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Article Info Abstract
Keywords: Binomial sequence spaces, 1In this paper the sequence spaces by" (p), b¢” (p), b& (p) and b™(p) which are the general-
FParanorm, _Ma” ix domain, Matrix ization of the classical Maddox’s paranormed sequence spaces have been introduced and
transformations proved that the spaces by* (p), b’ (p), be' (p) and b™*(p) are linearly isomorphic to spaces
2010 AMS: 40445, 40C05, 46820 co(p), ¢(p), L(p) and £(p), respectively. Besides this, the oc—, f— and y—duals of the
Received: 15 February 2018 spaces bg* (p), b (p), and b™(p) have been computed, their bases have been constructed
Accepted: 6 March 2018 and some topological properties of these spaces have been studied. Finally, the classes
Available online: 30 September 2018 of matrices (by’(p) : i), (bc*(p) : ) and (b™*(p) : ) have been characterized, where 1
is one of the sequence spaces /e, c and cg and derives the other characterizations for the
special cases of 1.

1. Introduction

We shall denote the space of all real-valued sequences by w as a classical notation. Any vector subspace of w is called a sequence space. The
spaces £, c and ¢ are the most common and frequently used spaces which are all bounded, convergent and null sequences, respectively. Also
bs,cs,{1 and £, notations are used for the spaces of all bounded, convergent, absolutely and p—absolutely convergent series, respectively,
where 1 < p < oo,

First, we point out the concept of a paranorm. A linear topological space X over the real field R is said to be a paranormed space if
there is a subadditive function g : X — R such that g(6) = 0, g(x) = g(—x) and scalar multiplication is continuous, i.e., |¢t; — &¢| — 0 and
g(xp —x) — 0 imply g(ayx, — ox) — 0 for all &’s in R and all x’s in X, where 0 is the zero vector in the linear space X.

Assume here and after that (p;) be a bounded sequences of strictly positive real numbers with sup py = H and L = max{1,H }. Then, the
linear spaces fw(p),c(p),co(p) and £(p) were defined by Maddox [19] (see also Simons [21] and Nakano [20]) as follows:

leo(p) = fx= () € wsup g [P < oo},
keN

c(p)={x=(x) ew: klim |xx — 1|Px = 0 for some [ € R},
—$o0

co(p) ={x=(x) €w: lim x| =0}
k—yo0

L(p) = {x— (%) € w:;|xk\”k < oo}7

which are the complete spaces paranormed by

1L
21(x) = sup x| P/E <= infpy > 0 and g (x) = (Z |Xk|pk> ;
keN k

respectively. For convenience in notation, here and in what follows, the summation without limits runs from 0 to . By .% and Ny, we
shall denote the collection of all finite subsets of N and the set of all n € N such that n > k, respectively. We shall assume throughout that
py' +(p})~! =1 provided 1 < infp; < H < co.

Email address: hacer.bilgin @erdogan.edu.tr (H. B. Ellidokuzoglu) serkandemiriz@gmail.com (S. Demiriz) ali.koseoglu@erdogan.edu.tr (A. Koseoglu)
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Let A, i be any two sequence spaces and A = (a,;;) be an infinite matrix of real numbers a,;;, where n,k € N. Then, we say that A defines
a matrix mapping from A into y, and we denote it by A : A — pu, if for every sequence x = (x;) € A4, the sequence Ax = {(Ax),}, the
A—transform of x, is in u, where

Ax)y =Y amexy, (n€N). (1.1)
k

By (A : 1), we denote the class of all matrices A such that A : A — p. Thus, A € (A : @) if and only if the series on the right-hand side of
(1.1) converges for each n € N and every x € A, and we have Ax = {(Ax), },en € U for all x € p. A sequence x is said to be A—summable to
a if Ax converges to o which is called the A—limit of x.

2. The sequence spaces b;’ (p), b’ (p), b2 (p) and b (p)

In this section, we define the sequence spaces bg;" (p), b (p), b (p) and b"(p), and prove that b’ (p), b2* (p), b (p) and b (p) are the
complete paranormed linear spaces.
For a sequence space A, the matrix domain A4 of an infinite matrix A is defined by

M={x=(x) ew:Axe 1} (2.1

In [7], Choudhary and Mishra have defined the sequence space ¢(p) which consists of all sequences such that S—transforms are in E( )
where S = (s,;) is defined by

1, 0Zk<n,
k=Y 0, k>a

Bagar and Altay [3] have studied the space bs(p) which is formerly defined by Basar in [4] as the set of all series whose sequences of partial
sums are in £e(p). More recently, Altay and Bagsar have studied the sequence spaces ' (p),7%,(p) in [1] and rL(p), r},(p) in [2] which are
derived by the Riesz means from the sequence spaces £(p), e (p),c(p) and co(p) of Maddox, respectively.

With the notation of (2.1), the spaces £(p),bs(p), (p),r..(p),r.(p) and r)(p) may be redefined by

(p) = [L(p)]s,bs(p) = [le(p)]s, " () = [€(p)]k
1.(p) = oo ()R> e (P) = [c(P)]R> 70 (P) = [co(p)]k-

In [8], Demiriz and Cakan have defined the sequence spaces e((u, p) and e[.(u, p) which consists of all sequences such that E"*- transforms
are in co(p) and c(p), respectively E™* = {e}, (u)} is defined by

, _ n (1—r)"*krku , (0<k<n),
enk(”)_{ (k) 0 g , (k>n)

~

forallk,ne Nand 0 <r < 1.

In [5] and [6], the Binomial sequence spaces by, b¢*, b and bj;’, which are the matrix domains of Binomial mean B" in the sequence
spaces ¢, ¢, {o and £, respectively, are 1ntr0duced, some inclusion relations and Schauder basis for the spaces bg*, be*, b& and by;" are
given, and the —, 3— and y— duals of those spaces are determined. For more papers related to sequence spaces and matrix domains of
different infinite matrices one can see [13, 12] and references therein. The main purpose of this paper is to introduce the sequence spaces
by’ (p), bZ* (p), b (p) and b™* (p) which are the set of all sequences whose B'* —transforms are in the spaces c(p), c(p), L= (p) and {(p),
respectively; where B™* denotes the matrix B™* = {b } defined by

S — ﬁ (,]i)snikrk , 0<k<n,
nk 0 , k> n,

where sr > 0. Also, we have constructed the basis and computed the ¢—, 3 — and y—duals and investigated some topological properties of
the spaces by" (p), bc* (p), b (p) and b™(p).
Following Choudhary and Mishra [7], Basar and Altay [3], Altay and Basar [1, 2], Demiriz [8], Kirisci [14, 15], Candan and Giines [16]

7,

and Ellidokuzoglu and Demiriz [9], we define the sequence spaces by’ (p), b¢' (p), b’ (p) and b™(p), as the sets of all sequences such that
B —transforms of them are in the spaces co(p), ¢(p), £« (p) and ¢(p), respectively, that is,

1 n A Pn
(s+)2 ks rxg =03,

1

(1 ki
G Z(k)s rxg —1
Pn

<w},
Pn
<w}.

b (p) = {x— (w) € w: Tim

br.s

:dleC> lim

n—yo0

DPn
=0,

n

L L (1)

k=0

(s+ " kiz, (n) i

brs

xk EWZ

b ( : sup
neN




Universal Journal of Mathematics and Applications 139

In the case (ps) = e = (1,1,1,...), the sequence spaces by (p), be" (p), be: (p) and b™* (p) are, respectively, reduced to the sequence spaces
bg', b', b’ and by” which are introduced by Bisgin [5, 6]. With the notation of (2.1), we may redefine the spaces by’ (p), b’ (p), b (p)
and b"* ( ) as follows:

by’ (p) = [co(p)lg=, bZ*(p) = [c(p)]Bre, b (p) = [leo(p) g+ and b (p) = [£(p)] s
Define the sequence y = {y,(r,s)}, which will be frequently used, as the B —transform of a sequence x = (x;), i.e

L (7 kok
yu(rs) == m,;] (k)s” r“xi; for all k € N. 2.2)

Now, we may begin with the following theorem which is essential in the text.

Theorem 2.1. b(r)’s( p), b (p) and b (p) are the complete linear metric space paranormed by g, defined by

I & (1 pekok
o (1)

In addition, b"™*(p) is the complete linear metric space paranormed by h, defined by
1 n n Pn l/M
—k k
e (1) ) | ey
r,s

Proof. First, we give the proof for by*(p), b¢* (p) and b (p). Since the proof is similar for b¢* (p) and b2 (p), we give the proof only for
the space b(r)’s( p). The linearity of bSS( p) with respect to the co-ordinatewise addition and scalar multiplication follows from the following
inequalities which are satisfied for x,z € b’ (p) (see Maddox [18, p.30])

pn/L
g(x) = sup (2.3)
neN

hx) = (i

LR N LA WE: it L (7 ki ot LR N LAWY it
Wkgb (k)s (o +21) < mk;) (k)s x;, BT kzzo(k)s %k 2.5)
and for any o € R (see [21])
lot|Pr < max{1,|a|F} =K. (2.6)
Using (2.6) inequality, we get
pun/L pn/L

oy () e

0

for x € b (p). This shows the space by* (p) is a linear space.

Now we will see that g is a paranorm on b’ (p). It is clear that g(6) = 0 and g(x) = g(—x) for all x € b*(p).

Let {x"} be any sequence of the points x" € b’ (p) such that g(x" —x) — 0 and (@) also be any sequence of scalars such that o, — o.
Then, since the inequality

8(¥") < g(x) +g(x" —x)

holds by the subadditivity of g,{g(x")} is bounded and we thus have

/L
glond’ — @) =sup| z ( ot et~y
keN
< |an—a\g(x )+ s @)

which tends to zero as n — oo. This means that the scalar multiplication is continuous. Hence, g is a paranorm on the space b(r)’s (p).

(UNNQ)

It remains to prove the completeness of the space by’ (p). Let {x'} be any Cauchy sequence in the space by’ (p), where X = {xg) X)Xy b
Then, for a given € > 0 there exists a positive integer np(€) such that

N m

g —x/) <
for all i, j > no(€). Using the definition of g we obtain for each fixed k € N that

|(B7x' ) — (B )|/ < sup [(Bx) — (B )y [/* < 2.8)

keN 2
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for every i, j > no(€&) which leads to the fact that {(B"* x0) e, (B x)y, (Bx?)i,. ..} is a Cauchy sequence of real numbers for every fixed

k € N. Since R is complete, it converges, say (B"*x'); — (B"x); as i — . Using these infinitely many limits (B"*x)o, (B"*x)1,..., we
define the sequence {(B"*x)q, (B"x)1,...}. From (2.8) with j — oo, we have

(B ) — (B x)[ /" < 5 (i, j > no(€)) ;.

N m

for every fixed k € N. Since x' = {x,@} € by’ (p) for each i € N, there exists ko(€) € N such that
i €

‘(Bn’é.xl)k|pk/L < 5 (2.10)
for every k > ko(€) and for each fixed i € N. Therefore, taking a fixed i > np(€) we obtain by (2.9) and (2.10) that

(B )i P < [(BPx)i = (BP ¥ )| P/ 4 | (B ) [ E <
for every k > ko(€). This shows that x € b;'(p). Since {x'} was an arbitrary Cauchy sequence, the space b;’(p) is complete and this
concludes the proof.
Now lets show that, b"*(p) is the complete linear metric space paranormed by & defined by (2.4). It is easy to see that the space b™*(p) is
linear with respect to the coordinate-wise addition and scalar multiplication. Therefore, we first show that it is a paranormed space with the

paranorm 4 defined by (2.4).

It is clear that #(0) = 0 where 6 = (0,0,0, ...) and h(x) = h(—x) for all x € b"*(p).

Pk) /M

Let x,y € b"*(p); then by Minkowski’s inequality we have

Xf; ( ) I +y))

_ i 1 i‘, k=j i CONN
=Y A= ( ')S P )
(Bt 0 ef) a0 ()
S|+t im0\ S|k S\
= h(x)+h(y) (2.11)
and for any o € R we immediately see that
|at|P* < max{1,|e|M}. (2.12)

Let {x"} be any sequence of the points x" € b"*(p) such that 2(x" —x) — 0 and (A,) also be any sequence of scalars such that A, — 4. We
observe that

h(Apx" — Ax) < h[(Ay — A) (X" —x)] + h[A (*" —x)] + h[(Ap — A)x]. (2.13)
It follows from A4, — A (n — o0) that |4, — A| < 1 for all sufficiently large n; hence
Tim A[(A, = A)(x" = )] < lim A(¥" —x) = 0. (2.14)

Furthermore, we have
. _ M~ q: n__ _
nlgl;h[k(x” x)] < max{1,|2| }nlglgoh(x x)=0. (2.15)
Also, we have
Tim A~ A)x)] < lim |2 A[h(x) = 0. (2.16)

Then, we obtain from (2.13), (2.14), (2.15) and (2.16) that A(A,x" — Ax) — 0, as n — co. This shows that £ is a paranorm on b"™(p).

Now, we show that b"*(p) is complete. Let {x"} be any Cauchy sequence in the space b"*(p), where x"* = {x xg ), .}. Then, for a
given € > 0, there exists a positive integer ng(€) such that A(x" —x™) < € for all n,m > no(€). Since for each ﬁxed k € N that

M

(B )= (B < {ZKBW» —(E | =R ) <6 @17
k

for every n,m > ng(€), {(B"x°)x, (B"*x"), (B*x*), ...} is a Cauchy sequence of real numbers for every fixed k € N. Since R is com-
plete, it converges, say (B"*x"); — (B"x); as n — oo. Using these infinitely many limits (B"x)g, (B"*x)y,..., we define the sequence
{(B™x)g,(B"*x)1,...}. For each K € N and n,m > ny(€)

L
K M

Y [(B™ ") — (BW "™

k=0

<h(x"—x")<e. (2.18)
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By letting m, K — oo, we have for n > ng(€) that

M

h(x" —x) Z| (B X" — (B x)i P | <e. (2.19)

This shows that x* —x € b"*(p). Since b"*(p) is a linear space, we conclude that x € b"*(p); it follows that x” — x, as n — o in b"*(p), thus

we have shown that b"*(p) is complete. O
Note that the absolute property does not hold on the spaces by’ (p), b¢* (p) and 5" (p), since there exists at least one sequence in the spaces
by’ (p), bZ* (p) and b™(p) and such that g(x) # g(|x]), where x| = | «|)- This says that b;*(p), b’ (p) and b™*(p) are the sequence spaces

of non-absolute type.

Theorem 2.2. The sequence spaces bg" (p), be* (p), b= (p) and b™(p) are linearly isomorphic to the spaces co(p), ¢(p), l-(p) and {(p),
respectively, where 0 < py < H < oo,

Proof. To avoid repetition of similar statements, we give the proof only for b(r)’s( p). We should show the existence of a linear bijection
between the spaces b;* (p) and co(p). With the notation of (2.2), define the transformation T from by*(p) to co(p) by x + y = Tx. The
linearity of T is trivial. Furthermore, it is obvious that x = @ whenever 7x = 6, and hence T is injective.

Lety € co(p) and define the sequence

1,<i() Y (s+1)yj; (keN).

Then, we have

1 " n
BS _
( x)n (s+r)” P (k

Thus, we have that x € b’ (p) and consequently 7 is surjective. Hence, T is a linear bijection and this says that the spaces b’ (p) and co(p)
are linearly isomorphic, as was desired.

O
3. The basis for the spaces b’ (p), b:* (p) and b™*(p)

Let (A,g) be a paranormed space. Recall that a sequence () of the elements of A is called a basis for A if and only if, for each x € A, there
exists a unique sequence (0 ) of scalars such that

n
g(xZakﬁk> —0asn — oo,

k=0

The series Y. 04 B which has the sum x is then called the expansion of x with respect to (f3,), and written as x = Y o f§. Since it is known
that the matrix domain A4 of a sequence space A has a basis if and only if A has a basis whenever A = (a,;) is a triangle (cf. [11, Remark
2.4]), we have the following. Because of the isomorphism 7 is onto, defined in the proof of Theorem 2.2, the inverse image of the basis of
those spaces co(p), ¢(p) and £(p) are the basis of the new spaces by* (p), b’ (p) and b™(p), respectively. Therefore, we have the following:
Theorem 3.1. Let Ay = (B"*x); for all k € N and 0 < py < H < oo. Define the sequence %) = {b }keN of the elements of the space
by’ (p). be* (p) and b™ (p) by

p0 _ L w @ s+t nzk
" 0 , 0<k<n

for every fixed k € N. Then
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(@) The sequence {b") ey is a basis for the space by’ (p). and any x € by (p) has a unique representation of the form

x= Zlkb<k>.
k

(b) The set {e,bV)(r), b (r),...} is a basis for the space by* (p), and any x € bi* (p) has a unique representation of the form

x=le+ Y [N —1p®),
k

where | = limy_,o,(B"*x)y.
(¢) The sequence {b(k>}k€N is a basis for the space b’ (p), and any x € b"*(p) has a unique representation of the form

X = Z)“kb(k) .
k

4. The ot—,— and y—duals of the spaces b;’ (p), b¢’ (p) and b™(p)

In this section, we state and prove the theorems determining the oo—, 8 — and y—duals of the sequence spaces b(rf( p), b2°(p) and b™*(p) of
non-absolute type.

We shall firstly give the definition of ¢c—, 3 — and y—duals of sequence spaces and after quoting the lemmas which are needed in proving the
theorems given in Section 4.
The set S(A, 1) defined by

SA,n)={z=(zx) ew:xz= (xpz) € pforall x = (x3) € 1} 4.1

is called the multiplier space of the sequence spaces A and p. One can eaisly observe for a sequence space v with A D v D u that the
inclusions

S(A,u) C S(v,u) and S(A,u) C S(A,V)

hold. With the notation of (4.1), the alpha-, beta- and gamma-duals of a sequence space A, which are respectively denoted by A%, AP and AY
are defined by

A% =S(A,0,),AP =S(A,cs) and A = S(A,bs).
The alpha-, beta- and gamma-duals of a sequence space are also referred as Kothe- Toeplitz dual, generalized K&the-Toeplitz dual and
Garling dual of a sequence space, respectively.
For to give the alpha-, beta- and gamma-duals of the spaces b’ (p), b’ (p) and b™(p) of non-absolute type, we need the following lemma:

Lemma 4.1. [10, g, = 1] Let A = (ay) be an infinite matrix. Then, the following statements hold

(i) A € (colp) : £(q)) if and only if

sup Z

KeZ n

Z ankM_l/Pk
kekK

<o, AMEN,. 4.2)

(ii) A € (c(p): €(q)) if and only if (4.2) holds and

Zn‘, Xk:ank

(i) A € (co(p): c(q)) if and only if

< . 4.3)

sup Y Jau M ~V/PE < 0o, IM € Ny, (4.4)

neN

I(ow) CR 3 lim Ja — 4| =0 forall k€N, (4.5)
n (==

J(og) CRSsup Y [a — 0 |M Pk < 0, IM €N, (4.6)
neN g

(iv) A € (c(p):c(q)) if and only if (4.4), (4.5), (4.6) hold and

HaeRanlgrolo‘;ank—a =0. 4.7)
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(¥) A€ (co(p) : lo(q)) if and only if

sup Y Jau|M~V/PE < oo, IM € N,. (4.8)
neN

(vi) A € (c(p) : €w(q)) if and only if (4.8) holds and

Z Ank
k

(vii) A € (U(p): £y) if and only if
(@) Let 0 < pr <1 forallk € N. Then

Pk
Z Ank

< oo, (4.10)
neN

<o, AM EN,. (4.9)

sup
n

sup sup
NeF keN

(b) Let 1 < py < H < ooforall k € N. Then, there exists an integer M > 1 such that
Pe

sup Z

NeZ

Z anqu

neN

< oo, @.11)

Lemma 4.2. [17] Let A = (ay) be an infinite matrix. Then, the following statements hold
() A € (U(p) : L) if and only if
(a) Let 0 < py <1 forallk e N. Then,

sup | |P* < oo. 4.12)
n.keN

(b) Let 1 < py < H < ooforallk € N. Then, there exists an integer M > 1 such that

/

sup Y [apemt 1™ < o 4.13)
neN
(ii) Let 0 < py < H < oo forallk € N. Then, A = (ay) € ({(p) : ¢) if and only if (4.12) and (4.13) hold, and
lim @, = Be, Yk € N. (4.14)
n—soo

Theorem 4.3. Let K € F and K* = {k € N:n > k}NK for K € #. Define the sets T] (p), Ty, T3(p) and T,(p) as follows:

i) = U {am)ew: sup | ¥ ot/ <oo}.,
M>1 KeZ n |kek*
n
= az(ak)ewzz chk exists for eachn € N 3 |
n k=0
P
Ts(p)= U {a=(@)ew:sup Y| Y cuM™| <oo 3,
M>1 NEeF k |neN
Pk
T4(p){a(ak)€w: sup sup | Y cue <°°},
NeZ keN [peN
where the matrix C = (c,) defined by
1 yn n n—k k
= Y -5 s+r)a 0<k<n,
an:{ Lo () ( 0) (s+r)fan 0=k (4.15)

Then, [b;’ (p)]* = Ty(p), [b¢* (p)]* = Ti(p) N T and

s o __ T3(p) 1<Pk §H<°°»Vk€N7
(6™ (P)] _{ Ta(p) O0<pe<1VkeN. (4.16)

Proof. We chose the sequence a = (a;) € w. We can easily derive that with the (2.2) that

n
anXy = rinkzo (Z) (=) (s +r)*apy = (Cy)n, (n€N) (4.17)
for all k,n € N, where C = (¢, ) defined by (4.15). It follows from (4.17) that ax = (a,x,) € {1 whenever x € by* (p) if and only if Cy € ¢,
whenever y € co(p). This means that a = (a,) € [b;’ (p)]* if and only if C € (co(p) : £1). Then, we derive by (4.2) with g, =1 foralln € N
that (B} ()] = T{ (p).

Using the (4.3) with g, = 1 for all n € N and (4.17), the proof of the [b¢*(p)]* = T] (p) N T, can also be obtained in a similar way. Also,
using the (4.10),(4.11) and (4.17), the proof of the

[br,S(p)]oc: T3(p) I <py <H<oVkeN,
T.(p) 0<pr <1LVkeN,

can also be obtained in a similar way. O
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Theorem 4.4. The matrix D = (d,y,) is defined by

) T (DR ke, (0<k<n)
d"k{ ’ 0 . (k>n) (4.18)

for all k,n € N. Define the sets Ts(p), Ts, T7(p), Tz, To(p), Tip and Ty (p) as follows:

75(p) = | {a = (ax) € w:sup i |dyye|M 1P < 00}7

M>1 neN =0

Te = {a =(ar) ew: 1Lm |di| exists for each k € N} ,
et

n
T(p) = U a=(ay) €w:3(og) CR>sup Z |k f(xk|M71/p’“ < 00},
M>1 neN k=0

n
Ty = {a =(ax) Ew: ’}Eg’,;)‘dnk‘ exists } ,

P
To(p) = U {a(ak)ew:supz dyM 1‘ k<°<>},
neN

M>1

Tio = {a =(a;) Ew: li_r}n dyy. exists for each k € N} ,
n—yoo

Tii(p) = {a (ar) €w: sup |dy|P* < oo}_
nkeN

Then, (b5 (p)) = T5(p) NTo N Ty(p). (62 (p))P = (b (p))P N Ty and

‘ To(p)NT, l<py<H<oVkeN
1S ﬁ: 9 0 ) k ’ bl 419
b7 (p)] {Tloan(p) . 0<p<lVkEN. “.19)

Proof. We give the proof again only for the space b(r)’s( p). Consider the equation

n n k . .
Y ax=Y [,L )3 <k) (=) (s+1)y;

a
k=0 k=0 j=0 \J ‘
=) [Z (,i)(*s)j_kr_j(”rs)kaj Yk = (DY)n, (4.20)
k=0 | j=k

where D = (d,) defined by (4.18). Thus, we deduce from (4.20) that ax = (axxy) € cs whenever x = (x;) € by’ (p) if and only if Dy € ¢
whenever y = (y;) € co(p). That is to say that a = (a;) € [b}’(p)]P if and only if D € (co(p) : ¢). Therefore, we derive from (4.4),(4.5) and
(4.6) with g, = 1 for all n € N that [b;* (p)]P = T5(p) N T N T7(p).

Using the (4.4),(4.5), (4.6) and (4.7) with g, = 1 for all n € N and (4.20), the proofs of the [by" (p)]ﬁ = [b(r)’s (p)]ﬁ N Tg can also be obtained
in a similar way. Also, using the (4.12),(4.13), (4.14) and (4.20), the proofs of the

[br’s(p)]ﬁ _ Tg(p)ﬁTl() y 1 <pr <H<ooVkEN,
TioNTi(p) . 0<pr<1,VkeN

can also be obtained in a similar way. O

<m}.

Then, [by' (p)]Y = Ts(p), [be* (p)]" = [by' (p)]Y N Th2 and

Theorem 4.5. Define the set T, by

T, = {a—(ak)Ew:sup
n

Z Ank
k

[br,S(p)]y:{ Tg(p) 5 1<pk§["1<°<>,VkGN7
Tio(p) , O0<pr<LVkeN.

Proof. This is obtained in the similar way used in the proof of Theorem 4.4. O
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5. Certain matrix mappings on the sequence spaces b;’ (p), b’ (p) and b™(p)

In this section, we characterize some matrix mappings on the spaces by" (p), b¢* (p) and b™*(p).
We known that, if by* (p) = co(p), b’ (p) = ¢(p) and b™* (p) = {(p), we can say: The equivalence “x € by’ (p),b¢" (p) or b™(p) if and only

ify € co(p),c(p) or £(p)” holds.
In what follows, for brevity, we write,

awi= ¥, (1) o/t iy

j=k
for all k,n € N.

