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ON THE (DELTA,f)-LACUNARY STATISTICAL CONVERGENCE
OF THE FUNCTIONS

BAYRAM SOZBIR, SELMA ALTUNDAG, AND METIN BASARIR
SAKARYA UNIVERSITY, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES
AND ARTS, 54050, SAKARYA-TURKEY

ABSTRACT. In this paper, we introduce the concept of Aj-lacunary statisti-
cal convergence for a A-measurable real-valued function defined on time scale,
where f is an unbounded modulus. Our motivation here is that this defini-
tion includes many well-known concepts which already exist in the literature.
We also define strong A ¢-lacunary Cesdro summability on a time scale and
give some results related to these new concepts. Furthermore, we obtain nec-
essary and sufficient conditions for the equivalence of Af-convergence and
Ajg-lacunary statistical convergence on a time scale.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers,
which was introduced by Fast [1] and Steinhaus 2] independently, is a generalization
of ordinary convergence. This concept depends on density of subset of natural
numbers N. The natural (or asymptotic density) of a set K C N defined by

1
0(K)= lim —|{k<n:keK},
n

n—oo

if the limit exist, where |A| indicates the cardinality of any set A. A sequence
x = (x) is said to be statistically convergent to L, if for every £ > 0, the set
K. :={k € N:|z; — L| > ¢} has zero natural density, i.e., for each € > 0,

1
lim—{k<n:|zy—L| =€} =0,
non

and written as st — limx = L. The set of all statistical convergent sequences is
denoted by S. Over the years, statistical convergence and related notions have
been studied by many researchers [3H15].

The idea of a modulus function was introduced by Nakano [16]. Later, Ruckle
[17], Maddox [18] and many authors used this concept to construct some sequence
spaces. A function f : [0,00) — [0,00) is called modulus function, or simply
modulus, if

2010 Mathematics Subject Classification. Primary: 40G15, 40A35; Secondaries: 46A45,
26E70, 34N05.
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2 BAYRAM SOZBIR, SELMA ALTUNDAG, AND METIN BASARIR

i) f(z) =0 if and only if x = 0,

i) f(e+y) < f(x)+ fly) forz >0,y >0,

iii) f is increasing,

iv) f is continuous from right at 0.

From the above properties (ii) and (iv), it is clear that a modulus function f is
continuous everywhere on [0,00). A modulus function may be bounded or un-
bounded. For example, f (x) = 115 is bounded, but f (z) = 2P, where 0 < p < 1,
is unbounded.

Aizpuru et al. [9] defined a new concept of density by using an unbounded mod-
ulus function, and also with this way, they defined f-statistical convergence for
sequences as follows:

A sequence x = (xp) is said to be f-statistically convergent to L, if for each
e >0,

li 1

where f is an unbounded modulus function, and one writes it as st/ —limz;, = L.

A time scale is any arbitrary nonempty closed subset of real numbers R and
is denoted by T. The time scales calculus was first introduced by Hilger [20].
This new theory allows one to unify discrete and continuous analysis as it has the
differentiation and integration of independent domain used. Because of this feature,
it has received much attention and its applications have been studied in many areas
of science [21124]. In addition, the first studies related to the statistical convergence
and summability theory on time scales were done in [25] and [26], independently.
In the following years, as a continuation and generalization of these studies, many
researchers have moved well known some topics in summability theory for sequences
or Lebesque measurable functions to time scale calculus [27-33]. Before giving these
definitions, we shall mention some basic concepts of the time scale calculus that we
will use in later sections.

The forward jump operator o : T — T can be defined by

f{k <n:lag— LI > €}]) =0,

o(t)=inf{s € T: s> t},

for t € T. In this definition we put inf() = sup T, where @) is an empty set. The
graininess function pg : T — [0,00) can be defined by u(t) = o(t) —t. A closed
interval in a time scale T is given by [a,b]; = {t € T :a <t < b}. Open intervals
or half-open intervals are defined similarly.

Let F' denote the family of all left closed and right open intervals on T of the
form [a,b)p. Let m : F' — [0,00) be a set function on F' such that m ([a,b);) =
b — a. Then, the set function m is a countably additive measure on F. Now, the
Caratheodory extension of the set function m associated with the family F' is said
to be the Lebesgue A-measure on T and this is denoted by pua. In this case, it is
known that if ¢ € T\ {max T}, then the single point set {a} is A—measurable and
pua ({a}) =o(a) —a. If a,b € T and a < b, then pa ((a,b)7) =b—o0(a). If a,b €
T\ {max T} and a < b, then pa ((a,bl;) = o (b) — o (a) and pa ([a,b];) =0 (b) —a
(see [23)).

Now, we recall some basic concepts related to summability theory on time scales.
We should note that throughout the paper, we consider that T is a time scale
satisfying inf T = ¢¢ > 0 and sup T = co.
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Definition 1.1. [26] Let g : T — R be a A-measurable function. We say that g is
statistically convergent to a number L on T, if for every e > 0,

i Hads € ltotlr:lg(s) = Li>eh) _

t=00 pa ([to, tlr)
which is denoted by sty — tlim g(t)=L.
— 00

bl

Let 6 = (k,) is an increasing sequence of non-negative integers with kg = 0 and
o (kr)—o (ky.—1) — 0o as r — oo. Then 0 is called a lacunary sequence with respect
to T [27].

Definition 1.2. [27] Let 6 = (k) be a lacunary sequence on T. A A-measurable
function g : T — R is said to be lacunary statistically convergent to a number L on
T, if for every e > 0,

i 148 (05 € (1, )s g ) — 1] > )
r—0o0 HA ((krfla kr]']r)
which is denoted by stg_r — lim g (¢t) = L.
t—o0

:07

Definition 1.3. 27/ Let 8 = (k,) be a lacunary sequence on T and let g : T — R
be a A-measurable function. Then g is strongly lacunary Cesdro summable to L on
T, if there exists an L € R such that

1
lim ———M—— / g(s) —L|As =0.
r=o0 i ((kr—1, kr]p) l9(s) = LI
(krfhk‘r]'r

The set of all strongly lacunary Cesdro summable functions on T is denoted by
No_T.

Definition 1.4. [39] Let f be a modulus function and g : T — R be a A-measurable
function. We say that g is Ay-convergent to a number L on T, if for every e > 0,

. 1 o) _
Jim mf(m ({s € [to, tlp : g (s) = L| = €})) = 0,

and we write it as Ay —tlim g (t) = L. Also, we denote the set of all A-convergent
— 00
functions on T by Sﬂ’f,

Our aim here is to introduce the concepts of A y-lacunary statistical convergence
and strong Ag-lacunary Cesdro summability on a time scale T with respect to a
modulus function f, by continuing of [32]. We also present several results related
to these new concepts.

2. Ay-Lacunary Statistical Convergence on Time Scale

We start this section by defining the concept of A-lacunary statistical conver-
gence on a time scale.

Definition 2.1. Let f be an unbounded modulus function and let = (k,) be a
lacunary sequence on T. Then a A-measurable function g : T — R is Ay-lacunary
statistically convergent to a number L on T, if for every e > 0,

; 1 slg(s) — el)) =
P Pl G ? 2 8 € (oo el o () = H > 2h) = 0.
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and we write it as sté:T — tlim g (t) = L. The set off all Ay-lacunary statistically
— 00
convergent functions on T is denoted by Se]):qr-
This definition includes some special cases.

Remark. i) If we choose f (z) = x in Definition 2.1, then Ay-lacunary statistical
convergence is reduced to lacunary statistical convergence on a time scale introduced
m [27/,

4i) If we take T = N, then Definition 2.1 gives us the concept of f-lacunary
statistical convergence which is defined in [10].

Theorem 2.1. Let f be an unbounded modulus function and let § = (k,) be a
lacunary sequence onT. For any a A-measurable function g : T — R, tlim g(t)=1L
—00

. . oy _
implies sty tllglog(t) L.

Proof. Suppose that lim g (t) = L. Then, for each € > 0, the set
{seT:|g(s)—L| > s} is bounded. Since

{se€(krrk]p:lg(s) LI Ze} S{seT:|g(s) - L| > ¢}
and modulus function f is increasing, therefore
flpa({s € (kro1sbrlp i lg(s) =Ll > e})) _ flua({s€T:lg(s ) LI >e€})
[ (pa ((kr—1, kr]p)) h f(pa ((kr—1, kr]p))

Taking limit as » — oo on both sides, we get

- f(pa({s € (br1, krlp |9 (s) — L| = €}))

1 =

5 7 s (Gre1: e lo) )
which means that Stgf’ﬂ‘ - tlirglog (t)=L. O

Theorem 2.2. Let f be an unbounded modulus function and let § = (k) be a
lacunary sequence on T. For any a A-measurable function g : T — R, stgiT -
lim g (t) = L implies stg_p — lim g (t) = L.

t—00 t—o0

Proof. Suppose that stg_T — tlim g (t) = L. Then, using the definition of limit and
—00

also using the properties of modulus function f, for every p € N, for sufficiently
large t € T, we have

fua ({s € (krer, kel g (s) — LI = €})) < %f (o ((kr—1, krly))
1 pa ((kr—1, krlp)
<y ( T )
o HA ((kr—lakr}'ﬂ‘)
-/ ( p )
and since f is increasing, we get
pa({s € (kr-v,krly i lg(s) L >e}) _ 1
pa ((kr—1, krly) P
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which means that stg_ — tlim g (t) = L. Hence, the proof is completed. O
— 00
Corollary 2.3. Let f be an unbounded modulus function and let 0 = (k) be a
lacunary sequence on T. For any a A-measurable function g : T — R, we have
tll)rglog (t)=L= sty tliglog (t) =L = sto_t tl_l}r(r)l()g (t) = L.
3. Strong A¢-Lacunary Cesaro Summability and A;-Lacunary
Statistical Convergence on Time Scale

Now, we first introduce strong A y-lacunary Cesaro summability of a A-measurable
function defined on a time scale. We also investigate the relationship between the
strong Ag-lacunary Cesaro summability and strong lacunary Cesdro summability
on a time scale.

