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for the term structure of volatility. We assume, in addition, that the stochastic interest rate
is governed by the Cox— Ross — Ingersoll (CIR) dynamics. The instantaneous volatilities
are correlated with the dynamics of the stock price process, whereas the short-term rate
is assumed to be independent of the dynamics of the price process and its volatility. The
main result furnishes a semi-analytical formula for the price of the European call option in
the hybrid call option/interest rates model. Numerical results show that the model implied
volatilities are comparable for in-sample but outperform out-of-sample implied volatilities
compared to the benchmark Heston model [1], and Double Heston volatility model put
forward by Christoffersen et al. [2] for calls on the S&P 500 index.

1. Introduction

In this paper we derive a semi-analytical pricing formula for European options in a model where the volatility of the stock price process is
specified by a jump diffusion version of double Heston volatility model considered by Christoffersen et al.[2], whereas, the interest rate
is governed by CIR dynamics postulated in Cox ef al. [3]. In particular, the model put forward in the present work allows for a non-zero
correlation between the stock price process and its instantaneous volatilities. According to the model given by (2.1), the CIR interest rate
processes are independent of one another, and they are also independent of the stock price process and its volatility, which in turn is jointly
governed by a jump process an extension of Heston’s model. It is well established that the Heston model is not always able to fit the implied
volatility smile very well, particularly at short maturities Gatheral [4]. Further, these models are particularly restrictive in their modeling of
the relationship between the volatility level and the slope of the smirk, crucially the Heston one factor model can generate steep smirks
at a given volatility level but cannot generate both for a given parametrization. Christofferson et al. [2], considered a two-factor structure
for the volatility and demonstrate that the two-factor model gives much more flexibility in controlling the level and slope of the smirk. In
their empirical estimates, one of the factors has a high mean reversion and determines the correlation between the short-term returns and
variance. The other factor has lower mean reversion and determines the correlation between long-term returns and variance. Recchioni et al.
[5] consider a two factor model, specifically, the dynamics of the asset price is described through two stochastic factors, one related to the
stochastic volatility and the second to the stochastic interest rate.

In papers by Bakshi ef al. [6], Bates [7] and Duffie et al. [8], the authors showed that stochastic volatility models do not offer reliable prices
for close to expiration derivatives. This motivated Bates [7] and Bakshi et al. [6] to introduce jumps to the dynamics of the underlying.
However, as observed by Andersen and Andreasen [9] and Alizadeh et al. (2002), the addition of jumps to the dynamics of the underlying is
not sufficient to capture the sudden increase in volatility due to market turbulence. Since the overall volatility in financial markets consists of
a highly persistent slow moving and a rapid moving components, Eraker et al. [10] proposed to introduce jump process to the dynamics
of the volatility process in order to enhance the cross-sectional impact on option prices(see also Lewis [11]). A distinct advantage of an
affine specification using Lévy processes as building block leads to analytically tractable pricing formulas for volatility derivatives, such as
VIX options, as well as efficient numerical methods for pricing European options on the underlying asset, Cont et al. [12]. As observed by
Gatheral [4] a more significant aspect as to why we consider jumps, though jumps have very little effect on the shape of the volatility surface
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for long-dated options; the impact on the shape of the volatility surface is all at the short-expiration end, and further might explain why the
skew is so steep for very short expirations and why the very short-dated term structure of skew is inconsistent with any stochastic volatility
model. In this paper we have demonstrated implied volatilities based Double Heston Jump-Diffusion Hybrid Model for the underlying
asset and volatility dynamics clearly outperform implied volatilities based on single and Double Heston volatility models when compared
with market implied volatilities compatible with observations of Carr ef al. [13] and Christofferson ef al. [2] with regard to out-of-sample
implied volatilities. Van Haastrecht et al. [14] have extended the stochastic volatility model of Schobel and Zhu [15] to equity/currency
derivatives by including stochastic interest rates and assuming all driving model factors to be instantaneously correlated. Since their model is
based on the Gaussian processes, it enjoys analytical tractability even in the most general case of a full correlation structure. On the other
hand,, when the squared volatility is driven by the CIR process and the interest rate is driven either by the Vasicek [16] or the Cox et al. [3]
process, a full correlation structure leads to intractability of equity options even under a partial correlation of the driving factors, as have
been documented by, among others, Van Haastrecht and Pelsser [17] and Grzelak and Oosterlee [18], [19] who examined, in particular, the
Heston/Vasicek and Heston/CIR hybrid models (see also Grzelak et al. [20], where the Schébel-Zhu/Hull-White and Heston/Hull-White
models for equity derivatives are studied). Andrei Cozma et al. [21] consider the Heston-CIR stochastic-local volatility model in the context
of foreign exchange markets under a full correlation structure. They derive a full truncation scheme for simulating the stochastic volatility
component and the stochastic domestic and foreign interest rates. More recently Andrei Cozma et al. [21] propose a calibration technique for
four-factor foreign-exchange hybrid local-stochastic volatility models (LSV) with stochastic short rates. However, their model specification
do not include jumps . In this paper we do not follow this line of research here and we focus instead on finding a semi-analytical solution,
since this goal can be achieved under Assumptions (A.1)—(A.6).

In this paper we extend the results put forward in Ahlip-Rutkowski [22] by considering the double Heston Volatility model, further we provide
a complete pricing formula which speeds numerical calibration substantially (refer to Lemma 4.3) Our goal is to derive a semi-analytical
solution for prices of plain-vanilla options in a model in which the volatility components are specified by the extended double Heston model
with log-normal and exponential jumps, whereas the short-term interest rate is governed by the independent CIR processes. The model thus
incorporates important empirical characteristics of stock price return variability: (a) the correlation between the stock price dynamics and its
stochastic volatility, (b) the presence of jumps in the stock price process and in one of the stochastic factors and a second stochastic factor the
usual Heston volatility and (c) the random character of interest rate. The practical importance of this feature of newly developed equity
models is rather clear in view of the existence of complex equity products that have a short lifetime and are sensitive to smiles or skews in
the market.

The paper is organised as follows. In Section 2, we set the option pricing model examined in this work. The options pricing problem
is introduced in Section 3. The main result, Theorem 4.1 of Section 4, furnishes the pricing formula for European call options. And in
particular the result in Lemma 4.3 is crucial in the derivation of the semi analytical pricing formula Section 4,which in turn significantly
speeds up calibration of the model parameters to market and most important the model implied volatility surface . It is worth stressing that
the independence of volatility and interest rates appears to be a crucial assumption from the point of view of analytical tractability and thus it
cannot be relaxed. Numerical illustrations of our method are provided in Section 5 where the Single Heston, Double Heston and Double
Heston jump-diffusion models are compared applied to S&P 500 index data and further our model can fit market implied volatilities across
strikes and maturities particularly well for out-of-sample options.

2. The double Heston-Jump diffusion/CIR model

Let (Q,.7,P) be an underlying probability space. Let the stock price process S = (S;),¢[o, 7], its instantaneous squared volatility v = (v;);e[0,7]»
the short-term interest rate r = (rt)tE[O,T] be governed by the following system of SDEs:

dS; = S; (r; — Aspts) dt + Sy /vr WS + S, /v, dWS + S,dZ5,
dvi = (6 — kv, )dt + G,\/V; AW} +dZy ,

dv, = (6 — KV, )dt + o5/v; dWy,

dr; = (a—br,)dt+0',\/ﬁdVl/,’.

2.1)

We work under the following standing assumptions:

(A.1) Processes WS = (u/ts)te[O,T], WY = (W;V)te[o,ﬂ are correlated Brownian motions with a constant correlation coefficient, so that the
quadratic covariation between the processesAWS and W" satisfies d[WS,W"]; = p dt for some constant p € [—1,1].

(A.2) Processes WS = (VVtS)tE[O,T]’ WY = (th)te[O.T] are correlated Brownian motions with a constant correlation coefficient, so that the
quadratic covariation between the processes WS and W satisfies d [WS , W"]I = p dt for some constant p € [—1,1]. Further the processes
W = (W));cjo,r] and W" = (W}");c[0,7] are independent. - -

(A.3) Processes W' = (W/")c|o,7] is independent of the Brownian motions WS, WS and WY, W".

S
(A.4) The process Z,S = Z;{v’:l J;f is the compound Poisson process; specifically, the Poisson process NS has the intensity Ag > 0 and
the random variables In(1 —0—]5 ), k=1,2,... have the probability distribution N(In[1 + ug] — %cg, Gg); hence the jump sizes (J,f);":l are
lognormally distributed on (—1, ) with mean ug > —1.

(A.5) The process Z; = Zivil J{ is the compound Poisson process; specifically, the Poisson process N has the intensity A, > 0 and the jump
sizes J} are exponentially distributed with mean .

(A.6) The Poisson process N¥ and sequence of random variables (J;');._; are independent of the Brownian motions WS WY WS WY W
(A.7) The model’s parameters satisfy the stability conditions: 20 > 62 > 0, 20 > Gg > 0 and 2a > o7 > 0 (see, for instance, Wong and
Heyde [23]).

Note that we postulate that the instantaneous squared volatility processes v, v the short-term interest rate r are independent stochastic
processes. We will argue in what follows that this assumption is indeed crucial for analytical tractability. For brevity, we refer to the model
given by SDEs (2.1) under Assumptions (A.1)-(A.6) as the Double Heston/CIR jump-diffusion hybrid model(DHJDH).
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3. Call option

We will first establish the general representation for the value European call option with maturity 7 > 0 and a constant strike level K > 0.
The probability measure P is interpreted as the spot martingale measure (i.e., the risk-neutral probability). We denote by FF = (yt)re[o,r] the

filtration generated by the Brownian motions WS, W, WY, W’ and the compound Poisson processes Z5 and Z". We write EF () and P;(-) to
denote the conditional expectation and the conditional probability under P with respect to the o-field .7, respectively. Hence the arbitrage
price G¢(T, K) of the call option at time ¢ € [0, 7] is given as the conditional expectation with respect to the o-field .%; of the option’s payoff
at expiration discounted by the money market account, that is,

Gi(T,K) =EF {exp <7/1T rudu)CT(T,K)} =EF {exp (f/tT rudu) (St fK)+}

or, equivalently,

T T
CI(T,K):E?{exp(f/t rudu>STIL{ST>K}}fKIE],P{exp<f/t rudu)l{sr>K}}.

Similarly, the arbitrage price of the discount bond maturing at time 7" equals, for every ¢ € [0,T],

B(t,T) = EY {exp <—/tT rudu)}

(see Musiela and Rutkowski ([24], Chapter 14)).

As a preliminary step towards the general valuation result presented in Section 4, we state the following well-known proposition (see, e.g,
Cox et al. [3] or Chapter 10 in Musiela and Rutkowski [24]).

Proposition 3.1. The price at date t of the discount bond maturing at time T > t in the CIR model are given by the following expressions

B(t,T) =exp (m(t, T)—n(t, T)r,),

:}76%}7(T—z)
m(uT):glog — — =
7 ycosh(y(T —t)) + 5 bsinh(Y(T —1))
n(t,T sinh(y(T —t))

)= yeosh(Y(T —1)) + L bsinh(¥(T —1))

and

\/ b2 +207.

The dynamics of the bond price under the spot martingale measure P is given by

Y=

N1 —

dB(1,T) =B(t,T)(rdt — opn(t,T)\/ri dW/),

The following result is also well known (see, for instance, Section 11.3.1 in Musiela and Rutkowski [24]).

Lemma 3.2. The forward rate F(t,T) at time t for settlement date T equals

F(t,T) = 3.1

B(t,T)
Since manifestly St = F(T,T), the option’s payoff at expiration can also be expressed as follows
Cr(T,K) =F(T,T)Lprr)>ky — KL{rrr)>K)-
Consequently, the option’s value at time ¢ € [0, 7] admits the following representation
T
G(T,K) =Ef {exp (— I d“)F(T7 T)]I{F(T,T)>K}}

— K]E]tp {exp (— ‘/;T rudu> ]1{F<T~,T)>K} } .

In what follows, we will frequently use the notation x; = InF(¢,7) where ¢ € [0,T].
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4. Pricing formula for the European call option

In this section we present the main result of the paper, which furnishes a semi-analytical formula for the arbitrage price of the call option of
European style under the Double Heston Jump- Diffusion Hybrid model for the stock price process combined with the independent CIR
model for short-term rate.

Theorem 4.1. Let the model be given by SDEs (2.1) under Assumptions (A.1)—(A.6). Then the price of the European call option equals, for
everyt € 0,T],

CZ(T’K) :SZPI (LS{,V“@,"“K) _KB(I7T)Pz(tvshvl‘a{}\t?rlv[{)

where the bond price B(t,T) is given in Proposition 3.1, and the functions P| and P, are given by

Pl(t’Shvta{)\hrl‘aK):%+%/()mRe<fl(¢)e)(F)(_il+m)d¢' (41)

and

exp(—i¢InK)
7@ )d¢

where the F;-conditional characteristic functions f;(¢) = f;(9,t,8:,v¢,V:,11), j = 1,2 of the random variable xy = In(St) under the

. 1 1 /=
Pz(taSth,VuruK) = 54’;/0 Re <f2(¢’)

probability measure @T (see Definition 4.6) and Pt (see Definition 4.4), respectively, are given by

fi(9) = cexp {lsr <(l + )02 (07 +i0)0F 1) ]
. p(1+ig)uy
e [_ (“MS“STHVT (6‘» +p(1 +i¢)uv) )}
X exp | — (M(VZ+91)+M(@+§7)>}
L Oy Oy
r T
xexp | — i (n(t,T)r, +a/ n(u, T)du)} 4.2)
L '
xexp | —G1(T,s1,52)vr — G2(T,53,54) Vs — G3(T,S5,S6)r[:|
Xexp | — OH] (‘L',sl ,S2) — §H2(T,S3,S4) 761H3(T,S5,S6)]
and
f2(¢) = cexp I:AST ((1+us)i¢e—%(¢2+i¢)o'52' _]):|

IR G )]

X eXp {— ((iq))p (v +071)+ (iq))ﬁ(@—k@f))}

Oy (o5

xexp | (1 fiq))(n(t,T)r,+a/lTnd(u,T)du)} 43)

xexp | —G1(7,q91,92)v: — G2(7,43,94)Vr — Gs(%f]a%)n}

xexp | —0H(7,q1,92) — 0Hy(7,93,94) —aHs(T,qs,%)}

where the functions G1,G,,G3,Hy,H,,H3, are given in Lemma 4.3 and c; equals
¢; =exp (ipx;) = exp (i InF(1,T)).

Moreover; the constants s1,52,53,54,55,5¢ are given by

s = (LFTi9)p
Oy

., (+i0)2(=p*) (1+id)px  1+io

2T 2 oy 2

33:,m7 4.4)
Oy

__(+i9)(1=p)> (1+i9)pK  1+i¢
4= 2 o 2

55 =0, 56 = —i¢,
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and the constants q1,92,93,494,95, 46 equal

qzz_(up)Z(;—pz) _i¢£,<+%
o :—’ﬁf , “5)
i _<i¢)2<;—52) B itifer%

g5 =0,96 =i¢p — 1.
4.1. Auxiliary results

The proof of Theorem 4.1 hinges on a number of lemmas. We start by stating the well known result, which can be easily obtained from
Proposition 8.6.3.4 in Jeanblanc et al. [25]. Let us denote T =7 —¢ and let us set, forall 0 <t < T,

Ny
B, T):= Y In(1+J5). (4.6)
k=N5+1

Note that we use here Assumptions (A.3)—(A.5). The property (A.3) (resp. (A.4)) implies that the random variable JS (¢,T) (vesp. Zy —Z))

is independent of the o-field .%. Let v; stand for the Gaussian distribution N(ln(l + us) — %6527 GSZ) and let v, stand for the exponential

distribution with the mean p,.

Lemma 4.2. (i) Under Assumptions (A.3) and (A.5), the following equalities are valid

E?’{ exp (i9J5(t, T))} = E],P{ exp (i¢ sziNM In (1 +J,§)) }
=exp [AsT /17 (97— 1) vy (d2)]

—exp [Agt ((1+ps) e 308070 _1)].
(it) Under Assumptions (A.4) and (A.5), the following equalities are valid for c = a+ bi witha <0
N
E?{exp (c(Z%—Z,"))} :E?{exp (C):kilv,vﬂjl‘c})}
— exp Ayt J5 (e~ 1) va(d2)]

)

The next result which is crucial for the derivation of the pricing formula in the main Theorem 4.1 extends Lemma 4.2 in Ahlip and Rutkowski
[22] (see also Duffie et al. [8]) where the model without the jump component in the dynamics of v was examined.

Lemma 4.3. Let the dynamics of processes v,v and r be given by SDEs (2.1) with independent Brownian motions W, WY andW’ . For any
complex numbers [y, A, o, Ay, [L, A, we set

T T
F(t,ve,v,1) = Etp{exp(—llvr—,u]/ vudu—lgﬁr—,uz/ Vudu
Jt t

- T
—er—/.i/ rudu) .
t

Then
F(Tavhf)\lart) = CXP[-G](‘LVA],IJ])V;—GZ(T,AQMUZ){/\[_(G3(T,I7,ﬁ)rz]
Xexp[ieHl(Takh:ul)7§H2(1‘-7)’27u2)7aH3(T7A’7ﬁ)]
where
_AMln+r) e (n —K)]+2u ("7 — 1)
Gl(%lhul)* szll (6717—1)+’)/—K+€7‘T('}’1+K) s
L[(p+K)+e’ (r—K)] +2u (" — 1
G2(172’2aﬂ2): 2[(2’}/2 ) ¢ (Yz /)\] ”2(6 = )
05y (ePT — 1)+ 1 —K+eP" (n+K)
= A(THD) + e (T—b) + 20 (7T — 1
Gute by = M+ + 7 (7= b + (T 1)

G2 (e7F —1) +7—b+eV (T+b)
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and

2 zyle[(71+1<)f]/2
Hy(t,A =——1In
1(7, A1, 1) o2 (Gzll(eyl T 1)y —K+eNT(p +K)

+ zlvﬂvcv n ((Gv +2ﬁlﬂv) +Fl(G\% +20‘1#1/)e%‘r)

6(0? +2uya1)(07 + 21, B1) (62 +2B1) +T1 (07 +201 py)
ZAvﬂvﬁl

t——a7T,

9(6\;2 ‘I’Zﬁl,uv)

[(reti)7)/2
Hy (7,22, 2) = 2 2he = = |-
o2 \ o2l (ePT—1)+pn—K+elT (n+K)

) . %w;)r
07\ 24 (7 —1)+7—b+eV (¥+b) )
where we denote Yy = \/K2 + 20211, 1o = / K2+ 2021, ¥ = /b + 2021,

—K+ —K— 2B1—Ai 0,
o = pr = 50 = e

Hy(t, A1) = —

Proof. For the reader’s convenience, we sketch the proof of the lemma. Let us set, for ¢ € [0, 7],
t t ot
M, = F (2,0, 1) exp (— w [ vedu—pe [ Godu—ji [ rudu) . @7
0 0 0

Then the process M = (M;),¢[o,7] satisfies

T T _ T
M,—E?{exp(—llvr—ul/o vudu—lzﬁT—/Jz/O ?udu—lrr—ﬁ/o rudu>}

and thus it is an F-martingale under P. By applying the 1td formula to the right-hand side in (4.7) and by setting the drift term in the dynamics
of M to be zero, we deduce that the function F(7,v,V,r,7) satisfies the following partial integro-differential equation (PIDE)

OF 1 82
_74_, v +M/ F(T,v+z,r)—F(t,v,r))v2(dz)

at

12A8F 1282F OF ~ __ OF

50 T-ﬁ-f rﬁ-i-(ﬂ Kv)av (9—1('\/)8—‘7
JF .

+(a—br) 5 = (v+ v+ iar)F =0

or

with the initial condition F(0,v,v,r) = exp(—A;v — Ay — 7Lr) We search for a solution to this PIDE in the form

F(T7V7r7?) = exp [_GI(T7A'17#1)V_ GZ(TJLZHUZ)ﬁ_ G3(Ta’ivﬁ)r
—6H (1,20, 11) — 6H(T, 22, 112) — aH3(7. 2, )]

with

G1(0,A1, 1) = A1, Ga(0,A0,112) = Ao, G3(0,4,]1) = A,

and

Hy (0,21, 1) = Hy (0, 22, 1tz) = H3(0, 2, 11) = 0

By substituting this expression in the PIDE and using part (ii) in Lemma 4.2, we obtain the following system of ODEs for the functions
G1,G2,G3,Hy,Hy, H3 (for brevity, we suppress the last three arguments)

aGal’ST) _ G%(T) — KGI (T) + Ui,
JoH (1) Ay HG
5. — G+ (W)
8G82T(T) :,% 62G3(T) — KGa(7) + o,
al‘;{gr) = GZ(T)7
dG3(7)
ot
JH;(1)

a1

1 .
= —Eofcg(r) —bG3(t) + 0.

=G3(7),

By solving these equations, we obtain the stated formulae.
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Under the assumptions of Lemma 4.3, it is possible to factorise F as a product of two conditional expectations. This means that the functions
G| (Hy), G> (H) and G3 (H3) are of the same form, except that they correspond to different sets of parameters.

We now introduce a convenient change of the underlying probability measure, from the spot martingale measure IP to the forward martingale
measure Pr.

Definition 4.4. The The T- forward martingale measure Pr, equivalent to P on (Q,.%#7), is defined by the Radon-Nikodym derivative
process 1 = (1 );e[o,7) Where

dPr
Nt = P

t 1/t
L = Cxp (7/ orn(u,T)\/rydW, — 5 G,znz(u,T)rudu>. (4.8)
Ft 0 0

An application of Girsanov’s theorem shows that the process W7 = (W;T)ze[oﬁT]» which is given by the equality

t
Wl =W+ /0 G, T)/Fadu, 4.9)

is the Brownian motion under the domestic forward martingale measure Pr. Using the standard change of a numéraire technique, one can
check that the price of the European foreign exchange call option admits the following representation under the probability measure Pr

Gi(T,K) = Ba(t, T)E," (F(T,T) L (pr1y>k}) — KBa(t, TVE," (Mip(r1)>k))- (4.10)

The following auxiliary result is easy to establish and thus its proof is omitted. Recall that J5(¢, T) is given by equality (4.6).

Lemma 4.5. Under Assumptions (A.1)—(A.6), the dynamics of the forward stock price dynamics F(t,T) under the forward martingale
measure Pt are given by the SDE

dF(1,T) =F(t,T) (dzf — As lsdt + /v dWS + /D dWS + o gng(t, T)\/ZdW,T)
or, equivalently,
T _ ~ 1 /T _ )
Py = P Tyexp (5000 < AT =00+ [ Gt -aif = 3 [ [0 P
' '
where the dot - denotes the inner product in R, (GF(t, T))ielo,7) is the R3-valued process (row vector) given by
O (1.7) = [V V3, on(1.T) /7]
and WT = (W,T),E[Oﬂ is the R3-valued process (column vector) given by WT = [WS7 WS, WT] 5,

Under Assumptions (A.1)—-(A.6), the process WT is the three-dimensional standard Brownian motion under Pr. In view of Lemma 4.5, we
have that

B(t,T)E" (F(T, T)L(p(r,r)>k})

=B<z,T>E¥”"{F<z,T>exp (#56.7) Asus(r 1
T _ ~ - 1 /T _ 2
+ [ Grter)-aWf =3 [ 16w T)|du ) Lirirrony
= S,EF" { exp (Js(t,T) — Astis(T —1)

T _ ~ 1 /T
+/t O'F(MvT)'quT*E/t HO'F(%T)HZW) Il{F(T,T)>K}}-

To deal with the first term in the right-hand side of (4.10), we introduce another auxiliary probability measure.

Definition 4.6. The modified forward martingale measure Pr, equivalent to Py on (Q,.%7), is defined by the Radon-Nikodym derivative
process 7] = (ﬁI)IG[O,T] where

. dP L o
= ﬁ s = exp (/0 or(u,T) AquT — 5/0 ||GF(M,T)||2dM>.
Using Lemma 4.5 and equation (3.1), we obtain
P ~
E" (Lgp(rr)>k307)
Py~
E;"(nr)

B(1,T)EF" (F(T,T)Lp(rr)>k}) = St

and thus the Bayes formula and Definition 4.6 yield

B(t,T)E," (F(T, T)ip(r,)>k)) =St E,’ (Lrar)=k})-

This shows that I@T is a martingale measure associated with the choice of the price process S; as a numéraire asset.
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Lemma 4.7. The price of the call option satisfies
C/(T,K) =S Pr (St > K| %) — KB(t,T)Pr (St > K| .F)
or, equivalently,
C/(T,K) =Py (xr > InK|.F) — KB(1,T)Pr (xr > InK | 7). (4.11)

To complete the proof of Theorem 4.1, it remains to evaluate the conditional probabilities given in formula (4.11). By another application of
Girsanov’s theorem, one can check that the process (S, v, v, r) has the Markov property under the probability measures Pr and Pz. In view of
Proposition 3.1 and Lemma 3.2, the random variable x7 is a function of S7 and r7. Hence it follows that

Ci(T,K) = S: P (t,St,ve,vz,1t,K) — KB(t,T)P>(t,St,ve, Vs, 11, K) 4.12)
where we denote
Py(t,80,ve, 91,70, K) = Pr(xr > InK [ Sy, v, 91,71),
Py (t,S¢,ve, V1,11, K) =Pr(xr > InK | Sy, v, Vs, 17).

To obtain explicit formulae for the conditional probabilities above, it suffices to derive the corresponding conditional characteristic functions

fl(‘P:LSl:Vhﬁl:rt) = E;ﬁl [exp(i(l)xT)}»
12008, v,7, 1) =B, [exp(ixr)].

The idea is to use the Radon-Nikodym derivatives in order to obtain convenient expressions for the characteristic functions in terms of
conditional expectations under the spot martingale measure P. The following lemma will allow us to achieve this goal.

Lemma 4.8. The following equality holds
d],I\DT 't =
W 7 = exXp (A vV Vu dW,f +/0 V Vu dWL‘,g)

1t
X exp(—i/o (vu-i—ﬁu)du).

Proof. Straightforward computations show that

d]@T o d@T &

dP |7, dPr |,
T ~ | L.
= oo [arwn-an -} | |\op<u,T>|\2du)

x exp( / Gon(u, T)/radW — ; a2n(u, T)rudu)

_ exp(/ (\/EdW /P dWS + g u, T)\/adWT))
X exp( vu+vu+6 n?(u, T)ru)du>

(-

l

2
X exp / n(u,T)\/rudW, — 2/ (u,T) rudu)
Using (4.9), we now obtain

dPr ‘ —
di[P z = exp(/o \/VudW,f+ AV vudVVL‘f)
1/t =N
X exp<f§ A (vquvu)du),

which is the desired expression. O

In view of the formula established in Lemma 4.8 and the abstract Bayes formula, to compute f(¢) = f1(9,7,S:,ve, Vs, 1),
it suffices to focus on the following conditional expectation under P

fi(e) = E}P’{ exp (igxr) exp (f,T Ve dWS + [T /5 dWS (4.13)

-4y (qu)du) }

Similarly, in view of formula (4.8), we obtain for f5(¢) = f2(9,t,S¢,vs,Vz,71)

f(9)= ]EEP{ exp(i¢xr)exp {f /T orn(u,T)\/rydW, — % ! o?n*(u,T)r, du} } (4.14)
1 '

To proceed, we will need the following result, which is an immediate consequence of Lemma 4.5.
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Corollary 4.9. Under Assumptions (A.1)—(A.4), the process x; = InF (t,T) admits the following representation under the forward martingale

measure Pp

T _ 1T
xT:xt+/ Gp(u,T)~dWMT—§/ 67 (u, T)||? du+J5(t,T) — Asuis(T —1)
t Jt

or, more explicitly,

~ T
xr=x 4T adWs [T dW + [ omn(u, T) radW! = [ (vu+Vu+ 020 (u, T)r,) du

+ ZN% In
k=N}+1

1
2 Ji

(1 +‘I/§) —ls[.ls(T—l‘).

