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Approximation by Baskakov-Szasz-Stancu Operators
Preserving Exponential Functions

MURAT BODUR*, OVGU GUREL YILMAZ, AND ALI ARAL

ABSTRACT. The purpose of this paper is to construct a general class of operators which has known Baskakov-
Szasz-Stancu that preserving constant and €2 a > 0 functions. We scrutinize a uniform convergence result and
analyze the asymptotic behavior of our operators, as well. Finally, we discuss the convergence of corresponding
sequences in exponential weighted spaces and make a comparison about which one approximates better between
classical Baskakov-5zdsz-Stancu operators and the recent operators.

Keywords: Baskakov-5zdsz-Stancu operators, Exponential functions, Quantitative results, Weighted approximation.

2010 Mathematics Subject Classification: 41A25, 41A36.

1. INTRODUCTION

Approximation theory is one of the crucial subjects that is used by researchers. It is separated
into many fields one of which is positive linear operators that play a key role in approximation
theory. It has been the inspiration for so many mathematicians from the past. For years, many
publications related to the approximation theory has made and has still being studied, too.

One of the remarkable work has been done related to the positive linear operators from King
[16] in 2003. King described the modified Bernstein operators which preserve for e;(t) = t/,
i = 0,2 test functions and examined their approximation properties. He accomplished to take
an attention in a short time from researchers who perform approximation theory. Since that
time, lots of researchers have put forth many relevant studies on this issue. Numerous articles
can be given interrelated with Kings research ( [4-7], [9], [18]).

In 2016 Acar et al. [1] investigated approximation properties of Szdsz-Mirakyan operators
which preserving constant and e?**, a > 0. In that paper the rate of convergence of this gener-
alization was obtained by means of the modulus of continuity. They also presented and proved
theorems related on shape preserving properties.

Later this idea was applied to some other well known linear positive operators, such as
Szasz-Durrmeyer [8], Szdsz-Mirakyan-Kantorovich [13], Baskakov-Szdsz-Mirakyan [12], Philips
Operators [14], Baskakov Operators [19] and the subject is still continue to be relevant.

In this study, inspired by the main paper [1], we constructed a new family of linear positive
operators by using Baskakov-5zdsz-Stancu operators which is based on preserving exponential
functions.

Received: August 3, 2018; In revised form: August 7, 2018; Accepted: August 8, 2018
*Corresponding author: M. Bodur; bodur@ankara.edu.tr
DOI: 10.33205/cma.450708
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2. CONSTRUCTION OF THE OPERATORS

For f € C[0,00) and k,n € N the Baskakov-5zasz type operators was proposed by Gupta
and Srivastava [?] as,

oSSR T

In 2015, Mishra et al. considered Stancu type generalization of Baskakov-Szédsz operators
[17] like as,

k

Ty e Y N () LD e
(2.1) B, 5(f,l')—n;( ) )W/e tT(t)f(n+B)dﬁ-
= 0

Here, two parameters o and f3 satify the condition 0 < a < 3. We consider the following
modified form of Baskakov-Szdsz-Stancu operators

b S (ntk—1\  (Ou@)E [ .t nt+a
e g =nd (M) )(H@n(x)wo/e O S,

We interest in investigated operators preserving eg and e?**. Suppose these operators (2.2)
preserve e%%?, then

+k—1 (0, (z))* L (nt)F
VB (g2at. _ E n / nt 2a(nt+a)/n+ﬂdt
n () nk—o ( k ) (140, (x))tFk ¢ KoC
- 0

o0 k kT
_ o saamts N (PHE-TY_ (Ba(@)” n” / —nt(n+B—20)/ (n+B) k gy
" kZ_O( A ET NG I
0

B n—+pf 2aa/n—|—ﬁ§: (n+k— 1) ((n—l—ﬁ)@n(x))k( 1 )n+k;
B n—{—ﬁ—Qae k n+p0—2a 1460,(x)

k=0

_ _ntB saa/nis __n+B o
T ntfB-2a" (Hn(x)(l n+ﬁ—2a>+1) '

Taking into account M8 (€2%; ) = ¢2%%, then we can find without hesitation

n+p—2a n+p—2a 4 B —1/n
2. 0 (z)= P20y (MHPT 20 sa(a(nts)-a)/nts _
2 @) 20 ( ( n+B

Seemingly the function which is demonstrated 6, (x) satisfies the situtation

-1
O, () = (Mﬁ’ﬁ(ezat;m)) o e2aT

3. AUXILIARY RESULTS

In this part, we shall present the moments and the central moments of the operators (2.2)
which will be necessary to prove our main results.
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Lemma 3.1. Let e; (t) := t%, i = 0, 1, 2. Then the Baskakov-Szisz-Stancu operators M” satisfies

MP (eg;z) = 1,
o noy(r) +1+ «
M2 (o) = (n)+6 ’
+1) 4n + 2na 2+ 2a + a?
MO ey = "H D g gy dntnay, o 220 tal
e = G O G T
Lemma 3.2. Let &P (x) = M3P((t — )", x), 7 = 0,1,2, ... Then by considering Lemma (3.1), we
have
Mg:g = 1
o nbp(xr)+ 1+«
lun? = ( ) - &,
’ n+ 3
a.p n(n+1) 0 5 4An+ 2na 2+ 20+ a? nhp(z) +14+a
= (O (2))F —— () —2 + 22,
b2 = g g O G O e T s

Respectively, limits hold

(215 ) s
and
nli_)ngon((nen(i):ﬁl LN (7“;191(?)2 + 2nb, (z) + 1) _2(z+2).

4. MAIN RESULTS

In this main section, we would like to show that the constructed operators are meticulously
discussed linked with a uniform convergence result and a quantitative estimate. We debate the
convergence of corresponding sequences in exponential weighted spaces.

Here, we will take C*[0, c0) the class of real-valued continuous functions f, possessing finite
limit for z sufficiently large and equipped with the uniform norm.

Theorem A. [15] Take into account a sequence of positive linear operators L,, : C*[0,00) — C*[0, 00)
and set

1L (€0) = 10,00y = ns
() = e[|y = B2
La(e2) — 22 =i
then for each f € C*[0, c0)
1Za(f) = Flljo,00) < 0 [1flljp,00) + (2 + @)™ (f5 Vs, + 285 + 7).
where the modulus of continuity is defined as

w*(f;0) := sup. |f(t) = f(=)].
le—o—et|<5

Now, we can apply Theorem A for Baskakov-Szasz-Stancu operators.
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Theorem 4.1. For each function f € C*[0, 00), we possess

1M f = f]g.00) < 20%(f3 V2855 + 720,
where
||M37B(€_t) o e_xH[o,OO) = B

M52 (e7) = 7" e = 0

Proof. According the definition of the operators, since they preserve the constants, we reach

|| M5 (e0) — 1

— *_
=a, =0

[0,00)
and for f(t) = e, we get

B + k-1 (On(x))k _ (nt)k _
Bt B n / nt (nt+a)/n+B gy
nea) nkz—o ( k ) (146, (x))nt* ¢ o
0

7’L+,8 e_a/n+5§:<n+k’—1>((n+ﬁ)0n($)>k( 1 )n-l-k:
n+pB+1 pars k n+B8+1 1+ 6,(z)

_ n+ﬁ —a/n+p On(x) )_n
(44) TR +(n+6+1+1 '

Using Maple to make a calculation of the right hand side which is found (4.4), we observe

e %(2a + 1) (22 + 2x 1
Lt Rat Y@ +2) 1

ij’ﬁ (e_t,x) _ o O(n2)’
- - 2(2a+1)  2a+1 1
avB t J— z = D) - .
||Mn (e7") —e H[O,oo) - ne2 * ne +O(n2) = Fn

Also, for f(t) = e=%, we have

B <t k—1\ (@)t [ . (n)* _
Ma”B 2t _ n / nt 2(nt+a)/n+,3dt
nle ) ”kz_()( k )(1+9n(:1:))”+k T
- 0

_ n+ B e_2a/n+,3§:(n+kz—1)<(n+5)9n(5€)>k< 1 >n+k
n+p+2 = k n+p+2 1+0,(x)

- n+p —2a/n+8 20,, () >—n
(45) ~ ntB+2° <n+5+2+1 '

If the procedure applied for previous equality is performed again, we receive

e 2%(a +1)(22% + 4z 1
@+ D@+ 42) o 1
n n
20a+1),1 1 1
a,B(, —2t —2z _ - - T\ Ak
HMn (6 )_6 H[O,oo)_ n (€2+€)+O(n2)_7n
Here, 3 and v, tend to zero as n — oo so this completes the proof.

MTch,/a’ (e—Qt;x) — 2 +

),

Now, we will analyze the asymptotic behavior of given operators M2# with
Voronovskaya-type theorem.
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Theorem 4.2. Let f, f"' € C*[0, 00) then for any x € [0, 00) we have

WM (fr2) — F@)] + ane + 2) (@)~ "0 L2 )
<l @)+ laall @)+ 220+ 2@ +2) + 1" (7 2)

where

Dn = n,uz’f(x) + ax(z + 2),

o = 27 (S () — wla 4 2).

o= MO (e — e tyha) Ju ().
Proof. By Taylor’s expansion of f for some fixed z,
«6) P = F @) 7 (@) (=) + 5 (@) (6 — ) + i) (2 — ),

where

by = 10 =16

and 7 is a number lying between = and t. Applying M* to both sides of the above identity
and using the linearity of the operators and Lemma (3.2), we get

WM (fr) — F@)] + aae + 2) (@)~ "2 )

<l @) + gl £ ()] + (0P (h(t, 2)(t — 2)*; ).

Obviously it is enough to consider the last term of the inequality [nM®P(h(t,z)(t — z)?; x)).
Taking into consideration of Holhos’s paper (see [15]), it can be written

(e—az . e—t)Z

56— F@)l < (14

For more details on w*(-, §), we would like to give a reference [15] to the reader. Trivially we
can write,

)o*(f,6), 6> 0.

(efa: . eft)2

\h(t;z)| < (1+ 5

) w* ( f//7 5)
And also using the fact that,

2w (f",9) , et —eT <o

h/ t' < —x —t\2
’ ( ,x)’ o { 2(_(6 gze )_)w*(f//75) ) |€_a3 — €_t| > 67

we arrive at
(e—m o 6—t)2

|h(t;x)] < 2(1+ 5

Applying Cauchy-Schwarz inequality, we obtain
(M h(t, x)(t — 2)* )]

< 2 (0B @) (@) + g (700 M2 (e — ey ) i o).
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Lastly, choosing 6 = \/iﬁ and with some simple calculations yield

r)~ T2 i)

) (2gn + (x +2) + 7).

[(n[MP(fr2) = f2)] + az(z +2) f

~—~

< Ipallf/ @)+ lgnll £ ()] + 207 (£,
Hence, the proof is completed. O
Corollary 4.1. Let f, f"" € C*[0, 00). Then the inequality

n

-

(47) lim n[M39(f;2) - £(2)] = —az(z +2)f () + D2

1!
holds for any x € [0, 00).
Corollary 4.2. Let f € C?[0,00) be an decreasing and convex function. Then there exists no € N such
that for n > ng, we have f(z) < MP(f;z) forall z € [0, 00).

Presently, we are looking for the behavior of the operators on some weighted spaces. As
reported in Gadziev’s paper [10], set p(z) = 1 + €%, z € RT and turn the following weighted
spaces over in our mind:

BRY) = {f:R¥ > R:|f(@)] < Myg(a), v > 0}
Co®Y) = {C(RY)NB,®Y),
CHRY) = {f e Cu®): Jim T80 —p)

where My, ks are constants depending on f. All three spaces are normed spaces with the norm

_ |/ ()]
1= 22y

For any f € C,(R™), the inequality
M2 (D], < 11l
holds and we complete that M?(f) maps C,(R*) to C,,(R").
Theorem 4.3. For each function f € CZZ (RT)
lim [|MP(f) = f]|, = 0.

n—oo

Proof. Using the general result shown in [10], the following three conditional approximations
are sufficient.

(4.8) lim || M3 (e") —e"™|| =0, v=0,1,2

n—00 ¥

We know that for the given operator which is represented with M2#, M®#(ey) = 1 and
M (e29t) = €29% occurs. Presently, if we take into consideration the situation for v = 1

it k—1\  (Bn(z))* 7 ()
a,B( ¢. — n nt a(nt—l—oz)/n—i—ﬁdt
My (Fiw) ”;_0( k )(1+9n(:c))"+k © T ©

- 0

and also on the assumption that the simple calculations are made, we reach

(4.9) Mg,ﬂ (e‘”) _ #ﬁ?aeaaﬁwﬁ (1 _ n_jeg(_al)_n_
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Keeping an account of 6,,(x) and computing (4.9) with Maple,

e ( — qx? — da’2® ax — a) + acqe®® + aqe®* 1
Mﬁ"ﬁ (eat) — e 4 ( 8 ) + O(_z)
n n
e alx(x + 2) 1
= % — O(—).
© 2n + (n2)
Conclusively,
e a?x(z + 2) 1
Moz,ﬁ at\ _ ar _ o
n (e ) € 2n + (n2)
and 50 at )
M>P (e*) — e* —a“z(x + 2)e?” 1
2O et atae g2 o1
1 + e2a= 2n(1 + e?9x) n

And this circumstance guarantees uniform continuity. Since M2?(eg) = 1 and M2#(e2*) =
e2%%, the conditions (4.8) are implemented for v = 0 and v = 2. Hence, the proof is completed.
U

Now, we desire to demonstrate that our modified operators approximate better than classi-
cal Baskakov-Szasz-Stancu operators. This part, we take into consideration of article which is
Aral et al [3]. Last theorem which would like to be given as below:

Theorem 4.4. Let f € C?[0,00). Assume that there exists ng € N, such that

(410) fla) < MP(f;2) < By (f;), forall n > no, @ € (0, 00).

Then

x(x +2)
2

Particularly f'(x) > 0and f"(z) > 0.

Contrarily, if (4.11) holds with strict inequalities at a given point x € (0, 00), there exists ng € N
such that for n > ng

(4.11) f"(x) > (az? + 2ax + 1) f'(x) >0, 2 € (0,00).

f(z) < MpP(fi2) < ByP(f; ).
Proof. From (4.10) we have that
0 <n(MPP(f;2) — f(2) < (B (f;x) — f(x)), foralln > ng, x € (0,00).

Considering an asymptotic formula which is held by classical Baskakov-Szasz-Stancu opera-
tors [17],

@12) Tim (B (fi2) — (@) = (04— g () + “EFD (e,
Thanks to (4.10), we also accept that 1 + o — Sz > 0. Combining (4.7) and (4.12)
0 < (ax?® +2ax + 1+ a— Bx)f(z) < Mf”(x),

2

we can reach (4.11) easily.
Contrarily, if (4.11) holds with strict inequalities for a given = € (0, c0) then

x(x + 2

( 2 ) f// (Jj)
employing asymptotic formulas for modified operators (4.7) and the classical operators (4.12),
we have the desired result. O

0 < (az? +2ax +1+a— pz)f'(z) <
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Differences of Operators of Lupas Type

VIJAY GUPTA*

ABSTRACT. In the present article, we study the approximation of difference of operators and find the quantitative
estimates for the difference of Lupas operators with Lupas-Szasz operators and Lupas-Kantorovich operators in terms
of modulus of continuity. Also, we find the quantitative estimate for the difference of Lupas-Kantorovich operators
and Lupas-Szdsz operators.

Keywords: Difference of operators, Lupas operators, Lupas-Szasz operators, Lupas-Kantorovich operators, Modulus
of continuity.

2010 Mathematics Subject Classification: 41A25, 41A30.

1. INTRODUCTION

Approximation for linear positive operators to functions in real and complex setting is an
active area of research amongst researchers. Several new operators have been constructed in
last six decades and their approximation behaviours have been studied. Concerning approxi-
mation properties of linear positive operators the convergence is one of the important aspects,
several methods and techniques have been applied to get the direct results in ordinary and
simultaneous approximation, we mention some of the recent work viz. [1-4], [8-10], [12] etc.

Acu-Rasa [5] and Aral et al [7] established some interesting results for the difference of op-
erators in order to generalize the problem posed by A. Lupas [16] on polynomial differences.
Some of the results on this topic are compiled in the recent book by Gupta et al [14].

