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data. Statistical properties of the distribution including shapes of a probability density
function, moments and moment related measures, hazard rate function, mean residual life
function, and stochastic orderings have been discussed. The estimation of its parameters
has been discussed using the method of maximum likelihood. Application of the proposed
distribution has been discussed.

1. Introduction

The concept of weighted distributions was firstly introduced by Fisher [2] to model ascertainment biases which were later formalized by Rao
[3] in a unifying theory for problems where the observations fall in non-experimental, non-replicated and non-random. When an investigator
records an observation in nature according to a certain stochastic model, the distribution of the recorded observation will not have the original
distribution unless every observation is given an equal chance of being recorded. For example, suppose the original observation xy comes
from a distribution having a probability density function (pdf.), f,(x, 0;), where 6; may be a parameter vector and observation x s recorded
according to a probability re-weighted by a weight function w(x, 6;) > 0, 6, being a new parameter vector, then x comes from a distribution
having pdf

f(x:01,02) =kw(x;62) fo (x;62)

where k is a normalizing constant. Recall that such types of distributions are known as weighted distributions. The weighted distributions
with a weight function w (x, 6,) = x are called length-biased distribution. Patil and Rao [4]-[5] have examined some general probability
models leading to weighted probability distributions, discussed their applications and showed the occurrence of w(x, ;) = x in a natural way
in problems relating to sampling.
Shanker [1] has introduced Rama distribution for modelling behavioural Science data defined by its pdf and cumulative distribution function
(cdf)

94

fl(x;e):m(1+x3>e*9*‘ x>0,0>0 (1)

03x3 +36%x% + 60 x
03+6

Fl(x,O)zl—{H— ]e‘ex;x>0,9>0

Thus the " moment about origin ' , of Rama distribution (1.1) obtained by Shanker [1] is given by
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, 0P+ (r+1) (r+2) (r+3)]

= r=1,2,3,...
Hr 07 (63+6) '
The first four moments about origin of Rama distribution obtained by Shanker [1] are as follows
;. 63+24
' 0(63+6)
, 2(6°+60)

SO

, 6(6°+120)
H = 6363 106)

, 24(6°+210)
M= 9403 16) -

The moments about mean of Rama distribution are

_ 0°4+8403 +144
62(63 +6)°

2(6°+1986° +3246° +864)
03(0%+6)°

H3 =

9(6'2+3126° +23046° + 1036863 + 10368)

a 64(63 +6)*

Shanker [1] has discussed statistical properties including shapes of pdf for varying values of parameter, hazard rate function; mean residual
life function, stochastic ordering, mean deviations, order statistic, Bonferroni and Lorenz curves, Renyi entropy measures, and stress-strength
reliability of Rama distribution. Shanker [1] has also studied the estimation of the parameter of Rama distribution using both the method of

maximum likelihood and the method of the moment along with an application.

In this paper, a two-parameter weighted Rama distribution which includes one parameter Rama distribution proposed by Shanker [1] has

been introduced and studied. The statistical properties of the distribution including the coefficient of variation, skewness, kurtosis, index
of dispersion, hazard rate function, mean residual life function, and stochastic ordering have been discussed. The method of maximum
likelihood has been discussed for estimating parameters. The goodness of fit of the proposed distribution has been discussed with a real
lifetime data and it shows a quite satisfactory fit over one parameter life time distributions including exponential, Lindley, Rama and
two-parameter lifetime distributions including Gompertz, lognormal, Generalized exponential introduced by Gupta and Kundu [6], weighted

Lindley introduced by Ghitany et al [7] and weighted Sujatha distribution introduced by Shanker et al [8].

2. Weighted Rama Distribution

The pdf of the weighted Rama distribution (WRD) can be expressed as

F0,0) =Kx* 1, (x;0); x>0,0>0,0>0

where, K is the normalizing constant and f, (x; 0)is the pdf of Rama distribution given in (1.1). Thus the pdf of WRD can be obtained as

9a+3 x(xfl

:0,0) = 1+x) e ®:x>0,6>0,aa>0
f(x:0,a) o ra(ar (@il F(a)(+x>e ;x>0,0>0,0>

where 0 = scale parameter , @ = shape parameter and
I'la)= /efyyafldy;y >0,0>0
0

is the complete gamma function.

Further, pdf (2.1) can be expressed as a two-component mixture of gamma (6, &) and gamma (6, @ + 3) distributions. We have

f(x60,a)=pgr(x;0,0)+(1—p)g2(x;0,0043)

2.1
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where
63
P=73 s
0’ +a(o+1)(a+2)
0¢ P
-0 — —0x_o—1
gl(-xv 7a) F((Z)e X )
GOH-S

g (x0,a+3)= Tatd —6x (a+3)-1

The behaviour of the pdf of WRD for varying values of parameters 6 and ¢ are shown in Figure 2.1.
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Figure 2.1: Behavior of the pdf of WRD for various values of the parameters 6 and o

The cdf of WRD can be obtained as

(6x)“ {(6x)2+ (6x) (ot +2) + (o + 1) (a+2)}e‘6"
+{6°+a(a+1)(a+2)}I'(a,6x)

Fy(x;6,0) =1~ [03+a(a+1)(a+2)]T(a)

;x>0,0>0,00 >0

where I' (¢, Ox) is the upper incomplete gamma function defined by

oo

F(a,z)z/efyyafldy; y>0, a>0.

Z

The behaviour of the cdf of WRD for varying values of the parameters 6 and « are shown in Figure 2.2.
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Figure 2.2: Behavior of the cdf of WRD for various values of the parameters 6 and o
3. Statistical Constants
The " moment about origin, u’, of WRD (2.1) can be obtained as
< < ga+3ya—1 (1+x3)
1 r r r —6x
=E(X :/x 2x;9,(xdx:/x e dx
Wy =EX) ) S ) / (o) [63+a(a+1)(a+2)]
I'a 63+ (a o D(a 2
- (r(;’)’) tatrn(@trthatr+2). 55 G.1)

0" [03+a(a+1)(a+2)]

The first four moments about origin of WRD, after substituting » =1, 2, 3 and 4 in (3.1) are obtained as

,a{0+(a+1)(a+2)(a+3)}
M= g3 ra(a+1)(a+2)]

a(a+1){0°+(a+2)(a+3)(a+4)}
6203 +a(a+1)(a+2)]

=

, oo+ 1) (a+2) {63+ (a+3) (a+4) (a+5)}
o= 03[0 +a(a+1)(a+2)]

,a(at1)(a+2)(a+3){6°+(a+4)
Ha= 04[03 +a(a+1)(a+2

(@+5)(a+6)}
)] '
Now using the relationship p, = E(X — ;)" = )L_

k=0
moments about the mean of WRD are obtained as

r _ .-
( k ) w(—p D" ¥ between moments about mean and moments about origin, the
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~a{6°+2(a* +9a? +20a +12) 63 + (a® +9a° + 310t + 51’ + 4002 + 12a) }
62(63 + a3 +302 +2a)’

H

5o ) 07 +3(0F +130% +320+20) 0° + 3 (a® + 80 + 250" + 38’ 280 + 8ar) 6°
+ (& + 1208 +60a” +1620° +2550° +234a* + 1160° + 240%)

63(63 + 03 +302 +2a)°

H3 =

(+2)012+4 (a* + 110 + 5602 + 1060 + 60) 6°
+3 (200 +34a° +1980* + 5500 + 79202 + 568 + 160) 0t0°
3aq +4 (a8 +20a7 + 15600 +642a° + 1551a* + 227403 + 19880 + 95200+ 198) a2 6°
+( a3 +20a'? + 1730 + 85600+ 26910 + 562803 )
+7943a” + 748000 +45040° + 1568a* + 24003

64(63 + 03 +302 +2a)*

Ha =

It can be easily shown that at & = 1, the moments about the origin and the moments about mean of WRD reduces to the corresponding
moments of Rama distribution.

The expressions for coefficient variation (C.V.) coefficient of skewness ( v/ Bi ), the coefficient of kurtosis (f3,) and index of dispersion ()
of WRD is thus given as

o /@ {65+ (203 + 1802 +40a+24) 63 + b + 905 +31at + 51083 + 4002 + 120}

CV=
wy’ a(63+ a3 +6a2+11a+6)

o { 6° + (30 + 390 + 960+ 60) 6° + (3a® +240° + 750 + 1140 + 840 +24t) 6° }

V= 290 0 + 1208+ 6007 + 16205 + 25505 + 2340’ + 11605 + 24022
= -
13/ {0 (66 + (203 + 1802 + 400 +24) 63 + a® 4905 + 31t + 510 + 4002 + 1201) } /2

0'2 + (40’ + 360 + 1520+ 120) 6° + (66 + 900 + 414a* + 8220 + 7320% + 240cx) 66
3(@+2)4 +(40°+ 7208 + 4800’ +1608a° +29880° + 3120t + 1712a° +3840%) 63
+ (a'?+ 180" + 137! + 58207 + 152708 + 25740 +27950° + 18900° + 7240 + 1200 )

{@(6°+ (20 + 1802 + 400 +24) 03 + 4 1905 + 31 + 510° + 4002 + 120)* |

o2 {6°+ (207 + 180 + 400 +24) 6° + a +9a° +31a* + 510 + 4002 + 12a}

LN 0 (65 + a3 +302+20) (63 + 05+ 602+ 11ar +6)

The behaviour of the coefficient of variation (C.V.), the coefficient of skewness (C.S.), the coefficient of kurtosis (C.K.) and index of
dispersion (I.D.) of WRD have been prepared for varying values of the parameters 6 and « and presented in Figure 3.1.
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Figure 3.1: Behavior of C.V., C.S., C.K., and I.D of WRD for varying values of parameters 6 and o

4. Survival Function ans Hazard Rate Function

The survival (reliability) function of WRD can be obtained as

(620 [(62)7 + (0 +2) () + (@ + 1) (@ +2) | e~ }
+[6° +a(a+1)(a+2)]I(a,6x)

S(x:0,0) =1-F(x;6,0) == (03 +a(a+1)(a+2)|T(a)

The hazard (or failure) rate function, 4(x) of WRD is thus obtained as

 f(xe,a) fot3x0-1 (1+x3)e_9" .
h(x)—S(x;&a)_ [0°+a(a+1)(a+2)|T(a,6x) > ¥>0,0>0,0>0.
{ +(02) [(0)% + (6) (@+2) + (@ + 1) (@ +2)] e }

The behaviour of 4(x) of WRD for varying values of parameters 6 and o are shown in Figure 4.1.
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Figure 4.1: Behavior of C.V., C.S., C.K., and I.D of WRD for varying values of parameters 6 and o

5. Mean Residual Life Function

The mean residual life function pt (x) = E (X —x|X > x) of the WRD can be obtained as

”( ) ( (y’e (X)dy —X
{ (e ) {( x)2+2(a+2)(6x)+ 63+ (a+1)(a+2)(a+3)} Ox }
L +[{abP+a(a+1)(a+2)(a+3)} —0x{03+a(a+1)(a+2)}]T(a,6x)

0[(6x)%{ (6x)"+(a+2)(6x)+(a-+1)(0+2) }e~0*+{03 +a(0+1) (00+2) 1 (ct, 0x)]

It can be easily shown that

_a@+(at+)(a+2)(a+3)]
063 +a(a+1)(a+2)] —H

The behaviour of p(x) of WRD for varying values of parameters and o are shown in Figure 5.1.
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Figure 5.1: Behavior of u(x) of the WRD for varying values of parameters 6 and o

6. Stochastic Ordering

The stochastic ordering of positive continuous random variables is an important tool for examining their comparative behaviour. A random
variable X is said to be smaller than a random variable Y in the

* stochastic order (X <gY) if Fx(x) > Fy(x) for all x
* hazard rate order (X<, Y) if hx(x) > hy(x) for all x
 mean residual life order (X <,,,,;Y) if my (x) < my (x) for all x

* likelihood ratio order (X <;,Y) if ]fc’; Ei; decreases in x.

The following important interpretations due to Shaked and Shanthikumar [10] are well known for establishing the stochastic ordering of
distributions.

X<pY = X<pY = X<pni¥
4
X<gY.
The WRD is ordered with respect to the strongest ‘likelihood ratio’ ordering as shown in the following theorem.

Theorem 6.1. Let XWRD(6;, ) and YWRD(6,,05). If ) > 6, and oy = oy (or o < oty and 6) = 65), then X<,,Y and hence X<j,Y,
X<unY and X<gY.

Proof. We have

3
fx(6i00) 6" " (65 + 05 +305 +20) T () (01— ,—(61-62)
fr (x:62,00) 9;‘”3 (67 + 0 +3a +204) T (o)

X

Now,
3 (93 3 2
Jfx (x;01,00) 0% (03 + 03 +303 +20) T (ay)
I S = ‘WS( 2 ) + (o) — ) Inx—(6; — 6,) x.
fr (x:6,,000) 6,27 (67 + o +307 +20y) (o)
This gives
d fX (x; 91,061) o — Oy
—1 = — (61 —6,).
dx n(fy (x;@z,ag) X ( ! 2)



56 Universal Journal of Mathematics and Applications

Thus, if (o} = o and 6; > 6,) or (0] < o and 6; > 6,),then % In (%) < 0. This means that X <;,¥ and hence X <j,Y, X<,,,;Y

and X <y Y. This shows flexibility of WRD over Rama distribution. O

7. Maximum Likelihood Estimation of Parameters

Let (x1,x2,X3, ...,X,) be a random sample of size n from WRD (2.1). The likelihood function, L of WRD is given by

9o+3
L=

n
n
| leq*l (1 +x?> e 0%,

C(a) {03+ +3a2+2a} | 7

The natural log likelihood function is thus obtained as

n
ln(xi)+21n<1+x?> 6%
i=1

i=1 i=

™=

InL=n [(a+3)ln9—ln{63+a(a+l)((x+2)}—lnF(oc)] +(a—1)

The maximum likelihood estimates (é, ) of (0, &) is the solution of the following log likelihood equations.

dlnL n(a+3) 3n6? c_ 0
= — —nx=
20 [ 03+ a3 +302+2a
dInL n(3a%+60+2) L
=nln6 — —ny(a Inx; = 0
da " T B B 1302 120 ad )+i; i

where X is the sample mean and y(¢) is the digamma function defined as

v(a)= %lnl“(oc).

A
The MLE’s ((—)7 &) of parameters of WRD (8, o) can be computed directly by solving the natural log likelihood equation using Newton-

A A
Raphson iteration available in R-software till sufficiently close estimates of @ and & are obtained. In this paper, initial values of 8 and ¢ are
taken 0 = 0.5 and o = 1.5, respectively.

8. A Numerical Example

A numerical example of real lifetime data has been presented to test the goodness of fit of WRD over other one parameter and two parameter
life time distribution. The following data represent the tensile strength, measured in GPa, of 69 carbon fibers tested under tension at gauge
lengths of 20mm, available in Bader and Priest [9].

1.312 1.314 1.479 1.552 1.700 1.803 1.861 1.865 1.944 1.958 1.966 1.997
2.006 2.021 2.027 2.055 2.063 2.098 2.140 2.179 2.224 2.240 2.253 2.270
2272 2274 2301 2301 2.359 2.382 2.382 2.426 2.434 2435 2.478 2.490
2.511 2.514 2.535 2.554 2.566 2.570 2.586 2.629 2.633 2.642 2.648 2.684
2.697 2726 27770 2.773 2.800 2.809 2.818 2.821 2.848 2.880 2.954 3.012
3.067 3.084 3.090 3.096 3.128 3.233 3.433 3.585 3.585

For this data set, WRD has been fitted along with one parameter exponential, Lindley , Rama distributions and two — parameter gamma

distribution Gompertz distribution, generalized exponential distribution (GED) introduced by Gupta and Kundu [6], lognormal distribution

,weighted Sujatha distribution (WSD) introduced by Shanker and Shukla [8] and WLD. The pdf and cdf of gamma, Gompertz, lognormal,

GED, WSD and WLD are presented in table 1. The ML estimates, values of —2InL, Akaike Information criteria (AIC), K-S statistics

and p-value of the fitted distributions are presented in table 2. The AIC and K-S Statistics are computed using the following formulae:

AIC = —2InL+ 2k and K-S = Sup |F, (x) — Fy (x)|, where k = the number of parameters, n = the sample size , F;, (x) is the empirical (sample)
X

cumulative distribution function, and Fy (x) is the theoretical cumulative distribution function. The best distribution is the distribution
corresponding to lower values of —21nL, AIC, and K-S statistics.
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Distributions pdf cdf
gai2 P »n _g ] . {*+ab+ala+1)}T(a,0x)+(0x)" (0 x+6+a+1)e ™
WSD f(x:0,0) = grog ot U Hx+x0) e | F(x0,0.8)=1- [0 +a0 alar (o]
a+1 a—1 ) T ) 2] o ,—6x
WLD f(:0,0) = B o (142) e O F(x0,a) = 1 - Tl B e
GED f(x0,0)=06a(l —efe)‘)a_l e 0% F(x;0,0) = ( efex)a
Gamma f(x0,a)= F‘z;) e B0l F(x;0,a)= rg_o(lf)x)
0gx—0 \2
Lognormal f(x;e,a):me*%(¥) F(x;g,a):(i,(w)
Lindley f(x;0)= 9+1 (1+x)e 0 F(x;0)=1- [1+ 9+1] >
Gompertz f(x:6,0) = 0% a1 F(x0,0)=1—¢ ¢

Table 1: The pdf and the cdf of fitted distributions

Distribution Team sheet —2InL AIC K-S P-value
0 a
WRD 9.5764 20.7494 | 98.76 102.76 | 0.055 0.983
WSD 9.7387 223612 | 99.99 103.99 | 0.057 0.975
WLD 9.6265 22.8938 | 101.95 105.95 | 0.059 0.973
Gamma 9.5380 23.3820 | 100.07 104.07 | 0.058 0.962
GED 2.0331 87.2847 | 109.24 113.24 | 0.087 0.613

Lognormal 0.8751 0.2124 | 102.72 | 106.73 | 0.103 | 0.713
Gompertz 0.0080 2.0420 | 107.25 | 111.250 | 0.085 | 0.673

Rama 0.130106 | —— 21149 | 21349 | 0324 | 0.000
Lindley 0.0702 _— 238.38 | 240.38 | 0.401 | 0.000
Exponential 0.4079 _ 261.73 | 263.73 | 0.447 0.000

Table 2: MLE’s, - 2In L, AIC, K-S Statistics and p-values of the fitted distributions

It is quite obvious from table 2 that WRD is competing well with two parameter lifetime distributions and gives a quite satisfactory fit the
considered distributions. This means that, like other two-parameter lifetime distributions, WRD is also an important two-parameter lifetime
distribution for modeling real lifetime data.