Using equality (4.13) and Corollary 4.9, we obtain

fi(g) =

so that

filg) =

We denote ot = 1 +i¢, B = i¢ and ¢; = exp(i¢x;). After simplifications and rearrangement, the formula above becomes

T T - 1 (T 1 (T
filg) = ctIE],P{exp {a(/ \/ﬁquS—O—/ \/VuquS—E/ vudu—i/ Vudu)}
t t t t

T T N
E;P{exp (igxr) exp {/ \/\EquS—O—/ /Y dW3
i '

1 T

.y (vu+\7u)du} }

s {esn o [ s [ oy

X eXp :iq) (/ZT on(u, T)\/EquT)}

-
X exp —% (vu—l—ﬁu—kcrrznz(u,T)ru) du}
L Jt
[T T R
X exp / def+/ \/?uqus}
L Ji '
© o T
xexp | =5 (Vi + ) du}
L Ji

X exp _iq)JS(z, T)—i¢pAsus(T — z)} }

X exp {/3 (/ZT Gyn(u, T)\/ra dW] — % /tT 22 (u, T)r duﬂ

X exp [ﬁﬁ(z,n _ Basus(T —r)} }

In view of Assumptions (A.1)—(A.6), we may use the following representation for the Brownian motion W€

where W = (W;);¢(0,7) is a Brownian motion under I independent of the Brownian motions WS WY, W" and W’

WP =pi W +/1-p2W,

WS =pa W) +1/1-p2W,

(4.15)

where W = (Wt)ze[O,T] is a Brownian motion under P independent of the Brownian motions W*, WY, WS and W” . Consequently, the
conditional characteristic function f;(¢) can be represented in the following way

T T a [T
£i9) = ctElP’{exp[ap/r VW +ay/1-p2 [ yaw,- 5 | vudu}

X exp

X exp

X exp

T = — T —  q [T
_(xp/t \/vuqu"+a\/17p2/l \/vuqufE/l vudu}
ol [T r_ LT 2,

B / orn(u,T)\/rydW, —5 [ orn (u, T)rydu

L\ t

—ﬁJS(LT) —ﬁfls(T—f)us} }

(4.16)

By combining Proposition 3.1 with Definition 4.4, we obtain the following auxiliary result, which will be helpful in the proof of Theorem 4.1.
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Lemma 4.10. Given the dynamics (2.1) of processes v,v and r and formula (4.9), we obtain the following equalities
T 1 T
/ VAW = — <VT v 91:+K/ Vadu —(Z5 fzy)>,
t v t
T — 1 /. A T N
/ \/vudW;:—(vT—v,—ﬂf—O—K/ vudu>7
t () t

1

T T T T
/t Grnd(u’T)de”T_§, G,znz(u,T)rudu:—n(t,T)rt—/, an(u,T)du-i—/t rudu.

Proof. The first asserted formula is an immediate consequence of (2.1). For the second, we recall that the function n(,T') is known to satisfy
the following differential equation, for any fixed T > 0,

on(t,T) 1 ,

ot 27"

with the terminal condition n(T,T) = 0. Therefore, using the Itd formula and equality (4.9), we obtain

n?(t,T) —bn(t,T)+1=0

dn(t,T)ry) =redn(t,T)+n(t,T)dr;

1
=1 (7 o2n(t,T) + bn(t,T) — 1) dt +ng(t,T)(a—br,)dt +n(t,T)Gg /7 AW,

—_
S}

=5 62n?(t,T)ridt — rydt +n(t,T)adt +n(t,T)0, \/r;dW,
1
== 62n? (t,T)rydt — rydt +n(t,T)adt +n(t,T)o, /r; dW] .

This yields the second asserted formula, upon integration between ¢ and 7. The derivation of the last one is based on the same arguments and
thus it is omitted. O

4.2. Proof of theorem 4.1

The proof of Theorem 4.1 is split into two steps in which we deal with f1(¢) and f>(¢), respectively.
Step 1. We will first compute f1(¢). By combining (4.16) with the equalities derived in Lemma 4.10, we obtain the following representation

for f1(9)

v

[(apx a) [T aﬁ%_g /TA
xexp_(—ov 2)/: vudu-l—(io_g 2) | v du
r T
X exp a\/lpr/t \/aqu+?VT:|
L %4
- - R N
X exp aw]—f)?/t \/Vuqu—b—%ﬁr]
L h v

« exp :—B (n(t, ) +/IT an(u,T)du) 4B /tT ru du}

fi(9) = CtE?{eXP {* %[(V;+91)+(@+§1)]

- ap
xexp |BI5(6,T) ~ Bhsus(T —1)— 2P (2 —Z,V)} }

L v
Recall the well-known property that if { has the standard normal distribution then E(ezc ) = e7/2 for any complex number z € C.

Consequently, by conditioning first on the sample path of the process (v, v, r) and using the independence of the processes (v,v,r) and W
under [P and Lemma 4.2, we obtain

f1(¢) = cr exp A’ST ((1+”S)ﬁe_%ﬁy(7)271):|
[ POy ap ap . =
X €Xp | (ﬁlsﬂsr+lﬂ6v+pauv + o, (vi+07)+ o v+ Gr))}
r T
xexp|—B (n(t,T)rr +/ an(u,T)du)}
L t

2 1— 2 T
XE}»{eXp {%vﬁ(Mﬂpnz)/ d}
(o} 2 (o2} 2 ) J;

1-— —~
X exp {7(Xp{}\T+<7a a-p )+apng)/ Vudl/t:|
Oy 2 Oy 2 t

coofp [ ]}
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where we denote y = 1 —i¢. This in turn implies that the following equality holds
A10) = arexp |57 ((14asPe 1975 1)|

_7 paty op @ -
X exp <Blsusr+lv176v+pauv + o (vi+07)+ o (v;+91))}

T
xexp | —P <n(t,T)r,+/ an(u’T)du):|
L t
T T
X]E;P) exp{fslvasz/ vudufsy?Tfs‘t/ ﬂ,du}
' t
T
X exp {—syr—sﬁ/ i’udu}
'

where the constants s1,s2,53,54,55,5¢ are given by (4.4). A direct application of Lemma 4.3 furnishes an explicit formula for f1(¢), as
reported in the statement of Theorem 4.1.
Step 2. In order to compute the conditional characteristic function

f2(¢) :f2(¢7l>ST7Vﬁ{}\17r¥) :E]IPI [exp(i(])xT)]

we proceed in an analogous manner as for f1(¢). We first recall that (see (4.14))

T 1 T
fr(9) = E?{exp(i@q)exp {7/, orn(u,T)\/rydW, — 2 G,znz(u,T)rudu} }
Therefore, using Corollary 4.9, we obtain
P T s (T s oms s
H(@) = FE; exp {i(})(/t Vi dW,; +/t \/Equ +J (t,T))}

r T

X eXp lq)(/ Grn(u,T)\/ﬁquT)]
L t
(T 2 2

xexp | —i¢ 5/ (vu+o7n*(u,T)r,) du
L t

rT 1 (T
X exp —/ orn(u,T)\/rudW, — 3 G,znz(u,T)ru du} }
L t

Consequently, using formulae (4.9), (4.15) and Lemma 4.2, we obtain the following expression for f>(¢)
f(¢) = crexp {AST ((1 + is)Be2Pro8 1) —[Msusf}
P T T
< B exp {B (p | veawi-p2 [ mdwu)}
r T N — T
xexp (5 [ VAaw+ 157 [ Vi, )|
- LT
X exp 7B<§/ (ﬁu+\7u)du)}
L t
r T
X eXp —y(/ orn(u,T)\/rudW, + / (u,T) rudu)}
L Jt

Similarly as in the case of f1(¢), we condition on the sample path of the process (v,v,r) and we use the postulated independence of the
processes (v,v,r) and W under P. By invoking also Lemma 4.2, we obtain

HO) = eexp [zsr ((1-+ps)etprot 1) *IMSMST}
IE[P{GXP {BP /t.T \/ﬁquv-i-W/t.Tvudu}
X exp {ﬁp/ Vo dW,) + ﬂ/ vudu}

T T
X exp {— y(/ orn(u, T)\/rT,qur—i-%/ Grzn(u,T)rudu)} }
t '
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Using Lemma 4.10, we conclude that

f(9) = crexp|AsT ((1+“S)ﬁe—%576§71>}

X exp | — (ﬁlS/,LST—FlvT% + ii(v, +07)+ i—e(@ + 51’))}
v vV v v

« exp _fy(n(t, T)r + /ZT an(u, T)du)}

T T
XE?{CXP{—WT—@/ Vudu—%?r—%/
t t

T
X exp |:7q5rT7QG/ rudu} }
t

with the coefficients q1,¢2,93,94, 95,96 reported in formula (4.5). Another straightforward application of Lemma 4.3 yields the closed-form
expression (4.3) for the conditional characteristic function f>(¢).

To complete the proof of Theorem 4.1, it suffices to combine formula (4.12) with the standard inversion formula (4.1) providing integral
representations for the conditional probabilities

Vy du}

P](l,St,V“\’};,V[,K) :@T(-XT >1nK|St7Vt7‘/};7rf)
and
P2(1>Sl7vt7{}\l7>rt7K) :PT(XT >1nK|St7Vt7‘;;7rl)~

This ends the derivation of the pricing formula for the call option. The price of the corresponding put option is readily available as well, due
to the put-call parity relationship (4.17).

Ct(TvK)fpt(TvK):SffKB(th) (417)

where C;(T,K) and P,(T,K) are prices of the call and put options, respectively. O

5. Model calibration and empirical analysis

In this section we estimate the parameters for DHJIDH model considered in this paper using Dow Jones Industrial implied volatilities(IV)
quoted May 10, 2012 [26] and compare the model’s empirical performance with that of the Double Heston Model considered by Christoffersen
et.al [2] and the Heston model. In this analysis we have assumed constant interest rates. Calibration of DHIDH model parameters

® = {As, s, v, v, 6,8, K, K, Gy, G5, p, P, O, v1,v2}

was performed using Interior Point optimisation. Further, the US treasury yield curve rates for one, three, six and twelve -months have
been used as a proxy for the initial interest rates for the different maturities. To fit the model to market implied volatilities we use the
approximation implied volatility root mean squared error(IVRMSE) loss function considered by Christoffersen et.al.[2], also Carr and Wu
[13] and Trolle and Schwartz [27].

2
1 CM_CG)
.k 1.k G.1)

IVRMSE ~ *Z = bR
N = \ BSVega, ;

where C%( is the market price, Cf)k is the model price,and BSVega(t, k) is the Black Scholes sensitivity of the option computed using the

implied volatility from the market price of the option, C%{. Interior point optimization is used to obtain the set of parameters that minimise
the objective function in equation (5.1).

Using the data from Table 1, the parameter estimates ® for the univariate, double Heston and Double Heston Jump-Diffusion Hybrid models,
along with their estimation error are found in Table 2. If we compare the calibrated parameters for the Double Heston and DHJDH models,
we notice that k, o and vq are similar, implying that the calibrated Double Heston parameters can be used as a seed for when calibrating the
DHIDH Model. One practical consequence of this is that the Double Heston parameters can be fitted fairly robustly using longer dated
options and then jump parameters can be found to generate the extra skew for short-dated options.

The panels in figure 5.1 show the implied volatility surfaces for the double Heston and DHJDH Models for all strikes and across all times to
maturities. These figures show that theoretical implied volatilities of the DHIDH model provide satisfactory approximation for the observed
implied volatilities across all maturities and across all strikes but particularly outperforms out-of-sample calls for the double Heston Model
across all expiries ranging from 37 to 226 days(short dated options). This improvement is achieved through the inclusion of jumps in the
dynamics of the stock price and the volatility processes and using only one set of model parameters.

To visualise how well the DHJDH fits the market IV, we have provided contour plots in Figure 5.2, of the Market IV and the predicted market
IV using the DHJDH model. Note that the market IV contour plot was generated using the data from Table 1 and the model contour plot
was generated using the DHIDH model, therefore the resolution of the model contour is much finer since we can compute many points of
the contour, while the resolution of the market contour is coarse since we are only able to use the provided data points. The difference in
resolution can be seen from the straight contour lines in the market IV contour plot, while the model contour lines are much smoother due to
the abundance of generated contour points from the model. Other than this, the contour plots are very similar, implying that the DHIDH
model provides a good fit to the market data.
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Figure 5.1: The implied volatility for various strike prices at four maturity times. Each plot shows the market IV, the calibrated Double Heston IV and the
calibrated DHJDH IV.
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Figure 5.2: Contour plots showing the implied volatility for the given strike prices and maturities from market data (left) and the calibrated DHJDH Model
(right).
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Strike Maturity

37 72 135 226
124 19.62 19.47 20.19 21.15
125 19.10 19.05 19.8 20.82
126 18.60 18.61 19.43 20.57
127 18.10 18.12 19.07 20.21
128 17.61 17.64 18.71 20.00
129 17.18 17.43 18.42 19.74
130 16.71 17.06 18.13 19.50
131 16.44 16.71 17.83 19.27
132 16.61 16.41 17.60 18.99
133 16.61 16.25 17.43 18.84
134 17.01 16.02 17.26 18.71
135 17.55 16.10 17.16 18.46
136 17.86 16.57 17.24 18.42

Table 1: S&P 500 index Implied Volatilities for strike prices ranging from 124 to 136 and maturities from 37 to 226 days.

Method K 6 c Vo p IVMSE
Univariate 0.8998 0.1721 1.3390 0.0325 -0.3716 3.951x 1074
Double Heston 2.7994 0.0716 0.9565 0.0179 -0.8510 1.227 x 10~4
18.4552 0.0074 1.8167 0.0221 0.7557
DHIJDH 2.2336 0.1642 0.5424 0.0092 -0.8372 1.039 x 10~*
18.9014 0.0179 1.8764 0.0287 0.1547
Ay As Us Uy Oy
0.0047 0.0617 2.0541 0.7108 2.2827

Table 2: Calibrated parameters of the Double Heston Jump-Diffusion Hybrid Model, along with the Single and Double Heston model calibrated parameters.
The last column shows the model mean square error.

Double Heston IV Residuals DHJD IV Residuals

o _ o _
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-0.004 -0.002 0.000 0.002 0.004 -0.004 -0.002 0.000 0.002 0.004
Residuals Residuals

Figure 5.3: Histogram of the residuals of the Double Heston (left) and DHJDH (right) models.
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Finally, we will examine the model residuals. Figure 5.3 contains the histograms of the Double Heston residuals and the Double DHIDH
residuals. We can see from the histograms that the majority of the residuals for the Double DHIDH model are located near zero, with only a
few residuals located further than £0.001, while the Double Heston residuals are more widely spread between -0.002 and 0.002. The smaller
residuals from the DHIDH model is a clear indication it having a smaller IVRMSE then the Double Heston model.
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extend and improve several ones in the literature.

1. Introduction

Let (X,d) be a complete metric space and 7 : X — X a self-mapping of X. Suppose that F(T) = {x € X | Tx = x} is the set of fixed points
of T.
The following definitions shall be required in the sequel: O(x,T) = {x,Tx,T?x,--- ,T"x,---} =orbit of T at x.

Definition 1.1. Ciri¢ [1]: A metric space (X,d) is said to be T—orbitally complete if T : X — X is a selfmapping and if any Cauchy
subsequence {T"x} in orbit O(x,T), with x € X, converges in X.

Definition 1.2. An operator T : X — X is orbitally continuous if

limd(T"x,x*) =0 = limd(T(T"x),Tx")=0.

1—yo0 1—ro0
Definition 1.2 was originally stated in the following equivalent form in Cirié [1]:
An operator T: X — X is said to be orbitally continuous if T"ix — x* = T(T"x) — Tx" asi— co.
Indeed, the notions in both Definition 1.1 and Definition 1.2 were first introduced by Cirié [1] in 1971 to obtain some fixed point theorems.
The definitions are also contained in Cirié [2].
There are non-linear equations which may arise in applications and whose fixed points are not necessarily unique. Cirié [3] established some
results pertaining to this notion of non-unique fixed points. The classical Banach’s fixed point theorem was established by Banach [4], using
the following contractive definition: there exists ¢ € [0, 1) (fixed) such that V x, y € X,

d(Tx,Ty) <cd(x,y). (1.1)

However, it is crucial to say that the mappings satisfying the contractive condition (1.1) are necessarily continuous. In order to have a
wider class of contractive mappings than those satisfying (1.1), Kannan [5] generalized the Banach’s fixed point theorem by employing the
following contractive definition: there exists a € [0, %) such that

d(Tx,Ty) <ald(x,Tx)+d(y,Ty)], Vx, y € X. (1.2)

So, the mappings satisfying (1.2) need not be continuous and this is a very nice initiative by the author [5]. Several authors have generalized
and extended Banach’s fixed point theorem using similar notion as in (1.2). Interested readers may also consult Chatterjea [6], Zamfirescu
[7] and a host of others in the literature.
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However, it is noteworthy to say that several contractive conditions including Banach’s contractive condition (1.1) have always been
concerned with establishing the existence and uniqueness of the fixed point of the mapping. Therefore, in order to include mappings whose
fixed points may be not unique, Ciri¢ [3] introduced a new technique involving contractive conditions for such mappings, realizing the fact
that there are also nonlinear equations with more than one fixed point as aforementioned. In particular, Ciri¢ [3] introduced, amongst others,
the following two contractive conditions: For a mapping 7 : X — X, there exists A € (0,1) such thatV x, y € X,

min{d(Tx,Ty),d(x,Tx),d(y,Ty)} —min{d(x,Ty),d(y,Tx)} < Ad(x,y), (1.3)
where T is orbitally continuous; and also there exists A € (0,1) such thatV x, y € X,
min{d(Tx,Ty),max{d(x,Tx),d(y,Ty)}} —min{d(x,Ty),d(y,Tx)} < Ad(x,y). (1.4)
Another contractivity condition worthy of note is the following:

Definition 1.3. (Akram et al. [8]): A selfmap T : X — X of a metric space (X,d) is said to be A-contraction if it satisfies the condition:
d(Tx,Ty) < B(d(x,y),d(x,Tx),d(y, Ty)), Vx, y €X, (1.5)

and some B € A, where A is the set of all functions B : Ri — R satisfying
(i) B is continuous on the set R3+ (with respect to the Euclidean metric on R3);
(ii) a < kb for some k € [0,1) whenever a < B(a,b,b), ora < B(b,a,b), or, a < B(b,b,a), Va, b eRy.

Akram et al. [8] employed the contractive condition (1.5) to prove that if X is a complete metric space, then the mapping T has a unique
fixed point.
Olatinwo [9] generalized the results of Akram et al. [8] by employing the following more general contractive condition:

Definition 1.4. (Olatinwo [9]): A selfmap T : X — X of a metric space (X,d) is said to be a generalized A-contraction or G4 —contraction
if it satisfies the condition:

d(Tx,Ty) < a(d(x,y),d(x, Tx),d(y, Ty),[d(x,Tx)]"[d(y, Tx)]Pd (x, Ty),d(y, Tx)[d (x, Tx)]"),

Vx,yeX, r, p, mc R, and some & € G, where G is the set of all functions o: Ri — R satisfying

(i) & is continuous on the set Ri (with respect to the Euclidean metric on R3);

(ii) if any of the conditions a < o(b,b,a,c,c), or, a < a(b,b,a,b,b), or, a < aa,b,b,b,b) holds for some a, b, c € R+, then there exists
k €10,1) such that a < kb.

The contractive mappings of both Akram ez al. [8] and Ciri¢ [3] are our motivation for the present article. Therefore, in this paper, we
prove various and more general non-unique fixed point theorems by employing on a complete metric space for selfmappings by using
Akram-Zafar-Siddiqui type contractive conditions which are hybrids of those used in [3, 8, 9]. Our results are generalizations, extensions and
improvemens of the results of Cirié [3] and those of the author [10, 11, 12]. Many unique fixed point theorems in the literature involving
those of Akram et al. [8] are also special cases of the results of the present article. One can consult the reference section for detail on unique
fixed point theorems. For excellent study of mappings having non-unique fixed points, we refer to Achari [13, 14, 15], Ciri¢ [2, 3, 16],
Karapinar [17] and Pachpatte [18].

To prove our results, we shall employ the following more general contractive conditions than those stated in (1.3) and (1.4)

(a) For a mapping T : X — X, there exists a function f3 : Ri — Ry such that V x, y € X, we have

min{d(Tx,Ty),d(x,Tx),d(y,Ty)} —min{d(x,Ty),d(y,Tx)} < (1.6)
Bd(x,y),d(x,Tx),d(y, Ty),[d(x, Tx)]"[d(y, Tx))Pd(x, Ty),d(y, Tx)[d(x, Tx)]");

Vx,y€X, r, p, m € Ry, where the function f satisfies:

(i) B is continuous on the set R5+ (with respect to the Euclidean metric on RY);

(ii) there exists some A € [0, 1), such that a < Ab whenever a < B(b,b,a,c,c),V a, b, c €R4.
(b) For a mapping T : X — X, there exists a function f3: Ri — Ry such thatV x, y € X, we have

min{d(Tx,Ty),max{d(x,Tx),d(y, Ty)}} —min{d(x,Ty),d(y, Tx)} < (1.7)
B(d(x,y),d(x,Tx),d(y, Ty), [d(x, Tx)|"[d(y, Tx)|Pd(x,Ty),d(y, Tx)[d(x, Tx)|"),

Vx,y€X, r, p, m € Ry, where the function 8 satisfies:
(i) B is continuous on the set Ri (with respect to the Euclidean metric on R?);
(ii) there exists some A € [0, 1), such that a < Ab whenever a < B(b,b,a,c,c), or,a < B(b,b,a,b,b), ¥V a, b, c €R.

Remark 1.5. Each of the contractive conditions (1.6) and (1.7) can be reduced to several other ones in the literature. In particular, we have
the following:

(i) It is obvious that both contractive conditions (1.3) and (1.4) are special cases of contractive conditions (1.6) and (1.7) respectively if
B(t1,t2,13,ta,15) = Aty, ¥ (t1,12,13) € R, A € (0,1).
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2. Main results

Theorem 2.1. Let (X,d) be a complete metric space and T : X — X an orbitally continuous mapping satisfying contractive condition (1.6).
Forxg € X, let {x,}_ defined by x, = Tx,—1 = T"xp, n=0,1,2,---, be the Picard iteration associated with T. Then, T has a fixed point.

Proof. We have that x, = Tx,_1 = T"xg, xo € X (n=0,1,2,---). If d(x4,%4+1) = 0 for some g > 0, then xg is the limit point of {7"xp}
and x; is a fixed point of 7. Suppose that d(x,,x,+1) >0, n=0,1,2,--- . Using condition (1.6) with x = x,,, ¥ = x,,4.1, we have

min{d(Tx,, Txp+1),d(xn, Txn),d(Xp11, Txps1) } —min{d (x,, Txps1),d(xpp1, Txn) }
< B(d(xns Xng1),d (X, Txn)y d (1, T 1), [d (0, Txn) | [d (K1, Tn) 1P d (i, Ty 1), d (1, T ) [d (i, Txn)]™),

from which we obtain that
min{d (xy41,Xn42),d (X, Xn11) } < B(d (X, Xn41),d (X, Xn 1), d (X411, X42),0,0). 2.1
Since A < 1, we choose min{d (x,11,%,42),d(Xn,Xn+1)} = d(Xpt1,Xn+2) and apply Property (ii) of B so that from (2.1) we get
d(xng1,%n42) < B(d(Xn,%n41),d (Xn, X4 1) d (X1, Xn42),0,0) < Ad (X, X011),
which yields
d(xXpa1,xn42) < Ad(xp,x511) < /'de(xn,l,xn) <...< 7L"+1d(x0,x1). 2.2)
Using (2.2) inductively in the repeated application of the triangle inequality yields, for p € N,

An(1—AP)

=) d(xp,x1) = 0asn— oo, (2.3)

d(xnvanrp) <

Hence, from (2.3) we have that {x,} is a Cauchy sequence in X. Since (X,d) is a complete metric space, there exists u € X such that
lgn d(xy,u) =0, that is, lgn X, = u. Therefore, since x,, = T"x( and T is orbitally continuous, we have
n—ro0 n—roo

0=d(lim T(T"xp),Tu) = lim d(T(T"xp),Tu) = lgn d(Txn,Tu) = lgn d(xy41,Tu) =d(u,Tu).
n—ro0 n—yo0

n—oo n—yeo

Thus, proving that Tu = u, that is, u € X is a fixed point of 7. O

Theorem 2.2. Let (X,d) be a complete metric space and T : X — X a mapping satisfying contractive condition (1.7) For xo € X, let {x, }7_
defined by x, = Tx,,_1 = T"x9, n=0,1,2,-- -, be the Picard iteration associated with T. Then, T has a fixed point.

Proof. We have that x, = Tx,_1 = T"xg, xo € X (n=0,1,2,---). If d(x4,%4+1) = 0 for some g > 0, then xg is the limit point of {7"xp}
and x; is a fixed point of 7. Suppose that d(x,,x,+1) >0, n=0,1,2,--- . Using condition (1.7) with x = x,,, ¥ = x,,4.1, we have

min{d(Txp, Txpy1), max{d (xp, Txn),d(Xpq1, Txpq1)} } —min{d (x, Txp11),d (X401, Txn) } <
ﬁ(d(xn7xn+l )7d(xn7 Txn)’d(le—l s Txpt1 )7 [d(xnv Txl’l)]r[d(xn-‘rl ) Txn)]pd(xm Txpt1 )7d(xn+l ’ Txn)[d(xm Txn)]m)’

which reduces to

min{d(xn+l 7xn+2)7 max{d(xn7xn+1 ) ’ d(xn+l 7xn+2)}} < (24)
ﬁ (d(xn7xn+l)7d(xn7xn+1)7d(xn+l 7xn+2)707 0)

Since
min{d (X4 1,%p+2), max{d (Xn, Xp41),d (Xp41,%042) } } = max{d (xn, Xp41),d (Xt 1, %n42)}
we obtain from (2.4) that
max{d(%n1,%n+2),d(¥n Xn11)} < B(d(xn, Xn11),d (X, Xn 1), d (X4 1,%042), 0, 0). 2.5)
Again, since 4 < 1, we choose max{d(x,41,%,42),d(xn,Xn+1)} = d(Xp41,X412), so that from (2.5) we obtain
d(Xn15Xn42) < B(d (X0, Xn11),d (X, Xn1) d (X1, %042),0,0) < Ad (0, X011)
which inductively leads again (as in the proof of Theorem 2.1) to
d(xn, x511) < Ad(xg,x1).

For p € N, we therefore, have again as in the proof of Theorem 2.1 that d(x,,x,4p) — 0 as n — oo
Hence, we have that {x, } is a Cauchy sequence in X. Since (X,d) is complete, there exists u € X such that 1ijn Xy = U
Nn—soo

Using (1.7) again with x = x,,, y = u we obtain

min{d(Tx,,Tu),max{d(xn, Tx,),d(u, Tu)}} —min{d(x,, Tu),d(u,Tx,)} <
B(d(xn,u),d(xn, Txn),d(u,Tu),[d(xn, Txn)] [d(u, Txy)]Pd (xn, Tu),d(u, Txy)[d (X0, Txn)]™),

which reduces to
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min{d(x,+1,Tu),max{d(x,,x,+1),d(u,Tu)}} —min{d(x,, Tu),d(u,x,+1)} < (2.6)
ﬁ (d(xm u)7d(xn7xn+1 )7d(ua Tu)? [d(xnvxn+l )}r[d(uaxlﬁ-l )]pd(xﬂv T”)vd(u’le-l ) [d(XmX,H_] )]m)

As n — oo, we obtain from (2.6) that
min{d(u, Tu),d(u,Tu)} < B(0,0,d(u,Tu),0,0). 2.7
Using Property(ii) of B in (2.7) yields
d(u,Tu) < (0,0,d(u, Tu),0,0) <A.0=0,

from which it follows that d(u, Tu) < 0.
Therefore, due to nonnegativity of the metric, we obtain d(Tu,u) =0 <= Tu = u. Thus, T has a fixed point u € X. O

The next two results are Maia type (see [19]) which extend both Theorem 2.1 and Theorem 2.2

Theorem 2.3. Let X be a non-empty set, d and p two metrics on X and T: X — X a mapping. For xo € X, let {x,};,_ defined by
Xpt1 =Tx,, n=0,1,2,---, be the Picard iteration associated with T. Suppose that

(i) there exists M > 0 such that p(Tx,Ty) < Md(x,y), Vx, y € X;

(ii) (X, p) is a complete metric space;

(iii) T: (X,p) — (X,p) is orbitally continuous;

(iv) T: (X,d) — (X,d) is a mapping satisfying (A).

