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Abstract

In this article the electromagnetic waves scattered from an inhomogeneous medium are considered when
the electromagnetic waves are polarized in the case of transverse electric. Using the Rellich lemma, the
uniqueness of the solution of the direct scattering problem is proved. In order to show the existence of
the solution of this problem, the operator equations are constructed and the Riesz theory which provides
the existence of the inverse operator is used. Furthermore, for solution of the inverse scattering problems,
an interior boundary value problem is considered. Finally, a linear integral equation is obtained whose
the solution yield the support of the scattering object.

Keywords: Electromagnetic wave, Far-field pattern, Linear method, Scattering theory.

1. Introduction

The scattering problems of time-harmonic waves which are acoustic or electromagnetic waves are
the basic problems in the scattering theory. These problems have been considered by many writers as
direct and indirect scattering problems [2-19, 22-24 ].

Before the inverse scattering problems with regard to the direct scattering problems, the most
important questions are the uniqueness and the existence of the solution of the direct scattering problem.
Gerlach and Kress [17] , Colton, Kress and Monk [8] have proved the uniqueness of the solution by using
Green’s theorems and the unique continuation property of solution. Furthermore, they have showed the
existence of solution by using the jump relations of the single-layer and double-layer in the potential
theory and the integral equations. For the transmission boundary value problem, this results have been
proved by Colton and Piana [9] .

In the inverse scattering theory, the most importance thing is scattered far-field model. In the 1980’s,
the inverse scattering problem of determining the unknown scattering obstacle from information about the
far- field data was considered by Angel, Colton and Kirsch [2] , Tobocman [23] and many more
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mathematicians. Integral equations or Green’s formulas were used to reformulate the inverse obstacle
problem by these researchers.

For the solution of the inverse scattering problem, a method is the linear method which was
suggested, firstly, by Colton and Kirsch [10]. Then the method is used by Colton, Kress and Monk [8],
Colton and Piana [9], Colton, Piana and Potthast [11], Colton, Giebermann and Monk [12], Colton, Coyle
and Monk [13], Cakoni, Colton and Monk [3], Cakoni, Colton and Haddar [4], Cakoni and Colton [5],
Colton [14] and Colton and Kress [15]. This method is mathematically established by placing a network on
the unknown domain by solving a linear integral equation for each point on this network and then
determining the shape of the domain from the information about the solutions for this set of integral

equations. To apply this method, first, the far field operator F : L (Q) -2 (Q) is defined by

(Fo)- [u.d)g(@)es(e).  xdeo

where Q = {x e IR?:|x| =1} . Then the Regulation method [16] is used to solving of the linear integral

i

e 4
87k

D(x,y)= jz HY (k|x—y]) for x# y [1]. According to this method, for V& > 0, there exists a function

equation (Fg)(X) =, (X y), where ®_(X,Yy) = e ™Y s the far-field model of the function

g=9(.y)el’(Q) such that |Fg—®_ |<e& and both Hg(y)” and va(y)H become

unbounded as y approaches the boundary of the scatterer, where v, (X) =je"‘x'dg(d)ds(d) is the
Q

Herlogtz wave function with kernel g(.,y) [16]. The Herlogtz kernel g(.,y)is determined from

(Fg)(®) = J‘uw(f(,d)g (d)ds(d) for y on a grid containing the scatterer. Thus, the boundary of the
Q

unknown domain can be found as the locus of points y , where ||g ( y)|| begins to increase sharply.

(@)
Now, we consider the following problem:

We investigated an electromagnetic scattering problem in an inhomogenous medium when the
incident wave is polarized parallel to the axis of infinite cylinder representing the scatterer and the
magnetic field has only one component in the direction of the axis to the cylinder. This is the referred to
as the transverse electric mode (briefly, TE mode) in scattering theory [9,22,24]. The electromagnetic
waves can be obtained by using the Maxwell equations [16]. We assume that D is a simply-connected

bounded domain in IR*with C*(6D) and which the domain is the cross section of the cylinder. For the

time-harmonic electromagnetic waves, the scattering is defined by the Maxwell equations

curlg, —ikH, =0  curlH, +ikE, =0, in IR”\D )
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curlE —ikH =0 curlH +ikn(x)E=0, in D (2)

and the boundary conditions
vxH,=vxH, on dD 3)

vxcurlg, +%(V>< E,)xv = i(1/><Cur|E)+%(v>< E)xv, on dD 4)

nO
where k is positive wave number and v is outward unit normal vector on oD . Let (E,,H,) and (E, H)
be electromagnetic fields outside and inside the cylinder, respectively. Let be ﬂeCo'“(ﬁD) and

ImA>0. n(x) is the index of refraction defined by

where &, is the constant permittivity in IR*\D, &(x)and o(x) are the permittivity and the
conductivity of the cylinder, respectively, and @ is the frequency of the electromagnetic waves. We
assume that n(x) satisfies the following conditions:

(i) n(x)eC?(IR?) and n(x)=n, >0 for xe IR*\ D, where n, (=1) € IR
(i) Imn(x)=0 and D,={xeD:Imn(x)>0}=Q. (5)

If the electromagnetic wave is polarized in the transverse electric mode, the scalar fields u, and u can
be defined as H, = (Hol, H,, HOB) =(0,0,uy) and H =(H,,H,,H,)==(0,0,u). Thus, the Maxwell

equations 1-2 and the boundary conditions 3-4 are equivalent to the Helmholtz equations and the
boundary conditions in the following

Au, +Kk°u, =0, in IR2\D (6)
1 2 )

V.(HVuj+k u=0, inD )

u,-u=0, on oD (8)

%—iﬁ—uwik uo—iu =0, on oD. 9)

ov n,ov Ny
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The exterior field u, can be written in the form
Up(X) =u" (X)+u*(x),

where d e Q = {x e IR*:|X :1} and u'(x) =e" is the incident plane wave with incident direction d.

The scattered wave Uu°® satisfies the Sommerfeld radiation condition

1|r2\/_( SJ=0 (10)

X . .
uniformly in all directions X = H with 1 = |x| This condition guarantees that the scattered wave has the
X

asymptotic behaviour
ikr

us(x):uw(i,d)f/F+O(r%)

as r= |x| — o0, where U_ is known as the far-field pattern of the scattered wave and is defined in the

form

oe ™Y au

- [ 2

(y)e”‘“}dS(y),*eQ [16].

2. The Direct Scattering Problem

The scattering of time-harmonic plane waves by a simply connected bounded domain D — IR? is
formed with the following direct scattering problem. For given f e C*“(éD) and A,g € C**(6D) from
Holder spaces with exponent O<a <1, this problem is to find a pair of functions

Uy €C*(IR*\D)C*(IR’\D) and u e C* (D) C*(D) such that

Auy +k?u, =0, in IR”*\D (11)
1 2 .

V.(HVU)+k u=0, in D (12)

U, —u=rf, on oD (13)

%—ia—u+lk uo—iu =g, on dD, (14)

ov n,ov N,
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where Kk is positive wave number and v is the unit outward to 6D . n, and n are defined in the

conditions (i)-(ii) of (5). u, satisfies the Sommerfeld radiation condition (10), i.e.

. ou, .
lim«r| =2 —iku, |=0,
I( or J

(15)
where r = |X| For simplicity, we will always suppose that ImA >0 on oD.
Theorem 2.1. The solution of the boundary value problem 11-15 is unique.
Proof. We suppose that the solution of the problem 11-15 is not unique. Let u, = Ug, — Uy, and

u=u,—u,. Thus u, and U satisfy the homogeneous boundary value problem 6-9.
We first show that

IimJ.|u0|2 ds=0, (16)
QI’

where Q, denotes the circle with the radius r and centered in the origin and ds is the arc lenght. To
achieve this, from the Sommerfeld radiation condition 15, we have

’ ou, ou
+K2|ug|” + 2k Im| uy =2 ds:limj
ov r—o 0
QI’

Iimj[% Ko _iku,
Q

v v

2
ds=0. (17)

We take r large enough such that Dc Q.. Applying Green’s theorem [16] in the domain
D, :{ye IR*\D :]y| <r}, we have

I—k2|uo|2 dy+j|gradu0|2dy - —_[uo WMo 4s(y) +Iuo WMo 4s(y)
ov ov
DT

D Q oD

Taking imaginary parts of this equation, from the equation 17, we obtain

Uo

. J[ 8

lim]|l—

r—ow a
QI’

14

’ ou,
+k2|u0|2}ds:—2k ImJ.uo—Ods.

5y (18)

oD

1 —
Applying Divergence theorem [18] to the function u (TVU

j, from the condition (i) of (5) and
n

boundary conditions 8-9, we get
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0

1 ou, - Ak
J‘ {—kz luf’ +E|Vu|2}dy = {uo a—‘f+/lk|u0|2 - uoqu(y).
D

D

jo))

Taking imaginary parts of this equation, we have

1 o, 1)
Imj E|Vu|zdy:|mj‘u06—‘fds(y)+|mj (1—n—jﬂ,k|u0|2ds(y). (19)

D ob oD 0

From the condition (ii) of 5, the left-hand of equation 19 is positive or zero. Since ImA1 <0 on éD,
again from the condition (i) of 5, the last integral in the right-hand of equation 19 is negative or zero.
Thus we obtain

Imjuo%ds(y)zo.
14

oD

The equation 18 becomes

Uo

. I[ 8

lim]||—2

r—oo a
Q,

2
+k2|u0|2}dsso. (20)
%

Since the left-hand of equation 20 is positive or zero, we get the equation 16. From Rellich’s lemma

[16], U, =0 in IR® \D and so U =%=O in IR*\D from the Theorem 3.12 in [7]. From the
1%

. : ou : I o
conditions 8-9, we obtain U = Ew =0 on 0D. From the unique continuation principle (see : Theorem
1%

8.6 in [16] ), we obtain U=0 in D.

We will now apply the Riesz’s theory (the inverse operator’s existence) for compact operators
[7,18] to demonstrate the existence of solution to the boundary value problem 11-15. With the change

of variables u(x) = +/n(x)w(x), the boundary value problem 11-15 takes form

Au, +k?,=0,in IR*\D (21)
Aw+(kn+pjw=0, in D (22)
uo—\/EW: f, on oD (23)
%_i@+,1k uo_iw =g, on oD (24)
ov \/Eév \/E
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where

X) = —MAﬁ . (25)

Then for y,¢ € C(AD) and y, € C(D), let’s define the following functions

Uy (x) = j {Mw(y)wo(x, y)¢<y)}ds(y), x e IR?\aD (26)
JTany)

W(x) = j {ﬁ a;“; )y)w(y)+c1>(x y)¢(y)}ds<y)+ j O(x,y) p(Y)w(y)dy X € IRAGD  (27)

ob D

where p(X) =k’ny—[k*n(x)+ p(x)] and the functions ®@,(x,y)= H(l)(k|x yl) and

(X, y):ZHél’(kJFo|x—y|), X#Y in IR? are the fundemantal solutions of the Helmholtz

equations which are Au+k’u =0 and Au+k*n,u =0, respectively, where H{" is the Hankel function

of the first kind and the zero order. The functions u, defined by equation 26 and W defined by equation
27 satisfies the problem 21-24 and the Sommerfeld radiation condition 15.

We introduce the following integral operators:

The operators K,S,T and K' are defined from C(dD) to C(dD), such that

oD(x, y)

(Kw)(x)=2j Sy asty),  xea 29)
(s¢)(x)=2jc1>(x,y)¢(y)ds(y), XD (29)
5 0 [o0(xy)
T=2-2 j Sy ()is(y), oD (30)
l 5
(KO0 =2 j O(x, Y)P(y)ds(y), xeaD (31)

oD

The operators K” and S” are defined from C(dD) to C(D), such that
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. oD (X, Y)
(K'p)(x) = 2JD ety (y)asy), xeD (32)
(sw)(x)=2]<D(x,y)¢(y)ds(y), xeD 39)

oD

The operators S, and K/ are defined from C(D) to C(dD), such that

(spwl)(x)=2I O(x, Y) (Vv (Y)dy, XD (34)
(Kipr) () = 2%() O(x, y) p(Y(y)dy, xedD (35)

Finally, the operatér S be defined from C(D) to C(D), such that

(SIp)(x) =2 j O (%, Y)p(Y)a(y)dy, xeD. (36)

D

Let K,,S,, T, and K, show the operators corresponding to K,S,T and K’, respectively, with @
replaced by @, .

Theorem 2.2. The functions u, and W defined by equations 26-27 are restricted to IR?\ D and D,
respectively. Then the functions y,¢ € C(aD) and y, € C(D) satisfy the following integral equations

(Ko =N6K )y + L+ 1)y +(Sy =, S)p—/n,S w, = 2, on D (37)

1 1 1
-T Ko — K’
- (e o -rom
1 1
+ Ak K K w+ S,———==S |¢p+2y — ,_Spt//1 =2g, on oD (38)

JoK'w +8"¢+S%w, — 2y, =0, in D. (39)

Proof. Firstly, we will obtain the integral equation 37. When X € IR® \D —> x € 8D, the limit value of
U, in equation 26 is
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+ _ [ 99,(x.y) 1
Uy (x) = J. o) w(y)ds(y)+ > w(X) +j(Do(X7 Y)g(y)ds(y).

oD oD

When x € D — x € 0D , the limit value of W in equation 27 is

W (x) =N { j affv(?’y)y) w(y)ds(y) —%w(x>]+ j (X, Y)§(y)ds(y)

ob

+[ @ y) p(y)y(y)dy.

From the condition 23 and the operators 28, 29,34, we obtain
21 (x) = (K ) () + 1 (X) + (So#)(X) = My (K ) () + N (X) = /g (S#)(X) =/ (S,,1,)(X)
Thus, for VX € 0D, the equation 37 is obtained.

Now, we will obtain the integral equation 38. We take the derivative of the function u, in the

direction v. When x € IR*\ D> X dD, the limit value of % is
v

ou; .0 oD, (%, Y)
o (X)_av(x)(;[ av(y)

0 1
w(y)ds(y) +MJ;<DO(X, Y)#(Y)ds(y) - (x).

We take the derivative of the function W in the direction v. When X € D — X € dD , the limit value of
ow .

— is

ov

j (X, Y)§(y)ds(y)

oD

j (%, ) (Y (¥)dy.

W 0 od(x,y)
v (X)_\/aév(x)g[ vy VNS

0
ov(X)

+%¢(x)+

From the condition 24 and the operators 28, 31, 34, 35 we have

, "
29(X) = (T )(X) + (KiB)(X) = $(X) - (Ty)(X) - (Kj;l(x) _ ¢\5/(n1) ( ,il///ni)(X)
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+A(0)k (Kom(x)w(x)+<so¢><x>—(r<w)(x)+w(x)—(S%(X)—(Spj;l(x) .

Thus, for VX € 0D, the equation 38 is obtained.

Finally, for the integral equation 39, if we write the operators 32, 33 and 36 in the function W
defined by equation 27, then we obtain

20(x) = /N, (K" ) (x)+(S"4) () + (S ) ().

Since w(x) € C2(D) NCY(D) and w,(x) € C(D), we can write W(X) = ;(X) . Thus, we satisfy the
equation 39 for VxeD.

Equations 37 - 39 can be written in operator notation as

7% 2f
[A+B]| ¢ |=| 29, (40)
V1 0

where the matrixes A and B are described in the following forms

(1+ny)!1 0 0

and

[ K, - n,K Sy — /S ~Jns,

1

1 1
_ _ k _ o 1 k _ _ 1 k .
B=|(T-T,)+k(K,-K) [KO —nOKJ+), (so —\/ESJ —\/E(Kp+l S,)
JnoK? s s |

The operator A clearly has a bounded inverse [2,4]. The operators in the matrix B are weakly singular
operators . Thus, the operator B is compact in the space C(6D)x C(6D)xC(D) [7].

In the following theorem, we will denote that the A+ B operator is injective.

Theorem 2.3. The boundary value problem 11-15 has a unique solution.

10
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Proof. Let us consider the problem 21-24. From the uniqueness theorem 2.1, if f =g =0 then u, =0

in IR\D and u=0 in D. Since u=+/nw, then w=0 in D, where the functions U, and W are
defined by equations 26 and 27, respectively. From the equation 39, we have w—y, =0 for xe D

and so y, =0. Thus, the equations 37 and 38 reduce to

(Ko = oK)y + (L+ o)y + (S, = /N, S)¢ =0,

oL ol L _ _ 1 _
(I'—To)z//J{KO \ﬁK}zﬁ [1+\/EJ¢+/11<[(K0 K)w(so \/Es}wzw] 0.

