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Positive Linear Operators Preserving 7 and 7>

TUNCER ACAR, ALTI ARAL*, AND IOAN RASA

ABSTRACT. In the paper we introduce a general class of linear positive approximation processes defined on
bounded and unbounded intervals designed using an appropriate function. Voronovskaya type theorems are given
for these new constructions. Some examples including well known operators are presented.

Keywords: Generalized operators, Voronovskaya theorem.

2010 Mathematics Subject Classification: 41A25, 41A36.

1. INTRODUCTION

In the theory of approximation by linear positive operators (Lp.o) Korovkin famous theorem
has a crucial role to determine whether the corresponding sequence of L.p.o converges to the
identity operator. However, Korovkin theorem for a sequence of 1.p.o requires uniform con-
vergence on an extended complete Tchebychev system, in special, the set of test functions
e; (t) =t',i =0,1,2.In[6], to obtain better error estimation, J. P. King introduced and studied a
generalization of the classical Bernstein operators. These operators preserve the test functions
eo and ep, while the classical Bernstein operators preserve the test functions ey and e;. Start-
ing from this approximation process King’s idea has been successfully applied to several well
known sequences of operators. In [5], the authors introduced the sequence of operators B], by

T (£, _ - —1 k n k n—k
B =3 (o) (3) (1) @0 @t e men

which is a new form of well-known Bernstein operators, where 7 € C' [0, 1] is a strictly increas-
ing function , 7 (0) = 0, 7 (1) = 1. Shape preserving and convergence properties as well as the
asymptotic behavior and saturation for the sequence (B],) were deeply studied using the test
functions {1, 7,72 } Durrmeyer version of the operators B;, was introduced and studied in [1].
A similar idea was used for the operators defined on unbounded intervals given in [2].

In this short note, we introduce linear positive operators defined on bounded and unbounded
intervals that preserve the functions 7 and 72 such that 7 € C [0, 1] is strictly increasing, 7 (0) =
0, 7(1) = 1 (for the operators defined on the unbounded interval, we consider the function
p € C[0,00) such that p (0) = 0 and pl (x) > 0 for & € [0,00)). Then, we give a Voronovskaya
type theorem for our general operators. Some examples including very well known operators
are also obtained.

2. GENERALIZED OPERATORS

Let L,, : C'[0,1] — C'[0, 1] be a sequence of 1.p.o such that L,,eg = eg and L,.e; = e;.
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Let 7 : [0,1] — [m, M] be continuous such that 0 < m < M, 7 (z) > 0 for z € [0,1], 7 (0) = m
and 7 (1) = M. For any f € C'[0,1] consider the function Lo7% such that

€1

for™ (m+ (M —m)t) = Fr (m + (M = m)1)

te|0,1].
e1 m+ (M —m)t teln

For z € [0,1] and f € C'[0, 1] consider the operators

= for! T(@)-m
1) @) = 7 ) o (L7 (1 =m0 T

It is obvious that
VnLT (z) =7(x) and VnLT2 (r) =712 (2).

2.1. Examples.

(1) Let 7 (x) = z + 1 and L,, = B,,, where (B,,) is the sequence of Bernstein operators. For
m=1land M = 2,

VEf (@) = (@+1)Ba ({f)t) .

(2) Let7 (z) = e#*, u > 0and L,, = B,,, where (B,,) is the sequence of Bernstein operators.
Form =1and M = e,

7 (Brog(1+ (e —1)1) g4
Lf(er—1)t 1]

Van (33) =" B, (

Let K, : C[0,00) — C[0, 00) be a sequence of 1.p.o such that K, ey = ¢p and K, e; = e;.

Let p : [0,00) — [m, 00) be continuous such that m > 0, p' (z) > 0 for z € [0, 00) and p (0) = m.

For f € C]0, ), consider the function f%;l such that
fop™ flp™t (t+m))

Y (t+m) =

, t€[0,00).
el t+m

For x € [0, ), consider the operators
flp~t (m+1))
K _ : _
(Unf)(x)—p(x)Kn< o ip(z)—m | .
It is obvious that

(Uxp) (x) =p(x) and (Usp?) () = p° (z).

2.2. Examples.

(1) Letp(z) = e + 1,2 > 0, p > 0 and K,, = S,,, where (S,,) is the sequence of Szdsz-
Mirakyan operators. For m = 2, p=1 : [2,00) — [0,00), p~! (z) = %log (x —1) and

x € [2,00),
filog(1+1)
(USf) (&) = (" +1) 5, (< 51 >,ew—1).
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(2) Let p(x) = e and K,, = T, where (T;,) is the sequence of Baskakov operators. For
x>0,m=1and pu > 0,

Log (1
(Uff) (.Z‘) = el‘xTn (M7 ehT _ 1) ]

1+¢

3. TRANSFERRING THE VORONOVSKAYA RESULT

Theorem 3.1. Let f € C [0, 1] with f" (t) finite at any t € [0,1] . Suppose that L,eq = e, Lpei = e;
and

Vs (0) =70 L (L2 (ot (=m0 TP,
If there exists oo € C'[0, 1] such that
lim n (Lo f (t) = £ (£) =a () f (1),

n—oo
then we have

lim 7 (V,,f (x) — f (x))

TEMOO m)Qa (ng m) / ) ” | o
- ( )( :r) {T (I)TQ () f (x) —7(x) <T(:C)T (x)+2(7 (z)) )f (z)

+2 fx)].

Proof. We have

_ nT@)Fn<
= o) 2 (L e =) s ) - O G (-

€1

f (@)
for

(m+ (M —m)t);

( 7'1(&:)_7 m ):l .
Thus we have from the hypothesis that

ﬂm—m)d2<ﬂme+wﬁﬂmw»‘ |
_r(@)—

hmnﬂ%ﬂ@—f@»=ﬂ@a<

n—soo M-m ) du? m+ (M —m)u

with u = ZE=m and de — JTVI,(_;;‘

It is obvious that

d f(T_l(m—i—(M—m) u)) _d for !

du ( m+ (M —m)u Coyem T du < e (m + (M —m)) (u)) u=T(@)m
_wd (W
- dudx \71(2))’
 M-md (/@)
T (x) de \7(x))’

f@)r (@
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and
P (£t (M —m)w)
du? m+ (M —m) = rG)om
CMemd (@@ @) @)
- 7 (x) do <(M ) 7' (2) 72 () )’
= (M—m)2 @) () f (@) =7 () (7 (2) T ’ (2
- mm@ﬁ[ @7 @1 @ -r@ (r0)r @ +2(r @)") 1 @)
, 3
s 2(fw) s
Hence we have the desired result. O

Corollary 3.1. Let 7 (x) = e"* and L,, = B,,, where (B,,) is the sequence of Bernstein operators. For
m = 1and M = e, we get

lim n (V,f (z) — f (z)) = (eh™ — 1) (et — err)

n—o0 2,[1,262“1

(£ @) = 3uf @) +2°F (@)

Corollary 3.2. Let 7 (x) = x + 1 and L,, = B, where (B,,) is the sequence of Bernstein operators.
Form = 1and M = 2, we obtain

n—oo 2 T + 1

. _.’L’(l—a?) //m_ 2 ,J;
hmn(W(%)—f(%))—(f() f()+( +1)2f()>

Theorem 3.2. Let f € C[0,00) with f (t) finite, t € [0,00). Suppose that K,eq = ey, Kne1 = e;
and
fop!

€1

Uuf () = p() Ko
If there exists -y € C|0, 00) such that
lim n (K f(t) = f(8) =~ () f (1),

n—oo

(m+0)ip(@) = m).

then we have

lim n (U, f (x) — f ()

- m[p @@ @ =@ (o0 @42 (7 @) ) @
2y @) s,

Proof. The proof of this theorem is similar to that of Theorem 1. O
Corollary 3.3. Let p(z) = e + 1,2 > 0, u > 0 and K,, = S, where (S,,) is the sequence of

Szdsz-Mirakyan operators. For m = 2, we have

e _ . eh , er,m
lin 7 (Unf () = f () = 5o (f @)~ r o @ i @ >>

n— o0 QM eQ;mc err 4+ 1



102 T. Acar, A. Aral, I. Rasa

Corollary 3.4. Let p(z) = e, and K,, = T,,, where (T,,) is the sequence of Baskakov operators. For
x>0, >0and m =1, we get

lim n(U,f (2) - f(2)) = 1

n—00 B 2u2eke

(£ @) = 3uf @) +2°F (@)
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Shift \-Invariant Operators

OCTAVIAN AGRATINI

ABSTRACT. The present note is devoted to a generalization of the notion of shift invariant operators that we call it
M-invariant operators (A > 0). Some properties of this new class are presented. By using probabilistic methods, three
examples are delivered.

Keywords: Modulus of continuity, integral operator, convolution type operator, probabilistic distribution function.

2010 Mathematics Subject Classification: 41A35, 47B38.

1. INTRODUCTION

This research is mainly motivated by the work of G. A. Anastassiou and H. H. Gonska [6]. The
authors have introduced a general family of integral type operators. Sufficient conditions were
given for shift invariance and also the property of global smoothness preservation was studied.
Let (X, d) be a metric space of real valued functions defined on D, where D = Ror D = R,.
An operator L which maps X into itself is called a shift invariant operator if and only if

Lfo = (Lf)oforany f € X and o > 0,

where f,(-) = f(- + a).

In this note we give a generalization of the notion of shift invariant operator. Some properties
of this class are presented and a general family of such operators in the space of integrable func-
tions L' (R) is introduced by using the convolution product of another operators with a scaling
type function. By resorting to probabilistic methods, we indicate some classical operators as
shift A-invariant, where \ is calculated in each case.

We refer to the following operators: Szdsz-Mirakjan, Baskakov and Weierstrass. It is honest to
mention that the value of A does not target the whole sequence, it depends on the rank of the
considered term.

The general results are concentrated in Section 2 and the applications are detailed in Section 3.
It is known that the shift invariant operators are useful in wavelet analysis. Along with the
paper [6], the subject was developed in other papers, among which we quote [3], [4], [5]. Until
now, we have built a generalization of the shift invariant operators and we proved that the new
class is consistent. The applications presented reinforce the significance of the construction.
The use of this class of operators could lead for generating wavelet bases type. In this direction,
the conditions for multiresolution analysis can be relaxed by using shift A\-invariant operators.
Thus, we can talk about quasi-wavelet functions that can serve to reconstruct certain signals.
We admit that this research direction is at an early stage.

Received: 25 March 2019; Accepted: 27 May 2019; Published Online: 4 June 2019
*Corresponding author: O. Agratini; agratini@math.ubbcluj.ro
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2. RESULTS
Firstly, we present the following informal definition.

Definition 2.1. Let \ be a non negative number and X be a metric space of real valued functions defined
on R or Ry. An operator L acting on X is called a shift A-invariant operator if

(2.1) [(Lf)a — Lfal <A, forany f € X and o > 0.
Clearly, for A = 0 we reobtain the notion of shift invariant operator.

Theorem 2.1. Let A, B operators acting on a compact metric space X of real valued functions defined
onRorR,.

i) If A is a shift A-invariant and B is a shift invariant, then AB is a shift A-invariant operator.

ii) If A is a shift invariant, linear and positive operator, and B is a shift A-invariant, then AB is a shift
Ap-invariant operator, where p = || Al.

Call || A]| = sup{ || Agllx : g € X and |lg]x < 1.

