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Abstract

The authors are presenting a novel formulation based on the Differential Quadrature (DQ) method which is
used to approximate derivatives and integrals. The resulting scheme has been termed strong and weak form
finite elements (SFEM or WFEM), according to the numerical scheme employed in the computation. Such
numerical methods are applied to solve some structural problems related to the mechanical behavior of plates
and shells, made of isotropic or composite materials.

The main differences between these two approaches rely on the initial formulation — which is strong or weak
(variational) — and the implementation of the boundary conditions, that for the former include the continuity of
stresses and displacements, whereas in the latter can consider the continuity of the displacements or both.

The two methodologies consider also a mapping technique to transform an element of general shape described
in Cartesian coordinates into the same element in the computational space. Such technique can be implemented
by employing the classic Lagrangian-shaped elements with a fixed number of nodes along the element edges or
blending functions which allow an “exact mapping” of the element. In particular, the authors are employing
NURBS (Not-Uniform Rational B-Splines) for such nonlinear mapping in order to use the “exact” shape of CAD
designs.

Keywords: Structural analysis, Numerical methods, Strong formulation finite element method, Weak
formulation finite element method, Differential and integral quadrature, Numerical stability and accuracy

1. Introduction

It is well-known that a physical phenomenon can be modeled by a system of differential
equations, which are obtained once the proper hypotheses are introduced [1]-[4]. The solution
of these complex differential equations cannot be reached analytically, thus a numerical
method is needed for this purpose. This statement is especially true when a structural problem
is taken into account, such as the vibrational or static behavior of laminated composite
structures.

With reference to the papers by Tornabene et al. [5][6], it should be noted that the numerical
approaches that can be employed in these circumstances are categorized according to the

© 2017 F. Tornabene, N. Fantuzzi, and M. Bacciocchi published by International Journal of Engineering & Applied Sciences. This
work is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

1


mailto:francesco.tornabene@unibo.it
http://dx.doi.org/10.24107/ijeas.304376

F. Tornabene, N. Fantuzzi, and M. Bacciocchi

formulation. In general, the solution of problem governed by a set of differential equations
can be achieved by solving the strong or the weak form of the equations in hand. The
governing equations are changed directly into a discrete system if the strong formulation is
considered, since a numerical technique is introduced to approximate the derivatives. To this
aim, different techniques can be used, such as some spectral methods for instance [7]-[9].
Among them, the Differential Quadrature (DQ) method should be mentioned due to its
versatility and accuracy features [10]-[13]. A more stable and reliable approach was
developed by Shu [14], and it is known in the literature as Generalized Differential
Quadrature (GDQ) method. In this paper, only the main aspects of the DQ and GDQ
techniques are presented. For the sake of completeness, the reader can find a more complete
treatise about these methods in the review paper by Tornabene et al. [5].

On the other hand, the main aim of solving the weak formulation is to obtain an equivalent
form of the governing equations by introducing a weighted-integral statement, which allows
to reduce (or weaken) the order of differentiability of the differential equations. For this
purpose, a numerical method able to compute integrals must be used. In the present paper, the
Generalized Integral Quadrature (GIQ) is introduced to this aim [5][14]. Nevertheless, it
should be mentioned that different weak form-based methods can be employed, as illustrated
in the book by Reddy [4]. For the sake of completeness, it should be recalled that the weak
form of the governing equations is solved also in the well-known Finite Element (FE) method
[4]1[15].

In general, many practical applications require that the reference domain in which the
governing equations are written is subdivided into several subdomains (or finite elements),
due to the presence of geometric and mechanical discontinuities. At this point, a peculiar
mapping technique can be developed to deal with arbitrarily shaped elements. Different
approaches can be introduced for this purpose [16][17]. Recently, the theoretical framework
provided by the Isogeometric Analysis (IGA) appears to be one of the most exploited
approaches to study geometries with arbitrary edges [18][19]. Indeed, the use of blending
functions based on NURBS (Non-Uniform Rational B-Splines) curves facilitates the analysis
of generic domains. Both the domain decomposition and the mapping procedure are broadly
used in classic FE method. Nevertheless, the same processes can be employed also when the
strong form of the governing equations is considered [20]-[25]. The authors employ the
names Strong Formulation Finite Element Method (SFEM) and Weak Formulation Finite
Element Method (WFEM) to classify two different approaches based on the strong and weak
forms of the governing equations, respectively.

In this paper, the accuracy, reliability and stability characteristics of SFEM and WFEM are
discussed and compared by means of some numerical examples related to structural problems.
A brief theoretical treatise is also presented for the sake of completeness. Further details
concerning the structural models, as well as the governing equations, can be found in the
works [26]-[30].

2. Numerical methods

The main aspects of the numerical methods used in the computations are presented briefly in
this section. In particular, the fundamentals of DQ are introduced firstly. Then, the
corresponding technique used to approximate integrals is illustrated starting from the concepts
employed for the numerical evaluation of derivatives.
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Approximation of derivatives

The derivative of a generic function can be approximated numerically by means of the DQ
method. The key points of this technique are the evaluation of the weighting coefficients and
the choice of a discrete distribution of grid points within the reference domain. Let us

consider a one-dimensional function f (x) defined in the closed interval [a,b]. Such domain
must be preventively discretized by placing I, discrete grid points x, e[a,b], according to
the following relation

_b-a

X [
“ d-c

(& —c)+a (1)

for k=12,....1,, where &, e[c,d] denotes the points of a generic distributions. The most
typical grid employed in many engineering problems are listed in Table 1, assuming

Gk = (2)

where not specified. On the other hand, the basis polynomials required to evaluate the
corresponding distribution will be indicated in the following. A more complete list of discrete
grid distributions is presented in the books [31][32] and in the review paper by Tornabene et
al. [5].

It should be recalled that a smooth function f(x) can be approximated by a set of basis

functions y, (x) for j=1,2,..., 1. From the mathematical point of view, one gets

(0= 34w, () @

in which 4, are unknown coefficients. By using a compact matrix form, Eq. (3) can be
written as follows

f = Al (4)

where f represents the vector of the values that the function assumes in each grid point,
whereas the vector A collects the terms ;. On the other hand, A is the coefficient matrix,

whose elements are given by A, =y, (xi), for i, j=12,..., 1. Since the unknown parameters
4; do not depend on X, the n-th order derivative of f (x) can be computed as

41 () _ & 4, ()

=32 5
dx" = A ®)

for n=12,..., 1, —1. Analogously, a compact matrix form can be conveniently used
£ = Al (6)

where " collects the values of the n-th order derivatives computed at each grid point. The
coefficients of the matrix A" are clearly given by



F. Tornabene, N. Fantuzzi, and M. Bacciocchi

d"y, (x)
(o — 7117/ 7
AJ dxn ) ( )
for i,j=12,...,1,. Having in mind Eq. (4), the unknown vector & can be computed as
A=ATf (8)

Table 1. Grid point distributions. The symbol N denotes the total number of points

Unifor (Unif) Chebyshev-Gauss-Lobatto (Cheb-Gau-Lob)
k-1 N -k
gk :m, k :1,2,_._, N rk = Cos[mﬂ'j, k =1,2,..., N, re [—1,1]
Quadratic (Quad) Chebyshev | kind (Cheb I)

2
) [ Lt I L LU SR Y
N-1 N-1 2

k-1Y N+1
=2/ 22| k=12,..,—=
S [N 1) 2

2(N—k)+1
I, =Cos T k=12,..,N,re[-11]

Chebyshev Il kind (Cheb 1)

Approximate Legendre (App Leg)

r, =COs N=k+1 ) k=12..N, re[-11]
N+1

1 1 4(N-k)+3
e Ten ) TNz T

k=12,...,N, re[-11]

Legendre-Gauss (Leg-Gau)

Radau | kind (Rad I)

r, =roots of (1-r*)Ly,(r), k=12,..,N, re[-11]

r =roots of (1-r)(Ly (=r)+Ly(-r)),
k=12...N, re[-11]

Chebyshev-Gauss (Cheb-Gau)

Legendre-Gauss-Lobatto (Leg-Gau-Lob)

2(N—k)—1
r=-4r,=1r =c08| —————r |,
2(N-2)

k=2,3.,N-1 re[-11]

r. = roots of (l— rZ)AH(r), k=12,..,N, re[-11]

Hermite (Her)

Laguerre (Lague)

r, =roots of Hy,(r), k=12..N re oo+

r =roots of Gy, (r), k =1,2,..,N, r €[0,+o0]

Chebyshev-Gauss-Radau (Cheb-Gau-Rad)

Non uniform Ding (Ding)

re [—1, 1]

{Z(N—k) J
r.=cos| ——x |, k=12,..,N,
2N -1

1 r 1w k-1
=—|1-42cos| —+—— ||, k=12,..,.N
“x 2( V2 (4 2 D

N-1

Legendre (Leg)

Chebyshev 111 kind (Cheb 111)

r =roots of Ly, (r), k=12..,N,re[-11]

o —cos| 2K 1o Ny [-11]
< aN+1 oS

Chebyshev 1V kind (Cheb V)

Lobatto (Lob)

2(N -k +1)
o =cos| ——r |, k=12,..,N,re[-11]
2N +1

r =rootsof A, (r), k=12..,N, re[-11]

Legendre-Gauss-Radau (Leg-Gau-Rad)

Radau Il kind (Rad 1)

r =roots of Ly, (r)+Ly(r), k=12..,N,re[-11]

r =roots of (1-r)(Ly (r)+Ly,(r)),
k=12,.,N, re[-11]

Jacobi (Jac)

Jacobi-Gauss (Jac-Gau)

K, =roots of 3 (r), k=12,...N re[-11]

r =roots of (1-r*)3V7(r), k=12,..,N, r e[-11]
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Thus, Eq. (8) allows to write the following definition
£ = AVAT (9)

According to the differentiation matrix procedure provided by the DQ method, the n-th order
derivatives are given by

£ = p"f (10)

in which D" is the matrix that collects the so called weighting coefficients for the derivation.
By comparing Eq. (9) and Eq. (10), it is evident that

D" =AMA™ (11)

Therefore, it should be noted that the differentiation matrix D can be computed as the

matrix product between the matrix A" that collects the n-th order derivatives of the chosen
basis functions at each discrete point of the domain and the inverse matrix of the operator A
that includes the values that the basis functions assume in every grid point. For completeness
purpose, some of the basis functions that can be used for this purpose are listed in Table 2.

As highlighted in the review paper by Tornabene et al. [5], it is possible also to employ the
well-known Radial Basis Functions (RBFs) for the functional approximation. Analogously,
the same approximation can be achieved through the so-called Moving Least Squares (MLS)
method [5]. For the sake of clarity, Eq. (10) assumes the following aspect

d"f(x)
dx"

o) @

fori=12,..,1,, where Di(j”) denotes the elements collected in the differentiation matrix. It

should be noted that Eq. (12) is analogous to the definition of numerical derivative provided
by the Generalized Differential Quadrature (GDQ) method

d"f (x)
dx"

In

SEL 03

=

where gi(j”) are the weighting coefficients that can be collected in the corresponding matrix

¢ so that one gets
0 — g(")f (14)

Eqg. (14) is equivalent to the definition shown in Eqg. (10). The coefficients gi(j”) can be

computed by means of the recursive expressions provided by Shu [5], whereas a matrix
multiplication and an inversion of a matrix are required to evaluate Di(j”). It should be

highlighted that the matrix A could become ill-conditioned if the number of grid points I is

increased, since it appears to be similar to the well-known Vandermonde matrix. It is proven
that this problem happens for I, >13. It should be observed anyway that the number of

discrete points is low when the reference domain is subdivided into finite elements, since the
unknown field is well-approximated by using lower-order basis functions. However, the
choice of particular basis functions such as Lagrange polynomials, Lagrange trigonometric
polynomials, or the Sinc function, allows to overcome this issue since the coefficient matrix is
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equal to the corresponding identity matrix (in other words, one gets A=1). Thus, when the
solution is obtained by using a single element, the unknown field requires higher-order basis
functions for its approximation. Consequently, the numerical problems related to the ill-
conditioned matrix can be avoided by choosing the aforementioned basis functions.

Table 2. Basis function employed for the functional approximation

Lagrange polynomials

Lagrange trigonometric polynomials

RN ) NS g, (—C [024] j-12.N
vi=hl )_(r—rj)Lu)(rJ) -t j=12.N Y sin(r_zrjjs(”(n
:HI’ ) ( ) kﬂk(rj_rk) G(r):ljsin[r_zrkj () kl;Lk5|n(J "j
Bernstein polynomials Lobatto polynomials
vy =8, ()= gy :
(J-2)Y(N-j)! l//j=Aj(r):a(LM(r)),re[—l,l],j=1,2,...,N
re[01], j=12..,N

Exponential functions

Monomial polynomials

w; =E, (r):e(j’l)’, r e]—oo,+oo[,

w,=Z;(r)=r"" re]-om+o[, j=12..,N

Bessel polynomials

Sinc functions

re[—oo,+oo], i=2,3,...,N

sin(;z(N —1)(r—rj))
z(N —1)(r—r].)

re[0.], j=12,..,N

w, =S, =Sinc,(r)=

Fourier functions

Boubaker polynomials

v, =F (r)=Ly,=F (r)= cos[%rj for jeven

j-1
w,=F (r)= sm[ 5

re[0,27],

) for jodd

i=23..N

r e[—co +oo] j=2,3,..,N

_ :¢(i: J-1-k) j-1-4k P2k
j—1-k

=0

2(i-1)+((-"" )

4

#(j-1)=

Jacobi Polynomials

Legendre polynomials

, -1y git 1

=3 (r)= ( () @)

V=3 0= ey a0 )
re[-11], j=12....N, 7,6>-1

alary)

v;=L(r)= (-
e[-11]  j=12,..,N

Chebyshev polynomials (I kind)

Chebyshev polynomials (Il kind)

w; =T, (r)=cos((j—-1)arccos(r)), re[-11], j=12....N

v, :Uj(r):%, re[—l,l], j=12,..,N

Chebyshev polynomials (11 kind)

Chebyshev polynomials (IV kind)

Co{(zj'—l)arccos(n

],re[—l,l], j=12...,N

sm{(zj'—l)arccos(r)

],re[l,l], i=12,.,N

vi(1) . w, () &
= r)= =W.(r)=
Vimh [arccos(r)} iz ) (arccos(r)]
cos| ————= sinf ———~
2 2
Laguerre polynomials Hermite polynomials
R dit

Vi :Gj(r):(j

—Lle" dri?

-1
1 d’ (rjfiefr),re[oﬁroo[yj:l,z,...,N

y,=H,(r)=(-1)""e drrl(e’rz),re]—o@&oo[,j:1,2,...,N
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For the sake of completeness, it should be noted that the following linear coordinate
transformation is required to define the weighting coefficients in the physical domain

n My — 1 n~n
g}j):(uj & (15)
Xy =%

fori,j=12,..,1, and n=1,2,...,1, -1, where ¢ are the weighting coefficients related to

the physical domain, whereas ;(j”) are the ones computed in the definition domain. The values
of r,,r, can be found using the expressions shown in Table 1.

This approach can be easily extended to two-dimensional domains, such as the ones that
characterize the structural problem of plates and shells. Firstly, the reference domain must be
discretized by placing 1,1,, grid points along the two principal directions, respectively.

Then, the same procedure illustrated above should be used to obtain the weighting
coefficients for the numerical derivatives along both the main coordinates of the domain x,y.

In this circumstance, a two-dimensional function f (x, y) is considered. In order to facilitate

the implementation of the technique in hand, the values that this function assumes in each
discrete point of the domain can be conveniently collected according to the following scheme

f:[ fxy), F(own), - f(x,N,yl)lN ......

first column

...... FOWY), 0 f(x,N,yz)ZIN (16)

second column

:
...... f(xi,y,M)lN_lM_lN+1 f(X.N,yW),N_,M }

last column

in which f, = f (xi,yj)k, for i=12,.,1, and j=12,..,1, . For the sake of clarity, this
aspect is depicted graphically in the scheme of Figure 1.

T j

X
Fig. 1. DQ implementation for a two-dimensional domain

The weighting coefficients can be computed by using the Kronecker product ® as follows

7
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o -1 e =
(It X(etw) Tt Tyxdy

cm —DNg | (18
(It )X(Inetw) Taxty Iy

C," =pyeDy (19)
(I )x(nctw)  Tuxty Inchy

in which | represents the identity matrix, whereas D(X”),D(ym) collect the weighting

coefficients along the two principal coordinates, which can be evaluated as shown above. The
size of every operator is indicated under the corresponding matrix for the sake of
completeness. Once the weighting coefficients related to the current scheme are computed and

collected in the corresponding matrices C!",C™ C!"™™  the derivatives of the considered

' y ! Xy
function are given by the following matrix products
" = s (20)
(m _ (m)
f, =Cf (21)
n+m) _ ~(n+m)
firm = clirmg (22)

In particular, f\" collects the n-th order derivatives with respect to x, f\™ is the vector of

(n+m)

the m-th order derivatives with respect to y, whereas f,/ " represents (n+m) -th order

mixed derivatives. The size of all these vectors, as well as of f , is given by (1, -1,,)x1.

At this point, it should be mentioned that the present approach is used to obtain and solve the
strong form of the governing equations. If a subdivision of the reference domain into finite
elements is required, the technique is termed Strong Formulation Finite Element Method
(SFEM). It is clear that the vector f denotes the unknown field of the partial differential
equations of the fundamental system, which is transformed directly into a system of discrete
equations by means of the DQ method.

Approximation of integrals

Starting from the ideas and definitions illustrated for the numerical evaluation of derivatives,
a numerical scheme for the computation of integrals can be developed. In this section, the
main aspects of this integral quadrature are presented briefly. Since the Lagrange polynomials
are used as basis functions for the functional approximation, the technique at issue is known
in the literature as Generalized Integral Quadrature (GIQ). Nevertheless, it should be recalled
that different basis functions can be chosen for the same purpose.

Let us consider the same one-dimensional function f (x) defined in the closed interval [a,b]

introduced in the previous section. As shown in Eq. (1), the reference domain is discretized so
that one gets x, e[a,b]. All the grid distributions listed in Table 1 could be employed. By

definition, the integral of f (x) within the closed interval [xi,xj] , with x, x; €[a,b], can be
approximated as follows

>

]

f(x)dx:iwfjf(xk) (23)

k=1

=
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where |, denotes the total number of discrete points, whereas w are the weighting

coefficients for the integration. It should be noted that the numerical integration in Eq. (23)
requires to consider all the sampling points of the domain independently from the integration

limits. Eq. (23) becomes a conventional integral for x, =a and x; =b. In order to evaluate
the weighting coefficients, the following quantities must be introduced
X —C .
gl =g foriz |
X; —C

’ (24)

G =g fori=]
X_

for i=12,..,1,. It is clear that gi(jl) stands for the weighting coefficients for the first-order

derivatives, computable through the recursive formulae provided by Shu as explained in the

previous section. The arbitrary constant ¢ should be set equal to c=b+10"° to guarantee the
accuracy and stability of the numerical solution. The coefficients introduced in Eq. (24) can

be collected in the corresponding matrix g of size I, x1,. At this point, this last matrix

must be inverted as follows to obtain the matrix of the weighting coefficients for the
integration

w=(g?)’ (25)

A generic term of W is specified by the notation w; ,

for i,j=12,..,1, . Finally, the
weighting coefficients w needed in Eq. (23) are given by
WE = Wiy — W (26)

for k=12,..,1. These I, coefficients can be conveniently collected in a row vector W,,
whose size is 1x 1, . In compact matrix form, the numerical integral | is computed as a
vector product

| =W, f (27)

If the integration limits are set equal to x; =a and x; =b, or in other words x; =x and

X; =X, , the numerical integration can be performed by using the weighting coefficients
W', which are defined as follows

WiIN =W~ Wy (28)

A transformation of these weighting coefficients must be performed to switch from the
reference interval [o, 8] to a generic one [a,b]. The weighting coefficients w,' in the

physical interval [a,b] are given by

s = D=2 g @)
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where W' represents the weighting coefficients related to the shifted interval [a,ﬂ]. It is

important to underline that this approach can be applied without any restriction on the grid
point distributions employed to discretize the reference domain.
As shown above, the two-dimensional counterpart can be easily deducted. Let us consider a

generic smooth function f(x,y) defined in a two-dimensional domain, where the main

coordinates x,y are given by XE[a,b] and ye[c,d]. The numerical integral performed in
the whole domain is defined as follows

I Cenpoay =3 3t 1 (o) @0

in which the weighting coefficients w'*,w;" can be evaluated by applying the same
procedure just illustrated along the two principal coordinates. In order to facilitate the
implementation process, these coefficients can be collected in the corresponding vectors
denoted by W,, W, , respectively. Even in this circumstance, the same scheme used before to

order the grid points should be used (Figure 1). By using the Kronecker product, the vector of
the weighting coefficients for the two-dimensional integration is obtained

W, = W,®W, (31)
W(ly-ly)  Ixly Ly

A simple matrix product is required to evaluate the numerical integration shown in Eq. (30).
Analogously to the one-dimensional scheme, the integral | is given by

I =W, f (32)

where f assumes the meaning shown in Eq. (16). The current approach is employed to obtain
and solve the weak form of the governing equations. When the reference domain is
decomposed into finite elements, the technique in hand is named Weak Formulation Finite
Element Method (WFEM).

3. Applications

In this section, some applications related to the structural analysis of plates and shells are
presented. Both the strong and weak formulations are employed and the numerical results are
obtained by using different basis functions and grid distributions.

Isotropic plates

The numerical tests shown in this paragraph are related to the convergence analysis of simply-
supported plates in terms of the first circular frequency «,. The reference solution o, for this

structure is shown in the review paper by Tornabene et al. [5]. The square plates of side
L=1m and thickness h=0.1m are made of isotropic material (E=70GPa, v=0.3,
p=2707kg/m*). In the first applications, the two formulations are employed by varying
grid distributions and basis functions in the theoretical framework provided by the Reissner-
Mindlin theory, increasing the number of grid points 1, =1,, = N. The structural model is

composed by a sole element due to its regular shape. Figure 2 and Figure 3 show the
convergence analyses for the weak and strong formulations, respectively. It is easy to note

10
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that some grid distributions do not provide accurate results. This aspect is even more evident
for the strong formulation (Figure 3). In general, the solutions converge by using a reduced
number of points (N =11+15). On the other hand, the MLS method gives inaccurate results,
especially for the weak form. For this technique, the Gaussian quadric function is used as
basis function.
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Fig. 2. Relative error for the first frequency of a simply-supported square plate. The weak formulation
is employed considering different basis functions: a) Bernstein polynomials; b) Bessel polynomials; c)
Boubaker polynomials; d) Chebyshev (I kind) polynomials; €) Exponential functions; f) Lagrange
polynomials; g) Fourier basis functions; h) MLS method (Gaussian quadric basis functions)
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A second set of convergence analyses is performed considering an isotropic rectangular plate
properties and

(L =2m,L,=15m,h=0.1m ) characterized by the same mechanical

boundary conditions of the previous tests.
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Fig. 3. Relative error for the first frequency of a simply-supported square plate. The strong
formulation is employed considering different basis functions: a) Bernstein polynomials; b)
Bessel polynomials; ¢) Boubaker polynomials; d) Chebyshev (I kind) polynomials; €)
Exponential functions; f) Lagrange polynomials; g) Fourier basis functions; h) MLS method

(Gaussian quadric basis functions)
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If f . denotes the reference solution in term of natural frequency, the relative error is

ref

g=—n 1 (33)

ref

where n stands for the considered vibration mode. For the sake of completeness, the Navier
type solution can be found in [5]. The same analyses are performed by means of two finite
element commercial codes (Strand7 and Abaqus) by using several kinds of plate elements, as
specified in Table 3. A complete description of these elements can be found in the
corresponding documentation of the software.

Table 3. Finite elements available in the commercial codes used in the computations

Strand7
Quadrangular Triangular
Quad4 (4 nodes) Tri3 (3 nodes)
Quad8 (8 nodes) Tri6 (6 nodes)
Quad9 (9 nodes) -
Abaqus
General purpose Thin structures Thick structures

S4 (quadrangular, 4 nodes) S8R5 (quadrangular, 8 nodes) S8R (quadrangular, 8 nodes)
S4R (quadrangular, 4 nodes)  STRIG5 (triangular, 6 nodes) -
S3 (triangular, 3 nodes) -

As far as the present approaches are concerned, the strong formulation is used with the Cheb-
Gau-Lob (CGL) grid, whereas the Leg-Gau-Lob (LGL) is employed for the weak form. The
Lagrange polynomials are employed for both the formulations. In this example, the reference
domain is divided into elements and the notations SFEMj and WFEM]j are introduced. The
symbol | stands for the number of elements ( j =1,2,4,8,16) used for the computation. The
results are shown in Figure 4 for the first three mode shapes of the isotropic rectangular plate,
where the relative error is given as a function of the degrees of freedom of the problem
(DOFS ). It can be observed that the present approaches show a rapid convergence if
compared to the commercial codes, independently from the number of finite elements. Thus,
the current approaches require a reduced number of degrees of freedom to obtain accurate
results. The strong and the weak based methodologies are characterized by the same level of
accuracy, when the corresponding structural models are considered. It is important to note that
both the SFEM and WFEM are able to capture the reference solutions and the machine
epsilon is reached. This aspect is highlighted by the horizontal lines in the graphs of Figure 4.
Finally, it should be specified that the theoretical model is provided by the Reissner-Mindlin
theory [25].

Laminated plates

The same structure is considered in this paragraph to perform the convergence analyses for a
laminated plate, whose stacking sequence is given by (90/0/90/0/90). The orthotropic

mechanical properties are the following ones

E =137.9GPa, E, =E, =4—E6, G,, =G,; =0.6E,, (34)

G,, =0.6E,, v, =v;, =v,, =0.25, p=1450kg/m*

13



F. Tornabene, N. Fantuzzi, and M. Bacciocchi

As shown above, the results are given in terms of the relative error (33) related to the Navier
solution specified in [5], for the Reissner-Mindlin theory. The notations and considerations of
these tests are the same of the previous application. The convergence graphs are depicted in
Figure 5.
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Fig. 4. Relative error for the first three natural frequencies of a simply-supported isotropic
rectangular plate increasing the number of degrees of freedom (DOFS). Both the strong and
weak formulations are employed by dividing the domain into finite elements. The present
solutions are compared with the ones obtained by different models obtained through several
plate elements provided by two finite element commercial codes.
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It should be noted that the machine epsilon is reached in each model for the present solution.
On the other hand, the accuracy of the commercial codes is decreased if compared to the
corresponding isotropic case.
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Fig. 5. Relative error for the first three natural frequencies of a simply-supported laminated
rectangular plate increasing the number of degrees of freedom (DOFS). Both the strong and
weak formulations are employed by dividing the domain into finite elements. The present
solutions are compared with the ones obtained by different models obtained through several
plate elements provided by two finite element commercial codes.
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In the applications just presented there is no need of a mapping procedure, since the domain
has a regular shape. In the following, a fully clamped circular plate of radius R=1m and

thickness h is analyzed. The lamination scheme is given by (30/45) and the two layers have

the properties shown in (34) and the same thickness. The convergence analyses are shown in
Figure 6 for two ratios R/h to deal with thick and thin structures, respectively.
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Fig. 6. First natural frequency for a fully clamped laminated circular plate increasing the number of
degrees of freedom (DOFS), for two different thickness values: a) R/h =10 ; b) R/h =100

As shown above, several kinds of plate elements are considered when the solutions are
obtained by means of the finite element commercial codes. As far as the present approach is
concerned, only the strong formulation is solved by using different element configurations, as
specified in the legend of the corresponding graphs, where the number of nodes required for
the mapping of the curved edges of the structure is indicated too. An isogeometric mapping
based on NURBS curves is also implemented and compared with the other results. Only for
the thicker case, a three-dimensional finite element solution (achieved by means of Strand7
and Abaqus) is computed and taken as a reference. These models are obtained through brick
elements made of 20 nodes, named Hexa20 and C3D20 respectively. Both the SFEM and
NURBS graphs tend to this solution with a reduced number of degrees of freedom. On the
other hand, some types of elements provide convergence plots that are considerably detached
from the reference ones, since they are not suitable to deal with this particular problem.
Indeed, a similar tendency is achieved by means of each element for the thin plate. Finally, it
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should be specified that the solutions are obtained in the framework of the Reissner-Mindlin
theory.

Laminated shells

The last example is focused on the free vibration analysis of a doubly-curved laminated
translational shell made of two orthotropic layers of equal thickness, whose geometry is
widely described in the paper by Tornabene et al. [26]. The stacking sequence is given by

(30/45), and their mechanical properties are the following ones

E,=137.9GPa, E, =E,=8.96GPa, G,, =G,, = 7.1GPa,

35
G,, =6.21GPa, v,, =v,,; =0.3, v,, =0.49, p=1450kg/m* (35)

The overall thickness is assumed as h=0.1m. In this case, the first ten natural frequencies
are obtained by solving only the weak formulation of the governing equations. A unified
formulation is used to deal with higher-order shear deformation theories, as illustrated in the
paper [30], where the reader can find a complete treatise about these structural models, as well
as the nomenclature to denote them. The Leg-Gau-Lob grid distribution is employed by
setting 1, =30 and 1,, =60 as number of discrete points along the two principal directions.

The first ten natural frequencies are presented in Table 4, together with the reference solution
obtained by Abaqus (three-dimensional finite element model). All the numerical solutions are
in good agreement with the reference one. For the sake of completeness, the first three mode
shapes are depicted in Figure 7, where it is easy to note also the adopted boundary conditions.
In particular, only one of the two external edges is fully clamped, whereas the other one is
free.