Definition 3.1. Let f be a modulus function and let 6 = (k,.) be a lacunary sequence
on T. Then a A-measurable function g : T — R is said to be strongly As-lacunary
Cesdro summable to a number L on T if

1
im —— / S INAs — 0.
= ua (el S 7 (g (s) = LI)

The set off all strongly Ay-lacunary Cesdro summable functions on T is denoted by
f

Ny_r.
We now give some lemmas we will use next theorem.

Lemma 3.1. [18] Let f be any modulus function and let 0 < 6 < 1. Then, for
each x > &, we have f(z) <2f (1)6 ta.

Lemma 3.2. [19] Let f be any modulus function. Then tlim @ exists.
—00

Theorem 3.3. i) For any modulus function f, we have Ng_1 C N(',f_T.
i) Let [ be any modulus function. Iftli)r& @ > 0, then we have NJ_T C Nyg_r.
Proof. 1t is easy to see using Lemma 3.1 and Lemma 3.2. (I
As a corollary we have
Corollary 3.4. Let f be any modulus function. If tlggo@ > 0, then we have
N} o= Ny_r.

Now, we give the relationship between the A-lacunary statistical convergence
and strong A y-lacunary Cesaro summability on time scale. Before doing this, we
remind Jensen’s inequality on time scale.

Lemma 3.5. [22] Let a,b € T and ¢,d € R. If ¢ : [a,b] — (¢, d) is rd-continuous
and F : (¢,d) — R is convex, then

b b

Je@at)  [F(s()At

a a

F <
b—a b—a
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Lemma 3.6. [18] There is a modulus function f for which there exists a positive
constant ¢ such that f (zy) = cf (x) f (y) for allz >0, y > 0.

Theorem 3.7. Let g : T — R be a A-measurable function and let 6 = (k) be a
lacunary sequence on T. Then, we have
i) Let f be an unbounded convex modulus function for which tli}m @ > 0 and
i LA/
tliglo 1/t
cf (z) f(y) for allx >0, y > 0. If g is strongly Ag-lacunary Cesdro summable to

> 0 exists and there exists a positive constant ¢ such that f(zy) >

L, then stg_Tr — tlim g (t) = L, but not conversely.
—00
i) If sté:T — tllrglcg(t) = L and g is a bounded function, then g is strongly

Ag-lacunary Cesdro summable to L, for any unbounded modulus function f.

Proof. It can be proved by considering similar way with in Theorem 14 of [10] and
Theorem 1, Theorem 2 of [27] and also using Lemma 3.5. O

Now, under certain restrictions on 6 = (k,.) and modulus function f, we investi-
gate necessary and sufficient conditions for the equivalence of A ¢-convergence and
Ay-lacunary statistical convergence on a time scale.

Theorem 3.8. Let f be an unbounded convex modulus function for which tlim @ >
— 00

0 and tlim % > 0 exists and there exists a positive constant ¢ such that f (xy) >
— 00

cf () f(y) forallx >0,y > 0 and let 0 = (k) be a lacunary sequence on T. Then,
we have

k.
inf o (k)

> 1.
oo g kr—l)

S{; C Sg—qr if and only if lim

r—

Proof. The proof can be done easily by combining the ideas in Lemma 3.1 of [2§]
and Lemma 17 of [10]. Hence, we omit it. O

Theorem 3.9. Let f be an unbounded conver modulus function for which tlim @ >
—00

0 and tlim % > 0 exists and there exists a positive constant ¢ such that f (zy) >
—00

cf () f(y) for allz >0, y =0 and let 0 = (k) be a lacunary sequence on T such
that pu (t) < Mt for some M > 0 and for allt € T. Then, we have
o (kr)

Sg_T - S{; if and only if limsup ———— < o0.
r—oo O (kr—l)

Proof. The proof can be done easily in view of Lemma 3.2 of [28] and Lemma 19
of [10]. Hence, we omit it. O

I
¢

We here note that all the restrictions apart from tlim > 0 on the modulus
— 00

function f in Theorem 3.8 and Theorem 3.9 are needed only in the necessity part
of these theorems.
Combining Theorem 3.8 and Theorem 3.9, we obtain the following result.

Corollary 3.10. Let f be an unbounded convex modulus function for which tlim FOIEN
—00

t
fast)

/e > 0 exists and there exists a positive constant ¢ such that f (xy) >

0 and lim
t—o00
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() f(y) for allz =20, y =0 and let 0 = (k) be a lacunary sequence on T such

that wu (t) < Mt for some M > 0 and for allt € T. Then, we have

. . . kr) o o (kr)

§f _gf donlyif 1<timinf-2FD) < T < o,

o-r =St ifand only if 1 <lminf 755 < limsup 755 < 00
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¢-QUASINORMAL OPERATORS AND ITS EXTENDED
EIGENVALUES

MELTEM SERTBAS* AND FATIH YILMAZ**
*KARADENIZ TECHNICAL UNIVERSITY, FACULTY OF SCIENCE, TRABZON, TURKEY
*KARADENIZ TECHNICAL UNIVERSITY, INSTITUTE OF NATURAL SCIENCE,
TRABZON, TURKEY

ABSTRACT. In this paper, the relation between g-deformed quasinormal oper-
ators and g-quasinormal operator classes is investigated. Moreover, we prove
that these are same. Also, we consider the extended eigenvalue problems for
bounded g-quasinormal operators.

1. INTRODUCTION

Let ¢ be a positive number not equal to one and A be a closed operator with
dense domain on a separable Hilbert space H. If A satisfies

AA* = gA* A,

then A is said to be a deformed normal operator with deformation parameter g or
a g-normal operator. A nonzero g-normal operator is always unbounded [I7 [18].
Also, if A is a closed operator with dense domain in H and its polar decomposition
A =U|A| such that
UlA| € V4lAJU,

then A is called a deformed quasinormal operator with deformation parameter ¢ or
a g-quasinormal operator. Every nonzero g-quasinormal operator is unbounded [1].
The basic properties for g-deformed operators can be found in [I} 2] 3] 4l [5].

Moreover, S. Lohaj defined that the bounded operator A is a g-quasinormal

operator, if the equation
AATA =qATAA

is hold [6]. He showed that if any invertible operator is g-quasinormal then ¢ = 1
[6]. It is clear that a bounded deformed at quasinormal with deformation parameter
q operator is g-quasinormal.

A complex number A is said to be an extended eigenvalue of a bounded operator
A if there exists an operator X # 0 such that

XA =)NAX.

2010 Mathematics Subject Classification. Primary: 47A20; Secondaries: 47A10 .
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X is called a A eigenoperator for A and the set of extended eigenvalues is denoted by
oext(A) [§]. Also, the extended spectrum of bounded operators has been studied by
many authors such as [8] 9] 10} [TT], T2} T3] T4} 15} [16]. Biswas and Petrovic proved
the result

Oext (A) C{AN€C:0(A)N o (NA) # 0}
where o(A) is the set of spectrum of A [9].

2. g-Quasinormal Operators and Its Extended Eigenvalues

In this paper, all operators are assumed to be linear. Let us denote by H a
complex separable Hilbert space. For an operator A in H, the range and the kernel
of A are denoted by R(A) and KerA, respectively.

Lemma 2.1. A: H — H is a g-quasinormal operator if and only if the equation
U|AJ]? = q|A]2U is hold.

Proof. Let A: H — H be a g-quasinormal operator. By the g-quasinormal defini-
tion, the equation
A(A*A) =q(A*A)A
is satisfied. Since its polar decomposition is A = U|A|, then the equation
UIAP® — q|APUIA| = (U|A]? — q|APPU)|A| = 0
is hold. When H = Ker|A| ® R(|A|) and Ker(]A|) = KerU are hold, then
UJA]* = q|APU
is satisfied. O

Corollary 2.2. Let A be a closed operator with dense domain in H and A = U|A]
be the polar decomposition. The following statements are equivalent.
i) A is g-quasinormal.
ii)For all a € R,
UetalAl = eiqalAFU,i =+v-1
iii)For all X € C with ImX # 0,
UN—]AP)™ = (A —qlAP)~'U.
iv) For all Borel sets M,
E(q~'M)U = UE(M),

where E(.) is the spectral measure of | A|.

Every g-quasinormal operator A satisfies the relation
Ug(|A]*) = g(a|AP)U
for any Borel function g.

Proof. It can be proved by using the method as in [IJ. a

Corollary 2.3. If A is a bounded g-quasinormal operator in a Hilbert space iff A
is a deformed at quasinormal with deformation parameter q.

Theorem 2.4. Suppose that A: H — H is a g-quasinormal operator, in this case
Oext(A) = C is hold.
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Proof. Let A = U|A| where U is a partial isometry and |A| is the square root of
A*A such that KerU = Ker |A| , be the polar decomposition of A . Since is a
g-quasinormal operator, U |A| = \/q|A| U for ¢ > 1 is true by Corollary

Firstly, we assume that 0 € o, (A), then there exists an element y in H\ {0}
such that Ay = 0 and for every = € H,
Alyey)z=Az,y)y = (z,y) Ay =0
and

oy Ar=(yey) Uldle = (Ul|Alz,y)y = Vi (z, U [Aly)y = 0.
Then,
(y@y) UlA=UlA[(y@y) =0
is obtained. This means that ocz¢ (A) = C since 0 € o, (A4).

Now, let A: H — H be a g-quasinormal operator such that 0 ¢ o, (A4), in this
case, the equation
AA*A = qATAA
is hold. Since A is a bounded operator, we have AA* — gA*A # 0 and
(AA* — gA*A)A = 0A(AA™ — gA™ A).

Consequently, the zero is an extended spectrum of A. Because of 0 ¢ 0,(A), U is
an isometry. Also, from the von Neuman-Wold decomposition the equality

oo
H= & U"(KerU")
n=0
is verified and subspaces U™ (KerU®*), n is a nonnegative integer, are invariant

under |A| [7].
Moreover, it is defined Ty := Y07, A" P, such that 0 < |A| < 1, where P, are

n=0

projection operators on U™(KerU*) for all n > 0. It is clear that T is a bonded
operator for all 0 < || < 1. Also, the following equations

TA|A] = ATy
T\U = AUT)
are satisfied, so
UPTZA = (UMT\)U|A| = ¢"?NA|(U"Ty) = ¢"/>AAU™ Ty, n > 0.
Since ¢ > 1 and 0 < |A| < 1, 0eyt(A) = C is obtained. O

Example 2.1. Let H be a separable Hilbert space. If {e,},n = 0 is an orthonormal
basis of H, and a sequence {wy}, w, # 0,n > 0 of complex numbers such that

D(S.) = {Zanen €H: Z | an ‘2‘ Wn ‘2< oo}
n=0 n=0

and

Suen = Wpeniy1
for all n > 0, then S, is called a unilateral weighted shift with weights w,. A
unilateral weighted shift S, in H with weights w,, is g-quasinormal if and only if
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for allm >0 [I. In particular, for ¢ > 1 a unilateral weighted shift is a bounded
g-quasinormal and o,(S,) =0 [I]. Then, from Theorem Oext(Sy) = C.