Theorem 5.1. Suppose that the entries of the infinite matrices A = (ay;) and E = (e ) are connected with the relation
ek 1= dnf 5.1)

for all k,n € N and | be any given sequence space. Then,

() A€ (5" (p) : 1) if and only if {ant ety € (B (p)}P for all n € N and E € (co(p) : ).
(i) A € (bc"(p) : ) if and only if {an}en € {bc*(p)}P foralln € N and E € (c(p) : ).
(iii) A € (b™(p): u) if and only if {an }ren € {6 (p)}P foralln € Nand E € (¢(p) : p).

Proof. We prove only part of (i). Let 4 be any given sequence space. Suppose that (5.1) holds between A = (a,;) and E = (e, ), and take
into account that the spaces b’ (p) and co(p) are linearly isomorphic.

Let A € (by'(p) : 1) and take any y = (yi) € co(p). Then EB™ exists and {a }ren € T5(p) N Tg which yields that {e, }xeny € co(p) for
each n € N. Hence, Ey exists and thus

Z CnkYk = Zankxk
k k

foralln € N.

We have that Ey = Ax which leads us to the consequence E € (co(p) : it).

Conversely, let {a }ren € {05 (p)}P for eachn € Nand E € (co(p) : ) hold, and take any x = (x;) € b;"(p). Then, Ax exists. Therefore,
we obtain from the equality

oo oo k .
k_zoankxk =Y {Z (li)(fr)f*k(lfr)*(fﬂ)anj Vi

k=0 | j=0
for all n € N, that Ey = Ax and this shows that A € (b5’ (p) : ut). This completes the proof of part of (i). O

Theorem 5.2. Suppose that the elements of the infinite matrices A = (ayy) and B = (by) are connected with the relation

1 ton\
b = m/& (j)s" Irlaj for all k,n € N. (5.2)

Let u be any given sequence space. Then,

() A€ (u:bg'(p))ifand only if B€ (1 : co(p)).
(ii) A€ (u:b(p))ifandonlyif B € (1 :c(p)).
(iii) A € (u:b6"°(p)) ifand only if B € (1 : £(p)).

Proof. We prove only part of (i). Let z = (zx) € 1 and consider the following equality.

oo

m . m
Y buz =Y, <]) (1—p)rtlpi—n (Z ajkzk> for all m,n € N
k=0 n k=0

j=n

which yields as m — oo that (Bz), = {B"*(Az)}, for all n € N. Therefore, one can observe from here that Az € b’ (p) whenever z € u if and
only if Bz € co(p) whenever z € u. This completes the proof of part of (i). O

Of course, Theorems 5.1 and 5.2 have several consequences depending on the choice of the sequence space . Whence by Theorem 5.1 and
Theorem 5.2, the necessary and sufficient conditions for (b’ (p) : ), (1 : by’ (p)), (be* (p) = p), (2 b&* (p)) and (b™(p) = ), (1 : b (p))
may be derived by replacing the entries of C and A by those of the entries of E = C{B"*}~! and B = B"*A, respectively; where the necessary
and sufficient conditions on the matrices E and B are read from the concerning results in the existing literature.

The necessary and sufficient conditions characterizing the matrix mappings between the sequence spaces of Maddox are determined by
Grosse-Erdmann [10]. Let N and K denote the finite subset of N, L and M also denote the natural numbers. Prior to giving the theorems, let
us suppose that (g,,) is a non-decreasing bounded sequence of positive numbers and consider the following conditions:

lim|a,|? = 0, for all k. (5.3)
n
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VL, 3M > sup L4 Y |ap M~ 1/PH < oo, (5.4)
n k
lim | ;MW =0, (5.5)
VL, sup sup |a, L'/ " oo, (5.6
n kek,
VL,3M 3 sup ¥ Jau LM~ Pk < oo, (5.7)
n kek,
qn
VM, lim (;mnkwl/!’k) =0, (5.8)
VM, sup Y [a | M"/PE < o, (5.9)
nok
qn
VM, sup Y | Y auM'/Pe| <o, (5.10)
K n |kek

Lemma 5.3. Let A = (ay;) be an infinite matrix. Then

() A= (an) € (co(p) : Ls(q)) if and only if (4.8) holds.

(i) A= (aux) € (c(p) : €=(q)) if and only if (4.8) and (4.9) hold.

(iii) A= (an) € (U(p) : L) if and only if (4.12) and (4.13) hold.

(iv) A= (an) € ( o(p) : ¢(q)) if and only if (4.4), (4.5) and (4.6) hold.

(V) A= (ay) € (c(p):c(q)) if and only if (4.4), (4.5), (4.6) and (4.7) hold.

(vi) A= (an) € (U(p) : ¢) if and only if (4.12), (4.13) and (4.14) hold.

(vii) A= (au) € (co(p) : co(q)) if and only if (5.3) and (5.4) hold.

(viii) A = (a) € (c(p) : co(q)) if and only if (5.3), (5.4) and (5.5) hold.

(ix) A= (an) € (U(p) : colq)) if and only if (5.3), (5.6) and (5.7) hold.

(x) A= (any) € (lus(p) : co(q)) if and only if (5.8) holds.

(xi) A= (an) € (leo(p) : c(q)) if and only if (5.9) holds.

(xii) A = (au) € (les(p) : £(q)) if and only if (5.10) holds.

(xiii) A = (au) € (co(p) : £(q)) if and only if (4.2) holds.

(xiv) A = (ay) € (c(p) : €(q)) if and only if (4.2) and (4.4) hold.

Corollary 5.4. Let A = (ayy) be an infinite matrix. The following statements hold:

(i) A€ (by'(p) : Lee(q)) if and only if {ay }ren € {bg’ (p)}P for all n € N and (4.8) holds with d,y instead of ayy, with g = 1.

(i) A € (by'(p) : co(q)) if and only if {am }ren € {b(r)’s(p)}ﬁ foralln € N and (5.3) and (5.4) hold with a,y, instead of ap, with g = 1.

(iii) A € (by'(p):c(q)) if and only if {a }ren € {bgs(p)}ﬁ foralln € N and (4.4), (4.5) and (4.6) hold with a,y, instead of ay, with ¢ = 1.

Corollary 5.5. Let A = (au) be an infinite matrix. The following statements hold:

(i) Ae (b?s( ) : l(q)) if and only if {an xen € {b2*(p)}E for all n € N and (4.8) and (4.9) hold with @,y instead of ayy, with g = 1.

(i) A€ (b7 (p):colq)) if and only if {aw }ren € {b2*(p)}P for alln € N and (5.3), (5.4) and (5.5) hold with dyy, instead of ayy, with g = 1.

(iii) A € (bzs( ):¢(q)) if and only if {aw }ren € {b2*(p)}E for all n € N and (4.4), (4.5), (4.6) and (4.7) hold with dyy, instead of ayy, with
qg=1

Corollary 5.6. Let A = (ay) be an infinite matrix. The following statements hold:

(i) A€ (b (p): Lle) if and only if {am tren € {0 (p)}P for all n € N and (4.12) and (4.13) hold with éy, instead of ayy.

(i) A e (0" (p):colq)) if and only if {aw }ren € {b™* (p)}P for all n € N and (5.3), (5.6) and (5.7) hold with &y, instead of ayy, with q = 1.

(iii) A € (b"™(p):c) if and only if {an }ren € {b”“‘(p)}ﬁ foralln € Nand (4.12), (4.13) and (4.14) hold with a,y, instead of a,.

Corollary 5.7. Let A = (a) be an infinite matrix and by, be defined by (5.2). Then, following statements hold:

(i) A € (loo(q) : by (p)) if and only if (5.8) holds with by, instead of an, with g = 1.

(i) A € (colq) : by (p)) if and only if (5.3) and (5.4) hold with b,y instead of ayy, with q = 1.

(iii) A € (c(q): b(r)’s(p)) if and only if (5.3), (5.4) and (5.5) holds with b, instead of ay, with q = 1.

Corollary 5.8. Let A = (ay) be an infinite matrix and by, be defined by (5.2). Then, following statements hold:

(i) A€ (lo(q): b”( )) if and only if (5.9) holds with by instead of a; with g = 1.

(i) A € (co(q):be’(p)) if and only if (4.4), (4.5) and (4.6) hold with by, instead of ayy, with g = 1.

(i) A € (c(q): b2 (p)) if and only if (4.4), (4.5), (4.6) and (4.7) hold with by, instead of au; with g = 1.

Corollary 5.9. Let A = (a) be an infinite matrix and by, be defined by (5.2). Then, following statements hold:

(i) A€ (bo(q): b"*(p)) if and only if (5.10) holds with by, instead of ay, with g = 1.

(@ii) A € (co(q) : b"*(p)) if and only if (4.2) holds with by, instead of a,y with g = 1.

(iii) A € (c(q) : b™(p)) if and only if (4.2) and (4.4) hold with by instead of ay, with g = 1.
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easy algorithm to test the existence of limit cycles and we give them explicit expressions.

1. Introduction

The second part of sixteenth problem of Hilbert rases the question of the maximum number and the mutual position of limit cycles of the
differential system:

——ny

(1.1
B S

where P and Q are two polynomials of any degree.
Many mathematical models in population dynamics, frequently involve the systems of ordinary differential equations having the form

dx
:EZXF()Q)))’

dy ( ) (1.2)
=== X,

dt y /y b

x(1) and y(¢) represent the population density of two species at time 7, and F (x,y) , G(x,y) are the capita growth rate of each specie, usually,
such systems are called Kolmogorov systems.

Kolmogorov models are widely used in ecology to describe the interaction between two populations, and a limit cycle corresponds to an
equilibrium state of the system.

In mathematical modeling of ecological systems and population dynamics, more mathematicians and scientists were attracted to the subject
and several results have been published, May[15], Kuang and Freedman[12] , X. Huang, Y. Wang, A.Cheng [11], and others.

When F(x,y) and G(x,y) are polynomials of degrees > 2, limit cycles can occur and there is an extensive literature dealing with their
existence, number and stability (see for instance Lloyd, Pearson, Sdez and Szant6[13], X.C. Huang, L. Zhu [9], X.C.Huang[10], S.Bogian
and L.Demeng [5], K.S. Cheng [6],... ), but to our knowledge, the exact analytic expressions of the limit cycles for a given kolmogorov
system is still unknown except for simple and specific cases. This paper is a contribution in this direction, to determine the number of limit
cycles and to give their explicit form.

Motivated by the recent publication of some research papers exhibiting planar polynomial systems with one or more algebraic limit cycles
analytically given (see for instance A. Bendjeddou and R. Cheurfa[1], [2], S.Benyoucef, A, Barbach and A.Bendjeddou, [3], S. Benyoucef

Email address: saben21@yahoo.fr (S. Benyoucef) bendjeddou@univ-setif.dz (A. Bendjeddou)
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and A.Bendjeddou[4], S.Chengbin, S.Bogian[7], Lloyd, Pearson, Sdez and Szant6[14], Peng Yue-hui[17]), we will study the existence and
the number of limit cycles of a class of Kolmogorov system, and give their explicit form.

Mainly based on the work of Article[4], we will enter some disruption on the differential system, adding other terms and changing the
parameters.

2. Some useful notions

Let recall some useful notions.
For U € Rx,y], the algebraic curve U = 0 is called an invariant curve of the polynomial system (1.2), if for some polynomial K € R [x,y]
called the cofactor of the algebraic curve, we have

oU U
F — +yG — =KU 2.1
xF (x,y) 5 - +yG(x,) 2 2.1
The curve I' = {(x,y) € R?:U(x,y) = 0} is nonsingular of system (1.2) if it is without singular points. The singular points or the equilibrium
points of system (1.2) satisfy

xF(x,y) =0
{ yG(x,y) =0 @2)

If the curve I is nonsingular of system (1.2), the equilibrium points of the system are contained either in its unbounded components or are
located on the curve K = 0.

Alimit cycle y= {(x(¢),y(¢)),t € [0,T]}, is a T —periodic solution isolated with respect to all other possible periodic solutions of the
system.

The T —periodic solution ¥ is an hyperbolic limit cycle if fOT div(y(t))dt is different from zero [16].

We construct here a multi-parameter planar differential system admitting the components of curve

r— {(x,y) ER2 X2 b+ oy?™ +y" (d+ fX") +h =0, (n,m) € N* xN*} 2.3)

as hyperbolic limit cycles if some conditions on the parameters are satisfied.
Note that our study is not restricted to the realistic quadrant {(x,y) ERZ:x>0,y> 0} , but it covers all the domain R,

3. The main result

As a main result, we have the following theorem

Theorem 3.1. The system

x=x ((yP(x) +V(©»)) (axz" +bx"+ cy2m +dy™ + fx"y" + h) —my™ (d+2¢cy™ + fx”)) G.)
¥ =y ((xQ() + W (x)) (ax? +bx" + cy?™ +dy™ + fx"y"™ + h) +nx" (b +2ax" + fy™)) ‘
where a,c are positive real, b,d are negative real, f is negative real such as f* < 4ac, h satisfied
b d? bdf —b*c —ad?
—,— h< —5—F— N* x N* 32
max{4a,4c}< 7 dac (n,m) € N* x (3.2)

P(x) and Q(y) are odd polynomial functions of any degree with positive coefficients, V (x) and W (y) are analytic functions.
This system admits

One limit cycle when n and m are odd numbers.

Two limit cycles when one of numbers n and m is odd and the other is even.

Four limit cycles when n and m are even numbers .

The limit cycles are hyperbolics represented by the curve I.

Proof. We will prove that I is nonsingular composed of ovals and it is an invariant curve of system (3.1), and fOT div(D)dr # 0. (see for
instance Perko [16])

i) The curve I' is non singular of system composed of ovals.

We recall that the curve I is non-singular of system (3.1) if the following system has no real solution.

axZn 4 bx" +Cy2m +dym +fxnym +h=0
nyx" (b+2ax"+ fy") =0 (3.3)
—mxy™ (d+2cy™ + fx") =0

Note that the curve I' does not intersect the axes, cy2" +dy™ + h # 0 because h > Z—z, and ax?" + bx" + h # 0 because h > %,

. . . . _ uf2bc=df _ ,/2ad—bf _ u[2bc—df ,.[2ad—bf [2bc—=df . [2ad—bf
then the possible critical points on I are: A ( P —dac f274ac> , Ao ( Y Fdac’ i f274ac) , Az ( P —dac f274ac> ,
w[2bc—df n/[2ad—bf
Aq ( f2—4dac’ f2—4ac
A4 when m and n are odd numbers.
Aj, A4 when m is odd and n is even.

) when m and n are even numbers.
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A3, A4 when m is even and n is odd.

Ash# ﬁ (bd f —ad* — b2c) and f2 # 4ac, then all the points A1,A5,A3,A4 are not on I, and the curve I' is nonsingular.
Now, we prove that I is composed by ovals.

We consider the equation (2.3) as

24 (d+ fi")z+ (ax2”+bx"+h> — 0 where z = y" (3.4)

The discriminant A = (f2 — 4ac) 52 +2(df —2bc)s +d* —4ch where s = x
Al = 4b?c? — 4bed f — 16ahc? + 4acd® + 4he f2

. b*c*—bd f+ad?
We note that if & > T)‘z

Ith= 24;# Ay =0,and A= ( 12— 4ac) (s — Zbe—df ) < 0, with s ;é Zb‘ , and there is no real solution of equation (2.3).

f2—4dac
It h < PP ) > 0 and we have

A’ <0, and as f2 < 4ac then A < 0, and there is no real solution of equation (2.3).

s1 = 4ac—f2( \/b2c2 4ahc? +acd? — bedf + hef? — 2bc+df)

1

2= dac — f?

<—2\/b2c2 —dahc? + acd? — bed f + hef? — 2bc+df)

The expression

1
W (2\/b26‘2 — 4ahC2 + acd2 - def+ I’le2 —2bc + df)
is positive,

if & i 1 2.2 2 2 7) : .
and if 7 < h, then the expression g -~ —2\/17 c? —4ahc* 4 acd* — bed f + hef+ —2bc+df ) is also positive.
We distinguish the following cases

1. nis odd number
The equation A = 0 admits two real solutions

xl_{/ 7f2(\/b2c2 4ahc® +acd® — bed f + he f2 — 2bc+df>

1
X = {/4ac e (—2\/b2c2 —4ahc? + acd® — bed f + hef? — 2bc+df>

For x € [x1,x;] the discriminant A is positive and the equation (2.3) admits two real solutions

—(d+ fx") — \/(f2—4ac)x2”+2(df—2bc)x” 2 —4ch
2c

1 =

— (d+ f2") + (12— dac) 31 +-2(df — 2be) +d2 —dch
2¢

2 =

Asc>0andh > %, 71, Zp are positive.
If m is odd number, they are two real solutions of equation (2.3) that depend on y which are

| = (d+ fxm) =/ (£2 — dac) @1 +2(df — 2be)x" +d2 —4ch
1=
2c
u| —(d+ fxn) +\/ — 4ac) x2" +2(df — 2be)x" +d? —4ch
Y2 =
2c

x — y1 is decreasing function when x € ]x,xo[ and an increasing function when x € ]xq, x> [
X — ¥ is an increasing function when x € ]xl ,x6 [ and a decreasing function when x € ]x6,x2 [
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wherexoz\’/ W(f\/a2d2+abzc—4a ch+af*h—abdf — 2abc+adf)

1
Xy = {/W (f\/azd2 —|—ab2c‘—4a20h+af2h—abdf+2ahc—adf>

on the other hand

yi(x)) =y2(xp) = (/c(fziélac) <f\/b2c2fbcdff4ahc2+acd2+hcf2+2acdfbcf)

y1(x2) =y2(x0) = K/C (f2 i4ac) <f\/b2c'2 —bedf —4ahc? +acd? + hef? — 2acd+bc‘f)

then T is composed of an oval in the area Dy = {(x,y) € R?,x; <x <x2, y1 (x0) <y <2 (x)) }-
D; is in the realistic quadrant.
If m is even number they are four real solutions of equation (2.3) that depend on y which are y;, y», —y1, —y2
with the same process as before, we conclude that the curve I is composed of two ovals, one is in the area D and the other is in the
area Dy = {(x,y) € R%,x; <x<x3, —y2 (xh) <y < —y1(x0)}-
2. nis even number
The equation A = 0 admits four real solutions x,xp, —x1, —x2
For x € [—xp, —x1] U [x1,x;] the discriminant A is positive and the equation (2.3) admits two real solutions z1,z>.
If m is odd number, they are two real solutions of equation (2.3) that depend on y wich are

o = (d+ fxm) = [ (£~ dac) @ +2(df — 2be)x" +d2 —4ch
yi= 5 :
C
u| —(d+ fxn) +\/ — dac) x2" +2(df — 2be)x" +d? —4ch
Y2 =
2c

If m is even number, they are four real solutions of equation (2.3) that depend on y

Y1, Y2, =YV, =2

As before, we conclude that, when m is odd number, the curve I" is composed of two ovals, one is in the area Dy, and the other is in
the area D3 = {(x,y) € R?,—xy <x < —xy, yi (—x0) <y <y2 (—x5) }-
When m is even number, the curve I" is composed of four ovals in the areas Dy, Dy, D3, Dy
Dy={(x,y) ER?* —xp <x< —x1, —y2 (—x() <y < —y1(—x0)}
ii) I' is an invariant curve of system (3.1)
9U

ekt Gy = (0 (P() £V ) (b4 20+ 1)+ (1Q(3) + W () (d+ 205" + ) U (35)

the cofactor is

K(x,y) = nx" (yP(x) +V(¥)) (b+2ax" + fy™) + my™ (xQ(y) + W (x)) (d +2cy™ + fx") (3.6)
iii) [¢ div(T)dr # 0
Note that
T T
/ div(T)dr = / K(x(t),y(1))dt 3.7)
0 0

see for instance Giacomini & Grau[8].

/OTK(x(t),y(t))dt - /OT ' (YP(x) + V() (b+2ax" + fy") dt

+ /T my™ (xQ(y) +W(x))(d+2cy™+ fx")dt

_ RO VOO 1 0O N2 48,
B nyx" (b+2ax™+ fym) mxy’" (d42cym + fxm)

=7§(P( )+@)dy ;ﬁ(Q(yH@)dx
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VoL

Figure 5.1: Limit cycles of system(5.1) with singular points

by applying the GREEN formula

fr (P(x) + @) dyfj{; (Q(y) + @) dx = //m;(r) (d(l;ix)) + d(gy(y) > dxdy (3.8)

where int(I") denotes the interior of I (the region bounded by I').

As P(x) and Q(y) are odd polynomial functions with positive coefficients then P’(x) and Q' (y) are pair polynomial functions with all
the coefficients are positive. We conclude that V(x,y) € int (T) , (P'(x)+Q'(y)) >0

then [ K (x(1),y(t))dt is nonzero.

O

Remark 3.2. We can generalize Theorem 3.1 such P(x) and Q(y) are analytic functions, in this case we must add the condition V(x,y) €
int (T), P'(x)+ Q'(y) is nonzero.

Remark 3.3. If the study is restricted to the realistic quadrant {(x, y) € R2:x>0,y> O} , then the theorem remains true with odd degrees
n and m, in this case the system (3.1) admits one limit cycle in the realistic quadrant.

4. Algorithm

* Reading data of system (3.1)

Reading degrees m and n such that m > 0 and n > 0.

Reading coefficients a,b,c,d,f , h such thata > 0,b < 0,c¢ > 0,d <0, f <0 and f2 < 4ac.
Enter the odd polynomial functions P(x) and Q(y) with positive coefficients.

Enter the analytic functions V(x) and W (y).

* Existence of limit cycles
Ifmax{%7 Z—i} <h< W then

if m and n are odd numbers there is one limit cycle

if m and n are even numbers there are four limit cycles

if one of numbers m and n is odd and the other is even there are two limit cycles

else

there is not limit cycle

endif

* Explicit form of limit cycle

when there exist limit cycle its explicit form is x2* + bx" + cy?™ +y" (d + fx") +h =0

5. Examples
Example 5.1. Letm=n=2,a=2,b=-2,c=2,d=-2,f=-2h=1,Px)=x,00) =y, V) =y+1,Wx) =x—1

P ( 20y + 2y 4+ 20* — 2x3y3 — 23y — 2023 4 2x2y2 — 202y — 242 )
42690 = 2% +ay+2° — 6yt =293 +2y2 +y+1

. 20y +2x° 4+ 6x* — 2x3y3 — 232 — 23y — 2x3 — 22y —2x2

r= ( 20y + 2xy* —2xy% — 20?4 xy+x— 294 +2)% — 1 )

(5.1)

The system (5.1) admits four limit cycles represented by the curve 2x* — 2x2 4 2y* +y? (—2 - 2x2) + 1 =0, and it has seven singular points,
three are saddle points, two are stable focus and two are instable focus. The limit cycles in the first and third quadrant around stable focus
and limit cycles in the second and fourth quadrant around unstable focus. Figure (5.1)
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Figure 5.2: Limit cycles of system(5.2) with singular points
Example 5.2. Letm=2,n=1,a=3,b=-2c=1,d=-3,f=-2h=3,P(x)=x3,00) =y, V(y)=-1,W(x) =1
(5.2)

X=X (3x5y —2x*y3 —2xty 4+ 3y — 3033 + 303y — 362 4 6y 4+ 2x — 5y + 9y — 3)
y=y (3x3y3 —2x2y5 —2x2y3 +9x% +xy7 — 3xy° 4 3xy° — dxy? —dx+y* — 3% + 3)

The system (5.2) admits two limit cycles represented by the curve 3x* —2x+y* —3y? —2xy> +3 =0, and it has five singular points, three
are saddle points, one is a stable focus, one is an unstable focus, the limit cycle in first quadrant encloses a stable focus, and the other
encloses an instable focus. Figure (5.2)

Example 5.3. Letm=n=1,a=2,b=-3,c=1,d=-3, f=—1,h=3, P(x) =exp(x), O(y) = arctan(y), V(y) = ysin(y), W(x) =
xcos(x)

{ x=x((vexp(x) +ysin(y)) (2x2 = 3x+y* =3y —xy+3) =y (2y —x—3)) 53)
y =y ((xarctan(y) +xcos(x)) (24> —3x+y* =3y —xy+3) +x(4x —y—3)) :

The system (5.3) admits one limit cycle, represented by the curve 2x*> —3x—+y* —3y—xy+3 =0, that enclosed a stable focus, figure (5.3).

Note that d(e"‘g(m +4 (am“;n()‘)) —e ﬁ <0

and
fT K(x,y)dt = 2VI5+3 Ax+iV-T2+18x—3+3
JO ’ : %7%\/5 : %xfé 77x2+18x73+%

<ex . ﬁ) dxdy ~ 22.55.

Figure 5.3: Limit cycles of system(5.3) with singular points

6. Conclusion

We proposed in this paper a class of Kolmogorov system, where just choose the parameters satisfying the conditions of Theorem 3.1, we
conclude directly that the system has one, two or four limit cycles and we give them explicitly.
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1. Introduction

Real quaternions were introduced by Hamilton (1805-1865) in 1843 as he looked for ways of extending complex numbers to higher spatial
dimensions. So the set of real quaternions can be represented as [1]

H={q=ay+aji+ayj+ask: ap,ay,ar,a3 € Randi,j,k ¢ R},
where
F=P=k =1, ij=k—ji, jk=i=—kj, ki=j=—ik.

