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1. Introduction

Erich Salkowski (1881-1943), a German mathematician. In 1909, he defined curve families with non-constant 7 and constant curvature K
[1]. Later J. Monterde constructed a method for closed curves and the properties of anti-Salkowski curve used in [2]. For authors worked
on the anti-Salkowski curve also can be seen in [3]-[7]. When the Frenet vectors of any curve are taken as the position vector, then the
regular curves generated by these vectors are called Smarandache curves [8]. Smarandache curves in Euclidean 3-space are defined and
some features of these curves are given in [9]. For some authors worked on the Smarandache curve also may be seen in [10, 11]. In 1990, the
geodesic curve of a spherical curve is calculated by J. Koenderink with the Sabban frame of the spherical indicatrix curves in [12]. Then the
Smarandache curves obtained from Sabban frame are defined and geodesic curvatures of these curves are given in [13].

In this study, Smarandache curves are defined according to the Sabban frames belonging to the spherical indicatrix curves of each of the
T,N,B Frenet vectors of the anti-Salkowski curve. The geodesic curvatures of these curves are then calculated.

2. Preliminaries

In the Euclidean 3-space E>, the Frenet frame of any curve o is given by {7, N, B}. For an arbitrary curve @ € E>, with the first and second
curvatures, K and 7 respectively, the Frenet apparatus are given by [14]

T'"=«kN, N =—-xT+1B, B =-1N.
Accordingly, the spherical indicatrix curves of Frenet vectors are (T'), (N) and (B) respectively. These equations of curves are given by [14]
or(s)=T(s), ow(s)=N(s), og(s)=B(s).
Let y: I — S be a unit speed spherical curve. We denote s as the arc-length parameter of . Let us denote by [14]
Y(s) =v(s), t(s) =V (s), d(s)=v(s)At(s).

We call #(s) a unit tangent vector of y. {7,7,d} frame is called the Sabban frame of y on $2. Then we have the following spherical Frenet
formulae of y:

Y=t t'=—y+kKd, d=—kKt 2.1)

Email addresses and ORCID numbers: senyurtsuleyman @hotmail.com, https://orcid.org/0000-0003-1097-5541 (S. Senyurt), brkztrk4152@gmail.com,
https://orcid.org/0000-0001-9998-4924 (B. Oztiirk)
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where is called the geodesic curvature of k; on $2 and

Fundamental Journal of Mathematics and Applications

kg = (t',d),
[12, 13].

Definition 2.1. (anti-Salkowski curve) [2]. For any m € R with m # :F%[ , 0, let us define the space curve

2.2)
Bn(s) = (2(4,12’1_1

T (n(l —4n* +3cos(2ns)) cos(s) + (2n* +1)sin(s) sin(2ns)) )

2_
m (n(l — 4n% + 3 cos(2ns))sin(s) — (2n* 4 1) cos(s) sin(2ns),
_ m
where n= g The Frenet apparatus are

1 .
in (2ns+ sm(2ns))) )
K = tan(ns)7 T=1, ||7m(S)H _ cos(ns)

V1+m?
T(s) =

- (cos(s) sin(ns) — nsin(s) cos(ns), sin(s) sin(ns) +ncos(s) cos(ns), »- cos(ns)) ,
N(s) = n ( in(s

( — cos(s) cos(ns) — nsin(s) sin(ns), —sin(s) cos(ns) +ncos(s) sin(ns), 1 sin(ns)) .
The shape of this curve is given in Figure (2.1)

¥l

| ( 1 (
NUIND T

< X

Figure 2.1: anti-Salkowski Curve , m = %, %, L 1176 and s = [-5,5]

Let (@), (6) and (&) be spherical indicatrix curves of tangent, principal normal and binormal vectors belonging to anti-Salkowski curve,
respectively. Using the equations (2.1) and (2.2), Sabban apparatus belonging to these curves is given by

T = T, Tr=N, TAT;=B,
1
T = Tr, Tr=- T AT TATr) = ———T,
I T tan(ns)( ) r) tan(ns) |’
1 1
kI = _— = . 2.3
8 K tan(ns) 23)
T(s) = (cos(s)sin(ns) — nsin(s) cos(ns), sin(s) sin(ns) + ncos(s) cos(ns), — cos(ns)),

’
m

- (2.4)
Tr(s) = n (Sin(“‘) —Cofrfs) : 1) ,

(T ATr)(s) = —(cos(s) cos(ns) + nsin(s) sin(ns), sin(s) cos(ns) — ncos(s) sin(ns), — sin(ns))

N = N, Ty— —tan(ns)T + B 7 ATy = T +tan(ns)B 7
tan2(ns) + 1 tan? (ns) + 1
t ! —t !
N o= Ty, T = 0 N ATy (T ATy = anns)’ ..
tan2(ns) + 1 tan2(ns) + 1
/ !
N —K —tan(ns)
K, =

V21 Janl(ns)+1

(2.5)
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NG) = <nsi:1(S) . nC(:;(S) n) 7
Tv(s) = m (( cos(s) cos(ns) — nsin(s) sin(ns) — tan(ns)(— cos(s) sin(ns) + nsin(s) cos(ns)),
— tan(ns) (— sin(s) sin(ns) — ncos(s) cos(ns)) — sin(s) cos(ns) + ncos(s) sin(ns), % sin(ns)), 2.6)
NAT)(s) = b (tan(ns)(— cos(s) cos(ns) — nsin(s) sin(ns)) — cos(s) sin(s) +nsin(s) cos(ns), —sin(s) sin(ns)

tan2(ns) + 1

+ tan(ns)(—sin(s) cos(ns) 4+ ncos(s) sin(ns)) — ncos(s) cos(ns), % tan(ns) sin(ns) — % cos(ns)) .

B = B, Tg=-N, BATz=T,
B = Ty, Bp=-B-+tan(ns)(BATp),
(BATg) = tan(ns)Tp, KZ =k =tan(ns). @7
B(s) = - (cos(s) cos(ns) + nsin(s) sin(ns), sin(s) cos(ns) — ncos(s) sin(ns), % sin(ns)),
Tp(s) = — ("Si:;(s) — ”C(}’;(S) ,n) , 2.8)

(BATp)(s)

— (cos(s) sin(ns) — nsin(s) cos(ns), sin(s) sin(ns) + ncos(s) cos(ns), f% cos(ns)) .

3. Smarandache curves according to the Sabban frame belonging to spherical indicatrix curve of
the anti-Salkowski curve

Definition 3.1. Let oo = o(s) be a curve and {T,Tr,T N Tr} be Sabban frame of this curve. Then T Tr-Smarandache curve is given by

1
o(s) = —(T+Tr). 3.1

V2

According to equation (2.4) we can parameterize the o (s)-Smarandache curve as in the following form
1

o (s = —=

() V2

The shape of this curve is given in Figure (3.1)

< — cos(s) sin(ns) + nsin(s) cos(ns) + % sin(s), —sin(s) sin(ns) —ncos(s) cos(ns) — % cos(s), —% cos(ns) + n) .

W —

ey
iz (0 T
0T g aid 02 O TUEGoE 04 02 0 020406

Figure 3.1: TTr-Smarandache Curve , m = %7 %, %, Tlﬁ and s = [-5,5]

Theorem 3.2. The geodesic curvature Kg " according to o (s)-Smarandache curve is

4
Ko=) (),
(2tan(ns) +1)2
where the coefficients X1, x> and )3 are
1 1 o,
2= 72 tan2 (ns) + tan(ns) (tan(ns)) '
B I I, 3 I
2 = TAT tan(ns) ‘tan(ns)’  tan?(ns)  tan*(ns)’
2 2,1
& tan(ns) + (tan(ns)) + tan3 (ns)
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Proof. 1f we take the derivative of (3.1) and from the equation (2.3) we get

ds* 1 1
(TT)al‘ﬁ = ﬁ(*TﬂLTTJrM(TATT))y (3.2)

if we take the norm of (3.2) we have
ds*  /2tan?(ns)+1
ds tan(ns)v2
We obtain the tangent of ; (s)-Smarandahce curve as in

1

(Tr)ey = —————=(—tan(ns)T +tan(ns)Tr+ (T ATr)). (3.3)
2tan2(ns) + 1
The derivative of (3.2) is
1
(Tr)e, = —=————T+2Tr +x3(T ATr)).
2tan?(ns) + 1
From equations (3.1) and (3.3) we have
1
(TATr)ay = ————=———=(T—Tr+2tan(ns)(T ATr)).
2tan?(ns) + 1
So the geodesic curvature from the equation (2.3) is
tan®
K& = % (X1 — 12 + 2tan(ns) x3) -
(2tan(ns) +1)2

O

Definition 3.3. Ler oo = a(s) be a curve and {T, Ty, T NTr} be Sabban frame of this curve. Then T (T A\ Tr)-Smarandache curve is given by

1
oap(s) = —=(T+(TNTr)). 34
2(s) ﬂ( (T ATr)) (34
According to equation (2.4) we can parameterize the 0 (s)-Smarandache curve as in the following form
1
on(s) = 7 ( —cos(s)(cos(ns) — sin(ns)) +nsin(s)(cos(ns) + sin(ns)),

sin(s)(cos(ns) — sin(ns)) — ncos(s)(cos(ns) + sin(ns)), — % (cos(ns) + sin(ns))) .

The shape of this curve is given in Figure (3.2)

o

e
T T
Do T

PRl

Figure 3.2: T(T ATr)-Smarandache Curve ,m =, 1, 1 .k and s =[-5,5]

Theorem 3.4. The geodesic curvature Kg 2 according to ap(s)-Smarandache curve is given by

tan(ns) + 1

K% =
8 tan(ns)

Proof. If we take the derivative of (3.4) and from the equation (2.3) we get,

ds* 1 1
ey — = —=(Tr———T 35
( T)Otz ds \/E( T tan(ns) T)7 ( )
ds* t —1
if we take the norm of (3.5), . % we have, We obtain the tangent of o (s)-Smarandahce curve as in
d tan(ns)v/2

(Tr)o, =Tr. (3.6)
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The derivative in the (3.6) is

ds* V2
Ty —— = ————(—t T+ (T ATy)).
( T)Olz ds tan(ns) —1 ( an(ns) +( T))
From equations (3.4) and (3.6) we have
1
TATr)a, = —=(—T+(T NTr)).
(T ATr)a, ﬂ( (T AT7))
So the geodesic curvature from the equation (2.3) is
o _ tan(ns)+1
& " tan(ns)
O
Definition 3.5. Let oo = a.(s) be a curve and {T,Tr,T N\ Tr} be Sabban frame of this curve. Then Tr (T A Tr)-Smarandache curve is given
by
s (s) L+ atr)) 3.7)
Ky = —_ . .
3 2 T T
According to equation (2.4) we can parameterize the 04(s)-Smarandache curve as in the following form
os(s) = ! (cos( ) cos(ns) 4 nsin(s) sin(ns) + " sin(s), sin(s) cos(ns) — ncos(s) sin(ns) " cos(s) " sin(ns) + )
3(s) = 7 s ns) +nsin(s ns)+ - sin(s),sin(s ns) —ncos(s ns)—— $), =+ sin(ns)+n).

The shape of this curve is given in Figure (3.3)

Figure 3.3: T (T A Tr)-Smarandache Curve , m = %, é, %, % and s = [-5..5]

Theorem 3.6. The geodesic curvature Kg * according to a3(s)-Smarandache curve is given by

tan® (ns
ke = ) o tan(us)gs + tan(ns)ze),
(1+2tan?(ns))?
where the coefficients X4, X5 and X¢ are
B 2 ( 1 Y+ n
X = tan(ns) ‘tan(ns)’  tan(ns)  tan3(ns)’
1 3 2
= 11— r_ _
s (tan(ns) ) tanZ(ns)  tan*(ns)’
B 1 +( 1 y 2
X6 = tan2(ns) ‘tan(ns)’  tan*(ns)’
Proof. If we take the derivative of (3.7) and from the equation (2.3) we get
ds* 1 1
T; — = —(-T- T TAT; 3.8
(Tr)es ﬂ( an(ns) T+tan(ns)( ATr)), (3.8)

ds*  \/tan®(ns)+2

ds  tan(ns)v2

if take the norm of (3.8) we have,

. We obtain the tangent of a3 (s)-Smarandahce curve as in

1

(Tr)ay, = —F———=(—tan(ns)T —Tr+(T ATr)). 3.9)
tanZ (ns) + 2
The derivative of (3.9) is
tan*(ns)v/2
(Tr)e, = #(Jcﬂ +x5Tr + x6(T ATr)).

(tan?(ns) +2)2
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From equations (3.7) and (3.9) we have

1
TAT, = ———— (2T —tan(ns)Ty + tan(ns)(T A Ty)).
(TATr)es 2(mrlz(nst)( (ns) (ns)( )
So the geodesic curvature from the equation (2.3) is
tan4 ns
Kg-* —( ) s (22 — tan(ns)xs + tan(ns) xe) -
(1+2tan?(ns))?

O

Definition 3.7. Let oo = o(s) be a curve and {T,Tr,T ATy} be Sabban frame of this curve. Then TTr (T A Tr)-Smarandache curve is given
by

1
oy(s) = %(T+TT+(T/\TT)). (3.10)
According to equation (2.4) we can parameterize the & (s)-Smarandache curve as in the following form
1 . . . n .
oy(s) = 7 (cos(s)(cos(ns) — sin(ns)) 4 nsin(s)(cos(ns) + sin(ns)) + P sin(s),

n

sin(s)(cos(ns) — sin(ns)) — ncos(s)(cos(ns) + sin(ns)) — % cos(s), - (cos(ns) + sin(ns)) + n) .

The shape of this curve is given in Figure (3.4)

f)

=

a

©

Il

|

w

)

Figure 3.4: TTr (T A Tr)-Smarandache Curve , m = %

w|
ool
o

Theorem 3.8. The geodesic curvature Kg * according to 0y (s)-Smarandache curve is given as

)

tan* (ns) ((2 — tan(ns))x7 — (1 +tan(ns)) xg + (2tan(ns) — 1) xo)

K& =
# (4v/2(tan2 (ns) — tan(ns) + 1)2)

where the coefficients Xg, X7 and Xg are

Yy F 2
o= tan(ns) tan(ns) " tan(ns) tan(ns) tan%(ns)  tan3(ns)’
B 1,1 1, 4 2 2 2
X = (tan(ns)) tan(ns)(tan(ns)) tanz(ns)+tan(ns)+tan3(ns) tan*(ns)’
1 1 2 4 2 4 >
Xo ' +( '

tan(ns) " tan(ns) + tan(ns) tan®(ns)  tan(ns) *an (ns) tan®(ns)

Proof. If we take the derivative of (3.10) and from the equation (2.3) we get,
ds* 1

(Frla-Gr = 5T+~

)Tr +

1 1
tan(ns) tan(ns) (T ATr)), .11

if we take the norm of (3.11) we have,

ds* V/2(tan2 (ns) — tan(ns) + 1)
ds tan(ns)v/3

We obtain the tangent of 0y (s)-Smarandahce curve as in

_ (—tan(ns)T + (tan(ns) — 1)Tr + (T A Tr))
(Tr)ay = /2(tan2(ns) — tan(ns) + 1) ' 3.12)

The derivative of (3.12) is

/ tan® (ns)v/3(x7T + %8 Tr + %o (T ATr))
o 4(tan2 (ns) — tan(ns) + 1)2
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From equations (3.10) and (3.12) we have

_ (—tan(ns)+2)T — (tan(ns) + 1)Tr + (2tan(ns) — 1)(T A Tr)
TATr)ay = \/6(tan2 (ns) — tan(ns) + 1) .

So the geodesic curvature from the equation (2.3) is

Ko tan* (ns) ((2 — tan(ns))x7 — (1 + tan(ns)) xg + (2tan(ns) — 1) xo)
< .

(4v/2(tan2(ns) — tan(ns) + 1)2)3

O

Definition 3.9. Let 6 = 6(s) be a curve and {N,Ty,N N Ty} be Sabban frame of this curve. Then NTy-Smarandache curve is given by
1
61(s) = —=(N+T1y).
) = S+

According to equation (2.6) we can parameterize the 0y (s)-Smarandache curve as in the following form

Si(s) = \%<—

tan(ns)
tanZ (ns) + 1

nsin(s)

(—cos(s) sin(ns) +nsin(s) cos(ns)) + — cos(s) cos(ns) — nsin(s) sin(ns),

ncos(s) tan(ns)

—sin(s) cos(ns) + ncos(s) sin(ns) — i )1 (—sin(s) sin(ns) — ncos(s) cos(ns)),

ntan(ns)

my/tan?(ns) + 1

cos(ns) + n) .

The shape of this curve is given in Figure (3.5)

Tog e a2 0 reEreEtl

Figure 3.5: NTy-Smarandache Curves , m = %, %, é, i and s = [=5,5]

Theorem 3.10. The geodesic curvature Kg " according to 8 (s)-Smarandache curve is given by

(14 tan?(ns)) (‘tan(’”)/llo + tan(ns)' x11 + 2%%12)
(2¢/T+ tan (ns) — (tan(ns)')2) 3 ’

& _
K, =

where the coefficients 10, X11 and X1, are
., —tan(ns)’ —tan(ns)’ —tan(ns)
/tan2(ns) + 1 Vian2(ns)+1 /tan2(ns)+ 1"
_ —tan(ns)’ —tan(ns)’ |, —tan(ns)’ ., —tan(ns) )
VtanZ(ns) + 1 /tan2(ns) + 1 /tan?(ns) + 1 VianZ(ns)+1"
—2tan(ns)’ —tan(ns) —tan(ns)’ 3
\/tanZ(ns) + 1 /tanZ(ns) + 1 Vitan2(ns) 1"

X0 =

X = -2

X2 =

Proof. If we take the derivative of equation (3.13) and from the equation (2.5) we have

ds* 1 —tan(ns)’
: = (N4 Ty + e
ds ﬁ( N tan2(ns) + 1

(In)s, (N ATy)), (3.13)

if we take the norm of equation (3.13) we get

ds* V/2(1 +tan2(ns)) — (tan(ns)’)2

ds V24/1 + tan?(ns)
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We obtain the tangent of J; (s)-Smarandahce curve as in

(Tv)s = —/tan2(ns) + 1 N + /tan2(ns) + 1 Ty — tan(ns)’ (N/\TN) (3.14)
Maw = V2(1 + tan?(ns)) — (tan(ns))2 '

The derivative of (3.13) is

Ty = (tan?(ns) + 1)v2(x10N + x11 T + x12(N A Ty))
Na (2(tan(ns) + 1) — (tan(ns)/)2)?

From equations (3.13) and (3.14) we have

(1+tan?(ns))*(—tan(ns)' (N — Ty) +2+/1 + tan?(ns) (N A Ty))

(NATy)s, = V2(2(1+tan?(ns)) — (tan(ns)")2)

So the geodesic curvature from the equation (2.5) is

(1+tan?(ns)) <—tan(ns) x10+tan(ns) x11 + 2+/tan? (ns) X12>

k¥ =
8 5
(24/1 +tan?(ns) — (tan(ns)’)2)2
O
Definition 3.11. Let 8 = 8(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then N(N N\ Ty)-Smarandache curve is given
by
1
s) = —=(N+(NATy)). 3.15
Bls) = SW+(VATY) G15)

According to equation (2.6) we can parameterize the 6, (s)-Smarandache curve as in the following form

( cos(s) cos(ns) — nsin(s) sin(ns)) — cos(s) sin(ns) + nsin(s) cos(ns) + nsin(s) ,

\/tan2(ns) + m
ﬂ —sin(s) cos(ns) +ncos(s)sin(ns)) — sin(s) sin(ns) — ncos(s) cos(ns) — M
+\/W( (s) cos(ns) +ncos(s) sin(ns)) (s)sin(ns) (s) cos(ns) o
ntan(ns)
)+

m/tan?(ns) +

The shape of this curve is given in Figure (3.6)

Sos) = 1 ( tan(ns)

NG

s1n(ns) — % cos(ns) + n> .

Figure 3.6: N(N A Ty)-Smarandache Curve , m = %, %, é, Tlé and s = [-5,5]

Theorem 3.12. The geodesic curvature ng according to 8(s)-Smarandache curve is given by

tan(n Zi1- tan( ns

o
Ky

tan(ns)? + 1
Proof. If we take the derivative of equation (3.15) and from the equation (2.5) we get

ds* 1 —tan(ns)’
Tw)s. - - — )
(s, ds 2 Iy tan?(ns) + 1

ds* \/tan( + 1 +tan(ns)’

ds ﬁ tan(ns)? + 1

Ty), (3.16)

if we take the norm of equation (3.16) we have
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We obtain the tangent of &, (s)-Smarandahce curve as in
(Tn)s, = Tn. (.17
The derivative of (3.17) is
V2(—+/tan?(ns) + 1N —tan(ns) (N A Ty))

(Tn)s, = :
2 /
tan(ns)” + 1 4 tan(ns)

From equations (3.15) and (3.17) we have

(.’\//\T]\/)g2 = (*N%’(N/\TN)).

Nis

So the geodesic curvature from the equation (2.5) is

tan(ns)? + 1 — tan(ns)’

[
K =

tan(ns)? 41
O

Definition 3.13. Let § = 6(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then Ty(N A Ty)-Smarandache curve
(03(s)-Smarandache curve) is given by

8(s) = %(TNHN/\TN)). (3.18)

According to equation (2.6) we can parameterize the 83(s)-Smarandache curve as in the following form

8(s) = 1 ( — cos(s) cos(ns) — nsin(s) sin(ns) — cos(s) sin(ns) +

V2

tan(ns)

NCTITOES] (—cos(s) cos(ns) — nsin(s) sin(ns))

*M —cos(s) sin(ns) + nsin(s) cos(ns nsin(s)cos(ns), —sin(s) sin(ns) —ncos(s) cos(ns
tanz(ns)+1( (s) sin(ns) + nsin(s) cos(ns)) + nsin(s) cos(ns), — sin(s) sin(ns) (s) cos(ns)

tan(ns)

sin(s)cos(ns)  meos(s) sinis) +

(—sin(s) cos(ns) +ncos(s) sin(ns))

__ tan(ns) (—sin(s) sin(ns) — ncos(s) cos(ns)), ntan(ns)

tan?(ns) + 1 my/tan?(ns) + 1

The shape of this curve is given in Figure (3.7)

(cos(ns) +sin(ns)) — % cos(ns))

Figure 3.7: Ty(N ATN)-Smarandache Curve , m = % é, %, % and s = [-5,5]

Theorem 3.14. The geodesic curvature Kg’ according to 8(s)-Smarandache curve is given by

(tan?(ns) + 1)*((~2tan(ns)') 213 — /tan(ns)® + 1 (414 — 115))

K5 ;
(1+tan2(ns) + (—tan(ns)’)?)2

8

I

where the coefficients X3, X14 and X5 are

v = —tan(ns)’ —tan(ns) —tan(ns)’ —tan(ns)’ 3
. Vtan2(ns) + 1 /tan(ns) + 1 /tan2(ns) + 1 Vian2(ns)+1°
—tan(ns)’ —3tan(ns)’ —2tan(ns)’
T L e (L)
tan?(ns) + 1 tan?(ns) + 1 tan?(ns) + 1
—tan(ns)’ |, —2tan(ns)’ |, —2tan(ns) 4
Xis =

B V/tanZ(ns) 4 1 V/tanZ(ns) + 1 B Vian2(ns) 1"
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Proof. 1f we take the derivative of equation (3.18) and from the equation (2.5) we get

(T) ds* L(_ _ —tan(ns)’ —tan(ns)’
N& s V2 tan2(ns) + 1 N tan2(ns) + 1

(NATy)), (3.19)

if we take the norm of equation (3.19) we have

ds* _ \/1+tan?(ns) +2(—tan(ns)’)?
ds V2y/tan2(ns) + 1 '

We obtain the tangent of 83(s)-Smarandahce curve as in

_ —y/tan?(ns) + IN +tan(ns)'Ty — tan(ns) (N A Ty)
TWs = V/1+tan2(ns) + 2(—tan(ns)’)? ' (3:20)

The derivative of (3.20) is

n2 ns 2
(Tv)s, = (1+tar§’it;;+(2(z;112ns),)z)z(%13N+X14TN+7(15(NATN))-

From equations (3.18) and (3.20) we have

(—2tan(ns)'N — \/1+tan2(ns) Ty + /1 +tan(ns)(N A Ty))

(N A Tiv)s, V2(1 + tan?(ns) + 2(— tan(ns))2)

So the geodesic curvature from the equation (2.5) is

K (tan®(ns) + 1)*((—2tan(ns)') 213 — \/tan(ns)> + 1(x14 — 215))
¢ (1+tan2(ns) + (—tan(ns)')2)3 '

O

Definition 3.15. Let § = §(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then NTy(N A Ty)-Smarandache curve
(04(s)-Smarandache curve) is given by

8u(s) = %(N+TN+(N/\TN)). 321)
According to equation (2.6) we can parameterize the 84(s)-Smarandache curve as in the following form
8u(s) = = (—cos(s)cos(ns) —msin(s) sin(s) —cos(ssnfrn) + % (~cos(s)cos(ns) ~nsin(s) sinns)) + ")
B % (—cos(s)sin(ns) +nsin(s) cos(ns)) +nsin(s) cos(ns), —sin(s) sin(ns)
+\/% (—sin(s) cos(ns) +ncos(s) sin(ns)) —ncos(s) cos(ns) —sin(s) cos(ns) +ncos(s) sin(ns)
*\/%(f sins) sin(rns) — ncos(s)cos (ns)) ~ ", . V%H) Fsin(ns)) — % cos(ns) +1).

The shape of this curve is given in Figure (3.8)
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Theorem 3.16. The geodesic curvature Kg“ according to 84(s)-Smarandache curve is given by

(@mMW—mmﬁHmvmﬂmmﬁﬁqmm»

(4+/2(1 4 tan2 (ns) + /1 + tan? (ns) tan(ns)’ + (— tan(ns)’)2)?)

o _
K =

(NI

., (24/tan(ns)? + 1 +tan(ns)') x15
(44/2(1 4 tan2 (ns) + /1 + tan? (ns) tan(ns)’ + (—tan(ns)’)2)?)

)

©lu

where the coefficients Y16, X17 and )18 are

Y6 = tan(ns)’ |,  —2tan(ns) —tan(ns) —4tan(ns)’ 4tan(ns)’ |, —2tan(ns) |3
10 tanZ (ns) + 1 Vtan2(ns) + 1 /tan2(ns) + 1 Vitan2(ns)+1 +/tan2(ns) + 1 Vian2(ns) 1"
e —tan(ns) —tan(ns)’ —tan(ns) 4tan(ns)’ |, 2tan(ns)’ 2tan(ns)’ |5

1 = —_ —_— _— — p—
! V/tanZ(ns) 4 1 VtanZ(ns) + 1 +/tan2(ns) + 1 V/tan2(ns) + 1 Vitan2(ns)+1 +/tan2(ns) + 1
2tan(ns) 4
tan2(ns) + 1
rs = —tan(ns)’ —tan(ns)’ |, = —2tan(ns) —tan(ns)’ |, —tan(ns)’ |, —tan(ns)’ 3
'8 Vtan2(ns) + 1 /tan(ns) + 1 /tan2(ns) + 1 V/tan2(ns) + 1 V/tan2(ns) + 1 V/tan2(ns) + 1
—tan(ns) 4

tan? (ns) + 1

Proof. 1f we take the derivative of equation (3.21) and from the equation (2.5) we have

ds* 1 (=N (1 —tan(ns)’ T —tan(ns)’

T; — = — NAT; 3.22
(Tv)s, s NG () 11 N tanz(ns)—l—l( Ny)), (3.22)

if we take the norm of equation (3.22) we get

ds* \/2(1 +tan?(ns) + tan(ns)'y/tan? (ns) + 1 + (— tan(ns)")2)
ds V/3y/tan2(ns) + 1 .

We obtain the tangent of d4(s)-Smarandahce curve as in

—+/tan?(ns) + IN + (y/tan?(ns) + 1 +tan(ns)") Ty — tan(ns)’ (N A Ty)
\/2(1 + tan?(ns) + tan(ns)’y/tan2 (ns) + 1 + (— tan(ns)")2)

, (3.23)

(Iv)s,

The derivative of (3.23) is

V3(x16N + x17Tv + x18(N A Ty))
4(1 + tan(ns) + tan(ns)’ \/tan? (ns) + 1 + (— tan(ns)")2)?

(Tn)s,
From equations (3.21) and (3.23) we have

(—(y/tan?(ns) + 1 +2tan(ns)’ )N — (y/tan?(ns) + 1 — tan(ns)') Ty)

(NATy)s, =
\/6(1 + tan?(ns) + tan(ns)' /tan?(ns) + 1 + (~ tan(ns))?)

(24/tan? (ns) + 1+ tan(ns)') (N A Ty) .
\/6(1+ tan?(ns) + tan(ns)' /xan?(ns) + 1 + (~ tan(ns))?)

J’_

So the geodesic curvature from the equation (2.5) is

((——Ztan(ns)’——\/tan(ns)24—l)xlﬁ——x17(\/tan(ns)24—l-—tan(nsY))

(44/2(1 4 tan2 (ns) + /1 + tan? (ns) tan(ns)’ + (—tan(ns)’)2)2)

4
K e =

[SYoY

(24/tan(ns)* + 1+ tan(ns)’) x1s
(4v2(1 + tan?(ns) + /1 + tan? (ns) tan(ns)’ + (— tan(ns)’)2)?)

ol
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Definition 3.17. Let { = {(s) be a curve and {B,Tg,B N Tg} be Sabban frame of this curve. Then BTg-Smarandache curve () (s)-
Smarandache curve) is given by

1
s) = —(B+Tg). 3.24
Ci(s) ﬁ( B) (3.24)
According to equation (2.8) we can parameterize the ) (s)-Smarandache curve as in the following form
Ci(s) = i( cos(s) cos(ns) —nsin(s) sin( )—O—ESin( ), —sin(s) cos(ns) — ncos(s) sin(ns) ﬁcos( ) ﬁsin( )+ )
1) = NG s ns) —nsin(s ns)+ — sin(s), s ns)—n s ns) — —cos(s), —sin(ns) +n .

The shape of this curve is given in Figure (3.9)

Figure 3.9: BTz(B A Tg)-Smarandache Curve , m = %, %, %, % and s = [-5,5]

Theorem 3.18. The geodesic curvature Kg‘ according to & (s)-Smarandache curve is

1
Kg' = ——— (9 tan(ns) — yoo tan(ns) + 21 ,
f @+ (tan(ns))2)?
where the coefficients X19, X20 and X1 are
X0 = —2—tan’(ns)+tan(ns)tan(ns)’,
X0 = —2—tan(ns)tan(ns) — 3tan’(ns) — tan*(ns),

x21 2tan(ns) + 2tan(ns) + tan> (ns).

Proof. If we take the derivative of equation (3.24) and from the equation (2.7) we get

ds* 1
Ts)g o = 7

if we take the norm of equation (3.25) we have
ds* 1
dSS = \ﬁ@/Z—i—tanz(ns).

(—B+Tp +tan(ns) (BATg)), (3.25)

We obtain the tangent of {; (s)-Smarandahce curve as in

1

(TB)CI = 7(fB+TN+tan(ns) (B/\TB)). (3.26)
2 + tan?(ns)
The derivative of (3.26) is
ds* V2
Ts). - = — B T; BATg)).
(Ts)g, B an(n)? (X19B + x20T + 221 (BATp))
From equations (3.24) and (3.26) we have
1
BAT; = ———————(tan(ns)N —tan(ns)Tp+2(BATp)).
(BATp)¢, 4+2mz(m)( (ns) (ns)Tp +2(BATp))
So the geodesic curvature from the equation (2.7) is
1
Ky = ———— (xi9tan(ns) — xpotan(ns) +2x21) -
¢ (2+ (tan(ns))?) 3
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Definition 3.19. Let § = {(s) be a curve and {B,Tg,B \Tg} be Sabban frame of this curve. Then B(B A\ Tg)-Smarandache curve (& (s)-
Smarandache curve) is given by

&H(s) = L(BJr(B/\TB)). (3.27)

V2

According to equation (2.8) we can parameterize the & (s)-Smarandache curve as in the following form

&Hs) = % ( — cos(s)(cos(ns) — sin(ns)) — nsin(s) (cos(ns) + sin(ns) ), —sin(s) (cos(ns) — sin(ns)) + ncos(s) (cos(ns) + sin(ns)),
%(cos(ns) + sin(ns))) .

The shape of this curve is given in Figure (3.10)

T

T
e 94 02 n“n“““

Figure 3.10: B(B A Tg)-Smarandache Curve , m = %, %, %7 Tlﬁ and s = [-5,5]

Theorem 3.20. The geodesic curvature ng according to §y(s)-Smarandache curve is
I(gg2 = l+tan(ns).

Proof. If we take the derivative of equation (3.27) and from the equation (2.7) we get

ds* !
(TB)gz'd% = 5 Tp—tan(ns)Tp), (3.28)

1-@n(ns) e obtain the tangent of {»(s)-Smarandahce curve as in

if we take the norm in equation (3.28), % =
(Te)g, = Ts. (3.29)
The derivative of (3.29) is
(TB)Cz -— = —B+tan(ns)(BATp).
From eqnarrays (3.27) and (3.29) we have

(BATB)g, =

1
2 ﬁ

(—B+ (BATp)).

So the geodesic curvature from the equation (2.7) is

Kng = 1+tan(ns).
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Definition 3.21. Ler { = {(s) be a curve and {B,Tg,B N Tg} be Sabban frame of this curve. Then Tg(B A Tg)-Smarandache curve
(85 (s)-Smarandache curve) is given by

1
s) = —=(Tp+(BATp)). 3.30
G(s) ﬁ( B+ (BATp)) (3.30)
According to equation (2.8) we can parameterize the G3(s)-Smarandache curve as in the following form
1
G(s) = 7 <cos(s) sin(ns) — nsin(s) cos(ns) + % sin(s), sin(s) sin(ns) + ncos(s) cos(ns) — % cos(s), % cos(ns) + n) )

The shape of this curve is given in Figure (3.11)

Figure 3.11: 73(B A Tp)-Smarandache Curve , m = %, é, é % and s = [-5,5]

Theorem 3.22. The geodesic curvature Kg* according to {3(s)-Smarandache curve is

& !
K& = ——————— (2tan(ns)xn — X3+ X24)
¢ (1+2(tan(ns))2)>
where the coefficients X2, X23, X24 are
X2 = 2tan(ns)tan(ns) + tan(ns) + 2tan® (ns),
%3 = —1—tan(ns) —3tan®(ns) — 2tan*(ns),
Xou = —tan®(ns)+2tan(ns) — 2tan* (ns).

Proof. If we take the derivative of equation (3.30) and from the equation (2.7) we get

(TB)g'i;S* = %(—B—tan(ns)TB+tan(ns)(B/\TB)), (3.31)

if we take the norm of eqnarray (3.31) we have

ds* 1
dss = \ﬁ\/1+2tan2(ns).

We obtain the tangent of {3(s)-Smarandahce curve as in

(T‘B)g3 = m(—B—tan(ns)TN+tan(ns)(B/\TB)) (332)

The derivative of (3.32) is
ds* V2

, — —_—
(TB)§3 ds (1+2tan2(ns))2(76223+7623TB+7524(B/\T3)).

From equations (3.30) and (3.32) we have

1
BAT; = —— (2tan B—Tg+ (BATpg)).
(BATg)e, 2+4tan2(ns)( (ns) B+ (BATp))

So the geodesic curvature from the equation (2.7) is

1

Ké?} = 5
(1+2(tan(ns))?)2

(2tan(ns) x22 — x23 + X24) -
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Definition 3.23. Let { = {(s) be a curve and {B,Tg,B N\ Tg} be Sabban frame of this curve. Then BTg(B A Tg)-Smarandache curve
(84 (s)-Smarandache curve) is given by

1
s) = —=(B+Tp+(BATR)). 3.33
Cals) \/3( B+ (BAT3)) (3.33)
According to equation (2.8) we can parameterize the §4(s)-Smarandache curve as in the following form
1
Gi(s) = 7 ( — cos(s)(cos(ns) — sin(ns)) — nsin(s) (cos(ns) + sin(ns)) + z sin(s), —sin(s)(cos(ns) — sin(ns)) +ncos(s)(cos(ns)
m

+sin(ns)) — % cos(s), %(Cos(ns) +sin(ns)) + n) .