Using the jump relations of potential theory [16], we obtain

=—q, on oD
ov ov ¢

-
U —Up =¥

wow=Jny WM _ 4 oD

ov  ov
Since U, =0 in IR?\D and W=0 in D, then ug:auo :W‘=%=0.Thus,wehave
ov ov
G rw=0 MM 5 oD (41)

\/n_o E+ ov

Since n, is real, from the Divergence theorem and equation 41, we have

ow" ou-
Im | w ds=Im.n, fu —2ds=0.
.[ 0 0.[ ° ov
oD

14
oD

Since the functionW is radiating solution of the Helmholtz equation for X € IR?\ D , from the Rellich’s

lemma, W=0 in IR?\D and so @:0. Since W' =
ov ov

=0 on 0D and from equation 41,

__ou, . . o
Uy = 6‘_0 =0. Then we obtain iy =¢ =0 .Since ¥ = ¢ =y, =0, the A+ B operator is injective [18].
v
Since B is compact and A+ B is injective, the inhomogeneous system 40 has a unique solution
v, @,y, from the fundamental results of the Riesz’s theory for compact operators (see: Theorem 1.16,
Corollary 1.17 and Corollary 1.20 in [7]). Finally the boundary-value problem 21-24 has a unique
solution.

11
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To formulate the linear method, firstly, we consider the interior boundary-value problem.
3. The Interior Boundary Value Problem

The interior boundary value problem is to find the functions u,,u eC%(D)NCY(D) to the
differential equations

Au, +k?u,=0, in D (42)

V.(%Vuj+k2u=0, in D (43)

and the boundary conditions

U,—u="f, on oD (44)
%—ia—u+lk uo—iu =g, on oD . (45)
ov n,ov N,

Theorem 3.1 Let D, ={x e D:Imn(x) >0} be different from empty set. The solution of the interior
boundary value problem 42-45 is unique.

Proof. Let u,,u eCZ(D)ﬂCI([_)) be the solution of the homogeneous interior boundary value

problem, that is, assume f =g =0. Then, applying of the Divergence theorem to the function

v) (—Vuj and using the condition (i) of 5 and homogeneous boundary conditions, we obtain
n

1 2 2 1 ou _ou 1 2
—|vu|" -k? dy = - —d = —2d Ak|1-— d
J [l et o= w2 2astr - [ Decnty) [ 12 o st

D ob oD oD

- I E|Vu|2—k2|u|2}dy+ j {Lﬂ(ﬂ—i)kluolzds(y)-

0
oD

Taking imaginary parts of this equation, we have

im [ L vufdy=m [ -ufay+im | (1—i](/1—1)k|u0|2 ds(y) (46)
n n n

0
D D oD

12
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. 1 . . . . ) 1 .
Since Im—<0 in D, the left-hand of equation 46 is negative or zero. Since Im—>0 in D and
n n

Im (/1 —Z) >0 on 0D, due to the condition (i) of 5, the right side of equation 46 is pozitive or zero.

Thus, we get

mj iﬁ|Vu|2 dy=0.

D

Since Im=>0 in D, = D, then Vu=0. Since u satisfies the equation 43, then u=0 inD.
n

. L . ou . -
From the unique continuation principle, we have u :a =0 on 0D. Also since u, satisfies the
equation 42, from the homogeneous boundary conditions and the Helmholtz representation, u, =0

in D.

We will show the existence of the solution of the interior boundary value problem 42-45. Again,
using the change of variables u(x) = +/n(x)w(x), the interior boundary value problem 42-45 takes form

Au, +k?u,=0, in D (47)
AW+ (k’n+p)w=0, in D (48)
U —/Mw=f, on oD (49)

auo 18W

1
\/— V [ EWJ—g, on oD (50)

where the function p is defined by equation 25. Now, for w,¢ € C(6D) ve y, e C(D) , we use
the function u, (X) for X € IR*\0D defined by equation 26 and let’s define the following function,

W(x) = j [ ag’(? )y’ ()~ D(x, y)¢(y)}ds(y)+ jcb(x,y)p(y) A(y)y.,

D

x e IR*\éD (51)

where the functions @, ve p are defined as Section 2.

Theorem 3.2. Let the functions u, and w defined by equations 26 and 51 , respectively, are restricted
to D.

13
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Then the functions y,$ € C(6D) and w, € C(D) satisfy the integral equations

(Ko =Ky = (L=n)y + (Sy +/nyS)p—n, Sy, =2, on oD

(TO_T)V/J{KS+ﬁKIJ¢+{1+ﬁ}¢_ﬁK;%
1 1
+;tk[(KOK)y/+[SO+—S ¢p——S v, |=2g, on D
N J NI }

JoK W =8¢ +S"w,~2y, =0, in D,
To prove, the similar way as Theorem 2.2 can be done .

Theorem 3.3 The interior boundary value problem 42-45 has a unique solution.

(52)

(53)

(54)

Proof. For the proof, we will examine the interior boundary value problem 47-50. From the uniqueness
theorem 3.1, if f =g =0 then u,=w=0 in D. Since \/EKN//—SMHS;% = 2w, from the

equation 54, y;, =0. Thus, the equations 52 and 53 reduce to

(Ko = oK)y = (L= o)y + (S, + /Ny S)¢ = 0

and

, 1 1 _ L osslle
(TO_T)W+(KO+\/EK]¢+[1+\/EJ¢+;LK[(KO K)W+[SO+\/ES¢H

From the jump relations, we obtain

. ou, ou,
U, —u, = — =4, on oD
0 i ov ov ¢
ow"  ow-
W —w =./n ——=¢, on oD.
Jnow =Y
Since U, =w=0 in D, then ug:%:w’:%:o . Thus, we have
ov ov
Uy —iW:O 8u0+8w =0, on oD.

\/n_o ov  ov

14
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Thanks to n, positive real constant in condition (i) of 5, we obtain

|mjuga”° ds = — - ImJ'ij ds . (55)

0 0
oD v \/E D v

The two integrals in equation 55 is pozitive or zero. Since U, and w are radiating solution of the

Helmholtz equation for X € IR? \ D, from the Rellich’s lemma, we have either Uy =0 or w=0.Thus

+ +

. . ou
we have either uy =—2>=0 or w" =
ov ov

existence of the solution of the interior boundary value problem 47-50 is obtained from the fundamental
results of the Riesz’s theory.

=0 on 0D. Then, we obtain w=¢=0. Thus, the

4. The Linear Method for The Inverse Scattering Problem

We will formulate the linear method for the solution of the inverse scattering problem defined
by the boundary value problem 6-10. This problem is associated with the determine the support Dof
n(x) —n, from the information about the far-field pattern u_(X,d) in the section 1. For V& >0, there

exists a solution g, € L*(Q) such that

iz

juw(k,d)gy(d)ds(d)—j%;ke"‘*‘y <& foryeD.

o 2(0)

When y — 0D, both Hgy

) and va

(@ become unbounded [10,11].

L*(D)

First of all, we shall form the integral equation for the linear method. We will come up with a
basic solution that provides equation 48. Letbe Q, = {y : |x— y| < g} < D . We take the integral

I(x,z)zj@(x,y)m(y)l‘(y,z)dy, zeIR? (56)

D

where I e C*(D)nC* (5) . Let 1(x,2) be the solution of equation 48 and

(57)

15
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I(x,z):j®(x, y)m(y)T(y,z)dy+ I O (x,y)m(y)T(y,z)dy =1 (x2)+1,(xz).

Q, D\Q,

Since AD(X,y)+k?n@(x,y)=0 for x=y, thenwe get (A+ kzno)lz(x,z):o. Hence

(A + kzno)

(A+k n )

:Ajd)(x, y)m(y)F(y,z)dy+k2nOI®(x, y)m(y)T'(y,z)dy. (58)

Q. Q,

Applying the divergence theorem to the first integral on the right-hand of equation 58, we get

JA@(x,y)m(y)F(y,z)dy:—JVXCD(X,y)v(y)m(y)l‘(y,z)ds(y), V.=V,
j { HE (kg [x- yl)} (Y)T(y.2)ds(y)

2z

J‘___H“’(kfg) x+g¢9 x+59,z)gd0

0

27r_k
= J‘@ Hl(l)(k\/ag)m(XJrg@)F(XJrgﬁ,Z)gdﬁ.

0

Thus, from Ilm\/_gH(l)(k\/_g) ( ngven in [20], we have
>0

IimIAd)(x, y)m(y)C (v 2)dy =m(x)I'(x.2). (59)

Applying the mean value theorem [1] to the second integral on the right-hand of equation 58, we get

jdy,

QI}

O<x—-a<e

J.db(x, y)m(y)T'(y,z)dy=®(x,a)m(a)I'(a,z)

QI)

- 1 (kg e-al)m(a)r (a.2)

16
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Therefore

&0

IimJ-CD(x,y)m(y)F(y,z)dy:O (60)
Q
From equations 59, 60 and function 57, the equation 58 takes the form
(A+k2[n(x)+%—m(x)Dl (x,2)=m(x)I'(x,z) .

Since 1(x,z) satisfies the equation 48 and ®(x, y) is a solution of the Helmholtz equation,
(x,2)=®(xz)-k*I(x,2)

satisfies the equation 48. If we write the integral 56 in the last equation, then we obtain the Lippmann
Schwinger integral equation [16]

(x,z)=®(x, z)+J<I>(x, y)[kzn0 —(kzn(y)+ p(y))]l‘(y, z)dy .

D

Thus F(X, z) is a basic solution for the equation 48. From the Theorem 8.3 given in [16], the solution

of I'(x,z)is asolution of the following problem

Aw+(K’n+p)w=0, X € IR? (61)
w(x)=d(X,2)+w (x) (62)
Iim«ﬁ(aws—ika]:O. (63)
r—o or

With the change of variables u(Xx)=\/n(x)w(x), the problem 61-63 is takes form

V.(EVuj+k2u:0, x € IR? (64)
n

u(x):m®(x,z)+us(x), (65)

where u°(x) satisfies the Sommerfeld radiation condition 10.

17
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From the Theorem 8.7 given in [16] and the condition (ii) of 5, the problem 64-65 has at most one
solution. Thus, the orijinal problem 61-63 has at most one solution and the Fredholm alternative
[18] guarantee the existence of a fundamental solution for the equation 48.

Secondly, we will give the following lemma.

Lemma4.1. Let D be a bounded domain with C*(D), X" oD andB, = {x e IR? :‘x—x* < R}
If the function ueC*(D)NC’ (5) is the solution of the following equation
1 2 .
V.| =Vu [+ku=0 in D, (66)
n
then there exists a constant C > 0 such that
ou
ul <C||— +u ; . (67)
c(ép) ( ov (o) C(aD\BR)

Proof. The proof can be done in the similar way to proof of Lemma 4.4 given in [19]. Let
AeC (8D) be positive function with support 0D\ B, . Now, we will show that any solution

of equation (66) satisfying the boundary condition

d_ Aku =g (68)
ov

must vanish identically in D . We suppose that the solution of the problem 66 and 68 is not unique i.e.
let U=u, —U,. Thus the function U satisfy the homogeneous boundary condition

a—u—}bku =0. (69)

ov

We take the homogeneous problem 66 and 69. By applying the divergence theorem to the function

1
u (—Vuj and then taking imaginary parts, we have
n

Imj [—k2|u|2+%|Vu|2}dy:ImniJ‘/Ik|u|2ds(y). (70)
oo

D

18
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From Im1 <0, the left-hand of equation 70 is negatif or zero. From ImA >0 and n, € IR on oD,
n

the right-hand of equation 70 is positive or zero. Moreover, since A =0, u=0 on oD\By, the

boundary condition 69 implies that S—U:O. From the unique continuation principle, we obtain that
1%

u=0 in D. Thus, the problem 66 and 68 has at most one solution.

To show existence of the solution of the boundary value problem 66 and 68, we use the inverse
operator’s existence theorem [18]. Firstly, we define the function

n(x)

0

D, (x,y)= r(xy)

and let this function be the fundamental solution to equation 66. With the function @ in the operators
S and K* which were defined in the operators 29 and 31 replaced by @, . Therefore, for g €C (8D)

, we define the function

u(x):J-CDl(x,y)(/ﬁ(y)ds(y), xeIR?\D.

oD

The function U restricted to D solves the problem 66 and 68. The function ¢ satisfies the integral
equation

K'é+p—kSp=2g onaD. (71)

This integral equation is obtained from the jump relations and the boundary condition 68. If g =0,

. . . R o _ ou -
since U=0 in D, from the unique continuation principle, then u = 8_ =0. From the continuity of

1%

the single-layer potential and the uniqueness of the solution of the exterior Dirichlet problem given in
ou” . . . ou" ou”

[16], we have that u” =u" = =0. From the jump relations, we obtain that ——=—9.
ov ov ov

Thus, ¢ =0. This ensures the existence of the solution. That is, since the homogeneous equation

(I + K’ —Ak8)¢ =0 has to the solution ¢ =0, the operatér | + K' — AkS is injective. Thus, from

the inverse operator’s existence theorem, the inhomogeneous equation 71 for all g € C(@D) has a

unique solution and the solution depends continuously on the function ¢ . Since the inverse operator
-1

(I +K' —ikS) C(0D)—>C(0D) exists and bounded, then the constant C, >0 exists such that

ul

C(aD) < C1 ”g”c(ao) ' (72)
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From the boundary condition 68 and since the function A is support 0D \ By, then

8—u—/iku

ov

<au

c(oD)

+ C”u“c(aD\BR) ! c>0.
C(eD)

[9leico) =

Writing the last inequality in the inequality 72, we get the inequality 67.
Teorem 4.2. If the sequences U, ; and u; are solutions of the interior boundary value problem

Auy +k?,; =0, inD (73)
V.(quj}rkzuj =0, inD (74)
n

Uy —U, :—d)o(.,yj), on oD (75)
ou, . ou. oD, (., V.

_li_i"_i+ﬂkuofuiw =__;ﬂ_ﬁ)_um%(yﬁ, on D (76)
ov. n, ov Toon, ov

Then
!I—EQHUOJ cl(ep) = (77)

where the sequences Y, are defined by
* R *
wzy—TvU) (78)

for R >0 is sufficently small and y* is a point on oD .

Proof. We assume that there exists a positive constant C, such that

HUO’j j—ooo (79)

cl(ep) =G,

For R>0 sufficently small and y* € 0D, we take the set of points in IR \D defined with the
sequences

Z, = y*+?v(y*) .
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Let’s define the sequence
uj=uj+«/ﬁr(.,zj) in D. (80)
From the boundary condition 75 and the sequence 80, we obtain

uovj—uj:—[GDO(.,yj)jL\/EF(.,ZJ)} on oD. (81)

Again from the boundary condition 76 and the derivative of the sequence 80 in the direction v, we
obtain

ov. n, ov ov \/a ov

1

—zk{cpo(.,ymﬁr(.,zj)} on oD. (82)

0

auo"i%+lk(uo,iUJJ=[a®O(”yJ)+ L GF(.,ZJ)]

The right-hand of equations 81 and 82 are defined, respectively, by the sequences

fj :<D0(.,yj)+\/al“(.,zj) on 0D,

gj:6®0("yi)+ 1 ar("zj)+,1k{®o(.,yj)+il“( z )} on dD.

ov \/E ov \/E v

Let the disk B, and A be as defined as the Lemma 4.1. Then there exists a constant ¢, > 0 such that

|1

< sup ‘@O(.,yj)‘-i- sup ‘\/EF(.,Z])‘SCZ. (83)

C(D\Br)  cop\Bg <oD\Bg

The norm of sequence g; is given by the following inequality

zk{@o(.,yj)+ﬁf(-'zj)}

Taking the first norm on the right-hand of the above inequation and using as in the proof of Lemma
4.2 [8], there exists a constant ¢, >0 such that

a®0(.,yj)+ 1 8F(.,zj)
ov n, ov

ng‘c(ao) <

c(éD)

6@, (. y;) 1 ar(.z)] <c. .
ov H ’

‘ ov +\/E

c(ép)
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Thus, the A4 with support 6D \ B, there exists a constant ¢, > 0 such that

zk{@o(.,yj%ﬁf(uzj)}

From the Lemma 4.1, there exists a constant ¢, > 0 such that

; <C,+ su
Hngc(aD) 3 .eaD\F;R

<c,. (84)

ooy = 5| el Ho (85)
aD\BR) ov ()
From the boundary condition 75, the assumption 79 and the inequality 83, we obtain
Huj Hc(aD\BR) = Huo’j ‘ C(D\Bg) + H fi HC(@D\BR) SGHG. (86)

From the boundary conditions 75, 76, the equation 81, the assumption 79, the inequalities 84 and 86,
there exists a constant ¢ > 0 such that

_86“ S o IR 1 I Y I
éD) C(eD)
OU,
<|ny| ail c(@D)JrH/IkUO'jH o +|- /Iku‘ 7D\BR)+|nO|C4£C6' (87)

When we write the inequalities 86 and 87 in the inequality 85, we obtain the following inequality

Hu j”c(ao) <c¢, , ¢, >0. (88)

For the sequence f , we have

H fi Hc(aD) - HCDO ) \/>F( )‘

sl

c(ep) :Huj UOJH Hu ‘ (D)

C(oD)

From the assumption 79 and the inequality 88, H fj HC@D) is bounded which is a contradiction. Because

f, is nondefined in 0D N By and bounded according to the norm on C(oD\Bg). Therefore,

Huo . is unbounded as j — 0.
JicY(ap)
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To formulate the linear method for the solution of the inverse scattering problem, we will benefit
. . . . . X .
from the information about the far-field model u_(X,d), where X = |— and d are unit vector on the
X

unit circle Q. Recall that for this end, the Herglotz wave function in the form

v, (x)= I &9 (d)ds(d) (89)
Q
is a solution of the Helmholtz equation , where g € L* (Q) is the kernel of v, . Our aim is to show that

there exists a function g =g ( Y ) e L, (€) such that

iz

7
Iuw(k,d)g (d)ds(d)- \78ﬂ_4ke_'kx'yj <g for Ve>0,

o ()

where y; € D is defined by sequence 78. We will also show that itis lim

J—>x©

Hg ( yj)HLZ(Q) = o0, Thus,

the boundary of D is characterized by points where the norm Hg ( Y; )HLZ(Q) is unlimited.

