

n):

C (&
%Y
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Proof. For J = ¢ — £ @n¥ — &€ @n° and n(Y) = 0, we get
i) (Vs Y" 5ol =€"@n" =@ )Y — (¢ =& @n’ = @ )Vi. Y
= Vi (9Y)" = Vi (n"(Y)")§" = Vi (n(Y))"€°
= O’

ii) (Vo )Y® = Vul(p® =€ @n" — @)Y — (¢° — € @n’ — € @)V Y*
= V%@V = Vi (Y)Y = Vs (n(Y))%€° — V. Y°
+n"(VxY)"¢" + (n(VxY)) €
= (V&%) + (Vi Y) = V5 Y+ (Vx (n(Y)))"€°
—((Vxn)Y)ree
= (Vxp)Y)" = (Vxn)Y)"¢,
iti) (Vi)Y' = Vie(p® =€ @n" — @)Y’ — (¢° — £ @1 — £ @1°) VY
= Vi@V = Ve’ (Y)")E" = Vie(n(Y)) € — ¢V Y
+n"(VxY)"¢" + (n(VxY)) €
= (Ve )" + (VX Y") = V&Y + (Vx (n(Y))) "€

—(Vxn)Y)¥¢e
= (Vxp)Y)" = ((Vxn)Y)"¢s,
w) (Vie)Y® = V(9 =€ @n" — £ @nf)Ye — (¢¢ — €' @’ — £ @) V.Y

= Vi@V = Vie((nY)")E" = Vie(n(Y))%€" = Vi Y
+(n(VxY))"€" + (n(VxY))“¢

= (Vi@ )Y+ (Vi Y) = V5 Y+ (Vx (n(Y))"€"
—(Vxn)Y)"¢" + (Vx(n(Y)))°€° = (Vxn)Y)€°

= (Vxp)Y)* = ((Vxn)Y)’e" = (Vxn)Y )€

O

Corollary 2.2. If we put Y = ¢, i.e. n(€) =1 and £ has the conditions of (2.4),
then we have

i) (Vs )E' = —(Vx&)",

i) (Vo DE = (Vx9))” — ((Vxm))€) ee,

iii) (Ve )E" = (Vx9)&)” — (Vx&)° — (Vxn)&)"€",

w) (Vie)ES = (Vxp))® — (Vx€)” — (Vxn)€)’€” — (Vxn)€)°ee.
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GRONWALL TYPE INEQUALITIES FOR CONFORMABLE
FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, some new generalized Gronwall-type inequalities are
investigated for conformable differential equations. The established results are
extensions of some existing Gronwall-type inequalities in the literature.

1. INTRODUCTION

Fractional Calculus is a generalization of ordinary differentiation and integration
to arbitrary (non-integer) order. The subject is as old as the calculus of differenti-
ation and goes back to times when Leibniz, Gauss, and Newton invented this kind
of calculation. During three centuries, the theory of fractional calculus developed
as a pure theoretical field, useful only for mathematicians, we refer to [10], see also
[11]. Recently a new local, limit-based definition of a conformable derivative has
been formulated [1], [4], [8], with several follow-up papers [2], [3], [5]-[9]. In this
paper, we use the Katugampola derivative formulation of conformable derivative of
order for a € (0,1]and ¢ € [0, 00) given by

NIGR R0 |
L) D)) = m L DR () (0) = EmD® (1) ().
provided the limits exist (for detail see, [8]). If f is fully differentiable at ¢, then
d
(1.2 D (1) () =B ).

A function f is a—differentiable at a point ¢ > 0 if the limit in (1.1) exists and is
finite. This definition yields the following results;

Theorem 1.1. Let a € (0,1] and f,g be a—differentiable at a point t > 0. Then
i. D* (af +bg) = aD* (f) +bD*(g), for all a,b € R,
ii. D* (X) =0, for all constant functions f (t) = A,
iii. D* (fg) = D (g) + gD* (f),

Key words and phrases. Gronwall’s inequality, confromable fractional integrals.
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iv. D% (;) _ fDa (g)g_nga (f)
v. D* (") = nt""* for alln € R

vi. D*(fog)(t)=f"(g(t)) D*(g) (t) for [ is differentiable at g(t).

Definition 1.1 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a, b] if the integral

/abf (x) dox := /abf (z) z° da

exists and is finite. All a-fractional integrable on [a, ] is indicated by L. ([a,b])

Remark 1.1.
f@)y,
€T —

t
EO=1"= [
where the integral is the usual Riemann improper integral, and a € (0, 1].

We will also use the following important results, which can be derived from the
results above.

Lemma 1.1. Let the conformable differential operator D be given as in (1.1),
where « € (0,1] and t > 0, and assume the functions f and g are a-differentiable
as needed. Then

i. D*(Int) =t fort >0

ii. D [f;f(t,s) das] — () + [L DYf (¢, 5)] dus
iii. [*f(x) D% (g) () doz = fgl° — [7 g () D* (f) (x) daz.

In this paper, some new generalized Gronwall-type inequalities are investigated
for conformable differential equations. The established results are extensions of
some existing Gronwall-type inequalities in the literature.

2. MAIN RESULTS

Troughout this paper, all the functions which appear in the inequalities are
assumed to be real-valued and all the integrals involved exist on the respective
domains of their definitions, and C' (M, S) and C* (M, S)denote the class of all
continuous functions and the first order conformable derivative, respectively, defined
on set M with range in the set S.

Firstly, we start with the following definition, which is a generalization of the
limit definition of the derivative for the case of a function with many variables.

Definition 2.1. Let f be a function with n variables t1, ..., ¢, and the conformable
partial derivative of f of order a € (0,1] in z; is defined as follows
o~ o tiog, tie® " tn) = f (1 s )

The first result is the generalization of Theorem 2.10 of [3].

Theorem 2.1. Assume that f(t,s) is function for which 9 [05 f(t,s)] and 85 [0¢ f(t, s)]
exist and are continuos over the domain D C R2, then

(2.2) op [00 f(t,s)] = 02 (07 (¢, 9)].
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Proof. By using the (1.1), it follows that
es™ P
f (t,se ) —f(ts)

o [085(t,s)] = oF [Im :
_ e -lim f (t,s +est =P 4 0(82)) — f(t,s)] '
e—0 £

Making the change of variable k = es'=7 (1 + O(¢)) , we get

o [55]”(15,3)] =0 [lim ft,s+k)— f(t,s)‘| .

k—0 ksf—1
1+0(e)

Since f is diffentiable in s-direction, we obtain

(2 0f 105 (0.5 = 5708 | 109

Again by definition (1.1), it follows that

0% (02 f(t,8)] = s"° lim Fif (1" s) - £t

e—0 g

Similarly, after making the change of variable, we have

O f(t+h,s)— 2f(t
0p (00 (1, )] = P10ty 259 LH09) = (E5)
h—0 3

Since f is diffentiable in ¢-direction, we obtain
2

0
a [aa — 1Bl
(24) 05 (05 (t,5)] = 51 f(1,5).
Since f is continuous, by using the Clairaut’s theorem for partial derivatives, it
follows that
02 0?
asatf(t7s) - atasf(t) S)'

Therefore the equation (2.4) becomes

o? sif (s +k) = 5f(ts)
o4 Yo' _ JA-p4l—« — 1-841—a q: ot ’ ot ?

of [0 f(t,8)=s"Ft —atasf(t, s)=s""t ]11;% . .
Thus, taking k = es'™ (14 O(¢)) and laler h = et'=* (1 + O(g)) we arrive at

lim %f (t,S + k) B %f (tﬂ 5)
k—0 k

07 105 f (¢, 8)) = O

= 05107 f (¢, 9)]

which completes the proof. [

Theorem 2.2. Letk € C (RT,RT), y € C (Rt x RT,R"), r € C* (RT,RT) with
(t,5) = Ofy(t,s) € C(RT x RT,RT). Assume in additional that r is nondecreasing
and r(t) <t fort>0. Ifu e C(RY,R") satisfies

r(t)
(2.5) u(t) < k(t) —l—/o y (¢, s)u(s)dys, t>0,
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then
(2.6)

u(t) < k(t)+els ¥ v(e)das / B y(rs)das O (
B 0 67’"‘

Proof. If we set

()

A y (71, 8) k(s)dq s>da7'7 t>0.
(1)

z(t) :/0 y(t,s)u(s)dys

then our assumptions on y and r imply that z is nondecreasing on R*. Thus, for
t > 0, by using Lemma 1.1 (ii), we get

r(t) a
D) = yitr@) oD+ [ || udas

< y(tr@) [k(r(D)) + 2(1)] Dar(tH/O

or, equivalently

o r(t) ] r(t)
Dz(t) — z(t)(?a? (/0 y(z;s)das) < g? </o y (t,s) k(s)da5> .

y(t s)das

Multiplying the above inequality by e~ I , we obtain that

o r(t r(t o T(t)
88? (z(t)e*fo( ) y(t,5)da ) <e Io ®, gta (/ y(t,s)k(s)da5> .

Integrating this from 0 to t yields

r(t t r(r e 7’(7')
2(t) < el ()y(t’s)d“‘g/ e i )y(T’s)d“sia / y(7,8) k(s)das | da.
0 or 0

Combine the above inequality with u(t) < k(¢) + z(¢) this imply (2.4). The proof
is complete. O

Corollary 2.1. Assume y,r are as in Theorem 2.2 and k(t) = k > 0. If u €
C (R*,R") satisfies (2.5), then

u(t) < keds P vdas 4>

Proof. Applying Theorem 2.2 for k(t) = k and , we arrive at

r(t t (T o T(T)
u(t) < k+ k:efo( Vy(ts)das / e Jo ) y(r,s) < 90 (/ y (1, 8) da5> doT
0 67’“ 0

R e (E T

efr(t y(t,s)das’ t 2 0.
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Remark 2.1. If we take r(t) = t in Corollary 2.1, then the inequality given by
Corollary 2.1 reduces to Gronwall’s inequality for conformable integrals in [1].

Theorem 2.3. Let k,y,z € C (Rt RT), r € C*(RT,R") and assume that r is
nondecreasing with v(t) <t fort > 0. If u € C (RT,R™") satisfies

r(t)
2.7) w(t) < k(t) + y(t) / 2(s)u(s)dns, >0,
0
then
(2.8)  u(t) < k(1) +y(t) / L ) das (r(7)) k(r(7)) D¥r(7)dar, > 0.
0
Proof. If we set

(t)
2(t) = / x(s)u(s)das
0
then, by using conformable rules we see that

Dez(t) = z(r(t)u(r(t))Dr(t)

IN

z (r(t) [k(r(®) +y (r(t) 2(r(£)] Dr(t)

IN

z (r(t)) [k(r(t)) +y (r(t) 2(t)] Dr ().
Thus, we have
D2(t) —x (r(t) y (r(t)) 2() Dr(t) < x (r(t)) k(r(t)) Dr(t).

Multiplying the above inequality by e~ St #(s)y(s)das e obtain that
aa
ot

Integrating this from 0 to t yields

(z(t)e_ ) z(S)y(S)da5> <e [ w(s)y(s)das (r(t)) k(r(t)) Dr(t).

(¢ t r(r
Z(t) S ef[)T( ) I(S)y(s)das / e f()( ) z(s)y(s)dGSx (,,,.(7.)) k(T(T))DO‘T(T)daT
0

t (t
= [ RO (1) (o (7)) D7)
0

and hence the claim follows because of u(t) < k(t)+y(t)z(t). The proof is complete.
O

Corollary 2.2. Assumey,x,k are as in Theorem 2.3 andr(t) = t. Ifu € C (RT,RY)
satisfies (2.7), then

t
mwsuw+mw/eﬁﬂw®%%wﬂvmﬁ,tzo
0

Remark 2.2. If we take y(t) = t in Corollary 2.2, then the inequality given by
Corollary 2.2 reduces to Gronwall’s inequality for conformable integrals in [2].
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AN EXAMINATION ON THE MANNHEIM FRENET RULED
SURFACE BASED ON NORMAL VECTOR FIELDS IN E3

SEYDA KILICOGLU

ABSTRACT. In this paper we consider six special Frenet ruled surfaces along to
the Mannheim pairs {a*, a}. First we define and find the parametric equations
of Frenet ruled surfaces which are called Mannheim Frenet ruled surface,
along Mannheim curve «, in terms of the Frenet apparatus of Mannheim curve
a. Later, we find only one matrix gives us all nine positions of normal vector
fields of these six Frenet ruled surfaces and Mannheim Frenet ruled surface
in terms of Frenet apparatus of Mannheim curve « too. Further using that
matrix we have some results such as; normal ruled surface and Mannheim
normal ruled sur face of Mannheim curve a have perpendicular normal vector
fields along the curve ¢2 (s) = a+ m%, under the condition tan 6 #

ka
ky -

1. INTRODUCTION AND PRELIMINARIES

Mannheim curve was firstly defined by A. Mannheim in 1878. A curve is called
a Mannheim curve if and only if (k,fﬁz)) is a non-zero constant, ki is the curvature
1 2

and ko is the torsion, respectively. Recently, a new definition of the associated
curves was given by Liu and Wang in [7]. According to this new definition, if
the principal normal vector of first curve and binormal vector of second curve
are linearly dependent, then first curve is called Mannheim curve, and the second
curve is called Mannheim partner curve. As a result they called these new curves
as Mannheim partner curves.

The quantities {Vi, Vo, V3, k1, ko } are collectively Frenet-Serret apparatus of the
curve o : I — E3. The Frenet formulae are also well known as

Vi 0 k0 Vi
Vo |=| -k 0 k|| W
Vs 0 —k 0 | [V

Let o : I — E3 be the C? differentiable unit speed and o* : I — E? be second curve
and let Vi (s),Va(s), V3 (s) and Vi* (s*), V5 (s*), V5" (s*) be the Frenet frames of

2010 Mathematics Subject Classification. 53A04, 53A05.
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the curves o and «o*, respectively. If the principal normal vector V5 of the curve
o is linearly dependent on the binormal vector V5" of the curve o, then the pair
{a,a*} is said to be Mannheim pair, then « is called a Mannheim curve and

*

o is called Mannheim partner curve of o where (V1, V}*) = cosf and besides the

equality kfﬁ = constant; is known the offset property, for some non-zero constant.
1 2

Mannheim partner curve of a can be represented a(s*) = a*(s*) + A\(s*) V5 (s*) for

some function A, since V5 and V3 are linearly dependent, Equation can be rewritten

as [8]
a* (s) =a(s) — AVa (s)
where

kI k3

Frenet-Serret apparatus of Mannheim partner curve a*, based in Frenet-Serret
vectors of Mannheim curve « are

V¥ =cosf Vi — sinf Vs
Vst = sinf Vi + cosf Vs
Vi = .

The curvature and the torsion have the following equalities,

do 6
kK = -— =
! ds* cos 6
and
« _ k
ky = Ny

we use dot to denote the derivative with respect to the arc-length parameter of the
curve «. For more detail see in [8]
Also we can write

ds 1

ds* 1+ \ko

or
ds 1
ds* ~ cosf

and since d (a (s),a* (s)) = |la(s) — a* (s)| = [|AVa (s)]] = |A| we have |A| is the
distance between the curves a and o*.

By using the similiar method we produce a new ruled surface based on the other
ruled surface. A ruled surface is one which can be generated by the motion of a
straight line in Euclidean 3 — space, ([1]). To illustrate the current situation, we
bring here the famous example of L. K. Graves, so called the B — scroll, in [3].
A Frenet ruled surface is a ruled surfaces generated by Frenet vectors of the base
curve. Involute B — scroll is defined in [5] The differential geometric elements of

the involute D scroll are examined in [10]. The positions of Frenet ruled surfaces
along Bertrand pairs are examined based on their normal vector fields in [6]. Also
in [9] Mannheim offsets of ruled surfaces are defined and characterized
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Definition 1.1. In the Euclidean 3—space, let a(s) be the arc-length of a parametrized
curve. The equations

w1 (s,ur) = a(s) +ui Vi (s)
pa (5, u) = a(s) + u2Va (s)
w3 (s,u3) = a(s) +uzVs (s)
are the parametrization of Frenet ruled surfaces which are called Vi — scroll (

tangent ruled surface), Vo — scroll (normal ruled surface), V5 — scroll (binormal
ruled surface), respectively in [2].

Theorem 1.1. In the Euclidean 3 — space, let n1,m2,n3 be the normal vector fields
of ruled surfaces @1, p2, w3 recpectively, along the curve a. They can be expressed by
the following matrix;

] = [A][V]
T 0 0 -1 V1
) = | m|=]a 0 b Va
73 c d 0 V3
where
. 77_142]{:2 - 7U3k2
a = , C=
\/(ng’g)z + (1 — U2k1)2 (U3k2)2 + 1
b = (1 — ’U,le) ’ d= -1 )
\/(u2k2)2 + (1 - u2k1)2 (u3k2)2 +1

Proof. The normal vector fields 7n1,72,7n3 of ruled surfaces 1, p2, s can be ex-
pressed as in the following four equalities

m = —V3
—ugkoVi + (1 — uokq) Vs

2= 2 2
\/(ngg) + (1 — ngl)
—uzkaVi — Vo
L R
(u?,kg) +1

for more detail see in [4]. Same way some results on Frenet Ruled Surfaces along
the evolute-involute curves, based on normal vector fields are given in [4]. O

2. MANNHEIM FRENET RULED SURFACES

In this section, we found eight special Frenet ruled surfaces along to the Bertrand
pairs {a*,a}. First we define and find the parametric equations of Frenet ruled
surfaces which are called Bertrandian Frenet ruled sur face, along Bertrand curve
«, in terms of the Frenet apparatus of of Bertrand curve a. Later we found only
one matrix gives us all sixteen positions of normal vector fields of eight Frenet ruled
surfaces and Bertrandian Frenet ruled surface in terms of Frenet apparatus of
Bertrand curve « too. Further using that matrix we have some results such as;
normal ruled surface and Bertrandian tangent ruled sur face have perpendicular
normal vector fields along the curve.
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Definition 2.1. Let {a*, @} be Mannheim curve pair with k; # 0 and kg # 0. The
equations of the ruled surfaces
e (s,v1) = a” (s) + V7" (5),
905 (57’02) =a” (5) + UQ‘/2* (S) )
03 (s,v3) = a” (s) +vsV5" (s),
are the parametrization of Frenet ruled surface of Mannheim pairs o* (s) .
Further we can give these surface equations as in the following way;
o5 (s,v1) =a* () + 1V (s) = a(s) — AVa(s) 4 vy (cosl Vi — sind V3)
03 (s,v2) = a* (8) + V5 (s) = a(s) — AVa(s) + va (sind Vi + cosh V3),
03 (s,v3) = a” (s) FusVy (5) =a(s) = AVa(s) +usVa=a(s)+ (vs —A) Va,
are the parametrization of Frenet ruled surface which are called Mannheim Tangent
ruled surface, Mannheim Normal ruled surface, and Mannheim Binormal ruled

surface respectively. They are called collectively Mannheim Frenet ruled surface in
this study.

Theorem 2.1. The normal vector fields 0y, n5,n5, of ruled surfaces 7,35, ¢5 ,
recpectively, along the curve Mannheim partner o, can be expressed by the fol-
lowing matriz;

n; 0 0 -1 %
= |m |=|a 0 b vy
s a0 || v
where
* — —’ng?; C* — —’USkZ;
V(v )+ (1—v2ky)” (vsks)>+1
b* _ (1*’02}91‘) d* _ —1
V/ (v2k3) 2+ (1—v2ky)” (vsk3)*+1
Proof. Tt is trivial O

Theorem 2.2. In the Euclidean 3 — space, the product matriz of the position of
the unit normal vector fields n1,n2,n3, and nf,n5,n5 of Frenet ruled surfaces, along
the Mannheim pairs o and a* is

o muni) o neng) o Cnnng)
M = m2,mi)  (m2,m3)  (m2,m3) .. (1)
(s, ni) (s, m3) (s, m5)

Proof. 1t is easy from the matrix product;
T n
MW" = ne | [of w5 n5 ]
3
O

Theorem 2.3. In the Fuclidean 3 — space, the product matriz of the unit normal
vector fields ni,m2,ns and 05, n5,n5 of Frenet ruled surfaces, along the Mannheim
pairs a and o*,can be given by the following matriz
0 a*sinf c*sinf — d* cosf
M =] 0 a*(acosd—bsinh) ¢ (acosd —bsinb) + d* (asinb + bcos)
—d a*ccosf + db* c*ccosf + d*csinf

- (I1)
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Proof. Let [n] = [A] [V] and [n*] = [A*] [V*] hence
) (] = [4] (V] (47 V)"
= 4] (VI vT7) [T

Where the matrix product of Frenet vector fields of the Mannheim partner o*, and
Mannheim curve « has the following matrix form;

1% cosf@ sinf 0
% [ Vi vy vy ] = 0 0 1
Vs —sinf cosf 0

. cosf@ sinf 0 .
M = [A 0 0 1 |[A47
—sinf cosf 0

0 a*sin 6 c*sinf — d* cos 6
= 0 a*(acos® —0bsinh) c*(acosf —bsinh)+ d* (asinf + bcosb)
—d a*ccosf + db* c*ccosf + d*csinf
this product give us the result. ([

In the Euclidean 3 — space, the position of six surface, basicly, can be examined
by the position of their unit normal vector fields. We can examine the nine positions
of six surfaces, basicly, according to the position of their unit normal vector fields
in a matrix. Since the equality of the last two matrice (I) and (IT), we have nine
interesting results according to the normal vector fields with the following results.

There are two pairs of normal vector fields perpendicular to each other of Frenet
ruled surface along the Mannheim pairs {«*, @} as in the following corollary;

Corollary 2.1. Tangent ruled surface and Mannheim Tangent ruled surface
curve a have perpendicular normal vector fields. Normal ruled surface and Mannheim
Tangent ruled surface of Mannheim curve a have perpendicular normal vector

fields.
Proof. Tt is trivial since (n1,n7) = 0 and since (n2,n;) = 0. O

Corollary 2.2. Tangent ruled surface and Mannheim normal ruled surface of
Mannheim curve o have not perpendicular normal vector fields.