Very recently the author in [11], provided a general result for the difference of operators
and applied the result to Szdsz type operators. We consider here the Lupas operators and its
variants and find the quantitative estimates for the differences of such operators. A. Lupas [16]
proposed a discrete operators, which for f € C[0, c0), are defined as

(11) Ln(f7 .I’) = Z ln,k(x)Fn,k(f)a
k=0

where F,, ;, : D — R be positive linear functional defined on a subspace D of C0, c0) and

(nxz)g

k
s Faan =1 (%)

It was observed that these operators are linear and positive and preserve linear functions.

ln,k (.I) = 2_"””

Received: August 13, 2018; In revised form: August 17, 2018; Accepted: August 19, 2018
*Corresponding author: V. Gupta; vijaygupta2001@hotmail.com
DOI: 10.33205/cma.452962
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Remark 1.1. For the Lupas operators, we have F,, y(f) = f (%) such that F, y(eo) = 1,bFnx =

F, 1(e1) If we denote ek = nk(er — bfmkeg)T r € N, then by simple computation, we have
Fy
py™t = Fua(er —bfmkeg)? =0
uf"’k = Fn k(el — b ke()) =0

Remark 1.2. The The moments of Lupas operators with e,.(t) =t", r € NU {0} are given by

Ln(eo,x) = 1,
Ly(e1,x) =,

2z
Ln(€27 )—.I' +_

Ln(€47x) =T + n + n2 + n3 )
5 20z* 12023 25022 150z
L,(es,x) =a” + t+
n n n n
¢ 30z 300x* 12302° 204022 1082z
Ln(667 ZC) =T + + 2 + 3 + 1 + 5
n n n n n

2. DIFFERENCE OF OPERATORS

Let Cp[0,00) be the class of bounded continuous functions defined on the interval [0, co)
equipped with the norm |[.|| = sup,¢jy ) [f(7)| < oo. Let us consider another operator V;,
having the same Lupas basis I,, ;(z) such that

T) = Zln,k(x)Gn,k(f),
k=0

where G, ;, : D — R. Following [11], we have the following quantitative general result.
Theorem 2.1. [11] Let f(*) € C[0,00),s € {0,1,2} and = € [0, 00), then for n € N, we have

(Lo = Vo) ()| < (1" led) + w(f”,00) (1 + a(x)) + 2w(f, 02()),

where

1 o P G
~ 9 Zln,k(l’)(/b Ft ™)
k=0

and
1 o0
:izlnyk( 'u4"k+ 4nk 52 Zlnk bFnk bGn,k)2.

We now establish quantitative estimates for the difference of Lupas operators with the Lupas-
Kantorovich operators and Lupas-Szdsz operators.
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2.1. Lupas and Lupas-Kantorovich operators. In [6] Agratini proposed the Kantorovich vari-

ant of the Lupas operators as
k+1

n

(2.2) Ko(fiw) = Y lan(@Gup(f) =n)Y lux(@) [ f(2)dt,
k=0 k=0

z\w\

where N
Goi(f) = n / £(t) dt.

Below, we present the quantitative estimate for difference of Lupas and Lupas-Kantorovich
operators.

Theorem 2.2. Let f(*) € Cp[0,00),s € {0,1,2} and x € [0, 00), then for n € N, we have

1 / / 1 1 1
(0 = L))l < gl (1) (1 g ) 20 (7 )

Proof. Following Theorem 2.1, by simple computation, we have

2k +1
benk = @G, =
k(e1) 5
and
Gn,k . Gn k 2
Mo = Gmk(el — b7 60)
2% +1\° 2%k + 1
= n -2 n
Guslen) + (2501) 26,000 ()
3K +3k+1 (2641
N 3n2 2n
- 1
12n2°
Next, using Remark 1.2, we have
Oé(.I) — lil (.’L’)( Fp k + Gn,k) _ 1
BT 24n?

Further,

Gn
Ly r= Gn,k(el—bG"’k60)4

2k +1 2% +1\°
= Gn,k(€4) — 4Gn,]€(63) ( o > +6Gn7k(62) ( m )

2% + 1\ 2k +1\*
— 4Gn,k(€1)< om ) +Gnyk(eo)< om )

Bk +10k% + 10k* + 5k 4 1 44k3+6k2+4k¢+1 2k +1
B 5nt 4n3 2n

3243k +1 /2k+1\2 2%k +1\* 1
+ 6 —3

3n2 om om ~ 80nt’
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Then using Remark 1.1 and above equality, we get

1 F G 1
2 . - n,k n,k —
and by using Remark 1.2, we have
03(x) = Y lng(z)(bTr = pGrr)?
k=0
- ko 2k+1]7
B Z Ik () [ﬁ T on ]
k=0
1
~ 4n?
This completes the proof of the theorem. O

2.2. Lupas and Lupas-Szasz operators. The Lupas-Szdsz operators are defined as

(2.3) Sp(f;z) = n Z Lok () /00 Sn.k—1(t) f(t)dt + 1,0(x) f(0),
k=1 0

—nt k
where the Szdsz basis function is defined as s,, 1 (t) = %

If we denote
Half) =n [ snaca(007(0)88.0 < k < 00, Hoolf) = 0)
0

then the operators (2.3) take the following form:

Sn(f7 ZL’) = Zln,k(x)Hn,k(f)
k=0

We present below the quantitative estimate for difference of Lupas and Lupas-Szasz opera-
tors.
Theorem 2.3. Let f(*) € Cp[0,00),s € {0,1,2} and x € [0, 00), then for n € N, we have

3r2 6z T

1 £z 1
- = el ) (142,
(Sn = La)(fo)l = IS uan( , 2n2+n3>( +o-)
Proof. By simple computation, we have
k
bH"’k = Hmk(el) = —.
n

Also, we have

H,
po "= Hyg(er — b eg)?

st (5) ottt ()
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Next, using Remark 1.1, we have

—_

- Fy k H, k _i

[\)

and

an’k = Hmk(el — bH"’k€0)4

—  Hy(ea) — AH, (e3) (g) + 6H,, 1 (e2) (%)2

—  4H, i(e1) (2)3 + Hy po(e0) <§)4

3k? + 6k
nt

Then by Remark 1.1, we have

1 & F, H,
0% (x) = §Zln,k(m)(ﬂ4 Pty

- Zlnk

3332 6x
o2n2  n3’

3k2 + 6k

and by using above identities, we have
D Ly (@) bk = pHmr)? =0,

This completes the proof of the theorem.

2.3. Lupas-Kantorovich and Lupas-Szasz operators.

Theorem 2.4. Let f*) € C[0,00),s € {0,1,2} and x € [0, 00), then for n € N, we have

(Sn — Kn)(f, )| = |\f”\|<242 2n>+2w(f7%)

+ow f”\/ S B R
"V 160nt  2n2  n3 24n?2 2n

Proof. By previous subsections, we have

2k +1 k
B = Gpler) = =5~ B = Hypler) = -
Gn k __ 1 Hn,k k
2 122 M2 T2
and
e 1 H, 3k? + 6k
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Thus, we have

1 & G. H, 1 T
az) = §Zln,k($)(/i2 Pty tt) = Y + om
k=0
1 — G H,
0 (xr) = 2 Zln,k(x)(,“z; Pty t)
k=0
s 1 3k? + 6k
- Zln’k(x) 160n4 + 2n4
k=0

160n* " 2n2 ' n3’
and by using above identities, we have

S 1
2 _ G _ pHn\2 —
03(z) = kzozn,k(x)(b L
The result follows by combining above estimates as in Theorem 2.1. O

Remark 2.3. In [13] Gupta et al and [15] Gupta-Yadav also considered Lupas-Beta type operators, the
difference estimates can be obtained analogously, the analysis is different we can discuss them elsewhere.
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A Short Survey on the Recent Fixed Point Results on v-Metric
Spaces
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ABSTRACT. The aim of this short survey is to collect and combine basic notions and results in the fixed point theory
in the context of b-metric spaces. It is also aimed to show that there are still enough rooms for several researchers in
this interesting direction and a huge application potential.
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1. INTRODUCTION AND PRELIMINARIES

The notion of distance is as old as the history of humanity and it was first properly formu-
lated by Euclid. Basically, Euclidean distance is defined to measure the space (or gap, or inter-
val) between two points as the length of the straight line segment connecting them. Indeed, the
notion of metric, axiomatically formulated by Maurice Fréchet [38], is a generalization form of
the Euclid distance. On the other hand, the name is due to Felix Hausdorff [40].

It is evident that the notion of the metric is the corner stone of the the field of real analy-
sis, complex analysis and functional analysis Taking the key role of the notion of the metric
in mathematics and hence in quantitative sciences, it has been extended and generalized in
several distinct directions by many authors. Consequently, several version, adaptation, exten-
sion and generalization of metric has been reported in the literature, for instance, 2-metric,
D-metric, G-metric, S-metric, set-valued metric, fuzzy metric, symmetric, quasi-metric, partial
metric, b-metric, ultrametric, dislocated metric, modular metric, Hausdorff metric, cone metric,
multiplicative metric, and so on. It is worthy of note that not all these generalizations are real
generalization, see e.g. [4,9,36,37,46,55,76].

Clearly, it is not possible to consider all these notions in a short survey. In this work, we
restrict ourselves on the merging of one of the most interesting generalization of a notion of
metric, namely b-metric. Before state the definition of b-metric, we recall the notion of (stan-
dard) metric for the sake of self-containment.

Definition 1.1. For a nonempty set M, a (standard) metric is a function m : M x M — R = [0, 00)
such that

(Mo) m(x,y) > 0 (nonnegativity),

(M) z =y = m(z,y) = 0 (self-distance),

(M3) m(x,y) = 0=z =y (indistancy),

(M3) m(z,y) = m(y, x) (symmetry), and

(My) m(x,y) < m(z,z) +m(z,y) (triangularity),
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16 E. Karapinar

orall x,y,z € M. Here, the ordered pair (M, m) is called a (standard) metric space.
p p

Indeed, the notion of the metric can be expressed in two axioms, as follows.

(al) z =y = m(z,y) = 0 (self-distance),

(a2) m(z,y) < m(zx, z) +m(y, z) (triangularity),
for all x,y,z € M. Itis clear that (My)-(M,) are obtained from (al) and (a2). On the other
hand, we separately state the axioms to explain and emphasize the nature how one can at-
tempt to generalize the notion of standard metric. For instance, the axioms (M), (M2)-(M4)
yield dislocated metric (also known as metric-like), the axioms (My)-(M3) provide the notion
of symmetric. It is clear that the removing any conditions from (M)-(M4) propose a new no-
tion.

In this study, we focus on an interesting generalization of the standard metric, so-called,
b-metric. This metric was popular after the interesting papers of Czerwik [34, 35] and it has
been attracted attention of the several researchers. Indeed, this notion was considered earlier
by different authors, e.g. Bourbaki [29], Bakhtin [17], Heinhonen [44], Berinde [18] and so on.

What follows we recall the notion of b-metric.

Definition 1.2. ( [17], [35]) Let M be a set and let s > 1 be a given real number. A function d :
M x M — R is said to be a b-metric if the following conditions are satisfied:

(bM,) d(z,y) > 0 (nonnegativity),

(bM,) x =y = d(z,y) = 0 (self-distance),

(bMs) d(z,y) =0 = z =y (indistancy),

(bM3) d(x,y) = d(y, x), (symmetry),

(bM,) d(z,z) < s[d(x,y) + d(y, z)], (weakened triangularity).
forall z,y,z € M. Furthermore, the ordered pair (M, d) is called a b-metric space. We abbreviate the
concept of the b-metric space as bMS.

As it is expected that each b-metric forms a metric by letting s = 1. On the other hand, the
converse is not case.

Example 1.1. (See e.g. [29].) Let M = LP[0, 1] be the collections of all real functions x(t) such that
fol |z(t)|Pdt < oo, wheret € [0,1] and 0 < p < 1. For the function d : M x M — Ry defined by

1
b(x,y) = (/ |z (t) — y(t)|pdt)1/p, for each z,y € LP|0, 1],
0

the ordered pair (M, b) forms a b-metric space with s = 2'/P.

Example 1.2. Let X be a set with the cardinal card(X) > 3. Suppose that M = X U Xs is a partition
of X such that card(Xy) > 2. Let s > 1 be arbitrary. Then, the functional d : M x M — [0, 00)
defined by:
0, z=y
d(z,y) =< 2s, z,y€ M
1, otherwise.

is a b-metric on X with coefficient s > 1.

Example 1.3. (Seee.g. [29].) Let p € (0,1) and let

M =1,(R) = {:U = {x,} C R such that Z |z, [P < oo} :

n=1



A Short Survey on the Recent Fixed Point Results on b-Metric Spaces 17

Define d(z,y) : M x M — [0,00) by

0o 1/p
x y) = (Z |mn - yn‘p> .
n=1

Then (X, d) is a b-metric space with s = 2'/P,
The special case of the example above can be the following;:
Example 1.4. Let M = R. The function d : R x R — [0, 00) defined as

(1.1) d(z,y) = |z —y[*,
is a b-metric on R. Clearly, the first two conditions are satisfied. For the third condition, we have

[w—z+z -yl =z — 2"+ 2z —zllz -yl + ]z -yl

lz—y*? =
< 2z — 22+ |z -yl

since
2z — 2|z —yl < |o— 2 + |2 — I

Example 1.5. Let M={0,1,2} and d : M x M — Ry such that d(0,1) = d(1,0) = d(0,2) =
d(2,0)=1,d(1,2) =d(2,1) = a >2,d(0,0) = d(1,1) = d(2,2) = 0. Then

d(x,y) g%[d(m,z)-l—d(z,y)],for:v,y,zEM.

Example 1.6. Let E be a Banach space and O, be the zero vector of E. Let P be a cone in E with
int(P) # () and < be a partial ordering with respect to P. Let X be a non-empty set. Suppose the
mapping d : X x X — E satisfies:

(M1) 0 2d(z,y) forall z,y € X,

(M2) d(x,y) =0ifand only if x =y,

(M3) d(z,y) 2d(z,z) +d(z,y), forall x,y € X,

(M4) d(x,y) =d(y,x) forall z,y € X,
then d is called cone metric on X, and the pair (X, d) is called a cone metric space (CMS).

Let E be a Banach space and P be a normal cone in E with the coefficient of normality denoted by K.

Let D : X x X — [0, 00) be defined by D(z,y) = ||d(x,y)||, where d : X x X — FE is a cone metric
space. Then (X, D) is a b-metric space with constant s .= K > 1.

The basic topological properties (convergence, completeness, etc.) have been observed by
the mimic of the standard metric versions. Next, we recollect some essential notions together
with the basic observations. Each b-metric d on a non-empty set M have a topology 7, that was
generated by the family of open balls

By(z,e) ={y € M :|d(z,y) — d(z,x)| <e¢, }forallz € M and € > 0.

In the frame of the b-metric (M, d), a given sequence {xz,,} converges to a point = € M if the
following limit exists
lim d(z,,z)=0.

n—oo
As it is expected, a sequence {z, } is said to be Cauchy if the following limit
(1.2) L= lim d(zn,2m) = 0.
n—oo

Furthermore, a pair (M, d) is called complete b-metric space if for each Cauchy sequence
{z,} is convergent, that is, there is some = € M such that

(1.3) lim d(z,,z) =0= lim d(zn,,zm).

n—o0 n—oo
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Let (M, dy) and (K, d2) be b-metric spaces. A mapping 7' : M — K is called continuous if

lim dy(zn,2) =0= lim di(zn,xm),
n—00 oo

El

then we have
lim dy(Tz,,Tx) =0= lim do(Txp,Txm).

n— 00 n,m— 00
Definition 1.3. Let (M, d) be a b-metric space and S be a subset of M. We say S is open subset of M,
if for all x € M there exists r > 0 such that By(x,r) C S. Also, F' C X is a closed subset of M if
(M\F) is a open subset of M.

A mapping ¢ : [0,00) — [0, 00) is called a comparison function if it is increasing and " (t) — 0,
n — 0o, for any ¢ € [0,00). We denote by ®, the class of the comparison function ¢ : [0, 00) —
[0, 00). For more details and examples, see e.g. [20,71]. Among them, we recall the following
essential result.

Lemma 1.1. (Berinde [20], Rus [71]) If ¢ : [0, 00) — [0, 00) is a comparison function, then:

(1) each iterate ©* of p, k > 1, is also a comparison function;
(2) is continuous at 0;
(3) w(t) <t foranyt > 0.

Later, Berinde [20] introduced the concept of (c)-comparison function in the following way.

Definition 1.4. (Berinde [20]) A function ¢ : [0,00) — [0, 00) is said to be a (c)-comparison function
if
(c1) @ isincreasing,
(c2) there exists ko € N, a € (0,1) and a convergent series of nonnegative terms Z vy, such that
k=1
O () < ap®(t) + v, for k > ko and any t € [0, 00).

The notion of a (c¢)-comparison function was improved as a (b)-comparison function by
Berinde [19] in order to extend some fixed point results to the class of b-metric space.

Definition 1.5. (Berinde [19]) Let s > 1 be a real number. A mapping ¢ : [0,00) — [0, 00) is called a
(b)-comparison function if the following conditions are fulfilled

(1) ¢ is monotone increasing;
(o.@]

(2) there exist kg € N, a € (0,1) and a convergent series of nonnegative terms Z v, such that
k=1
sETLORTL () < askk(t) + v, for k > ko and any t € [0, 00).

We denote by ¥, for the class of (b)-comparison function ¢ : [0,00) — [0,00). It is evident
that the concept of (b)-comparison function reduces to that of (c¢)-comparison function when
s =1.

The following lemma has a crucial role in the proof of our main result.

Lemma 1.2. (Berinde [18]) If ¢ : [0,00) — [0,00) is a (b)-comparison function, then we have the
following

oo
(1) the series Z s* ok (t) converges for any t € R,
k=0
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(2) the function by : [0,00) — [0, 00) defined by bs(t) = Zskcpk(t), t € [0,00), is increasing
k=0

and continuous at 0.

