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1. Introduction

In recent years, the studies on oscillation of the solutions of delay differential equations (DDEs) are developing rapidly (see
[1, 2]). This research has been applied to many fields including biology, physics, ecology and so on. Nonetheless there are few
papers have been published on the oscillation of numerical solutions of DDEs (see [3]-[6]). So we will consider numerical
oscillation for Gompertz equation with one delay in this paper. In the past few years, Gompertz equation has been generally
used to describe the population dynamics and tumour growth (see [7, 8]). In 1825, Benjamin Gompertz proposed the classical

Gompertz model[9]

V()= —rV(1)In % V(0) = Vp > 0.

In 1932, Winsor analyzed some analytical properties of a modified Gompertz model and pointed that it can be used to describe
empirically the deceleration of tumour growth[10]. In 2000, Ferrante et al. considered a stochastic version of the Gompertz
model to describe vivo tumor growth [11]. While to study the investigated phenomena better, some researchers prefer to
incorporate various equations with the time delays in different ways. In [12], four kinds of models were derived by introducing
the discrete delays into the classical Gompertz model. One of them, which occurs in the following form will be discussed in
the rest paper

V(it—1)

V(t)=—rV(t)In T

t>0, (1.1)
with r, K € (0,0), where r is the growth rate, V is the number of individuals or cells and K is the plateau number of individuals
or cells. The time delay figures maturation period of the individuals in the context of population growth. While it may figure
the time lag during the course of tumor growth (or degradation) owing to the time which is required for the cells to identify and
accommodate to changes in the environment. The existence, uniqueness and asymptotic properties of the solutions of (1.1)

Email addresses and ORCID numbers: y727445149 @163.com, https://orcid.org/0000-0002-9316-7285 (Q. Yang), bmwzwq@126.com, https://orcid.org/0000-0003-3578-
2551 (Q. Wang)
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were studied in [12]. In [13], the occurrence of period orbits owing to the Hopf bifurcation was analyzed. Meanwhile, the
existence of periodic solutions was confirmed and some results for the asymptotically stability of the periodic solutions were
given. Later, for the Gompetrz model with one delay, the stability and Hopf bifurcation were studied in [14]. However, to the
best of our knowledge, until now very few results dealing with the oscillation of solutions of (1.1) were found. Therefore,
from the viewpoint of analytically and numerically, our objective in this paper is to acquire some sufficient conditions for
oscillation of all positive solutions of (1.1) about the equilibrium. We also prove that every non-oscillatory solution will tend to
the equilibrium when the time approaches to infinity.

In the rest paper, we only study the solutions of (1.1) with initial condition of the form
Vit)=¢(), —1<r<0,

where ¢ € C([—1,0],[0,0)) and ¢(0) > 0. By the method of steps one can prove that (1.1) has positive solutions for all 7 > 0.
From [15], we know the difference equation

l
npt —an+ Y, qjanyj=0 (1.2)
j=—k
is oscillatory if and only if the characteristic equation of (1.2) has no positive roots. So we introduce a useful theorem.
Theorem 1.1. [15] Consider the difference equation
Any1 —an + pay_ =0, (1.3)

where p € R, k € Z. Then every solution of (1.3) oscillates if and only if one of the following conditions holds:

1. k=—landp<—1;
2. k=0and p>1;

3 ke {o,=3,-2)U{1.2,...} and p®ES S
2. The oscillation of solutions

In this section, we will illustrate some sufficient conditions for oscillation of (1.1) about the equilibrium K analytically and
numerically.

Theorem 2.1. Every positive solution of (1.1) oscillates about K if

re> 1, 2.1)
e

Proof. SetV(t) = Ke'"), then V (¢) oscillates about K if and only if y(¢) oscillates about zero. So from (1.1) we find that

¥(t) = —ry(t —1). 2.2)

Then by Theorem 2.2.3 in [15], we know that every solution of (1.1) oscillates if and only if (2.1) holds. O]

Next, we transfer to discuss the numerical case. Applying the linear 0-method to (2.2), one has

Yn+1 :yn7h9ryn+lfm*h(179)ryn7mv (2.3)
where 0 < 6 < 1, h = t/m is stepsize and m is a positive integer. y,,1| and y, |, are approximations to y(z) and y(t — 7) at
tnt1, respectively. Let y, = In(V, /K), then (2.3) reads

v, < K )hGr ( K )h(l@)r
K V)H»lfm anm 7

T R L T R s Lo
K K K K

that is

1 1

hor h(1-6)r"
Vn+lfm Vn—(m )

Vi1 = VK" (2.4)

It is obvious that V;, is oscillatory about K if and only if y, is oscillatory. In the following we seek the conditions under which
(2.4) is oscillatory.
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Lemma 2.2. The characteristic equation of (2.3) is given by
A =R(—hrA™™), (2.5)

where R(x) = (1+ (1 — 0)x)/(1 — Ox) is the stability function of the linear 6-method.

The proof of this Lemma can be given directly and we omit it.

Lemma 2.3. Under the condition (2.1), (2.5) has no positive roots for 0 < 6 < 1/2.

Proof. Let P(A) = A — R(—hrA™"™). From [16], we have
R(—hrA™™) <exp(—hrA™™), A >0, 0<6<1/2.

Further, we will prove Q(A) = A —exp(—hrA™™) > 0 for A > 0. Assume there is a Ay > 0 such that Q(49) < 0, then
Ao <exp(—hrd,™), and A" <exp(—rtA,"™). Thus

rte < rtd, "exp(1—rtd, ™).

So we have

* If 1 —rtA,™ =0, then rte < 1, which contradicts to (2.1).
o If 1 —rtA, ™ # 0, since e* < 1/(1 —x) for x < 1 and x # 0, we get rte < 1, which also contradicts to (2.1).

Therefore, for A >0, P(A) = A —R(—hrA™™) > A —exp(—hrA~™) = Q(A) > 0, which suggests that (2.5) has no positive
roots. O
Next we consider the case 1/2 < 6 < I under the assumption m > 1.

Lemma 2.4. Under the conditions (2.1) and 1/2 < 0 < 1, (2.5) has no positive roots for h < hy, where

) >
hy =14 re21, (2.6)
t(1+1Inrt), rr<l.

Proof. Tt can be noted that R(—hrA™"™) is an increasing function for 6 when A > 0, then

1—h(1—0)A ™ _ 1

R(—hrA =) = .
(=hrA™") L+hOrA—" = T4+ hrA—m

Next, we will illustrate that A — 1 /(1 + hrA ™) is positive under some conditions. Actually

1 )L—m+1

A e T B TR

we need to prove S(A) =A™ — A" ! 4+ hr > 0 for each A > 0. Obviously, S(1) is the characteristic polynomial of the difference
equation
Wpil = Wy —hrwy 1.
According to Theorem 1.1, S(4) has no positive roots if and only if
mm
—" S,
"m— 1)1
equivalently
1
Inrt+(m—1)In 1+71 > 0. 2.7
m—
If 7 > 1, then (2.7) holds. If r7 < 1 and & < 7(1 +Inr7), from the fact ”In(1 +x) > x/(1 +x) holds for x > —1 and x # 0”
we have

1 —1
Inrt+(m—1)In <1+) >Inrt+——— > 0.
m—1 m

Thus we find
P(A)=A—R(—hrA7™") > A —1/(1+hrA™™) > 0,

which implies that (2.5) has no positive roots. O
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In view of Lemmas 2.3, 2.4 and Theorem 2.1, we get the following theorem.
Theorem 2.5. Under the condition (2.1), (2.4) is oscillatory for

h< oo, for 0<6<1/2,
ho, for 1/2<0 <1,

where hy is defined in (2.6).

3. Non-oscillatory solutions

In this section, we study the asymptotic behavior of non-oscillatory solutions of (1.1) and (2.4).

Theorem 3.1. Let V(t) be a positive solution of (1.1), which does not oscillate about K, then Ile V() =K.

Proof. Since V() = Ke*") we only need to prove that tle y(t) = 0. Assume that y(¢) > 0 for sufficiently large 7 (the case
¥(t) < 0 is similar and will be omitted). Then from (2.2) we have y(z) < 0. So y(¢) is decreasing and

limy(f) =Y € [0,00), 3.1

t—ro0

we prove Y = 0 by contradiction. Assume Y > 0 and (2.2) produces

lim y(t) = frtlimy(t —17)=—rY <0.
—yo0

=300

Then thﬁm y(t) = —eo, which is a contradiction to (3.1). O

In the following, we will prove that the numerical solution V,, can inherit this property.

Theorem 3.2. Let y, be a solution of (2.3), which does not oscillate, then tlim yp =0.
—o0

Proof. Assume that y, > 0 for n sufficiently large (the case y, < 0 is similar and will be omitted). From (2.3) we know
Yn+l —Yn = 7(herywrlfm+h(179)ryn7m) <0, (3.2)
then y, is decreasing. So there exists a constant Z such that

lim y, = Z € [0,00). (3.3)

n—oo

We argue Z = 0 by contradiction. Suppose Z > 0, then thereis N € Nand € >Osuchthat0 < Z—e <y, <Z+€eforn—m >N,
hence y,_,, > Z —¢€ and y,,_,,+1 > Z— €. So (3.2) gives

Ynt1 —Yn < —(hOrZ+h(1-0)rZ),

which indicates that y,; —y, <A, where A = —(h0rZ+h(1 —0)rZ) < 0. Thus y,, — —eo as n — oo, which contradicts to
(3.3). O

Theorem 3.3. Let V), be a positive solution of (2.4), which does not oscillate about K , then lim V,, = K.
n—soo

4. Numerical examples

In this section we give two numerical examples to verify the previous results.

Firstly, in order to test Theorems 2.1 and 2.5, we consider the following equation

1 -1
Vit ‘/(%3), t>0 4.1)

with the initial condition
V(ie)=7, —13<t<0.

In (4.1), we have 1/e < rt = 13/15 < 1, which implies that the solutions of (4.1) are oscillatory according to Theorem 2.1.
In Figure 4.1, we draw the figures of the analytic solutions and the numerical solutions with 8 =0.1 < 1/2and h=1/m =
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—VQ
—_

1 1 1 1 1 1 1 I
0 50 100 150 200 250 300 350 400
t

Figure 4.1: The analytic solutions and the numerical solutions of (4.1) with 7 = 0.52, 6 = 0.1.

—VO
— -V
n
1 1 1 1 1 1 1 I
0 50 100 150 200 250 300 350 400
t

Figure 4.2: The analytic solutions and the numerical solutions of (4.1) with 2 = 0.65, 6 = 0.9.
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— V()
Y

1
50 100 150

Figure 4.3: The analytic solutions and the numerical solutions of (4.2) with 7 =0.4 and 6 =0.2.

13/25 = 0.52 < +o0. On the other hand, we set 1/2 < 8 = 0.9 < 1 and m = 20 in Figure 4.2. Then hy = t(1 +1nr7) ~ 8.1140
and h = 7/m = 13/20 = 0.65 < hg. Therefore, according to Theorem 2.5, the numerical solutions of (4.1) are also oscillatory
for these two cases, which are all the same with Figures 4.1 and 4.2.

Next, we illustrate the validity of Theorems 3.1 and 3.2 in the second example. Consider the equation

_ 4
V(t):f%V(t)an(%‘;’), >0 (4.2)

with the initial condition 4
V(t)=5, ~3 <t<0.

In (4.2), we have rt = 0.08 < 1/e, which does not satisfy Theorem 2.1. So the analytic solutions and the numerical solutions
of (4.2) are non-oscillatory. In Figure 4.3, we draw the figures of the analytic solutions and the numerical solutions of (4.2).
From this figure, we can see that V(1) — K =3 ast — o and V,, — K = 3 as n — . That is, the linear 6 —method preserves
the asymptotic behavior of non-oscillatory solutions, which coincides with Theorems 3.1 and 3.2.

5. Conclusion

In this paper, numerical oscillation and asymptotic behavior for Gompertz equation with one delay are studied. Some sufficient
conditions are proposed. Numerical examples are provided to illustrate the validity of our results. In the future, we will
consider the multidimensional and stochastic case.
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field 7y and the unit binormal vector field By of the curve ¥), and an f-rectifying curve y in
the Euclidean 3-space E is defined as a space curve whose f-position vector Yy, defined
by v7(s) = [ f(s)dy, always lies in its rectifying plane, where f is a nowhere vanishing
real-valued integrable function in arc-length parameter s of the curve y. In this paper, we
introduce the notion of f-rectifying curves which are null (lightlike) in the Minkowski
3-space ET Our main aim is to characterize and classify such null (lightlike) f-rectifying
curves having spacelike or timelike rectifying plane in the Minkowski 3-Space IE?

1. Introduction

Let E3 denote the Euclidean 3-space. Let y: I — [E3 be a unit-speed curve parametrized by arc-length function s with at least
four continuous derivatives. Needless to mention, / denotes a non-trivial interval in R, i.e., a connected set in R containing at
least two points. For the curve y in 3, we consider the Frenet apparatus {Ty,Ny,By, Ky, Ty}, where Ty is the unit tangent vector
field, Ny is the unit principal normal vector field, By = T}, X Ny is the unit binormal vector field of the curve ¥, and &, : 1 — R
is a differentiable function with &, > 0, known as the curvature of ¥, and 7y : I — R is a differentiable function, called the
torsion of y. Then the Serret-Frenet formulae for the curve 7y are given by ([1]-[4])

Té 0 Kk O T,
B, 0 -7 0 By

The planes spanned by {7y, Ny}, {Ny,B,} and {T,B,} are called the osculating plane, the normal plane and the rectifying
plane of the curve 7, respectively ([2, 5]).

In the Euclidean 3-space E?, the notion of a rectifying curve was introduced by B.Y. Chen in [5] as a tortuous curve whose
position vector always lies in the rectifying plane of the curve. That is, for a rectifying curve y : I — E3, the position vector
of y can be expressed as

V(s) = A(s)Ty(s) + 1(s)By(s), s €1,

Email addresses and ORCID numbers: zafarigbal_math@yahoo.com, https://orcid.org/0000-0003-4405-1160 (Z. Igbal), joydeep1972@yahoo.com,
https://orcid.org/0000-0002-1609-0798 (J. Sengupta)
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for two differentiable functions A, it : I — R in arc-length parameter s of 7.

Several characterizations and classification of the rectifying curves in E* were studied in [5]-[8]. Meanwhile the notion
of rectifying curves were extended to several sort of Riemannian and pseudo-Riemannian spaces. As for example, many
characterizations and classification of rectifying curves in the Minkowski 3-space E? were studied in [9]-[11].

In this paper, we study null f-rectifying curves in the Minkowski 3-space ]E% We organize this paper with three sections. In
the first section, we give some basic preliminaries and then introduce the notion of f-rectifying curves which are null (or
lightlike) in E? Thereafter the second section is devoted to investigate some characterizations of null f-rectifying curves in IE%
In the concluding section, we classify null f-rectifying curves in terms of their f-position vectors in ]E?