Table 4. First ten frequencies for a doubly-curved laminated panel

Mode 3D FEM
[Hz] FSDT TSDT ED1 ED2 ED3 Abaqus

fy 21.808 21.821 22.134 21.798 21.826 21.811

f, 22.323 22.347 22.388 22.186 22.207 22.205
fy 22.576 22.589 22.883 22.557 22.584 22.566
f, 33.055 33.089 33.013 32.824 32.857 32.854
fy 43.251 43.287 43.622 43.053 43.109 43.085
fo 44.870 44.874 45.932 44.957 45.027 44.986
f; 45.641 45.641 46.774 45.754 45.832 45.783
fy 52.459 52.489 52.837 52.251 52.308 52.263
fy 54.176 54.186 54.694 54.570 54.571 54.561
fio 64.235 64.258 64.290 64.001 64.039 64.006
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4™ mode 5" mode

Fig. 7. First six mode shapes for a doubly-curved laminated shell of translation

4. Conclusions

The authors have presented two numerical approaches based on the DQ method to
approximate derivatives and integrals, respectively. These techniques have been applied to
solve some structural problems related to the mechanical behavior of plates and shells made
of isotropic and composite materials. In particular, the accuracy and stability features of a
strong formulation (SFEM) and a weak formulation (WFEM) have been discussed by means
of some numerical analyses. Several basis polynomials for the functional approximation and
different discrete grid distributions have been tested and compared. For this purpose, some
convergence analyses have been performed by increasing the number of sampling points
within the elements, for both a single element domain and a multi-element domain. The
present solutions have been compared also with the results obtained through two commercial
codes. These finite element models have been achieved by using several kinds of plate
elements available in the software libraries. In general, the present methodologies have
proven to be more accurate and characterized by a faster convergence ratio than the
commercial codes.
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Abstract

In this study, longitudinal vibration of a carbon nanotube with an attached damper has been investigated using the
nonlocal stress gradient elasticity theory. Equations of motions have been solved analytically and frequencies of
clamped-clamped and clamped-free nanotubes have been obtained explicitly in terms of damping coefficient, nonlocal
parameter, the attachment point of damper and nanotube length. The nonlocal effects have important effects on the
dynamics of a CNT with an attached damper.

Keywords: longitudinal vibration; viscously damped; carbon nanotubes; nonlocal elasticity
1. Introduction

Discovery of carbon nanotubes (CNTSs) by lijima [1] has important results on nanotechnology. With
superior properties like electrical and heat conductivity, strength, density etc., scientists have
considered use of CNTs in many areas: nano-electromechanical devices, nano-pharmaceutical
products, nano-bearings, nano-sensors, etc.

Dynamic behavior of CNTs at different areas is very important in design of nano-products.
Nowadays, scientists try to use CNTs in medical applications [2,3], bearing-like products [4,5],
electromagnetic damping process [6] and molecular transportation [7,8] etc.

Generally, two modeling techniques are used in nano-mechanics: continuum model and discrete
model. Because of the size independence, classical theories are not suitable at nanoscale. Nonlocal
Elasticity, a modified continuum model, was firstly proposed by Eringen [9,10]. In this theory
mechanical behavior of materials is size dependent. Also Molecular Dynamics (MD) Simulations are
used as a discrete model in nano-mechanics. Both models give more acceptable results than the
classical theory when compared to the lattice dynamics results.

Recently, wave propagation in SWCNTSs has been compared for the nonlocal continuum models and
MD Simulations [11]. Very close results were obtained between two results. Lattice Dynamic results
for longitudinal wave propagation in nanotubes have been investigated in previous studies [12].

Thermal, concentration or electromagnetic fields can cause a damping effect on CNTs [13] . Wang et
al. [14] have studied asymmetric vibration of a single-walled carbon nanotubes (SWCNTSs) immersed
in water. Assuming that, water can establish a viscous damping effect on axisymmetric radial,

© 2017 M.Arda and M.Aydogdu published by International Journal of Engineering & Applied Sciences. This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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longitudinal and torsional vibration. Rinaldi et al. [15] investigated the fluid conveying micro scale
pipes with the effects of flow velocity on damping, stability and frequency shift. Vibration and
instability analysis of CNTs with a fluid flow is studied by Ghavanloo et al. [16] and microtubules in
surrounding cytoplasm is investigated by Ghavanloo et al. [17]. In plane and flexural vibration of
fluid conveying CNTSs in viscoelastic medium is studied by [18] and in viscous fluid is studied by
Ghavanloo et al. [19]. Yun et al. [20] have obtained the free vibration and flow-induced flutter
instability of fluid conveying multi-walled carbon nanotubes (MWCNTS). Vibrations and instability
of fluid conveying double-walled carbon nanotubes (DWCNTS) is studied using the modified couple
stress theory by Zeighampour and Tadi Beni [21]. Martin and Houston [22] investigated the gas
damping effect on CNT based nano-resonator operating in low vacuum conditions. The natural
frequencies of aligned SWCNT reinforced composite beams were obtained using shear deformable
composite beam theories by Aydogdu [23]. Chemi et al. [24] investigated elastic buckling of chiral
DWCNTSs under axial compression. Longitudinal forced vibration of nanorods studied by Aydogdu
and Arda [25] using the nonlocal elasticity theory of Eringen. They considered uniform, linear and
sinusoidal loads on axial direction.

One of the possible medical applications of CNTSs is the viscous fluid conveying SWCNT embedded
in biological soft tissue. Transverse vibrational model is studied by Soltani et al. [26]. They
simulated the viscoelastic behavior of surrounding tissue using Kevin-Voigt model. In addition to
mentioned work, transverse vibration of fluid conveying DWCNTs embedded in biological soft
tissue is investigated by Zhen et al. [27].

Hoseinzadeh and Khadem [28] studied the thermoelastic vibration and damping of DWCNT upon
interlayer van der Waals interaction and initial axial stress. Same authors also investigated the
thermoelastic vibration behavior and damping of DWCNTs using nonlocal shell theory [29].
Thermoelastic damping in a DWCNT under electrostatic actuation is obtained through an analytical
method by Hajnayeb and Khadem [30].

Magnetic damping effect on CNTSs as a nanoelectromechanical resonators is studied by Schmid et al.
[31] at cryogenic temperature. Chang and Lee [32] investigated vibration behavior of CNTs using
non-local viscoelasticity theory including thermal and foundation effects.

Damping effect on rods for various boundary conditions is investigated at macro scale by [33-35].
Viscoelastic properties of SWCNTSs are investigated with a semi-analytical approach and associated
damping mechanism at nano scale by Zhou et al. [36]. Jeong et al. [37] modeled the nonlinear
damping behavior of micro cantilever-nanotube system and compared with measurement results.
Adhikari et al. [38] investigated free and forced axial vibrations of strain-rate depended viscous
damping and velocity dependent viscous damped nonlocal rods. The asymptotic frequencies of four
kinds of nonlocal viscoelastic damped structures, including an Euler-Bernoulli beam with rotary
inertia, a Timoshenko beam, a Kirchhoff plate with rotary inertia and a Mindlin plate are studied by
Lei et al. [39]. Arani et al. [40] investigated the vibration of double viscoelastic CNTs conveying
viscous fluid coupled by visco-Pasternak medium using the surface nonlocal theory. Karli¢i¢ et al.
[41] studied free longitudinal vibration of a nonlocal viscoelastic double-nanorod system as a
complementary study at nano scale to Erol and Giirgéze’s paper [42].

Mechanical response of a CNT atomic force microscope (AFM) probe tip contact is an important
problem (Fig.1). This response can be modeled as a spring [43] or damping element according
continuum mechanics. Damping of a mechanical resonators based on CNTSs is studied by Eichler et
al. [44]. Li et al. [45] investigated the mechanical oscillatory behaviors of MWCNT oscillators in
gaseous environment using MD simulation. Suspended carbon nanotube resonators behavior over a
broad range of temperatures to explore the physics of semi flexible polymers in underdamped
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environments simulated by Barnard et al. [46]. Hiittel et al. [47] observed the transversal vibration
mode of suspended CNTs at miliKelvin temperatures by measuring the single electron tunneling
current. The measured magnitude and temperature dependence of the Q factor shown a remarkable
agreement with the intrinsic damping predicted for a suspended carbon nanotube. According to
author’s literature knowledge, vibration of a nanorod with an attached viscous damper has not been
considered in the previous studies.

/

CREMEM  SEI 10.0kV 10um

Fig. 1. SEM Image of a MWCNT Attached to Pyramidal Si Tip [43]
2. Analysis

A nanorod of length L and diameter ¢ is considered. A viscous damper is attached at an arbitrary
point of the rod (Fig. 2). The equation of motion in the longitudinal direction can be expressed as:

0%u 0%u
where A is the cross-section area , E is the Young Modulus and m is the mass per unit length. In Fig.
(2), n defines the attachment point of the viscous damper, L is the length of nanorod, d is the
damping coefficient of viscous damper and u(x,t) is the displacement in longitudinal direction.

2.1. Equation of motion of nanorod in nonlocal model
The nonlocal constitute relation can be given as [9,10] :
(1= uV?) iy = A&pr8iq + 2Gey (2)

where 1 is the nonlocal stress tensor, & is the strain tensor, A and G are the lame constants, u=(eoa)®.
u is called the nonlocal parameter, a is an internal characteristic length and ey is a constant. In this
study, u < 2nm? is accepted for SWCNTSs. Using the Nonlocal Elasticity Theory in one dimensional
form leads following equation of motion:

%u 92 9%u
EATG=(1-ugs)m (3)

ot2

If the nonlocal parameter u is assumed identically zero, Eq. (3) reduces to classical rod model. In
order to study the equation of motion of a nanorod with an attached viscous damper, the nanorod is
divided into two parts. The equation of motion for each segment can be written as:
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22u; 92\ 0%y .
EAS S = (1 - u—)m Yo (i=1,2) (4)

where u; and u, denote displacement of the left and the right segments of the nanorod respectively.
The corresponding boundary and continuity conditions are written as:

Lowixt) Lowxn) N ) Lo ws(x,t)

nL nL
L L
(a) (b)

AN

Fig. 2 Nanorod model with a viscous damper in a)C-C boundary condition b)C-F boundary condition

Clamped-Clamped (C-C):

ul(ol t) = 01
u (L, t) = u, (L, t),
duy (nL.¢) Pus(Lt) _ g 0uz(Lt) o 0%up(uLt) | 0us(uLt) 4 9%us (L) _
EA dx +pm dx Ot2 E ax dx Ot2 +d ot d ax2at 0,
Clamped-Free (C-F):
ul(O, t) = 0,

Uy (UL: t) =Uu (T’L, t);

ous(nL,t) Bu (L) dup(ML,t) d3u,(nL,t) dus(MLt) Bus(mLt)
EA ox  THM 5 o EA a dx at? d at axzot '
duy (L,t) 3uy(Lt)
EA o T HM—— o = 0 (6)
The longitudinal displacement u; can be expressed as:
u(x,t) = U(x) e , (i=12) (7)

where Uj(x) and 4 is the amplitude function and characteristic value respectively. Inserting Eq.(7)
into Eq.(4) gives following dimensionless equations of motion:

62Ui .
2~ PU=0 , (i=12) (8)
where:
2 _ ')"I‘l/’l2
p* = EA+umA2 (9)
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The solutions of Eq.(8) are:

Ul(X) = Cleﬁx + Cze_ﬁx (10)
Uz(X) = C3eﬁx + C4e_ﬁx (11)

where C;, C,, C3 and C4 are the undetermined coefficients. For the C-C boundary condition,
eigenvalue equation is obtained using Eq.(5), Eq.(10) and Eq.(11):

CCii CCp CCiz CCu|[G
CCo CCyp CCy CC24H

CCyy CCsy CCy CCallcy| =0 (12)
CC, CC,y CCuz CChllc,
where
CC,y=1, CCp=1, CCi3=0, CCy,u=0,
CCpy=0, CCp=0, CCypa=¢eP, CCyp=eh,
CCyy = ePm | CC3 =e P | (CC33=—eP,  (CCyy = —ePt
CCyy = eP(1+a+D(1 —pp?)v?),
CCyp = e P (=1 —a+ D(1—ppA)'?),
CCy3 = ePH(-1—a) ,

CCyy=e P11+ a) (13)

and for the C-F boundary condition, eigenvalue equation is obtained using Eq.(6), Eq.(10) and
Eq.(11):

CFyy CFp CFiz CFL[G
CFyy CFy; CFp CFyl|C,

CFs, CFy, CFsy; CFllcs|™° (14)
CF,, CF,, CF,; CF,llC,
where
CFi =1, CFi, =1, CF3=0, CF,=0,
CF,;, =0, CF,, =0, CF,3 = (14 a)ef CF,, = (=1 —a)e #L
CF;, = ehnL CFy, = e~hnL CFys = —ehnL CFy, = —eBuL

CFy = eP1(1+a+D(1 —ppHY?)
CFy = e P (-1 —a+D(1 - pp?)Y?),
CFy3 = eP1h (-1 -a) ,
CFu = e P (1 + ) (15)

For a nontrivial solution the determinant of the coefficient matrix in Eqg.(12) and Eqg.(14) must be

zero. If these determinant equations are rearranged, following characteristic equations are obtained
for each boundary conditions considered:

2(a+ 1) sinh(B) + D (1 - L%EZ)E {cosh(B) — cosh[(1 —2n)B]} =0 - (C—C) (16)

1

2(a+ 1) cosh(B) + D (1 - L%EZ)E {sinh(f) —sinh[(1 - 2B} =0 - (C—F) (17)

where
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r_p _ dc _ |E _
ag) D Tm o ST o PR (18)

a =

~

where o is the dimensionless coefficient, D is the dimensionless damping coefficient, c is the
velocity of the wave propagation along the nanorod and S is the dimensionless characteristic
parameter. 8 is a complex number and its imaginary part defines the non-dimensional frequency
(NDF) and real part defines the non-dimensional damping coefficient (NDD) of nanorod. Damping
ratio (¢) of nanorod is defined in the following form:

INDD|

E - VNDFZ+NDD? (19)

3. Numerical Results and Discussion

In this section, the non-dimensional frequency (NDF) and non-dimensional damping coefficient
(NDD) of the nanorod are investigated for different dimensionless damping coefficient, nanotube
length, nonlocal parameter and the attachment point of viscous damper. Geometrical and material
properties of the CNT are taken from Ref. [48]. The validity of present work is checked in the next
section.

3.1. Validation of the Present Results

By assuming nonlocal parameter is identically zero (u=0), the local model solutions are obtained. The
dimensionless characteristic values are compared with local model from Ref. [33] and Ref. [34] for C-
C and C-F boundary conditions in Table 1. Good agreement is observed between two results.

Table 1 Comparison of characteristic values with literature (5 = 0.6)

Present Work [34] [33]

C-C C-F C-C C-F
B, -0.020352+3.141619i -0.001439+1.570796i -0.020349+3.141619i -0.001472+1.570796i
B, -0.007773+6.283168i -0.000210+4.712389i -0.007772+6.283168i -0.000214+4.712389i
B;  -0.007773+9.424794i -0.002200+7.853981i -0.007772+9.424794i -0.002249+7.853981i

3.2. Dimensionless Damping Effect on NDF and NDD

In Figs. (3-14) and Tables (2-3), variations of NDF and NDD with dimensionless damping coefficient
for C-C and C-F boundary condition are depicted. According to these results following conclusions are
obtained:

The fundamental NDF value increases but the second and third NDF decrease with increasing D for the
C-C boundary condition. However, for the C-F boundary condition, variation of NDF depends on 1.
First and second NDF increase whereas third NDF decreases with increasing D when n < 0.5. On the
other hand, first and second NDF decrease and third NDF increase with increasing D when n > 0.5
(See Table (2) and (3)). Generally, NDD increases with increasing D except for some cases. For
smaller nanotube length, nonlocal effect is more pronounced and it reduces the NDD (See Figs. (4) and

(6)).

NDF decreases with increasing the nonlocal parameter for both C-C and C-F boundary condition. The

nonlocal effect decreases with increasing nanotube length. NDD increases with increasing p for both
C-C and C-F boundary condition (See Figs. (3-10)).
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The attachment point of damper has different effects on NDF for C-C and C-F cases. In C-C boundary
condition, fundamental NDF decreases, however second and third NDF increase when n< 0.5. The
obtained results for NDF and NDD are symmetric with respect to n = 0.5 (i.e. results of 1 = 0.1 are

equal ton = 0.9, etc.). The NDD is maximum at n = 0.5.

C-C Boundary Condition

Dimensionless Damping Coefficient

C-F Boundary Condition

Dimensionless Damping Coefficient

Fig. 3. Variation of NDF with dimensionless damping coefficient & (n=0.3 , L =10 nm)
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Fig. 10. Variation of NDD with dimensionless damping coefficient & (n= 0.7 , L =30 nm)

For the C-F boundary condition, first and second NDF decreases and third NDF increases with
increasing 1 and reaches a maximum value at =1 (See Table (2) and (3)).

Nanotube length has effect on NDF and NDD only for the nonlocal results. The local results (u=0) are
not affected by change of nanotube length (See Table (2) and (3)). This is an expected result from the
classical theory. The NDF increases and the NDD decreases with increasing nanotube length in the
nonlocal case.

Damping ratio (§) increases with increasing dimensionless damping coefficient (D) generally.
Attachment point of damper increases damping ratio in C-F case when 1 is approaching to 1. In C-C
case, damping ratio reaches maximum value at = 0.5. For longer nanotube length, local and nonlocal
damping ratios have very close values, since bigger nanotube length reduces the nonlocal effect.
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Table 2 Characteristic values of nanorod for C-C boundary condition

Dimensionless Damping Coefficient (D)

Darmping Ratio
o
=

=
w

nz2

0.1

Darnping Ratio

02F

IRNS

£=05 £=15
L _ 2 _ 2 _ 2 _ 2
n (nm) p=0 nm p=2 nm p=0 nm p=2 nm
By -0.3326+3.1744i -0.4490+3.1663i -1.1147+3.6824i -1.8652+2.7424i
10 B, -0.4647+6.2550i -0.9872+5.8387i -1.9599+5.7909i -0.6720+4.5281i
Bs -0.0478+9.4219i -0.2102+9.3442i -0.1444+9.3969i -0.2031+9.0587i
By -0.3326+3.1744i -0.3446+3.1742i -1.1147+3.6824i -1.2340+3.7502i
30 B, -0.4647+6.2550i -0.5283+6.2350i -1.9599+5.7909i -2.0674+5.1729i
Bs -0.0478+9.4219i -0.0626+9.4197i -0.1444+9.3969i -0.1875+9.3721i
By -0.5108+3.1416i -0.6617+3.0680i -1.9459+3.1416i -1.8301+2.2991i
10 B, 0+6.2832i 0+6.2832i 0+6.2832i 0+6.2832i
Bs -0.5108+9.4248i -1.6761+8.1626i -1.9459+9.4248i -1.0926+6.6017i
By -0.5108+3.1416i -0.5279+3.1356i -1.9459+3.1416i -1.9958+2.9986i
30 B, 0+6.2832i 0+6.2832i 0+6.2832i 0+6.2832i
Bs -0.5108+9.4248i -0.6780+9.3988i -1.9459+9.4248i -2.5840+8.4288i
By -0.3326+3.1744i -0.4490+3.1663i -1.1147+3.6824i -1.8652+2.7424i
10 B, -0.4647+6.2550i -0.9872+5.8387i -1.9599+5.7909i -0.6720+4.5281i
Bs -0.0478+9.4219i -0.2102+9.3442i -0.1444+9.3969i -0.2031+9.0587i
By -0.3326+3.1744i -0.3446+3.1742i -1.1147+3.6824i -1.2340+3.7502i
30 B, -0.4647+6.2550i -0.5283+6.2350i -1.9599+5.7909i -2.0674+5.1729i
Bs -0.0478+9.4219i -0.0626+9.4197i -0.1444+9.3969i -0.1875+9.3721i
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Table 3 Characteristic values of nanorod for C-F boundary condition

Dimensionless Damping Coefficient (D)

—b—Jnd gigerwalue , p

—b— nd gigenvalue , p

£=0.5 =15
L _ 2 _ 2 _ 2 _ 2
n (nm) p=0 nm p=2 nm p=0 nm p=2 nm
By -0.1034+1.5793i -0.1114+1.5796i -0.3136+1.6625i -0.3472+1.6707i
10 B, -0.5029+4.7284i -0.8914+4.5744i -2.1677+4.9632i -1.9622+3.1264i
Bs -0.2527+7.8278i -0.6570+7.4139i -0.7900+7.4916i -0.3603+6.8108i
0.3
By -0.1034+1.5793i -0.1043+1.5793i -0.3136+1.6625i -0.3171+1.6634i
30 B, -0.5029+4.7284i -0.5435+4.7215i -2.1677+4.9632i -2.4331+4.5761i
Bs -0.2527+7.8278i -0.3060+7.8105i -0.7900+7.4916i -0.8028+7.2631i
By -0.2554+1.5708i -0.2746+1.5637i -0.9730+1.5708i -1.0051+1.4147i
10 B, -0.2554+4.7124i -0.4559+4.6657i -0.9730+4.7124i -1.1215+3.7590i
Bs -0.2554+7.8540i -0.9220+7.5255i -0.9730+7.8540i -0.6012+6.3805i
0.5
By -0.2554+1.5708i -0.2575+1.5701i -0.9730+1.5708i -0.9810+1.5531i
30 B, -0.2554+4.7124i -0.2754+4.7100i -0.9730+4.7124i -1.0979+4.6400i
Bs -0.2554+7.8540i -0.3128+7.8492i -0.9730+7.8540i -1.3783+7.5994i
By -0.4058+1.5368i -0.4298+1.5150i -1.5566+0.9318i -1.3030+0.8760i
10 B, -0.0122+4.7120i -0.0212+4.7112i -0.0368+4.7089i -0.0636+4.7006i
Bs -0.2527+7.8801i -1.3054+7.8292i -0.7900+8.2164i -1.4398+5.7877i
0.7
1A -0.4058+1.5368i -0.4086+1.5345i -1.5566+0.9318i -1.5149+0.9222i
30 B, -0.0122+4.7120i -0.0132+4.7119i -0.0368+4.7089i -0.0396+4.7083i
B, -0.2527+7.8801i -0.3095+7.8888i -0.7900+8.2164i -0.9144+8.5625i
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Damping ratio (&) increases with increasing dimensionless damping coefficient (D) generally.
Attachment point of damper increases damping ratio in C-F case when 1 is approaching to 1. In C-C
case, damping ratio reaches maximum value at 1 = 0.5. For longer nanotube length, local and nonlocal
damping ratios have very close values, since bigger nanotube length reduces the nonlocal effect.

4. Conclusions

Free longitudinal vibration of damped nanotube with attached a viscous damper is investigated in the
present study. Effects of some parameters like dimensionless damping coefficient (D), nonlocal
parameter (p), attachment point of damper () and nanotube length (L) to the non-dimensional
frequency (NDF), non-dimensional damping (NDD) and damping ratio (&) of nanorod is studied.
Following results are obtained from the present study:
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e The dimensionless damping coefficient (D) is effected by NDF differently depending on the
attachment point of damper (n). NDD always increases with increasing D.

e The Nonlocal parameter (u) has a decreasing effect on NDF whereas it has an increasing
effect on NDD. Also p is more effective in smaller nanotube length.

e NDD reaches a maximum value at = 0.5 in C-C case and n = 1 in C-F case.

e Nanotube length (L) is effective only in nonlocal case (n # 0). NDF increases and NDD
decreases with increasing L.

e Damping ratio (§) increases with increasing dimensionless damping coefficient (D) in C-F
case. In C-C case, it reaches a maximum value at = 0.5. Bigger nanotube length reduces
nonlocal effect.
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Abstract

In the present research, vibration and instability of axially moving sandwich plate made of soft core and composite face
sheets under initial tension is investigated. Single-walled carbon nano-tubes (SWCNTSs) are selected as a reinforcement
of composite face sheets inside Poly methyl methacrylate (PMMA) matrix. Higher order shear deformation theory
(HSDT) is utilized due to its accuracy of polynomial functions than other plate theories. Based on extended rule of
mixture, the structural properties of composite face sheets are taken into consideration. Motion equations are obtained
by means of Hamilton's principle and solved analytically. Influences of various parameters such as axially moving speed,
volume fraction of CNTSs, pre-tension, thickness and aspect ratio of sandwich plate on the vibration characteristics of
moving system are discussed in details. The results indicated that the critical speed of moving sandwich plate is strongly
dependent on the volume fraction of CNTs. Therefore, the critical speed of moving sandwich plate can be improved by
adding appropriate values of CNTs. The results of this investigation can be used in design and manufacturing of marine
vessels and aircrafts.

Keywords: Vibration analysis; Axially moving; sandwich plate; Nanocomposite face sheets, Initial tension.

1. Introduction

The use of sandwich structures in the world is increasingly growing. In today's modern engineering,
sandwich structures are being used successfully for a variety of applications such as aircraft, wind
turbine blades, spacecraft, train and car structures, boat/ship hulls boat/ship superstructures and many
others. This is due to the excellent mechanical properties of these structures (High strength to weight
ratio, high resistance to impact, flexibility and etc.). Most of sandwich structures are composed of
three layers: the top layer, middle layer that is called the core and the bottom layer. The core is less
stiff compared to other two-layer. Hence, selecting the appropriate material for the core and the other
layer is a significant for optimum design of sandwich structures. Carbon nanotube-reinforced
composite can be an excellent option for the top and bottom layers due to the high stiffness and the
other supreme properties. In this regard, study on vibration and instability of sandwich structures
which are reinforced by carbon fibers have been conducted by many researchers that some of them
are presented below.

Thostenson and Chou [1] have modelled the elastic properties of carbon nanotube-reinforced
composite. Investigation of the structure/size influence of carbon nanotubes on the elastic properties

© 2017 A. Ghorbanpour Arani, E. Haghparast, H. BabaAkbar Zarei published by International Journal of Engineering & Applied
Sciences. This work is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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of nanotube-based composites is the main objective of their research. Zhou et al. [2] analyzed the
static and free vibration of carbon nanotube-reinforced composite plates using finite element method
with first order shear deformation plate theory (FSDT). They have studied on the influences of the
volume fractions of carbon nanotubes and the edge-to-thickness ratios on the bending responses,
natural frequencies and mode shapes of the plates. Also, Lei et al. [3] have done similar work before,
but they used the element free kP-Ritz method in thermal environment. Bending behavior of
functionally graded carbon nanotube reinforced composite (FG-CNTRC) plate embedded in thin
piezoelectric layers subjected to mechanical uniform load is investigated by Alibeigloo [4]. He
applied simply supported boundary conditions on plate and used three-dimensional elasticity theory
to analyze bending behavior of composite plate.

In recent years, with the advance of industry, there was a need for structures with multiple
capabilities simultaneously. One of the requirements was answered by the discovery of sandwich
structures. Thus, researchers have been working in this field. Nayak et al. [5] investigated free
vibration analysis of composite sandwich plates based on Reddy’s higher-order theory. Using this
theory that they have provided, it can be calculated the natural frequencies of isotropic, orthotropic,
and layered anisotropic composite and sandwich plates. Utilizing radial basis collocation function,
Ferreira et al. [6] analyzed the static, buckling and vibration responses of the plate. Khalili and
Mohammadi [7] used improved high-order sandwich plate to analyze the free vibration of sandwich
plates with FG face sheets. The material properties of FG face sheets and core are considered to be
temperature-dependent by a third-order function of temperature. Recently, Sahoo and Singh [8]
proposed a new trigonometric zigzag theory to analyze the static analysis of laminated composite and
sandwich plates. They assumed shear strain shape function for non-linear distribution of in-plane
displacement across the thickness. Thai et al. [9] presented a new first-order shear deformation
theory for functionally graded sandwich plates composed of isotropic core and functionally graded
face sheets. They approved that the presented theory is accurate in predicting the bending, buckling
and free vibration responses of FG sandwich plates. In another work, Plagianakos and Papadopoulos
[10] presented coupled higher-order layerwise piezoelectric laminate mechanics. Their developed
model was applicable to predict the static electromechanical response of composite and sandwich
composite plates subjected to static mechanical loads and/or electric voltages. Natarajan et al. [11]
have attempted to achieve an efficient solution for the bending and free vibration analysis of
sandwich plates with CNT reinforced composite face sheets. For this purpose, they have used
QUAD-8 shear flexible element developed based on higher-order structural theory. This theory
considered the possible discontinuity in slope at the interfaces layers, the realistic variation of the
displacements through the thickness, and the thickness stretch effects on the transverse deflection.
Kheirikhah et al. [12] carried out biaxial buckling analysis of soft-core composite sandwich plates. In
this way, they employed third-order plate theory for face sheets and quadratic and cubic functions for
transverse and in-plane displacements of the core, respectively. Moreover, analytical solution has
been presented for sandwich plates with simply supported boundary conditions under biaxial in-
plane compressive loads using Navier’s solution.

Axially moving beams and plates have attracted many authors. The geometrically nonlinear
dynamics and stability of an axially moving plate is presented by Ghayesh et al. [13]. In their study,
plate is placed under an out-of-plane incitement load and the frequency-response curves of the
system are plotted. Also, Dong Yang et al. [14] have been working on the previous thread. To solve
the differential equations governing the problem, they have used both the Galerkin method and
differential quadrature method. In the case of free vibration analysis of axially moving viscoelastic
plates, Hatami et al. [15] and Marynowski [16] have studied. However, each of them has used
different models for their work. Marynowski and Grabski [17] have investigated dynamic analysis of
an axially moving plate subjected to thermal loading using the extended Galerkin method the. In
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addition, they have been examined the effects of transport speed, the thermal critical loading and
axial tension on dynamic behavior of axially moving aluminum plate.

Despite mentioned researches, vibration and instability analysis of axially moving sandwich plate
under initial tension using HSDT is a novel topic that cannot be found in literature. To the best of
authors’ knowledge, for the first time, analysis of axially moving sandwich plate with CNT face
sheets is developed in this paper. Material properties of composite plate are obtained based on
extended rule of mixture. Motions equations are obtained based on energy method and solved by
means of analytical approach. Influences of various parameters such as moving speed, volume
fraction of CNTs, pre-tension load, thickness and aspect ratio on instability and critical speed of
moving composite sandwich plate are discussed in details. To verify the presented method, the
natural frequencies for stationary sandwich plate have been compared with previous researches. The
result of this work can be useful to control and improve the performance of axially moving devices
which are employed in military equipment.

2. Potential energies of axially moving sandwich plate

Consider a rectangular sandwich plate with length (a), width (b) and thickness (h =h' +h® +h")
which is shown in Fig.1. The top and bottom layers are made of carbon nanotube-reinforced
composite plate. The carbon nanotube is distributed uniformly in the x direction. The Cartesian
coordinate system is selected for this problem. x and y axes are located in the mid-plane and z axis
located along the thickness direction. Sandwich plate is moving along the x direction with the
constant velocity V.

