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Strong Converse Inequalities and Quantitative
Voronovskaya-Type Theorems for Trigonometric Fejér Sums

JORGE BUSTAMANTE* AND LAZARO FLORES-DE-JESUS

ABSTRACT. Let oy, denotes the classical Fejér operator for trigonometric expansions. For a fixed even integer r, we
characterize the rate of convergence of the iterative operators (I — 0, )" (f) in terms of the modulus of continuity of
order r (with specific constants) in all LP spaces 1 < p < oco. In particular, the constants depend not on p. Moreover,
we present a quantitative version of the Voronovskaya-type theorems for the operators (I — o))" (f).

Keywords: Fejér operators, iterative combinations, rate of convergence, direct and converse results, quantitative
Voronovskaya-type theorems.

2010 Mathematics Subject Classification: 42A10, 42A20, 41A25, 41A27.

1. INTRODUCTION

Let Co, denote the Banach space of all 27-periodic, continuous functions f defined on the
real line R with the sup norm

Floo = max | f()].

r€[—m,m]
For 1 < p < oo, the Banach space IL? consists of all 27-periodic, p-th power Lebesgue
integrable functions f on R with the norm

= (5= [ 156 P as) ™.

In order to simplify, we write X? = P for 1 < p < oo and X*° = Cy,. Asusual, forr € N,
by W we mean the family of all functions f € X? such that f,... , D"1(f) are absolutely
continuous and D" (f) € X?. Here D(f) = D'(f) = f' and D" (f) = D(D"(f)).

For f € X!, the conjugate function is defined by

R R (R (D Gy o (RS (L)
27 Jo tan(t/2) e—0 21 J, tan(t/2)

dt,

whenever the limit exists. It is know that if f € X? with 1 < p < oo, then f~’ € XP?, and that is
not the case for p = 1 and p = c.

For r € N, function f € X?, and h > 0, the usual modulus of smoothness of order r of f is
defined by

(L1) wr(f,t)p = sup (1 = Th)"(f)llp,
[h|<t
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54 Jorge Bustamante and Lazaro Flores-de-Jestis

where T),(f,z) = f(z + h) is the translation operator. We also use the notations A} f(z) =
(I =Tn)"(f)-

Let T,, denote the family of all real trigonometric polynomials of degree not greater than n.
For1 <p <ooand f € X?, the best approximation of f by elements of T,, is defined by

Enplf) = jnf If =Tl

Recall that for f € L' and k € Ny, the Fourier coefficients are defined by
1 [7 1 (7
ag(f) = — f(t)cos(kt)dt and bi(f)=— f(t) sin(kt)dt,

Ly " Ly —"

and the (formal) Fourier series is given by

f(x) —I— Z ax(f) cos(kx) + by (f) sin(kx)) ZAk f,x)

Forn € Nand f € X!, the Fejér sum of order n is defined by

D=3 (1- ) are).

k=

(e}

We also consider the conjugate operators

D=3 (1- L )Bu(sa).

k=
where By (f,z) = —bi(f) cos(kx) + ax(f) sin(kx).
In what follows the following notations are used: o0 = I (identity operator), ol (f) = . (f)
and o7 = o, (a7 (f)).
In [3], it was proved thatif 1 <p < oo, n > 1,and f € X?, then

H

(12 S =Dl <K (£.2) <alf =l

where
K(f,t)y =imf{[|f —gll, +t[D@)p : g€ X", g€ AC,D(g) € X"},
here D(h) = h/. Moreover, for 1 < p < oo, it was given a constant C), such that, for each f € X?,

13) sl oDl <wi(£.2) <8CI7 =~ on(f)l
p p

On the other hand, in recent times there have been some interests in studying quantitative
Voronovskaya-type theorems, but almost all the papers concern with positive linear operators
in spaces of non-periodic functions. For instance; see [1], [2], [11], [12] and the references
therein. The methods used in those papers are not useful in dealing with periodic functions
for two reasons (at least). First, they use different kinds of Taylor’s formula and second, in the
non-periodical case do not appear conjugate functions.

It is known that the Voronovskaya-type theorems are related with the saturation class of
some families of operators. We have noticed that in the case of trigonometric polynomial
approximation process the Voronovskaya-type theorems depend on particular properties of
the operators. In this paper we consider the Fejér operators (other approximation methods will
be studied in forthcoming papers).
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In this paper, two different kind of results are presented. First, we extend equation (1.2) by
proving that, for an even integer r, f € X? andn € N,

Cuwor(£.2) <UL =) (Pl < Cowr(1.7) .

Second, we verify a quantitative Voronovskaya-type relation in the following form: 1 < p < oo,
7 is an even integer, f € W, and n > r, then

(4 17T =) (1) = ()P (9)]| < OB (D7 ().

Here C, C5 and Cj are positive constants which will be given in an explicit form. These
tasks will be accomplished in Sections 2 and 4, where other results are included. In order to
present the estimate in Section 4 with specific constants, we need some results related with
simultaneous approximation that will be proved in Section 3.

2. STRONG INEQUALITIES FOR COMBINATIONS OF FEJER OPERATORS
First, we recall some known results that will be needed later.

Proposition 2.1. (i) Ifr € N, ¢t > Oand f € X?, then w,(f,t), < 27|/ f||p-
(ii) ([15, page 103]) If r € Nand f € W, then
(2.4) wy(f ) <t D" ()llp-
(i) ([15, page 103]) If r,q € Nand f € X?, then
w”‘(fv qt) S qrwr(fa qt)

For a proof of (2.5), see [15, page 215]. The first inequality in (2.6) is a consequence of (2.5)
(take h = m/n) and Proposition 2.1, but for a direct proof see [15, page 208].

Theorem 2.1. If1 <p <oo,r,n € Nand T,, € T, then
n

(2.5) 1T, < (m) 1AL T,

forany h € (0,2n/n). Moreover

(2.6) ”DT(Tn)Hp <n" T, and HDT(Tn)”p <n' ||Tn||p~

The first inequality in (2.6) is easily derived from (2.5) by taking h = 7/n and using the
assertion (i) in Proposition 2.1. Unfortunately, the second inequality is not included in some
books, but a proof can be seen in [14, page 135] (notice that it is sufficient to verify the assertion
forr =1).

Proposition 2.2. (see [5, Cor. 1.2.4]) If1 <p < oo,n € N, and f € XP, then
lon(Fllp < NI fllp-

Let us show some algebraic relations related with iterates of Fejér operators.

Proposition 2.3. Foreachn,r € Nand f € L' one has

wta) =3 (1- =) o)

P n+1

and

(=0 (F) = F =3 (1= e ) Arl):

n kr
— (n+ 1)

k=0
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Proof. By the orthogonality relations we know that, for 0 < k < n, Ax(o,(f)) = (1 —k/(n +
1)) A (f). For instance,

ar(on(f)) = i/_: o (f ) cos(kt)dt — kznjzo (1- ni 1)i/_: A(f, ) cos(kt)dt
= (1 - nil)i/_:ak(f)cos%kt)dt: (1 - ni 1>ak(f).

With similar arguments, we can verified that by (o, (f)) = (1 — k/(n + 1))bx(f).
Hence

n k n k 2
2(f = 1-——)A = 1— ——) Ag(f).
70 =30 (1= ) Awtent) = 322 (1 ) A
For other values of r, the proof follows by induction.
On the other hand,

T

o) () = - o =1+ é(l)j ()i

(
=7+ () ZO (1- ) )

Proposition 2.4. For eachn,r € Nand T € T,, one has

(~1)

1) D™ (T), r even,

([ —0)"(T) =
(—1)r=1/2 ~

T PO

Proof. It is easy to see that, for each polynomial 7' € T,

D(T) 2 2
2.7 T —o0,(T) = d I—0,)"(T)=—- D=(T).
@7) oull) = and (= 0)(0) =~ o D)

Since (I —o0,)" is a linear operator, we can consider only the case T'(z) = a cos(kx)+bsin(kx),
where a,b € Rand 1 < k < n. In such a case from Proposition 2.3, we know that (I —o,,)"(T) =
E'T/(n+1)".

If r is even, by induction one has
(-1)
(n+1)"

r odd.

1

(_1)(r+2)/2

T

(I = 0n)" (1) = (I = 0a)*(D"(T)) =
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If r > 11is odd, taking into account (2.7) one has
1 -

(I —0,)"(T)=(I- Un)r_l((l —on)(T)) = "t l(I - Un)r_l(D(T))
—1)(r=1)/2 ~ —1)(r=1)/2 ~
) il (711>+ oD D(@) = () i (i)+ oD (D) O

Theorem 2.2. If1 <p < oo, f € XPand n,r € N, with r even, then

or + 7Tr1(2r + 1)("}7" (f S ”(I - Un)r(f)”}’

)
’TL+1 P

< (1 + 8r(6 + lnr)>wT (f, TLL-Fl)p.

Proof. (a) First inequality. If f € X?, fix T € T,, such that || f — T'||, = E, ,(f).
Since (I — 0,)"(f) — f € T}, one has

Enp(f) = If = Tllp < 1f = (I = 0n)(f) = Hllp = I = 00)(H)lp-
Thus, it follows from Propositions 2.1 and 2.4 that

" .
AP (M)l

n (n+1)

™ T T
ol ) < 2N =Tl (T 7)< 20F =Tl +
= 2f = Tl + 7T = )" (T)]lp
<2Nf =Tl + 7" (2711 = Tllp + (T = 20)" (D)

< (2 + 7@ + D)1 =0 ()l

57

(b) Second inequality. Let 1" be given as in part (a). Using Propositions 2.1, 2.4 and 2.3 and

equation (2.5) (with h = 7/n), one has
I = on)" (F)llp < I =0n)"(f = Dllp + [(1 = o) (1)l

. 1 . - 1 n\" m
< 2 Bng() + Gy 10 O <2 B + g (5) @ (1),

r 1 m r T
= (2" 4+ 1)E,,(f) + ywr<f, 5)1) < (2" + 1) Enp(f) +wr (f, -y 1),,'

From [9, Theorem 6.1], we know that

Enp(f) < \/?(2 In(r) + 12) ([T/f!]!)zw,,. (f

It is known that (see [13]), for each k € N,

(kY2 m(k+1/2)  /m(2k+1)
(2k)! < 22k S 269

”I’L+1)p.

Thus, if r = 2k, then

o <207 #0515, = ) 15,

and

I =) (Pl < (1486 +r) e (£, 27 0
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Remark 2.1. In [8], Ditzian and Ivanov said that the investigation of the rate of convergence of
(I —0,)"(f) to 0 can be handled via some Riesz means, but no details were given. Anyway, the
estimate in [8] for the typical means were presented in terms of a K-functional. Our approach
is direct, and do not use K-functionals.

3. SIMULTANEOUS APPROXIMATION

Let us recall a Favard theorem.
Theorem 3.3. ([15,p. 289, ) If1 <p <oo,r,n e Nandg € Wy, then

(3.8) Enpl0) < 50y Enal(D7(9))
and
(3.9) Enpl8) < 5y Pral(D(9))

Theorem 3.3 is not written in the usual form of the Favard theorem. But, as Czipszer and
Freud noticed [6, page 37], the inequalities presented above can be deduced from the original
Favard ones.

It seems that the main results in simultaneous approximation by trigonometric polynomials
are due to Czipszer and Freud [6]. They presented the arguments for continuous function, but
(as some authors usually do) they explained that all the results hold in L? spaces [6, pages
49-51]. Previously, Freud [10] announced the estimate

ID() = DTl < Co(W71f = Tulloe + Bue(D"(f)), [ € Ciy,

where T,, € T, is the polynomial of the best approximation for f.

Here, we prefer to include a complete proof of Theorem 3.4 for several reasons. First, in [6]
several details are omitted for X? with 1 < p < co and no information is included concerning
the constants. It follows from our proof that the constants in Theorem 3.4 are not the best
possible, but in application to the analysis of Fejér operators they provide reasonable estimates.

For the proofs, we need some auxiliary operators. The original idea goes back to de la Vallée
Poussin [7].

Definition 3.1. Fixr € N. Forn € N,n > r,and f € X" define

1 [n(14+1/r)]-1
Crr(f ) = At 1/m]—n kz:; Sk(f, ).
Taking into account that S, (f,z) = >oni Bi(f, x), we also set
~ . (141/r)] -1
Cn,r(f7'r):m ;;, Sk(f, ).

We collect some properties of the sums C,, ,.. The results are taken from [6, page 46].
Proposition 3.5. Fixr € Nandsetq=1+1/r. If f e L', n € N, and
1 sin([n(2 + 1/r)]t/2) sin([n/r]t/2)
[n/7] sin?(t/2) ’

In,'r(-r) -

then Cyr(f) € Tpyg—1 and

Crr(f, ) = L (x + )1, - (t)dt.

2 )
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Proposition 3.6. If ,n e N,n >, f, fell,ge Wland T, € T, then

~ ~ d
Cn,'r‘(fvx) = Cn,T(fv LU), Cn,r(glvx) - %Cn,r(ga‘r)
and Cy, (T, x) = Ty ().
The next result gives an estimate of the norm of the operator C,, ..