Proof. Since (n1,m3) = a*sinf and vekj sind # 0 it is trivial. O

Corollary 2.3. Tangent ruled surface and Mannheim binormal ruled surface
of Mannheim curve o have not perpendicular normal vector fields, along the curve

Lpg(s):oz(s)—l—)\(%—l)‘/g.

Proof. Since (n1,n%) = ¢* sin @ —d* cos § and under the condition ¢* sin § —d* cos § =
0

—vsk3 sinf cos
Visks)? +1 y/wkg)” +1

—uvgk3sinf +cosf® = 0
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and
Ak
"~ ki tan6

it is trivial. O

U3

Corollary 2.4. Normal ruled surface and Mannheim normal ruled surface of
Mannheim curve a a have perpendicular normal vector fields along the curve ps (s) =
a(s)+ %Vi (s), tanf # %

Proof. Since (n2,n3) = a* (acos@ — bsinf) and under the orthogonality condition
—vgk} (acosf — bsinf) = 0, and vok3 # 0. Hence

acosf = bsind
tang — __teke
(1 — Ule)
or
o tan @
7 kytanf — ky’
this completes the proof. (I

Corollary 2.5. Normal ruled surface and Mannheim binormal ruled surface
of Mannheim curve a « have perpendicular normal vector fields along the curve

* _ ka(—ugks tan —uski+1) k1 ug ko
¢5(s) =a (5)+((k%+k§)(u2k1 tam O—tam O—waha) + (k%+k§)> Vo where tan 0 # b2 -

Proof. Since (n2,m%) = ¢* (acos — bsin ) + d* (acosf + bsin f) and under the or-
thogonality condition

—vak -1
L - (acos® —bsinf) + ————= (asinf + bcosf) =0
(vak3)” + 1 (v3k5)* + 1
—vsky (acos® —bsinf) = (asinf + bcosh)

]CQ (711,2]62 tan6 — Ule + 1)

= (k2 4 k32) (ugk; tan 6 — tan 6 — uaks)
U2k2
tan 6 —_—
7& (’U,le — 1)
we have the proof. O

Corollary 2.6. Binormal ruled surface and Mannheim tangent ruled sur face of
Mannheim curve o have not perpendicular normal vector fields.

Proof. Since (n3,n}) = —d and # 0 it is trivial. O

—1
vV (uska)?+1
Corollary 2.7. Binormal ruled surface and Mannheim normal ruled sur face of
Mannheim curve o have perpendicular normal vector fields along ¢35 (s) = a(s) +

2,12 2
cos 0sin 0 k1 cos? 0 — (kl +k2) cos” 0
7’U/;(k%+k§) cos? 0+6 Vl + (k%+k§) ‘/2 + 7u3(k%+k§) cos2 0+6 ‘/3’ except uz = 0 :
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Proof. Since(ns,n3) = a*ccos 0+db* and under the orthogonality condition (ns,n3) =
0 we have

—vokyccosd+d(1—wki) = 0
—wvokyccos — dvek] = —d
S cos 0
? —ug (k2 4 k2) cos? 0 + 6
where kj = — 22 = 0 and kj = J. 0

Corollary 2.8. Binormal ruled surface and Mannheim binormal ruled surface
Mannheim curve o, have perpendicular normal vector fields along the curve @5 (s) =

ko tan 0+ky
a(s)+ 22 AR VERLY

Proof. Since (n3,n%) = c*ccos@ + d*csinf and (n3,n5) = 0,we have

Lsk‘;c cosf = ;c sin 6
(vsk3)® +1 (vsk3)® +1
—vgkiccosd = csind
ko tan @
“ = HeR
hence we have the proof. O
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COMPARATIVE GROWTH ESTIMATES OF DIFFERENTIAL
MONOMIALS DEPENDING UPON THEIR RELATIVE ORDERS,
RELATIVE TYPE AND RELATIVE WEAK TYPE

SANJIB KUMAR DATTA AND TANMAY BISWAS

ABSTRACT. In this paper the comparative growth properties of composition of
entire and meromorphic functions on the basis of their relative orders (relative
lower orders), relative types and relative weak types of differential monomials
generated by entire and meromorphic functions have been investigated.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let f be an entire function defined in the open complex plane C. The maximum

modulus function relating to entire f is defined as My (r) = max {|f (2)| : |2| = r}.
If f is non-constant then it has the following property:
Property (A) ([2]) : A non-constant entire function f is said have the Property
(A) if for any o > 1 and for all sufficiently large values of r, [M (r)]* < M (r°)
holds. For examples of functions with or without the Property (A), one may see
[2].
When f is meromorphic, My () can not be defined as f is not analytic. In this
situation one may define another function T (r) known as Nevanlinna’s Character-
istic function of f, playing the same role as My (r) in the following manner:

Ty (r) = Ny (r) +mg(r) .

Given two meromorphic functions f and g the ratio ;f E:; as r — oo is called
g

the growth of f with respect to ¢ in terms of their Nevanlinna’s Characteristic
functions.

When f is entire function, the Nevanlinna’s Characteristic function T (r) of f
is defined as

Ty (r) =my (r) .
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We called the function Ny (r,a) <J\? £ (7 a)> as counting function of a-points

(distinct a-points) of f. In many occasions Ny (r, c0) and N 1 (r, 00) are denoted by

Ny (r) and N ¢ (r) respectively. We put

T

Ny (r,a) :/nf (t,a);nf (O’G)dtqtv{f(o,a)logr,

0

where we denote by ny (r,a) (n} (r, a)) the number of a-points (distinct a-points)
of fin |z| <r and an oo -point is a pole of f . Also we denote by ny—;(r,a) ,the
number of simple zeros of f —a in [z| < 7. Accordingly, Ny—;(r,a) is defined in
terms of ny—;(r,a) in the usual way and we set

o1(a; f) =1 —liﬁsogp]w {cf. [17]},

the deficiency of ‘a’ corresponding to the simple a- points of f i,e. simple zeros of
f — a. In this connection Yang [16] proved that there exists at most a denumerable
number of complex numbers a € CU {oco} for which

d1(a; f) > 0 and Z d1(a; f) < 4.

a€CU{oo}

» F—a
by my (r) , which is called the proximity function of f. We also put

On the other hand, m (7‘ #) is denoted by my (r,a) and we mean my (r, c0)

2w

my (r) = %/10g+ ’f (Tew)‘ df, where
0

logt # = max (logz,0) for all z >0 .
Further we denote O(o0; f) as

: Ny(r)
O(oco; f) =1 —limsu .
( f) T—>oop Tf(r)
However, a meromorphic function b = b(z) is called small with respect to f if

Ty (r) = Sy (r) where Sy (r) = o{T} (r)} ie., %Eg — 0 as r — oco. Moreover for

any transcendental meromorphic function we ca = 0 L k
y dental phic function f W P[f] = bfro(fM)m . (fH))nm,

k
to be a differential monomial generated by it where > n; > 1 (alln; | i =0,1,...,k

i=0
are non-negative integers) and the meromorphic function b is small with respect to
k k
J- In this connection the numbers vp(s) = > n; and I'ps; = > (i + 1)n; are called
= i=0

i=0
the degree and weight of P[f] respectively {cf. [5]}.
If f is a non-constant entire function then T (r) is rigorously increasing and
continuous function of r and its inverse T’ L (Ty (0),00) — (0,00) exist where

lim Tf_1 (s) = oo. Also the ratio ?E:; as r — 0o is known as growth of f with re-
S§—00 g9

spect to g in terms of the Nevanlinna’s Characteristic functions of the meromorphic
functions f and g. Further in case of meromorphic functions, the growth markers
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such as order and lower order which are traditional in complex analysis are defined
in terms of their growth with respect to the exp z function in the following way:

: log T (r) . logTy (r) .. log T (r)
= limsup———"—-7/— = limsup————~ = limsup—————2—
P 108 Ty (1)~ P Tog (2) e log (1) + O(1)
logT logT logT
Af = liminfiog 7 (1) = liminfiog 7 (1) = liminfiog £ () ,
r—oo log Toxp 2 (’I") r—oo  log (%) r—oo log (T’) + 0(1)

and the growth of functions is said to be regular if their lower order coincides with
their order.
In this connection the following two definitions are also well known:

Definition 1.1. The type o and lower type o of a meromorphic function f are
defined as

s Ty (r) e Ty ()
of—hgs;}pri and Uf—hrrgg.}f TR 0<pr<oo.
If f is entire then
log M log M
of = limsupw and oy = liminfogif(r)7 0<pr<oo.

r—00 rPf r—o0 r

Definition 1.2. [7] The weak type 7; and the growth indicator 74 of a meromorphic
function f of finite positive lower order Ay are defined by

_ . Ty (r) D
Tf:hiisip oy and Tf:h}g}}.}f yat 0<Af<oo.
When f is entire then
_ log M¢(r) . clog My(r)
Tffhgs;}pT and Tffhrrgg.}fT, 0<Af<oo.

However, extending the thought of relative order of entire functions as initiated
by Bernal {[1], [2]}, Lahiri and Banerjee [13] introduced the definition of relative
order of a meromorphic function f with respect to another entire function g, sym-
bolized by pg (f) to avoid comparing growth just with exp z as follows:

pg (f) = inf{u>0:Ty(r) <Ty(r*) for all sufficiently large r}
: log Ty Ty (r)
= limsup————=.
00 logr

The definition coincides with the classical one if g (z) = exp z {cf. [13] }.
Similarly, one can define the relative lower order of a meromorphic function f
with respect to an entire function g denoted by A, (f) as follows :

logT'T
Ag (f) = liminfw.

r—o0 logr

To compare the relative growth of two entire functions having same non zero
finite relative order with respect to another entire function, Roy [14] introduced
the notion of relative type of two entire functions in the following way:
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Definition 1.3. [14] Let f and g be any two entire functions such that 0 < p, (f) <
oo. Then the relative type o4 (f) of f with respect to g is defined as :

og (f)
= inf {k >0:Ms(r) <M, (krpg(f)) for all sufficiently large values of r}

Mg My (r)
rpy(f)
Likewise, one can define the relative lower type of an entire function f with
respect to an entire function g denoted by 7, (f) as follows :

My My (r)

7—00 rPg

= limsup
T—>00

Analogously, to determine the relative growth of two entire functions having
same non zero finite relative lower order with respect to another entire function,
Datta and Biswas [8] introduced the definition of relative weak type of an entire
function f with respect to another entire function g of finite positive relative lower
order Ay (f) in the following way:

Definition 1.4. [8] The relative weak type 7, (f) of an entire function f with
respect to another entire function g having finite positive relative lower order Ay (f)

is defined as:
MMy ()

7o (£) = lim inf =5

Also one may define the growth indicator 7, (f) of an entire function f with respect
to an entire function g in the following way :

_ o MMy (r)

T4 (f) = limsup g)\(f) , 0<Ag(f) <0

r—00 ree
In the case of meromorphic functions, it therefore seems reasonable to define

suitably the relative type and relative weak type of a meromorphic function with
respect to an entire function to determine the relative growth of two meromorphic
functions having same non zero finite relative order or relative lower order with
respect to an entire function. Datta and Biswas also [8] gave such definitions of
relative type and relative weak type of a meromorphic function f with respect to an
entire function g which are as follows:

Definition 1.5. [8] The relative type o4 (f) of a meromorphic function f with
respect to an entire function g are defined as
Ty ' Ty (1)

oy (f) = limsup—~

s oD where 0 < p, (f) < 0.

Similarly, one can define the lower relative type 74 (f) in the following way:

-1
o, (f) = liminfw

im inf =" where 0 < p, (f) < 0.

Definition 1.6. [8] The relative weak type 74 (f) of a meromorphic function f
with respect to an entire function g with finite positive relative lower order A, (f)
is defined by

Ty ' Ty (r)

7y (f) = lminf =3
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In a like manner, one can define the growth indicator 7, (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order A\, (f) as

Considering g = exp z one may easily verify that Definition 1.3 , Definition 1.4,
Definition 1.5 and Definition 1.6 coincide with the classical definitions of type (lower
type) and weak type of entire are meromorphic functions respectively.

For entire and meromorphic functions, the notion of their growth indicators
such as order, type and weak type are classical in complex analysis and during
the past decades, several researchers have already been continuing their studies in
the area of comparative growth properties of composite entire and meromorphic
functions in different directions using the same. But at that time, the concept of
relative order and consequently relative type as well as relative weak type of entire
and meromorphic functions with respect to another entire function was mostly
unknown to complex analysists and they are not aware of the technical advantages
of using the relative growth indicators of the functions. In this paper we wish
to prove some newly developed results based on the growth properties of relative
order, relative type and relative weak type of differential monomials generated by
entire and meromorphic functions. We do not explain the standard definitions and
notations in the theory of entire and meromorphic functions as those are available
in [11] and [15].

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [3] Let f be meromorphic and g be entire then for all sufficiently large

values of r,
ST (0, ()

Trog (r) < {1+o0(1)} Tog M, (r)

Lemma 2.2. [4] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < 00. Then for a sequence of values of r tending to infinity,

Tfog(r) = Ty (exp (1)) -

Lemma 2.3. [12] Let f be meromorphic and g be entire such that 0 < p, < co and
0 < Ay . Then for a sequence of values of r tending to infinity,

Tog(r) > Ty (exp (1)) ,
where 0 < p < pg .

Lemma 2.4. [6] Let f be a meromorphic function and g be an entire function such
that Ay < p <00 and0 < Ay < py < 0o. Then for a sequence of values of r tending
to infinity,

Trog(r) < Ty (exp (r*)) .

Lemma 2.5. [6] Let f be a meromorphic function of finite order and g be an entire
function such that 0 < Ay < p < oo. Then for a sequence of values of r tending to
nfinity,

Trog(r) < Ty (exp (")) -
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Lemma 2.6. [9] Let f be an entire function which satisfy the Property (A), 8 > 0,
6>1and a > 2. Then

BTy (r) < Ty (on";) .

Lemma 2.7. [10] Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and > d1(a; f) = 4. Also let g be a transcendental
a€CU{oco}
entire function of reqular growth having non zero finite order and >, d1(a;g) =
aeCU{c0}
4. Then the relative order and relative lower order of P[f] with respect to P[g] are
same as those of f with respect to g.

Lemma 2.8. [10] If f be a transcendental meromorphic function of finite order
or of non-zero lower order and Y, 01(a;f) = 4 and g be a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite type and >,  d1(a;g) =
a€eCU{co}

4. Then the relative type and relative lower type of P[f] with respect to Plg] are

(Fpm (Cps)=7p(r1)O(00:f)
T pig)—(Tpig)—7P(g))©(0039)

finite.

)pg times that of f with respect to g if py (f) is positive

Lemma 2.9. [10] Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and >, 01(a; f) =4 and g be a transcendental en-

a€CU{oco}
tire function of reqular growth having non zero finite type and >,  01(a;g) = 4.
aceCU{oo}
Then g (PLf1) and Trig (PLf]) are

Cpis—(Cpis—pis) )9(00 f)
T pig)— (U pig)—7P(g))©(0039)
finite i.e.,

1
)pg times that of f with respect to g if Ay (f) is positive

([ Tpi— (Tpyp 7P[f] O(c0; )\ 77
o (PU) = (P20 ) (1) and
o0

( )O(
( )6(
)~ (ppy VP[f)G( S\ -
FP[.‘J] - (FP l9] —Yp q])@(oo’ )) Ty (f) .

3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{oco}
4,0 < pp (f) < 00, pr (f) = pg, 04 < 00 and 0 < oy, (f) < co. Also let h satisfy
the Property (A). Then for any 6 > 1,

log Ty ' Tyoq (7) < (5 “pn (f) '0g> (FP[h] — (Tpm — 'YP[h])@(OO;h)) o
on (f) Tpis) — (Cppp — vpi)©(00; f)

lim inf <
rree TM[h]TM[ ()
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Proof. From (3.9), we get for all sufficiently large values of r that

(3.1) log Ty Tyog (1) < 6 (pn () + £) log My (1) + O(1) .
Using Definition 1.1, we obtain from (3.1) for all sufficiently large values of r that
(3.2) logT,fleog (r) <(pn(f) +¢)(og+e)-rPe+0(1) .

Now in view of condition (ii), we obtain from (3.2) for all sufficiently large values
of r that

(3.3) log Ty, M Trog (r) < 6 (pn (f) +¢) (04 +¢) -r7) +0(1) .

Again in view of Definition 1.5, we get for a sequence of values of r tending to
infinity that

TA}[h]TM[ﬂ (r) = (UM[h] (M[f]) = 5) remin (M)

Therefore in view of Lemma 2.7 and Lemma 2.8, we obtain for a sequence of values
of r tending to infinity that

Tt Toats) ()

Upis — (Dpis — vep)©(00; f)) o
3.4 > o AT
. - ( ) (FP[h] — (Tpn) — vpn))©(00; h)

Therefore from (3.3) and (3.4), it follows for a sequence of values of r tending to
infinity that

log Th_leog (r) < S(pn (f)+e)(og+e)- rer(f) 10O(1)

Tyt Targs (1) T~ (T o —7pi)O(00if) \ 71 '
st ©) (o () (FoAFEBmSe) ¥ — o) e

Since € (> 0) is arbitrary, it follows from above that
-1 . . Tpr — (D — R)\
limianOgTh Trog (r) _ ((5 pn (f) Ug)< pin) — (Cpppy 7p[h])9(007h)) "
on (f) e — (Cpg — vpep)©(00; f)

720 Ty Taargy (1)
Hence the theorem follows. O

Using the notion of lower type and relative lower type, we may state the following
theorem without its proof as it can be carried out in the line of Theorem 3.1 :

Theorem 3.2. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with >  §1(a; f) =4, g be entire and h a transcendental
acCU{c0}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{c0}
4,0 < pp (f) < o0, pn(f) = pg, Tg < 00 and 0 < T, (f) < co. Also let h satisfies
the Property (A). Then for any 6 > 1,

tim it 28 Ti Lres (1) _ 8- pn (£) -7 (FPUL] — (T — vpin)O(0; h)>ph
e Ty T (1)~ an (/) Upisy = (Cpisy = vp111)0(00; f)

Similarly using the notion of type and relative lower type, one may state the
following two theorems without their proofs because those can also be carried out
in the line of Theorem 3.1 :
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Theorem 3.3. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
a€eCU{oo}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{co}
4,0 <A, (f) < pn(f) <00, pr (f) = pg, 0g < 00 and 0 < Ty, (f) < oo. Also let h
satisfies the Property (A). Then for any 6 > 1,

log Ty, "Tyoq (r) _ 0 An (f) -0 (FP[h] — (Uppny —WP{hD@(OO;h))””

lim inf < —
r=oo Ty Ty (1) an (f) Lpisy = (Cpisy) = vpis1) (005 f)

Theorem 3.4. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y.  §1(a; f) =4, g be entire and h a transcendental
a€CU{co}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co0}
4,0 < pp (f) < o0, pp(f) = pg, 04 <0 and 0 < T, (f) < co. Also let h satisfies
the Property (A). Then for any 6 > 1,

1
limsuplOgT}:leOg (r) _0-pn(f) oy <FP[h] — (TP _'YP[h])@(OO§h)> on
roo Ty Ty (r) — () Ly = (Cpps) — vp11)©(005 f)

Similarly, using the concept of weak type and relative weak type, we may state
next four theorems without their proofs as those can be carried out with the help of
Lemma 2.9 and in the line of Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem
3.4 respectively.

Theorem 3.5. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y.  &1(a; f) =4, g be entire and h a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co}
4,0 <M (f) < pn(f) <00, A (f) = Ag, Tg <00 and 0 < 7y, (f) < 00. Also let h
satisfies the Property (A). Then for any § > 1,

log T}, ' Toq (r) 0pn(f) 7y (Temg = (Crpy = vpp)O(00; h)\ 71
L) = (Tppsy — vpi)O(00; f)

lim inf < —
r=oe Ty Taagpy (7) 7n (f)

Theorem 3.6. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{o0}
entire function of reqular growth having non zero finite order with >~ d1(a;h) =
ac€CuU{oco}
4,0 <A (f) < pn(f) <00, M (f) = Ag, Ty <00 and 0 < 73, (f) < co. Also let h
satisfies the Property (A). Then for any § > 1,

log Tj ' Tog (7) < §-pn(f) g <FP[h] — (L) — vpn)O(00; h))”"

lim inf <
r=oe T Taagy) (1) ™ (f)  \Tppy — (Crrs) = vp1)O(00; f)

Theorem 3.7. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite order with . d1(a;h) =
a€CU{oco}
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4,0 < A (f) <00, Ap (f) = Ag, Tg <00 and 0 < 1, (f) < co0. Also let h satisfies
the Property (A). Then for any 6 > 1,

1
lim i 2870 Lrog (1) 8- M (/) -7y <Fp[h1 — (Tpp _'YP[h])@(OOJh)>ph
roe Ty T ()~ () \Tepg — Cegsy = vp11)0(00; f)

Theorem 3.8. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
aeCU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{oco}
4,0 <A (f) < pn(f) <00, M (f) = Ag, Tg < 00 and 0 < 13, (f) < 00. Also let h
satisfies the Property (A). Then for any § > 1,

log Ty " Tyoq (r) _ 8- pn(f) Ty (FP[h] — (Cpp —VP[h])G(OO;h))Ph
ey — (Tp — vpiy)©(00; f)

lim sup—= <
r—00 TM%}L]TM[f] (’I“) Th (f)

Theorem 3.9. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with . d1(a;h) =
a€CU{oco}
4,0 < Ap (f) < pn (f) < pg < 00 and oy, (f) < co. Then

1

An (f) (FP[h] — (Tppy — '7P[h])@(oo;h)>p’t -
ey — (Tpy — vpis)©O(00; f)

log T, ' T4,
lim sup Og_lh / 9(7’) >
r—00 TM[h]TM[f] (7") Ohp (f)

Proof. Since py, (f) < py and T, ' (r) is a increasing function of 7, we get from
Lemma 2.2 for a sequence of values of r tending to infinity that

log T) ' Trog(r) > logTy 'Ty (exp (r*))

(An (f)—¢g)-r"

An (f) —e) - rPr(H)

Again in view of Definition 1.5, we get for all sufficiently large values of r that

Tagi i) (r) < (onr) (MIf]) + €) P MIUD

i.e., log T,;leog(r

>
(3.5) i.e., log Ty ' Trog(r) >

Therefore in view of Lemma 2.7 and Lemma 2.8, we obtain for a sequence of values
of r tending to infinity that

—1
s Traip) (r)

U'piyy) = (Cppsy — vps)) ©(00; f)) 0 ()
(3.6) < <0h (f) (Fp[h] (T o — 1p)O(00; 1) +elr .