CNT (Fiber)

ht Top Face Sheet
he PMMA (Matrix)
hb t

Bottom Face Sheet

Fig. 1. Schematic figure of axially moving sandwich plate with CNT reinforced face sheets.
The following assumptions have been used to derive motion equations [18 and 19]:
e The core thickness is larger and softer than the top and bottom layer.

e The core is fully bonded with the top and bottom layers. Thus, core and the top layer have the
same displacement in (z =+h®/2) as well as the core and the bottom layer in (z=-h"/2),

e No slipping happens at the interfaces between the three layers of the sandwich plate.

Because the core is made of a soft material, to increase the accuracy of results a higher-order theory
will be used. According to this theory, the displacement field of the sandwich plate can be expressed
as [20]:
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U(x, ¥, 2, 1) = Uy (X, Y, 0)+2U, (X, Y, D)+Z°u, (X, y, )+Z°u,(x, y, 1),
V(X, Y, Z, 1) = Vo (X, Y, D+2v, (X, Y, D+Z°V, (X, Y, D420V, (X, Y, ), )
W(X, Y, Z, 1) =W, (X, Y, t)+2w, (X, Y, t)+2°W, (X, Y, t),

in which, U, v, and w, (j=0,123and k =0,1,2) are the unknowns of the displacement
components of the sandwich plate. In this manner, eleven displacements are unknowns.

The linear von-Karman strain-displacement relations can be defined as:

i _ 2 3
S — u,x - u0,x +Zul,x tz u2,x tz u3,x'

i _ _ 2 3
g, = V,y = Vo,y +ZV1‘y +Z szy +Z°V

yy 3y?

&, =W, =W, +2ZW,,
el =l(v +U )=lv0 +lzvl +lzzv2 +123v3 +1UO +lzul +lzzu2 +£z3u3 ,
PR A R R A I A I )

C 1 1 1 1, 1 3,
&y _E(W,X-l-u,z):EWO,X+EZW1,X+§Z W2,x+§ul+zu2+zz U3,
1,0y 11, L3
gyz _E(W,y Ev,z) _EWO,y EZWLV EZ WZ,Y Evl ZV2 EZ V3'
where &, (p,d=x,y,zand i =t,c,b) is strain of ith layers. It is obvious that all layers have the

same strain due to considering similar displacement field for all of them. The constitutive equations
for sandwich plate can be obtained as [12]:

ou| [QL Q, Qs 0 0 0 ]s
O | |Qi Qz Qs 0 0 0 |&,
O-;z _ Qi Qu Qu 0 0 0 E%iz , 3)
ol 0 0 0 Q, 0 0 |l&
o 0 0 0 0 Qi 0 ||e,
ol L0 0 0 0 0 Qkllé,

where a:)q and Qr‘S (r,s =1,2,3and 44,55,66) are stress and the stiffness coefficient matrix of ith

layers, respectively. In this paper, the stiffness coefficients is defined for plain strain problems with
isotropic core (Q¢), orthotropic top and bottom layers (QL"). Also, the extended rule of mixture is
used to calculate mechanical properties of CNTRC face sheets [12]:

i Elil i VliZElil i V;1E1i1 i Eziz
EILL TLL TR Y TmLL @
Qz:.4 :GZ'3, Q5I5 =G1IS’ Qée :G1|2'
where:
E1i1 = 771Vfi E1i1f +Vni1 Eriw (52)
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*

77_i2 — V:;nt + V_r?’ (Sb)
EZZ EZZ f Em
S )
GlZ GlZ f Gm

The total potential energy consists of two factors, bending and elongation. Thus, it can be written as:
u'=uU!+U,], ®)

where U} and U_' represent potential energy due to bending and elongation, respectively, and
defined as [21]:

Ul = _[[%(O'i Ep + Oy Ey T OnEY) + Oy + 0,8, +0,,6,1dV, (7a)
Vi

XX < xx weyy 2%2z Xy < xy Xz xz

i 1
U, =IEU§’X(W,X)ZC'V, (7b)

\

in which, o, represent the uniform initial stress along the x direction. Hence, it is neglected the shear
stress and the normal stress of the uniform initial stress in the y direction.

3. Kinetic energy

The velocity vector (V) for axially moving sandwich plate with constant velocity C can be
expressed as follows [13]:

V =(C+u, +Cu )i+ (v, +Cv,)j+ (W, +Cw,)k. ®)

Thus, the kinetic energy of the sandwich plates is given by:

Ki = % P [ [(CHu, +Cu, )7 + (v, +Cv, )7 + (W, +Cw, )10V ©)
Vi
where K'and ' represent kinetic energy and density of ith layers, respectively.

4. Motion equations based on Hamilton’s principle

Based on Hamilton’s principle, equations of motion for axially moving sandwich plate are derived as
[21]:

5H=5f(ui—|<‘)dt=o. (10)
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Substituting  Egs. (7a), (7b) and (9) into Eq. (10), the  coefficients

of ou,, du,, ou,, u,, v, OV, OV, OV,, SW,, dw, and ow, can be obtained as follows:

ouy !

1 1

t t,2 t ot t~2yt tt t gt t gt tAt tAt

h P c uo,xx +2h P Cuo,xt +p C |2u2,xx + 2/0 Izcuz,xt _EQGG Izvz,xy _Q11 Izuz,xx -h Q13W1,x _Eh Qesvo,xy
hl t [II 1 t Il t I[ hl t 1h[ t hl t hC CC2

- levo,xy + 0o LUy _EQGG 2Uzyy -Qp Vot O Ugy ) Qss Uo,yy — Qi Ug o +h P Coug

c .C C C cypc 1 C C C C C C 1 C C C C
+2h P CuO,xt +p Czlzuz,xx + 2p Izcuz,xx _E 66 Izvz,xy _Qulz uz,xx -h Q13W1,x _Eh Q66V0,xy -h QlZVO,xy (11&)

1 1
cypc cqc cqc c _c cAC cAC b br~2 b b
+p IZUZ,tt _EQee Izuz,yy -Qp Izvz,xy +h°p Uo _Eh Qeeuo,yy —h Qlluo,xx +h°p°C Uo x« +2h°p Cuo,xt

2pb b b
K |

1 1
b byb b yb bAb b b bAb byb
+p°ColyU,  +2p°1,CU, _EQGG I, Vo ~Wila Uy — h Qs Wy, _Eh stvo,xy -h QlZVO,xy +p Uy,

1 1
_EQge I;u2,yy _lez IgVZ,xy + hbpb Uo _Ethgs Ugy — thlbluo,xx =0,

ou, :

1 tAt tgt t 2t t 21t tpt t t 1 t t 1 t t
Eh QsU, +2p0 1,Cuy  + o C°lLu,  +p ColLu,  +2p |4cu3,xt_Q12|4V3,xy_§Q66|4u3,yy_EQ66|2V1,xy

3 1 1 1

togt tt togt togt tt tAt togt togt togt
-Qp |2V1,xy +p Uy +EQ55 U —Qp LUy + 0 Uy +Eh Qss Wy, = Qpy 15U; 5 _EQBB |4V3,xy +§Q55 W, ,
2 t It 1 t It 1hc c 2 clcC cC2|c cCZIC 2 clcC c Ic

- Q13 2W2,X_EQ66 2u1,yy+E Q55U1+ Pl ul,xt+p 2u1,xx+p 4u3,xx+ Pl u3,x1 _le 4V3,xy

1 c c 1 c c [ cpc 3 c c cpc cpc 1 cMcC
_EQBG I U,y _EQGG |2V1,xy _le |2V1,xy +ply Us e +§Q55 I2u, _Qu I Uy + P I Uy o +Eh stwo,x (11b)

1. 1.
Eee 566
1
Ese

1 1
[ c cyc cgc c b~b b b b~21b
—Qpy 14Uz — |4V3,xy+EQ55|2W2,X_2Q13|2W2,><_ IZUl,yy+§h Qs +2p°1,Cuy, + p°Cl5u

1,%x
+0°C21Pu,  +2p°1°C 10y, ! o 1%V, N VALY | +3 il
P aUs +20°1,CU;  — Q5 1) 3,xy_§Qee aUgyy — 2 l,xy_le 2V TP 14Uy §Q55 2Us

1 1 1 1
b yb byb bAb b b b b b b b b b b
N1 I2 U1,xx +p Iz um +Eh stwo,x TN |4 u3,xx _EQee |4V3,xy +EQ55 Iz Wz,x - 2Q13 |2 W2,x _EQee Iz u1,yy =0,

ou, :

)

'C?l! +2p'1iC + p'C! +2p'1iC —1 IS -QL1lv, . —QLllv —1 Y
P aUz p LU, +p 2Uo xx P 10Uy EQGG 2Uo, vy Qzl; 0,xy Qzly 2%y EQGG 4 V2 %y

1 1

t t t t t t t t tyt t t t t t t tyt

_Qu Izuo,xx _Q13 Izwl,x +Q55|2Wl‘x _EQGB IZVO,xy +p Izuo,n + 2Q55 Izuz _EQGG |4u2,yy _Qu |4u2‘xx +p |4u2,n
1 1

C 2y¢ cypc C 2)¢c cypc C C C C C C Cc C

+p ColyU, o +2p71,CU,  + P Col Uy +2p IZCUO,xt_EQGGIZUO.yy_Q12|2V0,xy_Q12|4V2,xy_EQ66|4v2,xy

1 1 (11c)
Cc Cc C Cc c C Cc C cyc Cc Cc [ C Cc C cypc
_Qulzuo,xx _Q13I2W1,X+Q55I2W1,X_E 66|2V0‘xy+p Izuo,n +2Q55|2u2 _E 6e|4u2,yy _Q11|4u2,xx +p |4u2,n

b~21b b b b~2yb byb b b b b b b b b
+p Coly Uy +2p07 1,CUy  + 0" Coly U, +2p IZCUO,XI_E oo 12 Uo,yy = Quz 15 Vo, — 12|4V2,xy_5 oo 14 V2,9

b b b b byb 1 66 b b b yb 1 v b b byb _
- 11|2u0.xx_ 13|2W1,X+Q55|2W1,x_§ 66|2V0,xy+:0 IZUO,tI+2Q55|2u2_EQG6I4U2,yy—Q11I4u2,xx+p |4U2|n—0,
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ou,:
2 tltC '[Czlt 2 '[I'[C 1 '[I[ (II tll 3 t It 1 t It lII
Pl u3,xt +p 4u1,xx tzpl, ul,xl _EQGG 4u1,yy _le 4V1,><y +p 4u1,n +Est 2Uy _EQea 6u3,yy _Qu 6u3,xx

1 3 1 3
togt togt toqt togt togpt togt togt tgt
_2-0Q13 |4W2,>< _EQGG |6V3,xy _Qn |4ul,xx _Q12 |6V3,xy + Est Izwo,x _EQse |4V1,xy + Est |4W2,x + 5Q55|4u3

1
cypc C Cc Cc Cc cypc
Lo t20°1,CU _E 66|4u1,yy —N |4V1,xy +p0 1 Uy

3 C C l c C cyc c C l C c cgc c C 3 c c
+§Q55|2u1_EQ66|6u3,yy_Q11|Gu3,xx_2'0Q13|AW2,X_E 66|6V3,xy_ lllAul,xx_ 12|6V3,xy+§Q55|2W0,x

+2p' CPlgUy , + p' iUy, +29°15CU,  + p°CPl5u

1cc 3cc cyc cr~2pc cyc byb br~2pb byb
_EQee|4V1,xy+EQ55|4W2,><+5Q55|4U3+2,0 ClgUs o + 0 lg Uy +20° 17CU  + 0" Col U, +20°1,CU,

1 00 b b byb 3bb 1 o0 byb b b 1,0
_EQGGIAULyy _le |4 Vl,xy +p |4 ul,tt +EQ55 Iz U, _EQee Ia us,yy - 11|6 u3,xx - 2-0Q13 |4W2,x _EQee Ie V3,xy

1qp

3 3
b b b b b b b b b b b b~2pb bb
_Q11|4u1‘xx_ 12|6V3,xy+§Q55|2W0,x_§ 66|4V1,xy+EQ55|4W2,X+5Q55|4UB+2/) C |6u3,xx+p Iaua,nzov

oV, !
1 1
t .t 2 t .t tyt t 2t tgt tyt t t tt tAt
h'p'C Vo T 2h'p CVoa 20 1,8V, + ' CoLLVy _Q12|2u2,xy +0 1V, _EQSG 15V 0 — h Q23W1,y _Eh Q66u0,xy
1 1
tAt togt togt t ot tAt tt c _cmA2 c c cypc
-h leuo,xy _EQee Izuz,xy -Qy Izvz,yy +h' o'y, _Eh Qg Vo = szvo,yy +h*p°C, , +2h°p°Cy,, +20°15Cv,
CCZIC CIC CIC 1 CIC hC [ 1hC c hC c 1 CIC CIC
+p zvz,xx 7Q12 2 uz,xy +p zvz,n 7§Qee 2V2,><x - Q23W1,y 75 Qeeuo,xy - Q12uo,xy 7§Q66 Zuz,xy *sz 2V2,yy

1
c .c cAC cA\C b b2 b b b b br~2b b b byb
+h®p®v, _Eh QgsVo 0 =N Q22V0‘yy+h pC Vo,xx+2h P CVy, +20°1,Cv,, +p°C |2V2,xx_Q12|2u2,xy+p 15 Vo

1 1 1 1
_EQge |§Vz,xx - th§3W1,y _E th:e uO,xy - thlhzuO,xy _EQé?e Iguz,xy _ng |§Vz,yy + hbpb Vo,n _Ethé?eVo,xx - thSZVO,yy =0,

oV,

3.yy

1 t t s 2t tpt tpt t 2)t t t
Eh QuV,+2pColyV,, +2p 1,Cv,, +2p 1,Cv, +p ColVv,, —Qpl,V
t t 1 t t tpt t t 1 t t 3 t t 1 t t
l,u l.u l,v l.u Iow v h'Q, w
Q! 3y _EQGG Uiy TO 14Vsy -Qp 1, 1xy +§Q44 Woy +§Q44 2 3+§ Q. 0y

1 tgt 1 togt togt tt togt 1 togt 1 cAC
_2Q66|4V3,xx _§Q66|4u3,xy _2-0Q23|2W 2,y +p |2V1,tt _Q22|2V1,yy - 2Q66|2V1,xx +§h Q44V1
c 2 ¢ cypc cpc c 2 ¢ cpec cgyc
+2p°CoV 1 +20715CV  + 207 1CV 4 + P C oLV 55 —Qpl 4V, —QppliUsyy

1 C C C C C C 1 4 C 3 C Cc 1 C C 1 Cc C
_EQ(SGIZul,xy +0 1,V _lelzul,xy +§Q44|2W 2y +§Q44|2V3 +Eh Q. oy _E Y

3,xx

1 cqc cyc cyc cqc 1 cqc 1 b~ b b~ 2y b
_EQeel4us,xy_2-0Q23|2W2‘y+p IZVl,tt_ 22|2V1,yy_2 66|2V1,xx +§h Q44V1+2pC IzV

1,xx
1
byb b b b~2pb b b b b b b b b
+2p 1,0V + 207 1,CV 5, + " Col Vg, —Qpl 4V —Qpl4Us, _EQGGIZUI,xy +p0 1V
1 3 1 1 1
b b b b b b bA b byb byb byb
_lelzul,xy +EQ44|2W2,y +EQ44|2V3+§h Q44W0,y - 2Q66|4V3,xx - 2Q66|4u3,xy _2-0Q23|2W2,y

1
byb b yb b yb _
+0 1,V —Qp 15V, _§Q66|2V1,xx =0,
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oV, :
1 1
tt t2t tt t2t t gt gt tt t ot
2p 1,0V, + p CoLV, o +20 1,CV  +p C IZVO,XX_Q12I4u2,xy_§Q66|4u2,xy+p IZVO,tt_EQGGIZUO,xy
1 t It t It II! t It t It tlt 2 t It t It
_EQGG Vo = Qaa Ly Woy + 0 13Vo 0 +Quu oWy = Qi 15V 1y = Qi LU +2Q 1V, = Qs 14V,

1tt cypc cr2)c cpc cH2pc cgqc 1cc
_§Q66|4V2,xx+2p IACVZ,xt+p c |4V2,xx+2p IZCVO,xt+p C IZVO,xx_Q12|4u2,xy_EQ66|4u2,xy

1 1
cyc C C C C C C cpc C C C C cypc C C
+p |2V0,lt_§Q66|2u0,xy_E eelzvo,xx_Qzalzwl,y+p |4V2,n+Q44|2W1,y_ 22|2V0,yy_ 12|2u0,xy+2Q44|2V2 (119)
1
cqc cqc bb br2yb byb br~2yb b b
- ZZIAVZ,W_E o6 14 Voo T2 1,CV, o + 07 CoV, 27 10V + 0 Co Ly Vg = Qi LU,

1
Ese

blb

1 b b byb 1 b b b b b byb b yb
_EQBBIAUZ,nyrp IZVO,n_EQGGIZUO,xy_ IZVO,xx_Q23|2W1,y+p |4V2,tt+Q44|2Wl,y_ 22 2Vo,yy

1
b b b yb b b b b _
- 12|2u0,xy+2Q44|2V2_ 22|4V2‘W_EQ66|4V2,XX_0'

ov,:

3
tgt t 2t tyt t~2)t t t t t tgt t t
2p 16CV;  +2p ColeVy, +2071,Cvyy + p CoHLV L, — Q) |4u1,xy -Qy |4V1,yy +p Vi +§Q44 |4W2,y

1 1 1 1 3 3
togt togt togt togt togt togt togt togt
_Z-OQza |4W2,y _EQBB |6V3,xx _EQBB Ieus,xy _EQGB |4u1,xy _le Ieus,xy _EQ66|4V1,XX +§Q44 |2V1 +EQ44 I2W0,y

t t tyt t t cyc C 2)c cyc c~2pc cgpc
+5Qu Vs + 0 lg Ve = Qp lg Vs, +207 15 CV,  + 207 Colg vy, +20°1,Cvy  + p7CoL VL —Qp 13U,

3 1 1 1
4 4 cypc C C C C C C C C Cc C C C
_sz |4 Vl,yy +p |4V1,n + EQM |4 W2,y - 2-0Q23 |4 Wz,y _EQGS Ie V3,x>< _EQGG Ie u3,xy _EQGG |4 ul,xy _le Ie u3,xy

(11h)
1 3 3
_EQgelfvl,xx +EQ§4 Igvl +§Q:4 I2CW0,y +5Q§4 |§V3 +pc Igva,n _ng I§V3,yy + 2pb IgCVB,xt + Zpbczlg\/a,xx
3 1
+2pb|:CV11X,‘ + prZIEVLXX - 1b2 Ifulvxy _ng Iz':vl,yy +pb Izlljvl,n +§Q£4 IEWZ,y _20Q§3 IEWZ,y _EQ(?G I:V3,xx
1 o 1 500 b b 1 50 3bb 3bb b b byb
_EQGG Ie u3,xy _EQes I4 ul,xy T \12 Is ua,xy _E 66|4V1,xx +EQ44 |2V1 +§Q44 Iz Wo,y +5Q44 |4V3 +p Ievs,n
_ng Ié)vii,yy =0,
OW, :
1 1 1
h[ptczwo,xx + 2htpt CWO,xt + 2pt I;CWZ,XI +ptC2|;W2,xx +pt I;WZ,tt _EQ}M I;WZ,yy _Eth}MVLy _Eh[Qésul,x
1 t t 3 t t 3 t t t .t 1 tt 1 tt c .C 2 c _.C
_E 55 |2W2‘xx _E 55 |2u3,x _E 44 |2V3,y +h P Wo,n _Eh Q44W0,yy _Eh Q55W0‘xx +h P C WO,xx +2h P CWO‘xt
2 CICC CCzIC CIC _1 CIC _1hc c _1hc C _1 CIC _3 CIC
tep LW, 4+ 0 2 Wo TP 1 Wo §Q44 2 Wo E Q44V1,y E QssUy Est 2 Wa EQSS 2Usx )
(11i)

b b byb b~2yb
O,xx+2h p CWO‘XI+2p IZCWZ,xt+p C IZWZ,xx

3 cqc c ¢ 1 A 1 e
_EQ‘M 12 Vs,y + 00" Wo o _Eh QasWo,,y _Eh Q55 Wo i +h°p" Cow
1 1 1 1 3 3
+pb |§Wz,n _EQEA |§W2,yy _EthZVLy _EthSbSul,x _EQ5b5 Ing,xx —EQSS Igusvx _EQEA I§V3,y i hhpb W,
- N,h°w, . =0,

X 0xx — 'Vx 0,xx XX

1 1
—EthL W,y _Eth:5 Wy o — Nt W, — N h°w,
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ow

tt t t t
hQ33W +2p 1,Cw,, +Q23|2V2y+Q13|2u2x+p Wi Q55|2u2x+hQ23 0y+hQ13 0.

t t t 2pt tgt t t cAC cyc [
_Q44|2V2,y +p Colw, _EstlzwLxx _§Q44|2W1,yy +h*Qgw, +20°1;,Cw, , +Q5 1,V 2.y

c c cqc cAcC cAC cH2p¢ b b i
+Q13|2U2X+p |2W1tt Q55|2u2,x+hQ23V0,y+hQ13uo,x_ 44|2V2y+pc oWy, —Qss 12Uy, (11)

[ Cc
Est I 2W1,xx

¢ e b b byb b byb
_EQMIZWl,yy +h°Qgw, +2p°1,Cw +Q23|2V2y +Qpl; Uy +0 1W

1 1
bA b b b b b b2y b b b
+h°QpV oy +N°QpsUo, —Qul 2V, +0°ColW _§Q55|2W1,xx 5 44|2W1yy =0,

oW, :

2p'1,Cw,  +p'C

1 3 1
21t tyt 21t tyt togt togt togt
I 2xx+2p I CWOxt+p c I 0xx+p IZWO,n_EQ44|2W0,W_EQ44|4V3,y_§Q44|2V1y

1 1 3
t t tgt t t t t t gt t t t t t t
+2-0Q23 |4V3,y + 2'0Q13|4u3,x __st |2Wo,xx _EQ55 Izul,x + 2-OQ13 |2u1,x + 2-0Q23 |2V1,y _Est |4u3,x +4Q33 |2W2

1 t cyc c~2pcC cyc cr2
2Q44|4W2yy+p W — Q55|4 W, + 2P 15CW,  + P CoIW, o +20° 180y + p CoL Wy o + P75 W
L ISw, ol o 2.0Q.1; 2.0Q;1; 1w, L B 2.0Q;1; 11k
2Q44 2 EQM 4V3,y_EQ44 2V1‘y+ : Qza 4V3‘y+ . Q13 sz — 2 st 2 OXX_EQSS 2Up T2 Q13 2 Uiy ( )
3 1
cqc cgc cyc cqc cpc byb b
20Q23|2V1,y_§Q55|4u3,x+4Q33|2W2_EQ44|4W2,yy+p IaWo e — Q55|4 Wy o+ 207 1,CW,  + p cly 4 Wa
1
b b b byb b b b b b b
+20° 1, Cwy  + o C’l; 2Wox TP |2W0,n_EQ44|2 Q44 4Vay — Q44|2V1‘y+2-0Q23|4V +20Q13 aU
1 blb 1 blb 20 blb 20 blb 3 4 1 blb blb
__st 2W0,xx_§Q55 2U1,x+ Q13 Zul,x+ : Qz3 2V1,y 2 55 4 3x+ Q33 2 W. EQM 4W2,yy+p 4W2,n
b c
Q55|4 2,%X N I WZXX_NXIZ WZ,xx_NXIZ WZ‘xx :O'

where 1!, 1°and 17 are defined for top, core and bottom layers, respectively, as follows:

hC
HohY) he /2 —h¢/2
15,6 = .[ 2%z, 15, = f 22z,  1),6= I z%*%z . (12)
+he /2 —ht/2 —(hey

5. Analytical Solution

The analytical

solution of Egs. (11) exists for the simply-supported axially moving rectangular

sandwich plate with composite face sheets. In this approach, the displacements are considered as
functions which satisfy at least the various geometric boundary conditions. Based on Navier’s
procedure, the solution of the displacement variables can be expressed in the following forms [15]:

(13)
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N M
Ui (x, y,t) = ZZUim” cos(a x)sin(By)e',

n=lm=1

N M
Vi (X, y,t) = ZZVim” sin(a x)cos(By)e',

n=lm=1

N M
Wi (X, y,t) = z ZWim” sin(ax)sin(By)e',

n=lm=1

Substituting above relations into Egs. (11) lead to final equations as a matrix form:

T T
|:Sij:|11xll|:U0mn Ulmn U2mn Usmn Vomn Vlmn Vzmn V3mn Womn Wlmn Wzmn:| :[Ni] , (14)

in which, N, (i =1,2,3) is related to external thermal or mechanical loads. It should be noted that in the
case of free vibrationN; (i =1,2,3) are assumed to be zero. The arrays of matrix S; are obtained from

Egs. (11) and (13).

6. Numerical results and discussion

In this section, effects of various parameters such as volume fraction of CNTs, axially moving speed,
aspect ratio and thickness on the vibration characteristics of axially moving sandwich plate with
composite face sheets are discussed in details. In the present study, Titanium alloy (Ti-6Al-4V) is
considered for the homogeneous core. Poly methyl methacrylate, referred to as PMMA, is selected
for the matrix of composite face sheets inside CNTs fibers. The effective material properties of
CNTs, Ti-6Al-4V and PMMA are presented in Table 1 and 2. It should be noted that

m =0.137,7, =1.022and 73 =0.715for the case of V ey =0.12, 7 =0.142,77, =1.626 and 7, =1.138for the

case of V' =0.17 , and 7 =0.141,77, =1.585 and 7, =1.109for the case of v’y =0.28 . Moreover, it’s
assumed that G, =G5 and G,3 =1.2G,, according to Wang and Shen [22].

Table 1. Mechanical properties of SWCNT with 10 [22].

Temperature
K £ (Pa) | BT (PR | GNP | N | N (kg/md)
300 5.6466 7.0800 1.9445 0.19 1400
500 5.5308 6.9348 1.9643 0.19 1400
700 5.4744 6.8641 1.9644 0.19 1400
Table 2. Mechanical properties of PMMA and Ti-6Al-4V [22].
Material E(GPa) p(Kg /m?) v
PMMA 3.52-0.0034T 1150 0.34
Ti-6Al-4V 122.56(1—4.586x1074T) 4429 0.29

Dimensionless parameters are defined to obtain dimensionless results:
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Fig. 2 illustrates the influence of volume fractions of CNTs on the dimensionless frequencies of
axially moving sandwich plate. This figure shows that increasing volume fractions of CNTs leads to
increase stiffness of sandwich plate and consequently the frequencies of moving system increase. In
addition, it’s evident that increasing v”\r from 0.17 to 0.28 not considerably affected the natural

frequencies of moving system, especially at lower aspect ratios. Moreover, it can be observed that
the frequencies moving system increase with increasing aspect ratios of sandwich plate.

Dimensionless frequency (Q)

.5 3 3.
alb (C=0.05)

Fig. 2. Dimensionless frequency versus aspect ratio of sandwich plate for different volume fractions of
CNTs.

The real part of dimensionless frequency versus dimensionless axially moving speed for different
core thickness is depicted in Fig.3. As can be observed, Im(w) diminishes with increasing C . These
physically proved that the system is stable and the small moving speed does not result in damping
behavior. For zero resonance frequency, axially moving sandwich plate becomes unstable due to the
divergence via a pitchfork bifurcation and the corresponding moving speed is called the critical
speed. Therefore, with increasing moving speed, system stability decreases and became susceptible
to buckling. It is obvious that increasing core thickness causes to increase strength of sandwich plate
and consequently the frequencies of system increase.

..... —o— h /h=0.8, h/h=0.1
0880000000000 n . P00 —0— N /h=0.7, h/h=0.15 | -
v ? —0— hy/h=0.6, h/h=0.2

—A— hc/h:O.S, h(/h:O.ZS i

Dimensionless frequency (Q)

c ‘ ‘
0 0.05 0.1 0.15 0.2 0.25

Fig. 3. Dimensionless frequency versus dimensionless moving speed of sandwich plate in different
values of core and face sheets thickness.
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The influences of volume fractions of sandwich plate on dimensionless frequencies versus
dimensionless thickness parameter are demonstrated in Fig.4. This figure approved that increasing
thickness of sandwich plate leads to increase frequencies of moving system. In addition, the effect of
CNTs reinforcement is more significant at thicker sandwich plate. Also, it can be found that the
frequencies of sandwich plate which is reinforced by 0.17 and 0.28 volume fractions of CNTSs are

similar. So, in this study V"o =0.17 is selected for the face sheets of sandwich plate.

Dimensionless frequency (Q)

0.2
002 0025 003 0035 004 0045 005 0055 006 0065 0.07
hla

Fig. 4. The influence of CNTs volume fraction on dimensionless frequency versus dimensionless thickness
ratio of sandwich plate.

As mentioned ago, SWCNTSs is selected as a reinforcement of face sheets of sandwich plate. The
mechanical properties of CNTSs at different temperatures are adopted from Wang and Shen (2012).
Fig. 5 presents the effect of temperature on vibration frequencies of moving sandwich plate. As can
be seen, increasing temperature leads to increase the frequencies of moving composite plate,
especially at higher thickness of plate.

Dimensionless frequency (Q)

0.04 0.05 0.06 0.07 0.08 0.09 0.1
h/b

Fig. 5. The effect of temperature on dimensionless frequencies of axially moving sandwich plate versus
dimensionless thickness ratio of sandwich plate.

Fig.6 shows the influences of temperature changes and volume fractions on dimensionless
frequencies versus dimensionless core thickness parameter, simultaneously. This figure approved
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that volume fractions of CNTs and temperature changes are a significant parameters which are
changed frequencies of moving sandwich plate, considerably.

0.4 T T T T T T T

—>— V=017, T=700 K
—— V' _=0.12, T=700 K

cnt

0361 _o— V,=0.17, T=500 K

0.341| —O—V_ =0.12, T=500 K
—A— V' =017, T=300 K

0.32~ ent

—o— V=012, T=300 K

0.3

0.28

0.26

Dimensionless frequency (Q2)

0.24

0.22

2 r I r
0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
h/h

Fig. 6. Dimensionless frequency versus dimensionless core thickness of sandwich plate in different
temperature and volume fractions of CNTSs.