The shape of this curve is given in Figure (3.12)

Figure 3.12: BT3(B A Tg)-Smarandache Curve , m = %, %, é, % and s = [-5,5]

Theorem 3.24. The geodesic curvature K§4 according to §4(s)-Smarandache curve is

(Xzs (Ztan(ns) — 1) -+ }(26(—1 — tan(ns)) + X27 (2 — tan(ns)))

K 5
(4v2(1 — tan(ns) + tan?(ns))2)2

)

where the coefficients X»s, X6, X27 are

K5 = —tan(ns) +2tan(ns)tan(ns)’ — 2+ 4tan(ns) — 4 tan’(ns)
+2tan’(ns),

%6 = —tan(ns) —tan(ns)tan(ns) —2 —4tan®(ns) +2tan(ns)
+2tan® (ns) — 2tan* (ns),

X7 = tan(ns)tan(ns)’ + 2tan(ns) — 4tan® (ns) + 2tan(ns)’ +4tan> (ns)
—2tan*(ns).

Proof. If we take the derivative of equation (3.33) and from the equation (2.7) we have

*
(To)e, - ‘% _ %(4% (1 tan(ns)) Ty + tan(ns) (BA Ti)), (3.34)
if we take the norm of equation (3.34)
CZSS = % \/2(1 — tan(ns) + tan2(ns)).
We obtain the tangent of {4 (s)-Smarandahce curve as in
1
(Tg)y, = (=B+ (1 —tan(ns))Tp + tan(ns)(BATg)). (3.35)

V/2(1 — tan(ns) + tan2(ns))
The derivative of (3.35) is
ds* V3

! _ =
(Ts)g, ds 4(1 —tan(ns) + tan?(ns) )? (tzsB + a6Ts + 21 (BN Ti)-

From equations (3.33) and (3.35) we have

((=1+2tan(ns))B+ (—1 —tan(ns))Tp + (2 —tan(ns) ) (BATg))

(BATp)g, = V/6(1 —tan(ns) + tan2 (ns))

So the geodesic curvature from the equation (2.7) is

(xos(2tan(ns) — 1) + o6 (=1 —tan(ns)) + %27 (2 — tan(ns)))
(4v/2(1 — tan(ns) + tan(ns)2)2)%

G _
[(g“,
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the existence and uniqueness of the solution are proved by Banach fixed point theorem.
Secondly, the algorithm and convergence analysis of the radial basis function approximation
method is given on the coarse grid. Thirdly, the fine grid iterative solution and convergence
results are obtained. Finally, the validity and reliability of the theoretical analysis are
verified by two numerical experiments.

1. Introduction

Integral equations are widely used in quantum physics, engineering design, astronomy, geography, biomedicine and other fields, so it is of
great application value to explore the solution of integral equations.

For a long time, the algorithms of integral equations have been widely concerned and studied. Many different methods have been used to
approximate the solutions of some integral equations [1, 2]. In recent years, F.Muller and W.Varnhorn [3] have studied approximation and
numerical solution of Fredholm integral equations of second kind using quasi-interpolation. Some convergence analysis for 2-dimensional
Fredholm integral equation with complex factors by Meshless method were introduced in [4]. Application of Legendre wavelets for solving
a class of functional integral equations were discussed in [5]. Chelyshkov collocation approach was developed in [6] for solving linear
weakly singular Volterra integral equations. In addition, we know that the computational complexity of numerical integral discretization
depends on the diameter / of mesh generation. The calculated workload is usually O(n?), where n = 1/h. Therefore, the construction of a
suitable two-grid algorithm can solve the difficulty of computational complexity. Two-grid method is a discretization technique based on two
meshes of different sizes, which has been concerned by many researchers [7]-[10] for a long time. Therefore, it is very necessary to enrich
the efficient algorithms of different types of integral equations.

In this paper, we consider the following as a class of Fredholm functional integral equations

u(x) —A(x)u(o(x)) = f(x) +7L/§Azk(x,s)u(s)ds, XeQ, (1.1)

where Q is the bounded closed area in R?,d = 1,2,3, x = (x1,X2, -+ ,Xg), s = (51,52, -+ ,84), ot(x) = (0 (x),00(x),---,qz(x)), and
A(x),a(x), f(x),k(x,s) are properly smooth known functions, u(x) € R is the unknown function.

The contents of this article are as follows. Section 2 contains the proofs of the existence and uniqueness of the exact solution for (1.1). In
section 3, we discuss the radial basis function approximation method and convergence results on the coarse grid for (1.1). Section 4, is
devoted to the two-grid iterative method and convergence results on the fine grid for (1.1). In the last section, the correctness of the theory is
proved by two numerical examples.

Email addresses and ORCID numbers: 282228006 @ qq.com, https://orcid.org/0000-0001-6254-2938 (Q. Wang), 1303943677 @qq.com, https://orcid.org/0000-0003-3078-
7652 (H. Zhou)
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2. The existence and uniqueness of solution

In this section, the conditions which provides the existence and uniqueness of exact solution of (1.1) are given by using Banach fixed point
theorem.

Theorem 2.1. Assume that Q is a suitable Banach space and A(x), o(x), f(x) € C(Q),k(x,s) € C(Q x Q). If the following conditions are
satisfied

{ (Ha(x) € Q, forxeQ,
A oo+ AL [ Jo lk(x, 8)|ds ]l = ¥ <1,

where || - || = max | -|. Then the (1.1) has a unique solution.

Proof. Let T be a mapping from C(Q) to C(Q) with

Tu(x) = A@Wu(o(x)) + £(1) A [ kx.opu(s)ds,
for u € C(Q). Let uy,us be two solutions of (1.1), then we have

1Tuy —Tualle = [JA(x)[u1 (00(x)) —ua(@(x))] + A fq k(x,8)[u1(s) — ua(s)]ds||0
< (A oo + A ][] fo 1K (x, 8) s |oo) - |11 — 12 ]]oo
<y lug — uz]o.

Note that 0 < ¥ < 1, by the Banach fixed point theorem, then 7 is a contractive mapping on (C(), || - || ). So there exists the unique solution
u* € C(Q) such that Tu* = u*, and (1.1) has a unique solution. O

3. The radial basis function interpolation and convergence on the coarse grid

In this section, we give the algorithm of the radial basis function interpolation for (1.1), and obtain the convergence theorem in the infinite
norm sense.

First of all, Assume {x'} il l,x = (xl,xz, - ,xfi) € Q is a series of irregular observation points of u(x) on €, and let the basis of the radial
basis function is @;(x), @2(x), -, @ (x), where @;(x) = @(||x —x%||2),i = 1,2,--- ,m. Note that r = ||x — x'||». There are three common
radial basis functions (see [11]):

(1)Gaussian distribution function ¢(r) = e

(2MQ function @(r) = (c? +r2)? and IMQ function @(r) = (¢ +r2) (b > 0);

(3)Thin plate splines function @(r) = r?*~?logr.

m
Now, we construct vector space V,, (Q) = span{ @y (x), @2(x),--- , ¢ (x)}. And let the radial basis function interpolation ul, (x) = ¥, ¢;¢:(x) €
i=1

Vi, satisfying ul, (x') = u(x'),i = 1,2,--- ,m. From [11], we can get the following error estimation between the radial basis function and the
exact solution:

() = 2, (x) | oo < ch?,

where & = sup min |]x —x'||.
xeQl<i<m

Therefore, let u(x) = ul, (x) + &y (x) where &,,(x) is the interpolation remainder of u(x) on V,,(€) . Then we can obtain
ttyy () + &1 (x) = A () 1, (01(x)) + & (@(x))] = £(6) + 2 /Qk(XVS) (13, (5) + & (s)]ds. G.D
m
Ignore the error terms &, (x) and &, (c¢(x)) and substitute u!,(x) = ¥ ¢;@;(x) into (3.1), we get the approximate equation of (1.1):
i=1

m

iCKPi(X)*A(X)iCi(Pi(O‘(X +ZC:)»/ k(x,s)@i(s

Remove the items then we have

i () @i (o( /1/ (x,5)@i(s)ds] = f(x). (3.2)

Let yi(x) = @;(x) —A(x)@i(a(x)) — A [q k(x,8)@i(s)ds, i=1,2,---,m, then (3.2) can be written as

m
Y civi(x) = f(x). (3.3)
i=1
Since @) (x),2(x), -+, @u(x) are linear independent functions on V,,(Q) and satisfies the condition of Theorem 2.1, which implies
W1 (x), ¥2(x), -+, Wi (x) are also linear independent functions on V,, (). Here’s the proof.

Because

m

Y.l = Y )~ A0 Y i) 4 [ kws) Y cion(s)ds,
i=1 i=1 i=1 . i=1
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and
m
1Y cigi(a(x ||°o<||ZC,(p, Mooy a(x) € Q.
i=1

From Theorem 2.1 and trigonometric inequality we can get

m

HZC% Hoo<HZCzll/z e < (147)- ”ZCI(Pt oo (3.4

i=1

m m m
For x € Q, assume that Y, ¢;y;(x) = 0, then we obtain || ¥ ¢;W;(x)|| = 0. From (3.4) we have || ¥ ¢;@;(x)||e = 0. Therefore,
. i=1 i=1

i=1

m
Y cioix)
i=1
And because @; (x), @2(x),- -, @p(x) are linear independent functions on V,,(Q), so
cr=cy=--=c¢,=0.

The proof is complete.

(3.3) take the collocation points x = x/ = (x{ ,xé, “e 7xé), j=1,2,--- ,m, then we get ): ciWi(x7) = f(x/). Written in matrix form is

i=1

Gm'Cm = I'm; (35)

where Cm = (617C27' o 7Cm)Ta Fm = (f(-xl)vf(xz)ﬂ e 7f(xm))T, Gm = (gl])mxm’ gl] = llll(xj)7 l7.] = 1721 M
Let G,, is a nonsingular matrix, then G,,! exists. So there is

*
Cn=

G;ll Fn= (077637"' '* )T'

yCm
m

Therefore, u;,(x) = ¥ ¢} @;(x) is called the approximate solution of radial basis function of (1.1).
i=1

Theorem 3.1. Assume that u(x) is the exact solution and u},(x) is the approximate solution of radial basis function, then

1
Hu—um\lm<6h2+2\l% Moo NG Moo - 1R (€)oo
i=1

where Ry (€) = —&u(x) + A(x)€n(a(x)) + A o k(x,5)€(s)ds, and for Vx € Q, we have
’llli%um(x) = u(x).

Proof. For (3.1) and u!,(x) = ¥, c;@;(x), we can get

i=1

m

i)+ ents) ~ AL (@) + ()] = F(8) 3 [ KCe L 1)+ enolds
i=1

abbreviated in the following form
ZC,I[/, = F(x) + [~ Em(x )+A(x)8m(a(x))+/l/gk(x,s)em(s)ds}.

Now we write down the above equation as
Z Ci Wl = + R ( )

where Ry, (€) = —&n(x) +A(x)&n(0t(x)) + A [o k(x,5)&x(s)ds. The corresponding matrix form is
G- Cun=Fyn+Ru(e). 3.6)
Subtracting (3.5) from (3.6)to get G, (Cp, — C}i)) = Ry (€), so
ICn = Coalloo < 11G oo - | R () |-
Then for

R e S o
<||u*umHoo+Hu — thy oo
< ch || T (e = ) i)
Schs X e - C\H%( e
<ch? + X @10)]le G o 1R () o-

Since ||Rp(€)]|ee — O, ||u— u},]|c0 — O.
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4. Two-grid iterative method and convergence analysis

As we all know, for the discretization of numerical integration of (1.1), the computational complexity depends on the diameter /2 of mesh
subdivision, and the workload of numerical calculation is usually O(n>), where n = 1/h. Therefore, computational complexity can be well
solved by constructing an appropriate two-layer grid algorithm.

In this section, a new fixed point iterative approximation method is introduced in three steps to obtain two-grid iterative solution on the fine
grid. The iterative algorithm is as follows

Algorithm 1.

Step 1. Select a series of irregular observation points of u(x) on the fine grid as (y!,y?,--- "),y = (y’1 ,yé, e ,yfj),i =1,2,---,n,d=
1,2 or 3.

Step 2. Approximate solution of Radial basis function on the fine grid is

W () = Y 1y (x),
i=1

where @;(x) = @(||x—y|),i=1,2,--- ,n.

Step 3. Take the initial value uﬁlo) (x) = u,(x) and construct iterative scheme
D () = AP (@) + £ () + 4 / k(e,8)uld) (s)ds, k=0,1,2,---. @.1)
Ja

1

The error estimation and convergence results between the fine grid approximate solution of radial basis function u,

(k+1)

iterative solution u,, '’ (x) are given below.

(x) and the two-grid

Theorem 4.1. Let ul(x) is the fine grid approximate solution of radial basis function and uﬁ,kﬂ)(x) is the (k+ 1)th iterative solution

determined by (4.1), then
i () — 2 () oo < FH () — 1 () o

where ¥ < 1 as in Theorem 2.1.
For Vx € Q, there holds

lim uy;, ’ (x) = uy(x).
k—yoo

n
Proof. Replace ul,(x) = ¥ c¢;¢;(x) in (1.1) and get
i=1

U (3) = A (@) £2) 4 A | Ko o). (42)
Subtracting (4.1) from (4.2), we have
() =) () = AL () ) )] 2 kx5,
then

e () = ) () e = A [ () — ¥ ()] + A S k) [t (s) — ) ()]l oo
< (Ao + 4] | S [K(x,5) ]| ) - 1 — X oo
<yt = u .

In this way,
i (6) = ()l < Pl — ) e

can be obtained by progressive recursion.
From Theorem 2.1, we get 0 < y < 1, such that

lim ¥+ = 0.

k—yoo
For x € Q, there exists

lim ) (x) = ul (x).
k—yoo
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5. Numerical examples

In this section, two numerical examples (d = 2) are given to illustrate the feasibility and validity of the above algorithm and its convergence
analysis. The exact solution is compared with the two-grid iterative solution and its error estimation in the infinite norm sense is provided by
using Matlab 2015a.

Selecting {(m,n)} = {(8,32),(8,64),(16,64)}, we calculate the maximum error ||u,(x,y) — u ()l = max |up(xi,yi) — u) (i, 31)]

(xi.yi)€

between the fine grid radial basis interpolation solution u, (x,y) and two-grid iterative solution uﬁ,k) (x,y) with {k} = {3,4,5,6}.

Example 5.1. Consider the following Fredholm functional integral equation

X+y
M(.X,y) - 16

(o (0),060)) = fw )+ 55 [ (-+9utsr s2)dsidsn 6.

where @ = {(x,y)|0 <x < 1,0<y < ¥}, oy (x) = %x, o (x) = 1—16x2 and f(x,y) =xy— Wloxf ﬁyf 1—16xy2( fracx64+ ;). (5.1) has an
exact solution u(x,y) = xy.

We solve (5.1) by two-grid method based on radial basis interpolation, and our experimental results can be seen from Table 1. The results were

obtained by using Gaussian distribution function (a = 1) and IMQ function (¢ = v/2,b = 1), respectively. Next, the exact solution u(x, y)
(k)

and the two-grid iterative solution uy, ’ (x,y) which are given and can be seen from Figure 5.1(a) and Figure 5.1(b) while (m,n,k) = (8,64,6).

i — s | i — s | i — s |

n n |leo n n oo n n  |loo

m | n | k| Gaussian IMQ n | k| Gaussian IMQ m | n | k| Gaussian IMQ

8 132 |3]9.1698e-04 | 1.3462e-04 64 | 3| 1.5243e-03 | 9.3253e-04 | 16 | 64 | 3 | 1.2412e-05 | 7.5523e-06
41 2.2979e-05 | 2.1310e-05 4] 2.4130e-04 | 1.4762e-04 4] 1.9648e-06 | 1.1955e-06
5| 1.9648e-06 | 3.3734e-06 5 | 3.8198e-05 | 2.3368e-05 51 3.1103e-07 | 1.8925e-07
6 | 5.7583e-07 | 5.3401e-07 6 | 6.0467e-06 | 3.6992e-06 6 | 4.9236e-08 | 2.9958e-08

Table 1: The maximum error ||u,(x) — ud (%)l for Example 5.1.

(b) The two-grid iterative solution u,sk)

(a) The exact solution u(x,y) of example 5.1 (x,y) of example 5.1

Example 5.2. Consider the following Fredholm functional integral equation

1 1
M(X,y) - Toexyu(al (X), aZ(y)) = f(x7y) + E /QX}’SISZM(SI asz)dslds27 (52)

where Q = {(x,y)|0 <x<1,0<y<ux}, o(x) =x opx) = %x and f(x,y) = & — %e”%e"y - %
u(x,y) = et

(5.2) has an exact solution

We also solve (5.2) by two-grid method based on radial basis interpolation, and the experimental results can be seen from Table 2. The results
were obtained by using Gaussian distribution function (@ = 1) and MQ function (¢ =4,b = %), respectively. Next, the exact solution u(x,y)

(k)

and the two-grid iterative solution u,, ’ (x,y) which are given and can be seen from Figure 5.1(c) and Figure 5.1(d) while (m,n,k) = (8,64,6).
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Jtn — 1| Juea — 1| Jta — 1|

n n |leo n n - |loo n n |0

m | n | k| Gaussian IMQ m | n | k| Gaussian IMQ m | n | k| Gaussian IMQ

8 |32 |3]5.3422e-03 | 1.5322e-03 | 8 | 64 | 3 | 8.7424e-03 | 1.6395¢-03 | 16 | 64 | 3 | 4.4892e-04 | 9.7401e-05
4 | 1.6000e-03 | 4.5476e-04 4 | 2.6000e-03 | 4.8660e-04 4 | 1.3324e-04 | 2.8909e-05
5| 4.7488e-04 | 1.3497e-04 5| 7.7168e-04 | 1.4442¢-04 5 | 3.9546e-05 | 8.5802e-06
6 | 1.4094e-04 | 4.0059¢-05 6 | 2.2903e-04 | 4.2864e-05 6 | 1.1737e-05 | 2.5466e-06

Table 2: The maximum error ||u,(x) — ud (%)l for Example 5.2.

(c) The exact solution u(x,y) of example 5.2 (d) The two-grid iterative solution u\"' (x,y) of example 5.2

6. Conclusion

In this paper, a new two-grid method based on the radial basis function interpolation for solving a class of Fredholm functional integral
equations, which has practical value is presented. The algorithm and convergence analysis of two-grid iterative solution are given.

At the same time, the method can greatly reduce the computational workload. Our numerical results can successfully prove the correctness
of the proposed error estimation. Extending this method to other integral equations is our further research.
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1. Introduction

On a normed space (X, || - ||), let g : X2 — R be the functional defined by the formula

8(ey) 1= S Il e o) + 2 ()],
with

l’ J—
ety it D=1
t—0* t

Then, one may check that g satisfies the following properties:

(1) g(x,x) = ||x||? for every x € X;

(2) g(ox,By) = aPg(x,y) forevery x,y € X and o, € R;

(3) glx,x+y) = |lx[|* + g(x,y) for every x,y € X;

) [g(x,y)| < [|lx[lly]| for every x,y € X.

Assuming that the g-functional is linear in the second argument then [y, x] = g(x,y) is a semi-inner product on X.
Note that all vector spaces in text are assumed to be over R. For example, one may observe that the functional

g(r,y) = x577 Y elP~'sgn (x) v, x 0= (), o= (w) € °
k

is a semi-inner product on /7, 1 < p < oo [1].

Remark 1.1. Note that not all vector spaces have the property that the g-functional is linear in the second argument. If the normed space is
smooth, then the g-functional is linear in the second argument. A normed spaces with the property that the g-functional is linear in the
second argument is referred to as normed spaces of (G)-type [2].

Email addresses and ORCID bers: h Inur @unhas.ac.id, https://orcid.org/0000-0001-5258-3867 (M. Nur), hgunawan @math.itb.ac.id, https://orcid.org/0000-
0001-7879-8321 (H. Gunawan)
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By using a semi-inner product g, Mili¢i¢ [3] introduced the following orthogonality relation on X: x is said to be g-orthogonal to y, denoted
by x L y, provided that g(x,y) = 0. For more recent works, see in [4, 5].
Recently, Nur and Gunawan in [6] defined a 2-norm on X by

X X
||x1,X2Hg — sup ggyh 1; ggy% 1;
jli<tj=12] 8V1:42) - 82,2

Similarly, we can define an n-norm (with n > 2) using the semi-inner product g on X. An n-norm on X is a mapping ||-,..., || : X x--- x X —
R which satisfies the following four properties:

(1) ||x1,...,xs]| = 0if and only if x{,...,x, are linearly dependent;
(2) ||x1,---,Xy| is invariant under permutation;
3) ||axy,...,xql| = |et]||x1,...,x,]| for every xi,...,x, € X and for every ot € R;

@ et xn-v,y 2l < s oxn syl [l x- 12| forevery x, y,z € X,

The pair (X,]|-,...,-||) is called an n-normed space.

The theory of 2-normed spaces was initially introduced by Géhler [7] in the 1960’s. Meanwhile, the theory of n-normed spaces for n > 2 was
developed in [8]-[10]. See [11]-[15] for recent results on this subject.

On the space ¢? of p-summable sequences, where 1 < p < oo, the following n-norm

1
oL
Xk, ot Xk, r

1
IXt,.xallp= =3, abs| . (1.1
n! . .

Sk kn
Xnk, o Xpk,

is defined by Gunawan in [16]. As shown in [17, 18], this n-norm is equivalent with the one formulated by Gahler in [8]-[10], namely
Yxuyie o XX1kVnk
k k

ety eooollp= - sup S ¢ (12)
lyill s <1,j=1,...n
/] %xnkylk te %xnkynk

where p’ denotes the dual exponent of p. Precisely, we have the following theorem.

Theorem 1.2. [19] For every xi,...,x, € £P (1 < p < o), we have

19 1
(n)? " lxr, x|, < |\x17...7xn\|; < ()P llxrs.sxall, -
In this article, we shall first prove that, on £” (1 < p < o), the new 2-norm ||, ||, is equivalent with the 2-norm |-, -||, which is defined in
(1.1). Using this result, we can prove that the 2-normed space (¢7,||-,-||¢) is complete. We then extend the result for all n > 2.
2. Main results
Before we discuss the equivalence between the two 2-norms on 7 (1 < p < o), we need some definitions. Let (X, || - ||) be a normed space.

We define the g-orthogonal projection of a vector y on a subspace S of X as follows.

Definition 2.1. [20] Let y € X and S = span{xy,...,xn} be a subspace of X with T'(xy,...,x,) = det[g(x;,x;)] # 0. The g-orthogonal
projection of y on S, which we denote by ys, is defined by

0 X1 te Xm
1 glxi,y)  glx,x) - g(xr,xm)
yS =—="-= . . . . 9
T(xp,. .. %m) : : . :
8(m,y)  gxmyx1) o g(%XmsXim)
and its g-orthogonal complement y — ys is given by
y x| X
1 glx1,y)  glxr,xt) - glxr,xm)
B ey Y . . .
F(X],...,)Cm) . . .
8Cxm,y)  glomx1) -+ g(xm,Xm)

Observe here that x; L y —ys for every i = 1,...,m. Note that, if § = span{x}, then

g(x,y)
ys = X,
[ x]2

and y — yg is the g-orthogonal complement y on S. It is clear here that x 1, y — yg.
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Next, let xy,...,x, € X be a set of n linearly independent vectors. We may construct a left g-orthogonal sequence x7, ..., x;, with X} := x1,
and
x:f =X — (xi)Si—U 2.1)
where S;_j = span {x},...,x}_, } fori=2,...,n. Observe here that x} L, x% for i < j (see [15, 20]).
For X = (P (1 < p < =), we have relation for the #n-norm ||xy,...,x,||, and the ‘volume’ of the n-dimensional parallelepiped spanned by
n
{x1,...,x} in €7, namely V (xy,...,x,) = [ ||x]]|p, as follows.
i=1

Theorem 2.2. [19] Let {x1,...,x,} be a set of linearly independent vectors in (P (1 < p < o). Then we have

1 1
()7 e xall, <V (ipseeesxi,) < (D7 (x|
P p
for any permutation (iy,...,i) of (1,...,n).

Note that the value of V (xy,...,x,) may not be invariant under permutation of (xi,...,x,) because g(+,-) may not be symmetry. The above
theorem states that all possible values of V (x;, ,...,x;,) lie between two multiples of ||xi,...,x||,, independent of the permutation.

2.1. The equivalence between two 2-norms

Let us consider Gunawan’s definition and Géhler’s definition of 2-norm on ¢” (1 < p < o), namely:

1

il

)k:xlkYIk %xlkka

X1k Xlky
X2k X2k,

eyl = {zz (st

ki ka

and

/
lxi, x|, := sup
T lysti=12 %XZkylk %XZkYZk

P =

Meanwhile, Nur and Gunawan’s 2-norm is given by

2 _ 2- -
Iyl PE viklP " sen(yu)xie y2llp P E ol P~ sgn(yae)xix
[x1,%2[l, , = sup k k

2 _ 2 _
il <t =12 Iyillp p)%\Ylk\p sen(yie)xoe vzl p)%\szV Lsgn(yar)xox

Remark 2.3. Using properties of determinants, the above 2-norm may be rewritten as

Xk Xk

12 )
_ _ ||e—P
H-x17x2||g,p - sup 22 I:[lHyij ZZ Xok Xok
J= ki Ky 1 2

llysll, <1.j=1,

ik P Lsgn (vin) ik 1P~ Lsgn (yie,) ’
yor, [P Lsgn (yor,)  1y2r [P~ Lsgn (yar,)

For p =2, we observe that

Hxl,x2||g2 = sup - Vi, Yk Xik, Xk ‘ .
T ilesl =122 58 Y Yok [ X2k Yo
One may then verify that the three 2-norms ||-,-||,, ||-,- | and ||, g are identical (see [6, 12]).

For other values of p, we have the following theorem.

Theorem 2.4. For every x1,x; € £ (1 < p < o), we have
11 1
20 el < llxisxallgp <l xall, <27 len,xa -

Proof. For j=1,2, let y; € £ with [|yj]|, < 1. Take u; = (uj;) with uj = Hyj||%,7p|yjk\/’_lsgn(yjk). We observe that u; € (7 with
l[ujllr = Ilyjl|p- As a consequence, we have [lx1,x2 |, , < [lx1 ,x2||;,. By using Theorem 1.2, we obtain

1
e, 22llg,p < llxn, 22l <27 g, 22| -

Next, assume that {x1,x;} is linearly independent. Using the process in (2.1), we obtain the left g-orthogonal set {x’l‘,xﬁ } Then, by Theorem
2.2, we have

1
207 lxn,xll, SV 0e,x2) = Il 1], -
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.
X

For j=1,2,lety; =

, so that [|y;||, = 1. It follows from the properties of semi-inner product g and matrix determinants that

HX;HP
1 E 1 Kk
soin) ghn) | _ | WLAEN) e eta)
gvx2)  g(v2.x2) ”XTIH g(x],x3) HXEH g(x3,%3)
P P
= ¥l s, = Vxn,x)
1_
> 20 a2,
1
By the definition of ||-,-||4,p, we conclude that ||x1,x2]|4,p > 207 xy ,%2||p. Combining with the previous inequalities, we have
1 1
207 el < s xallgp < llxnsxalll, <27 (b, xallp.
Note that if {x,x,} is a linearly dependent set, then all the 2-norms are equal 0, and so we have the equalities. O

Corollary 2.5. For 1 < p < o, the three 2-norms ||-,-||g.p, ||*-||"» and ||-,+||, are pairwise equivalent.
Since (¢7,]|-,-||p) is a 2-Banach space [1], we obtain the following corollary.
Corollary 2.6. For 1 < p < o, the 2-normed space (¢, |-,-||q.p) is a 2-Banach space.
2.2. The equivalence between two n-norms
All results in above subsection can be extended to n-normed spaces for any n > 2. Suppose that g is a semi-inner product on (X, || - ||).
Consider the following mapping ||-,..., || on X x --- X X:
gOnxt) o g(ym,x1)
llx1, ... xnll, = sup = sup det[g(y;j,x)]. 2.2)
Iy;lI<t,j=1,...n Iyill<t, j=1...on
! g0xn) o 80nsxn) !
n
If ||ly;|| < 1for j=1,...,n, then det[g(y;,x;)] < n! [T ||xi||. Note that the factor n! comes from the number of terms in the expansion of
i=1
det[g(y;,x;)]. The following fact tells us that ||-,...,-||¢ is a finite number.

Fact 2.7. The inequality

n
%15+ snllg < ntTT Il
i=1

holds whenever x1,...,x, € X.

Moreover, we have the following result.

Proposition 2.8. The mapping (2.2) defines an n-norm on X.

Proof. Tt is obvious that, if {x;,...,x,} is linearly dependent, then we have ||xi,...,x,||; = 0. Conversely, if ||x;,...,x,|l¢ = 0, then the
rows of the matrix [g(y;,x;)] are linearly dependent for every yi,...,y, € X with ||y;|| <1, j=1,...,n. This happens only if x,...,x, are
linearly dependent.

Next, by using the properties of supremum and matrix determinants, we obtain the invariance of ||x1, ..., x2|¢ under permutation. Furthermore,
we have [|axy,...xq|[ = || [[x1,. .., x|, for @ € R.
Finally, for arbitrary xg,x1,...x, € X, we obtain
gxo+xi) oo g(n,xo+x1)
IXo+x1,....%] = - sup )
YilI<L, j=1,...n
' g(V1:Xn) 8(n,%n)
gixo) - 8(nsxo0) gx) o g(n,x1)
< sup : : + sup . :
[yill<t,j=1,....n ' ’ [yilI<t,j=1,....n ' i
’ gnxn) e 8(nixn) ’ gixa) e 8(nixn)
= o5 s xnllg +llxens - sxnllg-
This completes the proof. O

The following theorem holds for an inner product space (X, (-,-)).
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Theorem 2.9. If (X,(-,-)) is a real inner product space, then the two n-norms ||-,...,-||g in (2.2) and ||-,...,-||s given by
1
xn) e Q) |2
Hxl,...,anS = :
<x17xn> <xn7xn>

are identical.

Proof. On the inner product space X, the functional g(-,-) is identical with the inner product (-, -). Therefore,

LX) mexn)

[x1,.. s xall, = - sup : . :
yill<l1,j=1,...,n
! <)’17xn> <yn,xn>

Now, applying the generalized Cauchy-Schwarz inequality [21] and Hadamard’s inequality [22], we get

1, x| < sup s xallsles -5 vnlls < 115 - - %]l
IyilI<1,j=1,...n

Conversely, suppose that {xy,...,x,} is linearly independent. Using the Gram-Schmidt process, we get the orthogonal set {x/,...,x)}.
Because the determinant of the Gram matrix of a linearly independent set being equal to the Gram matrix of the associated orthogonal

set (obtained using Gram-Schmidt process), we have ||xi,...,x|ls = [|x],... %, |ls = ¥} || - [|x,]l. For j=1,....n,lety; = H%j\l’ so that

[ly;ll = 1. Then, by the properties of the inner product and matrix determinants, we obtain

<y17x1> <Yn7x1> <y1,.X/1> <yn7x/1> 1 <x/17'x/]> <x;l>x/1>
T e O T k= poey =
<y17xn> <yl‘l7xn> <y17xn> <yn7xn> <x17'xn> <xi17xn>
= X0l = e xalls.
Thus, ||x1,...,%n|lg > ||x1, ..., %||s. Hence we conclude that ||x,...,%,||g = [|X1,...,Xx||s Wwhenever {x1,...,x,} is linearly independent.
If {x1,...,x,} is linearly dependent, then ||xy,...,X,|lg = [|x1,...,x:]|s = 0. O

Remark 2.10. Note that, in an inner product space, we have the well-known Hadamard’s inequality [22]
11, Xnllg = lxens - xulls < fleaff-- [lxall,

which is better than that in Fact ??.

For X = (P (1 < p < =), we rewrite the formula in (2.2) as

g, x) o 8ymsx1)

”xlw“?x"Hg_p: sup

Iyl , <1, j=1,..;n : : :
w gLxn) o gnxn)

Substituting g(y;,x;) = ||yj\|§_p2 \yjk|1’*lsgn(yjk)xik and using the properties of determinants, we have
k

2 _ 2 _
Il PElywl? sgni)xie < yallp P X yael?  sen ()i
7 3
Hxlw'wxn”g,p = il sup : . .
' il , <1 j=1....n 2 _ 2 _
j” Iyl PE vl sgn(yi)xm - Iyl P X 1yuel? " sgn(yue)
x x
) . Xk, Xk,
2 _1 . )
= sup ”yij PZZH ‘yjk,-|p sgn (yjkj> : .. : . (2.3)
Iyjll, <1, j=1,....;n j=1 ki ok j=L
Xnky 0 Xnk,

Corollary 2.11. For p =2, the three n-norms ||-,...,-||2 in (1.1),

el in(1.2) and ||-,... || g2 in (2.3) are identical.
For p # 2, we have the following generalization of Theorem 2.4.

Theorem 2.12. For every x1,...,x, € £ (1 < p < o), we have

1 1
(n)r Hxl,...,xn”p <xts s xnllgp < Hxl,...,x,,H;, < (mY)rlxr, .. xp-
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Proof. Foreach j=1,...,n,lety; € ¥ with ||y;||, < 1. Then take u; = (u ;) with uj = Hyj||12,_p|yjk\p’1sgn(yjk). We observe that u; € v
with ||uj|» = [lyjllp < 1. As a consequence, we have

s allg p < et ally
By using Theorem 1.2, we obtain
1
X1, Xnllgp < Hx],...,xn”;, < ()7 llxr, .. %] p-
Conversely, suppose that {xj,...,x,} is a linearly independent set. Using x7 = x; and so forth as in (2.1), we obtain the left g -orthogonal set
Yy, supp y P g X g
{x‘f, ... ,x;}. Then, it follows from Theorem 2.2 that
1
()P e, xall, SV(,-oxn) = gl - -
Forj=1,...,n,lety; = XJ , so that ||y;i||, = 1. Next, using the properties of matrix determinants and the semi-inner product g, we have
I T TR illp & the prop P
jllp
1 x Lk 1 * Lk
gvix) o gmxr) T, 801x1) T, 80 1)
g0xn) o gnsxn) ”x%” glxy,xy) e HX*IH, 8(x5: %)
» allp
=¥l -l =V x)
1
1
Z (n‘)p Hx17~"7x’1||p7

1
whence ||x1,...,X4|lgp > (n!) r Y x, - ,%n||p. Combining with the previous inequalities, we obtain

1 1
()7 s esally < el <l xally < ()7 1ol

If {x1,...,x,} is linearly dependent, then all the n-norms vanish and so we have the equalities. O

Corollary 2.13. For 1 < p <o, the three n-norms ||-,...,[ly ,, |-, ||;, and||-,...,|, are equivalent.
Knowing that the space (¢7,]|-,...,-||,) is an n-Banach space in [16], we have a generalization of Corollary 2.6 as follows.
Corollary 2.14. For 1 < p < o, the space ({7,]|-,...,-||gp) is an n-Banach space.

3. Concluding remarks

In this paper, a new n-norm is defined using a semi-inner product g on ¢” for 1 < p < oo. Accordingly, on the space /7 (1 < p < ), we
have three different n-norms, namely Gihler’s n-norm |-, ...,-||), defined in [8]-[10], Gunawan’s n-norm ||-,...,-|| , defined in [16], and
I-s---,|lg,p defined here in (2.3). In Corollary 2.13, we have just seen that the three n-norms on ¢” are equivalent. As expected, the case
where p = 2 is special. Here, the three n-norms on (2 are identical.

In addition to the above three n-norms, we also have a formula for another n-norm using the semi-inner product g on £7 (1 < p < ), namely

gv,x1) o gm,xr)

lx1, - - - xn] sup

o __
&p =
[15eeyall , <1

g(yn',xn) - g(yn',xn)

. 2— _ .
Since g(y;,xi) = [[v;lp P%b’jk‘p 'sgn(y i )xix, we obtain

1 & _
[ sup [ vl
Hyl,...,yanil n: Jj=1
‘ylkl‘pilsgn (ylkl) |y1kn‘p71$gn(y1kn) Xk, c Xk,
X ;; . : : :
1 n b’nkl \Pflsgn ()’nkl ) e |ynkn ‘I’*lsgn ()’nkn) Xk, v Xk,

Note that, for p =2, we have [[x1,...,xa[[g2 = [|x1,...,Xal[; 5. For other values of p, we can show that

21
||x17"'7xﬂHg~,P§ (Il‘) ”||x17-~-7xn\|z.p~
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Indeed, assuming that xp,...,x, are linearly independent, let x7, ..., x; be the vectors obtained from xy,...,x, through the process in (2.1).