Now from (3.5) and (3.6), it follows for a sequence of values of r tending to infinity
that

log Th_leog(r)
1
Ty Taars (r)

(n () = &) ronth)

T .
Cpis—(Cpis—vr1s)©(00if) ) Pr L
<Uh, (f) (PP[h]_(FP[}L]_’YP[}L])@(OO;h)) + 6) ron)

>
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Since € (> 0) is arbitrary, it follows from above that

log Ty " Trog(r) _ An(f) <FP[h1 — (TP —VP[hl)Q(OO;h)yh

lim sup— >
r—00 TM%h]TM[f] (r) ~ on(f) \Ipiyy — (Cpy — vp1s)O(005 f)

Thus the theorem follows. O

In the line of Theorem 3.9, the following theorem can be proved and therefore
its proof is omitted:

Theorem 3.10. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, d1(a;9) =4 and h a
a€CU{oo}
transcendental entire function of reqular growth having mon zero finite order with

oo d1(ash) =4, 0< A (f), 0 < pp(9) < pg < o0 and oy, (g) < 0o. Then
a€CuU{oo}

—1 Tpn — (Cpm — : o
imsop 28T Tretr) o, 1) (Lo = Py Ol )
oo Ty Taalg) (1) — 0 (9) \Tpig) = (Tpig) = 1p[)) O (005 9)

The following two theorems can also be proved in the line of Theorem 3.9 and
Theorem 3.10 respectively and with help of Lemma 2.3. Hence their proofs are
omitted.

Theorem 3.11. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 01(a;f) = 4, g be entire and h a
acCU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4,0 < A (9), 0 < Ap, 0 < pr(f) < pg < 00 and oy, (f) < oo.
a€CU{oo}
Then

1
limsup 28 T Lrea(r) o An(9) <FP[h] — (Tpp ’YP[h])@(oo;h)> o
roo Ty Taagsy (1)~ on (f) \Tppgy = (Ceisy = vps7)O(00; f)

Theorem 3.12. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{oco0}
transcendental entire function of reqular growth having mon zero finite order with
Yo di(ash) =4,0 < AR (9), 0 < Af, 0 < pr(9) < pg < 00 and oy, (g) < oo.
a€CU{co}
Then

log T, ' T+,
lim sup O%lh / g(r) >
r—00 TM[h]TM[g] (7") Oh (g)

An (9) (FP[h] - (FP[h] — ’Yp[h])@(oo; h))ph
Lpig) — (Tppg) — 1p1g))O(003 9)

Now we state the following four theorems without their proofs as those can be
carried out with the help of Lemma 2.9 and in the line of Theorem 3.9, Theorem
3.10, Theorem 3.11 and Theorem 3.12 and with the help of Definition 1.6:

Theorem 3.13. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
a€eCU{c0}
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transcendental entire function of reqular growth having non zero finite order with

Yoo di(ash) =4, 0 < A, (f) < pg < 00 and T (f) < oco. Then
a€CU{oo}

log T, ' T4,
lim sup O%Ih oo (r) > =
r—oo TM[h]TM[f] (7”) Th (f)

An (f) (FP[h] — (U'pppy — vpn))©(00; h))”lh
Lpip — Ty — ) ©(00; f)

Theorem 3.14. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
ac€Cu{oco}
transcendental entire function of reqular growth having mon zero finite order with
Yo bi(ash) =4,0< XA (f), 0 < An(9) < pg <00 and Tp (g) < co. Then
a€CU{oco}

1
lim suplog Th_le"g(r) An (f) <FP[h] — (Tppy) — vpn))©(00; h)> o
r=oo Ty Targgl (1)~ Th (9) \Tpig) = (Upig) = 1p())O(2039)

Theorem 3.15. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having mon zero finite order with
Yoo d1(azh) =4, 0< A (g) < pg <00, 0 < Ap and T, (f) < 0o. Then
a€CU{oo}

log T; ' T
lim sup O%Ih fog () > JL
r—0o0 TM[h]TIVI[f] (’I“) Th (f)

An (9) (FP[h] — (Cpip) — vp[n))©(00; h))”h
Lpig = Tpig) — vpis)O(005 )

Theorem 3.16. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having mon zero finite order with
Yo di(ash) =4,0< A (g9) < pg <00, 0 < Af and Th, (g) < co. Then
a€CU{oco}

log T 1T,
lim sup 08 Ty Tyog(r) >

A (9) (FP[h] — (T ppr) — pin))©(00; h)>oh
rooo Ty Tagg) (1)~ Th(9)

Lpig = (Tpig) — vp(g)) O (003 9)

Theorem 3.17. Let f be a transcendental meromorphic function of non zero finite

order and lower order with > 61(a; f) =4, g be entire and h a transcendental
a€CU{c0}
entire function of regular growth having non zero finite order with . d1(a;h) =
acCU{oco}
4,0 <Ay < pp(f) <ooanday (f) >0. Then

pu () <FP[h] — (Pppny — vpin)O(00; h))’;’b
an (f) \Tpis) — (T — ve)0(00; f) '
Proof. As Ay < pi (f) and T, ' (r) is a increasing function of r, it follows from
Lemma 2.4 for a sequence of values of r tending to infinity that
log T) ' Trog(r) < logTy, 'Ty (exp (r*))
i.e., log Ty " Trog(r < (pn(f)+e) 1"
(3.7) ice., log Ty "Trog(r) < (pn (f) +e)-rPnd)

log T, Ty,
lim inf Og_lh / Q(T)
700 Ty Taay) (7)

<
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Further in view of Definition 1.5, we obtain for all sufficiently large values of r that
TosingTaats) (1) = @arg (MIF]) =€) rPrmGIID

Therefore in view of Lemma 2.7 and Lemma 2.8, we get from above that
(3.8)

- _ Lo — ey — vpi)O(00; f) ) o
Tt T (1) > | @ ( R AN
wpn Taags) (r) 2 < n(f) T = (Co —1rp)0(0i )

Since e (> 0) is arbitrary, therefore from (3.7) and (3.8) we have for a sequence of
values of r tending to infinity that

log T, " Trog(r) < (pn (f) +&) - rrrlh)
Ty Taais) ()~ <Uh ) (rpm—wpm—w[mexoc;f))p% B 6) on )

Cpin)—(Tpin)—vp[r])©(o0sh)

- o I — (T — (C) ;h Lh
ie., ]jminfw < ) ( pn) — (Lpn) = vpR)O(0 ))p .
72 Ty Do) () an (f) \Tpis) = (Tpiy = vps))O(00; f)

Hence the theorem is established. O

In the line of Theorem 3.17, the following theorem can be proved and therefore
its proof is omitted:

Theorem 3.18. Let f be a meromorphic function with non zero finite order and
lower order, g a transcendental entire function of finite order or of non-zero lower

order with Y. d1(a;9) = 4 and h a transcendental entire function of reqular
a€CU{co}
growth having non zero finite order with Y.  d1(a;h) = 4, pp (f) < 00, 0 <
acCU{oco0}
Ag < pn (g) < o0 and 7p, (g) > 0. Then

on (f) (FP[h] — (Cppn) — ven))©(00; h)) o .

i 08 Th Trog (1)
imin s
an(9) \Tpig — (Lprg — vrig)O(00; 9)

r=oe T T (1)

Moreover, the following two theorems can also be deduced in the line of Theorem
3.9 and Theorem 3.10 respectively and with help of Lemma 2.5 and therefore their
proofs are omitted.

Theorem 3.19. Let f be a transcendental meromorphic function of finite or-

der or of non zero lower order with Y  01(a; f) = 4, g be entire and h a
aceCU{oo}

transcendental entire function of reqular growth having mon zero finite order with

> di(a;h) =4, pr(g) <00, 0 < Ag < pp (f) < oo and Gy (f) > 0. Then
a€CU{oo}

1
liminflogTh_leog(r) < lo) <FPUZ1 — TP _'YP[h])@(OO§h)>ph
r=oo Ty Ty (r) ~ O (F) \Tpps) = (Tpgsp = vp(1)O(00; f)

Theorem 3.20. Let f be a meromorphic function with finite order, g a transcen-

dental entire function of finite order or of non-zero lower order with >, d1(a;g) =
a€CU{oo}
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4 and h a transcendental entire function of reqular growth having mon zero finite

order with >~ di(a;h) =4, 0< Xy < pr (g) < o0 and 71, (g) > 0. Then
a€CU{oco}

log Ty Tyog(r) _ pn (9) (FP[h} — (Cppy _VP[h])@(OO?h)>’”‘

lim inf
Lpig) — (Lprg) — 1p(g))O(003 9)

ree Tzﬁh]TM[y] (r) ~ an(9)

Finally we state the following four theorems without their proofs as those can be
carried out in view of Lemma 2.9 and in the line of Theorem 3.17, Theorem 3.18,
Theorem 3.19 and Theorem 3.20 using the concept of relative weak type:

Theorem 3.21. Let f be a transcendental meromorphic function of non zero finite

order and lower order with > 61(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co}
40< g <M (f) <pn(f)<ooandt,(f)>0. Then

1
hminflogT}:leog(r) < Pn (f) (FP[h] — (Cppy — ven))©(00; h)) oh
r=oo Ty Tags) (1)~ 70 (F) \Tpiy) = (Tppry = vpis1)O(00; f)

Theorem 3.22. Let f be a meromorphic function with non zero finite order and
lower order, g a transcendental entire function of finite order or of non-zero lower
order with >,  d1(a;g) = 4 and h a transcendental entire function of regular
a€CU{co}
growth having non zero finite order with Y. d1(a;h) = 4, pp (f) < 00, 0 <
a€CU{oco0}
Ag < Ap(g) < oo and 13, (g) > 0. Then

log T}, " Tyoq(r) _ pu (f) (FP[h] — TPy —VP[hl)@)(OO%h))““

lim inf
Lpg = (Tplg) — YP1e)) O (003 9)

reo Tl\;[l[h]TM[g] (r) = 7 (9)

Theorem 3.23. Let f be a transcendental meromorphic function of finite or-

der or of non zero lower order with Y.  01(a; f) = 4, g be entire and h a
a€CU{oo}

transcendental entire function of reqular growth having mon zero finite order with

> di(azh) =4, pr(g) <00, 0 < Ag < A (f) < 00 and 7, (f) > 0. Then
a€CU{oo}

it 98 Tn Troa(r) _ pn(9) <FP[h] — Tpp — VP[h])@(OO%h)>"h .
r=oe T Ty (1)~ 7a (F) \Tpigp = (Tppy) — vpis1)O(00; f)

Theorem 3.24. Let f be a meromorphic function with finite order, g a transcen-
dental entire function of finite order or of non-zero lower order with >, 61(a;g) =
acCuU{oo
4 and h a transcendental entire function of reqular growth having non{ zgro finite
order with >~ d01(a;h) =4, 0 < Ay < A (f) < pn(g) < 00 and 1, (g) > 0.
a€CU{co}
Then

log T{leog (r)
1
M|

lim inf
77— 00

~ P (9) (Fp[h] — (Cppn) — ven))©(00; h)) o
g (r) — 7 (9) \ Tpig) — (Tppg) — Vpie))O(003 9)
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Theorem 3.25. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
a€eCU{co0}
transcendental entire function of reqular growth having mon zero finite order with
oo di(azh) =4, 0 < M (f) < pn(f) < 00 and 04 < c0. Also h satisfy the
ac€CuU{oo}
Property (A). Then for any 6 > 1,

log T, 1 T, oy
lim sup (igl h Log (1) < d-aq-pn(f) .
r—00 10g TM[}L]TM[f] (exp ’l“pg) >\h (f)

Proof. Let us suppose that a > 2.

Since Tj, ' (r) is an increasing function r, it follows from Lemma 2.1, Lemma 2.6
and the inequality T, (r) < log M, (r) {cf. [11]} for all sufficiently large values of r
that

Ty 'Thog (1) <
ice., T 'Trog (1) <
(3.9) i.e., logT; ' Trog (r) <

Tyt ({14 o(1)} Ty (Mg (r))]
o [Tflef (Mg (T))]é
§log Ty, " Ty (Mj (r)) + O(1)
log T}, ' Toy (r)
log T3y Thr() (exprre)
_ Slog T, 1Ty (M, () + O(1) _ 6log T, Ty (M, (1)) + O(1)

i.e

e

log TJ\_Ah] Tarpp) (exprPo) log My ()
(3.10) log My (1) _1og exp rPs
P9 log TM[h]TM[f] (exprPo)

log T, ' T'o
i.e., limsup Cigl n Treg (1)
r—oo log Ty Ty (exprPo)

§log T, ' Ty (My (r)) + O(1)

i sup 28 Mo (7).

<l
- 111Ls§p log My (1) r—00 rPa
i log exp rPs
im sup —
r—+00 IOg TM%h] T]V[[f] (exp Tpg)
log Tj, ' Tog (1) 1

i.e., limsup —
r—oo  lOg TM%h] Tarpp) (exprPo)

§6-ph(f)"7g'm'

Therefore in view of Lemma 2.7, we obtain from above that
—1
lim sup kingh Tyoq (1) < 099 pr(f)
r—oo log Ty 0 Thry) (exprPo) An (f)
Thus the theorem is established. ([l

In the line of Theorem 3.25 the following theorem can be proved :

Theorem 3.26. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{oc0}

transcendental entire function of reqular growth having mon zero finite order with
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> di(azh) =4, Ap(g) > 0, pr(f) < o0, 04 < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

—1
s T Thea ) 80011
r—oo 1og Ty 0 Thrlg) (exprPe) An (9)

Using the notion of lower type, we may state the following two theorems without
their proofs because those can be carried out in the line of Theorem 3.25 and
Theorem 3.26 respectively.

Theorem 3.27. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 01(a; f) = 4, g be entire and h a
acCU{o0}

transcendental entire function of reqular growth having mon zero finite order with

Yo dilash) =4, 0 < M (f) < pr(f) < 00, Ty < 00 and also h satisfy the
a€CU{oco}
Property (A). Then for any § > 1,

log T), ' Ty Ty

r=+00 log Ty Taags) (exprPs) An (f)

Theorem 3.28. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{co}

transcendental entire function of reqular growth having mon zero finite order with

Yo dilash) =4, M(g9) > 0, pr(f) < 00, T4 < 00 and also h satisfy the
a€CU{oco}
Property (A). Then for any § > 1,

log T), ' Ty Ty
o0 log Ty Thalg) (exprPs) An (9)

Using the concept of the growth indicators 7, and 7, of an entire function g,
we may state the subsequent four theorems without their proofs since those can be
carried out in the line of Theorem 3.25, Theorem 3.26, Theorem 3.27 and Theorem
3.28 respectively.

Theorem 3.29. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 01(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4, 0 < M (f) < pr(f) < 00, Tg < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

log Ty, ' To Ty
lim sup (igl h Lyes (1) S 07 prlf)
r—oo log Ty Ty (expris) An (f)

Theorem 3.30. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 61(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4, Ap(g) > 0, pr(f) < 00, Tq < o0 and also h satisfy the
a€CU{oo}
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Property (A). Then for any 6 > 1,

log T, ' T, STy
lim sup———o 1 f“’(T)A < 2T nld)
r—00 logTM[h]TM[g} (expria) An(9)

Theorem 3.31. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >,  61(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having mon zero finite order with
o di(azh) =4, 0 < A (f) < pr(f) < 00, T, < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

long;leog (r) < 074 pn(f)
r—oo log T;ﬁh] Ty (exprda) = An(f)

Theorem 3.32. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 61(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(a;h) =4, M(g) > 0, pr(f) < 00, T, < 00 and also h satisfy the
acCU{oco}
Property (A). Then for any § > 1,

lim inf log Th_leOg (1) < 875 pn(f)
T—00 log Tl\jf%h]T]VI[g] (exp T)‘Q) — >\h (g)
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TRIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

E. GOKCEN KOCER AND HATICE GEDIKCE

ABSTRACT. In this article, we study the Trivariate Fibonacci and Lucas poly-
nomials. The classical Tribonacci numbers and Tribonacci polynomials are the
special cases of the trivariate Fibonacci polynomials. Also, we obtain some
properties of the trivariate Fibonacci and Lucas polynomials. Using these
properties, we give some results for the Tribonacci numbers and Tribonacci
polynomials.

1. INTRODUCTION

In [4], the Tribonacci sequence originally was studied in 1963 by M. Feinberg.
For any integer n > 2, the Tribonacci numbers T,, were defined by the recurrence
relation

Ty=Ty 1+Th o+Th 3 To=0T1=1 Tr =1.

In [2], the author derived the different recurrence relations on the Tribonacci
numbers and their sums and got some identities of the Tribonacci numbers and their
sums by using the companion matrices and generating matrices. In [5], the authors
defined the generalized Tribonacci numbers and derived an explicit formula for the
generalized Tribonacci numbers with negative subscripts. In [6], Lin obtained the
Binet’s formula and De Moivre types identities for the Tribonacci Numbers. In [7],
the author got a formula for Tribonacci numbers by using an analytic method. In
[8], the author obtained some identities for the Tribonacci numbers. Also, Pethe
defined the complex Tribonacci numbers at Gaussian integers. In [10], Spickerman
got the Binet’s formula and generating function for the Tribonacci sequence and
obtained an application for the Tribonacci numbers.

In [1], the authors got the Tribonacci Numbers from Tribonacci triangles and
discussed the properties of functions related to Tribonacci Numbers. Also, Alladi

2000 Mathematics Subject Classification. 11B39, 11B83.
Key words and phrases. Tribonacci Numbes, Tribonacci Polynomials, Binet Formula.
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and Hoggatt defined the Tribonacci triangle as follows
n\i|0 1 2 3 4 5

0 1

1 11

2 1 3 1

3 15 5 1

4 1 7 13 7 1
5 1 9 25 25 9 1

Tablel: Tribonacci Triangle

It is interesting to note that, the sum of the elements on the rising diagonal lines in
the Tribonacci triangle is 1,1,2,4,7,13,24, .. .which are the Tribonacci numbers.

In 1973, the Tribonacci polynomials was defined by Hoggatt and Bicknell [3].
For any integer n > 2, the recurrence relation of the Tribonacci polynomials is as
follows

tn () = 2%t 1 (x) + 2ty_o (x) + t,_3 (2)
where to (v) = 0, t1 (z) =1, to (z) = 2%
Some of Tribonacci polynomials are 0, 1, 22, z* +z, % +223 4+ 1, 28 4+ 32° +
322, 219 + 427 + 62 + 22, .... It’s clear that t, (1) = T, where T}, is n — th
Tribonacci number.

In [3], the authors gave the generating matrices for the Tribonacci, quadranacci
and r— bonacci polynomials. Also, they obtained the interesting determinantal
properties for these polynomials. In [11], the authors defined the bivariate and
trivariate Fibonacci polynomials and obtained the some properties of these poly-
nomials.

There are different studies associated with the Tribonacci numbers and poly-
nomials. One of them is incomplete Tribonacci numbers and polynomials in [9].
Ramirez and Sirvent defined the Tribonacci polynomial triangle as follows

n\z | 0 1 2 3 4 5
0 1

1 2

2 2t 22341 22

3 25 325 +222 3zt 422 a3

4 28 42" +3z% 628 +62%+1 425 + 322 x4

5 20 529 4425 102® +122° + 322 1027 + 122* + 3z 520 + 423 2P

Table 2: Tribonacci Polynomial Triangle

In this study, based on the definition of Tan and Zhang [11], we make a new
genaralization of the Tribonacci polynomials.
2. TRIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

Definition 2.1. Let n > 2 be integer. The recurrence relation of the trivariate
Fibonacci and Lucas polynomials are as follows

(2.1) H, (z,y,2) =axH,_1(x,y,2) + yHp—2 (z,y,2) + 2Hp_3 (z,9, 2)
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with the initial conditions
Hy(z,y,2) =0, Hy(z,y,z)=1, Hy(x,y,z) =2
and
(2.2) K, (z,y,2) = 2K,_1 (z,y,2) + yKpn—2 (2,9, 2) + 2K, _3 (2,4, 2)
with the initial conditions
Ko (z,y,2) =3, Ky (2z,y,2) =z, Ko(z,y,2)=2a>+2y
respectively.

It is not difficult to see that H, (1,1,1) = T,,, where T,, is n — th Tribonacci
number and H,, (:cQ,x, 1) = t, (), where t, () is n — th Tribonacci polynomial,
are special cases of the trivariate Fibonacci polynomials.

The characteristic equation of the recurrences in (2.1) and (2.2) is as

(2.3) N —azX =y —2=0.