9. Concluding Remarks

A two-parameter weighted Rama distribution (WRD) which includes one parameter Rama distribution proposed by Shanker [1] has been
suggested for modelling lifetime data from engineering. Its statistical properties including shapes of the probability density function for
varying values of parameters, coefficients of variation, skewness, kurtosis, and index of dispersion have been studied. Its reliability measures
including hazard rate function, mean residual life function, and the stochastic ordering have been discussed. The method of maximum
likelihood has been discussed for estimating its parameters. The goodness of fit of the proposed distribution has been explained with a real
lifetime data from engineering and the fit has been found quite satisfactory over one parameter exponential, Lindley and Rama distributions
and two- parameter gamma, Gompertz, generalized exponential, lognormal, weighted Sujatha and weighted Lindley distributions.
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for the hyperbolic Fibonacci sequence and Lorentzian inner product, cross product and
mixed product for the hyperbolic Fibonacci vectors.

1. Introduction
For the Fibonacci sequence
1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233,... | F,,...

defined by the recurrence relation

F,=F_1+F_>, (HZ 3)7
with F{ = F, = 1, it is well known that the n-th term of the Fibonacci sequence (F;,) [1]-[3]. Some recent generalizations have produced a
variety of new and extended results,[4]-[8].
Hyperbolic numbers have applications in different areas of mathematics and theoretical physics. In particular, they are related to the
Lorentz-Minkowski (Space-time) geometry in the plane as well as complex numbers are to Euclidean one [9] . The work on the function
theory for hyperbolic numbers can be found in [10]-[15]. The set of hyperbolic numbers H can be described in the form as

H={z=x+hy|h¢ R, K> =1, x,y € R}. (1.1)

Addition, substraction and multiplication of any two hyperbolic numbers z; and z; are defined by

21tz =(x1 +hyr) £ (2 +hy2) = (x1 £x2) +h(y1 £y2),

2 X g =(x1+hy1) X (2 +hy2) =xix2+y1y2+h(x1y2+y1%2). (42
On the other hand, the division of two hyperbolic numbers are given by

2 _ X thy

2 x+hy (13)

(x1y2+y1x%2)
5=y

(xi1+hy))(x2—hy)  xix2+y1y P
=—a2_2 T
(x2+hy2)(x2 —hyz) X3 -3
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If x% - y% = 0, then the division % is possible. Therefore, the hyperbolic number system is a non-division algebra.
The hyperbolic conjugation of z = x+ hy is defined by

7=z =x—hy,7i=1z.

For any z;, z hyperbolic numbers, can be written as follows:

i1t+= 21+,
X 22= 271 X2,
IZIP = exz=2-1

where z is time-like if ||7 ||2 > 0, light-like if H 7”2 =0 and space-like if H7H2 < 0. The ring of hyperbolic numbers has zero-divisors.
Moreover, these zero-divisors are also idempotent elements {e, e*} for hyperbolic numbers, given by

I+h . 1—h
=——, ' =——.
2 2
where ee’ =0, > =¢, (¢)>=¢, e+ef =1 and e—e' = k. Then, each hyperbolic number z can be written as follows:
z=x+hy=(x+y)e+(x—y)e =zie+ze".

These numbers are also called double, split, perplex, Lorentz and duplex numbers [12].

2. Hyperbolic Fibonacci sequence

The hyperbolic Fibonacci sequence defined by

Fo=Fy+hFyy, (B =1) 2.1
with fl =1+h, fz = 1+2h where h2 = 1. That is, the hyperbolic Fibonacci sequence Fvn is

h,1+h, 142h,243h,3+5h,...,(1+h)F,+hF,_,... 2.2)
Using the equations (2.1) and (2.2) , it was obtained

Fn+l (1+h) n+1+th

5,,+2—( +2h)F1+(14+h)F,
Fois = (243h) By + (1420 F,
. (2.3)

Fovr = (Fo+hFyt) Foot + (Faot +hE) Fr

For the hyperbolic Fibonacci sequence, it was obtained the following properties:

+1+F —2an+1+an+27
F,12+1 1—2F2n+F2n+17
Fn+,tFFr+1+Fn Fr (n>3)
Fn lFrH-l F —h( )
Fn an+r_F *h( )n r+1 Fr27
F} +hE} =Py,
FnFm+Fn+1Fm+l —2Fn+m+1 +Fn+m+27
FFm+1 Fn+1Fi *h(_l)an s

n+r lnr
Fusrt W bas = By 4 (1) Fr

n

Theorem 2.1. If F, is the hyperbolic Fibonacci number, then

lim Faol _ _o?

2
n—oo Fn -1

where o = (1+ \ﬁ)/Z = 1.618033.. is the golden ratio.

Proof. We have for the Fibonacci number £,

lim Fut1
n—eo  Fy

=

where o = (1+ ﬁ)/2 = 1.618033.. is the golden ratio [3].
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Then, using this limit value for the hyperbolic Fibonacci number F,, we obtain

lim E}jl — lim Fip1+hFy — lim (Fas1+hFusa) (Fa—hFii)

n—yoo Fy n—soo Fnthbi n—soo F2—F1°

Foit (Fa=Fpy2)+h (Fu Foya—Fly )

lim
n—so0 (F—=F7y)
N L (=t
lim % +h lim
n—yo0 Fnz*FnZJrl n—yo0 F;xz 7Fn2+l
2
—Q
=ta 10
_ _a
T ar-1

where the identities F,» = F, 4+ F,y1 and Fyy1 Fp_) — F,2 = (—=1)" are used.

Theorem 2.2. The Binet formula ' for the hyperbolic Fibonacci sequence is as follows;

~ 1

n afﬁ

Proof. If we use definition of the hyperbolic Fibonacci sequence and substitute first equation in footnote, then we get

(ao"—Bp").

Fy =Fi+hFy

n_pn n+1_gn+l
= (2B (T

B a—p
_ ' (L+ha)—B" (1+hB)
- o
_@a BB
= 22-f

where @ = 1+haand B =1+hp.
3. Hyperbolic Fibonacci vectors

Letz] = (x1,x2,x3) and 7= (y1,y2,y3) be vectors in R3. The Lorentzian inner product of z; and zs is defined as [16]

- =
21.20 =(2(,23 ) = X1 Y1 +X2y2 — x33.

This space denote by L2! or Lorentz 3 — space 3.
A hyperbolic Fibonacci vector is defined by

= ~ ~ ~
Fn = (Fn s Fn+la Fn+2)

Also, from equations (2.1) and (2.3) it can be expressed as
=
Fn = ?n +h ?IPFI

where ?n = (Fn, Fyt1, Fyy2) and ?HH = (F”i} s Fuio, Fyy3) are the hyperbolic Fibonacci vectors.
The product of the hyperbolic Fibonacci vector l~:n and the scalar A € R is given by

bord
AFn=AFn+hAFnp

= =
and F;, and Fp, are equal if and only if

Fn = Fm
Fir1 = Fan1
Foyo = Fnyo.

!Binet formula is the explicit formula to obtain the n-th Fibonacci and Lucas numbers. It is well known that for the Fibonacci and Lucas numbers, Binet formulas are

a— B
i L
o—p

and
L,=a"+p"

respectively, where a + =1, o — B =5, aff :7land(x:(l+\/§)/2,[3:(lfﬂ)/2 J71,08].
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Some examples of the hyperbolic Fibonacci vectors can be given easily as;

= PO

Fl :(F17F27F3)
=(F,B, F)+h(F,F, F)
=(14+h,14+2h,2+3h)

—

ﬁZ :(E3E7E)
=(F, F3, Fy) + h(F3, Fy, F5)
— (142h,2+3h,3+5h)

= = = =
Theorem 3.1. Let F,, and Fy, be two hyperbolic Fibonacci vectors. The Lorentzian inner product of F, and Fy, is given by

= =
<Fn7Fm> = (Fn+m+l - Fn+m+4) +h(3Fn+m+2 + 2Fn+m+3 - Fn+l Fm+1 ) 3.1
L

= -~ ~ ~ = ~ ~ ~
Proof. The Lorentzian inner product of F, = (F;,, F,y1, Fy12) and F oy = (Fy, Fua1, Fynao) defined by

<f??m> = EFpt Foypr Bt — FyeaFinsa
(R ) (Faer Pt
Jrh[<?n 7?m+1>+ <?n+l 7?m>]

= . - . . .
where Fy, = (F,, F,11, F,12) is the hyperbolic Fibonacci vector. Also, the equations (1.1), (1.2) and (1.3), we obtain

(o Fm) = FaFut Fast Fa1 = Fas2 Fui (32)
<?n+1 ) ?erl > Fot1 Bl + Fogo Finyo — Fry3 Finy3 (3.3)
<Fn7?m+l>:FnFm+l+Fn+IFm+27Fn+2En+3 (34)
and
(Fai1, Fin) = Fust Bt Fuso Fgt = Fus P (3.5)
Then from equation (3.2), (3.3), (3.4) and (3.5), we have the equation (3.1). O
=

Special Case-1: For the Lorentzian inner product of the hyperbolic Fibonacci vectors F, and F 1, we get

= =
<Fn7 Fn+1> = FaFyi1 + Fyp1 Fygo — FyoFys
<?n7?n+l> <?n+lu?n+2>
+h [<?n7?n+2> + <?n+l ) ?n+l>
= (P2 = Fopgs) th(QFony3 + Fonys — Fup2 Fig3)

and

n =K +F Fn+2

= < > <?n+1 ) ?n+1> +h <?n ) ?n+1>

F2n+1 Fopia) +2h(Fopgr — Fuyo Fpis).

Then for the Lorentzian inner product of the hyperbolic vector 2, we have, using identities of the Fibonacci numbers

F2+F2, = Py
Fnz+3 - Fn2+1 = Fup
F Fm+Fn+1 Fm+1 = Fn+m+1

(see, [11]), we have

2 = = o
= <FH7FH> =K +F, n+1 Fn+2
= (Fant1 — Fant2) + 20 (Fonga — 2Fp 10 Fyy3) -

2Lorentzian inner product of hyperbolic number as follows:

=
Fn

<?,7>L =x12+x°%—x32, [11].
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The Lorentzian cross product [16],[17] of the vectors z_f and z_2> inL3is

—i -] k
= =
Z] XLy = |X1 X2 X3
yroo Y2 )3

= —i(xy3 —x3y2) 4+ j(x1y3 —x3y1) +k(x1y2 —x2y1) -

-

= = = =
Theorem 3.2. Let Fy, and Fy, be two hyperbolic Fibonacci vectors. The Lorentzian cross product of Fy and Fy, is given by

= =
Fo XpFn =h(=1)"Fy—p (i+ j+k).

= =
Proof. The Lorentzian cross product of F, = ?n +h ?nﬂ and F, = ?m +h ?m+1 defined by

1?n ><I~3—>m = (?n X ?m)+(?n+1 X ?m+1)+h (?n X ?m+1 +?n+1 X ?m

=
where F, is the hyperbolic Fibonacci vector and ?n X ?m is the Lorentzian cross product for the hyperbolic Fibonacci vectors

(3.6)

=

Fnhand Fq,

Now, we calculate the cross products ?n X ?m, ?HH X ?m+1, ?n X ?m+1 and ?nﬂ X ?m: Using the property FuFy 1 — Fpy1 Fn =

(=1)" Fy—n, we get

Fox Fm=(—1)"Fypm (it j+k)
Foot X Fmpt = (1) By (i4 j+K)

Fax Fast = (< )" Fyppt (i j+ k)
and
Fopt X Fm = (= 1)" Fypsr (i 4+ j ).

Then from the equations (3.7), (3.8), (3.9) and (3.10), we obtain the equation (3.6).

= = =
Theorem 3.3. Let Fy, Fyy, and Fy be the hyperbolic Fibonacci vectors. The Lorentzian mixed product of these vectors is

= = =
<Fn XLFm N Fg> =0.
Proof. Using the properties
= =
Fn xFpn = (?n X ?m) + (?n+1 X ?m+1) +h (?n X ?m+1 +?n+1 X ?m)
and

=
Fy :?é"‘h?@rl

we can write,

<?n Xﬁm,?é>  (Fax P B+ (Fos % Pt T
Ah[(Fox Fon Froy )+ ?n+l><?m+17?€+l>]
i Fx B T+ (P x T B
+< nX?m+17?£+l>+<?n+lX?m7?k+l>-

3.7

(3.8)

(3.9)

(3.10)

@3.11)

Then from equations (3.7), (3.8), (3.9)and (3.10) and by using the Lorentzian inner product definition of the hyperbolic number, we obtain

ﬁ
((i+]+K).F,) = o+ Fiy —Fiya =0,

.. =
<(1+J+k)an+1> =F1+Fyo—Fy3=0.

Thus, we have the equation (3.11).
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4. Conclusion

The hyperbolic Fibonacci sequence defined by
Fy=FuthFpy, (P =1),

with Fy =1+h, F, =1+2h where 2 =1,.

In addition, limit for the hyperbolic Fibonacci sequence and Binet’s formula for the hyperbolic Fibonacci sequence is given. Furthermore,
vectors and the Lorentzian inner product, cross product and mixed product of these vectors are given.
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1. Introduction

In the present paper under space we mean a topological T} -space, under compact a Hausdorff compact space and under map a continuous
map.

A collection @ of subsets of a set X is said [1] to be star-countable (respectively, star-finite) if each element of ® intersects at most a
countable (respectively, finite) set of elements of @. A collection m of subsets of a set X refines a collection Q of subsets of X if for each
element A € o there is an element B € Q such that A C B. They also say that w is a refinement of Q.

A finite sequence of subsets My, ..., M of a set X is [2] a chain connecting sets My and My, it M; | "M; # @ fori=1,...,s. A collection
o of subsets of a set X is said to be connected if for any pair of sets M, M’ C X there exists a chain in @ connecting sets M and M. The
maximal connected subcollections of @ are called components of ®. A star-finite open cover of a space X is said to be a finite-component
cover if the number of elements of each component is finite. A space X is said to be superparacompact if every open cover of X has a
finite-component cover which refines it.

Note that any compact space is superparacompact, and any superparacompact space is strongly paracompact. Infinite discrete space is
superparacompact, but it is not compact. Real line is strongly paracompact, but it is not superparacompact.

For a collection @ = {O¢ : & € A} of subsets of a space X we suppose [0] = [0]x = {[Og]x : & € A}. For a space X, its some subspace W
and a set B C X \ W they say [2] that an open cover A4 of the space W pricks out the set B in X if BN (U[A]x) = @.

The following criterion plays a key role in investigation the class of superparacompact spaces.

Theorem 1.1. [3] A Tychonoff space X is superparacompact iff for every closed set F in BX lying in the growth BX \ X there exists a
finite-component cover A of X pricking out F in BX (i. e. F N (U[A]gyx) = D).

D.Buhagiar and T.Miwa offered the following criterion of superparacompactness.

Theorem 1.2. [4] A Tychonoff space X is superparacompact iff for every closed set F in perfect compactification bX lying in the growth
bX \ X there is a finite-component cover A of X pricking out F in bX (i. e. FN (U[A]px) = ).

Let us recall a notion of the perfect compactification. For a topological space X and its subset A a set FryA = [A]x N [X \ A]x = [A]x \ IntxA
is called [5] a boundary of A.

Let vX be a compact extension of a Tychonoff space X. If H C X is an open set in X, then by O(H) (or by O,x (H)) we denote a maximal
open set in vX satisfying O,x (H)NX = H. It is easy to see that

OxH)= |J T,
Tety,
I'nX=H

Email addresses and ORCID numbers: adilbek_zaitov@mail.ru, https://orcid.org/0000-0002-2248-0442 (A. A. Zaitov), d-a-v-ron@mail.ru, https://orcid.org/0000-0001-
5387-3639 (D. I. Jumaev)
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where T,x is the topology of the space vX.

A compactification vX of a Tychonoff space X is called perfect with respect to an open set H in X, if the equality [FrxH]yx = Fryx Oyx (X)
holds. If vX is perfect with respect to every open set in X, then it is called a perfect compactification of the space X ([1], P. 232). A
compactification vX of a space X is perfect iff for any two disjoint open sets U; and U, in X the equality O(U; JU,) = O(Uy) JO(U>) is
carried out. The Stone-Céch compactification BX of X is perfect. The equality O(U; JU,) = O(U;) JO(U,) is satisfied for every pair of
open sets U; and U, in X iff X is normal, and the compactification vX coincides with the Stone-C&ch compactification X, i. e. vX = BX.
Let X be a space. By expX we denote a set of all nonempty closed subsets of X. A family of sets of the view

n
O(Uy,...Up) ={F €expX : F C|JU,,FNU| #@,...FNU, # &}
i=1

forms a base of a topology on exp X, where Uy, ...,U, are open nonempty sets in X. This topology is called the Vietoris topology. A space
expX equipped with Vietoris topology is called hyperspace of X. For a compact space X its hyperspace exp X is also a compact space (for
details, see [6], [7], [8]).

Note for any space X it is well known that

[O(Ul,...,U,,}]epr =O({[Ui]x,....,[Un]x) -

Let f: X — Y be continuous map of compacts, F € expX. We put
(exp f)(F) = f(F).

This equality defines a map exp f : expX — expY. For a continuous map f the map exp f is continuous. Really, it follows from the formula
(exp f) " OWL, ..U} = O (U)o (Un)

what one can check directly. Note that if f: X — Y is an epimorphism, then exp f is also an epimorphism.
For a Tychonoff space X we put

expg X = {F €expBX: F C X}.