2. Preliminaries

The Minkowski 3-space IE? is the Euclidean 3-space E> equipped with the standard flat metric g (called the Lorentzian inner
product) defined by

g(v,w) =viwy +vawy — vaws

for all tangent vectors v = (v, v,v3) and w = (w1, wp, w3) to E? (see [12, 13]). A tangent vector v to E? is called a

spacelike vector if and only if g(v,v) >0 or v=0,
lightlike vector  (null vector) if and only if g(v,v) =0 and v#0,
timelike vector ifand only if g(v,v) <0 ([12, 13]).

As usual, the norm of a tangent vector v to E3 is denoted and defined by ||v|| = /|g(v,v)]. Itis trivial to mention that a tangent
vector v to [E is called a unit vector if and only if ||v|| = 1, i.e., if and only if |g(v,v)| =1, i.e., if and only if g(v,v) = 1.
Two tangent vectors v and w to E? are said to be orthogonal if and only if g(v,w) = 0. For any two tangent vectors v and w to
IE?, the vectorial product of v and w is defined by

€y e —e3
VXW = vi va o vz | = (vawz—vawp)er + (vawp —viws)es + (vawy —viws)es,
wr w2 w3

1 ifi=j

"7 such that e; X ex = —e3, ey X e3 =e], €3 X e| =
0 ifizj

where e¢; = (8;1,0p,0;3) foreach ie {1,2,3}, &;= {
ez ([12, 13]).

Lety:1 — IE? be a curve in IE? and Y stands for its velocity vector field. The curve 7 is said to be a spacelike curve, a
lightlike curve (null curve) or a timelike curve in IE? if and only if its velocity vector ¥/ (¢) is a spacelike vector, a lightlike
vector (null vector) or a timelike vector, respectively, for each ¢ € 1. To elaborate, the curve ¥ in E? isa

spacelike curve ifandonly if g(Y(¢),Y(r)) >0 or ¥ (r)=0,
lightlike curve  (null curve) ifand only if g(y(r),Y(#))=0 and ¥(r) #0,
timelike curve ifand only if g (¥ (¢),7(¢)) <O

for all r € I (see [12, 13]). Thus, the curve 7 is said to be a non-null curve in ]Ef if and only if it is either a spacelike curve or a
timelike curve in E3, i.e., if and only if g (Y/(t),¥(t)) # O for all € I. If 7y is a non-null (spacelike or timelike) curve in E3
and we change the parameter ¢ by the function s = s(¢) given by s(¢) = J; ||/ ()| du such that ||/ (s)|| = \/]g (Y (s), ¥ (s))] =
1, ie., g(Y(s),Y(s)) = £1 forall s € 1, then the non-null curve ¥ is said to be parametrized by arc-length function s or a unit-
speed non-null curve in E% Again, if ¥ is a null (lightlike) curve in JE? and we change the parameter 7 by the function s = s(t)
given by s(t) = [§ +/I|Y"(u)]| du such that g (y"'(s),y"(s)) = 1 for all s € I, then the null curve ¥ is said to be parametrized by
pseudo arc-length function s or a unit-speed null curve in IEI?

Lety: 1 — IE% be a unit-speed null or non-null curve in the Minkowski 3-space Ef parametrized by arc-length function or
pseudo arc-length function s with Frenet apparatus {7y, Ny, By, ky, Ty}, where {Ty,Ny, By = T, x Ny} is the dynamic Frenet
frame along the curve 7y in E? and Ky, Ty are two differentiable functions in the parameter s called, respectively, the curvature
and the torsion of the curve ¥ in IE? Then to write the Serret-Frenet formulae for the curve vy the following mutually distinct
cases come up for consideration:

Case I: Let y be a spacelike curve with a spacelike principal normal N, in E? Then the Serret-Frenet formulae for the curve
Y are given by

!
Ty/ 0 x O T,
By 0 7 O By
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where g (7y(s) ,Ty(s)) =1, g(Ny(s),Ny(s)) =1, g(By(s),By(s)) = —1, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,
g (Ny(s),By(s)) =0forall s € 1.

Case II:  Let y be a spacelike curve with a timelike principal normal Ny in E? Then the Serret-Frenet formulae for the curve
Y are given by

T, 0 x O Ty
Ny |=| % 0 7 Ny |,
B, 0 7 0 By
where g (Ty(s ), Ty(s)) = g (Ny(s),Ny(s)) = =1, g(By(s),By(s)) =1, g (Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,

orallsel

g (Ny(5),By(s))

Case III: Let y be a spacelike curve with a null principal normal Ny in IE? Then the Serret-Frenet formulae for the curve y
are given by

,E 0 Kk O Ty
B, -k 0 -7 By
where g (Ty(s ,Ty 5)) = g (Ny(s),Ny(s)) =0, g(By(s),By(s)) =0, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,
g (Ny(s),By(s)) = 1 for all s € I. In this case, ky can take only two values: ky = 0 if ¥ is a straight line and x;, = 1 in the

remaining cases.

Case IV: Let y be a timelike curve in E? Then the Serret-Frenet formulae for the curve y are given by

Té 0 x O T,
B, 0 -7 O By

where g(T (8),Ty(s )) -1, g(Ny(s),Ny(s)) =1, g(By(s),By(s)) =1, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,
8 (Ny(s),By(s)) =0forall s € 1.

Case V: Let y be a null (lightlike) curve in E? Then the Serret-Frenet formulae for the curve y are given by

Ty 0 Kk O Ty
B, 0 -7 0 By

)= g (Ny(s),Ny(s)) =1, g(By(s),By(s)) =0, g (Ty(s),Ny(s)) =0, g (Ty(s),By(s)) =1,

where g (Ty(s), Ty(s)
=0 for all s € 1. In this case, K, can take only two values: ky = 0 if ¥ is a straight null line and x, = 1 in the

g(NY(S)vBY(S))

remaining cases.
The two-dimensional pseudo-Riemannian sphere of unit radius and centred at the origin in E? is denoted and defined by
St(1):={veEj:g(vv) =1},
and the two-dimensional pseudo-hyperbolic space of unit radius and centred at the origin in ]E? is denoted and defined by
H3(1) :={vE€E] : g(v,v) = —1}.
For more elaborations of the above discussion please see [9]-[13].

An arbitrary plane 7 in ]E? is spacelike, timelike or lightlike if the induced Lorentzian metric g|; is respectively positive
definite, non-degenerate of index 1, or degenerate. A unit-speed null curve y: 1 — IE? parametrized by pseudo arc-length
function s is called a rectifying curve in [E3 if its position vector always lies in its rectifying plane in E3, i.e., if its position
vector Y in IE? can be expressed as

Y(s) = A(8)Ty(s) + u(s)By(s), s€l,

for some differentiable functions A, u : I — R in pseudo arc-length parameter s of y. Now, for some non-zero integrable
function f : I — R in pseudo arc-length function s, the f-position vector of the curve ¥ in E? is denoted by ¥y and is defined

by
9= [ f5)d

for all s € I. Keeping in mind this notion of position vector of a curve in E3, we define a null f-rectifying curve in ]E? as
follows:
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Definition 2.1. (Null f-Rectifying Curve) Let y: 1 — E? be a unit-speed null curve in E? parametrized by pseudo arc-length
function s with Frenet apparatus {Ty, Ny, By, Ky, Ty}, and let f : I — R be a nowhere vanishing integrable function in pseudo
arc-length parameter s. The curve Y is called an f-rectifying curve in IE? if its f-position vector Yy = [ f dy always lies in its
rectifying plane in IE? i.e., if its f-position vector Yy = [ fdyin IE? can be expressed as

1(5) = [ 1) dy=A(S)T(5) + BOBYS), s,

Sor two differentiable functions A, |t : I — R in pseudo arc-length parameter s.

In the next section, we shall see that if the function f vanishes on I, then the ratio ?y for the curve Y in IE? is constant, and
Y
hence it becomes a helix in E? This is why we have taken here the function f as nowhere vanishing integrable function on /.

And if the function f is a non-zero constant on /, then the ratio ;y for the curve ¥ in IE? is a non-constant linear function in
Y
pseudo arc-length parameter s, and hence it reduces to a rectifying curve in E?

3. Characterizations of null f-rectifying curves in the Minkowski 3-space E?

First, we mention (and then prove) a theorem in which we characterize unit-speed null (lightlike) f-rectifying curves in the
Minkowski 3-space ]E? in terms of the norm functions, tangential components and binormal components of their f-position
vectors.

Theorem 3.1. Lety:1 — E? be a unit-speed null f-rectifying curve in IE? parametrized by pseudo arc-length function s with
the curvature function Ky = 1 and the torsion function Ty, and let f : I — R be a nowhere vanishing integrable function in
pseudo arc-length parameter s with primitive function F. Then the following statements hold:

1. The norm function p = ||| is given by

p(s) = VI[2¢F(s)]

forall s € I, where c is a non-zero constant.

2. The tangential component g(Yy,Ty) of the f-position vector Yy of the curve Yy is a non-zero constant.

3. The torsion function Ty is non-zero, and the binormal component g(Yr,By) of the f-position vector Yr of the curve y is
given by

8 (11(5),By(5) = F(5) = [ r(s)ds

foralls el
Conversely, if f : I — R is a nowhere vanishing integrable function in pseudo arc-length function s with primitive function F,

and ify: 1 — E% is a unit-speed null curve in IE% and with the curvature function Ky = 1 and the torsion function Ty, and any
one of the statements 1, 2 or 3 holds, then vy is an f-rectifying curve in E%

Proof. Let us first assume that y: [ — E? be a unit-speed null f-rectifying curve in ]E? parametrized by pseudo arc-length
function s with the curvature function k, = 1 and the torsion function 7,, where f : I — R is a nowhere vanishing integrable
function in pseudo arc-length parameter s with primitive function . Then the f-position vector ¥y of the curve ¥ can be
expressed as

7i(s) = / F(s) dy = A()Ty(s) + (s)By(s), s €1, 3.1

for two derivable functions A, i : I — R in pseudo arc-length parameter s. Differentiating both the sides of the equation (3.1)
with respect to s and then applying the Serret-Frenet formulae (2.1), we obtain

F()Ty(s) = A/ (s) Ty (s) + (), (s)— u(s)ry(s)) Ny(s) + u'(s)By(s) (3.2)

for all s € I. Equating the coefficients of like-terms from both the sides of equation (3.2), we find

Al(s)=f(s), Als)—u(s)Ty(s) =0, w'(s)=0
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which implies

(3.3)

U(s) = a non-zero constant = ¢ (suppose)

for all s € I. We have the following:

1. Using the equation (3.1) and the relations (3.3), the norm function p = ||y;|| is given by

p2(s) = |y )|* = | (1(), %)) | = [2¢ F ()]

for all s € I. That is,

p(s) = VI[2¢F(s)]

for all s € I, where c is a non-zero constant.
2. Using the equation (3.1) and the relations (3.3), the tangential component g(¥y, Ty) of the f-position vector ¥y of ¥ is
given by

g (Yf(s),Ty(S)) = ,LL(S) =c

for all s € I. Hence, the tangential component g(7yy, Ty) of the f-position vector ¥ of the curve ¥ is a non-zero constant.
3. From the relations (3.3) it is evident that 7(s) # O for all s € I. Using the equation (3.1) and the relations (3.3), the
binormal component g(yy,By) of the f-position vector y; of y is given by

g (r(s).By(s)) = A(s) = F(s)
foralls € 1.
Conversely, we assume that f : / — R is a nowhere vanishing integrable function in pseudo arc-length function s with

primitive function F, and we also assume that y: I —> IE? is a unit-speed null (lightlike) curve in IE% and with the curvature
function ky = 1 and the torsion function 7y, and the statement 1 or 2 holds. For the statement 1, we have

g (1r(s),77(s)) =2¢F(s) (3.4)

for all s € I, where c is a non-zero constant. Differentiating both the sides of the equation (3.4), and using the relations
Vi (s) = f(s)Ty(s) and F'(s) = f(s) for all s € I, we obtain

g (v7(s).T(s)) =c (3.5)

for all s € I. This is nothing but the statement 2. So, in either case, we find the equation (3.5). Now, differentiating both the
sides of the equation (3.5) with respect to s, and applying the relations y;(s) = f(s)Ty(s), Ty(s) = ky(s)Ny(s), Ky(s) = L and
g (Ty(s), Ty(s)) = 0 for all s € I, we obtain

f(S) 8 (T}’(S),T}'(S)) + Ky(s) g (Yf(s)aNy(S)) — 0
- g(1p(s),Ny(s)) = ©

. . . . . 3
for all s € I. This asserts us that yis an f-rectifying curve in E;.

Finally, we assume that the statement 3 holds. Then for all s € I, we have

8 (77(5),By(5)) = F(s). (3.6)

Differentiating both the sides of the equation (3.6) with respect to s, and in virtue of the relations ¥;(s) = f(5)Ty(s), By(s) =
— Ty (s)Ny(s), Ty(s) # 0, g (Ty(s),By(s)) = 1 and F'(s) = f(s) for all s € I, we obtain

£(5)8 (Ty(9),By(5)) =ty ()g (1 (s), Ny(9)) = f(s)
— g (v(s):Ny(s)) = 0

for all s € I. This asserts us that ¥ is an f-rectifying curve in E? O
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In the next theorem, we characterize a unit-speed null f-rectifying curve in the Minkowski 3-space IE? by virtue of the ratio Kl
14
of the curvature function &, and the torsion function 7,.

Theorem 3.2. Let y: 1 — IE? be a unit-speed null curve in ]E? parametrized by pseudo arc-length function s with the
curvature function Ky = 1 and the torsion function t,. Also, let f : I — R be a nowhere vanishing integrable function
in pseudo arc-length parameter s with primitive function F. Then, up to isometries of E? the curve Y is congruent to an

T
f-rectifying curve in ]E? if and only if the ratio = satisfies

forall s € I, where c is a non-zero constant.

Proof. Let us first assume that y: [ — E? be a unit-speed null f-rectifying curve in ]E% parametrized by pseudo arc-length
function s with the curvature function x, = 1 and the torsion function 7y, and f : I — R is a nowhere vanishing integrable
function in pseudo arc-length parameter s with primitive function F. Then from the second one of the relations (3.3), we have

Ty(s) _Als) _ 1 s
o) ui) e

for all s € I, where ¢ is a non-zero constant.

Conversely, we assume that y: [ — ]E? be a unit-speed null curve in ]E? parametrized s with the curvature function x, = 1
and the torsion function 7y, where f : I — R is a nowhere vanishing integrable function in pseudo arc-length parameter s with

primitive function F such that the ratio ;y is given by
Y

for all s € I, where c is a non-zero constant. Then by applying the Serret-Frenet formulae (2.1), we obtain

d

(05 = F(5) Ts) — cBys)) = 0

for all s € . This proves that, up to isometries of E3, y is an f- rectifying curve in IE? O

Remark 3.3. Let y: I — E3 be a unit-speed null curve in B3 parametrized by pseudo arc-length function s with curvature
1 D 1P Y D 8
Sfunction k¥, = 1 and the torsion function T,. If the function f vanishes identically on I, then its primitive function F is a

T
constant on 1. Hence, by the previous theorem, the ratio ;7 for the curve yin IE? is given by
Y

T 1
r(s) = — F(s) = a constant

K(s) ¢

for all s € I. Consequently, the curve 7y reduces to becomes a helix in ]E? ([1]).