By taking y; =

=1,...,n), we obtain ||y1,...,y,||, = 1. Next, using the properties of matrix determinants and the semi-inner

product g, we have

1

1 %k * Lk
(X7, X e ——e————0(X,,X
gvi,xr) - glymsxr) </\|x;7.4.,x;npg( 1) ¢ HXT-,----,x;Hpg( w )

gOxn) o g(nsxn) g (x}, ) ———g(x}. X))

Vx5 2l

[ [

[ES P | ’
Since [|xp, ..., 5|, < (n!)F% HXTHPHX,’ZHP by Theorem 2.2 and ||x7,..., x|, = ||x1,...,%||p, We obtain
et xallgp = ()52 sl
Moreover, using Theorem 2.12, we have
et sl g < (0277 [xts e xallS -
It follows from this inequality that the convergence of a sequence in |[|-,..., ||z , implies the convergence in [|-, ..., -[|¢,», and hence also in

II-,-.. || p- Unfortunately, up to now, we do not know if the converse is true.
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of computations of Lyapunov exponents between a piecewise linear, a piecewise quadratic
and a piecewise cubic maximum entropy methods. In order to compute Lyapunov exponents
for deterministic maps, we also compute density functions of their invariant measures via
piecewise spline maximum entropy method.

1. Introduction

In a chaotic dynamical system, inaccuracies in specifying the initial state of the system are rapidly amplified in time and therefore, it is
impossible to predict the long term system state. If nearby trajectories of a dynamical system diverges exponentially then the dynamical
system possesses chaotic behaviour [1]-[3]. The rate of increase of perturbations of initial conditions is described by the Lyapunov exponent
[4]. The Lyapunov exponent of a dynamical system classifies the dynamics of the system. A dynamical system with positive Lyapunov
exponent exhibits chaotic nature of the system. Let 7 : [0,1] — [0, 1] be a measure preserving deterministic dynamical system (map) and y
be a T-invariant measure on the probability space [0, 1]. For any x € [0, 1], the Lyapunov exponent A (x) of the trajectory of x is defined as
(see, for example, [5])

S -

h(x) = lim In(|((z"(x))'])

n—yoo
1
= lim - <1n|c/(x)\ +1n\r’(r(x)|+.-.+1n\r’(r"*1(x)\)
n—oo

n—1
:1m12mWW@N (1.1)

A=
provided the limit exists. If the function In(7’(x)) is integrable and 7 is ergodic, then the Birkhoff Ergodic Theorem [6] gaurantees that for

almost all x € [0, 1] the above limit exists, it is a constant (say, /) and if f is the density of the invariant measure di(x) = f(x)dA(x), then the
Lyapunov exponent

1 1
zz.[) 1n|f’(x)|du(x):/0 In)7’ (x)|f (x)dA (x), (1.2)

where A is the underlying Lebesgue measure on [0, 1]. Therefore, if the invariant measure i or the density function f is known, then one
can calculate the Lyapunov exponent of 7 in (1.1). Unfortunately, except for some cases, the analytical formula of the invariant measure
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1 or the density function f for most of the deterministic maps is not known. Therefore, the computation of Lyapunov exponent havily
rely on numerical approximation of invariant measures or density functions of the corresponding deterministic maps. Computations of
Lyapunov exponents for deterministic dynamical systems are well studied by many researchers. A spatial average estimation method for
Lyapunov exponents of deterministic maps is presented in [7] by G. Froyland. A numerical scheme is described in [8] for the n Lyapunov
exponents of an n-dimensional unknown dynamical system. In [4], A. Boyarsky presented a matrix method for the approximation of
Lyapunov exponents and invariant measures. Lyapunov exponents from observed time series is studied in [9]. For Jacobian-based estimates
of Lyapunov exponents from data, convergence rates and data requirements are studied in [10].

In the context of information theory, the principle of maximum entropy [11] was introduced by E. T. Jaynes [12] in 1957. Since then,
mathematicians, physicists and engineers have widely used the maximum entropy method in many different directions for solving problems
in mathematics, mathematical physics and other related branches of Science and Engineering. A maximum entropy method was described by
Lawrence R. Mead and N. Papanicolaou in [11] for solving moment problems. For finite approximation of the Frobenius-Perron operator of
deterministic dynamical systems the maximum entropy methods were described by many authors [13]-[18] and [19]. In [20], C. Bose and
R. Murray presented dynamical conditions for convergence of a maximum entropy method for Frobenius-Perron operator equations. For
approximation of invariant measures for position dependent random maps we have described maximum entropy methods in [21, 22]. An
iterative maximum entropy method is presented in [23] for Lyapunov exponents and invariant densities for deterministic chaotic maps. In
this paper, we compute Lyapunov exponents via a general piecewise spline maximum entropy method. Moreover, we compare our results
between piecewise linear, piecewise quadratic and piecewise cubic maximum entropy methods for the computation of Lyapunov exponents.

In Section 2, we present a general piecewise spline maximum entropy method for approximation of invariant measures of deterministic
dynamical systems. Moreover, we present convergence analysis of maximum entropy method. In Section 3, we present calculations
of Lyapunov exponents of deterministic dynamical systems using general piecewise spline maximum entropy method. We present two
numerical examples with a comparison between piecewise linear, piecewise quadratic and piecewise cubic maximum entropy method.

2. A general piecewise spline maximum entropy optimization method for invariant measures of
deterministic chaotic dynamical systems

Let (I =[0,1],%,1) be a measure space, where % is a c-algebra on I = [0, 1] and A is the Lebesgue measure on A. Let 7:1 — I be
a deterministic map such that 7 has a unique absolutely continuous invariant measure p* with density f*. Using (1.2) one can find the
actual Lyapunov exponent L for 7. In this section, first we revisit a general piecewise spline maximum entropy optimization method for the
approximation f, of the density function f*. In the next section, using the approximate density f,, we compute an approximate Lyapunov
exponent /,. We also present the convergence analysis of the general piecewise maximum entropy method. We closely follow [6] and [13].

Let
<X <X <x=0<x1<xp<...

be an infinite set of nodes on the real line. The B-splines of degree k are defined recursively as follows:

1> X € [xi7xi+1)7
BO(x) — def..,-2,-1,0,1,2,...
Z(X) 0> x¢ [xivxi+1)7 ! { }

and

YT ghel(y) g ST pelg et 2 1,0,1,2,... ).

k
Bi(x) = i+l

- 1
Xitk —Xi Xitk+1 —Xi+1

Each B;‘ (x) is a piecewise polynomial of degree k and Bf»‘ (x) are called B-splines of degree k. The family {Bf } of B-splines satisfies the
following properties (see Proposition 1 in [13]):

Properties of B-splines:
1. Ifx ¢ [x;,%1411), then B¥(x)=0;
2. If x € (x;,X;i1441), then B¥(x) > 0;
3. LiB¥(x) =1 for all x;

4. For fixed k, the set {Bﬂ[xmxn]} : —k < i < n—1} of functions constitute a basis for the space AX consisting of all functions in

C*1[xp,x,] which are piecewise polynomials of degree < k on the n subintervals [xo,x1], [x1,%2], ..., [Xn—1,%a].

Let 7:1 — I be a deterministic map such that 7 has a unique absolutely continuous invariant measure ©* with density f*. A particular
choice of 7 is a Lasota — Yorke map described in [24]. Note that the invariant density f* of the unique acim u* is the fixed point of the
Frobenius-Perron operator Pr. In the following, we describe a general spline maximum entropy approximation scheme for f*.
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Let Z be the set of all densities, that is,
2 ={feL'(0,1)such thatf > 0and || f|;= /01 f(x)dA(x) =1}.
The Boltzmann entropy [6] of f > 0 is defined by
— [ 1) tog s ()aAx). @.1)
For properties of H see [6]. Using the Gibbs inequality

u—ulogu <v—ulogv,u,v >0,

it can be shown that

Jroerart) = [ otogst)anto vs.g € 7. @2
The above inequality in (2.2) leads to the following optimization problem [14]:
max H(f) such that f € Z and /f(x)gn(x)dl(x) =my, 1 <n<N, (2.3)
I
where my,my,- -+ ,my are given moments of the unknown density with respect to the moment function {g1,g2,...,gn} C L=(I), respectively.
Proposition 2.1. [6] Suppose that ay,ay,--- ,an are real numbers such that the function
eZQ’:] angn(x)
In(x) =

Jo eEn-rangn @ d A, (x)
satisfies the constraints in (2.3), that is,

Jo gitx)eRr i da (x)
jol eZQ’:] Aan&n (x)dﬂ, (.X)

=m;, i=1,2,...,N.

Then fy is a unique solution of the maximum entropy problem (2.3).

Proof: See [6].

Let 2" = {I},I,...,I,} pattition of [0, 1] into  equal subintervals, where I; = [b;_1,b;],

bi=ih,i=1,2,...,n,by =0,b, =1,h= % Without loss of generality and for convenience, we consider n = 2 = [ - ¢, where [ is a positive
even integer and q is the number of the sub-intervals of the partition ¢ on which the maps 7 is piecewise one-to-one and monotonic.
Consider 2k additional nodes: b_; = — jh,b,j = (n+ j)h, j = 1,2,...,k. These nodes are needed to express all the involved B-splines for
the state space I = [0, 1]. Moreover, for fixed k, the set

(B} = —k,—k+1,...,0,1,2,....n—1}

of functions constitute a basis for the space A . consisting of all functions in ck1 [0,1] which are piecewise polynomials of degree < k on the
n subintervals [bg,b1],[b1,02],- ., [bn—1,bn] ofI = [0,1]. A¥ has dimension n 4k and Bk,B ,BS,B’{, .. 7Bf171 are elements of the

basis for AX.

k+1"

Let f* be an unique density function of the acim pu* for the map 7. Then the moments of f* with respect to B-spline B;ﬂi = —k,—k+
50,1,2,...,n—11is

1
mi= [ B0 ). 24)
Proposition 2.2.
n—1
Z m;=1.
i=—k
Proof:

nilm,» = Z/f (x)BE (x)dA (x /f ZB" (x)dA (x)

i=—k i=—k i=—k

= /O £ @A) =

since Y7, B¥(x) = 1, by Property (iii).
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Proposition 2.3. Suppose that m_j,m_y1,...,my,my,...,m,_1 are moments defined in (2.4) of the probability density function f* of the
map T. Ifa_y,a_g41,...,4a0,a1,...a,—1 are constants which satisfy

1 n—
/0 Bff(x)ezi:lk”’B'k(x)dl(x) =mj, i=—k,—k+1,...,0,1,...,n—1,

then

£ (x) = D) 2.5)
is a density.

Proof.

1
k
Anmﬂm

/ Xk B ) g, (x)

/Ole o) Y B aa )

i=—k
n—1
_ Z / Bk Z:l,,lkab’()dl( )
i=—k
= i m; = 1
=k

If we solve the maximum entropy problem

max H(f) such that f € Z and /f(x)Bi-‘(x)d?L(x) =m;, —k<i<n-—1,
1

then f,’f(x) =e =k aiBi (%) is a solution of (2.6) such that there exists constants a_y,a_y+1,...,d0,d1,aa,...,a,—1 satisfying
-1 . 5
/0 B¥(x)eZ- kB0 A (x) = my, i = —k,—k+1,...,0,1,...,n— 1. (2.6)
O
Now, using the Birkhoff’s Ergodic Theorem (see below), we describe a method for estimating the moments m_j,m_g1,...,mp,my,...,my_1

in (2.6) for the unknown invariant density f* of a map 7:

Theorem 2.4. If u* is T-invariant, u* is absolutely continuous and unique among absolutely continuous invariant measures, Py satisfies

| PEf llsv<All fllav +BI f Il1;

where A > 0 and B > 0 are constants defined in [24]. Then for u* almost every x with probability 1,
1 M=l

forany f € L! ([0 1]). Moreover, if [0,1 is a probability space (that is, W* is a probability measure on [0,1]) and T is ergodic, then there
exists a function f € L'([0,1]) such that

im LY f(e() = (), Va € 0, 1] —ae.
and f is constant and f = fol fx)du*(x).

Note that f* is the density of the map 7 with respect to the acim p*. Thus, du*(x) = f*(x)dA(x). If we replace f by BX,i = —k,—k+
1,...,0,1,2,...,n—1 and f by m; then from Equation (2.7) we obtain

= lim — Z BY(t/(x)),vx € [0,1] a.e.,i=k,—k+1,...,0,1,...,n—1. 2.7
M%oo j
For large M, define
1M 1
) :—ZB )),vx € [0,1] a.e.,i=k,—k+1,...,0,1,....n—1.

Note that the choice of x almost surely doesn’t matter asymptotically. Now, we consider the following normalized approximation for
moments (for convenience, we denote them by m;.):

N~ ik k41,01, n— 1.
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Note thatif a_g,a_jy1,...,a0,a2,...,a,—1 satisfy (2.5) then a_g,a_jy1,...,a0,a2,...,a,—1 also satisfy
Jo BEEE B W ()

f oLi= Ly aiBf(x N dA(x)
The nonlinear equations in (2.5) form the following system of n + k nonlinear equations:

G(a) =0, 2.8)

hi=—k—k+1,...,0,1,2,....n—1.

where G : R"T% — R"tX defined by
1 i1 4k
Gi(a_j,a_ji1y---,00,A1,---50n_1) = /0 B{-((x)e):i:*k“’@ mdl(x) —mj,
i=—k—k+1,...,0,1,....n—1.

The Jacobian matrix G’ = (gj j> of G is defined by
) —k<i, j<n—1

dG; 1 n— :
ghi=5 f:/‘ﬁ@%z;wﬁmﬂﬁﬁﬂlﬁyLj:fhfk+L””Qann7L
aj 0
Proposition 2.5. The system (2.5) has a unique solution a = (a_g,a_gi1,...,d0,d1,.- . dp—1)-

Proof. Since support of Bf.‘ and Blj‘- are disjoint for |i — j| > k, it is clear that Jacobian matrix G’ of G is symmetric. Let

ﬁ = (ﬁ—kvﬁ—k-ﬂ—lv-'7ﬁ07ﬁ17'-'aﬁn71) eRn+k'

Then,
n—1 n—1 el
BGB - ¥ ¥ ﬁlﬁ,/ B (0eZ= B0 B () ()
i=—k j=—k
1 n—1 n—1 . 5 B
= [ X X BBeEt e 05 (pd x)
i=—k j=—k
1 [/ n—1 -
= [T et ) et (Y sp, ) are >0
0 \i==k =k
Thus, G’ is positive definite. Let
g(afkvakarh”-7a0»alv~-~7an71):/0 LI i Z agm;.
- i=—k
Now, consider the following global minimization problem:
min g(afk,(l,kﬁ»l,...,d(),d],...,anfl) (29)

(A ksl 1 e0500,81 5oyl 1 ) ERTTE

It can be shown that the system (2.5) of equations is the gradient equation of the global minimization problem (2.9). Since G’ is positive
definite, the objective function g is strictly convex on Rk Moreover, gla_g,a_gs1,...,a0,ay,...,a,—1) is coercive on its domain. Thus,
the above global unconditioned convex programming problem (2.9) has a unique solution and therefore, the system (2.5) has a unique
solution. O

Algorithm: Choose n and k. Calculate the moments m;,i = —k,—k+1,...,0,1...,n— 1 using (2.8) and use these moments m;,i =
—k,—k+1,...,0,1....n—1tofinda= (a_g,a_gi1,...,d0,d1,...,a,—1). Then the solution of the the maximum moment problem (2.6) is

IHORE SR

which is an approximation of the density function f* of the acim u* for the map 7.

For convergence analysis, we also assume that the unique invariant measure f* of 7 is used in Equation (2.4) for the calculations of moments
mi,i=—k,—k+1,...,0,1,....,n— 1. Our convergence analysis is based on the following general convergence theory for moment problem
developed by Borwein and Lewis in [25].

Let X be a locally convex topological vector space with nested sequence of compact subsets {G, }. Let W : X — [—o0, o) be a functional
with compact level sets. Let g, be an optimal solution of max{W (k) : h € G,} and g.. be the unique optimal solution of the limiting problem
max{W(h) : h € N;_,G,} with W(ge) > —eo. It was proved in [25] that lim, e g, = g under the topology of X and lim,, . W(g,) =
W (g ). For our B-spline maximum entropy method of degree k, we partition the interval [0, 1] in the following special way so that the
feasible sets are monotonically decreasing. First we divide [0, 1] into kK + 1 equal subintervals. Then we divide one subinterval of the current
partition into k+ 1 equal parts at each step in succession. Thus the corresponding 7 + k-dimensional spaces A’,‘, of spline functions of degree
k are monotonically increasing, which guarantees that the feasible sets of the maximum entropy method are monotonically decreasing.
Furthermore, by property of the Boltzmann entropy in the previous section, these feasible sets are weakly compact in L' (0,1). Since L'(0,1)
is a locally convex topological vector space in the weak topology, the above weak convergence implies the weak convergence of our method.
Thus, we have the following theorem:
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Theorem 2.6. Let T:1 — I be a deterministic dynamical system with the unique fixed point f* of the Frobenius - Perron operator Py
satisfying H(f*) > —oo and f, be the sequence of solutions in (2.10). Then limy_,es fy = f* weakly and lim, o H(f,) = H(f*).

Note that a functional W on a normed space X into [—eo,c0) is called a Kadec if x, — x weakly and W (x,) — W (x) imply x,, — x strongly.
It can be shown that Boltzmann entropy functional A in (2.1) is Kadec (see [25]). Thus, we have the following strong convergence result.

Theorem 2.7. Let T : 1 — I be a deterministic dynamical system with the unique fixed point f* of the Frobenius - Perron operator Pg
satisfying H(f*) > —eo and f, be the sequence of solutions in (2.10). Then limy,_yo || fu — f* ||1=0.

3. Numerical examples for Lyapunov exponents and invariant measures of one dimensional chaotic
maps via piecewise spline maximum entropy method

In this section, we give two the results from two numerical examples to illustrate our method. Our first example uses the well-known logistic
map for which the density function fx* of the acim is known and hence hence the analytical Lyapunov exponent / is also known. The second
example uses a piecewise polynomial mapping whose corresponding density function is not known. For both of these examples we apply our
piecewise spline maximum entropy method using piecewise linear, piecewise quadratic, and piecewise cubic splines.

Example 3.1. We consider the well known logistic map 7 : [0,1] — [0, 1] defined by ©(x) = 4x(1 —x). The actual density f* of T is given
1
by f*(x) = ————=. The logistic map 7 is topologically conjugate to the tent map and it is known that the Lyapunov exponent for the
T

Vx(l—x)
logistic map T is [ =In2 = 0.693147. Now, we apply (a) piecewise linear maximum entropy method; (b) piecewise quadratic maximum
entropy method; (c) piecewise cubic maximum entropy method and we compute approximate Lyapunov exponent b, error E, = |, — 1|, the
approximate density function f, and the L' —norm || f, — f* ||| .

In Figure 3.1, using (a) piecewise linear maximum entropy method; (b) piecewise quadratic maximum entropy method and (c) piecewise cubic

maximum entropy method, we present the graph of the actual density function f*(x) = 1 (red) and the graph of the approximate

m/x(1—x)
density function f, (blue). Gauss quadrature method is used for integrations. 500,000 iterations are used for the approximation of moments.

1.0 1.0 1.0

0.8 0.8 0.8

0.6 0.6 0.6
0

(a) A subfigure (b) A subfigure (c) A subfigure

Figure 3.1: This is lot of figures arranged side by side in matrix form with captions for each and a main caption

1.0 1.0 1.0

0.8 0.8 0.8

0.6 0.6 0.6
0 0

(a) (b) (©

Figure 3.2: Approximate density f, of the density function f* of invariant measure p* for the map 7 via piecewise spline maximum entropy method: Figure
3.1 (a) approximate density f3; (blue) via piecewise linear maximum entropy method and the actual density f* (red); Figure 3.1 (b) approximate density f3,
(blue) via piecewise quadratic maximum entropy method and the actual density f* (red); Figure 3.1 (c) approximate density f¢ (blue) via piecewise cubic
maximum entropy method and the actual density f/* (red).
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n | I, (piecewise linear) | |l, —I| (piecewise linear) | || fu— f*||1 (piecewise linear)
4 0.68775 0.00539 0.22098
8 0.69363 0.00049 0.15821
16 0.69355 0.00040 0.10494
32 0.69361 0.00046 0.07745

n | I (piecewise quad) | |l, — 1| (piecewise quad) | || fu—f" |1 (piecewise quad)
4 0.67348 0.01965 0.17346
8 0.69092 0.00222 0.12631
16 0.693443 0.0002 0.08778
32 0.69352 0.00037 0.05108
n | I, (piecewise cubic) (piecewise cubic) | || fn—f* |1 (piecewise cubic)
4 0.70605 0.01290 0.15001
8 0.69570 0.00255 0.10621
16 0.69391 0.00255 0.06343
32 0.69352 0.00037 0.05108
The density function f*(x) = % of the invariant measure U* is known for the logistic map t(x) = 4x(1 —x). Therefore, instead
x(1—x

of (2.7) one can use (2.4) for the calculations of moments. In the following tables we present some approximate Lyapunov exponents I,
and error |, — 1| using piecewise linear, piecewise quadratic and piecewise cubic maximum entropy method, where we have used (2.4) for

moments.
piecewise spline method | n Iy |l —1]
piecewise linear 4 | 0.68812 | 0.00503
piecewise linear 32 | 0.69363 | 0.00048 |
piecewise quad 32 | 0.69349 | 0.00034
piecewise cubic 32 | 0.69352 | 0.00037

Example 3.2. We consider the map 7 : [0,1] — [0, 1] defined by

%x2+%x, 0<x< 5,
T(x) =
31-x)2+301-x), L<x<iu,
The map T is is a piecewise expanding map. However, analytical density function of T is not known. We apply (a) piecewise linear

maximum entropy method; (b) piecewise quadratic maximum entropy method; (c) piecewise cubic maximum entropy method and we compute
approximate Lyapunov exponent I,.

n | I, (piecewise linear) | l, (piecewise quadratic) | I, (piecewise cubic)
4 0.63118 0.63104 0.63132
8 0.63105 0.63104 0.63114
16 0.63105 0.63104 0.63105

In Figure 3.2, using (a) piecewise linear maximum entropy method; (b) piecewise quadratic maximum entropy method and (c) piecewise
cubic maximum entropy method, we present the graph of the histogram (with 500,000 iterations) of an approximate density function (black)
and the graph of the approximate density function f, (red). Gauss quadrature method is used for integrations.

Example 3.3. We consider the map 7 : [0,1] — [0, 1] defined by

2x 1
T 0sx<j,
T(x) =
Eoysa<l,
2
The actual density f* of T is given by [*(x) = W The Lyapunov exponent for the map T is | == 0.693147. Now, we apply (a)
—x

piecewise linear maximum entropy method; (b) piecewise quadratic maximum entropy method; (c) piecewise cubic maximum entropy method
and we compute approximate Lyapunov exponent l,, error E, = |, — .

In Figure 3.3, using (a) piecewise linear maximum entropy method; (b) piecewise quadratic maximum entropy method and (c) piecewise cubic

2
maximum entropy method, we present the graph of the actual density function f*(x) = W (red) and the graph of the approximate
—Xx

density function f,, (blue). Gauss quadrature method is used for integrations. 500,000 iterations are used for the approximation of moments.
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(a) (b) (0

Figure 3.3: Histogram and approximate density via piecewise spline maximum entropy method: Figure 3.2 (a) the histogram of the density function of the
map T with 500,000 points on the trajectory of the map T with 1000 subintervals for [0, 1]. and the graph of the approximate density function fi¢ via piecewise
linear maximum entropy method; Figure 3.2 (b) the same histogram and the graph of the approximate density function f3 via piecewise quadratic maximum
entropy method; Figure 3.2 (c) the same histogram and the graph of the approximate density function fj¢ via piecewise cubic maximum entropy method;

(a) (b) (c)

Figure 3.4: Approximate density f, of the density function f* of invariant measure (1* for the map 7 via piecewise spline maximum entropy method: Figure
3.3 (a) approximate density f3; (blue) via piecewise linear maximum entropy method and the actual density f* (red); Figure 3.2 (b) approximate density f3;
(blue) via piecewise quadratic maximum entropy method and the actual density f* (red); Figure 3.3 (c) approximate density fi¢ (blue) via piecewise cubic
maximum entropy method and the actual density f* (red).

n | I, (piecewise linear) | |, —I| (piecewise linear)
4 0.69323 0.00009
8 0.69316 0.00001
16 0.69316 0.00001
32 0.69314 0.0000008
n | Iy (piecewise quad) | |l, — 1| (piecewise quad)
4 0.69323 0.00008
8 0.69314 0.00005
16 0.69313 0.00001
32 0.69314 0.000001
n | I, (piecewise cubic) (piecewise cubic)
4 0.69300 0.00014
8 0.69325 0.00010
16 0.69314 0.00003

The density function f*(x) = a

2
7)2 of the invariant measure WU* is known for the map t. Therefore, instead of (2.7) one can use (2.4) for
—x

the calculations of moments. In the following tables we present some approximate Lyapunov exponents I, and error |l, — l| using piecewise

linear and piecewise quadratic maximum entropy method, where we have used (2.4) for moments.
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piecewise spline method | n In |l —1]
piecewise linear 4 1 0.69324 | 0.00008
piecewise linear 16 | 0.69314 | 0.000005
piecewise quad 16 | 0.69314 | 0.000005

4. Conclusion

In this paper, we study numerical computations of Lyapunov exponents for deterministic chaotic dynamical systems in one dimension. First,
we discuss the fact that the Lyapunov exponent is one of the key tools for determining whether a deterministic dynamical system is chaotic
or not. Moreover, we show that the computation of Lyapunov exponents of dynamical systems depends on the computation of invariant
measures of dynamical systems. Then, we study a general piecewise spline maximum entropy method for the computation of Lyapunov
exponents and invariant measures for deterministic dynamical systems. We present a proof of convergence of the general piecewise spline
maximum entropy method. The general piecewise spline maximum entropy method includes piecewise linear, piecewise quadratic, piecewise
cubic and higher order maximum entropy methods. Finally, we present two examples where we compute Lyapunov exponents of dynamical
systems via piecewise linear, piecewise quadratic and piecewise cubic maximum entropy methods. Moreover, we compute invariant measures
of the dynamical systems. In the first example we present errors between the numerical results and analytical results (both for Lyapunov
exponent and invariant measures). The numerical examples show that the piecewise spline maximum entropy method is a useful method for
the computation of Lyapunov exponents and invariant measures for deterministic dynamical systems. In future we plan to study the speed of
convergence of the piecewise spline maximum entropy method for the computation of Lyapunov exponents and invariant measures.
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solution of fractional nonlinear generalized Burgers’ differential equations. Thereby we
find some exact solutions for the nonlinear generalized Burgers’ differential equation with a
fractional derivative, which has domain as R? x R*. Here we use the Lie groups method.
After applying the Lie groups to the boundary value problem we get the partial differential
equations on the domain R? with reduced boundary and initial conditions. Also, we find
conservation laws for the nonlinear generalized Burgers’ differential equation.

1. Introduction

The research of exact solutions plays an important role in the study of nonlinear systems. Many methods as the inverse scattering method [1],
Hirota bilinear method [2], Lie symmetry analysis [3, 4], CK (Clarkson-Kruskal) method [5, 6], etc. have been developed to find these
exact physically significant solutions of the partial differential equation, although this is rather difficult. Our work in this area is to use Lie
transformation methods and its analysis to search exact solutions to fractional nonlinear partial differential equations. It is known that the Lie
group method is a powerful and direct approach to the construction of exact solutions of nonlinear differential equations. Essentially, the
symmetry analysis is aimed at using the symmetry of the equation. The process thus obtained reduces the complexity of the given equation.
Even though physical phenomena are mostly based on searching the solution of the underlying nonlinear model equations, it is too difficult
to find a general solution of the fractional nonlinear partial differential equation. There is no existing general theory for nonlinear partial
differential equations. While there is no existing general theory for nonlinear partial differential equations, many special cases have
yielded to appropriate changes of variable [7-11]. In fact, transformations are perhaps the most powerful tool currently available in this
area [12—14]. Ivanova, Sophocleous and Tracin in [15] investigated the Lie symmetry analysis of (2+1) - dimensional variable coefficient
Burgers differential equation of the form
ur = A(t)uxx + B(t)uyy + uty.

They obtained the symmetries, according them conservation laws and some analytical solutions for above equation. Later Abd-el-Malek and
Amin in [16] studied the symmetry analysis of the generalized (1+1)-dimensional Burgers differential equation in the form

U+ o(u")x = Bg(t) (u")xx,

with boundary and initial conditions u(0,x) — oo, for x > 0, u(t,0) = yr(t), fort > 0,y # 0, and lgn u(t,x) — oo, fort > 0.
X—r00
Some recent studies of Burgers differential equation the reader can see in [17, 18].
In this research, we show the applying of Lie group analysis to study (2+1)-dimensional time-fractional generalized Burgers’ differential
equation with boundary and initially conditions:
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&JrPV( ") =Rg(t)A(u") (1.1)

370 u") =Rg u"), .

u(,0,0) = ®(z), t €[0,00), (1.2)
lim  u(t,x,y) — oo, t € [0,00).

(x,) = (o0,0)

Here(x,y) € RLreRt,0<a<l,n>1, P,R # 0 and % is a fractional derivative which is considered in the Riemann-Liouville terms
as [19]

3% (1) r<n£a>%j3(t7£§§1,,,,df, if a¢N, n—l<a<n, neN,

e

4f(), if aneN.

Moreover we investigate the conservation laws for above equation by using Ibragimov’s theorem for fractional derivative equations [7,20].
The Lie group or Lie symmetry analysis allows us to see that the underlying symmetry algebra of the equation reduce the dimension, it is
since each of the time-fractional equations is invariant under time translation symmetry. So, by using the Lie symmetry, we show that the
fractional partial differential equation with the domain R? x R* can be transformed into a nonlinear fractional partial differential equation
with the domain R?.

2. Symmetry analysis for time fractional partial differential equation

Consider a time-fractional partial differential equations with three independent variables x > 0, y > 0, and ¢ > 0 as following:
F(x,y,t,u,0%u,thy, uy, txr,tyy) =0, 0< <1, 2.1

where d%u is Riemann—Liouville fractional derivative of u.

A one parameter Lie symmetry transformations acting on a space of three independent variables (¢,x,y) and depended variable u are
determined as

f=t+et(t,x,yu)+O0(e?),

X

x+ €& (t,x,y,u) + O(€?),
2.2)
y=y+e&(t,x,y,u)+0(€?),

i =u+en(t,xyu)+0(?),

where € > 0 is an infinitesimal group parameter. The infinitesimal generator associated with the above transformations can be written as:
d d d d
X =&1(t,x,y,u)=— + S (t,x,y,u) =— + T(t,x,y,u)=— +n(t,x,y,u) —

with & = % le=0, & = % le=0, T= % le=o and n = % le—o. According to the infinitesimal invariant criterion (2.2), prolongation pr(®2) X
to equation (2.1) has the form

pr<a’2>X(E) |E:0: 07 E = F(tvx7y7'4»ata”7“xauxx) = Ov

here the operator pr(®2)

X takes the following form
pri®DX =X + %00, + N1 O, + N3 u,, + 1], + 130,
where
M = D (1) + &1Df (u) — DY (§1ux) + ExDf (uy) — DY (Eauy) + DY (uDs (7)) — DFH! (tu) + TDFH (w),
Ny = DN — uxDx & — uyDx&y — us Dy T,
N3 = DNy — uxxDx&1 — uxyDy&p — uyy Dy T, 2.3)
n = Dyn — uxDy&1 — uyDy&r — u:Dy T,
n3 = DyNy — uyeDy&y — uyyDyEr — uy Dy T,

with D; is the total derivative
D; = 0; +u;0, + M,';aut + uj,8u, + Lt,‘,‘aul + u_,_jal,_f +....

and DY is a fractional derivative operator with respect to 7.
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The expression for 17, niv , M3, and n; in (2.3) can be easily obtained [4,21], here we concentrate our attention on 1. Using the generalized
Leibnitz rule, that was given in [22]

oo

DY (f(1)g(n) =), (Z) DEf(1)Dy (1), (“) _(=)"al(n—a)

Pt n) = Fi=an+1)
So we get m
D) - D Gun) = - X () DF w0 &)
n=1
(@ pan n
E:DX (1)~ D (Eay) —;(n)n ()07 (52)
and

D*(uD; (1)) — D** (tu) + TD* ™ (u) = —aD; (1 i( )D"‘ "(u)D" (7).

Thereby we get the expression

oo oo

n, = DEm) - Y. ("‘) D" () D} (E1) — 1 (“) DF 1)} (&) — @y (D)D)~ ¥ (,,3‘_ 1) DI (@Df (@),

n=1 n=1

According to the compound function of the chain rule [23] we get

d" sz f‘, )> (l;) %(—g(;))r% (g(t)kﬂ) d’;];(kg)‘

k=0r=0

Thus infinitesimal ), takes a form

2 oy 2N,
Ng = at«? + (Mu _O‘(Tt"‘”tfu))g —u atg +u

P E(8) - (9 ) orte oo £ () prcone - £ (§) e rwinn@),

n=1 n=1

where
Xk: k i 1 (—y) aim(ukir) anferkn
= r) k' T(n+1—a) dt™ ot—muk”

3. Symmetry analysis for time-fractional nonlinear generalized Burgers’ differential equation

I Ms

After some easy mathematical transformations our equation (1.1) can be written in the form

o
% +nPu"*~ (ux +uy) =nRg(t)((n— 1)u"72(u,% + uf) + 1" (e + Uyy))- 3.1

By substitution of transformations (2.2) and (2.3) into (3.1) and equating the multiplier of € to zero we get that, for the fractional nonlinear
generalized Burgers’ differential equation (3.1) the invariance criterion takes the form

My 1l — 1P+ )+ P (1 4+ ]) (1) (0 — 2R (00 (a2 +4)
—2n(n—1)Rg(t)u"2(nF +n7) —n(n— )R (t)u" > (u? + u}z,)’c (3.2)

—n(n—1)Rg(t)u" (”xx+“y))n —nRg (1)u"! (”xx+“yy)7*”Rg(t)”n_l (m5+ TI%) =0

Substituting the extended infinitesimals (2.3) into the equation (3.2) we get following system of differential equations:
0ué1 =018 =081 =08 =T =0kT =0T ="M =0,
Pn(n? —n) +Rg(t)xm (2n — 2n%) + u(nPid, T — nP(9y&; + 0y ) +nRg (1) (&1 + i) + 2nRg (1) dum) =
Pn(n® —n) +Rg(1)dyn (2n —2n) + u(nPatd; t — nP(3,& + 0&a) +nRg (1) (dyy &2 + ) +2nRg (1) dyun) = 0
Rg ()1 (n—n?) +u(—nRg' (t)t — nRag(t)d; 7+ 2nRg (1) 0, &1 ) =
Rg ()1 (n—n?) +u(—nRg' (t)t — nRag(t)d; 4 2nRg(1)9:&) = 0
Oun — %510yt =0,

%l - MTtT"h +nPu1(9xn +dyn) — nRg(1)u" " (dpn + dyn) =
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In below we study some cases and obtain generating infinitesimal operators for classification of solutions of the equation.
Case 1: For arbitrary g(¢) and 0 < o < 1 we get infinitesimals as

Si=ci,
& =02,
T=0,
n=0,
here ¢ and c; are arbitrary constants and there are two infinitesimal operators
d d
X = — X, = —.
1= ox 2 dy
Case 2: For g(t) = 1 we get following infinitesimals
S =ci,
Sr=c,
T = c3t + ¢4,
n= 7%“7
here c1,c7,c3, and ¢4 are arbitrary constants and thus we obtain two additional infinitesimal operators
d d o d
X3 = =— Xy =t=—+ U—=-.
Tor YT T1-n ou
Case 3: For g(t) = t* with b # 0 we have infinitesimals as
&1 = csx+ce,
& =csxtc7,
t
T=C0C573
bfotl77

M= 1) 5t

here cs,cg, and ¢y are arbitrary constants and there is one additional infinitesimal operator

¥ d . d +t d . b—a d
=xm0—t+y—+ ot —uU=—.
3T Yy T har Th(n—1)"ou
Case 4: For g(r) = ¢' we obtain following infinitesimals in a form

1 =cex+c7,

& =cey+cs,

T =C¢,
n= ncfl u,

here cg,c7 and cg are arbitrary constants and we have one additional infinitesimal operator

d 1

Xo=xlgyd 2 1,9
3= y&y o n—1"ou

ox

4. Symmetry reductions of the time fractional nonlinear generalized Burgers’ differential equation

Now, we obtain similarity reductions and present the reduced nonlinear fractional ordinary differential equations. Also we classify the
corresponding group invariant solutions of the fractional nonlinear generalized Burgers’ equation.
Case 2: For g(t) = 1 we have four infinitesimal operators

d d d d a

2 =2, Xs=2, Xy=tet—ul.
o 2Ty MTop MTIG TG

X =

The similarity variables for infinitesimal operator X; and X, can be found by solving the corresponding characteristic equation
de _dy _di_du  dx_dy_di_du
1 0 0 0 0 1 0 0

Thus we obtain the similarity reduction u = ¢ (¢), by substituting which into (1.1) we get
D¥¢(t) = 0.
Thereby the exact solution of time fractional nonlinear generalized Burgers’ differential equation (1.1) with X and X; is
u(t,x,y) =ct* 1,
where c is arbitrary constant.