Corollary 2.5. Let A: H — H be a q-quasinormal operator, then for everyn € N,
q"? € oenr(|A]) -

Corollary 2.6. Let A: H — H be a g-quasinormal operator, if A € oext(|A]), then
for everyn €N, g2\ € oeri(|A]).

Corollary 2.7. If A is a bounded g-quasinormal operator and 0 ¢ o,(A), then
0 € a.(|A]).

Proof. Let A: H — H be a g-quasinormal operator, then for every n € N, o(]4]) N
a(g/?|Al) # 0. =
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ABSTRACT. We define Noor iteration procedure and, Abbas and Nazir itera-
tion procedure associated with three self maps in the setting of convex metric
spaces. We prove that these iterations converge strongly to a unique common
fixed point of three nonlinear quasi-contractive self maps in convex metric
spaces. One of our results (Theorem extend the result of Sastry, Babu
and Srinivasa Rao [I0] to three self maps. Examples are provided to illustrate
our results.

1. INTRODUCTION

In 1970, Takahashi [I1] introduced the concept of convexity in metric spaces as
follows.

Definition 1.1. Let (X,d) be a metric space. A map W : X x X x [0,1] = X is
said to be a ‘convex structure’ on X if

d(u, W(z,y, A)) < Ad(u, ) + (1 — A)d(u, y) (1.1)
for z,y,u € X and X € [0,1].

A metric space (X,d) together with a convex structure W is called a convex
metric space and we denote it by (X,d, W).

A nonempty subset K of X is said to be ‘convezr’ if W(x,y,\) € K for x,y € K
and A € [0, 1].

Remark 1.1. Every normed linear space (X, ||.||) is a convexr metric space with
the conver structure W defined by W (z,y,A) = Az + (1 — Ny for z,y € X, and

2010 Mathematics Subject Classification. 47H10, 54H25.
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Abbas and Nazir iteration.
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A € [0,1]. But, there are conver metric spaces which are not normed linear spaces
2 17, [11].

In 1974, Cirié [3] introduced quasi-contraction maps in the setting of metric
spaces and proved that the Picard iterative sequence converges to the fixed point
in complete metric spaces.

Definition 1.2. Let (X,d) be a metric space. A self map T : X — X s said to be
a quasi-contraction map if there exists a real number 0 < k < 1 such that

d(Tz, Ty) < kM (z,y) (1.2)

where
M(x,y) = max{d(z,y),d(z,Tz),d(y, Ty),d(z, Ty),d(y, Tz)} (1.3)
forxz,ye X.

In 1974, Ishikawa [0] introduced an iteration procedure in the setting of normed
linear spaces as follows: Let K be a nonempty convex subset of a normed linear
space X and let {a,, }2, and {8,}52, be sequences in [0, 1].
For zp € K,

Tpi1 = (1 — ap)zp + Ty, forn=20,1,2,.... ’

In 1988, Ding [5] considered Ishikawa iteration procedure in the setting of convex
metric spaces as follows: Let K be a nonempty convex subset of a convex metric
space (X,d, W), and let {a,}52, and {3,}52, be sequences in [0, 1].
For 2y € K,

Yn = W(Txnafnvﬂn) (1 5)
Tpp1 = W(Tyn, Tn,ap) for n =10,1,2, ..., ’
and proved that the Ishikawa iteration procedure converges strongly to a
unique fixed point of a quasi-contraction map in the setting of convex metric spaces,
o0
provided Y a, = oco.
n=0

In 1999, Ciri¢ [4] introduced a more general quasi-contraction map and proved
the convergence of the Ishikawa iteration procedure to a unique fixed point in convex
metric spaces and the result is the following.

Theorem 1.1. (Cirié []) Let K be a nonempty closed convex subset of a complete
convex metric space X and let T : K — K be a self map satisfying

d(Tz, Ty) < w(M(z,y)),
where M (x,y) is defined by (1.3) for z,y € K and
w: (0,00) = (0,00) is a map which satisfies
(z 0 <w(t) <t for each t >0,

)
(#) w increases,
(1) Jim (¢ —w(t)) = oo, and
)

(v elther t —w(t) is monotonically increasing on (0, c0) (1.6)
or
w(t) is strictly increasing and lim w™(¢t) = 0 for ¢ > 0. (1.7)
n—o0

Let {an}2 and {8,122, be sequences in [0, 1] such that > a, = co.
n=0
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For xg € K, the Ishikawa iteration procedure {x,}°2, defined by (1.5
converges strongly to the unique fixed point of T'.

Sastry, Babu and Srinivasa Rao [9] improved Theoremby replacing (|1.6) and
(1.7) with a single condition, namely 0 < w(t") < ¢ for each ¢t > 0 and proved the
following theorem.

Theorem 1.2. [9] Let K be a nonempty closed convex subset of a complete convex
metric space (X,d,W) and T : K — K be a map that satisfies
d(Tz, Ty) < w(M(z,y)) (1.8)

where M(x,y) is defined in (1.3) for x,y € K and w : (0,00) — (0,00) is a map
such that
(i) w increases,
(1) tlim (t —w(t)) = oo, and
— 00
(711) 0 <w(th) <t fort>0.
Let {an}52 and {8,}22, be sequences in [0,1] such that >, a, = oo. Then
n=0

for any oy € K, the sequence {x,}>2, generated by the iteration procedure (1.5
converges strongly to a unique fixed point of T .

Remark 1.2. (i) and (iii) of Theorem [L.2] imply that 0 < w(t) <t for each t > 0.

Remark 1.3. Ifw(t) = kt fort € (0,00) and 0 < k < 1 then the map T of
Theorem reduces to a quasi-contraction map.

Sastry, Babu, and Srinivasa Rao [10] extended Theorem to a pair of self maps
as follows.

Theorem 1.3. [I0] Let (X, d) be a complete conver metric space with convex struc-
ture W. Let S, T be self maps of X satisfying the inequality

max{d(Sz, Sy),d(Tz,Ty),d(Sz, Ty)} < w(M'(z,y)) for all z,y € X
where M'(x,y) = max{d(z,y), d(x, Sz), d(x, Sy), d(y, Sx),d(z, Tx), d(y, Ty),
d(y, Sy), d(x,Ty),d(y,Tx),d(Sz,Tx),d(Sy, Ty)} and
w: (0,00) = (0,00) is a map such that
(1) w is increasing on (0, 00),
(i) tlim (t —w(t)) = 0o, and
— 00
(i13) 0 < w(tT) <t for each t > 0.
For xyg € X, define the Ishikawa iteration procedure associated with S and T by

Yn = W(Txnaxnvﬁn)
Tn+1 = W(Synaxnvan) (19)
where {an}22, and {152, are sequences in (0,1) with Y o, = oco. Then the

sequence {xz,} converges, lim x,, = z (say), z € X and z is the unique common
n—oo
fized point of S and T.

In 2000, Noor [§] introduced a three step iteration procedure in the setting of
Banach spaces as follows: For xg € K,

Yn = (1= Bn)on + BnTzy, (1.10)
Tn1 = (1 - an)mn + anTyn
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where {an, 152, {8n}22, and {7, }52, are sequences in [0, 1].
Noor iteration procedure in convex metric spaces is as follows:
For zg € K,
2n = W(Txp, T, V)
Yn = W(Tzn, Tn, Bn) (1.11)
Tni41 = W(Tyru T, an)

where {a, 152, {8n}22, and {7,}52, are sequences in [0, 1].

We call the iteration {x,} defined by (L.11)), a ‘modified Noor iteration
procedure’.

In 2014, Abbas and Nazir [I] introduced the following iteration procedure in
normed linear spaces.

For zp € K,
Yn = (1 - Bn)Tl'n + BnTZn (1.12)
Tpy1 = (1 — an)Tyn + anTzy,

forn=0,1,2,....

Abbas and Nazir iteration procedure in the setting of convex metric spaces as
follows: For zg € K,
Zn = W(Tllfn, T, ’Yn)
Yn = W(Tzp, Txp, Bn) (1.13)
Tpp1 = W(Tzn, Tyn, o)

where {152 o, {Bn}S2, and {v,}22, are sequences in [0, 1].

We call the iteration {z,, } defined by (L.13), a ‘modified Abbas and Nazir iteration
procedure’.

Inspired and motivated by the results of Ciri¢ [4], and Sastry, Babu and Srinivasa
Rao [0, 10], we define Noor iteration procedure associated with three self maps in
Section [2| and prove the convergence of this iteration procedure to the common
fixed point of three self maps in convex metric spaces under certain hypotheses.
In Section [3] we extend it to Abbas and Nazir iteration procedure. One of our
results (Theorem extends the result of [I0] to three self maps.

2. CONVERGENCE OF NOOR ITERATION PROCEDURE

We begin this section by defining an iteration procedure in convex metric spaces
as follows.

Let (X, d, W) be a convex metric space, K a nonempty convex subset of X.
Let T1,75,73 : K — K be three self maps. For zq € K,

zn = W(Tipn, Tn, V)
Tp+1 = W(T3yn7l‘n7 an)

where {ap, 12, {8,122, and {7, }32, are sequences in [0, 1].
We call the iteration {x,,} defined by (12.1)), a Noor iteration procedure associated
with 77,75 and T3 in convex metric spaces.

