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Regularity of Linear Systems of Differential
Equations on the Axes and Pencils of Quadratic
Forms

Viktor Kulyk', Ganna Kulyk?, Nataliia Stepanenko®*

Abstract

It is considered linear systems of differential equations and investigated questions of regularity of these systems.
To explore the regularity it is comfortable to use quadratic form whose derivative with respect to the adjoint
system is positive definite. Sometimes it is possible to find such a quadratic form, the derivative of which with
respect to the system is non-negative. There are examples showing that in this case we can’t say anything about
the exponential dichotomy of this system (that is, its regularity). The question arises whether it is possible to
combine a certain set of quadratic forms to get such a form, the derivative of which with respect to the system is
positive definite. This question is similar to the question that arises in the theory of control: having a set of certain
data about an object, can one say something about this object as a whole. It turns out that this is possible, only a
set of these quadratic forms should be special, in some sense complete. In the presented article the authors
propose to write it with the help of some combination of specific symmetric matrices S;,55,... . So we have a
quadratic form

Vp = p1(S1 (t) x,x) + p2 (S2 (1) x,x) + - - + pr—1 (S—1 (2) x,x) + (S (£) x,x)

It is proved that the derivative of this quadratic form is positive definite for sufficiently large parameters py,...,pi_1-
The results are illustrated by examples.

Keywords: Adjoint system, Quadratic form, Regular, Symmetric matrices, Weakly regular
2010 AMS: Primary 34A30

1. Introduction

In many interesting investigations [1]-[4] it is arisen linear systems of differential equations in which we have to find the strong
properties, i.e. such properties which arent changed under small perturbations. Such properties often are exponential dichotomy
and trichotomy of the solutions of linear systems of differential equations. As for non-stationary systems this question is opened
it is interesting to find something new in investigation of dichotomy of linear systems of differential equations. The investigation
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of sets of quadratic forms is a promising and relevant topic, since they provide an opportunity to answer the question of the
magnitude of perturbation, which does not disturb the property of the regularity of linear systems. Consequently, we consider
certain classes of systems of linear equations and try to find quadratic forms that will enable us to investigate these systems.

2. Main results

Let’s consider the homogeneous system of differential equations

dx
— =P(1t)x, 2.1
ar =P~ @1
where x € R" and P (¢) is n X n-dimensional matrix with scalar functions whose elements are real continuous and bounded on
R = (—o0,+0). We will denote by C? (R) the space of functions which are continuous and bounded on R and by C! (R) — the
subspace of space C° (R) of continuously differentiable functions with bounded derivative on R.

We will consider a norm of a vector x € R" as ||x|| = /(x,x), where (x,y) = ¥}_, x;y; — scalar product in R". And we will
denote a norm of a matrix A as ||A|| = max ||Ax|, ||x]| = L, ||A|l, =sup||A ()], € R.

The important question about system (2.1) is its regularity on entire axis R. It is known the following definition of regularity

[1]:

Definition 2.1. The system (2.1) is called regular on R if corresponding non-homogeneous system ‘fl—f =P(t)x+ f(t) has

unique bounded solution on R with any fixed vector function f (t) € C° (R). If it is only known that such system has at least one
solution bounded on R with any f (t) € C° (R) then the system (2.1) is called weakly regular on R.

It is known that the system (2.1) is regular on R if and only if there exists a quadratic form V = (S (¢) x,x) where S (¢) € C! (R)
— symmetric matrix whose derivative with respect to the system (2.1) is positive definite, i.e.

V= (| B 50)20)+ 7 050) r) = ol @2

and wherein the matrix S (¢) is non-degenerated for any 7 € R
detS(t) #£0 Vt €R. (2.3)

In case the matrix P (¢) from the system (2.1) is a constant, from a weak regularity always follows the regularity. It can be if
and only if real parts of all eigenvalues of matrix P are non-zeroes. Therefore, if det P = O then the system (2.1) with constant
matrix P is not regular. It turns out that there exists variable matrix P (¢) such that detP (¢) = 0 V¢ € R but the system (2.1) is
regular on R. The examples of such systems are:

dxy _

%1 = x1 (p1cos2mt + prsin2mt) +xz (— pacos2mt + py sin20t — ) ,
GF =x1(—p2cos2wt + p1sin2t + @) — x2 (p1 cos 2wt + prsin2wt)

where parameters pi, p>, ® € R are non-zero, real and p% + p% = 0.

In this case the derivative of non-degenerated quadratic form
V = x7 cos 201 + 2xx2 sin 201 — x3 cos 2t
with respect to this system equals V = 2p; (x] +x3).

Remark 2.2. For some systems (2.1) there exists symmetric matrices S(t) € C' (R) which satisfy inequality (2.2) but the
condition (2.3) is not satisfied. Then the system (2.1) is not regular but adjoint system % = —PT (t)x is weakly regular.

Linear operator S (¢) € C! (R) which affects on symmetric matrices we will denote L [S]:

L[S] = di—y) +S(t)P(t)+PT (1)S(z) (2.4)

Remark 2.3. If instead of the inequality (2.2) we write (L[S]x,x) > ||Nx||>, where N — some constant non-generated matrix,
then we can’t say anything about regularity of the system (2.1). We can see this from the example:
dxq dx,

— =X, 5 =

dt dt

The derivative of quadratic form V = x1x, with respect to this system is V = x%, but this system is not regular.
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The question arises: If we have not a single matrix S, but some set of matrices Sy,5», ..., then is it possible to combine
these matrices to construct the matrix S that satisfy the inequality (L[S]x,x) > ||x||*? This article is devoted to investigating this
question.

Theorem 2.4. Let there exists two matrices Sy (t),S5 (t) € C' (R) which satisfy the following inequalities

(LIS1] M, Mx) > 1 | (M — V)l
{ (L[S:) @)

Nx,Nx) > & |[Nx||* , &,& =const >0 ,
for some constant matrices M, N. Then the sum of these matrices S = pS) (t) + S, (t) satisfies an inequality
(L[S] Mx,Mx) > & (p) |Mx||, (2.6)

(p—ae)e—a

W (p— agl) & — o >0, constant o is chosen from inequality |L[S]|| < o

where o (p) =

Proof. Taking into account the linearity of the operator (2.4), we can write the left side of the inequality (2.6) in the following
form:

(L[S] Mx,Mx) = p (L[S1]Mx,Mx) + (L[S>] Mx,Mx)= p (L[S} Mx,Mx) + (L[S2] Nx,Nx) + Q, 2.7
where
0 = (L[S2]Mx,Mx)— (L[S2]Nx,Nx)
(L[S2] Mx,Mx) — (L[S2) Mx,Nx) + (L[S2] Mx,Nx) — (L[S2] Nx, Nx)
= (L[S2]Mx,(M —N)x)+ (L[S2]Nx,(M —N)x)
(L[S2] (M —N+N)x,(M—N)x)+ (L[S2] Nx,(M — N)x)
(L[S2] (M —N)x,(M —N)x)+2(L[S2] Nx,(M —N)x).

From this we obtain an estimation from below

Q> —a||(M—N)x|> —2a [Nx| [|(M - N)x|>. 2.8)
Therefore using inequalities (2.5) and (2.8) from inequality (2.7), we get

(L[8] Mx,Mx)> (p— acen) [ (M — Nl — 20t [Nx| [|(M — N) x| + & [[Nx]>. 29)

Let us write the quadratic form corresponding to the right side of the inequality (2.9)

V(x1,x) = (p— g x] — 200x1x + €23
We should find its lowest value on a single circle x; = cosy, x, = siny. We obtain
2

. —cos — — _ 2 _ _
]+c052y OCSln2y+82] c;sZyz p a§1+sz_ (p a;l 52) +a?= (p—oe))er—a

V (cosy,sin ag .
( y y) (p ) p—a52|+£2 +\/<p*0¢€21—£2)2+a2

Choosing sufficiently large the value of parameter p > 0, exactly p > oe; + ‘;—22 we get

(p—ag)e —o?

V(x1,x2) >
(x1,x2) o aE 6

(x% + x%) .
Therefore, from (2.9) we obtain

(p—ae) e —o?

(L[S]Mx,Mx) > S ae 6

(I1v =N x|+ VP (2.10)

As for any matrices M and N of equal dimension the inequality

1
2 2 2
(M —N)x[|” + [[Nx[|* = = || Mx]|

[\
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is fulfilled then from (2.10) we get

(p—ae)e—o?

N 2
(L[S] Mx,Mx) > 20— a6 &) ([ Mx]|

O

Theorem 2.5. Let there exists symmetric matrices S;(t) € C '(R), j = 1,k, n x n-dimensional and they satisfy the following
inequalities:

(LISIM; (0)x,M; (1) x) > || [M (1) = Myr (0] 2]* , j=T,(k—1) 2.11)

(L[SK) My (1) 2, My (£) x) > | My (1) ] 2.12)
with some n X n- dimensional continuous non-degenerated matrices M; (t). Then the derivative of a quadratic form

Vo = p1(S1 (1) x,) + p2 (S2. (1) X,) + -+ pr—t (Sk—1 (1) x,) + (Si (1) x,x)
with respect to the system (2.1) will be positive definite for sufficiently large fixed values of parameters p1,pa, ..., Pi—1-.

Proof. Let us choose and fix the constant «, that satisfy an inequalities ”L (S j] H <a,j= ﬁ From the last of the inequalities
2.11)

(L[Sk1] Mit ()%, My (6)x) = [|[Mi1 (1) = My (1)) %]
and (2.12) using Theorem 2.4 with £ = 1, & = 1 we get an inequality

(L[S] My_1 (1) x, M1 () x) > & (pr1) || M1 (1) x]?, (2.13)
where

Pr—1— 00— o

S = pi-18k1 (1) + Sk (1), 0 (pr-1) = A —atl)

Then let us consider the penultimate of the inequalities (2.11)
(L1Sk-2) M2 (1) X, My (1) %) > [|[My—2 (1) = My (1)) %]
Together with the inequality (2.13), based on the Theorem 2.4 (¢; = 1, & = & (pi_1)) for the sum of the matrices
S=pe2Ska2()+S8=praSi2(t)+ pe1Sk1 () + Sk (1),
we get an inequality
(L[S] My (t)x, My (£)x) > & (pr—2, Pr—1) - [|Mx—2 () x[|*,
where

(Pr2—0)o (pr-1)— 0

2(pr2—a+0(pe1))

0 (pk-2,Pk—1) =
So we have the following estimation

<L [E} M3 (t)x,My_3 (f)x> > 6 (p-3, Pe—2: Pk—1) [Mi—3 (1) x|*,

(Pr3 — @) 6 (pr—2, pr—1) — &2
2(pk—2— 0+ 0 (pr—2,Pk-1))

O (Pk—3,Pk—2,Pk—1) =
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Continuing to receive similar estimates, in the end for the sum of the matrices
Sy=p1S1 (1) +p2S2(t)+- -+ pr—1Sk—1 (£) + Sk (1),
we will get
(LISp) M1 (1), M1 (1) %) > 6 (p1, P2, s P2, i) M (0) ] (2.14)
where

(p1— )0 (P2, P2, Pr—1) — 02

2(p1—a+0(p2, s Pk—2:Pk-1))

O-(p17p2»"7pk72apkfl) =

Let us denote M, () x =y. Since the matrix M| (¢) is non-degenerate then we get (L[S,]y,y) > 6 (p1, P2, -, Pk—2, Pk—1) Iyl
from the inequality (2.14) for any y € R" with positive coefficient o (pi, p2, .., pr—2, Pk—1). That means the derivative of the
quadratic form V), with respect to the system (2.1) at certain choices of the vector of parameters (p1, p2,.., Px—2, Pk—1) = p will
be positive definite. The Theorem 2.5 is proved. O

Let us consider an example of the application of the proved theorem.
Denote

o AeTT—(1-2)¢
a(t,)h) = m,ogl Sl

and consider the system
% =la(t; M) +a(t; ) —x1+[a(tA4) +a(t;A2)] x2,

L2 = [—a(t: ) + 1]x1 —a(t:22) x2, (2.15)
D (a(t42) + s — [a(t:4) +at: A)]x2 —a (t: ) x3,

where 41,4, — independent parameters from the closed segment [0, 1].
We choose the matrices S;, M; in the following form

0 1 1 0 0 0 0 0 0
si=[ 10 1], S=[0 —air) 0], s5=[0 0 0 ,
110 0 0 0 0 0 —altA)
1 0 0 0 0 0 0 0 O
m=(o10), Mm=lo1o0], m=[0o0o0].
0 0 1 0 0 1 0 0 1
Calculating the left sides of the inequalities (2.11) and (2.12) (k = 3), we get
200 0 (@ (t:h2) —a(t:d)) 0
Lisi={ 0 0 0 |.L[sal= | (@mh)-a(ti) (26 @h)-242) o |,
0 0 O 0 0 0
0 0 —a(t; M) [a(t;A2) +1]
L[Sy = 0 0 a(t; M) [a(t; M) +a(t;42))]

—a(t:M)[a(t:2) +1] a(t;Ar)[a(t:4) +a(t:42)] (2a2(t;7tl)*%}m)

Hence it is already clear that the inequalities (2.11) and (2.12) are fulfilled. Thus, the derivative of the quadratic form
p1 (X132 + 3163 +x0x3) — paxsa(t; ) — x%a (¢; A1) with respect to the system (2.15) with the appropriate choice of parameters
p1, p2 will be positively defined. This implies that the system (2.15) is regular on R.
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Delay Differential Equations in Sequence Spaces

Luis G. Marmol '*, Carmen Judith Vanegas?

Abstract

The standard delay equations are newly studied in the context of classical separable Banach Sequence Spaces.
As a classical solution is shown to exist, the associated semigroup and its infinitesimal generator are found, and
some important properties of those operators are proven, including some spectral properties. As an application,
it is shown how can these results be used to characterize the constrained null-controllability.

Keywords: Delay differential equations, Exact controllability, Sequence spaces
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1. Statement of the problem

Consider the /, spaces for 1 < p < oo consisting of all absolutely p-power summable scalar sequences, with the p-norm.
Consider also the subspace of all null scalar sequences cg with the supremum norm.

Let X be either /,,,1 < p < e or ¢g. Let also be B(X) the space of all bounded linear operators on X. Consider the following
equation

() = on(t)—l—iAix(t—hi), t>0
i=1
x(0) = n
x(0) = f(0), —h, <6 <0, (1.1)

where 0 < iy < ... < h, are the delaying points, x(¢t) € X forz >0, A; € B(X), i=0,...,nand f: [~h,,0] — X must also
satisfy f(0) = x(0) = r (a fixed vector in X), and f(0) # 0 for every 6 such that —h, < 6 < 0. Here, the convergence is in
the norm of X, ie, {x,};_, converges to x € X if and only if ||x, —x|| — 0 as n — oo, where ||.|| stands for the p-norm or the
supremum norm, respectively.

The fundamental concepts of derivative and integral for scalar functions of a single variable can be extended to a function

F :[0,0) — X. We simply express F as a function of its components and do the calculus operations on those components, i.e.,

if (1) = {£i(0)}71, we have /(1) = { (1)} and [} F(yde = { [ fi(r)dr |~
=
In view of these definitions, it is easily checked that the basic theorems about continuity, differentiability and integrability
are also valid in this case. Using standard arguments, it can also be proven that

H/Otx(s)ds

1
< [l x s
X 0
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= (tA)
We also have, as usual, e = Z (t4)
= K

Note that the functions x € X we are working with should satisfy

for A € B(X).

i) x(t) € X forevery t > 0.
ii) x/(r) € X for every r > 0.
iii) g(t) = [!x(s)ds € X for each fixed t > 0 and every t > 0.

A"
The mapping x(¢) = e.q} , where A € C and ¢ > % is a example of this. More generally, the same is true for y(¢f) =
i
i=1
{g(t)a;}; |, where {a;};- | € X and g is differentiable function on R.
In the next pages we will show that (1.1) can be rewritten as an abstract differential equation of the form
(r) = Az(r)
z2(0) = 2o, (1.2)
where A is the infinitesimal generator of a co-semigroup {7; },>0 on a suitable Banach space, and we will prove some important
properties of {7;};>0 and A (including some spectral properties). Finally, as an application, we will characterize the null-

controllability by using some techniques from Functional Analysis and Operator Theory. The control u is constrained to lie in a
separable weakly compact subset Q of an arbitrary Banach space U.

2. Main results

In the following we will prove a standard formula for the solution of (1.1). Then, we will introduce the co-semigroup {7; };>0
associated to (1.1), and its infinitesimal generator A.

Theorem 2.1. Consider the retarded differential equation (1.1). For every r € X and every f : [—h,,0] — X there exists a
unique function x from (0,0) to X that is absolutely continuous and satisfies the differential equation (1.1) almost everywhere.
This function is called the solution of (1.1) and it satisfies

n °t
x(t)=e""r+ Y / M) Ax(s — hy) ds, for t > 0. 2.h
i=170

Proof. Notice first that, for 7 € (0,4;) the term Y ; A;x(r — h;) equals the known function v(z) :== Y7 | A;f(t — h;). So we may
reformulate the equation (1.1) on [0, ;] as

X(t) = Aox(r)+v(r)
x(0) = r (2.2)

Now, we can proceed coordinatewise an apply finite dimensional theory on each coordinate. We thus find that the solution of
(2.2) is given by

x(t) = eAO’f+/0I AUy (s) ds

and this equals (2.1).
Now, we will consider the case t > hj. At a given time ¢, the past is known and so the delayed part Y% | Aix(f — h;) is also a
known function. Using the same argument as before we conclude that the solution of (1.1) is unique and it satisfies (2.1). [J

Lemma 2.2. If x(t) is the solution of (1.1), then the following inequalities hold
a) x|l < GlIrl+[1F O

b) Jo le(o)l|dt < DylIrl|+ |1 ()11,

where 1 < g < o and C; and D, are constants, depending only on t.
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Proof. We know that for some positive constants My and @y, M7 satisfies

||| < Mpe™', t > 0.