For infinitesimal operator X3 the corresponding characteristic equation is in a form

dx _dy _di_du
0o 0 1 o0
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This equation gives us a similarity reduction u = ¢ (x,y), by substituting which into (1.1) we have
u(t,x,y) =0.
And the similarity variables for infinitesimal operator X, can be found by solving the corresponding characteristic equation

dx _dy _di_ du
o o0 r &

—n

Here we have u = t1-n ¢ (x,y) similarity reduction, by substituting it into (1.1) we get
1 dg
— _5) %n aTnn )1 )
i a) i O/<t )77 9w, y)ds+nPr 5 (9(6,3))' (219 w.3) + 3,6 (x,9))
—ReT (19 (6,))" ™ (90 (6,3) + Ay 0 (6,)) + n(n = 1) (9(x,))" 2 (2.9 (x,))* + 349 (x,))2)) = 0.
After some easy transformations we obtain following nonlinear ordinary differential equation
r(1+ﬁ)

¥ (e P (x,y) +nP(¢(x,5))" (90 (x,y) + 3,0 (x,)) — Rn(9 (x,3))" (O (x,7) + Oy § (x, 7))
(=

—Rn(n—1)(9(x,9)">((9x0(x,7))* + 3,9 (x,y))?) =0.
Case 3: For g(t) = ” with b # 0 we have three infinitesimal operators

17 X2:i7 X3:xa 9+££+ b—a 0
ox dy

1= ox Pt ha T e—n "o

The third infinitesimal operator by solving the corresponding characteristic equations

dx _dy bdt _ bdu

X y t l”;‘i‘u’

gives us the similarity reduction
b-a
“(XJJ) =ttt w(p17p2)7
where p; =xt? and p, = yr .

Case 4: And lastly for g(r) = ¢' we have three infinitesimal operators

d d d d d 1 d
X

=50 BT BTGPt a T o0 e

The third infinitesimal operator gives us the corresponding characteristic equations

dx_@_ﬂ_ du

T R

’

and a similarity reduction
1

u(x,y,t) = e1'v(q1,92),

t t

here g =xe™!, and g = ye™'.

5. Conservation laws

In this section we will construct the conservation laws of time-fractional nonlinear generalized Burgers’ differential equation (2.1) by using
Ibragimov’s theorem [24,25]. Ibragimov proved this theorem for differential equations with integer order. And it was applied to fractional

differential equations [26,27].

We will search a vector field C = (C',C*,C*), where C' = C'(t,x,y,u, ux, uy, ...), C* = C*(t,x,y,u, utx, uy,...), and C° = C¥(t,x,y,u, ux, uty, ...)
is conserved vector for (3.1) on all its solution if it satisfies the following conservation equation D; (C") 4+ Dy(C*) + Dy, (C”) = 0, where C’,

C*, and C? are conservation laws for equation (2.1). A formal Lagrangian function for (2.1) is given by

L=v(t,x,y)E.
Here v(¢,x,y) is a new dependent variable and
2%u 1 n—2,2 , 2 n—1
E= el +nPu" (uy +uy) —n(n— D)Rg()u" (uy +uy) +nRg(t)u" ™ (txx + uyy).
The Euler-Lagrange operator with respect to u is defined by [27,28]
% = % + (Dg)*QDL[“u _D)‘aiux —Dya%y +D? ajxx +D§a%yy -

where (D¥)* is adjoint operator of D that has a form

(D7) = (=1)j 1~ *(D}).

(5.1)
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By using Euler-Lagrange operator we can define an adjoint equation of equation (3.1) as

oL
After calculations, the equation (5.2) takes a form
oL o n—1 n—1
Su = (D) v—nPu"™" (ve+vy) —nRg()u" ™" (vx + vyy).

So, we say that generalized Burgers’ equation is nonlinearly self-adjoint if the adjoint equation (5.2) is satisfied for all solution u of equation
(3.1) upon a substitution v = @(¢,x,y,u) and @(¢,x,y,u) # 0. This substitution allows us use formal Lagrangian as usual classical Lagrangian
and construct the conservation laws.

Thus, x-component conservation laws for the equation (3.1) have the form [28]

JdL JL oL
Ci=&L+W, Dy— D (W) =—
=&+ (aux xauﬂ>+ x( l)(auxx>’
here W; = ni — §llux — §2iuy — Ty, y-component conservation laws for the equation (3.1) have the form [28]
JaL JL oL
C =&L+W; D D,W)=—).
= &Lt (814,, Y iy )* y (W) (auyy)

And ¢t-component conservation laws for the equation (3.1) have the form

m_l oL oL
Ccl = —1)kp*~ 1=k (w;) Dk —1)"™J(W;, D"
form—1 < oo <mand J is a integral
f'x7y7s 'xy7 )
J(f:8) Tn—a) / (p )iz 4pds:

Thus, by using (5.1) and above formulas we can find C*, C”, and C’ for our problem.
Case 1: For arbitrary g(r) we have W; = u, and W = u, that gives us
Ct =vD* N (uy) +J (uy,vr),
Ch = vD¥ (uy) +J (uy, vy),
Ci=v( gta” +nPu 1 (uy +uy) — n(n - 1)Rg D2 (uk +u ) +nRg()u" "ty + ttyy ) )+

nRg(l) ey —3n(n— 1)Rg(O)u" 2v(uy)? +nPu 'y v—nRg( V"V (v + vy),
C3 = nRg(t)u" uyyv — 3n(n — 1)Rg(t)u"2vuytty + nPu~Luyy — nRg(t)u™ iy (uxvy + vy,
C) = nRg(t)u" uyyv — 3n(n — 1)Rg(t)u">vuyuty + nPu"~'uyy — nRg(t)u™ uy (uyvy +vy),

ng (at“ +nPu"~ 1(u,c+uv)fn(n71)Rg() n- z(u)chru;)+nRg(t)u”*1(uxx+uyy))+
nRg(1)u" Vuyyv — 3n(n— 1)Rg(t)u"2v(uy)? +nPu”_luyvfnRg(t)u”_luy(uyvu+vy).

Case 2: For g(t) = 1P we get Wy = uyg, Wy = uy, and W3 = xuy + yu, + bu, =+ b( )u thus the corresponding conservation laws are like:
C! and C} are the same.
G = (ata +nPu"~ l(ux—o—u}) —n(n—1)Rg(t)u" 2 (u2 +uy )+nRg( ) n—1 (Ux +1tyy))+
vD¥~ l(xux+yuy+ w+ 5 f’) ) +J (xtay + yuy + Sup + 72 B )u VE)s

Ci= (‘3[‘,‘,’+nPu" l(ux+uy)—n(n—l)Rtb n=2( x—0—uy)—O—nRtbu”*l(uxx—O—uyy))—i-

nRtb v = 3n(n — DROCW v () + nPu Luyy — nRtPy! wy (Uyvy + vy),
C = nRtP ! Uyyv —3n(n— I)Rtbu”_zvuxuy +nPy! Uyv — nRtPy! Uy (txVi +vx),
G = xv(% +nPu! (ux +uty) —n(n—1)RePu" 2 (u? + uz) +nREW T (s + 1ty ) )+
AR U (i, + 7% B >ux+ buxt + Yty + Xityy) + (b( it bu, +yuy+xux)
(=3n(n— DR u"2vuy +nPu v — nROW ™ (v, +vy)),

C’lV = nRtPy"! Uyyv —3n(n— I)Rtbu”_zvuxuy +nPu" luy — nRtbu"_lux(uyvu +vy),
= v(% +nPu (uy +uy) —n(n— D)RCu 2 (2 + u)z) + 1R (g + 1ty ) )+
nRtbu”*luyyv —3n(n— l)Rtbu”*zv(uy)2 +nPu"1 Uyy — nRtPu1 uy (Uyvy +vy),
= yv( Lk aza L+ nPu"" l(ux +uy) —n(n—1)Rtbu" =2 (u? +u2) + nREW T (g + 1ty ) )+
nRibu1 (uv—i- B(I— >uy+ b”yt +yuyv+xux}) + (b( )u—i- b“t +yuy +xux>
(=3n(n—DR"u"2vuy + nPu" 'y — nRE"u" = (uyvy, +vy)).

Case 3: For g(t) =1 we obtain W; = uy, Wo = uy, W3 = u;, and Wy = tu; + %u, thus the corresponding conservation laws are in the
following form:
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C! and C}, is the same.
(04 7v(§[é‘+nPu” U (uy, +uy) —n(n—1)Rg(t)u"~ 2 (u2 + g 2) + nRg(1)u"~ 1(uxx+uyy))+VD?71(M;)+J(M;,V,),

C = tv( G +nPu~ '(Mx+uy)*"("*1)Rg() "2 (u + uy) + nRg ()" (e + yy ) )+
vD¥~ (tu,+mu)+J(tut+%u,vt),

Ci= ( 3ta +nPu1 (ux +uy) —n(n— 1)Rg(t)u"*2(u)2c + u}z) —+ nRg(t)u"*1 (trx +1yy))+
nRu" Vv — 3n(n— 1)Ru"~ 2(ux)zv +nPu" ey — nRU Ve (uvy + ),

G = nRu"! Vityy — 3n(n— I)Ru”*zuxuyv + nPu"fluyv - nRu”fluy(uxvu +vy)),
G = nRU™ Wiy — 3n(n — 1)Ru"2ueuyv + nPu ' uyv — nRu" L uy (upvy 4 vy)),

C5 = nRu" Y(tuy + ~Zuy) + (tuy + %5 u) (—3n(n — 1)Ru"2uev + nPu" 'y — nRu" = (uxvy, +vx)),
= nRu”_lvuxy —3n(n— 1D)Ru"2uyuyy -+ nPu" uy — nRu" uy (uyvy +vy)),

= B ™ () =l — RG24+ R0 (s 1))+
nRu" iy — 3n(n — 1)Ru" 2 (uy)*v + nPu Yuyy — nRu" Ly (uyvy +vy)),

C5 = nRu""vuy, —3n(n— l)Ru”_zuyutv +nPu" Yupy — nRU" Vg (uyvi +vy))),
C = nRu" v (tuy + %5 uy) + (tu + -2 u(=3n(n — 1)Ru"2uyy + nPu" 'y — nRu" = (uyvy +vy))).
Case 4: For g(t) = ¢' we have W) = uy, W = uy, and Wa = xuy + yuy + u; + mu, and thus the corresponding conservation laws are:

C! and C}, is the same.

C,= v(% +nPu" 1 (uy +uy) —n(n— 1)Re'u" 2 (u? +uf) +nRe' U gy + 1))+
vD,O‘*l (1 + yuy +ur + ﬁu) +J (xuy + yuy +us + ﬁu,v,),

Cr=v( a‘:a“ +nPu" 1 (uy +uy) —n(n— I)Re’u"*z( +uy ) +nRe "ty + ttyy ) )+
nRe " iy — 3n(n— DRe' "2 (1) >v + nPu Ly — nRe' t" Vit (1yvy 4 vi),

C3 = nRe' " ugyy — 3n(n — 1)Re' " 2ucuyy + nPu Luyy — nRe' "y (uvy +vy),

G5 = vx( ‘;to’f +nPu" Ny +uy) —n(n—1)Re' "2 (uf + uf) + nRe' u " (e +uyy ) )+
nRe' W (uy + Xty + Yty + gy + ﬁux) + (xux ++yuy +u; + llfnu)
(=3n(n—DRe' " 2uw +nPu'v — nRe' u" ' (uxvy, + 1)),

Cy—nRet - 1u}xv—3n(n—1)Re’ - 2uyuxv+nPu" Ly —nRe'u" ! ux (Uyvy +vy),

C%:v(ata +nPu"~ 1(ux—i-u))—n(n—l)Re’u" 2(u +u 2) +nRe " (e + uyy))+
nRe'u"~ luy v—3n(n— 1)Re' "2 (uy)*v+nPu"u, v—nRe’ Loy (uyvy +vy),

(64 —vy( U4 nPu (uy + uy) —n(n— 1)Re' "2 (ux+u§)+nRetu”*1(uxx+uyy))+
nRer "1 (Xtty + Yty + thyy + g + T y) + (it + yuy + 1+ 1)
(=3n(n— 1)Re'w"2uyv +nPu" v — nRe' "~ (uyvy, +vy)).

6. Symmetry analysis for boundary value problem

In this section, we will discuss the symmetry analysis for the boundary value problem. Lie symmetry analysis is one of the most
widely-applicable methods of finding exact solutions of differential equations, but it was not widely used for solving boundary value
problems. And the reason is the initial and boundary conditions are usually are not invariant under any obtained Lie symmetry method
transformations [3,29-31]. So, for partial differential equations, an invariant solution found by applying symmetry transformation solves a
given boundary value problem, when the symmetry transformation leaves invariant all boundary conditions and the domain of the boundary
value problem.

Now, let the Q-condition symmetry

d d d d
Q: él()ﬁ}’%”)a +€2('x>y>t7u)aiy +T(x7y7l7u)£ +Tl(xa)ht7'4)£7 (61)

with X i
du du o*u o*u
Qk(ut_F(x’y’u’a’aiy”"’ﬁ’aiyk))w:0’

and the manifold M = {u, — F (x,y,u, %, ‘3—“‘,, et %, g—i’k‘) =0,0(u) = 0} is admitted by the boundary value problem defined on a domain
Q: ‘

du du  u Ju 2
ut*F<x7y7u7£7aiyv'“7ﬁaTyk>7 (x7y>t)EQCR xR ) (62)

k—1 k—1
du Ju 9T ud “):o a=1,..,p. (6.3)

da(x7y7f) =0:B, (tvx»)’»”>g7aiyv“->Wv W
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Jdu du o* 1y ok-1y

’5787_)77”.7W’W :O, C:17...,poo. (64)

lc(x7y7t) = °°ILC(X7y7t7M

Here B,(t,x,y,u, gi, g:, . g;ﬁﬁ‘, 3;1, ) boundary condition on d,(x,y,t). Suppose that the above boundary value problem has a unique
solution.

So, for the manifold M = {l.(x,y,t) = oo, L.(x,y,t,u, gz ‘98”, very %7 (‘%’f) = 0} there exist a smooth bijective transformation that maps the
manifold M into

k(KR ok kK kK du Jdu ak*u ak*u
_{lc(x )y )t )_007Lc(x Y )t 7”7%777"'7W7W)—0}~

Definition 6.1. The symmetry Q which has the form (6.1) is allowed by the boundary value problem (6.2)-(6.4) if:

k k k k
© Qe (e — F (x,yu, 34, 5% T8, G)) = 0 for u = F(x,y,u, 94, 5% T 5H):
. Qda(x v,t) =0ford,(x,y,t)=0,a=1,...,p;
Jdu d *u 9* du 9 *u 9* .

° Q(k)B ()C y,l ll, aia a:v ) Txltv Tvlkl) = OfOV Bll(t7x7y7u7 87;7 7;7 cry TXII/:7 ﬁ) = 0 on da()ﬁ)&l) = 0’ a= 17 -~717,

e there exist a smooth bijective transformation that maps the manifold M into M* of the same dimensionality;

o OFIF(x*,y*, ") =0 for I¥(x* ;y J)=0,c=1,..., Peo;

d d %

° Q?{k* (X yvtvu7 az7a;7 73;79),“) Oforlf(x7y7t):°°’C:L'"7r
Let us consider our fractional partial differential equation (1.1) with o¢ = 1, which defined on the domain 0 <7 < oo, x > 0, and y > 0 with
initial and boundary conditions

w4+ P (i + uy) = nRg (1) (1" (e + gy + (n— D" ((ux)* + (y)?)), n>1, PR#0 6.5)
u(x,y,0) — oo, (x,y) eRT xRT,
u(0,0,t) = ®(t), t € [0,00],
u(xvﬁt)(x,y)ﬁ(o,()) o t €[0,].

The problem (6.5) for g(t) = ¢' with boundary and initially conditions is not invariant. But it is invariant for g(¢) = 1 and g(t) = %, b > 0.
As we found before the equation (1.1) with g(r) = r? has an infinitesimal generator

rd b—a d
+eor st U

P
Heate) g oy tarn—ha,

)
X = (c1 +cox) = ER

dx
So, after applying X to boundary condition as &; (0) =0 for x=0and &, (0) =0 fory=0we getc; =c3 =0and ¢, (%@(z) — t%) =0,

b—1
where ®(¢) = Kz, K is arbitrary constant.
According above definition let assume t* =, x* = 1/x, y* = 1/y, and u™ = u bijective transformation which maps M= {x ~> <><>7 ¥ ~> oo, u —

o}l to M* = {x* — 0,y* — 0,u* —0}. ThlS transformatlon maps the 1nﬁn1te51ma1 operatorX to X*. Thus, X —xa +y I +4 5 ar + b( ) %
infinitesimal operator with X* = —x* (M -+ ; 9t* - b(b,;ll)
conditions:

M(l,x,y)t*)() —>°°7 (xvy) €R+XR+7

u(t,0,0) :Kt%, t € [0,00],

”(I,X,Y)(x,y)a(o,o) — %, re [O,oo]

Which give us u = = f(ri,r2), where r; = B2 = % transformation, after applying that we get
{ Bt f=b(rifoy +1r20ny)) 0P oy 4 ) = RS oy + Fryry) +0ln = 1) P72 (f7 4+ £3)) =0,

Fri,m) ey rp)—00) — 0,
lim f(ri,rn) =K,
(r1.r2)—(eo2)
boundary value problem of partial differential equation with two independent variable.

And the equation (1.1) with g(¢) = 1 have an infinitesimal generator

1 d

19,
“Tnou

9
~ox b or
Thus, as £;(0) =0 for x =0, &(0) = 0 for y =0, and 7(0) = 0 for r = 0 we get

d
X +0287y (C3I+C4)

1 dd
c1=0, =0, ¢4=0, and c;3 (lftb() —):0.

So, ®(t) = Ctra , C is arbitrary constant. According above, the X = t&t + ﬁ 55 With X* =" % —
invariant the equation (6.5) with boundary and initially conditions:

°+ infinitesimal operator leaves

u(t,x,¥);0 — o, (x,y) € Rt xRT,
u(t,0,00=Crmr,  re[0,e0],
u([axvy)(x,y)%((),o) — o, te [0700]

Which give us u = 7= h(x,y) transformation, after applying that we get
b4 nPH ! (e + hy) — R(nh" ™ (hy + hyy) +n(n— 1" 2 (k2 +h2)) =0,
h(x,y) ) -00) — 0,

lim  A(x, C,
(.y) = (o0,00) (r.2)=

boundary value problem of partial differential equation with two independent variable.
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7. Conclusion

In this work, we presented the application of Lie group analysis to study time-fractional nonlinear generalized Burgers’ differential equations.
So, we found some exact solutions of nonlinear generalized Burgers’ differential equation with fractional derivative here we used the method
of Lie groups method. Also, we obtained the conservation laws for corresponding cases of the function g(¢). After applying the Lie groups
we got boundary value problems with reduced dimension for special cases of g(¢). Moreover we defined conditions which leave invariant the
boundary value problem (1.1)-(1.2) for g(¢) = * and g(r) = 1 with & = 1. The symmetry method on fractional boundary value problem is
our future research.
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1. Introduction

The theory of spinors, especially used in applications to electron spin and theory of relativity in quantum mechanics, was expressed by B.
L. van der Waerden in 1929. The introduction of spinors is one of the most difficult topics in quantum mechanics. Even if the spin-1/2 is
considered, some fundamental sections of spinors, such as the effects of rotation on spinors, turn out to be difficult to explain. Spinors appear
to be closely related to the theory of the electromagnetic theory. According to physicists spinors are multilinear transformations. Thanks to
this feature, spinors are mathematical entities somewhat like tensors and allow a more general treatment of the notion of invariance under
rotation and Lorentz boosts. Spinors can also be used without reference to relativity, but they arise naturally in discussions of the Lorentz
group. Moreover, for a spinor it can be say that it is the most basic sort of mathematical object that can be Lorentz-transformed, [1]-[3]. On the
other hand, the basic knowledge of spinor theory is based on earlier years, indeed, if we consider the relationship between spinors and Euler’s
parameters it is date back to 1776. Spinors are vectorial objects and there is no their multilinear features for mathematicians. Also, spinors
have one-index. In discussing vectors and tensors there are two ways in which we can proceed; the geometrical and analytical. To use the geo-
metrical approach, we describe each kind of quantity in terms of its magnitudes and directions; in the analytical treatment, we use components.

Spinors were first studied by Elie Cartan in a geometrical sense. Cartan was one of the founders of Lie group theory which is one of the most
important topics of mathematics and which has many physical applications. So, Cartan’s study is a very impressive reference in terms of the
geometry of the spinors since this gives the spinor representation of the basic geometric definitions [1]. In geometrical meaning, another
study was made by Vivarelli. In that study, Vivarelli established a one-to-one linear relationship between the quaternions and spinors. In
addition, using the relationship between the rotations in quaternions and three-dimensional Euclidean space, Vivarelli actually obtained the
spinor representation of the rotations in Euclidean space, [4]. Castillo, on the other hand, examined the spinor formulation of the curve
theory, one of the important subjects of differential geometry. In that study, Castillo gave a spinor corresponding to a mutually orthogonal
vector triads in three-dimensional Euclidean space and thus obtained a spinor representation of the Frenet frame and curvatures of a curve,
[5]. Based on that study, Kisi and Tosun obtained the spinor formulation of the Darboux frame on a directed surface in three-dimensional
Euclidean space, [6]. Similarly, in [7], the spinor Bishop equations of the curves in [E3 have been expressed.

Ketenci et. al investigated the answer of question "How does a spinor correspond to a mutually orthogonal vector triad in three dimensional
Minkowski space IE? 7. Thus, they introduced hyperbolic spinors. Based on this, they matched the hyperbolic spinors which have hyperbolic
components up with Frenet frame of a curve in Minkowski space ]E?, [8]. Then, Erigir et. al obtained the spinor representation of the Bishop
frame, an alternative frame, of a curve in the three-dimensional Minkowski space, and the spinor formulation of the relationship between
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Frenet frame and Bishop frame, [9]. Also, the Darboux frame on the oriented surface in ]ET was obtained by the aid of hyperbolic spinors,
[10]. Moreover, in [11] Tarak¢ioglu et. al considered the Vivarelli’s study and they gave a different approach to the relationship between
the split quaternions and rotations in Minkowski space ]R?. In addition, they obtained an automorphism of the split quaternion algebra H’
corresponding to a rotation in R%. Then, they gave the relationship between the hyperbolic spinors and rotations in R?.

In this paper, we have studied on spinors with two complex components and we have given spinor representations of Involute Evolute curves
in E3. Firstly, we have introduced spinor representation of Frenet vectors of any unit-speed curve in three dimensional Euclidean space
[E3. Then, we have obtained spinor equations of the curve which is not parameterized by arc-length and considered the Involute Evolute
curves corresponding the different spinors. Thus, we have investigated the answer of question "How are the relations between the spinors
corresponding to the Involute Evolute curves in E3?”. Finally, we have given an example.

2. Preliminaries

2.1. Involute Evolute curves in E?

It is well known that if a curve is differentiable at the each point of an open interval then a set of mutually orthogonal unit vectors can be
constructed. These vectors are called tangent 7', normal N and binormal B unit vectors or the Serret-Frenet frame, collectively. So, let us
consider that the regular curve (o) which is the differentiable function so that & : I — E3, (I C R) has the arbitrary parameter 7. Moreover,
for Vr € I the Frenet vectors on the point ¢(¢) of the curve (&) are given by {T(¢),N(t),B(t)}. So, these Frenet vectors are obtained by the
following equations

T= Lo

o[

N=BxT,
_ 1 / 1"
Bfm(a xa)

2/ 9

where is the derivative with respect to arbitrary parameter ¢, k and 7 are the curvature and torsion of this curve (), [12].

Moreover, the Frenet derivative formulas of this curve (o) are given by

T =|o/|| kN,
N =|la'||(=xT+1B), 2.1)
B =—|d/| TN,

[12].

Now, we know that if there is equation ||a’ (s)|| = 1 for Vs € I on the point o(s) of the curve o : I — 3, (I C R), the curve () is called as
the curve parameterized by arc-length parameter s. So, the Frenet vectors of the curve (o) parameterized by arc-length parameter can be
obtained by

T=0o,
| "
N= Ta % (2.2)
B=TxN
where 7’ 7 is the derivative with respect to arc-length parameter s. Moreover, the Frenet formulas of this curve are as
T’ = kN,
N = —xT +1B, 2.3)
B = 1N,

[12].
The Involute Evolute curves in E3 are well known and one of the most studied curve pairs in elementary differential geometry. So, for the
Involute Evolute curves, the following definition and theorems can be given.

Definition 2.1. Let the curve o : I — E3 be parameterized by arc-length parameter and the curve 3 : I — B3 be any curve which has an
arbitrary parameter. Moreover, the Frenet frames of these curves (o) and (B) are considered that {T,N,B} and {T*,N*,B*}, respectively.
So, if there is equation

(T, T*) =0,
then the curve (B) is called the involute of the curve (@) and the curve (&) is called the evolute of the curve (), [12].

Theorem 2.2. Let the curve B,a: 1 — 3 be consider Involute Evolute curves, respectively. Then, the distance between mutual points of
these curves is

d(a(s), B(s)) = [c—s].
So, it can be written

B(s) = a(s)+ (c —)T(s), (24
[12].
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Theorem 2.3. Let the Frenet frames of the Involute Evolute curves (3,0) be {T*,N*,B*} and {T,N,B}, respectively. So, the relationship
between these Frenet frames is

T" =N,
N* = \/ﬁ(—KT—i-TB,) (2.5)
B = 21+12 (tT+xB,)

[12].

Theorem 2.4. Let the Frenet curvatures of the Involute Evolute curves (B, @) be k*, 7" and K, 7, respectively. So, the relationship between
these Frenet curvatures is

VK212
el

KT —K'T
[(c—s)x|(k2+72)

K
*

[12].
2.2. Spinors

In this section, spinors introduced by Cartan [1], which is a basic study in geometric sense, are given. Afterwards, the spinors in the study
given by Del Castillo and Barrales are mentioned, [5].

Consider that x = (x, xp, x3) € C3 is the isotropic vector and C3 is the three-dimensional complex vector space. So, we obtain
x12 +x%2 +x32 = 0. The set of isotropic vectors in the vector space C3 forms a two-dimensional surface in the space CZ. If this
two-dimensional surface is parameterized by & and &, coordinates, then x| = &> — &2, xp = i(£,> + &2), x3 = —2&, &, is obtained. It is

seen from the solution of this equation that & = 4/ %, &y =44/ w It is seen that; in the complex vector space C3, each isotropic

vector corresponds to two vectors, (&1, &) and (—&;, — &) in the space C2. Conversely; both vectors so given in space C? correspond to
the same isotropic vector x. Cartan expressed that the two-dimensional complex vectors & = (&;, &) described in this way are called as
spinors. In addition, Cartan emphasized that spinors are not only two-dimensional complex vectors, but also represent a three-dimensional
complex isotropic vectors, [1].

Consider the SO (3), the group of rotations around the origin in the three-dimensional real vector space R>, and the SU (2), the group

of 2x2 dimensional unitary matrices. As is known, the SO (3) group is homomorphic to the SU (2) group, [5, 13, 14]. By means of this
homomorphism and spinors introduced by Cartan, the isotropic vector a + ib is matched with spinor

(& )
- (2
where a, b € R3. So, we have x| = 512 — 522, Xy = i(§12 —0—522) and x3 = —2&, &, where a+ib = (x1, x2, x3) € C3, [1, 5]. As it is known,

Pauli matrices form a basis for 2x2-dimensional Hermitian and unitary matrices. Using the Pauli matrices and the matrix C = ( 1 0 ) ,

0 0

(5 )4 D(E)-(F)

Throughout this information, we obtain that

the matrices o are generated as o] = ( 1 701 )’ o) = ( (l) (l) ) and 03 = ( f)l -1 ), [5, 15]. On the other hand, the mate é of

the spinor & is obtained as

a+ib=¢&'o¢,
c:—éfoé

where a + ib is the isotropic vector in the space C> and ¢ € R3, [5].

When necessary operations are considered, it is seen that the vectors a, b and ¢ are equal in length and these vectors are mutually orthogonal,
[5]. Moreover, the following proposition can be given.

Proposition 2.5. Let two arbitrary spinors be & and ¢. Then, the following statements are hold;
i) ¢lof=—¢'c¢
i) Ap+u&=21¢+us
i) %=~
v) ¢'c&=Clo¢

where A, u € C, [5].
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Now, let a curve parameterized by arc-length be & : I — IE3, (I C R). So, ||’ (s)|| = 1 where s is the arc-length parameter of the curve (a).
Moreover, we consider that the Frenet vectors of this curve are {N,B,T} and the spinor & corresponds to the Frenet vectors {N,B,T}. Thus,
the following equations

N+iB=¢'o :(512—7522:(5124-5272)7;25152)7 2.6)
T=-86t=EGE+EEL, (GG -E&), & - &P '

. =t . . .
can be written where & £ = 1 since these vectors are mutually orthogonal, [5]. Moreover, the following theorem can be given.

Theorem 2.6. If the spinor & with two complex components represents the triad {N,B,T} of a curve parameterized by its arc-length s the
Frenet equations are equivalent to the single spinor equation
g 1

R 5(—if§ + Ké)

where K and T denote the curvature and torsion of the curve, respectively, [5].

3. Main theorems and proofs

In this section, first of all, we have expressed that the spinor representations of each Frenet vectors {N,B, T} of a unit-speed curve (@),
separately. In addition that, we have considered that the curve () which has not arc-length parameter and a different spinor is corresponded
to the Frenet vectors {N*,B*,T*} of this curve. Moreover, we have given the spinor equations of this curve. Then, we have regarded that
the curves (f3, ) are Involute Evolute curves and obtained the relationship between spinors corresponding to these curves with theorems.
Finally, we have given an example.

Let o : I — IE3 be arbitrary unit-speed curve and the Frenet vectors of this curve be {N,B, T}. So, the following theorem can be given.

Theorem 3.1. Let the Frenet vectors of the unit-speed curve o : I — B be {N,B,T}. We assume that the spinor & is corresponded to this
curve (&), So, the spinor equations of these Frenet vectors are

T=-¢'og,
N=}(goE-Ect).
B=—1 (é’aé +§to§> )

Proof. Let the spinor & be correspond to the Frenet curve {N,B, T} of unit-speed curve (o). Then, considering the equations (2.2) and (2.6)
for the tangent vector on the point & (s) of () the following equation

T=0o =-Ec¢ (3.1)
can be written. If we calculate the derivative of the equation (3.1) and make necessary arrangement, we obtain that
K PURN
o = 2 (E'og ~E'at).

On the other hand, let us consider the equation (2.2), So, we obtain that the spinor equation of the normal vector N of the curve () is obtain
that

N= % (é’og—éfoé). (32)

Similarly, using the equations (2.3), (3.1) and (3.2), we have

N = % [—ir (é’dé +2§’02§> —0—21(5’66]

and

1 PO . .

3 [—ir (&’65 +§’G<§> +2K§t6§] =K (—é’cé) +1B.
And finally, the spinor equation of the binormal tangent of the curve (o) is

_ _i t £r _£
B—-2 (5 ot +¢& o&). (3.3)
So, the proof ends. O

Indeed, if we consider the first equality in the equation (2.6), we see that N = Re(§'0€) and B = Im(E'6&). So, considering complex
numbers we obtain that

N=1}(&oe+E0E),
B——}(&ct-Eof).
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Finally, using the Proposition 2.5, we reach the equations (3.2) and (3.3).
Moreover, the spinor equations of these vectors can be written in terms of components as follows since they will be used operations after that

~ (& +85.iE e -E&) bl - 1&P),

1 2 2 2 =2 . 2 2 2 22 —_—

Lot -8 -8 +8 (874878 -8 ), 26625, (3.4)
-4 (5127522+52752,1'(612+622+E2+52)772§1§z+2€1§z).

T
N
B

On the other hand, let us take any curve () which is not parameterized by arc length. Moreover, let the Frenet vectors of this curve be
{N*,B*,T*} and the different spinor corresponding the curve () be ¢. So, similar to the equation (2.6), we can write

N*+iB* = ¢' 69,
y— s

So, the spinor equations of this curve () can be written by components as

T = (9162 +0102,i(0102— 012). |61 — 92]%),
N = (02074007 07 (0240207~ 0 ) 2 (016 + 1) ). (3.5)
B =4 (0202487 0.0 (02402497 +5°) ,~2(010: - 6162))

for the curve (f). In addition that, the equation (3.5) provides the equation (2.1). So, we can give the following theorem.

Theorem 3.2. Let the Frenet vectors of the curve () which is not parameterized by arc length be {N*, B*,T* } and the spinor corresponding
to this curve be ¢. So, the Frenet equation of this curve in terms of a single spinor equation is written by

d¢ _ HB/” .k * A
E—T(*” ¢+K°9).

Proof. Let the Frenet vectors {N*, B*, T*} of the curve () be correspond to the spinor ¢. We know that {(]), (;3} is the basis for the spinor
with two complex components. So, it can be written

9 —fo+e 36
S

where the functions f and g are arbitrary, complex-valued functions. On the other hand, using the equations (2.1), (3.5) and (3.6) we obtain
that

[B'|| (—K*T* —it* (N* +iB")) = 2 (N* +iB") — 2¢T".

So, we have

f= , 8=

—it* ||| K[|l
. el (3.7)

Finally, if we consider the equations (3.6) and (3.7), we obtain that the Frenet vectors of the curve (f3) in terms of a single spinor equation as

do _ 1Bl
2

0P lirend)

where x* and 7" are curvature and torsion of curve (f3). O

Now, we express the spinor representation of Involute Evolute curves. Let us consider the curves a, B : I — E> and the Frenet vectors
{T, N, B} and {T*, N*, B*} of the curves (&) and (f3), respectively. Moreover, the curves (3, o) are considered that Involute Evolute
curves and the spinors ¢ and £ are corresponded to the Involute Evolute curves (f3, o), respectively. So, we can give the following theorem.

Theorem 3.3. Let the curves 3, a : I — IE3 be Involute Evolute curves which have the Frenet vectors {N*, B*,T*} and {N,B, T}, respectively.
Moreover, the spinors corresponding to the Frenet vectors of these curves (@) and (B) are considered as & and ¢, respectively. So, the
relationship between the spinor equations of Involute Evolute curves is

$'9=Co9'é
whereCz( _01 (1) )

Proof. We consider that the curves o, f: I — [E3 are Involute Evolute curves which have the Frenet vectors {N,B,T} and {N*, B*,T*},
respectively. So, we know that relationship between the tangent vectors of these curves is (T, T*) = 0. Thus, using this relation and the first
equations in the equations (3.4), (3.5), we obtain

(88 +86) (0®+0102) — (G& - E&) 018~ d192) + (&1 ~ 1817 (101 ~1921*) =0
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and
261620162 +28150102 + 1612191 — &1 1621” — &2 191 + 1[92 = 0. (33)

Also, if the equation (3.8) is written as matrix product, the following equation can be written

)3 23 (%)@ ®(%)

el + 2 ) =0

(& 52)((1}2 (& &) 0 (& &) o1 (¢ ¢ ) 5
where the spinors & and ¢ are written as column matrix like these & = ( ? ) and ¢ = ( f;l > Finally, we have
2 2
— —
¢S 9=Co9'¢
0 1

whereC—(_1 0). O

So, we obtain the spinor equations of Involute Evolute curves. After that, we will call the spinors corresponding to Involute Evolute curves as

Involute Evolute spinors. The other relationship between Involute Evolute spinors can be given following theorem.