Again, if the function f is a non-zero constant on /, then its primitive function F is given by
F(s)=cis+c

. . T . .
for all s € I, where ¢ and c; are constants. Hence, by the previous theorem, the ratio — for the curve Yin E? is given by

Ky
Ty(s 1 1
r(s) =—F(s)=-(c15+c)=as+b
K(s) ¢ c
c : T
for all s € I, where a = b (#£0)and b= e are constants. Thus, the ratio ?7 is a non-constant linear function in pseudo
c c y

arc-length parameter s. Consequently, the curve 7y reduces to a rectifying curve in IE% ([11y.
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4. Classification of null f-rectifying curves in the Minkowski 3-space IE?
In this section, we determine explicitly all unit-speed null f-rectifying curves in the Minkowski 3-space Ef in terms of their
f-position vectors. The main theorem reads as follows:

Theorem 4.1. Lety: I — IE? be a unit-speed null curve in E% parametrized by pseudo arc-length function s and f : 1 — R
be a nowhere vanishing integrable function in s with primitive function F. Then v is an f-rectifying curve in Ef having a
spacelike (or timelike) f-position vector Yy if and only if, up to a parametrization, its f-position vector Yy is given by

(1) =/2cF(0) €' y(1)

Sor all possible t, where c is a positive constant, F(0) > 0 and y = y(t) is a unit-speed timelike (respectively spacelike) curve
in the pseudo-sphere S%(l) (respectively the pseudo-hyperbolic space H(Z)(l) ).

Proof. First, we assume that 7y is a unit-speed null f-rectifying curve in IE; having a spacelike f-position vector Yy, where
f I —> R is a nowhere vanishing integrable function in s with primitive function F. Then we have

g (1 (9),77(5)) >0, g(Ty(s), Ty(s)) = 0

for all s € I, and from the proof of the Theorem 3.1, we obtain

p2(s) = |7 (9)|)> = |g (17(), %7(5)) | = 2¢F (), 4.1)

for all s € I, where we may choose ¢ as an arbitrary positive constant. Now, we define a curve y = y(s) by

(o) = L) (42)
for all s € I. Then we have
g0yt = SLETW) @3

p(s)

for all s € I. Therefore, y = y(s) is a curve in the pseudo-sphere S(1). Differentiating both the sides of the equation (4.3) with
respect to s, we obtain

g (¥(5),(s)) =0 (44)
for all s € I. Now, from the equations (4.1) and (4.2), we find
Yr(s) =y(s)v/2¢cF(s) 4.5)
for all s € I. Differentiating both the sides of the equation (4.5) with respect to s, we get
C S )
FO) Ty (s) =y (s) /2 F(5) + ST 4.6)

2¢F(s)’

for all s € I. From the equations (4.3), (4.4) and (4.6), we obtain

23
$0/61Y () = s @)

for all s € I. This indicates that y is a timelike curve. From the equation (4.7), we find
f(s)
)l = Vi 06y (D= 5705

for all s € I. Let ¢ be arc-length parameter of the curve y in S%(l) given by

t= [/ w]|du

A
t = /OZF(u)du

1 1

— F(s) = F(0)&. (4.8)

Then we obtain

I
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It is obvious that F(0) > 0. Substituting the result (4.8) in (4.5), we obtain the f-position vector of y as follows:

Yr(t) =y(t) \/2cF(0) € = \/2cF(0) €' y(t)
for all possible 7, where c is a positive constant, F(0) > 0 and y = y(¢) is a unit-speed timelike curve in the pseudo-sphere
S3(1).

Conversely, we assume that 7 is a unit-speed null curve in ]E? such that for some nowhere vanishing integrable function
f I — Rin s with primitive function F the f-position vector ¥y of ¥ is given by

Yr(t) :=/2cF(0) € y(¢) 4.9)

for all possible 7, where c is a positive constant, F(0) > 0 and y = y(¢) is a unit-speed timelike curve in the pseudo-sphere
S3(1). Since y = y(t) is a unit-speed timelike curve in the pseudo-sphere S7(1), we have g(y/(¢),y'(t)) = —1, g(y(¢),y(t)) = 1
and consequently g(y(r),y'(¢t)) = O for all ¢. Therefore, from the equation (4.9), we have

g (1 (1), % (1)) =2cF(0) (4.10)

for all r. Now, we may reparametrize the curve y by

{= %(lnF(s) —InF(0)),

where s stands for arc-length parameter of y. Then from (4.10), we have

g (¥1(9),7¢(s)) = 2¢F (s)

for all s € 1. Therefore, the norm function p = ||yy|| is given by

p2(s) = |1 )|> = |g (), 77(5)) | = [2¢ F(s)]

for all s € I, that is,

p(s) = V/I2¢F(s)]

for all s € I, where c is a positive constant. Therefore, by applying Theorem 3.1, we conclude the nature of y as an f-rectifying
curve in E?

The proof is analogous when 7 is considered as a unit-speed null f-rectifying curve in IE% having a timelike f-position vector
- H

5. Conclusion

In this paper, we introduced the notion of null (lightlike) f-rectifying curves in the Minkowski 3-Space IE% for some nowhere
vanishing integrable function f : I — R in pseudo arc-length parameter s with primitive function F'. Then we characterized
such curves in Ef In Theorem 3.1, we have shown that for a unit-speed f-rectifying curve y in E3, the norm function of its
f-position vector ¥y is expressed in terms of the primitive function F, the tangential component of its f-position vector ¥y is a
non-zero constant and the binormal component of its f-position vector ¥ is nothing but the primitive function F. Thereafter,
in Theorem 3.2, it is shown that for a unit-speed f-rectifying curve y in E3, the ratio % of the curvature function xy and the
torsion function 7y is a non-zero constant multiple of the primitive function F. Finally, in Theorem 4.1, we classified all such
unit-speed null f-rectifying curves having spacelike or timelike f-position vectors in Ef
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1. Introduction and preliminaries

Isoparametric surfaces, surfaces with constant principal curvatures, are studied in [1]-[3] in terms of the chord property and
helical points of the surface in the Euclidean space. In [4], the unit disk characterized by the following:

Lemma 1.1. The only bounded, smooth and simply-connected plane region whose Szego kernel coincides with the Cauchy
kernel is the disc.

Kerzman and Stein [4] used complex analysis technics related with the chord of the curve and they proved the Lemma above.
Then, Boas [5] extended this idea to n— dimensional Euclidean space. Boas gave the following theorem, by the help of
Bochner-Martinelli kernel:

Theorem 1.2. Ball is the only bounded C' domain in R™ such that given any two points of the boundary, the chord joining
them meets the normals at the two endpoints with equal angles.

Thus, in ([5], Proof of Theorem 2, pp. 277-278), the chord property idea of [4] extended to the hyperspheres. Moreover, Boas
[2], extended his study [5], to all isoparametric surfaces in the Euclidean space. He gave such a local characterization theorem
for hyperspheres and spherical cylinders and proved that these surfaces satisfy

(x=3. V7)) = (y=x.V/0) ) ()

where x,y are points on surface and V_} is the unit normal (gradient) vector field. Wegner [6], gave the short proof of ([2],
Local characterization theorem, p.120). In [1], in the light of [2, 5], the equation (1.1) considered on a hypersurface such that a
unit normal vector field G is naturally defined on the surface. Such G is called the Gauss map of surface. For any hypersphere,
the chord joining any two points on it meets the sphere at the same angle at the two points, that is, the sphere satisfies

(y=x,G(x)+G(y)) =0 (1.2)

Email addres and ORCID number: emreozturk1471@gmail.com https://orcid.org/0000-0001-6638-3233 (E. Oztiirk)
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In [1], the following question considered:
What are the hypersurfaces of Euclidean space that satisfy the (1.2)?

They used algebraic approaches and stated that Gauss map of surfaces which satisfy (1.2) is written as G(x) = Ax+ b where A
is constant symmetric matrix,  is column vector. In [7], some special curves are defined and relations between these curves
and isoparametric surfaces are given in Lorentz-Minkowski space. In this study, we are looking for answers of the followings:

What are the hypersurfaces of Lorentz space that satisfy the (1.2)?
and
What are the hypersurfaces of Euclidean space that satisfy the (1.2) locally?

In Lorentz space, vectors have different causal characters such as if (u,u) >0 or u =0, (u,u) < 0 and (u,u) =0 (u # 0) then
u is called by spacelike, timelike and lightlike (or null) vector respectively. The number of timelike vectors of the orthonormal
basis of the vector space is called the index of space and usually denoted by v. Through the [8], we give the followings:

Definition 1.3. Let X = (x1,x2,...,x,) and Y = (y1,¥2,...,Yn) be a two vector distinct from zero in n— dimensional real vector
space R". Following inner product,

(X,Y)=—xiy1 + Y xiyi
im

is called by Lorentzian inner product of X and Y, and {,) is called metric tensor of vector space. (R",(,}) is called Lorentz
space and denoted by " or RY. If (u,v) = 0 implies that u=0 for all v where u,v € TpR", then (,) is called canonical
non-degenerated inner product with arbitrary index.

Norm of the vector u € R} is given by ||u|| = \/|(u,u)|. Let the index of n—dimensional non-degenerated inner product space
of V be 1 < v <nand its orthonormal base be {e},es,....,e,}. Theng, =g =...=¢e,=—land gy =& p=..=§ =1,
where & = (e;,¢;). Therefore, the diagonal matrix (§;;€;) is called by the sign matrix of V such that

l,i=j o
L — ) < <
51] {07175] 71717]7’1
is Kronecker delta.

Definition 1.4. [8] Letn > 2 and 0 <v < n,

(1) The pseudosphere of radius r > 0 in R+ is the hyperquadric
St(r) = {P eRY | (PP) = r2}

with dimension » and index V.

n+1

(2) The pseudohyperbolic space of radius » > 0 in R}

is the hyperquadric
H(r) = {P € RIE | (PP) = —1?}
with dimension n and index v.

Definition 1.5. Let M be a hypersurface in the Minkowski space and 7 be a unit normal vector field of M. If <7, 7) <0,
((7, 7} > 0) then M is said to be spacelike (timelike) surface.

Lemma 1.6. [8] Let S be a shape operator (Weingarten map) and v be a tangent vector on M. S(v) = -V, 7 and for all
P € M, linear operator of S is self-adjoint on TpM. Here V is Levi-Civita connection on M in Rispace.

2. Linear operators and isoparametric surfaces

An integral operator in complex space C" is given by

b

S0 = [FWKGxd

a
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such that K(¢,x) is continuous according to parameter ¢ and it is called the kernel of the operator {. Suppose that £ is a
bounded smooth domain in the complex plane. The Cauchy kernel represents holomorphic functions f in 4 in terms of the
boundary values on 7. Here ¥ is the boundary of the domain . Cauchy integral operator on any % domain whose bounded by
the curve Y in complex plane is given by

= o [ 1 00
ey

E(z,w)

where w € C is on y. Here dz = y(z)do, z = ¥(s) unit speed curve and do is Lebesgue measure (arc lenght). Hence, Cauchy

kernel of the { operator is oy ——¥(z). Similarly the .7 (z,w) Szegd integral operator is given by
iz—w

$ew) = 5 [ 107 @ w)do(d)

zey

where the kernel is considered the orthogonal projection of S : .Z?(y,do) — (). Here () is closed subspace of
Z?(y,do) of boundary values of holomorphic functions in . It is easy to see that S{ = ¢ holds identically and the curve y
satisfy

(r(t) =7(s), T(t) = T(s5)) =0 2.1)

where T is the unit tangent normal vector field of the curve. It follows from the definitions above and (2.1) that ¥ is non-null
hyperbolic curve in Lorentz plane.

Now we extend the chord idea to the surfaces in the high dimensions and we give some characterizations about these surfaces
by the help of Gauss map itself, in terms of [1] and [7], in Lorentz space. Throughout this chapter, the metric tensor will be
considered as a Lorentzian unless otherwise mentioned. Let us give the following definition first.

Definition 2.1. Let M be a non-null hypersurface and G is Gauss map of M. If
(Q—-P,G(P)+G(Q)) =0
for all P,Q € M then, M is called by G—hypersurface.

Theorem 2.2. Let M be a G—hypersurface. Gauss map of this surface is given by
G(x)=Ax+b

where A is the semi-symmetric matrix and b € E} column vector.

Proof. Let the hypersurface M fully lies in space and consider the points yg,y1,...,¥, on M such that {y iy | 1<j< n}
spans RY. Similar to [1], we find

AT ¢ (Bja;')e 22)

where € = diag(—1,1,...,1) is the sign matrix, A; and B; are the n x n matrices that accepts the y;_yo and G(y;) — G (o) as
n

Jj—column respectively. Also b = Y b0y such that by is given by

k=1

(a,oq) (o, 00) ... {og,0n) by ¢
(o, 00) (02, ) b | | @
(O, 1) (O, ) oo (O, ) bn Cn

where a; = y; — yo and ¢; = (G (y0) ,y0) — (G (v;) ,y;) - Hence we write
Cj:<O£j,0€1>b1+<(Xj,062>b2+"'+<06j,06n>bn. (2.3)
It follows from (2.2) and (2.3) that

G(x) =Ax+b.
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‘We note that A is constant matrix (see [1]). Now we prove that A is semi-symmetric matrix. Let X,Y € T, M be a tangent vector.
Due to Lemma 1.6

VxG(X) =AX = —S(X) (2.4)
and
($(X),Y) =(X,8(Y)). (2.5)
It follows from (2.4) and (2.5) that

(—AX,Y) = (X,—-AY) < (AX,Y)=(X,AY)
& (X, (eATe)Y) = (X,AY)

o A=¢ATe
which is intended. O

Theorem 2.3. Let us assume that hypersurface M have diagonalized shape operator. For non-null hypersurface M, the
following statements are equivalent:

i) M is the G-hypersurface.
ii) M is an isopametric surface.

iii) M is the open part of non-null hyperplane, pseudosphere, pseudohyperbolic space, pseudospherical cylinder or pseudohy-
perbolic cylinder:

Proof. Let M be a G—hypersurface and {E;,E>,...,E,_} orthonormal frame on surface such that E;,1 <i<n—1 are
characteristic vectors corresponding to characteristic values y; of the shape operator. Hence, S(E;) = w;E; for all i. Due to
Theorem 2.2, G(x) = Ax+ b where A is semi-symmetric matrix. It follows from (2.4) that

AEj(x) = =S(E;(x)) = 1 (X)E;(x)
and
(A+ I Ej(x) = 0.
In order to the existence of non-zero characteristic vectors
det(A+ ;1) = 0. (2.6)

From equation (2.6), it is obvious that y; is constant. Therefore, M is an isoparametric surface.
Let M be an isoparametric surface. Let us define

f(x) = (Ax+b,Ax+ D) 2.7
where f: R? — Rand M C f~!(%1). It follows from (2.7) that
f(x) = (x,A%x) + 2 (x,Ab) + (b, b) .
By straightforward calculations we get V—]>‘(x) = 2A(Ax+b). Since the gradient of f and Gauss map G is linear dependent
A(Ax+b) =A(x)(Ax+b), xeM (2.8)

for some real valued A (x) functions. It follows from (2.8) that (A — A (x)I)(Ax+ b) = 0 and det(A — A (x)I) = 0. Obviously
A(x) is constant. Let us consider V = {Ax+b | x € M} as a characteristic space that corresponding to A (x) = A and Sp{V'} is
normal space at x € M. Let us determine the surface M depends on the norm of V.

a) Let ||V|| = 1. In this case G(x) = b is constant and M is the open part of non-null hyperplane.