Theorem 4.3 There exists ¢ = ¢ ( Y ) e L*(€) such that

72
Iuw(*,d)g(d)ds(d)—\/eﬁe_'kx'y" <g, for Ve>0 (90)
Q d 3(Q)

=o0. Moreover, if v, is the Herglotz wave function defined by function

and lim|g(.y;)

1*(Q)

L2(D) B

89, then I_imva ( yj)

]

Proof. From Theorem 3.3, the interior boundary value problem 73-76 has a solution which is not
generally a Herglotz wave function. However, a Herglotz wave function Uo,j with kernel g is

shown to exist and this function approaches U, ; in Cl(B) given in [8,11]. Let u, be show the total

field, solving the original exterior boundary value problem 6-10, and the functions u, and u” be defined

Ug (Y)=U,(y,—X) and u”(y)=u(y,—X), respectively. From the reciprocity relation [16] and the

far-field pattern u_(X,d), we obtain
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Q Q

j{%wfjf

_ gy a@iﬁ(y)} ds(y)} g (d)ds(d)

ou,

e . 8U01j
S {%w>&/w>
oD

Ug ; in (0% (5) , the integral on the right-hand of equation 91 become

.‘[Ué(y)ags"’ (v)- zuv (Y)Us; (y)}ds(y) zﬂu

Since U

oD oD

26 ()00, () es().

(V)72 ()-3

(91)

ou, ou,

wwwwﬂ¢wy

14

Applying the conditions 75-76 and then the conditions 8-9 , respectively, the last equation is in the form

below

J[ss00 7220w, ) sy~ 2 [

oD oD

ou, ou”

D52 ) ()

19 S )0, (1) fs(y)- ©

Let's apply the Divergens theorem to the first integral on the right hand of equation 92. We get

—j{ ) H0)- 2 (), ()| 8)

1

D

- [Tur=(=?u, (v) -

D

=.' {div[ (y,—X)WVuj(y)}—div{uj(y)ﬁVu

uj (y)(—kzu(y,_x))de -0.

—Vu(y,—i)v(y)}ds(y)

ol

(93)

From the Helmholtz representation and the Green’s formula, the last integral in the right-hand of

equation 92 is

Huo(y,—x)afi (y,yj)—%(y -R)® o(y,yj)} ds(y) =ty (y,,—%) =e ™.

ob

24
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From the equations 93 and 94, the equation 92 is in the form below

aU0j 0 —ikR.y;
J {0752 -2 (s, () sty @)

oD

When we write the equation 95 in the equation 91, we get

iz

j U, (% d)g (d)ds(d) ~ j&r_‘lke“-“ .

Hence there is a function g e L*(€Q) that satisfies the equation 90. We assume that Hg ( yj)

Q

(o) IS

is bounded as j — o

bounded as j — oo. Hence HUo,j

is bounded. This implies that Huovj

c'(p) c'(p)
. This result is contradict with the Theorem 4.2. Thus, the theorem is proved.
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Abstract

Residuated relational systems have been the focus of many researchers in the past decade. In this
article, as a continuation of [9], we focused on residuated relational systems (A,-, —, 1, A) ordered
under co-quasiorder relation ’ 4 / within the Bishop’s constructive framework. In this report we give
some new results on co-filters in such relational systems by more depth and deeper analyzing of the
connection between the internal operation ’ -/ and ’ — ’ with the co-quasiorder relation.

Keywords: Bishop’s constructive mathematics; Set with apartness; Co-quasiordered residuated
system; Co-filter.

MSC 2000: 03F65, 08A02.

1 Introduction

Although in the last decade the concept of residual relational systems is in the focus of many
researchers (for example, [3, 4]), there are still not many research reports on such algebraic structures.

Definition 1.1. ([4], Definition 2.1) A residuated relational system is a structure A = (A,-, —, 1, R),
where (A,-,—,1) is an algebra of type (2,2,0) and R is a binary relation on A and satisfying the
following properties:

(1) (A,-, 1) is a commutative monoid;

(2) (va € A)((a,1) € R);

(3) (Vz,y,z € A)((x-y,2) € R<= (z,y — z) € R).
They referred to the operation ’ - / as multiplication, to ’ — ' as its residuum and to condition (3) as
residuation.

The concept of residual relational system ordered under a quasi-order relation can be found in
Bonzio’s dissertation [3] from 2015 and in one of his articles [4] from 2018 (done together with I.
Chajda). In the forthcoming articles [11, 12] this author introduced and analyzed concepts of ideals
and filters in such systems. In the aforementioned texts, authors observed the relational system
(A,-,—,1, R) where R was a quasi-order relation.

In our article [9], we are developed this concept within the Bishop’s constructive framework
[1, 2, 5, 6, 13]. Observed and analyzed is residuated relational system with a set with apartness as
the carrier of the algebraic construction, and additionally R was a co-quasiorder relation on the set A.
With this article, as a continuation of our article [9, 10], we complements our researches on algebraic
structures within Bishop’s principled-philosophical orientation (see, for example [7, §]).
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The Constructive algebra abounds in specific behavior of algebraic structures determined on sets
with apartness. Additionally, the ordered algebraic structures constructed on sets with apartness are
also very interesting. Particularly, there is a possibility that an algebraic structure is ordered under a
co-order (under a co-quasiorder) relation instead an order (or a quasi-order) relation.

In this article we continue our analysis of co-quasiordered residuated systems launched in [9] and
[10]. Second, we continue to analyze the concept of co-filters in such systems and proved some new
properties of this concept.

2 Preliminaries

2.1 The research framework

The setting of this research is the Bishop’s constructive mathematics [Bish] in the seance of the
following books [1], [2], [5], [6] and [13] - a mathematics based on the Intuitionistic logic [IL] (See [13])
and principled-philosophical orientation on Bishop’s constructive mathematics.

Let (S,=,#) be a constructive set in the sense of Bishop [1], Mines et all. [6], Troelstra and van
Dalen [13]. On set S = (S5, =,#) in this mathematics we look as on a relational system with an one
binary relation extensive with respect to the equality in the following sense

—o#C#and #£0=C#

where “ o / is the standard operation between relations. The relation # is a binary relation on S with
the following properties:

“(x # ) #F y = y # vx F 2z = v #F yVy # z
x #F oy Ny = z = x F# z

It is called apartness. Let S and T be two sets with apartness, then the relation # on S x T is
defined by

(zy) # (wv) <= (@ # uw Vy # v
for any xz,u € S and any y,v € T.

Let Y be a subset of S and z € S. We put it the following notation < as a relation between an
element x and subset Y with (For more details on this relation, the readers can see the following texts
(7, 8))

zY <= (WeY)(z#vy).

Following the orientation in books [1], [2], [5] we define a subset
Y9 ={zeS:zaY}
of S called the complement of Y in S.
For subset Y of S we say that it is a strongly extensional subset if
Vx,yeS)(yeY =ax#y V z€Y).
For a relation R on S it is called a strongly extensional if
(Vx,y,z,u € S)((z,y) € R = ((z,y) # (z,u) V (z,u) € R))

holds. For example, for a mapping f : S — T it is called a strongly extensional (shortly: se-mapping)
if holds

(V,y € S)(f(x) # f(y) = = #y).
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2.2 Co-quasiorder relation

The constructive notion of a co-quasiorder relation is the dual notion to the classical notion of a
quasi-order relation. Let (S, =,#) be a set with apartness. A consistent and co-transitive relation £
defined on S is called a co-quasiorder ([7, 8]):

Ve,yeS)(x Ay = x#vy) (consistency)

(Ve ,y,z€S)(x Az = (x Ay VyA£z)) (co-transitivity).
We accept that the empty set () is also a co-quasiorder relation on set S. The strong complement A<
of a co-quasiorder £ has the well known property.

Lemma 2.1. ([7], Lemma 2.2) If A is a co-quasiorder on S, then the relation A9= {(z,y) € S x S :
(x,y) <o} is a quasi-order on S.

2.3 Co-quasiordered residuated systems

In our papers [9, 10], following the ideas of Bonzio [3] and Bonzio and Chajda [4], we introduced
and analyzed the notion of residuated relational systems ordered under a co-quasiorder - a residuated
relational systems A = (A,-,—, 1, R) where R is a co-quasiorder relation on set (A,=,#). In the
article [9] we introduced and analyzed the concept of co-filters in such systems, and in the text [10]
we introduced and analyzed the concept of co-ideals.

If R is a co-quasiorder relation on set (A, =, #), then the axiom (2) in Definition 1.1 gives (1,1) €
R C # which is a contradiction. That is why we transformed this axiom into the next formula

(2) Vz e A)(x #1 = (z,1) € R).
Let (A,=,#) be a set with apartness. A co-quasiordered residuated system is a residuated relational
system A = (A, -, —, 1, R), where the axiom (2’) is replaced by (2) and where R is a co-quasiorder on

A.

Definition 2.1. ([9], Definition 2.1) A co-quasiordered residuated relational system is a structure
A=(A,-,—,1,4), where A = (A, =,#) is a set with apartness and where (A4, -, —, 1) is an algebra of
type (2,2,0) and A4 is a co-quasiorder relation on A and satisfying the following properties:

(1) (A,-, 1) is a commutative monoid;

(2) (Ve eA)(z#£1 =z £1);

(3) (Vx,y,z€ A)(x -y Az <= =Ly — 2).
We will refer to the operation ’ - / as multiplication, to ’ — ' as its residuum and to condition (3) as
residuation.

Apart from the difference in the carrier of this constructed algebraic structure, the difference
between the residuated relational system in our definition and the definition in texts [3, 4] is in the
strong extensionality of the internal binary operations in A. Let us note that the internal operations
".7and’ — ' are total strongly extensional function from A x A into A:

(Va,b,a', b € A)(a-b#d -V = (a,b) # (d,V)),
(Va,b,a’,b' € A)(a — b#d — bV = (a,b) # (d',V)).

Proposition 2.1. ([9], Proposition 2.3) Let 2 be a co-quasiordered residuated relational system.
Then
(Vz,y € A)(z Ay < 1#z —>y).

!/

In the following theorem we shown that the co-quasiorder ’ £ ’ is compatible with the internal

operation - /.

Theorem 2.1. ([9], Theorem 2.1) Let 2 be a co-quasiordered residuated system. Then
(Vx,y,a, b€ A)((a-x Aa-yVa-bAy -b) = zALy).

In the following theorem we shown that the co-quasiorder ' 4 ' is left compatible and right

anti-compatible with the internal operation ' — ’.
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Theorem 2.2. ([9], Theorem 2.2) Let 2 be a co-quasiordered residuated system. Then

(a) (Vz,y,a € A)(a —x LAa—y = xAy).

(b)) (Vo,y,b e A)(y = b Az —b = xAy).

Speaking by the language of classical algebra, when we speak of the compatibility of the internal
binary operations ' -/ and ’ — / with the relation ’ 4 ’, we mean on the cancellativity of these
operations with respect to’ 4 .

The algebraic system ordered under co-quasiorder relation thus determined was in the focus of
our forthcoming work [10], also.

3 Further developing the idea of co-filters

The following is valid
Lemma 3.1. Let (A, -, —, 1, £) be a co-quasiordere resuated system. The relation £9 is a quasi-order
on the monoid (A, ) compatible with the internal operation in A.
Proof. As is known (see, for example [7], Lemma 2.1), A< is a quasi-order relation on the set A. Let
z,vy,a,u,v € A be arbitrary elements such that z 4< y and v 4 v. Then

uha-xVa-zrzLayVayALu

by co-transitivity of A. Thus v # a-x V a -y # v because the option a - x £ a -y implies x £ y by
Theorem 2.1 and according to consistency of 4. So, we have (a - z,a-y) # (u,v) €A. This means
a-x A9 a-y. Therefore, the relation £< is left compatible with the internal operation in A.

The implication of z £ y = x-a £¥ y - a can be prove by analogy with the previous evidence. m

Corollary 3.1. If 4N 4=, then
(4) (Vx € A)(1 A9 x) and
(5) (V2,5 € A)x A 2y and y A7 2 -y).
Proof. Let x,u,v € A be arbitrary elements such that v £ v and x # 1. Then x £ 1 by (2’) and

uhdv = (uhL1V 1Lz VaLv).

Since the second option is impossible because = 4 1 and 4 N A~ 1= (), we have (1,2) # (u,v) €4. So,
it means 1 £ z.
Since 1 £ x by the first evidence of this proof, it follows 1 -y 4< x -y by Lemma 3.1. So, y A< z -y
holds. The claim y A< z -y can prove by analogy to the previous claim. m

It should be noted here that the condition 4 N 4~'= ) is not always satisfied. In what follows,
we will always assume that this condition is fulfilled.

It is shown in [9], Proposition 2.1, that condition (3) implies condition
(6) (Vz,yz € A)(x -y £A¥ 2z <= x £ y — 2).
Naturally, the reverse implication does not valid in general case.
In our forthcoming article [10], Proposition 5, is proven.

Proposition 3.1. Classes L(a) = {y € A:a £y} (a € A) are strongly extensional subsets of A
such that a <t L4(a), 1€ L4 (a) and following formula is valid

(L) (Vu,v € A)(v € Ly(a) = (uAv V uc Ly(a))).

In addition, these left classes of the relation £ have the following properties:

Proposition 3.2. Let (A, -, —,1, 4) be a co-quasiordere resuated system with £ N A7 '= () and
a,b e A. Then

(1) (Ya.y € A)w-y € Ly(a) = (€ Ly(a) Ay € Ly(a)))

(8) (Vz,y € A)(z Ay = = — y € Ly(a));

(9) Li(@)UL4(b) € Ly(a-b).
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Proof. (7) Let x,y € A be arbitrary elements such that z -y € Ly(a). Then a A = -y. Thus
afxVxAr-yanda ALy V yA£x-y by co-transitivity of 4. Since the second option is impossible
by (5), we have x € L4(a) and y € L4(a).

(8) Let z,y € A arbitrary elements such that x £ y. Then z £ a-x V a-x £ y by co-transitivity of
4. Thus a -z £ y because the first option is impossible by (5). So, a £ x — y by (3). Therefore,
r—y € Ly(a)

(9) Ift € L4(a), thena At. Thusa Aa-bV a-bAy. So, we have t € L,(a-b) by (5). From this
follows L, (a) U L4(b) € L,(a-b) immediately. m

Corollary 3.2. Let (A, -, —, 1, 4) be a co-quasiordere resuated system with AN A7 1= 0 and a € A.
Then

(10) (Vz,y € A)(y € Ly(a) = (x —y € Ly(a) V x € L(a))).
Proof. Let z,y € A be arbitrary elements such that y € L;(a). Then z £y V 2 € Ly(a) by (L).
Thus x — y € Ly(a) V x € Ly(a) by (8). =

In the article [9], we have developed the idea of co-filters in these algebraic systems. In addition,
we have shown some of the significant features of these substructures in a residuated relational system
ordered under a co-quasiorder.

Definition 3.1. (][9], Definition 2.2) A subset G of A is a co-filter of a residuated system 2 ordered
under a co-quasiorder 4 if the following conditions hold

(Gl) Vz,ye A)(z-ye G=2€ G V yeG);

(G2) (Va,yc A)(ye G= (z Ay V z €q).

