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at each point of the ruled surface lies on the corresponding polar plane. We determine
the invariants of a such normalized ruled surface and we study some properties of the
Tchebychev vector field and the support vector field of a polar normalization. Furthermore,
we study a special polar normalization, the relative image of which degenerates into a curve.

1. Introduction

In 1989 F. Manhart introduced the one-parameter family of relative normalizations @y of a hypersurface with non-vanishing Gaussian
curvature K in the Euclidean space E"+! which are characterized by the support functions (“)q = \E |, a € R and called Manhart’s
normalizations (see [2]).

G. Stamou and A. Magkos in [9] and G. Stamou, St. Stamatakis and I. Delivos in [10] studied ruled surfaces in the Euclidean space E3
which are equipped with Manhart’s normalizations. Later, S. Stamatakis and I. Kaffas studied in [5] the asymptotic relative normalizations of
aruled surface @, that is, relative normalizations such that the relative normals at each point P of @ lie on the corresponding asymptotic
plane of &.

Following this idea the authors introduced in [7] three special relative normalizations:

1. the central normalizations, i.e, relative normalizations such that the relative normals at each point P of @ lie on the corresponding
central plane,

2. the polar normalizations, i.e, relative normalizations such that the relative normals at each point P of @ lie on the corresponding polar
plane and finally

3. the right normalizations, that is relative normalizations of @ whose relative images @ are also ruled surfaces with the additional
property that their generators are parallel to those of @. Some of these relative normalizations degenerate into a curve.

The central and the right normalizations were studied thoroughly in [7] and [8], respectively. In this paper we will study the polar
normalizations.

2. Preliminaries

A brief discussion of some definitions, results and formulae of relative Differential Geometry of surfaces and Differential Geometry of ruled
surfaces in the Euclidean space E3 appears in this section. We refer the reader to [3] and [4].

In the three-dimensional Euclidean space E3 let ® = (U,x) be a ruled C"-surface of nonvanishing Gaussian curvature, r > 3, defined by
an injective C"-immersion ¥ = %(u,v) on a region U := I x R (I C R open interval) of RZ. We introduce the so-called standard parameters
u e l,v e R of @, such that

x(u,v) =5(u)+ve(u), (2.1)

Email addresses: irisioanna@gmail.com (1. I. Papadopoulou), stamata@math.auth.gr (S. Stamatakis)
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and
‘E| = |E/| =1, <E/vél> =0,

where the differentiation with respect to  is denoted by a prime and (,) denotes the standard scalar product in E3. Here I" : 5 = 5(u) is the
striction curve of @ and the parameter u is the arc length along the spherical curve e = (u).
The distribution parameter &(u) := (5',2,¢), the conical curvature k(u) := (¢,¢',¢") and the function A (u) := coto, where ¢ (u) := <((e,5)
is the striction of @ (=% < o < %, signo = sign ), are the fundamental invariants of @ and determine uniquely the ruled surface & up to
Euclidean rigid motions. We also consider the central normal vector 72() := & and the central tangent vector 7(u) := € x 7. It is known that
the vectors of the moving frame 2 := {e,7,z} of @ fulfil the following equations [3, p. 280]

¢d=n #=-e+xz 7 =-—kn. (2.2)

Then we have

¥ =8Ae+6z (2.3)
We denote partial derivatives of a function (or a vector-valued function) f in the coordinates u! := u, u? :=v by f Ji»Jyij etc. Then from (2.1)
and (2.3) we take

¥/ =08Ae+vi+0z, X =¢, 2.4)

and thus the unit normal vector g(u7 v) to @ is given by
_ Sii—vz
E=2""" 0 Ghere wi= /82412
w

Letl=g; jduiduj and I = h; jduiduj ,1,j = 1,2 be the first and the second fundamental form of @, respectively, where

g1 =w+8%A%, g12 =64, gn=1, (2.5)
kw?+8v—58%24 S

hy=—-— hip = —, hyp =0. (2.6)
w w

The Gaussian curvature K (u,v) and the mean curvature H (u,v) of @ are given by (see [3])

_ 82 - Kkw? 4+ 8'v+ 821
F=-2 7_%. 2.7
w 2w
A C*-relative normalization of @ is a C*-mapping y = y(u,v),1 < s < r, defined on U, such that
rank({f/] 7j/2ay}) =3, rank({f/] 7j/2ay/i}) =2,i=12, V(M,V) ev. (2.8)

The pair (P,5) is called a relatively normalized ruled surface in RR3 and the straight line issuing from a point P € @ in the direction of ¥ is
called the relative normal of (@,y) at P. The pair @ = (U,y) is called the relative image of (®,5).

The support function of the relative normalization ¥ is defined by ¢(u,v) := (£,5) (see [1]). For ¢ = 1, we have y = &, that is, the
normalization is the Euclidean one.

Due to (2.8), g never vanishes on U. Conversely, when a support function g is given, the relative normalization y of the ruled surface @ is
uniquely determined and can be expressed in terms of the moving frame & as follows [5, p. 179]:

Yy=yie+ymn+yz, (2.9)
where
891 +qp2(kw* +8'v) 82q—wivq) vg+wq)
yi=—w 62 s, Y2 = 6W , Y3=— W . (210)

For the coefficients G;;(u,v) of the relative metric G(u,v) of (®,y), which is indefinite, we have
Gij=q "hij. (2.11)
Then, because of (2.6), the coefficients of the inverse relative metric tensor are

DY ey, v

G =, =1 < (2.12)

For a function (or a vector-valued function) f we denote by VZG f the covariant derivatives in the direction of u!, both with respect to the
relative metric. The coefficients A; j (1, v) of the Darboux tensor are given by

Aijei=q (&, VEVFx),).
Then, by using the relative metric tensor G;; for “raising and lowering the indices”, the Pick invariant J(u,v) of (®,y) is defined by

1 ..
J:= EAl‘jkAUk.
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As we proved in [7] (see equation (2.2)) the Pick invariant is calculated by

J= W{wz [va+25q/1 +4q7 (Kw2+5’vf 5zl>} —8%q (Av—146") } (2.13)

The relative shape operator has the coefficients B{ (u,v) given by
¥i= —B{x/j. (2.14)
Then, for the relative curvature K (u,v) and the relative mean curvature H (u,v) of (P,¥) we have

1 2
_Bith

K::det(B{>7 H: 5

(2.15)

We conclude this section by mentioning that, among the surfaces of E> with negative Gaussian curvature the ruled surfaces are characterized
by the relation

3H—-J—-35=0 (2.16)

(see [6]), where S(u,v) is the scalar curvature of the relative metric G of such a surface @, which is defined formally as the curvature of the
pseudo-Riemannian manifold (@, G).

3. Polar normalizations
We concentrate now on the main topic of this paper, namely the polar normalizations of a skew ruled surface @, i.e., relative normalizations

such that the relative normal at each point P of @ lies on the corresponding polar plane {P;7,z}. In [7] it was shown that the support function
of ¥ is of the form

q=f(V), (3.1

where f(V) is an arbitrary C2-function of
V= arctan% f/Kdu. 3.2)

By means of (2.9), (2.10), (3.1) and (3.2) we deduce that the arising relative normalization, i.e., the polar normalization of the given ruled
surface @ is

S6qg—qgv_ qv+8g_
n— zZ,
w

y= (3.3)
where the dot denotes the differentiation with respect to V. Then, from (2.2), (2.4), (2.14) and (3.3), we take the coefficients Blj of the relative
shape operator of a polar normalization:

(kw? +8"v)(q +4)

3 I

1
Bl = -
1 W

1
B = ﬁ{ —v? — 8%+ 8 [g (KA + 1) + KAG] + 6v [q (KAv+v+ 8'A) +Ag (kv +8')] }

8(q+4)

By="17

2 wd
8?A(q+4)

2_ Y r\9T49)

B} = e

Hence, by using (2.15) and (2.7b), we obtain the relative curvature K and the relative mean curvature H:

,5W7 H=F(g+3d). (.4

K=
From (3.4a) we deduce that the relative curvature K of a polar normalization vanishes identically iff
0qg—¢gv=0 or g+¢=0,
or, equivalently, iff
q= ceaTv,c €R* or g=cjcosV+easinV,cp,cr €R, 343 #0.

We reject the first support function since it leads to a non polar normalization. Thus we have the following

Theorem 3.1. Let & C E3 be a polar normalized ruled surface. The relative curvature K of (D,¥) vanishes identically iff the support
Sfunction is of the form

g=-cicosV+cysinV, cp,cp €R, c%+c% #0.
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By taking (2.7b) and (3.4b) into consideration we arrive at

Theorem 3.2. Let & C E3 be a polar normalized ruled surface. (D,y) is relatively minimal (H = 0) iff one of the following holds true
(a) the support function is of the form

g=-cicosV+cysinV, cp,cp €R, c%—o—c% #£0,

(b) (D,y) is a polar normalized right helicoid (§ = ¢ € R* and k = A =0).

We notice that both the relative curvature K and the relative mean curvature H vanish identically iff the support function is of the form
g=cicosV+cysinV, cp,cp €R, c%—o—c%;éo. 3.5

By using (2.7b) and (2.13) we find the Pick invariant

J, 3H g
J=(qv+8q) ( ESK +(S;> , (3.6)

where

kv + 8% (k—A)v+ 828
282w3

Jeuk =3v 3.7)

is the Pick invariant of the Euclidean normalization. The Pick invariant vanishes identically iff

J 3H g
G+84=0 EUKJr q

or, equivalently, iff

* the support function is of the form
1 .
g=cie s ,c1 R or

* @ is not a right helicoid and the support function is of the form

v[mhsz(p/x)wszaf]
2 82
g=cre S[Kkv2+8"v+82 (k+2)] L€ R*, or

* & is aright helicoid.

We reject the two support functions since they are not polar. Hence, we deduce

Theorem 3.3. Let & C E3 be a polar normalized ruled surface. The Pick invariant J of (D,y) vanishes identically iff D is a right helicoid.
From (2.16), (3.4b), (3.6) and (3.7) we evaluate the scalar curvature of the relative metric

1
T 282w3yq

+8q] [252/1v+ <v2 - 52) 5’] G—8 <KW2 L8t 521) q}}.

{ - {Kw4 152 {(fvz + 62> A +26’v] } 152 <wa +82+ S’V) e

4. The Tchebychev vector field and the support vector field of a polar normalization

In [5] it was shown that the coordinate functions of the Tchebychev vector T (u,v) of (&,¥), which is defined by

_ 1.
T:=T"%,, where T":= EA;W[’

are given by

_ w2q/2+vq . 26w2q/1 +8q (8% —v?) N T!(kw? +8'v—8%1)
o Sw 282w 1) ’

Hence, by using (3.1) and (3.2), we deduce that the coordinate functions of the Tchebychev vector of a polar normalization are

Tl qv+68¢ 72 q (2kvw? —28%Av +8'w?) —28%4¢

) 4.1
ow 282w @1
The divergence div/ T of T with respect to the first fundamental form I of &, which initially reads (see [5])
wTh) .
div' T = Q “.2)

w
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becomes, on account of (4.1),
= 1
+8{[ -84 +6* (-2Av+8) 428 (KW2+527L+5'V>Q}}.
The rotation curl! T of T with respect to the first fundamental form / of @, which initially reads (see [5])

I 2 | 2
_ (812T" +gT —(guT +gnT
curl T = ( ) W( )/2, 43)

becomes, by taking (2.5) and (4.1) into consideration,

curl! T = — {25/(]\/2 (2kv+8") + 8%q [4(1()» + 1)V +8 2k +2A)v+ 5/2]

1
283w?
+ 83 qlav+ (4 4) 20+ 8) | —g 2w+ 8") |
+0v [21<2qv2 +3k8'Gv+87¢—qv (2k'v+8") ] +268* [q (kA +1) —O—ij} }
Analogously we calculate the divergence and the rotation of 7' with respect to the relative metric of ®:

1

divoT = g {q2{1(w4 182 [(vz - 52) A 25’v] 487 (KW2 + vt 521)
+84q{q [252/1v+5/ (v2 - 52)] P (KW2+5’v+521) }},
curl®T = 0.

Last relation agrees with

(Ssee [6])ﬁ where garp = |K|'/* and VE denotes the first Beltrami differential operator with respect to G for which holds VE (£, g) = GU) f i8/j-
0, we have

Theorem 4.1. Let @ C E> be a polar normalized ruled surface. The rotation of the Tchebychev vector field with respect to the relative
metric of © vanishes identically and its potential is given by

7 (u,v) = ln‘;')% +c, ceR
Now let

— 1 1

0:= 5 vO(=.%) (44)
be the support vector Q(u,v) of (®,y), which is introduced in [5]. By taking (2.12), (3.1) and (3.2) into consideration we find that the
coordinate functions of the support vector field of a polar normalization are

9 M

1
-4 = 924 45
0 dwq’ 4wgq @3

By means of (2.7b), (4.2) and (4.5), we find the divergence div/ Q of Q with respect to the first fundamental form I of &

@*—qi

divo=H :
v QO 27

Hence, we derive

Theorem 4.2. Let & C E3 be a polar normalized ruled surface. The support vector field is incompressible with respect to the first
fundamental form of ® (div! Q = 0) iff
(a) the support function is of the form

g=c¢"V, | €R, c€R*, or

(b) D is a right helicoid.
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By taking (2.5), (4.3) and (4.5) into account we deduce that the rotation curl’ 0 of Q with respect to the first fundamental form / of @ is

—8¢*+q(qv+ 8§)

110 =
curl” O 4w2q2

By taking (2.11), (4.2) and (4.5) into consideration we find the divergence div® Q of Q with respect to the relative metric of &
— 1
W= o {a{a[-6"2+ 82 (—2av+8")| — 284 (xw? + 8'v+ 622 }
+8qq (KWZ L&A+ 3’v) }
By using (2.6), (2.11), (3.1), (3.2), (4.3) and (4.5) we have the rotation curlGQ of Q with respect to the relative metric of @

curl°0 =0,

which agrees with the relation (4.4). Thus, we have

Theorem 4.3. Let & C E be a polar normalized ruled surface. The rotation of the support vector field with respect to the relative metric of
&P vanishes identically and its potential is given by

1
T (u,v) = @Jrc, ceR.

5. A special polar normalization

In this section we will study the support function of the form (3.5), which arises when the relative curvature K or the relative mean curvature
H vanishes identically (see Sec. 3). By using (3.3) the corresponding relative normalization takes the form

5= [cl cos ( / Kdu> ~eysin ( / Kduﬂ i [czcos ( / Kdu) +ersin < / Kdu)} z

i.e., the relative normalization degenerates into a curve I'* with curvature
K= !
|ep cos (f&du) — ¢p sin ([ kdu) |

and torsion

% —K

o= cycos ([xdu) — cysin(fkdu)

Since
K* 1
+

o* K

)

we deduce that y is a curve of constant slope iff ® is a ruled surface of constant slope.
By means of (3.6) and (3.7) we find the Pick invariant of this normalization:

_ 3eacos ([xdu) + cq sin ([ kdu)] / ) 2 e
J= 257w (¢ c0sV 1 casinV) {cos kdu [K(czv +2c¢16v—c30 )

+8 (~c28A+¢,8') | +sin (/m) [ (172 = 2028v = 18%) = 8 (c162 +28) | |

Then by using (2.4) and (4.1) we deduce the Tchebychev vector

T= %2 (c1cosV +cpsinV) (2KV—|—5/)E+§ {62005 (/Kdu) +cysin (/Kd“)] n

e ) v )]

Finally, by taking (2.4) and (4.5) into consideration we derive the support vector

c1sinV —cpcosV (vii + 52)
= Vil .
4w (cycosV +cpsinV) ¢

Ql
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in the additive representation whenever the additive scalar component of a product pair is
zero. A particular case of this statement is non associativity due to zero products of non
zero factors. These features of scator algebra could be used to model the quantum wave
function evolution and collapse in a unified description.

1. Introduction

Scator algebras are 1+ n dimensional algebras endowed with a main involution and an order parameter. The addition operation satisfies
commutative group conditions in R!*". The product operation, defined in a subset of R'*”, is always commutative and the conditions when
it fulfills associativity are the matter of this communication. The scator product is not bilinear, thus, it cannot be represented as a matrix -
matrix product. For this same reason, it is in general not distributive over addition [6]. However, the scator set in 1 4 n dimensions, can be
mapped into a higher dimensional space in order to recover distributivity. This procedure has been expounded for 1+2 dimensional real
scators by extending this set to 1+3 dimensional space [14]. The elements of scator algebra, decorated with an overhead oval, can be written

o . . o
as an ordered sequence of 1+ n real numbers, ¢ = ( Josfis i fjrees f,,). The component with subindex zero, separated by a semicolon, has
a distinct nature from the rest. In the additive representation, scator elements are described by a sum of components

é;):(fO;fl>'~'>fj7~'~7fn):f0+2fjej7 (11)
j=1

where fy, f; € R for j from 1 to nin N and e; ¢ R. The component with subindex zero is labeled the additive scalar component whereas the
subindices 1 to n stand for the additive director components. This representation is similar to the rectangular form of complex numbers
extended to higher dimensions. In some subsets of R1*”, there exists a multiplicative representation of scators that is akin to the polar form
of complex or hyperbolic numbers extended to higher dimensional spaces [11]. This communication is restricted to associativity in the
additive representation.

Product associativity in scator algebra has been loosely addressed in several previous communications [6, 9, 10, 11]. It has been correctly
stated that the scator product in the additive representation is in general not associative if zero product pairs are involved. Zero products are
products of non zero scator factors that yield a zero scator, i.e. a scator with all additive components equal to zero. However, it has been
stated that the product is associative if zero products are avoided. This statement is not correct. When these assertions were made, it was not
foreseen that there exist non associative products in the additive representation even when zero products are not involved. The decisive
parameter in the additive representation is, as we shall presently see, whether the additive scalar component of any product pair is zero.

In diverse graded algebras, notably algebra of physical space (APS) [3], space-time algebra (STA) [13] and commutative quaternions [4], the
scalar component has been used to represent time [5]. We propose that the collapse of the wave function in quantum mechanics may be

Email addresses: mfg@xanum.uam.mx (M. Fernandez-Guasti)



Universal Journal of Mathematics and Applications 81

described via the non associativity of the scator product. The reduction occurs when the time variable, represented by the additive scalar
component, is zero. If each director component constitutes a quantum state, when the scalar component of the product becomes null, all but
one (single state) of the director components of the product become zero.

Sufficient conditions for the scator product associativity are addressed in section 2, while section 3, evaluates the necessary conditions for
the lack of associativity. The possibility of scator algebra to describe the wavefunction evolution and collapse is outlined in section 4. The
appendix deals with associativity exceptions. The remaining paragraphs in this introduction establish the necessary algebra prerequisites.

Product operation
We denote the scator set by
sl — {&3 € RN fo £ 0, if there exists f;f; 70 for j #1 € n} :

the subset of R!*" where the additive scalar is different from zero if two or more director components are not zero. This set is the union of
two disjoint subsets

o o
S;;)":{@es”":fwéo}, S(‘)“:{<pesl+":f0:o}.
The elements of the set SH” have at most only one non vanishing director component, that is elements of the form (0;0,..., f;,...,0) = fie;,
SIH'": {(?)GSH'":fo=0,fj=0f0rallj7élfr0mlton}.

The set SH'” can be written as the union of all subsets with at most one non vanishing director component Sl+” U, SH'" The sets SH'”

o
are not disjoint since the element with zero components everywhere is common to all of them, N I:ISIHH =(0;0,...,0,...,0) =0.
In the additive representation, the scator product is defined in the S!*" set:

[
The product of two scators &= ap+Y/ji_jajejand B=by +Xj_1bjejin S;{)” is defined by

( b i b
OCB—aob()H( )+aobOZH( Z:;;;) (%4—%)8]; (1.2a)

J=1k#j 0

80 8

o
Ifae S, ™ and [3 € SH'" the product & is

bib
(azez)ﬁ Fab; +aiboe; F Z (az 11701) e (1.2b)
J#l

[
If & €S} *" and B € S},
(are;) (bmem) = FarbmOpm, (1.2¢)

where &y, is a Kroneker delta.

The scator product defined in the S'*” set is closed, commutative and there is a multiplicative identity [6]. Existence of an inverse depends
on the signature of the product. Wherever applicable, here and in the rest of this manuscript, the upper F (negative) sign corresponds to the
imaginary scators product while the lower (positive) sign corresponds to the real or hyperbolic scators product. From (1.2c), €;é; = —1 for
imaginary scators, we usually label the unit imaginary director components with a check above. When the product is defined with the (upper)
negative sign, the 1 4 1 dimensional scator sets with scalar component and only one director component, become isomorphic to complex
algebra. In contrast, &;€; = 1 for real scators, their director unit components usually labeled with a hat above. Real scators in 1+1 dimensions
are isomorphic to hyperbolic numbers. The check/hat decoration is omitted here in order to cope with both scator sets simultaneously.

2. Associativity in the additive representation

In the proofs that follow, products with three scator factors are evaluated. Products with a larger number of factors can be obtained by
induction.

2.1. Conditions for a product with non vanishing additive scalar component

From the product definition (1.2a), the product of two scators with non zero additive scalar components (agby # 0), has a non vanishing
scalar component, if and only if
agby

+1 2.1
apbg ’ 2.1

. 0 . o
for all k from 1 to n. From (1.2b), the product of non zero factors, one with zero scalar component & = a;€;, times § € S;Z{)”, has a non zero
additive scalar component, if and only if b; # 0. If both scator factors have null scalar, from (1.2c), their product has non zero scalar only if
both scators have the same non zero director component, / = m. In the derivations that follow, it is assumed that none of the initial scator
factors is zero.
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2.2. Associative conditions

Theorem 2.1. The scator product in S} is associative in the additive representation if all possible product pairs have a non vanishing

additive scalar component, (&E’)((;) = &([03((/))) ﬁ((x(p) if(xB [3'(p Ot(p € SH”

R . . [ )
Proof. Case i) Scator factors with non zero additive scalar, o, 3,9 € sLtn.