1 1 1
b) If ||V|| = n then V = Im(A). For some r > 0 and A = +— we have A |[y= +—1 such that G(x) = £—x+ b. Depends on
r r r

causal character of Sp{V}, we get pseudosphere of S’IH or pseudohyperbolic space of H’f*'.
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¢) Let |V|| = p,2 < p < n— 1. Dimension of V* orthogonal complement is 7 — p and V+ C T,M. In the neighborhood of
xg € M, we choose {E|(x),E»(x),...,E,_ (x)} orthonormal frame such that Ey, Es, ..., E,_, are constant in V1., we write

V =Sp{Ep—p+1(x), En_ps2(x),.... Ep1 (x),G(x) }

The tangent subspace spanned by {E,_p+1(x), En—p+2(x),..., E,—1 (x) } is integrable and integral submanifold of M; through
the point xo is given as M; = M N (xo+V). Hence R| 7 = V+ and M = M; x R} ” where M; is hypersurface in R} and
Gauss map of M; satisfy the Gj(x) = G(x). Besides, A] = A |y satisfy

G (x) = Ax+b. (2.9)

1 _ _
It follows from (2.8) and (2.9) that A} = =—1. So M, is pseudosphere of S/ 1(r) or pseudohyperbolic space of HY 1(r).
r

Hence M is the open part of S~ (r) x R"7 or HY ™' (r) x R"~7, respectively.
Let us consider isometric immersion f; : M — R} with respect to [x,x2,...,x,] rectangular coordinate system. Let us give

F1(x1,22, o Xn) = a1x1 +azxa + ...+ apxy, =

where a;,1 < i < n are constant coefficients, x = (x1,x2,...,x,) € M and c is real number. The Gauss map of this immersion is
given by

where P € M and m = \/’—a% +a3+...+d2|. It can be easily seen that
(Q-P,G(P)+G(Q)) =0
where P,Q € fi. By Definition 1.4, pseudosphere with center xo and radius r is given by
S’l‘_l(r) = {x e R} : (x—x0,x—x0) = r2} .
Without loss of generality, we can consider xy = (0,0, ...,0) and x = (x1,x2, ...,, ). In this case,
2

) 2
Sa(xr, %0, eeXn) = —X7+X5+ . X, =1

where f5 : S’f’l — R is an isometric immersion. The Gauss map of this immersion is given by

By straightforward calculations we get
(- P.G(P)+G(0) =0
where P,Q € f>. Therefore, S}~ ' (r) is G—hypersurface (similarly H?~'(r) is G—hypersurface). Moreover, we consider
—x% —|—x%+ —|—x[2, = r2, Xptl = Upt1,Xp+2 = Up42, .oy Xnp = Uy

where u; are real variables such that p+ 1 <i < n. By the help of natural Lorentz projection 7, : R} x R]"” — R¥ < R” onto
SP1 we get

1
G(P) = " (x1,%2,...,%5,0,...,0) |p .

Hence,
(Q-P.G(P)+G(Q)) =0

where P,Q € S‘f_l (r) x R"P. Proof is similar for H’l’_l (r) x R"P. O
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3. Local isoparametric surfaces in Euclidean space

Chord property of isoparametric surfaces are examined locally and globally in [2, 5]. Our point of view to localization is totally
different from previous studies. Let us give the following definition and results.

Definition 3.1. Let M be a hypersurface in Euclidean space and (,) be the metric tensor of the space. If some points such
P QO € M satisfy

(Q-P,G(P)+G(Q)) =0
then, M is called as local isoparametric surface.
Theorem 3.2. The helicoid surface given by
D(s,t) = (0,0,bs) +1(coss,sins,0), b#0
is local isoparametric surface if and only if

pi=q1 or pr=-—q
where @(p1,p2) =P, 9(q1,q2) =0, ¢ : U CR* - @ and (p1,p2) , (q1,42) € U.

Proof. Let us consider the surface ¢(U) = ® and ¢ : U — & differentiable map where U C R?. Let P,Q € @ two points on
surface such that (p;,p2) = P and ¢ (q1,92) = Q. By straightforward calculations we get

D, (s,t) = (—tsins,tcoss,b)
and
D, (s,t) = (coss,sins,0)
Unit normal vector field Z of helicoid is given by

D, (s.1) X Dy (5,1)

b b 1
Zo@p=—> =(- sins, coss, — t) .
4 |DPs(s,1) x Dy (s,7)]| ( Ny Vb2 +12 NG
Therefore,
G(P)+G(Q) = (a1, 0, 3) (3.1)
where
b
o = — sinpj — sing
b2 _’_p% b2 +q2
o) = cosp; + cosq1
b + p3 b% + 43
b 1
o3 = — 2 — q>.
b2+ p3 \/ B2+ 43
Besides,
Q — P = (g2c0sq1 — p2cos p1,qasing| — pasinpy,bqr —bpy). (3.2)

It follows from (3.1) and (3.2) that

(Q—-PG(P)+G(Q)) = sin(q1 —p1) + (p1—q1)).-

b P2 + q2 (
\/bZer% \/b2+q§

Obviously (Q—P,G(P)+G(Q)) = 0 if and only if p; = ¢g; or pp = —¢qp. By Definition 3.1, ® is local isoparametric
surface. O
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Theorem 3.3. The hyperbolic paraboloid surface given by
2 2

D(u,v) = (u,, o ;), a,b € R\ {0}

is local isoparametric surface if and only if

a_‘l’l‘]l
b pp—q

where ¢(p1,p2) =P, 9 (q1,q2) = Q,¢ : U CR?> = ® and (p1,p2), (q1,42) €U.

Proof. By straightforward calculations we get

2u 2v 1
Zo@=

and

- a2 w2 [ al
2 2
“¢”w+wb¢”w+w T

+b4

42

(0-PG(P)+G(Q) =

4p*  4p3
<—b2 (1 —a1)* +a*(pa —612)2) (\/1 +% +% B \/1

42
+
a

443

b4

)

b4
Hence (Q — P,G(P) +G(Q)) = 0 if and only if

a _ ’Pl_‘h
pP2—q

which is intended.

Let us give the following surface, in the light of [9].
Theorem 3.4. The Viviani ruled surface given by

5

4p%  4p? 447 4q?
azbz\/1+cf:l+172 1421 40

5 5
®P(u,v) = (5 + = cosu, fsinv,Ssing) +4v(1+cosu, sinu,ZSing)

2 2 2

is local isoparametric surface if and only if
p1=q1+4kw, ke Z

where @(p1,p2) =P, ¢ (q1,92) = 0,9 :U CR? = ®and (p1,p2) . (q1,92) € U.

Proof. Similar to previous operations we get

u u 3u u
2 . 37 _ _ 2 27
V2sin 5 5cos2+cos 5 V2 cos 5

V34cosu’ 2v2\3+cosu /3+cosu

Zogp=

and

P1—qi1
)

(0-P.G(P)+G(0)) = asin’(—

where o is non-zero constant. Hence (Q — P,G(P) + G(Q)) = 0 if and only if
pr=qi+4kn, keZ

and this completes the proof.
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4. Conclusion

In this study, we showed that the Gauss map of isoparametric surfaces is written by G(x) = Ax+ b where A is semi-symmetric
matrix and b is column vector, in Lorentz space. Moreover, in the Euclidean space; we gave the definition of local isoparametric
surface, and we examined the some of them such as helicoid, hyperbolic paraboloid and Viviani ruled surface, by different
point of view from the previous studies.

References

S. Kim, Y. H. Kim, New characterizations of spheres, cylinders and W—Curves, Linear Algebra Appl., 432 (2010), 3002-3006.

P. Boas, Spheres and cylinders: A local geometric characterization, Illinois J. Math., 28(1) (1984), 120-124.

H. Kim, K. E. Lee, Surfaces of Euclidean 4-space whose geodesics are W-Curves, Nihonkai Math. J., 4 (1993), 221-232.

[4] Kerzman, E. M. Stein, The Cauchy kernel, the Szegd kernel, and the Riemann mapping function, Math. Ann., 236 (1978), 85-93.

[5] P. Boas, A geometric characterization of the ball and the Bochner-Martinelli kernel, Math. Ann., 248 (1980), 275-278.

[6] B. Wegner, A differential geometric proof of the local geometric characterization of spheres and cylinders by Boas, Math. Balkanica, 2 (1988), 294-295.
[7]1 E. Oztiirk, Y. Yayli, W-curves in Lorentz-Minkowski space, Math. Sci. Appl. E-Notes, 5(2) (2017), 76-88.

[8] B. O’Neill, Semi-Riemann geometry with applications to relativity, Academic Press. Inc., 1983.

[9] C. Ekici, E. Ozﬁsaglam, M. Cimdiker, E. Oztiirk, On the curvatures of Viviani ruled surface, Ciencia e Tecnica Vitivinicola, 29(7) (2014), 449-475.

[1] D.
[2] H.
[3] Y.
N.
H.



Fundamental Journal of Mathematics and Applications, 3 (1) (2020) 25-28

Research Article
% FuIMA Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/fujma
ISSN: 2645-8845
doi: 10.33401/fujma.725481

Topological Properties of The Digital Line

Paulraj Gnanachandra'”, Saeid Jafari’ and Lellis Thivagar>

LCentre for Research and Post Graduate Studies in Mathematics, Ayya Nadar Janaki Ammal College (Autonomous) , Sivakasi, India
2College of Vestsjaelland South, Herrestraede 11, Slagelse, Denmark
3School of Mathematics,Madurai Kamaraj University, Madurai, Tamil Nadu, India
*Corresponding author

Article Info Abstract

Keywords:  Digital interval, Digital The main purpose of Digital topology is the study of topological properties of discrete
topology, Khalimsky line objects which are obtained digitizing continuous objects. Digital topology plays a very
2010 AMS: 57M05, 68R99, 68U10 important role in computer vision, image processing and computer graphics. The ultimate
Received: 22 April 2020 aim of this article is to analyze the behavior of various general topological concepts in the
Accepted: 31 May 2020 Khalimsky topology. In this article, we provide some results and examples of topology on
Available online: 10 June 2020 Z, the set of all integers. Also, we explain the concepts of digital line and digital intervals

with illustrative counterexamples.

1. Introduction

Digital topology is a term that has arisen in the study the digital images. Topological properties of images on a Cathode ray
tube are essential in studying graphics, digital processing, pattern analysis and artificial intelligence. There are two fundamental
approaches to the digital images. They are graph theoretic and topological approaches. The first approach was initiated by A.
Rosenfeld [1]-[4] and the topological approach was originated by Kong, Kopperman, Meyer and Khalimsky et. al.[5] in the
1990s. For finite spaces, these two approaches are equivalent. The study commences with the Jordan Curve Theorem and
elucidates that a simple closed curve separates the real plane R x R into exactly two connected components. Khalimsky et.al
[5] utilized a connected topology on a finite ordered set in the context of computer graphics. One such a topology on Z, (the
set of all integers) is the topology generated by the triples {2m — I,2m,2m+ 1} as a subbase. This topology was introduced by
Khalimsky and so it is called the Khalimsky topology.

2. Preliminaries

Let 2 stand for the set of all triples {2m —1,2m,2m+ 1} where m € Z. Then & is a subbase for some topology on Z,
symbolized by k. The set of all integers Z with this topology k that is (Z, k) is called the digital line. Throughout, @ and E
denote the set of all odd and even integers respectively and D denotes the set of all dense subsets of Z. The closure and interior
of a set A of a topological space (X, 7) is denoted by cl;(A) and int;(A). Similarly the interior and closure of (Z, k) is denoted
by clk(A) and inf (A). Beyond doubt, a base for (Z,k) is 2 U % where 2 = {{m} : m € O}. This follows from the fact that :
Let 4 ={2m—1,2m,2m+1} and 2 = {2n—1,2n,2n+ 1} ,m,n € Z. Then
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€ if n=m
2m+1) if m=n—-1
2m—-1) if m=n+1
0  elsewhere

ECNG =

Also, Let ¥ C Z. 2 is open (resp. closed) < for every d € &, (d is odd)(resp. d is even) or (d is even withd — 1,d+ 1 € 9)

(resp. d is odd with d — 1,d+ 1 € 2). Let A (n) (resp. .4/ [n]) denote the smallest neighbourhood (resp. closed neighbour-
. _ {n} ifne0 _ {n} if nek

hood) of n in (Z,k). Now A" (n) = {{n Lmn+1} if nel and A [n] = (n—1mnt+1} if neof Also pay

attention to cl({2n+1}) = {2n,2n+1,2n+ 2}, int(clk({2n+1})) = {2n+ 1}, clk(in({2n+1})) = {2n,2n+1,2n+ 2},

inty (cl(int({2n+1}))) = {2n+ 1}, cl(intk (cl(int({2n+1})))) = {2n,2n+1,2n+ 2}.

Definition 2.1. Let (X, T) be a topological space and S C X. S is semi-open [6] if S C cl;(int(S)), semi-closed if int;(cl(S)) C
S, p-set [7] if cl(int(S)) Cint:(cl:(S)), g-set if int:(cl(S)) C cl(int-(S)), Gg-set if it equals the countable intersection of
open sets of X, Fg-set if it equals the countable union of closed sets of X, pointwise dense [8] if Y e gclc({x}) : {x} is open =
X and g-closed [9] if cl:(S) C U whenever S C U and U is open in X.

Definition 2.2. A topological space (X,7) is T ! [9] if every g-closed set is closed, semi-T¢ [10] if for any two distinct points
x and y of X, there exists a semi-open set S such that (x €S andy ¢ S) or (y €S and x ¢ S), semi-T; [10] if forx £y € X,
there exist semi-open sets Sy and Sy such that x € S; but y ¢ Sy and 'y € Sy but x ¢ Sy, semi-Ry [10] if for each semi-open
set S,x € S implies scl({x}) C S, where scl({x}) is the set of all semi-closed sets that containing {x}, semi-R; [11] if for
x,y € X such that scl({x}) # scl({y}), there are disjoint semi-open sets U and V such that scl({x}) C U and scl({y}) CV,
Urysohn [12] if whenever x # y in X, there are neighbourhoods S of x and T of y with cl(S)Ncl(T) # 0, door [13] if every
subset is either open or closed, extremally disconnected [12] if the closure of every open set is open, Alexandroff [14] if every
intersection of open sets is open locally finite [8] if each point lies in a finite open set and in a finite closed set.

