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Article Info Abstract

Keywords: Energy-momentum complex, This work investigates the well known localization problem of energy and momentum.
Magne”m”y charged black hole met- The purpose of this paper is two fold. First, we compute Einstein, Landau-Lifshitz and
ne. Bergmann’s energy-momentum complexes for static spherically symmetric magnetically
2010 AMS: 83Cxx. charged regular black hole spacetime in general relativity. We observe strong coincidences
Received: 17 April 2019 among the results obtained form the three descriptions. These resembling results from
Accepted: 6 April 2020 different energy-momentum prescriptions may offer some basis to explain a exclusive
Available online: 24 April 2020 quantity which supports Virabhadra’s viewpoint. Secondly, the problem is discussed in
modified gravity. In particular, we use generalized Landau-Lifshitz prescription for the
determination of energy-momentum with reference to f(R) theory of gravity. We explicitly
compute the energy-momentum complex for the static spherically symmetric magnetically
consistent regular black hole metric for a well-known choice of the f(R) gravity models.

1. Introduction

The energy-momentum localization in curved spacetimes is one of the most important issues since the emergence of general relativity (GR).
This problem has no proper solution till date. Several attempts have been carried out by researchers to overcome this issue, using different
tools and hypothesis. A unique tensorial definition of energy and momentum has been a focus of many findings in the GR. Energy-momentum
tensor Tub is a second rank symmetric, localized and divergence-less quantity introduced in both, the special relativity and the classical
mechanics. It gives the account of the energy and momentum matter source, and non-gravitational field sources. Given below equation
defines the conservation law of energy and momentum

7Y, =0. (1.1)

a;

Unique definitions of energy and momentum exist in classical physics. However, ordinary derivatives transforms to covariant derivatives in
GR. Thus, we get

1
!, = ﬁ(\/—igTab)ﬁb —~T2.1¢ =0. 1.2)
This conservation law was formulated by Einstein [1]. Eq. (1.2) shows that Tab does not satisfy Eq. (1.1) in the presence of gravitational
field. The summation of these two terms (stress-energy tensor and a pseudo-tensor) remains divergence-less. The addition of a non-tensor
quantity to justify the gravitational field energy was criticized by many researchers. Levi Civita argued on an alternate gravitational energy
tensor. Penrose [2] introduced another concept of energy, known as quasi-local energy in order to find a feasible expression other than té’
(pseudo-tensor). Pauli criticized Einstein’s work on energy-momentum distribution but Einstien argued that his energy-momentum complex
(EMC) gave reasonable outcomes for the energy and momentum of isolated systems which obey the conservation laws.
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Later on, different prescriptions were suggested by many researchers including Landau-Lifshitz [3], Bergmann-Thomson [4], Tolman [5],
Weinberg [6], Papapetrou [7], and Moller [8]. All of these works are coordinate dependent i.e one has to perform the computations in
the quasi-cartesian coordinates except Mdller’s prescription which is coordinate free. Due to non-tensorial nature, these complexes are
also called pseudo-tensors. Misner et al. [9] proved that spherical coordinate system can be used for the localization of energy. But later
on, possibility of energy localization in any system was proved by Sarracino and Cooperstock [10] as they showed that the energy can be
localized in any system, if it is localized in spherical systems. In 1990, Virabhadra claimed that energy-momentum complexes might provide
intuitive conclusions just for the isolated systems total energy. Virabhadra and his co-authors [11] studied several spacetimes and found
various energy distributions for such spacetimes. The issue of localization of energy-momentum in the GR gained a new viewpoint from the
results elaborated by Xulu et al. [12]. Rosen [13] investigated the total energy of a closed homogenous isotropic universe using Einstein’s
EMC. Many efforts have been made to solve the problem of localization of energy and momentum [14]-[20]. Amir and Mirshekari [21]
investigated energy-momentum distributions in static and non-static cosmic strings space-times using Einstein, Landau-Lifshitz, papapetrou,
Bergmann-Thomson, Tolman, Mgller, and Weinberg’s prescriptions. They noted strong similarities between the findings. These results were
thought to be the extension of Virabhadra’s point of view that different energy-momentum prescriptions may provide some basis to explain
an exclusive quantity. Xulu and his collaborators [12] investigated the matter source of black hole phantom metric with the help of Einstein’s
EMC. Sharif and Kanwal [22] evaluated energy-momentum distribution of Bell-Szekeres metric in the GR and teleparallel gravity with
the help of Bergmann-Thomson, Einstein, Landau-Lifshitz, and Mgller’s prescriptions. Bergmann and Einstein’s prescriptions for Bianchi
type-V spacetime in the GR and teleparallel theory of gravity were investigated by Salti and Aydogdu [23]. Bianchi type-// universe was
investigated by Aydogdu using Landau-Lifshitz and Einstein EMC in the GR [24]. Banerjee and Sen [25] calculated the total energy density
for Bianchi type-/ universe using Einstein’s EMC. Sharif and Fatima [26] computed the energy-momentum distribution of the Weyl metrics,
singularity-free cosmological model and non-null Einstein-Maxwell solution using different prescriptions.

Modified theories of gravity have enthused many researchers lately due to the collective motivation imminent from high-energy physics,
astrophysics, and cosmology. Among several alternatives to the Einstein’s theory of gravity, theories which comprise high order scalar
curvature invariants, and explicitly the class of f(R) theories, enjoys a long history. In the last seven years or so, there has been a novel
incentive for their study, leading to numerous fascinating results in this modified gravity. Furthermore, it has proven to be an effective
and consistent to the GR and it continues to behave so. This definitely happens to be the reason to consider this theory for our present
work Mainly, most of the work in the literature on the problem of energy momentum localization is with in the framework of the GR. In
particular, the f(R) gravity seems an interesting and straight forward modification for the discussion. Multdmaki et al. [27] were the pioneers
to generalize Landau-Lifshitz EMC in f(R) theories of gravity. However, they restricted the generalization for those spacetimes having
constant scaler curvature. Sharif and Shamir evaluated the energy density of plane symmetric solutions for some popular choices of f(R)
models. They also investigated the energy distribution of cosmic string spacetime [28]. Similar work can be found in [29]-[32].

Black holes gained much importance since Schwarzschild era. Xulu computed the energy distribution of Melvins magnetic universe and a
charged dilaton black hole [12]. Gao and Zhang [33] investigated the properties of a phantom black hole metric. The accretion process
of phantom fluid onto a black hole was studied by Babichev et al. [34]. Fabris and Bronnikov [35] obtained some interesting results on
investigating the physics of neutral phantom black holes. Ding et al. [36] studied the influence of phantom fields on strong gravitational
lensing.

In this paper, we interest to investigate some EMCs for static spherically symmetric magnetically charged regular black hole metric.
For this purpose, we choose Landau-Lifshitz, Einstein, and Bergmann’s prescriptions. We also investigate the energy and momenta for
generalized Landau-Lifshitz EMC in f(R) theory. The sequence of this manuscript is given as: Section 2 gives a brief discussion on the static
spherically symmetric magnetically charged regular black hole metric. Section 3 is devoted to discuss different EMCs. In particular Einstein,
Landau-Lifshitz and Bergmann’s EMCs have been discussed for the magnetically charged regular black hole metric in detail. Section 4
gives the generalized expressions for Landau-Lifshitz in context of f(R) gravity. Specifically, we calculate the components of energy and
momentum. The last section is devoted to the comments and conclusive remarks.

2. Magnetically charged regular black hole metric

We use here the static, spherically symmetric magnetically charged regular black hole metric [37],

2
ds® = w(r)di* — dar r2dQ?, 2.1

w(r)

where metric function w(r) is given

with m(r) is the mass function given by

3
q2 279 — 271 /qr+r* ( r )
m(r) = In +2arctan | 1 + ——
(r) 16%/[ 2ﬂq+2(ﬁ/\/?1r+r2 NAVL

—2arctan (1 — ﬁ)} ,

where ¢ gives magnetic charge. To workout a black hole solution being consistent at » = (, the parameter Y has to assume the value [37]

_(mg2)*
"=\sm )
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Thus the metric function w(r) turns out to be

M [ 32M?*P2 +8aMq*r+ nq* 8Mr
= 14+ =1 —2arctan | — + 1
w(r) o { "3 8aMq*r+ n2q* aretan ( ng? + )

8M
+2arctan (1 — zr)} .
q

Here M is the mass parameter. Ding and collaborators. [36] explored that for M = 0, the metric provides the Ellis wormhole geometries. For
the computation of components of energy and momentum, the line element (2.1)should be transformed from spherical polar coordinates (¢, r,
0, ¢) to quasi-cartesian coordinates i.e. (¢, x, y, z) applying the following transformations

X = rcos@sinb,
y = rsin@sin0,
= rcos6.

The line element just transformed reads

1 ([ xdx+ydy+zdz\*
ds* = w(r)di® — (dx* +dy* +d?) — — (M)
w(r) r
+(xdx+ydy+zdz>2
-

The corresponding determinant g of the tensor g gives

g=-1

We obtain seven non-zero independent contra-variant components of the symmetric metric tensor.

00 1
8 = 5
w
no P(1—w)—r?
g - r2 )
2 yz(lfw)fr2
g = 2 b
r
CI 2(1—w)—r?
g - r2 )
2 (I—wxy
g - r2 )
n o (I-w)yz
g - I"2 )
3L (1 —w)xz
& = 2

3. Energy-momentum prescriptions in the GR
Here, we discuss the three different EMCs in the GR. In particular we discuss Einstein, Landau-Lifshitz and Bergmann’s EMCs.
3.1. Einstein energy-momentum prescription

The Einstein EMC is given as[38]

where

8ad bd ce cd  be
h”“a:—tha:7{—g(g g —g“ )] :
V8 e

The energy, momentum components are denoted by ®8 and ®? respectively. ®Z satisfies the covarient local Einstein’s conservation laws

00’

oxb

The momentum four-vector (or the components of energy-momentum) is expressed as

P, = / / / 0%dx'dx*dx’. (3.1
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P; with (i = 1,2,3) provides the components of momentum and the energy the energy is represented by Py. Energy of physical system when
the integration is taken over the hypersurface element by considering constant ¢ is

E:///®8dx‘dx2dx3.

All the calculations are restricted to be carried out in quasi-cartesian coordinates. Applying Gauss’s divergence theorem on the Eq. (3.1)leads
to

1
Po= e | [1%atnas. (32)

where (1, = % is the normal unit vector directed outward over an infinitesimal surface element dS. For the purpose to attain energy, we
acquire three independent components of hzc

2x(1—w
hOIO — ( . )7
r
h02 _ 2y(1—W)
0o = 5 P
r
2z(1 —w
3, = (T) (3.3)

Using the Eq. (3.3) in Eq. (3.2), the energy distribution is obtained as

Pe(r) = @7

where Pg(r) expresses the total energy (gravitational field plus matter) within radius r. Likewise, P; gives the total momentum due to both
gravitational field and matter. It is to be noted that

01 01 01
A =nd' = hd! =0,
h2? =02 =nd2 =0,
1% = 593 = % =0,

suggesting that Py = P, = P, = 0. It is worthwhile to note that our results agree with [12] when we take g = 0.
3.2. Landau-Lifshitz energy-momentum prescription

The EMC of Landau-Lifshitz is [38]

1
ab __ ab ab _ abcd
L = (—g) (T 1) =yt

where y?¢d is defined as

abed _ ac bd

X —g(g"g" —gg").

The components of energy and momentum are expressed by L% and L% respectively.

a Lab

55 = (3.4)

Eq. (3.4) further gives the conservation law for the quantity
Pi= [ [o @+ e)uas.
The quantities £ vanish in the quasi-cartesian coordinates when there is no gravitational field, and the above relation takes the form

pi= [ [ormas.

which represents the four-momentum of the physical system. It gives the total four-momentum of the matter plus gravitational field. Thus,
1% is refereed as the energy-momentum pseudo-tensor of the gravitational field. The energy-momentum components are described as a

three-dimensional integral space, given as
P = / / / EO0dx dx?d’. (3.5)

Here also using Gauss’s Theorem in Eq. (3.5), we get

1
Pl= e / / 2" wydS, (3.6)



Journal of Mathematical Sciences and Modelling 5

After some lengthy calculations the following independent components of ¥?2¢¢ turn out to be

o1 rHx(w=1)
4 = s
wr
02 Py w=1)
x = 3
wr
03 rHZw—1)
4 = —s
wr
—(w—1
L0012 — (w )ywr27
X
—(w—1
LB = (w—1) w2,
y
—(w—1
L0031 — (w )Zwrz. (3.7
X
Using Eq. the (3.7) in Eq. (3.6), we obtain
(1—w)r
P(r)=—"""
L(r) I

where Py (r) gives the total energy within radius r. Here we also get all the other components zero as expected from the geometry of a static
metric.

3.3. Bergmann energy-momentun prescription
The Bergmann’s EMC is given as[4]

B — R

abc
N 167rB‘C ’

where B¢ is given as
Babc _ gadvjc7

and Vé’c is defined as

V;c _ ‘;'b _ gfg |:7g(gbegcf7gcegbf):| f.

Here B®? approves the covariant local laws of conservation

a Bab B
oxb

The energy-momentum components are expressed as

Pt = / / / BOdx dx*dx3. (3.8)

Applying the Gauss’s theorem in the Eq. (3.8), we obtain

1
P = Ton / / B 1, ds. (3.9)
Now, to obtain the energy distribution, we get just three components of B¢
goot _ 2x(l-w)
wrz
gz _ (-w)
wr2
2z(1—w
po03  _ (Wrz ) ) (3.10)

Using Egs. (3.10) in the Eq. (3.9), the energy distribution is obtained as

r(l1—w)
Pp(r)= ——.

5(r) 4w
All the other components of B are vanished resulting in zero momentum. It is worthwhile to mention here that the energy-momentum
distribution for magnetically charged regular black hole metric in both Landau-Lifshitz and Bergmann prescription is same. Now, we
investigate the energy-momentum distribution in modified f(R) gravity.
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4. Energy-momentum distribution in f(R) theory of gravity

Exploring the localization problem in alternative theories of gravity might be an intresting task. Researchers have worked on this localization
issue in the teleparallel theory of gravity [39]-[41] expecting a positive solution of this complex problem. The energy-momentum distribution
for particular space-times has been computed using different prescriptions by Sharif and Jamil [42]. No general conclusion was deduced
form the results though they were consistent in some cases. Because of the cosmologically vibrant f(R) model, the f(R) theory has proven
to be very attractive in the recent years. The generalization of Landau-Lifshitz EMC has been studied in the framework of this modified
gravity [27].

4.1. Generalized Landau-Lifshitz energy-momentum complex
The f(R) gravity is a generalised form of the GR. The f(R) gravity is equipped with the following field equations
1
F(R)Ryy — Ef(R)guv —VuVyF(R)+guvOF (R) = 87‘EGTJ”V,

where F(R) is the differentiation of f(R) with respect to R. Tﬁ"\, defines the standard minimally coupled stress-energy tensor. The generalized
Landau-Lifshitz EMC is given by [27]

1
T = F(Ro)Ty + g (F(Ro)Ro— f(Ro))9s (""" — g"). @.1)
where rﬂv represents the Landau-Lifshitz EMC worked out in the GR and « is the coupling constant. This is a generic expression validating

any f(R) theory of gravity when the scaler curvature of the chosen metric happens to be constant. The 00-component becomes

T% = F(Ro) 120 + — (F(Ro)Ro — f(Ro)) 9 (g"x* — g%%x0), 42)

6k2
where 1722 (the Landau-Lifshitz EMC) may also be computed the summation of energy-momentum and energy-momentum pseudo tensor as
o = (~)(T% +11]), “3)

where tgg is given by

1
0 = @y Fggfgfféyfga)(g"“gvﬁ*g“vg“ﬁ)
S )
(€PN Ty sTg, +Th o5 —TysTop —Thplos)

(878" M) (TGsTgy + T, Fga—r“ up ~LapTro)

(877 ¢7) (T Tps —ThgTys)]-

It may be noted we need here the cartesian coordinates to apply the general formula in the Eq. (4.2). For convenience and without any loss of
generality, we discuss the energy-momentum distribution of magnetically charged regular black hole metric in f(R) gravity using polar
coordinates.

4.2. Energy distribution of magnetically charged regular black hole metric

It is mentioned here that the value of scaler curvature for the metric (2.1) is

R— 2 d’m dm

r ( drr dr)

On putting the value of m(r) the Ricci scaler comes out to be constant i.e Ry = 0. Hence, the static spherically symmetric magnetically
charged regular black hole metric is an exact solution of any f(R) theory, that satisfies the constant curvature condition. Now, as the Ricci
scaler R remains constant, we may find the energy density for this f(R) model by implementing the generalized Landau-Lifshitz EMC.
Using the Eq. (4.2) comes out with the following 00-component

1
@ = F(Ro)T] + 5 (F(Ro)Ro) ~ f (Ro) (rF (R) +3/(R)). 44
Using Eq. (4.3) and after some manipulations, we get
1 —3w(r)? 7 cos*0
00 _ / ! .2
UL = 33 |:<2 ()2 —rw' (r)—rw (r)sin“0 — 2 +2w(r) 72(”‘"20 )

b ow(r)sin 9+73w()7gcos9 1+ 1 . 1
2 rw(r) r sin® r2w(r)  r2w(r)sin?