Proof. i) We take g = Bf and, in concordance with the hypothesis, we can write successively
|<ABf>a - ABfa' = |(Ag)a - A(Bfa)l = |(Ag)oz - Aga| < )\7

which implies the first statement of the theorem.
ii) Since B is a shift A-invariant operator, we get

2.2) ~ A< (Bf)a— Bfa €A

The operator A is linear and positive, consequently it is monotone, i.e., Au < Av for any u,v
belong to X with the property u < v.
A being a shift invariant operator too, relation (2.2) implies

[((ABf)o — ABfa| < Aeo,

where eg(z) =1,z € Ror x € Ry. Because of 0 < Aey < || 4, the result follows. O
Remark. Assuming Aey = ey, relation usually verified by linear and positive operators (so
called Markov type operators), we deduce that x = 1 and Theorem 2.1 (ii) guarantees that AB
becomes a shift A-invariant operator.

In what follows, starting from a sequence of shift A-invariant operators and using a scaling
type function, we construct a sequence of integral type operators.

For each n € N, let [,, be a shift \,,-operator which maps the space L!(R) into itself. Also, we
are fixing a function ¢ € L*(R) such that

Il = /R () |dz £ 0.

For any f € L'(R), the convolution of [, f with v is a function named L,, f which belongs to
L*(R) and is defined by

2.3) (Lnf)(@) = (Inf *)(z) = /R (1o f) @) (@ — y)dy.

It is known that the convolution product * enjoys the commutativity property. Let n € N
arbitrarily be set. On the other hand, we have the following relations

(Lnf)alz) = / (nf) (& + & — u)(u)du,
(Lnfa)(x) = /R(lnfa)(x - u)w(U)du,
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which allow us to write

[(Lnf)a(®) = (Lnfo)(2)] S/Rl(lnf)(era—U)—(lnfa)(x—U)Hw(U)\du

- / (U f Yo — o o) (& — )] 4 (0)

< Anll9]ls-
We just ended the proof of the following result.

Theorem 2.2. Let L,, : L*(R) — LY(R), n > 1, be operators defined by (2.3). Then, for each n € N,
L,, is a shift \,||1||1-invariant operator.

We notice that if we substitute in (2.3) the function 1 by ||¢||; !4, then the operator L,, becomes
shift \,,-invariant, n € N.

As usual, we denote by Cs(D) the Banach lattice of all bounded and continuous real functions
on D endowed with the sup-norm || - ||. Also C(D) denotes the subspace of Cz(D) consisting
of all functions which are continuously differentiable and bounded on D. We recall the defini-
tion of the first modulus of smoothness w(f;-) associated to the bounded function f : I — R,
I CR,

24 w(f;0) = sup [f(x) = f(y)l, § = 0.

z,yel
le—y|<o

At this moment we need the following result.

Theorem 2.3. ([2, Theorem 7.3.4]) Let the random variable Y have distribution p, E(Y) := x¢ and
Var(Y) := o2. Consider f € CL(R). Then

2.5) Ef(Y) — f(zo)| = / fdu— f(zo)

< (1.5625)w (f’; %) o.

In the above E(Y), Var(Y') represent the expected value and variance of Y, respectively.
We consider the random variables X;, j > 1, independent and identically distributed and we
introduce

1 n
(2.6) Xjo=Xj+0, Spa=— ZXJ,Q, n>1.

Clearly, Sy, 0+« = Sy, . If we use the notations F(X ,) := z¢,, and Var(X, o) := 02, by using
the properties of the expectation respectively the variance, we obtain

o _ 0%
E(Sna) =200 +a =200, Var(Sp,a) = =

From (2.5) we deduce

B = Flonall = | [ 1) dFnalt) = Fz00)

i) Vi

where F), ,, is the distribution function of the random variable S, .
It is known that by using probabilistic methods several classical positive and linear operators
have been obtained. Pioneers in this research field can be mentioned here W. Feller [7] and

2.7) < 1.5625w ( f;
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D.D. Stancu [9]. A recent and up-to-date approach to this study direction concerning Markov
semigroups and approximation processes can be found in [1].
Asin [9], for each n > 1, we choose

2.8) (Lo f)() = B[f 0 Sy oz / fdFs, )

where Fg, , is the probability distribution of the variable S, o. Note that L, f is a bounded
function and clearly satisfies || L, f|| < || f]|-
Taking into account (2.6) and (2.7) we can write successively

[(Lnf)a(z) = (Lafo) (@) < |E[f(Sna)] = f(20,0)| + [E[fa(Sn0)] = falzo,0)]
00\ (g 90\ %0
oo () o)

00

= (1157 ) T

where 11 = 1.5625. Also, based on the definition (2.4), we used the identity w(f,;-) = w(/f; ) for
each o > 0.

Finally, using that w(f’;) is a non-decreasing function, the above relations lead us to the fol-
lowing result.

Theorem 2.4. Let S, and L,, be defined by (2.6) and (2.7) respectively, where f € C5(R). Let I be an

interval such that sup oo(x) = v < oo. The following identity
zel

2.9) (L)) — (L fu) ()] < 31250 (f, f) 2 ael

holds.

In view of relation (2.1), the above theorem says that L,, operator, subject of certain conditions,
is a A,-invariant operator, where

wi) Vi

Here \,,’s expression is complicated, consequently it is practically unattractive. With the desire

to simplify it, we add an additional condition to function f. We require that f’ satisfies a

Lipschitz condition with a constant M and exponent 3, f € Lippy 3, (M > 0,0 < 5 < 1), thatis
|/ (z1) — f'(x2)] < M|y — 22]°, (21,220) € T x I.

The new requirement implies the continuity of f’. On the other hand, equivalent to this prop-

erty is the inequality

(2.10) w(f'sh) < MRhP, h >0,

see, e.g., [8, page 49].

Considering (2.9) and (2.10), the main result of this note will be read as follows.

Theorem 2.5. Let S, and L,, be defined by (2.6) and (2.8) respectively, where f € Cg(R) is differen-

tiable on the domain such that f' € Lipp 8. Let I be an interval and sup og(x) = v < oo. Then, for
zel

An = 3.125w <f,

eachn € N, L,, is a \,-shift invariant operator, where

3.125 v\
2.11 = ML .
@ T (ﬁ)
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3. APPLICATIONS

In this section we present three examples of classical operators, both of discrete and continuous
type, which verify Theorem 2.4. We are able to indicate explicitly A, such that L,, may become
a shift \,-invariant operator. In the following Ny stands for {0} UN.

Set
Bk = {1 e o) {2

representing a Banach lattice endowed with the norm

£l = sup(1 +2?) 7| f(x)].
x>0

is convergent as z — oo} )

Example 3.1. Let X, j > 1, be i.i. random variables having Poisson distribution, i.e., for each k € Ny

k

X

which implies E(X;) = « and Var(X;) = x. Formula (2.8) leads us to Szdsz-Mirakjan operators
defined for f € Es(Ry.) as follows

z >0,

oo

nx k
(3.12) (L)) = (Mo ) () = e S 2 (fj) a1

k!
k=0

Further on, we consider f € CL(Ry) and I = [0,al, a > 0 fixed.
Consequently we get -y = \/a. Relation (2.9) yields

(Mo f)a(@) — (Mo fo) (2)] < 31250 (f’;; ) \/; e 0.

n

Example 3.2. Let X;, j > 1, bei.i. random variables following Pascal distribution, i.e., for each k € Ny

n+k—1 xk
P(X.=k)= —_ >0
( J ) ( k )(1+I)n+k7x ’

which implies E(X;) = x and Var(X;) = x + 2. Applying formula (2.8) we get Baskakov operators
defined for f € Es(Ry) as follows

619 n@=0ao =g (") (5 >kf (£) 0=

(1+z)» — 1+

We take f € C(Ry) and I = [0,a), a > 0 fixed. This time we have v = \/a(a + 1) and (2.9) yields

(Vo )o(2) — (Vafa) ()] < 3,125 (f’;l\/a *“) JEEL el

2 n n

Example 3.3. Assume X, j > 1, are i.i. continuous Gaussian random variables having the normal
distribution N (x, o). This means the probability density function is given by

(t) = —— exp(—(t — 2)*/(20%)), t € R,

2ro

It is known that S,, o has a normal distribution too, with E(S, ¢) = x and Var(S, ) = o2 /n. In this
case, (2.8) yields the operator

(Luf)(@) = Y2

V2o

/R F(t) exp(—n(t — )2/ (202))dt, f € Cn(R).
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For o = 0.5 it reduces to genuine Weierstrass operator W,.
Forany f € C5(R) and I C R we have v = 2~/ and, in view of (2.9), we get

(3.14) (W Fala) — (W fa)(@)] < 3.1250 (f'; Nlﬁ) % vel.

Remark. Taking into account the results (3.12), (3.13), (3.14), under the hypotheses of Theorem
2.5, we can state that the operators Szdsz-Mirakjan, Baskakov and Weierstrass of rank n are
shift C(7/n)#*Y/2-invariant operators, where C' = 3.125M27? and 7 is defined as follows:
7 = a for the first operator, 7 = a? + a for the second operator and 7 = 0.5 for the last operator.
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ABSTRACT. Some inequalities for synchronous functions that are a mixture between Ceby3ev’s and Jensen’s in-
equality are provided. Applications for f-divergence measure and some particular instances including Kullback-
Leibler divergence, Jeffreys divergence and x2-divergence are also given.
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1. INTRODUCTION

Let (Q, A, v) be a measurable space consisting of a set 2, a o -algebra A of subsets of {2 and a
countably additive and positive measure v on A with values in R U {oo} . For a v-measurable
function w : @ — R, with w () > 0 for v -a.e. (almost every) x € €, consider the Lebesgue space

L, (Q,v) :={f:Q =R, fisv-measurable and / w (z)|f (z)|dv (z) < oo}
Q

For simplicity of notation we write everywhere in the sequel [, wdv instead of [, w (z) dv (x).
Assume also that [, wdv = 1. We have Jensen’s inequality

(1.1) /Qw(@of)dz/z@)(/ﬂwfdy),

where @ : [m, M] — R is a continuous convex function on the closed interval of real numbers
[m, M], f: Q — [m, M] is v-measurable and such that f,® o f € L,, (2,v).
We say that the pair of measurable functions (f, g) are synchronous on 2 if

(12) (f (@) = f(y) (g(x) —g(y)) =0

for v-a.e. z, y € Q. If the inequality reverses in (1.2), the functions are called asynchronous on 2.
If (f, g) are synchronous on 2 and f, g, fg € L, (,v) then the following inequality, that is
known in the literature as Cebysev’s Inequality, holds

(1.3) /wfgdl/z/wfdu/wgdy,
Q Q Q

where w (z) > 0 for v-a.e. (almost every) z € Q and [, wdv = 1.

In this paper we establish some inequalities for synchronous functions that are a mixture be-
tween Cebygev’s and Jensen’s inequality. Applications for f-divergence measure and some
particular instances including Kullback-Leibler divergence, Jeffreys divergence and x2-divergence
are also given.
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2. INEQUALITIES FOR SYNCHRONOUS FUNCTIONS
We have the following inequality for synchronous functions:

Theorem 2.1. Let @, U : [m, M| — R be two synchronous functions on [m, M| and w > 0 a.e. on §
with [ wdy = 1.1f g : Q@ — [m, M] is v-measurable and such that g, ® o g, Wo g, (Pog) (Pog) €
L, (Q,v), then

2.4) /Qw(CI)og) (qxog)du+<1>(/ﬂwgdy>\p(/ﬂwgdy>
z@(/ngdu)/ﬂw(qfog)du+\1/(/ngdu>/ﬂw(q>og)dy.