Proposition 3.7. Ifr,n € N, and n > r, then
1 g 1
— I,-(t) | dt < = 4+ 1n(2r).
5 | 1B 1 de <34 -t nar)

Proof. First, we write
1 ™ ) m/2
o [ he®ldt=2 [ 1,0 | a
2 J_, T Jo
We split the interval [0, 7/2] by considering A; = [0, 7/(2n)],
Ay = [r/(2n),m/(2[n/r])]  and  Ag = [r/(2[n/r]),/2].
Notice that
1<n/r<n and 1< [n/r] <n.
Taking into account that | sin(nz) |< nsinz, we obtain

2

I dt < 2 Tr/(%)d <
2 nen jas el [T a2y

On the other hand, since 2z < 7 sin z, one has

9 5 */@2n/r)) gy
—/|hﬂ%ﬂﬁ§———ﬁﬂﬂ/ il
T Ja, m[n/r] 2 7/(2n) t

n

[n/7]

=In <In2+Inr,

59

because if n > max{2,r} and n = gr + 0, withg € Nand 6 € [0,1), then 20 < 2 < n = gr + 6.

Hence, gr > 8 and n = gr + 0 < 2rq = 2r[n/r].

Finally,
2 2 ym\2 [ dt
2 nenias 2oy [0
T Ja, m[n/7] x/(2[n/r]) b
2 T\ 22[n/r]
< — =1.
~ wn/r] (2) T
Therefore,
L de <3+ s men
or " - r '

Proposition 3.8. If f € X? (1 <p < o0),and n,r € N, n > max{2,r}, then

1
1 = Cor(P)llp < (44 = +10(20)) Eu ().
Proof YT € Ty, and || f — T||p = En p(f), then
”f - Cn,r(f)”P = ”f -T- Cn,r(f - T)Hp

< U+ ICAIS ~ Tl < (44 +10(20)) By ().
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Theorem 3.4. Assume 1l < p < oo, r,n € Nandn > max{2,r}.
D IfgeW,, T €Ty, and ||g—T|, = Enp(g), then

1D7(g) ~ D" (D)l < (44 () (14 T) By (9)):

(11) Ifgag € W;)n/ T e Tn/ and ”g - T”p = En,p(g)/ then

1D7@) - D"l < (44 +0(20)) (B p (D7 @) + 5 B (D (9)).

Proof. (i) Let C,, , be given as in Definition 3.1. Notice that

([n(1+1/r)]—1)" <nr(1+%)r <en”, n>r.

From Propositions 3.7, 3.8 and 3.6, we obtain the following inequalities

1
1Cor(9) = Tllp = Crrlg = D)l < (44 5 +(20)) g = Tl

1
< - (r)
< (4 to+ 111(27’)) E,p(9"),

T
2(n+1)r

107 (g) = Cor(D" @)y < (4 +1n(20)) Eap(D (1),
and
[D"(Cnr(9)) = D(T)lp < ([n(1+1/r)] = 1)"|Crr(9) = T'llp

eTm 1 r
< 5 (4 + - + ln(27"))En,p(D (g))
Therefore,

1D"(9) = D"(D)lp < 1D"(9) = Co.r (D" (9))lp + 10" (Crr(9)) = D™(T)lp

< (a+ % +In(2n)) (1+ %)En,p(D’”(g))

(ii) For the conjugate function, we consider the relations

Cn,r(D"(9)) = D"(Cr r(9))
and

ID7(g) = D" (D)lp < D" (3) = Coir(D" (@) lp + 1D (Crr(9) = Tl

< (4 + % + 1n(2r))En,p(DT(’g)) +en” |Cpr(g) — Tllp

< (142 + @) (Bup(D"@) + T Bus(D7(9))),

where we have used Theorem 2.1.
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4. VORONOVSKAYA-TYPE THEOREMS
Zamansky [16, Th. 14] proved that if f € C3,, then
Jim (|0 +1) (Ga(f) = F) = D)oo = 0.
Later he verified that [17, Theorem 1], if E,(f)s < C/n", r > 1, then
Tim (o (f) = £) + D)l = 0.

The extension of the last inequality to L” spaces, 1 < p < oo, was given by Butzer and
Gorlich in [4, page 386]. The resultis presented in Corollary 4.1 below. We remark that the proof
presented below is simpler than the ones of Zamansky and it provides the rate of convergence.
We consider first the Fejér operators and later the iterative combination.

As usual, we set
z) =Y Ap(f,x)
k=0

for the partial sums of the Fourier series of f.

Theorem 4.5. If1 < p < oo, f, fe Wpl, and n > 1, then

H(n +1)(0n(f) = )+ D] < (1 +3e)7 Enp(D(f)) + 6 Enp(D(F))

p

and

|+ D@a(r) = 1) = DU < (0 + 8e)7En (D)) + 6 B (D).

Proof. It T,, € T,, satisfies E,, ,(f) = ||f — Th||p, then taking into account (2.7), Theorem 3.4
and equation (3.8) one has

vt =1+ 2R, = [frts =1 s -1+ LB
< 28,1+ 2222 (B, (D(F) + T By (D)
< B, (D) + M (5, (D) + T Bup(D()
< (143¢) 5 B DU + 7757 Bl D).
Set g = J. Let us verify that 5, (f) = on(9) ace. and D(§)(x) = —D(f)(z) a.e. In fact, if
@) ~ ) S0y cos(ha) + il )sin(ho))
then -
~ i by, cos(kz) + ar(f) sin(kz)).
Thus, -

Falfim) = (1~ HLH) (—by cos(kz) + ax(f) sin(kz)) = o (F, 7).
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On the other hand,
D)) ~ ﬁk(bk cos(ka) — ax( ) sin(ka)),
3a) ~ = 3o cos(ha) + by () sin(ir)
and -
ik by, cos(ka) + ar(f) sin(kx)) ~ —D(f)(x).
Therefore -
5ulh) T~ 20— () g+ 29

Sinceg = f € W, and g = —f € W,, one has
|+ D@aF) = F) + D()|| < 7(1+3€) B (D(9) + 6 Eny(D(@))

= 7(143€) En p(D(f)) + 6 Enp(D(f))

and this proves the result. O
Corollary 4.1 is a simple consequence of the previous result. Recall that, for 1 < p < oo, the
element f always exists.

Corollary 4.1. If1 < p < coand f € W}, then

lim [|(n+1)(@a(/) = /) = D()|| =

n—oo

A result similar to Theorem 4.5 can be proved for the linear combination (I — ¢,,)" of Fejér
operators. Here, we only consider the case of even 7.

Theorem 4.6. If 1 <p < oo,r € Niseven, f € Wy, and n > r, then

[(n+ 17 =) (D = (V7207 ($)| < (274 + 76+ n(2r) ) B (D" ().

P

Proof. If T € T,, is chosen from the condition E,, ,(f) = || f — T||,, from Proposition 2.4 one

has
r (71)7”/2 r _ r (71)7,/2 r

and it follows from (3.8) and Theorem 3.4 (here the condition n > r is needed) that

(~1) I

I =) (5) = gz Dl < 2 B + (g 107 = Dl
2r_17T T 1 em 1 ,
S mEn,p(D (f)) + (4 + ; + IH(Q’I“)) (1 + ?> mEnJ,(D (f))
2" n . (1+ 2e) .
< Gy B D7)+ (54 n(2n)) E s B (D7 (1), 0
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1. INTRODUCTION

In the last period of time, it was investigated the following difference

Lu(f9)(x) = (Lnf)(2) - (Lng)(x),

a generalization to positive linear operators of an expression appearing in the classical inequal-
ities of Chebyshev [15] and Griiss [24]. Starting with the papers [10, 19] and [7, 33], these
celebrated inequalities were extended to the case of positive linear functionals and positive
linear operators. Bounds for this difference were given using different methods (see [22, 20,
21]). Asymptotic results of Voronovskaya type for this Chebyshev-Griiss quantity were ob-
tained in [18, 6, 16, 35, 9, 30] for different operators.

In this paper, we give a quantitative result of Voronovskaya type for the Chebyshev-Griiss
expression for a large class of positive linear operators and for a large class of continuous func-
tions. Our results, presented in Section 3, do not need as in [9, 30] the hypothesis of the exis-
tence of the second derivatives of the functions involved.

In Section 4, we study in what conditions do the differentiation formula L] (fg) — fL],g —
gL!, f converges to zero. We generalize the result of Impens and Gavrea [27], which was given
for Bernstein type operators and for functions defined on a compact interval. Using another
approach, we extend the result to larger class of positive linear operators and to a larger
class of continuous functions, including bounded and unbounded functions. We also give a
Voronovskaya type result for the differential formula just mentioned.

In Section 2, we present a class of positive linear operators which is defined using a Chebyshev-
Griiss expression. This class, which was introduced in [26], contains the Bernstein type oper-
ators [31], but is much larger, including also positive linear operators which do not preserve
linear functions. Some examples are given in the final section of the paper as applications of
the results obtained.
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2. PROPERTIES OF THE OPERATORS DEFINED BY A CHEBYSHEV-GRUSS QUANTITY

For the value of L,, f in x € I, we use the notations

(Lnf)(@) = Ln(f)(z) = Lo (f ) = Ln(f(1), 2)

interchangeably.
Consider a sequence of positive linear operators (L,,) which preserve the constants and
which is defined by the following relation involving a Chebyshev-Griiss type expression

21 b [Ln(tf(t), %) = La(t,x) - Lo (f(t),2)] = b(z) (Laf) (z)

for every z € I, where I C R is an interval, for every n € N and for every f for which L, f
and (L, f)" exist, where b(z) is a positive function which is differentiable on I and (b,) is a
sequence of positive real numbers such that b,, — co. Concerning the domain of definition of
the operators L,,, we will give explanations in the next section.

Remark 2.1. If the operators L,, preserve the linear functions, then the condition (2.1) can be written
bn
b(x)

which is satisfied by the class of so called exponential operators (see [31] and [28]), in particular Bern-
stein polynomials, the operators of Szdsz-Mirakyan, Baskakov, Post-Widder and Gauss-Weierstrass.
Condition (2.1) characterizes a more general class of operators, which do not necessarily preserve linear
functions. Other examples will be given at the end of the paper. A relation equivalent with (2.1) is

bn [Ln((t — @) f(t),2) — Ln(t — 2, 3) - Ly (f(t), )] = b(z) (Lnf)/ (z),

a relation obtained in [36] for a particular kind of operators.

(Lnf) (z) = Lo((e1 — 2)f, ),

Remark 2.2. If we consider a function f = g(t,x) which depends on x and t and which has a partial
derivative with respect to x in every point (t,x), then, condition (2.1) can be written

b (Ln(t = 2)g(t,2),) = Lult — 2,2) - La(g(t, 2),)
=) | atatts) o)) - L (G0 )}
where the operator L, acts on the variable t. In particular, for f = (t — x)*, k > 1 we obtain
(22) b - [n 1 (%) = pin,1 (@) pin,1e(2)] = 0() 117, (%) + K g1 ()]

where puip, k() = L, ((t—x)*, ) are the central moments of order k for the operator L,,. This recurrence
expresses all the central moments in terms of only one function, namely ji,, 1, since the value of ji,, o is
known: i, o(z) = 1.

Let us suppose that

i

(2.3) lim a, - ——pn,1 (2) = al (@)

n—o00 dzt

is true forevery x € I, and i = 0, 1,2,. .., where a(x) is an infinitely differentiable function on
I and (ay,) is an increasing and unbounded sequence of positive real numbers.
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Lemma 2.1. If the sequence (by,/ay,) converges to the real number ¢ > 0, then for every integer £ > 0
we have

(2.4) Tim B, - i 20() = (b())" - (20— 1)
¢ .

25) i 0 a0 (0) = ) 20103 CE B @) + (o)
1=0

uniformly for x in a compact interval contained in 1. We have used the notations
(20—1)1=1-3...(20—1)and (2001 =2-4---(20), £>1
and for £ = 0 the value is 1.

Proof. The proof will be omitted since it is similar to the one found in Lemma 2 [26]. a

3. QUANTITATIVE VORONOVSKAYA-TYPE RESULT FOR CHEBYSHEV-GRUSS EXPRESSION

In this section, we are concerned with the asymptotic behaviour of the Griiss-Chebyshev
expression, which will be denoted

To(f,9)(x) = La(fg) () = (Lnf)(@) - (Lng)(x).

We will prove that b, - T,,(f, g)(z) — b(z)f'(x)¢'(xz) and we will estimate the speed of this
convergence. We show that such a result is valid for unbounded functions, too. In order to do
this, let us introduce some notations.