(w(lr)z) (;vv/v('?rj * zrvv‘://((rr)) )} : (4.5)

J’_
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Substituting Eq. (4.5) in Eq. (4.4), it follows that

1 —3w(r)? 7 cos*0
00 _ / / 2
T = 21(2|:(2 e —rw (r)—rw (r)sin 07ﬁ+2w(r)72(sin29)

o wite 200 2O (L)
v Gp) Gt )

F(Ro)

+ galPROR— (R)

Now we discuss an important case by choosing a f(R) model. It is to be noted that we can not consider a model which becomes non-analytic
at Ry = 0. For example we can not choose f(R) = R+ %. Thus the simplest and commonly used model is

f(R) =R+cR

For this model, the corresponding 00-component of the Landau-Lifshitz EMC, reads as

1 3w ()2 ) 7 cos*0
0 = )= {(2 w((r))2 — ' (r) = rw (r)sin®*6 — 3 +2w(r) 72(sin29)

bow(r)sin?0+ -3 w(r) 2cos0 i+ 1 N 1
i vy -
2 rw(r) rsin® r2w(r) — r2w(r)sin?0

(w<1r>2) (;Vw(<)2> i 2rv:u/érr)) )} ‘

4.3. Momentum Of magnetically charged regular black hole metric

+

We also calculate the momenta of the magnetically charged regular black hole metric by implementing the same technique and relations. 7%

represents the components of momentum. For momentum calculation, Eq. (4.1) becomes

. . 1 . .
T = F(Ro)tf}, + 5 (F(Ro)Ro — f(Ro)) 93 (8%x* — g™x). 4.6)

Using Eq. (4.6), the simplified momentum components for i = 1,2,3 are

w(r)w' (r w (r w(r)? W (r)?
O — 27’1(2 |:(2 ( )r ( )— ZrW((r)) —i—(2w(r)-i—3)cos29—7(r)2 —%—
cos*0 1 1
zsinze ) (7 l) + (7 1= w(r)? — = 1( ) N rZW(r)sinZG)
(W +rw(r)sin9c0s9) + (* 1 +W(V)2 + % + r;:i(rge)
w(r)? 3 2w/ (r)
(2w(r)2 rw(r) ):|7
—w'(r)? w (r
2 ﬁ%(w§)+mqyu—wm—wmw%

/()2 / 2 _
w'(r) gc?s97cos2972w(r)72(c?s 9) 1
2w(r) r sin® rw(r) sin20 r2w(r)

(1o e ) (0 9)} |

J’_
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—2w(r) — 3w(r)sin®6 +4cos’ 6

w(r)? w(r)? 2 2cos’6 N w!( B
) 2w(r)2 12 sin20  2w/(r)r  rsin@  2w(r)sin®
1

r)  2cos@  w(r)cos6 )

Wilze) * (’ e e w(r)r;sirﬂe)
+

2 N 2c0s20 o0 + -1 _w(r)
rz " sin20 r2w(r)sin?0  rlsin?0

5. Concluding remarks

Many investigations have been put forward to address the issue of energy-momentum as it is an important conserved quantity. Unfortunately,
there does not exist a general definition of energy and momentum in the GR. In this work, we focus to investigate the well-known problem of
localization of energy-momentum with reference to the GR by using these three EMCs and also give some analysis under the modified
gravity. In particular, we calculate the energy and momentum distributions for a static spherically symmetric magnetically charged regular
black hole metric using Einstein, Bergmann-Thomson and Landau-Lifshitz EMCs. We conclude that energy turns to be well-defined and
finite in these prescriptions for the black hole metric. It is worth noting that for w = 1 the final results of all these three prescriptions gives
constant energy equal to zero. It is to be noted that the unique results are obtained for Einstein, Bergmann-Thomson and Landau-Lifshitz
energy-momentum prescriptions. Extension of Virbhadra’s viewpoint [43] (different energy-momentum prescriptions may provide some
basis to define a unique quantity) is supported by the coincidences observed in the results of these prescriptions. It is worthwhile to mention
here that our results agree with [12] when we ignore the magnetic charge, i.e. ¢ =0.

We have also worked on the energy and momentum distributions of the same metric in the context of modified gravity. For this purpose,
we choose f(R) theory of gravity and the Landau-Lifshitz energy-momentum prescription. Inspired by the recent interesting f(R) gravity
models, we generalize the results obtained for Landau-Lifshitz prescription. Here, we limit ourselves to investigate the Landau-Lifshitz EMC
using the constant curvature assumption. The obtained energy and momentum components are well-defined for a space r > 0. It would be an
attractive task to get more generalized results by evaluating the Landau-Lifshitz EMC for non-constant Ricci scaler. Extending other EMCs
in the context of f(R) gravity as well in other modified theories of gravity would also be interesting.

For the comparative analysis of Energy-Momentum Distribution for Magnetically Charged Black Hole Metric, we have noted some worthy
works in modified f(%) theories of gravity in [29], [27], and [28] under some specific assumptions of different models and parameters. It
has been noted that our work about Einstein, Landau-Lifshitz and Bergmann’s energy-momentum complexes for static spherically symmetric
magnetically charged regular black hole metric is consistent and similar in many aspects. However, a very few dissimilarities wherever they
have appeared might be because of some different choices of the models and the corresponding parameters.
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1. Introduction

Recently, the trisexual nematode/ worm Auanema Rhodensis has drawn a lot of attention as an amazing example for reproductive mode
evolution and, especially, for bending the typical rules of genetics, cf. Refs. [1, 2, 3, 4]. The nematode species Auanema Rhodensis is a
member of the Auanema (Rhabditina) genus that evolved several trisexual species which have female, male and hermaphrodite members, cf.
Ref. [5]. Auanema Rhodensis hermaphrodite’s are self-fertilizing which is very uncommon in particular in the context of having a female
and male sex as well. Moreover, the way Auanema Rhodensis handles the *X’-chromosome is also not typical at all, see Ref. [4]: both the
females and hermaphrodites are XX, whereas the males have a single X. The females produce eggs bearing one X-chromosome, males
produce exclusively X-bearing sperms!, and hermaphrodites produce XX-bearing sperm and eggs with no X. Hence, crossing females and
males leads to either female or hermaphrodite offspring, males and hermaphrodites produce only male offspring, and the self-fertilizing
hermaphrodites produce either female or hermaphrodite offspring, too. These reproduction dynamics are sketched in Fig. 1.1.

In Ref. [1] it is shown that XX-individuals of Auanema Rhodensis become hermaphrodites or females depending on whether they undergo
the non-feeding juvenile stage, called dauer larva, or not. The actual reasons for undergoing or skipping the dauer larva stage seem to be still
unknown, cf. Ref. [4].

Typically, and in alignment with the commonly accepted Mendel-rules of genetics, females are XX (producing X-bearing eggs) and males
are XY (producing an equal split of the heterogametic sperm with an X- and a Y-chromosome/ -gamet), which typically leads to an (almost)
equal ratio of male and female offspring. Moreover, when it comes to hermaphrodites, which are pretty common among invertebrates,
typically one observes them being XX-type as well and producing one X-bearing egg and one X-bearing sperm such that it needs two of
them to create offspring.

! Though, the cell-biological mechanism of meiosis suggest that an X-male must produce two sperm cells with a haploid set of chromosomes, i.e. an X-bearing sperm together
with a non-X-bearing sperm. These non-X-bearing sperms are discarded later on.
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Figure 1.2: Sketch of the dynamics for a bisexual female-male population (a), and a corresponding simulation with & = 0.5 (which leads to a symmetric
behavior), B =1, and § = 0.6 (b).

So the major question is whether the reproduction mode of Auanema Rhodensis has or has not some evolutionary competitive advantage

compared to the typical reproduction mode found in non-self-fertilizing trisexual species?

Therefore, we set-up a series mathematical ordinary differential equation models for both the Auanema Rhodensis population as well as
for a non-self-fertilizing trisexual population and compare the results of the corresponding mathematical discussions in terms of equilibria
and invariant structures, their stability and domains of attraction. Hereby, our interest is on the early population growth dynamics to obtain
insights on how fast a population can occupy a given biological niche and how few specimen are required to keep a population alive. We
assume these traits (fast growth dynamics and population resilience at low numbers of individuals) as indicators of evolutionary fitness. Once
the population has (nearly) occupied the habitat new effects, like competition for food or migration, take place, that are, by purpose, not
considered here, as they occur due to population density and independent of how fast and resilient this population density is reached.

To get a first impression on how different the population dynamics of trisexual species will turn out to be compared to bisexual species, let us
already in this introduction shortly discuss the time-evolution of a bisexual heterogametic population with XX-females and XY-males as
just introduced, cf. Refs. [6, 7, 8, 9]. In accordance with the standard description of population dynamics, cf. Refs. [10, 11, 12, 13], we
assume that the time-dependent female population f : RBL — R and the time-dependent male population m : ]Rg — R are completely mixed,
that there are no spatial effects (i.e. we are in some kind of averaged picture) or limiting factors, like nutrients or overcrowding. Then, by
suppressing the time arguments and using a Kendall-like non-logistic mating function, cf. Ref. [8], we obtain

f=Bofm-5-f, and m=B-(1-0)-f-m—5-m,

where 3 > 0 is proportionality factor related to birth events and taking fertility, mating success, etc. into account, 6 > 0 is the sex-independent
proportionality factor related to death events, and o € (0, 1) is a splitting factor of the offspring into females and males.

We rather immediately have for all admissible values of the parameters, that the non-negative quadrant with f > 0 and m > 0 is (positively
and negatively) invariant, and that there are two equilibrium points: the origin (f,m) = (0,0), i.e. the complete extinction point, and the
point (f*,m*) := (ﬁ, ﬁ%) For all admissible values of the parameters the origin is asymptotically stable, which means that too small
populations will eventually get extinct. Hence, one is typically interested in population threshold values at which the dynamic attraction
of the origin is no longer present and where one can guarantee mathematical long-time survival of the complete population. The second

equilibrium point (f*,m*) turns out to be locally an unstable saddle with one stable and one unstable manifold.



12 Journal of Mathematical Sciences and Modelling

Self-Fertilizing Hermaphrodites Non-Self-Fertilizing Hermaphrodites

Model Description Model Description
Appendix *fem > f Appendix *frm - f
E1 * h+m > m £ * h+m - m

* h —> h * h+h - h

e f+mh — f e f+mh+h — f

A * h+m —> m B * h+m — m

* h = h * h+h - h

+ f+mh —> f « f+m,h+h — f

C * h+m - m D * h+m - m

* hf+m —> h *h+h,f+m — h

Appendix » fem > f Appendix s fem > f
1 * h+m - m £ * h+m - m

* hf+m — h * h+h,f+m — h

f: females, m: males, h: hermaphrodites

Figure 1.3: Overview of the different models that we discuss in this article for trisexual species with self-fertilizing and non-self-fertilizing hermaphrodites. A
chain of symbols like f +m,h — f indicates that the offspring of both the crossing of females and males and the self-fertilization of hermaphrodites evolves
to females.

Fig. 1.2 gives a sketch of the phase space dynamics and some results of a numerical simulation for this bisexual population model. Besides
others, it illustrates that the stable manifold of the saddle point equilibrium acts as a separatrix between the region of extinction, i.e. the
domain of attraction of the origin, and the region of survival/ (unbounded) growth (the gray area in the figure). Certainly, our model does not
capture the whole picture of a population, as at some time limitations to growth will be present (modeled, e.g., via logistic functions), though
we see that survival of a bisexual population requires a certain threshold on the population or threshold mixture between the sexes.

Let us return to the mathematical discussion of trisexual species. In Refs. [14, 15] a heterogametic species with the three sexes XX, XY,
and YY is studied. It is suggested that, under the conditions discussed there, such trisexual systems are not stable over time, and are
destined to converge to bisexual systems. In Ref. [16] numerical computations, based on a stochastic evolutionary algorithm, are performed
that indicated that self-fertilizing strategies are rather stable in evolutionary settings and out-competed sexual ones. Though, changing
environments seem to favor bisexual species. The reproduction of the three- or pluri-/ multisexual species studied therein are such that three
or more members of a species have to meet in order to produce offspring.

In this article we augment this body of knowledge by studying the very specific situation of the self-fertilizing trisexual species Auanema
Rhodensis with a bisexual reproduction between females and males as well as hermaphrodites and males, and a asexual reproduction of the
hermaphrodites. Moreover, as already stated, we compare this situation with that of a generic trisexual species, where, instead of a asexual
reproduction, two hermaphrodites are required to cross.

In particular, we analyze several three-dimensional models, cf. Fig. 1.3: The first one is a model for Auanema Rhodensis with its self-
fertilizing hermaphrodites (Model A), and the second one is a model for a trisexual species with non-self-fertilizing hermaphrodites (Model
B). Next, the option of female-male offspring to mature to hermaphrodites is examined. Model C applies the Auanema Rhodensis case with
its self-fertilizing hermaphrodites, and Model C the case of a trisexual species with non-self-fertilizing hermaphrodites. Certain special cases
are finally discussed in the appendices, like the situation that female-male offspring evolves to females and hermaphrodite offspring evolves
to hermaphrodites only (Models E1 and E2), as well as both a part of female-male offspring and the whole of hermaphrodite offspring
evolves to hermaphrodites and the second part of female-male offspring evolves to females (Models F1 and F2). In all these models the
origin is an equilibrium point and for some parameter vales it is even unstable with a certain bifurcation scenario in Model A. Moreover, for
specific values of the parameters a line of additional equilibria in the interior of the positive orthant exists.

Our key insights are that, compared to bisexual species populations, the introduction of self-fertilizing hermaphrodite members stabilizes a
trisexual population. Moreover, instead of species thresholds for the female and male sub-populations, the survival of such a trisexual species
populations is entirely linked to the relation between birth and death proportionality factors. I.e., no matter how small the population may
become recovery is certain, provided the birth and death proportionality factors are favorable. (In contrast, a too small bi-sexual species
population will for sure become extinct.)

The remainder of this article is structured as follows: In Section 2 we set-up a deterministic Model of the population dynamics of Auanema
Rhodensis (Model A) and give a complete description of its equilibria in terms of existence and (non-linear) stability, as well as a description
of the global dynamics of this model. Analogously, Section 3 mathematically studies Model B, Section 4 examines Model C, and Model D is
analyzed in Section 5. The mathematical discussion of the somewhat restricted models A and B before that of the complete models C and
D allows us to describe and develop the (standard) methods necessary for the complete model in the easier cases and then being able to
refer to the previous steps later on for the required solution steps. Thus, at these later stages, we can focus on the specific and interesting
additional challenges of the complete models. Finally, the main part of the text concludes with a resume in Section 6, where we summarize
and interpret our results obtained by our models and their comparison with each other and bisexual species populations. As stated, the
appendices study specific special cases to complete the discussion of the reproduction dynamics of trisexual species populations. First, in
appendix A, we state and analyze mathematical models for species with neither hermaphrodites-producing females nor females-producing
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hermaphrodites, and second, in appendix B, we state and analyze mathematical models for species with hermaphrodites-producing females
and no-females-producing hermaphrodites.

2. A first mathematical model for the Auanema Rhodensis population (Model A)

In a first approach to study the competitiveness of a Auanema Rhodensis population, let us assume that there is a complete bias towards
female offspring after crossing female and male members of the population, and that with some splitting factor hermaphrodite offspring are
females or hermaphrodites.

Following the description of the reproductive dynamics given in the introduction, let f : ]R(T — R denote the time-dependent female Auanema
Rhodensis population, m : Rar — R the corresponding male population, and 4 : Rar — R the corresponding hermaphrodite population.
Assuming complete mixing and spatial homogeneity of the Auanema Rhodensis population, then, according to the standard description of
population dynamics, cf. Refs. [10, 11, 12, 13], the deterministic population dynamics of Auanema Rhodensis are given by

fo= Bi-frm+(-a)Bs-h=35-f, @1
m = PBy-h-m—68-m, 2.2)
h = o-B3-h—5-h, (2.3)

where we suppressed the time arguments of the population functions f(r), m(r), and h(r). Here, B, B2, B3 > 0 are proportionality factors
related to birth events, 0 > 0 is the sex-independent proportionality factor related to death events, and « € (0, 1) a splitting factor of the
hermaphrodite offspring into females and hermaphrodites®. For further reference, we will denote this set of equation Eqs. (2.1)-(2.3) as
Model A.

In view of later simulations, we see that Eq. (2.3) decouples from the system Egs. (2.1)-(2.3) such that h(z) = ho-exp ((a- B3 —8) - 1),
te ]Rg , where hy > 0 is the initial hermaphrodite population at the initial time 79 = 0.

2.1. A mathematical discussion of Model A’s equilibrium points and their stability

For all admissible values of the parameters, we immediately have that the non-negative orthant 338' ={(f,m,h) €R3: f,m,h >0} is
invariant, and that the complete population eventually becomes extinct for a vanishing hermaphrodite population.