£0

[ o0 o
The product of scators ?: &ﬁ with &, Be S;Z(S" is given by (1.2a). Since all product pairs must have non zero scalar, &/3 € S;Z(')”, then
% # =£1 for all k from 1 to n. The subsequent product with (i) € S;‘Sn is again given by (1.2a),

09, 0 n a0+
(aﬁ)(P:aObOH(l:F%)f()H I:F( )fk
k=1

0bo (1 T ak’?k) fo

ar b aj y bj
+aoboﬁ(l¢akbk) iﬁ <[T+ ) fk (a L. ) +fj €.
k=1

aobo /) [Z ks (1 ¥ awk) fo (1 ¥ aobg) fo

This expression can be written in a symmetrical form in the coefficients of the three scators,

09\ 0 o arby _ arfi bkfk)
o =apb 1F F—F —
(@B) ¢ = aobofo I:I ( apby ~ aofo  bofo

abi i bifi bj  fi . aibifi
bj  fi_aibifi . 22
+a0b0f0121k1;11 ( aoko  aofy © bofo + bo " fo © aobofo ) € =

fo bofo

o
But [3(?) S S;‘g” , thus, the terms 1F hkf‘ - # 0 for all k from 1 to n, can be factored to obtain

The first factor in parenthesis can be grouped back as (1 F Zk% F ( + L ) "g) whereas the last factors are grouped as ( + (1 F bifi > Z—é)

n Ji
) s (1725) (1 B0 o
k=1

bo fo (lq;bkj;k)
b 4 Ji fi
n bkfk) non (bk + fo) +fo aj 0 %0
b ¥ 5% - +—=]ej=a .
Ofokl;ll ( bo fc ; I;I <1 T bk§k> <1 == Zog) ao €j (ﬁ(P)

o
Since the product is always commutative, the factorization, provided that % # =1, can also be performed to construct 3 (&(i)) Therefore,

the product is associative for scator factors with non zero scalar components agbg fy # 0, if all three possible product pairs have non zero

scalar component ;2 47 f ;é +1, Z{’)% # 41, % # 41, for all j from 1 to n.

.. . o 92 . 0
Case ii) Two scator factors have a non zero additive scalar, o, € S;Z(‘)" and one factor has zero additive scalar component, ¢ € SIH".

[ [
Product (&ﬁ) (7) The product of scators &, B is given by (1.2a), where Ocﬁ € S;J)" since their product must have non zero scalar. The product

with a scator having zero scalar component (?) = f;e;, from (1.2b) is then

(&[%)fle, :Ffla()bOH<1:Fakbk)( o )+fiaoboH( akbk)e,

o obo o0bo
n [ aoboTly (15 80 ) (44 1) (%4 32)
¥Z fi ajb;
#l <1 ij)

[
Product & (ﬁ (p) The product [3 (p is obtained from (1.2b), where f;b; should not be zero in order to have ﬁ(p € SH" The product with @ is
given by (1.2a) since both factors have non zero scalar. The resulting expression can be simplified to

s (152) (o5 e 5 ()

;. @3)

kAl aObO k£l aObO
n n ) b
+fibao Y | 1 (w“"—b") (1+@) (ﬂ+ ’) ;. 2.4)
7 et aobo biap ) \ao  bo

o
Comparison component by component of (2.3) and (2.4) shows that both expressions are identical. Evaluation of f3 (& (7)) by a similar
procedure shows that the three product associations give the same result.

. . 0 o ¢
Case iii) One scator factor has non zero additive scalar, ¢ € S;Z()”, and two factors have zero scalar component, Q.3 € Sgﬁ".
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o o
The scalar component of the product &[3 = (aje;) (brey) = Fa;by Oy is not zero only if k = [, thus = bye;.
o o o
Product (&ﬁ)(?) The product of &f3 = Fa;b; times a scator @ € S;:(')” is (&ﬁ)((/)) = Fa;b; <fo +X0 fjej>.

o o
Product &(/3(7)) The product ﬁ(([)) is given by (1.2b), where the scalar component of this product is not zero if f; # 0. Multiplication by
o

a = ayey, again from (1.2b), gives

&(1033’) = e (bie;@) = agby (¢fo+(¢ﬁ)ez¢]§l (%) <$%) ej) :

o o o
Thus, (&B)(?) =a ([3(7)) Evaluation of 8 (&(?)) shows that all three associations are equal.
o
Case iv) All scator factors have zero scalar, (())t, ﬁ,g% € S(l)“’.
o o
The scalar components of the products &ﬁ = (ae;) (brer) = Faiby by, ﬁ((;) = (brer) (fjej) = Fbifi0; &({;) = (ase;) (fjej) = Fa;f;0;,

o

are not zero only if k =/ = j, thus (&ﬁ)(p = &(B(p) :E(&&,’) =Fajbjfje;. O

Notice that associativity holds even if the factors have zero additive scalar provided that all product pairs have non vanishing scalar. Theorem
2.1 establishes sufficient but not necessary conditions for the product associativity in the additive representation. Particular cases where the
product is associative, although there are product pairs with zero scalar component, are examined in the appendix.

3. Lack of associativity in the additive representation

3.1. Conditions for the product to yield a zero additive scalar component

o
Factors with non vanishing scalar. Consider the product of two factors &, Be S;Z{)”, from (1.2a),

4 n n
&ﬁ=a0bon(1$ak7bk) <1$al—bl) +a0b0H(1$ak—bk> <ﬂ+ﬂ)e,

kAl aobo aobo kAl aobo ) \ao  bo
+a0h02 H (l:Fak k>(l$£) <&+*}) ej,
Ry (l()b() a()b() ap b()

where the I director component has been written out explicitly. Let this product have zero scalar component due to the [*” factor,

g by g b a0 G.1)
apbg by aj

- . . . 09
A necessary condition for this expression to hold is that @; and b; should not be zero. Then, the product o8 € Sll * has only one non
vanishing director component given by

&ﬁ:aoboﬁ(lqc“"—b") <ﬂi“—°) e (3.2)

kAl apbp /) \ao  a

o
One factor has vanishing scalar. If ae Sl' T and B € S;Z(r)” , from (1.2b), this product has zero scalar if a;b; = 0. Since the factors are
o [
not zero, a; # 0, then the product has zero scalar component if b; = 0 and is given by &[3 = (a;e;) B = a;boe;. Notice that this product is

never zero for non zero scator factors, a result that is of paramount importance when evaluating differential quotients [8].
Both factors have vanishing scalar  From (1.2¢), (a;¢;) (bje;) = Fa;b;6;;. Only if j # I, the additive scalar is zero.
Zero products For scator factors with non vanishing scalar, if two or more factors are zero in expression (1.2a),

(11F @b > -0, (m “’”b’") — 0 forl # m, (3.3)
apby

apbg

.. . 00 9 . - .
the additive scalar and all director components are zero, aff = 0 = 0. For scator factors with vanishing scalar, the scator product is zero
o 09 .. T .
only if j £ 1, off = (ase)) (b G j) = 0. The zero product condition, where non associativity has been asserted before [6, 11, 12], will now be
encompassed in the condition where a scator product pair with zero additive scalar component is involved. Besides the zero products, the
product can also be zero if any of the factors is zero. This trivial case is dismissed since only non zero factors are considered as mentioned
before.



84 Universal Journal of Mathematics and Applications

3.2. Non associative conditions

Theorem 3.1. The scator product in S'*" is in general not associative for n > 1 in the additive representation, if one or more of the possible

. Lo .. 0% 0 0,%0 2 00y ..09 20 00 lan
product pairs has a vanishing additive scalar component, (Ozﬁ)(p #* Oc(ﬁ (p) #PB (a(p) ifaB or B orap e S;™.

o 2 o
Proof. Case 1. Product of three factors with non zero scalar component, o.,3, ¢ € S;Zé"

o
Subcase 1.1 Only one product pair has a vanishing scalar component, &ﬁ € §(1)+”, [3(p7 a q) € S;B"
o o

Product (&ﬁ) ({Z) The ;: &ﬁ € SZH" product is given by (3.2) and its product with a scator (p € S;éo is then given by (1.2b),

09 arb, Jifi

(aﬁ)‘P—aobOH(1¥ kbk) (*l ) <¥fz+foeljFZ< ! (€X)
kA aopbo / \ do iz \ Jo

This result is not symmetric in the three scators variables, thus already indicative of the lack of associativity, but let us not anticipate.

o
Product &(ﬁ ¢). Evaluate ﬁ(p € Sl+” from (1.2a). The product with & using (1.2a) again, is then

( obofon( bkfk) 13F< %)

i b()fo (1$Zk§k)
b | Ji 5
" AP (B+h) o) ( 2+E q
+b0f0H<1$k—>aOZH 15 — +-L e (3.5)
S N e E IO

o o
The product (&B)((;) given by (3.4) and the product a ([3(1{))) given by (3.5) are clearly not equal for arbitrary scator coefficients. In appendix
A.1, particular scator coefficients when associativity holds are evaluated in this and subsequent cases. If, in addition to 3’11:] = +1, another

02 0 0% o . . ..
factor C;'”O—zg’ =+1,m#l . th'er? aff =0 and (aﬁ) ¢ is E.IISO zero. However, this condltlgn .d(.)es not make the prodpct a (B (p) given by (3.5)
equal to zero. Non associativity due to zero products is a particular case of non associativity due to products with zero scalar component.

o
Since 0 € SH'” they need not be treated separately.
Subcase 1.2 Two product pairs have null scalar component, 06[3 ﬁ(p S SH" (X(p € SH"
Product o (ﬁ (p). Let the zero scalar in the B(p product originate due to the p" factor, (1 F %) = 0. The subsequent product with an

arbitrary scator & with non vanishing scalar is then given by (1.2b),

20 n b f L (apa;j
(p):bofon(l¢%)( +f”) (:;a,,+aoe,,:p):( Z’)ej). (3.6)
k#p 0Jo j#p N 0
Comparison of Egs. (3.4) and (3.6) shows that these two expressions are different either for / = p or I # p, for otherwise arbitrary scator
coefficients.

o 0
Subcase 1.3 All three product pairs have null scalar component, a B, [3(?)7 &(7) € S(')‘”‘. The derivation involves, in addition to the previous

case, a zero scalar due to the ¢” factor, (1 F ZZ;Z) =0 of the &((/)) product. The procedure is analogous to the previous subcase.

. .. o 9 . o
Case 2. Product of two scator factors with non zero additive scalar, o, ﬁ € S;B", and one factor with zero scalar, ¢ € S,ln+”.

Subcase 2.1 Only one productpazr has a vanishing scalar aﬁ € SH'" ﬁ(p a(p € SH'"

Product (Ocﬁ)(p If &, [3 S SH" and OCB S SIH", the product is given by (3.2). The product of this result times (7) = fuem € SH" is from
(1.2¢),

4B - T (15 o) (AL
(aﬁ)fp—ﬂFaobOJ‘mH(1¥aobo)< ial)&m. (3.7

kAl a0

o o
Product &(ﬁ(([))) The product B((f) since by, # 0 is obtained from (1.2b). The product with gc, if | #£m,is

0o, Qo n aiby, ambo ay | ap
a(B) = Faobmfm ] (1qc >(1+a0bm a—ia—l e. (3.8)

K apbg 0

This single director component scator differs from (3.7), since the latter has no director component. If [ = m

0,20 a*\ aiby alz w n ayby, aj b;
a =Faphf; | 1£ % (1$—)¢ab 1+-L IT=2 ) (2 +2)]e;. (3.9)
(B(P) 0 Ifl ( a%) /LII (lobo 0 Zfl a% ]Z?é] k!é_]I,l aobo ap b() J

o o
This expression also differs from (3.7). Subcases 2.2 where two product pairs have a vanishing scalar &ﬁ , B((;) € S(])+”, a (7) € S;‘E" and 2.3

1+n
S0

o o
where all three product pairs have null scalar component, &B,ﬁ g(z)), gc(({)) € are similarly tackled.
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0 o ¢
Case 3. Product of one scator factor with non zero scalar, ¢ € S;:(')”, and two factors with zero additive scalar, o, 3 € S(l)'”’.
Subcase 3.11#m

4 2 o o 9 . . . o o
Product ((xﬁ) ¢. The product of two scators o, 8 € S(I)H’ with different non zero director component, say & = a,e,,, § = b;e;, from (1.2¢),

. . . . o o
is zero. Their product with an arbitrary scator ¢ is zero, (amemblel) ¢ =0.

o o
Product & ([3(?)) The product of (7) € S;:(')” times a single director component scator 3 = b;e;, obtained from (1.2b), is
n
n Jif
bie; o =b | Tfi+ foer T (M) enT Y, (Q e,
f() jElLm fO

where the " and m™ terms are shown explicitly. Multiplication by o= amen, recalling that m # [, again from (1.2b) is,

&(ﬁ(?)) :amem(ble[({;)) =ambl <M) ?f[em:Ffme[+ Z flfmzfj €. (3.10)
fo j#lLm Jo

o
This expression is not zero and thus differs from the product (&ﬁ) (7)

o o
Subcase 3.2 If | = m, the product (&ﬁ) = (amemble,) = a;b; has non zero scalar component. The product of &ﬁ with (7) € S;:(J” gives a

scator with non zero scalar component. Thus, a product pair with zero scalar component cannot be achieved in this subcase.
o 2 o
Case 4. Product of three scator factors with zero additive scalar o, 3, ¢ € S(l)+”.
o L. . 09, 0
If the scator ¢ also has vanishing scalar component, the product definition (1.2c) has to be used throughout. For I # m, ((xﬁ)(p =

[
(a;e1bmen) (finem) =0 and a (ﬁ((;)) = (a;€;) (bmen finem) = ajbm fmem. Therefore, this product is not associative if two director components
have different subindices. O

In accordance with Theorems 2.1 and 3.1, non vanishing additive scalar components in all possible product pairs is a sufficient condition for
scator associativity while at least one product pair with vanishing scalar component is a necessary condition for non associativity.

4. Wavefunction collapse

The quantum mechanical wave function, according with the prevailing Copenhagen view, contains probabilistic information regarding the
state of a system. In a simplified scheme, when an observation is made, only one state is detected from the superposition of all possible
states. This process, whereby the probability of all but one state become zero and the remaining state becomes a certainty, is the collapse or
reduction of the wave function. Continuous spectrum operators such as position or momentum do not collapse to a single state, but to a
combination of eigenstates within a spread of eigenvalues given by the nature of the measurement. The wave function reduction, whether to
a single state or a range of closely packed states determines the state of the system up to the precision imposed by the uncertainty principle.
Let us recall the formal description of the two processes involved in the evolution of a quantum system as a preliminary to the scator
description. In the Schrédinger representation, for a time independent Hamiltonian 7, the time evolution of the wave function |y) is
given by a unitary time evolution propagator %, so that |y (1)) = % |y (0)). The wave function is written as a superposition of energy
eigenfunctions |y) = Z;?:l cj ’l[/j>, such that 7’ l[/j> =& ‘l[/j>. The set of eigenfunctions and their corresponding propagators in matrix
form are y (t) = Uy (0). If the systems evolves from O to #; and then from #; to #, and so on, the evolution may be written as a product of
matrices ¥ (t) = Uy--- Uy Uy y (0), provided that there are no state reductions in the process. This picture is broken down when the operator
R, reduces the wavefunction to a single j state, Ry (¢) = ’l[/j>. These two distinct procedures U and R, required in order to describe a
quantum system, are referred to as the quantum measurement problem [1]. Different approaches have been proposed to unify these two
mechanisms under the generic name of dynamical reduction models [2]. The aim of the following scator description is to contribute towards
the formalization of a reduction model.

Allow for the quantum wave function to be described by a scator function l?/(t) instead of a column vector. Each eigenfunction ’l[/j> is
associated with a scator’s director component |l//j> — €;. The wavefunction eigenstates are described by the director components of a scator

function |y) + ¢o = 17/ =co+ ):’}:l cje;. This is certainly a huge formal leap, and it is not certain that it is possible, but let us continue with
the sketch of the procedure in the scator formalism. Notice, that we must add a scalar function cg for n > 2, otherwise, the scator is not in
S+, Since all the possible wave eigenfunctions have been ascribed to the director components of the scator, we have freedom to establish
the value of the scalar function. This function can be associated with the time variable. The time evolution of the system is modeled by the

o
product of unitary scators Y times the system’s wavefunction

o0 0

0 o 0
v(t)=Ys--- oYy (0),

4
where Y, € S!*7 for all k from the initial to the final time interval f and l(/)/(O) € S!*7. Unitary scators are obtained from the main involution
. 0 . . o* . . .
of scator algebra; The conjugate of the scator ¢ = fy + Z;?ZI fjej, is given by ¢ = fo— Z;FZI fjej, that is, all its director components
*
reverse sign while the scalar component remains unaltered. The product (7)(7) = H((;)H2 is a real number that establishes a magnitude or order

parameter. Scators of the form ((/)) / H((/))H constitute the set of unit magnitude scators [6]. Let the scalar component represent time evolution and
wavefunction reduction, the latter taking place when the scalar component becomes zero, as the reader may have already guessed. When the
scator product yields a zero scalar additive component, all director components must be zero with one possible exception as was shown
in subsection 3.1. Since each director component has been chosen to represent an eigenstate, the product then models a wave function
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collapse, for in this circumstance only one eigenfunction subsists. Depending on which is the /" factor that fulfills condition (3.1), it is the
I*" gigenfunction from the 1 to n eigenfunctions that survives. Therefore, an R measurement process is attained.

If the products have a non vanishing additive scalar, all director components prevail and since each represents a wave eigenfunction, a
superposition of all of them is obtained. The products are then associative (Theorem 2.1) and can be performed with any precedence

o 0 o o 0 0 0
or grouped together, i.e. 13 (Y2 (1 {;1(0))) = (T3Y,)y) 17/(0) = T,-l(/)/(O) . The way these products are associated, represent an evolution
that can be traced in several steps, grouped with any precedence or the evolution performed in one single step. Whether these products
commute, depend on the operators involved in the scator coefficients. This is analogous to the usual quantum description with complex

algebra. Complex algebra is commutative, but the complex numbers involve operators in quantum mechanics that may or may not commute.
Physically, time evolution U processes are then described when the scator products have non vanishing additive scalar.

0o 0
The scator product provides a unified description of the U and R processes. For example, (Y4T,~) € S(l)“‘ represents a collapse and the

o o 0
product Y5 (Y4T,-) € S;Z{)” the subsequent U evolution. When the product is not associative, it reflects the fact that the subsequent evolution
of the system is altered by the measurement or collapse of the wave function. After a collapse, the time evolution of the system is again

described by another wave function, where the initial conditions are given by the state of the collapsed system. Notice that the product of the
0 0
collapsed system, say in the (Y4Y,-) = a,e; state, regains a finite probability for all possible states when its product is taken with a unitary

o
evolution scator ?'5 = 3, with arbitrary non vanishing director components (equal to the number of possible states) given by the product
definition (1.2b). Therefore, one and the same mathematical procedure, the scator product, is used to describe the complete time evolution
including the possible wave function reductions of the physical system. This scheme is in the vein of the Penrose proposal [15, Sec.22.1,
p.529] whereby the same mathematical object, the scator product in this approach, describes the U and R processes. It could be argued that
the two distinct procedures have only been deferred to the two definitions of the scator product (1.2a) and (1.2b), depending on whether the
scalar component of @ vanishes or not. However, it is possible to obtain the product (1.2b) from (1.2a) through a limit. In order to remain
within the S!*” set, the limit of all but one of the director components should be taken first and thereafter the scalar component limit should

be taken [7]. The & director component limits from (1.2a) is

. 9 n b:
lim (&tB) = (aobo Farby) + (abo +aoby) e+ Y (aoho F asby) (*j) ej.
ak#[—)o j?é[ b()

Thereafter, the scalar component limit is

o n b.
lim(lim & ): aby +aiboe ab (J)e<.
Jim) ak#,ao( B) ) = Faib; +a;by lijZ# bi{ g )€

But this result is identical to (1.2b), thus this latter definition is a removable singularity of the product function (1.2a) with arbitrary but non
vanishing scalar components. Another asset of this formalism is that no ’tails’ are present when the collapse takes place. The tail problem
arises because finite, albeit small, amplitude probabilities for states other than the reduced state are present in some proposals, such as the
GRW scheme [2]. In the present scheme, all states different from the collapsed state are strictly zero. There are other issues that require
careful assessment to confirm whether this proposal is plausible. Two ingredients are essential to achieve a unified dynamical scheme,
nonlinearity and an stochastic process. Here, the nonlinearity is ultimately due to the scator product definition. However, an stochastic
process still needs to be incorporated. Nonetheless, according to this initial assessment, scator algebra seems to be a promising route for a
unified description of quantum dynamics.

5. Conclusions

Product associativity in either real or imaginary scator algebras depends on whether the additive scalar component of any product pair is zero.
The scator product is associative in S'+7 if all possible product pairs have a non vanishing additive scalar component. Recall that the scator
set S!*” where the product is defined in the additive representation, is the subset of R'*” where the additive scalar is different from zero if
two or more director components are not zero. The scator product is in general not associative in the additive representation in S!*" for
dimensions with n > 1, if one or more of the possible product pairs has a vanishing additive scalar component. At least one product pair with
zero scalar component is a necessary condition for non associativity. These assertions are embodied in theorems 2.1 and 3.1.

The additive scalar component of any product pair is the decisive parameter in order to establish whether the scator product is associative or
not. The stronger condition stated in previous communications for lack of associativity, if all components of any product pair are zero (i.e. a
zero scator), has been included in the zero additive scalar component necessary condition (i.e. a scator with possibly one non vanishing
director component).

The main involution is scator algebras is conjugation [6]. The conjugate of a scator (7) =fo+ Z’;:l fjej, is defined by the negative of its

%

director components while the scalar component remains unchanged, (7) =fo— ):;?:1 fjej. The magnitude of a scator is defined by the
*

positive square root of the scator times its conjugate ||(7)H =1/ (?)((/)) . From the product definition, clearly ||(?)H2 eR.