Remark 1.1. By the Lemma 1.2, we conclude that every (b)-comparison function is a comparison func-
tion and hence, by the Lemma 1.1, any (b)-comparison function ¢ satisfies ¢(t) < t.

We denote with ¥ the family of nondecreasing functions ¢ : [0,00) — [0,00) such that
Z Y"(t) < oo for each t > 0 It is clear that if ¥ C @ (see e.g. [43]) and hence, by Lemma 1.1

n=1
(3), for ¢ € ¥ we have 9(t) < ¢, forany t > 0.

In this short survey, we collect the interesting fixed point theorems for single valued map-
ping in the frame of complete b-metric space. This survey can be considered the collection the
attractive results in [3,11,24].

2. FIXED POINT OF a-9-CONTRACTIVE MAPPINGS

We start this section by recalling the definition of a-1)-contractive and «a-orbital admissible
mappings introduced in [75].

Definition 2.6. (Samet et al. [75]) Let (M, d) be a metric space and T : M — M be a given mapping.
We say that T' is an a-1p-contractive mapping if there exist two functions o : M x M — [0, 00) and
¥ € U such that

(2.4) a(z,y)d(T(x),T(y) < P(d(z,y)), forall z,y € M.

Remark 2.2. If T : M — M satisfies the Banach contraction principle, then T is an a-1)-contractive
mapping, where o(z,y) = 1 forall x,y € M and (t) = kt forall t > 0 and some k € [0, 1).

Definition 2.7. (Samet et al. [75]) Let T : M — M and o : M x M — [0,00). We say that T is
a-admissible if
z,yeM, a(r,y) =21 = a(T(z),T(y) = 1.

Let Fr(X) be the class of fixed points of a self-mapping 7" defined on a non-empty set X,
thatis, Fr(X) ={z e M : T(x) = z}.

Example 2.7. (Samet et al. [75]) Let M = (0,+400). DefineT : M — M and oo : M x M — [0, c0)
by
(1) T'(z) = In(x), forall x € M and o(z,y) = {
Then T is a-admissible.
et ™Y

(2) T(x) = /z, forall x € M and a(x,y) = { 0, ’ Zii i ?ij

2, ifxzy
0, ifex<uy.

Then T is a-admissible.

Example 2.8. Let (M, <) be a partially ordered set and d be a metric on X such that (M, d) is complete.
Let T : M — M be a nondecreasing mapping with respect to <, thatisx,y € M, v <y = Tx < Ty.
Suppose that there exists xo € M such that xo < Tx. Define the mapping o : M x M — [0,00) by

a(z,y) = {

Then, T is a-admissible. Since there exists xo € M such that xy < Txo, we have o(xg, T'zo) > 1. On
the other hand, for all x,y € M, from the monotone property of T', we have

lifx <yorxz >y,
0 otherwise.

a(z,y) > 1=z r-yorz y=Tx > TyorTe Ty = o(Tz,Ty) > 1.
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Thus T is a—admissible.
Theorem 2.1. (Samet et al. [75]) Let (M,d) be a complete metric space and T : M — M be an
a-p-contractive mapping satisfying the following conditions:

(1) T is a-admissible;
(ii) there exists xog € M such that o(xo, T (x0)) > 1;
(iii) T is continuous.

Then, T has a fixed point, that is, there exists x* € Fr(X).
Theorem 2.2. (Samet et al. [75]) Let (M,d) be a complete metric space and T : M — M be an
a-p-contractive mapping satisfying the following conditions:

(1) T is a-admissible;
(ii) there exists xog € M such that o(xo, T (x0)) > 1;
(iii) if {zn} is a sequence in X such that o(z,,xpnt+1) > 1 forall nand x, — x € M asn — oo,
then a(xy,,x) > 1 for all n.

Then, T has a fixed point, that is, there exists x* € Fr(X).
In what follows we recollect the concept of triangular a-admissible mapping.

Definition 2.8. [52] A self-mapping T : M — M is called triangular c-admissible if
(Th) T is o — admissible,
(T1) a(z,2) > 1, a(z,y) > 1= a(z,y) > 1, z,y,z€ M.

First of all, we refine the notion of a-admissible mapping by proposing the notion of a-
orbital admissible as follows.

Definition 2.9. [68] Let T' : M — M be a self-mapping and o : M x M — [0,00) be a function.
Then T is said to be a-orbital admissible if

(T3) a(z,Tx) > 1= oTz, T*x) > 1.

Analogously, we refine the notion of triangular a-admissible mapping by proposing the
notion of triangular a-orbital admissible in the following way.

Definition 2.10. [68] Let T' : M — M be a self-mapping and o« : M x M — [0, 00) be a function.
Then, T is said to be triangular a-orbital admissible if T is a-orbital admissible and

(T4) a(x,y) >1land a(y,Ty) > 1 = a(z,Ty) > 1.

As it was mentioned in [68], each a-admissible mapping is an a-orbital admissible mapping
and each triangular a-admissible mapping is a triangular «-orbital admissible mapping. The
converse is false, see e.g. ([68], Example 7).

Definition 2.11. [68] Let (M, d) be a b-metric space and o : X x M — M be a function. X is said
a-regular, if for every sequence {x,,} in X such that oz, xn11) > 1 forall nand x,, — x € M as
n — oo, there exists a subsequence {xy (i) } of {xn} with a(xy, @y, ) > 1 for all k.

Lemma 2.3. [68] Let T' : M — M be a triangular c-orbital admissible mapping. Assume that there
exists xog € M such that a(xo,Txo) > 1. Define a sequence {x,,} by xny1 = T, for each n € Ny.
Then we have a(xy,, y,) > 1 for all m,n € Nwithn < m.

First we give the following definition as a generalization of Definition 2.6.
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Definition 2.12. Let (M, d) be a b-metric space and T : M — M be a given mapping. We say that T is
an a-p-contractive mapping of type-(b) if there exist two functions o : M x M — [0,00) and ip € ¥y,
such that

(2.5) a(z,y)d(T(x), T(y)) < P(d(z,y)), forall z,y € X.
Our first main result is the following.

Theorem 2.3. Let (M, d) be a complete b-metric space with constant s > 1. Let T : M — M be an
a-1p-contractive mapping of type-(b) satisfying the following conditions:
(i) T is a-admissible;
(ii) there exists xo € M such that a(xo, T (z¢)) > 1;
(iii) T is continuous.
Then the fixed point equation (3.15) has a solution, that is, there exists z* € Fy(X).

Proof. Let zp € M such that a(zg,T(zo)) > 1 (such a point exists from condition (ii)). Define
the sequence {z,} in X by

Tpy1 = T(xy,), foralln € NU{0}.

If z,, = z,,+1 for some n € NU {0}, then z* = z,, is a fixed point for T" and the proof finishes.
Hence we assume that

(2.6) Xy # Tpyq foralln € NU{0}.
Since T is a-orbital admissible, we have:
a(ze, 1) = a(xe, T(xg)) > 1 = a(T(xg),T(x1)) = a(x1,z2) > 1.
By induction, we get
(2.7) oy, Tny1) > 1, foralln € NU{0}.
Applying the inequality (2.5) with = x,,_; and y = z,,, and using (2.7), we obtain:
d(@n, Tny1) = d(T(@n-1), T(zn)) < a(@n—1,2p)d(T(@n-1),T(y)) < Y(d(Tn-1,2n))-
By induction, we get
(2.8) d(Tp, Tni1) < YP"™(d(xg, 1)), foralln € NU {0}.
From (2.8) and using the triangular inequality, for all p > 1, we have:

d(xn, Tnyp) < 8d(Trn,Tpy1)+ $2d(Tpi1, Tniz) + . + sp_Qd(xnﬂgfg, Trgp—2)
+sP T d(@n4p—2, Tntp-1) + LA Tntp—1, Tntp)
< syp"(d(zo, 21)) + s2" T (d(x0, 21)) + ... + sPT2P"TPT3(d(2g, 21))
+sP P2 (d (w0, 21)) + P HPPTH(d (20, 71))
= L [s""(d(zo, 21)) + s" T (d (w0, 1)) + ... + TP P2 (d(2g, 1))

_{_Sn+p—1,¢n+p71(d(a¢0, :15'1))]
Denoting S,, = Z skq/zk(d(:vo, x1)), n > 1 we obtain:
k=0
1
1 [Sn—l—p—l - Sn—l]; n > 17 p > 1.

sn—

(29) d(xn> xn—l—p) <
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Due to the assumption (2.6) together with Lemma 1.2, we conclude that the series Z sER (d(xo, 1))

k=0
is convergent. Thus there exists S = lim S,, € [0,00). Regarding s > 1 and by (2.9), we ob-

n—oo

tain that {x,, },,>0 is a Cauchy sequence in the b-metric space (M, d). Since (M, d) is complete,
there exists * € M such that z,, — x* as n — oo. From the continuity of T, it follows that
i1 = T(xp,) = T(2*) as n — oo. By the uniqueness of the limit, we get 2* = T'(z*), that is,
z* is a fixed point of 7. O

In the following theorem, we able omit the continuity hypothesis of 7' by adding a new
condition.

Theorem 2.4. Let (M, d) be a complete b-metric space with constant s > 1. Let T : M — M be an
a--contractive mapping of type-(b) satisfying the following conditions:
(i) T is a-orbital admissible;
(ii) there exists xog € M such that o(xo, T (x0)) > 1;
(iii) if {zn} is a sequence in X such that o(z,,xpnt+1) > 1 forall nand x, — x € M asn — oo,
then a(xy,,x) > 1 for all n.

Then the fixed point equation (3.15) has a solution.

Proof. Following the proof of Theorem 2.3, we know that {z,,} is a Cauchy sequence in the
complete b-metric space (M, d). Then, there exists z* € M such that z,, — z* as n — co. On
the other, hand from (2.7) and the hypothesis (iii), we have

(2.10) a(xy,x*) > 1, foralln € N.
Now, using the triangular inequality, (2.5) and (2.10), we get

(
d(T ("), 2) < s[d(T(z"),T(xn)) + d(@ny1,27)]
< sla(zn, 2")d(T ("), T(2n)) + d(@ny1,27)]
< s[p(d(zn, z7)) + d(@n 41, 27)].

Letting n — oo, since % is continuous at ¢ = 0, we obtain d(7T'(z*),z*) = 0, that is 2* =
T(z*). O

To assure the uniqueness of the fixed point, we will consider the following hypothesis.
(H): forall z,y € M, there exists z € M such that a(z, z) > 1 and a(y, z) > 1.

Theorem 2.5. Adding condition (H) to the hypotheses of Theorem 2.3 (resp. Theorem 2.4) we obtain
uniqueness of the fixed point of T..

Proof. Suppose that 2* and y* are two fixed point of 7. From (H), there exists z € M such that
(2.11) a(z®,z) >1 and a(y*,z) > 1.
Since T' is a-orbital admissible, from (2.11), we get
(2.12) a(z*,T"(z)) > 1 and a(y*,T"(z)) > 1.
Using (2.12) and (2.5), we have
d(z",T"(2)) = d(T(2"), T(T""(2))) < a(a”™, T""}(2))d(T(2"), T(T"~(2)))
< P(d(z", T""H(2)))-

This imply that
d(z*, T"(2)) < "(d(z*,z)), forall n € N.
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Then, letting n — oo, we have

(2.13) T"(2) = x*.

Similarly, using (2.12) and (2.5), we get

(2.14) T"(z) — y* asn — 0.

Using (2.13) and (2.14), the uniqueness of the limit gives us * = y*. This finishes the proof. [
Remark 2.3. Theorem 2.1 (respectively, Theorem 2.2) can be derived from Theorem 2.3 (respectively,

Theorem 2.4) by taking s = 1. Consequently, all results in [75] can be considered as a corollaries of our
main results.

3. ULAM-HYERS STABILITY RESULTS THROUGH THE FIXED POINT PROBLEMS

Definition 3.13. Let (M, d) be a metric space and T : M — M be an operator. By definition, the fixed
point equation

(3.15) x=T(x)

is called generalized Ulam-Hyers stable if and only if there exists ¢ : Ry — R, which is increasing,
continuous at 0 and 1(0) = 0 such that for every € > 0 and for each w* € M an e-solution of the fixed
point equation (3.15), i.e. w* satisfies the inequality

(3.16) d(w*, T(w*)) <e

there exists a solution =* € M of the equation (3.15) such that

d(w”, z") < 1(e).
If there exists ¢ > 0 such that 1)(t) = c - t, for each t € R, then the fixed point equation (3.15) is
said to be Ulam-Hyers stable.

For Ulam-Hyers stability results in the case of fixed point problems see M. F. Bota-Boriceanu,
A. Petrusel [23], V. L. Lazar [60], I. A. Rus [70], I. A. Rus [72].

Regarding the Ulam-Hyers stability problem the ideas given in T. P. Petru, A. Petrusel and
J.-C. Yao [67] allow us to obtain the following result.

Theorem 3.6. Let (M, d) be a complete b-metric space with constant s > 1. Suppose that all the
hypotheses of Theorem 2.5 hold and additionally that the function 5 : [0,00) — [0,00), B(r) =
r — sip(r) is strictly increasing and onto. Then

(a) the fixed point equation (3.15) is generalized Ulam-Hyers stable.
(b) Fiz(T) = {z*} and if x,, € M, n € N are such that d(x,,,T(z,)) — 0, as n — oo, then
T, — ¥, as n — oo, L.e. the fixed point equation (3.15) is well posed.
(c) If g : M — M is such that there exists n € [0, 00) with
d(T(x),9(x)) <mn, forallx € M,

then
y* € Fiz(g) = d(z*,y*) < B (s n).

Proof. (a) Since T': M — M is a Picard operator, so Fiz(T) = {z*}. Lete > 0 and w* € M be a
solution of (3.16), i.e,

d(w*, T(w")) <e.
Since T is a-1)-contractive mapping of type-(b) and since «* € Fiz(T'), from (H) there exists
w* € M such that a(z*, w*) > 1, we obtain:

d(z*,w*) =d(T(z*),w") < s[d(T(x*), T(w*)) + d(T(w*), w")]
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< sla(z*, w)d(T(x*), T(w*)) + €] < s[(d(z*,w)) + ¢].
Therefore,
Bld(z*, w*)) == d(z*,w*) — syp(d(x*,w*)) < s+ = d(z*,w*) < 7 (s ¢).
Consequently, the fixed point equation (3.15) is generalized Ulam-Hyers stable.

(b) Since T is a-1)-contractive mapping of type-(b) and since z* € Fiz(T'), from (H) there
exists z,, € M such that a(z*,z,) > 1, we obtain:

d(xn, 2") < sld(@n, T(xn)) + d(T(2n), 27)] = sld(@n, T (2n)) + d(T(2n), T(27))]
< sld(zn, T(zn)) + (@n, 27)d(T (2n), T(2"))] < sld(zn, T(xn)) +p(d(2n, 7))
Therefore
Bld(xn, ")) = d(xp,z*) — s(d(zn, ")) < sd(xp, T(x,)) = 0asn — oo
— d(zp,z") > 0asn — o0 = x, — =¥, asn — 0.
So, the fixed point equation (3.15) is well posed.

(c) Since T is a-1-contractive mapping of type-(b) and since z* € Fiz(T), from (H) there
exists x € M such that a(z*, z) > 1, we obtain:

d(z,z*) < sld(z,T(x)) + d(T'(x),z*)] = s[d(x, T (z)) + d(T(x), T(z*))]
< sld(z, T(x)) + afz,2")d(T(z), T(z"))] < sld(x, T(x)) + (d(z, 27))].
Therefore
Bld(x,z%)) :=d(z,z") — syp(d(z,x*)) < s-d(z,T(x)).
So, we have the following estimation
(3.17) d(z,z*) < B s - d(z, T (x))).
Writing (3.17) for z := y* we get:

d(z*,y*) < B~ s -dy", T(y*))) = B~ (s - d(s(y*), T(y"))) = d(z*,y*) < B~ (s - ).

4. NON UNIQUE FIXED POINTS ON b-METRIC SPACES

In this section, inspired by the well-known non-unique fixed point of Ciri¢, we state and
prove some new non-unique fixed point theorems in the setting of b-metric spaces. Our results
improve the existence results in the literature, see e.g. [33,49,50,65]. We shall start to this section
by recalling the notion of orbitally continuous.

Definition 4.14. A mapping T on b-metric space (M, d) is said to be orbitally continuous if lim; o, 7" (z) =
z implies lim; oo T(T™ (x)) = Tz. A b-metric space (M, d) is called T-orbitally complete if every
Cauchy sequence of the form {T™(x)}52,, x € M converges in (M, d).

Remark 4.4. It is evident that orbital continuity of T yields orbital continuity of T™ for any m € N.

Theorem 4.7. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). If there is ¢ € U such that

(4.18) min{d(Tz, Ty), d(x, Tx),d(y, Ty)} — min{d(z, Ty), d(Tz,y) } < P(d(z,y)),
forall z,y € M, then for each xo € M the sequence {T"x },en converges to a fixed point of T
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Proof. For an arbitrary = € M, we shall construct an iterative sequence {z,, } as follows:

(4.19) 2o :=xand z,, = Tx,,_1 forall n € N.
We suppose that
(4.20) Ty # xp_q foralln € N,

Indeed, if for some n € N we have the inequality z,, = Tx,-1 = z,_1, then, the proof is
completed. By substituting * = x,,_; and y = z,, in the inequality (4.18), we derive that

min{d(Tz,—1,Txy), d(xn-1,Txn—1),d(Tn, Tzy)}

(4.21) —min{d(zn_1,Tzn), d(Tp_1,20)} < V(d(Tn_1,2)).

