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Norm-Attainability and Range-Kernel Orthogonality
of Elementary Operators

Benard Okelo™™

Abstract

Various aspects of elementary operators have been characterized by many mathematicians. In this paper,
we consider norm-attainability and orthogonality of these operators in Banach spaces. Characterizations and
generalizations of norm-attainability and orthogonality are given in details. We first give necessary and sufficient
conditions for norm-attainability of Hilbert space operators then we give results on orthogonality of the range and
the kernel of elementary operators when they are implemented by norm-attainable operators in Banach spaces.

Keywords: Range-Kernel orthogonality, Elementary operator
2010 AMS: Primary 47A30, Secondary 47B47

1. Introduction

Studies on Hilbert space operators have been carried out for along period of time with nice results obtained. Norm-attainability
is one of the aspects which has been given attention. Let H be an infinite dimensional separable complex Hilbert space and B(H)
the algebra of all bounded linear operators on H. An operator S € B(H ) is said to be norm-attainable if there exists a unit vector
Xo € H such that ||Sxo|| = ||S]|. For an operator S € B(H) we define a numerical range by W(S) = {(Sx,x) : x€ H, ||x|| =1}
and the maximal numerical range by Wy(S) = {B € C: (Sx,,x,) — B, where ||x,|| =1, ||Sx,|| — ||S||}. The second aspect
in consideration is orthogonality which is a concept that has been analyzed for quite a period of time. Benitez [1] described
several types of orthogonality which have been studied in real normed spaces namely: Robert’s orthogonality, Birkhoff’s
orthogonality, Orthogonality in the sense of James, Isoceles, Pythagoras, Carlsson, Diminnie, Area among others. Some
of these orthogonalities are described as follows. For x € .# and y € .4 where .# and ./ are subspaces of E which is a
normed linear space, we have: (i). Roberts: ||x —Ay|| =[x+ Ay||, V,A € R; (ii). Birkhoff: ||x+y|| > ||y||; (iii). Isosceles:
[x = |l = |lx+y|; (iv). Pythagorean: ||x —y||> = ||x]*> +|[y]|*; (v). a-Pythagorean: ||x —ay||* = ||x||> +a*|ly||?, a # 0; (vi).
Diminnie: sup{f(x)g(y) — f(y)g(x) : f, g € S’} = ||x||||y|| where S’ denotes the unit sphere of the topological dual of E; (vii).
Area: ||x||||y|| = O or they are linearly independent and such that x, —x, y, —y divide the unit ball of their own plane (identified
by R?) in four equal areas. In this paper we will consider the orthogonality of elementary operators when they are implemented
by norm-attainable operators. Consider a normed space ./ and let Ty p : &/ — /. T is called an elementary operator if it has
the following representation: T(X) =Y | A;XB;, VX € </, where A;, B; are fixed in «7. Let &/ = B(H). For A, B € B(H) we
define the particular elementary operators: The left multiplication operator Ly : B(H) — B(H) by Ls(X) = AX, VX € B(H);
the right multiplication operator Rp : B(H) — B(H) by Rp(X) = XB, V X € B(H); the generalized derivation (implemented by
A, B) by 04 p = Ly — Rp; the basic elementary operator(implemented by A, B) by M4 p(X) = AXB, VX € B(H); the Jordan
elementary operator(implemented by A, B) by % p(X) =AXB+BXA,VX € B(H);  Regarding orthogonality involving
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elementary operators, Anderson[2] established the orthogonality of the range and kernel of normal derivations. Others who
have also worked on orthogonality include: Kittaneh [3], Mecheri [4] among others. For details see [1-2, 4-31]. We shall
investigate the orthogonality of the range and the kernel of several types of important elementary operators in Banach spaces.
Anderson [2] in his investigations proved that if N and S are operators in B(H ) such that N is normal and NS = SN then for all
X € B(H), ||6n(X) +S|| > ||S||- If S(above) is a Hilbert-Schmidt operator then Kittaneh [3] (see also the references therein)
showed that || 8y (X) + S = [|6v(X)||3 +||S]|3. We extend this study to the general Banach spaces.

2. Preliminaries

In this section, we give some preliminary results. We begin by the following proposition.

Proposition 2.1. Let H be an infinite dimensional separable complex Hilbert space. Let S € B(H), B € Wy(S) and o > 0.
Then the following conditions hold:

(i). There exists Z € B(H) such that ||S|| = || Z||, with ||S —Z|| < a.

(ii). There exists a vector 1 € H, ||n|| = 1 such that ||Zn|| = ||Z|| with (Zn,n) = B.

Proof. Let||S||=1andalsothat0 < ot <2.Letx, € H (n=1,2,...) be such that ||x, || =1, ||Sx, || — 1 and also lim,,_,e (X, x,,) =
B. Let S = GL be the polar decomposition of S. Here G is a partial isometry and we write L = fol BdEg, the spectral de-

composition of L = (§*S)2. Since L is a positive operator with norm 1, for any x € H we have that ||Lx,|| — 1 as n tends

to oo and limy—e0 (SXy;, X ) = limy—ye0 (GLXy, X)) = limy—e0 (Lxp, G*x,). Now for H = Ran(L) & KerL, we can choose x, such

that x, € Ran(L) for large n. Indeed, let x,, = xﬁll) @x,(,z), n=1,2,... Then we have that Lx, = Lxﬁll) GBLxS,Z) = Lxﬁ,l) and that

. O O . . . O
limy, oo || || = 1, limy—yee || %5 || = O since lim,,—se0 || Lx,|| = 1. Replacing x,, with m7 we get
Xn

PRt L () 1 (DN
’ = 1,lim, e <Sx'(11)xn , H/‘fﬁzl)Hx” > =p

Next let x,, € RanL. Since G is a partial isometry from RanL onto RansS, we have that || Gx, || = 1 and lim,, . {Lx,,, G*x,) = 3.

I
(l)Hxn

(B

X))

lim ||L

n—soo

= lum
n—soo

b
il

[

Since L is a positive operator, ||L|| = 1 and for any x € H, (Lx,x) < (x,x) = ||x||*>. Replacing x with L2x, we get that
(L*x,x) < (Lx,x), where L3 is the positive square root of L. Therefore we have that ||Lx||?> = (Lx, Lx) < (Lx, x). It is obvious that
lim,, e ||Lx, || = 1 and that || Lx, ||* < (Lxp,x,) < ||Lx,||> = 1. Hence, lim,, e (Lx,,x,) = 1 = ||L||. Moreover, Since I —L > 0,
we have limy, e ((I — L)xp,X,) = 0. thus lim,_,e || (I — L) 2x,|| = 0. Indeed, lim,,_,o ||({ — L)x,|| < lim,,—ye ||(I — L)% I (1 —
L)%an =0.Fora>0,lety=[0,1-%]andletp = (1 —F,1]. We have L = [, udEy + [, pdEy = LE(y) ® LE(p). Next we
show that lim, e ||[E(Y)x,|| = 0. If there exists a subsequence x,,, (i = 1,2,...,) such that ||[E(y)x,| > € >0, (i=1,2,...,),
then since lim;_.. ||, — Lx,, || = 0, it follows that

tim [y, — Ly |2 = Tim (| E (), — LE(7), |2+ | E (9, — LE(p) 0 |2) = 0.
Hence, we have that
lim [|E (1), — LE (V) |* = 0.
Now it is clear that
1E(V)xn; = LE(Y)n; || = 1E(r)n || = [LENE Vx| = (= ILE()IDIE (V) | = %s >0.

This is a contradiction. Therefore, lim,,—se || E ()X || = 0. Since lim, o0 (Lxy,, x,,) = 1, we have that limy, e (LE (0 )Xy, E (P )xn) =
1 and lim, ;0. (E(p)Xn, G*E(p)x,) = B. It is easy to see that

E(p)xn  E(p)xa >
IE(p)xall” [[E (p)xull

lim [E(p) || = 1, lim <L

and

o E(p)x, . E(p)x, _
r}~>°<’<L||E(p)xn|7G ||E(p)xn> P
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Replacing x with HEE o> We can assume that x, € E(p)H foreachnand |x,|| = 1. Let J = [, udEy + [, udE, = J @ E(p).

Then it is evident that H]H =[S = |IL|| = 1,Jx, = x,, and ||J — L|| < . If we can find a contraction V such that V — G < §
and ||Vx,|| = 1 and (Vx,,x,) = B, for a large n then letting Z = VJ, we have that ||Zx,|| = ||VJx,|| = 1, and that

<an7xn> = <Van,Xn> = <mexn> = ﬁa
IS=Z|| = GL=VJ|| < |[GL=GJ||+[|GJ =VJ| < [|G|.[L=J[[+|G=V|.[V]| < 5 +§

Lastly, we now construct the desired contraction V. Clearly, lim,_o(x,, G*x,) = B, because lim,_.(Lx,,G*x,) = B
and lim,_ ||x;, — Lxn|| = 0. Let Gx, = @nxn + @V, (VnLlxn, |lyn]| = 1) then lim, . ¢, = B, because limy,_yo(Gxp,Xx,) =
lim,, e (X, G*x,) = B but || Gx,||* = [9]> + |@u]> = 1 so we have that lim,, .. |@,| = /1 —|B|?. Now without loss of gener-

ality, there exists an integer M such that |¢y, — B| < §. Choose @Y such that |@%| = /1—(B%, |om — @Yl < §. We have
that

Gxpr = Swxur + Oy — B + B — @pym + @y = (6 — B)xas + (@ — @f))ym + Bxw -+ @y
Let

am = Bxm + @y, G = (0 — B)xas + (@v — @ )ym + qm-

Suppose that y_L x;s, then
(G, Gy) = (¢ — B) (xwr, Gy) + (9 — @3) (ym Gy) + (qm, Gy) =0,
because G*G is a projection from H to RanL. It follows that
a
[{am: Gy)| < 19w — Byl + 1 owr — @iyl [yl < 2
If we suppose that

Gy = dqu+Y°, 0° Lawm,)

then y” is uniquely determined by y. Hence we can define V as followsV : xas — qar, y — Y°, 0xar + @uy — dqar + @ay°, with
both @, @ being complex numbers. V is a linear operator. We prove that V is a contraction. Now,

IVamll® = llgml* = [BI* = oy =1,
2 2 2 2 2
[Vyl® = [IGylI” = |¢y]= < IGyII= < [Iy[|=.
It follows that

IVol* =917 [IVanl® + lolPIVyl* < o> +]of* =1,

for each x € H satisfying that x = ¢xp + @uy, ||x]] = 1, xarLy, which is equivalent to that V is a contraction. From the
definition of V, we can show that

2a
1Gons = Vx| = [6 = B + | ow — o * < S =
If y Lxp, ||y|l < 1 then obtain
o
1Gy =Vl = [@lIVaull = KGy, Vaar)| = [{qm, Gy)| < -

Hence for any x € H, x = ¢xpr + Qury, ||x]] =1,

1Gx = V][> = [9(G—V)xu + 9(G = V)y|I> = [¢ (G —V)xu|* + 9] (G~ V)y||2<|<l>|2 +|<P|2 <=

which implies that || (G —V)x|| < &, [|x|| =1, and hence ||(G—V)|| < §.Let Z=V/J. Then Z is what we want. O
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The next result gives the conditions for norm-attainability of an inner derivation. We give the following proposition.

Proposition 2.2. Let H be an infinite dimensional separable complex Hilbert space and S € B(H). s is norm-attainable if
there exists a vector § € H such that ||| =1, ||SC||=||S||, (S§,8)=0

Proof. For any x satisfying that x L {{,SC}, define X as follows X : { — §, S — —S{, x — 0. Since X is a bounded operator
on H and

IXEl = [IX]] = LISXE = XSC| = [ISE = (=SE)[I = 2{|SE = 2{IS]|-

It follows that ||ds|| = 2]|S|| via the result in [30, Theorem 1], because (S¢, ) = 0 € Wy(S). Hence we have that ||SX — X S|| =
2||S]| = ||6s||- Therefore, 8s is norm-attainable.

The next result gives the conditions for norm-attainability of a generalized derivation. We give the following proposition.

Proposition 2.3. Let H be an infinite dimensional separable complex Hilbert space. Let S,T € B(H). If there exists vectors
§,n € Hsuchthat ||C|| = |In|l =1, ISCII=ISIl, ITn| =||T|| and HSH (8¢,¢) = f%<Tn n), then 8s 1 is norm-attainable.

Proof. By linear dependence of vectors, if n and 77 are linearly dependent, i.e.,7n = ¢||T||n, then it is true that || = 1
and |(T,n)] = |T|. It follows that |(SC, )| = |IS] — 1. Hence <HST¢Hc> —p=

— <HTTnH’n> = —¢.Defining X as X : 1 — §, {n}+ — 0, we have | X|| =1 and (SX —XT)n = @(||S|| +||T||) &, which implies
that

18X = XT|| = [|(SX = XT)n|| = [|S][ + || T]-

By [3], it follows that ||SX —XT'|| = ||S|| +||T|| = ||0s.,7||- That is s 7 is norm-attainable. If  and 77 are linearly independent,

then ‘<|\TTH\| n>‘ < 1, which implies that .<HST€H 4 >’ < 1. Hence § and S¢ are also linearly independent. Let us redefine

_ s
[1S11°

<W’ n> n+7h, ||| =1, hln. Since n and T1 are linearly independent, T # 0. So we have that

X as follows: X :n — ¢, — x — 0, where x € {n,Tn}*. We show that X is a partial isometry. Let

HTH HTH -

s¢

n < n NY
| IS]I°

=\ §>C+7Xh,

,n>Xn+TXh:—<
which implies that
(o3
X6 ) =—( e 6 ) +7Xh &) == (6 ) -
< I 151 1511
It follows then that (Xh,{) =01i.e., XhL{({ = Xn). Hence we have that

H< ISl > 2:‘<||TTH||’">2

which implies that || XA|| = 1. Now it is evident that X a partial isometry and ||(SX —XT){|| = ||ISX —XT|| = ||S|| +||T ||, which
is equivalent to || s 7 (X)| = [|S||+ ||T||. By Proposition 2.2 and [28], ||8s,7| = ||S||+ ||T||. Hence Js r is norm-attainable. [

Tn

+||tXh|? = HX| +t]? =1,

The next result is a consequence of Proposition 2.2 and 2.3. It gives the necessary and sufficient conditions for norm-attainability
of a basic elementary operator.

Corollary 2.4. Let S,T € B(H) If both S and T are norm-attainable then the basic elementary operator Myt is also norm-
attainable.

Proof. For any pair (S,T) it is known that |Ms 7| = ||S||||T]|. We can assume that ||S|| = ||T|| = 1. If both S and T are
norm-attainable, then there exists unit vectors { and 1 with ||SC|| = ||[Tn|| = 1. We can therefore define an operator X by
X = (-,Tn)¢. Clearly, || X|| = 1. Therefore, we have ||SXT|| > ||SXTn|| = ||| Tn|*S¢|| = 1. Hence, ||Ms, 7(X)|| = [|SXT|| = 1,
that is Mg, 7 is also norm-attainable. O
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In the next section, we dedicate our work to orthogonality of elementary operators on Banach spaces. From this point
henceforth, all the elementary operators are implemented by norm-attainable operators unless otherwise stated. First we note
that Q denotes the algebra of all norm-attainable operators. In fact Q is a Banach algebra. Let T : Q — Q be defined by
T(X)=Y!,AiXB;, VX € Q, where A;, B, are fixed in Q. We define the range of 7 by RanT ={Y e Q: Y =T (X), VX € Q},
and the Kernel of T by KerT = {X € Q: T(X) =0, VX € Q}. It is known [4] that for any of the examples of the elementary
operators defined in Section 1 (inner derivation, generalized derivation, basic elementary operator, Jordan elementary operator),
the following implications hold for a general bounded linear operator 7 on a normed linear space W , i.e. RanT L KerT =
RanT NKerT = {0} = RanT NKerT = {0}. Here RanT denotes the closure of the range of T and KerT denotes the kernel of
T and RanT L KerT means RanT is orthogonal to the Kernel of T in the sense of Birkhoff. Let A € Q. The algebraic numerical
range V(A) of A is defined by: V(A) = {f(A) : f € Q" and || f|| = f(I) = 1} where ' is the dual space of Q and / is the identity
element in Q. If V(A) C R, then A is called a Hermitian element. Given two Hermitian elements S and R, such that SR = RS
then D = S + Ri is called normal [29].

3. Main results
Proposition 3.1. Let A,B,C € Q with CB = I (I is an identity element of Q). Then for a generalized derivation 6y p =
AX — XB and an elementary operator ®4 g(X) = AXB — X, Rg(Randsc N Kerdyc) = Ran®s p N Ker®, 5. Moreover, if
Ranéy c NKerdy c = {0} then mﬁl{erﬂqﬁ = {0}.

Proof. First, we prove that if CB = I then Rpds c = @4 . To see this, VX € Q, RpOsc(X) =AXB—XCB=AXB—X = 04 p.
Suppose that P € Rp (Ran5A7c N KerSA’C). Now, it is a fact that the uniform norm assigns to real- or complex-valued continuous
bounded operator Rp defined on any set Q the nonnegative number ||Rp||. = sup{||[Rp(X)|| : X € Q}. Since Rpds,c = ®4 p and
Rp is continuous for the uniform norm, then P € Ran®4 p N Ker®, p. Conversely, since Rc is continuous for the uniform norm,
then by the same argument we prove that if P € Rg(Ran®4 g N Ker®, p) then P € Rg(Rands c N Kerdu c). O

It is important to note the following. Let A, B,C € Q with CB =1 (I is an identity element of Q). Then Rg(Rands ¢ NKerda c) =
Ran®4 p N Ker®, p. Indeed, since Ran®, p C Ran®, p, then by Proposition 3.1, the equality holds.

Proposition 3.2. Let S and R be Hermitian elements. Then O g is also Hermitian.

Proof. From [22], it is known that if X is a Banach space then V(ds) = V(S) — V(R) for all S,R € B(X). Therefore,
V(dsr) CV(Ls)—V(Lr) =V(S)—V(R) CR. O

Corollary 3.3. If D and E are normal elements in Q then 8p g is also normal.

Proof. Assume D =S+ Riand E =T + Ui where S,R,T,U are Hermitian elements in Q such that SR =RS and TU = UT.
Then Op g = 8,7+ i0g,y With 85 170ry = Ogys,r. Since S,R,T,U are Hermitian, then by Proposition 3.2 dg 7 and s 7 are
Hermitian and so is 8p g. ]

Remark 3.4. ([22]) Let X be a Banach space and T € B(X). If T is a normal operator, then RanT LKerT. Moreover, if D
and E are normal elements in Q then Randp g L KerSp . Indeed, assume that D and E are normal elements in Q. Then by
Corollary 3.3, 8p g is normal and by Proposition 3.2 Randp g L Kerdp .

Corollary 3.5. IfA,B € Q are normal and there exists C € Q such that BC = I then Ran®, ¢ N Ker®4 ¢ = {0}.

Proof. 1f A, B € Q are normal and self-adjoint elements, then by Corollary 3.3, Rands gL Kerds p. This implies that Randy g N
Kerd, p = {0}. Using Proposition 2.2, we conclude that Ran®4 ¢ N Ker®4 ¢ = {0}. O

The next theorem gives a stronger result on power sequences of operators A", B" € Q for all n € N.

Theorem 3.6. Let A, B € Q be normal and self-adjoint with C € Q such that BC =1 and ||C|| < 1. If ||A|| < 1 and ||B|| < 1 for
all n € N then Rand p L Kerda p.

Proof. Tt is well known [2] that A"X — XB" = X" |A"~"~1(AX — XB)B' and
A"X —XB"—X' A" "1 (AX ~XB—Y)B' =nYB""!,

where Y € Kerd, g. Multiplying this equality by C"! we obtain

A'XC" ' —XB-X AT (AX - XB-Y)B'C" ! =ny B!
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which is equivalent to
nY =A"XC" ' —XB-x A" (AX - XB-Y)B'C".

Now, the assumption that BC = I with ||C|| < 1 and ||B|| < I implies that ||C"|| = ||B"|| = 1, for all n € N. This shows that
dividing both sides by n and taking norms we obtain

1 _ 1t g i i
I < LA Xl + X8I} + g Al lax = xB =Y [||B]|lc|"!

= LA IX T+ 1X 1} + Lz Al |AX —XB —Y|].

Hence ||Y|| < 2| X| + 12" }||AX — XB — Y||. Taking limits as n — o, we obtain that [|[Y|| < ||[AX — XB —Y/||. Therefore,
Ran5A’BLKer5A,B. ]

The following theorem from Kittaneh [3] gives a general orthogonality condition for linear operators. The proof is omitted.

Theorem 3.7 (3). Let be Q a normed algebra with the norm ||.|| satisfying || XY || < ||X||||Y|| forall X, Y € Q and let § : Q@ — Q.
be a linear map with ||8|| < 1. If §(Y) =Y for someY € Q, then ||§(X) —X +Y| > ||Y||, forall X € Q.

We utilize the Theorem 3.7 to prove some results for general elementary operators. Let T : Q — Q be an elementary operator
definedby T(X) =Y" | A;XB;, VX € Q. Now suppose that T(Y) =Y forsome Y € Q. If | T|| < 1, then || T(X) =X +Y || > ||Yl,
for all X € Q. The following theorem follows immediately.

Theorem 3.8. Suppose that T(Y) =Y for some normal self-adjoint Y € Q. If || Y| A;A} H% Ixe, B}“B,-H% <1, then || T(X)—
X+Y| =Y, forall X € Q.

Proof. We only need to show that ||T|| < 1. Let Z; = [A4,...,A,] and Z» = [By, ..., B,|T. Taking Z,Z; and Z;Z, shows that

1Z1]| = ||Zl’»’:1A,~Af||% and ||Z|| = ||):f’lel’-‘B,~H% . From [16], it is known that T'(X) = Z, (X ® I,)Z», where I, is the identity of
M, (C). Therefore it follows that | T(X)| < ||Z1]/[|Z2||||X||- Hence | T|| < 1. O

Now, we consider the orthogonality of Jordan elementary operators. We later consider the necessary and sufficient conditions
for their normality. At this juncture a type of norm, called the unitarily invariant norm comes in handy. A unitarily invariant
norm is any norm defined on some two-sided ideal of B(H) and B(H) itself which satisfies the following two conditions. For
unitary operators U,V € B(H) the equality ||UXV||| = |||X]|| holds, and |||X||| = s1(X), for all rank one operators X. It is
proved that any unitarily invariant norm depends only on the sequence of singular values. Also, it is known that the maximal
ideal, on which |||[UXV ||| has sense, is a Banach space with respect to that unitarily invariant norm. Among all unitarily invariant
norms there are few important special cases. The first is the Schatten p-norm (p > 1) defined by || X||, = (Z;r:‘”} s;(X)P)!/P on
the set 6, = {X € B(H) : ||X||, < +eo}. For p = 1,2 this norm is known as the nuclear norm (Hilbert-Schmidt norm) and the
corresponding ideal is known as the ideal of nuclear (Hilbert-Schmidt) operators. The ideal %> is also interesting for another
reason. Namely, it is a Hilbert space with respect to the ||.||2 norm. The other important special case is the set of so-called
Ky Fan norms || X||x = ):/;':15,/‘ (X). The well-known Ky Fan dominance property asserts that the condition || X || < ||Y|| for all
k > 1 is necessary and sufficient for the validity of the inequality |||X||| < |||Y]|| in all unitarily invariant norms. For further
details refer to [20].We state the following theorem from [20] on orthogonality.

Theorem 3.9. Let A,B € B(H) be normal operators, such that AB = BA, and let % (X) = AXB — BXA. Furthermore, suppose
that A*A+B*B > 0. If S € Ker? , then ||% (X) + S||| > |I|S]||-

We extend Theorem 3.9 to distinct operators A, B,C,D € B(H) in the theorem below.

Theorem 3.10. Let A,B,C,D € B(H) be normal operators, such that AC = CA, BD = DB, AA* < CC*, B*B < D*D. For an
elementary operator % (X) = AXB — CXD and S € B(H) satisfying ASB = CSD, then | % (X)+S|| > ||S||, for all X € B(H).

Proof. From AA* < CC* and B*B < D*D, let A =CU, and B= VD, where U,V are contractions. So we have AXB —CXD =

CUXVD—CXD =C(UXV —X)D. Assume C and D* are injective, ASB = CSD if and only if USV = S. Moreover, C and U

commute. Indeed from A = CU we obtain AC = CUC. Therefore, C(A —UC) = 0. Thus since C is injective A = CU. Similarly,

D and V commute. So, ||% (X)+S|| = ||[AXB—CXD]+S|| = ||[U(CXD)V — CXD] + S| > ||S||,¥X € B(H). Now, under
0 0 0

the condition of Theorem 3.10, A and C have operator matrices A = 0 A and C = 0 C(') with respect to the
0 0

space decomposition H = Z(C) & .4 (C), respectively. Here, Ay is a normal operator on Z(C) and Cj is an injective and
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normal operator on % (C). B and D have operator matrices B = ( If)o (0) ) and D = ( l())o 8 > with respect to the space

decomposition H = Z(D) @ .4 (D), respectively. Here, By is a normal operator on %(D) and D is an injective and normal

operator on Z (D). X and S have operator matrices X = X X2 and S = S S which are as operator from
Xo1 Xpo S S»

the space decomposition H = % (D) @ .# (D) into the space decomposition H = %Z(C) & .4 (C), respectively.

In this case, % (X) = AXB — CXD = < AOX“BOBCOX“DO 8 ) and AgS11Bo — CoS11Dp = 0. Therefore, ||AoX11Bo —
CoX11Do + Su1l| > [[Su]]-

Hence,

AoX11Bg —CoX11Dp O S Si2
Y(X)+S +
lesi = | ( . 0 )+ (o sn)H

- AoX11Bo — CoX11Do+S11 S12
$21 S22

St Si2
St S ’

The result in Theorem 3.10 can be generalized Banach spaces and other complex spaces like operator spaces and function
spaces.

vV

O

4. Conclusion

We conclude this paper by remarking that these results can be extended to give more results on generalized finite operators in
terms of orthogonality and norm-attainability in C*-algebras.
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1. Introduction

The notion of a generalized topological space was introduced by Csdszar in [1]. Let X be any non-empty set. A family
U C exp(X) is a generalized topology [2] in X if @ € u and |J G; € u whenever {G; : i € I} C 1 where exp(X) is a power set
i€l

of X. We call the pair (X, ) as a generalized topological space (GTS) [2]. If X € u, then the pair (X, ) is called a strong
generalized topological space (sGTS) [2].

The elements in u are called the p-open sets and the complement of a i-open set is called the p-closed sets.

Let (X, 1) be a GTS and A C X. The interior of A [2] denoted by iA, is the union of all yt-open sets contained in A and the
closure of A [2] denoted by cA, is the intersection of all u-closed sets containing A.

In 2013, Korczak-Kubiak et al. introduced the notations fi, it (x) defined by {U € u : U # 0},{U € u : x € U} respectively
[3].

Let (X,u) be a GTS and Y C X. The subspace generalized topology is defined by, uy = {UNY : U € u}. Then the pair
(Y, py) is called the subspace GTS. Furthermore, (X, 1) is strong GTS if and only if ¢(0) = 0 if and only if @ is closed [4].

2. Preliminaries

In this section, we remember some basic definitions and lemmas which will be useful to prove the results in the following
sections.

We already familiar with nowhere dense sets in generalized topological space. In 2013, Korczak - Kubiak et al. defined a
new one namely strongly nowhere dense sets and discussed their properties. Also, they gave a relation between nowhere dense
and strongly nowhere dense sets in generalized topological space [3]. In [5], we analyze properties of strongly nowhere dense
sets in generalized topological spaces. With this terminology, we define a new space namely strongly nodec space and study
some properties of strongly nodec spaces.

Let (X,u) be aGTS and A C X. A is said to be a at-open (resp. a-closed) set if A C iciA (resp. cicA C A). The interior of
A [2] denoted by iy A, is the union of all a-open sets contained in A and the closure of A [2] denoted by cqA, is the intersection
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of all a-closed sets containing A. A subset A is said to be (-nowhere dense [3] (resp. U-dense, [L-codense [2]) if icA = 0 (resp.
cA=X,c(X—-A)=X).
A subset A of a GTS (X, u) is said to be p-strongly nowhere dense [3] if for any V € i, there exists U € [i such that U C V

and UNA = 0. A is said to be a u-s-meager [3] set if A = |J A, where each A, is a u-strongly nowhere dense sets for all
neN
n € N where N denote the set of all natural numbers.

Let (X,u) be aGTS and A C X. A is said to be a y-s-second category (U-s-1I category) [3] set if A is not a {-s-meager set.
A subset A of a GTS (X, u) is said to be a p-s-residual set if X — A is a p-s-meager set in X.

In GTS, every u-strongly nowhere dense set is t-nowhere dense and every subset of a -strongly nowhere dense set is
U-strongly nowhere dense [3]. Also, every subset of a y-s-meager set is a y-s-meager set [3]. If A is a y-strongly nowhere
dense set, then cA is a p-strongly nowhere dense set [3].

Let (X,u) be a GTS. X is said to be a generalized submaximal space [6] if every p-dense subset of X is a @-open set in X.

Throughout this paper u-strongly nowhere dense, u-nowhere dense, p-s-meager, L-s-residual and etc., we will write
strongly nowhere dense, nowhere dense, s-meager, s-residual and etc., when no confusion can arise.