Corollary 5.1. In S'*", the magnitude of two or more scator products is equal to the product of their magnitudes if the products are
associative.

o

[ o [ [
Proof. The square magnitude of the product of two scators &, B, according to the magnitude definition is H&ﬁ ||2 = (ocﬁ) (((x B ) Since
00 ,ox0* 00 0%,k 00 0%k 0 00%
the scator product is commutative (o) (o B ) = (aB)(B o ). If the product is associative (af) (B o ) =a (BB )a

0? o1
thus [ | = [|e||| B O
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The magnitude of the scator products is equal to the product of the scator magnitudes if all possible product pairs have a non vanishing

o
additive scalar component. Therefore, the &ﬁ # 0 condition stated in Lemma 4.1 [12], is now corrected and embraced in the condition stated

. . . 0 o* . . . .
in this corollary. Notice that ¢ + ¢ = 2fy, thus a scator product with non zero scalar component can be stated in terms of the involution as
% 0%

SB+& B +o.
A. Appendix: Associativity exceptions

There are three generic conditions where the scalar component of a product pair is zero but associativity holds: i) The S!*1/ subsets; ii) Two
scator factors are linearly dependent on all director coefficients except for the two that produce a zero scalar ; iii) All product pairs give zero
products.

The foremost exception are scator sets with only one director component

n
' ={§=fo+ Y frew, €817 fi =0, forany k # j}.
k=1

Numbers in the S! ™1/ subset are of the form ((Z) = fo+ fje;, these subsets are isomorphic to the complex field for each j, [10, Proposition
4.12]. The scator product definition (1.2a)-(1.2c) can then be grouped in the usual single product definition for complex numbers (or
hyperbolic numbers). The scator product is thus associative in S!T1/ even if a product pair has zero scalar component.

In the proof of Theorem 3.1, non associativity was analyzed in various cases where different expressions were obtained depending on the
precedence of evaluation. These expressions are forced here to be equal by imposing the necessary conditions on the scator coefficients.

A.l. Linear dependence except for /" component (Case 1)

o

o
The product in subcase 1.1 of Theorem 3.1 is not associative unless (&ﬁ )((;) given by (3.4) and a (ﬁ ((/))) given by (3.5) are equal. Equating the
scalar terms imposes

n aib, n aib, b a
H(li kbk):H<1¥ i kfk¥ kfk)v (AD)
kAl aobo il aobo ~ bofo  aofo

The e; components in (3.4) and (3.5) are equal only if, in addition to the above condition,

a;: b f ubf
5 (@i i=ast)

- bifi _ ab a;fi\’
oo (=Rh =T ag)

for all j # [ from 1 to n. This equality holds provided that i) Z—(’] + Z—é # 0 and sz =F fg, but this condition cannot be fulfilled for imaginary
scators except if f; = fp = 0, but then ((;) € S(1)+”, contrary to the initial premise. For real scators sz = fg, implies that the scator lies in the

null geodesic surface [12]. ii) If % + Z—(’; =0, thenb; = beZ—é. The product of scators
0 " 9 *oa; ap o "
a=a0(1+zfjej)7 ﬁ=bo(1*2*]eji*et)7 o= fo+ ) fiej,
=14 A0 A j=1

. L 09 0 2 . . .
is then associative although a8 € S(l)'”‘. The scators & and B are linearly dependent on all e; coefficients except for the e; coefficient, where

o
ajb; = £apbg produces a product &B with zero scalar component. Associativity in subcase 1.2 of Theorem 3.1 is obtained by imposing the
equality of equations (3.4) and (3.6). This equality again requires linear dependence on all but one of the director components.

A.2. Zero product pairs (Cases 2, 3 and 4)

Subcase 2.1 If I # m, equations (3.7) and (3.8), require the scalar component to be equal to the director component e;, a condition that

can only be satisfied if both coefficients are zero. A factor in the product HZ L1m (l F Zé—ig) of equation (3.8) then has to be zero. Hence

09, 0 0,20 2 00 . .. . .
(aB)p = a(Be) =B (ap) =0. Subcase 2.1 with / = m, as well as subcase 2.2 and cases 3 and 4 are similarly obtained and again
associativity holds when all product pairs are zero.
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1. Introduction

The notion of curvatures play a central role in the differential geometry and physics. For instant, the magnitude of a force required to move
an object at constant speed along a curve path is, according to Newton’s laws, a constant multiple of the curvature of the trajectory. The
motion of a body in a gravitational field is determined, according to Einstein, by the curvature of spacetime [1]. The space of constant
curvature also plays a key role in differential geometry and mathematical physics (specially in the theory of relativity and cosmology). In
1926, Cartan ([2], [3]) introduced the notion of a locally symmetric Riemannian manifold which is the natural generalization of manifolds of
constant curvature. The condition of local symmetry is equivalent to the fact that at every point x € M, the local geodesic symmetry F(x) is
an isometry [4]. The idea of locally ¢ —symmetric Sasakian manifold was introduced by Takahashi [35] in 1977. Since then, the properties
of such manifolds have been studied by several geometers on different spaces.

The study of odd dimensional manifolds with contact and almost contact structures were initiated by Boothby and Wong [5] in 1958 rather
from topological point of view. Sasaki and Hatakeyama [6] re-investigated them using tensor calculus in 1961. In 1972, K. Kenmotsu
studied a class of almost contact metric manifolds and call them Kenmotsu manifold [7]. He proved that if a Kenmotsu manifold satisfies
the condition R(X,Y).R = 0, then the manifold is of negative curvature —1, where R is the Riemannian curvature tensor of type (1,3) and
R(X,Y) denotes the derivation of the tensor algebra at each point of the tangent space 7' (M). The properties of Kenmotsu manifolds have
been noticed in ([9] - [17]) and by others.

The notion of a semi-symmetric linear connection on a differentiable manifold has been introduced by Friedmann and Schouten [20] in 1924.
Hayden [21] in 1932, introduced and studied the idea of semi-symmetric linear connection with torsion on a Riemannian manifold. After a
long interval, Yano [22] started the systematic study of a semi-symmetric metric connection on a Riemannian manifold in 1970. Since then
the properties of semi-symmetric metric connection on different spaces have studied in ([27]-[32]) and the references therein.

Motivated from the above studied, authors start the study of the properties of Kenmotsu manifold equipped with a semi-symmetric metric
connection. We organize the present paper as follows: Section 2 contains the basic known results of Kenmotsu manifolds and 1 —parallel
Ricci tensor. The brief results of the semi-symmetric metric connection on a Kenmotsu manifold are given in section 3. Section 4 deals the
study of 11 —parallel Ricci tensor with respect to the semi-symmetric metric connection on the Kenmotsu manifold and find some geometrical
results. The properties of concircular and projective curvature tensors endowed with a semi-symmetric metric connection are investigated in
section 5. In last section, we construct an example of Kenmotsu manifold equipped with semi-symmetric connection and verify our results.

Email addresses:sk22_math@yahoo.co.in (S. K. Chaubey), prof_sky16@yahoo.com (S. K. Yadav)
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2. Preliminaries

An odd dimensional differentiable manifold M (dimM = n=2m+ 1) of class C* is said to have a (¢, &, n)—structure or almost contact
structure if it admits a tensor field ¢ of endomorphisms of the tangent spaces, a vector field £, and a 1 —form 7 satisfying

nE)=1and ¢*=—-1+N®E, @.1)

where I denotes the identity transformation [25]. From (2.1), it can be easily see that ¢& =0, 10 ¢ = 0 and rank ¢ = n— 1. A Riemannian
metric g of type (0,2) is said to be compatible with the almost contact structure (¢, &, ) if the relation

g(X,Y) =g(¢X,9Y) +n(X)n(Y) (2.2)

holds for arbitrary vector fields X and Y. An almost contact structure (¢,&,7) equipped with a compatible Riemannian metric g is known as
almost contact metric structure (¢,&,1,g) and the manifold M endowed with the almost contact structure is called an almost contact metric
manifold. If moreover,

VxE=X-n(X)&, (2.3)

holds for all X on M(¢,&,n,g), then the manifold is said to be Kenmotsu manifold [7]. Here V denotes the Levi-Civita connection of the
metric g. For proving our main results in next sections, we are going to recall some basic known results of Kenmotsu manifold as:

(Vx9)(¥) = —n(Y)$X —g(X,9Y)E, 24
(Vxm)(¥) = g(X,Y) = n(X)n(¥), 2.5)
S(¢X,9Y) =S(X,Y)+ (n—1)n(X)n(¥), (2.6)
NRX,Y)Z) =n(Y)g(X,Z) -n(X)g(¥,2), (eX)
R(X,Y)¢ =n(X)Y —n(Y)X, (2.8)
R(E,X)Y =n(Y)X —g(X,Y)¢, 2.9)
S(X,8) = —(n—1)n(X). (2.10)

A Kenmotsu manifold M is said to be 1 —Einstein if its Ricci tensor S takes the form
S(X,Y) =ag(X,Y)+bn(X)n(Y), 2.11)

for arbitrary vector fields X and Y, where a and b are smooth functions on (M, g) [7]. If b = 0, then 1 —Einstein manifold becomes Einstein
manifold. It is well known that in a Kenmotsu manifold a+b = —(n— 1) (see [7], p. 97).

The notion of 1 —parallelism on a Sasakian manifold was introduced by M. Kon [26]. A Ricci tensor S of an n—dimensional Kenmotsu
manifold M is said to be n—parallel if it satisfies the tensorial relation

(VxS)(9Y,9Z) =0 (2.12)

forallX,Y,Z € x(M).
3. Semi-symmetric metric connection

Let M be an n—dimensional Kenmotsu manifold and V denotes the Levi-Civita connection on it. A linear connection V on M is said to be a
semi-symmetric if the torsion tensor T of type (1,2) defined as

T(X,Y)=VxY —VyX —[X,Y]
satisfies

T(X.Y)=n(¥)X -n(X)Y 3.1)
for all vector fields X and ¥ on M. If moreover, the semi-symmetric connection V holds the relation

Vg=0 3.2)
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is called semi-symmetric metric connection. A semi-symmetric connection V is said to be non-metric if Vg # 0. A relation between a
semi-symmetric metric and Levi-Civita connections is given by the relation

VxY =VxY +n(Y)X —g(X,Y)E, (3.3)

for all vector fields X, ¥ € x(M) ([22], p. 15). With the help of equations (2.1), (2.2), (2.3), (2.4) and (3.3), we can easily observe that

(Vxn)(Y) = (Vxm)(¥)—nX)n(¥)+g(X,Y) (34
and
(Vx9)(¥Y) = —g(X,0Y)E —2n(Y)oX. 3.5)

If R and R denote the curvature tensors with respect to the Levi-Civita and semi-symmetric metric connections of the manifold M respectively,
then it is related by the relation

R(X,Y)Z=R(X,Y)Z+60(X,Z)Y —0(Y,Z)X +g(X,Z)LY —g(Y,Z)LX (3.6)

forall X, Y, Z € x(M), where

6(X,Y) =g(LX,Y) = (Vxn)(¥Y) =n(X)n(¥)+ %g(XvY) (3.7
is a symmetric tensor of type (0, 2) on M. In consequence of (2.1), (2.5) and (3.7), equation (3.6) assumes the form

R(X,Y)Z=R(X,Y)Z—-3g(Y,Z)X +3g(X,Z)Y +2n(Y)n(Z2)X —2n(X)n(Z2)Y +2n(X)g(Y,Z)é —2n(Y)g(X,Z)&. (3.8)
The contraction of equation (3.8) along the vector field X gives

S(v,z)=S(Y,Z) — (3n—5)g(Y,Z) +2(n—2)n(Y)n(2), (3.9)
which is equivalent to

QY = QY — (3n—5)Y +2(n—2)n(Y)E&, (3.10)
where Q and Q denote the Ricci operators corresponding to the connections V and V respectively and defined as § (Y,Z) = g(QY,Z) and
S(Y,Z)=g(QY,Z). Let {e;,i =1,2,3,...,n} be an orthonormal basis of the tangent space at each point of the manifold M. SettingY =Z =¢;
in (3.9) and taking summation over 7, 1 <i <n, we get

F=r—n(3n—17)—4, (3.11)
where

n n
F= Zf(ei,e,-) and r= Z S(ei,e;)
i=1 i=1

represent the scalar curvatures with respect to the connections Vand V respectively. In view of equations (2.1), (2.10) and (3.9), we can find
that

S(,&) = —2(n—1)n(Y). (3.12)
With the help of (2.1), (2.8), (2.9) and (3.8), we can easily calculate the following:

R(E.V)Z=2{n(2)Y —¢(,2)¢} (3.13)
and

R(X,¥)E =2{n(X)Y —n(¥)X}. (3.14)
The equation (3.14) shows that the manifold M equipped with V is regular.

4. n—parallel Ricci tensor with respect to semi-symmetric metric connection

In this section, we study the geometrical properties of 7 —parallel Ricci tensor with respect to the semi-symmetric metric connection V.In
[8], authors studied the properties of 11 —parallel Ricci tensor and proved several results. Analogous to the definition of n—parallelism given
by M. Kon [26] on Sasakian manifolds, we define

Definition 4.1. A Ricci tensor S of an n—dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection V is said to
be n—parallel for V if it satisfies the relation (VxS)(9Y,9Z) =0, for arbitrary vector fields X, Y and Z.
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From (3.3), it is obvious that

Vx(QY) = Vx(QY)+¢(QY,&)X —g(X,0Y)&.
With the help of (2.1), (2.5), (3.3) and (3.10), we can find

Vx(0Y) = (VxQ)(Y) + Q(VxY) +2(n— 1)g(X,Y)& +n(Y)0X +2(n—2){n(VxY) —n(X)n(¥Y)}§ - (3n—5){VxY +n(Y)X},
and

Vx(0Y) = (VxQ)(Y) +Q(VxY) — (3n—5)VxY +2(n—2)[{n(VxY) = n(X)n(¥) +&(X.Y)}§ +n(¥Y){X — n(X)&}].
From the above results, we obtain

(Vx0)(Y) = (Vx0)(Y) = n(Y)QX — g(X,0Y)& —8(n—2)n(Y)N(X)& + (Bn—T){n(¥Y)X +g(X,Y)&}.
In view of (2.1), (2.10) and (VxS)(Y,Z) = g((Vx0)(Y),Z), above relation assumes the form

(Vx$)(Y,2) = (Vx$)(Y,Z) = n(Y)S(X,Z) = n(Z)S(X,Y) + (3n =) {n(Z)g(X,Y) +n(Y)g(X,2)} = 8(n—2)n(X)n(Y)n(Z).
Replacing the vector fields Y by ¢¥ and Z by ¢Z in (2?) and then using (2.1), we obtain

(VxS)(9Y,9Z) = (Vx5)(9Y,9Z). .1
In view of (2.12), (4.1) and Definition 4.1, we can state the following:

Theorem 4.2. Let M be an n—dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection V. Then the Ricci
tensor S on M is N —parallel with respect to the connection V if and only if the manifold has N—parallel Ricci tensor S for the Levi-Civita
connection V.

The straight forward calculations from the equations (2.1), (2.2), (2.6) and (3.9) give

$(¢Y,92) = S(v,2) +2(n = 1)n(¥)n(2) 42)
forall X, Y € x(M). Differentiating (4.2) covariantly along the vector field X, we have

(VxS)(9Y,92) = VxS(9Y,6Z) —S(Vx (9Y),6Z) — (9, Vx(92)).
With the help of equations (2.1), (3.3), (3.4), (3.5), (3.12) and (4.2), last equation assumes the form

(VxS)(9Y,9Z) = (Vx8)(¥,Z2) +2{n(V)S(X.Z) + n(2)S(X,Y)} +4(n— 1){n(Y)g(X.Z) + n(Z)g(X.Y)}. 4.3)

Let us suppose that the manifold M equipped with a semi-symmetric metric connection V has n—parallel Ricci tensor S for the connection
V,i.e. (VxS)(9Y,9Z) =0, then from (4.3), we obtain

(Vx8)(¥,2) = 2{n(Y)S(X,2) +n(2)S(X,Y)} —4(n— 1){n(Y)s(X.Z) +n(Z)g(X.Y)}. 4.4
Thus, we can state the following:

Theorem 4.3. An n—dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection V has n—parallel Ricci tensor
for the connection V if and only if the relation (4.4) holds on M.

Let {e;,i =1,2,3,...,n} be an orthonormal basis of the tangent space at any point of the manifold M. Setting ¥ = Z = ¢; in (4.4) and taking
summation over i, 1 <i <n, we get

di(X)=0
for all X € x(M). This shows that the scalar curvature 7 is constant with respect to the connection V. Hence we state:

Corollary 4.4. If the Ricci tensor § of an n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V is
n—parallel, then the scalar curvature for the connection V is constant.

From (3.11) and Corollary 4.4, it is obvious that
di(X)=dr(X) =0,
YV X € x(M), which implies that the scalar curvature with respect to the Levi-Civita connection is constant. Thus we have,

Corollary 4.5. Let an n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V has n—parallel Ricci
tensor S. Then the scalar curvature of the manifold is constant.

Moreover, since S(Y,Z) = g(0Y,Z), we can find from (3.3) that
n
Vx|0]F =2Y g((VxQ)ei, 0e;) =0,
i=1

which implies that |Q|?> =constant. Thus we have
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Corollary 4.6. If an n—dimensional Kenmotsu manifold endowed with a semi symmetric metric connection V has n—parallel Ricci tensor,
then the length of Ricci operator with V is constant on M.

Let us suppose that the Ricci tensor S on an n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection Vis
Codazzi type, i.e., (VxS)(Y,Z) = (VyS)(X,Z). Thus in view of this definition and equation (4.4), we obtain

N(¥)S(X.Z) - n(X)S(Y,Z) = 2(n — ){n(X)g(¥,Z) - n(¥)s(X,Z)}.
Setting ¥ = £ in last expression and using (2.1) and (3.12), we find
§5(X,2) =-2(n—1)g(X,Z),
which is equivalent to
S(X,Z) = (n=3)g(X,Z) =2(n=2)n(X)n(Z). (4.5)

This shows that the manifold M is an n—Einstein manifold with the scalars a =n— 3 and b = —2(n—2). It is obvious thata+b = —(n— 1)
[For instant, see [7], p-97]. Conversely, if we suppose that the manifold M satisfies (4.5), then we can easily find that the Ricci tensor with
respect to the semi-symmetric metric connection V is of Codazzi type. Thus we can state:

Corollary 4.7. Let an n(> 3)—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V has n—parallel
Ricci tensor for V. Then the Ricci tensor S on M to be of Codazzi type if and only if the manifold M is Einstein for V or an —Einstein for
Levi-Civita connection.

Again, we consider that the Ricci tensor S with respect to a semi-symmetric metric connection Vis cyclic parallel, i.e.,
(Vx$)(Y.Z) + (VyS)(Z,X) + (VzS)(X,Y) =0.
In view of (4.4), above relation converts into the form
n(X)S(Y.2)+n(V)S(Z,X) +n(Z2)S(X,Y) +2(n— N{n(X)s(¥.Z) + n(Y)s(X,Z) +n(Z)g(X.Y)} =0.
Putting Z = & in last expression and using (2.1) and (3.12), we get (4.5). Hence we can state:

Corollary 4.8. Let M be an n(> 3)—dimensional Kenmotsu manifold endowed with a semi-symmetric metric connection vV, has n—parallel
Ricci tensor S, then the Ricci tensor with respect to the connection V to be cyclic parallel if and only if the manifold is 1 —Einstein.

5. Concircular curvature tensor with semi-symmetric metric connection V

It is well known that a geodesic circle (a curve whose first curvature is constant and second curvature is identically zero) does not transform
into a geodesic circle by the conformal transformation

gij = V’8ij: .1
where g;; denotes the fundamental tensor. Yano [18] proved that a conformal transformation, defined in (5.1), satisfying the partial differential

equation

Visj = 08ij (5.2)
alters a geodesic circle into a geodesic circle. Such a transformation is known as concircular transformation and the geometry deals with such
transformation is called the concircular geometry [18]. A tensor field C of type (1,3) on a Riemannian manifold, which remains invariant
under the concircular transformation, defined by

CX,Y)Z=R(X,Y)Z—- {8(Y,2)X —g(X,Z2)Y}, (5.3)

nn—1)

where R is the curvature tensor and r denotes the scalar curvature, is known as concircular curvature tensor [19]. Analogous to the definition
of (5.3), we can define

Definition 5.1. Let M be an n—dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection V. A concircular
curvature tensor C with respect to the connection V on M is a tensor field of type (1,3) and satisfies the relation

nn—1)

for all vector fields X, Y, Z € x(M). Here R and ¥ are the curvature tensor and scalar curvature of the manifold M corresponding to the
connection V respectively.

CX,Y)Z=R(X,Y)Z— {8(Y,2)X —g(X,Z2)Y}, (5.4)

Definition 5.2. Let M be an n—dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection V. A projective curvature
tensor P with respect to the connection V on M is a tensor field of type (1,3) and satisfies the relation

1
(n—=1)

for all vector fields X, Y, Z € x(M). Here R and § denote the curvature and Ricci tensors of the manifold M corresponding to the connection
V respectively.

P(X,Y)Z=R(X,Y)Z—- {8(v,2)x - §(X,Z2)Y}, (5.5)
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Let M be an n(> 3)—dimensional Kenmotsu manifold admitting a semi-symmetric metric connection V has 1—parallel Ricci tensor S for
V. If additionally, Ricci tensor § is either Codazzi type or cyclic parallel, then equation (4.5) holds on M. Let {ei,i=1,2,3,...,n} be an
orthonormal basis of the tangent space at any point of the manifold M. Setting Y = Z = ¢; in (4.5) and taking summation over i, | <i <mn,
we get 7 = —2n(n— 1). By considering this fact and equations (5.4) and (5.5), we find that

C(X,Y)Z=P(X,Y)Z. (5.6)

Conversely, if the relation (5.6) holds, then from (5.4) and (5.5), we can easily obtain
SX.2)Y ~8(1.2)X = " {s(r.2)X —g(X.Z)Y),
which is equivalent to

S(X.Zn(¥) -8, 2m(X) = g{g(KZ)H(X) —g(X,Z)n(¥)}.

