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Research Article

A New Asymptotic Series and Estimates Related to Euler
Mascheroni Constant

VALENTIN GABRIEL CRISTEA*

ABSTRACT. In thisarticle, we give a new asymptotic series for a sequence (g, ) that converges to Euler-Mascheroni’s
constant with the convergence speed as n~%. We present and prove a theorem about how to get the sequence (g»).
Using this asymptotic series, we establish the lower and upper bounds for the sequence (gn).

Keywords: Euler-Mascheroni’s constant, asymptotic series, inequalities.

2010 Mathematics Subject Classification: 26D15, 41A25, 34E05.

1. INTRODUCTION

One of the famous constants in mathematics is the Euler-Mascheroni’s constant
v =0,57721566490153286... . It is defined as the limit of the sequence:

EEWIE
711 - 2 3

in honor of the Swiss mathematician Leonhard Euler (1707-1783) and the Italian mathemati-
cian Lorenzo Mascheroni (1750-1800), who studied the Euler-Mascheroni’s constant . The se-
quence (v, )n>1 and the constant v have many applications in several branches of mathematics
as probability, analysis, special functions and number theory. The sequence (7, ),>1 converges
very slowly to the constant v, with the convergence speed as n'. In the beginning, Tims and
Tyrell [18], and then Young [19] got the lower and upper bounds for the sequence (v,)n>1 as
the following:

1
+..+——Inn
n

1
—_— <y, — < —
2tn+1) "7 oy

with the convergence speed as n~ L Many authors [2,3,6,7,10,12-17] interested in obtaining
sequences that converge very fast to the limit . One of them is DeTemple [6], who introduced
the sequence

Ro=14 st st ote—tn(nts
n = 5Ty tto n|ln 5

that converges to the limit v as n~2. Then Mortici [12] has introduced the sequence

1 1 1 1 1
1.1 tn:]_ — _ — — 1 2_ -
1.1) ty et o 2n(n 6)
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2 Valentin Gabriel Cristea

4

in order to obtain a faster convergence to the limit v with the convergence speed as n~* and

the following limit:

11
li 4 —7) = —.
Jim n® (=) = =5
Then, Cristea [4] has showed in 2014, the following double inequality
11 29 11

- tn —
72007 907200 ~ " 7 Ta0pi
for all integers n > 1 and has got the following asymptotic series for the sequence (¢,,) given in

(1.1)
o)
1 1 1
tn = —{ — — By p ——
7+g;%{w %}Mk

P 11 29 n 221 6469 n
" =T 7000t T 907208 | 5184005 855360110
Cristea and Mortici [5] have introduced the sequence

1 1 13 5
(1.2) sn=1+§—|—...—|—n_2—|—12(n_1)+m—lnn
that converges to the limit v with the convergence speed as n~® and have demonstrated the
following double inequality
1 11 1 13
1203 12008 =7 S Ton3 T 1200
Then, X. Hu, D. Lu, X. Wang [9] have presented the following sequence:

or

. 1 1 1 1
Bo=1+-+..+——-ln—-In{l4+—->
’ 2 n 2 n — 3n+1
that converges to the limit v with the convergence speed as n~*, with the following approxi-
mation:
I SRS O
180 (n + 1)* ™27 180nt
The aim of the paper is to introduce a new sequence (¢, ) that converges very fast to the limit
v and to establish the lower and upper bounds for this sequence. Motivated by Mortici [12]
and Hu [9], we introduce new sequence

1 1 an+b 1
1.3 n(a,be) =14+ =+ ... — —1In(n? ;
(1.3) anlabie) =14 g4t Sg H oy~ g ()
where a, b, c are real parameters and for a = 3,b = — 3, ¢ = 1 the new sequence given by

27 1274 2 n—2 12(n—-1)  12n 3 4

converges to the limit  with the convergence speed as n~*. We will show the following double
inequality

3 5 1 1 1 13 5 1 1
(1.4) In = an(5, Y=1+=+..+ + +—ln<n3+)

11 1 181 11 1 182
12007 " 1205 201608 ~ 77" 12001 T 12075 T 201600
for all integers n > 2 in the left side inequality and for all integers n > 225 in the right side
inequality. We will also construct the asymptotic series
11 1 181 1
I =0 12007 T 1205 T 201605 T 1207
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for the sequence (g,,) (1.4).

2. THE RESULTS

We consider the sequence (g,,(a,b,c)) given by (1.3). To obtain the best real parameters
a, b, ¢, for which the sequence (g, (a,b, c)) converges to v with the highest convergence speed,
we prove the following theorem:

Theorem 2.1. (i) If a # 3,b # —2 and c # % then the sequence (g, (a, b, ¢)) > has the convergence

speed as n™".

(ii) If a = 3,b # —15 and ¢ # 1 then the sequence (g, (a,b,c)),,~, has the convergence speed as
—2
n=2.
(iii) If a = 3,b = —F5 and ¢ #  then the sequence (qn(a, b, c)), >, has the convergence speed as
-3
n=s.
(i) If a = 3,b = —5 and ¢ = § then the sequence (qn(a, b, c)), >, has the convergence speed as
—a
n

We will use the following;:
Lemma 2.1. If the sequence (x,),,~, converges to x and if there exists the limit
lim n* (xp —xpt1) =1 ER
n— 00

with k > 1, then there exists the limit

l
o k=1 oy —
nlgr;@n (xn — ) 1

For the proof see [11]. This lemma is a form of Cesaro-Stolz’s lemma. We utilize it in the
construction of the asymptotics series and in order to estimate the convergence speed.

Proof. We compute the difference

an+b 1 an+a+b
n 7b7 — Un 7b7 = - -
an(a:,€) = ans1(a;b,¢) nn—1) n—-1 nn+1)

1, 1 ;
fgln(n +c)+§ln((n+l) Jrc).

Using a computer program as Maple, we get

3\ 1 2\ 1 5\ 1
qn(aab,c)f(JHle(aabac): (a2> ﬁ‘i’ <(Z+2b3) $+ <QC4> A

2.5) +(a+2b+2c—4>1+0(1>.

5) nd nb

(i) Ifa— 2 #0, then

lim 1 (ga(a,0,¢) = gn11(a,b,)) = (“ B 3) 70

n—o0

and Lemma 2.1 says that

nh_)rrolon (gn(a,b,c) —7) (a - 2) # 0.
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We get that the sequence (qn(a b,c)),>, has the convergence speed as n".

(i) If @ =32,b+# —75 and ¢ # ; then the relation (2.5) is written as

5\ 1 1 1
gn(a,b,¢) — qna1(a, b, c) = <2b—|— 6> o + <4 — c) -y

7 1 1
2. 20+ 2 — .
(2.6) +(10—|- b+ c) n5+0(n6>

If b # — 3, then from the relation (2.6), we get

lim ’fl3 (qn(aa b7 C) - Qn+1(a, b7 C)) = <2b + 5) 7é 0

n—oo 6

and Lemma 2.1 says that
_1
. 2 .

We obtain that the sequence (qn( 2,b,¢)), -, has the convergence speed as n 2.

(iii) If a = ,b = — and ¢ #  then the relatlon (2.5) is written as
1 1 2 1 1
(27) Q7L(a7b7 C) - qn+1(a'7 b7 C) = (4 - C) — ( 15 + 26) E +0 (TL6> :

Then from the relation (2.7), we get

lim n* (¢ (a,b,¢) — gnii(a,b,c)) = (1 — c) #0

n— 00 4

and Lemma 2.1 says that

1/1
. 3 _ N
nlgnC:n (qn(a’a b, C) ’Y) - 3 <4 C) 7& 0.

We get that the sequence (4n (3. —73,¢)) >, has the convergence speed as n=".

(iv)Ifa=32b= and ¢ = 1 then the relation (2.5) is written as

12’

11 1
(2.8) qn(a,b,¢) = gny1(a,b,c) = 3005 T O (nﬁ)
and Lemma 2.1 says that
11
nlbm nt (gnla,b,c) — ) = 120"
We get that the sequence (¢, (3, —15, §)), -, has the convergence speed as n~*. O
We notice that (2.8) gives us the approximation
~ L —
Gn =7 N 50,7 AN 0.

We give the following theorem related to the estimates of (g¢,,) given in (1.4):
Theorem 2.2. We have the following double inequality for all integers n > 2 in the left side inequality
and for all integers n > 225 in the right side inequality:

o1 s RN B
1200t " 1205 201608 T 7S 1200t T 1205 T 201600
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Proof. We consider the following sequences

¢ ) o, o1 s
Gn = n =7 120n% 1205 201616
and
by (g (L, L, 12
n = n = 120nt 1205 2016n°

that converges to zero. To prove that a, > 0 and b, < 0, it suffices to show that (a,),~,
is strictly decreasing and (b,,),,>, is strictly increasing. Let fi(n) = ant1 — a, and fo(n) =
bp+1 — bn, where

8 5 1 1 1\ 1 1
= — - “In(2%+-) -1 1)+ =
=) r  2@il) 12@-1) 3 n<x +4> 3 n<(x+ ) +4)

B 11 o) 1 1) 181 181
120 (z + 1)*  1202* 12(z4+1)° 1225 2016 (z +1)° 201626

and
8 5 1 1 1\ 1 1
= — - Sn(2%+ =) —=1 1%+ =
f2(@) 2z T 2@1 D 12(x—1)+3n<x +4) 3n<(x+ ) +4>
B 11 o) 1 1) 182 182
120 (z + 1)*  120a* 12(z+1)° 1225 2016 (z +1)° 201626 |
We get

B P(x—-2)
1680 (z +1)7 (z — 1)? (423 + 1)" (122 + 1222 + 423 + 5)" 25

>0

2.9) fiz)

for all real numbers z > 2 and

Q (z — 225)

- 7 2 2 3 143 7 <V
120(z4+1)" (z —1)° (120 + 1222 + 423 + 5) (de3 + 1) =

(2.10) fala) =

for all real numbers x > 225, where

P(z) = 8615781393 + 48322358 535z + 124 45177088422 + 1950887653002
4207843366162z + 1590182833862 + 8993280343025 + 3808259454527
+120788046292% + 28349127522° + 478671564210 + 5507112811
4386982422 4 125440213
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and

Q(r) = 22876 348962124636919596278035200
+156125891834161825105090 815353280z
+8964689205792820697567513156375x>
12382989135830296264858888250032°
4-38740019392290853952996609132*
+429535098002548661658099752.°
+3429542980886586835373312°
4202851374032512781609327
189992142959018019732°
+299438938338826522”
+73805584698144x "
+1309817217122"
+158491784z "
+1172002:"°
+40z'

are two polynomials with positive integers coefficients for all real numbers z > 2 and re-
spectively for all real numbers « > 225. Then, from (2.9), we have f; is strictly increasing
on [2,00) and from (2.10), we have fs is strictly decreasing on [225, c0). It follows that from
f1(00) = f2(00) = 0, we have f; < 0on [2,00) and f > 0 on [225,00). Thus, (ay,),,~, is strictly
decreasing and (by,),,~ 405 is strictly increasing. This concludes the proof. O

We can get the asymptotic series of the sequence (g,,) , using the sequence (h,,)

I S S B
" 2 7 n—-2 n—-1 n

harmonic sum in terms of digamma function
1
I =W+E+¢(n),

with the digamma function defined by

¥(o) = 1 () = .

See, e.g., [1, p. 258, Rel. 6.3.2]. We have the following asymptotic expansion for the digamma
function ¢ that

o0

1 By,
= 1 _— =
v (@) =Inz 2z ; 2kax2k’

where B; is the jth Bernoulli numbers given by

We will demonstrate the following theorem related to the asymptotic expansion of ¢, :
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Theorem 2.3. We get the following asymptotic expansion of (g,,) as n — oo :

kl sz
n =" +12nn—1 Zk{?, 3 gkpak n%}‘

Proof. We get

1 1 5 1 . 1
w = hp——F-——-t——In(nd+=
q + + oo 3n(n +4)

1 5 1 1
= - 34 =
(AR vy T 3n<” +4)

1 5 1 1
v —lnt 50T 1, 3n< +4n5>
1 1 5 N By 1 1

— - -4 2 (14—

7+12(n—1) o " 12n ~ 2kn?F 3 < +4n3)

k 1

_ Boy,
- er12n n—1) Zk{?) 43k 2n2k}

Using the binomial theorem given in [8], we get
1 1 ! 1 1 1

2n(n—1) 1202 (1_1) 1202 1208 1207 1205

We get an explicite form as

(2.11) =v+ 11 + ! + 181 + ! +
' I =TT 12008 T 1205 T 201606 ' 1207
We notice that the three terms of the asymptotic series (2.11) were used for the estimate of ¢,,.