Let 6 : [0,00) — R be a uniformly continuous and monotonic function, let I be an interval
I C Rand let & > 0 be a real number. We denote by Cy , the space of continuous functions
f € C(I) with the property that exists M > 0 such that | f(x)| < Me*?UD), for every = € I.
Because of the symmetry and to simplify the notation, we consider in the following that I C
[0, 00). This space Cy,, can be endowed with the norm

1£llg.o =supe™ @ f(x)|.
zel

Lemma 3.2. Consider a sequence of positive linear operators Ly, : Cg o — C(I) such that
(3.6) nl;rréo L (e®®) z) = ¢20(®),
Then, there is a positive function M, (x) not depending on n such that
L, (max <ea‘9(t), eae(w)> 795) < My(x), n>ng.
Proof. For x € I, there is ng such that | L, (e*?®"), z) — e*?(*)| <1 for every n > ng. We obtain
Ly, (max(e®?® 9@ 2) < [, (e29®) 4 0@ g} < 1 4 229

for every n > ny. O

We will use the following weighted modulus

B £() ~ f(x)]
wo,a(f,0) = LS?EPI max (e29(t), ¢2f0(2))”
|t <5

which is suitable for functions from the space Cjy ., (see [25]).
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Theorem 3.1. Let f,g € Cy, be continuously differentiable functions such that f'(x)e=*%®) and
g (2)e=2@) are uniformly continuous on I. Let L, : Cp o — C(I) be a sequence of positive linear
operators preserving constant functions and having the properties (2.1), (2.3) and (3.6). Then, for some
no € N and for every n > ng and x € I, we have

[bn[Ln (f9)(2) = (Lnf) () - (Lng)(2)] = b(z) [ (2)g'(x)]

M (f) [b(2) " (@)g' ()] + M(2) wo,a <f : \/lbj) e <g/’ V1b?>

+31(0) (17 @lena (7= ) + 1 @lona (7 7) ).

where M (x) > 0 does not depend on n and f.

<

Proof. Using the Taylor formula of the first order with Lagrange remainder, we obtain
f&) = f(@) + /() (t—2) + Ry, By = (f'(cr) = f'(@)) - (t = @)
9(t) = 9(x) + ¢'(x) - (t —2) + Ry, Ry =(g'(c2) =) - (t — ),
with ¢, ¢ between ¢t and z. We multiply the relations and we apply the operators L,,. We get
La(f9)(@) = F(@)g(@)no(x) + [f()g(2) + g(2)f (@)]1in1 () + La(Ry Ry)(2)
+ 1(@)g (@)pna(@) + F(@)La(Ry)(@) + 9(@) Lu(Rp) (@)
+ F/(2)Lu((e1 — 2e0) Ry)(@) + g (¢)Lu((e1 — we0) Ry) (a).
We also have
Lnf(z) = f(@)uno(x) + (@) in1 () + Ln(Ry) (@),

We get
Ln(f9)(x) = (Lnf)(@) - (Lng)(x) = ['(2)g (2)[pn2(2) — pih 1 (2)]
+ f/(@)[Ln((t — 2)Ry) (@) — pin,1(2) Ln(Ry)(2)]
+9' (@) [Ln((t = 2)Ry) (@) = pn1 (x) L (Rp) ()]
(

Because by [jin 2(x) — pa 1 ()] = b(x)[1 + ), , (2)], we have
o)ty ()]

Qn

|bnlbn,2(x) = 415, 1 (2)] = ()| = [b(a)py 1 ()| =

We evaluate now the remainder from the Taylor formula using the modulus of continuity wy .
From

[Ryl = [t — [ |f'(c1) = f'(2)]
|t — |

< max(eo‘e(t)7 60‘9(””)) [t — x| (1 + 5 > wo,a(f',9),

we obtain

(LR < (Ana@) + Vordna(o) o (=)

where
(3.7) A, k() = Ly, (max (e*,e*) |t — z|", 7).
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(=) we have

Because L, () z) converges pointwise to e*
L, (max (eaa(t), e“e(”“')> 733) < My(z), n>ng.

From Lemma 2.1, we have

1 )
Ly (Jt — 2" z) = W OF i 2k (z) <
n

Using the Cauchy-Schwarz inequality for positive linear operators we obtain for k = 1,2

Api(x) < /Ly, (max (20, e202) ) - \/ L, (|t — z|2*,z) < M

by
In conclusion,
MO 2(1’) < / 1 )
LnR S — a ) .
(EuRp) )] < T2 (1 7
Similarly,
M0’3(.’L')

Laller = wen)y.a)| < Lo (e —al IRyl ) < 2020 o, (1)
So, using |(in,1(2)| < /tin2(x) < \/Ca2(x)/v/bn, we obtain
|Ln((ex — zeo) Ry )(x) = pin,1(x) L (Ry) ()]
< |Ln((er — weo) Ry, )| + |1 (2)] - |(LnRy) (2))|

< S5 (1)

Let us notice that if we replace f with g in the previous inequalities they hold true, too.
To evaluate the term L,,(R;R,)(z) — L, (Rs)(z) - L,(Ry)(z), let us observe that

|Ln(RyRg)(x)| < Ln(|Ry||Rgl, )

2
t —
< Ln <62amax(0(t),0(z)) |t _ l‘|2 (1 + | $|> ,J}) . UJO,Q(f/,(Sn) . Wa,a(g/a(sn)

On

< 2 [Ana(2) + buApa(2)] - wom <f¢}) W (g', 1b >

M075(I‘) ’ 1 ’ 1
< S (7 75 e (7 32).
We have used the inequality (1 + u)? < 2(1 + u?). We obtain
| Ln (R Rg)(2) = Ln(Ry)(2) - Ln(Rg)(2)]
< |Ln(RpRy) (@) + [ Ln(Ry) ()] - [Ln(Rg)(2)]

My s(x) + M2, (x 1 1
< 0,5( ) 0,2( ) CWha <f/7 >W07a <g/’ ) )

b, Vb Vbn
Choosing an appropriate expression M (z) > 0 not depending on n and f the proof is complete.

O

Remark 3.3. Because 1/a,, and 1/+/b,, converge to zero when n tends to infinity and f'(x)e=*?®) and
g’ (2)e=*%®) are uniformly continuous on I, we have

(3.8) Jim b [Ln(f9) (@) = (Lnf)(@) - (Lng) ()] = b(2) f'(2)g'(2).
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Similar results were obtained in [18, 6, 16, 35, 9, 30] for functions for which the second derivative exists.
But, there is no need to suppose the existence of the second derivative of f and g.

Remark 3.4. Theorem 3.1 is true even for operators L, for which (2.1) cannot be proved. Indeed, it is
only necessary that the following limits exist for a fixed x

nhﬁn;o an (bn[,un,g(a:) — uil(x)} — b(:c)) and nhﬁn;o bfl “tnoe(z), £=1,2,3,4,

where b(x) is the limit of by, - pin, 2().
For example, let us consider the Jain operators [29]

oo

Pin(f2) = Z nx(nx + kﬂn)k—le_nz—kﬁn f <k> 7

k! n
k=0

where (58,,) is a sequence of positive real numbers from [0, 1) converging to zero. It is known [17] that

r __ a
1- Bn e 1- Bn,
so we choose a,, = 1/(3,, and condition (2.3) is satisfied with a(x) = x. We also have

x?p32 T
(1= 8n)? " n(l— B,)%

Choosing b,, = n and supposing that b, /a,, = nf, is convergent to the real number ¢ > 0, we obtain

b(z) = lim nP ((t —z)? z) = .
n—oo

an(tfxvx) =

Pﬁ"((t —z)%z) =

After some computations, we obtain

lima, (baljin 2(x) — 22,1 (2)] — b(z)) = .

n—oo

The central moment of order 4 is (see [17])
454 623 32
Pho((t —x)t x) = > Bn + u
(( ) ) (1 _ ﬁn)4 ’I’L(l _ 571)5
L 22485 +128,, + 485) — 2857 + 48, + 3)
n?(1 — f3,)8
N z(10565 — 1484 — 23 + 1282 + 86, + 1)
n3(1 — B,)7 '
We obtain n?PP»((t — xz)*, ) — 3z2. For the central moments of order 6 and 8, we consider the
significant terms from the formulas given in [23] and obtain

lim n3PP ((t — x)%, 2) = 152% and lim n*PP((t — x)%, ) = 10522,
n—oo

n—oo

The result of Theorem 3.1 is valid for PP~ in polynomial weighted space Cy o, with 0(z) = Inz, x €
I =(0,00) (see [2]).

4. VORONOVSKAYA-TYPE RESULT FOR A DIFFERENTIATION FORMULA FOR POSITIVE LINEAR
OPERATORS

In [27], it is proved that the expression L/, (fg) — fL},g— gL., f converges to zero for exponen-
tial type operators under suitable conditions for the functions f and g. The result was proved
for those operators L,, : C(I) — C(J), where I, J are compact intervals. We extend the result
to noncompact intervals and to unbounded functions.
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Theorem 4.2. Let f, g € Cy o such that
(4.9) wo,a(f;0) - wp,a(g,6) =0(8) (6 = 0+).

Let Ly, : Cy,o — C(I) be a sequence of positive linear operators preserving constant functions and
having the properties (2.1), (2.3) and (3.6). Then, for every x € T

L(f9)(@) = f(@)(Lng) (x) — g(@)(Ln f) () = 0
Proof. Let us denote

An(z) = Ly, (f9)(@) = f(2)(Lng) () = g(x)(Ln f)'(2).

Using (2.1), we obtain the following relation

(4.10) An() = b?x) Lot = 2)(F(H) = F@)(9(t) — 9(a)), )
- bl(’;;) La(t = 2,2) - Lo((F() = f(@)(g(t) = 9(@)), ).

As in the proof of Theorem 3.1, because

0 = o)) < e (200, e200) (14 L5 ) w10

9(0) gt < max (e, e (14 12 0,0,

we have
|Ln ((t—2)(f(t) = f(2))(g(t) — g(x)), x)|
<2 (o) + bl wn (1. Y ()
< M\l/’%x) (Wo.a (f’ ¢1b;> Woe (9’ ¢1177>
and

[Ln((F(t) = f(2))(9(t) — g()), )]
S 2 (An,O(-r) + bnAn,2(x))w9,a (fa \/1b>> W, o (97 \/lbi)

1 1
<M ! a I « LAl B
<t ate)on (1. =Yoo o 7
Because L, (t — z,z) < \/tin2(z v CZ( , we finally obtain

nan

An(a)] < M(z) /by - wm(f, ﬁ)we,a (”H

for some M (z) not depending on n and f. The condition (4.9) proves that A,, converges to zero
forevery x € I. O

Remark 4.5. We have the following evaluation of the modulus wy o, (see relation (1) from [25])
wo.a(f,8) < (1= e )| fllg o +w(f/w,6) < aw(,0) £y, +w(f/w,0),

where w(z) = e**®) and w is the usual modulus of continuity (the modulus wg ., for o = 0).
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If6 € Lip,(I), f/w € Lipy(I) and g/w € Lip.(I) then, (4.9) is true if and only if
a+a>1, a+b>1, a+c>1 and b+c>1.

Indeed, a function h belongs to Lip,, (I) if and only if there is a constant C, > 0 such that w(f,d) <
Cro®. So,

Wo.o(f,0) - wo.u(g,8) < (C16% + C26°)(C16% + C36°) = 0(8) (8 — 0+).

Remark 4.6. Theorem 4.2 remains true even if L,, does not satisfy a condition like (2.1). We only need
that the sequence of functions b%, - pun, 20(z) converges pointwise for £ = 1,2 and 3.

Theorem 4.3. Let f,g € Cy, be two twice differentiable functions such that f"(x)e= %) and
g" (2)e=2%@) are uniformly continuous on I. We suppose that (b, /a,) is convergent to ¢ > 0. Let

Ly, : Cy,o — C*(I) be a sequence of positive linear operators preserving constant functions and having
the properties (2.1), (2.3) and (3.6). Then, for every x € I

lim by [L,(£9) () — f(2)(Lng) (x) — gx) (L)' ()]

= () + 2ca()] 7 @)/ @)+ 2D @) @)+ @) @)
Proof. We use Taylor’s formula
h(t) = h(z) + B (z) - (t — ) + h/’2($) -(t — ) + R,

for the functions f and g, where R;, = (h"'(c) — h"'(x)) - (t — z)?/2, with some ¢ between ¢
and x. We replace these formulas in the expression of A,, (see relation (4.10)) and after some
computations, we obtain

bnAn(I) - f’(i)g/@)blgg)[ﬂnﬁ(ﬂ?) - ,un,l(x):un,Q('r)]
/ " 17 / b72’7, b72’LR
@) @)+ @) @] sl ae) = s @ )] +
where
R = 17" (2)9" (@)l @) — ton1 (0)in 5(2)]
FF@) Baa(9) + 57" @) Baale) + 6/(2) - Bua () + 36" (2) - B ()
+ L,(Rf-Ry-(t—x),2) — pina1(x) - Ln(Rf - Ry, x)
and
Enk(f) = Ln(Rf : (t - x)kJrlvx) - ,u'n,l(m) . Ln(Rf . (t - ‘r)kv‘r)'
We have
2
%[ﬂnﬁ(x) - /ln,l(x)/inﬂ(m)} = bnu;g(x) + 20 pin,1 () = b/(x) + 2ca(w)
and ,
s i a0) = s (O a(o)] = o) + 25 ale) 0+ 24

We also have b2 R — 0, but since the computations are similar to those in the proof of Theorem
3.1, we omit the details. O
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Remark 4.7. Let f, g € Cy,,, be two twice differentiable functions such that f" (z)e=*%®) and g (z)e~*0)
are uniformly continuous on I. It can be proved in a similar way that

Jim by, [L5,(f9) (@) = (Lo f)(2)(Lng) " (x) = (Lng) (@) (Lnf) (2)]
= V(@) [ (2)g () + b(x)[["(x)g" (x) + ["(x)g' (x)].
This is just relation (3.8), where both terms have been differentiated.
5. APPLICATIONS
We give a couple of examples of applications.