Condition (G1) speaks that a co-filter G is a co-subgroupoid in (A4, -).

Lemma 3.2. (][9]) Any co-filter G of a co-quasiordered residuated system 2l is a strongly exten-
sional subset in A.

Our first theorem correlate condition (G2) to condition (G1).

Theorem 3.1. Let 2 be a co-quasiordered residuated system and G be a co-filter in 2. Then
(G2) = (G1).

Proof. Let xz,y € A be arbitrary elements such that z-y € G. Then ¢ £ z-y V x € G by (G2).
Since the first option is impossible by (5), we have z € G. The second part z -y € G = y € G of
the proof of this theorem can be obtained analogously to the first part. m

Corollary 3.3. Any co-filter G of a co-quasiordered residuated system A = (A,-;1,—, ) is a
consistent subset in A.

Corollary 3.4. If G is a non empty co-filter in a co-quasiordered residuated system 2, then 1 € G.

Theorem 3.2. Let A be a co-quasiordered residuated system and G be a subset of A. Then the
condition (G2) is equivalent to the condition

(G3) (Vx,y,z€ A)(z€ G = (zAy—2zVz -yecq)).
Proof. (G2) = (G3): Suppose (G2) holds and let x,y,z € A be arbitrary element such that z € G.
Then 2 € G = (x-y4AzVax-yeG). Thusx Ay — 2z V xz-y € G by (3). So, the condition (G3)
is proven.
(G3) = (G2). Opposite, let the condition (G3) be a valid formula in 2 and let =,y € A be arbitrary
elements such that y € G. Theny € G = (r £ 1 —>y V x-1 € G by (G3) where we put z = 1.
Thusy€e G = (x Ay V =z € G) by (1) and (3). So, the condition (G2) is a valid formula in . m

Subsets L,(a) (a € A) are co-filters in a residuated relational system 2 ordered under a co-
quasiorder £ according to (L) and (7), Therefore, the family &(A) of all co-filters in  is not empty.

Theorem 3.3. The family &(A) of all co-filters of a co-quasiordered residuated system 2 forms a
complete lattice.
Proof. (i) Let 2,y € A be arbitrary elements. Thus
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yelUB <= (IG € ®)(y € G)
= (3G eB)(z Ay V ze€l)
— Ay V zelJ&.
(ii) Let B be the families of all co-ideals contained in [ ®. Then (B is the maximal co-filter contained
in [ &, according to the first part of this evidence.
(iii) If we put U6 = |J® and NG = | J*B, then (&(A),L, M) is a complete lattice. m

Corollary 3.5. For each subset B of A, there is the maximal co-filter of 2 contained in B.

Corollary 3.6. For elements aq,...,a, € A, there is the maximal co-filter K of 2 such that a; < K,
ey G < K

If T is a subset of A, then (J,c L4 (%) is a co-filter in 2, by Theorem 3.3. We call such a co-filter
a normal co-filter. We will write TV = (J,cp L 4(t) in this case.

Proposition 3.3. Let 2 be a co-quasiordered residuated system. Then the union of any family of
normal co-filters in 2 is a normal co-filter in .

Proof. The assertion of this proposition is a direct consequence of the following equality (|J,c; Ti)U =
Uier T/ - m

Corollary 3.7. The family of all normal co-filters in 2 forms join semi-lattice.
However, the intersection of two normal co-filters is not a co-filter in the general case.

In the following proposition we give one upper measure for a non-empty co-filter.

Proposition 3.4. For any non empty co-filter G in a co-quasiordered residuated system 2 the
following G C |, Lx(a) holds.

Proof. Let a € A be an arbitrary element such that a <<G. Then from t € G follows a £tV a € G by
(G2). Since the second option is impossible by hypothesis, we have t € L4(a). Thus G C J, o L4(a).

|
In order to offer one lower measure of a co-filter in a co-quasiprdered residuated system 2, we need
the notion of right class R (b) of relation A generated by the element b € A: R(b) = {x € A:x A b}.

Proposition 3.5. For any non empty co-filter G in a co-quasiordered residuated system 2 the
following (Jycr R(b)® € G holds.

Proof. Let t € A be an arbitrary element such that ¢ € |J,co R(b)<. Then there exists an element
b € G such that t < R(b). Thus from (G2): b€ G = (t £b V y € G) follows t € G because —(t £ b)
by the hypothesis. Therefore, we have |, R(D)Y € G. =

4 Final reflection

Bishop’s constructive mathematics includes the following two aspects:

(1) The Intuitionistic logic and

(2) The principled-philosophical orientations of constructivism.
Intuitionistic logic does not accept the TND principle as an axiom. In addition, Intuitionistic logic
does not accept the validity of the 'double negation’ principle. This makes it possible to have a
difference relation in sets which is not a negation of the equality relation. Therefore, we accept that in
Bishop’s constructive mathematics we consider set S as one relational system (S,=,#). In Bishop’s
constructive algebra we always encounter the following two problems:

(a) How to choose a predicate (or more predicates) between several classically equivalent ones by
which an algebraic concept is determined.
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(b) Since every predicate has at least one of its duals, how to construct a dual of the algebraic
concept defined with a given predicate(s).

In this case, we are faced with the problem of describing a residuated relational system based on
a set with apartness as the carrier for constructing an algebraic structure. By our orientation that in
this construction, groupoid (A, -) is ordered under a a co-quasiorder relation instead of a quasi-order
relation, a significantly different logical-sets framework is formed. In addition to the above, in this
report we have described some of the important features of a class of substructures (in this case - the
class of co-filers) in residuated relational systems constructed on sets with apartness in which both
internal binary operations are strongly extensional functions.

The problem encountered by authors working within Bishop’s constructive framework is that when
developing concepts of new ideas and defining their interrelationships with respect to the permissible
rules of conclusion in [IL], they must always strive for the results obtained to be correlated with the
corresponding results that exist or can be obtained in the classical case.
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Abstract

The main purpose of this paper is to investigate ordered I'-semihypergroups in the general terms
of ordered I'-hyperideals. We introduce ordered (generalized) (m,n)-I-hyperideals in ordered T'-
semihypergroups. Then, we characterize ordered I'-semihypergroup by ordered (generalized) (0,2)-T-
hyperideals, ordered (generalized) (1,2)-I'-hyperideals and ordered (generalized) 0-minimal (0,2)-T"-
hyperideals. Furthermore, we investigate the notion of ordered (generalized) (0, 2)-bi-I’-hyperideals,
ordered 0-(0,2) bisimple ordered I'-semihypergroups and ordered 0-minimal (generalized) (0, 2)-bi-I'-
hyperideals in ordered I'-semihyperoups. It is proved that an ordered I'-semihypergroup S with a zero
0 is 0-(0, 2)-bisimple if and only if it is left 0-simple.

Keywords: Algebraic hyperstructure; I'-subsemihypergroup; bisimple; ordered I'-semihypergroup;
ordered bi-I-hyperideal; ordered (m,n)-I'-hyperideal; ordered (0, 2)-I-hyperideal.
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1 Introduction

The theory of (m, n)-ideal in semigroups was given by Lajos [44] as a generalization of left(resp. right)
ideals in semigroups. Thereafter, the notion of generalized bi-ideal [(or generalized (1,1)-ideal] was
introduced in semigroups also by Lajos [43] as a generalization of bi-ideals in semigroups. Then,
various authors investigated these concepts [1], [2], [19], [27], [28], [29], [30], [31]. Akram, Yaqoob
and Khan studied (m,n)-hyperideals in LA-semihypergroups [25]. Hila et al. [23], [47] investigated
quasi-hyperideals and bi-hyperideals in semihypergroups.

The concept of hyperstructure was given by Marty [20], at the 8th Congress of Scandinavian
Mathematics. He formulated hypergroups and began to derive its properties and results. Now, the
notion of algebraic hyperstructures has become a highly fruitful branch in algebraic theory and it has
wide applications in various branches of mathematics and applied science. For detailed review of the
notion of hyperstructures, readers are referred to [8], [13], [18], [23], [33], [35], [37], [38], [39], [40], [42].
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Recently, Basar et al. studied different aspects of ideal theoretic results in ordered semihypergroups

[31, [4], [5], [6], 7] [41].

Later on, many algebraists have developed semihypergroups as the simplest algebraic hyperstruc-
tures with closure and associative properties. Semihypergroups (hypergroups) have been found useful
for dealing with problems in different domains of algebraic hyperstructures. Many mathematicians
studied various aspects of semihypergroups (hypergroups), for instance, Kondo and Lekkoksung [26],
Bonansinga and Corsini [35], Leoreanu [49], Davvaz [8], Pibaljommee and Davvaz [9], Davvaz [10], [11],
Freni [14], and Salvo [32]. The applications of semihypergroups (hypergroups) to areas such as graph
theory, optimization theory, theory of discrete event dynamical systems, automata theory, generalized
fuzzy computation, formal language theory, coding theory and analysis of computer programs have
been extensively studied in the literature [12].

Then connection between hyperstructures and ordered sets has been investigated by many re-
searchers. Heidari and Davvaz [15], [18] studied ordered hyperstructures. One main aspect of this
theory, known as El-hyperstructures, was studied by Chvalina and Novak [21], [34]. Conard studied
ordered semigroups [36]. The concept of ordered semihypergroups was studied in [9], [22], [47], [48].
Heideri et al. [16], [17], [45], [46] studied I'-semihypergroups. We assume that the reader is familiar
with some terminology in theory of semihypergroup and other related notions. What follows now are
some definitions and preliminaries in the theory of I'-semihypergroups that we need for formulation
and proof of our main results.

Let H be a nonempty set, then the mapping o : H x H — H is called hyperoperation or join
operation on H, where P*(H) = P(H) \ {0} is the set of all nonempty subsets of H. Let A and B be
two nonempty sets. Then a hypergroupoid (.5, o) is called a I'-semihypergroups if for every z,y,z € S

and o, 8 €T,
zoao(yofoz)=(xoaoy)ofoz,

U rowou = U vofoz.

UEyowoz vETONQOY

ie.,

A T-semihypergroup (5,0) together with a partial order ” < ” on S that is compatible with I'-
semihypergroup operation such that for all x,y, z € S, we have

r<y=>zoaox<zofoyandxoaoz<yofoz,

ia called an ordered I'-semihypergroup. For subsets A, B of an ordered I'-semihypergroup S, the prod-
uct set AoI' o B of the pair (A, B) relative to S is defined as below:

AoTl'oB={aoyob:ac Abe B,y T},
and for A C S, the product set A oI o A relative to S is defined as A2 = AoT o A.
For M C S, (M]={s €S |s<m for some m € M}. Also, we write (s]| instead of ({s}] for s € S.

Let A C S. Then, for a non-negative integer m, the power of A is defined by A™ = Aol’'o Aol'oc Ao
I'oA---, where A occurs m times. Note that the power vanishes if m = 0. So, A%I'0S = 5 = Sol'oA°.

In what follows we denote ordered I'-semihypergroup (.5, 0,T", <) by S unless otherwise specified.

Suppose S is an ordered I'-semihypergroup and [ is a nonempty subset of S. Then, [ is called an
ordered right (resp. left) I-hyperideal of S if

(i) IoI'oS CI(resp. Sol'ol C 1),

(i) ac,b<aforbe S=bel.

Equivalent Definition:
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(i) IToT'oS C I (resp. SoTl'oI C1I).
(i) (I]=1.

An ordered I'-hyperideal I of S is both a right and a left ordered I'-hyperideal of an ordered I'-
semihypergroup S. A right, left or (two-sided) ordered I'-hyperideal I of S is called proper if I # S.

Definition 1.1: Let S be a I'-semihypergroup and A be a nonempty subset of S, then A is called a
generalized (m,n)-I-hyperideal of S if A"T'STA™ C A, where m, n are arbitrary non-negative integers.
Notice that if A is a sub-I'-semihypergroup of S, then A is called an (m,n)-I'-hyperideal of S.

Definition 1.2. Suppose A is a sub-I'-semihypergroup (resp. nonempty subset) of an ordered
I'-semihypergroup S. Then, A is called an (resp. generalized) (m, n)-I-hyperideal of S if (i) A™oT' o
Sol'o A" C A, and (ii) forbe A, s€ 5, s<b=sec A

Observe that in the above Definition 1.2., if we put m = n = 1, then A is called an ordered
(generalized) bi-I'-hyperideal of S. Furthermore, if m = 0 and n = 2, then we find an ordered
(generalized) (0,2)-I-hyperideal of S. In a similar manner, we can derive an ordered (generalized)
(1,2)-I-hyperideal and an ordered (generalized) (2, 1)-I-hyperideal of S.

Let (S, 0,T", <) be an ordered I'-semihypergroup and A, B be nonempty subsets of S, then we easily
have the following:

(A] = ((A];

If A is a nonempty subset of S, (42U Aol'oSoI' 0 A?] is an ordered (generalized) bi-I'-hyperideal
of S, we depict the proof of it as follows:
(A2UAoTo0SoTo0A?%]=(A2UAoT oS0l o A?
and (A2UAoTloSoTo0A?|ol'oSoTo
(A2UAOFOSOFOA2]
= (A?UAoloSoloA?olo
(S]oTo(A2UAoTl0SoTl o A?
C(A%20To0SoloA?U A%
IF'oSoloAol'oSoloA%U Ao
FoSoloA%20T oS0l
0A2UAoT oS0l o0A%0T
oSoFvoFoSoFoA2]
C(AoToSoTl oA
C (A2UAoToSoTl o A%,
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2 Main Results

In the current section, we now study ideal theory in ordered I'-semihypergroups. We obtain many
equivalent conditions based on ordered I'-hyperideal, ordered (0, 2)-I'-hyperideal, ordered bi-I'-hyperideal.
We begin with the following:

Lemma 2.1: The following assertions are equivalent for a subset A of an ordered I'-semihypergroup

S:
(i) A is an ordered (generalized) (0, 2)-I-hyperideal of S;

(ii) A is an ordered left I'-hyperideal of some ordered left I'-hyperideal of S.

Proof. (i) = (ii). Suppose A is an ordered (generalized) (0,2)-I'-hyperideal of an ordered I'-
semihypergroup S. Then, we obtain the following;:

(AUSoToAjoToA=(A2USol o A?
< (4]
= A,
and
((A] = (4],

therefore, A is an ordered left I'-hyperideal of ordered left I-hyperideal (AU S oI o A] of S.
(13) = (7). Suppose L is an ordered left I-hyperideal of S and B is an ordered left I'-hyperideal of L.
Then, we have

SoToA?C SoloLololoA
CLoToA
C A.

Suppose b € A and s € S are such that s < b. Asb € L, we get s € L and so s € A. Hence, A is an
ordered (generalized) (0, 2)-I-hyperideal of S.

Theorem 2.2. Let A be a subset of an ordered I'-semihypergroup S. Then the following results
are equivalent:

(i) A is an ordered (generalized) (1,2)-I’-hyperideal of S;
(i

)

) A is an ordered left I'-hyperideal of some ordered (generalized) bi-I’-hyperideal of S;
(iii) A is an ordered (generalized) bi-I'-hyperideal of some left ordered I'-hyperideal of S;

)

)

(iv) A is an ordered (generalized) (0, 2)-I’-hyperideal of some ordered right I-hyperideal of S;

(v) A is an ordered right-I'-hyperideal of some ordered (generalized) (0, 2)-I'-hyperideal of S.

Proof. (i) = (i7). Suppose A is an ordered (generalized) (1,2)-I'-hyperideal of S. This means A
is a sub-T-semihypergroup (nonempty subset) of S and AoT' o SoTl o A2 C A. Therefore,
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Clearly, if b€ A, s € (S?UAoT oS ol oA?] so that s < b then, s € A. Hence, A is an ordered left
I-hyperideal of ordered (generalized) bi-I-hyperideal (42U AoT o SoTl o A2] of S.

(73) = (i79). Suppose A is an ordered left I'-hyperideal of some ordered (generalized) bi-T-hyperideal
B of S. Recall that (AU S oI o A] is an ordered left I'-hyperideal of S. According to our hypothesis,

Ao(AUSol'oA]oB Jol'o(AUSoI'o A]loT' o (4]
UAOFOSOFOAQ]
AUAoTl'oSoTl'oAol oA

(A
(A
(
(AUAoT o A

NI N NN

=

Suppose b € A, s € (AU S oI o A] such that s < b. As, b€ A, b€ B. So, s € B and therefore, s € A.