It implies that
(422) min{d(xna xn—kl)v d(.%‘n, xn—l)} < w(d(xn—la Zb’n))

Since ¢(t) < t for all t > 0, the case d(zy, xp—1) < Y(d(xp—1,2,)) is impossible. Thus, we have

(423) d(xna xn+1) < @D(d(xn*l’ l‘n))

Applying Remark 1.1 recurrently, we find that

(4-24) d(xn,xn—H) < ¢(d(l’n—179€n)) < ¢2(d('xn—27$’n—1)) <-e < ¢"(d($0a$1))'
By Lemma 1.2, we deduce that
(4.25) lim d(zp41,2,) = 0.

n—oo
In what follow we shall prove that the sequence {z, } is Cauchy.
Consider d(x,,, Tn+x) for k > 1. By using the triangle inequality (b3) again and again, we get
the following approximation

S[d(xna -rn—l—l) + d(xn—i—la xn—i—k‘)]
sd(Tn, Tnt1) + s{s[d(Tni1, Tng2) + d(Tni2, Tnir)]}
Sd(xna xn—i—l) + S2d(l’n+1, xn+2) + 32d(xn+2; xn—i—k)

d(xn, $n+k)

I IAIA

(4.26)
8d(Tp, Tpy1) + 82d(Tpa1, Tnao) + ...

P (@t k-2, Trnph—1) + 8 (T n k-1, Ttk
$d(Tp, Tni1) + 82d(Tpg1, Tnao) + ...
Sk_ld(iﬂnJrk;—Q, l’n+k—1) + Skd(l’n+k—1, 5Un—|—k:)7

+ A+ A -

since s > 1. Combining (4.24) and (4.26) we derive that

d(Tp, Tnrr) < sY™(d(xo, 1)) + s2" i d(zg, x1) + . ..
+ Sk71¢n+k72(d($0,$1)) + Skwn+k71(d($0,$1))
= (Ao @) + 5 (o, + -

+ SRR (d( 20, ) + MR IR (d(0, 21))].

(4.27)

Consequently, we have

1
—— [Poyr-1—Pp1], n>1k>1

— Y — Y
STL

(428) d(SCn, xn—i—k) <
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n o
where P, = Z s1p7(d(xg, 1)), n > 1. From Lemma 1.2, the series Z s1p7 (d(xg, 1)) is con-
j=0 j=0
vergent and since s > 1, upon taking limit n — oo in (4.28) we get
1
(4.29) lim d(x,,znr) < lim

n—o00 n—oo gn—1

[Pn—l-k—l - Pn—l] =0.

We conclude that the sequence {z,,} is Cauchy in (M, d).

Owing to the construction x,, = T"z( and the fact that (X, p) is T-orbitally complete, there
is z € M such that z,, — 2. Due to the orbital continuity of 7', we conclude that z,, — T'z.
Hence z = T'z which terminates the proof. O

Corollary 4.1. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). If there exists k € [0, 1) such that

(4.30) min{d(Tz,Ty),d(x,Tz),d(y, Ty)} — min{d(z, Ty),d(Tz,y)} < kd(z,y),
forall z,y € M, then for each xy € M the sequence {T"x¢}nen converges to a fixed point of T

If we take s = 1 in the previous corollary, we get the famous non-unique fixed point theorem
of Ciri¢.
Corollary 4.2. [Non-unique fixed point theorem of Cirié¢ [33]] Let T be an orbitally continuous

self-map on the T-orbitally complete standard metric space (M, d). If there is k& € [0, 1) such
that

min{d(Tz, Ty),d(x, Tz),d(y, Ty)} — min{d(z, Ty),d(Tx,y)} < kd(z,y),

for all z,y € M, then for each zy € M the sequence {T"z},en converges to a fixed point of T'.

Remark 4.5. Regarding the Example 1.6, we deduce that the analog of Ciri¢ non-unique fixed point
theorem, Corollary 4.2, in the setting of cone metric space with normal cone, is still valid (see e.g. [50]).

Theorem 4.8. Let T' be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M,d).

Suppose there exist real numbers a;,az, as, aq,as and a self mapping T : M — M satisfies the
conditions

(4.31) 0<

a4 — Q2
a; + as

<1, ag+azs#0, a1 4+azs+a3>0and0<a3z—as

(432) ald(T$7 Ty) +az [d(iE, T,I‘) + d(ya Ty)} +as [d(yv T$) + d(:E, Ty)] < a4d(x7 y) + a5d(x, TQm)
hold for all x,y € M. Then, T has at least one fixed point.

Proof. Take zy € M be arbitrary. Construct a sequence {z, } as follows:
(4.33) Tn+1 :=Tx, n=012, ..

When we substitute = = z,, and y = z,, 1 on the inequality (4.32), it implies that
(4.34)
Cbld(TIn, Txn—H) + az [d(xru Tmn) + d(xn—l—laTxn—l—l)} + as [d($n+17T$n) + d(ﬂi‘n, Txn—i—l)]
< agd(xp, Tny1) + asd(x,, T?x,,)

for all a;, az, as, a4, as that satisfy (4.31). Due to (4.33), the statement (4.34) turns into
(4.35)

a1d(Tpg1, Tny2) + a2 [d(@n, Tug1) + d(@ng1, Tny2)]| + a3[d(@ng1, Toyr) + d(@n, Tn)]
< asd(Tp, Tpy1) + asd(Ty, Tni2).
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By a simple calculation, one can get

(4.36) (a1 + a2)d(Tpa1, Tnio) + (a3 — as)d(zy, Trio) < (ag — a2)d(Ty, Tpi1)

which implies

(4.37) d(Tpi1, Tnao) < kd(Ty, Tri),

where k = 422, Due to (4.31), we have 0 < k < 1. Taking account of (4.37), we get inductively
(4.38) (2, Tpyr) < kd(n_1,2n) < E2d(Tp_o,Tp_1) < - < E"d(z0, 21).

We shall prove that (z,,),en is a Cauchy sequence.
d(@p, Tnip) < 8- d(Tn, Tngr) + 57 d(Tpi1, Tng2) + oo+ P72 (T po3, Tngp-o)+

+sP7h d(@n4p-2, Tntp-1) + 8" d(@nip-1, Tnyp)
<s-k"-d(zo,x1) 4+ 8% k" d(x, 1) + ..+
+ P72 KPS (g, ) + 8P KPR d (20, 1 )+
+ 8P kTP d (g, 2)
= Snl. r [s"TL k™ d(mo,x1) + .o+ S"TPTEEMTPTL d(2g, )+
+s"P KM d (20, 21) ]

1
< k. [s"TH k" d(mo,20) + . 4 SMTP R d (2, 2)
sm -
1 nte
Tk i—;rlSZ k- d(xo, 1)
1 S
< Oy -i_;rls k' d(xg, x1).

The precedent inequality is

oo

1 o
— Z s k' d(xg,x1). — 0as n — oo.

d(xnaxn—i-p) < sk
1=n-+1

Thus (2, )nen is a Cauchy sequence.

As in the proof of previous theorem, regarding the construction z,, = 17"z together with the
fact that (X, p) is T-orbitally complete, there is = € M such that x,, — z. Again by the orbital
continuity of 7', we deduce that x,, = T'z. Hence z = T'z. O

Theorem 4.8 is still valid in the context of standard metric space.
Corollary 4.3. (See [49]) Let T' be an orbitally continuous self-map on the T-orbitally complete standard
metric space (M, d).

Suppose there exist real numbers a1, as,as, as, a5 and a self mapping T : M — M satisfies the
conditions

(4.39) 0<

g — G2
a1+a2

<1, ag+as#0, a1 +as+a3 >0and0 < az — as

(440) a1d(Tx, Ty)+as[d(z, Tz)+d(y, Ty)] +asld(y, Tz) +d(z, Ty)] < asd(z,y) +asd(z, T?z)
hold for all x,y € M. Then, T has at least one fixed point.
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Remark 4.6. As we discuss in Remark 4.5, we obtain the analog of Theorem 4.8 in the context of cone
metric spaces. More precisely, again taking Example 1.6 into account, one can derive that Corollary 4.3
is also still fulfilled in the setting of cone metric space with normal cone (see e.g. [49]).

Theorem 4.9. Let T be an orbitally continuous self~map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists 1p € W such that

(4.41) P Qi) < y(d(x, y)),

forall z,y € M, where

P(z,y) =min{d(Tx,Ty)d(x,y),d(x, Tx)d(y, Ty)},

Q(z,y) =min{d(z,Tz)d(z,Ty),d(y, Ty)d(Tz,y)},
R(x,y) = min{d(z,Tx),d(y,Ty)}.

with R(x,y) # 0. Then, for each xo € M the sequence {1z }nen converges to a fixed point of T

Proof. As in the proof of Theorem 4.7, we shall construct an iterative sequence {z,}, for an
arbitrary initial value x € M:

(4.42) xo =z and x, = Tz,_; foralln € N.
As it is discussed in the proof of Theorem 4.7, we suppose
(4.43) Ty # Tp_q forallm € N.
By substituting = z,,_; and y = x,, in the inequality (4.41), we derive that
(4.44) Plnoyfn) = Qustn) < (d(zp1,70)),
where

P(l'n—la -T;n) = min{d(Txn—l ) Txn)d(mn—la $n), d(mn—la T$n—1)d(xna Txn)}7
Q(xn—la xn) = min{d(xn—l ) Tl'n_l)d(ﬂ?n_l, Txn); d(xna Txn)d(Txn—la xn)}7
R(xp_1,x,) =min{d(x,_1,Txn_1),d(xn, Tx,)}.

Due to axioms of b-metric space , we find that

d(xna xn—i—l)d(xn—la xn)

44
( 5) min{d(xn—lvxn)7d(xn7xn+l)

} S ¢(d(xn—1>xn>)a

If R(xp—1,2,) = d(xn, Tnt1), then, the inequality (4.45) turns into

(4.46) d(xp—1,2n) < V(d(Th-1,2Tn)) < d(Tpn-1,Tn),

which is a contraction, since ¢(t) < ¢ for all t > 0. Accordingly, we deduce that

(4.47) d(Tn; Tnt1) < Y(d(Tn—1,2n)).

Applying Remark 1.1 recurrently, we find that

(4.48) A(Tn, Tnt1) < Y(d(Tp-1,20)) < Y d(Tn—2,7p-1)) < - < P"(d(20,21)).
By Lemma 1.2, we deduce that

(4.49) nh_)rglo d(Tpt1,Tn) = 0.

The rest of the proof is a verbatim repetition of the related lines in the proof of Theorem 4.7.
O
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Corollary 4.4. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists k € [0, 1) such that

(4.50) PP -QEY) < kd(x,y),

forall z,y € M, where

P(z,y) =min{d(Tz, Ty)d(z,y),d(z, Tz)d(y, Ty)},

Qz,y) = min{d(z, Tx)d(z, Ty), d(y, Ty)d(Tz,y)},

R(z,y) =min{d(z,Tx),d(y,Ty)}.
with R(x,y) # 0. Then, for each xo € M the sequence {T"x }nen converges to a fixed point of T
Corollary 4.5. [Nonunique fixed point of Achari [1]] Let 7" be an orbitally continuous self-map

on the T-orbitally complete standard metric space (M, d). Suppose that there exists k& € [0,1)
such that

(4.51) PP -QLY) < kd(x,y),

for all z,y € M, where

P(z,y) = min{d(Tz,Ty)d(z,y),d(z, Tz)d(y, Ty)},
Q(z,y) =min{d(z, Tx)d(z, Ty),d(y, Ty)d(Tz,y)},
R(z,y) = min{d(z,Tx),d(y,Ty)}.

with R(z,y) # 0. Then, for each zy € M the sequence {T"xz(},en converges to a fixed point of
T.

Theorem 4.10. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists k € [0, 1) such that

(4.52) m(z,y) —n(z,y) < kd(z, Tz)d(y, Ty),
forall z,y € M, where

m(z,y) = min{[d(Tz, Ty)|?, d(z,y)d(Tx, Ty), [d(y, Ty)]*},
n(r,y) = min{d(z,Tz)d(y,Ty),d(z, Ty)d(y,Tz)}

with R(x,y) # 0. Then, for each o € M the sequence {T™ ¢}, cn converges to a fixed point of T

Proof. By following the lines in the proof of Theorem 4.7, we shall formulate an recursive se-
quence {x,,}, for an arbitrary initial value z € M:

(4.53) 2o =z and z,, = Tz, _; forall n € N.
Regarding the analysis in the proof of Theorem 4.7, we assume that
(4.54) Ty # xp_q foralln € N,

By replacing * = z,,—; and y = z,, in the inequality (4.52), we observe that
(4.55) m(Tp-1,Tn) — (Tp—1,%n) < kd(xp_1,TTn_1)d(xn, TTy),
where

m(Tn_1,2,) = min{[d(Tx,_1,T2z,))% d(@n_1,2n)d(Txn_1,T2y), [d(xn, Tz,)])?},
n(Tp—1,2n) =min{d(z,_1,Txn_1)d(Tn, Tr,),d(xn—1,Tx,)d(xn, TrHm_1)}.

By utilizing the above inequality, we get that
(4.56) m(Tp—1,Tn) < kd(p—1,2n)d(Tn, Tnt1),
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where m/(z,, 1, z,,) = min{[d(z,, 1,11)]?, d(xr_1,7,)d(2y, Tri1)}. Notice that the case m(x,,_1,1,) =
d(xp—1,%n)d(Tn, xn11) is impossible. Indeed, in this case, since ¢ (t) < t for all ¢ > 0, the in-
equality (4.56) turns into

(4.57) A(Tr—1, Tn)d(Tn, Tpy1) < kd(@p—1,Tn)d(Tn, Tni1)
It is a contradiction since k < 1. Appropriately, we infer that

(4.58) [d(Zn, Try1)]? < kd(Tn_1,20)d(Tn, Tni1)
which is equivalent to

(4.59) d(Tp, Tnt1) < kd(zp—1,Tn).
Recurrently, we find that

(4.60) A(Tp, Tpt1) < k™d(xo,x1).

The rest of the proof is a verbatim repetition of the related lines in the proof of Theorem 4.8. [
Theorem 4.8 is still valid in the context of standard metric space.

Corollary 4.6. [Nonunique fixed point of Pachpatte [65]] Let 1" be an orbitally continuous
self-map on the T-orbitally complete standard metric space (M, d). Suppose that there exists
k € [0,1) such that
for all z,y € M, where

m(z,y) = min{[d(Tz, Ty)]?,d(z,y)d(Tz,Ty), [d(y, Ty)*},

n(z,y) = min{d(z, Tx)d(y, Ty), d(z, Ty)d(y, Tx)}
with R(z,y) # 0. Then, for each zy € M the sequence {T"x(},en converges to a fixed point of
T.

Remark 4.7. One can deduce the analog of Theorem 4.10 in the context of cone metric spaces as it
mentioned in Remark 4.5.

5. ON GENERALIZED « — ¥)-GERAGHTY CONTRACTIVE MAPPING

Now, we are ready to state and prove our main results. Let ¥ be set of all increasing and
continuous functions ¢ : [0,00) — [0,00) with »~1({0}) = {0}. Let F be the family of all
nondecreasing functions 3 : [0,00) — [0, 1) which satisfy the condition

1
(5.62) lim B(t,) = — implies lim ¢, =0,
n— oo S n— oo

for some s > 1.

Definition 5.15. Let (M, d) be a b-metric space and T' : M — M be a self-map. We say that T is a
generalized oo — -Geraghty contractive mapping whenever there exist o : M x M — [0, c0) and some
L > 0 such that for

d(z, Ty) + d(y, Tx)

(5.63) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), o }
(5.64) and N(z,y) = min{d(z, Tx),d(y, Tx)},

we have

(5.65) a(, y)(s*d(Txz, Ty)) < B(E(z,y)(E(x,y)) + Lo(N (2,y)),

forall z,y € M, where § € F and 1, ¢ € V.
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Remark 5.8. Since the functions belonging to F are strictly smaller than 1, the expression (¢ (E(z,y)))
in (5.65) can be estimated as

B (E(z,y))) < é forany x,y € M with z # y.

Theorem 5.11. Let (M, d) be a complete b-metric space and T : M — M be a generalized o — 1)-
Geraghty contractive mapping such that

(7) T is triangular a-orbital admissible;

(14) there exists xo € M such that a(xo, Txo) > 1;

(#i3) T is continuous.

Then T has a fixed point.

Proof. Let z9 € M be such that a(xg, Tz9) > 1. We construct an iterative sequence {z,,} such
that

Tpt1 =Txy, n € Np.

If there exists an ng such that T'z,,, = z,, for some ng, then z,,, is a fixed point of 7" which
completes the proof. Thus, without loss of generality, we assume that

(5.66) Ty # Tpaq forall m € Ny.
The mapping T is triangular c-orbital admissible, by Lemma 2.3, we have
(5.67) Ty, xne1) > 1, forall n € No.