Itis clear, that expg X C expX. Consider the set expg X as a subspace of the space expX. For a Tychonoff spaces X the space expg X is also
a Tychonoff space with respect to the induced topology.
For a continuous map f : X — Y of Tychonoff spaces we put

expp £ = (exDBF)lexpy -

where B f : BX — BY is the Stone-Céch compactification [5] of f (it is unique).

As it is well-known the action of functors on various categories of topological spaces and their continuous maps is one of the main problems
of theory of covariant functors, in the present paper we investigate the action of the functor exp (the construction of taking of a hyperspace of
a given space) on superparacompact spaces (section 2) and superparacompact maps (section 3).

2. Hyperspace of superparacompact spaces

It is well known that for a Tychonoff space X the set expg X is everywhere dense in exp BX,i. e. exp X is a compactification of the space
expg X. We claim exp BX is a perfect compactification of exp 5 X. At first we will prove the following technical statement.

Lemma 2.1. Let yX be a compact extension of a space X and, V and W be disjoint open sets in yX. Let VX = XNV and WX = X NW.
Then the following equality is true:

AV N XAW ]y = X\ (VEUWY)]px.

Proof. Ttis clear that [X \ VX]yx N[X \W¥],x D [X\ (VX UWX)],x. Letx € [X \ VX],x N[X \ W¥],x. Then each open neighbourhood Ox in
¥X of x intersects with the sets X \ VX and X \ WX. Hence, Ox ¢ VX and Ox ¢ WX . Therefore, since V¥ N"WX = @, we have Ox ¢ VX UWX,
i.e. OxNX\ (VX UWX) # @. By virtue of arbitrariness of the neighbourhood Ox we conclude that x € [X \ (VX UWX)],x. O

Theorem 2.2. For a Tychonoff space X the space exp BX is a perfect compactification of the space expg X.

Proof. It is enough to consider basic open sets. Let U; and U, be disjoint open sets in X. Since BX is perfect compactification of X we have
Opx (U1 UU,) = Opgx (U1) U Opx (U2). Consider open sets

O(U;) ={F : F €expg X,F C Uj}, i=1,2
in expg X. It is clear, that O(U;) N O(U,) = @. We will show that
OexpﬁX(0<U1 > U 0<U2>) = OexpBX(0<Ul >) U OexpﬁX (0<U2>)'

The inclusion D follows from the definition of the set O(H) (see [1], P. 234). That is why it is enough to show the inverse inclusion. Let
® C BX be a closed set such that @ ¢ Oy, gx (O(U1)) U Ocyp gx (O(U2)). Then @ € exp X \ Ocyppx (O(Ui)), i = 1, 2. From [1] (see, P.
234) we have

expﬁx\oexpﬁX(0<Ui>) = [expﬁX \ O<Ui>]expﬁX7 i=1,2
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Hence @ € [expg X \ O(Ui)exppx- i = 1, 2. Since O(U1) N O(Uz) = @ by Lemma 2.1 we have

[expg X\ O(Un)]exppx M [expp X\ O{U2)|exppx = [expp X \ O((U1) UO(U2))exppx -

Therefore, @ € [expg X \ Ocxppx (O(U1) UO(U2))lexppx» What is equivalent @ € exp BX \ Ocyppx ((Ur) U (Uz)) (see [1], P. 234). In other
words, @ ¢ Ocyppx ((Ur) U (Uz)). Thus, we have established that inclusion Ocx,gx ((U1) U (U2)) C Oexppx (O(U1)) U Ocyp gx (0(U2)) is
also fair. O

Lemma 2.3. Let Uy,..., Up; Vi,..., Vi be open subsets of a space X. Then O{Uy, ..., Uy)NOVy,..., Vi) # S iff foreachi € {1,...,n}
and for each j € {1,...,m} there exists, respectively j(i) € {1,...,m} and i(j) € {1,...,n}, such that UiN\V;y # @ and Uy jy NV; # @.

Proof. Assume that for every i € {1,...,n} there exists j(i) € {1,...,m} such that U; N V(; # @ and for every j € {1,...,m} there exists
i(j) € {1,...,n} such that Uj(jyNVj # @. For any pair (i, j) € {1,...,n} x{1,...,m} for which U;NV; # @, choose a point x;; € U; NV,

n m
and make a closed set F' consisting of these points. Then F C |J U;and F C |J V;. Besides, FNU; # @,i=1,..., n,and FNV; # &,
i=1 j=1
j=1,..., m. Therefore, F € O{Uy,..., Up) NOVy,..., Vi).
m
Suppose there exists iy € {1,...,n} such that Uy, NV; = @ forall j € {1,...,m}. Then U;,N U V; = @ and for each F € O(Uy, ..., Uy)
j=1
m m
we have F ¢ |J V;. Hence, F ¢ O(Vy, ..., Vi). Similarly, every I € O(Vy, ..., Vi) lies in |J V; what implies T NUj, = @. From here
=1 j=1
I'¢ o(U, ..., Uy). Thus, O{Uy, ..., U)NOVy, ..., Vi) = 2. O

Lemma 2.4. Let v be a finite-component cover of a Tychonoff space X. Then the family expg v = {o(Uy,....,Uy):Uiev,i=1,....,nm;ne
N} is a finite-component cover of the space expg X.

Proof. Let O(Gy,..., Gi) be an element of expg v. Each G; € v intersects with finite elements of v. Let H{a: GinUy # @, Uy € vV} =n;,
i=1,2,..., k. Denote y={G,NU;: GiNU;#@,i=1,2,...,k, Uj € v}. Then|y| < ny- ... ng. Therefore, the set O(Gj,..., Gi)
k
crosses not more then [] »; elements of expg v. It means that the collection expg v is star-finite.
i=1
Let F € expg X. There is a subfamily vr C v suchthat F C |J U. From a cover {FNU: U € vp, FNU # &} of the compact F it is
Uevr
possible to allocate a finite subcover {F NU;: i=1,...,m}. We have F € O(Uy,..., Uy). So, the family expg v is a cover of expg X. On
the other hand by the definition of Vietoris topology the cover expg v is open. Thus, expg U is a star-finite open cover of expg X.
We will show now that all components of the expg ¥ are finite.

Let M = O(Gy, ..., Gs) and M = O(G,,..., G,) be arbitrary elements of expg V. Further, let y; = {Ulij :1=1,2,..., njj} be the
iG;

maximal chain of v connecting G; and G/j, i=1,2,...,s5 j=1,2,..., t. By definition these sets satisfy the following properties:

) U’ =G; i=1,...,8j=1,....1
ij _ A .
@ Ui, =G - ~
G v nul, #o, I=1,...mj—Lli=1,...,8j=1..t.

/

Ifs <t wehave O(Gy,...,Gy) = O, ... .U yh ™) yisty where j=1,...,tandiy,...,ir_y € {1,...,s}. Further, O(G,...,G,) =

0<U,i}l yeee ,U,’;i/), i=1,...,s. Thus, the cover expg v has a chain connecting the given sets M = O(Gj, ..., Gs) and M = O(G/l,..., G,).
The case s > ¢ is analogously.
Now using Lemma 2.1 and calculating directly we find that each maximal chain of expg v connecting the sets M = 0(Gy,..., Gs) and
t
M = O(G/1 Seens G;) has no more than ﬁ njj elements. Thus, all components of expg v is finite. O
i=1,
j=1

Theorem 2.5. For a Tychonoff space X its hyperspace expg X is superparacompact iff X is superparacompact.

Proof. As the superparacompactness is inherited to the closed subsets [2], the superparacompactness of expg X implies superparacompactness
of the closed subset X C expg X.

Let Q be an open cover of expg X. For each element G € Q there exists Og(Uy,...,U,) such that Og(Uy,...,U,) C G, where Uy,...,U,
are open sets in X. We can choose sets G € Q so that a collection of sets Og(Uy,..., U,) forms a cover of expg X, what we denote by Q. It
is easy to see that a collection 0 = U {U1,..., Uy} is an open cover of X. There exists a finite-component cover @ of X which
06(Uy,...,.U,) e
refines @ . Then by Lemma 2.4 the collection
expg @ = {OV1,...,Vp): View, i=1,..., n; ne N}

is a finite-component cover of expg X and it refines Q. O
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3. Superparacompactness of the map expg f

For a continuous map f : (X, 7x) — (¥, 7y) and O € 1y a preimage f~' O is called a rube (above O). Remind, a continuous map f: X — ¥ is
called [2] a Ty-map, if for each pair of distinct points x, x € X, such that fx)y=f (xl), at least one of these points has an open neighbourhood
in X which does not contain another point. A continuous map f : X — Y is called fotally regular, if for each point x € X and every closed set
F in X not containing x there exists an open neighbourhood O of f(x) such that in the tube £~ 'O the sets {x} and F are functional separable.
Totally regular Ty-map is said to be a Tychonoff map.

Obviously, each continuous map f: X — Y of a Tychonoff space X into a topological space Y is a Tychonoff map. In this case owing to
the set expg X is a Tychonoff space concerning to Vietoris topology for every Tychonoff space X, the map expg f : expg X — expgYisa
Tychonoff map.

A continuous, closed map f : X — Y is said to be compact if the preimage £~y of each point y € Y is compact. A continuous map f : X — Y
is compact iff for each point y € ¥ and every cover @ of the fibre £~ !y, consisting of open sets in X, there is an open neighbourhood O of y
in Y such that the tube f~10 can be covered with a finite subfamily of ®.

A compactmap bf : byX — Y is said to be a compactification of a continuous map f : X — Y if X is everywhere dense in byX and bf|y = f.
On the set of all compactifications of the map f it is possible to introduce a partial order: for the compactifications by f : by X — Y and
baf : bayX — Y of f we put by f < by f if there is a natural map of b ¢X onto by sX. B. A. Pasynkov showed that for each Tychonoff map
f: X — Y there exists its maximal compactification g : Z — Y, which he denoted by 8 f, and the space Z where this maximal compactification
defines by BsX. To within homeomorphism for a given Tychonoff map f its maximal compactification B f is unique.

Remark 3.1. Note that the maps by f, by f, Bf are compactifications of the map f. The spaces by ¢X, by, BrX are some extensions of X but
they are not obliged to be compactifications.

A Tychonoff map f : X — Y is said to be superparacompact, if for every closed set F in B¢X lying in the growth ;X \ X there exists a
finite-component cover A of X pricking out F in f¢X (i. e. F N (U[A]g.x) = @) [3].
It is easy to see that one can define superparacompactness of a map as follows: a map f : X — Y is superparacompact if for each y € ¥ and

every open cover Y of f~!yin X there exists an open neighbourhood O of y in ¥ such that Y has a finite-component cover v of f~10 in X
which refines T.

Definition 3.2. A compactification bf : byX — Y of a Tychonoff map f : X — Y is said to be perfect compactification of f if for each point
y €Y and for every disjoint open sets Uy and U, in X there exists an open neighbourhood O C 'Y of y such that the equality

Opx (U UU) Nbf 10 = (Obe(U] ) UO,,fX(Uz)) nbf'o

holds.

Let f: X — Y be a continuous map of a Tychonoff space X into a space Y. It is well known there exists a compactification vX of X such that
f has a continuous extension vf : vX — Y on vX. Itis clear, vf is a perfect compactification of f.
The following result is an analog of Theorem 1.2 for a case of maps.

Theorem 3.3. Letbf : byX — Y be a perfect compactification of a Tychonoff map f : X — Y. The map f is superparacompact iff for every
closed set F in byX lying in the growth byX \ X there exists a finite-component cover A of X pricking out the set F in byX.

Proof. The proof is carried out similar to the proof of Theorem 1.1 IT from [2]. O

Evidently a restriction f|¢ : @ — Y of a superparacompact map f : X — Y on the closed subset & C X is a superparacompact map.
The following result is a variant of Theorem 2.2 for a case of maps.

Theorem 3.4. Let f: X — Y be a Tychonoff map. Then the map expg Bf: expg BrX — expgY isa perfect compactification of expg f:
expg X —expgY.

Proof. The proof is similar to the proof of Theorem 2.2. Here the equality

(expg BS) 'O, sUn) = OB~ (U)o BS ™ (Un))
is used. O

The following statement is the main result of this section.

Theorem 3.5. The Tychonoff map expg f 1 expg X — expgY is superparacompact iff amap f: X — Y is superparacompact.

Proof. Letexpg f: expg X — expg Y be a superparacompact map. It implies that f : X — Y is a superparacompact map since X = exp; X
is closed set in expg X.

Letnow f: X — Y be a superparacompact map. Consider arbitrary I" € expg ¥ and an open cover Q of (expg f yUD) ={F ¢ expg X :
f(F)=T}in expp X. For each element G € Q there exists Og(Uy,...,Uy,) such that Og(Uy,...,U,) C G, where Uy,...,U, are open sets in
X. We can choose sets G € Q so that a collection of sets O (U1, ..., Un) forms a cover of (expg £)1(I"), what we denote by Q. It is easy

to see that a collection @ = U {U1,..., Uy} is an open cover of f~!T"in X. For each y € T" there exists an open neighbourhood
0 (Uy,....U,) e

Oy of y in Y such that the collection @, = {UN f *IOy U e a)l} is an open cover of f~'y in X and @y has a finite-component cover a);,

of f _lOy in X which refines m,. Gather such O, and construct an open cover {Oy:y €T} of I'in Y. Since I' € expg ¥ by construction
of hyperspace, I is a compact subset of Y. Consequently, there exists a finite open subcover y = {0y, ,...,0,,} in Y, which covers I'. Put



Universal Journal of Mathematics and Applications 69

o= U a)‘/,i. Then o is an open cover of £~ ( Uu ) in X. By the construction @ is a finite-component cover, and it refines ®'. Hence,
Oy€y ~ Ucw

expg @ is a finite-component cover of (expg £)710(0y,,...,0y,) = <J“10yl yeue ,fﬁlOy"> in expg X and it refines Q.

So, for each I" € expg Y and every open cover € of (expﬁ f )*11" in expg X there exists an open neighbourhood 0(0y,,...,0y,) of T

in expg ¥ such that Q has a finite-component cover expg @ of (expg £)~'o(oy,,...,0,,) in expg X which refines Q. Thus, the map

expg f': expgX — expgY is superparacompact. O

Corollary 3.6. Let f: X — Y be a superparacompact map and ® be a closed set in expg By X such that ® C expg BrX\ expg X. Then
there exists a finite-component cover Q of expg X pricking out ® in expg BrX (i. e. @ (U[Q.]expﬁ gix)=92).

Corollary 3.7. The functor expg lifts onto category of superparacompact spaces and their continuous maps.
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We will show the exponential growth of solutions with positive initial energy.

. ‘
lug|” iy — Augy — div <|Vu\a_2 Vu> —Au+ [g(t—s) Auds+ |u; " uy = i (u,v),
0

. t
Vel vie — Avyy — div (\Vv|ﬁ72 Vv) —Av+ [h(t—s)Avds+ v " v = o (u,v).
0

1. Introduction
In this work we consider the following coupled system of viscoelastic wave equations:
. t
e | ey — Aty — div (|vu\°‘—2w) —Aut [g(r—s)Auds+ |u " up = fi (w,v), (x,1) € Q% (0,T),
0

, 1
[vel? vie — Avyy — div (|Vv\ﬁ_2 Vv) —Av+ [h(t—s)Avds+ v v = fo(u,v), (x,1) € Q% (0,T),
0

u(x,t) =v(x,1) = (x,1) eQx(0,T),
u(x,0) =ugp(x), wu (x 0) = u; (x), xeQ,
v(x,0) =vp(x), v (x,0)=v(x), x€EQ,

(1.1)

where Q is a bounded domain in R" (n = 1,2,3) with smooth boundary d€, the constants j >0, 0« >2, 8 >2, m > 1,r > 1. Here, fi (u,v)

and f> (u,v) are nonlinear functions defined as
Fi(wy) = alu+ v (uv) b ful? ulv]P 2,
Fa () = alu+ v (utv) b P v fufP+

in which the constants a > 0, b > 0, and p satisfies

p>—1, n=1,2,
-1<p<l1, n=3.

Let

i) = 2E ang ) = 2E 00,

(1.2)

(1.3)
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where

__ b 2p+2) P2
Flum) =505 [a\u+v\ (u+v) +2b|uv| }

There are two positive constants cq, c¢; such that
<o <|u|2(r+2) + |v|2(r+2)) < 2(r+2)F (M,V) < (|u|2(r+2) + ‘V‘Z(r+2)) )
As a special case, for ¢ = 8 = 2, the system (1.1) becomes the following system

) '
|ug| gy — Autyy — A+ [ g (t — 5) Auds + |u,\m71 u = f1 (u,v),
. ° (1.4)
[vel! vig — Avyy — Av+ [h(t —s) Avds + \v,|r71v, = f>(u,v).

0

Liu [1] proved decay of the solutions for system (1.4) under some appropriate functions f; and f,. Later, Said-Houari [2] studied exponential
growth of the solutions for system (1.4). When j = 0 and without the Auy;, Avy; terms, the system (1.4) has been investigated by some
authors and results concerning local and global existence, blow up, decay of the solutions were obtained [3, 4, 5, 6, 7, 8]. Hao et al. [9]
considered global nonexistence of the solution of (1.1), with negative initial energy.

Motivated by the above papers, in this work we prove the exponential growth of solutions for the problem (1.1), with positive initial energy.
This work is organized as follows: In section 2, we present some lemmas and notations needed later of this paper. In section 3, exponential
growth of the solution is proved.