Then, T: (X,p) — (X,p) has a fixed point.

Proof. By condition (iv), we obtain as in Theorem 2.1 that, for p € N,d(x,,%x,4,) — 0 asn— co. That is, {x,} is a Cauchy sequence in
(X,d).
We now show that {x, } is a Cauchy sequence in (X, p) as follows: By condition (i), we have, for p € N,

p(xmanrp) = p(Tx,,,l,Tx,,H,,l) < Md(xnflvanrpfl) — 0asn— oo,

that is, p (X, Xs4p) = 0 asn— co. Thus, {x,} is a Cauchy sequence in (X, p) too.
By condition (ii), (X, p) is a complete metric space implies that there exists u € X such that ILm 0 (xn,u) =0, that is, lgll Xn = u.
n—soo n—soo

By condition (iii), since x, = T"xg and T': (X,p) — (X, p) is orbitally continuous, we have
0= p(}ggoT(T”xo),Tu) = Jggop(T(T”xo),Tu) = Jggop(Txn,Tu) = r}iilgop(xn+17Tu) =p(u,Tu).
Therefore, p(u,Tu) =0 <= Tu=u. So, T has a fixed point u. O

Theorem 2.4. Let X be a non-empty set, d and p two metrics on X and T: X — X a mapping. For xo € X, let {x,};_, defined by
Xpt1 =Txy, n=0,1,2,---, be the Picard iteration associated with T. Suppose that

(i) there exists M > 0 such that p(Tx,Ty) < Md(x,y), ¥ x, y € X;

(ii) (X,p) is a complete metric space;

(iii) T: (X,p) — (X,p) is continuous;

(iv) T: (X,d) — (X,d) is a mapping satisfying (Ax).

Then, T: (X,p) — (X,p) has a fixed point.

Proof. By condition (iv), we obtain as in Theorem 2.2 that {x, } is a Cauchy sequence in (X,d).

By condition (i), we have as in Theorem 2.3 that {x, } is a Cauchy sequence in (X, p) too.

By condition (ii), (X, p) is a complete metric space implies that there exists # € X such that 1211 P (xn,u) =0, that is, lgn Xp =U.
n—yo0 n—oo

By condition (iii), since T: (X,p) — (X, p) is continuous, we have

0= lim p(xy41,u4) = lim p(Txy,u) = p(T(lim x,,),u) = p(Tu,u).
n—soo ey

n—oo

Therefore, p(u,Tu) =0 <= Tu=u. So, T has a fixed point u. O

Remark 2.5. Our results generalize and extend several classical results in the literature, involving unique and nonunique fixed points. In
particular, both Theorem 2.1 and Theorem 2.2 are generalizations and extensions of the corresponding results of Ciri¢ [3, 2]. Both Theorem
2.3 and Theorem 2.4 extend both Theorem 2.1 and Theorem 2.2 respectively as well as the corresponding results of Cirié [3, 2]. Both
Theorem 2.3 and Theorem 2.4 also generalize the result of Maia [19]. Indeed, the results of our present paper generalize the corresponding
results of Olatinwo [10, 11, 12], but independent of the corresponding results of the author [20]. We also observe that the unique fixed point
theorems of Akram et al. [8] are special cases of the results contained in this paper.

Remark 2.6. We also employ this medium to announce that while proving the existence of the fixed point of T, the term ”d (T lim (T"xq),Tu)”
n—soo

that appeared was a typographical misprint in Theorem 2.1 and Theorem 2.3 of [10] as well as in Theorem 2.1 and Theorem 2.4 of [20].
Since T is orbitally continuous in those Theorems (rather than being continuous), the misprint should change to "d( lgn T(T"xo),Tu)”
n—oo

(which is now correctly expressed in the present article). Our interested readers can also see the correct term ”d(lim T (T"xo),Tu)” in the
n—soo

articles [11, 12] (which invariably becomes ™ lgn d(T(T"xy),Tu)” since metric is continuous).
n—o0
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3. Conclusion

So far, the results obtained in the present article are the most general results in non-unique fixed point theory.
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The computational group theoretical techniques involve the construction of generalized
character cycle indices of all irreducible representations for all hyperplanes of the hypercube
using the Mobius function, polynomial generators for all cycle types and for all hyperplanes.
This is followed by the construction of the generating functions for colorings of all (n-q)-
hyperplanes of the hypercube, for example, vertices (q=5), edges (q=4), faces (q=3), cells
(g=2) and tesseracts (q=4) for a 5D-hypercube. Tables are constructed for the combinatorial
numbers for coloring all hyperplanes of 5D-hypercubes for 36 irreducible representations.
Applications to chirality, chemistry and biology are also pointed out.

1. Introduction

Hypercubes [1]-[29] and related combinatorics of wreath product groups [30]-[54] have been the focus of a number of research investigations
owing to their importance in numerous applications in a variety of disciplines. Hypercubes are natural representations of Boolean functions,
as 2n possible Boolean functions from a set of n entities that take binary values can be represented by the vertices of a hypercube. Thus
hypercubes find applications in chemistry, biology, finite automata, electrical circuits, genetics, enumeration of isomers, isomerization
reactions, visualization and computer graphics, chirality, protein-protein interactions, intrinsically disordered proteins, partitioning of
massively large databases, and parallel computing [1]-[11], [19]-[29], [41]-[55], [56]-[59]. The automorphism groups of hypercubes
which are hyperoctahedral wreath products find applications in enumerative combinatorics, isomerization reactions, chirality, nuclear spin
statistics, weakly-bound non-rigid water clusters, non-rigid molecules, and in proteomics [41]-[55], [56]-[59]. The hypercubes have also
been connected to Goldbach conjecture, last Fermat’s theorem, Erdos discrepancy conjecture, modern multi-dimensional representation of
time measures, quantum similarity measures, [1]-[5], biochemical imaging [6], multi-dimensional imaging [19],[20], [22]-[26], classification
of large data, Quantitative Shape-Activity Relations (QShAR)etc. [7]-[10].

Combinatorial enumeration of colorings of different hyperplanes, especially vertices of hypercubes has been the topic of several studies for
the past two centuries. In fact, subsequent to publication of his classic 1937 [15] paper on combinatorics of groups, graphs and chemical
compounds, Pdlya in a subsequent work [17] has pointed out the errors in previous enumeration of colorings of vertices hypercubes. As
pointed out recently by Banks et al. [19],[20] in the context of computer visualization, in 1877, Clifford [12],[13] has enumerated the number
of equivalence classes for 2-colorings of a 4D-hypercube vertices as 396 which was subsequently shown to be incorrect by Pélya [17] in
1940 who obtained 402 equivalence classes for 2-colorings of a 4d-hypercube. Historically Pélya’s theorem was anticipated in Redfield’s
paper on superposition theorem [16]. Although in more recent mathematical literature, cycle indices of hypercubes and enumerations of
colorings of the vertices of hypercubes have been considered [17]-[29], [34] these studies have been restricted only to the totally symmetric
irreducible representations of the hyperoctahedral groups. Moreover in the most recent work on the SD-hypercube enumeration [29] of
vertex colorings there are errors, as we show here. Pdlya’s theorem and its variation [1]-[6], [17]-[21] have been applied extensively which
generate equivalence classes for different distribution of colors called the pattern inventory and also the total number of colorings. However,
several chemical and spectroscopic applications require more powerful and generalized enumeration techniques that span all the irreducible
representations of the groups where Pdlya’s theorem becomes a special case for the totally symmetric representation. Furthermore in the
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case of hypercubes, most of the previous combinatorics is restricted to the enumeration of vertex colorings. The vertices of hypercubes
are only one of several possible hypercube’s hyperplanes. The present author [39]-[40] has generalized Pdlya’s theorem, De Bruijn’s
theorem [60] and Harary-Palmer power group theorem [31] to characters of all irreducible representations of a group cast into the form of
generalized character cycle indices or GCCIs. Such combinatorial and graph theoretical methods have several applications to rovibronic
spectroscopy, non-rigid molecules, water clusters, nuclear spin statistics, multiple-quantum NMR spectroscopy, dynamic NMR, enumeration
of isomerization reactions, chirality, ESR spectroscopy, topological indices in QSAR [36]-[58], [61]-[63].

The n-dimensional hypercube’s automorphism group is comprised of 2" x n! operations, and thus the order of this group increases both
exponentially and factorially. For example, the automorphism group of a 6D-hypercube consists of 46, 080 operations spanning 65 irreducible
representation. In ordinary Pélya’s theory, different conjugacy classes that give rise to the same cycle types under group action on a given set
are combined into a single term, as they give rise to the same monomial for patterns, and in general with the exception of full symmetric
group S, multiple conjugacy classes often contribute to the same cycle type. This poses a problem when one needs to consider all irreducible
representation, as character values in general are based on conjugacy classes and not cycle types. Furthermore there is no one-to-one
correspondence between cycle types and conjugacy classes for hyperoctahedral wreath product groups of hypercubes. Thus we need both
cycle types of each conjugacy class and the character table of the group unlike the ordinary Pélya cycle index which only needs the cycle
types that compose the cycle index of a group. The other computational challenge that arises for hypercube colorings is that the cycle types
of induced permutation for different hyperplanes need to be obtained. In general there are n hyper planes for an nD-hypercube represented
by q values ranging from 1 to n with of course q=0 being the trivial single vertex and hence is not considered. When q=n we obtain the
vertices of the hypercube, g=n-1 we obtain the edges, q=n-2 yields faces, and in general q represents (n-q)-hyperplanes of an nD-hypercube.
Each such hyperplane generates a set of cycle types for each conjugacy class. Thus computing the equivalence classes of the colorings of
various hyperplanes requires the computation of the cycle types of different (n-q)-hyperplanes of the hypercube with q=1 through n. Previous
works in the mathematical literature [17]-[29] have focused on the total number of equivalence classes rather than the inventory of patterns
or a generating function that yields number of colorings for a given number of colors of various kinds. Such a distribution of patterns for
various colors is quite important for a number of practical applications, and thus we focus in the present study the computational techniques
to obtain such generating functions for all hyperplanes and all irreducible representations of the hypercube. Moreover none of the previous
studies [17]-[29] has dealt with irreducible representations other than totally symmetric representation in their enumerations. The present
author [11] has previously considered multinomial colorings of 4D-hypercube for different hyperplanes, and with chemical applications to
water pentamer in mind, the present author has considered colorings of tesseracts [64] of the SD-hypercube, and recently vertices (q=4) and
tesseracts q=1 for all irreducible representations and 2-colorings of (q=2) 3-faces only for the totally symmetric irreducible representation of
the 5D-hypercube [61]. The present work considers for the first time enumeration of colorings for all hyperplanes (q=1 through gq=5) of the
5D-hypercube for all 36 irreducible representations.

2. Mathematical and computational techniques

In general, the automorphism group of an nD-hypercube is the wreath product Sy, [S»] where S, is the full permutation group of n objects
comprising of n! permutations. The order of the nD-hypercube wreath product group is 2" x n! and hence it grows in astronomical proportion
as a function of n. For example, the automorphism group of a 10D-hypercube consists of 210 x 10! permutations that give rise to 481
conjugacy classes, and 481 irreducible representations, 10 hyperplanes, thus demonstrating the combinatorial complexity of the problem
of enumerating colorings of different hyperplanes of an nD-hypercube for all irreducible representations. Coxeter [65] has discussed in
depth hypercubes and various other regular polytopes and their mathematical characterizations using various projections and graph theory.
An nD-hypercube is comprised of (n-q)-hyperplanes where q goes from O to n. The largest value of q = n represents the vertices, q=n-1
represents the edges, q=n-2 represents the faces, q=n-3 represents the cells, q=n-4 represents tesseracts, and so on. The induced permutation
of the automorphism group of the nD-hypercube on each of these hyperplanes is quite different and it cannot be deduced from a simple
inspection with the exception of a 2D-hypercube (square) and a 3D-hypercube (a regular cube). Thus the first step is to construct the cycle
types for each conjugacy class of the hypercube’s wreath product group for the induced permutations of all hyperplanes of the hypercube. We
note that although for ordinary P6lya enumeration one needs only the cycle index which can be constructed by other methods as cycle types
of several conjugacy classes become degenerate for wreath products, the enumerations that involve all irreducible representations require the
cycle types of each conjugacy class, as there is no one-to-one correspondence between the conjugacy classes and cycle types for wreath
product groups. The cycle types of q=1 or (n-1)-hyperplanes are the ones that can be readily constructed as they are natural representations
of the hypercube permutations.

The techniques to construct the conjugacy class cycle types of q=1 or (n-1)-hyperplanes and the character table for all irreducible
representations of the hypercube group involve matrix generating functions and we shall consider this first. We use the SD-hypercube as not
only an illustrative example but also to carry out all of the needed computations. For a SD-hypercube the special case of =1 enumerates
the various tesseracts of the hypercube, and Fig.1 shows a graph that exemplifies the underlying relationship between the tesseracts of
the 5D-hypercube. In Fig. 1 the vertices represent the tesseracts while the edges represent the underlying connectivity among the ten
tesseracts of the SD-hypercube. The cycle types of the permutations of q=1 tesseracts are isomorphic with the permutations of vertices of the
automorphism group of the graph in Fig. 1.

In general, let a permutation g € S, upon its action on the set Q of g = 1 hyperplanes of the hypercube generate a; cycles of length 1, a,
cycles of length 2, a3 cycles of length 3, ..., a, cycles of length n, which can be represented by 1912423% __n% . Alternatively, the cycle type
T, of g x can be denoted as T, = (ay,a2,as, ...,a,). As the composing group in S, [Sz], S of the wreath product has only two conjugacy
classes, the conjugacy class of the wreath product S, [S»] and he cycle types of action on q=1 hyperplanes can be expressed as a cycle type
comprised of a 2 x n matrix, where the first row corresponds to the action of {(g; ) }permutations where 7 = ¢ € S, and g € S,, and the
second row represents the permutations {(g; )}, for £ = (12) € S,. The cycle type of any conjugacy class, T (g; ), where (g; ) is any
representative in then a 2 X n matrix is obtained using the orbit structure of g € S, and the corresponding conjugacy class of S,. For the
particular case of S5 [S>] under consideration, the cycle type of (g; ) for a conjugacy class of S5 [S,] is given by

T(gm)=ay (1<i<2),(1<k<5) 2.1
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Figure 2.1: Ten tesseracts of the 5D-hypercube are represented by the vertices of the graph shown in this figure (reproduced from ref.[59]). Right: Water
Pentamer. The automorphism group of this graph is also the automorphism group of the S5D-hypercube and fully non-rigid water pentamer or S5[S2]
comprising of 3840 permutations that span 36 conjugacy classes.

To illustrate, the conjugacy class {(1) (2) (345);(12)} of S5 [S>] given by (2.2)

T @023 = | 50700 | @2
Likewise the conjugacy class of {(12) (34) (5);(12)}(1234)(5); (12) is given by (2.3):
THUDEH 20| 50010 | 3)

In this manner all conjugacy classes of Sy, [S>] are obtained and for the simplest example of S3 [S,] which represents the permutations of the
six faces of the cube, Table 1 shows all as 2 x 3 matrices thus constructed for the 3D-cube. In Table 1 we have also shown the corresponding
rotations or mirror planes of the cube, as the cycle types of the cube’s faces can also be directly obtained by applying these operations on
a regular cube and collecting the induced orbits of the permutations of the faces of the cube under the action of these operations. It can
be seen from Table 1 that there is no one-to-one correspondence between the cycle types and conjugacy classes of the 3D-cube, as orbit
structures of two different matrix types can be the same, for example, for matrices 3 and 5 in Table 1 have the same cycle types of 1222 for
the six faces of the cube (q=1). However these two matrices belong to different conjugacy classes with different character values for the
various irreducible representations of the octahedral (cubic) group or S3 [S;]. Thus the matrices are important for the enumerations involving
all irreducible representations while only the cycle types are needed for the ordinary P6lya enumeration of equivalence classes, as such
enumeration becomes a special case of our formalism applied to the totally symmetric A; irreducible representation.

We can obtain the orders of the conjugacy classes and the cycle types for the g=1 or (n-1)hyper planes of the hypercube directly from their
2 x n matrices. Suppose P (m) denotes the number of partitions of integer m with P (0) = 1. Then all ordered partitions of n into pairs or
compositions of z into two parts, denoted by (ny,n;) such that Y. n; = n, yields the number of conjugacy classes of S, [S,]. That is, the total
number of conjugacy classes of Sy, [S3]is given by

Ne =Y (P (1) P(n2) (2.4)

where the sum is over all ordered pairs of partitions of n. Furthermore, the order any conjugacy class of S, [S>] with the matrix type
T (g; ) = aj, can be obtained with Eq (2.5):

n!
 TTigan! (2k)%

For example, for the 6-D hyperoctahedral group, S¢ [S>], the ordered partitions of 6 into 2 parts are given by {(6,0),(0,6),(5,1),(1,5),(4,2),(2,4),(3,3)
and hence the number of conjugacy classes of the Sg [S>] group is

T (g;7)] (2.5

2P (6) P (0)+2P (5)P(1)+2P (4)P(2) + P(3)* = 65 (2.6)

The number of elements in any particular conjugacy class of S, [S»] can also be readily computed from the corresponding matrix cycle type.
For example, application of (2.5) to the conjugacy class 6 in table 1 gives:

100 3123
—_ 7T _6 2.7
'( 010 )‘ 1e.nte2)! @D

The orders of conjugacy classes thus obtained for the cube are shown in Table 1 for each conjugacy class. The cycle types for the permutations

induced on the g = 1 or (n — 1) — hyperplanes are also obtained readily from the 2 x n matrices by mapping place values for the non-zero

k . .
“% for each non-zero entry column £ in the first row while for the second row

entries in the matrix type. That is, assign a cycle of length (kz)
the contribution is 2k for nonzero entries. Thus the above matrix yields the overall cycle type 1222 for the regular cube’s 6 faces. The cycle
types thus obtained for g = 1 or tesseracts of the SD-hypercubeand for all conjugacy classes of the cubic group, S [S3] group are shown in

Tables 2 and 1 together with the orders of each conjugacy class.
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The above process for finding the cycle types of conjugacy classes and their orders can be likewise applied to the SD-hypercube and the
results are shown in Table 2. The next step is to compute the cycle types of the induced permutations for each conjugacy class for all of
the remaining (n-q)-hyperplanes. For the 5d-hypercube this corresponds to g = 2 (cells), g = 3 (faces), g = 4 (edges) and g = 5 (vertices).
Although there are previous studies [17]-[29] that have discussed the techniques for obtaining the cycle indices of the hypercube including
the SD-hypercube, these previous works have been predominantly restricted to the Pélya cycle indices of the vertices of a hypercube with the
exception of Lemmis [23] who has explicitly considered other cycle types for a 4D-hypercube even though Lemmis [23] does not compute
or report any results for the equivalence classes even for the totally symmetric irreducible representation . The explicit expressions have
also been constructed for the ordinary cycle indices of hypercubes up to six dimensions [26], [28], [29]. In the present study we outline
techniques for constructing the generalized character cycle indices for all irreducible representations and all cycle types of the various
(n-q)-hyperplanes of the hypercube.

The process of computing the generating functions for the cycle types of various (n — ¢) — hyperplanes of the hypercube involve the Mdbius
function, a fundamental enumerative combinatorial technique that encompasses generalization of the fundamental combinatorial principle of
inclusion and exclusion that has been applied to many disciplines [66], [67] including music theory [35] and isomers with nearest neighbor
exclusions [63]. The M&bius functions appear in a natural way, as the construction of various cycle types for the (n — g) —hyperplanes is
related to the divisors of the set of all hyperplanes and it relates to the simplest cycle types of ¢ = 1. Thus the technique involves computing
the polynomial generating functions via Mobius sums. We accomplish this from the matrix types of the conjugacy classes of the S, [S;]
groups to generate all of the cycle types for all (n — g) —hyperplanes through polynomial generating functions. The techniques employed
are similar to the ones outlined in Krishnamurthy’s book [67] and the work of Lemmis [24] who has made use of the enumerative Mobius
inversion technique. That is, the generating functions for all cycle types for all values of q representing (n — g) —hyperplanes are generated
as coefficient of x in the polynomial generating function Q), (x) obtained using the Mobius functions shown below:

0y )= LY u(p/d)Fy (x) 28
d/p

where the sum is strictly over all divisors d of p, and u (p/d) is the Mobius function which takes values
1, -1, —1,0, =1, 1, —=1,0,0, 1 ...

for arguments 1 to 10; in general, the Mobius function is obtained as follows for any number:

u (m) = 11if one of m’s prime factors is not a perfect square and m contains even number of prime factors,

U (m) = —1 if m satisfies the same perfect-square condition as before but m contains odd number of prime factors,

u (m) = 0if m has a perfect square as one of its factors.

F,; (x) in the above Eq (2.8) is defined as a polynomial in x constructed from the matrix cycle types shown in the first column of Table
1 or Table 2. Consider the non-zero columns of the matrix cycle types of S, [Sz] (see Tables 1 and 2) . Recall that the first row of these
elements are represented by alk while the second rows are denoted by ay; (k = 1,n). Then if p is the period of the matrix type shown in the
first column of Table 1 or 2, and define, g = ged (k; p), p' = g, h=gcd(2k;p); p' = % and define the polynomial F,, (x) in terms of these
divisors of the cycle type as

aaa (2.9)

where the product is taken only over nc, non-zero columns of the 2 x n matrix cycle type shown in Tables 1 or 2. The coefficient of x7 in
Q) (x) obtained from the Mobius sums of various F; polynomials where d’s are strictly divisors of p generate the various cycle types for
(n — q) — hyperplanes of the nD-hypercube. We shall illustrate this by one of the matrix cycle types in Table 2. Consider the 31st matrix
shown in Table 2 for S5 [S>]:

01100
(OOOOO) (2.10)
As only 2" and 3™ columns contain non-zero values, hence we need to consider only these two columns. Thus the maximum period to

consider is 6 and hence the possible F' polynomials are Fg, F3, F> and Fj as divisors of 6 are 1, 2, 3, and 6. Applying the GCD followed by
the use of Eq (2.9), we obtain each of these polynomials as

Fi(x) = (1+2x2) <1+2x3> @.11)
P (x) = (1+2x)2 <1 +2x3) 2.12)
F(x) = <1+2x2> (1+2x)° 2.13)

Fg (x) = (142x)°. (2.14)

From the F; polynomials thus constructed above, we obtain the Q) polynomials using the Mbius sum, shown in Eq (2.8). Thus we obtain

01 =F = 142242 +4° (2.15)
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mQ2Fi+m(1)F, F——F :(1+2x)2 (1+283) — = (1+2x?) (1+2%%)

0, = 5 == 5 =2x+x% Hdxt 4 2x° (2.16)
DFE+mB3)F  F——F  (1+2:2) (1+2x)° — (1+2) (1424
03 = m(1) 3‘;‘m( )R =3 3 1:( ol >( ) 3( X)( a ) = 2x44x% 4 6x° 4 8x* +4x° (2.17)
1)F 2) F 3)F 6)F Fo——F——F+h
Qézm( VEstm@B+mQB)R+mO)FA _F——FB-——h+FA _ 5 03 g4 55 2.18)

6 6

The coefficients of x?s are tabulated below for all possible Q;, polynomials which yield the cycle types for various (n — ¢) —perplanes as
shown below:

Table 1
Op X X2 x & x
0 2 2 4
(o)) 2 1 4 2
03 2 4 6 8 4
[0)5 4 10 8 2
Cycle type | 2232 122T3%6% | 1230610 | 2%3868 | 1%223%62
Hyperplane | ¢=1 qg=2 qg=3 g=2 qg=>5
(tesseracts) | (cells) (faces) (edges) | (vertices)

The results thus obtained for all cycle types of the hyperplanes of SD-hypercube are shown in Table 2. We believe this is the first time
that these cycle types have been tabulated for all hyperplanes of the 5D-hypercube. Although previously the cycle index for the vertices
of the SD-hypercube have been reported in the literature [24]-[26], [28], [29] using different techniques, and our results agree with those
results, Table 2 is exhaustive as it includes all hyperplanes, not just ¢ = 5 (vertices). Moreover, as outlined below we consider all irreducible
representations for coloring the (n — ¢) — hyperplanes, and not just the totally symmetric Al representation. In our previous studies [51],[52]
we have shown how the character tables of the S, [S»] groups can be obtained from matrix generating functions and thus we shall not repeat
the techniques in detail. Instead we shall focus on the colorings of the hyperplanes using the character table of S5 [S>], and the cycle types
obtained for various hyperplanes of the SD-hypercube shown in Table 2.

The character table of S5 [S»] containing 36 irreducible representations have been constructed before and thus we employ the GCCISs of the
irreducible representation with character of the group S5 [S>]. In general, the GCCI for the character  of a group G’ is defined as

1

by ob ba
Pg,:@ Y x(g)S]'Sy...S) (2.19)
geG’
where the sum is over all permutation representations of g € G’ that generate b1 cycles of length 1, b, cycles of length 2, ..., b, cycles of

length n upon its action on the set Q of the (n — g) — hyperplanes of the 5D-hypercube. Upon construction of the GCCISs for each irreducible
representation and each of the (n — ¢) —hyperplane’s cycle types shown in Table 2, one can carry out generalized Pélya substitution in the
GCClIs for each representation of Ss [S,] with a multinomial expansion. Let[n] be an ordered partition, also called the composition of n into

p parts such that ny >0, np >0, ..., n, >0, Z{’Zl n; = n. A multinomial generating function in As is obtained as
p n
M+2+.+4)" =Y Un m n, ) MMM Ap—1"1 2" (2.20)
[n]
where ( " ) are multinomials given by
ny  np . - np
n n! @2.21)
np m np nplny!...... np_1 Inp! ’

Define two sets, the set D which contains a set of (n — ¢) —hyperplanes for a given g to be colored and the set R which contains different
colors. Let wi be the weight of each color r in R . The weight of a function f from D to R is defined as

W) =]]w(s(d) (2.22)
The generating function for each irreducible representation of the nD-hyperoctahedral group is obtained by the substitution as

GF* (/lh?Lz...../lp) :Pé {sk — (W’H—W’H—....—Q—wﬁ,l +wl;>} (2.23)
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The above GFs are computed for each irreducible representation of the 5SD-hyperoctahedral group. The coefficient of each term
wiw, 2 ..wp""P generates the number of functions in the set RP that transform according to the irreducible representation I' with
character x . For the special case of the totally symmetric irreducible representation A , the GF becomes the ordinary Pélya’s theorem, thus
enumerating the number of equivalence classes of colorings.