We give the table with the above sequences:

n ltn — 1l |sn — 1l 2 =7l |gn — |
250  1.30935 x 10717 4.26667 x 10712 2.25298 x 10~* 2.03175 x 1018
500 2.04586 x 107'? 2.66667 x 10713 7.07570 x 10716 3.1746 x 1072°
1000 3.19665 x 10721 1.66667 x 10~1* 2.21668 x 10~17  4.96032 x 10~22
10000 3.19665 x 10727 1.66667 x 10718  2.22167 x 10722 4.96032 x 10~28

50000 2.04586 x 10731 2.66667 x 10721 7.11076 x 10726  3.1746 x 1032

Using the values from the above table, we conclude the superiority of the sequence (¢,),,5 995

over Mortici’s sequence (t,),,59,5, Lu’s sequence (r3 2)n>225, Cristea and Mortici’s sequence

(sn)nzz%- g

Acknowledgements. The author thanks the editors and the anonymous refree for useful
ideas which improved much the initial form of this paper. Some computations made in this
paper were performed using Maple software.
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Growth Estimates for Analytic Vector-Valued Functions in the
Unit Ball Having Bounded L-index in Joint Variables

VITA BAKSA, ANDRIY BANDURA*, AND OLEH SKASKIV

ABSTRACT. Our results concern growth estimates for vector-valued functions of L-index in joint variables which
are analytic in the unit ball. There are deduced analogs of known growth estimates obtained early for functions ana-
lytic in the unit ball. Our estimates contain logarithm of sup-norm instead of logarithm modulus of the function. They
describe the behavior of logarithm of norm of analytic vector-valued function on a skeleton in a bidisc by behavior of
the function L. These estimates are sharp in a general case. The presented results are based on bidisc exhaustion of a
unit ball.

Keywords: Bounded index, bounded L-index in joint variables, analytic function, unit ball, growth estimates, maxi-
mum norm.

2010 Mathematics Subject Classification: 32A10, 32A17, 32A37.

1. INTRODUCTION

In this paper, we consider vector-valued functions of bounded L-index in joint variables
which are analytic in the unit ball. This paper is a continuation of investigations initiated in
[1, 2, 3]. There was proposed the definition of L-index boundedness in joint variables and
obtained some criteria of L-index boundedness in joint variables for vector-valued analytic
functions in the unit ball.

Here, we pose the following goal: to obtain growth estimates of analytic functions having bounded
L-index in joint variables. It is important because functions of bounded index has many appli-
cations in analytic theory of linear differential equations. Moreover, vector-valued entire func-
tions of bounded index in joint variables have applications to some system of partial differen-
tial equations [19]. Therefore, combination of sufficient conditions of L-index boundedness for
analytic solutions of the system with growth estimates of functions from this class will give a
priori estimates of growth for all analytical solutions of the system.

Other applications of concept of bounded index in analytic theory of differential equations
were considered for various function classes: entire functions of bounded L-index in direction
[12], entire functions of bounded L-index in joint variables [15], analytic functions in the unit
ball having bounded L-index in joint variables [4], entire bivariate vector-valued function of
bounded index [19].

Received: 26.11.2019; Accepted: 14.01.2020; Published Online: 28.01.2020
*Corresponding author: Andriy Bandura; andriykopanytsia@gmail.com
DOI: 10.33205/ cma.650977
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2. NOTATIONS, DEFINITIONS AND AUXILIARY PROPOSITIONS

We need some standard notations (for example see [5, 4, 6]). Let R = [0; +00), 0 = (0,0) €
R2,1 = (1,1) € R, R = (r1,m2) € R, |[(2,w)| = /]2]*> +|w[?>. For A = (a1,a2) € R?,
B = (b1,bs) € R?, we will use formal notations without violation of the existence of these
expressions: AB = (a1by, agby), A/B = (a1/b1,a2/by), AP = (a¥*,a%?), and the notation A < B
means that a; < b, j € {1,2}; the relation A < B is defined in the similar way. For K =
(k1,k2) € Zi, let us denote K! = k;! - ky!. Addition, multiplication by scalar and conjugation
in C? is defined componentwise. For z € C?, w € C? we define (z,w) = z;W; + 20Ws, where
w1, Ws is the complex conjugate of wq, ws.

The bidisc {(z,w) € C? : |z — 20| < r1,|w — wo| < 72} is denoted by D?((z0,wo), R), its
skeleton {(z,w) € C? : |z — 29| = 71, |w — wo| = 72} is denoted by T?((zq,wo), R), the closed
polydisc {(z,w) € C? : |z — 20| < 71, |w — wo| < ra} is denoted by D?[(z0, wo), B, D* = D?(0;1),
D = {z € C : |z| < 1}. The open ball {(z,w) € C? : /]2 — 202+ |w —wo[? < r} is de-
noted by B?((zo,wo),r), the sphere {(z,w) € C? : \/|]z — 2|2 + |w —wo|> = r} is denoted
by S?((20,wo),7), and the closed ball {z € C? : /|z — 20| + Jwo — wo|? < 7} is denoted by
B2[(z0,wo),7], B2 =B%*0,1), D=B'={z€C:|z| < 1}.

Let F(z,w) = (fi(z,w), f2(z,w)) be an analytic vector-function in B2. Then at a point (a,b) €
B?, the function F(z,w) has a bivariate Taylor expansion:

F(z,w) = Z Z Cri(z —a)*(w—b)™,

k=0m=0
_ 1 (T AGw) 9T (zw) _ 1 p(km)
where Cim = '( 570 7w ) Lmaem = T T (0,0).

Let L(z,w) = (l1(2,w), l2(z,w)), where [;(z,w) : B> — R?2 is a positive continuous function
such that

(2.1) V(z,w) €B?: j(z,w) > b

N

j € {1,2}, where 3 > 1/2 is a some constant.
The norm for the vector-function F : B> — C2 is defined as the sup-norm:

1Pzl = mas {15 (,0)1)-
We write " " "
FUOI(z,w) = x JF(Z’.w) = (al Jf.l(z’,w), o sz(z’,w)) )
0z 0w’ 0240wl 024 QwI
An analytic vector-function F : B? — C? is said to be of bounded L-index (in joint variables),
if there exists ng € Z4 such that

V(z,w) € B® V(i,j) € Z2 :

(4,4) (k,m)
0y FEDI L r )
Emli¥ (2, w)l5 (2, w)

il (2, w)l3 (2, w)
The least such integer n is called the L-index in joint variables of the vector-function F' and
is denoted by N(F, L, B?). The concept of boundedness of L-index in joint variables were con-
sidered for other classes of analytic functions. They are differed domains of analyticity: the
unit ball [5, 4, 11, 13], the polydisc [8, 10], the Cartesian product of the unit disc and complex
plane [9], n-dimensional complex space [7, 11, 14]. Vector-valued functions of one and several
complex variables having bounded index were considered in [18, 20, 17, 23, 21, 19].

:k7m€Z+,k+m§n0}.
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The function class Q(B?) is defined as following: VR € R?, |R| < ,j € {1,2} :

0< Al,j(R) < /\27]‘(R) < 00,

where
2.3) M(R) = inf inf{w : (2,w) € D*[(20,w0), R/L(20 wo)]}
)J (ZO,WO)GBZ lj (207(*)0) ’ ’ ) ) )
Zj(z’w) 2
(2.4) Ao j(R)= sup supq———-—:(z,w) € D*[(z0,wo), R/L(z0,wo)] ¢ -
(20,w0)EB? 1j(z0,wo)

We need some propositions from [1, 2].
For an analytic vector-function F : B> — C?, we put

M (R, (z0,wo), F) = max {||F(z,w)| : (z,w) € T?((z0,w0),R)},
where (29, wp) € B?, R € R%. Then
M(R, (z0,wp), F) = maX{HF(z,w)H D (z,w) € D2((20,w0),R)} ,

because the maximum modulus of the analytic vector-function in a closed bidisc is attained on
its skeleton.

To prove an growth estimates, we need the following theorem. The theorem gives sufficient
conditions by the estimate of maximum modulus on the skeleton of bidisc.

Theorem 2.1 ([2]). Let L € Q(B?). If analytic vector-function F : B*> — C? has bounded L-index in
joint variables, then for all R',R" € R%, R < R", |R"| < (3 there exists p; = p1(R',R") > 1 such
that for every (29, wo) € B? inequality

R// R/
25) M (L(ZWO) , (zo,wo>,F> <M (L(ZWO) 7 <zo,wo>,F)

holds.

3. GROWTH ESTIMATES OF ANALYTIC VECTOR-VALUED FUNCTIONS IN THE UNIT BALL
Weput [0, 27’(]2 = [0, 27’(’] X [0, 27T] For R = (7'1, 7‘2) € Ri, 6= (91,02) € [0, 27’(’]2, A= (al, ag) €
C?, we will write

Re'® = (r1e',r0e'),  arg A= (arga;,arga).

Denote by K (B?) the class of positive continuous vector-valued functions L = (I1,1») , where
every l; : B> — R, obeys inequality (2.1) and there exists ¢ > 1 such that for all R € R% with
|R| < land j € {1,2},

lj (R€i®2 )

max - =< e
01,0:€(0,27)2 [;(Re™®1) —

V2’ V2

V)

In the case L(z, w) = (I1(|2], [w]), Ia(|2], |w])) , we have that L € K (B?). Put 8 = (ﬁ %).
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Theorem 3.2. Let L € Q(B?) N\ K(B2), B8 > ¢v/2. If an analytic vector-function F : B2 — C? has
bounded L-index in joint variables, then

Inmax{|F(z,w)|: (z,w) € T*(0,R)} =

™1 i . )
=0 ( min {@g[l(l)glﬂ]2 ( /0 l1 (tezgl , 7"2@292 )dt + /O Iy (7'1’ )dt)
" 10 10 " 0
: w1 (1vp)
(3.6) 961[%1;1#]2 (/ I3 (te’ roe™?)dt + /0 lz(rl,t)dt) } ),

with |R| — 1 —0, R® = (9, 19) is a fixed radius.

Proof. Let R >0, |R| > 1,0 € [0,27]?, and a point (z*,w*) € T? (0 R+ e 10)) be such that

|1F(z",w")|| = max{F(z,w)| : (z,w) € T*(0, R + L(Rﬁel@)>}

We put 20 = mrgiireey o = Frp/Lie®) - 1hUS
o 2*r, L2 B/ (eV201(Re©®)) | B
o= [ | - PR
T1+C\/§l1(Rei@) T1+C\/§ll(Rei@) ¢ 1( ¢ )
. w*ry | |wrB/(ev2la(Re®)) | p
Wo—wi=\——5 — ~“WwI= B T V2ly(Rei®)’
T2+C\/§l2(Rei9) T2+C\/§lg(Rei9) ¢ 2( ¢ )

L(z0,wp) = (R—l—ﬁ/Lz 67,@)’ R+5/L(2Rei9)> =
L (<R+ﬂ/L(Re’@>>me@ (R-S-ﬂ/L(Rei@))rzeiargw*) .
R+ B/L(Re'©) ’ R+ B/L(Re™©)

_ L(Tleiargz*’rzeiargw*).

Since L € K (B?), we have

—

cL(zo,wp) = cL(r1e'®8% " rpet 8 W7) > L(riett rpet??) > EL(zo,wo).

We will consider two skeletons T2 ((zo7 wo), m) and T2 <( 20, 0), m ) . By Theorem
2.1, there exist p; = p;1 (£,¢8) > 1 such that (2.5) is true for R’ = ¢, R =

max {||F(z,w)|| (zw) € T2 (0, R+ L(rlewl — )}
<{IFGl: G e ™ (v, )b <
< (1Pl s ) €72 ( (e, wo) L(ﬁw)}
<n{IFGwl s ) e T ((w Ty )}
67) <n{IFGol: G e T (0r+ pat ) |

IN
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The function In™ max{||F'(z,w)|| : (z,w) € T2(0, R)} is convex relative Inr;, Inry . Therefore,

In" max{||F(z,w)| : (z,w) € T*(0, R)}—

(38)  —In*max{|F(z,w)] : (,w) € TX(0, R+ (10 — r1)er)} = / Mdt’
In" max{||F(z,w)| : (z,w) € T*(0, R)}—
(3.9) Int . 2 0 _/TZ As(r1,t)
. —In™ max{||F'(z,w)] : (z,w) € T°(0, R+ (ry —r2)ea)} = . fdt

for each 0 < r? < rj, j{1,2} , where functions A (¢, 72), A2(r1,t) are positive non-decreasing ¢.
Then from (3.7), we obtain

Inp; > lnmax{HF(z,w)H :(z,w) € T? (O,R—I— L(Rﬂei@))}_

_1nmax{||F(z,w)|| (zw) € T? (°’R+ L(Ree@))} -

e+ (% — ey
- 1nmax{|F(z,w)| : (z,w) € T2 <0,R+ L(ﬁk@)) } -

e 2 — e,
—lnmaX{HF(z,w)H ((z,w) € T2 <O,R—|— W)} —

L(Re™®)

/r1+5/(C\/§l1(Rei®)) 1

s
7141 (t,’l‘g 4+ — ) dt+
141/11 (Rei®) t cV/2l5(Rei®)
r2+6/(cx/§l2(Rei’@)) 1
+\/

)
—A |+ ————— ) dt >
2+1/12(Re®) ¢ < ' ev/2ly (Rei®t)

B _1q 5 _1

V2c 1 V2e
Ssim(1+—2 4 S U 1 [ E R,
= “( +r1z1(Reze)+1> ! (“’“JFZQ(R@@)) + “( +r212(Re’@)+1> X

1
(3.10) X Az (7’1 + ll(Rei@)7T2> .