3. Properties

In this section, we investigate the properties of the topological space (Z, k) and discuss the subspaces of the digital intervals of
the digital line.

Proposition 3.1.

(i) cl(0Q) ="Z.
(ii) O is pointwise dense in 7.
(iii) Every dense subset of Z is open.
(iv) (Z,k) is second countable, Lindelof and separable.
(v) (Z,k) is T%,To and neither T nor Ry.
(vi) (Z,k) is semi-Tg, semi-T; and semi-Ry.
(vii) (Z,k) is locally finite, connected, Alexandroff and neither door nor extremally disconnected.
(viii) Every Fs set is closed and Gg set is open in (Z,k)

Proof.

(i) Letn € Z and ./ be neighbourhood of 7 in (Z, k). Since .4 contains an odd integer, clx(Q) = Z.

(ii) Clearly O is open in Z, and for each n € O, clx(n) = {n— 1,n,n+ 1} and hence Z = Y ,cpcl(n).

(iii) Let 2 € D. Then 2 = AUB where A € O and B € E. Take A = {n}, and n is even implies 2 = AU{n— 1,n,n+ 1}
and hence & is open.

(iv) Follows from the fact that Z is countable.

(v) Since any neighbourhood of 2n contains 2n — 1, (Z,k) is not T;. We can easily verify that (Z,k) is Ty. Since
cl(P2n—1)={2n,2n—1,2n+ 1} and {2n — 1} is open implies that (Z, k) is not Ry. T% follows from every singleton is
either open or closed in Z.

(vi) (Z,k) is semi-Ty, semi-T; and semi-R, follows from the fact that every singleton is semi-closed.

(vii) Let n € Z. If n € O, then {n} is a finite open set such that n € {n} and {n — 1,n,n+ 1} is a finite closed set and
n € {n—1,n,n+1}. This implies (Z,k) is locally finite. A locally finite space is Alexandroff implies (Z, k) is an
Alexandroff space. {2n,2n — 1} is neither open nor closed implies (Z,k) is not door. Also {2n+ 1} is open and
ch({2n+1}) = {2n+2n+ 1,2n+ 2} is not open. Therefore (Z, k) is not extremally disconnected. Let A be a non-
empty clopen subset of (Z,k). Fix n € A. If n € O and A is closed, n—I,n+1 € A. Thus {n—I,n,n+1} CA.
Since n— I and n+ I are even and A is open, {n—2,n— I,n,n+ I,n+2} C A. Continuing we get Z = A. If
ne€E and Aisopen, n—I,n+1 € A. Thus {n—1,n,n+1} CA. Since n— I and n+ I are odd and A is closed,
{n—2,n—1,n,n+1,n+2} C A. Continuing, we get T equals A. That is (Z, k) is connected.
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(viii) Let A € (Z,k) where A = UA,, each A, is closed if x is in A, then x is in some A,,. If x is even, it is evident. If x is odd,
then {x— 1,x,x+ 1} C A, C A. Thatis A is closed.
(ix) Let A € (Z,k) where A = NA,, each A, is open. If x is in A, then x is in every A,. If x is even, then the open set
{x—1IL,x,x+1} CA, CA. Thatis A is open.

O

Levine’s Property 2

Levine defined that a set S has the property 2 if the interior and the closure operators commute on S and characterized
the sets having the property 2. That is a set A in a topological space (X,7) has the property 2 [15] if int;(cl;(S)) =
cl(int(S)).

Example 3.2.

(i) Let X be an infinite set with co-finite topology. Then every non-empty open subset is infinite and hence every finite subset
of X has the property 2.
(ii) Let X be an uncountable set with co-countable topology. Then every non-empty open subset is uncountable and hence
every countable subset of X has the property 2.
(iii) Let X be an non-empty set with x € X. Assign X with x-inclusion topology, then X does not have the property 2.
(iv) In (X, 1), X=W, the set of all whole numbers and T = {0,{0},X}. Then every subset of X has the property 2.

4. Digital subspaces

From now on we consider subspaces of (Z,k), and investigate the behaviour of cardinalities of some kind of subspace
topologies. We will now prove that the cardinalities of topologies on the intervals {7},{7,2},{1,2,3},....,{1,2,3,..,n}, ...
form a subsequence of the well known Fibonacci sequence. Also observe that

(i) IfS = {I},7; = {0,S}, then | 7| = 2.

(i) If S ={1,2},7, = {0,{1},S}, then || = 3.

(i) IfS=1{1,2,3}, subbase = {{1},{1,2,3},{3}}, Base = {{1},{3},S} and 73 = {0,{1},{3},{1,3},S} then |7,| = 5.

(iv) LetS={1,2,3,4}, subbase = {{1},{1,2,3},{3,4}}, Base={1},{3},{1,2,3},{3,4},S} and 7, = {0, {1}, {3},{1,3},
(3,4}, {1,2,3},{1,3,4},S} then |14| = 8.

(v) Let S =1{1,2,3,4,5} with Sy = 15, the subspace topology generated by {{/},{5},{1,2,3},{3,4,5}}. Here
15 = {0, {1}, {3}, {5V.{1,3}.{1,5}, {3,5}.{1.2,3},{1,3,5},{3.4,5},{1,2,3,5},{1,3,4,5},S}. Then (S,7s) is a
subspace of (Z,k). Also from this we observe that g(7s5) and p(7s5) are discrete topology on S. Also, 2(75) =
{0,{4},{2,4},{1,3,5},{1,2,3,5},{1,3,4,5},S}. Then |5 = 13.

(vi) LetS={1,2,3,4,5,6}, then subbase = {{1},{/,2,3},{3,4,5},{5,6}} and Base = {{7},{3},{1,2,3},{3,4,5},{5,6}}
and 75 = {0,{1}, {3}, {5}, {1,3}, {1,5},{3,5},{5.6}, {1,2,3}, {1.3,5}, {3,4,5}, {1,5,6}, {3.5,6}, {1,2,3,5},
{1,3,4,5},11,3,5,6},{3,4,5,6},{1,2,3,5,6},{1,2,3,4,5},{1,3,4,5,6},S}. Then | 5| = 21.

(vii) LetS={1,2,3,4,5,6,7}, thensubbase ={{1},{7},{7,2,3},{3,4,5},{5,6,7}} and Base = {{1},{3},{5},{7},{1,2,3}.
{3,4,5},{5,6,7}} and 1, = {0,{1},{3}, {5},{7},{1,3},{1,5},{1,7},{3,5}, {3,7},{5,6}, {5,7},{1,2,3}, {3,4,5},
{5,6,7}, {1,3.5}, {1,3,7},{1,5,7}, {3,5,7}, {1,2,3,5}, {1.2,3,7}, {1.3.4,5}, {1,3,5,7}, {1,5,6,7},13,4,5,7},
{3,5,6,7}, {1,2,3,4,5}, {3,4,5,6,7}, {1,2,3,5,7}, {1,3,5,6,7}, {1,3,4,5,7}, {1,2,3,4,5,7}, {1,2,3,5,6,7},
{1,3,4,5,6,7},S}. Then |1;| = 34.

Lemma4.1. LetS ={1,2,3,4,5}. Then

(i) q(7s) is the discrete topology on S,

(ii) p(ts) is the discrete topology on S,
(iii) 2(75) is a topology on S other than discrete topology and the indiscrete topology on S, where q(7s), p(t5) and 2(7s)
respectively denote the collection of all g-sets, p-sets and collection of all subsets of S having the property Q in (S, Ts).

Lemma 4.2. If Ty_;, Ty, Tt are the topologies on the digital intervals ZN[1,m— 1], ZN[1,m], ZN[I,m+ 1] respectively
inherited from the Khalimsky topology k on Z, then |Ty—1| = |Tmt1| = |Tm|-

Proof.

Case (a) Since [I,m— 1] C [I,m+ 1] and m—1 € Q. Then Ty4; C Tjps2. Now {m+ I} is the basic open set in [/,m+ I].
t={{m+I1}UA:A€1,}. Then 1, ;UT =Ty and T, ;NT=0.
Case (b) Since [/,m] C [I,m+ 1] and m € O. Then 1, C Ty4;. Now {m,m+ 1} is the base open set in [/,m+ I].
T={{mm+I1}UA: A€ Ty;}. Then 7, UT = Tp4; and 7,,N T = 0.

In both cases | T+ 7| = | Tm—1] = | Tm|- O
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5. Conclusion

In this work, we provide some results and examples of the topology on Z, the set of all integers. Also we explain the
concepts of digital line and digital intervals. We prove that the cardinalities of topologies on the digital intervals form a sub
sequence of the Fibonacci sequence.
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1. Introduction

Hamiltonian mechanics is done in phase space which is a symplectic manifold. Symplectic mainfolds are even dimensional
mainfolds equipped with a symplectic 2-form ®. On the other hand, contact geometry is carried on odd dimensional manifolds
equipped with a contact 1-form 1. 1] is a contact form if n Adn A--- Adn # 0 (in a 2n+ 1 dimensional contact manifold, the
term dn is wedge-multiplied » times). For more information on contact manifolds, the reader is referred to [1] and to [2] for
the relation between contact geometry and the Huygens’ Principle.

Recently, Hamiltonian mechanics has been generalized to work in contact manifolds with the addition of extra parameter S [3].
Ref. [4] studied variational aspects of contact Hamiltonian mechanics and ref. [5] applied contact geometric methods to a
theory of gravity called shape dynamics [6-8] (see ref. [9] for a review of shape dynamics). Also in ref. [3] time-dependent
contact Hamiltonians are introduced. In our study, we will use time-independent contact Hamiltonian mechanics in 1D. So the
variables we have are ¢, p, S. In this variables the equations of motion derived from the contact Hamiltonian (H) read as [3]:

_on
q - ap?

_ oo
JH

The organization of the paper is as follows: in Section 2 we introduce the contact Hamiltonian we use, in Section 3 we give
a solution of the equations of motion derived from the contact system, in Section 4 we give two applications where our
description can be used and finally in Section 5 we conclude the paper.
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2. Contact Hamiltonian description

It is known in the literature (see ref. [3]) that the contact Hamiltonian H = p?/2m+V (g) + S describes a system with frictional
force linear in velocity for an arbitrary potential term V (g). In this study we make a minor change in the last term and use the
following contact Hamiltonian:

»
H=—+V S.
2 TV +rp
The equations of motion that follow are as:
i = Liws, e
m
po= Vig-’ (2.2)
= —— . 2.
§ = 2-Vig @3

When we take the time derivative of Equation (2.1) we obtain:

p

m
_ 1 V! 2 p2 v
- V@A er (5 V@),
mj = ~V'(g)=1p*—mW(q). e4)

Using Equation (2.1) we can write p = mg —mYyS. As an ansatz let us assume S = g for some .. Then we get p =m(1 —ya)q.
If we put this form of p into Equation (2.4) we obtain:

2
mii+ "L (1= y0242 = —V'(q) = mV (q). 5)

On the other hand, when we use the ansatz S = ¢ in Equation (2.3) we obtain:

aj=S= 5(1 —ya)?¢* —V(q). (2.6)
In order to be consistent, Equation (2.5) and Equation (2.6) must give the same answer. So we must have the following:

2 2

m 2.0 m m-y 2.2 /
—(1- ——V(g)=——7+(1- —Vi(g) —myV(q).
gL Y d = Via) 5 (I =r2)°q" = V'(g) —mV (q)
Equating the terms in front of 4> on both sides gives us & = —1/7. There appears a condition on the potential V(g):
V'(q) = —2mV (q). 2.7)

So with the ansatz we put, arbitrary potentials are not allowed. The solution of Equation (2.7) is elementary:

V(q) = Aexp(—2myq),

for some constant A. Now we have determined & in S = ag as &« = —1/y. As a consistency check let us put this in
Equation (2.1) and obtain p = 2m¢q. On the other hand we have p = —V’(q) — yp* from Equation (2.2). This yields:
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and

mij+ 2ym?¢* = Amyexp(—2myq).

Comparing this Equation with Equation (2.6) we see that there is no inconsistency. So the consistent equation of motion is as
follows:

mg + anz = _(qune_ynq/ma (2.8)

where 7, (new 7) is given through ¥, = 2m’y and A, (new A) is A, = A/2.
3. Solution of the equation of motion

In this Section, we will solve the equation of motion of the system given by Equation (2.8). Let us define Q = ¥,q/m. So we
have:

0+0° = Ljﬁe*Q.
m

We now define F' via Q = log F'. Then we get:

F F* F? Axl

F R R wWF

The second and third terms cancel out with each other and we obtain F' = A, y? /m>. Making changes of variables in the reverse
order, one obtains:

A 2
q(t) = glog (;nzé’tz—i—clt—i—cz) )

where ¢| and ¢, are two constants of integration.
4. Possible applications

The equation of motion (see Equation (2.8)) derived from the contact Hamiltonian, H = p?/2m+V (q) + (%, /2m*)pS, is:

L J .
mg + 'anz = _aiqAne ynq/zn’

where %,,A, are some constant parameters. In this Section, we give two possible applications of our choice of contact
Hamiltonian. The first one is cavity solitons with friction quadratic in velocity, and the other one is air friction with quadratic
dependency on velocity.

4.1. Cavity solitons

Recently Ref. [10] put forward that cavity solitons (for a review see Ref. [11]) may be modeled with an effective potential of
the form —K2e~"/R with the strength K and the range R. Our potential term is Vig) = Ane %/™ So if we choose A = —K?
and 7, = m/R we can model cavity solitons. But our model has a quadratic friction term: ¥,¢*> = (m/R)4*. It may be possible
that our contact Hamiltonian can model cavity solitons with an exponentially decreasing force and a friction term that is
quadratic in velocity.
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4.2. Air friction

It is well known in literature that for large bodies, air friction can be modelled with frictional force that has quadratic
dependency on the velocity. Therefore our contact Hamiltonian may also model a free particle under air friction if A, = 0 or
with a driving force equal to (A,%,/m)e” %™,

5. Conclusion

Recently contact Hamiltonian mechanics has gained some interest [3—5]. In this paper we used a simple contact Hamiltonian
to account for quadratic dependence on velocity. As we mentioned in Section 4 this description may be useful for modelling
cavity solitons with a quadratic friction term or air friction for free particles. We note that our work is only an initial step
towards giving a contact Hamiltonian description of a system with an arbitrary potential under a friction that is quadratic in
velocity.
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control, ‘Rd‘”“.’ controls, Semili’_’e“’ Since such problems may not have classical solutions, a relaxed optimal control problem is
parabolic equations, State constraints considered. The relaxed control problem is discretized by using a finite element method
2010,AMS" 49M05, 49M25, 65N30 and the behavior in the limit of discrete optimality, admissibility and extremality properties
Received: 11 November 2019 is studied. A conditional descent method with penalties applied to the discrete problems is
Accepted: 7 April 2020 proposed. It is shown that the accumulation points of sequences produced by this method
Available online: 30 June 2020 are admissible and extremal for the discrete problem. Finally, numerical examples are
given.

