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results. As special cases, we give summation formulas of Tribonacci, Tribonacci-Lucas,
Padovan, Perrin, Narayana and some other third order linear recurrance sequences. All
the summing formulas of well known recurrence sequences which we deal with are linear
except the cases Pell-Padovan and Padovan-Perrin.

1. Introduction

In this work, we investigate linear summation formulas of generalized Tribonacci numbers. Some summing formulas of the Pell and
Pell-Lucas numbers are well known and given in [11, 12], see also [9]. For linear sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci
and Hexanacci numbers, see [10,24], [8,16], [21, 31], [22], and [23] respectively. First, in this section, we present some background
about generalized Tribonacci numbers. The generalized Tribonacci sequence {W,(Wo, Wi, Wa;r,s,t) } >0 (or shortly {W), },>0) is defined as
follows:

Wo=W,_ 1 +sW, o +tW,,_3, Woy=a,Wy=bW,=c¢, n>3 (1.1)

where Wy, W|, W, are arbitrary complex numbers and r, s, are real numbers. The generalized Tribonacci sequence has been studied by many
authors, see for example [2,3,5,7,14,15,17,18,19,26,27,28,29,30].

The sequence {W,, },>0 can be extended to negative subscripts by defining
s r 1
Won==-W_u1) = TW_(u2) + T W_(u3)

forn=1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

If weset r=s=1¢=1and Wy =0,W; = 1,W, =1 then {W,} is the well-known Tribonacci sequence and if we set r =s = =1 and
Wo = 3,W) = 1,W, =3 then {W,,} is the well-known Tribonacci-Lucas sequence.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tribonacci, Tribonacci-Lucas, Padovan
(Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas. In literature, for example, the
following names and notations (see Table 1) are used for the special case of r,s,¢ and initial values.

Email address: yuksel_soykan @hotmail.com, (Y. Soykan)
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Sequences (Numbers)

Notation

OEIS [20]

Tribonacci
Tribonacci-Lucas

third order Pell
third order Pell-Lucas

{Tn} = {Wn(0717 1,17171)}

(Ko} = {W,(3,1,3:1,1,1)}

(PP} = (W,(0,1,2:2,1,1)}
(0} = (W,(3,2,6:2,1,1)}

A000073, A057597
A001644, A073145

A077939, A077978
A276225, A276228

third order modified Pell (ESY = (W,(0,1,1:2,1, 1)} A077997, A078049

Padovan (Cordonnier) {P,} ={W,(1,1,1;0,1,1)} A000931
Perrin (Padovan-Lucas) {E,} ={W,(3,0,2;0,1,1)} A001608, A078712
Padovan-Perrin {S,} ={W,(0,0,1;0,1,1)} A000931, A176971
Pell-Padovan {Rn} ={W,(1,1,1;0,2,1)} A066983, A128587

Pell-Perrin {Cn} = {W,(3,0,2;0,2,1)} -

Jacobsthal-Padovan {0n} ={W,(1,1,1;0,1,2)} A159284

Jacobsthal-Perrin (-Lucas) {Dy} ={W,(3,0,2;0,1,2)} A072328

Narayana {Nn} = {W,(0,1,1;1,0,1)} A078012

third order Jacobsthal (I = W, (0,1,1:1,1,2)} A077947

third order Jacobsthal-Lucas {j,(,3)} ={W,(2,1,5;1,1,2)} A226308

Table 1: A few special case of generalized Tribonacci sequences
Note that the sequence {C,} is’t in the database of http://oeis.org [20], yet.

2. Sum formulas of Generalized Tribonacci Numbers with Positive Subscripts

The following Theorem presents some linear summing formulas of generalized Tribonacci numbers with positive subscripts.
Theorem 2.1. For n > 0, we have the following formulas:
(@) (Sum of the generalized Tribonacci numbers) If r +s+1t —1 # 0, then

Zn: W, — Wiz +(1=rWop2 +(1—r=s)Wy 1 —Wa+ (r=1)Wi +(r+s— )W
= rstr—1 '

(b) If2s4+2rt+12 =2 +12—1=(r4s+1—1)(r—s+1+1) #0 then

iW (=S D)Wapgo + (1 + 1) Wayp g + (82 + 1) Way + (— L+ 5)Wa + (=t — rs)Wy + (— 1+ 72 — 52 + 1t +25)Wp
= 2= (r+s+t—1)(r—s+t+1)

and

i Wor 1 — (r+)Wapio + (s — s> + 12 4+ 11)Wap 1 + (t — st)Way + (—r — )W+ (=1 + 5+ + rt)Wy + (—t +51)Wp
& e = (r—s+t+1)(r+st+1—1) '

©) Ifr+t#0,s=1 then

n
1
Y Wak = —— (W1 +1tWay — Wi +rWp)
=0 r+t

and

n
1
Z Waks1 = —— Wapg2 +tWapy g — Wa +1Wp).
=0 r+t
Note that (c) is a special case of (b).
Proof.

(a) Using the recurrence relation

Wy =Wy 1 +sW, 2 +tW,_3

tWy 3 =W, —rW,_1 —sW,,_»
we obtain
tWo = W3 —rW, —sW,
tW) =Wy —rWz —sW,
tWy = Ws —rWy —sWj

tWy—1 =Wy — Wy —sWy
tW, = Wn+3 — rW,H_z — SWIH-I .
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If we add the equations by side by, we get

Z": W, — Witz +(L—r)Wopo + (1 —r—s)Wyp 1 —Wo+ (r— Wi + (r+s— HWp
= rsti—1 '

(b) and (¢) Using the recurrence relation

W =1Wy—1 +sWy—2 +tW,_3

Wy 1 =Wy—sWy 2 —tW, 3
we obtain

W3 = Wy —sWp —tW;
rWs = Wg —sWy —tW3

Wont1 = Wapgo — sWoy —tWoy— 1.
Wont3 = Wapga — sWop o — tWopy g

Now, if we add the above equations by side by, we get
n n n n
r(=Wi+ Y Wa1) = Wanso —=Wa = Wo+ Y W) —s(—Wo+ Y War) —t(=Wanp1 + Y, W) 2.1
k=0 k=0 k=0 k=0

Similarly, using the recurrence relation

Won=1rWy_1 +sWy_2 +1W,;_3

Wyt =Wy —sWy_a —tW,_3
we write the following obvious equations;
rWo = W3 —sW) —tWy

Wy = Ws —sW3 —tW,
W = W7 — sWs —tW,y

Woy = Wopp1 —sWap1 —tWo, 2
Wouio = Wapyz —sWap 1 —tWay.

Now, if we add the above equations by side by, we obtain
n n n n
r(=Wo+ ), War) = (Wi + Y Wap1) = s(=Wani1 + Y War1) —1(=Wan + Y War). (2.2)
k=0 k=0 k=0 k=0

Then, solving the system (2.1)-(2.2), the required results of (b) and (c) follow.

For another proof (using mathematical induction) of the formula in Theorem 2.1 (a), see [4].
Taking r = s =t = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.

Proposition 2.2. Ifr =s =1t =1 then for n > 0 we have the following formulas:
@ Yo We =3 (W3 = Wai1 = Wa+Wo).

(b) Y7o Wa = 3 (Waps1 +Way, — Wi +Wp).
© YioWay1 = %(szz +Wopp1 —Wo 4+ Wp).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Tribonacci numbers (take W,, = T, with
To=0T1=1,T,=1).

Corollary 2.3. [8,16]For n > 0, Tribonacci numbers have the following properties.

@ YTk = 5(Tuss — Toer — 1)

() T oTok = 5 (Tons1 + Ton = 1).

(© Yookt = 3 (Donia + Toni1)-

Taking W, = K,, with Ky = 3,K;| = 1, K, = 3 in the above Proposition, we have the following Corollary which presents linear sum formulas
of Tribonacci-Lucas numbers.
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Corollary 2.4. [8,16]For n > 0, Tribonacci-Lucas numbers have the following properties.

(a) ZZ:() Ky = %(Kn+3 —Kup1)-

(b) Y7o Ko = 5 (Kans1 + Koy +2).

(© Xi_oKoir1 = 3 (Konso + Kong1 —2).

Taking r = 2,5 =1, = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.
Proposition 2.5. [25]If r =2,s = 1,t = 1 then for n > 0 we have the following formulas:

@) Lo Wi =3 Wars = Wg2 —2Woi1 = Wa Wi +2Wp).

(b) YioWau = % (Wany1 +Wa, — W1 +2W) .

(©) X oWar1 = 3 (Wapso+Waps1 —Wa +2W7).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order Pell numbers (take W,, = P,E3)
with P¥ = 0,P = 1,P) = 2).

Corollary 2.6. [25]For n > 0, third-order Pell numbers have the following properties:

@ TP =35 — P —280 - ).
(b) Zk -0 2k = (Pz( +1+P2(> 1).

3
(©) Xy oF: 2(k)+1 %(Pénzrz JrPz(nza)

m\._. m\._

Taking W,, = Q,(13) with Q(()3) =3, QE3> =2, Q;3) = 6 in the last Proposition, we have the following Corollary which presents linear sum
formulas of third-order Pell-Lucas numbers.

Corollary 2.7. [25]For n > 0, third-order Pell-Lucas numbers have the following properties:

(a) ZZ:() Q/(( (Qn+'i n+2 - 2Qn+l +2).
(b) Y4 0Q2k = 10! 2n+1 + QZn +4)
(©) Xi_ Q2k+1 %(Q2n+2 + Q2n+1 2).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order modified Pell numbers (take
W, = B with E§) = 0,E) = 1, B = 1),

w\'—‘ m\—

Corollary 2.8. [25]For n > 0, third-order modified Pell numbers have the following properties:

@ TioE) =3B —EC, —2E7)).
(b) Z %(Eén-&-l +E§n> - 1)
(3) _ 103 (3)
(© ):k 0B = 3(Egn tEy +1)
Taking r = 0,5 = 1, = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.
Proposition 2.9. Ifr=0,s = 1,1 = 1 then for n > 0 we have the following formulas:
(@ Y oWi=Wyi3 + Wy —Wo —Wp.
(b) Zk:O Wor = Wap 1 +Wo — Wi
©) YioWaks1 =Woupo +Wopy g —Wa.

From the last Proposition, we have the following Corollary which gives linear sum formulas of Padovan numbers (take W,, = P, with
Pbh=1P=1,P=1).

Corollary 2.10. [1] For n > 0, Padovan numbers have the following properties.

@ Yi oPk =Pz +Bg2—2.
(b) Xi_oPok = P11 +Pop— 1.
©) YioPut1 =Pui2+Pyp— 1

Taking W, = E,, with Ey = 3,E5 = 0, E; =2 in the last Proposition, we have the following Corollary which presents linear sum formulas of
Perrin numbers.

Corollary 2.11. [1] For n > 0, Perrin numbers have the following properties.

(a) ZZ:() Ey=E, 3 +E;40—2.
(b) Yi_oEx = Ext1 +Eny.
(© Yi_oExu+1 =Eonya+Expg1 —2.

Taking W,, = §,, with Sp = 0,52 = 0,5, = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan-Perrin numbers.

Corollary 2.12. For n > 0, Padovan-Perrin numbers have the following properties.
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@ Y7 oSk =Sn3+ S — L
(b) Y7ok = Sont1+S2u.
(©) Yi_0S2%+1=Somi2+S2p1— 1.

If r=0,5s =2,f =1 then (r —s+¢+1) = 0 so we can’t use Theorem 2.1 (b). In other words, the method of the proof Theorem 2.1 (b) can’t
be used to find Y7, Wy and Y7 Woy 1. Therefore we need another method to find them which is given in the following Theorem.

Theorem 2.13. Ifr =0,5s =2,t =1 then for n > 0 we have the following formulas:

@ Y oW =3 Wps3+Wigo = Wop1 —Wo = Wi +Wp).
(b) Yi_oWar = Wauy1 +(Wa — W) —Wo) n+Wo — Wy
© YioWay1 = % (Wapa3 +Wopio —Wopi 1 +2n(—Wa + Wy + W) —Wo + W) — W) .

Proof.

(a) Taking r =0,5s =2, =1 in Theorem 2.1 (a) we obtain (a).
(b) and (¢) Using the recurrence relation

Wn=2Wy 2+ W, 3

we obtain

0
Z Wo =Wo
k=0
1
Y Wk =Wo+Wo =W+ W, —2W,
k=0
2
Y Wo = Wo + W + Wy = Ws +2W, —3W, — W,
k=0

n
Y Wk =Waui1 + (Wo =Wy — W) n+ Wy — Wy
fary

This result can be also proved by mathematical induction. Note that from (a) we get

n
Y Wi =

n
(Wans3 +Wango + Waps1 —Wo = Wi +Wp) — Y Wiy
k=0 k=0

N =

Now, (c) follows from the last equation.

From the above Theorem we have the following Corollary which gives sum formulas of Pell-Padovan numbers (take W,, = R, with
Ry=1,Ri=1,R,=1).

Corollary 2.14. For n > 0, Pell-Padovan numbers have the following property:

(a) ZZ:() Ry = % (Ry3+Ruy2 —Ryp1—1).
(b) Xi_oRou =Ropy1—n.
(©) X4 oRokr1 =3 (Raps3+Ropsa —Ropy1 +2n—1).

Taking W,, = C,, with Cy = 3,C; = 0,C, =2 in the last Theorem, we have the following Corollary which presents sum formulas of Pell-Perrin
numbers.

Corollary 2.15. For n > 0, Pell-Perrin numbers have the following property:

@ Y_oCr =3 (Cur3+Crya—Copi+1).
(b) ZZ:O Gy =Copp1 —n+3.
(© Xi oCour1 = 3 (Con3 +Consr — Cong1 +2n—5).

Taking r = 0,5 = 1, = 2 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.

Proposition 2.16. Ifr =0,s = 1,t = 2 then for n > 0 we have the following formulas:

@) Y7 Wi =3 Wiz +Wyyo —Wo—Wy).
(b) LWt = 3 (Wapy1 +2Wa, —Wi).
(©) Xi_ oW1 = 3 (Wapso +2Ways1 —Wa).

Taking W, = Q,, with Qp = 1,01 = 1,0, = 1 in the last Proposition, we have the following Corollary which presents linear sum formulas of
Jacobsthal-Padovan numbers.

Corollary 2.17. For n > 0, Jacobsthal-Padovan numbers have the following properties.

@ Y7 o0k=1(0ni3+0n2—2).
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(b) Y} Q= 3 (Qons1+200—1).
(©) YF_oOus1=%(Qani2 420041 —1).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-Perrin numbers (take W,, = D,
with Dg =3,D; = 0,D, =2).

Corollary 2.18. Forn > 0, Jacobsthal-Perrin numbers have the following properties.
@) Y{_oDk = 3 (Dns3+Dui2—2).

(b) Y7 Dok = % (Dans1 +2D2y).
(©) Xi oDur1 = 3 (Dopso+2D2ui1 —2).