Then, we have r;1;(Re’®) — +oo with |R| — 1 — 0. We obtain, for j € {1,2} and r; > r:

B _1q B _1 B _1q
(14 —Y% ~ Ve > V2
lej(Rei@) + 1 ’I"jlj(R@i@) + 1~ 27‘jlj(R6i@)-

Thus, (3.10) implies that

. 21 .
Ay <r1,r2 + Blg(Reze)) < ) rlll(Re’@),

21Inpy

B
Ao (7“1.,7“2 <
cV/2l1(Ret®) C\% -1

TQZQ(RGILG).
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Let R° = (r7,73), where 7{ it is chosen higher. From inequalities (3.8) and (3.9) , it follows that
Inmax {||F(z,w)| : (z,w) € T*(0,R)} =

n Al(t7 TQ)

0 t

= Inmax {||F(z,w)| : (z,w) € T>(0, R+ (r] —r1)e; + (r) —r2)es) } +

T1 T2 0
Jr/ Al(tt’TQ)dtJr/ AZ(Tlat)dt:

= Inmax {||F(z,w)| : (z,w) € T*(0, R+ (r} —r1)e1)} +/ dt =

i g
2 0 2Inp,
= Inmax {[|F(z,w)]|| : (z,w) € T*(0,R")} + 3 1><
Vze

X (/ ll(tewl,rgew?)dt—i—/ lg(r?ewl7tew2)dt> <
0 0

2Inp, " i0y . _if 00y 0
<(14+0(1)) 5 ; l1(te™*, ree?)dt + ; lo(rie’ te*”?)dt | .

V2
Function In max{||F(z,w)| : (z,w) € T?(0, R)} is independent of © . We obtain

o max{[|F(z, )| : () € T2(0, R)} =
T1 . . T2 .
=O( min (/ I (te'r  roe®®2)dt + / lg(r?elgl,tel%)do ,
ec0,27]2 \ /o 0
with |[R| — 1 — 0. Theorem is proved. O
Corollary 3.1. If L € Q(B?) (" K(B?), minge(o,2n)2 [;(Re’®) is non-decreasing in each variable ry,

k€ {1,2}, j € {1,2}, k # j, an analytic vector-function F : B> — C? has bounded L-index in joint
variables, then

Inmax{||F(z,w)| : (z,w) € T}0,R)} =0 | min Z/ )dt |

©€[0,27]?

as |R| — 1 — 0, with RV = (t,1r5), R?) = (ry,1).

We denote a* = max{a, 0}, u;(t) = u;(t, R,0) = I; (£e©), witha € R, t € Ry, j € {1,2},
7 =maxi<j<p7; # 0and L|R| < 1.

Theorem 3.3. Let L(Re'®) be a positive continuously differentiable function in each variable 1y, k €
{1,2}, |R| < 1,0 € (0,272 . If the function L obeys inequality (2.1) and an analytic vector-function
F : B* — C? has bounded L-index in joint variables, then for each © € [0, 2x]? and for all R € R?,
|R| < 1and (s,p) € 72,

| FP)(Re™®)|
1 . —— <N; <
nmax{s!puf(Rez@)zg(Rez@) R
[FE=P)(0)]|
<1 B il <N
<t { Gy 0PV

*

[ (s s (Zre®) s (Ze) o+

(3.11) + max {s( ()" | p(ue(n)” }) dr.

s+p<N ll( Re‘@) lg( Rele)
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Proof. Let R € R?\ {0}, © € [0,27]*>. We puta; = =%, j € {1,2} and A = (a1, az). Consider the
function

[FCP (Ae'®)|
slplis (Aei®)I5 (Ae®)

(3.12) g(t):max{ :s—i—pSN},

where At = (ait, ast), Ate’® = (a1t ayti?2).
Since the function

|F P (a1e™, aze’®)|

sIplls (aqe'%1, aze2)h (ag €01, agei??)

is continuously differentiable function of real variable ¢ € [0; +00), outside the zero set of func-
tion ||[F(5P)(a1e'%1, aze’®?)||, then g(t) is also a continuously differentiable function on [0, |%|)
except for a countable set of points.

Hence, in view of <|g(r)| < |¢/(r)| , which holds everywhere except r = t, where g(t) = 0 we
obtain that:

d ||F(s7p)(alei017a2€i02)” B
@t \ S5 (an e a2 (e, e ) =
1 d o -
— i _ i i - F(s,p) a 6201’01 6192 + F(s7p) a 6191 a 6192 %
s!p!l‘f(ale“’l,age")?)lg’(alewl,agemz)dt” (a1 2¢"2)[[ + || (a1e™, aze"?)||
d 1 1

X — , , , < . , , X
dt s!plls (a1ei, azei®2)18 (a1ei1, agei®2) — slpll§(aiei?r, agei®2)ib (a1, ageif?)
< (IFCH9 (16 ase®)ar e | + [ PP (16, ase®)ase® ) -

_ |F P (are aze™®)| suy (t) pus(t) 1\
sIplls (arei, age®®2)iB (a1t aqsei®2) \ 11 (Ate®)  Io(Ate®) ) —

[P0 (016, aei®)]

= (s DIt (aqeif | agei®2)Ib (ay et | ageifz)
| EGPHD) (@167 aqei??)||

sl(p 4 D)5 (a1, agei®2) 5T (ag i1, ageif2)

o1y o IFCOP@ET e (), )
' sIplls (arei®, azei®2)1b (arei? agzei?2) \ 11 (Atet®) Io(Atei®) ) -

a1(s+ 1)l (alew1 , agew"’)—i—

asz(p + 1)12(a16i01 , agei92)+
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For absolutely continuous functions hq, hy and h(x) := max{h;(z,w) : 1 < j < 2}, one has
h'(z) < max{h}(z,w) : 1 < j < 2}, ¥ € [a,b]. The function g is absolutely continuous. There-
fore, (3.13) implies that

d | FP) (a1e% ) age®?))|| '
g'(t) < max { dt (s!p!lf(aleiel,agew?)lg(alewl,agei"?)) stps N} =
{al(s + l)ll(AeiQ)“F(‘g+1’p) (AelQ)H
SE U (AP (Ac®)
L 020+ V(A9 [FEr D (4c0)|
S(p+ 1) (Ac©) BT (Ae®)
|FP) (Ae)| (S(—ui(f))Jr n p(—ué(t))+>} <
siplis (Aet®)IE(Ae®) \ 11 (Ae®) I2(Aei®) -
< g(t)( max {a1(s + 1)1 (Ae’®) + az(p + 1)la(Ae™®) }+
s+p<N
su )" plzup()” -
11(Aei®) I2(Aei®) N
= g9(@)(B(t) + (1)),

< max

—|—max{

with

B(t) = Sinax {ai(s + 1)l1(Ae™®) + ax(p + I)ZQ(AGZ@)}

)= g {2CO" | P

s+p<N | 11(Aet®) l2(Ae®)

Then, 4 Ing(t) < B(t) +~(t) and

¢
(314) o(t) < 9@ exp [ (8(r) + 5(r))ar,
0
because g(0) # 0. But, one has r*A = R. It follows from (3.14) and (3.12) that
|F P (Re')| [FEP(0)]]
1 - - : <N <1 —_—— <N
fhmax { Sl (Re©) I (Re®) * ° TP =y SInmax S gy PPN

*

—|—/0 Jmax, {ai(s+ 1)l1(Are’ Y+ an(p+ 1)ly(Are®® )} dr+

o[ ) )
0

s+p<N | 11 (ATei®) lo(ATe™®)

Inequality (3.14) is true. O

Proposition 3.1. Let L(Re'®) be a positive continuously differentiable function in each variable ry.,k €
{1,2}, |R| < 1, © € (0,272 If the function L obeys inequality (2.1) and an analytic vector-function
F : B> — C? has bounded L-index N = N (F,L,B?) in joint variables and there exists C > 0 such
that the function L satisfies the inequality

— (s (t I\ +
(3.15) Sup max max  max ( SUJQ( ’fR’ Q)@)t) <C
|R|<1t€[0,rs] ec0,2m]2 1<5<2 r—ilj (rf'*Rel )
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and
In max{||F(z,w)| : (z,w) € T?(0, R)}
maxege[o,2n]? fol <R7 L(Ta Rei®)>d7

(3.16) H|R|_>1_0 < (O + 1)N + 1.

Proof. If the function L satisfies inequality (2.1), then

1
3.17) max / (R,L(TRe*®))dr — +o00,as|R| — 1 —0.
©€l0,27]2 Jq

We put B(t) = 25:1 a;l;j(Ate'®). If in addition (3.15) holds, then for some s*, p*, s* + p* < N
ands,p,s+p <N,

s*(=ui Nt | pr(up ()t

20 _ gty + gee L (@) L (e 0)
B(t) Z?Zlajlj(AteiG) — 7 a1l3(Ate®) asl2(Atei®) =

<(s"+p")C < NC
and
B(t)  ai(3+ 1)1 (Ate’®) + aa(p* + 1)la( Ate'®) _1 a15l; (Ate'®)
B(t) Y51 ali(Ate®) a1l (Ate'©)
aspla(Ate'®)
asla (Ate'®)

<1+5+p<1+N.

But, | F(Ate™®)|| < g(t) < g(0) exp [y (B() +~(7))dr and 7* A = R. Putt = r*. In view of (3.17),
we have

In max{||F(z,w)| : (z,w) € T*(0,R)} = In n[%)azx ||F(Rei@)|| <
Oc 7r

s

<1 1) <1 <
< max o07) ng(0) + max [ (3()+(r)dr <

<lng(0)+ (NC+ N +1) max / ﬁ
0¢€[0,27]?

=Ing(0)+ (NC+ N +1) max / Zaj (Are'®

0¢€(0,27]?

,
=Ing(0)+ (NC+ N +1) 21;(—=Re™®)dr =
ng(0) + ( + N+ H})a;; / Z T =

=1Ing(0)+ (NC+ N +1) max /erlj(TReiG)dT

Then, (3.16) is true. The Proposition 3.1 is proved. O

Proposition 3.2. Let L(Re'®) be a positive continuously differentiable function in each variable .k €
{1,2}, |R| < 1, © € (0,272 If the function L obeys inequality (2.1) and an analytic vector-function
F :B? — C? has bounded L-index N = N (F, L) in joint variables and

(3.18) (= (ui(t, R,©))i|,_,.) T/ (r; 3 (Re®)) — 0
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forall © € (0,272, j € {1,2}, with |R| — 1 — 0, then

In max{||F(z,w)]| : (z,w) € T?(0, R)}
maXec(o,2r)2 fol (R,L(, Re®))dr

If L(z,w) = L(r1, r2) = L(R), then (3.18) can be rewritten in another form.

<N+1

(3.19) limy g|—1-0

Corollary 3.2. Let L(R) be a positive continuously differentiable function in each variable ry, k €
{1,2}, |R| < 1. If the function L obeys inequality (2.1) and an analytic vector-function F : B? — C?
has bounded L-index N = N (F,L) in joint variables and for each j € {1, 2}
(mYLR)
7l (R)
with |R| — 1 — 0, then
In max{||F(z,w)]| : (z,w) € T*(0,R)}

[y (R,L(TR))dr

lim |10 < N+1,

where V1;(R) = (alér(f)’ 8l82r(§))'

The main result in this section is following:

Theorem 3.4. Let L(R) = (I1(R),l2(R)), I;(R) be a positive continuously differentiable non-decreasing

function in each variable vy, k € {1,2},|R| < 1. If the function L obeys inequality (1) and an analytic

vector-function F : B® — C? has bounded L-index N = N (F, L) in joint variables, then

In max{||F(z,w)| : (z,w) € T?(0, R)}
Jo (R L(TR))dr

Proof. Note that L(Re®) = L(R) in this theorem. Since [;(R) is a positive continuously dif-
ferentiable non-decreasing function and u;(t) = u;(t,R) = I; (&), one has (u;(t, R)); < 0.
Therefore, we obtain 7*(—(u;(t, R));| )T/ (rjlﬁ(R)) = 0. Thus, condition (3.18) is satisfied.
Thus, the theorem is a direct consequence of the Proposition 3.2. O

M|R|*>170 <N +1.
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Decay of Fourier Transforms and Generalized Besov Spaces
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ABSTRACT. A characterization of the generalized Lipschitz and Besov spaces in terms of decay of Fourier trans-
forms is given. In particular, necessary and sufficient conditions of Titchmarsh type are obtained. The method is based
on two-sided estimate for the rate of approximation of a f-admissible family of multipliers operators in terms of decay
properties of Fourier transforms.
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1. INTRODUCTION

The study of decay of Fourier transform / Fourier coefficients is one of the classical
topics in Fourier analysis. Classical inequalities as Hardy-Littlewood and Haurdorsff-Young
(see [29]) give us the basic decay of Fourier transforms. Titchmarsh showed ([29]) that the decay
of Fourier transform can be improved for univariate functions satisfying a Lipschitz condition
defined by smoothness. His result reads as follows.

Theorem 1.1. ([29, Theorem 85)) Let f € L2 and [ its Fourier transform. The following conditions
are equivalent

/Oo |f(x+h) — f(z —h)|?’de = O(h**) ash— 0t (0<a<l1)

—0o0

and
/ [f(2))?dz = O(h>*) ash — O*.
1/h<]z|

Extensions of the Titchmarsh theorem were obtained by several authors ([19, 20, 21, 33])
and can be extended to higher dimensional Euclidean spaces ([7, 34]) replacing the majorant
function ¢(h) = h® in the Lipschitz condition by a regularly varying one ([4, 16]). The problem
concerning about Fourier series on T can be found in [24, 25] while for Fourier transforms in
[31]. The problem in L?(R?) for Fourier series can be seen in [13, 18] and for Fourier transforms
we suggest [6, 8, 13] and references quoted there.