If the functions (®, ) are asynchronous, then the inequality in (2.4) reverses.

Proof. Since ®, ¥ are synchronous on [m, M| and fQ wgdy € [m, M], then we have

o) - [ wa)| v v ([ woar)] 20
for v-a.e. z € Q.

This is equivalent to

25) ® (90 ¥ (g ) + @ [ wgdv ) ( [ wgav)
>0 (/ngdy) U4 </ngdu) ® (g ()
for v-a.e. x € Q.

Now, if we multiply (2.5) by w > 0 a.e. on Q and integrate, we deduce the desired result
(2.4). O

Remark 2.1. If the functions ®, ¥ : [m,M] — R have the same monotonicity (opposite mono-
tonicity) on [m, M|, then they are synchronous (asynchronous) and the inequality (2.4) holds for any
g€ Ly, (Q,v).

If ®, U : [m, M] — R are two synchronous functions on [m, M], z; € [m,M] and w; > 0,
i € {1,...,n} with 31" w; = 1, then by applying the inequality (2.4) for the discrete counting
measure, we have

Example 2.1. Let w > 0 a.e. on Q with [, wdv = 1.

a). If p, ¢ > 0 (< 0)and g : Q — [0, 00) is v-measurable and such that g, g?, g9, g*T9 € L, (Q,v),
then

2.7) /ng“qdu + (/Q wgdu)p (/Q wgdu)q
> (/ngdz/>p/ﬂwquu+ </ngdz/)q/ﬂwgpdz/.

Ifp>0(<0),and g < (> 0) then the inequality (2.7) reverses.
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b. Ifa, B8 > 0(<0)and g : Q@ — R is v-measurable and such that g, exp (ag), exp (8g),
exp ((a+ B) g) € Ly (Q,v), then

(2.8) /Qwexp((oz—kﬁ)g) dv + exp ((oz—kﬁ)/gwgdu)

> exp (a/ﬁwgdu)/ﬂwexp (Bg) dv + exp (B/ngdu)/gwexp (ag) dv.

Ifa > 0(< 0),and 5 < (> 0) then the inequality (2.8) reverses.
c).Ifp>0and g:Q — (0,00) is v-measurable and such that g, g*, Ing, g* Ing € L,, (Q,v), then

P
(2.9 / wgP In gdv + (/ wgdy> In (/ wgdu)
Q Q Q
P
> </ wgdu) /wlnng—Hn (/ wgdv)/u)gpdu.
Q Q Q Q

If p < 0, then the inequality (2.9) reverses.

Corollary 2.1. Let @ : [m, M| — R be a measurable function on [m, M) and w > 0 a.e. on Q and
Jowdv =1.1f g : Q — [m, M] is v-measurable and such that g, ® o g, (P o 9)2 € Ly, (,v), then

(2.10) H/ﬂw@ogfdwqﬂ </ngdz/>] 2@</ngdl/>/ﬂw(®og)du.

We observe that the inequality (2.10) is of interest only if ® ( [, wgdr) # 0. In this case, by
dividing with ®2 ([, wgdv) > 0, we get
Jow (®og)*dv Jow (®og)dv
2 (] wady) & (Jp wgdv)
Remark 2.2. Let ® : [m,M] — R be a convex function on [m,M] and w > 0 a.e. on Q with

Jowdv = 1. If g : Q — [m, M] is v-measurable and such that g, ® o g, (P o 9)° € Ly (Q,v) and
® ([, wgdv) > 0, then by (2.11) we have

fQ w (P o g)2 dv
¥ [y wgdo)

.11) %

1 Jow (®og)dv

212 & (Joy wgdv)

This implies that

fQ (Pog) 2 dv >
P2 (wigdz/)

This inequality obviously holds for functions ® : [m, M| — R that are square convex, namely &2 is
convex. There are examples of convex functions ® : [m, M] — R for which ®? is not convex and
® (fo, wgdv) > 0 holds. Indeed, if we consider ® : [—k,k] — R, ®(t) = ¢* — 1 for k > 1 then

P2(t) = (1* - 1)2 is convex on [—k, —?} U [@, k:} and concave on (@, ?) . Now, observe that
forg(t) =t,Q=1[0,k], w(t) = 1 we have

I k
wgdy = f/ tdt = —
/sz k Jo 2
k k2
) =0 )=—-1

(2.13)

and
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which is positive for k > 2.
This shows that the Jensen’s type inequality (2.13) holds for larger classes than the square convex func-
tions, namely for convex functions ® for which we have @ ( [, wgdv) > 0.

Corollary 2.2. Let ® : [m, M] — R be a monotonic nondecreasing function on [m, M| and w > 0 a.e.
on Q and fQ wdy = 1.If g : Q@ — [m, M| is v-measurable and such that g, ®og, g (P o g) € L,, (2, v),
then

(2.14) /ng (®og)dy> /ngdy/ﬂw(@ o g)dv.

Remark 2.3. We observe that, under the assumptions of Corollary 2.2 and if g : Q — [m, M] is convex
and [, wgdv > 0, then we get from (2.14) that

(2.15) W>/ﬂw(@og)dy>@</ﬂw9du).

Example 2.2. Let w > 0 a.e. on Q with [, wdv = 1.
a). Ifp>land g : Q — [m, M) is v-measurable and such that g, g, g"*! € Ly, (Q,v), then

fQ 'Ll)ngrldl/ p
(2.16) =t > / wgPdy > /wgdu .
Jo wydv Q Q

b). Ifa>0and g : Q — [m, M] is v-measurable and such that g, exp (ag) , gexp (ag) € Ly, (Q,v),
then

d
(2.17) fQ wgexp (ag) dv > / wexp (ag) dv > exp <a/ wgdz/> .
fg wgdv Q Q

Corollary 2.3. Let &, ¥ : [m, M] — R be two synchronous functions on [m, M|, U also convex on
[m, M] and w > 0 a.e. on Q with fQ wdy = 1. If g : Q — [m, M] is v-measurable and such that g,
Pog,Vog, (Pog)(Vog) e Ly (Qv)and ® ([, wgdv) > 0, then

(2.18) /Qw(fbog)(\llog)dz/zlll(/ngdl/>/gw(<l>og).

Proof. From (2.4) and Jensen’s inequality for ¥ we have

/Qw(@og)(@og)du—l—@(/ﬂwgdu)W(/ngdu)
><I></ngdl/>/ﬂw(\llog)d1/+\ll(/ngdy>/ﬂw(<1>og)
2@</ngdy>\lf(/gwgdl/>+\IJ</ngd1/)/Qw(<I>og)

and the inequality (2.18) is obtained. O
Let @, ¥ : [m, M] — R be two synchronous functions on [m, M|, ¥ also convex on [m, M]. If

z; € [m,M]and w; > 0,i € {1,...,n} with 37" | w; = 1, then by applying the inequality (2.18)
for the discrete counting measure, we have



Inequalities for Synchronous Functions and Applications 113

Example 2.3. Let w > 0 a.e. on Q with fQ wdy = 1.
a). Ifp>0,q>1land g: Q — [0,00) is v-measurable and such that g, g*, g, g**9 € L, (2, v) , then
by (2.18) we have

P+4ad q
(2.20) Jowg 0y wgdv | .
f P
o Wg Q

b). Ifa, B > 0and g : Q — Ris v-measurable and such that g, exp (Bg) ,exp ((a + B) g) € Ly, (Q,v),
then by (2.18) we have

Jowexp(a+Pg)dv (o
22D Jowexp (Bg) - p( /n 94 )

o). Ifp>1landg:Q — (0,00) is v-measurable and such that g, Ing, g’ lng € L,, (Q,v), then by
(2.18) we have

P
(2.22) / wgP In gdv > (/ wgdu> / wln gdv.
Q Q Q

3. AN ASSOCIATED FUNCTIONAL

Let ®, ¥ : ] — R be two measurable functions on the interval I and w > 0 a.e. on  with
Jowdv =1.1f g : Q — I is v-measurable and such that g, Pog, ¥og, (P o g) (P o g) € L, (Q,v),
then we can consider the following functional

(3.23) F(D,¥;g,w)

:/Qw(cpog)(qfog)dy+<1></gwgdy>qz(/gwgdy>
—<I>(/ngdu)/Qw(\lfog)dy—\ll</ﬂwgdy> /ﬂw(@ogmu

In particular, if g, o g, Pog, (Do g)2 € Ly, (2,v), we have

(3.24) F(®;g,w)
= 0g)*dv 2 v — v o v
.—/Qw((b g) dv+ @ (/ngd) 2@(/9wgd )/ﬂw(‘l’ g9)d
> 0.

Theorem 3.2. Let &, ¥ : I — R be two measurable functions on I and w > 0 a.e. on § with
fQ wdy = 1.If g : Q — I is v-measurable and such that g, ®og, Vog, (P o g)2 (To g)2 € L, (Qv),
then

(3.25) F2(2,¥;9,w) < F(D1g9,w) F (V3.9 0).
Proof. Observe that the following identity holds true
(3.26) F(®,¥;9,w)

~ [w@ @) -o ([ woar)] [ - v ([ )|,
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Using the Cauchy-Bunyakovsky-Schwarz integral inequality we have

62 |[w@|eww)-e( [ )] [waw) - ( [ )|
< (/Qwu) [wg(w))—@ (/ngdu)rdv<x>>1/2
x </£u%w)[W(Q(ID-—Q’(/Qude)]deCﬂ>lm
= F12(®;9,w) F'/2 (W3 9,w).
On utilizing (3.26) and (3.27) we deduce the desired result (3.25). O

For the functions ®, ¥ : I — R, the n-tuples of real numbers x = (z1,...,z,) € I" and the
probability distribution w = (wy, ..., w,,) define the functionals

(3.28) F(D,9;2,w) := i w;® (z;) U (x;) + P (i wixi> W (i wm)
- (Z wixi> Z () (Z wm) sz ()

and

(3.29) F(P;x,w) Z w; ®? (z;) + O (Z wixi> — 20 <Z wla:l> Z w;® (x;) .
i=1 i=1 i=1
From the inequality (3.25) we have

F2 (P, Uz, w) < F (@2, w) F (V;2,w).

Theorem 3.3. Let ® : I — R be an L-Lipschitzian function on I, with L > 0, namely it satisfies the
condition

|®(t) — @ (s)| < L|t—s| foranyt,s € I,

and w > 0 a.e. on Qwith [wdv = 1.If g : Q@ — I is v-measurable and such that g, g*, ® o g,
(®o0g)® € Ly (Q,v), then

(3.30) (0 <) FY2 (®; g,w) < LD (g,w),

where the dispersion D (g, w) is defined by

o\ 1/2
(3.31) D (g,w) := </ng2dy— (/ngdu) ) )
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Proof. By Lipschitz condition we have

Fagw) = [w@|eo@) -0 (/ngdu)rdu (x)

2 [we (st~ [ wgdu)zdu (x)
= L2/Qw(x) <92 (x)2(/ﬂ wgdu)g(x)Jr (/Q wgdu)2> dv (z)
- [Lw<x>g2<x>du<z> (/ngduf

= L*D?(g,w).