Theorem 3.4. Let the curves B, o : I — B3 be Involute Evolute curves and the spinors corresponding to the Frenet vectors of these curves

are considered as ¢ and &, respectively. So, the relationship between Involute Evolute spinors is

el l
E6E 0 =3

Proof. We know that for the spinors & and ¢ there is relationship | & \2 +1& |2 =1and |¢, |2 +|dn |2 = 1 since the Frenet vectors corresponding

to these spinors are unit vectors. So, we can write

(&P +1&F) (1P +10a?) = 1.
So, we have

&1 P11+ &1 P10 + & P01 + & 0] = 1.

If we use the equatl()ns (38) and (39), we ()btaln

Moreover, if the last equation is written by matrix product by the help of & = ( ? ) 0 = ( ) the equation can be obtain
2

()
gt 1
§5E 0=,

Now, the expression of the Involute Evolute spinors in terms of each other can be written as follows.

Theorem 3.5. Let the spinors ¢ and & be Involute Evolute spinors. So, the expression of spinor ¢ in terms of the spinor & is

2 —i £\2
01 =555 *52)2
) p - .
0= ﬁ (él + 52)
Proof. We consider that the equations (3.4) and (3.5) are written in the second equation of (2.5). So, we find the equations

% <¢12*¢22*4322+4512> = ﬁ (*K<§15+a§2> *i% (512*522+§722*§712>),

% <¢12+¢22—<512—¢322> = ﬁ <—K<515—a§2> —i% (512+§22+52+52)>
and

—01$2— 9102 = (—K(élé_l—525>+ir(§1§2—@>)~

1
VK2 + 12

Similarly, if the equations (3.4) and (3.5) are written in the third equation of (2.5), we find that

_é <¢12_¢22+(1322_¢;]2) = ﬁ <T <§15+a§2) _ig (512_522_‘_52_5—12))7

(3.9)

(3.10)

3.11)

(3.12)

(3.13)
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*% (¢12+¢22+<1512+<75§) = ﬁ (17 (51?2*552) fig (512+§22+EZ+52)> (3.14)

and

i(0102—0102) = ﬁ (T <§1§_1 *52572) —iK (*5152 +@)) . (3.15)

If we consider the equations (3.10) and (3.13), we obtain
—ir N2 2
07— ¢* = zm <(§1*§2) *(§1+§2> )
Similarly, from the equations (3.11) and (3.14), we have
K—iT N2 2
O+ 7 = W ((51*52) +(§1+§2> )

Finally, from the equations (3.12) and (3.15), we get

¢1¢2 = 2\/% (51—5) (a+52)~

So, we can write

Now, we give an example.

Example 3.6. Let the unit-speed curve o : 1 — B3 be a/(s) = (\lf cos s, f sins, \/l§s> So, if we use the equation (2.2), for the Frenet
vectors {T,N,B} of the curve (), we calculate as

T(s)= <f\% sins, \[coss, k) ,
N(s) = (—coss,—sins, 0), (3.16)

B(s) = <\% sins, — %coss, %)

Moreover; from the equation (2.3) we obtain the curvature and torsion of this curve as

1 1

—ﬁ, T*\/Z.

Now, we consider that the Frenet vectors {N,B, T} are corresponded to the spinor &. So, from the equations (3.4) and (3.16), we get

&= %\/ 242 (VT —=coss+iv/1+coss),
&= \/2+‘[(\/1+coss+z\/l—coss)

In addition that, from Theorem 2.6, we have i—f = g (—ié + é)

Now, we regard that the involute curve of unit-speed curve () is () which has not arc-length parameter. So, if we look the equation (2.4),
then the curve (B) is written by

1 . .
§) = —=(coss— (c—s)sins,sins+ (¢ —s) coss,c).
B(s) 7 ( (c—s) (c—s) )
Then, we obtain the Frenet vectors and curvature, torsion of this curve
T* (s) = (—coss,—sins,0),
N*(s) = (sins, — coss,0),
B*(s) =(0,0,1)

and

Finally, we get the spinor corresponded to involute curves

0 = % (\/l +sins+iy/1—sins) ,
¢ = —5 (VI —sins+iv1+sins).

So, the Frenet equation of this curve in terms of a single spinor equation is written by = (])
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1. Introduction

A topological space X is a Baire space (resp. second category) if intersection of any sequence of dense open subsets of X is dense (resp.
non-empty). It follows from the definition that the intersection of countably many dense Gg—sets of Baire space (resp. second category) X
must be dense (resp. non-empty) in X [1]. The properties of Baire spaces and characterizations are studied in [2]. A family % of non-empty
open subsets of a topological space is said to be pseudo base [3] (T — base) if every non-empty open set contains at least one member of A.
A space X is called a P—space [4] if every countable intersection of open subsets of X is open. A directed set [S](or a directed preorder or a
filtered set) is a non-empty set A together with a reflexive and transitive binary relation < (that is, a preorder), with the additional property
that every pair of elements has an upper bound. In other words, for any a and b in A, there must exists a ¢ € A with a < c and b < c. In this
article, we consider only the directed set in which every two elements of it are comparable. A space X is a directed Baire space if intersection
of family of dense Gg—subsets {Dy, | @ € A} of X is dense and weakly directed Baire space if intersection of family of dense G 5—subsets
{Dq | ot € A} of X is non-empty where A is a directed set. A space X is called downward-directed Baire space if intersection of the family of
decreasing dense Gg—subsets {Dq | o € A} of X is dense, where A is a directed set. The following Example 1.1 shows the existence of
directed Baire spaces.

Example 1.1. Consider X = [0,c0) with the topology having 2 = {[0,a) | a # 0 € X} as its basis. In this space, the intersection of any
Sfamily of dense G5—subsets of X is dense.

By definition itself it is clear that every directed Baire space is Baire, but there are Baire spaces which are not directed Baire, refer Example
1.2.

Example 1.2. Consider R with usual metric. Since R is a complete metric space, it is a Baire space and hence second category. Since
QU{a} is countable and each singleton sets of R is closed, QU {0t} is an Fs—set and its complement is a dense Gg—subset of R for every
irrational o € R. Hence there exists a family of dense Gg—sets such that their intersection is not dense (in particular empty set) namely
(QU{a}) where o runs over irrationals. Hence R with usual metric is neither directed Baire space nor weakly directed Baire.

Also, by definition itself it is clear that every directed Baire space is weakly directed Baire, but the converse does not hold as shown by
Example 1.3.

Example 1.3. Consider R with the topology obtained from the basis 28 = {(a,b)| a,b € R}U{0}. Since every dense set contains {0}, the
intersection of every family of dense Gg—sets is non-empty. For every irrational o € R the set (Q —{0}) U{a} is countable, and each

Email addresses and ORCID numbers:renu_siva2003 @yahoo.com, https://orcid.org/0000-0002-4185-5545 (V. Renukadevi), arti6arti @gmail.com, https://orcid.org/0000-
0001-7569-4623 (R. Thangamariappan)
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singleton sets of R is closed, the above defined set is an Fs—set and its complement is a dense Gg—subset. Hence there is a family of dense
Gg—sets such that their intersection is not dense (which equals {0}) namely, (Q — {0} U{a})® where a runs over irrationals. Hence this
topological space is weakly directed Baire, Baire and second category but not directed Baire.

Example 1.4. There is a space which is weakly directed Baire and hence second category but not Baire and directed Baire. Let X = QU (1,2)
where Q denotes the set of the rational numbers in (0, 1) of the real line. Topologize X by the subbasis {{(a,b) | a,b € (1,2)} UQ}. Then X
is not Baire because the open set Q is of first category. But X is weakly directed Baire in itself as the open subset (1,2) is.

Example 1.5. Consider (X,T) where X = [0,0) and the topology T has {[a,>) — F | a € X and F is a finite subset of X } as its basis. By its
construction, it is of first category, so it is none of the Baire, second category, directed Baire and weakly directed Baire.

Example 1.6. There is a space which is second category but not weakly directed Baire, Baire and directed Baire. Topologize X = QU (0,2)
by the subbasis {{(a,b) | a,b € (0,2)} UQ}. Since Q is a first category set, X fails to be a Baire space and so X is not a directed Baire
space. But X is of second category in itself as the open subset (1,2) is. Since Q is countable, {ry,ra,r3 ...} be the sequential arrangements
of Q and I is the collection of all irrationals in (0,2). Define H* = {r;} U{I — {a}} where o is irrational in (0,2). {H” | i € Nand a € I}
is the collection of dense Gg—sets in X whose intersection is empty.

Theorem 1.7. Every compact p—space X is a directed Baire space.

Proof. Suppose {Uy | @ € A} is a family of dense Gs—subsets of X, and take U as an open subset of X. It is enough to show that
un (QUa) # 0. Since in a p—space, every Gg—sets are open, it is possible to construct a non-empty open subset Vo of X such that

Va C UNUg. Defining recursively we have non-empty open subsets {Vy} of X such that V| C Vg NUgy 1, for each a and Vg is

the successor of V. Suppose QVa = 0. Then define Wy = X — cl(Vy), so that {Wy } is an open cover of X. As X is compact, we find a

finite sub-cover {Wy, , W, , ...Wq, } such that {Wp, } covers X. Since Wy = X — cl(V) we have cl(Vy) C int(X —Wg) = X — cl(Wg). Hence

Vo C X —cl(Wy) for every a. But 0 = kﬁl(X —cl(Wg,)) D %IVak = V4, , Which is a contradiction. Thus, @ # QVa cun (QUa)~ O
- n=

Corollary 1.8. Every submaximal compact space is a directed Baire space.
Proof. Since in submaximal spaces, every dense set is open, the proof follows. O

Since every compact p—spaces are also Baire spaces, by Theorem 1.7, there are spaces which are Baire, directed Baire, weakly directed
Baire and second category. Example 1.2 shows that there are Baire spaces which are not weakly directed Baire space, Example 1.4 shows
that there are weakly directed Baire space which are neither Baire nor directed Baire spaces. The following arrow diagram shows the relation
between the four spaces namely, Baire, second category, directed Baire and weakly directed Baire.

Baire —  second category

directed Baire —— weakly directed Baire

Hence Baire, second category, directed Baire and weakly directed Baire are independent concepts.

2. Characterization for directed Baire space

The hereditary property of (resp. weakly) directed Baire spaces need not be true for arbitrary spaces. Here, we prove that for some classes of
subspaces, these properties are hereditary. This gives us a new characterization for directed Baireness of spaces.

Theorem 2.1. In a directed Baire space X, if H C X and A C H where A is a Gg set implies that int(A) is dense in H, then H is a directed
Baire space.

Proof. Since int(A) is dense in H, we have H C (H NintA). For, x € H implies Uy N H # 0 for every neighborhood Uy of x. Therefore
y € UyNH is aneighborhood of y in H, Since int(A) is dense in H, (UyNH ) Nint(A) # 0 so that U, N (H Nint (A)) # 0. Hence H C (H NintA).
Since A C H,A C H C HNint(A). ButA C H C HNint(A) C A. Therefore, A=H = HNint(A).

Let {Dg : o € A} be a family of dense Gg—subsets in H. Then H N Dy, = H for every a. Define AT =AU(X —H), and D = Dq U (X — H)
for every a.. Then A" and D, are dense Gg—sets in X for every a and X is directed Baire A™ N (QDO‘) is dense in X. Hence (AN (QDQ)) U

(X —H) is dense in X.

Now A = H implies int(A) C (AN (QDa)). Suppose not, there is an element a € int(A) with a ¢ (AN (QDa)). That is, there exists Uy

such that U; N (AN (QDa)) = 0. For every a € int(A), there exists V,; such that V, N (X —H) = 0. Since a € int(A), there exists an open

set V, V, C A so that V, C H. Take W, = U,NV,,. Then W, N ((AN(NDg)) U (X —H)) = 0, which is a contradiction. H C (H Nint(A)) C
o

(int(A)) CAN (QDa) CHN (QDO‘) C H. Therefore, QDO‘ is dense in H. O

Remark 2.2. Observe that H satisfies the hypothesis of Theorem 2.1 if H is open or a regular closed or a dense G subset of X.

Corollary 2.3. X is a directed Baire space if and only if each non-empty open subspace is a weakly directed Baire space.
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Proof. 1f X is directed Baire, then every non-empty open subspace is also directed Baire and hence weakly directed Baire. Conversely,
suppose that each non-empty open subspace is weakly directed Baire. Let {Dgy, | @ € A} be a family of dense Gg—subsets of X. If O is
a non-empty open subset of X, then O N Dy are Gg—subsets of O which are dense in O. Then Q(O NDgy) # 0 so that ON (QD(X) £ 0.

Therefore, QDa is dense in X. O

Remark 2.4. X is directed Baire if and only if each non-empty open subspaces U of X cannot be written as the union of any family of
nowhere dense Fs—sets in U.

Theorem 2.5. If O is a family of open subsets of X whose union is dense in X , then the following hold.
(a) If there is some non-empty Uy € O such that U, is weakly directed Baire, then X is weakly directed Baire.
(b) If each member of O is directed Baire, then X is directed Baire.

Proof. (a) Let U; be a weakly directed Baire set in & and {O¢ | @ € A} be a family of dense Gg—subsets of X. Then U; N O are dense
Gg—sets in Uj. Since U, is weakly directed Baire, Q(Ul NOg) # 0 in Uy which implies that U; N (QOa) # 0 so that QOa # 0. Hence X is

a weakly directed Baire space.

(b) Let V; be a non-empty open subset of X and {Og | & € A} be a family of dense Gg—subsets of X. Since U{U; | U; € O} is dense in X,
ViNU; # 0 for some U; € 0. By hypothesis, V| N U is a weakly directed Baire subspace of U;. Now Oq N (U; NV}) are dense Gg—sets of
unvy, QOa N (U NVy) # 0. Therefore, (QOQ) NV) # 0. Hence X is directed Baire. O

Now we characterize directed Baire spaces in terms of point finite Gg—cover of X. A family % = {Uqy | o € .#} is said to be point
finite in a topological space X if every point of X lies in only finite members of %, and it is locally finite at x € X if every neighborhood of x
intersects only finite members of % .

Theorem 2.6. A space X is directed Baire if and only if every point finite G g—cover of X is locally finite at a dense set of points.

Proof. Let # ={Uq | a € A} be a point finite Gg—cover of X and U be a non-empty open subset of X. Assume that % is not locally finite
atany point of U. If ¥ = {Vi }, Vo = Ug N U, then each open set in # intersects many members of ¥. Put F# = {Fy | Fo C Aand A— Fy is
finite}. Let _# be the index set of the family . Now for each J € 7, define X; = Bd(U{Vp | B € F}). Each X; is closed and int(X;) = 0,
so that each X; is nowhere dense. Let x € U. Since # = {U } is point finite, there exists a /' € _# such that x belongs to the members of
{Va | @ € A—Fy'}, but no other members of ¥". So x ¢ U{Vg | B € Fy}. If V is an open set containing x, then V intersects some members
of {Vg | B € Fy}, since ¥ = {Vy} is not locally finite at any point of U. Since x ¢ U{V | B € Fy }, x € X;. Hence U = U(U NX;), which
is a contradiction, by Remark 2.4. Conversely, let U be a non-empty open subset of X. Suppose X is not directed Baire, U = UXy, where
int(Xq) = 0 for each o in the index set A, by Remark 2.4. Let Uy = X and for each @ € A define Uy = U — ﬁgag' Let 4 = {Uq} where

o € A, which is a point finite Gg—cover of X. Then 4l is locally finite at some x in U. Let O be an open set of x such that x € O C U. Since
int(Xe) =0,0¢ ﬁU @ for each . Thus, O must intersect every member of 4(, which is a contradiction to locally finiteness of the point
<a

finite Gg—cover 4L. O

Blumberg [6] showed that for every real valued function f defined on the real line R, there exists a dense subset D of R such that f|p is
continuous. We will say that space X has Blumberg’s property with, respect to Y if for every function f : X — Y, there exists a dense subset
D of X such that f|p is continuous. It is known [7] that for a metric space X, X is a Baire space if and only if X has Blumberg’s property
with respect to the reals. In Theorem 2.7, the similar result is proved for directed Baire space.

Theorem 2.7. Let Y contain an infinite discrete subset D = {yq | o € A}. If X satisfies Blumberg’s property with respect to Y, then X is a
directed Baire space.

Proof. LetD = {yq | @ € A} be a infinite discrete subset of Y. If X is not a directed Baire space, then there is an open set U in X such that
U= (L&JU‘X). Define a function f : X — Y as follows: let f(x) = yq, for each x € X — U, where yq, € D and let f(x) = yg for eachx € U,

where B = min {& | x € Uy }. From the construction of the function f, f|p is not continuous for every dense subset D of X. O

3. Product of directed Baire spaces

A directed Baire space in which every closed subspace is also directed Baire space is called a hereditarily directed Baire space. We
discuss the product of directed Baire spaces. The following Lemma 3.1 is useful in the sequel.

Lemma 3.1. LetY be a topological space, (A,d) be a metric space and C be a dense G g—subset of Y x A. Then given any finite subset F of
A, € > 0 and non-empty open set O of Y, there exists a finite subset A’ of A and a dense Gg—subset Cy of O such that

(i) for each z € F, there exists a € A’ with d(z,a) < €

(i) Cy xA" CC.

Proof. For the given finite subset F of A, define an open subset V = UB(z, €) of A where union runs over the points of F. Since C is dense in
Y XA, (OxV)NC#0. Then Cy = Px((OxV)NC)and A C Py((O xV)NC) are the requirements. O

Theorem 3.2. If X is a directed Baire space and Y is a metrizable hereditarily directed Baire space, then X x Y is a downward-directed
Baire space.
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Proof. Let {Dq | a € A} be a family of decreasing dense Gg—sets in X x Y. We prove that QD(X is dense in X x Y. Let G and H be any
non-empty open sets in X and Y, respectively. To prove [QD“] N(GxH)#0.Let {sq | @ € A} be anet in [0,0) with usual metric, which
converges to 0.

Let a; be the least member of A. Since Dy, is dense (G x H) N Dg, # 0. Define a dense Gg—set of G, Xo, = Px((G x H) N Dy, ) and
Zg, ={y}, wherey € Py ((Gx H)NDy,).

By Lemma 3.1, for any finite subset Zy, of ¥, non-empty open set G in X, dense Gg—set Dg of X x Y and sg > 0, we can find a finite subset
Yg of Y and a dense G subset Xg of G such that

(i) for each z € Zg, , one can find y € Y5 with d(z,y) < sg

(ii) Xg x Yg € Dg. Then we define

(iii) Zg =Zg UYg, where f3 is the successor of .

Continuing in this way, we reached a family of dense Gg—subsets {Xy | & € A} of G. Since X is a directed Baire space, QX(X # (. Choose

X € NXq and define, for each o € A, the dense Gg—subsets {Wy, | o € A} of Y so that {x} x Wy, = ({x} X ¥Y) N Dg.
o
LetZ" = %(JZOC C H. Since Y is hereditarily directed Baire, Z7 is directed Baire which implies Wy, N Z* is dense in Z* for each o € A. For, let

z€Z"T, a € Aand € > 0 be given. Since the net (s¢) converges to 0, for the neighborhood [0, €) of 0, we can find § € A such that 0 < 54 < €
for every o > 6. Choose p € A sufficiently large so that p > a, sp < € and z € Zp. There is an element y € Y, with d(y,z) <sp, <s5 <&
and (x,y) € Dp, N ({x} x Y), which implies that y € W, C Wy, where p; is the successor of p. Thus, y € B(z,€) N (W NZ™T) so that
B(z,€) N (WgNZ™) is non-empty. Choosing y € (QWQ) NHNZT, we get that (x,y) € [QDQ} N(G x H). O

Theorem 3.3. Let X and Y be directed Baire spaces. If either of the space has a countable pseudo base, their product is directed Baire.

Proof. Assume that X x Y is not directed Baire. We can find an open set G x H in the product space such that (G x H) N (QDO‘) = () where

{Dq | o € A} is a family of dense Gg— sets in X X Y. Since Dy are Gg—sets, Dy = F%ID?," where D, are open in X x Y. Since Dy, is dense,
n=

each DY, is also dense.
Let {V,} be a countable pseudo base for ¥. Now for each n,k and &, define 2" = D, (U x V;.). Also, define H* = Py (h%*) so that H:*

are open. Also, D}, is dense in G x H implies D, N (G x V}) is dense in G x V; which implies hl&’k is dense in G x V;.. For any open set U] in
G, U x Vy is an open set in U x V. Therefore, (U; x Vi) N AL £ @ implies Uy N Py (K5¥) # 0 which implies U; N HE* # 0. Therefore, each
Hg’k is dense in G. Since X is directed Baire, G will become directed Baire, by Remark 2.4.

Since G is directed Baire, ﬁk[Gﬁ Hg’k} are dense in G and so ﬂk[G ﬂHg’k] # (. Therefore, there exists some a € G with a € ﬁk[G ﬁHg’k]
n, n n,

which gives a € Hg;k for every n, k.

Define D}, (a) = {b € H | (a,b) € D}, }. For each Vy, (a,b) € D, N (G x V) for all n,k implies (a,b) € Q[D’& N (G x Vi)] which gives that
(a,b) € Da N (G x V). Therefore, there is some b € Vj with (a,b) € D so that b € V; such that b € D}, (a). Therefore, Df (a) N'Vy # 0.
Therefore, D}, (a) is dense in H. Also, D},(a) is an open set.

Since Y is directed Baire, H is also directed Baire and hence anDg‘ (a) # 0. Therefore, we can find z € H with z € rpaD’& (a) and hence

(a,2) € ﬂkD’& = Dy which is not possible. Thus, QDa # (0 and so G x H is a weakly directed Baire space. O
n,

4. Product of Volterra spaces

In 1993, the class of Volterra spaces was introduced by Gauld and Piotrowski [8]. A topological space (X, 7) is said to be Volterra
[8, 9] (resp. weakly Volterra [8]) if the intersection of any two dense Gg— sets in X is dense (resp. non-empty). By the definition itself,
every Baire space is Volterra and every space of second category is weakly Volterra. Is there exists a Baire space X whose square X? is not
Baire ? The first space with such properties, constructed under the Continuum Hypothesis, is due to Oxtoby [3]. This example was improved
to an absolute one by Cohen [10] relying on forcing. Finally, Fleissner and Kunen [11] constructed a metrizable Baire space X whose square
X2 is not Baire in ZFC by direct combinatorial arguments. Gauld, Greenwood and piotrowski [12], using stationary sets in the result of
Flessner proved that there exists a metric Baire space whose square is not even Weakly Volterra. Spadaro [13] proved that the product of a
hereditarily volterra space and a hereditarily Baire space may fail to be weakly volterra. In [14], Moors proved that ”The Product of a Baire
space with a hereditarily Baire metric space is Baire”. In that proof, he use Choquet game [15]-[17] played on X to get a non-empty subset
for any given sequence of dense open sets in X.

Theorem 4.1. If X is Baire and Y is metrizable hereditarily Volterra, then X XY is a Volterra space.

Proof. Suppose that C and D are two dense Gg—sets in X x Y. Let G and H be non-empty open sets in X and Y, respectively. To prove
(CND)N (G x H) # 0. Since C and D are dense Gg—sets, C = F%]Cn and D = F%ID,,, where {C, } and {D, } are decreasing sequence of
n= n=

open dense sets in X x Y.

Denseness of C gives that (G x H)NC # 0. Define a dense Gg—set of G, C = Py ((G x H)NC) and Z§ = {bC}, where b¢ € Py ((G x H)NC).
Also, since D is dense, (G x H)ND # 0. Define a dense Gs—set of G, D = Px((Gx H)ND) and ZP = {bP}, where bP € Py ((G x H)NC).
Also, define Z| = ZIC UZ?.

By Lemma 3.1, for a finite set Z; of Y, non-empty open set G in X, dense Gg—set C of X x Y and % > 0, there is a finite subset ch of Y and
a dense G subset C, of G such that

(i) for every a € Z;, there is some b € ZZC with d(a,b) < %

(i), x Z§ C C.
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Also, by Lemma 3.1, for a finite set Z; of Y, non-empty open set G in X, dense Gg—set D of X x Y, and % > 0 there is a finite subset Zf of
Y and a dense G subset D, of G such that

(i) for every a € Z;, there is some b € ZZD with d(a,b) < %

(ii) Dy x ZP C D.

Define Z, = 2, UZ§ UZP.

Continuing in this way, for every n € D, by Lemma 3.1, given any finite subset Z,_; of ¥, non-empty open set G in X, dense Gg—set C of
X xY and % > 0, there is a finite subset Z$ of Y and a dense G subset C;, of G such that

(i) for every a € Z,,_1, there is some b € Z,? with d(a,b) < %

(i) G, x Z§ C C.

Also, given any finite subset Z,_; of Y, non-empty open set G in X, dense Gs—set D of X x Y and % > 0, there is a finite subset Z2 of ¥ and
a dense G subset D, of G such that

(i) for every a € Z,,_1, there is some b € ZHD with d(a,b) < %

(i) D, x ZP C D.

Define Z, = Z,_1 UZS UZP.

The countable collection {C, | n € D} U{D, | n € D} of dense Gg—subsets can be enumerated as a sequence of dense Gg—sets {H; | i € D}
of G. Since every H, is a dense Gg—set, H; = jaHi] where Hi] is a dense open set in G. Since a countable union of countable set the family

{Hlj | i, j € D} also can be enumerated as a sequence of dense open sets {O,, | m € D}. Since X is a Baire space, the open subset G is also a

Baire space. Therefore, F%IO,,, #0.
m=

Choose s € m?lem and define, C(s) = {r € H| (s,t) € C} and D(s) = {t € H | (s,#) € D}. Now C(s) = (QCm)(s) = Q[Cm(s)}, because
t € (NC)(s) & (s,1) €NCp < (5,1) € Cy, for all m <t € Cpy(s) for all m < ¢ € N[Cyy(s)]. Therefore, C(s) is a Gg—set. Similarly, D(s) is
also ZGS —set. " "

LetS = nQIZ,, C H. Since Y is hereditarily Volterra, S is Volterra and hence C(s) NS and D(s) NS are dense in S.

For, a € Z, and € > 0 be given. Choose N € N sufficiently large so that 1/N < € and a € Zy_;. There is some ¢ € Z,f, such that
d(t,a) < 1/N < € and Cy x Z§ C C. Hence (s,1) € (Cy x Y) N ({s} x ¥) C C, which implies that t € C(s). Thus, # € B(a,&) NC(s) N Z # 0.
Similarly, D(s)NZ is also dense in Z. Choosing ¢ € C(s)ND(s)NHNZ, we get (s,t) € CNDN (G x H). Hence CN D is dense in the product
space. O

In Theorem 4.1 above, the hereditary property cannot be dropped, since Fleissner and Kunen [11] constructed a metrizable Baire space X
whose square X2 is not Baire. Since Spadaro [13], shows that the product of a hereditarily volterra space and a hereditarily Baire space may
fail to be weakly volterra the metrizability of the Volterra space cannot be dropped in the above theorem.

Piotrowski raised a question that, “Whether X x [0,1] is Volterra or not? for any Volterra space X”. As a partial answer to this question,
in Corollary 4.2 below, we consider a subfamily of Volterra spaces consisting of metrizable hereditarily Volterra space, and proved that
cartesian product of X and [0, 1] is again a Volterra space.

Corollary 4.2. If (X,t) is a metrizable hereditarily Volterra space, then X x [0,1] is also a Volterra space.

Proof. Tt is well known that, a subset A of a complete metric space (M,d) is complete if and only if A is a closed subset of M and
consequently, [0, 1] is complete. Since [0, 1] is Baire, X x [0, 1] is Volterra, by Baire Category Theorem and Theorem 4.1. O

5. Conclusion

In this paper, we have introduced the concepts of directed Baire and weakly directed Baire spaces. Since every compact p-spaces are also
Baire spaces, we have proved that there are spaces which are Baire, directed Baire, weakly directed Baire and second category. Also, it is
shown that there are Baire spaces which are not weakly directed Baire space and there are weakly directed Baire space which are neither
Baire nor directed Baire spaces, by giving examples. Hence we have proved that the concepts namely, Baire, second category, directed
Baire and weakly directed Baire are independent. We have proved that the product of directed Baire spaces is also Directed Baire if either
of the space has a countable pseudo base. Also, we have provided partial answer for the question raised by Piotrowski regarding product
of Volterra spaces. The results of this article can also be applied on generalized topological spaces and ideal topological spaces by some
suitable modifications. We hope that this work will provide the basis for further study on directed Baire spaces.
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1. Introduction

Italian mathematician Leonardo Fibonacci’s Liber Abaci was one of the most important books on mathematics in the Middle Ages. Through
this book mathematicians introduced Fibonacci number sequence concept. Several studies have been conducted with respect to Fibonacci
numbers and Fibonacci quaternions [2]-[5].

Dual-hyperbolic numbers with Fibonacci and Lucas coefficients which is constitutes a new number system have been introduced by Cihan
and her colleagues [1]. In this article, the dual-hyperbolic number system has been generalized based on the article [1].

Firstly, addition, multiplication, modules and conjugates of these numbers have been defined and the fundamental identities for these numbers
regarding these operations have been proven. Then, we have defined generating function and this function helped us to find Binet’s formula.
Additionally, d’Ocagne’s, Honsberger, Tagiuri, Catalan identities have been obtained and Cassini’s identity has been given in case of r = 1
for the Catalan identity. Finally, we have discussed special cases and have given examples.

2. Preliminaries

The Fibonacci and Lucas numbers have many interesting properties and applications. Initial conditions for the Fibonacci and Lucas numbers
are defined as follows respectively

Fp=0, F=1,..., Fuau=F+F_, n>1
and

Ly=2, Li=1,..., Lyy1=L,+L,—1, n>1
where F, and L, denote the n-th Fibonacci and Lucas numbers, respectively.
Binet formula for the n-th Fibonacci and Lucas numbers are given by the following relation

F, = (an_ﬁn)v Ln:an+ﬁn7 n>1

1
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(see [2]).
On the other hand, Horadam introduced generalized Fibonacci numbers with the initial conditions as follows

Hy=p, Hy=p+q, p,q€Z
where the recurrence relation is defined by
Hy=H, 1+H,—, n=3,
or
Hy = (p—q)Fu+ gk

In the above equation, if we take p = 1 and g = 0, then the generalized Fibonacci number becomes Fibonacci number. If we take p = 1 and
q = 2, then the generalized Lucas number becomes Lucas number. Furthermore, Horadam investigated Binet formula for the n-th generalized
Fibonacci number such that

T

(see [2]).
The set of dual-hyperbolic numbers is defined by
DH = {w =2z1+20€|z1,20 € Hwhere, e2=0,¢ #* 0}.
If we consider two hyperbolic numbers z; = x; + x»j and zo = y| + y»J, then any dual-hyperbolic number can be written as
w=x1+x2j+ y1E+ yJE.
There exist five different conjugates and these conjugates are given as follows
|o|"'=z, + €%, hyperbolic conjugation
|o| =z, — €25,  dual conjugation
| IE =7} —€Zp, coupled conjugation
|o| ™=z, (1 — 8%) (we DH—A), dual —hyperbolic conjugation
|o|"=z, —€z;, anti — dual conjugation

where “— “ denotes the standard complex conjugation and the zero divisors of DH is defined by the set A [6]. Namely, DH —A is a
multiplicative group. The dual hyperbolic numbers form a commutative ring with O characteristic. Unlike quaternions, the multiplication
of dual-hyperbolic numbers with generalized Fibonacci and Lucas number has a commutative ring structure. However, multiplication of
dual-hyperbolic numbers with generalized Fibonacci and Lucas number constitutes two-dimensional Complex Clifford and 4-dimensional
Real Clifford algebra structure.

3. Properties of Dual-Hyperbolic numbers with generalized Fibonacci and Lucas coefficients

The dual-hyperbolic Fibonacci and Lucas numbers are defined as

DHFy = Fy+ Fpp1J + Fpp2€ + Fyi3j€
and

DHL, =Ly +Lyt1j+Lyy2€+ Lyi3j€

respectively. Here, F;, and L, are the n-th generalized Fibonacci number and Lucas numbers respectively and & denotes dual unit
(82 =0, €# 0), Jj denotes imaginary unit ( = 1), Jj€ denotes imaginary-dual unit ( je? = 0). After these numbers have been defined in
the article [1], some identities regarding the modules, conjugates have been obtained for dual-hyperbolic Fibonacci and Lucas numbers.
Then, negadual-hyperbolic Fibonacci, negadual-hyperbolic Lucas, d’Ocagne’s, Cassini, Catalan identities and the correspondence of Binet
formula have been given for these numbers. Now, Let’s define the dual-hyperbolic number system with generalized Fibonacci and Lucas
coefficients by considering the study [1].

Definition 3.1. H, is called as n-th Fibonacci number which have either H, = H,_| + H,—, n >3 or H, = (p — q)F, + qF,+1 the
recurrence relations and depending on the initial values such that

Hy=p, Hp=p+q, H3=2q+3p,... (p,gez).
Then, the sets of generalized Fibonacci and Lucas sequences are defined
DHX = {DHX, = R, + €R}, = (Hy + jH,+1) + € (Hy42 + jHy+3) | Hy Generalized Fibonacci Number}
and
DHY = {DHY, = P, +€P; = (Vs + jVp+1) + € Vai2+ jVui3) | Va Generalized Lucas Number}
where € (82 =0, €# 0), j (j2 = 1) and i€ ((je)2 = O) , denote dual unit, imaginary unit and dual-imaginary unit, respectively. So the

base elements of dual-hyperbolic numbers with generalized Fibonacci and Lucas coefficients are (1, j, €, j€). Multiplication scheme of
these base elements are given in Table 1.
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[x [t ]Jj[e][je]
1 1 J € | je
J j 1 | je| €
£ e | je| O 0
je || je | € 0 0

Table 1: Multiplication scheme of dual-hyperbolic units

If two dual-hyperbolic numbers with generalized Fibonacci coefficients are DHX,: =R, +Re=H,+H,j+ Hy12€6 +H,3j€ and
DHXH2 =K, +K;€ =G+ Gpy1j+Gyi2€+ Gz je then the addition, subtraction and multiplication operations of these numbers are
defined as

DHX,! £ DHX? = (R, + R};€) £ (K, + K} €)
= (Hn +Hn+1j+Hn+28 +Hn+3j€) + (Gn + Gn+1j + Gn+28 + Gn+3j8) 3.1)
- (Hn + Gn) + (HI‘H—I + Gl‘H—l )] + (HI‘H-2 + Gn+2)8 + (Hn+3 + Gn+3)j8
and

DHX,) x DHX? = (R, +R};€) x (K, + K} €)
= (Hp+Hyy1j+Hy28 +Hyy3j€) X (Gn+ Gpi1j+ Guy2€ + Gy 3 j€)
+ (HyGp+ Hy1Gns1) + (HyGre1 + Hyir1Gy) j (3.2)
+ (HyGpyo +Hyy1Gyy3 + Hyy 3Gy +Hy2Gn)E
+ (HnGn+3 +Hn+1 Gn+2 +}In+2Gn-H +1111-!—3Gn)j8

respectively. Also, any dual-hyperbolic number with generalized Fibonacci coefficient can be expressed as follows
DHXn =Ry, “'RZE = (Hn +Hn+1j) + (Hn+2 +Hn+3j)£~ (3.3)

This yields five different conjugates. Thus, these five different conjugates can be defined as follows

DHX,)' = (Hy — Hyi1 j) + (Hyo — Hys3 ) €, hyperbolic conjugation 3.4)
DHX,* = (Hy+Hy 41 j) — (Hyi2 + Hyy3 ) €, dual conjugation (3.5)
DHX,® = (Hy — Hyi1 j) — (Hy2 — Hyy3 ) €, coupled conjugation (3.6)

. H H, j
DHX,* = (H, —Hy,11 j) X (1 - Me) dual — hyperbolic conjugation 3.7)
Hn +Hn+l J
DHX,}L5 = (Hpyo+Hpi3j) — (Ho+Hpv1 ) €, anti — dual conjugation. (3.8)

Five different norms can be given for dual-hyperbolic numbers with generalized Fibonacci coefficients thanks to the definition of conjugates.