The Binet’s formula for the trivariate Fibonacci and Lucas polynomials are as
follows
an+1 ﬂn+1 ,yn+1

Hy, (r,y,2) = (a_ﬁ)(a_,y)+(5—a)(ﬂ—’y)+(’}/_a)(7_ﬁ)

and
Ky (z,y,2) =" + " +9"
where «, 8 and ~ are roots of the characteristic equation (2.3), respectively.
Now, we show that some of trivariate Fibonacci and Lucas polynomials in Table

3.
n H’Vl (x’y’z) KTL (x7y7 Z)
010 3
111 x
2 |z 2 4+ 2y
3|22 +y 23 + 3zy + 32
4 | 23420y + 2 ot + 4ty + dxz + 2y°
5 | 2* + 322y 4 2x2 + 32 x® + 523y + bxy? + bxz + byz
6 | 2° + 423y + 3zy® + 3222 + 29z | 28 + 62ty + 92%y? + 6232 + 120yz + 293 + 322

Table 3:Trivariate Fibonacci and Lucas Polynomials
The generating functions of the trivariate Fibonacci and Lucas poynomials are
as follows

> t
24 h(t) = H, (z,y,2)t" =
(24) ()= Y Hu(e.2)t" = s
n=0
and
= 3 — 2ut — yt?
2.5 k(t) = K, (x,y,2)t" = .
(25) (0= 3K o) = = 5

Taking = y = z = 1 in (2.4), we obtain the generating function of the Tri-
bonacci numbers. Writing #? instead of x, x instead of y and taking z = 1 in (2.4),
we have the generating function of the Tribonacci polynomials.
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Theorem 2.1. Let H, (x,y,2) and K, (z,y,z) be n — th trivariate Fibonacci and
Lucas polynomials, respectively. Then, we get

(2.6) K, (z,y,2) =xH, (z,y,2) + 2yH, 1 (z,y,2) + 3zH,,_2 (2,9, 2) .

Proof. Using the generating function of the trivariate Lucas polynomials, we have

oo
3 — 2wt — yt?
K " =
D> K (@9,2) 1— ot — yi® — 263

1 t 2

3ZHn+1 (z,y,2 — 2xZH x,Y, 2 —yZHn 1(z,y, 2

n=0

Z (3H 41 (2,9, 2) — 22H, (2,y,2) — yHp—1 (x,y,2)) t".
n=0

From the recurrence relation in (2.1), we can write

oo oo
ZKN (J), Y, Z) t" = Z (an (J?, Y, Z) + 2yHn—1 (37, Y, Z) + SZH’VI—Q (J?, Y, Z)) t".
n=0
Comparing of the coefficients of ", we have the desired result. O

Theorem 2.2. The sum of the trivariate Fibonacci and Lucas polynomials are as
follows

n H 1 I% I .
(2.7) ZH 2,y,2) = nt2 (2,y,2) + (1 —x) Hyyo (2,9, 2) + 2Hy (2,9, 2)

r+y+z—1
and
(2.8)
zn:K 2 y,z) _ Kn+2 (1'7y,Z) + ((E B 1) Kn+1 ($7y72) + ZKn (.’L‘,y,Z) - (3 —2x — y)
c+y+z—1
for x +y+ z # 1, respectively.
Proof. Using the Binet’s formulas, it can be proved. O

Taking x =y = z =1 in (2.7), we have the sum of the Tribonacci numbers as
ZT Toto + Ty — 1

Similarly, we obtain the sum of the Tribonacci polynomials as

zn:ts () = toto (@) + (1= 22) tosr () + 1, (2) — 1.

24

Similar to Table 1 and Table 2, we can give the trivariate Fibonacci polynomial
triangle as follows

3 -2z —
1—xt—yt2—zt3 1—xt—yt2—zt3 yl—xt—th—zt?’

n
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n\z |0 1 2 3 4
0 1

1 Tz Yy

2 2?2 2y +z y?

3 3 322y +2xz  3xy? + 2yz Y3

4 x* 4xdy + 3222 622y +6ryz 4+ 22 4dayd 4+ 3yPz ot

Table 4: Trivariate Fibonacci Polynomial Triangle
G (n,i,x,y, z) is the element in the n —th row and i — th column of the trivariate

Fibonacci polynomial triangle. Then, we get

(2.9) G(n,iz,y, 2) = Z (Z) (n Z_ j) iy

=0
and
G(n+1,i,z,9,2) =2G(n,i,2,y,2)+yG (n,i — 1, 2,y,2)+2G (n — 1,i — 1, z,y, 2)
where
G (n,0,z,y,2) =z", G(n,n,z,y,2)=y"

The sum of elements on the rising diagonal lines in the trivariate Fibonacci
polynomial triangle is the trivariate Fibonacci polynomial H, (x,y,z). Thus, we
have

L]

Hn(x,yv'z) = Z G(WJ*Z‘*LZ',:L',y,Z).

=0

Consequently, we obtain an explicit formula for the trivariate Fibonacci polynomial
H, (z,y,2) as

(2.10) H, (2,y, 2 ZJZ< > (” i 1) g2y

=0 j5=0

Taking = y = z = 1 in (2.10), we obtain the explicit formula for the Tribonacci
numbers as
R

- E ()

=0 4j=0
Also, we have
n2lj %
H, x , T, 1 Z ( )(n_l_j 1>x2"—3(i+j)—2
=0 45=0

which is the explicit formula for the Tribonacci polynomials in [9].
Similarly, we have an explicit formula for the trivariate Lucas polynomials as
follows

(2.11) (,y, 2 LZZ e < ) (” _f _j)xn—%—jyi—qu

’LO]O
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Theorem 2.3. Let H, (x,y,z) and K, (z,y,z) be n — th trivariate Fibonacci and
Lucas polynomials, respectively. Then, we get

xBKn (7,y,2) N yaKn (z,y,2) n ZE)Kn (7,y,2)
ox dy 0z

Proof. Using partial derivations of the explicit formula of the trivariate Lucas poly-
nomial K, (x,y,z), we have

0Ky, (2,y,2) NG ne2iej i
Ox B 8z ;Zn—z—]<)( i vooE

= anJrl ($7y7 Z) .

= ZZ n2zg)<>(n_?_J)x” 2i—j— lyz Ty
n_l_ 2

=0 j5=0
nl
J ”*Z*J 1 n—2i—j—1,i—j _j
- nzzj ey

=0 4=0
- an (.’IJ, Y, Z) .
Similarly, we obtain
6Kn b b
E;;/yZ) - an—l (xa Z%Z)
and oK
n (a‘xz’ y? Z) — an_Q (:E7 y’ Z) .

Using the recurrence relation (2.1), we have
oK, (z,y, z oK, (z,y,z oK, (z,y,z
@y 2) | 0K (2,y,2) | 0Ky (@.y,2)
ox dy 0z

— nHp (2,9,2).
O

The generating matrix of the Tribonacci polynomials was introduced in [3, 4].
Similarly, the trivariate Fibonacci polynomials are generated by the matrix QQ,where

z 1 0
=y 01
z 0 0
with the help of mathematical induction on n, we get
Hn+1 Hn anl
Qn = yHn +2H,1 yHn—l +zH, 2 yHn—2 +zH, 3 )
zH, zHp 1 z2Hp—2

where H,, is n — th trivariate Fibonacci polynomial, namely H, (z,y,z) = H,,.

Theorem 2.4. Let m and n be positive integers. Then, we get

Hern (xayvz) - Herl (%y,z) Hn (x,yvz)+Hm (‘rayvz) Hn+1 (m,y,z)
+zHp 1 (I’7 Y, Z) H, (937 Y, Z)
(2.12) —xHy, (2,y,2) Hy (2,9, 2).

Proof. It can be proved by using the identity Q"™ = Q"Q™ and matrix equality.
O
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The identity in (2.12) is similar to Honsberger formula for the Fibonacci like
sequences. From the special cases of (2.12), we obtain some identities for the
trivariate Fibonacci polynomials. Therefore, taking m = n in (2.12), we have

H2n (J?, Y, Z) = ZHZ,—I (xv Y, Z) - IH?; (J?, Y, Z) + 2Hn+1 (Z‘, Y, Z) H’n (-Ta Y, Z)
Writing n + 1 instead of m in (2.12), and using the recurennce relation in (2.1), we
obtain

H27L+1 (I7 Y, Z) = H72L+1 (Iv Y, Z) + sz (‘Ta Y, Z) + QZH" (Iv Y, Z) Hn—l (I, Y, Z) .
Theorem 2.5. Let H, (z,y,z) be n — th trivariate Fibonacci polynomial. Then,

we get

Hn+2 (,’1,‘7y72) Hn+1 (QT,y,Z) Hn (l’,y,Z)
(213) Hn+1 (l‘,y,Z) Hn (x,y,z) Hn—l (%th) = _Zn_l'
H, (x7yaz) H, ($7yvz) Hy—o (ﬂl‘,y,Z)
Proof. 1t’s note that det (Q) = z, det (Q™) = 2™. Using the determinants of the
matrices Q) and Q" , we obtain

Hn+1 Hn Hn—l
yHn + ZHn—l yHn—l + ZHn—Q yHn—Z + ZHn—S = 2"
ZHn Zanl ZHn72

Multiplying the first row of Q™ by x and then adding to second row, then, exchang-
ing rows 1 and 2, we have

Hn+2 (x,yvz) Hn+1 (x,y,z) Hﬂ (1’,y,2’)
Hn+1 (%yaz) o, (x,y,z) Hy 4 ($,y,2) = —2"
zHy (2,y,2)  zHn 1 (2,y,2) zHu_o(x,y,2)

From the properties of determinant, we obtain

Hn+2 (xvyvz) Hn+1 (.’E,y72) Hn (.’E,y,Z)
Hn+1 ({L‘7y,Z) Hn (l‘,y7Z) anl ((E7y72) = 72”71'
Hn (m,y,z) Hn—l (xvyaz) Hn—2 (37,%2’)

O

In this way, we obtain the interesting determinantal property for the trivariate
Fibonacci polynomials. The result of the determinant in (2.13) is similar to the
Cassini like identity for the trivariate Fibonacci polynomials. Takingxz =y =2 =1

in (2.13), we obtain the determinantal property for the Tribonacci numbers. Writing

22 instead of z, = instead of i and taking z = 1, we have the determinantal property

for the Tribonacci polynomials in [3].
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ON SHERMAN’S TYPE INEQUALITIES FOR n-CONVEX
FUNCTION WITH APPLICATIONS

M. ADIL KHAN, S. IVELIC BRADANOVIC, AND J. PECARIC

ABSTRACT. New generalizations of Sherman’s inequality for convex functions
of higher order are obtained by using Hermite’s interpolating polynomials and
Green’s function. The Ostrowski and Griiss type bounds for the identity re-
lated to generalized Sherman’s inequality are established. Some applications
are discussed.

1. INTRODUCTION

Let I C R be an interval and x = (21,...,Zm), ¥ = (Y1,--sYm) € I™, where
m > 2. Let x[;) and yj;) denote the elements of x and y sorted in decreasing order.
We say that x majorizes y or y is majorized by x and write y < x if

k k
(1.1) Zy[i] < Z.’E[i], k=1,....,m—1,
i=1 =1

and the equation holds for k& = m.
In majorization theory, the next result, well known as Majorization theorem,
plays a very important role (see [15]).

Theorem 1.1. Let ¢ : I — R be a convex continuous function on an interval I
and X = (1, .0y Tm ), Y = (Y1, -, Ym) € I™. If y < x, then

Z(ﬁ(yi) < Z¢($i)~

Recently some generalizations of majorization theorem with applications are
obtained (see [1]-[5], [12]).
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S. Sherman [16], considering a weighted relation of majorization

k l
E VY < E U Ty,
i=1 j=1

for nonnegative weights u; and v;, proved the general result which include the row
stochastic k x [ matrix, i.e. matrix A = (a;;) € My (R) such that

ai;; >0 foralli=1,..,k j=1,...1,
l
Zaij =1 forali=1,..,k,
j=1

and holds under relations

!
(1.2) yi =y xjay, for i=1,..k,
j=1

k
uj = Y via;y, for j=1,..,1
i=1
His result can be formulated as the following theorem.

Theorem 1.2. Let x € [o, 8]}, y € [o, B]%, u € [0,00)! and v € [0,00)% be such
that (1.2) holds for some row stochastic matriz A € My (R). Then for every convex
function ¢ : [a, B] = R we have

k l
(1.3) qu¢(yq) < Zup¢($p)-
g=1 p=1

From Sherman’s theorem we can easily get Majorization theorem by setting k = [
and v = (1,...,1). Specially, when k = [ and all weights v; = u; are equal, the
condition (1.2), i.e. u = vA, assures the stochasticity on columns, so in that case
we deal with doubly stochastic matrices. It is well known that for x,y € R! is valid

y <x ifand only if y=xA

for some doubly stochastic matrix A € M (R).

The aim of this paper is to establish generalizations of Sherman’s result which
hold for real, not necessary nonnegative vectors u, v and matrix A and for convex
functions of higher order. Recently some related results are obtained (see [6], [10]).

The class of convex functions of higher order, i.e. the notion of n-convexity was
defined in terms of divided differences by T. Popoviciu. A function ¢ : [, ] — R
is n-convex, n > 0, if its nth order divided differences [xo, ..., Z,; @] are nonnegative
for all choices of (n + 1) distinct points z; € [, 8], ¢ = 0, ...,n. Thus, a 0-convex
function is nonnegative, 1-convex function is nondecreasing and 2-convex function
is convex in the usual sense. If ¢(™) exists, then ¢ is n-convex iff ¢ > 0 (see [15]).

At the end we point definition and some basic facts about exponential convexity.
For more details see [6], [11]. Here I denotes an open interval in R.

Definition 1.1. [14] For a fixed n € N, a function ¢ : I — R is n-exponentially
convex in the Jensen sense on I if

= T+ T;
Zpipj(b <2J) >0

4,j=1
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holds for all choices p; € R and x; € I, ¢ = 1,...,n. A function ¢ : I — R is
n-exponentially convex on [ if it is n-exponentially convex in the Jensen sense and
continuous on /.

Remark 1.1. Let ¢ : I — R be a given function.

e ¢ is exponentially convex in the Jensen sense on [, if it is n-exponentially
convex in the Jensen sense for all n € N.

e A positive function ¢ is log-convex, i.e. log ¢ is convex, in the Jensen sense
on [ iff it is 2-exponentially convex in the Jensen sense on I.

e A positive function ¢ is log-convex on I if it is continuous and log-convex
in the Jensen sense on

e A positive exponentially convex function ¢ on [ is also log-convex on I.

2. PRELIMINARIES

We use notations and terminology from [7].

Let —co < a< f<ooandlet a <ay <ag - <a. <pber (r>2)distinct
points. For ¢ € C™([a, 5]) (n > r) a unique polynomial pg(s) of degree (n — 1)
exists, such that Hermite conditions hold

(H) P (a;) = ¢D(a;); 0<i<k;, 1<j<r

,
where > k;j + 7 =n.
j=1
Specially, for r = 2,1 <m <n—1, ky =m —1 andk; = n—m — 1 we have
type (m,n —m) conditions:

Pl (@) =60 (a), 0<i <m—1,

P (B =8D(B),0<i<n—m—1.

Forn =2m, r = 2and k; = k3 = m—1 we have two-point Taylor conditions:
Pyt (@) = 60 (@), pi2(8) = 6(8), 0 < i <m — 1.

Theorem 2.1. Let —o<a<f<ooanda<ay <ag - <a.<Bber (r>2)
distinct points and ¢ € C"([a, B]). Then

(21) (b(t) = pH<t) + RH,n ((b, t)7

where pg (t) is the Hermite inrepolating polynomial, i.e.

r kj
pr(t) = Hij (1) (ay),

j=11i=0
H;; are fundamental polynomials of the Hermite basis defined by
k

(2.2)  Hy(t) = S L. L <W>

1 kj+1—i 1tk (t— aj)k’
il (t —a;)" = kldt w(t)

t:aj

r

(2.3) w(t) =[] ¢ =a)™*,

Jj=1
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and the remainder is given by

where Gy (¢, 8) is defined by

! kj (a,-fs)"_i_l
Z : Zn—i71)l ”(t); s < t,
(2'4) GH,n(t,s) = Jj=11=0
T L —5 n K2 1
B zl: 1 2:0 (agn;3_1)| H;;(t); s >t,
j=l+1i=
Jorallay < s <ap41;1=0,...,7 with ap = a and a,1 = j3.

Remark 2.1. For type (m,n —m) conditions, from Theorem 2.1 we have

where p(m ) (t) is (m,n —m) interpolating polynomial, i.e.

m—1 n—m-—1
p(mn ZTz QS(l + Z 771
=0 1=0

with

P Y A n—m+p—1 t-aye
(2.5) Ti(t) = 5(t a)( —B p;) < )(ﬁ—a)’

m " m—1—1

20 - te-a (=) <’"“"1) (=5)"

s
I
=]

and the remainder is given by

B

with
m—1 rm—1—j p
n—m+p—1 (ﬂ) ]X
]§O|: pgo ( P ) f-a
(t=a)/(a=s)" 77" (gt "7
(2.7) G (t,s) = JH(n—j—1)! (BfoL) ) a<ls<t<p
m,n ) Ne—1 ——i—1 .
— m+q—1y( 5=t
L[ g )]k
%(é’fi) : a<t<s<p

For Type Two-point Taylor conditions, from Theorem 2.1 we have

@(t) = par(t) + Ror (o, t)

where par(t) is the two-point Taylor interpolating polynomial i.e,

=5 (m*; N (D) (Y 0w
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and the remainder is given by

B
Ror (1) = / Gor(t, )6 (5)ds

with
1

(;ml)l)up (t, 3) (minj) (t— S)m_l_jqj (t,s), s<t;

”'M\

[}

(2.8)  Gor(t,s) =

RS
L

(gmn*lnyq (t7 5) ‘ZO (m_j1+j) (5 - t)milijpj (t7 5)7 s>t
j=

where p(t, s) = C=gHI, q(t,5) = p(s, 1), V.5 € [, B].
The following lemma describes the positivity of Gy (¢, s) (see [8], [13]).
Lemma 2.1. The function Gy (t, s), defined by (2.4), has the following properties:
(i) GHM’E(;S) >0,a1 <t<a, a <s<a;
(i) Grnlt,s) < gy W@
(iii) f Gun(t,s)ds = (t).
Green’s function of Lagrange type is defined on [«, 8] X [, 5] by
(t=B)(s—a)
E=Pb=a) = <5<t
(29) G(t, S) = { (s—g;(?—a) .
f-a =
It is convex and continuous in both variables (see [17]).

3. MAIN RESULTS
The next identity related to generalized Sherman’s inequality holds.
Theorem 3.1. Let n >4 and ¢ € C"([o, f]), a« < a1 < ag--<a, < B (r>2) be
the given points and ki, ..., k, € N with Z ki +r=n. Letx € [, B]', y € [, BIF,
u € R and v € R be such that (1.2) holds for some matriz A € My, (R) whose

entries satisfy the condition Z ai; =1,1=1,....,k. Then
j=1

l k
Z upP(xp) — Z Vg (Yq)
r kj

(3.1) / [Zup (xp,t) qu yq,] Hi; ()¢ (a;)dt

j=11=0

// [ZUP (zp, t _quG(yqat)] GH,n72(t73)¢(n)(8)d8dt7

where G, H;; and Gun—o are defined as in (2.9), (2.2) and (2.4), respectively.

<0

Proof. For any function ¢ € C?([a, 8]), we can show integration by parts that the
following identity holds

B N a:—a
(32) o) = =2 o)+ 20+ [ Gt
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where G is defined by (2.9).
1

k
By an easy calculation, applying (3.2) in > upé(x,) — Y. v4¢(y,) and using (1.2),
p=1 q=1
we get

l k
Z upd(p) — Z Vg®(Yq)
p=1 qg=1
B l k
(3.3) = / [Z upG(p,t) — Z 4G (Yyq, t)] " (t)dt.
@ p=1 q=1

By Theorem 2.1, the function ¢”(¢) can be expressed as

(3.4) ZZH o (a;) + / ’ Grn_a(t, )™ (s)ds.

j=11i=0
Now, combining (3.3) and (3.4), we get (3.1). O

Using the previous identity we get the following generalization of Sherman’s
theorem which hold for real, not necessary nonnegative vectors u, v and matrix A.

Theorem 3.2. Let n > 4 and ¢ € C™([«, B]) be n-convex on [a,ﬁ], a=a <
- < ap =B (r>2) be the given points and ky, ...,k € N with Z kj+r=n.

Let x € [, B!, y € [, B]F, u € R! and v € R¥ be such that (1.2) holds for some

matric A € M (R) whose entries satisfy the condition Z a;;=1,1=1,...k and

j=1
1 k
(3.5) Zqu(xp,t) - quG(yq,t) >0, te€lo,pf].
p=1 q=1
(i) If k; is odd for each j =2,..,r, then
l k
(3:6) > up(ay) = Y vg0(yq)
p=1 q=1
B l k T k]
Z/ [Z upG(ap, t) — quG(yqa ZHU ¢(Z+2) j)dt.
@ p=1 q=1 j=11=0

(ii) Ifk; is odd for each j = 2,..,r—1 and k, is even, then the reverse inequality
in (3.6) holds.

Proof. (i) Since ¢ € C™([e, A]) is n-convex, then ¢(™ > 0.

Clearly, (t — al)kﬁ_1 > 0 for any ¢ € [, 8] and if k; is odd for each j = 2,..,r, then
the function w, defined by (2.3), satisfied w(t) > 0 for any ¢ € [«, 8]. Therefore, by
Lemma 2.1 (i) it follows that G ,—2(t,s) > 0. Hence, we can apply Theorem 3.1
to obtain (3.6).

(ii) This part we can prove similarly. |

Under Sherman’s assumptions of non-negativity of vectors u, v and matrix A
the following generalizations hold.
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Theorem 3.3. Let n > 4 and ¢ € C™([a, B]) be n-convex on [, B], o = a1 <
- <ap =pf (r>2) be the given points and ki,....k, € N with Y k; +r = n.
j=1
Letx € [a, B!, y € [, B]%, u € [0,00)! and v € [0,00)* be such that (1.2) holds for
some row stochastic matriz A € My (R).
(i) If k; is odd for each j =2,..,r, then (3.6) holds.
(ii) Ifk; is odd for each j = 2,..,7—1 and k, is even, then the reverse inequality
in (3.6) holds.
(iil) If (5.6) holds and the function

(3.7) FO =33 [ Ge0H 00 (a))dt

is convex on |o, f], then (1.8) holds.