Moreover, for all admissible values of the parameters, the origin (f,m,h) = (0,0,0) is an equilibrium (complete extinction equilibrium),
where the local linearized dynamics around the origin are determined by % = Ax with x = (f,m,h) and

Q[N (50 (-a)Bs\ (£ [Bifm

™| = 0 -6 0 m|+|B-hm

"\ n 0 0 ap-58/)\n 0
=:A

Due to the triangular structure of A; the eigenvalues of A; can be read off as —8 < 0 with algebraic multiplicity two and corresponding
2-dimensional eigenspace spanned by (1,0,0) and (0, 1,0), as well as & - f3 — & with the corresponding eigenspace spanned by (1 — ¢t,0, o).
Next, the Theorem of Linearized Stability implies the following stability properties of the origin in the complete system Egs. (2.1)-(2.3):
First, for a - B3 — 0 < 0 the origin is an asymptotically stable equilibrium, second, for o - B3 — § > 0 the origin is a unstable equilibrium.
Finally, taking the non-linear structure into account, we have that for o33 — § = 0 the origin is a Lyapunov stable (though not asymptotically
stable) hyperbolic equilibrium of the complete system Eqs. (2.1)-(2.3).

Hence, at @ - 3 — § = 0 a bifurcation takes place. Biologically, this bifurcation point corresponds to the situation where the hermaphrodite
populations remains constant for all times (as the right-hand side of Eq. (2.2) vanishes). Moreover, for parameters that allow o - 3 —8 >0 a
survival of the population is guaranteed for all initial conditions with 4 > 0 due to the unstable/ repulsive character of the origin and its
unstable direction (1 — ¢¢,0, &), as we will see in more detail in Sections 2.2 and 2.3.

Besides the origin, for parameters with & - 3 = 8, i.e. at the bifurcation point, every point of the form (f,m,h) = (fo,0,4;) is an equilibrium
as well, where fj := foh) :=(1—0)-B3-h;- 8", and h; > 0 is a feasible initial value of Eq. (2.3) which reduces in the case of o - B3 = &
to 4 = 0. This gives rise to a line of equilibria

Iy = {(f0707hi) €Dy fo=folh)=(1—a)-Bs-h;i-8" i > 0}
at the {m = 0}-face of the non-negative orthant 3”0+ that emerges from the origin.

In order to determine the stability of a member (fy,0,k;) € Iy, we translate the coordinate system into (fy,0,4;), i.e. (f,m,h) —
(f+ fo,m,h+ h;), and discuss the Taylor-expansion of the appropriately modified complete system Egs. (2.1)-(2.3) about this new coordinate
frame origin. Here, the correspondingly transformed equivalent dynamics read

afr -0 Pi-fo (A—a)-Bs\ [f Bi-f-m

—|m] = 0 Br-hi— 90 0 m|+|B-h-m

de \ 0 0 0 h 0
:ZBl

2 According to the description of Auanema Rhodensis hermaphrodites as being similar to the females of the species in the biological literature, cf. [1, 2, 5, 3, 4], there seems to
be pure self-fertilization of the hermaphrodites only, i.e. two hermaphrodites of this species do not match. In other words, biological insights suggest that hermaphrodites of the
Auanema Rhodensis species have the same sexual organs as females of this species.
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Figure 2.1: Sketch of the stability bifurcation of the extinction equilibrium at the origin and the occurrence of the lines I'y and I'; of additional equilibria at
the bifurcation point ¢ - B;” 1—5.

The eigenvalues of By are 0 with the corresponding eigenspace being spanned by ((1 — «),0,5), and —6 < 0 with the corresponding
eigenspace being spanned by (1,0,0), as well as

<0, for h; < h*,
Bo-hi— 9 =0, fOI’hl’Zh*I:5~B271=(X-ﬁ3~[3271,
>0, for h; > h*,

with the corresponding eigenspace being spanned by (B - fo, B2 - hi,0). Hence, the elements of I'y are Lyapunov stable equilibrium points
for 0 < h; < h* and unstable ones for #* < h;.

Moreover, there are additional equilibrium values (f*,m*,h*) in the interior of .@J only if the parameters are such that ot - B3 = 6, i.e. again
at the bifurcation point. From Eq. (2.2) we obtain h* = 6 - /3{1 =a- - ﬁ{l. Next, from Eq. (2.1) we get, after some small algebraic
manipulations?,

* a-p3 * F—yeo —
0<m” = 7[3*(132]( 7(1706)’[33) f*) a'BS'ﬁ] b= Mmax ,
Br-B2-f
and f* > fo= fo(h*) =(1—a)-B3-B; !, In particular, these additional equilibria (f*,m*,h*) thus form a one-dimensional family I';
depending on the feasible values of f*.

In order to determine the stability of a member (f*,m*,h*) € I'1, we progress as outlined previously for the members of I'y: We translate the
coordinate system into (f*,m*,h*), i.e. (f,m,h) — (f + f*,m+m* h+h*), and discuss the Taylor-expansion of the appropriately modified
complete system Egs. (2.1)-(2.3) about this new coordinate frame origin. Here, the correspondingly transformed equivalent dynamics read

alr Br-m*—o6 Bi-ff (1—a)-Bs\ [(f Bi-f-m

|\ = 0 0 By -m* m|+|Br-hm],
"\ n 0 0 0 h 0
::C1

where
Biom* =8 = Bigile (B f —(1-a)-Bs)—a-Bs
= ngi-([32~f*—(1—0€)~[33—[32~f*)<0.

The eigenvalues of Cy are B - m* — & < 0 with the corresponding eigenspace being spanned by (1,0,0), and the algebraically two-dimensional
eigenvalue 0 with (—f; - f*, B - m* — §,0) spanning the corresponding geometrically one-dimensional eigenspace. Taking the non-linear
terms into account, we hence have that each element (f*,m*,h*) € T'; is an unstable hyperbolic equilibrium of the complete system
Eqgs. (2.1)-(2.3).

Note, that further equilibria of Egs. (2.1)-(2.3) do not exist and we have established a complete classification of the equilibria of our system
including their stability. Fig. 2.1 summarizes our results on the types and stability properties of these equilibria as well as the underlying
bifurcation scenarios.

2.2. The global dynamics at the bifurcation point

Once knowing what happens locally around the equilibria (0,0,0), (fo,0,54;) € Iy, and (f*,m*,h*) € I'1, we are interested in the global
dynamics, i.e. the complete picture of the dynamics in the phase space W(T . Let us start with parameters leading to the origin’s bifurcation

3 By virtue of Eq. (2.1), f # 0 holds at an equilibrium other than the origin.
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Figure 2.2: Sketch of the dynamics of Model A at the bifurcation parameters o - 3 = 6 with i = h* (a), and a corresponding simulation with o = 0.5,
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Figure 2.3: Sketch of the dynamics of Model A at the bifurcation parameters a - 3 = 6 with h < h* (a), and h > h* (b).

point & - §3 = 8, and discuss f-m-planar slices with different constant values of & = const. For ¢ - 3 = § the governing system Egs. (2.1)-(2.3)
reduces to

f() Bi-f(2)-m(t)+(1—a)-B3-hi =8 f(1), (24)
(1) (By-hi—8)-m(t), 2.5

together with A(t) = 0, where f(0) = f; > 0, m(0) = m; > 0, and h(0) = ; > 0. Here, Eq. (2.5) becomes #1(t) = 0 (i.e. m(t) = m;) for
hi=h*=06-8; = o Bs By ! such that in this case the dynamics in the f-m-plane are governed by vectors parallel to the f-axis (the
m-value is constant) pointing to f = 0 or to f — oo corresponding to the sign determined in Eq. (2.4).

Next, for h; < h* we have m < 0 for all times and thus that the direction field is always pointing towards m = 0 and as well either towards
f =0, f — oo or being stationary (for f = 0) depending on the sign determined in Eq. (2.4). Finally, for h; > h* we have 7z > 0 for all times
and thus that the direction field is always pointing towards m — oo and as well either towards f = 0, f — oo or being stationary (for f = 0)
depending on the sign determined in Eq. (2.4).

As some first illustration at the bifurcation point o - B3 = 8, let us assume (i) that o = 0.5, i.e. hermaphrodites give birth to the same amount
of females and hermaphrodites, and (ii) that the birth proportionality factors 1, B2, B3 are equal. In this situation, we have 0 < m* < h* < f*.
Fig. 2.2 uses these parameters to show a sketch of the slice of the dynamics for 4 = h*. Here, the direction of the evolution vector field,
the line of equilibria I'j, and the region of survival/ (unbounded) growth (the gray area in the figure), are included, as well as the results
of a corresponding simulations that takes that actual strength of the evolution vector field into account (length of the direction vectors).
Analogously, Fig. 2.3 shows sketches of the typical dynamics for & < h* as well as for h* < h. Again, the region of survival/ (unbounded)
growth is displayed by the gray area in the figure. Altogether this allows us to compose Fig. 2.1, Fig. 2.2, and Fig. 2.3 together and to receive
the complete picture of the governing dynamics at the bifurcation point.

What remains to discuss are the dynamics for values of the parameters with o - B3 # 6.
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2.3. A global view outside of the bifurcation point

As we have already seen, if the hermaphrodites vanish then the extinction of the complete population happens for sure. By virtue of the
decoupling of the hermaphrodite dynamics from those of females and males this already gives the essential indication for survival of the
complete population.

If 0 < a- B3 < & (and h; > 0), then Eq. (2.3) leads to /(¢) < 0 and hence, independent of the initial values for the females and males,
the complete population will eventually get extinct. In this case, the origin is a globally asymptotically stable equilibrium governing the
dynamics.

If § < a- B3 (and h; > 0), then according to Eq. (2.3) the hermaphrodite population continues to grow (beyond any bounds) as A(t) > 0, i.e.
we are in the setting we denoted as a survival regime. Next considering Eq. (2.2), eventually a value of 4 is hence reached where 3, -/ > 8,
and hence eventually the size of the male population will increase (beyond any bounds) together with /& (presumed m; > 0). In complete
analogy, the size of the female population will eventually increase (beyond any bounds), even if their initial size vanishes (f; = 0).

We thus see that in Model A the survival of Auanema Rhodensis is entirely linked to the relation between the birth (& - B3) and death (8)
proportionality factors. This as well contrasts the dynamics of bisexual species where survival is linked to certain population thresholds
and, due to the asymptotic stability of the origin, too small populations are determined to get extinct for all choices of the birth and death
proportionality factors.

The results presented in Ref. [1] indicate that XX-individuals may be forced to develop into hermaphrodites instead of females (and vice
versa) based on the juvenile stages they undergo. Hence, there is also some kind of (unusual) mechanism that increases the hermaphrodite
population and may additionally stabilize the complete population. We will discuss this as Model C in Section 4.

Next, let us compare the our self-fertilizing hermaphrodite nematode Auanema Rhodensis (Model A) with a species that has non-self-
fertilizing hermaphrodite in order to discuss competitive advantages of the one or other reproduction model.

3. Trisexual species with non-self-fertilizing hermaphrodites — Model B

In order to gain insights into the dynamics of trisexual species, this section mathematically analyzes a model equivalent to Model A though
with non-self-fertilizing hermaphrodites. I.e., two members of the hermaphrodite species are required to produce offspring such that
the crossing terms with a single / in Egs. (2.1) and (2.3) are replaced by a term with #%. Assuming again complete mixing and spatial
homogeneity of the involved populations, then, according to the standard description of population dynamics, this leads to the following
ordinary differential Model B*:

/o= Bifmt(l—a)Bs-*=5-f, 3.1)
m = PBy-h-m—38-m, (3.2)
h = o-B3-h>—8-h. (3.3)

As in Model A, we have for all admissible values of the parameters, that ;@0* is invariant, and that the population eventually becomes extinct
for vanishing numbers of hermaphrodite population. Again, the dynamics of the hermaphrodite population /4 = - (¢t - B3 - — 8) decouples
from the other governing equations, with a repulsive equilibrium at #* = & - (o - B3) ! that constitutes a threshold value first of all for the
hermaphrodite sub-population and hence for the total population as well.

The origin (f,m,h) = (0,0,0) € 9’3‘ is an equilibrium (complete extinction equilibrium). In this case, the local linearized dynamics around
the origin are determined by x = Ax with x = (f,m,h) and

alt -5 0 0 f Bi-f-m+(1—a) Bs-n?
e R 0 -6 O m |+ Bo-h-m
h 0 0 -8/ \h a-Bs-h?
~—_— —
:ZA2

Hence, the origin is an asymptotically stable equilibrium in model B for all admissible parameter values. Biologically, these are somewhat
bad news as it tells us that once the population numbers are too small the population will get extinct for sure.
Moreover, there is a line I', C " of additional equilibria (f*,m*,h*) € T'>. From Eq. (3.3) we effortlessly get h* =& - (a- B3)~!, and by
virtue of Eq. (3.2) we obtain that the line of equilibria I'; exists only for parameter values where o - B3 = B,. Next, from Eq. (3.1) we get®
1)
0<m= ———
o P f*
where f* > (1—a)- o~ - h*. After linearly translating the coordinate system into (f*,m*,h*) € I'», the Taylor-expansion of the appropriately
modified complete system Eqgs. (3.1)-(3.3) about this new coordinate frame origin reads

(@ f = (1—a)-h") 5 8B =

o (! Biom' =8 Bift 2-(1—a)-Bs-h®\ [£\ (Bi-f-mt(1-a)-By-
—|m = 0 0 By -m* m |+ Br-h-m
e\ 0 0 § h a-Bs-h2

=:B,

4 Here, we are discussing the situation of non-self-fertilizing hermaphrodites that can additionally pair with males in order to have a model comparable to Model A. From a
biological perspective it may make sense to assume that in this situation hermaphrodites have the same sexual organs as males and females and can thus also mate with females of
the species. Considering, in terms of a comparison to the biological situation witnessed at Auanema Rhodensis, the gametic structure of female eggs and hermaphrodite sperms
would, in such a pairing, result in XXX-offspring, that we can discard as not fit for survival.

3 By virtue of Eq. (3.1), f # 0 holds at an equilibrium other than the origin.
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Figure 3.1: Sketch of the stability bifurcation of the equilibrium (0,0,4*) at and the occurrence of the line I'; of additional equilibria at the bifurcation point

a-Bs=pB.

The three distinct eigenvalues of B, are 31 -m* — § < 0 with its corresponding eigenspace being spanned by (1,0,0), 0 with its corresponding
eigenspace being spanned by (B; - f*, B -m*,0), and § > 0 with its corresponding eigenspace being spanned by (0, 8, - m*, ). Hence, I’ is
a line of unstable (flattened) saddle point equilibria.

Let f(0) =: f;, m(0) =: m;, and h(0) =: h;. If - B3 = B, and O < h; < I*, then Eq. (3.3) leads to /2(¢) < 0 and hence, independent of the
initial values for the females and males as well as the values of the other parameter, the complete population will eventually get extinct. On
the other hand, if o - B3 = B, and h* < h; then according to Eq. (3.3) the hermaphrodite population continues to grow (beyond any bounds)
as h(t) > 0, i.e. we are in a survival regime. Next considering Eq. (3.1), eventually a value of / is hence reached where B, - h > &, and hence
eventually the size of the male population will increase (beyond any bounds) together with & (presumed m; > 0). In complete analogy, the
size of the female population will eventually increase (beyond any bounds), even if their initial size vanishes (f; = 0). In particular, in the
case o - B3 = B, the affine plane & = h* serves as a 2-dimensional separatrix between the complete extinction regime and the survival regime.

What remains is to discuss the dynamics if ¢ - B3 # 5. Let fo := f(0), mg := m(0), and hq := h(0) denote the initial population sizes of the
female, male, and hermaphrodite sub-populations. Besides the origin, the point (f,m,h) = (I’T"‘ -h*,0,h*), with h* =6 - (at -B3)~!,isan
equilibrium for all admissible parameter values. Due to the instability in the i-direction, this additional equilibrium point is unstable.

First for B, < - B3, based on Eq. (3.3) if, hg < h* = & - (ot- B3) ™, then, irrespective of the size of the female and male sub-populations, the
hermaphrodite sub-population and hence the complete population eventually gets extinct. If hg =h* = 8- (a-f3) "1 < 8- B, I, then the
hermaphrodite sub-population stays constant for all times, i.e. h(t) = h* forallt € R(l), whereas the male sub-population eventually gets extinct

due to Eq. (3.2). Next, in this limit 4(t) = h* and m = 0 Eq. (3.1) becomes f = & - ((1(;2732'5 — f) such that all initial conditions (fy,mg, /")
in the affine plane & = h* converge towards the unstable equilibrium (f,m,h) = (I’Ta ~h*,0,h*). Finally, if hg > h* = 8- (a- B3) !, then
the hermaphrodite sub-population and thus both, the male and the female sub-populations will eventually, grow beyond all bounds (survival
regime). Hence, in the case B, < a - B3 the affine plane 4 = h* with its in this plane attractive equilibrium (f,m,h) = (I—Ta -h*,0,h*) serves
as a separatrix between the complete extinction regime and the survival regime.