In this paper, we provide a further extension of Theorem 1.1 for functions in L?(R%) and
an abstract Lipschitz condition, see Theorem 1.3 below. In particular, for p = 2, d = 1 and
p(t) =1ttt € (0,00),0 < a < 1, our achievement recovers Theorem 1.1, due Lemma 2.2. In
order to present this generalized version of the result, we need to establish a two-sided estimate
for the rate of approximation of an admissible family of multipliers operators in terms of decay
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properties of Fourier transforms. This extends the known results proved in [13] for d > 2 and
for the combination of multivariate averages.

For d > 1 the Fourier transform f of a function f, in the Schwartz class S (R%), is given by

f©= | f@)ede, =R
Rd
We write LP(R?) := (LP(R?), || - ||,,) for the usual Banach spaces of p-integrable functions (1 <
p < 00).
We deal with a family of multipliers operators ([23]) {7} };~0 on LP(R%) with its multiplier
family {n; }+~o generated by dilations of a measurable function 5 : (0,00) — R, i.e,,

~

Ti(f)(€) = m(I€D f(€),
where 7, (|¢]) := n(t|¢]), for all ¢ € R? and ¢ > 0. If there exists v > 0 such that

(1.1) [min(1,s)]?" < |1 —n:(s)|, forallt >0,

then we say that {7}, is a y-admissible family of multipliers operators on LP(R?). A well-known
admissible family of multipliers operators , on L” (R?) for d > 2, includes the classical spherical
mean operator and its combinations (see [2, 9, 13] and references quoted there).

We will employ generalized Lipschitz (and Besov) classes defined in terms of the rate of ap-
proximation of an admissible family of multipliers operators. The main point of the definition
resides on the majorant function (defined ahead) and not on the fractional choice of orders of
admissibility for the families of multipliers operators above. Indeed, no new Lipschitz/Besov
classes are given just by considering fractional orders admissible family of multipliers opera-
tors, due condition (1.1) and Marchaud-type inequalities (see [10, 22, 30] and references quoted
there).

In order to state the main theorems of the paper, we need to introduce some more definition.
A majorant function in this paper is always a nondecreasing measurable function ¢ : (0, 00) —
R, such that

Jim o(t) = 0,
and
" o(u)
(1.2) / ——du S (t) forallt>0.
0 u

We denote by M the collection of all majorant functions. For 5 > 0, we define the following

subset of M
o0
_ _ o(u) o(t)

The family Qg can be defined in terms of the almost monotonicity property.
A function ¢ : (0,00) — Ry is S-almost decreasing ([4, p. 72]) if it satisfies the condition:

p(ug) _ p(u1)

B B
2 Uy

for any uy < us.
u

For 5 > 0, we write

i3 7= {@ € M : there exists 0 < ¢ < 3 such that ¢ is (3 — ¢)-almost decreasing} .

A(t) < B(t) stands for B(t) < A(t) and A(t) < B(t), where A(t) < B(t) means that A(¢t) < ¢ B(t), for some
constant ¢ > 0 not depending upon ¢.
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Simple calculations and Bari-Stechkin Lemma ([1], see also [26, p.754]) are enough to prove
that the classes ; and Q4 coincide:

(1.3) Qp = Qj, foreach > 0.
Obviously,
U Qo =9, forany g > 0.
0<a<p
In fact, for any 0 < a < 8 we have 0, C Qg. In order to verify equality above, is enough to

prove that for a given ¢ € Qg there exists 0 < o < 8 such that ¢ € Q,. If ¢ € Qg, then (1.3)
implies that ¢ is (8 — ¢)-almost decreasing, for some 0 < ¢ < S. It means that for any ¢ < s, it

holds
o(s) ~ _o(t)
gB—€/2 ~ tB—ege/2”
Integrating both sides of inequality above, we obtain

[7 2 EO [T oty gy 2

sh—e/2+1 77~ th—e th—e/2"

Thus, ¢ € Qg_c/2.

An interesting subclass of 23 is given via the following definition. A function f : (0,00) —
R is regularly varying ([16]) with index a € R if for any A > 0, it holds f(\z)/f(x) — A* as
x — o0o. We write RV, for the set of all regularly varying functions with index a. It is not hard
to see that if ¢ € RV, then it can be represented as ¢(z) = x%¢(z), x € (0,00), where < is a
regularly varying function with index zero (i.e., a slowly varying function). More than that the
Representation Theorem ([4, p. 17]) gives a characterization for all regularly varying functions.

We observe that RV, C Qg, forall 0 < o < §3. This fact follows from basic theory of regularly
varying functions, the needed details can be found in [4, p. 68-72]. Due to this, the following
functions belong to {1,

t*In(1+1¢), (tIn(1+1¢)*, t*In(ln(e+t)), t*exp Lnl(rfjt)]

and
t* exp|(log t)** (log, t)** ... (log,, t)*"],

where o; € (0,1),7 =1,2,...,n, forall 0 < a < B. The usual majorant function employed in
the Titchmarsh theorem ¢(t) = ¢%, belongs to (2 if and only if 0 < o < §5.

Definition 1.2. For ¢ € (5, we define the generalized Lipschitz class in LP(R?) by
(14)  Lip(p,B.¢) = {f € L"(RY) : |Ti(f) = fllp = O(p(t) as t » 07}, 1<p<eo,
where {T}}, is a S-admissible family of multipliers operators.

Necessary and sufficient conditions of Titchmarsh type for the generalized Lipschitz class
read as follow.

Theorem 1.3. Let {T}};~0 be a B-admissible family of multipliers operators on LP(R?) and ¢ € Qap.
(A)Let 1 <p<2andp<q<p.If feLip(p,fB,¢), then

1/q
(1.5) ( /KI&K% [|f|d<”/“/q>f<f)|]qdf> =0 (p(t™), ast—oco.
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(B)Let 2 < p < oo, | - |[M0-1/p= 1O F(.) € Ll and p' < q < p. If

1/q
</t<§<2t |:|€|d(1—1/p—1/q)|f<§)|:|q d€> =0 (@(t_l)) \ as t — 00,

then f € Lip (p, B, ¢).

In order to define the generalized Besov spaces, we need to restrict our majorant classes as
follows. For 0 < ¢, < oo, we write

Definition 1.4. For 0 < ¢ < oo and ¢ € Qf;, we define the generalized Besov space B ,(R?) by

(1.6) BY,(RY) = {f e LP(RY) : |flpg, = /01 (”Tt(‘(’;)(t; fp)qit < oo}.

Forg=ocand ¢ € Q,,

B ) = { £ € /Y |1l o= sup { DT <o},

1

As usual, if ¢ < oo, we endow By, with the norm || -||g¢ = (|| g+ |ngq> /q, otherwise
|- llBg.. == Illlp +||Bg.. - Inparticular, for ¢ = oo, these spaces are the generalized Lipschitz
ones. The Besov spaces here seem to depend upon a majorant function and an admissible
family of multipliers operators, but, as usual, that is not true. As a matter of fact, this is a topic
of investigation [14].

The following gives us necessary and sufficient conditions in terms of decay properties of
Fourier transforms for functions in the generalized Besov spaces.

Theorem 1.5. Let {T}};~¢ be a B-admissible family of multipliers operators on LP(R?) and ¢ € Q3 5
(A)Let1 <p<2andp < q<p.If f € Bf (R?), then

= jglea-vr v fe”  dt
1.7 dé— .
a7 /o /tS£§2t( e(€171) Speee
(B)Let 2 < p < oo, | - |[10=1/p=VD f(.) € Ll and p' < q < p. If

= jgraa-trmif |\t
18 d - )
(19 | Aggm( B () e

then f € BY (R?).
For the particular choice ¢(t) = t*, 0 < a < £ for some ¢ € N, and the ¢-th family of
_—d
combinations of multivariate averages on R?, for d > 2, spaces Bf (R?) N GM, became the

ones characterized in [13, Section 7] (@ Z is defined ahead).

The paper is organized as follows. In Section 2, we present a two-sided estimate for the
rate of approximation of an S-admissible family of multipliers operators in terms of decay
properties of Fourier transforms. This estimate plays a crucial role in the proof of Theorem 1.3,
presented in this section. The inverse Fourier-Hankel transform of certain radial functions is
applied in order to show the necessity of the condition concerning the majorant functions in
order to prove Theorem 1.3. Section 3 is regarded to the proof of Theorem 1.5. Finally, in Section
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4, we present the concept of general monotonicity of functions (GM class) and we outline
how to make assumptions in Theorems 1.3 and 1.5 less restrictive. As a corollary, we prove a

——d
pointwise inequality for Fourier transforms of functions in GM ,, that is, a Riemann-Lebesgue
type inequality.

2. PROOF OF THEOREM 1.3

The rate of approximation of an admissible family of multipliers operators can be estimated
in terms of decay properties of Fourier transforms as follows. For d > 2, the following result
can be seen as a corollary of [13, Theorem 2.1, p. 1289] and the ideas of the proof are included
below for completeness.

Proposition 2.1. Let {T;}i~o be a v-admissible family of multipliers operators on LP(R?) and f €
LP(RY).
(A)Let1 <p<2.Ifp<q<p,then|-|{0=1/p=1/D f(.) € L and

R 1/q
([, [minte.igoigieo-im=roifey]"ag) < i) - sl

(B)Let 2 < p < oc. If | - [40=Y/»=Y/ D) f(.) € L4 and p' < q < p, then

N q 1/q
0 - 71y 5 ( [, [mincr,deplei—o-mifig))" ae)

The proof of proposition above is a simple adaptation of the proof of [13, Theorem 2.1, p.
1289], since the main arguments completely fit here. An application of Pitt’s inequality (see
[3]) combined to the admissibility condition on the family of multipliers operators finishes the
proof.

For d > 2, Theorem 2.1 in [13] is easily recovered from Proposition 2.1 for v = ¢ a natural
number and the combinations of multivariate averages family as the admissible one. The latter
has a generalized version as follows. All the facts mentioned below can be found in [15]. Let
r > 0, a real number. For each t > 0, we write

oo

ey V@ = o SO e, sermh, eemt
r/ k=1

where {V;}, is the usual family of spherical mean operator on L?(R?), and for r and s real
numbers,

Y\ I(r+1) A AN
(s>_F(s+1)F(rs+l)’ fors¢7Z._, (0>—r and <S)—O7 forseZ._.

The operator defined by (2.1) is bounded on L?(R?) and for r = ¢ a natural number the family
{V;+}+ becomes the combination of multivariate averages {V;.}; given in [9]. If m,.; stands for
the multiplier of V,., for each ¢ > 0, then

22" HD((m +1)/2)
(*N)T(m/2)T'(1/2)

In this case, {V;.; } is a r-admissible family of multipliers operators, since

L—mi([§]) =1 —m"(t¢]) :=

1
/ (sin(t¢]s/2))? (1—$2)@D/24s ¢ R
0

min(1,8)%" < 1 —m,4(s) =1 —m,(ts), s>0.

Proof of Theorem 1.3 makes use of the next lemma.
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Lemma 2.2. Let o € M, f € LP(R?) and 1 < p, q < oo. The following two conditions are equivalent:

1/q
(22) (/ [f|d“—1/p—1/q>|f<£>]qd5> Selt), t>0
1/t<|€]<2/t
and
. 1/q
(23) (/ [lgla=2/m=1/2) fie) | df) Selt), t>0.
1/t<I]

Proof. 1t is easy to see that (2.3) implies (2.2). Assuming that (2.2) holds, we write the integral
in the left-hand side of inequality (2.3) in terms of the radial part (see [32]) of the integrating
function, as follows

1) ::/ pda(i=1/p=1/q) (/ f(m)wdw) r@=Vdr, t>0,
1/t Sd—1

where S9! is the (d — 1)-dimensional unit sphere in R centered at origin endowed with 041
the induced Lebesgue measure (if d = 1 we skip this step). It is easily seen that

o 2r
I(t) §/ rda(1=1/p—1/q) {/ </ |f(pw)qdw> dp] r(dfl)ﬁ.
1/t r gd—1 r

If r < p < 2r, then r2a(1=1/p=1/0) < pda(1=1/p=1/9) and due to inequality (2.2) we arrive at

1) < /oo JCG) /Ot @l

1/15 T U

In order to finish the proof, it is enough to observe that

[ gy < e ana [y, 50
0 u o U

are equivalent (see [26]) and the later is the condition (1.2) for ¢ € M. a

Proof. of Theorem 1.3. The proof of part (A) is a trivial application of Proposition 2.1, part (A).
In order to prove part (B), we apply Proposition 2.1, part (B), and we obtain

IT:0) = 115 [ [min(r, e 1e% 79 g ] a

Denoting by 1/(f) the right-hand side of inequality above, we have

ITe(F) = FII7 < 27 (F),

where

18(F) = d1-1/p=1/0)| F(e)|]* ¢ + 248
= e fe] ae+ o |

£l<1/t

61208 [jeaa-1r=1/0) fie) ] e,
Due to Lemma 2.2, the proof will be completed if the following holds

(2.4) 247 /5 » [|£|25|5|d“—”p—”q>|f(£>|}qdf=0<so(t>>q7 as t — 0.
<
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We first consider the case d > 2 and we employ an adaption of the Titchmarsh proof in [29,
Theorem 84]. For ¢t > 0, denote