From these ruled it follows immediately that multiplication of real quaternions is not commutative. The roots of a real quaternions were
given by Niven [7] and Brand [8] proved De Moivre’s theorem and used it to find nth roots of a real quaternion. Cho [2] generalized Euler’s
formula and De Moivre’s formula for real quaternions. Also, he showed that there are uncountably many unit quaternions satisfying x" = 1
for n > 3. Using De Moivre’s formula to find roots of real quaternion is more useful way.

After the discovery of real quaternions by Hamilton, MacFarlane [4] in 1981 introduced the set of hyperbolic quaternions. The hyperbolic
quaternions are not commutative like real quaternions. But the set of hyperbolic quaternions contains zero divisors [6].

In this work, we express Euler and De moivre’s formulas for hyperbolic quaternions after we give some algebraic properties of hyperbolic
quaternions.

2. Hyperbolic Quaternions

A set of hyperbolic quaternions are denoted by

K={q=ay+aii+ayj+aszk: ap,a,a,a3 € Rand i,j,k ¢ R} 2.1)
where

2 2 42 L g e .

“=j=k"=1,ij=k—ji, jk=i=—kj, ki=j=—ik. 2.2)
A hyperbolic quaternion g = ag + ayi+ apj + azk is pieced into two parts with scalar piece S(g) = ag and vectorial piece vV (9) =

ayi+ayj+ azk. We also write ¢ = S(q) + V (g). Let a hyperbolic quaternion be g, = a, + ayi + anj + ayk for n = 0,1. Addition and
subtraction of a hyperbolic quaternions is defined by

qo £ q1 = (ag + boi + coj +dok) = (a1 +bii+cyj+dik)

=(apxay)+(boL£by)i+ (coLtcr)j+ (dotd)k. 23

Email address: isil.arda@ogr.sakarya.edu.tr (I. Arda Kosal)
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Scalar multiplication of a hyperbolic quaternion is defined by
Ag=Ala+bi+cj+dk) =Aa+Abi+Acj+ Adk 2.4)

for any A € R. Then, the set K is a vector space over R.
Multiplication of hyperbolic quaternions are defined by

qoq1 = (ag + boi + co j + dok) (al +b1i+clj+d1k)
= (a0a1 + boby + cpcy +d()d])+ (a()b] + boay + cod; 7d0C1)i 2.5)
+(aoer —body + coar +doby) j+ (aody +boct — coby +doar k.

Equation (2.5) can be represented by means of matrix multiplication. The representation as a 4 x 4 real matrix is

a by do
by ay —dy o

co do ag —bg (2.6)
dy —co bp ag

which is a useful way to compute quaternion multiplication
ro a bo co do ai
ri | | bo a —do o b
n| | co do a —bo c1 @7
r3 d —co by ao di

where pqg = ro+rii+rj+ rsk.
Unlike the real quaternions, the hyperbolic quaternion is not associative due to (ij)j # i(jj) . Moreover, it is not commutative. The
conjugate of a hyperbolic quaternion is defined by

G=a—bi—cj—dk. 2.8)

The conjugate of hyperbolic quaternions satisfies the properties (p) = p and (pq) =gp for p,q € K.
The scalar and vector parts of g € K are defined

S@=5(+. Vi=;(a-a. 29
‘We note that

S@)=3@G+q)=5(q),

S(P+(])2:S(p)+5(q). (2.10)

Let p and g be hyperbolic quaternions. Then, inner product of them is defined to be the real number

(p,q) =S(prq). 2.11)
As is easily verified, the following properties are satisfied
M (p.a)=S(pq) =S(qpP) = (ap),
) (pg+r) =S (pa+) =S(pa-+p7) = (p.a)+ p.r).
() & (p,q) =S((@p)q) = (ap.q) =S (p(aq)) = (p,g) A €R
(V) (q,q) = S(qq) = a® —b* — > —d*.

Thus the inner product defined here is a symmetric bilinear form but is not positive definite. The inner product defines the norm of
q=a+bi+cj+dk € K as follows

N(q)=(g.9) =qq=a*—b*—* —d*. (2.12)

The norm is real-valued function and the norm of a hyperbolic quaternions satisfies the properties N (§) = N (q). But N (pg) # N (p) N (g).
Let p = p%eq, g = q%eq be hyperbolic quaternions where ey € {1,i, j,k} . Then the relations:

(p.q) =S(pq) = Napr®e? (2.13)
defines metric 14 . To obtain its components explicitly, we choose p = eq, g = eg (for particular «, B). Then
p=238%e,, q=38Pe, (2.14)

where 8%P is kronecker delta. That is

Pt =38, ¢" =8PV 2.15)
therefore
Ir
(p.a) =5 {ea % +eﬁea} (2.16)
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also
(p.q) = Nuy 8™ 8PV = nyp 2.17)

and so
1 _ _
Nap = 5 [eaeﬁ +€ﬁ€a} (2.18)
giving, after a short calculation, we reach

1 0 0 0
o -1 0 o
MTap=110 0o -1 o0
0 0 0 -1

(2.19)

which is the usual flat-space metric of Minkowski space.

3. Euler’s and De Moivre’s Formulas for a Hyperbolic Quaternions

In this section, we express Euler’s formula and De Moivre’s formula for hyperbolic quaternions and examine roots of hyperbolic quaternion
with respect to the norm of the hyperbolic quaternions.
Every hyperbolic quaternion ¢ = a+ bi+ cj+dk (N (g) > 0) can be written in the form

q=+/N(q)(cosh¢ +wsinh¢) 3.1
where cosh¢ = \/‘1%7 sinh¢ = 7W, w= \/ﬁ (bi+ cj+ dk) is unit hyperbolic quaternion and w? =ww = 1. Since w? = 1,
q q
we have
2 4 3 5
M = (1 + % + % +) +w (¢ + % + % + ) = cosh ¢ + wsinh ¢. (3.2)

Moreover, this can be shown using another method. In following manner

g = (cosh¢ + wsinh @) = dg = (sinh¢ +wcosh¢)d¢

= dg=w(cosh¢ +wsinh¢)d¢ = wqd¢. 33

Thus, we get
/d—q:/wd¢:>lnq:w¢:>q:ew¢:(cosh¢+wsinh¢). (3.4)
q

Now let’s prove De Moivre’s formula for hyperbolic quaternion.
Theorem 3.1. Let g = /N (q) (cosh¢ +wsinh @), where ¢ is a real number and w* = 1. Then
¢" = (\/Ny)" (cosh +wsinh )" = (v/Ny)" (cosh (n¢) +wsinh (n¢)) (3.5)

for every integer n.

Proof. We use induction on positive integers n. Assume that

q" = (\/Ny)" (cosh (ng) +wsinh (n¢))
holds. Then, .
gt = ( |Nq|) (cosh (n¢) +wsinh (n¢)) ( |Nq|> (cosh¢ +wsinh ¢)
()N n+1 T (cosh (n¢) cosh ¢ + sinh (n¢) sinh ¢)
- < | (’|> +w (cosh (n¢) sinh ¢ + sinh (n¢) cosh ¢)

n+1
= < |Nq|> [(cosh(¢ (n+1)))+w(sinh (¢ (n+1)))].

Hence, the formula is true. Moreover, since

g ' = ( }N,,})il (cosh¢ —wsinh¢)

= (/1) ™ (cosh (n¢) — wsinh (n9))

—n

- ( |Nq|> (cosh (—ng) + wsinh (—ng)),
the formula holds for all integer.
If the power series definition

2 4

x- X

coshx = H—E—i_ﬂ_'—m (3.6)
3 xS

sinhx=x+—+ —+... 3.7)

31 5!
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is used for hyperbolic quaternion w, then we obtain

coshw = cos/ 3.8)
sinhw = —wl'sin/ 3.9)
where / is complex operator. O

Every hyperbolic quaternion ¢ = a+ bi+ cj+dk, (N (g) < 0) can be written in the form
qg=+/IN(q)|(sinh¢ +wcosh¢) (3.10)

i - _a —_ 1 i a ol (piaa P : :
where sinh ¢ ok cosh ¢ N b*+4c=+d-and w N/l (bi+ cj+ dk) is unit hyperbolic quaternion.
Theorem 3.2. Let g =+/|N (q)|(sinh¢ +wcosh@), (N(g) < 0) be hyperbolic quaternion. Then

n

|N(q)|) (sinhng +wcoshng), nisodd
( |N(q)|>n(coshn¢+wsinhn¢), n is even.

n

The proof can be bypassed since it can be proved in same manner of the proof of the Theorem 3.1.
3.1. The roots of a Hyperbolic Quaternions

Theorem 3.3. Let p = /N (p) (cosh§ +wsinh @) . Then the equation ¢"* = p has only one root:

q= W(cosb (%)Hvsinh <%>> G.11)

in the hyperbolic quaternions which N (q) > 0.

n
Proof. Assume that g = /N (g) (coshx + wsinhx) is a root of the equation ¢" = p. From theorem 3.1, we have ¢" = ( N (q)) (cosh (nx) 4+ wsinh (nx))

. Thus, x = and [N (g)| = {/|N (p)|. Then, g = X/N (p) (cosh (%) +wsinh (%)) is a root of the equation. If we suppose that there are
two roots satisfying the equality, we obtain that these roots must be equal to each other. O

Example 3.4. We find the roots of the equation q* = /3 + i+ j. Here p = /34 i+ j is a hyperbolic quaternion such that Np =1.Then, p
can be written as

p = cosh (ln <\f3+ \/f)) + wsinh (ln <\/§+ \/§>)

where w = - (i+ j). From theorem 3.3, the root of the equation

V2
q2 = cosh (ln (\f3+ \/E)) + wsinh (ln <\f3+ \f2>>

is as follows

In (\/§+ ﬁ) = sinh In (\/§+ \/i)

= cosh
q = cos > >

Theorem 3.5. Let p = +/|N (p)|(sinh ¢ +wcosh @) be hyperbolic quaternion. Then the solution of hyperbolic quaternion ¢"* = p
1. doesn’t exist if n is an even number,

2. has only one root g = X/|N (p)| <sinh % +wcosh %) if n is an odd number
in the hyperbolic quaternions which N (q) < 0,

Proof. If n is an even number, the norm of the n'" power of hyperbolic quaternion will be positive and in this case there is no solution.
So, let g = \/|N (q)]| (sinhx + wcoshx) be root of the equation ¢" = p such that n is an odd number. Then

q" = 1/|IN(q)|" (sinhnx +coshnx) = \/|N (p)| (sinh ¢ + cosh )

andwegetx:%and IN ()] = /IN (p)]- -
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Example 3.6. We find the roots of the equation ¢° = 14 +/2j. Here p = 1++/2j is a hyperbolic quaternion such that N (p) = 1. Then p
can be written as

p=sinh <ln (1 n ﬂ)) +weosh (ln (1 n ﬁ))

where w = j. From theorem 3.4 the root of the equation

q3 =sinh (ln (1 + \/i)) +wcosh <ln (1 + \/5))

In (1 + ﬂ) © weosh In (1 + ﬂ)

—sinh | ——— 7
g = sin 3 3
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Article Info Abstract
Keywords: Dendrimers, Generalized Chemical graph theory, is a branch of mathematical chemistry which deals with the nontriv-
Zagreb index, Vertex degree-based topo- ial applications of graph theory to solve molecular problem. A chemical graph is represent a

logical indices

molecule by considering the atoms as the vertices and bonds between them as the edges. A
2010 AMS: 05C35, 05C07, 05C40

topological index is a graph based molecular descriptor, which is graph theoretic invariant
Received: 18 May 2018 characterising some physicochemical properties of chemical compounds. Dendrimers are
Accepted: 8 September 2018 generally large, complex, and hyper branched molecules synthesized by repeatable steps
Available online: 30 September 2018 with nanometre scale measurements. In this paper, we study the (a,b)-Zagreb index of
some regular dendrimers and hence obtain some vertex degree based topological indices.

1. Introduction

A molecule in chemical graph theory generally represented by graph G = (V(G),E(G)) where V(G) denote the vertex set and E(G) is the
edge set of G, the vertices are consider as atoms of the molecule and edges are bonds between them. The degree of a vertex v € V(G) is the
number of those vertices in G such that which are adjacent to v and is denoted as d(v). A topological index of a graph is the real number
obtain from that graph numerically and is same for graph isomorphism. Study of various topological indices for chemical structures of
various molecules play an important role in medical and pharmaceutical fields to predicting biological activity of new molecules and drugs.
Dendrimers is a type of macromolecules that could be synthesized from monomers by reproducible procedures. Generally dendrimers are
large, complex and hyper branch with multiple functional groups on the surface. Dendrimer was first introduced in 1985 by D.A. Tomalia et
al. [1]. Now a days more than forty families of dendrimers are present which are carries unique properties. These specific properties make
dendrimers suitable for various applications in medical and industrial technology. Dendrimers are used in vitro diagnostic cardiac testing,
as contrast agents for magnetic resonance. Magnetic resonance imaging (MRI) is a diagnostic process to producing anatomical images of
organs and blood vessels. Recently, U. Ahmad et al. studied the atom-bond connectivity indices of certain families of dendrimers in [2], Y.
Bashir et al. studied forgotten topological index of some dendrimers structure in [3]. In this paper, we derived the exact expressions of the
generalized Zagreb index or (a,b)-Zagreb index of some regular dendrimers and hence as a special case we obtain some important degree
based topological indices such as Zagreb indices, forgotten topological index, redefined Zagreb index, general first Zagreb index, general
Randi¢ index, symmetric division deg index from using our derived results. Gutman and Trinajesti¢ in a paper, “to study the total -electron
energy (&) of carbon atoms” introduced the Zagreb indices in 1972 [4] and are defined as

M(G) = Y d(v)’= Y [do(u)+dc(v)]
veV(G) uveE(G)
and
My (G)= ) dg(u)dg(v).
uveE(G)

We refer our reader to [5, 6], for some recent study about these indices. The “forgotten topological index” or F-index was introduced by
Gutman and Trinajesti¢ [4], in the same paper where Zagreb indices were introduced and is defined as

FG)= Y dev)’= Y I[do(u)*+dg(v)?].

veV(G) uveE(G)

Email addresses: prosantasarkar87 @gmail.com (P. Sarkar), de.nilanjan @rediffmail.com (N. De), ncangul @gmail.com (I.N. Cangiil), anita.buie @gmail.com (A. Pal)
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For further study about this index we refer our reader to [7, 8, 9]. The redefined Zagreb index was first introduced in 2013 by Ranjini et al.
[10] and is defined as

ReZM(G)= Y. dg(u)dG(v)[dg(u)+dg(v)).
uveE(G)

For some recent study about this index we refer our reader to [11, 12]. Li and Zheng was introduced the general Zagreb index in [13], and is
defined as

M*(G) = Y dow)*®
ueV(G)

where, ot # 0, 1 and a € R. Clearly, when o = 2 we get first Zagreb index and when o = 3 it gives the F-index. In 2001, Gutman and
Lepovié generalized the Randi¢ index in [14] and is defined as

Ro= Y, {dg(u).dc(v)}*

ueE(G)

where, a # 0, a € IR. The Symmetric division deg index of a graph is defined as

o o) el
0@ = L a6 * dow”

For further study about this index, we refer our reader to [15, 16, 17]. Based on some well known vertex degree based topological indices
Azari et al. [18], in 2011 introduced a generalized version of vertex degree based topological index, named as generalized Zagreb index or
the (a,b)-Zagreb index and is defined as

Zp(G)= Y (dg(u)'dg(v)’ +dg(u)’dg(v)*).
uveE(G)

We refer our reader to [19, 20, 21], for further study about this index. It is shown that in table 1 all the topological indices discussed
previously in this paper, are derived from this (a,b)-Zagreb index for some particular values of a and b.

Table 1: Relations between (a,b)-Zagreb index with some other topological indices:

Topological index Corresponding (a,b)-Zagreb index
First Zagreb index M (G) Z10(G)
Second Zagreb index M;(G) %Zl,l (G)
Forgotten topological index F(G) Z0(G)
Redefined Zagreb index ReZM (G) Z,1(G)
General first Zagreb index M*(G) Z4-10(G)
General Randi¢ index R, 724
Symmetric division deg index SDD(G) Z1,-1(G)

2. Main Results

In this section, we derived generalized Zagreb index of some dendrimers. First, we consider the regular dendrimer G[n| with exactly n
generations. The edge sets of dendrimer G[n] are divided into three parts and are shown as follows:

Ey(G[n]) = {e=uv € E(G[n]) : dg|, (u) =2 and dg, (v) = 2}

Ey(G[n]) = {e=uv € E(G[n]) : dgy,) (u) =2 and dg, (v) = 3}

E3(G[n]) = {e=uv € E(G[n]) : dg|, (u) =2 and dg, (v) = 1}
)

note that,
G|[n] with 6-levels is shown in figure 1.

Theorem 2.1. The (a,b)-Zagreb index of the regular dendrimer Gn] is given by
Z4p(Gln)) (23 —5). 200+ L (35 21 _6)(29.30 2 3%) 2T (29 420, Q2.1

Proof. Applying the definition of (a,b)-Zagreb index, we get

Zop(Gl)) = Y, (dgp(w)*dgp (V)" +dgp () dgp (v)*)
uveE(Gln))
= Y @2+2n29+ Y (@4P+2039+ Y (24P 42019
uveE; (G[n]) uveE, (Gln) uveEs(Gln])

[E1(GIn))|(2°2° +22%) + | E2(Gln])|(273° +2°3%) + | E3 (G[n]) | (2917 +2°17)
_ (2n+3 _5).2a+h+1 + (3 « 1 _6)(2a3h+2h3a) +2n+1(2a+2b).

Hence, the theorem. O
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Figure 2.2: The two dimensional structure of regular dendrimer H|n] for n = 5.

Corollary 2.2. Using equation 2.1, the following results follows:

(i) M,(Gn)) Z10(Gn]) = 4.2"13 +18.2"F — 50,

(i) Ma(Gln)) %zm (Gln]) = 4.2"F3 +20.2"+! - 56,
(iii) F(Gln]) Z20(Gn]) = 8.2"13 442" 118,
(iv) ReZM(Gln]) = Z5.1(Gln]) = 16.2"73 +96.2"+1 — 260,
(
(vi) R

Za10(Gln)) = (273 —5).29 - (3 x 2MH —6) (20 4307 ol gaml ),

v) M(Gln]) =
vi) R.(Gln)) = %za,a(c[n]):(2”*5—5).22“+(3x2"+1—6).2“.3“+2"+1.2“,
(viiy SDD(G[n]) = Z;_1(G[n]) =2.2""3 +18.2" —23.

Now, we consider the regular dendrimer H [n] where, n is the steps of growth. The edge sets of H[n] can be partitioned as follows:
E\(H[n)) ={e=uv € E(H[n]) : dyj,(u) =2 and dy, (v) =2}

Ey(Hn)) = {e=uv € E(H[n]) : dyjy (u) =2 and dy, (v) = 3}

E3(H[n)) = {e=uv € E(H[n]) : dyjy) (u) =2 and dy, (v) = 1}
E((H[n))| = (5 x 22 —19), |Ex(H[n])| = (3 x 2! —6), |[E3(H[n])| = 2"*'. The two dimensional structure of H|[n] with

note that,
5-levels is shown in figure 2.
Theorem 2.3. The (a,b)-Zagreb index of the regular dendrimer H|n] is given by

Zap(Hn)) = (5x 2"T2 = 19) 2010 (35 2mH1 _6)(29.30 4 20.39) 2+ 1 (27 4 2P). (2.2)
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Proof. Applying the definition of (a,b)-Zagreb index, we get
ZopH) = Y (dypp () dpgy () + dpgppy () gy (v))
weE (Hin))
= Y @242+ Y (@3h+23+ ) (ub+2h19)
wv€E; (H[n]) wv€E, (H[n]) uv€E; (H[n])
= |Ey (H[n])|(2°2° +2°2%) + | B (H[n])| (293" +2°3) + | E3 (H[n])| (21” +2°19)
= (5% 22 _19). 200+ | (3 % 2mHL _6)(293b 4 2b3@) 4ot (00 4 ob),
Hence, the theorem. O

Corollary 2.4. From equation 2.2, the following results follows:

() MiHE) = Zig(H) =
i) Mo(HP) = 37 () =
(i) F(Hln)) Zao(HIn))
(iv) ReZM(HI) = Za(H[n]) =
() MUHR) = Zaro(H)
() RalHlH) = 3 Zaa(Hln) =
(vii) SDD(H[n]) =

Now, we obtained the (a,b)-Zagreb index for the porphyrin dendrimer D, P, with n-layers. Here n = 2™ (m > 2) denote the steps of growth.

=40.2"12 4 44 2"t

20.2"2 +18.2"+1 — 106,

20.2"24+20.2"1 — 112,

— 230,
80.2"t2 1 96.2"+1 _ 484,
=(5x2"2%_-19).2¢ 4

(5x2"2 -19).2% 4

Zy_1(H[n)) = 1022 +18.2" —51.

(3 % 2n+l

(3 % 2n+l

76)(20_1 +3a—l)

—6).2¢.3% 421

+2n+l(za—l +1)7

24

Note that total number of vertices in D, P, is (96n — 10) and (1051 — 11) edges. The edge sets of D, P, are divided as follows:

E{(DyBy) = {e=uv € E(DyFy) : dp,p,(u) =
Ey(DyPy) = {e=uv € E(DyP,) : dp,p, (1)
E3(DypP,) = {e=uv € E(DyF,) : dp,p, ()
E4(DyPy) = {e =uv € E(D,P,) : dp,p, ()
Es5(DyPy) = {e = uv € E(DyP,) : dp,p, (1)
Eg(DpPy) = {e=uv € E(DyF,) : dp,p, (1) =

where, |E{(DyPy)| = 2n, |Es(DyPy)| = 24n, |E3(DyP,)| = 10n —

of porphyrin dendrimer D, P, with 16-layers is shown in figure 3.

Theorem 2.5. The (a,b)-Zagreb index of regular dendrimer D, P, is given by

Za,b (DnPn)

= 2n(3“+3°) +24n(49 +4°) +

Proof. From definition of (a,b)-Zagreb index, we get

Zu,b (DnPn)

)y

uveE (D, P,)

L

u€E; (DyPy)

)

uveEs(D,P,)

(193 +1°3%) +

wek, (D, P,)
(3930 4+ 3b3%) 4

(10n—5).20+0+1 4

(dp,p, (w)*dp,p, () +dp,p, ()’dp,p, (v)*)

(1940 + 1247

)y

(394 +3%4%)

)y

uv€Eq(D,P,)

+|Es(D,P,)| (393" +3°3%) + |Eg (D, P,)| (3947 4-304%)

Hence, the theorem.

Corollary 2.6. Using equation 2.3, we obtain following results as follows:

i) My (D)
ii) My(DyP,)

F(DyFy)

(i

(

(iii)

(iv) ReZM(D,,P,)
(

(

v) M%(Dnby)
vi) Ra(DnPy)

(vii) SDD(D,P,)

Zl.O (DnPn) =542n— 50,

1
521,1 (DnPn) = 643n— 567

Zafl,() (DnPn)

Z50(DuPy) = 16661 — 118,
Z51(DnPy) = 30101 — 260,
= 2n(3* " 1)+ 24n(4" 7 1)+ (100 —5).2°

+(10n—5).2% 4

1
= EZa,a(DnPn) = 2n.3 +24n.4¢
826
= Zii(DiR) = 2 n=23.

)y

(48n — 6) (293" +2°3%) 4261397 + 8n (374" + 3P49).

(2928 4-22%) +-

uveEs(D,P,)

+ (48n—6) (24!

(48n—6).29.3% 4 13n.3%¢,

+397 1) 42603971 4 8n (37!

(2.3)

(293% 4-2°3%)

)y

uv€E4(DnPy)

|1 (DaPy) (1930 4 1939) + [Ex (DB (1947 + 1°4%) £ [E(DuPy) (2927 +2°2) + |E4 (D, )| (293" 4+ 203

2n(39+38) +24n(4% +4°) + (10n — 5) 2970+ 4 (487 — 6) (2938 4-2°39) + 261390 + 8n(394 +-3749).