The following lemmas will be useful in the sequel.

Lemma 2.1. [7, Lemma 2.6] Let (X, ) be a GTS and A C X. Then i(cA —A) = 0.

Lemma 2.2. [6, Theorem 19] Let (X, i) be a GTS. The following properties are equivalent:
(a) X is a generalized submaximal space.
(b) Each p-codense subset A of (X, ) is p-closed.

Lemma 2.3. [2, Lemma 2.3] Let (X, 1) be a GTS and let A C S C X. Then csA = cANS.
Lemma 2.4. [2, Lemma 3.2] Let (X,u) be a GTS and letA,U C X. If U € fiand UNA =0, then U NcA = 0.

Lemma 2.5. [5, Theorem 2.13] Let (X, 1) be a GTS and A C X. If A is a u-strongly nowhere dense set in X, then A is codense.

3. Strongly nodec spaces

In this section, we define strongly nodec space and give the example for the existence of this space in generalized topological
spaces. Further, we discuss the properties of strongly nodec space in generalized topological spaces. Also, we prove product of
two GTS is strongly nodec then each one is a strongly nodec space.

Definition 3.1. Ler (X, 1) be a GTS. A space X is said to be a strongly nodec space if every non-empty [1-strongly nowhere
dense subset of X is l-closed in X .

Example 3.2 shows the existence of the strongly nodec space and Theorem 3.4 give the necessary condition for a sGTS to
be a strongly nodec space.

Example 3.2. (a) Consider the GTS (X, i) where X = {a,b,c,d,e} and u ={0,{a,d},{a,e},{b,e},{a,d,e},{a,b,e},{a,b,d,e}}.
Here the p1-strongly nowhere dense set is {¢} which is also a p-closed set in X. Therefore, X is a strongly nodec space.

(b) Consider the GTS (X, ) where X =R and u = {0} U{A C X : A — {x} C A for some x € X }. Here, there is no y-strongly
nowhere dense set in X. Therefore, X is a strongly nodec space.

Lemma 3.3. In a GTS (X, 1), every -strongly nowhere dense set does not contains a non-empty [L-open set.

Proof. Let A be a u-strongly nowhere dense set in X. Suppose there is U € [l such that U C A. Then there is no V € [i such
that V. C U and V N A = 0, which is a contradiction to A is t-strongly nowhere dense in X. This implies U = 0. Therefore, A
does not contains a non-empty p-open set in X. Hence every u-strongly nowhere dense set does not contains a non-empty
-open set. O

Theorem 3.4. Let (X, 1) be a sGTS. Then X is a strongly nodec space if any one of the following hold.
(a) Every a-closed set is a u-closed set.

(b) Every a-open set is a (-open set.

(c) Foreach A C X,cA —A C cic(A).

(d) Foreach A C X,cA = AUcicA.

(e) Foreach A C X,iA = ANiciA.



Modifications of Strongly Nodec Spaces — 101/112

Proof. Assume (a). Let A be a non-empty strongly nowhere dense set in X. Then A is a non-empty nowhere dense set and so
icA = 0. Since X is a sGTS, cicA = 0. This implies cicA C A which implies A is a a-closed set. By (a), A is a p-closed set in
X. Hence X is a strongly nodec space.

Assume (b). Similar considerations in (a), we prove X is a strongly nodec space.

Assume (c). Let A be a non-empty strongly nowhere dense set in X. Then A is a non-empty nowhere dense set and so icA = 0.
Since X is a sGTS, cicA = 0. By (c), cA—A = 0. Thus, cA = A. Therefore, A is a u-closed set in X. Hence X is a strongly
nodec space.

Assume (d). Let A a non-empty strongly nowhere dense set in X. Then by same process in (a), cicA = 0. By (d), cA=AU0 =A.
Therefore, A is a t-closed set in X. Hence X is a strongly nodec space.

Assume (e). Similar considerations in (d), we prove X is a strongly nodec space. O

Definition 3.5. Let (X, 1) be a GTS and A C X. Then frontier of A is denoted by Fr(A) and defined by Fr(A) =cANc(X —A).
Then frontier of A is a closed setin X .

Example 3.6 shows that the existence of Fr(A) and Lemma 3.7 give some properties of Fr(A) in a generalized topological
space (X, i) where A C X.

Example 3.6. (a) Consider the GTS (X, 1) where X = [0,5] and u = {0,[0,2),(1,3),[2,4),[0,3),(1,4),[0,4)}. Let A = [3,4)
be a subset of X. Then Fr(A) = [3,5]. Also, Fr(A) is a u-closed set in X.

(b) Consider the GTS (X, ut) where X = {a,b,c,d} and u = {0,{a,b},{b,c},

{a,b,c}}. Let A = {a,b} be a subset of X. Then Fr(A) = {c,d}. Also, Fr(A) is a u-closed set in X.

Lemma 3.7. Let (X, 1) be a GTS. Then the following hold.

(a) If B is a strongly nowhere dense set in X, then Fr(B) is a strongly nowhere dense set in X for all B C X.

(b) If Fr(A) is a strongly nowhere dense set in X, then Fr(iA), Fr(cA) is a strongly nowhere dense set in X for all A C X.
(c) If A is a strongly nowhere dense set in X, then Fr(ANB) is a strongly nowhere dense set in X for all A,B C X.

Proof. (a) Suppose B C X is a strongly nowhere dense set. Let U € fi. Then there exists V € fi such that V. C U and VN B = 0.
By Lemma 2.4, V N ¢B = 0. This implies VN Fr(B) = 0, since Fr(B) C cB. Therefore, Fr(B) is a strongly nowhere dense set
in X.

(b) Suppose Fr(A) is a strongly nowhere dense set in X. Now Fr(iA) = ciANc(X —iA) = ciANc(X — (X —c(X —A))). This
implies Fr(iA) = ciANc(c(X —A)) = ciANc(X — A) which implies Fr(iA) C cANc(X —A) C Fr(A). Thus, Fr(iA) C Fr(A).
Since subset of a strongly nowhere dense set is strongly nowhere dense, Fr(iA) is a strongly nowhere dense set in X. Now
Fr(cA) = ccANc(X —cA). This implies Fr(cA) C cANc(X —A) which implies Fr(cA) C Fr(A) and hence Fr(cA) is strongly
nowhere dense set X.

(c) Suppose A is a strongly nowhere dense set in X. Since AN B C A and subset of a strongly nowhere dense set is strongly
nowhere dense, Fr(ANB) is a strongly nowhere dense set in X, by (a). O

Example 3.8 shows the reverse implication of (a) in Lemma 3.7 is not necessary.

Example 3.8. Consider the GTS (X, 1) where X ={a,b,c,d,e}and u ={0,{a},{a,b},{a,c},{a,b,c}}. Let B={a,c,d} C X.
Then Fr(B) = {b,d,e} and so Fr(B) is a strongly nowhere dense set in X. But B is not strongly nowhere dense set in X .

Proposition 3.9. Let (X, 1) be a strongly nodec space. If A is a non-empty strongly nowhere dense set in X, then Fr(A) C A
and hence Fr(A) is a strongly nowhere dense set in X .

Proof. Suppose A is a non-empty strongly nowhere dense set in X. By hypothesis, A is a closed set in X. Now Fr(A) =
cANc(X —A) =ANc(X —A). Therefore, Fr(A) C A. By Lemma 3.7 (a) and hypothesis, Fr(A) is a strongly nowhere dense
setin X. O

Proposition 3.10. Let (X, 1) be a GTS. If Fr(A) is strongly nowhere dense = A is closed for all A C X, then X is a strongly
nodec space.

Proof. Let A be a non-empty strongly nowhere dense set in X. Then by Lemma 3.7 (a), Fr(A) is a strongly nowhere dense set
in X. By hypothesis, A is a closed set in X. Hence X is a strongly nodec space. O

Every generalized submaximal space is a strongly nodec space. This implication is not reversible as shown in the following
Example 3.11.
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Example 3.11. Consider the GTS (X, u) where X = {a,b,c,d} and u = {0,{a,b},{a,d},{b,c},{a,b,d},{a,b,c},X}. Here,
every [-strongly nowhere dense set is a {1-closed set in X. Therefore, X is a strongly nodec space. Let A = {a,c,d}. Then A is
U-dense in X but not t-open in X. Thus, X is not a generalized submaximal space.

Theorem 3.12 gives the necessary condition for a strongly nodec space to be a generalized submaximal space and Example
3.13 shows that frontier of a dense set is strongly nowhere dense set is necessary.

Theorem 3.12. Let (X, 1) be a sGTS. If every frontier of a dense subset of X is a strongly nowhere dense set in X and X is a
strongly nodec space, then X is a generalized submaximal space.

Proof. Suppose X is a strongly nodec space. Let A be a p-dense subset of X. By hypothesis, cA —iA is a strongly nowhere
dense set in X. Then X —iA is a strongly nowhere dense set in X, since cA = X and so X — A is a strongly nowhere dense set in
X, since subset of a u-strongly nowhere dense set is p-strongly nowhere dense. Suppose X —A = (. Then X — A is a closed set
in X, that is ¢(0) = 0, since X is a sGTS. Therefore, A is a (t-open set in X. Suppose X — A # 0. Since X is a strongly nodec
space, X — A is a closed set in X. Therefore, A is a (t-open set in X. Hence X is a generalized submaximal space. L

Example 3.13. Consider the GTS (X, ) where X = {a,b,c,d} and p = {0,{a,b},{a,c},{a,b,c},X}. Here, every u-strongly
nowhere dense set is a {t-closed set in X. Therefore, X is a strongly nodec space. Let A = {a,c,d}. Then A is a y-dense subset
of X. But Fr(A) = {b,d} is not a strongly nowhere dense set. For, let U = {a,b} € fi. Then there isno V € fi such that V C U
and VN Fr(A). Let B= {a,d}. Then B is p-dense in X but not t-open in X. Thus, X is not a generalized submaximal space.

Next Example 3.14 shows the existence of a non-generalized submaximal space satisfying the necessary condition in
Theorem 3.12 which is not a strongly nodec space.

Example 3.14. Consider the GTS (X, ) where X = {a,b,c,d} and u = {0,{a},{b},{a,b},{b,c},{a,c},{a,b,c}}. Here,
A = {c} is a u-strongly nowhere dense set in X but not p-closed in X. Thus, X is not a strongly nodec space. Clearly, every
frontier of A is a strongly nowhere dense set where A is a dense subset of X. Let B = {a,b,d}. Then B is p-dense in X but not
U-open in X. Thus, X is not a generalized submaximal space.

Theorem 3.15 characterizes strongly nodec space in strong generalized topological space and Theorem 3.16 give one
property of s-meager, s-residual set in strongly nodec space, the essay proof is omitted.

Theorem 3.15. Let (X, 1) be a sGTS and A C X. If frontier of A is a strongly nowhere dense set, then the following are
equivalent.

(a) X is a strongly nodec space.

(b) Foreach A C X,cA—A C cicA.

(c) ForeachA C X,cA =AUcicA.

(d) For each A C X,iA = ANiciA.

Proof. (a) = (b) Suppose X is a strongly nodec space. Let A C X. By hypothesis, frontier of A is a strongly nowhere dense set
and so A — icA is strongly nowhere dense. Suppose A —icA = 0. Since (X, i) is a sGTS, ¢(0) = 0 and so A — icA is a closed
set in X. Then d(A — icA) = @ where the notation d(A — icA) is the derived set of A —icA C X. Now d(icA) C cicA and so
d(A) —cicA Cd(A)—d(icA) Cd(A—icA) =0. Thus, d(A) C cicA. Therefore, cA — A C cicA. Suppose A — icA # 0. By (a),
A —icA is a closed set and so d(A —icA) C A—icA. Letx € A—icA. Since A — icA is strongly nowhere dense, i(A —icA) = 0,
by Lemma 2.5 and so i(A — icA — {x}) = 0. Take B = A — icA. Then B is a codense set and so B— {x} is a codense set in X. By
hypothesis and Theorem 3.12, X is a generalized submaximal space. Therefore, B— {x} is a closed set in X. Hence {x} U (X —B)
is a non-empty open set in X. Let Uy, = {x} U (X — B). Thus, there is a neighbourhood U, of x such that Uy, N (B—{x}) =0
and so x ¢ d(B). Therefore, d(A —icA) = 0. Now d(icA) C cicA and so d(A) — cicA C d(A) —d(icA) C d(A —icA) = 0. Thus,
d(A) C cicA. Therefore, cA — A C cicA.

(b) = (c) Let A C X. By (b), cA CAUcicA. Now cicA C cA. This implies AU cicA C AUcA = cA which implies AUcicA C cA.
Therefore, cA = A UcicA.

(c) < (d) it is obvious.

(c) = (a) Let @ # A C X be a strongly nowhere dense set. Then A is a nowhere dense set in X, and so icA = 0. By (c) and
hypothesis, cA = AU® = A. Thus, A is a closed set in X. Therefore, X is a strongly nodec space. L

Theorem 3.16. Ler (X, 1) be a GTS. If X is a strongly nodec space, then the following hold.
(a) Every s-meager set is a F-set.
(b) Every s-residual set is a Gg-set.
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In GTS, a subspace of a strongly nodec space need not be a strongly nodec space even if the subspace is either closed or
dense-open as shown by the following Example 3.17.

Example 3.17. (a) Consider the GTS (X, i) where X = {a,b,c,d,e} and u = {0,{a},{a,b},{a,d},{a,b,d},{b,d, e},
{a,b,d,e}}. Here, every u-strongly nowhere dense set is a p-closed set in X. Therefore, X is a strongly nodec space. Let
Y ={b,c,d,e} be a closed subset of X. Then uy = {0,{b},{d}, {b,

d},{b,d,e}}. Let A= {e} C Y. Then A is a ly-strongly nowhere dense set in Y. But A is not a uy-closed set. Thus, Y is not a
strongly nodec space.

(b) Consider the GTS (X, u) where X = {a,b,c,d,e, f} and u = {0,{a,b},{b,

chAd,fYAab,c} e d. [} {ab.d. £} {be.d. £} {a,b.c.d. [}, {b.e.d.e. f},

{a,b,c,d,e},X}. Here, every u-strongly nowhere dense set is a p-closed set in X. Therefore, X is a strongly nodec space. Let
Y ={b,c,d,e, f} be a dense-open subspace of X. Then uy = {0,{b},{b,c}.{d, f},{b,d, f},{c,d,f},{b,c,
d,f},{b,c,d,e},Y}.Let A={c} C Y. Then A is a Ly-strongly nowhere dense set in Y. But A is not a ty-closed set. Thus, Y is
not a strongly nodec space.

Next one is the definition for a subspace of a space is strongly nodec with respect to the space and Example 3.19 shows the
existence of this space.

Definition 3.18. Let (X, 1) be a GTS. A subspace Y of X is said to be strongly nodec with respect to X if every non-empty
Uy -strongly nowhere dense set is a LL-closed set. Y is said to be a strongly nodec space if Y is strongly nodec as a subspace.

Example 3.19. Consider the GTS (X, u) where X = {a,b,c,d,e} and u = {0,{a,d,e},{b,d,e},{a,b,d,e},{a,c,d e}, X}.
LetY ={a,b,c,e}. Then uy ={0,{a,e},{b,e},{a,b,e},{a,c,e},Y}. Here, every uy-strongly nowhere dense set is p-closed.
Thus, Y is a strongly nodec space with respect to X.

In GTS, every subspace strongly nodec with respect to X is a strongly nodec space as a subspace. This implication is not
reversible as shown in Example 3.20.

Example 3.20. Consider the GTS (X, 1) where X = {a,b,c,d,e, f} and u = {0,{a,b,c},{b,c,d},{a,b,c,d},{a,b,c,e},
{b,c,e,f},{a,b,c,d e}, {a,b,c,e,f},X}. Let Y = {a,b,c,e}. Then uy = {0,{b,c},{a,b,c},{b,c,e},Y}. Here, every Ly-
strongly nowhere dense set is a uy-closed set in Y. Therefore, Y is a strongly nodec space. But Y is not strongly nodec with
respect to X. For, let A = {a}. Then A is uy-strongly nowhere dense set but not pt-closed.

Theorem 3.21. Let (X, 1) be a GTS and Y be a dense subspace of X. If Y is a strongly nodec with respect to X, then X is a
strongly nodec space.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty U-strongly nowhere dense set in X. Suppose ANY = 0.
Then A is a non-empty py-strongly nowhere dense set. By hypothesis, A is a p-closed set. Suppose ANY # 0. Let U € fiy.
Then U = U; NY where U; € fi. Since A is t-strongly nowhere dense set, there exists V; € fi such that Vi C Uy and Vi NA = 0.
This implies that V| NY € fiy, since Y is a dense subspace of X. Take V =V NY. Thus, there exists V € fiy such thatV C U
and VNA = 0. Therefore, A is a non-empty uy-strongly nowhere dense set. By hypothesis, A is p-closed. Hence X is a strongly
nodec space. O

Theorem 3.22. Let (X, 1) be a generalized submaximal space. Then every subset of X is a strongly nodec with respect to X
and hence a strongly nodec space.

Proof. LetY be a subset of X and A be a non-empty Uy-strongly nowhere dense subset of Y. Then A is a ty-codense set and
so ¢y, (Y —A) =Y, by Lemma 2.5. Now ¢y, (Y —A) = ¢, (Y —A)NY, by Lemma 2.3. This implies ¥ = ¢, (Y —A)NY which
implies Y C ¢, (Y —A) C ¢y (X —A). Thus, Y C X — iy A. Therefore, iyA = 0 and so A is a p-codense set in X. By hypothesis,
A is a u-closed set. Hence Y is a strongly nodec with respect to X. By Lemma 2.3, cyA =cANY =ANY =A,sinceACY isa
u-closed set. Therefore, A is a ty-closed set. Hence Y is a strongly nodec space. O

Theorem 3.23. Let (X, 1) be a strongly nodec space. Then every non-empty |1-strongly nowhere dense subspace of X is a
strongly nodec with respect to X and hence a strongly nodec space.

Proof. LetY be a non-empty u-strongly nowhere dense subspace of X. Let A be a non-empty Uy-strongly nowhere dense
subset of Y. Then A is a non-empty u-strongly nowhere dense set, since subset of a p-strongly nowhere dense set is a (-strongly
nowhere dense set. By hypothesis, A is a y-closed set. Therefore, Y is a strongly nodec with respect to X. By Lemma 2.3,
cyA=cANY =ANY =A, since A CY is a u-closed set. Therefore, A is a ty-closed set. Hence Y is a strongly nodec
space. O
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Theorem 3.24. Let (X, 1) be a strongly nodec space. Then every non-empty frontier of a [-strongly nowhere dense subspace
of X is a strongly nodec with respect to X and hence a strongly nodec space.

Proof. Let A be a non-empty p-strongly nowhere dense set in X. By Lemma 3.7, Fr(A) is a non-empty p-strongly nowhere
dense set in X. Then by Theorem 3.23, Fr(A) is a strongly nodec with respect to X and hence a strongly nodec space. Hence
every non-empty frontier of a u-strongly nowhere dense subspace of X is a strongly nodec with respect to X and hence a
strongly nodec space. O

Lemma 3.25. Let (X, x), (Y, Uy) be a two GTSs. Then the following hold.
(a) If A and B are strongly nowhere dense sets in X,Y respectively, then A x B is strongly nowhere dense in X x Y.
(b) If C x D is strongly nowhere dense in X x Y, then C or D or C and D is strongly nowhere dense set in X or Y respectively.

Proof. (a) Suppose A and B are strongly nowhere dense sets in X,Y respectively. Let U; x U, € fixxy. Then U; € jix and
U, € fiy. By hypothesis, there exists V| € [ix,V, € fiy such that V| C U;,V, C Up and V1 NA = 0,V, N B = (. Thus, there exists
Vi XV € [ix«y such that Vi x V, C Uy x U, and V| X V,NA X B = (. Therefore, A X B is strongly nowhere dense in X x Y.

(b) Suppose C x D is strongly nowhere dense in X x Y. Let G| € fix,G> € [iy. Then G| X G, € [ix«y. By hypothesis, there
exists H) X Hy € fixxy such that H; x H, C G| X Gy and H] x HbNC x D = 0. Since H; x Hy # 0 and H) X H, C G| X G»,
Hy CGyand H, C Go. Now Hy x H,NC x D =0,H; NC x HyND = 0. This implies H; N"C =0 or H, "D or H; NC = 0 and
H, N D = 0. Thus, C is strongly nowhere dense in X or D is strongly nowhere dense in Y or C and D are strongly nowhere
dense sets in X, Y respectively. O

Theorem 3.26. Product of two GTS is strongly nodec, then each one is strongly nodec.

Proof. Let (X, ux), (Y, ly) be a two GTSs. Suppose X X Y is a strongly nodec space. Let A and B are non-empty strongly
nowhere dense sets in X, Y respectively. Then by Lemma 3.25, A x B is a non-empty strongly nowhere dense set in X x Y. By
hypothesis, A x B is a closed set in X x Y. This implies A is a closed set in X and B is a closed set in Y. Hence X and Y are
strongly nodec space. O

4. On Ty-strongly nodec spaces

In this section, we define Ty-strongly nodec space and give the example for the existence of this space in generalized
topological spaces. Further, we discuss the properties of Ty-strongly nodec space in generalized topological spaces by using a
quotient maps. Also, we introduce and give some results for Tp-generalized submaximal space in generalized topological space.

Let (X,u) be a GTS. We define the binary relation ~ on X by x ~ y if and only if ¢{x} = ¢{y}. Then ~ is an equivalence
relation on X and the resulting quotient space Tp(X) = X/ ~ is the Ty-reflection of X and the generalized quotient topology on
To(X) is defined to be y, = {G C To(X) : f~1(G) € u} where g is a canonical or quotient map from X into Ty(X) by setting
x € X to its equivalence class [x] in Tp(X). Then the pair (Ty(X), ty) is called the generalized quotient space of X.

Let (X,u) and (¥, 1) be two generalized topological spaces. A function f: X — Y is called (u, A )-continuous if f~1(V) € u
foreach V € A [2]. A function f : X — Y is called (i, A)-open [2] if f(V) € A for each V € p. A function f : X — Y is called
(u,A)-closed if f(U) is a A-closed set for each U is a p-closed set.

A (1, A)-continuous map f : (X, 1) — (Y, 1) is said to be a quasi-homeomorphism if U — f~1(U) (resp. C — f~1(C))
defines a bijection O(Y) — O(X) (resp. F(Y) — F(X)) where O(X) (resp. F (X)) is the collection of all y-open (resp. f1-closed)
sets of X.

Equivalently, (i, A)-continuous map f : X — Y is a quasi-homeomorphism if for each p-open subset U of X, there exists
a unique A-open subset V of ¥ such that U = f~!(V') (equivalently, for each u-closed subset F of X, there exists a unique
A-closed subset G of Y such that F = f~1(G)).

Lemma 4.1. [2, Lemma 7.3] Let (X, ) and (Y,A) be two generalized topological spaces. A mapping f : (X, 1) — (Y,A) is
(i, A)-open if and only if f~!(cB) C ¢(f~!(B)) forany BC Y.

Proposition 4.2. Let (X, 1) and (Y, L) be two generalized topological spaces. If f : X — Y is a surjective, quasi-homeomorphism
map, then f is a (L, A)-open map.

Proof. Let A be a pt-open set in X. Since f is quasi-homeomorphism, there exists a unique A-open subset V of ¥ such that
A= f"1(V).Now f(A) = f(f~'(V)) =V, since f is a surjective map. Therefore, f(A) is a A-open set in Y. Hence f is a
(1, A)-open map. O
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Example 4.3. Consider two GTSs (X, 1) and (Y, 1) where X = {a,b,c,d},

u=A{0,{a,b} {a,c},{b,c},{a,b,c}} andY ={a,b,c,d,e},A = {0,{a,b},{a,

b,e},{a,c,e},{b,c,e},{a,b,c,e}}. Define amap f:X —Y by f(a) =a,f(b) =b,f(c) =c, f(d) =d. Then f is a quasi-
homeomorphism but not a surjective map. Let U = {a,c}. Now f(U) = {a,c}. But f(U) is not a A-open set. Thus, f is not a
(1, A)-open map.

Notations 4.4. Let (X, 1) be a GTS, a € X and A C X. We use the following notations:

(D do(a) ={xeX:c{x} =c{a}}.

(2) do(A) = Uldo(a) : a € A].

Example 4.5 shows the existence of dy(A) in generalized topological space (X, ) where A C X and the next Lemma 4.6
give some properties of dp(A) and the canonical surjective map in generalized topological space.

Example 4.5. (a). Consider the GTS (X, u) where X = {a,b,c,d} and u = {0,{a},{a,c},{b,c},{a,b,c}}. Let A= {a,c,d}.
Now dy(a) = {a},do(c) = {c} and dy(d) = {d}. Therefore, dy(A) = A.

(b). Consider the GTS (X, u) where X = {a,b,c,d} and p = {0,{a},{b,c},{a,

b,c}}. Let A ={a,c,d}. Now do(a) = {a},do(c) = {b,c} and dy(d) = {d}. Therefore, dy(A) = X.

Lemma 4.6. Ler (X, 1) be a GTS, A C X and q: (X, 1) — (To(X), lg) be a canonical surjective map. Then the following hold.
(a) The map ¢ is a quasi-homeomorphism.

(b) The map ¢ is (i, iy)-open, (U, ty)-closed map.

(c) A Cdp(A) C cA and consequently c(dp(A)) = cA.

(d) If A is a closed set, then do(A) = A.

() do(A) = ¢ (q(A)).

(f) If {A, }en is a collection of subsets of X, then do( U A,) = U do(Ay).
neN neN

Proof. (a) Define amap f: O(Ty(X)) — O(X) by f(U) = ¢ ' (U). Itis enough to prove, f is bijective between p,-open sets and
p-open sets. Let Uy, Us € W, such that Uy # Uy. Suppose f(Uy) = f(Uz). Then ¢~ (Uy) = ¢! (U) and so ¢~ (U — U,) = 0.
This implies Uy — U, = 0. Therefore, Uy = Ua, which is not possible. Therefore, f is injective between (,-open sets and
p-open sets. Let U be a p-open set in X. Then U = ¢~ (V) where V is a y,-open set in Ty(X). Now f(V)=q (V) =U.
Therefore, f is surjective between (l,-open sets and (1-open sets. Hence ¢ is a quasi-homeomorphism.

(b) By Proposition 4.2, ¢ is a (i, 11,)-open map. Similar considerations in Proposition 4.2, we get every canonical surjective
map ¢ is a (U, 4y )-closed map.

(c) Obviously, A C dy(A). Let s € dy(A). Then s € dy(a) and so c({s}) = c({a}) for some a € A. This implies s € c({a}) C cA
which implies s € cA. Therefore, dy(A) C cA. Thus, A C dp(A) C cA and hence c(dp(A)) = cA.

(d) follows from (c).

(e) follows from the definition of dp(A) and a canonical map q.

(f)yLetr €do( J A,). Thent € Udy(a) for all a € |J A,. This implies ¢({t}) = ¢({a}) for some a € Aj or ...... ora €A, or
neN neN
.. which implies € J (do(Ay)). Therefore, do( U An) C U (do(A,)). Conversely, let s € |J (do(A,)). Then s € dy(A1)
eN neN neN neN

or s € dy(A;) or ... c;lr s €dp(Ay) or .... and so c({s}) = c({a}) for some a € A; or c({s}) = c({b}) for some b € A

or ... or ¢({s}) = c({c}) for some ¢ € A, or .... . Therefore, s € do( U Ay). Thus, U (do(An)) C do( U A,). Hence
neN neN neN
dO( U An) = U dO(An)- L
neN neN

Definition 4.7. Let (X, 1) be a GTS. X is called a Ty-strongly nodec space if its To-reflection is a strongly nodec space, that is
To(X) is a strongly nodec space.

Example 4.8 shows the existence of a Tj-strongly nodec space and Theorem 4.9 is a characterization theorem for a
To-strongly nodec space in generalized topological space.

Example 4.8. Consider the GTS (X, ) where X = {a,b,c,d} and u = {0,{a},{b,c},{a,b},{a,b,c},{a,b,d},{a,c,d}, X}.
Define a map g : X — To(X) by x € X to its equivalence class [x] in T (X ), where Ty (X) is the Tp-reflection of X. This implies
Mg ={0,{a}}. Here, every strongly nowhere dense set is a closed set in 7y(X ). Therefore, Ty(X) is a strongly nodec space.

Theorem 4.9. Let (X, 1) be a GTS and q : (X, 1) — (To(X), ly) be a canonical surjective map. Then the following are
equivalent.

(a) X is a Tp-strongly nodec space.

(b) For any non-empty strongly nowhere dense subset A of X, do(A) is closed.
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Proof. (a) = (b). Suppose X is a Tp-strongly nodec space. Let A be a non-empty strongly nowhere dense subset of X. Then
cA is a non-empty strongly nowhere dense set in X. Suppose ¢(g(A)) is not a strongly nowhere dense set in 7p(X). Then by
Lemma 3.3, there is a non-empty open set U of Ty(X) such that U C ¢(g(A)). Since g is a (, 11,)-continuous map, ¢~ (U)
is a non-empty open set and ¢~ (U) C ¢~ !(c(g(A))). Since g is a (u, tt,)-closed map, c(q(A)) C c(g(cA)) = q(cA). Then
g ' (U) Cq ' (q(cA)) = do(cA) = cA, which contradict the fact that cA is a strongly nowhere dense subset of X. Therefore,
c(g(A)) is a non-empty strongly nowhere dense set in Tp(X ). Hence g(A) is a non-empty strongly nowhere dense set in 7p(X),
since subset of a strongly nowhere dense set is strongly nowhere dense. Since Tp(X) is a strongly nodec space, g(A) is a closed
setin To(X) and so ¢~ !(g(A)) is a closed set in X, since ¢ is a (U, 11;)-continuous map. By Lemma 4.6(e), do(A) = g~ ! (q(A))
and hence dp(A) is a closed set in X.