Proof. (i) Since the function G(.,t), t € [«, 5], is convex, then by Sherman’s theorem
we have
! k
Zqu(xp,t) - quG(yq,t) >0, te€][ap]
p=1 q=1
Applying Theorem 3.2 and Lemma 2.1 (i) we get (3.6).

(ii) Similarly we can prove this part.
(iil) If (3.6) holds, the right hand side of (3.6) can be rewriting in the form

Z Upp(xp
p=1

where F' is defined by (3.7). If F is convex, then by Sherman’s theorem we have

l k
Zupl*:‘(xp) - quﬁ‘(yq) >0,
p=1 q=1

i.e. the right hand side of (3.6) is nonnegative, so (1.3) immediately follows. O

Vg F (Yq),

MPT

q=1

As a direct consequence of the previous result, considering particular case of Her-
mite interpolating polynomial with type (m,n—m) conditions, we get the following
corollary.

Corollary 3.1. Letn > 4,1 <m <n—1 and ¢ € C"([a, f]) be n-convex. Let
x € [, B, y € [, 8%, u € [0,00)! and v € [0,00)* be such that (1.2) holds for
some row stochastic matriz A € My, (R).

(i) If n — m is even, then
(3.8)

1 k
Z Up@(p) — Z 0g®(Yq)
p=1 q=1

B l k m—1 n—m-—1
2/ [ZuPG(:z:p,t)—quG(yq,t)] (Z L (t) ¢(z+2 )+ Z ni(t z+2) )) dt,
o Lp=1 q=1 =0 =0

where G, 7; and n; are defined as in (2.9), (2.5) and (2.6), respectively.
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(ii) If n — m is odd, then the reverse inequality in (3.8) holds.
(iii) If (3.8) holds and the function

B B m—1 n—m—1

i=0 =0
is convex on |a, f], then (1.8) holds.

Considering particular case of Hermite interpolating polynomial with two-point
Taylor conditions we get the next generalizations.

Corollary 3.2. Let m > 2 and ¢ € C*"([a, B]) be 2m-conver. Let x € |a, f]',

y € [a,B]F, u € [0,00)! and v € [0,00)* be such that (1.2) holds for some row
stochastic matriz A € My (R).

(i) If m is even, then

l k 8T ! k
(3.10) z::lupﬁb(xp) - qzz:lvqﬁb(yq) 2 /a L; upG(zp, 1) — ;qu(yq»t) F(t)dt,
where
oS ) () e

UALIL (;_i)m <i_%>p¢<i”><ﬂ>] |

(ii) If m is odd, then the reverse inequality in (3.10) holds.
(iil) If (5.10) holds and the function

F() = /B G(-,t)F(t)dt
is convex on |o, f], then (1.3) holds.

4. GRUSS AND OSTROWSKI TYPE INEQUALITIES RELATED TO GENERALIZED
SHERMAN’S INEQUALITY

P. Cerone and S. S. Dragomir [9], considering the Cebyéev functional

T(f,9) : /f dt—i/f t)dt - /jg(t)dt

for Lebesgue mtegrable functions f, g : [o, 5] = R, proved the following two results
which contain the Griiss and Ostrowski type inequalities.

Theorem 4.1. Let f : [, 8] — R be Lebesgue integrable and g : (o, 8] — R be
absolutely continuous with (- — a)(8 —-)(¢')* € Lla, B]. Then

1 1 p / 2
@) [T, )\_f[ (.4 m</ (e~ a)(3 ~ )/ (2] daz>

The constant — in (4.1) is the best possible.

[NIE
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Theorem 4.2. Let g : [a, B] — R be monotonic nondecreasing and f : [a, f] = R
be absolutely continuous with ' € Lo, B]. Then

B
(4.2) (. ) <17 / (2 — a)(8 — v)dg(a).

The constant & in (4.2) is the best possible.

D€ 55

To avoid many notations, under assumptions of Theorem 3.1, we define the
function B : [a, ] — R by

B l
(4.3) B(S):/ [Zqu(xp, qu (Yq- 1)
e} p=1

Then T(B, B) denotes the Cebysev functional

8 8 2
T(B,B) = ﬂ%a/ B%(s)ds — <5 i a/ B(s)ds)

Theorem 4.3. Suppose that all the assumptions of Theorem 3.1 hold. Additionally,
let (™) be absolutely continuous on [a, f] with (- — a)(B — ) (D)2 € Lla, 8] and
B be defined as in (4.3). Then the following representation holds

GH n— g(t S)dt

l k
Z upd(xp) — Z Vg®(Yq)
p=1 q=1
3 l k r o kj
B / [Z upG(xp, t) — Z%G(yq, t) Hi;(t) H_Q) j)dt
@ p=1 q=1 j=114=0

(n—1) _ 4(n=1) B
(4.4) o ;z (@) /a B(s)ds + R(¢;a, B)
and the remainder R($; a, B) satisfies the estimation
- | e :
45) IR < VST B6) | [ (s - ) -9l (o)ds

Proof. Applying Theorem 4.1 for f — B and g — ¢™), we get

EEY LRV S PR S AT

1
2

) £
T(8,B)) —— (/ (s —a)(B - 5)[¢<"+1>(5)]2d5>

\f VB—a

Therefore, we have
B (n=1)(8) — p(n—1) B
[ By syas = OO [Ciya i,

where the remainder R(¢; a, §) satisfies the estimation (4.5).
Now from the identity (3.1) we obtain (4.4). O
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Theorem 4.4. Suppose that all the assumptions of Theorem 3.1 hold. Additionally,
let ("1 >0 on [, B] and B be defined as in (4.3). Then the representation (4.4)
holds and R(¢;a, B) satisfies the estimation

(n—1) (n—1) o (n—2) _ 4(n—2) o
(4.6) |R<¢;a,ﬁ>|g3f|oo{¢ (ﬂ);d) (@) ¢ (’Bﬁ_ﬁ <>}_

Proof. Applying Theorem 4.2 for f — B and g — ¢, we get

B 1 B
/aB(s)ds-ﬂ_a/a ™ (s)ds

B
40 =g B [ s a9 s

b —«

1
-

? Bls)s !
/aB(s)qS (s)ds—ﬂ

— 2
Since
B B
[ 6= 0@ =6 s = [0 (a4 Bl )
= (8= ) [6"7(8) + 6" V(a)] =2 [P (8) = 9" D ()],
using identity (3.1) and the inequality (4.7) we deduce (4.6). O

Theorem 3.2 gives the lower bound for the expression

l k
Zupd’(xp) - qu¢(yq)

g ! k r kj 4
—/ [Z%G(%J)—Z%G(yqvt) SO Hi ()6 (aj)dt.

j=1i=0
The upper bound is presented in the next theorem.

Theorem 4.5. Suppose that all the assumptions of Theorem 3.1 hold. Additionally,
let 1 <pg<oo,1/p+1/q=1, q/)("){p € L, [a, 5] and B be defined as in (4.3).

Then
l k
Zup¢(xp) - qu¢(yq)
p=1 q=1
gT 1 k r kj .
_/ [ZUPG(xpvt) - quG(yqvt) ZZHZ] (t)¢(l+2) (aj)dt
@ [p=1 g=1 j=1i=0
(4.8) < ||| i, -
p

The constant ||B||, is sharp for 1 < p < oo and the best possible for p = 1.
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Proof. Applying Holder’s inequality to the identity (3.1) we obtain

l k
Z up@(p) — Z VP (Yq)
p=1 qg=1
B l k
_/ lz upG(xp,t) — quG(yq, 1
@ p=1 q=1

B
= / B(s)p™ (s)ds

For the proof of the sharpness of the constant [|B|, let us find a function ¢ for
which the equality in (4.9) holds.
For 1 < p < oo take ¢ to be such that

¢\ (s) = sguB(s) |B(s)|
For p = oo take ¢(™ (s) = sgn B(s).

For p = 1 we prove that
< max |B(s) (/ o™ (s) >
s€la,B] o

/ B(s)p™ (s)ds
is the best possible inequality.

Assume that |B(s)| attains its maximum at sg € [a, 8]. First we assume that B(sg) >
0. For e small enough we define ¢.(s) by

(4.9)

r o kj
Hi; (1o (a;)dt
0

]:1 1=

SE N

Bl -

(4.10)

0’ CYSSSSO’
Pe(s) = ﬁ(S_SO)na so <s<s59+¢,
L(s—s0)", so+e<s<B.

Then for £ small enough we have

B sote 1 1 sote
/ B(s)o™ (s)ds| = / B(s) Zds| = - / B(s)ds.

Now from (4.10) we have

1 so+e so+e 1

f/ B(s)ds < B(so)/ Lis = B(so).

€ Js o €
Since

1 So+e€
lim — B(s)ds = B(so)

e—=0 ¢
then the statement follows.
In case B(sg) < 0, we define ¢.(s) by
L —1(s —s0 — e)" 1t a<s<sg,
P(s) = En,(t—to—s) so <5< sg+e,
0, so+e<s<p,

and the rest of the proof is the same as above. [
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5. SOME APPLICATIONS

Motivated by the inequality (3.6), under the assumptions of Theorems 3.2, we
define the linear functional A : C"([«, 8]) — R by

l k
= Z upd(xp) — qu¢(yq)
p=1 qg=1

T kj

B[t k
(5-1) 7/ lZUPG(xpat)quG(yq,t) ZH” ()" (a;)dt.

j=114=0
Remark 5.1. Note that if ¢ € C"([a, f]) is n-convex, then by Theorem 3.2 we have
A(¢) = 0.

Using the linearity and positivity of defined functional we derive mean-value
theorems of the Lagrange and Cauchy type.

Theorem 5.1. Let ¢ € C™([«, 8]) and A : C™ (e, B]) — R be the linear functional
defined by (5.1). Then there exist & € [a, B] such that

A(¢) = o™ () A(y),

"

n! "’

where p(x) =
Proof. Similar to the proof of Theorem 4.1 in [11]. O

Theorem 5.2. Let ¢, € C™([a, f]) and A : C™([a, 5]) — R be the linear func-
tional defined by (5.1). Then there exists 5 € [a, O] such that

A(g) _ ™9
5.2 —
2 X = St

provided that the denominators are non-zero

Proof. Similar to the proof of Corollary 4.2 in [11]. O

™ . . .
Remark 5.2. If % is an invertible function, then we get

= (5m) (G

which is exactly mean of Chauchy type of the segment [c, 3].

Applying Exponential convexity method [11], we may interpret our results in the
form of exponentially convex functions or in the special case log convex functions.
In order to obtain such results, we define the families of functions as follows.

For every choice of I + 1 mutually different points zg, z1, ..., x; € [a, 8] we define

o F1 ={¢¢ : [, 8] > R:t eI and t — [xg,1,..., ;5 ¢¢] is n-exponentially
convex in the Jensen sense on I}

o Fo ={¢: : [o,8] > R:telandtw— [xg,21,..125;d] is exponentially
convex in the Jensen sense on I}

o F3={¢:: [a,f] > R:telandtw [xg,21,..., 2 ¢ is 2-exponentially
convex in the Jensen sense on I}

Theorem 5.3. Let A be the linear functional defined as in (5.1) associated with
family Fi. Then the following statements hold:



ON SHERMAN’S TYPE INEQUALITIES 267

(i) The function t — A(¢) is n-exponentially convex in the Jensen sense on
1.

(ii) If the function t — A(¢p:) is continuous on I, then it is n-exponentially
convez on I.

Proof. (i) We define the function h : [a, 5] — R by

h(z) = Z PiPk®s; (),
k=1

5jtSk

where p;,s; €R, j=1,...,n, sjp = 25—, 1 < j,k <n, and ¢, € Fi.
Since t — [xg, 21, ..., T1; 4] is n-exponentially convex in the Jensen sense on I, then

n
[:U07x17 7xl7h] = Z P;iPk [fEO,fEl, "'7xl;¢s_jk] >0,
Jk=1

i.e. h is l-convex. Therefore, we have

A(h) = Z pipeA (¢s,,) > 0.

jk=1

Hence, the function ¢ — A(¢:) is n-exponentially convex in the Jensen sense on I.
(ii) Follows from (i) and Definition 1.1. O

The following corollary is an easy consequence of the previous theorem.

Corollary 5.1. Let A be the linear functional defined as in (5.1) associated with
family Fs. Then the following statements hold:
(i) The function t — A(¢p:) is exponentially convex in the Jensen sense on I.
(ii) If the function t — A(¢py) is continuous on I, then it is exponentially convex
on I.

Corollary 5.2. Let A be the linear functional defined as in (5.1) associated with
family Fs. Then the following statements hold:

(i) If the function t — A(pt) is continuous on I, then it is 2-exponentially
convex on I. If t — A(¢¢) is additionally positive, then it is also log-convex
on I. Furthermore, for every choice r,s,t € I, such that r < s < t, it holds

(MA@ ™" < (MG [Algr)]" "
(ii) If the function t — A(¢;) is positive and differentiable on I, then for all
r,s,u,v € I such that r < wu, s < v, we have

(53) Hr,s (A7 Jr3) S Hu,v (A; -/—'.3) )
where
Aldr) )7
(54) Hr,s (A,}—g) = (A(QBS))(AW’)) ' # A
exp (GZTA(T)T) , T =S5.

Proof. (i) The first part of statement is an easy consequence of Theorem 5.3 and
the second one of Remark 1.1.

Since t — A(¢:) is log-convex on I, i.e. t +— logA(¢;) is convex on I, then by
definition we have

(r—t)log A(¢) + (t — s)log A(fr) + (s —r)log A(f) >0
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for every choice r,s,t € I, such that r < s < t. Therefore, we have

[A(es)] ™" < [A(Sr)] T [A(]

(ii) Since t — log A(¢;) is convex on I, by definition we have

log A(¢r) —log A(ds) _ log A(¢u) —log A(¢y)

r—s - U—

(5.5)

for r <wu, s <w, r # u, s # v. Therefore, we have
Hr,s (Av]:?)) S Hu,v (A;J:S) .

Case r = s, u = v follows from (5.5) as limiting case. O

Using obtained mean-valued theorems and results regarding the exponential con-
vexity, we may deduce some new classes of two-parameter Cauchy-type means.
For example, consider the family of functions

Q= {p::(0,00) = (0,00) : t € (0,00)}

defined by

Since ’ﬁ;ﬁ" (z) = e=*Vt > 0, the function ¢, is n-convex function for every t > 0.
Moreover, the function ¢ d;ﬁf (z) is exponentially convex. Therefore, using
the same arguments as in proof of Theorem 5.3, we conclude that the function
t — [x0,21,...,21; @¢] is exponentially convex (and so exponentially convex in the
Jensen sense ). Then from Corollary 5.1 it follows that ¢ — A(p¢) is exponentially
convex in the Jensen sense. It is easy to verify that the function ¢ — A(yp;) is
continuous, so it is exponentially convex.

For this family of functions, with assumption that [a, 5] C (0, 00) and ¢t — A(py)
is positive, (5.4) becomes

1
l n—<
E _xpf Z 'U e yqf Al
" op=1 q—l
Hn¢ = 777 1 ) n 7& Cv
Z Upe —zpV/C Z Vg€ —yqVC — B,

9=

Z vque*yqﬁ - Z upxpe’mp\/r’ + Ao
=1 p=1 n

Hn,.n = €XP . . n s
Y ey
p=1

g=1
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where
Pl k r ks | i
Al = / Z UpG(J?p; t) - E UqG(yq, t) Hi .(t)(_1)1+2n1+§e_aj\/ﬁdt,
«@ p=1 =1 e
g ! k r kj Ji+?
Ag = / > upG(ap,t) = 350G (Y1) Hi’(t)m(xe_m‘/ﬁ)h:ajdt,
no . j=114=0 z

vk

<

B 1 & | |
B = / ZUPG(-T;Dat) - quG(yq,t) E Hij(t)<_1)z+2<1+§6_ajﬁdt.
@ q:1

—
o

J=11i=

Using Theorem 5.2 it follows that

e (0, 9) = = (ViT+ /<) log . (A, )

satisfies

i.e.

o S ,U/n,C (A,Q) S 67
tn.c (A, Q) is mean. By Corollary 5.2, using (5.3), it follows that this mean is

monotonic.
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SCREEN SEMI-INVARYANT HALF-LIGHTLIKE
SUBMANIFOLDS OF A SEMI-RIEMANNIAN PRODUCT
MANIFOLD WITH QUARTER-SYMMETRIC CONNECTION

OGUZHAN BAHADIR

ABSTRACT. In this paper, we study half-lightlike submanifolds of a semi-
Riemannian product manifold. We introduce a classes half-lightlike subman-
ifolds of called screen semi-invariant half-lightlike submanifolds. We defined
some special distribution of screen semi-invariant half-lightlike submanifold.
We give some equivalent conditions for integrability of distributions with re-
spect to the Levi-Civita connection of semi-Riemannian manifolds and quarter-
symmetric non-metric connection of semi-Riemannian manifolds and some re-
sults.

1. INTRODUCTION

The theory of degenerate submanifolds of semi-Riemannian manifolds is one of
a important topics of diferential geometry. The geometry of lightlike submanifolds
a semi-Riemannian manifold was presented in [7] (see also [8]) by K.L. Duggal
and A. Bejancu. Differential Geometry of Lightlike Submanifolds was presented
in [17] by K. L. Duggal and B. Sahin. In [12],[13], [14], [15], K. L. Duggal and
B. Sahin introduced and studied geometry of classes of lightlike submanifolds in
indefinite Kaehler and indefinite Sasakian manifolds which is an umbrella of CR-
lightlike, SCR-lightlike, Screen real GCR-lightlie submanifolds. In [16], M. Atceken
and E. Kilic introduced semi-invariant lightlike submanifolds of a semi-Riemannian
product manifold. In [18], E. Kilic and B. Sahin introduced radical anti-invariant
lightlike submanifolds of a semi-Riemannian product and gave some examples and
results for lightlike submanifolds. In [19] E. Kilic and O. Bahadir studied light-
like hypersurfaces of a semi-Riemannian product manifold with respect to quarter
symmetric non-metric connection. In [20] O. Bahadir give some equivalent con-
ditions for integrability of distributions with respect to Levi Civita connection of
semi-Riemannian manifolds and some results.

2000 Mathematics Subject Classification. 53C15, 53C25, 53C40.
Key words and phrases. Half-lightlike submanifold , Product manifolds, Screen semi-invariant,
Quarter-symmetric connection.
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In this paper, we study half-lightlike submanifolds of a semi-Riemannian product
manifold. In Section 2, we give some basic concepts. In Section 3, we introduce
screen semi-invariant half-lightlike submanifolds. We defined some special distribu-
tion of screen semi-invariant half-lightlike submanifold. In Section 4, we consider
half-lightlike submanifolds of a semi-Riemannian product manifold with quarter
symmetric non-metric connection determined by the product structure. We com-
pute some results with respect to the quarter-symmetric non-metric connection.

2. HALF-LIGHTLIKE SUBMANIFOLDS

Let (M ,g) be an (m + 2)-dimensional (m > 1) semi-Riemannian manifold of
index ¢ > 1 and M a submanifold of codimension 2 of M. If g is degenerate on
the tangent bundle TM on M, then M is called a lightlike submanifold of M [17].
Denote by g the induced degenerate metric tensor of g on M. Then there exists
locally (or globally) a vector field £ € T'(T'M), £ # 0, such that g(£, X) = 0 for any
X e T(TM). For any tangent space T, M, (x € M), we consider

(2.1) T,M* = {u € T, M : §(u,v) = 0,Yv € T, M},

a degenerate 2-dimensional orthogonal (but not complementary) subspace of TmM .
The radical subspace Rad T, M = TpM N T,M* depends on the point z € M. If
the mapping

(2.2) Rad TM :x € M — Rad T, M

defines a radical distribution on M of rank » > 0, then the submanifold M is calleAcl
r—lightlike submanifold. If r = 1, then M is called half-lightlike submanifold of M
[17]. Then there exist &, u € T,,M* such that

(2.3) G€,v) =0, Glu,u) £ 0,Y0 € T,M*,
Furthermore, £ € Rad T,,M, and
(2.4) G€, X) = (€, v) = 0,YX € I(TM), v € [(TM™).

Thus, Rad TM is locally (or globally) spanned by £. By denote the complementary
vector bundle S(T'M) of Rad TM in TM which is called screen bundle of M. Thus
we have the following decomposition

(2.5) TM = Rad TM LS(TM),

where | denotes the orthogonal-direct sum. In this paper, we assume that M is half-
lightlike. Then there exists complementary non-degenerate distribution S(7T'M*)
of Rad TM in TM+~ such that

(2.6) TM* = Rad TM 1LS(TM™).

Choose u € S(TM+~ as a unit vector field with g(u,u) = ¢ = +£1. Consider the
orthogonal complementary distribution S(T M)+ to S(T'M) in TM. We note that
¢ and u belong to S(TM)*. Thus we have

S(TM)* = S(TM*+)LS(TM*Y)*,
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where S(T M)+ is the orthogonal complementary to S(T'M*) in S(T'M)*. For
any null section £ of Rad T'M on a coordinate neighborhood U C M, there exists
a uniquely determined null vector field N € I'(itr(T'M)) satistying

(27)  §(EN) =1, §N,N) = (N, X) = §(N,u) = 0,¥X € [(TM),

where N, ltr(TM) and tr(TM) = S(TM=L)Litr(TM) are called the lightlike
transversal vector field, lightlike transversal vector bundle and transversal vector
bundle of M with respect to S(TM), respectively. Then we have the following
decomposition:

(2.8)TM = TM & tr(TM) = S(TM)L{Rad TM & ltr(TM)}LS(TM™").