+4¢171)
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»

Figure 2.3: Molecular structure of porphyrin dendrimer D¢ Pj¢.

finally, we obtained (a,b)-Zagreb index of Zinc-porphyrin DPZ, here n is defined the steps of growth (n > 1). The Zinc-porphyrin DPZ,
consists four similar branches and contains a central core. The total number of vertices in DPZ, are (56 x 2" —7) and (64 x 2" —4) number
of edges. The edge set of DPZ, is partitioned as follows:

E\(DPZ,) = {e =uv € E(DPZ,) : dppz,(u) =2 and dppz,(v) =2}
E>(DPZ,) = {e =uv € E(DPZ,) : dppz,(u) =2 and dppz,(v) = 3}
E3(DPZ,) = {e =uv € E(DPZ,) : dppz,(u) =3 and dppz,(v) = 3}
E4(DPZ,) = {e =uv € E(DPZ,) : dppz,(u) =3 and dppz,(v) = 4}
note that, |Ey (DPZ,)| = 16 x 2" —4, |E,(DPZ,)| =40 x 2" — 16, |E3(DPZ,)| = 8 x 2" + 12, |E4(DPZ,)| = 4. The figure of Zinc-porphyrin

DPZ, with 4 layers is shown in figure 4.
Theorem 2.7. For (DPZ,), the (a,b)-Zagreb index is

Zop(DPZy) = (16 x2" —4)204041 4 (40 % 2" —16)(29.3% 4+ 28.3%) + (8 x 2" +12)2.39F0 1 4(394° 4 3°4%). (2.4)
Proof. Using the concept of (a,b)-Zagreb index, we get

Z.p(DPZ,) = Y (dprz,(0)*dppz,(v)" +dppz, () dppz, (v)*)
uveE(DPZ,)

Y ooeeh+229+ Y @442+ Y 3443+ Y (344304
uveE, (DPZ,) uveE,(DPZ,) uveE3(DPZ,) uveE4(DPZ,)
|E1(DPZy,)|(292° +252%) + |Ey(DPZ,)| (2937 4-2°3%) + | E3(DPZ,)| (393° + 3%3) 4 |E4(DPZ,)| (34 + 493P)
= (16 x2" —4)2%TPH1 4 (40 x 2" — 16)(29.3% +-2°.39) 4 (8 x 2" + 12)2.3%T" + 4(3940 4 3049),

Which is the desired result. O
Corollary 2.8. From equation 2.4, we derived the following results,
(i) My (DPZ,) = Z10(DPZ,) =312.2" + 4,
1
(i) My(DPZy,) = EZLI(DPZ,,) =376.2" 460,
(iii) F(DPZy) = Z0(DPZ,) =792.2" +76,
(iv) ReZM(DPZ,) = Zp1(DPZ,) = 1888.2" 4440,
(v) M“(DPZ,) = Z410(DPZ,) = (16 x 2" —4).29 +- (40 x 2" — 16)(2° 1 +3971) 1 (8 x 2" +12).2.3¢ 1 4-4(397 1 1471y,
1
vi) Ry(DPZ, = —Z,4(DPZ,) = (16 x 2" —4).227 1 (40 x 2" — 16)2%.37 + (8 x 2" + 12).3%% + 4.3% 4%),
2 9
404 31
(vii) SDD(DPZ,) = Zj_1(DPZy) = — 2"~ .

3 3
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Figure 2.4: Molecular structure of dendrimer zinc porphyrin DPZy.

3. Conclusions

In this study, we obtain some closed expressions of the (a,b)-Zagreb index of some regular dendrimers such as G[n|, H[n], porphyrin
dendrimers D, P, and the Zinc-porphyrin DPZ, and hence obtain some other important degree based topological indices for some particular
values of a and b from our derived results. For further study the (a,b)-Zagreb index of some other chemical structures can be computed.
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1. Introduction

In Euclidean 3-space E3, the condition for a curve to lie on a sphere (spherical curve) is usually given in the form

ko (1/1\Y
Ze i =0
h+(b<h>)
where k; > 0 and ky # 0 [8]. The integral form of the above equation was given in [2] as

1
o =Acos/k2ds+Bsin/k2ds.
1

Besides, researchers gave different characterizations about spherical curves by using the equations above [9, 10].

In E3, general helices are defined by the property that their tangent makes a constant angle with a fixed direction in every point. In this paper
we use this definition for higher dimensions too. But, the general helix notion in R3 can be generalized to higher dimensions in many ways.
In [7], the same definition is proposed but in R”. The definition of a general helix is more restrictive in [5]; the fixed direction makes a
constant angle with all vectors of the Frenet frame. It is easy to check that this definition only works in odd dimensions [3]. Moreover, in the

same paper, it is proven that this definition is equivalent to the fact that the ratios ,%, %,..., i”:;, i”j, where curvatures k; are constants. This

statement is related with the Lancret theorem for general helices in R3.

If a general helix lies on S”, we call it spherical helix. This topic have become an active research area in recent years. In [6], Monterde
studied constant curvature ratio curves (ccr-curves) for which all the ratios %, %, ... are constant. He found explicit examples of spherical
cer-curves that lie on $2 with non-constant curvatures. He showed that a ccr-curve on $2 is a general helix. After that in [1], authors presented
some necessary and sufficient conditions for a curve to be a slant helix in Euclidean n-space. They gave an example for a slant helix in E>
whose tangent indicatrix is a spherical helix that lie on S*.

In literature, there are studies about spherical helices in E3 and there is only one example when 1 > 4 [1]. By means of the papers mentioned
above, the goal of this paper is to find methods for generating spherical helices that lies on 2 in E2*+1,

Email addresses: bulent.altunkaya@ahievran.edu.tr (B. Altunkaya), lkula@ahievran.edu.tr (L. Kula)
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2. Basic concepts

The real vector space R" with standard inner product and the standart orthonormal basis {ej,e,...,e,} is given by

n
<X,Y >= Zx,'y,'
i=1

for each X = (x1,%2,...,%), ¥ = (¥1,¥2,---,yn) € R™. In particular, the norm of a vector X € R" is given by ||X||> =< X,X >.
Let & : I C R — E" be a regular curve in E" and {V1,V3,...,V,} be the moving Frenet frame along the curve o, where V; (i = 1,2,...,n)
denote ith Frenet vector field. Then, the Frenet formulas are given by

’

Vi(t) = v()ki(t) Va2 (1)
t

Vi(t) = v(,)(_ki_l 1) Viey (t) + ki(t) Vigp (1)), i=2,3,...,n—1 (2.1)
V,(t) = =v()kn—1(t) Va1 (1)
where v(t) = ||da(t)/dt]| = ||/ (t)|| and k; (i = 1,2,...,n — 1) denote the ith curvature function of the curve [4].

Definition 2.1. The curve a : I C R — E" is called general helix if its tangent vector V| makes a constant angle with a fixed direction [7].
A sphere of center P = (p1, p2,...,pn) € E" and radius R > 0 is the surface

Sn (P7R) = {(x17x27 "'axn) € En| (X] _p1)2 +oet (xn _Pn)2 = Rz} ’
When, P is the origin of E” and R = 1, we denote this with S", that is,

St = {(xl,x2,...,xn) €E"| x 24 tx? = 1}.

3. Spherical helices in E2"+!

Now, we give two theorems to generate general helices that lie on $%" € E2**!. To reach our goal; First, we use W-curves, i.e. a curve which
has constant Frenet curvatures [3].

Theorem 3.1. Let,
7(5) = (1) (5), - Vaal), VI RZ) € S (RR) € 87 € B

be a unit speed W-curve with the Frenet vector fields {uy,uz, ... ,us, } and the curvatures {ky,k, ..., ko1 } where P= (07 0,...,0,v1— R2) S

E>1 R=1/a, a > 1. Then, a(s) = sin(s)y(s) 4+ cos(s)ui (s) with the Frenet vector fields {V{,Vs,...,Va,} is a general helix that lies on
5%,

Proof. With straightforward calculations, it is clear that
||06H =1,

then « is a spherical curve which lies on $%".
We know (Y,e2,11) = V1 — R2. If we take derivatives of this equation with respect to s, we have

(uiyeani1) =0, i=1,2,....2n. 3.1
Since (y—P,y—P) = R?,fori =1,2,...,n we also have
(u2i-1,7) =0,
IThk 32
(u2i,y) = jik
j=1K2i-1
where ky = 1. Then, by using Equations (3.1) and (3.2), we can write
Y=P+Auy +Auz, -+ Agiizg
So,

1—R?

<V1762n+1> = klzi—l

This completes the proof.
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Corollary 3.2. If

(Zsm cj e ]+Zcos ezl>+ lfRzean

1/2 n 2\ 1/2
n Zj:ﬁ?j .
where R = W ,a=| ——— >landc;#cj,1<i<j<n

j=1 Cj n
Then, o(s) = sin(s)y(s) +cos(s)u1 (s) is a general helix that lies on S*" in E*"1,

Example 3.3. If we take ¢y =2, co =4, and n =2 in Corollary 3.2 we have

1
P= 07070>077 )
( le)

3

Rzi,r,
_(sin(2s) cos Zs) sin(4s) cos(4s) 3 3 4
_( , R v )CS(PR)CS
B cos(2s) _sm(2s) 2cos(4s)  2sin(4s)

“(s)‘( Y Y. SR 70)‘

Then, v is a unit speed spherical W-curve with the curvatures

17
k1:2 ?7
12
k TS
SRVEE
5
ky =41/ —
3 17
ks =0.

Therefore, we get

a(s) = (0053(3) _ 3sin(s) +sin(3s) 2cos3(s)(3cos(2s) —2) _ 5sin(3s) + 3sin(Ss) 3sin(s))
V5 a5 Vs ’ 45 L V10

with the tangent vector field

Vils) = (_ sin(s)cos(s)  (cos(s)+cos(3s))sec(s) 5(sin(s) —sin(3s))cos(s)  S(cos(3s)+ cos(5s))sec(s)
! N 47 ’ V7 ’ 47

where ot = 1.
By means of Theorem 3.1 and Corollary 3.2 we can give a new theorem.

Theorem 3.4. Let ot : I C R — E2t!
a(t) = (o (1), 00(t),. .., 0041 (1))

be a regular curve given by

i1 (1) = ;1/2 (cicos (£) cos (cit) +sin (1) sin (cit))

(%)

1
(Z’}:l Cj2> 1/2

fori=1,2,...nand

. 1/2
nt1 (1) = (1 - W) sin (1)

where c1,¢a,...,cp > 1 withc; # cj, 1 <i < j < n. Then, o is a general helix which lies on s2n,

;1) = (cos(¢;t)sin () —cjcos (¢)sin(c;t)),

1

V14

)

(3.3)
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Proof. With straightforward calculations, we easily have
lee(@)|] =1,
1/2
(£ie) (1 - )
— Z/:l Ci
e/ (1)]| = cos(1),
iy (et —e?)
and
" -1/2 / " , 1/2
V| (l‘) = Z (Ci4 - C,'2> Z (1 — C,'2> (Sin (C,’l‘)ezi_l — COS (cit)e2,~) + Z C,'2 (1 - ﬁ) €n+1
i=1 i=1 i=1 Yiici
Therefore, we have
" \ ) -1/2 /., ) . 1/2
(Vi(1),eant1) = Z(Ci —¢i ) Y e (1—,172) .
i=1 i=1 Yiic
This completes the proof. O

Example 3.5. If we take n =4 and c; = /2, ¢ = \/3, ¢3 = 2 in Theorem 3.4 we have,

oft) = (\f cos(t) cos (\@t) + % sin(¢) sin (\ﬁt) ,

%cos <\/§t> sin(t) — ? cos(t) sin (\/El> 3

% cos(t) cos <\/§t> + % sin(¢) sin (\/§t> ,

%cos (\/51) sin(r) — \% cos(t) sin (\/51) ,

2 1
3 cos(t)cos(2t) + 3 sin(¢) sin(2¢),

% cos(2t)sin(r) — % cos(t)sin(21),

\@ sin<r>> ,

o)l =1,
o)) = 22220,
Vi) = fin(ﬁt) f"S(ﬂt) Csin(V3r) cos(V3r) 3sin(2)  3cos(2r)
T 25 T s T Vs T Vs T s
and
Vi0)er) =1 5.

Therefore, from Definition 2.1, o is a spherical helix.
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damping term and fractional Laplacian .

solutions to the problem.

Some authors were concerned with studying of global existence of solutions for the hyper-
bolic nonlinear equations with a damping term. Our goal is to extend some results obtained
by the authors, by studying the system of semi-linear hyperbolic equations with fractional

Thanks to the test functions method, we prove the nonexistence of nontrivial global weak

1. Introduction

in this paper we are concerned with the following Cauchy problem:

B
sy + (—8) T u+ Difyu = f(t,0) [ul” V7, (2,3) € (0, 4e0) x RY

B
Vit + (—A)TV—O—Dgftv = g(t,x)|ul”> |, (t,x) € (0,400) x RV
subjected to the conditions

u(0,x) = up(x) >0,, u(0,x) =u;(x) >0,

v(0,x) =vo(x) >0,, v(0,x)=vi(x)>0,.

(1.1

where p; > 0,0 >0,pp > 1,q1 > 1,0< o; < 1 < f; <2,i= 1,2 are constants. Dg}r denotes the derivatives of order ¢; in the sense of

B . .
Caputo and (—A) 2 is the fractional power of the (—A).
The integral representation of the fractional Laplacian in the N-dimensional space is

Vix+2)—y()

dz, VxeRV,
RN ‘Z‘NJrﬁ

(8P y(x) = —en(B)

where cy(B) =T((N+B)/2)/(2xN/>*BT(1 - B/2)), and T denotes the gamma function ( see [16]).

Note that The fractional Laplacian ((fA)B / 2) with 1 < f8 <2 is a pseudo-differential operator defined by:

(=8)Pu(x) = Z7 ¢ P Z ()(£)}(x) vxeRY,

(1.2)

Email addresses: djilalimedjahed @yahoo.fr (M. Djilali), hakemali@yahoo.com (A. Hakem)
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where .# and .% ~! are Fourier transform and inverse Fourier transform, respectively.
The functions f and g are non-negatives and assumed to satisfy the conditions

Ft,x) > CieV |x|M g(t,x) > Cot™ |x|*>, where v; >0, y; >0, i=1,2. (1.3)

The problem of global existence of solutions for nonlinear hyperbolic equations with a damping term have been studied by many researchers
in several contexts (see [4], [8], [9], [12], [18], [20] ), for example, the following Cauchy problem:

{ Ut _Au+ut = |u|p7 (t"x) € (0700) X RN (1.4)

u(0,x) = up(x), ur(0,x) =up(x), xRN,

Todorova-Yordanov [18] showed that, if p. < p <
then the solution u blows up in a finite time.
Fino-Ibrahim and Wehbe [4] generalized the results of Ogawa-Takeda [12] by proving the blow-up of solutions of (1.4) under weaker
assumptions on the initial data and they extended this results to the critical case p. = 1+ #.

Qi. Zhang [20] studied the case 1 < p < 1+ % when [ u;(x)dx > 0,i =0, 1, he proved that global solution of (1.4) does not exist. Therefore,
he showed that p =1+ % belongs to the blow-up case.

A. Hakem [8] treated the same type of (1.4), then he extended this result to the case of a system :

then (1.4) admits a unique global solution, and they proved thatif 1 < p <1+ %

n17

uy +—Au+g(t)uy = |’ (8,x) € (0,+00) x RV
Vi -+ —Av+ f()ve = [ul?,  (1,x) € (0,+e0) x RN
u(0,x) = uo(x), u(0,x) = uy (x)
v(0,x) =vo(x), v(0,x) =vi(x),

(1.5)

=

() and f(r) are functions behaving like t5 and 1, respectively, where 0 < B, o < 1.

Hakem [8] showed that, if
N
— <
27p
then the problem (1.5) has only the trivial solution.
By combining the works of the above authors with those of Kirane et al.[10] and Escobido ef al.[2], we were able to prove a nonexistence
result to (1.1) in the weak formulation.

ilmax [1—B+p(1l—a),1 —atq(l—B)] —max (a,B).

2. Preliminaries

Let us start by introducing the definitions concerning fractional derivatives in the sense of Caputo and the weak local solution to problem

(1.1).

Definition 2.1. Let 0 < o < 1 and { € L'(0,T). The left-sided and respectively right-sided Caputo derivatives of order o for { are defined
as:

. o tC(s)
DY, ¢ (1) = F(l—a)/o (t—s)“ds’

and

1 T ¢(s)
Diir6() = r(l—a)/, e’

where T denotes the gamma function (see [13] p 79).

Definition 2.2. Let Q7 = (0,T) xRN, 0 < T < oo,
We say that (u,v) € (LI(IC(QT))2 is a local weak solution to problem (1.1) on Qr,

if (fuP v, guPvi2) € (L l()L(QT)) and it satisfies
[ flul b Grdrar+ [ ao(0gi00)dx+ [ ()60, dx— / 0(0)G1:(0,)dx
Or RN on
:/Qr uClndxdt+/ uDO‘l 7 dxdt+/ Cl dxdt.

and

|, gl i Gadvdrct [ oGO0 et [ ni(x)60.9dx /]R ()8 (0.5) dx

2.2)
_ / Vo, dxdt + / VD Gy dxdi + / B¢ dxdr.
JOr .

for all test function {; € CZ’XZ(QT) such as ;> 0 and §;(T,x) = §;,(T,x) = §;,(0,x) =0, j=1,2
(see [3] p 5501).
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Remark 2.3. To get the definition 2.2, we multiplying the first equation in (1.1) by §; and the second equation by §,, integrating by parts on

Or = (0,T) x RN and using the definition 2.1

The integrals in the above definition are supposed to be convergent.
If in the definition T = +oo, the solution (u,v) is called global.
Now, we recall the following integration by parts formula:

T
/¢ D)0t = [ (D)0 (0
(see [17], p 46).
3. Main results

‘We now in position to announce our result.

Theorem 3.1. Let pp > 1,91 > 1,0< ;<1< f;<2,i=1,2, and

o = a1+%—(1—$> Plz<u2/31 ) leq (“1ﬁ2+v1>
. 041 o

- T =
Bip2  Bapadi

and

(04] 1 1 (0%) 1
o (1) () (%)
B q1 p2qi’ q\ B paqi \ B
= a a
> 1

B2g1  Big1p2

where pypp = p2+ P2, q141 = q1+ 41,
and the conditions (1.3) are fulfilled.

If
N < max{</; A},

then the problem (1.1) admits no nontrivial global weak solutions.

Proof. We notice that, in all steps of proof , C > 0 is a real positive number which may change from line to line.

2+ [x?% . . o .
——5 — | =1,2 such as ® is a decreasing function (RT), satisfies
R

Set {;(t,x) = <I><

1 if 0<r<l,

0§<I>§landcl>(r)={0 P
if r>2.

Where R >0, 6; = f31/o and 6, = B,/ (see [10]).
Multiplying the first equation of (1.1) by {; and integrating by parts on
Or = (0,T) xRN, we get
/Q Sl W Grdvdr+ [ oGO dret [ (6)61(0.5)dx— / uo(x) 81, (0, %) dx
T

:/ uly, dxdt — / Dg“t(:ldxdz—i—/ Cldxdz
Or

2+ |x*%

It is clear that {j, (t,x) = 2R 21d ( e ) , consequently ;. (0,x) = 0, thus

/ FlulPv|? &, dxdt+/ uo(x)Cl(O,x)dx-‘r/ u1 (x)£1(0,x)dx
Jor Jmy Jmy
_ / uly,p dxds + / uD%.§y dxdt + / B¢ dxdt.
Jo -

Hence,

B
éfWWM%gmm</|mQ”mm+/|prQLum+éhMpM%ngL
Jor Jo,

We have also

B
/gmmegwmg/\mgﬂwm+/|wpwgpmﬁ+/hﬂpg%gMML
Or Or Or

3.1)

(3.2)

(3.3)

34
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To estimate
1G] dxar
Or

we observe that it can be rewritten as
L =1
L, Vil e = [ Jul el o) % 181, s v o) = .
T T

Using Holder’s inequality, we obtain

1 -1
) »” 1 2]
[ wliGgldxae < [ (gl Gyaxar ) ([ 16017 (g @) dvar |
Or Or Or

Proceeding as above, we have

P2
/gu\nﬁ;a\dxdt<</g u1ﬂ<gwwzg>¢uh)
T T
-l
P2
o
(f s

_r _1
" (g G dxdt) :

and

1

(Aﬂéﬂ“m§</|W“@M”®Mw0n
Or

(4,

[
Or

Pl
1203

n%g

% e
(g[v|* &) =" dxdt
Finally, we infer

1

2
/ flulPr v]9" & dxdr < (/ |u]P? (g|v|? Cz)dxdt) A, 3.5)
Or Or
where

py—1 -1

P2 = P2 g P2 =y )
%—</|@nw@wwgwlww) +(/ PG| (gl )7 dva
Or Or

(4 =

Iz
Arguing as above we have likewise

P
o1

-n%g

-1
(g &) T dxdt)

1

. a1
/gWWM%QMm<</WWUu“§MwQ 7, (36)
Or Or
where

g1 q1-1
q

_ q a1 B
L%=<é|@n*wﬂw“awﬁdwﬁ +<L\D%®V‘UWWQVﬁ¢mﬁ
T T

+(/T

Using inequalities (3.5) and (3.6), it yield

q1—1
By q]

(-8)7 8

9
q1-1

<11u|ﬁlcl>ﬂ'lzixdr>

q1p2-1
q172

. 1
(/QTquI”‘ [v| &) dxdt < "™ (3.7
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similarly, we get
q1pp—1
qa1r2 €L
</Q glul?? v|® & dxdt <™. (3.8)
T
Now, in ] we consider the scale of variables:
t=1R, x= yRﬁ7
while in % we use:
)
t=1tR, x=yRA
and use the fact that
M+1 _ . — O ;
dxdt = R( Bi )dyd’l,'7 Cm =R ZCiT'cv Dg"tcit =R (X’Dgl'TRC,‘T,
B B
(_A)XZ Ci :Ria[(_A)yz Ci7 1= 1,2,
we arrive at
q1p2-1
172 1
(/ Flul?r v gy dxdt) gC[RYI +R +R73] x [R’l‘ +R}”2+Rl3] " (3.9)
Or
similarly, we have
q1p2—1
q12 1
(/ glulP? |v]® Czdxdt> gc[RM +R}”2+Rl3] x {RY‘ +R® +R7’3] “ (3.10)
Or
No —1 (07 1
= () ()2 (58 )L
Bi P2 Bi P2
No —1 [0 1
where )/2:<—1+1)<p2 )—al—('uz 1+v2>—
B P2 B p
No —1 a 1
o= (e (5] - () L
N Bi P2 Bi P
X0 q1 — Hion
= () () - (2 )4
B2 qQ B2 q
Noy q1—1 Hiop 1
and 12:(—4-1)( )—a2_<7+v1)7
B2 q B2 q
No —1 o 1
b= (52 1) (1)) - (B2 ) ]
B> q1 B2 q
we observe that 7, < 1» = 73 and A1 < Ay = A3, hence
q1pa—1
q17 _._Q
/Q FlulPr|v]|9 & dxdt <CR""m (3.11)
T
and
a1
q1P2 N
</Q glulP> |v|® Czdxdt> <cr"fur (3.12)
Jor
with the fact that
1 1 1 1
— 4+ —=1and —4+—=1 (3.13)
p2 P2 q1 41

by a simple computation,

}/z-l—&:N( A% )—(a1+a2)+

j2) Bip2  Bap2dn P2

and

(04 o o
12+EZN(7{+ 1~)7(a2+71>
q1 B2g1  Bra1p2 q1

[2%)

S T B 1
— (g ) (g )
P2 gt 2N B ra\ B

+é+%+ ! (Ml%Jer)ﬂLﬁ(ﬂzﬂJrVZ)

B

@ @k Q
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also, using (3.13) we have

1 1 1 1 1 1 1
—F =14+ —= —*(1—T>: -
P2 P2q1 P2 P29q1 P2 q1 P291
and
1 1 1 1 1 1 1
-t =14 — = —*(I—T): -
q1  4q1p2 q1  q1p2 q1 P2 P291
we obtain
A [/ o o 1 1 o 1 o
Bt 2 =N ) (gt 2 )=t (v )+ —— (v
P2 Bip2  Bap2di P2 g p2\ B 241 B>
and
Q; a a 1 1 o
/12+2:N(—’{+ L) (o )1 b (g v )
q1 Bxq1  Biq1p2 q1 g N B p

We conclude that
A
« Ifp+ 22 <0, ityield
P2

o 1 1 o
061+*2—(1 )—*<N2 1+V2)
1

1 (093
-— ) - —(mg )
P241 B

(g, +%)

N < P2 512 = P291 2
Bip2  Bapadi
Then the right hand side of (3.11) goes to 0, when R tends to infinity, while the left hand side converge to
a1
q1P2

(/ FlulP v dxdr
Or

This implies that v=0or u = 0.
Similarly, if A, + 2y , it yield
q1

o 1 1 (05) 1 o
o0+ —— (1 ——) ——<u1—+v1> ——<u2—+vz)
q1 Pai’ N B Pg1 N B
* o ’
B2g1  Braipz
by using also (3.12) to proceeding as above, we obtain u =0 or v =0.
Ifyz—i-% =0, we get

N <

/]R+ Sl drdr < e,
X

Using again Holder’s inequality, we obtain

1

a
/ g|u|f'2|v|‘ﬂczdxdr<< | cndxdz) 5,
Oor B

where
Bp— {(r,x) eRT xRV, R2 <+ x*" < 2R2}.
Since,
/ FlulP v dxdt < +oo,
Rt xRN
we get

lim flulPr|v|9 dxdt =0,
R—+e0 /g

hence, we infer that
/ g|u|P? |v|® dxdt =0,
Rt xRN

this implies that v=0or u = 0.
Similarly, if A, + % = 0, proceeding as above, we infer that u =0 or v =0.

We deduce that no global weak solution is possible other than the trivial one, which ends the proof.

Remark 3.2. Inthecase a; =1, fi=2,vi=1;=0,p; =g, =0,
i = 1,2, we recover the case who studied by A. Hakem (see [8]), when o = 3 = 0.
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linear term is determined and existence and uniqueness theorem for small times is proved.
The finite difference method is proposed for solving the inverse problem numerically.

1. Introduction and problem formulation

Many physical models include unknown coefficients in the equation and the solution of the inverse problems consisting of the identification
of these coefficients has become a very popular area of research in recent years. The inverse problems for hyperbolic equations present
significant value for physical applications such as vibrating string, seismology, geophysics etc.

Consider the problem for the vibrating string with arbitrary initial conditions

Vit = v +a(t)v(x,1) +s(x,1), (x,1) € Dr, (1.1

v(x,0) =vo(x), v¢(x,0) = v (x), 0 <x <1, (1.2)

where Dy = {(x,7): 0<x <1, 0<r<T} for some fixed T >0, c = % known as phase velocity of the wave motion, Y is the force of
tension exerted on the string, p is the mass of density, s(x,) is external forcing function, v = v(x,#) represents the wave displacement at
position x and time ¢ and the functions vo(x) and v; (x) are wave modes or kinks and velocity, respectively. In this paper, we will get ¢ = 1
for simplicity.