Definition 3.2. Let DHX,, be a dual-hyperbolic number with generalized Fibonacci coefficient. In this case, j-th modulus of DHX, are
denoted by \DHX,,|% , (j=1,2,3,4,5) and are given as follows

\DHX, |}, =DHH, x DHH,'

\DHX, |}, =DHH, x DHH,’

\DHX,|?. =DHH, x DHH,*
13

\DHX,|? =DHH, x DHH,*
T4

\DHX, |} =DHH, x DHH,*

Proposition 3.3. Let DHX,, be a dual-hyperbolic number with generalized Fibonacci coefficient. Then, the following identities are satisfied:

DHX,, +DHX,' =2 (H, + H,2€) (3.9)
DHX, x DHX,' = (H? — H?, ) +2¢& (HyHy 2 — Hyi 1 Hy i 3) (3.10)
DHX,, +DHX,> =2 (H, + Hy 1 j) (.11

DHX,, x DHX,> = [(2p — q) Hyn1 — Fans1] + 2HuHy 11 j (3.12)
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DHX, +DHX,> = 2 (H, + H,,3 j€) (3.13)
DHX, x DHX,> = (H? — H2, |) + je [2e(—1)"+‘] (3.14)
ta 2H, 41 .
DHXn +DHXn 72Hn+€ ) 2 [(Hn+3Hn—Hn+1Hn+2)+](Hn+2Hn—Hn+1Hn+3)] (3]5)
Hj _HIH—I
DHX, x DHX,* = H} —HZ , (3.16)
DHX,, + DHX,'> = (Hy + Hy2) + (Hpy 1 + Hyy3)j+ Hpy 1€+ Hy 0 j€ (3.17)

DHX,, x DHX,* = (HuHy 42+ Hyy 1Hpy3) + j (HoHyy3 4+ Hyy 1 Hy 1)

i (3.18)
+€ (H2+2 +H2+3 7H2+1 - Hl%) + 2.18 (Hn+3Hn+2 *Hn-HHn)

n n n

Proof. (3.9): Using equations (3.1), (3.3) and (3.4), we obtain
DHX, +DHX,' =2 (H, + H,2€).

Here, If the values p = 1,q = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX, —i—DHX,:r =
2 (Fn +Fn+2£)'

(3.10): Considering equations (3.2), (3.3) and (3.4), the result is found by

DHX, x DHX,"' = (H2 + H2,,) + 2 (HyHy 42 + Hys 1 Hyi3) €
= (H:% - Hr%+1) +2¢ (Han+2 - Hn+1Hn+3) .

Here, If the values p = 1, ¢ = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX;, X DHX; =
Foni1+2Fn3€.

(3.11): From the equations (3.1), (3.3) and (3.5), we can reach the following identity
DHX,, + DHX,> =2 (H, + Hy, 11 /).
Here, If the values p = 1, = 0 are specially taken in the generalized Fibonacci number H,, DHX, +DHX,' =2 (Fu+ FutaJ) -

(3.12): Using the equations (3.2), (3.3), (3.5), using the identity H,il +H,% = (2p—q)Hay_1 — eFr,_1 (see.ref. [2]) and simplifying
we have

DHX, x DHX,> = [(2p — q) Hyps | — €Fopi1] + 2HyHy1 j.

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX, x DHX,:f P =
F2n+l +2FnFn+lj-

(3.13): We can write the following equation by using the equations (3.1), (3.3) and (3.6)
DHX,, + DHX,> =2 (H, + H, 3 j€) .

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX, + DHX,:r P=
2(F,+ Fy13j€).
(3.14): From equations (3.2), (3.3) and (3.6), we have

n

DHX, x DHX,> = (H? —HZ,,) + j€ [244)”“} :

While we are obtaining the above equation, the identity H,H, y,+| — Hy—sH; 4 yi5+1 = (—l)"+s eFgF,. s has been used [2]. Here,

If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, x DHX,I P =
—Fy1Fyin = 2(=1)" je.

(3.15): If we take into account the equations (3.1), (3.3) and (3.7), then the following identity can be easily seen

DHX, + DHX,* = 2H, + ¢ [(Hnt3Hp — Hy 1\ Hyy2) + j (Hyp 2 Hy — Hy1 Hyy3)].
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Here, If the values p = 1,q = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that

2Fn+l

2 _ 2
Fn F;Prl

DHX, +DHX;4 =2F,+¢ [(Fpi3Fy — Fpi1Fu2) + j (Fug2Fy — Fri1 Fuga)) -

(3.16): By making the necessary operations with the help of the equations (3.2), (3.3), (3.7) and rearranging the last equation, the following
identity can be given

DHX, x DHX,* = H? —H> ;.

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX,, X DHX,;r d=
F2—F2,.
(3.17): Considering the equations (3.1), (3.3) and (3.8), we have

DHX, +DHX;5 = (Hn +Hn+2) + (Hn+1 +Hn+3)].+Hn+le +Hn+2jg-

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, + DHX,:f =
Fo+ Fyio + (Fo1 + Fai3)J + By 1€+ By je.

(3.18): If we use equations (3.2), (3.3), (3.8) and make the necessary calculations, then the rearranged equation yields

DHX,, X DI"IXnIs = (Han+2 +Hn+1Hn+3) +J (Han+3 +Hn+1Hn+2)
+& (Hy o+ Hy 3 —Hy\y —H7) +2j€ (Hyy3Hyyo — o1 Hy)
Here, If the values p = 1,q = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that

DHX, X DHXr;S = (FnFn+2 +E1+1Fn+3) +J (EIFn+3 +FrL-HFn+2)
+e(Fr o+ Frs—FA —F}) +2je(FusFun — Fui F).

n

O

Theorem 3.4. Let DHX,, and DHX,,_| be two dual-hyperbolic numbers with generalized coefficients. There exist the following identities for
these numbers and their conjugates:

i) (DHX,1 % DHX, 1) + (DHX,,_I x DHX:‘_]) = —[(2p— q)Hay — eFyy] +2¢ (—H2, )

ii) DHX? = 2H,DHX,, — (DHXn x DHX, ‘) +2¢ (H2 ) — Hyy 1 Hyy3) +2j€ (Hyy 1 Hyy2)

DHX? + DHX? | =2(2p—q)DHXa, | — DHX, x DHX,' — DHX, | x DHX" | + (2p — q) (2Hp,13€ + 2H, 12 j€)
—€(2Fy—1 +2F2j + 2 (Fant3 + Fong1) € + 4Fy 2i€) —2H? €
iv) DHY, x DHX,|' — DHY," x DHX, = (—1)" [(4p* — 8pq +8¢%) + (—6p?) je] .

iii)

Proof. i) By using identity HZf1 +H,% = (2p —q) Hap—1 — eF3,—1 [2] and considering the equations (3.2), (3.3) and the above equations
which have been defined by Horadam, the proof can be seen easily.

ii) Considering the equation (3.1), the proof can be easily seen.
iii) From the identity H,H,, + Hy+1Hyr1 = (2p — q) Hynt1 — €Fpgn+1 [3] and equation (3.1), the proof is completed.

iv) Using the equation (3.1) and the identity L,Fy, = Fyyn + (—1)'"Fm,,, [2], the desired result is obtained. Also, the equations given in
Proposition 2.2. in the article [1] are specially obtained by giving values p = 1,g = 0 in the equations we have found above.

i) <DHX,, « DHX, ‘) + (DHX,H « DHX" 1) = —Fy, +2¢ (—F2, )

n+2
iii) DHX?+DHX? | =4DHX,,_ — DHX, x DHX,|' — DHX,_; x DHXJL1 +[2Fon—1 +2(Fopy3 — Fong1) € — 2Fp, j] — 2F2, €

ii) DHX? = 2H,DHX,, — (DHX,, x DHX, 1) +2€ (F2 5 — Fys1Fyi3) +2j€ (Fyi1 Foin)

iv) DHY, x DHX,|' — DHY,' x DHX, = (—1)" [4+ (—6) je] O
Theorem 3.5. Let DHX,, be a dual-hyperbolic number with generalized coefficient. Then, the following identities are valid:

1) DHX,, + DHX,, | = DHX,»

2) (DHX,)* = 2 (HyDHXy) +2 (Hy A DHX, 1) — [(H2 + H2, ) + 2 (Hy 1 Hyy2) j+ 2 (Hy 1y 3) ]

3) —DHX, + DHX,, 1 j+DHX,,2€ — DHX, .3 j€ = Hy |
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DHX, x DHX;) + (DHX, 11 X DHX, 1) = (2p — q) [ (Hnsnt1 +Hyyn3) + 2Hn 2 + 2 (Hpgnt3 + Hpgnts) € +4Hp 1y 4i€ }
—e| (Fugnit +Fninis) + 2Fnin2i + 2 (Fuinis + Fognys) € +4Fnniaje |

4)(

DHX,*> + DHX? | =[(2p— q) (Haps1 +Hon—1) — € (Foni1 + Fan—1)] +2j[(2p — ) Han — €Fay)

5 .
) +2e[(2p — q) (Hopg3 +Hong1) — € (Fong3 + Fops1)] +4j€[(2p — q)Hopia — €Fopgn)

Proof. 1) Let DHX,, and DHX,, | be two dual-hyperbolic numbers with generalized coefficients. In this case, taking into account that the
equation (3.1), we get

DHXn +DHX,H,1 - Hn+2 +Hn+3j +Hn+4£ +Hn+5_]£ == DHXIPrZ'

Here, if the values p = 1 and g = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, + DHX,, | =
DHF,».

2) Let DHX, be dual-hyperbolic numbers with generalized coefficients. If the equation (3.2) is used, then the following equality is
obtained

DHX?

[(Hn +Hn+lj) (Hn+2 +Hn+3j)8] [(Hn +Hn+1 ]) + (Hn+2 + Hn+3j)8]
=2(H,DHX,) +2 (Hy 1\ DHX, 1) — [(H + HZ, ) + 2 (Hps 1 Hys2) j + 2 (Hyy 1 Hoi3) €] -

Here, if the values p = 1 and ¢ = O are specially taken in the generalized Fibonacci number H,, then (DHX,I)2 = 2(F,DHF,) +
2(F,1DHFE, 1) — [(Fz + n+1) +2(Fr1Foy2) j+2( n+1Fn+3)]€] is found.

3) By considering the equation (3.1) and doing some algebraic calculations, we obtain

—DHX, +DHX'1+1J+DHXn+2£ _DHXn+3j£ = [(Hn +Hn+1j) + (Hn+2 +Hn+3j)8}
+[(Hn1 +Hy2]) + (Hp3 + Hopaj)€] J
+[(Hn2 +Hypi3]) + (Hpta + Hyy 5 )€l €

[( w3+ Hyyaj) + (Hn+5 + Hn+6])€}
n+1-

Here, if the values p = 1 and ¢ = 0 are specially taken in the generalized Fibonacci number H,,,

—DHX, 4+ DHX, 1 j+ DHX,, 7€ — DHX, .3 j€ = Fy 1|

is found.

4) Follows from the identity H,,Hy, + Hyv1Hpi1 = (2p — ) Hypna1 — €Fpna (see ref. [3]) and using the equation (3.2), we achieve that

(DHX,, x DHX,) +- (DHX,1 1 X DHX1 1) = [(Hn + Hyy 1)) + (Huy2 + Hy3) €] X [(Hi 4 Hip17) + (Hyg2 + Hyy 3J) €]
[(Hur1 + Hus2)) + (H3 + B a )€ X (Bt + B2 ) + (Huns'3 + Hinya €]
=(2p—q) { (Hn1 + Hpni3) + 2Hpmin g2+ 2 (Hpyn 3 + Hinis) €
+4Hy 1 4i€

—e[(Futni1+FEnint3) F 2Fnini2i +2 (Fuini3 + Fuynts) € +4Fn i nya €]

+

Here, If the values p = 1 and g = 0 are specially taken in the generalized Fibonacci number H,,

(DHXy, x DHX ) + (DHX,, 11 X DHX 1) = (Fpyns1 +Fonrni3) +2Fn1 0120 + 2 (Fuyny3 + Fingngs) € +4Fnni4j€

5) Considering the identity H,Hy, + Hyr1Hypi1 = 2p — q) Hypan1 — €Fpna (see ref. [3]) and the equation (3.2), we reach the result.
Here, If the values p = 1 and g = 0 are specially taken in the generalized Fibonacci number DHX,? —i—DHX2 1 = P14+ Fon1) +
2P0 j+2 (Fant3 + Fany1) € +4F2 42 jE. O

Theorem 3.6. Let DHX,, and DHL,, be dual-hyperbolic Fibonacci and dual-hyperbolic Lucas numbers with generalized Fibonacci and
Lucas coefficients, respectively. For n > 0, there exist the following relationships between these numbers:
1) DHX,, .\ +DHX,_| = pDHL, + gDHL,

2) DHX,.» — DHX,,_» = pDHL, + qDHL,

Proof. Equations 1) and 2) are found by taking the identity H,. + H,—1 = pL, +gL,_1 (see ref. [4]) and using the recurrence relation
H, = (p—q)F, + qF, 1, respectively.

DHXn+1 +DHX, | = ( n+1 +Hn+2] +Hn+38+Hn+4J£) + (anl +Hnj+Hn+1£ +Hn+3j€)
( n+1 +Hn 1) + (Hn+2 +H )]+ (Hn+3 +Hn+l) £+ (Hn+4 +Hn+3)j€

= (pLu+qLa—1) + (pLy—1+qLy) j+ (PLay2 +qLny1) €+ (qLuy3 +qLay2) j€
=pDHL, +gDHL,
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DHX, > —DHX, 5 = (Hpy2 +Hyy3j+ Hypa€+Hyys5j€) — (Hy—o +Hy_ 1 j+Hp€ + Hyyy j€)
= (Hpy2 —Hy2)+ (Hpy3 —Huo1) j+ (Hyra — Hy) €4 (Hpqs — Huy1) J€
= (an +qL,— l) + (an—l + an) J+ (PLn+2 +qLpy ) £+ (an+3 + an+2) JE
=pDHL, +gDHL,

Here, if the values p = 1,g = 0 are specially taken in the generalized Fibonacci number H,,, then the desired results are obtained. O

Theorem 3.7. The sums of the dual-hyperbolic numbers with generalized Fibonacci coefficients satisfy the following relations:
n
1) ¥ DHX; = DHX,.» —DHX>
s=1

p
2) ¥, DHX, i, +DHX, | = DHX, {12

s=0
n
3) z DHX»,_1 = DHX5, — DHX)

S=

4) ): DHX»; = DHX»,, 1 — DHX;

s=1
Proof. Using the identity Z H; = H, 1> — H,4 (seeref. [4]), the proof can be seen easily as follows

I Z DHX; = Z H+j Z Hyi 1 +e Z Hyip+ je Z Hy3 =DHX, > — DHX;
S=

n
2) Z DHXn+3+DHXn+1 Z Hyys+Hpi +j Z Hn+s+l +Hn+2 +€ Z Hn+s+2 +H,3+ j€ Zl Hn+x+3 +}In+4 = DHXn+p+2
§=

y— =

3) Z DHX; | = Z Hys 1+j Z Hys+¢& Z Hysp1 + jE Z Hys12» = DHX>, — DHX

37 57 s=1

4) ): DHXps = ): Hys+j ): Hyg 1 +€ ): Hygip+ j€ ): Hagy 3 = DHX,1 1 — DHX)

s=1

Also, if we consider the values p = 1, = 0 in the generalized Fibonacci number H,, then the above equations becomes as follows:
n
1) ): DHX; = DHF, 1, —DHF,

S:

2) Z DHXy4y +DHX, 1 = DHF, 1 p12

S—

3) z DHXys_| = DHF», — DHF,

_g_

4) z DHX»; = DHF>,,1 — DHF, O

=
Now, let’s find correspondence of the Binet formula for the dual-hyperbolic Fibonacci numbers which helps to find golden ratio.

Theorem 3.8. Let DHX,, be dual-hyperbolic number with generalized Fibonacci coefficient. For m,n > 1, the Binet formula for this number
is given by

Go" BB’

DHX, =

where o = # B=1= \f and the coefficients &, B are as follows

=(p—4gB)+p(1-B)+4lj+[p(2-B)+q(1-B)le+[p(3-2B)+q(2-B)lje

and

B=p-qa)+p(1—a)+qlj+[p2—a)+q(l—a)e+[p(3—2a)+q(2—a)] je.

Proof. If t; and t, denote the roots of characteristic equation 12—t —1 =0 associated to the recurrence relation DHX,, + DHX, 1 =DHX,1,.

Then, these roots can be found as o = t; = 1+T‘6 and B =1 = 1%6 Note that, &+ = 1,0.8 = —1 and & — B = /5. Therefore, the
general term of the dual-hyperbolic number sequence with generalized Fibonacci coefficients may be expressed in the form:

DHX, = Aa" + BB"
for some coefficients A and B. For n = 0 and n = 1, the following equalities can be written
DHXo= (¢, p, p+4, 2p+q)
and

DHX1 = (p, p+q, 2p+q, 3p+2q).
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Also, if we give to n the values n =0 and n = 1, we get
DHXy=A+B
and
DHX; = aA+ BB.
Then, solving this system of linear equations, we have
 aDHX, - DHX;

DHX| — BDHX
= A1 7 PUA B 0 and B=

A a—p a—p

where some coefficients & and 3 are

a=(p—qB)+p(1-B)+qlj+p2—B)+q(1-B)le+[p(3-2B)+q(2—B)lje

and

B=(p—-qa)+p(l-a)+qlj+[p2—a)+q(l-a)e+[p(3-2a)+q(2— )] je.

O
Theorem 3.9. The generating function for dual-hyperbolic number with generalized coefficients is
1 3
glx)= e S;)(DHXX +DHX,_1x)es.
Proof. Assuming that the generating function for dual-hyperbolic number with generalized coefficients becomes
g(x) = Z B.x".
n=0
such that
P, = (DHX,, DHX, 1, DHX, > ,DHX,.3).
Multiplying the generating function by x and x2, the following equalities can be written
xg(x) =Pyx+Px>+ ...+ P X"+ ...
x¥2g(x) = Ppx® + Px® + ...+ Py_ox + ...
After some algebraic calculations, we obtain
1 3
gx) = Fp— Y (Po+ (P —Py)x).
—x—x* =
This completes the proof. O

Now, let’s write the Binet formula in terms of the generating function which has been obtained in Theorem 3.9.

Theorem 3.10. Binet formula for the dual-hyperbolic numbers with generalized Fibonacci coefficients is

P, =P H,+PH,_.
Proof. Let’s we take the relation
P, =Aa"+Bp".
Putting n = 0 and n = 1 in the above equation, A and B are obtained by

Py — PP, Py — P
A b ﬁ07 g OR—h
a—fB a—fB

In this case, P, can be rewritten as

P, (P —BPy)a" + (aby— Py) B"].

1
:ﬁ[

When the equalities of Py and P; is written in Theorem 3.9 and is arranged, P, is found as

o — B 3 anfl_ n—1 3
P, = < B ) Y DHX,.jes+ (7ﬁ) Y DHX;e;.

a—p s=0 oa—p s=0

Finally
Py =P Hy+PyH,

is obtained. O
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Let us express the Catalan identity which is one of the most known identities of Fibonacci numbers.

Theorem 3.11. (Catalan’s Identity)
For n > r, the relation

DHX? — DHX,+r X DHX,—, = (—1)"""uF?2[j + 3 je]
is verified.
Proof. Squaring DHX,,, multiplying DHX,,+, and DHX,,_, and noting that H,,, . 1 H,_; — HyH, = (— 1)”7"+1 WFFy i gy [7], the following
equalities are obtained
DHX; = Hy +Hyy | +2HyHy i1 j+2 (HyaHyi2 + HyHy3) € + 2 (Hyo1 Hy o + HoHy 1 3) j€
and

DHXn+r X DHX;,—y = Hn+an—r JFHn-',—r—»—l Hn—r+] + (Hn+r+l Hy—r +Hn+an—r+l )]
+ (Hn+r Hy_ryo+Hyyrp1 Hy i3+ Hy—ri2 Hier +Hp— 43 Hn7r+1) €
+ (Hn+r+l Hy—ri2 +Hptr Hy—r 43 + Hypr03 Hy—r + Hyop 2 Hy—r 1 )]8

Adding the above equations gives us the proof. Writting p = 1 and ¢ = 0 in the Catalan identity for dual-hyperbolic numbers with generalized
coefficients, Catalan identity for dual-hyperbolic numbers with Fibonacci coefficients is found. Namely

DHX? — DHX,,,, x DHX,, _, = (—1)"""F? (j+3 e).

Let’s give Cassini identity for generalized dual-hyperbolic numbers as a special case of Catalan identity.

Theorem 3.12. (Cassini’s Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For n > 1, we have

DHX}! — (DHX, 11 x DHX,_1) = (—1)" "' u(j+3je).

Proof. For r =1, we see that the identity in Theorem 3.11 becomes the desired identity.Putting p = 1 and ¢ = 0 in the above identity, we get

DHX? — (DHX, 11 x DHX,_1) = (—1)" "' (j +3je).
This identity is Cassini formula for dual-hyperbolic numbers. O

Theorem 3.13. (Honsberger Identity)
For n,m > 0, the Honsberger identity for the dual-hyperbolic number with generalized coefficient DHX,, is given by

(DHX;_| x DHXy) 4 (DHX}, X DHX ;11 1) = [(2p — @) (Hpgn + Heng2) — € (Figon + Fegns2)]
+2j[(2p — @) Hipng1 — €Frqns1]
+2¢[(2p — 9) (Hxynt2 + Hipnya) — € (Feynia + Fgnta)]
+4je[(2p — q) Hisnt3 — €Fings] -

Proof. If we take into consider the equations (3.1), (3.2) and use the identity H,Hy, + Hy 1 Hpr1 = (2p — @) Hypne1 — €Fpppns (see ref.
[3]), we complete the proof. If the values p = 1,¢ = 0 are specially taken in the generalized Fibonacci number H,,, then the following identity
is found

(DHX;_1 x DHXy) + (DHX) X DHX 11 1) = (Feyn + Firni2) +2Fcini 1 J
+2 (Fepni2 + Fernia) € +4Fyni3JjE.

Theorem 3.14. (Tagiuri Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For m n,m > 1, Tagiuri’s identity is as follows:

(DHXm+k X DHank) - (DHXm X DHXn) - (_1)nik71”Fka+k7n (J+ 3j£) .

Proof. The proof can be easily seen by using the identity H,,, 1 H,,_ — HnH, = (71)"_k+lquFm+k,n [7] and equations (3.1) and (3.2). If
the values p = 1, = 0 are specially taken in the generalized Fibonacci number Hy,, then it is concluded that

(DHX,y1 X DHX, i) — (DHXyy X DHXy) = (—1)" ¥ BiFyi (4 3j€) -

Theorem 3.15. (d’Ocagne’s Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For m > n, m € N and n € Z, we have

(DHXm+k X DHXn—k) - (DHXm X DHXn) = /Jmen(_l)n (J“’ 3j8) .

Proof. Using identity Hy, H,_j — HnH, = (71)”7@rl WFFy i k—p [7] and the equations (3.1) and (3.2), the proof is completed. If the
values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,, then the following identity is found

(DHX,, .k X DHX,,_) — (DHX,, X DHX,)) = Fyp_n(—1)" (j + 3 j€).
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4. Conclusion

Our main aim in this study was to generalize the study which was done on dual-hyperbolic numbers. It was seen that, some theorems were
obtained as a result of this generalization and they corresponded to the theorems in the article [1] for p = 1, ¢ = 0. Also, the generating
function was obtained and the Binet formula was given with the help of the generating function. Unlike the identities which was given in the
article [1], Honsberger and Tagiuri identities were proved. At the same time, special cases of these identities were discussed. Because of the
fact that generalized Fibonacci and Lucas coefficient dual-hyperbolic number system have commutative algebra structure, five different
conjugates can be defined. As a result, in addition to the identities related to the conjugates which we obtained in Proposition 3.4, the

following identities are given.

i)

ii)

iii)

iv)

The proofs of these identities are easily seen by following the similar ways in the proof of Theorem 3.4. Finally, the special values p = 1 and

DHX, x DHX,? ) + (DHX, 1 x DHX,* |} = (2p — q) [Han—1 + Han12) — € [Fan_1 + Fany2) + 2jHuHy 1
DHX, x DHX,* ) + (DHX,_; x DHX,* | ) = — (142/) [(2p — q)Ha, — €F3,]

DHX, x DHX,* ) + (DHX,_y x DHX,"* | ) = — [(2p — q)Hay — €F3,]

DHX, x DHX,* | + (DHX,_1 x DHX," ) = [(2p — q) (Hans3 + Hani1) — € (Fany3 + Fans1)]

+2j[(2p — q)Hopy2 — eFopyo]
+&((2p — q) (2Hon + Hypy5) — € (2F243 + Fany5)]
+2je[(2p — q) (Hapso + Hay) — € (Fanso + Fay))

DHX? = 2H,DHX,, — DHX,DHX,* + 2H, | (Hy1 + Hyj+ Hy2€ + Hy 12 j€)
DHX? = 2H,DHX, — DHX,DHX,* +2 (H,42Hy 1€ + HyH, 3 j€)

n +20n+ +
DHX? = 2H,DHX,, — DHX,DHX,* +2H,,, (H,& + H, | j€)

DHX? = 2H,DHX,, — DHX,DHX,\* + (H,12H,_1 + Hy2Hy + Hy s 1 Hy 1 3)
+ (Hn+3H;1 + Hn+1Hn+2) j+ (2Hn+2Hn + H,3+2 + Hr%+3 - Hr%—o—l - Hr%) €
+2 (HnJrZHnJrl +Hp2Hpt3 — Hn+1Hn)j8

DHX?2 +DHX? | =2(2p —q) DHXa, | — DHX,DHX,* — DHX,, |DHX * |
+(2p — q) (2Ha 11 4 2H, 1 3€ + 2Hop 12 jE)
—e(2Pon—1+2Fpi1 + Fonj +2(Fony3 + Foni1) €+ 4Fon 0 j€) + 2 (HyHy—1) j

DHX? +DHX2 | =2(2p—q) DHXa,_1 — DHX,DHX,* — DHX, | DHX,* |
+(2p —q) (—2H2,j +2H, 138 +2Hy, 12 jE)
—e(2F 1 +2(Foni3 + Fany1) € +4F2u 2 j€)

DHX? +DHX2 | =2(2p—q) DHXa,_| — DHX,DHX,* — DHX, | DHX * |
+2(2p — q) (Hony3€ + Hapi2 jE)
—2e(Fop—1 + Fanj+ (Fanss + Font1) € +2F2,42 j€)

DHX2 + DHX2_| =2 (2p — q) DHXa,_1 — DHX,DHX,> — DHX,,_|DHX* |
+(2p — q) [Hanya + 2Hop 2 + (2Hony 3 + 2Hzy + Hpp g 5) €+ 2 (2Hay 42 + Hay) jE]
—e[Fon13+ 2P 1+ Fan 1 +2(Fy+ Fapi2) + (4F20 43 + Fany5) €+ (6F2, 12 + Fay) €]

DHY, x DHX,)* — DHY,\* x DHX, = 4(—1)" [2p%e + p? je]
DHY, x DHX,* — DHY,* x DHX, = 4(~1)" [(p? — 2pq +2¢%) j — 2p*e]
DHY, x DHX,* — DHY,* x DHX, — [4(—1)”*1 (P*+2pg— ZqZ)] j

8(—1)"p? [ —P?Foui1 + pq(—2Fon12 — Fy)

T OV D EAAD |+ (Fanst + Fa) JE

DHY, x DHX,* — DHY,|* x DHX,, = 2(—1)""'p?j

q = 0 provide the above equations.
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fractional derivative is a well behaved, applicable and understandable definition of arbitrary
order derivation. Also this derivative obeys the basic properties that Newtonian concept
satisfies. In this study authors obtained the exact solution for KDV equation where the
fractional derivative is in conformable sense. New solutions are obtained in terms of the
generalized version of the trigonometric functions.

1. Introduction

Fractional differential equations (FDEs) are generalized form of the integer order differential equations. In the last decades, researchers have
worked hard for obtaining analytic solutions of nonlinear FDEs. Nonlinear FDEs are often used to describe many problems arising in many
fields such as physics, chemistry, engineering, heat transfer, applied mathematics, control theory et all. [1]-[4]. So, many authors presented
very strong methods to solve FDEs. For instance Kurt et. al. [5] studied the solutions of time fractional Whitham-Broer-Kaup Equation by
using homotopy analysis method where the fractional terms are described in Caputo sense. Tasbozan et. al. [6] employed the finite element
method for attaining the approximate solutions of diffusion equation where the derivatives are in Riemann-Liouville sense. Celik et. al. [7]
utilized Crank-Nicolson scheme to get the the numerical solutions of fractional diffusion equation. As it is seen from the given references, all
the obtained results are numerical solutions for the considered nonlinear equations. Because, the analytical methods can not be applied to the
nonlinear equations which involves Caputo, Riemann-Liouville and Riesz fractional derivative definitions. On the contrary, conformable
fractional detivative definition gives us chance to get the exact solutions of nonlinear FDEs by using new wave transformation [8] and
the chain rule [9]. For example Eslami and Rezazadeh [10] used the first integral method to obtain analytic solutions of time fractional
Wu-Zhang system. Aminikhah et. al. [11] obtained analytic solutions of fractional regularized long-wave equations using sub-equation
method. Osman et al. [12] employed the unified method to get the analytic solutions of conformable time fractional Schrédinger equation
with perturbation terms. For further details please see the references [13]-[34]. In this paper, we handle the Korteweg-de Vries equation with
a source that provides a sixth order differential equation.

DSu+ 20D uD*u + 40D?uD?u +120D,* D> u+ D2 D 1+ 8D .uD D! u + 4D uD?u = 0. (1.1

2. Conformable fractional calculus
R. Khalil et. al. [32] presented the definition of conformable fractional derivative as follows.
Definition 2.1. [,Lth order "conformable fractional derivative” of function g which is defined as g : [0,0) — R can be dedicated as

Tu(g)(1) = lim gleter' ™M) —g(t)

=0 €

Email addresses and ORCID numbers: akurt@pau.edu.tr, https://orcid.org/0000-0002-0617-6037 (A. Kurt), otasbozan @mku.edu.tr, https://orcid.org/0000-0001-5003-
6341 (O. Tasbozan),hulyadurur @ardahan.edu.tr, https://orcid.org/0000-0002-9297-6873 (H. Durur)
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forallt >0, o € (0,1). Assuming thatg is U~ differentiable over some (0,a) where a > 0 and 1ir(r)1+ g (1) exists, then g™ (0) = llr(r)l+ gW(r).
1= t—

The other fractional derivative definitions such as Caputo, Riemann-Liouville, Griinwald-Letnikov and etc. do not satisfy basic principles
which are provided by Newtonian type derivative. For instance

. Assume that A is a constant and & € R. Then D (1) # 0 for Riemann-Liouville derivative.
. The Riemann-Liouville and Caputo derivatives do not provide the derivative of the product of two functions.

. Dl (fg) # Dl (g) +¢Dk (f).

The Riemann-Liouville and Caputo derivatives do not do not provide the derivative of the quotient of two functions

<>7égD fD”(>

This new definition satisfies the properties which are given in the following theorem.

.m.#ww~

Theorem 2.2. Let it € (0,1) and f,g be u— differentiable at point t > 0. Then

Tu(af +bg) = aTy(f) +bTy(g), foralla,b € R
Ty (tP) = ptP~H for all p € R.

Ty (LX) = 0 for all constant function f(t) = A.
Tu(fg) fTu( )*gTy(f)

( ) 8Tu(e fTu )

S L AW~

—ud
. If fis dtﬁ’erenttable, then Ty (f)(t) =1! ’“‘d—j;.

3. The new sub-equation method

Consider that the general form of nonlinear fractional partial differential equation can be expressed as

u
( oHu du Ju 2814 %u ):0 3.1)

Yo o ot xR

Using the wave transform & = kx + w' where k and w are constants and chain rule [9] in Eq. (3.1), the independent variables and can be
changed into single variable. So Eq. (3.1) can be rewritten as

Puid (§),u" (§),..). (3.2)

Consider that u(&) can be written as a polynomial in Q(§)
n .
=Y a;0/(8), (3.3)
j=0
where a; (0 < j < n) are constant coefficients to be determined after and Q(&) provides first order linear ODE of the form

Q' (&) = Ln(4) (a+BQ(E) +0Q7(©)). AF0.L, (3.4)

where o, 3,0 are constants. Moreover , Eq. has the following traveling wave solutions.
Family 1.If B> —4ac < 0 and 6 # 0, then we have

B \/f (B2 —400) \/f (B274a0')§

Q) = —55+F o tany 3 )

0:6) = _2,;_¢_(ﬁ22;4ao)m \/—(ﬁ22—4a6)€ 7

03(6) = —2’f,+_(ﬁ;w(tam( ~ (B2 4a0)¢ ) & ypasees (/- (B2 ~4a0)¢ ) )
0:6) = —fa+_(ﬁ;w(—cm( (B2~ 400)¢ ) = Vigesea (/- (B2~ 400)¢ ) )
oe) = LVt (o (VR0 ) (),

26 4o 4 4
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Family 2.Suppose that 32 — 406 > 0 and 6 # 0,

06(8)

07(8)

0s3(8)
Q9()

010(8)

20

B B*—4ac <\/[32—4a6 )
- tanhy &,

20 2

20

2

p Vi, (VP dac
—— 7o cothy &,

le N @ (_tanhA <\/[m.§) +iy/pgsechy (Mé)) :

20

20

Family 3.Consider that ¢c > 0 and § =0,

011(8)
012(8)
013(5)
014(6)
015(8)

Family 4.Regard that ac < 0 and =0,

O16(8) =
o1(§) =
013(8)

O(g) =

020(8)

Family 5. When § =0 and 0 = «,

Family 6. If B =0 and 6 = —a, chosen

Family 7.While 82 =

4ao0,

_B @ (,cothA <\/M§) + /pgeschy (Mé)) :

4 4

_£ — 7V[324_G4a0- (tanhA (Myé) + cothy (VBz_“-aGé>> .

= | Gana (vase),

- _\/gcotA(\/%fZ),

_ \/g (tana (2/&GE) + /pgseca (21/aG¢))
_ \/g (—cota (2v/@GE) % \/paesca (2v/aaE))

() o (5°9))

-\ /—gtanhA (V—acé),
-/ f%cothA (V—aoé),

Vs (~tanhy (2v=008) Hiypasechy (2v-a¢))

Vo (~eothy (2v/=a0E) + y/igeschy (2v/-a0¢))

—%\/g(tanhA (@5) + cothy (@é)) .

01(§) = tany (af),

On() = —coty(ald),

03(8) = tang (2a&) =+ \/pgsecy (2a8),
024(&) = —coty 2a&)+/pgescs 2ak),
05(8) = %(taﬂA (%5)-0091 (%5))

02(8) —tanhy (a§),

Q27(€) = —COthA (aé)

028(6) = —tanhy (2a&) tiy/pgsechy (20&),
00(&) = —cothA (2a&) £/pgeschy (2a8),
Q30(§) = —= (tanhA ( ) + cothy (Eg)) .
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2a(BELn(A)+2)
B*éLn(A)

0:1(8) =

Family 8.When beta =k , 00 = mk(m # 0) and 0 =0,

0n(E) = A% —m.

Family 9.When f =0 =0,

0313(§) = abLn(A).
Family 10.When 8 = a =0,
—1
034(8) GELn(A)"
Family 11.When o« =0 and 8 # 0,
_ pB
05(8) = = (oA (BE) — sha(BE) T )’
aB
06(8) = = G coma(BE) — sinha(BE) T )"
_ B (sinhy (BE) +coshy (BE))
031(8) =

- 0 (sinhy (BE) +cosha (BE) +4)”
Family 12.When 8 =k ,6 = mk(m #0),p =g and a =0,

pAkS

033(¢) o mgAR

Remark 3.1. The generalized version of the trigonometric functions and the generalized types of the hypergeometric functions are declared
as [33]

sinhy (&) = M, coshy (§) = M’
tanhy () = M, cothy (§) = I’M?
sechy (&) = m, cschy (§) = ﬁ>
sinA(é):M, COSA(&):M?
tanA(§)=im, COtA(é):in
secA(é):W7 CSCA(&):W7

where p,q > 0 are constants and £ is an independent variable. In addition, by considering the balance between the highest order derivative
linear term and nonlinear terms appearing in ODE (3.2), the positive integer n can be defined. Replacing Eq. (3.3) into ODE (3.2), using Eq.
(3.4), and equalizing the coefficients of all the powers of Q(&) to zero, we will obtain an equation system in terms of k,w and a; (0 < j <n).
From this obtained system the values for k,w and a; can be found with the aid of a computer software. Replacing the obtained values of k,w

and a; into Eq.(3.3), we may acquire all possible solutions of Eq. (3.1).