2. Preliminaries
In this part, we give some assumptions and lemmas which will be used throughout this paper. Let [|. | and [|. |, denote the usual L?(Q) norm

and L (Q) norm, respectively.
Now, we make the following assumptions on the C'-nonnegative and nonincreasing relaxation functions g and h :

1—/g(s)ds:z>0, 1—/h(s)ds:k>0 @1
0 0
and Vs >0
g (s) <0, K (s)<0. (2.2)

Let us define
t t
10 =1 = [ 1= [e@ds | 1vul>+ [ 1= [ns)as | o] 3
0 0
1 1
~2(p+2) [ Fluwv)det (g0 Vut hoWo) + o |Vul + 5 V5.
Q

' 1
1 1
J(t)z](u.,v)zi l—./g(s)ds HVMHZ—Q—E 1—(/h(s)ds V]2 2.4)
0 0

1

51V

1 1
—/F(u,v)dx—&-i (80 Vut+-ho Vo) + —||Vu §+
Q

and

1 j+2 A2\ 1 2 2
E@) = (Il 3+ 75 + 5 (19l + 19w 1P)
1 / 1 /
t5 1- /g(s)ds HVMHZ-‘,-E 1—/h(s)ds V]2
0 0

1 1 1
- /F (e)dx-+ 3 (g0 Vut hoWa) 4 |Vul + 5 Vv 2.5)
Q

where

ow) )= [9t=n) [1w(e) -y (@) dxdr.
0

Q
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Lemma 2.1. E (¢) is a nonincreasing function for t > 0 and

1
E'(1) = = (llly i+ vl i) + 5 (60 Vur i 0Vv)

2
1
5 (e IVl +n(@) |v]?)
<0. (2.6)

Proof. Multiplying the first and second equation of (1.1) by u; and vy, respectively, integrating over Q x [0,¢], then adding them together
and integrating by parts, we obtain (2.6). O

3. Exponential growth of solutions

In this part, we are going to consider the exponential growth of the solution for the problem (1.1).
Firstly, we give following two lemmas.

Lemma 3.1. []0, 11]. Suppose that (1.3) holds. Let (u,v) forn >0
1
B

p+2
H |Val? + B VP ]

2(p+2) p+2 1 o B
13022+ 23 < n | 17+ 1991

where
o= [ ] (2 4 P2 a2
Q
b= [ vl (12 P a2 )
Q,
and

Q={(x,1): lu(x,t)| <1, [v(x,0)] <1},

Qy ={(x,1) : lu(x,0)| <1, [v(x,0)| >1}.

Lemma 3.2. []0, 11]. Suppose that (1.3) holds. Let (u,v) be the solution of problem (1.1). Assume further that E (0) < E| and

1

1 2
s Ivlf+10)] > o

B

Then, there exists a constant 0 > o such that

1
5 Vol +

(LI T :
@ IVele+ g IVl +10)| " > o
1
2(p+2 +2 2(0+2)
(4 vI50 55+ 1l 3) 7 > Bos,

forallt € (0,T), where

B T oy —B 5 E ! ! o?
= = P = _—— .
n 5 U s L] 2 2 (p T 2) 1

Theorem 3.3. Suppose that (1.3) holds. Assume further that
max{j+2,m+1,r+1} <2(p+2),
E(0) < E

and (2.1), (2.2) hold. There exist constant y such that
max{c,B} <y<2(p+2)

and

1/(2y)
(r/2)—1+1/(@2y)

Then, any solution of (1.1) grows exponentially.

min{/,k} >
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Proof. We define the functional
H(t)=E| —E(t). 3.1
From (2.1), (2.5) and Lemma 3.2, we have

0<H(0)<H()
<E —E(t)

+2 i+2) 1 2 2
= (llF 5 e l33) = 5 (173l 4 19ve))

t t
1 " 1
—5 (1= [eas | 1vulP =3 { 1= [nds | 199
0 0
+/F(u V)dx— 2 (goVuthowy) — L Va2 = L vy
’ 28 a “ B B
<B - g+ gt (2 + VA )
P22 T 2 (p2) M2 2(p+2)
Ci 2(p+2) 2(p+2)
<5y U3+ 50 5)- (3.2)
Let us define the functional
L(t):H(z)Jr%/<|u,\ju,u+\vl\jv,v> dxfE/(Auu, + Avvy) dx, (3.3)
J
Q Q

where € is a small positive constants to be determined later.
By differentiating with respect to ¢ and using (3.3) and (1.1), we have

L/ (t) = H/ ([) -|—8/ I:(‘utlj unu-{— |Vt‘j Vttv> =+ m ('Mt‘/+2+ ‘VZ|J+2>:| dx
Q

+& (|\Vu,“2+ HVth2) —e/(uAu,, +vAvy)dx
Q

2 j+2 _ B
=10+ (hall 23 4+ l3) e f (bl vl ) d
Q
2 2 2 2
+e (17l -+ 190?) = (19l + 199IF) =& (19l + 19v13)

1 1
+28(p+2)/F(u,v)dx+£ /g(s)ds | Vul* + & /h(s)ds V]2
Q 0 0

‘

+8./g(l—s)(/Vu[Vu(s)—Vu(t)]dxds

0 Q
+8/h(l —) / Vv [Vv(s) — Vv ()] dxds. (34
0

Using Cauchy-Schwarz and Young’s inequalities, we get

1 1

2 2

/g(t—s)/Vu[Vu(s)—Vu(t)]dxdsg/g(t—s) /\Vu(t)|2dx /|Vu(s)—Vu(t)\2dx ds
0 Q 0 Q Q

< [ & =5 IVu ]| 1Vu(s) = Vu(0)|ds
0

< [ (219006) = Fu@IP + 7 19017 ) s

<2 [g(t=s5)|Vu(s) - Vu |\2ds+f/g 5) | Vu (1) |>ds
0

t
< A(goVu)+ /g Yds | [|[Vu(2)]*. (3.5)
0
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Similarly, we obtain

t t

/h(t—s)/Vv[Vv(s)—

0 Q 0
Inserting (3.5) and (3.6) into (3.4), we have

V(02 @)+ (54l 33) —e [ (ulal™ ot vl ) as
Q
2 2 2 2
& (I1vil? +119wi)12) — & (I Vall® + [ 99112) — & (I Vall G+ 991

+2£(p+2)/F(u,v)dx+£ /g(s)ds IVul? +¢ /h(s)ds V2
Q Q Q

t t
€
+eh(goVuthoVy)+ /g(s)ds Va2 + /h(s)ds V)2
0 0

By the definition of E (7) and (3.1), we obtain

1 w2\, 1 2 2
JF e =H )~ B (a3 Il 75) + 5 (170 + 19 ))
Q

t
1
+3 1—/g(s)ds Vu + /h yds | [V
0

1
P HVqu+* HVVH,;-

1
+E(goVu+hon)+ B

Substituting (3.8) into (3.7), we get

1 Y j+2 j+2 -
vz ve (e gt ) () e f (dar
Q

+e(1+ )(Hw,n +Inl?) + veH () — eyEr +€ (2(p+2)

Y_ Y_ v
1) 2 1+4)L /h yds| [[Vv]?

x) (g0 Vu+hoVv) +£< 1) HVuHa—i-s( 1) vl
By using the Young’s inequality, we get
6 m+1
1 m m 1
/ " i+ e
5 m+l
L omd
ullmi + H 0
and
r+l | 'H |
[ v < 2 i+ 2
!
5r+1 5_i1
+1 !
< 2+ 2 ).
Since L2P+2) (Q) «— L1 (Q) and L2(P12) (Q) — L't (Q), we have
2(p+2 2(p+2)\ ™ 1 2p+2 2pt2)\ " 2l
(373 + 1520 ) " el < € (a3 + W)™ ™

and

2(p+2 2p+2)\" 1 oy
(hal3{23) + IS 3)) vt < s (Il 2] + vl ) .

V()] dxds < A (hoVY) + 3 [ns)as | 19l

(3.6)

3.7

(3.8)

(3.9)

(3.10)

3.11)

(3.12)

(3.13)
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We use the following algebraic inequality
1
' <z+1< <1+7) (z+a), Vz2>0,0<v <1,
a

we obtain, for r > 0,

m+1

(B2t + IR < a (202 4 VIR ) + 1 (0))
<d (Bl + IR +H ()
and
(|\u\|§§zi§§+\|v||§§§i§§)’“w” <d(ul3 )+ IvI5ES) + 1 (0))
<d (lula )+ IvI5ET) +H ()

ford =1+ ﬁ.
By (3.9)-(3.13),(3.15) and (3.16), we have

_m+l _rtl
mé " s, C 1 ; ;
L’(t)>(1+ L2 )H’(z)+s(+y) (IIu:IIﬁ%H\wIIﬁ%)

m+1 r+1 1 j+2

§mtleyd 85tz 2(p+2) 2(p+2)
( m+ 1 + r+1 (””HZ(p+2>+Hv‘|2(p+2>)

51’”+102d 52r+103d
+8<y_( m—+1 + r+1 H(t)
e (14 2) (Ival + 1991+ @(p+2) ~ 7(p+2)) [ F () ds
Q

ve|(X-1)- (g_wé)o/mg(s)ds [Vl

el (el

+£<g71> Hvungﬂ(%q

[n)as| v
0

By use (3.2) and since

min{Z—L 1—1}>0
a

B
and
Y
1+ 2 >0
we obtain
()= MH (1) +e | ——+ L (Nt + 11 733) + e (r—Ka) H 0)
= j+1 j+2 142 tlj42 Y 1
2 2
+ &Ko ([[Vullg + 19911 ) + ks (1Val + Vo))
+e (g—x) (§0Vu+hoVv) +e (1 +g) (||wt|\2+||vv,|\2)
2(+2)—r(P+2))C 2(p+2) 2(p+2)
*8( 2(0+2) =K1 ) (el 2]+ IV5613))
where
m+1 ol
mé; " ro, '
M=1+ ,
+1 r+1
8m+162d 5r+1c‘3d
K = ,
m+1 r+1

(3.14)

(3.15)

(3.16)
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and

K3:<g—l>—(%—l+f)max /g / s)ds
Choose &1, 6, appropriate such that

2(p+2)—ry(Pp+2)C
2(p+2)

Then, we can find positive constants b and b, such that

:’)/_K1>07 b2:

j+1  j+2
+eky (I1Vull g+ 11 +e (14 1) (Il + 9]1)

1 Y 2 )
vz i) ve (=5 ) (i3 + Il 3)

(p+2) (p+2)
+ebH (1) +¢€by (H”Hz(ﬁm +v HZ 2+2 ) 20.

Because of H' (¢) > 0, there exists constants ¢ > 0 such that

- j+2 j+2
L) > RCH () + 2534 w553 4 9+ 9]

(r+2)

(p+2)
0 VR > 0

2 2 2
FVue]|7 4 Ve |7+ [Jull; (p+2)

Z — i 1 Y Y
where K = mln{sbl,s (m + m) €Ky € (1 + 2) ,8b2} .
On the other hand, we can choose € smaller so that
L(0)=H(0) +8/(u0u1 +vovy)dx > 0.
Q

Furthermore, we have
L(r)>L(0), t>0.

Next we estimate L (7). Using Young’s inequality, we obtain
j+2

i1 i G+’ )
[l ua| < n i3+ 71n w2, Vi >0,
Q

Next, using the embedding L2(P+2) (Q) < L/+2(Q) , the estimate (3.20) becomes

j+1 j+2
/\Mr|"+ udx <C<Hu||/ Tos2) +||u,\|§+2)
Q

j+2
2(; 2) 12
<c((mB) ™ + hatii3).
Since 2(p+2) > j+2and H (1) > H (0), use the inequality (3.14), we have

1
Vi) (R0 +H )+l 3]

1 .
(1 + —) (llul\igﬁg +H(t)) + H”z”ji%} ,

/\ut|j+]udx SC{

Q

Similarly, we have

- X A
/ lve [+ vdx| < € [(1 + m) (W33 +H () + |\w||j-i§] .
Q

By Green identity and Holder’s inequality, we get

—/u,Audx: /VuVu,dx
Q

ol

< /(Vu)zdx /(Vu,)zdx
Q Q
= [[Val[ |Vl

— Ky >0and M > 0.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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similarly

—/V,Avdx < [[V]| [ V] (3.24)
Q

Next, using the embedding L% (Q) < L2 (Q) and LP (Q) < L2 (Q) the estimate (3.23) and (3.24) becomes

{ [Vu[[[Vaag | < C IVl | Ve ] (3.25)

IVulH19l < C[9vilg V]
By Young’s inequality (3.25), we get
1 2 2
1Vl V2] < 5 (Ve + 1 V2]
1 2 2
19l 19wl < 5 (1913 + 19 1P) (3:26)

Since o >2, f > 2 and H (t) > H (0), the inequality (3.14) yields

I

Va3, = (IVull)
1

(
(

IN

) (IVul 11 (0))

T

=

1+ ©
1 o
< HW) (IIVullg+H (1)) (3.27)

and

S

199l = (w11}
1

< (1 ¥ 70)) (HvVHg +H (0))

B (
< (1 +W) (v +1 ). (3.28)

Combining (3.20)-(3.28), we have

HLI / <|u,\ju;u+ v |/ v,v) dx— E/. (Auuy + Avvy) dx
Q Q

< w(H (0)+ 55+ e llS35 + 19l + 19915 + Vil P+ V]

+lal3 )+ IV5E )
Thus, we obtain

L(1) < C(H (1) + [ |13+ Ivel1 53 4 IVal & + IV VI + 11Vt 2+ 119 |

Hlul ) + V50 ) (3.29)

A combination of (3.17) and (3.29) yields

L(t) <C*L'(¢) forallt >0, (3.30)
where C* is a some positive constants. Integrating the differential inequality (3.30) between 0 and ¢ gives the following estimate for L (),

L(t) >L(0)e/C".

This completes the proof. O

4. Conclusion

In this paper, we obtained a exponential growth of solutions for a nonlinear coupled viscoelastic wave equations with nonlinear damping
terms. This improves and extends many results in the literature such as (Houari [2], Piskin [5]).
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1. Introduction

The concept of statistical convergence was introduced independently by H. Fast [10] and by H. Steinhaus in [34] as an applicable concept
that generalizes the classical concept of usual convergence. This convergence was studied for sequences of numbers in [11, 12, 31], for
sequences of elements in uniform spaces in [4, 21], for sequences of elements in paranormed spaces in [2, 14], for sequences of elements in
topological groups in [6], for sequences of elements in metric spaces in [3], for sequences of elements in topological vector spaces in [20],
and for sequences of elements in topological vector lattices in [1]. There are articles [26, 27], which study statistical convergence of double
sequences and generalized sequences. There are generalizations of this concept through ideals in the articles [15, 16, 17, 32]. Almost all
applicable statistical convergence ideas depend on asymptotic densities of sets. These sets may be subsets of N, N XN, N XN XN, ...,
where N represents the set of all natural numbers. So, if the concept of asymptotic density for subsets of directed sets is introduced, then the
concept of statistical convergence for nets can be introduced. This is done in the present article. For this purpose, a natural restriction is
made on directed sets. The restriction is the following:

For the directed sets (D, <) considered in this article, to each B € D, the set {o. € D : ot < B} is finite and the set {ot € D : o0 > B} is infinite.
It is assumed that all directed sets considered in this article satisfy this condition.

All directed sets considered through N, N X N, N x N X N, ..., in earlier studies for statistical convergence satisfy this condition. Thus, a
common extension is proposed in this article.

There is an article [17], which discusses statistical convergence of nets through ideals, but not through a concept of asymptotic density. The
present article presents statistical convergence of nets through a concept of asymptotic density for directed sets.

The articles [7, 8, 9, 18, 19, 22, 23, 24, 25, 28, 29, 35, 36, 37, 38, 39] are related to this study of the concept. There are articles related
to summability through statistical convergence (see [11, 33]) and articles for generalizations of asymptotic density (see [5]). Let us first
introduce a concept of asymptotic density for our purpose.

2. Asymptotic density

A definition of asymptotic density for a special class of directed sets is presented in this section. This definition considers with the classical
definition for the directed set of natural numbers.

Definition 2.1. Let (D, <) be a directed set that satisfies the condition mentioned above.

To each oo € D, let Do = {B € D : B < a} and |Dgy| denote the cardinality of Dg. The lower asymptotic density of a nonempty subset A of D
|ANDg| |AND|
[Da] [Dal

is defined as the number lim iBf and the upper asymptotic density of A is defined as the number lim sup
ac

aeD
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If the upper and lower densities are equal, then the common number is called the asymptotic density of A and it is denoted by 6(A; D). Thus,

6(A;D) = lirrll) ‘A‘ED‘“‘, in the real interval [0,1]. If A is an empty subset, it is assumed that 8(A; D) = 0.
ac o

Here, for x¢ € R, the real line,

liminfxy = sup inf x4
ac BeDo>p

and

limsupxg = inf sup xq.
aeD BeDg>p

Example 2.2. Let D = {(x1,x2,x3) : x; € N, i = 1,2,3}. Define < on D by: (x1,x2,x3) < (y1,¥2,¥3) if and only if x; < y1, xo <y and
x3 < y3. Then, to each (y1,y2,y3) € D, the set {(x1,x2,x3) € D : (x1,x2,x3) < (y1,¥2,¥3)} is finite, and it contains y| -y, - y3 elements. Let
A= {(x,x,x) :x € N}. Then, 6(A;D) =0.

Example 2.3. Let D = N be the directed set with the usual order relation. Then, to each o« € D, Do ={B € D : B < o} has precisely a
elements. The asymptotic density introduced in Definition 2.1 for D coincides with the classical asymptotic density for subsets of N.

Definition 2.4. Ler (D), <) and (D?), <)) be two directed sets. Let D = DY) x D@). Define the product order < in D by: (x1,x3) <
Or1,y2) ifand only if x; <V y; and x, <) y,. Observe again that to each o € D, the set D = {B € D : B < o} is finite. This definition
can be extended to any Cartesian product of a finite number of directed sets.

Remark 2.5. IfA C DU, and ifﬁ(A;D<1)) exists then §(A x D(z);D) = 5(A;D<1)); for the notations used in the previous Definition 2.4.
Moreover, if BC D@ and §(A; D)) = 0 then 8(A x B; D) = §(A; D)),

Proposition 2.6. Let D be one among the directed sets NN X NN X N X N, ---, when N is endowed with the usual order, and the other
sets are endowed with the corresponding product orders. Then, to each y € D,

6({a € D: a not greater than or equal to y};D) = 0, and hence §({oc € D: o0 > y};D) = 1

Proof. Ttis easy to verify the relation §({x e D: a > y};D) = 1. O

Example 2.7. Consider the set N with the following different order relation. m < n if and only if m divides n. Then, N is a directed set with the
properties mentioned in the introduction. Fixk € N\{1}. Let A= {n € N : nis not greater than or equal to k} = N\{k, 2k, 3k, ---} = N\kN
(say).