For a given function a(r), the problem of finding v(x,7) from the equation (1.1) with the initial condition (1.2) and the boundary condition

v(0,1) = b(t), vx(0,1) = vy(1,1), 0< 1 < T, (1.3)

is called direct (forward) problem. The boundary condition v(0,7) = b(¢) occurs if the left end of string is attached to a spring-mass system
and b(r) is the position of the mass at the left end.
If a(t) is unknown, finding the pair of solution {a(t),v(x,t)} of the problem (1.1)-(1.3) with the additional condition

v(11) = (1), 01 < T, (1.4)

Email addresses: ibrahim.tekin @btu.edu.tr (I. Tekin)
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is called inverse problem.

The inverse problems for the hyperbolic equation with different boundary conditions and space dependent coefficients are studied in [7, 10,
14, 16] and more recently in [5, 15]. The inverse problem for the hyperbolic equation with time dependent coefficient with integral condition
is investigated in [11].

For the some numerical aspects of initial and initial-boundary value problems of the hyperbolic equations is considered for direct problem in
[3], for finding unknown source term in [2, 9], for finding space dependent potential in [1, 4] and for finding time dependent source function
of time-fractional wave equation in [17].

The article is organized as following: In Section 2, we rewrite the problem with homogeneous boundary conditions by a simple transformation
and present auxiliary spectral problem of this problem and its properties. In Section 3, the series expansion method in terms of eigenfunctions
converts the new inverse problem to a fixed point problem in a suitable Banach space. Under some consistency, regularity conditions on
initial and boundary data the existence and uniqueness of the solution of the inverse problem is shown by the way that the fixed point problem
has unique solution for small 7" . In Section 4, we solve the inverse problem numerically by applying finite difference method. We also
present numerical example to illustrate the behaviour of the proposed method.

2. Auxiliary spectral problem

Since the boundary condition (1.3) is non-homogeneous, we introduce a new variable u(x,#) = v(x,7) — b(r). Then, from Eqgs.(1.1)-(1.4), it is
easy to see that u(x,t) satisfies the following problem:

Uy = uxx +a(t)u(x,t) + f(x,1), (x,t) € Dr, 2.1
u(x,0) = 9(x), u(x,0) = y(x), 0 <x <1, 2.2)
u(0,1) =0, ux(0,1) = ux(1,1), 0<t < T, (2.3)
u(l,0) =h(t), 0<t <T, 2.4)

where f(x,t) = s(x,t) +a(t)b(t) —b" (1), (x) = vo(x) — b(0), y(x) = v (x) — &' (0) and h(z) = r(t) — b(1).
We attempt to apply the Fourier method of eigenfunction expansion to the problem (2.1)-(2.4). Auxiliary spectral problem of the problem
(2.1)-(2.3) is

X"(x) +AX(x)=0,0<x< 1,

(2.5)
X(0)=0, X'(0) =X'(1).
The problem (2.5) has eigenvalues A, = (uk)z = (27rk)2, k=0,1,2,... and corresponding eigenfunctions
X()(X) =x, Xor_1 (x) = XCOS UpXx, ng(x) =sin My x, k= 1,2, 2.6)

It is known from [6] that the spectral problem (2.5) is not self-adjoint. Then we have to consider the adjoint spectral problem. The adjoint
spectral problem of (2.5) is

Y'(x)+2AY(x)=0,0<x<1,

2.7)
Y'(1)=0, Y(0)=Y(1).
This problem has the same eigenvalues as in the problem (2.5) and corresponding eigenfunctions
Y()(x) = 2, Y2k71 (x) = 4COS[.lkX, YZk(x) = 4(1 7)6) sin,ukx, k= 1,27 (28)

The systems (2.6) and (2.8) arise in [6] for the solution of non-local boundary value problem in heat equation.
It is easy to verify that the systems (2.6) and (2.8) are bi-orthonormal on [0,1], i.e.
1 07 i 7£ J k]
(Xi(x),Y;(x)) = / X)) (x)dx =
0 1,i=.

Moreover the system (2.6) forms a basis in L, [0, 1] and they are also Riesz basis in L,[0, 1]. Then any function g(x) € L,[0, 1] is expanded in
bi-orthogonal series

s =Y gXe(x)
k=0
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where g = fol g(x)Yx(x)dx, k=0,1,2,... and the estimate

rllg@)IE00 < Y &k <RI, 0.0
k=0

is valid for any function g(x) € L,[0,1], here r = 3/4, R = 16.
Let us introduce the functional space [12]

By = {u(w) - i u(1)Xe(3) s we(0) € 10,7, () = ato()lleo.r

o 1/2 - 1/2
(Z (g Nl (1) |C[0T)> +<Z(#/§||u2k1(f)|c[o,r])2> <Aoo o,

k=1

with the norm ||u(x,?)|| B, = Jr(u) which is related with the Fourier coefficients of the function u(x,?) by the eigenfunctions Xj(x),
k=0,1,2,.... It is shown in [8] that B%T is Banach space. Obviously E3. = B%T x C[0,T] of the vector function z(x,1) = {a(t),u(x,t)} with
the norm ||z(x,t)|\E% =lla(®)llcpo,r) + Hu(x,t)HB%T is also Banach space.

3. Existence and uniqueness of the solution

The pair {a(t),u(x,t)} from the class C[0,T] x C?(Dy) for which the conditions (2.1)-(2.4) are satisfied, is called a classical solution of the
inverse problem (2.1)-(2.4).

Since the system (2.6) forms Riesz basis and the systems (2.6),(2.8) are bi-orthogonal in L;[0, 1] and the function a(t) is time dependent,
seeking the solution of the problem (2.1)-(2.4) in the following form is suitable:

N=Y w(t)Xi(x), 3.1)
k=0

where u (1) = fo u(x,t)Ye(x)dx, k=0,1,2,....
For an arbitrary a(t) € C[0,T], the solution of the problem (2.1)-(2.4) can be written as

u(x,t) = uo ()Xo (x +Zuzk 1(6)Xor—1(x +Z“2k )Xok (x).
k=1 k=1

By using the Fourier’s method, it is easy to obtain that u;(¢), k =0, 1,2, ... should be satisfies the equations:

ug (1) = a(t)uo () + fo(1), (3.2)
Wy (1) + Mun—1 (1) = a(t)uzg—1 () + for—1 (1), k=1,2,..., (3.3)
Wy () + Ui (1) = a(t)uoe(t) + for (£) — 2unp—1 (1), k= 1,2,..., (3.4)
i (0) = @i, u(0) =y, k=0,1,2,..., (3.5)

where fi (1) = fo f(,0)Ye(x)dx, g = Jy @(x)Ye(x)dx, Y = Jy W(x)Yi(x)dx, k=0,1,2, .
Solving the problem (3.2)-(3.5), we obtain

t
uo(1) :<P0+ﬂlfo+/ (t—1)F(tu,a)dt, 0<t < T, (3.6)
0

1 1
uzp—1(t) = @ap—1 cos gt + g Y sin (it + ,LT/O By 1(tiu,a)sinpy (t — t)dt, k=1,2,..., (3.7)
k k

1 1
up(t) :<P2kCOSlef+*llf2kSiﬂukf+*/ Fy(Tsu,a) sin (1 — 7)dt
Hie Wi Jo

—1 Q)1 Sin Wyt — il[/2k,1 |:i sin gt 7tCOS[.lkl‘:| 3.8)
Hi My

2 t T
- || s Guaysinu (e~ O)dEsinu e — )z, k=1,2,...
k JO JO

where Fi(t;u,a) = a()ui(t) + f (1), k=0,1,2,....
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Substituting (3.6)-(3.8) into (3.1),
t
ML”:OMH%+Aaiﬂ%W%@M)%w
d 1 . 1 /7 .
+ Y @1 cos pyt + — oy sin et + */ Fy—1(Tsu,a)sinpy (t — 7)d7 | Xop—1(x)
k=1 Hic My Jo
o 1
Z ((kacosukt + — Yo sinyt + — / P (Tyu,a) sin ty (t — T)dT — t Qo1 sin iyt
k=1
1 1. 2 [T . .
—— W1 | singyt —tcos pyt | — */ / Fyr—1(&su,a) sinpy (T — &)dE sin py (1 — 7)dT | Xy (x). (3.9
Hi L Hk e Jo Jo
Consider x = 1 in the equation (2.1) and by using the over-determination condition (2.4), we obtain
L |n - Vak-1 . 1 .
a(t) = m h'( Z Qo)1 COS Wyt + s1n,ukt+”—/ FPor_1(Tsu,a)sinpy (t — 1)dt | | . (3.10)
k=1 k /0O
Thus, we get the equalities of the pair {a(¢),u(x,t)}.
Let us denote z = [a(t),u(x,?)]T and consider the operator equation
7= d(2). (3.11)
The operator ® is determined in the set of functions z and has the form [y, ¢;]7, where
Po(z) = L H'(1) i (<P2k71COSIka+ Yoo Sin#kt+i /t Boy—1(Tsu,a) Sinﬂk(l—f)df) ) (3.12)
h(t) =i M M Jo
t
m@:<@ﬁmm+éﬁfﬂ%@mwﬁ>%@
e 1 . 1/t .
+ Y @1 cos it + — gy sin et + — / Fy—1(Tsu,a) sin e (t — 7)d7 | Xog—1 (x)
k=1 Hi Hi JO
> 1 . 1 . .
+Y (%kCOSMIJ+ — Yy sin it + — / Fo(Tsu,a) sin e (t — T)dT — t Qo sin pigt
k=1 Hye Hi Jo
1 | 2 [T . .
—— W1 |~ Sinft —tcos iyt | — */ / Fy—1(&su,a) sin (T — §)dE sin iy (t — T)dT | Xop (). (3.13)
Hic M e Jo Jo

Let us demonstrate that & maps E3 onto itself continuously. In other words, we need to show ¢ (z) € C[0,T] and ¢y (z) €

z=[a(t),u(x,t)]T witha(t) € C[0,T], u(x,t) € B3 ;.
We will use the following assumptions on the data of problem (2.1) - (2.4):

(A1) @(x) € C3[0,1], 9(0) = 9" (0) =0, ¢'(0) = ¢'(1),
(A2) w(x)€C?[0,1], w(0) =0, y'(0) = y'(1),
(A3) h(t) € C?[0,T], h(0) = @(1), I (0) = w(1),

(Ag) f(x,2) € C(Dr), fr, fex € C0,1],Vt € [0,T], £(0,¢) =0, f:(0,2) = fi(1,2).
First, let us show that ¢y (z) € C[0,T]. Under the assumptions (A})-(A4), we obtain from (3.12)

[90(2)] <

where @y = #%30621(71, Vop—1 = ,u%;ﬁZk—l’ Sara(t) = ﬁszzkfl(f), Ot = —4 Jy @ (x)sin(ux)dx, Bog—y =4 fo ¥

.1 .
Vo1 (t) =4 Jy fex(x,1) sin(px)dox.
Using Cauchy-Schwartz and Bessel inequalities, we derive from the last inequality

100 loz1 < Ri(T) + Ra(T) lat)cpo ) .

oo T
e }+\f<17r>|+k;(imquuiwmwi / [wzkl(t)w%a(muzkmn}m)],

B3  for arbitrary

(x) sin(ugx)dx.

(3.14)
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where R (T) = W(HM(’)HC[&T} + Ao,y + Coll @™ ()l 0,1 + 1" )l 0.1 + T e (e )l 1, )))- Ra(T) = ”hzi

o

L\ 12 12 . . .

Co= <Z;;’°:1 7) ,C = (ZZ":I —4) . Thus ¢ (z) is continuous in [0, T].
1 1

Now, let us verify that ¢ (z) € B3 ;. i.e.

o0 1/2 o 1/2
JT(¢'1) = H¢'l,0(t)||c[()j] + (Z(“lg ||¢1x2k(t)HC[0,T])2> + (Z(:ulg ||¢1,2k1(t)’|c[017*])2> < oo,
k=1 k=1

where @1 (1), ¢1.2x(¢) and ¢ 2x—; (¢) are the equal to the right hand side of ug(f), ua(r) and upe_; as in (3.6)-(3.8), respectively. After some
manipulations under the assumptions (Aj)-(A4),

10111y, < Ri(7)+ Ra(T) la(t)llcyo.ry 1), (3.15)

where Ry (T) = [9(x) lcpo,1] + T 1w () llcjo,1 +272 1f (1) lcp, ) + (V2HAT) 19" () 0,1 + (4 +4T) [ (0 0,1

VAT 48TY2) | faa5s) s oy + 21107 (1)1 =) = 360" (5) 1 0.1+ 209 () (1= %) = 297 () oy + 272 ) (1 =) = 2£:500) o
Ro(T) = max(T?,2CyT,4v/2CyT?).

Since J7(¢;) < +oo, @; is belongs to the space Bng. Now, let z; and z; be any two elements of E3. We know that ||®(z) — ®(z2) HE% =

190(z1) = 90(z2)llcio7) + 191 (21) = 92(22) 1 3 - Here z; = [a' (1), ' (x,0)] " i = 1,2.
Under the assumptions (A1)-(A4), we obtain

[®(er) — @(z2) g < AT i) 1 — s

where A(T) = Ry(T) +R>(T) and C(a',u?) is the constant includes the norms of Hal (1) HC[O 7] and Hu2 (1) ||B% .
9 va

For sufficiently small 7, 0 < A(T) < 1. This implies that the operator ® is contraction mapping which maps E% onto itself continuously.
Then according to Banach fixed point theorem there exists a unique solution of (3.11).
Thus, we proved the following theorem:

Theorem 3.1. Let the assumptions (A1)-(A4) be satisfied. Then, the inverse problem (2.1)-(2.4) has unique solution for small T.

Note that s(x,7) = f(x,t) —a(t)b(t) — b"(t), vo(x) = @(x) + b(0), vi(x) = w(x) +'(0) and r(¢) = h(r) + b(t) then under the following
assumptions:

(41) volx) € €10,11, v0(0) = b(0), ¥§(0) = 0, vy(0) = vj (1),

(A2) vi(x) € C2[0,11,v1(0) = H'(0), v, (0) = v (1),

(4) () € C20,7], r(0) = wo(1), #(0) = w1 (1),

(X ) s(x,1) € C(Dr), sx,sx € C[0, 1], Ve € [0,T], 5(0,6) = —a(t)b(t) + b (1), s:(0,¢) = sx(1,1),

the problem (1.1)-(1.4) has a unique classical solution {r(¢),v(x,)} for small T where v(x,t) = u(x,t) + b(¢).

4. Numerical solution of the problem

In this section,we describe the numerical method applied to the inverse initial boundary value problem (1.1)-(1.4). The discrete form of
our problem is as follows: We divide the domain (0,1) x (0,7) into nx and nt subintervals of equal length /x and s, where hx = 1/nx and
ht =T /nt, respectively. We denote by V' :=V (x;,1), a" := a(ty) and s} := s(xj, 1), where xj = jhx, t, = nht for j=0,...,nx,n=0,...,nt.

Then, a central difference approximation to the equations (1.1)-(1.3) at the mesh points (x;,#,) is

V;'“ =IV] 421 =)V + K2V —V}H () (@VI+sh), j=1,nx—1,n=1,n—1, .1
vl _y-l
V]O = (VO)]’, j:O,...7nx7 <1 = (vl)jv ]: 17...7I’UC— 17 (42)
2ht
yn _yn yn_yn
yr=pr, w10 0, e, 4.3
0 ) hx hx , n PRy ) ( )

where k = Z—i Equation (4.1) represents an explicit finite difference method which is stable for k < 1. Putting n = 0 in the equation (4.1) and

using (4.2), we obtain

1
v} = E(kz(VO)jJrl +2(1 =) (v0)j + K (vo) j—1 + 2kt (v1) j+ (ht)* (@ (vo) j +59)),j = 1,...,mx— 1. (4.4)
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Consider (1.4) in the equation (1.1) at x = 1, we obtain

) —va(1,1) = s(1,1)
= 0 '

After discretizing last equation, we have

1 -1 2 2
S (Pt =2 4 1Y () —(Vn'i—2Vrf'X71+Vr’fX72)/(hx) —sﬁx7 ne i1, @.5)
I

w2 ) ()R — (Vi =2V V) [ (hx)? — sk
a" = (4.6)

rnt

0 _ (’2 —2rl 4+ VO)/(h'f)2 - (Vrgc - zv}gcfl "’Vrgﬁz)/(hxy _ng
a’ = ] . “.7)

Now let us consider (4.5)-(4.7) in (4.1), we obtain the system with respect to V;’ ,j=0,...,nx,n=0,...,nt which can be solved explicitly.
Then using the calculated values of V" _, in (4.5)-(4.7), we obtain the values of a" ,n=0,...,nt.

Example 4.1. Consider the inverse problem (1.1)-(1.4) with the input data

s(x,1) = (14 27mx—sin27x)exp(t) — 1 — 27x + sin27x,
vo(x) = 14 27x — sin27x, v (x) = 1 +27x —sin27x,
b(t) =exp(t), r(t) = (1+2m)exp(t), x € [0,1], r € [0,1].

It is easy to check that the conditions (K 1) - (24) are satisfied. Then according to Theorem 3.1 the solution of the inverse problem exists

and unique. In fact, it can easily be checked by direct substitution that the analytical solution is given by
{a(t),v(x,t)} = {1/exp(t), (1 +27x —sin27x) exp(t) }.

Figure 4.1 shows the exact and numerical solution of {a(t),v(x,t)} for nt = 128 and nx = 64. Next, we investigate the stability of numerical
solution with respect to the noisy over-determination data (1.4), denoted by the function ry(t) = r(t)(1+4 Y0) where v is the percentage
of noise and 6 are random variables generated from a uniform distribution in the interval [—0.5,0.5] which are generated using rand
command in MATLAB. Figs. 4.2, 4.3 show the exact and numerical solutions of {a(t),v(nx/2,t)} when the input data (1.4) is contaminated
by ¥=1%,3% and 5% noise. Figs. 4.4, 4.5 show the exact and numerical solutions of {a(t),v(nx/2,t)} obtained after mollification, when
the input data (1.4) is contaminated by Y = 1%,3% and 5% noise. This mollification procedure has been performed using MATLAB version
of the computational program supplied by D. A. Murio in [13]. From these figures it can be seen that the application of the mollification to
stabilize the noisy function ry(t), produce stable numerical solutions for{a(t),v(nx/2,t)}.

exacta exact u
AN —-—-= numerical a [ [=-="= numerical u

03 L L L L L L L L L 3 L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t-axis t-axis

Figure 4.1: Exact and numerical solution of the problem (1)-(4) for example 4.1.

5. Conclusion

The inverse problems for linear wave equations connected with recovery of the coefficient are scarce. The paper considers the inverse
problem of recovering a time-dependent coefficient in an initial boundary value problem for a wave equation with a non-homogeneous
boundary condition. The series expansion method in terms of eigenfunctions of a Sturm-Liouville problem converts the considered inverse
problem to a fixed point problem in a suitable Banach space. Under some conditions on the data, the existence and uniqueness of inverse
problem is shown by using the Banach fixed point theorem. Numerically, the inverse problem has been discretized by using finite difference
method, which has been solved using the MATLAB. Numerical results show that accurate, and stable solutions have been obtained.
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Figure 4.2: Exact and numerical coefficient solution of the problem (1)-(4) for example 4.1 with 1%, 3% and 5% noise.
‘; = | = | =
=== molified a === molified a 1 —-=- molified @
1&; 4 i , VXY
Figure 4.3: Exact and numerical coefficient solution of the problem (1)-(4) for example 4.1 after mollification with 1%, 3% and 5% noise.
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Figure 4.4: Exact and numerical u(x,7) solution of the problem (1)-(4) for example 1 with 1%, 3% and 5% noise.
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Figure 4.5: Exact and numerical u(x,) solution of the problem (1)-(4) for example 1 after mollification with 1%, 3% and 5% noise.
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Available online: 30 September 2018 where ;DZ and DY are the Liouville-Weyl fractional derivatives of order % <a<l,Le
C(R,RV 2) is a symmetric matrix-valued function and W (¢,x) € C! (R x R¥ | R). Applying
a Symmetric Mountain Pass Theorem, we prove the existence of infinitely many solutions
for (1) when L is not required to be either uniformly positive definite or coercive and W (z, x)
satisfies some weaker superquadratic conditions at infinity in the second variable but does
not satisfy the well-known Ambrosetti-Rabinowitz superquadratic growth condition.

1. Introduction.

Fractional differential equations both ordinary and partial ones have attracted extensive attentions because of their applications in mathematical
modeling of processes in physics, mechanics, control theory, viscoelasticity, electro chemistry, bioengineering, economics and others.
Therefore, the theory of fractional differential equations is an area intensively developed during the last decades [1], [11]. The monographs
[13], [17], [18] enclose a review of methods of solving fractional differential equations, which are an extension of procedures from differential
equations theory.

Recently, many results were obtained dealing with the existence and multiplicity of solutions of nonlinear fractional differential equations by
using techniques of Nonlinear Analysis, such as fixed point theory [5], [25], topological degree theory [6], [19], comparison methods [14],
[24], and so on.

It should be noted that critical point theory and variational methods serve as effective tools in the study of integer-order differential equations.
The underlying idea in this approach rest on finding critical points for suitable energy functional defined on an appropriate function space.
During the last three decades, the critical point theory has been developed into a wonderful tool for investigating the existence criteria for the
solutions of differential equations with variational structures, for example see [15], [19] and the references cited therein.

Motivated by the classical works in [15], [19], for the first time, the author [10] showed that critical point theory and variational methods are
an effective approach to tackle the existence of solutions for the following fractional boundary value problem

{ DS (D% u) (1) = VW (1,u(t)), 1 € [0,7]
u(0) = u(T),

where 3 <a<1,WeC (R xRN R) with derivative VW (¢,x) = aW - (,x), and obtained the existence of at least one nontrivial solution.
Inspired by this work, Torres [20] considered the following fractlonal Hamlltonian system

D oDu) (1) + L(1)u(t) = YW (t,u(t)), t € R

z )
FAHS { ueH"‘(R RV),

Email addresses: m_timoumi@yahoo.com (M. Timoumi)
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where % <o <1, W(t,x) is as above and L satisfies
(I.1)Le C(R,RNZ) is a positive definite symmetric matrix-valued function, and there exists an / € C(R,R* ) such that [(f) — 4o as
|t| — o0 and

L()xx > 1(t) |x]*, V(t,x) e Rx RV,

Assuming that W € C! (R x RV R) satisfies the well-known Ambrosetti-Rabinowitz superquadratic condition (.7%) and some other suitable
conditions, the author [20] showed that the fractional Hamiltonian system (.# .7.%") possesses at least one nontrivial solution using the
Mountain Pass Theorem. Since then, the existence and multiplicity of solutions of problem (% J#.7) via critical point theory have been
investigated in many papers [3,4,7,8,16,20-23,25-28].

Recently, Méndez and Torres [16] proved the existence of multiple solutions for the fractional Hamiltonian system (.% 7¢.7’) when the
potential W satisfies some subquadratic conditions at infinity and the matrix-valued function L satisfies the following noncoercive conditions
(Ly) L(t) is a positive definite symmetric matrix for all # € R and there exists an [ € C(R,R) such that

infl(r) >0 and L(t)x.x > 1(t) |x]*, V(t,x) e R x RY;

1€R

(L) There exists a constant o > 0 such that

lim meas({t €]s —ro,s+ro[/L(t) <bly}) =0, Vb >0,

ls|—eo

where meas denotes the Lebesgue’s measure on R. The above conditions on L guarantee the compactness of Sobolev embedding. Besides,
in all the above mentioned papers, the potential W is required to be subquadratic or to satisfy the Ambrosetti-Rabinowitz superquadratic
condition (&7 %) at infinity.

The aim of this paper is to study the existence of infinitely many solutions for (% ##.7), when the function L is unnecessarily positive
definite or coercive, and the potential W satisfies some superquadratic conditions at infinity, weaker than the (27 %)—condition. More
precisely, let W € C! (R x RV, R) be such that for all » > 0, VW is bounded in R x B,-(0), we make the following hypotheses:

(L) The smallest eigenvalue of L(¢) is bounded from below;

(Wy) W(t,0) =0 and VW (t,x) = o(|x|), as|x| — O uniformly ont € R,

(W) lim L(”;)'
ote ]

= +oo, VI €R,

and
(W3) W(t,x) >0, V(t,x) e Rx RN with |x| > Ro;W (1, —x) = W(t,x), ¥(t,x) e Rx RV,
(W) There exist g € L' (R) and constants b, co > 0 and v €]0,2] such that

= 1 g(r), vt eR, |x| <Ry
== xX— > =
W(t,x) 2VW(Z,)C) x—W(t,x) > { bo x|, Vi € R, [x| > Ro;

W (t,x)| < colx>Y W(t,x), ¥(1,x) € R x RN with |x| > Ry;
(Ws) There exist constants f > 2 and pg > 0 such that
W (t,x) < VW(1,x).x+ po x>, V(t,x) e Rx RV,

Our main results read as follows.

Theorem 1.1. Assume that (L), (Ly) and (Wy) — (Wa) are satisfied. Then (F 7.) possesses infinitely many nontrivial solutions.
Theorem 1.2. Assume that (L), (Ly), (W)) — (W3) and (Ws) are satisfied. Then (F 7. possesses infinitely many nontrivial solutions.