In the case of hyperplanes of nD-hypercubes the number of (n — g) —hyperplanes for a given value of g increase as (Z) 24 and thus, for

example, a 10D-hypercube would have 13,440 4-hyperplanes (q=6) and 15,360 3-hyperplanes (q=7). Consequently, as the multinomial
generators explode in astronomical proportions for such large sets, it is practically not possible to consider more than 2 colors in the set R or
only 2-colorings for larger hypercubes are feasible. We have developed Fortran *95 codes that compute the cycle types for all hyperplanes
using the Mobius method, the character tables and then finally the generating functions for 2-colorings of various (n — ¢) —hyperplanes of
the hypercube. All of the arithmetic were carried out in Real*16 quadruple precision arithmetic and thus we can rely on an accuracy of
up to 32 digits, which appears to suffice for 2-colorings for all possible distribution of colors up to six-dimensional cases. However, for
larger cases either only first k coefficients that contain 32 or fewer digits be considered for colorings or the codes have to be enhanced with
multiple arrays to store beyond 32 digits as presently most compilers handle at most quadruple precision for real numbers. The special cases
of multinomials for 2 colorings were computed in a single step for 2-colorings recursively, and stored in memory for computations of each of
the monomials, sorting and collection of the coefficients for the final GF without computation of any factorials to save time. Moreover the
expansion of multinomials, sorting and collection of coefficients is done only for the A; IR and for the remaining IRs the computed terms for
each cycle type of A; are used. For the present case of the 5D-hypercube we were able to compute all of the possible 2-colorings for all
(n — q) —hyperplanes as discussed in the next section within real quadruple precision or REAL*16 precision.

3. Results and discussions

As seen from Table 2, the SD-hypercube contains 5 different hyperplanes, where g = 1 to 5, represent tesseracts, cells, 3-faces, edges and
vertices, respectively. Owing to the simplicity of ¢ = 1which yields only 10 tesseracts that can be represented by 10 vertices of a graph
(Fig. 1) and as these 10 vertices also represent the protons of the fully nonrigid water pentamer (H,0)s , colorings of these ten vertices have
been considered previously [64] and thus we shall not repeat the results. However for other ¢ values with the exception of ¢ = 5 (vertices)
restricted to A; , complete enumeration results for all IRs have not been considered previously. We note that the problem of coloring the
vertices of the hypercube is equivalent to generating the equivalence classes of 2" Boolean functions of a n— dimensional hypercube which
is of considerable interest [24]-[?], [28], [29]. Previous exhaustive combinatorial enumerations for the 4d-hypercube for all irreducible
representations have been considered by the current author recently [11].

Tables 3-6 show the unique terms for 2-colorings of (5 — g) — hyperplanes ¢ = 2 — 5, respectively for the 5D-hypercube. In all these tables
irreducible representations of the Ss [Sz] group are denoted as A| to A3, respectively. We note that only A; to A4 are one-dimensional,
As —Ag are 4-dimensional, Ag — A ¢ are five-dimensional, A7 — Ag are 6-dimensional, A19-A28 are 10-dimensional, A9 — A3, are
15-dimensional, A33 — A3g are 20-dimensional IRs of the Sd-hypercube. The number of colorings that transform according to the irreducible
representation A; (i = 1 — 36) are shown in Tables 3-6 for unique partition of colors. For example, the number of colorings which transform
as the given irreducible representation in a row and contain 35 red colors and 5 green colors for coloring the cells (¢ = 2) of the 5D-hyercube
are shown in Table 3 in the fifth column. We use the notation [A] to denote the unique partitions for the colorings and in order to save space,
owing to the symmetry of binomial numbers the results are shown only for [ ny,n;] where n; GE ny as the other case (ny, n;) is equivalent
to (n1, ny). As can be seen from Table 3, there are 1, 1, 5, 18, 84, and 362 colorings that transform as A; for 40 reds, 39 reds, 38 reds, 37
reds, 36 reds, and 35 reds (remaining 40-red = greens), respectively. The number of colorings that transform as A; irreducible representation
is simply the number of equivalence classes under the action of the SD-hyperoctahedal group on the cells for Table 3. Thus from Table 3,
there are 36,600,432 ways to color the cells of the SD-hypercube with 20 red colors and 20 green colors.- a result that is not known up to
now. In the mathematics literature, the focus has been often on the total number of equivalence classes for the vertex colorings as opposed to
the detailed enumeration for each possible distribution of colors (n1, ny) that we show in Table 3. The results in Tables 3-5 have not been
obtained before.

As can be seen from Table 4 the number of equivalence classes for coloring faces (¢ = 3) of the SD-hypercube are 1, 8, 54, 633 and 7287
for 1, 2, 3, 4, 5 green colors (remaining being red colors), respectively. The fact that the number of equivalence classes for 79 red and 1
green colors for the face colorings is one implies all the faces of the hypercube are equivalent, a result that is expected. As seen from table 4,
the number of equivalence classes (A| colorings) for 40 red and 40 green colors is a result that is unknown up to now. The numbers for
other 35 irreducible representations (A — A3g) correspond to the number of functions out of 280 functions in the set RP4 that transform as
the corresponding irreducible representation. Consequently, the numbers in each row multiplied by the dimensions of the corresponding
irreducible representations for all 36 IRs and all color distributions, that is, doubling each number in Table 4 for [A] with the exception
[40 40] we obtain 280 which is the total number of functions in the set of all maps. Likewise the sum of twice all numbers for the Al
representation with the exception that [40 40] is added only once, generates the total number of equivalence classes. This result can also be
directly obtained from the cycle index for the A; IR by replacing every x; by 2. That is, for the results in Table 3, total equivalence classes
count is given by

280 4 55256 41 10x 2% +10x 240 45 x 290 4 1 x 240 120 x 290 4 20 x 226
460 x 2% + 60 x 222 + 60 x 2%2 + 60 x 222 + 20 x 290 420 x 222 4+ 80 x 228
I(faces;2) =< +80x 2" 4+160 x 220 4160 x 214 +80 x 210 +-80 x 214 4+ 60 x 2% + 120 x 224
+60 x 240 4+ 120 x 222 1+ 60 x 220 + 60 x 220 240 x 222 4240 x 210 4240 x 222
4240 x 2104 160 x 218 4+ 160 x 214 + 160 x 210 + 160 x 28 + 384 x 216 4 384 x 28
=314,824,532,572,147,370,464

The result thus obtained agrees with the computer code that independently computed the sum of all coefficients in the generating function,
thus providing independent validation of our results. Consequently, the total number of equivalence classes for the face colorings of
5D-hypercube with 2 colors is 314,824,532,572,147,370,464.
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As seen from Table 5, there are also 80 edges for the SD-hypercube, which happens to be coincidentally same as the number of faces. We
have provide all 2-coloring distributions in Table 5 and as these numbers contain less than 32-33, digits all results are computed accurately
within the quadruple precision arithmetic. Once again from Table 5, we infer there are 1, 8, 50, 608, 7092 colorings for 1, 2, 3, 4, 5 green
colors (remaining reds) for the edge colorings of the SD-cube.Although the first two numbers coincide with the face coloring distribution
from the third number onwards all the results differ. In general, the number of face colorings is larger than the number of edge colorings for
the same color distribution. Thus we obtain 27,996,670,589,987,902,014 as the number of equivalence classes for edge colorings with
40 red colors and 40 green colors while the corresponding number for face colorings is with 40 reds and 40 greens. The total number of
equivalence classes for edge colorings of the SD-hypercube with 2 colors is 314,824,456,456,819,827,136 which can be obtained in two
independent ways as demonstrated for the face colorings.

Table 6 shows the vertex colorings for all irreducible representations for the SD-hypercube. The results for the vertex colorings of the
5D-hypercube have been obtained previously by Chen and Guo [29] using a completely different method of generating the cycle index of the
group. The results obtained by Chen and Guo [29] for the equivalence classes correspond to our numbers in Table 6 for the A1 IR. Chen
and Guo [29] obtain these numbers as 1, 1, 5, 29, 47, 131, 472, 1326, 3779, 9013, 19,963, 38,073, 65,664, 98,804, 133,576, 158,658, for
greens varying from O to 17 (remaining red). The corresponding results that we obtain in Table 6 for the same color distribution for the
vertex colorings of the SD-hypercube are 1, 1, 5, 10, 47, 131, 472, 1326, 3779, 9013, 19,963, 38,073, 65,664, 98,804, 133,576, 158,658,
respectively. In addition we obtain the number of equivalence classes for 40 red and 40 green as 169,112 that Chen and Guo [29] did not
report. Evidently the number of equivalence classes reported for 3 green colors by Chen and Guo [29] as 29 is not correct, and it disagrees
with our result of 10 equivalence classes for the same color distribution. Furthermore the total number of equivalence classes that we obtain
by adding doubles of all the numbers for A; in Table 6 except that [16 16] is counted once, is 1,228,158 which clearly does not agree with
the results of Chen and Guo [29] although the total number directly obtained from their cycle index by replacing every x; with 2 agrees
with our result of 1,228,158. Therefore we conclude that only the number reported for 3 green colors as 29 by Chen and Guo [29] must
be incorrect. Moreover, our result of 1,228,158 for the total number of equivalence classes for 2 colors agrees with the number reported
by Perez-Agulia [26] but differs from the result of Aichholzer [25] who has obtained it as 1,226,525. The difference was reconciled by
Perez-Agulia [26] with the explanation that vertices with 0 to 4 polytopes were treated differently by Aichholzer [25].

4. Chiral and alternating colorings, chemical and biological applications

As discussed in the previous section the numbers enumerated for the A1 representation (totally symmetric) for the partition [ny,n;] of colors
enumerates the number of Pélya equivalence classes for the coloring of (n — ¢) — hyperplanes with n1 colors of one kind and n2 colors of
another kind. A geometrical or physical interpretation for the numbers enumerated for other irreducible representations in Tables is that these
numbers enumerate the number of functions that transform as the IR among the set of all RP functions from the set D to R. That is, for
hypercube’s binary colorings there are 2" such functions where n is the number of (n — ¢) —hyperplanes for a given g . Thus the number of
irreducible representations in Tables 3 to 6 for a given color partition [nn,] gives the number of possible symmetry-adapted orthogonal
functions generated from the set R of 2" functions. In addition to this interpretation the numbers enumerated for irreducible representations
other than A can yield information on different aspects of colorings such as chirality, alternation and various other applications.

Chirality arises in a coloring if the mirror image of the coloring is not superimposable on the original coloring. Objects are chiral when they
have handedness such as shoes, hands, feet, gloves, etc. In such cases, the mirror images of the object cannot be converted into the original
object by any proper rotations in the physical space. The term proper rotation refers to a rotation by an angle 2p/m for a natural number m
around a specified axis of rotation denoted by a C,, axis of rotation. The set of such proper rotations that leave the object in the set D invariant
constitute a subgroup that we call the rotational subgroup of the nD-hyperoctahedral group and it is comprised of 2=y p) operations for
the nD-hypercube. While such rotational operations are readily identified for a regular three-dimensional square or a cube shown in Table 1,
this is less transparent for the higher dimensional hypercubes. As seen from Table 1, for each conjugacy class we can assign a rotational
operation or mirror plane or a composite improper rotation by simply applying the operation on the vertices or edges or faces of the cube and
gathering the various orbits generated upon the action of the operation. An improper axis of rotation, denoted is defined as the product C, 0y,
or oy, C,, where the o}, operation is a mirror plane perpendicular to the C,, axis. For a cube these operations are assigned to the various matrix
conjugacy classes in Table 1 based on the permutation’s orbits it generates upon its action on the vertices or edges or faces of the 3D cube.
The proper rotations for an nD-hypercube can be obtained from the 2 x n matrix of the corresponding conjugacy class by considering the
non-zero column’s place values. That is, a conjugacy class with matrix [a;] is a proper rotation if and only if

even odd

Z ag+ Za2k
k k

is even, where the first sum is restricted to even ks while the second to odd ks. If the above sum is odd then the operation corresponding to
the 2 x n matrix of the conjugacy class is an improper axis of rotation, where a special case of an improper axis may also be a mirror plane of
symmetry or a center of inversion. This procedure can be applied to higher dimensional cubes, and thus in Table 2 we have identified each
proper rotation of the SD-hypercube by placing the label R next to the conjugacy class. If the label R is absent it means that the conjugacy
class represents an improper axis of rotation. Chirality can then be determined by the definition that an object is chiral if it does not possess
an improper axis of rotation. Evidently uncolored 5D-hypercube or a 3D-cube is not chiral because of the presence of improper axes of
rotations. However, once the (n-q)-hyperplanes are colored some of the colorings for certain distribution of colors may become chiral.
Tables 3-6 that we have constructed enumerate and identify these chiral colorings. The chiral colorings are obtained by stipulating that the
functions in R for the coloring distribution [n1 np] must transform in accord to the irreducible representation of chirality. This irreducible
representation for chirality of the nD-hypercube is rigorously identified as the uni-dimensional IR that has +1 character values for all proper
rotations of the nD-hyperoctahedral group and -1 for all improper rotations. By examining the character values for the uni-dimensional
representations for the 5D-hypercube we identify this IR as A2 representation, and thus in Tables 3-5 they are identified with * in these
tables. Consequently, the number of chiral colorings for a given distribution of colors [r| n;]is enumerated by the numbers for the A2 row in
Tables 3-6 for various (n — g) — hyperplanes.
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As seen from Table 3, the first few numbers or the A2 representation are 0,0,0,0,6,84,657,3750, 16,898,63,366,203,095,565,964, ...
suggesting that coloring 40 cells of the SD-hypercube do not produce any chiral colorings for 40 reds 80 greens, 39 reds 81 green, 38 reds
02 green, 37 reds 63 greens, and in order to produce a chiral coloring one needs at least 4 green colors and remaining 36 red, and there are
exactly 6 such colorings which are chiral. That is, among the 84 equivalence classes of cell colorings for [36 4] partition of colors there are
exactly six chiral pairs in that mirror images of a chiral coloring is not superimposable on the original coloring. In order to illustrate this
further consider a regular 3D cube. Among the total of 14 equivalence classes produced for all 2-colorings of the vertices of a 3D cube, only
one coloring is chiral and all remaining colorings are achiral. The chiral coloring is shown in Figure 2.

Figure 4.1: The only chiral coloring among 14 equivalence classes of 2-colorings of vertices of a cube. This is enumerated as the number of A, irreducible
representations for the 2-colorings. For the 5D-hypercube the first chiral coloring appears for 4 greens and 28 reds. There are 2, 26, 148, 653, 2218, 6300,
14972, 30,730, and 54,528 such chiral colorings for 4, 5, 6, 7, 8, 9, 10, 11, and 12 green colors (remaining red), respectively for the 2-colorings of the vertices
of the 5SD-hypercube as enumerated by the A2 chiral representation of the 5D-hypercube..

The numbers of chiral colorings for face-colorings of the SD-hypercube are given by the numbers of the A IR in Table 4, and it can be
seen as 14, 326, 5722, 74973, 811,527, 7, 477, 975 and 60,113,621 for 3, 4, 5, 6, 7, 8, and 9 greens (remaining reds), respectively. The
corresponding results for the edge 2-colorings are 12, 330, 5782, 75,369, 815,762, 60, 219, 494 and 428, 191, 237 for 3,4, 5, 6,7, 8, and 9
greens (remaining reds), respectively. Finally as can be seen from Table 6, 2-colorings of the vertices of the SD-hypercube produce 2, 26,
148, 653, 2218, 6300, 14,972, 30,730, and 54,528 chiral colorings for 4, 5, 6, 7, 8, 9, 10, 11, and 12 green colors (remaining red), respectively.
Thus in order to produce a chiral coloring of 2-coloring of the vertices of a 5D-hypercube one needs at least 4 colors of one kind and 28
colors of another kind, and there are 2 such chiral colorings for [28 4] color distribution.

The alternating irreducible representation is defined as the one that exhibits +1 character values for even permutations of g=1 (n-1)hyperplanes
and -1 for the odd permutations. The set of all even permutations form the alternating subgroup of the hypercube group. The alternating
representation plays an important role in the quantum chemical classification of the rovibronic total wave functions of fermions as such
wave functions for fermions must transform as the alternating IR in order to comply with the Pauli Principle. For the 5D-hypercube the uni-
dimensional alternating IR is the A3 representation in Table 3-6. Thus the 2-colorings enumerated for the A3representationprovidesimportant
information on the nuclear spin functions of rovibronic levels and nuclear spin statistical weights of fermionic particles of molecules, for
example, water pentamer. We thus point out that these combinatorial enumerations aid in the analysis of experimental spectroscopic studies
of weakly-bound van der waals clusters and molecular clusters of polar molecules such as ammoniated ammonia, (H,0),,, (NH3),, [50], [64],
[62] etc., as such clusters exhibit potential energy surfaces with multiple valleys separated by surmountable mountains, and consequently,
these molecular clusters undergo rapid tunneling motions. Hence these tunneling motions that occur rapidly at higher room temperatures
result in the splittings of the rovibronic levels to tunneling levels. Consequently, the interpretation of the rovibronic spectra of these molecular
clusters requires hypercube colorings and detailed analysis for all IRs.

Finally we would like to point out applications to biology in the context of genetic regulatory network and phylogeny. The phylogenic trees
are recursive in nature and they are special cases of Cayley trees and thus the automorphism groups and colorings of phylogenic trees require
nested nD-hypergroups and wreath products. Likewise, in genetics it has been shown that canalization or control of one genetic trait by
another trait of genetic regulatory networks is important in evolutionary processes, and such networks are represented by nD-hypercubes
where the vertices of the nD-hypercube represent the 2" possible Boolean functions for n traits. Reichhardt and Bassler [34] have shown
the connection between 2-colorings of an nD-hypercube and genetic regulatory pathways, and the necessity to classify the 2-colorings of
the vertices into equivalence classes in order to generate a smaller clustering subsets on the basis of equivalence classes thus enumerated
for the 2-colorings of the vertices of the nD-hypercube. Thus the properties of any representative function in a class would have the same
genetic expression as any other function in the equivalence class thereby reducing the amount of computations. The question of if chirality in
colorings would have any implication in the probability of producing chiral traits and thus biological evolutionary implication of chirality has
not been visited thus far.

5. Conclusion

Combinatorial enumeration of 2-colorings for all irreducible representations and all hyperplanes for were considered for a SD-hypercube.
The techniques involved Mobius inversion combined with generalized character cycle indices for all 36 irreducible representations of the
5D-hypercube. We also discussed applications chirality, alternation of colorings in the equivalence class. Applications to genetics and
molecular spectroscopy were pointed out. As nD-hypercube colorings explode combinatorially in astronomical proportions, it remains to be
seen how well the techniques will computationally scale and work for higher dimensional hypercubes.
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Table 2: Conjugacy Classes, polynomials, cycle types of a regular cube or 3D-cube with group S3[S5]

CcC |ICC| | O | Fy(x) g=1|g=2 | g=3
(face) | (edge) | (Vert)

300 _ 3 6 12 8

(0 0 0) 1 E | F(x)=(1+2x) 1 1 1

G 8 8) 3 oy | Fi(x)=(1+2x)2 142 1924 | 2¢
F(x) = (1+2x)3

1 0 0

(2 0 0) 3 | Fi(x)=(1+2x) 1222 | 26 24
F(x) = (1+2x)3

0 0 O _ 3 6 4

(3 0 0) 1 i Fi(x)=1 2 2 2
Py(x) = (1+2x)3

((1) (1) 8) 6 o4 | Fi(x) = (1+2x)(1+242) | 1212 | 17225 | 1422
F(x) = (1+2x)3

1 0 0 2 3 2

o 1 o) |6 Ci | Fi(x)=(1+2x) 124 |4 4
P (x) = (142x)
Fy(x) = (142x)°

0 10 2 3 255 4

1 0 0 6 Cy | Fi(x) =(142x%) 2 192 2
F(x) = (1+2x)3

0 00 _ iyl 3 2

(1 X 0) 6 Sy | Fx)=1 2141 | 4 4
Fa(x) = (1+2x)
Fylx) = (142x)°

(8 8 (1)> 8 G | F(x)=(1+24%) 32 34 1232
F3(x) = (1+2x)3

0 0 0 - 5

(0 0 1) 8 Sy | F(x)=1 6 6 26
Fa(x) = (142
F3(x) =1
Fo(x) = (1+2x)3
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Table 3: Conjugacy Classes of Ss[S5], their orders, F; polynomials and cycle types generated using Mobius inversion for the SD-hypercube’s five hyperplanes*.

Conj Class IC| | Fy(x) g=1 | g=2 qg=3 g=4 qg=>5

C tes Cel fac ed Ver

(g g 8 8 8) IE | Fi(x)=(1+2x)° 110 140 180 180 132

(‘11 8 8 8 8) 5 Fi(x) = (1+2x)* 182 12428 132224 | 116232 216
F(x) = (1+2x)

(3 8 8 8 8) 10R | Fi(x) = (1+2x)? 1822 | 112214 | 18236 | 240 216
F(x) = (1+2x)3

@ 8 8 8 8) 10 | Fi(x)=(14+2x)? 1423 | 14218 240 240 216
B(x) = (1+2x)°

(}1 g 8 8 8) 5R | Fi(x) = (1+2x) 1224 | 220 240 240 216
F(x) = (1+2x)3

(2 8 8 8 8) | Fi(r) =1 25 220 40 240 216
B (x) = (1+2x)°

31000 3 2 612 14513 20430 | 12428 1618

00 0 0 o) |20 |A®=0+201+27) | 192 1142 120230 | 124 1162
B (x) = (1+2x)°

(g (1) 8 8 8) 20R | Fi(x)=(142x)3 164 11247 18418 | 420 48
Pr(x) = (1+2x)3
Fy(x) = (1+2x)

21000 2 2 43 16517 8,36 8436 16

L0 0 0 of | OOR | AM=(01+202(1+20) | 192 1162 182 182 2
F(x) = (1+2x)°

G (1) 8 8 8) 60 | Fi(x)=(142x) 1924 | 142447 | 24418 | 420 48
F(x) = (1+2x)3
Fy(x) = (1+2x)3

1 1.0 00 2 254 2519 4938 40 16

5 0 0 0 o) |60 | AW=>0+290+27) |12 122 142 2 2
Fo(x) = (1+2x)°

G ? 8 8 8) 60R | Fi(x) = (1+2x) 14224 | 2647 24418 | 420 48
Fo(x) = (1+2x)3
Fy(x) = (1+2x)°

<(3) (1) g 8 8) 20R | Fy(x) = (1+24?) 2’ 12219 240 240 216
Py(x) = (1+2x)°

(g | 8 8 8) 20 | F(x)=1 234 2047 24418 | 420 48
B (x) = (1+2x)3
Fy(x) = (1+2x)°

201 00 2 3 472 4712 226 824 828

0 0 0 0 o) |B8R[FAE=1+202(1+20) | 143 143 122 183 183
F3(x) = (1+2x)3

(é 8 (1) 8 8) 80 | Fi(x)=(1+2x)2 1*6 1469 2613 24612 246"
Fy(x) = (142x)%(1+2x°)
F3(x) = (1 +2x)?
Fg(x) = (1+2x)°

G 8 (1) 8 8) 160 | Fi(x)=(14+2x)(14+2x3) | 12232 | 2231068 | 123862 | 142234610 | 2%6*
Fo(x) = (142x)2(142x%)
F3(x) = (1+2x)*
Fs(x) = (1+2x)°
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Table 4: Conjugacy Classes of S5[S>], their orders, F; polynomials and cycle types generated using Mobius inversion for the 5D-hypercube’s five hyperplanes®,
(Cont.).

Conj Class IC| Fy(x) g=1 | g=2 g=3 g=4 g=>5
C tes Cel fac ed Ver
1 00 0O 2 266 13 4612 4¢4
Lo 1 0 o | 160R | Fi(x)=(1+2x) 1226 | 226 26 246 246
Fo(x) = (1+2x)%(14+2x3)
F3(x) = (1+2x)
Fs(x) = (1+2x)°
001 00 3 272 27444 222412 | H4g12 4¢4
5 0 0 0 o) | SR | FAl)=(1+2) 223 223% 1232612 | 2% 246
PBr(x) = (1+2x)%(1+2x3)
F3(x) = (1+2x)3
Fo(x) = (1+2x)°
((2) 8 (1) 8 g) 80 F(x)=1 226 2269 2613 24612 | 246"
Fr(x) = (1+2x)%(1+24%)
F3()C)=l
Fs(x) = (1+2x)°
12000 22 | 1294 4518 8,36 4538 8512
00 0 0 o) |6OR | Fl)=01+20)(1+27)7 | 172 142 182 142 182
Fy(x) = (1+2x)
1 1.0 00 2 252 25547 402418 | 420 8
01 0 0 o) | 120 | A=0+20)1+247) | 17224 | 122°4 1422418 | 4 4
Fx)=(1 +2x)3
Fy(x) = (1+2x)
(? 50 0 8) 60 | Fi)=(1+22) T R
Fo(x) = (1+2x)°
((1) } g 8 8) 120R | Fi(x) = (1+24?) 234 122547 | 24418 420 43
F(x) = (1+2x)3
Fy(x) = (1+2x)3
((1) g 8 8 8) 60R | Fy(x) = (1+2x) 12424 | 410 420 420 48
Fz(x):(1+2x)
Fy(x) = (1+2x)°
((1) g 8 8 8) 60 Fi(x)=1 242 | 410 420 420 48
Fz(x):(1+2x)
Fy(x) = (1+2x)°
((1) 8 8 (') 8) 240 | Fi(x)=(14+2x)(14+2x*) | 12424 | 224° 24418 122419 | 142246
Fo(x) = (1+2x)(1+2x%)?
Fy(x) = (1+2x)
100 0 2 5 10 10 4
0 0 0 1 o) |20R | FA@)=(1+2) 128 8 8 8 8
F(x)=(142x)
Fy(x) = (142x)
Fy(x) = (1+2x)°
00 0 1 0 4 2 249 4418 29419 446
L0 0 0 o) | 40R | AM=>1+2)(1+2¢%) | 24 224 244 1224 244
Fo(x) = (1+2x)(1+2x%)?
Fy(x) = (142x)°
((1) 8 8 (1) 8) 240 | Fi(x)=1 28 83 glo 810 84
Fy(x) = (1+2x)
Fy(x) = (142x)
Fy(x) = (1+2x)°
(? (1) (1) (1) 8) 160 | Fi(x) = (1+2x%)(1+2:3) | 2332 | 1223%* | 1236610 | 243868 | 14223%62
Fr(x) = (1+2x)%(1+24%)
F(x) = (14+2x2)(142x)3
Fg(x) = (142x)°
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Table 5: Conjugacy Classes of S5[S>], their orders, F; polynomials and cycle types generated using Mobius inversion for the 5D-hypercube’s five hyperplanes®,
(Cont.).