Let V be the Levi-Civita connection of M and P the projection of TM on S (TM)
with respect to the decomposition (2.5). Thus, for any X € I'(T'M), we can write
X = PX 4+ n(X)¢, where 7 is a local differential 1-form on M given by n(X) =
g(X,N). Then the Gauss and Weingarten formulas are given by

(2.9) VxY = VxY +Di(X,Y)N + Dy(X,Y)u,
(2.10) VxU = —ApX + VLU,

(2.11) VXN = —AyX +pi(X)N +p2(X)u,
(2.12) Vxu = —A,X +e(X)N +eo(X)u,
(2.13) VxPY = V%PY + E(X,PY),

(2.14) Vx& = —A{X —pi(X)E,

for any X,Y € T(TM), u € s(TM™1), U € T(tr(TM)), where V, V* and V! are
induced linear connections on M, S(T'M) and tr(T M), respectively, Dy and Dy are
called the lightlike second fundamental and screen second fundemental form of M
respectively, E is called the local second fundamental form on S(TM). Ay, An,
Af and A, are linear operators on TM and 7, p and ¢ are 1—forms on T'M. We
note that, the induced connection V is torsion-free but it is not metric connection
on M and satisfies

(2.15) (Vxg)(Y, Z) = Di(X,Y)n(Z) + Di(X, Z)n(Y),

for any X,Y,Z € T'(TM). However the connection V* on S(T'M) is metric. From
the above statements, we have

(2.16) D1(X,PY) = g(AZX, PY), g(AzX, N)=0, Di(X,§ =0,
J(ANX,N) =0,
(2.17) E(X,PY)=g(ANX, PY),
€Dy (X,Y) = g(AuX,Y) — 1 (X)n(Y),
(2.18)  ep(X) = g(AuX,N), p1(X) = -n(VxE), p2(X) = en(AuX),
e1(X) = —eD2(X, ),

for any X, Y € I'(T'M). From (2.17) and (2.18), A7 and Ay are I'(S(T'M))—valued
shape operators related to Dy and E, respectively and Azf =0.
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Using torsion free linear connection Vand (2.13) we have
[(X,Y] = {VXPY - VyPX +n(X)AFY —n(Y)A; X}
+H{E(X,PY)—-E(Y,PX)+ X(n(Y))
=Y (n(X)) +n(X)p1(Y) = n(¥Y)p1(X)}€.
The last equation and (2.17)
g(VXxPY,PZ)— g(VxPZ,PY)—g([X,Y],PZ)
=n(Y)D1(X, PZ) —n(X)D:1(Y, PZ),
2dy(X,Y) = E(Y, PX) — E(X, PY)

(2.19) +p1(X)n(Y) — pr(Y)n(X).
From the second equation (2.19) we have
(2.20) n([PX,PY]) = E(PX,PY) - E(PY, PX).

From (2.18) and (2.20), we have the following theorem.

Theorem 2.1. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold M. Then the following assertions are equivalent:.

(1) The screen distribution S(TM) is integrable.

(2) The second fundamental form of S(TM) is symmetric on T'(s(TM).

(3) The shape operator An of the immersion of M in M is symmetric with respect
to g on T'(s(TM).

Next by using (2.14), (2.15), (2.17) and (2.18) we obtain

Theorem 2.2. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold M. Then the following assertions are equivalent:

(1) The induced connection NV on M is a metric connection.

(2) D; vanishes identically on M.

(3) Ai vanishes identically on M.

(4) & is a Killing vector field.

(5) TM* is a parallel distribution with respect to V.

Theorem 2.3. Let (M,g) be a proper totally umbilical half-lightlike submanifold
of a semi-Riemannian product manifold (M(c),§) of constant sectional curvature
c¢. Then the following assertions are equivalent:

(i) The screen distribution s(T'M) is integrable.

(ii) Each 1— form p; is closed on s(TM), i.e., dpy =0

(iit) Each 1— form ps induced by s(T M) satisfies

2dpa(X,Y) = p1(X)p2(Y) — p2(X)p1 (YV), VX, Y e T(TM).

For basic information on the geometry of lightlike submanifolds, we refer to [7],
[17].

Let (M be an n— dimensional diferentiable manifold with a tensor field F' of

type (1,1) on M such that F2 = I. Then M is called an almost product manifold
with almost product structure F. If we put 7 = 2(I + F), o = (I — F) then we
have

n+o=Int=nm0’=0,nrco=0n=0, F=n—o0.
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Thus 7 and o define two complementary distributions and the eigenvalue of F' are

F1. If an almost product manifold M admits a semi-Riemannian metric g such
that

G(FX,FY)=§(X,Y), §(FX,Y) = §(X,FY),vX,Y € T(}M),
then (M ,g) is called semi-Riemannian almost product manifold. If, for any X,V
vector fields on M, (VxF)Y =0, that is
VxFY = FVyY,
then M is called an semi-Riemannian product manifold, where V is the Levi-Civita

connection on M.

3. SCREEN SEMI-INVARIANT LIGHTLIKE SUBMANIFOLDS
_ Let (M, g) be a half-lightlike submanifold of a semi-Riemannian product manifold
(M,g) For any X € I'(T'M) we can write
(3.1) FX=fX+4+wX,
where f and w are the projections on of F(TM ) onto TM and trT M, respectively,

that is, fX and wX are tangent and transversal components of FX. From (2.8)
and (3.1), we can write

(3.2) FX = fX 4w (X)N + wa(X)u,
where w1 (X) = §(FX, &), wa(X) = eg(FX, u).
Definition 3.1. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian

product manifold (M,g). If FRad TM C S(TM), Fitr(TM) c S(TM) and
F(S(TM%)) c S(TM) then we say that M is a screen semi-invaryant (SSI) half-
lightlike submanifold.

If FS(TM) = S(T'M), then we say that M is a screen invaryant half-lightlike
submanifold.

Now, let M be a screen semi-invariant half-lightlike submanifold of a semi-
Riemannian product manifold (M,q). If we set Ly = FFRad TM, Ly = Fltr(TM)
and Lz = F(S(TM+1)), then we can write

(3.3) S(TM) = LoL{Ly & Ly} L Ls,

where Lg is a (m — 4)—dimensional distribution. Hence we have the following
decompositions:

(34) TM = Lol{Ly ® Ly}1Ls1Rad TM,
(35) TM = Lol{L3 ® Lo} LLs1S(TM")L{Rad TM & ltr(TM)}.

Let (M, g) be a screen semi-invariant half-lightlike submanifold of a semi-Riemannian
product manifold (M,q). If we set

L=LylLi1Rad TM L*=LylLs,
then we can write
TM =L L.

We note that the distribution L is a invariant distribution and the distribution L+
is anti-invariant distribution with respect to F' on M.
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4. QUARTER-SYMMETRIC NON-METRIC CONNECTIONS

Let (M, g, F') be a semi-Riemannian product manifold and V be the Levi-Civita
connection on M. If we set
(4.1) DxY =VxY +7(Y)FX
for any X,Y € F(TM ), then D is a linear connection on M, where u is a 1-form
on M with U as associated vector field, that is

m(X)=g9(X,U).
The torsion tensor of D on M denoted by T. Then we obtain
(4.2) T(X,Y)=n(Y)FX — n(X)FY,
and
(4.3) (Dx§)(Y, Z) = —n(V)§(FX, Z) - n(2)F(FX,Y),

for any X,Y € I‘(TM ). Thus Disa quarter-symmetric non-metric connection on
M. From (4.1) we have

(4.4) (D XF) (FY)FX —r(Y)X.

Replacing X by FX and Y by FY in (4.4) we obtain

(4.5) (Dpx F)FY = n(Y)X — n(FY)FX.

Thus we have

(4.6) (DxF)Y + (DpxF)FY = 0.

If we set

(4.7) 'F(X,Y) = §(FX,Y)

for any X,Y € T'(TM), from (4.1) we get

(48)  (Dx 'F)(Y,2) = (Vx 'F)(Y, 2) = n(Y)§(X, Z) = n(Z)g(X.Y).

From (4.1) the curvature tensor RP of the quarter-symmetric non-metric connection
D is given by
(4.9) RP(X,Y)Z = R(X,Y)Z+ XX, Z)FY —\(Y,Z)FX,
for any X, Y, Z € T(TM), where X s a (0, 2)-tensor given by A(X, Z) = (Vx)(Z)—
7(Z)m(FX). If we set RP(X,Y, Z,W) = ﬁ(ED(X, Y)Z, W), then, from (4.9), we
obtain

RP(X,Y,Z,W) = —RP(Y, X, Z,W).

We note that the Riemannian curvature tensor R of D does not satisfy the other
curvature-like properties. But, from (4.9), we have

Il
=
N
=

|
>
~
N
&

>

RP(X,Y)Z+RP (Y,2) X+ R" (2,X)Y

+ o+
=
=
N

|
>
N
>
&
h<

Thus we have the following proposition.
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Proposition 4.1. Let M be a half-lightlike submanifold of a semi-Riemannian
product manifold M. Then the first Bianchi identity of the quarter-symmetric non-
metric connection D on M is provided if and only if \ is symmetric.

Let M be a half-lightlike submanifold of a semi-Riemannian product manifold

(]T/f , §) with quarter-symmetric non-metric connection D. Then the Gauss and

Weingarten formulas with respect to D are given by, respectively,

(4.10) DxY = DxY +Dy(X,Y)N + Dy(X,Y)u,
(4.11) DxN = —AxX +p1(X)N + p2(X)u,
(4.12) Dxu = —A,X+&(X)N +&(X)u.

forany X,Y € (T M), where DxY, AyX, A,X € I(TM), D(X,Y) = §(DxY,¢),
D2~(X, Y) = Eg(DXy, u) ﬁl(X) = g(ng, f)f,v ﬁQ(X) = Eﬁ(DxN, u), gl(X) =
9(Dxu, &), e2(X) = eg(Dxu,u). Here, D1 and Ds the lightlike second fundamental
form and the screen second fundamental form of M with respect to D respectively.
Both Ay and A, are linear operators on I'(TM). From (2.9), (2.11), (2.12), (4.1),

(4.10), (4.11) and (4.12) we obtain
(4.13) DxY = VxY+7)fX,
(4.14) Di(X,Y) = Di(X,Y)+7(Y)w (X),
(4.15) Dy(X,Y) = Dy(X,Y)+7(Y)wy(X),
(4.16) AvX = AnX —7n(N)fX,
(4.17) nX) = pi(X)+a(N)w (X),
(4.18) Pa(X) = pa(X) + m(N)wa(X),
(4.19) A X = AX —n(u)fX,
(4.20) a(X) = a(X)+r(ww (X),
(4.21) 8(X) = e(X)+r(w)w(X).
for any X,Y € I'(T'M). From (2.15), (4.1) we get

(D29)(Y,Z2) = Di(X,Y)n(Z) + Di(X, Z)n(Y)
(4.22) —n(Y)g(FX, Z2) = (Z)g(fX.Y),
On the other hand, the torsion tensor of the induced connection D is
(4.23) TP(X,Y) =n(Y)fX — n(X)fY.

From last two equations we have the following proposition.

Proposition 4.2. Let M be a half-lightlike submanifold of a semi-Riemannian
product manifold (M, g) with quarter-symmetric non-metric connection D. Then
the induced connection D 1is a quarter-symmetric non-metric connection on the
half-lightlike submanifold M.

From (4.2), (4.14) and (4.15) we have the following theorem

For any X, Y € T'(TM), £ € T'(RadT M) we can write

(4.24) DxPY = D%PY + E*(X, PY)E,

(4.25) Dx&=—A;X — pi(X)E,
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where Dy PY A;X e I'(S(T'M)), E*(X,PY) = §(Dx PY,N) and ji(X) =
—g(Dx&,N). From (2.13), (2.14), (4.24) and (4.25), we obtain

(4.26) D%PY = V%PY +n(PY)PfX,
(4.27) E*(X,PY) = E(X,PY)+7(PY)n(fX),
(4.28) ALX = AIX —7(¢)PfX,

(4.29) i (X) = w(X)+7(En(fX).

Proposition 4.3. Let M be a half-lightlike submanifold of a semi-Riemannian
product manifold (M,ﬁ) Then D* the induced connection is quarter-symmetric

non-metric connection on s(TM)
Proof. For any X,Y,Z € T'(s(TM)), we know that V* is metric connection. Thus
from (4.26), we get

(4.30) Dx9)(Y,2) = —n(Y)g(PfX,Z) —n(Z)g(Y, PfX).

Let TP be torsion tensor with respect to D*. From (4.26), we obtain

(4.31) TP (X,Y) = n(Y)PfX — n(X)PfY.
Then from (4.30) and (4.81), we have proof.
We know that VF = 0. From (4.1) and (4.13) we obtain

(4.32) (DxF)Y = 7(FY)FX — n(Y)X,
and
(4.33) (Dx )Y = (Vx )Y +7(fY)fX —n(Y)f*X.

From (4.32) and (4.33) we have the following propositions.
Proposition 4.4. Let M be a half-lightlike submanifold of a semi-Riemannian

product manifold (Z\7, ﬁ) F' is not parallel with respect to quarter-symmetric non-
metric connection D.
Proposition 4.5. Let M be a half-lightlike submanifold of a semi-Riemannian

product manifold (]/\\447 §) f is not parallel with respect to quarter-symmetric non-

metric connection D.

From (4.14) we have

Di(X,Y)—=Di(Y,X) = Di(X,Y)—Di(Y,X)+g(x(Y)FX — n(X)FY,¢)
(4.34) = g(T(X,Y),€).
Similarly from (4.15) we obtain
(4'35) EQ(va)_E2(KX):g(T(X7Y)>u>'

From the (4.34) and (4.35) we have the following theorems

Theorem 4.1. Let M be a half-lightlike submanifold of a semi-Riemannian prod-
uct manifold (M,§> Then the lightlike second fundemental form D, of quarter

symmetric non-metric connection is symmetric if and only if there is no ltrTM
component of the torsion T
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Theorem 4.2. Let M be a half-lightlike submanifold of a semi-Riemannian product
manifold (M,ﬁ) Then the screen second fundemental form D, of quarter sym-

metric non-metric connection D is symmetric if and only if there is no s(TM™)
component of the torsion T .

Theorem 4.3. Let M be a screen semi-invariant half-lightlike submanifold of a

semi-Riemannian product manifold (Mj) Then the second fundemental form of

s(TM) is symmetric with respect to quarter symmetric non-metric connection if

and only if there is no RadT M component of the torsion tesor TP .

Proof. For any X,Y € T'(s(TM)), since E is symmetric, from (4.27) we obtain
EY(X,Y) = B*(Y, X) = w(¥)n(fX) = a(X)n(fY) = o(TP(X, ), N).

Thus proof is completed.

Lemma 4.1. Let M be a half-lightlike submanifold of a semi-Riemannian product
manifold (M,E) Then we have the following equation;

Di(X,Y) = Di(X,Y), i € {1,2}, VX € (L) and Y € T(TM)

Proof. For any X € I'(Ly), we know that wX = 0. Then from (4.14) and (4.15)
proof is completed.

From the above lemma we have the following theorem.

Theorem 4.4. Let M be a half-lightlike submanifold of a semi-Riemannian product
manifold (M7 §) . Then M 1is Lo— totally geodesic with respect to quarter symmetric
non-metric connection if and only if M is Lo— totally geodesic with respect to
connection V.

Theorem 4.5. Let M be a screen semi-invariant half-lightlike submanifold of a

semi-Riemannian product manifold (M, §> Then the following equivalent;
(i) L+ is integrable.

(ii) Apy X = ApxY, X,Y € T(L1)
(iit) EF second fundemental form of s(TM) with quarter symmetric non-metric
connection is symmetric on L.

Proof. For any X,Y € T'(L*) we obtain
G(X.YL,FN) = g(FIX,Y],N)
= g(VxFY —VyFX,N)
= g(AFnyAFyX,N).

and for any Z € T'(Lg) we get
(XY],2) = g(FIX,Y],FZ)
= g(VxFY —VyFX,FZ)
= g(ApxY — Apy X, FZ).
From (4.16) ve (4.19) we know that
ApyX = Apy X.
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Thus we get (i) < (7).
From (4.27) we know that E(X,Y) = E1(X,Y) and since teorem (2.1), we get
For any X,Y,Z € I'(L*) from (2.15) and (4.22) we obtain
(4.36) (Vxg)(Y,Z) = 0.
and
(Dxg)(¥,2) =0,
Thus we have the following proposition

Proposition 4.6. Let M be a screen semi-invariant half-lightlike submanifold of a

semi-Riemannian product manifold (M, ?]) Then we have

Vxg=0and Dxg=0, forany X,Y € I'(L}).

Corollary 4.1. Let M be a screen semi-invariant half-lightlike submanifold of
a semi-Riemannian product manifold (]\/\4/7 'gV> Then the following assertions are
equivalent:

(i) Di(X,Y) = Di(X,Y),i=1,2, X,Y € [(L)

(ii) Dy and Dy is symmetric on L.

(iit) If M is L— totally geodesic then M is L— totally geodesic with respect to
quarter symmetric non-metric connection.

(i) If M is L— totally umbilic then M is L— totally umbilic with respect to quarter
symmetric non-metric connection.

Proof. For any X,Y € I'(L)

since wi(X) =0 = we(X), we obtain

D(X,Y)=D1(X,Y),

DQ(Xa Y) = DQ(X7Y)
Thus proof is completed.

Theorem 4.6. Let M be a mized geodesic semi-invariant half-lightlike submanifold

of a screen semi-Riemannian product manifold (]T/f, §) Then for any X € T'(L)
and Y € T(L*Y) we have

Di(X,Y)=0,i=1,2
Proof. For any X € T(L) and Y € T'(L*) we obtain
Di(X,Y) = g(DxY,€) = §(VxY,€) = Di(X,Y),
and
Da(X,Y) = §(DxY,u) = §(VxY,u) = Da(X,Y).

thus proof is completed.
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ON THE STRICTION CURVES OF INVOLUTIVE FRENET
RULED SURFACES IN E3

SEYDA KILICOGLU, SULEYMAN SENYURT, AND ABDUSSAMET CALISKAN

ABSTRACT. In this article we conceive eight ruled surfaces related to the evo-
lute curve a and involute a*. They are called as Frenet ruled surface and
involutive Frenet ruled surfaces, cause of their generators are Frenet vector
fields of evolute curve a. First we give tangent vector fields of striction curves
of all Frenet ruled surfaces and the tangent vector fields of striction curves
of involutive Frenet ruled surfaces are given according to Frenet apparatus of
evolute curve a. Further we give only one matrix in which we can see sixteen
position of these tangent vector fields, such that we can say there is six position
the tangent vector fields are perpendicular.

1. GENERAL INFORMATION

Deriving curves based on the other curves is a subject in geometry. Bertrand
curves, involute-evolute curves are this kind of curves. By using the analogous
means we generate ruled surface based on the other ruled surface. The properties
of the B-scroll are also examined in Euclidean 3-space, Lorentzian 3-space and n-
space with time-like directrix curve and null rulings (see [2], [5], [6] ). Differential
geometric elements of the involute D scroll are examined in [10]. Let Frenet vector
fields be Vi (s),Va (s), V3 (s) of o and let first and second curvatures of the curve
a(s) be k1 (s) and ko (s), respectively. The quantities {V1, Va2, Vs, k1, k2} are Frenet-
Serret elements of the curves. Frenet formulae are,

Vi 0 k0 Vi
(1.1) Vo |=| -k 0 k ||V
Vs 0 —k 0 | [V

The Darboux vector makes a path of curvature k; and torsion ko, curvature is the
measuring of the rotation of the Frenet frame on the binormal unit vector, and
torsion is the measurement of the rotation of the Frenet frame on the tangent unit
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Key words and phrases. Involute curve, Striction curves, Ruled surfaces, Frenet ruled surface,
Involutive Frenet ruled surface.
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vector. For any unit speed curve «, according to the Frenet-Serret elements, the
Darboux vector can be defined

(1.2) D(s) = ka(s)V1 (s) + k1(s)V5 (s)

where curvature functions are defined by ki(s) = ||[Vi(s)|| and ka(s) = — <V2, V3> .
The Darboux vector field of « and it has the bellowing symmetrical properties, [3].

(1.3) D(s) = Z—i(s)vl (s) +Vs(s)

throughout «(s) under the condition that kq(s) # 0 and it is called the modified
Darboux vector field of « [8].

Let unit speed regular curve o : I — E? and o* : I — E3 be given. For Vs € I,
then the curve a* is called the involute of the curve a, if the tangent at the point
«(s) to the curve « passes through the tangent at the point a*(s) to the curve o,
then we can write that

o (s) =a(s)+ (c—s)Vi(s),c = const.

The distance between corresponding points of the involute curve in E? is d(oz(s)7 a* (s)) =
|c — s|, ¢ is constant ,Vs € I, ([4],[9]). The Frenet vector fields of the involute o,
based on the its evolute curve o are

Vir=Va,
Vi=—HB V4 2V
(1.4) 2 (k%;kg)% ! (k%:kg)’z 3
Vi=—k v+ By
T me) T (et 0
and
(1.5) bk Kk kb L b

3 1
2 2

= Vi
(ki +k3)* (ki +k3) (ki +k3)
The first curvature and second curvature of involute o* are, respectively [9],

/

/1.2 2 —k2(k
(16) ki _ kl + k2 kX 2 (k2>

(c—shki’ "% (c—s)ky (k] +k3)’

/
Since n =k} + k3 #0, and pu = (%) , we have

2 , , 2
k24 k3 = (V"?f+k§> n ( koki —k1k2)> _ ki

(1.7 n*

Ak ACE R

) kgky — k' ks ) )
(18) 4 = (k;) ds M (B3+63) 1 koki —kike  pk
: =

P 712 \b. 3 3
ds \/lilk-i-l% Ak k1 (k% + k%)2 )\772
/

N k2 +k2 5 /
( 9% L LT (AR ) 1
7 (k2453)° +(koki—k1k2)® | Ay 3+ k2 ) Nk

A2k2(k2+k2)°
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A ruled surface is generated by a one-parameter family of straight lines and it
possesses a parametric representation |

(1.10) o(s,v) = a(s) +va(s),

where o and x are curves in E3. We call ¢ a ruled patch. The curve « is called the
directrix or base curve of the ruled surface, and z is called the director curve, [1].
The striction point on a ruled surface is the foot of the common normal between
two consecutive generators. The set of striction points defines the striction curve
given by [1]

(1.11) e(s) = as) — QeTs) oy

(xs,xs>

2. ON THE STRICTION CURVES OF INVOLUTIVE FRENET RULED SURFACES IN E3

Theorem 2.1. The striction curves of Frenet ruled surfaces are, [7]

. 0 0 0
k1
e —a 0 mmg O f
(2.1) a | = 0 0 0 V2
G4 — 752 7 0 k_l 7 Vs
ki (32) ()

Theorem 2.2. Tangent vector fields Ty, T, T3, and Ty of striction curves
along Frenet ruled surface are given by

1 0 0
Ty k3 le , k1 ko i
I | _ | ol sG] allea] V-
= 2
Ty 1 0 v
Ty p—p =52 0 W 3
e el
/
k
where k? + k3 =, (1??) = U
Proof. Tt is given this matrix, so we get equalyties as follows:
Ti(s)=T3(s)=0a' (s) =W,
Since c2(s) = a(s) + ﬁ‘/g and
k2 (7) k1ks
T5(s) = 2 V
] A O] R ) A AR BN EAOT A
Also
k i 2 Lk / k: " & k ! "
() - () () -2 (8) )
T4 (8) 2 Vl - 2 ‘/37
kz ! / kz !
() ) el () ) el
2 _ 1 ko /
e [
T, (8) = LV + V3.
TR EAC| 1 [l (s)
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Definition 2.1. Let a* (s) be involute of a(s) with arc-lenght parameter s. The
equations

i (s,01) = @™ () + 01 V7" (s)
5 (5,02) = @™ () + v2V5 (s)
5 (s,03) = a” (s) + v3V5" (s)
i (8,04) = " () + vaD*(s)
are the parametrization of Frenet ruled surface of involute curve a* (s).