Taking r = 1,5 =0, = 1 in Theorem 2.1 (a) and (c), we obtain the following Proposition.
Proposition 2.19. Ifr=1,5 =0, = 1 then for n > 0 we have the following formulas:
(@) YioWi =Wyi3—Wa.

(b) X7 _oWap = L (Wanio + Waps 1 +2Wa, — Wa — Wy + Wp).

(©) Xi_ oW1 = 3 (2Wayyo +2Ways | + Way —2Wa + Wy —Wp).

From the last Proposition, we have the following Corollary which presents linear sum formulas of Narayana numbers (take W,, = N,, with
No=0,Ni =1,N, =1).

Corollary 2.20. For n > 0, Narayana numbers have the following properties.

(@ Yi_oNe=Np3—1.

(b) Yj_oNok = 5 (Naws2 +Nows1 +2N2, —2).

(©) X4 _oNokr1 = 3 (2Naus2 + 2Ny +Noy — 1).

Taking r = 1,5 = 1, = 2 in Theorem 2.1 (a) and (c), we obtain the following Proposition.
Proposition 2.21. Ifr=1,s = 1,t = 2 then for n > 0 we have the following formulas:
@) YWk =5 (Wr3 =Wy 1 = Wa +Wp).

(b) T oWak = 5 (Waps1 +2Wa, — Wi +Wp).

© Lo Watrt = 5 (Wana +2Wapi ) —Wa +-Wy).

Taking W,, = J,§3> with Jé3) = 07153> = LJé3> = 1 in the last Proposition, we have the following Corollary which presents linear sum formulas
of third order Jacobsthal numbers.

Corollary 2.22. For n > 0, third order Jacobsthal numbers have the following properties.

O yEVSES [V E)

n+3 n+1
(b) Xi_o Iy = 405 205 ~ ).

L 3 3
(© ):kzojékl—l =3 (Jén)JrZ +2‘]§n)+1)'

From the last Proposition, we have the following Corollary which gives linear sum formulas of third order Jacobsthal-Lucas numbers (take
W i with i@ =2 1 ¥ _s
= Jn With jj A ) )-
Corollary 2.23. For n > 0, third order Jacobsthal-Lucas numbers have the following properties.
.(3 .(3 .(3
@ 16 5 i = $0ls =iy —3).
.(3 .(3 .(3
(b) ZZ:Ojék) = %(jén)ﬂ +2]£n) + 1)

(© Yi_o jg)ﬂ = .%(fgllrz + ZJSL)H —4).

3. Sum formulas of Generalized Tribonacci Numbers with Negative Subscripts

The following Theorem presents some linear summing formulas (identities) of generalized Tribonacci numbers with negative subscripts.

Theorem 3.1. For n > 1, we have the following formulas:
(@) (Sum of the generalized Tribonacci numbers with negative indices) If r+s+t — 1 # 0, then
Z”: Wos —(r+s+0)W_ 1 —(s+O)W_py o —tW_, 3+Wo+ (1 —=r)Wi+(1—r—s)Wy
—k —
k=1

r+s+t—1
®) If (r+s+t—1)(r—s+t+1)#0 then

i W — (P OW g + (PPt s—DWogp 4 (st =)W oy + (1 =)W+ (t +r)Wy + (1 —rt — 25 — 2 4+ 52) W
k=1 e (r+s+t—1)(r—s+r+1)

and

- (=W = ()W = (P4 rt)Wogy 1 + (r+)Wa + (1 =12 —rt —s)Wy + (£ —s1)Wp
k=1 (r+s+t—1)(r—s+t+1) :
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© If(r+s+t—1)(r—s+t+1)#OAr+t=0As# 1 then

i Wy — —W_ oy —tW_ oy 1 + W +tW) + (1 —5)Wy
B s—1
k=1 $

and

n
Y Wookir = 1 (—W_ont1 —tW_op + W +1Wp) .
=1

Note that (c) is a special case of (b).
Proof.

(a) Using the recurrence relation

S
Wiz =W o +sW_,  +tW_, = W_,, = —-W.

r 1
=1~ 7 Wen-2) T Wo(a3)
i.e.
W =W_pi3— rW—n+2 —sW_nt1
or
1 r s
Won=-Wopz—-Wopo— Wi

t t 1

we obtain

Wy =W_pi3—1W_pyo —sW_,qy
Wonp1 =Woppa— Wiz —sWopio

W_npo =W_pi5s—1W_pia—sW_pi3

tW_y =Wy —rxWy—sxW_,4
tW_1 =Wy —rx W —s xW.

If we add the above equations by side by, we get
n
YW=
k=1

—(Wop g +sWo i + Wy ) Ht (W W 2+ Wy 3) = Wo+ (r = )W + (r +5 — )W)
r+s+r—1

(b) and (¢) Using the recurrence relation

Wiz =mW_opyio+ Wy +1W_p

SWopp1 =Wopi3 —1tWoy o —tW_p
we obtain

SW_opi1 = Woony3 —rWonyio —tWoyy
SW_on+3 =W_onts —rWoopya —tW_opi0

SW,3 =W_1—1rW_r,—tW_4
sW_1 =W —rWy —tW_5.

If we add the equations by side by, we get

n n n n
SY Wk = (-Woani + Wi+ Y W) = r(=Woa +Wo+ Y W) —1(Y. Woy). (3.1
k=1 k=1 k=1 k=1
Similarly, using the recurrence relation

Wiz =rW_oyio+ Wy +1W_p

SWopp1 =Woppz3 =Wy —1tW_p
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we obtain

SW_on =W_opypo —1rW_opp1 —tW_p,

SWoono =W_opia —1Woopi3 —tW_npy

sW_g=W_4—1rW_s5—tW_5

SW_y4=W_r—rW_3—tW_;

SW_p =Wy —rW_1 —tW_3.
If we add the above equations by side by, we get

n n n n
SY Woop=(-Wou+Wo+ Y, Woog) = r(Y Weg1) —t(Weou 1 —Wor + Y Wonep).
k=1 k=1 k=1 k=1

Since

N

r 1
W_,4 :( tWO_ ;W] +;W2).

it follows that

n n n s r 1 n
SY W= (W +Wo+ Y Woogp) = (Y Weop1) —t(Wogy 1 — (= Wo— Wi+ W) + Y Wooks). (3.2)
=1 =1 =1 k=1

Then, solving system (3.1)-(3.2) the required results of (b) and (c) follow.
Note that (c) of the above theorem can be written as follows: If r 4+ = 0 As # 1 then

Z —W_opy+1W_p_1 +Wo — W + (1 —5)W
Y W=

= s—1
and
1 —W_ oy +W_op 1 +Wo —rW; + (1 — S)WQ
Z W = 1 .
k=1 s

Next, we present several sum formulas (identities).
Taking r = s =t = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.

Proposition 3.2. Ifr =s=1t =1 then for n > 1 we have the following formulas:

@) Y W= 3 (—3Woy —2Wopp = Woy 3 + W2 = W),

(b) X7 Wogp =3 (—W_gup1 +Wooy + Wy —Wp).

(© X Wogirt =5 (—Wooy = Weouoy +Wo —Wy).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Tribonacci numbers (take W,, = T;, with
Th=0T=1,T,=1).

Corollary 3.3. Forn > 1, Tribonacci numbers have the following properties.

@ [13] 53 Tk = 3(=3T 1 —2T 2 =T 3+1).

() Yy Took = 5 (~Toans1 +To2a + 1).

(© X Tooprt = 5(—T-2p—T-2y1).

Taking W, = K,, with Ky = 3,K;| = 1, K, = 3 in the above Proposition, we have the following Corollary which gives linear sum formulas of
Tribonacci-Lucas numbers.

Corollary 3.4. Forn > 1, Tribonacci-Lucas numbers have the following properties:

@ Y K= 3(-3K 1 —2K 2 =K 3).

(b) Y7 K ok = 5(—K opp1 +K 2, —2).

(©) Y{_y Koais1 = 3(~K 20— K241 +2).

Taking r = 2,5 = 1, = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.5. Ifr=2,5s=1,t =1 then for n > 1 we have the following formulas:

@) YI_ W= 3 (—4W_,y —2W_ 0 —W_, 3+ Wo — Wy —2W)).

(b) Ti_ Woop = 3 (—W_opy1 +2W_, + Wi —2Wp).
(© X7 Wogpi1 =3 (—Wooy—Wopuoy +Wo —2W)).
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From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order Pell numbers (take W,, = P,E3)
0 pB3) _ g pB) _ 1 pB® _

with By = 0,P” =1, =2).

Corollary 3.6. For n > 1, third-order Pell numbers have the following properties.

(@ Y 1P(3) = L(=ap®)  —2pB) PO iy

(b) Yi P 21< = %(_Pg)nﬂ +2P8), +1),

(© Yt P 2k+1 =3(- Pg)n *Pg)n—l )-

Taking W,, = ng) with Q(()3) =3, Q(13) =2, QS) = 6 in the last Proposition, we have the following Corollary which gives linear sum formulas
of third-order Pell-Lucas numbers.

Corollary 3.7. For n > 1, third-order Pell-Lucas numbers have the following properties.

@ xp 0% =540t —208) ,-0%) ;-2).

(b) ¥ 1Q(3§k =4(=0", 1 +20%, 4.

(©) Xho 1Q 2k+1 =3(= Q@n*Q(fz)nfl +2).

From the last Proposition, we have the following Corollary which presents linear sum formulas of third-order modified Pell numbers (take
W, = B with ESY = 0,8 = 1, EPY) = 1),

Corollary 3.8. Forn > 1, third-order modified Pell numbers have the following properties.

(@) X 1E£ = %(_4]5(—32—1 _2E(—3r2—2 _E(—3;2—3)~

(b) Y E ( =3(-E (32)n+1 +2E(fz>y,"‘1)-

(© Li E 2k+1 = %(*E(—32)n*E<—32>n—1 -1

Taking r =0,s = 1, = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.9. Ifr=0,s = 1,1 = 1 then for n > 1 we have the following formulas:

@ Y Wopg=—-2W_, | —2W_, r —W_, 3+ Wr+W,.

(b) 22:1 W_o = _W72n+1 +Wr.
©) Y W1 =—W_oy =W_g 1 +Ws.

Taking W,, = P, with Py = 1,P] = 1, = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan numbers.

Corollary 3.10. For n > 1, Padovan numbers have the following properties.

(a) ZZ 1P k=-2P , 1—2P_, »—P_, 3+2.
(b) Xi_ Pook=—Pouy1 +1.
(© Yi_Pokt1=—Po—Poy 1 +1

From the last Proposition, we have the following Corollary which presents linear sum formulas of Perrin numbers (take W,, = E,, with
Ey=3,E=0,E,=2).

Corollary 3.11. For n > 1, Perrin numbers have the following properties.

(a) 22:1 Efk = 72E—n—l - 2E—n—2 7E—n—3 +2.
() Yy E 2 =—E 2p11-
© Yi  E-pr1=—E 2p—E o, 1 +2.

Taking W, = §,, with Sp = 0,51 = 0,5, =1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan-Perrin numbers.

Corollary 3.12. For n > 1, Padovan-Perrin numbers have the following properties.

(a) Zzzl S =-28 4 1-28 p2o—S p3+1L
(b) Yi_S_2k=—S 2411
© YiS—okt1=—S2,—S 2,1 +1

If r=0,s =2, =1then (r+s+¢—1)(r—s+z+1) =0 so we can’t use Theorem 3.1 (b) and (c). In other words, the method of the proof
Theorem 3.1 (b) and (c) can’t be used to find Y7 _ Woi and ¥}, Wy . Therefore we need another method to find them which is given in
the following Theorem.

Theorem 3.13. Ifr=0,5s =2,t = 1 then for n > 1 we have the following formulas:

@ X7 Wog=3(=3W_ 1 —3W_ 0 —W_, 3+ Wo+ Wy — Wp).
(b) Y Woog=—W_op1 +Wooy + (W) —Wp) + (Wo — W) —Wp)n.
(©) Xi Wogprt = 3(Wooupr —3Wooy — Wyt + (Wa — Wy + Wo) +2(—=Wa + Wy + Wo)n).
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Proof.

(a) Taking r =0,s =2,t =1 in Theorem 3.1 (a) we obtain (a).
(b) and (¢) Proof can be done as in the proof of Theorem 2.13. Induction also can be used for the proof.

From the last Theorem, we have the following Corollary which gives sum formula of Pell-Padovan numbers (take W,, = R,, with Ry = 1,R =
LRy =1).

Corollary 3.14. For n > 1, Pell-Padovan numbers have the following property:

(a) ZZ:] R_j= % (=3R_y-1—=3R_p2—R 3+ 1) .
(b) Yi_Rox=-R 211 +R 2, —n.
(€©) YI_ Rookr1 = 3(Rans1 —3R 24 —R oy +1+2n).

Taking W,, = C, with Cy = 3,C = 0,C;, = 2 in the last Theorem, we have the following Corollary which gives sum formulas of Pell-Perrin
numbers.

Corollary 3.15. For n > 1, Pell-Perrin numbers have the following property:

@ Lj Cx=3(-3C 1 -3C, 2-Cp3-1)
(b) Y Coopy=-C_opy1+C_2,—3—n
(©) Xi_; Coops1 = $(Coonr1 —3C 2y — C_nyy +5+2n)

Taking r = 0,5 = 1, =2 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.16. Ifr =0,s = 1,1 = 2 then for n > 1 we have the following formulas:
@ Lp_ Wi =5 (-3Wopoy =3Woy 0 —2W_ 3+ W + W),

(b) Y4 Woop = (~W_opp1 +Wp).
© Lj_ W1 =3 (—Wo2y —2W_p, 1 +Wa).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-Padovan numbers (take W,, = Q,
with Qg =1,01 = 1,0 =1).

Corollary 3.17. For n > 1, Jacobsthal-Padovan numbers have the following properties.
@ Y Q=3 (-30-01-30,2-20 ,3+2).

(b) XTI 0 ok =% (=0 spp1+1).
© Y0 0 i1 =3 (—0-2,—20 2,1 +1).

Taking W,, = D,, with Dy = 3,D1 = 0,D;, = 2 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Jacobsthal-Perrin numbers.

Corollary 3.18. Forn > 1, Jacobsthal-Perrin numbers have the following properties.

@ Y!_ D_y=3(-3D_,_1—3D_,_»—2D_, 3+2).
() X7 Do =D o4
(©) X D gps1 =% (—D_py—2D 5,1 +2).

Taking r = 1,5 = 0,7 = 1 in Theorem 3.1, we obtain the following Proposition.
Proposition 3.19. Ifr =1,5s =0,t = 1 then for n > 1 we have the following formulas:
(a) 22:1 Wo==2W_ 1 —W_ 2=-W_, 3+W,.

(b) T4 Woop = 3 (—2W_ops1 +Wooy — Wogyo 1 +Wa + Wy — Wp).
(© X7 Wogpit = 3 (—Weonp1 — Weny —2Wog g +2Wa — Wy + W)

From the above Proposition, we have the following Corollary which gives linear sum formulas of Narayana numbers (take W,, = N, with
No=0,N; =1,N, =1).