1. Introduction

In the absence of any convexity assumptions, optimal control problems, in general, have no classical solutions. To study them,
they usually need to be reformulated to their corresponding relaxed form. Warga [1], Roubicek [2] and Fattorini [3] have
extensively studied the concept of relaxation on optimal control problems. Relaxation had been introduced initially to prove the
existence of optimal controls and then to derive necessary optimality conditions. Additionally, relaxed controls are used as a
tool to develop optimization methods (Warga [4], Chryssoverghi et al. [5]) and discrete approximation schemes (Chryssoverghi
et al. [6], Roubicek [7], Azhmyakov et al. [8]). Relaxed controls have been applied to optimal control problems for systems
defined by PDE:s in [3], [2] as well as in many papers, among them [6], [9]-[13]. In particular, Arada and Raymond in [9] prove
existence and a Pontryagin’s minimum principle for relaxed solutions of state-constrained relaxed optimal control problems
governed by semilinear elliptic equations under a stability condition. The approximation of similar problems was studied by
the same authors in [10] and by Casas in [11]. Chryssoverghi and Bacopoulos in [6] present approximation results for relaxed
semilinear parabolic optimal control problems. In [12] relaxed controls have been used to develop iterative optimization
methods applied directly on a relaxed problem. Finally, Luan in [13], using relaxed controls obtains some results on the
nonexistence and existence of multisolution semilinear elliptic optimal control problems.

In this paper, an optimal control problem with distributed control is considered for systems defined by a semilinear parabolic
PDE, in the presence of constraints on the control and the state. The parabolic equation has two separate semilinear terms
in order to allow more general assumptions, monotonicity for the term on the left-hand side and Lipschitz continuity for the
term on the right-hand side. The state constraints depend both on the state and its gradient and are of integral type. The cost
functional depends also on the state gradient. Convexity assumptions are not imposed, so this problem may have no classical
solutions. To deal with this, the problem is reformulated in its relaxed form using relaxed controls. The state equation in relaxed
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form is then discretized in space using a Galerkin finite element method (semi-discretization). The spatial discretization is done
with continuous piecewise linear functions. The controls are approximated by piecewise constant relaxed ones. Necessary
conditions for optimality are stated for the discrete relaxed problem. Then it is shown that sequences of optimal (resp. extremal)
relaxed controls for the discrete problem have subsequences which converge to optimal (resp. extremal) controls for the
continuous relaxed problem. Next, an algorithm based on a penalized conditional descent method is proposed, applied to the
discrete problems, which generates Gamkrelidze controls. It is shown that accumulation points of sequences constructed by
the algorithm satisfy the necessary conditions for optimality for the discrete problem and such accumulation points always
exist. For implementation reasons relaxed controls have to be approximated by classical ones. So, using standard techniques,
the Gamkrelidze controls computed by the above method can be approximated by piecewise constant classical ones, see [5].
Thus the above method using relaxed controls has all the theoretical advantages of them and gives us at last, through the
above-mentioned approximation, classical controls. Finally, two numerical examples are presented.

The novelty points of this paper are: (i) the study of such nonconvex optimal control problems with relaxation, (ii) the
discretization of such problems, and (iii) the construction of methods applied to the discrete problem with relaxed controls. In
order to solve these problems numerically one must necessarily disretize them and then apply some optimization method to
the resulting discrete problem. Since the structures of the continuous and the discrete problems are basically different it is
necessary to know if discrete optimality (or extremality) carries over in the limit to continuous optimality (resp. extremality).
This paper actually extends the results of [14] by semi-discretizing the problem and studying the behavior in the limit and then
by applying an optimization method to this discretized problem.

The paper is organized as follows. In section 2 the relaxed controls are introduced, and the classical and the relaxed optimal
control problems are formulated. The existence of optimal relaxed controls is also proved. In section 3 the relaxed problem is
discretized and in section 4 the behavior in the limit of discrete relaxed optimality and extremality is studied. A penalized
conditional descent method is presented in section 5. Two numerical examples are given in section 6.

2. The continuous optimal control problems

Let Q be a bounded domain in RY , with boundary I, and set Q := Q x (0,T), X := " x (0,T) with given final time T > 0.
Consider the following semilinear parabolic initial boundary value problem

Vr +A(t)y+ila0i(x,t)8y/8xi +b(xt,y(x,1),u(x,t))=1(x,t,y(x,1),u(x,))in Q, 2.1)
y(x,£)=00onX (2.2)
y(x,0) =y°(x) in Q. (2.3)

Here A(¢) is the elliptic differential operator
d
A(t)y:=— Y (9/9x)laij(x,1)dy/dxj].

Ji=1

Throughout the paper, we shall use the notation (-,-), (-,-)1, (*,*)¢ for the inner product and || - |, [|-[|; , | [/, for the norm of
the spaces L?(Q), V := H}(Q), L*(Q) respectively. We define on V x V the bilinear form associated with A(r)

d dy 0o
y ov
a(t,y,v) .= /a-~ X,t)=————dx. (2.4)
( Y. ) ]'7,‘21 lj( )9 . ax]'
Also, ¢ and g5 are given nonnegative integers.

The set of classical controls is defined by
U:={u:Q — U|umeasurable} C L*(Q),

U C R is compact, not necessarily convex and the functionals by

I (1) ::/ng(x,t,y,Vym)dxdt, m=0,....,q>.

The continuous classical optimal control problem is
minimize Jo(u)
subject to the state equation (2.1 - 2.3), the control constraints # € U and the state constraints

Jm(u) = Oa m:1a~--7€]17
Jm(u) < Oa m:‘]1+1a~-~742-
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The above problem in order to have a solution has to be endowed with undesirable convexity assumptions (for example, Cesari
property), which are usually not realistic for nonlinear systems. But when we formulate the problem in its relaxed form using
relaxed controls then the new problem has a solution in a larger space under weaker assumptions.

Let C(U) be the set of continuous functions on U and M(U) (resp. M;(U)) the set of Radon (resp. probability) measures on U.
We endow M(U) = C(U)* with the weak* topology. We define the set of relaxed controls ([1], [2])

R:={r:Q — M;(U)|r weakly measurable } C L(Q;M(U)) = L' (Q;C(U))*.

The topology of R is the weak* topology induced by L'(Q;C(U))*. R is convex, and with the above topology metrizable
and compact. We identify each element u € U with the relaxed control r(-) = §,(.), where J,(.) denotes the Dirac measure
concentrated at u(-) and thus we can regard U as a subset of R. Furthermore U is dense in R. For simplicity reasons, for
he L'(Q;C(U)) and r € R ,we write

hix,t,r(x, 1) = /U h(x,t,u)r(x, 1) (du). 2.5)

It follows (see [1]) that Aa(x,,r(x,t)) is linear in r. Let (r;) be a sequence of relaxed controls and r € R. Then, (ry) is said to
converge to r if and only if

lim h(x,t,rk(x,t))dxdtz/h(x,t,r(x,t))dxdt,
Q

k= JQ

forall h € L1(Q;C(U)).

For the case of noncompact U, Fattorini in [3], gives a new definition of relaxed controls based on finitely additive measures
onU.

The weak relaxed form of the state equation (2.1), using the notation (2.5), is given by

QU

<Y,V > +a(t7ya V) +Z(a0i(t)ay/axivv) + (b(t7y7r)’v) = (f(tmyv r)vv)v (2.6)

i=1
foreveryveV,ae.in (0,T), y(t) € V,ae. in (0,T)
¥(0) =", 2.7)

where < -,- > denotes the dual pairing between V and its dual space V* = H~!(Q) and a(t,y,v) is the bilinear form given in
(24).

The continuous relaxed optimal control problem (ROCP) is
minimize Jo(r)
subject to the relaxed state equation (2.6), (2.7), the control constraints 7 € R and the state constraints

Jm(}") = Oa m:11~~~7q17
Ju(r) < 0, m=qi+1,....,q2,

where
In(r)i= [ [ gty Vyr(didsde, m=0,....q2.
QJU

We introduce the following assumptions.
H1) QC Rd,d < 3, is a bounded domain with C 1-boundary T.
(H2) The coefficient functions a;; of A(¢) belong to L*(Q) and

Li

from which easily follow the inequalities

aij(x,1)&E; > 70251 , V&,E ER, (x,1) € Q,with 1 > 0,

H Ma.

2
la(t,y,v)l < e |yl Ivlly, alt,vv) = oalpvlly, VyveV, 1€(0,T),

for some o > 0, oy > 0.
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(H3) ap = (aot,...,aoq)" € L*(Q)?. The functions b and f : Q x R x U — R are measurable w.r.t. (x,¢) € Q for any fixed y, u,
continuous for fixed (x,7) € Q and satisfy the conditions

b1, y,u0)| < @(x,0)+ By, (x.1,y,u) € QxR XU,

fny)l Sy 4y, (neyu) € QxRxU,

‘f(xvtvylau) _f(xvtayZau)‘ < L‘yl _y2|v (x7t7y17y27u) € Q X Rz X Ua
where ¢,y € L*(Q), B,7,L > 0.

The function b is monotone increasing with respect to y for almost every (x,¢) € Q. Assuming that b(-,-,y,-) = 0, (if not, we
subtract this term from both sides of (2.1)) it follows that b(x,¢,y,u)y > 0.

(H4) The functions g,, : Q x R¥T! x U — R are measurable for fixed (y,y,u) € R**! x U , continuous for fixed (x,¢) € Q and
satisfy

with {, € L'(Q), 8,, >0, §,, > 0.
(H5) The functions by, f, : O X R x U — R are measurable on Q for fixed (y,u) € R x U and continuous on R x U for fixed
(x,¢) € Q and satisfy

|by(x,t,yu) | <E(et)+m ], (x1,y,u) € QxR XU,
!fy(x,t,y,u)|§L1, (x,t,y,u) € QxR x U,
with & € L2(Q), n >0, L; > 0.

(H6) The functions gy, &my : Q X RY*! x U — R are measurable on Q for fixed (y,y,u) € R x U and continuous on
R4 x U for fixed (x,¢) € Q and satisfy

‘gm)’(xvtaya)_)7u)‘ < le(xvt)+6ml ‘y| +Sml |)-)|25 (xvtay7)-)7u) € Q X RdJrl X Ua
|gmy—(x7t,y,)7,u)‘ < (0,0) 4+ 82y’ + 82 5], (x,1,y,7,u) € QxR < U,

with leaCmZ € LZ(Q)’ 5m135m1;5m275m2 2 0.

Using assumptions (H1-H3) and the fact that V is compactly embedded in L* (@), we can see that equation (2.6) is well
defined.

Theorem 2.1. Under Assumptions (HI1-H3), for every r € R and y° € Lz(Q) (ory € V), there exist a unique y =y, such that
y € L*((0,T),V), y; € L*((0,T),V*) satisfying (2.6), (2.7). In addition, y is essentially equal to a function in C([0,T],L*(Q)),
and thus the initial condition (2.7) is well defined.

Proof. The proof is based on compactness arguments (see [15]). O

Next lemma describes the continuity of the state and the functionals w.r.t. the corresponding relaxed control. This result is the
basic tool to prove the existence of optimal relaxed controls.

Lemma 2.2. Under Assumptions (HI-H3), the mapping r s y,, from R to L* (Q) and L* ((0,T), V), is continuous. Under

Assumptions (HI-H4), the functionals r — J,,(r), m =0, ...,q2, from R to R, are continuous.

Proof. Let riy — rin R and set y; := y,,. Taking y = v = y; in (2.6), using Assumptions (H2-H3) and the basic inequality
2ab < %az + 8b2, € > 0, we have

1d

1 21 ¢ €
2 2 2 2 .
3 gy el +aalonll < S0 + (54 7+ 52 ) Il 5 bl where e = -

Integrating w.r.t. 7 on [0, ] for < T and selecting appropriate € > 0 to hide the term [} || (s)||] ds to the left-hand side we
obtain

1 2 € ! 2 1 0112 1 2 1 Cc t 2
S Il (a2 =e5) [ @Itds <5 1+ 5 1WlEg + (5 +7+ 55 ) | e ()P @8)
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Using Gronwall’s inequality we deduce from (2.8) that y; is bounded in L? (Q). Then again from (2.8) we obtain that y; is
bounded in L2 ((0,7), V). One can also check using (2.6) that y}, is bounded in L? ((0,T’), V*). Thus, there exist a subsequence
still denoted by (yk) such that y, — y in L ((0,T), V) weakly and y, — ' in L? ((0,T), V*) weakly. Since V is compactly
embedded in L% (Q) by Theorem 2.1 chap. IIT in [16] follows that y; — y in L% (Q) strongly. It follows easily that y = y, and
that the convergence holds for the original sequence. The strong convergence y, — y in L? ((0,T), V) can be proved as in
Lemma 4.2 here. Finally, from Proposition 2.1 in [6] we derive that the functionals r — J,,(r), m =0, ..., > are continuous. ]

Theorem 2.3. Under Assumptions (H1-H4) and supposing the existence of a feasible control the ROCP has a solution.
Proof. Tt follows from Lemma 2.2 and the compactness of R. O
Necessary conditions for optimality for the ROCP are given in Chryssoverghi et al. [14].

3. The semi-discrete optimal control problems

(H7) a, ay are independent of ¢ (for simplicity), b,by, f, f, are continuous on Q X R X U, gu,&my,8&my are continuous on
O xR U andy e V.

For each integer n > 0, let Q" be a subdomain of Q with polyhedral boundary I'"" such that dist(I™",T") = o(h"), {E]' M" be an
admissible regular quasi-uniform triangulation of Q" into closed d-simplices (finite elements), with 4" = max;[diam(E}")] — 0
as n — co. Associated with the above triangulation we define

V"= {y" € V|y" € C(Q),affine on each E}', y" =0in Q— Q" }
with dimV" = N" and v}, i = 1,...,N" be a basis of V",
R":={r"eR|r" ={r!,i=1,..M"},r!is equal to a constant measure w.r.t. x in M (U) on the interior of (E}' x (0,T)),i=1,..M"}

the set of (semi)discrete relaxed controls and U” := R" N U the set of (semi)discrete classical controls. Clearly, we have
U" C R".

For a given " € R", the corresponding (semi)discrete state y” is given by the (semi)discrete state equation (system of ODE’s
w.rt. ")

(y"/7vl'~') +a(y" V1) + (al () Vy" Vi) + (b(t,y", ), V) = (F(t,y", ), V), i=1,...,N", Vt € (0,T), 3.1
("(0) —y°, V)1 =0, i=1,..,N", (3.2)

Nﬂ
where y" (t) = Y. ¢ (t)v}. Note that y" (0) is the orthogonal projection of y° onto V.
i=1

Theorem 3.1. Under Assumptions (H2-H3) and (H7), for every n and r'* € R" the equation (3.1), (3.2) admits a unique
solution y". In addition, the solutions are uniformly (w.r.t. ") bounded and equicontinuous.