Ifm € N\kN and if D, = {n € N : n <m}, then, for i € Dy, i € N\kN and hence AND,, = Dy,. This shows that limsup,, .., ‘ABD"”l =1.
If m =Kk for some i > 1, then D,y = {n € N :n <m} = {1,k,2k,--- ,k'}, when AN Dy, = {1}. This shows that liminf,, |ABDI‘H| =0.

In particular, §(A;N) does not exist. However, if A ={n € N : nis not greater than or equal to 1} = N\{1}, then §(A;N) = 1. Now,

let D = N\{1} and consider the order relation defined above. To each B € D, let Dg ={a € D: o < B}. For a fixed y € D, let

B={aeD:a>7}. Then, 1imsupﬁED“3‘27;ﬁ' =1>0.

Definition 2.8. A directed set is said to satisfy the condition (*), if to each fixed y € D, for the set B={a € D : o0 > v}, it is true that

limsupBeD% >0, whenDg ={a€D:a < B}

3. Statistical convergence

The classical concept of statistical convergence is generalized in this section. Some new fundamental properties are derived.

Definition 3.1. Let (xq)qcp be a net in a topological space (X,T) and let x € X. Let us say that (x¢)acp converges statistically to x in
(X,7), if, to each U € T such that x € U, the relation §({at € D : xq ¢ U}; D) =0 is true.

Let us first verify the uniqueness of statistical limits in Hausdorff spaces.

Proposition 3.2. Suppose (xq)qep be a net in a Hausdorff space (X, T) such that it converges statistically to x and y in X. Then, x =y.

Proof. Suppose x # y. Then, there are disjoint open sets U and V such that x € U and y € V. Then,
{oeD:xqg¢UtU{aeD:xq¢V}={aeD:xq ¢ UNV}=D.

But, 6({a € D:xq ¢ U} U{ax € D:xq ¢ V};D) =0 and §(D;D) = 1; which is a contradiction. Therefore, x = y. Observe that
0(AUB;D) = 0, whenever 6(A;D) =0 and 6(B; D) = 0, for subsets A and B of D. O

Proposition 3.3. Ler (D(V), <) (D) <)) and (D, <) be as in Definition 2.4. Let (X, tx) and (Y, 1y) be given topological spaces. Let
T be the product topology on X X Y. Let (xq) ycpty and (yB)BeD<2> be two nets in X and Y respectively. Then, ((xa,Yp))(a,p)ep cOnVerges
statistically to some (x,y) in (X x Y, ) if and only if (xa) g pay converges statistically to x in (X, tx) and (yg) pepe) converges statistically
toyin (Y,1y).
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Proof. Suppose, (Xa)yepn) converges statistically to x in (X, 7x) and (yp) Bep» converges statistically to y in (Y,1y). Fix U € tx and
V ety suchthatxe U andyeV.

Then,

8({aeDW :xg ¢ U};DW)=0and 5({B € D@ :y5 ¢ v}:DP) =0
By Remark 2.5,

8({aeDW :xg ¢ Uy x D@ UDWV x {BeD? 1y5 ¢ V}iD) =0.
Thus,

5({(a.B) €D (xaryp) ¢ U x V}:D) =0.

This implies that, ((xa,Yg))(a.p)ep converges statistically to (x,y) in (X x ¥, 7). Conversely, assume that ((xa,yg))(a,g)ep converges
statistically to (x,y) in (X x Y, 7). Fix an open neighborhood U of x in (X, Tx). Then,

S({(a,B) € D (¥a,vp) ¢ U x Y}:D) = 0.

So, 8({a € DV : xg ¢ U}; D)) = 0. This implies that, (%) gep) converges statistically to x in (X, 7x ). Similarly, (yg)gepe) converges
statistically to y in (¥, 7y). O

Proposition 3.4. Let (X,tx), (Y,7y) and (X X Y,7) be as in the previous Proposition 3.3. Let (xq)qecp be a net that converges statistically
to some x in (X, Tx ), for some directed set (D,<). Let (yo)qep be a net that converges statistically to some y in (Y, ty). Then, ((xa,Ya))aeD
converges statistically to (x,y) in (X X Y, 7). On the other hand, if ((xaq,Ya))acp converges statistically to some (x,y) in (X XY, 7) then
(o) ep converges statistically to x in (X, Tx ) and (yo)qep converges statistically to y in (Y, Ty).

Proof. Suppose (x¢)aep converges statistically to x and (yq)qep converges statistically to y.
Let U be an open neighbourhood of x in X and V be an open neighbourhood of y in Y. Then,

S{aeD:xqg¢UtU{axeD: 1y, ¢V};D)=0.
That is
S({aeD: (xq,yq) ¢U xV};D)=0.

So, ((xa,ya))aep converges statistically to (x,y).
Conversely assume that ((xq,ya))aep converges statistically to (x,y). Let U be an open neighbourhood of x. Then,

0{aeD: (xq,ya) ¢U xY};D)=0.
That is
0{aeD:xq ¢ U};D)=0.
This implies that, (x¢)gep converges statistically to x. Similarly (y¢)gep converges statistically to y. O

Remark 3.5. Proposition 3.3 and Proposition 3.4 can be extended to any Cartesian product of a finite number of spaces.

Proposition 3.6. Let (X,Tx) and (Y, 1y) be topological spaces and let f : (X,tx) — (Y, Ty) be a function which is continuous at a point x
inX. Let (xq)qep be a net that converges statistically to some x in (X, tx). Then, (f(xa))acp converges statistically to f(x) in (Y, ty).

Proof. Let U be an open neighbourhood of f(x) in (¥, 7y). Then, there is an open neighbourhood V of x in (X, 7x) such that (V) C U.
Then,

{oaeD: f(xq)¢U} C{oeD:xq¢V}and S({ot € D:xq ¢ V};D) =0.
So, 8({oc € D: f(xq) ¢ U}; D) = 0. This proves that (f(xq))aep converges statistically to f(x) in (¥, 1y). O

Proposition 3.7. Let DW D and D be as in Proposition 3.3. Let (x¢) g cpy and (yﬁ)ﬁED(2> be two nets in a topological vector space X
over the field of real numbers or the field of complex numbers. Let (aq) qep) be a net of scalars. If (xa) gepm), (Yg)gepe) and (aa)gepi
converge statistically to x,y and a respectively, then (x¢ + yﬁ)(m B)ep and (aa yﬂ)(m B)ep converge statistically to x +y and ay respectively.

Proof. Use Proposition 3.3 and Proposition 3.6. Observe that, it has been assumed that, the addition and the scalar multiplication in a
topological vector space are jointly continuous. O

Proposition 3.8. Let (x¢)qep and (yo)aep be two nets in a topological vector space X; with respect to a common directed set D. Let
(aa)aep be a net of scalars. If (xo)aep, (Ya)aep and (aq)acp converge statistically to x,y and a respectively, then (xo + Yo )aep and
(aaya)aep converge statistically to x+y and ay respectively.

Proof. Use Proposition 3.4 and Proposition 3.6. O

Remark 3.9. One may derive results similar to Proposition 3.7 and Proposition 3.8 for the structures, topological groups, topological rings,
and topological algebras.
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4. Statistically Cauchy nets

The concept of statistically Cauchy nets is to be introduced for uniform spaces. For the concepts and notations in uniform spaces, one may
refer to the book of Kelley [13] on General topology. The following definition agrees with the known definitions for statistically Cauchy
sequences and statistically Cauchy double sequences (see [11, 26, 30]).

Definition 4.1. Let (X,81) be a uniform space with a uniformity 1. A net (xo)qep in X is said to be statistically Cauchy if, for given U € 4,
there is a 'y € D such that

0({aeD: (xq,xy) U, 00 > v};D) =0.

It is easy to verify that every Cauchy net is a statistically Cauchy net, and hence every converging net is a statistically Cauchy net in a
uniform space. It is also possible to prove that statistical convergence implies statistical Cauchyness in a uniform space.

Proposition 4.2. Let D be a directed set. Then, every statistically convergent net (xq)gep in a uniform space is statistically Cauchy.

Proof. Let (x¢)aep be a net which converges statistically to x in a uniform space (X,4l). Fix U € 4. Find a symmetric V € ${ such that
VoV CU. Forthis V,

S{aeD: (xq,x)¢V}D)=0
and hence there is a ¥ € D such that (xy,x) € V. Then,
{aeD:(xq,xy) U} C{ax€D: (xq,x) ¢ V}.
Thus,
0({aeD: (xq,xy) €U, 00 > y};D) =0.
This proves that (x¢)gep is statistically Cauchy. O

Let us recall the order in product of two directed sets described in Definition 2.4.

Proposition 4.3. Let (xq)qep be a net that is statistically Cauchy in a uniform space (X,3L). Then, for given U € Y, there is a 'y € D such
that

0({(a,B) eDxD: (xq,xp) €U, >y, > v};Dx D) =0.

Proof. Fix U € 4. Find a symmetric V € 4 such that VoV C U. For this V, there is a y € D such that §({a € D : (xq,xy) ¢ V, & > y};D) =0.
Since
{(a.B) €D XD: (xg,xp) U, 27, 27} C{(a,B) EDXD: (xg,xy) £V
or (xﬁax’y) ¢V7a Z ’}Gﬁ 2 '}’}
C{aeD: (xq,xy) ¢V, 00 >y} xD)
UMD x{BeD:(xg,xy) ¢V,B=7}),
by Remark 2.5,
6({(e,B) € DX D: (xo,xp) ¢ U, 2 7, B = v}; D x D) = 0.
O

Proposition 4.4. Let D(l),D<2> and D be as in Proposition 3.3. Let (X,4x) and (Y,8ly) be two uniform spaces. Let L be the product
uniformity on X X Y. Let (Xq) yept) and (yﬁ)BeD<2> be two nets in X and Y respectively. Then, ((xaa)’ﬁ))(a,ﬁ)eD is statistically Cauchy in

(X XY, U) if (xa) gepo is statistically Cauchy in (X, 4Ux) and (yg)gepe) is statistically Cauchy in (Y, Ly ). Moreover, if D) and D) satisfy
the condition (*) mentioned in Definition 2.8, and ((Xa,Yp))(a.p)ep is Statistically Cauchy in (X x Y,U), then (Xa)qepu is statistically
Cauchy in (X, 4Ux) and (yg)gepo is statistically Cauchy in (Y, y).

Proof. The proof follows from the set relation: For U € Uy, V € iy, 7, € D and for Y < D@ it is true that
{(@,B) € D: ((xa,% ), (0 3%)) U x V(. B) = (. 10)} = ({ar € DV : (xvy) € U, = ) x {B € D)2 B > p})
U({ae DV a>n}x {B €D (yp.05) ¢ V.6 > n}).
O

Proposition 4.5. Let (X,4x) and (Y,Ly) be two uniform spaces. Let $1 be the product uniformity on X x Y. Let (xq)aecp and (ya)aep be
nets in X and Y respectively. Then, ((xa,ya))aep is statistically Cauchy in X X Y if and only if (xq)aep is statistically Cauchy in X and
(Yor)aep s statistically Cauchy in Y.
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Proof. Suppose (x¢)acp and (Yo )aep be statistically Cauchy. Fix U € 4y and V € Ly. Then, there is a ¥ € D such that
0({aeD:(xq,xy) €U, >y};D)=0and S({a € D: (yo,yy) € V,a > v};D) =0.
The statistically Cauchyness of ((x¢,Ya))ep follows from the relation:
{aeD:(xq,xy) €U or (ya,yy) ¢V, x>y} C{a€D:(xq,xy) U, a>vtU{ax €D (ya,yy) ¢V, 00 > 7}
Conversely, assume that ((xq,ya))aep is statistically Cauchy. Fix U € $l. Then, there is a ¥ € D such that
0({aeD: (xq,xy) U, > v};D)=6({oe € D: (xg,xy) € U 0 (ya,yy) ¢ Y xY,a > v};D) =0.
This shows that (xq)gep is statistically Cauchy. Similarly, (yq)aep is statistically Cauchy. O

Proposition 4.6. Let [ : (X, ) — (Y,0) be a uniformly continuous function from a uniform space (X i) into a uniform space (Y,0). Let
(xa)aep be a statistically Cauchy net in (X ,3L). Then, (f(xq))aep is a statistically Cauchy net in (Y,0).

Proof. Fix V € . Find a U € U such that (f(x), f(y)) € V, whenever (x,y) € U. Finda y € D such that §({o € D : (xq,xy) ¢ U, >
v} D) =0.
Then,

S({a€D: (f(xa).flxy) & V& > y}:D) =0,
because
{a €eD: (f(xd)7f(x7)) ¢ Vo> Y} < {OC €D: (x(X>x7) ¢ U,a > ')/}

O

Remark 4.7. Let (X, 7) be a topological vector space. The usual uniformity on X implies the following: A net (xq)qep is Cauchy in X if
and only if for every neighbourhood U of O there is a y € D such that

d({a€D:xqg—xy¢U,a>v};D)=0.
One can derive the following Proposition 4.8 and Proposition 4.9 which are similar to Proposition 3.7 and Proposition 3.8.

Proposition 4.8. Ler (V). D), D, (*a)gepms (V8)gen®, (@a)qepn) and X be as in Proposition 3.7. Let x € X and a be a scalar.

If (xa)qepn, (¥8)pep and (aa)qepn) are statistically Cauchy, then (X +Yg)(a.p)ens (daX)qepn) and (axe)gepn) are statistically
Cauchy.

Proof. Use Proposition 4.6 and Proposition 4.4. O

Proposition4.9. Let (xq)qep, (Ya)aep and X be as in Proposition 3.8. If (xo) aep and (yo ) acp are statistically Cauchy, then (xq +Ya ) acD
is statistically Cauchy.

Proof. Use Proposition 4.5 and Proposition 4.6. O

5. Net Spaces

Corresponding to sequence spaces, net spaces can be constructed. The following construction is similar to the construction given in [31].
The following construction uses the Propositions 3.7, 3.8, 4.8 and 4.9. Since, verifications part is a direct one, it is omitted.

Let (X,7) be a topological vector space with the natural uniformity {{ that induces the topology 7. Let D be a fixed directed set. Let
M ={(xq)aep : {xa : @ € D} is a bounded subset of X}.

Let Mcy = {(xq)aep € M : (Xq)aep is statistically Cauchy}.
Let My = {(xa)aep € M : (xq)qeD converges statistically in X }.
Let My = {(x¢)aep € M : (xa) e converges statistically to zero in X }.

To each balanced neighbourhood U of zero in X, define a function py on M by
pu((xa)aep) =sup{A > 0: Axq € U,Va € D},

and define a subset Ny of M by
Ny ={(xa)acp € M : py((xa)acp) < 1}.

Then, the collection of the sets of the form Ny forms a local base for M that makes M into a topological vector space under pointwise
algebraic operations. Also, M., is a closed linear subspace of M. If (X,4l) is a complete topological vector space, then M is a complete
topological vector space and M., and M are closed linear subspaces of M.
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condition. In this work, the existence and uniqueness of fixed point for (o, ) — (v, ¢)—
contractive mapping and o — § — y—weak rational contraction in modular spaces are proved.
Some examples are supplied to support the usability of our results. As an application, the
existence of a solution for an integral equation of Lipschitz type in a Musielak-Orlicz space
is presented.

1. Introduction and Preliminaries

It is well known fixed point theorems play important roles and have applications in mathematics analysis, particularly in differential and
integral equations. One of the most popular fixed point theorem is Banach fixed point theorem [6]. By using this theorem, most authors have
proved several fixed point theorems for various mappings [13, 21, 28]. Such as, Dutta and Choudhury proved (y, ¢ ) —contractive mappings
in complete metric space [11]. Samet et al. introduced the concept of o — @ — contractive type mappings and established various fixed point
theorems [32]. Later, Salimi et al. modified the concept of o@ — ¢ — contractive type mappings [31]. Alizadeh et al. [4] developed a new
fixed point theorem in complete metric spaces. They introduced the concept of cyclic (¢, §)—admissible and (o, ) — (y, ¢ ) —contractive
mappings and established some fixed point results in metric spaces.

On the other hand, some authors introduced a new concept of modular vector spaces which are natural generalizations of many classical
function spaces. Firstly, Nakano initiated the concept of modular spaces [26]. Later, some authors proved new fixed point theorems of
Banach type in modular spaces [12, 18, 19, 22, 23, 24, 29, 33]. Then, also the concept of the fixed point theory was studied in modular
metric, modular function and modular vector spaces. [1, 2, 3, 5, 8,9, 10, 14, 15, 16, 17, 20, 30, 34].

In this work, some fixed point results as a generalization of Banach’s fixed point theorem are presented using some convenient constants in
the contraction assumption in modular spaces. Motivated by [4] and [25], some fixed point results for (¢, ) — (W, ¢)—contractive mappings
in modular spaces are proved. Some examples are supplied in order to support the usability of our results. As an application the existence
and uniqueness of solutions for an integral equation of Lipschitz type in a Musielak-Orlicz space are showed.

Definition 1.1. [25, 27] Let X be an arbitrary vector space. A functional p : X — [0,0) is called a modular if, for any x,y in X, the
following conditions hold:

(a) p(x)=0ifand only if x =0,

(b) p(—x) =p(x),

(c) p(ax+By) < p(x)+p(y), whenever oo+ =1 and o, > 0.

If (c) is replaced with p(ax+ By) < o*p(x) + B*p(y) where o’ +B° =1, a, > 0, and s € (0, 1], then p is called s-convex modular. If
s =1, then we say that p is convex modular. The following are some consequences of condition (c).

Remark 1.2. [7]
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(a) Fora,b € R with |a| < |b| we have
p(ax) < p(bx) forall x € X.

(b) Foray,...,a, € RT with Y, a;=1,we have

x;) for any xq,....,x, € X.

-

p(iaim:p(

i=1

Remark 1.3. [26] A modular p defines a corresponding modular space, i.e. the space is given by
Xp={xeX:p(Ax) = 0as A = 0}.
Definition 1.4. A sequence {x,} in modular space X, is said to be:

(a) p-convergentto x € Xp if p(x, —x) = 0 asn — oo,
(b) p-Cauchy if p(xn —xpm) — 0 as n,m — oo,
(¢) Xp is called p-complete if any p-Cauchy sequence is p-convergent.