Example 5.1. Consider the following Baskakov operators of Stancu type
« c - C k + «
(L)) = b1 (E25), nza

— n+ g

where o and (B are real numbers such that 0 < o < 8 and

Pk = 0t (T )@k e T e

V

—~

k
nm) P

0
prx(@) = lim pl (o) = S=oer,
where z: € [0,00) for ¢ > 0and x € [0, —1/¢| for ¢ < 0.
These operators are a particular example of the more general operators considered in [11]. For o =
B = 0, some properties of the operators were given in [1, 14] (see also [5, 32] and the references therein).
These operators preserve the constants and

a.B.c kJroz neroz

We deduce that
(n+5)- (Lwd (ta)~v) =a-pr,
which proves (2.3) for a,, = n+ fand a(x) = o — fz.
We also have
d g k—nz _ n+f g ko s
Multiplying this equality with f ((k + )/ (n + B)) and summing up for k from 0 to infinity, we obtain
d n+p

(1B —
S NE = s

which is (2.1) for b, = n + B and b(x) = x(1 + cx).
The results of Theorems 1,2 and 3 are valid for functions in the exponential space Cy , for 6(x) = z,
because

|:L1[,LOL,B,C] (tf(t),x) _ Lgla,ﬁ,c] (t, J;) . Lglaﬁ,c](fv -13)} )

Lgf’ﬁ’c](eo‘t,x) _ (1 +er — cxe%) © e (n = o0).
Example 5.2. Consider the Baldsz operators

Ralh.) = e 2 (1) o £ (55) 2

0

introduced in [12] and studied in [13, 34, 4, 8, 3] for some particular cases of the sequences () and
(Bn) of positive real numbers.
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The operators R,, preserve the constants and

na,T no,T + n2a%x2

Bn(1+ ayx) B2(1 + ayx)?

We must have R,,(t,x) — x and R, (t*,z) — 2, so we choose () and (B,) such that o, — 0 and
the sequence (8y,) such that 8,, — oo and noy, /B, — 1. The central moment of order 1 is

R,(t,x) = and R, (t*,x) =

) = (no, — Bn)x — O‘nﬂn$2
Bn(l+ apx)
We further impose that no,, — B, — 0and o, 8, — ¢, ¢ > 0. With these conditions, we can choose

a, = B, and obtain B, R, (t — x,x) = —cz?.
Let us prove that R,, satisfy (2.1). Because

<<1(fﬁ>n>l - (1(1“’;?;” | (k - ﬁm) ’

(Rulf,2)) = i;(Z)M (%) ()
B

— R, ((t = Ra(t,2))f(t), 2),

which proves (2.1) with b, = B, and b(x) = x
We take I = (0, 00) and 0(x) = x. The results of Theorem 1, 2 and 3 are valid for the operators R,
in the exponential weighted space Cy o, because for a fixed x > 0

R, (t—x,x

we obtain

o n

1+ a,xesn

R,(e® 2) = [ ——— — "
1+ a,x
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ABSTRACT. In this paper, we study the following family of hypergeometric polynomials:
yn(x) = (_nl!)p "o Fo(—n, p; —; f%), depending on a parameter p € N. Differential equations of orders p+1 and 2 for
these polynomials are given. A recurrence relation for y, is derived as well. Polynomials y,, are Sobolev orthogonal
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1. INTRODUCTION

The theories of orthogonal polynomials (OP) on the real line and on the unit circle have
many similarities as well as considerable differences [19, 6, 16, 17]. For a long time, they have
been developed side by side by efforts of numerous mathematicians. The theory of Sobolev
orthogonal polynomials is a much more terra incognita [11, 18, 10, 8]. In this theory, one can
also see that some ideas come from the real line to the unit circle. Examples of such ideas
are adding of Dirac deltas to the classical inner products and considering of coherent pairs of
measures (see, e.g., [3, 4] and references therein). In the present paper, we shall follow the same
line: we shall develop the ideas from [20] to get some new hypergeometric polynomials and
study their properties.

Let 41 be a probability measure on T with an infinite support. We assume that . is defined
on a o-algebra 2 which contains B8(T). Denote by p,, orthogonal polynomials on the unit circle
(OPUC) with respect to 1 (deg p,, = n, but the positivity of leading coefficients is not assumed):

(1.1) [ ool = A A0 € 2
T
Fix an arbitrary positive integer p. Consider the following differential equation:
(1.2) (e %y(x))?) = e %p,(2), neZ;.
Expanding the derivative by the Leibniz formula and canceling e~%, we get:
P
-k [ P k
(13) St (f ) i@ =pa) neze,
k=0
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Condition A. Suppose that for each n € Z., there exists a n-th degree polynomial solution y = y,,(x)
of (1.3).

If Condition A is satisfied, then y,, are Sobolev orthogonal polynomials on the unit circle
(SOPUQ):

Ym(2)
Ym (2)
(1.4) / (yn(z),y;(z), ...,y,(f)(z)) M ) dp = Anbnm, n,m € Z,,
T :
i (2)

where

13 e (o () (5)),,.

Recall that the classical orthogonal polynomials {p,,(z)}52, on R (namely, one of the
following systems: Jacobi OP, Laguerre OP, Hermite OP) are eigenfunctions of a second-order
linear differential operator L (see, e.g., [9]):

(1.6) Lpp(z) = Anpn (), n=0,1,2...

On the other hand, the vector () = (po(z), p1(z),...)T is an eigenvector of the corresponding
Jacobi matrix J:

(17) Tilx) = ap(z).

In the case of OPUC, we can not give any property of form (1.6) with some linear differential
operator. In this case and, more generally, in the case of SOPUC the notion of operator pencils
seems to be appropriate. Operator pencils appeared in the theory of biorthogonal rational
functions, see [7, 21].

By operator pencils or operator polynomials one means polynomials of complex variable A
whose coefficients are linear bounded operators acting in a Banach space X ([15, 12]):

m

(1.8) L(\) =) _NA,,
§=0

where 4; : X - X (j = 0,...,m). In the case m = 1 (m = 2), the pencil is called linear
(respectively quadratic). Operator pencils with differential operators A; appear in many
physical problems, see ([13]) and references therein.

The following problem seems to be a suitable framework to study classical type SOPUC.
Problem 1. To describe all SOPUC {y,,(2)}2,, satisfying the following two properties:

(a) Polynomials y,,(z) satisfy the following differential equation:
(1.9) Ryn(z) = /\nsyn('z)v n=20,1,2,..,

where R, S are linear differential operators of finite orders, having polynomial coefficients not
depending on n; A, € C;
(b) Polynomials yy,(z) satisfy the following difference equation:

(1.10) Lj(z) = 2My(2),  §(2) = (yo(2),y1(2), )",

where L, M are semi-infinite complex banded (i.e. having a finite number of non-zero diagonals)
matrices.
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Relation (1.9) means that y,(z) are eigenvalues of the operator pencil R — AS, while rela-
tion (1.10) shows that vectors of y,(z) are eigenvalues of the operator pencil L — zM. For
example, consider the following case: ¥, (x) = 2". They satisfy the differential equation:

2(2") = nz", n € Zy,

and they obey (1.10) with L being the identity semi-infinite matrix, M being the semi-infinite
matrix with all 1 on the first subdiagonal and 0 on other places.

Let us briefly describe the content of the paper. At first, we consider the following case:

pn(z) = 2", and u being the normalized arc length measure on T. Equating coefficients of the
same powers on the both sides of equation (1.3) one obtains a linear system of equations for
the coefficients of an unknown polynomial y(z) (the same idea was used in [2]). However, for
large values of p it is not easy to get a convenient expression for solutions, without huge deter-
minants or recurrences. In this case, equation (1.2) turned out to be useful. It gives a possibility
to express y,, (z) for p = 1 in terms of the incomplete gamma function. A step-by-step analysis
for p = 1,2, ..., allows to obtain an explicit representation of y, (). Explicit representations,
differential equations and orthogonality relations for y,, will be given by Theorem 2.1. As a
corollary, we obtain a solution to (1.3) in the general case (Corollary 2.1). Using Fasenmeier’s
method ([14]) for the reversed polynomials y};(z) = 2™y, (%), we shall derive recurrence rela-
tions for y,, (z) (Theorem 2.2) as well. Thus, we provide an example of SOPUC which satisfies
conditions of Problem 1.
Notations. As usual, we denote by R, C,N, Z, Z, the sets of real numbers, complex numbers,
positive integers, integers and non-negative integers, respectively. The superscript I' means the
transpose of a (finite or infinite) vector. Set T := {z € C: |z| = 1}. By B(T), we mean the set of
all Borel subsets of T. By P, we denote the set of all polynomials with complex coefficients. For
a complex number ¢, we denote (¢)o = 1, (¢)r = c(c+ 1)...(c+ k — 1), k € N (the shifted factorial
or Pochhammer symbol). The generalized hypergeometric function is denoted by

(al)k---(am)k' ﬁ

mEn (a1, .oy @mi by, oy by ) = Z B K

k=0
where m,n € N, a;,b, € C.

2. SOME SOBOLEV ORTHOGONAL POLYNOMIALS ON T

As it was stated in the Introduction, in what follows we shall consider the following case:
pn(z) = 2", and i = i being the (probability) normalized arc length measure on T, which
may be identified with the Lebesgue measure on [0, 27). Rewrite equations (1.2), (1.3) for this
case:

(2.11) (e yn(2)? = e "2",  nely;
14
(2.12) > (=1)F ( z ) y O (z)=2", nez,.
k=0

We start with the case p = 1. In this case, equation (2.12) has the following form:
(213) Yn(2) —yn(z) =2",  nel;.

Fix an arbitrary n € Z,. We shall seek for a solution of the required form:

(2.14) yn(2) = pnpa®,  png €C.
k=0



78 Sergey M. Zagorodnyuk

Substitute for y,, into (2.13) to get
n—1

D Ak + Dptngesr — pn gy — pi ™ = 2.
k=0

Comparing the coefficients of the same powers on the both sides, we obtain that
(215) Hn.n = -1, Hn,k = (k/’“‘l)ﬂn,k-ﬁ-h k=n-— ILin—2,..,0.
It can be verified by the induction argument that

g = (=n)p_j(=1)" 7t = T j=0,1,...,n.
Thus,
Ak
(2.16) yn(z) = —n.kz: o
=0

is a solution of (2.13). In the case p > 1, it is not easy to solve the corresponding recurrence
relation for the coefficients and we shall proceed in another way.
Observe that

(217) yn(x) = —eII‘(n + ].,LE),
where

oo
INa,z) = / et dt, a >0,

is the complementary incomplete gamma function ([1]). In fact, integrating (2.11) (with p = 1) from
atob(a,b € R), we get

b
e_byn(b) —e “yYn(a) = / e Tx"dx.

Taking limit when b — +o00, we get

(2.18) yn(a) = —e“/ e "x"dzx,

and relation (2.17) follows.

Suppose that we have constructed a polynomial solution (of the required form) y,,(p;z) =
yn(x) of equation (2.11) for some positive integer p. Let us show how to get a polynomial
solution y,, (p + 1; ) of equation (2.11) with p + 1. Notice that, we do not state the uniqueness
of such solutions for p > 2. We shall need the following auxiliary equation:

(2.19) (e "ynlp+Li2)) = e "yu(psa),  n €Ly,

with an unknown y,,(p + 1; z). Equation (2.19) has a unique n-th degree polynomial solution.
This can be verified comparing the coefficients of polynomials, in the same way as for equa-
tion (2.13). It is not easy to solve the corresponding recurrence relation in this case, but the
existence and the uniqueness of a n-th degree polynomial solution is obvious.