Corollary 3.20. For n > 1, Narayana numbers have the following properties.

(@ Yy Ny=-2N_p1—N_p2—-N_3+1.

() iy Nook = 5 (~2N-2u1 + N2y = Nogyo1 +2).

(© X7 Noogr1 =3 (=N_gps1 —N_gy —2N_,_1 +1).

Taking r = 1,5 = 1, = 2 in Theorem 3.1, we obtain the following Proposition.

Proposition 3.21. Ifr=1,5s = 1,t =2 then for n > 1 we have the following formulas:

@) Y7 W= (—4W_, | —3W_, 0 —2W_, 3+ W> — Wp).
(b) Ti_ Woop = 3 (—Wooup1 +Wooy + Wi — Wp).
(©) Xp W1 = 5 (—Wooy —2W sy +Wo —W1).



Universal Journal of Mathematics and Applications 11

Taking W, = J,, with Jy = 0,J; = 1,J, = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of third
order Jacobsthal numbers.

Corollary 3.22. For n > 1, third order Jacobsthal numbers have the following properties.

@ yr_ g% =1 30 00 ),
) yr_,J%, = g(—fig,m +78) ).
(© ZZZI ‘](—32>k+] = %(_J(EZ)n - 2‘](732)n71)'

From the last Proposition, we have the following Corollary which gives linear sum formulas of third order Jacobsthal-Lucas numbers (take
W= i with & =2 1 ) _5
n=Jn WIith j, s J1 »J2 ).

Corollary 3.23. For n > 1, third order Jacobsthal-Lucas numbers have the following properties.

@ ¥i 11(3)— (=4j%) =378, =28 +3).
. 3

(b) Zk 1] 2/{—%( (2)n+1+1(2>n71)

(© ):k:lJ—Zk-H - %(_1(72)”_2J(72)n71 +4).
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1. Introduction

In recent years, the time-fractional differential equations have attracted a large amount of attention due to their broad applications in physics,
biology, hydrology and engineering [9]. In particular, the time-fractional Boussinesq equation, as a generalization of the Boussinesq equation,
can be used to describe the surface water waves with a long memory property. Roughly speaking, two types of methods have been used to
solve the fractional differential equation, including analytical [5, 6,12, 13,16, 18-20] and numerical methods [1,3,7,8,11,14,17,21-24]. As
far as the analytical methods for the time-fractional Boussinesq equations are concerned, the authors in [5] applied the modified Kudryashov
method to solve the nonlinear conformable time-fractional Boussinesq equations. The authors in [6] used the fractional Lie group method to
solve the time-fractional Boussinesq equation. Xu et al. [16] also proposed an iterative method to construct the analytical solution. Recently,
a Fourier spectral method [24] was developed to obtain the numerical solutions of the equation.

In this paper, we consider the time-fractional Boussinesq equation, which is defined by replacing the integer-order time derivatives with the
fractional-order time derivatives. The fractional derivatives are in the Caputo’s sense, so that the same initial conditions for the Boussinesq
equation with integer-order derivatives can be imposed for the time-fractional equation. Furthermore, we apply the homotopy analysis
method [10] to obtain the exact and approximate solution of the time-fractional Boussinesq equation. By solving various examples using the
homotopy analysis method, we can show the flexibility and efficiency of the method. A key component of the method is the selection of
the auxiliary parameter 4. Numerical results provide some insights on how to choose / to obtain the N-term approximate solutions with
improved accuracy.

The remaining of the paper is as follows: in section 2, we introduce the notations and basic properties of the fractional calculus, and describe
the homotopy analysis method for the general nonlinear partial differential equations. In section 3, several examples about the fourth-order
and sixth-order time-fractional Boussinesq equations are presented to demonstrate the performance of the homotopy analysis method.
Numerical results about the N-term approximate solutions with various /4 and « are also discussed to provide the guideline of choosing the
parameters.

2. Homotopy Analysis Method

In this section, we introduce the basic properties of fractional calculus and the homotopy analysis method for the general nonlinear partial
differential equations.

Email address and ORCID number: hyangl @augusta.edu, https://orcid.org/0000-0001-9608-4920 (H. Yang)
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2.1. Preliminaries and Notations

In the literature, there are many definitions of fractional derivatives, including the Riemann-Liouville, Caputo, Griinwald-Letnikov, Caputo-
Fabrizio and Atangana-Baleanu derivative [2,4,15]. Among all the aforementioned definitions, the Caputo derivative is one of the most widely
used definitions for the time-fractional partial differential equations models. It is defined based on the Riemann-Liouville fractional integral.
Let @ > 0 and n be the smallest integer that is greater than or equal to ¢, then for any locally integrable function f, its Riemann-Liouville
(RL) fractional integral of order « is given by

1

JUF() = W/Ol(tfs)a_lf(s)ds. @1

Here T is the Gamma function. The RL fractional integral (2.1) is a generalization of the n-fold integral of f. For f(1) = P with

B > 0, we can show that J%B = %

oD f (1) == J"%(f " (1)), where f(")(¢) is the n'"* order derivative of f with respect to f and & € (n — 1,n]. That is,

1%+P The a-order Caputo fractional derivative of smooth enough f can then be defined as

oD% f(1) = ! o / t(;_s)"*lfa £ (s5)ds. (2.2)

I'(n— 0

The Caputo fractional derivative and the Riemann-Liouville fractional integral satisfy the following equality for smooth enough function f:

n—1 m
JDEFO) = F0) = ¥ MO0 1> 0, @3
m=0 :

where (") (0+) is the right-hand limit of f' (m) (x) when x approaches zero from the right. Some exact solutions of the time-fractional
differential equations can be represented using the Mittag-Leffler function [15], which is defined by the following series

tm

s

Eq(t) = , fora>0. 24

r'(1+mea)

m=0
2.2. Homotopy Analysis Method

Suppose we consider the nonlinear partial differential equation
N (u(x,1)) =0, (2.5)

where .4 in general is a nonlinear operator, and u(x,¢) is the exact solution to the equation (2.5). Let .Z be a linear operator that is a part of
A, then we consider the following equation

(1—q)ZL(u(x,t) —up(x,t)) = gh N (u(x,1)). (2.6)

Here g € [0, 1], & is a non-zero auxiliary parameter and ug(x,7) is an initial guess of the solution. We can see that when ¢ = 0, equation (2.6)
becomes & (u(x,t) — ug(x,t)) = 0. Therefore, ug(x,7) is the solution to (2.6) when ¢ = 0, and u(x,?) is the solution when ¢ = 1. Since there
is a solution to equation (2.6) for every given value of g € [0, 1], we can replace u(x,?) in (2.6) with U (x,1;g). That is,

(1-9)ZU(x,1:9) —uo(x,1)) = gh-V (U (x,139))- 2.7

We further assume that U(x,7;¢) can be written as U(x,t;q) = ug(x,1) + Yo tm(x,7)g™, and we also assume that all the series are
convergent. Thus (2.7) leads to

(1-¢9)%¢ (i] um(x,t)qm> =qh NV (uo(x,t)Jr i um(x,t)qm> . (2.3)

m=1

We then use the Taylor expansion of equation (2.8) and let the corresponding coefficients of ¢”* on both sides of the equation to be the same
for all m > 1, and get

ZL(uy(x,1)) = hA (up(x,1)), (2.9)

1 ™ A (ug(x,t

)
m—1)  ogn! lg=0, m=2. (2.10)

L (um(x,8) —ty—1(x,2)) =h

If one can apply the inverse operator of .Z (denoted by .#~1) on both sides of (2.9) and (2.10), then u,,(x,?) can be calculated iteratively for
m > 1. Finally, the analytical solution of equation (2.5) can be represented by

Ulx,1;1) = i U (X,1), (2.11)

m=0

assuming the series above converges.

3. Application to the Time-Fractional Boussinesq Equation

In this section, we construct the analytical and approximate analytical solutions of the time-fractional Boussinesq equation using the
homotopy analysis method.
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3.1. Example 1
We consider the following fourth-order time-fractional Boussinesq equation

oD u = Butyyrx + Yibxx + 0 (u ) — 4013, —o<x<oo, t>0,
u(x,0)=¢€", w(x,0)=0,
where a € (1,2], u is a function of x and ¢, the coefficients B > 0, ¥ > 0 and 6 are constants. To solve the initial value problem using the

homotopy analysis method, we let .2 (u(x,1)) = oD%u and A (u(x,t)) = oD% — Btyyxx — Yty — 0 () xx +40u? for sufficiently smooth
u(x,t). We apply the homotopy analysis method, and let ug = ¢*. Thus (2.9) leads to

0Dfuy = h (0Df 0 — B(10)sxwr = V(o )ux = O((10) s +48(10)? ) = ~h(B+7)e" G.1)

We then apply J% on both sides of (3.1) to get

__ BtY ,ra
up(x,t) = l“(H_(X)hez‘ . (3.2)
Similarly, (2.10) leads to
o o l I o B+7)? 2 v a
oD (uz —uy) = h(oDfuy) — hPB (1) woe — hY(u1)xx —h0 Y (wjit1—j)xx+4h0 Y ujui_j = hoDy u1+mh &% (33)
j=0 j=0
Again we apply J¥ to (3.3) to get
B+y B+7)? 12«0
=——— L n(1+h)et*+ —— L _h*"t**. 4
u2(0) =~y g M+ Fg et 34

For general m > 1, we can obtain

m—1 m—1
U (x,1) = (14 h)uy 1 _hﬁja((umfl)xxxx) _h’yja((umfl)xx) —hJ* (Z (ujumlj)xx) +4h6J% < Z uj”mlj) . (35
=0

j=0

Using mathematical induction, we can show that

1 (m= YW (LR G 1
nen =< Z 0 (") e 0

Therefore, the analytical solution can be represented by

= J+1 -1 h‘j+](1+h)m_] / J+1 J+1
u(x,r) =" + e mzl,z ( j ) T+ ot ja) (B+7) (3.7)
= t"“" ﬁﬂ/)

When h = —1, equation (3.7) becomes u(x,7) = e Z , which is convergent for all #,y >0, & € (1,2], x € Rand 7 > 0. Other

ma) ’

choices of the parameter 4 will determine the rate of convergence. The N order approximation using the homotopy analysis method is
given by

N m—1 h]+l(1+h)m 1—j
N j+1 (+1 f+1
v Z Z 1y ( j ) I'l+o+jo) ! B+ (3-8)

To investigate the convergence of the approximation solution for various values of 4, we compute the L™ error for x € [—1,1] at# = 1 and it
is shown in Table 1.

N h=-12 h=-1.1053 h=—1 h=-0.8 h=-0.6
4 1.0005e-02 1.4127e-06  6.7082e-03  1.7332e-01  7.0676e-01
8  1.4976e-05 9.8654e-08  6.2465e-08  1.7657e-03  5.2175e-02
12 1.1419e-08 2.3393e-11  4.2633e-14 1.2178e-05  3.1777e-03

16 8.0469e-11 1.0658e-14 0  6.7143e-08  1.7199e-04
20  6.9278e-14 3.5527e-15 0 3.1885e-10  8.5779e-06
Table 1: |UY(-,T) — ttexacr (-, T)|loo xe[—1,1) @t T = 1 for various approximation order N and auxiliary parameter & when o = 1.5.

We can see from Table 1 that at 7 = 1, h = —1.1053 leads to the most accurate solution (with the L™ error being 1.4127 x 10~®) among all
the 4-term approximations, which implies that the 4-term approximation with suitable choice of / can be very accurate. If we consider larger
values of N, we can observe that the approximate solution with # = —1 becomes more accurate than the other values of # when N > 8. We
then fix the values of N and £, i.e., N = 10 and &2 = —1.1053, and investigate the time evolution of the approximate analytical solutions for
various ¢ and . The results are shown in Table 2. We observe that the 10-term approximate solutions with 4 = —1.1053 are very accurate.
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T oa=1.2 a=1.6 a=20
Solution Error  Solution Error  Solution Error
0.1 1.1200  2.6379e-12 1.0354  1.3352e-12 1.0100  1.3947e-12
0.2 1.2932  1.0809e-11 1.1096  7.7398e-12 1.0403 2.6135e-12
0.3 1.5111  3.6375e-11 1.2150 7.4181e-12 1.0914 2.4134e-12
04 1.7779  7.7804e-12 1.3516  2.8288e-11 1.1643  1.5979¢-11
0.5 2.1011  1.9902e-10 1.5211 6.9401e-11 1.2606  2.9834e-11
0.6 2.4906 6.8443e-12 1.7268 2.4791e-11 1.3821 2.3717e-11
0.7 2.9584  9.4368e-10 1.9733  1.7407e-10 1.5313  2.6883e-11
0.8 3.5195 1.1823e-09 2.2661  4.4433e-10 1.7112  1.3323e-10
0.9 4.1916  2.1797e-09 2.6120  4.8104e-10 1.9254  2.7052e-10
1.0 4.9961 9.3082e-09 3.0193  1.4490e-10 2.1782  3.5943e-10

Table 2: |UY (x = 0,T) — ttexaer (x =0,T)| at T = 0.1,0.2,...,1 and & = 1.2, 1.6 and 2 when N = 10 and » = —1.1053.

3.2. Example 2
We then consider the fourth-order time-fractional Boussinesq equation in two dimensions.

oDfu= Bittxnex + Battyyyy + Vittox + Yoty + 61 (uz)xx + 92(”2))'y —4(6; + 92)”27 —o0 <X,y < oo, t >0,
u(x,y,0) =, u(x,y,0) =0.

Here the solution u is a function of x, y and . We let 2 (u) = ¢Df*u and A () = oD u — Bitxoe — Battyyyy — Yithxx — Vaityy — 6 (uz)xx —
6 (u?)yy +4(6) + 62)u?. Therefore,

oD uy = h (0D uo — By (40).ceer — B2.(40) yyyy — V1 (40)xx — Y2 (u0)yy) — b (-91 (o), — 62 (ug) 3, +4(6 + 92)(140)2)
—h(Bi+B+n+1)e. 3.9)

Here we have chosen 1y = 7. Therefore, we can obtain u| by applying the operator J* on both sides of (3.9). That is,

o
pBiABrntnn® o (3.10)

(x,y,r) = (1 +a)

For m > 2, we get

o um 1 a4um71 azumfl azumfl —ho, mil az(u]umfl*j)

oD (m — tm—1) = h | 0D tty—1 — By

B2 -" -%
oyt ox? ay? = ox?
m—1 aZ(M U i m—1
—h6, Y "97’"2’)+ 4n(6,+62) Y w1 ;. (3.11)
j=0 Y j=0
We can show that when m = 2, there is
+B+r+1)%
oD (uy —uy) = hoDXuy +1? (B ﬁl"z(l Ila)}’z) &Y. (3.12)
Thus, (3.10) and (3.12) lead to
Bi+B+n+pi® 2B+ Bty +n)”
t)=—(1+h)h &4 h SR
wa(mnt) = =+ Wh=—r T g * T(i+2a) ¢
Similarly, we can further derive the following formulations of u,,(x,y,) for m = 3:
uz(x,y,1) = —(14+h)>hC 1% +2(1 + WP Cor** &Y — B3 C33%e Y,
where
n
c,= BitBtntn) .,
I'(l1+na)
In general, we can obtain
-1 . o
m(x,y,1) = & Z 1)/+1 (’" , )cjﬂhﬁ‘(l+h)'"*1*1t(f“>“7 (3.13)
J
for m > 1. Thus the analytical solution is given by u(x,y,t) Z um(x,y,t) where u,(x,y,t) is defined by equation (3.13). The 10-term

approximate solution and its point-wise absolute error are plotted in Figure 3.1. It shows that the maximum absolute error occurs atx =y =1,
and the overall error is at the magnitude of 10~8, which indicates the accuracy of the method.
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Figure 3.1: The 10-term approximate solution in example 2 and its absolute error. Here ¢ = 1.7, Bi = =1, fo =91 =0.5and T = 1. Left: the approximate
solution at 7 = 1. Right: the absolute error of the approximate solution at 7" = 1.