Hence, A is an ordered (generalized) bi-I'-hyperideal of left ordered hyperideal (AU S oI o A] of S.
(791) = (iv). Suppose A is an ordered (generalized) bi-I-hyperideal of some left ordered I'-

hyperideal L of S. This implies that B C L, AoT'o L' oT'o BC A and SoI o L C L. Therefore,

(AUAoTo0S]oT0oA?>C (AUAoT 0S]o(A?
(A3UAoToSoloA?
(AUAoToSoLol oA
(4

(

UAoFoLoFoA]

N 1N 1N 1NN

IL

| =

Furthermore, suppose that b € A, s € (AUAoI'oS] such that s < b, sob € L. Then, s € L, therefore,
s € A. Hence, A is an ordered (generalized) (0,2)-I'-hyperideal of the ordered right I'-hyperideal
(AUAoT o S]of S.

(tv) = (v). Suppose A is an ordered (generalized) (0,2)-I'-hyperideal of some ordered right I'-
hyperideal R of S. This implies that A C R, RoT'o A2 C Aand RoI' oS C R. Then,

AoTo(AUSoT o A% ]oI‘o(AUSoFoA2]

A2UAoT oS ol o A?
AURoT oS0l o A
A

URoFoA2]

N 1N 1NN N

E

Let b€ A, s € (AUS oI o A%] such that s < b. Then, b € R, so s € R, thus s € B. Hence, B is an
ordered right I'-hyperideal of the (generalized) (0, 2)-I-hyperideal (BU S oT o B?] of S.

(v) = (7). Suppose A is an ordered right I'-hyperideal of an ordered (generalized) (0,2)-I'-
hyperideal R of S. This further shows that A C R, AocI'o R C A and SoI' o R?> C R. Then,
we have the following:

AoSoloA?2C AoToSol o R?
CAoR
C A.

Suppose b € A, s € S such that s < b. Since b € R, so s € B. Therefore, A is an ordered (generalized)
(1,2)-I-hyperideal of S. Hence, A is an ordered (generalized) bi-I'-hyperideal of S.

Lemma 2.3. A sub-TI-semihypergroup (nonempty subset) A of an ordered I'-semihypergroup S
such that A = (4] is an ordered (generalized) (1,2)-I’-hyperideal of S if and only if there exists an
ordered (generalized) (0,2)-I'-hyperideal L of S and an ordered right I’-hyperideal R of S so that
RoToIl?CACRNL.
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Proof. Suppose 4 is an ordered (generalized)(1, 2)-I-hyperideal of S. We know that (AUSol' 0 A?]
and (AU Aol o S| are an ordered (generalized) (0, 2)-I’-hyperideal and an ordered right I'-hyperideal
of S, respectively. Furthermore, assume L = (AU SoT 0 A% and R = (AU AoT o S]. Then, we have
the following:

ROFOL2Q(A3UA2OFOSOFOA2UAOFOSOFOA2UAoFoSoFvoFoSoFoA2]
C(A%UAoToSoT o A?
C (A] = A.
Hence, R C RN L.

Conversely, suppose R is an ordered right I'-hyperideal of S and L is an ordered (generalized)
(0,2)-T-hyperideal of S so that RoT' o L? C A C RN L. Then, we have the following:

AoToSoloA’C (RNL)oTl'oT'oSoTlo(RNL)oT'olo(RNL)
CRoloSololL?
CRololL?
C A

Hence, A is an ordered (generalized) (1,2)-I'-hyperideal of S.

Definition 2.4. An ordered (generalized) (0,2)-bi-I'-hyperideal B of S is called 0-minimal if
B # {0}, {0} is the only ordered (generalized) (0, 2)-bi-I-hyperideal of S properly contained in B.

Lemma 2.5. Suppose L is an ordered 0-minimal left I'-hyperideal of an ordered I'-semihypergroup
S with 0 and I is a sub-I'-semihypergroup (nonempty subset) of L such that I = (I]. Then, I is an
ordered (generalized) (0, 2)-I'-hyperideal of S contained in L if and only if (IoT'oI] = {0} or I = L.

Proof. Suppose I is an ordered (generalized) (0,2)-I-hyperideal of S contained in L. As (Sol'oI?]
is an ordered left I-hyperideal of S and (S oI o I?] C I C L, we obtain the following:
(SoToI?]={0}or (SoTol? ={L}.

If (Solol? =L, then L =(Solol? C (I]. So, I = L. Suppose (So 1% = {0}. As So (I?] C
(SoT oI? = {0} C (I?%, then (I?] is an ordered left T-hyperideal of S contained in L. By the
minimality of L, we obtain (I?] = {0} or (I?] = L. If (I?] = L, then I = L. Therefore, I? = {0} or
I =1L

The converse part is straightforward.

Lemma 2.6. Suppose M is an ordered 0-minimal (generalized) (0,2)-I-hyperideal of an ordered
[-semihypergroup S with a zero 0. Then (M?] = {0} or M is an ordered 0-minimal left T-hyperideal
of S.

Proof. Since M2 C M and

Sol'o(M??=So0To(M*ol o (M
C(SoToM? ol o (M?
C (M]oT o (M?]
C (M.
Then, we obtain (M?] is an ordered (generalized) (0, 2)-I'-hyperideal of S contained in M. Therefore,
(M?] = {0} or (M?] = M. Suppose (M?] = M. Since
SoM =SoTlo(M?
C (Sol'oM?
C (M] =M.
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It follows that M is an ordered left I'-hyperideal of S. Suppose B is an ordered left I'-hyperideal of S
contained in M. Therefore,

SoTloB?C B?
CB
C M.

Hence, B is an ordered (generalized) (0,2)-I'-hyperideal of S contained in M and so, B = {0} or
B =M.

Corollary 2.7 Suppose S is an ordered I'-semihypergroup without a zero 0. Then, M is an ordered
minimal (generalized) (0, 2)-I'-hyperideal of S if and only if M is an ordered minimal left I'-hyperideal
of S.

Proof. It follows by Lemma 2.5 and Lemma 2.6.

Lemma 2.8. Suppose S is an ordered I'-semihypergroup without a zero 0. Further, suppose that
M is a nonempty subset of S. Then, the following results are equivalent:

(i) M is an ordered (generalized) minimal (2, 1)-I'-hyperideal of S;

(ii) M is an ordered (generalized) minimal bi-I-hyperideal of S.

Proof. Suppose S is an ordered I'-semihypergroup without zero and M is an ordered minimal
(generalized) (2, 1)-I-hyperideal of S. Then, (M20oT 0o Sol'o M] C M and so (M?oT' o SoTl o M]is
an ordered (generalized) (2, 1)-I-hyperideal of S. Therefore, we obtain (M2?oT o SoTl o M]= M.
As

MoToSoToM=(M*oToSoToM]oloSoT oM
(MQOFOSOFOMOFOSOFOM]
(M?oToSol'o M] = M,
)

we have that M is an ordered (generalized) bi-I-hyperideal of S. Let there exist an ordered (gener-
alized) bi-I'-hyperideal A of S contained in M. Then, A20So A C A2 C A C M, therefore, A is an
ordered (generalized) (2,1)-I-hyperideal of S contained in M. Using the minimality of M, we obtain
A= M.

Conversely, suppose M is an ordered minimal (generalized) bi-I-hyperideal of S. Then, M is an
ordered (generalized) (2, 1)-I-hyperideal of S. Suppose T is an ordered (generalized) (2, 1)-hyperideal
of S contained in M. As

(T?oToSoloT]oToSoTlo(T?08S0T|C (T?0(SoToToSoToT?0l'0S)oT 0T

C
C(T?oToSoTloT],

we obtain (T2 0T oS ol oT] is an ordered (generalized) bi-I-hyperideal of S. This shows that
(T?0oToSoloT|=M. As M = (T?0T oS0l oT]|C (T] =T, M =T. Hence, M is an ordered
minimal (generalized) (2, 1)-I'-hyperideal of S.

Definition 2.9. A sub-TI-semihypergroup (nonempty subset) A of an ordered I'-semihypergroup
S is called an ordered (generalized) (0, 2)-bi-I-hyperideal of S if A is an ordered (generalized) bi-I*-
hyperideal of S and also an ordered (generalized) (0, 2)-I-hyperideal of S.

Lemma 2.10. Suppose A is a subset of an ordered I'-semihypergroup S. Then, the following
conditions are equivalent:

(i) B is an ordered (generalized) (0, 2)-bi-I’-hyperideal of S;
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(ii) B is an ordered I'-hyperideal of some ordered left I-hyperideal of S.

Proof. (i) = (it). Suppose A is an ordered (generalized) (0,2)-bi-I-hyperideal of S. This shows
that AocTTo SoT'o BC B and SoI' o A2 C A. Then, we have

So(A2USoTo0A?)C(SoToA?US?oT 0 A?
C (S0 A%

C (AQUSOFOA2]
Therefore, (A2U S oT o A?] is an ordered left I-hyperideal of S. As

Ao(A2USoT oA C(APUAoSol oA

C (4]

= A’

(A2USoTo0A?oToB C (A3USol o A% C (A] = A. Hence, A is an ordered I'-hyperideal of left
ordered hyperideal (A2U S oT o A2] of S.

(7) = (7). Suppose A is an ordered I'-hyperideal of some ordered left I'-hyperideal L of S. By Lemma
2.1, A is an ordered (generalized) (0,2)-I'-hyperideal of S, and hence, A is an ordered (generalized)
bi-I'-hyperideal of S.

Theorem 2.11. Suppose A is an ordered 0-minimal (generalized) (0,2)-bi-I’-hyperideal of an
ordered I'-semihypergroup S with a zero 0. Then, exactly one of the followings cases arises:

(i) A={0,b}, (boT'oSolob] ={0};
(i) A= ({0,6}],b> =0, (boSoTl ob] = A;
(iii) (SoT ob? = Aforallbe A\ {0}.

Proof. Suppose A is an ordered 0-minimal (generalized) (0, 2)-bi-I’-hyperideal of an ordered I'-
semihypergroup S. Furthermore, suppose b € A\ {0}. Then, (SoT0b?] C Aand (Sol' obol ob]is
an ordered left T-hyperideal of S, therefore, (S o b?] is an ordered (generalized) (0,2)-bi-I-hyperideal
of S. Hence, (S ol ob?] = {0} or (Sob? = A.

Let (SoT ob?] = {0}. As b € A, we obtain either b> = b or b2 = 0 or b?> € A\ {0,b}. If b2 = b, then
b= 0. This is a contradiction. Let b*> € A\ {0,b}. Then,

SoTo({0,07}]2 C ({0,50 T 0 b} = ({0} U(S o T 017

= {0}
C ({oyue?,
({0} Ub ] oToSolo ({0} U] C (b?oT oS0l ob?
C(SoTob’] ={0}
C {0,%}.

So, ({0} Ub?] is an ordered (generalized) (0, 2)-bi-T-hyperideal of S contained in A, and we obtain that
({0} U b?] # {0}, ({0} Ub?] # A. This is also not possible as A is an ordered 0-minimal (generalized)
(0,2)-bi-I-hyperideal of S. Therefore, ¥*> = {0} and hence by Lemma 2.10, A = ({0,b}]. Now, since
we have (boI'o S oI'ob] is an ordered (generalized) (0, 2)-bi-I"-hyperideal of S contained in A, we get
(boT'0oSoTob] = {0} or (hol'oSoTob] = A. So, (SoT'ob?] = {0} and it implies that either A = {0, b}
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and (boT o SoT ob] = {0} or A={0,b}, b> = {0} and (hoT o SoT ob] = A. If (SoT ob?] # {0},
then (SoT ob? = A.

Corollary 2.12. Suppose B is an ordered 0-minimal (generalized) (0, 2)-bi-I’-hyperideal of an
ordered T-semihypergroup S with a zero 0 so that (B?] # {0}. Then, B = (S o I' 0 b?] for every
be B\ {0}.

Definition 2.13. An ordered I'-semihypergroup S with a zero 0 is called 0-(0, 2)- bisimple if (i)
(S?] # {0}, and {0} is the only ordered proper (generalized) (0, 2)-bi-I-hyperideal of S.

Corollary 2.14. An ordered I'-semihypergroup S with a zero 0 is 0-(0, 2)-bisimple if and only if
(SoT 0s?] =8 for every s € S\ {0}.

Proof. If S is 0-(0,2)-bisimple, then (S o S] # {0} and S is an ordered 0-minimal (generalized)
(0,2)-bi-I-hyperideal. By Corollary 2.12., we have S = (S o I' o s?] for every s € S\ {0}.

Conversely, suppose S = (S oI' o 52| for every element s € S\ {0} and further suppose that A is
an ordered (generalized) (0,2)-bi-I’-hyperideal of S such that A # {0}. Suppose b € A\ {0}. Then,
S = (Solob? C (Sol'oA?| C (A] = A, therefore S = A. Since, S = (Sol0b?] C (Sol0S] = (57,
we obtain {0} # S = (SoT o S] = (S?%]. Hence, S is 0-(0,2)-bi-simple. The proof is complete.

Theorem 2.15. An ordered I'-semihypergroup S with a zero 0 is 0-(0, 2)-bisimple if and only if
S is left O-simple.

Proof. We recall that every ordered left I'-hyperideal A of an ordered I'-semihypergroup S is an
ordered 0-(0, 2)-bi-I-hyperideal of S. So, A = {0} or A = S. Therefore, if S is 0-(0, 2)-bisimple then
S is left O-simple.

Conversely, if S is left 0-simple then, (S o s] = S for every s € S\ {0} from which it follows that

Sol os]
SoTlos|ol os]
S

Therefore, using Corollary 2.14, S is 0-(0, 2)-bisimple. The proof is complete.

Theorem 2.16. Suppose A is an ordered 0-minimal (generalized) (0,2)-bi-I-hyperideal of an
ordered I'-semihypergroup S. Then, either (Ao o A] = {0} or A is left 0-simple.

Proof. Suppose (Ao A] # {0}. Then, by Corollary 2.12, we obtain (S oI o b?] = A for every
be A\{0}. As b* € A\ {0} for every b € A\ {0}, we obtain b* = (b*)?2 € A\ {0}. Suppose b € A\ {0}.
As, (AoTob?|oToSolo(AoT ob?) C(AoToAolo0b?] C (Aol ob?| and

So(AoFob2]2§(SoFvoFonOFvoFon]
C(SoTloA?0T 0b?
C

(AoT o b?],

we get that (A o b?] is an ordered (generalized) (0,2)-bi-I-hyperideal of S contained in A. Therefore,
(AoTob? = {0} or (AoT ob?] = A. As, b* € Aob? C (Aob?], and b* € A\ {0}, we obtain
(AoT ob?] = A. By Corollary 2.14 and Theorem 2.15, it follows that A is left 0-simple. The proof is
complete.
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3 Conclusion

In the current paper, we enriched ideal theory in ordered I'-semihypergroups. We derived various
equivalent conditions related to ordered I'-hyperideals, ordered (0, 2)-I’-hyperideals, ordered bi-I'-
hyperideals. We introduced ordered (generalized) (m, n)-I’-hyperideals in ordered I'-semihypergroups.
Then, we characterized ordered I'-semihypergroup in terms of ordered (generalized) (0, 2)-I-hyperideals,
ordered (generalized) (1,2)-I-hyperideals and ordered (generalized) O-minimal (0,2)-I-hyperideals.
Furthermore, we studied the notion of ordered (generalized) (0, 2)-bi-I’-hyperideals, ordered 0-(0,2)
bisimple ordered I'-semihypergroups and ordered 0-minimal (generalized) (0,2)-bi-I'-hyperideals in
ordered T'-semihyperoups. It is shown that an ordered I'-semihypergroup S with a zero 0 is 0-(0, 2)-
bisimple if and only if it is left 0-simple.
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1 Introduction

Linear functionals occupy quite important place in mathematics in terms of both theory and applica-
tion. The weak and weak-star topologies, which are fundamental and substantial subject in functional
analysis, are generated by families of linear functionals. They are important in the theory of differen-
tial equations, potential theory, convexity and control theory [6]. Linear functionals play fundamental
role in characterizing the topological closure of sets and therefore they are important for approxima-
tion theory. They play a very important role in defining vector valued analytic functions, generalizing
Cauchy integral theorem and Liouville theorem. Therefore the need arises naturally to construct lin-
ear functionals with certain properties. The construction is usually achieved by defining the linear
functional on a subspace of a normed linear space where it is easy to verify the desired properties and
then extending it to the whole space with retaining the properties. This is not always easy in the
case of general normed linear spaces. We specialize to linear functionals defined on the subspaces of
a Hilbert space and provide formulas (Theorem 2) both for the operator norms and norm preserving
linear extensions of linear functionals.