By taking x = x,,—; and y = x,, in the inequality (5.65) together with the inequality (5.67) and
regarding that ¢ is an increasing function, we obtain
(5.68) V(d(2n, Tny1)) = Y(A(TTp_1,T2n)) < @p_1, 22)00(s°d(Txp_1, Txy))
< BW(M(zp—1,20))) (M (Tp—1,20)) + LO(N (Tn—1,2n)),
for all n € N, where
d(xp—1,Txy) + d(xp, TTp_1)

M(xn—17ajn) = maX{d(CIjn_l,xn),d(CEn_l,T.an_l),d(xn,Txn), 9 }
s
d n—1, n d noy n
= max{d(iﬁn—la xn); d(m’n—la xn)7 d(ﬂ?n, mn+1)7 (x LY +;l i (x & ) }
= max{d(xn_1,%n), d(Tpn, Tni1), d(xn_;, an)}
s
and
(5.69) N(zp_1,2,) =min{d(xp_1,TTn_1),d(xn, Txn_1)}
= min{d(xp—1,Tn),d(Tn,x,)} = 0.

Since

d(xn—lyxn—l—l) < S[d(xn—lwxn) + d(ﬂ?n, Jjn—l—l)]

9 95 < maX{d(xn—laxn)7d(xnaxn—l—l)}a

then we get

(5.70) M(zp—1,25) < max{d(z,—1,Zn), d(Tn, Tni1)}

Taking (5.70) and (5.69) into account, (5.68) yields that

(5.71) (d(@n, Tnt1)) < V(8 A0, Tnt1)) < a(@n-1, 20) (5 d(n, Tnt1))
< BWM (2n—1, zn))p(max{d(zn—1,2n), d(Tn, Tni1)})-
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If for some n € N, we have max{d(z,—1,%n), d(Tpn, Tnt1)} = d(xn,Tny1), then by (5.71) and
Remark 5.8, we get

5.72) ¢(d($naxn+1)) < B(w(M(xn—l,xn))¢(d($n7$n+1) < éw(d(fpmxn—i—l) < ¢(d($m$n+1):

which is a contradiction. Thus, from (5.71) we conclude that
(5.73)

Y(d(@n, Tnt1)) < BO(M (Tn—1,20)))P(d(@n-1,2n)) < %w(d(l’n—hxn)) < Y(d(zn-1,70)),

forall n € N. Hence {¢)(d(zy, zn+1))} is a non-negative decreasing sequence. Since v is increas-
ing, so the sequence {d(z,, z,+1)} is non-increasing. Consequently, there exists § > 0 such that
lim d(zy,znt1) = 0. We claim that 6 = 0. Suppose, on the contrary that

n—oo

(5.74) lim d(x,,zp41) =39 > 0.

n—oo

Since s > 1, the inequality (5.73) can be estimated as

1
(5.75) SYd(@n, 2ny1)) < P(d(@n, Tot)) < BO(M(2n-1, 20)))¥(d(Zn-1, 2n)).
Regarding (5.66), the inequality (5.75) implies that

1 w(d(xm xn—i-l))
sY(d(rp_1,7n))

It yields that lim A((M (,-1,2,))) = % Since § € F, then lim (M (r,_1,2,)) = 0. We
deduce that

[

< BW(M(xp-1,20))) <

lim ¢(d(fﬁn, mn—i—l)) = 0.
n—00

Thus, regarding the fact that d(z,,, z,,+1) — ¢ and the continuity of v, we derive that ¢(§) = 0.
Since ¢~ 1({0}) = {0}, sod = 0, which is a contradiction. Thus, we have

(5.76) lim d(z,,z,4+1) = 0.

n—oo

Now, we claim that

m’lflrgoo d(xpn, xm) = 0.

Assume on the contrary that exist ¢ > 0 and subsequences {x,, }, {xn, } of {z,,} withn;, > m; >
¢ such that

(5.77) d(Tm,;, Tn,;) > €.

Additionally, corresponding to m;, we may choose n; such that it is the smallest integer satis-
tying (5.77) and n; > m; > i. Thus, we have

(5.78) d(Tm;, Tn;—1) < €.
From (5.77) and the triangle inequality, we obtain
€ < d(xn;s Tm,) < 8d(Ty,, Tny .y ) + 5d(Tn,, > Tm,)
(5.79) < 8d(Tnys Tnsy) + 82 ATy ys Ty ) + 82 A(Tony 1 Ty )-
Letting ¢ — oo and regarding (5.76), the inequality (5.79) yields that

(5.80) s% < limsup d(@n,,,: Tm,,,)-

17— 00
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By Lemma 2.3, recall that
(5.81) (T, Tn,) > 1.
Consequently, by (5.65) we have
(5.82) Y(d(Tn,, s Ty ) = V(AT T, Trm,))
< 1/}(3 d(Tzy,, Txm,)) < a(wmi,xm)zﬁ(ssd(T:L'ni,Txmi))
< BWOM (2, T, ) )V (M (T Timy)) + LP(d(Tiny s Tn,))),
where
(5.83)
Az, Txm,) + d@xm,, Tzy,) )
2s
d(Tn, xMi+1) +d(zpm,, mm+1)
2s

M(xp,, Tm,) = max{d(Tn,, Tm, ), d(Tn,, TTn,), A(Tm,, TTm,),

2

= max{d(Tn,, Tm,), d(ZTn;s Tn,\ ), ATy, Ty )
and
N(zp,, Tm,) = min{d(zn,, Txn,), d(Xm,;, TTp,)} = min{d(xn,, Tn,4+1), A Tm,;, Tn,+1)}-
Notice that

(5.84)
d(‘/’cni?xmi+1) + d('rmi7'rni+1) < S[d(fﬁmaxmi) + d(mmmxmi+1)] + S[d(xmmxni) + d(xni7$ni+1)]
2s - 2s
and
(5.85) A(Tp;, Tm,;) < S[d(Tn,, Tn,—1) + AT, -1, Tm,)] < $A(Tp,;, Tn,—1) + SE.
Taking (5.78), (5.84) and (5.85) into account, we find that
(5.86) limsup M (z,,,, Tm,) < se, and
71— 00
(5.87) lim N(x,,, Tm,) =0.
11— 00

By taking the upper limit as i — oo and regarding the condition (7'4) together with the expres-
sions (5.80), (5.86) and (5.87), the inequality (5.82) becomes

1 )
JYse) = w(se) < lim sup U(s® d(Tn,y ) Ty, )
< limsup a(m,, Tn, ) )Y (s 3d(*’£m+1v$mi+1))
1—00

= lim sup (@, , Tn, )V(s*°d(T 20, , TT1n,))

< h?i igp[ﬁ(w( (Zn;, T ) (M (T, T, ) + LO(N (A2, , T, )]
< éw(ss)-

Then lim sup B((M (xn,, Tm,))) = 1 Due to the fact 8 € F, we have

1—> 00 S

lim sup (M (2, , Tm,)) = 0.

71— 00
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Thus, we conclude that

lim Y (d(@n,, Tm,)) = 0.

11— 00
Therefore, by continuity of ¢ and the fact that v~ ({0}) = {0}, so
(5.88) lim d(x,,,xm,) =0,

71— 00

which is a contradiction with respect to (5.77). We deduce that {z,} is a Cauchy sequence in
(M,d). Since (M, d) is a complete b-metric space, there exists 2* € M such that lim z, = z*.

n—oo

The mapping 7' is continuous and it is obvious that T'z* = z*. O

We replace the continuity of the mapping 7" in the above theorem by a suitable condition on
X.

Theorem 5.12. Let (M, d) be a complete b-metric space and T' : M — M be a generalized o — 1)-
Geraghty contractive mapping such that

(1) T is triangular a-orbital admissible;

(i) there exists xy € M such that a(xg, Txo) > 1;

(131) X is a-regular.

Then T has a fixed point.

Proof. Following the lines in the proof of Theorem 5.11, we conclude that nan;o x, =" If Xis
a-regular, then since a(xz,,, z,+1) > 1, so there exists a subsequence {z,, } of {x,} such that
(5.89) a(Tp,,z™) > 1,

for all k. By triangular inequality
d(x*,Tz*) < sd(x*, xpn,+1) + sd(xp,+1,TT")
=sd(x*,zp, +1) + sd(Txy,, , Tx").
Letting k£ tends to infinity
(5.90) d(z*,Tz*) < liminf sd(Tzy,, Tz").

k—o0
Having ¢ € ¥, (5.89) and (5.90), so
Y(s*d(2", Ta")) < lim $(s°d(Tan,, T2")) < m alzn,,,, 2" ) (s d(Ton,, Tz"))
591) < T [B(M (@, 5)) (M (7)) + LON (7))

We have
d(xp,, Tx*) +d(z*, Txy,)

M(xp,,x*) = max{d(zn,,z"),d(zy,, Tx,, ), d(x", Tx"), 55 }
= max{d(zy,,z"),d(Tn,, Tn,,,),dx", Tz"), d(zn,, Tx") ;d(x*,xnkH) V
and
N(xp,,z") = min{d(z,,, Ty, ), dx*, Tz, )}
= min{d(zy,, Tn,., ), d(x*, 2n, )}
Recall that

d(xp,, Tx*) + d($*,l‘nk+1) < sd(xy, ,x*) + sd(z*, Tx*) + d(z*, $nk+1)
2s - 2s
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Then, by (5.76), we get that

lim sup d(xnk’Tw*) + d(z”, xnk+1) < d(z*, T$*) '
k—o0 28 2

When £ tends to infinity, we deduce

lim M(z,,,z*) = d(z*, Tx*),

k—o00

and

lim N(z,,,z*)=0.

k—o0

Since 5(¢Y(M (xn,, ")) <

1
—,Vk € Nso by (5.91)
s

Y(sPd(a Te")) < Sp(d(e, Ta")) < 9(d(e, Ta")).

Since ¢ € U, so the above holds unless d(z*,Tz*) = 0, thatis, Tz* = z* and z* is a fixed point
of T 0

For the uniqueness of a fixed point of a generalized a — 9 contractive mapping, we will
consider the following hypothesis.

(H) Forall z,y € Fix(T), either a(z,y) > 1 or a(y, z) > 1.
Here, Fix(T') denotes the set of fixed points of T'.

Theorem 5.13. Adding condition (H) to hypotheses of Theorem 5.11 (respectively, Theorem 5.12 ), we
obtain uniqueness of the fixed point of T

Proof. Suppose that z* and y* are two fixed points of 7. Then we have, it is obvious that
M(x*7y*) — d(m*7y*) and N(.T?*,y*) —0.So

Y(d(x*,y*)) < p(sPd(Ta*, Ty"))

< oz, y" ) (P d(Tz*, Ty"))

< B(M(z*,y*)))p(M(z*,y")) + Lé(N (2™, y))
1

< —Y(d(z", %)) < Pld(a”, 7)),

which is contradiction. O

Definition 5.16. Let (M, d) be a b-metric space and T' : M — M be a self-map. We say that T is a
generalized a—1)-Geraghty contractive mapping of type (B) whenever there exists o : M x M — [0, 00)
such that for

d(z, Ty) + d(y, Tx)

(5.92) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), 55 }
we have
(5.93) a(z, y)(s*d(Txz, Ty)) < B(p(E(z,y)) b (E(x,y))

forall z,y € M, where § € F and ¢ € V.

By verbatim of the proofs of Theorem 5.11, Theorem 5.12 and Theorem 5.13, we get the
following results:
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Theorem 5.14. Let (M, d) be a complete b-metric space and T : M — M be a generalized o — 1)-
Geraghty contractive mapping of type (B) such that

(7) T is triangular a-orbital admissible;

(11) there exists xo € M such that a(xo, T'xo) > 1;

(t37) either T is continuous or X is a-reqular.

Then T has a fixed point.

Theorem 5.15. Adding condition (H ) to hypotheses of Theorem 5.14, we obtain uniqueness of the fixed
point of T..

Example 5.9. Let X be the set of Lebesgue measurable functions on [0, 1] such that

/1 (t)|dt < 1.
0
d(z,y) = ( / 2(t) — y(0)]de)>.

Then, d is a b-metric on X with s = 2.
The operator T' : M — M is defined by

Defined : M x M — [0, 00) by

Ta(t) = %ln(l + ().

Consider the mappings o : M x M — [0,00), 8 : [0,00) — [0, 1) and
Y : [0,00) — [0, 00) defined by

alz,y) = { Lifx(t) > y(t),vt € [0, 1],

0 otherwise.

1 2
o) =t and Bt = I ;ﬂ” .
Evidently, ¢ € W and 3 € F. Moreover, T is a triangular c-orbital admissible mapping and o(1,T1) >
1.

Now, we shall prove that T is a generalized o — p-Geraghty contractive mapping. In fact, for all
t € [0, 1], we have

Va@(®), y )b (AT, Ty(D))) < \/ 2([ [Ta(t) = Ty(v)ary
<2v2 [ 701+ [2(0) = 3In(1 + ly(o))
RESE0]
f/' 1+|<t>|)'dt
/ 1 <t>r| é la(t)l = (o),

1+ |y(t)]

< / (1 + [2(8)] — |y(t)))|dt
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By Lemma 8.4 (given in Appendix), we get

/O (1 + [2(8)] — [y(6)))]dt < In( / (1+ |a(t) — y(B))dt) = In(1 + / 2(t) — y(8)de).
Therefore

Val@ (@), sV dT2(0), Ty®) < —=ln(1 + / 2(t) — (1) dt)

n(l++/d(x,y))

&\H%\H

So, we obtain

(In(1 + Vd(z,y)))?

[\DIH

a(z(t), y(t)y(s*d(Ta(t), Ty(t))) <
% In(1++/E(x,y))

_ (In(1 + VE(z, y)))2
2E(z.y) E(z,y)
= B (E(x,9))) P(E(z,y))-
Thus, by Theorem 5.14, we see that T' has a fixed point.

6. CONSEQUENCES

In this section, we shall demonstrate that several existing results in the literature can be
easily concluded from Theorem 5.13.

6.1. Standard fixed point theorems in b-metric. By taking a(z,y) = 1 in Theorem 5.13, for all
x,y € M, we obtain immediately the following fixed point theorem.

Corollary 6.7. Let (M, d) be a complete b-metric space with s > 1 and T': M — M be a mapping on
X. If there exists L > 0 such that for all z,y € M,

(6.94) Y(s*d(Tw, Ty)) < BW(E(z, ) (E(z,y)) + Lo(N(z,y)),

where p € F, 1, ¢ € Vand

d(z,Ty) + d(y, Tx)
2s

(6.96) and N(z,y) = min{d(z, Tx),d(y, Tx)},

then T' has a unique fixed point.

(6.95) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), }

By taking a(x,y) = 1in Theorem 5.15, for all z, y € M, we obtain immediately the following
fixed point result.

Corollary 6.8. Let (M, d) be a complete b-metric space with s > 1 and T : M — M be a mapping on
X such that for all x,y € M,

(6.97) Y(s*d(Tx, Ty)) < B (E(x,y)))Y(E(,y))
where p € F, 1 € Vand

d(x, Ty) + d(y, Tx)
2s

(6.98) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), }.
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Then T has a unique fixed point.

If we put a(z,y) = 1,Va,y € M, L = 0 and 9(t) = t in Theorem 5.13, we may state the
following result.

Corollary 6.9. Let (M, d) be a complete b-metric space with s > 1 and T : M — M be a mapping on
X such that forall x,y € M,

s°d(Tx,Ty) < B(E(xz,y)) E(z,y)
where 5 € F and
d(z, Ty) + d(y, T'z)
25

(6.99) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), }.

Then, T has a unique fixed point.

If we take s = 1 and 5(t) = t%l for ¢t > 0 in Corollary 6.9, we deduce the following result.

Corollary 6.10. Let (M, d) be a complete metric space and T : M — M be a mapping on X such that
forall x,y € M,

E(z,y)
d(Tz,Ty) < HE—(QS,Z/)

Then T has a unique fixed point.

6.2. Fixed point theorems on b-metric spaces endowed with a partial order. On the last decade,
several exciting developments have been reported in the field of existence of fixed point on met-
ric spaces endowed with partial orders see e.g. [64,69,81]. In this section, from Theorem 5.13
(and also from Theorem 5.15), we shall easily conclude some fixed point results on a b-metric
space endowed with a partial order. First of all, we recall some basic concepts:

Definition 6.17. Let (M, <) be a partially ordered set and T : M — M be a given mapping. We say
that T is nondecreasing with respect to < if

r,ye M, x Jy=—=Tx X Ty.

Definition 6.18. Let (M, <) be a partially ordered set. A sequence {x,,} C X is said to be nondecreas-
ing with respect to < if x,, = x,,41 for all n.

Definition 6.19. Let (M, <) be a partially ordered set and d be a b-metric on X. We say that (M, =<, d)
is reqular if for every nondecreasing sequence {x,,} C X such that x,, — x € M as n — oo, there
exists a subsequence {x,, )} of {xy} such that x, ) = x for all k.

We have the following result.