Define the positive constant M by M := max (||A{]], ...,

n t
()] [0t + i Z/O U Apx(s — hy) ds|
i=1

IA

IN

noor
Mew‘”\|r\|+2/ Mew"(’*‘Y)M|\x(sfh,~)||ds
=170

n ; B
= Me™[|r]|+ Y M / T || ¢ (7) | dF
i=1 —hi

no -k
= Ml Y [ e )

We now establish the following inequalities for the last term of (2.3)

n t—h; B
Y/, Y[
i=1 i i=1

W 1x(0)|| di

IN

[|An|,Mo|). Then, from (2.1) it follows that

(2.3)

o)+ 3 [

< ;_[hi||f<f>||df+;/0 ¢ | |x(7)]|dF since @ > 0
< X [, lr®lar+ > [ edar

Now, let us fix 6 € [—h,,0) and let g : [—h,,0] — R be defined by g(7) =

@l
G

Since g is a continuous function over

the compact set [—h;,, 0], there exists k > 0 such that || f(7)|| < k||f(0)]| for all F € [—h,,0].
From this we deduce that the former equation is lesser or equal than

Q7O+ [ & a(o) .

Comparing equations (2.3) and (2.4) gives

()1 < e [l + 2, QI+ | ]

Setting o = M |r|| + M2, Q|| £ B = nb? and y(r) = e~ x(7)

y(t) < a+/3/0ty(i)df.

From Gronwall’s Lemma we conclude that y(r) < oceP?. So we have
k@I <

= P (M| -0 Qi || ()]
< PV max M, M2 by Q) [|1||+ (1O

o e(ﬁ+a]())t

which proves a).
It follows, from the above inequality, that

[[x(0)][9 < @M max [, M2 Oy (| + 11/ ()]

(2.4)

(2.5)

||, we can reformulate (2.5) as

Let us now suppose r # 0. On the whole compact set [—h,,,0] we define

(Ul +11£(8)[D*

W)= Tt 7@
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w is a continuous function over [—/y, 0]. Then there exists K > 0 such that w(6) < K. This, in particular, is valid for 6 € [—h,,0)
and thus, we have

([ +1£@)D* < K ([l +[1£(8)]|7) 6 € [hn,0).
Consequently
[lx(o)][9 < K e M) max [, M2 Qny | [|Irl| +[ ()1

If r =0, then (||r]|+ S (O)INT = (||7]|2 +1]£(-)]|9) and we have the same estimation for ||x(z)||9. Integrating this inequality
gives b). O

Now we shall introduce the semigroup related to (1.1). Consider the space X & X with the usual norm ||(x1,x2)||xax =
[berl]x + [le2 |-

It should be noted that /,, 1 < p < e and ¢( are prime Banach spaces, i.e, every infinite-dimensional complemented
subspace of X is isomorphic to X. From this we can deduce that X © X is isomorphic to X and thus, the norm ||(+,-)||xsx is, in
fact, equivalent to || - ||x (see, for example,[1]).

We define the following family of operators on X ¢ X fort > 0 by

(4 )= (s ) ¢0

where x(-) is the solution of (1.1) and x(—s) = f(—s) for i, > s> 0.
Theorem 2.3. The family {T (t)},>0 defined by (2.6) satisfies:

a) T(t) e B(X®X) forallt > 0.

b) {T(t)}>0 is a co-semigroup on X X

Proof. The linearity of T'(¢) follows easily from the linearity of (1.1) and the uniqueness of its solution. We will now prove that
T(t) is a bounded operator.

We can suppose that x is not constantly equal to zero (otherwise the result is trivial) and let us choose #y such that x(zp) # 0.
Foreacht,let M; = sup ||x(t+7)||x. Then, we have

te[—hp,0]
|[x(t +-)1x
|lx(t+)lx == [[x(0)l1x < Dr [[|rllx +1£C)IIx],
|x(t0)|[x
M; . .
where D; = WC,O (G, as in the previous lemma), and so
x(to

= [(@)llx + [1x(t +)llx < (G +Do) ([[rllx +[1£C)llx) -
XX

lro( )]

The semigroup property can be proven exactly as in Theorem 2.4.4 of [2].
It only remains to prove the strong continuity. For ¢ < h; we have

Jro( i )-(i )l

The first term converges to zero as t — 0 since

P t
eAO’r+Z/ AN (s —hi)ds —r
i=170

F ) = FOll -

Pt
eA0’r+Z/ AN F(s— hy)ds
i=170
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is continuous. Let us now prove that ||x(z +-) — f(-)||x tends to zero as t — 0. We first suppose X = I, 1 < p < co. We thus
have

() = fOlly < () g+ [1FC) )
p
< (sup ||x(t+~)+|f(~)l>
t€[0,/]
<

K() < sup IX(t+-)||”+||f(~)||”>
t€[0,h1]

K(-) supyejon X +)117

5 +K(-)|f,~(~)|”] ,

where K (-) is a constant non depending on 7. Consequently, the series
Y ki(t+)—fOI
i=1

converges uniformly on [0, /], according to the classical Weierstrass M Test, and so we have

lim (i |Xi(f+~)f(')p> i (hmxl(t+ ) - (.)|P> —o.

=0\ ;5 izl

Let us now suppose X = ¢y, and let € > 0 be given. We use the results for /,, in the particular case p = 1. Then, there exists
0 > 0 such that

i (£ +-) |<Z|x,t+ (')|<£

fors € [0,h1)N(—08,8) and every i € N. Consequently we have,
sup|xl(t+ )—f()| <eg, fort € [0,h)N(—0,0).

O

The following two results deal with the infinitesimal generator A. We will give a detailed description of A and prove some
important properties of it. Bearing in mind this, and the former comments about {7'(¢)},>0, it can be shown, in a classical
manner, that (1.1) can be rewritten as (1.2).

Lemma 2.4. Consider the co-semigroup T (t) defined by (2.6) and let A denote its infinitesimal generator. For sufficiently large
a € R, the resolvent is given by

—1 r _ 2(0)
(@l=4) <ﬂ»>(ao> @D
where
2(0) =e*%g(0) — /0 ’ e*0=9) £(5) ds, for 6 € [—h,0] (2.8)
and
8(0) = [A(@)]” r+2/ 041 4,£(6)d ] 29)
where

AA) = |AT-Ag—Y e M|, ford € C.

i=1

Furthemore, g satisfies the following relation:

0g(0) = r+ Apg(0) + Y Aig(—hy).
=1
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Proof. The proof is essentially the same as in Lemma 2.4.5 of [2]. One should only note the following: cp and [,,, 1 < p < oo
have Schauder bases. For X being either [,,, 1 < p < oo, or ¢, we have that every bounded linear operator T : X — X can be
written as an infinite matrix M in the usual way. If {¢;}? is the standard unit vector basis of X, and T'(e1) = Y3 O, ek,
T(ez) = Y0 04, ek etc., then

o1 02
01 O

(04 (04
M= 31 32

For more details, see [3]. It can also be proven, using standard arguments, that the equalities

/eiO”on(t)dt A()/ e Y x(t)de,
0 0

Y[ e ae—nyde = Y Aig(—h),
izl i=1

n

n 00
Z/ e MAx(t—hi)dt = Y e ™iA;5(0)
i=1/hi '

i=1

from Lemma 2.4.5 of [2] remain valid for the present case. O

Theorem 2.5. Consider the co-semigroup defined by (2.6). Its infinitesimal generator is given by

, A0r+iAif(_hi)
A - = (2.10)
f0) df
%(')

with domain
r . . df
D(A) = ) € X ®X : fis absolutely continuous, %() X, f(0)=r,.
Furthermore, the spectrum of A is discreet and is given by

0(A) =0,(A) = {2 € C: A(X) " does not exist } ,

where A(A) is defined in the former Lemma.

IfA € 6,(A), then ( e;'r ), where r # 0 satisfies A(A)r =0, is an eigenvector of A, with eigenvalue A. On the other

hand, if v is an eigenvector of A with eigenvalue A, then v = < e{'r ) with A(A)r =0.

Proof. Denote by A the operator

, Aor+iAif(*hi)
A~ _ i=1
) df
ﬁ(')

with domain

D(A) = { ( fc()t) ) € X ®X : fis absolutely continuos, %() €X, f(0)= r} .
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We have to show that the infinitesimal generator A equals A. Let o be a sufficiently larger real number such that the results
of the former Lemma hold. If we can show that the inverse of (o9l —A) equals (gl —A)~', then A = A. To this end, we
calculate

(oat=A)(ao-)" (7, )

(oI —A) ( 8(0) ) with g as in the former Lemma

8()
g(0) —Agg(0 +ZA,g
()~ 95 ()

r
= dg from (2.3) of the former Lemma
( 08 () = 55() )

= < fg) ) by differentiating (1.2).

So for ( ff) > € X & X we have shown that

(ool —A) (gl —A)~" ( fg,) >= ( fz-) ) @2.11)

It remains to show that

(o0 —A) " (01— A) ( 0 )— ( 0 )

for( fz-) )eD(A).
For( ) )eD(A) we define

< flré.) >: (a1 —A)" (a0l —A) < f(r.) >

Then, from (2.11) we have that

S ( A0 ) = (a0l =A) ( 70 )

So ( fr ) = ( fr(l) > if and only if (091 —A) is injective. Suppose, on the contrary, that there exists a ( ro) ) €D(A)
(-

V Jo(:
=0ty ) =t (50

such that
a0 fo(0) — Ao fo(0) — iAifo(—h
i=1

(o)

dfo

afo(r) = o ()

where we have used the definitions of A and D(A) in the last two steps. Then, working coordinatewise as it has been established,
we have

f0(9) = fo(0)e®?
0.

% fo(0) — Ao fo(0 ZA fo(O)e
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Since (aol —Ag— YL Ajem% hi) is invertible, this implies that f5(0) = 0 and thus fo(-) = fo(0) e®" = 0. This is a contradiction
and thus (o1 — A) is injective. This proves the assertion that A equals A.

It remains to calculate the spectrum of A. In the previous Lemma we obtained the explicit expression (2.7) for the resolvent
operator for sufficiently large @ € R in terms of g given by (2.8) and (2.9). Denote by Q; the extension of (2.7) to C

r g(0)
o (4 )= (50 )
A0 g()
A simple calculation shows that if A € C satisfies (A1 —Ao— Y1 | A; e H hi) is invertible then Q; is a bounded linear operator
from X @ X to X ® X (working coordinatewise, as ever, we have that each component is continuous). Furthemore, for these A

we have (AT —A)Q; =1 and (AT —A) is injective. So, as in the first part of the proof, we conclude that Q; = (A1 —A)~!, the
resolvent operator of A. We have that

n
{A€C:(AI—-Ag— Y Aje *")is invertible} C p(A).
i=1
If, on the other hand, ()L I—Ag— Y1 A e’“’") is not invertible, there exists & € X, & # 0, such that the following element of

X®X: 7= < > isin D(A) and

3
e
AE Aok~ Y A
(Aol —A)zo = - = (

AeME — %ewf
So

n
0,(A)D{AeC:(AI—-Ap— ZAie’“")is not invertible}.

i=1
Letv= < fZ) ) be an eigenvector of A with eigenvalue A. From (2.10) we obtain that for 6 € [—h),,0)

df -

which gives f(0) = e*?/(0)_ Since v € D(A) we have f(0) = r. Using the first equation of (2.10) gives
n
Aor+ ZAie’M"'r =Ar
i=1

This shows that A(A) r = 0. O

3. An application: Constrained null-controllability
We will now consider a system like the following
o) = Ao()+Bu(t),r>0
®(0) = a=(f(0),1()), 3.1
where A is the infinitesimal generator of the semigroup {7'(¢) };>0, X is as before, U is a Banach space, B: U — X is a bounded

Bu ) Note that the

linear operator, u : [0,e0) — U is a strongly measurable, essentially bounded function and Bu = < 0

homogeneous part of (3.1) is exactly (1.2). On the other hand, the mild solution of (3.1) is given by

o(t) = T(1) aw/(:r(r—s)ﬁu(s)ds.
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Let Q be a non-empty separable weakly compact subset of U, and let Q, be defined as follows:
Q, ={uecLy0,r] :ucQae}.

Q, is called the set of admissible controls of (3.1), while the set
r P J—
Ar(p) = {T(t) y —l—/ T(r—s)Bu(s)ds:uec Qr}
0

is the set of accesible points of (3.1). The system (3.1) is controllable if 0 € A, ().
The controllability map on [0, r] for some r > 0 is the linear map

B L.(|0,r];U) — X defined by B’u:/ T(r—s)Bu(s)ds.
0

Now, one says that the system is exactly controllable on [0, ] if every point in X can be reached from the origin at r, i.e., if
ran(B") =X.

If ran(B") = X then 0 € A,(0). On the other hand, one can prove, using the Open Mapping Theorem, the following: if
0 € interior(A,(0)), then ran(B") = X, see [4].

Next we recall a result that we will use to characterize the null controllability, see [5].

Theorem 3.1. Barcenas-Diestel Ler X and U be Banach spaces, let B: U — X be a bounded linear operator and A : X — X be
the infinitesimal generator of a strongly continuous semigroup {S(t) }s>0 on X whose dual semigroup is strongly continuous on
(0,00). Suppose Q is a non-empty separable weakly compact convex subset of U containing 0. Then for each T > 0,0 € Ar(xp)
if and only if for each x* € X*,
T
(x*,8(T)xo) + [ max (x*,S(T)Bv) dr > 0.
0 veQ

The Barcenas-Diestel theorem is an important and recent achievement on exact controllability. Using techniques from
Banach space theory and the theory of vector measures, the authors show how to translate the question of accesibility of controls
to a problem in semigroups of operators, namely, given a cp-semigroup {S(¢)};>0 of operators on a Banach space X, under
what conditions is the dual semigroup {S*(¢)};>0 strongly continuous on (0,0)? This is the question we will try to answer in
the following.

We recall that a Banach space is a Grothendieck space if every weakly* convergent sequence in X* is also weakly convergent.
Equivalently, X is a Grothendieck space if every linear bounded from X to any separable Banach Space is a weakly compact.
Among Grothendieck spaces we will list all reflexive Banach spaces and L*(Q,X, i), where (Q,X, it) is a positive measure
space (see for example [6]). We also recall that a bounded linear operator 7 : X — Y, (where X and Y are Banach spaces)
factors through a Banach space Z, if there are bounded linear operators # : X — Z and v: Z — Y such that T = vu.

It is proven in [7] that if X is a Banach space and {7 () };>0 a co-semigroup defined on X such that for every a > 0 there
exists a Grothendieck space Y, such that T'(a) factors through Y,, then {T*(¢) };>0 is strongly continuous on (0,e). Among
semigroups satisfying those assumptions (and hence having adjoints which are strongly continuous on (0,)) we mention
weakly compact semigroups, i.e, semigroups such that 7'(z) is weakly compact for each 7 (see [7] for more detrails). There are
many examples of weakly compact semigroups, a category that includes all compact semigroups. Moreover, in X = /1, the
terms “weakly compact” and “compact” are equivalent, due to the classical Schur Theorem. This will prove useful to establish
our result for the non reflexive cases.

We are, in our case, working with X being either ¢y or [, 1 < p < oo, and we have a cp-semigroup {7'(¢)}/>o (and its
infinitesimal generator A) defined on X @ X, which, as we have indicated before, is isomorphic to X. If p € (1,0), we have a
reflexive Banach space, hence a Grothendieck space. Then, for every a > O there exists, in an obvious manner, a Grothendieck
space Y, (X itself) such that T (a) factors through ¥,. {T*(¢) };>0 is thus strongly continuous on (0, ), and we are under the
hypotheses of the Barcenas-Diestel Theorem.

For the cases X = /; or X = ¢, we can additionally suppose that {7'(¢)},>o factors through a Grothendieck space as
before (this happens, for example, if {T'(¢) };>0 is weakly compact, as we have previously indicated). Then we can apply the
Bércenas-Diestel Theorem again.

All this can be sumarized in the following:

Theorem 3.2. For each r > 0,0 € A,(ay) (i.e., system (3.1) is controllable) if and only if, for each x* € l;,1 < p < oo,
1 1

—4—-= 1
P 9

(" T(r)an) +/Orrvn£ (" T(1)Bv(t)) di > 0.
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If, additionally, we suppose that the associated semigroup satisfies that, for every a > 0 there exists a Grothendieck space Y,
such that T (a) factors through Y, (in particular, if it is is weakly compact) then we have similar results for X =1 and X = cy.

4. Final remarks

Problems of this kind are usually set in the context of Hilbert function spaces (see, for example, [2]). But according to the
Riesz-Fischer Theorem (see [8]) every separable infinite-dimensional Hilbert space H is isomorphic to /,. For an orthonormal
basis {e;}7" | of H and x € H, the map Tx = {(x, ¢;)}3, is an isometry. We can thus identify any Hilbert function space with a
specific sequence space, namely ;. Hence, by studying and solving this type of problems in /, (as we have, in particular, done)
we are, in a certain important sense, studying and solving problems set in any Hilbert function space.

On the other hand, since the function f is allowed, in the present work, to belong to /,, 1 < p < e or ¢(, we are able to
study these classical problems (and also, in particular, their null controllability) in a considerably more general context.