-~ q
gany= [ [lesigraeiofe) a
l§l<1/t
The following inequality holds

G L T
|T|<1/t

where
h(T) == / [|Tw|d<1—1/P—1/q>|f(m)|]qdad,l(w), —1/t <7< 1/t.
Sd—l
By writing

2.5) / (7298 ()| |94y o= 187 (h, 1) + I8 (b, 1),
|T|<1/t

where

0
ety [ e [ el fr|(-n) @) o) dr

-1/t Sd—=1

and

1/t
+ _ _ -~ _ q
7 (b, 1) ;:/0 7298 /S (Il 10227319 Flro) |90 doa(w)dr, >0,

it is sufficient to show that both I/~ (h,t) and I/ (h,t) are O (t7297 (ip(t))?) as t — 0.
We define

+oo
o4 (t) = / h(r)r14=Ydr t >0,
1/t

and observe that
(2.6) lim t*%¢, (t71) = 0.
t—0+

In fact, we have

hmﬂ%mlmth%mV—m(ﬂﬂva

t—0+ t—0+ t—00 126

Equality (1.3) implies that there exists 0 < ¢ < 2§ such that ¢ is (28 — €)-almost decreasing.
This leads us to

. gp(til) qi . ‘P(til) ‘1 < q 13 1
i (%) = (52) e < 0 fm g =0

and (2.6) holds.
Note that ¢/, (1) = —h(r~1)7~94=1D/2, 0 < 7 < 1/t,and

1/t ,
I§+(h,t):/0 —72 g, (r~N)dr, t>0,
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thus integration by parts and (2.6) imply
1/t

1/t
() = (2, ()] +2qﬁ/0 P45 (r~V)dr

1/t
— M) 208 [ e (Y
0

IA

1/t
2qﬂ/ T2qg71¢+(’r71)d’7’, t>0.
0

Since ¢ ((-)~') is a nondecreasing function on (0, c0), it follows

1/t
2.7) 177 (hyt) < 2486 (1) A P21 g ()29 50,

Handling I/ (h,t) as above, by defining

o_(t) = /Ut h(T)(—T)Q(d_l)dT, t >0,

— 00

we get

0
28) I (ht) <t 286 _(t) + 2486 (1) / (=725 1dr — 22086 (1), ¢ 0.

q
1/t

Combining inequalities (2.5), (2.7) and (2.8) with our assumptions (i.e. ¢, (t) = O (¢(t))?
and ¢_(t) = O (p(t))?, ast — 07), we reach to

R 1/q
IT(f) = Fllp ( /}R ) [min(l,t|£|>2’3|f|d<1—1/P—1/q>|f<£>|]qd&) =0 (p(t), ast—0%.

Thus, f € Lip (p, B, ).
For d = 1, the same proof presented above can be rewritten with minor adjustments as

follows. For ¢ > 0, denote
gey= [ [P i) as = (o + 17 1,
|§l<1/t
where
O ~
7= [ el fe) ae
—1/t
and
1/t N
= [ @R fie g oo
0

it is sufficient to show that both I? (f,t) and Ig+ (f,t)are O (t7295 (p(t))") ast — OF.
It is not hard to see that if

ot) = [ s fs)eds, >0,
|s|<1/t
then

0 1/t
B — 208 o (g~ 1 e - 298 o/ (g~ 1
17 (f.t) —/ 570 (s7)ds, and I} (f,t) —/0 s°Pg' (s Nds, t>0,
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Also, we observe that the same reasoning applied in order to prove equality (2.6) fits here and
we have

(2.9) lim t2Pg(t~1) = 0.

t—0+

Thus integration by parts and (2.9) imply
1/t
U = g0 s [ S (s s
0

1/t
< 2qﬁ/ s281g(s™Vds, t>0.
0

Since g((-)~!) is a nondecreasing function on (0, ), it follows

1/t
(2.10) Iéﬁ(f7 t) < Qqﬁg(t)/ §21P1ds = g(t)t=2P > 0.
0
Handling I/ (f,t) similarly as above, we reach to
0
(2.11) 19 (f,1) <t72%g(t) + 2Bg(t) / (—8)*¥"tds = 2672 g(t), >0,
—1/t

Combining inequalities (2.10) and (2.11) with our assumption (g(t) = O (¢(t))? as t — 07),
we obtain

. q 1/q
0 = 11y 5 ( [ [min(r.dh -7 ag) =0 ote), as ¢ 0%
R
and therefore f € Lip (p, 5, ¢). O
Corollary 2.3. If p € Qqg, then f € Lip (2, 3, ¢) if and only if

1/2
</t<|5|<2t f<£)|2d£> =0 (p(t™)), ast— oo

Remark 2.4. We have defined the class {23 by the collection of all ¢ € M satisfying the follow-
ing

(2.12) / T el g, < 2

Inequality (2.12) is necessary in order to have Theorem 1.3, part (B), true. Let ¢ € M a function
that does not fulfill (2.12), then Theorem 1.3, part (A), still holds true. However, the same does
not hold for part (B).

We consider the case d > 2, similarly we can deal withd = 1. Let2 < p < ocoand f : R? — R
in LP(RY) given in terms of the inverse Fourier-Hankel transform of [¢|~(2#+1/¥) ¢ € R\ {0},
that is,

_ _9d % Jaje-1(xs) 44
10 = G |, T
where o, is the volume of the unit sphere in R? and j,, ( - ) denotes the normalize Bessel function
(see [11]).
If (t) := t?#, then » € M but ¢ does not meet condition (2.12). Also, it is clear that

’

~ , +oo 1
/1/t<5 |f (&) de = 2/1/t de — O([p(1))")
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or, equivalently,

1/p’
(/ ﬁ&nﬂ%) — 0(p(1).
1/t<[E]<2/t

It means that for ¢ = p/, the function f fits into assumptions of Theorem 1.3, part (B). Also, we
have

e [y ae= e [ gt = oo, forallt >0
1/t<|€| 1/t<|€|

and therefore, f ¢ Lip(p, 3, ¢).

3. PROOF OF THEOREM 1.5

In this section, we only work with d > 2. For d = 1, the result was proved in [13] for the
usual fractional moduli of smoothness ([5, 22]). If one wants to consider the admissible family
of multipliers operators instead the fractional moduli of smoothness, for this case, with small
adjustments the same proof presented in [13, p. 1310] fits here.

Proof. of Theorem 1.5.We rewrite the integral in the left-hand side of inequality (1.7), as I1 + I,

where
12 1= o \*  ae
e ﬂ%@< E(ERD T

oo |§|d1 1/p— 1/q)|f
I2 . / / 1
172 Ji<|e|<2t (3
<o

Since ¢ is non-decreasing, for any ¢ < |¢| < 2t it holds p(t71/2)

1/2 1 ~ q ds
(1-1/p—1/q) hated
I 5/0 [p(t-1/2)] </tS£§2t [|‘£|d 1-1/p-1/q |f(§)|} d§> S

The change of variables t = 5/2 leads us to

Pl S 19\ dt
I, < - - d(1-1/p—1/q) de | =
b /0 [p(s=1)] </s/2<§<s [\§| |f(£)‘] 5) t

IOk TO1

and

(1€]71) and we have

For I, the change of variables t = s~!/2 implies

1 d(1-1/p—1/q)| T 4
|¢| 401 /p=1 D £ (€)) ds
dé—.
/0 /1/23<§<1/s ( e(1€171) : s
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We note that if 0 < s < 1and 1/2s < [£] < 1/s, then ¢(s) < (|¢|7!) and s/|¢| < 1. Combining
these inequalities to Propositon 2.1, part (A), we have

1 jglea-ea |1\ ds
/0 /1/2s<|g|<1/s o(1€71) 65
1 jgrea-tr v f e ds
I 5
0 J1/2s<|€|<1/s o(s) 5

/1 ITs(f) — £llg ds _ /1 IT(f) — f\lp ds < 1
o e s Joo [e(s)) N
Thus the first part of the theorem is proved.
To prove the second part, with an application of Proposition 2.1, part (B), we arrive at

Iy

A

IN

(3.1) Ws/ It(g)dg:/OOIt,o(r)r(d_l)dr forall ¢ >0,
R4 0
where
1) = WWQ“ Ur-1/o|fle)e, £ RY

and I; o denotes its radial part. Integrating both sides of inequality (3.1) and defining

1 1 dt 1 1/t dt
Ji + Jo ::/ (/ Ii(ryr= ”d) ; +/ / I3(r)r*Vdr | =
0 0 0 1
1 o] dt
s [ (/ I ”d) -
0 1/t

we just need to conclude that J; < o0, =1,2,3.
In order to estimate J;, we apply the (23 — ¢)-almost decreasingness property to ¢, to obtain

1 42 1
/ 297 / dq(1-1/p=1/q)+29p / |f(rw)|9dw | r@Ddr dt
0 t Sd—1 t
rda(1=1/p—1 Y d—1 dt
teq q(1-1/p=1/q) | f (rw)|9dw rd=Dqr =
gd—1 4

1
”(.)d(l—l/p—l/Q)f(.)Hg/ tldt < 0.
0

Moving on to the estimate for J, + J3, we first write J, explicitly as follows

1 49 1/t N
Jy = / 2% / pda(1=1/p=1/a)+2qp (/ |f(rw)|qdw> r@=1qp @
o le@®]e | )1 gd-1 s

Since ¢ is (23 — €)-almost decreasing, we have

o) - ()
r—2B+e ~ 42p8—€’

and

J1

A

IN

forl1 <r <1/,

which leads us to
t?ﬁ 7,.72[‘3+6t6

- <l . fori<r<l1jt
FOR () /
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Consequently,

1 1/t £
gy < / sea // pda(1=1/p=1/q)+qe / de r@=1 qp @
S 5o Tl DI ;

Now, the change of variables ¢t = s~! in the right-hand side of inequality above gives us

/OO gae /S rda(1=1/p=1/q)+qe / 1 ra)l?. dw | r@Vdp ds

1 1 ga-1 [p(r=1)]e s
00 s 2r N

/ P / rqefl / udq(lfl/pfl/q) / |f(’U,UJ)| dw u(dfl)du dr @
1 1 . si-1 [p(u1))e s

For J3, the change of variable ¢! = s implies

P = dq(l—l/p—l/fn( Y q ) (d—1) ﬂ
/0 POk [/m T /Sdi1 |f(rw)|?dw | r dr ;

1 > da(1=1/p—1/q) ( )[4 ) L(d-1) ,ﬂ} ds
[ wem L) J e ) rbar <

Ja

A

A

J3

Observing that, for all 1 < s < r < oo, the mequahty o(r~') < ¢(s7') holds, we obtain
Iy < /OO /Oo,rdq(lfl/pfl/q) / \f rw) Hd=1)
1 s Sd—1
o) o) [ ror iy }
< / / 1 / Wda(=1/p-1/0) / REACED) R Dt e
~ 1 s L/ Sd—1 [ ( )] ] s

Finally, taking in account the estimates for J; and J3, Hardy’s inequalities [23, p. 272] imply

oo [ por N 1
Tot s < / / da(1=1/p=1/q) / o)l o =gy, | 4
S 5o Tolw DI |

> glia=r=1/0fe)]\ " dr
d —
/0 /7’§|§|§2r < e(¢l1) P

and f € BY q(Rd). The theorem is proved. d

We close this section with a direct consequence of Theorem 1.5.

Corollary 3.1. If p € Qf;, then f € By ,(R?) if and only if

. oI\ el
| /tgagzt(soﬂf—l)) <

——d
4. GMp CLASS: RIEMANN-LEBESGUE TYPE INEQUALITY AND FINAL REMARKS

From now on, we will work with G -classes (general monotone classes) of functions. This
concept was firstly introduced in [27], where also the main properties were established.

A locally bounded variation function ¢ : (0,00) — R, vanishing at infinity and such that
for some ¢ > 0 (only depending on g) satisfies

@1) / |dg(s)|g/ 193)] 45 < o0, forallt >0,
t c

S
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is called general monotone (see [17, 25, 28]) and we write ¢ € GM. In addition, if g satisfies the
following condition

1 [e'e)
/ 4 g(s)|ds + / D12 4g(6)] < oo,
0 1

for d > 1 an integer number, then we write g € GM¢? (see [12, 13] and references quoted there
for details).
In this section, we write f, for the radial part of a given f from R¢. We consider the following
collection of functions defined in terms of the inverse Fourier-Hankel transform:
(4.2)
———d _ o
GM, = {f € LP(RY) : fisradial, fo(t) = éd )1d / sV (8)jaja—1(ts)ds, Fy € GMd} .
)" Jo
Ford > 2and 1 < p < 2d/(d + 1), the collection above contains all radial positive-definite
functions f(z) = fo(|z|), z € R?, such that its Fourier transforms Fj lies in GM?. For d = 1, the
same conclusion holds if p = 1 (see [13, p. 1293] and [17] for more examples).

——~d
Conditions in Theorem 2.1 can be considerably relaxed if we consider the class GM,, as
showed in [13, Theorem 4.1]. Following the path designed by the authors in [13], conditions of
Theorem 2.1 are extended as follows.

Proposition 4.1. Let {T}};~o be a B-admissible family of multipliers operators on LP(RY) and f €
_—d

GM,.

(A) Let 1 < p < q < oo. If f is nonnegative, then

g 1/q
43) ([, [mincr.eigpiaroimfie) as) = <10 - Al

(B)Let1 < q < p < oo with2d/(d+ 1) < p. If | - |?0=1/r=1/D f(.) € LY, then

N q 1/q
(4.4) IT(F) = Fllp S ( / [min(, ey g1/ F) dg) .