IN

Corollary 3.4. Let ® : [m, M| — R be an absolutely continuous function on [m, M| with
(3.32) R N, 1), 00 7= €SSUP 1 [y ary |2 (£)] < 00

and w > 0 a.e. on Qwith [, wdv = 1.1f g : Q@ — [m, M| is v-measurable and such that g, g*, ® o g,
(®o0g)® € Ly (Q,v), then

(3.33) (0 <) FY2 (@5 9,w) < [|9']], ar1.00 D (95 W) -

The proof follows by Theorem 3.3 on observing that for and ¢, s € [m, M] we have

/: &' (u) du

Corollary 3.5. Let ® : I — R be an L-Lipschitzian function on I, with L > 0, and w > 0 a.e. on
with [, wdv = 1.1f g : Q — I is v-measurable and there exists the constant m, M € I such that

(3.34) m < g(z) < M for v-a.e. x €
then g, g2, ® o g, (P o g)? € Ly (Q,v) and

D () — D (s)] = <[t —s H‘I’/”[m,M],oo'

(3.35) (0<) F/? (®:g,0) < (M —m) L.
The proof follows by (3.30) and the Griiss inequality that states that
(3.36) D(g,w) < 3 (M —m)
provided that g satisfies the condition (3.34).

Corollary 3.6. Let @ : I — R be Lipschitzian with constant L > 0, ¥ : I — R be Lipschitzian with
constant K > 0 and w > 0 a.e. on Qwith [, wdv = 1.1f g : Q — I is v-measurable and such that g,

®og, Wog, (®og)?, (Vog)® € Ly (Qv), then

(3.37) |F (@, ¥;9,w)| < LKD? (g,w).

Moreover, if g : Q2 — I is v-measurable and there exists the constant m, M € I such that the condition
(3.34) is satisfied, then

(3.38) |F (@, ¥;9,w)| < = (M —m)’ LK.

B~ =
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The proof follows by (3.25), (3.30) and (3.35).

If ® : I — Ris Lipschitzian with constant L. > 0, ¥ : I — R is Lipschitzian with constant
K > 0, the n-tuples of real numbers z = (1, ...,x,) € I" then for any probability distribution
w = (wi, ..., wy) we have by (3.37) that

n n 2
(3.39) |F (D, ¥;z,w)| < LK (Z wzxf - (Z wl:172> ) .

i=1 i=1
If the interval I is closed, namely I = [m, M] and = = (21, ...,z,) € [m, M]" then by (3.38) we
get the simpler upper bound:

(3.40) |F (D, 0;2,w)| < = (M —m)* LK.

e~ =

Consider the functional

(3.41) Fyo (g w) i= /Q wgP dy + < /Q wgdu)p ( /Q wgdy)q
(o - ([ o] f oo

provided that g > 0, w > 0 a.e. on Q with [, wdv = 1, g, g*, g%, g**? € L, (Q,v) and p,
q € R\ {0}.
Assume that g : @ — [m, M] C (0, 00) and for p # 0 define the constants
MP=l ifp >1,
(3.42) A, (m, M) == |p| x
mP~t ifp < 1.
If we consider the function ® : [m, M] C (0,00) — (0,00), ® (t) = P then &’ (t) = ptP~! and

sup |9/ (6)] = Ay (m, M)
te[m,M]

as defined by (3.42).

Proposition 3.1. Let g : Q@ — [m, M] C (0, 00) be v-measurable and p, ¢ € R\ {0} . Then we have
the inequality

1
(3.43) | Foa (g w)] < 5 (M = m)* A, (m, M) Ag (m, M).
The proof follows by Corollary 3.6 for the functions ® (¢) = t” and ¥ (¢) = t? for p, ¢ € R\ {0}.
Consider now the functional

P
(3.44) Fpn (g, w) 1= / wg? In gdv + (/ wgdu) In (/ wgdl/>
Q Q Q
p
— (/ wgdl/> /wlngdufln </ wgdu) / wgPdv,
Q Q Q Q

provided that p > 0 and g : 2 — (0,00) is v-measurable and such that g, ¢*, Ing, g’Ing €
L, (Q,v).
If we take the function W (t) = Int, t € [m, M] C (0,00) , then sup; ¢, ar [¥' (£)] = 7=

Using Corollary 3.6 for the functions ® (t) = t” and ¥ (¢) = Int¢ for p € R\ {0} we can state the
following result as well:



Inequalities for Synchronous Functions and Applications 117

Proposition 3.2. Let g : QO — [m, M] C (0, 00) be v-measurable and p € R\ {0} . Then we have the
inequality

1
(3.45) | Fpn (g, w0)] < g (M —m)* A, (m, M).

We have the following result:

Theorem 3.4. Let &, U : I — R be two measurable functions such that there exists the real constants
~, I with

o(t)—
y < 2O ()
W (t) =0 (s)
forae. t,s € Twitht # s.Ifg : Q — I is v-measurable and such that g, og, Vog, (P o 9)°,(¥og)e
Ly, (2, v), then we have the inequalities

(3.47) YF (V5 9,w) < F (2, ¥;9,w) < AF (V5 9,w).

(3.46)

Proof. My multiplying (3.46) with (W (t) — ¥ (s))* > 0 we get
V(T () = (5)* <[® (1) = D ()] [T () — ¥ (5)] < A(T(t) — ¥ (s))*

forae. t,s e Il.
This implies

(3.48) yw (x) (‘P (g (z)) - ¥ ( /Q wgd”) > 2
oy | e )
< tue) (v o)~ [ wgar) )

for v-a.e. x € Q.
Integrating the inequality (3.48) on 2 and making use of the equality (3.26) we deduce the
desired result (3.47). |

Corollary 3.7. Let ®, ¥ : [m,M] — R be continuous on [m, M| and differentiable on (m, M) .
Assume that U’ (t) # 0 forany t € (m, M) and

inf ((I)’(t))> 00 sup (q)l(t))<oo
in —00,
te(m.M) \ W' (1) te(mm) \ V' (1)

If g : Q — I is v-measurable and such that g, o g, Vo g, (Po 9)°,(Wog)? e Ly (1), then we
have the inequalities

. @' (1) . .
(3.49) te(lﬁ,fM) (W, (t)> F(¥;9,w) < F (@, ¥;9,w)

@’ (t)>
< su F(U;g,w).
- te(mPM) (‘I’/ (t) (¥5gw)

Proof. By Cauchy’s mean value theorem, for any ¢, s € [m, M| with ¢ # s there exists a ¢ between ¢
and s such that

() —D(s) ()

U(t)—W(s) ()
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Therefore, for any ¢, s € [m, M] with ¢t # s we have

inf ((I)/(t)) < ®(t) ~ 2(s) < sup ((I)/(t)).
etman \W (1)) = WO =T (5) = reomnn \ ¥ (1)
By applying Theorem 3.4 for v = inf¢ (1) (58) and I' = supye () (3—8) we get the

desired result (3.49). O

Remark 3.4. We observe that if &, ¥ : I — R are two measurable functions such that there exists the
positive constant © with

(3.50) <0

O (1) — 2 (s)
W (t) =W (s)
forae t,s € Twitht # sand g : Q — [ is v-measurable and such that g, ® o g, ¥ o g,
(®0g)*,(¥og)® € Ly (1), then we have the inequalities

(3.51) |F (2, ¥;9,w)| < OF (¥59,w).

Moreover, if ®, U are as in Corollary 3.7, then we have

|F(®,¥;g9,w)| < sup
te(m,M)

In the case of synchronous functions we can prove the following result as well:

Theorem 3.5. Let @, U : [m, M] — R be two synchronous functions on [m, M| and w > 0 a.e. on
with [, wdv = 1.1If g : Q — [m, M| is v-measurable and such that g, ® o g, W o g, (Pog) (Y oyg),
@0 g, [¥]og, (|®]og)(|¥]ocg) € Ly (2,v), then

(3.52) F(®,¥;9,w)
> max {|F (|®[, ¥;9,w)], |F (@, [¥]; g, w)|, [F (|2, |¥]; 9, w)[} > 0.
Proof. We use the continuity property of the modulus, namely
la —b| > |la] —1b||, a,b € R.

Since @, ¥ are synchronous, then

653 |- ([ wear)] v v ([ o)
(@) - ( [ woar)|[w i) - v ([ o)

||q) (g (x))| - |(I) (fQ U’gd’/)“ ’\I’ (9 (m)) -V (fQ deV)‘
@ (g (2)) = @ (Jo wgdv)| ||¥ (g (2))] = | ([, wgdv)||

12 (g (@)] = | (Jo wydv) [[[[¥ (9 ()] = [¥ (Jo, wgdv) |
(12 (g (@) = | (Jg wgdv)]) (¥ (g (@) = ¥ (J wgdv))|

=1 (@ (g(@) =@ (Jowgdv)) (19 (g (@) =¥ (Jowgdv)])]

(12 (9 (@) = | (Jo wgdv)]) (19 (g @))] = [V (o wgev) )]

IV

for any z € Q.
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By using the identity (3.26) and the first branch in (3.53) we have
F (@, W59, w)

:/Qw(x) {@ (g(m))@(/ wgdyﬂ {W(g(m))@(/ﬂwydu)} dv (z)
o o)) -+ [ o)
T MR 0 R

= |[F (@[, ¥;9,w),

dv ()

which proves the first part of (3.52).
The second and third part of (3.52) can be proved in a similar way and the details are omitted.
(]

For the natural numbers n, m > 1 we consider the functions ® (t) = t?"*! and ¥ (¢) = t?m+!
for real numbers ¢t € R. These functions are monotonic increasing on R. If g : Q@ — R is v-
measurable and such that g, g?" 1, "+, g?mT2n+2 ¢ [ (Q,v), then by (3.52) we have the
inequality

(3.54) FOM 0 g )
> max {‘]7 ( NG ;g,w)

‘]_-( 2n+1 ’ |.|2m+1 ;g,w)

)

F (PP g w0)| b (2 0)

)

4. APPLICATIONS FOR f-DIVERGENCES

Let (X, A) be a measurable space satisfying |.4| > 2 and ;. be a o-finite measure on (X, A) . Let
P be the set of all probability measures on (X, A) which are absolutely continuous with respect
tou. For P,Q € P,letp = and q= dQ denote the Radon-Nikodym derivatives of P and @
with respect to p.

Two probability measures P, Q € P are said to be orthogonal and we denote this by @ L P if

P{q=0})=Q({p=0}) =1

Let f : [0,00) = (—00, 00] be a convex function that is continuous at 0, i.e., f (0) = lim, o f (u).
In 1963, I. Csiszér [3] introduced the concept of f-divergence as follows.

Definition 4.1. Let P, Q € P. Then

(455) @ = [ v |40 aw,

is called the f-divergence of the probability distributions ) and P.

Remark 4.5. Observe that, the integrand in the formula (4.55) is undefined when p (x) = 0. The way
to overcome this problem is to postulate for f as above that

wso or[19] = gtony [ ()] e x.

ul0
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We now give some examples of f-divergences that are well-known and often used in the liter-
ature (see also [2]).
For f continuous convex on [0, c0) we obtain the *-conjugate function of f by

1
rr=uf (1), ue )
and
F7(0) = lim f* (u).
It is also known that if f is continuous convex on [0, c0) then so is f*.

The following two theorems contain the most basic properties of f-divergences. For their
proofs we refer the reader to Chapter 1 of [17] (see also [2]).

Theorem 4.6 (Uniqueness and Symmetry Theorem). Let f, f1 be continuous convex on [0, o). We
have

17, (Q, P) = I; (@, P),
forall P, Q € P if and only if there exists a constant ¢ € R such that
fi(u) = f(u) +e(u—1),
for any u € [0, 00).