The discrete functionals are defined by

() ::/gm(x,t7y"7Vy”,r”)dxdt, m=0,...,q>.
Qo

We consider the following two discrete problems:
minimize Jg (")
subject to (3.1), (3.2), the control constraints r" € R" and the state constraints

‘Jrr;l(rn” ggyﬁv m=1,...,q;

Case (a) ‘Ir’lll(rn) S grrrlﬁ gr};ll Z 07 m=dq + 1a"'7q23 (33)
and
n __pon _
Case(b) Jm(rn)_gmv m—17~~~,6]1> (34)

J;”l(rn)gs;:l7 8;}120’ m:q1+17"’7q27
where &), are non-negative given numbers, introduced for feasibility reasons.

The first of the above discrete problems with state constraints (3.3) is denoted by DROCPF, and the second one with state
constraints (3.4) by DROCP,.
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Theorem 3.2. Under Assumptions (H2-H4) and (H7), the mappings r" — y" and r"* — J.(r"), defined on R", are continuous.
If any of the discrete problems is feasible, then it has a solution.

Proof. The continuity of the operator r" — y" is proved by Theorem 3.1 and using Ascoli’s theorem to pass in the limit in
(3.1), (3.2). The continuity of r* — JI(+"") follows from the continuity of g,,. Since the set R" is compact with the relative
weak* topology of M (U )M " it follows that the discrete problems DROCP,, DROCP, defined above have a solution. O

To compute the directional derivative of the functional J”, where for simplicity reasons the index m is omitted, we introduce
the linear adjoint state equation

— (") +a(n,2") + (@ Vu,2") + (2 by (1,5, 1), v) = (2 fy (1.5 ) 8y (1, VY ), 0) + (g5 (8,5, VY, 1), Vv), Wwe V", (3.5)
2(T) =0, (3.6)

which has a unique solution 7" = z,» with y" = y,».

We define, for each function g, the Hamiltonian H

H(x,t,y,5,z,u) == z[f(x,t,y,u) = b(x,t,y,u)] 4 g(x,1,y,,u).

The following lemma and theorem can be proved by using the techniques of [1], [6]. See also [17], where necessary optimality
conditions on signomial constrained optimal control problems are proved.

Lemma 3.3. Under Assumptions (H2-H7), the directional derivative of the functional J" is given by
DI (" " ") = / H(x,t,y",Vy", 2" ¥ — )dxdt, ¥, ¥ € R",
Q
where 7" is given by (3.5), (3.6). Moreover, the mappings r" — 7" and (r",r'™) — DJ"(r", '™ — r"") are continuous.

Proof. For simplicity of notation we drop the index n. For ¥ € R,0 < e <1, setre =r+&(r' —r),y :=yr,Ye = Yre,
Ocy := ye —y. Now, by our assumptions, for fixed r € R, the functional

D(y,9.r) :Z/g(x,t,m’,r)dxdt,
Q
is Fréchet differentiable uniformly in 7, i.e.
D(y+6y,5+63,r) = P(v,3,r) = /Q [gy(x,1,,9,7)8y + g5(x,1,3,5,7) 85] dxdt + 0(8Y, 85) (|| 6yl + [|67])),

where 0(8y, 87) — 0 as ||6y||.. + /87| — 0, with 6 independent of the control r € R. This can be shown under our assumptions
by using the Mean Value Theorem, Holder’s inequality and Proposition 2.1 in [6] for a fixed control. By Lemma 2.2 in [6], we
have

J(re) =J(r) = Jolg (e, Vye,re) —g (0 Vy,re) + 8 (3, Vy,re) — g (v, Vy,r)] dxdt
(3.7
= Jo &, Vy,r)8eydxdt + [, 85 (v, Vy,r) VOeydxdt + € [, 8 (y,Vy, 1’ —r)dxdt +o(€).

Since 8:y(0) = z(T) = 0, by similar arguments, the state equation (3.1) yields

T T T
~ | @ dentars [ at@evdre [ (af Va2 = [ (501 ~by (1) Bevzddeve [ (705 =) b)) sdsdi-ole). B.8)
On the other hand, the adjoint equation (3.5) yields
—Jo (&,8ey)dt + Jg a(8ey,z)dt + [§ (afVSey,z)dt
(3.9)
= Jo (Fy(,r) = by(v, 7)) Seyzdxdt + [ 8y (v, Vy,r)Seydxdt + [, g5(y, Vy,r)V Seydxdt.

Gathering (3.7), (3.8) and (3.9), we obtain

DJ(r,r/—r) :/ [z(f(x,t,y,r’—r)—b(x7t,y,r’—r))+g(x,t,y,Vy,r/—r)]dxdt-
0
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Theorem 3.4. (i) Under Assumptions (H2-H7), if r'* € R" is a solution of the DROCP,, then it is extremal, i.e. there exist
P
multipliers Ay € R,m=0,...,q2, with A§ >0, A >0, m=qi+1,...,q0, ¥ |A}| =1, such that
m=0

q2
Y AnDa (7 =) = / H(x,t,y"Vy" 7" ¥ —r")dxdt >0,Yr"€R", (3.10)
=0

Al (") —€u] =0, m=aq1+1,....q, (3.11)

7
where H and 7" are defined with g :== 'Y, A} gm. Condition (3.10) is equivalent to the strong discrete block pointwise minimum
m=0
principle

/ H(x,t,y",Vy”,z",r")dx:miLrll H(x,t,y",Vy" 7" u)dx,i=1,...M", a.e.in(0,T). (3.12)
E} uet JE}

(ii) With Assumptions (H2-H7) and assuming that JO, RIS - Jg, are convex and Ji,....Jy are dffine, if r" € R" is admissible

and extremal for the DROCP,, with A > 0, then r" is optimal for this problem.

Proof. (1) The global condition (3.10) and the conditions (3.11) follow from the general multiplier theorem V.2.3 in [1]. The
equivalence of the conditions (3.10) and (3.12) is standard (see [1]), since the closed set U has a dense denumerable subset.

(ii) The assumptions imply that the functional J" (") := Z ARJE(r") is convex. The condition (3.10) is then satisfied if and

only if 7" minimizes J" on R". Supposing now that " does not minimize J; and using the constraints and the conditions (3.11),
easily follows that 7* does not minimize J", which is a contradiction. O

4. Behavior in the limit

Here we study the limiting behavior of the discrete problems as n — oo. Next proposition gives us a control approximation
result. It is proved in [6] for totally (i.e. in space and time) discrete controls, from which it follows for semidiscrete ones.

Proposition 4.1. For every r € R, there exist (u") € U" such that u* — r in R.

Lemma 4.2 (Consistency of states and functionals). Under Assumptions (H2-H3) and (H7), if r'* — r in R, then the corre-
sponding discrete states y" converge to y, in L*((0,T), V) strongly and

Him J}, (r") = Ju(r), m=0,....q. 4.1)

n—o0

Proof. Multiplying (3.1) by ¢ and summing over i we obtain for every ¢ € (0,T)

00" +alyy") + (ag (VYY) + (b, Y1), 5" = (£ (8,5, 7),"). 4.2)
Integrating (4.2) on [0, 7], # < T and working similarly to the proof of Lemma 2.2, we deduce that

t

t
1
S OP+e [Ir©Rds< 51 O)F+5 [Iwe) ds+cz/uy )IPds. Vi € 0.7), *3)
0

for some appropriate constants ¢y, ¢;.

Using Gronwall’s inequality and the fact that y"(0) is bounded (since clearly y"(0) — y" in V strongly, due to the projection)
we deduce from (4.3) that y" is bounded in L?(Q). Then from (4.3) we obtain that y" is bounded in L*((0,7),V). One can
also prove using (3.1) that y is bounded in L2((0,T),V*). Since the injection of V in L2(Q) is compact, by the compactness
Theorem 2.2 chap. III in [16], there exists a subsequence still denoted by y" : y* — y in L>(Q) strongly.

Let v € C}(Q) an arbitrary given function and (v") € V" a sequence of functions interpolating the function v at the vertices
inside Q" and vanishing on I'". The sequence converges to v in V strongly. Then, the integral form of the discrete equation
(3.1) is written

T T T
ON(T), V") — (v, v +/a ¥ ,v”)dt—l—/(agVy”,v / (t,y", ") = b(t,y", "), V")dr. 4.4)
0 0 0
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We obtain from (4.4) using the above convergences and Proposition 2.1 in [6] that, Vv € C(l) Q)

O0"(T),v) = (), v=v") + ("(T), V") = (y"(T),ﬁ—V”)Jr(YS,V")

gT( S,y ) = b(t,y", r), V" de ({Ta( )dt—({(agVy"m”)dt
T

— (%) +0fT(f(y, r)—b(y, r),v)dt—ga( )dt—g‘ (agVy, vydt = (y(T),v).

Since C}(Q) is dense in L2(Q) it follows that (y"(T),v) — (y(T),v) Vv € L*(Q), i.e. y*(T) — y(T) in L?(Q) weakly. By the
above convergences, we get from (4.4)

O =000+ [ st [ @ ai= [ (70~ b0)

hence y = y,.
Next, we prove that y* — y in L*>((0,T), V) strongly. We have

o [y =¥z 00y < Jo @l =3 =)t + % [y (T) = y(T)IF = 3{|ys||* = 207 (T),¥(T)) = $((T),y"(T) = ¥(T)
+f0 ( (y 7rn) 7b(yn7’,n),yn)dt - fOT (aO Vy Y )dt - fO ( )dt - fOTa(yvyn *y)dtﬂ
and as n — oo the right-hand side of the above inequality convergence to zero.

Finally, the convergences (4.1) follow from Proposition 2.1 in [6]. O

In what follows the feasibility of the ROCP is assumed. Next theorem addresses the limit behavior of optimal discrete relaxed
controls for the DROCP,.

Theorem 4.3. Under Assumptions (H2-H4) and (H7) and the additional assumption that the sequences (&€),) converge to zero
as n — oo and satisfy

(Pl <& m=1,.q1, J,(F) <&, €,20, m=qi+1,...q,

for every n, where (') € R" is a sequence which converges in R to some F € R optimal for the ROCP. Then, for each n, we
consider (r'") which is optimal for the DROCP,. The above sequence (1"") has accumulation points in R that are optimal for
the ROCP.

Proof. From theorem’s assumptions the feasibility of the DROCP,, for every n, follows. Let a subsequence of (+"), still
denoted by (), such that " — r, r € R. Since r" is admissible as optimal and 7 is admissible for the DROCF,, it follows

J(r)l(rn) < JO( ) |Jn( )| < 81'111) m= 17"'aq17‘]f:l1(rn) < 8:::: m=gq+ 1,-~-’112-
Taking limits as n — oo, with the help of Lemma 4.2, we conclude that r is optimal for the ROCP. O

Lemma 4.4. Under Assumptions (H2-H7), if ¥ — r in R, then 7" — z, in L*((0,T), V) strongly, where 7" the corresponding
discrete adjoint states. If r'" — r and ¥'™ — ¥/, then

lim DJ (#" ¥ — ") = DI (r,¥ —r), m=0,...,q.

n—soo

Proof. 1t follows easily from Lemma 4.2 and the same arguments as those in the proof of that Lemma. O

Next, we consider the DROCP,. We can choose (&), m = 1,...,q2, such that ), — 0, n — oo and the DROCP, is feasible for
every n (see [6]).

Theorem 4.5. Under Assumptions (H2-H7), for each n, let ¥" be admissible and extremal for the DROCP,,. Then the sequence
(") has accumulation points that are admissible and extremal for the ROCP.

Proof. Since R is compact, consider a subsequence (") such that " — r in R. From Theorem 3.4, there exist multipliers

P
AP eR,m=0,...,q2 with '}, |A}| = 1, thus there exist subsequences (A2), m = 0,...,q2, such that A} — A, m =0,...,q>.
m=0

Let any ' € R and (") be a sequence such that ¥ — ¥’ (Proposition 4.1). Using the above convergences, Lemmas 4.2, 4.4
and Proposition 2.1 in [6] and passing to the limit in (3.10), (3.11) we have

/ H(x,t,y,Vy,z,r (x,t) — r(x,t))dxdt >0, Vr €R,
Q
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And(r) = im AL [T (7)) — €] =0, m=gq;+1,....q2.

n—o0
Also,
In(r) = IEH[JZ(W)—SZ]:O, m=1,...q,
In(r) = lim [J5,(r") — €3] <0, m=qi+1,...q2.
Therefore, r is admissible and extremal for the ROCP (see [14]). O

5. Discrete penalized conditional descent method

We choose a fixed discretization and for notational simplicity we shall drop the index 7 in the data. Let (M.), m=1,...,g2, be
increasing sequences with (M.,) > 0 and M/, — oo as [ — 0. Define the discrete functionals with penalties

JH(r) :==Jo(r)+0.5{ ﬁlM,ﬁ,[Jm(r)]z + qf; IM,l,,[max(O,Jm(r))]z}.
m= m=q|+

Letp,o € (0,1), and let (B'), (&) be positive sequences, with (B) decreasing and converging to zero, and ; < 1. A penalized
conditional descent method with Armijo line step search applied on the DROCP, is presented in the following algorithm.

Algorithm
Step 1. k=10, [ = 1. Choose an initial discrete control ré €ER.

Step 2. Compute the state and the adjoint associated with r,l(. Find 7,1( € R such that
g . LeJd 0 Iy
7 = argmin {DJ (r, ¥ —rp), r' € R}

and set d := DJ! (rh, 7 —11).
Step 3. If |di| > ', then go to Step 4, else ¥/ =i, # =7, d' = dy, r,l;rl =rl, =1+ 1 and return to Step 2.

Step 4. Find the smallest nonnegative integer s, denoted $:
I (r+ 0 G = 12)) = I (1) < 0°Gupdy.
Set o = 6°(.
Step 5. Choose an equivalent r,l( +1 € R such that
I (k) =7+ (7= 1)),

set k = k+ 1, and return to Step 2.

We now define the sequences of multipliers
AL =M 1, ("), m=1,....q1, AL, =M, max(0,J,,(r")), m=q1 +1,...,q2, (5.1

where #/ are defined in Step 3 of the Algorithm.

In the following theorem we study the convergence properties of the above algorithm.

Theorem 5.1. Consider the sequence (1') constructed in Step 3 of the Algorithm. If the sequences (AL),m = 1,...,q2 remain
bounded, then any accumulation point of (') satisfies the optimality conditions (3.10), (3.11) for the discrete problem.

Proof. We can prove that / — oo in the Algorithm as in Theorem 5.1 in [12].