Integrating relation (2.19) from ¢ to b, we get

b
e tyn(p+1;0) — ety (p+ 1;t) = / e yn(p;x)da.
t

Taking limit when b — +o00, we get

(2.20) Yn(p+ 1;t) = —¢' / e yn(p;z)da.
t
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By (2.11), (2.19) we may write:

e 2" = (e "yYn(p; )P = (e "yn(p + 1;2)) P

Therefore, v, (p + 1;-) given by (2.20) is a required polynomial solution of (2.11) for p + 1.
Equation (2.20) shows how to construct polynomial solutions step-by-step for p = 1,2, ....
However, we are interested to get an explicit representation for every y,,(p; z). Let
zJ
(2.21) yn(p;x)ZZdj(p)F, nely, peN,
=0 '
with some unknown complex numbers d;(p). By (2.20), (2.18), (2.16) we may write

n

Yn(p +15t) Z / _lxjdx—Zd yJ (1;t)

J
(2.22) =— Zdj(p)y, neZ,, peN.

Changing the order of summation in (2.22), we write:

n(p+1;t) = ZZd

k=0 j=k

Therefore,
(2.23) di(p + l)Z—Zdj(p), k=0,1,...,n; peN.

Relation (2.23) can be written in a matrix form for the vectors of coefficients d(p) := (do(p), ..., dn(p))7,
and a (n+ 1) x (n+ 1) upper-diagonal Toeplitz matrix 7', having all nonzero elements equal to
1:

(2.24) dlp+1)=-Td(p), peN.

Therefore,

(2.25) d(p) = (-1)°T*(0,...,0,1)",  peN.

Applying the Riesz calculus for evaluating 7", one obtains the following solution:
(2.26) di(p) = (—1)° ( ”_’;fl’;_ 1 ) ., k=0,1,..m;neZ,, peN.

We shall omit the details of calculating the resolvent (7' — AE)~!. We only notice that, it was
convenient to subtract the subsequent rows when solving the linear system of equations (17" —
AE)f = (0,...,0,1)T. It can be directly verified that the resulting expression (2.26) obeys (2.23),
by using the Pascal identity and the induction argument.

Thus, we have obtained the following representation for y,,:

(2.27) yn(p;@:(—l)"Z(" flfjj l)f, n€Zy, peN.
=0 '

Theorem 2.1. Let y,(p; x) be polynomials given by relation (2.27) (p € N, n € Z,). They have the
following properties:
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(a) Polynomials y,,(p; x) admit the following representation:

—-1)° 1
@29yl = VR (n,p;;w) . meZy, peN zecC\{o}
(b) Polynomials y(x) = yn(p; x) satisfy the following differential equation:
P P
(229) 23 (1) ( p ) y®D (@) — 0 3 (1) ( ’ ) Y () = 0.
k=0 k=0

(c) Polynomials y(x) = yy(p; x) obey the following differential equation:

(2.30) zy"(x) — (x+p— 1)y (x) = nly'(z) — y(z)] = 0.

(d) Polynomials y,(x) = yn(p; ) are Sobolev orthogonal polynomials on T:

Y (2)
(231) /T (1@t s@ @) M| =G, mom e Zy,
) (2)

where M 1is given by (1.5).
Proof. (a): It is readily checked that the reversed polynomial for y, is given by

* -1)?
yn(p;x): ( n') 2FO (_nap;_;_x)7 nEZ+7 PEN,

and relation (2.28) follows.
(b): Substitute for 2™ from (2.12) into the following equality:

x(z") = na™.
(c): Hypergeometric polynomials
(2.32) u=up(2) :=2Fy (—n, p; —; 2), ne€’Zy, peN,
satisfy the following differential equation:
(2.33) 2(—n+0)(p+ 0)u — 6u =0,

where 0 = z-L. The differential equation for the generalized hypergeometric function ,Fy, is
usually written when p, ¢ > 1. However, the arguments in [14, p. 75] can be applied in the case
g = 0 as well. Then for z # 0, we may write

(2.34) 2u"(2) + (p+ 1)zu/ (2) — n(zu/(2) + pu(z)) — /() = 0.
Observe that
2.35) 0 (2) = g i)

Calculating the derivatives u/,, v/ and inserting them into relation (2.34), after some

n? n

algebraic simplifications, we get relation (2.30).
(d): This follows from our motivation and relation (1.4) in the Introduction. O
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Corollary 2.1. Let p be a probability measure on T with an infinite support. Denote by py,
orthogonal polynomials on T with respect to u (the positivity of leading coefficients is not assumed)
which satisfy (1.1). Let

(2.36) Po(@) =Y &njal, & €C, &un £ 0 n €Ly,
Polynomials
_ - —1)7 . ) 1
(237) yn(pﬂr)zzé-N,j%xJQFO (_japv_a_x) ) ’I’LEZ+,
Jj=0 '

are solutions to equation (1.3). Therefore, {y,(p; x)}5% are Sobolev orthogonal polynomials satisfying
relation (1.4).

Proof. Since
P k
— ek () 4
D:i=) (-1) (k:)dxk
k=0
is a linear operator on polynomials, then we may write:

n _ p ] . 1 n
Dan,j( ,) z! 2 Fy (—J;P;—;—I> = DZSn,g%(PW)
=0

J=0

= Zén,ijg pia an,gm = pulx

Therefore, Condition A is satlsfled and we conclude that y/,, are Sobolev orthogonal polynomi-
als. O

Corollary 2.1 shows that one can take a system of OPUC with an explicit representation and
construct a system of SOPUC by (2.37). For example, one can use the circular Jacobi orthogonal
polynomials, see Example 8.2.5 and formulas (8.2.21), (8.2.22) in [6, pp. 229-230].

In order to obtain a recurrence relation for polynomials y,, (p; z), we shall apply Fasenmeier’s
method ([14]) to hypergeometric polynomials u,,(z) from (2.32). In the following considera-
tions, we shall admit for p to be not only positive integer values but p > 0 as well. We shall
EXPIESS U, Up—1, Un—2, 2Un (%), 2Un—1(%2), using u,+1(z). Choose and fix an arbitrary integer n
greater than or equal to 2. We may write

Un+1(2) = Z( n—1) 25n+1

k=0

where €, 11 (k) = eny1(2z; ps k) := (—n — 1)k(p)k%, Using

(= (cn- 0D ez
(—n+ 1)k =(-—n—1) (n+ Uﬁ;g — k), keZg,

and similar relations, we obtain that

(n + (n+1-k)
(2.38) Zanﬂ EEEEIR
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239 1 (7) = i e
e o) =3 ety PGS
(2.41) 2 (2) = gofnﬂ(k) o 1)((;’1) i Pt
(2.42) p_1(2) = gam(k)n ((nf;);’;(:i . f)l), p£1.

We now assume that p # 1. Consider the following expression R,,(z):
R (2) i= @run—1(2) + p2un(2) + @3tn4+1(2) + pazun(2)+
(2.43) + p52Un—1(2) + Petin_2(2), o € C.

We intend to choose parameters ¢, (depending on the chosen n) in such a way that R, (z) =0,
Vz € C . Substitute above expressions for u,_g2, tp—_1, Un, 2Un, 2Up_1 into (2.43) to get

1
—Dnn+1)(p+k—-1

R, (z) = ZEnJrl(k) n )In,k,
k=0

where
Lik=pin—k)n+1-k)n-1)(p+k—1)+p(n+1—-k)(n—n(p+k—1)+
+os(n—nn+D(p+k—1)+@s(-1)k(n—Dn+es(n+1—k)(-1)k(n— 1)+
(2.44) +os(n+1—k)(n—Fk®n—-1-k)(p+k—1).

Observe that I, 1 is a polynomial of degree < 4. Therefore, we may check that I, ; = 0 for some
distinct five values of k to get R,,(z) = 0. This is a crucial point in the Fasenmeier’s method.

We choose k = —p + 1;n + 1;n;n — 1;0. After some obvious simplifications, we get the
following five equations:
Y4
2.45 =
(245) & n+p
P4
2.46 =
( ) ©3 n+ p7
(2.47) ea(ptn—1)+esn+1)(p+n—1)+ps(-1)n—¢5 =0,
p12(p+n—2)+w2n(p+n—2)+psnin+1)(p+n—2)—
(2.48) —pa(n—1)n—es2(n—1) =0,
(2.49) o1+ 92+ 3+ s =0.

Set o4 = n + p. Then,
Y5 = —N, Q3= 1.
By (2.47), we get
w2 = —1.
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By (2.48), we obtain that ¢; = 0. Finally, by (2.49) we conclude that @5 = 0, as well. Conse-
quently, polynomials w,,(z) satisfy the following relation:

Un41(2) — un(2) + (n + p)zun(2) — nzuy—1(2) =0,

(2.50) n=2,3,.;p>0p#1.

It is directly checked that, relation (2.50) holds for the values n = 0,1, if we set u_; := 0.
Moreover, we can take limit when p — 1, to prove that relation (2.50) holds for p = 1; n € Z:

(2.51) Un+1(2) — un(2) + (n+ p)zun(z) — nzup—1(2) =0, n€Zy;p>0.

Theorem 2.2. Let y,,(z) = y,(p; x) be polynomials from relation (2.27) with p € N. They satisfy the
following recurrence relation:

(2.52) (n+ Dynt1(p;x) — (n+ p)yn(p;2) = = (Yn(p; ¥) — yn-1(p;x)), n € Zy,
where y_1(p;z) :==0
Proof. Use relations (2.35) and (2.50). O

Relation (2.52) can be written in the following matrix form:
(2.53) Lij(p; ) = 2 Mi(p; v),

where 7(p; x) = (yo(p; ), y1(p; 1), ...)T. The semi-infinite matrix M is two-diagonal, having all
1 on the main diagonal, and all —1 on the first sub-diagonal. The semi-infinite matrix L is also
two-diagonal, but having (—p, —p — 1, —p — 2, ...) on the main diagonal, and (1,2, 3, ...) on the
first upper diagonal.

Denote by L, (M,) the (n + 1) x (n + 1) matrix standing on the intersection of the first
(n+ 1) rows and the first (n + 1) columns of L (respectively M). Let z* be an arbitrary root of
Yn+1(p; x). Then

(2.54) Lag(p; x*;n) = o* Mi(p; 2*;n),

where 7(p; 2%;n) = (yo(p; ), y1(p; ), .-, yn (p; o)) . Thus, there is a link between the
analytic theory of polynomials (the location of zeros) and the matrix theory (generalized eigen-
value problems, see [5]).

Notice that, monic polynomials ¥, (p; z) are given by

- n!
Yn(piz) = myn(p;x% ne€Zy, peN.

The recurrence relation (2.52) takes the following form (we shifted the indices):
(2.55) Un(piz) = (@ +n—14p)yn-1(p;2) — (n — Dayn—2(p;z), neEN

Relation (2.55) is a particular case of a general recurrence relation (2.1) on page 5 in [7]. This
general recurrence relation is related to R;-fractions and biorthogonal rational functions [7,
Theorem 2.1].

Finally, observe that y1(p;z) = (—1)?(xz + p). Thus, y1(1;z) has its root on the unit circle,
while the roots of y1 (p; z), for p > 1, are outside T. Consequently, polynomials y,,(p; z) are not
orthogonal on the unit circle with respect to a scalar measure.
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ABSTRACT. This paper revisits the Gneiting class of positive definite kernels originally proposed as a class of co-
variance functions for space-time processes. Under the framework of quasi-metric spaces and isometric embeddings,
the paper proposes a general and unifying framework that encompasses results provided by earlier literature. Our
results allow to study the positive definiteness of the Gneiting class over products of either Euclidean spaces or high
dimensional spheres and quasi-metric spaces. In turn, Gneiting’s theorem is proved here by a direct construction,
eluding Fourier inversion (the so-called Gneiting’s lemma) and convergence arguments that are required by Gneiting
to preserve an integrability assumption.
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1. INTRODUCTION

Positive definite kernels have a long history that traces back to many branches of pure and
applied mathematics, as well as to statistics, machine learning, computer science and other
applied sciences. Positive definite and radially symmetric kernels on metric spaces have been
introduced in the seminal papers [22, 23].

There has been a growing interest in the last twenty years for positive definiteness over
product spaces. The main motivation stems from stochastic processes defined continuously
over subsets of the type X x Y, where X is a subset of the d-dimensional Euclidean space R¢,
and Y is either the whole real line or the set of integers Z, and represents time. The nomencla-
ture space-time covariance functions is commonly accepted for kernels that are positive definite
over such product spaces, and the reader is referred to [8] for a review. A wealth of literature
is available for the case X = R¢, and the reader is referred to [2, 7, 16, 18, 21] and to [6] for
relevant contributions. Recently, much attention has been put on the case X = S9!, the unit
sphere embedded in R?. A characterization theorem for this case (including the Hilbert sphere
5°°) is available thanks to [4]. Other contributions can be found in [10, 15] and recently in [27].

This paper considers quasi-metric spaces, that is, pairs (X, o) where X is a non-empty set
and o is a quasi-distance, that is, a function 0 : X x X — [0, 00) satisfying o(z,z’) = o(2/, ),
z, 2’ € X,and o(z,x) = 0,2 € X. A semi-metric space (X, o) is a quasi-metric space if in addition
to the previous properties one has o satisfying the triangle inequality. Further, if o(z,2") > 0
when z # 2/, the semi-metric space (X, o) becomes a metric space.