We start with basic definitions and results and fixed notations that will be used in the sequel. We
denote the field of the real numbers R or the field of the complex numbers C by F. We denote the
absolute value function by |.| defined on the field F. So for z € R, if x < 0 then |z| = —z and if z > 0
then |z| = z. For z = 2 + iy € C we have |z| = /22 + y2. The complex number zZ = z — iy is the
complex conjugate of the number z = x + iy.

Definition 1.1. Let X be a linear space over the field F and .|| : X — R be a function. If the
function ||.|| satisfies the following properties

1. ||0]] = 0 and ||z|| > 0 for every z € X \ {0} (positivity definiteness);
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2. ||ax|| = |a| ||z|| for every o € F and x € X (homogeneity); and

3. lx+yll < |lz|| + ||ly|| for all z,y € X (triangular inequality);

then the function ||.|| is called a norm on the space X and the pair (X, ||.||) is called a normed
linear space.

Example 1.2. Let p € [1,00) and R"” = {z = (z1,...,2,) : ; € Rfor j = 1,...,n}. R"is
a linear (vector) space over the field R with componentwise addition and scaler multiplication. For
1/p )
z = (z1,...,2n) € R" define ||zf|, = (Z?Zl ]xj\p) and ||z||,, = max{|z;| : j =1,...,n}. Then for
1 <p < oo the functions |||, are norms on the space R". Hence (R",|].[|,) is a normed linear spaces
for each p € [1, o0].

Inner products spaces are very important sources of normed linear spaces.

Definition 1.3. Let X be a linear space over the field F. If the function (.,.) : X x X +— F satisfies
the following properties

1. (z,x2) >0 for all x € X and (z,x) = 0 if and only if z = 0;
2. (z,y) = (y,z) for every z,y € X;

3. (x+y,2)=(x,2) + (y, 2) for every x,y,z € X; and

4. (azx,y) = a(x,y) for every o € F and for every z,y € X

then the function (.,.) is called an inner product on X and the pair (X, (.,.)) is called a inner
product space over the field F. The number ||z| = /(x, z) is called the norm of the vector x € X. If
z,y € X and (z,y) = 0 then the vectors z and y are called orthogonal vectors.

The inner product generates the most important inequality in mathematics, namely the Cauchy-
Schwarz inequality.

Theorem 1.4. [Cauchy-Schwarz inequality][2, 4] Let (X, (.,.)) be an inner product space over the
field F. Then for every z,y € X, |(z,y)| < v/(z,2)\/(y,y) = ||| ||ly|l. The equality occurs if and only
if the vectors x and y are linearly dependent.

From the Cauchy-Schwarz inequality it follows that the function ||z|| = y/(z,x) is a norm on the
space X. This norm is called the norm generated by the inner product function (.,.). If the normed
linear space (X, |.]|)) is a Banach space, that is, if every Cauchy sequence in X converges to a point
in X, the inner product space (X, (.,.)) is called a Hilbert space.

Example 1.5. For z = (z1,...,2,),y = (y1,-..,Yn) € R" the function (.,.) : R” x R" +— R
defined by (z,y) = 2?21 x;y; is an inner product on the space R". The norm generated by this inner

1/2
product is the Euclidean norm ||z||, = \/(z,z) = <E?:1 :133) . The inner product space (R™,|.||) is

a Hilbert space.

On normed linear spaces the primary objects of study are the linear operators and linear functionals
which play central role in functional analysis.

Definition 1.6. Let (X,|.]|) and (Y,||.]|') be normed linear spaces over the same field F and
T:X — Y be amapping. If T'(az + fy) = aT'(z) + ST (Y) for all o, € F and z,y € X then T is
called a linear operator. A linear operator T is called bounded if there is a real constant M > 0 such
that | T(z)||' < M ||z|| for all z € X. If T is a bounded linear operator the number 1T, = ITIl =
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inf {M : ||T(z)||' < M ||z|| for all z € X} is called a operator norm of 7. The equivalent definition of
operator norm is given by the formulas

171, = I =sup { ”ﬂfn)” Nl £ o} = sup {IT@)] : ] < 1}

=sup {||T(2)|| : ||z =1}

The following is a very useful result for the computation of operator norms of linear operators.

Lemma 1.7. [Computation of operator norm] Let (X, ||.||) and (Y,].]|") be normed linear spaces
over the same field F, T': X — Y be a bounded linear operator and M > 0 be a real constant. If for
every ¢ € X, |T(z)||" < M ||z| and ||T(zo)| = M ||zo|| for a vector 29 € X \ {0} then the operator
norm of T"is || T'[|,,, = M.

Proof. If for every z € X, |T(z)| < M ||z|| then by the definition of operator norm 17|, < M.

On the other hand if for a vector zg € X \ {0}, ||T(w0)||" = M ||zo|| then by the definition of operator
norm we have M ||zg|| = ||T(x0)|" < IT[|,,p lzol so that M < |T|[,,. Therefore ||T'||,, = M.

Remark 1.8. We note that in the finite dimensional case the operator norm can be computed by
the method of Lagrange multipliers with constraints.

It is now a classical result that a linear operator is bounded if and only if it is continuous. The set
B(X,Y) of bounded linear operators is a linear space over F with pointwise addition and scaler multi-
plication and ||.,, is a norm on B(X,Y). If (Y, |.I') is a Banach space then the space (B(X,Y), [[-1lop)
is a Banach space.

A bounded linear operator f : (X, ||.||) — (F,|.|) is called a bounded linear functional. The
Banach space (X*, ||.|,,) of bounded linear functional is called dual or conjugate space of the normed
linear space (X, ||.]|).

Example 1.9. Let (X, (.,.)) be an inner product space over the field F and a € X be a fixed
vector. Then f: (X, [.[[) = (F,|.]), f(z) = (2, a) is a bounded linear functional and |/ f||,, = [la] .

Linear functionals are important in terms of generating and characterizing linear subspaces. If
(X, ||-ID is a normed linear space over the field F and ¢ : X +— F is a linear functional then the the
kernel or the null space ker(¢) = {z € X : {(z) = 0} of the linear functional ¢ is a linear subspace of
X. It is well-known that a linear functional is continuous if and only if its null space is closed. On
the other hand we have the following simple result which shows the relations between linear subspaces
and linear functionals.

We recall that a linear subspace W of a linear space X is called a codimension one linear subspace
if the dimension of the quotient space X \ W is dim(X \ W) = 1.

Lemma 1.10. Let (X,|.||) be normed linear space over the field F. Then W is a codimension
one linear subspace of the space X if and only if there is a linear functional £ : X — [ such that
W = ker(4).

Proof. Since the null space of a linear operator is a linear subspace if W = ker ¢ for a linear
functional £ : X — F, then W is a linear subspace of the space X. Conversely we assume that W is a
codimension one linear subspace of the space X. Let 29 € X \ W be arbitrary and M = {ax( : « € F}
be the linear subspace of X generated by the vector zg. Then X = W @ M. Since each x € X
has a unique representation of the form = = w; + a,xg where w, € W and «a,xg € M the function
0: X — F l(r) = l(wy + azT) = @iz is a linear functional with ker(¢) = W.

There are two fundamental results about bounded linear functionals, namely the Hahn-Banach
theorem and the Riesz representation theorem. The Hahn-Banach theorem, one of the indispensable
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tools of modern analysis, play the central role in the investigation of geometric and analytic properties
of bounded linear functionals. The Riesz representation theorem completely characterizes the bounded
linear functionals on certain normed linear spaces. We state a version of each of these theorems that
we need in what follows.

Theorem 1.11. [Hahn-Banach][2, 1, 7, 3] Let (X, ||.||) be normed linear space over the field F and
W be a linear subspace of X. If f : (W, ||.||) — (F,|.]) is a bounded linear functional then there is a
bounded linear functional F : (X, |.||) — (F,|.]) such that F' |yy= f, that is for all z € W, F(x) = f(x)

and HFHop = ||f”op :

Remark 1.12. The linear functional F' is called a norm preserving linear functional extension
of the linear functional f. The important and the difficult part of the theorem is to get the norm
preserving linear extension. Otherwise it is well-known that there are many linear extensions of f easy
to construct.

Theorem 1.13. [Riesz representation theorem] [2, 5, 3, 7] Let (X, (.,.)) be a Hilbert space over
the field F and ||.|| be the norm generated by the inner product. Then a function f : (X, ||.||) — (F,[.])
is a bounded linear functional if and only if there is a unique vector a € X such that f(z) = (z,a) for
all z € X . Furthermore, the operator norm of the linear functional f is | f[|,, = [la|.

Remark 1.14. By Lemma 1.10 and the Riesz representation theorem in a Hilbert space (X, (.,.))
a codimension one linear subspace W of the space X is of the form W = {z € X : {,(z) = (z,a) = 0}
where a € X is a fixed vector.

On finite dimensional normed linear spaces, the Riesz representation theorem provides more con-
crete information about the structure of linear functionals. In this context, we state a version of
the Riesz representation theorem for the finite dimensional spaces and give its proof for the sake of
completeness.

Theorem 1.15. [Riesz representation theorem| Let 1 < p,q < oo and % + % = 1. Then a
function f : (R",[.||,) — (R,[.]) is a bounded linear functional if and only if there is constant vector
a=(ai,...,an) € R" such that f(z) = (z,a) = a121 + - - - + anx, for every x € R". Furthermore, the
operator norm of f is || f|,, = llall,-

Proof. We first assume that for a constant vector a = (a1,...,a,) € R™ and for every = =
(z1,...,2,) € R" f(z) = (z,a) = a1x1 + - - - + apx, . Since the inner product is a linear functional
with respect to the first variable it follows that f is a linear functional. On the other hand we
assume that f : (R™,||.|,) — (R,[.[) is a linear functional. If f = 0 then for the vector a = 0, f
is the required form f(z) = ajx1 + -+ + apzy, = (x,a). Therefore we may assume that f # 0. For
j=12,...,nlete; =(0,...,0,1,0...,0). The set B = {e1,...,e,} is a standard (Hamel) basis of

J

the space R”. Hence every vector x € R” has a unique representation of the form = = 22:1 zje;.
For j = 1,2,...,nlet a; = f(ej). a = (a1,...,a,) € R™. Since f is a linear functional we have

fla)=3"01zif(ej) =377 1 xjaj = a1z1 + -+ + antn = (z,a). So f is the required form.
For 1 < p < oo and for each x € R" by the Cauchy-Schwarz inequality we have | f(2)[ < [[al, [|z][,-

If p = oo then ¢ = 1 and |f(2)| < [lal|; |z][o, = llall, [|z]|,- Hence by the definition of operator norm
1fllop < llally-
|9
For 1 < p < oo, if aj = 0 we define z;(0) = 0, and if a; # 0 we define z;(0) = |aaﬂj| and let

1 1 q
2(0) = (21(0), .., 2,(0)). Since [|z(0)[|, = [lal|&’* and |f(x(0))] = [|al|¢ = lallg? "o = lallg llellg =
lall, [|z(0)]|, from the Lemmal.7 it follows that || f[|,, = [lal,.

For p = oo, if a; > 0 we define z;(0) = 1 and if a; < 0 we define z;(0) = —1 and let z(0) =
(21(0),...,2,(0)). Since ||z(0)||,, = 1 and |f(x(0))| = ||all; = |lall; [|z(0)||,, from the Lemma 1.7 it

follows that [/ f|,, = [lall;. Therefore we have || f|,, = |lal|, for all 1 < p < oco.
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2 Operator Norms and Extension of Linear Functionals

The Hahn-Banach theorem states that a bounded linear functional on a linear subspace of a normed
linear space can be extended to the whole space without changing its operator norm. On the other
hand, the Riesz representation theorem provides formulas both for the linear functional and its operator
norm on a Hilbert space. But, as far as I know there is no such a formula for the operator norm of a
linear functional defined on a linear subspace of a normed linear space.

By analyzing the orthogonal decomposition theorem and the Riesz representation theorem [5],
[7](4.11 Theorem, 4.12 Theorem) we get two methods of the unique norm preserving linear extension
of a linear functional defined on a closed linear subspace a Hilbert space. We note and state these
methods without proofs.

Lemma 2.1. Let (X,(.,.)) be a Hilbert space over the field F, ||.|| be the norm generated
by the inner product, W be a closed linear subspace of the space X and f : (W,|.||) — (F,|.|)
be a nontrivial bounded linear functional. Let M = ker(f) be the null space of f and M+ =
{r e W : (z,y) =0 for all y € M} be the orthogonal complement of the space M in W. Choose any

vector zg € M1\ {0} and let a = ﬁ:ﬁjﬁ% zo. Then f(z) = (v, a) for allz € W, | f[|,, = [|a| and the norm

preserving linear extension of the functional f is the linear functional F' : (X, ||.||) — (F,|.|), F(z) =
(z,a).

Lemma 2.2. Let (X, (.,.)) be a Hilbert space over the field F, ||.|| be the norm generated by the
inner product, W be a closed linear subspace of the space X and f : (W, ||.||) — (F,|.|) be a bounded
linear functional. Let p : X — W be the orthogonal projection of the space X onto the space W. Then
F:(X,|.I)— (F,|.]), F(x) = fop(z) = f(p(x)) is the norm preserving linear functional extension of
the functional f.

The applications of these methods, without doubt, requires certain amount of work. In the case
of a bounded linear functional defined on a codimension one subspace of a Hilbert space we provide
simple formula both for the operator norm and for the norm preserving linear functional extension.

Theorem 2.3. [Formula for the operator norm and linear extension] Let (X, (.,.)) be a Hilbert

space over the field I, ||.|| be the norm generated by the inner product, a,b € X \ {0} be fixed vectors,

= {x € X : ly(z) = (z,b) = 0} be a linear subspace of the space X and f, : (W, |.||) — (F,|. \)
( ) = (:c a) be a linear functional. Then the operator norm of the linear functional f, is || fall,,

(a,

o i

is the linear functional F': (X, |.||) — (F,|.]), F(z) = fa(z) — ﬁ‘;lf)éb( x) = (x,a — ﬁ‘;lfgb).

= T \/ lla|? |b]|* — |(a, b)|* and the norm preserving extension of the linear functional f,

Proof. Since for each z € W, {3(x) = 0 we have F(z) = f,(x). So the function F' is an extension

of the function f,. By the Riesz representation theorems F' is a linear functional on the space X and

_ H (a.)
op 612

its operator norm is || F|

. Since by the properties of the inner product
(a,b)

=|la — = a—(a’b) a—(a’b)
1F,, = H T ' \/< ol ol b>
2@ @b bl
\/” I~ HbH T

\/II I~ ”b” |b”\/ll all*[[o]* ~ |(a, b)[*
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it suffices to show that ||fa||op = Ha o \%fgb

’. Since for x € W, {y(xz) = 0 by the Cauchy-Schwarz
inequality we have

= (ab)f )| =|(z,a _(a,b)
o) =t = o) = [0 = (o

[ -

(@)

By the definition of operator norm || f,||, op < Ha |b” . Since the equahty holds in Cauchy-Schwarz
inequality when = = leH)b € W and |f, (a - ﬁ'? b)‘ = Ha - \(\CZITQ) = Ha - H(ZITZ b it follows
from the Lemma 1.7 that
(a,
e P 1812 — (e, B).
Y IW\ HW¢
: _ (ab) _ (ab) (a,b) (a,b)
Remark 2.4. Since a = b+ a Ok >b and ( Dk b, b) = TE 2b is the

component of the vector a orthogonal to the vector b. This observation gives the following results.

Corollary 2.5. In Theorem 2.3, if the vectors a and b are orthogonal, that is (a,b) = 0 then the
operator norm of the linear functional f, is [|fall,, = [la|| and its norm preserving extension is the

linear functional F': (X, |.||) — (F,]|.]), F(z) = fa(x).

Corollary 2.6. In Theorem 2.3., if the vectors a and b are collinear, that is b = ta for a scaler
t € F then f, = 0, its operator norm | fal[,, = 0 and its norm preserving extension is the linear
functional F': (X, |.||) — (F,|.]), F(z) = 0.

In the following result we assume that dim(R") =n > 2.

Corollary 2.7. Let a = (a1, ap),b = (by,be,. ..,bn) € R™\ {0} be fixed vectors, W =
{z = (21,22, .. ) € R™ : ly(x ) (x b) = bz + ngz + -+ 4 byx, = 0} be a linear subspace and
fa: W l5) — (R l.1), fa(z) = (z,a) = a121 + agx2 + - - - + apxy, be a linear functional. Then the

operator norm of the linear functional f, is || fall,, = /@ a3 — (ﬁbﬁ Hbll \/|| a3 ||bll5 — (a,b)? and its
2

norm preserving extension is the linear functional F' : (R", ||.||5) — (R, |.|), F(z) = fa(x) — (a,0) 3 lp(z) =

Bk
(%“_ﬁﬁg

Remark 2.8. Since the computation of an operator norm is an extremum value problem we note
that Corollary 2.7 may be used to solve certain type of extremum value problems.