Second for B, > o - B3, we analogously conclude complete extinction if iy < h* =& - (a-B3) "L Ifhg =h* =8 -(a-B3) "' > & ~ﬁ{1, then
the hermaphrodite sub-population stays constant for all times, i.e. h(¢) = h* forall 7 € R(l), whereas for positive initial conditions the male sub-
population eventually grows beyond all bounds due to Eq. (3.2). Then, due to Eq. (3.1), the female sub-population grows beyond all bounds
as well. For my = 0 an initial condition (fy,0,4*) either is or eventually converges towards the equilibrium (f,m,h) = (I’T“ -h*,O,h*). If
ho > h* = 8- (or-B3)~", then as above, we can conclude that we are again in a survival regime for all initial conditions ( fy,mg, ko). Hence,
in the case B, > o - B3 the affine plane & = h* serves again as a separatrix between the complete extinction regime and the survival regime.

The complete bifurcation diagram is sketched in Fig. 3.1. Note that further equilibria of Egs. (3.1)-(3.3) do not exist and we have thus indeed
established a complete classification of the equilibria of our system including their stability.

In summary we can already conclude that survival/ proliferation of the species in model A depends on the relation between the birth and
death parameters. On the other hand, independent of the feasible parameter values, the non-self-fertilizing exhibits the classical feature of
bi-sexual species of population thresholds. In particular, in this case, a certain number of hermaphrodites.

4. Model C

As a significant extension of Model A, we now include the situation that a part 1 — y with v € (0, 1) of the female-male offspring may become
hermaphrodites. Thus, in particular Eq. 2.3 is changed by an additional term. Assuming again complete mixing and spatial homogeneity of
the involved populations, then, according to the standard description of population dynamics, this leads to the following ordinary differential
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model C:
o= vBi-fm+(l-a)Ps-h—35-f, “.1
= By-h-m—6-m, 4.2)
ho= o-Py-ht(l=y)-Bi-f-m=8-h, 43)

As in our previous models, the non-negative orthant @J is invariant for all admissible values of the parameters. Contrary to the previous
models, though, and as intended by introducing the transport term (1 — ) - B - f - m from female-male offspring towards the hermaphrodite
sub-population, a vanishing hermaphrodite sub-population, this time, does not automatically imply extinction of the complete population.

Like in Model A, for all admissible values of the parameters, the origin (f,m,h) = (0,0,0) is an equilibrium (complete extinction equilibrium),
where the local linearized dynamics around the origin are determined by & = Asx with x = (f,m,h) and

aflr -6 0 (1-a)Bs\ [f Y-Bi-f-m

—|(m] =[]0 -6 0 m |+ Br-h-m

e\ 0 0 aps-6)\n (1=y)-P1-f-m
:2A3

The eigenvalues of A3 are —8 < 0 with algebraic multiplicity two and corresponding 2-dimensional eigenspace spanned by (1,0,0) and
(0,1,0), as well as o - B3 — 0 with the corresponding eigenspace spanned by (1 — o0, &). For ot - B3 — § < 0 the origin is an asymptotically
stable equilibrium, and, due to the non-linear part, for - 3 — & > 0 the origin is a unstable equilibrium. Again, a bifurcation w.r.t. to the
stability of the origin takes place at ¢t - 3 = 8.

Moreover, at this bifurcation point o - B3 = & the line
I3 = {(f0707hi) € Py fo=folh)=(1—a) Bs-hi-8" b > 0}

is (as in Model A) a line of equilibria at the {m = 0}-face of 393' that emerges from the origin. The correspondingly transformed equivalent
dynamics about each member (fy,0,4;) € '3 are given by

L 5 yBih (- [f YBi-fom
™ = 0 Bo-hi—6 0 m| + Ba-h-m ,
h 0 (=7 Bi-fo 0 h (1=7)-Bi-f-m

=:B3

and, in complete alignment to the eigenvalue structure of B3, the eigenvalues of the rank two matrix Bz are O with the corresponding
eigenspace being spanned by ((1 — &),0,8), and —8 < 0 with the corresponding eigenspace being spanned by (1,0,0), as well as

<0, for h; < h*,

Br-hi— & =0, forhi:h*::S-BEI:aﬁyﬁ{I,

>0, for h; > h*,
with the corresponding eigenspace being spanned by (B; - fo, B2 - hi,0). Hence, the elements of I'; are Lyapunov stable equilibrium points
for 0 < h; < h* and unstable ones for i* < h;.
Finally, below the bifurcation point, i.e. for - B3 < &, there is an additional equilibrium point x* := (f*,m*,h*) in the interior of
From Eq. (4.2) we first obtain 4* := § ﬁ{l Plugging this into Eq. (4.3) leads to

6-(6—a-f3)
Bo-(1—7)
which requires o - B3 < 8. Substituting B - f - m accordingly into Eq. (4.1) gives

_rB-@G-aB)+(1-y-(1-a)B
B-(1—7)

Bi-f-m= > 0,

o >0,

and
. 5-(5—a-py)
oy B (—aB)+(1-y)-(1-a) B

The correspondingly transformed equivalent dynamics about x* := (f*,m*, h*) are given by

m > 0.

afl’ v-Br-m* =96 v-Bi-f* (1-a)-Bs\ [f Y-Bi-f-m
e = 0 0 By -m* m|+ Br-h-m
h (I=y)B-m* (1=y)-Bi-f* op3—96 h (I=y)Bi-fm
=:By

Due to the complicated nature of f* and m* as well as the nearly complete occupation of B4 with non-vanishing entries a direct computation
of the eigenvalues and its corresponding eigenvectors is cumbersome. Therefore, we apply an indirect approach to determine the stability of
the equilibrium (f*,m*,h*). Let B4 := (b; j); j—1,,3, then the characteristic polynomial yp,(A) of B4 reads

xB,(A) = —A>+ (b1 +b33)-A*— (b1 b33 —b13-b31)-A+bio-bys by
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Figure 4.1: Sketch of the stability bifurcation of the extinction equilibrium at the origin at the bifurcation point o - 5 1= §, as well as of the transformation
of the equilibrium (f*,m*,h*) with the occurrence of the line of equilibria I's.
As by =7-Bi-m* — 8 < 0Descartes’s sign rule gives that there is one positive real positive root, such that the equilibrium (f*,m*,h*)

is unstable. For o - B3 1 6 the m-component of the equilibrium (f*,m*,h*) vanishes such that the interior point (f*,m*, h*) moves with
increasing values of @ - 33 towards the f-h-face of the first orthant, and eventually bifurcates to the line of equilibria I's at @ - 3 = 0.

The complete bifurcation diagram is sketched in Fig. 4.1. Note that no further equilibria of Egs. (4.1)-(4.3) exist and we have thus indeed
established a complete classification of the equilibria of our system including their stability.

In analogy to Model A we again have that the complete population survives/ proliferates for admissible parameter values § < af33. In
addition, model C offers some survival/ proliferation advantage at the bifurcation point.

5. Model D

Finally, we perform the same extension as from Model A to Model B and assume that the dynamics described by Model C are altered in view
of a non-self-fertilizing hermaphrodite population. IL.e., in particular the transport from female-male offspring towards the hermaphrodite
sub-population is hence added. Assuming furthermore once again complete mixing and spatial homogeneity of the involved populations,
then, according to the standard description of population dynamics, this leads to the following ordinary differential equation model D:

Jo= vBifmt(1—a)Bs-n* =8 f, G.1)
m = PBy-h-m—68-m, 5.2)
ho= o py-h*+(1=7)Bi-f-m=8h, (5.3)

Again, the non-negative orthant QZJ is invariant for all admissible values of the parameters, and, as in Model C, a vanishing hermaphrodite
population does not automatically imply extinction of the complete population compared to Model B.

Though, in complete analogy to Model B, the origin (f,m,h) = (0,0,0) € & is an asymptotically stable equilibrium for all admissible
parameter values (complete extinction equilibrium), as the local linearized dynamics about the origin are determined by

a(’ =6 0 0N [f\ (vBifm+(1-0)Bs i
R 0 -6 0 m |+ Bo-h-m
"\ 0 0 =5/ \n (1=9)-Bi-f-m+o-Bs-h?

Next, in complete analogy to Model B, for all admissible values of the parameters the point (fy,0,%0) is an equilibrium as well, where
ho:=8 (a-B3) ' and fy:=8-(1—a)-(a®-B3)"' = (1 —a) -~ - hy. The local linearized dynamics about (fy,0, /o) read as

aflr -0 Y-Bi-fo 2-(1-a)-hy f Y-Bi-f-m+(1—a) Bs-h
e m = 0 Bo-hg—6 0 m |+ By-h-m ,
h 0 (A-=y)-Bi-fo 2-a-B3-hg—6) \h (1=y)-Bi-f-m+o-B3-h?
:ZB4

where the systems matrix By has three distinct eigenvalues of algebraic multiplicity one: —8 < 0,2-a - f3-hg— 8 = 6 > 0, as well as
B> - hg — & which is negative for hy < 6 - ﬁ{l, vanishes for hg = h* =6 - ﬁ{l, and is positive for hy < § - B{l. Hence, the equilibrium
(f0,0,ho) is unstable and the stability of one of its eigen-manifolds changes at hy = h*.

Finally, for parameter values with B, > o - 33, there is a further equilibrium point (f*,m*,h*) in the interior of War : From Eq. (5.2) we get
h*=3a- ﬁ{l, and plugging this into Eq. (5.2), we obtain

8% (B —a-pBs)

Bi-f-m= 5.7

>0,
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which requires 3, > o - B3. Substituting f3; - f - m accordingly into Eq. (5.1) gives

e 0 (rB-aB)+(1-a)(1-7)B)
= B0 v
and
. 0-(Br—a-B3) 0.

T B BaB)t(1-a)(1-7)B)

Due to f3, - h* — 6 = 0, the correspondingly transformed equivalent dynamics about (f*,m*,h*) are given by

alf Y-By-m* =8 v-Bi-f* 2-(1-a)-n* f Y-Br-f-m+(1—a) Bs-h
el R = 0 0 By -m* m|+ By -h-m ,
h (A=p)-Br-m* (I=p)-Br-f" 2-0-B3-h*=5/ \h (1=9)-Bi-f-m+a-B3-h?

:ZBs

such that we can follow the same line of argumentation as in Model C. Let Bs := (b; ;);, j=1,2,3, then its characteristic polynomial xp, (A)
reads
xBs(A) = =A%+ (b1 +b33) A% — (b1 b33 —b13-b31)-A+bio-bys by

In complete analogy to Model C, we have that by ; = y- B; -m* — 8 <0, and hence Descartes’s sign rule implies that there is one positive
real positive root, such that the equilibrium ( f*,m*, h*) is unstable. For o - B3 1 B, the m-component of the equilibrium (f*,m*, h*) vanishes
such that the interior point (f*,m*,h*) moves with increasing values of o - 83 towards the f-h-face of the first orthant, and eventually
coincides with the previously discussed equilibrium (f* = fy,0,h* = hg) at o - B3 = 5.

6. Resume

During the course of our mathematical discussion and comparison of the two models we can conclude, that models A and D show a survival/
proliferation advantage over models B and C, respectively, for small population numbers. Survival/ proliferation in models A and D depends
only on the birth and death parameters of the hermaphrodite populations and not on certain threshold populations. In models B and D the
origin (complete extinction equilibrium) is always asymptotically stable and hence supporting the extinction of the complete population,
whereas models A and prevent, under some further conditions, the complete extinction due to the unstable/ repulsive nature of the origin.

Additionally, to numerical studies already carried out in the literature, cf. Ref. [16], we analytically showed the extremely robust survival/
proliferation properties of self-fertilizing species. Moreover, in contrast, to the usual heterogametic view of reproduction that predict
convergence towards a bisexual species, cf. Refs. [14, 15], the homogametic reproduction strategy used by Aunema Rhodensis shows clear
advantages in terms of a survival of all sub-species.

Thus, the mathematical discussion of the dynamics of self-fertilizing trisexual homogametic species adds a further piece to the puzzle of
evolutionary competitiveness.

Appendix A: Mathematical Models for Species with Neither Hermaphrodites-Producing Females
Nor Females-Producing Hermaphrodites

As discussed in the introduction, the two mathematical models in this appendix serve a reference and a completion of our study of the
dynamics of trisexual species. They are rather simple in the mutual interaction of the female, male and hermaphrodite populations and their
mathematical analysis is straight-forward utilizing the same lines of argumentation as applied in the main part of the article.

Model E;: A Species with Self-Fertilizing Hermaphrodites

A mathematical model of a trisexual species with self-fertilizing hermaphrodites, like our Auanema Rhodensis, where there are no-
hermaphrodites producing females and no-females producing hermaphrodites can be considered as a special limit case of Model A with
a=1as

f=Bi-m=8)-f, = (B-h—58)-m, and h= (Bs—8)-h,

where, as previously, 1, B2, B3 > 0 are the proportionality factors related to birth events, and d > 0 is the sex-independent proportionality
factor related to death events. We will call this set of equations together with the corresponding initial conditions f(0) = f; >0, m(0) =m; >0
and h(0) = h; > 0 as Model E;.

The non-negative orthant @; is invariant under the dynamics of Model E;. Immediately, we see that the origin (0,0,0) is an equilibrium
point for all admissible values of the parameters, that is asymptotically stable for 3 < §, Lyapunov stable for 3 = §, and unstable for
B3 > 8. As in Model A, we have a bifurcation point at B3 = 6.

In particular, for B3 < & (or B3 > &) we have that i < 0 (or /2 > 0) for all times such that the hermaphrodite population eventually vanishes
(or grows beyond all bounds). This implies, that at some finite time B, -h — 8 < 0 (or B, - h— & > 0) such that the male population eventually
vanishes (or grows beyond all bounds). Consequently, at some finite time f; -m — 8 < 0 (or f8; - m — & > 0) such that the female population
eventually vanishes (or grows beyond all bounds). Hence, for 3 < & (or B3 > 0) the origin is a globally stable (or globally unstable)
equilibrium. Note, that there are no further equilibrium points for 83 # 0.

Finally, the dynamics for 3 = § are sketched in Fig. 6.1 and a complete picture of the additional equilibria that occur at this set of parameters
is given in the following proposition.
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Figure 6.1: Sketch of the bifurcation scenario and some illustrative dynamics of Model E;.

Theorem E.1: Additional Lines of Equilibria at the Bifurcation Point. Let h* := 6 -3, Yand m* :=§ - B !, For B3 = & and besides
the origin there are three lines of equilibria

e I, :=1{(0,0,h) € ,@J T hi > O}, where each element is Lyapunov stable for 0 < h; < h* and unstable for h* < h;,
o Ty = {(0,m;,h*) € P : mi >0}, where each element is unstable, and
e I i= {(fi,m*,h*) € L@J Cfi> ()}, where each element is unstable.

Moreover; there are no further equilibrium points for 3 = 4.

Proof: A short calculation leads to the existence of these lines of equilibria and that, besides the origin, there are no further ones. The local
dynamics about each equilibrium point ( f, 7, %) are given by

afl’ Br-m—6  PBi-f 0 f Bi-f-m

I m| = 0 ﬁ2~h76 ﬁz-l’f’l m |+ I}ghm

"\ n 0 0 0 h 0
=:Ey (fi,h)

The eigenvalues of E|(0,0,4;), with a specific value h; > 0, are A; := 0 with the corresponding eigenspace being spanned by (0,0, 1),
Ay := —8 < 0 with the corresponding eigenspace being spanned by (1,0,0), and A3 := 3, - h; — 8 with the corresponding eigenspace being
spanned by (0, 1,0). In particular, A3 < 0if 0 < h; < h*, 23 =0if h; = h*, and A3 > 0 if h* < h;.

The eigenvalues of E;(0,m;,h*), with a specific value m; > 0, are A; := 0 with algebraic multiplicity two and the corresponding one-
dimensional eigenspace being spanned by (0,1,0), and A, := f; - m; — § with the corresponding eigenspace being spanned by (1,0,0). In
particular, A, < 0if 0 <m; <m*, A, =0if m; =m*, and A, > 0 if m* < m;.

The only eigenvalue of E|(f;,m*,h*), with a specific value of f; > 0, is A, := 0 with algebraic multiplicity three and corresponding
one-dimensional eigenspace being spanned by (1,0,0). (]

The global dynamics 3 = 6 are derived in complete analogy to Model A.
Model E,: A Species with Non-Self-Fertilizing Hermaphrodites

Next, a mathematical model of a trisexual species with non-self-fertilizing hermaphrodites, where there are no-hermaphrodites-producing
females and no-females producing hermaphrodites can be considered as a special limit case of Model B with & =1 as

f=B-m=8)-f, m=(B-h—8)-m, and h= (B3-h—8)-h,

where, as previously, 1, B2, B3 > 0 are the proportionality factors related to birth events, and > 0 is the sex-independent proportionality
factor related to death events. We will call this set of equations together with the corresponding initial conditions f(0) = f; >0, m(0) =m; >0
and h(0) = h; > 0 as Model E,.
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Figure 6.2: Sketch of the bifurcation scenario and some illustrative dynamics of Model E,.

The non-negative orthant ,@J is invariant under the dynamics of Model E, and for all values of the parameters the origin (0,0,0) is an
asymptotically stable equilibrium point with diag(—0,—38,—8) as the matrix of linearization about the origin. Moreover, for all values
of the parameters, the point (0,0,4*), with 1" := 6 - 5 !, is a further equilibrium point. The matrix of linearization about (0,0,4*) is
diag(—6,6-(B2-B5 ' _1),8) such that this equilibrium is unstable though exhibits a change of stability at 8, = 8; where a geometrically
two-dimensional (asymptotically) stable sub-space bifurcates into a (asymptotically) stable one and an unstable one.