4. Analytic results for time fractional KdV6 equation with conformable derivative

Using the wave transformation and applying chain rule [9]
u(x,1) = u(§),

Eq. (1.1) is transferred to

u
E—ketw—. @1
U

KUt (&) + Pwu (&) + 6k2w (i (£))” + 206%™ (&) (&) +40K%u" ()" (&) + 12K>wid () u” (£) =0



Fundamental Journal of Mathematics and Applications 177

where the prime symbolizes the known derivative of function u(&) with respect to &. Integrating the above equation once and making some
algebraic calculations led to

Koul) (&) + KB wul" (&) + 312w () + 5K u+ 20K (u")* + 1202 wud’ = 0. 42)

2

Considering the homogeneous balance between u”u’ and u® in Eq. (4.2) we obtain n+5 = 3(n+1); then n = 1;s0 we can write Eq. (3.3) as

u(&) =ao+ar Q(&). 4.3)

Subrogating Eq. (4.3) with (3.4) into Eq. (4.2) and gathering all the same power of Q(&) together, the left hand side of Eq. (4.2) turns into a
polynomial of Q(&). Equalizing the each coefficient of the same power of Q(&) to zero led to an equation system. Solving the obtained
system due to unknowns variables ag, a; and w, the solutions can be concluded as

. a13(B274a0') _ a)
a3Ln(A) " oLn(A)

Putting the solution set (4.4) with (4.1) into (4.3) and solutions of Eq. (1.1), can be expressed as
Case 1L.If B2 — 406 < 0 ando # 0, then we have

4.4)

@) = arvon (LD (o (5 dao)s) 2 s (= (B aao)t)) )
w) = aan (L VD (o (st v (St ) )

a’(B>~4ao)’
GLn( )x+ c73;1Ln(A§7 .

Case 2.Suppose that B2 —4ac > 0 and ¢ # 0,

ug(§) = ap+a (ﬁﬁzz;émctanh/‘( —4OCG>

20 >
wr(&) = ao +a1< 4Omcoth ( —4050 ))
ug(&) = ap+a ( - 4a <ftanhA ﬁ2740665) +i./pgsechy ( B24OLG§>)> ,

where & =

ug(§) = ag+a

B

26 (

% VP~ —dac (—cothA ( B2 —40665) +/pgeschy ( B2 —40565))) ,
ﬁ 40‘0‘ (tanhA <ﬁZ4aG§> + cothy (M€>)>

up(§) = apt+ar 4 4

26

(B? 4(10'
— o T o)
Case 3.Consider that o > 0 and [3 =0,

where £ =

i@ = ara () Lan (vas)).

@) = a—an ([ Leons (vaot) ).

&) = a+ar <\/§ (tany (2V/@GE) + /psec (N%é))) 7
wa@) = aoran (12 (oot (2va08) & sy (2va05)) ).
ws@) = atar (%ﬁ(m(@ )—cotA(\/;TG )))
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where & = GLn( ) oI uLn(A)
Case 4.Regard that o < 0 and 8 =0,

ue(s) =
w7(8) =
uig(§) =
uo(§) =

un(§) =

where & = an( ) oY uLn(A)
Case 5.When f =0 and 0 = «,

uz1 (&) = ap +aytany (af),

where & = o‘Ln( ) can(A)
Case 6.If B =0 and 6 = —a,, chosen

where § = — oLn(A) o uLn(A)
Case 11.When @ =0 and 8 # 0,

where £ =

O‘Ln( ) o3uln(A)

it a13(B2—4a6)2tu.

x+4 ar’(p*~4ao)’ .

3(B2 2
x+4 o (p”—4ao) .y

a__ a’(B-da0)’ y

x+ ar’(p’~4a0)’

aw—a (,/_gtanm (mg))

ay—aj (1 / fgcothA (\/%5)) ,

ap+ay (,/ Z —tanhy (2v/—ao&) +i,/pgsechy (2\/—0505)))

ap+ay (1/ Z (—cothy (2v/—a6&) £ \/pgeschy (2\/7060'5)))
1 [ « c V—oo

ap—ay (5 5 (tanhA ( ) + cothy ( 5 5)))

up(§) = ap—ajcoty (af),

up(§) = ap+a(tang 2ad)+/pgsecy (2a8)),

up(§) = ap+aj(—coty (2ag)+/pgescy (2a8)),

ws(€) = ao+a <% (tanA <§ ) coty ( ))

2%() = ap—ajtanhy (a),

27(§) = ap—ajcothy (af),

28(8) = ap+ap(—tanhy 2a&) +i\/pgsechy (2a8)),

20(8) = ag+ai(—cothy 2af) =+ \/pgeschy (2a8)),

(6)

= ay— %1 <tanhA (%5) + cothy (%5))

u3(§) = ao— pail
& (cosha (BE) — sinhx (BE) 1 )"

B B qa1 B
12(8) = 0= S (BE) — sinha (BE) T )
1B (sinhy (BE) + cosha (BE)
o (sinh (BE) + coshs (BE) 1 )°

uz(§) = ao—

Case 12.When 3 =k ,0 =mk(m #0),p = g anda = 0,

5. Conclusion

palAk5

u34(8) :ao+m-

In this manuscript the new sub-equation method successfully applied to time fractional KdV6 equation. Analytic solutions of the nonlinear
KdV6 equation are successfully obtained. Also wave transform and chain rule are used, so the nonlinear conformable FDE changes into
differential equation with integer order derivative. As it can be from the obtained results new sub-equation method is a reliable, efficient and
applicable tool for obtaining the exact solutions of fractional partial differential equations in conformable sense.
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1 1
my :bux—i-ia Kuz—uf)m] +Ec(2m~ux+mx~u); m=u— Uy
X
are considered for the six cases of coefficients. By using a variational derivative approach,
conservation laws were constructed. The computations to derive multipliers and conserva-
tion law fluxes are conducted by using a Maple-based package which is called GeM.

1. Introduction

In this paper, we consider the conservation laws for the model
m = bux—l-ia [(u —ux> m] + Ec(2m~ux+mx~u); m=u— Uy, (1.1)
X

where a, b and ¢ are arbitrary constants. Eq. (??) models the one-way propagation of a fluid that lies on a horizontal flat bottom.
Conservation laws, indicating that a certain measurable property (as mass, momentum or charge) of an isolated physical system does not
change as the system evolves over time, are of fundamental importance in nonlinear science. The study of the conservation laws of the KdV
equation was a milestone in the exploration of some techniques that include Miura transformation, Lax pair, inverse scattering transform,
bi-Hamiltonian structures, for solving evolutionary equations [?]. Conservation laws have several applications in the field of differential
equations. For example, Lax [?] proved global existence theorems by using conservation laws, DiPerna [?] used extra conservation laws for
the decay of shock waves, and stability problems were considered by Benjamin. In [?], they were used for studying cracks and dislocations in
elasticity (for more information see [?]). The existence of solitons is also closely related to the existence of an infinite number of conservation
laws of partial differential equations and is a predictor of complete integrability.

There are many powerful methods used to find conservation laws such as Laplace’s direct technique [?], Noether’s theorem [?], the
characteristic form (also known as multiplier or integrating factor) given by Steudel [?]. In this paper, we use the multiplier approach among
these techniques to derive conservation laws and conserved quantities corresponding to the six different cases of coeftficients of Eq. (??).
The multiplier approach will be explained in detail in the next section.

The emergence of symbolic computational packages provides great satisfaction in the performance of complex and tedious calculations.
Over the past decades, researchers have focused on developing symbolic computational packages working with either Maple or Mathematica
which are based on different approaches to conservation laws. Many computational packages have recently been developed, and we can
classify these packages on the environment in which they work in two parts:

1. Packages which are based on Mathematica [?] environment: Goktas and Hereman developed condens.m [?], Adams and Hereman
developed TransPDEDensity.m [?], and Poole and Hereman developed ConservationLawsMD.m [?].

2. Packages which are based on Maple environment: Cheviakov developed GeM [?, ?], Anderson and Cheb-Terrab developed Vessiot
suite [?] , Rocha Filho and Figueiredo developed SADE [?].

Email addresses and ORCID bers: laloush.mol d@gmail.com, https://orcid.org/0000-0002-2861-8895 (M. Alaloush), haticetaskesen@yyu.edu.tr,
http://orcid.org/0000-0003-1058-0507 (H. Taskesen)
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GeM package [?] will be used in the present paper to find the conservation laws of Eq. (??) in the six different cases of coeffficients.
GeM package is developed to find the conservation laws and symmetries of differential equations. There exists a determining system for
obtaining multipliers (and hence conservation laws) for any partial differential equation. To obtain symmetries, this package, firstly obtain an
overdetermined system of determining equations, afterwards this system is simplified by a Rif package routines, and then a Maple command
gives all symmetry generators of differential equations. For the conservation laws, GeM package firstly obtain a determining system for
multipliers, afterwards the obtained system is simplified by Rif package to get multipliers. Once the multipliers are obtained, the fluxes are
constructed by the direct method, homotopy methods or scaling symmetry formula.

Eq. (??) is studied in [?] where they mainly interested in peakon, weak kink ank kink-peakon interactional solutions. To show that Eq. (??)
is completely integrable, they present the Lax representation, bi-Hamiltonian structure and infinitely many conservation laws for Eq. (??). In
[?] the conservation laws are obtained explicitly only for b = 0,a # 0,c # 0O case.

According to the different cases of coefficients, Eq. (??) reduces to the following six cases:

1. Case (b#0,a#0,c#0):
my = buy+ 3a [ (u* —u?) m| + ¢ (2m-ux+my - u), which is a linear combination of CH and mCH or generalized CH equation, see
(Qiao, Xia, and Li [e-print arXiv:1205.2028v3 (2012)]).
2. Case (b#0,a=0,c=-2):
my = buy — (2muy + myu),wich is a quadratic nonlinear equation.
3. Case (b#0,a=—-2,c=0):
my = bu, — [(u2 — u)%) m]x, which is a cubic nonlinear equation.
4. Case (b=0,a#0,c#£0):
my = %a [m (uz — uf)}x + %c (2muy + myu), which known as FQXL model.

5. Case (b=0,a=-2,c=0):

my = — (2muy + myu), which is known as Camassa -Holm equation (CH).
6. Case (b=0,a=0,c=-2):
m; = — [ (u* — u2) m] _, which known as modified Camassa-Holm equation (mCH).

In the present paper, the conservation laws of the above six cases of the coefficients are computed explicitly using GeM Maple routines
which are based on multiplier method. The multipliers are used to make the system being studied get a divergence form, then by equating
this divergence to zero one can obtain a conservation law. For the convenience, these are explained in detail in Section 2. The computations
are performed in Section 3, and the results are summarized in the last section.

2. Basic concepts on the method proposed

To compute conserved densities and fluxes, we use a multiplier approach based on the fact that the Euler operator eliminates a total divergence.
Let u be dependent variable and #,x be independent variables.

1. Consider an nth-order partial differential equation

G (£, Uy Uy g Ups Uy . .) = 0. 2.1)
2. The standard Euler operator E, is defined as
13} d d d 5 d 5 0
E,=—==—-D/=— —Dy=—+D;=—+D -
"7 8u du " ou, Y Ou, D uyy ¥ Oty

where D; and Dy are the total differentiation operators which are given by:

I N BT R I
! ot ou ! "ou M ou, T
R T I e I

x ox | Fou ! ouy " Mow T

The Euler operator tests whether an expression is a total derivative without using any integration by parts [?].
3. A vector T = (T',T) is defined as the conserved vector of (??) if D, 7" + D,T* = 0 holds for all solutions of (??), where T* is
conserved density and T~ is associated flux. The divergence expression D; T’ + D, T* = 0 is called the local conservation law for (2?).
4. A multiplier A of (??) is a function on the solution space which satisfies

D,T' +D, T = AG (22)

for any function u(x,t) [?, ?]. The multipliers may be chosen to depend on both the variables (independent and dependent) and
derivatives up to a certain order.
5. The multipliers may be determined by taking the variational derivative of (??)

s
5. (AG) =0, 2.3)

where 6 /8 is the Euler operator defined as above. The conserved vectors can be derived using (??) after computing the multipliers
from (??).
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3. Multipliers and conservation laws for the six cases via GeM Maple Routines

In this section, we use a multiplier approach technique for deriving conservation laws and conserved quantities corresponding to the six cases
of Eq. (??) via Maple-based GeM package.
We start with the sixth case (b = 0,a = 0,c = —2). Consider the following model with both cubic and quadratic nonlinearity:

1 1
my :bux—i-ia [(uz—u)%) m]x—‘ric(Zm-ux—Q—mx-u);m:u—uxx, 3.1

By using the following Maple command

> restart : with(PDEtools) : declare(m(t,x),u(t,x)) :

> pde = dif f(m(t,x),t) — b x dif f(u(t,x),x) — (1/2) x a  (dif f((u(t,x)* — (dif f(u(t,x),x))?) * m(t,x),x)) — (1/2) x ¢ * (2« m *
(dif (a1, ), 2)) + e (dif Fm{t,), ) = O

> m(t,x) = u(t,x) — (dif f (u(t,x),x,x)) :

> CH :=eval(pde,{b=0,a=0,c = =2,m(t,x) = u(t,x) — (dif f (u(t,x),x,x))});

we can rewrite equation (??) as follows:
CH = uy — gy + 2 (1t — thy ) iy + 1 (Uy — tyx) =0 (32)

where u = u(t,x) . We will explain the case (b = 0,a = 0,c = —2) in detail along with GeM Maple routines given in [?, ?]. Dependent and
independent variables and Eq. (??) can be defined in GeM by the following commands:

> read (”"H:/gem32_12.mpl”) :

> with(linalg) : With(GeM),

> gem_decl_vars(indeps = [t,x],deps = [u(t,x)], freeconst = [b,a,c]);

. “gem decl_eqs([dif f(u(t,x),1) — (dif f(u(tx) 5, ,1)) + (2 5 (ultx) — (dif flu(t,),5,2)))) % (dif F(u(e,x),)) + (dif flu(t, ), ) —
(dif f(u(t,x),x,x,x))) xu(t,x)) = 0],so0lve_for = [dif f(u(t,x),t)]);

Let us take the multipliers as A = A (¢,x,u, 4, thy, thxy, Uxxx ). The Maple routines to be used in GeM for which the multipliers will be obtained
from are

> det_CH := gem_conslaw_det_eqs([t,x,u(t,x),dif f(u(t,x),t),dif f(u(t,x),x),dif f(u(t,x),x,x),dif f(u(t,x),x,x,x)]);
> CL_CH _mult := gem_conslaw_multipliers();
> simpli_CH := DEtools|rifsimp|(det_.CH,CL_CH _mult, mindim = 1);

For the simplified form of multipliers, the determining equations are

3 32 32
Air = 52— iy = — 72— Mgy = 53— Mg = 0, A = 0,4, = 0,4, = 0,4, =0 33
= S Dty s MMl 20— ity  Mhallee ™ 5 Dty M ) s My, s My s Mt (3.3)
The following Maple command is used to solve the system (??)
’ > multipliers.CH _sol := pdsolve(simpli_CH [Solved));
which yields
A (t,x,u, 1y, Uy, u )=_Cu+_C3+ 1
s U, 7 =-— u-r— — .
sy Uy Uy Mx sy Mixx s Mo \/W
Here _C1,_C2 and _C3 are arbitrary constants. There arise three linearly independent conservation laws from the following multipliers
1
A0 =120 =20 = ——— 3.4
N GD

The next task is the construction of conservation laws from the multipliers given in (??). The direct method is used to compute the flux
expressions in the Maple command

> gem_get CL_fluxes(multipliers_CH _sol);

We have the conservation law fluxes which are presented in the following table for the multipliers (??) :

Case Multiplier Fluxes
b=0 T'=u—u
A0 =1 i
a=0 Tx:%uz—uuxx—%u)%

t_ 1.7 172
T' = 5u” —uuyy — juy

T = u3 — upti® + uputy
1(3) 1 T = 72\/714 + Uy
Vo | T¥ = 22\ /ZuF ixgu

c=-2| 2@ =y

The homotopy formulas will be employed for the fluxes since the multipliers do not contain arbitrary constants. The following Maple
command is used for first homotopy formula

> gem_get CL_fluxes(multipliers_.CH _sol,method = "Homotopyl”);

to get conservation law fluxes
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Case Multiplier Fluxes
b=0 T'=u—u
20 =1 ”
a=0 Tx:%uz—uuxx—%u%
c=-2 | A T = M
=— =u
T = u3 — upu? — %utxu—b— %uxu,
20— 1 T = =2/ =2u+2uy
VU T* = —2u/—2u+2uyy

For second homotopy formula, the Maple command

> gem_get CL_fluxes(multipliers_.CH _sol,method =" Homotopy2”);

yields the expressions for conservation law fluxes which

are presented in the following table :

Case Multiplier Fluxes
— T U
P=0 1A=y Tx_u%23 12 2
a=0 T =s5u — Ullxx — yUY — FlUpx
tr_ 1.7 )| 1T 72
c——2 | 20—, T'=qu _3”';”“2'6% 1
T = w3 — upu? — S Ul + 3Usliy
2\/?%((”34’(7 13gxx _ UA‘.%)HZJF (LZ%\» + uxxlg\-x,xx _ 5(l‘¥’ﬂ§“xf7)<l‘“7u““") ) ut (*2‘02‘,!(*”)‘(1(4],\‘*“,\‘”))lu‘.x )
T =— -
A0 = 1 (u—1tyy)?
VUt xx -
Tx = _m (2\/ —u-+ Uxx <M4 — 3M3uxx + (3“%,5 — SL% + %) M2 — um(4uﬂu,x+(“‘zu‘“)ur 2“’”“‘) ))

Now, by repeating the previous processes for the cases (1,2,3,4 and 5), we find multipliers and conserved vectors using the direct method and
first homotopy method, which are given in Tables 2?2, ??, respectively.

Case Multiplier Fluxes
b?éo l(l)*l Tt:u_uxx
= 3 30 (2w +2cuy—4b % )ik
a#0 e e Lot S o S
T' = s5u” —utlyy — 5u
(2) — 2 XX 2 X
cFO | A= o at Gasdod | (ai e ) Guan | widarsn)
- 8 8 2 8
10) = (—2u+2u)a—c T' = —2\/(u — Uy )2a+cu—cuy +b
V(u—uxPateu—cuntb | X — (au® — au? + cu) /(4 — uxy)?a+cu—cugc +b
b#0 20 =1 Th=u—uxy
a=0 7%= 3 4 C2-2udu _ 4
2 2 2
c=-2. | A® =y T' = S0 — ity — 0
= —2. = 2
TJC — M3 + (_h_éum)u + Usly
A«(3)_ 2 TI:—\/Zb—4M+4MM
T V2b—4utduy, TY = —/2b—4u—+ duxu
b7é0 2'(1)71 Tt:ufuxx
a=-2 o T = u3 —ugu® + (—u)zc—b)u—l—u%um
T =12 . — L2
_ 2 2 XX 27
c=0 | 2®=y o s Cadm)e |, t
T =2 —up” + —5—— et — 5 + iy
2_ 2 _
26 i T ,w
\ 2u? —4uug+2u,—b Tr (uz—u_%)\/2u274uum+2ufx7b
- 2
b=0 200 1 TN =u—uyy
= —3¢)u? 2 2+2‘\'x =5 3
a 7£ 0. Tj _ l—(;%s + (2‘""“41 3;),4 + ( auy 4LM' )u _ (auv 2)“,
T' = s5u” — utlyy — U
2 = 2 w2
¢ # 0 A u T = _% 4 (4uu,xxg4(')u3 + (ZL’L‘%+;“-L‘»VX)M2 _ M%“ﬁx“” + ”X(zuig+8u’)
T _ N
20) — _ (F2utlunja—c T' = =2/ (1 — ) (4 — iy )a + ¢)
(u=tte) (u—tur)atc) T = \/(t — ) (u — uy)a+c) (au2 — au? + cu)
b=0 T'=u—u
A0 =1 o
a=-2 T = (u—uy) (u+ uy) (4 — tyy)
0 10 T! :%uz—uuxx—%u)%
c= =u T — W u(u—2uy,)? 3ut 3
=7 - it T — Ut
H_ 1 T = — -
A®) = (—ttyy) T* — 3uL2I—ZAL:uH+u§
U—Uyy

Table 1: Multipli

ers and conserved vectors using direct method
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Case Multiplier Fluxes
b?‘éo l(]) 1 T[:M_M)cx

= 32 (2aB+2cu,—4b W
a 7& 0 T* — 7% + (2aun4 3L)u + ( auy+ (Zt' )u - (au > z)”

T )
c#0 A2 =y ===

Bt (4au,\.x740)u3 (2au§+4cunf4b)u2 (74u)2(uua74u,x)u ux(u;fa+4u,)
M=%+ g+ 5 + 5 Rl
203) = (—2u+2u, Ja—c T! :2\/5—2\/(u—un)2a+cu—cuxx+b
\/(ufuﬂ)za+cufcuu+b T* = (a 2_ au)zc + cu) \/(u — uxx)za +cu—cuy+b
b#0 T'=u—u
AW =1 o )
o _ 3wt | (Z20—2uy)u ug
a=0 =5+ 7 — 7

_ u(u—uy)
T = =5

—h 2
Tx:u3+( b %uxx>u

2
T = V2Vb — /2b — 4u+ duyy

_ Ullyy + Mzzux

A0 =2
V/2b—4u+du T* = —/2b—4u+ 4uyu
b;éO 2'(1):1 T’:ufuxx
a= -2 T* =3 —uxxuz—i- (—u%—b)u—i—u%uxx

¢ u(u—uy)
"= 3 42 3 (—2142—217)112 (4L12u —2u, )u u?
x _ 3u” X ' Uxx 1x _ouy Uty
T = 20 —upir® + I + I 7 T 5
) . T — Vb A2 —duun+22 —b
A0) = Ut 2
2Pt b | () ) (<20 2 )

2+/2u% —duu+2u% —b

b=0 2,(1):] Tl:u*uxx ( , ) ( )2
_ 3 (2auy—3c)u? 2au?+2cuyy u attg— & )12
a # 0. T* = _% + - + . _ . <
@) Tt = M
’ # ’ P T = 3au* + (daun—4c)u’ 4 (2‘”’%"'4“”-*'*)”2 + (—4llllfll_u—4uu)u + ux(au;f+4u:)
- 8 8 [ g 3
203) — _(F2uflun)a—c T = =2/ (u— ttyy)2a+ cut — cuiyy
(e P e cte = (au2 - ““)zc + cu) \/(u — Uy )2a+ cut — Cllyy
b - 0 Tt —u—u
2 = o
a= -2 Tx:u3—uxxu2—u)zcu+u)2€uxx
@) T! = e tal
¢=0 A =u 22 2 3
8 X o — 4y (=2 ;‘,+4 .
Tx:¥7uﬂu3i%+(uu8u)u+u( ,48 )
A0B) = duduy T = —2/=2(u—upy)?
—2(u—utyy)? T = (72,42 4 2”)%) —2(u—uy)?

Table 2: Multipliers and conserved vectors using the first homotopy formula

4. Conclusion

The conservation laws for Eq. (??) with both quadratic and cubic nonlinearity for the six cases of coefficients ((b # 0,a # 0,c # 0),(b #
0,a =0,c =-2),(b#0,a=-2,c=0),(b=0,a#0,c #0),(b=0,a=—-2,c=0) and (b =0,a = 0,c = —2)) are constructed via a
Maple package called GeM. The conservation laws p; = F; of Eq. (??) were obtained in [?]. But, they were given explicitly only for
b=0,a # 0,c # 0 case. In the present paper, the conservation laws of all the above six cases are computed explicitly. Three multipliers are
obtained by defining the multipliers of the form A = A (#,x, u, s, Uy, Uy, txyr) in GeM Maple routines. More multipliers may be computed in
the case of including higher order derivatives in the multipliers. Direct method and homotopy formula are used to compute the fluxes for
each cases. The fluxes obtained here can be used to construct the solutions of Eq. (??).
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Article Info Abstract

Keywords: Decomposition, Graceful In 1973 Kotzig conjectures that the complete graph K5, | can be cyclically decomposed

graph, Graceful labeling, p-labeling into 21+ 1 copies of any tree of size n. Rosa proved that this decomposition exists if and
2010 AMS: 05C51, 05C78 only if there exists a p-labeling of the tree. In this work we prove that if T’ is a graceful
Received: 13 May 2019 tree, then any tree T obtained from T’ by attaching a total of k > 1 pendant vertices to any
Accepted: 29 August 2019 collection of r vertices of T/, where 1 < r < k, admits a p-labeling. As a consequence
Available online: 20 December 2019 of this result, many new families of trees with this kind of labeling are produced, which

indicates the strong potential of this result. Moreover, the technique used to prove this
result, gives us an indication of how to determine whether a given tree of size n decomposes
the complete graph K>, 1. We also prove the existence of a p-labeling for two subfamilies
of lobsters and present a method to produce p-labeled trees attaching pendant vertices and
pendant copies of the path P; to some of the vertices of any graceful tree.

In addition, for any given tree T, we use bipartite labelings to show that this tree is a
spanning tree of a graph G that admits an ¢-labeling. This is not a new result; however, the
construction presented here optimizes (reduces) the size of G with respect to all the similar
results that we found in the literature.

1. Introduction

A decomposition (or edge-decomposition) of the complete graph K, is a system R of subgraphs such that any edge of K, belongs to exactly
one of the subgraphs in R. Suppose that the vertices of K, are labeled 0,1,...,n—1; letij € E(Kp,), a turning of the edge ij is the increase of
both labels by one, i.e., the edge (i+1)(j+ 1), where the addition is taken modulo n. A turning of a subgraph G of K, is the simultaneous
turning of all the edges of G. A decomposition R of K;, is called cyclic when for every G in R, the turning G’ of G is also in R.

In 1963, Ringel [1] presented the following conjecture: If T is a tree of size n, then the complete graph K5, is edge-decomposable into
2n+ 1 copies of T'. Ten years later, Kotzig [2] stated the following variation of this conjecture: The complete graph Ky, can be cyclically
decomposed into 2n 4 1 subgraphs isomorphic to a given tree with n edges. In 1966, Rosa [3] introduced four valuations (or labelings) of the
vertices of a graph that can be used to find a cyclic decomposition of Ky, 1. A difference vertex labeling of a graph G of size n is an injective
mapping f : V(G) — S, where S is a set of nonnegative integers, such that every edge uv of G has assigned a weight defined by |f(v) — f(u)|.
All labelings considered in this work are difference vertex labelings. Rosa’s valuations can be described as follows.

Suppose that f is a labeling of a graph G of size n. Let Ly be the set of labels assigned by f to the vertices of G and Wy be the set of weights
induced by f on the edges of G. Consider the following conditions.

(@ Ly C{0,1,...,n}

() Lr €{0,1,...,2n}

© Wr={1,2,...,n}

(d) Wr={wi,wa,...,w,} where w; =iorw; =2n+1—iforevery 1 <i<n

(e) itexists A in {0,1,...,n}, such that for any arbitrary edge uv of G, either f(u) <A < f(v) or f(v) <A < f(u). (The number A is
called the boundary value of f.)

Email addresses and ORCID numbers:  chr_barrientos@yahoo.com, https://orcid.org/0000-0003-2838-8687 (C. Barrientos), sarah.m.minion@gmail.com,
https://orcid.org/0000-0002-8523-3369 (S. Minion)
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Figure 1.1: A p-labeling of S(3,2) and its 8th turning

+0 +1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +11 +12
0-12 1-0 2-1 3-2 4-3 5-4 6-5 7-6 8-7 9-8 10-9 11-10 | 12-11
1-12 2-0 3-1 4-2 5-3 6-4 7-5 8-6 9-7 10-8 11-9 12-10 | O-11
1-11 2-12 3-0 4-1 5-2 6-3 7-4 8-5 9-6 10-7 11-8 12-9 0-10
2-11 3-12 4-0 5-1 6-2 7-3 8-4 9-5 10-6 11-7 12-8 0-9 1-10
1-9 2-10 3-11 4-12 5-0 6-1 7-2 8-3 9-4 10-5 11-6 12-7 0-8
3-9 4-10 5-11 6-12 7-0 8-1 9-2 10-3 11-4 12-5 0-6 1-7 2-8

Table 1: p-labeling of S(3,2) and all its turnings

When f satisfies the conditions (a), (c), and (e), it is called an a-labeling (and G is designated an o-graph). If f satisfies the conditions (a)
and (c), then it is called a B-labeling or graceful labeling (and G is named a graceful graph). The function f is a o-labeling if (b) and (c)
hold (in this case G is a 6-graph). A p-labeling must satisfies the conditions (b) and (d); in this case, G is named a p-graph. Thus, every
a-graph is a graceful graph, every graceful graph is a o-graph, and every o-graph is a p-graph. Using these labelings, Rosa [3] proved the
following theorem.

Theorem 1.1. A cyclic decomposition of the complete graph Koy, 1 into subgraphs isomorphic to a given graph G of size n exists if and only
if there exists a p-labeling of G.

Consequently, Kotzig’s conjecture can be stated in terms of p-labelings as follows.
Conjecture 1. Every tree of size nis a p-tree.

The tree S(3,2), obtained by attaching a pendant vertex to every leaf of the star S3 = K| 3, is the smallest tree that is not an o-tree. Suppose
that the vertices of Kj 3 are labeled 0,1,...,12. Thus, every column in Table 1 shows the adjacencies of the vertices of §(3,2) within K| 3,
being the first column a p-labeling of this tree and every column after that corresponds to a turning of the previous labeled graph. In Figure
1.1 we show, in blue, the p-labeling of §(3,2) used to create the cyclic decomposition of K| 3, together with its 8th turning, represented in
red.

In Section 2 we show that a tree T admists a p-labeling if it has a graceful subtree T”, such that T’ can be obtained by deleting a number of
leaves of T'. Given that several families of graceful trees are known, this result allows us to expand, considerably, the number of trees or
families of trees that admit a p-labeling, therefore, decompose the complete graph Ky, 1. Also here, we show two subfamilies of 3-distance
trees that admit p-labelings. In addition, we study the existence of p-labelings for trees obtained from smaller graceful trees by attaching
copies of the path P3 to some selected vertices of the base graceful trees; these selected vertices may be chosen almost randomly.

In [4], Barrientos and Krop represented a tree as an ordered rooted tree to calculate its excess €(7'). This parameter was used in [5] to find a
p-labeling for any tree T that containing a branch that is a caterpillar of size at least £(T'). In Section 3, we use the parameter £(7") to show
the existence of an a-graph of size n+ €(T') that contains 7' as a spanning tree.

All graphs used in this paper are finite, with no loops nor multiple edges. We follow the notation and terminology used in [6] and [7].

2. Constructing p-graphs from graceful graphs

Several families of p-trees are known. Gallian [7] mentions that in an unpublished work of Caro et al., [8], it was proven that all graphs with
at most 11 edges have a p-labeling as well as lobsters. Késdy [9] defined a stunted tree as follows: a tree of size n is stunted if its edges
can be linearly ordered ey, es,..., e, so that e; and e share a vertex and, for all 3 < j <n, ¢; shares a vertex with at least one e, such that
2k < j—1. He proved that if p = 2n+ 1 is prime, then every stunted tree of size n has a p-labeling.

A spider is a tree that has at most one vertex, called the center, of degree greater than 2. Bahls et al. [10], proved that spiders for which the
lengths of every path from the center to a leaf differ by at most one, are graceful. A comet is a spider where all the paths used have equal
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length. El-Zanati et al. [11], proved that trees of diameter at most 5, lobsters, and comets admit a more restrictive type of p-labeling, called
pT-labeling. Essentially, p-labelings are p-labelings with the extra condition of being bipartite (see Section 3 for a formal definition of
bipartite labeling). This extra condition is what it makes their result a novelty.

2.1. The first expansion

Let T be a tree of positive size ¢ with at least k leaves and T’ be any tree of size g — k obtained from T by deleting k of its leaves. We claim
that 7 admits a p-labeling when 7' is a graceful tree.

Theorem 2.1. Let T’ be any tree obtained from T by deleting any k of its leaves. If T is graceful, then T admits a p-labeling.

Proof. Let T be a tree of size g with at least k leaves and T’ be a graceful tree obtained by deleting k leaves from 7. Suppose that f is a
graceful labeling of T’. Thus, the labels assigned by f to the vertices of T/ are 0, 1,...,q — k and the weights induced by f on the edges
of T' are 1,2,...,q—k. Let vi,v2,...,v, be the vertices of T’ that when seen as vertices of T corresponds to those incident to the edges
of T that were deleted to form T’. Without loss of generality we assume that f(v1) > f(v2) > --- > f(v;). Thus, f(v;) < g—kand f(v,) > 0.

In any p-labeling of a graph of size g, the labels are taken from {0, 1,...,2g}. When the labeled 7’ is seen inside T, its labeling can be extended
to a p-labeling of T as follows. There are k leaves of T that have not been labeled yet; none of the integers in {g—k+ 1,9 —k+2,...,2q}
have been used as a label; none of the integers ¢ —k+ 1,9 —k+2,...,q correspond to the weight of an edge of T. Since we are constructing
a p-labeling of T, instead of these weights we use their complements with respect to 2¢ + 1, thatis, g+ k,qg+k—1,...,q+ 1, respectively.
Forevery i € {1,2,...,r}, let s; be the number of edges incident to v; that were deleted from 7 to form 7”. Starting with v{, these edges are
going to have, the still not assigned, s; largest weights, in the list g+k,g+k—1,...,g+ 1, and so on. In order to see that this is possible,
note that the label g+ k+ f(v;) < g+k+ g —k < 2g can be assigned to a leaf adjacent to v,. This means that given the graceful labeling of
T’ and the set of integers that have not been used as labels, we can produce edges whose weights are ¢ +k,g+k—1,...,q+ 1.

All the pendant unlabeled vertices attached to v;, for every 1 <i < r, are labeled with consecutive integers, inducing consecutive weights. If
m is the smallest label assigned to a leaf adjacent to v;, inducing the weight w =g+t € {g+ 1,9 +2,...,q+k} for some 1 <t < k, then the
largest label assigned to a leaf adjacent to v; | is at most m — 2. In fact, given that m — f(v;) = g+, equivalently, m = f(v;) +¢+1, when x
is the largest label used on a leaf adjacent to v; 1, then

x—fvip1) =q+1-1
x= f(visr) +q+1—1
< (fvi)+q+1)—1
x<m-—1
x<m-—2.

Hence, there is always an integer in {g+1,q+2,...,2q} that can be assigned as the label of a leaf, attached to v;, to produce the required
weight for that edge. Therefore, we have obtained a p-labeling of T'.

In the rest of this section we show some results that can be obtained as a direct consequence of Theorem 2.1.

By definition, a lobster is a tree such that the deletion of all its pendant edges results in a caterpillar and caterpillars are graceful [3], therefore,
using Theorem 2.1 we may prove the following corollary.

Corollary 2.2. All lobsters admit p-labelings.

In Figure 2.1 we show an example of this labeling for a lobster L of size 38. The edges of L represented by red lines are the ones that we
deleted to obtain a caterpillar. As we mentioned at the beginning of this section, the fact that lobsters are p-trees has been proven in [8] and
[11]; however, the earliest proof of it was given by Huang and Rosa in 1978 [12].

22 21 3 6 16 15 9
[ ] [ ]
! 25 20 5 1 13
L @
0 2 18 8 14 12
24 23 @4 19 ®7 17 10
[ ] [ ]

75 74 73 71 43 66 65 64 63 47 60 52 51

Figure 2.1: p-labeling of a lobster of size 38

In the same line, we have the following two results. Morgan [13] introduced the concept of k-distance tree as follows. Let P be any of the
longest paths in a tree T'; T is a k-distance tree if every vertex is at distance at most k from P. We refer to P as the central path of T. From
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this definition we have that paths, caterpillars, and lobsters are 0-, 1-, and 2-distance trees, respectively. Recall that a subdivision of a graph
is a graph obtained from it by replacing edges with pairwise internally-disjoint paths. In [14], Burzio and Ferrarese have shown that the
tree obtained from any graceful tree, by subdividing every edge the same number of times, is also graceful. We use this result to prove the
existence of a p-labeling for the members of two subfamilies of 3-distance trees.