Lemma 2.1. Let (X,d, W) be a convex metric space and K be a nonempty convex
subset of X. Let T1,T5,T3 : K — K be three self maps satisfying the inequality

max 3{d(Tiaﬁ, Tiy)} < w(Mi(z,y)) for x,y € Kwith My(x,y) > 0, (2.2)
L,J=1,4,
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where
M,y (1’, y) = 1§igl§a§(,i;£j{d(x’ y)v d(lL‘, Tlx)a d(ya Tiy)> d(:C, le)a
w: (0,00) = (0,00) is a map such that
w increases, (2.4)
Jim (8 —w(t)) = oo, (2.5)
and
0<w(th) <t fort>0. (2.6)

For any xg € K, let {xn},{yn} and {z,} be the sequences generated by Noor
iteration procedure associated with three self maps T1,Ts, and Ts.

Then the sequences {&n}, (yn}, {zn}, {Tstn}, (Tign}, and {Tiza} fori=1,2,3
are bounded.

Proof. For each positive integer n, we define

3
Ap ={zi}i—o U {yrtizo U{zrti—o Y ‘L_Jl({Tixk}Z:O U{Tyni—o U {Tizk }1—o) and
we denote the diameter of A, by a,. -

Let b, = max { sup d(zg, Tizx), sup d(zo,Tiyx), sup d(xo,T;zk)}
1=1,2,3 0<k<n 0<k<n 0<k<n
forn=1,23....
We now prove that a,, = b, forn=1,2,... .
Clearly, b, < a, forn=1,2,... .
Without loss of generality, we assume that a,, > 0 for n =1,2,... .
Case (1) : an = d(Tixy, Tjx;) for 0 < k,l <nandi,j=1,2,3.
Since a, > 0, we have M (zy,z;) > 0.
Therefore from the inequality and Remark we have
an = d(Tizg, Tjzy) < w(My(zx,21) < w(an) < ap,
a contradiction.
Therefore a,, # d(Tzk, Tjx).
Case (1i) : By proceeding as in Case (i), it is easy to see that a, # d(T;xk, Tjy1),
an # d(Timk’szl)a an # d(Tiykaijl% an # d(Tibejzl)’ and
an # d(Tiz, Tjz) for 0 < k,l <nandi,j=1,2,3.
Case (ii1) : ap = d(xg, Tyy) for 0 < k,l <nandi=1,23.
If £ > 0 then from the inequality , we have
ap = d(zg, Tiyr) = AW (Tsyp—1, xp—1, —1), Tin)
< ap—1d(Tsyp—1, Tiyr) + (1 — 1) d(xp—1, Tipr)
< max{d(Tsyx—1, Tivi), d(zr—1, Tyy1)} < ay, so that
an = d(T3yr—1, Tiyr) or an = d(xk—1, Tiyr)-
By Case (i), a, # d(T3yr—1, Tyy;) and hence we have a,, = d(xi—1, T;y;1)-
On continuing this process, we have a,, = d(zq, T;y;) so that a,, < b,.
Case (iv) : Either a, = d(zk,Tix;) or an, = d(zk,T;z;) for 0 < k,I < n and
i=1,2,3.
By proceeding as in Case (iii), it follows that a,, < b,.
Case (v) : ap = d(xg,x;) for 0 < k, 1 <n.
Since a,, > 0, we have k # [. So, without loss of generality, we assume that k < [.
Therefore
an = d(zg, W(Tsy1-1, xi—1,1-1)) < qy—rd(zr, Tsyi—1) + (1 — 1) d(zw, 21-1)
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< max{d(zk, T3y;—1), d(zk, x1—1)} < a, so that
either a,, = d(zg, T3y;—1) or a, = d(zk, x;—1).
If a, = d(xg, x;—m) for every 1 < m <! —k then a, =0,
a contradiction.
Therefore a,, = d(xg, T3y;—m) for some 1 < m <1 —k and hence
ap, < by, follows from Case (iii).
Case (vi) : a, = d(xg, y;) for some 0 < k,l < n.
an = d(xg, W(Tez, 21, 1)) < Bid(zr, Toz) + (1 — Br)d(xy, 1)
< max{d(zk,T22),d(zr, 1)} < an so that
an, = d(xg, Taz) or a, = d(zk, 7).
Now by Case (iv) and Case (v), it follows that a,, < b,,.
Case (vii) : a, = d(xg, z;) for some 0 < k,l < n.
an, = d(zg, W(Tizy, 2, 1)) < vid(zg, Tizy) + (1 — ) d(zk, ;)
< max{d(zg, T12;),d(xk, 2;)} < a, so that
either a,, = d(z, Th2;) or a, = d(zg,x;).
Therefore by Case (iv) and Case (v), we have a,, < by,.
Case (viii): an = d(yg, Tyz;) for 0 < k,l <nandi=1,2,3.
an = AW (Tozk, x, Bi), Tizy) < Brd(Toz, Tixr) + (1 — Br)d(xk, Tix)
< max{d(Tezy, T;x1), d(x, T;21)} < ap, so that
an = d(Tozg, Tixy) or a, = d(xg, Tixy).
Hence by Case (ii) and Case (iv), we have a,, < by,.
Case (iz) : Either a, = d(yx, Tiyi) or a, = d(yx,Tiz) for 0 < k,I < n and
i=1.2,3.
By proceeding as in Case (viii), it is easy to see that a,, < b,,.
Case () : an = d(yg,y1) for 0 < k, 1 < n.
an = d(yr, y1) = d(yr, W(Toz, 21, 1)) < Bid(yr, Toz) + (1 — B1)d(yw, 1)
< max{d(yr, T221), d(yx, 1)} < a, so that
either a,, = d(yg, Taz1) or a, = d(xy, yx)-
Hence a,, < b, follows from Case (iz) and Case (vi).
Case (xi) : an = d(yg, z) for 0 < k,1 < n.
an = d(ye, W(Th2y, z1,m)) < nd(yrk, Tizn) + (1 — ) d(yw, 21)
< max{d(yg, T121), d(yx, 1)} < a, so that
either a,, = d(yx, Thx;) or a, = d(x;, yi).
By Case (viii) and Case (vi), we have a,, < b,.
Case (xii) : a, = d(zg, Tix;) for 0 < k,l <nandi=1,2,3.
an = d(zk, Tixy) = dW (Thak, ok, ), Tizy) < yed(Tiay, Tixg) + (1 — i) d(2r, Tizp)
< max{d(Tyz, T;x;), d(xg, T;21)} < ay
so that either a,, = d(Tyzx, Tiz;) or d(zy, Tix;).
Therefore by using Case (i) we have a,, # d(Tyx, T;z;) and hence a,, = d(x, T;z;).
Now by Case (iv), it follows that a,, < b,.
Case (xiii) : Either a,, = d(zx,Tyy1) or a, = d(zx,T;2;) for 0 < kI < n and
i=1,2,3.
By proceeding as in Case (xit), it is easy to see that a,, < b,.
Case (xiv) : an = d(zg, z) for 0 < k,l <n.
an = d(zx, 21) = d(ze, W (T, 1, 1)) < mid(ze, Tier) + (1 — ) d(2x, 21)
< max{d(zx, T12;),d(zg, 1)} < ap
so that a,, = d(zg, T12;) or a, = d(zk, x;).
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By Case (xii) and Case (vii), we have a,, < by,.
Hence by considering all the above cases, we have a,, = b,, forn =1,2,3... .
We write A = _rrra;cg{d(xo,Tixo)}. Without loss of generality, we assume that
1= tiat]

A > 0. Now by using the inequality (2.2)), we have
d(xo, Tizy) < d(zo, Tixo) + d(Tizo, Tixr) < Ad+w(ay) for 0 <k <nandi=1,2,3.
Therefore sup {d(xo, Tizk)} < A+ w(ay,) for i =1,2,3.

0<k<n
Similarly, we have sup {d(zo,Tiyx)} < A+ w(ay,) and
0<k<n
sup {d(zo,Tizx)} < A+ w(ay,) for i = 1,2,3 so that

0<k<n
bp < A+ w(ay).
Since a,, = b,, we have
an —w(ay) <Aforn=1,2,.... (2.7)

If the sequence {a,} is not bounded then hm ay,, = 0o and hence it follows from
) that 11_>m (an, — w(a,)) = oo which contradlcts (12.7).

Therefore the sequence {a,} is bounded and hence the conclusion of the lemma
follows. O

Theorem 2.2. Let (X,d,W) be a complete convex metric space and K be a
nonempty closed convexr subset of X. Let Ty, 15, T3 : K — K be self maps
satisfying the inequality

max . {d(Tiz, Tjy)} < w(Mi(z,y)) for z,y € Kwith M;(x,y) > 0,

ij=
where Mi(x,y) is defined by (2.3) and let w : (0,00) — (0,00) be a map that
satisfies the relations [24), [25), and (8). Let {an}eq, {Bn}20s and {1}
be sequences in [0,1] such that > o, = co. Then the sequence {x,} generated by

n=0

the Noor iteration procedure associated with three self maps (2.1)) converges strongly
to a unique common fized point of Ty, To and Tj.

Proof. Without loss of generality, we assume that z,, # T;z,, for any n =0,1,2, ...
and ¢t =1,2,3.
For every integer n > 0, we define a set C, by

we define ¢,, to be the diameter of C

By Lemma [2.1] we have the sequence {c,} is bounded.

Letd, = max {sup d(xn, Tixy), sup d(xn, Tiyk), sup d(xy, Tizi)} forn =0,1,2, ...
k>n k>n

1,2,

Now, we prove that en = d,, for n = 0,1,....
Without loss of generality, we assume that ¢, > 0.
By using the same technique discussed in Lemma it is easy to see that ¢, < d,.
Therefore

cp =dp forn=20,1,2,....

