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ABSTRACT. A sequence (ay) of points in R, the set of real numbers, is called
p-statistically p quasi Cauchy if

1
lim —|{k <n:|Apag|>e}| =0
Pn

n— 00
for each e > 0, where p = (pn) is a non-decreasing sequence of positive
real numbers tending to co such that limsup,, an < 00, Apyp = O(1), and

Apagyp = apqp — oy for each positive integer k. A real-valued function de-
fined on a subset of R is called p-statistically p-ward continuous if it preserves
p-statistical p-quasi Cauchy sequences. p-statistical p-ward compactness is also
introduced and investigated. We obtain results related to p-statistical p-ward
continuity, p-statistical p-ward compactness, p-ward continuity, continuity, and
uniform continuity.

1. INTRODUCTION

The concept of continuity and any concept involving continuity play a very im-
portant role not only in pure mathematics but also in other branches of sciences
involving mathematics especially in computer science, information theory, biological
science.

The idea of statistical convergence was formerly given under the name ”almost
convergence” by Zygmund in the first edition of his celebrated monograph pub-
lished in Warsaw in 1935 in [39]. The concept was formally introduced by Fast
[26] and later was reintroduced by Schoenberg [34], and also independently by
Buck [2]. Although statistical convergence was introduced over nearly the last
eighty years, it has become an active area of research for thirty years with the
contributions by several authors, Salat ([33]), Fridy [27], Caserta and Kocinac [24],
Maio and Kocinac ([28]), Caserta, Maio and Kocinac ([25]), Patterson and Savas
([32],Mursaleen ([29]), Cakalli and Khan ([I7]), Yildiz ([37], and [3§]).

2010 Mathematics Subject Classification. Primary: 40A05 ; Secondaries: 26A15, 40A30 .

Key words and phrases. 40A05; Statistical convergence, Summability, Quasi-Cauchy se-
quences, Continuity.
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2 H. CAKALLI

A sequence (ay) of points in R is called p-statistically convergent to an element
£ of R if

lim - |{k <ok — £ >} =0

n—00 Py
for each ¢ > 0, where p = (p,) is a non-decreasing sequence of positive real num-
bers tending to oo such that limsup,, 2 < oo, and (Apy,) is a bounded sequence
([14]). This is denoted by st, — limg_, o a, = £. We note that such sequences were
introduced without the assumption of boundedness of the downward difference se-
quence of p in [30], and was called quasi statistical convergence. The sequential
method st, — lim is a regular sequential method since any convergent sequence is
p-statistically convergent ([30, page 13].

A sequence (ay) of points in R, the set of real numbers, is called p-statistically

quast Cauchy if
lim i\{k <n:|Aag| >} =0
n—oo pn
for each € > 0, where Aay, = ap41 — oy, for each positive integer & ([14]).

Using the idea of continuity of a real function in terms of sequences in the sense
that a function preserves a certain kind of sequences, many kinds of continuities were
introduced and investigated, not all but some of them we recall in the following:
slowly oscillating continuity ([7]), quasi-slowly oscillating continuity ([23]), ward
continuity ([12]), d-ward continuity ([8]), statistical ward continuity ([10]), and
Nyp-ward continuity ([4]) which enabled some authors to obtain conditions on the
domain of a function for some characterizations of uniform continuity (see [36,
Theorem 6],[3, Theorem 1 and Theorem 2],[23, Theorem 2.3], [3, Theorem 1], and
[21, Theorem 5].

The purpose of this paper is to introduce and investigate the concept of p-
statistical p-ward continuity of a real function, and prove interesting theorems.

2. RESuLTS
Now we introduce the concept of p-statistically p quasi Cauchyness.

Definition 2.1. A sequence («) of points in R, the set of real numbers, is called
p-statistically p quasi Cauchy if

. 1
nh_)néo p—n|{k <n:|Apag| >e}=0

for each € > 0, where Apagyp = 0ptp — ;. for each positive integer k, p is a fived
positive integer.

Any quasi-Cauchy sequence is p-statistically p-quasi-Cauchy, but the converse
is not always true. Any p-statistically convergent sequence is p-statistically p-
quasi-Cauchy. There are p-statistically p-quasi-Cauchy sequences which are not
p-statistically convergent. The sum of two p-statistical p-quasi-Cauchy sequences is
p-statistically p-quasi-Cauchy, but the product of two p-statistical p-quasi-Cauchy
sequences need not be p-statistically p-quasi-Cauchy.

Now we give the definition of p-statistical p-ward compactness.

Definition 2.2. A subset E of R is called p-statistically p-ward compact if any
sequence of points in E has a p-statistical p-quasi-Cauchy subsequence.
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First, we note that any finite subset of R is p-statistically p-ward compact, the
union of two p-statistically p-ward compact subsets of R is p-statistically p-ward
compact and the intersection of any family of p-statistically p-ward compact subsets
of R is p-statistically p-ward compact. Any G-sequentially compact subset of R is
p-statistically p-ward compact for a regular subsequential method G (see [6], and
[9]). Furthermore any subset of a p-statistically p-ward compact set is p-statistically
p-ward compact, any bounded subset of R is p-statistically p-ward compact, any
slowly oscillating compact subset of R is p-statistically p-ward compact (see [7] for
the definition of slowly oscillating compactness). These observations suggest to us
the following.

Theorem 2.1. A subset E of R is bounded if and only if it is p-statistically p-ward
compact.

Proof. If E is a bounded subset of R, then any sequence of points in E has a
convergent subsequence which is also p-statistically p-quasi-Cauchy. Conversely,
suppose that F is not bounded. If it is not bounded below, then pick an element a;
of F less than 0. Then we can choose an element a of F such that as < —p—p1+a;.
Similarly we can choose an element ag of E such that ag < —p — p2 + a2. We can
inductively choose oy satisfying ax41 < —p — pr + o for each £k € N. Hence
Qg — Qtp > p+py for each k € N Thus |agy, — | > p+pi for each k € N. Then
the sequence (ay) does not have any p-statistically p-quasi Cauchy subsequence.
If F is unbounded above, then we can find a [3; greater than 0. Then we can
pick a (B2 such that 8y > p1 + p + $1. We can successively find for each &k € N a
Br+1 such that Sri1 > pr +p + Br. Then Bry, — Bx > p + py for each k € N.
Thus |Bx+p — Bx| > p + pi for each k € N. Then the sequence (5;) does not have
any p-statistical p-quasi Cauchy subsequence. Thus F is not p-statistically p-ward
compact. This completes the proof. O

Corollary 2.2. A subset E of R is p-statistically p-ward compact if and only if it
s both upward and downward statistically compact.

Proof. The proof follows from the preceding theorem and [I3] Theorem 3.3 and
Theorem 3.6]. O

Theorem 2.3. If a function f is uniformly continuous on a subset E of R, then
(f(ar)) is p-statistically p-quasi Cauchy whenever (ay) is a quasi-Cauchy sequence
of points in E.

Proof. Take any p-quasi-Cauchy sequence (ay) of points in E, and let € be any
positive real number. By uniform continuity of f, there exists a § > 0 such that
|f(a)—f(B)| < e whenever |a—] < § and a, 8 € E. Since (ay) is a p-quasi-Cauchy
sequence, there exists a positive integer ko such that |agq, — ax| < § for k > k.
Thus

Ik <n:|f(aksp) — flar) > e}| < ko.

Hence
1
lim —[{k < n: [f(akep) — flow)] = €} =0

n—00 Py

Thus (f(ax)) is a p-statistically p-quasi Cauchy sequence. This completes the proof
of the theorem. O
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Definition 2.3. A function defined on a subset E of R is called p-statistically p-
ward continuous if it preserves p-statistically p-quasi-Cauchy sequences, i.e. (f(an))
is a p-statistically p-quasi-Cauchy sequence whenever (o) is.

We see that the sum of two p-statistically p-ward continuous functions is p-
statistically p-ward continuous, and cf is p-statistically p-ward continuous whenever
¢ is a constant real number and f is a p-statistically p-ward continuous function.

Theorem 2.4. If f is p-statistically p-ward continuous on a subset E of R, then
it is p-statistically continuous on E.

Proof. Assume that f is a p-statistically p-ward continuous function on E. Let
(o) be any p-statistically convergent sequence with st, — limg_,oc o = £. Then
the sequence

(1,00, a1, 08 s by, iy e £l iy Qs ey £, L)

is p-statistically convergent to ¢, where the same terms repeat p times. Hence it is p-
statistically quasi-Cauchy, so is p-statistically p-quasi-Cauchy. As f is p-statistically
p-ward continuous, the sequence

(f(al)a f(a1)7 ) f(a1)7 f(g)v f(ﬁ), HAS) f(f), f(aQ)a f(a2)7 ] f(g)»f(£)7 HS] f(an)vf(aﬂ)7 HS] f(£)7f(€)7 )

is p-statistically p-quasi-Cauchy. Hence it follows that the sequence (f(a,)) is
p-statistically converges to f(¢). This completes the proof of the theorem. |

Related to G-continuity we have the following result.

Corollary 2.5. If f is p-statistically p-ward continuous, then it is G-continuous
for any reqular subsequential method G.

The preceding corollary ensures that p-statistically p-ward continuity implies
either of the following continuities; ordinary continuity, statistical continuity, la-
cunary statistical continuity ([5]), strongly lacunary continuity ([4]), A-statistical
continuity, I-sequential continuity for any non trivial admissible ideal I of N ([10]).

It is well known that any continuous function on a compact subset E of R is
uniformly continuous on E. For p-statistically p-ward continuous functions we have
the following.

Theorem 2.6. Let E be a p-statistically p-ward compact subset E of R and let
f A — R be a p-statistically p-ward continuous function on E. Then f is
uniformly continuous on E.

Proof. Suppose that f is not uniformly continuous on E so that there exists an
€0 > 0 such that for any 6 > 0 z,y € E with |z — y| < § but |f(x) — f(y)| > eo-
For each positive integer n, there are «,, and j, such that |a, — 8,| < %, and
|f(an) — f(Bn)| = 0. Since E is p-statistically p-ward compact, there exists a p-
statistical p-quasi-Cauchy subsequence (v, ) of the sequence (). It is clear that
the corresponding subsequence (3,, ) of the sequence (f,,) is also p-statistically p-
quasi-Cauchy, since (By,,, — Bn,) is a sum of three p-statistical null sequences,
ie.
ﬁnk+p — By = (5nk+p - Oénk+p) + (ank+p —an,,) + (n, = Buy)-

Then the sequence

(anlaanla "'7an175n1’6n17 "'75n17an2’an27 "'aanzvﬁruvﬂnzv "'757127 [RRRS] ankvankv ey ank7ﬂnka/8nk, "'aﬂ’nkv )
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is p-statistical p-quasi-Cauchy since the sequence (au,, — 8y, ) is p-statistically con-
vergent to 0. But the transformed sequence is not p-statistically p-quasi-Cauchy.
Thus f does not preserve p-statistical p-quasi-Cauchy sequences. This contradiction
completes the proof of the theorem. O

Corollary 2.7. If a function f is p-statistically p-ward continuous on a bounded
subset E of R, then it is uniformly continuous on E.

Proof. The proof follows from Theorem and Theorem O

Theorem 2.8. p-statistical p-ward continuous image of any p-statistically p-ward
compact subset of R is p-statistically p-ward compact.