Due to [13, Theorem 4.1, p. 1293] is not hard to see that the basics facts (besides several
calculations) needed in order to repeat that proof in here are the following: [min(1,#(-))]*? Fy(-)
must be in GM?, h := f — Ti(f) must be radial and its radial part given by ho(s) = [1 —
ne(s)]Fo(s), s € (0,00). It is clear that all these facts hold true under assumptions made in
Proposition 4.1, that is why the details of the proof were omitted.

Proposition 4.2. Let {T;};~¢ be a B-admissible family of multipliers operators on LP(R?), 1 < p <
—d ~
q < oo,and ¢ € Qop. If f € Lip (p, B,) N GM , and [ is nonnegative, then

1/q
(4.5) (/t<§<2t [|§d(1—1/p—1/q)f(€)}qd§> -0 (@(t_l)) .

Additionally, if 2d/(d+ 1) < q, f € GM., | - [40=1/p=1/2) f GLP(Rd) and

then f € Lip (q, B, ).
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The proof of (4.5) is a direct application of Theorem 4.1, part (A). While (4.6) follows from
the proof of Theorem 1.3, but instead of applying Proposition 2.1, we need to apply Proposition
4.1, part (B). For p = g, the proposition above becomes the following.

Corollary 4.3. Let 2d/(d+1) < pand f € @Z such that f is non-negative and | - |?0=2/P)f(.) €
LP(R%). Then f € Lip (p, B, ¢) if and only if

1/p
</t<|§|<2t [\§|d(1—2/p)f(§)r df) =0 (p(t™)).

Another consequence of Proposition 4.1 is a pointwise estimate for the Fourier transforms

—d
of functions in G M, satisfying the Lipschitz condition. The Riemann-Lebesgue type inequality
is the content of the next result.

—d ~
Corollary 44. Let 1 < p < g < coand ¢ € Qop. If f € GM, N Lip (p, B, ) is such that f is
nonnegative, then

F©) =0 (Je o™ aslel - o

_—d ~
Proof. Observe that for f € GM pr if its Fourier transform f is written as Fy, then it satisfies
inequality (4.1) and it holds

Fy(t) 5/ FOT(S)CZS, forallt > 0.
t/c

An application of Holder inequality leads us to

oo 1/q
Fo(t) < ¢4/ < / sqddl[Fo(s)}qu> , forallt > 0.
t/c

Finally, Proposition (4.2) implies

o 1/q
(/t sqd_d_l[Fo(s)]qu> =0 (p(t™"), ast— oo,

C
and the proof follows. O
_——d
A version of Theorem 1.5 for GM » class also has a more relaxed condition version.

Proposition 4.5. Let {T;};~0 be a B-admissible family of multipliers operators on LP(RY), ¢ € 92 P
_—d

and f € GM,,

(A)Letl <p<g<oo.lff e Bﬁq(Rd) is such that fis nonnegative, then

[ Getm) e

(B)Let1 < q < p < oo with 2d/(d+ 1) < p. If | - |"0=V/»=V/D f(.) € L9, and

/Ootd(q—l) [Fo(t)] qﬁ<oo
0 e(t=1)) t 7

then f € BY ,(R?).
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The proof is a simple adaptation of the proofs of Theorem 1.5 above and Theorem 7.3 in [13,
p- 1310]. For p = ¢, we obtain the following.

Corollary 4.6. Let 2d/(d+1) <p, f € 67]\\42 such that f is nonnegative and |-|*0=2/P) () € LP(RY).
Then, f € Bf ,(RY) if and only if

[ () <
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1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) fz)=2z+ Z apz®
k=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. If f and g are analytic in U, we
say that f is subordinate to g, written as f < gin U or f(z) < g(z) (z € U), if there exists a
Schwarz function w, which (by definition) is analytic in U with w (0) = 0 and |w (2)| < 1 (2 € U)
such that f(z) = g(w(2)) (z € U). Furthermore, if the function g is univalent in U, then we have
the following equivalence holds (see [12] and [7]):

f(2) < g(2) < f(0) = g(0) and [f(U) C g(U).

For function f € A given by (1.1) and 0 < ¢ < 1, the g—derivative of a function f is defined by
(see [10, 9] and [6])

flgz)—f(2)
(12) qu(z) = { (g—1)z %2 ?é 0

£(0) ,2=0
provided that f'(0) exists and D2 f(z) = Dg(Dqyf(2)). We note from (1.2) that

1"

lim D, f(2) = () and lim Dgf (z)=1 (2).

q—1— q—1—
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It is readily deduced from (1.1) and (1.2) that

(1.3) = Z ak,z s
k=2
where
k
_¢ -1
(1.4) [k]q_ 1

Aldweby and Darus [1] defined g—analogue of Ruscheweyh operator R) : A — A as follows:

k+5—1
*Z+Z kzk (6=>-1),

where [i] ! is given by

[il,! = { [li]q [ —1],..-[1], :Z iI;T ={1,2,3,..}
We note that
Rgf (z)=f(2) and R}If (2) = 2Dy f(2).

From the definition of Rg we observe thatif ¢ — 17, we have
k + 0 — 1
. 5 k
lim Ry f (2) = z+ E K2

where R° is Ruscheweyh differential operator defined by Ruscheweyh [16].
It is easy to check that

9], [9]

q—;’Rgf (2).

(1.5) 2Dy (RYf (2)) = (1+ )7ﬁ+v()—

If ¢ — 17, the equality (1.5) implies

2(ROF(2) = (14RO (2) — 6RO f (2)

which is the well known recurrence formula for Ruscheweyh differential operator.
By making use of the g—analogue of Ruscheweyh operator R and the principle of subordi-
nation, we now introduce the following subclass of analytic functions of complex order.

Definition 1.1. Let P be the class of all functions ¢ which are analytic and univalent in U and for
which ¢ (U) is convex with ¢ (0) = 1 and R (z) > 0 for z € U. A function f € Ais said to be in the
class K2, (v, @) if it satisfies the following subordination condition:

1
b

(1-7) ZDngf(Z) + 'VZDq(ZDngf(Z))
(L =) RS (2) + 72Dy Ry f(2)

(1.6) 1+

—1]<¢@)@eCﬂ.

We note that:
(i) limg_y1 - K9, (7, 6) = K (7, 0) (b € C*)

2 () 4922 (=) R
T 07+ 72 () 1]“’”}’

1
b

—{fé.Azl-i-
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(1) K2 (o) oio o (0.6) = 82 (0:0) (J0] < 5.0 < o < 1)
" e? 21;(1(,32) —acost —isinf
=y /e (1 —a)cos® <o)

(iii) K0 Ye—10 cos 6 (1,¢) = Cg (o 9) (|9| < g,o <a< 1)

q,(1—a
p ci0 PaCDIE) — o cos 0 — isin g
— = N =
f (1 —a)cosd o

(iv) K21 (0,¢) = 85 (¢) and K7 ; (1, ¢) = CJ (¢) (Alweby and Darus [3]),

(V) K2, (0,¢) =S4 (¢) and KT, (1, ¢) = Cq.p, (¢) (Seoudy and Aouf [18]),

(vi) K91 (0,¢) = 84 (¢) and K ; (1,) = C, (¢) (Alweby and Darus [2]),

(vii) limg_,1- K2, (0,¢) = Sy (¢) and limg_,1- K, (1,¢) = Cs (¢) (Ravichandran et al. [15]),
(viii) limg_,1- K 1 (0,¢) = §* (¢) and limy_,,- K7 ; (1,¢) = C (¢) (Ma and Minda [11]),

1+(1-2a)z . ) 1+(1-2a)z
12) = S (b) and lim,_,;- /Cgb (1, — )= Ca (D)

(ix) limg_yq- icg,b 0,
(0 < a < 1) (Frasin [8]),

1
(%) limg_,1 - /Cg’b (0, j i) = §* (b) (Nasr and Aouf [14]),

1

1—+—z> =C (b) (b € C*) (Nasr and Aouf [13] and Wiatrowski [19]),
z

(xi) limg_, ;- ICg’b <1, T

- 1+2 . . 1+2
(xii) limg,1- K1, (0, 1—7;) = 8" (a) and limg_,,- K0, (17 1—2’) =C(a) 0 <a<]l)
(Robertson [17]),
1 1
(ﬂﬁ)ﬁnwﬁlng_mmm9<O“ltz> - 89@)andhanlng_wum9<1tltz> — ¢ (b)

(10| < g) (Al-Oboudi and Haidan [4] and Aouf et al. [5]).
In order to establish our main results, we need the following lemma.
Lemma 1.1. [11] If p(z) = 1 + c12 + 22 + ... is a function with positive real part in U and y is a
complex number, then
|lc2 — pef| < 2max{1; [2u — 1]}
The result is sharp for the functions given by

14 22 142
=7 i p(e) =

Lemma 1.2. [11]Ifp(2) = 1 + c12 + 22 + ... is an analytic function with a positive real part in U,

then
—4v+2 if v<0
e —vei| < Q2 if 0<v<l,
dv — 2 if v>1
when v < 0 or v > 1, the equality holds if and only if p(z) is (1 + z)/(1 — z) or one of its rotations.

If0 < v < 1, then the equality holds if and only if p(z) is (1 + 22)/(1 — 22) or one of its rotations. If
v = 0, the equality holds if and only if

14A\ 142 [1-A\1-z
_ <A<l
p(z) ( 2 )1—z+( 2 >1+z OsAs<1)

p(2)
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or one of its rotations. If v = 1, the equality holds if and only if p is the reciprocal of one of the functions
such that equality holds in the case of v = 0.

Also the above upper bound is sharp, and it can be improved as follows when 0 < v < 1:
1
|02—ch|+1/|cl|2§2 <0<1/<2>

and
1
oo —vel|+ (1 —v) e’ <2 (2§u§1).

In the present paper, we obtain the Fekete-Szegt inequalities for the class KCg s (7, ¢). The
motivation of this paper is to generalize previously results. Unless otherwise mentioned, we
assume throughout this paper that the function0 < ¢ < 1, b € C*, 0 <~y <1, ¢ € P, [k] q is
givenby (1.4) and z € U.

Theorem 1.1. Let ¢ (2) = 1 + Byz + B22? + ... with By # 0. If f given by (1.1) belongs to the class
Kaqp (7, 0), then

bB1 | By

7)oz = po3| < gD, max {17 ‘ BT (1

Proof. If f € ICf;b (v, ¢), then there is a Schwarz function w, analytic in U with w (0) = 0 and
|w (2)] < 1in U such that

o (1 =7) 2DgRy f(2) + 72Dq(2Dg Ry f(2)) .
b (1 =) Ref (2) + 72D R f(2)

Define the function p (2) by

_ [4va(e+D)] [6+2], ) Bib
(1+~9)® [6+1], q

The result is sharp.

(1.8)

1+ w(z)
Cl-w(2)

Since w is a Schwarz function, we see that ®p (z) > 0 and p (0) = 1. Therefore,

o) = ¢ (p()l)

(1.9 p(z) =14ciz+coz® +....

p(z) +1
1 c? 3\ .
= (;5(2 [cler <02 21) z2+ <63C162+41) z3+..}>
. By By i Baci] »
(1.10) = 1+ 2 z+[2 (022 + 1|7 + ...

Now, by substituting (1.10) in (1.8), we have

. (1 —9) 2DgRy f(2) + 72Dg(2Dg R f(2)) .
b (1 =) Ryf (2) + 72D RS f(2)

Blcl B1 C% BQC% 2
= 1 —_— — = — e
+ B z+ [ 5 <62 5 + 1|7 +

From the above equation, we obtain

1

1 B101
EQ(l‘*"YQ) [0 +1],a2 = 5
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and

2 4 4

or, equivalently,
B 1C1 b

as =
T 21+ [6+ 1],

and
bB,

“3:2u+vﬂq+nmw+agw+uq{@‘§{L‘ﬁf‘éf}%}'

Therefore, we have

bB;
(1.11) as — ua§ - 2q [1 +vq(q + 1)} [5 + 2]q [5 T 1]q {02 - I/C%} )
where
(1.12) L, Ll _B: Bib 17[1+7q(q+21)][5+2}qu |
2 Boa (1479 [5 +1],

Our result now follows from Lemma 1.1. The result is sharp for the functions

1 _(1 -) ZDngf(Z) + VZDq(ZDngf(Z)) ] . 2
N e oy i TS B A
and i
1|(1=7) quRgf(z) + 'yqu(quRgf(z)) -
YT Ao RIF G DRI )
This completes the proof of Theorem 1.1. O

Taking v = 0 and b = 1 in Theorem 1.1, we obtain the following corollary which improves
the result of Aldweby and Darus [3, Theorem 6].

Corollary 1.1. Let ¢ (z) = 1 + Byz + Bo2? + ... with By # 0. If f given by (1.1) belongs to the class
82 (¢), then

Taking v = b = 1 in Theorem 1.1, we obtain the following corollary which improves the
result of Aldweby and Darus [3, Theorem 7].

2 |B1] .| B [6+2], \ B
’ag fua2| < mmax{l, ’Ff+ (17 RS 71

The result is sharp.

Corollary 1.2. Let ¢ (z) = 1 + Byz + Bo2? + ... with By # 0. If f given by (1.1) belongs to the class
K2 (), then

Taking v = § = 0 and b = 1 in Theorem 1.1, we obtain the following corollary which
improves the result of Aldweby and Darus [2, Theorem 2.1].