The effect of moving speed of sandwich plate on dimensionless frequency versus dimensionless
aspect ratio is demonstrated in Fig. 7. It can be found from this figure that the values of critical speed
in square plate are lower than rectangular plate. Moreover, increasing moving speed leads to increase
instability of sandwich plate and consequently the frequencies decrease.

Dimensionless frequency (Q)

Fig. 7. The effect of moving speed on dimensionless frequency versus aspect ratio of sandwich plate.

Dimensionless frequencies versus dimensionless initial tension in different moving speeds are
demonstrated in Fig.8. It’s concluded that increasing pre-tension leads to decrease dimensionless
frequency of sandwich plate. In addition, the influence of initial tension in axially moving plate with
higher moving speeds is more considerable than stationary plates.
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Dimensionless frequency (Q)

Fig. 8. The effect of moving speed on the dimensionless frequency versus dimensionless initial tension.

Fig.9 illustrates the effect of vibration modes on dimensionless frequencies versus dimensionless
moving speed of sandwich plate. It is evident that the critical speed and frequencies of sandwich

plate in third mode are higher than the first mode.

Dimensionless frequency (Q2)

Fig. 9. The effect of vibration modes on the dimensionless frequency versus dimensionless moving speed of
sandwich plate.

In order to examine the reliability of the presented method, the results of this method are compared
with the work by Wang and Shen (2012). For this purpose, sandwich plate with CNTRC face sheets

is considered. Non-dimensional natural frequencies are obtained byQ:a)aZ/h(«/pC/EC) where

ptand E°represents mass density and Young’s module of core layer at T=300 K. As can be seen,
there are good agreement between the results of present study and their approach.

Table 3. Comparison between non-dimensional natural frequencies of sandwich plate with CNTRC face
sheets (C=0, a/b=1, b/h=20)

h h h
T=300K e O b
Vienr 0.17 0.28 0.17 0.28 0.17 0.28
Present 45577 | 45673 | 42701 | 42710 | 37173 | 3.7203
Ref. [22] 45887 | 45871 | 42642 | 42939 | 37320 | 37378
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7. Conclusion

Based on HSDT, vibration analysis of axially moving sandwich plate with composite face sheets was
developed for the first time. PMMA was selected as a matrix composite face sheets inside CNTs
fibers. Extended rule of mixture was utilized to obtain structural properties of composite face sheets.
Considering simply supported boundary condition, the motion equations were obtained using
Hamilton’s principle and solved by analytical solution. It was found that vibrating behavior of
moving sandwich plate was strongly dependent on moving speed, so that, with increasing moving
speed, system stability decreases and became susceptible to buckling. In addition, increasing small
amount in volume fraction of fibers led to increase frequencies of sandwich plate, considerably.
Comparison between natural frequencies of this study and the work which was done by Wang and
Shen [22] confirmed the accuracy of presented results. The results of this study is hoped to be used in
optimum design of aircrafts and military equipment.
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Abstract

Free vibration analysis of orthotropic composite annular plate is investigated. First-order shear deformation
theory (FSDT) is used for equation of motion. Two different kernels such as Regularized Shannon delta (RSD)
kernel and Lagrange delta sequence (LDS) kernel are used. The method of discrete singular convolution (DSC)
is used for numerical simulation of governing equations to obtain the frequency values. It is shown that the
convergence and accuracy of the DSC method is very good for vibration problem of orthotropic annular plate.

Keywords: Frequency, annular plate, discrete singular convolution, composite laminated.

1. Introduction

Free vibration analyses of shells and plates have widely studied by this time. Frequencies
values of shell structures have major importance for their design in different fields. In
literature, it is possible to find a few books on analysis and design of these structures [1-11].
Some important studies have been listed in references [9-42].

This paper is summarized in a few sections. In section 2, just main formulations for truncated
conical shells and annular plates are given via Tong’s [43] paper. The method of discrete
singular convolution (DSC) is given in section 3. DSC solution for free vibration of
orthotropic annular plates with is briefly defined in section 4. Results are listed in Section 5.
Finally, a conclusion is located at the end of the paper.

2. Fundamental Equations

Geometry and parameters of conical shells and annular plates are depicted in Fig. 1.

© 2017 K. Mercan, B. Akgoz, C. Demir, O. Civalek published by International Journal of Engineering & Applied Sciences. This work
is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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Fig. 1. Demonstration and notation of conical shell and annular plate

The equations of motion are [43]

i 2
ON, N 1 ON, +Sma(NX—NS)=ph8—;J
OX R(X) 0S R(X) ot (1)
i 2
ON N 1 ON; N COSO(VS LoSina N =phﬂ
ox R(x) os R(x) R(x) 0t2 ?)
aVX+sina Lol oV cosay 02w
oXx R(X) * R(XX) os R ° 012 3)
,, 1 oV, cosa,  sina, _ ph® 32,
ox R(x) s R(x) ° R(x) * 12 ot? @)
- 3 2
(3Mx5+2'lessmonr 1 6MS_VS:ﬂa gzos
OX R(x) R(x) 0s 12 ot (5)
Moment and forces components can be defined as:
_ N, hiz | Ox
N=1N, = [ {0, (dz
—-h/2
Ny Txs (6)
_ M, hi2 | Ox
M={M, = j o, 20z
-h/2
M, Txs ©)
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- V h/2 T
Vi ={ s _ J' sz 7
Vx ~h/2 sz (8)

For annular plates (0=90; ¢=360) based on the FSDT the differential equations of motion can
be defined in each direction:

Alla Hl i aa_u A22 A33 62U+(A12+A33) o%v

—2 sina-u+
X R(x) ox  R*(X) R?(x) 0s® R(X)  oxos
_ Pt A sina X+ D2 cos g M B2 gy cosa-w— Blla (Ozx

R?(x) os  R(x) ox  R*(X) OX
B, sin a@(ox By o By 0%¢,

SIn . +
ROO. xR PRI as?

+

n (B, + Bs,) az(os (Bzz + By,) 0o, sin & = ph 825
R(x)  Oxos R*(x) &s ot

(A12+A33) o%u (A22+A33) U+A3 vy Slna@
R(X) oxds | R? (X) o 2o : R(x) X

- ';“33 sina-v+ '?22 6\2/_ '2‘4“ cos®a-V+ (A22 )COSa—
R“(x) R°(x) 0s° R°(x) R?(x) 0s

2 2 H
n (By, + Bg3) 07, n (B, + Bys) sin a 2%x o9, +B,, 0 (‘2)5 +B,, sin a 0
R(x)  oOxos R*(x) 0s OX R(x) ox

B, %% + A COSO‘.(D _ &
R2(x) s> “R(x) " ot
(A + As) v o*w

—icow— —22_.y-sina-cosa— COSa— + Ay —
R(x)  ox R? (x) R*(x) 0s o’

A B
+ 2 Ass sin o - u OW_ Ay -W-coszoc+A558¢X —12c03a~%

R(X) s RI(x) 62 R2(x) X R(X) X

B . A, O
A55 sina -, ——22-sina-cosa- @, +—"-- s

R(x) R?(x) R(X) &s

B 2
_2_22.0050(%:[)}16 \ZN
R%(X) os ot

o°u By in u_ By u-sin?a+ B 52U+(Blz+833) 9%V

1o TR xR 2 (x) 052
(x) ox  R(x) R“(x) os R(x) oxos

B,+B B
(B 33) @_ASS com@_i.w sin a.Cos a

R2(x) Bz R(X) & R2(X)

2 i o 2
+D a¢x Sina ¢x_ D22 ¢Sin20t+ D33 8¢X_A€,5 X
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Hooxt TR ox RE(X) R2(x) os?

(9)
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(X)
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(11)

(Dy, + Dyy) %0, _ (D222+ D;;) 0o, sin o = ph 82(?(
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57



K. Mercan, B. Akgoz, C. Demir, O. Civalek

2 2 H
(B, +Bs3) O°u n (Bzzz"' Bss) a—usin o+ B338—\2/ + By, sina ov
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(13)

3. Discrete Singular Convolution (DSC)

The method is originally introduced by Wei [44-47]. After the Wei’s paper, the method
of DSC have been used in many problems related to static, dynamic, free vibration and
buckling analysis of structures [48-74]. A singular convolution F can be formulated as [44]

FO) =T *mt) = [T xn(x)dx

(14)
In the study, regularized Shannon kernel (RSK) and Lagrange kernels are used.
Regularized Shannon kernel (RSK)
RSK kernel can be listed below [45-47]
sinf(7/A)(x— X — xp )2
st~ S0 ) exp!_ ) }
—X
: o 1. 530 (15)

Gaussian envelope is showed by symbol o . In discrete form, any derivation can be written as

n
dd_frgX) St~ S 50— x ()
X x =y k=-M ; (n=0,1,2,...,) (16)

Lagrange delta sequence (LDS) kernel
LDS kernel is defined for i =0,1,..., N-1 and j = -M,...,M is given by [44-50]
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i+M X_Xk
I1 — Xi-M SX=Xjim,
K=i-Mk=i+jXi+j Xk
R (x) =
0 otherwise.

(17)

In this case, the first and second order derivatives are given as

60, (x) = > [1J By G

Xk = Xi) iz -Mk =i Xk~ Xi (18)

D00~ 3 [ ! J X

im=-M:i=k (X_Xi)(x_xm) i=-Mk=iXk ™ Xi

m=ki=#m (19)

4. Results

In this section, two examples are solved via two different kernels such as Regularized
Shannon delta (RSD) kernel and Lagrange delta sequence (LDS). Frequency values for
annular and circular plates have been obtained and results are listed in Tables 1-2 for
orthotropic case. Results are obtained for clamped cases for annular and circular plates. Both
kernels are useful for numerical discretization via DSC. It is shown that the 9*7 grids are
efficient for best convergence.

Table 1. Frequency values (@ =R pL-v0,)/E, ) for orthotropic annular plate with C-C

edges (Ri/Ro=2: Ry/h=1000;: E¢=70 GPa, v:=0.3, pc=5700 kg/m?, E;=1400 GPa, v,=0.3, p
=7850 kg/md)

Modes Present DSC Results- RSD kernel
(0=2.8) 7x7(M=14) 9x7(M=14) 9x9(M=14) 11x9(M=14)
1 4.52420 4.52413 452413 452413
2 4.74045 4.74038 4.74038 4.74038
3 5.31453 5.31449 5.31442 5.31442
4 6.10096 6.10090 6.10085 6.10085
5 7.04989 7.04978 7.04976 7.04976
Present DSC Results- LDS kernel
(0=2.8) 7x7(M=14) 9x7(M=14) 9x9(M=14) 11x9(M=14)
1 4.52443 4.52438 4.52438 4.52438
2 4.74059 4.74053 4.74051 4.74051
3 5.31504 5.31493 5.31493 5.31493
4 6.10103 6.10098 6.10094 6.10094
5 7.05068 7.05016 7.05003 7.05003
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Table 2. Frequency values (© = @RV PA=000) By for o thotropic circular plate with

clamped edges (R1/h=1000; E¢=70 GPa, v=0.3, pc=5700 kg/m?, E;=2800 GPa, v=0.3,
p =7850 kg/m°)

Modes Present DSC Results- RSD kernel
(c=2.8) Ox9M=14)  9x7(M=14) 11x9M=14) 11x11(M=14)
1 2.72081 2.72081 2.72081 2.72081
2 3.37236 3.37236 3.37236 3.37236
3 4.50756 4.50753 4.50753 4.50753
4 4.98188 4.98182 4.98182 4.98182
5 5.60235 5.60227 5.60227 5.60227
Present DSC Results- LDS kernel
(c=2.8) Ox9M=14)  9x7(M=14) 11x9M=14) 11x11(M=14)
1 2.72086 2.72086 2.72086 2.72086
2 3.37244 3.37240 3.37240 3.37240
3 4.50767 4.50760 4.50760 4.50760
4 4.98195 4.98190 4.98188 4.98188
5 5.60242 5.60236 5.60234 5.60234

5. Discussions

In this paper discrete singular convolution method via FSDT shell theory is used for free
vibration of annular and circular plates with orthotropic case. Two kernels namely
Regularized Shannon delta (RSD) kernel and Lagrange delta sequence (LDS) kernel are used.
The effects of grid numbers and kernel types on results have been investigated.
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Abstract

Heat-induced, pressure-induced, and centrifugal force-induced axisymmetric exact deformation and stresses in a thick-walled
spherical vessel, a cylindrical vessel, and a uniform disc are all determined analytically at a specified constant surface
temperature and at a constant angular velocity. The inner and outer pressures are both included in the formulation of annular
structures made of an isotropic and homogeneous linear elastic material. Governing equations in the form of Euler-Cauchy
differential equation with constant coefficients are solved and results are presented in compact forms. For discs, three different
boundary conditions are taken into account to consider mechanical engineering applications. The present study is also
peppered with numerical results in graphical forms.

Keywords: Thermo-Mechanical, Elasticity solution, Exact solution, Rotating disc, Pressure vessel, Linear elastic

1. Introduction

Annular structures such as cylindrical or spherical vessels including discs are essential structural elements
mainly made of an isotropic and homogeneous material. (Fig. 1). From those vessels may store gases,
vapors, and liquids at various pressures and temperatures. The pressure is obtained from an external
source, or by the application of heat from an indirect or direct source. That is a pressure vessel is mostly
subjected simultaneously to both the mechanical and thermal loads. In a pressure vessel design
determination of both the displacements and stresses is of great importance. If the material of the vessel
is isotropic and homogeneous then those may be calculated analytically. By choosing appropriate
parameters, an analytical solution also allows the optimization of the design parameters of a vessel
structure.

Apart from vessels, a rotating disc is also one of the essential annular structural component. They are
commonly used in a wide variety of engineering applications including space structures, electronic
components and rotating machinery. Axisymmetric elasticity solutions to the both mechanical and thermal
stress analysis of rotating discs have long been studied in the available literature. However, most of those
studies modelled the thermo-elastic behavior of a disc with boundary condition which commonly proper
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for the cylindrical vessel having stress-free surfaces (Fig. 1c). But, in mechanical engineering applications
rotating discs are commonly attached a rigid shaft at the center (Figs. 1d-e).

b) Infinite cylinder c¢) Disc / Circular annulus

d) Disc having rigid case at the outer e) Disc mounted a shaft at its
surface center

Fig. 1. Rotating annular structural geometries

67



V. Yildirum

As is well known in the thin-walled structure analysis the uniform stress distribution along the thickness
is taken for granted. Apart from this, the effect of the radial stress on the equivalent stress is neglected.
That is the radial stress due to either/both inner or/and outer pressures are assumed to be virtually zero.

However, in thick-walled structures, both the radial and hoop stresses play a role in the vessel design. It
is obvious that the distribution of the stresses along the radial coordinate are no further uniform in thick-
walled annular structures.

In the literature, the most number of studies are conducted with such structures subjected to just internal
pressure. However, there are some types of structures such as submarine structures and vacuum tanks for
which the predominant pressure is assumed to be the outer pressure and just the effect of this external
pressure is considered in their analysis. In the present study effects of both the inner and the outer pressures
are formulated analytically for each type of annular structures.

In some thermal studies, for the aim of simplicity, the distribution of the temperature along the radial
coordinate is assumed to be linear without solving related Fourier heat conduction differential equation in
thick-walled annular structures. As might be expected, this not reflects the true thermal behavior of such
structures. The appropriate temperature distribution, which is obtained in terms of a logarithmic function,
is identically the same but not linear for discs and cylindrical structures (Fig. 2). The temperature
distribution in spheres shows a hyperbolic variation. In the present study, the exact temperature
distributions obtained by the solution of Fourier heat conduction differential equation are used to study
the thermo-elastic behaviors of such structures.

Isotropic and Homogeneous Material

500
k, ' Disc
473.75[ N . + o Cylinder
4475 N . == Sphere
N

2125 ',

o *
L ]

=3 395 N . .
o Y \ *

368.75 *

) L

‘ L ]
3425 ',
[
b
316.25 ~
1 “
2002 0025 0025 00275 003 00325 0035 00375 004
r (m)

Fig. 2. Temperature distribution in thick-walled annular structures
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Apart from the above, one may also be confused undoubtedly when studying the disc and cylindrical
geometries. Discs are modeled in the case of plane stress assumption while the cylinders are modeled
under plane-strain assumptions. The strain-displacement relations together with the equilibrium equation
are identically the same under axisymmetric conditions for two annular structural types. As stated above,
the temperature distribution of two types of structures are also one and the same. In spite of those, there
are differences in their stress-strain relations that is in Hooke’s law. This, sometimes, may cause some
misperceptions in the formulation. In the present study the main differences in the formulation are
demonstrated clearly.

Finally, one may spend relatively much time to obtain formulas with the same notation for thermo-
mechanical behavior of such structures. In this respect, this study offers a concise and a complete study.

The subject of the present work is to form an infallible all-in-one source for the linear elastic behavior of
such structures made of an isotropic and homogeneous material under thermal and mechanical loads (Fig.
1). Centrifugal forces, internal and external pressure forces are all classified as mechanical loads. To do
so, governing equations which are second degree order non-homogeneous differential equations of
constant coefficients are first derived from the elasticity field equations, and then they are solved
analytically to obtain thermal and mechanical deformation and stresses. In this study exact thermo-
mechanical analysis of this types of structures are carried out according to the superposition principle since
small displacements are assumed. That is, each elastic quantity, either displacement or stress, is first
determined separately for the related loading type. The resultant elastic quantity is then determined as a
sum of each contributions.

(99) rHERMO-MECHANICAL = (00) Pressure + (06) Rotation + (06) Thermal
(ur)THERMO—MECHANICAL = (ur)Pressure + (ur)Rotation + (ur)Thermal (1)

(Gr)THERMO—MECHANICAL = (Ur)Pressure + (Ur)Rotation + (Gr)Thermal

2. Spherical Vessels

In a spherical coordinate system, (7, 6, @), relations between the strain and displacement components for
spherically symmetric case are as follows (see Notations)

E.(r)=u,'(r)

2)

89(r):8¢(r)=

ur(r)
r

69



V. Yildirum

V,0(r)=7,5(r) =Yg, (r)=0

where prime symbol denotes the first derivative of the quantity with respect to the radial coordinate. It
may be noted that the properties in 8 and @ directions are identical for axisymmetric hollow spheres.
Denoting the rise in temperature with respect to the temperature where stress value in the material is zero

by AT'(r)=T—T_ , Hooke’s law for a sphere made of an isotropic and homogeneous material is given by
0.(r)=C, €.(r)+CLe,(r)+Ce,(r)—(C, +2C,,)aAT (r)
=C,, €. (r)+2C,&,(7) —%aAT(r)
— 2V

=C,, £.(r)+2AC, £,(r)—(1+2A)C, AT (r)

3)
0,(r)=0,(r)=C,&,(r)+(C,, +C,)E,(r)—(C,; +2C,)aAT (r)
=CLE (r)+(C,, +C,)E,(r) —%QATO’)
=AC,£,(r)+(1+ 1) C, &,(r)—(1+2A)C,,aAT (r)
Where
“2% ; ‘22(1—2:;5(1+v)=11/vc“z’lc“ @
Equilibrium equation for a spherical vessel rotating at a constant angular velocity is
0','(r)+%(0'r ~0,)=—pwr’r (5)

Egs. (2), (3), and (5) are referred to as the field equations of the elasticity. Substituting Eq. (2) into Eq.
(3), and then successive substitution of Eq. (3) together with the first derivative of the radial stress into the
equilibrium equation (5), the governing equation called Navier equation in terms of radial displacement is
obtained as follow

2 2
POT 4 (14 20)aT' (r) = =227 4 &) oy (6)

" 2 ! 2 —_
uT' (r) + ;ur(r) - r_zur(r) - C11 C11 (1—1/)

This is a second order non-homogeneous Euler-Cauchy type differential equation with constant
coefficient. Its solution consists of the sum of its homogeneous and particular solutions. Since small
displacements are assumed, the superposition principle holds.

To consider just mechanical loads due to either internal or external pressures, the following (w = AT =
0) is solved with the boundary conditions [1]: ¢,(a) = —pg, and 7, (b) = —p,,.
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", 2 ! 2
up"(r) + - up(r) = S u(r) = 0 (7)

In order to account for just the rotation as a mechanical load (p, = p, = 0; AT = 0) , Eq. (8) is solved
under the boundary conditions: ¢,.(a) = 0 and o,(b) = 0.

pw3r

)

" 2 ! 2 _—
() + 2 () = Fur () = — 2
After determination of the temperature distribution along the thickness of the sphere, the thermo-elastic

analysis is merely taken into consideration by the following [2-6] under the boundary conditions: g,.(a) =
0;0.(b) =0.

(1) +2u() = S () = 2 aT' () ©)

As stated above, before conducting the thermo-elastic analysis, a thermal analysis which defines the
distribution of the temperature along the radial coordinate is required. Under the steady-state condition, in
the absence of heat generation, temperature distribution along the thickness of the spherical vessel is found
from the solution of the following heat conduction equation (Fourier’s equation) with the first kind
boundary conditions (Dirichlet): 7(a)=T, and T(b)=1T,.

T”(r)+gT,(r) =0 (10)
r

Solution of the above is found as

D
T(”):_TI+D2

T —QT
Dlz"b(Tu_T”)=b(T”_T”); DzzaTa—bTb: a T (11
a—-b 1— é a—-b 1—é
a a
Ty =D BH AT ANG,-T)) _aGr=bT, +Ma=nT, __aiT,~T,)  aT,=bT,
(a=b)r (a—byr (a=br — a=b

Eq. (9), now, takes the following form with Eq. (11)

ab(Tg—-Tp)a(1+v) 4
(a-b)r2(1-v)  r2

(1) + 2up(r) — S, (r) = (12)

Solution of the above inhomogeneous equation with the boundary conditions, ,-(a) = 0, and g,-(b) = 0,
gives the following

u,(r):B—22+Blr—Z (13a)
r 2

_ Awv-1)¥(a-b)(a+b)—a(v+1)(a3T,—b3Tp)
- (22+1)(v—1)(a3-b3)

B, (13b)
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_ a?b?*(AM(v—1)¥(a-b)+aba(v+1)(T,—Tp))
B, = 2(A-1)(v—1)(a3-b3) (13¢)

Compact forms of the thermo-elastic radial displacement, radial and hoop stresses are

_ K
) = D@ — 59

K=a(a*(b*(v+ 1(—(T, = Tp)) + b(v + D)r2(T, — Tp) + 2(v — Dr3T,)
+ a?br?(T, — T,)(bv + b — 2vr) + ab?r?(T, — T,)(bv + b — 2vr)
—2b3(v — )r3Ty)

(14)
_ abaE(a—1)(b—1)(T, — Tp)(a(b+71)+ br)
or(r)= (v — 1)r3(a® — b?)
_abaE(T, — Tp)(r*(a® + ab + b?) + a®b? — 2r3(a + b))
o0(r) = 2(v — Dré(a® — b3)
Nayak et al. [4] offered the following thermal stresses for hollow spheres.
b b3
—aE(T,—-Ty) | 7-1 731
oy(r)= 1-v) é . ~p3 ) = Or—present (Eq.14)
2 -
a a
(15)
b b3
—aE(T,—Tp) | 27~ 1 311
ag(r)= 1-v) é . b3 ) = Og—present (Eq.14)
2 -
a a

Nayak et al. [4] stated that from References [5-6] one can easily verify that Eq. (15) is indeed the
expression for radial and tangential stresses for an isotropic and homogeneous thick spherical vessel. It is
also readily verified that Nayak et al.’s [4] equations in (15) and present equations in (14) are identical.
For the mechanical load due to internal and external pressures, analytical solution is found as

G
u,(r) = 2 + Cyir

QG (=1 + )+ Cr3 (1L +22)

Or

7"3
Cll(CZ - 62/1 + C1T3(1 + ZA))
Og = 3
r
(16)
_ (2v*+v=1)(a®pa=b3pp) . ~ _ a®b3(2vZ+v=1)(pa—Pb)

€= EQA+1D)(v-1)(a3-b3) ’ "2 2E(A-1)(v-1)(a3-b3)
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Compact forms of the above in which radial and hoop stresses coincide with Roark’s formulas [2] are.

apa(PP(v+ 1) +2(1=2v)r3) bB3pp(a®(v+ 1) +2(1—2v)rd)

up(r) = — 2r2(a® — b3)E

2r2(a® — b3)E

@p, 0 =r) b, (P ~a’)

o,(n=

(a3 —b3)r3

(a3 —193)r3

a3pa (b3 +2r3) b3pb (a3 +2r3)

Oy(r)=
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Fig. 3. Displacements and stresses induced by mechanical loads
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Analytical solutions for mechanical load due to just rotation at a constant angular velocity is
AZ 3
u,(r)=—+Ar—r'f
r
2C A, -1+ 4
O'r(r):#+A1C“ (1+24)-C,r*(3+21) 2 (18a)
C A (-1+4
o,(r)=——2 7% zr(3 ) +A, C, (1+21)-C,, r* (1+42) 2
@i +v-1) pw?
10 E (v-1
(18b)

A

_ (a4 +ba’ +b’a’ +b3a+b4)(2/1+3)0

(a* +ba+b*) 2A+))
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For a numerical example, geometrical and material properties together with boundary conditions of the
sphere are assumed to be [4]:

E=2092GPa; v=029; 0, =700MPa ; ®=10.5810"°1/°C
T,=27°C; T, =0°C; p, =200MPa ; p,=0; & =100rad /s; a=0.8m;b=1.0m

Variation of the displacements and stresses induced by separate mechanical and thermal loads are
illustrated in Figs. 3-4. From these figures it is observed that the radial displacement and hoop stresses
which are tension in nature decrease with increasing b/ a ratios for each individual mechanical loads. The
maximum radial stress which is compression in nature is observed at the inner surface for mechanical
pressure loads, and at the vicinity of the middle surface as being tension in nature for mechanical rotational
loads. Variation of the displacements and stresses induced by thermal loads is illustrated in Fig. 4 at
different temperatures of the inner surface. From the figure it is observed that the radial displacement
increases with increasing b/a ratios and with increasing inner surface temperature. The maximum radial
stress in compression is observed at the vicinity of the middle surface and increases with increasing surface
temperature differences. Tangential stress varies from compressive to tensile for thermal load, from inside
surface to outside. Considering superposition principle, variation of the thermo-mechanical stresses and
equivalent stress in Eq. (19) which is given by [4] based on the Von-Mises criteria is illustrated in Fig. 5.
It is observed that the equivalent stress gradually decreases in the radial direction, from inside surface to
outside for thermo- mechanical loads and sets up tensile stresses. From this figure it is also observed that
the equivalent stress exceeds the yield strength at the inner surface, o, / p, =3.5.

O, =\/5(69—6,) (19)

3. Cylindrical Vessels

In a polar coordinate system, (r,68), axisymmetric relations between the strain and displacement
components are as follows (Fig. 1)

. =u,(r) ; eg<r>=“’r(” L 7,(0=0 (20)

Stress-strain relations for a cylindrical structure are given in the form of
o,.(r)=Cy, &,(r)+C,&,(r)—(C,; +2C,)0AT (r) =C,, €,(r) + AC, &4 (r) — 1+ 24)C,,2AT (1)
O,(r)=CeE, (r)+C &5 (r)—(Cy; +2C,)0AT (r) = AC,,€,(r) + C, 1€, (r) — (14 24)C,,0AT (r) (21)

(1-v)E ) VE 14
’ 2= = Ch
1-2vyd+v) 1-v

C1-2v)(1+V)

=AC,,

11
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Equilibrium equation for a cylindrical vessel or a disc rotating at a constant angular velocity, is
\ 1 >
o, (rnN+—(oc,—0,)=—pwr‘r (22)
r

Substituting Egs. (20) into Egs. (21), and then successive substitution of Eqgs. (21) with the first derivative
of radial stress into the equilibrium equation in (22), a second order non-homogeneous Navier differential
equation which governs the thermo-mechanical behavior of a cylindrical vessel is obtained as follows

(1) + 2up(r) = Zup () = =250 4 (14 22T (1) (23)

In order to study thermo-elastic analysis alone of such structures, let’s neglect the rotation together with
inner/outer pressures

(1) + ~ur(r) = () = (1+ 22)aT’ (1) (24)

Solution of the above equation consists of the sum of its homogeneous and particular solutions. To get the
particular solution, first, the temperature distribution due to the temperature difference between the
cylinder surfaces at specific temperatures is required. Let’s consider the Fourier heat conduction equation
in polar coordinates for cylinders or discs

1d(dT

LadlO) ) vy Xy =0 (25)
rdr\ dr r

Temperature distribution along the thickness of a cylinder or a disc is found from the solution of the
above equation with the first kind boundary conditions: T(a)=7, and T()=T,.

TCylinder(r) = Tpisk (1) = Inr@; + 0,
(26)

__ —InbTg+InaTy

;@2—

_ Ta—Tp
1

" lna-lnb Ina—Inb

It may be noted that the temperature distribution in both cylinder and disc is govern by the same differential
equation under the same boundary conditions. Considering the temperature distribution in Eq. (26) and its
derivative, Navier equation for the thermo-elastic analysis of a cylindrical vessel made of a homogeneous
and isotropic material is achieved as follows

() + Fup(r) — Sup () = (L+20)aT’(r) = (1+22) 2 (22 ) 27)

Ina—Inb

In the present work, the above differential equation is solved for the boundary conditions: g,.(a)=0 and
o,(b)=0 . Solution of Eq. (27) is obtained as follows
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H
~ 2(v—Dr(a—b)(a+ b)(og(a) — log(h))

Up(r)=

H= {(V + Da (Ta(a2 log(a) (b? — 2vr? + 12) — b?log(b) (a? — 2vr? + r?)
+ (v —=Dr%(a—b)(a+b) +2(v—1)r%(a—b)(a + b)log(b)
+r2(a — b)(a + b) log(r))
+ Tp(a?log(a) (—(b? — 2vr? + %)) + b%log(b) (a? — 2vr? +r?)
+12(b? — a?)log(r) — (v — 1)r?(a — b)(a + b)
—2(w—=1Dr2(a—-b)(a+b) 1og(a)))}

(28)
_ (T, = Ty)aE(b*(r* — a®)Inb + a®Ina(b — r)(b + 1) + r?(a — b)(a + b)Inr)
or(r) = 2(v —Dr?(a—b)(a + b)(Ina — Inb)
oolt) (T, — Tp)aE(a*Ina(—(b? + r2)) + b%(a® + r¥)Inb + r?(a — b)(a + b)(Inr + 1))
o(r) =

2(v —1Dr?(a—b)(a + b)(Ina — Inb)

In equations (28) stress formulas coincides with the literature [7]. However an error is found in the
definitions of those stresses in Reference [8]. Solutions in Reference [8] is unfortunately employed in
Reference [9]. The analytical formulas, again derived in the present study, for the radial displacements
and stresses due to mechanical loads such as internal/external pressure and rotation at a constant angular
velocity are presented below for the sake of the completeness of the study.