Example 2.9. Let W = {x = (21,T2,23) ER3 1wy + 19 + 23 = 0} be a linear subspace of the
space R3. Find the operator norm of the linear functional f : (W, |.|ly) — (R, |.]), f(z) = 2x1 + 3z3
and its norm preserving linear functional extension F : (R3,|[.||,) — (R,|.).

Solution. For the vectors b = (by,b2,b3) = (1,1,1), a = (a1,az2,a3) = (2,0,3) € R we have
W = {z = (z1,22,23) € R? : f(x) = (,b) = z1+ 22423 = 0} and f(z) = fu(z) = (z,a) = 2214 323.
Since (a,b) = 5, ||all, = V13 and ||b]l, = v/3 by the Corollary 2.7 the operator norm of the linear

functional f is || f|,, = %\/39 —25= \/1—34 = \/TE and its norm preserving linear functional extension
(

is F': (R3, H||2) — (R, H) F(x) = folz) — ||C;’Hb§)€b(£l§) = 2x1 + 323 — g(iﬁl +xo+w3) = %(xl —bxg +4x3).
We use Lemma 2.1 and Lemma 2.2 to give alternative solutions of this example.
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Alternative solution. (W, ||.||,) is a Hilbert space. The kernel or the null space of the linear
functional f is the linear subspace M = ker(f) = {a (1, —%, —%) Ta € R} and its orthogonal com-
plement in W is the linear subspace M+ = {a(1,—5,4) : o € R}. Choose zg = (1,—5,4). and let

I(x0) 2. = 3(1,-5,4). Then by Lemma 2.1 we have f(z) = (z,a) = 1(z1—5z+4x3) forallz € W,
2

el
By the Riesz representation theorem || f||,, = [lally = @ and by the uniqueness of extension the norm

preserving linear extension of the linear functional f is the linear functional F : (R3, ||.|,) — (R, |.]),
F(z) = (z,a) = %(:1:1 — bxg + 4x3).

Alternative solution 2. Since the space W is the kernel of the linear functional ¢ : R3 —
R, {(z) = x1 +x2 + x3 it is a closed codimension one linear subspace of R? and hence dim W = 2. The
orthogonal projection of the space R? onto the space W is the bounded linear operator p : R? — W,
p(x) = (2“_@2_553, 2“_51_903, 2x3_§2_x1). So by Lemma 2.2 the norm preserving linear extension of
the linear functional f is the linear functional F : (R3, ||.||y) — (R,|.]),

21’1—:132—:1)3 21’2—{[,‘1—:133 21’3—1‘2—1‘1)

Fl) =flpla)) = £ (21 g, B o 2

201 — T9 — X3 2r3 — T2 — 11
() e ()

1 1
:§<$1 — bx9 + 43?3) = ((.’L‘l,xg,{lfg), §<17 —5,4)).

By the Riesz representation theorem || f[|,, = [|Fl,, = ||5(1,—5,4)||, = @'

We give a different solution of this example which is also important in terms of the method used.

Alternative solution 3. By the definition of operator norm combined probably with the method
of Lagrange multipliers we have

[ fllop =sup {|f(z)| : & = (z1,22,23) € W, ||z[]y = 1}
=sup {|2{E1 + 3x3| : x = (21, 22,23) € R3, 21 + 20+ 23 = 0, |zl = 1}

V42

=sup {2z, +3z3 : 21,23 > 0,21 + 22 + 23 =0, ||z||, =1} = 5
By the Hahn-Banach theorem there is at least one norm preserving linear functional extension F' of
f to the space (R3,||.||5). By the Riesz representation theorem this extension is of the form F(z) =
(z,a) = aix1 + asxs + azzrz where a = (a1, as,a3) € R? is a constant vector and IE,, = llally- For
x € W by solving the linear extension equality 2z1 + 323 = f(x) = F(z) = a121 + as2x2 + agxs and
the operator norm equality \/TE = fllop = IFll,p = llally = Va3 + a3 + a3 simultaneously we get

a] = %,ag = _75 and az = %. Therefore the unique norm preserving linear extension of the linear
functional f is the linear functional F(z) = &(zq — 5xa + 4a3).

Example 2.10. Let X = P3(R) be the linear space of all real polynomial functions of degree at
most 3. The function (.,.) : X X X — R defined by (p,q) = f_llp(x)q(:v)dx is an inner product on

1/2
X and it generates the norm ||p|| = \/(p,p) = (fil(p(m))de) . The inner product space (X, (.,.))
is a Hilbert space. Let W = {p € X : f_ll(p(x) + ap(x))dz = 0} and £ : (W,|.]|) — (R, [.]),4(p) =

fil(p(x) +2%p(x))dx. Show that W is a linear subspace of X and £ is bounded linear functional. Find
the operator norm of the functional ¢ and its norm preserving linear extension to the space X.

Solution. For th? polynomial functions a : R +— R, a(x) = 1+ 22 and b: R - R,b0(z) =1+ z we
have W = {p € X : [ (p(x)+ap(z))dz = 0} = {p € X : (p,b) = 0} and £(p) = [, (p(x)+a>p(z))dz =
f_ll(l +2?)p(z)dx = (p,a). Since the inner product is a bounded linear functional with respect to the
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first variable it follows that W is a closed codimension one linear subspace of the space X and / is a
bounded linear functional. Since

16l = </11(b(x))2dx> 12 _ </11(1 +a:)2dg:>1/2

(a,b) = /1 a(z)b(z)dx = /1 (1+z 422+ 23)dx

-1 -1

+x2+m3+ AW
st BT _9 2.8
2 3 =ty Ty

by the Theorem 2.3 the operator norm of the linear functional ¢ is

el = o= St = o= = (f (ate) b))

_ (/_11(952 - :U)2dzn>1/2 — (/_11(954 o4 332)(1:6)1/2

1/2

and its norm preserving linear functional extension is the linear functional L : (X, |.||) — (R,].|)

defined by
L(p) = (p, a— (||ab’||b2) b) = (p,a—b)

1 1
~ [ (@) - b pia)ds = [ (@ - )pla)da.

—1 —1

The following example shows that our formula works not just for finite dimensional Hilbert spaces
but also works for infinite dimensional Hilbert spaces.

Example 2.11. Let X = Ly([0,1]) = {f : f : [0,1] — R, Lebesque measurable and || f|, =

1/2
( fo 2daz) } be the linear space of Lebesque square integrable functions. The function (.,.) :
X x X +— R defined by (f,g) fo x)dx is an inner product on X and it generates the norm
£ = 1flly- Let W ={f € X : [§ f( dﬂ? =0} and £: (W, |l]) = (R, [.)), £(f) = [y 2*f(x)dw. Show

that W is a linear subspace of X and E is bounded linear functional on W Flnd the operator norm
of the functional ¢ and its norm preserving linear extension to the space X.

Solution. For the functions a : [0,1] — R,a(z) = 22 and b : [0 1] — R,b(z) = 1 we have
W={feX: fo x)dr =0} = {f € X : (f,b) = 0} and £(f f x)dx = (f,a). Since the
inner product is a bounded linear functional with respect to the first var1able it follows that W is a
codimension one linear subspace of the space X and ¢ is a bounded linear functional. Since ||b]| =

(fo 2d33> - (fol 12d$) v = Vo [j=1and (a,0) fo z)de = fﬂl zde = %3 6= 3 by

93



Ikonion Journal of Mathematics 2019, 1(2)

the Theorem 2.3 the operator norm of the linear functional ¢ is

1 b)\?,
:</O <a(m)—3> da;)
1/2 1/2
(L)) (i)
S CROTE (I
:\/991552\/9{5:3\2/5:21\25

and its norm preserving linear functional extension is the linear functional L : (X, [|.]|) — (R, |.|), L(p) =

(f,a - T(ng b) = (p,a—2) = fol(a(w) —b(x)) f(x)dz = fol (22 — 1) f(z)dz.

11 = e = S5 = o 5

We end the paper with the following question.

Question. Can we remove the codimension one hypothesis in Theorem 2.37 Is it possible to
generalize these results to normed linear spaces under some smoothness conditions.
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Abstract

This paper deals with nonlinear fractional differential equation with boundary value problem con-
ditions. We investigate the existence of solutions in Banach spaces with Hilfer derivative. To obtain
such result we apply Monch’s fixed point theorem and the technique of measures of noncompactness.
At the end an example is given.
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1 Introduction

In recent years, several papers have been devoted to the study of the existence of solutions for fractional
differential equations, among others we refer the readers to the following references: Agarwal et al.
[5, 4], Abbas et al. [3, 2], Sandeep et al. [32], Furati et al.[20] , Benchohra et al. [17, 18], Gu et al. [21].
Moreover, it has been proved that differential models involving derivatives of fractional order arise
in many engineering and scientific disciplines as the mathematical modeling of systems and processes
in many fields, for instance, about physics, control theory, rheology, chemistry, and so on (see the
monograph of Kilbas and al. [25], Hilfer and al. [22, 23|, and Samko and al. [30]).

In this paper we focus on the existence of solutions of the following boundary value problem for a
nonlinear fractional differential equation,

D:iﬂy(t) = f(t7y(t))>t €J:= [Oa T] (1'1)

with the fractional boundary conditions

I7y(0) = yo, 3772y (0) = y1,

=y
Iy(n) = XTI y(T)),y = a+ 8 —af. (1.2)

where Dg‘f is the Hilfer fractional derivative, 0 < a < 1,0 < 8 <1,0< A< 1,0<n < T and let
E be a Banach space space with norm ||.||, f: J x E x E x E x E — E is given continuous function
and satisfying some assumptions that will be specified later. We will use the technique of measures
of noncompactness. which is often used in several branches of nonlinear analysis. Especially , that
technique turns out to be a very useful tool in existence for several types of integral equations; details
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are found in Akhmerov et al. [7], Alvarez [8], Banas et al. [10, 11, 12, 13, 14, 15, 16|, Benchohra et
al. [17, 18], Monch [27], Szufla [31].

The main idea used here is that on the Banach space F, we can not use Ascoli-Arzela theorem to prove
the compactness of the operator, so we use the technique of measure of nocompactness to conclude.

Recently, considerable attention has been given to the existence of solutions of initial and boundary
value problems for fractional differential equations with Hilfer fractional derivative [2, 3, 19], and other
problems with Hilfer-Hadamard fractional derivative; see [1, 2, 33, 34]. Many existence results were
established by the use of technics of nonlinear analysis such as Banach fixed point theorem, Schaefer’s
fixed point theorem, Leraya-Schauder nonlinear alternative, etc ..., and the technique of measures of
noncompactness, see [4, 5, 6, 18, 15, 16].

In 2008, Benchohra et al. [17], considered the existence of solutions of an initial value problem for a
nonlinear fractional differential equation

{ "y(t) = f(t,y), foreacht € J=1[0,T],1 <r <2
y(0) y'(0)

oo (1.3)

where D" is the Caputo fractional derivative, f : J x ¥ — FE is a given function, and E is a Banach
space. They obtained results for solutions by using Ménch’s fixed point theorem and the technique of
measures of noncompactness.

In 2018, S. Abbas et al. [2], studied the existence of solutions for the following coupled system of
Hilfer fractional differential equations

{ DEVPu(t) = fi(t,ult), v(t)), teJ=1[0,T] )
DS y(t) = folt, ult), v(t)),

with the following initial conditions

Iy "u(0) = ¢n
{ 170(0) = 6, (15)

where T' > 0, a; € (0,1), 5; € [0,1], vi =i + Bi —aifi, i € E, fi : I X EXE — E ;i=1,2, are
given functions, E is a real (or complex) Banach space with a norm ||. |, Ié% is the left- sided mixed
Riemann-Liouville integral of order 1 — ~;, and Dg #Pi ig the generalized Riemann-Liouville derivative
(Hilfer) operator of order «; and type (;: @ = 1,2. They obtained results for solutions by using the
technique of measure of noncompactness and the fixed point theory.

In 2018, D.Vivek et al. [34], studied the existence, uniqueness and stability analysis of Hilfer-Hadamard
type fractional neutral pantograph equations with boundary conditions of the form

qun f@ﬂ)xum DYPa(M\), teJ=1[0,T). (16
I1+ a:(l)—a,[1+ Tx(T) = b, vy=a+ B —ap.

where D‘f‘f is the Hilfer-Hadamard fractional derivative, 0 < a < 1,0<8<1,0< A< 1. Let E be
a Banach space, f : J X E x E x E — FE is a given continuous function. They obtained results for

solutions by using Schaefer’s fixed point theorem.

The principal goal of this paper is to prove the existence of solutions for the problem (1.1)-(1.2) using
Monch’s fixed point theorem and its related Kuratowski measure of noncompactness.
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2 Preliminaires
In what follows we introduce definitions, notations, and preliminary facts which are used in the sequel.

For more details, we refer to [4, 5, 7, 9, 11, 19, 20, 21, 22, 23, 24, 25, 26, 31, 32].
Denote by C(J, E) the Banach space of continuous functions y : J — E, with the usual supremum
norm

1Ylloo = sup{lly(®)ll, € J}-

Let L'(J, E) be the Banach space of measurable functions y : J — E which are Bochner integrable,
equipped with the norm

il = /J y(t)dt.

ACY(J, E) denotes the space of functions y : J — E, whose first derivative is absolutely continuous.

Definition 2.1. [20] Let J = [0,7] be a finite interval and 7 as a real such that 0 <~y < 1. We
introduce the weighted space C1—+(J, E) of continuous functions f on (0,77 as

C1—~(J,E)={f:(0,T] = E: (t—a)" 7 f(t) € C(J,E)}.
In the space C1—(J, E), we define the norm

Iflle, = 11t = @) f(B)llc, Co(J, E) = C(J, E).

Definition 2.2. [20] Let 0 < o < 1,0 < § < 1, the weighted space C’f‘;’i((], E) is defined by

PP (L E)={f:(0,T) > R: Dy’ f € C1_y(J,E)},y =a+B—af

and

C’ll_,y(J,E) ={f:(0,T|=R: fleCi_y(J,E)},y=a+8—af

with the norm

Ifller = lflle+ 1 ey, (2.1)

One have, see [20], Dgff = Iéi(l*a)D&f and CIL,Y(J, E) C C’f;%(l], Ey%y=a+p—-ab,0<a<
1,0 < g < 1. Moreover, C1_,(J, E) is complete metric space of all continuous functions mapping J
into £ with the metric d defined by

d(y1,v2) = 1 = eller_, m) = max|(t — a) 7y () — y2(2)]]
for details see [20].
Notation 2.3. For a given set V of functions v : J — FE, let us denote by
V(t)={v(t):veV}teld,

and
V(J)={v(t):veV,te J}

Now let us recall some fundamental facts of the notion of Kuratowski measure of noncompactness.

Definion 2.4. ([7, 11]). Let E be a Banach space and Qg the bounded subsets of E. The
Kuratowski measure of noncompactness is the map p : Qp — [0, 0o] defined by

uw(B) = inf{fe > 0 : B C U ,B;and diam(B;) < €};here B € Qp.

o7
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This measure of noncompactness satisfies some important properties [7, 11]:
(B)=0¢« B is compact (B is relatively compact).

= pu(B).

c) AC B = pu(A) < u(B).

r\/\@/\/\/—\
= =% E
E

(A+ B) < p(A) + u(B)
e) u(cB) = |c|u(B);c € R.
f) p(convB) = pu(B).

Now, we give some results and properties of fractional calculus. Definition 2.5. [26] Let (0,7] and
f :(0,00) — R is a real valued continuous function. The Riemann-Liouville fractional integral of a
function f of order o € RT is denoted as I f and defined by

I8 f(t) = r(la)/o (t = 5)° 1 f(s)ds, t > 0, (2.2)

where I'(«) is the Euler’s Gamma function.

Definion 2.6. [25] Let (0,7] and f : (0,00) — R is a real valued continuous function. The
Riemann-Liouville fractional derivative of a function f of order o € R = [0, +00) is denoted as Dg. f
and defined by

D5 0) = For—ay g J, (6= 2" Fe)as. (2.3)

where n = [a] + 1, and [a] means the integral part of «, provided the right hand side is pointwise
defined on (0, 00).

Definion 2.7. [25] The Caputo fractional derivative of function f with order a > 0,n —1 < a <
n,n € N is defined by

L | /O (= 501 ) (5)ds, > 0, (2.4)

“Dgf(t) = Tn—a)

In [22], R. Hilfer studied applications of a generalized fractional operator having the Riemann-Liouville
and Caputo derivatives as specific cases (see also [23, 24]).