In the same line of research to the ones presented here but considering other topological spaces that are not Banach spaces,
we refer the reader to [9, 10, 11, 12].
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This paper mainly focuses on the recent advances in the semi-analytical approximated methods for solving
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1. Introduction
In this paper, we consider FIDE of the form:

k . b
Y. (A0 () = £ +4 [ WxnGAw)dr (1)
=0 a

with the initial conditions
A a)=b,, r=0,1,2,,(k=1), (1.2)

where AU)(x) is the j” derivative of the unknown function A(x) that will be determined, W (x,7) is the kernel of the equation,
f(x) and p;(x) are analytic functions, G is nonlinear function of A and a,b, A, and b, are real finite constants.

The FIDEs arise in many scientific applications. It was also shown that these equations can be derived from boundary value
problems.

The application of homotopy techniques in linear and non-linear problems has been devoted by scientists and engineers,
because this method is to continuously deform a simple problem which is easy to solve into the under study problem which
is difficult to solve. This method was proposed first by He in 1997 and systematical description in 2000 which is, in fact,
a coupling of the traditional perturbation method and homotopy in topology [1]. This method was further developed and
improved by He and applied to non-linear oscillators with discontinuities [2]. After that many researchers applied the method to
various linear and non-linear problems. For example, it was applied to the quadratic Ricatti differential equation by Abbasbandy
[3], to the axisymmetric flow over a stretching sheet by Ariel et al. [4], to the Helmholtz equation and fifth-order KdV equation
by Rafei and Ganji [5], for the thin film flow of a fourth grade fluid down a vertical cylinder by Siddiqui et al. [6], to the
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non-linear Volterra-Fredholm integral equations by Hamoud and Ghadle [7], to FIDE [8], to system of Fredholm integral
equations [9], Alao et al. [10] studied the ADM and the VIM on various types of integro-differential equation. Moreover, many
methods for solving integro-differential equations have been studied by several authors [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

The main objective of the present paper is to study the behavior of the solution that can be formally determined by
semi-analytical approximated methods as the VIM, HPM and DHAM. Moreover, we proved the existence and uniqueness
results of the FIDEs.

2. Variational iteration method (VIM)

The main idea of this method is to construct a correction functional form using general Lagrange multipliers. To illustrate, we
consider the following general differential equation:

LA(t) +NA() = (1),

where L is a linear operator, N is a nonlinear operator and f(¢) is inhomogeneous term. According to variational iteration
method [7], the terms of a sequence A, are constructed such that this sequence converges to the exact solution. The terms A,
are calculated by a correction functional as follows:

A1) = 8a(0) + [ B2 (L) +NS(2) — (1)) @1

The successive approximation A, (¢),n > 0 of the solution A(¢) will be readily obtained upon using the obtained Lagrange
multiplier and by using any selective function Ag. The zeroth approximation Ag may be selected using any function that
just satisfies at least the initial and boundary conditions. With u determined, several approximations A,(t),n > 0 follow
immediately.

The VIM has been shown to solve effectively, easily and accurately a large class of nonlinear problems with approximations
converging rapidly to accurate solutions.

To obtain the approximation solution of IVP (1.1) — (1.2), according to the VIM, the iteration formula (2.1) can be written
as follows:

Aui1 (6) = A () + L7 ()| ﬁopxxmﬁ/’ ()~ f(x) — A / bW(x,t>G<An<r>>dt] ]

where L~! is the multiple integration operator given as follows:

()= /:'/ax-~-'/ax(-)dxdx---dx (k—times).

To find the optimal pt(x), we proceed as follows:

S (x) = 8M(x)+8L " [u() [Z p;(x)AY ) / W (5,1)G (A (1))t

84, (x) + (x)8, (1) ~L" [6An<x>u <x>]. 22)
From Eq. (2.2), the stationary conditions can be obtained as follows:
W' (x) =0, and 1+ p(x)|x= = 0.

As aresult, the Lagrange multipliers can be identified as f1(x) = —1 and by substituting in Eq. (2.2), the following iteration
formula is obtained:

Ao(x) =L [f(x } Z(x v, 2.3)

pr(x)] &

k .
Apg1(x) = Ap(x) —L7" [Z pi()AY (x) = £(x) — A / bW(x,t)G(A,,(t))dt n>0.
j=0 @

The term er‘;(l) (X_,“)r b, is obtained from the initial conditions, pg(x) # 0. Relation (2.3) will enable us to determine the

r
components A, (x) recursively for n > 0. Consequently, the approximation solution may be obtained by using

Alx) = ,}L%An(x)
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3. Homotopy perturbation method (HPM)

The homotopy perturbation method first proposed by He [1, 2]. To illustrate the basic idea of this method, we consider the
following nonlinear differential equation

A(A) - f(r) =0, reQ, 3.1)

under the boundary conditions

B<A,8A> —0, rer,
on

where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function, I" is the boundary of the
domain Q.

In general, the operator A can be divided into two parts L and N, where L is linear, while N is nonlinear. Eq. (3.1) therefore can
be rewritten as follows [19]:

L(A)+N(A)— f(r)=0.
By the homotopy technique, we will construct a homotopy v(r, p) : Q x [0,1] — R which satisfies
H(v,p) = (1= p)[L(v) = L(A0)] + p[A(v) = f(r)] = 0, p € [0, 1]. (3.2)
or
H(v,p) = L(v) = L(Ao) + pL(o)] + pIN (v) = f(r)] = 3.3)

where p € [0, 1] is an embedding parameter, Ay is an initial approximation of Eq.(3.1) which satisfies the boundary conditions.
From Eqgs.(3.2), (3.3) we have

H(v,0) = L(v)—L(Ay)=0,
Hv1) = A@W)=f(r)=

The changing in the process of p from zero to unity is just that of v(r, p) from Ag(r) to A(r). In topology this is called
deformation, the L(v) — L(Ag), and A(v) — f(r) are called homotopic. Now, assume that the solution of Egs. (3.2) and (3.3) can
be expressed as

v=vo+pyi+ pPvat s
The approximate solution of Eq.(3.1) can be obtained by setting p = 1.

AZIiII}VIVo—O-V]-‘,-Vz-i---'.

pP—

Then equating the terms with identical power of P, we obtain the following series of linear equations:

k—1

1
0 . _ AT
P’ Ag(x) = r:EO—r!(x a)"by,

P':iA(x) = L‘l<;k((xx)))+JLL‘l((/abV;IE)(C)’S)G(Ao ) ZL ( i) >(x)>,
Pr:As(x) = AL </fv;£( ))G(Al > ZbL (p’(x '(x)>,

PP iAs(x) = AL (/ VZIE)(C?G(AZ ) ZL (p’x) (x)>,

=0 Pk (x)
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4. Direct homotopy analysis method (DHAM)
Consider FIDE (1.1) and substitute the kernel W (x,7) = g(x)h(¢) we obtain

k ) b
Y. (A (x) = £(2) + Agx) [ hG(A®))dr.
Jj=0 a
To obtain the approximate solution, we integrating (k)-times in the interval [a,x] with respect to x we obtain,

A(x)—L1<f(x)>+k_zlrl,()€—a)rbr+7il< ">/h (G(A() dt) ZL (p’(x) <x))7

pk(x) —o’ —0 pk(x)
Setting
0 = /abh(t)G(A(t))dt
_ (S k711 (x—a)'b, — i(x)
b=t (pk(X)>+rz;’J o ZL ( (x) ()>

Therefore, we can rewrite Eq. (4.1) as

Alx) = F(x)H,Ll( k((X)) )

we define the nonlinear homotopy operator as:

Na] =) - F) -2z (£9.0).

The corresponding mth-order deformation equation is as follows

L[An(x) = XmAm—1(x)] = BH () Rpn(Ap—1(x))

where
Ru(Ap_1(x) =Ap1(x) = F(x)(1 — ) —AL! <[i(();))Q> ,
and
)L m>1
Xom = 0, m<l1.
choosing the auxiliary linear operator L[A] = A, we obtain
Ap(x) Choosing initial guess
- b
Ai(x) = BH(x) [Ag(x) ( (xx) > Z x—a)'b—AL™ (li(();))/a h(t)G(Ao(t))dt>
k=1
1 [ Pi¥) () )
+,~§)L <Pk(x) o ) }

An(x) = xmA,,,,l(x)JrBH(x)[Am,l(x)—u*‘ (zi(();)) /‘;bh(t)G(Aml(t))dt>
te Pi(x) \(j) . m
+];L (pk(x)Am_l( ))} > 1.

with auxiliary function H(x) and auxiliary parameter B.
Then, A(x) = Y7 A; as the approximate solution.



Solving FIDEs by Using Semi-Analytical Techniques — 196/198

5. Uniqueness results

In this section, we shall give an uniqueness results of Eq. (1.1), with the initial condition (1.2) and prove it [22, 23].
We can be written equation (1.1) in the form of:

A(x) :L*‘{f(x) ] +k§ b L [/ab

pr(x) = !

1 ! pj(x)
pk(x)W(x,t)G(An(t))dt] L [j;)pk(x)

we can write

b (x—1)k

_ b1
L 1[/51 pk(x)W(xvt)G(An(t))dt} :/ k!pk(x)W(x,t)G(An(l))dt

a

pj(x /) (x—1)k lpj(t)
;) {Pk(x JZ;)/ k—1p(r) T A0
We set
S N a—a)
P =L [Pk<x)}+r=0 r! br.

Before starting and proving the main results, we introduce the following hypotheses:

(H1) There exist two constants ¢ and ¥; >0, j=0,1,---,k such that, for any A;,A, € C(J,R)

IG(A1)) — G(A2))| < 0t |Ar — Ay

and

D/ (A1) =D/ (A2)] < ;1M1 — Al
we suppose that the nonlinear terms G(A(x)) and D/(A) = (%)A(x) = Yo% (D/ is a derivative operator), j =
0,1,---,k, are Lipschitz continuous. ’

(H2) We suppose that foralla <t <x<b,and j=0,1,--- ,k:

A(x— )W (x,1) A(x — )W (x,1)

e e EC T e S B
and

(x=0)*"1p;(r) (x=0)*""p;(r)

= Dipe) | = =T b

(H3) There exist three functions 65, 6,;, and y* € C(D,R"), the set of all positive function continuous on D = {(x,7) €
RxR:0<r<x< 1} such that:

6; = max |63, 6; =max|6y], and y* =max|y;|.
(H4) ¥(x) is bounded function for all x in J = [a, b].
Theorem 5.1. Assume that (HI)—-(H4) hold. If
O0<y=(ab;+ky05)(b—a)<1

then there exists a unique solution A(x) € C(J) to IVP (1.1) — (1.2).
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Proof. Let A; and A, be two different solutions of IVP (1.1) — (1.2)., then

A W[Gml) ~G(82))dn
XS e v
/ab WHG(AI)—G(Az))’dt
L e -stea

< (b +ky'85)(b—a)|A — Ay,
we get (1 —y)|A;] —Az| <0. Since 0 < ¥ < 1,50 |A] — Az| = 0. Therefore, A = A, and the proof is completed.

6. Example

In this section, we present the semi-analytical techniques based on VIM, HPM and DHAM to solve FIDEs. To show the
efficiency of the present methods for our problem in comparison with the exact solutions.

Example 6.1. Consider the following FIDE:
1
A (x) =" (1+x) —x+/ xA(1)dt,
0

with the initial condition

and the the exact solution is A(x) = xe*.

Table 1. Numerical Results of the Example 6.1

X Exact VIM HPM DHAM

0.1 0.1105170 0.1096837 0.1103782 0.1105170
0.2 0.2442805 0.2409472 0.2437249  0.2442805
0.3 0.4049576 0.3974576 0.4037076  0.4049576
0.4 0.5967298 0.5833965 0.5945076 0.5967298
0.5 0.8243606 0.8035273 0.8208884 0.8233606
0.6 1.0932712 1.0632712 1.0882712 1.0932712
0.7 1.4096268 1.3687935 1.4028213 1.4096268
0.8 1.7804327 1.7270994 1.7715438 1.7804327
0.9 22136428 2.1461428 2.2023928 2.2136428

7. Discussion and conclusion

We discussed the VIM, HPM and DHAM for solving FIDEs of the second kind. To assess the accuracy of each method, the test
example with known exact solution is used. In this work, the above methods have been successfully employed to obtain the
approximate solution of a FIDE. The results show that these methods are very efficient, convenient and can be adapted to fit a
larger class of problems. The comparison reveals that although the numerical results of these methods are similar approximately,
Table 1 shows that the numerical results obtained with DHAM agree with the exact solutions.
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1. Introduction
The classical Beta function B(x,y) is defined by:

- f()l txfl(l —t)yfldl‘ , (Re(x) >0, Re(y) > 0)
B(x,y) = { % ;. Re(x) >0, Re(y) >0, o

where I'(x) is the familiar Gamma function defined by
['(x)= / le7'dt, (Re(x)>0).
0

The generalized hypergeometric function ,F;; with p numerator parameters and ¢ denominator parameters is defined by (see

(1D

(ll;...7ap 5 B oo (al)n(bp)ni

T (). (b)) n! (1.2)
by,....by =0 (@) (bg)n !

where (1), is the well-known Pochhammer symbol. The case p =2 and ¢ = 1 of (1.2), yields the Gauss’s hypergeometric
function i (z).
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The Kampé de Fériet function of two variables F} man [x,y] is defined by (see[1])

p q k
- (ap) : (bg) s (ck)s o jl;Il(aj)rJrs jl;[l(bj)r jl;[l(cj)s Xy
Fll‘mq‘;l X5y = Z 1 P
m; ) ' — m n r! s!
(er) = (fm) 5 (8n) 3 S=0 1] (ej)r+s T1(fi)r T1(8))s
j=1 j=1 Jj=1
In 1903, Gosta Mittag-Leffler [2] introduced the function Eq(z) defined as:
oo 2
E =) — >0,zeC.
a(2) n;)r(omﬂ) ¢=>9,z

In 1905, Wiman [3] defined the generalized Mittag-Leffler function E, g(z) as follows:

0 n

Eqp(2) :;m (a,B€C, Re(at) >0, Re(B) > 0).

Afterward, Prabhakar [4] defined the generalized Mittag-Leffler function E;l B (z) as follows:

Egﬁ(@ = ,;F(oiz)iﬁ) i—r:, (a,B,yeC, Re(at) >0, Re(B) >0, Re(y) > 0). (1.3)

Clearly,
E(lx’ﬁ = Ea’ﬁ(z)7 E(lx’] = EOC(Z)a E]171 = E] (Z) = 7.

In recent years, some extensions of Beta function and Gauss hypergeometric function have been considered by several authors
(see [5,6,7,8,9, 10, 11]).

The following extended Beta function and extended Gauss hypergeometric function are introduced by Chaudhry er al. [12]
and Chaudhry et al. [13] respectively:

B(x,y;p) = /01 1 —1) texp (t(l_ft)> dt, (Re(p) >0, Re(x) >0, Re(y) >0)

and

= B,(b+n,c—b) e
Fy(a,bic;z) = X‘z)m(a)n;, (Re(c) > Re(b) >0, p>0).
n= ) i

Choi et al. [14] introduced the extended Beta and extended Gauss hypergeometric functions as follows:

B(x,y;psq) = /Oltx*l(l ft)y*lexp <_tp — ( (j[)> dt, (Re(p) >0, Re(q) >0) (1.4)

and

> B, g(b+n,c—b)

F,q(a,bic;2) = Z

B(b,c—Db) (“)”%’ (Re(c) > Re(b) >0, p,q > 0). (15)
n=0 ) !

Rahman et al. [15] introduced the following extensions of (1.4) and (1.5) as follows:

1
By e) = [ 1=y (<2 B (—(lit)) dt, (Re(@) >0, p,q=0) (1.6)
and

> B% (b+n,c—b) P
F¢ )=y 24 )~ (R Re(b R >0).
pgla;bic;z) r;) B(b.c—b) (a) e (Re(c) > Re(b) >0, Re(a) >0, p,g >0)
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Further generalizations of (1.6) are introduced by Atash ez al. [16] and Barahmah [17] as follows:

B (x,y) = /Oltx—l(l,t)yflEaﬁ (];)Eaﬁ( o ))dt (Re(a) >0, Re(B) >0, p,q>0) (1.7)

and

B(p?‘qﬁ"y)(xjy) _ /Oltxfl(l 1) IEV’ﬁ ( ?) Eg,ﬁ < = )> dt, (Re(ot) >0, Re(B) >0, Re(y) >0, p,g>0). (1.8)

In the present paper, we aim to introduce new extensions for extended Gauss hypergeometric function by using (1.7) and (1.8)
as follows:

>, ( ’B) b+n,c—>b) 7
P)a,bse;z) :n;)(a)n ((b =5 )n!7 (Re(c) > Re(b) > 0, Re(ct) >0, Re(B) >0, p,q > 0) (1.9)
and
oo (a.B.y) n
(@BY) () e o) — Bpg "(btn,c—b)"
Fpq” " labic2) ’n;)(“)" Blb.c—b)  nV’
(Re(c) > Re(b) >0, Re(a) >0, Re(B) >0, Re(y) >0, p,g>0). (1.10)
Clearly,
FB) Z ple) plen) _pa p) g pi) _p g g

Further, if we use (1.7) in (1.9) and (1.8) in (1.10), we have respectively the following integral representations:

1
ﬁ)(a,b;c;z):m/o thfl(lit)cfbfl(l ) aEaﬁ( P) aﬁ< (]zt)>dt:
(Re(c) > Re(b) >0, Re(a) >0, Re(B) >0, p,g >0)

and

F5P 0 (a,bies)

1 1o c—b— a
:B(b,cfb)/o P ) e (<) EL (‘(1qr)>‘”’
(Re(c) > Re(b) > 0, Re(a) >0, Re(B) >0, Re(y) >0, p,q>0). (1.11)

2. Transformation and summation formulas

In this section, we present some transformation and summation formulas for extended Gauss hypergeometric function (1.10) as
follows:

Theorem 2.1. For (Re(c) > Re(b) >0, Re(ax) >0, Re(B) >0, Re(y) >0, p,q > 0), the following transformation formula
holds true:

Fy. aﬁy (a,b;c;2) = (1 —z)f"Fq(f]x,’ﬁ"y)(a,c—b;c;l_—z). 2.1
-z

Proof. Replacing t by (1 —1) in (1.11) and using the following result:

(1—z(1-1) = (1-2) (1 - ——1)",
z—1

we obtain

: (1-2) . 2 \-a q P
F2PN (a,bye;2) = bc—b)/ -0 - Z—ilt) Eqp (*;)Ea,ﬁ (l—t)dt’

which, by applying (1.11) yields the desired result. O




On Extensions of Extended Gauss Hypergeometric Function — 202/205

Corollary 2.3.