{ a’(v+ Dp,(b% — 2vr? + rz)} {bz(v + Dpp(a? — 2vr? + rz)}
u(r)= {-— +

r(a? — b?)E r(a® — b?)E

a’pa(b® —1?)) (b*(a—r)(a+1)py
ar(r)={ r2(a2 — b2) }"‘{ r2(b% — a?) }
(29)

a’p,(b? + rz)}+{b2(a2 + rz)pb}

7'2((12 — bZ) 7"2 (aZ — bZ)

og(r)= {—

(v + Daw?p(a?(2v —3)(b% + (1 — 2v)r?) — 2v — Dr2(b*(2v — 3) + r?))
ur(r)= { 8(v— DrE }

2v-3)wi(a—-1r)(a+7r)T?—-Db%)p
ay(r)= { }

8(v—1r?
(30)

ool?) {wzp(az(Zv -3)B*+r) +r2(h*2v-3)+(2v + 1)7"2))}
o(r)=

8(v — 1r2
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Table 1. Material properties for cylinders

METALS E (GPa) p(kg/m’) v  k(W/mK) o (1/K)

Metals Titanium (Ti-6Al-4V) 122.557 2370 0.29 13.723  7.579x10°
Aluminum (Al) 70 2700 0.3 204 23x10°®

Nickel (Ni) 199.5 8900 0.3 90.7 13.3x10°¢
Stainless-Steel (SUS304) 201.04 7800  0.3262 15379  12.33x10°

Ceramics | Silicon-Nitride (SizN4) 348.43 4429 0.24 1.209 5.8723x10°
Zirconium-Oxide (ZrO») 116.4 3657 0.3 1.78 8.7x10°¢
Aluminum-Oxide (Al,O3) 393 3970 0.3 30.1 8.8x10°6

For numerical example, geometrical and material properties of the cylindrical vessel are assumed to be:
a=0.8m; b=1.0m. Variation of the displacements and stresses induced by thermal loads at different
temperature differences is illustrated in Figs. 6-7 for both ceramics and metallic materials whose properties
are given in Table 1. From these figures it is observed that the characteristics of the curves of the elastic
quantities are similar for both ceramics and metals since they are both isotropic and homogeneous: The
radial displacement gradually increases with increasing radial coordinate. The maximum thermo-elastic
radial displacement is observed at the vicinity of the middle surface. The thermo-elastic radial stresses are
compression in nature. The maximum hoop stresses are observed at the inner surface of the cylindrical
vessel. The thermo-elastic hoop stresses are gradually changed their signs from inside surface to the outer
surface. The numerical values of the hoop stresses are 10-times more than radial stresses. So the hoop
stresses become leading in the thermo-elastic analysis.
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Fig. 6. Thermo-elastic radial displacement and the radial and hoop stresses for cylindrical vessels
made of different metallic materials
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Fig. 7. Thermo-elastic radial displacement and the radial and hoop stresses for cylindrical vessels

made of different ceramic materials

As expected, in a thermo-elastic analysis, the ceramic materials are more strength to the metallic materials.
However, thermo-elastic behavior of a titanium-alloy is very similar to a zirconia. The titanium-alloy

offers smaller displacements than the zirconia.

BC=1
{6,(a)=0 and a,(b)=0}

Fig. 8. Boundary conditions considered for discs

BC=2
{u,.(a)=0 and o,(b)=0}
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4. Discs at Different Boundary Conditions

In a polar coordinate system, (7, ), axisymmetric field equations are as follows

en=u'): en="" 5y =0
0,(N=C, &N +CE(r)—(C,, +C,)adl (r) = C,, £,(r)+ AC, £, (r) - (1+ A)C,,0AT (r)
3D
0,(r)=CnLe, (r)+C,&,(r)—(C,, +Cp,)AT (r) = AC,,€,(r)+ C,,€,(r)—(1+ 1) C,,aAT (r)
Cllziz ; C,=vC(, =AC,
1-v)

From the above field equations, the following Navier differential equation which governs the thermo-
mechanical behavior of the uniform disc is obtained.

pw?r

w,"(r) + %u;(r) - rizur(r) = + (1 + D)aT'(r) (32)

C11

As stated above, temperature distribution for both discs and cylindrical vessels obey the same
differential equations. So, from Eq. (26) the following is rewritten under the first kind boundary
conditions

Ta—Tp —InbTg+1InaTy
Ina—Inb Ina—Inb

T(r)Cylinder and pisc = nr@; + 0, = Inr (33)

In order to study thermo-elastic analysis alone of such structures, the rotation is omitted in Eq. (32).

" 1 1 ] Ta—T
w(r) + s () - Zu () =1 +v)a— = (1+v)%(m) (34)
In the present work, the above differential equation is solved for each boundary condition given in Fig.
8 and the results are presented in Table 2. As ease of reference, the analytical formulas in Reference
[10] for the uniform discs subjected to the mechanical loads are presented for different boundary
conditions in the Appendix.

For a numerical study, geometrical and material properties of the disc are assumed to be: a = 0.1m ;
b=1.0m, E=2092GPa; v=0.29; o, =700MPa; «=10.5810"°1/°C. Variation of the

displacements and stresses induced by thermal loads is illustrated in Fig. 9 under different boundary
conditions and for different temperature differences. From Fig. 9 it is observed that the radial
displacement gradually increases with increasing b/ a ratios for BC=1 and BC=2. The maximum
radial displacement is observed at the outer surface for both BC=1 and BC=2 while it is at the vicinity
of the middle surface for BC=3. BC=1 and BC=3 present radial stress as compression in nature while
BC=2 offers radial stress in tension. The maximum radial stress is observed at the inner surface for
BC=2, at the close to the inner surface for the others. From Fig. 9, for all types of boundary conditions,
maximum hoop stress is observed at the inner surface of the disc. Hoop stresses are gradually changed
their signs from inside surface to the outer surface.

yield
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Fig. 9. Thermo-elastic behavior of a rotating disc at different boundary conditions

(O-T)Poworoznek/DISC =

_ EaT, b
(0'9)Poworoznek/DISC+CYL1NDER =—x(1—In(=
2 ln(;) r

Lb)(_ln(g)_b

2(1—-v)In (E

2ln (a

1

o)

As stated above, some existing formulas in the literature contain some errors. Poworoznek [8]
conducted an analytical study for cylindrical pressure vessels based on the theory proposed by
Timoshenko [11]. He suggested some analytical formulas for both hollow cylinders (plain strain) and
hollow discs (plain stress) for BC=1.

a2 2

Fa(1+E)n() o

aZ

EaT, b? b
(0r) Poworoznek/CYLINDER = —b) (—In (;) Tz 1- r_z) In (a))

Let’s re-consider analytical formulas derived in this study for the radial and hoop stresses for discs
(Table 2) and cylinders (Eq. (28)) under BC=1. Comparison shows that there are some syntax errors
in those formulas suggested by Poworoznek [8] as follows

(Ur)Present/DISC = (1 - V)(Ur)Poworoznek/DISC

(JG)Present/DISC = (JG)Poworoznek/DISC

(36)

(Ur)Present/CYLlNDER = m (Ur)Poworoznek/cyuNDER

1

(09) present/cYLINDER = m (99) Poworoznek/CYLINDER
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Before anything else, it is not proper to get the identical result for the hoop stresses in both plane strain
and plane stress conditions as in Reference [8] while the radial stresses are found somewhat different
for cylinders and discs. The author thinks that there must be some typing errors or some confusion
between the elastic constants of plane stress and plain stress cases in those formulas in Reference [8].

To study the thermo-elastic behavior of the uniform discs under plane stress assumption the following
differential equation should be used (See Eq. (32)).

1 1
ur”(r) + ;u;' (T‘) - r_ZuT (7") = (1 + APlane—Stress)aT’(r)
(37
iPlane—.S'tress =V

Under plane strain assumption, the following differential equation governing the thermo-elastic
behavior of the cylindrical structures should be used.

" 1 ! 1 !
u,"(r) + :ur(r) - r_zur(r) = (1 + 2Apiane-strain)aT (r)
(33)
|4

y) A
1-v

Plane—Strain —

Temperature distributions along the radial direction for both cylinders and uniform discs are identical.

T(r)Cylinder and pisc = nrO; + 6, (39)

From the above it is revealed that it is possible to confuse easily with the elasticity constants in the
formulation. The present results for cylinders exactly coincides with the literature [7].

To gain insight into the issue in question, an additional numerical example is performed for both the
discs and cylindrical vessels having the same inner and outer radii (a=0.5m, b=1m) for BC=1. The
results are shown in Fig. 10 in a comparative manner by using the same axis-scales. From the overall
picture the characteristics of the curves are similar to each other. However numerical values of the
quantities are not the same. For example, the same temperature difference results in higher stresses in
cylinders than discs.

Finally, it is possible to obtain plane-stress formulas from the plane strain formulas by using
appropriate coefficients. The converse is also true. In the elementary elasticity theory those coefficients

are given for mechanical loads such as rotation and internal/external pressures. For instance, if one
E

1-v2
plane stress solutions. As it is known v should be replaced formally with
E(14+2v)
(1+v)2
alone for thermo-elastic analysis.

replace formally v with —_ and E with he may get the results for the plain-strain case from the
1-v

—_ and E is to be replaced
1+v

with to get the plane stress results from the plain strain solutions. However this does not work
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5. Conclusions

In this study thermo-mechanical analysis of annular structures made of a homogeneous and isotropic
linear elastic material is handled analytically under different boundary conditions. The closed form
formulas for the radial stress, hoop stress and the radial displacement are derived for each boundary
condition and for each structural type. Apart from those, some muddles in the formulation of both
cylinders and discs are clarified.

For the spherical rotating vessel with p, = 200 MPa,w = 100%, T, = 300K,T, = 273K, it is
observed from Figs. 3-5 that

¢ Maximum radial displacement occurs at the inner surface for both pressure and centrifugal
loads while it is located at the outer surface for thermal loads. For the given problem, thermal
radial displacement are much excessive than mechanical load induced radial displacements.

¢ If radial stresses are considered, its maximum value is at the inner surface as in compression
under pressure loading, at the mid-surface for both centrifugal force and thermal loads.

e As to the hoop stress, it reaches its maximum value at the inner surface as in tension for
mechanical loads and it is also maximum at the inner surface as in compression for thermal
loads. This contributes the almost uniform distribution of the total hoop stress along the
thickness.

¢ The equivalent maximum stress is located at the inner surface due to all loadings, namely
pressure, centrifugal force and thermal loads.

For the cylinders it is observed from Fig. 6 that the radial displacement progressively increases with
increasing radial coordinate. The maximum thermo-elastic compressional radial displacement is
examined at the vicinity of the middle surface. The maximum hoop stresses are watched at the inner
surface of the cylindrical vessel. The thermo-elastic hoop stresses are in compression at the inner
surface while they are in tension at the outer surface. The numerical values of the hoop stresses are
nearly 10-times more than radial stresses. So the hoop stresses are guiding stresses in the thermo-elastic
analysis.

The thermo-elastic behavior of stress-free discs is very similar to cylindrical vessels. However the
same inner and outer radius together with the same temperature difference yield higher stresses in
cylinders than stress-free discs. For other types of discs attached a shaft at its center (for BC=2 and
BC=3) have much higher hoop stresses at the inner surface as in compression due to thermal loads.

By using the closed-form formulas offered in the present study, such structures may be tailored to the
user’s need. The author also hopes that this study may form an infallible all-in-one source for the
readers studying the linear elastic behavior of such structures made of an isotropic and homogeneous
material under thermal and mechanical loads.
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APPENDIX: Displacement and stresses of uniform isotropic and homogeneous discs
subjected to mechanical loads [10] (p, = Inner pressure, p, = Outer pressure)

B a’p,(b’(v+1)—(v—-1Dr?) b?*pp(a’(v+1)—(v-1r?)

o(@)=-p, "7 Er(a? — b?) Er(a? — b%)
O-T(b) = —Pp
e a’pg(b* —1r?) b*py(a—r)(a+r)
r— rZ(aZ _ bZ) T'Z(bz _ aZ)
a’p,(b? +12)  b?py(a® +1?)
Og = —

r2(a2 _ bZ) r2(a2 — bZ)

_p? (@ +3)BPv+ 1) - (v-Dr?) = (v -Dr*(b*(v+3) - (v+ Dr?))
o(@=0 "= 8Er
g-(b) =0

pw?( +3)(a? —r?)(r? — b?)
or= 8r2

pw?(a?(v +3)(b%2 +7r2) +r2(b%2(v + 3) — (3v + Dr?))
O0g =
8r2

w?p(a?(v+3)(P*(v+ 1) - (v—Drd) — (v = Dri(?(v+3) — (v + Dr?))
u(a) =0 W= 8rE
o.(b) =0
v+3)w?(a—1)(a+7)([T?—b*)p
™ 8r2

w?p(a?(v +3)(b? +r?) +r2(b*(v +3) — Bv + Dr?))
%= 8r?

_ (=)@ =a®)(? - b*)p

ur(a) =0 Ur= 8rE
u.(b) =0
w?p (a2((v + )r2 —b2(w— 1)) + (b2 +1) — (v + 3)r2))
or= 8r2
w?p(a?(*(v -1+ v+ DrH) +r2(b*(v+1) — Bv + Dr?))
Og=
8r?2
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Notations
a b Inner radius and outer radius, respectively
c,,C, Integration constants
C; elastic constants in Hooke’s law
E Young’s modulus
Pa> Pb Pressures at inner and outer surfaces, respectively
r radial coordinate
T,T, temperature at the inner and outer surfaces, respectively
u, radial displacement
£, radial strain
&, tangential strain
a thermal expansion coefficient
Yeo> Vror Yoo engineering shear strain components
(1) Azimuthal coordinate
v Poisson’s ratio
p density of the vessel material
o, radial stress
o, hoop stress
6 tangential coordinate
1) constant angular velocity (rad/s)
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Abstract

In the current study, the size dependent free vibration of shear deformable functionally graded (FG) nanotubes
is investigated. The nanotube is modeled as cylindrical shell which contains small scale effects by using the
nonlocal strain gradient theory. Material properties of the FG nanotube are assumed to be variable along
thickness direction according to power law distribution. The Hamilton'’s principle is implemented to derive the
governing equations and boundary conditions. The numerical results are presented for simply supported FG
nanotube and the influence of different parameters, such as nonlocal parameter, length scale parameter, length,
thickness and power law index on frequency of FG nanotube are extensively studied. The results reveal that the
frequency is significantly size dependent.

Keywords: Nonlocal strain gradient theory, Nanotube, Vibration, Size-dependent, first order shear deformation
theory.

1. Introduction

Offering unique benefits compared to conventional materials, functionally graded materials
have been found tremendous amount of interest among researchers. The material properties of
FG materials are changed smoothly in one or more directions to overcome stress
concentration, as a common problem in usual composite materials [1]. Since they include two
different components, FG materials are able to utilize the desirable properties of each
constituent and as a result they can be designed for specific functions and applications. The
static and dynamic behavior of FG beams, plats and shells are studied by many researchers.
For example, Tadi et al. studied the free vibration of FG nanoshells and the effects of different
parameters on frequency was shown as well [2]. The bending, buckling and vibration
behaviors of axially FG nanobeams were investigated by Li et al and the critical buckling
force and natural frequency were shown size dependent [3]. Ebrahimi et al. examined the
wave propagation of FG nanoplate under nonlinear thermal loading and the influence of
different parameters such as gradient index, temperature distribution and length scale
parameter on the wave dispersion was presented [4]. The buckling of cylindrical and conical
panels and shells of laminated composite, FGM and carbon nanotube reinforced functionally
graded cases were examined by Civalek and the effects of material and geometrical
parameters on buckling response were shown [5]. Akgoz et al. studied the longitudinal free
vibration of axially FG microbars for different boundary conditions and the effect of material
and geometrical parameters on natural frequency was shown [6].

© 2017 F. Mehralian, Y. Tadi Beni published by International Journal of Engineering & Applied Sciences. This work is licensed under
a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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In recent years, the increasing growth of nanotechnology leads to inspiring innovations in
electrical, magnetic, and optical devices at the nanoscale and nanotubes are surely the most
exciting nanostructure playing an important role in nanotechnology today [7]. The research on
nanotubes has illustrated their prominent mechanical and electronic properties which are
expected to result in revolutionary new devices. The more accurate realization of nanotubes
behavior, however has so far been limited because of their dimensions, which are often equal
or smaller than the characteristics length scales [8]. Modified continuum theories, which are
developed as analytical methods producing more accurate results as such being comparable to
those of atomistic models, are utilized in many studies. For example, Mehralian et al. studied
the buckling of FG piezoelectric nanoshell under pressure based on the new modified couple
stress theory and the critical buckling pressure was shown significantly size dependent by
increase in thickness and decrease in length [9]. Size-dependent first order shear deformable
shell model on the basis of modified strain gradient theory was utilized by Gholami et al. to
study the axial buckling of functionally graded cylindrical shell [10]. The effect of material
property gradient index was illustrated significant on the buckling load. Mehralian et al.
studied the free vibration of FG truncated conical shell in thermal environment based on the
modified couple stress theory and natural frequency was shown significantly size dependent
particularly by decreasing apex angle and increasing gradient index [11]. The size dependent
buckling behavior of silicon carbide nanotubes were investigated by Mercan et al. on the basis
of Eringen’s nonlocal elasticity and surface elasticity and the influence of geometrical
parameters on critical buckling load was indicated [12]. Akgoz et al. studied the buckling of
single walled carbon nanotubes using modified couple stress theory and strain gradient theory
[13].

Nonlocal strain gradient theory, as higher order continuum theory, which is able to predict the
stiffens-hardening effects besides stiffness-softening ones, is introduced by Lim et al. [14]. In
this theory, the stress field accounts nonlocal stress field besides strain gradients stress filed
and two material length scale parameters beside two Lame constants are introduced [14].
There are many studies in which the static and dynamic behaviors of nanobeams and
nanoplates are investigated based on this theory. For example, Ebrahimi et al. examined the
buckling of curved FG nanobeam based on the nonlocal strain gradient theory for simply
supported and clamped boundary conditions and the effect of different parameters such as
length scale parameters, power law exponent and boundary conditions were indicated [15].
The wave propagation in a viscoelastic SWCNT are studied based on the nonlocal strain
gradient theory using Timoshenko beam model by Tang et al. and the effects of tube size on
the wave dispersion was shown [16].

Motivated by the mentioned discussion, this paper examines the vibration of FG nanotube
based on the nonlocal strain gradient theory using the first order shear deformation shell
model. The governing equations and boundary conditions are derived using Hamilton’s
principle. The free vibration of simply supported cylindrical shell, as a case study, is
investigated. The effects of different parameters such as material length scale parameters,
thickness ratio and length ratio are illustrated on the frequency.

2. Theoretical development

Consider a FG nanotube modeled as cylindrical shell in Fig. 1, in which geometrical
parameters of length, L, radius, R and thickness / are also indicated. FGM is usually made by
the combination of two components (e.g. ceramics and metal) and the material properties of
FG cylindrical shell varies continuously and consistently from the material properties of
ceramics on the inner surface of the cylindrical shell to the properties of the metal on the outer
surface as a function of constituent’s volume fraction. Variation in volume fraction of metal
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and ceramic according to power law distribution along cylindrical shell thickness is expressed
in the following equations:

5 B
vo=[=
(3 (1)
Vo=1-V,

In the above equation, 3 stands for power index which varies in the 0 < f < « interval, and as

illustrated by Fig. 1, Z stands for the arbitrary surface distance from the inner ones of the
cylindrical shell. Therefore, the material properties of this cylindrical shell are expressed as:

E(£)=(Em—Ec)(%)ﬁ+Ec

p(f)=(pm—pc)(;) +p, (2)

where E. , p. and v, are obtained in Z2=0, and E,, , pm and w, are obtained in Z =#4, which
respectively represent Young’s modulus, density and Poisson’s ratio of ceramics and metal.
As displayed by Fig. 1, the displacement field of cylindrical shell based on first order shear
deformation theory along the three directions of x, # and z is expressed as:

U(x,ﬁ,z,t) = u(x,é’,t)+zz/Jx (x,ﬁ,t)
V(x,ﬁ,z,t)=v(x,0,t)+zz//0 (x,ﬁ,t) 3)
W(x,ﬁ,z,t) = w(x,ﬁ,t)

In the above equation, u(x,6,f), v(x,0,t) and w(x,6,tf) are considered as neutral axis

displacement, andy (x,6,¢) and wg(x,é’,t) as rotation of a transverse normal about the

circumferential and axial directions. Besides, the position of the neutral axis is expressed as
follows [2]:

i
v

To extract the governing equations of FG nanotubes, Hamilton’s principle is utilized as
below:

A

2 @)
)
2

f(éUs ~OT + W, )dt =0 )

At
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where o7 represents kinetic energy variation, dU, stands for strain energy variation, and 0/,
is variation in the work of external loads acting on the cylindrical shell, which is neglected in
this study .

The kinetic energy is obtained from time derivation on the displacement variables, as follows:

z Neutral Axis
Fig. 1. Coordinate system and geometry of the FG nanotube.

_p (2 ) 2 2 2
T—Tf!f[U +V +W]dV (6)
and the variation of kinetic energy is obtained as:

2 2 2
5T=lf,0(2>[(aéu+zaé%) +(85v+265§w0) +(a§—w)

Rdxd@dz (7)
2J ot ot ot ot ot

Based on the nonlocal strain gradient theory proposed by Lim et al. the strain energy is given
by [9]:

1
U, =5 [ffleye; +0",Ve; ) dV ®)
V
where
1
&y =5 w4, 9)
gy =Cijk1'9k1 (10)

91



F. Mehralian, Y. Tadi Beni

which, ¢;;, o;; are the components of strain and stress tensor respectively and Cjy, represents
the elasticity tensor for cylindrical shell. Also, the non-zero components of strain field are
obtained by substituting Eq. (3) into (9) and using the assumption (1+z/R)=~1.

o0x o0x
Eyg =l 2+w+z%
R\ 06 00

S LA )

gxt‘)_
2R 068 ox R 06 ox

Given the assumption of plane stress in the shear deformation shell theory, the stress tensor
can be defined as:

Uxx Cll C12 0 g)oc
Ogg ¢ = Clz sz 0 Eap
O, 0 0 G| |20 (12)
Oxz — C44 O 2€xz
aﬁz 0 CSS 2892
In Eq. (12), elastic constants are defined as:
E(z E(z)v(2) ,
C, =C22=%, Co=—"7> C33=C44=C55=ﬂ(2) (13)
1-v (z) 1-v Z)

In the above equation, F (2) and 1/(2) respectively represent Young’s modulus and

Poisson’s ratio for FG cylindrical shell. Also, by substituting Egs. (11) and (12) into Eq. (8),
the variation of strain energy is obtained:

L
idUst = i [, ]0g,dV + L (0] %, o (14)

where

M

t.=0.-Vo.
q g q (15)

According to nonlocal strain gradient theory, its constitutive equation is as follows:
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[1 - uv* ] ty = Cuen —1C V' ey

(16)
In the above equation, x is equal to square of nonlocal scale parameter (eja). Furthermore, # is
equal to square of material length scale parameter (/).

Consequently, by substituting Eqgs. (7,14) into Eq. (5) and calculating multiple integral by
parts, the governing equations of FG nanotube are extracted as:

) 9° 9’ 9’
oU :(1-nVv )[A1 —su(x0.0)+ Ay (6.0,0)+ 4 ——

v(x,ﬁ,t)

2 2 2

ng(x,a,t)+A6:7u(x,¢9,t)+A7;71/;X(x,0,z) (17)

0 9
+A,—wlx,0,t)+ A
* ox ( ) > 0x060

5 9’ 0’
~(1-uv )[AS?u(x,ﬁ,t)+z49¥wx(x,ﬁ,t)] =0

2 2 2

ad d d
(1-nV*)|B B, — B, ——
oV ( nv )[ 16x86u(x’9’t)+ e v(x,60,t)+ B, axaa% (x,6,t)

2 2

9 9 9
+B, @wﬁ (x,031)+35Wv(x,ﬁ,tﬁBéﬁw(x,H,t)

2 (18)
+B7%wg(x,e,t)+88wa(xﬂ’f)+B“(x’e’t)l

9’ 9’
—(1—MV2)[BIOFv(x,ﬁ,t)+B“?we(x,ﬁ,t)}=0
oW :(1-v?) ¢, Ly (x.6.0)+C iw(xé’t)+C 9, (x.6.1)
Iaxx s 2(9)62 s 3899 s U
2

+C, ;FW(X,@[)"'CS %v(xaeat)"' C6W(x’ 9,t)+C7 aa—xu(x,ﬁ,t) (19)

2
_(l—ﬂvz)[q;;?w(x,ﬁ,t)} =0

2 2 2

(1) D 9 9 9
oy, :(1-nv )[D1 ax2u(x,6,t)+D2 poe (x,6,¢)+ D, ey

v(x,H,t)

X

9 9’ J’ d’
+D, aw(x,ﬁ,t)+D5 ———V, (x,6,t)+ D, Wu(x,ﬁ,t)+D7 PYRL (x,6,t) (20)
2 2

9 9
+Dgp, (x,0,1)] -(1_,N2)[D9 V. (x,6,1)+ D, yu(x,a,t) =0
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2 2 2 2

9 9 9
u(x,0,t)+E, wv(x,ﬁ,t)+E3 g (x,0,t)+E, ey (x,6,1)

2 2

0 d d
+E; WV()C,H,t)+E6 ﬁw(x,ﬁ,t)+E7 Wl/ja (x,H,t)+E81/J9 (x,H,t)

0xd

0
oy, : [El

2

9’ 9
+Eyv(x,0,1)]-(1 —sz)[Em V0 (x,6,0)+E, yv(x,ﬁ,t) =0

where

A=Y,A4,=Y, 4, =Y,/R+Y,/R,4,=Y,/R, A, =Y,/R+Y,/R,

A, =Y, /R* A =Y, /R’ A, =Y A =Y,

B =Y,/R+Y,/R,B,=Y,,B,=Y,/R+Y,/R,B, =Y,,B, =Y, /R?,

B =Y /R +kY,/R*,B,=Y,/R* B, =kY,/R,B, = -kY,/R*,B,, = Y,,,B, = ¥,

C =kY7-Y5/R,C, =kY,,C, =kY,/R-Y,/R*,C, =kY,/R* ,C, = —kY,/R* - Y,/ R*,
C6=_YI/R2’C7=_Y4/R’C8=YIO

D, =Y,,D,=Y,,D, =Y;,/R+Y,/R,D, =Y;,/R-kY,,D; = Y, [R+Y, /R, D, = ¥, /R*,
D, =Y9/RZ’D8 = _kY7>D9 =Y,,D, =Y,

E =Y,[R+Y[R.E, =Y, E;=Y,/[R+Y,[R,E, =Y, E; =Y, [R* \E =Y, [R* ~kY, R,

E,=Y,[R® ,E = kY, E, =kY,/R.E, =¥, E, =¥,

12>

and

The boundary conditions are given in Appendix A.

1)

In order to solve the governing equations, the following approximate solutions, satisfied

differential equations and boundary conditions, are utilized:

u(x,0,t) = EEUm cos( )cos(nﬁ)
W(x0.)=3 3V, sm( )sin(n@)
w(x.0.1)= 3 S, sm( )cos(nﬁ)
(60.1)= 3 S (1)eos| " eos(0)
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¥, (x,0,t)= EE%W sm( )sm(nﬁ)

where m, n stand for axial and circumferential wave numbers.
Therefore, by substituting Eq. (22) into the equations of motion, the equations are written in
the matrix form as follows:

[k){a}+[mHa}=0 (23)

where
{d}={d,}e (24)
Now, by substituting Eq. (24) into (23), we have
(<]~ [M]){dy} =0 (2)

where wstands  for natural frequency, {d} { VW wﬁmn}Tis displacement

amplitude vector. To obtain the non-trivial solution to Eq. (25), one must consider the
determinant of coefficients equivalent to zero from which the shell frequency equation is
derived and solved.

3. Results

For the sake of predicting the vibration behavior of nanotubes more accurately using nonlocal
strain gradient theory, since the efficiency of the nonlocal strain gradient shell model is
strongly dependent on the recognition of the proper values of small length scale parameters, u
= (epa)” and 5 = I are also calibrated using MD results of a (5,5) armchair CNT, due to
lacking of the values of small length scale parameters of FG nanotubes. Also the values of u
and # are considered to be (3.3)" to (3.5)° nm® and (0.1)* to (0.4)* nm® respectively, for
different length ratios. The following material parameters are considered for FG nanotube
[17]:

Table 1. Material properties of FG cylindrical shell.

E (GPa) v p (kg/m’)
Aluminum 70 0.3 2702
Ceramics 427 0.17 3100

In the following, the vibration response of nanotubes under different material and geometrical
parameters is indicated to illustrate the applications of nonlocal strain gradient theory.

In order to show the influences of small length scale parameters on frequency of nanotubes,
Figs. 2 and 3 are presented. It is seen that increasing nonlocal parameter (u) at a certain scale
factor (1) decreases frequency which reveals the softening effect of nonlocal parameter (see
Fig. 2); while, increasing scale factor in the case of certain nonlocal parameter increases
frequency and it means that the effective stiffness of nanotube becomes larger with increasing
scale factor (see Fig. 3). These phenomena illustrate that by using nonlocal strain gradient
theory, the nanotube exerts the softening and stiffening behavior by increasing the nonlocal
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parameter and scale factor, respectively. Besides, due to the higher elastic modulus of
ceramics compared to aluminum, with the increase in the gradient index in the shell, where 3
= 0 is for the aluminum shell and § = oo for the ceramic shell, the frequency increases as well.