Theorem 4.7 (Range of Values Theorem). Let f : [0,00) — R be a continuous convex function on

[0, 00).
For any P, Q € P, we have the double inequality
(4.57) F) <I;(Q,P) < f(0)+f7(0).

(i) If P = Q, then the equality holds in the first part of (4.57).

If f is strictly convex at 1, then the equality holds in the first part of (4.57) if and only if P = Q;
(i) If Q L P, then the equality holds in the second part of (4.57).

If £(0) + f*(0) < oo, then equality holds in the second part of (4.57) if and only if Q L P.

The following result is a refinement of the second inequality in Theorem 4.7 (see [2, Theorem
3.

Theorem 4.8. Let f be a continuous convex function on [0, 00) with f (1) = 0 (f is normalised) and
f(0)+ f*(0) < co. Then

(4.58) 0< I (Q,P) < S[f(O)+ [ (0]V(Q,P)
forany Q, P € P.

For other inequalities for f-divergence see [1], [4]-[15].
The concept of f-divergence can be extended in a similar way for non-convex functions.

DN | =

Theorem 4.9. Let f, h : [0,00) — R be synchronous and measurable on [0, c0). For any P, QQ € P we
have

(4.59) Ipn (Q,P) = f(1) In (Q, P) + h (1) Iy (Q, P) — f(1) h(1).
Moreover, if f is normalised, then
(4.60) I (Q,P) > h(1)I; (Q, P).

If both f and h are normalised, then
(4.61) 14 (Q.P) > 0.
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Proof. If we write the inequality (2.4) for the synchronous functions (®,¥) = (f,h), w = p,
qg= %,Q = X and v = u we have

[ (9w () ()
s () 5o o) L3

that is equivalent to the desired result (4.59).
The rest is obvious. U

An important divergence in Information Theory is the Kullback-Leibler divergence obtained for
the decreasing convex function f (¢t) = —Int,¢ > 0 and defined by

KL(P.Q)= [ phn (”) dp,
e q
forany P, Q € P.

If b : [0,00) — Ris a decreasing function with & (1) > 0, then by (4.60) we have the inequality

forany P,Q € P.
In particular, we have the following inequalities

(4.63) I_(ypm() (@, P) > KL (P,Q) >0

and

(4.64) I ooy (@, P) > KL (P,Q)exp(—a) >0
for p, a > 0.

Theorem 4.10. Let f, h : [0,00) — R be Lipschitzian on [0, c0) with the constants L and K, respec-
tively. For any P, Q) € P we then have

(4.65) 1150 (Q.P) = f () 10 (Q. P) = h (1) 11 (Q, P) + f (1) h (1)] < KLx*(Q, P)

where
2 1 q ? ¢
X p x P

is Karl Pearson’s x*-divergence.
Moreover, if f is normalised, then

(4.66) 10 (Q. P) = h (1) I; (Q, P)| < KLx* (Q, P).
If both f and h are normalised, then

(4.67) 1 (Q, P)| < KLx*(Q, P).
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Proof. If we write the inequality (3.25) for the functions (®,¥) = (f,h), w =p, g = %, Q=X
and v = y we have

o oy () o)
o) o ) o)
SLK(/X(;dul)a

that is equivalent to the desired result (4.65).
The rest is obvious. O

If some bounds for the likelihood ratio are known, then we can state the following results as
well.

Theorem 4.11. Let P, Q € P such that for 0 < r < 1 < R we have

(4.69) r < 4 < R p-ae on X.
p

If f, h : [r, R] — R are Lipschitzian on [r, R] with the constants L and K, then we have
(4.70) g (@, P) = f () In (Q, P) = h (1) I (Q, P) + f (1) h (1)]
< i (R—7)"KL.

Moreover, if f is normalised, then

1
(471) U (Q.P)=h(1) 1 (Q.P)| < § (R~r)° KL.
If both f and h are normalised, then
(4.72) [In (Q, P)| < i (R—7)*KL.

If we consider the convex function ¢ (t) = (¢ — 1) Int, then this function generates the Jeffreys
divergence measure
J(P,Q) = / (p—q)(Inp—Ing)dp
b's
where P, Q € P.
If we take f (t) = t—1, h (t) = Int then f is Lipschitzian with the constant 1 and h is Lipschitzian
with the constant * on [r, R] and by (4.72) we have

4.73) 0<J(PQ) < % (R—1)?

provided that P, Q) € P satisfy the condition (4.69).
The Neyman Chi-square distance is defined by

1 —q)° 2
G@ri=; [P [ Paoi—¢ra)

and generated by the convex function g (t) = (t;tl)z ,t>0.
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Now, consider the functions f () = % (¢t — 1)*and h (t) = 1 defined on the interval [r, R] . Then
f'(t)=t—1and

R—r r+ R
e (0] =max{1—r, =1} = E2T 4 [TER

Also I (t) = — % and

M) ==

tg&g]l )l

Then from (4.71) we have

1 (R */R—r |r+R
@74) @r) -e@p) st (Bo1) (B R )

provided that P, ) € P satisfy the condition (4.69).
Similar results may be obtained by utilizing (3.49), however the details are not presented here.
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1. INTRODUCTION

The Bernstein polynomials are defined by

n

. k
(11 (Buf)@) = Bulfix) = 3 pus(@)f ( ) ,
k=0
where p, i (z) = (7)z"(1 —2)" %, 2 € [0,1], f € C[0,1] and n > 1. Among the properties of
Bernstein polynomials we mention the following asymptotic formula, called Voronovskaja’s
theorem: if f is bounded on [0, 1], differentiable in some neighborhood of x € [0, 1], and has second
derivative ' (x), then
. 1
12) im0 ((Bof)(@) — f(2)) = a1~ )" (@)

Further properties:
(Bpeo)(z) =1, (Bpei)(z) =z and (Bjed)(z) =2+ %x(l —x),

where ¢;(z) = 2%, z € [0,1] and i € {0,1,2,...}. In [8] King constructed a Bernstein-type
operator, which preserves the functions eg and e;. By modification of f (%) in (1.1), Aldaz
et al. [1] defined Bernstein-King-type operators possessing ey and e; as fixed points, where
Jj €1{2,3,...}is arbitrary. These operators are given by

(1.3) (UngH)(@) = Uny(f52) = Y pui() fans)
k=0
(see [1, Proposition 11]), where x € [0, 1], f € C[0, 1] and

_ g kk=1). (k=g + ) ,
(1.4) an,k—\/n(nl)”.(nijl), n>j>2

The operators U, ; are linear and positive, U,, jeo = eg and U, je; = e;, respectively.
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The goal of the paper is to obtain a quantitative Voronovskaja-type theorem for U, ; with the
aid of the first order Ditzian-Totik modulus of smoothness defined by

i (x ¥ ;W(@) .y (x - §h¢<x>) ‘

where ¢(z) = \/z(1 — z), xz € [0, 1]. It is known [2, Theorem 2.1.1] that (1.5) is equivalent with
the K —functional

(1.5) wi,(f; d)= sup  sup
0<h<d z:l:%htp(w)

Kig(fi)= it {If =gl +0legl}. 5>0,

where W(p) = {g]g € ACis[0,1], ||¢g'|| < oo} and g € ACjc[0, 1] means that g is absolutely
continuous in every closed interval [a, b] C [0, 1], i.e. there exists C; > 0 such that

(1.6) Crlwl(f:6) < Ky ,(f;0) < Crwl(f;6).

It is worth mentioning that Floater obtained a generalization of (1.2) in [4], dealing with the
asymptotic behavior of differentiated Bernstein polynomials. Different quantitative versions
of Floater’s theorem were established in [5], [6], [7] and [3].

2. MAIN RESULT

In the sequel we need some lemmas.

Lemma 2.1. The inequalities 0 < 1 — 2™ — (1 — )" < nz(1 — z) hold true for all x € [0, 1] and
n=12...

Proof. For z € [0,1], we have
2.1) 2"+ (1l—-2)"<z+(1l-—z)=1
For the second inequality, we have

l—a"—(1—2)"=1-2)l+z+... +2"H) -1 -z)"
= (l-2)l4z+...+2" =1 —-2)" <nz(l—2)

iff 1+2+...4+2" ! <nz+ (1 —2)""'. We prove the former inequality by induction on n. If
n=1,thenl <z +1;wesuppose that 1 +z + ...+ 2" ! <nz+ (1 —z)""'. Then, by (2.1),

I+z+.. . 4zt 42
< nr+(Q-—2)" T ra"=m+Dz+1-—z)" -z +a"

= n+z+1-—2)"+(1—-2)" ' —(1—2)" —x+a"
= n+r+1—2)"+z(1l—2)" -2 4+2"
= n+r+(Q-2)"—z(l—2" -1 -2)"H<(n+Daz+(1—2),

which was to be proved. O

Lemma 2.2. For the operator U, ; defined by (1.3)-(1.4) and x € [0, 1], we have
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Proof. Because U, _; is linear and preserves the functions e, and e;, we obtain

I
8

n] 61, ank E Z pnk an,k
22) - ank (—ank)

U, j(zeg —e1; )

3

k—j+1 k-1 k
Forke{j,j—i—l,...,n},wehave#:lg...gnilSE.Hence
kK k—j+1 —k
0< ——apip < f—izg—l)ni,
’ n n—j+1 nin—j+1)
_ i1
(2.3) < (G-l

nn—j+1) = n
Therefore, in view of (2.2) and (2.3), we get

j—1
0< Un,j(xeo — €15 {,C) = pn,k: + Z Pn, k ( — ap k:)
k=1

e

j—1
< Z pn,k(

k=1
b) Taking into account the inequality (a + b)? < 2(a” + b%), (2.3) and Lemma 2.1, we find that

Un ;((e1 — xeo) ;x Z DPnke(2) (Cni — x)2

< 2§pn,k(x)(ankn) +22pnk <x>2
_ 23_:1 Po() (fj +9 Z i) <an,k _ DQ + %x(l — )
- (J—l)Qank ( >2§pnk +%m(1—x)

I
b

(T)Q(l—(l—x)”—x")—i—zx(l—x)§2<j_

- 1) nx(l—x)+ %x(l — )

(7 = 1) + 1)*(2).

SER
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¢) In view of (a+b)* < 8(a*+b%), (2.3) and Z (k—nz)*p, x(z) = 3n2p* (2) +n(p?(2) — 69" (2)),
k=0
we obtain

U,.i((e1 — weg)*; z) ank ) an i —x)*

sépn,k(x)@nk n) +82pnk (k—x>4

8§pn,k(x) (i)4+8;pn,k(w) (ank n) +ﬁzpnk (k = na)*

) E s (55)
+§«m%ﬂm+nw%m—6¢u»>

< 8<jnl>4+7i4n2<p2(x)§8<j1>4+8§8((j1)4+1)-

This completes the proof of the lemma. O

IN

IN
/‘\
Q
|
—

The main result is the following theorem.