(d) p satisfies Ap-condition if p(2x,) — 0 as n — oo, whenever p(x,) — 0 as n — .

Definition 1.5. [4] Let T : X — X be a mapping and o, 3 : X — R be two functions. We say that T is a cyclic (o, 8)-admissible mapping
if

(i) o(x) > 1 for some x € X implies B(Tx) > 1,
(ii) B(x) > 1 for some x € X implies o/(Tx) > 1.

Definition 1.6. [4] Let ¥ be the set of continuous and increasing functions Y : [0,00) — [0,00) and ® be the set of lower semicontinuous
functions ¢ : [0,00) — [0,00) such that ¢ (t) =0 iff t = 0. Let X be a metric space and T : X — X be a cyclic (o, B)-admissible mapping. We
say that T is a (o, ) — (¥, ¢)—contractive mapping if

a(x)B(y) = 1= y(d(Tx,Ty)) < y(d(x,y)) — ¢(d(x,y))

forx,y € X, where y € ¥ and ¢ € ®.

2. Main Results

Let ¥ and @ be defined as in Definition 1.6. Let X, be a nonempty set and 7 : X, — X, be an arbitrary mapping. We say that x € X, is a
fixed point of 7', if x = T'x. We denote by Fix(T) the set of all fixed points of 7. In the sequel, suppose the modular p is convex and satisfies
the A,-condition.

Definition 2.1. Let X, be a p-complete modular space and T : Xy — X be a cyclic («,B)—admissible mapping. We say that T is a
(e, B) — (y, ¢)—contractive mapping if

a(x)B(y) =1=y(p(Tx—Ty)) <y(px—y)) —¢(p(x—y)) 2.1
Jorx,y € Xp, where y € ¥ and ¢ € P.

Theorem 2.2. Let X, be a p-complete modular space and T : Xp — Xp be a (a,B) — (¥, ¢)—contractive mapping. Suppose that the
Jfollowing conditions hold:

(a) there exists xo € Xp such that ai(xo) > 1 and B(xg) > 1,

(b) T is continuous, or

(c) if {x,} is a sequence in Xp such that x, — x and B(x,) > 1 for all n €N, then (x) > 1,
then T has a fixed point. Moreover, if a(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
Proof. Define a sequence {x,} by x, = T"xy = Tx,— for all n € N. Since T is a cyclic (¢, 3)—admissible mapping and a(xp) > 1 then
B(x1) = B(Txp) > 1 which implies o (x;) = o«(Tx;) > 1. By continuing this process, we get a(xp,) > 1 and (xp,_1) > 1 foralln € N.
Again, since T is a cyclic (a, f)-admissible mapping and 3 (xo) > 1, by the similar method, we have f(x5,) > 1 and a(xp,—1) > 1 for all

n € N. Thatis, a¢(x,) > 1 and (x,) > 1 for all n € NU{0}. Equivalently, a(x,_1)B(x,) > 1 for all n € N. Therefore by (2.1), we have

V(P Xy —Xn41)) S WP Xn—1 —Xn)) — (P (Xp—1 — X))
<y(p(xp—1 —xn)) (2.2

and since V is increasing, we get

p(xn _xn+1) < P(Xn—l _xn)
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forall n € N. So, {pn := p(xy —x,+1)} is a non-increasing sequence of positive real numbers. Then, there exists r > 0 such that 1iﬁm Pn=r.
frarest
We shall show that » = 0. By taking the limsup on both sides of (2.2), we have

limp (x; —x,41) = 0. 2.3)

n—yoo

Now, we want to show that {x», } is a Cauchy sequence. Suppose to the contrary, that {x», } is not a Cauchy sequence. Then, there are € >0
and sequences {m(k)} and {n(k)} such that for all positive integers k, and for n(k) > m(k) > k, we have

P (Xan(k) — X2m(k)) = € and p(2(x2(k)—1 — X2m(r))) < €- 24
Now for all k € N, we have
€ < P(X2n(k) — X2m(k))
< P2(xX2nk) — X2n(k)-1)) + P 2(X2n(k) -1 — X2m(x)))
<P( (x2n( k) — *2n(k)— ))+£

Taking the limit as kK — +oo in the above inequality and using (2.3), we get

klgrolop (x2n(k) 7x2m(k)) =¢&. (2.5)
Since
P (X2n(k) +1 = X2m(k)+1) = P (X2n(k)+1 — X2n(k) + X2n(k) — X2m(k)+1)
< PGk +1 —X2n(k))) T P (2(X2n(k) — X2m(k)+1))
and

P (2(x2(k) = X2m(k)+1)) = P(2(X2n(k) = X2m(k) T X2m(k) = X2m(k)+1)) < P4 (X2n(0) = *2m(x)) + P (4(X2m(k) — X2m(k)+1))
then by taking the limit as k — +c< in above inequality and using (2.3) and (2.5), we deduce that
Jim P (o)1~ Xam(p)41) = €. (2.6)

Now, by (2.1) and 0t(x,,(x)) B (x2(r)) = 1 for all k € N, we get

V(P (2n(t)+1 = X2m(k)+1)) < V(P (X2n(t) = X2m(k))) — O (P (X2n(k) — X2m(k)))- (2.7)
By taking the limsup on both sides of (2.7), applying (2.4) and (2.6), we obtain
y(e) < y(e) - ¢(e).

That is, £ = 0, which is a contradiction. Hence {x,} is a Cauchy sequence. Since X, is a complete modular space, then there is a z € X,, such
that x,, — z as n — oo. First, we assume that T is continuous. Hence, we deduce

Tz= nli_r}r;Tx,, = nlglgoxnﬂ =z
So z is a fixed point of T . Now, assume that (c) holds. That is, a(x,)B(z) > 1. From (2.1) we have

V(P (a1 —T2) S W(p(n—2)) — ¢ (p(xn —2))- 2.8

By taking the limsup on both sides of (2.8), we get y(p(z—Tz)) =0. Then p(z—Tz) =0. i.e., z = Tz. To prove the uniqueness of fixed
point, suppose that z and z* are two fixed points of 7 . From condition (c) we have, a(z)B(z*) > 1, it follows from (2.1) that

v(p(z—T7")) < w(p(z—2") —¢(p(z—27)).
So ¢(p(z—2z*)) =0 and hence p(z—z*) =01i.e., z=7" O
Corollary 2.3. Let X, be a p-complete modular space and T : X, — X, be a cyclic (a, B)—admissible mapping such that

a()BG)Y(p(Tx—Ty)) < y(p(x—y)) =9 (p(x—))
forall x,y € Xp where y € ¥ and ¢ € ®. Suppose that the following assertions hold:

(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,
(b) T is continuous, or

(c) if {x,} is a sequence in X, such that x, — x and B(x,) > 1 for alln € N, then B(x) > 1,
then T has a fixed point. Moreover, if a(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
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Proof. Let o(x)B(y) > 1 for x,y € X,. Then by (2.8), we have

v(p(Tx—Ty)) <y(p(x—y)) —o(p(x—y)).

This implies that the inequality (2.1) holds. Therefore, the proof follows from Theorem 2.2. O

Corollary 2.4. Let X, be a p-complete modular space and T : Xy — X be a cyclic (o, B)-admissible mapping such that
(ou(x)B(y) + ) VPU—=19) < p¥(plx—y)) =9 (p ()

forall x,y € Xp where y € ¥ and ¢ € ®. Suppose that the following assertions hold:

(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,
(b) T is continuous, or

(c) if {xn} is a sequence in Xp such that x, — x and B(x,) > 1 for all n € N, then (x) > 1,
then T has a fixed point. Moreover, if o.(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
Example 2.5. Let X, = [—2,00] = R, p(x) = |x| forall x € Xp, and T : Xy — Xp by
2

o=l 5 x€[-272
VX ,  otherwise.

Define y,¢ :[0,400) — [0,400) by y(r) =3¢,¢(r) =1 and o, 3 : Xp — [0, +00) by

1, xel[-2,9]
(x(x)f{ 0 , otherwise.

and

1, xel3.2]
ﬁ(x)—{ 0 , otherwise.

Now, we prove that the hypotheses (a) and (c) of Corollary 2.4 are satisfied by T and hence T has a fixed point. Let ot(x) > 1 for some x € X,
Then x € [-2, %] and so Tx € [%,2]. Therefore, B(Tx) > 1. Similarly, if B(x) > 1 then a(x) > 1. Then T is a cyclic (a, B)-admissible
mapping and that the hypotheses (a) and (c) of Corollary 2.4 hold.

Now, for all x € -2, %] andy € [%72}, we get

(@()B(y) + 1)U = 23p(Fx=F)

ﬁ
3

= 23 *%|
— o=yl
< 22kl — g3yl
— ¥ (p(x=y))=9(p(x—))
Otherwise, if o.(x)B(y) =0, we have

(@(x)B(y) + 1) PU1) — | < ¥ (Pl ~0(p(x))

Therefore, Corollary 2.4 implies that T has a fixed point.

Corollary 2.6. Let X, be a p-complete modular space and T : Xy — Xp be a cyclic (o, B)-admissible mapping. Assume that there exists
£ > 1 such that

(W(p(Tx—Ty)) + O)“IPO) < y(p(x—y)) — ¢ (p(x—y)) +¢
Sorall x,y € Xp where y € ¥ and ¢ € ®. Suppose that the following assertions hold:

(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,
(b) T is continuous, or

(c) if {xn} is a sequence in X, such that x, — x and B(x,) > 1 for all n €N, then (x) > 1,

then T has a fixed point. Moreover, if a(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
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Example 2.7. Let Xp =R™, p(x) = |x| forallx € Xp, and T : Xp — X, by

Tx— XZIX ,  x€]0,1]
2x , otherwise.

Define W, ¢ : [0,400) — [0,+c0) by y(t) =1,¢(t) = § and o, B : Xp — [0,+00) by

at) =B ={ o el

, otherwise.

Now, we prove that the hypotheses (a) and (c) of Corollary 2.6 are satisfied by T and hence T has a fixed point. Proceeding as in the Example
2.5, we deduce that T is a cyclic (o, B)-admissible mapping and that the hypotheses (a) and (c) of Corollary 2.6 hold.
Now, for all x € [0,1] and all y € [0, 1], we get

(W(p(Tx—Ty)) + O)*PO) = |Tx— Ty| +¢
1
< g =ylbety+1f+e
S%Ixfylﬁ
1
==yl =g =yl 44

=y¥(p(r—y) —9(p(x—y)) +*.
Otherwise, if o(x)B(y) =0, we have

(W(p(Tx=Ty)) +0)*PO) = 1 < y(p(x—y) — 9(p(x—y)) +L.
Therefore, Corollary 2.6 implies that T has a fixed point.

Definition 2.8. Let X, be a p-complete modular space and T : Xp — Xp be a cyclic (a, B)—admissible mapping. We say that T is
o — B — y— weak rational contraction if ot(x)B(y) > 1 for some x,y € X, such that

p(Tx—Ty) <M(x,y) = y(M(x,y))

where y € ¥ and

M(x.y) = max{p(x — y).p(x — T2),p(y — Ty), LT PE—T¥IPL = 1Y),

plx—y)+1

Theorem 2.9. Let X,, be a p-complete modular space and T : Xy — Xp be oo — B — y—weak rational contraction. Assume that the following
assertions hold:

(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,
(b) T is continuous, or

(c) if {xn} is a sequence in Xp such that x, — x and B(x,) > 1 for all n € N, then (x) > 1,
then T has a fixed point. Moreover, if o(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
Proof. Define a sequence {x,} by x, = T"xoy = Tx,_; for all n € N. Since T is a cyclic (¢, 3)—admissible mapping and o(xp) > 1 then
B(x1) = B(Txp) > 1 which implies a(x;) = o(Tx;) > 1. By continuing this process, we get ¢¢(xp,) > 1 and f3(xp,—1) > 1 foralln € N.
Again, since T is a cyclic (¢, ) —admissible mapping and (xg) > 1, by the similar method, we have 3 (x;,) > 1 and a(xp,—1) > 1 for all
n € N. Thatis, a(x,) > 1 and B(x,) > 1 for all n € NU{0}. Equivalently, a(x,—;)B(x,) > 1 for all n € N. Since T is a — B — y—weak
rational contraction, we get
P (xn = Xni1) < M(Xp—1,%n) — W(M(xXp—1,%)) 29
where
(14 p 1 —Txp—1)]Pp (Xn — Txn)
P (Xp—1 —xu) +1

}

M(xn—l axn) = maX{P (xn—l 7xn)7p(xn—l —Txy—y )7P(xn - Txn)a

= max{p (xnfl —Xn),P(Xn _x;1+1)}-

Now, suppose that there exists ng € N such that p (xp, —Xny,,) > P(Xn,_, —Xn,)- Therefore M(xy, | ,%n,) = P (Xn, — Xny.,) and so from (2.9),
we get

p(xno 7xno+l) < p(xno —Xnop ) - W(P(xno —Xngy ))

This implies that W(p (xn, —Xpy+1)) =0, i.e., p(xny — Xpo+1) = 0, which is a contradiction. Hence, p(x, —xp+1) < p(x4—1 —xy) for all
n € N. That is the sequence {p, : p (X, —x,11)} is decreasing and so there exists r > 0 such that p, — r as n — co. Taking the limit as n — oo
in (2.9), we have

r<r—wy(r).
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This implies that y(r) = 0. Therefore, the property of y implies that r = 0. That is

lim p (x4 —x,) =0. (2.10)
n—soo

Now, we will show that {x,} is a Cauchy sequence. Suppose that {x,} is not a Cauchy sequence. Then there are € > 0 and sequences
{m(k)} and {n(k)} such that for all positive integers k, for n(k) > m(k) > k, we have

P (X2n(k) = *2m(k)) = € and p(2(xp, (1) -1 — Xom(r))) < € (2.11)
For all k € N, we have
€ < P(Xn(k) = Xam(k)) < P2(X2n(t) = *20(k)—1)) + P (220 (k)—1 —%2m(k))) < P(2(X2n(k) —X20(k)-1)) + -

Taking the limit as k — oo in above inequality and from (2.10), we have

llmp(xzn( k)~ x2m<k)) =E. (2.12)

k—>oo

Then, we get

P X2n(k)+1 = Xam(k)+1) = P (X2n(k)+1 — X2n(k) T X2n(k) — X2m(r)+1) < P2n()+1 —*2n(k))) + P(2(X2nk) — X2m(k)+1))
and

P (2(x2n(k) = X2m(t)+1)) = P(2(X2n(k) = X2m(k) +X2m(k) — X2m(k)+1)) < P4 (X2nk) = X2m(k)) + P (4 (X2m(k) = X2m(k)+1))-
Taking the limit as k — +oo in above inequality and using (2.12) and (2.11), we deduce that

Jim p (o) = Xam(t)41) = €. (2.13)
Now, by (2.1), we get

P (X2n(k) 11 = Xam(k)+1) < M(Xan(ky — Xam(r)) — @M (X2n(k) — X2m(k))) (2.14)
where

(14 P (X2n(k) = X20(6)+1)]P X2m(k) = *2m(k)+1)
P (Xan(k) — X2m(k)) + 1

).

M (X2 (k) = Xam(r)) = MaX{P (X2n(k) = X2m(k) )+ P X2n(k) = *2n(k)+1)s P (X2m(k) = X2m(k)+1)>

Letting kK — o0 in (2.14) and using (2.10), (2.12) and (2.13), we get
e<e—vy(e).

That is € = 0, which is a contradiction. Hence, {x, } is a Cauchy sequence. Since X, is complete, then there exists a z € X, such that x, — z.
Suppose that (c) holds. That is, ¢t(xp,)B(z) > 1. Since T is ot — B — y—weak rational contradiction, then we have

p(x2n+1 - TZ) < M(xz,,,z) - II/((XZIHZ)) (2'15)
where

(1 +p (x2n —xnt1)lP (2 — TZ)}
p(xon—2)+1 .

M (x25,2) = max{p(x2, —2),p(x2, — Tz),p(z—Txz),

Taking the limit as n — oo in (2.15), we have z = T'z. Now, let show that 7" has at most one fixed point. Indeed, if x,y € X, be two fixed
points of 7, that is, Tx = x # y = Ty. From condition (c) we have, a:(x)B(y) > 1, it follows that

V(p(x—y)) < y(M(xy)) — 9 (M(x.y))

where

M(x) = max{p(x—y).pla—Ta). ply— 1), (2L THPOT),,

Then, we obtain

V(p(x=y)) < vlplx—y)) =9 (p(x—y)).
So ¢(p(x—y)) =0 and hence, p(x—y) =0, that is, x = y.

We obtain the following corollaries from Theorem 2.9.
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Corollary 2.10. Let X, be a p-complete modular space and T : Xp — X, be a cyclic (o, B)—admissible mapping such that

a(xX)B)p(Tx—Ty) <M(x,y) = y(M(x,y)),

where y € ¥ and

[I+px=Tolpb=Ty)y

M) = max{p(r—y), plx—T), s~ ), = TS

Suppose that the following assertions hold:

(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,
(b) T is continuous, or

(c) if {xn} is a sequence in X, such that x, — x and B(x,) > 1 for alln €N, then B(x) > 1,
then T has a fixed point. Moreover, if o(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
Corollary 2.11. Let X, be a p-complete modular space and T : X, — X, be a cyclic (o, B)—admissible mapping such that
(at(x)B(y) + 1)PTH=Ty) < oMxy) =y (M(xy)
for all x,y € Xp where y € . Suppose that the following assertions hold:
(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,

(b) T is continuous, or

(c) if {x,} is a sequence in X, such that x, — x and B(x,) > 1 for all n, then B(x) > 1,
then T has a fixed point. Moreover, if a(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.
Corollary 2.12. Let X, be a p-complete modular space and T : X, — X, be a cyclic (o, B)—admissible mapping such that
(o) (Bx) + ) *IPY < M(x,y) — w(M(x,y)) + £
forall x,y € Xp where w € ¥ and | > 1. Suppose that the following assertions hold:
(a) there exists xo € Xp such that al(xo) > 1 and B(xp) > 1,

(b) T is continuous, or

(c) if {x,} is a sequence in X, such that x, — x and B(x,) > 1 for alln €N, then (x) > 1,

then T has a fixed point. Moreover, if o(x) > 1 and B(y) > 1 for all x,y € Fix(T), then T has a unique fixed point.