Proof. Assume that f is a p-statistically p-ward continuous function on a subset E
of R, and A is a p-statistically p-ward compact subset of E. Let (8,,) be any sequence
of points in f(A). Write 8, = f(ay,) where a,, € A for each positive integer n. p-
statistically ward compactness of A implies that there is a subsequence () = ()
of (av,) with st, —limy_,00 Ay, = 0. Write (t5) = (f(yr)). As f is p-statistically p-
ward continuous, (f(yx)) is p-statistically p-quasi-Cauchy. Thus we have obtained
a subsequence () of the sequence (f(a,)) with st, —limy_,oc APt = 0. Thus f(A)
is p-statistically p-ward compact. This completes the proof of the theorem. O

Corollary 2.9. p-statistically p-ward continuous image of any compact subset of
R is p-statistically ward compact.

The proof follows from the preceding theorem.

Corollary 2.10. p-statistically p-ward continuous image of any bounded subset of
R is bounded.

The proof follows from Theorem [2.I] and Theorem 2.8

Corollary 2.11. p-statistical p-ward continuous image of a G-sequentially compact
subset of R is p-statistically p-ward compact for any subsequential reqular method

G.

It is a well known result that uniform limit of a sequence of continuous functions
is continuous. This is also true in case of p-statistical p-ward continuity, i.e. uniform
limit of a sequence of p-statistical p-ward continuous functions is p-statistically p-
ward continuous.

Theorem 2.12. If (f,) is a sequence of p-statistically p-ward continuous functions
on a subset E of R and (f,) is uniformly convergent to a function f, then f is p-
statistically p-ward continuous on E.

Proof. Let € be a positive real number and (ay) be any p-statistical p-quasi-Cauchy
sequence of points in E. By the tuniform convergence of (f,,) there exists a positive
integer N such that |f,(z) — f(z)| < § for all z € E whenever n > N. As fy is
p-statistically p-ward continuous on E, we have

Jim (k< f o) = f(an)| 2 5) =0
On the other hand we have
{k < |flansp) — flan)] = €} € k< |flany) — fvlans,)] > £}
Uk < |fw(nep) — fulan)l = 5} U{k <n: fn (o) — Flan)] > 5}



6 H. CAKALLI

Now it follows from this inclusion that
limy, 0 p%Hk <n:|florsp) — flaw)| > €}l

. 1 € ) 1 5
< Jim (k< 0 | fansy) = fvlonn)] = S+ Jim =k < sy (ansy) = fvlon)] = 5]

+ limy, s o0 p%l|{k <n:|fy(o) = flag)] > 5H=0+0+0=0.
This completes the proof of the theorem. O

Theorem 2.13. The set of all p-statistically p-ward continuous functions on a
subset E of R is a closed subset of the set of all continuous functions on E, i.e.
ApPSWC(E) = ApP SWC(E) where ApP SWC(E) is the set of all p-statistically p-
ward continuous functions on E, ApPSWC(E) denotes the set of all cluster points
of ApPSWC(E).

Proof. f be any element in ApPSWC(E). Then there exists a sequence of points
in ApP SWC(E) such that limy_, o fr = f. To show that f is p-statistically p-ward
continuous, take any p-statistical p-quasi-Cauchy sequence (o) of points in E. Let
e > 0. Since (fi) converges to f, there exists an N such that for all z € E and for
alln > N, |f(z) — fa(z)| < §. As fn is p-statistically p-ward continuous, we have
lim, oo p%|{k <n: fy(argp) — fn(or)] > 5} = 0. On the other hand,

{k < n: [Fonrp) = Flan)] = €} € {k < n: [flanep) — flansy)| = 5}

Uk <t [fv(ansy) — flaw)| = 5§30k <n: [ falan) — flan)] > 5}

Now it follows from this inclusion that

limy oo 2= [{k < 15 |f(@sp) — Flow)| = €}

< Jim [ € 0 () = f(oneg)] = S+ im0y (one) = fa(on)] = 5]

n—oo pn

+limy, 00 i|{k <n:|fn(o) = flag)] > 5 =0+0+0=0.
This completes the proof of the theorem. O

Corollary 2.14. The set of all p-statistically p-ward continuous functions on a
subset E of R is a complete subspace of the space of all continuous functions on E.

Proof. The proof follows straightforward from the preceding theorem.
O

3. CONCLUSION

The results in this paper not only generalize results studied in [10], and [11] as
a special case, i.e. p, = n for each n € N, but also includes results which are also
new for the special case. It turns out that the set of uniformly continuous functions
includes the set of p-statistical ward continuous functions on bounded sets. We
suggest to investigate p-statistically p-quasi-Cauchy sequences of fuzzy points or
soft points (see [19], for the definitions and related concepts in fuzzy setting, and
see [I] related concepts in soft setting). We also suggest to investigate p-statistically
p-quasi-Cauchy double sequences (see for example [I8] for the definitions and related
concepts in the double sequences case). For another further study, we suggest to
investigate p-statistically p-quasi-Cauchy sequences in abstract metric spaces (see
[22], [31], [20], and [35]).
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ABSTRACT. In this paper, we introduce a concept of lacunary statistically
p-quasi-Cauchyness of a real sequence in the sense that a sequence (ay) is
lacunary statistically p-quasi-Cauchy if lim, %Hk € Ir : |opyp — o >
e}| = 0 for each € > 0. A function f is called lacunary statistically p-ward
continuous on a subset A of the set of real numbers R if it preserves lacunary
statistically p-quasi-Cauchy sequences, i.e. the sequence (f(ay)) is lacunary
statistically p-quasi-Cauchy whenever ¢ = (a,) is a lacunary statistically p-
quasi-Cauchy sequence of points in A. It turns out that a real valued function
f is uniformly continuous on a bounded subset A of R if there exists a positive
integer p such that f preserves lacunary statistically p-quasi-Cauchy sequences
of points in A.

1. INTRODUCTION

Throughout this paper, N, and R will denote the set of positive integers, and the
set of real numbers, respectively. p will always be a fixed element of N. The boldface
letters such as a, B, ¢ will be used for sequences a = (a,), B8 = (Bn), ¢ = ((n),

. of points in R. A function f : R — R is continuous if and only if it preserves
convergent sequences. Using the idea of continuity of a real function in this manner,
many kinds of continuities were introduced and investigated, not all but some of
them we recall in the following: ward continuity ([I5], [4]), p-ward continuity ([23]),
§-ward continuity ([I8]), §2-ward continuity ([3]), statistical ward continuity, ([19]),
A-statistical ward continuity ([36]), p-statistical ward continuity ([6], [25]), slowly
oscillating continuity ([12, 59 [35]), quasi-slowly oscillating continuity ([42]), A-
quasi-slowly oscillating continuity ([I6]), arithmetic continuity ([60], [5]), upward
and downward statistical continuities ([24]), lacunary statistical ward continuity
(7], [66]), lacunary statistical § ward continuity ([31]), lacunary statistical 62 ward
continuity ([64]), Ng-ward continuity ([22], [30], [48], [8], [48], [47]), Ng-d-ward
continuity, and ([8]) , which enabled some authors to obtain interesting results.

In [45] Fridy and Orhan introduced the concept of lacunary statistically conver-
gence in the sense that a sequence (ay) of points in R is called lacunary statisti-
cally convergent, or Sp-convergent, to an element L of R if lim, . h%|{k el :
|ax —L| > €}| = 0 for every positive real number € where I, = (k,_1, k] and ko = 0,

2010 Mathematics Subject Classification. Primary: 40A05 ; Secondaries: 26A15, 40A30 .

Key words and phrases. Lacunary statistical convergence, Summability, Quasi-Cauchy se-
quences, Continuity.

(©2019 Maltepe Journal of Mathematics.
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he =k, —k,_1 — 0o as r — oo and 8 = (k,) is an increasing sequence of positive
integers (see also [46], [56] [11], [57], and [44]). In this case we write Sy —limay, = L.
The set of lacunary statistically convergent sequences of points in R is denoted by
Sp. In the sequel, we will always assume that liminf, ¢. > 1. A sequence (ay,) of
points in R is called lacunary statistically quasi-Cauchy if Sy — limAay, = 0, where
Aap = apy1 — ap for each positive integer k. The set of lacunary statistically
quasi-Cauchy sequences will be denoted by ASy.

The purpose of this paper is to introduce lacunary statistically p-quasi-Cauchy
sequences, and prove interesting theorems.

2. VARIATIONS ON LACUNARY STATISTICAL WARD COMPACTNESS

The concept of a Cauchy sequence involves far more than that the distance
between successive terms is tending to 0 and lacunary statistically tending to zero,
and more generally speaking, than that the distance between p-successive terms is
lacunary statistically tending to zero, by p-successive terms we mean oy, and ay.
Nevertheless, sequences which satisfy this weaker property are interesting in their
own right.

Before giving our main definition we recall basic concepts. A sequence (o)
is called quasi Cauchy if lim, o Aa, = 0, where Aa,, = an4+1 — @, for each
n € N (M], [I5]). The set of all bounded quasi-Cauchy sequences is a closed sub-
space of the space of all bounded sequences with respect to the norm defined for
bounded sequences ([5I]). A sequence (o) of points in R is slowly oscillating if
limy_, 1+ lim,, max, {1<k<[rn] @k — an| = 0, where [An] denotes the integer part
of An ([41]). A sequence (ay) is quasi-slowly oscillating if (Aay) is slowly oscil-
lating. A sequence (o) is called statistically convergent to a real number L if
lim, o0 hi\{k €I :|ag —L| > e} =0 for each € > 0 ([43], [14], [32], and [9]).
Recently in [23] it was proved that a real valued function is uniformly continuous
whenever it is p-ward continuous on a bounded subset of R. Now we introduce the
concept of a lacunary statistically p-quasi-Cauchy sequence.

Definition 2.1. A sequence (ay) of points in R is called lacunary statistically p-
quasi-Cauchy if So — limg oo Apag, =0, d.e. lim, o h%|{k €l |Apag| >e}| =0
for each € > 0, where Apay, = agyyp — oy, for every k € N.

We will denote the set of all lacunary statistically p-quasi-Cauchy sequences by
Ag. The sum of two lacunary statistically p-quasi-Cauchy sequences is lacunary
statistically p-quasi-Cauchy, the product of a lacunary statistically p-quasi-Cauchy
sequence and a constant real number is lacunary statistically p-quasi-Cauchy, so
that the set of all lacunary statistically p-quasi-Cauchy sequences Ag is a vector
space. We note that a sequence is lacunary statistically quasi-Cauchy when p = 1,
i.e. lacunary statistically 1-quasi-Cauchy sequences are lacunary statistical quasi-
Cauchy sequences. It follows from the inclusion
{k el |y —on[ > e} C
CH{k el |okyp — Okrp_1]| > %} U{k €L |aptp-1 — Qpip2| > %} U...

U{k €Lt |oye — opqr| 2 SU{k € I ¢ oeyr — | = 5}

that any lacunary statistically quasi-Cauchy sequence is also lacunary statistically
p-quasi-Cauchy, but the converse is not always true as it can be seen by considering
the the sequence (ay) defined by (ay) = (0,1,0,1,...,0,1,...) is lacunary statistically
2-quasi Cauchy which is not lacunary statistically quasi Cauchy. More examples
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can be seen in [51 Section 1.4]. Tt is clear that any Cauchy sequence is in (2 ! A,
so that each Ag is a sequence space containing the space C of Cauchy sequences. It
should also be noted that C is a proper subset of Ag for each p € N.