By | (1 _ [4q(g+D][6+2], ) B;b

2 | B1] .
|as — pa3| < g Fa(arD][o+2], o], X {1’ ‘ By [6+1],(1+4)

The result is sharp.
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Corollary 1.3. Let ¢ (z) = 1+ Byz + Boz® + ... with By # 0. If f given by (1.1) belongs to the class
S, (¢), then

Taking v = b = 1 and § = 0 in Theorem 1.1, we obtain the following corollary which
improves the result of Aldweby and Darus [2, Theorem 2.2].

Corollary 1.4. Let ¢ (2) = 1 + B1z + Boz? + ... with By # 0. If f given by (1.1) belongs to the class
Kq (@), then

Taking v = § = 0 and ¢ — 17 in Theorem 1.1, we obtain the following corollary which
improves the result of Ravichandran et al. [15, Theorem 4.1].

Corollary 1.5. Let ¢ (2) = 1 + B1z + Boz? + ... with By # 0. If f given by (1.1) belongs to the class
Sb (¢) ) then

Theorem 1.2. Let ¢ (2) =1+ Byz + Byz? + ... with By > 0 and By > 0. Let
(1+~9)* [0+ 1], [bB? + ¢ (B2 — By)]

B
|as — pa3| < 2 maX{l; ‘%’j +(1—(g+1)p) 2

The result is sharp.

By (1 _ [14g(g+1)] ) B
B (1+q) q

2 |B1] .
|as — pa3| < Jrpitterery max {1’

The result is sharp.

|a3 —ua§| < |B21b|max{1;

By
— 1—2u)Bib
B1+( ) B

The result is sharp.

(1.14) (1+79)*[6+1], [bB} + 4 (B2 + B1)]
| " 1+7q(q+D][5+2],bB7
2 2
(1.15) S (1+~q)" [6 + 1], (bB? + ¢B2)

[1+~q(qg+1)][6+2],bB7
If f given by (1.1) belongs to the class K2 , (v, ) with b > 0, then

q,b
(1.16)

b B2b [1+vq(g+1)][6+2]

e, | B+ 2 (1- T, )] s

bB
|as — pa3| < TEEaEEOIF, I, oL pS 02

b B2b [1+yq(g+D)][6+2],

a[l+vq(q+D)][+2], [0+1], —B— =~ (1 (1971, )} P2 02

Further, if o1 < p < o3, then

9 q(1+vq)?[6+1] B2b [1+~vq(g+1)][6+2] 2
|ag — pa3| + T va(at 15521, BZ6 [Bl — B (1 - Wwﬂ}qq”)} ja2]

bB;

17) S+ DP+2,p+1],

I_f0'3 SIU/SUQ, then

) q(1++q)*[5+1], B3b [1+7q(q+1)][5+2] p 2
|az — pa3| + M +va(a+DIP+2], B2 {Bl + By + 7 (1 B W) il
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bB;

(1.18) gL +yala+ DB+, b+1],

The result is sharp.

Proof. Applying Lemma 1.2 to (1.11) and (1.12), we can obtain our results asserted by Theorem
1.2. a

Taking v = 0 and b = 1 in Theorem 1.2, we obtain the following corollary which improves
the result of Aldweby and Darus [3, Theorem 10].

Corollary 1.6. Let ¢ (2) = 1+ Byz + Bo2? + ... with By > 0 and By > 0. Let
[6+1], [B? +4q Bngl)]

_ q
X1 = ’

[6+2],B
o+, [BE+al( BQ+Bl)]
X2 = [0+2],B ’
[0 +1], (B + qu)
X3 = 6 +2], B?

If f given by (1.1) belongs to the class S3 (¢), then

1 B2 [6+2]
q[5+2]§[6+1]q {32 + 71 (1 - 7[5+1]:M)} < X1
|a3 - MG§| < q[6+2]q1[6+1]q X1 S < X
1 B? [6+2],
a[3+2], 5+, {*32 - (1 - m#)] > X2
Further, if o1 < p < o3, then

alo+1], 5 5+2], 2 5
|as — na3| + giar 52 {Bl — B (1 ~ o, “)] la2|” < gl o, -

If o3 < < oy, then

o alo+1], Bt [5+2], 2 B,
las — pa3| + Bra, b7 [31 + By + l (1 - M})} las|” < gl6+2], [6+1], "

The result is sharp.

Taking v = b = 1 in Theorem 1.2, we obtain the following corollary which improves the
result of Aldweby and Darus [3, Theorem 11].

Corollary 1.7. Let ¢ (2) = 1+ Byz + Bo2? + ... with By > 0 and By > 0. Let

2 ]2[5+1] [32‘“}(32 — By)]

1

3,16 +2], B ’
5+1q[B2+q BQ+Bl)]
& 3,16 +2], B !
25+ (B2+qu)
S qumq
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If f given by (1.1) belongs to the class K (¢), then

e, [P+ (- giren)| <o
laz — pa3| < m 1 S S o
s, B (U lsien)| ez
Further, if ey < p < z3, then

[2] [0+1], B? (3],[6+2], 2 B
| ”a2| 1 [5+2] B? [Bl — By — (1 212[6+1], “)} |az|” < q[3]q[5+2L[5+1]q'

If 505 < p1 < 525, then

2 q[2]2[6+1] B? 3], [6+2], 2 B
Jas — e + 7 or gz B+ B+ G (1= )| loal” < Gt

The result is sharp.

Remark 1.1. Putting § = ~v = 0 in Theorems 1.1 and 1.2, respectively, we deduce the corresponding
results derived by Seoudy and Aouf [18, Theorems 1 and 3, respectively].

Remark 1.2. Putting § = 0 and v = 1 in Theorems 1.1 and 1.2, respectively, we deduce the corre-
sponding results derived by Seoudy and Aouf [18, Theorems 2 and 4, respectively].

Remark 1.3. For different choices of the parameters b, 0, q,~y and ¢ in Theorems 1.1 and 1.2, we can
deduce some results for the classes Ky (vy, ), Sg (a; ), Cg (5 0), Sq(9),Cq (9), Sp(9),Cp (9), S* (¢),
C(9), Sk (b), Ca (b), S* (b), C (b), S* (), C (), S (b) and C? (b) which are defined in Section 1.
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A Fixed-Point Problem with Mixed-Type Contractive
Condition

CALOGERO VETRO*

ABSTRACT. We consider a fixed-point problem for mappings involving a mixed-type contractive condition in the
setting of metric spaces. Precisely, we establish the existence and uniqueness of fixed point using the recent notions of
F-contraction and (H, ¢)-contraction.

Keywords: Fixed point, metric space, mixed-type contractive condition.
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1. INTRODUCTION

Let (X, d) be a complete metric space and let T : X — X be a mapping. In this paper, we
study the following fixed-point problem:

) {Find z€ XsuchthatTz = z,
" T+ F(H(d(Tx,Ty), o(Tx), o(Ty))) < F(H(d(z,y),0(z),0(y))), T>0,

forall z,y € X such that H(d(Tz,Ty), p(Tx), o(Ty)) > 0.

This problem is determined by using three functions, namely F : Rt — R, H : [0, +oc[>*—
[0, +00[and ¢ : X — [0, +oo[, with suitable properties (properly stated in Section 2).

Existence results of solutions for different fixed-point problems were proved by many
authors. Here, we mention Banach [1] (the pioneering paper on contractions), Wardowski [12]
(F'-contractions, where F' belongs to an appropriate family of functions, namely F in the se-
quel), Reem-Reich-Zaslavski [6] (contractive nonself-mappings), Reich-Zaslavski [7] (Matkowski
contractions), Reich-Zaslavski [8] (Rakotch contractions), Jleli-Samet-Vetro [2] (( H, ¢)-contractions,
where H belongs to an appropriate family of functions, namely 7 in the sequel). Also, we re-
call the comprehensive book of Rus-Petrusel-Petrusel [9], and some results establishing the
existence and uniqueness of fixed points that are zeros of a given function (see Samet-Vetro-
Vetro [10] and Vetro-Vetro [11]). Finally, we quote the important results of Anthony To-Ming
Lau and coworkers, who in a series of remarkable papers discussed the fixed-point property of
mappings (see, for example, [3, 4, 5] and the references therein).

In this paper, we establish two existence and uniqueness results using a new type of
contractive condition working on the classical metric space. In particular, we show that under
appropriate assumptions these fixed points are zeros of given functions. Also, we give an
example to support the new contractive condition. Precisely, the main result of our paper is the
following existence and uniqueness theorem for problem (P ):
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*Corresponding author: Calogero Vetro; calogero.vetro@unipa.it
DOI: 10.33205/ cma.684638
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Theorem 1.1. If ¢ : X — [0,+00[ is a lower semicontinuous function, then problem (P;) admits a
unique solution z such that o(z) = 0.

2. PRELIMINARIES

Let (X, d) be a metric space and let T : X — X be a mapping. We introduce the notation and
notions needed in the sequel of this paper. For convenience of the reader, we start with basic
facts concerning F'-contractions and (H, ¢)-contractions.

Definition 2.1. Let F be the family of all functions F' : RT™ — R satisfying the following conditions:

(F1) F is nondecreasing,

(Fy) forevery sequence {c, } of positive numbers lim,,_, 1 oo o, = 0 if and only iflim,,_, 4 o F(a,,) =
00,

(F3) there exists k €0, 1] such that lim,_,q+ of F(a) = 0.

Now, the mapping 7' is said to be an F-contraction if there exists 7 > 0 and F' € F such that
(2.1) T+ F(d(Tz,Ty)) < F(d(z,y)) forallz,y € X, d(Tz,Ty) # 0.
From (2.1), since 7 > 0, we infer that
F(d(Tz,Ty)) < F(d(z,y)) forallz,ye X, Tx # Ty.
Using the property () of the function F', we deduce that
d(Tz,Ty) < d(z,y) forallz,ye X, Tx # Ty.
So, each F-contraction is a continuous mapping. Using this notion, Wardowski (see [12]) es-

tablished the following significant result.

Theorem 2.2. Let (X, d) be a complete metric space and let T : X — X be an F-contraction. Then T
has a unique fixed point z € X and for every xo € X the sequence {T"x} is convergent to z.

The functions from R* to R defined by
(i) F(t) =Intforallt € RT,
(i) F(t) =t+1Intforallt € Rt
are classical examples of functions belonging to F.
In [2], Jleli et al. introduced a family H of functions H : [0, +oc[>*— [0, +oo] satisfying the
following conditions:
(H1) max{a,b} < H(a,b,c) forall a,b,c € [0,+00],
(Hz) H(0,0,0) =0,
(H3) H is continuous.
Some examples of functions belonging to # are given as follows:
(i) H(a,b,c) =a+b+cforalla,b,c € [0,+0o0],
(ii) H(a,b,c) = max{a,b} + cforall a,b,c € [0, +o0],
(iii) H(a,b,c) =a+b+ab+cforalla,b,c € [0, +o0].
Using a function H € H, the authors of [2] introduced the following notion of (H, ¢)-
contraction.

Definition 2.2. Let (X, d) be a metric space, ¢ : X — [0, +o0[ be a given function and H € H. Then,
T : X — X is called a (H, )-contraction with respect to the metric d if and only if

H(d(Tz,Ty), p(Tx), p(Ty)) < kH(d(z,y), p(z), p(y)) foralz,y € X,
for some constant k €10, 1[.
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Now, we set
Zy, :={xe X :p(x)=0},
Fri={zxe X :Tx=uxa}.
Furthermore, we say that 7" is a ¢-Picard operator if and only if the following condition
holds:
FrnZ,={z}and T"x — z,as n — +oo, foreach z € X.
Consequently, we recall the following theorem of [2].

Theorem 2.3. Let (X, d) be a complete metric space, ¢ : X — [0, +o00[ be a given function and H € H.
Suppose that the following conditions hold:
(A1) @ is lower semi-continuous,
(A2) T : X — X isa (H, ¢)-contraction with respect to the metric d.
Then
(1) FT - Zcp/
(if) T is a p-Picard operator,
(iii) for all x € X and for all n € N, we have

n

d(T"x, z) < . k

kH(d(Tx, z), p(Tx), p(z)),
where {2z} = Fr N Z, = Fr.
3. MAIN RESULTS

LetX #0,T: X — X,z € X and x,, = Tx,,_1 for all n € N. Then, we call {z,,} a sequence
of Picard starting at x¢. In this section, we state and prove our results (Theorems 1.1 and 3.5),
using a new mixed-type contraction. Precisely, we establish the existence and uniqueness of
fixed point that are zeros of a given function.

Definition 3.3. Let (X, d) be a metric space and let T : X — X be a mapping. The mapping T is
called an F-H-contraction if there exist a function F' € F, a function H € H, a real number 7 > 0 and
a function ¢ : X — [0, 400 such that

(32 7+ F(H(d(Tz,Ty), p(Tx),p(Ty))) < F(H(d(z,y), o(x), ¢ (y)))

forall x,y € X with H(d(Tx,Ty), o(Tz),o(Ty)) > 0.

We remark that every F-contraction is an F-H-contraction if we choose H € H defined by
H(a,b,c) =a+b+cforalla,b,c € [0,+00, and ¢ : X — [0, +oo[ defined by ¢(z) = 0 for all
x € X. The following is an example of an F'-H-contraction that is not an F-contraction, so that
the new definition is a proper extension of the previous one.