3. Application

In this section, firstly we shall apply Corollary 2.3 to show the existence of solution of integral equation. Let ¢ be a Musielak-Orlicz
function on a measurable space C = ([0, 1],A, 1), where pg is a modular defined by

po )= [ o, u(s))ds

forcu £? and o > e and ¢ € [%, 1). Assume that py, is convex satisfying the Ay-condition. Now, we investigate the existence and
uniqueness of solution of integral equation:

1
JO

1
ut) ="+ [ ([ K(Eu()dd)ds,
0
where K : [0,1] x £? — £? is a measurable function satisfying:
(1) lim [} (€A ‘(fo‘ K(s,u)ds)E ’ dE =0 for any u € 2.
0+

2) ‘fol (K(E,u(s)) fK(é,v(s)))dél < k|(u—v)(s)| for any u,v € Z% with k € (0,1).

(3) We denote by B = C([0,1],A) the space of all p-continuous function from [0, 1] into A which is a convex, closed, bounded subset of .Z¢.
So, B is a closed, bounded, convex subset of C([0, 1],.£?) satisfying the A,-condition.

Let T : B— B defined by

(4) f€B.
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(5) There exists ug € B such that 0 (ug) > 0, 1(ug) > 0 and

0(u) > 0 for some u € B implies n(Tu) >0,
n(u) > 0 for some u € B implies 6 (7Tu) > 0.

(6) if {u, } is a sequence in B such that 6 (u,) > 0 for all n € NU{0} and u, — u as n — oo, then 0 (u) > 0.
(7) Let o, 3 : B— [0,00) by

a(u)={ L, 6)=0 andﬁ(v):{ L, )20

0, otherwise 0, otherwise.

Theorem 3.1. Under the above assumptions (1)-(7), the integral equation has a solution in C([0,1],.£?).

Proof. Firstly, we show that T is p-Lipschitz. By assumption (1), we have fol Q(E, A |Tu(€)|dE — 0as A — 0T. Hence the definition of

z°9,

we get Tu € Z? forany u € £°.
Let x,y € B, then we have
cy, €
Tu—Tv) = —(—(Tu—-T
py(Tu=Tv) = py( (L (Tu=1v)
o e
< Cpi(E(Tu-T
< Dpy(£ (Tu-1)
1
=0 [ ot S 1Tu-Tv))lds
e Jo o
1o €

[ e ()~ K (&) .

S, —
e Jo o

Therefore by assumption (2)

c 1
pr(Tu=1v) < [ g(s.kl(u=v)(s)ds
= Dy (k(u—v))

)
p kpo(u—v).

Then, we get T is p-Lipschitz (see Theorem 1.3 in [33]). Also define y, ¢ : C([0,1],-£?) — C(]0,1],£?) by

y(w) = u, and 9(u) = (1= Zhju for k€ (0,1).

Consequently, for all u,v € B we have

a(W)B)W(py(Tu—Tv)) < y(pp(u—v)) =9 (pg(u—v)).

It shows that all the hypotheses of Corollary 2.3 are satisfied, hence T has a solution u € C([0,1],.£?). O
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1. Introduction and statement of the main result

Let 77 be a complex separable Hilbert space with a scalar product (.,.), the norm ||.|| = 4/(.,.) and unit operator /. By %(5¢) we denote
the set of all bounded linear operators in /7. For an A € B(), 6(A) is the spectrum, rs(A) is the spectral radius; A* is adjoint to A, and
Al = suppe e pzo [|AR] /|7

Let .# = {Ay,...,Ay} be a finite set of operators A; € #(J¢) (j = 1,...,v). Our main object is the joint spectral radius p (.#') of .# defined
by

p(A) = lim sup{]lA;, ---4; IV : s €.},

cf. [1, 2]. The joint spectral radius arises naturally in a range of topics including the theory of difference equations [3], control and stability
of discrete time switched systems [4, 5, 6, 7, 8, 9, 10, 11], wavelets [12], ergodic theory [13], etc.

The literature on the theory of the joint spectral radius is rather rich, cf. [14], [15], [16], [17, 18] and references therein. Mainly, the finite
dimensional operators were considered and the numerical methods were developed.

In the present paper, under some restrictions, we suggest a bound for p(.#). In appropriate situations that bound enables us to avoid
complicated calculations and gives an explicit stability test for the discrete time switched systems. The example characterizing the sharpness
of our results is given. To the best of our knowledge, our results are new even in the finite dimensional case.

Let A € B(A) with rg(A) < 1. Then the discrete Lyapunov equation

X—-A'XA=1 (1.1)
has a positive definite self-adjoint solution X (A) [19]. It can be represented by
X(A) =Y (a*)/A] (1.2)
j=0
and
X(A) = 1 /zn(le_i“’—A*)_l(Iei“’—A)_ld(o (1.3)
27 Jo ’ ’

cf. [20, Section 7.1]. We will say that .# is Schur-Kohn stable, if p(.#) < 1. Now we are in a position to formulate our main result.

Email addresses and ORCID numbers: gilmi@bezeqint.net, https://orcid.org/0000-0002-6404-9618, (M. Gil’)
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Theorem 1.1. Let there be an A € B(H) with rs(A) < 1, such that
IX(A)[I2l1A = ALl IA] + 1A = ALl?) < 1 (A € A5 k=1,...,v). (1.4)

Then A is Schur-Kohn stable. Moreover,

1
pla) < ¢ U= g (e IX I = A5l A = Aj2)

The proof of this theorem is presented in the next section. In Theorem 1.1, one can take A = A, for an A,, € .#. Below we consider some
concrete classes of operators. Note that from (1.2) and (1.3) it follows that

IX@) <y a7 (1.5)
=1
and
1 27 .
@l <5 [ e -4 . (16)

If A is normal: AA* = A*A, then ||A|| = r(A) and (1.5) implies

L
X1 < LA = Ty (17

2. Proof of Theorem 1.1

In this section for the simplicity we put X (4) = X.

Lemma 2.1. Let A,A € B(H), rs(A) < 1 and X be a solution of (1.1). If
X1 2l1A = AljAll + 1A = A)1%) < 1,

then

-~ ~ CO
(XAx,Ax) < (1— m)(Xx,x) (xe ),

where

co = 1-|X||(2l|A - Al|[|A]| + |4 — A]|?).
Proof. PutY =A —A. Then

X—AXA=X—(Y+A)*X(Y +A) =X —A*XA—Y*XA—A*XY —Y*XY = - Y*XA - A*XY — Y*XY.
By (2.1)

[ —Y*XA—A*XY —YXY|| > 1—|[Y*XA—A*XY —Y*XY|,>1—|X||(2)|A - A|| + |A - A|]*) = 0.

Thus,
X —A*XA > col
Hence,
. X o
(XX,X) - (XAX,AX) > C()(X,X) > Co(ixax) = 7(XX7X),
X1 IX]]
as claimed. O

Proof of Theorem 1.1: Define the norms

|Ax|x

Ix|x = v/ (Xx,x) (x€ ) and |Alx = sup .
e 1Xlx

Due to Lemma 2.1 and (1.4) we have

<j

_ S 2.1
X1 @

2
Ajlx <1

where

cji= 1= X[ 2llA—A; [IA] +]|A - A ]%).
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Put

Cj 1 2
0 :=max  J1— = = [T — o (1 —max [[X[|(2[|A = A IA] + |A — A;]*)
F VR ] \/ X J Y

Then by (2.1)

max [A;|x < ap. 2.2)
J

Since X is positive definite, it is boundedly invertible. For any T € %(5#) one has

ITx|> (X~ 'XTx,Tx) (X~ 'XTx,Tx) (XTx,Tx)
T = T < < [IXII1x~ 1||7(x€%p)-
WP T X T (X (X
So
ITI> < Ix 11X~ 'IT I
Hence, according to (2.2),
A A || < UXNIX DY 1A A x < (XX )Y 2af
and therefore,
p( ) <Timyoo (| X || X 1)/ a0 = a0,

as claimed. [(J

3. Concrete classes of operators

In this section we suggest estimates for X (A) under various assumptions. From (1.6) it follows

X (A)] < SUPIH(IZ*A)_IHZ- 3.1

l<I=
Let there be monotonically increasing non-negative continuous function F (x) (x > 0), such that F(0) = 0, F(c0) = 0 and
(21 —A)""|| < F(1/dist(A,4)) (A £ o(4)),

where dist(A, 1) = infycg(4) [s — A|. If r5(A) < 1 and |z| = 1, then obviously, dist(A,z) > 1 —rs(A) and therefore, l(z—A)"Y <F(1/(1-
rs(A))). Now (3.1) implies

IX(4)] < F? (ﬁ) G2)

3.1. Operators in finite dimensional spaces

Let C" (n < ) be the complex n-dimensional Euclidean space with a scalar product (.,.), the Euclidean norm ||.|| = 1/(.,.) and unit
matrix I, C"*" is the set of all n x n matrices. A;(A),k = 1,...,n, are the eigenvalues of A € C"*", counted with their multiplicities;
N> (A) = (trace AA™) 1/2 is the Hilbert-Schmidt (Frobenius) norm of A. The quantity (the departure from normality of A)

n
g(A) =[N3 (A) = ¥ [(a) ]2,
k=1
plays an essential role hereafter. The following relations are checked in [21, Section 3.1]:

Ny(A—A*)

£(4) < M3 (A) ~ frace 42| and £2(4) < 2] Z oz (a),
where A; = (A —A*)/2i. If A is a normal matrix, then g(A) = 0.
Due to Example 3.3 from [21],
n=1 v m—k( A\ ok
A" <Y LA)%A} (m=1,2,...).
j=o (m—k)!(k!)3
Now (1.5) implies
2
- mlri= A
X1 <&0)= 3 (z mii_ o ) )<. (11!);2)) (4 ecrm. 33)

Note that if A is normal, then g(A) = 0 and (3.3) gives us the sharp inequality (1.7).
Theorem 1.1 and (3.3) yield the following corollary.
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Corollary 3.1. Let ./ be a finite set of n x n-matrices. Let there be an n x n-matrix A with rs(A) < 1, such that

£a(A) max (2[|A —B]|[[A] + A -B[*) < 1
Be.#

Then # is Schur-Kohn stable. Moreover,

P(//Z)S\/léné )( —&n(A) max (2|4 - B|A]| + |4 — B1).

Let us point the more compact but less sharper estimate for X (A). To this end put

n—1 k
g (A)
n(A) = _—
= L T
By Theorem 3.2 from [21]
n—1 k
—1 8 (A) nxn
(A=A~ < IEW (AeC™, A €a(A)).
Making use of (3.2) we can assert that
IX(A)]| < na(4) (AeC™™).

So in Corollary 3.1 one can replace &,(A) by n7(A).
3.2. Hilbert-Schmidt operators

Denote by SN, the ideal of Hilbert-Schmidt operators in . with the finite norm N»(A) = (trace AA*)!'/2. In the infinite dimensional case
we put

5(4) = [N3(4) — Y [A(A)2]2,
k=1

where A;(A),k = 1,2, ..., are the eigenvalues of A € SN,, counted with their multiplicities and enumerated in the non-increasing order of
their absolute values.
Since

PN 2 22(A)| = [trace 42|,

one can write
g2 (A) < N3 (A) — |trace A?|.
If A is a normal Hilbert-Schmidt operator, then g(A) = 0, since
2 - 2
N3 (A) =) [M(a)]
k=1
in this case. Moreover,
NZ (A —A%)
gy < =22
cf. [21, Section 7.1]. Due to Corollary 7.4 from [21] for any A € SN, we have

=2N5 (4y),

mrm k k
|Am‘< Z% ( :1,2,...).

Now (1.5) implies

= (m—k)!(k!)3/2

[X(A)] < &e(A Z (Z M) (A €SN,). (3.4

If A is normal, then (3.4) gives us inequality (1.7).
Furthermore, by Theorem 7.1 from [21] for any A € SN, we have

g4(4)
* (dist(A,A))kH1V/k!

Inequality (3.2) gives us the more compact but less sharper estimate

IR (A < Z (2 & a(4)).

IX(4)]] < nZ(A) (A € SN,),
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where

v g/(4)
)= L T (ag

Now we can directly apply Theorem 1.1.
By the Schwarz inequality

- (cg)/(A) 2 v 2k - g% (A) _

N Ny R Mo Wiy
1 g*(A)

—a2 e !

Thus,

1 2A
||X(A)H < (1 76‘2)(1 7FS(A))2 eXp [CZ(I{(,AS()A))Z

] (A€ SNy, ce(0,1)).

In particular, taking c> = 1/2, we get

2
XA <AA) = ( —rf(A))z exp [(1 Z_grs((z:)))g}.

Now Theorem 1.1 implies the following corollary.
Corollary 3.2. Let ./ be a finite set of bounded operators from ¢ Let there be an A € SNy with rs(A) < 1, such that
~ 2
71(A) max (2[|A — BI|[|A]| +[|A = B||") < 1
Be#

Then # is Schur-Kohn stable. Moreover,

p(///)<\/1—ﬁ(lA)( —1(4) max (2|4 — B ||| +[|A - BI|?).

Similarly, making use of Theorems 7.2, 7.3 from [21] one can apply Theorem 1.1 to Shatten-von Neumann operators.

3.3. Non-compact non-normal operators

In this subsection we suggest a norm estimate for the solution of (1.1) under the condition
Ar=(A—A")/(2i) € SN;. (3.5)

To this end introduce the quantity

- 1/2
8i(A) == V2| N3 (A7) - stk } .

Obviously, g7(A) < v/2N,(A7). Due to Example 10.2 from [21],
m otk (A) gk (A
[am) <y #13(/2) (m=1,2,..).
i=0 (m—k)!(k!):
Now (1.5) implies
5 (3 me g @)’
XA <&(A) = LBl (A€ SN).
S\ (m—K)(k)32

If A is normal from this inequality we get (1.7).
Furthermore, by Theorem 9.1 from [21] under condition (4.1) we have,

g1 (A)
im0l < B e e
and

Je g1 (4)
IR (A)]] < dist(A, 1) P : 2(distI(A,7t))2

Inequality (3.2) implies
IX(A)]| < 17 (A) and | X(A)]| < A7 (A) (Ar € SN2),

] (A ¢ a(A)).

where

i 87 (A)

W= L ()



Universal Journal of Mathematics and Applications 99

and

s e gi(4)
= ol 2(1:rs(A))2]'

Now we can directly apply Theorem 1.1.
Some other classes of operators can be considered, in particular, via norm estimates for operator functions from [21].

4. Example

The following example characterizes the sharpness of Theorem 1.1.
Let s = C", 4 = {A1,Ay} with real positive matrices matrices A| = diag (ax)]_,,A> = diag (bx)}_; (ax,bx > 0) and r(A1) < 1. So
am = maxgay < 1. Take A = A. Since A is Hermitian, according to (1.7) condition (1.4) takes the form

1 2
—————(2rs(A7)[|A1 —A2||+[|A1 —A 1. 4.1

s

Besides, ||A| — Az|| = maxy |ag — by|.
Assume that r5(A;) > 1. Namely, b,, > 1. So .# is Schur-Kohn unstable. Then |a,, — by| = by — am > 1 — ay, and

1 1
W(Zam|am—bm| + |am — bm|*) > —a 2am(1 —ap) + (1 —apy)?) > o

Qam+1—ap) > 1.
Therefore, condition (4.1) is not fulfilled. So condition (1.4) is necessary under consideration.
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have been investigated. By using the Laplace transform of the fractional derivative, the
fractional differential equations turn into the classical differential equation of integer order.
Also, the existence and uniqueness of nonlinear boundary value problem of the fractional
Caputo-Fabrizio differential equation has been proved. An application to mass spring
damper system for this new fractional derivative has also been presented in details.

1. Introduction

The fractional differential calculus has gained much interest by the many researcher in the last decades and it has strong mathematical
background and many papers are attributed to the development of it. Among them, we can cite some e.g, [1, 2, 3]. Fractional calculus has
been also used for modelling physical phenomena including control systems, mechanics, viscoelasticity [4, 5, 6]. Up to now, several definition
of fractional derivative has been proposed. Some frequently used definition of fractional derivative can be given as the Riemann-Lioville,
Caputo, Griinwald-Letnikov [7, 8] and conformable fractional derivative [9, 10, 11, 12, 13]. Among them, the Riemann-Lioville definition
requires nonlocal initial condition, so it does not reflect physical experiment while the Caputo definition allows to use the classical initial
condition. In the recent years, a new definition of fractional order derivative has been defined by Caputo and Fabrizio [14] with a regular
kernel. This new definition can be able to describe better heterogeneousness and systems with different scales with memory effects.
The other good property of this new definition is that the real power turn into the integer by the Laplace transformation, thus the exact
solution can be easily found for some cases. Some properties of this definition have been studied in [15]. Several papers are devoted to
development of this new fractional derivative [16, 17]. Some applications based on this new fractional derivative can be found in the papers
[18, 19, 20, 21, 22, 23]. In this paper, the previous results will be extended and the existence and uniqueness solution will be given for high
order fraction derivative. As an application, a mass-spring-damper system will be analyzed basen on this new derivative. In [15], the results
are presented when the fractional order & € (0, 1). The aim of this paper enriches these results for the case when the fractional order of
o+ 1€ (1,2). In [19], a mass spring damper motion has been studied, but the solution available only for numerical approximation using
Laplace transform algorithm. More importantly, they consider the fractional order 2 € (1,2) when « € (0, 1). However, this is not true
when o € (0,1/2). Additionally, the Caputo-Fabrizio fractional operator does not have semigroup property. For this reason, the different
cases of the fractional order also have been examined and the exact solution for each case is given for the mass spring damper equation using
only the Laplace transformation.