Remark 1.3. 1. In our results, L(t) is unnecessarily required to be either uniformly positive definite or coercive. For example
L(t) = (t*sin*t — 1)Iy, where Ly is the identity matrix, satisfies (L) and (Ly), but it does satisfy neither Theorem 1.1 nor Theorem 1.2.

2. Let W(t,x) = a(t) |x|* ln(% + |x|), where a is a continuous bounded function with positive lower bound. Then an easy computation
shows that W satisfies the superquadratic conditions (W) — (Wa). However, W does not satisfy the («/ #)—condition.

The remainder of this paper is organized as follows. In Section 2, some preliminary results are presented. Section 3 is devoted to the proofs
of our results.

2. Preliminaries

In this Section, for the reader’s convenience, first we will recall some facts about the fractional calculus on the whole real axis. On the other
hand, we will give some preliminaries lemmas for using in the sequel.



188 Universal Journal of Mathematics and Applications

2.1. Liouville-Weyl fractional calculus

The Liouville-Weyl fractional integrals of order 0 < o < 1 on the whole axis R are defined as (see [12], [13], [18])

—elu(t) = ﬁ /jw(t —x) % Nu(x)dx,
and

T%u(t) = ﬁ '/tm(x—t)a_lu(x)dx.

The Liouville-Weyl fractional derivatives of order 0 < & < 1 on the whole axis R are defined as the left-inverse operators of the corresponding
Liouville-Weyl fractional integrals (see [12], [13], [18])

d

=Dffu(t) = - (el ~%u)(1), Q.1

and
o d -«

DEu(t) = _E(fl‘” u)(t). (2.2)

The definitions of 2.1 and 3.2 may be written in an alternative form as follows
1 * u(t) — u(t —x)
—wD¥ = / d
rul) I'(l—a).Jo xo+tl -

and

o 1 o u(t) —u(t+x
(D&u(t) = Ti—a) /0 (®) xo‘"‘(f )dx.

We establish the Fourier transform properties of the fractional integral and fractional differential operators. Recall that the Fourier transform
u of u is defined by

fi(s) = /_ ie‘i‘f’u(t)dt.

Let u be defined on R. Then the Fourier transform of the Liouville-Weyl integrals and differential operators satisfies (see [12,13])

—

“elu(s) = (is)%al(s),
d2u(s) = (—is)~als),
“Dfu(s) = (is)%al(s),
DZu(s) = (~is)“als).

Next, we present some properties for Liouville-Weyl fractional integrals and derivatives on the real axis, which were proved in [12].
Denote by LP(R,RY) (1 < p < ), the Banach spaces of functions on R with values in RY under the norms

lullr = ( [ lu)17 )7,

and L (R,RY) the Banach space of essentially bounded functions from R into R equipped with the norm

l[ullow = esssup{|u(r)| /t € R}.
2.2. Fractional derivative spaces

In order to establish the variational structure which enables us to reduce the existence of solutions of (% .5°.%) to find critical points of the
corresponding functional, it is necessary to construct the appropriate functional spaces.
For o > 0, define the semi-norm

\M\mm = ||7°°Dza“”L2
and the norm
2 1
llull e, = (lluell 2 + Julpe )7,
and let
v | B[/
1%, =Cy(R,RN) -

where C7' (R, RY) denotes the space of infinitely differentiable functions from R into RN with vanishing property at infinity.
Now, we can define the fractional Sobolev space H* (R, RY) in terms of the Fourier transform. Choose 0 < & < 1, define the semi-norm

Julge = [[Is1% @ 12
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and the norm

Julloe = (lll 2 + )2
and let
H*[R,RV) = WH'”Q.
Moreover, we note that a function u € L2(R,R") belongs to %, if and only if
|s|%@ e L*(R,RN).
Especially, we have

lulja = H|S|a ﬁ”U .

Therefore, 1%, and H*(R,RN) are equivalent with equivalent semi-norms and norms. Analogous to I%,,, we introduce I. Define the
semi-norm

‘“‘Ig = ||1Dg““1}
and the norm
2.1
llul[jo = ([full 2 + ulfa) .
and let
“ :WH-H\/&

Then I%,, and IZ are equivalent with equivalent semi-norms and norms.
Let C(R,RY) denotes the space of continuous functions from R into RY. Then we obtain the following Sobolev lemma.

Lemma 2.1. [[21], Theorem 2.1]. If o0 > %, then H*(R,RN) € C(R,RN), and there exists a constant C = Cg, such that

lulloo = sup |u(t)] < Coc ullg Ve € H*(R,RY).
1€R
Remark 2.2. From Lemma 2.1, we know that if u € H*(R,RN) with % <o <1, thenu € LP(R,RY) for all p €]2,c0|, because

21112
[ a1 de < 272 ..
R
In this section, we assume the L satisfies the following condition
(Ly)  L()xx>|x]*, V(t,x) e Rx RY
and we introduce the following fractional space
X% = {u c H“(R,RN)// L(t)u(e).u(t)dt < oo} .
R
Then X% is a Hilbert space with the inner product
Uy Sya= /R LoDt DOV(t) + L Yu(t) (1)
and the corresponding norm
||L£H}2(a =<u,u >xo .
It is easy to see that X* is continuously embedded in H*(R,RY) and in L?(R,RY). In fact, for u € X%, we have
2 2 2 2 2 2
llullye = /R[\—othau(t)\ +L(0)u(t).u(t)ldt > /R[Imet“u(t)l lu(0)["ldt = ||l e = [Jul] 2 -
For p €]2, [, we have by Remark 2.2
2112 -2
= [ Do) < [ 272l < €5 e
Hence for all p € [1,20], there exists a constant 17, > 0 such that

ullfy < Mp l[ull§e - 2.3)

The main difficulty in dealing with the existence of infinitely many solutions for (.%.7.%) is the lack of compactness of the Sobolev
embedding. To overcome this difficulty under the assumptions of Theorems 1.1 and 1.2, we employ the following compact embedding lemma.
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Lemma 2.3. [16] Assume (Lg) and (Ly) are satisfied. Then X* is compactly embedded in L*(R,RY).
Remark 2.4. From Remark 2.2 and Lemma 2.3, it is easy to verify that the embedding of X% in LP (R,RN) is also compact for p €]2,00|.

To study the critical points of the variational functional associated with (% 5¢.%), we need to recall the Symmetric Mountain Pass Theorem
[19].

Definition 2.5. Let X be a Banach space with the norm ||.||, we say that @ € C'(X,R) satisfies the
a) (PS)c-condition, ¢ € R, if any sequence (u,) C X satisfying

®(uy) — cand ® (uy) — O asn —

possesses a convergent subsequence,
b) (C).—condition, ¢ € R, if any sequence (u,) C X satisfying

D (up) — cand HCD'(un)H (14 |Junl]) — 0 asn — oo

possesses a convergent subsequence.

Lemma 2.6. Let X be an infinite dimensional Banach space, X =Y & Z, where Y is finite dimensional space. Suppose that ® € C! (X,R)
satisfies the Palais-Smale condition and

(a) P(0) =0, P(—u) =D(u), Vu e X;
(b) T hereexistconstantsp, o > OsuchthatqD‘aBmZ >a;

(c) Forany finitedimensionalsubspaceE C X ,thereisR = R(E) > Osuchthat®(u) < OonE \ Bg,whereBg = {u € X / ||ul| < R}.
Then ® possesses an unbounded sequence of critical values.

Remark 2.7. As shown in [2], a deformation lemma can be proved with (C).—condition replacing the (PS).—condition, and it turns out
that Lemma 2.3 still holds true with the (C).—condition instead of the (PS).—condition.

3. Proof of theorems

From (L), (W;) and (W,), we know that there exists a positive constant dy such that L(r) +2doly > Iy for all r € R. Let L(¢) = L(t) + 2doln
and W (r,x) = W (t,x) + do |x|*>. Consider the following fractional Hamiltonian system

—_ (D& (—eD%u)(t) + L(t)u(t) = VW (t,u(t)), t € R
(FHS) { uec H*(R, RV),

then (F 57.%) is equivalent to (.F #.). Moreover, it is easy to check that the hypotheses (W}) — (Ws) still hold for W provided that those
hold for W, and L satisfies the conditions (Lg), (L;). Hence, in what follows, we always assume without loss of generality that L satisfies
(Lp) instead of (L).

Consider the variational functional ® associated to (.F .72.%):

®(u) = % /R (oo D%u(t) 2 + L (e )ua(t)-ta(r)) i — /R W (t,u)dt

defined on the space X introduced in Section 2. In the following, to simplify the notation, we will note the norm ||.||y« of X% by ||.]|.

Lemma 3.1. Under assumptions (Ly), (Ly) and (Wy), the functional

wiw) = [ Wit
R
is continuously differentiable on X* and

l[//(u)v=/]RVW(t,u),vdt7 Vu,v € X%, 3.1
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Proof. By (W), there exist constants ag, Ry > 0 such that
VW (t,x)| < ag x|, ¥(t,x) € R x RN with |x| < Ry. (3.2)

For any given u € X%, we know that u € H*(R,R") and hence there exists a constant 7y > 0 such that

R
u(®) < 57 Vi = To. (33)
By (2.3), for any v € X% with ||v|| < ZRT(;’ we have
Ry
[vllz- < 5 B4

Combining (3.2)-(3.4) and (W} ), by the Mean Value Theorem and Hélder’s inequality, for any T > Ty and v € X% with ||v]| < ZRTOW’ one has

/M>T[W(t,u+v) — W(l7u) — VW(ZHJ).V]dt

1
/\t|>T /0 [VW (t,u+sv) — VW (t,u)].vdsdt

1
< 2ao/ (lul +[v]) [vldt < 2ao(/ (Jul + [v])2dt)2 |[v]] 2
Juzr Juzr

1
<2agmal([ _fuldn)} -z vl o]
[1|>T

Since u € L*(R), for any € > 0, there exist 0 < a; < ZRTON and Tg > Tp such that for all v € X% with ||v] < o

1 €
2agmal([  ufdnt +ma ) < 5. 35)
J|t|>T, 2
It is well known that the functional
Ve (u) = / W (t,u)dt (3.6)
[T T]

is continuously differentiable on H' ([-T¢, Te), RM). Thus, since X% is compactly embedded in H %(R), there exists a constant ¢ > 0 such
that for all ||v|| < o

'/ W (£, u+v) — W (2, 1) — VW (,0) ]de| <
[ReRe]

vl (3.7

N m

Taking & = min{ay, 0, }, then (3.5)-(3.7) imply

’/R[W(t,quv)fW(t,u)fVW(t,u),v}dt <e|py|

for all v € X% with ||v|| < o. Therefore,  is differentiable on X% and satisfies (3.1).
It remains to prove that W’ is continuous. Let u,, — u in X%. By Hélder’s inequality, we have

W (n) = W' (W)]| o = sup |/ (un)v =¥ ()]

v||=1

= sup
[[v=1

< sup ([ [VW(0a0) = VW (0,0 ) ]
[Ivil=1

< nz(/R VW (1,10) — YW (1, 0) 2 ) (3.8)

/R[Vw(t7un) - VW(t,M)].le

Lemma 2.3 implies that u,, — u in L?>(R). Let M be a positive constant such that ||uy||;> < M for all integer n. By (W;), for any € > 0,
there exists a constant 0 < r < Ry such that for allz € R and |x| < r

VW (1,)| € 5o

, 3.9
M Tl 39

Due to (3.9) and the facts that u € H*(R) and u,, —> u in L™ (R), there exists R > Ry and N; € N such that for all || > R and n > N;

€
VW (£,u(1))] < M+l [ (1)]

and

VW (t,u(1)) | < 5

o Tl O
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Thus

2a)’ 2 )} 2 1)}
(-/\t\ZTe VW (t,u,) — VW (¢, u)]| dt) < (/\t\ZT VW (t,u,)|” dt) +(/ VW (t,u)|"dt)

€ v It‘sz
€
< sy Ulnllp + llull )
2(M + [[ull2) t
€
< - 3.10
<5 (3.10)
Observing that u, — u in L(IR), then by Lebesgue’s Dominated Convergence Theorem, we have
2
(/[ |VW(l7un)—VW(t,u)\2dt> —0asn—> oo,
J[-T;.,T;
Hence, there is N> € N such that for all n > N,
2 l €
(/ VW (¢, 1) — VW (t,0)>dr)? < & 3.11)
[-Te.T 2

which together with (3.10) implies that for all n > max {N, N, }
(/ VW (t,u) — YW (t,0)[2de)? < e
R

Combining this with (3.8) implies that y’(u,) — (1) as n — oo and then w € C!(X*,R). The proof of Lemma 3.1 is completed.
O

From Lemma 3.1, we deduce that & € C! (X%, R) and
' (u)py =< u,v > —/ VW (t,u).vdt, Yu,v € X*.
R

Moreover, if u € X% is a critical point of ®, we have
iDE(—wDfu)(t) = —L(t)u(t) + VW (t,u(t))

which implies that u is a solution of (F.7.%).

Lemma 3.2. Under assumptions (Ly), (Ly), (W) and (W), for any finite dimensional subspace E C X%, there is R = R(E) > 0 such that
®(u) <0, VucE, ||ul| >R. (3.12)
Proof. We will prove the following
D(u) — —ooas ||ul| —> o, u€ E. (3.13)

Arguing indirectly, assume that there exists a sequence (i,) C E with [|u,,|| —s o0 and a constant M > 0 such that ®(u,) > —M for all n € N.
Setv, = ﬁ, then ||v,|| = 1. Passing to a subsequence if necessary, we may assume that v, — v in X%. Since E is finite dimensional, we

have v, — v in E and v, — v a.e. on R. It follows that ||v|| = 1. For 0 < a < b, let
Qu(a,b) ={t € R/a < |u,(t)| < b}
A={teR/v(t) #0}.

Since v # 0, then meas(A) > 0. For a.e. t € R, we have lim,,—,c [ (f)| = oo, hence t € Q,(Ry, ) for n large enough. Since v, (t) — v(r)
ae. 1 € R, wehave Yo (g, ) (t) [va(t)| — [v(t)] ae. t € A, where xq denotes the characteristic function of Q. Hence, it follows from (W),
(W,) and Fatou’s Lemma that

-M @ LW §
0= lim < tim 20 _ iy 7—/ Wit ) ol 4
R |utn]

P —
~ lim [ / W (t,u) |val? dtf/ W(t,un)2|vn‘2dt]
n—oo 2 JOR)  upl Qu(Ro)  |ug]

Wit 2
<11msup /|v,,\ / Md,}
n—yeo 2 2 (Ro,%0) |t |
1 Wt 2
<-4+2 112 — liminf Md;‘
2 n— JO,(Ro)  |uy]
1 ap W) vl
St fpmint T e K e () = = (3.14)

which is a contradiction. Hence (3.13) and then (3.12) is verified. The proof of Lemma 3.2 is completed. O
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Let (e;) jen be an orthonormal basis of X* and define X; = Re;
Yy = @];:1Xj7 Zy = @;-G:k+1Xj, keN.
Lemma 3.3. Suppose (Ly) and (Ly) hold. Then for any p € [2, 0]

Iy(ky=sup ||ul|;, — 0ask — oo (3.15)
uEZy,||ul|=1

Proof. Ttis clear that 0 < [,,(k+ 1) <1,(k), so that [,,(k) —> I, as k — co. For every k > 1, there exists u; € Z; such that [|u;|| = 1 and
okl pp > %lp(k). For any v € X%, let v =Y | vie;. By the Cauchy-Schwartz inequality, one has

|<ug,v>|= <uk7Zv,~ei> = < u, Z viej >
i=1 i=k+1
< ug| Z vieil| < Z il lleil] —> 0 as k —> o (3.16)
i=k+1 i=k+1

which implies that i, — 0. Without loss of generality, Lemma 2.3 implies that #y — 0 in LZ(R). Thus we have proved that 7,, =0. The
proof of Lemma 3.3 is completed. O

By (3.15), we can choose an integer m > 1 such that
1
[l 2 < T%HM\L Vu € Zp. (3.17)

In the following, we will apply Lemma 3.1 with Y =Y, and Z = Z,,.

Lemma 3.4. Under assumptions (Lo), (L») and (W), there exist constants p, 0t > 0 such that ®|yp 7 > .

Proof. If ||ul| = %, then by (2.3), we have |Ju||;. < Ry. Hence, it follows from (W;) that

R
W (r,u(t)) < T Ju(e) ., Ve € X, Jul| = n—°. (3.18)

oo

Combining (3.16) with (3.17) yields for all u € Z with |ju|| = 5—2 =p

) = 3l = [ Wieade > 3l =2 [ 1P > 2l ~ 5l
>l = 5GP = e (3.19)
The proof of Lemma 3.4 is completed.
O
Proof of Theorem 1.1 By assumptions (W) and (W3), it is clear that
®(0) = 0 and ®(—u) = P(u), Yu € X*. (3.20)

Thus the condition (a) of Lemma 3.1 is satisfied. Lemmas 3.2, 3.4 imply that conditions (b) and (c) of Lemma 3.1 are satisfied. It remains to
prove that @ satisfies the (C).—condition.
Lemma 3.5. Assume that (Ly), (Lp), (W), (Wa) and (Wy) are satisfied. Then ® verifies the (C).—condition for all ¢ € R.
Proof. Let (uy,) be a (C). sequence, that is
D(up) — c and ||D' (un)]| (14 ||un|)) — 0 asn —s oo. (3.21)

Firstly, we prove that (u,) is bounded in X*. Arguing by contradiction, suppose that ||uy|| — o as n — 0. Let v, = ﬁ Then ||v,|| = 1.

Observe that for n large enough

~

1
ct+1>D(uy) — 5<I>’(u,,)u,, = / W (t,u,)dt. (3.22)
R
It follows from (3.21) that

W(t
<lim sup Mdt

1
il (3.23)
Rt T
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Passing to a subsequence if necessary, we may assume that v, — v in X%, Then by Lemma 2.3, without loss of generality, we have v, — v
in L*(R) and v, — v a.e. on R.
If v =0, then v, — 0 in L?(R) and v, — 0 a.e. on R. Hence, it follows from (W) that

: Wit Wt
/ Mdt :/ M vl dr < ‘i"/ al?dt < 2 v,]22 — 0.as n —> oo, (3.24)
,(0.R0)  ||un]| Qu(0R0)  |up| 2 JQ,(0.R) 2

From (W,) and (3.22), one has

W (t W (t
/ ‘ (7u;)‘dl:/ | (7I;n)||vn|2dt
JQu(Ro0)  ||uty | JQu(Ro2)  |uy|

2—v
< o tnll- HV"H? / W (t,u,)dt
HMVLH Qn(ROaw)

co[vallz=" / -
—— 55— |1 +c— W(t,up)dt
1791 [ Q.(0,R,) (1) ]
2—v
s /
< - g(t)dt
Tl " S0 €41
conz™
< —[1+c+ | |g(t)|dt] — 0asn — oo. (3.25)
[laan| R

Combining (3.22) with (3.23) yields

W (e ' W (t " W (t
| (,u;)ldt:/ \ (’”;)‘dur/ | (,u;)\leOaanw
R lunl| Q(0.R0)  |[un]| Qu(Roe)  ||uy|

which contradicts (3.21).

If v # 0. By a similar fashion as for (3.14), we can get a contradiction. Therefore, (u,) is bounded in X¢.

Next, we prove that (u,) possesses a convergent subsequence. Without loss of generality, we can assume by Remark 2.4 that u, — u in
L*(R). Using Holder’s inequality, (W;) and the fact that VW is bounde’d in R x B,-(0) for all r > 0, we can show that

/R (VW (1, 1) — YW (2,10)] (1t — )t — O s 1 —» oo, (3.26)
Observe that

it = = (9 (1) = 1))t = 10)+ [ (VW (10) = VW 0,0t — ). (3.27)
It is clear that

(P (1) — D (1)) (g — ) — 0 as n — oo (3.28)

Combining (3.24) — (3.26), we get ||u, — u|| —> 0 as n — oo. The proof of Lemma 3.5 is completed.
O

Consequently, Lemma 2.3 together with Remark 2.2 imply that & possesses an unbounded sequence of critical points. Therefore (% .#.%)
possesses infinitely many solutions. The proof of Theorem 1.1 is completed.

Proof of Theorem 1.2

Lemma 3.6. Under assumptions (Ly), (Lp), (W;) — (W3) and (Ws), ® satisfies the (C).—condition for all ¢ € R.

Proof. Let ¢ € R and (u,) C X satisfying (3.19). First, we prove that (u,) is bounded in X%*. Arguing by contradiction, suppose that

||ttn|| —> o0 as n — 0. Let v, = HZZH' Then ||v,|| =1 and |[v,]| < Np [[val|, for 2 < p < eo. By (Ws), one has for n large enough

1 -2 1
12 Dl — @ )y = MZT |\un|\2+/R[ﬁVW(t,un).u,,fW(t,u,,)]dz

2
> B0 Nl = B
which implies
2
B=Z <tim sup [val. (3.29)
2pg n—-so0

Taking a subsequence if necessary, we may assume that v, — v in LZ(R) and v, — v a.e. on R. Hence, it follows from (3.27) that v # 0.
By a similar fashion as for (3.14), we can get a contradiction. Therefore (u,) is bounded in X*. The rest of the proof is the same as that in
Lemma 3.5 and the proof of Lemma 3.6 is completed. O

We conclude as in the proof of Theorem 1.1 that ® possesses an unbounded sequence of critical points and the proof of Theorem 1.2 is
completed.
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4. Conclusion

Using the variational methods and critical point theory, we proved that the fractional Hamiltonian system (.% 7.7 possesses infinitely
many nontrivial solutions, where L is neither uniformly positive definite nor coercive and W does not satisfy the classical superquadratic
growth conditions like the well-known Ambrosetti-Rabinowitz superquadratic condition. Recent results in the literature are generalized and
significantly improved.
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1. Introduction

A smooth distribution D C TM is said to be bracket-generating if all iterated brackets among its sections generate the whole tangent space
to the manifold M, [1, 8]. D is a bracket-generating distribution of step 2 if D?> = TM, where D> = D + [D,D]. Bejancu showed that a
distribution of rank k < m = dimM is a bracket-generating distribution of step 2, if and only if, the curvature of D is of constant rank m — k
on M, [1].

In this paper, a Z, —graded analogue of bracket-generating distribution of step 2 is given. Some differences arise in the graded case due to the
presence of odd generators. Given a distribution & of rank (p,q) on an (m,n)-dimensional graded manifold .#, we attach to & a linear map
F on 2 defined by the Lie bracket of graded vector fields of the sections of &. Then Z is a bracket-generating distribution of step 2, if and
only if F'is of constant rank (m — p,n —q) on .# . In particular, if rank%(z) = (m — 1,n), then for the linear map F' = Fy + F} associated to
9, Fy #0and if rank9(z) = (m,n—1), then F; #0 on . .

2. Preliminaries

Let M be a topological space and let &)y be a sheaf of super R-algebras with unity. A graded manifold of dimension (m,n) is a ringed space
M = (M, Gyr) which is locally isomorphic to R”I", (see [6]) .

Let.# and .# be graded manifolds. Let ¢ : M +— N be a continuous map such that ¢* : Oy — Oy takes Oy (V) into Gy (¢~ (V) for
each open set V C N, then we say that ® = (¢,0*) : .# — .4 is a morphism between .# and 4.

Let A be a super R-algebra, ¢ € EndgA is called a derivation of A, if for all a,b € A,

¢(ab) = p(a).b+ (~1)1la.(b), 2.1)

where for a homogeneous element x of some graded object, |x| € {0, 1} denotes the parity of x (see [6]).
A vector field on .# is a derivation of the sheaf &)s. Let U C M be an open subset, the &);(U)—super module of derivations of &) (U) is
defined by

T M (U) :=Der(Oy(U)).

The Oy —module T.# is locally free of dimension (m,n) and is called the tangent sheaf of .#. A vector field is a section of T.Z .
If Q' (.#) := T*.# be the dual of the tangent sheaf of a graded manifold .#, then it is the sheaf of super &;-modules and

QY (M) :=Hom(T M ,Cy). (2.2)

Email addresses: eazizpour @guilan.ac.ir (E. Azizpour), dmatayi @yahoo.com (D. M. Ataei)
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It is called the cotangent sheaf of a graded manifold .#, and the sections of Q! () are called super differential 1-forms [2, 6].

Let .# = (M, ) be an (m,n)-dimensional graded manifold and 2 be a distribution of rank (p,q) (p < m,q < n) on .. Then for each
point x € M there is an open subset U over which any set of generators {D;,Du|l <i< p,1 < u < g} of the module Z(U) can be enlarged
to a set

1<i<p
p+1<a<m and

I<usg [GI=0 ) |Dul=1
g+1za<n [pj=0 M |c,1=1

{C(Z»DivD}hC(X

of free generators of DerOy;, [3].
We attach to & a sequence of distributions defined by,

2CP*C...C 9" C...CDer0Oy,
with

PP=9+(2,9),..., 2" = 2" +(2,2"),
where

(2,9"] =span{[X,Y]: X € 2,Y € 7"}.

As in the classical case, we say that & is a bracket-generating distribution, if there exists an r > 2 such that 2" = DerO)y. In this case r is
called the step of the distribution Z.
Suppose that X,Y € 2 and consider the linear map on 2 as follows:

F(X,Y)=—(—=DXIM[X,¥] mod 2. (2.3)
With respect to the above local basis {D;,Cs,Dp,Cq } of DerOyy, if

[D;,D;j] = DDy + D{,Cy + D};Dy + D, Cy,

(D, Dg] = Ding +Di§Cd +Dl‘.%Dv +Dl.§cy,

[Dy,Dj] = D}y ;Di+Diy ,Cq + D) ;Dy + D}, ,Cy,

[Dy,De] = Dk€Dk+D §Cd+DV§DV+DH§Cy,
then, by using (2.3), we conclude that
F(D;,D;) = Cd +D! ,Cy mod 7,
F(Dé, ;) = §Cd+DY§cy mod 2,
F(D;,Dy) = M-CdJrDujCy mod 2, 2.4)
F(Dg,Dy) = DyeCy+ D] :Cy mod 7.