(b) = (a). Let B be a non-empty strongly nowhere dense subset of Ty(X) and A = ¢~ !(B). Then ¢(A) = q(¢~ ' (B)) = B, since g
is surjective. Thus, g(A) is a strongly nowhere dense set in Ty(X). Since ¢ is a surjective map, ¢~ (¢(A)) = ¢~ (q(¢~ ' (B))) = A.
By Lemma 4.6(e), dp(A) = A. Suppose A is not a strongly nowhere dense set in X. Then there exists V € [i such that V C A.
Since ¢ is an (i, A)-open map, g(V) is a non-empty open set in 7p(X ). This implies g(V) C g(A). By Lemma 3.3, g(A) is not a
strongly nowhere dense set in X, which is not possible. Therefore, A is a non-empty strongly nowhere dense subset of X. By
(b), A is a closed set in X, since dy(A) = A. Since ¢ is a (U, tiy)-closed map, g(A) is closed in X. Hence B is a closed set in
To(X), since g(A) = B. Hence X is a Ty-strongly nodec space. O

The following Corollary 4.10 and Corollary 4.11 follows from Lemma 4.6 and Theorem 4.9.

Corollary 4.10. Let (X, 1) be a sGTS and g : (X, 1) — (To(X), 1) be a canonical surjective map. Then X is a Ty-strongly
nodec space if any one of the following hold.

(a) For every A C X, if cicA C dy(A), then dp(A) = cA.

(b) For every A C X, cA —dy(A) C cicA.

(c) Forevery A C X, cA =dy(A) UcicA.

Corollary 4.11. Let (X,u) be a GTS and q : (X, 1) — (To(X), Uy) be a canonical surjective map. If X is a Ty-strongly nodec
space, then the following hold.

(a) If A C X is a s-meager set, then dp(A) is a Fg-set.

(b) If A C X is a s-residual set, then do(A) is a Gg-set.

Corollary 4.12. Ler (X,11) be a GTS, A C X and q: (X, 1) — (To(X), Uy) be a canonical surjective map. If A is a strongly
nowhere dense set in X, then Fr(q(A)) is a strongly nowhere dense set in Ty(X).

Proof. Suppose A is a strongly nowhere dense set in X. Then cA is a non-empty strongly nowhere dense set in X. Suppose
q(A) is not a strongly nowhere dense set in 7Ty(X ). By similar considerations in Theorem 4.9 (a) = (b), we get a contradiction.
Hence ¢(A) is a non-empty strongly nowhere dense set in Tp(X). O

Lemma 4.13 shows inverse of a canonical surjective map preserve closure and interior of a subset of a codomain set.

Lemma 4.13. Let (X, ) be a GTS and q : (X, 1) — (To(X), Hg) be a canonical surjective map. Then the following hold.
(a) For every subset A of Ty(X), g~ ' (cA) = c(g~(A)).

(b) For every subset A of Ty(X), ¢ (iA) = i(g~ ' (A)).

(c) For every subset A of Ty(X), ¢~ ' (cicA) = cic(q~ ' (A)).

Proof. (a) Let A C Ty(X). By Lemma 4.6(b), ¢ is an (i, {1,)-open map. Then g~ '(cA) C c¢(q'(A)) where A C Ty(X), by
Lemma4.1. Leta € ¢(¢g'(A)). Then U,Ng~ ' (A) # 0 for every U, € u(a). Since ¢ is a quasi-homeomorphism, by Lemma
4.6(a), there exists a unique open set V) in To(X) such that U, = g (Vy(a))- This implies g ! (V) N g '(A) # 0 which
implies q’l(Vq(a) NA) # 0. Thus, V() NA # 0. Therefore, g(a) € cA and soa € g '(cA). Thus, c(g~'(A)) C g~ '(cA). Hence
q ' (cA) = c(q'(4)).

(b) Since g is a (1, i, )-continuous map, g~ ' is a (U, y)-open map. Then ¢~ (iB) = i(¢~'(iB)) C i(q~'(B)) where B C Ty(X).
Therefore, g~ ! (iA) C i(g~'(A)). Let b € i(g~'(A)). Then there exists Uy, € u(b) such that U, C g~ '(A). Since g is a quasi-
homeomorphism, by Lemma 4.6(a), there exists a unique open set V) in To(X) such that U, = ¢! (Vq(b)). This implies
g ! (Vaw)) C g '(A) which implies Vaw) C q(q~'(A)) = A, since g is a surjective map. Thus, ¢(b) € iA and so b € g~ (iA).
Therefore, i(g~'(A)) C g~ '(iA). Hence ¢~ (iA) = i(g~' (A)).

(c) Now g~ (cicA) = c¢(g~ ' (icA)), by (a). Then g~ (cicA) = c(q~ ' (icA)) = ci(g~'(cA)), by (b) and so ¢ (cicA) = cic(q~ ' (A)),
by (a). O

Lemma 4.14. Let (X,u) be a GTS, AC X and q: X — (To(X), Uq) be a canonical bijective map. If Fr(A) is a strongly
nowhere dense set in X, then Fr(q(A)) is a strongly nowhere dense set in To(X).
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Proof. Let G be a non-empty [ -open set in Ty(X). Since ¢ is a (, 1,)-continuous map, ¢~ (G) is a non-empty p-open
set in X. Since Fr(A) is a strongly nowhere dense set in X, there exists V € fi such that V C ¢~ !(G) and V N Fr(A) = 0.
Since ¢ is an (U, 1;)-open map, g(V) is a non-empty g -open set. Thus, there exists a non-empty p,-open set (V) such
that g(V) C g(¢'(G)) C G and q(V N Fr(A)) = 0. Suppose there is an element ¢ € g(V) N Fr(q(A)). Then ¢ € (V) and
t € Fr(q(A)). This implies g~ ' (¢) € V, since q is injective. Now, ¢ € ¢(g(A)) Nec(To(X) —q(A)). Consider, t € ¢(q(A)). Since
qis a (U, uy)-closed map, g(cB) = c(g(cB)), where B C X. Now B C ¢B. This implies ¢(¢(B)) C c(q(cB)) = g(cB). Thus,
c(q(B)) C q(cB). Therefore, t € g(c(A)). Then g~ (t) € cA, since g is injective. Now, ¢ € ¢(Tp(X) — q(A)) = c(q(X) — q(A)),
since ¢ is a surjective map. Then ¢ € ¢(q(X —A)), since ¢ is injective. Since ¢ is a (1, ity )-closed map and by same process,
we get t € g(c(X —A)). Then ¢~ '(t) € ¢(X — A), since q is injective. Therefore, g~!(t) € cANc(X —A) = Fr(A). Thus,
g '(t) € VN Fr(A), which is not possible. Therefore, (V)N Fr(q(A)) = 0. Hence Fr(q(A)) is a strongly nowhere dense set
in TO(X). ]

Next Theorem 4.15 is another charecderaization theorem for a Tp-strongly nodec space in genearlized topological space.

Theorem 4.15. Let (X, 1) be a sGTS, q : X — To(X) be a canonical bijective map and A C X. If frontier of A is a strongly
nowhere dense set, then the following are equivalent.

(a) X is Tp-strongly nodec space.

(b) cA —dy(A) C cic(A).

(c) cA =dy(A)Ucic(A).

Proof. (a) = (b) Let A C X. Since X is Ty-strongly nodec, c(q(A)) —q(A) C cic(q(A)), by Theorem 3.15. Now ¢! (¢(g(A)) —
q(4)) = q ' (c(q(A))) —q " (q(A)) = c(g~'(q(A))) —q ' (¢(A)) = ¢(do(A)) — do(A), by Lemma 4.13 and Lemma 4.6(e). By
Lemma 4.6(c), ¢~ ' (c(q(A)) — q(A)) = cA —dy(A). This implies cA —do(A) C g~ (cic(q(A))) = cic(g~'(g(A))), by Lemma
4.13 which implies cA — do(A) C cic(dp(A)) = cic(A), by Lemma 4.6(c) and (e). Thus, cA —dy(A) C cic(A).

(b) = (c) Let A be a subset of X. Then cic(A) C cA and dy(A) C cA, by Lemma 4.6(c). Therefore, dy(A) U cic(A) C cA.
Conversely, cA = do(A) U (cA —do(A)) C do(A) Ucic(A), by (b). Thus, cA = dy(A) Ucic(A).

(c) = (a) Let A be a non-empty strongly nowhere dense subset of X. Then A is a nowhere dense set in X and so ic(A) = 0.
By (c) and hypothesis, cA = dp(A). Therefore, dy(A) is a closed set in X. Hence X is a Tp-strongly nodec space, by Theorem
4.9. O

Definition 4.16. Let (X, 1) be a GTS. X is called a Ty-generalized submaximal space if its Ty-reflection is a generalized
submaximal space, that is To(X) is a generalized submaximal space.

Next Theorem 4.17 is the characterization theorem for a 7p-generalized submaximal space in generalized topological space.

Theorem 4.17. Let (X, 1) be a GTS, q: X — Ty(X) be a canonical surjective map and A C X. Then the following are
equivalent.

(a) X is Tp-generalized submaximal.

(b) A is dense in X, then dy(A) is an open set in X.

(c) c(do(A)) —do(A) is a closed set in X.

Proof. (a) = (b) Let A C X be a dense set in X. Then ¢cA = X and so c¢(dp(A)) = X, by Lemma 4.6 (c). By Lemma 4.6 (e),
c(¢7'(q(A))) = X. Since q is a canonical surjective map, ¢! (c(g(A))) = X, by Lemma 4.13 (a). Then c(g(A)) = Tp(X), since
q is surjective. By (a), g(A) is an open set in Ty(X). This implies ¢~ !(g(A)) is an open set in X, since g is (i, it )-continuous.
By Lemma 4.6 (e), dp(A) is an open set in X.

(b) = (a) Let A C X such that g(A) is a dense subset of Ty(X). Then ¢(g(A)) = Ty(X) and so ¢~ ' (c¢(g(A))) = X. By Lemma
4.13, ¢(g~'(g(A))) = X. This implies c(dy(A)) = X which implies cA = X, by Lemma 4.6 (e) and (c). By (b), do(A) is an
open set in X. Then ¢! (¢(A)) is an open set in X and so g(¢~'(g(A))) is an open set in Ty(X), by Lemma 4.6 (e) and ¢ is a
(M, 1g)-open map. Since g is surjective, g(A) is an open set in Ty(X). Therefore, To(X) is a generalized submaximal space.
Hence X is a Typ-generalized submaximal space.

(a) = (c) Let A be asubset of X , then c(do(A)) —do(A) = c(q " (q(A))) —q " (q¢(A)) = ¢ (c(q(A))) —q~ " (q(A)) =q ' (c(q(A)) -
q(A)), by Lemma 4.6 (¢) and Lemma 4.13 (a). By Lemma 2.1, i(c(¢(A)) — ¢(A)) = 0. Thus, ¢(q(A)) — g(A) is a co-
dense set in Tp(X). Since X is a Tp-generalized submaximal space, then c¢(g(A)) — g(A) is a closed subset of Tp(X). Then
g '(c(q(A)) —q(A)) is a closed subset of X, since ¢ is a (U, {1;)-continuous map. Therefore, c(dy(A)) — do(A) is closed in X.
(c) = (a) Let B be a subset of Tp(X) such that B = c(g(A)) — q(A). Then iB = 0, by Lemma 2.1. Let A be a subset of X such
that c(do(A)) —do(A) is closed in X. Then by above process ¢! (c(g(A)) — g(A)) is a closed subset of X and so g(¢~'(B)) is
a closed subset of Ty(X), since ¢ is (U, t14)-closed map. This implies B is a closed set in To(X), since ¢ is a surjective map.
Therefore, X is a Tp-generalized submaximal space. O
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Theorem 4.18. Let (X, 1) be a GTS and g : X — To(X) be a canonical surjective map. If X is a generalized submaximal space,
then X is a To-generalized submaximal space.

Proof. Let A be a dense subset of X. Then A is an open set in X, by hypothesis. Since ¢ is a (u, t;)-open map, g(A) is an open
set in Ty(X). This implies ¢! (g(A)) is an open set in X, since ¢ is a (i, {4,)-continuous map. By Lemma 4.6 (), do(A) is an
open set in X. Therefore, X is a Tp-generalized submaximal space, by Theorem 4.17. L

Theorem 4.19. Ler (X, ) be a GTS and q : X — Ty(X) be a canonical bijective map. If X is a Ty-generalized submaximal
space, then X is a generalized submaximal space.

Proof. Let A be a dense subset of X. Then dy(A) is an open set in X, by hypothesis and Theorem 4.17. This implies g~ (g(A))
is an open set in X, by Lemma 4.6 (e). Since q is injective, A is an open set in X. Therefore, X is a X generalized submaximal
space. L

Next Theorem 4.20 shows every Tp-generalized submaximal space is a Tp-strongly nodec space.

Theorem 4.20. Let (X, 1) be a GTS and q : X — To(X) be a canonical surjective map. If X is Ty-generalized submaximal
space, then X is a Ty-strongly nodec space.

Proof. Let g(A) be a non-empty strongly nowhere dense set in Tp(X). Then g(A) is a codense set in Tp(X), by Lemma 2.5.
Since X is Tp-generalized submaximal space, g(A) is a closed set in Ty(X). Thus, Tp(X) is a strongly nodec space. Therefore,
X is a Tp-strongly nodec space. O

5. Strongly nodec, 7y-strongly nodec spaces by functions

In this section, we discuss the properties of images of a strongly nodec, Tp-strongly nodec spaces by a quasi-homeomorphism
function.

Lemma 5.1. Let (X,u),(Y,A) be two GTSs and f : X — Y be a quasi-homeomorphism map. Then the following hold.
(a) If f is a bijective map and A is strongly nowhere dense in X, then f(A) is strongly nowhere dense in Y.

(b) If B is strongly nowhere dense in Y, then f~!(B) is strongly nowhere dense in X.

(c) If A is of s-II category in X, then f(A) is of s-1II category in Y.

(d) If f is a bijective map and B is of s-II category set in Y, then f~!(B) is of a s-II category set in X.

Proof. (a) Suppose A is strongly nowhere dense in X. Let W € 2. Since fis (u,A)-continuous, f~!(W) € fi. By hypothesis,
there exists V € fi such that V C f~!(W) and VN A = 0. Since f is a quasi-homeomorphism, there exists a unique V| € A
such that V = f~1(V}). Thus, V; € A and f(V) =V}, since f is a surjective map. Now V C f~' (W) implies f(V) C W and so
Vi C W. Since f is injective, f(VNA) = f(V)N f(A) = 0. Therefore, V; N f(A) = 0. Hence f(A) is strongly nowhere dense in
Y.

(b) Suppose B is strongly nowhere dense in Y. Let W € fi. Since f is a quasi-homeomorphism, there exists a unique V € 4
such that W = £~ (V). Since V € 2 and by hypothesis, there exists V; € 4 such that V| C V and ViNB=0. Smce fisa
(i, A)-continuous map, there exists f~'(V}) € fi such that f~'(V;) C W and f~'(V;) N f~!(B) = 0. Therefore, f~!(B) is
strongly nowhere dense in X.

(c) Assume that, A is of a s-II category set in X. Suppose f(A) is of a s-meager set in Y. Then f(A) = J,cnAn Where each A, is
a strongly nowhere dense set in Y. By (b), each f~!(A,) is a strongly nowhere dense set in X. Now f~!(f(A)) = £~ (U,enAn)-
Then =1 (f(A)) = Upen £~ (A,). This implies f~'(f(A)) is a s-meager set in X which implies A is a s-meager set in X, since
subset of a strongly nowhere dense set is strongly nowhere dense set, which is not possible. Therefore, A is of a s-II category
setinY.

(d) Suppose f is a bijective map and A is of s-II category set in Y. Suppose f~!(A) is of a s-meager set in X. Then f~'(A) =
UnenAn where each A, is a strongly nowhere dense set in X. By (a), each f(A,) is a strongly nowhere dense set in Y. Now
F(f(A)) = f(UpenAn)- Since f is a bijective map, A = ey f(An). This implies A is a s-meager set in ¥, which is not
possible. Therefore, f~!'(A) is of a s-TI category set in X. O

Example 5.2 shows the condition that surjective on f cannot be dropped in Lemma 5.1 (a). Next Theorem 5.3 shows that an
image and inverse-image of a strongly nodec is strongly nodec under a bijective, quasi homeomorphism function in generalized
topological space.
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Example 5.2. (a) Consider the two GTSs (X, ) and (Y,A) where X = {a,b,c,d},u ={0,{b},{c},{b,c},{a,c},{a,b,c}},Y =
{a,b,c,d,e} and A = {0,{e},{a,c},{b,e},{c,e},{a,c,e},{b,c,e},{a,b,c,e}}. Define a function f: X — Y by f(a) =
a,f(b) =b,f(c)=c, f(d) =d. Clearly, f is a (1,A)-continuous and for each u-open subset U of X, there exists a unique
A-open subset V of ¥ such that U = f~!(V). Therefore, f is a quasi-homeomorphism but not a surjective map, since f(X) #Y.
Let A= {a} C X. Then A is a strongly nowhere dense set in X. Now f(A) = {a} C Y. Let G = {a,c} € A. Then there is no
H € A such that H C G and HN f(A) = 0. Therefore, f(A) is not a strongly nowhere dense set in Y.

Theorem 5.3. Ler (X, u),(Y,A) be two GTSs and f : X — Y be a bijective, quasi-homeomorphism map. Then X is a strongly
nodec space if and only if Y is a strongly nodec space.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty strongly nowhere dense set in Y. By hypothesis and Lemma
5.1, f~1(A) is a strongly nowhere dense set in X. By hypothesis, f~!(A) is a closed set in X. Since f is a quasi-homeomorphism,
there exists a unique closed set V in ¥ such that f~!(A) = f~!(V'). Thus, A is a closed set in Y, since f is a surjective map.
Therefore, Y is a strongly nodec space. Conversely, assume that Y is a strongly nodec space. Let B be a strongly nowhere dense
set in X. By hypothesis and Lemma 5.1, f(B) is a strongly nowhere dense set in Y. By hypothesis, f(B) is a closed set in Y.
Since f is a (1, A)-continuous and bijective map, B is a closed set in X. Therefore, X is a strongly nodec space. O

Theorem 5.4. Let (X, 1) be a sGTS and q : X — To(X) be a canonical surjective map. Then the following hold.
(a) Every strongly nodec space is a Tp-strongly nodec space.
(b) Every generalized submaximal space is a Tp-strongly nodec space.

Proof. We will present the proof only for (a). Let X be a strongly nodec space and g(A) be a strongly nowhere dense set in
To(X). By Lemma 5.1, g~ (g(A)) is a strongly nowhere dense set in X. Since A C ¢~ (¢g(A)) and subset of a strongly nowhere
dense set is strongly nowhere dense, A is a strongly nowhere dense set in X. By hypothesis, A is a closed set in X. Since g is a
closed map, by Lemma 4.6, g(A) is a closed set in Tp(X). Therefore, X is a Ty-strongly nodec space. O

Next Example 5.5 shows that the converse of Theorem 5.4 (a) is not necessary and Theorem 5.6 is the reverse implication
of Theorem 5.4(a).

Example 5.5. Consider the GTS (X, 1) where X = {a,b,c} and u = {0,{a},X}. Define amap f : X — Tp(X) by x € X to its
equivalence class [x] in 7o(X), where Tp(X) is the Tp-reflection of X. This implies py = {0,{a}}. Let A = [b] = {b,c}. Then A
is strongly nowhere dense set in Ty(X). Now f~'(A) = f~!([b]) = {b,c} is a closed set in X. Then A is a closed set in Tp(X).
Therefore, To(X) is a strongly nodec space. Let A = {b}. Then A is a strongly nowhere dense set in X but not closed in X.
Thus, X is not a strongly nodec space.

Theorem 5.6. Ler (X, 1) be a sGTS and q : X — To(X) be a canonical surjective map. If q is injective and X is a Ty-strongly
nodec space, then it is a strongly nodec space.

Proof. Let A be a non-empty strongly nowhere dense subset of X. By Lemma 5.1, g(A) is a non-empty strongly nowhere dense
setin Ty(X). By hypothesis, g(A) is a closed set in Ty(X). Since ¢ is a (1, A)-continuous map, ¢~ (g(A)) is a closed set in X.
Since g is injective map, A is a closed set in X. Therefore, X is a strongly nodec space. O

Example 5.7 shows the condition injective on g is necessary in Theorem 5.6 and Theorem 5.8 shows a (i, A)-open map
from a GTS (X, i) into a GTS (Y, A) preserve the frontier of B where B C Y.

Example 5.7. Consider the GTS (X, i) where X = {a,b,c,d,e} and u ={0,{a},{a,b},{b,c},{a,b,c},{a,b,d,e},{a,c,d, e}, X}.
Define a map f : X — Tp(X) by x € X to its equivalence class [x] in T (X), where Tp(X) is the Ty-reflection of X. Then f is a
canonical surjective but not an injective map and so s = {0,{a}}. Let A = [d] = {d,e}. Then A is strongly nowhere dense
setin Ty(X). Now f~1(A) = f~!([d]) = {d,e} is a closed set in X. Then A is a closed set in Ty(X). Similarly, every strongly
nowhere dense set in Tp(X) is closed set in Ty (X). Therefore, To(X) is a strongly nodec space. Let A = {e}. Then A is a strongly
nowhere dense set in X but not closed in X. Thus, X is not a strongly nodec space.

Theorem 5.8. Let (X,ut),(Y,A) be two GTSs and f : X — Y be a map. If f is (1, A)-open, then f~'(Fr(B)) = Fr(f~'(B))
forallBCY.

Proof. Suppose f is a (1, A)-open map. Lett € f~!'(Fr(B)). Thent € f~'(¢cBNc(Y — B)). This implies € f~!(cB) and
t € f~Y(c(Y —B)). Since fis (4, 7A)-open and by Lemma 4.1, € c(f~!(B)) and t € ¢(X — f~!(B)). Therefore, t € Fr(f~!(B)).
Hence f~'(Fr(B)) C Fr(f~'(B)). Let s € Fr(f~'(B)). Then s € c(f~'(B)) Nec(X — f~'(B)). Now s € ¢(f~'(B)). Then
UNf~'(B) #0 for all U € u(s). By hypothesis, f(U) € A. This implies f(U N f~(B)) # 0 for all f(U) € A(f(s)). Now
fFUNnf(B)) c fU)NF(fY(B)) C f(U)NB, since f(f~'(B)) C B. Then f(U)NB # 0 and so f(s) € cB. Consider, s €
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c(f’l(Y—B)). ThenVﬂf’l(Y—B) # @ forall V € u(s). By hypothesis, (V) € A(f(s)). This implies f(Vﬁf’l(Y—B)) 0
forall £(V) € A(f(s)). Now fF(VNf~1 (Y —=B)) C fF(V)Nf(f~'(Y —B)) C f(V)N (Y —B). Then f(V)N (Y —B) # 0 and so
f(s) € c(Y — B). Therefore, f(s) € Fr(B). Thus, s € f~'(Fr(B)). Hence Fr(f~(B)) C f~'(Fr(B)). O

Theorem 5.9. Ler (X, ), (Y,A) be two GTSs and f : X — Y be a surjective, quasi-homeomorphism map. If B is a strongly
nowhere dense set in Y, then f~'(Fr(B)) is a strongly nowhere dense set in X for all B CY.

Proof. Suppose B is a strongly nowhere dense set in Y. By Lemma 5.1, f~!(B) is a strongly nowhere dense set in X. Then
Fr(f~'(B)) is a strongly nowhere dense set in X, by Lemma 3.7 (a). By hypothesis and Proposition 4.2, f is a (i, 4)-open
map. Therefore, f~!(Fr(B)) = Fr(f~'(B)), by Theorem 5.8. Hence f~!(Fr(B)) is a strongly nowhere dense setin X. [

Let (X, 1) be a GTS. A space X is said to be a weak Baire space (wBS) if every non-empty p-open set in X is of pt-s-II
category in X [3].

Theorem 5.10. In a GTS, every wBS is of s-1I category.

Proof. Let (X, 1) be a GTS and X is a wBS. Suppose X is a s-meager. Then X = |J A, where each A, is a strongly nowhere
neN
dense set in X. Then each A, is a nowhere dense set in X for n € N. This implies cA, has no interior points so any non-empty

open set in X must intersect G, = X — cA,, for all n € N. Take {G, },cn is a collection of non-empty open-dense sets in X. This
implies ¢G, = X for all n € N which implies cG, is a s-meager set in X. Therefore, G, is a s-meager setin X foralln € N,
since subset of a s-meager set is s-meager. Thus, a non-empty open set G, is not s-II category, which is a contradiction to X is a
wBS. Hence X is of s-II category. O

Theorem 5.11 and Theorem 5.12 shows the behaviour of wBS under the quasi-homeomorphism and canonical surjective
map in generalized topological space.

Theorem 5.11. Letr (X, ), (Y,A) be two GTSs and f : X — Y be a surjective, quasi-homeomorphism map. Then the following
hold.

(a) If X is a wBS, then Y is of s-II category.

(b) If f is a injective map and Y is a wBS, then X is of s-II category.

Proof. (a) Suppose X is a wBS. It is enough to prove, Y is a wBS, by Theorem 5.10. Let A € A. Since fis a (i, A)-continuous
map, f~'(A) € fi. By hypothesis, f~!(A) is of s-II category in X. By Lemma 5.1, f(f~'(A)) is of s-II category in Y. Since f is
a surjective map, A is of s-II category in Y. Therefore, Y is a wBS. Hence Y is of s-II category.

(b) Suppose f is a injective map and Y is a wBS. It is enough to prove, X is a wBS, by Theorem 5.10. Let A € ji. Since f is
a quasi-homeomorphism map, there exists a set A € A such that A = f~'(A). Since f is a surjective map, f(A) = A;. By
hypothesis, A; is of s-II category in Y. Thus, f(A) is of s-II category in Y. By Lemma 5.1, A is of s-II category in X. Therefore,
X is a wBS. Hence X is of s-II category. O

Theorem 5.12. Ler (X, 1) be a GTS and q : (X, 1) — (To(X), ly) be a canonical surjective map. Then the following hold.
(a) If X is a wBS, then Tp(X) is a wBS and hence a s-II category space.
(b) If Ty(X) is a wBS and ¢ is a injective map, then X is a wBS and hence a s-II category space.

Proof. (a) Suppose X is a wBS. Let ¢(A) be a non-empty set in Ty(X). Since g is a (U, i;)-continuous map, ¢~ (¢(A)) € fi.
By hypothesis, g~!(g(A)) is of s-II category in X. By Lemma 5.1, g(A) is of s-II category in Ty(X ). Therefore, Tp(X) is a wBS
and hence a s-II category space, by Theorem 5.10.

(b) Suppose Tp(X) is a wBS and g is an injective map. Let A € ji. By Lemma 4.6, g is a (U, iz )-open map, g(A) is a non-empty
open set in 7p(X). By hypothesis, g(A) is of s-II category in Tp(X ). By Lemma 5.1 and g is a injective map, A is of s-II category
in X. Therefore, X is a wBS. Hence X is of s-1I category space, by Theorem 5.10. O

6. Strongly nodec space in GMS

In this section, we discuss the behaviour of u-strongly nowhere dense set and strongly nodec space in generalized metric
spaces.
In 2013, Korczak-Kubiak et al. introduced the notion of a generalized metric space [3]. They define the notions kernel and
perfect kernel in GMS and discuss some properties of kernel, perfect kernel and three types of a Baire space in generalized
metric space in [3].
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Here, we focus only the properties of strongly nowhere dense sets and give some results for strongly nodec space in
generalized metric space by using kernel and perfect kernel. Also, we give one result for wBS in generalized metric space. First
we see the definitions and notation defined in generalized metric space.

Let X # 0. The symbol 7 to denote the family consisting of metrics defined on subsets of X, that is p € & then there exists
a non-empty set A, C X such that p is a metric on A, where A, is a domain space of p and it will be denoted by dom(p). The
pair (X, 7) is called a generalized metric space (GMS) [3].

Denote (i is the family of 7-open sets in a GMS (X, &), more precisely, V € p if and only if for each x € V, there exists
p € 7 and € > 0 such that B, (x,€) C V where By (x,€) = {y € dom(p) : p(x,y) < €} [3].

Let (X,7) be a GMS. A finite family my C 7 is called a perfect kernel (resp. kernel) [3] of the space X if for any
Vi,Va,...,Vin € Uy such that Vi N V2 N ..MV, # 0 (resp. V € i), there exists p € my such that iy (Vi NV2N...NV,,) # O (resp.
ip(V) # 0). The set of all perfect kernels (resp. kernels) of the space (X, ) will be denoted by Ker,(X, ) (resp. Ker(X,x)).
Obviously, if 7y is a perfect kernel of the space (X, 7), then it is a kernel of the space too [3].