Conj Class |C] Fy(x) g=11|g=2 q=3 g=4 | ¢g=5
C tes Cel fac ed Ver
(0 1 00 O) 160R | Fy(x) = (142:2) 226 12266 | 263 24612 | 246t
00 1 0 O

B(x) = (14+2x)%(142x%)

F(x) = (1+24°)

Fo(x) = (1+42x)°
00 1 0 O 3 2 44192 222196 2196 2192
(0 1 0 0 0) 160R | Fi(x)=(14+2x") 43 37412 12312 4-12 4-12

Fa(x) = (142x")

F3(x) = (1+2x)3

Fi(x) = (142x)2(1+2x3)

Fg(x) = (1+2x)3

(8 (1) ? 8 8) 160 | Fi(x)=1 46 462122 | 26126 | 42126 | 42122
Fy(x) = (1+2x%)
F(x)=1
Fu(x) = (142x)%(142x3)
Fo(x) = (1+2x)3
F12(x):(1+2x)5
00 0 01 _ 5 2 8 16 16 256
(0 0 0 o 0) 384R | Fi(x) = (1+2x°) 5 5 5 5 125
Fs(x) = (1+2x)°
00000 _ 4 8 8 1103
(0 0 0 o 1) 384 | Fi(x)=1 10 10 10 10 2'10
B(x) = (1+2%)
Fs(x)=1

*Label R identifies proper rotations.
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Table 6: 2-colorings of g = 2 or 3-hyerplnes (cells) of 5D-hhypercube*

A] 140 [391 |[382 373 364 355

A |1 1 5 13 84 362

Ak | O 0 0 0 6 84

Ayt | O 0 0 1 17 130

As | O 0 0 3 29 218

As | 0 0 0 14 132 912

A | O 1 8 41 234 1198

A; |0 0 0 1 33 376

As | 0 0 0 3 53 466

Ay | O 0 3 28 211 1266
A | 0 1 7 43 261 1410
Ay | O 0 0 2 46 502

An | O 0 0 3 57 548

A | O 0 I 11 105 753

A | O 0 0 4 59 570

Ais | O 1 5 36 217 1247
A | O 0 0 10 130 958

A | O 0 3 34 253 1534
A | O 0 0 3 63 632

A | 0 0 1 20 225 1705
Ax | O 0 0 19 231 1741
Ax | O 1 7 43 335 2060
Ax» | O 10 2 30 266 1853
Ax | O 0 0 11 161 1394
A | O 0 1 16 181 1454
Axs | O 0 2 27 237 1684
Ax | O 0 1 22 217 1624
Ay; | O 0 1 14 158 1315
Ax | O 0 g 44 341 2197
Az | O 0 0 11 191 1808
Az | O 0 0 18 232 1991
A3 | O 0 4 54 471 3155
Az | O 1 9 80 558 3444
Ay | O 0 3 50 489 3556
A | O 0 6 66 562 3797
Ass | O 0 1 32 376 3012
Ay | O 0 3 40 414 3130

A] | 346 | 337 | 328 319 30 10 2911
A, | 1608 | 6549 | 24447 | 81523 | 243027 | 645920
Arx | 657 | 3750 | 16898 | 63366 | 203095 | 565964
Ast | 820 | 4201 | 18036 | 65883 | 208248 | 575519
As | 1196 | 5575 | 22187 | 76923 | 234085 | 630118
As | 4957 | 22752 | 89932 | 310271 | 941691 | 2530274
A¢ | 5764 | 24690 | 94419 | 319457 | 959523 | 2561868
A7 | 2788 | 15437 | 68714 | 255963 | 817470 | 2273349
As | 3112 | 16337 | 70988 | 260991 | 827766 | 2292449
Ao | 6548 | 29276 | 114337 | 391745 | 1184645 | 3176086
Al | 6951 | 30250 | 116572 | 396345 | 1193551 | 3191888
Ay | 3603 | 19622 | 86732 | 321822 | 1025657 | 2843796
A, | 3766 | 20073 | 87870 | 324339 | 1030810 | 2858351
A3 | 4505 | 22424 | 94334 | 340422 | 1066636 | 2931379
Ay | 3902 | 20774 | 90308 | 331592 | 1048890 | 2898671
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Table 7: 2-colorings of g = 2 or 3-hyerplnes (cells) of SD-hhypercube*, (Cont.)

[A] | 40 391 382 373 364 355

A5 | 6315 28332 111060 382756 1162511 3128715

A | 5519 26226 106192 372241 1142010 3091274

Ay | 7917 35318 137717 471282 1424118 3816104

Arg | 4423 23823 104768 387705 1233905 3424315

A9 | 10100 49179 202674 719261 2225769 6060963

Ay | 10246 49608 203802 721773 2231003 6070695

Ay | 11143 51877 209058 732893 2252661 6109809

Ay | 10559 50479 205914 726505 2240491 6088449

Az | 8893 45231 191440 690879 2161351 5928638

Ans | 9081 45720 192650 693498 2166648 5938361

Ays | 9791 47669 197270 703613 2186655 5975122

Azs | 9603 47180 196060 700994 2181358 5965399

Ay | 8394 43167 184598 671959 2115409 5829890

Axg | 11821 54521 217202 754936 2304404 6219829

Ay | 12097 63479 273932 1001661 3160917 8722835

Azp | 12691 65129 277938 1010491 3178627 8755543

Az | 17340 80747 323394 1127177 3446414 9311103

Az | 18136 82853 328262 1137692 3466915 9348544

Azz | 20657 99644 408572 1445748 4466210 12149350
Azq | 21383 101463 412836 1454636 4483602 12180432
Azs | 18488 92296 387472 1391838 4342653 11893939
Azg | 18860 93370 389890 1397068 4353235 11913375
[A] | 2812 2713 26 14 2515 24 16 2020

Ay 1534959 3268238 6253840 10780533 16780905 36600432

Arx | 1387615 3018198 5860684 10206958 16001831 35267044

Azt | 1404093 3044481 5899917 10261735 16073555 35382134

Ay 1508474 3227163 6193673 10698058 16674124 36432620

As 6051057 12935884 | 24815540 42849105 66771193 145850208
Ag 6103944 13018005 | 24935767 43014020 66984612 146185674
Aq 5566873 12098955 | 23481819 40882439 64078845 141182942
Ag 5599815 12151509 | 23560277 40991977 64222269 141413110
Ag 7585897 16203956 | 31069136 53629419 83551831 182450208
Ay | 7612322 16245031 | 31129219 53711894 83658502 182617894
A1 | 6970887 15143304 | 29381578 51144016 80152173 176564772
A1y | 6987365 15169587 | 29420811 51198793 80223897 176679862
Az | 7122810 15401876 | 29787455 51737069 80956494 177940894
Ag | 7066962 15313232 | 29655841 51554067 80717484 177559178
A5 | 4793096 16040561 | 30802821 53232534 83001076 181479598
Al | 7430012 15940878 | 30655982 53029221 82736568 181059380
Ap7 | 9111568 19458488 | 37303794 64384562 100300776 | 219002868
A1z | 8374980 18187785 | 35281495 61405751 96225728 211946906
A9 | 14630010 | 31481747 | 60673483 105113023 | 164178470 | 359867382
Ay | 14646966 | 31508798 | 60714034 105169696 | 164252800 | 359986806
Ay | 14712710 | 31612100 | 60865880 105379320 | 164525016 | 360417862
Ay | 14677526 | 31557917 | 60787385 105272259 | 164387422 | 360203692
Az | 14381627 | 31054027 | 59993215 104112178 | 162809521 | 357499270
Apq | 14398357 | 31080628 | 60032854 104167367 | 162881749 | 357614990
Aps | 14460573 | 31179079 | 60178307 104369056 | 163144521 | 358033038
Axs | 14443843 | 31152478 | 60138668 104313867 | 163072293 | 357917318
Ax7 | 14189604 | 30714843 | 59442940 103290802 | 161673524 | 355499400
Azg | 14922940 | 31981159 | 61458432 106261406 | 165737190 | 362538286
Ay | 21247566 | 46014649 | 89080019 154819871 | 242359594 | 533011478
Azp | 21303354 | 46103293 | 89211549 155002873 | 242598504 | 533393068
Az1 | 22352952 | 47922037 | 92114414 159290627 | 248473758 | 543597666
A3y | 22416036 | 48021720 | 92261253 159493940 | 248738266 | 544017884
Azz | 29307474 | 63039544 | 121460718 | 210385140 | 328565692 | 720070782
Azq | 29359594 | 63120751 | 121579741 | 210548843 | 328777586 | 720404344
Azs | 28825377 | 62206368 | 120131677 | 208425861 | 325881583 | 715416208
Aze | 28858823 | 62259556 | 120210947 | 208536219 | 326026015 | 715647636

xIdentifies Chiral Representation, fIdentifies Alternating Representation
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Table 8: 2-colorings of 5D-hypercube: q=3 or 2-hyperplanes(faces)

A] ] 800 79 1 782 773 76 4 755

A |1 1 8 54 633 7287

Ak | O 0 0 14 326 5722

Ayt | 0 0 1 2 408 699

As | O 0 0 19 418 661

As | 0 0 1 86 1724 25905

A | O 1 14 154 2138 27755

A; |0 0 0 43 1329 22923

As | O 0 2 71 1491 23876

Ay | O 0 8 136 2349 33188

A | O 1 14 171 2552 34114

Ay | O 0 I 73 1735 29121

Apn | O 0 2 85 1817 29598

A | O 0 6 110 2060 30896

A | O 0 1 73 1771 29392

Ais | O 1 10 168 2435 33702

A | O 0 3 106 2090 31741

A | O 0 7 167 2811 40020

A | O 0 1 79 2086 34886

A | O 0 7 201 4067 62428

Ax | O 0 6 213 4117 62905

Ay | O 1 18 275 4557 64866

An | O 0 6 220 4201 6500

Ay | O 0 1 173 3807 60718

A | O 0 1 165 3833 60755

Ay | O 1 11 245 4232 6148

Ay | O 0 8 210 4090 62222

Ay; | O 0 7 180 3825 60285

Ax | O 1 13 271 4519 65440

Az | O 0 7 233 5451 89243

Az | O 0 7 270 5728 90747

Ay | O 0 14 354 6550 96726

Ap | O 1 21 416 6395 98687

A | O 0 13 421 8268 125928

Ay | O 1 24 487 8672 127770

Ass | O 0 12 381 7893 122938

Ay | O 0 15 406 8057 123899

A] | 746 737 728 719 70 10 69 11

A, | 83555 | 849445 | 7641565 | 60729304 | 429970617 | 2732388768
Ayx | 74973 | 811527 | 7477975 | 60113621 | 427758604 | 2725189869
Ayt | 77230 | 821376 | 7515124 | 60245702 | 428179564 | 2726468083
Ay | 79347 | 833673 | 7583400 | 60540511 | 429376647 | 2730690404
As | 319235 | 3344486 | 30366992 | 242293889 | 1717899937 | 10924039594
A¢ | 327603 | 3376017 | 30483176 | 242671455 | 1719087495 | 10927436302
A; | 301055 | 3250060 | 29935770 | 240529874 | 1711337285 | 10901617831
As | 305566 | 3269746 | 30010065 | 240794016 | 1712179165 | 10904174239
Ay | 402754 | 4193869 | 38008521 | 303022994 | 2147870156 | 13656428163
Ao | 406924 | 4209641 | 38066550 | 303211787 | 2148463784 | 13658126527
AL | 378269 | 4071401 | 37450878 | 300775427 | 2139516551 | 13628085765
A1n | 380526 | 4081250 | 37488027 | 300907508 | 2139937511 | 13629363979
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Table 9: 2-colorings of 5D-hypercube: q=3 or 2-hyperplanes(faces)

[A] | 800 791 782 773 76 4 755

A1z | 388244 4115896 37642667 301493236 2142078579 | 13636348861
Ag | 380718 4085029 37522094 301081473 2140734613 | 13632382149
A5 | 403325 4194147 37983313 302887223 2147152220 | 13653690659
Ag | 394699 4157315 37849447 302418655 2145690306 | 13649303434
A7 | 483936 5037385 45625203 363695529 2577640232 | 16388396724
Ag | 454418 4886903 44952736 360964567 2567578338 | 16354134118
A9 | 782696 8276912 75522353 604085534 4288538040 | 27288670143
Ay | 784537 8286761 75555698 604217615 4288931526 | 27289948357
Any | 794398 8323593 75700964 604686183 4290475691 | 27294335582
Az | 787906 8301941 75618251 604440771 4289681978 | 27292217431
Az | 772614 8226772 75295921 603175242 4285167659 | 27277249393
Azg | 773790 8230741 75319810 603250704 4285470842 | 27278107820
Aps | 783478 8273411 75466888 603775798 4287050362 | 27282914469
Ays | 780121 8257639 75416431 603587005 4286511454 | 27281216105
A7 | 768923 8200847 75164722 602574387 4282812548 | 27268730688
Asg | 797985 8351384 75832721 605305556 4292841882 | 27302993771
A | 1147363 | 12280002 | 112662231 | 903599298 6423347475 | 40900693107
Azp | 1154851 | 12310869 | 112782678 | 904011061 6424691099 | 40904659819
Az | 1191584 | 12502770 | 113668866 | 907667442 6438414240 | 40951876998
Az | 1200210 | 12539602 | 113802732 | 908136010 6439876154 | 40956264223
Azz | 1570592 | 16578830 | 151140594 | 1208526176 | 8578219760 | 54580887445
Azyq | 1578916 | 16610319 | 151256643 | 1208903649 | 8579406919 | 54584283790
Azs | 1552712 | 16484362 | 150712329 | 1206762068 | 8571678755 | 54558465319
Azg | 1557242 | 16504090 | 150786672 | 1207026303 | 8572520806 | 54561022090




Table 10

[A] 44 36 43 37 42 38 4139 40 40

A 18847863525339251552 22413675116856521554 25362842575806673932 27313830262039356344 27996675954790045648
Apx 18847852585019852784 22413662952649979772 25362829447471548304 27313816527678832042 27996662005552559820
Azt 18847853190803004294 22413663622117296124 25362830164050160934 27313817276349083728 27996662763315380740
Ay 18847862859627984748 22413674384398836626 25362841789323193438 27313829443562144630 27996675123446791678
As 75391452039570414338 89654698207061418894 101451367868400802692 | 109255318522918146262 | 111986701245805189142
Ag 75391453370992774196 89654699671976785110 101451369441367576670 | 109255320159872567790 | 111986702908491503538
Ay 75391410895382419988 89654652417075817924 101451318447499755284 | 109255266789578133400 | 111986648717878780904
Ag 75391412106948721622 89654653756010447008 101451319880656979158 | 109255268286918634892 | 111986650233404418984
Ag 94239315564909056836 112068373323916723632 | 126814210444206867570 | 136569148784956847548 | 139983377200593924674
Ao 94239316230620152144 112068374056374408560 | 126814211230690163308 | 136569149603434059262 | 139983378031936988900
A 94239264086184823660 112068316039191912380 | 126814148611549315596 | 136569084065926569990 | 139983311481192867368
A 94239264691967975170 112068316708659228732 | 126814149328127928226 | 136569084814596821676 | 139983312238955688288
Az 94239275611010301062 112068328846778722822 | 126814162431677508060 | 136569098520092612896 | 139983326162116863420
A 94239273757571746680 112068326806566039966 | 126814160239766081968 | 136569096238736595918 | 139983323844407910574
Ags 94239306532959553232 112068363268005984602 | 126814199571879555474 | 136569137407356432010 | 139983365636539659632
Ag 94239304629041322386 112068361164802814868 | 126814197321003585678 | 136569135056193326978 | 139983363256737576052
Aq 113087179025595952234 | 134482048377782845824 | 152177052944638511992 | 163882978977189213078 | 167980053076059861824
Arg 113087117226508284532 | 134481979598318989036 | 152176978716635025204 | 163882901272468852522 | 167979974182415265728
Aqog 188478589300930046414 | 224136700109485934928 | 253628370658848001576 | 273138245000424414272 | 279966701018560496814
Ay 188478589901989013044 | 224136700778953251280 | 253628371369956483346 | 273138245749094665958 | 279966701770579703858
Arp 188478591820079755620 | 224136702882156421014 | 253628373637242754192 | 273138248100257770990 | 279966704167612580446
A 188478591089716591170 | 224136702086708485832 | 253628372775384675292 | 273138247211973727294 | 279966703256945725386
A3 188478568698399675330 | 224136677182998016880 | 253628345912898114958 | 273138219098850995800 | 279966674717232831548
Aoy 188478569253703298004 | 224136677789475082978 | 253628346570512276262 | 273138219777714415504 | 279966675412902686308
Ajs 188478571208100940998 | 224136679955668384664 | 253628348880352605006 | 273138222198684224492 | 279966677854797606408
A 188478570551838143964 | 224136679223210699736 | 253628348104809448672 | 273138221380207012778 | 279966677034941689648
Ay7 188478549368580840744 | 224136655653342348792 | 253628322671442383030 | 273138194758827908970 | 279966650006522174306
Ang 188478611161999668620 | 224136724432806385474 | 253628396892881934154 | 273138272463548459144 | 279966728893274635996
Ao 282717823061500661778 | 336204982396918169290 | 380442482835833897378 | 409707290927757703692 | 419949973771606452858
Azp 282717824914939044664 | 336204984437130852146 | 380442485027745138714 | 409707293209113720670 | 419949976089315216212
Azl | 282717915740561360068 | 336205085534618800980 | 380442594154920976128 | 409707407449934795308 | 419950092087919132428
Az 282717917644479590914 | 336205087637821970714 | 380442596405796945924 | 409707409801097900340 | 419950094467721216008
A3z 376957180390646038772 | 448273402196193222712 | 507256743434232078056 | 546276492212397496308 | 559933404275504931684
Az 376957181722068167618 | 448273403661108470626 | 507256745007198636492 | 546276493849351789810 | 559933405938190990028
Ass 376957139250237212918 | 448273356406207503440 | 507256694017706957254 | 546276440479057355420 | 559933351752173214880
Asg 376957140461803631240 | 448273357745142250826 | 507256695450864273506 | 546276441976397984938 | 559933353267698982600

*Identifies Chiral Representation

TIdentifies Alternating Representation
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Table 11: 2-colorings of 5D-hypercube for q=4 or 1-hyperplanes (edges) of 5D-hypercube

A] ] 800 79 1 782 773 76 4 755

A |1 I 8 50 608 7092

Ak | O 0 0 12 330 5782

Ayt | 0 0 2 30 488 6690

As | O 0 0 10 319 5730

As | 0 0 0 55 1426 23866

A | O 1 13 132 1990 26563

A; |0 0 1 64 1465 23992

As | O 0 5 98 1781 25800

Ay | O 0 3 97 2010 30903

A | O 0 10 136 2289 32246

Ay | O 0 2 90 1940 30638

Apn | O 0 1 108 2098 31546

A | O I 10 148 2345 32892

A | O 0 2 74 1808 29722

Ais | O 1 10 162 2385 33253

A | O 0 1 67 1795 29648

A | O 0 5 127 2489 37615

A | O 0 7 120 2428 37328

A | O 0 g 171 3786 60625

Ax | O 0 6 191 3952 61607

Ay | O 1 19 284 4598 65138

An | O 0 6 225 4204 63415

Ay | O 0 3 157 3735 60286

A | O 0 5 175 3893 61194

Ay | O 1 14 270 4483 64799

Ay | O 1 12 252 4325 63891

Ay; | O 0 9 212 4121 62523

Ax | O 0 8 219 4148 62810

Az | O 0 6 267 5820 91884

Az | O 0 13 340 6347 95035

Ay | O 0 9 286 5943 92458

Ap | O 1 18 381 6533 96063

A | O 0 10 394 7978 124004

Ay | O 1 23 471 8536 126701

Ass | O 0 13 403 8041 124130

Ay | O 0 17 437 8357 125938

A] | 746 737 728 719 70 10 69 11

A, | 82379 | 843038 | 7611823 | 60601324 | 429479585 | 2730645204
Ayk | 75639 | 815762 | 7501366 | 60219494 | 428191237 | 2726763270
Ayt | 80615 | 837606 | 7592170 | 60547288 | 429312879 | 2730230168
Ay | 75477 | 815283 | 7500045 | 60216779 | 428185149 | 2726758252
As | 307123 | 3284074 | 30095715 | 241209472 | 1713913625 | 10910627650
Ae | 320894 | 3339553 | 30319122 | 241978353 | 1716502254 | 10918401261
A; | 307440 | 3284670 | 30095732 | 241204688 | 1713884368 | 10910515598
As | 317386 | 3328346 | 30277316 | 241860238 | 1716127616 | 10917449272
Ay | 380378 | 4126847 | 37706909 | 301809609 | 2143390868 | 13641268215
Ao | 396261 | 4154583 | 37818587 | 302193983 | 2144685133 | 13645154996
A1l | 387957 | 4122042 | 37687342 | 301750856 | 2143195045 | 13640741264
A1n | 392933 | 4143886 | 37778146 | 302078650 | 2144316687 | 13644208162
A3 | 399267 | 4171384 | 37884523 | 302461562 | 2145574281 | 13648094476
Aws | 383245 | 4099953 | 37598806 | 301421467 | 2142091443 | 13637273850
Ays | 400355 | 4177159 | 37900610 | 302525641 | 2145738361 | 13648631429
Ale | 383252 | 4099836 | 37601654 | 301428966 | 2142137746 | 13637390920
A7 | 470161 | 4965306 | 45302969 | 362369722 | 2572751209 | 16371625455
As | 468572 | 4959648 | 45279512 | 362298144 | 2572507924 | 16370971432

*Identifies Chiral Representation
tIdentifies Alternating Representation
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Table 12: 2-colorings of 5D-hypercube for q=4 or 1-hyperplanes (edges) of 5D-hypercube

[A] | 800 791 782 773 76 4 755

Ay | 772214 8226800 75301905 603231076 4285454906 | 27278542065
Ay | 777520 8249976 75397983 603574410 4286630098 | 27282141053
Ay | 795119 8325967 75699273 604655545 4290232009 | 27293249472
Ay | 786640 8293652 75571959 604229960 4288818500 | 27289074727
Az | 771209 8221878 75288996 603179822 4285332791 | 27278132184
Apy | 776185 8243722 75379800 603507616 4286454433 | 27281599082
Aps | 793288 8321045 75678756 604604291 4290055048 | 27292839591
Ase | 788312 8299201 75587952 604276497 4288933406 | 27289372693
A7 | 782308 8270850 75482201 603880760 4287661270 | 27285359307
Asg | 783403 8276508 75501136 603952338 4287871653 | 27286013330
Ay | 1163976 | 12366243 | 113065434 | 905261187 6429633640 | 40922345364
Azp | 1179979 | 12437655 | 113351061 | 906301111 6433116307 | 40933165819
Azp | 1166655 | 12376344 | 113102790 | 905381304 6430009399 | 40923404250
Az | 1183758 | 12453667 | 113401746 | 906477979 6433610014 | 40934644759
Azz | 1558766 | 16520230 | 150873340 | 1207459954 | 8574271258 | 54567612412
Azgq | 1572537 | 16575709 | 151096684 | 1208228835 | 8576859887 | 54575386023
Azs | 1559415 | 16520826 | 150876380 | 1207455170 | 8574263945 | 54567500360
Asg | 1569361 | 16564502 | 151057964 | 1208110720 | 8576507193 | 54574434034

*Identifies Chiral Representation

tIdentifies Alternating Representation




Table 13: 2-colorings of 5D-hypercube for q=4 or 1-hyperplanes (edges) of SD-hypercube (Cont.)

[A] | 4436 4337 42 38 4139 40 40

Aq 18847859334620010456 22413670446997972838 25362837531743140240 27313824978896887460 27996670589987902014
Arx | 18847856749898064896 22413667593567098448 25362834461344949584 27313821778724903160 27996667338560535196
Az | 18847859257885780852 22413670364841246912 25362837441865001528 27313824887601341100 27996670495254082980
Ay 18847856766704295498 22413667612733468770 25362834481318343144 27313821800213507326 27996667359714049916
As 75391429606157432796 89654673254005600786 101451340942485322288 | 109255290345061834468 | 111986672634212247242
Ag 75391434741988768948 89654678922534504952 101451347043334813206 | 109255296702428492698 | 111986679094759845390
Ay 75391429507567646082 89654673145529299732 101451340825886267878 | 109255290223762071580 | 111986672510921365600
Ag 75391434523543070266 89654678688077585068 101451346786926363114 | 109255296441514937800 | 111986678824308450416
Ag 94239288940765094724 112068343700990309476 | 126814178474214859414 | 136569115323944723314 | 139983343224185808696
Ajp | 94239291508680725702 112068346535254721166 | 126814181524639564132 | 136569118502628011070 | 139983346454459568290
A1 | 94239288765441089748 112068343510357292528 | 126814178267737678352 | 136569115111349424020 | 139983343006161121260
Ay | 94239291273428805704 112068346281631440992 | 126814181248257730296 | 136569118220225861960 | 139983346162854669044
A1z | 94239293852494038614 112068349135075557906 | 126814184312105381812 | 136569121420411825260 | 139983349407403993730
Ay | 94239286278051269304 112068340758262768502 | 126814175311580690928 | 136569112023975578906 | 139983339875230284004
Ars | 94239293986646838254 112068349287375751864 | 126814184469883533380 | 136569121590029833798 | 139983349573931817500
Al | 94239286361724523754 112068340847572699234 | 126814175410394391170 | 136569112123786737628 | 139983339979665122900
A7 | 113087148246821895790 | 134482014116808664130 | 152177015972758652110 | 163882940268379932380 | 167980013779270147172
Arg | 113087148023326870600 | 134482013875198539440 | 152177015709602679880 | 163882939998950765120 | 167980013501415204240
Ao | 188478575214092180140 | 224136684459253077978 | 253628353780325450740 | 273138227347920302220 | 279966683093672480502
Ay | 188478577753444741688 | 224136687262337963862 | 253628356797550900292 | 273138230492142003960 | 279966686289042830634
Arp | 188478585356450552428 | 224136695670330279072 | 253628365831274846342 | 273138239923039836330 | 279966695856119919142
Ay | 188478582759971824040 | 224136692804886249198 | 253628362747650794080 | 273138236709894870180 | 279966692590942719194
Az | 188478575127165613502 | 224136684357929991762 | 253628353678132069522 | 273138227235136161648 | 279966682985826244160
Ay | 188478577635153329458 | 224136687129204140226 | 253628356658652121466 | 273138230344012599588 | 279966686142519791944
Ajys | 188478585260075643958 | 224136695569007192856 | 253628365718141263676 | 273138239810255695758 | 279966695736786486544
Are | 188478582752087928002 | 224136692797733044392 | 253628362737621211732 | 273138236701379257818 | 279966692580092938760
Ay7 | 188478580130520633006 | 224136689893311819736 | 253628359623658890590 | 273138233444359426552 | 279966689282605624774
Arg | 188478580348346687096 | 224136690134921944426 | 253628359880250742400 | 273138233713788593812 | 279966689553568287440
Ang | 282717866380008860880 | 336205030620395062432 | 380442534902040326352 | 409707345433873419442 | 419950029122932529996
Azy | 282717873954451546210 | 336205038997207759458 | 380442543902564924858 | 409707354830309573418 | 419950038655106147470
Az | 282717866710071210850 | 336205030982494643660 | 380442535290645133570 | 409707345837575331440 | 419950029533233410340
Az | 282717874334993525350 | 336205039422297696290 | 380442544350134275780 | 409707355303818427610 | 419950039127500104940
Azz | 376957157974051675740 | 448273377264126084652 | 507256716527962663540 | 546276464057801193400 | 559933375684600884504
Azq | 376957163109882955912 | 448273382932654988818 | 507256722628812154458 | 546276470415167851630 | 559933382145148421080
Ass | 376957157879241203778 | 448273377155649783598 | 507256716415739690158 | 546276463936501430512 | 559933375565904857280
Azg | 376957162895216627962 | 448273382698198068934 | 507256722376779785394 | 546276470154254296732 | 559933381879291942096

*Identifies Chiral Representation

TIdentifies Alternating Representation
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Table 14: Table 6: Two-Colorings of Vertices or q=5-hyperplanes of 5D-hypercube.