Fp(f;”ﬁ’w (a,b;c; 1— i) = z“Fq(Z’ﬁ’Y)(a,C —bic;1—2z). (22)
Corollary 2.4.

HP (abes 152) = 0+ RS e b @

Theorem 2.5. For (Re(c —a—b) > 0, Re(k) >0, Re(B) >0, Re(y) >0, p,q > 0), the following summation formula holds
true:

(KBD) (4 b o [(e)T(c—a—b)
F, 1)= 2.4
ra T @RED = BB are ) ey
1 - 1 : 1 l4+a—c : Y ; Y ; g
“Fo 11k 14k o o |

1-b,A(k;B) 3 1+a+b—c,Alk;B) ;
where A(k; 3) is k-tuple

B B+1 B+k—1
Ryt e et

Proof. From (1.11), we have

(@BY) () 1) — 1 /1 b—1(q _ ye—a—b—1gpy (_P\py (__ 4
R Mabiet) = o [ =0 £l (-2)El o)

Applying (1.3) and interchanging the order of summation and integration and then using (1.1), we obtain

I'(c) " i Nr()s(=p) (=q)'T(b—r)I(c—a—b—s)
F(ﬁ)r(ﬁ)r(c_b) r,s=0 (ﬁ)kr(ﬁ)ksr!S! '

Fp(z’ﬁ’y)(a,b;c; 1)=

Now, using the following identities (see [1]):

Claw—n)  (=1)

Dle)  (1-a),

and
iy (O+j—1
(@) =k ,Hl<k> n=1,2,3,...,
we have
(B1) () o) —  L()(c—a—b) - (1=c+a)ris(NrNs(=p)"(=9)°
Fpd™ @b ) = (BT (e — )T (e —b) Xr,szz'okk’f[’]‘-zl (ﬁ*%)rkkf i (%)S(lfb),(uﬁbfc)srzs!
B I'(c)I(c—a—>b)
L(B)T(B)T (¢ —a)l(c —b)
F ol ek ek e ' | ' R
' ’ - : 1,1,’%’13%1’_”7% ; 1+a+b76,%,%,...,ﬁ+:_] ;
This completes the proof of (2.4). ]

Remark 2.6. Putting a = —n in (2.4), we obtain



On Extensions of Extended Gauss Hypergeometric Function — 203/205

Corollary 2.7.

I'(c)T(c+n—>b)
(B)L(B)T(c +n)l(c—Db)

F;_]ZB'Y)(—n,b;c; 1)= T

1 - 1 . 1 l-n—c V4 ; Y ;
xXF ) ? o e B 2.5)
. . k"’kk
0 1+k 5 1+k —  1-bAKB)  1-n+b—c,AKPB)

Remark 2.8. Putting a = —n and b = a-+n in (2.4), we obtain
Corollary 2.9.

I'(c)(c—a)
rB)rB)ric+nlc—a—n)

F;@B"y)(—n,a—i—n;c; 1)=

1 - 1 . 1 l—-n—c Y ; V4 ;
xF ’ ’ et (2.6)
. . k" ) kk
0 = T4k 5 14k —  l—a—n,AkB) 5 l+a—c,AkB)
Remark 2.10. Puttinga= —nandb=1—b—nin (2.4), we obtain
Corollary 2.11.
(k.B.7) o [(c)l'(c+b—1+2n)
F, —n,1-b—mn;c;1) =
pa (o 1) = FBT BN e+t b—1—7)
l—n—c : b4 ; Y ;
1 : 1 ; 1 -2 —9q
“Fo o 14k 14k 22| 2.7)

—  b+nAB) 5 2—b—c—2n,Ak;B) ;

Theorem 2.12. For (Re(b) >0, Re(k) >0, Re(f) >0, Re(y) >0, p,q > 0), the following summation formula holds true:

kB, n n 1 1 L(b+ (b +n)
Fp(,qﬁw(—iv—i‘i‘?b‘Fi;l): = w1
LT B)T(b+5)(b+5+7)
l_ﬂ_b : f)/ . f)/ .
1 1 ; 1 22 i S
Fo o 14k 14k - LA, e

(n/2)+(1/2),A(k:B) + 1=b—nAk:B)
where A(k; ) is k-tuple

B B+1 ﬁ+k71.

AR IEEE 3

The proof of the Theorem 2.12 is similar to that of the Theorem 2.5. Therefore, we omit the details.

3. Special cases
(i) Setting B = y=1in (2.1), we get the following corrected formula given by Rahman et al. [15]

—a -z
Flﬁq(a,b;c;z) =(1-2) Fq]fp(a,c —b;c; ]—_Z)
(ii) Setting k = B = y=1in(2.1), (2.2) and (2.3), we get a known transformation formulas of Choi et al. [14] for F,, 4(a, b;c;7).
(iii) Setting k= =y =1, p=qin (2.1), we get a known transformation formula of Chaudhry ez al. [13] for F),(a,b;c;z).
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(iv) Settingk =B =y=1, p=¢=0in (2.1), we get Euler transformation [18, 1]).
(v) Setting k= = y=11n (2.4), we get
I'(c)T(c—a—b)
I'c—a)'(c—b)
where Y, is the Humbert’s confluent hypergeometric function [1].
By setting p = g in (3.1) and using the result [1]

b+c b+c—1
T,T,b,qbqtc— 1,4x} ,

1,1,1)

Fp(_q a,byc; 1) = wl+a—cl—b,1+a+b—c;—p,—q],

Wala;b,c;x,x] =3F3 |a,

equation (3.1) reduces to

I'(c)T(c—a—b) a—c+1 a—c+2
= ;1—0b,1 b—c;—4p|.
F(c—a)F(c—b)2 2 272 tatboeoap

Further, setting p = 0 in (3.3), we get the well-known Gauss summation formula (see [18])
(1,1,1)

Foo (%““U:2HW$Wﬂ):;%§%%£}%.

Fp(_ylp’l"l)(a,b;c; 1)

(vi) Setting k = 8 = y=11n (2.5), we get
(1.11) qy = L(©)D(c+n—b) . .
F —n,bc;1) = —"———<w[l—-n—c;1-b,1—n+b—c;,—p,—q|.
P9 ( n,o;c ) F(C+H)F(C 7 b) IVZ[ n c n—+ C P q]
Further, setting p = g = 0 in (3.4), we get a known result (see [18])

Fo(})’l"l)(—n,b;c;l) =,F (—n,b;c;1) = @
' (€)n
(vii) Setting k = f = y=11in (2.6), we get
I'(c)T(c—a)
(c+n)(c—a—n)

Fp(.,lq’l"])(*n,a+n;c;l) T wll—n—cl-a—nl+a—c;—p,—ql.

Further, setting p = g = 0 in (3.5), we get a known result (see [18])
(=1)"(1+a—c)n
(C)n

F(J(’g’l'l)(—n,a—o—n;c; 1) =2Fi(—n,a+n;c;1) =
(viii) Setting k = 3 = y=11in (2.7), we get
_ T((b+c—1+2n)
C T(c+n)(b+c—1—n
Further, setting p = g = 0 in (3.6), we get a known result (see [18])
(=D)"(b+c— 1)
()n(b+c—1),

Fp(,lq’l’l)(—n, 1—b—n;c;1)

Fo(t)’l’l)(—n, l—b—mnc;1) =2F(—n,1—-b—n;c;1) =

(viiii) Setting k = B = y=1in (2.8), we get
11 L(b+3)T(b+n 1 on 1
) +71b+*91): ( 2) ( )1 2|:__b»+ )

272 2 2 Co+5)0b+5+5) 2 2 2 2
which for p = ¢ and using the result (3.2) reduces to
i n n Ly Ly rw+;ﬁw+n)25[3 n bl n b1l n

272 272 To+3T(b+2+13)

Further, setting p = 0 in (3.7) and using Legender’s duplication formula (see [18])

1,1,1 n n
it (5.5

FP-P

171 24 1 2727w

1
mwrw+§):2“%¢mx%y
we get a known result (see [18])

1 2(b),

n n 1
—— —b = .
TP = ),

y T A 5 7;1
272 2 2

1 1
Fé})’l’l)( + 33+ 531) = Fi(

n o n
27 2

)11/2[1—n—c;b+n,2—b—c—2n;—p,—q].

nl—b—m—n—4,

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

1—b—n;—4p] . 3.7
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In this short note, we give some new results on continuous bounded cohomology groups of topological semi-
groups with values in complex field. We show that the second continuous bounded cohomology group of a
compact metrizable semigroup, is a Banach space. Also, we study cohomology groups of amenable topological
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1. Introduction

Homology theory is one of the most powerful tools for study of various mathematical objects. There are many kind of
(co)homology theories, for instance: de Rham (co)homology for smooth manifolds, sheaf cohomology for algebraic varieties,
singular (co)homology of topological spaces with values in an arbitrary ring, Cech cohomology for topological spaces, bordism
homology, and Hochschild (co)homology for rings and topological algebras with values in bimodules.

The bounded cohomology theory was first defined for discrete groups by B. E. Johnson [1] and F. Trauber. Then, M.
Gromov [2] extended it to topological spaces. Gromov has been proved that for every path connected manifold, the bounded
cohomology group of any rank is equivalent with bounded cohomology group of fundamental group of the manifold with the
same rank; for more details one can look [3]. The continuous cohomology theory for topological spaces and topological groups
have been studied by many mathematicians in different approaches; see [4, 5, 6] and [7].

The bounded continuous cohomology theory for topological spaces and topological groups, generalizing both continuous
cohomology and bounded cohomology theories simultaneously, has been studied by many authors such as R. Frigerio [8] and
N. Monod [9]. Bounded cohomology of semigroups has also been considered by many mathematicians such as R. Brooks [10],
R. L. Grigorchuk [11] and N. V. Ivanov [12].

In this paper we establish a topological bounded cohomology theory for topological semigroups, using continuous bounded
cocycles.

In the section 2, we define bounded continuous cohomology group of a topological semigroup. In the section 3, we
show some basic properties of the bounded continuous cohomology. In the next section, we explain the bounded continuous
cohomology relation with amenability. In the last section, we give some examples of it.
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2. Definition of the cohomology

For any set X, B(X) denotes the Banach space of all bounded complex (C) valued maps on X with the uniform norm. If X
has a topology, then C(X) C B(X) denotes the Banach subspace of continuous maps. By a topological semigroup we mean a
semigroup S with a topology such that the multiplication S x § — S is jointly continuous.

Let S be a semigroup. Let 6)(S) = C, and for n > 1, let €*(S) = B(S"). The elements of ¢}(S) are called bounded
cochains of the semigroup S. Let 8° : ‘KI?(S) — ‘Kbl (S) be the zero linear map and for n > 1, define the bounded linear map
8" 6(S) = €(S) by

Sn(f)(slv"'vsn+l) :f(SZ,...,Sn+])+Z(—l)if(S1,...,SiSl’+1,...,Sn+1)+(—1)n+1f(S1,...,Sn),
i=1

for f € €)/(S) and s1,...,8,11 € S. The linear map 6" is called coboundary. It is easily checked that §"t18" = 0 and thus, we
have the following cochain complex of Banach spaces and bounded linear maps:

0 1 n—1 n
0 60(S) LG} (5) 2 () s @.1)
Then, the cohomology groups of the complex (2.1) are called bounded cohomology groups of S and denoted by J2,"(S) = Ill:’gff, .

Always, the quotient vector space £ (S) is considered as a semi normed space with quotient semi norm. As any cohomology
theory, we let 2;(S) =Im&" ! and 2,"(S) = ker 6". The elements of %} and Z;" are called bounded n-coboundaries and
bounded n-cocycles, respectively. For more details on bounded cohomology of semigroups, see [11].

Now, suppose that S is a topological semigroup. Let € (S) = C, and for n > 1, let 67, (S) = C(S"). The elements of €7 ()
are called continuous bounded cochains of the semigroup S. Then we have the following Banach subcomplex of (2.1):

0 1 n—1 n
0—>69(S) =L (S) > g (5) s 2.2)

Definition 2.1. The cohomology groups of the complex (2.2) are called continuous bounded cohomology groups of S and
denoted by € (S).

Analogously, we have the space of continuous bounded n-coboundaries %7, (), and the space of continuous bounded
n-cocycles 27}, and 2 (S) is considered by the quotient semi norm.

Remark 2.2.  (I) Let S be a discrete semigroup. Consider the convolution Banach algebra 0 (S). Then the space C is a
Banach (' (S)-bimodule by the symmetric action f-A = A - f =AY cs f(s) for £ € £1(S) and A € C. It is well known
and easily checked that the bounded Hochschild cohomology groups of ' (S) with values in the bimodule C and the
bounded cohomology groups of S are isometric isomorph. Thus, the bounded cohomology is a special case of Hochschild
cohomology, see[13].

(Il) Let S be a compact Hausdor(f semigroup. If we dualize cochain complex (2.2), then (by the natural isomorphism between
C(X)* and the Banach space of complex Borel regular measures M(X) for any compact Hausdorff space X ) we have the
chain complex

5()* 61*
0 <" mes) L ms?)

One can consider the homology of this complex as a measure homology theory (cf. [14, 15]) that is a topological version
of £ -homology of discrete semigroups [11].

3. Some basic properties

Theorem 3.1. Let S,T be topological semigroups and ¢ : S — T be a continuous homomorphism. Then for every n > 0, there
is a canonical continuous linear map

Hep(9) 2 A (T) = H(S)-
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Proof. Forevery n > 1let ¢, : €",(T) — € (S) be defined by
u(f)(s1seei50) = F(O(s1),..,9(s0))  (f € C4(T)).

Then ((ﬁn)n is a cochain map between continuous bounded cohomology complexes of T and S, i.e. the following diagram is
commutative:

0— 3, (T)L)...i;cgn(T)L...
cb ch

PR

cb (S) S T 6,,,1 (gLfZ(S) on o

Thus, the standard arguments of Banach homology ([16], [17]) shows that we have a continuous linear map ¢ Z(¢), defined by

Ci
K (9)(f + Bep(T)) = 0u(f) + By (S),
for f e Z7(T). O
Let 7.9 be the category of topological semigroups and continuous homomorphisms. Then, the above theorem shows
that JZ7} is a contravariant functor from .7 .9 to the category of seminormed spaces and continuous linear maps. Since the
category .7.%’% has no additive properties, the computation of continuous bounded cohomology groups often are very hard. In
another paper, we will consider various extensions of .77} to some categories of representations of topological semigroups on

topological vector spaces.
For any topological semigroup S it is trivial that 36”02(5 ) = C. First order cohomology groups are zero:

Theorem 3.2. For any topological semigroup S, Jf;}? (S) is zero.
Proof. Let f € 2} (S) be a 1-cocycle. Then for every s,z € S, we have 8' (f)(s,t) = f(t) — f(st) + f(s) = 0 and thus,

flst) = f(s)+ f(2).
In particular, for every s € S and n € N, we have f(s") =nf(s). This implies that f(s) =0, since f is a bounded map. Therefore
Z1(S)=0and 2L (S) is zero. O

We recall a kind of limiting process: Let E be the Banach space of all bounded sequences of complex numbers with
uniform norm and let F C E be the subspace of all convergent sequences. Then, the functional lim : F — C defined by
lim(ay)neny = limyse0ay is a bounded functional and thus, by the Hann-Banach theorem there is a bounded functional
LIM : E — C that extends /im and ||LIM || = 1 (such functionals are called Banach limits).

Theorem 3.3. Let S be a compact semigroup with a metric d that induces the topology of S and has the following property:
o Forevery 3 >0,s,t €S, andi € Nifd(s,t) < thend(s',t') < B.
Then 3 (S) is a Banach space.

Proof. It is enough that we prove 8' (¢} (S)) is closed in €3 (S), and thus, it is sufficient to construct a bounded linear map
y: 62 (S) — €1 (S) such that y§ = id%,(s>.

Let f € ¢ (S) be a 2-cochain. For every s € S, consider the bounded sequence al* =n! Z}’:—l] f(s,s) (n>2) of complex
numbers and define y(f)(s) = LIM(a;,”*). Let & > O be arbitrary. Since S is a compact metric space and f is continuous, there
is B > 0 such that if d(r1,12) < B and d(¢t],t}) < B then | f(t1,t) — f(t2,#5)| < c. This property together with (x) implies that
for every s,r € Sand n € N if d(s,1) < 8 then |a}* —a}"| < a and thus, |7(f)(s) — y(f)(1)| < o. Therefore we have proved
¥(f) is continuous and y(f) € €} (S). Also, it is easily checked that ¥ is a bounded linear operator.

Now, suppose that g is in (fclb(S) For every s € Sand i > 1 we have

8'(g)(s',5) = (") —g(s™ ") +g(s),

(&) — g(s) —n~'g(s"). Therefore we have

thus, for every n > 2, aSl
76! (€))(s) = LIM(@; ) = lim g(s) —n~'g(s") = (o).