Lemma 6.1. If the GMS (X, r) has a kernel my C 7 and A is a dense subset of X, then Ty|4 is a kernel of the GMS (A, 7t|4).

Proof. Suppose A is dense subset of X. Let V € [iy, and x € V. Then there exists p € & and € > 0 such that B, (x,€) C V.
Since By (x,€) # 0 and m is a kernel, there exists pg € @y such that iy, (B (x,€)) # 0. Choose y € ip,(Bp(x,€)) and & > 0.
Then By, (v, &) C Bp(x,€) and so By, (y,€&) NA C By (x,€) NA. That is, By |, (y,€) C Bpy, (x,€). Also, By, (y,€0) € g,
since A is dense and By, |, (v,€0) C V. Thus, there exists po|a € 7|4 such that i, |, (V') # 0. Hence 7|4 is a kernel of the GMS
(A, 7|a). O

Lemma 6.2 shows the properties of strongly noowhere dense sets in subspace generalized metric space.

Lemma 6.2. Let (X, 1) be a GMS with a kernel my C 7, U be a dense, Ji,-open subset of X and A C U C X. Then the
following hold.

(a) If A is a strongly nowhere dense set in (U, |y ), then A is a strongly nowhere dense set in (X, 7).

(b) If A is a s-meager set in (U, 7|y ), then A is a s-meager set in (X, ).

(c) If B is of s-II category in (X, 1), then B is of s-II category in (U, 7t|y) where B C X.

Proof. (a) Let W € [iz. Then UNW € fip,,. Since A is a strongly nowhere dense set in U, there exists V € fiy,, such
that V.C UNW and VNA = 0. By Lemma 6.1, 7|y is a kernel. Then there exists po|y € 7|y such that i, |, (V) # 0.
Let x € ip), (V). Then there is € > 0 such that B, |, (x,€) C V. This implies B, |, (x,€) C W and B, |, (x,€) VA = 0. Now
X € ipyl, U =U =ip,U, since U is a Ury,-open set in X. Let € > 0 such that €, > €. Then By, (x, &) C U and so By, (x,€) CU.
Therefore, B |, (x,€) = Bp, (x,€). Thus, there is By, (x,€) € fiz such that By, (x,€) C W and Bp, (x,€) NA = 0. Hence A is a
strongly nowhere dense set in X.

(b) and (c) follows from (a). O

Theorem 6.3 shows every dense-Li,-open subspace of a strongly nodec space having kernel is a strongly nodec space.

Theorem 6.3. If GMS (X, x) has a kernel my C m, U be a dense, Uy,-open subset of X and if (X, Uz ) is strongly nodec, then
(U, Uzy, ) is strongly nodec.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty strongly nowhere dense subset of U. By hypothesis and
Lemma 6.2, A is a non-empty strongly nowhere dense subset of X. Then A is closed in X. By Lemma 2.3, ¢y (A) = A. Hence U
is a strongly nodec space. O

Theorem 6.4 shows every dense-LLg,-open subspace of a wBS having perfect kernel is a wBS. Next Lemma 6.5 shows the
properties of strongly nowhere dense sets in generalized metric space.

Theorem 6.4. If GMS (X, ) has a perfect kernel my C 7, U be a dense, Uz,-open subset of X and if (X, luz) is wBS, then
(U, Uz, ) is wBS and hence a s-1I category.

Proof. Suppose X is a wBS. Let V be a non-empty open set in U. Then V = V; N U where V| is a non-empty Lz-open set in X.
Since Vy,U are Ur-open sets and Vi NU # 0, there is pg € 7y such that ipo(\/l NU) # 0. Take G = ipo(Vl NU). Then Gis a
non-empty Uz-open set in X. By hypothesis, G is of s-II category in X. By Lemma 6.2, G is of s-II category in U. Since G C V,
V is of s-II category in U. For, if V is a s-meager in U. Since subset of a s-meager set is s-meager, G is a s-meager set in U.
Hence U is a wBS. By Theorem 5.10, U is of s-II category. O
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Lemma 6.5. Let (X,7) be a GMS, U be a closed subset of X and A C X. Then the following hold.
(a) If A is a strongly nowhere dense set in (X, 7), then A is a strongly nowhere dense in (U, 7|y ).
(b) If A is a s-meager set in (X, 7), then A is a s-meager set in (U, 7|y).

(c) If A is a s-residual set in (X, &), then A is a s-residual set in (U, 7|y ).

(d) If B is of s-1I category in (U, &), then B is of s-II category in (X, 7) where B C U.

Proof. (a) Let A be a strongly nowhere dense subset of X. Suppose ANU = 0. Then A is a strongly nowhere dense set in U, by
definition of strongly nowhere dense. Assume, ANU # 0. Let W € [iz|, and x € W. Then there is p|y € 7|y and € > 0 such
that By, (x,€) C W. Since A is a strongly nowhere dense set in X and By (x, &) € [z, there exists V € fir such that V C By (x,€)
and VNA = 0. Choose V = B, (x, ;) where & < €. Since U is closed and x € U, V NU # 0. Thus, there is By, (x,€1) € fig|,
such that By, (x,€1) C By, (x,€) C W and By, (x,€) NA = 0. Therefore, A is a strongly nowhere dense in (U, 7|y ).

(b), (¢) and (d) follows from (a). ]

Theorem 6.6. Let (X,7) be a GMS and U be a closed subset of X. If (U, I, ) is a strongly nodec space, then (X, Uz) is a
strongly nodec space.

Proof. Suppose (U, ,LL,T‘U) is a strongly nodec space. Let A be a non-empty strongly nowhere dense subset of X. Then by
Lemma 6.5, A is a non-empty strongly nowhere dense set in U. By hypothesis, A is a closed set in U. Then cyA = A and so
A=UnNcA, by Lemma 2.1. Since U is a closed subset in X, A is a closed set in X. Therefore, (X, Uz) is a strongly nodec
space. O

Theorem 6.7. Let (X, 1) be a GMS. If frontier of a subspace of X is strongly nodec, then (X, lz) is a strongly nodec space.

Proof. Let Y be a subspace of X. Suppose Fr(Y) is a strongly nodec space. Since every frontier of a subset of X is a closed set
in X, Fr(Y) is a closed subset of X. Hence X is a strongly nodec space, by Theorem 6.6. L
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Abstract

In this paper we study certain systems of mixed-type functional differential equations, from the point of view of
the Cy-semigroup theory. In general, this type of equations are not well-posed as initial value problems. But there
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1. Introduction

In this paper we analyze certain systems of functional differential equations with both delayed and advanced arguments. Such
equations are often referred to in the literature as mixed-type functional differential equations (MTFDE) or forward-backward
equations. The study of this type of equations is less developed compared with other classes of functional equations. As a
consequence, many important questions remain open. Interest in MTFDEs is motivated by problems in optimal control [1] and
applications, for example, in economic dynamics [2] and travelling waves in a spatial lattice [3].

As far as we know, similar studies to the one presented here for this type of equations haven’t been done. This type of
equations are, in general, ill-posed as initial value problems (see for example, [1] and [4]), but there are also cases ([5], [6],
[7], [8], [9] and [10]) where a unique differentiable solution exists. We make the statement of the problem in Section 2. In
section 3, we give our main results. We begin with showing how the system can be rewritten as a classical Cauchy problem in a
suitable Banach space, provided that the initial value problem is well-posed. Then we give the semigroup associated with the
ordinary differential equation and its infinitesimal generator, and prove some important properties of these operators. In section
4 we apply the results obtained in Section 3 to characterize the null controllability for those systems, where the control u is
constrained to lie in a non-empty compact convex subset Q of R", with 0 € Q.
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2. Statement of the problem

Let Q be a bounded domain in R", 0 < hy < hy < --- < hgand Ag, A;, G; € L (R"), fori =1,...,q, with A; # 0 for some i. We
will consider the following mixed-type functional differential equation

() = on(t)+iAix(t—h,-)+icix(t+h,-)+Bu(t)7 >0,
x(0) = @(0)=d, 2.1
x(s) = D(s), 5 € [~hg2hg).

where @ € L, [[—hg,2h,);R"], 1 < p < oo, is defined by

— @ (S), s€ [_hfﬁo]
Pfs) = { <I>;(s), s€[0,2h,]

u: [0,00) — R" is an essentially bounded function and B € .Z(R").

The function @ is usually found in Hilbert spaces (see, for example, [11] and [12], in the case C; = 0). It is noteworthy that,
in the present work, we will allow it to be in a L, -space, for any p belonging to [1,ee].

At this point, some basic facts must be recalled. It is, in fact, well known that, for X a Banach space and f: [0,00) — X a
continuously differentiable function, the initial value problem

X (1) =Ax(t) + f(1), t>0
x(0) =xo, X0 € D(A)

is well posed if and only if A generates a strongly continuous semigroup (7 (¢)),~, on X. The unique solution can be expressed
in terms of (7'(¢)), by the following formula (usually known as mild solution):

() = T(t)xo+ /0 "T(t =) £(5)ds.

Working in the frame of a Cp-semigroup theory is not always possible for MTFDE, as there are cases where the problem is
not well-posed. As an example, consider the equation x(r) = x(r +1). If A is such that A —exp(A) = 0, then it is easily seen
that x(7) = exp(At)xo is a solution. Any strongly continuous semigroup is bounded by Me®' for some M and o, but this fails
in this case. Here, we cannot assume that for initial conditions in a dense set, there exists a classical solution. It also shows
that our condition ”A; # 0 for some " in a system like (2.1) is truly essential. In other words, we need the presence of delayed
arguments.

Another very interesting example of an ill-posed problem is the following: in [4], Harterich, Sandstede and Scheel consider
the equation

i(t)=x(t—1)+x(t+1)

with ®(s) = 1, s € [~m,m], m a natural number. The only possible solution for this initial value problem is x(¢) = (—1)*, for
t € (2k — 1,2k + 1], with k a natural number, which is not even a continuous function.

On the other hand, it is shown in [8] that this same equation has a unique differentiable solution if and only if ® € Cfil 1
defined by

@ (s), s€[-1,0]
D(s) = { CD;(S), sefo,1] 7

satisfies @) (0) = ®" (—1) +®") (1) for n = 0,1,2,... . As an example, it is easy to see that ®(s) = e** satisfies this
condition if A = e* +¢~*, and it is shown in [13] that there exist, in fact, complex numbers A such that A = et e as
they are the spectrum of a bounded linear operator on suitable Banach Space (the spectrum is always non-empty, as it is well
known). It is also shown that, being det(A — et — e’}”) an entire function, then, for every é € R, it has finitely many zeros in
the compact set (Cg N{A:|A| < €%+ ¢}, and in the rest of (Cg there are none. In particular, there are finitely many A with
Re) > 0 such that A = ¢* +¢~*, and we have |A| < 2. Thus the unique solution, given by a strongly continuous semigroup, is
exponentially bounded, as it should be.

Bearing in mind these results, it is characterized in [13] the null controllability for the associated initial value problem,
where the control u is also constrained to belong to a suitable domain Q of the control space with 0 € Q.
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The present work is an attempt to see the results in [9] and [13] in a more general context. As we have indicated, there
exist other examples where a unique solution can be found ([5], [6], [7] and [10]). In most of this cases, the function ® is
supposed to belong to a Banach space of sufficiently smooth functions defined on an interval [a,b]. Such functions are always
in Le([a,b]), and so those examples can be adapted to our model.

It should be pointed out, therefore, that we are excluding the cases where the problem is ill-posed. We attempt to give
a detailed description of the associated semigroup and its infinitesimal generator for a system like (2.1) whenever a unique
differentiable solution exists. These solutions are often found by some other independent method, as in the examples cited
above.

Bearing in mind this purpose, we will show that (2.1) can be written as an ordinary differential equation in a suitable Banach
space J,, which will be defined later, as follows:

o) = Aow(t)+Pu), t>0
(0(0) = @

where B : U — J, is given by Bu = ( li’)u ) and

D)\ _ [ Ao+ LI AD(—h;)+ L CiD(hy)
A( CI)(S) >_< q)(s) )7 —thSSth,

is the infinitesimal generator of a strongly continuous semigroup {7'(#)},- defined by

0 (et )= (7))

where x(+) is the unique solution of the system

x(t) = Aox(t)+Lgx(t)+Lax(t), t>0
X(O) = CD()
x(s) = ®(s), s€[—hg,2hy],

where Lyx(t) = Y Aix(t — ;) and Lox(t) = Y1 Cix(t + hy).
Once achieved these results we will give necessary and sufficient conditions to ensure the exact controllability for (2.1).

3. Main results

In the following we will show an alternative representation of the given solution of (2.1), and we will also prove that 7'(¢) (as
given in (??)) is in fact a strongly continuous semigroup with A as its infinitesimal generator.

Theorem 2.4.1 of [11], deals on delay equations and the solution x(+) on [0,e0) is built recursively. This same construction
cannot be done in our case but, as it has been stated, we are supposing that the solution x(-) is previously known.

Theorem 3.1. Suppose that the unique solution x(-) on [0,%0) of (2.2) is known. Then x(-) satisfies the following recursive
Sformula

q gt
x(t) =MDy + ) / AU (Aix(s — i) + Cix(s + hy))ds fort > 0. (3.1)
i=170
Proof . Notice first that for 7 € [0, h,] the term Y7 Aix(t — h;) 4+ Cix(t + h;) equals the function
q
V(t) = ZA,(I)([ — hl) +Ci(b(t +hl)
i=1

So we may reformulate the system (2.2) on [0, 4] as

#(1) = Aox(t) +v(t), x(0) =Py, (3.2)
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It is well known that the unique solution of (3.2) is given by
t
x(t) = ' dy + / MU=y (5)ds
Jo

and this equals (3.1).

Let us consider now the case ¢ > h,. We use the hypothesis that x(¢) is known for every 7, and so, at a given time ¢, the
function 2?:1 Aix(t — h;) + Cix(¢ + h;) is also known. Then we can proceed in a similar way. Applying finite dimensional theory
gives that the unique solution satisfies (3.1). B

In the following we will construct the co-semigroup and its infinitesimal generator associated to the equation (2.2).

Lemma 3.2. If x(t) is the solution of (2.2), then the following inequalities hold:
i [l < Gl1Pol[ + [1PC) L, (-hg2n)mm]s 1< p <o

2yt
[ii] /2h [lx(D)l17dT < Dy[[[@ol” +[[POF (1, 20, ) TSP <0

q

where C; and D; are constants depending only on t.

Proof . It is well known that for some positive constants My, Wy, e’ satisfies ||e20’|| < Mye™, t > 0.
Let us define the positive constant M by

M := max([[Ar]],--- [|Ag[[, |Gl - |Gyl |, Mo).-

Then, it is deduced, from the formula of the solution of equation (2.2) that

q
[x(r)]] < MeW°'||q>o||+ZM2/ Wolt=5) (||x(s — ) || + | |x(s + hi)||)ds
i=1
< M|y + ST
MM || Dy || 4+ M2 ST12, (3.3)
where
q —h;
511=ZM2(/ Mol=Thi)||x(7) |dr+/ 0=+h) | ¢(7) | d7)
i=1 b
and

q

t—h; 1+h;
sn=Y ([ e e a(ear+ [ e o o)),

i=1

But after a standard estimation we have

2h
s12.< Mg [ je(@)ar+q [ e 0 |x(ollae
h,
q t
+y / ¢ 0% |x(z -+ hy)||dT (because Wo > 0)
=170
ot
< C1IOO) ey mangszn +a | € M x(@)lldw
1
g [ e (max((a(z-+ bl (e + ) [))de
t
< C11@O) (g 7o)+ [ €0 (max((be(e+h) -+ () () ) + 1w

b [ 0% (e ) 5+ ) )
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Now, if f(7) is defined as

max (|[x(7+hn)l],-- -, [x(T+hg)[])
max (|[x(t+h1)l],- -, (T +hg)[|, [[x(D]) + 1

f(7)

we have that the former inequality is estimated by

t
CNPC) e (g 2n,): ) +61/0 e ™% £ () (max(|[x(z+ ) |, |[x(2 +hg) ||, [[x(2)[|) + Dd. (34
Combining (3.3) and (3.4) we obtain

()] < ™" [M]|@o|[ +M>C'[| D1, (-1 20, =)
t
+M2q/0 e”M0% f() (max(|[x(z +hi)|l, -, (T +hg)l], [1x()]) + 1)d7]

Now, if C" is constant (depending on ¢) such that 1 < "' M2C"||®|| Ly([—hy,2h,); R?)> W€ have

()] + 1 < ™" [M]| o[ +M2CI|PI |1, (-1, 20,); 7o)

+M2q./0t ™M f(x) (max(|lx(z + k)], (T +hg) [, [1x()]]) + 1)d7]

where C=C'+C",
or equivalently

1) <B +/(:a(r)z(r)dr

where
B = MHCIDOH +M2CHCI>HLP hq,zh gny» a(T) = M?qf(t) and z(7) is the function defined by z(7) = ¢~ "0% (max(||x(t +
ROl (T 4+ k)|, [Ix(T)]]) + 1q) Then from Gronwall Lemma (see [11], p.639) we conclude that

<) < Blexp [ ale)ar)
and so

[lx(0)]]

IN

B exp( /0 " a(2)dT + Wot)

IN

t
eXP(qu/O f(t)dT + Wot) max[M, M>C][||Do|| + ||D| |Ly (=g 2ng): R

Now, let us note that [; f(7)dt < 2¢. This shows [il.
In a similar way, we obtain from the former inequality, for p € [1, )

[lx(0)11” < K (exp{p(gM>c, +Wot) }[||Do]|” + PRI (g 2,); 7))

where K a suitable constant. Integrating this inequality gives [ii]. B

Now, we are going to construct the co-semigroup. Let us first recall that, for a pair X,Y of normed spaces, we can introduce
anormed space X @Y called a direct (topological) sum of X and Y that consists of all ordered pairs (x,y),x € X,y € Y together
with the norm || (x,y)|| = ||x||x + ||y]ly. X and Y are isometric to subspaces {(x,0);x € X} and {(0,y);y €Y} of X @Y. If X
and Y are Banach spaces, so is X @Y. Convergence in X ¢ Y means that (x,,y,) tends to (x,y) if and only if both ||x, — x||x
and ||y, — y||y tend to zero as n tends to infinity.

Let us also recall that the elements in L,,([—hq, 2hq]; R"™), 1 < p < o, are, in fact, equivalence classes of functions, with the
corresponding equivalence relation R defined by fRg if and only if f = g a.e.

Let M, be the closure in L,,([—hg,2h,]; R") of the subspace L, ([—hg,2h,]; R") NC([—hy,2h,]; R"). M, is a Banach space
with the same norm as L, ([—hy,2h,4); R"). Let us now consider the Banach space R” & M), and let G, be the linear subspace of
all pairs (r, f) e R"®M),, 1 < p <o, such that r = f(0). If f € L,([—hy,2h,); R"), it is well known that there exist functions
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g € L,([—hg,2h4); R"), such that f = g a.e., as we have previously indicated. But in our case the function f is supposed to be
continuous on the whole interval [—h, 2h,] and there is no ambiguity: G, is thus well defined.

Finally, let J, be the closure in R" © M, of the linear subspace G,. For 1 < p < e, J,, is thus a Banach space.

Since (x, f) = (f(0), f) + (x— £(0),0), it is easily seen that J.. is a topologically complemented subspace of R" & M...

On the other hand, for & € Lw([—hq,2h4]; R"), there exist a continuous function f € Lu([—hg,2h4]; R") such that
h = f a.e. Bearing in mind that (r,h) = (r, ) + (0,h — f), we have that R" & M., is also topologically complemented in
R" @ Lo ([—hg,2h4]; R"), and thus 50 iS Je.

Theorem 3.3. The operator T (t) defined for each t > 0 by (2?) satisfies
(1) T(t) € L(Jp) for everyt >0
(2) T(t) is a Co-semigroup in J,,

Proof . (1) First, we suppose p € [1,). Note that

2hy 1/p gt 1/p gt 1/p
([ erairas) ™ = ([ ikolras) < ([ olrar)
—hq hq+t hq

2hy
k([ Itepan ([ (e 7).
: Py
Then, using Lemma 3.2, we have for € Jp,
2hy 1/p
a1+ (/" I+ <ypae)
—q

In the case p = o0, we can suppose x(t) # 0 (otherwise the result is trivial), and let us choose #( such that x(#o) # 0. Then,

x(t 4+ 7)||- is a positive real number whose value only depends on ¢ and using Lemma 3.2, we

IN

@()
D
170 (o) )1
Re[|[@ol |+ D)1z, (1—hg2ny 1) -

IN

e [l + )]
X(E+T)||o
||X(I+T)||m— H ( )|| ||x(t0)|| SCI[H':DOH_‘_‘‘.:ID(')||LP([7hq,2hq];]R”)]7

where = G,

Now, we will prove (2). The semigroup property can be proven similarly as in Theorem 2.4.4 of [11]. We only have to note
that, in this case, it is considered the function g(t) = x(¢ 4 s), where x(+) is the solution of system (2.2). Then g(¢) satisfies

G0) = Aog(t)+ Y. (Aiglt — ki) + Cigli+ ), 120
i=1

g(0) = x(s)

g(8) = x(s+8), 6€[—hy2h.

To prove the strong continuity, we begin with the case p € [1,00). Fort < h; we have
Dy
T(t =
o afy )= (a0 )1-
20"y + YL, f5 00 (A (s — ) + CiP(s + ) )ds — Pol| +
_ 1/p

(U3, (0 +7) = (D)l [PdT+ 277 ||a(1 + 7) — &(3) e

The first term converges to zero as t — 0, because

q t
D) / AU (A D(s — ) + CiD(s + hy) )ds
i=170

is continuous. On the other side, using the triangle inequality and Lemma 3.2, the integral terms tend to zero by Lebesgue’s
Dominated Convergence Theorem.
The case p = oo is similar. We only have to note that ||x(r + T) —x(7)||c — 0 asz — 0. H
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Lemma 3.4. Consider the co—semigroup T (t) defined above and let A be its infinitesimal generator. For sufficiently large

o € R, the resolvent is given by
()= (50

where
0
g(0) =e*g(0) — / 0D (s)ds, 6 € [—hy,2h,] (3.5)
0
and
g 0
2(0) = (A(ax)) ™! <CI>0+Z/ ea<9+hi)Ai(I)(9)d9> ) (3.6)
i=17/—hi
where

B}

i=1

A(}L) Al —Ay— (Z e_kh’.Ai-l-e)'hiCi) , AeC.
Furthermore, g satisfies the following relation

q
0g(0) = Po +Aog(0) + Y Aig(—hi) + Cig(h:). (3.7)
i1

Proof . According to Lemma 2.1.11 in [11], we have for ¢ > @y that

(ol —A)"! ( q‘f(‘_)) >:/:e_wT(t)( qf’(‘_)) )dt:/(;me‘“’ ( x(’;(i)_) >d¢.

We define -
2(0) = / e~ x(t+0)dt, for 0 € [—hy,2h,).
0
Rewriting this function as g(8) = 5" e~ *~%)x(s)ds it is easy to see that g(-) is a solution of
% — ag(6) ~x(0). 0 [y, 20,

n [—hg,2h,), the variation of constants formula for this ordinary differential equation shows that g(-) equals (3.5). It only
remains to prove (3.6).

Bearing in mind that, according to Lemma 3.2, G, [| |Pol| + [|P()||z, ([hy.2n,):rm) | is an upper bound for x(t), we have

wg(0) = «a /Owe*wx(t)dt:—[x(z)e*“']gw /0 e W(n)di

oo q
= ¢o+/ eim[on(t)+ZAix(t*hi)ﬂLCix(tJrhi)]dt
O i

Il
g
+
Es

\

(1)t + Z / (Aix(t — hy) + Cox(t + i)t

Dy +A0g(0) + ZAig(_hi) +Cig(hi).

i=1

This proves equation (3.7). On the other hand, if we split the integrals in the former equation, we obtain

ag(0) = dy+A0g(0 +Z/ ¥ (Aix(t — hi) + Cix(t + hy) )dt
Py /0 e (AD(t — hy) + CiD(t + )
i=1

q q
= ®o+Aog(0)+ ) e “iAg(0)+ Y e *iCig(0)
=1 =1
q 2h; 9 hi
— Yo / e 0Cd(0)d0+ ) / e” M (AD(t — hy) + CiD(t + hy))dt
h =1 0

i=1 Jhi
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and so

q 2h;
g(0) =dp— ) ™ / e *0C,®(0)do
i=1 hi

q
ol —Ayg— (Z eiah"Ai +e°‘hiCi)>
i=1

which proves (3.6) for sufficiently large . B

In the following theorem, we first give an explicit formula for the infinitesimal generator A. The second part of the theorem
deals with the spectral properties. Some of the main conclusions of this second part are not true for MTFDE if the problem is
ill-posed ([4]), but for well-posed problems, as in our case, they remain valid.

Theorem 3.5. Consider the cy-semigroup defined as before. Its infinitesimal generator is given by

d AoPog -I—Z;]:lAiq)(—/’li) +Cicb(hi)
A( 0 ) = ID(-
@(-) 38

with domain

P
D(A) = { ( (;Izo) ) € Jp, : @ is absolutely continuous, 30 € Lp([—hq,th];R”)} .

Furthermore, the spectrum of A is discrete and is given by
o(A) =0,(A) ={A € C:det(A(A)) =0},
where A(A) was defined in Lemma 3.4 and the multiplicity of each eigenvalue is finite for p = 2.
For every 6 € R, there are only finitely many eigenvalues in (Cg. If A € 6,(A), then < e{'r >, where r # 0 satisfies

A(A)r =0, is an eigenvector of A with eigenvalue A. On the other hand, if § is an eigenvector of A with eigenvalue A, then

r .
&= ( Ay ) with A(A)r =0.
Proof . We denote by A the operator

~( @y ) A0¢O+Z?:1Aiq)((_hi)+Cicb(hi)

with domain

D(A) = { ( (I;D(O) ) € J, : @ is absolutely continuous, (;—Z) € Lp([—hq,th];R”)} .

We have to show that the infinitesimal generator A equals A. Let o be a sufficiently large real number such that the results

of Lemma 3.4 hold. We will show that the inverse of (ool —A) equals (0ol —A)~'. This is enough to show that A = A. To this
end, we calculate

(aOI—A)(aOI—A)‘< f(?) ):(aol—A)< i((o)) )(Wheregis as in Lemma 3.4)

B g (0) —Aog(0) — ( ?:1é4i8(—hi)+ci8(hi)) [ @
B aog(-)—% ( @() )
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where the last equality holds by differentiating (3.5) from Lemma 3.4. Then, for ( q()b(o) ) € Jj,, we have shown that

(ocol—&(aol—A)‘( o) >= ( by ) (3.8)

It remains to show that
(aOIA)l(aOIA)< f(?) > ( qu?) > in D(A).

For < q‘i‘_’) >€D(A) we define ( qfl’(l_) ):: (aOI—A)—‘(aOz—A)( f(‘_)) )

. . D, - q>0> <c1>0><q>1). .
Then according to (3.8), we have I—A = I—A . Then = if and only if
gto (3.8) (o )( @ (") ) (o )( @() () @ (") y
(oI — A) is injective. Let us suppose, on the contrary, that there exists < Cl:f(2) > € D(A) such that
0 B q)z 0P, (O) —A()(I)Q(O) — lédq)Z (0) — Laq)z(())
<o> (0 )< <I>2(')> ()~ 222

where we have used the definition of A and D(A) in the last two steps. Then

@2(9) = @2(0)6%6 and Ot()q)z(()) —A()(bz(()) — (iAiCDQ(—h,') +Ci(1>2(h,'))
i=1

1

q
= ap®2(0) — Ag®@2(0) — (Y. A@(0)e ™" + C;y(0)e%") = 0.
i=1

However, since

q
ool —Ag — (ZAieiaOhi +Ciea0hi)
i=1

is invertible, this implies that ®,(0) = 0 and thus ®;(-) = ®,(0)e~%" = 0. This contradiction implies that (oI — A) is injective.
This proves the assertion that A equals A.

Now, we calculate the spectrum of A. In Lemma 3.4 we obtained an expression for the resolvent operator for o € R large
enough, in terms of g given by (3.5) and (3.6). Let us denote by Q; the extension of the resolvent operator to C:

o()-(32)
f0) g()
A simple calculation shows that if A € C satisfies

q
det(Al —Ag— (Y Are ™M+ Ciet)) £ 0,

i=1

then Qy is a bounded linear operator from Jp. to J,., where Jp. is the closed linear subspace of pairs ( fZ) )in C'o
Ly ([—hg,2h4];C") such that r = f£(0). Furthermore, for these A we have (Al —A)Q; =1 and (Al —A) is injective. As in the
first part of the proof, we conclude that Q; = (A1 —A)~!, the resolvent operator of A. We have that

q
{A € C:det(Al —Ag — () Aje i+ Ciethi)) 0} cp(A).
i=1

On the other hand, if det(A(4)) = 0, there exists z € C" such that

q
(2,1 —Ap— (ZAie_Mli —Q—C,'eM”))z =0.
i=1
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The following element of J.