Fig. 2.

2.5 T T T T T T T
—e—3=0
—o0—p3=1
-7 =3
2+ Wx 4
o
E MMMMAMMN\MAMMMAMMIW\MM
~
g/57 y
3
&
2
K
It ]
mmm“
()'5 A A A A A A A
108 11 112 114 116 118 12 122 124

Y2 (111112) 10"
Effect of nonlocal parameter on frequency for different power law index.

14F

Frequency (TIlz)

()'6 Il L i i I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

7 (nm®) 107"’

Fig. 3. Effect of scale factor on frequency for different power law index.

Fig. 4 is indicated the influences of thickness ratio on frequency of nanotubes. Regarding Fig.
4, it is witnessed that the increase in thickness ratio contributes to the higher frequency for
various values of power law index because of ascending the stiffness of nanotube; besides, the
more increase in the frequency is occurred when the power law index goes up. Also, it is
found that the higher frequency takes place at high power law index and thickness ratio. This
is regarded as evidence that the power law index makes nanotube stiffer.

In order to see the effects of thickness ratio more clearly, Figs. 5 and 6 illustrate the effects of
thickness ratio on frequency of nanotubes, particularly on different scale factors and nonlocal
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parameters. It is shown that, the high frequency appears at high scale factor and low nonlocal
parameter. It is clear that the trends of the frequency variation versus thickness ratio for
various scale factors and nonlocal parameters are similar to Fig. 4 and similar conclusion can
be drawn. It should be noted that, the influence of the transverse shear deformation is
significant when thick and short nanotubes are investigated and since the first order shear

deformation theory is used in this study, there is no limitation on choosing the values of
thickness parameter.

Frequency (THz)

0.4 : :
0.05 0.1 0.15 0.2
h/R
Fig. 4. Effect of thickness ratio on the frequency for different power law index (u = (3.3e-9)%, n =
(0.4e-9)%).

1.8 |

1.7 4

1.6 J

1.5 4

Frequency (TIIz)

1.4 J

0.25

0 0.05 ' R
Fig. 5. Effect of thickness ratio on the frequency for different scale factors (B =2, p = (3.3e-9)%).
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1.8

1.7

1.6 4

Frequency (THz)

154

1.4 )
0.25

0.05 ' 7

Fig. 6. Effect of thickness ratio on the frequency for different nonlocal parameters (B =2, 7 =

(0.4e-9)%).

Variation of frequency versus length ratio for different power law index is illustrated in Fig.
7. As is evident from Fig. 7, the frequency is shown to be decreasing with increasing length
ratio and this effect is more significant by increasing power law index which depicting stiffer
nanotubes. In other words, the effects of length ratio on the frequency with greater power law
index are relatively more than those of ones with small power law index.

In order to have a deeper insight into the influence of length ratio, Figs. 8 and 9 are also
illustrated for various scale factors and nonlocal parameters. According to these figures, the
decreasing procedure of frequency with respect to the increase in length ratio for various scale
factors and nonlocal parameters is the same as Fig. 7. Moreover, from these figures it can be
seen that the influence of scale factor and nonlocal parameter is more evident when length
ratio is small. Also, according to Figs. 8 and 9, at high length ratio the results of the present
model approach to those of classical ones which shows the capability of classical model to
predict the vibration response of large-scale structures.
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1.5F

Frequency (THz)

0.5+

0

0 5 10 15
L/R
Fig. 7. Effect of length ratio on frequency for different power law index (1 = (3.3e-9)?, n= (0.4e-9)%).

Frequency (THz)

20 0 7

Fig. 8. Effect of length ratio on frequency for different scale factors (B = 2, p = (3.3e-9)?).
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Frequency (THz)

L/R 20 1.1 Y7

Fig. 9. Effect of length ratio on frequency for different nonlocal parameters (p = 2, n = (0.4¢-9)?).

4. Conclusion

In this study, the free vibration of FG nanotube is studied based on the nonlocal strain
gradient theory and first order shear deformable theory. The material properties are
considered to be variable through thickness direction according to power law distribution. The
governing equations and boundary conditions are derived based on the Hamilton’s principle
and the free vibration of simply supported FG nanotube is studied as well. The effects of
various parameters such as material length scale parameters, thickness, length and power law
index are investigated on the frequency. It was revealed that increase in power law index
intensifies the influence of nonlocal parameter and scale factors on the FG nanotube
frequency. Moreover, the higher frequency appears at higher thickness ratios and lower length
ratios. Furthermore, the effects of length ratio and thickness ratio are relatively intense for
greater scale factors and lower nonlocal parameters.

References

[1] Tadi Beni, Y., Mehralian, F., Zeighampour, H., The modified couple stress functionally
graded cylindrical thin shell formulation. Mechanics of Advanced Materials and
Structures, 23(7), 791-801, 2016.

[2] Tadi Beni, Y., Mehralian, F., Razavi, H., Free vibration analysis of size-dependent shear

deformable functionally graded cylindrical shell on the basis of modified couple stress
theory. Composite Structures, 120, 65-78, 2015.

100



F. Mehralian, Y. Tadi Beni

[3] Li, X., Li, L., Hu, Y., Ding, Z., Deng, W., Bending, buckling and vibration of axially
functionally graded beams based on nonlocal strain gradient theory. Composite
Structures, 165, 250-265, 2017.

[4] Ebrahimi, F., Barati, M.R., Dabbagh, A., A nonlocal strain gradient theory for wave
propagation analysis in temperature-dependent inhomogeneous nanoplates. International
Journal of Engineering Science, 107, 169-182, 2016.

[5] Civalek, O., Buckling analysis of composite panels and shells with different material
properties by discrete singular convolution (DSC) method. Composite Structures, 161, 93-
110, 2017.

[6] Akgdz, B., and Civalek, O., Longitudinal vibration analysis of strain gradient bars made of
functionally graded materials (FGM). Composites Part B: Engineering, 55, 263-268, 2013.

[7] Dzenis, Y., Spinning continuous fibers for nanotechnology. Science, 304 (5679), 1917-
1919, 2004.

[8] Love, J.C., Estroff, L.A., Kriebel, J.K., Nuzzo, R.G., Whitesides, G.M., Self-assembled
monolayers of thiolates on metals as a form of nanotechnology. Chemical reviews, 105(4),
1103-1170, 2005.

[9] Mehralian, F., Tadi Beni, Y., Ansari, R. Size dependent buckling analysis of functionally
graded piezoelectric cylindrical nanoshell. Composite Structures, 152, 45-61, 2016.

[10] Gholami, R., Darvizeh, A., Ansari, R., Hosseinzadeh, M., Size-dependent axial buckling
analysis of functionally graded circular cylindrical microshells based on the modified strain
gradient elasticity theory. Meccanica 49(7), 1679-1695, 2014.

[11] Mehralian, F., Tadi Beni, Y., Thermo-Mechanical vibration of size dependent shear
deformable functionally graded conical nanoshell resting on elastic foundation. International
Journal of Engineering & Applied Sciences, 8(2), 68-86, 2016.

[12] Mercan, K., Civalek, O., Buckling analysis of Silicon carbide nanotubes (SiCNTs) with
surface effect and nonlocal elasticity using the method of HDQ. Composites Part B:
Engineering, 114, 34-45, 2017.

[13] Akgdz, B., Civalek, O., Buckling analysis of cantilever carbon nanotubes using the strain
gradient elasticity and modified couple stress theories. Journal of Computational and
Theoretical Nanoscience, 8(9), 1821-1827, 2011.

[14] Lim, C.W., Zhang, G., Reddy, J.N., A higher-order nonlocal elasticity and strain gradient
theory and its applications in wave propagation. Journal of the Mechanics and Physics of
Solids, 78, 298-313, 2015.

[15] Ebrahimi, F., Barati, M.R., A nonlocal strain gradient refined beam model for buckling
analysis of size-dependent shear-deformable curved FG nanobeams. Composite
Structures, 159, 174-182, 2017.

[16] Tang, Y., Liu, Y., Zhao, D., Wave dispersion in viscoelastic single walled carbon
nanotubes based on the nonlocal strain gradient Timoshenko beam model. Physica E: Low-
dimensional Systems and Nanostructures, 87,301-307, 2017.

101



F. Mehralian, Y. Tadi Beni

[17] Sahmani, S., Ansari, R., Gholami, R., Darvizeh, A., Dynamic stability analysis of
functionally graded higher-order shear deformable microshells based on the modified couple
stress elasticity theory. Composite Part B, 51, 44-53, 2013.

Appendix A

oW =0 or

0oW B
ox

0

oy =0 or

oy, _0
ox

oy, =0 or

a 51)06 O

ox

1wy
R 96
or NSC)—O
_LoNy O _
“ R 30 R
or NY =0
Q +N;élg)_l£gz)=0
* R R 060
or  0P=0
- =0
XX R ae QXZ
or MSC)=O
_ LMy,
Y R 96
or Mi;)=0

M _
Oz _0

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)

Due to the stress distribution along thickness of the shell, stress resultants are introduced as

follows:

|

o 7
sz’ Q zx

M
Qzﬂ H Q z0 i

(R
M_ MY

M
My M®,, |

102

(A-11)

(A-12)

(A-13)



International Journal of Engineering & Applied Sciences (IJEAS)
Vol.9, Issue 2 (Special Issue: Composite Structures) (2017) 103-111
http://dx.doi.org/10.24107/ijeas.314635

IntJ Eng Appl Sci 9(2) (2017) 103-111

Bending Analysis of a Cantilever Nanobeam With End Forces by Laplace Transform

Mustafa Ozgiir Yayli ¢, Suheyla Yerel Kandemir®

*Uludag University Engineering Faculty Department of Civil Engineering, Bursa, Turkey
@Bilecik SE University Engineering Faculty Department of Civil Engineering, Bilecik, Turkey
*E-mail address: ozguryayli@uludag.edu.tr

Received date: May 2017
Accepted date: June 2017

Abstract

In this study, the static behavior of nanobeams subjected to end concentrated loads is theoretically investigated in the
Laplace domain. A closed form of solution for the title problem is presented using Euler-Bernoulli beam theory.
Nonlocal elasticity theory proposed by Eringen is used to represent small scale effect. A system of differential
equations containing a small scale parameter is derived for nanobeams. Laplace transformation is applied to this system
of differential equations containing a small scale parameter. The exact static response of the nanobeam with end
concentrated loads is obtained by applying inverse Laplace transform. The calculate results are plotted in a series of
figures for various combinations of concentrated loads.

Keywords: Nonlocal elasticity theory, nanobeam, Laplace transform, static response.

1. Introduction

Single walled carbon nanotubes (nanobeams) are non-classical nanomaterials of current interest in
several applicative sectors, such as electronics, medicine and engineering. They have superior
mechanical and electrical properties and their potential applications in optics, electronics and other
fields of nanotechnology. Classical continuum theory is size-free theory and this theory lacks the
accountability of the size effects arising from the small-size. There have been different non classical
continuum theories used to overcome small size effects. Integral type, differential equation type or
gradient nonlocal elasticity type models abandon the classical elasticity assumption of local model,
and stated that stress depends not only on the strain at that point.

Eringen [1] proposed the new higher order continuum theory known as “nonlocal elasticity theory”
in 1970s. In this theory small size effect can be considered in the constitutive equations simply as a
material scale parameter. Nonlocal elasticity theory based nano sized structures are new materials
(nanomaterials) which are designed to achieve a higher performance in physical and mechanical
properties. The nonlocal continuum theory has been widely applied to many mechanical problems of
a wide range of interest, including the bending, buckling, and vibration of beam-like structures [2-4]
and plate-like structures [5-7] and elements in nano and micro sized structures. Many research
papers correlated to nonlocal continuum theories have been addressed the small scale effects in
nanostructures and apply these higher order elasticity theories to determine the mechanical behavior
of nanostructures, see Refs. [8-25].

©2017 M. O. Yayli, S. Y. Kandemir published by International Journal of Engineering & Applied Sciences. This work is licensed
under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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In this work, a Laplace transformation is introduced for the bending analysis of the cantilever
nanobeams with end concentrated loads (initial value problems). A systems of differential equations
is derived with initial and boundary conditions. Laplace transformation is applied to this systems of
differential equations containing nonlocal elasticity parameter with known initial conditions. The
closed form of solutions of the nanobeam with end concentrated loads is derived by applying inverse
Laplace transform.

2. Formulation of the problem

The constitutive relation, the equations of equilibrium and geometrical compatibility condition of a
nanobeam in the two dimensional plane are [26].

dw

av - 1

= (1)
dop —M

—_— T — 2
dx EI ( )
am =PRp+T, 3)
dx

dT

—=0, 4

dz @)

where M and T are the bending moment and the shear force, w and g@are the lateral displacement and
the slope of the beam. On the other hand, Eq. (2) takes a different form in nonlocal elasticity [27].

d*M d*w
M —(e,a)’ —7 = —EI R

&)

where a is the internal characteristic length, is a constant (e, =0.39,a=4x10"°cm). Using Eq. (2),
above relation takes the following form

2
L )i, (©)

M _ (1-
EI EI dx

then according to nonlocal elasticity theory, the system of differential equations is given by [26].

0 1 0 0
Tlo o — =L || "
d| ¢ » B 4
£ = EI(1- LS , 7
(Y (1-(eya) EI) M @)
T 0 A 0 LT
0 0 0 0]
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where EI is the flexural rigidity of the nanobeam, E is Young's modulus, 7 is the moment of inertia
of the cross-sectional area A, P; the axial concentrated force, P, the lateral concentrated force, a the
internal characteristic length and ey is a constant. The initial conditions can be calculated as follows;

P>

Fig. 1. A cantilever nanobeam with end concentrated forces

w(0) =0, (®)
9(0) =0, )
M(0)=-PL, (10)
T(0)=P, (1)

The following systems of differential equations can be derived from the Eq. (7):

—=9 12)

?:‘—IPM, (13)
X EI(l—(eOa)zE—‘I

am

— =Po+T, (14)
dx
dT
—=0. 15
= 15)
3. Closed form of solutions
By applying Laplace transform to these equations:
sw(S)—w(0) = e(S), (16)
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S(S) = (0) =——————M(S), (17
EI(1-(e,a)’ E—II)
sM(S)+M0)=Po(S)+T(S), (18)
sT(S)-T(0)=0, (19)

then using the initial conditions given in Egs. (8-11), following equations are derived in Laplace
domain:

—P, +LPs

=— 2
) s’ (=P, — EIs* + Bs*(e,a)’)’ 20)
~P,—LP;s
S)=— 2 2 , 21
P(S) 52 (P + Els* — Plsz(eoa)z) @D
2 2
M(S)=— EIP, - EILP,s— Plfz (eoaz + LI;Ist(eOa) (22)
—F —EIs” + Bs” (eya)”)
Ts)=12. (23)
N
Inverse Laplace transforms of above equations give the closed form of solutions:
JPx - [ [P
LP,cosh| —— """ | P J-E[+P(e,a)’ sinh| —— 1=
W= R0 {J—E”Pl(eﬂ)z . ER R ] ()
- R R : ’
1312
Px |
L\/E sinh {\/712
Pz(—1+cosh|: JRx } V—ET+R(e,a)" |
—EI+P(e,a)’ —EI+P(e,a)’
olx]= - (25)
PAJ-EI + P.(¢,a)" sinh _WRr
JPx —El+P(e,a)’
M [x] = LP, cosh + (26)
J-EI +P(e,a)’ NG
T[x]=P. (27)

4. Numerical results

To evaluate the significance of end loads on the static analysis of nonlocal beams, this section
considers a nano-sized beam with the end concentrated forces. Here we assume E*I = 1 nN.m?, epa=1
nm. In order to investigate the significances of end axial concentrated forces on the mechanical
behaviors of the nanobeam, its bending behaviors are compared. The significances of the end axial
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and lateral forces on the linear bending deflection of the cantilever nanobeam are investigated by
using the nonlocal elastic Euler-Bernoulli beam model. Figs. 2 and 3 reveal the effect of the end
concentrated forces on the deflection with end lateral force and the deflection with end axial force of
a cantilever nanobeam, respectively.

— P2=1nN
P2=1.2nN

— P2=1.4nN

Static deflection, W[x]

Fig. 2. Static deflection for different concentrated forces (P;=1.2 nN).

— P4=1nN

P1=1.5nN

Static deflection, W[x]

— P4=2nN

Fig. 3. Static deflection for different axial forces (P, =1.0 nIN).

The effects of end forces on the slope of cantilever nanobeams are presented in Figs. 4 and 5. The
figures show increase and decrease in the slope with increase in distance from fixed end which
highlights the significance of end concentrated forces. So, it can be concluded that the lateral
deflection is highly increased with higher values of the end lateral concentrated forces.
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%]

Slope, o[

I

Slope, ¢[x

— P2=1nN
— P2=1.2nN

— P2=1.4nN

— P4=1nN
— P4=1.5nN

— P4=2nN

Fig. 5. Slope for different axial forces (P,=1.0 nN).

The effects of end forces on the bending of cantilever nanobeams are presented in Figs. 6 and
7. Again the influences of the axial force and the lateral force on the bending moment are

quite obvious.

Moment, M[x]

— P,=1nN
— P2=1 .2nN

— P»=1.4nN

Fig. 6. Moment diagram for zero axial force (P; =0.0 nN).
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]

— P=1nN

P>=1.2nN

Moment, M[x

— P»=1.4nN

Fig. 7. Moment diagram for constant axial force (P;=5.0 nN).

5. Conclusions

In present work, It has been shown that the Laplace transform could be applied to solve nonlocal
initial value problem that contains homogeneous linear differential equations. The single walled
carbon nanotube is modeled as beam via Euler-Bernoulli theory. Nonlocal elasticity theory is used
for small scale effect. One can easily transform the system of differential equations with constant
coefficients into a system of (algebraic) equations with constant coefficients. Then these systems of
algebraic equations can be solved and takes the inverse Laplace transform to get closed form
solutions of the original equations.

References

[1] Eringen, A. C., Nonlocal polar elastic continua. International Journal of Engineering Science, 10,
1-16, 1972.

[2] Aydogdu, M., A general nonlocal beam theory: its application to nanobeam bending, buckling
and vibration, Physica E 41, 1651-1655, 2009.

[3] Liu, T., Hai, M., Zhao, M., Delaminating buckling model based on nonlocal Timoshenko beam
theory for microwedge indentation of a film/substrate system, Eng. Fract. Mech. 75, 4909-4919,
2008.

[4] Reddy, J.N., Nonlocal theories for bending, buckling and vibration of beams, Int. J. Eng. Sci.,
45, 288-307, 2007.

[5] Narendar, S., Buckling analysis of micro-/nano-scale plates based on two variable refined plate
theory incorporating nonlocal scale effects, Compos. Struct., 93, 3093-3103, 2011

[6] Pradhan, S.C., Phadikar, J.K., Nonlocal elasticity theory for vibration of nanoplates. J. Sound
Vib., 325, 206-223, (2009).

109



M. O. Yayli, S. Y. Kandemir

[7] Shen, L., Shen, H.S., Zhang, C.L., Nonlocal plate model for nonlinear vibration of single layer
graphene sheets in thermal environments, Comput. Mater. Sci., 48, 680-685, 2010.

[8] Mercan, K., Civalek, O., Buckling Analysis of Silicon Carbide Nanotubes (SiCNTs). Int J Eng
Appl Sci, 8(2), 101-108, 2016.

[9] Mercan, K., Demir, C., Akgoz, B., Civalek, O., Coordinate Transformation for Sector and
Annular Sector Shaped Graphene Sheets on Silicone Matrix. Int J Eng Appl Sci, 7(2), 56-73, 2015.
[10] Mercan, K., Civalek, O., DSC method for buckling analysis of boron nitride nanotube (BNNT)
surrounded by an elastic matrix. Compos Struct, 143, 300-309, 2016.

[11] Giirses, M., Akgoz, B., Civalek, 0., Mathematical modeling of vibration problem of nano-sized
annular sector plates using the nonlocal continuum theory via eight-node discrete singular
convolution transformation. Appl Math Comput, 219, 3226-3240, 2012.

[12] Yayli M. O., Buckling Analysis of a Rotationally Restrained Single Walled Carbon Nanotube
Embedded In An Elastic Medium Using Nonlocal Elasticity, Int J] Eng Appl Sci, 8(2), 40-50, 2016.
[13] Yayli M. O., An Analytical Solution for Free Vibrations of A Cantilever Nanobeam with A
Spring Mass System, Int J Eng Appl Sci, 7(4), 10-18, 2016.

[14] Civalek, O., Akgoz, B., Free vibration analysis of microtubules as cytoskeleton components:
nonlocal Euler—Bernoulli beam modeling, Sci. Iranica Trans. B: Mech. Eng., 17, 367-375, 2010.

[15] Civalek, O., Demir, C., Bending analysis of microtubules using nonlocal Euler—Bernoulli beam
theory, Appl. Math. Model., 35, 2053-2067, 2011.

[16] Wang, C.M., Kitipornchai, S., Lim, C.W., Eisenberger, M., Beam bending solutions based on
nonlocal Timoshenko beam theory, J. Eng. Mech., 134, 475-481, 2008.

[17] Lu, P., Lee, H.P., Lu, C., Zhang, P.Q., Dynamic properties of flexural beams using a nonlocal
elasticity model, J. Appl. Phys., 99, 73510-73518, 2006.

[18] Murmu, T., Pradhan, S.C., Small-scale effect on the vibration of nonuniform nanocantilever
based on nonlocal elasticity theory, Physica E, 41, 1451-1456, 2009.

[19] Rahmani, O., Pedram, O., Analysis and modeling the size effect on vibration of functionally
graded nanobeams based on nonlocal Timoshenko beam theory, Int. J. Eng. Sci, 77, 55-70, 2014.
[20] Eltaher, M.A., Emam, S.A., Mahmoud, F.F., Static and stability analysis of nonlocal
functionally graded nanobeams. Compos. Struct, 96, 82-88, 2013.

[21] Thai, H.T., A nonlocal beam theory for bending, buckling, and vibration of nanobeams. Int. J.
Eng. Sci., 52, 56-64, 2012.

[22] Reddy J. N., Pang, S. D., Nonlocal continuum theories of beam for the analysis of carbon

nanotubes,. Journal of Applied Physics, 103, 1-16, 2008.

110



M. O. Yayli, S. Y. Kandemir

[23] Setoodeh, A.R., Khosrownejad, M., Malekzadeh, P., Exact nonlocal solution for post buckling
of single-walled carbon nanotubes. Physica E, 43, 1730-1737, 2011.

[24] Yayli, M.O., Buckling Analysis of a Rotationally Restrained Single Walled Carbon Nanotube,
Acta Physica Polonica A, 127, 3, 678-683, 2015.

[25] Yayli, M.O., Stability analysis of gradient elastic microbeams with arbitrary boundary
conditions, Journal of Mechanical Science and Technology, 29, 8, 3373-3380, 2015.

[26] Artan R., Tepe A., The initial values method for buckling of nonlocal bars with application in
nanotechnology. European Journal of Mechanics-A/Solids, 27, (3), 469-477, 2008.

[27] Peddieson, J., Buchanan, G. R., McNitt, R. P., Application of nonlocal continuum models to
nanotechnology. Int. J. Eng. Sci, 41, (3-5), 305-312, 2013.

111



International Journal of Engineering & Applied Sciences (IJEAS)
Vol.9, Issue 2 (Special Issue: Composite Structures) (2017) 112-126
http://dx.doi.org/10.24107/ijeas.318459

Int J Eng Appl Sci 9(2) (2017) 112-126

Exact Thermal Analysis of Functionally Graded Cylindrical and Spherical Vessels

Vebil Yildirim

University of Cukurova, Department of Mechanical Engineering
E-mail address: vebil@cu.edu.tr

Received date: June 2017
Accepted Date: July 2017

Abstract

Thermal analyses of radially functionally graded (FG) thick-walled a spherical vessel and an infinite cylindrical vessel or
a circular annulus are conducted analytically by the steady-state 1-D Fourier heat conduction theory under Dirichlet’s
boundary conditions. By employing simple-power material grading pattern the differential equations are obtained in the
form of Euler-Cauchy types. Analytical solution of the differential equations gives the temperature field and the heat flux
distribution in the radial direction in a closed form. Three different physical metal-ceramic pairs first considered to study
the effect of the aspect ratio, which is defined as the inner radius to the outer radius of the structure, on the temperature
and heat flux variation along the radial coordinate. Then a parametric study is performed with hypothetic inhomogeneity
indexes for varying aspect ratios.

Keywords: Thermal analysis; functionally graded; exact solution; axisymmetric; cylindrical vessel, spherical vessel,
inhomogeneity index, aspect ratio, thick-walled, circular annulus.

1. Introduction

As is well known, a temperature difference results in the heat conduction and the heat transfer in
structures. Manufacturing processes in factories generally include thermal processes. So the thermal
analysis is an important issue in industry related to mechanical, chemical, automotive, petroleum,
nuclear engineering and living tissues. A thermal analysis is also the back-bone for the thermal-related
analyses such as thermo-mechanical, thermo-electro-mechanical etc. So an accurate solution to the
temperature field in the structure is always be very helpful for understanding the real physical thermal
response of the structure under consideration at both the manufacturing phase and during its life-time.

To explore the question a number of studies were performed analytically, numerically and
experimentally up to now. Chang and Tsou [1-2] used the Green's functions for heat conduction in an
anisotropic medium for both steady state and unsteady state cases. Oato et al. [3] studied axisymmetric,
transient, thermal stress analysis of a hollow cylinder composed of multilayered composite laminates
with temperature changes in the radial and axial directions due to axisymmetric heating from the outer
and/or the inner surfaces. They used Fourier cosine transform and Laplace transform for the
temperature field and the thermo-elastic potential function and apply Love's displacement function to
the thermo-elastic field. They then obtained the exact solutions for the temperature and thermal stress
distributions in a transient state. Obata and Noda [4] studied the steady thermal stresses in a hollow
cylinder and a hollow sphere made of a functionally gradient material (FGM) and compared their
results with those of a FGM plate. Zimmerman and Lutz [5] derived an exact solution for the problem

© 2017 V. Yildirim published by International Journal of Engineering & Applied Sciences. This work is licensed under a Creative
Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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of the uniform heating of FG circular cylinder whose modulus of elasticity and thermal expansion
coefficient vary linearly with radius. Tarn [6] found an exact solution for FG anisotropic cylinders
subjected to thermal and mechanical loads. Awaji and Sivakumar [7] presented a numerical technique
for analyzing one dimensional transient temperature distributions in a circular hollow cylinder that was
composed of functionally graded ceramic—metal-based materials, with considering the temperature-
dependent material properties. A 1-D steady state mechanical and thermal stress analysis of a thick
hollow cylinder under axisymmetric and non-axisymmetric loads was studied by Jabbari et al. [8-10].
Liew et al. [11] sectioned the FGM cylinder into a number of homogeneous sub-cylinders.
Displacements and stresses within the homogeneous sub-cylinders are obtained from the homogeneous
solutions in Reference [11]. Tarn and Wang [12] worked the end effects of heat conduction in circular
cylinders of functionally graded materials and laminated composites. Ruhi et al. [13] presented a semi
analytical thermo-elasticity solution for thick-walled finite-length cylinders made of power-graded
materials. The stress distribution in a power-graded orthotropic cylindrical body was investigated
analytically by Oral and Anlas [14]. Eslami et al [15] offered a general solution for the one-dimensional
steady-state thermal and mechanical stresses in a hollow thick sphere made of a simple-power graded
material. By using the Laplace transformation and a series expansion of Bessel functions, Ootao and
Tanigawa [16] analyzed one-dimensional transient thermoelastic problem with power-law graded
material properties. Pelletier and Vel [17], by using an arbitrary variation of orthotropic material
properties in the radial direction, studied analytically the steady-state response of a functionally graded
thick cylindrical shell subjected to thermal and mechanical loads and simply supported at the edges by
the power series method. Birman and Byrad [18] reviewed related studies published in 2000-2007.

After 2007s, one-dimensional studies are focused especially on the transient thermal analysis, the stress
and deformation analyses under steady state case etc. Kayhani et al. [19] presented an exact solution
of conductive heat transfer in a cylindrical composite laminate in the radial and azimuthal directions.
Kayhani et al. [20] further obtained a general analytical solution for heat conduction in cylindrical
multilayered composite laminates in the radial and axial directions. Hosseini and Abolbashari [21]
presented a unified formulation to analyze of temperature field in a thick hollow cylinder made of
functionally graded materials with various grading patterns. Bayat et al. [22] carried out a thermo-
mechanical analysis of functionally graded hollow sphere subjected to mechanical loads and one-
dimensional steady-state thermal stresses. Lee and Huang [23] developed an analytic solution method,
without integral transformation, to find the exact solutions for the transient heat conduction in
functionally graded (FG) circular hollow cylinders with time-dependent boundary conditions. By
introducing suitable shifting functions, the governing second-order regular singular differential
equation with variable coefficients and time-dependent boundary conditions is transformed into a
differential equation with homogenous boundary conditions. In Lee and Huang’s [23] study, while the
density has a constant value, the variation of specific heat is considered. Wang [24] developed an
effective approach to analyze the transient thermal analysis in a functionally graded hollow cylinder
based on the laminate approximation theory. The heat conductivity, mass density and specific heat are
assumed to vary along the radial direction with arbitrary grading pattern as in the study. Wang [24]
divided the transient solution into two parts. He obtained the quasi-static solution by the state space
method and the dynamic solution by the initial parameter method in the time domain. By dividing the
cylinder into some homogeneous sub-cylinders, an arbitrarily-graded circular hollow cylinder is
studied analytically under arbitrarily non-uniform loads on the inner and outer surfaces by Li and Liu
[25]. Delouei and Norouzi [26] presented an exact analytical solution for unsteady conductive heat
transfer in multilayer spherical fiber-reinforced composite laminates for the most generalized linear
boundary conditions consisting of the conduction, convection, and radiation. Arefi [27] performed a
nonlinear thermal analysis of a hollow functionally graded cylinder by employing a semi-analytical
method of successive approximations. A power function distribution is used for the simulation of non-
homogeneity of the material used. A temperature dependence is employed for only the thermal
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conductivity. Based on the two-points Hermite approximations for integrals, Chen and Jian [28]
proposed an improved lumped parameter model for the transient thermal analysis of multilayered
composite pipeline with active heating. Daneshjou et .al. [29] presented a non-Fourier heat conduction
analysis of infinite 2-D functionally graded (FG) hollow cylinders subjected to a time-dependent heat
source. In Daneshjou et .al.’s study [29], a new augmented state space method considering laminate
approximation theory is introduced. All material properties are assumed to vary continuously within
the cylinder along the specified directions following an arbitrary law.