Thus, we have proved y3(g) = g. O
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It is easily checked that the arguments of the proof of Theorem 3.3, satisfy when S is a discrete semigroup:
Theorem 3.4. Let S be a discrete semigroup. Then %’f (S) is a Banach space.

Proposition 3.5. Let S and T be topological semigroups and p : S x T — S be the natural projection. Suppose that T has a
unite element e. Then the linear map €} (p) : €(S) — S (S x T') is injective for all n > 1.

Proof. For n = 1, the result follows from Theorem 3.2. Let n > 2 be fixed, and let p (S x T)" — §" be defined by

P (s1,01), s (Smstn)) = (51, 8)

forsy,...,s, €8,11,...,t, € T. By definition of 7} (p), we must prove that if f € 27 (S) andfop " e B (SxT), then f is
in " (S). Thus, consider such a n-cocycle f. There is g € €5 (S x T) such that §"~!(g) = fop™. Define § € ¢ 1(S) by

g(sla"'7sn—l) :g((51;6)7--~a(sn—1;e)) (S]7"'7Sn—] ES)

Then, for every s1,...,s, € S, we have
8" @) (51, 50) = 8(52,...,80) + Z(—l)ig(sl,...,s,'s,~+1,...,sn) +(=1)"8(s1,...,5n—1) = g((s2,€),...,(sn,€))

+Z —1)'g((s1,€), .., (siSix1,€), .-, (sn,€)) + (—1)"g((51,€), .., (5n-1,€))
— & l(g)((sl,E),"' , (Sny€)).

On the other hand, 8"~ ' (g)((s1,e) ..., (sn,€)) = f(s1,...,5,). Thus, we have 8"~ ! () = f and f € 2", (S). O

4. Relation with amenability

Let S be a topological semigroup. A function f € C(S) is called right uniformly continuous, if the map @ : § — C(S) defined
by ®¢(s) = f -5 is continuous with uniform norm of C(S), where f-s(x) = f(sx) (x € S). Left uniformly continuous functions
are similarly defined. The space of all right (left) uniformly continuous functions is denoted by RUC(S) (LUC(S)). Note that
if f € RUC(S) and s € S, then f-s € RUC(S). Also, it is easily checked that RUC(S) = LUC(S) = C(S) when S is compact,
and it is clear that RUC(S) = LUC(S) = C(S) = B(S) when S is discrete.

A topological semigroup S is called it left amenable if there is a left invariant mean on RUC(S), i.e. a bounded linear
functional m on RUC(S) such that (m, 15) = ||m|| = 1 (where 1 is the constant map on S with value 1) and for every s € S and
f €RUC(S), {m, f-s) = (m, f). Right invariant means and right amenable semigroups are similarly defined. A topological
semigroup is called amenable if it is both left and right amenable.

It is well known and easily checked that for topological semigroups S and 7', if there is a continuous homomorphisms form
Sonto T, and § is left (right) amenable, then T is also left (right) amenable. In particular, if S is left (right) amenable semigroup
with topology 7, and 7’ is another semigroup topology on S such that T’ C 7, then (S, 7’) is left (right) amenable. Thus, any
commutative topological semigroup is amenable since any commutative discrete semigroup is amenable ([18]). It is well known
that any compact group is amenable ([18]), but there are compact semigroups that are not left amenable nor right amenable:

Example 4.1. Let X and Y be two disjoint compact spaces with distinguished elements xy € X and yy € Y. Define a semigroup
multiplication on disjoint union space T =X UY by

XX/:)C(), )’y/:)’o» Xy = X0, YX=)Yo,

for every x,x' € X and y,y' € Y. Then T becomes a compact semigroup. We show that T is not left amenable. Suppose
m is a bounded linear functional on C(T) such that (m,17) = ||m|| = 1. For every x € X C T and f € C(T), we have
(m, f-x) = (m, f(x0)17) = f(x0), and similarly (m, f-y) = f(yo) for every y € Y. Thus, m is not a left invariant mean, since
there is a continuous map f on S such that f(xo) # f(yo). Thus, we have proved that T is not left amenable. Let TP be
the opposite semigroup of T. Then TP is not right amenable. Now the compact semigroup S = T x T°P is not left nor right
amenable, since the canonical projection maps from S to T and T°P are continuous surjective homomorphisms.

We need the following simple topological lemma.
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Lemma 4.2. Let X be a topological space and Y be a compact space. Let f : X XY — C be a continuous map. Then
F:X — C(Y), defined by F(x)(y) = f(x,y) is continuous with norm topology of C(Y).

Proof. Let xo € X and & > 0 be arbitrary. Since f is continuous, for every y € Y, there are open sets U,,V, in X and Y
respectively, such that (xo,y) € Uy x V,, and |f(x0,y) — f(x,))| < a/2 for every (x,y’) € Uy x V,. Since Y is compact, there
are yi,...,y, €Y such that Y = U!_,V,.. Let W be the open set N} U,,. Letx € W and y € Y be arbitrary. Then for some i
(i=1,---,n),ybelongs to V;, and we have,

1f (e y) = f(x0,0) < [f (e, y) = f (x0, yi) [+ 1S (0, i) — f (%0, 3)| < &t/2+ /2 = a.
Thus, we have |F(x) — F(xo)|| < a for every x € W. The proof is complete. O
The proof of the following Theorem is an adaptation of the proof given in [11, Theorem 2.1] to the topological case.

Theorem 4.3. Let S be a compact semigroup and suppose that S is left (right) amenable. Then S} is zero for every n > 0.

Proof. Suppose that S is left amenable and let m be a left invariant mean on C(S)*. Similar [11], we use the notation

m() = [ £ds) @1
for f € C(S). Thus, we have
) fg1ls(s)d(s) =1, and

i) [sf(ts)d(s) = [sf(s)d(s) for every f € C(S) andt € S.

The cases n = 0 and n = 1 were considered before, thus, suppose that n > 2 and let f € ,@”C’}](S) Then, for every s1,...,5,+1 €S,
we have,

Sn(f)(slv"'vsn+l) :f(SZ,...,S,H,])—'—Z(—l)if(S1,...,Sl’Si+1,...,SyH,l)+(—l)n+1f(S1,...,Sn) =0
i=1

If we fix s1,...,s, € S and integrate the above formula over the variable s, in the sense of (4.1), then we have

n—1

/Sf(s%' -->sn+1)d(sn+l)+ Z(_l)i/sf(sla' <y SiSiFl, - 'asnvsll+l)d(sn+1)

L 4.2)
—I—(—l)n/f(Sh...7Snflasn5n+l)d(sn+l)+(_l)n+l/f(sl’”' 8n)d(snt1) =0
g s

By property (i),

/Sf(sl,...,s,,)d(sH]):f(sl,...,sn), 4.3)
and by property (ii),

/f(sl,...,sn,l,snsnﬂ)d(snﬂ)= /f(Su...,Sn—l,sn+1)d(8n+1). 4.4)

Js Js

Let g: 8"~ ! — C be defined by
g(527"'7sl’l) :[gf(s2:'~'asnasn+])d(s”l+l)'

By Lemma 4.2, the map F : §"~! — C(S), defined by

F(s2y...,80)(x) = f(52,...,8n,%) (x€9),

is continuous with the norm of C(S). On the other hand, [ : C(S) — C is also continuous with the norm. Thus, the map g = [ F
is in %Lf;;] (S). Therefore, by (4.2), (4.3) and (4.4), we have,

n—1
(=D)"f(s1y--.y50) = 8(s525---,80) + Z(—])’g(sl,...,sisi+17...,sn)+(—l)"g(sl,...,s,,_1)
i=1

But the right hand side of the latter equation is §"~!(g). Thus,

f=8"1((=1)"9).
Therefore we have proved 7, (S) = 2 (S) and JZ7(S) = 0. A similar proof can be given in the case of right amenable S. [
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5. Some examples

Gromov ([2]) proved that for any connected manifold X, and any n > 1, the bounded cohomology of X and the bounded
cohomology of the fundamental homotopy group 7; (X) of X coincide (for more details see [2, 10, 12], and [11]). Thus, there
are many discrete groups that their bounded cohomology groups are non zero.
Let G be a discrete group and S be a topological semigroup with a unite. Suppose that for an integer n > 2, 77} (G) # 0 (for
example G = F>, the free group on two generators, and n = 2, see [11], [19]). Then by Proposition 3.5 we have ,%”Cﬁ(G x §) #0.
A semigroup S is called semilattice if it is commutative and ss = s for every s € S.

Theorem 5.1. Let S be a topological semilattice. Then H2(S) is zero.
Proof. Let f € Z7(S) be a 2-cocycle. We need a g € 6} (S) such that for every s, € S,
f(s,1) =g(s)+g(t) —g(s,1).
Since f is a 2-cocycle, for every s1,s57,53 € S we have
8%(f)(s1,52,83) = f(52,53) — f(s5152,53) + f(s51,5283) — f(51,82) = 0. (5.1

By applying (5.1) with 51 = 5,52 = 5,53 =, we obtain

f(s,5) = f(s,s1) (5.2)

and similarly

f(tt) = f(t,st). (5.3)

By applying (5.1) with 51 = 5,52 = 1,53 = st, we obtain

F(s,t) = f(z,st) — f(st,st) + f(s,s7) 5.4

Now, by (5.2), (5.3) and (5.4), we have

f(s,t) = f(e,0)+ f(s,s) — f(st,s1).
Thus, if we define g(s) = f(s,s) (s € S), then g € €}, (S) and &' (g) = 7. O
Remark 5.2. (a) The above result follows directly from Theorem 4.3, when S is compact.

(b) In [20], Y. Choi proved that for any discrete semilattice S and any symmetric Banach ¢'(S) bimodule E, every Hochschild
cohomology group of £'(S) with coefficient in E is trivial (see Remark of Section 1). Thus, for every discrete semilattice
Sandn>0, 74(S)=0.

Example 5.3. Let (X,d) be a metric space and let for every A C X and € > 0, N¢(A) be the e-neighborhood of A in X. Let
Sx be the set of all nonempty closed bounded subsets of X. Then Sx is a metric space by the following metric that is called
Hausdorff distance:

dH(Cl,C2> = inf{e >0:C) C Ng(Cz) and C; C Ng(Cl)}7

Jor (C1,C; € Sx). Also Sx is a semilattice with the multiplicaton C1Cy = C; UCy. It is easily checked that Sx is a topological
semilattice with the topology induced by dp. Note that if (X,d) is a compact metric space then so is (Sx,dn), [21, Lemma
5.31].

Let (X,d) and (Y, p) be disjoint compact metric spaces with distinguished elements xo € X and yo € Y. Let S and T be compact
semigroups defined in Example of Section 3, using X and Y. Define the metricd' on T =X UY by d'|xxx =d, d'|yxy = p and
d'(x,y)=1forxe X,y €Y. Then T together with d’, satisfy the conditions of Theorem 3.3. Also, S together with the maximum
metric satisfy the conditions of Theorem 3.3, but it is not left nor right amenable, and thus, we can not apply Theorem 4.3, to
conclude that the cohomology groups of S are zero.
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1. Introduction

In pure and applied mathematics, one of the important questions is connected to the discovery of proximal objects [1]. The
objects often can be represented as sets of points and this stipulates that set-theoretic and topological methods are very useful
tools in the study of proximity relations. Digital geometry is the study of geometric properties of shapes in digital pictures.

Figure 1.1. Structure of the Digital Discs
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Many different computer screen images can be obtained via pixel lighting. A pixel is the smallest element on the digital
plane and they are usually identified as points. In other words, we can describe images on the computer screen by their pixels
that have digital valued coordinates, i.e., a mathematical model of the computer screen is the digital plane Z>.

The importance of the notions of the circle and disc in Euclidean geometry is well known. In digital geometry, digital
circles and digital discs have various important properties that are different from the Euclidean ones (see, e.g., [2-4]). One of
the reasonable realizations of metric structure on the digital plane Z> can be determined via the so-called /; metric. This metric
has the following view:

d(p1,p2)=|ai—az|+|by —bs|,where p; and p, are some matched points,

with coordinates (a1,b;1) and (az,b). respectively,

i.e., p1 and p, are pixels for our future considerations. Since we can represent pixel coordinates as digital pairs, then it is
obvious that d (py,p2) €Z (the integers).
Based on the /; metric, we define a digital circle with radius r and center x (denoted by C,(x,r)) as follows:

Cy(x,r)= {zeZZ :d(x,2)=r}.

Moreover, we denote by ¢(Cy(x,r)) the circumference of the circle C;(x,r) where reNu{0}.

It is well-known that if  is a natural number, we have 7, = % = % =4, where diam(Cy(x,r)) is the diameter of
d\As

the circle Cy(x,r). Using this fact, we easily obtain the following result.

Lemma 1.1. Ler C;y(x,r) be a digital circle with center at point x and radius r relative to the I, metric. Then, for the number of
pixels of C4(x,r), we have the formula

2¢(Cy(x,r)) _4r.

card(Cy(x,r))= T

1

Fig. 1.1 demonstrates the structural property of the digital disc, namely,

Dy(x,R)={ze 72\d(x,z) <R}, particularly:

Dd(x,R):{x}u(LRJCd(x,r)), where ReN.

r=1

Lemma 1.2. [f D;(x,R) is a digital disc relative to the I, metric d, then the number of pixels forming the disc Dy (x,R) can be
computed by the formula card(Dg(x,R))=2R>+2R+1.

R
Proof. Since D;(x,R)= {x}u( UCy (x,r)), we can write
r=1

card(Dg4 (x,R)) =1+card(Cy(x,1))+card(Cy(x,2))+---+card(Cyz(x,R)).
Now, applying Lemma 1.1, we get
card(Dy(x,R))=1+4+8+--+4R=
= 1+4(1+—RR) =
2

=2R*>+2R+1.

2. How near are digital discs?

To solve a wide class of the problems of computational proximity, the Hausdorff metric is appropriate. The Hausdroff metric
(denoted by d (A,B)) measures the distance between the sets A,B in the given metric space (X,d) and is defined by

dy (A,B) =max{ supinfd(x,y),supinfd(x,y) ;.
xeA YEB yeB X€A



Computable Proximity of /;-Discs on the Digital Plane — 215/218

If the sets A, B are finite, we obtain the simplication of the Hausdorff metric by maxima and minima, i.e.,
dy(A,B) :max{maxmjnd(x,y),maxmind(x,y)}.
xeA yeB yeB xeA

It is clear that even in the case of finite sets, computation of the Hausdorff distances are quite capacitive. These difficulties
can be bypassed in some special cases of analytical sets. Below, we are interested in characterization of intersecting digital
discs.

\ \
| ]
Figure 2.1. Intersecting Digital Discs with Intersecting Boundaries

Classification of images in computer science frequently need the application of Jaccard-like metrics [5], [6], [7] . We
will use a simplified version to analyze proximity of intersecting digital discs. It must be especially noticed that the problem
connected with the intersection of plane discs was considered from a computer science perspective in [8].

For the Jaccard-like metric m, we understand the distance function defined via the cardinality of the symmetric difference
of two arbitrary nonempty finite sets A and B, i.e.,

m(A,B)=card(AAB)
=card (A\B)+card(B\A)
=card(A) +card(B)—2card(AnB).

It is obvious that if card(A) #card (B) and both sets are finite while AnB+@, we get m(A,B) #0. This raises the question of
the computation of the proximity of intersecting digital discs such as the ones in Fig. 2.1.

Theorem 2.1. Let D;(x,Ry) and D;(y,R) be digital discs such that Cy(x,R1)NCy(y,R2) +@. Then
m(Dg(x,R1),Dq(y,R2)) =2(R} +R3 + Ry + Ry~ 2kn +k+n),
where k and n denote the number of pixels forming the width and height of the greatest rectangle subset of an intersection set.
Proof. Applying Lemma 1.2, we obtain the following cardinal equalities:
m(Da(x,R1),Da(y,Rz)) =card(Dy(x,R1)) +card(Da(y,R2)) —2card (Da (x,R1) nDa(y,R2))
=2(R}+R3+R; +Ry+1))—2card (D, (x,R1)nD4(y,R>))
=2(R}+R3+R 1 +Ry+1)-2[kn+(k—1)(n—1)]
2(R}+R3+Ry +Ry—~2kn+k+n)

O

Notice that there is a situation in which two digital discs are intersecting but their boundaries are not intersecting (see,
e.g., Fig.2.2). Observe that in that case, we have C; (x,R1—1)nCy (y,R2) # &, or, equivalently, Cy (x,R;)nCy (y,R2 - 1) 2.

Theorem 2.2. Let D;(x,R;) and D, (y,R2) be digital discs such that Cy(x,R1)NCy(y,R2) =2, but C4(x,R1—1)NCy(y,R2) # 2.
Then we have m(Dy(x,R1),Dq(y,R2)) =2(R}+R3+Ry +Ry+1-2kn), where k and n denote the number of pixels forming the
width and height of the greatest rectangle subset of an intersection set.