Putting Y = & in last equation and using (2.1) and (3.12), we get

S(X.Z)+2(n—1)n(Z)n(X) = E{H(Z)H(X) —8(X,2)}.

Let {e;,i = 1,2,3,...,n} be an orthonormal basis of the tangent space at any point of the manifold M. Setting X = Z = ¢; in the last equation
and taking summation over i, 1 <i < n, we immediately get 7 = —2n(n— 1) and hence from (5.4) and (5.5), we obtain (4.5). From the above
discussion, we can state the following corollary:

Corollary 5.3. Let M be an n(> 3)—dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection V has n—parallel
Ricci tensor for V. Then the concircular and projective curvature tensors for V coincide if and only if the Ricci tensor S is either Codazzi
type or cyclic parallel.

From the Corollaries (4.7), (4.8) and (5.3), we observe the following:

Corollary 5.4. If the Ricci tensor S of an n(> 3)—dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection v
is n—parallel . Then the following results on M are equivalent

(i) Ricci tensor S is of Codazzi type,

(ii) Ricci tensor S is cyclic parallel,

(iii) §=-2(n—1)g(¥,2),

(iv) C(X,Y)Z=P(X,Y)Z,

(v) F=-=2n(n-1).

Let us suppose that the manifold M equipped with a semi-symmetric metric connection V is either concircularly or projectively flat with
respect to the connection V, then in consequence of (4.5), (5.4), (5.5) and (5.6), we find that

R(X7Y)Z: —Z{g(Y,Z)X—g(X,Z)Y}, (57)
which shows that the manifold M equipped with V is of constant curvature. Therefore we have:

Remark 5.5. The idea of constant curvature plays a central role in the theory of relativity and cosmology. The simplest cosmological
model can be constructed by assuming that the universe is isotropic and homogeneous. This is known as cosmological principle. When we
translated this principle to Riemannian geometry, professes that the three dimensional position space is a space of maximal symmetry [24],
i.e., a space of constant curvature whose curvature depends upon time. The cosmological solutions of Einstein equations which contain a
three dimensional space like surfaces of a constant curvature are the Robertson-Walker metric, while four dimensional space of constant
curvature is the de Sitler model of the universe ([23], [24]).

In consequence of (3.8) and (5.7), we immediately get
RX.Y)Z={g(Y,Z)X —g(X,Z)Y} +2{n(X)n(2)Y —n(Y)n(Z)X —n(X)g(Y,Z)E +n(Y)g(X,Z)}, (5.8)

which shows that it is a certain class of generalized Sasakian space form (for instance, see [33], [34]). From (5.8), it is obvious that f; =1,
f>=0and f3 =2. Also, if we suppose that the manifold M equipped with V satisfies (5.8), then equations (3.8), (5.4), (5.5) and (5.8) give
C = P = 0. Kim [34] proved that a generalized Sasakian-space form is conformally flat if and only if f> = 0. Thus from (5.8) and result of
Kim, we have the following theorem:

Theorem 5.6. Let M be an n(> 3)—dimensional Kenmotsu manifold endowed with a semi-symmetric metric connection V. Then the
manifold is conformally flat if and only if it is either projectively or concircularly flat for V.

Taking covariant derivative of (5.4) with respect to the semi-symmetric metric connection V along the vector field W, we get
dF(W)
nn—1)

Let us suppose that the Kenmotsu manifold M equipped with a semi-symmetric metric connection V has 1—parallel Ricci tensor, i.e.,
(VxS)(¢Y,9Z) = 0. Thus from the Corollary 4.4, equation (5.9) assumes the form

(VwC)(X,Y)Z = (VwR)(X,Y)Z —

{s(¥.2)x —g(X,Z)Y}. (5.9)

(VwC)(X,Y)Z = (VwR)(X,Y)Z. (5.10)

Before going to discuss our results, we define the following definitions as:
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Definition 5.7. An n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V is said to be a global
symmetric Kenmotsu manifold with respect to the connection V if its non vanishing curvature tensor R satisfies

(VwR)(X,Y)Z =0,
for arbitrary vector fields X, Y, Z and W.

Definition 5.8. An n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V is said to be a global
concircularly symmetric Kenmotsu manifold with respect to the connection v if its concircular curvature tensor C satisfies

(VwC)(X,Y)Z =0,
for arbitrary vector fields X, Y, Z and W.

Definition 5.9. An n—dimensional Kenmotsu manifold M equipped with a semi- symmetric metric connection V is said to be a globally
¢ —symmetric Kenmotsu manifold with respect to the semi-symmetric metric connection V if its non vanishing curvature tensor R satisfies

9*((VwR)(X,Y)Z) =0,
for arbitrary vector fields X, Y, Z and W.

Definition 5.10. An n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V is said to be a globally
¢ —concircularly symmetric Kenmotsu manifold with respect to the semi-symmetric metric connection V ifits concircular curvature tensor C
satisfies

9*(VwC)(X,Y)Z) =0,
forallX, Y, Z, W € x(M).
In consequence of equation (5.10) and Definitions 5.7 and 5.8, we can observe the following:

Theorem 5.11. Let M be an n—dimensional Kenmotsu manifold with a semi-symmetric metric connection ¥V and the Ricci tensor SofMis
n—parallel. Then M is globally symmetric if and only if it is globally concircularly symmetric with respect to the connection V.

Operating ¢2 on both sides of (5.10), we have
0> (VwC)(X,Y)Z = ¢*(VwR)(X,Y)Z.
Thus, with the help of above equation and Definitions 5.3 and 5.4, we can state:

Theorem 5.12. If an n—dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection V has n—parallel Ricci
tensor S, then the manifold M to be globally ¢ —symmetric if and only if it is globally ¢ —concircularly symmetric.

It is observed that a globally ¢ —concircularly symmetric Kenmotsu manifold M equipped with a semi-symmetric metric connection Vis an
1n—Einstein manifold. Thus, by considering this fact and Theorem 5.12, we have

Corollary 5.13. If an n—dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection V has n—parallel Ricci

tensor S, then it is an 1N —Einstein manifold.

6. Example

In this section, we construct an example of the Kenmotsu manifold admitting a semi-symmetric metric connection and after that we validate
our results.

Example 6.1. Let
M = {(x,3,2) € R 1 x,3,2(# 0) € R},

be a three dimensional smooth manifold, where (x,y,z) denotes the standard coordinate of a point in R3. Let us suppose that

(20N e g? 2
ey =e ox oy 792—98))7 €3 = oz

be a set of linearly independent vector field at each point of the manifold M> and therefore it form a basis for the tangent space (M 3 ). We
also define the Riemannian metric g of the manifold M as g(ei,ej) = 6;j, where &;; denotes the Kronecker delta and i, j = 1,2,3. Let us
consider the 1 —form 1 defined by 1(Z) = g(Z,e3) for any Z € x(M?) and a tensor field ¢ of type (1,1) defined by

d(e1) = —e2, P(ea) =e1, ¢(e3) =0.
By the linearity properties of ¢ and g, we can easily verify the following relations
9°X = —X+1(X)e3, nle3) =1, g(#X,0Y) =g(X.¥)—n(X)n(Y)

for arbitrary vector fields XY € y(M 3). This shows that & = e3 and the structure (¢,&, 1, g) defines an almost contact metric structure on
M3. IfV represents the Levi-Civita connection with respect to the Riemannian metric g, then with help of above, we can easily calculate that

le1,e2] =0, [er,e3] =e1, [ez,e3] =en.
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We recall the Koszul’s formula as
28(VxY,2) = Xg(Y,2) +Yg(X,Z2) = Zg(X,Y) — g(X, [V, Z]) — g (Y, [X, Z]) +&(Z, [X,Y])
for arbitrary vector fields X,Y,Z € x(M?3). It is obvious from Koszul’s formula that
Veer=—e3, Veey=0, Vees=er, Vee =0, Veger=—e3, Vegez=er, Vee =0, Veaen=0, Vee3=0.

From the above calculations, we can observe that Vx& = X —n(X)&, for & = es. Thus the manifold (M?,g) is a Kenmotsu manifold of
dimension 3 and the structure (¢, 1, ,g) denotes the Kenmotsu structure on the manifold M>.
It is obvious from the above results that

R(ei,e2)e3 =0,  R(ej,e3)es =—er, R(ez,ex)er=—e3, R(ezer)e; =—e3,  R(ez,e)e; = —e,
R(627e3)e3 = —ey, R(€1732)92 = —eyq, R(e3ael)92 = 07 S(€]7el) = _27 S(62762) = _27
S(es,e3) ==2,  S(¢ey,pe1)=-2, S(per,per)=—-2, S(de3,pe3) =0, S(pei,¢pe;) =0, for all i,j=1,2,3 (i#j).

From the above relations, we can easily calculate that (VxS)(¢e;,¢pe;) =0 for all X € x(M3) and i, j =1,2,3. Hence the manifold M? is
n—parallel.
In consequence of (3.3) and above results, we can find that

Ve e1 = —2es3, ve]ez =0, 69163 =2ey, Ve =0, 69262 = —263,68263 =2, Vee =0, Veger=0, Vgez=0

and also the components of torsion tensor T are

T(ei,ei) = Veei—Veei—[eie]] =0, for i=1,2,3 and T(ej,e2) =0, T(ej,e3)=e1, T(ez,e3)=e.

These equations show that T # 0 and therefore by equation (3.1), we can say that the linear connection defined in (3.3) is a semi-symmetric
connection on (M3 ,8)- By the straight forward calculation, we can also find

(Velg)(eivej)zov (Vezg)(eivej)zov (Vez.g)(eivej)zo

forall i,j=1,2,3. This demonstrates that the equation (3.2) holds on M> and hence the linear connection defined in (3.3) is a semi-
symmetric metric connection on M. Thus we can say that the manifold (M 3.,g) be a three dimensional Kenmotsu manifold equipped with a
semi-symmetric metric connection V defined in (3.3).

With the help of above discussions, we can calculate the curvature and Ricci tensors with respect to the semi-symmetric metric connection V
as

R(e1,e2)e3 =0, R(ey,e3)e3 = —2ey, R(es,ez)er = —2e3, R(es,er)e; = —2e3, R(ez,eq)e; = —4ey, R(ez,e3)e3 = —2er,
R(eheZ)eZ = _4617 R(937€1)32 = 07 S(elvel) = _67 §(€2,€2) = _67 5(83763) = _47 F=-16

and other components can be calculated by symmetric and skew-symmetric properties. We can easily observe that the equations [(3.8) -
(3.14)] are verified. Also,

S(ger,pe1) = =6, S(per,9e2) = —6, S(Pe3, 9e3) =0,  S(ei,pe;) =0, for all i,j=1,2,3(i# j).

It is clear from the above discussions that (Vx8)(¢e;, pe;) =0 forall X € x(M?) and i, j = 1,2,3. Hence the manifold M> equipped with
a semi-symmetric metric connection V has n—parallel Ricci tensor for the connection V. From the above discussions, we come to the
conclusion:

»If the manifold M? has n—parallel Ricci tensor with respect to Levi-Civita connection V, then it contains also —parallel Ricci tensor with
respect to the semi-symmetric metric connection v

Hence the statement of the Theorem 4.2.

It is obvious from the above relations that 7 = —16 (constant) and hence the Corollary 4.4 is satisfied on M>.
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1. Introduction

The basic concepts of UP-algebra are taken from the text [3]. The author in his article has introduced and analyzed the concepts of UP-algebra,
UP-subalgebra and UP-ideal. In the article [6] the authors introduced the concept of UP-filters in UP algebra. This latter concept has a
non-standard attitude towards the concept of UP-ideals. That made us confused - we expected the filter to have a standard attitude towards
the ideal. We were interested in why the authors of the concept of UP-filters opted for such definition of the UP-filter. Our first reaction to
such a UP-filter determination was - the offered definition is not correct. Then we thought that the text of the UP-filter definition in the
article [6] was incorrectly written. Viewing the available literature about the concept of filters in BCC-algebra (See [1, 2]) and KU-algebra
([4, 5]), algebras which close to UP-algebra, did not yield the expected results. It was possible to find the term deductive system’ some
authors called the filter. But this concept had a non-standard relationship to the concept of the ideal. That was the motive for our research of
UP-algebra. In order to obtain a satisfactory definition of the proper UP-filter, we have permuted the positions of the logical atoms in the
definition of the UP-ideals. In this text one obtained intriguing reflection of these variation is exposed.

Since in each of the previously known algebras the ideals play an important role, this is the case in this UP algebra, too. Filters in algebras,
as substructures these algebras associated with ideals, could also play a significant role in our understanding of algebras.

2. Preliminaries

First, let us recall the definition of UP-algebra.

Definition 2.1 ([3], Definition 1.3). An algebra A = (A,-,0) of type (2,0) is called a UP- algebra if it satisfies the following axioms:
(UP-D): (Vx,y,z€A)((y-2)- ((x-y) - (x2)) =0),

(UP-2): (Vx€A)(0-x=x),

(UP - 3): (Vx €A)(x-0=0),

(UP-4): (Vx,yeA)((x-y=0Ay-x=0)=x=y).

Second, in the following we give definition of the concept of UP-ideals of UP-algebra.

Definition 2.2 ([3], Definition 2.1). Let A be a UP-algebra. A subset J of A is called a UP-ideal of A if it satisfies the following properties:
(H0eJ, and

2) (Vx,y,z€A)(x-(y-z) eJANye]J = x-z€ ).

For this article, the recognizable feature of the UP-ideal is given in statement (1) of Proposition 2.7 in the article [3]:

Let A be a UP-algebra and B a UP-ideal of A. Then

(Vx,yeA)(x e BAx<y) = yE€B).

Email addresses: bato4d9 @hotmail.com (D. A. Romano)
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The concept of UP-filters is introduced by the following definition.

Definition 2.3 ([6], Definition 1.11). Let A be a UP-algebra. A subset F of A is called a UP-filter of A, if it satisfies the following properties:
(i) O€eF,
(i) (Vx,y€A)((xe FAx-yeF) = y€F).

3. The main results

Our intention in this short notice is to construct a substructure G in UP-algebras that will have the following property
(Vx,yeA)(yeGAx<y) = x€G)

and has a standard attitude toward the UP-ideal. We can transform this formula into the following formula
(Vx,y€eA)(y e GA-(x-y€G)) = x€G).

The previous formula was the basis for us concept of UP-filters. The concept of proper UP-filter in a UP-algebra we introduce by the
following definition.

Definition 3.1. Ler A be a UP-algebra. A subset G of A is called a proper UP-filter of A if it satisfies the following properties:
(3)-(0€G), and
@) (Vx,y,z€ A)((—(x-(y-2) €G) Nx-z€ G) = y € G).

Subsets @ and Ag = {x € A : x # 0} are trivial proper UP-filters and UP-algebras A. So, the family of all proper UP-filters of a UP-algebra is
not empty.

Example 3.2. Ler A is as in Example 2.2 in [3). Then the sets {2,4} and {3,4} are proper UP-filters of A.

Example 3.3. Let f : A — B be a UP-homomorphism of UP-algebras. Then the set Coker(f) = {x € A: f(x) # 0} is a UP-filter of A. In
addition, if H is a proper UP-filter of B, then f~\(H) is a proper UP-filter of A. Specifically, if H/J is a proper filter in A/J, where J is a
UP-ideal in A, then =" (H/J) is a proper UP-filter of A, where T : A — A/J is the canonical UP-epimorphism.

This determined substructure of a UP-algebra A has the following property.

Theorem 3.4. Let A be a UP-algebra and G a proper UP-filter of A. Then
5) (Vx,yeA)((-(x-yeG)Aye G) = x€G).
6) (Vx,ycA)(x-ye G = y€G).

Proof. The first statement follows directly from definition when we putx =0, y=xand z=1y.
If we put y = z in formula (4), we get =(x-(y-y) =x-0=0€ G) and x-y € G. Thus y € G. Therefore, (6) is proved. O

Corollary 3.5. Let A be a UP-algebra and G a proper UP-filter of A. Then
(7 (Vx,yeA)((x<yAyeG) = x€G).

Proof. Let x,y € A be arbitrary elements such that x < y and y € G. Thus =(x-y =0 € G) and y € G. Then x € G by (5). O

Remark 3.6. The usual term used for property (7) of an algebra subset is a deductive system’. So, the concept of "proper filters’, introduced
by definition 3.1, is a deductive system in the UP-algebra A. The important difference between the concept of "deductive systems’ and our
concept of 'proper UP-filters’ is in the requirement (3).

Theorem 3.7. A subset G of a UP-algebra A is a proper UP-filter of A if and only if the set A\G is a UP-ideal of A.

Proof. Suppose that G is a proper UP-filter in UP-algebra A. It is clear 0 € A\G. Let x,y,z € A be arbitrary elements such that ~(x- (y-z) € G)
and =(y € G). Thus —=(x-z € G). Indeed, if it were not, from —(x- (y-z) € G) and x-z € G would follow y € G what is in a contradiction
with =(y € G). So it have to be =(x-z € G). Therefore, the set A\G is a UP-ideal of A.

In opposite, let J be a UP-ideal of UP-algebra A. It is obvious that —(0 € A\J) is valid. Let x,y,z € A be arbitrary elements such that
—(x-(y-z) €A\J) and x-z € A\J. Thus y € A\J. Indeed, if it were y € J, then x - z € J would follow from x- (y-z) € J and y € J, contrary to
the hypothesis —(x- z € J). Therefore, the set A\J is a proper UP-filter of A. O

Theorem 3.8. The family &4 of all proper UP-filters in UP-algebra A forms a completely lattice.

Proof. Let A be a UP-algebra and {Gic;} a family of proper UP-filters of A.

(a) Let x,y,z € A be elements such that =(x- (y-z) € U;c; Gi) and x - z € U;¢; Gi. Then there exists an index i € I such that —(x- (y-z) € G;)
and x-z € G;. Thus y € G; by (4). Therefore, y € J;c; Gi.

(b) Let X be a family of all proper UP-filter contained in ;c; G;. Thus, by part (a) of this proof, the union | J X is a proper UP-filter of A.
(c) If we define M;e;G; = U% and Uic;G; = Uie; Gi, then (&,M,L1) is a completely lattice. O

4. Final observation

In the present paper, we have introduced a new algebraic substructure in UP-algebra, called a proper UP-filter. We present some connections
between proper UP-filters and UP-ideals. This concept of UP-filters has almost a standard connection with the UP-ideal. The author believes
that this new structure enriches the family of substructures in UP-algebras. Of course, while the academic community of researchers algebras
accept this concept of filters in algebras, it can be expected that further research involves relations of the concept of proper UP-filters and
some other concepts, for example as concepts of orders, homomorphisms and congruences in algebras.



100 Universal Journal of Mathematics and Applications

References

[1] W.A. Dudek. On proper BCC-algebras. Bull. Inst. Math. Academia Sinica, 20(2)(1992), 137-150.

[2] W.A. Dudek and X. Zhang. On ideals and congruences in BCC-algebras. Czechoslovak Math. Journal, 48(1)(1998), 21-29.

[3] A.Iampan. A new branch the logical algebra: UP-Algebras. J. Algebra Rel. Topics, 5(1)(2017), 35-54.

[4] C. Prabpayak and U. Leerawat. On ideas and congruences in KU-algebras. Sciencia Magna, 5(1)(2009), 54-57.

[5] C. Prabpayak and U. Leerawat. On Isomorphisms of KU-algebras. Sciencia Magna, 5(3)(2009), 25-31.

[6] J. Somjanta, N. Thuekaew, P. Kumpeangkeaw and A. Iampan. Fuzzy sets in UP-algebras. Annals of Fuzzy Mathematics and Informatics, 12(6)(2016),
739-756.



Universal Journal of Mathematics and Applications, 1 (2) (2018) 101-105 UJMA

Universal Journal of Mathematics and Applications

UIMA

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN: 2619-9653

Asymptotically .7 -Cesaro Equivalence of Sequences of Sets

Ugur Ulusu? and Erding Diindar®”

2Department of Mathematics, Faculty of Science and Literature, Afyon Kocatepe University, 03200, Afyonkarahisar, Turkey
*Corresponding author E-mail: edundar@aku.edu.tr

Article Info Abstract
Keywords: Asymptotically equivalence, In this paper, we defined concepts of asymptotically .#-Cesaro equivalence and investigate
Cesaro summability, Statistical conver- the relationships between the concepts of asymptotically strongly .#-Cesaro equivalence,

gence, Lacunary sequence, Ideal con-
vergence, Sequences of sets, Wijsman
convergence.

2010 AMS: 34C41, 40A35
Received: 26 March 2018
Accepted: 2 April 2018
Available online: 26 June 2018

asymptotically strongly .#-lacunary equivalence, asymptotically p-strongly .#-Cesaro
equivalence and asymptotically .#-statistical equivalence of sequences of sets.

1. Introduction

The concept of convergence of sequences of real numbers R has been transferred to statistical convergence by Fast [5] and independently by
Schoenberg [16]. .#-convergence was first studied by Kostyrko et al. [9] in order to generalize of statistical convergence which is based
on the structure of the ideal .# of subset of the set of natural numbers N. Das et al. [4] introduced new notions, namely .# -statistical
convergence and .#-lacunary statistical convergence by using ideal.

There are different convergence notions for sequence of sets. One of them handled in this paper is the concept of Wijsman convergence (see,
[11, [3], [11], [21], [22]). The concepts of statistical convergence and lacunary statistical convergence of sequences of sets were studied
in [11, 18] in Wijsman sense. Also, new convergence notions, for sequences of sets, which is called Wijsman .#-convergence, Wijsman
7 -statistical convergence and Wijsman .#-Cesaro summability by using ideal were introduced in [7], [8], [20].