Definition 2.2. A subset A of R is called lacunary statistically p-ward compact if
any sequence of points in A has a lacunary statistically p-quasi-Cauchy subsequence.

We note that this definition of lacunary statistically p-ward compactness cannot
be obtained by any summability matrix in the sense of [I3] (see also [10], and [20]).

Since any lacunary statistically quasi-Cauchy sequence is lacunary statistically
p-quasi-Cauchy we see that any lacunary statistically ward compact subset of R
is lacunary statistically p-ward compact for any p € N. A finite subset of R is
lacunary statistically p-ward compact, the union of finite number of lacunary sta-
tistically p-ward compact subsets of R is lacunary statistically p-ward compact, and
the intersection of any family of lacunary statistically p-ward compact subsets of R
is lacunary statistically p-ward compact. Furthermore any subset of a lacunary sta-
tistically p-ward compact set of R is lacunary statistically p-ward compact and any
bounded subset of R is lacunary statistically p-ward compact. These observations
above suggest to us the following.

Theorem 2.1. A subset A of R is bounded if and only if there exists a p € N such
that A is lacunary statistically p-ward compact.

Proof. The bounded subsets of R are lacunary statistically p-ward compact, since
any bounded sequence of points in a bounded subset of R is bounded and any
bounded sequence has a convergent subsequence which is lacunary statistically p-
quasi-Cauchy for any p € N. To prove the converse, suppose that A is not bounded.
If it is unbounded above, pick an element «; of A greater than p. Then we can
find an element as of A such that as > 2p + ay. Similarly, choose an element asg
of A such that oz > 3p + as. So we can construct a sequence (¢;) of numbers in
A such that a1 > (j 4+ 1)p+ «; for each j € N. Then the sequence (o) does
not have any lacunary statistically p-quasi-Cauchy subsequence. If A is bounded
above and unbounded below, then pick an element $; of A less than —p. Then
we can find an element (2 of A such that B2 < —2p + 1. Similarly, choose an
element 33 of A such that 83 < —3p + fB2. Thus one can construct a sequence (3;)
of points in A such that 3,11 < —(i + 1)p + B; for each i € N. Then the sequence
(a;) does not have any lacunary statistically p-quasi-Cauchy subsequence. Thus
this contradiction completes the proof of the theorem. O

It follows from Theorem that lacunary statistically p-ward compactness of a
subset of A of R coincides with either of the following kinds of compactness: p-ward
compactness ([23, Theorem 2.3]), statistical ward compactness ([19, Lemma 2]),
A-statistical ward compactness ([36] Theorem 1]), p-statistical ward compactness
([, Theorem 1]), strongly lacunary ward compactness ([22, Theorem 3.3]), slowly
oscillating compactness ([I7, Theorem 3]), lacunary statistical ward compactness
(see [7]), and [I7, Theorem 3]), ideal ward compactness ([29, Theorem 8]), Abel
ward compactness ([?, Theorem 5]).

If a closed subset of R is lacunary statistically p-ward compact for a positive in-
teger p, then any sequence of points in A has a (P,, s)-absolutely almost convergent
subsequence (see [27], [37], [52], [62], [2], [65], and [63]).
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Corollary 2.2. A subset of R is statistically p-ward compact if and only if it is
statistically g-ward compact for any p,q € N.

Corollary 2.3. A subset of R is statistically p-ward compact if and only if it is
both statistically upward half compact and statistically downward half compact.

Proof. The proof follows from [24, Corollary 3.9], so is omitted. O

Corollary 2.4. A subset of R is lacunary statistically p ward compact for a p € N
if and only if it is both lacunary statistically upward half compact and lacunary
statistically downward half compact.

Proof. The proof follows from [33, Theorem 1.3 and Theorem 1.9], so is omitted. O

3. VARIATIONS ON LACUNARY STATISTICAL WARD CONTINUITY

In this section, we investigate connections between uniformly continuous func-
tions and lacunary statistically p-ward continuous functions. A function f : R — R
is continuous if and only if it preserves lacunary statistically convergent sequences.
Using this idea, we introduce lacunary statistical p-ward continuity.

Definition 3.1. A function f is called lacunary statistically p-ward continuous
on a subset A of R if it preserves lacunary statistically p-quasi-Cauchy sequences,
i.e. the sequence (f(aw)) is lacunary statistically p-quasi-Cauchy whenever (ouw,) is
lacunary statistically p-quasi-Cauchy of points in A.

We see that this definition of lacunary statistically p-ward continuity can not be
obtained by any summability matrix A (see [10]).

We note that the sum of two lacunary statistically p-ward continuous functions
is lacunary statistically p-ward continuous, and for any constant ¢ € R, ¢f is lacu-
nary statistically p-ward continuous whenever f is a lacunary statistically p-ward
continuous function, so that the set of all lacunary statistically p ward continuous
functions is a vector space. The composite of two lacunary statistically p-ward
continuous functions is lacunary statistically p-ward continuous, but the product of
two lacunary statistically p-ward continuous functions need not be lacunary statis-
tically p-ward continuous as it can be seen by considering product of the lacunary
statistically p-ward continuous function f(z) = x with itself. If f is a lacunary sta-
tistically p-ward continuous function, then |f] is also lacunary statistically p-ward
continuous since

{k € Lo : | flanip) — flan)l = e} C [{k € L : || f(arsp)| = [f(en)l] = e}

which follows from the inequality ||f(ag+p)| — |f ()|l < |f(@ktp) — flox)]. If f,
and g are lacunary statistically p-ward continuous, then maz{f, g} is also lacunary
statistically p-ward continuous, which follows from the equality maz{f, g} = 3{|f—

gl +1f +gl}-

Theorem 3.1. If f is lacunary statistically p-ward continuous on a subset A of R
for some p € N, then it is lacunary statistically ward continuous on A.

Proof. If p = 1, then it is obvious. So we would suppose that p > 1. Take any
lacunary statistically p-ward continuous function f on A. Let (ay) be any lacunary
statistical quasi-Cauchy sequence of points in A. Write

(61) = (Oél’ Oél, "'7a17 OLQ, 062, "'7027 ...,Oén7an, ...,OL’,“ "')?
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where the same term repeats p times. The sequence
(Q1, Q1 ey Q1 Q2 Ay ey U2y ey Ay Qg ey Qi <o)

is also lacunary statistically quasi-Cauchy so it is lacunary statistically p-quasi-
Cauchy. By the lacunary statistically p-ward continuity of f, the sequence

(f(al)’ f(a1)7 ey f(a1)7 f(a2)7 f(a2>a sy f(a2): () f(an)7 f(an): () f(an)7 )

is lacunary statistically p-quasi-Cauchy, where the same term repeats p-times. Thus
the sequence

(f(al)v f(al)v ) f(al)v f(Oég), f(a2)7 ] f(aQ)a L) f(an)v f(an), R3] f(an)v )

is also lacunary statistically p quasi-Cauchy. It is easy to see that Sp—lim(f(an4p)—
f(ay)) =0, which completes the proof of the theorem.
O

Corollary 3.2. If f is lacunary statistically p-ward continuous on a subset A of
R, then it is continuous on A in the ordinary case.

Proof. The proof follows immediately from [I9, Theorem 3] so is omitted. O

Theorem 3.3. Lacunary statistical p-ward continuous image of any lacunary sta-
tistically p-ward compact subset of R is lacunary statistically p-ward compact.

Proof. Let f be a lacunary statistically p-ward continuous function, and A be a
lacunary statistically p-ward compact subset of R. Take any sequence 8 = (5,)
of terms in f(E). Write 8, = f(a,) where o, € E for each n € N, a = (avp,)-
Lacunary statistically p-ward compactness of A implies that there is a lacunary
statistically p-quasi-Cauchy subsequence & = (§x) = (ap, ) of a. Since f is lacunary
statistically p-ward continuous, (tx) = f(&) = (f(&)) is lacunary statistically p-
quasi-Cauchy. Thus (¢) is a lacunary statistically p-quasi-Cauchy subsequence of
the sequence f(a). This completes the proof of the theorem. O

Corollary 3.4. Lacunary statistical p-ward continuous image of any G-sequentially
connected subset of R is G-sequentially connected for a reqular subsequential method

G.

Proof. The proof follows from the preceding theorem, so is omitted (see [2I] and
[50] for the definition of G-sequential connectedness and related concepts). O

Theorem 3.5. If f is uniformly continuous on a subset A of R, then (f(aw)) is
lacunary statistically p-quasi-Cauchy whenever (o) is a p-quasi-Cauchy sequence
of points in A.

Proof. Let (a,) be any p-quasi-Cauchy sequence of points in A. Take any ¢ > 0.
Uniform continuity of f on A implies that there exists a § > 0, depending on
e, such that |f(xz) — f(y)] < € whenever |z —y| < § and z,y € A. For this
d > 0, there exists an N = N(d) such that |Apa,| < § whenever n > N. Hence
A, flan)| <eifn> N. Thus {k € I, : |A,f(ax)| > e} € {1,2,..., N}. Therefore
lim, o0 h%‘{k €L : |Apflow)| > e} <limyyoo 2 |[{k < N : k € N}| = 0. It follows
from this that (f(ay,)) is a lacunary statistically p-quasi-Cauchy sequence. This
completes the proof of the theorem. O
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Corollary 3.6. If f is slowly oscillating continuous on a bounded subset A of R,
then (f(an)) is lacunary statistically p-quasi-Cauchy whenever (am,) is a p quasi-
Cauchy sequence of points in A.

Proof. 1f f is a slowly oscillating continuous function on a bounded subset A of R,
then it is uniformly continuous on A by [38, Theorem 2.3]. Hence the proof follows
from Theorem B.5 O

It is well-known that any continuous function on a compact subset A of R is
uniformly continuous on A. We have an analogous theorem for a lacunary statisti-
cally p-ward continuous function defined on a lacunary statistically p-ward compact
subset of R.

Theorem 3.7. If a function is lacunary statistically p-ward continuous on a lacu-
nary statistically p-ward compact subset of R, then it is uniformly continuous on

A.

Proof. Suppose that f is not uniformly continuous on A so that there exist an
€0 > 0 and sequences (o) and (8,) of points in A such that |a, — 8, < 1/n
and |f(ay) — f(Bn)| = €o for all n € N. Since A is lacunary statistically p-ward
compact, there is a subsequence (a,,,) of («,) that is lacunary statistically p-quasi-
Cauchy. On the other hand, there is a subsequence (,Bnkj) of (By,) that is lacunary
statistically p-quasi-Cauchy as well. It is clear that the corresponding sequence
(ankj) is also lacunary statistically p-quasi-Cauchy, since

{1el: ‘ankﬂ_p _O‘nkj‘ >ep C{jel: |O‘nkj+p _Bnkj+p| 2 E}U{J €l :
|/8nkj+p - /Bnkj| > %} U {j € IT : |/Bnkj - ankj| > g}

for every n € N, and for every € > 0. Hence it is easy to establishe a contradiction.
thus this completes the proof of the theorem. O

Corollary 3.8. If a function defined on a bounded subset of R is lacunary statis-
tically p-ward continuous, then it is uniformly continuous.