3.3. Example 3
‘We then consider the time-fractional Boussinesq equation with the sixth-order spatial derivative:

ODtau = Upyxoxex T Uxxer + Unx + e(uz)xx - 491427 —o < x < oo, t >0,
u(x,0)=¢€", wu(x,0)=0.

From the process of homotopy analysis method, we have
(1=9)Z(U(x,1:q) —uo(x,1)) = gh.V (U (x,1;9)), (3.14)

where f(U(xJ;q)) = ()D;ZU, JV(U(X,I;(])) = ODtaU — Usxooer — Uxorr — Uxx — B(Uz)x_x +49U2 and uo(x,t) = ¢*. We then differenti-
ate (3.14) with respect to ¢ for m times, and let g = 0 to get

oD (w1 (x,1)) = hA (up(x,1)), (3.15)
oD (um (x,1)) = 0D (t—1(x,1)) +hZ (uy ,u, ... 1) (3.16)

Here we have assumed that U (x,;q) = ¥or_ um(x,1)g™ is convergent for g € [0, 1]. The operator Z is given by
m—1 m—1
R(ur,u, .. 1) = 0D 1 — (U1 )woceer — (1) xxer = (Um—1)xx — 0 Z (”jum—l—j)xx+49 Z (ujum—l—j)- (3.17)
=0 =0
If we apply J* to both sides of (3.15) and (3.16), we can obtain

uy (x,t) = hJ* A (up(x,1)), (3.18)
U (%,1) = w1 (x,8) + W R (uy,ua, .. sthy—y), m>2. (3.19)

We can calculate the next three terms, i.e., m = 1,2 and 3, as follows

1%
P — 2
uy (x,1) S T (3.20)
t%e* , 2%
=-3(1+h)h h 21
u(est) = =3+ M s N ey 321)
1%e* 2%e* 3%~
= -3(1+h)h—r— + 18(1 +h)H* — 27k : 22
us(et) = =30 ) h gy U R g I(1+3a) (322
To derive the general formulation of uy, (x,#), we first let uy, (x,7) be
m . . JOex
= I (1+h)" ) ———— 2
tm (1) ];cm,, SO S Eme (3:23)

where C,,, ; is the undetermined coefficient in u,, (x,t). From (3.20)-(3.22), we know that C; | =C 1 =C3 1 = =3, =9, C3 5 = 18 and
C33 = —27. Thus we only need to calculate G, j for m >4 and j € [1,m]. Using equation (3.19), one can show that

U (2,8) = (1411 (x,2) — 3hJ “uyy 1 (x,1). (3.24)
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We further apply (3.23) to (3.24) to get
m—1 jor m—1 (j+Da
. . /% . . U el
um (x,1) = Cu1 W (A4+0)" ——— — 3¢, ,1,»h1+1(1+h)’"*1*/7.
nbe) = ), Gt R ja) & 2O MG @)
1O m—1 . X tjaex PP
= Cp 1 h(1+h)" ! Cn1j—3Cu 1, )W A+R)" —————— —3Cy gt F" T (1 +h) .
m—1,1 ( + ) F(1+a)+]§’2( m—1,j m—1,j 1) ( + ) F(1+ja) m—1,m—1 ( + )F(1+ma)
Therefore, we can derive the following difference equations for m > 3:
CmA,l :Cmfl,lv
Cm,j :Cm,1?j73Cm,1,j,1, fOI’jE [Z,WI7 1], (3.25)

Cm,m = 73Cm—1,m—1 .

19+
18.5¢
18+
5 ; 17.5¢ : : : —
0 0.5 1 0.7 0.72 0.74 0.76
X X
() o =125

13.87
13.75
13.7+
13.657
13.6¢
13.55+ < ‘ L
0.92 0.925 0.93 0.935 0.94
X X
c)a=15 (d) a = 1.5 (zoomed-in plot)
107 —ho12 | —h=-1.2
—h=-1.1 9.5 —h=-1.1
senh=-1 ses h=-1
8/ |—+h=-0.9 '
—Exact 949}
6
9.48
* "
4, ‘ ] ‘ ‘ ‘ ./
0 0.5 1 0.913 0.914 0.915 0.916 0.917
X X
) a=1.75 (f) & =1.75 (zoomed-in plot)

Figure 3.2: Comparison of the 4-term approximate and exact solutions at the final time 7 = 1 in example 3. Here o = 1.25,1.5 and 1.75. In (a)-(f), the blue,
red, dark blue, green and black lines represent the approximate solutions with 7 = —1.2,—1.1,—1,—0.9 and the exact solution, respectively. (a): solutions

when o = 1.25. (b): zoomed-in plot of solutions when & = 1.25. (c): solutions when o = 1.5. (d): zoomed-in plot of solutions when o = 1.5. (e): solutions
when o = 1.75. (f): zoomed-in plot of solutions when o = 1.75.
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From the first equation in (3.25), we get Cp,, 1 = C3 1 = —3. The third equation in (3.25) leads to Cp ;u = (—3)’”*2C272 =(=3)"™. For j=2

in the second equation of (3.25), we have C,,» = Cjp—12 —3Cp—1,1 = C—12 +9. So we can derive C,p = Crp +9(m—2) =9(m—1).
Similarly, we can also show that Cy, 3 = —%(m —1)(m—2)and Cp g = %(m3 —3m? +2m — 18). The analytical formula of C,, ; with

5 < j <m—1 can be calculated in the similar manner, but we omit the detail here. The exact solution to the original problem is given by
Z U (x,1).
m=0

tmaex 3mtmlxet

If we take & = —1, then according to equation (3.23), up, (x,7) = Cm7mh”’m = F(itma): Therefore, the solution becomes u(x,r) =

e"Eq (3t%), where Ey is the Mittag-Leffler function defined in (2.4). For this example, we compute the 4-term approximate solutions with
various values of o € (1,2) and h < 0, and plot the solutions in Figure 3.2. The top row in Figure 3.2 shows the 4-term approximate solutions
forh=—-1.2,—1.1,—1 and —0.9 when o = 1.25. We observe that the approximation solution with 7 = —0.9 is the least accurate solution,
followed by the solution with 7 = —1. The 4-term approximation solution with 7 = —1.2 is slightly more accurate than that with 7 = —1.1.
We can see that with appropriate choice of A, a 4-term approximation solution can be very accurate. When ¢ = 1.5, similar results can be
observed except that in this case the approximation solution with # = —1.1 is more accurate than that with # = —1.2. The bottom row in
Figure 3.2 shows that when o = 1.75, h = —1.1 leads to the most accurate approximate solution. Based on the discussion above, we see that
the parameter & provides the flexibility of obtaining accurate solutions.

4. Conclusion

In this paper, we derive the analytical and the approximate analytical solutions of the one and two-dimensional time-fractional Boussinesq
equation using the homotopy analysis method. The homotopy analysis method is a semi-analytical technique to solve the differential
equations by representing the solution in the form of series with an auxiliary parameter 4. We have demonstrated that the iterative method
in [16] is a special case of the homotopy analysis method with # = —1. Numerical results show that the truncated N-term approximate
solution with an appropriate value of N can be used as an accurate approximation of the analytical solution. In particular, we find that N = 10
with a suitable choice of & leads to accurate approximate solutions when the final time is less than or equal to 1, and we can obtain the
approximate solutions with single-precision accuracy in the sense of L” norm. Moreover, the accuracy can be further improved by selecting
the optimal value of &, which is the advantage of using this method over using the iterative method with 4 = —1.
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double and triple hypergeometric series for these functions are derived.

1. Introduction

In mathematics, there are various special functions that are used in numerous applications [8, 13,17, 20]. In addition, some special functions
have also been shown to have applications in diverse areas as statistical physics, quantum physics, quantum mechanics, fluid dynamics,
acoustics, electrical current, heat conduction, astronomy, economics [1,7,15,21]. Hypergeometric functions have a large variety of
applications in many areas of mathematics such as in algebraic geometry, Lie algebras, difference equations, group theory, representation
theory, partition theory and Hodge theory [1-6,9-12,16,22]. Moreover, multiple hypergeometric functions can be used to solve physical and
chemical problems in many areas of applied mathematics [1, 14, 19]. In the present study we aim to obtain certain integral representations of
Euler-type and Laplace-type involving new quadruple hypergeometric series namely by Xi<4)( i=11,12,13,14,15).

Recall the Gaussian hypergeometric function defined by [19]

2Fy (a,bicix) = i (@)n(b)n x

n
T <,

where (a), is the well-known Pochhammer symbol given by

I'(la+n
(a)n = = (F(a) )7
ala+1)..(a+n—-1), (neN:={1,2,..})
I'(a) is the well-known Gamma function defined by
[(a) = / e 1% Vdt, (Re(a)>0). (1.1
0

The Appell series Fi, F, and the Horn’s series H3 of two variables are defined as follows [19]:

oo m \,n
Fi(a,b,c;d;x,y) = ) (@ninOlnlcn Y

Il 7 (max (ol bl) < 1),
m,n=0 m-n s
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i (@ mtn(B)m(c)n X" y

F(a,b,c;d,e;x,y) = s
2 ( ¥) Sy @l min

(Il + Iyl <1

and

- 1\? 1
Hy(a,bicix,y) = ), Mxmy (’“<r7y|<sfr (S_E) 4>'

o (Cmin  mlnl’

The Exton’s triple hypergeometric functions X5, Xg, X7 and X4 are given by [10]

e b m v 1 1 1
Xs(abeidiny,g) = Y, Dtnep®a(@p 2"y 2 (r<z/\max{s,t}<§+§s/(1—4r),\x\§r,|y|§s,|z|§t),

m,n,p=0 (d)m+n+p m! n! p!’

o (a )2m+n+p( In(c ) XMyt Zp 1 1
X5 (@bcdexy2) = e P L (4 2vr<IAs< = (1—t) 4+ =4/ (1 =02 —4r|x| <rly| < s,z <t ],
mJgp;:O (d)m+n(€)p m! n! p!’ B 2

y @ Bhile)p 273" 27

1
X7 (a,b,c;d, €;x,y,27) = it (S< LAt <1Ar< - min{(1—s)2,(1-0)2} x| <y < s, 2] <t)
m,n,p=0 (d)m(e)n+p m! n! p! 4

and

o (@) 2min(D)nsp(c)p x™ y' 2P ( 1 {1 1 } )
Xi4(a,b,c:d,e;x,y,2) = e PP = 2 r< A< IAs< (1=1) |5+ =/ (1=4r) |, |x| <nly| <s,]zf <t ).
14 ( ¥:2) m}p‘,:o Dmin(e)y  minl pl 1 (1=1) |5 +5 VI )|l < nlyl <,z

The following Srivastava’s function of three variables Hy is defined in [19] as

o b »
Hy(a,b,c;d,e;x,y,2) = Y @nsnBlnp(C)pim ¥ " 22 (r<iAs<IAt<(1—r)(1=s),|x| <nly| <slz] <1).

m,n,p=0 (d)m+n( )p m! n! p!’

Lauricella hypergeometric function of four variables F [19] which is defined by

=

D mtntptq(O)mtntprg X" Y" 2 ul
E@ (b o ea: _ ( P+ i <1
¢ (a,bicr,ca,03,¢43%,,2,u) m,nﬁzp,qzo (COm(ca)n(ca)p(ca)g mint pl gl (VI + VI V2 + V1l

4

More recently, Bin-Saad et al. [2-5] introduced new hypergeometric series of four variables namely by X1(4) 7X2(4)7 -,X}o’ and investigated
their certain properties including integral representations, symbolic representations, generating functions, etc. Motivated largely by the
aforementioned works of Bin-Saad et al. [4] and [5], we defined further quadruple hypergeometric functions as follows:

4 o (a1)2min+p(a2)n+q(a3)prg X" y" 2P ul
Xl<1>(al,Lll7al7a2,al,a2,a37a3;Cl,Cl752,C3§X7Y,Z,M): Y UK A A qj—’—'—“ (1.2)
=0 (1) msn(c2)p(c3)q m! n! p! q!
4 o (@) 2mtn+p(@2)ntq(a3)prq X" Y" 2P ul
X1<2)((ll701701732,(117a27(137a3§C27C17Cl,C3§x,y,Z,M): ) e e e (1.3)
myn,p.g=0 (c1)n+p(c2)m(c3)q m:-n.p:q-
4 o (a1)2minip(@2)n+q(az) prq X" ¥ 2P ul
x5 (ar,a1,a1,a2,a1,a2,a3,a3;¢1,¢1,02, 055, ,2,u) = Y P P e e (1.4)
myn,p,g=0 (c1)m+n(c2)p+q m:n.p-q:
4 o (@)2mintp(a2)ntq(as)prg ¥ y' 2P ul
X1<4> (ar,ay,a1,az,a1,a2,a3,a3;¢1,¢1,C1,C23X,Y,2,U) = Z dasar i P q—‘—'—'—’, (1.5)
g =0 (c1)mntp(c2)q m! n! p! q!
4 < (a1)2mintp(a2)nig(as) prg X" Y 2P ud
X\ (ar,a1,a1,a2,a1,a0,a3,a33¢,0,0, 530,y 2,0) = Y e o e (1.6)
myn,p.g=0 (S)mtntptq m.n:p:q:

(4)7(-,

The structure of this article is as follows. In Section 2, we give several Euler-type integrals involving the new quadruple series X;
11,12,13,14,15). Certain integral representations of Laplace-type for our series rae given in section 3.
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2. Integral representations of Euler-Type
This section gives various integral representations of Euler-Type for the series X 1(411) X 1(3)’ v X 1(;” in terms of the classical Gauss hypergeo-
metric function »Fy, the Appell’s double hypergeometric functions F; and F,, Horn’s function Hz of two variables, the Srivastava’s triple

series Hy, the Exton’s hypergeometric series of three variables Xs,Xg, X7 and X14, and the quadruple series Xff) ,Xl(g) and FC(4) as follows:

2I(c2)
I(a)(c; —ay)