As seen from the literature survey that the thermal-related analyses are of great importance for both
cylindrical and spherical structures. However, most of those studies focused on the computation of
thermal stresses in the structure. That is, although they implemented the temperature distribution in
their analyses, the thermal behavior of such structures were not studied in a detailed manner. In the
present study, because of these reasons, the thermal analysis of such structures is addressed
individually for both spherical and cylindrical vessels made of functionally power-law-graded non-
homogeneous materials. It may be noted that the heat conduction equations are identical for both a
cylindrical structure and a uniform discs or a circular annulus.

2. Derivation and Solution of Heat Conduction Equations

The rate of the heat flux in a solid object is directly proportional to the temperature gradient. The
Fourier law governing the heat transfer by conduction is

q=-kVT =-k grad (T) (@))
where the temperature gradient is given in cylindrical coordinates, T(r,8,z,t), by

_or, ler AT

VIi=—e +=-—e, +—e 2a
o " ree’ oz’ (22)
and in spherical coordinates, T (r, 0, ¢,t) , by
vi=Te 2T, 1 OT, (2b)
or r o0 rsing op *
By using the first law of thermodynamics, the heat conduction equation is written as follows
or . .
pcp E + le(q) = qgen (3)
This equation takes the following form without heat generation in the structure [30].
ver < [OT)_ 0T @)
k \ ot ot
Where Laplacian of the temperature is derived in cylindrical coordinates as
2: 2:
V2T=AT:V0VT=%£(r£)+ 1o, o7 (5a)

__+_
or  or’ r?o06* oz°
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and in spherical coordinates as follows

0T, 1 1 o

+
al e sm680( ) r’sin’@ o¢p*

V2T=AT=V0VT———r( (5b)

In recent years functionally graded metal-ceramic composites gain considerable attention due to their
attractive properties such as heat resisting, erosion and corrosion resistant and fracture toughness. For

the one-dimensional axisymmetric conditions, £—0 ——0——0 the non-steady heat

conduction equation of such materials in which the thermal conduct|V|ty, density, and the specific heat
change along the radial direction becomes (Fig. 1)

L ;( FK(r.1) aT(: t)j p(r0)c, (1 1) aTg D (sphere) (6)

( k(r,t) orr, t)j p(r.t)e, (rt)—— ( t) (cylinder/circular annulus)
(6b)

Fig.1. A characteristic section of the structure

After re-arranging of the equations given above, one may get the followings for the spherical structure

ok(r,t)
2 r,t)c (r,t
8T(2,t)+8T(r,t) 2, o _prHe,(rt) ot (r,t) (72)
or or r k(rt) k(r,t) ot
for the cylindrical structure or a disk of uniform thickness or a circular annulus
ok(r,t)
2 r,t)c (r,t
aT(g,t)JraT(r,t) 1 or _prHe,(rY) ar(r,1) (7b)
or or r k(rt) k(r,t) ot
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By using prime symbol for derivatives with respect to the radial coordinate, for the steady state case (

% = 0) one may get the followings.

T"(r)+T ’(r)(% + %} =0 (sphere) (8a)
T"(r) +T'(r)(1 + m] =0 (cylinder/uniform disk) (8b)
r k(r)

In the above equations, the material grading pattern may be chosen arbitrarily. Solution method to be
adopted strictly depends on the material grading pattern considered. Some limited grading rules such
as a simple power material grading rule permit to get the differential equation with constant coefficients
and offer an analytical solution. For arbitrary grading patterns, the differential equations with variable
coefficients are confronted. Consequently in the thermal analysis with arbitrary material grading
patterns, it is necessary to use an appropriate numerical technique in the solution process. The material
gradation may also be done as full-ceramic at the inner surface and full-metal at the outer surface, or
vise-verse, or metal-ceramic mixtures at both surfaces by considering the real working conditions of
the structure. Finally, all types of boundary conditions such as Dirichlet’s, Neumann’s, Robin’s and
mixed boundary conditions may be applied to the solution of equations (8).

To get exact solutions, in the present study, it is assumed that the thermal conductivity is changed
outwardly between the inner and outer surfaces as follows

r

k(r) =k, (—j 9)

a

where the inhomogeneity index of a physical material may be determined by
In[kaj

kb
In(aj

b

Equation (8) becomes homogeneous Euler-Cauchy type differential equation with constant coefficients
under assumptions given in Eq. (9). The solution will be in the form of

7= (10)

T(r)=Cr* +C,r* (11)
Equation (8) is solved with the first kind boundary conditions (Dirichlet)
T(@)=T, ;T(b)=T, (12)

The solutions for each homogeneous/inhomogeneous material types are presented in Tables 1 and 2
for cylindrical and spherical vessels, respectively.

116



V. Yildirim
3. Examples with Physical Materials

Metal-ceramic pairs considered in the present study and their material properties are presented in Table
3. Itis assumed that the inner surface is to be full-metal, and the outer surface is to be full-ceramic.
Between the inner and the outer surfaces the material gradation obeys Eq. (9). The boundary conditions
are determined as: T, = 220°C, and T, = 20°C . The geometrical properties of the structures are chosen

as follows: a=0.5m, b=1.0m.

Table 1. Differential equations and their solutions for cylinders or uniform discs { k(r) =k (r/a) }

Cylinder /Uniform Disc Made of a Homogeneous and Isotropic Material

T(r) =Cy + Cylnr

_ Ta - Tb
L™ Ina — Inb
T'(r) ., B InaT, — T Inb
r +T7()=0 G = Ina — Inb
T(r) = (=Inb + Inr)T, + (Ina — Inr)T),
= lna — Inb
_ Tylna — Tylnb + (T, — Typ)Inr
B Ina — Inb
(T) — ko(_Ta + Tb)
I r(lna — Inb)

Cylinder/Uniform Disc Made of a Power-Law-Graded
Isotropic and Non-homogeneous Material

r_y
T(T) = _761 + Cz

_ya"b"(T, = Tp)

1= a¥ — bY
C ayTa - byTb
1+9T'(r 2T T 5y
( ];) ()+T”(T)=0 a¥ — bY

Y (=a¥(bY —r")Ty + b¥(a¥ —1r")T})

T(r) = T
_rV(=bVrYTy + a¥ (r¥ Ty + bY (=T, + Tp)))
- a¥ — bY

@bV () Yk (Ta = Tp)
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Table 2. Differential equations and their solutions for spherical vessels {(k(r) = k,(r/a) }

Sphere Made of a Homogeneous and Isotropic Material

T(r):—&+C2
r

c, - ab(T,-T,)
a-b
n 2 !
T(r)+-=T'(r)=0 aT, —bT,
r C,="2 b
a-b
T(r) = =0T 30T, +b(T, ~T,))
(a-b)r
ab(T, - T,)k
(1 ={ 20Tl
r‘(a-h)
Sphere Made of a Power-Law-Graded Isotropic and Non-homogeneous Material
rt7
T(r)= C, +C,

_ a T, -T,)(r +1)

Cl a;/+1 _ by+1
T -T )a™
C,= _( ;M —b—)b”l +T,
T(r) +(E+ZJT'(r) =0
rr ) r 17V (b r1*YTh + Y (r1*YTa + b1t (—Ta + Tb)))
T) =

al*y — pity

14y 14y —2— _
qr(r)={—a Yp!1*Yr—27Y(T, Tb)(1+y)}k(r)

al+y — pit+y

A B Y (D (T, — Ty) (1 +1)kq
a1+y _ b1+y
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Table 3. Metal-ceramic pairs considered in the present study

w
k()

Metal/Ceramic pair

Nickel (Ni)

Silicon Nitride (SizNa)
Aluminum (Al)
Aluminum Oxide (Al,O3)
SUS-304 (Stainless Steel)
Zirconium Oxide (Zr0O,)

90.7
1.209
204
30.1
15.379
1.78

FGM-1
(Ni/SisNy)
FGM-2
(AI/ALLO5)
FGM-3
(SUS-304/Zr0y)

—6.22922

—2.76073

—3.11101

HOMOGENEQUS AND ISOTROPIC MATERTAL (a/b=0.5)
Tepenature
380

— Spherical Vessel (y=0)
==+ Cylindrical Vessel (y=0.0000000001

FGM-1 (NifSi3 N3) v=—6.22922 (2/b=0.5)

— Spherical Vessel
=== Cylindrical Vessal

FGM-2 (Al/AL O3) y=-2.76073 (a/b=0.3)

1

— Spherical Vessel
=== Cylindrical Vessel

— Spherical Vessel
=== Cylindrical Vessel

HOMOGENEOQUS AND ISOTROPIC MATERIAL (a/b=0.9)

* Temperstuee
380

r

360
340
320
300
o0 052 024 056 022 1.0

0. 0

FGM-1 (Ni/Siz N3) ¥=—6.22922 (a/b=0.9)

T Temperamss
80

r

3850
340
320
300
20 0 084 086 002 L0

0. 0

FGM-2 (AlJAl O5) y=-276073 (a/b=09)

Temparsture
380
380
340
30
300
-
020 092 094 098 098 100
FGM-3 (SUS-304/Zr0;) ¥=-3.11101 (a/b=0.8)
Teparaturs
380
380
340
10
300
-
020 082 084 026 008 100

— Spherical Vessel (y=0)
==: Cylindrical Vessel (=0.0000000001)

— Spherical Vessel
=== Cylindrical Vessel

— Spherical Vessal
=== Cylindrical Vessel

— Spherical Vessal
=== Cylindrical Vessel

Fig. 2. Temperature variations in physical FGMs with the aspect ratio.
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Fig. 3. Heat flux variations in physical FGMs with the aspect ratio.
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Figs. 2 and 3 show the temperature and the heat flux variation in FGM-1, FGM-2 and FGM-3 metal-
ceramic pairs for different aspect ratios. It is seen from Fig. 2 that the temperature change occurs
somewhat rapid in spheres than cylinders. As the aspect ratio increases, that is when the thickness
decreases, the temperature distribution differences between a cylinder and a sphere are facing
disappearance. The temperature varies slowly in FGM-1 than the others. Heat flux in a sphere is higher
than a cylinder as seen Fig. 3. An increase in the aspect ratio results much heat flux in the structure.
The maximum heat flux occur at the inner surface of both structural geometries. FGM-2 offers the best
metal-ceramic pair regarding the heat flux.
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Fig. 4. Variation of temperature with hypothetic inhomogeneity indexes and aspect ratios for both
cylinders and spheres (k, = 20 W/mK)
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4. A Parametric Study with Hypothetic Inhomogeneity Indexes

In this section, a parametric study is carried out to investigate the temperature variation along the radial
direction with both aspect ratios and hypothetic inhomogeneity indexes which vary from y=-10

towards y =10. Results are given in Table 4 and Figs. 4 and 5.
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Fig. 5. Variation of heat flux with hypothetic inhomogeneity indexes and aspect ratios for both
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Table 3. Radial variation of temperature and heat flux with hypothetic inhomogeneity indexes for
both cylinders and spheres having % = 0.5and k, = 20 W/mK.

y=-10 y=—1 y=—4 y=-2 y=2 y=4 y=1 y =10

Y;phere(r)
0.5 373. 373. 373. 373. 373. 373. 373. 373.
0.55 372.787 372.02  369.217 365. 350.263 341.695 330.153 321.014
0.6 372.349 370.478 364.68 357. 334481 323.607 311.365 303.733
0.65 371.496 368.141 359.32 349, 323.187 312.661 302.532 297.427
0.7 369.922 364.709 353.069 341. 314.891 305.774 298.128 294.937
0.75 367.138 359.806 345.857 333. 308.661 301.294 295.82 293.886
0.8 362.398 352965 337.617 325. 303.893 298.295 294556 293.416
0.85 354591 343.619 328.28 317. 300.181 296.235 293.838 293.194
0.9 342.102 331.08 317.777 309. 297.248 294.79 293415 293.085
0.95 322.638 314.529 306.04 301. 294901 293.754 293.159 293.03
1. 293. 293. 293. 293. 293. 293. 293. 293.
TLyHnder(r)

0.55 372.875 372.402 370.525 367.4 354.488 345,95 333.746  323.795
0.6 372594 371373 367.274 361.267 340.407 328.819 314.872 305.855
0.65 372. 369.677 363.101 354.6 329.45 317.544 305.22 298.731
0.7 370.816 366.99 357.845 3474  320.755 309.88 300.019 295.69
0.75 368.569 362.867 351.333 339.667 313.741 304.523 297.089 294.31
0.8 364.48 356.721 343.381 331.4 308. 300.688 295.374 293.65
0.85 357.313 347.782 333.789 322.6 303.242 297.884 294335 293.319
0.9 345.157 335.065 322.346 313.267 299.255 295.796 293.687 293.146
0.95 325.132 317.323 308.829 303.4 295881 294.215 293.272 293.052

Qr—sphere(r)
0.5 56.3601 304.762 1371.43 3200. 109714 16516.1 25700.4 35217.2
0.55 46.5786 251.869 113341 2644.63 9067.3  13649.7 21240. 29105.1
0.6 39.1389 211.64 952.381 222222 7619.05 11469.5 178475 24456.4
0.65 33.3492 180.332 811496 1893.49 649197 9772.86 15207.3 20838.6
0.7 28.7551 155.491 699.708 1632.65 5597.67 8426.6 13112.4 17968.
0.75 25.0489 135.45 609.524 142222 4876.19 73405 114224 15652.1
0.8 22.0157 119.048 535.714 1250. 4285.71 6451.61 10039.2 13756.7
0.85 19.5018 105.454 474543 1107.27 3796.34 571492 8892.87 12185.9
0.9 17.3951 94.0623 423.28 987.654 3386.24 5097.57 7932.22 10869.5
0.95 15.6122 84.4216 379.897 886.427 3039.18 4575.1 7119.22 9755.46
1. 14.09 76.1905 342.857 800. 2742.86 4129.03 6425.1 8804.3
Qr—cyﬁnder(r)

0.5 312805 176.378 853.333 2133.33 8533.33 13653.3 22576.4 32031.3
0.55 28.4369 160.344 775.758 1939.39 7757.58 12412.1 20524. 29119.3
0.6 26.0671 146,982 711.111 1777.78 7111.11 11377.8 18813.6 26692.7
0.65 24.062 135.675 656.41 1641.03 6564.1 10502.6 17366.4 24639.4
0.7 223432 125984 609.524 152381 6095.24 9752.38 16126. 22879.5
0.75 20.8537 117.585 568.889 1422.22 5688.89 9102.22 15050.9 21354.2
0.8 195503 110.236 533.333 1333.33 5333.33 8533.33 14110.2 20019.6
0.85 18.4003 103.752 501.961 12549 5019.61 8031.37 13280.2 18841.9
0.9 17.3781 97.9878 474.074 1185.19 4740.74 7585.19 125424 17795.2
0.95 16.4634 92.8305 449.123 1122.81 4491.23 718596 11882.3 16858.6
1. 15.6403 88.189 426.667 1066.67 4266.67 6826.67 11288.2 16015.6
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As seen from Table 3, metals have much greater thermal conductivities than ceramics. If Eq. (10) is
considered, that is if a metal is placed on the inner surface, this produces negative inhomogeneity
indexes. The converse is true if a ceramic is on the inner surface. When the inhomogeneity index is
changed from y=-10 to y =10, the temperature declines faster at the vicinity of the inner surface
(Fig. 4). Maximum heat flux is at the inner surface for all conditions since the inner surface has greater
temperature than the outer. Heat flux decreases with negative inhomogeneity indexes (Fig. 5).

5. Conclusions

This study offers compact expressions in closed forms for the temperature and the heat-flux
distributions in radial direction for hollow cylindrical and spherical structures made of radially
functionally graded materials. A simple power material grading rule is used to get a differential
equation with constant coefficients.

The derived formula for the temperature distribution becomes indefinite at y = -1 in spheresand y =0

in cylinders. This disadvantage may be overcome numerically by using real numbers instead integers
for those inhomogeneity indexes as seen in Fig. 2.

The formulas in Tables 1 and 2 may be used directly in some thermal and optimization problems. They
may also be served as sound benchmark results for advanced studies.

Notations
a radius at the inner surface
b radius at the outer surface
C, specific heat capacity (J (kg K))
C..C, integration constants
e,,e,,e unit vectors in cylindrical coordinates
e.e,.e, unit vectors in spherical coordinates
K thermal conductivity (W /(mK))
qorq, Heat flux component in radial direction
q the rate of heat flux vector (W /m?)
C'I heat generation per unit volume
gen
r radial coordinate
t time
T temperature
4 inhomogeneity constant for simple-power grading rule
o PCy thermal diffusion coefficient (m?/s)
k
s characteristic roots of the differential equation
p density (kg/m?)
% Azimuthal angle
@ Zenith angle
v gradient operator
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V2=A Laplacian operator

d 0= derivative with respect to the radial coordinate

dr

subscripts

a value at the inner surface

b value at the outer surface
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Abstract

In the present study, free vibration of Rayleigh beam composed of functionally graded materials (FGMs) is investigated. For
this purpose, the equation of the motion of functionally graded (FG) beam derived according to Rayleigh beam theory. The
material properties are assumed to vary continuously through the thickness of the beam according to the power-law form.
Resulting equations are solved for simply supported boundary conditions. In order to validate the results, a comparison is
carried out with available results for homogeneous beam. The effects of varying material properties on the dimensionless free
vibration frequency parameters are examined. It is seen that varying material properties have significant effects on
dimensionless free vibration frequency parameters of FG Rayleigh beam

Keywords: Beam, Free Vibration, Rayleigh beam theory, Functionally Graded Materials (FGMs).

1. Introduction

FGMs are extensively used in machinery, space, nuclear and civil engineering; high temperature exposed
building components, space vehicles, microelectronics, and industrial applications. These types of
materials were first introduced by Japanese scientists in 1984 as thermal barrier materials. FGM is
typically a mixture of a ceramic and a metal so that the metal can withstand high temperatures in the
thermal environment as well as reduce the tensile stresses that would otherwise occur on the ceramic
surface during the first stages of cooling [1-4].

Beam structures have large applications in engineering field and studying the vibration behavior of this
kind of structural components are important for understanding the behavior of more complex and real
structures subjected similar conditions. Therefore, researchers have been focused on the vibration analysis
of beam structures using different theories and several solution methods [5-13].

Due to the advantages and increasing use of FGMs and importance of the beam structures in the
engineering field, many studies have been performed on the vibration problems of FG beams [14-22].

© 2017 M. Avcar, H. H. A. Alwan published by International Journal of Engineering & Applied Sciences. This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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From the search of open literature, it is seen although there are numerous studies on the vibration analysis
of FG beams using different beam theories, the number of works depending on Rayleigh beam theory is
still limited. An attempt is made to address this problem. For this purpose, the equation of the motion of
FG beam derived using Rayleigh beam theory. The functionally graded material properties are assumed
to vary continuously through the thickness direction of the beam according to power law form. Resulting
equations are solved for simply supported boundary conditions. In order to validate the results, a
comparison is carried out with available results for homogeneous beam. The effects of varying material
properties on the dimensionless free vibration frequency parameters are examined.

2. Effective material properties of FGMs

Consider a FGM beam consist of ceramic—metal, which has length, L, width b, and thickness, h, as shown
in Fig. 1.

2 4
i Ceramic
. X
R e — >
W2l L \e/?*
Metal b
[ >
L

Fig. 1. Geometry of a functionally graded beam

The effective material properties of the FG beam, i.e., Young’s modulus E and mass density p, vary
continuously through the thickness direction according to a function of the volume fractions of the
constituents while Poisson’s ratio v is taken to be constant.

According to the rule of mixture, the effective material properties, P, can be expressed as

P=P,V,+P.\V, (1)

where P, P., V,, and V, are the material properties and the volume fractions of the metal and the
ceramic constituents respectively.

The total volume fraction of the metal and ceramic as follows

128



M. Avcar, H. H. A. Alwan
V, +V, =1 ()

The power law of volume fraction of the ceramic constituent of the beam as follows

z 1Y)
Vc—[EJFEJ 3

where d is a non-negative number (0<d <o) called power law or volume fraction index, and z is the
distance from the mid-plane of the beam. Note that, FG beam becomes a fully ceramic one as d =0while
it becomes a fully metallic one asd=oo.

The variation of the volume fraction of the ceramic constituent, V_, through the thickness direction of the

FG beam versus various values of power law index, d, is illustrated in Fig. 2. It is clear that the V. changes
rapidly near the bottom surface for d <1 while it changes rapidly near the top surface for d >1.

<@ =01 —@—d=02 - ®- d=05 —e—d=1

0597 —p—d=2 —e--d=5 —e -d=10 R
e — T, = ~

0,4 - . _e

Fig. 2. Variation of volume fraction of the ceramic constituent along thickness of FG beam versus
various values of power law index
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3. Governing Equation

Using Kirchoff-Love hypothesis, displacements at any point of a FG beam can be expressed as
u(x,z,t) =u,(x,t)+z6

(4)

W(X,z,t) =w,(X,t)

where u,(X,t) and w,(X,t) are the displacements at mid-surface in the x, and z directions, respectively,
and O is the rotation of the cross section at the mid-plane.

The normal strain and shear strain are

au 00
e(x,z,t)=—2+z— 5
(x,z,1) % o (5)
T ©

oX
Rayleigh beam theory neglects the shear strain, y,, =0, hence we have

ou o*w
e(X,z,t)=—2>— 0 7
(x,z,1) 3 e (7)

According to the Hooke’s law, the normal stress is defined as

2
o(x,2,1) = E@2)e = E@)| X0~ I o ®)
OX oX

The stress resultants in terms of axial force, Nx, bending moment, My, and transverse shear force Qx, can
be written as
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2
N, =[o,da=A, Mo _g O Wy

" OX OX ©)

au 0*w
M, =|c,2dA=B, —>-D 0 10
X { X 1 ax 1 8X2 ( )
0 _M, g o°u, b o*w, 1)

“ox Tt ax®

where A;,B, and D, are the material stiffness components of FG beam and defined as follow
h/2
E(2)

(A,,B,,D,)= j — (Lz,2° bz (12)

Taking into account the axial and rotary inertias, using Hamilton’s Principle and after some mathematical
operations, the governing equation of FG Rayleigh beam is derived as follows

o'w o°w o'w
A+l Tugags =0 13)
where the following definitions apply
E3 2
Ay :[Dl _A_ll]
(14)

here 1,,1; and |, are the moment of inertia components of FG beam and defined as follow

h/2

(lo 1. 1,)= [p@ML2,2° bz (16)

-h/2
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4. Solution of Governing Equation

FG Rayleigh beam is assumed to have simply supported boundary conditions in both ends. Hence, the
following boundary conditions are satisfied:

w,(0,)=0,  w,(Lt)=0

17)
5;‘20 (0,8) =0, 5;“; (L) =0
Governing Eq.(13) can be rearranged as follows:
where the following parameters applied
azzﬂ;bzzi (19)
l l
The solution of Eq. (18) satisfying the boundary conditions (17) is assumed as [23]:
w(x,t) = Csinn%xcoswnt (20)

Substituting the Eq.(20) into Eq. (18) yields

az(@T —@{u bz[@ﬂw 1)
L L

Finally, the formula for free vibration frequency of FG Rayleigh beam is obtained as follows
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(22)

5. Numerical Results

In this section examples are given to examine the present problem. At first, a comparison has been
performed to show the accuracy of the present formulation. Then, an example is exhibited to show the
effect of power law index on the dimensionless free vibration frequency parameters of FG Rayleigh beam.

5.1. Comparison Study

To confirm the formulation given in Eq. (22), the values of natural frequencies of homogeneous beam,
w(rad/sn), are compared with results of Rao [23] in Table 1. Here the following beam characteristics

and material properties are taken into account:
L=1m, b=0.05m, h =0.15m,
d=0,

E =207x10° Pa,p = 76.5x10° N/m°® (23)

Table 1. Comparison of the values of natural frequencies of homogeneous beam with results of Rao [23]

o(rad/sn)
Source

n=1 n=2 n=3

Present Study 696.5834 2713.3651 5857.9512
Rao [23] 696.5987 2713.4221 5858.0654

As it is seen in Table 1, the results are in good agreement and so the accuracy of the formulation
is validated.
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5.2. lllustrative example

Fig. 3 shows the variation of dimensionless free vibration frequency parameters of FG Rayleigh beam,
@, for the first three modes versus power law index, d. Here, FG Rayleigh beam is assumed to be
composed of Alumina (Al203), and Aluminum (Al). Hence, the following beam characteristics and
material properties are considered:

L/h=5
E. =380GPa; p, =3960kg/m°®

E, =70GPa; p, =2702kg/m? (24)
The dimensionless free vibration frequency parameter of Rayleigh beam is defined as follow:

_ol’ Pm

h \E. 5)

It is obvious from Fig. 3 that, the highest dimensionless free vibration frequency parameters are found for
Al;03 while the lowest ones are found for Al. Furthermore, dimensionless free vibration frequency
parameters decrease with increasing power law index, d. As a result, it is concluded that the dimensionless
free vibration frequency parameters decrease as the material property of FG Rayleigh beam varies from
ceramic to metal component.
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Fig. 3. Variation of dimensionless frequency parameters of FG Rayleigh beam versus power law
index, d.

6. Conclusions

In the present study the free vibration of the beam composed of FGMs is investigated using Rayleigh
beam theory. The material properties are assumed to vary continuously through the thickness direction of
the beam according to the power-law form. Resulting equations are solved considering simply supported
boundary conditions. In order to validate the results, a comparison is carried out with available results for
homogeneous beam. It is seen that varying material properties have significant effects on dimensionless
free vibration frequency parameters of FG Rayleigh beam. Present analysis can be served as a comparative
study or data for the different solution methods of future works.
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Abstract:

Aorta artery is the most vital artery in humans and almost all animals. Aorta artery is also the largest artery in human
body. This artery is the first artery coming out from the left ventricle of the heart and extending down to the abdomen,
where it splits into two smaller iliac arteries. Aorta artery conveys oxygenated blood to all parts of the body so that this
artery is the one, which is under the influence of the highest blood pressure. It is well known that aorta artery consists of
three main layers, which cover five sub-layers. In this paper, we aimed to show the difference between functionally graded
material (FGM) and laminated composite material and to show which model fits to the structure of aorta artery.

Keywords: Aorta artery, composite materials, functionally graded materials, laminated composite materials.

1. Introduction

The mechanic model of aorta artery has a long history and variety in literature. For example, a
fundamental paper about mechanic model of aorta artery presented by Gozna et al. in 1974 with the
effect of age in man [1]. Gozna et al. have found regression equations between aging and aorta artery
mechanic behavior. These equations have showed that there is a linear relation between aging and
aorta artery mechanic behavior. More recently, the stability of aorta artery has been investigated in
case of buckling under blood pressure by Han in 2007 [2]. Further researches of Han et al. proved
that arteries may buckle and become turtous due to reduced axial strain, hypertensive pressure, and
weakened artery wall [3-9]. In 2013, Han et al. has introduced new phenotypes, models, and
applications of aorta artery [10]. In the review, Han et al. summarized the common forms of buckling
that occurs in blood vessels including cross-sectional collapse, longitudinal twist buckling, and bent
buckling. Also the phenomena, model analyses, experimental measurements, effect on blood flow,
and clinical relevance have been discussed. From this and further works Han et al. clearly showed
that mechanical buckling of aorta artery is an important issue for vasculature, in addition to wall
stiffness and strength, and requires further studies [11-20].

© 2017 K. Mercan, O. Civalek published by International Journal of Engineering & Applied Sciences. This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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2. Anatomy of Aorta Artery

It is well known that aorta artery is composed of three main layers like most of other arteries [21].
These layers are “intima”, “media”, and “adventitia” respectively from inner layer to outermost layer.
Intima is the innermost layer of the artery which is covering the lumen side of vessels and it is
composed of endothelial cells and lines the entire circulatory system, from the heart and the large
arteries all the way down to the very tiny capillary beds. The intima layer also contains extracellular
matrix and a supporting layer of collagenous tissue. Endothelial cells sorted in a single layer along
the lumen side. Media is the muscular middle layer of the arteries and veins. It is composed of smooth
muscle layers. Adventitia is outermost layer of vessels surrounding the media layer. It is mainly
composed of collagen and, in arteries, is supported by external elastic lamina . The demonstration of
these three main layers have been shown in Fig. 1.

Intima

Media

Adventitia

Fig. 1. Main layers of aorta artery

9 e

More specifically, these three main layers “intima”, “media”, and “adventitia” consist of five sub-
layers. These sub-layers are Endotel, internal elastic layer, smooth muscle, external elastic layer,
collagens and elastic tendons from inside to outside of aorta artery respectively as it is shown in Fig.
2.
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Endotel «—

Internal elastic layer «—

Smooth muscle

External elastic layer

Collagens and

elastic tendons

\

Fig. 2. Sub-layers of aorta artery

In 2005, Holzapfel et al. have made an experimental research to determine the material properties of
the layers of aorta artery separately [22]. Within these experiments, 13 nonstenotic human aorta artery
have been harvested at autopsies. The age of human were mean 71.5+7.3 years old. The artery
samples have been subjected to cyclic quasi-static uniaxial tension tests from the individual layers in
axial and circumferential directions. The outer diameter to total wall thickness ratio was 0.189+0.014
and the ratios of intima, media, and adventitia to total thickness were 0.27+£0.02, 0.36+0.03, 0.4+0.03
respectively. The axial stretch was 1.044+0.06 and decreased with age of humans. Holzapfel et al.
have found that the stress-stretch responses for the individual tissues performed pronounced
mechanical heterogeneity. According to researches and experiments, intima have been found to be
the stiffest layer and media the softest. Although intima and media have been found the stiffest and
softest layers, these two layers have performed similar ultimate tensile stresses. These values have
been found three times smaller than ultimate tensile stresses which have been calculated for adventitia
(14304604 kPa circumferential and 1300+692 kPa longitudinal). This study have clearly showed that
aorta artery need to be modelled as composite structure which consist of three solid mechanically
relevant layers with different material properties. The innermost layer “intima” have performed
significant thickness, load-bearing capacity, and mechanical strength compared with other main
layers “adventitia and media”. In order to calculate the material properties of the layers of aorta artery,
Holzapfel et al. harvested thirteen hearts from ten men and three women within 24 hour of their
death. A scalpel has been used in order to separate three main layers. After separating layers, uniaxial
tensile tests with bidimensional measurements were performed with the aid computer controlled,
screw-driven high-precision tensile testing machine. According to Holzapfel et al., the mean density
of adventitia, media, and intima have been calculated dimensionless as 0.55+0.18, 0.25+0.09,
0.51£0.14 and the average stiffness have been calculated as 7.56+4.66 kPa, 1.27+0.63 kPa,
27.90+10.59 kPa respectively [22].
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Fig. 3. FGM, single layered, and laminated models of aorta artery

In Fig. 3, different mechanical models of aorta artery have been demonstrated. Functionally graded
material (FGM) and laminated composite materials have been chosen to be applied to aorta artery.
As it can be seen in the middle, also single layered model have been demonstrated. In vivo, aorta
artery is embedded in tissue and this tissue can be modeled as elastic matrix. In literature many paper
can be found about static and dynamic analysis of beams and shells with composite materials [23-
25].