Marouf [10] peresented definitions for asymptotically equivalent and asymptotic regular matrices. This concepts was investigated in
[12, 13, 14]. The concept of asymptotically equivalence of sequences of real numbers which is defined by Marouf [10] has been extended
by Ulusu and Nuray [19] to concepts of Wijsman asymptotically equivalence of set sequences. Moreover, natural inclusion theorems are
presented. Kisi et al. [8] introduced the concepts of Wijsman .# -asymptotically equivalence of sequences of sets.

2. Definitions and notations

Now, we recall the basic definitions and concepts (See [1, 2, 6,7, 8, 9, 10, 11, 15, 19, 20]).
Let (Y, p) be a metric space. For any point y € Y and any non-empty subset U of ¥, we define the distance from y to U by d(y,U) = inlf] p(y,u).
ue

Let (Y,p) be a metric space and U, U; be any non-empty closed subsets of Y. The sequence {U;} is Wijsman convergent to U if for each
yey,

limd(y,U;) = d(y,U).

i—o0

Let (Y,p) be a metric space and U, U; be any non-empty closed subsets of Y. The sequence {U;} is Wijsman statistical convergent to U if
{d(y,U;)} is statistically convergent to d(y,U); i.e., for every € > 0 and for each y € Y,

1
lim —
n—oo n

‘{ign: |d(y,Ui) —d(»,U)| > 6}‘ =0.

Email addresses: ulusu@aku.edu.tr (U. Ulusu), edundar @aku.edu.tr (E. Diindar)



102 Universal Journal of Mathematics and Applications

A family of sets .# C 2N is called an ideal if and only if (i) @ € ., (ii) Foreach U,V € .# we have UUV € .#, (iii) ForeachU € .
andeachV C U we have V € .¥.

An ideal is called non-trivial ideal if N ¢ .# and non-trivial ideal is called admissible ideal if {n} € .# for each n € N.

A family of sets . C 2N is a filter if and only if (i) @ ¢ .%, (ii) Foreach U,V € .# we have UNV € .%, (iii) For each U € .% and each
VDOUwehaveV € F

Proposition 2.1. ([9]) . is a non-trivial ideal in N if and only if
F(I)={ECN:(FU € ¥)(E=N\U)}
is a filter in N.

Throughout the paper, we let (Y, p) be a separable metric space, .% C 2N be an admissible ideal and U, U; be any non-empty closed subsets
of Y.

The sequence {U;} is Wijsman .7 -convergent to U, if for every € > 0 and foreachy € ¥, U (y,e) ={i e N:|d(y,U;)—d (y,U)| > &}
belongs to ..

The sequence {U;} is Wijsman .# -statistical convergent to U, if for every € >0, § > 0 and foreachy € Y,
1
{n eN: 7‘{i§n: d(y,U;) —d(y,U)| > e}‘ > 6} s
n

S(Hw)

and we write U; — U.
The sequence {U;} is Wijsman .#-Cesaro summable to U, if for every € > 0 and for each y € Y,

i=1

{nEN: }%id(y,Ui)fd(y,U)’ 28} es

Ci(Hw)

and we write U; — " U.
The sequence {U;} is Wijsman strongly .#-Cesaro summable to U, if for every € > 0 and for each y € Y,

{neN Z\dy, )>£}€f

§%
and we write U; — [ W]

The sequence {U;} is Wijsman p-strongly .#-Cesaro summable to U, if for every € > 0, for each p positive real number and for each y € Y,

{nEN Z\dy, yU)”>8}€/

Gl 4yl

and we write U; U.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that kp = 0 and h, = k, — k,_] — o0 as r — . In this paper
the intervals determined by 6 will be denoted by I = (k,_1,k;| and ratio kkjl will be abbreviated by g,

Let 0 be a lacunary sequence. The sequence {U;} is Wijsman strongly .#-lacunary summable to U, if for every € > 0 and for eachy € Y,

{rGN i Z|dy,U, (y,U)|>£}€f

riel,

[VW]

and we write Uj; U.

Two nonnegative sequences a = (g;) and b = (b;) are said to be asymptotically equivalent if

.4
lim— =1
Ey

and denoted by a ~ b.

We define d(y;U;,V;) as follows:

d(y,U;
d(y;Ui, Vi) = T
< , yeU;uv,.

The sequences {U;} and {V;} are Wijsman asymptotically equivalent of multiple .#, if foreachy € Y,

limd(y;U;,V;) = Z.

1—0
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The sequences {U;} and {V;} are Wijsman asymptotically statistical equivalent of multiple ., if for every € > 0 and for eachy € Y,

Ly, )
,}5‘;;‘{’ <n:|ld(y;U,V))—%| > g}’ =0.
The sequences {U;} and {V;} are Wijsman asymptotically .#-equivalent of multiple .#, if for every € > 0 and eachy € Y

{ieN:|[dy,U, V) - Z|>¢e} e s

jL
and we write U; ~ V; and simply Wijsman asymptotically .#-equivalent if . = 1.
The sequences {U;} and {V;} are Wijsman asymptotically .#-statistical equivalent of multiple .Z, if for every € > 0, § > 0 and for each
yeyY,

{neN: %‘{ign: d(y:Up, Vi) — Z| 28}‘ 25} es

S(A%
and we write U; (NW) V; and simply Wijsman asymptotically .#-statistical equivalent if . = 1.

Let 6 be a lacunary sequence. The sequences {U;} and {V;} are said to be Wijsman asymptotically strongly .#-lacunary equivalent of
multiple ., if for every € > 0 and for eachy € Y,

1
{reN: h—Z|d(y;U,-,V,-)f$\ 28} et

riel,

No[4%
and we write U; GLW] V; and simply Wijsman asymptotically strongly .#-lacunary equivalent if .Z = 1.

3. Main results

In this section, we defined notions of asymptotically .#-Cesaro equivalence of sequences of sets. Also, we investigate the relationships
between the concepts of asymptotically strongly .#-Cesaro equivalence, asymptotically strongly .# -lacunary equivalence, asymptotically
p-strongly .#-Cesaro equivalence and asymptotically . -statistical equivalence of sequences of sets.

Definition 3.1. The sequences {U;} and {V;} are asymptotically .7 -Cesaro equivalence of multiple £, if for every € > 0 and for each
yey,

ln

=) ULVi) 2L =
{neN ni:l\d(y,U Vi) —Z| S}Eﬂ

CH( )

and we write U; nev V; and simply asymptotically .#-Cesaro equivalent if . = 1.

Definition 3.2. The sequences {U;} and {V;} are asymptotically strongly .9 -Cesaro equivalence of multiple £, if for every € > 0 and for
eachy €Y,

1 n
{n eN: . Z |[d(y; Ui, Vi) = L] > 8} es
i=1
. Cf‘ (Aw] . . N . .
and we write U; ~ " V; and simply asymptotically strongly .#-Cesaro equivalent if £ = 1.
Theorem 3.3. Let 0 be a lacunary sequence. If liminf, g, > 1 then,

CLLe
U; T[]

Proof. If liminf, g, > 1, then there exists & > 0 such that g, > 1+ & for all r > 1. Since h, = k, — k,_1, we have
ky 14+6 ky—q 1
- < — d < =.
noos M TR 5%

Let € > 0 and for each y € Y, we define the set

NL[A
Vi u ey,

1 &
T =1
We can easily say that S € .%(.#), which is a filter of the ideal .#, so we have

1
hy

Il
=

L d(:Ui Vi) — 2]

1€ly

ky kr_1
: L (U V) = 2] = = L 1d(:U;V) = 2|
= i=

IN
N
_
o«;‘ +
)
N———
oM
|
| —
m\
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1+6 1
for each y € Y and for each k, € S. Choose = (%) £+ 58/' Therefore, for eachy € Y

{reN:hlzw(y;U,-,Vi)—f <n} e F(S).

I iel,

N[
Therefore, U; B[NW] V. O

Theorem 3.4. Let 0 be a lacunary sequence. If limsup, g, < oo then,

N5 A CtLA
U "y s g, T,

N5[4
Proof. If limsup, g, < oo, then there exists K > 0 such that g, < K for all » > 1. Let U; GLW] Vi and for each y € Y, we define the sets T
and R

1
T—{"EN:hZW()’;UivVi)_g <81}

riel,
and
1 n
R = nEN:;Z|d(y;U,‘,V,‘)—$|<82 .
i=1
Let

1
aj =3 Y lay:uivi) - 2| <&
j iel,

for each y € Y and for all j € T. It is obvious that T € .#(.#). Choose n is any integer with k,_; < n < k;, where r € T. Then, for each
y €Y we have

n k,
£l -2] < b ¥ ld0stn V) -2
i=

1
i -1

= = <'Z ld(y;Ui,Vi) = 2| + ¥ |d(v: Ui, V) — £
i€l ich

oot LU V) - £
1€ly

= (h%ig_]] |d(y;Ui,v,~>—$\)

ky—k .
+5k (%igz\d(y,UhVi)—f\)

k—ky
= (h%_ ¥ \d(y;u,-7v,->—$|)
icl,

_ ki ky_ki kr_kr1
IR L Ry ey Ay

IN

<Supj€Taj) kf{%l < & -K.
Choose & = %‘ and in view of the fact that
U{n:k,,l <n<k,nreT}CR,

CHA
where T € .#(.%), it follows from our assumption on 6 that the set R also belongs to .% (.#) and therefore, U; ] V;. O

We have the following Theorem by Theorem 3.3 and Theorem 3.4.
Theorem 3.5. Let 0 be a lacunary sequence. If 1 < liminf, g, < limsup, g, < oo then,

Ch[A N5 (A
v, Wy, o p, My

Definition 3.6. The sequences {U;} and {V;} are asymptotically p-strongly .9 -Cesaro equivalence of multiple £ if for every € > 0, for
each p positive real number and for eachy €Y,

l n
{neN: ;Z\d(y;Ui,V,-)—.i”V >£} es
i=1

chlow

and we write U; "~ ) V; and simply asymptotically p-strongly .#-Cesaro equivalent if £ = 1.
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Theorem 3.7. If the sequences {U;} and {V;} are asymptotically p-strongly .7 -Cesaro equivalence of multiple £ then, {U;} and {V;} are
asymptotically .9 -statistical equivalence of multiple £ .

CLiA
Proof. Let U; ,,[Nw] Vi and € > 0 given. Then, for each y € Y we have

n n
,g\d(y;UhVi)—f\” > X ld(y; Ui, Vi) = Z|P
= ‘d(vv:Ul-l.VT)—f‘ >e

e [{i<n:ld(yULV) — 2| > e}

Y

and so

1 n
—— Y [d(y:UL V) — L >
€’ =

{i<n:|dy:U,V;) - Z| > €}].

1
-l
Hence, for each y € Y and for a given § > 0,

1 1
{nEN:inSn:\d(y;U,-,V,')fZ|28}|25}Q{nEN:f i |d(y;U,-,V,')f$|”28/’~5}€/.
n ni—1

B4
Therefore, U; S(NW) V. O

Theorem 3.8. Let d(y,U;) = O (d(y,V;)). If {U;} and {V;} are asymptotically .7 -statistical equivalence of multiple £ then, {U;} and {V;}
are asymptotically p-strongly .7 -Cesaro equivalence of multiple £.

S(Sw)
Proof. Suppose that d(y,U;) = €(d(y,V;)) and U; ~ ~
y €Y. Given € > 0 and for each y € Y, we have

V;. Then, there is a K > 0 such that |d(y;U;,V;) — Z| <K, for all i and for each

1 n 1 n 1 n
- ,glld(y;Ui-,Vi) P = L AU V) =2+ X dyUn Vi) =21
. Id()':ui{\;)—z\ze |d(>‘:u,‘l,\;>—z\<e
1 1
< CKPHisn:|dyUn Vi) = 2] 2 e} + el [{i<n:|d(yiUp, Vi) = 2| < €}
KP
< Hi<n:|d(y;Uy,V;)—Z| > e} +€P.

n
Then, for any & > 0,

1 1 p
{neN: L laGvnvi) - 2P 25} c {neN: L <n:ldoiUnv) - 2] > €} > %} e,
ni—1 n

CLs
Therefore, U; '[NW] V. O
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1. Introduction

The idea of impulsive differential equations has had attention many investigators. Its developments over more than twenty years in almost all
science. It performed as an essential role in present day in current applied mathematical model of real techniques bobbing up in phenomena
studied in physics, chemical generation, population studies and political economy; one can follow the monograph of Lakshmikantham
et al. [12]. The analysis of impulsive differential equation involving classical derivatives one can refer to [2, 13, 14, 16]. Nowadays the
investigation of FDE involving Hilfer fractional operator introduced by Hilfer [4] is increasing rapidly one can refer to [3, 9, 10]. Later on
the generalized fractional derivative introduced by U.N. Katugampola [11] is unified with Hilfer fractional derivative by Oliveira and E.
Capelas de Oliveira in [15] is named as Hilfer-Katugampola fractional derivative.

The fractional Ulam-Hyers stability (FUHRS) of FDE has been studied in [5, 17] utilizing the classical fractional calculus. While, this
form of stability has been formalized in a complex domain for the Cauchy problem in [6]-[8]. Here, we shall introduce a generalization for
FUHRS involving a multi- power of fractional calculus.

Consider the impulsive differential equation involving Hilfer-Katugampola fractional derivative of the form

PD%By(t) = f(r,0()), tel :=I\{t1,....tn},1:=[0,b]
APT Y0 (t) 1=, = a0 (1), (L.1)
P31 70(0) = vy, Y=0a+p—ap,

where PD %P is Hilfer-Katugampola fractional differential operator of order at(0 < ot < 1), B(0 < B < 1), PJ'~7 is a generalization fractional
integral operator of order 1 —y, p >0, f:IxR — Ris a given continuous function, 3 :R = R, and 0 =1y <t) < ... <ty <ty =Db,
APIY oy =PI To(1) =PI To(1), and PO Yo(1}) = limy_yo4 0(t; +h), PT1"Y0(t;) = limy_,o_ b(t + h) are the right and left
limits of v(r) at = #; respectively.

The paper constructed as follows: In Section 2, we present the main definitions and preliminaries. In Section 3, we deal with the finding
results. In Section 4, we introduce a generalization of a special class of FUHRS.

Email address: hkkharil @gmail.com (S. Harikrishnan), rabhaibrahim @yahoo.com (R. W. Ibrahim), kanagarajank @gmail.com (K. Kanagarajan)
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2. Preliminaries

Here, we recall some of well known concepts ( see [1, 13, 15]). Consider the space
PC(I,R) ={v:I—R:0(t) € C(tg,t11],k =0,...,m; there exists v(z )ando(z, ) }.

Now we consider the weighted space PCy(I,R).

PP\’
PCyp(I,R) = {u: < 5 k ) Ol s01] € Cltesti1],k = 0,...,m where 0 <y < 1}.

Obviously, it is a Banach space with norm

-\’
”UHPCW, = sup o(t) p,k=0,....,m.
(tkvtk+l] p

The following spaces are used to solve the problem:

PCh (LR) = {f € PC1_yp (1LR).PDUP [ € PCup(1,R) |

and

pC?

1_yp.R)={f €PCi_yp(I.R),PDTf € PCi_yp(I,R)}.

It is obvious that

(I,R) c PC*P

Y
PC 1270

lf'y_’p (IvR)

Definition 2.1. The generalized left-sided fractional integral PI%, f of order o € C(R(ax)) is defined by

(P33) f() = llil(:; /t(tp —sP)% 1P f(s)ds, t > a. @.1)

The generalized fractional differential operator, corresponding to the generalized fractional integral operator (2.1), is defined for 0 < a < t,
by

—n—1 no
(PDEf) (1) = % (t””%) / (1P — Py P f(5)ds, 2.2)

if the integral exists.

Definition 2.2. The Hilfer-Katugampola fractional derivative with respect to t, with the fractional power p > 0, is defined by

(P22 r) 0= (0% (01 5 ) P3P0 ) 0 3

= (£P9% 8, 3P (o),

a

a,p

* The operator PD ar can be written as

PP —pafllm@ g eyl Y — PPty — g+ p-ap.

at

a.p

e The fractional operator P D" is considered as interpolation, with the convenient parameters, of the following fractional derivatives,
Hilfer fractional differential operator when (p — 1), Hilfer-Hadamard fractional derivative when (p — 0), generalized fractional
derivative when (B = 0), Caputo-type fractional derivative when ( = 1), Riemann-Liouville fractional differential operator when
(B =0,p — 1), Hadamard fractional operator when ( = 0,p — 0), Caputo fractional operator when (f = 1,p — 1). Caputo-
Hadamard fractional operator when ( = 1,p — 0), Liouville fractional operator when (f =0,p — 1,a = 0), Hadamard fractional
operator when ( =0,p — 1,a = —eo), We consider the following parameters ., 3,y satisfying

y=a+B—-aB,0<y<l,a>0,B<1.
For a >0, 8 > 0 and 0 < y < 1. The properties are given as follows,
1. If f € Cy(I,R), then we have the following semigroup property
(P33P )(1) = (P3P (1),
2. If f € Cy(I,R), then
PDIPIUf)(1) = f(1).
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3. If t > 0 then

O ONS

and

P (’;)ﬁl () =o0.

4. If f € PCyand P3' =% f € PC)(I,R), then

apgyay o gy LI (0) (P
P32 () =160 - A (2]

5. If o >y, then PJ* f is continuous on [0, b]
PI%f(0) = limP3%f(r) = 0.
6. If f € PC} 5 (I,R), then
PIPDY f(r) =PI*PD%PB £ (1) 2.4)
and
PRYPIOf(r) =PRI £(). 2.5)
7. Let f € L'(0,b). If PDP(=%) £ occurs on L!(0,5), then
P@a,ﬁpjaf(t) — Pjﬁ(lfa)P;gﬁ(lftx)f(,).
8. If f € PCyp(I,R) and P3'P(1=@) € PC{  (I,R), then PD*PT* exists on [0,b] and
PR*PIYf(1) = f(1).

Lemma 2.3. Let v € PCi_y(I,R) satisfies the following inequality

" —y o—1
pol<erta [ (“50) o p0last T ol

P 0<t <t

where ¢y is a non-negative, continuous and non-decreasing function on I and c;, X; are constants. Then
[0(0)] < e1 (1+ XEale2D (@) ™) Ea(cal (o)®) fort € (s

where y =sup{y;:k=1,2,3,..., }.

Theorem 2.4. (Schaefer’s fixed point theorem) Let |3 : K — K be completely continuous operator. If set E[3] ={v € K : v = 6(Pv), for some § € [0,b]]
is bounded, Then B has fixed point.

Lemma 2.5. A function v is the solution of fractional impulsive differential equation

PDPo(r) = f(1,0(),0 €1
Apjl_yn(t)l:tk = x0(t, ),
P31=70(0) =a,

if and only if v achieves the integral equation

(= =ty
"“)( ) ) o)

at+ Yz + Y P PO fa o) | +P 3% f(1,0(1). 2.6)

0<n<t 0<n<t
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3. Findings
We make the following hypotheses to prove our main results.
(HI) Let f:1xR— R be a continuous function and a positive constant L > 0 accomplishing | f(z,0) — f(z,8)| <L|o — |, for allv,b €R.
(H2) Let f : I X R — R be a completely continuous function and a function u € L! fulfilling | f(¢,0)| < |u(¢)|, for allt €1, v €R.
(H3) Let the functions y; : R — R be continuous and a constant L; > 0 achieving
Lk (o)) — 2 (8(5,))| < L Jo(tx) —=0(1)|, for allv, 8 R, k=1,2,....m
(H4) Let the functions x : R — R be continuous and a constant u € L! satisfying
|k (o(t )| < |u*(1)], for allv €R, k=1,2,....m
(H5) There is an increasing function ¢ € PCi_y,(I,R) and there occurs Ay > 0 such that for any ¢ €
P3%(1) < Apo(1).

Theorem 3.1. Assume that [H1] - [H4] are satisfied. Then, Eq.(1.1) has at least one solution.

Proof. The proof will be given in several steps.
Consider the operator 3 : PCi_y 5 (I,R) — PC_y(I,R). The equivalent integral Eq. (2.6) which can be written in the operator form

where

at+ Y o)+ Y pj;k, ) f(1g,0 (1))

0<n <t 0<n <t 3.1

I(7)

+PILf(E0(0)).

We shall show that the operator 13 is continuous and completely continuous.

Claim 1: ‘B is continuous.
Let v, be a sequence such that v, — v in PC;_y (I,R). Then for eacht €I,

I /\

p_ P\
((‘I‘t’n)(l)(‘l‘t’)(f))(Z ptk> r(ly) { Y 1(on()) — o)+ X 3P f e va(t)) — £l 0(00)|

O<n <t o<n <t

tP

—t -
‘ ) T (6 0a(0)) = f (2, 0(0))],

since f is continuous, then we have
| (Bou) (1) — (B D)lpe, ,, 0 as n— e

Claim 2: We show that ‘B is the mapping of two bounded set.
For r > 0, there exists a positive constant / such that

B, = {U €PCi_yp(LR) - [vllpc,_, < r}, we have ||(Nv)|[pc,_, <1

p_ P\ 7 p_ P\ 1Y
(Po)(r) [ =% ﬁi at ¥ o)+ X 3P paow)| + (k) 9% 1, 00))]
p I(y) 0<f <t 0<f <t
I AU £ =\ mB(y,1 - B(1- )
<ty a+m(pk> [ <t>||Pcw_p+||u<r>||pclH,(" > 1) T0—B(l—a)

(7)
o_ - p o\ otr-1
+(’ tk) Bg&‘;‘) (f p’k) It®llpe, ,,
v mB(y.1 -~ B(1- ) (b
arm () O, + LB ) (27) ||u<r>|m,,p}

;) 1) e, .,
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Claim 3: We show that 3 maps bounded sets into equicontinuous set.
Lett;,t € 1,t; <tp,B, be a bounded set of PCi_y, (I,R) as in Claim 2, and v € B;. Then,

p_p\!Y p_p\'7
(m)(m(" p’k> (‘13“)02)<t p’k>

1=y
1 PP
<t et Y mom)+ Y Py Pl f(tk:n(tk))] + <1k) PaR f(tr,0(n))
(Y) 0<n<ty 0<n<ty p
1 Bl-a) PP\
T et Y wew)+ Y P3P p(g0(n)) | — < 2 k> PIRf(r2,0(12))
(/}/) 0<t <t 0<n<tr p
1 _
< F{ Y e+ Yo e “>f(rk,n<rk>>]
(Y) O<ti<ti—tp O<n<ti—tp
B(y,@)

e A A
P P

As t; — 1, the right hand side of the above inequality tends to zero. From Claim 1 to 3, together with Arzela-Ascoli theorem, we conclude
that 3 : PC\_yp (I,R) = PCi_y(I,R) is continuous and completely continuous.