0= < ef_z ) isin D(A)
0 )

q
0,(A) D {)L € C:det(Al—Ap— (ZA,-e*’“’i +Ciehiy) = 0} .

i=1

and

Az—Agz— (XL AjeMi 4 CiePhi)g
A —A)zy = = ! =
( )20 < A0z — a‘)—ee’wz

Then

The remaining of the proof can be done, mutatis mutandis, as in Theorem 2.4.6 of [11]. B

4. An application: Controllability

In this section we will apply some of the the results obtained in section 3 to study the null controllability for the system

x(r) = Apx(t)+ iAix(t —hi)+ icix(l‘-‘r-/’li) +Bu(t), t >0

i=1 i=1
x(0) = & .1
x(s) = ®(s), s€[—hg,2hy],

where as before 0 < by < hy < --- < hy, A;,C; € L(R"),i=1,---,q, A; # 0 for some i, &y € R", & € L,([—hy,2h];R"),
1 <p<oeo.

Also for this case, we will consider B € . (R") and u : [0,00) — R" an essentially bounded function.

We have already shown that, if the problem is well-posed, (4.1) can be written equivalently as the following system of
ordinary differential equations in J,

w(t) = Aw(t)+Bu(t), t >0 4.2)
w(0) = wo= (Do, (),

where A is the infinitesimal generator of the semigroup {T(t)}t20 and B : R" — J,, is given by Bu = < %u ) .
The mild solution of (4.2) is thus given by

t
w(t) = T(t)wo + / T(t — s)Bu(s)ds.
0
Let Q be a non-empty compact convex subset of R”. The set
Q,={ucli0,r]:ucQae}

is called the set of admissible controls of (4.2) (or equivalently (4.1)), while the set

Ar(wp) = {T(r)wo +/(;rT(r—s)Eu(s)ds ‘ue Q,}

is the set of accesible points of (4.2). The system (4.2) is controllable if 0 € A, (wy).

In a more general context, we have a system similar to (4.2), with X and U Banach spaces, A : X — X the infinitesimal
generator of a strongly continuous semigroup {S(¢) };>0, B : U — X a bounded linear operator and u : [0,00) — U a strongly
measurable, essentially bounded function. We suppose that € is a non-empty separable, weakly compact subset of U. The
formula for the mild solution is completely similar, Q, = {u € L;[0,7] : u € Q a.e} is the set of admissible controls, while
Ar(wo) = {S(r)wo+ J§ S(r—s)Bu(s)ds : u € Q,} is the set of accesible points. Analogously, the system is controllable if
0e A,-(W()).

The controllability map on [0, r] for some r > 0 is the linear map

B": L.([0,r];U) = X
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defined by .
Bu= / S(r —s)Bu(s)ds
0

Now, one says that the system is exactly controllable on [0, r] if every point in X can be reached from the origin at r, i.e., if
ran(B") =X.

If ran(B") = X, then 0 € A,(0). On the other hand, one can prove, using the Open Mapping Theorem, the following: if
0 € interior(A,(0)), then ran (B") = X. See ([14])

Next, we recall two results that we will use to characterize the null controllability. The Theorem of Peichl and Schappacher
([15]) is as follows:

Theorem 4.1. Let X and U be reflexive Banach spaces with U separable. Let B : U — X be a bounded linear operator;, A be
the infinitesimal generator of a co-semigroup {S(s)}s>0 of operators on X and Q be a weakly compact convex subset of U that
contains 0. Then for each T > 0, 0 € At (x,) if and only if for each x* € X*

T

<x",8(T)xo >+ [ max <x*,S(:)Bv>dr >0.
0 veQ

Additionally, we have the Barcenas-Diestel ([16]) extension

Theorem 4.2. Let X and U be Banach spaces, let B: U — X be a bounded linear operator, and A : X — X be the infinitesimal
generator of a co-semigroup {S(t)};>0 on X whose dual semigroup is strongly continuous on (0,0). Suppose Q is a non-empty
separable weakly compact convex subset of U containing 0. Then for each T > 0, 0 € Ar(x,) if and only if for each x* € X*

T
<x*,8(T)xo >+ | max <x*,S(t)Bv>dt >0.
v

Theorems 4 and 5 show how to set the control problems in a Banach Space context, focusing on the question of accessibility
of controls. For separable reflexive spaces, the elegant result of Peichl-Schappacher proves to be very useful.

The Barcenas-Diestel Theorem is, on the other hand, an important and recent achievement on exact controllability.
Throughout the literature, hypotheses like ’separable and reflexive” are frequently encountered. By employing techniques from
Banach space theory and the theory of vector measures, the authors show how to remove the hypothesis of reflexivity (thus
giving considerably greater generality to the resulting conclusions) and translate the question of accessibility of controls to a
problem in semigroups of operators, namely, given a co-semigroup (S());>o of operators on a Banach space X, under what
conditions is the dual semigroup strongly continuous on (0,c0)? This is the question we will try to answer for the non-reflexive
cases p=1and p =

We recall that a Banach space is a Grothendieck space if every weakly*-convergent sequence in X* is also weakly convergent.
Equivalently, X is a Grothendieck space if every linear bounded operator from X to any separable Banach space is weakly
compact. Among Grothendieck spaces, we will list all reflexive Banach spaces and L*(Q, X, ), where (Q,X, 1) is a positive
measure space. A Banach space isomorphic to a complemented subspace of a Grothendieck space is also a Grothendieck space.
The direct sum of two Grothendieck spaces is also a Grothendieck space. Several characterizations of Grothendieck spaces are
found in [17].

A Banach space is said to have the Dunford-Pettis property if every weakly compact operator in L(X) applies relatively
weakly compact sets onto norm compact sets. The most common examples of Banach spaces with this property are L' (i) and
C(K). Complemented subspaces and the direct sum of any two of such spaces also have the property. For more details, see [18].

If X is a Grothendieck space with the Dunford-Pettis property, Lotz ([19]) has shown that every strongly continuous
semigroup is uniformly continuous, and therefore also is the adjoint semigroup.

We also recall that a bounded linear operator 7: X — Y (where X and Y are Banach Spaces) factors through a Banach
space Z if there are bounded linear operators #: X — Z and v: Z — Y such that T = vu

It is proven in [20] that if X is a Banach space and {7 (¢) },>0 a co-semigroup defined on X such that for every a > 0 there
exists a Grothendieck space ¥, such that T'(a) factors through Y,, then {T*(¢) },> is strongly continuous on (0, o). This will
prove useful to establish our main result for the case p = 1.

Factoring through Grothendieck spaces is, in general, not easy to verify, but among semigroups satisfying those assumptions
(and, hence, having adjoints which are strongly continuous on (0, 0)) we mention weakly compact semigroups, i.e, semigroups
such that T'(¢) is weakly compact for each 7 (see [20] for more details). There are many examples of weakly compact semigroups,
a category that includes all compact semigroups. Moreover, for p = 1 the terms “weakly compact” and “compact” are equivalent,
due to the classical Schur theorem.

It is true that those assumptions cannot be verified without any analysis of the semigroup, which is here presented in an
abstract, general form. But provided that x(¢) and ®(-) are known, one can manage to get more precise information about it.
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Finally, one should remember that all those considerations are relevant only for the case p = 1. For all other cases, no additional
assumptions are needed.
Now, we can state the result concerning (4.2)

Theorem 4.3. For each r >0, 0 € A,(wo) if and only if for each x* € Jp 1 <p <o

-
<x*,T(r)wo >+ max < X T(t)Bv(r) > dt > 0.
0 ve
If additionally, we suppose that the associated semigroup satisfies that, for every a > O there exists a Grothendieck space Y,
such that T (a) factors through Y,, (in particular, if it is compact) then the same holds for p = 1.

Proof . The case p € (1,) is an inmediate consequence of Theorem 4.1. We only have to remember that the direct sum of
any two reflexive Banach spaces and every subspace of a reflexive Banach space are also reflexive.

Semigroups which factor through Grothendieck spaces have adjoints {7*(z)},~, which are strongly continuous on (0, o).
Then Theorem 4.2 can be applied for the case p = 1. B

Now, let us suppose p = oco. Note that R" and Le.([—hy,2h,]; R") are Grothendieck spaces with the Dunford-Pettis
property (remember that L..([—hg,2h,]; R") is isomorphic to C(K) for some suitable compact Hausdorff space K, see
[21]). Consequently, R” @ Lo ([—hy,2h4]; R") is also a Grothendieck space with the Dunford-Pettis property, and so is the
complemented subspace J... Therefore, the associated semigroup {7 (¢) };>¢ is uniformly continuous, according to the Lotz
Theorem [19]. In particular, the adjoint semigroup {7*(z)};>0 is uniformly continuous, and we can apply Theorem 4.2 again. B

As a conclusion, let us indicate that the results obtained in this work can be applied to certain mixed-type systems of partial
differential equations like the following

dx(t,y) ! !
ot = DAx(tvy)+;Aix(tihi7y)+;Cix(t+hi7y)+3u(t7y)a
dx
% = 0, yE&.Q,
X(O,y) = qDU(y)v yEQ
x(s,y) = ®(s,y),

where Q is a bounded domain in R", 7 € (0,r], 0 < h) <hy < - < hg, D is an n x n nondiagonal matrix whose eigenvalues are
semi-simple with nonnegative real part, B,A;,C; € £ (R"),i=1,2,...,q,A; # 0 for some i, &y € R", the control u : [0,c0) — R"
is essentially bounded and ® € L,[[—hy,2h4];R"], 1 < p < oo, is defined by

_ q)l(svy)v SE[—hq,OL yGQ
q)(”)‘{ @, (s,y), s€[0,2h,], yEQ

The symbol 1 denotes the normal to dQ, and g—f] is the normal derivative, which is defined as the inner product of the

gradient Vx with the (unit) normal vector 1. The condition 3—1’; =0fory e dQ andr € (0,r] is thus an homogeneous Neumann
condition.

We would like to finish with a brief note about the particular case of delay equations. Several interesting examples of this
type are found in the literature. Among them we have systems of parabolic equations with delay (including particular cases of
the nD heat equation and systems without diffusion coefficients), and in general a broad class of functional reaction-diffusion
equations (see, for example, [12]). But there is now an important difference: in all those examples the function ® is supposed
to lie in a Hilbert space, while here it is allowed to belong to a L,-space, 1 < p < oo, This in turn allows to study these classical
equations (and, in particular, their null controllability) in a considerably more general context.
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In this paper, we study the solution of the systems of difference equations
1+ (yp +xn— 1+ (xp + yn—

(y T 1)7 Ynt+1 = (x R l)a l’l:(),l,...,

Xnt+1 =
Yn—2 Xn—2

where the initial conditions x_,, x_1, xo, y_2, y_1, yo are arbitrary non zero real numbers.

Keywords: Difference equation, Periodicity, System of difference equations
2010 AMS: 39A10

1. Introduction

Difference equations enter as approximations of continuous problems and as models describing life situations in many directions.
Recently, there has been great interest in studying difference equation systems. One of the reasons for this is a necessity for
some techniques that can be used in investigating equations arising in mathematical models describing real-life situations in
population biology, economic, probability theory, genetics and psychology see [1]-[25].

In [1] Alzahrani et al. found the form of solutions for the following systems of rational difference equations

Xpi1 = YnYn—2  Ynel = XpXn—2 '

tyn—2EXn-3 tXu-2FYn-3

In [2] Asiri et al. studied the form of the solutions and the periodicity of the following third order systems of rational
difference equations

Yn—2 _ Xn—2

1= Yn—2Xn—1Yn » mH = 1 E£x-2Yn-1Xn -

In [14] Elsayed et al. got the form of the solutions of the following difference equation systems of order four

Xn+1 =

Aoyl = Xn—2Yn Vol = XnYn—2

" Yn—3+Yn ’ " +x, 3L x, ’
In [4] Cinar studied the solutions of the systems of the difference equations.
1 Yn

Xn+l = —5 Yn+y1l = — -
Yn Xn—1Yn—1
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In [23] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of the solutions,and the global
asymptotic stability of the positive equilibrium of the system of nonlinear difference equations

X,
xn+1:A+y7na Ynr1 =A+ =

Xn—p Yn—q

In [13] Elsayed has obtained the solution of the following system of the difference equations

_ 1 _ In—k
Xnt+1 = y Yntl = .
Yn—k XnYn
The behaviour of the positive solution of the following system
X _ Xn—1 y _ Yn—1
T Ty T T

has been studied by Kurbanli et al. [19].
In [25] Yalcinkaya investigated the sufficient condition for the global asymptotic stability of the following system of
difference equations

z a—+tyn—1 " a+zpty—1
nbl = ————— Il = -
tn +Zn—l ’ n +tn—1

The aim of this article is to obtain the expressions of the solutions of the following systems of difference equations
l:l:(yn'i‘xnfl) _ 1i(xn+)’n71)
Yntl = ——

Xn+1 = )
Yn—2 Xn—2

n=0,1,2,...,

where the initial conditions x_, x_1, X9, y_2, y—1, Yo are arbitrary non zero real numbers. Moreover, we obtain some
numerical simulation to the equation are given to illustrate our results.
Definition (Periodicity)

A sequence {x, }*"__, is said to be periodic with period p if x4, = x, foralln > —k.

Iyn+Xn1 _ Ity

2. On the system x| = — ==, y, 1 —

In this section, we study the solution of the following system of difference equations

I yn X+ ya-
Xntl=—" > Yn+tl = — (2.1)
Yn—2 Xn—2

where the initial conditions x_», x_1, xp, y—2, y—_1, Yo are arbitrary non zero real numbers.

2.1 Periodicity of the solutions of system (2.1)
The following theorem is devoted to the periodicity of the solutions of system (2.1).

Theorem 1. Suppose that {x,,y,}>_, be a solution of system (2.1). Then all solutions of system (2.1) are periodic with period

eight.
Proof. From Eq.(2.1), we see that
_ Iyt X _ 1+ Xn+ Yn—1
Xn4-1 - - YnHl =
Yn-2 Xn—2
Iyt T+xe2+ X0 +Yn—1 +XnXn—2
Xnt2 = = )
Yn—1 Yn—1Xn—2
o 1+xn+l+yn o yn72+1+yn +Xp—1+Yn—2Yn
Yny2 = = )
Xn—1 Yn—2Xn—1
_ I+ ynto + Xn+1
Xn+3 = —
Yn
— Yn—2Xn—1 +yn72 +1 +Yn + 2xn71 +yn72yn +xn71yn + (xnfl )2
Yn—2Xn—1Yn ’
T4ty
Y3 = —————

Xn
Yn—1Xn—2+ 1+ Xp2 4+ X0+ 2yp—1 + XnXn—2 + Yn—1%n + ()’nfl )2

b
Yn—1Xn—2Xn
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1+ yni3 + Xnt2
Yn+1
Yn—1Xn—2Xn + Yn—1Xp—2 + 1 +Xp—2 + X, + 2ynfl + XpXn—2
+yn71xn + (ynfl )2 +xn(1 + Xy + Xy +yn71 +xnxn72)
(I+xn+yn—1)Yn—1%n

(1 +Xp—2 +Xn+Yn—1 +xnxn—2)(1 + Xy +}’n—1)
(1 +Xn +yn—l)yn—1xn
1+ Xp—2 +Xn +Yn—1 + XnXn—2

b
Yn—1Xn

Xn+d =

1+ Xp 43+ Ynt2
Xn+1
Xn—1YnYn—2 +yn72xn71 +yn72 +1 +yn + 2anl + Yn—2Yn

+xnflyn + (xnfl )2 +yn(yn72 +1 +yn +Xp—1 +yn72yn)
Xn—1Yn(14+yn+xp-1)

(1 +Yn +Xn—1 )(yn72 + 14y, +x1 +Yn72)’n)
xnflyn(l +Yn +xn7])
Yn—2+1+yp+Xp 1 +Yn2Vn

Xn—1Yn

Ynt+d =

1 + Ynta +Xng3
Yn+2
Yn—2Xn—1Yn +Yn—2(Yn—2 + 1+ Yn +Xn—1 4+ Yn—2Yn)+

Yn—2Xn—1 +yn72 +1 +yn + 2xn71 +yn72yn +xn71yn + (Xn,1)2
Yn(Yn—2H1+Yn+HXp—1 +Yn—2Vn)

(Xn,1 + Y2+ 1)()’1172 +1 +Yn+Xn—1 +yn72yn)
Ya(Yn—2+ 14y +Xn—1 + Yn—2¥n)
Xp—1+Yn—2+ 1
Yn ’

Xn+5 =

L+ Xp4a+ Y043
Xn+2
Yn—1Xn—2Xn +xn—2<] +Xp—2+Xn +Yn-1 +xnxn—2)+

Yn—1Xn—2 + 14+ X2 + X0+ 2yp—1 + X0 Xp—2 + Yp—1X, + (yn—1)2
Xn(14Xp—2+Xn+yn—1 +XnXn—2)

(14 yn1 4 Xn2) (1 + X2 + X0 + Y1 +XaXn2)
xn(l +Xp—2 +Xn +Yn-1 ‘|‘xnxn72)
1 +Yn—1+xXp—2
X, ’

Ynts =

14 Ynts +xnva

Yn+3
_ n 1%t Yt (L Yno1 +Xn2) + 14 X2 + X0 4 Yn1 + XnXn2 =x
Ot L X2 X 2Vt XX F a1 X+ (1)?) "

Xn—2

Xnt+6 =

L+ X5+ Ynta

Xn+3
B R B e e e B T T I i
B T Ty )

Yn—2

Ynt6 =




On the Periodic Solutions of Some Systems of Difference Equations — 129/136

L+ Yni6+Xn+5  YntYnYn—2+Xn—1+Yn—2+1
Yn+4 - On—2+1+Yn+Xn—1+Vn—2¥n)
Xn—1

L +Xp16 +Vnts  Xn+XnXn—2+ 1+ Yn—1+Xn—2 -
Yn+1 = Xntd - 14X 2 X0 V1 FXnXp—2 =Yn—1,

Yn—1

L+ Y7+ X046 L+yp1+x42

Xn+7 = = Xn—1,

Xn+8 = = " = Xn,
Yn+5 Ityn—1+xn—2
Xn
o 1+xn+7+yn+6 o l"'xnfl +yn72 o
Yn+8 = Xpss T X tmatl Yn-

In
Thus, the solutions are periodic with period eight.
2.2 The form of the solutions of system (2.1)

The following theorem describes the form of the solutions of system (2.1).
Theorem 2. Suppose that {x,,y,} are solutions of the system (2.1). Then forn =0, 1,2,

1+d+b
Xgn—2 = €, Xgn—1=Db, xg=a, x8n+1:f7
act+a+c+e+1 D> +bd+bf +df+2b+d+f+1
X2 = T, Xgu43 = )
ec fbd
acta+c+e+1 1+f+b
Xn+d = T Xn+5= 57
ea d
1+a+e
Ysn2 = f, Ysno1=e, Ysu=d, y8n+1:f7
df+b+d+f+1 e +ac+ae+ce+2e+a+c+1
Yen+2 = 7b y Y8n+3 = cea )
df+b+d+f+1 I+c+e
Yen+d4 = bd ) )’8n+5177

where the initial conditions x_y =c¢, x_1 =b, xo=a,y 2= f, y_1=e, Yo =d.
Or equivalently

ec ’ fbd
actatctet] 14f+b 4 o
) d ) ) e

’ ea

b g, lrdtb actatctetl b2 +bd+bf+df+2b+d+f+1
oo _ ¢,b,a, )
{Xn n=-2 " )

fb cea
df+b+d+f+1 1+4c+e
hd e fred, ...

)

f,e.d l4+ate df+b+d+f+1 e*+actaetcet2e+atc+1
{y Foo 6,y —( > ) )
nfp=—2 = .

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

1+d+b
X8n—10 = €, Xgp—9 =b, xg—3 =a, x8n77:f7
act+a+c+e+1 B> +bd+bf+df +2b+d+f+1
Xgp—6 = ————————, Xgp—5= )
ec fbd
act+a+c+e+1 1+f+b
Xgp4 = ————, Xgp 3= —
ea d
l4+a+e
Ysu—10 = f, Ysn-9=¢€, Ysn-§=4d, Yon-7 ="
df +b+d+f+1 e?+ac+ae+ce+2e+a+c+1
Yen—6 = fb y Y8n—5 = cea )
df +b+d+f+1 l4+c+e
Y8n—4 = bd ; Y8n—3 = Ta

..., we have the following formulas
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from system (2.1) we can prove as follow

I+ygn—3+X8n-4 1+ 1+2+e + aC+atz+e+l

X8n—2 =

V8n—5 T etactaetcet2etatetl
cea
_ cleate(l+cte)t+actatcte+l)
B e +ac+ae+ce+2e+a+c+1
Also, we get
N 1+ygn2+X80-3 14 f+ 2
n—io T df+btd+f+1
Y8n—4 +
_ b(d4fd14f+b)
fdtbtd+f+1
x I1+ygp—1+x80—2 1+e+c ;
8n = = A =a,
" Y8n—3 Licte
I+ygnt+xgu—1 1+d+b
X8n+1 = = ’
Y8n—2 f
Tygnri+xn 1+ 4a  I4atetacte
X8n+2 = = = )
Y8n—1 e ce
df+b+d+f+1 1+d+b
1+ yguio +xgpsr LT L 7b I+ +f+
X8n+3 = =
Y8n d
_ fbtdf+btd+f+1+b(1+d+b)
- fbd
b bd+bf+df+2b+d+f+1
- fbd ’
S 1+)’8n+3+x8n+2 B 1+32+ac+ae+§:;2e+a+c+l + 1+a+§:ac+c
. = =
Y8n+1 Ltate
_ ceat+e*+ae+cete+(ac+eta+c+1)+a(l+a+e+ac+c)
N ea(l1+a+e)
_actatcte+l1
o ea ’
df+b+d+f+1 | b +bd+bf+df+2b+d+f+1
s _ lygapatasees L F bd + 7hd
s = =
" Y8n+2 dftbtdtf+l 7;” +1
P +bd+bf+df+2b+d+f+1+fdf+b+d+ f+1)+ fbd
d{df+b+d+f+1)
I+ f+b
= —
1+ X3+ Yo _a [ 4 bEHL |y frlddtbidf D2 +bf+2b+bd+f+d+1+df
_ n— n—4 _ d bd _ bd _
Yen—2 = Xgn_s T D ibdtbftdf12btdtf+] | DPtbdtbftdf+2btd+f+1 =/
Fbd Fbd
I4xguo+yses  L+et e elatcatctet])
_ = = = =e,
Y8n—1 Xsn_4 getatctet] ac+a+c+e+1
B T S N e
Y8n = Xsn_3 - 1+Z+f —4a,
l+xg,+ysn—1 l+e+a
Ysn+1 = = )
X8n—2 c

1+d+b
I+ xgn41+ Y8n 1+ Jrf+ +d f+1+d+b+df
Y8n+2 = = = )
X8n—1 b fb
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1+ l+a+g2»ac+c =+ l+§+a

I+ X812 +Y8n+1

Y8nt+3 = =
X8n a
_ e +ac+ae+ce+2e+a+tc+1
- cea ’
D2 +bd+bf+df+2b+d+f+1 | f+l+d+btdf
S 1 +x8743 +Y8nt2 _ 14 7bd + 7D
" X8n+1 S

B B>+ fbd +b+bd +bf +(df +b+d+ f+1)+d(f+1+d+b+df)

N bd(1+d+b)

_ fH1+d+b+df

B bd ’

B 1 + X844 + Veni3 B 1+ ac+u42;+e+l + e2+ac+ae+gee;»2e+a+c+l
Yents = X812 - I+a+tetactc

ce
clacta+c+e+1)+e*+ceatcet+aete+ac+etat+c+1
a(l+a+e+ac+c)

ct+e+1
—

This completes the proof.

2.3 Numerical examples

For confirming the results of this section, we consider the following numerical example which represent solutions to system
2.1).

Example 1. We consider interesting numerical example for the difference equations system (2.1) with the initial conditions
X 0=2,x1=—-07,x%=09,y»,=3,y_1 =—0.5and yp = 11. (See Fig. 2.1).

plot of X =(1 +yn+xn_1)/yn_2,yn+1=(1 A )/xn_2
1 5 T T T T T T T

x(n),y(n)
o o (3

I
o
T
!

5 10 15 20 25 30 35 40 45 50

Figure 2.1
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The following cases can be proved similarly.

3. On The System x,, | = %, Yool = ‘“);—j*‘)

In this section we study the solution of the following system of difference equations

1= (yn+xn—1 L+ (Xn +yn—1
xn+l:M7 J’n+1:M7 (31)
Yn-2 Xn—2
where the initial conditions x_», x_1, xg, y—2, y—_1, Yo, are arbitrary non zero real numbers.
Theorem 3. Let {xn,yn}:z’_2 be solutions of system (3.1). Then
1- {x,}= , and {y,},~"_, and are periodic with period eight i.e.,
Xn+8 = Xny Yn+8 = Yn
forn > —2.
2- We have the following form of the solutions
—1+d+b
Xgn—2 = €, Xgp1=Db, Xgy=a, Xgu11= o
act+a—c+e+1 P> +bd+bf —df+d—f—1
X = _—_ X! =
8n+2 ec ; 8n+3 fbd 5
ac+a—c—e+1 1+f+b
Xn+d = —————————— " Xgn+5= 73
ea d
l4+a+e
Yen2 = f, Ysu-1=€, Ysu=d, Ysnt1= —
—df+b+d—f—1 —e+ac—ae—ce+a—c+1
Y&n+2 = — fb y Y843 = — cea y
df+b—d+ f+1 ct+e—1
Y8nt4 = — bd y Y8nts5 = T,
or equivalently
_ —14d+b _ acta—ctet+l bP+bd+bf—df+d—f-1
{xn}::o—z = { @b . + : +1 ef+f+b, fod ’ }a
- acra—c—e
e — ¢, b,a, ...
Itate _ —df+b+d—f—1 _ —®tac—ae—ceta—c+l1
{on :jo 2= { fred = ed’flb d+f£h1 +7 _1 e } :
—— — ct+e—
- bd T T a 7f,€,d,...
where the initial conditions x_» =c¢, x_1 =b, xo=a,y > =f,y_1=e, yo=d.
Example 2. We consider example for the difference system (3.1) where the initial conditionsx_ =—5,x_1 =7, x0 =2,y =

—3,y_1 =13 and yo = 3. (See Fig. 3.1).
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plot of N U A 0 S A L R L
8 T T T T T T T

x(n),y(n)

4+ .

Figure 3.1
4. On the system x, | = —”(yy';j"-l), Yol = —1—(’2:;"—1)

In this section, we investigate the solution of the following system of difference equations

_ 1+(yn+xn—l) _ 1— (X, 4+ Yn-1)
Yn—2 Xn—2

4.1

where the initial conditions x_», x_1, X0, y_2, Y—1, Yo, are arbitrary non zero real numbers.
Theorem 4. Suppose that {x,,y,} are solutions of the system (4.1). Then forn =0,1,2,...
1- {x,}= , and {ya},~"_, and are periodic with period eight i.e.,

Xn+8 = Xny Yn+8 = Yn,

forn > —2.
2- We have the following formulas
1+d+b
Xgn—2 = ¢, Xgu—1=Db, xga=a, x8n+1:f7
ac—a+c—e+1 B> +bd+bf —df —d+f—1
X = _— X =
8n+2 ec ) 8n+3 fbd )
ac—a+c+e+1 f+b—1
X = R — X = —_——
8n+4 e 5 8n+5 d )
at+e—1
ysn2 = f, ysn-1=e, ysn=d, Yol =~
df+b+d—f+1 —e*+ac—ae—ce—a+c+1
Y&n+2 = — y Y8n+3 = — )
fb cea
—df+b—d+f—1 l4+c+e
Yenra = — y Yen4s = ———-
bd a

Or equivalently
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ec ’
__ac—a+tctetl  f+b—1
ea ’ d

c.b.q. Hdtb ac—atc—etl b2 +bd+bf— df d+f-1
{x } ) ) ) f ) f 9
nfp=—2 = )

,¢,b,a,...

{yn n——2 =

{ f e.d. ate= 1 _ df+b+d—f+1 77e 2+ ac—ae—ce—a+c+1 }
¥ ) b

c / cea
7df+b d+f-1 1+c+e d
bd ) 7f7 e,

Example 3. We assume x_, = 1.3, x_1 = -7, x0 =2, y_» = —3,y_1 =9 and yo = —4 for system (3.1) see Fig. 4.1.

plot of Xn+1=(1+yn+x )/yn 2’yn+1 =(1-x n yrH)/anZ
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Figure 4.1

5. On the system x, | = %, Vil = 1_();—3*‘)

In this section we study the solution of the following system of difference equations

1-— _ 1— _
an:M’ }M+1=M7 5.1
Yn-2 Xn—2

where the initial conditions x_», x_1, X0, Y—_2, y—_1, Yo, are arbitrary non zero real numbers.
Theorem 5. Let {x;,, y,,} =, be solutions of system (4.1). Then

1- {x,},/= , and {y,},=" , and are periodic with period eight i.e.,

Xn+8 = Xn, Yn+8 = Yn,
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2- We have the following form

—14+d+b
Xgp—2 = ¢, Xgo—1 =D, xgn=a, ol ==
ac—a—c—e+1 PP+bd+bf+df —2b—d—f+1
X = —-—— X = ,
8n-+2 e 8n+3 I
ac—a—c—e+1 f+b—1
X4 = —————, Agpp5=— 5,
ea d
—1+a+te
Ysn2 = [, Ysn-1=e, yga=d, Yonp1 = —
—df+b+d+f—1 e +ac+ae+ce—2e—a—c+1
Yen+2 = y Y8n+3 = )
fb cea
—df+b+d+f—1 ct+e—1
Yen+a = » Y845 =~
bd a
Or equivalently
c.b.a.—=ltdtb _ac—a—c—e+l b2+bd+bf+df—2b—d—f+1
{xn :70072: Yy Uy Uy b ) ec ;7 ) fbd ) 7
B f”"f“;;*”l,—ﬂd* ,¢,bya, ...

f cea
—df+b+d+f—1 te—1
bd 776 Z ,f,€7d,...