We note that when the domain of a function is restricted to a bounded subset
of R, lacunary statistically p-ward continuity implies not only ward continuity, but
also slowly oscillating continuity.

4. CONCLUSION

In this paper, we introduce lacunary statistically p-quasi Cauchy sequences, and
investigate conditions for a lacunary statistically p ward continuous real function
to be uniformly continuous, and prove some other results related to these kinds
of continuities and some other kinds of continuities. It turns out that lacunary
statistically p-ward continuity implies uniform continuity on a bounded subset of
R. The results in this paper not only involves the related results in [7] as a special
case for p = 1, but also some interesting results which are also new for the special
case p = 1. The lacunary statistically p-quasi Cauchy concept for p > 1 might find
more interesting applications than statistical quasi Cauchy sequences to the cases
when statistically quasi Cauchy does not apply. For a further study, we suggest
to investigate lacunary statistically p-quasi-Cauchy sequences of soft points and
lacunary statistically p-quasi-Cauchy sequences of fuzzy points. However due to
the change in settings, the definitions and methods of proofs will not always be
analogous to those of the present work (for example see [1], [28], [40], and [49]). We
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also suggest to investigate lacunary statistically p-quasi-Cauchy double sequences
of points in R (see [55], [54], [39], and [34] for the related definitions in the double
case). For another further study, we suggest to investigate lacunary statistically
p-quasi-Cauchy sequences in abstract metric spaces (see [26], [53], [35], [58], and
[61]).
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ABSTRACT. In this paper, we investigate the concept of Abel statistical delta
quasi Cauchy sequences. A real function f is called Abel statistically delta
ward continuous it preserves Abel statistical delta quasi Cauchy sequences,
where a sequence (ay) of points in R is called Abel statistically delta quasi
Cauchy if lim, ;- (1—-2) 37 | a20, |>c z* = 0 for every £ > 0, where A2qy, =
Q42 — 2041 + o, for every k£ € N. Some other types of continuities are also
studied and interesting results are obtained.

1. INTRODUCTION

Throughout this paper, N, and R will denote the set of positive integers, and the
set of real numbers, respectively. The boldface letters such as «, 3, ¢ will be used
for sequences & = (), B = (Bn), ¢ = (¢n), ... of points in R. A real function f is
continuous if and only if it preserves Abel statistical convergence, i.e. for each point
¢ in the domain, Abels; — lim, o f(an) = f(¢) whenever Abely: — limy, 00 vy, = £.

Using the idea of continuity of a real function in this manner, many kinds of
continuities were introduced and investigated, not all but some of them we recall in
the following: ward continuity ([12], [5]), p-ward continuity ([I9]), é-ward continu-
ity ([15]), 62-ward continuity ([4]), statistical ward continuity, ([16]), A-statistical
ward continuity ([29]), p-statistical ward continuity ([6], [2I]), slowly oscillating
continuity ([I0, 44, 28]), quasi-slowly oscillating continuity ([31]), A-quasi-slowly
oscillating continuity ([I3]), upward and downward statistical continuities ([20]),
lacunary statistical ward continuity ([7], [47], and [48]), lacunary statistical § ward
continuity ([25]), lacunary statistical 62 ward continuity ([46]), Ng-ward continuity
([18], [24], [36], [8], [36], [37]), and Ng-6-ward continuity ([8]), which enabled some
authors to obtain interesting results.

The purpose of this paper is to introduce and investigate the concept of Abel
statistical d-ward continuity of a real function, and prove interesting theorems.

2010 Mathematics Subject Classification. Primary: 40A05 ; Secondaries: 26A15, 40A30.
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2. ABEL STATISTICAL § QUASI CAUCHY SEQUENCES

A sequence (ay) is called statistically convergent to an element £ of R if lim,, o = |[{k <
n:|ag — L] > e} =0 for each € > 0 (see [34], [14], [21], and [26]).

A sequence (ay) of real numbers is called Abel convergent (or Abel summable)
to £ if the series

¥ papxh

is convergent for 0 < z < 1 and lim, ;- (1—2) > po axz® = ¢ ([1], [3], and [35]). In
this case, we write Abel —lim oy = ¢. The concept of a Cauchy sequence involves far
more than that the distance between successive terms is tending to 0 and specially
speaking, than that the distance between successive terms is Abel convergent to
zero. Nevertheless, sequences which satisfy this weaker property, i.e. Abel quasi
Cauchy sequences satistying Abel —limA aj = 0, are interesting in their own right.
In other words, a sequence (a4 ) of points in R is called Abel quasi-Cauchy if (Aay)
is Abel convergent to 0, i.e. the series

o0
E Aapz®
k=0

is convergent for 0 < x < 1 and

z—1-

lim (1 —z) Z AapzF =0
k=0

where Aoy = ag41 — .

Recently the concept of Abel statistical convergence of a sequence is investigated
in [43] in the sense that a sequence («y) is called Abel statistically convergent to a
real number L if 4lim,_,;- (1 —x) Zk:\ak—mze ¥ = 04 for every € > 0, and denoted
by Abels — lim oy, = L.

A sequence (ax) of points in R is called Abel statistically quasi Cauchy if

li - =
R l}nlrl_(l x) Z ¥ =0
ki|Aay|>e
for every € > 0 ([30]).
Now we introduce the concept of Abel statistically 6 quasi Cauchyness in the
following:

Definition 2.1. A sequence of points in a subset A of R is called Abel statistically
0 quasi Cauchy if

lim (1 — k=
Jm (1 -a) 3, ak=0
k:|A%2ay|>e

for every e > 0, where A%ay, = apyo — 205,41 + oy, for every k € N.

Any Abel statistically quasi-Cauchy sequence is Abel statistically & quasi Cauchy,
but the converse is not always true. Any quasi-Cauchy sequence is Abel statisti-
cally § quasi Cauchy, but the converse is not always true. Any Abel statistically
convergent sequence is Abel statistically ¢ quasi Cauchy. There are Abel statisti-
cally § quasi Cauchy sequences which are not Abel statistically quasi Cauchy. Since
the set of all convergent sequences c is a proper subset of Abelgt, and Abely; is a

proper subset of Abelfi: , the set of Abel statistical 6 quasi Cauchy sequences, one
can easily find that ¢ C A C Abelf,t C Abel®; , where c, A, AAbely;, and A®Abel,,,

st
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denote the set of convergent sequences, the set of quasi Cauchy sequences, the set of
Abel statistically quasi Cauchy sequences, and the set of Abel statistically ¢ quasi
Cauchy sequences.

Theorem 2.1. The sum of two Abel statistical § quasi-Cauchy sequences is Abel
statistical 6 quasi-Cauchy.

Proof. Let (ay) and (8x) be Abel statistical § quasi-Cauchy sequences of of points
in A. Then lim, 1~ (1—2) Y4 azayze @ = 0and lim, 41— (1-2) 305 a2py 5 2 =
0 for every ¢ > 0. Then lim,_,;-(1 — x) Zk:|A2(ak+ﬂk)\za ¢ < limg_,q- (1 —
T) Dk A2y e oF 4+ lim, - (1 — o) DI NINT AL x®. This completes the proof of
the theorem. a

Now we give the definition of Abel statistical § ward compactness.

Definition 2.2. A subset A of R is called Abel statistically 5§ ward compact if any
sequence of points in A has an Abel statistical § quasi-Cauchy subsequence.

First, we note that any finite subset of R is Abel statistically § ward compact,
the union of two Abel statistically § ward compact subsets of R is Abel statistically
6 ward compact and the intersection of any family of Abel statistically é ward
compact subsets of R is Abel statistically § ward compact. Any G-sequentially
compact subset of R is Abel statistically 6 ward compact for a regular subsequential
method G (see [I1], [I7]). Furthermore any subset of an Abel statistically ¢ ward
compact set is Abel statistically § ward compact, any bounded subset of R is
Abel statistically § ward compact, any slowly oscillating compact subset of R is
Abel statistically § ward compact (see [L0] for the definition of slowly oscillating
compactness).

Theorem 2.2. If a function [ is uniformly continuous on a subset A of R, then
(f(ag)) is Abel statistical § quasi-Cauchy whenever (ay) is a quasi-Cauchy sequence
of points in A.

Proof. Take any quasi-Cauchy sequence () of points in A, and let € be any positive
real number. By uniform continuity of f, there exists a § > 0 such that

|f(a) — f(B)] < &€ whenever |« — 3| < § and «, 8 € E. Since (ay) is a quasi-Cauchy
sequence, there exists a positive integer ko such that |ag11 — ax| < & for k > ko.
Thus

lim (1 — k=,
P N
ki A2ay|>e

This completes the proof of the theorem. O

Definition 2.3. A function defined on a subset A of R is called Abel statistically
0 ward continuous if it preserves Abel statistical § quasi-Cauchy sequences, i.e.
(f(an)) is an Abel statistical & quasi-Cauchy sequence whenever (ay,) is.

We note that Abel statistical § ward continuity cannot be obtained by any se-
quential method G ( [9], [I7]). The composition of two Abel statistical § ward
continuous functions is Abel statistical 6 ward continuous.

Theorem 2.3. If f is Abel statistically 6 ward continuous on a subset A of R, then
it is Abel statistically ward continuous on A.
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Proof. Let (o) be any sequence with Abels;—limy_, oo A, = 0. Then the sequence
(a17 A, A2, A2, ..., Qp, OAp, )
is Abel statistical § quasi-Cauchy hence, by the hypothesis, the sequence

(.f(al)> f(al)’ f(a2)a f(a2)7 e f(an)vf(an)v )

is Abel statistical 6 quasi-Cauchy . It follows from this that

(f(e), flaz), ., flan), )

is Abel statistical quasi-Cauchy. This completes the proof of the theorem. O

Corollary 2.4. Any Abel statistically § ward continuous on a subset A of R is
ordinary continuous on A.

Theorem 2.5. The sum of two Abel statistical § ward continuous functions is Abel
statistical § ward continuous.

Proof. The proof of this theorem follows easily, so is omitted. |

If ¢ is a constant real number and f is an Abel statistically § ward continuous
function, then cf is Abel statistically 6 ward continuous. Thus the set of Abel
statistical § ward continuous functions is a vector subspace of the vector space of
continuous functions. Maximum of two Abel statistical § ward continuous func-
tions is Abel statistical § ward continuous, and minimum of two Abel statistical §
ward continuous functions is Abel statistical § ward continuous, which follow from

maz{f,g} = 5(f + g+ |f — g|) and min{f,g} = $(f + g — |f — g|), respectively.

Theorem 2.6. Abel statistically § ward continuous image of any Abel statistically
& ward compact subset of R is Abel statistically § ward compact.

Proof. Assume that f is a Abel statistically 6 ward continuous function on a subset
A of R, and B is an Abel statistically § ward compact subset of A. Let (8,)
be any sequence of points in f(B). Write 8, = f(a,) where a,, € A for each
positive integer n. Abel statistically § ward compactness of B implies that there is
a subsequence (7;) = (au,,) of (ay,) with Abelst — limg_,o0 A%y, = 0. Write (tg) =
(f(x)). As f is Abel statistically § ward continuous, (f(vx)) is Abel statistically §
quasi-Cauchy. Thus f(B) is Abel statistically § ward compact. This completes the
proof of the theorem. O

Corollary 2.7. Abel statistically 5 ward continuous image of any compact subset
of R is Abel statistically § ward compact.