Proof. In this case, we can easily note that card(D;(x,R;)nD4(y,R2))=2kn. Hence, we have m(Dy (x,R;),D4(y,R2)) =
2(RE+R3+Ry +Ry+1-2kn). O
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I [
[ I

Figure 2.2. Intersecting Discs with Non-Intersecting Boundaries

Next, we need to represent the centers x and y of discs D, (x,R1) and D, (y,R;) by a couple of digital coordinates as follows:
x=(o,B) and y=(7,6). If one of the following equalities hold d(x,y) =|ot—7y| or d(x,y) =|B - d|, i.e., the centers of the discs lie
on horizontal or vertical axes (similar to the situations shown in Fig. 2.3.1 and Fig. 2.3.2), then we can measure the proximity
of the discs via computation of the pixel cardinality of the intersections sets.

| N
RN I N
[ [ [ [
I ) [HREEE|
2.3.1: Intersecting Discs with Intersecting 2.3.2: Intersecting Discs with Non-
Boundaries Intersecting Boundaries

Figure 2.3. Intersecting Discs on the Digital Plane

Theorem 2.3. Let D;(x,Ry) and Dy (y,Ry) be digital discs such that x=(o,0) and y=(7y,0) with x<y and Y- <R +Ry. If
Cy(x,R1)NCy(y,R2) # 2, then

m(Da(x,R1),Da(v,R2)) = (Ri~R2)* +2(Ri +R2 +1) (7-0) = (y-00)”.
Proof. Since x=(a,0), y=(7,0) and C; (x,R;)nCy(y,R2) # D, we claim that
Cu (X,Rl)ﬂCd (y7R2) :Cd(kvr)) where,

k:(%,o) and

r=R;—(k-o)= w eNu{0}. Consequently, simplification of
m(Dy(x,R1),D4(3,R2)) =2 (R} +R3+Ri + Ry +1-2r"~2r~1)
gives the needed expression

m(Dy(x,R1),Dy(3,R2))=(R1 —R2)>+2(Ry +Ra+1) (y-0t) - (y- ).
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Observe that Theorem 2.3 can be applied in similar cases when the intersection set of the digital discs itself is a disc.
This leads us to consider two intersecting digital discs with non-intersecting boundaries (see, e.g., Fig. 2.3.2) so that both
centers lie on the horizontal or vertical axes. In such cases, we obtain the following result.

Corollary 2.4. Let D;(x,R;) and D,(y,R) be intersecting digital discs that satisfy the conditions of Theorem 2.3, but
Cy(x,R1)NCy(y,R2)=@. Then we have
m(Dg(x,R1),Da (y,R2)) =2(R} +R3+Ry +Ry~2r5 —4ro+1) ,where,
Ri-1+Ry+(y-)
2
Recall that a boundary point xy of a convex set C is called a support point [9, p. 27].

1o

Lemma 2.5. [Bishop-Phelps [9]] Suppose M is a closed subspace of finite co-dimension in a topological vector space X, and
that C is a convex subset of X. Suppose xq is a support point of CUM in the subspace M. Then xy is a support point of C.

0N
Let A,B be nonempty sets and let bdyA denote the set of boundary points of a nonempty set A. Also, let A§ B denote that A
and B are overlapping sets. From Lemma 2.5, we obtain

Theorem 2.6. Let A,B be nonempty sets of digital discs. If A,B are convex sets in a subspace M of the Euclidean plane
intersect, then
1° AnB is a convex set.

0N
2° A§B (A and B are strongly near).
3° xoebdy(AnB) is a support point of ANB.

Proof.
1° Immediate, since the intersection of any two convex sets is a convex set.
2° Let intA,intB be the interior of A,B, respectively. From Theorem 2.6.1, AnB+ @ implies intAnintB+@&. Hence, from [10,

M
§2.3],A8B.
3° Immediate from Lemma 2.5.

Example 2.7. The blue and red pixels on the boundary of the intersecting discs in Fig. 2.3.1 are support points. |

Figure 2.4. Intersecting sets of boundary points skA,skB

In what follows, we give an application of Theorem 2.6.2, namely, digital discs A,B are convex sets in a subspace M of the
Euclidean plane intersect, provided

N
A B (A and B are strongly near).
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Figure 2.5. Boundary with support point {a)

3. Application: Classifying triangulated digital images

Recall that an Alexandroff nerve on a triangulated 2D surface is a set of triangles with a common vertex (called the nucleus of
the nerve), introduced by P. Alexandroff [Aleksandrov] [11, §31, p. 39], [12] and elaborated in [13, Vol. 3, p. 67], [14, §2.11,
pp- 160-161]. Such a nerve with nucleus p is maximal, provided the number of triangles attached to p is highest [15]. It is
possible for more than one Alexandroff nerve to be maximal on the same triangulated image (see, for example, Fig. 2.4). This
observation leads to an application of Theorem 2.6.2 in classifying triangulated digital images.

Let skA,skB be sets of boundary points on polygons whose vertexes are barycenters on an Alexandroff nerve in a triangulaged

digital image img (see, for example, the set of boundary points that includes a support point {a) in Fig. 2.5). Also let I be a
collection of triangulated digital images.

We can then derive a collection €(1) of classified triangulated digital images containing intersecting support points on

boundary sets on barycentric polygons on maximal Alexandroff nerves defined by

(1]
[2]
(3]
[4]

(51
(6]

(71
(8]
91

[10]

(11]
[12]
[13]
[14]
[15]

Images containing overlapping boundary sets

M
e(I)= {imge[:skA,skBeimg &ASB}. [ |
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1. Introduction and preliminaries

A modification of closure operator in topological space is the local function in ideal topological space. This study was
introduced by Kuratowski [1] and Vaidyanathswamy [2]. An ideal [1] .# on a topological space (X, 7) is a nonempty collection
of subsets of X which satisfies the following conditions:

(1)A € .# and B C A implies B € .7,

)A€ . and B € .¥ implies AUB € ..

A topological space (X, ) with an ideal .# on X is called an ideal topological space and is denoted by (X, 7,.#). For a
subset A of an ideal topological space (X,7,.#), the local function A* is defined as: A* ={x € X : UyNA ¢ &, U, € T(x)}
(where 7(x) is the collection of all open sets which contains x) and it was defined by imposing extra condition on the closure
operator. As a result, the mathematicians like Samuel [3], Pavlovié [4], Hayashi [5], Hashimoto [6], Jankovi¢ and Hamlett
[7, 8], Ekici [9, 10, 11], Hatir [12], Noiri [11, 12, 13] have reached to obtain a new topology known as *-topology and it is
finer topology than the original topology. In an ideal topological space (X, 7,.#), the structures-“topology” and*“ideal” played
important roles simultaneously. The condition 7N .# = {0} is a remarkable part in ideal topological space and such ideal
topological space is called Hayashi-Samuel space [14]. Modak and his associates studied this ideal topological space and
introduced different types of generalized open sets and operators with the help of ideals (see [15], [16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26]). The complement operator of the local function is known as y-operator [8, 27] and it is defined
by: w(A) =X\ (X \ A)*, for a subset A of an ideal topological space (X, 7,.#). y-operator is an important part for the study of
ideal topological space.

In this paper, we introduce a new type of boundary points in ideal topological spaces by using * - operator. We consider a
comparative study of these boundary points with the boundary points in topological spaces. We also explore the characterizations
of Hayashi-Samuel space which was established in [18, 19, 24]. We also obtain more closure operators in ideal topological
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spaces through this paper.

2. x boundary points

Boundary operator [28] is a set valued set-function and we may consider it by the following way:

Let (X, ) be a topological space and A C X. The boundary operator Bd : ¢(X) — C(7) is defined as Bd(A) = CI(A) N
CIl(X \ A), where C(7) denotes the collection of all closed sets and C/(A) denotes the closure of A in (X, 7).

Thus boundary point of a set A C X is a common point between closure of A and closure of (X \ A).

We modify the boundary operator with the help of the local function and call it x-boundary operator.

Definition 2.1. Let (X,t,.%) be an ideal topological space. The operator Bd* : p(X) — C(7), defined by: Bd*(A) =
A*N(X\A)*, for A € p(X), is called x-boundary operator on (X,T,.%).

The point x € Bd*(A) is called *-boundary point of A and it is the common point of A* and (X \ A)*.
We start with the following example which shows that there is some common points in A* and (X \ A)*.

Example 2.2. Let X =R, Ry, be the usual topology on R and .9 = {0}. Then Q* = CI(Q) =R and (R\Q)* =CI(R\Q) =R.
This shows that there are common points between Q* and (R\ Q)*.

We know that boundary points of a set depends on the topology. For this, if we consider the indiscrete topology on R, then
Bd(Q) =R, where Q denotes the set of all rational numbers. But if we consider the discrete topology on R, then Bd(Q) = 0.

x-boundary point of a set depends on not only the topology but the ideal also.

Followings examples show the role of ideal in *-boundary points:

Let (X, 1,.#) be an ideal topological space and A C X.

(i) If we take .# = {0}, then Bd*(A) = Bd(A).

(ii) If the ideal .# = p(X), Bd*(A) = 0.

Note that in discrete topological space, boundary points of any set is always empty. But in any ideal topological space, if
the ideal is the collection of all subsets of the set then *-boundary points of any set is always empty.

(ili) When the ideal % = %, the ideal of finite subsets of X, then Bd*(A) is the @-accumulation points of A and X \ A.

(iv) If one choose the ideal .# = .7, the ideal of countable subsets of X, then A* is precisely the set of condensation points
of A and boundary points accordingly.

(v) Let .#, be the collection of all nowhere dense subsets of (X, T), then .#, is an ideal on X. If we take .# = .#,, then
A* =CI(Int(CI(A))) and Bd*(A) = Cl(Int(CI(A))) \ Int (Cl(Int(A))).

(vi) Let (X, 7) be a topological space and .#, be the collection of all meager sets (or sets of first category). Then it forms an
ideal on X and A* is set the points of second category of A.

Note that for a subset A C X in a topological space (X, ) with an ideal .#, x € Bd*(A) implies U, ¢ .# for all U, € 7(x)
but converse statement is not true in general.

Example 2.3. Let X ={a,b,c}, 1=1{0,X,{a},{a,b}} and & ={0,{a}}. Then ({b})* = {b,c} and all open sets containing
a do not belongs to % but a ¢ Bd*({b}).

One of the characterizations of *-boundary point is:
Theorem 2.4. Let (X,T,.%) be an ideal topological space and A C X. Then x € Bd*(A) if and only if x € A*\ y(A).
Similar characterization of boundary point is:

Theorem 2.5. [28] Let (X,T) be a topological space and A C X. Then x € Bd(A) if and only if x € CI(A) \ Int(A), where
Int(A) denotes the interior of A.

Theorem 2.6. Let (X, T,.7) be an ideal topological space and A C X. Then Bd*(A) = 0 if and only if A* C y(A).
Similar characterization of boundary point is:
Theorem 2.7. [28] Let (X,7) be a topological space and A C X. Then Bd(A) = 0 if and only if A is both open and closed.

Note that ()* is not a closure operator and  is not an interior operator, but both A*\ y(A) and CI(A) \ y(A) are closed set.
In this regards, AN y(A) is an interior operator [8] and A UA* is a closure operator [7] and both the operators induce the same
topology which is above *-topology [7].

Corollary 2.8. Let (X,7,.7) be a Hayashi-Samuel space and A C X. Then Bd*(A) = 0 if and only if A* = y(A).
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Proof. Proof is obvious from Theorem 2.6 and the following lemma. O
Lemma 2.9. [16] Let (X,7,.%) be A be a Hayashi-Samuel space and A C X. Then y(A) C A*.
Theorem 2.10. Ler (X, T,.%) be an ideal topological space and A C X. Then Bd*(A) = (X \ A)* if and only if X \ A* C y(A).

Proof. Suppose Bd*(A) = (X \A)*. Then A*N (X \A)* = (X \A)* implies (X \ A)* C A*. Therefore X \ A* C y(A).
Proof of the converse part is obvious. O

Theorem 2.11. Let (X, T,.%) be an ideal topological space and A be a .9 -dense subset of X. Then Bd*(A) = (X \ A)*.
Proof. Obvious from definition of .#-dense set (A subset A of X is said to be .#-dense [14] if A* = X). O
Now we look how the *-boundary operator gives new closure operator:

Theorem 2.12. Ler (X, T,.%) be an ideal topological space and A,B C X. Then following statements hold:

~

Bd*(0) = 0.

. Bd*(X)=0.

. Bd*(I)=0, ifl € 7.

. Bd*(A) is a closed set in (X, 7).
. Bd*(AUB) C Bd*(A) UBd*(B).

. Bd*(A) = A*\ y(A).

2

3

4

b

6. Bd*(A)UBd*(B) = [ANBd*(B)|U[Bd*(AUB)]U[Bd*(A) N B.

7.

8. CI*(A) = Bd*(A) Uy(A)UA (CI* denotes the closure operator of *-topology).
9

. Bd*(A) = 0 implies Int*(A) 2 ANA* (Int* denotes the interior operator of x-topology).
10. Bd*(Bd*(A)) C Bd*(A).
11. Bd*(A) = (X \A)*\ y(X \ A).
12. Bd*(X \ A) = Bd*(A).
13. Bd*(A) C Bdy+(#)(A) C Bd(A) (Bdy(s)(A) denotes the set of all boundary points of A with respect to x-topology ).
14. X\ Bd*(A) = y(X\A)Uy(A).
15. X =y(X\A)Uy(A)UBd*(A) = (X \A)Uy(A)UBd*(X \A).

Proof. The proofs of 1., 2., 3. and 4. are obvious.

5. Bd*(AUB) = (AUB)*N(X\AUB)* = (AUB)*N[(X\A)N(X\B)]* C(A*UB*)N[(X\A)*N(X\B)*] = [[(X\A)*N
(X\B)]NAU[(X\A)* N (X \ B)*|NB"] C [A* N (X \A)*]U[B* N (X \ B)| = Bd*(4) UBd* (B).

6. Note that [ANBd*(B)|U[Bd*(A) NB]U [Bd*(AUB)] C Bd*(B) UBd*(B) UBd*(AUB) = Bd*(A) UBd*(B) (from 4.).

Again Bd*(A) UBd*(B) C Bd*(A) UBd*(B) UBd*(AUB)U[ANBd*(B)]U[BNBd*(A)] = [[A*N (X \A)*U(B*N(X\
B)*|UBd*(AUB)U[ANBd*(B)]U[BNBd*(A)] C [(A*UB*)UBd*(AUB)|U[ANBd*(B)]U[BNBd*(A)] = [(AUB)* N (X \
(AUB)*|U[ANBd*(B)]U[BNBd*(A)] = Bd*(AUB) U[ANBd*(B)|U[BNBd*(A)].

7.Bd*(A) =A"N(X\A)"=A"N(X\y(A)) =A*\ y(A).

8. Bd*(A) Uy(A)UA = (A*\ y(A)) Uy(A)UA =A*UA = CI*(A).

9. Given that Bd*(A) = 0. Then A* C y(A) and hence ANA* C Int*(A).

10. Bd*(Bd*(A)) = Bd*[A*N (X \A)*] = [A*N(X\A) " NX\[A*NX\A)*])* CA*N(X\A)™ CA*N(X\A)* =
Bd*(A).

11 Bd*(4) = (X \A)* NA* = (X \ A) N [X\ (X \4)] = (X \ )"\ w(X \A).

12. The proof of 12. is obvious from definition.

13. The proof is obvious from the fact A* C CI*(A) C CI(A), for any subset A of X.

14. X\ Bd*(4) = (X\A) U[X \ (X \ A)"] = (X \4) Uy(A).

15. The proof of 15. is obvious from definition. O
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Definition 2.13. Let (X, 1,.7) be an ideal topological space and A,B C X. The operator k; : (X)) — ¢(X) on X is defined by
kl(A) =AUT; (A),

where Ty : o(X) — (X)) is an operator which satisfies the following conditions:
(i) T (0) =0,
(i) T,(AUB) C Ty (A) UT, (B),
(iii) CI"(A) = Ti(A) Uy (A) UA,
(iv) Ti(T1(A)) € Ti(A).

Then, k; is a closure operator on X,and 7T;(A) = Bd*(A) for every subset A of X, in which the topology is induced by k.

The operator k; (A) = AUT; (A), satisfies the following conditions:

(i) k1 (0) = OUT; (0) = 0;

(i) A CAUT (4) = ki (A);

(iii)kl(kl(A)):kl(AUTl(A)):AUTl(A)UTl(AUTl(A))QAUTI(A)UTl(A)UTl(Tl(A)) AUT](A)UT]( ) 1( )

@iv) ki (AUB) :AUBUT1(AUB) gAUBUTl(A)UT](B) :kl(A)Ukl( ) and k (A)Uk]( ) =AUT (A)UBUT](B) =
AUBU(ANT(B))UT;(AUB)U(BNTi(A)) CAUBUT| (AUB) = k; (AUB).

Recall the following lemma:

Lemma 2.14. [20] An ideal topological space (X,t,.%) is Hayashi-Samuel if and only if, for each O € T, 0* = CI(0).
Theorem 2.15. Let (X,T,.%) be a Hayashi-Samuel space. Then for each open set U, Bd*(U) CU*\ U.
Proof. Bd*(U)=U*NX\U)* CCI{U)NCI(X\U)=U*N(X\Int(U)) =U*\U, since the space is Hayashi-Samuel. [J
We recall the following theorem:
Theorem 2.16. [19] Let (X,7,.7) be an ideal topological space. Then, the following properties are equivalent:
1. 1N ={0};
2. 1€ 7, then Int(I) = 0;
3. foreveryGet, GC G
4. X=X%;
5. if O € 1, then O* = CI(0).

Theorem 2.17. An ideal topological space (X,7,.7) is Hayashi-Samuel if and only if, for each closed set A C X, Bd*(A) =
A\ Int(A).
Proof. Bd*(A) =A*N(X\A)* =A"NCI(X\A) =A*\ Int(A), since the space is Hayashi-Samuel.

From the given condition, we have Bd*(X) = X*\ Int(X). Then 0 = X* \ Int(X) (from Theorem 2.12) implies X* = X.
Thus, TN.7 = {0}. O

Theorem 2.18. An ideal topological space (X,7,.%) is Hayashi-Samuel if and only if, for each open set U C X, Bd*(U) =
Bd(U).