—a3

b4
4 2, .9 _1 2 Ner—aj—1 .2
Xl(l)(al7611,alyaz,al7a2,asya3;cl761,027C3;X,y,Z»M): /0 (sin“a)" "2 (cos“@)* T2 (1 —zsin“a

u
X X4 | 14+a4 fcz,a2,a3;cl,C3;xmn4a,fytanza,7_2 da
(1 —zsin Oc)

(Re(ay) > 0,Re(cy—ay) >0),
@1

((X _R)azfl (S— a)qfazfl

[(e3)(S—T)?(R-T)="* /S

[(a2)T(c3 —az)(S—R)3 =1 Jg

x(a@=T)""[(S—R)(a—T)—(S—T)(a—Rju)| "

x Xg (a1,1 +ay —c3,a3;¢1,c0;x, Ay, A7) do

(M:_(SfT)(och) P (S—R)(a—T) )
(R-T)(S—a)’ (S=R)(a—T)—(S—=T)(a—Ru)] )}’

(Re(ap) > 0,Re(c3 —ap) > 0,T <R<S),

4 . . —
X]l (al,al,al,az,al,az,a3,a3,cl,cl,62,63,x,y,z,u) -

(2.2)

[(cp)(14+M)™

Xl(l)(al ay,a,ap,ay,daz,asz,d3;c1,C1,62,C3,X,y,2 M) = = =
) ) ) ) ) I ’ b ) ) ISy
I'(a))(c; —ay)

1
/ aal—l(l +1\400]-',-al—}—az—ZCI
0

ci—a;—1
x [(1—a)(1+Ma)+(1+M)2a2x} ST (M) — (1 Moy
X F (a3, 1+a; —cy,a2;¢2,¢3: 12, Au) d

(I+M)a(l+Ma) (1+Ma)

(’l‘ T [—a)(+Ma)+(1+M)P2a]’ A= [(1T+Ma)— (1+M)ay]
(R(ar) > 0,R(c; —ay) > 0,M > —1),
2.3)

4) . . r(62)r(()3) /,1 /.1 a;—1 c—a1—1pay—1
X b b) b b b b) 9 9 b b) b 1y )&y - a 1 ]_a 2 1 2
(11,01, 02,1,2,05, 03361, €1, 02,3333, 2,4) [(ap)C(az)l(c; —a1)l(cz—az) Jo Jo ( ) p

x (1=B)s= 2 (1 —az—Bu) “Hs (1+a; —c2,1 +a —c3ic1;
2

ox afy
—ap - fm)d“dﬁ

(Re(ay) > 0,Re(ap) > 0,Re(cp —ay) > 0,Re(c3 —ap) > 0),

2.4)

4) . . F(CI)F(CZ) /Do /m a;—1 I+a1+a,—2c¢; paz—1
X ,ap,ap,az,ay,az,ds,as3;c1,C€1,€2,C3;X,y,2, = o 1+a 1T 1 3
11 (ar,a1,a1,a2,a1,a2,a3,a35¢1,¢1,2,€35X,,2, 1) (ar )T er —an (e —a3) Jo o (I+a) B

ci—a;—1

X (1B) =72 (14 a)(1+B) + (1 +B)x+ (1 + )]

(1+a)Bu
e
(Re(ay) > 0,Re(az) > 0,Re(c; —ay) > 0,Re(cy —az) > 0),

X [(1 +a) 7ay]7a2 2 F (a2,1+a3 —C2;C3;—

(2.5)

).
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4) F(al+az+a3 / // I —lpai+ar—1
x® (a1,a1,a1,a2,a1,a2,a3,a 3€2,C1,C1,C33X = a1 (1 — @)@ pata
1o (a1,a1,a1,a2,a1,a2,03,a3;5¢2,¢1,€1,€33%, 9,2, 1) (a1 (a0 Flas) M) ey —a) B

1
X (1= ) (1= 1F<>(“1+”;+“3,“1+”22+“3+ 2

a,c1 —a,c3; Mx, 20y, A3z, Aqu) dadBdy
(M1 = 4028225 = 4aB?y(1 — @), 25 = 4aB(1 - B) (1 - 7),

M=4(1-a)B(1-p)),
(Re(a;) > 0,i=(1,2,3),Re(a) > 0,Re(c1 —a) > 0),
2.6)

4 2FC2 % . _1 1
Xl(z)(a17017ﬂ1702,a17a2,a3,a3;02761,61703;%%2»“)=m/o (sin® o)~ (cosP o)~ 3

(5] a|71
X (1 +x sin*a tan2a> Hy (a3,a2,1+a; —cp;c3,c15u,Ay,Az)do

tana
A’ = . )
(1 +xsina tanza)

(Re(ay) > 0,Re(cp —ay) > 0),

2.7)

[(co)

4 © o - cr—a—1
x\9 ((117a17017027al7a27037a3§6276‘1751,C3§x,y,Z,M):m/0 (e )™ [(1—e Ntxe 2“}

X Hy (a3,a2,14 a1 — cp;c3,¢13u,Ay,Az)do

o 2.8)
<l - [(1 —e %) +x 6*20‘] ) ’

(Re(ay) > 0,Re(cy —ay) >0),

e TrE-Tp e

I'(ay)(c3 —a3)(S—R)C37a371 JR

x(a=T)* 4 [(S=R)(a—T)—(S—T)(a—R)u)]“

X X7 (a1, 14-a3 — c3,a3;¢2,¢15%, A1y, Apz) dot

(/11: (S—T)(e—R) A= (S—R)(a—T) )
(R-T)(S-a)’ (S=R)(a—=T)—(S-T)(@—Ru)] )’

(Re(az) > 0,Re(c3 —ap) >0,T <R<S),

4) ) ) -1 —a-1
X12 (al,al,(11702,a1,a27(137a3,6‘2,C1761,6‘3,X,y,Z,M): (a_R)a2 (S_a)ﬁ “

2.9)
x® (ay,ay,a1,az,a1,a2,a3,a3;¢2,C1,C1,C35X,Y,2,U) = L /la”‘71(1 —Ot)c'*“‘*1 (1—ay)™®
12 ) ) ) ’ ) ) I ’ ) ) I My Iy Ky F((ll)r( 17(11) 0
_ l+a;—c a;—c 402x
x (1 —az) %, F , +1;¢0;
( ) 2 1( 2 2 T 1-a)? (2.10)

u
Fi 03— | d
i i () 4
(Re(ay) > 0,Re(cy —ay) >0),
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(4) . . _ [(a) +a +a3)T(c))I( o

X13 (al,al,al,(lz,al702,03,(13,(31,C],CQ,Cz,)C,y,Z,M) - F(a])F( Z)F( 2)F( )F(b)F(c1 7a F C2* / / / / !
><(1 a)az IBa1+a2 1( ﬁ)a3 lya ( )cl —a— 1€b l(g_l)cz —b—1
><FC(4) (a1+a22+a37a1+a2;—a3+1
A3z, Aau)dadBdyd§
(M =402B?.2 = 40B? (1 - @) (1= 7). s = 4aBL (1~ B),
Ay =4(1-a)p(1-p)(1-7)),
(Re(ai) > 0,i = (1,2,3),Re(a) > 0,Re(b) > 0,
Re(cy—a) > 0,Re(c; —b) > 0),

,a,cq _a7b762 —b;lliz%

(2.11)

NI 1E (L ()

4) . .
X13 (al701701,612,a1702703,(13,(31,C],CQ,Cz,)C,y,Z,M) = F(a])F(C1 7“1) sin” o cos”

ci—a;—1
X [(1+Msin2(x)+(l+M)2xsin2a tanza} o

—a

.2 14+a;+a,—2c .2 .2
X (1+Msm a) [(1+Msm 06) — (1+M)ysin (x]
x Fy (a3, 1+ay —c1,az;¢0; Mz, hu)da (2.12)

1 = (1+M) (1 + Msin* o) tan*at
' [(1+Msin?a) + (14 M)2xsin® o tan®at]’

A=

(1+Msin2a) )

[(1+Msin2a) — (1+M)ysin®o]
(Re(ay) > 0,Re(cy —ay) >0,M > —1),

L'17u]71

I'(c el
Xl(g) (al701701,(12,017612,03,(13;617C1,CQ,Cz;X,y,Z,M) = m/o aa171(1 +a)1+111+(127201 |:(1 + a) —I—O!Zx]

< [(1+@)—a] ™ F (“3’”“1 _cl’azgcz;‘%’
(1+o)u
m)d“

(Re(ay) > 0,Re(cy —ay) >0),
(2.13)

F(Cz) (SfT)a3 (R T)CZﬂM § _pyz—1lo  \e—a3—1
[(a3)T(c; —az) (S—R)* 4%~ 1/R (@—R) (S—a)
(OC T)al+ao 2 [( )( ) (S*T)(G*R)z}im

)

@ et e oo _
13 (al7(11,Hl,az,al7(12,613,613,(,17C1,L2,(,2,x,y,z,u)—

X

x[(S=R)(a—=T)—(S—T)(a—R)u]"® H3 (a1,az;c1;M1x, Apy) dor
(M _ (SR (@-T)°
[(S=R)(a=T)—(S=T) (e —R)2)>’
Ay = (S=R)*(a—T)
[(S=R)(a—T)—(S—T)(x—R)Z]

1
X[(s—R><a—T>—(s—m(a—R)u])’
(Re(az) > 0,Re(cy —az) >0,T <R<S),

(2.14)
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) e o __ Tlle) L 2—as=1 -
X3 (flual,611702,&17&2,03,03,61761,szcz,x»%z»“)—m 0 o (1—a)* e (1-az)™
_ X y (2.15)
x (1 —ou) " Hs | aj,az;c1; ) da
( ) ( (1—az)*’ (1—az)(1-au)

(Re(az) > 0,Re(cy —a3z) >0),

o -1
) . . _ e o @)
X4 (al7111701702701,612#37613,61,61701762,%)’727”)—F(a)r(cl_a) 0 (1+oc)"1X“ (ay,a1,a1,az,a1,az,a3,
ox oy z da (2.16)
az,a,a,c1 —a,cy, s ) s u )
3 ! PU+a) (1+a) (1+a)
(Re(a) > 0,Re(cp —a) > 0),
4) . . ZF(CZ) z .2 Naz—1 2 Ner—az—1 ) @
X ay,ap,dp,a,ay,az,as,ds;Cc1,C1,C1,C25X,¥,3,U) = ————— % sin“o) B2 (cosT )BT 2 (l—usm OC)
| )T Tas)Tea —ay) Jy G770 o)
e M 2
X Xs al,a2,1+a3—cz,cl,x,%z,—ztanOl da
(lfusm Oc)
(Re(a3) > OvRe(CZ _a3) > 0)7
(2.17)
4) . . F(CZ) " _aa —o\cr—az—1 —o\ —a2
X, (a1,a1,a1,a2,a1,a2,a3,a3,C1,C1,C1,€25%,),2,U) = ——— e ‘(1—e 2787 (1 —ue
i )= e —an) Jo e ()
—a
y ze (2.18)
X X: 1 —C2;C15X, ,— da
5(6417027 taz—czic1ix (1 —ue%) (l—ue_a))
(Re(az) > 0,Re(cy —a3z) >0),
F(Cl) 1 _ ci—a;—1
x ap,ay,ay,a,ay,az,as,ds;Cc1,C1,C1,C23X,Y,2,U =7/ ot~ [l—a +a2x}
14 ( 2 ) F(al)r(cl—al) 0 ( )
_ _ u (2.19)
x(1—ay) ®?(1-—az) “2F (ay,a3;¢0; —————— | da
(1—ay)~*( )" 2F az,a3;02 =) (-
(Re(ay) > 0,Re(cy —ay) > 0),
iy 1
(4) . . 20 (cp )M 2/ .9 93 2 o\ Hartartas—2cy
Xy, (ar,a1,a1,a,a1,a2,a3,a3;¢1,€1,€1,62;X,y,2,U) = ——————— (sm a) (cas o+ Msin oc)
" (a)T(c1 —ay) Jo
ci—a;—1

1
ci—a1—3 . .
X (c052a> [(cosztx +Msm2(x) +M2xsm2a tanza}
—as

—ay
X [ (6032 o+ Msin® Oc) — Mysin2 a} [ (cos2 o+ Msin® a) — Mzsinzoc}

X 2 F (az,a3;c2;/lu)da

3= (cosza -i—Msinzoc)2
N [(cos2a+Msin2a) —Mysinzoc] [(cosza +Msin2a) —Mzsinza]
(Re(ay) > 0,Re(c; —ay) > 0,M > 0),

(2.20)
w oo ya—l b1
@) . , L(c) / / ol B
X 9 9 9 9 9 114 = ; "
15 (alvalaa17a27alva23a3703 C,C,CCX )02 M) F(a)F(b)F(c—a—b) o Jo (1 +(X)L (] +ﬁ)c7u
XXS) (a1,a1,a1,az,a1,az,a3,a3;b,a,a,c — a—b; dix, Ay, 2z, A3u)
« dedB 2.21)

B B o« B 1
(’“ S p) T Tt (1+a)(1+/3))’
(Re(a) > 0,Re(b) > 0,Re(c —a) > 0,Re(c—a—b) >0),
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[(c)(1+M)*
['(a2)I(c —az)
x[(1+Ma)—(1+M)ay] " [(1+Ma)— (1+M)ou]™®
x Hz (ay,a3;¢ —az; Mjx, 22) do

-1
4) . . -1 —ar—1 +as—
XlS (a1,al,al,az,al,a27a3,a3,c,c,c,c,x,y,z,u): o aaz (1_a)c o (1+Ma)a] e

4 (-a)(+Ma) (2.22)
1+ Ma)— (1+M)ay)?’

P (1-a)(1+Ma) )

2T [0+ M) —(1+ M)y [(1+Ma) — (1+ M)au] )’

(Re(ap) > 0,Re(c—az) > 0,M > —1),

4) ZF(C) % .2 Nap—1L 2 Nc—ar—i ) —a
X( ay,ay,ay,ay,ay,ay,as,ds;C,C,C,C;xX,,Z,) = ————————— sin“ Q)" 2 (cosT 272 (17 sin (x)
—a 2¢
X <l—usin2a> 3H3 (al,a3;c—a2;st.27
(1 —ysmza) (2.23)

zcos>a da
(l -y sinz(x) (1 —u sinza)

(Re(az) > 0,Re(c—az) > 0),

T e -
Xl(g) (a17a1,al7a27a1,az,a37a3;c7c7c7c;x7y7z7u): W{g_az)/{) (e—a)’ll+az+a3(1_e—D!)C—az—l (ea_y) “
_ (I—e %)x (1—e %)z
x (e*—u) " Hs [ a1,a3;¢—ap; ) do
( ) ( (1_ye—oc)2 (1—ye=®) (1 —ue=%)

(Re(az) > 0,Re(c—az) > 0),
(2.24)

I'(c) = —ayas e tye—a—l (] _ o)
ol [t (1)

e%(e®—1)x  e%(e*—1)y (2.25)
2 ’(eM)(eau))"“

(4) . .
X15 (Ll] ,ayl,dy,dy,al 7a2703703,c7c7575»x7y717“) =

X (] —ueia)_az H; <a1,a2;c—a3;
(Re(az) > 0,Re(c—a3) > 0).