Normed spaces and inner product spaces are typical examples of quasi-metric spaces with
quasi-distance given by o(x,2’) = || — /||, 2,2’ € X, where || - || is the norm of the space. The
notion of semi-metric spaces is usually preferred when one deals with isometric embeddings.
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A quasi-metric space (X, o) is isometrically embeddable in a Hilbert space (H, (-, -)) if there exists
a mapping ¢ : X — H such that

(i(x) —i(a),i(z) —i(2))) = o(z,2)?, z,2' € X.

This notion is explored in [28] and discussed in [3].
Let E be a nonempty set. A mapping ¢ : £ x E — Ris called positive definite if

N
Z exerp(zr, ) >0,
k=1

for any collection {c;, : k =1,...,N} C Rand any {z1,..., 2} C E.If F'is a quasi-metric space
(X, 0), the positive definite function ¢ on E is usually demanded to be metric-dependent in the
sense that

o(z,2') = f(o(z,2")), =z,2’ € X,
where f is a continuous function. Obviously, the domain of f is understood to be the diameter
set of X, that is,

D% ={o(z,2') : z,2’ € X},

while continuity on a semi-metric space is defined the same way it is so in a metric-space.
Depending on E and its metric structure, one may find convenient characterizations for the
positive definiteness of a function on £. One case that is somehow related to the present
work involves the case where E = R¢ without any metric structure but the function ¢ being
translation-invariant, that is,

ple,y) = fle—y), zyeR,
for some continuous function f : R¢ — R. In this case, a result of Bochner ([1]) shows that ¢ is
positive definite if and only if f is the Fourier transform of a finite and positive Borel measure
u,i.e.,

(1.1) f(z) = /R T Wy (w), xeRY

with - denoting the dot product in R
For two quasi-metric spaces (X, o) and (Y,v), we denote by PD(X x Y, 0,v) the class of
continuous functions ¢ : D% x DY — R such that the composite kernel

((z,9), (@",y') = plo(x,2), v(y,9),  (z,9), ('¢) € X XV,

is positive definite on X x Y. Analogously, we write PD(X, o) for the class of functions ¢ :
D% — Rbeing continuous and such that the kernel (z, z") — ¢(o(z, ")) is positive definite.

Next, let us recall the notion of complete monotonicity. A function f : (0,00) — R is called
completely monotone if it is infinitely often differentiable over (0,00) and (—1)"f(™(t) > 0 for
allt > 0and all n = 0,1,.... In this paper, we will assume all completely monotone functions
are bounded so that they have a continuous extension to [0, 00). In particular, f(0) < co. A
nonnegative function f : (0,00) — R having a completely monotone derivative is called a
Bernstein function. A Bernstein function can be continuously extended to [0, c0). Additional
information on completely monotone and Bernstein functions can be found in [20].

This paper deals with a class {G, : @ > 0} of continuous functions, where

1 t
12 @ t, = T~ | t7 2 )
-2 6ot = et (i) 0020
with f and h strictly positive and continuous. In principle, both functions f and h are defined
over [0,00), but they might be restricted to suitable subsets of [0, 00). Such a class has been
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especially popular in space-time geostatistics for the following reason: for d and [ positive
integers, f being bounded and completely monotone and h such that exp(—ch) € PD(R!, || - ||)
for all ¢ > 0, where || - || stands for the Euclidean norm, sufficient conditions for G, to belong to
the class PD(R? xR, ||-||%, || - |*) were given in [7]. The resulting class {G,, : « > d/2} is usually
called Gneiting’s class. For f being bounded completely monotone, necessary and sufficient
conditions on h have been provided by [30] in order that G, belong to PD(R? x Y, || - |12, || - [|v"),
where (Y, - |lyv) is a normed linear space. Porcu et al. ([15]) presented sufficient conditions
for G, to belong to the class PD (R% x S™, || - ||?,6,,), where 6,, is the geodesic distance over
S™. Sufficient conditions for G,, to belong to the class PD(S™ x R4, 0,,,| - ||?) for all d and m
were shown recently in [27]. In [21], Schlather has considered diagonalized versions Go (t) :=
G (t,t),t > 0, of G,. Minor modifications of G, within the class PD(R? xR, ||-||?, |-|) have been
proposed by [6] and [17]. Finally, [16] has considered the class PD(TT;—, R*,[|-||%,.... | - |*) on
the basis of a generalization of the function G,

The previous paragraph cannot be detached from a classical result proved by 1. J. Schoenberg
([23]) involving conditionally negative definite functions. Recall that for a quasi-metric space
(X, 0), a continuous function f : D% — R is conditionally negative definite on X, and we write
fe€CND(X,o0),if for n > 1 and points 1, ...,z in X, it holds

N
> cionf(o(zs,mi)) <0
jk=1

for all real numbers ¢, ..., ¢, satisfying Z;V=1 c; = 0.If (X, 0) is a quasi-metric space, a func-

tion h : D% — Rbelongs to CND(X, o) if and only if all the functions u € D% +— exp(—sh(u)),
s > 0, belong to PD(X, o). In particular, some of results described in the previous paragraph
can be re-established with the CND nomenclature.

Given the existing results, it is natural to ask for results that allow for a very general version
as well as for a unifying framework. The plan of this paper is the following. Section 2 provides
the necessary background, some preliminary results, a general abstract result that produces
functions in PD(R? x X, || - ||, ), where (X, 0) is quasi-metric and examples. In particular, the
results imply an alternative proof of the original Gneiting’s result that does not involve conver-
gence arguments. Section 3 contains expanded versions of Gneiting’s result and adaptations to
the case, where one of the spaces is (5™, 6, ).

2. PRELIMINARY FINDINGS

Positive definite functions of the type (1.1) that are additionally radially symmetric are
characterized as those functions f belonging to the class PD(R?, | - ||). Define the function
Qq : [0,00) — R through Q4(0) = 1 and the identity

2

(d—2)/2
(2.3) Qa(t) =T'(d/2) (t) Ja—2y2(t), t>0,

where J, is the Bessel function of first kind and order v. As showed in [23], the continuous
function f : [0,00) — R with f(0) = 1 belongs to the class PD(R?, || - ||) if and only if

f@=A Qulrtdutr), 020,

where (1 is a probability measure. Arguments in [5] show that € is the characteristic function
of a random vector being uniformly distributed over the unit spherical shell S¢~! embedded
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in R%. Also, a convergence argument in [23] reveals that the class (), PD(R?, | - ||) is uniquely
determined through scale mixtures of the type

2
7(t) = /[ ), 120
0,00

with 1 as before. This fact has a striking connection with completely monotone functions.
By Bernstein—-Widder’s theorem ([26]), a continuous function f : [0,00) — R restricts to a
completely monotone if and only if it is the Laplace transform of a positive and bounded mea-
sure [

(2.4) Ft) = /[O )e_rtdu(r), t>0.

In particular, this shows that f € PD(R?, || - ||) if and only if ¢ € (0,00) +— f(1/?) is completely
monotone.

For d a positive integer, let L} | denote the class of real measurable functions g on [0, o) for
which [ |g(r)|r?= dr < oc. The Fourier-Bessel transform Fy(g) of order (d — 2)/2 of a function
g € L} | is defined by

(2.5) Falg)(¥) = /000 g(r)Qd(tr)rd_ldr, t € [0, 00).

It is well-known that F,; maps continuously and injectively L} ; into the set Cy([0,0)) of
continuous functions on [0, c0) vanishing at infinity ([25, chapter 5]). On the other hand, the
fact that t € [0,00) — Qq(tr), 7 > 0, belongs to PD(R?,|| - ||), implies that the following
elementary result holds.

Proposition 2.1. If g : [0,00) — [0,00) belongs to L}, then Fy(g) belongs to PD(RY, || - |)).

A generalization of Proposition 2.1 is stated below and will turn to be very useful for the
findings following subsequently.

Theorem 2.2. Let (X, o) be a quasi-metric space. Let g : [0,00) x D% — R satisfy the following
assertions:

(i) g(-,u) belongs to L}, for any fixed uw € D%;
(ii) g(r,-) belongs to PD(X, o) for any fixed r > 0.

If the mapping (t,u) € [0,00) x D% — Fa(g(-,u))(t) is continuous on [0, 00) x D%, then it belongs
to the class PD(R? x X, || - ||, o).

Proof. Using Equation (2.5), the function F4(g(-,u)) can be written as

FalgCow)(®) = [ gl w)ultr)rtdr, () € [0,00) x DS,
0
which, in concert with Schur product theorem ([11, p. 455]), completes the proof. O

An implication of Bernstein-Widder’s theorem is stated below. More details can be found in
[14].

Proposition 2.3. Let (X, o) be a quasi-metric space. If f is bounded and completely monotone and h is
a nonnegative valued function in CND(X, o), then f o h belongs to PD(X, o).

Proposition 2.3 is very useful to discuss the following important example.
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Example 2.4. Let (X, o) be a quasi-metric space and d a positive integer. Let h be a nonnegative
valued function in CND(X, o). Then, we claim that

, etV h(u)
(t,u) € [0,00) X Dy — W
belongs to PD(R? x X, || - ||, o). To show it, let v > 0. We first recall the identity ([9, p. 678])
SRt/

/ ri?(r? 4 UZ)_(d+1)/2J(d72)/2(t7")d7“ v, t > 0.
0

T 247290 T ((d + 1)/2)

Resorting to Equation (2.3), and rearranging terms, we obtain

T2 9y —(dt1)/2 d—14. _ I'(d/2)ym
/0 (r? 4+ v?)~@TV2Q (tr)r?dr = S0 T((d+1)/2)’ v,t > 0.
Since the function on the right hand side is continuous, by letting ¢ — 0 we have that the iden-
tity above holds for ¢ = 0 as well. Since, for 7 fixed, v € (0,00) ~ (r? + v)~(@*1/2 js bounded
and completely monotone, if  is a nonnegative valued function in (X, o), then Proposition
2.3 shows that u € D% ~ (r? + h(u))~(4T1Y/2 belongs to PD(X, o). After ignoring positive
constants, we can invoke Theorem 2.2 to show our claim.

It might be interesting to note that this example does not belong to the Gneiting class G..
We now rephrase Theorem 2.2 according to the language of Fourier transforms. For an ab-

solutely integrable function F in R, its Fourier transform Fis given by the formula

Bl — 1 —iT Y d
F(x)_W/RdF(y)e dy, xe€R"

It is well known that if F' is radial, that is, F'(z) = f(||z||), for some function f : [0,00) — R,
then F is radial as well [5]. For a function G : R? x D — R, we write G (-,u) to denote the
Fourier transform of x € R? +— G(z,u), for a fixed u, whenever it exists. If G(-,u) is radial in
the first variable, that is,

G(z,u) = g(|zll,w), = €R?,

for some g and G(-,u) exists, then we may also write G(z,u) = §(||z||,u), for some function

g(-,u). This notation appears below.

Theorem 2.5. Let (X, o) be a quasi-metric space. Let G : R% x D% — R be radial in the first variable
and assume the following assumptions hold:

(i) g(-,u) belongs to L}, for any fixed u € D%;

(ii) g(r,-) belongs to PD(X, o) for any fixed r > 0.
If the mapping (t,u) € [0,00) x D% + g(t,u) is continuous on [0, 00) x D%, then it belongs to the
class PD(R? x X, || - ||, 0).
Proof. Theorem 5.26 in [29] shows that if g(-,u) € L} | for any u € D%, then g(| - ||,u) is

absolutely integrable in R¢. In particular, G(-, u) is well defined for any fixed u. Invoking again
Theorem 5.26 in [29], we have that

~ 9—(d—2)/2 J .
G(z,u) = Wﬂ(g(»u»(llx\l), r € R%u e D%.
An application of Theorem 2.2 completes the proof. O

An illustration of Theorem 2.5 follows.
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Proposition 2.6. Let (X, o) be a quasi-metric space and h a nonnegative valued function in the class

CND(X,0). For s > 0, let H be the function defined through

e—st2 /h(u)
h(u)d/2 ’

Then Hg belongs to PD(R? x X, || - ||, o) for all s.

(2.6) Hy(t,u) = (t,u) € [0,00) x D%.

Proof. We start by invoking the well-known identity ([1, p.13])

T2 = [ e e el 2, et
™ Rd
Elementary Fourier inversion allows to write
—[lvl[*/&h(u) 1 .
d/2¢€ _ —iv-w d.
22 e = G /]Rde Gllw], u)dw, veR%E S0,

where G : [0,00) x D% — Ris given through the identity

G(z,u) = e—sh(u)x2/47 x> 0;ue D%.
Since G is radial in the first argument, we can now write

g(r,u) = emshWr /4 500 D%.