Since {c,} is a decreasing sequence of nonnegative real numbers, we have

lim ¢, = ¢ for some ¢ > 0.
n—oo
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Now we prove that ¢ = 0. On the contrary, we assume that ¢ > 0.
Therefore ¢, > 0 forn =0,1,2,... .
Let n be a positive integer and £ > n. For i = 1,2, 3, we have
d(xn, Tizr) = dW(T3yn—1,Tn—1, an-1), Tiz)
< ap1d(T3yn—1, Tiwg) + (1 — ap_1)d(2n—1, Tizy)
< an1w(Mi(yn—1,2%)) + (1 — an_1)d(wp—1, Tjzk)
(since M1 (yn—1,7x) > 0)
< ap_qw(cn-—1) + (1 — @p_1)cn—1 so that
sup d(xy, Tizy) < ap—1w(cn—1) + (1 — ap_1)cn_1.

k>n

Similarly, we can show that sup d(z,, Tiyx) < an—1w(cn-1) + (1 — @p_1)cn—1 and
k>n

sup d(n, Tizi) < ap_rw(cn—1) + (1 — an_1)cn—1.

k>n

Therefore

dn < ap_qw(cp-1) + (1 —ap_1)cp—1 forn=1,2,....
Since ¢, = d,,, we have
ap-1(cn-1 —w(cpn-1)) <cpo1—cp forn=1,2,.... (2.8)
Let s = inf{c, —w(cyn) : n > 0}. If s = 0 then there exists a subsequence {c,x)}
of the sequence {¢,} such that klim (Cn(ky — w(cnw))) =0, ie, c—w(c™) =0
—00

which is absurd due to (2.6]).

Hence s > 0 and ¢, — w(c,) > s forn=10,1,2, ... .

It follows from the inequality (2.8)) that sa,—1 <c¢,-1 —c¢, forn=1,2,....

Now by applying the comparison test, it follows that the series Y a,, < oo,
a contradiction.
Therefore ¢ = 0 so that the sequence {z,,} is Cauchy and hence by the completeness
of X, there exists x € K such that lim z, = z.

n— o0
Since ¢ = 0, we have lim d(x,,T;z,) =0 so that lim Tz, =z for i = 1,2,3.
n—oo n—oo

We now prove that x is a common fixed point of 77, T> and T5. For this purpose,

we let B = 4n11a2:><3{d(x,Tix)}. Suppose that B > 0 so that M;(z,,x) > 0 for all n.
1=1,2,
Now, d(T;x,, T;x) < max S{d(Tixn,zj)} < w(My(zp,x)) for i =1,2,3.
i,j=1,2,

On letting n — oo, we have d(x, Tjz) < w(B™) for i = 1,2,3 so that B < w(B™),
a contradiction.
Therefore B = 0 so that x is a common fixed point of 77,75 and T53.

Clearly, the uniqueness of common fixed point of 17,75, T3 follows from

Remark [[.2] O
If Ty = T, = T3 in Theorem [2:2] then we have the following corollary.

Corollary 2.3. Let (X,d,W) be a complete conver metric space and K be a
nonempty closed convexr subset of X. Let T : K — K be a map that satisfies

d(Tz, Ty) < w(M(z,y)) for x,y € K with M(z,y) > 0,
where M (x,y) is defined by (1.3) and w : (0,00) — (0,00) be a map that satisfy the
relations (2.4), (2.5) and (2.6)). Let {an}22q, {An}tolo, and {71152 be sequences
in [0,1] such that > oy, = co. Then the sequence {x,} generated by the ‘modified

n=0

Noor iteration procedure (1.11) 7 converges strongly to a unique fized point of T'.
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The following is an easy consequence of Corollary 2.3] and Remark [I.3]

Corollary 2.4. Let (X,]|.||) be a Banach space and K be a nonempty closed convex
subset of X. Let T : K — K be a quasi-contraction map, i.e., T satisfies the

inequality (1.2). Let {an}oe,, {8}, and {yn}22, be sequences in [0,1] such

that > ayn = co. Then for any xo € K, the sequence {x,}52, generated by the
n=0
Noor iteration procedure (1.10)) converges strongly to a unique fixed point of T

The following is an example in support of Theorem

Example 2.1. Let X = [0, 2] be equipped with the usual norm on the set of all real
numbers. We define W : X x X x [0,1] = X by W(x,y,\) = (1 — Ny + A& for
z,y € X so that (X,d, W) is a complete convex metric space. Let K = [, 2] so
that K is a closed convexr subset of X and we define T1,T5,T5 : K — K by

12784
1 : 71
~—z  ifrels, 5
Tle:{ . 27\/3

ﬁ if v e (%, 2], and
1 V2-1 frell 1
Tsx = { 950f 84 (841‘ 95) fo € [1%’ \{)55]
Here, we note that Tyx > Tox > T > ﬁ for z € [, %L

3
F= 401 F(T;) = {%}, and Ty, Ty and T are decreasing functions on [, 33].

We deﬁne w : (0,00) = (0,00) by w(t) = % so that w satisfies the relations

(2.4), (2.5) and ( . In the following, we show that the inequality (2.2 . ) holds.

For this purpose, we consider the following three cases.
Case (i) : %§x<y§%.

In this case, Mq(x,y) = d(z, Tix) = % — 2z and
-max {d(Tiz, Tjy)} = d(Thz, Tzy)

i,7=1,2,

< d(Tyz, \f) = % —x— % < %(% —2z) = w(Mi(x,y)).
Case (ii) : 5 <:c<f<y§gi
Here, we have  fnax {d(Tiz, T;y)} = d(Thz, 2) =l_z- % and
L _9¢ if e >y
Mi(z,y) {y—x if The <y
If Thz <y then fpax {d(Tiz, Tjy)} =L -z - % < S5 (L —22)

< 15(y — 2) = w(Mi(,y)).
Similarly, we show that the inequality is true if Tix < y.

Case (#i1) :%<x<y<9f5

In this case, . max {d(Tx T;y)} = 0 and hence the inequality (2.2)) trivially holds.

3,j=1

o0
We choose Bn =y, = 5 and o, = n—+2 forn=0,1,2,... so that Y, a, = 0.
n=0
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Let zg € [15, 2] be arbitrary, and let {x,}5 be the sequence generated by Noor
iteration procedure associated with Ty, T, and T3, i.e, the sequence {x,}S%, s
defined by (2.1) so that z, = W(T12n, Tn,Vs) = L0080y = W(Tozn, T, Bn) =
% and 11 = W(TsYn, Tn, an) = Ziéxn %ﬂTgyn forn=0,1,2,... .

We now show that the sequence {x,}52, converges to % which is the common
fized point of Ty, To and Tj.

Case (i) : 5 <z < %

By induction on n, we show that

1 _ (ntl 42(15v2-1)
= )

Tnt1 — 75 = (2 T ey (0sva—sn) ) (%n — %) and x, < % for alln > 0.
We assume that x, < % for somen > 0 so that z, = % = i > %,
Yn = 7I"+T22" = %(mn + %) < % and
Tng1 = L + iy Togn = 2y + oy (5 + 2L (84, — 95))
= B0 + by (B (42(z + ) — 95))

_ (n+1 42(§5v2-1) 17
- (n+2 (n+2)1(%5ﬁ—84)) n n+2( +

— (ntl 42(5vV2-1) _ 1

= (2 F Gromyvasy)(@n — 75) +
o1 42fHve-l) o7 42(hvR-l) 95(FvE-1)

where By, = v \/5(92\/5—84) R ﬂ(ggﬁ—84) (95\0/5—84)

1 1
Tpg1 — 7 = A, (2, — ﬁ) (2.9)

_ (n+1 42({5v2-1)
where A, = (75 + (n+2)1(%5\/§_84)).
Since 0 < A, <1, we have x,41 < %
Thusg 1byQ induction on n, we have x, < % and the equation 1| is true for
n=20,1,2...

By (2.9), we have

12({5v2-1) 95(1%\/5—1))
V2(95v/2—84) 95v/2—84

f + n+2B

=0 so that

1 - 1
Tpil — —=| = A)|zg — —=| forn=0,1,2, ... . 2.10
Since 1 — A, = 15 — _4255v2-1) > —5 forn=20,1,2, ..., we have the series

n+2 (n+2)(95\/§784) n+2
> (1—-A,) =00 so that lim HA =0 and hence lim z, =

7L=0 n—)OO 0 n— o0 ﬁ
Case (i1) : ﬁ <wg < P.
In this case, we show that x,4+1 — % = Zi; (xn, — %) and x, > % for allm > 0.

We assume that x,, > % for somen >0 so that

Zn:7$n+2T1In :%($n+%)>%, yn:%%:%( 7)>%z and
tni1 = (1 — Z5)2n + 5 T3y
— ntl, 1 1_n+1( _L)+¢L I
nii n+12f nt2 V2 f (n+2) V2
:m( n—ﬁ)—i—% so that
1 n+1 1
S M - 2.11

1
and hence T,4+1 > 73
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Therefore, by induction on n, we have Tpyq1 — % = Z—E(wn — %) and x,, > %ﬁ

forn =0,1,2,... so that |z, — %| = %H|zo — %\ forn =0,1,2,... and hence
the sequence {x,}52, converges to %

Hence the maps Ty, To and T3 satisfy all the hypotheses of Theorem and
for any x¢ € [1—72, %], the Noor iteration procedure associated with T1,Ty and T3,
converges to the unique common fixed point % of T, Ty and Tj.

We use MATLAB 13 software to find out the number of iterations at which the

sequence {x,}22, converges to the common fized point % of Ty, Ty and T;.

1 1
TABLE 1. 29 = 0.6, an = ;5580 =5 ="

No. of iterations (n) T, Un Zn

0 0.6 0.65355891 .8335533333

1 0.636001577 0.671554179 0.786161573

50 0.703107130  0.705106956 0.711129184

5000 0.707066766  0.70708677, 0.707146798

50000 0.707102855  0.707104818 0.707110708
100000 0.707104829  0.707105805 0.707108733
150000 0.707105484  0.707106133 0.707108078
194105 0.707105781 0.707106281 0.707107781

The 194105t iteration has got the value of x,, = 0.707105781 which approzimates
the common fixed point % of Ty, T and T3 with an error less than 1075,

Remark 2.1. If we choose v, = 0, and Ty = Ty in Theorem |2.49 then Theorem
follows as a corollary to Theorem . Hence our result (Theorem extends
Theorem [1.3 to three self maps.

3. CONVERGENCE OF ABBAS AND NAZIR ITERATION

We now define Abbas and Nazir iteration procedure associated with three self
maps 17,715 and T3 in convex metric spaces as follows: For any zo € K,

Zn = W(Tlfna L, ’Yn)
Yn = W(T2zna T237n7 ﬂn) (31)
Tn+1 = W(TBZna TSy'ru an)

where {an, 152, {8n}22, and {7, }52, are sequences in [0, 1].