Proof. Suppose (X, ,.#) is Hayashi-Samuel. Then for U € t, Bd*(U) =U*N(X\U)* =Cl({U)NCI(X\U) = Bd(U).
Conversely suppose that Bd*(U) = Bd(U). Then U*N(X\U)* =CI({U)NCI(X\U) implies U*N (X \ y(U)) =CI(U)\U.
Thus U*\ w(U) = CI(U) \ U implies CI(U)\U. Thus U*\ w(U) = CI(U)\ U implies CI(U)\ U C U*\ U (since for open
set U, U C y(U) [8]). This implies that CI(U) C U* and hence U C CI(U) C U*. Thus U C U*. Therefore, (X,7,.7) is
Hayashi-Samuel. O

Corollary 2.19. Let (X,7,.7) be an ideal topological space. Then, the following properties are equivalent:
1. tNJ ={0};
2. 1€ 7, then Int(I) = 0;

3. forevery G €1, G C G*;
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4. X=X*

5. if O € 1, then O = CI(0);

6. Bd*(A) = A"\ Int(A);

7. foreach U € T, Bd*(U) = Bd(U).

Theorem 2.20. Let (X,T,.7) be an ideal topological space. Then for A, B C X, Bd*(A) UBd*(B) = Bd*(A\ B)UBd*(AN
B)UBd*(B\A).

Proof. We have:
(a) Bd*(ANB) =Bd*(X \ (ANB)) = Bd*[(X \A) U (X \B)] C Bd*(X \A) UBd*(X \ B) = Bd*(A) UBd*(B).
(b) Bd*(A\ B) = Bd*[AN (X \ B)] C Bd*(A)UBd* (X \ B) = Bd*(A) UBd*(B).
(c) Bd*(B\A) C Bd*(A) UBd*(B).
Thus from (a), (b) and (c) Bd*(A\ B)UBd*(ANB)UBd*(B\ A) C Bd*(A) UBd*(B).
Further, we have Bd*(A) UBd* (B) = Bd*[(A\ B)U(ANB)]UBd*[(B\A)U(ANB)] C Bd*(A\B)UBd*(ANB)UBd*(B\A).
Therefore, Bd*(A) UBd*(B) = Bd*(A\ B) UBd*(ANB)UBd*(B\ A). O

Theorem 2.21. Let A and B be subsets of a topological space (X, 7) with an ideal .9. Then the following properties hold:
(1) Bd*(A)UBd*(B) = Bd*(ANB) UBd*(A\ B)UBd*(AUB).
(2) Bd*(A) UBd*(B) = Bd*(AUB) UBd*(B\ A) UBd*(ANB).
(3) Bd*(A)UBd*(B) = Bd*(A\ B) UBd*(B\ A) UBd*(ANB).
(4) Bd*(A) UBd*(AAB) = Bd*(A\ B) UBd*(ANB)UBd*(B\ A) (A denotes the symmetric difference).
(5) Bd*(B) UBd*(AAB) = Bd*(A\ B)UBd*(ANB)UBd*(B\ A).

Proof. (1) If we put X \ B in the relation of the Theorem 2.20 instead of B, then we get,
Bd*(A)UBd*(X\B) = Bd"(A\ (X\B))UBd*(AN(X\ B))UBd*((X \ B)\A).
This implies that
Bd*(A)UBd*(B) = Bd*(ANB)UBd*(A\ B)UBd*(AUB).
(2) If we put X \ A in the relation of the Theorem 2.20 instead of A, then we get,
Bd*(X\A)UBd*(B) = Bd*((X\A)\B)UBd*((X\A)NB)UBd*(B\ (X \A)).
This implies that
Bd*(A)UBd*(B) = Bd*(AUB)UBd*(B\A)UBd*(ANB).
(3) If we put X \ A instead of A and X \ B instead of B in the relation of the Theorem 2.20 we get,
Bd*(X\A)UBd"(X\ B) = Bd*[(X \ A) \ (X \ B)JUBd"[(X \A) N (X \B)JUBd*[(X\ B) \ (X \A)].
This implies that
Bd*(A)UBd*(B) = Bd*(B\A)UBd*(AUB)UBd*(A\B).
(4) From Theorem 2.20,
Bd*(A) UBd*(AAB) = Bd*[A\ (AAB)| UBd*[AN (AAB)| U Bd*[(AAB) \ A] = Bd*(ANB)UBd*(A\ B) UBd*(B\A) =
Bd*(B) UBd*(AAB).
(5) The proof of (5) is obvious from (4). O

We have from Theorem 2.21, the union of any two distinct elements of {Bd*(A), Bd*(B), Bd*(AAB)} is equal to the union
of any three distinct elements of {Bd*(AUB), Bd*(ANB), Bd*(A\B), Bd*(B\A)}

Definition 2.22. Let (X, 7,.7) be an ideal topological space. The operator ()*~ : o(X) — (X)) is defined as:
A" =A"\A forACX.

Theorem 2.23. Let (X, T,.%) be an ideal topological space and A, B C X, then following conditions hold:
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L0 =0;
2. ANA* =0;
3. (AUB)™ = (A*"\B)U(B* \A);
4. (A7) CA.

Proof. The proof of 1. and 2. are obvious from definition.
3. (AUB)™ = (AUB)" \ (AUB) = (A" UB")\ (AUB) = [(A*\A) \ BJU[(B*\ B) \A] = (A"~ \ B)U(B*~ \ A).
4 (A7) = (AT)T\AT = (AT\A)T\ (A\A) C (A")"\ (A"\A) A"\ (A"\A) CA. O

Definition 2.24. Let (X, T,.7) be an ideal topological space and A,B C X. The operator ky : (X)) — ¢(X) on X is defined by
kQ(A) =AU Tz(A),

where T : o(X) — (X)) is an operator which satisfies the following conditions:
(i) 1>(0) =0,
(i) AN T3 (A) = 0,
(iii) T,(AUB) = (T2(A) \ B) U (T2(B) \ A),
(iv) Tz(Tz(A)) g A.

The operator k; satisfies the following conditions:

(1) k2(0) =0UT>(0) =0,

(i) ACAUTD(A) =k(A);

(iil) k2(AUB) = (AUB)UTh(AUB) = (AUB)U (T2(A) \B) U(T2(B) \A) =AU T, (A) UBUT2(B) = kz(A) Uk (B);
(iv) k2 (k2(A)) = k2(A) U T2 (k2(A)) = k2 (A) UT2 (AU T2(A)) = k2 (A) U(T2(A) \ T2(A)) U (T2(T2(A)) \A) = k2(A).
Thus, the operator k; is a closure operator on (X, T,.7).

Theorem 2.25. Let (X, 1,.%) be an ideal topological space and A, B C X. Then, the following conditions hold:
1. A*“UB*” =(ANB*)U(AUB)*"U(A*" NB);
2. (AY) =0
3. Ais x-open [5] if and only if A*~ = Bd*(A).

Proof. 1. Note that A* C (AUB)* if and only if (A*\A)\ B C (AUB)*\ (AUB) if and only if A*~ \ B C (AUB)*~. Therefore,
(A*"\B)U(A* " NB) C(AUB)*"U(A*"NB) and A*~ C (AUB)*~ U (A"~ NB). Analogously, B*~ C (AUB)*~ U (B*~ NA).
SoA*~UB*~ C(AUB)*~U(B*"NA)U(A*~ NB).

For the reverse inclusion we will only show that (AUB)*~ C A*~ UB*~. Note that (AUB)*\ (AUB) C (A*\A)U (B*\ B).
Thus (AUB)*~ C A*~ UB*~. This implies that (AUB)*~ U(ANB*~)U(BNA*") CA* " UB*".

2. Note that (A*)*~ = (A*)*\A* CA*\A* =0. O

Theorem 2.26. Let (X,T,.7) be an ideal topological space. Then a subset A of X is x-closed [5] if and only if A*~ = 0.

Proof. Suppose A is *-closed. Then AUA* C A and hence A* CA. Now A*~ =A*\A =0.
Conversely suppose that A*~ = 0. Then A*\ A = ) implies A* C A. Thus AUA* = A. So A is *-closed. O

Theorem 2.27. Let (X,T,.%) be an ideal topological space and A C X. IfA*~ =X, then A is .7 -dense.

Proof. Given that A*~ = X, then A*\ A = X. Thus X C A*. O
Converse of the above theorem need not hold in general:

Example 2.28. Let X = {a,b,c}, 1={0,X,{a}} and & = {0,{c}}. Then ({a,c})* =X, but ({a,c})* \{a,c} #X.

Definition 2.29. We define the operator ()*V on an ideal topological space (X,T,.%) in the following way: for a subset A of X,
A*Y =A\y(A).

Theorem 2.30. Let (X,T,.7) be an ideal topological space and A, B C X. Then following conditions hold:
1. X*V=0;
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2. AV CA;
3. (ANB)*Y = (A*"YNB)U(ANB*Y);
4. (A*V)*Y =A™V if the space is Hayashi-Samuel.

Proof. The proofs of 1. and 2. hold trivially.
| 3& (AWBJ;"’ =(ANB)\Y(ANB) = (ANB)N[X\ y(A)Ny(B)] = [AN (X \y(A)) NBJU[ANBN (X \ y(B))] = (A"¥'N
B)U(ANB*Y).
4.(AV)V = AV y[AY] = (A\y(A) \ WA\ y(A)] = (A\ y(A) \ w(A\ X\ (X\A)]) = (A\ w(A) \ y[A\X U (X
A)]=(A\y(A)\0=A"Y. O

Definition 2.31. Let (X, 7,.%) be an ideal topological space and A,B C X. The operator Inty : f(X) — (X) on X is defined
by

Inty(A) = A\ T5(A),

where T : o(X) — @(X) is an operator which satisfies the following conditions:

(i) T3(X) =0,

(ii) T3(A) C A,

(iii) T3(ANB) = (T3(A) N B) U (ANT3(B)),

(iv) T3(T3(A)) = T3 (A), if the space is Hayashi-Samuel.

The operator Inty, satisfies the following conditions:

() Inty (X) = X \ T3(X) = X;

(i) Inty (A) = A\ T3(A) C A;

(iii) Inty (ANB) = (ANB)\ T3(ANB) = (ANB) \ [(T3(A)NB)U(T3(B)NA)] = [A\ T3(A)]N(B\ T3(B)) = Inty(A) NInty(B)
(from (ii));

(iv) Ity (Iny (4)) = Inty[A\ Ty(A)] = [A\ T5(4))\ TsIA\ Ts(4)] = [A\ T3(A)]\ Ts(ANT3(A)%) 2 (A\ T3(4)) \ T5(4) N
T3(X \ T3(A)) (from (iii)) 2 (A\ T3(4)) \ (T3(A) N (X \ T3(A)) (from 3. of Theorem 2.30) = Inty(A).

This shows that Inty, is an interior operator on X.

References

1l K. Kuratowski, Topology, Vol. I, Academic Press, New York, 1966.

21 R, Vaidyanathswamy, Set topology, Chelsea Publishing Co., New York, 1960.

131 P, Samuel, A topology formed from a given topology and ideal, J. London Math. Soc. 10 (1975), 409-416.

M1 A. Pavlovié, Local function versus local closure function in ideal topological spaces, Filomat. 30(14) (2016), 3725-3731.
I5] E. Hayashi, Topologies defined by local properties, Math. Ann. 156 (1964), 205-215.

(6] H. Hashimoto, On the %-topology and its applications, Fund. Math. 91 (1976), 5-10.

[71' D. Jankovié, T. R. Hamlett, New topologies from old via ideals, Amer. Math. Monthly. 97 (1990), 295-310.

81 T R. Hamlett, D. Jankovié, Ideals in topological spaces and the set operator ¥ , Bollettino U. M. 1. 7(4-B) (1990),
863-874.

1 E. Ekici, A new collection which contains the topology via ideals, Trans. A. Razmadze Math. Inst. 172 (2018), 372-377.
101 E_Ekici, T. Noiri, Properties of I-submaximal ideal topological spaces, Filomat. 24(4) (2010), 87-94.
M1 E_ Ekici, T. Noiri, On subsets and decompositions of continuity in ideal topological spaces, Arab. J. Sci. Eng. 34(1A)
(2009), 165-1717.
121 E. Hatir, T. Noiri, On decompositions of continuity via idealization, Acta Math. Hungar. 96 (2002), 341-349.
31" A, Al-Omari, T. Noiri, Local closure functions in ideal topological spaces, Novi Sad J. Math. 43(2) (2013), 139-149.
41 1. Dontchev, Idealization of Ganster-Reilly decomposition theorems, arXIV:math. Gn/9901017v1 [math.GN], 5 Jan 1999.
51§, Modak, Minimal spaces with a mathematical structure, J. Assoc. Arab Univ. Basic Appl. Sci. 22 (2017), 98-101.
[16] S, Modak, C. Bandyopadhyay, A note on Wy-operator, Bull. Malays. Math. Sci. Soc. 30(1) (2007), 43-48.

171 Md. M. Islam, S. Modak, Operator associated with the x and ¥ operators, J. Taibah Univ. Sci., 12(4) (2018), 444-449.



Characterizations of Hayashi-Samuel Spaces via Boundary Points — 226/226

181 5. Modak, Md. M. Islam, New form of Njastad’s o.-set and Levine’s semi-open set, J. Chung. Math. Soc. 30(2) (2017),
165-175.

91§ Modak, Some new topologies on ideal topological spaces, Proc. Natl. Acad. Sci., India, Sect. A Phys. Sci. 82(3) (2012),
233-243.

(201 'S Modak, C. Bandyopadhyay, *-topology and generalized open sets, Soochow J. Math. 32(2) (2006), 201-210.

(211 5 Modak, C. Bandyopadhyay, Ideals and some nearly open sets, Soochow J. Math. 32(4) (2006), 541-551.

(221 C. Bandyopadhyay, S. Modak, A new topology via W-operator, Proc. Nat. Acad. Sci. India. 76(A), IV, (2006), 317-320.

(231 S Modak, B. Garai, S. Mistry, Remarks on ideal M-space, Anal. Univ. Oradea Fasc. Mat. Tom. XIX(1) (2012), 207-215.

(241 'S Modak, Md. M. Islam, On % and ¥ operators in topological spaces with ideals, Trans. A. Razmadze Math. Inst. 172

(2018), 491-497.

[25] S, Modak, Md. M. Islam, More on a-topological spaces, Commun. Fac. Sci. Univ. Ankara Series Al: Math. and Stat.
66(2) (2017), 323-331.

[26] S Modak, T. Noiri, Connectedness of ideal topological spaces, Filomat. 29(4) (2015), 661-665.
[27] T, Natkaniec, On I-continuity and I-semicontinuity points, Math. Slovaca. 36(3) (1986), 297-312.
(281 N. Bourbaki, General Topology, Chapter 1-4, Springer, 1989.



Communications in Advanced Mathematical Sciences
Vol. Il, No. 3, 227-234, 2019

Research Article

e-ISSN:2651-4001

DOI: 10.33434/cams.542704

On the Bicomplex k-Fibonacci Quaternions

Fiigen Torunbalci Aydin '

Abstract

In this paper, bicomplex k-Fibonacci quaternions are defined. Also, some algebraic properties of bicomplex
k-Fibonacci quaternions are investigated. For example, the summation formula, generating functions, Binet’s
formula, the Honsberger identity, the d’Ocagne’s identity, Cassini’s identity, Catalan’s identity for these quaternions
are given. In the last part, a different way to find n — rh term of the bicomplex k-Fibonacci quaternion sequence
was given using the determinant of a tridiagonal matrix.

Keywords: Bicomplex Fibonacci quaternion, Bicomplex k-Fibonacci quaternion, Bicomplex number, k-Fibonacci
number, Tridiagonal matrix
2010 AMS: Primary 11R52, 11B39, 20G20

1. Introduction
In 2007, the k-Fibonacci sequence {F% , }cn is defined by Falcon and Plaza [1, 2] as follows

Fk70 = 0, Fk71 =1
Fenpir= kEu+Fpo1, n>1
or
{Fentnen = {0, 1,k K2+ 1, +2k k* +3K> +1,...}.
Here, k is a positive real number.
In 2015, Ramirez [3] defined the the k-Fibonacci and the k-Lucas quaternions as follows:

Dyyp ={Fen +iFn+1+j Fenvo +KFjpy3 | Fin, n —th k-Fibonacci number},
and

Pen ={Lin +1Lin1 +J Lips2 + KLint3 | Lin, 1 — th k-Lucas number }
where i, j and k satisfy the multiplication rules

P=j=K=—1, ij=—ji=k, jk=-kj=i, ki=—ik=j.

In 1892, bicomplex numbers were introduced by Corrado Segre, for the first time [4]. In 1991, G. Baley Price, the bicomplex
numbers gave in the book based on multicomplex spaces and functions [S]. The set of bicomplex numbers can be expressed by
abasis {1,i,j,ij} as,

BC ={qg=qi +ig2+ jgz+ijgs | q1,92,93.q94 € R}
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where i,j and i j satisfy the conditions

2=—1, 2=—1,ij=ji (1.1)
In 2019, bicomplex k-pell quaternions were introduced by Catarino Paula, [6] as follows

B(Cin ={ Py +iPeni1+ JPent2+ijPent3| P, n—th k-Pell number},
where i,j and i; satisfy the conditions

P=—1, jF=—1,ij=ji
The aim of this study is to define bicomplex k-Fibonacci quaternions with k-Fibonacci number and bicomplex number and to
give their algebraic properties.

2. The bicomplex k-Fibonacci numbers

Definition 2.1. The bicomplex k-Fibonacci and k-Lucas numbers can be define by with the basis {1, i, j,ij}, where i, j and
i j satisfy the conditions

=1, =—1,ij=ji, (ij)*=1.
as
BCFp =(Fepn+iFine1) + j (Fono +iFpg3)
=Fnt+iFgpi+JjEpi2+1jFonts
and

BCLt =(Liyn +iLipt1) + J (Licns2 +iLipt3)

. . y @.1)
=Lgn+iLgpi1 + J L2+ Lips.