The rest of the paper is organized as follows. In Section 2, preliminaries and previous related works have been introduced. The existence and
uniqueness results for linear problems have been presented in Section 3. Some simple but important initial and boundary value problems
of the fraction Caputo-Fabrizio differential equation are given in Section 4. In Section 5, the existence and uniqueness of the nonlinear

Email addresses and ORCID numbers: topraksp @artvin.edu.tr, https://orcid.org/0000-0003-3901-9641, (S. Toprakseven)
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boundary value problem of the fraction Caputo-Fabrizio differential equation have been demonstrated. Finally, an application to a mass
spring damper system is given in the last section.

2. Preliminaries and Previous Results

We present some definitions and previous results of the new fractional Caputo—Fabrizio derivative that are needed in this work.
Definition 2.1. Let o € (0,1) and f € H' (a,b),a < b. The Caputo fractional derivative of the function f defined as

1 x
m/ (x—1)%f (1)dt.

Definition 2.2. [/4] Givena <band f € H! (a,b), the fractional Caputo-Fabrizio derivative of the function of order a. € (0,1) is defined
fort >0

CFDocf(x) 1 /.xeXp<— Ift

T l-a

D f(x) =

a(x—t))f’(z)dt. @.1)

Definition 2.3. [15] The Caputo-Fabrizio fractional integral of oder o. € (0,1) is defined as

()W) = (1= f ) +a [ fs)ds.
The Caputo-Fabrizio fractional of order 6 = ot +n for a € (0,1) and n € N defined as
CF D1 £ () :=CF p&(CF pri ().
Theorem 2.4. [14] Let the function f(x) satisfy F) (@) =0, k=1,2,...,n, then the equality
CFDa(CFan(x)) _CF Dn(CFDaf(x)) (2.2)
holds.
Definition 2.5. For 6 = oo+ 1 with o € (0, 1), the Caupto-Fabrizio fractional derivative of order ¢ defined as

1 X
CF DO f(x) = /a exp < = fa(x—t))f”(z)dz. 2.3)

T l-«a

Note that the equality ¥ D*(CF D' f(x)) = CFD' (CF D* f(x)) is defined unambiguously when f'(0) = 0. (see [14])
Definition 2.6. For a function f(x), the Laplace transformation F(s) of f is given by
F(s)=2[f()] = /0 exp(—sx) f(x)dx.
Lemma 2.7. [14] The Laplace transform of the Caputo-Fabrizio fractional of order 6 = ot +n for o € (0,1) and n € N is given by

STLL{f@)} (5) =5"f(0) =" f(0) =+ — £ (0)
s+o(l—s)

2{7 (N} =

3. Existence and Uniqueness of the Solution

We show the existence and uniqueness of the solution of the fractional differential equations involving the Caputo- Fabrizio fractional
derivative in this section. We also derive the solution for some fractional differential equation that are important for physical applications.

Theorem 3.1. [15] For a € (0,1) and h € L(0,00), the following first order fractional differential equation
FD¥u)(x) =h(x), x>0
u(0) = ug

has the unique solution
X
u(x) = g+ (1 — o) (h(x) — h(0)) + /0 h(s)ds.

Theorem 3.2. [15] For a € (0,1) and h € L{(0,00), the following first order fractional differential equation

CFD¥(u)(x) = Au(x)+h(x), A#0, x>0
u(0) = ug

has the unique solution, when A(1 —a) =1

1—
u(x) = —Taau/ (%) — %u(x)
and when A(1—a) # 1

Ao X 1-a o X
M(JC) = m‘/o M(S)dS+M0 + m(h(x) —/’l(o)) + m/o /’l(S)dS
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Theorem 3.3. [15] If a € (0,1), then the function u solves the fractional differential equation
Fp*u)(x) =0, x>0
if and only if u is a constant function.
We study here the boundary value problem of a class of the Caputo-Fabrizio fractional differential equations of order ¢ € (1,2) on [0, 1]

Theorem 3.4. Forc=a+1, a€(0,1), and g:[0,00) = R with g € L1(0,0), the following boundary value problem of the fractional
Caputo-Fabrizio differential equation

FDO(u)(x) =g(x), x>0 3.1)
u(0) =ug, u(l)=u 3.2)

has the unique solution given by

X

w(x) = o + (1 —uo)x-i-(l—a)(l—x)/oxg(t)dl-i-a(l—x)/o 1g(1)dr

f(lfa)x/xlg(t)dtf(xx/xl(lft)g(t)dt.

Proof. Applying the Laplace operator to the equation (3.1), we get

2{7 0o }(5) = 2{e) )
Appealing the Lemma 2.7, we are led to

52U (s) — su(0) — u'(0)
s+a(l—s)

where U(s) = z{ () (x) } (s) and G(s) = x{ g(x) } (s).

Equivalently, we can rewrite the last equation as

=G(s)

U(s) = éu(o) + S%u’(o) + ]_Tac(s) + gG(s).

The inverse Laplace operator is applied to above equation to arrive at

X

u(x) = u(0) +xu (0) + (1 — ) /0 " elt)di + /0 (x—1)g(1)dr. (3.3)

Taking into account the boundary conditions (3.2), we have the desired result

X

u(x) =ug~+ (uy —ug)x+ (1 —a)(1 —x)‘/oxg(t)dt—i-oc(l —X) ./0 tg(r)dt

—( f(x)x/x] g(t)dtfax/xl(l —1)g(e)dr.
For the uniqueness, as usual, we suppose that there are two solutions of the problem, say v; and v,. Then we must have
CEDO(v1)(x) =F DO (v2) (x) =CF D (v) —vp)(x) =F D*(Dv; —Dvy)(x) =0
Thus, by Theorem 3.3 we get
Dvy(x) = Dvy(x).

This implies that vj(x) = vp(x) + ¢ for some constant c. But the condition v;(0) = v,(0) leads to ¢ = 0. That is v;(x) = v,(x) for all
x>0. O

Remark 3.5. In Theorem 3.4, if we let h(x) := g(x) — g(0), then h(0) = 0 so that the initial value problem
DO (u)(x) = h(x), x>0
u(0)=A, u'(0)=B
has the unique solution of much simpler form given by
u(x) = A+ Br+ (1 — ) ./Oxh(t)dt 4 a./()x(x— Dh(t)dr.
We further study the linear differential equation of fractional order in the sense of Caputo-Fabrizio fractional derivative, then we will work on

nonlinear boundary value problems of the fractional Caputo-Fabrizio differential equations. We first give the results for the linear cases.

Theorem 3.6. If 6 € (1,2) and g € L1(0,00) NC'[0,0), then the following linear boundary value problem of the fractional Caputo-Fabrizio
differential equation has the unique solution for all N € R.
Do (u)(x) = nux) +g(x), N#0, x>0 (34)
u(0) =ug, u(l)=u 3.5)
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Proof. The case when 11 = 0 is already was proved in Theorem 3.4. So, assume that 1 # 0. we see that from Theorem 3.4, the solution to
(3.4) and (3.5) can be written as

u(x) = o + (1 — ug)x+ (1 — a)(1 —x) /0 (o) +8(0) )+ (1 ) /Oxt<nu(t) +8(0) )t

1 1
(- a)x/ (mutr) +¢(0))de - ax/ (1=1) (mule) +g(1) ) dr.
X X
A little algebraic manipulation reveals that
1 X
u(x) +nx/ (1— at)u(t)di — 7 / (1 artxo— 10 )u(e)an
0 0
X X 1 1
— o+ (uy —up)x+ (1 — a)(1 —x)/ g(t)di + a1 —x)/ 1g(t)dt (- a)x/ e(1)di — ch/ (1=ngn)di  (3.6)
0 0 X X
Differentiating the equation (3.6) twice, we have that

u'(x) = (1= a)nu'(x) = (1 - a)g'(x) + ag(x). (3.7

Now we have two cases to analyze. First, we assume that (1 — &) =0 < a = 1 since 1 # 0. In this case, the equation (3.7) becomes

This is just a second order ordinary differential equation with solution given by

u(x):—uox—l—uo—O—ulx—l—(x—l)/lo(/ls (y)dy ds—l—/ / )dy)d

The second case when (1 — a)n # 0, we have

—uo+/ (- O“V/ (=as (1 - a)g/(5) + arg(s) ) dd

uy — g — J 1= g1 e(lftX)TlS((l —a)g'(s) +ag(5)>d5d’ ti—amiy
* Jo e(l-amigy /0 ’ "

O

4. Solutions of the initial and boundary value problem of the linear Caputo-Fabrizio fractional
differential equations

In this section, some initial and boundary value problems of the fractional differential equation in the sense of the Caputo-Fabrizio derivative
have been presented.

Example4.1. Ifo=a+ 1 witha = % and cy,c € R, then the following initial value problem of fractional differential equation

" (x) + ¢§E D (u) (x) = ST D%u(x) + 1 — exp(—x) 4.1)
u(0)=0, «'(0)=0 4.2)

has a unique solution of the form

exp(_3(2012+l)x)sinh( 9(2c1+l) +262>

9x (2c,+1)

u(x) =
+ 2C2

In fact, by the Laplace transformation, the equation can be written as

szU(s)fsu(O)fu'(O)ic s s
(s+1)/2 25412 s+l
U(s) (s3 +(2c1+1)s% —2(‘25) =s

s2U (s) — su(0) —u' (0) +¢;

s
$3 4+ (2c1 +1)s2 —2cps

U(s) =
where U (s) = {-Zu(t)}(s). Now, the inverse Laplace transformation gives us that

eXp(f3(2C]2+l)x)Sinh ( (2(‘|+1) +2£2>

9x (2c1+1)

u(x) =

+2¢p
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Example 4.2. Consider the initial value problem

FDou(x)+u(x) =

0
u0)=1, '(0)=0

where 6 = ot + 1 with o € (0, 1)

Applying the Laplace transformation leads to have
U(s) (s> + s+ a(l—s)) =s.

Now, the inverse Laplace transformation gives the exact solution as follows
u(x) = exp(x(a/2 — 1/2))(cosh(x(a? /4 — 30t/2+ 1/4)1/?) + (sinh(x(a? /4
—3a/2+1/4)'2)(a/2-1/2))/(a?/4—3a/2+1/4)'/?)

Example 4.3. Consider the system of fractional algebraic-differential equations

D" u() —xv(x) +ulx) = (1+x)v(r) = 0
v(x) = sinx
u(0)=1, v(0)=0

Applying the Laplace transformation, one gets

sU(s)—1 , o

W+V(S)+SV (S)+U(s)_v(s)+v (S) -0
1 / 2s

V(s)= SIY Vi(s) = —m

U(s) = s(s+1) 1

R + [
(1+s2)2 s+1
Now, the inverse Laplace transform gives the exact solution

1
u(x) = x; sinx+ %costrexp(fx)

Example 4.4. Consider the boundary value problem
CF D32y (x) = Au(x)
u(0)=0, u(l)=1
This is the equation given in the problem (3.4) and (3.5) with 6 = 1+ 1/2 and uy = 0,u; = 1. Thus, the exact solution given by

elX/Z -1

1 X
u(x) = 7/0 e(l/2>tdl‘ = m

Ty <P

5. Nonlinear boundary value problems

We prove the existence and uniquness of the nonlinear boundary value problems of the Caputo-Fabrizio differential equations by the help of
the Banach contraction principle.
Let C(I) be the Banach space of continuous functions on I = [0, 1] with maximum norm

= C(I).
Il = max +(s),,x< ()

We now state the existence and uniquness of the solution in the next theorem.
Theorem 5.1. Ifoc=1+0a, a€(0,1]andF :[0,1] xR — R is a continuous function with the property that
F(x,u;) —F(x,un)| < qluy —up| uy,up €R, ¢>0,

then the boundary value problem

FD(u)(x) = F(x,u(x)), x>0 (5.1)
u(0) =up, u(l)=u (5.2)

has a unique solution in C(I) provided q < 1.
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Proof. Let the operator T : C(I) — C(I) be given by
(Tu)(x) = o + (w1 — tig)x+ (1 — &t)(1 - x) /OXF(t,u(t))dt +a(l—x) /OxtF(w(t))dz
1 1
7(17a)x/ F(t,u(t))dtfax/ (1= 1)F (t,u(t))dt

We see that the solution for the problem (5.1) and (5.2) is the fixed point of the map 7. For u,v € C(I) and 0 <t < 1, we find that

X

(Tu)(x) — (T)(x)| = (1—a)(1—x)/0x (F(t,u(z))—F(z,v(t))dt+a(1—x)/o' 1 (Fou0) — F(e,v(0) )

—a f(x)x/xl (F(ut) fF(t,v(t))dtf(xx/xl(l 1) (F(u(0) ~ Fa,v(e))ar

(1-x)?

2
X
< (1= o) (1 =x)xqllu—v] + (1 =x) F-qllu =+ (1 = a)x(1 —x)qllu—v] + ox qllu—v]|
4-3a 4-3a 4-3a
gllu—v| < max (1 —x)x gllu—v| <
x€[0,1] 2

= (1—x)x qllu = vI[ < gflu—vl|.

Since g < 1, the operator T is a contraction, and by the Banach contraction theorem 7" must have a unique fixed point that is the solution of
the problem (5.1) and (5.2). O

6. An Application to a Mass-Spring-Damper System

In [19], a mass spring damper system equation has been modelled by the Caputo-Fabrizio fractional differential equation as follows

WCFDzau(x) + HIL%(XCFDau(x) +hku(x)=F(x), aec(0,1]. (6.1)

where u is the dimension of second, m is the damping coefficient, ¢ is the spring constant and F(x) is the force of the system. The parameter
U is introduced because of the dimensionless quantity of the physical problem in the case of fractional derivative of the displacement. The
equation (6.1) has been provided with an initial displacement, ug, and velocity, vo = O for the mass m. As in [19], two cases for the forcing
term will be considered. Additionally, the order of the fractional is also considered in two cases.

1 . Assume that the forcing term F(x) = A for some constant A. Moreover, suppose that & € (0,1/2) so that 2a € (0,1). Applying the
Laplace transform of (6.1) leads to get

sU (s) — ug n2u%l / sU(s)—up LRS!
st2a(l—s) & (s—i—(x(l—s)) ”ZU(S)_A?E 62)
Uls) = up(s+o(1—s5)+B(s+20(1—5))) 63)
s(s+0t(1fs)+s+2(x(lfs)<B+n2(s+oc(lfs)))
(M2 /K)A(s+20(1—5)) (s + (1 —35)) 64)

s2<s+(x(1 fs)+s+2a(lfs)<B+n2(s+(x(l fs))>

2 2(1-at) 2
n._H _ N, a1
where &~ = 5 —and B=c L

The inverse Laplace transform yields the exact solution

2 —20m% +2a —6B+4aB+1 2aB—2an? +4a’n* -2

u(x):(Anz/k)< ox 200" +2a +4aB+ exp(x(oz+ o on-+4o )
(2on?+2B+1 (2on?+2B+1)?2 4an?(o—1)

(cosh((x(4aB* + 80’ BN +40a’B + 40’n* — 120°n° + o> —8aB+8an> — 40 +4)'/2) /(4an* (o — 1))+

(sinh((x(40>B +8a®Bn?* + 40> B+ 4an* — 120°10% + o> — 8aB+ 8an® — 4o +4)'/2) / (4an?(a — 1)))

(8a*B* 4+ 4a*Bn> + 80> B+ 4a’n* — 140°n? +20% — 120B> + 4aBn” — 12aB + 6an> — 30+ 8B> — 4B+ 4))

+((—2an?+20— 6B +4aB+1)(4a>B> + 802Bn> + 40’ B+ 4a’n* — 1200 + o —8aB + 8an* —4a +4)(1/2)))

(~20m* + 20— 6B+ 4aB +1))/(20m*+2B+1)?))

+(2B+1)/(2on® +2B+1) — (exp((x(0t +20B — 2an? + 4a’n* —2))/(4on* (o —1)))(2B+ 1)
(cosh((x(40>B* + 80>Bn> + 4B +4a’n* — 12a°1n% + o> — 8aB+8an® —4a+4)'/2) /(4an*(a — 1))+
(sinh((x(40> B +8a®Bn* + 40> B+ 40>n* — 12021 + a® — 8aB + 8an* — 4o +4)/2) /(4on* (. — 1))
(ot —2B+4aB+4aB> —2am> —4B%))/((2B+1)

(402B +802Bn? + 4a’B+4a’n* — 120%n> + o — 8aB+8an> —4a +4)'/%))) /(2an* + 2B+ 1)
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2 . Assume that the forcing term F(x) = A for some constant A. Moreover, suppose that o € (1/2,1) so that 2o € (1,2). Applying the
Laplace transform of (6.1) leads to get

sSU(s)—ug  n2u®1 / sU(s) —up n?1
s+o(l—s) Tk (s+a(lfs)>+n2U(s):A7§
up(s+a(l—s)+B(s+2a(l—ys)))
s(sta(l—s)+s+2a(l—s <B+n2(s+a(lfs)))

(N2 /)A(s+20(1—5)) (s + (1 —s))
sz(s+a(1—s)+s+za(1—s)(3+n2(s+a(1—s)))

U(s) =

+

n? _ pm% _ 0’ a1
where -~ = = — and B=c- U

inverse Laplace transform yields
u(x) = ug ((m(})(—X(B/2 — (@n?)/2+1%/2))sinh(x((o?n*) /4 — (aBN?) /2~ (an*) /2 — an® + B> /4 + (Bn?) 2+ 1% /4)'/?)
(B+1)/(*n*)/4— (@Bn?)/2— (oan*)/2—an? + B[4+ (Bn?)/2+ 7 /4)1/2)
+(An?/k) <1/n2 — (exp(—x(B/2 — (an?)/2+1?/2))(cosh(x((a’n*) /4 — (aBN?)/2 — (an®) /2 — an® + B* /4 + (Bn?) /2
+0*/4)!/%) + (sinh(x((0*n*) /4 — (aBN?) /2= (an*) /2= an® + B4+ (Bn®) /2+1* /4)' ) (B/2+ (an?) /2= n* /2))
+((e?n)/4—(aBn?)/2— (an*)/2—an®+ B[4+ (Bn?) /2 + n4/4)1/2))/n2)
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