The above definition can be written as follows.
@1 (s,01) = a(s) + (0 —s)Vi(s) +v1Va(s),

5 (s,02) = a(s) + (0 = 5)Vi (s) + vp | AR )
(ki+#3)2
kaVit+ki1Vs

05 (s,v3) =a(s)+ (0 —s)Vi (s) + vs (k%+k§)%

)

5 (s,v4) = a(s) + (0 — 5)Vi (s)
ko _ ki ko —kiky k1V3
o (m ! ‘ )

(k3+42) 2 SRV
Theorem 2.3. The equations of the striction curves of involutive Frenet ruled
surfaces on the evolute curve a according to Frenet elements of evolute curve a, [7]

& o A 0 0
1 k3 kyk V;
(2.2) doa || Mimadm) 0 M v
’ c5—a A 0 0 v
c — N — k2 —m kr 3

m’ n2 m’'nz

Theorem 2.4. Tangent vector fields T1", Ty, 13", Ty* of striction curves of in-
volutive Frenet ruled surface according to Frenet elements by themselves are given

by

0 1 0
T —b*k1 + c*ko o b'ko 4Tk v
* 1 1 1
(2.3) T (kT + k3)> (k% + k3) Va
15" 0 1 0 Vv
T, e*ka & e*ky 3
(ki +K3)” (ki +K3)?
where
k*2 (ﬁ)/ ke lex
at = *+’ b* = *17/ ? ¢ = * 1*/2
3" (s)]] 3" ()| 7[5 (9)]]
k o xl ﬁ ’
P M 2 5 o w*
wlley’ ()l e es' )]

and k3% 4+ k3% = n*

/
)=
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Proof. Tangent vector fields Ty, 15", T3*, T4 of striction curves of involutive Frenet
ruled surface matrix form as follows;

Ty 1 0 X
5 | | a* b c* “;1*
Ty | |1 0 0 VQ*
Ty a0 e 3

Ty 1 0 0 0 1 0
* * * * —k k Vl
T2 — a b ¢ (k2+k12)% 0 (k2+]2<:2)% V2
T§< 1 O 1 k 2 1 & 2
T; e 0 e || et  wapr LY
4 e (k3+K3)2 (k3+K3)2

or

[ 0 1 0 ]
Tl* —b*kl + C*k2 % b*kQ + C*kl v
1 1
L | _ | (R+#3)? R+ ||
* S 2
Ty 0 1 0 V
T4* e*ko d* e*ky 3
(k2 +K3)* (R2+43)° ]

Theorem 2.5. The product of tangent vector fields Ty, Ty, T3, T; and tan-

gent vector fields Ty, T, T3, Ty, of striction curves belonging to Frenet ruled
surfaces and involutive Frenet ruled surfaces are given by,

O 7k1b* + kQC* 0 kge*
I X bz bnzd* + (aky + cki)e”
.4 1T = — n rr] 77 2 1
(2 ) [T] [T ] 77% 0 —k‘lb* + k'QC* 0 k‘ge*
0 Y 0 e* (dks + ekq)

where X = bpza* + (—aky + cks) b* + (aks + cky) ¢* and Y = b* (—dky + eks) +
c* (de —+ ekl)
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Proof. By using matrices (2.3) and (2.4), we can write

nrm 1" 10 0 ], 1 0 0 L)
* Vi * * * Vl
T 75 B a b c v a* b ¢ Vo
Ts T; - 1 0 0 V2 1 0 0 Ve
T T; | 4 0 e | L7 | dx 0 ex 3
10 0 ] V1T oy T 1 0 01"
_ b c Vl Vl* a* b* c*
- 1 0 0 V? VQ 1 0 0
i 0 e | s 1L dx« 0 ex
10 0 ] 1 0 0
- a b c 1 0% _(;ﬁ %2 a* b
- 1 0 0 e 770 A 1 0 0
| d 0 e | 2 L dx 0 ex
0 —klb* + kQC* 0 k26*
_ 1 bz X bpz  byzd* + (aks + cky) e*
Copr | 0 kb ket 0 kae*
0 Y 0 e* (dka + eky)
0

The position of the unit tangent vector field 77,75, 75, T of ruled surfaces
V1,95, 05, @4, respectively, on the curve a*, can be expressed by the bellowing
matrix;

«T _ 2,41 2,49 2, 2,
Cor MR iy ) () @) |
Tty (0T (LT (1)

here [T*]" is the tranpose matrix of [T*].

The six pairs of Frenet ruled surface and involutive Frenet ruled surface have stric-
tion curves with orthogonal tangent vector fields, these are

Tangent and involutive tangent ruled surfaces of the a,

involutive binormal and tangent ruled surface of the «,

involutive tangent and binormal ruled surface of the «,

Binormal and involutive binormal ruled surfaces of the «,

Darboux and involutive tangent ruled surfaces of an «,

Darboux and involutive binormal ruled surfaces of an a.

Theorem 2.6. Tangent vector fields of striction curves on tangent ruled surface
and involutive normal ruled surface and binormal ruled surface have orthogonal

(&)
<)M
under the condition are @ =17
k1 kiks
Proof. Since the equations (2.4) and (2.5), we have
&\

—kyb* + koc* k (*) n
RO R g2\ T

775 k‘1 k‘l k‘g
this completes the proof. [

(,1y) = (I315) =
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Theorem 2.7. Tangent vector fields of striction curves on tangent ruled surface
and binormal ruled surface and involutive Darboux ruled surface have orthogonal
koky — Ky ko
NN
My (K2 + k2)?
Proof. From the equations (2.4) and (2.5), we have

under the condition are = constant.

1
<T1,TI> = <T35TZ>:T’Z€2€* :0:>k26*:0,k2#0
772
ko1 — ik
e = 0= (u*) =0=—= 22 "2 _ const.,
ey (K2 + k2)?
this completes the proof. ([

Theorem 2.8. i) Tangent vector fields of striction curves on normal and involutive
B\ _
mim) =0
4t) Tangent vector fields of striction curves on normal and involutive binormal ruled
!
=0.

tangent ruled surfaces have orthogonal under the condition are (

surfaces have orthogonal under the condition are (Jﬁ)
1 2
Proof. i) By using the equations (2.4) and (2.5), we can write
k /
(karlkg’) k1

(T, T7) = b=

= =0= (—+-) =0,
D] (i)

this completes the proof.
ii) Since (T, T5) = b, it is trivial. O

Theorem 2.9. Tangent vector fields of striction curves along normal and involutive
normal ruled surfaces are orthogonal under the condition

bn2a* + (—aky + ck2) b* + (aks + cky1) c* = 0.

Proof. Since the equations (2.4) and (2.5), we have

X
(Tp,T5) = —=0=X= bn?a* + (—aky + cky) b* + (aks + cky) ¢* =0,
’[72
this completes the proof. ([

Theorem 2.10. Tangent vector fields of striction curves along normal and invo-
lutive Darboux ruled surfaces are orthogonal under the condition

bnzd* + (ake + cky) e = 0.

byzd* + (aks + cky) e*
Proof. Since (T»,Ty) = nd” o+ (aks + cky)e in the equations (2.4) and (2.5) and

1
775
under the orthogonality condition bnzd* + (aky + ck1)e* = 0. O

Theorem 2.11. Tangent vector fields of striction curves along Darboux ruled sur-
face and involutive normal ruled surface are orthogonal under the condition

k1 _ (dc* +eb”)
ko (db* — ec*)
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Proof. Since the equations (2.4) and (2.5), we have

Y
<T47T2*> = T:O:Y:b* (—dk1+ek2)+c* (dk2+ek1):O
’]72
ki (dc* + eb*)
— _ = —
ke (db* —ec*)’
this completes the proof. O

Theorem 2.12. Tangent vector fields of striction curves on involutive Darbouz
ruled surface and Darbouz ruled surface are orthogonal under the condition (dks + ek1) =

!
o
0 or (,f) = const.
1

Proof. By using the equations (2.4) and (2.5), we can write
e* (dkg + ekl)
-y

(Ty, Ty) = T =0= (dka+ek1) =0 ore* =0
772
k'
et = 0= pu* =const. = (I;k) = const.
1
this completes the proof. ([l
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SPHERICAL PRODUCT SURFACES IN THE GALILEAN SPACE

MUHITTIN EVREN AYDIN AND ALPER OSMAN OGRENMIS

ABSTRACT. In the present paper, we consider the spherical product surfaces
in a Galilean 3-space G3. We derive a classification result for such surfaces of
constant curvature in G3. Moreover, we analyze some special curves on these
surfaces in Gs.

1. INTRODUCTION

The tight embeddings of product spaces were investigated by N.H. Kuiper (see
[17]) and he introduced a different tight embedding in the (ny + na — 1) —dimensional
Euclidean space R™+72~1 a5 follows: Let

C1 : M — Rnl,
1 (Uty ey m) = (1 (U1y e, Um) s eeey fog (U1, ey Um))

be a tight embedding of a m—dimensional manifold M™ satisfying Morse equality
and

Co : Snz_l — an,

€1 (1]17 "‘71)”2*1) = (91 ('U17 "'7vn271) y oo no ('Ula ooy 'Ungfl))
the standard embedding of (ng — 1) —sphere in R"2, where u = (uy, ..., u;,) and
v = (V1 ..., Un,—1) are the local coordinate systems on M™ and S"2~1, respectively.
Then a new tight embedding is given by
X=c ®cy: M™ xSt Rutn2—l
(u,0) = (1 (W) s oo fry -1 (W), fry (W) 91 (V) s firy (W) Gy (V)

Such embeddings are obtained from ¢; by rotating R™ about R™* ! in Rmtn2—1

(cf. [4]).
B. Bulca et al. [6, 7] called such embeddings rotational embeddings and consid-
ered the spherical product surfaces in Euclidean spaces, which are a special type

2000 Mathematics Subject Classification. 53A35, 53B25, 53C42.
Key words and phrases. Galilean plane, spherical product surface, Gaussian curvature, geo-
desic line, asymptotic line.
290
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of the rotational embeddings as taking m = 1,n; = 2,3 and ne = 2 in above
definition.

The surfaces of revolution in R? can be considered as simplest models of spherical
product surfaces as well as the quadrics and the superquadrics [5].

On the other hand, the Galilean geometry is one model of the real Cayley-Klein
geometries which has projective signature (0,0,+,+). In particular, the Galilean
plane G is one of three Cayley-Klein planes (including Euclidean and Lorentzian
planes) with a parabolic measure of distance. This projective-metric plane has an
absolute figure {f, P} for an absolute (ideal) line f and an absolute point P on f.

Many kind of surfaces in the (pseudo-) Galilean 3-space G (further details of
G3 see Section 2) have been studied in [3], [8]-[10], [15, 16], [22]-[28] such as ruled
surfaces, translation surfaces, tubular surfaces, etc.

In the present paper, we consider the spherical product surfaces of two Galilean
plane curves in Gz. We obtain several classifications for the spherical product sur-
faces of constant curvature in Gs. Then some special curves on such surfaces are
also analyzed.

2. PRELIMINARIES

For later use, we provide a brief review of Galilean geometry from [12, 13], [18]-
[28].

The Galilean 3-space Gs can be defined in three-dimensional real projective
space P3 (R) and its absolute figure is an ordered triple {w, f, I}, where w is the
ideal (absolute) plane, f a line in w and I is the fixed elliptic involution of the
points of f. The homogeneous coordinates in Gg is introduced in such a way that
the ideal plane w is given by x¢ = 0, the ideal line f by ¢ = 1 = 0 and the elliptic
involution by

(0:0:29:23) — (0:0:23: —x2).

By means of the affine coordinates defined by (2o : 21 :22:23)=(1:2:y: 2),

the similarity group Hg of Gz has the following form

z a+ bx
g = cH+dr+r(cosh)y+r(sinh)z
z e+ fr+r(—sinf)y +r(cosh) z,

where a, b, c,d, e, f,r and 0 are real numbers. In particular, for b = r = 1, the group
becomes the group of isometries (proper motions), Bg C Hg, of Gs.

A plane is called Fuclidean if it contains f, otherwise it is called isotropic, i.e.,
the planes x = const. are Euclidean, in particular the plane w. Other planes are
isotropic.

We introduce the metric relations with respect to the absolute figure. The
Galilean distance between the points P; = (u;, vs, w;) (i = 1,2) is given by

lug — uql, if ug # 0 or ug # 0,
\/(vg —v1)2 + (wo —w1)2, if u; =0 and ue = 0.

d(P17P2)={

The Galilean scalar product between two vectors X = (x1,z9,23) and Y =
(y1,Y2,y3) is given by

X.y -l m ifx; #0or y; #0,
Toyo + x3y3, if z1 =0 and y; = 0.
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In this sense, the Galilean norm of a vector X is | X|| = vX - X. A vector X =

(1,22, x3) is called isotropic if ;1 = 0, otherwise it is called non-isotropic.
The cross product in the sense of Galilean space is
r1 X3 r1 X2
yioys| |y y2|/)

Let D be an open subset of R? and M? a surface in G3 parametrized by

)

XxgY = (0,—

r:D— Gz, (u1,u2) — (r1 (u1,u2),72 (u1,u2),r3 (ui,u2)),
where 7, is a smooth real-valued function on D, 1 < k < 3. Denote
(), = Ore/Ou; and (ri),,,, = 01y /Ou;0uj, 1<k <3and1<i,j<2.

Then such a surface is admissible (i.e., without Euclidean tangent planes) if and
only if (r1),. # 0 for some i = 1,2.
Let us introduce

gi = (11),,, » hij = (r2),,, (r2),, + (r3),, (r3),,, i,j =1, 2.
Hence the first fundamental form of M? is
I =ds? + eds3,
where
ds? = (g1duy + gadus)®, ds? = hyydu? + 2hyaduydug + hasdu?

and
- 0 if the direction duq : dus is non-isotropic,
“ | 1 if the direction du; : dus is isotropic.

Define the function w as
2 2
w = \/((Tl)u2 (r3), = (1), (73)0,) " + (1), (r2)y, — (1), (r2),,)"
Thus a side tangential vector S in the tangent plane of M? is defined by
1
(21) 8= —(0,(r)y, (r2)u, = (M) (P2)uy s (M), (73)uy = (M), (1)) -
The unit normal vector field U of M? is an isotropic vector field given by
1
(22)  U=_ (0,(r1)y, (r3)y, = (M), (78)0y > (1), (12)y, — (1), (72).,,) -

In the sequel, the second fundamental form II of M? is
IT = Ly dul + 2Lyoduydug + Logdu3,

where

1
L = —

ij 7
1

9

(91 (0020, - 19)u, ) = (901, (0.(r2),, 4 (9),,,) ) - U
(92 (0 02) 0, + 19), ) = (901, (0. (r2),,,(79),,,) ) - U

A surface is called totally geodesic if its second fundamental form is identically zero.
The third fundamental form of M? is

III = Pydu? + 2Piaduyduy + Paadu?,

where
(2.3) Py =Uy, - Uy, Po=U,, -Uy,, Py =U,, -U,,.
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The Gaussian curvature K and the mean curvature H of M? are of the form

L1 Los — L3,
- 2

9§L11 —2g192L12 + Q%L22

(2.4) K =

and H =
w

A surface in G is said to be minimal (resp. flat) if its mean curvature (resp.
Gaussian curvature) vanishes.

3. SPHERICAL PRODUCT SURFACES OF CONSTANT CURVATURE IN Gg

Let ¢; : I; CR — Go, i = 1,2, be two Galilean plane curves given by

c1(u) = (p1 (u),p2 (u)) and ez (v) = (g1 (v), g2 (v)),

where p; and ¢; (i = 1, 2) are respectively smooth real-valued non-constant functions
on the intervals I; and I. Thus the spherical product surface M? of the two plane
curves in Gg is defined by

(B1l) ri=c1®ca: Iy x Is — G3, (u,v) — (p1 (u),p2 (u) q1 (v),p2 (v) g2 (v)) .

dpi 1 __ dqgi
du i = que

We call the curves ¢; and ¢y generating curves. Denote p) = etc.

Since p; and ¢; are non-constant, M? is always admissible.
It follows from (2.1), (2.2) and (3.1) that the side tangent vector field S is

(32) S = ———— (0. ~¢},~4})

and the unit normal vector field U becomes

(33) Us————— (0.-dha)).

Remark 3.1. The equality (3.3) immediately implies from (2.3) that a spherical
product surface in G3 has degenerate third fundamental form, i.e., Pyy Poo— P2, = 0.

For the coefficients of the first fundamental form, we have g; = p} and g, = 0.
Also the coefficients of the second fundamental form are

/ 2 12
(34) Lll - —%alﬁ’, L12 = 0, LQQ = %7/’
(¢1)" + (a3) (¢1)” + (a3)
where
/ !
(3.5) a:&;,ﬂ:qj’vzqff.
1 a1 1

Remark 3.2. Tt is easy to see that when cs is a line passing through the origin, then
B = const. and hence the spherical product surface is totally geodesic.

Therefore, the next results classify the spherical product surfaces in Gs with
constant mean curvature and null Gaussian curvature.

Theorem 3.1. There does not exist a spherical product surface in Gz with constant
mean curvature except isotropic planes.
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Proof. Let M? be a spherical product surface given by (3.1) in Gz with constant
mean curvature Hy. From (2.4), we have

7\2
(3.6) 2H, = (a1) e

Then differentiating of (3.6) with respect to u yields that
v () ,

~ ) (@) + (@)*)”

Since the functions p; and g; are non-constant functions, it follows from (3.7) that

v' =0 and thus Hy = 0. Considering v = const. in (3.5), then it turns to

(3.8) @2 =Mq + A2, A1 #0,

which implies that ¢y is a line. Moreover, from (3.3), we have the constant unit
normal vector field U as

(3.7) 0=

1
(3.9) U= —(0,-X1,1), \y #0.
1+ (Ar)°
This means that the spherical product surface is an open part of an isotropic plane,
which proves the theorem. O

Theorem 3.2. A spherical product surface of the curves c; and co in Gz is flat if
and only if either it is an isotropic plane or the generating curve ¢y is a line.

Proof. Assume that M? is a flat spherical product surface of the curves ¢; and cy
in Gs. For the Gaussian curvature K, by using (2.4) , we get

(a1)’ (a1)”
pipz (0 + (a3)°)

OZK:

QO/ﬂ/,_y/'

Thus three cases occur:
Case (A) a = const. Then, we deduce

P1 = Asp2 + A1, Az # 0,
which implies that ¢; is a line.

Case (B) 3 = const. Hence £ = const. for all v € I; and the generating curve
¢y is a line passing through the origin. This gives that M? is a totally geodesic
surface and an open part of an isotropic plane.

Case (C) v = const. This case was already analyzed via (3.8) and in this case
M? is an open part of an isotropic plane.

Therefore the proof is completed. O

By using Theorem 3.1 and Theorem 3.2, we have the following classification
result.

Corollary 3.1. (Classification) For a spherical product surface M?of the curves
c1 and co in Ggs, the following statements hold:

(A) If ¢y is a line, then M? is flat but not minimal,

(B) If co is a line passing through the origin, then M? is a totally geodesic surface
and an open part of an isotropic plane,
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(C) If ca is a line of the form y = mx +n, m,n # 0, then M? is an open part
of an isotropic plane,

(D) There does not exist a spherical product surface with constant mean curvature
except isotropic planes.

Example 3.1. Let us consider the spherical product surface of the Euclidean ellipse

‘%2 + y—; = 1 and the line y = 0.5x + 2.5. Thus we parametrize the surface being flat
but not minimal as follows

r(u,v) = (u—3,(0.5u+ 1) (2sinv), (0.5u + 1) (3cosv)), 0 < u,v < 2.
We plot it as in Fig. 1.

FIGURE 1. The flat spherical product surface of an Euclidean el-
lipse and a line, K = 0.

4. CURVES ON SPHERICAL PRODUCT SURFACES IN G3

There exist a frame field, also called the Darbouz frame field, for the curves
lying on surfaces apart from the Frenet frame field. For details, see [11, 14]. Let
v be a curve lying on the surface M? with unit normal vector field U. By taking
T = . (%) one can get a new frame field {T, T x U, U} which is the Darboux
frame field of v with respect to M?2.