Let T be a 3-distance tree. The symbols 7* and P* are used here to designate the lobster obtained from T by deleting all its leaves and the
central path of T*, respectively.

Theorem 2.3. Let T be a 3-distance tree. If for every pair of vertices in P* of degree at least 3, the distance between them is even, then T is
a p-tree.

Proof. Let assume that T is a 3-distance tree such that for every pair of vertices u,v in P*, of degree at least 3, dist(u,v) is even. Let X be
the subset of V(T*) that contains all the leaves at distance 1 from P*. Then for every x € X, there exists y, € V(T*) such that xy, € E(T).
Suppose that for every x € X, the edge xy, has been added to E(T*); thus, each vertex yy is at distance 2 from P*, which implies that the new
tree, denoted by L, is a lobster where all the leaves not in P* are at distance 2 from P* and the vertices of degree at least 3 in P* are separated
by an even number of edges. Then, the lobster L can be obtained by subdividing once every edge of a caterpillar. Using the result in [14], we
know that L is a graceful tree. Since T can be obtained from L by attaching some pendant vertices, a p-labeling of T' can be constructed
applying Theorem 2.1 to a gracefully labeled copy of L. O

Similarly, but as a direct consequence of Theorem 2.1, we can prove that when T is a 3-distance tree where every leaf at distance 2 from
the central path is at distance 3 from a leaf and for every pair of vertices of degree at least 3 in P* the distance between them is a positive
multiple of 3, then 7" admits a p-labeling. We just need to observe that the underneath 7 is created by subdividing twice every edge of a
caterpillar. So, this graph is graceful and 7 is a p-graph by Theorem 2.1

Corollary 2.4. Let T be a 3-distance tree. If for every pair of vertices in P* of degree at least 3, the distance between them is a positive
multiple of 3, and every leaf at distance 2 from P* is at distance 3 from a leaf, then T is a p-tree.

Using the help of a computer, Fang [15] has shown that all trees of size up to 34 are graceful, therefore, they admit a p-labeling. This fact
helps us to prove the following corollary of Theorem 2.1.

Corollary 2.5. Let T be a tree of size q with at least k leaves. Any tree T' of size q — k, obtained by deleting k leaves from T, admits a
p-labeling if g — k < 34.

In [16], Eshghi and Azimi presented an algorithm to find graceful labelings of larger graphs. They verified this method with all trees with 30,
35, and 40 vertices. Hence, the result in Corollary 2.3 is also valid when g — k = 39.

It is well-known that all trees with at most four leaves are graceful [17], [18], and [19]. Based on this result we have the following corollary
of Theorem 2.1.

Corollary 2.6. If T is a tree such that the removal of all its leaves results in a tree with at most four leaves, then T admists a p-labeling.

It is also known that trees with diameter at most 5 are graceful [18], [20]. If T is a tree of diameter 5, it can be represented as a rooted tree
where the root is any of the central vertices; thus, only one of the branches coming out of the root has height 3. Suppose now that A is a tree
of diameter 6. When A is seen as a rooted tree, where the root is its central vertex, more than one of the branches coming out of the root
has height 3, if for all, except one of these branches, the leaves in level 3 are deleted, a tree T of diameter 5 is obtained, which is graceful.
Therefore, we can obtain a p-labeling of T applying the procedure described in Theorem 2.1. Furthermore, the same idea can be used to
construct a p-labeling of any tree A* of diameter 7, in this case, we delete all the leaves in levels 3 and 4 to obtain a tree of diameter 5; hence
we can apply Theorem 2.1. Thus, we have proven the following corollary.

Corollary 2.7. If T is a tree of diameter at most 7, then T admits a p-labeling.

There are several families of graceful rooted trees, for example, Bermond and Sotteau [21] proved that every rooted tree, in which every level
contains vertices of the same degree, is graceful. A tree satisfying this condition is called symmetric. This result allows us to prove the
following corollary.

Corollary 2.8. If T is a rooted tree with the property that the removal of some of its leaves results in a symmetric tree, then T admits a
p-labeling.

In [22], Balbuena et al., proved that all trees having an even or quasi even degree sequence are graceful. They obtained a graceful labeling
for this type of graphs by representing them as rooted trees. They worked with rooted trees of diameter D, where the root is the central
vertex and has odd degree, and all the interior vertices have even degree (even degree sequence). The case of a quasi even degree sequence is
similar, except that the vertices in the penultimate level have odd degree.

Corollary 2.9. If T is a tree with the property that the removal of some of its leaves results in a tree with an even or quasi even degree
sequence, then T admist a p-labeling.

Sethuraman and Jesintha [23] proved that all rooted trees, in which every level contains leaves and the degrees of the internal vertices in the
same level are equal, are graceful.

Corollary 2.10. If T is a rooted tree with the property that the removal of some of its leaves results in a rooted tree where every level
contains leaves and the internal vertices, in that level, have the same degree, then T admits a p-labeling.



190 Fundamental Journal of Mathematics and Applications

2.2. The second expansion

We open this part exploring the existence of a p-labeling of a tree T’ of size n + 2k obtained, from a graceful tree T of size n, identifying an
end-vertex of a copy of the path P3 to each of k selected vertices of T'.

The Labeling Scheme

Suppose that f is a graceful labeling of a tree T of size n. Thus, the labels assigned by f to the vertices of T are the integers 0,1,...,n and
the induced weights are 1,2,...,n. This labeling will be extended to a p-labeling of a tree of size n+ 2k.

Let vq,vy,..., v be distinct vertices of T. We assume that f(v{) > f(v2),...,> f(v). Forevery 1 <i <k, we say that the vertex set of the
ith copy of Pj is {v;,u;,w;} and the edge set is {v;u;,u;w;}. Then the labeling f of T is extended to include the vertices u; and w;, in the
following way:

flui) = fvi) +n+dk+1—i
and

fwi) = f(vi) +3k=2i+1.
We claim that f is a p-labeling of 7/ when f(v;) > n—k.

Theorem 2.11. Let f be a graceful labeling of a tree T of size n and vy, vy, ..., vy be distinct vertices of T. If min{f(v;): 1 <i<k}>n—k
then the tree T', obtained attaching an end-vertex of P3 to each v;, is a p-tree.

Proof. Suppose that the graceful labeling f of T has been extended to all the vertices of T’ using the labeling scheme presented above. First,
we verify that the weights induced by f satisfy the conditions required by a p-labeling.
The edge v;u; has weight

i) = f(vi) = (f(vi) +n+4k+1—i) = f(vi)) =n+4k+1—i.

Since 1 < i < k, these weights form the set {n+4k,n+4k—1,...,n+3k+1}. But the complement of each of these numbers is
(2n+4k+1)— (n+4k+1—1i) = n+1i, which implies these weights are equivalent to the integers in {n+1,n+2,...,n+k}.
The edge u;w; has weight

flu) = fwi) = (f(vi) +n+dk+1—i) = (f(vi) +3k—2i+1) =n+k+i.

Then, these weights form the set {n+k+1,n+k+2,...,n+2k}.
Since the weights induced on the edges of T are 1,2,...,n, the weights induced by f on the edges of T’ satisfy the conditions required by a
p-labeling.

Now we analyze the injectivity of the function f. When f is restricted to the vertices in 7 it is injective because it is a graceful labeling.
Each extension of f to the vertices u; and w; is defined as a linear function, which implies that we just need to check that all the labels used
are different.

Note that min{ f(u;) : 1 <i <k} = f(vg) +n+3k+1and max{f(w;) : 1 <i<k} = f(v|)+n+4k. Since f(v),f(v1) € {0,1,...,n}, we
get

{fuj) :1<i<k}C{n+3k+1,n+3k+2,...,2n+4k}
and
{0,1,....030{f(u;): 1 <i<k}=0.
On the other side, min{ f(w;) : 1 <i <k} = f(vg) +k+ 1 and max{f(w;): 1 <i <k} = f(v)+3k— 1. Thus,
{fw) 1 <i<k}n{f(u;):1<i<k}=0
and
{0,1,....030{f(wi): 1 <i<k}=0

when min{f(w;) : 1 <i <k} > n, thatis, when f(v;) +k+ 1 > n; which is equivalent to say that f(v;) >n—k—1or f(v;) > n—k. But
this condition is one of the hypotheses. Therefore, the final labeling of T is in fact a p-labeling as we claimed. O

Suppose that 7/ has been labeled using the scheme presented above. Then the edges v;u; have weights n+4k+ 1 —i for every 1 <i < k. The
edges u;w; have weights n+ 2k + 1 — i; that is, the weights n+k+ 1,n+k+2,... ,n+2k.

Recall that if vy, vy, ..., vy are the selected vertices of T', then f(vy) > f(v2) > --- > f(vi). Thus, the edge u;vy has weight n+ 3k + 1, which
implies that f(u;) = f(vi) +n+ 3k + 1. The edge u;wy has weight n+k+ 1 and f(wy) = f(ux) —n—k— 1, then

o) =fvi) +n+3k+1—n—k—1= f(v;)+2k.

But f(wy) is the smallest label assigned to a vertex w;, then it must be larger than n, that is, f(vi) +2k > n+ 1, in other terms, f(v;) >
n+1—2k.

This implies that if the smallest label of the selected vertices of T is at least n+ 1 — 2k, the tree T’ is a p-tree. Since 0 is the smallest possible
value for f(vy), we get that when 2k > n+ 1, any possible tree T’, obtained from T by attaching k copies of Ps, is a p-tree. In this way, we
have proven the next theorem.
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Theorem 2.12. If T' is obtained from a graceful tree T of size n attaching a copy of P to each of k selected vertices of T and 2k > n+1,
then T' is a p-tree.

Even when this result is not as strong as Theorem 2.1, it produces p-labelings for many trees. For instance, if n = 10, then 6 < k < 11; this

means that for any graceful tree of size 10, it is possible to construct 2}(1:6 C(10,k) = 210 p-labeled trees. In general we have that there

are Z?ﬂ, 1 C(n,k) = 2" obtained from a gracefully labeled tree of size n. In Figure 2.2 we have an example for each k € {6,7,8,9,10,11},
=y

where T is a gracefully labeled tree of size n = 10.

26 28
52 56
6 6

10 10

60 29 64 31

20 30 22 32

Figure 2.2: Some of the 2!0 p-labeled trees obtained from a graceful tree of size 10

By .7, we denote the family of all p-labeled trees which p-labeling is obtained following the labeling scheme used in Theorem 2.1.

Theorem 2.13. If T" is obtained from T' in 7, by attaching a pendant vertex to each of k selected vertices of T', where 2k > n+ 1 and the
labels of any pair of selected vertices are at least two units apart, then T" is a p-tree.

Proof. Assume that T is a graceful tree of size n and T is any tree obtained by attaching any number of pendant vertices to any number
of vertices of T. Suppose that 7 is the total number of pendant vertices attached to T to form T’. Let f be the p-labeling of 7’ procured
using Theorem 2.1 and v{,v,...,v; be distinct pendant vertices of T’ such that for each 1 <i <k, f(v;) — f(viy1) > 2. Note that the labels
assigned to the pendant vertices introduced to form T’ are in the set {n+1 +2k+ 1,n+1+2k+2,...,n+ 2t + 2k}. Thus, the integers in the
set L={n+1,n+2,...,n+1t+ 2k} have not been used as labels of 7".

As we did in the previous theorem, the goal is that the edges generated connecting each v;, for 1 <i <k, to a pendant vertex, have weights
n+t+kn+t+k—1,....,n+1t+1, respectively. To achieve this goal, we label the pendant vertices with integers from L. Note that
f(vi) <n—+r+2k+1 and the pendant edge associated with v; has weight n+¢ + 1, so the pendant vertex has a label at least x, where

(n+2t+2k)—x=n+t+k+1
x =2k,

since 2k > n+ 1, this integer has not been assigned as a label, hence it can be used now and no repetition of labels happens. Similarly, the
pendant edge associated with v; has weight n + ¢ 4k, so the pendant vertex has a label at most y, where

(n+2t4+2k)—y=n+t+k+1
y=t+k—1

Thus, we conclude that is possible to label all the pendant vertices with integers from L, producing the weights n+t+1,n+t+2,... n+t+k.
Consequently, the labeling of T” is in fact a p-labeling. O

In Figure 2.3 we present an example of this labeling for a graceful tree of size 6, with t =21 and k = 9. The blue edges are those produced
by the first expansion, and the red edges are the ones created by the second expansion of the graceful tree represented with black edges.a
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Figure 2.3: A p-labeled tree obtained from a subdivision of the star S3

3. Every tree is a spanning tree of an a-graph

In this section we show that any tree T of size n is a spanning tree of an o-graph of size n+ €(T'), where €(T') is the excess of T, that is, a
parameter associated with the left-layered representation of 7 introduced in [4].

Let T be a rooted tree, for every vertex v of T, y(v) is the number of levels in T where v has at least one descendant. We say that T is a
left-layered tree if the vertices on each level of T adhere to the following rules:

(1) If u and v are siblings of degree one, the order of u and v is arbitrary.
(ii) If u and v are siblings and y(u) < y(v), then u is placed to the left of v.
(iii) If u and v are siblings, y(u) = y(v), and deg(u) > deg(v), then u is placed to the left of v.
(iv) If u and v are siblings such that u is placed to the left of v, then the descendants of u are placed to the left of the descendants of v.

In Figure 3.1 we show the left-layered representation of a tree of size 58. The edges of this tree are represented with black lines.

Let 7, be the left-layered representation of a rooted tree T with root ». Thus, Ly = {v’]c 11 < j <m} is the set of all vertices of T at distance

k from r, that is, the vertices of 7, placed on level k. We assume that v’;- is placed to the left of v]]f forall 1 < j <ny— 1. The excess of Ly,

denoted €y, is defined to be

+10

00 ifk=0,h,
KU m—mo—1 if1<k<h—1,

where ny is the number of vertices in L; with no children and # is the height of T;.. The excess of Ty, denoted by ex(7;), is given by
ex(Ty) = Xi_, Q. The excess of T, denoted by &(T'), is defined to be

&(T) = min{ex(7;) : forall re V(T)}.

Thus, if 7 is a caterpillar or a path, £(7') = 0, and it is obtained when r is chosen to be any of the vertices of maximum eccentricity in 7. The
tree in Figure 3.1, represented with the black edges, has excess 18; the vertices used to calculate this parameter are in black.

A bipartite labeling of a tree T of size n is an injective mapping f : V(G) — {0,1,...,s}, with s > n, such that all induced weights are
distinct and the labels assigned to the vertices in one of the stable sets of T are smaller than the labels assigned to the vertices of the other
stable set. When s = n, the bipartite labeling is indeed an a-labeling of 7. In [5] we introduced a bipartite labeling of T where s = n+ &(T).
For the sake of completeness, we describe this labeling again. We will use it to prove that every tree 7' of size n and excess €(T') is a spanning
tree of an a-graph of order n+ 1 and size n+¢(T).

Recall that on every level, the vertices are ordered from the right to the left. If % is the height of 7', then the labels assigned to the vertices
on each level are consecutive integers. On the levels Lj,L;_»,... they are in increasing order; on the levels L, _1,L;_3,... they are in
decreasing order. The smaller labels are on the levels Ly, L _»,....

The first label on Ly, is 0 and the first label on L;,_5; is the addition of the largest label on Ly,_5; 5 and 14+ 1.

The first label on L;,_; is n+ €(T) and the first label on L,__y; is the subtraction of the smallest label on L1 1_5; and 1 4+ Q,_»;.

In Figure 3.1 we exhibit an example of this bipartite labeling.

Theorem 3.1. Any tree T of size n is a spanning tree of an o.-graph of size n+ €(T).

Proof. Suppose that T has been labeled using the bipartite labeling f described before. Thus, the labels assigned belong to the set
{0,1,...,n+€(T)} and the induced weights are in the set {1,2,...,n+€(T)}. Let v; and v, be two consecutive vertices on level L such
that they are not siblings, this implies the existence of two consecutive vertices, u; and uy, on level L;_; such that ujvy,uyvy € E(T).

If h and k have the same parity, then f(vi)+ 1 = f(v2) and f(u;) — 1 = f(up). Thus, the weight of ujvy, is f(u;) — f(v1), which is two
units larger than the weight of u,v;, because

flua) = f(v2) = flur) = 1= (f(v1) + 1) = flur) = f(v1) = 2.
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Figure 3.1: Embedding of a tree of size 58 and excess 18 in an ¢-graph of size 76

Hence, the integer f(u;) — f(v1) — 1 is not the weight of any edge of T'. If the vertices v, and u; are connected (or the vertices v; and uy),
we create an edge of weight f(u;) — f(vy) — 1.

If h and k have different parity, then f(v;) = f(v{) — 1 and f(u;) + 1 = f(up). Thus, the weight of uvy, is f(u;) — f(v), and again, it is
two units larger than the weight of upv,, because

fv2) = fluz) = f(vi) = 1= (f(wr) + 1) = f(v1) = f(ur) = 2.

So, the integer f(v;) — f(u;) — 1 is not the weight of any edge of T If the vertices v, and u; are connected (or the vertices v| and up), we
create an edge of weight f(vi) — f(u) — 1.
If this process of introducing a new edge is done every time that is needed, the resulting graph has 7' as a spanning tree and its labeling
induces the weights 1,2,...,n+ €(T). Since the original labeling is bipartite, the labeling of the new graph is an a-labeling.

O

In Figure 3.1 we show an example of this labeling. The black edges correspond to a tree T of size 58, £(T) =18, and h =9, Q¢ = Qy =
Q3= =01 =Qp=0,Q3 =4, Q7 =6, Q¢ =5, and Q5 = 3. The missing weights are 27, 29, 31, 34, 36, 38, 41, 45, 51, 53, 59, 62,
69, 70, 73, and 75. If the blue edges are added to the labeled tree, they form an «-labeled graph of size 58 + 18 = 76 that contains T as a
spanning tree.

Note that for every missing weight in the original bipartite labeling of 7', there are two possible new edges with that weight, therefore, there
are at least 2¢(7) hosts for T that are a-graphs. As far as we know, the a-graph obtained in this way, is the smallest o-graph that has 7" as a
spanning tree.

Other authors have studied similar problems; for example, Rao and Sahoo [24] proved that every connected graph of order n can be embedded
as an induced subgraph in a graceful Eulerian graph of size 3". In [25], Sethuraman and Ragukumar introduced some algorithms that allow
them to prove, among other results, that any tree of size n is a spanning tree of an a-graph of size M. They provided an example for a tree of
size 20 embedded in an ¢-graph of size 55. This tree has excess 5; thus, when we apply our labeling scheme to this tree, the associated
a-graph has size 25. We have not been able to determine the value of M in [25] but we believe that for any given tree T of size n, the
inequality n+ &(T) < M holds.

4. Conclusion

Since there are many known families of graceful trees and any graceful tree can be used to construct infinitely many larger p-trees, Theorem
2.1 is the most powerful result in the context of p-labelings. Then it was natural to ask whether is possible to weaken the condition of being
graceful imposed to the starting tree. As a result of that analysis, we obtained the last theorems in Section 2. In particular, Theorem 2.13 tells
us that for any k large enough, there are k end-vertices in 7" that can be extended one more time, to obtain a new p-tree. Is there any other
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type of tree that can be used, instead of P, to attach to all or some of the vertices of a tree T to create new p-trees? The result in Section 3
gives us an upper bound for the size of the smaller o.-graph that contains 7" as a spanning tree. Further studies of this type should include the
examination of how good this bound is, which is better than any other bound known to date.
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1. Introduction

Arithmetic mean of real numbers is considered in elementary statistics and geometric mean of positive real numbers is also considered
in elementary statistics. The first one is a mean for addition and the second one is a mean for multiplication, and both are considered as
applicable. The usual absolute value function is a function for addition. A new absolute value function, which was just mentioned in [1], has
been extremely used for multiplication in [2]. The classical calculus of Newton and Leibnitz is based on addition. Another calculus was
also known for multiplication, and it became an important part of research since the publication of the book [3] and the article [1], which
provides a good introduction for multiplicative calculus. It has been extended in many directions; fractional derivative, complex derivative,
integral transformations, differential equations and applications for science and engineering in [1], [4]-[18]. It has been established in
[19, 20] that multiplicative calculus would also be applicable. The author believes that some precision is required in the introduction of
multiplicative calculus, because it is also treated as a course meant for undergraduate students in view of articles like [21]. This has been
done in this article. Moreover, multiplicative modulus function used in [2] has been applied to derive some new, but elementary results.
Multiplicative integration using positive measures has also been defined precisely and some fundamental results have been obtained. The
author could not find any article in literature for multiplicative abstract measure integration, even though there is an advanced research article
[22] for Lebesgue measure integration. It should be observed that some changes have been done in this article in conventional notations for
multiplicative calculus. Let us begin with a definition of the classical absolute value of real numbers. Let us use the notations R and P for the
set of real numbers and the set of positive real numbers, respectively.

Definition 1.1. [fx € R, then additive absolute value of x is denoted by |x

, and defined as the number max{x, —x}.

Let us now present the notation and definition of multiplicative absolute value given in [2].

Definition 1.2. [fx € P, then multiplicative absolute value of x is denoted by |x|«, and defined as the number max{x,x~'}.
Proposition 1.3. Ler x,y € R, and let u,v € P. Then |uv|x < |u|x|v|x,|logu| = log|u|«, and exp |x| = |expx|x.

Proof. Direct verification. O

The second section discusses fundamental results for multiplicative differentiation for completion, the third section discusses multiplicative
Riemann integration with a precise definition, and the fourth section discusses newly introduced multiplicative abstract measure integration.

Email addresses and ORCID numbers: ganesamoorthyc@gmail.com, https://orcid.org/0000-0003-3119-7531 (C. Ganesa Moorthy).
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2. Multiplicative differentiation

Definition 2.1. Let f : [a,b] — R be a real valued function and let xy € [a,b]. Then the derivative of f exists at xg, if lim %fm@”) exists.
X—X0

This limit is denoted by f' (x0) or df(xo)

or dx \x Yo or & dx |x —x, » and it is called the derivative of f at xo.

Definition 2.2. Let F : [a,b] — (0,°0) be a positive real valued function and let xy € [a,b]. Then the m-derivative of F exists at xo, if
DF x)

lim ( F©) ) "0 exists, and it is not equal to zero. This limit is denoted by F| (xp) or DI;)(X o) or Dx \X —xp OF |x=xo, and it is called the

x—xg \F (x0)
m-derivative of F at x.

Remark 2.3. These definitions can be extended to other intervals of types [a,b), (a,b), (a,b], naturally. One sided derivatives can also be
defined. The higher order derivatives can also be defined.

dlogF(xo) DF (xo)

Lemma 24. Let F,[a,b],xo be as in Definition 2.2. Then Di)(;()) exists if and only if exists, and in this case, — > =

exp (dlogdi(xo) )

e
Proof. The proof follows from the relation exp (W) = < If (%) o O

Corollary 2.5. Dl;( o) exists if and only zf d exzsts for F and xq given in Lemma 2.4.

Proof. Use the relation F(x) = explog F(x), and the chain rule. O

Lemma 2.6. Let f,[a,b],xy be as in Definition 2.1. Then df;XO) exists if and only if w exists, and in this case, df;;m) =

tog (D210 i

Proof. The proof follows from the relation log ( exP(f (x > o _ W) —flx) 0

exp(f X—Xo

Remark 2.7. Formally, Dx = €XP 73 log, and di =log % exp. For any integer n > 2, it can be verified formally that % = exp % log,

d"
and 75 = log 2 Dy EXP-

Let us try to use these formal relations and let us convert some results of Chapter 5 in [23].

Proposition 2.8. Let F,[a,b],xo be as in Definition 2.2. Suppose Dl;(;”) exists. Then F is continuous at x.

Proof. LetM = 7() . Then 0 < M < oo, and M*~™ — 1 as x — xp. Therefore, F(( )) — 1 and hence F(x) — F(xg) as x — xg.

Another Proof:

Since 10F0) eyigts, log F(xp) is continuous at xq, and hence F(x) is continuous at x. O

Proposition 2.9. Let F,G be positive real valued functions on |a, b] and m-differentiable at a point x in [a,b]. Then D(#)Zm) exists and it

. DF (xo) DG(xo)
S =Dpx “Dx -

Proof. It follows from Definition 2.2. O

Theorem 2.10. Suppose f is a real valued function on [a,b]. Let xy € [a,b]. Suppose f (x0) exists. Let G be a positive real valued function
on an interval I which contains the range of f. Suppose G is m-differentiable at the point f(xo). Let H(t) = G(f(t)), for all t € |a,b]. Then
H is m-differentiable at xo, and H'(xo) = (G!(f(xo))” ).

Proof. By Lemma 2.4,

Gty = (ex (““"gG DY) iy e )

d(log G) f (xo)
g o )

o (1
_ ( logG ())
(

0)

Another Proof:
Use Proposition 2.8 and the relation

for the case f(x) # f(xp). Separate the case f(x) = f(xp). O
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(xo)

Lemma 2.11. Let F be a positive real valued function defined on [a,b). If F has a local maximum at a point xy in (a,b) and zf T exists,
DF(X()) _

then == = 1.
Proof. Suppose Dl;)(;co) exists. Then dlo%iii(xo) exists. Suppose F has a local maximum at xg in (a,b). Then dl%i(x”) =0, and hence
DF(xo) _ ex <d10gF(x0)) -1

Dx  — SXP dx -
Direct Proof:

o 1

(;:((;2)) 0>, if x < xg, and <£((;;>)) "0 <1, if x > xo, when x is in a suitable neighborhood of x. O

Theorem 2.12. Suppose F and G are continuous positive real valued functions on [a,b] which are m-differentiable in (a,b). Then there is a

d dlw g
point xo in (a.b) such that (ngo _ (g%) o)

Proof. Use Theorem 5.9 in [23], and Lemma 2.4 to find a point xy in (a,b) such that (logF(b) — logF(a)) G<<x(?>) = (logG(b) —

log G(a)) I; (;0) O

F(b));t'u B

Proposition 2.13. Suppose F is a continuous positive real valued function on |a,b] which is m-differentiable in (a,b). Then ( Fla)

DF x“ , for some xy € (a,b).

Proof. By the mean value theorem, there is a point xy € (a,b) such that log F (b) —log F (a) = (b— a)dl%l;(x“). O

Theorem 2.14. Suppose F is an m-differentiable positive real valued function on (a,b).

(a) If F!(x) > 1 for all x € (a,b), then F is monotonically increasing in (a,b).

(b) If Fl(x) = 1 for all x € (a,b), then F is a constant function in (a,b).

(¢) If Fl(x) < 1 for all x € (a,b), then F is monotonically decreasing in (a,b).

Proof. Apply Theorem 5.11 in [23] to log F' function. O

Theorem 2.15. Suppose F is an m-differentiable positive real valued function on [a,b). Let A be a constant such that F!(a) < A < F!(b).
Then there is a point xy in (a,b) such that F! (x0) = A.

Proof. Observe that exp (‘“0”7”)> < A <exp (M) and hence ”“LF() <logh < dlogF( ) . By Theorem 5.12 in [23], there is a

Xo € (a,b) such that dlogiﬂ) =logA . In this case, F(xy) = A. O

Theorem 2.16. Let F be a positive real valued function on [a,b], and n be a positive integer such that %

DD);,E ) exists for every t € (a,b). Let o, B be points in [a,b]. Then there is a point xy between o and 3 such that
n—1 oy (B (B-a)"

FB) 'y (D F(a)) L (D"F(x0)> !

K Dx"
=1 Dx X’

is continuous on [a,b] and

Proof. By Remark 2.7, lOgF is continuous on [a, b] and 7‘1 log F ()

exists for every t € (a,b). By Theorem 5.15 in [23], there is a point x

n—1 n
between & and 8 such that f(ﬁ) —fla)=Y dij(k ) (B;'a) 4+ 4 d}g,, o) (ﬁn'oc) where f = log F. The result follows from this relation. [

3. Multiplicative Riemann integration

Definition 3.1. Let [a,b] be a given interval. A partition P = xo,x1,...,x, of [a,b] satisfies a =xy < x1 < ... <xy_1 < xp =b. Let D be the
collection of all partitions of [a,b]. This collection D is a directed set, directed by a relation < defined by: Py < P, if and only if Py C P;. Let
F :[a,b] — (0,0) be a function such that m < F (x) < M, for some m > 0 and M < oo, for all x € [a,b]. To each partition P = xg,x, ...,Xn of
[a,b], fixt; € [xi—1,x;), fori=1,2,...,n, define Fp =TI}, F(t,-)(""*)"’*1> . Suppose all nets (Fp)pep converge uniformly to a common number
p € (0,00) in the following sense: For every € > 0, there is a partition Py of [a,b] such that |Fp — p| < &, for all partitions P > Py in D, and
for all selections of t;. The number p is called the m-Riemann integral of F of [a,b], and it is denoted by Mg F(x)Dx, or simply, M}l’ F. In this
case, let us say that F is m-Riemann integrable over |a, b].

Remark 3.2. Let F be as in Definition 3.1. Then F is m-Riemann integrable over [a,b] if and only if logF is Riemann integrable over [a,b].
Moreover,

b
MPF(x)Dx = exp/logF(x)dx,

in this case. Let f be a bounded real valued function on [a,b]. Then f is Riemann integrable over [a,b] if and only if exp f is m-Riemann
integrable over [a,b]. Moreover,

b
/f(x)dx = logM? exp f(x)Dx,

a
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in this case.

Lemma 3.3. Let F : [a,b] — (0,%), G : [a,b] — (0,0) be functions which are m-Riemann integrable over [a,b]. Then the pointwise
multiplication function FG : [a,b] — (0,) is also m-Riemann integrable over [a,b], and M2 (FG)(x)Dx = (M5F (x)Dx)(M2G(x)Dx). If
F(x) = ¢ >0, for every x € [a,b], then MLF (x)Dx = P,

Proof. 1t follows from Definition 3.1. O

Let us recall that for every number x € (0,00, |x|x = max{x,x~'}, and for every x,y € (0,%), |xy|x < |x|x|y|x. Direct verification is
applicable.

Lemma 3.4. Let F : [a,b] — (0,00) be m-Riemann integrable. Then, (x)Dx|x < MY|F(x)|xDx.

Proof. It follows from Definition 3.1. O

Theorem 3.5. Suppose f : [a,b] — (0,00) be m-Riemann integrable. For a < x < b, define F(x) = M2 f(¢)Dt. Then, F is continuous on
[a,b]. Moreover, if f is continuous at a point xq of |a, b, then F is m-differentiable at xo, and F!(xo) = f(xo).

X X
Proof. [log f(r)dt is a continuous function of x in [a,b], by Theorem 6.20 in [23] and Remark 3.2. Thus, F(x) = exp [log f(t)dt is a
a a

d f log f(¢)dt
continuous function of x in [a,b]. Also, if f is continuous at a point xg of [a,b], then —*——— =log f(xp), by Theorem 6.20 in [12].
: X=X0

Thus, F| (x0) = f(x0), when f is continuous at xg. O

Theorem 3.6. Let f be an m-Riemann integrable function on [a,b). Suppose there is an m-differentiable function F on [a,b] such that

= f. Then, ML f(x)Dx = ggz; .

Proof. The function log f is Riemann integrable over [a,b]. The relation F I = f implies that exp legF =f or & =log f. By Theorem

b
6.21 in [23], [log f(x)dx = log F (b) — log F (a), and hence M f (x)Dx = FEZ% . O

4. Multiplicative abstract measure integration

Definition 4.1. Let (X,9, 1) be a positive measure space. See [24]. Let s : X — [1,0) be a simple measurable function and let
s =Y | QiXa, where o; are distinct real numbers and A; are pairwise disjoint sets. For A € I, define MysDp =TT P ANA) It s oo if
and only if some 0; > 1 with [L(ANA;) = +oo. Let f: X — [1,00] be a measurable function. For A € M, define My fDU = sup; < f MasDLL,
where s represents a simple measurable function. Let us say that f : X — (0,0) is m-absolutely m-integrable, if Ma|f|x DL < oo. To each
measurable f: X — (0,00), let us define f;' 1 X = [1,00), and f; : X — [1,00) by £ (x) = max{1, f(x)}, and £ (x) = max{1, f(x)~ '}, for

My fiDp
MufDy’

everyx € X. Then |f|x = fif f, and f = 2= If f is absolutely m-integrable over X, then let us define My fDy = , for every A € M.

Remark 4.2. If f € Ll(u) and f is real valued, then exp f is m-absolutely m-integrable on X, and logMx exp fDu = [y fdu. If F is
m-absolutely m-integrable on X, then logF € L' (1) and My FDy = exp [y log Fd .

Theorem 4.3. Let (f,);_, be a sequence of measurable functions on X and f be a measurable function X such that
(a) 1 < fi(x) < fo(x) < ... <o, for every x € X, and

(b) fn(x) = f(x) as n — o, for every x € X.

Then My fuDUL — Mx fDU, as n — oo.

Proof. Apply the classical monotone convergence theorem to the functions log f;, and log f and use Remark 4.2. O

Corollary 4.4. Let f, : X — [1,00] be measurable for n = 1,2,..., and let f(x) = [T, fu(x), for every x € X. Then Mx fDu =
[T Mx fuDp.

Proof. Observe that My f1 foDu = (Mx fiDu)(Mx foDu). Extend this relation to finite products fj f>...f,. Now, apply the previous
Theorem 4.3. O

The following proposition can be verified directly.

Proposition 4.5. Let f,g be m-absolutely m-integrable positive real valued functions on X. Let ¢ > 0 be a scalar. Then My fgDu =
(Mx fDp)(MxgDp) and My f°Dp = (Mx fDp) .

Proposition 4.6. Let f,, : X — [1,0] be measurable, for eachn=1,2,..., Then
My lim inf f,Du <lim inf My f,Du.
n—oo n—yoo
Proof.  Apply the classical Fatou’s lemma to the functions log f,, and use Remark 4.2. O

Theorem 4.7.  Suppose (f,)5_, is a sequence of positive real valued measurable functions on X such that f(x) =1im,_,e f,(x) for some
f(x) >0, for every x € X. Suppose there is an m-integrable function g : X — [1,0) such that | fu|x < g(x), Vn=1,2,..., Vx € X. Then f is

an m-absolutely integrable function, lim,_,. My | % |xDu =1, and lim, e My fyDt = Mx fDLL.
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Proof. Let F, =log f, and F =log f. Let G = logg. Then lim, e Fy(x) = F(x), Vx € X, and G € L' (u). Also, |F,(x)| = |log f, (x)| =
log|fu|x <logg =G, Vx € X. By the classical dominated convergence theorem, [y F,du — [y Fdp and lim,_e [y [F — Fldp =0,

as n — oo. Then exp [y log fudu — exp [y log fdu, as n — oo, and lim, e exp [y |10g(1}—")\du = lim, e eXp [y log\f—;|xdu = 1. Thus,

limy, 00 Mx fy DUt = Mx fDJ, and
1imnﬁmMX\%|XDu:1. O

Proposition 4.8. Suppose f : X — (0,0) is an m-absolutely m-integrable function. Then |Mx fDU|x < Mx|f|xDu.
Proof. It follows from definitions. O

Proposition 4.9. (a) Let f : X — [1,0] be a measurable function on X such that Mx fDu = 1. Then f = 1 almost everywhere on X.

(b) Let f: X — (0,00) be m-absolutely m-integrable on X. Suppose Mg fDu =1,V E € M. Then f = 1 almost everywhere on X.

(c) Let f: X — (0,00) be m-absolutely m-integrable on X. Suppose |Mx fDu|x = Mx|f|xDu. Then there is a constant o such that
of =|f|x almost everywhere on X.

Proof. Use Proposition 1.3 along with Theorem 1.39 in [24] for log f. O

5. Conclusions

Theorem 11.33 in [23] states that a Lebesgue integrable bounded real valued function on [a,b] is Riemann integrable over the interval
if and only if the function is continuous almost everywhere in that interval with respect to classical Lebesgue measure. One can state a
corresponding result for m-Riemann integrable functions. Such observations may give a hope to transform every known result in additive
calculus and abstract measure integration theory through logarithmic exponential transformations. But, it is not true. Theorems 2.10 and 2.12
reveal difficulties in transforming chain rule and a generalized mean value theorem which is used for establishing L’Hospital’s rules. It is yet
to be tried for replacement of exponential transformation and its inverse logarithmic transformation by means of other transformations like
Lorentz transformation and its inverse Lorentz transformation of the theory of Einstein’s special relativity. It is yet to be tried to extend
results which provide generalizations of research work in differentiation, integration and measure theory like the ones provided in [25]-[30].
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