[A] | 320 | 311|302 | 293 | 284 | 275 | 266 | 257 248

Ay 1 1 5 10 47 131 472 1326 3779

Axx | O 0 0 0 2 26 148 653 2218

A3t | O 1 2 10 33 131 421 1326 3616

Ay 0 0 0 0 1 26 144 653 2210

As 0 0 0 0 8 120 664 2870 9511

Ag 0 0 4 13 82 310 1281 | 4174 12576
Aq 0 0 0 0 13 120 690 2870 9600

Ag 0 0 2 13 67 310 1215 | 4174 12360
Ag 0 0 0 4 39 228 1092 | 4135 13189
A | O 0 2 11 77 324 1399 | 4789 14718
Aip | O 0 0 4 35 228 1073 | 4135 13128
App | O 0 1 11 64 324 1339 | 4789 14514
Az | O 1 5 23 105 | 441 1657 | 5500 16038
Ay | O 0 0 0 17 146 852 3523 11868
A5 | O 1 4 23 100 | 441 1636 | 5500 15976
A | O 0 0 0 15 146 838 3523 11818
A7 | O 0 0 3 42 276 1335 | 5068 16098
Aig | O 0 0 3 45 276 1342 | 5068 16126
Ao | O 0 0 4 52 374 1922 | 7658 24982
Ay | O 0 0 3 56 396 2021 | 7938 25690
Ay | O 1 7 34 176 | 765 3034 | 10289 | 30678
Axy | O 0 0 16 100 | 586 2498 | 9242 28298
Ay | O 0 0 4 50 374 1911 | 7658 24946
Ay | O 0 0 3 58 396 2032 | 7938 25726
Axs | O 1 5 34 164 | 765 2975 | 10289 | 30490
Ay | O 0 2 16 112 | 586 2557 | 9242 28486
Ay | O 0 2 15 106 | 552 2447 | 8924 27754
Axg | O 0 1 15 99 552 2412 | 8924 27642
Ay | O 0 0 7 91 624 3091 | 12073 | 38804
Az | O 0 2 27 171 | 910 3875 | 14031 | 42938
A31 | O 0 0 7 93 624 3105 | 12073 | 38854
Az | O 0 3 27 176 | 910 3896 | 14031 | 43000
A3z | O 0 0 18 148 | 948 4398 | 16862 | 53220
Az | O 0 4 31 220 | 1138 | 5015 | 18166 | 56276
Aszs | O 0 1 18 157 | 948 4444 | 16862 | 53368
Az | O 0 3 31 211 1138 | 4969 | 18166 | 56128

*Identifies Chiral Representation
tIdentifies Alternating Representation
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Table 15: EN SON TABLO

[A] | 239 2210 2111 2012 1913 18 14 17 15 16 16
Ay 9013 19963 38073 65664 98804 133576 158658 169112
Axx | 6300 14972 30730 54528 84854 115772 139549 148312

Azt | 9013 19591 38073 64985 98804 132622 158658 168028
Ay 6300 14955 30730 54502 84854 115733 139549 148272
As 26577 62443 127170 | 224457 348060 | 473805 570371 605924
Ag 31935 72346 141756 | 246631 375831 509313 608445 647402
A7 26577 62656 127170 | 224857 348060 | 474370 570371 606564
Ag 31935 71835 141756 | 245691 375831 507976 608445 645892
Ag 35457 82216 165022 | 289831 446538 607012 728648 774616
Ay | 38137 87161 172314 | 300905 460423 624750 747682 795338
Ay | 35457 82075 165022 | 289569 446538 606644 728648 774200
Ay | 38137 86673 172314 | 299996 460423 623459 747682 793876
Az | 40948 91573 179829 | 310939 474635 640973 767103 814338
Ayg | 32877 77754 157900 | 279619 432914 590482 709920 755258
Ays | 40948 91426 179829 | 310676 474635 640598 767103 813920
Ag | 32877 77628 157900 | 279385 432914 590142 709920 754876
A7 | 43199 99880 200138 | 350931 540233 733809 880619 935962
Arg | 43199 99934 200138 | 351041 540233 733952 880619 936136
A9 | 68334 159792 | 322922 | 569118 879452 1197022 | 1438568 | 1529340
Ay | 69776 162501 | 327308 | 575734 888293 1208086 | 1450990 | 1542436
Az | 79085 178556 | 352143 | 611502 935058 1265251 | 1514785 | 1609132
Ay | 75134 171312 | 341894 | 595902 916064 1240734 | 1489064 | 1580692
Az | 68334 159703 | 322922 | 568954 879452 1196786 | 1438568 | 1529076
Ayg | 69776 162590 | 327308 | 575898 888293 1208322 | 1450990 | 1542700
Aps | 79085 178099 | 352143 | 610672 935058 1264057 | 1514785 | 1607796
Ay | 75134 171769 | 341894 | 596732 916064 1241928 | 1489064 | 1582028
Ay7 | 73594 169021 | 337336 | 590062 906961 1230818 | 1476330 | 1568876
Axg | 73594 168748 | 337336 | 589565 906961 1230103 | 1476330 | 1568076
A9 | 105233 | 244539 | 492330 | 865233 1334831 | 1814626 | 2179638 | 2316518
Azg | 113271 | 258295 | 514208 | 896465 1376487 | 1865012 | 2236746 | 2375486
Az | 105233 | 244665 | 492330 | 865467 1334831 | 1814966 | 2179638 | 2316900
Azp | 113271 | 258442 | 514208 | 896728 1376487 | 1865387 | 2236746 | 2375904
Azz | 143370 | 330976 | 664644 | 1164802 | 1795254 | 2437474 | 2927320 | 3109712
Azq | 148728 | 340879 | 679230 | 1186958 | 1823025 | 2472982 | 2965394 | 3151168
Aszs | 143370 | 331338 | 664644 | 1165463 | 1795254 | 2438425 | 2927320 | 3110776
Azg | 148728 | 340517 | 679230 | 1186297 | 1823025 | 2472031 | 2965394 | 3150104
Identifies Chiral Representation
tIdentifies Alternating Representation
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1. Introduction

Our aim in this studying to get the techniques of solutions of the system of rational difference equations

Yn—8 Xn—8

Yppl = Vp{l = T
" L+ yn2X-5Yn-8 " 1t X, 2Yn-5%-8

with real number*s initial conditions x_g, x_7, X_¢, X_5, X_4, X_3, X_2, X_1, X0, Y—8, Y—7, Y—6, Y—5, Y—ds Y—3, Y—2, V—_1, Y0-

Lately, difference equations appear as discrete analogues of discovered evolution because most analysis of time evolving variables are
discrete. Also, there has been an increasing interest in the study of qualitative analysis of system of rational difference equations. Discrete
systems can be described as operators acting on functions with countable domains. These functions are also called discrete functions or
sequences. Although difference equations looks simple in form, but it is highly difficult to understand thoroughly the behaviors of their
solutions, see [1]-[44] and the references cited therein. There are many papers with related to the difference equations system for example,
Ahmed and Elsayed [1] has got the expressions of solutions of some rational difference equations systems

Xp—1Yn—2 Yn—1Xn—2

Xpgp] = ———— 05—y =S
" Yn(_lixnflyth) m Xn (ili)/nflxnfﬁ

Din investigated the boundedness character, the local asymptotic stability of equilibrium points and global of the unique positive equilibrium
point of a discrete perdator-pery model given by

Xy — BXxuyn OXpYn

X = R = —
n+1 1+ 0 Yn+1 Yot Nym

El-Dessoky [2] obtained the solutions and periodicity for some systems of third-order rational difference equations

Yn—1Yn—2 Xn—1Xp—2

Xppl=———F—"""——  y=———.
nt Xn (£l £yp—1Yn—2) nt (£l £ x,-1x,-2)
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In [3], El-Dessoky and Elsayed studied the solution and periodic nature of some systems of rational difference equations

El-Dessoky et al. [4] obtained the rational system of difference equations

Xn—3Yn—4 Yn—3Xn—4

X+l = —— = y 1= ~-
" Yn (£ £x-3Yn-4) " X (£ £ yp3%,4)

Elsayed and Ibrahim [5] solved solutions for some systems of nonlinear rational difference equations

Xn—2Yn—1 Yn—2Xn—1

Xpp1=—— " Yy =————————.
mt (£l £ x0-2Vn—1) mt Xn(E1 L yp_2xp—1)

Elsayed and Alghamdi [6] solved the form of the solution of nonlinear difference equation systems

Xn—7 Yn—17

et = l"’xnf7yr173, It = tltyp7%,-3 ‘

Haddad et al [7] obtained solution form of a higher-order system of difference equations and dynamical behavior of its special case

P p
Xn—k19n Yn—k41n

Xn+1 = y o Ynrl = .
" ayﬁ,),k +byn " axf,),k + Bxn

In [8] Kurbanli studied the behavior of solutions of the following systems of difference equations

Xn—1 Yn—1

xn-‘rl e Yo+l = ——————-
YnXp—1—1’ XpYn—1 — 1

Kurbanli et al. [9, 10] obtained the solutions of following problems

_ Xp—1tWn I e
Tkl = 55571 Yntl = 3y

— _ Xn-1 — _ Yn-1
Tkl = 5,000 Yubl = o 5T

Mansour et al. [11] investigated the solutions and periodicity of some system of difference equations

Xpp = ——nS = YS
" -1 +Xp—5Yn—2 7 " +1 iyn75xn72 .
Touafek and Elsayed [12] gave the solutions of following systems of difference equations

o
s +1+x, 31 ] Flty, 3%, 1

Definition 1.1. A sequence {x,};__, is said to be periodic with period p if x,1 p = x, for all n > —k.

2. The main results

Yn—8 Xn—8

2.1. The first system: X, = 15~ 55— Yot = Tox, oy, s0rs

In this part, we study the solutions of the system of difference equations

Yn—8 Xn—8

Xnt+1 = Yl =T
I+ yn2X4-5Yn-8 ’ I +xp—2Yn—5%-8 ’

with a real number‘s initial conditions.
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Theorem 2.1. Supposethatx_g=a,x_7=b,x_¢=c,x_s5=d,x 4=e,x 3=f,x =g, x_ 1 =hxo=k,y g=1Ly 7=m,y_¢=p,
Y.5=¢q,y_4=1rYy_3=S,y_2=1,y_| =u,yy=v are arbitrary real numbers and let {x,,y,} be solutions of the system 2.1. Then all
solutions of 2.1 are given by

H18n-8 = “@; e e s s
wwer = e
fe =Tl i
X18n—5 =d H V(1 (6i1)din) (14-(6i+4)dlr)

(14(6i+2)dlr)(14-(6i+5)dlr) *

- (l+(6i+])emu)(1+(6i+4)emu)

X18n—4 =e¢ IJO (T4 (6i-+2)emu) (14 (6145 )emu) ?
_ (]+(61+l)f v)(1+4(6i+4) f pv)

*18n—3 *fHO<1+(6l+2)f V(T (6i+5) fpv)°
_ o (14(6i+2)agg) (1+(6i+5)agq)

X18n—2 =8 HO (T+(6i13)ag )(1+(6;+6)Z§Z> ;

—n H V(14 (6i4-2)bhr) (14 (6i+5)bhr)

X18n—1 L4 (- (643)bhr) (T+(6i+6)bhr)
_ +(6i42)cks)(1+(6i+5)cks)
X18n =k H 61+3)ck§)(1+(6:+6)ck§)
n—1 .
_ 1 (1+(6i+3)dlr) (1+(6i+6)dlt
X18n+1 = Trdlt I_I()(1+(6l+4)dl)(1+E6i+7;d!z;’
-1 . .
__m +(6i43)emu) (14(6i+6)emu)
X18n+2 = I+emu il;IO E (6i+4)emu;(l+(6i+7)emu) ’
n—1 .
_ (1+(6i43) fpv)(1+(6i+6) fpv)
Xignt3 = T I e P T+ GET) Fov)
(1+agq) "= (14 (6i+4)agq) (1+(6i+7)agq)
¥i$nt4 = (12agq) 11;10 (T (67 S)aga) (T (67 )agd)
r(14bhr) "2 (14 (6i+4)bhr) (14 (6i+7)bhr)
X18n+5 = (142bhr) ity (T (60+5)bhr)(1+(67-+8)bhr)
 s(cks) "= (10 (6i44) cks) (14 (6i+7)cks
X8n+6 = (1+20kv>) I:TO§ +(6i+5)cks§§1+(6i+8)cks§’
_t(142d1) "5 (14 (6i45)dir) (14(6i48)dr)
X18n+7 = (14340 iy (TH(6+6)dIn (T+(6i+9)dlr)
_ u(142emu) nl (14(6i4-5)emu) (1+(6i+-8)emu)
X18n+8 = (1+3emu) i:O( +(6i+6)emu) (1+(6i+9)emu) ’
v(1+2fpv) "S (14(6i5) £pv) (14 (6i48) fv)
M8nt9 = 33 1pv) LY (676 fpv) (1+(67+9) fpv)
n—1
_ 146idlr) (14(6i+3)dlr)
Yign—8 =1 1;[)( i(6i+1)¢31(t)(l(+(6i7)L4)dlt)’
o = (14+-6iemu (H— 6i+3)emu)
Yi8n—17 - IJ) +(6i+1)emu) (1+(6i+4)emu)’
n—1
_ (14+6fpv)(1+(6i+3)fpv)
Y18n—6 = pl:o T+ 6i+1)/ pv) (14 (6i+4) f pv) ?
n—1
_ (14-(6i+1)agq)(1+(6i+4)agq)
Y18n—5 =4 ! (1+(6i+2)a§3)(1+(6i+5)a§3)’
=
n—1

(14-(6i4-1)bhr) (14 (6i+4)bhr)

Y18n—4 =T] L (1+(6i+2)bhr) (1+(6i+5)bhr) *
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Y18n—3

Y18n—2

Yi8n—1

Yi8n

V18n+1

Y18n+2

Y18n-+3

Y18n+4

Y18n-+5

Y18n+6

Y18n+7

Y18n-+8

Y18n-+9

—y (14(6i41)cks) (14(6i+4)cks)
2L L (T+(6i+2)cks) (1+(6i+5)cks) *

T (L(6i2)din) (14+(6i+5)dlr)
=1 H (1H (64 3)dln) (1+ (611 6)dlr) *

1 (1-+(6i+2)emu) (1+(6i+5 ) emu)
(1+(6i43)emu) (1+(6i+6)emu)

- Y (14+(6i+2) £ pv) (14 (6i+5) £ pv)
- (1+(6z+3)f v)(14(6i+6) fpv)

= (1+(6i+3)agq)(1+(6i+6)agq)

1+agq (1+(6i+4)agq)(1+(6i+7)agq)’

O

I—Il (14-(6i4-3)bhr) (14-(6i46)bhr)
L (14-(6i+4)bhr)(1+(6i+7)bhr) *

c nI:I1 (14-(6i4-3)cks) (14(6i+6)cks)

= Thcks u (T+(6i+4)cks) (1+(6i+7)cks) ’
d(1+dlt) T (1+(6i+4)d 1+(6z+7)dl)
l+2dlt 0 61+5 )(1+(6i+8)dlr)

,_

_ (l+emu) (14-(6i4-4) emu) (14-(6i4-7) emu)
- (1+2@mu) (14-(6i4-5)emu) (1+(6i+8)emu) ’

O

E
._.

f(H—fpv H +(6i+4) fpv)(1+(6i+7) fpv)
(1+2fpv) 6l+5 v)(1+(6i+8) fpv)’

g(1+2agq) I:[ (1+(6i+5)agq) (1+(6i+8)agq)

(1+3agq) | 5 (1+(6i+6)agq)(1+(6i4+9)agq)
=
1+2bhr) H +(6i+5)b +(6i+-8)bhr)
(1+3hr). L (066 o) (T(6r9)hr)

_ k(14-2cks) ﬁ (14(6i+5)cks) (14 (6i+8)cks)
— (143cks) 5 (1+(6i+6)cks k.

Proof. For n =0, the result holds. Now, assume that n > 0 and that our assumption holds for n — 1. That is,

X18n—17

X18n—16

X18n—15

X18n—14

X18n—13

X18n—12

X18n—11

X18n—10

v(14+2fpv) =2 (1+(6i45) fpv) (1 + (6i+8) f pv

(14(6i43)dlr) (14-(6i+6)dlr)
(14-(6i+4)dlt)(1+(6i+7)dlt) *

w1 (6i3)emu) (14-(6i-6)emu)
= Tdemu 13 (14(6i+4)emu)(1+(6i+7)emu) ’

_ _p " (14(6i43) fpv) (14(6i+6) fpv)
Ltfpv 2 (14 6i+4) fpv) (1+(6i+7) fpv) ?

q(1+agq) nﬁ (1+(6i+4)agq) (1+(6i+7)agq)
( —o (1 (6i+5)agq)(1+(6i+8)agq) ’
2

r(14+bhr) "7 (14(6i+4)bhr) (1+(6i+7)bhr)
(142bhr) L (T+(6i45)bhr) (1+(6i+8)bhr)

s(14cks) ", H +(6i44)cks) (1+(6i+7)cks)
1+2cks) 6t+5)cks)( +(6i+8)cks)’

_ t(1+2d1z)"*2(1+(6i+5)d1;)(1+(6i+8)d1z)
= Tadin) L (6 6)din) (1+(67+9)dlr)

_ u(142emu) n—2 (14(6i+5)emu) (1+(6i+8)emu)

— (1+3emu) =0 (1+(6i46)emu) (1+(6i-+9)emu) *

)

X18n—9 =

’:1

(143fpv) 5 (1+(6i+6)fpv) (1+(6i+9)fpv

)
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n=2 (1+(6i+3)agq)(1+(6i+6)agq)

_ a
Y18n—17 — l+agq iI:]() (1-+(6i+4)agq)(1+(6i+7)agq)’
b M2 (1 (6i43)bhr) (14-(6i-+6)bhr)
Y18n—16 = T+bhr igo (1+(6i+4)bhr) (1+(6i+7)bhr) *
_ +(6i+3)cks)(1+(6i+6)cks)
Y18n—15 = 1130 +(6i+4) cks) (T+(6i+7)cks) ’
_ d(14din)"=2 (14 (6i+4)dit)(1+(6i+7)dlr)
Yign—14 (12ai) LY (T (67+5)dIn) (14 (67+8)dlr)
_ e(l+emu) n2 (14+(6i+4)emu) (1+(6i+7)emu)
Yisn—13 (14-2emu) =0 (14(6i+5)emu) (1+(6i+8)emu) ’
f 1+£pv) "2 (14(6i+4) £pv) (1+(6i+7) £ pv)
Yign—12 a+2fpv) Ij T(6i+5) fpv) (11 (6+8) fpv)’

_ g(1+2agq) " (14+(6i+5)agq) (1-+(6i+8)agq)
Yi8n—-11 = (1+3agq) i£10 (1+(6i4+6)agq)(1+(6i+9)agq)’

h(1+2bir) =2 (14 (6i+5)bhr) (1+(6i+8)bhr)

Y18n—10

(143bhr) 0 (14(6i4-6)bhr) (14-(6i49)bhr) *
 k(142cks) 57 (14(6i+5) cks) (14(6i+8)cks)
Y18n—9 = [33cks) IEO (T+(6i+6)cks) (1+(6i+9)cks) -
Now, it follows from system 2.1 that
_ Y18n—17
X18n—-8 =

L+ y18n—11X187—14Y181—17

2 (14(6i-+3)agq) (1+(6i+6)agq)
H —<

1 +agq (14(6i+4)agq) 6i+7)agq)

+(6i+8)a

g(1+2agq) "= (1+(6i+5)agq) 2q) "
+(6i+9)agq)

(14+3agq) Fair (1+ (6l+6)agq)

g )(1+(6i+7)agq)
n72(
(I+

(1+(6z+4)ag
Il )(T+(67+8)agq)

(14(6i+5)ag
(61+6)a q)
89)

_ |

1+

a
T
a8 i

o[ U(6i3)a0)(1+(616)agq) 0" (6414656 0z0)
T+agg . (1+(6i+4)agq)(1+(6i+7)agq) T+agg . (14(6i+4)agq)(1+(6i+7)agq)

= . ) = agq(1+3agq)
1+( agq )nl_[ Ei+(61+3)agq)(l+(61+6)agq) l+m
0

1+3agq i +(6i+6)agq)(1+(6i+9)agq)

a "1:12(1+(6i+3>ugq>(1+(af+e)agq)
Traga L (+(6rA)aga) (F+(6r+T)aga)
(1+(6n-2)agq
(1+(6n—3)agq

a (1+(6H—3 agq) (1+(6i+6)agg) (1
1+agq -0 (1-+(6i+4)agq)(1+(6i+7)agq)

(6n—3)agq
(6n—2)agq "

Tr

1

P o

Hence, we have

B aﬁ (1+6iagq) (1+ (6i+3)agq)
18n—8 = +(6i+1)agq) (1+ (6i +4)agq)’
and

X18n—17
L+ X18n—11Y18n—14X181—17

Y18n—8 =

N ”1—1‘(1+(61+3)1llt) 14-(6i+6)dlr)

THdln L (T (6F-a)din) (T (6i7)dlh)

1(1+2di) ", H (14-(6i4-5)dlr) (14-(6i48)dlt) | ”*2(1+(6i+3)d1r)(1+(6i+6)dlz)
(143dir) 24 (T+(6i+6)din) (1+(6i+9)dlr) T+dlt ~ 1 (1+(6i+4)dlr)(T+(6i+7)dlr)

d(1+d1n) "= (14(6i+4)d1r) (1+(6i+7)dlr)
(142dlt) =0 (14(6i+5)dlr)(14(6i+8)dlr)

(14+(6i+3)dIt) (14 (6i+6)dIr) (14+(6i+3)dit) (1+(6i+6)dlr)
l+dlz H (14(6i+4)dlt) (1+(6i+7)dlt) I+¢II/ H (T4(6i+4)dlt) (1+(6i+7)dIt)

= = 11 (14 3dlr)
dit (14(6i+3)dlt) (1+(6i+6)dlr) 1+‘7
1+ (3 | H (TH (G 6)aI) (T (67+9)T) (1+3dir)(1+(6n=3)dlr

| "2 (1 (6i3)dl) (14 (6i+6)dlr)

T+dlt o (T+(6i+4)dlr) (1+(6i+7)dlt)
(I (6n—2)dlr
(T+(6n=3)dlr

I (14(6i+3)dlt )(1+(6i+6)d1 ) (1+(6n—3)dlt
(1+(6i+4)dir)(1+(6i+7)dlt) (1+(6n—2)dlt
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Therefore, we have

—/ﬁ (14 6idlr) (1+ (6i+3)dlr)
=8 =L (T3 (60t 1)dle) (1+ (6i+ 4)dlr)

Similarly, we can prove the other relations. O

Lemma 2.2. If x;,y;, since i = —8,—7,—6,...,—1,0 are arbitrary real numbers and let {x;,y;} be solutions of system 2.1, then the following
statements are true
(i) If x_g=a=0 then we get
X18n—8 = V18n+1 = 07 X18n—2 = V18n+7 = &5 X18n+4 = Y18n—5 = (-
(ii) If x.7=b=0 then we obtain
X18n—7 = Y18n+2 = 0, X18n—1 = Y18n+8 = h; X18n45 = Yign—4 =1-
(iii) If x_¢=c=0 then
X181—6 = Y18n+3 = 0, X180 = Y18n+9 =K, X18216 = Y18n—3 = 5.
(iv) If x_5=d=0 then
X18n—5 = Yi8n+4 = 0, X18n41 = Y18n—8 =, X18n47 = Y1802 =1.
(v) If x_q=e=0 then
X18n—4 = V18n+5 = 07 X18n+2 = Y18n—7 = M, X18n+8 = Y18n—1 = U.
(vi) If x_3=f=0 then we see that
X18n-3 = Y18n+6 = 0, X18143 = Y18n—6 = P5 X18n+9 = Yign = V-
(vit) If x_p=g=0 then we have
X18n—2 = V18n+7 = 0, X18n+4 = Y18n—5 =4, X18n—8 = Y18nt1 = 4.
(viit) If x_1=h=0 then
X18n—1 = Y18n+8 = 0, X18445 =Y18n—4 =1, X18z—7 = Yigu+2 = b.
(ix) If xo=k=0 then we get
X180 = Y18n+9 = 0, X18n+6 = Y18n—3 =, Xi8n—6 = Y18n+3 = C-
(x) If y_g=1=0 then
Yisn—8 = X18n+1 =0, Yi8n—2 = Xi8n47 =1, Vign+4 = X18n-5 =d-
(xi) If y_7=m=0 then we get
Yisn—7 = X18n42 = 0, Yign—1 = Xi8n48 = Uy Yi8at5 = Xi8n—4 = €
(xii) If y_¢=p=0 then we have
Y18n—6 =X18n+3 =0, Y18z =X18249 =V, Yi8n+6 =X18n—3 = [~
(xiit) If y_s=¢q=0 then
Y18n—5 = X18n+4 = 07 Y18n+1 = X18n—-8 = 45 Y18n+7 = X18n—2 — §-
(xiv) If y_a=r=0 then we see
Yi8n—4 = X18n+5 = 0, Yi8n+2 = X182—7 = D, Yi8n+8 = X18n—1 = h-
(xv) If y_3=5=0 then
Y18n—3 = Xi8n+6 =0, Yi8n43 =Xi8n—6 =C, Y18n+9 = Xign = k.
(xvi) If y_p=t=0 then
Visn—2 = Xi8n+7 = 0, Yign+4a =X180—5 =d, Yign—-8 = X18n+1 =1.
(wvii) If y_1=u=0 thenwe get
Y18n—1 = X18n+8 = 07 Y18n+5 = X18n—4 = €, Y18n—7 = X18n+2 = M.
(xviii) If yo=v=0 then we obtain
Yisn = X18n+9 =0, Yignt+6 =X18n—3 = f, Y181—6 = Xi8n+3 = P-
Proof. The proof follows from the form of the solutions of system 2.1. O

Lemma 2.3. Let {x,,y,} be a positive solution of System 2.1, then {x, },{yn} are bounded and converges to zero.

Proof. 1Tt follows from System 2.1 that
Yn—8 Xn—8

—————— <8 Yntl=7————— < Xp-g.
1+ Yn2%-5Yn-8 L+Xp2Yn—5%n-8

Xp+1 =
Then we have
o TR
1+ Yni7Xn14Ynt1 1 4 Xy 7YntaXn+1
Then the subsequences {X18,—8 } g, {X181—7 }egs -+ 1X181+9 } g are decreasing and so are bounded from above by M = max{x_g,x_7,...,Xg,X9}.
Also, the subsequences {y18,—8 }rv_» {V181—7} g V18149 } g are decreasing and so are bounded from above by L = max{y_g,y_7,...,¥8,¥9}.
O

Xn+10 = < Vn+1 S Xn—8, Ynt10 = <Xut1 < Yn-8-
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. Yn—8 X8
2.2. The second System. Xn+1 = m,yn+] m

In this subsection, we get the solutions of the following system of the difference equations

Yn—8 Xn—8

—_— Y =, 2.1
1+ YnoXp—5Vn-g "

Xn+1 =
I —xp—2Yn—5%n-8

where the initial conditions are arbitrary real numbers with y_jx_s5y_g, y_1X_4y_7, yoXx—3Y_¢ # —1 and x_py_sx_g, X_1y_4Xx_7,
xoy—3x—¢ 7 L.
Theorem 2.4. System 2.1 has a periodic solution of period eighteen. Moreover {xn,yn},_ _g takes the form

{x } _ ab6d3f7g7h k, 1+d1t71+emuyl+fpv,q (lgq s
" r—bhr?, s — cks? a,b,c,...