Proposition 2.3 shows that ¢(r, -) satisfies Assumption (ii) in Theorem 2.5 for all » > 0. Assump-
tions (7) holds trivially, while for £ > 0 fixed, the function

N e /R () )
g(t,U)ZQ W, (t,u)e [O,OO)XDX,
is continuous. Theorem 2.5 shows that
—t? /R (u)
o d/2€
(t,u)e[O,OO)XDxHQ/W,

belongs to the class PD(R?x X, ||-||, o) for all positive . A change of variable of the type ¢ = 1/s
and the fact that we can ignore multiplicative positive constants complete the proof. O

Remark 2.7. The function H, provides a way to prove Gneiting’s theorem [7] by direct con-
struction, without resorting to Fourier transform techniques which in turn require integrability
assumptions and the application of a convergence argument.

Remark 2.8. Proposition 2.6 can be also proved by invoking Theorem 2.2, in concert with the
identity

o ) —st?/h(u)
/ O /4SQd(tr)rd*1dr = 2d*13d/2f(d/2)e 5> 0;t > 0;u € D%,
0

h(u)d/?2
that is derived from the equality (see [9, p.706])

oo 2 e*t2/4'U
/ pd/2e= 0" J(g—2)/2(tr)dr = t(d=2)/2 t,v > 0.

0 (2U)Q/2 ’
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Example 2.9. We use Formula 69 in Chapter 25 of [19]:

o0 2 $(d—=2)/2 d 2 2
(d+4)/2 —vr _ @ _ Ut/
/0 r e J(a—2)/2(tr)dr 5d/2,(d52))3 (2 4v> e , t,v>0.

Simple algebra manipulation as in the previous example leads to
© 2 _ T(d/2) (d 2\ e t'/%
2 —vr a1 _ .
/0 re Qq(tr)r®=dr = 5 <2_4v o v>0;t>0.

Replacing v by h(u)/(4s), with h € CND(X, o), yields that

- —st [h(u)
2 —h(U)T2/4S d—1 — d+1 _14d/2 @ _ st? e S
/0 re Qq(tr)r*=dr =T(d/2)2 s 2 " h(a) ) h)iaE

for s,t > 0 and u € D%. Theorem 2.2 now shows that

d st ) e=st”/h(u)

D 1+d/2 [ &
(t,u) € [0,00) x D% +— s > " hw) ) hwe

belongs to PD(R? x X, || - ||, o). We can also integrate with respect to s in order to see that

oo s 2 2
(t,u) € [0,00) x D} — W/o sl+d/2 (‘21 _ h&)) =5 /h(W) g 5)

also belongs to PD(R? x X, || - ||, o) as longs as y is a convenient measure on [0, c0). Again, this
example does not belong to the Gneiting class G,.

3. GNEITING CLASS: RESULTS

The following result is another implication of Bernstein-Widder’s theorem. As in Proposition
2.3, it can be extracted from [14].

Proposition 3.1. Let (X, o) be a quasi-metric space. Let g be a Bernstein function and h a nonnegative
valued function in CND(X, o). Then, exp(—c(g o h)) belongs to PD(X, o) for all ¢ > 0.

We are now ready to state and prove one of our main contributions.

Theorem 3.2. Let d be a positive integer and (X, o) a quasi-metric space. Let G, be the function
defined at Equation (1.2) with f being completely monotone. If a € (0,1] and o > d/2, then the
following assertions are true:

(i) Gq belongsto PD(R? x X, || - ||?¢, o) provided h is a nonnegative valued function in the class
CND(X,0);
(ii) G, belongs to PD(R? x X, || - ||?*, ) provided h := g o hy, where g is a positive Bernstein
function and h, is a nonnegative function in CND(X, o);
(iii) Gy belongs to PD(R? x X, || - |12, o%) provided b € (0, 1], h is a positive Bernstein function,
and (X, o) is isometrically embeddable in a Hilbert space.

Proof. Let us show Assertion (i) by invoking Proposition 2.6, which shows that H; in Equation
(2.6) defines an element of the class PD(R? x X, | - ||, o) for all s > 0. This in turn shows, in
concert with Bernstein-Widder’s theorem that

Gd/g(tQ,u)zh(ulW/ e~ 5t * / H(t,u)du(s)
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is also a member of PD(R? x X, || - ||, 0), and thus G4/2(t,u) € PD(R? x X, | - ||?,0). We now
observe that if i is a nonnegative valued function in CND(X, o), then the Laplace transform
identity
1 R
f:/ e Tds, x>0,
0

xT

shows that 1/h € PD(X, o), while the identity

o1 _ —s2 0| s
xa:</ sllelds> / ;Tds, x> 0;a€(0,1),
0 0

implies that h* € PD(X, o) for a € (0,1). To proceed, for o > d/2, write

1

Galtsw) = pre=ars

Gd/2(t7u)a t,u > 0,

and notice that Proposition 2.3 shows that

1
belongs to PD(X, o). Since it is an easy matter to verify that
1
2 e —
(1) € [0.00)* o>
belongs to PD(R? x X, | - ||, o), we may invoke the Schur product theorem in order to deduce
that G, € PD(R? x X, | - ||?,0), for @« > d/2. Finally, for any Hilbert space H, it is well-
known that the semi-metric space (H, || - ||*) is isometrically embeddable into (H, || - ||) itself.
Therefore, we have that G,, € PD(R? x X, || - ||2?, o). Assertion (ii) follows from (i) in concert

with Proposition 3.1. If (X, o) is isometrically embeddable in a Hilbert space, then the function
hi(u) = u? belongs CND(X, o). Consequently, so does kY, for b € (0, 1]. Thus, Assertion (ii1)
follows from (ii). O

In the last two results in the paper, we will employ the previous results in order to obtain
positive definite functions on S™ x X, where X is a quasi-metric space.

Theorem 3.3. Let m be a positive integer. Let G, be the function defined at Equation (1.2) with f being
bounded and completely monotone. Then, the following assertions hold:
(i) Gq belongs to PD(S™ x X, (2 —2cosb,,)%, o) provided (X, o) is a quasi -metric space, h is
a nonnegative valued function in CND(X,0), « > (m +1)/2and a € (0,1];
(ii) Gq belongsto PD(S™ x S!, (2 —2cos0,,)%,07) provided | > 1, « > (m+1)/2, a,b € (0,1]
and h is a Bernstein function.

Proof. Assertion (i) follows from the obvious identity
lz —yl|* =2 —2cos b, (x,y), z,y€S™,

in concert with Theorem 3.2-(). As for Assertion (ii), we first notice that (S, 611 / %) is isometri-

cally embeddable in (S, 9%2). On the other hand, arguments in [24] show that (S, 9(;/)2) is
isometrically embeddable in a Hilbert space. Thus, the assertion follows from Assertion (7) and
Theorem 3.2-(ii3). O
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It becomes natural to ask whether Theorem 3.3 still holds when the metric (2 — 2 cos ,,,)* is
replaced with the geodesic 6,,,. The answer seems to rely on a suitable choice of the completely
monotone function f in the definition of GG,,. Below, we show that it is true whenever o, s > 0,
f() = (s+t)~*and h belongs CND(X, o). Indeed, it suffices to observe that

0 _5_1;(}?()11))04 _ /OOO e tT o —sh(u)z a-1,,
Applying Proposition 2.3 once again, it is now seen that

()
(t+ sh(u))e
belongs to PD(S™ x X, 6,,,0). Finally, one needs to observe that

(3.7) (t,u) € [0,7] x D} —

1 1 t i
(t+ sh(u)> h(u)af (h(u)> =Ga(t,u), (t,u)€[0,7] x D%.

The elaborations above suggest that a special class of completely monotonic functions might
turn to be useful for the result that follows. Following [12], we call a function f : [0,00) - Ra
generalized Stieltjes function of order ) if

fly=C+ /00 e TTrA Lo (r)dr,

0
for some completely monotone function ¢ and some C > 0.

Theorem 3.4. Let m be a positive integer and (X, o) a quasi-metric space. Let G, be the function
defined at Equation (1.2) with f a generalized Stieltjes function of order A > 0. Then, G, belongs to
PD(S™ x X, 0y, 0) provided o > X and h is a nonnegative valued function in CND(X, o).

Proof. According to [20, p. 16], we can write

_ 1 > h(w)?
Genntt) = i (A4 [ Gatay Fa)
A 1 oo 1 N
T R h(w) /0 (rh(u) + t)AdT’ t>0;u € Dkje >0,

for some positive constant A and a convenient positive measure y on [0, c0). Since the function
in Equation (3.7) belongs to PD(S™ x X,0,,,0), when h is a nonnegative valued function in
CND(X, o), the same is true for

(t,u) € [0,7] x D% /OOO mdr.

Invoking Proposition 2.3 and taking into account that the class PD(S™ x X, 6,,,0) is a convex
cone, it follows that (¢, u) € [0, 7] X D% — Geya(t, u) belongs to PD(S™ x X, 0,,,0). The proof
is completed. O

Deeper results providing generalizations of Gneiting’s result via generalized Stieltjes func-
tions were obtained recently in [13]. In particular, it provides concrete examples of completely
monotone functions f that lead to classes {G,, : a > 0} of strictly positive definite functions.
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1. INTRODUCTION

In the sequel, N,Ny, R and R, denote the set of positive integers, the set of nonnegative
integers, the set of real numbers, and the set of nonnegative real numbers, respectively. For
two nonempty sets X and Y, YX denotes the class of all functions from X into Y.

Given a groupoid (G, o), the binary operation o is square-symmetric if

2(aob)=2a02b foralla,be .

Here 2a := aoa forall a € G. It is clear that every commutative semigroup is a square-
symmetric groupoid but the converse is not true. (In fact, let G := N be equipped with a binary
operation a o b := a + 2b for all a,b € G. Then (G, o) is a square-symmetric groupoid and
o is not associative.) Recall that a groupoid (G, o) is divisible if for each a € G there exists a
unique element o’ € G such that 2a’ = a. For convenience, we will write % := a’ or 1a := d'.
To simplify the notation, for each « in a groupoid G := (G, o) and each n € Ny, we write
2% := a and 2""'q := 2(2"a). If, in addition, G is divisible, then we also write 5 := a and
ST = % (2%) alln € Np.
Lemma 1.1. Suppose that (G, o) is a square-symmetric groupoid. Then, the following assertions are
true.

(1) 2"(aob) =2"a02"b forall a,b € G and all n € Ny.

(2) S=(aob) =2 oL foralla,b € Gandall n € Ny provided that G is divisible.

From now on, we assume that:
o G :=(G,0)and H := (H, ) are square-symmetric groupoids;
e (H,d) is a complete metric space such that = is continuous, that is,
limpg 00 d(ug * v, u * v) = 0 whenever limy_, oo d(ug, u) = limg_, oo d(vg,v) = 0;
e v:G x G — Ry isa function.

Received: 25.02.2020; Accepted: 31.05.2020; Published Online: 31.05.2020
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To study the stability of a Cauchy functional equation, we define the following class:

C(GH, ) = {f € HO 1 d(f(woy), f(@) « f(y) < play) forall 2,y € G}.
Now, we introduce the stability concept of a functional equation as follows.

Definition 1.2. The Cauchy functional equation from G into H is said to be -stable if the class
¢(G, H, p) satisfies the following property:

there exists a function ® € RS such that for every f € €(G, H, ) there exists a
unique function F' € € (G, H,0), that is, F(z oy) = F(x) = F(y) forall x,y € G,
such that

d(F(z), f(z)) < ®(z) forallz € G.
In this case, we also say that the class € (G, H, ¢) is p-stable with respect to ®.

In 1940, Ulam [17] proposed a problem concerning the stability of the Cauchy functional
equation from a group G into a metric group H. A year later, Hyers [10] was the first mathe-
matician who answered Ulam’s problem if G and H are Banach spaces. Many generalizations
of Hyers’ result have been studied [1, 8, 9, 15]. Inspired by the notion of square-symmetry,
Péles et al. [12] and Kim [11] proved some stability results of the Cauchy functional equa-
tion from square-symmetric groupoids into metric square-symmetric groupoids based on the
control function proposed by Gavruta [9].

We now recall the following conditions given by Kim [11]. A triplet (G, H, ¢) satisfies

Condition (K1): if the following two conditions hold:

(Kla) H := (H, ) is divisible;

(K1b) there exists a real number v > 0 such that d(§, §) < vd(u,v) for all u,v € H and
P(z,y) =2 prg V¥ e(2F 2, 2%y) < o forall z,y € G;

Condition (K2): if the following two conditions hold:

(K2a) G := (G, o) is divisible;

(K2b) there exists a real number v > 0 such that d(2u, 2v) < vd(u,v) for all u,v € H and
Pz, y) =Y 1o (%, %) < ocoforallz,y € G.

The following stability result was proved by Kim [11].

Theorem K. If (G, H, ) satisfies either Condition (K1) or Condition (K2), then the Cauchy functional
equation from G into H is p-stable. Moreover, the class € (G, H, ) is p-stable with respect to ®, where

() = {’ygo(:ﬂ, x) if (G, H, p) satisfies Condition (K1);

~@(a,x) if (G, H, ) satisfies Condition (K2);

forallx € X.