Example 3.1. Let X = [0,1] endowed with the usual metric d(z,y) = |z — y| for all z,y € X.
Consider the mapping T : X — X defined by

if x €10,1],
Tx =

=W N8

if ©=1.

Clearly, T is not an F-contraction since it is not continuous. Now, T is an F-H-contraction with respect
to the functions F € F defined by F(t) = Int forall t > 0, H € H defined by H(a,b,c) =a+b+c¢
forall a,b,c € [0,+oc0[, and ¢ : X — [0, +o0] defined by p(x) = z forall x € X.
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Indeed, forall z,y € X with0 <z <y <lor0=x <y <1, we have
F(H(d(Tz,Ty) + ¢(Tz) + ¢(Ty))) = Iny,
F(H(d(z,y) + () + ¢(y))) = In2y,
and for all x € [0,1] and y = 1, we have
F(H(d(Tz,Ty) + ¢(Tx) + ¢(Ty))) = In
F(H(d(z,z) + ¢(x) + ¢(z))) = In2.

)

N w

Consequently, for every 0 < 7 < In %, we infer that
T+ F(H(d(Tz, Ty) + ¢(Tz) + ¢(Ty))) < F(H(d(z,y) + »(z) + ¢(y)))
forall x,y € X with H(d(Tx,Ty) + o(Tx) + (Ty)) > 0O, that is, T is an F-H-contraction.
We establish the following auxiliary lemma.

Lemma 3.1. Let (X, d) be a metric space and let T : X — X be an F-H-contraction with respect to
the functions F € F, H € H, ¢ : X — [0, +o0[ and the real number 7 > 0. If {x,,} is a sequence of
Picard starting at xy € X, then

(3.3) HETOOH(d(xn—lv Tp), 0(Tn-1),0(zn)) =0,
and hence
(3.4) nkrfoo d(xp—1,2,) =0 and nEToo o(x,) =0.

Proof. Let zo be an arbitrary point in X and let {z,, } be a sequence of Picard starting at zy € X.
Firstly, we assume that there exists k¥ € N such that z;,_1 = x, then z,, = xj, foralln > k.
We claim that H(d(xg—1,x), p(zk—1),¢(xr)) = 0.

Assume the contrary, that is, suppose H (d(xx—1, k), ¢(zx—1), p(zr)) > 0. We remark that

H(d(xp, zev1), o(@r), o(Tre1)) = H(d(zr—1, 21), o(r-1), (7)) > 0.
Using (3.2) with = z;_; and y = x, we get
T+ F(H(d(Tzp-1,Tay)), p(Top-1), o(Tar))) = 7+ F(H(O, p(xk-1), p(Tr-1)))
< F(H(0,9(z5-1), p(25-1))),

which is a contradiction, since 7 > 0. So, H(d(xn—1,%n), ¢(¥n—1),¢(x,)) = 0 for all n € N with
n > k. This ensures that (3.3) holds and, by the property (H;) of the function H, (3.4) holds too.

Then, it is not restrictive to suppose that z,,_1 # z,, for all n € N. By the property (H;) of the
function H, we obtain that

H(d(xp—1,%0), 0(xn-1),0(xn)) > d(xp_1,2,) >0 foralln € N.
Using (3.2), with = z,,_; and y = z,,, we deduce that

T+ F(H(d(T-Tn—la Txn)7 (p(Twn—l)a (p(Txn))) < F(H(d(xn—la -Tn)a @(l’n—l)7 @(xn)))
for all n € N. The above inequality shows that

F(H(d(zn, Tnt1), 9(@n), p(Tn+1))) < F(H(d(@n-1,2n), p(Tn-1), 9(2n)))
for all n € N. Then, the property (F}) of the function F implies that the sequence

{H(d(zn—1,2n), p(Tn-1), (zn))}



A fixed-point problem with mixed-type contractive condition 49

is a decreasing sequence of positive real numbers. So, there exists some [ > 0 such that
im H( (1,70, 9l ), o) =1
If | = 0, then the property (H;) of the function H gives us
lim d(zp-1,2,) =0 and lim ¢(x,-1) =0.

n—-+oo n—-+o0o

Now, suppose | > 0. Using (3.2), with = z,,_; and y = z,,, we get

F(H(d(wp, Tni1), p(Tn), o(Tn+1))) < FH(d(Tn-1,70), o(Tn-1), p(Tn))) — T
< F(H(d(zo, x1), p(x0), p(21))) — nT

for all n € N. From the previous inequality, passing to the limit as n — 400, we obtain

lim F(H(d(xn,xn+1),Lp(xn),go(xnﬂ))) = =00

n——+oo

and, using the property (F3) of the function F', we get
lim H(d(zn, Znt1), (@n), ¢(2n41)) = 0,

n—+oo

which leads to contradiction and hence [ = 0. So, (3.3) and (3.4) hold. ]
Remark 3.1. Note that in the proof of Lemma 3.1, we use only the conditions (Fy) and (F5).

Now, we are ready to give the proof of Theorem 1.1. For reader convenience, we restate
Theorem 1.1 in a classical fixed-point form.

Theorem 3.4. Let (X, d) be a complete metric space and let T : X — X be an F-H-contraction with
respect to the functions F' € F, H € H, the real number T > 0 and a lower semicontinuous function
v : X — [0, 4+o00] such that (3.2) holds, that is,

T+ F(H(d(Tz, Ty), o(Tx),¢(Ty))) < F(H(d(z,y), o(2), £(y)))
forall z,y € X with H(d(Tx,Ty), p(Tz), p(Ty)) > 0. Then, T has a unique fixed point z such that
w(z) =0.

Proof. We start with the proof of fixed-point uniqueness. Arguing by contradiction, we suppose
that there exist z,w € X such that z = Tz, w = Tw and z # w (that is, T" admits two distinct
fixed points). The hypothesis z # w ensures, by the property (H;) of the function H, that

H(d(Tz,Tw),p(Tz), o(Tw)) > d(Tz,Tw) = d(z,w) > 0.
Now, using (3.2), with = z and y = w, we get that
T+ F(H(d(Tz,Tw), o(Tz), p(Tw))) = 7+ F(H(d(z,w), ¢(2), p(w)))
< F(H(d(z,w), 0(2), p(w)))-

Clearly, this is a contradiction, and hence we have, w = z. So, we obtain the claim.

The next step is to establish the existence of a fixed point. We consider a point 2y € X. Let
{z,,} be a sequence of Picard starting at zy. We stress that if z;,_1 = x; for some k € N, then
z = xp_1 = o = Tap_1 = Tz, thatis, z is a fixed point of T such that ¢(z) = 0. In fact, by
Lemma 3.1, H(d(zk—1, k), p(xr—-1), ¢(xx)) = 0 and by the property (H;) of the function H, we
have ¢(z) = 0. So, we can suppose that x,,_1 # z,, for every n € N.

Now, we prove that {z,,} is a Cauchy sequence. By Lemma 3.1, we say that

0<hpo1=H(d(xp—1,2n),0(Xn-1),p(x,)) >0 asn— +oo.
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The property (F3) of the function F' ensures that there exists k €]0, 1[ such that kX F(h,,) — 0
as n — +o0. Using (3.2), with = z,,_; and y = z,,, we get
F(H(d(%n, Tng1), ©(@n), (Tni1))) < FH(d(2p—1,70), 0(Tn-1),0(zn))) =T
< F(H(d(zo,21), p(20), p(21))) — n7
for all n € N, that is,
F(h,) < F(hp-1)—7<--- < F(hg) —nr foralln e N.

From
0= lim h*F(h,) < lim hE(F(hy) —n1) <0,

n—-+00 n—+o00
we deduce that

lim hEn =0.
n—-+oo

This ensures that the series 3" h,, is convergent. By the property (H;) of the function H also
the series Z;ﬁ d(zy, xny1) is convergent, and hence {z,,} is a Cauchy sequence. Now, since
(X, d) is complete, there exists some z € X such that

lim =z, = z.
n—-+o0o

By (3.4), taking into account that ¢ is a lower semicontinuous function, we get
< < Tim _
0= ¢(2) < liminfp(z,) =0,
that is, ¢(z) = 0. We assert that z is a fixed point of T'. Clearly, z is a fixed point of T" if there
exists a subsequence {z,, } of {z,} such that z,,, = z or Tz,,, = Tz, for all k € N. Otherwise,

we can assume that x,, # z and T'z,, # T’z for all n € N. So, using (3.2) withz = z, and y = z,
we deduce that

7+ F(H(d(Txn, T2), o(Tn), p(T2))) < F(H(d(2n, 2), p(xn), $(2)))-
Since 7 > 0, this inequality leads to
H(d(Txp, T2),p(Txy), p(T2)) < H(d(xn, 2), p(xn), ¢(2)) foralln €N,

and so
d(z,Tz) < d(z,2p41) + d(Txy, Tz)
< d(z,xn41) + H(d(Tzn, T2), o(Txn), p(T2))
< d(za xn-‘-l) + H(d(xnv Z)a (P(-Tn), CP(Z))
foralln € N.
Finally, letting n — 400 in the above calculations and taking into account that A is continu-
ous in (0,0,0), we deduce that d(z,Tz) < H(0,0,0) = 0, thatis, z = Tz. O

Imposing that F' is a continuous function and relaxing the hypothesis (F3), we establish the
following result.

Theorem 3.5. Let (X, d) be a complete metric space and let T : X — X be a mapping. Assume that
there exists a continuous function F' that satisfies the conditions (Fy) and (F»), a function H € H, a
real number T > 0 and a lower semicontinuous function ¢ : X — [0, +oo[ such that (3.2) holds, that
is,

T+ F(H(d(Tz,Ty), p(Tz),¢(Ty))) < F(H(d(z,y), p(z),¢(y)))
forall z,y € X with H(d(Tx,Ty), p(Tx), p(Ty)) > 0. Then T, has a unique fixed point z such that
o(z) = 0.
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Proof. Following the similar arguments as in the proof of Theorem 3.4, we obtain easily the
uniqueness of the fixed point. In order to establish the existence of a fixed point, we consider
a point 2y € X. Let {z,,} be a sequence of Picard starting at x,. Clearly if x4_1 = x; for some
ke N, then z = x,_1 =, = Twp_1 = Tz, thatis, z is a fixed point of T such that ¢(z) = 0 (see
the proof of Theorem 3.4), and so, we have already done.

So, we can suppose that z,,_1 # =z, for every n € N. We claim that {z,} is a Cauchy
sequence. We assume for way of contradiction that {x,, } is not a Cauchy sequence. Then, there
exist a positive real number ¢ and two sequences {my,} and {n;} such that

ng > myg > kand d(zp,, Tn,) > € > d(Tm,,, Tn,—1) forall k € N.
By Lemma 3.1 and Remark 3.1, we say that d(z,_1,2,) — 0, ¢(z,) — 0asn — +oo. This
implies

Jm ATy Tny,) = G Jm ATy —15 Tpy—1) = €.

Now, the hypothesis that d(z,, , z», ) > € ensures that
H(d(@m,, s Tny,)s @(Xm,, )y ©(Tn,,)) >0 forall k € N.

So, taking into account that H is a continuous function, we have

lim H(d(xmk—lv xnk—l)a @(xmk—1)7 Qp(xnk—l))

k——+4oc0

= & lim H(d(xmk ) xnk)v (P(xmk)a So(xnk))
— 400
= H(e,0,0) > 0.
Using again (3.2), with ¢ = z,,, 1 and y = z,,, —1, we deduce that

T+F(H(d(xmkvxnk)vW(xmk)v<p(xnk)))
< F(H(d(xmk—lvxnk—l)v‘p(l'mk—l)a@(znk—l)))

for all £ € N. Letting £ — +o0 in the previous inequality, since the function F' is continuous,
we get

T+ F(H(e,0,0))) < F(H(e,0,0))),
which leads to contradiction. It follows that {x,, } is a Cauchy sequence.
Now, since (X, d) is complete, there exists some z € X such that

lim z, = z.
n—-4oo

By (3.4), taking into account that ¢ is a lower semicontinuous function, we get
< < limi _
0= ¢(2) < liminfp(z,) =0,

that is, ¢(z) = 0. We assert that z is a fixed point of 7. Clearly, z is a fixed point of T" if there
exists a subsequence {z,, } of {z,} such that z,,, = z or Tz,,, = Tz, for all k € N. Otherwise,
we can assume that z,, # z and T'z,, # Tz for all n € N. Then, the property (H;) of the function
H ensures that H(d(Tx,,Tz), o(Txy), o(Tz)) > 0 for all n € N. So, using (3.2), with 2 = =z,
and y = z, we deduce that

T+ F(H(d(Tx,,T2),0(Txy,), o(T2))) < F(H(d(zy, 2), p(zn), p(2))) for all n € N.

Since T > 0, we conclude that

H(d(Txy,T2),o(Txy,), o(Tz)) < H(d(xy, 2), p(zn), p(2)) foralln € N,
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and so

d(z,Tz) (z,Zp41) + d(Tay, T2)

<d
< d(z,2n41) + H(d(Tan, Tz), o(Tan), o(T2))
< d(za ‘rn+1) + H(d(‘rnv Z)a (P(-Tn), QO(Z))

for all n € N. Finally, letting n — +o00 and taking into account that H is continuous in (0, 0, 0),
we deduce that d(z,Tz) < H(0,0,0) =0, thatis, z = Tz. O
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