) l+dlt’ 1+emu7 1+fpv7

b
{m} = Lm0t g [qu = bhraﬁvd(lﬂLdll%
2 =

e(l+emu)7f(1+fpv)7 l—agq’ l—];ahr’ 1— Lkﬁl’m’p"“

or
Xign—-8 =4, X18n—7 = b, X18n—6 =€, X184—5 =d, X18n-4 = €, X18p—3 = [,
I
X181-2 =g, X18n—1 =, X18a =K, X180+1 = Tog77> 18042 = e
2 2
X18n+3 = 15 N8n+4 = q—a84%, Xignys =1 — bhr?,
=s—ck 2 _ t _ u _ v
X18n+6 =S8 —CKS™, X18n+7 = 1+dlt’ X18n+8 = T+emu’ X18n+9 = I+fpv>
and
Visn—8 =1, Yisn—7 =M, Y18n—6 = Ps Y18n—5 = @; Y18n—4 =1, Y18n—3 = 5,
b
Y18n—2 =1, Y18n—1 = U, Y18n = V; V18n+1 = %7 V18n+2 = T—pnr>
Y18n+3 = = V18nra = d(1+dlt), yi1gpy 5 = e(1+emu),

8
Yisnre  =F(1+1pv), yisn+7 = 1_agg’ T18n8 = T V809 = T

Proof. For n = 0, the result holds. Now, assume that n > 0 and that our assumption holds for n — 1. That is,

I
X18n—17 = T X181-16 = Toemms X18n—15 = Tfpm
2 2 2
Xign—14 =q—0agq~, X18n—13 =1 —bhr", x18,—12 = s — cks*,
t
X18n—11 = Todi> X181—10 = TTema> X181—9 = T pv-
and
_ _a _ b _ ¢
Y18n—17 = T—agg® Y18n—16 = T—ppr> Y181—15 = T—cks>
Visn—14 =d(1+dlt), yigu—13 = e(1 +emu), yiga—12 = f(1+ fpv),
_ 8 _ _h _ _k
Yi8n—11 = lfllgq’ Y18n—10 = T—ppr:Y18n—9 = T—cks *

Now, it follows from system 2.1 that

a

Yi8n—17 _ 1—agq
F18n=8 = Ty niisnavisnt7 8
I+ ———(g—agq®) =5
1—agq
a
_ Tagq _ a —a
R agq l—agq+agq ’
1 —agq
also,
X 1
18n—17 — T+dir
Yi8n-8 = Txig 1yisn ke 1 l+d[1d<1+dlr)l+dlt
1
— B 1
1+dlt
The other relations can be proved by similar way. O

The following cases can be proved similarly.



188 Journal of Mathematical Sciences and Modelling

3 . Yn—8 Xn—8
2.3. The third system: x,1 = 5= T80 Yl = o5 55 e

In this part, we obtain the form of the solutions of the following system of the difference equations

Yn—8 Xn—8 2.2)

Xntl = 77— Yn+l =
I+ yp—2X,-5Yn-8 ’ —1l+Xp2Yn—5%n-8 '

where the initial conditions are arbitrary real numbers withy_sx_sy_g,y_1x_4y_7, yoX—3Y_¢ # —l and x_py_sx_g,X_1y_4X_7,X0y_3X_¢ 7
1.

Theorem 2.5. System 2.2 has a periodic solution of period (36) which takes the form

q(=1+agq)
a,b,c,d,e, f,8,h,k, l+dlt7 1+emu7 l+fpv7 7l+2agq )
r(=14bhr) s(—1+cks) t

71+2hhr ’ 71+20kv > 1-dit? 1— emu7 1 fpv7
P

{x”} = —a,=b,—c,—d,—e,—f,—g —h,—k, 1+dlt’ 1+emu’ T+fpv’ )
—q(—1+agq) 7r(71+bhr) —s(—1+cks) ¢
—142agq °> —142bhr > —142cks °> —1+dlt>
4 a,b,c.d,...

v
—I+emu> —1+fpv>

lam7p7q7r7s7[7uavv ,1ﬁagq7 7141;[7}"7 7116/{‘?’2
—2a,
_d(l+dlt)7_e(1+emu)7_f(1+fpv)7i]+5g37
h=—2bh%r k—2ck®s l(=1+4dlt) m(—1+emu) p(—1+fpv) q
{y} _ 71+bhr771+cks7 I+dlt »  l+emu fpv 0 —142agq’
n s t(14dlt) u(l+emu) v(l+fpv§ a(—1+2agq)
71+2hhr7 —14+2cks® —1+dlt * —1+emu 7l+fpv7 —I+agq >

b(—1+2bhr) c(—142cks) 2 2
STRBhr o Teks o ,d—d?lt,e—e*mu, f — f*pv,

T—agq’> T=bhr> lfcksJ’m’p7

. Yn—8 Xp—8
2.4. The fourth System. Xpn+1 = m,yn_,_] m

In this case, we solve the form of the solutions of the following system of the difference equations

Yn—8 Xn—8
- Yl = (2.3)

‘xn+l -5 b
1+ yn—2X,-5Yn-8 —1 =Xy 2Yn—5%n-8

where the initial conditions are arbitrary real numbers withy_,x_s5y_g, y_1x_4y_7,yoXx_3Y_¢ # —l andx_py_sx_g,X_1y_4X_7,X0y_3X_¢ 7
—1.

Theorem 2.6. Every solutions of system 2.3 are periodic with period (36). Moreover {x,,yn},—_g takes the form

aabvcvd7eaf7g7h7k7ﬁ7%7%}[,\,7q(l+agQ)7
t(142dlt) u(14+2emu) v(1+2fpv
r(1+bhr)7s(l+ck.¥), (l+dll‘ )a (1+emu )7 <1+fj;€ )7
a(—1+agq) b(—=1+bhr) c(—1+cks) —d —
{x} — I+agqg > 14+bhr ° l+cks 7H—Zdlt’l+2emu7
n —f  g(l+agq) h(14+bhr) k(14cks) —I(142dlt) ’
1+2fpv> —1+agq > —14+bhr > —l+cks > 1+dit >

—m(1+2emu) —p(1+2fpv) q(—1+agq),r(—14bhr),

I+emu > l+fpv
—u
S(_l +CkS), lerlt7 T+emu> 1+fpv’a7b7c7"'
I,m T, 8,8, U, V. —b_ _—¢
1Py qs 15,1 ) 1+agq’ T+bhr> T+cks>

—d(14dlt) —e(14+emu) —f(1+fpv) g h
1+2d]£t o 14+2emu 0 14+2fpv ' —1+agq’ —1+bhr’

{)’n} = m7_l —m,—p,—q—T,—=S8,—,—U,—V,

b ¢ d(l4dl) e(l+emu) f(1+fpv)
1+agq7 [+bhr> T+4cks’ 1+2dlt > 12emu) * 142f[v)
S S l,m
T—agq’> T—bhr> T—cks cks’ YR

3. Numerical examples
Here we consider some numerical examples to illustrate the behavior of the solutions of the systems which we studied.

Example 3.1. Consider the System 2.1 with the initial conditions x_g = 15, x_7=—6.2,x_¢=—0.26,x_5=—13,x_4 =12, x_3 =06,
X 20=9x 1=-2,x=—6,y 3=7,y.7=8,y ¢=—03,y 5=11,y 4=14,y 3=25y »=16,y_1 =—9, y9g = —0.3. See Figure
3.1 and see Figure 3.2 when we put x_g =15, x_7=62,x_=0.26,x_5=13,x_4=2,x 3=16,x_,=9,x_1=2,x=6,y_g =7,
y_7=18,y ¢=03,y 5=11,y 4 =34,y 3=25y 2=26,y_1=9,y9=0.3.
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Example 3.2. See Figure 3.3, when we take System 2.1 and put x_g = —1.5,x_ 7=62,x_=06,x_5=13,x_4=12,x_3=0.6,

X_p= 0.97 X_1= 0.2, X0 = 0.6, Y-8 = 0.77 y_7= 71.8, Y_6—= 0.37 y_5= 1.1, V4= 1.4, y_3= 2.5, Y2 = 1.67 Y1 = 0.9, Yo = 0.3.

plot of x(n+1)=y(n-8)/(1+y(n-2)x(n-5)y(n-8)),y(n+1)=x(n-8)/(1-x(n-2)y(n-5)x(n-8))

10 20 30 40 50 60

Figure 3.3

Example 3.3. Figure 3.4 below describe the periodic solutions of System 2.2 when x_g = —1.5, x_7 = —6.2, x_ = 0.6, x_5 = 1.3,

X4 = 1.2, X_3= 70.6, X_p = 0.9, X1 = 0.2, X0 = 0.6, Y-8 = 0.7, y_7= 71.8, Y6 = 0.3, y_5= 1.1, Vg4 = 1.4, y_3= 2.57 Yo = 1.67

y_1=0.9,y0=0.3.
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Example 3.4. Consider the System 2.3 when x_g = —1.5,x 7=—-62,x_¢=0.6,x_5=13,x 4=—-12,x 3=-0.6, x , =0.9,
x_1=02,%=06,y g=07,y 7=—18,y =03,y 5=1.1,y 4y=—14y 3=-25y ,=1.6,y_1 =0.9,y9g =0.3. See Figure

3.5.
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uses a modification of hat functions for finding a numerical solution of the considered
equation. Some properties of the modification of hat functions are presented. The main
contribution of this work is to introduce the fractional order operational matrix of integration
for the considered basis functions. Making use of the Riemann-Liouville fractional integral
operator helps us to reduce the main problem to a system of linear algebraic equations
which can be solved easily. After that, error analysis of the method is discussed. Finally,
numerical examples are included to confirm the accuracy and applicability of the suggested
method.

1. Introduction

Singular integral equations consist a class of integral equations in which the kernel is singular within the range of integration, or one or both
limits of integration are infinite [1]. There are some analytical and numerical methods to solve one-dimensional singular integral equations
with different kinds of singularity. Ioakimidis [2] has used quadrature methods for obtaining a numerical solution for singular integral
equations with singular kernels. In [3], a numerical method has been proposed for the numerical solution of singular integral equations of the
Cauchy type via replacing the integral equation by integral relations at a discrete set of points. Gauss-Chebyshev formulae has been used to
find the numerical solution of singular integral equations of the Cauchy type in [4]. Monegato and Scuderi in [5] introduced high order
methods for the second kind Fredholm integral equations with weakly singular kernels. For more methods on these equations, the interested
reader can refer to [6]-[13].

The main aim of this paper is to introduce an application of fractional calculus in solving a class of two-dimensional Volterra integral
equations as

wte) =0+ [ [ -9 P vz (ene, (1)

where u(x,t) is the unknown function on D := [0,/] x [0,T], f(x,t) is a given known function and 0 < ¢, B < 1. This equation, is a singular
integral equation with weakly singular convolution kernel. In recent decades fractional calculus provided a wonderful tool for the explanation
of many mathematical models in science and engineering [14, 15]. A general outlook of fractional calculus and its basic theories can be
found in [16]-[24].

In this work, we propose a numerical method to solve Eq. (1.1) using the modification of hat functions (MHFs). The MHFs have been
employed to obtain numerical solutions of two-dimensional linear Fredholm integral equations [25], nonlinear Stratonovich Volterra integral
equations [26], Volterra-Fredholm integral equations [27] and systems of linear Stratonovich Volterra integral equations [28]. The operational
matrix technique is used to reduce the main problem to a system of algebraic equations. It should be noted that any other well-known basis
functions that their operational matrix of fractional integration are known such as Legendre polynomials [29], Chebyshev polynomials [30],
Haar wavelet functions [31] and hat functions [32] could be employed in our new approach to solve Eq. (1.1).

This paper is organized as follows: Some preliminaries in fractional calculus and properties of the MHFs are given in Section 2. Section 3 is
committed to introducing the operational matrix of fractional integration of the MHFs. In Section 4, a numerical method is given to solve Eq.

Email addresses: s.nemati@umz.ac.ir, 0000-0003-1724-6296 (S. Nemati)
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(1.1). Error analysis of the method is discussed in Section 5. Numerical examples are given in Section 6 to demonstrate the accuracy and
applicability of the method. Concluding remarks are presented in Section 7.

2. Basic concepts
In this section, we give some definitions which will be used further in this paper.
There are different definitions for fractional integral in literature (see [19]). Here, we consider the Riemann-Liouville fractional integral

operator /¥ to reach our aim.
Definition 2.1. The Riemann-Liouville integral operator I of order ot > 0 is given by [17]
170 = o [ =) 0
X)=—=— [ (x—
where T'(t) is the gamma function; as
[(a)= / 1“ e tar.
0

Definition 2.2. Let a = (a1,a2) € (0,%0) x (0,%), 8 = (0,0) and u € L' (D). The left-sided mixed Riemann-Liouville integral of order a of
u is defined by [33]

1 trx

Bu(x,t) = —— / / x =)t =22 u(y, 2)dydz.
0U 1) = Fa @) Jo Jy KT =T ub 2y

Hat functions are defined on the interval [0, 1] and are linear piecewise continuous functions with shape hats [32]. Here we consider the
MHFs which are quadratic piecewise continuous functions with shape hats and replace the domain of the definition to [0, ].

Definition 2.3. A set of (n+ 1)-MHFs consists of n+ 1 functions which are defined on the interval [0,1] as follows [25]:

3z (x—h)(x—2h), 0<x<2nh,
Yo, (x) =

0, otherwise,

wheniisoddand 1 <i<n-—1:

s
Vi (x) =
0, otherwise,
wheniisevenand2 <i<n-—2:
gz (= (i=Dh)(x—(i—=2)h), (i—2)h<x<ih,
Vii(0) =3 gz(x—(i+Dh)(x—(i+2)h), ih<x<(i+2)h,
0, otherwise,
and
2}7(x7 (I—=h))(x—(—2h), 1-2n<x<l,
Vi (x) =

0, otherwise.

where h = % and n > 2 is an even integer number. These functions are linearly independent functions in LZ[0,1].

Using Definition 2.3, the MHFs satisfy the following properties:

L, i=}
Vi (jh) = 2.1)
0, i#],
n
Y vl =1,
=0

0, ifiisevenand|i— j|> 3,
Vi ()W) (x) =
0, ifiisoddand |i— j| > 2.

An arbitrary function f(x) € L2[0,] may be approximated in terms of the MHFs as

FO) = fulx) = go v () = FTy(x) =y (F,
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where

Wi (%) = [Wou(x), W10 (x), - Yy ()], (22
and
F=fo, fi,-- - fl"
in which f; = f(ih).

Definition 2.4. A (n+ 1) x (m+ 1)-set of two-dimensional modification of hat functions (2DMHFs) includes (n+ 1) x (m+ 1) functions
which are defined on D as

0, (x,1) = Wi () r (1)

A function u(x,?) in L*(D) can be approximated in terms of the 2DMHFs as

u(x,t) ~

™=

Y i joij(x,1) = UT¢(x,1),
=0 j=0

1

where
¢(x,1) =y (x) @yr (1), (2.3)
in which ® denotes the Kronecker product and
T
U = IZM().’Q,MOJ e 7”O,ma e 7un707 Mn’l., ce 7un,m] I
such that u; j = u(ihy, jhy) with by = L and p = L.
From (2.1), it is seen that
L p=i & gq=},

i j(phi,qhy) = (2.4
0, otherwise.

3. Operational matrix of fractional integration

In this section, the fractional order operational matrix of integration of the MHFs is introduced.

Theorem 3.1. Let y(x) be the MHFs vector given by (2.2) and o > 0, then
Ly (x) ~ Pz(a)‘l/z(xL

where Pl(a> is the (n+ 1) X (n+ 1) operational matrix of fractional integration of order o in the Riemann-Liouville sense and is defined as
Sfollows

[0 B B B Bs - Bt Bn ]
0 o m M M . M2 M-
0 &1 & & & ... &3 L
() he 0 0 0 Mo m v Mn—4 Mp—3
B Tat3) | 0 0 0 S S Gus Gud |0
0 0 0 0 0 Mo m
L0 0 0 0 0 .. &, & |
where
Bi=a3+2a),
B =k* T (2k—6—-3a) +2k*(1+ )2+ &) — (k—2)* T (2k—2+ ),  k=2,3,...,n,
770:4(1"‘0‘)7
me=4[k—1)* N k+1+0a)— (k+1D)* M k—1-a)], k=1,2,...,n—1,

E1=-aq,

&=2"2-a),

E=3%"14—0a)-6(2+a),

& =(k+2)* T2k +2—a) -6k 2+ @) - (k—2)*T 2k —24+a), k=2,3,....n—2.

Proof. For proof see [34], Theorem 3.1.
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4. Numerical method

In this section, a numerical method is proposed to solve Eq. (1.1) using the properties of the MHFs. To this aim, we need the following
theorem.

Theorem 4.1. Let ¢(x,t) be the 2DMHFs vector defined by (2.3) and 0 < o, B < 1, then

[ =P o0z = s 0P ), @n
where
taop = (1= )T (1= ) 2
and
0(@P) — pl1=) g p{1=F). 4.3)

Proof. By considering the Riemann-Liouville integral operator in Definition 2.2 and after some manipulation, we obtain

(/Ot (/Ox (=) "%t —2) Po(v.2)dydz = P=el=p) (/Ot _/Ox =D )Py () @ wr (2)dydz
L

F(1-o)T(1-p)

=T -B) (g [ ) ity )
1 't _B)—

=I(-a 1 w) o (1 yr)

vi) o (B Pyr(o)

@) (w2 yr (o)

=T -ar(-B) (A ap! P o),

“4.4)
1-a)
1-a)

P

)r(1-p) (
~I(1—a)(1-p) (P} -
—T(1— a)I(1 - B) (

Therefore, taking into account Eqs. (4.2)—(4.4) the proof is completed.[]
Now, by employing Theorem 4.1 we suggest our numerical method for solving Eq. (1.1). To do this, we expand the functions u(x,#) and
f(x,t) in terms of the 2DMHFs by the way mentioned in Section 2, respectively, as follows

u(x,t) ~UT ¢ (x,1), (4.5)

) =~ FT¢(x,1), (4.6)

where U is the unknown vector. Substituting Egs. (4.5) and (4.6) into Eq. (1.1), we have

t X
UTo(xn) = FT o)+ [ ["=y) =0 PUT o)y @)
Utilizing Eq. (4.1) in (4.7) gives
UTo(x,0) = FTo(x,1) + 26 pUT Q%P9 (x,1).

Finally, we obtain the following system

U" —F" —2qpU" QP =0,
that can be rewritten in a matrix form equation as
T
(I = %ap@ P U =F, “8)

where [ is the identity matrix of order (n+1)(m+1) x (n+1)(m+1).
In our implementation, we have used the Mathematica function Solve for solving the final system in (4.8).
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5. Error analysis

The purpose of this section is to introduce an error estimate for the numerical solution of Eq. (1.1) obtained by the presented method. For

convenience, suppose that / =7 =1 and h := % Then we get the following results.

Theorem 5.1. Assume that u(x,t) € C3(D), and

iy (x,1) iiuzh]h(j)uxt)
=0 j=0
is the approximation of u(x,t) by the 2DMHFs. Then, we have
|u(x,1) — un(x,1)| = O(K?). (5.1
Proof. Suppose that D; ; = [x;,x;42] X [tj,j40],1,j=0,1,...,n—2, therefore we have D = |JD; ;. From Eq. (2.4) it is seen that u,(x,7) is a

quadratic polynomial which interpolates u(x,t) at (x,z) = ( ph gh),p=1i,i+1,i+2,9=j,j+1,j+2o0nD; ;. So for the interpolation error
on D; j we have [35]

19%u 42 1 d3u(x,
) —uno) =L PUED T (e ity LM T g
ax’ p ot q=J
1 a() (é/ ) i+2 Jj+2
36 ax3al’; H(X—ph) I_I([_qh)7
p=i q=j
where &, &' € [x;,x;42] and 0, 1’ € [t},142]. Therefore
u(x,1) ( )f)|<l max u 9°ué,1) fI h)
u(x,t) —up(x,1)| <-— (x—
" 6 (x,1)€D; 8x p=i p
) j+2
— 5.2
| B (¥ 62
1 aéu(!é/ ) i+2 Jj+2
— —_— — ph —qh)|.
36 WM | Taan [I;[i(x ph) qIJj(t qh)
There are real numbers M7, M, and M3, such that
3
max | 246D | gy (5.3)
(x,t)€D; ox’
3
max M’ <M, (54)
(x,1)ED; ot
max | 224ELM | (5.5)
(x,1)€D; 0x3013 =3 !
On the other hand, we know that
i+2
[Tx—pn)| < %fﬁ, (5.6)
p=i 9
J42
[T¢—an)| < ¥h3. (5.7
q=J
Using (5.3)—(5.7) in (5.2) gives
\fMl \sz 3 6
‘ ()C t)—un(x t)‘ 27 77 ——=h +243h

which completes the proof.[]

Theorem 5.2. Let u(x,t) € c? (D) be the exact solution of Eq. (1.1) and u,(x,t) be its approximation obtained by the proposed method in
the previous section, then

|u(x,1) — tn(x,1)| = O(H?).
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Proof. Using Definition 2.2 and (4.2) we rewrite Eq. (1.1) as
u(x,1) = f(x,r) +xa7ﬁlgu(x,t), (5.8)
where a; = 1 — o and ap = 1 — 3. Similarly, by neglecting the error of the operational matrix, it is seen from (4.7) that
Un (x,1) = fu(x,1) + X Lo Un (x,1). (5.9
Subtracting (5.9) from (5.8) yields
(o, 1) = un (1) | < f (1) = f o, 1) 4 Xar, g 1 (1) — T (1) |- (5.10)
By employing (5.1), we obtain the following estimates
£ (x0) = fulx, )| = O(RY), (5.11)
|1 () 1§ (un)| = O(). (5.12)

Therefore, using (5.10)—(5.12), the proof is completed.[]

6. Numerical examples

In this section, four examples are included to show the applicability, efficiency and accuracy of the proposed method. In all the examples, we

consider [=T =1,n=mand h = % In order to demonstrate the error of the method we introduce the notations

ep = max|<;<,|u(ih, jh) — u,(ih, jh)|,

1<j<n

& = log, <

€n
e )’

where u(x,7) is the exact solution and u,(x,#) is the computed solution obtained by the present method. The computations were performed
on a personal computer using a 2.60 GHz processor and the codes were written in Mathematica 11.

Example 6.1. As the first example, consider Eq. (1.1) with ot = 3 = % and the function f(x,t) is such that the exact solution of the problem is

u(x,t) = sin(xz).

We have solved the considered equation in this example with different values of n and reported the numerical results in Table 1, Table 2 and
Fig. 6.1. The numerical results confirm that the convergence order of the proposed method is 0(h3).

Table 1: The absolute error at x = 0.5 and some selected values of ¢ with n = 2,4, 8,16 for Example 6.1.

t n=2 n=4 n=28 n=16

0.1 2.8061E—02 1.6256E—04 1.2950E—05 1.7363E —06
0.2 54755E—-02 1.2044E—-04 1.2440E—-05 5.7903E —07
0.3 8.0205E—-02 1.7403E—-06 1.8686E —05 1.3683E —06
0.4 1.0453E—-01 8.0012E—05 1.9832E—-06 2.1673E—06
0.5 1.2786E—-01 8.6827E—06 9.2267E—07 1.1182E —08
0.6 1.5032E—01 1.4418E—04 1.5849E—05 1.4427E —06
0.7 1.7203E—-01 1.6602E —04 3.5720E—06 6.4436E —08
0.8 1.9310E—-01 1.9260E —04 3.2879E—05 2.2763E —06
0.9 2.1364E—-01 3.4021E—-04 2.8298E—05 3.9246E —06

Table 2: Numerical results for Example 6.1.

n 4 8 16 32

e, 4.2610E—03 3.5930E—-03 2.6193E—05 2.1096E —06
& 3.57 3.78 3.63 —

Example 6.2. Consider Eq. (1.1) with a0 = % B= % and

which has the exact solution u(x,t) =

wis

flx,0) =25 (t

%0 (t% +t3>.

729

3 I —
’) 6036080

19
3

2 (656”% + 1760\/§7r) ,
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Table 3: The absolute error at x = 0.5 and some selected values of r with n = 2,4, 8, 16 for Example 6.2.

1074

Figure 6.1: ¢, on logarithmic scale for Example 6.1.

0.1 4.5191E—-03 5.8186E—05 2.2606E—05 4.1468E —06
0.2 14798E—02 14233E—-04 1.6604E—05 3.7513E—06
0.3 3.0914E—-02 3.2751E—04 3.4959E—-05 5.9114E—-06
0.4 52822E—-02 5.7154E—-04 7.5115E—-05 9.1917E —06
0.5 8.0458E—02 8.0863E—04 1.0657E—04 1.5264E —05
0.6 1.1374E—-01 1.3920E—-03 1.3247E—-04 2.1537E —05
0.7 1.5260E —01 1.7557E—03 1.6985E —04 2.5701E —05
0.8 1.9695E—-01 1.8155E—03 1.5472E—-04 2.7789E —05
0.9 24669E—01 14851E—03 1.1840E—-04 2.7401E—05
Table 4: Numerical results for Example 6.2.
n 4 8 16 32
e, 2.1663E—01 2.4800E—02 2.0087E—-03 1.9377E—04
&, 3.12 3.63 3.37 —
0.50 —
0.10 |- E
o
¥ 005] 1
o
£
8 1.x102} f
o
= 5.x10° ] 1
@
1.x107 | 1
5 10 15 20

Figure 6.2: ¢, on logarithmic scale for Example 6.2.

The presented method has been applied to this equation with different values of n. The numerical results for this example are seen in Table 3,
Table 4 and Fig. 6.2. Table 3 shows the absolute error at some selected grid points with different n. The values of &, in Table 4 confirm that
the error is O(h3) and Fig. 6.2 displays the convergence of the method.

Example 6.3. Consider Eq. (1.1) with o0 = % B= % and
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Table 5: The absolute error at x = 0.5 and some selected values of ¢ with n = 2,4, 8,16 for Example 6.3.

t n=2 n=4 n=3§8 n=16

0.1 1.9964E —02 1.5950E —03 6.0907E —05 6.5053E — 06
0.2 29903E—02 1.1848E—03 1.0031E—04 7.2572E—06
0.3 3.0716E—02 3.3073E—03 2.9834E —04 1.7434E —05
0.4 23903E—02 1.4516E—03 9.4651E—05 4.2587E—05
0.5 1.1564E—02 7.7908E—05 1.1807E—05 1.3121E—06
0.6 3.6003E —03 5.2420E—03 3.1794E —04 5.0484E —05
0.7 1.8291E—02 3.7167E—03 4.2978E —04 2.5486E —05
0.8 2.8007E —02 7.5402E —04 7.2285E —04 4.6354E —05
0.9 3.0050E—02 3.6701E—03 2.0164E—04 9.3176E —05

Here, the exact solution is u(x,t) = x2t*. The numerical results for this example can be observed in Table 5, Table 6 and Fig. 6.3.

Table 6: Numerical results for Example 6.3.

n 4 8 16 32
en, 1.1627E—-02 9.8060E —04 7.6913E —05 5.8282E —06

& 3.57 3.67 3.72 —

107" | E
102 | E

107 £ 5

&, (Logarithmic scale)

10—4 L 4

Figure 6.3: ¢, on logarithmic scale for Example 6.3.

Example 6.4. In Eq. (1.1), consider oo = 3 = % and

4
Flnt) = —ﬁt%x% (56t2+48x3 + 105) TR,
which its exact solution is u(x,t) = x> +1> + 1.

The numerical results foe Example 6.4 are displayed in Table 7, Table 8 and Fig. 6.4.

Table 7: The absolute error at # = 0.5 and some selected values of x with n = 4,8, 16,32 for Example 6.4.

X n=4 n=2=8 n=16 n=32

0.1 1.3321E—02 1.1337E—-03 5.7134E—-05 1.6212E —06
0.2 1.5102E—02 9.5963E —05 1.9323E—-05 1.5189E —05
0.3 1.1342E—02 1.5772E—03 1.2592E —04 7.2678E —06
0.4 8.0404E—03 8.8473E—04 1.6926E —04 1.3029E —05
0.5 1.1197E—-02 8.0388E —04 5.5802E —05 3.8313E —06
0.6 2.6582E—02 2.1404E —03 2.0027E —05 4.2261E —06
0.7 3.0561E—02 1.0987E —03 1.0930E —04 2.2050E —05
0.8 29134E—02 2.9554E—03 2.3026E—04 6.9424E —07
09 2.8302E—-02 24703E—-03 2.8957E—04 2.2221E—05
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Table 8: Numerical results for Example 6.4.

n 4 8 16 32
en 2.8859E—-01 2.1523E—-02 1.5844E—-03 1.1787E—04

& 3.75 3.76 3.75 —
107" b E
0}
[\
@
Q
£
£ o0
5 107°F E
[=
o
2
<
1078 b E
L L L L
5 10 15 20

Figure 6.4: ¢, on logarithmic scale for Example 6.4.

Table 9 reports the computing time (in seconds) for solving the final system in Eq. (4.8) with different values of n for Examples 6.1-6.4.