Finally, the dynamics for Model E; are sketched in Fig. 6.2 and a complete picture of the additional equilibria that occur at B3 = 3, is given
in the following proposition.

Theorem E.2: Additional Lines of Equilibria. Ler h* :=§-B; Vand m* :=§ - Bl L. For B3 = B> and besides the origin there are two
lines of equilibria

e Iy = {(O,mi,h*) € 338' Tmp > 0}, where each element is unstable, and
o Iy = {(j},m*,h*) € 9& S fi> O}, where each element is unstable.

Moreover; there are no further equilibrium points for B3 = B,.

Proof: A short calculation leads to the existence of these lines of equilibria and that, besides the origin, there are no further ones. The local
dynamics about each equilibrium point ( f,71,h) are given by

al’ Bi-m—8 Bi-f 0 f Bi-f-m

wlm = 0 0 Bom| |m|+|Ba-h-m
"\ n 0 0 0 h B - i
:ZEg(f,fh,Fl)

The eigenvalues of E,(0,m;,h*), with a specific value m; > 0, are A; := 0 with algebraic multiplicity two and the corresponding one-
dimensional eigenspace being spanned by (0,1,0), and A, := B - m; — § with the corresponding eigenspace being spanned by (1,0,0). In
particular, A, < 0if 0 <m; <m*, A, =0if m; =m*, and A, > 0 if m* < m;.

The only eigenvalue of E;(f;,m*,h*), with a specific value of f; > 0, is A; := 0 with algebraic multiplicity three and corresponding

one-dimensional eigenspace being spanned by (1,0,0). |

The global dynamics B3 = 6 are derived in complete analogy to Model B.

Appendix B: Mathematical Models for Species with Hermaphrodites-Producing Females and No-
Females-Producing Hermaphrodites

The two rather simple mathematical models in this appendix close the remaining gap in our discussion by studying species with
hermaphrodites-producing females and no-females-producing hermaphrodites, i.e. models where female XX-offspring can evolve to
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both females and hermaphrodites, whereas hermaphrodite XX-offspring can only evolve to hermaphrodites.
Model F;: A Species with Self-Fertilizing Hermaphrodites

Analogue to our previous modeling the driving biological dynamics in the setting with self-fertilizing hermaphrodites, like for Auanema
Rhodensis, with hermaphrodites-producing females and no-females-producing hermaphrodites read as

f=B-m=8)f, and 1= (B-h—8)-m,
as well as
b= By bt (1=9) Brom- [~ 8-h,
where 1, B2, B3 > 0 are proportionality factors related to birth events, d > 0 is the sex-independent proportionality factor related to death
events, and Y the transport factor from female offspring towards the female sub-population (correspondingly, the factor 1 — v is the transport

factor from female offspring towards the hermaphrodites sub-population). We will call this set of equations together with the corresponding
initial conditions f(0) = f; > 0, m(0) = m; > 0 and h(0) = h; > 0 as Model F.

The non-negative orthant @ar is invariant under the dynamics of Model Fy, and for all admissible values of the parameters the origin (0,0,0)
is an equilibrium with diag(—0,—6, 3 — ) as the matrix of linearization about it. In particular, the origin is asymptotically stable for
B3 < 8, Lyapunov stable for 83 = 0, and unstable for B3 > 8. As in Model A, we have a bifurcation point at 83 = 8.

Leth*:=§-8, ! At B3 = 8 we have two additional lines of equilibria:
* I3,:={(0,0,hj) € Z; : hj >0}, where, analogous to the proof of Theorem E.1, each element is Lyapunov stable for 0 < h; < h*

and unstable for 4* < h;, and
o I3 = {(0,m;,h*) € ﬁgr : m; > 0}, where, analogous to the proof of Theorem E.1, each element is unstable.

If B3 > & holds, besides the origin, another equilibrium exists at the point (f,m, k) := (f*,m*,h*), where m* :=§-(y-By) ™', h* := & ~[32_1,

and
L Bs) (B8 y
=0y ~pp "

The correspondingly transformed equivalent dynamics about this interior mixed species equilibrium (f*,m*,h*) are given by

d ,{1 — Y-By-m*—8 Y-Bi-f* 0 . ,{1 + Yﬁlj%h]fmm
dr\ 0 0 Boom J\u) \=7)-By-fom

(1=7)-Br-m* (I=7)-Bi-f* B3—0

=:F (f*,m*,h*)

The three distinct eigenvalues of Fj (f*,m*,h*), each with geometric multiplicity 1, are A; :==8-Bo-(y- 1)~ >0, A := (B3 — 8) - ¥*-
Bi((1-y) Bo) "' and A3 =8-(1—p) -y ! > 0. Hence, the equilibrium (f*,m*,h*) is unstable for all admissible parameter values.

Moreover, there are no further equilibrium points, and the global dynamics in Model F; are derived in complete analogy to Model A.
Model F;: A Species with Non-Self-Fertilizing Hermaphrodites

The driving biological dynamics in the setting with non-self-fertilizing hermaphrodites together with hermaphrodites-producing females and
no-females-producing hermaphrodites read as

f=@B-m=8)-f, and 1= (By-h—38)-m,
as well as
h=Bs-l>+(1—=y)-Br-m-f—8-h,
where f31, B2, 83 > 0 are proportionality factors related to birth events, § > 0 is the sex-independent proportionality factor related to death
events, and 7y the transport factor from female offspring towards the female sub-population (correspondingly, the factor 1 — ¥ is the transport

factor from female offspring towards the hermaphrodites sub-population). We will call this set of equations together with the corresponding
initial conditions f(0) = f; > 0, m(0) = m; > 0 and h(0) = h; > 0 as Model F;.

The non-negative orthant @0* is invariant under the dynamics of Model F5, and for all admissible values of the parameters the origin (0,0,0)
is an asymptotically stable equilibrium with diag(—38,—&, —0) as the matrix of linearization about it.

Letm*:=8-(y-B1)" ', h*:=§- [3{1 For 0 < B3 < By, the point (f*,m*,h*) is an additional mixed species equilibium, where

_B)-v-S
po BBy
(1=7)- ﬁz
The correspondingly transformed equivalent dynamics about this interior mixed species equilibrium (f*,m*,h*) are given by
f -~ . f v-Bi-fom
(‘; m|l = | vBm =6 VB f 0 m| + Bs-h-m 7
av 0 0 po-m n) N\ =) -Br-f-m+ By

(1=7)-Br-m* (1=9)-Bi-f* 2-B3-h" =8

=B (f*,m* h*)
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such that, in complete analogy to Model Fy, this is an unstable equilibrium.

At B3 = B, additional to the origin, this mixed species equilibrium bifurcates to a line of equilibria I'y , := {(0,m;,h*) € 2 : m; > 0}
such that analogous to the proof of Theorem E.2 each member of this line is unstable.

Moreover, there are no further equilibrium points, and the global dynamics in Model F, are derived in complete analogy to Model A.
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an idea in design. Integrity is one of the well-known vulnerability measures interested in
remaining structure of a graph after any failure. Domination is also an another popular
concept in network design. Nowadays new vulnerability measures take a great role in
network design. Recently designers take into account of any failure not only on nodes
also on links which have special properties. A new measure edge domination integrity
of a connected and undirected graph was defined by E. Kilic and A. Besirik such as
DI (G) = min{ |S|+m(G—S):S C E(G)} where m(G —S) is the order of a maximum
component of G — S and S is an edge dominating set. In this paper some results concerning
this parameter on corona products of graph structures P, ® P, P, ® Cy,, P, ® Ky, are
presented.

1. Introduction

A communication network can be modeled by a graph G where nodes are represented by vertices V(G) and links are represented by edges
such as E(G) respectively. Any communication network can be considered to be highly vulnerable to any disruption on its nodes or links.
All graphs considered in this paper are connected, undirected, do not contain loops and multiple edges. First simple vulnerability measures
are connectivity or edge connectivity which shows how easily a graph can be broken apart [1]. Later on, it is observed that these measures
are not enough to compare the stability of network structures which have the same order. Most network designers are interested in what
happens in the remaining part of the network after failures such as, how many nodes or links are still connected to each other and what is the
communication between remaining parts. Integrity and the edge integrity concepts are interested in these questions. Both types of integrity
were introduced by C. A. Barefoot et al. [2] and W. Goddard and H.C. Swart [3] has great contributions for this area. Integrity or edge
integrity have been widely studied on specific graph families and relationships with other parameters and bounds were obtained K. S. Bagga
et al. have presented many results about edge integrity in [4].

The order of a graph G will generally be denoted by n. For a real number x; |x| denotes the greatest integer less than or equal to x and [x]
denotes the smallest integer greater than or equal to x.

Domination is another important concept widely studied in graph theory. A subset S of V is called a dominating set of G if every vertex not
in S is adjacent to some vertex in S. The domination number ¥ (G) (or 7y for short) of G is the minimum cardinality taken over all dominating
sets of G [5].

S. Mitchell and S.T. Hedetniemi [6] have introduced the concept of edge domination. A subset X of E is called an edge dominating set of
G if every edge not in X is adjacent to some edge in X. The edge domination number ¥ (G) (or ¥ for short) of G is the minimum cardinality
taken over all edge dominating sets of G. Later on S.Arumugamm [7] did some contributions to topic.

Email addresses and ORCID numbers: elgin.kilic @ege.edu.tr, https://orcid.org/0000-0002-1074-5589 (E. Kilig), ayse.besirik@gmail.com, https://orcid.org/0000-0002-
3980-196X (A. Besirik)
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Domination and integrity were examined together and many new vulnerability measures were defined. Some of them are domination integrity
[8] [9] , domination edge integrity [10], and total domination integrity [11].

The concept of domination edge integrity of a connected graph as a new vulnerability parameter was defined by E. Kili¢ and A. Besirik [10]
as follows.

Definition 1.1. The domination edge integrity of a connected graph G is denoted by 1538 (G) and is defined by
DI (G) =min{|S|+m(G—S) :S is an edge dominating set }
where m(G — S) is the order of a maximum component of G —S.
Definition 1.2. A subset S of E(G) is a DI -set if DI (G) = min{|S|+m (G —S) : S C E(G)} where S is an edge dominating set of G.

DI values of Py, Cu, K1 > Kin,n were presented and some properties for domination edge integrity value of a connected graph were determined
in [10].

2. DI of corona products P, with some graphs

DI values of some resulting graphs after corona operation of P, with P,,, Gy, K ,,, are found as follows.
Definition 2.1. The corona G| ® G is defined as G obtained by taking one copy of G| of order py and p| copies of G,, and then joining
the i’th node of G to every node in the i’th copy of G [1].

n

Proposition 2.2. Let n be an integer, ij + ('ﬂ =n.

Proof. There are 2 cases for integer n.
Case 1: Let n is an even integer. Then L%J = (%1 = 75 . Hence; L%J + {%] =5+5=n
H(

Case 2: Let nis an odd integer. Then | 5 | = 251
n.

since n is odd, then n— 1 is even) and (%W = ”—51—0—1. Hence, [%J + (%W = "%—0—%4— 1=

In proof of all theorems, for graph G of order m, edge dominating sets X; and X, are taken which satisfies, m(P, ©G —X;) =2(m+ 1) and
m(P, © G —Xp) = m+ 1 respectively (Figure 2.1). There is no other possible selection of edge dominating sets which gives DI to be mini-
mum. If X3 is taken to be another edge dominating set, cardinality of X3 is greater than both X; and X;. It is easy to observe from structure of
corona product of P, with G. And also m(P, ® G—X) > 2(m+1) since more edges are added. This selection does not give a minimum result.

Figure 2.1: Maximum components of (P, ® G) — X, and (P, ® G) — X

Forn < 3, DI values of corona products of P, with Py, Cy, K1 ,,, are obvious.
p! ’

Theorem 2.3. Forn >3 and m > 2, let n to be odd and

—1 —1
A= {nz J—i—n’rmT-‘ +2m+3,

Then, DI (P, ® P,,) is obtained as follows,

DI (P,oP))={ B, ifm+2>"1

A, ifmt2<t
— ; _n—1
A=B, ifm+2="5
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Proof. Let V(P,) = {vi,va,...,vn} and V(Py) = {uy,uz,...,un} for path graph P, and P,. Let E(B,) = {viv,v2v3,...,vy_1vn} and

E(Pm) = {u1u27 "'7um71um}‘
For n > 3 and n is odd, we have 2 cases as follows.

Case 1: Let X is an edge dominating set of P, ® P, and m(P, ® P, — X1) = 2(m+1). X is obtained as follows.

Let Sy = {v2v3,v4Vs,...,vp_1vn} C E(Py). S} is an edge dominating set of P, and |S}| = L%J

Let Sy, is a minimum edge dominating set of ith copy of P, and |Sy,| = [m—l] and S = S, USH, U...USy,.

S1 US> is not an edge dominating set of P, ©® P, because some edges between v; and vertices of 1st copy of P, are not dominated by any
edges in S} US;. So one of these edges (called e) is added S} US,, X; = S1 US> U {e} is an edge dominating set of P, ® P,,. Therefore,

IXi| =[5t +n 2] + 1 and m(P, © Py — X1) = 2(m + 1). Thus,

! n—1 m—
DI (B,®OP,) <|Xi|+m(P,OP,—X;)= | ——| +n

1 /
5 3 —‘+2m+3:DI (P2 © Py,

Case 2: Let X is an edge dominating set of P, © P, and m(P, © Py — X2) = m+ 1. X, is obtained as follows.

LetSl—E( ) S1 is an edge dominating set of B, and ’Sl =n—1.

Let Sy, is a minimum edge dominating set of ith copy of B, and |Sy,| = ['”T] and $p = S US, U...US,,.
=n—1+n [T] and m(P, © By, — X») = m+ 1. Thus,

X; = S’] U S, is an edge dominating set of P, ® P,,.Therefore,

’ m—1
DI (Py®Py) < |Xo| +m(Py @ Py — Xz)—n—i-n’V 3 “—i-m DI (P,®Pn)y,

Because of definition of DI, the relationship between DI (P, ® B,,) x, and DI "(P,®P,) x, Must be examined as follows.

1. If m+2 < %=, then we have
' —1 —1 —1 —1
DI (P,OPy)y, = VZ J+n[—m3 W+2m+3:v2 J+n[—m3 1+m+2+m+1
n—1 m—1 +n71+ 41
2 3 2 "
m—1 m—1
= n—1+n +m+1l=n+n 5 +m= DI(P,,@Pm)

Since DI (Py ®Bu)y, < DI (Py® Pu)y, . then DI (By ©By) = DI (Py®Pu)x, = |5 | +n["51] +2m +3.

2. 1fm+2> "L then we have DI (PhO©Pu)y x, < DI (P © Pp) x,- It can be proved in similar way as above. Therefore, DI (PiOPy) =
DI (P, @P,,,)X2 =n+n[2L] +m.

3.If m+2 = "51, then we have DI (P, ® Py)y, = DI (Py® Pn)y,. Hence, DI (Py @ Py) = DI (Py® Pu)y, = DI (Py®Py)y,

Theorem 2.4. Forn > 4 and m > 2, let n to be even and

n—1 m—1
A= —_— 2 4
{ ) J—i—n[ 3 W—i- m+4,

-1
B:n+n[m3 -‘ +m.
Then DI (P, ® B,,) is obtained as follows,

, A ifma3< ]
DI (P,OP,) =4 B, ifm+3>[27]
A=B, lfm+3—{"711

Proof. Let V(P,) = {vi,va,...,va} and V(Py) = {uy,uy,...,un} for path graph P, and P,. Let E(B,) = {viva,v2v3,...,v,—1vn} and
E(Py) = {ujup,...;up—1up }. For n > 2 and n is even, we have 2 cases as follows.

Case 1: Let X; is an edge dominating set of P, ® P, and m(P, ® P, — X1) = 2(m+1). X is obtained as follows.
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n—1

Let S1 = {vv3,v4Vs5,...,vu_1vn} C E(P,). S is an edge dominating set of P, and |S;| = L%J

Let Sy, is a minimum edge dominating set of ith copy of P, and |Sy,| = [’"Tl] and S = S US, U...US,,.

S1US; is not an edge dominating set of B, ® P, because some edges between v; and vertices of 1st copy of P, and v, and vertices of nth
copy of P, are not dominated by any edges in S; US>. So one of edges between v| and vertices of 1st copy of P, (called e;) and one of
edges between v, and vertices of nth copy of P, (called e;) are added S} U Sy, X1 = S1US, U{ey, ez} is an edge dominating set of B, © Py,.
Therefore, |X;| = [ %51 +n [’"wa +2and m(P, ® Py —X1) =2(m+1). Thus,

/ n—1 m—1 /
DI (B,OP,) <|Xi|+mP,OPy—X|) = 5 +n 3 +2m+4=DI (P,© Py,

Case 2: Let X; is an edge dominating set of P, © B, and m(P, ® P,, — X;) = m+ 1. X; is obtained as follows.
Let S} = E(P,). S| is an edge dominating set of P, and ‘Sl } =n—1.
Let Sy, is a minimum edge dominating set of ith copy of P, and |Sy,| = [mT_l] and Sy =8, USp, U...USy, .