- se,d,— 71+a+e, —dft+bt+d+f-1 ’ et aetce—2e—a—ct1
{yn ;::,z = { f c b '
Example 4. See Fig. 5.1, if we take system (5.1) withx_, = —8, x_; =5, x9=—2.8, y , =-9,y_1 =3 and yg = 4.

plotof ¥ =(1-Y X W oYy =(1 %Y )X,
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1. Introduction

One of the most important problems in fuzzy topology is to obtain an appropriate concept of fuzzy metric. This problem has
been investigated by many authors [1]-[10] from different points of views. In particular, Park [8] introduced the notion of
intuitionistic fuzzy metric as a generalization of fuzzy metric introduced and studied by George and Veeramani [2].

In this paper, we define L-fuzzy invariant metric space, study completeness and observe that a compact L-fuzzy invariant
metric space is separable. Further, we introduce the notion of uniform continuity and equicontinuity. Finally, we prove Uniform
continuity theorem and Ascoli-Arzela theorem.

2. L-fuzzy invariant metric space
Lemma 2.1. [11] Consider the set L* and operation <;+ defined by L* = {(x1,x2) : (x1,x2) € [0, 1]2 and x1+x < 1} and
(x1,x2) <px (y1,y2) <= x1 < y1 and xp >y for every (x1,x2),(y1,y2) € L*. Then (L*, <) is a complete lattice.

Definition 2.2. [9] An intuitionistic fuzzy set A¢ , in a universe U is an object A¢ = {(Ca(u),Ma(u)) : u € U} where, for all
ueU, Cs(u) €[0,1] and na(u) € [0,1] are called the membership degree and non-membership degree, respectively, of u in
A¢ , and furthermore they satisfy Cx(u) +mna(u) < 1.

For every z; = (x;,y;) € L*, if ¢; € [0, 1] such that X%_jcj=1then c1(x1,y1) +ca(x2,y2) + ... +cn(xn,yn) = Zyzlcj(xj,yj) =

(Ziee 2 ems) e L.

We denote its units by Oz+ = (0, 1) and 17+ = (1,0). Classically, a triangular norm (shortly t-norm) * = T on [0, 1] is defined
as an increasing, commutative and associative mapping T : [0,1]* — [0, 1] satisfying T(1,x) = 1 xx = x for all x € [0,1]. A
triangular conorm (shortly t-conorm) ) = S is defined as an increasing, commutative and associative mapping S : [0, 1]2 —[0,1]
satisfying S(0,x) = 0Qx = x for all x € [0, 1]. Using the lattice (L*, <;+), these definitions can be extended.

Definition 2.3. [12] A triangular norm 3 on L* is a mapping 3 : (L*)*> — L* satisfying the following conditions, for every
X,y,2,t €L*:
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(@) 3(x,1+) =x,

(b) S(x,y) =3(y,x),

(© 3(x,3(2)) =3(S(x,y),2),

(d) x <przandy <p- t imply S(x,y) <r» 3(z,1).

Definition 2.4. [11, 12]
A continuous t-norm 3 on L* is called continuous t-representable if and only if there exist a continuous t-norm * and a
continuous t-conorm ) on [0, 1] such that 3 (x,y) = (x1 *y1,x20y2) for all x = (x1,x2) ,y = (y1,y2) € L*.

Now define a sequence 3" recursively by 3! = 3 and
3n(xlv "'7xn+1) = S(SH*I ()Cl ) “'7xn)7xn+l)
forn>2andx; € L*.

Definition 2.5. [11, 12]

A negator N on L* is any decreasing mapping N : L* — L* satisfying A (0p<) = 1+ and N (1) = Opx. If N/ (A (x)) =x
forall x € L* then A is called an involutive negator. A negator N on [0, 1] is a decreasing mapping N:[0, 1] — [0, 1] satisfying
N(0) = 1 and N(1) = 0. Ns denotes the standard negator on [0,1] defined as Ng(x) = 1 —x for all x € [0,1].

Next, using fundamental notions above, we give a metric generalization on vector space in the sense of George and
Veeramani [2].

Definition 2.6. Let it and v are fuzzy sets from X x (0,00) 10 [0,1] such that u(x,1) 4+ v(x,t) < 1 forall x € X and t > 0. The
3-tuble (X, My, v,3) is said to be an L-fuzzy invariant metric space if X is a vector space, 3 is a continuous t-representable and
My v is a mapping from X x (0,e0) to L* satisfying the following conditions, for every x,y € X and t,s >0

(@) Myv(x,t) >+ Ors,
(b) My y(x,t) =1;+ if and only if x =0,
(©) Myv(x—y,1) =My y(y—x,t),
() Myy(x+yt+5) 2o S(Myy (x,1), My v (3:5)),
(€) My v(x,.):(0,00) = L* is continuous.
In this case, M}, v is said to be an L-fuzzy invariant metric on X. Here My, v (x,7) = (1(x,1),v(x,1)).

Example 2.7. Let (X, ||.||) be a normed space. Denote 3(a,b) = (a1by,min(az + by, 1)) for all a = (ay,a2),b = (b1,b2) € L*
and let [, v be fuzzy sets on X x (0,00) defined as follows:

ht" m||x]|| )

ht" +m||x|| " ht" 4+ m||x||

My y(x,1) = (u(x,1),v(x,1)) = <

forallt,h,m,n € R". Then (X,My v,3) is an L-fuzzy invariant metric space. If h=m =n =1 then (X,My v,3) is a standard
L-fuzzy invariant metric space. Also, if we define

MlL,V(xJ):(#(X,t),v(x,t)): ( t ||| >

t+mlx]|” ¢+ |lx]|
in which m > 1, then (X, My v,3) is an L-fuzzy invariant metric space in which My, v (x,t) <g+ 11+ for allx € X.

Definition 2.8. Let (X, M}, v,3) be an L-fuzzy invariant metric space.
Fort > 0, define the open ball B(x,r,t) with center x € X and radius r € (0,1) as

B(x,r,t) ={y € X : My y(x—y,1) > (Ns(r),r)}.

A subset A C X is called open if for each x € A, there exist r € (0,1) and t > 0 such that B(x,r,t) C A. Let Ty, , denote the
Jamily of all open subsets of X. Ty, , is called the topology induced by L-fuzzy invariant metric My, y.
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Definition 2.9. A sequence {x,} in an L-fuzzy invariant metric space (X,My v,3) is said to be Cauchy if for each € € (0,1)
and t > 0, there exists ny € N such that

M[J,v(xn _xmvt) >rx (NS(E)vs)

M
for each n,m > ny. The sequence {x,} is said to be convergent to x € X in X and denoted by x, S if My v (xy —x,1) = 17
whenever n — oo for every t > 0. An L-fuzzy invariant metric space is said to be complete if and only if every Cauchy sequence
is convergent.

The proofs of following two lemmas are similar from classical cases and omitted [2, 3].

Lemma 2.10. Let M, v be an L-fuzzy invariant metric. Then, for any t > 0, My, v (x,t) is non-decreasing with respect to t in
(L*, gL*)fOV all x € X.

Lemma 2.11. Let (X, M v,3) be an L-fuzzy invariant metric space. Then My, v is continuous function on X x (0, ).
Theorem 2.12. Every L-fuzzy invariant metric space is normal.

Proof. Let (X,M, y,3) be an L-fuzzy invariant metric space and F, G be two disjoint closed subsets of X. Let x € X. Then
x € G° since G° is open there exist #, > 0 and r, € (0,1) such that B(x,ry,t,) NG = & for all x € F. Similarly, there exist
ty>0and ry € (0,1) such that B(x, ry,t,) N\F = & for all y € G. Let s = min {ry, x,ry,1, }. Then we can find a so € (0,s) such
that 3((Ns(s0),50), (Ns(s0),50)) >1+ (Ns(s),s). Define U = UxerB(x,50,5/2) and V = UyecB(,50,5/2). Clearly U and V are
open sets such that F C U and G C V. Now, we claim that U NV = @&. Let z € UNV. Then there exist x € F and y € G such
that z € B(x, s9,s/2) and z € B(y,s0,s/2). Therefore, we have

Myy(x—y.s) = 1=S(Muy(x—2z,5/2),Muv(z—y5/2)
> 1+S((Ns(s0),50), (Ns(50),50)) >+ (Ns(s),s).

Hence y € B(x,s,s). Since s < t,, r, we have B(x,s,s) C B(x, ry,ty). Thus B(x, ry,#,) NG is nonempty which is a contradiction.
Therefore U NV = @. Hence X is normal. O

Remark 2.13. From the above theorem, we can easily deduce that every metrizable space is normal. Since every L-fuzzy
invariant metric space is normal, Urysohn’s lemma and Tietze extension theorem are true in the case of L-fuzzy invariant metric
space.

Definition 2.14. A function f from an L-fuzzy invariant metric space X to an other L-fuzzy invariant metric space Y is said to be
uniformly continuous if for givent > 0 and r € (0, 1), there exist ty > 0 and ro € (0, 1) such that My, v (x —y,t0) >r~ (Ns(70),70)
implies My, v (f(x) — f(y),t) >1+ (Ns(r),r)-

As usual by a compact L-fuzzy invariant metric space we mean an L-fuzzy invariant metric space (X, My v,3) such that
(X, 7m,,) is a compact topological space.

Theorem 2.15 (Uniform continuity theorem). If f is a continuous function from a compact L-fuzzy invariant metric space X to
an other L-fuzzy invariant metric space Y, then f is uniformly continuous.

Proof. Lett >0 and s € (0,1). Then we can find r € (0,1) such that S((Ns(r),r), (Ns(r),r)) >r+ (Ns(s),s). Since f :

X — Y is continuous, for each x € X we can find #, > 0 and r, € (0,1) such that My, v (x —y,t) >« (Ns(ry),rc) implies

My v (f(x) = f(),5) >r+ (Ns(r),r). But ry € (0,1) and then we can find s, € (0,r,) such that 3 ((Ns(sx),sx), (Ns(sx),8x)) >+

(Ns(ry),ry). Since X is compact and {B(x,sx,% :x € X} is an open covering of X, there exist xj,x2,...,x; in X such that
f;

X = Uf:]B(xi,sx” %) Put so = mins,, and fo = min 5", i = 1,2,....k. Forany x,y € X, if My, v (x — y,t0) >+ (Ns(s0),50), then
My v(f(x)—f(), %) >+ (Ns(sy;),Sx;). Since x € X, there exists a x; such that My, , (x — x;, %) >+ (Ns(sy,),sx,). Hence we

have My, v (f(x) — f(xi),5) >+ (Ns(r),r). Now
) M (=3, 5)

Myy(xi—ytg) > pS(Myy(x—x,
> 1rS((Ns(sx,),8x)s (Ns(8x):5%)) >0 (Ns(re ), 1)
Therefore My, v (f(xi) — f(y), 5) >+ (Ns(r),r). Now we have
t
2

Mu,v(f(x)_f(y)at) )

%

1Sy (f6) = F05). 5): My () = £ ).
1 S(NS(r).), (Ns(r),7)) >1 (Ns(s),5):

Hence f is uniformly continuous. O

%
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Remark 2.16. Let f be a uniformly continuous function from the L-fuzzy invariant metric space X to an other L-fuzzy invariant
metric space Y. If {x,} is a Cauchy sequence in X, then {f(x,)} is also a Cauchy sequence in'Y.

Theorem 2.17. Every compact L-fuzzy invariant metric space is separable.

Proof. Let (X,M, y,3) be the given compact L-fuzzy invariant metric space and ¢ > 0, r € (0,1). Since X is compact, there
exist x1,x2,...,X, in X such that X = U} 1B()c,<7i*,t). In particular, for each n € N, we can find a finite subset A, such that
X = UgeaB(a,ry, %) in which r, — Op+. Let A = U,cnA,,. Then A is countable. Now, we claim that X C A. For that let x € X,
then, for each n, there exists a, € A, such that x € B(ay, rn, %) Thus a, is converges to x. Since a,, € A, for all n then x € A.
Therefore A is dense in X, thus X is separable. O

Definition 2.18. Let X be any nonempty set and (Y,My, y,3) be an L-fuzzy invariant metric space. Then a sequence {f,} of
functions from X to Y is said to be converge uniformly to a function f from X to Y if for given r € (0,1) and t > 0, there exists
no € N such that My v (fu(x) — f(x),2) >« (Ns(r),r) for alln > ng and x € X.

Definition 2.19. A family F of functions from an L-fuzzy invariant metric space X to a complete L-fuzzy invariant metric space
Y is said to be equicontinuous if for given r € (0,1) and t > 0, there exists ro € (0,1) and to > 0 such that My, y (x —y,t9) >
(Ns(ro),ro) implies My v(f(x) — f(y),t) >+ (Ns(r),r) forall f € F.

Lemma 2.20. Ler {f,} be an equicontinuous sequence of functions from an L-fuzzy invariant metric space X to a complete
L-fuzzy invariant metric space Y. If { f,,} converges for each point of a dense subset D of X, then {f,} converges for each point
of X and the limit function is continuous.

Proof. Lets € (0,1)and > 0be given. Then we can find r € (0, 1) such that 32((Ns(r), r), (Ns(r),r), (Ns(r),r)) >+ (Ns(s),s).
Since F = {f,,} is an equicontinuous family, for given r € (0,1) and 7 > 0, there exist r; € (0,1) and #; > 0 such that for each
x,y € X, My y(x—y,t1) >1+ (Ns(r1),r1) implies My v (fu(x) = fu(y), 5) >1+ (Ns(r),r) for all f, € F. Since D is dense in X,
there exists y € B(a,ry,¢;) ND and {f,(y)} converges for that y. Since {f,(y)} is a Cauchy sequence, for given r € (0, 1) and
1 > 0, there exists ng € N such that My, v (f,(y) — fin(¥),§) >1+ (Ns(r),r) for all m,n > no. Now for any x € X, we have

M (o) = ful01) = S (M () = 50, ),

Mu,v(fn()’) — fn(y)s %)7M[J,V(fm(x) — fn(), %))

L*Sz((NS(r)vr)v (Ns(r),r),(NS(r),r))
- (Ns(s),s)

Hence {f,(x)} is a Cauchy sequence in Y. Since Y is complete, f,(x) converges. Let f(x) = lim, e f5(x). We claim that
f is continuous. Let 5o € (0,1) and #) > 0 be given. Then we can find that ry € (0, 1) such that 3%((Ns(ro),70), (Ns(r0), 7o),
(Ns(ro),r0)) >+ (Ns(s0),s0). Since F is equicontinuous, for given rg € (0,1) and g > 0, there exist r, € (0,1) and 1, > 0
such that My, (x — y,12) >1+ (Ns(r2),r2) implies My v (fu(x) = fu(¥),2) >1+ (Ns(ro),ro) for all f, € F. Since f,(x) converges
to f(x), for given ro € (0,1) and 7y > 0, there exists n; € N such that My v (f,(y) — f(x),2) >+ (Ns(ro),ro) for all n > ny.
Also since f;,(y) converges to f(y), for given ry € (0,1) and 19 > 0, there exists 7> € N such that My (fu(y) — f(7),2) >1+
(Ns(ro),ro) for all n > np. Now for all n > max{n;,ny}, we have

AR

My (f(x) = f(¥),00) = L*SZ(MM,V(f(x)_fn(x)ng)’

Mo (£(5) = Ful3). ) Moy (o) = £ 50, 9)

1:3*((Ns(ro), 7o), (Ns(ro), r0), (Ns(ro), 70))
> 1+(Ns(s0),50)-

%

Hence f is continuous. O

Theorem 2.21 (Ascoli-Arzela theorem). Let X be a compact L-fuzzy invariant metric space and Y be a complete L-fuzzy
invariant metric space. Let F be an equicontinuous family of functions from X to Y. If {fu} is a sequence in F such that
{fu(x) : n € N} is a compact subset of Y for each x € X, then there exists a continuous function f from X to Y and a subsequence
{gn} of {fn} such that g, converges uniformly to f on X.
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Proof. Since X is compact L-fuzzy invariant metric space, by Theorem 2.17, X is separable. Let D = {x;: i =1,2,...} be a
countable dense subset of X. By hypothesis, for each i, { f,(x;) : n € N} is compact subset of Y. Since every L-fuzzy invariant
metric space is first countable space, every compact subset of Y is sequentially compact. Thus by standard argument, we have a
subsequence {g, } of {/,} such that {g,(x;)} converges for each i = 1,2,... By Lemma 2.20, there exists a continuous function
f from X to Y such that g,(x) converges to f(x) for all x € X. Now we claim that g,, converges to f on X. Lets € (0,1) and ¢ >0
be given. Then we can find r € (0, 1) such that 32((Ns(r),r), (Ns(r),r), (Ns(r),r)) >+ (Ns(s),s). Since F is equicontinuous,
there exist r; € (0,1) and #; > 0 such that My, y(x —y,t1) >+ (Ns(r1),r1) implies My v (g, (x) —ga(y), §) >+ (Ns(r),r) for
all n. Since X is compact, by Theorem 2.15, f is uniformly continuous. Hence for given r € (0,1) and ¢ > 0, there exists
ry € (0,1) and 1, > 0 such that My, y (x —y,12) >+ (Ns(r2),r2) implies My v (f(x) — f(v), §) >1+ (Ns(r),r) forall x,y € X. Let
ro = min{ry,r,} and 7y = min{z,#, }. Since X is compact and D is dense in X, X = Uf.‘le(x,-, ro,tp) for some finite k. Thus for
each x € X, there exists i, 1 <i <k, such that My, v (x —xi,70) >+ (Ns(ro),ro). But since ro = min{r(,r,} and ro = min{z,, 5},
we have, by the equicontinuity of F, My v(gn(x) — ga(xi),5) >1+ (Ns(r),r) and also we have, by the uniform continuity of
fs My y(f(x) = f(xi), %) > (Ns(r),r). Since g,(x;) converges to f(x;), r € (0,1) and ¢ > 0, there exists ny € N such that
My v(gn(xj) — f(x;), %) >+ (Ns(r),r) forall j=1,2,...,n. Now, for each x € X, we have

M (800 = F(01) = 18 My (0(0) = 8a(x). ),
t

M (nlx) = £(5), 3)s M (F50) = £, 5)

> L*Sz((NS(r)vr)»(NS(r)7r)7(NS(r)vr))
> 1+(Ns(s),s).
Hence g, converges uniformly to f on X. O

3. Conclusion

The aim of this paper is to introduce L-fuzzy invariant metric space, and to generalize Uniform continuity theorem and
Ascoli-Arzela theorem for this space. Aside from their numerous applications to Partial Differential Equations such as existence
theorems in differential and integral equations, and Lorentzian Geometry such as guaranteing convergence to isometry using
Lorentzian analogues, these results can be also used as a tool in obtaining Functional Analysis results such as compactness for
duals of compact operators, conformal mapping and extremal problems in complex variable theory.
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In this paper, bicomplex Pell and bicomplex Pell-Lucas numbers are defined. Also, negabicomplex Pell and
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1. Introduction

Bicomplex numbers were introduced by Corrado Segre in 1892 [1]. G. Baley Price (1991), presented bicomplex numbers based
on multi-complex spaces and functions in his book [2]. In recent years, fractal structures of these numbers have also been
studied [3] . The set of bicomplex numbers can be expressed by the basis {1,i,j,i;j} as,

C={g=q1+igx+jgz+ijas | 91,92,93,94 € R} (1.1)

or

Co={q=(q1+ig2) + j(q3 +iqs) | 91,92,93,94 € R} (1.2)

where i,j and ij satisfy the conditions

2=—1, ?=—1,ij=ji

Thus, any bicomplex number ¢ is introduced as pairs of typical complex numbers with the additional structure of
commutative multiplication (Table 1).

A set of bicomplex numbers C, is a real vector space with addition and scalar multiplication operations. The vector space
C, equipped with bicomplex product is a real associative algebra. Also, the vector space together with the properties of
multiplication and the product of the bicomplex numbers are a commutative algebra. Furthermore, three different conjugations
can operate on bicomplex numbers [3], [4], [5] as follows:
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Table 1. Multiplication scheme of bicomplex numbers

x 1 i ij
T 1 i j ij
T TS T | R
[ S
iji ij 4 4 1

q=qi+iga+jg3+ijqa=(q1+ig)+j(qs +igqs), g € Ca
qi" = q1 —iq2 + jg3 —ijqs = (q1 —iq2) + j (g3 — iqa),
q;" = q1 +iqx — jg3 —ijgs = (q1 +iq2) — j(q3 +iqa),
qij" = q1 —iq2 — jq3 +ijqs = (q1 —iq2) — j (g3 — iqa).

and properties of conjugation

)(q") =q,

2)(q192)" = 2" q1”, q1,92 € Cy,

N +q)" =aq1" +q2",

4)(Aq)" =2rq",

SYAqituq) =Aq" fug", A,peR.

Therefore, the norm of the bicomplex numbers is defined as

Ny; = lla < ai"|| =\/|q%+¢1%—61%—‘1421+21(‘1143+‘1204)|v

Nyj = [laxa;7]] :\/|q% ~ B+ G g3+ 2i(q192+ 430) .

Noij = laxais”|| :\/‘q%+‘13+‘1§+qi+2ii(€11%*612613)\.

Pell numbers were invented by John Pell but, these numbers are named after Edouard Lucas. Pell and Pell-Lucas numbers
have important parts in mathematics. They have fundamental importance in the fields of combinatorics and number theory

[61.[71.[8].[9].

The sequence of Pell numbers

1,2,5,12,29, 70, 169, 408, 985, 2378,... Py, ...
is defined by the recurrence relation
Py =2P 1 +Pa, (n>2),

with Py =0,P =1.

The sequence of Pell - Lucas numbers

2,6, 14, 34, 82, 198, 478, 1154, 2786, 6726,...,0,,...

is defined by the recurrence relation
Qn = 2Qn71 +Qn72 bl (n Z Z)a
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with Qg =2,01=1.
Also, the sequence of modified Pell numbers

1,3,7,17, 41, 99, 329, 577, 1393, 3363,... ,qx,---
is defined by the recurrence relation
Gn =2qn1+qn—2, (n>2),
withgo =1, =1.

Furthermore, we can see the matrix representations of Pell and Pell-Lucas numbers in [1]-[3],[5], [8]. In 2018, Catarino defined
bicomplex k-Pell quaternions in [10].

Also, for Pell, Pell-Lucas and modified Pell numbers the following properties hold:[6],[7],[8],[9]

PuPos1+ Ba1Pn = Bain s

PuPyi1 —Puy1By = (=1)" Py,

PuPy— PuirPar = (—1)"" Pusron Py,

OnQn = Qs Qnr = 8(=1)""" Py Py,

PriPri — Py = (—1)",

P} + Pl =Py,
iy = Py =2Pu,
2Pys1 Py — 2Py = P,
B+ Py =5Pu3,

Popy1 4Py =2P; —2P; — (—1)",

R AT QT%,
Pop1+ P11 =0,

By On =Py,

On =24n,

Por1 =P =¢qn,

Por1+ Py = gnt1,

and for nega Pell and pell-Lucas numbers the following properties hold,
Po=(=1)"""F,

Q—n = (_l)n Qn

In this paper, the bicomplex Pell and bicomplex Pell-Lucas numbers will be defined. The aim of this work is to present in a
unified manner a variety of algebraic properties of both the bicomplex numbers as well as the bicomplex Pell and Pell-Lucas
numbers and the negabicomplex Pell and Pell-Lucas numbers. In particular, using three types of conjugations, all the properties
established for bicomplex numbers are also given for the bicomplex Pell and Pell-Lucas numbers. In addition, d’Ocagne’s
identity, Binet’s formula, Cassini’s identity and Catalan’s identity for these numbers are given.
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2. The bicomplex Pell and Pell-Lucas humbers
The bicomplex Pell and Pell-Lucas numbers BP, and BPL, are defined by the basis {1, i, j,ij} as follows

CY ={BP, =P, +iP, 1+ jPu2+ijP.3|P,,

2.1
n—thPellnumber,n =0,1,...}.
and
€3 = {BPLy =0y +iQui1 +j Ons2 +1j Qs3] On, 0
n —thPell — Lucas number,,n=0,1,...} '
where i, j and i j satisfy the conditions
2=—1, 2=—1,ij=ji
The bicomplex Pell and bicomplex Pell-Lucas numbers starting from n = 0, can be written respectively as;
BPy=0+1i+2j+5ij, BPy=1+2i+5j+12ij, BP, =2+5i+12j+29ij,...
BPLy=2+2i+6j+14ij, BPLi =2+46i+14j+34ij,
BPL, =6+ 14i+34j+82ij,...
Let BP, and BP,, be two bicomplex Pell numbers such that
BP, :Pn+iPn+l +an+2+ian+3
and
BPyy =P+ iPpt1+j Pnt2+ijBuis3.
Then, the addition and subtraction of these numbers are given by
BP,£BPy = (Py+iPyi1+ jPor2+ijPuss3)
:t(Pm + iPm+1 +ij+2 + iij+3)
= (Pnipm) +i(Pn+l ipm-&-l) +j(Pn+2iPm+2)
‘Hj (Pn+3 j:Per3)-
The multiplication of a bicomplex Pell number by the real scalar A is defined as
ABP, = AP, +iAPy1+ jAP 2 +ijAP, 3.
The multiplication of two bicomplex Pell numbers is defined by
BPn X BPm = (Pn +iPn+l +an+2+ian+3)
(Pm+iPm+l +ij+2+iij+3)
= (Pan - Pn+1Pm+l - Pn+2Pm+2 +Pn+3Pm+3)
+i (PanJrl + PnJrIPm - Pn+2Pm+3 - Pn+3Pm+2)
+j (Pnpn1+2 +Pn+2pm - Pn+11)1n+3 - Pn+3pm+1)
+l] (PnP)n+3 +Pn+3Pm +Pn+le+2 +Pn+2Pm+l)
= BP, x BP,.
The conjugation of the bicomplex Pell numbers is defined in three different ways as follows
(BPy)j =Py —iPyy1+ jPui2 —ijPy3, (2.3)

(BPn)j':Pn+iPn+l_an+2_ian+3a (2-4)
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(BP,)f; = Py — Pyt — jPa2 +1jPuys. 2.5)

Theorem 2.1. Let BP, and BP,, be two bicomplex Pell numbers. In this case, we can give the following relations between the
conjugates of these numbers:

(BPy X BPy)i = (BPw)f X (BPy)] = (BPy)} X (BPy)},
(BPy X BPy)5 = (BPy)% x (BPy)% = (BP,)" x (BPy)’,
(BPy X BPy){; = (BPw);; < (BPy)i; = (BPy);; % (BPw);;.
Proof. Tt can be proved easily by using (2.3)-(2.5). O

In the following theorem, some properties related to the conjugations of the bicomplex Pell numbers are given.

Theorem 2.2. Let (BP,);, (BP,); and (BPy);; be three kinds of conjugation of the bicomplex Pell numbers. The following
relations hold:

BPy x (BPy); = 2(— Qo3+ jPus3), (2.6)

BP, x (BP");': (P,%—P}12+1+P2+2—Pnz+3)

+4i(Pauy3 +P:Pn+l)7 @7
BP, X (BP,)fj= 6Pyy3+4ij(—1)""", (2.8)
BP, x (BP,)f + BP,_1 x (BP,_1)f = —2(8Py 2+ jOumi2), (2.9)
BPy X (BPy)+ BPy 1 X (BPy1)5 = 12(—Pai2+ iPo12), (2.10)
BP, x (BPy);j+ BPy_1 X (BPy1);;= 6Qami2. @.11)

Proof. (2.6): Using (2.1) and (2.3) we get,

BP, x (BP,); = (P712+Pr%+.1_Pnz+2_Pnz+3)
+2j (P Piy2+ Pot1 Poy3)
= Pur1—Puys+2jPuys

= 2(= Qw3+ jPus3)
(2.7): Using (2.1) and (2.4) we get,

BP, x (BP,);= (P =P +Pr,—Fis)
+2i(PnPn+1 +Pn+2Pn+3)
= (Pr%_Pr?Jrl +P;12+2_P112+3)
+4i(Popy3 + Py Poy).