The authors were informed by the referee that Theorem K with Condition (K1) is related to
the result of Forti [7].

Remark 1.3. According to Theorem K, for each f € € (G, H, ), the function F' € (G, H,0) is
uniquely determined by

F( limy o0 5% f(282) if (G, H, ) satisfies Condition (K1);
xr ==
limy o0 27 f (&)  if (G, H, ) satisfies Condition (K2);

forall z € X.
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A concept of set-valued functions in Banach spaces have been developed in the last decades.
The result concerning the set-valued functional equation (a functional equation whose solu-
tions are set-valued functions) seems to be pioneered by Aumann [3] and Debreu [2]. We recall
the following: Suppose that X := (X, || - ||) is a real normed space. We define

P(X):={A: Aisasubset of X};
BCC(X) :={A e P(X)\{@} : Aisbounded, closed, and convex}.

For each A, B € BCC(X) and X € R, we define:

A®B:=cl{a+b:a € Aand b € B} (cl := the closure);

M :={la:a€ A};

H(A, B) := max{sup,c 4 infoep ||a — b||, supyc g infaca |ja — b[|};
diam A := sup, 44 |la —a'[|.

It is worth mentioning that in the definition of @ the closure is needed because {a + b : a €
A and b € B} does not necessarily belong to BCC(X) if A, B € BCC(X) [14, Theorem 2.1].

By using the fixed point alternative method proposed by Diaz and Magolis [6], Park et al.
[13] proved some stability results of the Cauchy functional equations from a real normed space
X into a complete metric commutative semigroup (BCC(Y'), &), where Y is a Banach space.

In this paper, we first show that the results of Park et al. [13] for the Cauchy functional
equation from a real normed space X into (BCC(Y'),®) (where Y is a Banach space) is a con-
sequence of Theorem K. In addition, inspired by the work of Kim [11], we prove the stability
results of the Jensen functional equations by using a modified Brzdek’s fixed point theorem
[16]. We also point out that the stability result of Jensen set-valued functional equations can
be derived from that of the corresponding on certain groupoids. Roughly speaking, we obtain
the stability result of the Cauchy “set-valued” functional equation and that of the Jensen “set-valued”
functional equation from the corresponding results of the “single-valued” version.

2. MAIN RESULTS

2.1. Stability of Cauchy set-valued functional equations via that of Cauchy single-valued
functional equations. We first recall the following properties.

Lemma 2.1. Let X be a real normed space. Suppose that A, B,C, D € BCC(X) and A\, n € Ry.. Then,
following assertions are true.

(a) A® B € BCC(X)and MA € BCC(X).

(b) MA@ AB=AA®B)and (A + p)A = A& pA.

(0 HA® C,B® D) < H(A,B)+H(C, D).

(d) |diam A — diam B| < 2H(A, B).

(e) H(AA,AB) = AH(A, B).

(f) If X is a Banach space, then (BCC(X), &, H) is a complete metric divisible commutative semigroup

(see [5]).

We obtain the following proposition as a consequence of Lemma 2.1(d).

Proposition 2.2. Suppose that X, Y are two real normed spaces and f : X — BCC(Y') is a function.
Then, the following assertions are true.
(i) If limgoo diam f (2Fz) /2% = 0 for all z € X, then F(z) := limy_,oo f(2%2)/2% is single-
valued for all x € X.
(i) If limj_oo diam 2 f (2/2%) = 0 for all x € X, then F(z) := limj_,o0 2 f (x/2%) is single-
valued .
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By using Lemma 2.1(f), we obtain the main results of Park et al. [13, Theorems 2.2 and 2.3]
as a consequence of Theorem K.

Corollary 2.3. Suppose that X is a real normed space and Y is a real Banach space. If there exists
L € (0, 1) and one of the following conditions is satisfied:

(1) p(z,y) <2Lp (£, %) forall z,y € X;

2 o(z,y) < $o(2z,2y) forall z,y € X,

then the Cauchy functional equation is p-stable in the class of set-valued functions € (G, H, ). More-
ovet, the class € (G, H, ) is p-stable with respect to ®, where

D(z) == 35z #(x,0) if (1) holds;
T L . i
525 (7,0) if (2) holds;
forall x € X. In addition, if f € €(X,BCC(Y), ) and there exist positive real numbers M and o

such that: diam f(z) < M||z||* forall x € X, where o € (0, 1) if (1) holds; or o € (1, 00) if (2) holds,
then the set-valued function F given by Remark 1.3 is single-valued.

2.2. Stability of the Jensen functional equations and some results for Jensen “multi-valued”
functional equations. Throughout this subsection, we assume that a square-symmetric groupoid
G := (G, o) has an identity eg. We define the following two classes of functions (we remark
that in the second class the divisibility of G is required):

,_ d2f (zoy), f(2x) x f(2y)) < ¢(x,y) forall z,y € G and
21(G H,p) = {feHG. f(eg)*f(:r)Zf( V= f(2) f(eq) forall z € G }

o(G,H,p) = HE - (Qf( )7f() ()) o(x,y) forall z,y € G and }
- 7 {fe f(eG)2 x f(z) = f(x) = f(x) x fleg) forallz € G

We now introduce the stability notion of the Jensen functional equations as follows.

Definition 2.4. The Jensen functional equation of the first (second, resp.) kind from G into H is
said to be ¢-stable if the class _#1(G, H, ) (_#2(G, H, @), resp.) satisfies the following property:
there exist a function ® € RY such that forevery f € _#1(G, H, @) (f € #2(G, H, ),
resp.) there exists a unique function ' € _#,(G,H,0) (F € #5(G, H,0), resp.), that
is, 2F(z oy) = F(2z) x F(2y) forall z,y € G 2F(5Y) = F(x) * F(y) for all

x,y € G, resp.), such that

d(F(z), f(z)) < ®(x) forallz € G.
In this case, we say that the class _#1(G, H, ¢) (_72(G, H, @), resp.) is p-stable with respect to ®.

Brzdek [4] proved a fixed point theorem for the stability result of the Cauchy functional
equation on a commutative semigroup. Later, Saejung and Senasukh [16] modified Brzdek’s
fixed point theorem and also proved some stability results of some functional equations on
restricted domains. The proof of the following fixed point theorem is similar to the one given
by Saejung and Senasukh [16], so it is omitted.

Theorem 2.5. Suppose that X is a nonempty set and (Y, d) is a complete metric space. Suppose that
T:YX 5 YXand 0: X — X are mappings and there exists « € R* such that

d(T€)(x), (Tp)(z)) < ad(€(0(x)), w(0(x))) forall &, p € Y™¥andall x € X.
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If there exists a mapping ¢ : X — Y such that

2.1) Zd Tro) (), (TF ) (2)) < 0o forall z € X,

then T has a fixed point ) € YX such that
d(y(z), p(x)) <e*(z) forallz € X.
Moreover, (x) = limy— o0 (T ) (z) forall x € X.

As a consequence of our fixed point theorem (Theorem 2.5), we first obtain the following
stability result of the Jensen functional equation of the first kind.

Theorem 2.6. If (G, H, ) satisfies either Condition (K1) or Condition (K2), then the Jensen functional
equation from G into H is yp-stable. Moreover, the class #1(G, H, p) is @-stable with respect to ®,
where

L&(x,eq) if (G, H, ) satisfies Condition (K2);

o (x) {’y@(x,eg) if (G, H, ) satisfies Condition (K1);
x) =
~

forall x € X.
Proof. We first suppose that (G, H, ¢) satisfies Condition (K1). Let f € _#1(G, H, ¢) be given.
Set X := (G,+) and Y := (H, *,d). Define mappings 7 : YX — YX and 6 : X — X by
1
(T¢)(z) == 55(%) and 6(z) =2z

forall ¢ € YX and all 2 € X. We also let o := ~. For each &, 1 € YX and each 2 € X, we see
that

d((TE) (), (Tu)(2)) <d(§(22), p(22)) = ad(§(6(x)), u(0)(2))-
We show that the following inequality holds for all n € Ny;
(22) d2(T"f) (@ oy), (T"f) 2z) « (T"f) (2y)) < "¢ (2"z,2"y) forallz,y € X.

The case n = 0 is trivially true. Suppose that (2.2) is valid for some k£ € Ny. Let z,y € X.
Because of Condition (K1), we have

4 (ATH1F) (o) (T 1) (20) » (TH15) (20)
— (5T 1) (200 2). 5(TH) (220)) 5741 220)

< v(YFe(28(22),2%(2y)) = AF T (25 e, 2K y).

This shows that (2.2) is valid for all n € Ny for all z € X.
Let k € Ny and = € X be given. We have

Zd ’Tk ), (TFHL ) (2 <’yZ’ygp xeG

It follows from Theorem 2.5 that 7 has a fixed point F' : X — Y such that
d(F(z), f(z)) <e*(z) <vp(x,eq) forallx € X.

Moreover, F(z) = limy o0 (7% f)(2) = limp—o0 57 f(2"2) for all z € X. The continuity of * and
(2.2) imply that
2F (xoy) = F(2z) * F(2y) forallz,y € X.
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We finally prove the uniqueness part. To prove this, suppose that there exist a function
F e #,(G,H,0)and a constant C' > 0 such that

d(F(z), f(z)) < C@(z,eq) forallz e X.
For each k£ € Ny and each z € X, we first note that
1 ~ 1 ~
F(z) = o F (2%) and P(x) = 5 F (2%2).
We consider

d(F(x), F(x)) <d (;,cF (2Fz) ,Q%f (2%)) +d (;;f (2Fz) ,Q%f (2%))

<A+ 025z, e0) = (v+C) D Ao (2w, eq) .
i=k

By letting k — oo, we get F(z) = F(z).
With the similar method, we can prove the result if (G, H, ¢) satisfies Condition (K2). O

Remark 2.7. According to Theorem 2.6, foreach f € #,(G, H, ¢) the function F' € _#,(G, H,0)
is uniquely determined by f as in Remark 1.3.

The following two examples show that the bound ®(z) in Theorem 2.6 is optimal in some
particular cases.

Example 2.8. Let G := (Ry,+) and H := (R, +,d), where d(z,y) := |z —y| forall z,y € H, and
[+ G — H be defined by f(z) := /x forall z € G. We see that

d(2f(x 0y), f(20) * F(2y)) = |2V F§ — VEr — /2| := play) forall,y € G.

Then f € _#1(G, H, ) and (G, H, ¢) satisfies Condition (K1) with v = % For each z € G, we
also note that

P, 0) = Z ik F2,0) = Z:?_k/%(a%()) = (24 V2)(x,0).

=0
Note that F'(z) = 0 and <I>(m vo(x,0) = /x = f(z) forallz € G.

Example 2.9. Let G := (R,+), H := (R,+,d) (where d is defined as in Example 2.8), and
f : G — H be defined by f(z) := z? for all z € G. We see that

d2f(z oy), f(2x) * £(2y)) = 2(x —y)? := ¢(x,y) forallz,y € G.
Then f € #5(G, H, ) and (G, H, ) satisfies Condition (K2) with v = 2. For each z € G, we

note that -
sz (55:0) = D27 ¢ (@,0) = (x,0).
k=1

Note that F(z) = 0 and ®(z) = +5(z,0) = 3¢(z,0) = 22 = f(z) forall z € G.

By using Theorem 2.6, we obtain the following stability result given by Park et. al. [13,
Theorems 3.4 and 3.5] as a consequence.

Corollary 2.10. Suppose that X is a real normed space and Y is a real Banach space. If there exists
L € (0, 1) and one of the following conditions is satisfied:

(1) ¢(z,y) <2Lp (%£,%) forall z,y € X;
) o(z,y) < Lo(22,2y) forall z,y € X,
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then the Jensen functional equation is @-stable in the class of set-valued functions #5(X,BCC(Y), ¢).
Moreover, the class _#2(X,BCC(Y'), v) is p-stable with respect to ®, where

L2, 0) if (1) holds;
o) = {Ew(z,O) if (2) holds;

forall x € X. In addition, if f € #2(X,BCC(Y), v) and there exist positive real numbers M and o
such that: diam f(z) < M||z||* forall x € X, where o € (0, 1) if (1) holds; or o € (1, 00) if (2) holds,
then the set-valued function F' given by Remark 1.3 is single-valued.

Proof. Let (G,0) := (X,+) and (H,*,d) := (BCC(Y),®,H). We define ¢y : G x G — Ry by
Y(z,y) == p(2z,2y) forall z,y € G. It is easy to see that

e if (1) holds, then (2%, 2*y) < (2L)**1p(z,y) forall z,y € G and all k € Ny;
o if (2) holds, then ¥ (&, %) < (L/2)* " ¢(x,y) forall z,y € G and all k € N,.

It follows that (G, H, ) satisfies Condition (Ki) if (i) holds where i=1, 2. It follows from Theo-
rem 2.6 that the class _#>(X, BCC(Y), ¢) is -stable with &. O

Final remark: The stability of set-valued functional equations inherited by that of the single-
valued corresponding equations on appropriate structures.
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