Each component D, of F is a superfunction on U.
Let U be an open subset of M such that U NT # 0. If we change the basis of Der&y (U NU) to {D;,Cy,Dy,Cq} then we have
D = fiDi+ f}' Dy,
5V = f\l/Dl+f\I;lDl.l7
Ch = fyDi+84Ca+ f} Du + 8 Ca,
Cp = f3Di+8§Ca+ f§ Du + 8§ Ca.
where
i H a o
EETE
A 8p 8
are nonsingular supermatrices of smooth functions on U NU. Both of these matrices are even. With respect to the basis {D jfmbvfﬁ} on

U,if {th,th, ,Blgp} are the local components of F, then we have

o b 4 ,
2’,;" B;gh ;oo g oolfA o g o]rpy DY
s Df%h {g”z gg]: 0 o O fN|0 SO A D DYy 2.5)
D D vV 1 a X
Dy, Dy, | 18 8Bl |f7 (L oo Oi -1 ov f ij Dg/
D¢y ng o f oo e O e 0Dy Dy
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i HA i
Since [J;{ fJ# is invertible at x € U NU, we see that {fl 4 is invertible and from (2.5) we conclude that if
v vl 0 f
[ HP+g+1 p+q+1 p+q+1 p+q+1 p+q+1 p+q+1
Dy5 Di; D1p+q D55 D2p+q Dp+q—1p+q
PW=| : z z z L@
m-+n n+n m-+n m-+n m-+n m—+n
_D12 DY Dlp+q D55 D2p+q Dp+q_]p+q

then rank D(x) = rankD(x) .
Now we can define the rank of F, which is related to its coefficients matrix. Before doing this, in view of (2.4), we note that the submatrices

(D460 D] [P0 D10
D) Dty (] " |l () DY ()

are even and odd respectively. The rank of the first submatrix can be defined but for the second submatrix, since DZ ;(x) and Dt’% () are even,
Dy;(x) - Djj, (x)

we consider the matrix | < - to define its rank. Now set
D% (x) DE(x)

wi
Df5(x) Dy (x)} Dii(x) D (x)

ri=rank | =4 MV and s = rank | JK ~ ,
[D?}(x) DEV () D) D ()

wherei,j=1,...,p,a=p+1,.,mand u,v=1,...,q,00 = g+ 1,...,n. Thus we define
rankF (x) = (r,s).

If (ga,&p) are local supercoordinates on a coordinate neighborhood U of x e M, (@=1,...,m, 1 = 1,...,n), then 7 is locally given by the
graded 1-forms

0p = 0fdga+dEn =0, b=1,..p
0 = 03dga+9EdE =0, a=1,...q.

Since 7 is a distribution of rank (p,q), we may assume that the submatrices (¢g), 1<a,b<p,and (ég ),1 < @, fi <gq are invertible. Let

a gh
¢l'1 5
a

& ,1<a,b<p,1 <a,p<qand suppose
05 9a

the matrix y = (yg) denotes the inverse of the matrix (

- n ~ ] _ i} ~i1
0= V505 + 05 0, Ga = 0505+ 9 9a-
Therefore, the new notation

Yo ={qa,Xi=qisi=1,....p, a=p+1,...m,
Coz:éonnu:guvﬂ:]ww% 05:5]+17~-~>”7

for the coordinates, may be performed to bring the local basis of Q!(.#) into the form {dx;,dny,dy, + rédx; + rdnu,d8o + rifdx; +
rgdnu}. Itis easy to check that

b6 _ 9 .9 a9 i—1

o an r; e T aé’a’li yeees Dy

6 0 . 0 o 9 _

—én“ = —an” r”aya—r” a(:a,ufl,...,q, (2.6)

are (respectively even and odd) generators of 2 on U and {8/0x;,6/8Nu,9/9dya,9/dEq} is alocal basis for Der(Oy(U)), (see also [4, 5]).

With respect to this basis, if we put

6 & d g 0

F(—,—)=F%— 4+F%—
(ij’ﬁx[) ’/Bya+ t mod 2,

o 6 -

Flo—, ) =F —— .

(6xj7677v) V,]aya VjaC(X

5 & 0 .
Fle— —)=F%—— 4+ F%% mod 2,
(577u 5?Ci) H 9y, 1oy e
) 6, ., 0@ _y O
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then by using (2.3) and (2.6), we deduce that

- G2
R i =l sl = (o Ty 0y O ‘fsfb‘éamd@ @9
Fva”aiy,ﬁﬁva“%:[(sim’%:(gi grrﬁ)(;}yaﬂt(—%—grﬁ)&mw@

Now let us consider a distribution & of corank one on .# . For each z € M, there are two cases.
Casel. Let rank%(z) = (m—1,n). Then there exist a coordinate system (x;,7,7My),i = 1,...,m—1,u = 1,...,n, defined in a neighborhood
U of z, such that Z is locally given by

dt +ridx;i +rydny =0

Case2. Let rank%(z) = (m,n— 1). Then there exist a coordinate system (x;,1y,0),j=1,...,m,v =1,...,n — 1 defined in a neighborhood
U of z, such that & is locally given by

d6 +rjdx;+rydny = 0.
Note that in the first case, (2.8) becomes
d 5 6 or; 6rj 0

Fig =lox o5, = oy, “ o) o ™97
9 8 8. 8y 6D
Fv/E—[Tnvvgj}—(*Snv* 6x])87 mod 7,
d 5 & Or; Ory . 0
1 2 9 = i _l RN 2
E}L 3t [536,"57'[;1] (671 ( 1) (le' )at IIlOd @7 (29)
d [ 19 or ory . 0
<z D A R el SR g
FVIJ at [61.' an“ (( ) an“ +( 1) anv)at mod 97

where F;j, Fyj, Fyy, and Fy, are the local components of F with respect to the local basis {8/0x;,8/6xy,d/dt}.

3. Bracket-generating distribution of step 2

In this section, we want to find the conditions under which a distribution & is bracket-generating of step 2. As mentioned in the previous
section, we attach to 7 a linear map F on & defined by the Lie bracket of graded vector fields of the sections of 2. We will have several
types of possibilities for the rank of F. Using this, we find conditions to describe the problem.

Theorem 3.1. Let 9 be a distribution of rank (p,q) (p < m,q < n) on an (m,n)-dimensional graded manifold A/ such that

pp=1)  alg=l) _ala=1)

—pn < .
m-ps—— R ST (3.1)

Then 9 is a bracket-generating distribution of step 2, if and only if, the linear map F associated to 9 is of constant rank (m — p,n— q) on
M.

Proof. Let x € M. Suppose 2 is a bracket-generating distribution of step 2 and let {3/6x;,6/01y, d/dya,d/d{q} be abasis of Der&y (U)
in a coordinate neighborhood U of x. Then rank[Z, 2](x) = (m — p,n — q). This means that the number of linearly independent graded
) )

1<i<pl<u<gqg))ism—
’6x]][5nu 5 ,577} Si<pl<p<g}ism—p
(respectively n — q). Therefore the coefficient matrix, the matrix consisting of the coefﬁc1ents of the Lie brackets of graded vector fields

) )
vector fields of the set {[ —],1<i,j<p,1 <pu,v<gqg}, (respectively {[

[Bx 5 —1, [81‘[“ 5 v}} at the point x, denoted by
i OXj

[Djfi(x) Dﬁv(x)} a=1,..m—p

Dit) Do ey (4

having the rank m — p, is invertible. Similarly, the coefficient matrix

a=l,...m—

) A= 17 ni])?( m0d9)7

)
]} at the point x, has rank n — ¢, (i.e. n— g =

(1) mod),

the matrix consisting of the coefficients of the Lie brackets of graded vector fields

Da() D(X

D¢ DY
rank ( ( )) and this matrix is even). Hence associated with F is the graded vector field, represented by the matrix (
ef
relative to the above basis. It is clear that rankF (x) = (m— p,n—q).
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Conversely, suppose that x € M and rankF (x) = (m—p,n—q) on .4 . Let {8/6x;,6 /0Ny, d/dya,d/9a} be abasis of Dery (U) in a

and F(— o

coordinate neighborhood U of x. Consider the coefficient matrix of the graded vector fields F S Sy

F(— ATy —) ——), which is even
and denoted by
[ £t a2
F () ki)
Note that its rank is m — p, otherwise F' would not be a map of the given rank. Thus there are two non-negative integers r and s such that
r+s=m—pand rank(F{j(x)) =r, rank(F, (x)) = s. Hence we may assume that the submatrices G = (Ffp(x),1 < d,j—1<ni’<j

and J = (F, W v,( x)),1 <a/,v/ —1<s,u’ <V, are both invertible. Therefore, the submatrix,

(3.3)

! !
G H| _|Fy(®) Fiy@)| 1<aj1<r 1<av-1<s
- 5 i’<j/ 5 [1/<V/ 5

is invertible.

)
Similarly, consider the coefficient matrix of the graded vector fields F(-— 5%’ on —~— ), which is odd and its rank is n — g. We denote it by
Nu
F” (x) 1<a< 1<a<
F"‘(x) Jd<a<m—pl<a<n—g.

Since rank(FiZ‘ (x)) = n— g, we may assume that the submatrice (Fi%’ (x)),1 <p' —1<n—gq,i <y, isinvertible. We thus consider
a

i x)
a
Fiy(x)

—

A<y —1<n—q,i <y, 3.4

Given the matrices (3.3) and (3.4), we may change the generators of Der? , to {6/6x;,8 /060y, Yy, Zy},b=1,...m—p;v=1,...n—q,
6 & é é ) P
X

where Y}, € {[5)6[ 3x1 J; [517#, Ny wv'

——1|}, with local coefficients (F;’J/., (x) Ff;/, (x)) or (F9, (x)) of the matrix (3.3) and Zy €

wv

<}, with local coefficients (F o (x) Fia‘;, (x)) of the matrix (3.3). Thus & is bracket-generating of step 2. O

)
{[6)(/ 61’]

By using Theorem (3.1) we can easily prove the following theorems.

Theorem 3.2. Let .# be an (m,n) dimensional graded manifold. Suppose that 9 is a distribution of rank (m — 1,n). Then 2 is bracket-
generating of step 2, if and only if, for the linear map F = Fy+ F| associated to 9, Fy # 0 on A .

Proof. Since rank?(z) = (m— 1,n), there exist a coordinate system (x;,#,My),i=1,...,m— 1,10 = 1,...,n, defined in a neighborhood U
of z, such that & is locally given by {6/5x;,6/6n} and {8/6x;,6/0my,0/dt} is a local basis for Der Oy . Therefore, according to the
Theorem 3.1, the coefficient matrix,

Di(x) Dhy@], (mod?),
has the rank 1. Hence Fyy # 0. O

Theorem 3.3. Let # be an (m,n)—dimensional graded manifold. Suppose that 9 is a distribution of rank (m,n—1). Then 2 is
bracket-generating of step 2, if and only if, for the linear map F = Fy+ F| associated to 9, Fy # 0 on /.

Proof. Since rank%(z) = (m,n— 1), there exist a coordinate system (x;,My,0),i=1,....,m, u = 1,...,n— 1, defined in a neighborhood U
of z, such that 2 is locally given by {6/6x;,6/0ny} and {8/0x;,6/6m,,d/d 0} is alocal basis for Der0). Therefore, according to the
Theorem 3.1, the coefficient matrix,

DL®]. ( med2),
has the rank n. Hence F} # 0. O

Theorem 3.4. Let ./ be an (m,n) dimensional graded manifold. Suppose that 9 is a distribution of rank (0,n). Then 9 is bracket-generating
of step 2, if and only if, for the linear map F = Fy+ F; associated to 9, rankFy =m on M .

Proof. The details are the same as those given in the proof of Theorem 3.1. O

Example 3.5. Consider the graded manifold # = R, Let (xi,2,Mm),i = 1,...,2 be local supercoordinates on a coordinate neighborhood

) 1)
U of x € R3. Suppose that D is the distribution spanned by —— o 5 and % where

$_9 9 8 _9 ®mId §_ 9 nud
on oan 19 By oxm 201 m om 291

B By S A
5x1 0xa' ot M Vx, Bxy 917 1

A simple calculation shows that |

2.

——} is a basis of DerOgs (U). Thus 2 is bracket-generating of step
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Example 3.6. Consider the graded manifold .# = RM4. Let (i, M), =1,...,

4 be local supercoordinates on a coordinate neighborhood

5§ o0 ¢ 1)
U of x € R*. Suppose that D is the distribution (see [7]) spanned by ——, ——, —— and ——, where
! pp ( o Y Sn18ny ons 614
6 _ 0 L0 L0 0 0
sm o om Moy Moy Moy Moy
R I N I N
5T}2 N 8112 M 8x1 s 8x2 3 8x3 M 8x4’
6 _9 9 9 9 9
57]3 N 81’]3 m 8x1 2 8x2 M2 8x3 m (9)647
b _9 9 9 9 9
ona  omy Pox Moy M 9x3 e
. 1) 0
Here i =+/—1. Thus the vector fields [517 51] —1, [5771 51]2] [511 s —],a d[51‘[ 5 ~—| are zero and
) .0 . d 6 & . d d
Smony) o Yo lenem) T M an oy
) .0 d 5 o .0 . d
S ey T Yan Can emem T Yom ow
In the notation used in Theorem 3.1, all of the entries DZ7DO‘ Dﬂ‘\,?DZ17 i.ﬁ of the coefficient matrix except Dﬁ\, are zero and
0 -2 O 0 -2 0
110 0 —=2i =2i 0 O
[D"“’] o o0 -2 2 0 0 35
0 -2 O 0 +2i 0
So we have rank(DﬁV) =4, and we conclude from Corollary 3.4, that & is a bracket-generating distribution of step 2. By calculation we
have
1 1) ) 1) ) 1) d
7i <o B + N + R YR
o+ ) oy * L o)~ 23+ [6171 sm!) = o
1 13} 1) 0 ) 0 o d
it s Dt s+l D)2+l D) =5,
4 ((5771 [5772 5713]) (5771 [5171 5714]) (5771 [5171 5711])) dx;
1, & 5 ¢ 1) 1) d
> 7+777 _7"’_777 = 3
4((5711 [5712 5773]) (5771 [5711 5714])) dx3
1 1) 1) 1) 1) J
—i((s—+ ) (s—+ =) =5
4 ((5771 [5711 5713]) (5771 [5772 5714])) dxy
Example 3.7. Let # = R equiped with local supercoordinates (x1,x2,x3,1) and 2 be the distribution spanned by {5— = ai, 51 =
X1 X1 X2
d , d & .
Fr + (x1) Frah i %} In this case we have
6 o 5 O
e~ leu e 70
5 O d
[57x1’57x2} ZXIT)g’
ol gl =2
6)617 6)(178)62 - aX3.
We conclude from Corollary 3.2 that D is not bracket-generating of step 2 on the whole R3 1t is bracket-generating of step 3.
Example 3.8. Ler .# =R! 2 equiped with local supercoordinates (x,11,M2) and 2 be the distribution spanned by {5£ = ai, % =
X X 1

IR
anm

1)

d 1)
x=—1}. Then |[—, ——| = —— and from Corollary 3.3, we see that & is bracket-generating of step 2 on R'2,
37}2} X 8n1] om
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2010 AMS: 47H04, 49153, 63K10 the generalized equations 0 € f(x) +.% (x), and studied its convergence analysis under the
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Accepted: 16 September 2018 that the sequence, generated by MSQM, converges super-quadratically in both semi-locally
Available online: 30 September 2018 and locally to the solution of the above generalized equation whenever the second Fréchet
derivative of f satisfies a Holder-type condition.

1. Introduction

Throughout this paper we assume that X and Y are two real or complex Banach spaces and Q # 0 is an open subset of X. Let f: X —Y
be a Fréchet differentiable function on Q. Further, assume that the first and second Fréchet derivatives of f are denoted by V£ and V2 f
respectively. Let .% be a set-valued mapping with closed graph acting between Banach space X and the subsets of Y. In this communication,
we are interested to approximate the solution of the following generalized equation problem

0 € f(x)+.Z(x). (1.1)

The inclusions type (1.1), introduced by Robinson [24, 26] as a general tool for describing, analyzing, and solving different problems in a
unified manner, have been studied extensively. The inclusion problem (1.1) is an abstract model for variety of problems. When .# = {0},
(1.1) is an equation. When .% is the positive orthant in R”, (1.1) is a system of inequalities. When .% is the normal cone to a convex and
closed set in X, (1.1) reduces to variational inequalities. When .% = dy( is the subdifferential of the function

() = 0, ifx e C;
Velx) = +oo,  otherwise,

(1.1) is reduced to some minimization problems which has been studied by Robinson [25].
To solve (1.1), Dontchev [1] introduced the following classical Newton-type method, for each k =0, 1,...,

0 € fo) + V() (k1 —xk) +F (1),

under the assumptions the set-valued mapping .% is pseudo-Lipschitz and the Fréchet derivative of f is Lipschitz on a neighborhood of the
solution of (1.1) and established a quadratic convergence of the method. In his subsequent paper [2], he proved the uniform convergence of
the method. By following Dontchev’s method, Piétrus [5] obtained a super-linear convergence when the Fréchet derivative of f is Holder
continuous on a neighborhood of the solution of (1.1) and later he [6] established the uniform convergence of this method in this mild
differentiability context.

Let x € X. By 2(x), we symbolize the subset of X which is defined by

D(x) = {d €X:0€ f(x)+ VI(x)d+ %sz(x)dz +9(x+d)}.

Email addresses: harun_math@ru.ac.bd (M. H. Rashid), zulfi1022002 @yahoo.com (M. Z. Ali)
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For finding an approximate solution of (1.1), the extension of Dontchev’s indigenous work [3] was done by Geoffroy et al. [14]. Geoffroy
and Pietrus [13] introduced the following superquadratic method (see Algorithm 1) for solving the generalized equation (1.1) and showed
that it is locally superquadratic convergent:

Algorithm 1 (The Superquadratic Method)
Step 0. Pick xg € X and put k := 0.
Step 1. If 0 € Z(x;), then stop; otherwise, go to Step 2.
Step 2. If 0 ¢ Z(xy), choose dj such that dj, € Z(xy).
Step 3. Set xg4 = x; +dj.
Step 4. Replace k by k+ 1 and go to Step 1.

Note that under some suitable conditions around a solution x* of the generalized equation (1.1), the authors [13, Theorem 3.1] showed that
there exists a neighborhood Q of x* such that, for any point in Q, there exists a sequence generated by Algorithm 1 which is superquadratically
convergent to the solution x*. This implies that the convergence result, established in [13], guarantees the existence of a convergent sequence.
Therefore, for any initial point near to a solution, the sequences generated by Algorithm 1 are not uniquely defined and not every generated
sequence is convergent. Hence, in view of numerical computation, this kind of methods is not convenient in practical application. This
drawback motivates us to propose a method ’so-called” modified superquadratic method (MSQM) as follows:

Algorithm 2 (The Modified Superquadratic Method (MSQM))
Step 0. Pick 1 € [1,00), xg € X and put k := 0.
Step 1. If 0 € 2(xy), then stop; otherwise, go to Step 2.
Step 2. If 0 ¢ Z(xy), choose dj such that d, € Z(x;) and

l[dill < m dist (0, 7 (x)).

Step 3. Set xpy1 1= x +d.
Step 4. Replace k by k+ 1 and go to Step 1.

The difference between Algorithms 1 and 2 is that Algorithm 2 generates at least one sequence and every generated sequence is convergent
but this does not appear in Algorithm 1. Since the sequences generated by Algorithm 1 are not uniquely defined, in contrast with Algorithm
1, we can guess that Algorithm 2 is more suitable than Algorithm 1 in numerical computation.

It is remark that if we replace the set Z(x) by

S(x) = {dex: 0 ef(x)+Vf(x)d+gZ(x+d)},

the Algorithm 2 introduced in the present paper will be the same with the Algorithm given in [16, 23].

To solving (1.1), there have a large number of works on semilocal analysis ; see for example [7, 8, 11, 12, 19, 20, 27, 28]. Rashid et
al. [16, 23] established semilocal convergence analysis for solving the generalized equation problem (1.1), which was the extension of
Dontchev’s work in [1]. Rashid [17] introduced a variant of Newton-type Method for solving (1.1) and obtained its semilocal and local
convergence results. The same author [18] associated extended Newton-type method for solving a variational inclusion of the form

0€ f(x)+8(x)+ 7 (x),

where g : X — Y admits first order divided difference and established its semilocal and local convergence results for solving (1.1). As far as
we know, there doesn’t have any other study on semilocal analysis for the Algorithm 1.

The purpose of this study is to analyze the semilocal convergence for the modified superquadratic method defined by Algorithm 2. The
main tool is the Lipschitz-like property of set-valued mappings. The main results are the convergence criteria, established in Sect.3, which,
based on the information around the initial point, provides some sufficient conditions ensuring the convergence to a solution of any sequence
generated by Algorithm 2. As a consequence, local convergence result for the modified superquadratic method is obtained.

This paper is organized as follows: In Section 2, we recall a few necessary preliminary results. In Section 3, we consider the modified
superquadratic method for solving the generalized equation as well as using the concept of Lipchitz-like mappings, we prove the existence of
a sequence {x; } generated by Algorithm 2 and show that it is semilocally and locally superquadratic convergent. In the last section, we give
a summary of the major results presented in this paper.

2. Preliminary results

Letx € X and B(x,7) = {y : ||y —x|| < r} be denote the closed ball centered at x with radius » > 0. Let I": X = 2V be a set-valued mapping.
The domain of I', denoted by domT, is defined by

domI':={xeX: I'(x)#£0}.
The inverse and the graph of I, denoted by I'"! and gph[ respectively, are defined by
I'(y):={xeX:yel(x)} foreachyey

and gphI':={(x,y) eXxY:ye(x)}.



204 Universal Journal of Mathematics and Applications

Let B C X. The distance from a point x € X to a set B is defined by

dist(x,B) := bin};Hx—bH,
€

and the excess from the set A to the set B is defined by

e(B,A) = sup{dist(x,A)}.
XEB

The notions of pseudo-Lipschitz and Lipchitz-like set-valued mappings are due to [23]. Aubin [9, 10] introduced these notions and studied
extensively.

Definition 2.1. Let G : Y = 2X be a set-valued mapping and let (,%) € gphG. Let rz > 0, ry > 0 and M > 0. Then the mapping G is said
to be

(a) Lipschitz-like on B(3, ry) relative to B(X, rz) with constant M if the following inequality holds:
e(G(y1)NB(%,75),G(y2)) < Mlly1 —y2l|  for any y1,y> € B(, ry).

(b) pseudo-Lipschitz around (y,%) if there exist constants a > 0, b > 0 and M’ > 0 such that G is Lipschitz-like on B(y,b) relative to
B(%,a) with constant M'.

The following notion of (L, p)-Holder continuity property is due to [21].

Definition 2.2. Let f: X — Y be a Fréchet differentiable function on some neighborhood U of % and let V2 f be the second Fréchet derivative
of fonU. Let p € [0,1] and L > 0. Then V*f is called (L, p)-Hdder continuous on U with constant L if the following condition holds:

V2 (x1) = V2 f(x2) || < Lllxi = %217, for any x1,x; € U.
The following lemma has taken from [23]. This lemma employs a vital role for proving the convergence analysis.

Lemma 2.3. Let G:Y = 2X be a set-valued mapping and let (3,%) € gphG. Assume that G is Lipschitz-like on B(3, ry) relative to B(, rz)
with constant M. Then

dist(x, G(y)) < Mdist(y, G (x))
holds for every x € B(%,rz) and y € B(¥, 5 ) satisfying dist(y, G~ (x)) < g
We would like to finish this section with the following lemma that is known in [4].
Lemma 2.4. Let & : X = 2% be a set-valued mapping. Let X € X, ¢ > 0 and 0 < r < 1 be such that
dist(x,®(x)) < c(1—7r); 2.1
and
e(P(x;) NB(X,c), P(x2)) < rllx; —x2||  for any x;,x2 € B(X,¢). 2.2)

Then ® has a fixed point in B(X,c), that is, there exists x € B(%,c) such that x € ®(x). Moreover, if ® is single-valued, then the fixed point of
@ in B(x,c) is unique.

3. Convergence analysis of MSQM

This section is devoted to prove the existence and convergence of the sequences generated by the modified superquadratic method defined by
Algorithm 2. To this end, let x € X and let us define the mapping 7} by

1
T() = f() + VAR (- —x) + Esz(X)(' —x)?+F ().
Then for the construction of Z(x), we have that

P(x) = {d €X:0€ E(x—i—d)}

:{deX:x+deT[1(0)}. G.1)
Moreover, for any v € X and y € Y, the inclusions
1
vET (y) andy € f() + V() (v —2) + V2 ()(v=2)? + F (v). 32

are equivalent. In particular,
xe T 1(y) foreach (%,7) € gph (f +.7).
The following result is due to [15]. This result establishes the equivalence relation between (f + .7 )*1 and T{l.

Lemma 3.1. Let f: X — Y be a function and let (%,5) € gph (f +.F). Assume that f is twice differentiable in an open neighborhood Q of
X and that its second-order derivative is continuous at X. Then the following are equivalent:
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(i) The mapping (f +.%)~\ is pseudo-Lipschitz at (,%);
(ii) The mapping T{] (+) is pseudo-Lipschitz at (7,X).