(2.8): Using (2.1) and (2.5) we get,

BP, x (BP,);;= (Bi+P +Pl,y+Prs)
+2ij(PyPoy3 —Poy1 Buy2)
= (Pus1 +Poys) +4ij(=1)"!
= 6Py +4ij(—1)"t
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(2.9): Using (2.6) we get,

BPn X (BPn):K + BP,,,] X (BPnfl);'k - _2[(Q2n+3 + Q2n+l)
—j (Pons3+Pont1) ]
= —2(8Py2— jOuy2)

(2.10): Using (2.7) we get,

BP, x (BP,)i+ BP, 1 % (BP, 1) = (P} —Fi ;)
+4i (Pn Qn + Q2n+2)
= —12Py2+4i(3Pons2)
= —12(Puy2— iPoyi2).
(2.11): Using (2.8) we get,

BP, x (BPn)?j+BPn—l X (BPn—l);‘Kj: 6(P2n+3+P2n+1)
41"+ (=1)7]
= 602

Therefore, the norm of the bicomplex Pell number BP, is defined in three different ways as follows

Ngp,; = ||BPy x BP;i|| = /2] — Qo3+ j Poans3 |,

Nap, ; = ||BPnXBPZj||
= (B2 = B2+ P2y — B2,3) +4i(Panga + By P

Ngp,;; = ||BPyx BP%; || = \/|6Qanr3 +4ij (—1)"1].
J J

2.12)

2.13)

Theorem 2.3. Let BP,, and BPL,, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.The following relations

hold:

BP,, BP, +BPm+1 BPthl = 4(Qm+n+4 - iQm+n+4
—J Ponta+1j Pognta )7

(BP4)* = 4Py —4iPyi3+2) (Pt — 6Py, )
+2ij (6P, Py +2Pys1),

(BPH)2 + (BP11+1 )2 = 4 ( Q2n+4 - iQ2n+4 - jP2n+4
+ijPousa),

(BPy+1)> — (BPyo1)? = —4(Popt1 +2iQopi3 +2j Ponis
+2ijP2n+3 )

BP, —iBPpy1+ jBPyi2 —ijBPpy3 = 4(_4Pn+3 +an+3)7

BPn_iBPn+l _jBPn+2_ijBPi1+3 = Z(QnJrl _Pn+5+iPn+5
+an+4_ian+3)'

2.14)

(2.15)

(2.16)

2.17)

(2.18)

2.19)
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Proof. (2.14): By the equation (2.1) we get,

BPyBP, + BPp+1BPyy1 = (PernJrl — Butn+3 — Pnynsts
+Pm+n+7)
+2i (Pm+n+2 - Pm+n+6)
+2j (Bn+n+3 - Pm+n+5)
+2ij (2P1n+n+4)
= 4 (Qm+n+4 - iQm+n+4 - ij+n+4
+iij+n+4)'

(2.15): By the equation (2.1) we get,

(BP,)? = (B; =Pl —Ply+Pr3) +2i(PPiyt — P2 Puys)
+2j (Pu Put2 = Pt Pug3) + 21 j (Py Pugs + Pat1 Pui2)
= 4Pyi3—4iPyi3+2j(Pys1 — 6P )

+2l](6PnPn+1 +2P2n+]).

(2.16): By the equations (2.1) and (2.14) we get,

n

+2i(P2n+2 _P2n+6) +2j (P2n+3 _P2n+5)
+2ij(2Pon+4)
= 4(Qui4—iQmia— jPopia+ijPuys).

(BPy)?+ (BPys1)? = (P2—P?,+P2,—P2,)

(2.17) By the equations (2.1) and (2.14) we get,
(BPyy1)>— (BPy_1)>= (P}, — P2, +P}—P2,)
+2i[2(Pony1 — Pruys)]
+2j (Pant3 — 5P+ 3)
+2i j[4(qan+2 + Pont2)]
2(Pyy — Popi2) +2i (=4 02ny3)
+2j (_4P2n+3) +2ij (4P2n+3)
—4(Pops1 +2i02013+2jPony3
+2 ijP2n+3 )

(2.18): By the equation (2.1) we get,

Bpn_iBPn+1 _jBPn+2_ijBPn+3 = (Pn+Pn+2+Pn+4_Pn+6)
+21 (Prys) +2 (Para)
—2ij(Put3)
= 7(4Pn+l+Pn)+2iPn+5
+2jPoa — 20 jPyys.

(2.19): By the equation (2.1) we get,

BP,—iBP, 1 — jBP, 2 —ijBPyi3= (P,+Pi2+Piia—Pyis)
+2i(Pn+5)+2j(Pn+4)
—2ij(Puy3)
= 7<4Pn+l +Pn) +2iPys
+2jPita—2ijPuts.

O

Theorem 2.4. (d’Ocagne’s identity). For n,m > 0 d’Ocagne’s identity for bicomplex Pell numbers BP, and BP,, is given by

BP,,BP,y1 —BPy1BP, = 12(—=1)"Py_,(j+ij).

(2.20)
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Proof. (2.20): By the equation (2.1) we get,

BP,,BP,.| —BP,. BP,= (—1)"P,_,(0)
+i(=1)"(Byn_1(0)
+2J.(_1)H(Pm—n—2 +Pm—n+2)
+ij(*1)n[(*Pm7n73 +Pm7n+3

+Pn—n-1 _menJrl )]
= 2j(=1)" (6Pm7n)
+ij(_1)n6(Pm7n71 _mef’l+1 )
12(=1)"Pun (j+ +ij).

O

Theorem 2.5. Let BP, and BPL, be the bicomplex Pell number and the bicomplex Pell-Lucas numbers respectively. The
following relations are satisfied

BP,,\+ BP,_, = BPL,, (2.21)
BP,.1 —BP,_, = 2BP,, (2.22)
BP,.»+ BP, > = 6BP,. (2.23)
BP,.»—BP, > =2BPL,, (2.24)
BP,.1 +BP, = %BPL,,H, (2.25)
BP,. —BP, = %BPL,,, (2.26)
BPL,.\ +BPL,_| =4BP,, (2.27)
BPL,,| —BPL, | = 2BPL,, (2.28)
BPL,.>+BPL,_» = 6BPL,, (2.29)
BPL,.» —BPL, » = 8BP,, (2.30)
BPL,,| +BPL, =4BP,,, (2.31)

BPL, 1 —BPL, =4BP,. (2.32)
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Proof. (2.21):By the equation (2.1) we get,

BPyi1+BPy1 = (Puy1+P1) +i(Poya+P)
+j (Pn+3 +Pn+1) +ij(Pn+4+Pn+2)
= (Qn+iQn+l+an+2+ian+3)
= BPL,,

(2.22): By the equation (2.1) we get,

BPy1 —BPy 1= (Poy1—Pi1) +i(Po2—F)

+j (Put3 = Pay1) +ij (Pora — Pay2)
2(Py+iByi1 + P2 +ijPuy3)
2BP,,.

(2.23): By the equation (2.1) we get,

BPn+2 +BP, = (PI1+2‘|‘Pn—2)+i(Pn+3 +Pn—l)
+j(Pusa+PBy) +ij(Pys+Pis1)
= 6(Pn+ipn+1+jpn+2+ijpn+3)
6BP,,.

(2.24): By the equation (2.1) we get,

BPn+2 - BPn72 - (Pn+2 _Pan) +i(Pn+3 _Pnfl)
+j (Pn+4 *Pn) +ij(Pn+5 *PnJrl)
= 2(Qn +iQn+1 +an+2 +ian+3)
2BPL, .

(2.25): By the equation (2.1) we get,

BP, +BP,= (Pup1+P,)+i(Pr2+Fur1)

+Jj (Pn+3 +Pn+2) +ij (Pn+4 +Pn+3)
(qn+l +igni2+jgni3+ ij‘]n+4)
1 (Qn+1 + iQnJrZ +an+3 + ian+4)
IBPL,

where the property (1.17) of the modified Pell number is used.
(2.26): By the equation (2.1) we get,

BP, 1 —BP, = (Pn+l _Pn)+i(Pn+2_Pn+1)
+j(Pn+3*Pn+2)+ij(Pn+4*Pn+3)
= (qn+igni1+jqni2+ijqni3)
5 (0 +iQui1 +jOnr2+1jQns3)
= 3BPL,

where the property (1.17) of the modified Pell number is used.
(2.27): By the equation (2.2) we get,

BPL,y1+BPL, 1 = (Qni1+0n-1)+i(Quni2+0On)
+j (Qn+3 + Qn+1 ) + ij (Qn+4 + Qn+2)
= 4Py +iPy1+jPi2+ijPy3)
4BP,,.

(2.28): By the equation (2.2) we get,

BPLn-H —BPL, ;= (Qn-H _Qn—l) +i(Qn+2 - Qn)

+j (Qn+3 - Qn+l) + ij (Qn+4 - Qn+2)
2 (Qn + iQn+1 +an+2 + ian+3)

= 2BPL,
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(2.29): By the equation (2.2) we get,

BPLn+2 +BPL, > = (Qn+2 + Qn—2) +i (Qn+3 + Qn—l)
+j (Qn+4 + Qn) + ij (Qn-‘rS + Qn+l)
= 6(Qn+iQn+1 +an+2+ian+3)
= O6BPL,.

(2.30): By the equation (2.2) we get,

BPLn+2 —BPL, » = (er+2 - Qn—Z) +i(Qn+3 - Qn—l)
+j (Qn+4 - Qn) + ij (Qn+5 - Qn+l)
S(Pn+ipn+l +an+2+ian+3)

= &8BP,.

(2.31): By the equation (2.2) we get,

BPLy1 +BPLy = (Qny1+ Q) +i(Qni2+0Ont1)
+] (Qn+3 + Qn+2) + l] (Qn+4 + Qn+3)
= AP +iPo+jPiy3+ijPia
- 4BPn+1.

(2.32): By the equation (2.2) we get,

BPLn+1 *BPLn = (Qn+l - Qn) +i(Qn+2 - Qn+1>
+j (Qn+3 - Qn+2) + ij (Qn+4 - Qn+3)
= 4Pn+ipn+1+jpn+2+ijpn+3
= 4BP,.

Theorem 2.6. If BP,, and BPL, are bicomplex Pell and bicomplex Pell-Lucas numbers, respectively. For n > 0, the identities
of negabicomplex Pell and negabicomplex Pell-Lucas numbers are

BP_,= (—1)""'BP,+(—1)"Q,(i+2j+5ij). (2.33)
and

BPL_,= (—1)"BPL,+8(—1)""'P,(i+2j+5ij). (2.34)
Proof. (2.33): Using the identity of negapell numbers P_, = (—1)"' P, we get

BP_p= P_p+iP pp1+ jPpi2+ijP pis
= P,+ iP—(n—l) +jP—(n—2) + ijP—(n—S)
= ()" P +i(-1)"P+j(-1)"P,
+ij(_1)n72Pn73
= (1) (Pi+iPu1+ jPi2+ijPui3)
—i (=1 Py = (= 1) Py —ij (1) Pays
+i(=1)"P (=) P, s 4ij (1) P 3
(=)™ BPy 4+ (=1)" (P14 Poo1) i
_|_(_1)n (Pn+2 _Pn72)j+ (_1)” (Pn+3 +Pn73)ij
(=)™ BP, + (=1)"Q, (i +2j +5ij)

(2.34): Using the identity of negapell-Lucas numbers Q_, = (—1)"Q,, we get
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BPLfn - an + iQ7n+1 + jQ—n+2 + ijQ7n+3

= 04 +i0 - 1)+JO (n2)+ijO (n3)

= (=D)"Qu+i(—1D)" ' Qp 1 +j(-1)"2Qu
+ij(=1)" 0ns

= (=) (Qn+iQui1 + jOni2+1ijOnt3)
_i(_l)n QnJrl _j(_l)n Qn+2
_ij(_])n Qn+3
+i(_1)n71 Qn—l +j(_1)n Qn—2
+i]‘(71)”71 Qn73

= (=1)"'BPL, 4+ (—1)"" (Quy1 +0Qn1)i
+(_1)n+1 (QnJrZ_anZ)j
+(_1)n+1 (Qn+3 +Qn73)ij

= (=1)"BPL,+8(—1)""'B, (i +2j +5ij)

O

Theorem 2.7. Binet’s Formula. Let BP, and BPL,, be the bicomplex Pell and bicomplex Pell-Lucas numbers respectively. For
n > 1, Binet’s formula for these numbers are as follows:

1 A~ R RN

and

BPL,= 0. o + 3 B" (2.36)
where 0 =1+ia+jol+ijod, a=1+v2and B=1+iB+jp*+ijB> B=1-V2
Proof. (2.35):

BP, = Pn+l'Pn+1+].Pn+2+ian+3

- (Z"*ﬁn . an+1 7ﬁn+] . an+27ﬁn+2 . (X”+37ﬁ'1+3
- ap a—p oa—p a—p
_a'(tia+jol+ijod ) (1+iB+jB>+ijB?)

= - op

_ Goa"-pp"

= ap

and (2.36):

BPL, = Qn+iQ11+l+an+2+ian+3
an+Bn+i(ar1+l+Bn+l)+j(an+2+Bn+2)+ij(an+3+ﬁn+3)
= o"(1+ia+jo?+ijo’)+B"(1+if+jB>+ijB?)

= ao'+fpr.

Binet’s formula of the bicomplex Pell number is the same as Binet’s formula of the Pell number [7]. O

Theorem 2.8. Cassini’s Identity Let BP, and BPL, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.
For n > 1, Cassini’s identities for BP, and BPL,, are as follows:

BP, | BP, | —BP2>=12(—1)"(j+1ij) (2.37)
and

BPL, | BPL, .| —BPL2 =8.12(—1)""' (j+ij). (2.38)
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Proof. (2.37): Using (2.1) we get

BPy 1 BPy1 — (BPy)* = (Pt +iPy+ jPosi 41 Puy2)
(Pn+l+iPn+2+an+3+ian+4)
_[Pn+iPn+l+an+2+ian+3]2

= [(PnfanH _Pr%)
_(PnPn+2+Pnz+1)
_(Pn+1Pn+3 _P;%+2)
+(Pn+2Pn+47Py%+3)]
Fi[(Poy2Pi1 — Bor1Pn)
~(PuyaPoy1 — Puy3Poi2)]
+i [ (Poy1Pos1 — PuPri2)
—(Pur2Puy2 = Puy1Poy3)
+(Pn+3pnfl 7Pn+2Pn)
_(Pn+4Pn_Pn+3Pn+1”
+ij(PrH»étpnfl *Pn+3Pn>
= 12(=1)"(j+ij).

(2.38): Using (2.2) we get

BPLy1 BPLys1 — (BPLy)* = (Qu-1 +iQn+jQus1 +ijOni2)
(Qn+1 + iQn+2 + an+3 + ian+4)
_[Qn + iQnJrl +an+2 + ij Qn+3]2

= [(Qn10nt1—05)
+(Q%+1 - Qn+2Qn)
+(Qﬁ+2 - Qn+3Qn+1)
+(Qn-+—4Qn+2 - Q£+3)]
+i [(QnJrZanl - QnJrlQn)
+(Qn+3Qn+2 - Qn+4Qn+l)}
+j[(Qn+lQn+l - QnQn+2)
+(Qn+1Qn+3 - (Qn+2Qn+2)
+(Qn+3Qn71 - Qn+2Qn>
+(Qn+3 (QnJrl - Qn+4Qn)]
+l.j(Qn-MQn—l - Qn+3Qn)
= 8.12(=1)"T(j+ij).

where the identities of the Pell and Pell-Lucas numbers P, Pyr1 — Byr1 Py = (—1)"Pp—y and Qp Oni1 — Om+10n =
8(—1)"*1p,_, are used. O

Theorem 2.9. Catalan’s Identity. Let BP, and BPL, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.
Forn > 1, Catalan’s identities for BP,, and BPL,, are as follows

(BP,)* —BP,,, BP, , = 12(=1)""P2(j+ij), (2.39)
and
(BPL,)* —BPL,, BPL, ,=8.12(=1)"""P2(j+ij). (2.40)

respectively.
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Proof. (2.39): Using (2.1) we get

BP; —BP,BP, = [(P;— P P )
( +1 - n+r+1Pn r+1)
( n+2 n+r+2 Pn r+2)
+( n+3 Pn+r+3 Pn—r+3)]
‘H[(P Pn+l PnJrrPnfrJrl)
_(P11+2 Rl+3 - Pn+r+2 Pn—r+3)
+(Pn+l P — Pn+r+l Pnfr)
_(Pn+3 Pn+2 - Pn+r+3 Pn7r+2)]
+j [(Pn Pn+2 - Pn+rPn7r+2)
_(Pn+l Pn+3 - Pn+r+l Pn7r+3)
+(Pn+2 Py —Pyiri2 Pn—r)
—(Pu3 Por1 — Pori3 Pori1)]
+ij[(PnPn+3 - Pn+rPn—r+3)
+(Pat1 Put2 — Potrt Pa—ri2)
+(Pn+3 P — Pn+r+3 Pnfr)
+(Pur2 Purt — Pors2 Pa—ri1) ]
= (=1)"TP2(0+0i+12j+12i))
= 12(=1)""P2(j+ij).

(2.40): Using (2.2) we get

(BPL,)*> —BPLy 1 BPLy, = [(Q%—QuirQnr)

_(Q1%+1 - Qn+r+1 anrJr])
- (Qﬁ+2 = Ontri2 Qn—r+2)
+(02, 53— Ontr43 Onrs3)]

+i [ (Qn Qn+1 - Qn+r Qn7r+l)
- (Q11+2 Qn+3 - Qn+r+2 Qn—r+3)
+(Qn+l Qn - Qn+r+l anr)
- (Qn+3 Qn+2 - Qn+r+3 Qn7r+2)]

+.] [ (Qn Qn+2 - Qn+r Qn7r+2)
(Ql’l+1 Qn+3 - Qn+r+l Qn7r+3)
+ (Qn+2 Qn - Qn+r+2 anr)
~(0n+30n+1 = Ontr+3 On—rs1) ]
+i [(Qn Qn+3 - Qn+r Qn7r+3)
(On+1OQnt+2 = Ontri1 On—ri2)
(Qn+3 Qn - Qn+r+3 anr)

(Qn+2 QnJrl - Qn+r+2 Qn7r+1 ) }

8(—=1)""P2(04+0i+ 12 j+121i )
8.12(— 1) P2 (j+ij).

J
+
4
4

where the identities of the Pell and Pell-Lucas numbers are used as follows,

PmPn*Pm-HPn—r: ( l)nir m-+r— nPr;

PnPnfpnfrPnJrr: ( )n er
Qan_Qerranr: ( l)n erlPm+r nPrv
0nOn—0nr Qn+r = ( )n rl P2

3. Conclusion

In this study, a number of new algebraic results on bicomplex Pell and bicomplex Pell-Lucas numbers are derived. Also,
negabicomplex Pell and negabicomplex Pell-Lucas numbers are given. Furthermore, d’Ocagne’s identity, Binet’s formula,
Cassini’s identity and Catalan’s identity for these numbers are generated.
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Abstract
The regular, real-valued solutions of the second-order elliptic partial differential equation

827F+327F+2a+18i 2ﬁ+lai—0aﬁ>;1
dx2 = dy? x dy y ox

2
are known as generalized bi-axially symmetric potentials (GBSP’s). McCoy [1] has showed that the rate at which

approximation error Egi (F;D),(p > 2,D is parabolic-convex set) tends to zero depends on the order of GBSP F
and obtained a formula for finite order. If GBSP F is an entir%function of infinite order then above formula fails to
give satisfactory information about the rate of decrease of E;" (F;D). The purpose of the present work is to refine
above result by using the concept of index-g. Also, the formula corresponding to g-order does not always hold for
lower g-order. Therefore we have proved a result for lower g-order also, which have not been studied so far.

Keywords: Parabolic-convex set, Index-q,g-order, Lower g-order, Generalized bi-axially symmetric potentials
and elliptic partial differential equation
2010 AMS: Primary 30E10, Secondary 41A15

1. Introduction

The linear second order elliptic partial differential equation is given in the form

82F+82F 204+10F 2p+10F _ P

0x2  0y? x dy y ox 27
which are in x and y cf. Gilbert [2]. A polynomial of degree n which is even in x and y is said to be a GBSP polynomial of
degree n if it satisfies (1.1). A GBSP F that is regular about origin can be expanded as

Flx,y) =Y aRi™P) (x,),
n=0

(1.1

where
REP (ey) = (@42 B (2 =) /(@ +3) /AP (1).n = 0,1,2,...
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and P,ﬁ“’ﬁ ) (¢) are Jacobi polynomials. Various authors such as Srivastava [3], McCoy [4], Kumar and Basu [5], Kumar and
Bishnoi [6], Harfaoui [7], Kumar [8], Kadiri and Harfaoui [9], Kasana and Kumar [10]-[12] and Kapoor and Nautiyal [13]
studied the growth and L,-approximation of regular real-valued solutions of certain elliptic partial differential equations but our
results are different from these authors.

There are so many applications of the solutions of (1.1) in several areas of mathematical physics, for example, its solutions
arise in the Maxwell system for the modelling of electric or magnetic n-poles, potential scattering, in quasi-stationary (time
independent)diffusion processes and as the initial data for parabolic partial differential equations.

Let D be a certain open set that is symmetric about the origin with Jordan boundary. We define the p-norm on D as:

1 1
I, = (= |Pdxd 1,00),|[-]|eo = sup .|, | 1]|, = 1.
o= [ [ sy p e [1.eo). L = supLL 1],

The space LP(D) of real-valued GBSP given by (1.2) is regular and even on D with finite p-norm and the space I”(D) of
associated functions

f@)=Y ad, (1.2)
n=0

where
R (z,0)=2"n=0,102,...

is analytic on D with finite p-norm. McCoy [1] developed a pair of integral transforms that are one to one maps between the
space L” (D) of real-valued GBSP F and the space [” (D) of associated f as:

Fle) = Kap(D) = [ [ £(0)kaple,spnas,

72 =12 (x,0,t,5) = x> —y* % + 2ixyt coss,

where
ko p(t,s) = Vg p(1—12)% P 12P+ (sin )2

and

(1-7)

. o+B+2 a+pB+3
JO{,ﬁ(Taé) :na,ﬁ (1+T)a+B+2 . .

2 ’ 2 ’

21(1+48)
T (1+1)?

x F|

B+1 I

Let us consider the set D which is parabolic-convex, that is,
(xtiy)? €D & (&) 4P(P —1?) SE <P} GD
or equivalently,
(x+iy) €D {(E,n): E4+in =1 (x,01,5),0<r<1,0<s< 7} CD.

For example:D = A: x> +y*> < lorD = {(&,7n) : || < 1,|n| < (1 +§2)%}
Now we define optimal approximation errors as :

EY =EL (F;D)=min{||F —H|, : H € P>},

egn :elz’n(f;D) =min{||f—h||p,:h € pon},n=0,1,2,...,

where Py, = {Kq g(h) : h € pau}, and po, = {):Z:()akz% s ag(real),0 < k <n}.
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McCoy [1, p.465] proved that

P
: W(F-D) —
nlgroloEZH (F;D)=0 (1.3)
if and only if, F is the restriction of an entire GBSP (analytic) function to D. McCoy [14] showed that a GBSP F is the
restriction of an entire GBSP (analytic) function to D if and only if the K, g associate f is the restriction of an entire (analytic)
function to D. And when the growth of an entire GBSP function with associate f is measured by order p = p(F) and type
T = T(F) which are defined as in analytic function theory by

loglog M, (F . logM,(F
p = limsup oglog ML) ( ),T = limsup oe¥AL) ( ),
F—so0 logr F—yo0 rP

where
M, (F) = sup{|F (x,y)| Xy < r2},

then p(F) = p(f) and T(F) = T(f). p
For an entire F, (1.3) does not give any clue as to the rate at which E;” (F;D) tends to zero. McCoy [1, p.467] has showed
that this rate depends on the order of GBSP F. Moreover, he proved that

20l
limsup — 22" _ p(F) (1.4)

n—se log[Eé,nl(F)]

where p (F) is the nonnegative real number if and only if, F is the restriction of an entire GBSP (analytic) function to D of order
p.
However, if GBSP F is an entire function of infinite order, then (1.4) fails to give satisfactory information about the rate of
A
decrease of E;" (F; D). The purpose of the present work is to refine the result of McCoy [1, p.467] by using the concept of
index of an entire function introduced by Sato [15, p.412] to the function of infinite order.
Thus, if
losd M.(F
plq) = limSUPLr(), >2
r—yoo logr
where log” M,(F) = M,(F) and logl? M, (F) = log(logl*"") M, (F)), then GBSP F is said to be of index-q if p(g— 1) = oo
while p(g) < eo. If GBSP F is of index-g we shall call p(g) the g-order of F. Analogous to lower order, the concept of lower
g-order can be introduced. Thus GBSP F, that is an entire function of index-g, is said to be lower g-order A(q) if
log M, (F)

A(g) =liminf =———= ¢ >2
oo logr

2. Auxiliary results

In this section we shall prove some lemmas which will be useful in the sequel.

Lemma 2.1. Ler f(2) = Yoo anz" be an entire function of index-q(> 2) and lower q-order A(q) and let v(r) denote the rank
of the maximum term W(r) for |z| = r,i.e. u(r) = max,>o{|an|r"} and v(r) = max{n: u(r) = |an|r"}.
Then

logla=1y, lg]
A(g) = timinf 28 V1) i i 108 T A0
r—ye logr r—oo logr
Proof. The proof follows on the lines of Whittaker [16, Thm. 1] for ¢ = 2, so we omit the proof. O

Lemma 2.2. Let f(z) = Y an2" be an entire function of index-q(> 2) and lower g-order A(q) and let {ny} denote the range
of the step function v(r), then

. logle iy,
A(g) = liminf ————
@)= E )

where the & (ny.) denote the jump points of v(r).
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Proof. For g =2, the proof is due to Gray and Shah [17, Lemma 1]. O

1
Lemma 2.3. Let f(z) = Y.;_oaxz"* be an entire function of index-q(> 2) and lower g-order A(q) such that ¢ (k) = |% (g1 =)

forms an increasing function of k for k > k,, then

(mgs1 — i) loglt =1y

A(g) = liminf

koo log| a:’J’: 1
Proof. For g =2, the proof is due to Juneja and Kapoor [18]. So we omit the proof. L

Lemma 2.4. Let {n;} be an increasing sequence of positive integers and let {a, } be a sequence of complex numbers such that
lan, | < 1 for k> k,; then for g >2

nilogld 1l

— D logld 5,
liminf > limint (%M IOBY et
k—yoo log |(lnk |7 k—»o0 log | gk_l |
N
Proof. The proof follows on the lines of Juneja [21, Lemma 2] for ¢ = 2, so we omit the proof. O

3. Main results

Theorem 3.1. For fixed p > 2, let the F € LP (D) be the restriction of an entire GBSP (analytic) function to D of index-q(> 2).
Then F is of g-order p(q) if and only if

2nlogn

p(g) =limsup gl ] (3.1
n—oo g Eg,,(F>
Proof. The proof follows on the lines of [1, Thm. 2(i)], so we omit the details. O

However, the result corresponding to (3.1) does not always hold for the lower g-order. The following theorem is corre-
sponding to (3.1) for the lower g-order of a GBSP F.

Theorem 3.2. For fixed p > 2, let the F € LP (D) be the restriction of an entire GBSP (analytic) function to D of index q(> 2).
Then F is of lower g-order A(q) if and only if

2 logld—,,
A(q) = maxliminprnkl,
{m} ke —logEy (F)

where maximum is taken over all increasing sequence {ny} of natural numbers.

Proof. Let F € LP(D) be the restriction of an entire GBSP (analytic) function to D of index-g(> 2) and lower g-order A (q).
Following Bernstein’s [19, p.176] and A.Giroux [20, p.52], it follows that for

2B(r)

eh,(f) < €5,(f) <

for any r > 1, where B(r) = max,cg, |f(z)| and 3, with r > 1 denotes the closed interior of the ellipse with foci £1, with
half-major axis (2 4 1)/2r and half-minor axis (r”> — 1)/2r. The closed disks D;(r) and D,(r) bound the ellipse 3, in the
sense that

2_1 241
L e S e D) = {zsld < )

From above it follows that

Di(r)={z:]z <

2 2
rc—1 rc+1
<Br)<M
2r ) < B(r) < M( 2r

M(

Yforall r>1. 3.3)

Consequently, (3.2) and (3.3) give for any sequence {n} of positive integers that

241
2r

M( ) > b, (f)r’™ (34)
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forany r >3 and k = 1,2,.... Now using the optimal approximates [1, eq.12]

Ejf (F) < w7 esi (f),w=w(ct, B,p: D)

in (3.4) we obtain

r2+1
M( 2 y>w?r Ean 3.5
Now let
- 2mloglt Uy,
1 f————— =n*"({2 =n*. 3.6
Since GBSP F is an entire function, (3.6) gives 0 < N* < oo, First, let 0 < N* < oo, then for
_ 2ny
ES, (F) > [log" n ] @9
for k >k, = k,(€). Let ry, = e(log[q Ay 1) =8 = fork=1,2,3,... . If ry <r<rpsy,k >k, then (3.5) gives
r+1 » 1
log M ( 7 ) > logEs, (F)+2nilogr— ;logw
1
> log an( )+ 2ni logry — ;logw
> 2my
= 2explr (L —e),
e
So
r’ + 1 ) .
logl? M( ) > (M*—é¢)logria1—(N*—¢)
= (n"—g)logr—(n"—¢)
or
logl M, (F
A(q) —hmmegi() >n*
oo logr
which obviously holds for every increasing sequence {ny} of positive integers, we have
A(q) = max “({2ne}) = (3.7)
Now for each n > 0 there exists a unique 4 € py, such that
|f = poullp=e5,(f),n=0,1,....
Further, since || p2s+1 — p2x||p is bounded above by Zegn (f), we have by [20, p.42];
|P2ns1 — pan| < 265, (f)r*" ! (3.8)

for all z € 3, for any r > 1. Thus we can write

f(2) = polz) + i (P2i+1(2) = p2i(2))

i=0

and this series converges uniformly in any bounded domain of the complex plane. So, (3.8) gives

I£(2)] < |po(2)] +22e§i(f)r2i+1
i=0
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for any z € 3, and from the definition of B(r)

B(r) <A, +22e§i(f)r2i+l.
i=0

L

So (3.3) gives

rr—1
2r

)§A0+2ie§i(f)r2i“. (3.9)
i=0

M(

Using the optimal approximate [1, eq.(13)]
» Lr
in (3.9) we get
rr—1

M
(2r

L .
) <A,+2Y SYED(F)A (3.10)
i=0
1
Obviously, the function g(z) = Yo o E4 (F)87z?"*! is an entire function. Let {n;} denote the range of v(r) for this function.