X, = S/1 US, is an edge dominating set of P, ® P,,.Therefore, |X;| =n—1+n [mT_l] and m(P, ® By, — X) = m+ 1. Thus,
’ m—1
DI (PnQPm)§|X2‘+m(Pn®Pm XZ)—n‘i’n’V 3 —‘+m DI (PnQPm)XZ

Because of definition of DI , the relationship between DI (P, ®Py) x, and DI (P, ®Py) x, Must be examined as follows.

1. lfm+3<[ ] then we have

, 1 1 1 1
DI (P, ® Py, VZ J+n{mTl+2m+4: {"2 J+n[mT-‘+m+3+m+l

-1 1 -1
{nz J +n {m?) —‘ + Flz —‘ +m+ 1, (by Proposition 2.2)

A

m—1 -1
n—1+n +m+1l=n+n 3 +m=DI (Pr © Pn)y,

Since DI (P, @ Py)y, < DI (Py® Pu)y, . then DI (P, @ Py) = DI (Py®Py)y, = |51 | +n 251 ] +2m+4.

2.1fm+3 >[5! -| then we have DI (P, ® Py,) X, < DI (P,®P,) x, - It can be proved in similar way as above. Therefore, DI (P,OP,) =
DI (Py®Pu)y, =n+n[25] +m.

3.1f m+3 = ["5], then we have DI (P, © Py)x, = DI (P, ® Pp)y,. Hence, DI (P, @ Py) = DI (Py®Py)y, = DI (P,®Py)y,

Theorem 2.5. Forn > 3 and m > 3, let n to be odd and

A= V;J +n[%—‘ +om+3,

m
B=n+n [——‘ +m.
3
Then, DI (P, ®Cy) is obtained as follows,

A, ifm+2<%
DI (P,®Cp)=1{ B, ifm+2>"71
A=B, zfm+2—%

Proof. LetV(B,) ={vi,v2,...,vn} and V(Cy,) = {uy,u2, ..., un } for path graph P, and cycle graph Cy,. Let E(B,) = {v{v2,v2V3,....,Vy—_1Vn}
and E(Cp) = {uqun, ..o, Up—1 U, U] }.
For n > 3 and n is odd, we have 2 cases as follows.

Case 1: Let X is an edge dominating set of P, ©C,, and m(P, ©®C,, — X) = 2(m+ 1). X) is obtained as follows.

Let S1 = {v2V3,v4V5, s Vyo1vn} € E(Py). S is an edge dominating set of P, and |S;| = | "5 |.

Let Sy, is a minimum edge dommatlng set of ith copy of G, and |Sy,| = {m] and Sr =8, USp, U...USy, .

S1US, is not an edge dominating set of P, ® Cp, because some edges between v and vertices of 1st copy of Cy, are not dominated by any
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edges in S; US;. So one of these edges (called e) is added S1 U S5, X; = 81 US, U{e} is an edge dominating set of P, ® C,,. Therefore,
IXi| =52 | +n[%]+1and m(P, ®Cp—X;) =2(m+1). Thus,

/ 1
DI (B, 0Cp) < |Xi|+m(P,0Cp—X;) = {”2 J+n[3-‘ +2m+3=DI (P, O Cn)yx,

Case 2: Let X, is an edge dominating set of P, © Cy, and m(P, ® C,, — Xp) = m+ 1. X; is obtained as follows.
Let S} = E(P,). S| is an edge dominating set of P, and ‘Sl ) =n—1.

Let Sy, is a minimum edge dominating set of ith copy of C,, and |Sy,| = [ ] and S = S, US, U...US,,.
=n—1+n[%] and m(P, ®Cp—Xp) =m+ 1. Thus,

X, = S U, is an edge dominating set of B, ® C,.Therefore,

DI, (Pn@cm) < |X2| +m(Pn OCn — XZ) =n+n [3 —‘ +m= DI (PnQCm)
Because of definition of DI , the relationship between DI (B, ®Cy,) x, and DI "(P,®Cy) x, Must be examined as follows.

1. If m+2 < %=, then we have

! 71 1
DI (B, &Cp)y, = VZ J-I-n[’;ﬂ—&-Zm—‘-S—{ . J+n[3]+m+2+m+1

n_1+n[ﬂ—‘+g+m+l
2 3 2

n—1+n[3-‘+m+lfn+n[3-‘+m DI (P ©Cn)y,

A

Since DI (P, ®C)y, < DI (Py®C)y,. then DI (Py©Cp) =DI (PO Cn)x, = | "5t | +n[%] +2m+3.

2. 1fm+2 > "51 then we have DI (Pa®©Cm)y. x, < DI (P ® Cm)x, . It can be proved in similar way as above. Therefore, DI (P,OCy) =
DI (P, ®Cm)x =n+n[%|+m.

3.1 m+2="5', then we have DI (P, ®Cy)y, = DI (P, ®Cy)y,. Hence, DI (P, ®Cp) = DI (Py®Ci)y, = DI (Py©Cr)y,

Theorem 2.6. For n > 4 and m > 3, let to n be even and

A= {n;1J+n[%-‘+2m+4v

B=n+n [%—‘ +m.

Then, DI (P, ® Cy,) is obtained as follows,

/ A, tfm+3<[%]
DI (P,®Cn)=4 B, ifm+3>[%5!
A=B, ifm+3=[%51]

Proof. LetV(P,) ={vi,v2,...,vu} and V(Cy,) = {u1,u2,...,un } for path graph P, and cycle graph Cy,. Let E(P,) = {v{v2,v2V3, ..., Vy_1Vn}
and E(Cp) = {uqun, ..., thyy— 1 U, Uit }.
For n > 2 and n is even, we have 2 cases as follows.

Case 1: Let X is an edge dominating set of P, © Cy, and m(P, © C;, — X1) = 2(m+1). X is obtained as follows.

Let S| = {vv3,v4Vs,...,vu_1vn} C E(P,). S is an edge dominating set of P, and |S;| = L%J

Let Sy, is a minimum edge dominating set of ith copy of C,, and |Sy,| = [”’] and S = S, US, U...US,,.

S1 U, is not an edge dominating set of P, ©® C,, because some edges between v and vertices of 1st copy of Cp, and v, and vertices of nth
copy of C,, are not dominated by any edges in S; US>. So one of edges between v; and vertices of 1st copy of C,, (called e;) and one of
edges between v, and vertices of nth copy of C,,, (called e;) are added Sy U Sy, X1 = S1 US> U{ey, ez} is an edge dominating set of B, ©® Gy,.

Therefore, |Xi| = | 251 | +n[%] +2 and m(P, ® Cpy — X;) = 2(m +1). Thus,

! _1
DI (P,0Cy) <|Xi|+m(P,0Cp—X) = Vz JJF"[J +2m+4=DI (P, @Cm)
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Case 2: Let X, is an edge dominating set of P, © C, and m(P, ® C,, — X2) = m+ 1. X5 is obtained as follows.

Let S/1 =E(P,). S/1 is an edge dominating set of P, and ’S’1 ’ =n—1.

Let Sy, is a minimum edge dominating set of ith copy of Cy, and |Sy,| = [%] and Sr =8, USp, U...USy, .

X, = S/1 US, is an edge dominating set of P, © Cy,. Therefore, |Xo| =n—1+n [%W and m(P, ©Cy, — Xp) = m+ 1. Thus,

DI (P, ®Cp) < |Xo| +m(Py®Cp — Xz)—n+n[ W+m DI(,,@C,,,)X2

3

Because of definition of DI, the relationship between DI (P, ® Cy,) x, and DI (P, ®Cp) x, Must be examined as follows.

1. Ifm+3<[ ] then we have

! _1 l
DI (P,&Cn)y, = VZ J+n[3w+2m+4—{ . J+n[3—‘+m+3+m+l

1 —1
< V 5 J +n [%_‘ + Vz —‘ +m+ 1, (by Proposition 2.2)

= n—l+n[3—‘+m+l—n+n[3—‘+m DI (Ph©Cn)y,

Since DI (P, @ Py)y, < DI (Py® Pu)y, . then DI (P, @ Py) = DI (Py®Py)y, = |51 | +n[251] +2m+4.

2.1fm+3> [ ] then we have DI (P, ® Cn)yx, < DI (P,® Cin)y, - It can be proved in similar way as above. Therefore, DI (P,®Cp) =
DI (Pi©Cn)y, =n+n[%]+m.

3.1f m+3 = ["5], then we have DI (P, ©Cp)x, = DI (P, ®Cp)y,. Hence, DI (P, ®Cp) = DI (P, ®Cp)x, =DI (P, ®Cn)y,

Theorem 2.7. Forn >3, let A = L%J +n+2m+4and B=2n-+m+ 1. Then, DI (Pn oK m) is obtained as follows,

/ A, ifm+2< {%]
DI (P,OK )= B, ifm+2>[%5]
A=B, ifm+2=[%51]

Proof. Let V(B,) = {v,v2,...,v,} for path graph P, and for each ith copy of K, vertex set V;(Kj ,,) = {u1,,uz,, .., tpm, 1, }.( 1y, is
central vertex of ith copy of Kj ;,,.) Let E(P,) = {viva,vav3,...,vp— 1V } and E;(Ky ) = {1,2;, .., U1, U1, U1, }-
For n > 2 and n is even, we have 2 cases as follows.

Case 1: Let X; is an edge dominating set of P, © K| ,, and m(P, ©® Ky ,, — X ) = 2(m+2). X; is obtained as follows.

Let S1 = {vav3,v4Vs5,...,vu_1vn} C E(P,). S is an edge dominating set of P, and |S;| = L%J

Sy = {viu1,,vou1,,...,vaut1, } is a minimum edge dominating set of P, © Ky ,, — E(P,) and |Sy| = n.
Sy US, is an edge dominating set of P, ® K .. Therefore, |X;| = | %5+ J +nand m(P, ® Py, —X;) =2(m+2). Thus,

’ }’l—l !
DI (P,OKym) < |Xi|+m(PyOKym—X1) = {TJ +n+2m+4=DI (P, ® P)y,

Case 2: Let X; is an edge dominating set of P, ® K ,, and m(P, © K} ;, — X») = m+2. X, is obtained as follows.

Let S, = E(P,). S| is an edge dominating set of P, and ‘Sl ) =n—1.

Sy = {viuy,,vouy,,...,vau, } is a minimum edge dominating set of P, ® K ,,, — E(P,) and |S>| = n.

X, = S,l U, is an edge dominating set of P, © K| ,,. Therefore, |X;| =n—1+n=2n—1and m(P, ©Kj ;, —X») = m+2. Thus,

DI (P ® K1) < [Xo| +m(Py© Ky —X2) =2n+m+1=DI (P, OKim)y,

Because of definition of DI/, the relationship between DI (Pn oK m) X, and DI' (P,, oK m) must be examined as follows.

1. Ifm+2<[ -‘ then we have
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! n—1 n—1
DI (P,OKim)y, = { 5 J+”+2m+4:{TJ+n+m+2+m+2

A

-1 -1
{n > J +n+ [nT—‘ +m+2, (by Proposition2.2)

= n—l4ntm+2=2n+m+1=DI (BOKn)y, -
Since DI' (P, © K1 n)y, < DI (Pa@Kim)y,» then DI (P, @Ky ) = DI (By©Kim)y, = |254| +n+2m+4.

2. fm+2> [%], then we have DI (PiOKim)y, < DI (Pa©OKym) It can be proved in similar way as above. Therefore,

DI (P,©Ky ) = DI (P, K )y, =2n+m+1.

X2 X"

3.1fm+2 =[], then we have DI' (P, © Ky n)y, =DI (Py ©Ki )y, Hence, DI (P, O K ) =DI (Pa@Ki )y, =DI (PyOKim)y,-

O

3. Conclusion

Domination concept and integrity are very valuable measures for network designers. Due to the changes of network models and design styles
based on demands, measures on nodes or links which have specific properties became more important. For example edge domination and
integrity are some of these concepts related to these specific properties. Edge domination only gives an idea about the communication on
graph model after any faiulers on edges (links) and integrity itself gives information about only the stability of graph model of network based
on edges. But our new measure domination edge integrity [10] combines these two important concepts. Corona operation is one of those
commonly used operations in network design which has applications. In this paper, domination edge integrity of some graphs under corona
operation is examined such as B, ® Py, P, © Gy, P, © K1, and results are obtained. For future work we plan to extend our results on other
important classes of graphs under corona operation and generalize the obtained results.
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equivalence for real sequences. In addition to, investigate some connections among these
new ideas and we give some inclusion theorems about them.

1. Introduction

Before starting article, we give the basic concepts and properties of statistical convergence, ideal convergence, invariant mean and invariant
convergence, asymptotically equivalence and modulus function. Throughout this study, N denotes the set of natural numbers and R denotes
the set of real numbers. Statistical convergence and ideal convergence have recently begun to attract interest in science and engineering as
well as by mathematicians. The idea of convergence of a real sequence was extended to statistical convergence by Fast [1] and Schoenberg [2]
independently, and then statistical convergence has been studied by many authors. Kostyrko et al. [3] firstly, introduced the notion of
¥ -convergence as a generalization of statistical convergence.

Invariant convergence has recently been gaining more and more interest among mathematicians working on summability theory. Several
authors including Raimi [4], Schaefer [S], Mursaleen and Edely [6], Mursaleen [7], Savag [8—10], Nuray and Savas [11], Pancaroglu and
Nuray [12] studied on o-convergent sequences and some properties of -convergence. The notion of lacunary strong c-convergence was
defined by Savag [10]. Then, Savas and Nuray [13] introduced the notion of o-statistical convergence and also, defined lacunary o-statistical
convergence and examined some inclusion theorems with examples. After that, Nuray et al. [14] defined the notions of o-uniform density
of a subset A of N, .#;-convergence and examined connections between .#5-convergence and G-convergence and also, .#5-convergence
and [Vs],-convergence. Also, Pancaroglu and Nuray [12] studied statistical lacunary ¢-summability. Recently, Ulusu and Nuray [15]
investigated the concepts of lacunary .#s-convergence and lacunary .#5-Cauchy sequence of real numbers.

The concept of asymptotically equivalence and applications are of interest to scientists working on convergence types. Marouf [16] peresented
ideas of asymptotically equivalence. Patterson and Savas [17, 18] denoted the ideas of asymptotically lacunary statistically equivalence and
asymptotically o 8-statistical equivalence of real sequences. Ulusu [19,20] studied the notion asymptotically ideal invariant equivalence and
asymptotically lacunary .#-equivalence.

Modulus function and its various applications are used in many sub-disciplines in the field of mathematics. Nakano [21] denoted the notion
f modulus function. Maddox [22], Pehlivan [23] and several authors using a modulus function f, define some new concepts and give
some inclusion theorems with examples. Kumar and Sharma [24] using a modulus function f, investigated lacunary .#-equivalence of real
sequences.

Now, let’s give some basic and important concepts, lemma and properties that are related to our work subject and we will use in our article,

Email addresses and ORCID numbers: edundar @aku.edu.tr, https://orcid.org/0000-0002-0545-7486 (E. Diindar), npancaroglu @aku.edu.tr, https://orcid.org/0000-0003-
2886-3679 (N. Pancaroglu Akin)
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by citing the authors we give in the references (see 3,9, 10, 14-16,21-26]).

Let o be a mapping such that 6 : NT — N7 (the set of positive integers). A continuous linear functional W on /.., the space of bounded
sequences, is said to be an invariant mean or a 6-mean if it satisfies the following conditions:

1. l[l( ) > 0, when the sequence (a,) has a, > 0, for all n,
y(e) =1, where e = (1,1,1,...) and
V(ag(n)) = y(an) for all (ay) € leo.

The mappings o are supposed to be one-to-one and such that 6™ (n) # n for all m,n € N, where 6" (n) denotes the m th iterate of the
mapping o at n. Thus y extends the limit functional on ¢, the space of convergent sequences, in the sense that y(a,) = lima, for all
(an) €c.

By a lacunary sequence we mean an increasing integer sequence 8 = {k,} such that kp = 0 and h, = k, — k,_| — o0 as r — co. The intervals
determined by 6 will be denoted by I, = (k,_1,k;].

Throughout this study, let & = {k,} be a lacunary sequence.
The concept of lacunary strong o-convergence was defined as below:

Lg{a(ak) hmh—rkg |a g (m) K—O},
uniformly inm =1,2,.....
If for every € >0

hmh |{k €t lagi — K| = €} =0

uniformly in n = 1,2, ..., then the sequence a = (ay) is Syg-convergent to K.
Let .# be a family of subsets of 2. If the following conditions holds, then we named .# C 2N an ideal:
O ISEA
(ii) Forany C,D € ., we get CUD € .Z,
(iii) Forany C € .# andany D C C,we get D € .7

Anideal .# C 2N is named a non-trivial if N ¢ .# and a non-trivial ideal .# C 2 is named admissible if {n} € .# for each n € N. Throughout
this study, we let .# C 2N be an admissible ideal.

Let H C Nand
S = min ‘Hﬂ {G(n),oz(n),...,c’"(n)} ‘ and S, = max ‘Hﬂ {G(n),crz(n),...,o’"(n)} ‘
n n
If the limits S
V(H)= lim m - and V(H) = lim =

- m—oo m m—soo m

exist, then they are named a lower o-uniform density and an upper ¢-uniform density of the set H, respectively. If V(H) = V(H), then

V(H) =V(H) =V(H) is named the o-uniform density of H.
Denote by .#5 the class of all H C N with V(H) = 0. Obviously, .5 is an admissible ideal in N.