Corollary 2.8. Abel statistically § ward continuous image of a G-sequentially com-
pact subset of R is Abel statistically 6 ward compact for any subsequential reqular

method G.

3. CONCLUSION

In this paper, we obtain results related to Abel statistically § ward continuity,
Abel statistically § ward compactness, ward continuity, continuity, and uniform
continuity. We suggest to investigate Abel statistically § quasi-Cauchy sequences
of fuzzy points or soft points (see [23], [38] for the definitions and related concepts
in fuzzy setting, and see [2], and [33] for the soft setting). We also suggest to
investigate Abel statistically ¢ quasi-Cauchy double sequences (see for example [27],
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[32], and [40] for the definitions and related concepts in the double sequences case).
For another further study, we suggest to investigate Abel statistically § Cauchy
sequences of points in an abstract metric space ([39], [45], [44], [22], [41], and [28]).
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ABSTRACT. We define and study an equivalence relation in the class Tr(SVs)
of translationally slowly varying positive real sequences and its relations with
selection principles and game theory. We also prove a game-theoretic result
for translationally rapidly varying sequences.

1. INTRODUCTION

Throughout the paper N will denote the set of natural numbers, R the set of real
numbers, S the set of sequences of positive real numbers.

The theory of regular variation, including in particular slow variation, was ini-
tiated in 1930 by J. Karamata [§]. Nowadays this branch of asymptotic analysis of
divergent processes is known as Karamata’s theory of regular variation. Another
kind of variation, called rapid variation, was introduced and first studied in 1970 by
de Haan [7]. These two theories are developed for functions and sequences and have
various applications in several mathematical disciplines: number theory, differen-
tial and difference equations, probability theory, g-calculus, and so on. For more
information about the theory of regular variation and the theory of rapid variation
we refer the reader to the book [I]. In this article we are interested in two classes
of sequences related to slow and rapid variations.

We recall first the definitions of slowly and rapidly varying sequences.

Definition 1.1. ([I, 2, [12]) A sequence ¢ = (cp)nen € S is slowly varying (re-
spectively, rapidly varying) if for each A > 0 (respectively, A > 1) the following is
satisfied: ‘

lim 21 =1, (1.1)

n—oo  Cp

(respectively,

. Clan
lim 2 = 00),
n—o00 Cp

where for x € R, [z] denotes the greatest integer part of x.

(1.2)

2010 Mathematics Subject Classification. Primary 26A12; Secondary 40A05, 91A05.
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The classes of slowly varying and rapidly varying sequences are denoted by SV
and Rs o, respectively.
In what follows we work with the following two classes of sequences.

Definition 1.2. ([3, [II]) A sequence ¢ = (cy)nen € S is translationally slowly
varying (respectively, translationally rapidly varying) if for each A > 1 the following
asymptotic condition is satisfied:

lim A g (1.3)
n—oo ¢y

(respectively,
lim A — ). (1.4)

n—oo  Cp

Tr(SVs) denotes the class of translationally slowly varying sequences, and Tr(Rs o)
denotes the class of translationally rapidly varying sequences (see [2, 3 4] [5]).

Observe that Rg oo N Tr(SVs) # 0, Ry oo \ Tr(SVs) # 0, Tr(SVs) \ Rs.oo # 0, and
Tr(Rs,00) C Rs 00-

In this paper we define and study a new equivalence relation in the class Tr(SVs),
in particular its relations with selection principles and game theory. We also provide
a game-theoretic result concerning the class Tr(Rs o).

2. REsuLTS
We begin this section with definitions of concepts we use in this article.

Definition 2.1. Sequences ¢ = (c¢p)neny and d = (dp)nen from S are mutually
translationally slowly equivalent, denoted by

cnft\SJdn, as n — oo,
if J
lim N 1 and lim S o (2.1)

n—o00 n n—oo  Cp

hold for each A > 1.

Definition 2.2. Sequences ¢ = (c¢p)neny and d = (dp)nen from S are mutually
translationally rapidly equivalent, denoted by
tr
Cp ~ dp, a8 N — 00,
if
ClntA]

dn
lim " oo and  lim ) = 0o (2.2)
n—o00 n n—00  Cp

hold for each A > 1.

Theorem 2.1. Let sequences ¢ = (¢p)nen and d = (dp)nen be elements from S. If
Cn ¥ dn, as n — 0o, then ¢ € Tr(SVs) and d € Tr(SVs).

Proof. For A > 1 we have
1 Cln+

enin\
im —— = lim n
n—oo  Cp n—00 Cp,

if the limit on the right side exists. Further, since ¢, £ d,, we have

d d
lim &2 = lim (C”“ : ”“) = lim &2 . im &t g,

n—oo ¢, n—o0 dn+1 Ch, n—oo dy41 n—ooe Cp
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2
. Cn+2 Cn+l . Ck+1
1= lim (222 .22 ) — lim + ’
n—00 \ Cp+1 Cn k—oo Ck

. Cn+1
lim 2+ — 1.

n—oo  Cp

Therefore

hence

This means that

limM=1 foreach A > 1,

n—co ¢y,

ie. c e Tr(SVs).
Similarly we prove d € Tr(SVs). O

In a similar way, by suitable modifications in the proof, we prove the following
result.

Theorem 2.2. Let ¢ = (¢n)nen and d = (dn)nen be sequences in S. If ¢, I dn,
asn — 00, then ¢ € Tr(Rs ) and d € Tr(Rs o).

Theorem 2.3. Relation < is an equivalence relation on Tr(SVs).

Proof. 1. (Reflexivity) Let ¢ € Tr(SVs). Then lim,, o, % = 1 for each X > 1,

Cn
that is ¢, £ cn as n — 0o, and so reflexivity holds.

2.(Symmetry) It follows from the definition of relation <.

3. (Transitivity) Let ¢ = (¢n)nen, d = (dn)nen and € = (e,)nen be elements
from Tr(SVs) such that ¢, ¥ dp, n — oo, and d, ¥ en, n — 00. Then we have

c c d
lim 22 = lim 22 i o
n—oo €, n—00 Op4] N0 €y
We conclude
c e
1= lim <"+2 . W) ]
n—=0o0 \ €n+1 €n
Because of e € Tr(SVs), we obtain
c

lim =1,

n—oo e,
It follows from here that for each A > 1 it holds

c

lim A

n—oco e,
In a similar way one proves

e
lim " 1 A > 1,
n—oo Cn,

which means ¢, £ en.- (|

Remark. Let a sequence ¢ = (¢,)nen belong to the class Tr(SVs) and let d =
(dn)nen € S be such that ¢, < d,,. Then

lim & = lim < En -C"“)—l

n—o0 d, n—00 \ Cpi1 dy,

and we conclude that sequences ¢ and d are strongly asymptotically equivalent (see,
for instance. [1,16]), i.e. lim, o0 g* = 1.
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Recall the definition of selection principles, which we need in what follows (see
[9, [10]).

Definition 2.3. Let A and B be subfamilies of the set S. The symbol «;(A, B),
i € {2,3,4}, denotes the following selection hypotheses: for each sequence (4, )nen
of elements from A there is an element B € B such that:

(1) as(A,B): the set Im(A4,,) N Im(B) is infinite for each n € N;

(2) as(A,B): the set Im(A,) N Im(B) is infinite for infinitely many n € N;

(3) a4(A,B): the set Im(A4,,) N Im(B) is nonempty for infinitely many n € N,
where Im denotes the image of the corresponding sequence.

The following infinitely long game is related to as (see [9] [10]).

Definition 2.4. Let A and B be nonempty subfamilies of S. The symbol G, (A, B)
denotes the following infinitely long game for two players, I and II, who play a round
for each natural number n. In the first round I chooses an arbitrary element Ay =
(A1j)jen from A, and II chooses a subsequence y,, = (Aj,,,(;))jen of the sequence
A;. At the k" round, k > 2, I chooses an arbitrary element A; = (Ak,;)jen from
A and II chooses a subsequence y,, = (A, (;))jen of the sequence Ay, such that
Im(ry(jy) N Im(ry;)) = 0 is satisfied, for each p <k — 1. 1T wins a play

AL Yrs o5 Ak Y- -

if and only if all elements from Y = (J, oy UjeN Ag,Tr(j), With respect to second
index, form a subsequence y = (Y )men € B.

A strategy o for the player 11 is a coding strategy if 11 remembers only the most
recent move by I and by II before deciding how to play the next move.

Observe, that if II has a winning strategy in the game G,, (A, B), then the
selection principle ag(A, B) is true. Also, as(A, B) = a3(A, B) = as(A, B).

Let ¢ = (¢n)nen € S. Then we define
[clts = {d = (dn)nen €S : cn = dp,n — 00} (2.3)
as the equivalence class of ¢ in Tr(SVs).

Theorem 2.4. For a fized element ¢ € Tr(SVs), the player 11 has a winning coding
strategy in the game Gg, ([Clts, [Clts),

Proof. (1% round): Let o be the strategy of the player II. The player I chooses a
sequence X1 = (Z1,n)nen € [c]is arbitrary. Then the player II chooses the subse-
quence 0(X1) = (21 x,(n))nen of the sequence x1, where Im(k;) is the set of natural
numbers greater of or equal to n; € N which are divisible by 2 and not divisible by
22, andl—%g x;—”n §1—|—%holdsfor0achn2n1.

(m*" round, m > 2): The player I chooses a sequence X, = (Tm,n)neN € [Clts-

Then the player II chooses the subsequence

U(Xma (xmfl,k,,,b,l(n))nEN) = (xm,lcm(n))neN
of the sequence X, so that Im(k,,) is the set of natural numbers greater of or equal
to n,, € N, which are divisible by 2, and not divisible by 2™, and 1 — 5= <
—t <1+ 2 holds for each n > ny,.

Tm,n
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Consider now the set Y = U, ey Unen Tm, ko (n) in S indexed by the second index
km(n). This set we can consider as the subsequence of the sequence y = (y;)ien
given by:

o { T kyu(n), if @ = km(n) for some m,n € N;
Yi = Ci, otherwise.
By the construction y € S. Also, the intersection of y and x,, m € N, is an infinite
set.

Let us prove that y,, £ Cm, a8 m — 0o. Let € > 0. Let m be the smallest
natural number such that 2% <e. Foreach k € {1,2,...,m—1} there is n} € N, so
that 1 —e < ;% < 1+¢ for each n > nj. Set n* = max{nj,nj,...,n;,_,}. For
each i > n* we have 1 —e < ;— < 1+ e. Therefore, lim,,_, i = 1. It follows

. Cit+1 . Ci+1 G
lim =lm|(— -—| =1

because ¢ € Tr(SVs). In a similar way we prove

,

lim ZHL

1—00 C;
One concludes that for each A > 1
) crs
lim LG lim Ay
71— 00 Ci 71— 00 yz
i.e. y = (yi)ien € [c]ts. The theorem is proved. O

Corollary 2.5. The selection principle aa([clts, [C]ts) holds for each fized element
c € Tr(SVs). Consequently, as([clis, [clis) and au([clts, [€lis) also hold.

We end the paper by proving a result about mutually translationally rapidly
equivalent sequences.