Proof. Once substituting the series definition of the special function in each integrand and then, changing the order of the integral and the
summation, and finally taking into account the following integral representations of the Beta function and their various associated Eulerian
integrals [8, 18,20], we derive each of the integral representations from (2.1) to (2.25).

/1 a ' (1—a)’"Vdt (Re(a)>0,Re(b) >0),
Bla,b)=q 7 T'(a+b)

T@T®) (a,b e C\Z),

Bla,b) = /01 o (1- ) ! da = /:(e’o‘)“(l e P lda,  (Re(a) > 0,Re(b) > 0),

"o0 O‘afl

B(a,b) = 2/0.7 (sina)* ! (cosa)?* ! da :/O (0t o) do, (Re(a) > 0,Re(b) > 0),

B L Lt (1)t
do=(M+1) /0 TUiMa)

(T <R<S,M>—1,Re(a) >0,Re(b) >0).

(S—T)"(R-T)" /S (a—R)"(S—a)*"!

B(a,b) = (S—Rye-1 Jp (a—T)ath

da,
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3. Integral representations of Laplace-Type
In this section, we introduce Laplace integral representations of the hypergeometric series of four variables (1.2) to (1.6) by
X(4) (al7al’a17a27a17a2’a37a3. Cl7clﬁc27c3;x7y7z7u)

// ~(oH) g1 = “HoFl(—;61;s2x+sty)‘Pz(as;cz,q;sz,tu)dsdt, G.D

(Re(al) > 0,Re(az) > 0),

4
Xl(z)(al,a],a17a2,a1,a2,a37ag'cz,c|,cl,C3;x,y,z,u)
) a / / —(s ) gar—1 yas— YHy (ar:ca,c1:x,sy+12) oF1 (—;c3;stu) dsdt, (3.2)
2)T(a3)

(Re(az) > 0,Re(a3) > 0),

4
X](3) (a],a],a17(12,a1,a2,a37a3;C],C],C2,C2;X,y,z,u)
1 /M/m —(s+1) qa1—1 ,ar—1 2
= e s 2 R (—;cl;s X+ st )1F1 az;co; 57+ tu) dsdt, (3.3)
T(a)C(a2) Jo Jo v)ifi( )

(Re(ay) > 0,Re(az) > 0),

4
X1(4) (a1,a1,a1,a2,a1,a3,a3,a3;¢1,€1,€1,25X,Y,2, 1)
1 /m/m —(s+1) qar—1 ,a3—1
== e s BT He (ay; cq;x, sy +12) oFy (—; o3 stu) dsdt, (3.4)
Tt @) b o 6 (ar;ser;x,8y +12) oF) (=5 co55tu)

(Re(az) > 0,Re(az) > 0),

Xl(g) (“17“1701702#17“2703,03;6 C,C,C3X, 9,2, 1)

= F( / / / =(s+itv) =1 yar—1 v"rloFl (f;c;s2x+sty+svz+tuv> dsdtdv, 3.5
Ll3

(Re(al) > 0.,Re(a2) > 0,Re(az) >0).

where F}, 1 F1,Hg, H7 and W, are the confluent hypergeometric functions defined by

o (—iex) = ¥, S (ly] <o),
m=0 (C)m m:

Filaen) = ¥, Dm0y <),
m=0 (C)m m

o (@min X" Y" 1
He (asc;x,y) = ()’””m,n,, < g0 Bl<e),
m,n=0 m—+n

and

- ( )m+n X" y
lPZ a;b,c;x7y = ) <oo, |y < ).

( )= X it (1 <o bl <)
Proof. It is noted that each of the integral representations (3.2) to (3.5) can be proved mainly by expressing the series definition of the
involved the confluent hypergeometric functions in each integrand and changing the order of the integral sign and the summation, and finally
using the formula (1.1). O

4. Conclusion

Concerning the hypergeometric functions of four variables, we mainly introduced five of them. On the basis of the definitions of the four
variables hypergeometric functions, we succeed in establishing 25 integral formulas of Euler-type and five integral formulas of Laplace-type
involving hypergeometric functions of two and three variables and confluent hypergeometric functions of two variables.
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1. Introduction and Preliminaries

Banach contraction principle is one of the earlier and main results in fixed point theory. Banach contraction principle was proved in
complete metric spaces. In last years, many generalizations of the concept of metric spaces are defined and some fixed point theorems
was proved in these spaces. In particular, b—metric spaces was introduced by Bakhtin [2] and Czerwik [6] as a generalization of metric
spaces. They proved Banach contraction principle in b-metric spaces. Since then, some authors proved fixed point theorems in b-metric
spaces [11], [13], [18], [19], [20], [21]. Another generalization of metric spaces is generalized metric spaces (g.m.s.) or rectangular
metric spaces (r.m.s.). Branciari [5] introduced the concept of generalized metric space by replacing the triangle inequality by a more
general inequality - by the rectangular inequality. Thereafter, many authors initiated and studied many existing fixed point theorems in
such spaces [7], [8], [12], [15]. Also, the concept of b—rectangular metric space is introduced as a generalization of b—metric space and
rectangular (generalized) metric space by Geoge et al. [11]. Also see [9], [10], [14], [16], [17], [22].

Definition 1.1. [2], [6] Let X be a nonempty set and s > 1 be a given real number. A function d : X x X — [0,0) is a b-metric on X if, for
all x,y,z € X, the following conditions hold:

(b1) d(x,y) = 0 if and only if x = y,

(b2) d(x,y)=d(y,x),

(b3) d(x,z) <sld(x,y) +d(y,2)] (b-triangular inequality).
In this case, the pair (X,d) is called a b-metric space.

Definition 1.2. [5] Let X be a nonempty set, and let d : X x X — [0,0) be a mapping such that for all x,y € X and all distinct points
u,v € X, each distinct from x and y :

(rl) d(x,y) =0ifand only if x =y,

(r2) d(x,y) =d(yx),

(r3) d(x,y) <d(x,u)+d(u,v)+d(v,y) (rectangular inequality).
Then (X,d) is called rectangular or generalized metric space.

Definition 1.3. [/1] Let X be a nonempty set, s > 1 be a given real number and let d : X x X — [0,0) be a mapping such that for all
x,y € X and distinct points u,v € X, each distinct from x and y :

(brl) d(x,y) =0ifand only if x =y,

(br2) d(x,y) =d(yx),
(br3) d(x,y) <s[d(x,u)+d (u,v)+d (v,y)] (b-rectangular inequality).
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Then (X ,d) is called a b-rectangular metric space or a b—generalized metric space (b-g.m.s.).

Note that every metric space is a rectangular metric space (g.m.s) and every rectangular metric space is a rectangular b—metric space (with
coefficient s = 1). However the converse is not necessarily true. Also, every metric space is a b-metric space and every b-metric space is a
b—rectangular metric space (not necessarily with the same coefficient) [11].

Definition 1.4. [11] (X,d) be a b—rectangular metric space and {x,} be a sequence in X and x € X. Then
(i) The sequence {x,} is said to be convergent in (X,d) and converges to x, if for every € > 0, there exists ng € N such that d (x,,x) < € for
all n > nqg and this fact is represented by

lim x, =xorx,;, = x asn— oo.
n—soo

(ii) The sequence {x} is said to be b—rectangular-Cauchy in (X,d) if for every € > 0, there exists ng € N such that d (x,,,xnﬂ,) < € forall
n > ng, p > 0 or equivalently,

Jgecd (x,,+p,x,,) =0forall p>0.

(iii) (X,d) is said to be complete if every b—rectangular— Cauchy sequence in (X,d) converges to an element of X.
Note that, limit of a sequence in a rectangular b—metric space is not necessarily unique.

Example 1.5. [11] Let X = AUB, where A = {% ‘ne N} and B is the set of all positive integers. Define d : XxX — [0,00) such that
d(x,y) =d(y,x) forall x,y € X and

Oifx=y
_ ) 2aifxycA
d(x7y)_ %lfxeAandyE{L:}’}
a otherwise

where ot > 0 is a constant. Then (X,d) is a b-rectangular metric space with coefficient s =2 > 1. However we have the following:

1. (X,d) is not a rectangular metric space, as d (%7 %) =20 > }% =d (%,4) +d(4,3)+d (3, %) and hence not a metric space.

2. There does not exist s > 1 satisfying d (x,y) < s[d (x,z) +d (z,y)] for all x,y,z € X, and so (X,d) is not a b—metric space.
3. B% (%) = {27 3, %} and there does not exist any open ball with centre 2 and contained in B% (%) . So B% (%) is not an open set.

1 1

4. The sequence {%} converges to 2 and 3 in b-rectangular metric space and so limit is not unique. Also d (E’ m) =20+ 0 asn— oo,

therefore {%} is not a b-rectangular— Cauchy sequence in b-rectangular metric space.
5. There does not exist any ry,ry > 0 such that B, (2) "By, (3) = @ and (X,d) is not Hausdoff.

In this paper, we prove some fixed point theorems for mappings satisfying almost contractive condition in b-rectangular metric spaces.
Berinde [3] defined the notion of a weak contraction mapping which is more general than a contraction mapping. Afterward, many authors
have studied this problem and obtained significant results [1], [4], [21], [23].

2. Fixed point theorems

Theorem 2.1. Let (X,d) be a complete b-rectangular metric space with s > 1, and let f,g : X — X be two self maps satisfying

d(fx,8y) < 8M (x,y) + LN (x,y) @1
forall x,y € X, where § € [07 %) and L > 0 and

M (x,y) = max{d (x,y),d (x, fx),d (y,gy)}

N (x,y) = min{d (x, fx),d (y,gy),d (x,gy) ,d (y, fx) } -

Then f and g have a unique common fixed point.

Proof. Let x( be an arbitrary point in X. Define the sequence {x,} in X as xp,+1 = fx2, and xp,12 = gx2,+1 for n > 1. Suppose that there
is some n > 1 such that x, = x,,11. If n = 2k, then xo; = xp¢11 and from (2.1),

d (xops1,%2k+2) = d (fxok, 8%2k+1) < OM (X, %2k+1) + LN (X4, X24+1)

where
M (xok, Xop1-1) = max {d (xok, Xox11) »d (X2k, fX2) » d (Xt 15 8%2k+1) }
= max {d (xpk, Xok41) »d (%k, Xok+1) »d (X241, X2k42) }
=max {0,0,d (xap1 1,X2%42) }
and

N (o1, Xok+1) = min {d (xog, fxok) ,d (X2pq1, 8%2k41) > d (Xok, 8%2k+1) »d (Xopte1, fxor) }

= min{d (Xok, X2k+1) »d (X2k1,X2k+2) d (X2 Xok+2) o d (Xokt1,%2k+1) }
=0
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Thus we have

d (Xop41,X0k42) < Od (Xt 1,%2%42)

which is a contradiction with § € [0, %) . Therefore xx+1 = Xxox4+2. Hence we have xp; = xpg41 = Xpg42. It means that xp; = fxor = gxog,i.e.
Xy is a common fixed point of f and g.

If n =2k + 1, then using same arguments, it can be shown that x| is a common fixed point of f and g.

Now suppose x,, # x,,1 foralln > 1.

d (X2n41,%2n42) = d (fX2n,8%2n41) < SM (X2, %2041) + LN (X2, X241) (2.2
where
M (x2, %20 +1) = max {d (Xon,%2011) ,d (X2, fX2n) »d (X201, 8%2n+1) }
= max {d (xon, X2n+1) ,d (X2n,%20+1) ,d (X201 1,X2042) }
= max {d (xon, X2n+1) ,d (X2n+1,X2012) }
and

N(x2n7x2n+l) = min {d (x2n7fx2n) 7d (x2n+l » 8X2n+1 ) 7d (XZnngZrH-l) 7d (x2n+l afon)}
=min{d (x21,%2111) ,d (X2111,X2n42) ,d (X2n,%2012) , 0}
=0.

If M (x2p, X2p+1) = d (X2n+1,X2+2), then by (2.2)
d (Xon+1,%2m+2) < 6d (Xon41,%20+2)
which is a contradiction. Thus M (x2,,,X2,+1) = d (x241,X2,+1) and from (2.2)
d (Xon+1,%2n+2) < 6d (Xon,X2n+1) -
Similarly it can be proved that
d (Xon+3,%2m+2) < 6d (Xon42, %20 41) -
So
d (Xpt1,%n) < 6d (xp,x,—1) < 8"d (x1,x0) -

for all n > 1. Similarly, we can show d (x,12,%,) < 6"d (x2,x9) -
We can show that {x,} is a b—rectangular—Cauchy sequence. Using b-rectangular inequality and x, # x,,| for all n > 1 and d), =
d (xnvanrl) 5 d;: =d (xnvxn+2)

d (%n, Xy 2mt1) < 8[d (Xn, Xn11) +d (X1, %n42) +d (125 Xt 2m+1))]
<s [dn +dn+l] +52 [dn+2 +dn+3] +S3 [dn+4 +dn+5}

+.+ Sm+1dn+2m
<5 [8"do+ 8" do| + 52 [ 8" 2o + 6"y
+S3 [6n+4d0 4 511+5d0] 4o Jrsm5n+2mdo

< 58" [1 +582+528%+ ... +sm62’”} dy+s6"t! [1 +582+578%+ ... +s’”82'”} do

146
= #smdo (s8% < 1).
Hence,
146
d (xn,Xpoms1) < 558" dy. 2.3)
1—s6
Similarly, we can show
1+6 .
d (Xn7xn+2m) S mssndo + o" zdo (24)

Thus form (2.3) and (2.4), we obtain that
’}E};d (xn:xn+p) = 07

for all p=1,2,3,.... Hence {x,} is a b-rectangular-Cauchy sequence in (X,d). By completeness of (X,d), there exists r € X such that
Xp = fXy_1 — rasn— oo.
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Now we prove that fr = r. By b—rectangular inequality ,

éd(fr,r) < d (7, gxn) +d (g, 60) +d (xn, 1)
< EM (r,xn) + LN (rn) +d (51, 50) -+ (s )
where
M (r,xn) = max{d (r,x),d (r, fr) d (xn,g%n)} — d (1. f7),
as n — oo and
N (1) = min {d (1, fr) d (n, g3n) o (1> %) o (ins f7)} — 0,

as n — oo,
Hence, taking the limit as n — oo, we obtain

éd(fr,r) < 8d(r,fr) +LO+040

that is fr = r. Hence r is a fixed point of f.
Now we show gr = r. Suppose r # gr, by (2.1)

d(r,gr)=d(fr,gr) < SM(r,r)+LN (r,r)

where
M (r,r) =max{d (r,r).d(r,fr),d(rgr)}
=max{0,0,d (r,gr)}
=d(r,gr)
and
N (r,r)=min{d (r, fr),d(r.gr),d(r,gr),d(r,fr)}
=0.
By (2.1),

d(r,gr) < &d(r,gr)

which is a contradiction. Thus gr =r.
Now we show that uniqueness, Suppose r and ¢ are different common fixed points of f and g. By (2.1),

d(rnt)=d(fr,gt) <M (r,t)+LN(rt) 2.5)
where
M (r,t) =max{d (nt),d(r,fr),d(t,gt)}
=d(nt)
and

N (r,t) =min{d (r, fr),d (t,8t),d (r,gt),d (t,fr)}
=0.