JrHfHPCl vp F( )

Claim 4: A priori bounds.
Now we prove that

0={vePCi_yp(I,R):0=06N(v),0<5<1}

is bounded set.
Letv € @, v = 0P(v) for some 0 < & < 1. Thus for each r € I. We have

B P —1f L
v=9 ( P ) )

We show this Claim by letting the estimation in Claim 2. Finally, by Theorem 2.4, we deduce that *J3 has a fixed point and it is the solution of
problem (1.1). O

at Y o)+ Y pjtlk,ﬁl ) £ (2, 0(t2))

0<n <t 0<t <t

+PIf(t0(1)

Theorem 3.2. Assume that the hypothesis (H1) and (H3) are fulfilled. If

(e () e () ) (5) ] <

then, Eq. (1.1) has a unique solution.

Proof. Letv,b € PCi_yp(I,R) and ¢ € I, then we have

PP\
(mrm(r)anu(z))(t ptk)

‘

<

=

0<n <t 0<n <t

{ Y, o) — 2@+ Y P3P0 p oot >>—f<rk,n<rk>>|}

) PO 1S (e, 0(0) = f(2,0(0))]

(v)
—1
e\ mLB(y,1—B(1—a)) (1f —f\*
||U_DHPC1,W+ F(l*ﬁ(l*(l)) ) HU—UHPC,,W,

P —1f By (1P —1f wrrd
+ P F(Ot) P Hu_y”PC],yp
( 1

PN\ T m _B(1— P & B
Sr(ly){mﬁ 7)ot R () '“U”C""’]
LD (2] o=l ,
U (PN mLB(r 1 -1 - ) (BN | LB(r.) (PN
SL@ (’“L(p) gy (5) ) T () [Ie-vlker,

= o —Flpc, -
This yields that 3 admits a unique fixed point, which is a solution of Eq. (1.1). O
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4. FUS Analysis

In this section, we exam the FUS for our FDE (1.1). Let ¢ : I — R be a continuous function and & > 0. We need the following inequalities:

PDY(r) — £(1,u(t))] < e i
{lAf’ff‘-Yumz:zkka<u(r,:>>| < @1
PD%(r) — £(1,u(t))] < eqr), w)
0PI () — ae(u(ey))| < (1), '
PD%(r) — £(1,u(1))] < o), ws
AP Tu(t) iy — ()| < @), :

Definition 4.1. The Eq. (1.1) is FUS if there finds a real number Cy > 0 such that for each € > 0 and for each solution w € PCi_y,(I,R) of
the inequality (4.1) there exists a solution v € PCi_y 5 (I,R) of Eq. (1.1) with

lu(t) —v(t)| <Cre, tel

Definition 4.2. The Eq. (1.1) is FUS if there occurs a function ¢ € PCi_yp(I,R), ¢7(0) = 0 satisfying that for each solution u €
PCy_yp(I,R) of the inequality (4.1) there occurs a solution v € PC_yp (I,R) of Eq. (1.1) with

lu() —o(t)| < @re, tel

Definition 4.3. The Eq. (1.1) is FUHR stable with respect to ¢ € PC\_y (I, R) if there occurs a real number Cy o > 0 such that for each
€ > 0 and for each solution w € PCi_y ,(I,R) of the inequality (4.2) there exists a solution v € PCi_y,,(I,R) of Eq. (1.1) with

lu(t) —o(1)| < Cpp 0(t), 1€l

Definition 4.4. The Eq. (1.1) is FUHRS with respect to @ € PCi_y (I, R) if there finds a real number Cy o > 0 such that for each solution
u € PCi_yp(I,R) of the inequality (4.3) there occurs a solution v € Ci_y (I,R) of Eq. (1.1) with

lu(t) —o(t)| < Crpo(t), tel

Remark 4.5. A function w € PCi_y,(I,R) is a solution of the inequality (4.1) if and only if there finds a function g € PCi_y(I,R) such
that

(i) [g(t)| <&, |gk| <erel ,
(ii) POYBu(r) = f(t,u(r))+ (), 1€l
(iii) APTVu(t) 1=y = Jpu(ty ) + gk

Remark 4.6. [fu is a solution of the inequality (4.1), then u is a solution of the following integral inequality
—1
P\ —B(1—
u(t) - ( ‘ ) |t ¥ o)+ ¥ Pl flau(n)) | =PI £eu()
p (1) 0<n <t 0<y<t

<) (e () ) G) )

Moreover, by Remark 4.5, one can realize that
PR*Pu(t) = f(t,u(t) +g(1), €1
APT (1), = 2ty ) + 8-

# P\
wo=("5%)

From this it follows that

PP\
u(t)(t ptk> ﬁ

—1
< (’p”f )y 1{ gl Y PP g0
p I'(y) 0<tp<t

0<f <t

“|G) s () ) ()]

We have similar remarks for the inequality (4.2) and (4.3).
Now, we give the main results, FUHRS results.

Then

at ¥ g+ Y P PU0 r u(w)

0<n <t 0<n <t

+P3E ftu().

o<n <t o<t <t

a+ Y zu)+ ¥ Pﬁiﬁ““?f(rk,uak))}Pﬁif(uu(z))

+P3g, 18(0)]
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Theorem 4.7. The hypothesis [H1], [H3] and [H5] holds. Then Eq.(1.1) is FUHRS.

Proof. Let u be solution of 4.3 and by Theorem 3.2 there v is unique solution of the problem

PO%Po(1) = f(t,0(t),0(A1)), 1€l
Apjli’yu(t)t:tk = Xku(t]:) +gk7
P31 0(0) = P3'7u(0).

Then, we have

at+ ¥ o)+ Y P3P ()

0<n <t 0<n<t

+P3G f(t,0()).

(-1 =y
"@( b ) e

By differentiating inequality (4.3), we have

tP —t,’: ! 1 p~1-B(1-a) p~O
u(t) - - |a+ Z Xku(tk) + Z er f(tk7u(lk)) - ja-f(l7u(t))
p I(y) 0<te<t 0<ne<t

PPN m
S((p) F(Y)(IJF/L,,)JJL(,,> o(1).

Hence, it follows

at+ Y wom)+ Y Ps;ﬁ“”f(rk,n(rk))} —P3¢ f(t,0(t))

0<t <t 0<n <t

at+ Y, )+ Y, p3¢11+ﬁ<1a)f(fk7u(lk))] —P3g ftu(r)

0<t <t 0<n <t

PP\
+ <f C ) e () — 2000001+ 23007 s w(a) — 00000

P y—1 m bP Lt 9
<<(p> F(y)(lJr)L(P)erl(p) (p(t)—l—(;) ﬁ%‘u(lk)_u(tk”

|/ (%) R T (%H pute) o]

By the properties, there occurs a constant M* > 0 independent of Ay ¢(f) such that

u(t) =0 ()] <M 290 (1) := Crp0(0).

Thus, Eq.(1.1) is FUHRS. O
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tive examples are given as the linear and nonlinear fractional Klein-Gordon equations and
the time fractional diffusion equation. The results reveal that this method is very effective,
simple and can be applied to other physical differential equations with fractional order. The
fractional derivative is taken in the Caputo sense.

1. Introduction

Fractional calculus has successfully been used to study the mathematical and physical problems arising in science and engineering. Fractional
differential equations are applied to describe the dynamical systems in physics and engineering. It is one of the hot topics for finding the
solutions for the fractional differential equations for scientists and engineers. Due to the importance of knowledge of the solutions of these
type of equations, we find that many researchers have done and are still doing great efforts to find methods to solve this type of equations.
These efforts resulted in the consolidation of this research field in many methods, among them we find the homotopy analysis method
([28], [29]), Adomian decomposition method ([7], [8]), variational iteration method (VIM) ([12], [14]) and homotopy perturbation method
([13], [15]), which have become known in a large number of researchers in this area. Recently, a new option has appeared, including the
composition of some transform methods with the previously mentioned methods to facilitate and improve the resolution speed of this type of
equations. For example, we only mention some of these transform methods, such as Laplace transform method [11], sumudu transform
method [2] or Aboodh transform method [20]. Among wich are the Laplace homotopy analysis method [25], Adomian decomposition
method coupled with Laplace transform method [27], variational iteration method coupled with Laplace transform method [4], homotopy
perturbation transform method [30], homotopy analysis Sumudu transform method [31], modified fractional homotopy analysis transform
method [21], Sumudu decomposition method for nonlinear equations [5], variational iteration Sumudu transform method [3], homotopy
perturbation Sumudu transform method [16], Aboodh decomposition method [26], fractional Aboodh decomposition method [22], Aboodh
transform homotopy perturbation method [19].

The objective of this study is to combine two powerful methods, the first method is ” variational iteration method”, the second is called
”the Aboodh transform method”, for solving linear and nonlinear fractional partial differential equations, thus, we get the modified method
“fractional variational iteration Aboodh transform method” (FVIATM). Several examples are given to re-confirm the effeciency of the
suggested algorithm, the fractional derivative is described in this study in the sense of Caputo.

2. Preliminaries

In this section, we give some basic notions about fractional calculus, Aboodh transform and Aboudh transform of fractional derivatives
which are used further in this paper.

Email addresses: mountassir27 @yahoo.fr (M. H. Cherif), djeloulz@yahoo.com (D. Ziane)



114 Universal Journal of Mathematics and Applications

2.1. Fractional calculus

We give some basic definitions and properties of the fractional calculus theory as the Riemann-Liouville fractional integrals and Caputo
fractional derivative (see [10], [17]).

Definition 2.1. Let Q = [a,b] (—o° < a < b < +o0) be a finite interval on the real axis R. The Riemann—Liouville fractional integral I§_f
of order oc € R (o > 0) is defined by

(Ig f)(7) = F(loc) /OT (Tf_(gg))dfa, >0, >0

(18,.f)(7) = f(1)
Here I'() is the gamma function.

Theorem 2.2. Let & > 0 and let n = [a] + 1. If f(t) € AC" [a,b], then the Caputo fractional derivative (“D(f_f)(7) exist almost evrywhere
on[a,b]. If a ¢ N, (°D§, f)() is represented by

1 T fM(g)dg
/0 2.1

n—a) o (t—g)e

(DN = ¢

where D = “%and n =[] + 1.

Remark 2.3. In this paper, we consider the time-fractional derivative in the Caputo’s sense. When o € R, the time-fractional derivative is
defined as

- 2%u(r, 1)
(cDgu)(n ‘L') = W
mfo‘i:(,b._gnwoﬁl%j)d‘?7 m—1<a<m,
- I"u(r7) _
g o= m,

where m € N*.
2.2. Definitions and properties of the Aboodh transform

The Aboodh transform was defined by K. S. Aboodh [20] in 2013. In this section, we give some basic definitions and properties of this
transform (see [1], [18], [20]).

2.2.1. Definitions

The Aboodh transform is defined for functions of exponential order. We consider functions belonging to a class B, where B defined by

B= {u(r) s u(t)] < M if e (—1) %[0, 0, j = 1,2:M, ky ko > 0}.

Definition 2.4. The Aboodh integral transform of the function u in B is defined by the integral equation

Alu(z)] =U®) = % /O W) T, >0, ve (k). 22)

The variable v in this transform is used to factor the variable T in the argument of the function u.
Proposition 2.5. The Aboodh transform of the time-fractional derivative in the Caputo’s sense is defined as

n—1 I,t(k)(O)
A[(“DE u)():v] =v*Afu(t)] - Y Sat 0 o l<asn n=12,.. (2.3)
k=0

And the Aboodh transform of the function u(r, t) with Caputo fractional derivative of order a. is given by

n—1 u(k) r
A [(CD&H")(V’ T)iv] = VO!A[u(r7 7)) _kz (r,0)

etk 0 tol<asn n=12,.. 2.4)
—0 v



Universal Journal of Mathematics and Applications 115

2.2.2. Somme properties of the Aboodh transform
1. The Aboodh transform of the nth derivative of u(7) is given by

n=1, (k)
A ()] = Uy(v) = VAu(®)] - ¥ ‘=

Lk 25

2. Some elementary functions and their transformations
u(7) A [u(7)]

2
€L
v
nl —

yit2 o n707]727'“

I'(a+1
S,T)) aZO

Q[ |a|=
=

IS

3. Analysis of fractional variational iteration Aboodh transform method (FVIATM)

To illustrate the basic idea of this method, we consider a general nonlinear partial differential equation of fractional order

‘DEU(r,T) +RU(r,T) +NU(r,T) = g(r, 1), (3.1)

where m—1 < o« <m,m=1,2,... and the initial conditions

" 1U(r,7)
[W} o = hyn—1(r), (3.2)

where DY = % is the Caputo fractional derevative, R is the linear differential operator, N represents the general nonlinear differential
operator, and g(r, 7) is the source term.
Applying Aboodh transform on both sides of (3.1), we obtain

A[DEU(r,7)] +A[RU (r,7)]| +A[NU (1, 7)] = Alg(r,T)]. (3.3)

Using the differentiation property of Aboodh transform, we have

1S om0 1

AU = ¥ i + A lglr )] ViaA [RU (1, 7) + NU(r,7)]. (3.4)
k=0

Operating with the inverse Aboodh transform on both sides of (3.4), we obtain

U(rt)=H(r,t)—A"! (V%A [RU(r,T)+NU(r, T)}) , 3.5)

where H(r, T), represents the term arising from the source term and the prescribed initial conditions.
Applying % on both sides of (3.5), we have

%+%A*1 (V%A [RU (r, r)+NU(M)J)

_ 9H(n7)

- = 0. (3.6)

According to the variational iteration method ([12], [14]), we can construct a correct functional as follows

T[OU(rg) o (1 dH(r,¢)
Unia(15) = Ut ) [ | PS4 Dt (CalRU ) + M) ) — P50 . )

Recall that U(r,7) = lgn Uy,(r,7).
n—oo

That may give the exact solution if a closed form one exists, or we can use the (n+ 1)th approximation for numerical purposes. The
convergence of the variational iteration method is introduit by Tatari et all. in [24]. Though the variational iteration method leads to fast
convergent solutions, unnecessary calculation arises in the solution procedure.
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4. Applications

To illustrate the efficiency of the fractional variational iteration Aboodh transform method, we apply this method to solve some linear and
nonlinear time-fractional partial differential equations with Caputo fractional derivative.

Example 4.1. Consider the following time fractional diffusion equation

DAU(r,7) = SUn(r17), 0<a<l,

U(r,0) =12, @.D

and which subject to the boundary conditions U(0,7) =0 and U(1,7) = f(7).
Applying Aboodh transform on both sides of (4.1) and using its differentiation property, we obtain

1, 1 [P
AUD] = 57+ A | S U (n7) | “2)

Taking the inverse Aboodh transform of (4.2), we have

2
Ulrt)=r2+A7! (viaA {%U,,(r,r)D . (4.3)

Applying % on both sides of (4.3), we get
au(rt J 1 r

According to the variational iteration method, we can construct a correct functional as follows

Uria(9) = Un(re)— [ [ 22008 Sat (2a E(Un)w(r,r)})}dg. @45)

By using the iteration formula (4.5), the first terms are given by

Uo(r‘z,')—r2

Ui(r,t) =12 +r
Us(r,7) =12 +r
Us(r,t) =r2 +r2

(a+1)
+r

211
(2a+1)
+rh g

(oc+1)
+r

e (4.6)

((x+1) (2oc+1) 3a+1)

Un(r,7) = Zk 01“(k(§+1)

Recall that the solution is given by

n 2 ko

U(r,7) = lim Uy(r,7) = lim Z re

_ 2 a
dim Y o)~ Eq(7%), “.7)

which is the exact solution of time fractional diffusion equation (4.1) obtained by fractional variational iteration method in [9], but with less

calculations. In the case a =1, it is given by U (r,T) = r2et.

Example 4.2. Consider the linear fractional Klein-Gordon equation

‘DEU(r,7) =Uy(rt)—U(r,1), 1<a<2, 4.8)

with the initial conditions

U(r,0) =0, Uc(r,0)=r 4.9)

By applying the Aboodh transform on both sides of (4.8), we get

AU (7)) = vi}r—o— ViaA U (1,7) = U (1,7)]. 4.10)
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Figure 4.1: (a) The exact solution, (b) The approximate solution when o = 1 of (4.1).

Figure 4.2: (c) and (d) The approximate solutions of (4.1) when & = 0.5 and o = 0.9 respectively.

Taking the inverse Aboodh transform of (4.10), we have

_ 1
U(rt)=rt+A"! (vfaA[Urr(r,T)—U(r,T)]) . 4.11)
Applying % on both sides of (4.11), we get

Wt 9 (1
78’[ =r—+ EA (viaA [Urr(r,T)—U(r7T)]) . (412)

According to the variational iteration method, we can construct a correct functional as follows

<[ U,(r, 9 /1
Uni1 (1,7) = Un(r,'c)—/o {%"_Tg’* I(V—aA [Unr,(r,r)—Un(r,f)])}dg. 4.13)

Consequently, the first terms are obtained by

Uy(r, 1) =rr,
_ _ ,L.ot+1
U(nht)=rt T3 :
_ _ Toc+] T a+1
Ua(r7) = 1T = r/giay + ' aaray
o+l 2o+l o+l (4 14)

Us(r,©) = 1T = }gmay V' ar2) ~ TR0t
' ko1
Un(r,7) = rZZ:o(—l)kr(TTH)
The approximate solution in a series form of (4.8)-(4.9) when oo — 2, is given by
U(r,7) = lim U, (r,7) = rsint, (4.15)
n—oo

which is the exact solution of linear Klein-Gordon equation presented in [23].
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(@) ®”)

Figure 4.3: (a’) The exact solution and (b’) The approximate solution in the case ot = 2, (¢’) The approximate solution when o = 1.5 of (4.8)-(4.9).

Example 4.3. We consider the nonlinear fractional Klein-Gordon equation of the form

DU (r, ) = Upr(r,7) = U (r,7) + 7772, 1< <2,
U(r,0) =0, U(r,0)=r.

Applying Aboodh transform on both sides of (4.16), we have

+ viaA [U,,(r, 7)—U?(n, r)] )

1
AlU(r,1)] = V—3r+2r2 o

By inverse Aboodh transform and derivative, we get

aU(r,7)
ot

a+1 9 1
—r 20+ 2) =~ A’l(

m+% v—aA [Urr(r, T)—Uz(r,r)D.

Now, applying the variational iteration method, we obtain

Uns1 (1) = Un(r,7) 7/ !

OT {M

I'a+3) dg

The first terms of approximate solution are obtained successively

Up(r,7) = rt+ 2o %42,

I'(a+3)
_ 4 200+2
Ui(r7) = rt+ maaears) ©
4r°T (o+4) L2043 4°T(20+5) 3044

T T (@ 3)2a+4) T T {a3)(30t3) J

and so on. Therefore the solution of (4.16) in series form when o0 = 2, is given by
U(r,7) = lim Uy(r,7) =rT.
n—soo

Example 4.4. We consider the following nonlinear time-fractional partial differential equation

3

. 3
cHo 2

— <
DTU g [(Urr) ] = 217, 2<a<3,

r

with the initial conditions

1 1
U(r,0) = Erz, U:(r,0) = §r3, Uzz(r,0) =0.

According to the formula (3.7), we can construct the following iteration formula

1, 15 3 7ot A 3 )
Upii(nt) = — =24 Pt ot a4 —7[U ] .
n+1(r ’L') 2T + 3)’ T+ 2F(O(+2) o 3 ( nrr) ,

- r72(a+2)r2Lﬂ A (V—aA [U,,,,(r, )~ U2(r, f)] )} de.

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

4.22)

(4.23)

(4.24)
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Using the iteration formula (4.24), we obtain

Uy(r,7) = _%},2 + %r%,

o+2
Uy(r,1) = —%r2+ %1’3‘5+6r71_(ﬂ“'05+3>7
_ 1.2 1.3 o+2
Ua(r?) = =31+ 57 T+6rr<fa+z3>’ (4.25)
ot
Us(r,1) = —%rz + %r%’-i—6r71_(705+3>7

The approximate solution in a series form, is given by

U(rt) = Ly 1r317+6r710[+2 (4.26)
T2 3 T(a+3) '
As @ — 3, we get
5

1 1 1
U(rt) = —§r2+§r3’c+ %r’c .

which is an exact solution of the nonlinear partial differential equation of order three (4.22)-(4.23) obtained by the modified homotopy
analysis method in [6].

@) (b”) )

Figure 4.4: (a”) The exact solution, (b”) and (c”) The approximate solutions in the case o =2.9 and o = 1.5 respectively of (4.22)-(4.23).