Theorem 2.1. Let U, ; be given by (1.3)-(1.4). Then there exists Co > 0 depending only on j such that

nUng ()~ F@) + F @l g(reo — e12) — o f (@)l (e — we0)?s2)

24) < ot ( 2 ;ﬁ)

forall z € [0,1], f € C?[0,1] and n > j > 2. Furthermore

(2.5) 0 < liminf nU,_ ;(zeg — e1;z) < limsup nU,_ ;j(zeg —er;x) <j—1

n—00 n—00

and

0 < liminf nU, ;((e1 — zep)?; )

n—oo
1
(2.6) < limsup nU, ;((e; — weg)*;z) < 5(@ —1)2+1).
n—oo

Proof. Because U, ;(f;0) = f(0) and U, ;(f;1) = f(1), the estimate (2.4) is satisfied for z €
{0,1}. Now let z € (0,1) and ¢ € [0, 1]. By Taylor’s formula, we have

f@O) = fl@)+ fl@)t—=2)+ %f”(ﬂf)(t —2)* + / (f"(u) = f"(@))(t = u) du.
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Hence

Un,j(fi2) = f(2) + ['(2)Un j(veo — er; )—*f”( )Un,j((e1 — zeo)*; 7)

Un,j ( / ) — £ w) du;x> ’

2.7) (/ I (u )|t — ul du x)

On the other hand
Y dv .
lu—o[i2 <20 ' (@)|u— x|, x€(0,1),ucl0,1]

[

(cf. [2, Lemma 9.6.1]). Hence, for all g € W (), we have

< @) |u —af'/?

"( 2)||t — u| du

IN

"(u) — g(u)||t — u|du | + u) — g(2)||t — u| du

)|t — ul du

t u
/ / g (v) dv ‘ [t — u|du

t u d
< (=P~ gll + lled| / / ¢<Z>

t
(t =Pl = gl + 267 @)l | [ u=alit = uldu]

(2.8) < (t=2PIf" =gl + 207 @)t = 2P lleg |l

Combining (2.7), (2.8), Holder’s inequality and Lemma 2.2, we get

IN

1 1
St —2Pf" — gll+ +5E— 2 =gl

[t — u| du

IN

Upj(fi2) = f(@) + ' (2)Un,j(weq — er; >~f”<> sler = zeo)?) |
1" = gl|Unj((e1 — ze0)%:2) + 207 (@) |og |Unj(|er — weol’; )
1" = gllUn.j((e1 — weo)?; )

+207 (@) g | (Uns((er — weo)?s2)) " (Un s((ex — weg)*; )

2 (G- 17+ D@ gl
12 @)l Iy (G - 12 + Do) 22 G T

VTP IVG T (I gl + =l 1)

IA A

1/2

IN

IN
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Taking the infimum on the right hand side over all g € W (y), we find
1
| n(Un(f52) = (@) + £ @)U (we0 = exs) = 5 f" @)U ((e1 = ve0)% )

<8V - D2+ 1V - i+ 1k, (f;

Hence, by (1.6), we obtain the estimation (2.4).
Finally, the estimations (2.5) follow from Lemma 2.2, a). Again, due to Lemma 2.2, b), we obtain

5

1
nUn;j((e1 = weo)’s2) < 2((j = 1)* + Do (@) < 5(( = 1)* + 1),
Hence we find the estimations (2.6), which completes the proof of the theorem. O

Corollary 2.1. There exists C's > 0 such that

n(Una(f;x) — f(2) + (f'(2) — 2 f" (2))nUn 2(zeq — €15 ) ’g Caw} ( " \/15>
forall z € [0,1], f € C?[0,1] and n > 2. Furthermore

0 < liminf nU, 2(zeq — e1;2) < limsup nU, 2(xeg — e1;2) < 1.

n—oo n—00
Proof. Tt follows immediately from Theorem 2.1, taking into account that U, 2(ep;x) = 1,
Upo(ea;x) = 22 and
Un2((e1 — reg)dix) = Un2(ea; ) — 22Uy 2(e1; ) + $2Un72(€0;$)

= 2x(x — Upaz(er;x)) = 22U, 2(zeg — e1;2).
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A Sequence of Kantorovich-Type Operators on Mobile
Intervals
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ABSTRACT. In this paper, we introduce and study a new sequence of positive linear operators, acting on both
spaces of continuous functions as well as spaces of integrable functions on [0, 1]. We state some qualitative properties
of this sequence and we prove that it is an approximation process both in C([0, 1]) and in L?([0, 1]), also providing
some estimates of the rate of convergence. Moreover, we determine an asymptotic formula and, as an application,
we prove that certain iterates of the operators converge, both in C([0, 1]) and, in some cases, in LP ([0, 1]), to a limit
semigroup. Finally, we show that our operators, under suitable hypotheses, perform better than other existing ones in
the literature.

Keywords: Kantorovich-type operators, Positive approximation processes, Rate of convergence, Asymptotic formula,
Generalized convexity.
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1. INTRODUCTION

In [13], the author proposed a modification of the classical Bernstein operators B,, on [0, 1] that,
instead of fixing constants and the function z, fixes the constants and 2, obtaining, in such a
way, an order of approximation at least as good as the order of approximation of the operators
B, in the interval [0,1/3[. More precisely, those operators are defined by setting, for every

continuous function on [0, 1], B,,(f) = B, (f) o r,, where, for every z € [0,1],

x2 ifn=1,

’I"n(LU): 1 TLJZZ 1 .
_ fn>2.
2(n—1)+\/n—1+4(n—1)2 nn=

Subsequently, other modifications of the classical Bernstein operators, as well as of many other
well-known operators, that fix suitable functions were introduced (see [2] and the references
quoted therein). Here we limit ourselves to mention that, for example, in [9], the authors
considered a family of sequences of operators (B, o )n>1, @ > 0, that preserve the constants and
the function 2% + az. A further extension was presented in [12]; in that paper, Gonska, Rasa
and Pitul considered the operators V.7 (f) = B, (f)o, (f € C([0,1])), where 7, = (B, (7)) " tor
and 7 is a strictly increasing function on [0, 1] such that 7(0) = 0 and 7(1) = 1. In particular, the
operators V] preserve the constants and the function 7.

In [10], instead, the authors introduced a modification of Bernstein operators fixing constants
and a strictly increasing function 7 in the following way: considering a strictly increasing func-
tion 7 which is infinitely many times continuously differentiable on [0, 1] and such that 7(0) = 0

Received: 28 May 2019; Accepted: 29 July 2019; Published Online: 30 July 2019
*Corresponding author: Vita Leonessa; vita.leonessa@unibas.it
DOI: 10.33205/cma.571078

130


https://dx.doi.org/10.33205/cma.571078

A Sequence of Kantorovich-Type Operators on Mobile Intervals 131

and 7(1) = 1, they introduced the operators
Bi(f)=Bu(for Hor  (nx=1,feC([0,1])).

The authors studied shape preserving and approximation properties of the operators 57, and
compared them, under suitable assumptions, with the B,,’s and the V,!au's. General sequences
of positive linear operators fixing 7 and 72 have been recently studied in [1].

In this paper, motivated by works [7], [4] and [5], we present a Kantorovich-type modification
of the operators B] . In particular, in [7], among other things, the authors introduced a sequence
of positive linear operators (Cy,),>1 that generalize the classical Kantorovich operators on [0, 1]
and present the advantage to reconstruct any integrable function on [0, 1] by means of its mean
value on a finite numbers of subintervals of [0, 1] that do not need to be a partition of [0, 1].
Accordingly, in this work, for any integrable function f on [0, 1] we shall study the operators

Cr(f)=Cu(for Hor (n2>1),

where 7 is a strictly increasing function that is infinitely many times continuously differentiable
on [0, 1] and such that 7(0) = 0 and 7(1) = 1.

The paper is organized as follows; after giving some preliminaries, we discuss some qualitative
properties of the operators C7; in particular, we prove that they preserve some generalized
convexity. We also prove that the sequence (C7),>1 is an approximation process for spaces
of continuous as well as integrable functions and we evaluate the rate of convergence in both
cases by means of suitable moduli of smoothness. As a byproduct, we obtain a simultaneous
approximation result for the operators B,

By using some results of [5], we prove that the operators C], satisfy an asymptotic formula with
respect to a second order elliptic differential operator and, as an application, that suitable iter-
ates of the C}’s can be employed in order to constructively approximate strongly continuous
semigroups in the function spaces considered in the paper.

Finally, as a further consequence of the above mentioned asymptotic formula, we compare
the sequence (C7),>1 and the sequence (C,,),>1, showing that, under suitable conditions, the
former perform better.

2. PRELIMINARIES

From now on, we denote by C([0, 1]) the space of all real-valued continuous functions on the
interval [0, 1]. As usual, C([0, 1]) will be equipped with the uniform norm || - || .

For every i > 1, the symbol e; stands for the functions e;(x) := 2’ for all z € [0, 1]; moreover 1
will indicate the constant function on [0, 1] of constant value 1. If X C R, we denote by 1x the
characteristic function of X, defined by setting, for every x € R,

1 ifzxeX;
Lx(@) ':{ 0 ifz¢ X,

Moreover, for every k € N, we denote by C*([0,1]) the space consisting of all real-valued
functions which are continuously differentiable up to order k£ on [0,1]. In particular, if f €
C*([0,1]), for every i = 0,...,k, DUW(f) is the derivative of order i of f. For simplicity, if
i = 1,2, we might also use the usual symbols f’ and f”. Further, C*°([0, 1]) is the space of all
real-valued functions which are infinitely many times continuously differentiable on [0, 1].

Finally, for every p € [1,+o00[, we denote by LP([0, 1]) the space of all (the equivalence classes
of) Borel measurable real-valued functions on [0, 1] whose p'" power is integrable with respect
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to the Borel-Lebesgue measure A; on [0, 1]. The space L?([0, 1]) is endowed with the norm

1= ([ oL dx)l/p (f € 70, 1))

In what follows we recall the definition of certain operators acting on the space L' ([0, 1]) which
represent a generalization of the classical Kantorovich operators on [0, 1]. They were studied in
[7, Examples 1.2, 1] and subsequently extended to the multidimensional setting in [4, 5].

Let (ay)n>1 and (b,,)n>1 be two sequences of real numbers such that, for every n > 1, 0 <
an < b, < 1. Then, consider the positive linear operator C,, : L' ([0, 1]) — C([0, 1]) defined by
setting, forany f € L'([0,1]),n > land z € [0, 1],

n ktbn
_ n+ 1 ntl n k n—k
@) Clh@ =3 (bn [ dt) HEE
k=0 n+1
Since C},(1) = 1, the restriction to C([0, 1]) of each C,, is continuous and we have ||C,,|| = 1 for
any n > 1, where || - || denotes the usual operator norm on C([0, 1]).

We notice that if, in particular, a,, = 0 and b,, = 1 for any n > 1, the operators C,, turn into the
classical Kantorovich operators on [0, 1].
Foreveryn > 1,

n a, + b,
(2.2) Cn(el) = 1 e1 + 2(77,—|- 1) R
1 ) b2 + anb, + a2
(2.3) Cnle2) = m n“es +nei(l —e1) + n(a, + by)er + T T 1.

We also point out that (see [7, Formula (4.2)]), the operators C,, are closely related to the classical
Bernstein operators on [0, 1].

In fact, if one denotes by B,, the n-th Bernstein operator on C([0, 1]), for every f € L([0,1]),
considering the function

1 e 1 by — a :
(24) Fo(f)(z) = bnja /M+an f(t)dt:/o f<( an)t—:rla +nz> &

(x € [0,1],n > 1), it turns out that

(2.5) Cn(f) = Bn(Fn(f))

(f € L'([0,1]),n > 1).

As quoted in the Introduction, in [10] the authors introduced a modification of Bernstein oper-
ators that fixes suitable functions.