Thus from (2.5),
d(rt) < éd(nt)
Sod(nt)=0,ie. r=t. O

Example 2.2. Let X = AUB, where A = {% :n€{2,3,4,5}} and B=1,2]. Define d : X x X — [0,0) such that d (x,y) = d (y,x) for all
x,y € X and

11 11 11 11
) =d(=.2)=003:d(=.=)=d(=.-)=0.02
d(2,3> d(4,5> 003,d(2,5> d(3,4) 0.02;
11 11 ) _ ) .
d (5, Z) =d (g g) =0.06; d (x,y) = |[x—y|° otherwise.
Then (X,d) is a complete b-rectangular metric space with coefficient s =3 > 1. But (X,d) is neither a metric space nor a a rectangular
metric space. Let f,g: X — X be defined as

f(x)z{ pxea ,g<x>={ pxed

§7XEB E,XEB

Then [ and g satisfy all conditions of Theorem 2.1 with § = % and L>0and x = % is a unique fixed point of f and g.
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Corollary 2.3. Let (X,d) be a b-rectangular metric space with s > 1, and let f,g: X — X be self maps satisfying

d(fx,gy) < 6d (x,y) +Lmin{d (x, fx) ,d (y,gy) ,d (x,8y) ,d (y. fx)}
forall x,y € X, where § € [07 %) and L > 0. Then f and g have a unique fixed point.

Corollary 2.4. Let (X,d) be a complete b—rectangular metric space with s > 1, and let f : X — X be a self map satisfying
d(fx,fy) < 6M (x,y) +LN (x,y)

forall x,y € X, where § € [0, ly) and L > 0 and
M (x,y) = max{d (x,y),d (x, fx),d (y,fy)}

N()C,y) = min{d(-xvfx) 7d(y7fy) 7d(-x7fy) 7d(y7fx)}
then f has a unique fixed point.

Corollary 2.5. Let (X,d) be a b—rectangular metric space with s > 1, and let f : X — X be a self map satisfying

d(fx, fy) < 0d(x,y)+Lmin{d (x, fx),d (y, fy),d (x, fy),d (v, fx)}

forall x,y € X, where 8 € [0, ly) and L > 0. Then f has a unique fixed point.

3. Conclusion

The development of the field of fixed point theory depends on the generalization of the Banach Contraction principle on complete metric
spaces. This generalization or extension comes up by either introducing new types of contractions or by working on a more general structured
space such as b-rectangular metric spaces. In this article, we have proven some fixed point theorems for almost contraction on b-rectangular
metric spaces and hence our results generalize many existing results in the literature.
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1. Introduction

Fuzzy Sets (FSs) put forward by Zadeh [1] has influenced deeply all the scientific fields since the publication of his paper. It is seen that this
concept, which is very important for real-life situations, had not enough solution to some problems in time. New quests for such problems
have been coming up. Atanassov [2] initiated Intuitionistic fuzzy sets (IFSs) for such cases.

The SS theory, which contributed to the solution of uncertainties in non-parametric problems, was initiated by Molodtsov [3]. SS theory is
an inherent extension of the FS theory and can, therefore, be easily applied to all branches of science and technology. This theory deals
with a concentration of approximate illustration of objects. In the approximate illustration, there exists a set of predicate values and a set of
approximate values. This theory is suitable and simply operative in performance due to the nonentity of restrictions on the approximate
illustrations.

Yager [4] offered a new FS called Pythagorean fuzzy set(PFS). PFS has fascinated the care of great deal researchers in a little while time. The
formulation of the negation for IFSs and PFSs is examined by Yager [5]. In [6], PF subsets and its relationship with IF subsets were debated
and some set operations on PF subsets were defined. Peng et al. [7], given the definition of the Pythagorean fuzzy soft set(PFSS), investigated
its properties. Kirisci [8] introduce Pythagorean fuzzy parametrized soft set(PFPSS) and examine some characteristics, operations. In
addition, the answer of the decision-making(DM) problem with PFPSS and other related notions is presented in [8].

2. Preliminaries

Give the sets %, P, p(% ) as an initial universe, parameters, the power set of % respectively, and S C P. Give the mapping m: X — p(% ).
Therefore, uy is said to a soft set(SS) over U [3].

Choose the set % = {x;}!"_,. Let {S(}) ]J?: | be a set of parameters.

Let {U’j‘.: 1S(j)} € P and every parameter set S(k) indicate the kth class of parameters and the elements of S(k) represents a exclusive
attribute set.

The set

A={(xus(x),va(x)):xeu}

Email address and ORCID number: mkirisci @hotmail.com, https://orcid.org/0000-0003-4938-5207 (M. Kirisci)
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is said to be an intuitionistic fuzzy set(IFS) A on %, [2] where, us,v4 : % — [0,1] such that 0 < uy (x) +v4(x) < 1 for any x € % . The
degree of indeterminacy wq = 1 —ug (x) — v (x).

An Pythagorean fuzzy set(PFS) ¢ over % is given by
0 ={{x,up(x),vp(x)) :x €U},

where ug, vy : % — [0,1] denote the degree of membership and the degree of non-membership of x € % to ¢, respectively, such that
0 < (up(x))*>+ (vo(x))> < 1 [4,5]. Sy = \/1 — (ug(x)? — (vg(x))? represent the degree of indeterminacy.

Then, ¢(S) is called Pythagorean Fuzzy Soft Set(PFSS) on %, if ¢(S) is mapping given by ¢(S) : P — p(%) [7].

Remark 2.1. It is easy to check that PFSSs generalize both IFSs and SSs. That is, all IF degrees are part of the PF degrees. In actual DM
problems, the PFSS characterizes a larger membership space than the IFSS. That is, the PFSS a higher capability than the IFSS to model
uncertainty in real DM problems.

Let Pythagorean fuzzy numbers (PFNs) are denoted by E = (ug,vs) [9]. Choose three PFNs 0 = E(u,v), 0; = (uj,vy), 6, = (uz,v2). We
can give some basic operations as follows [4]:

0= (uv);
e V6= {maX{ul,uz} min{vl,v2}>
e 0; A6y = (min{uy,up }, max{vy,vp});

c 0, DO, = (,/u +u,2 u%u%,vwz);
(

* 01 ®6, = {ujuy, v1+v22—v%v%)
e 0.0 =(\/1—(1—u?)® v*);
° ea:<ua’ 1_(1_V2)a7>;

for o > 0.

Maji et al. [10] firstly gave IFSS. In [11], Q-IFSS defined and basic properties are investigated. Broumi et al. [12] are given new definitions
for IFSS such as concentration, dilatation and normalization. In [13], first Zadeh’s containment, IF conjunction, IF disjunction of two IFSSs
are defined and some basic properties are examined. In [14], three new operations based on Second Zadeh’s containment, conjunction and
disjunction operations have been defined and studied. Maji [15] has been extended IFSS with new operations. In [16], a new approach
to IFSS was presented with rough set for DM problems. In this study, we adopt the PFSS from idea of Ghosh and Das [17]. Kirisci [18]
compared IFPSS and Riesz summability methods using medical real dataset.

3. Comparison of IFSs and PFSs

IFS, offered by Atanassov [2] is an extension of FS Theory [1]. IFS is characterized by a membership degree and a non-membership degree
and therefore can indicate the fuzzy character of data in more detail comprehensively. The prominent characteristic of IES is that it assigns to
each element a membership degree and a non-membership degree with their sum equal to or less than 1. However, in some practical DM
process, the sum of the membership degree and the non-membership degree to which an alternative satisfying a criterion provided by a
decision maker may be bigger than 1, but their square sum is equal to or less than 1.

Therefore, Yager [4] proposed PFS characterized by a membership degree and a non-membership degree, which satisfies the condition that
the square sum of its membership degree and non-membership degree is less than or equal to 1. Yager [19] gave an example to state this

situation: a decision maker gives his support for membership of an alternative is g and his against membership is % Owing to the sum of

3
two values is bigger than 1, they are not available for IFS, but they are available for PFS since (%)2 + (%)2 < 1. Obviously, PFS is more

capable than IFS to model the vagueness in the practical multicriteria decision-making problems.

The main difference between PFNs and IFNss is their corresponding constraint conditions, which can be easily shown in Figure 3.1. Here, we
observe that intuitionistic membership grades are all points under the line x +y < 1 and the Pythagorean membership grades are all points
with x2 +y? < 1.

One important implication of this is that it allows the use of the PFSs in situations in which we cannot use IFSs. An example of this would be

a case in which a user indicates that their support for membership of x is — and their support against membership is % As we noted these

values are not allowable for intuitionistic membership grades but allowable as Pythagorean membership grades. Thus in this case, rather then
requiring the user to change their information to satisfy the constraints of the IFS we can use a PFS.

4. Parameter Reduction Method

Take a complete lattice (£, < &), such that & = {(x,y) : x,y € [0,1],x% +y* < 1}. The corresponding partial order < ¢ id defined by
(x,y) <g(a,b) x<a, y>b,V(x,y),(a,b)e L. Any ordered pair (x,y) € .Z is said to be Pythagorean fuzzy value(PFV) or Pyhtagorean
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my/m b = IFN:a= I{mgng)
al TR ——PFN: f = P(mg,ng)

I —

mg +np=1
0.8 -

My +n,=1

00 02 04 06 08 10 TMa/ng

Figure 3.1: The PFNs and the IFNs

fuzzy number(PFN) [20].

Let E = (ug,vg) be a Pythagorean fuzzy number (PFN). The mapping .. 7 g : L — [—1,1] is called score function, if ./ F g = u%. — v% for
all E € L [8], [9].

For any two PFNs E | F

E<F,ifFE) <. FF),
E = FifsF(E)>.F(F),
E~F,if % (E) = . F(F)

Algorithm 1:

For each i, j, score values(SVs) of each of the entries of the PFSS ¢(S) denoted by ¢ = ..%. Define the aggregated score as
y=5Fpx) =YL, S FE(xj). Consider A = {x; }[_; C Pand u={x;"}_; CP.

= i

i. Calculate ¢
ii. Compute y.
iii. Select the sets A, C P, where A, u 0, ANu=0,AUu #E.
v. Compute ¥ p, YWyucp (Vx; € %).
v. Choose the reduction parameter set of the PFSS ¢ as P— (AU ), if yyp — Wucp = 0.

—-

Example 4.1. Take the set of blouses U = {y1,y2,3,Y4,Y5,Y¢}. Parameters can be defined as py:bright, py:cheap, p3:costly, py:very
costly, ps:colourful, pg:cotton, py:polystyrene, pg:long sleeve. The tabular representation of PFFS ¢ is given Table 1.

Table 2 shows score of each entry and object for the PFSS ¢ (fori=1,2,---,6).

The order of the blouses is found as ys,ye,Y4,Y1,Y2,Y3. Now we choose the sets A, 1L such as A,jt C P and AU # P. Consider the set
A ={p1,psa} and L = {ps,p7}. It can be easily seen that reduced parameter set P* = {p;, p3, pe,ps} is obtained, when Wy (y;) of each
object y; are computed. The table which include the parameter set P* is given Table 3. The object ordering in Table 2 and Table 3 appears to
be the same.

p1 P2 p3 P4 ps Ps p7 8

y; | (0.5,03) (0.4,03) (0.5,04) (0.1,0.6) (03,05 (04,02 (0.6,0.1) (0.1,0.5)
y, | (02,05) (04,0.1) (0.5,02) (0.1,02) (0.502) (02,03) (0.2,0.1) (0.4,0.6)
y3 | (04,0.6) (02,05 (04,03) (0.5,03) (0.6,04) (03,04 (03,05 (0.5,04)
ys | (05,04) (03,05 (0.3,06) (0.6,02) (02,06) (0.6,02) (0.4,0.5) (0.4,0.3)
ys | (03,0.6) (04,02) (0.6,03) (0.6,03) (0.503) (0.7,0.) (03,05 (0.5,0.5)
y6 | (02,05) (0.6,02) (0.6,0.1) (0.502) (0.1,0.7) (0.3,0.5) (0.7,0.1) (0.4,0.5)

Table 1: Tabular representation for PFSS ¢
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p1 D2 D3 D4 Ds Do D1 D3 Yy
y1 | 0.16 0.07 0.09 -035 -0.16 0.12 0.35 -0.24  0.04
y2 | -0.21 0.15 0.21 -0.03 0.21 -0.05 0.03 -0.2 0.11
y3 | -0.2 -0.21  0.07 0.16 0.2 -0.07 -0.16 0.09 -0.12
vq | 0.09 -0.16  -0.27 0.32 -032  0.32 -0.09  0.07 -0.04
ys | -0.27  0.12 0.27 0.27 0.16 0.48 -0.16 0 0.87
ye | -0.21  0.32 0.35 0.21 -0.48 -0.16 048 -0.09 042
Table 2: Score of each object and entry for the PFSS ¢
P2 P3 Do D3 v
y1 | 0.07 0.09 0.12 -0.24  0.04
y2 | 0.15 0.21 -0.05 -0.2 0.11
y3 | -0.21  0.07 -0.07  0.09 -0.12
ya | -0.16 -0.27 032 0.07 -0.04
ys | 0.12 0.27 0.48 0 0.87
v | 0.32 0.35 -0.16 -0.09 042
Table 3: Reduced parameter set
P1 P2 P3 P4 Ps
y1 | (0.65,0.42) (0.7,0.4) (0.55,0.12) (0.9,0.15) (0.85,0.2)
y2 | (0.45,0.75) (0.6,0.4) (0.33,0.88) (0.5,0.5) (0.52,0.5)
y3 | (0.6,0.3) (0.8,0.05) (0.7,0.5) (0.6, 0.3) (0.7, 0.45)
ya | (0,35,0.65) (0.4,0.2) (0.25,0.75) (0.4,0.5) (0.55, 0.45)
Table 4: Tabular representation of PFSS ¢
P1 D2 D3 P4 Ds Y
y1 | 0.2461 0.33 0.2881 0.7875 0.6825 2.3342
y2 | -0.36 0.2 -0.6655 O 0.0204 -0.8051
y3 | 0.27 0.6375 0.24 0.27 0.2875 1.705
ya | -0.3 0.12 -0.5 -0.09 0.1 -0.67
Table 5: Score values for the PFSS ¢
P1 p3 P4 Ds Y
y1 | 0.2461 0.2881 0.7875 0.6825 2.0042
y2 | -0.36 -0.6655 0 0.0204 -1.0051
y3 | 0.27 0.24 0.27 0.2875 1.0675
ya | -0.3 -0.5 -0.09 0.1 -0.79

Algorithm 2:

Table 6: The set of reduced parameter set and score values

For i # j, the maximum score deviation denoted by ¢ = min{|.”% y(a;) — % F y(a;)|}, fori,j=1,2,---n.