1
Consider the function g(z) = Y;_, Ezpnk (F)&7 2+ Tt is easily seen that g(z) is also an entire function and that g(z) and §(z)
have the same maximum term for every z. It follows that both have same lower g-order. If we denote this by A,(¢) then since
&(z) satisfies the hypothesis of Lemma 2.3, we have

2(mg — 1) 1ogl Uy

— liminf
fole) =t =
&8, )
2niloglt Ny
< liminprnkl . (3.11)
k—voo —logEznk(F)
Y loeld=1,,
< mathinpr”kl =n*
k—ro0 —10gE2nk<F>

Thus (3.10) and (3.11) give

rr—

1
) A0+ 24(0)

m(

< O(1)+2expld= (17 +€)

for a sequence ry,r;,... — co. Hence, it gives that

M) <n™

which shows that the lower g-order of GBSP F does not exceed **. Thus, if GBSP F is of lower g-order A(g), then (3.7)
shows that n** < A(q). If n** < A(q), then the above arguments show that GBSP F would be of lower g-order less than **, a
contradiction. Thus, we must have n** = A(q). O

The following theorem depicts the influence of A(g) on the rate of decrease of EJ (F).

Theorem 3.3. For fixed p > 2, let the F € L” (D) be the restriction of an entire GBSP (analytic) function to D of index q. Then,
F is of lower g-order A(q) if and only if
.. - lg—1]
A(g) = maxg,, ) liminf;_.. 2 "";_lg)log q(F) Tk-l
e
log( Egnk(F)

)

where maximum is taken over all increasing sequences {ny} of natural numbers.

Proof. In view of Lemma 2.3 and Lemma 2.4 with above arguments the proof is immediate. O
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In this paper we derive a fixed point result for a multivalued generalized almost contraction which contains several
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1. Introduction

In this paper we first establish the fixed point property of certain generalized multivalued mappings which are almost contractions
and satisfy some admissibility conditions and then establish that these multivalued mappings have stable fixed point sets. We
use rational terms in the contraction inequalities which are considered here.

Our theorems are deduced in the domain of setvalued analysis which is an extension of the ordinary mathematical analysis.
Aubin et al. [1] in their book has described several aspects of this study. Banach’s contraction mapping principle was extended
to the domain of setvalued analysis by Nadler [2], which was followed by several other works in the same direction. Today
multivalued fixed point theory has a large literature and can be regarded as a subject by itself. Some recent references from this
area of study are [3]-[9].

Admissibility map was introduced in the work of Samet et al. [10]. After which in fixed point theory several other such
conditions were introduced by many authors for the purpose of obtaining new fixed point results in metric spaces. The essence
of such efforts is to restrict the contractive condition to appropriate subsets of X x X, rather than assuming to be valid between
arbitrary pairs of points from the metric space. This is the development which is parallel to the emergence of fixed point theory
in partially ordered metric spaces where the introduction and use of the partial order in metric space also serves the same
purpose [4], [11]-[16].

Almost contractions are generalizations of the contractive conditions by introducing an additional additive term in the
contractive inequality. It was first introduced by Berinde in [17, 18] in which a generalization of the Banach’s contraction
mapping principle was established by using this idea. Almost contractions and its generalizations were further considered in
several works like [3], [19]-[22].

The concept of stability of fixed point sets appeared first in the work of Nadler [2], i.e, in the same work though which the
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study of setvalued fixed point theory was initiated. There has been wide interest on these problems of stability which is related
to limiting behaviors of sequence of multivalued mappings. Some of the several important works which appeared on the topic
in recent times are noted in [4], [5], [12], [23]-[26].

Rational terms were used in problems of fixed point theory in a good number of papers. Such uses were initiated by Dass et
al. [27] and were subsequently made in several works on fixed point theory of which some recent references are [12], [28],
[29]-[32].

The purpose of this paper is to establish the existence of fixed points of multivalued cyclic (o — 8)- admissible mappings in
metric spaces, a condition which we define here. The mappings are assumed to satisfy certain rational type generalized almost
contractions which are also defined in this work. In Section 2, we describe some mathematical preliminaries which we use in
our results in Sections 3 and 4. In Section 3, we prove a fixed point result for multivalued mapping satisfy certain rational type
generalized almost contractions. In Section 4, we investigate the stability of fixed point sets of above mentioned setvalued
contractions which is derived without continuity assumption.

2. Mathematical preliminaries

The following are the concepts from setvalued analysis which we use in this paper. Let (X, d) be a metric space. Let N(X) :=
the collection of all nonempty subsets of X; CB(X) := the collection of all nonempty closed and bounded subsets of X; and
C(X) := the collection of all nonempty compact subsets of X. Now for x € X and A, B € CB(X), the functions D(x, B) and
H(A, B) are defined as follows:

D(x, B) =inf {d(x, y) : y € B} and H(A, B) = max {sup D(x, B), sup D(y, A)}.
xXEA yEB

H is known as the Hausdorff metric induced by d on CB(X) [2]. Further, if (X, d) is complete then (CB(X), H) is also
complete.

Lemma 2.1 ([6]). Let (X, d) be a metric space and B € C(X). Then for every x € X there exists y € B such that d(x, y) =
D(x, B).

Definition 2.2. Let X be a nonempty set, f : X — X be a singlevalued mapping and 7 : X — N(X) be a multivalued mapping.
A point x € X is called a fixed point of f (resp. T ) if and only if x = fx (resp. x € Tx).

The set of all fixed points of f and T are denoted respectively by F(f) and F(T).
In [10] Samet et al. introduced the concept of o- admissible mappings and utilized these mappings to prove some fixed
point results in metric spaces.

Definition 2.3 ([10]). Let X be a nonempty set, 7 : X — X and & : X x X — [0, o). T is said to be an a-admissible mapping
ifforx, yeX, a(x,y) > 1= a(Tx, Ty) > 1.

In the following we define cyclic (¢ — ) admissibility for multivalued mappings.

Definition 2.4. Let X be a nonempty set, 7 : X — N(X) be a multivalued mapping and o, 8 : X — [0, o). Then T is said
to be a cyclic (o, B)- admissible mapping if for x, y € X,

(i) a(x) > 1 = B(u) > 1forallu e Tx,
(i) B(y)>1 = a(v) > 1 forall v € Ty.

Definition 2.5. Let (X, d) be a metric space and y: X — [0, o). Then X is said to have y- regular property if {x,} is a
sequence in X with y(x,) > 1 for all n and x,, — x as n — o, then y(x) > 1.

Let © be the collection of all mappings 6 : [0, )% — [0, ) such that (i) 6 is continuous and nondecreasing in each
coordinate; (ii) Yr_; w"(t) < eoand y(¢) <t foreacht > 0, where y(¢) = 0(z, t, t, t, , t).

It is to be noted that the properties of 6 imply that 6(0, 0, 0, 0, 0, 0) =0.

Let Q be the collection of all mappings ¢ : [0, o)* — [0, ) such that (i) ¢ is continuous and nondecreasing in each
coordinate; (if) @(t1, t, 13, t4) = 0 if 11121314 = 0.

Definition 2.6. Let (X, d) be a metric space, T: X — X and @, f: X — [0, o). Let 4, v >0, 6 € @ and ¢ € Q. We say
that T is generalized almost contraction if for x, y € X with ot(x) B(y) > L or a(y) B(x) > 1,

d(Tx, Ty) <M(x, y) +N(x, y),
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where

d(y, Ty) [1+d(x, Tx)*] d(y, Tx) [1+d(x, Ty)v])

M(x, y)=9(d(x, y), d(x, Tx), d(y, Ty), %[d(y, Tx)+d(x, Ty)], s — T rd(x, y)¥

and
N, y) = p(d(x, Tx), d(y, Ty), d(x. Ty), d(y. Tx)).

Definition 2.7. Let (X, d) be a metric space, T : X — C(X) be a multivalued mapping and ¢, §: X — [0, o). Let i, v >0,
0 € ® and ¢ € Q. We say that T is generalized almost contraction if for x, y € X with a(x) B(y) > L or a(y) B(x) > 1,

H(Tx, Ty) <M(x, y) +N(x, y), 2.1

where

M(x, )= 8(d(x, ), Dlx, T%), D(y, Ty), %[D(y, T2)+D(x, Ty)], 22 Tm;af)y(;; L, 2L Tlx )+[511(t,Dy()xv7 Ty)v])
and

N(x.y) = @ (D(x. Tx), Dy, Ty), D(x, Ty), Dy, T)).

3. Main results

Theorem 3.1. Let (X, d) be a complete metric space, T : X — C(X) be a multivalued mapping and o, B : X — [0, oo).
Suppose that (i) X is regular with respect to o and B; (ii) T is a cyclic (o, B)- admissible mapping; (iii) there exists xo € X such
that ol(x0) > 1 or B(x0) > 1 and (iv) there exist L, v >0, 6 € ® and ¢ € Q such that T is a generalized almost contraction.
Then T has a fixed point in X.

Proof. By the assumption (iii), suppose there exists xo € X such that o(xg) > 1 (the proof is similar if f3(xp) > 1). Let
x1 € Txp. By the assumption (ii), f(x;) > 1. Now by Lemma 2.1, there exists x, € Tx; such that d(x;, x2) = D(x;, Tx;).
As B(x1) > 1 and x; € Txj, by the assumption (ii), we have o(xz) > 1. Also by Lemma 2.1, there exists x3 € Txp such
that d(xy, x3) = D(x2, Txz). Since x3 € Tx; and at(x;) > 1, by the assumption (ii), B(x3) > 1. Continuing this process, we
construct a sequence {x, } such that for all n > 0,

Xnt1 € Txy, d(xy, Xp+1) = D(xy, Tx,) and a(xz,) > 1, B(xops1) > 1. 3.1
By (3.1) either ot(x,) B (xnt1) > 1 or a(xpt1)B(xn) > 1. Applying the assumption (iv), we have
d(anrh xn+2) = D(anrl: Txn+l) < H(Txn» Tanrl) < M(xm xn+l) +N(xn’ xn+l)- (32)

Now,

M(xmer»l) = e(d(xnaxn+l)7 D(xnaTxn)y D(anrlaTanrl)v

D (X1, Txn) +D(xp, Txny1) D(Xny1, TXni1) [] + D(xy, Txn)“] D(xny1, Txn) [1 + D(xy, Txn+l)v])
2 ’ 1+d(xp, Xpp1)H ’ 1+d(x, Xpt1)Y

< G(d(x,,, Xnt1)s d(Xn, Xnt1), d(Xnt1, Xny2),

d(anrl» xn+1) +d(xna xn+2) d(xn+17 xn+2) [1 +d(xna xn+l)“} d(xn+17 xn+1) [1 +d(xn7 xn+2)v])

2 ’ 14d(xn, Xpp1)H ' 1+d(x, Xpi1)Y
d(x,, x
< Q(d(xm xn+1)a d(-xm xn-&-l)a d(xn+17 xn+2)7 %7 d(xn+1> xn+2)7 0)

d(xnv xn+2) d(xm anrl) +d(xn+17 xn+2)

Si
mce ) B

IN

< max {d(xy, xp+1), d(Xnt+1, Xn+2)}, it follows from the property of 0 that
M(xm xn+l) < B(max {d(xm xn+l)7 d(anr]v xn+2)}; max {d<xn> xn+l)a d('anrl) xn+2)}:

max {d(-er xn+1)7 d(-xl’l+17 xn+2)}7 max {d(-xl’H xn+1)7 d(-xn+17 xn+2)}7

max {d(xn»xn+l)7 d(anrl»anrZ)}a max {d(xn,xn+l)7 d(xn+1,xn+2)})

= W(max {d(xm anrl)a d(xn+17 xn+2)})- (3.3)
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Also,

N(xm xn+1) = (P(D(x117Txn)7 D(xn+1aTxn+1)a D(xn:Txn-H)y D(xn+l7Txn))
< (P(d(xm Xnt1)s d(Xnt 15 Xny2), d(Xn, Xni2), d(Xnt1, xn+1))
—=0. (3.4

Suppose that d(x,,, xp+1) < d(Xp+1, Xn+2). Then d(x,+1, xn+2) > 0 and it follows from (3.2), (3.3), (3.4) and a property of 0
that

d(Xpt1, Xn2) S Y(d(Xng1, Xn12)) < d(Xnt1, Xng2),
which is a contradiction. Hence d(xp+1, x442) < d(x,, Xp41). Then by (3.2), (3.3) and (3.4), we have

d(Xps1, Xn2) < Y(d(Xn, Xnt1)). (3.5)
By repeated application of (3.5) and the monotone property of 8, we have

d(Xni1, Xuy2) S WA, Xu41)) <Y (A1, %)) < oo <Y (d (30, 1))

By a property of 6, we have
Zd(xna Xnt1) < an(d(x()v x1)) < oo
n n

This shows that {x, } is a Cauchy sequence. From the completeness of X, there exists z € X such that
X, —>Z aS n —> oo, 3.6)

Now {x2,+1} is a subsequence of {x,} which, by (3.1) and (3.6), satisfies B(x,+1) > 1 for all n and xp,,+] —> zasn — .
By B- regular property of X, we have f3(z) > 1. Also by (3.1), a(xa,) > 1 for all n > 0. Applying the assumption (iv), we have

D(x2n+17 TZ) < H(szn, TZ) < M(x2n7 Z) +N(X2n, Z)~ (37)

Now,

D(z,Txz,) +D(x2,, T2z

M(in,Z) = e(d(XQn,Z), D(in,T)Czn), D(Z,TZ), ( 2 ) 2 ( 2 )7
D(Zv TZ) [] +D()C2n, Tx2n)“] D(Za TxZn) [1 +D(x2m TZ)V])

1 +d(x2n7 Z)u ’ 1 +d(x2na Z)v

d 9 n +D ny T

S e(d(x2na Z)a d(x2n7 x2n+1)a D(Za TZ), (Z 2 +l) 2 (xz Z)a
D(z, Tz) [1+d(xan, Xons1)"] d(2, X2n41) [1+D(x2n, TZ)V})

1+d(x2,, 2)H ’ 1 +d(x20, 2)¥ ‘

Taking limit supremum on both sides of the above inequality, using (3.6) and the continuity of 6, we have

Tim M(xan, 2) < 9(0, 0, D(z, T2), M, D(z, Tz), o)
< G(D(z, Tz), D(z,Tz), D(z,Tz), D(z,Tz), D(z,Tz), D(z, Tz))
= y(D(z, Tz)). (3.8)

Also
N(-XZVH Z) - (p(D(-XZHa T)CQ”), D(Za TZ)7 D(-x2n7 TZ)7 D(Za Tx2n))

< @(dlum, xon41), D(z, T2), Doy, T2), dlz, 12011)).
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Taking limit supremum and using the property of ¢, we have

fim N(xan, 2) < 0(0, DGz, T2), Dz, T), 0) =0. (3.9)
Taking limit supremum on both sides of (3.7) and using (3.8) and (3.9), we have

D(z, Tz) < y(D(z, Tz)).
Suppose that D(z, Tz) # 0. From the above inequality and using a property of 8, we have

D(z, Tz) < y(D(z, Tz)) < D(z, Tz),

which is a contradiction. Hence D(z, Tz) = 0. Since Tz € C(X), Tz is compact and hence Tz is closed, that is, Tz = Tz, where
Tz denotes the closure of Tz. Now, D(z, Tz) = 0 implies that z € Tz = Tz, that is, z is a fixed point of 7.

Note. The conclusion of the above theorem is still valid if in its assumptions the condition that the space X is regular with
respect to o and f is replaced by the continuity of 7. The proof remains the same except for minor modifications which is not
separately shown here.

Example 3.2. Let X = [0, o) and “d” be the usual metric on X. Then (X,d) is a complete metric space. Let T : X — C(X)
be defined as Tx = [0, 55¢], forx € X and &, B : X — [0, o) be defined as

OC()C)—{ &, if xeo, 1], ﬁ(x)—{ x+1, if xelo, 1],

otherwise, 1 otherwise.

1 L
1 100

0

Let 0: [0, )% — [0, o) and ¢ : [0, w)* — [0, o) be defined respectively as follows:

1
e(tla t23 t3a I47 t57 t6) = 1 max {t17 t27 t3) t47 t57 t()}
and
(p(tl, B, t3, 1‘4) =log (1 +Hhhts t4).

Take i, v > 0 be any real numbers.

(i) Suppose that {x,} is a sequence in X converging to x € X such that ¢t(x,) > 1 and (x,) > 1 for all n. Then {x,} is a
sequence in [0, 1] and also x € [0, 1]. Then it follows that a:(x) > 1 and (x) > 1. Therefore, X is regular with respect to o
and 3.

(ii) Suppose that x € X and o(x) > 1. Then x € [0, 1] and Tx = [0, 53¢] [0, 1]. It follows that B(u) > 1 for all u € Tx.
Similarly, if y € X and B(y) > 1, it can be shown that at(v) > 1 for all v € Ty. Therefore, T is a cyclic (@, f3)- admissible
mapping.

(iii) et(x) > 1 and fB(x) > 1 for every x € [0, 1].

(iv) Here 0 € ® and @ € Q. Let x, y € X. Now, a(x) B(y) > 1 (or a(y) B(x) > 1) implies that x, y € [0, 1]. So we require
to check the validity of the inequality (2.1) for x, y € [0, 1]. Now H(Tx, Ty) = Ebll and M(x, y) > | x;y | forx, y €0, 1].

Then (2.1) is satisfied for all x, y € X with at(x) B(y) > 1 or at(y) B(x) > 1. Therefore, T is a generalized almost contraction.
Hence all the conditions of Theorem 3.1 are satisfied and O is a fixed point of 7.

In Theorem 3.1, considering y(x1, x2, X3, X4,X5, X¢) =k max {x1, x2, x3, X4, X5, X6 }, where k € [0, 1) and @(t1, 12, 13, 14) =
L min {t;, 1, 13, t4}, where L > 0 be any real number, we have the following corollary.

Corollary 3.3. Let (X, d) be a complete metric space, T : X — C(X) be a multivalued mapping and o, B : X — [0, ).
Suppose that (i) X is regular with respect to o and B; (ii) T is a cyclic (o, B)- admissible mapping; (iii) there exists xo € X
such that o(xg) > 1 or B(xo) > 1 and (iv) there exist i, v >0, L > 0 and k € [0, 1) such that for x, y € X with a(x) B(y) > 1
ora(y) B(x) =1,

H(Tx, Ty) <kM(x, y)+LN(x, y),

where

D(y, Ty) [1 +D(x, Tx)*] D(y, Tx) [14D(x, Ty)v]}

M(x, y) =max {d(x, ), D(x, Tx), D(y, Ty), %[D(% Tx)+D(x, Ty)], 14d(x, y)H ’ 14+d(x, y)Y

and N(x, y) = min {D(x, Tx), D(y, Ty), D(y, Tx), D(x, Ty)}. Then T has a fixed point.
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The following theorem is the special case of Theorem 3.1 when we treat 7 : X — X as a multivalued mapping in which case
Tx can be treated as a singleton set for every x € X.

Theorem 3.4. Let (X, d) be a complete metric space, T : X — X and o, B : X — [0, o). Suppose that (i) X is regular with
respect to o and B; (ii) T is a cyclic (a, B)- admissible mapping; (iii) there exists xo € X such that a(xp) > 1 or B(xp) > 1;
and (iv) there exist L, v >0, 8 € ® and ¢ € Q such that T is a generalized almost contraction. Then T has a fixed point.

Proof. We know that {x} is compact in X for every x € X. We define a multivalued mapping S : X — C(X) as Sx =
{Tx} forx € X.
Let x, y € X such that @(x) > 1 and $(y) > 1. Then by cyclic (¢ — ) - admissibility of 7', we have
B(Tx) > 1, thatis, B(u) >1whereu € Sx={Tx} and o(Ty)>1, thatis, o(v)>1 wherev e Sy={Ty}.
Therefore, for x, y € X,

ofx)>1 = B(u)>1forallueSx and B(y)>1 = a(v) > 1forallv e Sy,

that is, S is a cyclic (@ — 3)- admissible mapping.
Let x, y € X with a(x)B(y) > L or a(y)B(x) > 1. Then

H(Sx, Sy) =d(Tx, Ty)

d(y, Tx)+d(x, Ty) d(y, Ty) [l+d(x, Tx)"] d(y, Tx) [1+d(x, Ty)"])
2 ’ 14d(x, y)H ’ 1+d(x, y)¥

+¢(dlx, T2), d(v, Ty), d(x, Ty), d(y, Tx))

(y, Sx)+D(x, Sy) D(y, Sy) [1+D(x, Sx)*] D(y, Sx) [1+D(x, Sy)v])
2 ’ 14d(x, y)H ’ 1+d(x, y)¥

+<P(D(x7 Sx), D(y, Sy), D(x, Sy), D(y, SX))7

< 0(d(x. y), d(x, T2), d(y. T).

= G(d(x7 y), D(x, Sx), D(y, Sy)vD

that is, S is a generalized almost contraction. So, all the conditions of Theorem 3.1 are satisfied and hence S has a fixed point z
in X. Then z € Sz = {T'z}, that is, z = Tz, that is, z is a fixed point of T'.

4. Stability of fixed point sets

In this section, we investigate the stability of fixed point sets of the setvalued contractions mentioned in Section 3.

Theorem 4.1. Let (X, d) be a complete metric space, T; : X — C(X), | = 1, 2 be two multivalued mappings and o, f :
X — [0, ). Suppose the assumptions (i), (ii) (for each Ty), (iii) and (iv) (for each T}), of Theorem 3.1 are satisfied. Then
F(T;) #0, forl =1, 2. Also suppose that a.(x) > 1 or B(x) > 1 for any x € F(T}), (I=1, 2). Then H(F(T1), F(Tz)) <
®(M), where M = sup,cx H(T1x, Tox) and ®(M) =Y,"_, y"(M).

Proof. By Theorem 3.1, the set of fixed points of 7; (I = 1, 2) are nonempty, that is, F(T;) # 0, for I =1, 2. Let yo € F(T}),
that is, yo € Tiyo. Without loss of generality we assume that o¢(yg) > 1 (the proof is similar if 8(yp) > 1). By Lemma 2.1, there
exists y; € Tryg such that

d(yo, y1) = D(y0, Toyo)- 4.1

By the condition (ii) on 75, B(y1) > 1. Hence a(yo)B(y1) > 1. By Lemma 2.1, there exists y, € Tpy; such that d(y;, y2) =
D(y1, Toy1). As B(y1) > 1 and y, € Tay;, by the condition (ii) on T3, we have a(y2) > 1. Hence a(y2)B(y1) > 1. Again by
Lemma 2.1, there exists y3 € Ty, such that d(y», y3) = D(y2, Toy2). Then arguing similarly as in the proof of Theorem 3.1,
we construct a sequence {y, } such that for all n > 0,

Y1 € Boyny a(yan) > 1, BOont1) > 1 d(nt1s Yur2) < W(dn, Ynt1))

and

d(ynJrh yn+2> < W(d(ym ynJrl)) < ll/z(d(ynflv yn)) <..< V’ll+l(d(y0» yl))- 4.2)
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Arguing similarly as in the proof of Theorem 3.1, we prove {y, } is a Cauchy sequence in X and there exists u € X such that
Yp —> U aS N — oo, 4.3)
also u is a fixed point of 75, that is, u € Tou. From (4.1) and the definition of M, we have

d(yo, y1) = D(yo, Tayo) < H(Tiyo, Toyo) <M = supH(Tix, Trx). 4.4
xeX

Using (4.2), we have

n

d(yo, u) <Y d(yi, yir1) +d(yur1, u) < Y W' (d(vo, 1)) +d(yni1, u).
i=0 i=0

Taking limit as n — oo in the above inequality, using (4.3), (4.4) and the properties of 8, we have

L

d(y0. 1) < Y Wi(d(yo. y1)) < Y v (M) = ().
i=0 =0

Thus given arbitrary yo € F(T;), we have u € F(T») for which d(yo, u) < ®(M). Similarly, we can prove that for arbitrary
20 € F(T»), there exists w € F(T}) such that d(zg, w) < ®(M). Hence we conclude that H(F(Ty), F(Tr)) < ®(M).

Lemma4.2. Let (X, d) be a complete metric space, {T, : X — C(X) : n € N} be a sequence of multivalued mappings uniformly
convergent to a multivalued mapping T : X — C(X) and o, B : X — [0, ). Suppose that the assumptions (i), (ii) (for each T,)
and (iv) (for each T,), of Theorem 3.1 are satisfied. Then T satisfies the conditions (ii) and (iv) of Theorem 3.1.

Proof. First, we prove that T satisfies the condition (ii) of Theorem 3.1, that is, T is cyclic (¢, )- admissible. Let ot(x) > 1
(or B(x) > 1), x € X. Suppose y € Tx is arbitrary. Since 7, — T uniformly, there exists a sequence {x,} in {T,x} such that
Xn —> yasn — oo, Since a(x) > 1 (or (x) > 1) and each T, is cyclic (a, ) - admissible, it follows from Definition 2.4
that B(x,) > 1, (or a(x,) > 1) for every n € N. Then by regular property of the space with respect to S( or & ), it follows that
B(y) >1(oroa(y) >1). Hence T is cyclic (¢, B)-admissible, that is, T satisfies the condition (ii) of Theorem 3.1.

Letx, y € X with a(x)B(y) > 1 or a(y)B(x) > 1. As for every n € N, T, satisfies the condition (iv) of Theorem 3.1, we
have

D(y, T,x)+D(x, T,
H(Tyx, T) < 0(d(x, ), DG, Ty), DOy, Tyy), 2T H D Td)

Dy T) [1+D(x, Tx)*] Dy, T,x) [1 4D, Ty)"]
P P LD ) 4 (D ). DO ). Dix. T). DUy T

Since the sequence {7,} is uniformly convergent to 7 and 6 and ¢ are continuous, taking limit as n —» oo in the above
inequality, we get

H(Tx, Ty) < 9(d(x7 y), D(x, Tx), D(y, Ty),D(y’ Tx)—;D(x, Ty)7

D(y, Ty) [L+D(x, Tx)"] D(y, Tx) [1+D(x, Ty)"]
: f+d(x7 y)” ) > 1+d()€, y)v Y )+(p(D(X, TX), D(yv Ty)v D()C, Ty)7 D(y7 Tx))7

which shows that T satisfies the condition (iv) of Theorem 3.1.

Now we present our stability result.

Theorem 4.3. Let (X, d) be a complete metric space, {T, : X — C(X) : n € N} be a sequence of multivalued mappings
uniformly convergent to a mapping T : X — C(X) and a, B : X — [0, ). Suppose the assumptions (i), (ii) (for each T,),
(iii) and (iv) (for each T,), of Theorem 3.1 are satisfied. Then F(T,) # @ for all n and F(T) # 0. Let ®(t) — 0 as
t — 0, where ®(t) =Y, w"(t). If B(x) > 1 or a(x) > 1 for any x belonging to F(T,), [n=1,2,3,..] or F(T). Then
lim, o H(F(T,), F(T)) = 0, that is, the fixed point sets of T, are stable.

Proof. By Lemma 4.2 and Theorem 3.1, we have F(T,,) # 0 for all n and F(T) # 0. Let M,, = sup,.x H(T,x, Tx). Since
the sequence {7, } is uniformly convergent to T on X,

lim M, = lim supH(T,x, Tx) =0. (4.5)

li
n—soo n—seo oy
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By Theorem 4.1, we get
H(F(T,), F(T)) <®(M,), foreveryne N.

Since P is continuous and ®(¢r) — 0 as t — 0, using (4.5), we have
”hgle(F(Tn), F(T)) < ,,“L‘L‘I’(Mn) =0,

that is, lim, .. H(F(T,), F(T)) = 0, that is, the fixed point sets of T, are stable.

Example 4.4. We take the metric space (X, d) and the mappings @, 3, 6 and ¢ as taken in Example 3.2. Let T : X — C(X)
be defined as Tx = [0, 5], forx € X and T, : X — C(X) be defined as T,x = [0, 5% + 1524, for x € X. Here the sequence
{7} uniformly converges to T'. Let i, v > 0 be any real numbers. Now for every 7, T,x = [0, 53¢ + %} C [0, 1] for every
x € [0, 1] and H(Tyx, T,y) = |x2;6y |
(ii) (for each T,,), (iii) and (iv) (for each T;,), of Theorem 3.1 are satisfied. Here F(T;,) = [0, m], for each n and F(T) = {0}.
Here ®(t) — 0 ast — 0, where ®(z) =Y, ¥"(¢), and also B (x) > 1 and a¢(x) > 1 for any x belonging to F(T,,), [n=1,2,3,..]
or F(T). So we see all the conditions of Theorem 4.3 are satisfied. Here lim,,—,. H(F (T,,), F(T)) = 0, that is, the fixed point
sets of T, are stable.

for x, y € [0, 1]. Then as explained in Example 3.2, we can show that the assumptions (i),
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