More precisely, consider a function 7 € C*°([0, 1]) such that 7(0) = 0, 7(1) = 1 and 7/(z) > 0
for every z € [0, 1].

The operators introduced in [10] are defined by

26) Bi(f) = Ba(forYor  (n>1,1€C(0,1]).
Namely, for every f € C([0,1]),n > 1land z € [0, 1],
@) BN =3 (3 )rea-ry* (ror ) (£),

k=0
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After the above preliminaries, we pass to introduce a new sequence of positive linear operators
acting on integrable functions on [0, 1], which is a combination of (2.1) and (2.6). More precisely,
forany f € L'([0,1]) and n > 1, we set

(2.8) Cr(f) = Cu(for Yo
hence, for every f € L'([0,1]),n > land z € [0, 1],

i) =Z< e <t>dt> (3)rra =+,

k=0 bn — Qnp

where we have used the fact that, thanks to the change of variable theorem, fo7~* € L!([0, 1])
provided f € L'([0,1]).

Note that, if 7 = ey, the operators C;, turn into the operators C,, defined by (2.1), and hence in
the classical Kantorovich operators whenever a,, = 0 and b,, = 1 for every n > 1.

The operators C;, can be viewed as integral modification of Kantorovich-type of the operators
B! with mobile intervals.

3. SHAPE PRESERVING PROPERTIES OF THE C}’S

This section is devoted to show some qualitative properties of the operators C},. To this end,
we first remark that, taking (2.4), (2.5) and (2.8) into account, the following formula holds true:

(3.9) Cr(f)=Bu(Fu(for ™)) or

(f € ([0, 1]),n > 1),

Hence, one can recover some properties of the operators C; by means of the relevant ones held
by the B, ’s.

First off, as F),(f) is increasing whenever f is (continuous and) increasing, the B,,’s map (con-
tinuous) increasing functions into increasing functions (see, e.g., [3, Remark p. 461]), and 7 is
increasing, we have that the operators C; map (continuous) increasing functions into increas-
ing functions.

The C7’s preserve also a particular form of convexity.

We recall (see [17]) that a function f € C([0,1]) is said to be convex with respect to 7 if, for
every 0 < zp < z1 < x2 <1, one has

1 1 1
m(zo) T(x1) T(x2) | >0,

f(xo)  f(x1)  flx2)

In particular, it can be proven that a function f is convex with respect to 7 if and only if f o7~
is convex.

In [7, Proof of Th. 4.3]) it has been shown that the operators C,, map (continuous) convex
functions into (continuous) convex functions; hence, thanks to (2.8), the operators C] map
(continuous) convex functions with respect to 7 into (continuous) convex functions with respect
tor.

Moreover, we investigate the monotonicity of the sequence (C7,),>1 on convex functions with
respect to 7.

1

Proposition 3.1. If f € C([0,1]) is convex with respect to T and increasing (resp., decreasing), then,
foreveryn > 1,

(3.10) e o ot ()],
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(resp.,
(3.11) F<C(f) on {71 <“"“’") ,1}).

2

Moreover, if (an)n>1 and (by)n>1 are constant sequences and f € C([0, 1]) is convex with respect to T,

then
(3.12) <oy Lo,

“n42 " n+ 2
B being defined by (2.7).

Proof. In [7, Proposiotion 4.5] it has been proven that, if g is convex and increasing, then g <
Cn(g) on [0, %=t2=]. Hence because f is convex with respect to 7 and increasing, f o 7~ is

convex and increasing, so that

forl<Cu(forl) on [07 a”’}

2

and from this we get (3.10). Reasoning in the same way, one can establish (3.11).

Moreover, fix f € C([0,1]) convex function with respect to 7. In [7, Theorem 4.4] it was estab-
lished that, if g € C([0, 1]) is convex, then, for alln > 1, C,,11(g) < Zié Cnlg) + %ﬁBnH(g), SO
that, by applying this result to f o 771, we get (3.12). O

Besides the convexity with respect to 7, the operators C] preserve another type of convexity.
More precisely, given ¢ € C°°([0,1]) such that ¢'(z) # 0 for all x € [0,1] and ¢(0) = 0, and
k € N, a function f € C*([0,1]) is said to be -convex of order k if, for every x € [0, 1],

D (f)(x) == DP(f o) (p(x)) > 0.

For more details about ¢-convex functions of order k see [14].
Since in our case 7 : [0, 1] — [0, 1] is a bijection and a positive function, it is easy to show that a
function f € C*([0,1]) is 7-convex of order k if and only if

DWW (f):=D® (for=t)>0.

In other words, f is 7-convex of order k iff f o 7= ! is k-convex. Here we recall that a function
g € C*([0,1]) is said to be k-convex if D*)(g) > 0.
By using the fundamental theorem of calculus, F;, maps k-convex functions into k-convex func-
tions and the same happens for the B,,’s (see, for example, [6, Prop. A.2.5]). Then, thanks to
(3.9) we have that the C}’s map 7-convex functions of order % into 7-convex functions of order
k.
We point out that the operators C}, do not preserve the convexity. In order to construct an
example, we use the following alternative representation for the operators C;: for every n > 1
and f € L([0,1]),
Ch(f) = BL(GL(for™h)),

where
nr (@) +by

n+1

- _n+l1
GL(f)(z) == b ez,

F(t)dt.

Then, choosing a,, = 0,b, = 1foralln > 1,7 = (e; +ez)/2and f = ey,
1

T n T
Ch(e1) = mBn(el) + m
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Recalling that in this case B (e1) is not convex for lower n (see [10]), we get that the same
happens for C7, (e1).

Now we pass to show that each C], preserves the class of Holder continuous functions. Given
M >0and 0 < o < 1, we shall write f € Lip,,a if

If(z) — fly)] < M|z —y|* forevery0<uz,y<1.

In particular, if o = 1, we get the space of all Lipschitz functions of Lipschitz constant M.

First observe that, from hypotheses on 7, both 7 and 7! are Lipschitz functions. Precisely,
7 € Lip; 1 with L := ||7/||oc and 77! € Lip 1 with N := (minjy;; 7/)~'. Therefore, by recalling
that C,,(Lip,,1) C Lip,,1 with C' := max{1,|f(0)| + |f(1)|} (see [7, Th. 4.1 and Example n.
1]), from (2.8) it follows that

(3.13) C; (Lip,,1) C Lip, 41 foreveryn >1.

On account of [3, Cor. 6.1.20], since ||C|| = 1 and property (3.13) holds, for every n > 1,
fecC(o0,1]),>0,M>0and 0 < a <1,

w(Cr(f),0) < (1+C)w(f,0) and Cj(Lip,,a)C Lip(CLN)QMa.
Finally, for every k € N, denote by P, ;. the linear subspace generated by the set {7% : i =
0,...,k}. P, is said to be the space of the T-polynomials of degree k. Since both the B,,’s and
the F,’s map polynomials of degree k into polynomials of degree k, taking (3.9) into account,

we have that
Cl(Pry) CPry (keN,n>1).

4. APPROXIMATION PROPERTIES OF THE C’S

In this section, we prove that (C),,>1 is a positive approximation process both in C([0, 1]) and
in L?([0,1]), 1 < p < +00, and we provide some estimates of the rate of convergence, by means
of suitable moduli of smoothness. As a byproduct of the uniform convergence, we obtain a
property of the operators B, introduced in [10], which seems to be new.

We begin by stating the following result.

Theorem 4.1. For every f € C([0, 1)), we have that

(4.14) lim Cr(f)=f
n—oo

uniformly on [0, 1].

Proof. From (2.2) and (2.3) it easily follows that

n an + by,
4.1 " =
@18 i) = e it
1 b2 + anby, +a?

T (-2 _ 2.2 _ n nn n .
416) Cr(t%) = 7(n T (n 7+ nr(l —7)+n(an, +b,)T + e 1) :
since C (1) = 1 and {1, 7, 7%} is an extended Tchebychev system on [0,1], (4.14) comes directly
by an application of Korovkin Theorem (see [3, Example 5, p. 246]). O

In order to get a quantitative version of the above uniform convergence, we use a result due to
Paltanea (see [15]) which involves the usual modulus of continuity of the first and second order,
denoted, respectively, by w(f,d) and wz(f,d). To this end, we need some further preliminaries.
For z € [0, 1], we denote by e ; the function

eZ(t) = (r(t) — 7(x))" (i=0,1,2,...).

T,
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When 7 = e; we shall simply write ¢% (¢) = (t — z)".
In particular, for any n > 1 and =z € [0, 1]) (see (4.15) and (4.16)),

1—-n 2()+n*an*bn ()+b%+anbn+a%
—5T7 (T ————= T7\T — &=

(n+1)2 (n+1)2 3(n+1)2

Moreover, we recall the following result (see [11, Formula (8)]): there exists a constant { > 0
such that

(4.18) K2(t) < 7'(z)el,(t) forevery z,t € [0,1].
Obviously, K = 1if 7 = e;.
Proposition 4.2. Considern >1, f € C([0,1]),0 <ax <1,and § > 0. Then

(4.19) ICR(N) (@) = f(@)] < w(f,05(2)) + ng(ﬁ o7, (2))

where

(4.17) Crlefo)(z) =

gy = VT@ [ _ e b + anbn + 0
5n(x)(n+1)m\/(n Dr(x)1 —7(z)) + (1 — ap — byp)7(x) + 3 )

Moreover,

. HT’IIW + 2 ||r'||1/2

Proof. Letn > 1, f € C([0,1]),0 <z < 1and ¢ > 0. Paltanea’s estimate ([15, Theorem 2.2.1];
see, also, [6, Theorem 1.6.2]) runs as follows:

ICr(f)(@) = f(@)] < |f(@)ICr(1)(2) — 1
HOR (W) (@)|w(f,8) + (Cr(1)(2) + (26%) 7' CT (¥3) (2)) wa(f, 6)
= 07O (o) (@) lw(f, ) + (1 + (26%) 7' CT (v3) () Jwz (£, 6) -
Cauchy-Schwarz inequality yields
|Ch ()| < VCR(¥2),

so that

G (f)(@) = f(a)] <671/ Cr(2)(x)w(f,8) + (1 + (26%) O (¥2) (2) )wa(f, 8) -
From (4.18), (4.17) and the positivity of C';’s, we have

KCT(w3)(x) < 7'(2)CF (€7 2)

- (nTlfl)V {(n — D)7(z)(1 = 7(x)) + (1 — ap — by)7(2) + W} .
Therefore,
4.21) Cr(y2) < K(Z(f)w {(n — D7) (1= 7(2) + (1 — an — bo)7(z) + W}
and, for § = 9], (x), we get (4.19). Estimate (4.20) follows by noting that
57y < T
VRVt 1

since 0 < 7(z) < 1. O
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As a byproduct of Theorem 4.1, we present a simultaneous approximation result for the oper-
ators B], given by (2.7). As far as we know, this property is new.

Theorem 4.2. Suppose that a,, = 0 and b, = 1 for every n > 1. Then, for every f € C1([0,1]),

(4.22) B (f) =7'Cr(f/7).
Moreover,
(4.23) lim BI(f) = f" wuniformly on [0,1].

Proof. Letx € [0,1], f € C*(]0,1]), and n > 1. From (2.7) if follows that
Bl @) =@ 3 () r)a - o)

k=0

<oy (e (B5) - 0o (557))
=@ 3 (} )t - e <<” o [ oy dt)

k=0 n+1
/
~rwe (L) @,
T
and this completes the proof of (4.22). Formula (4.23) immediately follows from (4.22) and
Theorem 4.1, because 7’ is bounded. O

Now we prove that the sequence (C7),,>1 is a positive approximation process also in L?([0, 1])
for any p € [1, +o0].