Theorem 3.1. Let (X,d, W) be a complete convex metric space and K, a nonempty
closed convex subset of X. Let Ty, T5,T3 : K — K be self maps of K that satisfy

i m?“)é 3{d(TZxa,-ij)} § w(Ml(xay)) for z,y S K with Ml(x’y) > 07

,j=1,2,
where My (x,y) is defined by (2.3)) and w : (0,00) — (0, 00) is a map that satisfies the
relations (2.4), [2.5), and [2.6). Let {0 }520, {Bn}tolo, and {1}, be sequences
in [0,1]. Then the sequence {x,} generated by Abbas and Nazir iteration procedure
associated with three self maps (3.1) converges strongly to a unique common fized
point of Ty, Ty and Ts.
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Proof. By using the same technique discussed in Lemma [2.1] and Theorem [2.2] of
Section 2, it is easy to see that the diameter cp, of the set

= {@k bz n UV Fezn U {2k Hrmn U U {Tiwk bz nU{Tiyn b k>nU{Tizk Hi>n) 18 equal
to dn, =  max {supd(mn,ka) supd(mn,Tyk) supd(xn,Tzk)} for n = 0,1,2,.

and 1im Cp =¢C for some ¢ > 0.
n— oo

We now prove that ¢ = 0. On the contrary, we suppose that ¢ > 0 so that
cp>0forn=0,1,2,....
For a positive integer n, let k > n. Then for i = 1,2,3 we have
d(zn, Tizr) = AW (Ts2n—1, T3Yn—1, n—1), Tixr)
< ap1d(T3zn—1, Tizg) + (1 = an—1)d(T3yn—1, Tizr) < w(cp-1).
Therefore sup d(xy,, Tixg) < w(c,—1) fori=1,2,3 and n=1,2,3, ... .
k>n
Similarly, bup d(xn, Tiyk) < w(cp—1) and sup d(x,, Tizk) < w(cp—1) for i = 1,2,3
k>

>n

and n =1, 2, ... so that
cn =dp < w(Cn—l)-

On letting n — oo, we have ¢ < w(c™),

a contradiction.

Therefore ¢ = 0 and hence the conclusion of the theorem follows from the lines of
the proof of Theorem O

Corollary 3.2. Let (X,d,W) be a complete convex metric space and K be a
nonempty closed convex subset of X. Let T : K — K be a map such that

d(Tx,Ty) < w(M(gc, y)) for x,y € K with M(x,y) > 0,

where M (x,y) is deﬁned by and w : (0,00) — (0,00) is a map that satis-
fies the relations (2.4), [2.5). and [2:6). Let {an}50, {8}, and {7n}32, be
sequences in [0,1]. Then the sequence {x,} generated by the modified Abbas and
Nazir iteration procedure (1.13|) converges strongly to a unique fized point of T.

Corollary 3.3. Let (X,]|.||) be a Banach space and K be a nonempty closed convex
subset of X. Let T : K — K be a quasi-contraction map, i.e., T satisfies the
inequality (L2). Let {on}oe,, {Bn}5, and {7,}32, be sequences in [0,1]. Then
for any xg € K, the sequence {x,}>2, generated by Abbas and Nazir iteration
procedure converges strongly to a unique fized point of T .

The following example is in support of Theorem

Example 3.1. Let X, K, Ty, T> and T3 be as in Example[2.1 Let {on, }22, {8152,
and {152, be arbitrary sequences in [0,1]. Let xy € K and {z,}52, be the
sequence generated by so that zp, = (1 — yn)Tn + Yu 1120,

Yn = (1 - ﬁn)Tan +BnT2zn and Ty 1 = (1 - an)T?)yn +anT3z, forn=0,1,2
Here we note that T, Ty and T5 satisfy all the hypotheses of Theorem [3.1] Further,
it is easy to see that r1 > % and x, = % for n = 2,3,... so that the sequence

{2n}22y converges to the common fized point —= of Ty, T and Ts.
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ABSTRACT. We establish a regularized trace formula for higher order self-
adjoint differential operator with unbounded operator coefficient.

1. INTRODUCTION AND HISTORY

The first study on the regularized trace of scalar differential operators was per-
formed by Gelfand and Levitan [I0]. They studied the boundary value problem

Y +a(@)y=Ny, y(0)=y (r)=0 with q(z) e C*[0,]
and they found the formula

oo

Z ()‘n - Nn) =

n=0

(¢ (0) +q(m)) ,

o

under the assumption foﬂ q(z)dz = 0. Where the p, are the eigenvalues of this
problem. ), = n? are the eigenvalues of the same problem with ¢ (x) = 0.

After that original work by Gelfand-Levitan, there was a huge interest and many
scientists used the same method to obtain the regularized traces of ordinary differ-
ential operators. Later, Dikii [B] gave another proof of Gelfand-Levitan’s formula
from a different point of view. Afterward, Dikii [0] and Gelfand [9] made significant
progress in literature by computing regularized sums of powers of eigenvalues. Later
on, Levitan [17] calculated the regularized traces of Sturm Liouville Problem with
a new method. This research led to Faddeev [7], who connected the trace theory
with singular differential operators. Gasimov [8] made the first study combining
singular operators with discrete spectrum.
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Thereafter, many scientists such as Halberg and Kramer [I3], Jafaev [I5], Makin
[19], Yang [23] investigated the regularized traces of various scalar differential oper-
ators. The list of these works is given in Levitan and Sargsyan [I8] and Sadovnichii
and Podolskii [21].
Among the studies, only a few of them are focused on the regularized trace of
operator-differential equation with operator coefficient. Halilova [I4] obtained the
regularized trace of the Sturm-Liouville equation with bounded operator coeffi-
cient. Adigiizelov [I] found a formulation of the subtracting eigenvalues of two
self-adjoint operators in [0,00) with bounded operator coefficient. Bayramoglu and
Adigiizelov [4] examined the regularized trace of singular second order differential
operator with bounded operator coefficient. Adigiizelov and Baksi [2], Sen, Bayra-
mov and Orugoglu [22] and Adigiizelov, Ava and Giil [I2] obtained the equalities
for the regularized traces of differential operators with bounded operator coeffi-
cient. Aslanova [3] calculated the trace formula of Bessel equation with spectral
parameter-dependent boundary condition.
Maksudov, Bayramoglu and Adigiizelov [20] investigated the regularized trace for-
mulation of the Sturm Liouville equation with unbounded operator coefficient.
In the present paper, we compute the regularized trace formula for higher order
Sturm-Liouville problem
- 1 [ 1
Tim > <aq a1 | (Q(m)gojq,gojq)dx> = 1 (trQ(0) ~ trQ(m))

q=1

2. NOTATION AND PRELIMINARIES

Let H be an infinite dimensional separable Hilbert space with inner product (., .)
and corresponding norm ||.||. Let H; = Lo(0,m; H) be the set of all strongly
measurable functions f defined on [0,7] and taking the values in the space H .
The following conditions hold for every f € Hj:

1. The scalar function (f(z),g) is Lebesgue measurable on [0,7] , for every
geH,

2. [ 1f(2)]Pde < oco.

H, is a normed linear space. We will denote the inner product and norm by
(-, and [z, in Hy . If the inner product is defined as (f1, fo)y, =
Jo (f1 (@), f2 (x))dx, for any arbitrary elements fi, fo of Hy , then H;
becomes a separable Hilbert space, [16]. Let {®,(x)};" be an orthonormal basis of
Hy .

Consider the following differential expressions

bo(v) = (=)™ (z) + Av(z), (me ZT)

(o) = (~1)™u™ () + Av (2) + Q (2) v (x). (2.1)
with boundary conditions
02+ (0) = v (7)) = 0, (t=0,1,...,m—1)

in Hi. Here, A is a densely defined operator in H. This operator takes its values
in H and satisfies the conditions A = A* > I, A~ € o, (H), where I is
the identity operator of H. o (H) denotes the set of all completely continuous
operators from H to H.
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Let {’yi}fil be the increasing sequence of eigenvalues of the operator A counted with
respect to their multiplicities and a corresponding orthonormal sequence {%}fil
of eigenvectors.

Denote by D(Lo ) the set of the functions v(x) in the space H; , and the
following conditions are satisfied:

(vl) wv(z) has continuous 2m ™ order derivative on [0,7] with respect to the
norm in the space H,

(v2) v(z) € D(A) for every z € [0,7], and Av(x) is continuous on [0, 7] with
respect to the norm in H,

(v3) vV (0) =) (1) =0, (i=0,1,2,--- ,m—1).
Here, D(LOI) is dense in H,. Define a linear operator Lo : D(Lo’) — H; as
Lo/’U = fo(’l)).

The construction above shows that Lol is symmetric. Considering the linearity of
Lo/ , its eigenvalues can be calculated by mathematical induction. Therefore, the
cigenvalues of Ly are the form (k+ 1)2m 4y, (k=0,1,2,---; j=1,2--+)
and the orthonormal eigenvectors corresponding to these eigenvalues are the form

\/g pjcos (k: + %) x. We can see that the orthonormal eigenvector sequence of the

symmetric operator Lol is a complete orthonormal system in H;. Since LOI is

symmetric, then it is closable. Thus, we can define Ly as Lg = Ly

Assume that the operator function Q(z) in (2.1 verifies the conditions:

(Q1) Q(z): H— H is a self-adjoint operator for every x € [0,7],

(Q2) Q(z) is weak measurable on [0, 7], that is the scalar function (Q(z)f,g) is
measurable on [0, 7] for every f,g€ H ,

(Q3) The function ||Q(z)|| is bounded on [0, 7].

In the present paper, we establish a regularized trace formula for the operator L =
Lo+ Q.

Now, we search some inequalities for the eigenvalues and resolvent operators of Ly

and L.

Consider the closed symmetric operator L : D(Lg) — H .

Since the eigenvector system {p;cos (k+ 5)z};—, 1 of Lo is complete, Lo

is self-adjoint, [2]. Moreover, since the bounded operator @ : H; — Hj is self-
adjoint, the operator, L = Lo+ @ is also self-adjoint. Therefore, Ly and L have
purely-discrete spectrum, [2]. Let {3;};=, and {a;};=, be increasing sequences of
eigenvalues of Ly and L. Denote by p(Lg) and p(L) the resolvent sets of Ly and
L.

We can prove the Theorem 2.1, by using [2].