Vi.

. Calculate ¢
ii.
iii.

Compute y.

Calculate o with P = {p1,p2,-** ,Pm}-

a) For j #k, S Fn(ai, pr) < L Fn(ai,pj) ().

b) Vi and for j 9& k, max|<7<9N(ai,pk) —5ﬂ<91\/(ai,p]’)‘ < 0.
Take the maximal number of parameter set A which fulfill the preceding step.
Calculate the set P — A. This set is a reduced version of the parameters of PFSS.

. Select the parameter p; € P for the following situations for i, j =1,2,--- ,m
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Example 4.2. Consider the information as given in Table 4. Firstly, compute SVs of y;, (i =1,2,3,4). Obtained SVs are corresponding
to the parameters P, which is defined as y = % n(a;) = Z’;’:l S FN(aj, pj)-Therefore the objects are ordered with SVs and accuracy
values. The order is shown as {hy,h3,hq,hy}.

The maximum deviation is computed as ¢ = min{3.1393,0.6292,3.0042, —2.5101,—0.1351,2.375} = —2.5101. We consider the parameter
p2 € P, where S F n(ai,pr) < L Fn(ai,p;) for all i, j and max |.L F n(ai,pr) — L F n(ai,pj)| < © for all i,j (Table 5). Thus the
reduction of the parameter py will have no effect in the ordering of objects, which is shown in Table 6. So, we get the reduced set of
parameters as P— {p, }.

5. Conclusion

Parameter reduction is primarily a method used to avoid redundant parameters. The results obtained with the minimum subset of parameters
are the same as the entire set of parameters. Parameter reduction is essentially based on this idea. It is proposed new parameter reduction
methods for PFSSs. Examples are given to illustrate the applicability of these methods.
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second derivatives in absolute value at certain power are trigonometrically convex functions.
In addition, we prove that our results give better approach than previous results.

1. Introduction

Throughout the paper / is a non-empty interval in R.

Definition 1.1. A function f : I — R is said to be convex if the inequality

flx+(1=t)y) <tf(x)+(1=1)f(y)
is valid for all x,y € I and t € [0, 1]. If this inequality reverses, then f is said to be concave on interval I # 0.

Convexity theory has appeared as a powerful technique to study a wide class of related problems in pure and applied sciences. See
articles [2,4,9-12] and the references therein.
Let f : [a,b] — R be a convex function, then the inequality

(25) 5t f e L0

is known as the Hermite-Hadamard inequality (for more information, see [5] ). Since then, some refinements of the Hermite-Hadamard
inequality for convex functions have been obtained [2,3,13,15].

Definition 1.2 ( [14]). Let h: (0,1) C J — R be a non-negative function, h # 0. We say that f : I — R is an h-convex function, or that f
belongs to the class SX (h,1), if f is non-negative and for all x,y € I, o € (0,1) we have

Jlax+(1=a)y) <h(a)f (x)+h(1—a)f(y).
If this inequality is reversed, then f is said to be h-concave, i.e. f € SV (h,I).

Definition 1.3 ( [7]). A non-negative function f : I — R is called trigonometrically convex function on interval [a,b], if for each x,y € [a,b]
andt € [0,1],

Flox (=) < (sinZ0) 7+ (cos ) ). (LD

Email address and ORCID number: mahirkadakal @ gmail.com, https://orcid.org/0000-0002-0240-918X
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Denoted by TC (1) the class of all trigonometrically convex functions on interval /. Every non-negative convex function is trigonometrically
convex and every trigonometrically convex function is s-convex with A(¢) = ”7’
A refinement of Holder integral inequality better approach than Holder integral inequality can be given as follows:

Theorem 1.4 (Holder-Iscan Integral Inequality [6]). Let p > 1 and % + % = 1. If f and g are real functions defined on |a,b] and if | f|7, |g|?
are integrable functions on interval [a,b] then

1

[ 17 dx<‘a{(,/ab<b—x>|f<x>1”dx)‘]’(/f(b—x)g(x)watx)"
atrar) ([ e-amra)’
(I ) (!

Improwed power-mean integral inequality as a result of the Holder-Iscan integral inequality can be given as follows:

Theorem 1.5 (Improved power-mean integral inequality [8]). Let g > 1. If f and g are real functions defined on [a,b] and if | f|, | f]|g|? are
integrable functions on |a,b) then

[ o dx<la{(/ b=/ >dx)1‘l’(/ b=l ax )
+ (/[;b(x—a) |f(x)dx)1‘l' (/j(x—a) |f(x)||g(x)"dx);},

Definition 1.6. (Beta Function) The Beta function denoted by B (a,b) is defined by
1
B (a,b) = / 11— dr, a,b> 0.
0

2. Main results

In this section, using Holder-Iscan integral inequality and improved power-mean integral inequality and an integral identity, author obtain
a generalization of Hermite-Hadamard type inequalities for functions whose second derivatives in absolute value at certain power are
trigonometrically convex functions.

In order to establish some inequalities of Hermite-Hadamard type integral inequalities for trigonometrically convex functions, we will use
the following lemma. This lemma can be easily obtained by taking partial integration in the lemma in [1] .

Lemma 2.1. The following equality holds:

A EI®) L [ e [ o) a1 -

Theorem 2.2. Let f : I — R be a continuously two times differentiable function, let a < b in I. If the mapping |f"| is trigonometrically
convex function on interval [a,b], then the following inequality

f() 216 47r
Cb— a/f

x| <(b-a) A(lf"@].["®)])
holds for t € [0,1], where A is the arithmetic mean and % + é =1

Proof. Using Lemma 2.1 and inequality

" (ta+ (1=0pp)| < (sinZ) [7(@)|+ (cos 2 ) |7 (2)],

we obtain

JATI0) L )" pga] < )2/1Itlll—tI|f”(ta+(1—t)b)1dt
O ([ a-nls a0 -p]ar)
< ([ra-n [(0Z) 1@l + () )]
S (= (45 o]
- (b—a>2 A (@)L o))
where

This completes the proof of the theorem. O
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Theorem 2.3. Let f : I — R be a continuously two times differentiable function, let a < b in I and assume that q > 1. If the mapping | f"|?
is trigonometrically convex function on interval [a,b], then the following inequality

fla)+f(b) 1
2 b—a

(b

<

/abf(x)dx

holds fort € [0, 1], where ;1)+$ =1.

2

,a)z

(f) B (pt Lot DAL (|f @] ®)])

T

Proof. Using Lemma 2.1, Holder integral inequality and inequality

" (a+ (1=0p)|” < (sin ) |7 (@) +

which is the trigonometrically concexity of | f”]?

fla+fb) 1 P
> _b—a/a f(x)dx

IN

IN

IN

where

/O.ltp(l—t)f'dt:ﬁ(p+1,p+1),

This completes the proof of the theorem.

(b—a)®

(b—a)

(COS >|f” {q

, we obtain

—t||f" (ta+ (1 —1)b)|dt

(b—a)*

5 (/Olt”(l sz) (/ |f" (ta+(1—1)b |th)

(b—a)*

5 (/Olt”(l—t)pdt);(/ol[(mn D) 17|+ (cos ™) |6

B 10 (7@ 2 + 0 2 )’

2 14\
2\

B (p+1,p+1)A7 (| (@), | £ (B)]%)

I]ar)’

1

Q2.1

O

Theorem 2.4. Let f : I — R be a continuously two times differentiable function, let a < b in I and assume that q > 1. If the mapping | f" |?
is trigonometrically convex function on interval [a,b), then the following inequality

‘f(a)+ 7b1a/abf(x)dx _ —za)zﬁ})(p+17p+z)[(i;> \f”(a)yu(iz) | /" (b) !F
+ (b;afﬁ% (p+2,p+1) {% " (@)] "+ (% - %) |f”(b)’q};

holds fort € [0, 1], where ;17+$ =1

Proof. Using Lemma 2.1, Holder-Iscan integral inequality and inequality

" (a+ (1=0p)|” < (sin ) |7 (@) +

which is the trigonometrically concexity of | f”]?

Hal 0L g

<
- 2

+

IN

2

(b—a)®

a)?

(cos >|f" )|?

, we obtain

—a)? !
g%/{) 1111 —1]|f" (cat (1 —1)b)|

(/01 (lt)t”(lt)pdt); (/01 (1

2

(b_za) (/Olzt”(lt)"dt)]l](/olt|f”(ta+(1z)b)|"dt);
(b= </01

+(b_2a)2 (/0 ”p(lt)pdt); (/olthm @]+ G SIED!
- (b—za)zﬁﬁ(p—i-l,p—i-Z) [(%_7> ‘f// )’q+ (%) ‘fﬁ(b)ﬂ;
N (b—a)zﬁ%(p+2,p+1) {% F @)+ (%_%) |f,(b)|q}31’

D" (ta+(1 ft)b)|th> !

Jar)?

1

(2.2)

(lft)tp(lft)pdt>;</01(17t)[(sin%t>‘f”(a)|q (cos )\f” )|*] >q

1
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where

1

tp+l

o\_c\

P (1—1)P s =

)P dt =

B(p+1,p+2),

B(p+2,p+1)

1 1 mt 2 4
/ (1—1) §1n—dt / tcos—dt = — — ==,
0 0 2 nn

L
1—1¢ fdt / tsin—dt = —
./0 (1—1)cos I sin-—

This completes the proof of the theorem.

4

[\$)

T

Remark 2.5. The inequality (2.2) is better than the inequality (2.1).

Proof. By using the properties

and the concavity of the function /4 : [0,

u+v>s

B(p+1,p+2)=

B(p+1,p+2)=

s +v

S
<
2 —( 2

B(p+2,p+1)

B(p+1,p+1)

p+1
2(p+1)

o0) — R, h(x)

=x*,0 < s <1, that s, if we use the property

we can write the right hand-side of the inequality (2.1) as follow:

IN

(b—a)®
2

b—a) 1
2L7;LBNP+LP+ﬂ

(b—a)®
2

(b—a)’
2

[ﬁ@+LP+U

7|

1@+ 21" (b))

p+1

2

2(p+

il |

2

(3) 8 0+ 10t (@[ 0]

which is the required result. This completes the proof of the Remark.

2|f"(a))?+ 2 If”(b)lq} ‘

1

2

prortoed [(2- B @i () 1rer] + 5L s oz [ Slrar (2 -

T

1

o]

O

Theorem 2.6. Let f: 1 C R — R be a continuously two times differentiable function, let a < b in I and assume that g > 1. If the mapping

|f"9 is trigonometrically convex function on interval [a,b), then the f()llnwing inequality holds for t € [0,1]:

o [ ] < ©
*bialth4gw

where

'ﬂ®+ﬂm

‘ﬂ@+ﬂm
2

sl
/ t(1—r)dt =
0

1

)

7‘1)2
2

(b—a)?
2
(b—a)®
2

<

! . mt ! it
/Ot(lfz)sm?dt—/o t(lft)cos?dt—

This completes the proof of the theorem.

e

8(

B
B
BINe
B

T

4
T
4

T

3

3
3

4—m)

)

m)

)

)

) ’ 7"

(s

= (|f”(a)’q,‘f”(b

—a)* 1
———jAVWfHVWM+UfﬂmMr

</Olt(1t)dt>l_}l(/olt(l
/Olr< sinZ0 ) [£(@)|7 + (cos 2 ) 70| a )‘l’

1 ! é
V”(a)"’/o ,(17t)sin%tdl+’f”(b)‘q/o [(1fz)cos%zdl‘)

4(4 —
(a)‘q_,_(i;r)

A (lf"@]7, " (b

%)

19, we have

|f“<b>r‘1)‘l’

%)

1

nvwm+ufanm)q

(2.3)
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Corollary 2.7. Under the assumption of Theorem 2.6 with g = 1, we get the following the inequality:
fla)+f(b 8(4—m)
' - a/f )dx| < ) ( |f” Hf// ‘

3
Theorem 2.8. Let f:ICR —-Rbea contznuously two times differentiable function, let a < b in I and assume that q > 1. If the mapping
|f"|% is trigonometrically convex function on interval [a,b), then the following inequality holds for t € [0,1]:

LCESCIRY L

—a)? " 4(24—4 " a
_ )(L) (32(7: 3|f s ( 7z:ﬂ n:)|f |>

b—aJa 2 12

1

(b*a)z 1 =0 (4(24—d4n—7 " 32(7‘;,3) . 4
L (E) <(,rf W+ = (b)\q> 2.4)

Proof. From Lemma 2.1, improved power-mean integral inequality and trigonometrically convexity of |f”|?, we have

'f ne ba/f ‘

—t||f" (ta+ (1 —1)b)| dt

< (b—za)2 </Olt(1t)2dt)1,', (/01,(17,)2 |f"(ta+(1t)b)}qdz>’;
+(b—2a)2 (/Oltz(ll)dt)l’li (/Oltz(l*t) }f”(taJr(lt)b)‘th);
(snZ) @+ (cosZ) @) )
(

1

sin%l) ’f”(a)‘qu (cos%l) ’f”(b)‘q] dt) !

1
£ (a) ’/ t(1—1) s1n—dt+|f” ’/ t(1—1) cos?dt)

N (b—2a>2 (L)lé (, @l [ 21— sin iy o) / lr%lr)eos’?dt)‘l’

1

(a)|q+4(24 4 — ﬂ)|f” |>q

= |
ga—

4

// q //
B (e B )

where

1 2 1 1
/t(lft) dt:/ P?(1—t)dt = —,

0 0 12

! t 1 t
/r(lfz)2 sinldtz/ 2(1—1)cos Lt =
0 2 0 2

1 it 1 Tt

1= 2cos™ :/ 201 pysinPgr —

/Ot( 1) coszdt A = ( t)51n2dt

This completes the proof of the theorem. O

32(n—3)
7-54

4
= (24—47:—7:2)
T

Remark 2.9. The inequality (2.4) is better than the inequality (2.3).

Proof. By using concavity of the function 4 : [0,0) — R, h(x) =x*,0 < s < 1, we can write the right hand-side of the inequality (2.4) as

follow:
1

b—a)* 32(n—3) " 4(24—4 , g
bt ()" ((n Paf BT }>

2 12

1

b—a)® (1\' "0 [4(24—4 ’ 32(x-3) ., .
L () (a2 )

gz(b; ( ) 7(44 m) |f"(a )Iqszf”(b)ﬂ)}z
(s

ol ( ) 4 ) AL (@[] 0)])

:<b—2a>(>1<8< >> (1@ 1B,
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which is the required result. This completes the proof of the Remark. O

Corollary 2.10. Under the assumption of Theorem 2.8 with q = 1, we get the following the inequality:

2
fla)+f(b) 1 /b (b—a)” 8(4—m) /" 1
- x)dx| < ————FA a b)|).
5 p=a ). x| < == ——m=—A(|/"@],|"()])
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