Theorem 4.3. Assume that

sup =M e R.
n>1 bn — Qn
Then, for every p € [1,+oo[and f € LP([0,1]),
(4.24) lim CI(f)=f in LP([0,1]).

n—00

Proof. By Theorem 4.1, for every f € C([0,1]), lim C,(f) = f in LP-norm, as well. Since
n—oo

C([0,1]) is dense in LP(]0, 1]), in order to prove the statement it is sufficient to show, thanks to
Banach-Steinhaus theorem, that the sequence of operators C7, : L?([0,1]) — LP([0,1]) (n > 1) is
equicontinuous, i.e.,

sup ||CrllLe,Lr < 400.
n>1

To this end, for every n > 1, f € L?([0,1]) and z € [0, 1], we preliminary notice that, since the
function [¢|? (¢ € R) is convex,

b,

M/T (for™) (t)dt] :

(b — an) bhan

cH@P <3 (") e - e
> ()
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By applying Jensen’s inequality (see, e.g., [8, Theorem 3.9]) to the probability measure
n+1

bn_a'n

1[k+an k+bn])\1 on [0 1] we get

n+1 ? n+1

3 |p<2(> 1= ry gt [ (e )

" won ) R
Z() *(1 = 1)) ’“(b_)/( ) @) dy

k=0 n+1 )

—1(k+bn

<l Z() “1 = (@) ‘f/;(ij:)f@npdy.

bn k:O )
We point out that
1 1 4k n—k
~ (1 —t) 1 1
Txkl—TJand.T:/ dt < — .
[, r@ru=re o T " Wit ) (D)
Hence, by integrating with respect to x, we obtain
ICL (NI < MNJIfIIF,

where ,
[I'11%
mingeo 1] m(y)’
hence ||C7 || zr.0r < (MN)Y/P < 4o00. O

N =

An estimate of the convergence in (4.24) can be obtained by using a result due to Swetits and
Wood [16, Theorem 1] which involves the second-order integral modulus of smoothness de-
fined, for f € L?([0,1]),1 < p < +o0, as

wap(f,0) = S [fC+8) =2fC) + fC =Dl (6>0).

We define
(4.25)
1/2
1 b2 + anby, + a? }1/2
s = ——————x W7 (n=1)7(1=7)+ (1 —a, — bp)T + 2t~ 17
Bur = TR ‘ {or- =)+ ) : p
and
. 1
Tn,p,m = (n+1)2p/(2p+l)Kp/(2p+l)
(4.26) /(2p+1)
b2 nbn prsp
X T/{(n—1)7’(1—7’)4—(1—(1"—()”)7'4-Wl} ,
P

where K is the strictly positive constant in (4.18).
Then we can state the following result.

Proposition 4.3. Under the hypotheses of Theorem 4.3, for every p € [1, +oo there exists C,, > 0 such
that, for every f € LP([0,1]) and for n sufficiently large,

1CR(f) = fllp < Cpla ,pr”f“erpr(f,ain))

where Qnpr = ma’X{/BTL,])ﬂ'?’YTL,]),T}‘
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Proof. First we introduce the following auxiliary functions:

F(2) = CL()(@), Gh(a) == CL(2) (@) (x € [0,1],n > 1).

Hence, the result in [16] applied to the uniformly bounded sequence (C7),,>; yields that there
exists a constant C;, > 0 such that

||C771—(f) - f“P S CP(/"’?L,;D f”P + vap(fv N’mp))a

where the sequence (1, , — 0 as n — oo and it is defined as follows:

pinp = { [ C7 (1) = 132, | B2, |G /@) )

= max { |7 |3/2, |Gyl 0
By Cauchy-Schwarz inequality we have

F7lP < (VG
SO
pinp < max { |G, |G/ @}

From (4.21) it follows that ||\/G7, H1/2 < B p,r and ||G,Tl||§/(2p+1) < Ynp,r (see (4.25) and (4.26)).
Moreover,

7|26
Tnpr S Y20 et D Kp ot D)
(il

(n+ 1)p/(2p+1)

—0 as n—o0.

" (n+ 1)p/@F) Kp/ D)

Similarly,
1/2 1/2
VTN g VTR
Brpr < (n+1) —0 as n—oo.
(n+1)VE (n+1)3/4+VK
Therefore, setting ., , - = max{By.p.r, Vnpr}, We have that o, , - — 0 asn — oo and this
completes the proof. O

5. ASYMPTOTIC FORMULA FOR THE C]’S

In this section we establish an asymptotic formula for the operators C;, which, in addition,
allows us to derive other properties of them. To this end, from now assume that

(5.27) there exists [ := li_>m (an +b,) €R
and consider the differential operator (V;, C%([0,1])) defined by setting
Vi(u)(z) := %x(l —x)u’(z) + (; - x) o' (),

(u € C%([0,1]),x € [0,1]).
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Theorem 5.4. Assume that (5.27) holds true. Then, for each f € C([0,1]), twice differentiable at a
certain x €]0,1],

i n(C7(0)) ~ ) = " D2 ) 0) 4 (§ - (@) DA

n—o0 2
(5.28)
_ T(Z‘)(l — T(JU)) " 1 £ — () — 7'(33)(1 — T(JJ))T,, T "z
= T @)+ s (5 - o) - ) ) o),
Moreover, for every u € C2(|[0,1])
(5.29) nh_}rr;o n(CT(u) —u) = Vi(uor HorT

uniformly in [0, 1].
Proof. In [5, Theorem 3.1] it was proven that
lim n(Cp(u) —u) = Vi(u),

n— oo

forevery u € C?([0, 1]) uniformly on [0, 1], but it is easy to prove that the same limit relationship
holds pointwise for each f € C([0,1]), twice differentiable at a certain = €]0,1[. From this,
formulas (5.28) and (5.29) easily follow. O

5.1. An application to iterates of the operators C}. In this subsection we show how iterates
of operators C] can be employed in order to approximate constructively certain semigroups
of operators. For unexplained terminology concerning Semigroup Theory and its connection
with Approximation Theory, we refer, e.g., to [6, Chapter 2].

We begin by recalling that, as shown in [5, Theorem 3.2] the operator (V;, C*([0, 1])) is closable
and its closure generates a Markov semigroup (7;(t));>0 on C([0, 1]) such that, if ¢ > 0 and if
(pn)n>1 is a sequence of positive integers such that nlin;o pn/n =t, then

nlgr;o CP(f)y=Ti(t)(f) uniformly on [0, 1]

for every f € C([0,1]), where C£» denotes the iterate of C), of order p,,.
Moreover (see [5, Theorem 3.4, Remark 3.5,1]), if either a,, = 0 and b,, = 1 for every n > 1, or
the following properties hold true

(i) 0<b, —a, <1lforeveryn > 1;
(ii) there exist lim a, = 0and lim b, = 1;
n—oo

n—oo
(i) My :=supn(l — (b, — an)) < 400,
n>1

forevery p > 1, (T;(t)) >0 extends to a positive Cp-semigroup (f (t))e>0 on LP(]0, 1]) such that, if
(pn)n>1 is a sequence of positive integers such that ILm pn/n =t, then for every f € L?([0,1]),

T O (F) =T in L(0.1)).
We remark that, for every f € C([0,1]) and k > 1,
(COMH =Ch(for o
From this we get the following result.

Theorem 5.5. Under assumption (5.27), for every f € C([0,1]), t > 0 and for every sequence (py)n>1
of positive integers such that li_>m pn/n=1t,

Jim (C7)(f) = Ti(®)(f o T Hor uniformly on [0, 1].
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Moreover, assume that either a,, = 0 and b,, = 1 for every n > 1, or the following properties hold true

(i) 0 < by, —a, <1foreveryn >1;
(ii) there exist lim a, = 0and lim b, = 1;
n— oo n— o0

(iii) M; :=supn(l — (b, — an)) < +o0.
n>1
Then, if t > 0 and if (p,,)n>1 is a sequence of positive integers such that lim p, /n = t, then for every
- n—oo

J € (0, 1)), )
lim (C7)P(f) = T(t)(for " or  inL7(0,1]).

n—oo
5.2. Comparing the operators C; and C,,. The asymptotic formula (5.28) can be also used to
prove that, under suitable conditions, the operators C], perform better than the operators C,
in approximating certain functions. In fact, arguing as in the proof of [10, Theorem 9], we are
able to show the following result.

Theorem 5.6. Let f € C?([0,1]) and assume that there exists ng € N such that, for every n > ng and
x €]0,1],

Then, for x €]0, 1],

rie= Sl TS
(5:30) (1 — 2)7(z)? 7'(2)%(2x — 1)
> (1- o) 0+ Ft e
In particular, f” > 0in ]0,1/2] (resp., in |l/2,1]) whenever f is decreasing in |0,1/2[ (resp., f is

increasing in /2, 1[).
Conversely, assume that at a given point zo €]0,1[, (5.30) holds with strict inequalities. Then there
exists ng € N such that, for every n > ny,

f(zo) < CL(f)(wo) < Cn(f)(20)-

Example 5.1. Take
es + aeq
= - >0
T +a (a )
and suppose that f € C*([0,1]) is increasing and strictly convex.
Moreover, assume that the sequences (a,)n>1 and (by)n>1 are such that | = lim,,_, o (a, + b,) = 2.

We show that there exist x,, €]0,1[and ng € N such that, for each x €]z, 1] and n > ng,

fl@) < CR(f)(x) < Cu(f)(@).
On account of Theorem 5.6, it is sufficient to prove that there exists x, €0, 1 such that, for x €]zq, 1],
" () T(@)@r(x) =2) .
1'(w) > Sl e+ T )
_ .’E(l — ,T)T/(.Z')Q " T/(x)Q(Qx — 2) "z
> (- S o) O ey @

The first inequality in (5.31) is satisfied for o > 2f'(1) /M, where M = minq q) f"(x). Indeed, for this
choice,

(5.31)

2 , 2 , 22 + «
> -2
et al @5 l@

f(x) > f'x), 2 €o,1].

72 + ax
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The second inequality in (5.31) is obviously fulfilled for those x for which
z(1 —2)7(z)?

(5.32) @1 =r(2) = !
and

) (a)? -1
(5.33) (@) >27—(x)(1—7(x)) (x ! () )

From one hand (5.32) is verified for x €|yq, 1] where

1—2a+ v4a? +8a+1
Ya = 6
(see [10, Corollary 11, (iii)]). On the other hand (5.33) is equivalent to solve (with respect to x) the
following inequality:

go(z) = (2 +ax)(1+x+a)— 2z +a)?*(1—2)>0.

By observing that go(0) < 0, go(1) > 0, and evaluating the critical points of g, and their position
within the interval [0, 1] depending on « > 0, we can conclude that, for every o > 0, there exists
zo €]0, 1] such that g, (zq) = 0 and go(x) > 0 for every zo, < x < 1. By setting z, = max{yq, Za }
(o> 2f"(1)/M), we get the claim.

We point out that, in the case « = 0, T = ep and the corresponding operators C;, are a Kantorovich-
type modification on mobile intervals of the operators in [10, p. 159]. On the other hand, T7.c =
limy 400 7 = ey uniformly w.r.t. x € [0,1], so that CJ= = C,, forany n > 1.
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