Theorem 2.1. Let the operator function Q(x) satisfy the conditions (Q1) to (@3).

2me

If ~; ~ aj* (0 < a,l < o0) as j — oo, then «u, B, ~ dn?=+7  as
n — 0o,

1

2me
1 2m+2 o
where d = (@;) and b= [? (sint)? L (cost) +w dt.

From Theorem 2.1, one can see that the sequence {3,} has a subsequence
By < Bny < ..o < B, < ... such that

2ml

Bq = B, > do (qﬁ;ﬂfﬁ o nﬁTﬂH) s (g=np+1np+2,--). (2.2)
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Here, do is a positive constant.

Let RO = (Lo —al)™!, R, = (L—al)~! be the resolvent operators of Ly and
L.

If 7> 23{: , then by Theorem 2.1, R? and R, are nuclear operators for

o # g, By (g =1,2,...). In this case, we have the formula

oo
1 1

tr (R — RY) :trRa—tng:Z(aqa— 5qa)’ (2.3)

q=1
[I1]. Let |a| =b, =271(Bn,+1 + By,) - This says that for the large value of p ,
the inequalities
ﬁnp < b < ﬁanrl and ap, < by < ap,41 are satisfied. By using the last in-
equalities, one can prove that the series Z;ozl a;%a and Z;il ﬁ;%a are uniform

convergent on the circle |a| = b, . Hence by

np

1
> ag—By) = —— atr(Ry — RY)da. (2.4)
_ 2mi al=b
a=1 lee|=byp
We have two lemmas by using [2]:
Lemma 2.2. If v; ~ aj’ as j — oo fora >0, > 2727:?1 , then
2mfl
R? < tnio = -1),
H aHo’1(H1) cons np ) ( Im + ¢ )

on the circle |a| =b,.

Lemma 2.3. If the operator function Q (x) satisfies conditions (Q1) to (Q3),
and
¥~ aj’ as j— oo, then for the large values of p

|1Ra Ey < const.n;‘S

: 2
on the circle |a| =b, , where a >0, > 5o

3. MAIN RESULTS

In this section, we will compute regularized trace formula for the operator L.
With the well-known formula R, = R% — R,QR? (o € p(Lo)Np(L)) and by

we obtain:

Z (g — Bg) = Z Epj + Ez(zs) : (3.1)
qg=1 7j=1
Here,
—1) .
Bu=lr [ @ Tde =120, 52)

g — CU [ atr [Ra(@R2) ] da. (3.3)
|a|=bp
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Theorem 3.1. If the operator function Q(zx) satisfies conditions (Q1) to (Q3)
and y; ~ajt as j— oo then

lim E,; =0, (1=2,3,4,...),

pP— o0

2m+2\/§7n
where a >0 and ¢ > o]

Proof: Substituting p= 2 into , we obtain the equality

e 27”2 > </ ﬁ;;?a—m))(Qq’j’q”“)Hl(Q‘I’kvq’ﬂH« (34)

Jj=1k=np+1
It readily follows that

| Epa2| < [1Q117, Ap- (3.5)
Here, APZZ?;%H (ﬂk_ﬁnp)il > (p:]-v?v"')'
Using we obtain
lim Epy =0 (> M (3.6)
im = . .
p—o0 p2 ’ 2m —1
Now, we wish to see that
lim E,; = 0. (3.7)
p—00

By [3:2] we get:

Np MNp

By = Y. Z F(j,k,s) + F(s,k,j) + F(j,5,k)]

j=1k=1s=n,+1

" Z Z Z F(jk,s)+ F(s,k,j) + F(k,j,s)], (3.8)

j=1k=np+1s=np+1

where,

F(.]a ka S) = g(]a k7 S)(Q(I)], (I’k)f'h (Q(Dk’ (I)S)Hl (Q(I)S7 (I)j)Hl’

1 1
ik, s) = —/ da
IGR) = 527 J s, @=B) (@ = Br) (a— )
If we consider g(j, k, s) = g(4,k,s) and Q = Q* , then

F(s,k,j) =F(j,k,s),  F(k,j,s)=F(@,k;s),  F(j,s,k)=F(j,k,s). (3.9)
Using [3.8 and [3.9] we obtain

Ep3 =1+ 1 s s (310)

np MNp

ZZ Z F(j,k,8)+2F(j, k, s)]

j=1k=1s=n,+1
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Z Z Z F(j, k,s)+2F (j, k, s)].

j=1k=np+1s=np+1
I = Iy + 2, Iy = Iry + 21 , (3.11)

np MNp

In—ZZ Z F(j,k,s),

j=1k=1s=np+1

b=y Y Y Rk

J=1k=np,+1s= np+1
Hence we get:

146 1-262

Il < QI (312)
0
14693 -2 2m
< (——= +e . .
il < Gl (0 5 (313)
By B-10, BT, B-12] and B-13] we find
2 2v/2
lim 3 =0 (> M). (3.14)
p—ro0 2v/2m — 2 -1
Evaluate the limit lim,_,oc Ep; (j =4,5,...) to complete the proof:
According to
Byl < — tr(QR® ) |da
Y2 — 27T] ‘a|:bp @
< [ @R Loy ndo
a|=bp
<

LRGSR P

< 1Qlm / 1R o ) [|QRL 1 da

|=bp

< const./l » IRl 2y 1R, dev. (3.15)

Since R, = R% for Q(x) =0 , then according to Lemma 2.3

4 2ml
0 0 = : = —
[ Rall ey < RO (Ia by S=5— 1> . (3.16)

By and Lemma 2.2, we obtain:
|Epj| < const. / np -9 ;6(3 Dda < const.b, nl A
|ae]=b

For the large values of p , since b, = %(ﬂnﬁl + Bn,) < const.nzlf“S , we arrive at

the 1nequahty |E,;| < const. np —0(-1)
If o > 2 or/l> 10m , then we have:
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plgloloE i =0 (j =4,5,...). (3.17)

On the other hand, if \2}”*'2\(/"1 > 612’1‘5 ,  then by and with £ >
2m+2v2m e
2vam—v2-1 8VE

plgr;o E, =0 (j=2,3,...). (3.18)

Since the eigenvalues of Ly are the form (k—|—%)2m—|—7j, (k=0,1,2,..;5=1,2,...),
we have

1
M+, (@=12,.). (3.19)

ﬂq:(quFQ

Assume that the operator function @Q(x) holds the additional conditions:

(Q4) Q(z) has weak H derivatives of the second order on [0,7] and the function
(Q(m)”f, g) is continuous for every f,g€ H ,

(Q5) QW (z):H— H (i=0,1,2) are self-adjoint nuclear operators and the
functions [|Q@ (2)||5, (z) (¢=0,1,2) are bounded and measurable on [0, 7.
Our main result is the following:

Theorem 3.2. If the operator function Q(x) satisfies the conditions (Q4) to
(Q5) and ~; ~aj® as j— oo, then we have

" 1" 1
plgn;o; (aq — Bg — ;/0 (Q(x)%q,%q)dx) =7 (trQ(0) = trQ(m)) ,  (3.20)

where a > 0, {> % J1,J2, ... are natural numbers satisfying the
equality [3.19

The limit on the left side is called regularized trace of L

Proof: According to the formula given by

1
EN=—— tr (QR%) da. 3.21
pl 271 J|aj=b, r(QFa) da (3.21)

Since QRY is a nuclear operator for every « € p(Lg) and {®,(z)}]° is an
orthonormal basis of H; , we have:

oo

r(QRY) = (QRODy, 0g)m,,

q=1
[T1]. Replacing tr(QRY) into the equality and considering

R®, = (Lo —al)'®, = (B, — )" '®, ,
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then we obtain

— 0
Bt = =5 o, (Z QRL® )da

q=1

= (Q(I) 7(1) )H]da
27” /|o< =b, a= 15‘1 e

= Y@ty [ (322)

q=1 al=bp o= Bq

Since the orthonormal eigenvectors corresponding to the eigenvalues (k+ %)2’” +;5

of Lg are \/ggojcos(k; + 3w (j=1,2,...) , we have:

2 1
D, (x) = \/;cqucos(kq + 5):10 (¢=1,2,...). (3.23)
According to the Cauchy’s integral formula:
1 do  _[1 q=<m (3.24)
271 la|=b, O — Bq 0 ,g>ny )

Substituting [3.23] and [3.24] in [3.22], we obtain

Epl = Z (Q‘bq? QQ)Hl
-3 / T (Q@)®,(2), 0,(x) do
= Z/ < \/><qucos(k + 2) \/ESquCOS(kq“‘;)x) dx
2 9 1
= - qz_;/o cos”(kq + §)x (Q(x)Qqu’Qqu) dx
= 1%/” (1 + cos2(kq + l)x) (Q(@)pj,: pj,)dx
. o q 2 Jq> ¥ Jq
= 72/ gqu,gqu)dx—k Z/ cos(2ky + 1)x(Q(x)g;,, 05, )dx

and substituting the last equality in , we have

Tp

> (aq =By~ i/(JW(Q(x)%qa%q)dx)

q=1

1 Np T s
= . Z/ cos(2kq + D)a(Q(2)p;,, 5, )dx + > Epj+ B (3.25)
— Jo

Jj=2
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If the operator function @(x) holds the conditions (Q4) and (Q5), the double

series
ZZ/ (Q(x)pj, pj)cos2kxdx
0

k=0 j=1
is absolutely convergent. Therefore

p 1 T
lim Z ;/ (Q(x)gj,, i, )cos(2ky + 1)xdx
q=1 0

p—o0

= 251 [ Qorpiheost2h + Dyad (3.26)

k=0 j=1
Now, let us arrange the expression on the right side of as follows:

Z Z % /oﬂ(Q(CE)‘Pj; @;)cos(2k + 1)zdx

k=0 j=1

- a3y (/Oﬂ@(x)%, o) coshadz — (—1)F /OW (Q@)e;, goj)cosk:xdx)
_ ii{i (i /O i (Q(x)cpj,@j)coskxd,r) cos(k0)
2

/Tr (Q(x)pj, cpj)coskxd:v> cos(lm)} (3.27)
k=0 0

The difference of sums according to k on the right side of is the difference of
the values at 0 and at 7 of the Fourier series of the function (Q(z)y;,¢;) having
second order derivative according to the functions {coskz},., on [0,7] . Hence

by and we find:

R B 1
Jm 32 [ Q@i g eos2iads = 5 3 Q) 05) + @y 4)
q=1 j=1
or
lim "Zp 1 /Tr (Q(x)j. , @ )cos2k,xdr = 1 (trQ(0) + trQ(m)) (3.28)
el Jy Pia> Pia T R '
By using Lemma 2.2 and Lemma 2.3, we get:
lim BY =0  (s>30"") (3.29)

pP— 00

By [3:25] [3:28] 3:29) and Theorem 3.1, we have the main result for regularized trace
as

Np

tm > (0= 8- 1 [T (@@ ) = 1 Q) - rQ ()

s
q=1
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The proof is completed.
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A CONSTRUCTION OF A CONGRUENCE
IN A UP-ALGEBRA BY A PSEUDO-VALUATION

DANIEL A. ROMANO*

*INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE,
BANJA LUKA, BOSNIA AND HERZEGOVINA

ABSTRACT. In our recently published paper, we study pseudo-valuations on
UP-algebras and obtain some related results. In this article, we use a pseudo-
metric induced by a pseudo-valuation to introduce a congruence relation on
a UP-algebra. In addition, we construct the quotient algebra induced by this
relation and prove that it is also a UP-algebra.