3. Functionally Graded Materials (FGM)
Functionally graded materials (FGM) are relatively new advanced composite materials compared
other composite materials. After the invasion of this composite materials, great deals of research have

been made on the production and applications process of this new material concept. Functionally
graded materials are characterized by gradually changed physical properties.

P =po [1+52+piT+p,T? + p, T3] (1)

In EqQ. (1) p; are the coefficients of temperature defined in the unit of Kelvin and them are unique to
the constituent materials.

p=2Y Ve )

In Eq. (2) p; and V¢ are the material property and volume fraction of the constituent material j,
respectively. The sum of volume fraction can be stated as

Z]k:1 Vi=1 (3)

To adopt the aorta artery as functionally graded material, a shell model with uniform thickness can
be used. The volume fraction of the shell can be stated as
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N
1
Ve=(7+3) (4)

The power-law exponent is defined by N. The material properties for a two-constituent functionally
graded can be stated as [26]

B@) = (B, —E) (2+2) +E, ©)
Z 1 N

v@) = (vi—vy) (F+3) +v, (6)
Z 1 N

p(2) = (p1—p2) (2+3) +p2 (7)

4. Laminated Composite Materials

Laminated composite materials have attracted much attention due to their higher resistance, lighter
weight when compared with traditional materials. Laminated composite materials have been widely
used in aerospace industry, automotive industry and material engineering. Many researches have been
published papers aimed to investigate the applications of laminated composite materials to shells,
plates, and beams in case of static and dynamic analyses [27-35].

General equations of laminated composite materials can be stated as follows

—_ B e
it = 1 v (&1 + Vi21&i12) (8)
E.
Oj2 = ﬁljvm (Vi12&i1 + €i2) 9)
Tizz = Gi12VYi12 = 2Gi128i12 (10)

Where E;; and E;, are the Young’s modulus in longitudinal “1” and transverse “2” direction
respectively. On the other hand, v;;, is the Poisson’s ratio for which strains are in longitudinal
direction “1” and stress in transverse direction “2”. Similarly, G;;, is the shear modulus.

Egs. (8-10) can be written in matrix form as follows

01 Qi1 Q2 O €1
{62} = [Q21 Qp O ] { €2 } (11)
T12 0 0  Qgel\V12

By simplifying Eq. (11) we obtain
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{o} = [Ql{e} (12)
Where

_ __E

Qi = e (13)
E E

Q12 = Q21 =V 1_V12V21 =Vi2 1_V12V21 (14)

_ __E
Q2 = (15)
Qss = G12 (16)

According to Betty-Maxwell theorem the Young’s modulus and Poisson’s ratios should fulfil the
following equation

E1va = Epvyy (17)

5. Concluding remarks

In present paper the most convenient mechanical model of aorta artery have been investigated. Two
of most used composite materials types have been analyzed. Functionally graded materials and
laminated composite materials models fundamental equations have been given. As it can be seen from
Fig. 2, aorta artery has a layered structure which is composed of three main layers which consist of
five sub-layers. Each layer has their own material properties (density, Young’s modulus etc.). To
conclude it is possible to say that aorta artery can be modelled by using laminated composite material
theories. Three main layers can be adapted in laminated composite theories or to have more accurate
result, five sub-layers can be adapted in laminated composite theories in order to investigate the
mechanical behavior of aorta artery.
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Abstract

This paper presents stability analysis of a non-homogeneous plate with porosity effect. Material properties of the plate
vary in the thickness direction and depend on the porosity. In the solution of the problem, the Generalized Differential
Quadrature method is used. In the porosity model, uniform porosity distribution is considered. The effects of the porosity
and material distribution parameters on the critical buckling of the non-homogeneous plate are investigated.

Keywords: Non-Homogeneous Plate; Porosity; Generalized Differential Quadrature Method.

1. Introduction

Non-homogeneous structures, namely functionally graded structures are a type of composites where
the volume fraction of the materials constituents vary gradually, giving a non-uniform microstructure
with continuously graded macro properties such as elasticity modulus, density, heat conductivity, etc..
Typically, in non-homogeneous structures, one face of a structural component is ceramic that can resist
severe thermal corrosion effects and the other face is metal which has excellent structural strength.

Non-homogeneous structures have been an area of intensive research over the last decade. Because of
the wide material variations and applications, it is important to study the static and dynamic analysis
of Non-homogeneous structures, such as plates. Therefore, an intensive study has been conducted
recently on vibration of structures made of FGMs (i.e., [1-42]).

In the literature, some studies about the porosity effect in the Non-homogeneous structures are;
Wattanasakulpong and Ungbhakorn [43] investigated vibration analysis of porous FG beams. Mechab
et al. [44,45] examined free vibration analysis of a FG nano-plate resting on elastic foundations with
the porosities effect. Simsek and Aydin [46] examined forced vibration of FG microplates with
porosity effects based on the modified couple stress theory. Jahwari and Naguib [47] investigated FG
viscoelastic porous plates with a higher order plate theory and statistical based model of cellular
distribution. Vibration characteristics of FG beams with porosity effect and various thermal loadings
are investigated by [48-49]. Linear/ nonlinear analysis of buckling and vibration of FG beams

© 2017 S.D. Akbas published by International Journal of Engineering & Applied Sciences. This work is licensed under a Creative
Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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reinforced porous nanocomposite are investigated by Chen et al. [50] and Kitipornchai et al. [51].
Akbasg [52] investigated static and vibration of FG porous plates by using Navier solution.

Stability analysis of a simply supported non-homogeneous plate is investigated with porosity effect by
using Generalized Differential Quadrature Method based on the classical plate theory. The effects of
the porosity and material distribution parameters on the critical buckling loads of the non-
homogeneous plate are examined.

2. Formulations

A simply supported rectangular non-homogeneous porous plate with thickness 4 in X3 direction, the
lengths of Ly and Ly the in X; and X> directions, respectively as shown in Figure 1. The non-
homogeneous plate is subjected to biaxial plane compressive loads N in both X; and X> directions,
respectively.

porosity
.-’(‘ x
.;{jc c\ﬁﬂo = °h T‘ '

Cross-Section

Fig. 1. A non-homogeneous plate subjected biaxial compressive loads with porosity.

The effective material properties of the non-homogeneous plate, P, such as, Young’s modulus F,
Poisson’s ratio v, and shear modulus G vary continuously in the thickness direction (X3 axis) according
to a power-law function. In the porosity model, the porosity spread uniformly though height direction.
According to the power law distribution, the effective material property with porosity can be expressed
as follows:

X, 1)" a
P(X3)=(PT—PB)(T3+EJ +PB—(PT+F>B)E (1)
where a (a<<1) is the volume fraction of porosities. When a=0, the plate becomes perfect non-

homogeneous plate.

According to classical plate theory, the strain- displacement relations are expressed as

0%v
X,

du 0
___€X1 _X3

e, = oy = (2a)
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_ dv _ 0 aZV
&x, = %, &, — X3 9%,% (2b)
_ 1 0 aZV
e = e~ ) @

where u, v, w are X;, X> and X3 components of the displacements respectively. The constitutive
equations of the non-homogencous plate are as follows:

_ E(Xg,a)

0j(X3,a) = ) [verdij + (1 —v)e] (3)

The stress resultants of the non-homogeneous plate are given as follows;

0.5h . . 0.5h 0.5h . .
Nij = f_O_Shaij dX3 lL=], MU = f—O.ShO—ij X3 dX3, QU = f—O.ShO-ij dX3 l i] (4)

where N;;, M;; and Q;; are normal force, moment and shear forces, respectively. The stability equation
of the non-homogeneous plate is given as follows:

4., A1(1—v2) ( 0 0%v 0 azv) _
vty AqAz—Ay> Ny aX12+N2 0X,2 =0 (5)

where N;° and N,° are the pre-buckling force resultants, A;, A,, A5 are expressed as follows:

0.5h
(41,42,43) = f_0_5h E(X3,a)(1,X3,X5%) dX; (6)

The boundary conditions at the simple supported plate ends are as follows;
v(X1,0) = v(Lg,0) = w(0,X,) =w(0,Ly) =0 (7a)
M(X1,0) = M(Lyx, X;) = M(Xy,Ly) = M(0,X;) =0 (7b)
In the solution of the governing equations, the Generalized Differential Quadrature Method is
used. In the differential quadrature method, the derivatives of a function are written as linear

summation of the values at all points in the domain [53-56];

d(p)w(xj) -
dx®) ~

rBP wix) ®)

where n is the number of the points in the domain, p is the order of derivative in the function,
Bj(ip) is the weighting coefficient with pth derivative of the function with respect to x. The weight
coefficients for first-order derivative (p=1) are as follows [53,54];

H}'l=1(xj_xi)
B0 =) ERIEG) g ©)

1 .
- 1j1=1,i¢j Bj(i b =]

For the higher order derivatives, the weight coefficient is expressed as follows:

B =37 BBYTY (ij=Ln) (10)
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For determined the sampling points in the domain, Chebyshev—Gauss—Lobatto grid points is
employed[53,54];

Xj = %[1 — cos (571)] (1=1,nx1) (11a)

x=2[1-cos(*=n)|  (i=Lne) (11b)
where nyy and ny2 are the number of the grid points in X1 and Xz direction, respectively.

Substituting egs. (8-11) into eq. (5), and then using Generalized Differential Quadrature
discretization, the governing equations of the problem can be obtained as follows;

(anl B(:) Uk] +2 anl :lriczl B](kZ) B(Z)vkm + anz Bl(]j) vkl)

AU (N, 552 B vy + N0 B4 B via) = 0 (=Lma), (=Lna), (k=1p+1)  (12)

A1A3—Az?

The dimensionless critical buckling load can be expressed as follows;

= L%{
No = Ny —2= (13)

cr Eg h3

3. Numerical Results

In the numerical results, the dimensionless critical buckling loads N, are presented in figures for
different porosity parameters and material distributions. The rectangular non-homogeneous porous
plate considered in numerical examples is made of Zirconia (E=151GPa, v=0.3) and Steel (E=210GPa,
v=0.3). The top surface material of the non-homogeneous plate is Zirconia, the bottom surface material
of the non-homogeneous plate is Steel. When k=0 and k=, the material of the plate gets homogeneous
Zirconia and homogeneous Steel, respectively, according to Eg. (1). The dimensions of the non-
homogeneous plate are considered as follows: h =0.2 m, Lx =3 m, Ly=3 m in the numerical examples.
In the numerical calculations, the numbers of the grid points are taken as nx1=nx>=20.

In figure 2, the effect of the material distribution parameter k on the dimensionless critical buckling
loads of the porous non-homogeneous plate is presented for a=0. As seen from figure 2, the
dimensionless critical buckling loads increase with increase in the power-law exponents k. With
increase in the k, the plate gets to fully Steel. The Young's modulus of Steel is bigger than Zirconia’s.
As it is expected, with increase the k, the Young's modulus and bending rigidity of the plate increase
according to equation (1). So, the strength of material increases and the critical buckling loads increases
naturally.
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1.9
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k

Fig. 2. The effect of the material distribution parameter k on the dimensionless critical buckling loads N,

Figure 3 displays the relationship between of porosity parameter a and the dimensionless critical
buckling loads of the non-homogeneous porous plate for different the material distribution parameters.
It is seen from figure 3 that the dimensionless critical buckling loads decrease with increase with
increase porosity parameter a. This is because, with increase in the porosity, the strength of the material
decreases. So, the critical buckling loads decreases naturally. It shows that Porosity parameters play
an important role on the stability of the non-homogeneous porous plates.

1.8

h 0.05 0.1 0.15 0.2

a
Fig. 3. The effect of the porosity parameter a on the dimensionless critical buckling loads N, for different the
material distribution parameters.
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4. Conclusions

In this paper, stability analysis of a simply supported porous non-homogeneous plate is studied by
using Generalized Differential Quadrature Method. Material properties of the plate depend on both
position and porosity. The Classical plate theory is used in the kinematic model of the plate. The effects
of the porosity and material distribution parameters on the critical buckling loads of the non-
homogeneous plate are presented in figures. Numerical results show that the porosity has important
role on the stability of the non-homogeneous plate.
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Abstract

Over the past few years there has been sustainable development in the steel and composite construction technology. One of
the recent additions to such developments is the I-girders with corrugated web beams. The use of these new generation beams
results in a range of benefits, including flexible, free internal spaces and reduced foundation costs. Corrugated web beams are
built-up girders with a thin-walled, corrugated web and wide plate flanges. The thin corrugated web affords a significant
weight reduction of these beams, compared with hot-rolled or welded ones. In this paper, optimum design of corrugated
composite beams is presented. A recent stochastic optimization algorithm coded that is based on hunting search is used for
obtaining the solution of the design problem. In the optimization process, besides the thickness of concrete slab and studs, web
height and thickness, distance between the peaks of the two curves, the width and thickness of flange are considered as design
variables. The design constraints are respectively implemented from BS EN1993-1:2005 (Annex-D, Eurocode 3) BS-8110 and
DIN 18-800 Teil-1. Furthermore, these selections are also carried out such that the design limitations are satisfied and the
weight of the composite corrugated web beam is the minimum.

Keywords: Composite structures; corrugated beams; optimum design; structural optimization; stochastic search methods;
hunting search algorithm.

1. Introduction

The use of long span steel beams results in a range of benefits, including flexible, free internal spaces and
reduced foundation costs. Many large clear-span design solutions are also well adapted to simplify the
integration of mechanical or utility services. Corrugated steel web beams provide economical solution and
pleasing appearance for space structures. In steel construction applications, the web part of beam usually
carries the compressive stress and transmits shear in the beam while the flanges support the applied external
loads. By using greater part of the material for the flanges and thinner web, materials saving could be
achieved without weakening the load-carrying capability of the beam. In this case, the compressive stress
in the web has exceeded the critical point prior to the occurrence of yielding, the flat web loses its stability

© 2017 F. Erdal, O. Tunca, E. Dogan published by International Journal of Engineering & Applied Sciences. This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.
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and deforms transversely. Corrugated web beams shown in Figure 1 are built-up girders with a thin-walled,
corrugated web and plate flanges.
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Fig. 1 Geometric properties of Corrugated Web Beam

Corrugated structure of the web cross-section not only increases the resistance of the beam against to shear
force and other possible local effects, but also prevents the buckling due to loss of moment of inertia before
the plastic limit. This specific structure of the web leads to a decrease in the beam unit weight and increase
in the load carrying capacity. These efficient construction materials, commonly used in developed countries
over years, can be utilized at the roofs as an alternative to space truss and roof truss, at the slabs as floor
beams or columns under axial force. Although the designers are aware of the advantages of the composite
systems to be produced with that beams, there is still not a detailed technical specification about their design
and behavior. The first studies on the corrugated web beams were focused on the vertically trapezoidal
corrugation. Elgaaly investigated the failure mechanisms of trapezoidal corrugation beams under different
loading conditions, namely shear mode [1], bending mode [2]. They found that the web could be neglected
in the beam bending design calculation due to its insignificant contribution to the beam’s load-carrying
capability. Besides that, the two distinct modes of failure under the effect of patch loading were dependent
on the loading position and the corrugation parameters. These are found agreeable to the investigation by
Johnson and Cafolla and were further discussed in their writings [3]. In addition, the experimental tests
conducted by Li et al. [4] demonstrated that the corrugated web beam has 2 times higher buckling resistance
than the plane web type. According to Pasternak et al., [5], the buckling resistance of presently used
sinusoidal corrugated webs is comparable with plane webs.

In the present study, the ultimate load carrying capacities of optimally designed steel corrugated web beams
are tested in a self-reacting frame to perform critical loads for all tested specimens. For this purpose, six
corrugated beams are tested in a self-reacting frame to determine the ultimate load carrying capacities of
mentioned beams under different loading conditions. The tested specimens are designed by using one of
the stochastic search techniques called hunting search optimization method. This meta-heuristic algorithm
is successfully applied to the optimum design problems of steel cellular beams where the design constraints
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are implemented from BS EN1993-1:2005 (Annex-D, Eurocode 3) BS-8110 and DIN 18-800 Teil-1
provisions [6-10]. In this formulation, the thickness of concrete slab and studs, web height and thickness,
distance between the peaks of the two curves, the width and thickness of flange in the composite corrugated
web beams are considered as design variables. The computational steps of the optimization algorithm and
the design process are not demonstrated in the paper due to space limitations, yet the detailed
implementation specifics of the hunting search method and optimum design process of corrugated web
beams can be found in Erdal et al. [11] with parameter sets.

2. The Design of Composite Corrugated Web Beams

The ultimate state design of a steel beam necessitates check of its strength and serviceability. The
computation of the strength of a corrugated web beam is determined by considering the interaction of
flexure and shear at the sinusoidal web. Consequently, the constraints to be considered in the design of a
corrugated web beam include the displacement limitations, transverse force load carrying capacity of webs,
normal force load carrying capacity of flanges, lateral torsional buckling capacity of the entire span, rupture
of the welded joint, formation of a flexure mechanism and practical restrictions for corrugated web and
flanges [9-11].

2.1. Stochastic Optimization Techniques

A combinatorial optimization problem requires exhaustive search and effort to determine an optimum
solution which is computationally expensive and in some cases may even not be practically possible. Meta-
heuristic search techniques are established to make this search within computationally acceptable time
period. Amongst these techniques are simulated annealing [12], evolution strategies [13], particle swarm
optimizer [14], tabu search method [15], ant colony optimization [16], harmony search method [17], genetic
algorithms [18] and others [19-22]. All of these techniques implement particular meta-heuristic search
algorithms that are developed based on simulation of a natural phenomenon into numerical optimization
procedure. They have gained a worldwide popularity recently and have proved to be quite robust and
effective methods for finding solutions to discrete programming problems in many disciplines of science
and engineering, including structural optimization.

2.1.1. Hunting Search Algorithm

Hunting search method based optimum design algorithm has six basic steps, which is outlined in the
following [23-24].

158



F. Erdal, O. Tunca, E. Dogan

Step 1 Initializing design algorithm and parameters: HGS defines the group size which is the number of
solution vectors in hunting group, MML represents the maximum movement toward the leader and HGCR
is hunting group consideration rate which varies between 0 and 1.

Step 2 Generation of hunting group: On the basis of the number of hunters (HGS), hunting group is
initialized by selecting randomly sequence number of steel sections (i) for each group.

I, =INT[l,,, + (1, = 1) i=1,000 Q)

where; the term r represents a random number between 0 and 1, Imin is equal to 1 and Imax is the total number
of values in the discrete set respectively. n is the total number of design variables.

Step 3 Moving toward the leader: New hunters’ positions are generated by moving toward the leader hunter.

L=l +rMML(15=1,)  i=1,..n @)

where; ;- is the position value of the leader for the i-th variable.

Step 4 Position correction-cooperation between hunters: After moving toward the leader, hunters tend to
choose another position to conduct the “hunt' efficiently, i.e. better solutions. Position correction is
performed in two ways, one of which is real value correction and the other is digital value. In this study,
real value correction is employed for the position correction of hunters.

‘ i 142 HGS}. -
U F e{li B U with probability HGCR (3)

INT (I’ =1, £Ra) with probability (1-HGCR)

Step 5 Reorganizing the hunting group: Hunters must reorganize themselves to get another chance to find
the global optimum. If the difference between the objective function values obtained by the leader and the
worst hunter in the group becomes smaller than a predetermined constant (g1) and the termination criterion
is not satisfied, then the group reorganized. By employing the Eq. 6, leader keeps its position and the others
randomly select positions.

I =15 +r ( max(l,)—min(l,) ) (-BEN) (4)

Where; I; % is the position value of the leader for the i-th variable, r represents the random number between
0 and 1, min(l;) and max(l;) are min. and max. values of variable I;, respectively, EN refers to the number
of times that the hunting group has trapped until this step. o and £ are determine the convergence rate of
the algorithm.
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Step 6 Termination: The steps 3 and 5 are repeated until a pre-assigned maximum number of cycles is
reached.

3. Optimum Design Problem

The design of a composite corrugated web beam requires the selection of width and thickness of a plate
from which the corrugated web is to be produced, distance between the peak points of each corrugate, the
length of corrugate web, the selection of width and thickness of a plate for upper and lower flanges in the
beam, thickness of the concrete slab and connection members between the concrete slab and corrugated
beam are considered as design variables. For this purpose, a design pool is prepared. The optimum design
problem formulated considering the design constraints explained in the previous sections yields the

following mathematical model [6-11]. Find a integer design vector {1}={I,,1,,1,,1,,15,15,1,{ where
I, is the sequence number of for the width of upper and lower flanges, 1, is the sequence number for the
thickness values of upper and lower flanges, |, is the thickness of corrugated web, |,is distance between
the peak points of each corrugate web and I, the height of corrugate web, 1 thickness of the concrete slab
and 1.is the connection members between the concrete slab and corrugated beam. Hence the design
problem turns out to be minimize the weight of the composite corrugated web beam (W, ).

Wkom = ps ((szf th x L)+(hxth LdUz ))+pbet [Abet L+(AstuNstu )] (5)

where, p, density of steel, b, the width of flange, t, thickness of flange, L span of beam, h height of

corrugated web, t, thickness of corrugated web ve L, span of beam before corrugation process. p,., the

diiz
density of concrete class, A, the section area of the concrete slab, A, the net section are of connection
members between the concrete slab and corrugated beam and N, the number of connection members

between the concrete slab and corrugated beam along beam span. The demonstration of composite
corrugated web beams under loading conditions is given in Figure 2 with more detail.
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Fig. 2. The demonstration of Composite Corrugated Web Beam

Design of a corrugated beam requires the satisfaction of some geometrical restrictions that are formulated
through Eqgns. (6-9).

Web dimensions:
333 mm< h <1500 mm (6) 1.5 mm< t, <5.0 mm (7)
Flange dimensions:

120 mm< b, <450 mm (8) 6.0 mm < t, <30.0 mm 9)

3.1. Transverse load carrying capacity of corrugated webs

Based upon the experimental tests and finite element analysis results, the following design procedure has
been suggested: The corrugated web is regarded as an orthotropic plate with rigidities Dx and Dy. According
to [5], the following formula therefore applies to the corrugated web:

Exwxt® ExI
X:—’ D =
12xs y W

> for D, <D, (10)

For transverse buckling stress of corrugated web;

162
Teg = M—XhQ\I(DX x D)) (11)

For slenderness parameter of corrugated web;

161



F. Erdal, O. Tunca, E. Dogan

f
Aen = \/§><—yrEG (12)
With the buckling coefficient of corrugated web;
K, :ﬁ (13)
the transverse force load carrying capacity for the corrugated web finally results in:
Voo o = Kg x f, xhxt, (14)
J3

3.2. Normal load carrying capacity of flanges

In determining the normal bearing force of the flanges, a distinction must be made between tensile and
compressive stresses. In the case of tensile stress, the load carrying capacity of the flange is derived as
follows:

N,
OaLLow = ﬁ (15)
£ XL

Reformulation of the expression for y = 1 leads to the following elastic limit stress:
4000
Og = W (16)
Therefore the reduced normal force on the flange:
N yorval = Og XDy xt; a7
Global failure of stability - lateral buckling of the flange - is equivalent to the verification against torsional-
flexural buckling. If the restraining effect of the web is ignored, the torsional-flexural verification is carried

out as the buckling verification for the “isolated” flange in accordance with [5]. The following condition
for the distance between lateral supports is obtained:

(18)

3.3. Behavioral and Geometrical Restrictions of Composite Beam
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The moment capacity of composite corrugated web beam with sinusoidal web function (M ., ) has been
defined as following equations.

For the neutral axis on concrete slab;

f T
To=Ax—2 and a=_ "7 (19)
Va 0.85x f, xb,
Mpo =T x(d, +he +t, —a/2) (20)

For the neutral axis on steel profile;

Cep = 0.85><th xt, and o =%x (Tao = Cco) (21)
Ve
Meo =Coo x(d =Yy, —y.)+Cep((t, /2)+h, +d —y,) (22)

In these equations, d height of steel section, d, distance between the centre of steel section and upper part,
y. distance between the centre of pressure region of steel section and upper part, y, distance between the
centre of tension region of steel section and lower part, t. height of concrete slab, b, effective slab width,
h. height of steel deck, f, yield strength of steel, f, compressive strength of concrete, y,andyare

coefficients for steel and concrete materials N, .

3.4. The Design of Concrete Slab for Corrugated Web Beams

The effective length of concrete slab and number of shear connectors have been calculated for OGK_330
corrugated web beams according to EC4, BS-5950 Part-3, Section 3-1.

470cm

l
beff=:0 = 2 = 117,5cm (23)
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Rs = 0,95f,4, (24)
In these equations, best is effective length of concrete slab and lo is span of beam.

RC = 0»4‘5fcubeffhc (25)

In the equation 25, R¢ is compressive force of concrete, hc the depth of the concrete slab, Aa is section area
of steel, h height of steel section, h, the depth of concrete slab at tab of the deck. If plastic neutral axis is

on the upper flange of steel section, moment is defined as;

h he
Mpl,Rd = RSE + RC (? + hp) (26)

The calculation of shear connectors for composite corrugated web beams has been defined in equations 41,
42 and 43. In these equations, f, maximum tensile stress of steel shear connectors, h the height of shear

connectors, d the diameter of shear connectors, yv safety factor, and o is constant.

Ppy = 0,29ad2—Vf;:EC @7)
dZ

Pra = 0,8fu 7 - (28)

a=02(3+1)<1- (29)

The depth of concrete slab (hc) and forces (Rs, Rc and Mpird ) are calculated for OGK_330 corrugated web
beam under point loading.

Rs=0,95x355x16x160=863,36 kN

ZYZO S Rsch=0,45X20Xll75th ; hc<=81,64 mm ;hc=8cm.

164



F. Erdal, O. Tunca, E. Dogan

R¢=0,45x20x1175x80=846 kN

Mp1,rd=863,36x173+846x70=208,58KNmM=21,262 tm

4. Design Example

Optimum design algorithms presented are used to design a corrugated steel web beam (OGK _330) with 5-
m span shown in Fig. 3. The beam is subjected to point loading. The upper flange of the beam is laterally

supported by the floor system that it supports. The maximum displacement is limited to 17 mm. The
modulus of elasticity is 205 KN/mm?.

Fig. 3. Loading of 5-m span Corrugated Web beam

The design example is solved by hunting search algorithm (HSA). The maximum number of generations is
taken as 5000 (Table 1).

Table 1. The Parameters of HAS and FFO Techniques

Technique The values of parameters

HGS =90 MML = 0.002 HGCR =0.90 Ramax=0.01,
HSA

Ramin=0 par=0.45 a=0.9,4=0.02,IE=25, N, = 50000

The result of the sensitivity analysis carried out for the HSA parameters is given in Table 2. In steel
construction applications, the web part of beam usually carries the compressive stress and transmits shear
in the beam while the flanges support the applied external loads. By using greater part of the material for
the flanges and thinner web, materials saving could be achieved without weakening the load-carrying
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capability of the beam. In this case, the compressive stress in the web has exceeded the critical point prior
to the occurrence of yielding, the flat web loses its stability and deforms transversely.

Table 2. Optimum Design of Corrugated Beam with 5-m Span

_ Conrete Part Steel Part Minimum
Optimum Weight
Section K
h, (mm) %me S, t,, (mm) h(mm) ty (mm) | H(mm) L. (mm) (kg)
OGK_330 80 1175 44 5 330 9 43 155 1317.38

The optimum corrugated web beam should be produced such that it should have 5 mm web thickness 330
mm web height, 9 mm flange thickness and 160 mm flange width for steel part and 80 mm slab depth, 1175
mm effective length of slab, 44 shear connectors for concrete part. HSA produces 1317.38 kg weight for
composite corrugated web beam OGK_330. The dimensions of OGK_330 and OGK_500 beam are also
given in Table 2. The maximum value of the strength ratio is 0.98 which is almost upper bound. This reveals
the fact that the strength constraints are dominant in the problem. The design history curve for HSA
techniques is shown in Fig. 4. It is apparent from the figure that HSA method performs good convergence
rate and acceptable solution in this design problem.

2250 ‘ |
| — HSA
2000 a
|
£ \
= 1750 h
X
: |
S 1500 1%
g Y
b=
L\_\O‘L_‘ .
1250
1000
0 10000 20000 30000 40000 0000
Number of Analysis

Fig. 4. Design History Graphic of 5-m Corrugated Web Beam

5. Conclusion
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This study concerns with the application of a hunting search algorithm to demonstrate the robustness of the
proposed algorithm and to find the optimum design of composite corrugated web beams. The design
algorithm is mathematically simple but effective in finding the solutions of optimization problems. Fly-
back mechanism is employed for handling the problem constraints and feasible ones being candidate
solutions to give the minimum weight are determined. A composite corrugated web beam example is
designed to illustrate the efficiency of the algorithm. In the optimization process, besides the thickness of
concrete slab and studs, web height and thickness, distance between the peaks of the two curves, the width
and thickness of flange are considered as design variables. The optimum design attained by HSA method
clearly shows that the proposed method give good solution. In view of the results obtained, it can be
concluded that the HAS method is an efficient and robust technique that can successfully be used in

optimum design of corrugated web beams.
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