A sequence a = (ay) is told to be .%5-convergent to K if for each € > 0, the set He = {k : |ax — K| > €} belongs to .5, i.e., V(He) = 0. Itis
denoted by .#5 — klim a, =K.
—300

Let 8 = {k,} be a lacunary sequence, H C N and
Sy =min{‘Hﬂ{0'm(n) :mEI,}‘} and S, =max{‘Hﬂ{0'm(n) :mEI,}‘}.
n n

If the limits

_ S
Vo (H) = lim :T’ and Vg (H) = lim >~

r—eo ;. r—eo i,

exist, then they are named a lower lacunary o-uniform density and an upper lacunary c-uniform density of the set H, respectively. If
Vo (H) = Vg(H), then Vg (H) = Vg (H) = Vg (H) is named the lacunary c-uniform density of H.

Denoted by .#5¢ the class of all H C N with Vg (H) = 0. Obviously, #¢ is an admissible ideal in N.

A sequence (ay) is told to be lacunary Zs-convergent or .#g-convergent to K if for each € > 0, He = {k Hag — K| > 8} € I59, 1.€.,
Vo(Hg) = 0. It is denoted by 59 — klim ar =K.
—3o0
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Two non-negative sequences a = (a;) and v = (v;) are told to be asymptotically equivalent if klim ’j—i =1, (denoted by a ~ v).
—$00

Two non-negative sequences a = (a;) and v = (v;) are told to be strongly asymptotically lacunary invariant equivalent of multiple K if

1
lim —
r hy kel,

ao‘"(m)

Vok(m)

~k|-o

NK
uniformly in m (denoted by a <’ v). If we let K = 1, then a = (a;) and v = (v;) are told to be simply asymptotically Ng-equivalent.

Two non-negative sequences a = (a;) and v = (v;) are told to be asymptotically lacunary invariant statistical equivalent of multiple K if for

each € > 0,
{k el :
Ske

uniformly in m (denoted by a <~ v). If we let K = 1, then a = (a;) and v = (v;) are told to be simply asymptotically lacunary invariant
statistical equivalent.

aGA (m)

Vak(m)

1
lim —
im I

e

Two non-negative sequences a = (ay) and v = (v;) are told to be strongly asymptotically lacunary .#-equivalent of multiple K provided that
for each € > 0,

W‘K‘zs}e/
Vk

1
{reN: — Z
h’kel,.
K

J(N,
(denoted by a @s) v). If we let K = 1, then a = (ay) and v = (v) are told to be simply strongly asymptotically lacunary .#-equivalent.

Two non-negative sequences a = (a;) and v = (v ) are told to be asymptotically lacunary statistical .#-equivalent of multiple K if for each

e>0and y>0,
eN ! kel
r T— :
hy "
K

BAN
(denoted by a ﬁve) v). If we let K = 1, then a = (a;) and v = (vy) are told to be simply asymptotically lacunary .#-statistical equivalent.

el

Vk

Two non-negative sequences a = (a;) and v = (vy) are told to be asymptotically .#5q-equivalent of multiple K if for each € > 0,

;Igz{kelr:

a
K —K‘ > s} € Is0,
Vi

K
o

~ 7,
ie., Vo(He) = 0. It is denoted by a ~2° v. If we let K = 1, then a = (a;) and v = (v;) are told to be simply asymptotically .#;q-equivalent.

A function f: [0,e0) — [0,0) is called a modulus if

(r) =0if and if only if r = 0,

1. f(t

2. f(t+v) < f()+f(v),

3. fisincreasing,

4. f is continuous from the right at 0.

A modulus may be unbounded (for example f(z) =17, 0 < p < 1) or bounded (for example f(r) = 7).
Throughout this study, let f be a modulus function.

Two non-negative a = (a;) and v = (vy) are told to be strongly f-asymptotically lacunary .#-equivalent of multiple K provided that for each
€>0,

G _ K D > e} ey

Vi

) v). If we let K = 1, then a = (a;) and v = (v) are told to be simply strongly f-asymptotically lacunary .#-equivalent.

{reN:}iZf(

kel,
TX(N
(denoted bya ~

Two non-negative sequences a = (a;) and v = (v;) are told to be strongly asymptotically .# -invariant equivalent of multiple X if for each
>0,

Vk

1 n

a
—k—K‘ zs} € Is
k=1

[7K

(denoted by a %) v). If we let K = 1, then a = (ay) and v = (v;) are told to be simply strongly asymptotically .# -invariant equivalent.
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Two non-negative sequences a = (a;) and v = (v;) are told to be f-asymptotically .#-invariant equivalent of multiple K if for each € > 0,

{keN:f(a—k—K’)zs}eﬂo
TK(

Vi
(denoted by a Ol v). If we let K = 1, then a = (ay) and v = (v ) are told to be simply f-asymptotically . -invariant equivalent.

Two non-negative sequences a = (a;) and v = (vy) are told to be strongly f-asymptotically .# -invariant equivalent of multiple K if for each

>0,
l n
{neN:Zf(ak—KD>s}efg
i Vi

jK
(denoted by a e ()] v). If we let K = 1, then a = (a;) and v = (vy) are told to be simply strongly f-asymptotically .#-invariant equivalent.

Two non-negative sequences a = (a;) and v = () are told to be asymptotically .#-invariant statistical equivalent of multiple K if for each

€>0andeachy >0,
1
{neszHkSn:
n
S (55)

(denoted by a = ~°" v). If we let K = 1, then a = (a;) and v = (v) are told to be simply asymptotically .#-invariant statistical equivalent.

Lemma 1.1. [23] Let 0 < A < 1. Then, we have f(s) < 2f(1)7tfls,f0r each s > A.

s dec)er)es
Vi

2. Main results

Now, we give the original definitions of our article and explain the theorems that are original, together with their proofs. Our theorems give
many features and necessity relations between these new concepts.

Definition 2.1. Two non-negative sequences a = (a;) and v = (vy) are told to be strongly asymptotically lacunary ¥ -invariant equivalent
of multiple K if for each € > 0

1
reN:— Y a—"—K‘ >ep € Ig9
hy kel | Vk
(736 . . .
(denoted by a = <" v). If we let K = 1, then a = (ay) and v = (vy) are told to be simply strongly asymptotically lacunary ¥ -invariant

equivalent.

Definition 2.2. Tio non-negative sequences a = (ay) and v = (vy) are told to be f-asymptotically lacunary .9 -invariant equivalent of
multiple K if for each € > 0
{k el : f (
Iao(f

(denoted by a~ % ) v). If we let K = 1, then a = (ay) and v = (vi) are told to be simply f-asymptotically lacunary & -invariant equivalent.

%71(‘) 28} Ejo(%
Vi

Definition 2.3. Two non-negative sequences a = (ay) and v = (vy) are told to be strongly f-asymptotically lacunary ¥ -invariant equivalent

of multiple K if for each € >0
%—KD 28} € 50
Vi

) v). If we let K = 1, then a = (ay) and v = () are told to be simply strongly f-asymptotically lacunary % -invariant

{reN:;Zf(

I kel,

IE(f
(denoted by a g (s

equivalent.

. (736 (a6 (1]
Theorem 2.4. For two non-negative sequences a = (ay) and v= (v;) we havea ~" v=a ~" " v.

,]K
Proof. Leta [ ,ge] vand € > 0 be given. For 0 < s < A, select 0 < A < 1 such that f(s) < €. Then, we have

1 ay 1 ay 1 Ay
- p o) p ()
hy k;,- Vi hy kgr Vi hy kgr Vi
a—k—K <A a—k—K >A
Vi Vk
and so by Lemma 1.1
1 2f(1 1
il Zf( %fKD <e+<&)— y %71{'.
hy kel, Vk A hy kel, | Vk
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Thus, for each ¥ > 0 we have

e gl el

v, the next set and so the first set in the foregoing statement pertain to .#¢. This proves that

ax (=€)
VTK‘ = 27 }

. [F35]
Sincea ~

(oo (1]
a "~

O
Theorem 2.5. If lﬁm f(s) = o > 0, then for two non-negative sequences a = (a) and v = (v) we have
S—so00
K K
(l[ ();(L(f)]v@a[ '\o;(-)] V.
(756 [Tao ()]
Proof. In Theorem 2.4, we showed thata ~" v=a °~" " v. Now, we must show that
K K
a[ O-’QJ(f)]V?a[’ge]V.
gK
For all a > 0, if we let 1211 M = o > 0, then we have f(a) > aa. Assume that a [ “ABJ(f)] v. Since
a—o
1 1 1
w55 )z e - -Gl
hy kel, Vk hy kel, Vk hy kel, | Vk
holds, hence for each € > 0, we have
1
{reN: y |4 —K’>8} {reN Zf( ——KD Zae}.
hy kel, | Vk hy kel,
K
Since a : %(f)] v, the next set and so the first set in the foregoing statement pertains to .#5¢. This proves that
fK jl(
WL s
O

Definition 2.6. Two non-negative sequences a = (ay) and v = (vi) are told to be asymptotically lacunary ¥ -invariant statistical equivalent

of multiple K if for any € > 0 and any y > 0
1
{reN: — {kel,: %71{‘ 28}‘ zy} € Is0
hr Vi
K

J(S
(denoted by a N"e) v). If we let K = 1, then a = (ay) and v = (v) are told to be simply asymptotically lacunary .% -invariant statistical
equivalent.

Theorem 2.7. For two non-negative sequences a = (ay) and v = (vi) we have

sk AN
a[ %(f)]véa (Nce)v_
(755 (£)] . .
Proof. Granted thata °~"" v and € > 0 be given. Since
hy kel, Vi h kel Vi - hy " Vi
%7K >e
Vk

holds, hence for each ¥ > 0, we have
= fKD > Yf(e)}-

{r eN:
[Fae ()] I (S5)

Since a %" " v, the next set and so the first set in the foregoing statement pertains to %5 and hence, a = ~°"v. O

’>e}‘zy}g{reN Zf(

" kel,

Theorem 2.8. If f is bounded, then for two non-negative sequences a = (ai) and v = (vi) we have

N 10N
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(735 (f)] I (S5e)
Proof. In Theorem 2.7, we showed thata ™ “~" "v=a ~"" v. Now, we must show that

I (8&5) v a (735 ()] N

a ~ ~

<

. (S5
Granted that f is bounded anda ~
fact, we have

v. Hence, there exists a positive real number L such that |f(a)| < L, for all a > 0. Further using this

1 day 1 ay 1 ay
) - x As)d 5
hr k;r Vi hr k;,- Vi hr k;,- Vi
%71( >€ %71( <&
Vi Vk
ag
< — {kel,: ——K’zs}‘+f(£).
r Vi
sK
This proves thata[ 2o (/) V. O

3. Conclusion

In the present study, using modulus function and lacunary sequences, we investigated the types of asymptotically ideal invariant equivalence
for real sequences and give theorems about some properties. These new concepts can be examine for set sequences.
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1. Introduction

Mainly 2D-integral equations furnish the important implement for modeling the engineering and science problems [1, 2]. We have used the
variant methods for solving 2D-linear stochastic integral equations in [3, 4, 5, 6, 7] that the BPFs method is one of these methods. The BPFs
are very common in use, but it seems that their convergence is weak. Here the modified block-pulse functions (MBPFs) method is used for
deriving approximation solution of 2D-linear stochastic Volterra-Fredholm integral equation of the second kind

1 rl Yy X Yy X
g(x,y) = f(x,y) +/0 /0 Vi (x,y,s,t)g(s,t)dsdt-i—/o /0 Vz(x,y,s,t)g(s,t)dsdt—i—/o /0 Va(x,y,s,t)g(s,t)dB(s)dB(t), (1.1
where (x,y) € [0,71) x [0,7») and
s <ty (1.2)

In (1.1), g(x,y) is the unknown function and the condition (1.2) is necessary.

We organize the paper as follows:

The properties of 2D-MBPFs are introduced in the next section. In Section 3 we solve (1.1) by finding the ordinary and stochastic operational
matrices. We depict the error analysis in Section 4. The certitude of the method is evinced by an example in Section 5. Eventually, we afford
the brief conclusion in Section 6.

2. Two dimentional MBPFs

An (n1+ 1) x (ny +1)-set of 2D-MBPFs @y, 4,(x,y) (a1 =0,1,...,n1); (a2 =0,1,...,np) consists of (nj + 1) x (ny + 1) functions which
are defined over district D by [8]

1, x,y) € Dy,
Oay a5 (%,Y) :{ 0 (ot,firwisg"“z 2.1)

Email addresses and ORCID numbers: M.Fallahpour @kiau.ac.ir, https://orcid.org/0000-0003-2469-4804 (M. Fallahpour), m-khodabin @kiau.ac.ir, https://orcid.org/0000-
0001-6113-2208 (M. Khodabin)
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where
Dal,ag = (X,Y) :xela1,87y 61024‘57
and
[0>k1_8)> ai =0
oy e = ki —€, (a1 + Dk1 —¢), a1 =1(1)(m —1)
[1—¢,1) ay = ny,
[0,](2*8), ap =0
Iy, e = [azkz—g,(a2+l)k2—€), 612:1(1)(n2—l)
[1-¢,1) ay =ny,

where n; and n; are arbitary positive integers and we have

From (2.1), we can represent 2D-MBPFs as
Way,a (x,y) = W, (%) Wg, (y)7

where ®,, and @,, are the one-dimensional MBPFs. Similar to the one-dimensional case, 2D-MBPFs have the elementary properties
that are: disjointness, orthogonality and completeness. Also the set of 2D-MBPFs can be written as a vector Q(x,y) of dimension
g1=(n+1)(np+1)x1as

Q(x,) = [@00(,); o0 Oy (4,3), 00, Oy 0(6.Y), o Dy s (69)]T 22)
where (x,y) € D. For every gj-vector K from (2.2) we have
Q(x,3)Q7 (x,y)K = RQ(x,y), 2.3)
where K = diag(K) is a diagonal matrix of dimension ¢y = (n + 1)(ny + 1) x (n1 + 1)(ny + 1). Moreover, for every ¢-matrix H we get

QT (x,y)HQ(x,y) = AT Q(x,y) (2.4)

where H is an ¢;-vector with elements equal to the diagonal entries of matrix H.
2.1. Two dimensional MBPFs expansions

A function f(x,y) defined over L?(D) can be expanded by the 2D-MBPFs as [8, 9]

n ny
fgfg = Z Z fal,azwal,az :FTQ7

a1=0a,=0

where F is an ¢;-vector given by
F = [f0,07 ~~~7f0,n27 -~~7fn| ,07 -~~7fn1,n2]T>
and Q is defined in (2.2). The modified block-pulse coefficients, fy, 4, , are obtained as

et b
=— x,y)dydx,
fa|1a2 ‘g(lal,&‘) % K(Iazg;‘) Igl7g Ig27g f( y) y

where ((I,, ¢) and {(I4, ¢) are length of intervals I,, ¢ and I, ¢ respectively. Similarly for every function f(x,y,s,t), we can write

f(x7y7s7l) = Q(xay)TFEQ(S7[)7

where F¢ is 2D-MBPF coefficient matrix of dimension ¢,.
2.2. Ordinary perational matrix of 2D-MBPFs
By the double integration of the vector  defined in (2.2) we have [8, 10, 11]
[ s.dsde = Pey) = O 1) 41) © O 1)) Rw), @5)

where (x,y) € D and P is ¢-ordinary operational matrix of integration for 2D-MBPFs so O is defined in [5]. In (2.5), ® denotes the
Kronecker product. By disjointness and orthogonality properties of 2D-MBPFs we have

(ki —€)(ka—€) 0 0 0

- 0 kik, 0 0
//Q(S,I)QT(s,t)dsdt: : : | =R, (2.6)

o Jo : : :

0 0 kik, 0

0 0 0 ¢

where R; is the ¢y-known matrix.
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2.3. Stochastic operational matrix of 2D-MBPFs
Similarly we obtain
Yy X
[ [ Q0dBOAB0) = Pe(5.3) = O oy 1) 41) & O o 1)1+ 2.3): ey

where P  is the ¢>-stochastic operational matrix of integration for 2D-MBPFs where O ; is defined in [3]. In the next sections, it is assumed
that Ty =7, = 1.