Let ¢ = (¢n)nen € S. Then we define
[clir = {d = (dn)nen €S : en & dy,n — 00} (2.4)

Theorem 2.6. The player 11 has a winning coding strategy in the game Ga, ([Ctr, [C]tr),
for any fized element ¢ € Tr(Rs,o0)-

Proof. Let o be the strategy of II.
(m*" round, m > 1): The player I chooses a sequence Xm = (T .n)nen € [t
Then the player II chooses the subsequence

C7'(Xma (xm—l,km,l(n))nEN) - (-Z‘m.,km(n))neN

of the sequence xm, so that Im(k,,) is the set of natural numbers greater of or
equal to n,,, which are divisible with 2™, and not divisible with 2™*!, n,, € N,
and ;”A > 2™ and % > 2™ for each n > n,,. Let A > 1. Since ¢ € Tr(Rs ),

we have C’SA > 1 for sufficiently large n. Then
Cln+] _ Cln+ ) Cln+A]—1 o Cn+1 > 9m
Tm,n Cln+A]—1  Cln+r]-2 Tm,n

. ¢
for each n > n,,. Since T, , < ¢, as n — 00, we have Xy, € Tr(Rs,00) (Theorem
. In a similar way we prove “="F2L > 2™ for all n > n,y,.
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Form the set Y = U,y Unen Tm, k. (n) Of positive real numbers indexed by the
second index. This set is a subsequence of the sequence y = (y;):en defined by:

Y — T kyu(n), i @ = km(n) for some m,n € N;
' Cis otherwise.

Evidently, y € S and the intersection of y and x,, m € N, is an infinite set.

We prove y,, Z Cm, as m — 0o. Let M > 0. Choose the smallest m € N such
that 2™ > M. For each k € {1,2,...,m — 1} there is n} € N, so that ‘= > Af

[

Tk,n
and 222 > A for each A > 1 and each n > nj. Let n* = max{nj,...,n}_}.
Therefore, the inequalities % > M and @ > M hold for each A\ > 1 and each

i > n*. As M was arbitrary, one concludes y; 9 c;, as ¢ — 0o. In other words,
Yy € [c]tr- O

Corollary 2.7. The selection principle as([cltr, [c]tr) holds for each fized element
c € Tr(Rs,o0), and thus as([cli, [c]ir) and as([clir, [c]tr) hold.
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ABSTRACT. In this paper, we study the existence and multiplicity of positive
radial solutions for a class of local elliptic boundary value problem defined on
bounded annular domains. The existence and multiplicity of positive radial
solutions are obtained by means of fixed point index theory. We include an
example to illustrate our results.

1. INTRODUCTION

In this paper, we are interested in the existence of radial positive solutions to
the following boundary value problem (BVP)

{ —Du(z) = f(|z],u(z), =€,

u(z) =0, x € 012, (1)

where 2 = {z € RN : Ry < |#| < Ry, N >3} with 0 < Ry < Ry is an annulus in
RN and f € C ([0,1] x [0,00),[0, 00)).

The study of such problems is motivated by a lot of physical applications start-
ing from the well-known Poisson-Boltzmann equation (see [2, 26, 34]), also they
serve as models for some phenomena which arise in fluid mechanics, such as the
exothermic chemical reactions or autocatalytic reactions (see [31], Section 5.11.1).
The nonlinearity f in applications always has a special form and here we assume
only the continuity of f and some inequalities at some points for the values of this
function. However, we know that in the integrand should stay a superposition of u
with a given function (usually the exponent of u in applications) instead of u alone,
but we treat this paper as the first step in this direction. The method we use is
typical for local BVP. We shall formulate an equivalent fixed point problem and
look for its solution in the cone of nonnegative function in an appropriate Banach
space. The most popular fixed point theorem in a cone is the cone-compression
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and cone-expansion theorem due to M. Krasnosel’skii [25] which we use in the form
taken from [12], [19]. We also point out the fact that problems of type when
equation does not contain parameter \, are connected with the classical boundary
value theory of Bernstein [1] (see also the studies of Granas, Gunther and Lee [17]
for some extensions to nonlinear problems).

The existence and uniqueness of positive radial solutions for equations of type
when equation does not contain parameter A, were obtained in [5], [27], [36].
Wang [36] proved that if f : (0,00) — (0, 00) satisfies lsz(z) = oo and lim f(z) =

zZ—00

0 then problem when equation does not contaln parameter A, has a p051tlve
radial solution in 2 = {x €RN, N > 2}. That result was extended for the systems
of elliptic equations by Ma [24]. We quote also the research of Ovono el al. [32]
where the diffusion at each point depends on all the values of the solutions in a
neighborhood of this point and Chipot et al. [13] considred the solvability of a
class of nonlocal problems which admit a formulation in term of quasi-variational
inequalities. There is a wide literature that deals with existence multiplicity results
for various second-order, fourth-order and higher-order boundary value problems
by different approaches, see [8,9,10,11,12, 14,29, 30].

In 2011, Bohneure et al. [6] studied the existence of positive increasing radial
solutions for superlinear Neumann problem in the unit ball B in RV, N > 2,

—Aut+u=a(z|) f(u), in B,
u >0, in B,
Owu =0, on 0B,

where a € C*([0,1],R), a(0) > 0 is nondecreasing, f € C*([0,1],R), f(0) =

0, lzm f(s) =0 and lzm fis) > a(O)

In 2011 Haklml and Zertltl [22] studied the nonexistence of radial positive solutions
for a nonpositone problem when the nonliearity is superlinear and has more than
one zero,

Au(z) = Af (u(z), =€,
( ) =0, x € 012,
where f € C ([0, +0),R).
In 2014, Sfecci [35] obtained the existence result by introduced the lim sup type
of nonresonance condition with respect to the first positive eigenvalue Ay pro-
vided lim sup2 W < A1 with a double limin f condition like the following one

\u|—>oo
lim sup® (") < 4 ~ and lim inf
U—— 00 u——+o0

lems deﬁned on the ball B = {z € RV, |z| < R},

A (w) = £ (u(@)) +e(lzl), in Br,
u(x) =0, on OBg,
where f € C (R,R), e € C ([0, R],R), F is a primitive of f and Q = (—2p,2p) C R.
In 2014, Butler et. al, [7] studied the positive radial solutions to the BVP
—Au+u=2xa(|z|) f(u), z €Q,
%+E(U)U:0, || = ro,
u(z) — 0, |z| — oo,

F(Zu)

< 4 > for the following Neumann prob-
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where f € C (]0,0),R), Q= {xERN ¢ N > 2, |z| > rowithrg >0}, A is a pos-

itive parameter, a € C ([rg,00),RT) such that lzma(r) =0 is the outward

’ 67
normal derivative and ¢ € C ([0, 00), (0, 00)).

In 2003, Stanzy [34], by using the norm-type cone expansion and compression
theorem proved that problem has at least one positive radial solution under
the following conditions

(Bs) for any M > 0 there exist a function py; € C ((1, +00),RT) with

oo

/ (1—s*") pu (s)ds < o0,
1
such that

0 < f(s,u) <pum(s), forany (s,u) € (1,00) x [0, M],
(Ba) there exist a set B € ((1,400),R™T) of positive measure such that

lim f (3 u) = 400, uniformly with respect to s € B,
u——+o0
(Bs) there exist a function p € C'((1,+00),RT) with [[*s (1 —5>") p(s)ds < o0
such that
m fsu) = 0, uniformly with respect tos € B.

u—0+ up (8)

In 2006, Han [21], replacing the conditions listed above (By), (Bz) and (Bs) by the
weaker ones

lim inf min M > €, lzm supf( X0

u—0+ s€le,d] U ( )
uniformly with respect to s € (1,+o0) for suitable positive numbers £ and 7, the
authors proved that problem (1.1)) still has at least one positive radial solution.

In 2014, Wu [37], studied problem ([1.1)) under some conditions concerning the first
eigenvalues corresponding to the relevant linear operators, they obtained several ex-
istence theorems on multiple positive radial solutions of (1.1)) in an exterior domain.

Inspired and motivated by the works mentioned above, we deal with existence
and multiplicity of radial positive solutions to the BVP , our approach is based
on fixed point index theory. The paper is organized as follows. In Section 2, we
changes problem into a sigular two-point boundary value problem and we
will state all the lemmas which will be used to prove our main results in the later
section. Setion 3 is devoted to the existence and multiplicity of positive solutions
and positive radial solutions for BVP and we give an example to illustrate our
results.

2. PRELIMINARIES
We shall consider the Banach space E = C'[0, 1] equipped with sup norm ||u| =

ez, |u (t)] and C*[0,1] is the cone of nonnegative functions in C [0, 1].
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Definition 2.1. Anonempty closed and conver set P C FE is called a cone of E if
it satisfies

(1) uw e P, r > 0 implies ru € P,
(#) w € P, —u € P implies u =0, where § denotes the zero element of E.

Definition 2.2. A cone P is said to be normal if there exists a positive number N
called the normal constant of P, such that 0 < u < v implies ||u]| < N ||Jv]|.

We are interested in finding radial solutions for problem (1.I). We proceed
as in introduction. Since we are looking for the existence of nonnegative radial
solutions u (z) = z (Jz|) of the problem (1.1])), where z : R — R, one can substitute

_1
v(t) = 2 (Bi_t) " for t € [0,1] ,n > 3, thus reducing the BVP (T.I) to the
following singular two-point BVP

—" (t) =g (t,v(t), t€(0,1), (2.1)
v(0)=wv(1l)=0, .
where
1
oy =omf( ()" 22)
g(tv) = 5 ], .
n—2 n—2
= % and B = %a (2.3)
R~ — Ry R - Rg
and
2
B Rl—(”—Q) _ RO_("_Q) —(n-2) —(n—2) —(n—2)
¢(t)_< n—2 (Rl —(R1 — o )t>’n23'
(2.4)

we can reformulate g as

9 2(n—1)
R;(n72) . R(;(n72) 1 A “n—2
¢ (t) = n—2 2n—2 n—2 n—2\ w= B—t
Aw= (R} - Ry?)

We observe that the existence of radial positive solutions of (1.1 is equivalent
to the existence of positive solutions of the problem (2.1)).

In arriving our results, we need the following six preliminary lemmas. The first
one is well known.

Lemma 2.1. Lety(-) € C[0,1]. If u € C?[0,1], then the BVP (2.1)) has a unique

solution
1

v (t) = /G (t,s)y (s)ds, (2.5)

0



34 NOUREDDINE BOUTERAA, SLIMANE BENAICHA, AND HABIB DJOURDEM

where

G(Ls)-{s(l_t)’ Ogtfiilj (2.6)

Lemma 2.2. For any (t,s) € [0,1] x [0, 1], we have
0<G(ts) <G(s,8)=s(l—23s).
Proof. The proof is evident, we omit it. O

Lemma 2.3. (see [23]) For y(t) € C*[0,1]. Then the unique solution u(t) of
BVP (2.1)) is nonnegative and satisfies

min_ v (t) > c|lo]],

Ro<t<R
where ¢ = min{Ry,1 — R1} and [Ro, R1] C (0,1).
If we let
P={veCT[0,1]: wv(t)>0, fortel0,1]},
and

_ + . : >
Q {U e CT[0,1]: RorgtzgRlv(t) > c||v|}7

then it is easy see that P and @ are cones in £ = C[0,1].
Let 2, = {u€ E : |lu]| <r} be the open ball of radius r in E and the operator
A . E — F define by

1
(Av) (t) = /G(t7 s)g(s,v(s))ds, t €0,1]. (2.7)
0
Define a set H by
1
H= hec((0,1),]R<+):h;éo,/t(1—t)h(t)dt<+oo . (2.8)
0
Now, we define an integral operators T}, : E — FE for h € H by
1
(Tho) (t) = /G(t7 s)h(s)v(s)ds, forve E. (2.9)
0
We have the following lemma.