Corollary 6.11. Let (M, =) be a partially ordered set and d be a b-metric on X such that (M,d) is
complete . Let T' : M — M be a nondecreasing mapping with respect to <. Suppose that there exist
functions B € F, 1 € ¥ such that

(6.100) Y(s*d(Tx, Ty)) < B (E(x,y)))¢(E(2,y))
and
d(z,Ty) + d(y, Tx)
2s
forall x,y € M with x = y. Suppose also that the following conditions hold:
(i) there exists x¢y € M such that xq < Txo;

(6.101) E(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), }
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(ii) T is continuous or (M, =<, d) is reqular.
Then T has a fixed point. Moreover, if for all x,y € Fix(T') either x < y or y =< x, we have uniqueness
of the fixed point.

Proof. Define the mapping « : M x M — [0, 00) by

ae) = {
Clearly, T'is a generalized o — 1) contractive mapping, that is,

a(z, y)(s*d(Tx, Ty)) < B(E(z,y))(E(x,y)),

for all z,y € M. From condition (i), we have a(zo,Tz9) > 1. On the other hand, for all
x,y € M, from the monotone property of T, we have

lifx <yorzxz >y,
0 otherwise.

alz,y) > 1=z =yorz y=—=Tae=TyorTe X Ty = o(Tz,Ty) > 1.

So T' is a—admissible. In case of T is continuous, the existence of a fixed point is concluded
from Theorem 5.14. Now, assume that (M, <, d) is regular. Let {x,,} be a sequence in X such
that a(x,,, z,41) > 1forallnand z,, = © € M as n — oo. From the regularity hypothesis, there
exists a subsequence {x, ) } of {z, } such that z,,(;;y < = for all £. It yields from the definition of
a that a2, 1), ) > 1 for all k. In this case, the existence of a fixed point follows from Theorem
5.14. To prove the uniqueness, let z,y € M. Due to the hypothesis, we have a(z,y) > 1 and
a(y,x) > 1. Hence, by Theorem 5.15, we conclude the uniqueness of the fixed point. U

The following results are immediate consequences of Corollary 6.11.

Corollary 6.12. Let (M, <) be a partially ordered set and d be a b-metric on X such that (M,d) is
complete . Let T' : M — M be a nondecreasing mapping with respect to <. Suppose that there exist
functions 3 € F and 1) € V such that

(6.102) Y(s*d(Tz, Ty)) < B((d(z, ) (d(z,y))

forall x,y € M with x > y. Suppose also that the following conditions hold:

(i) there exists xo € M such that xqg =< Txg;

(ii) T is continuous or (M, =<,d) is reqular.
Then T has a fixed point. Moreover, if for all x,y € Fix(T') either x < y or y < x, we have uniqueness
of the fixed point.

Remark 6.9. In fact, in all results above, one can take s = 1 to conclude the existing results in the
literature.

7. APPLICATION

As an application, we consider the following integral equation

1
(7.103) o) =h(t) + [ KEOT(E2(©)de, Ve 0.1)
0
Let €2 denote the class of non-decreasing functions w : [0, 00) — [0, 00) verifying
(w(t)" <t"w(t"), forall7>1 and Vt> 0.

We will analyze equation (7.103) under the following assumptions:
(a1) h:[0,1] — R is a continuous function,
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(ag) T :[0,1] x R — Ris a continuous function, T'(¢,z) > 0 and there exists w € ) such that
forall z,y € R,
T, x) = T(ty)| <w(z —yl)
with w(t,) — 27« 57— as n — oo implies that lim ¢, =0,

n—oo

(ag) k :[0,1] x [0,1] — R is continuous in ¢t € [0, 1] for every £ € [0, 1] and is measurable in
¢ €[0,1] forall t € [0, 1] such that k(¢,z) > 0 and

1 1
/0 k€ <

™

Consider the space M = C([0, 1]) of continuous functions with the standard metric given by

p(z,y) = o [2(t) — y(t)],Yz,y € C([0,1]).

Now, for r > 1, we define

d(z,y) = (p(z,y))" = (tzl[ép” |z(t) —y(®)])" = Su |z(t) =y, v,y € C([0,1]).

Note that (M, d) is a complete b-metric space with s = 271,
Theorem 7.16. Under assumptions (a1)— (a3 ), the equation (7.103) has a unique solution in C(|0, 1]).
Proof. We consider the operator 7" : M — M defined by

T(a)(t) = h(t) + / K(LET(E, 2(6))dE, L€ [0,1].

By virtue of our assumptions, 7" is well defined (this means that if z € M then T'x € M). Also,
for z,y € M, we have

T()(t) — T(y)(1)] = h(t) + / K(t,€)T(E, 2(€))dé — h(t) - / B(L€)T(E, 2(6))de
< /0 K(t.©)\T(E, 2()) — T(€,y(6))|de
< / k(t, €) w(|2(€) — y(€)|)de.
0

Since the function w is non-decreasing, so

w(lz(§) —y(©)]) < w( sup [x(£) —y(§)]) = wlp(z,y)).

t€[0,1]

Therefore

T (x)(t) = T(y) ()] < w(p(e,y)).

23=7
Now, we have

d(Tz,Ty) = tz%pl] T(z)(t) = T(y) ()"
erelpe )" < (o) w(d(z.)
< sr=aw(B(x,9)) B.y),

IN

that is,
s°d(Tz,Ty) < B(E(x,y)) E(x,y),
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where s = 277! and 3(t) = w(t). Notice that, if w € F, so 8 € F. By Corollary 6.9, equation
(7.103) has a unique solution in C0, 1] and the proof is completed. O

8. APPENDIX

Lemma 8.4. Let (X, ) be a measure space such that u(X) = 1. Take f € L*(X, p) satisfying the
condition T(z) > 0 forall z € M. Then, In(f) € L*(X, u) and

/hﬂ(f)du < ln(/fdu)-

Proof. Put g( ) :=t—1—In(t) and h(t) :== 1 — 7 — In(¢) for ¢t > 0. Then, ¢'(t) = 1 —  and
W (t) = = — . Clearly, notice that

gt) >g(1)=0 and h(t) <h(l)=0 Vit>D0.
We deduce
(8.104) t—lZln(t)>1—% Vt>D0.

Since T is measurable and In is continuous, then In(f) is measurable. Now, for all x € M let
¢t = L@ i (8.104). So, we have

[EilE
[FA[Tpp— o T

Since both right hand and left hand of [In(7'(x)) — In(]| f [|1)] is integrable, so In(7(z)) — In(||
f |]1) is integrable. We also have

Jncre) —wdl £ i< [ <% )y =o.
Therefore,
[t du <[ saw
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1. INTRODUCTION

For a function defined on the interval [0, 1], the Bernstein operators (B,, f) ,n > 1, are defined
by

(1.1) Zf( )pnk()a n>1,

where p,, 1 (z) = 2¥(1 — 2)"~* is the well-known Binomial distribution and called Bern-

n
k
stein basis (0 < z < 1). These polynomials were introduced by Bernstein [9] in 1912 to give the
tirst constructive proof of the Weierstrass approximation theorem.

For detailed approaches to this operator see the fundamental book of G.G. Lorentz [27].

In his Ph.D. thesis [12] written under the direction of G.G. Lorentz and afterwards in the pa-
per [11], the famous German mathematician P.L. Butzer considered two dimensional Bernstein
polynomials on the square O := {(z,y) : 0 < x,y < 1} as follows:

Bm(f;2,) ZZf(— —)pnk( ) D, (9)

k=0 5=0

where p,, 1. (t) = tF(1 — )k,

n
k

At the beginning, the theory of approximation is strongly related with the linearity of the
operators. But, thanks to the approachs of the Polish mathematician Julian Musielak, see [29],
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and continuous works of C.Bardaro, G. Vinti and their research group, this theory can be ex-
tended to the nonlinear type operators, under some specific assumptions on its kernel func-
tions, see the fundamental book due to Bardaro, Musielak and Vinti [6]. For further reading
please see [1]- [5], [13], [14] as well as the monographs [33].

In view of the approaches due to Musielak [29], recently, Karsli-Tiryaki and Altin [23] intro-
duced the following type nonlinear counterpart of the well-known Bernstein operators (1.1);

(1.2) (NB,f)(z ZPM( <k>> ,0<z<1, neN,

acting on bounded functions f on the interval [0, 1], where P, ; satisfy some suitable assump-
tions. They proved some existence and approximation theorems for the nonlinear Bernstein
operators.

Many problems in engineering and mechanics can be transformed into two-dimensional in-
tegral equations and corresponding two dimensional integral operators. Especially the integral
operators of Fredholm, Volterra, Hammerstein and Urysohn type are used frequently when
describing real problems which arise from different sciences, such as physics, engineering, me-
chanics, theory of elasticity, signal-image reconstruction and in the applications of mathemati-
cal physics. So, integral operators of various types form an important and unavoidable part of
linear and nonlinear functional analysis.

In 2000, Demkiv [15] and [16] defined and investigated some properties of the following
type one and two dimensional Bernstein operators, which are linear with respect to F' defined
by (2.4);

and

(M, F)x(t) = / [if (t,s, /H—Ln> Mo & (:U(s))] ds

k=0
(MLELE) = FLt) = F(),
where
o () = (TR ) o) (1= et

n is a non-negative integer and 0 < z(s) < 1, and obtained some positive results about the
convergence problem.
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Very recently in [25] and [26], the author defined and investigated the Urysohn type nonlin-
ear Bernstein operators, having the form

(NB,F)x /ZPM< (tsi))]ds,ogx(s)gl, n € N.

The central issue of this paper is to extend the theory of interpolation to functionals and oper-
ators by introducing the Urysohn type nonlinear counterpart of the two dimensional Bernstein
operators. Afterwards, we investigate the convergence problem for these nonlinear operators.

Due to this importance, in this paper we will deal with integral operators of the two dimen-
sional Urysohn type:

U(x // (t,s,2,2(s),y(2))dsdz, t€ la,b],

where £ is a known function and = and y are the unknown functions to be determined.

Let us consider a sequence NBF = (NB,F') of operators, which we call it Urysohn type
nonlinear counterpart of the two dimensional Bernstein operators, having the form:

(NBLF) (& (6, u(t) = / / [ me,n( ,()f<t,s,z,§,%>>]dsdz,
0 0

=01:=0
0 < xz(s),y(z) < n €N,

acting on bounded functions f on [0, 1° = |0, 1] * [0, 1] * [0, 1] * [0, 1] * [0, 1] , where P ; ,, satisfy

some suitable assumptions. In particular, we will put Dom NBF = ()| Dom NB,F, where
neN

Dom N B, F is the set of all functions f : [0,1]° — R for which the operator is well defined.

2. PRELIMINARIES AND AUXILIARY RESULTS

This section is devoted to collecting some definitions and results which will be needed fur-
ther on.

Here we consider the following type two dimensional Urysohn integral operator,

(2.3) F(z(t),y(t)) = //f t,s,z,x(s),y(z))dsdz, tel0,1]

with unknown kernel f: If such a representation exists, then the kernel function f(, s, z, z(.), y(.))
is called the two dimensional Green’s function, which is strongly related to the functions x and

Y.
Note that in the univariate case, the solution of the following differential equation
DG(SL’,y) = 5($ - y)a

represents a Green function G(z,y), here D is a differential operator, ¢ is the Dirac Delta func-
tion and satisfying a boundary condition. Note that

i) = 2B
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is true, where

1, >0
H(x):{o z<0

is the Heaviside function.

In view of the above relations, we assume that the two dimensional continuous interpolation
conditions hold:

(2.4) F(mi(t),yj(t))://f (L5, 2, 24(s), y; (2))dsdz, ¢ € [0,1]
where
25) wi(s) = “H(s—&:e 0]

yi(z) = %H(Z—c);ce [0; 1]

andi,7 =0,1,2,..n.

Taking into account (2.4) and (2.5), by a straightforward calculation the stated identities follow.

F <%H(s - &), %H(z — g)) = f(t, s, z, %H(s - &), %H(z —¢))dsdz

1

S
dsdz +/ f(t,s,z,—,0)dsdz
0 €

f(t7 87

3|%

1
n

/\\H O\H
O, M~ O—_

S 1 ¢
(2.6) + f(t,s,2,0,0)dsdz + f(t, s, z, 0 dsdz
/ /]
and hence
. . 1 1
i B j B o
8F<nH(S gzanH(Z g)) _ —/f(t,s,q,%,%)ds—i—/f(t,s,g, ,O)dS
3 3
£ 3
+ f(t,s,6,0,0)ds — [ f(t,s,5,0,=)ds,
/ /
O°F (LH(s— &), LH(z—¢) i g
8§3§ - f(t7€7§7_7_)_f(ta§7§7 70)
+ f(t7€7§7070)_f(t7$7§707%)'
Say

(27) F (t,ﬁ,g, %7 %) — ( (5 8658); n (Z C)) )
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According to the above definition together with (2.6) and (2.7), it is possible to construct an ap-
proximation operator in order to generalize and extend the theory of interpolation of functions
to operators.

In view of (1.2) and (2.4), we introduce the following Urysohn type nonlinear Bernstein
operators;

28  (NB,F)(x /l/lliipkn( )y (z),f(t,s,z,%,%))]dsdz

k=0 :=0

where n is a non-negative integer, P, ; ,, satisfy some suitable assumptions.and 0 < z(s), y(z) <
1.

Now, we assemble the main definitions and notations which will be used throughout the
paper.
Let X be the set of all bounded Lebesgue measurable functions f : [0,1]° — R{ = [0, o).

Let ¥ be the class of all functions ¢ : RZ — R{ such that the function ) is continuous and
concave with ¢(0) = 0, ¥(u) > 0 for u > 0.

We now introduce a sequence of functions. Let { Py ; .}
[0,1]x [0, 1] x R— R defined by

(29) Pk,im (ta la U’) - pkm(t)pl,n(l)Hn(u)

for every ¢,l € [0,1],u € R, where H, : R — R is such that H,(0) = 0 and pj ,(e) is the
Bernstein basis. For simplicity we will write

Pk,i,n (t, l) = pk,n(t)pi,n(l)-

nen Pe a sequence of functions Py ; ,

In what follows, throughout the paper, we assume that ¢ : N — RT is an increasing and
continuous function such that lim p(n) = oco.

n—oo
First of all we assume that the following conditions hold:

a) H, : R — Ris such that
[Hn (1) = Hy(v)] <9 (Ju —vl),
holds for every u,v € R, for every n € N. That is, H,, satisfiesa (L — V) Lipschitz condition.
b) Denoting by ry,(u) := H,(u) —u, u € Rand n € N, such that for n sufficiently large
1
p(n)

sup |7, (w)| = sup [Hy(u) — ul < :
holds.

Following our announced aim, in this part we recall results regarding the univariate and
linear case of the celerated Bernstein polynomials.

Lemma 2.1. For (B,t*)(z,y), s =0,1,2, one has

(Bn1)(z,y) 1
(Bnt)(:l:,y) = X
(BntQ)(x7?J) = 2+ 27(1——33)
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For proof of this Lemma see [27].

By direct calculation, we find the following equalities:

(B (t - 0)%)(y) = "L =7

Lemma 2.2. For the central moments of order m € Ny

L (Bult—a)(wy) =0,

n

Tom(2) =Y (k= nz)" pr.n (),

k=0

foreach m = 0,1, ... there is a constant A,, such that
0 S ngm(x) S Amnm.

The presented well-known inequality can be found in [17].

3. CONVERGENCE PROPERTY

We now introduce some notations and structural hypotheses, which will be fundamental in
proving our convergence theorems.

Let C[0, 1] the Banach space of continuous functions u : [0, 1] = R endowed with the norm
[ull = sup{lu(z)] : = € [0,1]}.

Definition 3.1. Let f € C ([a, b]5> and 6 > 0 be given. Then the complete modulus of continuity is

given by;

(310) W(a) = Sup |f(t,8,Z,U1,U1)_f(t,S,Z,UQ,UQH-
V(w1 —uz)? 4+ (v1 —2)2 <8

Further on, the first and second partial modulus of continuity are given by

w1(6170) = sup |f(t,S,Z,U1,’Ul)—f(t,S,Z,UQ,’Ul)’,

|1 —u2|<d1

w2(0777): sup ’f(t,S,Z,Ul,Ul)—f(t,S,Z,Ul,UQ)’.
lv1—v2|<n

Recall that w (f; 0) has the following properties;
(i) Let A e R, thenw (f; M) < A+ 1)w(f;9),
(i) Jim w (f:6) =0,

(111) |f(t,s,z,u1,v1) — f(t,S,Z,UQ,UQN S W((S) <1 + \/(u1—u2)6+(v1—v2) ) 7

Note that the same properties also hold for partial moduli of continuity.
We are now ready to establish one of the main results of this study:

Theorem 3.1. Let F' be the Urysohn integral operator with 0 < x(s),y(z) < 1. Then (NB,F)
converges to F uniformly in x,y € C[0, 1]. That is

lim [[(NB.F) (x (t) , y(t)) = F (2 () ,y(®) | o go.412) = 0

n—oo



Approximation Results for Urysohn Type Two Dimensional Nonlinear Bernstein Operators 51

Proof. In view of the definition of the operator (2.8), by considering (2.4), (2.9), (2.6) and (2.7),
we have

IN
o — _
o—_ _

(7=

(]

.