1. INTRODUCTION

The idea that universal algebra should be analyzed by means of pseudo-valuation
was first developed by D. Busneag in 1996 [I]. This author has expanded the per-
ception of pseudo-valuation on Hilbert’s algebras [2]. Logical algebras and pseudo-
valuations on them have become an object of interest for researchers in recent
years. For example, Doh and Kang [3, 4] introduced in the concept of pseudo-
valuation on BCK/BCI - algebras. Ghorbani in 2010 [5] determined a congruence
on BCl-algebras based on pseudo-valuation and describe the obtained factorial
structure generated by this congruence. Song, Roh and Jun described pseudo-
valuation on BCK/BCI - algebras [I5] and Song, Bordbar and Jun have described
the quotient structure on such algebras generated by pseudo-valuation [I6]. Jun,
Lee and Song analyzed in article [8] several types of quasi-valuation maps on BCK-
algebra and their interactions. Also, Mehrshad and Kouhestani were interested
in pseudo-valuations on BCK-algebra [10]. Jun, Ahn and Roh. in [7] described
pseudo-valuation on the BCC-algebras. Koam, Haider and Ansari described in
2019 pseudo-valuations on KU-algebras [9].

The concept of UP-algebras is introduced and analyzed by Iampan in 2017 [6]
as a generalization of the concept of KU-algebras. This author has participated in
the analysis of the properties of UP-algebras, also (See, for example: [11], 12} [13]).

In recently published article [I4], he offered one way of determining of pseudo-
valuation on PU-algebras. Apart from showing he demonstrated how to construct
a pseudo-metric space by such mapping.
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In this article, using the pseudo-metric induced by a pseudo-valuation the author
construct the quotient algebra. In addition, it has been shown that the algebra
constructed in this way is also UP-algebra.

2. PRELIMINARIES

Here we give the definition of UP-algebra and some of its substructures necessary
for further work.

Definition 2.1 ([6]). An algebra A = (A,-,0) of type (2,0) is called a UP- algebra
if it satisfies the following axioms:
(UP-1) (Va2 € A)((y-2) - ((z-9) - (- 2)) = 0),
(UP-2) (Vz € A)(0-z =x),
(UP-3) (Vz € A)(z-0=0), and
(UP-4) Vz,y e A)((x - y=0Ay-2=0) = x=y).

In A we can define a binary relation ’ < ’ by
Vz,ye A)(z <y < z-y=0).

Definition 2.2 ([0]). A non-empty subset J of a UP-algebra A is called a UP-ideal
of A if it satisfies the following conditions:

(1) 0e J, and

(2) (Va,y,z€ A)((x-(y-2)eJ ANyeJ) = x-z€J).

Definition 2.3 ([I1]). Let A be a UP-algebra. A subset G of A is called a proper
UP-filter of A if it satisfies the following properties:

(3) (0 € G), and

4) Vz,y,z€ A)(~(z-(y-2) €eG) Nz-2€ G) = yeq).

In this section, we introduce the concept of pseudo-valuations on UP-algebras,
describe the basics properties of such pseudo-valuation and construct a pseudo-
metric space based on this mapping.

Definition 2.4 ([I4], Definition 3.1). A real-valued function v on a UP-algebra A
is called a pseudo-valuation on A if it satisfies the following two conditions:

(5) v(0) =0, and

(6) (Vz,y,2 € A)(v(z - 2) <wv(z-(y-2)) +v(y)).
A pseudo-valuation v on a UP-algebra A satisfying the following condition:

(7) Vz e A)(v(z) =0 = 2 =0)

is called a valuation on X.

Theorem 2.1 ([I4], Theorem 3.16). Let A be a UP-algebra and v be a pseudo-
valuation on A. Then the mapping dy, : Ax A3 (x,y) —> v(z-y)+v(y-z) € Ris
a pseudo-metric on A.

3. THE MAIN RESULTS

3.1. Some important properties of pseudo-metric on UP-algebras.

Proposition 3.1. Let v be pseudo-valuation on a UP-algebra A. Then
(8) (Va,y,2 € A)(dp(z - 2,y - 2) < dy(x,9));
(9) (Vm,y,z € A)(dv(z T X, 2 y) < dv((ﬂ,y))
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Proof. Let x,y, z be arbitrary elements of A. Then the following holds
do(z-2,y-2) =v((x-2) (y-2)) +v(ly-2) (z-2))
<v((@-2) - ((y-2)-(y-2) +vy-z)
+o((y-2)-((z-y)-(z-2)) +v(z-y)
=0+v(y-2)+(0+v(x-y))
=dy(2,y)
since it is v((z-2)-((y-2)-(y-2))) =v(0) =0 and v((y-2)-((z-y)-(z-2))) = v(0) = 0.
On the other hand, relying on valid inequality (4) in the article [I4], we have
do(z-z,2y) =v((z-2) (z-y) +v((z-y) - (z-2))
<v(@-y)-((z-2) - (z-y) +v(z-y)
Fol(y @) (2 9) - (- 2))) + v(y - 2)
— 0+ 0(z-9)) + 0+ o(y-2) = vz y) +v(y - )
= dy(x,y). O

3.2. A construction of a congruence on UP-algebra.

Definition 3.1. Let u be a pseudo valuation on a U P-algebra A. Define the relation
0, C Ax A by:

(Vo,y € A)((w,y) € 0, <= dy(z,y) =0)

Theorem 3.2. Let v be a pseudo-valuation on a UP-algebra A. Then 0, is a
congruence relation on A.

Proof. Since 6,, induced by a pseudo-metric d,, it is an equivalence relation on A.
To prove that 6 compatible with the internal operation in A, we assume that
x,y,z € A are such that (z,y) € 6. Then d,(z,y) = 0. Thus

0<dy(x -2,y 2) <dy(z,y) =0 and 0 < dy(z-2,2-y) < dy(z,y) = 0.

by Proposition Hence dy(z - z,y - 2) = 0 and d,(z - x,z - y) = 0, which means
(x-z,y-z)€fand (z-x,2-y) €6.
So, 0, is a congruence relation on A. O

For the congruence relation 6, on UP-algebra A, constructed in this way, we say
that it is induced by a pseudo-valuation v.

Proposition 3.3. Let v be a pseudo-valuation on a UP-algebra A and 0, be the
congruence relation induced by v. Then the class [0], in A/0, = {[z], : © € A},
generated by the element 0 in A, is an ideal in A.

Proof. Obviously the following applies: = € [0], if and only if (2,0) € 6,. Then
dy(z,0) = 0. This means 0 = v(x - 0) + v(0 - z) = v(0) + v(x) = v(z). Therefore,
[0], is an ideal in A, according to Theorem 3.6 in article [I4]. O

Corollary 3.4. Let v be a pseudo-valuation on a UP-algebra A and 6, be the
congruence relation induced by v. Then the set | J{[z], 1z € A A =(x € [0],)} is a
proper filter in A.

Proof. The proof of this corollary follows from Theorem 3.7 in article [11]. g
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3.3. The quotient A/[0], is a UP-algebra.

Theorem 3.5. Letv be a pseudo-valuation on a UP-algebra A, 0, be the congruence
induced by v and [0], be the class in A/0,. Then the factor-set A/[0], is a UP-

algebra.

Proof. Let v be a pseudo-valuation on a UP-algebra A and let 8, be the congruence
on A induced by v. According to the previous proposition, class [0], is an ideal in
A. We can construct a congruence relation ~, on A using this ideal, by Theorem
3.5 in article [6], as follows

(Ve,y € A)(x ~py < (z-y€[0], Ay-z€[0],)).

On the other hand, this pseudo-valuation v allows us to determine the ideal J, =
{z € A:v(zx) =0} in A, by Theorem 3.6 in article [14]. Now, we have if © ~, y,
then z -y € [0], and y - x € [0],. This means d,(x -y,0) = 0 and d,(y - z,0) = 0.
Thus v((z-y)-0)+v(0-(z-y)) =0 and v((y - z) -0) + v(0- (y - 2)) = 0. From
here, considering (UP-2), (UP-3) and (5), we have v(z -y) = 0 and v(y - x) = 0.
Therefore, x -y € J, and y -z € J,. Without much difficulty it can be checked that
the reverse deduction is true, too.
On the set A/0, = {[z], : x € A}, we define

(Va,y € A)([ao * [yl = [2 - ylo).
According to claim (4) of Theorem 3.7 in article [6], factor-set A/[0], is a UP-
algebra. ([

4. CONCLUSION

In 2010, Ghorbani presented the idea of constructing a congruence on BCI-
algebras in [5] by using the pseudo-valuation given on that algebra. That idea,
2018, was discussed by S.-Z. Song, H. Bordbar and Y. B. Jun. in [I6]. This author
introduced the concept of pseudo-valuations on UP-algebras in [I4]. Looking at the
texts [Bl [16], in this article, as a continuation of [14], we introduced a congruence
relation 6, generated by a given pseudo-valuation v on the UP-algebra A.
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