Definion 2.8. [22] The Hilfer fractional derivative Dg‘f of order o (n —1 < a < n) and type S
(0 < B <1) is defined by
n—ao n 7(1=8)(n—a
Do = 100 prp (A (2.5)

where [§, and Dg, are Riemann-Liouville fractional integral and derivative defined by 2.2 and 2.3,
respectlvely

Remark 2.9. (See [19]) Hilfer fractional derivative interpolates between the R-L (2.3, if § = 0)
and Caputo (2.4, if 5 = 1) fractional derivatives since

pr-e=p2, =0, I'°D=CDpg B=1,
Dy’ =
1-ep =C pa, g =1,

Lemma 2.10. Let 0 < a<1,0<3<1,y=a+ 8 —af, and f € L'(J, E).
The operator DS‘;’B can be written as

o —a) d —
D310 = (10 G187 )

= 120D (), te .

o8



Ikonion Journal of Mathematics 2019, 1(2)

Moreover, the parameter ~y satisfies
Lemma 2.11. Let 0 < a < 1,0< < 1l,y=a+8—af, If Dgilfa)f exists and in L!(J, E), then

DI £(8) = 120 DI £(4), for ace. t € J.

Furthermore, if f € C1—(J, E) and Ié;ﬁ(l_a)f S C’ll_v(J, E), then

DPIS f(t) = f(t), for ae. t € J.

Lemma 2.12. Let 0 < a<1,0< 8 <1,y=a+B—ap,and f € L'(J, E). If Dg+f exists and
in LY(J, E), then

1§ DYl f(t) = 1), DY, f(t)
1—v (O+) t'yfl

= f(1) - Do

ot S Il e
INGD

Lemma 2.13. [25] For ¢t > a, we have

o (t — a)ﬁ_l(t) _ &(t _ a)6+a_1

I3 —a)
(2.6)
«a —a -1 — F(/B) —a B—a—1

Lemma 2.14. Let o > 0,0 < g < 1, so the homogeneous differential equation with Hilfer
fractional order
DYPh(t) =0 (2.7)

has a solution

h(t) = Cot’y_l + Clt7+25—2 + C2t7+2(25)—3 4+ Cnt7+n(25)_(”+1)'

Definion 2.15. A map f:J x E — FE is said to be Caratheodory if
(i) t — f(t,u) is measurable for each u € F;
(ii) w — F(t,u) is continuous for almost all ¢ € J.

The following theorems will play a major role in our analysis.

Theorem 2.16. ([5, 32]). Let D be a bounded, closed and convex subset of a Banach space such
that 0 € D, and let N be a continuous mapping of D into itself. If the implication
V=ctonuN(V)or V=NV)UuO= puV)=0
holds for every subset V of D, then IV has a fixed point.

Lemma 2.17. ([32]). Let D be a bounded, closed and convex subset of the Banach space C(J, E),
G a continuous function on J x J and f a function from J x E — E which satisfies the Caratheodory
conditions, and suppose there exists p € L!(J,RT) such that, for each ¢t € J and each bounded set
B C FE, we have

hli)m p(f(Jen x B)) < p(t)u(B); here Jyp = [t — h,t] N J.

If V is an equicontinuous subset of D, then

v ({ [ Gnstsuenasive v}) < [ 169 Ipe)(v ()i
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3 Main results
First of all, we define what we mean by a solution of the BVP (1.1)-(1.2).

Definition 3.1. A function y € C;1_(J, E) is said to be a solution of the problem (1.1)- (1.2) if y
satisfies the equation D:fy(t) = f(t,y(t)) on J , and the conditions I'=7y(0) = yo, I>~7720¢/(0) = y1,
and I'y(n) = A(I'"75(T)).

Lemma 3.2. Let f: J x Ex E x E x E — E be a function such that f € Ci_(J, E) for any
y € Ci—(J, E). A function y € Cffv(J, E) is a solution of the integral equation

_ ] Yo y—1 Y1 +26-2
t) = If(t,y(t)) + AR R S—] +¢(8,7,m, A
y(t) f(ty(t) T T 125 =1) C(By7:m: A)
AT20-1 _ p26-1 (3.1)
= 1)+ S AT (D) = 1T )| 72008
if and only if y is a solution of the Hilfer fractional BVP
Dfy(t) = f(t.y(®).t € T = [0,T], (3:2)
with the fractional boundary conditions
IY=7(0) = 7 37728/ (0) = ,
y(0) = %o y(0) =un (33)

I'Yy(n) = XTI Y(T)),y = a+ B — ap.

Proof. Assume y satisfies (3.1). Then Lemma 2.18 implies that

1 t
y(t) _ Cot'y—l + clt’7+25—2 + C2t’Y+2(25)_3 + @ / (t — s)a_lf(s, y(S))dS
0

for some constants cg, c1,co € R.
From (3.3), by Lemma 2.16 (2.6) , we have

° Ilny(O) = 1o implies that ¢y = %

o I377729y/(0) = y; implies that ¢; = NCRe

G195

o ' 7y(1) = AI'™7y(T)) implies that

(') () = (1 g5 0+ S 52 ) ey (1770 420070) () 4 17 £, y()

=0 + Félﬁ)nwfl + F(ngfﬁ(%g)l)_ 2) 452 1 (o=, )
1—- 1=y Y0 41 1—- Y1 282 1—- 2(28)-3
(I'y) (T) = (I VF(V)LLW WT) + (I 71“(7—1—2ﬁ—1)t7+ WT') + c2 (I Tt )(T)
+IML(T,y(T))
B Yl 28-1 Py +2(268) —2) up-—2 | ja—nyt1
=wtsepnl terapon Lt THAT (D)
A(ITy) (T) = dyo + r)(\gg) %71 1 ¢ AF(yrz;;(%l))_ 2) 82 |\t F(T y(T))
that is,
26-1 _ 261
2 = G mA) [ (A = 1)+ S + AT (T) = 1 )
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With
T(48 — 1)
(v +48 = 2)(n*F72 — XT*572)

C(B,v,mA) = T

The following hypotheses will be used in the sequel.
(H1) f: J x B — E satisfies the Caratheodory conditions;
(H2) There exists p € L'(J,RT) N C(J,RT), such that,

1t 9)]l < POyl for t € J and each y €
(H3) For each t € J and each bounded set B C E, we have

Jim u(f(Jin x B)) < Y p(t)u(B); here Jyp = [t — h,t] N J.
Theorem 3.3. Assume that conditions (H1)-(H3) hold. Let
p* = supp(t).
teJ

If
T B M)
MNa+1) T(a—v+2)

then the BVP (1.1)-(1.2) has at least one solution.

p [ATe=7H et 72C0)=2) < (3.4)

Proof. We transform the problem (1.1)-(1.2) into a fixed point problem, then we consider the
operator N : C1_(J, E) — Ci—~(J, E) defined by

N)O) = 1 (60 + ot + pr g+ 6B )
28—1 _ , 28-1
poA— 1)+ 2L F(%)n Y1+ MOT(T,y(T)) — I“‘”“f(n,y(n))] {1 H2E0-3

Clearly, the fixed points of the operator N are solutions of the problem (1.1)-(1.2). Let

28—1 28—1_,28—1
R>&%+£ﬁmn+K%%mMNMﬂM—H+MpmgMﬂ)

- * a—y+1 a8 7A T48—2 — —
1 (Rt — SR (AT )

(3.5)

and consider

D={yeCi(JE):lyll <R}

The subset D is closed, bounded and convex. We shall show that the assumptions of Theorem 2.4 are
satisfied. The proof will be given in three steps.

1-First we show that N is continuous:

Let y, be a sequence such that y, — y in Ci_(J, E). Then for each t € J ,

1—y

t 48-2
I N O-NGO < Fs [ =97 17l = T, p(e)) s + LT
I'(a) Jo

MNa—vy+1)

T n
[IAI /0 (T =) f (s, yn(s)) = f(s,9(s))llds + /0 (n = 8)* 7N f(5,9n(s)) = f(s,(s))llds

a—y+1 43—2
< <Ft(@1 . n K(?E;i?’;\ﬂtg) (|A[To 7+ +na—7+1)) 17 (5.0m(5)) — F(5.9())]

(B
“\I(a+1) IMNa—~+2)

(MT”“4+W”“OHH&%@D—H&M®M
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Since f is of Caratheodory type, then by the Lebesgue dominated convergence theorem we have
IN(yn) = N(y)lloo — 0 as n — oo.
2-Second we show that N maps D into itself:

Take y € D, by (H2), we have, for each ¢t € J and assume that Ny(t) # 0.

1—
1IN ) (1)) < L

/t(t _ s)o‘_lﬂf(s,y(s))Hds + HyOH + - [yl £28-1
0

Fe) T(y)  T(y+26-1)
1087 [l = 1+ PP o
# B2 N iy [ g stssatonlas + [0 =916 w(o) s
LTt T
#1670 [ty ~ 10+ I ] oo
! F(aT—Miy_il)K(ﬁ’%"M {Ml/OT(T— s)a”p(s)!y\ldw/ol(l - s)“”p(s)”ynds]
: RFT(:)7 /Ot(t — )% p(s)ds + !?g)' T ﬂy;/ﬂ — 1)T2ﬂ71
1080 ol 11+ P2y | o
+Féﬁﬁ::ﬂ“@%”“”bﬂﬂfﬂuwf‘%@M&+AQn—@WWMQ@]
= % [ DR e
+1¢(8,7,m, )| [HyoHP\ — 1|+ |A|T2/B;(125)”25_1 Hyl\l] 482

mwﬁ,%n, )l [W /OT(T — )" ds + /On(n - s)a”ds}

ReT ol ol s

Fla+1) I(y) Tly+28-1)

A[T28-1 _ 281 -
#1611+ P 2 | 7292

|)\|Rp*Ta—’y+4,3—1 Rp*,r]a—'y+lT4/B—2:|
INa—v+2) MNa—~v+2)

+|C(B,%n,>\)|[
<R.

3-Finally we show that N (D) is bounded and equicontinuous:

By Step 2, it is obvious that N(D) C C1—,(J, E) is bounded. For the equicontinuity of N(D), let
ti,to €J ,t1 <ty andy € D, so té_vNy(tg) — t%_vNy(tl) # 0. Then
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1

1—v 1—v 28-1 28—1

ty, "Ny(te) —t; 'Ny(t <yt — it + |<(B A
|| 2 y( 2) 1 y( 1)” — F( 2ﬁ 1)Hyl 2 Y1 1 || ’C( » Y5 T )‘

|)\|T2571 _ 772571
[l =11+ B,
(2292 _ 200)-2))

1+ I (T, (1)) - I‘”‘”“f(n,y(n))] H

té; b —8)* (s, y(s s—t}—i7 . — )L f(s,y(s))ds
£ [t ot - g [T -9 e

1 26-1  ,28-1
< m”yln(tz —t7 )+ 1C(B, 7, m, A)]

N|T26-1 _ 26—
[uyow—1|+' | "

T
(8,7, m, )] g o " o
# P2 [ = ol ptenlas + [ -9 el

2(28)—-2 2(28)—2

+

1
o] (5772 = 6209

t1

1 o o B a_
+ T(a) [té 7/O (t2 — 5)* Y f(5,y(s)) |l ds — ] 7/0 (t1 — )Y f(s,9(s)) | ds
+t§7/ (ty — s) Y| £ (s, y(s))||ds]

t1

1] _ _
<teyeg e ) HKB N
|>\|T25—1 _ 772,8—1 1
A—1 -
=11+ Bl + =

T n
[W /0 (T = 5)*"p(s)llylids + /0 (77—8)0‘_7]9(5)Hy||ds” (1229)-2) _ 2(26)-2),
t1 t
t i 67 [ -9 las 47 [M 6 -9 s ulas
1 &
#5705 ool

t1

y _ _
= F(,},_ﬂzlg_l)(tgﬂ L8N + 168,y )]
o AT et R
[HyoH!A 1]+ T5) ||y1H+F(a_7+1)
B n
[|)\|/0 (T — s)a—ﬁp(s)ds—l—/o (U—S)Q_Vp(s)dsn (t§(25)72) _t?(25)—2))
R 1 [" a-1 1y [ a1
T |2 /0 (t2 = 5)* p(s)ds — 1y /O (b — 5)° " p(s)ds
t2
#157 [o) ptegas]
t1
llyll 28-1 28—1
< — 27 _
F(7+26—1)(t2 h)
IA[T2P 1 — Pt
-1
10087 M ol - 11+ P
ftp” [ / ! - / ! - ” 2(28)-2) _ ,2(28)-2)
e |IA T —s)*Vds + —5)* Vds|| (t —t
MNa—~v+1) A 0 ( ) 0 (n ) (t5 1 )
t

R * _ 1 _ t1 B to
+ o2 [t% V/ (tz — 5)* tds — t; 7/ (t1 — 5)* s + L, 7/ (ta — s)alds}
I(a) 0 0

t1
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lyall 28-1 28—-1
(T —t
_F(7+26—1)(2 v
‘)\‘wal . 772371
-1
+ ¢85 v, m M| {llwoll|A = 1] + T'(25)
2(28)-2) _ ,2(28)-2) Rp*  a—y41 a—nt1
(t5 121 )+ Ta+1) (ts 121 )-

As t1 — to, the right hand side of the above inequality tends to zero.
Hence N(D) C D.

Rp*(‘)\‘Taf’y+l + nawarl)
INa—v+2)

lyall +

Now we show that the implication holds:
Let V' C D such that V = conv(N (V) U {0}).

We have V(t) C conv(N(V)U{0}) forallt € J. NV (t) C ND(t), t € J is bounded and equicontinuous
in F, the function t — v(t) = u(V(¢)) is continuous on J .
By assumption (H2), and the properties of the measure p we have for each ¢t € J.

t770(t) < p(t TN (V)() U{0}) < (T (NV)(2))

<p [t” [I“f (ty(t) + %ﬂ*l + %ﬂ”“ +C(Bovsm )

NT28-1 _ 7726—1
I'(26)
=

— t — )27 f(s,y(s))ds
<o | €= 9 s aes +

(yo(/\ S+ g1+ AT, y(T)) — 19 y(n») W@BWH

IC(B,7,m, A)|
MNa—v+1)

(IAI /OT(T —8)* "V f(s,y(s))ds + /On(n — S)Q_Vf(s,y(s))ds> 752(2,8)—2}
<

1€(8,7,m, M)
MNa—vy+1)

=7 rt
[ /0 (t =) u(f (5,y(5)))ds +

1— t
o T v es + 52T

T
(W [ = nomvispas+ [ "= 9w ) 22|
<

0
1C(B,v,m, M)
MNa—~v+1)

[lt“l(oj /Ot(t — 8)* Ip(s)v(s)ds +

(W /OT(T —5)* p(s)v(s)ds + /On(n — S)O‘_Vp(s)v(s)ds> t2(2ﬁ)—2]
<

1- t
o [ - o tptoas + K822

* t ! a—1 |C(677vna )‘)| g a— K a— 2(28)—2

o=t {C(8,7,m, M)
< p* sV Ty a—y+1 a—vy+1\ 12(28)-2
<10l |y + R (AT )

This means that

* Tai’wrl C 6777 777)\ _ _ _
ol <9Il [ gy + 2 (et gy 7209
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* a—y+1 s 1y 7)‘ — - — 3 3
By p 71:(0[]_1) + |§§§jvn+2))‘ [ ATt 4 o] T72(20) 2} < 11it follows that ||v|| = 0, that is v(t) = 0

for each ¢t € J , and then V (¢) is relatively compact in E. In view of the Ascoli-Arzela theorem, V is
relatively compact in D. Applying now Theorem 2.16, we conclude that N has a fixed point which is
a solution of the problem (1.1)-(1.2).

4 Example

We consider the problem for Hilfer fractional differential equations of the form:

Dy (t) = f(t,y(t), (t,y) € (0, 1], R),

(4.1)
IY7y(0) = yo, IP7728/(0) = gy, I y(n) = A y(T))
Here
1 1 3
o = 57 /B - §a Y= 17
1 1
A= — = - T=1.
27 77 4?
With
1 ct?
f(ta yt)) = Z + ﬁw(t)‘: te [07 1]
and
e3
C = 1*()\/%

Clearly, the function f is continuous. For each y € E and t € [0, 1], we have

2
17yl < sl

Hence, the hypothesis (H2) is satisfied with p* = ce™3. We shall show that condition 3.4 holds with
T = 1. Indeed,

Tt C(B v ms M)
* RIS A Tozf'erl + a—vy+1 T2(2[3’)72 <1
fasD " azy+2) M (i

Simple computations show that all conditions of Theorem 3.1 are satisfied. It follows that the problem
4.1 has a solution defined on [0,T].
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