5. Conclusion

In this work, a variational iteration method (VIM) and new transform method called ”Aboodh transform” are successfully combined to form
a powerful analytical method for solving fractional partial differential equations. The new analytical method gives a series solution which
converges rapidly to the exact solution. The simplicity and high precision of the new analytical method are clearly illustrated, for example,
by the resolution of some equations such as the time fractional diffusion equation, the linear and nonlinear fractional Klein-Gordon equation
of order 2 and an example of nonlinear time fractional partial differential equation of order three.
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1. Preliminaries

A unital Banach-Jordan algebra is a vector space with a binary product
(x,y) = x-y

satistying the identities:
xy=yox (xy)P =2 (ya?) Vryea,

and endowed with a complete norm || - || such that, for all x,y € A,

-y Iy I

N. Jacobson introduced the notion of invertibility in Jordan algebras, which generalizes the notion of invertibility in associative algebras.
Given x in A we say that x is invertible in A if there exists y in A such that x-y =1 and x2-y = x. This element y is unique and is usually
denoted by x~!. It turns out that this notion of inverse is intimalely related to the quadratic map U : A — B.Z(A) defined by

Upy =2x-(x-y) =2y

for any x,y € A. Keeping in mind that the mapping x — Uy from A into B.Z(A) is continuous, the invertible elements Q = {a € A :
Uy, is invertible } form an open subset of A; in particular, Q is locally connected as shown by O. Loos in [7], so its connected components are
open. Also, the space C[x] spanned by all powers of x is a commutative associative subalgebra with respect to the linear Jordan product. By
continuity, the same holds for its closure % in A. We refer the reader to Chapter 4 of [6] for more details on spectral theory in Banach-Jordan
algebras. For general theory of Jordan algebras see [8] and [10].

Theorem 1.1. An element x of A is invertible if and only if Uy is invertible in £ (A), the algebra of linear operators on A, in which case
U= U;l. Ifx,y € A, then they are both invertible if and only if Uy(y) is invertible in A. In particular, x is invertible if and only if x" is
invertible for every integer n > 1.

This theorem implies that the set of invertible elements Q(A) is invariant when taking powers, but unfortunately, it is not stable for the
product. For x € A we denote respectively by Sp(x) = {11 —x ¢ Q(A)} and p4 (x) = sup{|A| : A € Sp(x)} the spectrum and spectral radius
of x.

In what follows, an important tool will be the theory of subharmonic functions, based essentially on the celebrated result of Aupetit and
Zraibi, which allow us to use analytic tools in Banach-Jordan algebras.

Email addresses: maouche @squ.edu.om (A. Maouche)
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Theorem 1.2 (Aupetit-Zraibi). Let f : D — A be a holomorphic function from a domain D of C into a Banach-Jordan algebra. Then the
mapping A — Sp (f(A)) is an analytic multifunction. Consequently, A — p(f(A)) and A — logp(f(A)) are subharmonic on D.

We will require the following fundamental result from the theory of subharmonic functions [1].

Theorem 1.3 (Maximum Principle for Subharmonic Functions). Let f be a subharmonic function on a domain D of C. If there exists Ay € D

such that f(A) < f(Ay) for all A € D, then f(1) = f(Ag) forall A in D.
Another important ingredient is Aupetit’s characterization of the McCrimmon radical Rad(A) of A (see [3]) and its corollaries.

Theorem 1.4 (Aupetit). Let a be an element of a Banach-Jordan algebra A. Then a is in the McCrimmon radical of A if and only if
sup{p(x+ta):t € C} < oo forevery x in A.

Corollary 1.5. An element a of a Banach-Jordan algebra A is in the McCrimmon radical of A if and only if sup p(Uxa) = 0 for every x in A.

Corollary 1.6. An element a of a Banach- Jordan algebra A is in the McCrimmon radical of A if and only if there exists C > 0 such that
p(x) < C||x—al|| for every x in a neighborhood of a.

2. Some results under the condition of a Lipschitzian spectrum

The next lemma is a spectral characterization of the Jacobson radical in terms of the Lipshitzian behaviour of the spectrum. It was obtained
by Aupetit in [3] for Banach algebras and we extend it here to Banach-Jordan algebras.

Lemma 2.1. Let g € A be a quasi-nilpotent element. Suppose that there exists r,C > 0 such that p(x) < C || x—q ||, for || x— q || < r, then
g € Rad(A).

Proof. Lety € A be arbitrary. For |4] > ”%H, we have p(g+ 5) < C%, consequently p(y+24¢q) <C |y || - Hence the upper semi-continuous

function A — p(y+ Aq) is bounded on the complex plane. Being subharmonic, it is constant by Liouville’s Theorem for subharmonic
functions. Thus p(y+¢q) = p(y), for every y € A and by Aupetit’s characterization of the radical [3], we obtain g € Rad(A). O

We recall that the spectrum is said to be Lipschitzian at an element a of a Banach-Jordan algebra if there exists two positive constants r and
C such that A (Sp(x),Sp(a)) < C || x—a || for all x satisfying || x — a ||< r, where A represents the Hausdorff distance on compact sets of the
complex plane defined by

A(oy,0p) = max{ sup {dist(A,01)}, sup {dist(1,0)}}

A€oy A€oy

where dist(A,0) = inf{|A — 1| : u € 6} is the distance of the point A to the compact set & (see [1]). Using the previous lemma, we obtained
the following theorem in [9].

Theorem 2.2. Let A be a semisimple complex Banach-Jordan algebra and let a € A have finite spectrum, Sp(a) = {0y, -+, &, }. Suppose
that the spectral mapping x — Spy(x) is Lipschitzian at a. Then there exist n nonzero orthogonal projections py,--- , p, whose sum is 1 and
such that a = o p1 + -+ Qppp.

The next theorem obtained in [5] for Banach algebras is in fact a particular case to our theorem quoted above. We extend here this theorem to
Jordan algebras along with a new proof.

Theorem 2.3. Let A be a semisimple complex Banach-Jordan algebra and let a € A. If the spectrum is Lipschitzian at a and Sp(a) = {o},
then a = ol.

Proof. Since the spectrum is Lipschitzian at a, it follows that there exists two positive constants r and C such that
A(Sp(x),Sp(a)) <C |l x—all

for all x satisfying || x —a ||< r. Clearly,
A(Sp(x),Sp(a)) = A(Sp(x — @), Sp(a — &) .

Since Sp(a — &) = {0}, taking x — &1 =y, we get from our assumption

p(y) =A(Sp(y),{0})
=A(Sp(y),Sp(a—al))
<Cllx—al
=Clly—(a—al)|

for all || y — (a — al) ||< r. It follows from Corollary 2 of Aupetit’s characterization of the radical, that a — o1 € Rad(A) = {0}. Thus
a=ol. O
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3. Scalar characterization in a Banach-Jordan algebra

Another result obtained in [5] is the following multiplicative scalar characterization of elements in a Banach algebra.

Theorem 3.1. Let A be a semisimple complex Banach algebra and let a € A. Then a = 1 if and only if Sp(ax) = Sp(x) for all x in a
neighborhood of 1.

We extend this result to Banach-Jordan algebras with a slightly different conclusion. It is clear that if = 1 then Sp(U ,x) = Sp(x) for all x in
A. But the converse is not exactly as for Banach algebras. Indeed, instead of using the linear Jordan product as an analogue of multiplication
in Banach algebras, we consider multiplication by the quadratic U operator in the situation of Banach-Jordan algebras. Precisely, we
prove that if an element a in a semisimple Banach-Jordan algebra has the property that multiplication by U, leaves all elements in some
neighbourhood of the identity spectrally invariant, then clearly that element squares to the identity.

Theorem 3.2. Let A be a complex semisimple Banach-Jordan algebra and a nonzero element a of A. If Sp(U,x) = Sp(x) for all x in a
neighborhood of 1 then a* = 1. In particular, a is invertible and a=' = a.

Proof. Note that if a = 1 then Sp(U ,x) = Sp(x). We are interested by the converse. Suppose that Sp(U,,x) = Sp(x) for all x in a neighborhood
¥(1) of 1. Let x = 1, then Sp(U, 1) = Sp(a?) = Sp(1) = {1}. So Sp(a) C {—1,1}, hence a is invertible. Let y € A arbitrary. Take A
sufficiently small, say A € B(0,€), such that

Sp(Ay+a®) = Sp (Ug(AU,1y+1)) =Sp(AU,1y+1) = Sp(AU,-1y) + 1.
So,
Sp(Ay+a* —1) =Sp(AU,1y)
and
1
p@+;w%4»:pu%w>

forall 0 #£ A € B(0, ¢). Furthermore,

1, 1,
—(2-1) < (22—
PO+ l@ =) <ly+(a"=1)|
SHyHH%H\aZ*lH
L, 5

< - _
<Iyli+g a1

forall A € C\ B(0,¢).
Hence, there exists M > 0 such that
1
PO+ (@~ 1) <M

for all A € C\ {0}. Furthermore,

limsupp (y+ l(az — 1)) <M.
A—0 A

Hence, taking u = % it follows that the subharmonic function

¢ p (y+u(a2—1))
is bounded on C, and

limsup(p) < M.

Moo

By Liouville’s theorem for subharmonic functions, ¢ is constant. Hence,

p(y+u@=1)=p0)
for all u € C. By Aupetit’s characterization of the radical, we obtain
a* — 1 € Rad(A) = {0},

that is a® = 1.
O

Our last result concerns bounded elements in a finite dimensional Banach-Jordan algebra. Exactly as for Banach algebras, we get the
following theorem which extends another result of G. Braatvedt from associative Banach algebras to Non-associative Banach algebras. The
proof follows the same arguments as the associative one. Recall that an element a of a Banach-Jordan algebra is said to be power bounded if
there exists a positive constant M such that || a” ||< M for all n € N (more details on powers of elements in Banach-Jordan algebras can be
found in [5]).
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Theorem 3.3. Let A be a finite-dimensional Banach-Jordan algebra and a € A. If Sp(a) = {1} and a is power bounded, then a = 1.

Proof. Note that since Sp(a) = {1}, then Sp(a — 1) = {0}. Hence, (a — 1) is quasi-nilpotent and therefore nilpotent since A is finite-
dimensional. Thus (@ —1)¥ = 0 for some N € N. Hence for all n > N, we get

d"=((a—1)+1)" = Z (’D (a— 1)k :Nf <ﬁ))(a_ 1.

k=0 k=0

Since a is power bounded, for some M > 0 and all n € N we have || a" || < M. Hence foralln € N,

(o VR EPEt o (4 I (R [T B

Dividing both sides by (") gives

(N—1)! a1 (g — 1)1 M
||Z —(k+1))- (n—(N—2))k!( el (")

(because k < N —2 < N — 1). Now considering the limit as n — oo gives 0 <|| (a— 1)¥~1 ||< 0, and so (@ — 1)¥~! = 0. It follows by
induction that (a— 1) =0 thatisa = 1.

O

Remark 3.4. The previous theorem is valid for Banach-Jordan algebras because the proof takes place in a subalgebra generated by 1 and
a, that is a full subalgebra of a Banach-Jordan algebra. In that case everything works as in classical Banach algebras as described and well
explained in Chapter 4 of [6].
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fixed point theorem, sufficient conditions for the existence of at least one positive solution
are obtained. Illustrative examples are also presented to show the applicability of our results.

1. Introduction

This paper is devoted to the existence of positive solutions for the following third-order nonlocal integral boundary value problem (BVP):

() fa(t)f(tu(t)=0, 0<t<T, (1.1)

M(O):u”(O)ZO,u(T):a/(;nu(s)ds, (1.2)

where 0 < <T,0< o < %—E and
(H1) £([0,T] % [0,420) , [0, 40));
(Hy) a € C([0,T], [0,+0)) and there exists fy € [n,T] such that a (y) > 0.

Set

fo= lim fu foo = lim fu)

u—0t  u u—eo Y
then fy = 0 and f.. = oo correspond to the superlinear case, fi = « and f.. = 0 correspond to the sublinear case.
Third-order boundary-value problems for differential equations arise in variety of different areas of applied mathematics and physics. They
have been many scholars’ research object. For example, heat conduction, chemical engineering, underground water flow, thermoelasticity,
and plasma physics can produce boundary-value problems with integral boundary conditions; see [3, 9, 11]. They include two, three,

multipoint, and nonlocal boundary-value problems as special cases. By using the Krasnoselskii’s fixed point theorem, Liu and Ma [19]
studied the problem

WO+ fu@)=0, 0<t<I, (1.3)
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subject to integral boundary condition of the form

1
W' (0)=0,u (1) =0, u(0) :/ k(s)u(s)ds. (1.4)
0
Benaicha and Haddouchi [17] considered the fourth-order two-point boundary value problem
")+ fu(@)=0, r€(0,1), (1.5)
1
W (0) =i (1) = " (0) = 0, u(0) = / a(s)u(s)ds. (1.6)
0

We quote also the reasearchs of [2, 4, 5, 6,7, 8, 12, 13, 14, 15, 16, 18, 20] which concern the differential equations under various boundary
conditions and by different approaches.

Motivated by the works mentioned above, we obtain the existence results for the problem (1.1)-(1.2) by using the Leray-Shauder fixed point
theorem if fy = 0 ( condition f., = oo being unnecessary ) , as well as, for f., = 0 ( condition fy = o being unnecessary ). In this way we
remove the half of the assumptions to prove the existence of a solution when using Krasnoselskii’s fixed point theorem.(See [10, 17, 19]).
Moreover, we establish our results for ¢ in [0, T].

Our main tool is the following Leray-Schauder fixed point theorem.

Theorem 1.1. [1] Let Q be the convex subset of Banach space E, 0 € Q, ® : Q — Q be completely continuous operator. Then, either
(i) @ has at least one fixed point in Q;

or

(ii) the set {x € Q| u = APu, 0 < A < 1} is unbounded.

2. Background

To prove the main existence results we will employ several straightforward lemmas.

Lemma 2.1. Let 2T # an?. Then fory € C([0,T],[0,)), the problem

u" (1) +y () =0, 2.1

n
u(o):u”(o):o,u(T)=o¢/0 u(s)ds, me0,T), a>0, (2.2)

has a unique solution given by

u(t) = ;/T (T —5)2y(s)ds — L/’7 (N —s)3y(s)ds
2T —an? o Y 3(2r—an?) Jo 1 Y
1 1
~3 (t—5)*y(s)ds.
Proof. From equation (2.1) we have u" (t) = —y(t). Then, integrating from O to 7 we obtain

u" (1) = f/oty(s) ds.

For 7 € [0,T] we have, by integrating in ¢ and using integration by parts,

i (1) :u'(O)—/Ol (/Oxy(s)ds) dx

= (0)- [[=9y()ds

u(t):u'(O)t—/(: (/(;x(x—s)y(s)ds)dx

1 rt (2.3)
- _Z —s)?
=u (0)¢ 2 (t—s5)"y(s)ds.
Thus, for t = T we find
/ 1T 2
u(T) = u (O)Tfi/ (T —5)2y(s)ds. 2.4)
0
Integrating again from 0 to 1 the expression (2.3), where 1 € (0,7), we obtain
n 1 1 /m X
/ u(s)ds:iu'(O) 275 (/ (xfs)zy(s)ds>dx
0 0 A0 2.5)
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From (2.2) and (2.4) we have

! *1 =u T—L ! —)2y(s)ds
| u@ds= um) = © 3= 5- [T =57y

o a 2o

Then, using (2.5) we see that

T 1 T 1, 1
(05 =3 | T=97yG)ds =50 On* =2 [T (n=9y(5)ds
Thus,
, 2T —an? 1T 2 1/ ;
0 (TS ) = g [ -y 0as— g [Ty syas
or
u'(o):;/’(T—s)zy(s)ds—L/" (n—s)3y(s)ds.
(2T —an?) Jo 3(2T—an?) Jo
Therefore, the BVP (2.1)—(2.2) has a unique solution
! T2 Y LN
W)= gr g | (TP y()ds 3(ZT_W)/O (n—5)’y(s)ds
1 r

5 ) (t—5)>y(s)ds.

The existence of positive solutions of the problem (2.1)—(2.2) is given in the next result.

Lemma2.2. . Let0 < a < % Ify € C(|0,T],]0,+o0)), then the unique solution of the problem (2.1)—(2.2) satisfies u(t) > 0 for t € [0,T].

Proof. From u™ (t) = —y (), t € [0, T], we get that u” (¢) is decreasing on [0, T]. Then, the condition #” (0) = 0 ensures that have u” () <0,
t € [0,T], which implies u (¢) is concave. Observe also that if u (T') > 0, the concavity of u and the fact that « (0) = 0 imply that u (¢) > 0 for

te0,7].
Since the graph of u is concave down (0,T), we get

[ utsyas= Snum
0 -2

where %nu (n) is the area of triangle under the curve u (¢) fromt =0toz =n forn € (0,7).
If we assume that u(T') < 0, then from 2.2 we have

./Onu(s)ds<0.

By concavity of u and [y u(s)ds < 0, it implies that u (1) < 0.
Hence

u(r) = [ uls)ds > 25 x Smuln) = Sun),

which contradicts the concavity of u.
Lemma 2.3. Let o0 > % Ifye C([0,T],[0,+oc0)), then the problem (2.1)-(2.2) has no positive solution.

Proof. Suppose that the problem (2.1)-(2.2) has a positive solution u.
Ifu(T) >0, then [y! u(s)ds > 0. It implies that u(n) > 0 and

U0 [Maras> 2 (pnucm ) =20

This contradicts the concavity of u.

If u(T) =0, then [) u(s)ds =0, this is u (t) = 0 for all € [0,]. If there exists 7y € (1,T) such that u (ty) > 0, then u (0) =

which contradicts the concavity of u. Therefore, no positive solutions exist.

Lemma24. . Let0 < a < 37% Ify € C([0,T],]0,+0)), then the unique solution of the problem (2.1)—(2.2) satisfies

. - _
[éi[l;f;]u(t) > yllull, [ull t§3§]lu(t)l,

where

Y :=min

_fn an* an(T—-n)
T’ 2T 2T —oan? |’

(2.6)

2.7)

u(m) <ult),

O

(2.8)

(2.9)
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Proof. Setu(t) = ||ul|. We consider three cases.
Case 1. If n <7 < T and min,c[;, 7ju(t) = u(n), then the concavity of u implies that

u(t

u(t
>
n T

>

Thus,

nuns
min, (1) > 3L .

Case 2. If n <7 < T and minc[;) 7ju(t) = u(T), then (2.2)-(2.6) and the concavity of u implies

u(T):ot/Onu(s)dsz a”; {”(n")} 205”72 {@}) > O;—’;zu(c).

Therefore,

0> 57

H I
Case 3. If t <m < T, then min;c [y 7yu(t) = u(T). Using the concavity of u and (2.2)-(2.6), we have
u(t) —u(T) _ u(T)—u(m)
T— - T—n

T
(@) <ury+ =0 (o)

u(T)—u
%n(n)(‘)—” (2.10)

2
1—T1°‘"}

-0 )

u(t) <u(T)+

<u(T)

This implies that

. on (T
min u(r) > 7’7( D .
te[n,T] 2T — an

This completes the proof. O
3. Main results
In this section, we establish the existence of positive solution for the (BVP) (1.1)-(1.2).

Let
T 2
E=C[0,T], B :/ (T—s)a(s)ds
0
Theorem 3.1. Assume (HI) and (H2) hold and 0 < o < % If fo =0, then the problem (1.1)-(1.2) has at least one positive solution.

Proof. From Lemma 2.1, u is a solution to the boundary value problem (1.1)-(1.2) if and only if « is a fixed point of operator A, where A is
defined by

Ault) = —" /T(T—S)Za(s)f(w(s))ds

2T —an? Jo

ot n
_m/o (n=5)a(s)f (s.u ds—f/ t=5)a(s) f (s,u(s))ds.

(3.1)

Denote that

0= {uluec(0.1).R).u=0. min u() >yl |
1€[n,T]
where 7 is defined in (2.9). Then Q is the convex subset of E.
We choose € >0 and € < 2T;ﬁan2‘ By fo =0, it there exists constant M > 0, such that f (1) < gu for 0 < u < M. For u € Q, from Lemma
2.2 and Lemma 2.4, we have Au (1) > 0 and min,¢ |, 71 Au(t) > v |[|Aul.
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On the other hand,

T
Aule) < g oy [ (T = a(s) () s

= H—;W/.T(T*S)ZH(S)EM(S)GZS

<l 37— 5z
< Jull < M.

/T(T—s)za(s)ds

Thus [|Au|| < [lu]|. u € KNIQy. Hence AQ C Q. Tt easy to check that A : Q — Q is completely continuous. Foru € Qand 0 <A < 1, we
have u () = AAu(t) < Au(t) <M, which implies |lu|| <M. So {u € Q| u= AAu, 0 < A < 1} is bounded. By Theorem 1.1 the operator A
has at least one fixed point in Q. Thus the problem (1.1)-(1.2) has at least one positive solution. The proof is complete. O

Theorem 3.2. Assume (HI) and (H2) hold, and 0 < o < %—E If foo =0, then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Choose € <2 %’7 By fo = 0, we know there exists Constant N, such that f (u) < eu for u > N.
Select
2TB

M>N+14+ ———
=N+ +2T—an20g¢a£N

f(u)
Let

Q= {u |ueCl0,T],u>0,|ul| <M, min u(t)> 7/Hu||}7
t€[n.T]

then Q is the convex subset of E. For u € Q, by Lemma 2.2 and Lemma 2.4 we know Au (¢) > 0 and min, ¢ 71Au (¢ () > v [|Aul]).
On the other hand,
t

wt) < ot [P a) s o as

< L/T (T —5)?a(s)eu(s)ds
2T —an? Jo
_ T
T 2T —an? /II:{XG[O,T],M(X)>N}

T T
< m/o (T —s)2a(s)eu(s)ds+

Te T 2 T T 2
< = _ - _
< el [ (7= 9Pa@ds+ ot [T - sRat)ds. max £

(T —s)>a(s) f(u(s))ds+ T—s) a(s) f(u(s))ds

T
T a oo
T
/ (T —s5)*a(s)ds. max f(u)

T
2T —an? Jo 0<u<N

< e M (5P a(dst o [ (T 9Pa(s)ds. max f(0
_2T—an2 57 ans)as 2T —an? Jo % 0ueN
*2T om2 ﬁ+2T an2ﬁ0< <Nf(u)

1 1

2M+2M M.

Thus ||Au|| < M. Hence, AQ C Q. IT easy to check that A : Q — Q is completely continuous.