For two bicomplex k-Fibonacci numbers, addition and subtraction are defined by the following:
BCF}(,H + B(CFk,m = (Fk,n + Fk,m) +i (Fk,n+1 + Fk,m+1) + ] (Fk,nJrZ =+ Fk,m+2) + l] (Fk,n+3 =+ Fk,m+3)

and multiplication of by

BCFin X BCFEm = (FinFim — Font1 Fomet — Fone2 Fom2 — Fiont3 Fiome3)
+i (Fipn Fiom+1 + Fontt Fim — Fiont2 Feme3 — Fion3 Fome2)
+j (Fen Fema2 + Fient2 Fem — Fiont1 Fomts — Fens Fioms1)
+i j (Fin Fim+3 + Font3 Fom + Fions1 Fime2 + Fon2 Fomy1)
= BCFk’m X B(CFkﬁ .

3. The bicomplex k-Fibonacci quaternions and some basic properties
In 2018, the bicomplex Fibonacci quaternions defined by Aydin Torunbalci [7] as follows
Orp=Fi+iFyp1 + jFu2+ijFoss
where quaternionic units satisfy the rules Eq. 1.1. In this section, firstly the bicomplex k-Fibonacci quaternions will be defined.

Definition 3.1. The bicomplex k-Fibonacci quaternions are defined by using the bicomplex numbers and k-Fibonacci numbers
as follows

BCHen =Fp, +iFi i1 + jFinia +ijFints 3.1

where quaternionic units satisfy the rules Eq. 1.1.
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Let BC/*» and BCf*» be two bicomplex k-Fibonacci quaternions. For two bicomplex k-Fibonacci quaternions, addition

and subtraction are defined in the obvious way,

BCin £ BC'om = (Fp+ iFinsr + jFinsa + 1 Fents) £ (Fim+iFomst + j Femea + 1 Femes)
= (FepntFim)+i(Fipnst £ Fomet) + J (Fiong2 £ Fomg) 1 (Fonss £ Fomss)-

and multiplication by

BCin x BCem = [Fpy Fiom — Fintt Feomtt — Fnsa Foms + Fints Fomes)
+i[Fin Fem+1 + Fiont1 Fem — Font2 Femes — Fiont3 Femta)
+J Fien Fiems2 — Fon 1 Fom3 + Fene2 Fom — Fions3 Fiomr 1]
+i j [Fin Fim+3 + Fene1 Fems2 + Fion2 Fiomt1 + Feones Fiom)
= BCfem x BCFin

The different conjugations for bicomplex k-Fibonacci quaternions are presented as follows:

(BCHen )t =Fy , — i Fp1 + j Fina — i j Fions s

(BCPen)*2 =Fen+iFcni1 — jFoni2 — 1 Font s,
(BCHn)*S =Fy = iFeper = j Fiea 1 Fines-
Therefore, the norm of the bicomplex k-Fibonacci quaternion BC % is defined in three different ways as follows

NBCFen)*t = |[BCfin x (BCHen)*1]|2
‘(sz,n + Fk%n-&-l) - (sz)n_,_g + Fk%,,+3) + 2j (Fk,n Fk,n+2 =+ Fk.n+l Fk,n+3) |
= |Foant1 — Fionys +2j Fionys| = BCHn (BCHn)*1,

NBCFen)*2 = |[BCFrn x (BCHen)*2||2
(B = Fpin) + (Fya = Fluis) T 2iFn Fipt +kFionis| = BC'&n (BChn)*2,

N(B(CFk,n)*3 — ||B(CFk,n X (B(CFk,n)*3 H2
((Fy+ Fpi) + (Fya + Flyys) 20 (FonFinss — Fontt Fonsa) |
= |Fions1 +Fiongs +2ij(—1)"1 k| = BCHn (BCFin)s,

In the following theorem, some properties related to the bicomplex k-Fibonacci quaternions are given.

Theorem 3.2. Let BCn be the bicomplex k-Fibonacci quaternion. In this case, we can give the following relations:

BCFk,nJrZ — ]B(CFk,n + k]B(CFk,)H»l ,

(BCin)2 + (BCHin+1)2 = BCH2+1 4 (kFy 2pv6 — Fionta) +i(Feant2 — 2 Fianve)
+Jj (Fions3 —2Fipngs) +1J (3 Fions4)s

(BCHent1)2 — (BCFrn-1)2 = k[BCH2 — F 0pi0 +kFonts +i (Fione1 — 2 Fionss)
+J (=Feont2 — 2k Fiony3) +1j (3 Fionts) ],

BCFent1 4 BCHen-1 = BCLn |

BCHnt2 — BCFn—2 — p BCLkn .

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Proof. (3.2): By the Eq.(3.1) we get,

BCfir + kBCHnt1 = (Fin +kFepi1) +i(Fonet +kFingn) + j (Fongo +kFiny3) +1j (Fons +kFpia)
= FeniotiFin3+ jFonra +ijFinys
— BCFknr2,
(3.3): By the Eq.(3.1) we get,

(BCFen)? 4 (BCHent1)2 = (Fyops1 — Fionts — Feants + Feonsr) + 2 (Fionsa — Fionte)
+2j (Fiont3 — Feonts) +2i j (2 Fionta)
= (Feont1 +iFont2 + jFeones +ijFionta) — Fiones — Fionts + Feongr
+i (Fion+2 — 2Fionte6) + J (Fions3 — 2 Fcones) +1J (3 Fionta)
= BCH»+ 4 (kFni6 — Fionts)
+i (Feons2 — 2Fiont6) + J (Fipnts —2Fconys) +1j (3 Fionta)-

(3.4): By the Eq.(3.1) we get,

(BCTkn+1)2 — (BCFen1)2 = [(FkQ,nJrl —F kz,n—l) —(F, kz,n+2 —F kz,n) - (Fk2,11+3 —F kz,n+1 )+ (Feps—F kz,n+2)]

F2i[(Fens1 Finv2 = Fon—1 Fin) — (Fent3 Fonva — Font Feny2) ]
2 [ (Fenst Fonts — Fon—1 Fonst) = (Fons2 Fona — Fon Fint2) ]
+21 j [ (Fins1 Find — Fion—1 Fins2) + (Fiont2 Finss — Fion Fens1) ]

= k(Fon—kFongr —kFonya +kFionge)
+2i (kFrons1 —kFionis) +2j (—k* Feonys) +2i j (2k Fionis)

= k[BCH» — Fyopi2+kFeonts+i(Feantt —2Fionys)
+j (=Fiont2 =2k Fioni3) +ij (3 Feonys) ]

(3.5) and (3.6):Proof of equalities can easily be done using Eq.(2.1). O

Theorem 3.3. Let BCn be the bicomplex k-Fibonacci quaternion. Then, we have the following identities

zn" BCHs = % (E(CFk‘nJrl +BCHn —BCH1 —BCH0),
s=1

Z BCH2s-1 — %(BCFkln —BCFo), 3.7

s=1

Zn" BCFk2s = %(]B(CFIQMH — BCHe1 ).

s=1
Proof. Proof can be easily done using sums of series following
n n
Y' Fii=t(Foni1 +Fn—1) . '21 Fiaip1 = tFionsn and .Zl Feoi=1(Fap1—1) [1]. O
i= i=

4. Generating functions and Binet’s formula
In this section, the generating functions and the Binet’s formula of the bicomplex k-Fibonacci quaternions will be defined.

Theorem 4.1. Let BC» be the bicomplex k-Fibonacci quaternion. For the generating function for these quaternions is as
Sfollows:
BCHo + (BCH1 — kBCH0)¢

1 —kt—1?

n
8potin (1) = ), BCHns" =
s=1

Proof. Using the definition of generating function, we obtain
8pofin (1) =BCHO +BCH1 1+ .. + BCers" 4 ...

Multiplying both sides of Eq.(3.30) and using Eq.(3.7), we have
(1—kt —1*) ggni, (t) = BCTk0 4 (BCTo! — kBC*0)1.

Thus, the proof is completed. O
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Theorem 4.2. Let BCn be the bicomplex k-Fibonacci quaternion. For n > 1, Binet’s formula for these quaternions is as

Sollows:

e = L (e )

where

a=1+io+joa’+ijo’, a=

k+/k2+4

2 I

A . . .. k—\/k2+4
B=1+iB+jB*+ijB? B="5",
a+B=k, a-pB=Vk+4, af=—1.

Proof. Using the Binet formula for k-Fibonacci number [2], we obtain

BCfin = Fy+iFpit + jFons2 +ijFnts

(anﬁn an+17ﬁn+]

. (X'1+27ﬁ"+2 . (X’1+3*ﬁ"+3

m+i( N )+ Jea )+ij( i )

o (Iiatjol+ijod)—p" (1+if+jp>+ijB>)

N VK244

= (e BB,

where & = 1+ia+jol+ijod, p=1+if+jB2+ijB>. O

5. Some identities for bicomplex k-Fibonacci quaternions

Theorem 5.1. Honsberger Identity

For n,m > 0 the Honsberger identity for the bicomplex k-Fibonacci quaternions is given by

BCFk‘n BCFk,ni + ]B(CFk.rHA BCFk,n1+l

Proof. (5.1): By the Eq.(3.1) we get,
BCHer BCFem 1+ BCFentt BCFem+1

BCHentmst — F s + kFipemse + i (Fintms2 — 2 Fintm+6)

. A 5.1
+J (Fk,n+m+3 - 2Fk,n+m+5) +1j (3Fk7n+m+4>' ©-D

(Fk,n+m+l + iFnymi2 + J Fonemis + iij,n+m+4) —Fpimi3 FkFi pimss
+i (Fk,n+m+2 - 2Fk,n+m+6) + ] (Fk,n+m+3 - 2Fk,n+m+5) + l] (3Fk,n+m+4)
BCHkmtmit — B i3 +k Fnme +1 (Fepsmro — 2 Fenimre)

+Jj (Fintmss = 2Fengms3) 17 B Fippmsa)-

where the identity Fk,an,m + Fk,n+1Fk.m+1 = Fk,n+m+l was used [1]. O

Theorem 5.2. D’Ocagne’s Identity

For n,m > 0 the D’Ocagne’s identity for the bicomplex k-Fibonacci quaternions is given by

B(CFk,Il E(CFk.m+1 _ B(CFk,Il+l ]B(CFk.m
Proof. (5.2): By the Eq.(3.1) we get,
IB(CF/(,II BCFkﬁHd _ BCF/{,11+1 BCFk.m

= (=1)"Fpm [2(>+2) j+ (K +2k)i j]. (5.2)

[ (FenFem+1 — Fin1Fem) — (Fint1Femtz — Fonr2Foms1)
—(Fent2Femss — Finy3Fieme2) + (Fins3Fiemra — FenraFems3) ]

+i[(FinFoms2 = Fon1Fiome1) + (Fins 1 Fomst — Fone2Fiem)
—(Fin+3Fem+s — FenraFime2) ]

+ j [ (FenFims3s = Fins1 Fems2) + (Fne2Fems1 — Fiens3Fim)
—(Fien+1Fem+a — Fons2Fiomss) — (Fent3Fiems2 — FonraFioms1) ]

+i j [ (FinFemss — Fons1 Fems3) + (Fens1 Fiomes — Fion2Fems2)
+(Fpnr2Fimr2 — Fone3Femt1) + Fene3Fom1 FintaFim) |

(= 1)" Fenm [2 (K +2) j+ (K +2k)i j].

where the identity Fy ;,Fi nt1 — Fim+1Fin = (—1)" Fiyn—n is used [1]. O
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Let BCen+r be the bicomplex k-Fibonacci quaternion. For n > 1, Catalan’s identity for BCTr+r is as follows:

BCFk,nJrr—] ]BCFk,n+r+l _ (BCFk,n+r)2 — (

Proof. (5.3): By using (3.1) we get

BCFk,n+r—l BCFk,n+r+l _ (]B((:Fkgwr )2

D™ 262 42) j+ (K +2k)i j]. (5.3)

— 2 2
- (Fk.,n+r—1 Fk,n+r+l - Fk‘n+r) - (Fk.,n+rFk.,n+r+2 - Fk,n+r+1)
2 ' 2
(Fk.,n+r+1Fk,n+r+3 - Fk,n+r+2) + (Fk,n+r+2Fk,n+r+4 - Fk7n+r+3)
+i [ (Fk.n+r71Fk,n+r+2) - (Fk,n+rFk,n+r+l) - (Fk.,n+r+le,n+r+4 - Fk,n+r+2Fk.n+r+3)

+j [ Fintr—1Fentr+3 — FonerFinsr+2) = FentrFintr+4 — Fopr1 Fionsrt3)
+(Fk,n+r+le,n+r+l - Fk,n+r+2Fk,n+r) - (Fk,n+r+2Fk.,n+r+2 - Fk‘n+r+3Fk,n+r+l )]
+ij [(Fk,n+r—1 Fk,n+r+4 - Fk,n+rFk,n+r+3)
+(Fk,n+rFk,n+r+3 - Fk,n+r+1Fk,n+r+2) + (Fk,11+r+2Fk,n+r+1 - Fk,n+r+3Fk,n+r)]

= (-

D [2(K242) j+ (K +2k)ij]

where the identity of the k-Fibonacci numbers Fi 1 Fy pri1 — sz,n o= (—1)"*" is used [2]. Furthermore;
Fer—r—lFk;1+r+2+Fkn+rFkn+r+l ( 1)n+r
Fr ntr—1 Fk n+r+3 — Fy n+rFk nt+r+2 = ( 1)n+r (k2 + l)
Fy n+r+1 Fk n+r+3 — Fi, n+rFk n+r+4 = ( 1)n+r (k2 + 1)
Fy nt+r—1 Fy ntr+4 — Fr, n+rFk n+r+3 — ( 1)n+ (k3 +2k)
Fentr Fentrss — Fentrit Fopsreo = (= 1)k,
Finsrs2 Fentri1 = Fongrs3 Fonr = (1) k.
are used. O
Theorem 5.4. Cassini’s Identity
Let BCn be the bicomplex k-Fibonacci quaternion. For n > 1, Cassini’s identity for BC' is as follows:
BCFin-1 BCHent1 — (BCHn)? = (—1)"[2(k* +2) j+ (k* +2k)i j]. (5.4)
Proof. (5.4): By using (3.1) we get
BCkn-t BCHentt — (BCHn)2 = [(Fin—1Fini1 — Fy) — (FinFrnsz — o)
—(Frns1Finss — Fk%n—«—Z) + (Fint2Finsa — sz,n+3) ]
+i[ (Fin—1Fint2 = FinFins1) — Fent1Fonra — FonoFiongs) |
+j [ (Fn—1Fint3 — FinFion2) — (FenFinta — Font1Fent3)
+(Fint 1 Fiont — Fin2Fien) — (Fien2Fien2 — Fen3Fiens1) ]
+i j (Fien—1Fi nd — FienFiong3)
= (=D)"[2(K®+2)j+ (K +2k)ij].
where the identities of the k-Fibonacci numbers Fy ;1 Fi 1 — szn = (—1)" [2]. Furthermore;
Fin1Fini2 = FinFinsr = k(=1)"
Fin-1Fns3 — FinFina = (k2 +1)(=1)",
Feni1Finis — FinFionea = (K2 4+ 1) (—1)",
Fin-1Fenia — FnFinis = (K +2k) (—1)"
are used. O

6. An application of bicomplex k-Fibonacci quaternions in tridiagonal matrices

In this section, we give another method to obtain the n-th term of bicomplex k-Fibonacci quaternion sequence as the calculation

of a tridiagonal matrix [8].
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Theorem 6.1. Let x,, be any second-order linear sequence, defined recursively as

Xn+1 =Ax, +an717n >1

with the values xo = C, x; = D. Then,for all n > 0,

cC D 0 O 0 0

-1 0 B 0 .. 0 O

o -1 A B ... 0 0
X, =det

0 o o o .. A B

0 o o0 o0 ... -1 A

Theorem 6.2. Now, let’s consider the second-order linear sequence BCHn+1 = BCFen 4 kBCFen—1. Using the previous theorem
and taking A = 1, B =k, C = BC0, D =BC* the following determinant was obtained.

BCf0 BCH1 0 0 0 0

-1 0 1 0 0 0

0 -1 ko1 0 0

BCFen = der .
0 0 0 0 ... k 1

0 0 0 0 ... -1 k

Proof. For n > 0, using the above theorem, we have

BCHo = | BCFro | — B(CFI;.()7

F, F
Bcho = | BCH BCH | pen,
-1 0 '
BCfo BCH1 0
BCH2 =| -1 0o 1
0 -1 %
0 1 11
_ Fio _ Fie1
—nen| O | |-men| 1|
= BCH0 4 kBCFi1 = BCFe2
BCfo BCF1 0 0
-1 0 1 0
Fr3
BC 0 -1 ko1
0 0 -1 &
0 1 0 -1 1 0
=BCHo| -1 %k 1 |-BCR| 0 k 1
0 -1 % 0 -1 k
-1 1 ko1
— Fro(_ _ Fra(_
—senon| o F[-Bemn| & L

= kBCH0 4 BCF1 (1 4-4?)

= BCH! + (K2 BCHe! +kBCH0) = kBCH2 + BCH1 = BCH3
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In this way, BCe» n-th term is obtained by calculating the determinant nxn. O

7. Conclusion

In this paper, a number of new results on bicomplex k-Fibonacci quaternions were derived. Furthermore, a different way to find
the n-th term of Bicomplex k-Fibonacci quaternion sequence was expressed using the determinant of a tridiagonal matrix.
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