3

~~

\'H

s

5

VR
kﬁ
/?
@

\'N

™
| =
N———
N—
|

5

-

=

\EID

n

8

—~

V)

?/

=

Oy

By assumption b) I tends to zero as n — oo. In fact

NE

>

k=01

Preim (2,y) [Hp (f (t,5,2,2(5),y(2))) = f(E, 5, 2,2(5), y(2))| dsdz

fou
I
o —

Il
o

dsdz

NE
NE

Pk,i,n (337 y)

VAN
o —

1
— p(n)

Il
=

/
/

p(n)’

which tends to zero as n — oo. Now, it is sufficient to evaluate the term I;. Using the defi-

nition of the function F (¢, s, z,z(s),y(z)) , by concavity of the function ), and using Jensen
inequality, we obtain

IN
<
- ©
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Prin (T,y) dsdz

k 1
Fy(t —Fi(t -, —
1( ,s,z,m(s),y(z)) 1 ( y Sy 2, n7 TL)

VAN

<
o _
o —

N

f(t,s, z,2(s),0) — ipk’n (x(s)) f (t, 8,2, %,O) dsdz

k=0
1 1 n .
+ O/ O/ f(t,s,z,o,y<z>>—i§:%pi,n (y(2)) f(t,s,z,(), %) dsdz

< hai+hL2+1i3.

Let us divide the first term into four parts as;

k
Il,l = 'QD //Zzpkzn acy Fl(t,S,Z,LE(S),y(Z))—Fl (t,S,Z,—,£>‘d8dZ
< haa+hiie+Iii3+ 1114,
where
Iy 11

Fl (t,S,Z,ZC(S),y(Z)) - Fl (t,S,Z, E: 1) ‘ dsdz
nn

= /1/1 Z P i (,y)

’% x(s)|<51 |f—y(z)‘<62

b
—,l>‘dsdz
n'n

Fi(t,s,2,2(s),y(2)) — Fy <t, 8,2,

= ¢ /1/1 Y. Puin(z,y)
0 O

’% a:(s)|<61 |f—y(z)|>62

ko
—,1>‘dsdz
n'n

Fi(t,s,z,2(s),y(2)) — Fy <t, 8,2,

= ¢ /1/1 Y. Puin(z,y)
0 O

|% w(s)|>61 |ffy(z)|<62

|%—az(s)|251 -

1 1
k 1
= P i,m 5 F ta i) ) - F tv YRy Ty dsd
ol [] S Pl o) |Fi s (o)) - B (15 L) s
0 0
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Since z,y € C]0, 1], then there exist 41, Jo > 0 such that

k 1
Fy(t —Fi(t -, =
1(,s,z,x(s),y(z)) 1<,S7Z,?’L,TL>’<€

holds true when |£ — 2(s)| < §; and |£ — y(2)| < 62. So one can easily obtain

11’1’1 < ¢ (6) .

As to the other terms

b
Fi(t,s,2,2(5),y(z)) — F} (t, S, 2, —, 1) ‘ <2M
n’'n

holds true for some M > 0, when ‘% — :c(s)| > 01 or |% — y(z)] > s.

In view of Lemma 2, we obtain

11
Lipe = ¥ // Z P i (%,9)
00 |

E_a(s)|<61 | L —y(2)|>62

Fi(t,s,2z,2(s),y(2)) — F1 <t, s, 2, E, i)

n n

1 1
: 2

<olarf[[ XX () h e

0 0 [E-e@)|<o |5-u()]20

1 1 ' )

0 0 [E-a(s)|<o [F-y(z)|>5

oM A

< e .
< (%)

Similarly one has
2M Ay
Lis<y|——
1,1,3—¢<52 n)?

and ,
2M A
Lis<¢| 55— -
<0 (g s)
Collecting these estimates we have

(VBAE) (2 (0. 9(0) ~ F (o (0) (0] < 0 40 (Pt o (B ) (T2 )

p(n)
That is
Jim [[((NBoF) (2 (1), y(t) = F (2 (), y(D))ll o (0,112) = 0.
This completes the proof. O

Theorem 3.2. Let F be the Urysohn integral operator with x,y € C|0,1], and 0 < z(s),y(z) < 1.

Then 1
(NBoF) (x(t),y(t)) = F (z (t),y(t)] < 2¢ (w (f;9)) + ol

holds true, where § = /241,

dsdz
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Proof. Clearly one has

IN
o —
o _
M=

B11) : =I,1(z)+ —
say. Since z,y € C|0, 1] we can re-write (3.11) as follows

1

Pl as) (|f (15200 ) = (5, 0(0).0()

Iml(x) S

) dsdz

n
k=0 1=0

= k=0 i=0
< v / / knoipk,i,n<x,y>w<f;a>dsdz>

P Ea(s) + (2 —y(2)’
- Of/kofzipm(x’y%w )" (z y(=) +1)w(f;5)dsdz)
- w(w,w O/ 0/ k;gpm@,y) UERED) o (Z))2dsdz)
+ ¢ W(f,5)0/0/k§n:()§;mn(x,y)dsdz>

5 [Pl 27y 21\ 2

< w(é,d)!!(;;pkm(x,y) [(E_x(s)) +(E—y(z)> D dsdz)

bYW (f:9)
_ 1/2
< ¢(“(f’5> [%] >+w<w<f;5>>.

1) n
Taking into account that w (f;d) is the modulus of continuity defined as (3.10). If we choose

5o [P
n

then one can obtain the desired estimate, namely,

((NBoF) (2 (1), y(t)) — F (x (1), y(t)] < 2¢ (w (f;0)) + w ()

Thus the proof is now complete. O
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Theorem 3.3. Let F be the Urysohn integral operator with x,y € C|0,1], and 0 < z(s),y(z) < 1.

Then
1/2 1/2
|((NB,F) (x(t),y(t) — F(x(t),y(t)] < 2 lw (wl (f; [%} )) + (wz (f; l%] ))]
L
p (n)
holds true.

Proof. Clearly one has

((NBoF) (2 (t),y(t)) — F (x (t) ,y(t))|

< jjknoépk,i,n (2,7) 'Hn (f (t,s,z, % %)) L H, (f (t 5, 2 2(s),y(2))| dsd + ﬁ
- / / :EP ©D| i noslor ) B s |4 ey
< jo/lknoépk’im (x,y) |Hp, <f <t,s,z, %, %)) - H, (f (t,s,z,az(s), E)) dsdz
n jfl:oip’m (z,y) | H, (f (t,s,z,az(s),%)) — H, (f (8, 2,2(5), y(2)))| dsdz
0 o k=0:=0
*
= Lo (@) + T (2) + ——

say. Since z,y € C|0, 1] we can re-write (3.11) as follows: By concavity of the function v, and
using Jensen inequality, we obtain

fae = [ [53 Rntn] (¢(1on 5 2)) o (1 (1500, 2)
< 33 Pt o (] - ato]) )

VAN
<
~
o _
O\H
3
ME
-
3
®
s
&
TN
T
| o
|
8
S
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Since v is non decreasing, then one has

k=0 :=0

11 K 2
In,l (x) = //Z Z Pk,z,n x y (n 61x(8)) +1]w (f, 51) dsdz
0 O

<

o (fi6) [ 4 ]”2 4 (F500)).

Similarly
o <o (YD ATy .
If we choose § = 1 = [41] 2 sowe get the desired estimate. O
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Approximation Properties of Kantorovich Type Modifications
of (p, q)-Meyer-Konig-Zeller Operators

HONEY SHARMA, RAMAPATI MAURYA*, AND CHEENA GUPTA

ABSTRACT. In this paper, we introduce Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller operators. We
estimate rate of convergence of proposed operators using modulus of continuity and Lipschitz class functions. Further,
we obtain the statistical convergence and local approximation results for these operators. In the last section, we esti-
mate the rate of convergence of (p, ¢)-Meyer-Koénig-Zeller Kantorovich operators by means of Matlab programming.

Keywords: (p, ¢)-Calculus, (p, ¢)-Meyer-Konig-Zeller operators, Modulus of continuity, Statistical Convergence, Pee-
tre’s K-functional.

2010 Mathematics Subject Classification: 41A25, 41A35.

1. INTRODUCTION

In 1960, Meyer-Konig and Zeller [22] defined the operators known as Meyer-Konig-Zeller
(MKZ) operators, as follows:

i) = s ) (MEF ) ra-e e )

M,(f;1) = f(1),ifz=1 neN.

Further, Cheney and Sharma [3] modified these operators and introduced a new form of the
Meyer-Konig-Zeller operators, as follows:

. . > kﬁ n -+ k k n+1 .

M,(f;z) = §f<m>< k )33(1—56’) , if 2 €10,1),
Ma(fi1) = f(1),ifo=1,neN.

In 2000, T. Trif [21] introduced the g-Meyer-Konig-Zeller operators for f € C[0, 1], as follows:

Mug(fiz) = é;fG#%%i)["Zk]fﬂl—@ﬁ”,ﬁxemﬂx

Mog(fi1) = f(1),ifz=1neN.

Further, with a slight modification in these operators, Dégru and Duman [5] defined the ¢-
Meyer-Konig-Zeller operators for f € C[0,a], a € (0, 1), as follows:

n

Mn,q(f;x)zg(l—qsx)gf(%> [ ”Zk ]qwk, g€ (0,1), neN.
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Recently, Gupta and Sharma [9] introduced the Kantorovich type modification of g-Meyer-
Konig-Zeller operators and studied some of their approximation properties. For detail studies
of Meyer-Konig and Zeller operators, one may refer to [6, 7, 10, 16, 17, 20].

In the recent years, (p, g)-analogue of various linear positive operators were introduced and
studied by many researchers [1, 8, 12, 15, 19].

In 2016, Mursaleen et al. [11] introduced the (p, ¢)-Meyer-Konig-Zeller operators as follows:

oo

. L n ans
M”7P,Q(f; x) = p—n(n+1)/2 Z [ n‘]‘{‘ ] gjkp_kn H(ps —q¢°x) f(—[z _'[_ }é’:q)
4 ;

=0 p,q s=0

Motivated by the above mentioned studied on Meyer-Konig and Zeller operators, in this pa-
per, we introduced Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller operators and
discus their approximation properties.

We begin by recalling certain notations of (p, ¢)-calculus (for more details, see [2, 18]).

Let 0 < ¢ < p < 1. The (p, ¢)-integer [n], , and (p, ¢)-factorial [n], ,! are defined by

P —q"
n = , n=20,1,2....
g =2
[n] ' [1]paq[2]paq """"" [n]P:CP n Z 1
p,q 1’ n 0

For integers 0 < k < n, (p, ¢)-binomial coefficient is defined as

K ] - E

The (p, g)-binomials expansion is expressed as:

n—1

@+, =[]z + ).

§=0
For a function f : R — R, the (p, ¢)-analogue of derivative is defined as

f(px) — f(qz)

Dyq(f(z)) = - g

, ©#0

and
D, (f(0)) = lim D, ,(f(z)),

z—0

provided the limit exists.

Let f : C[0,a] — R, the (p, g)-integration of a function f is defined as

@ = pk o, pF p
/ FOdpat = (a—p)ay 2 f(La), when |E|<1,
0 q q q

and
k k

‘ — g q p
/ ft)dpq t=(p— q)az v/ (ga), when |- > 1.
0 L pht1Thp q
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2. CONSTRUCTION OF OPERATORS

In this section, we introduce the Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller
operators. We estimate moments and obtain the uniform convergence of operators.
For0 < g <p <1land f € C]0,1], Kantorovich variant of (p, ¢)-Meyer-Konig-Zeller operators
are defined as follows:

[ n 1] 0o %

. n P.q p.a kAt pa 1

n:p,Q(f’ .’,U) = n(n—l)/Q /rn/'!’l,k?(aj [k]p q f(pn t>dp7qt’
p k=0 [n+k]’p7q

where

n+k+1 —kn —
wt@ = | ] et ),
p,q

here, P, (z) = [[_(p° — ¢°x).

Remark 2.1. It can be easily verified that for p — 1, above operators reduces to g-Meyer-Konig-Zeller-
Kantorovich operators defined in [9].

By using mathematical induction on n, one can verify the following identity:

Pu(z) ~[n+k k,—kn _
k=0 p,q

)

Further, by using simple computation, we can obtain the following identity:

k+1pg Mg _ (r9)" [7]p.q
n+k+1]pe [n+klpg [+ klpgln+k+1]p,

(2.2)

Lemma 2.1. Forr =0,1,2,... and n > r, we have

> k—1] afpre-r=0 T 0" —a"2)
Poa(@)Y | T P IR E pn—r(n=r=1)/2
k q n+k—1pq [n—1]p,q

k=0
where [n — 15,4 = [n— 1pqgln — 2)p.q-- [0 — 7]p.g
Proof. By using identity (2.1), lemma can be proved as similar to [9, Lemma 2]. O

Lemma 2.2. For r > 0, we have the following inequality

1 1
<
m+k+rlpe ~ ¢ tn+k—1],
k+1]p q
Lemma 2.3. Let I(f(t)) = [57500 f(p=t)d, ot and e; = t' for i = 0, 1,2, we have following
["+k]p q
identities:
(p)" [n]p.q
I(eg) = ’
(¢o) [+ klpgln+k+ 1),
n—1 k
p (pq) [n]pq ( < q 1 ) p )
I(e) = k + + ,
(1) [2]19«1 [” + k]pyq[n +k+ 1]p7q [ ]p7q [” +k+ 1];07(1 [” + k]pyq [n +k + 1]p7q
2(n—1) k
p (pq) [n]p q ( 2
1(62) ) [k] SQ(na k) + [k] ) Sl (n7 k) + S()(TL, k) :
Blp.g [0+ Elpgln+k+1],, P -
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Here,
2
q q 1
Sa(n, k + ,
S A | TR P T
2p*q P
Si(n, k) = + ,
B P TS ) T
p2k
So(n, k) = ——————.
oln-£) I+ k12,
Proof. By using definition of (p, ¢)-integral and identity (2.2), we have
Ie) = [ R dyt
[n+£],;)],q
3 3 00 i 3
_ L 2(n=1)(, _ [k +1]p4 ) _ ( [klp.q ) ) ( ¢’ )
e (([n T+ 1y [+ Klp.g ; pit
_ py (r9)" ["]p.q
Blp.q [n+klpgln+k+1p,
( [k + 115, b+ Upalblpg [l >
m+k+12, [n+k+1pn+klp, [n+E2,
_ P 00) [l
Blpg [+ klpgln+k+1]p,4
((pk + qlk]p,q)° (P* + alk]p,q)[K]p,q [k]z%,q )
n+k+13, [n+k+1pen+klpe  [n+EG,
_ Y 00) Il
Blp.q [n+klpgln+k+1p,
<(p2’“ +20%qk]pg + PF,) | 0" [Flpg + k] ) []7.a )
[n+k+1]5, [tk +1]pgln+ kg [0k,
2(n—1) k
p (Pg)” [n]p.q ( 2 )
_ ’ K12 So(n, k) 4 [k, oS1(n, k) + So(n, k) ).
Bly [0t Flpgln + £+ 1y 1 pa%2(0 D)+ WSt ) 4 Sl )
Similarly, we can get result for ep and e;. O

Lemma 2.4. For e; = t', here i = 0,1,2, moments estimate of proposed operators are as follows:

anpvq(e(); x) = 17

B 1 n—1_ n—1
2]p,qq q[n — 1], 4

- 2z (1+4q) (p"‘l —q”‘laz)>
n e;r) > ——= | 1— ,
»a(€1) 2]p,492 ( pnt n—1]p4

3z 3 p (0" —q" )\ (" - ")

2

(3“(?;27 n—2] - |
p,q

315,49
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Proof. By using definition of (p, ¢)-Meyer-Konig-Zeller Kantorovich operators, identity (2.1),
Lemma 2.2 and Lemma 2.3, moments of sequence of the opeartors can be estimated as follows:
For eg = 1, we have

- .  [n+ 1]p7q (PQ)k[n]p,q
Mip.qleoir) = i)z T 1 Zm [n+ Klpgln+k+ 14

[n+1]p.4 —[n+k+1 k. —kn —k
= n(n 1)/2P ( )Z k TP 9
k=0 p,q

(p9)"[n]p.q
[+ klpgln+k+1]p,

_ Pua(@) K[ ntk-1 L —k(n=1)
pr(n=1)/2 k Lp
f— P.q

)

= 1.