Foru e Qand u = AAu, 0 < A < 1, we have u (t) = LAu () < Au(t) < M, which implies |ju]| <M. So, {u € Q: u=AAu, 0 <A <1} is
bounded. By Theorem 1.1, we know the operator A has at least one fixed point in 2. Thus the problem (1.1)-(1.2) has at least one positive
solution. The proof is complete. O

Theorem 3.3. Assume (HI) and (H2) hold, and 0 < o < %—E If there exists constant py > 0, such that f (u) < (2T+ﬁn_)plTﬁ forO<u<py,

then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Let Q= {u lueCl0,1],u>0, [lul| < pr, minyepy pyu(t) > yHuH}, then Q is the convex subset of E.
For u € ©Q, by Lemma 2.2 and Lemma 2.4, we have
Au(t) > 0 and minc [, 7Au(t) > y||Aul|. 3.2)
On the other hand
Au) < ot [N 5P a) £ wls)
2T —an? Jo
T 2T —an?
S - QT —an?)p
2T —an? Jo B

Then ||Au|| < p;. Hence, AQ C Q. It easy to check yhat A : Q — Q is completely continuous.

Foru € Q and u = AAu, 0 < A < 1, we have u(t) = AAu(t) < Au(t) < p;, which implies |lu|| <d. So{u e Q: u=2AAu,0< A <1}is
bounded. By Theorem 1.1, we know the operator A has at least one fixed point in Q2. Thus the problem (1.1)-(1.2) has at least one positive
solution. The proof is complete. O

ds:pl.
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)
Theorem 3.4. Assume (HI) and (H2) hold, and 0 < ot < f}% If there exists constant pp > 0, such that f (u) < %L?)mfor 0O<u<py,

then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Choose

d>14py+ fu).

Py PR max
2T —an® 0<u<p,

Let

o= {uluecioruzo ul <d. min u) > ylul}.
t€[n.T]

then Q is the convex subset of E.
For u € Q, by Lemma 2.2 and Lemma 2.4, we know Au (1) > 0 and min,c [, 71 Au(t) > v |[|Aul.

On the other hand,
T
Au(r) < 2Tj7a112/0 (T —s)%a(s) f(u(s))ds
= ZT_TT,,z/oT (T —s)%als) f (u(s))ds

__ T /
2T —an? Ji={sef0.1],u(s)>p:}

T T » (2T —an?)py T T 2
. — - - .
< 2T—O¢n2/o (T —s)al(s) B ds+2T—an2/0 (T—s)"al(s) Ogag);zf(u)ds

(T —s)?a(s)f(u(s))ds+ (T —s)?a(s) f(u(s))ds

2T — on? /Izz{se[O,T].u(s)sz}

<pr+ fu)<d.

2T — an? '032’}2
Thus ||Au|| < d. Hence AQ C Q. It easy to check that the operator A is completely continuous. For u € Q and u = AAu, 0 < A < 1, we have

u(t) = AAu(t) < Au(t) < d, which implies ||u|| <d. So {u € Q: u=AAu,0 < A < 1} is bounded. By Theorem 1.1, we know the operator
A has at least one fixed point in Q. Thus the problem (1.1)-(1.2) has at least one positive solution. The proof is complete. O

4. Examples

Example 4.1. Consider the boundary value problem

2
" t“u 5
% 0, 0 2 4.1
u (t)+t+eu » 0<r<y, 4.1
" 5 i
w(0) = 0,u" (0) = 0,u( > :35/ u(s)ds, 4.2)
0

where =35, 1 =1, T=5,0<a=35<40=2L, f(t,u) = i € C([0,T] x [0,%9),[0,0)) and a(r) = > 0 fort € [%, g]. Since
foo =0 and from Theorem 3.2, we can get that the (4.1)- (4.2) has at least one positive solution. Consequently, we cannot apply the

Krasnoselskii’s fixed point theorem like in [10, 17, 19]

Example 4.2. Consider the boundary value problem

3
”’z+’<fi)=o, 0<r<2, 43
O e : @3
3 0,2
u(0)=0,u"(0)=0,u (Z) = 15/ u(s)ds, (4.4)
0
where a =15, 1=02=1 T=3 0<a=15<375= f}% ftu) =u— = € C([0,T] % [0,),[0,20)) and a(t) = &' >0 for
te [%, %] Obviously foy = 0. From Theorem 3.1, the (4.3)-(4.4) has at least one positive solution. On the other hand, we have fy =1, then

the function f is not superlinear. Consequently, we cannot apply the Krasnoselskii’s fixed point theorem like in [10, 17, 19]
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of our researches on algebraic structures over single-valued neutrosophic sets. We first
propose the two types of neutrosophic ideals and then present their elementary properties.

1. Introduction

In many practical situations and in many complex systems like biological, behavioral and chemical etc., different types of uncertainties
are encountered. Since the classical set is invalid to handle the described uncertainties, Zadeh [17] first gave the definition of a fuzzy set.
According to this definition, a fuzzy set is a function described by a membership value takes degrees in the real unit interval. But, later it
has been seen that this definition is inadequate by consideration not only the degree of membership but also the degree of nonmembership.
So, Atanassov [2] described a set which is called an intuitionistic fuzzy set to handle mentioned ambiguity. Since this set have some
problems in applications,Smarandache [15] introduced neutrosophy to deal with the problems involves indeterminate and inconsistent
information. It is a branch of philosophy which studies the origin, nature and scope of neutralities, as well as their interactions with different
ideational spectra”[15]. Neutrosophic set is a generalization of the fuzzy set and intuitionistic fuzzy set, where the truth-membership,
indeterminacy-membership, and falsity-membership are represented independently. Wang et al.[16] specified the definition of a neutrosophic
set, named as a single valued neutrosophic set to make more applicable the theory to real life problems. The single valued neutrosophic
set is a generalization of a classical set, fuzzy set, intuitionistic fuzzy set and paraconsistent set etc. Vasantha Kandasamy and Florentin
Smarandache [9] studied the concept of neutrosophic algebraic structures.

In addition, single valued neutrosophic set is applied to algebraic and topological directions (see [1, 3, 4, 11, 13, 14]). Liu [10] defined the
concept of a fuzzy ring and fuzzy ideal. Later, Martinez [12] and Dixit et al.[6] studied on fuzzy ring and obtain certain ring theoretical
analogous. Hur et al.[7] proposed the notion of an intuitionistic fuzzy subring. Vasantha Kandasamy and Florentin Smarandache [8] studied
the neutrosophic rings. In this work, in a different direction from [8], we give an approach to a single valued neutrosophic ideal of a classical
ring as a continuation of neutrosophic algebraic structures discussed in [4, 5]. We define neutrosophic ideal and study some properties of this
structure. Moreover, we examine homomorphic image and preimage of a neutrosophic ideal. By this way, we obtain the generalized form of
the fuzzy ideal and intuitionistic fuzzy ideal of a classical ring.

2. Preliminaries

In this chapter, we recall the concepts of a neutrosophic set and a single valued neutrosophic set. Throughout this section, X denotes the
universal set which is nonempty.

Definition 2.1. [15] A neutrosophic set N on X is defined by : N = {< x,ty(x),in(x), fn(x) >,x € X} where ty,in, fv : X —]70,17 [ are
functions satisfy the inequality ~0 < ty(x) +iy(x) + fy(x) <3+,

From philosophical point of view, the neutrosophic set takes the value from real standard or non standard subsets of | =0, 17 [. But it is hard
to consider the degree which belongs to a real standard or a non-standard subset of ] 70, 17|, in real world applications, especially in medical,

Email address: vildan.cetkin @kocaeli.edu.tr (V. Cetkin), halis@kocaeli.edu.tr (H. Aygiin)
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engineering and statistical problems etc. Hence throughout this work, we deal with the following specified definition of a neutrosophic set
which is called a single valued neutrosophic set.

Definition 2.2. [16] A single valued neutrosophic set (SVNS) N on X is characterized by the truth-membership function ty, the indeterminacy-
membership function iy and the falsity-membership function fy. For each point x in X, the values ty(x),in(x), fn (x) take place in the real
unit interval [0, 1].
A neutrosophic set N can be written as
n

N = Z < tN(x,-),iN(x,-),fN(x,-) > /)C,'7 xi€X.

i=1
Since the membership functions fy, iy, fy are defined from the universal set X into the unit interval [0, 1] as ty, iy, fv : X — [0, 1], a (single

valued) neutrosophic set N will be denoted by a mapping described by N : X — [0,1] x [0,1] x [0, 1] and where, N (x) = (t5(x),in(x), fn (x)),
for simplicity. The family of all single-valued neutrosophic sets on X is denoted by SNS(X).

Definition 2.3. /13, 16] Let N,M € SNS(X). Then

(1) N is contained in M, denoted as N C M, if and only if N(x) < M(x). This means that ty(x) < tyr(x),in(x) < ipr(x) and fy(x) > fur(x).
Two sets N,M are called equal, i.e, N=M iff NC M and M C N.

(2) the union K = NUM is defined as K(x) = N(x) V M(x) where N(x) VM (x) = (tn(x) Viar(x),in(x )\/lM(x) S (xX) A fu(x)), for each
X € X. This means that tg (x) = max{ty(x),tp(x) },ig (x) = max{iny(x),ip (x)} and fx(x) = min{ fx (x), far(x)
(3) the intersection K = N N M is defined as K(x) = N(x) AM(x) where N(x) AM(x) = (tn(x) Aty (x), iy (x)
each x € X. This means that tx (x) = min{ty (x),tp(x) }, ix (x) = min{in (x), ip (x) } and fx (x) = max{fy(x), fpr(x)}.

(4) the complement of N is denoted by N¢ and it is defined as N¢(x) = (fn(x),1 — iy (x),tn(x)), for each x € X. Here (N°)° = N.

}-
N (%), (%) V S (x)), for

The details of the set theoretical operations can be found in [13, 16].

Definition 2.4. Let g : X1 — Xy be a function and N,M be the neutrosophic sets of X and X, respectively. Then the image of N is a
neutrosophic set of X, and it is defined as follows:

g(N)(y) = (tg(N)(Y)vig(N)(y)vfg(N)(Y)) = (g(tN)(y)7g( )( )7g(fN)( )),Vy € Xp where

X ifx “L(y); X ifx 1y,
8liw)0) = {z)/atN( ’ (ftheerv(vgise(y)y » 8v)) = {O7 v Ztheerjise(y)’
/\fN( )7 ifXEgil(y);
g(v)(y) = 1, otherwise.

And the preimage of M is a neutrosophic set of X| and it is defined as follows:
8 (M) () = (11 (a1 (¥)s i1 (a1 () S ) (X)) = (na (), i (8(x)), S (8(x))) = M (g(x)), ¥x € Xy

Definition 2.5. [4] Let N € SNS(X) and B € [0, 1]. Define the B-level sets of N as follows:
(tn)p ={x€X |tn(x) > B}, (in)p = {x € X | in(x) > B}, and (fx)P = {x € X | fv(x) < B}.

Following properties are easily proved by using the definitions.
()IfN C M and B € [0,1], then (tv)g  (tm) g, (in)p € (im) g, and (fv)P 2 (fu)P.
(@) B < yimplies (tv)p 2 (tv)y: (in)g 2 (iw)y and (fv)P < (f)".

Definition 2.6. [5] Let R = (R, +,-) be a classical ring and N be a neutrosophic set on R. Then N is called a neutrosophic subring of R if
the following properties are satisfied: for each r,s € R,

(RI) N(r+s) > N(r) AN(s).

(R2) N(=r) = N(r).

(R3)N(r-s) > N(r) AN(s).

From now on, R denotes a classical ring, unless otherwise specified.

Example 2.7. [5] Let us take into consideration the classical ring R = Z4 = {0,1,2,3} with the operations ® and © defined as XDy =x+y
and X ©y =X-y for all X,y € Za, respectively. Define the neutosophic set N on R as follows:

N ={<0.8,0.4,0.1 > /0+ < 0.5,0.3,0.5 > /1+ < 0.7,0.4,0.3 > /2+ < 0.5,0.3,0.5 > /3}.

1t is clear that the neutrosophic set N is a neutrosophic subgring of R.

Theorem 2.8. [5] Let R be a classical ring and N € SNS(R). Then N € NSR(R) if and only if the following properties are satisfied for all
r,s €R;

(1) N(r—s) > N(r) AN(s).

(2)N(r-s) > N(r) AN(s).

3. Neutrosophic ideals

In this section, we propose two definitions as neutrosophic ideal of a neutrosophic subring and a neutrosophic ideal of a classical ring. We
investigate some properties and characterizations of a neutrosophic ideal of a given classical ring.

Definition 3.1. Let R be a classical ring and I be a neutrosophic set on R. Then I is called a neutrosophic left ideal over R if the followings
are satisfied for each r,s € R,

(LI1) I(r—s) > I(r) N1(s).

(L12) I(r-s) > I(s).
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Definition 3.2. Let R be a classical ring and I be a neutrosophic set on R. Then I is called a neutrosophic right ideal over R if the followings
are satisfied for each r,s € R,

(RIT) I(r—s) > I1(r) NI(s).

(RI2) I(r-s) > 1I(r).

Definition 3.3. Let R be a classical ring and I be a neutrosophic set on R. Then I is called a neutrosophic ideal over R if the followings are
satisfied for each r,s € R,

(1) I(r—s) > I(r) NI(s).

(12) I(r-s) > max{I(r),I(s)}.

Remark 3.4. Each neutrosophic ideal over a classical ring R is a neutrosophic subring of R, but the converse is not true in general. For
instance, let R be a ring and let C = {c € R | cr = rc for all r € R} denote the center of R. Define a neutrosophic set N on R as follows:
_ (1,1,0), if seC
N(s) = { (0,0,1), otherwise
It is clear that N is a neutrosophic subring of R, but may not be an ideal.

Theorem 3.5. Let I and J be two neutrosophic left (respectively, right) ideals of a classical ring R. Then the intersection INJ is a
neutrosophic left (respectively, right) ideal of R.

Proof. Let r,s € R be arbitrary and /,J be the left ideals of R. Let us show that

(IND)(r—s) >IN (F)ANINJ)(s), and (INJ)(r-s) > (INJ)(s). First consider the truth-membership degree of the intersection for the

first condition,
tiny (r—s) ti(r—s) Aty(r—s)

(tr(r) Az (s)) At (r) Atp (s))

(t7(r) /\tJ(I‘)) A (t,(s) /\tj(s)) = t1ng(r) Ating (s).

The other inequalities ijny (r —s) > ijng (r) ANing(s) and fing(r—s) < fing(r) V fins(s) are similarly proved for each r,s € R. For the second

condition, let us consider the falsity degree of the intersection,

Fira(r-5) = fi(r-$)V 5 (r-8) < fi(s)V fo(5) = firw(s).

The other inequalities #n;(r-s) > tjny(s) and ijny(r-s) > ijny(s) are similarly proved for each r,s € R.

Consequently, / NJ is a neutrosophic ideal of R, as desired. O

v

Theorem 3.6. Let R be a classical ring and I be a neutrosophic set on R. Then I is a neutrosophic (respectively, left, right) ideal over R if
and only if for arbitrary B € [0,1], if B-level sets of I are nonempty, then (t1)g, (ir)g and (f,)ﬁ are all classical (respectively, left, right)
ideals of R.

Proof. Let I be a neutrosophic left ideal of R, 8 € [0,1] and r,s € (#)g( similarly r,s € (if)g, (f1)B). By the assumption,

t1(r—s) > 1(r) Ati(s) > BAB = B (and similarly, if(r —s) > 8 and fi(r —s) < B). Hence r —s € (t7)g, (and similarly r —s € (ir)g, )P
for each 8 € [0, 1]. In a similar way, we obtain -5 € () g (respectively, r-s € (if)g and -5 € ( f1)B), foreach r € Rand s € (1) p (respectively,
s € (if)p and s € (f1)B). These mean that (t)p (and similarly (i)g, (f1)B) is a classical ideal of R for each B € [0, 1].

Conversely, suppose (t)g, (ir)g and (f1)P are classical ideals of R. Let r,s € R and B = t;(r) Aty(s), then r,s € (tr)g- Since (t7)g is a left
ideal of R, then r — s € (#;)g. This means that #(r —s) > B = 1;(r) Aty(s).

Now let 7 € (#)g and s € R such that § = #;(s). This shows that #;(r-s) >  =1(s).

In similar computations, we obtain the desired inequalities as follows.

if(r—s) > i(r) Nig(s), icr-s) > ir(s) and fi(r—s) < fi(r)V fi(s), fi(r-s) < fi(s).

This completes the proof. O

Theorem 3.7. Let I be a neutrosophic (left, right) ideal of R and X; = {r € R | I(r) =1(0)}, where 0 is the unit of the sum operation of R.
Then the classical subset X7 of R is an (left, right) ideal of R.

Proof. Let I be a neutrosophic ideal of R and take r,s € X;. First we need to show that the set X; is a subgroup of R under sum operation. By
the assumption, /(r) = 1(0) = I(s) and by the condition (I1), the following inequality is true

I(r—s) > I(r) NI(s) =1(0) NI(0) = I(0).

Since, the inequality 7(0) > I(r — s) is always satisfied, we obtain that I(r —s) = 1(0). So, r —s € X].

Now take r € X; and s € R. Second we need to show r-s € Xj, i.e., I(r-s) =1(0).

Since I(r) = 1(0) and by the condition (12),

I(r-s) >max{I(r),I(s)} = max{I(0),1(s)} = 1(0).

Since always 1(0) > I(r-s), then I(r-s) = I(0). Hence, r-s € X;. Similarly, s- r € Xj.

In conclude, X; is an ideal of R. O

Let N and M be two neutrosophic sets on R, then NOM is a neutrosophic set on R and it is defined by
(NOM)(z) = (sup min{zy (x).2p(v)}, sup min{iy (x),ip(v)}, inf max{fy(x), /u()}),
=Xy =xy =

otherwise, (NOM)(z) = (0,0,1), where x,y,z € R.

Theorem 3.8. Let R be a ring and I be a neutosophic left (right) ideal over R iff the followings are satisfied:
(1) I(r—s) > I1(r)\I(s), for each r,s € R.
(2) xrCOI < I (respectively, IOxr <I), where if r € R, then xg(r) = (1,1,0).
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Proof. Suppose I is a neutrosophic left ideal over R and take z € R, then

(0D = (sup mindry, (7).11(5)}. sup min{igy (). s (5} inf max{ (7). f1(5))
= (swp (). sup (o). jnf Ji(s)

A
~
—
<
©“
~—
I
~
—~
2l
~—

Hence, yrOI <I.

Conversely, let I be a neutrosophic set on R which satisfies the corresponding two conditions.
(W I(r=s) > 1(r) AI(s)  (2) xrOI <.

Take arbitrary r,s € R, then

I(r-s) > (xrOID)(r-s)
= ( sup min{ty,(p).i(q)}, sup min{iy, (p).ir(q)}, inf max{fy(p).fi(4)})
rs=p-q rs=p-q X
(mln{tXR( )7 I( )}vmin{iXR(r)7il(s)}vmax{flk(r)vfl(s)})

v

(tr(s).i(s), fi(s)) = I(s).
This implies the neutrosophic set / is a neutrosophic left ideal over R.
The other situations are proved similarly. O

Theorem 3.9. Let R{,R; be the classical rings and g : R — Ry be a homomorphism of rings. If J is a left (respectively, right) ideal of Ry,
then the preimage g~ (J) is a left (respectively, right) ideal of Ry .

Proof. Suppose that J is a neutrosophic left ideal of R, and ry,r, € R;. Since g is a homomorphism of rings, the following inequality is
obtained.

giN(r—r) = (t(gri—r)).is(g(r —r2)), f1(g(r1 —12)))
= (ty(g(r)—glr ))m(g( 1) —8(r2)), f1(g(r1) — g(r2)))
> ((gr)) Ati(g(r2),is(g(r1)) Nig(g(r2)), f1(g(r1)) V fi(g(r2)))
= (u gg( 1)),is(g(r1)), f1(8(r1))) A (t1(g(r2)),1s(g(r2)), f1(8(r2)))

g () () Ag™ ()(r2).
In similar computations, it is clear that g~ (J)(r-s) > g~!(J)(s), for each r,s € R.
Therefore, g~!(J) is a neutorosophic left ideal of R; . O

Theorem 3.10. Let Ry, R, be the classical rings and g : Ry — Ry be a homomorphism of rings. If I is a neutrosophic left (respectively, right)
ideal of Ry, then g(I), the image of I, is a neutrosophic left (respectively, right) ideal of R;.

Proof. The proof is obtained by using the definitions of a left (respectively, right) ideal of a classical ring, and the image of a neutrosophic
set. O

In the following, we introduce the neutrosophic ideal of a neutrosophic subring.

Definition 3.11. Let N be a neutrosophic subring of a classical ring R. A non-null neutrosophic set M is called a neutrosophic ideal of N, if
the following conditions are valid for each r,s € R,

(1) M(r—s)>M(r) AM(s).

(2)M(r-s) > M(r) AM(s).

(3) M(r) < N(r).

Theorem 3.12. Let M and M, be the neutrosophic ideals of the neutrosophic subrings of N1 and N3, respectively. Then the intersection
M| N M, is a neutrosophic ideal of N N N,.

Proof. Similar to the proof of Theorem 3.5. O

4. Conclusion

Just as normal subgroups played a crucial role in the theory of groups, so ideals play an analogous role in the study of rings. A single
valued neutrosophic set is a kind of neutrosophic set which is suitable to use in real world applications. Therefore, the study of single
valued neutrosophic sets and their properties have a considerable significance in the sense of applications as well as in understanding the
fundamentals of uncertainty. So, we decided to propose the definitions of a neutrosophic ideals of a classical ring and of a neutrosophic
subring, in the sense of [4, 5], and observe their fundamental properties. For further research one can handle cyclic (respectively, symmetric,
abelian) neutrosophic group structure, and some of other algebraic structures.
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