Let rz >0, r; > 0 and (%,5) € gph (f +.%#). Then, the closed graph property of the set-valued mapping f +.% implies that f 4+ .F is
continuous at X for y, that is,

lim dist(§, / (x) + Z (x)) = 0. (3.3)

Assume that B(%,rz) C QNdom.#. Moreover, by Lemma 3.1 we assume that the mapping T{l is Lipschitz-like on B(J,ry) relative to
B(x, rz) with constant M, that is,
e(Ty () NB(E ), T (72)) < Mlly1 = y2[| Y y1, 32 € B, r5). (3.4)

Let p € (0,1], L > 0 and setting

2
R {r__ L(3PF2 427 2) 42 g (2P fSMLr)’E’)} 35)
' YU (p+1)(pt2)2r+2” 5M2p+2 '
Then
27 2(p+1)(p+2)ry 277!
Oc>0ifandonlyifL<min{ (p+1)(p+2)r5 } (3.6)

(3042 4-2042), 42 7 5M/E

The following lemma plays a vital role for convergence analysis of the modified superquadratic method. The proof is a refinement of the one
for [23, Lemma 3.1].

Lemma 3.2. Let Tx_l be a Lipschitz-like mapping on B(3, ry) relative to B(%,rz) with constant M. Let p € (0,1] and x € B(X, 3). Assume
that Vf and V2 f are (L, p)-Hoder continuous at X on B(x, %‘) with the same constant L defined by (3.6). Let o be defined in (3.5) so that

SM2P
(3.6) is satisfied. Then the mapping T, is Lipschitz-like on B(3, &) relative to B(%, %) with constant m ie.
-1 _ Iz -1 SM2P _
e(T; (tl)mB(x7%)77:v (2)) < m”ﬁ —n| foreveryt, € B(y,a).
Proof. Since « is defined in (3.5) so that (3.6) is satisfied, then it is clear that o > 0. Now let
fn,neBF,a) and o €T (n)NB(, %). (3.7)
To complete the proof, it is sufficient to show that there exists u” € T;"!(t,) such that
5M2P
/ /!
"< —— |ty — 1.
e —u"ll < S5 —SwL? 11 — 22|
To finish this, we need to verify that there exists a sequence {x;} C B(¥,rz) such that
1 € f(x) + V£ (x)(xe—1 —x) + V(&) (e —x—1) (3-8)
1 1
3 V20 (e =) + 5 V21 (0) (=0
(561 = 9)) + 7 (x0)
and
5M SMLrE k=2
Ik =1l < 2 lln =2l (5 ) (3.9)
hold for each k = 2,3,4,.... We proceed by induction on k. Write
1 =
ai:=1; = f(x) = V@) =2) = 3 VAF () = 0)* + £(@) (3.10)
1
+VFE) (' —5)+ 5V2 f(®)(u' —x)> foreachi=1,2.
Note by (3.7) that
lx—u'|| < |lx—x| +[|&—u|| < rz. (3.11)

Furthermore, we have, for (3.10), that

llai =3 < |l =3 +11f (') = f (x) = V.f (x)(u” = x)
1

— VAP0 =0+ I () — £(7)

VR W ) SV IR 2 (3.12)
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If Vf is (L, p)-Holder continuous at X with constant L, then we have that
1
17(x) = f(%) = V() (x = D) = H/O V(& +1(x=x)) = Vf(®)](x = x)dr]|
1
< /0 IVF(E+1(x—5)) = VFE)|llx - xdr

1
gLHx—xH/’“/ P di
JO

= — -t (3.13)
Analogously, if V2 f is (L, p)-Holder continuous at ¥ with constant L, then we have that
1769~ £~ V@)=~ AV~ = | [ [+ 1(6—9) V() - VS @1~ — D x— D]
< [ IVAE i) - V7 V1l - Dl
= [ IV~ V5) = V) D)
= [ 92 e stu ) - V20 s sl

g/ {LHM—XHPH/ spds}du
J? 0

/ i — 2|7+ du

p+1
L
e | p+2‘
e
L(3P+2 420 +2) 242
Then from (3.12), using the relations in (3.7), (3.11) and the relation o < ry — TN 2)2p)‘+2 by (3.5), we have that
p p
llai =3[l <+ L (| = x]|P*2 + [l = %]17+2)
1 —
(p+1)(p+2)

L o,
e )

L(1+27 )™
— & rs.
(p+1)(p+2)20t2 =7

That is a; € B(J, ry) for each i = 1,2. Define x| :=u’. Then x; € T '(t;) by (3.7) and it follows from (3.2) that
€ F)+ VA (a1 =)+ 5 VA0 (1~ + P ).
This can be written in another form as follows:
0+ 1)+ V@) =)+ 5 V0 — 5 € 72
FYF) (0 —0) + 3 V) (0 0+ F ) + )
FVSE =5+ 5 V) (1 -9
This, by the definition of a;, implies that
ar € O+ VAR~ D) ++ 5 V@) (0 2+ F ).
Hence x| € T;l (a1) by (3.2). This together with (3.7) implies that
X1 € T){l(al) NB(x,rz).
Noting that a;, ap € B(¥,ry) and Tx is Lipschitz-like by our assumption. Then it follows from (3.4) that there exists x, € T ( ») such that
o2 0| < Milar — aall =My 2] < 2l ]

Moreover, by the construction of #, and noting x; = 1/, we have

6 €77 () = T (2 = ) = V401 =) = 3V (0) w1 =02 + 50 + VAR (1~ + 3 VA (et —5),
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which, together with (3.2), implies that
€ F) 4 V() (0 —0) + V@) (2 —x1) + 5 VA0t — 2 4+ 5 VA0 (1 =02 = (a1 — 57 +- 7 ()

This shows that (3.8) and (3.9) are hold with generated points x;,x;.
Assume that x1,x7, ..., x, are obtained so that (3.8) and (3.9) are hold for k = 2,3,...,n. We need to construct x, such that (3.8) and (3.9)

are also true for k = n+ 1. For this purpose, set
1
ai ==t = f(x) = V(%) (npio1 = %) — 5V2f ®) (oni1 =)+ f(¥)
1
+VFE) (g1 — %)+ 5v2 f(®)(xppi1 —%)>  foreachi=0,1.
Then, for i =0, 1, we obtain that

1§ =1l = (V70 = ¥ F)) 3 =1+ 5 V23) (50 =0 = (i1 —)

2V 10—~ (1 )
= (V0 = V7)o =30 1) 5 V210 (3 = 51 501 =0

Gt =) = VA (o =50t (g —0P)
< I950) = VOl =11+ 3 1927) = V28 b 501 P

V2 () i1 =) = V2 £ () (a1 =)l = 21 -

Forall z € B(%,5), x = Vf(x), x = V2£(x) and x — V2 f(x)(z — x) are (L, p)-Holder continuous at ¥, thus we have that

- 1
lafs — @Il < Lllx = &1 {lon = |+ 5 o0 =511 + [} =011}

Lr? 1
< B = x4 o =01 IP)
Lr? 1 ,
< 2;‘ (20 — xp1 || + 5||xn —Xu—1]]), if the ball
B(x, %) is sufficiently small
SLrf
= Sprr I =21l (3.14)

Since |jx; —X|| < %; by (3.7) and ||f; — ]| < 20 by (3.7), it follows from (3.9) that

n

ln =2 < Y ey =il + ey = %]

j=2

2

n P\ i-2 _

< SMa (5Mﬁ)’(’>1 re
=R

_ SMa2rt! LI

S ortl_SMLE T 27

r7(2”+l — SMLr)Ig)

By (3.5), we have a0 < = S22 and so

[l — X|| < 7. (3.15)

Therefore, we obtain that

3
| —x|| < |lxn = F|| + | — x| < Erg. (3.16)

Furthermore, using (3.7) and (3.16), one has that, for eachi =0, 1,
1
lai =3I < It =3 + I1f (Cenrim1) = f(x) = VF(X) (nio1 —x) — 5V2f(X)(xn+,>1 —x)7
1
F1f Cnim1) = f(F) = VAE) iz — %) — Evzf(f) (Xntio1 — )|

o+ L
(

TS (i1 = x1PF2 + (i1 — E)|PT2)

<a L 3202
<ot el
L(3p+2+2p+2)r§+2
(p+1)(p+2)20+2°

+ r§+2)
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It follows, from the definition of ¢ in (3.5), that &} € B(¥,ry) for each i = 0, 1. Since assumption (3.8) holds for k = n, we have

12 € F() V() (a1~ 0+ VIO 1)+ 3 V210 1~ 4 V21Dl n 2 — (s — 5]+ P (),

which can be rewritten as

2+ S+ V)1 =)+ 3 V01— 0 € S0+ VL)1 =)+ VA0 —501) + 5 V(01 =2

+ %sz(f)[(xn 7)?)2 — (%1 *2)2] +F () + f(X) + V() (1 — %) + %sz(f)(xn—l 79?)2'

1
Then by the definition of aj, we have that ajj € f(%) 4+ V£ (%) (x, — %) + 5sz()z) (xp — X)? +.F (x). This, together with (3.2) and (3.15),
yields that

Xp € T{] (ap) NB(X, rx).

Using (3.4) again, there exists an element x,, | € T{] (a}) such that

5M SMLrE \n—1

o1 =5l < Ml —aill < ==l (Z5r) G.17)

where the last inequality holds by (3.14). By the definition of a}, we have
_ _ 1 _ _ o, 1 = =

St € T (@) = T (12 = £06) = V() (ko =) = 5 V21 06) (50 =207 (D) + VI () — )+ 3 V2 (D) 00 = 52))

which, together with (3.2), implies that
1 1

12 € )+ VI (3) 0 =)+ V() Gt =%0) + 5 V() (60 =)+ 2V210) (1 =52 = (5= %)) + 2 ().

This, together with (3.17), completes the induction step and ensure the existence of a sequence {x,} satisfying (3.8) and (3.9).
Lt

Since T;{" < 1, we see from (3.9) that {x; } is a Cauchy sequence and hence it is convergent, say to u”, that is u”" := limy_,.,x. Note

1
that . has closed graph. Then, taking limit in (3.8), we get 1, € f(x) + Vf(x)(u” —x) + Evzf(x)(u” —x)2+Z(u") and so u” € T ! (1p).
Moreover,

% ~5 SMLrE \ k=2 5M2P
v i — i Ity — X P el | P
[l —u \\Sllg:pkgl\xk Xk—l\lﬁr}ggkizz 5|l tzH( S ) 2P+1—5MLr§H[1 -
This completes the proof of the Lemma 3.2. O

Before going to demonstrate our main results, we define, for each x € X, the mapping J, : X — Y by

1 1
Te() == f(R) + VAE) (- — %)+ Qsz(f)(- — %) = f(x) = V() (-—x) - QVZf(X)C —x)?,
and the set-valued mapping ®,: X = 2X by
D () = T;l [ ()]
Then, for any ¥/, x” € X, we have that

) — L)l = V)~ T ) 4+ 372 0) (= 92 = (= 92) = V27 @ 0 = (" =)
= (V) = VI ~ )4 V21O (=2 = (= 27) = 3V (o = = () |
< IVFG) = VI "+ 3 IV 0) T P+ [V (0 —5) = V2 F @) 9l ¥~
(3.18)

3.1. Superquadratic convergence

This subsection is devoted to study that if V2 £ is (L, p)-Holder continuous, the sequence generated by Algorithm 2 converges superquadrati-
cally to the solution of (1.1). Thus, the main theorem of this study, which gives some sufficient conditions confirming the convergence of the
modified superquadratic method with starting point xg, read as follows:

Theorem 3.3. Let p € (0,1] and n € (1,%). Suppose that T ! is Lipschitz-like on B(3, ry) relative to B(%,rz) with constant M and that
V2fis (L, p)-Hoder continuous on B(%, %5 ) with constant L. Let o be defined by (3.5) such that (3.6) is hold. Let 8 > 0 be such that

i 2p+1D)(p+2)ry  1285a 1}.
47 L(2rt342.4p+241)" 3.20 7 )
(b) S(M+1)L(N2P8P 1 +4%P(p+1)(p+2)rf) <2°T(p+1)(p+2);

(a) 0 < min{
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L&PT?2
2(p+1)(p+2)

Suppose that f+ F is continuous at X for y, i.e. (3.3) is hold. Then there exists some 5 > 0 such that any sequence {x,} generated by
Algorithm 2 with initial point in B(X, 0) converges superquadratically to a solution x* of (1.1).

© [I5ll <

Proof. According to the continuity of f+.% at X for y and assumption (c), we can choose 0 < 5 < & be such that

L6p+2 R
dist(0, f(xg) + F(xp)) < for each xp € B(%,0). (3.19)

=2+ 1)(p+2)
Setting

_ SMML2P P!
(P D(p+2) (2Pt = SMLE)’

It follows, from assumption (b), that
SML(M2P8PH 4 (p+ 1) (p+2)rk) <5(M+1)L(n2P 8P + 4P (p+1)(p+2)rf) <2PT (p+1)(p+2).
The above inequality implies that
t<1. (3.20)

Let xo € B(x, 3) We use mathematical induction on n to show that Algorithm 2 generates at least one sequence and every sequence {x;, }
obtained by Algorithm 2 satisfies the following assertions:

xp —X|| < .
28 (3.21)
and
| (p+2)"
lldnll < f<2> o (3.22)
foreachn =0,1,2,.... Now, define
9
=~ (ML|x—x||P*? (p+2)M||y for each x € X. 3.23
= sy (MU () -+ 2)Mll) x (3:23)

Because n > 1,p € (0,1] and 6 < % by assumption (a), it follows, from assumption (b), that

257(M +1)LEPT! = (M+1)L(8PT! +4*8P1) < (M4 1)L(5PF! +4%6P)
< (M+1)LE2PMSPH 144 P(p+1)(p+2)rh)
2 p+D)(p+2)
— 5 b
which gives

2 (pA1)(p+2) et < 2T+ D(PH2)

MLSP*T! <
= 1285 = 1285

(3.24)

Thus, by 3273 < 1285« in assumption (a) and second inequality in (3.24), we obtain that

L2 L&P+]
_ _ <@ 3.05
< D2 ~ 2y 53 (3.:25)

(thanks to assumption (c)). Thus, we obtain from (3.23), together with assumption (c), that

9
2(19 )(p+2)(
9(2p+3+ )ML517+2
~2(p+1)(p+2)
9(2P+3 + 1)MLSP*!

2(p+1)(p+2)

)

LS MLEP”)

-0 foreach x € B(,26). (3.26)

Since p € (0, 1], by the first inequality in (3.24) we have from (3.26) that
ry <26.
It is clear that ¢ > 0 by assumption (a). Then we have from (3.5) that

o>0= 2" _5SMLE > 0= SMLE < 2P,
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Therefore, with the help of above relation we obtain that
2p+1
5.4r°

Note that, for n = 0, (3.21) is trivial. To show that the point x| exists and (3.22) holds for n = 0, it suffices to prove that Z(xy) # 0. We will
do that by applying Lemma 2.4 to the mapping ® := ®,. To do this, let us check that both assumptions (2.1) and (2.2) of Lemma 2.4 hold

5-4PMLSP < SMLrY <2/ = LM§P < (3.27)

8
with ¢ :=ry, and r:= 5 Here, we note that ¥ € T; ! () NB(, 8). Then by the definition of the excess e, we obtain that

dist(¥, @x, (%)) < e(T; ' (7) NB(F, §), Py (5)

X

< e(T7 ' (5) NB(E, 75), T o (9))). (3.28)

X
By the (L, p)-Holder continuity property of V2 f and (3.14), we obtain, for each x € B(%,28) C B(%, %), that

(Mg () =31l = [1f (%) + V.f (%) (x — %) + %sz()f)(x—)?)2 — f(x0) = V.f (x0) (x —x0) — %VZJ‘(XO)(%—%o)2 =7

< If(x) = f(xo0) = Vif (x0) (x —x0) — %sz(XO)(x—XO)zll 17 (0) = f(%) = Vf(F) (x— %) + %sz(f)(x—f)z\l + 131
L

<—— (Ilr=xo|P 4 ||x = &PF?) + 7] (3.29)
(p+1)(p+2)(H | [lx —=[|77%) + |13

Because of [xo— || < 8 < 8, L(2P13 +2-47T2 1 1)§ <2(p+1)(p+2)ry, 8 < 1 by assumption (a), ||7]| < D)) by assumption
p p
(c) and second relation in (3.24), (3.29) implies that
L
T (1) =3 < D)+ E— x| 4 5P + |5
o) =31 = gy oy (=9 + G =) 72+ = 517°2) + 5]
L L5P+2
< 38 p+2+ 28 p+2 -
e (0 @) a0 )
L
<= 2.3174-2 2p+3 1 6p+2
Sy V)
L
2-3P%2 4273 4118, since 871! <1
2(p+1)(p+ )< I ) e
<. (3.30)

This means that, for each x € B(%,28), Jx, (x) € B(¥,ry). In particular case, putting x = X in (3.29). Then we have that
L

To (8) =3l < S (pt2 = 3.31
3L 3L
S Y I N
“2(p+1)(p+2) T 2(p+1)(p+2)
Sr)’;.

Hence, by (3.31) and the Lipschitz-like property of 7;1, we have, from (3.28), that
dist (X, Px, (¥)) < M|y —Jx, (%)

< ey MRl + (o Do 2)mls] )

(-5t

which shows that the assumption (2.1) of Lemma 2.4 is satisfied.
Next, we show that assumption (2.2) of Lemma 2.4 is satisfied. To do this, let x',x” € B(X,ry,). Then we have that x',x” € B(x, ry,) C
B(x,28) C B(x, rg) by (3.26) and Jx, (x'), Jx, (x”) € B(3,ry) by (3.30). This, together with the Lipschitz-like property of T;l, implies that

() (V) VB, ). B (1)) < (B, (V) B, ), By ()
= o(Ty "y ()] NBE 1), Ty sy ()
< MUy () — Jiy ()]

Since V2f and V2 £(-)(z — ) are (L, p)-Holder continuous on B(¥, §) for all z € B(%, ), then Vf is also (L, p)-Holder continuous on
B(x, %) and for simplicity we take the same constant L. Thus, for the choice of xg, (3.18) yields that

- 1 - - -
Mo () =T ()| < V(&) = Vo)l ="+ S IV2F(®) = V2 £ o) [ [ =2 |2+ [V (R (" = 5) = V2 £ (0) (" = x0) [ | ="
L
< Lfg—xoll? | = ||+ S [1F —xo |17l =" + L[5~ xo |’ — x

//”

L
< (2L+F I =Xl I =07 =

<2L(8P 4 8P Y|IX =X
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Applying the first inequality of (3.24) and (3.27), it follows, from (3.27), that

1 +1)(p+2
(@4, (V) MB(E ) () < ML(SP + 5P~ < 292 (L CHEDEED Yy

8
< §||x'—x"|\ = r|x" —x"||, since p € (0, 1].

This means that the assumption (2.2) of Lemma 2.4 is also satisfied. Thus by Lemma 2.4, we can deduce the existence of a fixed point
1

£1 € B(X, ry, ) such that £] € ®,, (%)), which translates to 0 € f(xo) + V.f(x)(£1 —x0) + Ev2 F(xo) (&1 —x0)% + % (%) and hence 2 (xq) # 0.

Consequently, we can choose dy € Z(xp) such that

l[dol| < dist(0, Z(xo))- (3.32)

Therefore, according to the Algorithm 2, we can say that x; := xg + dy is defined.

Now, we will show that the assertion (3.22) is also hold for n = 0. Note by assumption (a) that xo € B(%,§) C B(%, 8) C B(X, %). Since 7!

is Lipschitz-like on B(¥, r5) relative to B(%, %), it follows from Lemma 3.2 that T, ! is Lipschitz-like on B(y, ) relative to B(%, ) with
SM2P

constant m. Moreover, (3.19) and (3.25) imply that

+2
dist(0, Tr, () = dist(0, /(x0) + F(x0)) < 5 Lo ¢ (3.33)

Dt =3

It has been mentioned earlier that xo € B(%, 5 ) and by (3.25)) we have 0 € B(¥, %) This, together with (3.33), implies that Lemma 2.3 is
applicable and hence by applying it we have that

S5M2P

dist(xo, T, 1 (0)) < T SMLT dist(0, Ty, (x0)) (3.34)
Applying (3.34), we have from (3.1) that
dist(0, Z(xg)) = dist(xo, 7}31 (0))

< % dist(0, Ty, (xp))- (3.35)

Using (3.35), (3.33) and then (3.20) in (3.32), we obtain that

[[x1 = xoll = lldo|| < n dist(0, Z(xo))

SnM2P .
S m dlSt(O,Txo (XO))
p§pt2
< SNMML2P§ :[(1>5
2(p+1)(p+2)(2r+ —SMLrY) 2

This shows that (3.22) is hold for n = 0.

We assume that the points xy,x»,...,x; are generated by Algorithm 2, and (3.21) and (3.22) are true forn =0, 1,...,k— 1. We show that
there exists xz 1 such that (3.21) and (3.22) are hold for n = k. Since, for each n <k — 1, (3.21) and (3.22) are true and ¢ < 1 by (3.20), we
have the following inequality

k1 k=1 (4 (p+2)
e — % < Y it — xil| + [l — %] < 6 Zf(2> +6
=0 =

k—1 1 (p+2)’
gal;)(z) +5<5+6=26.

This shows that (3.21) holds for n = k. Finally, we will show that (3.22) holds for n = k. Now if we use the same arguments that we did for
the case when n = 0, we can prove that Z(x;) # 0 and so by Algorithm 2 we can choose dj € 2(0,x;) such that

lldi]l < dist(0, 2 (xt)),

SM2P

that is, the point x| exists. Moreover, we have that TXZI is Lipschitz-like on B(¥, &) relative to B(%, 5 ) with constant ST
— P
X
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Therefore, we have that

|1 = xel| = [ldie|| < 1 dist(0, Z(xy))
SnM2P
=20t —5MLE
_ SnM2P
ol SMLP
SnM2P 1
< 1 g I00) = £ k) =V k) k=) = 5V o) ok =1
< SNMML2P
~ (p+1D(p+2)(2r 1 =5MLIY)

_ SnML2P P! (1 (p+2)! "*26
T (p+D(p+2)2r = 5MLE) \ '\ 2

1 (p+2)
< = .
()"

This implies that (3.22) holds for n = k and therefore the proof of the theorem is completed. O

dist(0, Ty, (x¢))

dist(0, £ (xx) + F (xx))

p+2

flxx — xpe—1 |

In the special case when * is a solution of (1.1) (that is ¥ = 0 in Theorem 3.3), then we have the following corollary which gives the
super-quadratically local convergence result for the modified superquadratic method.

Corollary 3.4. Let p € (0,1] and 1 > 1. Let X be the solution of (1.1) and 7}_1 be pseudo-Lipschitz around (0,%). Suppose that V2fis
(L, p)-Hélder continuous around %. Suppose that

lim dist(0, f(x) +.% (x)) = 0.

X—X

Then there exists some & > 0 such that any sequence {x, } generated by Algorithm 2 with initial point in B(X, 3) converges superquadratically
to a solution x* of (1.1).

Proof. By our assumption, T{l is pseudo-Lipschitz around (0, ). Then there exist constants ry,  and M such that T{l is Lipschitz-like on
B(0, rp) relative to B(X, ) with constant M. Then, for each 0 < r < 3, one has that

(T (1) NB(E,7), Ty ' (v2) < Mllyy — 2l for any y1,y2 € B(0,rg)

2p+1

ie. T{l is Lipschitz-like on B(0, ry) relative to B(X,r) with constant M. Let L € (0,1) and rz € (0, 8) be such that % <r,ML < —5

L(3P+2 420 12) 072

(p+1)(p+2)2r+2

and rg — > 0. By the (L, p)-Holder continuous property of V2 £, for each x, ' € B(%, %), we have that

IV2£(x) = V2 ()] < Ll =17

Choose « so that

L(3M+2 42002) 82 (20— SMLY) }>0

o :=mi —
mm{’(’ (p+D)(p+2)2072 " 5M2+2

and

47 L(2PT34-2-4P12 1 1) 3.2P

c 2 1 2 12
min{rx (p+1)(p+2)rg 8505} 0.

Thus we can choose 0 < 6 < 1 such that

§ <min{ =
=T Ler B2 a1 0) 3o

ri 2(p+1)(p+2)ry 128506}

and
S(M+ 1D)L(2787 +44 P (p+1)(p+2)r2) <27 (p+1)(p+2).

Now one can easily sees that the assumptions (a)-(c) of Theorem 3.3 are hold. Therefore, to complete the proof of the corollary, we can
apply Theorem 3.3 . O
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4. Conclusion

The semilocal and local convergence results for the modified superquadratic method are established with i > 1 under the assumptions that
T{l is Lipschitz-like as well as V2 £ is (L, p)-Holder continuous. This result extends and improves the corresponding one [13]. This result
seems new for the generalized equation problem (1.1). According to the main result of this study, we have the following conclusions:

o If p =0, then the Fréchet derivative of f satisfies the continuity condition with constant L and we obtain the quadratic convergence of
the modified superquadratic method. In this case the result established in the present paper coincides with the result presented in [22,
Theorem 3.1, Corollary 3.1].

e If p =1, then the Fréchet derivative of f satisfies the Lipschitz condition and we obtain the cubic convergence of the modified
superquadratic method. In this case the result established in the present paper coincides with the result presented in [22, Theorem 3.2,
Corrolary 3.2].
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