Lemma 2.4. For any h € H we have
(1) Ty, is a completely continuous linear operator and the specteral radius r (T),) # 0
and Ty has a positive eigenfunction @1y corresponding to its first eigenvalue A, =
(r(Tw) ™",
(1) Tn (P) C Q,
(#i1) there exist 01, d3 > 0, such that

"G (t,s) < o1p(s) < 02G(s,s), t, s€[0,1], (2.10)

(iv) define a functional Jp, by Jy, (v) = folh(t) o1n () v (t)dt for v € E. Then
Jn (Thv) = AT (v) forv € E,
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(v) let
Py = {v eP: J,(v)> )\Ihlél ||1)H}, (2.11)
then Py is a cone in E and T), (P) C Py where 81 is defined by (2.10]).
To prove Lemma we need the following lemmas.
Lemma 2.5. (see [24]) Suppose that E is a Banach space, T,, : E — E, n € N*
are completely continuous operators, T : E — E and
lim max [|[Tou —Tu| =0, VYr >0, (2.12)

n—r+0o|jul|<r
then T is completely continuous operator.
Lemma 2.6. (see [25]) Suppose that E is a Banach space, T : E — E is completely
continuous linear operators and T (P) C P. If there exist ¢p € E\ (—P) and a
constant p > 0 such that pT > 1), then the spectral radius v (T') # 0 and T has a
positive eigenfunction corresponding to its first eigenvalue Ay (r (T))_l,

Proof. Proof of Lemma It follows from the definition of H that for any v € E

[(Tho) (8)] < /G(t,S)h(S) v ()| ds,
0

< vl /G(t,s)h(s) ds < 4o0. (2.13)

Obviously, T, (P) C P and T, : E — E is a positive linear operators.
We will show tha T}, : E — E is completely continuous. For any natural number
n > 2, let

inf h(s), 0<t<i,
tSsS%
ho (£) = q R(1), F<t< el (2.14)
inf h(s), =L1<t<l
1ot <s<1

Then h,, : [0,1] — [0,00) is continuous and h,, (t) < h(t) for all ¢ € (0,1).
Let

(Th,v) (t) = /G (t,s) hy (s)v(s)ds. (2.15)

Now, we show that T}, : E — E is completely continuous. For any r > 0 and
v € £2,, according to (2.14]) , (2.15) and the absolute continuity of integral, we have

1

nﬁinoo |Th, v —Tv|| = lim maz /G(t, s) (hn (s) = h(s))v(s)ds

n—+o0t€0,1]

1
< ol tim_| [ G (s,9) (b (5) = (s)) ds
0

<ol tim [ Glos) (b () = o (5)) ds
e(n)
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< ||v|| nl—Z>Too / G (s,8)h(s)ds =0, (2.16)
e(n)
where e (n) = [0, 2] U [2=1 1],

n

Therefore, by Lemma Ty, : ' — E is a completely continuous operator. It
is obvious that there exists ¢; € (0,1) such that G (t1,%1) h (¢1) > 0. Thus there is
[a1,b1] C (0,1) such that ¢; € (a1,b1) and G (t,s)h(s) > 0 for all ¢, s € [a1,b1].
Take ¢ € P such that ¢ (t1) > 0 and ¢ (t) = 0 for all ¢ ¢ [a;, b1]. Then, for ¢ € [aq, b1]

(Th0) ( /G (t,s) C(s)ds

b1
> /G (t,s)h(s)C(s)ds > 0. (2.17)

So, there exist a constant p > 0 such that p (73,¢) (¢) > ¢ (¢) for all ¢ € [0,1]. From
Lemma we have that the spectral radius r (Ty) # 0 and T}, has a positive
eigenfunction corresponding to its first eigenvalue A1y, (r (T3)) .

(#¢) To prove T, (P) C @, we only need to show

min (Tpv) (t) > min{Ro,1 — R1} ||Tpv| for ve P. (2.18)
te[Ro,R1]

In fact, for every v € P, from 0 < G (t,5) < G (s,s) =s(1—s) for t, s € [0,1], we
have

1
(Tho) ( /G v(s)ds
0

g/s(l—s) (s)v(s)ds,

so, for any v € P, we have

1

Thol| < /5(1 — ) h(s)v (s)ds. (2.19)
0
Notice that, for ¢ € [Ry, R1],

Glts) = { :((11:3 i ;E)lu_i;: fii (2.20)
Thus, for (,s) € [Ro, R1] x [0, 1], we have

G(t,s) >min{Rp,1 — Ri}s(1—s). (2.21)
It follows, from and that for all v € P

1

(Tho) (t) = /Gts)h (s)v(s)ds

0
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zmin{Ro,l—Rl}/s(l—s)h(s)v(s)ds

> min {RQ, 1-— R]} ||Th1}|| , te [Ro, Rl] . (222)
So, (2.18) holds. Thus, T}, maps P into Q.

(#i1) Since 1y, is a positive eigenfunction of T, we know from the maximum prin-
ciple (see [18]) that @15 (£) > 0 for all ¢ € (0, 1).

Note that G (0,s) = G (1,s) =0 for s € (0,1), we have @15 (0) = p15 (1) = 0.

This impleis that ¢}, (0) > 0 and ¢}, (1) < 0 (see [18]).

Define a function @, on [0,1] by

<pl1h (0) s s=0,
Dy (s) =4 L9, 5€(0,1), (2:23)
-, (1), s=1.

Then, it is easy to see that @, continuous on [0,1] and @}, (s) > 0 for all s € [0, 1].
So, there exist d1, d9 > 0, such that

01G (t,8) < 915 (1 —8) < 1 (8) < d2s (1 —s) < 02G (s,5), (2.24)

for all ¢, s € [0,1].
(iv) From (2.10), for all v € E, we have

1

0= [ @)oo i

0

1
/ F(1— 1) h () v () dt < +oo.
0

So, J : E — R is well defined.
For all v € E, we have

Jn (Thv) = /h (t) p1n (1) /G (t,s)h(s)v(s)ds | dt

/h@ﬁw@ /G@JVMUWhmdtds
0 0

= / h(s)v(s) (ringpin (s)) ds

=\ T (v), (2.25)
for v € E. Then Jy, (Th,v) = A~1Jy, (v) for v € E.
(v) It is easy to verify that P, is a cone in E. It follows from (2.10) and (2.25) that

1
I (Thv) = A}, /h s)p1n (s)v (s)ds
)
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1

> 51A;,}/h(s)(;(t,s)v(s) ds
0
=6\, (Tywo) (t), forv e P. (2.26)
The proof is completed. O

3. EXISTENCE RESULTS

3.1. Positive solutions of singular two-point boundary value problems.
The following Lemma is a well-known result of the fixed point index theory, which
will play an important role in the proof of our main results.

Lemma 3.1. (see [18])Let 2 be a bounded open set in E with € 2, A : PN2 — P
a completely continuous operator, where 8 denotes the null element of E. Assume
that A has no fized point on P N 0f2.

(1) (Homotopy invariance) If u # pAu for all p € [0,1] and u € PN OS2, then the
fized point index i (A, PN {2, P) =1,

(i) (omitting a direction) if there exists an element g € P\ {0} such that u #
Au+ pwpy for allu € PN OS2 and p >0, then i (A, PN {2, P) =0,

(#1) (cone expansion) if ||Aull > ||u|| for allu € PN OS2, then i (A, PN {2, P) =0,

() (additivity) suppose (21 is an open subset of 2 with 0 € 21 and uw # Au for
u € PN OS2, then

i(A,PNQ2,P)=i(A, PN, P)+i(APN(2\2),P),
(v) i (A, PN, P)#0, then A has at least one fized point in PN 2.

Denote
Ry -1 Ry -1
M, = ; G(t,s)d = G(t,s)d . 3.1
1 teﬁ%f%]/ (t,s)ds| . n tvg[gg]/ (t,s)ds (3.1)
R[] R()

The following conditions holds.
(Hy) g € C((0,1) x RT,RT) and for any M > 0 there exists a function hys € H
such that
g(t,v) < hy (1), V(tv) €(0,1) x [0, M], (3-2)
(Hs2) there exists a function h € H such that
: g(t,v)
l
o+ (@) v
(Hs) there exists a function h € H such that

lim supg (¢,v)
v—+00 h(t)v

(Hy) liminf min 9t) > ppy,
v—0+ te[Ro,R1] Y

Hs) lim i in 2L S
(Hs) Ulfwznfteg(%l] 22> My,

< A1, uniformly with respect tot € (0,1), (3.3)

< A1, uniformly with respect tot € (0,1), (3.4)
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(Hg) there exists a number [ > 0 such that
g (t,v) >nl, for (t,v) € [Ro, R1] x [min{Ry,1 — R1}1,1], (3.5)

where 7 defined in (3.1)),
(Hr) there exists a function h € H such that

g(t,v)
v—0t ° h(t)v

(Hg) there exists a function h € H with h(t) # 0 for t € [Ro,R1] and ¢ €
C (R*,R™") such that

> A1p, uniformly with respect tot € (0,1), (3.6)

g(t,v) >h(t)q(v), Y(t,v)e€ (0,1) xRT, (3.7)
Ulg&mf@ > Ap. (3.8)

Lemma 3.2. Assume (Hy) holds. Then A : Q — Q is a completely continuous
operator.

Proof. The proof is similar to that of Lemma 3.1 in [21]. O

Lemma 3.3. assume (Hy) holds.
(2) If (H2) holds. Theni(A,QN 2., Q) =1 for sufficiently small positive number r.

(#) If (Hs) holds. Then i (A,QN Ng,Q) =1 for sufficiently large positive number
R.

(¢4i) If (Hy) holds. Theni(A,Q N $2.,Q) =0 for sufficiently small positive number
T

() If (Hs) holds. Then i (A,Q N R2g, Q) = 0 for sufficiently large positive number
R.

(v) If (Hg) holds. Then i (A,Q N 2;,Q)=0.

(vi) If (H7) holds. Then i (A, QN £2,.,Q) =0 for sufficiently small positive number
r.