3. Method of solution
Now, we solve (1.1) using 2D-MBPFs. By applying 2D-MBPFs approximates for functions

f(x7y) ) Vl(x7y7s7t) ) Vz(x7y7s7t) ) VS(x7y7s7t) ) g(x7y)7

we have
f=F'Q, G.1)
Vi = Q7 (x,y)[eQ(s,1), (3.2)
Vo = Q7 (x,7)AeQ(s,1), 3.3)
V3 = Q7 (x,5)0:Q(s,1), (3.4
and
g=GlQ, 3.5)

where the vectors F¢ and G¢ and matrices I, A¢ and ®, are the MBPFs coefficients of f, g, Vi, V, and V3 respectively. In (3.1), F¢ is
G1-known vector, also in (3.2), (3.3) and (3.4), I'¢, A¢ and O, are ¢-known matrices but in (3.5), G¢ is ¢;-unknown vector. In (1.1), To
approximate Fredholm integral case from (3.2), (3.5) and using operational matrix R from (2.6) we get

1,1 1 rl
/ / Vigdsdt = / / QT (x,y)TeQ(s,)QT (5,1)Gedsdt
0 Jo 0 JO

1,1
— QT (xy)Te ( / / Q(s,1)QT (s,z)dsdt) Ge
0 Jo
= QTTeReGe = (TeR:Ge) Q=ULQ,
where Ug is an ¢ -vector obtained from I'¢ R G¢. Therefore for the approximation of the first 2D-integral we have
1 rl
/ / Vigdsdt ~ UL Q. (3.6)
0 Jo

In addition from (2.3), (3.3) and (3.5) we get [12]

Yy rx Yy rx Yy rx
/ / Vogdsdi ~ / / QT (x,9)AeQs,1)Q7 (5,1)Gedsdt = QT (x,y)Ae < / / Q(s,t)QT(s,t)ngsdt)
0 JO 0 JO 0 JO

Yy px 5 "y X
Q’ A, ( / / GSQ(s,t)dsdt):QTAgGg ( / / Q(s,z)dsdz),
0 JO 0 JO

Yy [x ~
/ / Vogdsdt ~ QT AcGe PeQ,
0 JO

where from (2.5) we arrive

in which A G¢P: is an ¢y-matrix. From (2.4) we can write
v .
/ / Vagdsdt ~WIQ, 3.7
0 JO

where We is an G1-vector with components equal to the diagonal entries of matrix Ag GePs. Similarly from (2.3), (3.4) and (3.5) we conclude

1R

/0 ’ /0 Vs gdB(s)dB(r) /0 ’ /0 " Q7 (1,3)0:Q(5.1)Q7 (5,1)GedB(s)dB(1) = 7 (x,)0, ( /Oy /0 O(o.1)0 (5,1)GadB) dBm)

o’e, < /O ' /0 i GEQ(s,t)dB(s)dB(t)) — QTG < /O ’ /0 xQ(s,t)dB(s)dB(t)) ,

by using (2.7) we can arrive
Y o[x =
/ / V3gdB(s)dB(t) ~ QT @ GePe s,
0 Jo
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in which ®¢G¢ P ; is an ¢-matrix. From (2.4) we can write
y [x r
[ [ vssasaso = Wi, (338)
0 Jo i

where W  is an G1-vector with components equal to the diagonal entries of matrix GEGEPS’S. Applying (3.1), (3.5), (3.6), (3.7) and (3.8) in
(1.1) give

GiQ~F Q+U/Q+W/ Q+ W/ Q. (3.9)
By replacing ~ with =, in (3.9) we can get
Gg*ﬁe*We*We,s:Fg, (310)
where after solving System (3.10), we can find G¢ and get
_ T
g=GQ.
Then
1 “i‘
8§=8e = — 8¢
B iso

ik
where & = lﬁ, i=0(1)(u — 1) is the estimation of the solution of (1.1) and u is a positive integer.
4. Error analysis

. . 1 . . .
In this section, we show that the convergence order of the proposed method is lT by introducing several theorems. For convenience, we put
n

1
ny=ny=n,s0k; =kp=—.
n

Theorem 4.1. Suppose that h is a differentiable function from S C R* into R, and for everyt € S

]2 <&,

where & € R. Then
|h(d) = h(c)| < §ld —cl,

forall c,d € S.

Proof. See [10]. O

Theorem 4.2. Assume that ,
T

n n o n
Fn,s = Z Z Z Z Fa,b,c,dwaﬁb,c,dv

a=0b=0c=0d=0

1 1 oploplogl
F, = X / / / / Fo dtdsdydx,
A L) Iy o) e )(Iae) ~ Jo Jo Jo Jo 7740 Y

where a,b,c,d =0,1,...,n. Then the mean square error between F and Fy ¢ on (x,y,s,t) € Dy ¢ 4 reaches its minimum, moreover we have

and

o0 oo

1 plop1opl o o
/ / / / Fldtdsdydx=Y Y Y Y Flp o all@apeals-
0 /0 Jo Jo a=0b=0c=0d=0
Proof. By using [11], we can easily prove this theorem. O
ik
Theorem 4.3. Assume f is continuous and differentiable over district [—k,1 +k] x [—k,1 + k] and fn¢; € = lﬁfor i=0,1,...,u—1are
correspondingly 2D — MBPF s(€&)) = 2D — BPFs, 2D — MBPF s(g,), ..., 2D — MBPF s(€,_) expansions of f based on (n+ 1)*> 2D-MBPFs
_ 1 _
over district [0,1) x [0,1) and fn u(x,y) = m Z#:OI Jne (x,), then for sufficient large n we have

\/EN
< Y=
feella < ¥
therefore
1
=0(—
leel2 = 0.

where N is bounded of | Df||».

Proof. See [13]. O
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Theorem 4.4. If F be an enough smooth function on S = [0,1)* with |F|| < M. Let

n n n o n
= Z Z Z Z Fa,bw,dwu,b,cﬁda

a=1b=1c=1d=1
be 4D — MBPF s(&y) = 4D — BPF's expansion of F and X
e=F—F,
then |
leell2 = 0(1).

Proof. We have
€ab,cd = F— Fa,b,c‘d (Pa,b,c,d =F- Fa,h,c,da

where ¢ is the set of 4D-BPFs of dimension njnyn3ng and

a—1 a b—1 b c—1 c d—1 d
Sa,b,c,d:{TSx<;7 n <y<-,

N

n n n n

and (x,y,5,1) € Sy ¢ 4- By using the mean value theorem we get
2 b,/ n d/n 2
leap.ealls = / / / / F_Fa,b,c,d) drdsdydx
(a—1)/n -1)/nJ(c-1)/n

1
=n7( M, 1.%) — ahcd) s (Y1) € Saped- 4.1)

| ek bk ok rdk
Fube :—/ / / / Fyp e gdidsdyds,
@ ed 0 J e otk Jie—1y Ja—y” P Y

therefore by using mean value theorem we have

We know

1
Fupea=n"x T F(61,6,,05,64); (61,62,603,04) €Supca- 4.2

From Theorem 4.1 and involving (4.2) into (4.1) we obtain

1 1 4aM?
leapealld =5 (V7. 1.75,%) = V(61,62,65,04))% < — x 4k> x M* = —. 4.3)
n# n? no

So

2
llellz

1,1 p1 o1
////ezdtdsdydx
0 JO JO

1

I
S—
S~
S
5— S
i ™=
I [*']:
i ™=
I M=

e detdsdydx+2 Z Z Z / / / / eabed X €abcrqrdtdsdydx.

a<a b<b' c<cd<d'

Since fora < d',b < b',c < ¢’ and d < d’ we have
Sa,b,c,d mSa’,b’,c’,al’ =4,
where (4.3) give
4M? 1

n n n n
lelZ=Y ¥ Y ¥ leaeal’ <n*x o X 4M?,
a=1b=1c=1d=1
namely
1
—0(%).
lela=0(})
O
Theorem 4.5. Assume F (x, y,s t) is continuous and differentiable over district [—k,1 +k] x [k, 1 +k] X [—k,1+k] x [—k, 1 + k], moreover
suppose Fy ¢, (x,y,5,1); & = — for i=0,1,...,u — 1 are correspondingly 4D — MBPF's(gy) = 4D — BPF's, 4D — MBPF's(¢;), ..., 4D —
MBPFs(€y,_1) expansions ofF based on (n+ 1)* 4D-MBPFs over district [0,1)* and

then for sufficient large values n

_ 1 _
I1F = Fupulle < ﬁmE?XHF—Fn,e,-Hw-
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Proof. We consider partial differentials
JF O0F OJF OF
dx  dy’  ds ot’
i—1 i+1
in D* = [l—, U
n

)4 which are approximately equal to constants A, A, A3 and A4 respectively, where n is so large. Also we use function,
n

z=A1x+Ayy+Ass+ Ayt + B instead of F in D*. Now in the district [i, L +£()* we have
n'n

i} 1R
Fou(x,y,s8,t) = W Z 16 X (A1 + A2 +43 +A)p1 + B+ (A1 + A2 +A3)p1 +A4p2 + B+ (A1 +A2 +A4)p1 +A3p2 +B+ (A1 +A42)py
+  (A3+A4)p2+B+ (A1 +A3+A4)p1 +A2p2 + B+ (A1 +A3)p1 + (A2 +A4)p2 + B+ (A1 +A4)p1 + (A2 +A3)p2 + B+ A1 py
+ (A2 +A3+A4)p2 +B+A1p2+ (A2 +A3+A4)p1 +B+ (A1 +A4)p2 + (A2 +A3)p1 + B+ (A1 +A3)p2 + (A2 +Ag)p1 +B
+ (A1 +A3+A44)p2 +Arp1 +B+ (A +A2)p2 + (A3 +A4)p1 + B+ (A1 +Ar +Ag)pr +A3p; +B
+ (A1 +A2+A43)p2 +Ayp1 +B+ (A +A2 +A3 +Ay)p2 + B
i 4 i+1
» Al +Ay+A3+Ag)k(n—1
= (A1+A2+A3+A4)(%)+Bf( 12 ;u 4)k(u ), 4.4)
where A
roJ
1= (7 - 7)1
n u
and 1l ik
1 J
2= ( =).
nou
1
Since % = i + k, we can reformulete (4.4) as

_ i A1 +As + A3 +Ag)k
F,,,u:(A1+A2+A3+A4)Z+B+( ! 22“3 4k

Also we have

(A| +Ay+A3+Ayk
2u ’

max_ |F — Fppl~ max_ |Ajx+Asy+Azs+Agt +B—Fpy| =

11
Xys1E€[—,—+€)) Xys1€[—,—+€))
nn nn

(4.5)

Therefore, we get

1
max HF—F,,_’g,.”ooZ max |F—Fhe|~ (A +A2+A3 +A4)(D'1+B—T6[(A1+A2 +A3+A4)0+B

& &
X,y,8,t €D x,y,5,t €D’
+(A] +Ay+A3)0) +As@r + B+ (A] + Ay +A4) D) +A30r + B+ (A +A2) @) + (A3 +A4) @ + B+ (A + +A3 +A4) @) +Ar@ + B
+(A1+A3)01 + (A2 +A4) Dy + B+ (A1 +A4) @1 + (A2 +A3) 02 + B+ A1) + (Ay + A3+ Ag) D + B+ A 1@ + (Ar + A3 +A4) @) +B
+(A1 +A4)® + (A2 +A3)D) + B+ (A +A3)@ + (Ar +A4)@) + B+ (A +A3 +A4) 0 +Ar0) + B+ (A +A2) B2 + (A3 +A4) @1 + B
+(A1+Ar+A4) D +A30) + B+ (A1 + A2 +A3) 0 + Ag®@) + B+ (A + Ay +A3 +A4) D> + B)|

_ (A1 +A2+A3+Ay)
B 2

k, (4.6)

where @] = ! iJrk:(D'z,Dz ;,—) ndD' = [f 7+k) From (4.5) and (4.6) we get
n’ n n

_ 1 _
[F = Fopllee S — max [[F — Fyg[|oo
T

O
Remark 4.6. Let
ene =F 7Fn,/.ta
and
en=F—F,
then from Theorem 4.2, Theorem 4.4 and Theorem 4.5 we have
2M
llenell < W7
also we can write
lim Fn g =F.

n—+
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Theorem 4.7. If g be the exact solution of (1.1) and g, . (x,y) be the 2D-MBPF's approximate solution of it. Also
(1) lgla<a , (s,1)€0,1)%
(2) [Vill2<Bii=1,23, (xys1) €0, D)%
(3) Wi(x,y)= sup xx sup y,

x€[0,1) y€[0,1)
(4) Wa(x,y) = sup [B(x)[x sup |B(y)],
x€[0,1) y€[0,1)

(5) ﬁ1+ﬁz+w (ﬁ +2ﬁ3) sz(x,y)] <1,

then |
llg—gnll2 = O(W)‘

Proof. From (1.1), we get
. 1l A Y X .
g Gup=f—fout /O /0 (Vig— Vi plon s dsdr + /O /O (Vag — Van plon ) dsdr

+/0>'/(;x (\/3()67)17571‘)g(s,t)—\A/3ﬁ,#gn#)dB(S)dB(t)7

so the mean value theorem give

g —&nullz < If = Fapllz+1Vig = Vinubnullz + X9 Vag = Vo uénullz +Bx)BG)(Vag — Vs unpll2- “.7

By using Remark 4.6 and two first hypothesises, we obtain

A

Vig=Viaubnulz < IVill2llg = Gnullz+1IVi =Vingll2 (g = Gnull2 + llgll2)

A

2 231
< Bille=ualat 22 (le—tnula+0) = (B1+ 220 ) g gyl + 2Pl @8

Similarly we have

2B 2B
Vs~ Prntrla = (B 22 Vg gl + 220 @9)

and

285
V38 — V3 . unu sz(ﬁ3+ f)\lg gnu\|2+u£a (4.10)

Substituting (4.8), (4.9) and (4.10) in (4.7) and Theorem 4.3 conclude

V2N 2 2 2B,
llg— g"MH27 Ln + {(ﬁl+ ”ﬁl>”g gn#”2+rﬁ Ot} +xy{(ﬁ +£) llg— 8 |2+’u£a}
+B(x)B(y) Kﬁ3+£3) llg—gnull+—— 2B }
Hn Hn
By taking sup and Hypothesises 3 and 4, we have
V2N ( 2B1) 2B ( 232) 2B
+ + su -8 + o | +Wi(x, + su —&npll2+ o
llg—&npll2 < n Pt sgﬁr;gyl\g npll2 in 1(xy) [ B2 un ) ,I,)g},”g Snull2 i
2p3 25,
+Walx,y ( 3+ ) sup [[g —&npll+——
2(6y) | B3 un ) P )H 2| un
SO s
2N +2Q1a+2B00 2B3a
2B+ 2py + By x Wa(x,y)
g —&null < L Hr
T 2B +2 2 ’
1- {31 +h+ ﬁlun ﬁz <ﬁ + ﬁ3> XWz(XJ)}

and from the boundedness of Brownian motion we get

1
—¢ =0(—).
Hg gn.ﬂ”Z (un)
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n u g e (L,U)
2 1 (BPFs) | 0.488705 | 0.188705 0.487912,0.489498)
3 (MBPFs) | 0.397704 | 0.097704 0.390937,0.404471)
3 1 (BPFs) 0.327094 | 0.027093 0.326647,0.327540)
3 (MBPFs) | 0.316383 | 0.016382 0.304258,0.328508)
4 1 (BPFs) | 0.246046 | 0.053945 0.245386,0.246705)
)
)
)

3 (MBPFs) | 0.582630 | 0.034799 | (0.222132,0.343128
5 1 (BPFs) | 0.400235 | 0.100235 | (0.399732,0.400738
3 (MBPFs) | 0.360730 | 0.060730 | (0.356168,0.365292

P Ry Y [

Table 1: Results in (0.1,0.2)

n u g e (L,U)
2 1 (BPFs) 0.996151 | 0.296151 0.987828,1.004470)
3 (MBPFs) | 0.906776 | 0.206776 | (0.870497,0.943055)
3| 1 (BPFs) | 0.997234 | 0.297234 | (0.976630, 1.017840)
3 (MBPFs) | 0.880689 | 0.180689 | (0.833557,0.927822)
4 [ 1 (BPFs) | 0.792689 | 0.092689 | (0.788890,0.796488)
)
)
)

3 (MBPFs) | 0.751917 | 0.051917 | (0.733360,0.770475
5 1 (BPFs) | 0.799899 | 0.099899 | (0.799426,0.800373
3 (MBPFs) | 0.782178 | 0.082178 | (0.776386,0.787971

—~ = =~ —

Table 2: Results in (0,0.7)

5. Numerical example

We consider a numerical example to illustrate the efficiency of the MBPFs method. Consider the 2D-linear stochastic Volterra-Fredholm
integral equation

1l y rx y x
g(x,y):f(x,y)-‘rl/o ./0 (xyst)g(s,t)dsdt-i—(/o /0 (xyst)g(s,t)dsdt-i—/o ./0 (xyst)g(s,t)dB(s)dB(t),

where

fxy) =x+y— = — == — (y* +2%°)B(x)B(y) + B(x) (x*y +2x%) /()yB(t)dt +B(y) (" x+2y%x) _/OXB(S)ds,

with the exact solution

g(x,y) =x+y.
The solution mean (g(x,y)), error mean (&(x,y)) and %95 confidence interval (L,U) at arbitrary points (0.1,0.2) and (0,0.7) for some values
of n and u are shown in Table 1 and Table 2. In this tables by the comparison between the computed results by the presented method and the

BPFs method we will see that in the MBPFs method we achieve the good accuracy by increasing (. You can see three-dimensional graphs of
this example in Fig. 5.1 and Fig. 5.2.

6. Conclusion

In this paper, we have successfully developed the 2D-MBPFs numerical method for approximate a solution for 2D-linear stochastic
Volterra-Fredholm integral equations. The numerical results represent that € in new method is lesser from & in BPF method.

Figure 5.1: (n =3)
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Figure 5.2: (n=5)
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