Table 9: The computing time (in seconds) for Examples 6.1-6.4.

n 2 4 8 16 32
Example 6.1 | 0.000 0.015 0.032 0.188 1.875
Example 6.2 | 0.000 0.000 0.031 0.141 1.875
Example 6.3 | 0.000 0.000 0.016 0.141 1.984
Example 6.4 | 0.000 0.000 0.000 0.078 1.407

7. Conclusion

In this paper, the MHFs have been used to solve the two-dimensional Volterra integral equations with weakly singular kernels. The
operational matrix of fractional integration was obtained which helped us to reduce the main problem to a system of algebraic equations. The
error analysis verified that the convergence order is 0(h3) and also the numerical results in Section 6 (Tables 2, 4, 6 and 8) confirmed this
convergence order. Compared to the other piecewise functions such as block-pulse functions (O(h)), Haar wavelet functions (O(h2)) and hat
functions (O(hz)), the MHFs have higher order of convergence. The fractional order operational matrix of integration of the MHFs has a
large number of zeros and it makes the proposed method computationally attractive. Table 9 shows the high performance of the method even
when we have a large system of equations with 1089 unknown parameters (for n = 32).

References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]
[10]

(1]
(12]
[13]

R. Estrada, R.P. Kanwal, Singular Integral Equations, Birkhiuser Basel, 2000.

N.I. Ioakimidis, On the quadrature methods for the numerical solution of singular integral equations, J. Comput. Appl. Math., 8 (1982), 81-86.

A. Gerasoulis, R.P. Srivastav, A method for the numerical solution of singular integral equations with a principal value integral, Int. J. Eng. Sci., 19
(1981), 1293-1298.

R. P. Srivastav, Numerical solution of sigular integral equations using Gauss-type formulae I1: quadrature and collocation on Chebyshev nodes, IMA J.
Numer. Anal., 3 (1983), 305-318.

G. Monegato, L. Scuderi, High order methods for weakly singular integral equations with nonsmooth input functions, Math. Comput., 67 (1998),
1493-1515.

G. C. Sih (Ed.), Methods of analysis and solutions of crack problems, Chapter 7, 368-425, Springer Netherlands, 1973.

B. N. Mandal, A. Chakrabarti, Applied Singular Integral Equations, CRC Press, 2011.

PXK. Kythe, P. Puri, Computational Methods for Linear Integral Equations, Birkhauser Basel, 2002.

M.L. Dow, D. Elliott, The numerical solution of singular integral equations over (—1,1), SIAM J. Numer. Anal., 16 (1979), 115-134.

D. Berthold, P. Junghanns, New error bounds for the quadrature method for the solution of Cauchy singular integral equations, SIAM J. Numer. Anal.,
30 (1993), 1351-1372.

R. P. Srivastav, F. Zhang, Solving Cauchy singular integral equations by using general quadrature-collocation nodes, Comput. Math. Appl., 21 (1991),
59-71.

V. V. Zozulya, P. I. Gonzalez-Chi, Weakly singular, singular and hypersingular integrals in 3-D elasticity and fracture mechanics, J. Chin. Inst. Eng., 22
(1999), 763-775.

P. Assari, H. Adibi, M. Dehghan, The numerical solution of weakly singular integral equations based on the meshless product integration (MPI) method
with error analysis, Appl. Numer. Math., 81 (2014), 76-93.



Journal of Mathematical Sciences and Modelling 201

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
[31]
(32]
(33]
[34]

[35]

R. Metzler, J. Klafter, The restaurant at the end of the random walk: recent developments in the description of anomalous transport by fractional
dynamics, J. Phys. A, 37 (2004), 161-208.

R. Bagley, P. Torvik, A theoretical basis for the application of fractional calculus to viscoelasticity, J. Rheol., 27 (1983), 201-210.

S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach, Yverdon, 1993.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, CA, 1999.

R. Hilfer (Ed.), Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

A. Loverro, Fractional Calculus: History, Definitions and Applications for Engineer, USA: Department of Aerospace and Mechanical Engineering,
University of Notre Dame, 2004.

F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press, London, 2010.

K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag, Berlin, 2010.

R. Herrmann, Fractional Calculus: An Introduction for Physicists, World Scientific, Singapore, 2011.

D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo, Fractional Calculus: Models and Numerical Methods, World Scientific, Singapore, 2012.

H. Jafari, S. A. Yousefi, M. A. Firoozjaee, S. Momani, C. M. Khalique, Application of Legendre wavelets for solving fractional differential equations,
Comput. Math. Appl., 62 (2011), 1038-1045.

F. Mirzaee, E. Hadadiyan, Numerical solution of linear Fredholm integral equations via two-dimensional modification of hat functions, Appl. Math.
Comput., 250 (2015), 805-816.

F. Mirzaee, E. Hadadiyan, Approximation solution of nonlinear Stratonovich Volterra integral equations by applying modification of hat functions, J.
Comput. Appl. Math., 302 (2016), 272-284.

F. Mirzaee, E. Hadadiyan, Numerical solution of Volterra-Fredholm integral equations via modification of hat functions, Appl. Math. Comput., 280
(2016), 110-123.

F. Mirzaee, E. Hadadiyan, Solving system of linear Stratonovich Volterra integral equations via modification of hat functions, Appl. Math. Comput., 293
(2017), 254-264.

A. Lotfi, M. Dehghan, S.A. Yousefi, A numerical technique for solving fractional optimal control problems, Comput. Math. Appl., 62 (2011), 1055-1067.
A. H. Bhrawy, A. S. Alofi, The operational matrix of fractional integration for shifted Chebyshev polynomials, Appl. Math. Lett., 26 (2013), 25-31.
Y. Li, W. Zhao, Haar wavelet operational matrix of fractional order integration and its applications in solving the fractional order differential equations,
Appl. Math. Comput., 216 (2010), 2276-2285.

M. P. Tripathi, V. K. Baranwal, R. K. Pandey, O. P. Singh, A new numerical algorithm to solve fractional differential equations based on operational
matrix of generalized hat functions, Commun. Nonlinear Sci. Numer. Simulat., 18 (2013), 1327-1340.

A. N. Vityuk, A. V. Golushkov, Existence of solutions of systems of partial differential equations of fractional order, Nonlinear Oscil., 7 (2004),
318-325.

S. Nemati, P. M. Lima, Numerical solution of nonlinear fractional integro-differential equations with weakly singular kernels via a modification of hat
functions, Appl. Math. Comput., 327 (2018), 79-92.

S. Nemati, P. M. Lima, Y. Ordokhani, Numerical solution of a class of two-dimensional nonlinear Volterra integral equations using Legendre polynomials,
J. Comput. Appl. Math., 242 (2013), 53-69.



MM

Journal of Mathematical Sciences and Modelling

Journal of Mathematical Sciences and Modelling, 1 (3) (2018) 202-205 JOURNAL OF

MATHEMATICAL
AND

SCIENCES
MODELLING

Research Article

e e gt

Journal Homepage: www.dergipark.gov.tr/jmsm
ISSN 2636-8692

Finite Difference Solution to the Space-Time Fractional Partial

Differential-Difference Toda Lattice Equation

Refet Polat®”

ADepartment of Mathematics, Yasar University, Bornova, Izmir - Turkey

* Corresponding author

Article Info

Keywords: Finite differences method,
Space-time  fractional  differential-
difference equations, Toda lattice
equation

2010 AMS: 35R30, 47A52, 35L20

Abstract

This paper deals with the numerical solution of space-time fractional partial differential-
difference Toda lattice equation ai;a;t';, =1+ ‘9;[2‘;’ Y(y—1 —2uy +upy1), @ € (0,1). The
finite differences method (FD-method) is used for numerical solution of this problem.

According to the method, we approximate the unknown values u,, of the desired function by
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method for identification of various values of order of fractional derivative . Numerical
results show that the proposed version of FD-method allows to obtain all data from the
initial and boundary conditions with enough high accuracy.
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1. Introduction

In this paper, we shall consider the space-time fractional (2+1)-dimensional Toda lattice equation described in equation (1) and (2) below.
The importance of Toda lattice is, together with the Korteweg —de Vires equation, one of the most classical and significant completely
integrable systems. Several methods have been developed to reveal its philosophical mathematical structure [1]. The (2+1)-dimensional Toda
lattice hierarchy has been proposed as an extension of the KP hierarchy. This comprises the (2+1)-dimensional Toda lattice equation as the
modest nontrivial differential-difference equation. The Toda lattice equation and the sine-Gordon equation are derived by imposing suitable
reductions on the (2+1)-dimensional Toda lattice equation [2]. These type of equations, usually, describe the evolution of certain phenomena
over the course of time [3].

This paper studies the space-time fractional differential-difference Toda lattice equation (denote I = (a, b)),

9201 %y
~aga =+ 5g YW =2 ), (x,0) € 1% (0,T) (1.1
from the initial and homogeneous Dirichlet boundary condition
u(x,0)=¢(x), xel,
u(a,t) =u(b,t)=0,t € (0,T],
where the mixed derivative % denotes the space-time derivative with fractional order 2o of the function u = u(x,r) at r =t,. The

derivative ‘9;[{1 also denotes time derivative with fractional order & € (0,1). We consider the most frequently used the Riemann—Liouville
and the Caputo derivative for fractional derivatives in (1.1). Riemann-Liouville fractional derivative with fractional order ¢ of the function

u = u(x,t) is defined by [4, 5], i.e.,

1>0. (1.2)

|:8au(x,t):| I /r (u(x, 7)
0

N |y T—a)arto (-0 "

where I'(x) is the Euler’s Gamma Function. Another definition of fractional derivative is Caputo derivative. Caputo fractional derivative with
fractional order ¢ of the function u = u(x,t) is defined by [4, 5] as follows:

Bau(x,l) _ 1 1 1 aM(X7T)
{ I L_F(l—a)/o(t_f)a 5 4% 1>0 (1.3)

Email addresses: refet.polat@yasar.edu.tr, 0000-0001-9761-8787 (R. Polat)
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From (1.2) and (1.3), it is clear that definitions of Riemann-Liouville derivative and Caputo derivative are not equivalent. But, there is a
fact that, almost all the numerical methods for the Riemann—Liouville derivative can be theoretically extended to the Caputo derivative if
the function u(x,) satisfies suitable smooth conditions. Following equality shows the relation between the Riemann-Liouville and Caputo

derivatives for 0 < a < 1:
d%u(x,r)]  [9d%u(x,1) 1~ %u(x,0)
[7&0‘ LL— { 9@ C+ -a) t>0. (1.4)

Hence, a natural way to discretize the Caputo derivative in the equation (1.1) is to use the Griinwald—Letnikov approximation [6].

2. Numerical implementation

One method of the solutions of fractional equations based on numerical methods and solutions are determined by implementing the numerical
methods on original (physical) domain. These methods are adapted for fractional integrals (Riemann-Liouville integrals etc.) and derivatives
(Caputo derivatives and the Riesz Derivatives etc.) based on polynomial interpolation, Gauss interpolation or linear multistep methods.
For the numerical solution to the considered problem above we construct a uniform grid of mesh points ¢, with z, = nAt, n=0,1,...,N;
and Ar = T /N;. One can define the space step size Ax = (b — a)/Ny. The space grid point x; is given by x; = a+kAx, k=0,1,...,N,. We
denote the exact solution u(x,) at (xg,#,) by u}} = u(xy,t,) and approximate solution by U}! at the same grid point (xg, ).

Toda Lattice Equation for Riemann-Liouville derivative in time: For the numerical solution to the considered problem (1.1), we consider
Riemann-Liouville time-fractional derivative:

8205 n 9%y
{ﬁ} - (H { o ] )(“"_1 =2 ™), (1) €1%(0,7] @1
RL RL

We can discretize the Riemann-Liouville fractional derivative of u(x,#) at z = f,, by the Griinwald-Letnikov formula as follows:

a
{%] laZw“ O, t>0

where w;?‘ are the coefficients of the generating function, that is wf = 1, w =(1—(a+1)/j)w% wé |, j=1land p=1[4,5]. Then the finite
difference approximation of (2.1) is given as follows:

! n—j -1 +1
Azaz (1+NQZW“U )(U,j’ — 207+ U, n>1, 2.2)

where & O‘Uk ' is the approximation of the Riemann-Liouville space-fractional derivative % 2~ and defined by the Griinwald-Letnikov
formula similarly:

1 k
i=0

So (2.2) gives the approximate solution for all points (xy,#,), k = 1,Ny — 1, n = 1,N; — 1 as follows:

s ke T T owiwe Uy = (14 gha TgwoUy ) (U~ =207 + U7, n 2 0,
UY=¢(x), k=0,Ny, Uj=Uy =0,n=1,N;.

Example 1. We consider here ¢ (x) = 10x(10 —x), 0 < x < 10 as initial data and o = 0.75 as fractional order of derivative. In this example

the time step size is Ar = 0.001 , number of time nodes is N; = 41 and the space step size is Ax = 0.5 , number of space nodes is N, = 21.

The left Figure 2.1 shows numerical solution U (x,t) for x € [0,10], ¢ € (0,T], T = 0.04. The right Figure 2.1 shows final time profile of
numerical solution at T = 0.04.

Toda Lattice Equation for Caputo derivative in time: For the numerical solution to the considered problem (1.1), we consider Caputo

time-fractional derivative:

a2txun :| ( l:aocun] ) .

| = (14| =] @' =2+ u",  (x,0) €Ix(0,T]. (2.3)
{8)&‘810‘ c ot |-

We can discretize the Caputo fractional derivative of u(x,t) at # = t, by the LI-method defined as follows:

9%u(xy, " : .
{7} Ara an e —u) + o), 10
C

where b ., are the coefficients, that is b = 1-(21_ @) [(j+1)!=%—(j)!=%] and p = 1 [4, 5]. Then the finite difference approximation of
(2.3)1s glven as follows:

j+1 j+1 j —
Aza an 8] ~ul) = <1+M2b,, PRI (A U,g)]) pt—2up+Upth, n> 1, (2.4)
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[—U(T), T=0.04 (@ = 0.75) |

a=0.75

10000 | 7

8000 r b

6000 | 7

U(x,T)

4000 J

2000 | b

Figure 2.1: Numerical solutions for Riemann-Liouville fractional derivative (¢ = 0.75)

where 67U} is the approximation of the Riemann-Liouville space-fractional derivative %“;'g" and defined by the Griinwald-Letnikov formula

similarly. So (2.4) gives the approximate solution for all points (xg,,), k= 1,Ny —1, n=1,N; — 1 as follows:
11 —1 vk Jj+l1 Joy— 1 —1 Jj+l J -1 +1 Jj+1 J
a7 m@ Lo Lico b oWl —Upy) = (1 +am Lo by (U = Uk)> (U =200+ U), n 21U — Uiy, 2.5)
UY=¢(x), k=0,Ny, Uj=Uy =0,n=1,N;.

Example 2. We consider same data in Example 1 to compare the numerical solutions corresponding to the two type of fractional derivatives.
Thus, ¢ (x) = 10x(10 —x), 0 <x < 10 is initial data and @ = 0.75 is fractional order of derivative. The time step size is Az = 0.001 , number
of time nodes is N; = 41 and the space step size is Ax = 0.5 , number of space nodes is Ny = 21. The left Figure 2.2 shows numerical
solution U (x,t) for x € [0, 10], ¢ € (0,T], T = 0.04. The right Figure 2.2 shows final time profile of numerical solution at 7 = 0.04. Figure
2.3 shows a slight differences difference on the solutions with Riemann-Liouville fractional derivative and Caputo fractional derivatives for
(¢ =0.75). This slight difference, may be interpreted as, that is, due to the second term on r.h.s of equation (1.4) which states the relation
between the Riemann-Liouville and Caputo derivatives for 0 < o < 1.

14000 :
[ —U(x,T), T=0.04 (a = 0.75)) |
12000 1
15000
10000 | 1
10000
= ~ 8000 1
a3 X
> 5000 = 6000 1
o 4000 | 1
0.04
2000 | i
0 : ] ] :
0 2 4 6 8 10

Figure 2.2: Numerical solutions for Caputo fractional derivative (o = 0.75)
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14000 T
—8— RL solution

| —6— Caputo solution

U(x,T)

Figure 2.3: Numerical solutions for both Riemann-Liouville and Caputo fractional derivative (¢ = 0.75)

3. Conclusion

In this study the space-time fractional partial differential-difference Toda lattice equation is considered. We use the finite differences method
for numerical solution of the problem and present computational results for the case of two type of time fractional derivative (Riemann
Liouville and Caputo) with fractional order & = 0.75. Numerical experiments show that any of the fractional (Riemann-Liouville and
Caputo) derivatives may be used for any physical problem without any reluctance and the choice of the fractional derivative is negligible at
least the problem considered in this study.
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1. Introduction

B-spline curves were described by Schoenberg who was worked on B-spline curves for statistical data collection in [1]. The B-spline
curves was constructed for computing a convolution of some probability distributions. Moreover, de Boor and Hollig considered a different
approach to B-spline curves in [2]. Recently, in Computer Aided Geometric Design (CAGD), B-spline curves have been commonly used for
designing an automobile, a boat, an aircraft, [3] and [4]. There are many studies on the B-spline curves, see some of them in [2], [5], [6].
Although degree d of a Bezier curve has d + 1 control points, degree d of a B-spline curves can have any number of control points supplied a
sufficient number of knots are defined in [7] and [8]. In addition, the control points of the Bezier curves provide a global change on the curve,
while the control points of the B-spline curves provide a local change on the curve. For this reason, B-spline curves can be given additional
freedom by increasing the number of control points in order to define complex curve shapes without increasing the degree of the curve, [9].
Minkowski space was introduced by H. Minkowski. In our paper, we try to investigate some geometric properties of the B-spline curves in
Minkowski 3-space. We present the curvature and torsion of the B-spline curves in Minkowski 3-space.

2. Preliminaries

In this section the B-spline curves are defined and some preliminaries are given. Then some basics of Minkowski space is given.

Definition 2.1. Let to,ty,...,tn be knot vectors of the B-spline basis function of degree d. The B-spline basis function denoted Nj 4(t) is
defined by

17 lft € [ti7ti+1)

Nio(t) = 0, otherwise 2.1
i litd+1 —1
Nig(t) = ———N;a1(t) + ——F——Nip14-1() 22)
livd — i litd+1 —lit1

fori=0,....nandd > 1.
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Definition 2.2. [f the B-spline curve of degree d with control points by, ...,b, and knots ty, 11, ..., ty, is defined on the interval [a,b] = [t4,tm—q4],
then the curve can be written in the form

By =Y biia(t).
i=0

When the B-spline curves are in the rational form, they are often called integral B-spline curves. Moreover, if the knots are equally spaced,
then a B-spline curve is called uniform.

On the other hand, Minkowski 3-space ]R? is a vector space R3 provide with the Lorentzian inner product g given by

g(v,A) =il + ni — w3z,

where v = (v, V2, v3) and A = (41,42, 43) € R?. A vector in Minkowski 3-space A = (A1,42,43) € R% is called spacelike if g (A,4) > 0 or
A = 0; timelike if g (A,4) < 0; lightlike if g(A,A) =0 and A # 0. The vectors v and A are ortogonal if and only if g(v,A) = 0. The norm
of a vector v on Minkowski space R3 is defined by ||v||;, = /|g(v,V)|. If the vector is timelike, then the form will be ||v||;, = /=g (v, V).
Let (c) be curve in R}. We say that (c) is timelike curve (resp. spacelike, lightlike) at 7 if the tangent vector (c)’ (¢) is a timelike (resp.
spacelike, lightlike) vector. The vector fields of the moving Serret-Frenet from along the curve (c) are denoted by {T,N,B} where T, N
and B are called with the tangent, the principal normal and the binormal vector of the curve (¢), respectively. If the curve (c) is time-like
curve, then T is timelike vector, N and B are spacelike vectors which satisfy TA,N = —B, NAL.B =T, BA, T = —N. The derivative of
Serret-Frenet frame equations for a timelike curve is

T = kN
N =T+ B
B’ = —1N.

3. Main result

Definition 3.1. Let X = {bg,b,...,b, } be a timelike points set in R?. The

TCH{X}= {)Lobo+...+)tnb,, Y hi=1,4> 0}
i=0

set formed by these X points are called timelike convex hull of a timelike uniform B-spline curve.

Definition 3.2. [f the control points by, ...,by, € TCH{X} are timelike and the knots to,t1, ...,tm, on the interval [a,b] = [tg,t,,_q] are equally
spaced, then the timelike uniform B-spline curve of degree d in Minkowski 3-space is defined by

n
B(t)=Y biN;4(1),
i=0
where N; 4(t) are the basis functions.

Example: Lets consider the timelike uniform B-spline curve B(¢) of degree d = 2 defined on the knots fo = 0,7y = 1,tp = 2,13 = 3,14 =
4.t5 = 5,16 = 6,17 = 7 and with control points by(2,3),b1(—1,7),b2(2,5),b3(4,5),b4(1,3). The basis graphic and the curve shape are in
the following figures.

Figure 3.1: a) Basis function graphic b) A timelike uniform B-spline curve

Theorem 3.3. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector ty,...,t, in Minkowski 3-space. If t €
r
trtrp1) (d<r<m—d—1)then B(t) = Y, bN;4(t). Therefore to compute B(t) its sufficient to compute Ny_q 4(t),...,Nyq(t). This

i=r—
shows us that the B-spline curve is achieved by the local control. Ift € [ty,t,y) (d <r<m—d—1) then B(t) € TCH{b,_g,....b+}.
This means that B-spline curve has an convex hull. If p; is the multiplicity of the breakpoint t = u; then B(t) is C=Pi (or greater) at
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t = u; and C” elsewhere. Thus, it is seen that the B-spline curve is satisfied the continuity property. Let T be an affine transformation. If

n n
T(X biNi4(t)) = X T(bi)N;4(t), the B-spline curve is invariant under affine transformations.
i=0 i=0 '

Theorem 3.4. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector t, ..., t,, in Minkowski 3-space. The second and
third derivative of the control points b; are calculated by

b = (d—1).m.ab"
b = (d—1)(d—2).pi.(ni.80Y, —misb(M)

where m;, nj, p; are some constants of t;.

Proof. Using the Eq.(2.1) and Eq.(2.2) the control points can be written as

b, — bV
pP = (@-1)—H 7
livd+1 —Tit2
= (dfl)m,- AV,
p3 = A (
' z+d+1 fz+3 ( w1 )
_ (1) (1) (1)
Sl ved (GG SRR R R
( 1)(d—-2) (1) (1 _
= frdil —Tis ( (1+2 biyy) —mi-(byy —b; ))
—  (d—1)(d—2).pi.(ni.00Y, —miab")
1 1 1
where m; = tivd+1—tiv2’ ni= tivd+2—lit3 and pi= a1 —tiss O

Theorem 3.5. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector ty, ..., t,, in Minkowski 3-space. The derivatives
of B-spline curve is computed by

BY() = Zb Via1(0)

N D @
BA() = (d—1)Y m.Ab N,
i=0
3 5 M (M) @
B = (@-1)d-2)Y pi (nl Ab{) — miAb, ) -
i=0
Proof. Substituting the above results in Eq.(2.2), the proof is obvious. O

Theorem 3.6. Let B(t) be an arbitrary timelike uniform B-spline curve and {T,N,B}|,_ be the Serret-Frenet frame of B(t), where T is
timelike, N and B are spacelike. Then the following conditions are satisfied

g(T.,T)=~-1,g(N,N)=1,(B,B) =1
g(T,N)=0,¢(T,B)=0,¢g(N,B) =0.

The Serret-Frenet frame of the timelike uniform B-spline curve B(t) is obtained by

i bl<1>N(1)1d 1(t)
P s
BN 41 (1)
i=0
n-l (1) ™ n_2 (1) A(2)
7017; N,._l,,l(f)/\‘gomz Ab; "Ny,
B = —— =
n-, (1) A(2)
Eo bi(l)]\]‘(‘(‘]l1 (YA EO mi.Ab; " .Niy o
_ n—2
—g(;ob,me;L(t), ¥ biUN )i,dfl(r)) L mi Abin.Nf,ilz)
,;2 :nfl nL:l
s (g man N O8] 0) (g 0N )
N = - = = o
n—1 n—1
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Proof. Let consider the B-spline curve B(t) is non unit speed curve in Minkowski 3-space. Using the scalar and vector product in Minkowski
3-space, the tangent vector of the timelike uniform B-spline curve B() is calculated as

B B(U(;)
[IBO@]
Y bl( INW,; 41 (1)
_ i=0
n—1 )
7019;( INW,; 41 (1)
and the binormal vector of the timelike B-spline curve is
s _ BU0ABY(
HB QORYIO]
n—1
T b 0@ )"E mas!) N

1
Eob(l)]vf;]() (471)50 a0V NG

n—

bi(l)N:: (A Z m;. l(l) N?

i=0 i =0 id-2
= n—1 n72
( D A2
¥ 5N 0 AT mab NG
The principal normal can be obtained as
N = —B/\T
) n—1
z BN (1) A zom, AV NG ‘Zobi(l)N(l)i,dfl([)
_ i=0 = i=
- n—1
' ¥ BN ()7 20 ANl E 5N D)
—| = I

n—1 n—1
(;0 BN () A m,-.AbE”.N,S?,z) N BN a1 (0)
T =1

Z b; (DN

id—1

i=0
2

n— n—1
(A Z mi. Ab( ) ( ) 2” L biINW, 4 (1)

i=0

(Z BN (1), Z Ly D D 1(;)) (”zom,».AbE”.Nifl[z)
(): i, N(” Ji BN (o >) "ilbi“)NiLll(t)
;

i= 0

N ()/\ZmlAb()N(dz

ld]

O

Theorem 3.7. If the B-spline curve of degree d with control points by, ..., b, and knots to, 11, ...t is defined on the interval [a,b] = [ty,t;—_a),
the curvature of timelike uniform B-spline curve B(t) is found as

) n—2 P
gob WL O L mi AN
k=l|d—1] 3
n—1 o N
P BN (1)
Proof. From the definition of curvature of the non-unit speed curve, we have
HBU)(t) AB®) (z)’
K = ———————
IBY@]]
nilb (1) (1) d—1 ? Ab(]) (2)
L bi N, (OA(d—1) ,Eo mi.Ab; "N 4y
- S (1) ’
i§0 b; A’i.d—l (t)
n—1 ) n— 1 2
x bONLL (1 8 mab NG

Il
EY
I
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Theorem 3.8. If B(t) is a timelike uniform B-spline curve of degree d with the knot vector ty, ...,ty, in Minkowski 3-space, the torsion of a
timelike uniform B-spline curve B(t) is computed by

n—1

det( Zob N 1( ) ): m;. Ab( "N id—27 ni pi- ("i‘Abz('i>1 _miAsz)) Nz(fz) 3 )
(d-2) =

o T
T 5N () A z mi.Ab) NG

id—1

Proof. Using the definition of torsion, we have the following equations:

(B<1>(,) BO(1) B<3>(,))

n—1 n—2 n—3
(;017#”1%53,1.(& (d—1) ; mi.AbS“-M{Z’,Q (@=1d~2)'% pi (niAbelr)l*miAbEI))N;(,L)

ul 1

n—2 2
(A (d—1) ;0 m b N

det( )y b ,(;) 1([)7 ; m; Ab )N(d 29 Z Pi- (”1 Ab1(+)1 _mlAb( >> Nl(jl)_g, >

|

|
—
QU

I
N}
=

n—1 2 2
Zb()N(l) ()/\ thAb() l(d>2

, id—1
i=0

4. Conclusion

In this paper, we present a theoretical work about the timelike uniform B-spline curves in Minkowski-3 space. The timelike B-spline curve in
Minkowski 3-space at first time is introduced. The derivatives of control points are calculated. Later Serret-Frenet frame of the timelike
uniform B-spline curve is given. Moreover, the curvature and torsion of the B-spline curve are computed.
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