(#) If (Hg) holds. Then i (A,QN N2g,Q) = 0 for sufficiently large positive number
R.
Proof. (i) By (Hj) there exists r > 0 such that

g (t,v) < Aph () v, V(t,0) € (0,1) x [0,7]. (3.9

Define Spv = ApTho for v € E, then S, : F — FE is a bounded linear operator
with Sj, (P) C @ and the spectral radial r (S,) = 1. For every v € Q N 342,, it
follows from (3.9) that for ¢ € [0, 1],

(Av) (t) = /G (t,s) g (s,v(s))ds
0
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h/Gts>hs> (s) ds
0

< A (Tho) () = (Sho) (t).- (3.10)
So,

Av < Spu,  Yv € QN OS2, (3.11)

If there exist v1 € Q@ N AL, and p; € [0,1] such that vy = p3 Avy, then it is easy

to see that p; € (0,1).
Thus 71 = ul_l > 1 and myv; = Avy < Spwi. By induction, we have 7{'v; = Avy <
Spvr, n=1,2,.... Then vy = Sjvy < ||Sp]|||v1]| and taking the sepremum on
[0,1] gives 7" < ||Sh ||. By the spectral radius formula, we have

r(S) = tim /ISpl =7 > 1, (312)

which is contradiction.
According to the homotopy property invarience of fixed point index, we have
((4,QN2,Q) = 1.
(74) By (Hs3) there exists o > 0 and g € (0,1) such that
g (t,v) <egAiph (t) v, V(t,v) € (0,1) X [0, +00). (3.13)
From (Hp) there is h, € H such that g (t,v) < h, (¢) for all (¢,v) € (0,1) x [0, 0].
Hence
g (t,v) <egMph(t) v+ hs (t), V(¢,v) € (0,1) x [0, +00) . (3.14)
Define Spv = ggApThv, for v € E, then S, : E — FE is a bounded linear
operator with Sy, (P) C Q. Let C; = fol t(1—1¢)he (t)dt < 4+o00. Set
W={veQ :v=pAv, pel0,1]}. (3.15)
Next, we prove that W is bounded. For any v € W. From (3.14]), we have

v (t) = p(Av) (t) < (Av) (1)
= /G (t,s)g(s,v(s))v(s)ds

1
§50)\1h/Gt8h(s ()ds+/G(t,s)ha(s)ds
0 0

< eoin (Tho) (t) + Ch
= (Spv) (t) + C1, t €]0,1].
Thus
((I=5Sp)v) (@) <Cy, YveW,tel0,1]. (3.16)
Since Ay, is the first eigenvalue of Sy, r (Shf1 > 1. therefore, the inverce operator
(I —Sp)~" exists and
(I—Sp) ' =T+S+S2+--+Sp+--- (3.17)

It follows from T}, (P) C Q that (I — ;)™ " (P) C Q. Hence, we have from (3.16)
that

v(t) < (I—8,)""Cy, YoeW, telo,1] (3.18)
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that is W is bounded. Choose R > {p, supW}, then v # o Av for all o € [0, 1] and
v € @ N 2;. By the homotopy property invarience of fixed point index, we have

Z(A7QQQR7Q) =1
(#41) — (v) have been proved in [21], so we skip it.
(vi) By (H7) there exist r > 0 such that

g (t,v) = Mph(t)v, V(t,v) € (0,1) x [0,7]. (3.19)
For any v € Q N §2,., we have

(Av) (t) = /G (t,s) g (s,v(s))ds
0

> Alh/G(t,s)h(s)v (s)ds

= i, (Tyo) (), t €10,1]. (3.20)

Without loss of generality, we can suppose that A has no fixed point on Q N 912,
Suppose that there exist v; € @ N 9f2. and p; > 0 such that v; = Avy + p1@1h-
Then p1 > 0 and v1 = Avy + p11p > p1p1n- Let

w =sup{p>0:v >poin}. (3.21)

Then p* > p1 > 0 and v1 > p*@1p.
Since T}, is a positive linear operator, we have

ApTpvr > W MnThein. (3.22)
Hence, by (3.20) we have
vy = Avy + p1o1n = MpThvr + prein = e1n + pein, (3.23)

which is contradiction. Thus according to the homotopy property of omitting a
direction for fixed point index, we have i (4, Q N £2,,Q) = 0.
(vii) From (3.8)) there exist there exists o > 0 and g € (0,1) such that

q(v) > (14 €0) Apv, Yo € [0, +00) . (3.24)
Since ¢ is bounded on [0, o], there is a constant Cy > 0 such that
q(v) > (14 &) Mipv — Ca, Yv € [0,0]. (3.25)
Thus
q(v) > (14 ¢eg) Apv — Ca, Yo € [0,+00).
Hence, by , we have
g (t,v) > (1 +e9) Apvh (t) — Cah (t), V (t,v) € (0,1) x [0,400) . (3.26)
Let C3 = fol h(t) o1n (t) (fol G (t,s) h(s) ds) dt < 4o00. Then C3 > 0 is a finite

constant. Take
—1

Ry
R > C5 | egmin {]’%07 1-— Rl} / h (t) ©1h (t) dt . (327)

Ro
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Suppose that there exsist v; € Q N 2z and p; > 0 such that vy = Avy + p1P1h-
Then

Jn (v1) = J (Av1) + paJ (p1n)
2 J(A’Ul)

Zo/h(t)cplh (t) Alh(1+EO)O/G(t,s)h(s)v1 (s)ds — CoTy (1) | di
=)\

(1 + 50) Jn (Thvl) Cs
(1 + 80) Jn (?)1) — (5. (328)

Hence

JIn (1) < 03661.
On the other hand

1
/h (plh’l}l dt
0

R

1
h Splhvl dt

Ro

> Rmin{Ry, 1 Rl}/ ) .p1pdt. (3.29)
Ro
By the maximum principle, @15 (t) > 0 for all ¢ € (0,1). By h(t) # 0 for t €

[R(), Rﬂ, we have
Ry

/h(t)gplhdt > 0.

Ro

Thus, from and (| -7 we have

-1

RS mm{RQ,l—Rl}/h(t) (plhdt Jh (’Ul)

Ro
Ry -1
< C5 | min{Ry,1 — Rl}/h(t) p1pdt . (3.30)
Ro
This is contradiction. So, by the property of omitting a direction for fixed point
index, we have i (A,Q N 2g, Q) = 0. The is completed. O

Now, we are in position to present our main results of this subsection.

Theorem 3.4. Assume (Hy) — (Hs) and (Hg) hold. Then the singular boundary
value problem (2.1) has at least two positive solutions.
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Proof. According to Lemma we can choose sufficiently small positive number 7
and sufficiently large positive number R satisfying0 < r <! < R,i (A, PN (2., P) =
1, i (A, PN N2g,P) =1. From i (A, PN {2, P) = 0 and additivity property of the
fixed point index, we obtain

i(A,PN(2\2,),P)=0-1=—1,

i(A,PN(r\2),P)=1-0=1

Hence, A has at least two fixed points, one in 2\ £2, and another in 2z \ £2;. That
is the singular boundary value problem (2.1 has at least two positive solution. The
proof is completed. O

Theorem 3.5. If (H1) and one of the following conditions are satisfied, then the
singular boundary value problem has at least one positive solution.

(1) (Hz2) and (Hs) holds,

(i3) (H2) and (Hg) holds,

(i4i) (Hz2) and (Hg) holds,

(iv) (Hs) and (Hy) holds,

(v) (Hs) and (Hg) holds,

(vi) (Hs) and (H7) holds.

Proof. By the property of the fixed point index, we only need to choose suitable
positive numbers r and R. This completes the proof. ]

We present, an example to illustrate the applicability of the results shown before.

Example 3.1. Let

cvl
e (51) te(0,1), ve o5,
cvl l—4v 161(8v—1)
g(t,v) = D) (192 S )v te(0,1), v e [gh 3],
161, te(0,1), ve[iL1],
161 4+ tv/v — 1, t € (0,1), vell,+00),

where ¢, | > 0. Obviously, g (t,v) < h(t) (v) for all (t,v) € (0,1) x R*, where

(edy, te(0,1),ve (0,5,
cv 16cvl(8v—1
w(v): (wé x ! l4 + (l ))7 t€(0,1)7 {él’zlll]
16¢vl, te(0,1), ve [3,1],
16cvl + tv/v — 1, te(0,1),ve[l,400),
Since A = 32 < 16, if lmz)’L Yo) 348 < Aip and lzT Y _ 16el < Ain, then g

satisfies all the conditions of Theorem- thus we infer that the singular boundary
value problem (2.1)) has at least two positive solutions.

3.2. Positive radial solutions of elliptic boundary value problems.

Define a set
K= {p S C((R07R1)7R+) : p# 0,
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Ry
Bs" 2 — A Bs" 2 — A\ [(n—2)As"3
/ ( gn—2 > (1 o gn—2 > ( 52(n—2) )p(s) ds < +o0 ’
R

0

where A and B are deﬁglgd above s
Denotec=( A ) andd—( A ) .

B—Ro —

For p € K, let

ﬁ

=¢(s)p ;

we can reformulate h as

L

( n—2 )

where

—(n—2) —(n—2) Z 2(n—1)
R — R 1 A
® (t) = ( ! 0 > 2n—2 [ :| .

n—2 e (Ry=2 — Rp=2)"2 B—s

For convinience, we let

e Cn—a)\ 2
_ (R;W R 2>> 1
-9 2n— 2 n— — 7?:f2

K A= (R}™? - Ry %) "2

Then h € H. As in and Lemma h confirms an operator T}, and its first
eigenvalue A1;,. To emphasize their relation with p, we use the notations hy,, A1p,
and @14,

According to (2.2)), we formulate the following conditions which correspond to
those in Section 3.1.
(C1) f € C((Ro, R1) x RT,RT) and for any M > 0 there exist a function py; € K
such that

f(s,u) <pap(s), V(s,u) € (Ro,R1) x [0, M],

(Cs) there exist a function p € K such that
lim supf (5, u)
u—0+t  p(s)u
(C5) there exist a function p € K such that
lim supf (5, u)
u—r—+00 (s) u

(Cy) lim inf min (iu) > 22" AM,,
u—0t s€[c,d]

(Cs) Jim inf min f(s W s 22AN,,
—+00 s€(c,d]

(C) there exist a number [ > 0 such that
f(s,u) > AN, for (s,u) € [¢,d] x [min{Ro,1 — R1}1,1],
(C7) there exist a function p € K such that
f(s,u)
u

< Mp,, uniformly with respect tot € (Rg, R1),

p?

< An,, uniformly with respecttot € (Ro, Ry1),

> Ain,, uniformly with respect tos € (Ro, Ry),
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(C3) there exist a function p € K with p(s) # 0 for s € (¢,d) and ¢ € C (RT,R™)
such that
f(s,u) = p(s)q(u), V(s,u) € (Ro, Ri) x RT,

tim infl® S Ah, -
u—-+oo u

Now, we are ready to state our main results for the elliptic BVP (1.1).

Theorem 3.6. Assume (C1) — (C3) and (Cs) hold. Then the singular boundary
value problem (L.1) has at least two positive solution.

Proof. The proof is similar to proof of Theorem 4.1 in [21] and from the proof of
Theorem [3.4] O

Theorem 3.7. If (C1) and one of the following conditions are satisfied, then the
singular boundary value problem has at least one positive solution.

(7) (C2) and (Cs) holds,

(13) (C2) and (Cg) holds,

(7it) (C2) and (Cg) holds,

(iv) (C3) and (C4) holds,

(v) (C3) and (Cg) holds,

(vi) (C3) and (C7) holds.

Proof. The proof is similar to proof of Theorem 4.1 in [21] and from the proof of
Theorem 3.5 O

CONCLUSION

In this contribution, we studied the existence and multiplicity of radial positive
solutions for elliptic BVP in the ball. The interest of such problem came from
the lack of the existence of the multiple solutions by using bifurcation theory for
shown that many local branches of solutions existe while, among them, only one
is global and has no bifurcation point implies a considerable difficult to prove the
existence of bifurcation point interior the ball. The main scope of these paper is
the imposing some conditions on the nonlinearity f to prove the multiplicity of the
solutions of problems (1.1) in smooth domains via fixed point index theory.
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