For e; = ¢, upper bound of moment can be obtained as follows:

. n+1 [ n+k+1 ke —
M pq(er;z) < wp 1(@2[ ] zhpkrg*
p,q

n(n 1)/2 k
k:O I
p" ! (p9)* lp.q ( [k]p.q 2 N p* )
2]p.q [+ Elpgln+k+1]p4 q [n+k—-1p, Fin+k—1)p,

n—1 o0
p n+k—1 ] k, —k(n—1) [klp,q
= 2P, _1(x E xrp . 11
[Q]p,qqpn(n_l)/Z ( 1< ) [ k p,q [n + k - 1]p,q

k=0
N Po_1(x) i": [ n+ll§— 1 ] gkp—k(n=2) >
¢ = [0+ k=1,
n—1
D < n+k—2 ] k. —k(n—1)
= 2P, 1( [ x'p
[2]p7qqpn(n—1)/2 kz -
Poi(x) o0 ko1 k,—k(n—2)
e[ )
=0 p,q n+k—1],,
n—1

I
[2]p’qqp”(n*1)/2 p(”fl) " k P

k=0
Pn— > E—1 k,,—k(n—2)
n 1(z) Z [ n + A ] T°p
q k=0 P,q [n + k — 1]17»(1
1 n—1 _ n—1
_ (gx Y i $>
2]p,q49 q[n —1lpq
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Lower bound of moment for e; can be obtained as follows:

Mn,p,q(elé )

Vv

v

v

O r

63

P P (x) n+k—1] ok (n=1) < [k + 1pq n [%lp.q )
[Q]p,qpn(n_l)/2 ko L k Ip.q m+k+1pe Rtk
PP @) SN[ k=2 ]
[2]p,qpm(m=1)/2 =1 L k=1 P.q
n+k—1]pg ( [k + 154 [klp.q )
[kl p.q m+k+1]pq  [n+klpg

P" P (2) l n+k—1 ] L= (k1) (n=1)
[2]p,qpm(n1)/2 =0 k P.q
[n+ klpq < [k + 2]pq [k + 1,4 )
k+1pq \[n+k+2]p, [n+k+1]pg

€T Pn_l(x) = l n+k—1 ] Slfkp_k(n_l)
[2]p,qpm(n1)/2 =0 k P.q

1

[n+ k:]p,q<

2z Pn_l(:c)

[n +k+ 2]p,q

oo r

[2]p7qpn(n—1)/2

2z Pn—l (.I‘)

oo r

[2]p7qpn(n—1)/2 P

k=0 & -

n+k—1
k

n+k—11
k

p

1
+
n+k+ 1]p,q>

gFp~ k1) (

p,q

xkp
p.q

<[” + k4 2]pq — qp""
q? [n +k+ 2]10,61

2z Pn—l (.T)

[2]p7qpn(n—1)/2

k

p

"
k=0

n+k—1

p

o n—l—k—l—l)

1 k >
<q2 qn+k — 1]p,q ?n+k— 1]p,q

2z Pn—l (Z‘)

[2]p7qpn(n—1)/2

(o (G
q? q

2z

[2]p7qq2pn(n—1)/2

21+ q)x

[2]p7qq2pn(n—l)/2

k’O:OO l k
’)
Pr1(z)

Pn_l(:v)

n+k—1

.

x"p

)

p" >
n+k—1],,4

e T

oy
I

o
T

n+k—1]

k1

k

k

(n+ klpq
n+k+ 2]p,q>

—k(n—1)

] xkp—k(n—l)
p,q

k, —k(n—1)

xkp—k(n—l)

p,q

k. —k(n—2) 1

p,q n+k—1]p,
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2z 2(1+ q)x (p”_l —q”_lx)

2]p,49? B 2]p.q@*p" 1 [n—1]p4

- [21?12 (1 - (;j_?) (pn[_nl—_ f]x»

Finally for e; = t2, moments of the operators can be obtained as follows:
y p

My, pq(e2;2) = A+ B+ C.

Here,
2(n—1) o .
p n+k—1 k, —k(n—1)17.12
A Poa(z) z"p [k]5,452(n, k),
[3]p7qpn(n—1)/2 ];) I k g p.q
5 p2(n=1) Py (2) i [ n4+k—1] J}kp_k(n_l)[kj] Sy (n, k)
= n—1 ,qRP 1\l v,y
3] gp™(n—1)/2 —~ | k I pa
o p2(n—1) p (x) i [ n+k—1 | [Ckp_k(n_l)s (n k)
= n—1 O\lty v).
[Bp.qpn =/ k=0t k Ip.q
Using Lemma 2.2, we have
3
(2.3) Sa(n, k) < ,
¢ln+k— 15,
k
(2.4) Sink) < — C A
g*n+k—1]pq
2k
(2.5) So(n,k) < b

Using the inequality (2.3), we have

2(n—1)

(k]

A < [3]%353]3”(”_1)/2 Py () ki;o n +]/§ ~1 :p’q hp—kn=D) — qul]ﬁ,q
- B i:: e
) e B
- [3]%35;;::)_1)/2 Pp_i(z) <ki;0 l " ]/:’ - L,q gDy [n+ ;fk_ 1p.q

[ n+k—1 ki1, —(k+1)(n—1)__ Klpyg )
+ ) [ ] " p
— k p.q n+k—1],,
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—k(n—2)

3p2(n—1) ( _(n-1) i l n+k—1 ] xkp
= xp P, (x e T
[3]p.q@3p" (=172 1(2) kZ:O k i n+k—1]p,

ol - +k—1 R
+ X 1)$2Pn—1(3€)2ln ; ] 2Fp 1))

k}:O p,q

3p2(n—1)

[3]p7qq3pn(n—1)/2

n—1 n—1

—(n— n—1)(n— p —q L —2(n— n(n—

(xp (n=1)p(n=1)(n-2)/2 ) | g2t 1)/23;2)
n—1lpq

3z <pn—1 _ qn—lx) 31‘2

—+ .
[3]p,qqg [n— 1]p,q [3]p7qq2

Again, using the inequality (2.4), we have

3p2(n_1) =T n -+ k—2 1 k —k(n—1 pk
B < Pn_l(x) x'p (n—1)_ ¥
3], gq pn (D72 ; k-1 n+k—2,.,
3p2(n_1) =T n -+ E—1 1 k1l —(k+1 -1 pk'H
_ Py 1 (2) PEHLy— (e P
Bl g2 " ;) ok, [t k—1],,

3p*(n =1 (xp—(n—l)p(n—l)(n—Q)/2 (p" ' = qn_1$)>
[3]p.qq*p ("= 1)/2 [n—1]p4

3 ("' —q"'a)
Blpga* I —1pg

Further, using the inequality (2.5), we have

2(n—1) o0 k, —k(n—3)
p n+k—1 xp
¢ < 3]p.04° n(n—l)/zpn—l(x)z l k ] 2
p,qq4"P k=0 D,q [n +k— 1]?7‘1
o p I - )
Blra® -7,

Finally,

5 1 3z 3 p (P r-¢" )\ ("t —¢" ')
My, pqlea;n) < —— 3x2+<—+—+— .
palez7) [3]p.44? < ¢ @ ¢ -2, [n—1]p4

Hence the lemma.

Lemma 2.5. Forall z € [0,1] and 0 < q < p < 1, central moments of the operators are given by:

: ! @~
Wpg(t = 2);2) < (2~ e+ ,
- [2]p,qq - qln — 1]p,q
B 3 4 pn—l o qn—lx
M, o ((t—2)%2) < <1+ — ) 2 4+
P [3]p.49? 2]p,q@? [n —1]p.49?
< 3z N 3 N 422(14+¢q) pp™2— q”_293>
Blpg  [Blpe@ 2lpep™t @ [n—2]p, .

Now, we give the result for the uniform convergence of operator by means of Bohman-
Korovkin type theorem.
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Remark 2.2. For 0 < g < p < 1, by simple computations lim,_,.[n|,, = 1/(p — q). In order
to obtain results for order of convergence of the operator, we take ¢, € (0,1), pp, € (qn, 1] such that
limy, oo P = liMy 00 ¢ = 1, lim, 00 piv = a and lim,, o q;; = b, so that lim,, m = 0.

Such a sequence can always be constructed for example, we can take ¢, =1 —1/nand p,, =1 —1/2n,

clearly lim,, oo p? = e~ /2,lim,, 00 ¢7 = e~ and lim,,_, o m =0.

Theorem 2.1. Let {p,}, and {q,}, be the sequence as defined in Remark 2.2. Then for each f €

C10,1], My, p,, q.. (f;x) converges uniformly to f on [0, 1].

Proof. By the Bohman-Korovkin theorem [13], to prove uniform convergence of the operators,
it is sufficient to show that following equality holds for i = 0,1, 2:

(2.6) lim ||Mn7pnaQn (es;.) — el = 0.

n—oo

By using moment estimates obtained in Lemma 2.4, equality (2.6) holds directly for ¢ = 0. Also,

R 1 (pn—l _ qn—lx)
¥ (e23) — e < (u—mnw%wﬂ i A
Prod [ ]pn,qn% Prod Qn[n - 1]pmqn
- 1
M,, ) — < — (I13-13 2
¥ pgn(ezi) = eall < g (3= 0.l

3 3 " n—2 __ . n—2 n—1 __ n—1
+K_+7 %ml %JU@n an @)
qn QTL Qn [n - Q]Pan [n - 1]pn7qn
For n — oo and Remark 2.2, equality (2.6) holds for ¢ = 0, 1, 2. Hence the theorem. 0]

3. RATE OF CONVERGENCE

In this section, we estimate the rate of convergence of proposed operator by means of mod-
ulus of continuity and Lipschitz class functions. We also show the statistical convergence of
the operator.

Recall the concept of modulus of continuity, the modulus of continuity of f(z) € [0, a], denoted
by w(f, d), is defined by

w(f,0) = sup |f(z) = f(y)l

|z —y|<d;2,y€[0,a]
A function f € Lipy(a), (M > 0and 0 < o < 1), if the inequality
£ (&) = f(2)] < Mt — x|,
holds for all ¢, z € [0, 1].
Theorem 3.2. Let {p,,}, and {qy }» be the sequence as defined in Remark 2.2. Then
’Mn7pn7Qn (f’ l‘) - f’ S 2w(f7 \/5'”/)7
forall f € C[0,1], here §,, = My, 5, 4, ((t —2)%52) .
Proof. By the linearity and monotonicity of the operators, we get

‘Mn,pn,qn (fiz) = fI < Mn,pn,qn(|f(t) — f(@)]; ),
also, by property of modulus of continuity (see [14])

10~ @) < w(£.0) (14 5 - 0?).
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therefore,
~ 1 -
| Mp,.q. (fi2) = fl < wl(f,0) (1 + ﬁMn,pn,qn((t - 35)2533)> :
By Lemma 2.5 and Remark 2.2, we can find

lm M, g, ((t—2)%2) = 0.

n—oo

So, letting 8, = M, ;. 4. ((t — 7)?;2) and take § = /5, we finally get the result. O

In the following theorem, we compute the rate of convergence by means of the Lipschitz
class.

Theorem 3.3. Let {p,}, and {q,}n be the sequence as defined in Remark 2.2. Then for all f €
Lip (), we have

’anpn7Qn (fiz) — f(2)| < M(Sn(x)o‘/Q,
here 6, () = My p, 4. (|t — 2| 2).

Proof. By using definition of Lipschitz class functions and applying Holder’s inequality with

p=2,q= 5%, we get

’Mmpmqn (fiz) = fl@)] < Mmpn,qn(’f(t) - f(@)];2)
S MMnapn:Qn(|t_aj|a;x)
< MMy, g, (t = 2f*2)/
Taking 6, = M, ., 4. ([t — 2|?; z), we get the result. O

A sequence (z,), is said to be statistically convergent to a number L, denoted by st —
lim z,, = L if, for every € > 0,
d{neN:|z,— Ll >e}=0,

where
1 N
5(5) = N;XS(J)

is the natural density of set S C N and g is the characteristic function of S.

Let Cg(D) represents the space of all continuous functions on D and bounded on entire real
line, where D is any interval on real line. It can be easily shown that Cz(D) is a Banach space
with supreme norm.

Theorem A. ([5]) Let {L,,},, be a sequence of positive linear operators from Cp([a,b]) into B([a, b)),
satisfying the condition that

st — lim ||Lnpe; — €| =0Vi=0,1,2.
n—oo

Then,
st— lim |[Lnf — f]| = 09f € Cp([a,b]).
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Theorem 3.4. Let {py, }n, {qn}n be sequences such that

st— lim ¢, =1, st— lim ¢," = a,
n—oo n—oo

st— lim p, =1, st— lim p,"” =0b.
n— oo n—oo

. Then, we have )
st — li_)m |\ M p,.anf — FIl=0 for all f € Cgl0,1].

Proof. We use moment estimates obtained in Lemma 2.4, to prove that operator converges sta-
tistically for e;, © = 0, 1, 2. For first moment result is trivial.
Fori = 1,2, we have

" 1 (pnfl _ qnflx)
|Mn7 nyqn \€15-) = €1 < —<|2— 2 ") nqnl'—i_ ‘ “ D ,
pron (€17 | (2] 0 G Plow.andnl nln = 1p,.q.
Y 1 3z 3 (p"l_l _ qn—lx)
Mpanlezi) =l < g (18 Blpandile? + (24 ) OH 21
| ,Pn\q ( ) | [3]pn,qnqu Pn,dnin In q% [n — 1]pn7qn

IR ) [ ) )
a, (7= 1p,.gu[n = 2p,..q,
By taking supremum over z € [0, 1] in above inequalities and using st — lim,,_, ﬁ =0,
we get 7
st— lm [ My, q,(c13.) —erll = 0,
n—oo
st — lim ||M,, p, .4, (€2;.) —e2| = 0.
n—oo
By Theorem A, we obtain statistical convergence of the operator. O

4. LOoCAL APPROXIMATION

The Peetre’s K-functional is defined by
Ky(f,0) = inf {|If =gl +dllg"lI},
geEW?

here W2 = {g € C[0,1] : ¢, ¢" € C[0,1]} and norm ||.|| denotes the uniform norm on C|0, 1].
Further, we have a well-known inequality given by DeVore and Lorentz [4, p. 177, Theorem

2.4], there exists a positive constant C' > 0 such that K5 (f,d) < Cw(f,9 z),8 > 0, where w is
known as the second order modulus of continuity, given by

wo(f,02) = sup  |f(x+2h) —2f(z+h)+ f(2)].
0<h<5% ,£€[0,1]
Here, we give some local result for the operators.

Theorem 4.5. Let {p,, }r, and {qy }. be the sequence as defined in Remark 2.2. Then for all f € C[0,1],
there exists an absolute constant C' > 0 such that

My g (F32) = f| < Cwa(f, 00 (2)) + w(f, an(z)),
Here,

n

on(z) = \/Mn,pn,qn((t —2)%x) + (W <2$ n (Z:[Z—_lq]ijqf)> - x>2,
1

(6= s SR

(@) = ’[21%%%
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Proof. For f € C|0, 1], we consider

Y 1 n—1 _  n—1
Mn’pmqn(f; z) = Mﬂan:Qn(f; z) + f(z) — f(m (Qx + (P n $)>)

dn [n - 1]pn,qn

Now, using Lemma 2.4, we immediately get

Mn,pn,qnu; T) = Mn,pn,qn(hx) =1

and

My p,..qn (t3 93) = My p,.q, (t§ 93) +x —

<2$+ (o~ — @~ 1x)> ‘o
[2]pn,qn dn dn [n - 1]pn,qn -

By Taylor’s formula g(t) = g(x) + (t — z)¢'(z) + f (t —u)g” (u)du, we get

t

Mn,pn,qn (g(t); 'T) = g(:E) + g/(x)Mn,pn,qn((t - :E); :E) + Mn,pn,qn (/ (t - U)g//(u)du; :E)

< m@+m@WM([u—m¢mmm@

(pn—t—qn—la)
/[2]17117(111 an ( z+ q:n 1]pn an )
x

(s e )

')

Further, we have

t
[ =g
€T
n —9n x)
[Q]pn,lqn an <2$+ (ll;n [n— 1]qpn an ) 1
+ -
X

MQMM@mmww@nst%%(

(pr=t —gn—1z) e du
[2]pn,ann (2x+ qn[n 1]Pn,qn ) (u)| d
< (=)o @+ (gt (2 ) =)

= o, ()"l

Now, by boundedness of M, ,,. ,., we get

(Mo, (f32)] S‘MMMAﬁM+U@N

n—1 n—1
N ’f< <2m+(pn — 4 x)))‘
pn:‘]nqn qn[ 1]Pn7qn
< 31l

69
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Finally, we obtain
‘Mn7pn:Qn (f? ZU) - f(x)‘

n—1 n—1

= M pn () = 1) 7 (20 B Z I D))
2lpn.anm

qn [n - 1]1’3an

<M, g (f = g52)| + | My p, 4. (95 2) — g(x)] + |g(x) — f(2)]

W G i) -

<4llf =gl +on(x) llg" ()]

1 B (pp " — qﬁ‘lx)) D
i (f, ‘ [2]pmqn% <(2 [Q]pn,qn%)ﬂf - Gnln — 1]pmqn '

By taking the infimum on the right hand side over all g € W?, we get

[Nl (f32) = f (@) < 4K(F,62(2)) + (£, 0 (@),

Finally, by using the property of K-functional, we obtain

W 00 (f32) = F(2)] < Cwn(f,60(2)) + (. €n ().
Hence the proof is completed. O

5. GRAPHICAL EXAMPLES

In this section, we estimate approximation for functions f(x) = sin(z) (Figure (1)), f(z) =

(x—4/5)(x—2/3)(x—1/4) (Figure (2)), f(x) = (x—2/3)(z—1/4) (Figure (3)) and f(z) = exp(x)
(Figure (4)), by (p, ¢)-Meyer-Konig-Zeller Kantrovich operators using Matlab programming,.
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FIGURE 1. f(z) = sin(x)
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FIGURE 4. f(x) = exp(x)
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