On the other hand, the second derivative ¥ of the curve v on M? has a component
perpendicular to M? and a component tangent to M?2, i.e.,

(4.1) 4 = tan (4) + nor (4)

where the dot ” -7 denotes the derivative with respect to the parameter of the
curve. The norms ||tan (¥)|| and ||nor (¥)]|| are called the geodesic curvature and the
normal curvature of v on M?, respectively. The curve v is called geodesic (resp.
asymptotic line) if and only if its geodesic curvature k4 (resp. normal curvature
Ky ) vanishes.

Let us consider the spherical product surface r = ¢; ® co in Gg given by (3.1).
As in the previous section, put

c1 (u) = (p1 (), p2 (uv) and ¢z (v) = (1 (v), g2 (v)) -
The geodesic curvatures of the u—parameter curves and v—parameter curves on
r = ¢1 ® g are respectively given by (see [10])

0, if p; is non-linear

!

=S 1y, = Py (0191 +4a245)

————_— 2/ if p; is linear
V(a1)*+(at)?

(4.1) K
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and

— i Y/
(4.2) KD =S Ty, = P2 (44 + 4295)
2 2
(¢1)" + (a3)
By considering (4.1) and (4.2), we derive the following result.

Theorem 4.1. Let M? be a spherical product surface of the curves ci(u) =
(p1 (u),p2 (w)) and c2 (v) = (q1 (v), g2 (v)) in Gz. Then we have

(A) If p1 is a non-linear function, then the u—parameter curves are geodesic
lines. Otherwise (when py is a linear function) the u— parameter curves are geodesic
lines if and only if either

(A.1) ps is a linear function, or

(A.2) cq is an Euclidean circle.

(B) The v— parameter curves are geodesic lines if and only if co is curve satis-

fying the equation
g1 = :l:/\/)\g — (q’z)zdv.

Proof. From (4.1), the statement (A) of the theorem is clear. Now let assume that
p1 is a linear function. Then, by (4.1), we deduce that the u—parameter curves
are geodesic lines (i.e. rj vanishes) if and only if either ps is a linear function (this
implies the statement (A.1) of the theorem) or

(4.3) G191 + ¢2¢5 = 0.

From (4.3), we conclude ¢ + g5 = A; for some constant A\; > 0. It means that
co is an Euclidean circle with radius v/A; and centered at origin. This proves the
statement (A.2) of the theorem.

If Ky is equivalently zero, then we have from (4.2) that ¢jq¢} + ¢3¢5 = 0, i.e.,

o=t / Ve — ()%,

which completes the proof. ([

The normal curvatures of the parameter curves on r = ¢; ® ¢z (see [10]) are
respectively given by

0, if py is non-linear
u __ _ _ " /_ ’
(4.4) ki =U g, = 1%¢$$Xﬁmsmm
VAU 45
and
(4.5) o _U.p = P21 —die)
. .= o = .

(a1)” + (a5)°
Theorem 4.2. Let M? be a spherical product surface of the curves ¢y (u) =
(p1 () ,p2 (w)) and c2 (v) = (q1 (v), g2 (v)) in Gsg. Then we have the following:

(A) If p1 is a non-linear function, then the u—parameter curves are asymptotic
lines. Otherwise (when py is a linear function) the u— parameter curves are as-
ymptotic lines if and only if either

(A.1) ps is a linear function, or

(A.2) M? is a totally geodesic surface.
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(B) The v— parameter curves are asymptotic lines if and only if M? is an open
part of an isotropic plane.

Proof. From (4.4), the statement (A) of the theorem is obvious. If p; is a linear
function, then by (4.4) we derive that the u—parameter curves are asymptotic lines
if and only if either ps is a linear function (it gives the proof of the statement (A.1)
of the theorem), or

(4.6) @195 — ¢192 = 0.

It follows from (4.6) that g2 = A1q; for nonzero constant A;. Considering Remark

3.2 implies that M? is totally geodesic surface, which proves the statement (A.2).
Also, in case when v—parameter curves are asymptotic lines, from (4.5), the

following satisfies

(47) Q2 = Aoq1 + A3, Ao 7’5 0.
From (3.3), the equality (4.7) implies the statement (B) of the theorem.
Thus the proof is completed. (I

A curve « on a regular surface M? is called a principal curve if and only if the
its velocity vector field always points in a principal direction. Moreover, a surface
M? is called a principal surface if and only if its parameter curves are principal
curves (cf. [14]).

A principal curve 7 on a surface in Gz is determined by the following formula

(4.8) det (w,uU) —0,

where U is the unit normal vector field of the surface (see [10]). Considering (3.1),
(3.3) and (4.8), we immediately derive

det (r,,, U,U,) =0 and det(r,,U,U,) =0,
which yields the following.

Corollary 4.1. The spherical product surfaces in Gz are principal ones.
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THE CHARACTERIZATIONS OF SPACELIKE CURVES IN R}

M. AYKUT AKGUN, A. IHSAN SIVRIDAG, AND EROL KILIC

ABSTRACT. In this paper, we study the geometry of position vectors of a
spacelike curve in the Minkowski 4-space. We give some characterizations
for spacelike curves to lie on some subspaces of R‘ll.

1. INTRODUCTION

The Frenet frames for spacelike, timelike and null curves have been studied and
developed by several authors [5], [3], [11], [1] and [2]. A. Fernandez, A. Gimenez
and P. Lucas introduced a Frenet frame with curvature functions for a null curve
in a Lorentzian manifold and studied null helices in Lorentzian space forms [2]. C.
Coken and U. Ciftci studied null curves in the 4-dimensional Minkowski space R}
, and give some results for psoudospherical null curves and Bertrand null curves.

K. Tlarslan and O. Boyacioglu studied position vectors of a timelike and a null
helice in R} [5]. K. Ilarslan and E. Nesovic gave some characterizations for null
curves in R and they obtained some relations between null normal curves and
null osculating curves as well as between null rectifying curves and null osculating
curves [6].

K. Ilarslan studied spacelike normal curves in Minkowski space E$ and gave some
characterizations of spacelike normal curves with spacelike, timelike and null prin-
cipal normal [6]. K. Harsalan, E. Nesovic and M. Petrovic-Torgasev characterized
non-null and null rectifying curves, lying fully in the Minkowski 3-space [7].

A. T. Ali and M. Onder characterize rectifying spacelike curves in terms of their
curvature functions in Minkowski spacetime [3]. M. Onder, H. Kocayigit and M.
Kazaz gave some characterizations for spacelike helices in Minkowski spacetime and
found the differential equations characterizing the spacelike helices in Minkowski
4-space [11].

M. A. Akgun and A. I. Sivridag studied null Cartan curves in Minkowski 4-space
and give some theorems for null Cartan curves to lie on some subspaces of R [13].

M. A. Akgun and A. I. Sivridag studied spacelike and timelike curves to lie on
some subspaces of R} and give some theorems in [14] and [15].

2000 Mathematics Subject Classification. 53A35, 53B30.
Key words and phrases. Spacelike curve, Frenet frame, Minkowski spacetime.
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This paper organized following: In section 2 we give some basic knowledge related
with curves in Minkowski space-time. Section 3 is the original part of this paper.
In this section we investigate the conditions for spacelike curves to lie on some
subspaces of R} and we give some characterizations and theorems for these curves.

2. PRELIMINARIES

Let R} denote Minkowski space together with a flat Lorentz metric (,) of sig-
nature (—,+,+,+). A vector X is said to be timelike if (X, X) < 0, spacelike if
(X,X) > 0or X =0 and null(lightlike) if (X, X) =0 and X # 0. The norm of a
vector X € R} is denoted by || X|| and defined by || X|| = v/[{X, X)|.

A curve a in R is called a null curve if (o/(s),a/(s)) = 0 and o/(s) # 0, timelike
curve if (¢/(s),d/(s)) < 0 and spacelike curve if (¢/(s),a/(s)) > 0 for all s € R.

Let a be a spacelike curve in R{ with the Frenet frame {T, N, By, By} and let
N be null vector and B; be null vector. In this case there exists only one Frenet
frame {T, N, By, B2} for which «(s) is a spacelike curve with Frenet equations

VT = kN

VrN = k9B,
VB = —kiT+ k3B
VrBy = —ksN —koB,

where T, N, B; and By are mutually orthogonal vectors satisfying the equations
<BlvBl> = <N7N> = 05 <T5T> = <B27B2> = 15 <NaBl> =1
[12]

3. THE CHARACTERIZATIONS OF SPACELIKE CURVES IN R}

In this section we will investigate some characterizations of spacelike curves to
lie on some subspaces of Rf.

Let a be a spacelike curve in R with the Frenet frame {T', N, By, Ba}. Then, the
subspaces of R} spanned by {T, N}, {T, B1}, {T, B>}, {N, B1}, {N, By}, {By, B2},
{T, N, Bl}, {T, N, BQ}, {T, Bl, BQ} and {]\f7 Bl, B2}

Case 1) First we will investigate the conditions under which the spacelike
curve « lies on the subspace spanned by {7, N}. In this case we can write

(3.1) a(s) = A(s8)T + u(s)N

for some differentiable functions A and p of s, which is the arc-length parameter of
a(s) . Differentiating (3.1) with respect to s and by using the Frenet equations we
find that

o (s) = N(8)T + (A()kr(s) + 1'(s))N + p(s)k2(s) B

where o/ = T. Since {T, N, By, Bz} is a Frenet frame we have the following equa-
tions.

If pu(s) = 0 we find k1(s) =0 and A(s) = s + ¢. So we have
a(s) =(s+)T
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If ko(s) = 0,then we find p(s) = — [(s + ¢)ki(s)ds. So we have

a(s) = (s + )T — (/(s + )k (s)ds)N.

Thus we have the following theorem.

Theorem 3.1. A spacelike curve o in R} lies on the subspace spanned by {T, N}
if and only if it is in the form

als)=(s+o)T
where ki(s) =0 or

a(s) =(s+ )T — (/(s +c)ki(s)ds)N
where ka(s) =0
Case 2) We will investigate the conditions under which the spacelike curve o
lies on the subspace spanned by {7, B1}. In this case we can write
(3.2) a(s) = Ms)T + ju(s) By
for some differentiable functions A and u. Differentiating (3.2) with respect to s
and by using the Frenet equations we find that
/() = (N(s) = u(s)k1())T + A(s)k1(s)N + p'(s) By + pu(8)ks(s) Ba.-
Since {T, N, B1, B} is a Frenet frame we have the following equations.
X (s) = u(s)ks(s) = 1
A($)k1(s) =0
p(s)ks(s) =0

w(s)=0
From the equation A(s)ki(s) = 0, if A(s) = 0 then we can write u(s) = —ﬁ(s) =
cons. and k3(s) = 0. So we have
1
=——B.
a(s) ) 1

If k1(s) = 0 and p(s) =0 we find A(s) = s + ¢. So we have
a(s) = (s+o)T.
If k1(s) = k3(s) = 0 then we find p(s) = ¢o and A(s) = s + ¢;. So we have
a(s) = (s+ )T + caBy.
Thus we have the following theorem.

Theorem 3.2. A spacelike curve o in R} lies on the subspace spanned by {T, By}
if and only if it is in the form

where k3(s) =0 or
a(s) =(s+)T
where k1(s) =0 or

a(s) =(s+ )T+ 2By
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where k1(s) = ks(s) =0 and c,c1 and co are constants.

Case 3) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {7, Bo}. In this case we can write

(3.3) a(s) = A(s)T + (s) B,

for some differentiable functions A and p of the parameter s. Differentiating (3.3)
with respect to s and by using the Frenet equations we find that

/() = N(s)T + (A(s)k1(s) — p(s)ks(s))N — pu(s)ka(s) By + ' (s) Ba.
Since {T, N, By, B2} is a Frenet frame we have the following equations.
N(s)=1
A(s)ka(s) — u(s)ka(s) = 0
1i(s)ka(s) = 0
w(s)=0
From (3.4) if p(s) = 0 then we find A(s) = s + ¢ and k1 (s) = 0. So we have
a(s) = (s +o)T.
If k2(s) = 0 then we find A(s) = s+ ¢; and p(s) = ca2. So we have
a(s) = (s+ )T + caBs.

Thus we have the following theorem.

(3.4)

Theorem 3.3. A spacelike curve o in R} lies on the subspace spanned by {T, By}
if and only if it is in the form

a(s) =(s+o)T.
where ki(s) =0 or
a(s) = (s+ )T + c2Bs.

kl(s) _ [
k3(s) = ster”

where ka(s) =0 and the curvature functions satisfy the equation

Case 4) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {IV, By}. In this case we can write
(3.5) a(s) = AM(s)N + u(s)B

for some differentiable functions A and p of the parameter s. Differentiating (3.5)
with respect to s and by using the Frenet equations we find that

o/ (5) = —p(s)k1 ()T + N (5)N + /() By + (A(s)ka(s) + pa(5)ks(s)) Ba.
Since {T, N, By, B2} is a Frenet frame we have the following equations.
(o)l (s) = 1

N(s)=0
(36) p(s)=0
A(s)ka(s) 4+ pu(s)ks(s) =0
From (3.6) we can write A(s) = ¢; and pu(s) = —ﬁ(s) = ¢g. . So we have
1
a(s) =N ) 1.

Thus we have the following theorem.
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Theorem 3.4. A spacelike curve a in R} lies on the subspace spanned by {N, By}
if and only if it is in the form
1
a(s) =c¢gN — ——B;
(s) )
where ¢1,co are constants and the curvature functions satisfy the equation cika(s)+

Cgkg(s) =0.

Case 5) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {IV, B2}. In this case we can write

(3.7 a(s) = A(s)N + p(s)Ba

for some differentiable functions A and p of the parameter s. Differentiating (3.7)
with respect to s and by using the Frenet equations we find that

(3.8)a'(s) = (N(s) — u(s)ks(s))N — p(s)ka(s)B1 + (A(s)ka(s) + p'(s)) Ba.
Since a(s) is a spacelike curve from (3.8) there is a contradiction. Thus we have

the following theorem.

Theorem 3.5. A spacelike curve o in R} does not lie on the subspace spanned by
{N, B3}.

Case 6) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {Bj, Bo}. In this case we can write

(3.9) a(s) = A(s)By + p(s) B

for some differentiable functions A and p of the parameter s. Differentiating (3.9)
with respect to s and by using the Frenet equations we find that

o' (s) = —A(8)k1(s)T — p(s)ks(s)N + (N (s) — u(s)k2(s))B1 + (A(s)ks(s) + 1'(s)) Ba.

Since {T, N, By, B2} is a Frenet frame we have the following equations.
=A(s)k1(s) =1

(310) M(S)kS(S) =0

N(s) = p(s)ka(s) =0
A(s)ks(s) +p'(s) = 0

From (3.10) if u(s) = 0 then we can write A(s) = —ﬁ(s). So we have

1
-~ _B,.
a(s) i) ot
If k3(s) = 0 we find pu(s) = % = cons. So we have
1 Ki(s)
= (—— By + (-2,
A= RGP ke

Theorem 3.6. A spacelike curve o in R} lies on the subspace spanned by { By, Bo}
if and only if it is in the form of

afs) = —%(S)Bl
L )
“O =L@ ek
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where k3(s) = 0.

Case 7) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {T, N, B1}. In this case we can write

(3.11) a(s) = A(s)T + p(s)N +~(s)B1

for some differentiable functions A, p and = of the parameter s. Differentiating
(3.11) with respect to s and by using the Frenet equations we find that

a'(s) = (N(s) = v(s)k1(s))T + (M(s)k1(s) + 1/ (s))N + 7' (s) B
+(u(s)ka(s) +v(s)ks(s)) Ba.
Since {T, N, By, Bo} is a Frenet frame we have the following equations.
N(s) = y(s)kr(s) = 1
A(s)ki(s)+p/'(s) =0
Y (s)=0
1(s)k2(s) +(s)ks(s) = 0

(3.12)

From (3.12) we can write y(s) = ¢;. If we use the equation u(s)ka(s)+v(s)ks(s) =0
we find p(s) = —¢1 ]zzgig From the equation A(s)ki(s) + p/(s) = 0

k5 (s)ka(s)—ks(s)kh(s
As) =1 3(s) ié(i)kf&;) 2

we obtain

). So we have

a(s) = (¢, F8()h2(5) = ks (5)k(s)
T B k()

Thus we have the following theorem.

kg(s)
kg(s)

)T* (Cl )N+ClBl.

Theorem 3.7. A spacelike curve o in R} lies on the subspace spanned by {T, N, By}
if and only if it is in the form

a(s) = (e Fa(0)R2(5) — ha(s)k5 (s)

K3 ()1 (s)
where ¢1 1s a constant.

kg(s)
kg(s)

)T — (a1

)]V-AF 61131.

Case 8) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {7, N, Ba}. In this case we can write

(3.13) a(s) = As)T + pu(s)N + v(s)Ba

for some differentiable functions A, p and « of the parameter s. Differentiating
(3.13) with respect to s and by using the Frenet equations we find that

o(s) = N(s)T+ (Ms)ki(s) + 1/ (s) = 7(s)ks(s))N + 7(s)ka(s) B
+(7'(8) + pls)ka(s)) Ba.

Since {T, N, By, Bo} is a Frenet frame we have the following equations:

N(s)=1
(3.14) A(s)ka(s) +7AES()5]€)2;’7(§S)I€3(5) =0

7' (8) + pls)ka(s) = 0
From (3.14) we find A(s) = s + ¢. If y(s) = 0 we can write the equations
(3.15) u(s)ka(s) =0

A(8)k1(s) +p'(s) =0
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From (3.15) if u(s) = 0 then we can write A(s) = s + ¢; and k1(s) = 0. So we have
a(s) = (s+a)T.

If k2(s) = 0 then we can write

w(s) =— /(s + c1)k1(s)ds + ca.
So we have
a(s)=(s+c1)T + (— /(s + c1)k1(s)ds + c2)N.

From (3.14) if k2(s) = 0 then we can write y(s) = ¢z and u(s) = co [ ks(s)ds —
J k1(s)(s + ¢1)ds + ¢. So we have

a(s) =(s+c1)T + (2 / ks(s)ds — /kl(s)(s +c1)ds+ ¢)N + caBs.
Thus we have the following theorem.

Theorem 3.8. A spacelike curve o in R} lies on the subspace spanned by {T, N, By}
if and only if it is in the form

a(s)=(s+a)T

where ki (s) = 0 or
a(s) = (s + )T + (= [ (s ela(s)ds + ex)N
where ka(s) = 0 or
a(s) = (s + )T + (cz/kg(s)ds _ /kl(s)(8+cl)ds + )N + 2By

where ko(s) = 0.

Case 9) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {7, By, Bo}. In this case we can write
(3.16) a(s) = A(s)T + p(s)B1 + v(s) B

for some differentiable functions A, p and « of the parameter s. Differentiating
(3.16) with respect to s and by using the Frenet equations we find that

a'(s) = (N(s) = u(8)k1(s))T + (A(s)k1(s) = v(8)k3(s))N + (1'(s) — (s)k2(s)) B
+  (u(s)ks(s) +/(s))Bo.

Since {T, N, B, B} is a Frenet frame we have the following equations.

N(s) — u(s)ki(s) =1
Als)k1(s) —v(s)ks(s) = 0
3.17
(317 (5) =2 (5)ha(s) = 0
1(s)ks(s) +7'(s) = 0
From the equation X (s) — pu(s)k1(s) = 1 we can write d/zl(:) + 287/(3) = 1. From
the last equation we have

(3.18) 55(2‘138; 7(3)) + Zl (S) d’Y(S)
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By using exchange variable t = fos ke‘(zg ds in (3.18) we have

o d(5)
ds

The solution of (3.19) is y(s) = £ + ¢. Replacing variable t = f T (S)ds in the last
equation we find

(3.20) ~v(s) = ;/05 2‘1’%3 ds + c.

If we use (3.20) in (3.17) we find p(s) = —ﬁ(s) and

_ks(s) 1 [7 k3(s)
=1 ), et

(3.19) -1

So we have
als) = (:igj;(; /OS :jgzids +e))T — (2k11(s))Bl + (% /05 Z?Ei;ds + ¢)Bs.

Thus we have the following theorem.

Theorem 3.9. A spacelike curve o in R} lies on the subspace spanned by {T, By, B}
if and only if it is in the form
ks(s) 1 /S k3(s) 1 1 /S k3(s)
a(s) = - ds+¢c)T — (=——)B1+ (= ds + ¢)Bs.
©=G®%2 ), ke M= Ga@? 5 ), b )B2

Case 10) We will investigate the conditions under which the spacelike curve «
lies on the subspace spanned by {N, By, Bo}. In this case we can write

(3.21) a(s) = A(s)N + u(s)B1 + v(s) B2

for some differentiable functions A, p and « of the parameter s. Differentiating
(3.21) with respect to s and by using the Frenet equations we find that

a'(s) = —p(s)kr(s)T + (N(s) —v(s)ks(s))N + (1'(s) — v(s)k2(s)) B
+ (A(s)ka(s) + p(s)ks(s) +7'(s)) Ba.
Since {T, N, By, B} is a Frenet frame we have the following equations.

(o =1

1 (s) — 7( Jka(s) =
A(s)ka(s) + p(s)ks(s) +7'(s) =0
From (3.22) we can write u(s) = 7k11(9) From the equation y(s) = % and
from the equation A(s)kz(s) + pu(s)ks(s) ++/(s) = 0 we obtain
Ny = Fa(8) Bk s)has) — K()2H (9ha(s) + by (s)85(0)
k1(s)ka(s) (F1(s)ka(s))?
So we have
_ ks(s) K (s)ki(s)ka(s) — K1 (s)(2K] (s)ka(s) + k1 (s)k5(s))
“© = Hoke) (1 (5)k2(5)° w
_ o ki (s)
@ Fome ™

Thus we have the following theorem.
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Theorem 3.10. A spacelike curve o in R} lies on the subspace spanned by {N, By, By}
if and only if it is in the form

als) = | k3 (s) 7k’l’(s)kl(s)b(s)—k’l(s)(%’l(s)kz(s)+k1(s)ké(s)))N
ki(s)ka(s) (k1(s)ka(s))?
B 1 k1 (s)
5@ Boke
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