If » € R is an accumulation point of the sequence (), there exist a subsequence of it, still denoted by (r!), converging to r € R
as | — oo, If the sequences (A4), m = 1,...,q, defined in (5.1) are bounded, then they have subsequences, again denoted by
(Al), such that A! — 4,,. Using Lemma 4.2, we obtain

Al
0=lim = = lim J,(r') = Ju(r), m=1,..,q1,

[—o00 M, [—yo0
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[— [—o0

Al .
0= lim —’;’—hm[maX(O,Jm(rl))}:maX(O,Jm(r)), m=q1+1,...,q2,
m

thus r is admissible. Next, for every ¥’ € R, Steps 2, 3 of the Algorithm give

qi 9
DI =) = ADdo (! — ) + Z A D, (F Y =)+ Z A DI, (=) >d, (5.2)
m=1 m=qi+1

with lé := 1. From Step 3 of the Algorithm we have |d’ | < B! — 0. We use the above convergences and Lemma 3.3 to pass to
the limit in (5.2), as [ — o and obtain

AoDJo(r,r —r) + Z AmDJ (1,7 —r) + Z AmDI (1,7 —r) > 0. (5.3)
m=q+1

2
Obviously, Ag = 1 and the construction of A/, implies that in the limit A,, > 0, m = q; +1, ..., ¢». Dividing (5.3) by ¥ |A,| > 1

m=0

e
we can suppose that ). |A,,| = 1. Also, if J,,(r) <0, for some m € [q; + 1, g2], then for [ sufficiently large, we have J,l,,(r’ ) <0
m=0

and l,; =0, hence A, = 0, i.e. the conditions (3.11) hold. Therefore, r is also extremal. O

Under the additional assumptions of Theorem 3.4 the Algorithm computes optimal controls.
Finally, we can show, see [5], that the constructed control r,I( in Step 5 of the Algorithm can be chosen to be of Gamkrelidze

type and these controls can be approximated by classical controls. So, the relaxed controls can be implemented.

6. Numerical examples

In this section, two examples are presented. The first one without state constraints and the second one with an equality state
constraint. The Algorithm applied on both problems (in the first one without penalties) with p = ¢ = 0.5 and initial control
r:=(ro+r)/2, where ro(x,t) := 8, ri(x,t) := O; (Dirac measures).

Example 6.1. Ler Q := (0,1) x (0,1) and U := {0, 1}. Consider the following optimal control problem
minimize Jo(u) == / {0.5[(y—3) +|Vy— V3’| —u® + u}dxdt
0
subject to
Vi =Y + 0.5y |y + (1 4+u—a)y =0.55 5] + 7 +x(1 —x) (=1 +1) +2 =2t + 1> +siny —siny+3(u—i1) in Q,

y(O,l) :y(lat) =0,
y(x,0) = x(1—x)in (0,1),

and the control constraints u € U, where

_ 1, if 0<tr <0.5,

o, t) = { 1-2(t—0.5)(=0.4x+0.7), if0.5 <t <1,

y(x 1) =x(1—x) (1—1 +0.5t2) .
It is easy to verify that
r(x,0){1} = i(x,t), r(x,1){0}=1—r(x1){1}, (x1)€Q,
is the unique optimal relaxed control distributed between the points 0 and 1 with optimal state y and optimal cost 0.
These are the results when the Algorithm was applied for 90 iterations.
B =3.5376-107°, dp = —1.2321-107%,

where dj, was defined in Step 2 of the Algorithm. Figure 6.1 shows the last control probability function py(x,t) := r}(x,t){1}.
The state y for the final iteration is shown in Figure 6.2.

Example 6.2. Consider the above problem under the equality state constraint

) z/ydxdt:0
0

These are the results when the Algorithm was applied for 210 iterations.
JB(rhy =8.3807-1072,  JM(r{') = 3.8048-107°, d; = —3.8013-107°.

Here, py(x,t) := r,’(’l (x,2){1} is shown in Figure 6.3 and the state y for the final iteration in Figure 6.4.
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Figure 6.1: Example 6.1: Last relaxed control probability p;

025

015

Figure 6.2: Example 6.1: State y for the final iteration

Figure 6.4: Example 6.2: State y for the final iteration
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7. Conclusion

In the absence of any convexity assumptions, relaxed controls are an important tool to prove existence of optimal controls.
Thus, the corresponding relaxed optimal control problem is introduced, which is then discretized and the behavior in the limit
of sequences of optimal and admissible extremal controls was studied. Finally, a penalized conditional descent method using
relaxed controls, applied to the discrete relaxed problem, is proposed. This method constructs discrete Gamkrelidze controls
which, for implementation reasons, can be approximated by piecewise classical ones.

References

[1]
[2]
[3]
[4]
[5]

[6]
[7]
[8]
[9]
[10]
(11]

[12]
[13]
[14]
[15]

[16]
(17]

J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, New York, 1972.

T. Roubicek, Relaxation in Optimization Theory and Variational Calculus, Walter de Gruyter, Berlin, 1997.

H. O. Fattorini, Infinite Dimensional Optimization Theory and Optimal Control, Cambridge Univ. Press, Cambridge, 1999.

J. Warga, Steepest descent with relaxed controls, SIAM J. Control Optim., 15 (1977), 674-682.

I. Chryssoverghi, A. Bacopoulos, B. Kokkinis, J. Coletsos, Mixed Frank-Wolfe penalty method with applications to nonconvex optimal control problems,
J. Optimiz. Theory App., 94 (1997) 311-334.

I. Chryssoverghi, A. Bacopoulos, Approximation of relaxed nonlinear parabolic optimal control problems, J. Optimiz. Theory App., 77 (1993) 31-50.
T. Roubicek, A convergent computational method for constrained optimal relaxed control problems, J. Optimiz. Theory App., 69 (1991) 589-603.

V. Azhmyakov, W. Schmidt, Approximations of relaxed optimal control problems, J. Optimiz. Theory App., 130 (2006) 61-77.

N. Arada, J. P. Raymond, State-constrained relaxed problems for semilinear elliptic equations, J. Math. Anal. Appl., 223 (1998) 248-271.

N. Arada, J. P. Raymond, Approximation of optimal control problems with state constraints, Numer. Funct. Anal. and Optimiz., 21 (2000) 601-621.
E. Casas, The relaxation theory applied to optimal control problems of semilinear elliptic equations, J. Dolezal, J. Fidler (editors), System Modelling
and Optimization, Chapman & Hall, London, 1996, pp. 187-194.

I. Chryssoverghi, J. Coletsos, B. Kokkinis, Discrete relaxed method for semilinear parabolic optimal control problems, Control Cybernet., 28 (1999)
157-176.

S. Luan, Nonexistence and existence of an optimal control problem governed by a class of semilinear elliptic equations, J. Optimiz. Theory App., 158
(2013) 1-10.

I. Chryssoverghi, J. Coletsos, B. Kokkinis, Classical and relaxed optimization methods for nonlinear parabolic optimal control problems 1. Lirkov, S.
Margenov and J. Wasniewski (editors), Large-scale scientific computing, Springer-Verlag, Berlin, 2010, pp. 247-255.

J. L. Lions, Quelques Méthodes de Résolution des Probemes aux Limites Non Linéaires, Dunod Gauthier-Villars, Paris, 1969.

R. Temam, Navier-Stokes Equations, North-Holland, New York, 1977.

S. Treanta, On signomial constrained optimal control problems, Commun. Adv. Math. Sci., 2 (2019), 55-59.



Fundamental Journal of Mathematics and Applications, 3 (1) (2020) 45-51
Research Article

@ FuIMA Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/fujma
ISSN: 2645-8845
doi: 10.33401/fujma.721287

Certain Geometric Properties and Matrix Transformations on a
Newly Introduced Banach Space

Merve Ilkhan'

' Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey

Article Info Abstract

Keywords: Banach-Saks type p, Fixed The main purpose of this study is to characterize some matrix classes from classical sequence
point property, Matrix transformations spaces into a newly introduced space and find the norm of some special matrix operators.
2010 AMS: 46B45, 46B20, 46A45 Also, we give certain geometric properties of this space.

Received: 16 April 2020
Accepted: 31 May 2020
Available online: 10 June 2020

1. Introduction

The matrix transformations in sequence spaces have been studied by many authors over years. Since the most general linear
operators from a sequence space to another one can be given by an infinite matrix, the theory of matrix transformations has
been of great importance in the study of sequence spaces. For the relevant literature consult to [1]-[6].

In the recent times, the interest in investigating geometric properties of sequence spaces with topological properties have
increased. Over years several papers on the geometric properties of various spaces have appeared. For instance, Mursaleen et
al. [7] examined the geometric properties of Euler sequence space. More information about the relevant literature can be found
in [8]-[14].

The main purpose of this work is to characterize some matrix classes on a newly introduced sequence space and find the norm
of certain bounded linear matrix operators. Also, we prove that the resulting space is of type p Banach-Saks and it has the
weak fixed point property. Finally, we investigate the strictly convexity and uniformly convexity of this space.

2. Preliminaries and notations

A sequence space is a linear subspace of the space of all real valued sequences @. £, c¢,cp and £, (1 < p < o) are the sequence
spaces of all bounded, convergent, null sequences and absolutely p-summable sequences, respectively.

Given any sequence spaces X and Y and an infinite matrix 7 = (t;;), T is called a matrix mapping from X into Y if for every
sequence x = (x;) € X, Tx = (Tj(x)) with

Ti(x) = Y tijx;
=1

is in Y and the series is convergent for each i € N = {1,2,...}. Then, Tx is called the 7-transform of x.
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The set
Xr={x=(x;)cw:TxeX}

is called the matrix domain of 7 in the space X and it is also a sequence space.

Let ¢ : N — N be the Euler function defined as

J=1(j,)=1

where (j,i) is the greatest common divisor of j and i. That is, ¢ (i) gives the number of positive integers less than i which are
coprime with j.

The Euler function ¢ satisfies the following properties:

1. i=Y;;¢(j) holds for every i € N.
2. 0(i) =il,(1- %) where p is the prime divisor of i.
3. ¢(ij) = ¢(i)@(j) holds for (i, j) = 1.

Leti = p{' p5?...p;". The Mébius function ut : N — {—1,0,1} is defined as
p(i)=(-ifoy==...=og=1

1(i) =0if oy # 1 for at least one k € {1,2,...,1},

where p1, p2, ..., p; are non-equivalent prime numbers and p‘f‘1 p‘zx Z.. p?’ is the prime factorization of i > 1. Also,
u(1)=1
and for i # 1
Y up)=0
pli
holds.

&$-summability was introduced by Schoenberg [15] in order to study the Riemann integrability of a generalized Dirichlet
function in [0, 1]. It is said that a sequence x = (x;) is ¢-convergent to [ if

.1 .
llmfZ(p(])xj =1.

[—yoo | 4=
jli

Let @ = (¢;;) be the matrix defined as

o= TE i
Y 0 , ifjfi

The regularity of this special matrix is also observed by Schoenberg [15]. This means that the matrix & maps c into ¢ and the
limit is preserved.

In [16], by using this matrix, the sequence spaces

%Z¢mw

il

L,(P) = {x: (xi) € a):Z

i

P
<W} (1< p<eo)

< w}
are introduced and proved that these spaces are Banach spaces with the norms

N\ U/p
> (1<p<e)

and

Y00y

Jli

leo(D) = {x = (x;) €@ :sup

1

%Z¢@%

Jli

e, @) = (Z

i
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and

Z‘P xj

T

Ille. (@) = sup

)

respectively.

Unless otherwise stated, ¥ = (%;) will be the ®-transform of a sequence x = (x;), that is,
Z(p (2.1)
T

forall i € N.

3. Some matrix transformations and norms of matrix operators

In this part of the study, we firstly give the characterization of matrix classes (X,,(®)), where X € {/w,c,co,¢} and
1 < p < oo. For this aim, we give the following results, where .# denotes the collection of all finite subsets of N. ¢ is conjugate
of p;thatis p~'+¢ ' =1 with 1 < p,q < oo.

Lemma 3.1. [I7] Let 1 < p < oo,
(a) T = (tij) € (leo, p) = (¢, €p) = (c0,Lp) if and only if

sup Z

KeF

< oo,

) tu

JEK

(b) T = (t;j) € (1,£,) if and only if

sup)_|fij|” <
J
(c) T = (tjj) € (boo, boo) = (c,4s) = (0, ¥w0) if and only if
sup}_[fij] < .
b
(d) T = (t;j) € ({1,4) if and only if
sup|t,-j| < oo,
i,J

Theorem 3.2. Let 1 < p < oo,
(@) T = (1) € (£ £(®)) = (c, £ (®)) = (c0,€,(®)) if and only if

ZZLM

supz < oo,
KeZ i |jekK l|i

(b) T = (tij) € (€1,£,(®P)) if and only if
sup )’ Z(P—t;] < oo,

Jooi| i

(¢) T = (1)) € (s (D)) = (€, (@) = (c, (@) if and only if

apy | 20,

J i

< oo,

(d) T = (tij) € (L1,4(P)) if and only if




48 Fundamental Journal of Mathematics and Applications

Proof. Given any infinite matrix T = (t;;) € (fw,£,(®)), define a new matrix 7 = (f;;) by
tl] - Z Ltl/
1i
for all i, j € N. Then, for any x = (x;) € /., the equality
A l
PIEDY Q Y
J 1]i J

means that 7;(x) = ®;(Tx) for all i € N. This implies that Tx € £,(®) for x = (x;) € £w if and only if Tx € ¢, for x = (x;) € le.
Hence, we conclude from Lemma 3.1 (a) that

ZZLM

sup Z < oo,
KeZ i |jeK l|i
The other results follow with the same technique by using Lemma 3.1 (b), (c) and (d). L]

Now, we investigate the norm of the bounded linear matrix operators from £, (®) into ¢;(P) and e (P) for 1 < p < co. Firstly,
we have a lemma which is essential for our investigation.

Lemma 3.3. Given any infinite matrix T = (t;;), the following statements hold:
(a) The norm of T € B({p, o) is defined by
TNl e, 6.y = sup [tij]
ij

and
TN,y =suPY 117 (1< p<oo).
L

(b) The norm of T € B({p, 1) is defined by
ITllt).00) = sup}_ 3]
i

and
Il ey, = sup Y qu (I <p<eo).
KeZ ' |ick
Theorem 3.4. Let T = (t;;) be an infinite matrix.
(a) If T € B(£1(®),le(P)), then l
. 15« k)
A *SEJ_I) lel, (p(;>]kz|i' Pl

1
(b) Let 1 < p <oo If T € B({,(P),les(P)), then

Aw—supz Tk
P i j jll (p(l) k\l l
is finite. In this case, ||T||(1, (@) c.. (@) =Ap-
(c)IfT € B(£1(P),{;(P)), then 1
L(5) « o(k)
Aj = sup = .
=T L

= Al
®),01(®) ~ A1
(d)Let 1 < p<oo IfT EB( (@), 41 (P)), then

= supz

KeF j

l q
7> (k)
XY o) & M

ik j|i kli

®).0,(@)) = Ap-
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Proof. Let T = ®T®~!. From Theorem 3 in [16], it is known that the spaces / »(®) and £, are linearly isomorphic, where
1 < p < oo, Hence, we deduce from the following diagram

T=oTd!

that | T [, (9) x (@) = ||T|\(4p7x), where X € {{w,¢;} and 1 < p < oo. Thus, the desired results follows from Lemma 3.3. [

4. Certain geometric properties of /,(®P)

In this part of the study, some geometric properties of the space £, (®) for 1 < p < oo is given. Ay denotes the unit ball in a
normed space (X, ||.||)-

It is said that a Banach space X satisfies the Banach-Saks property if every sequence (u,) in X N /. has a subsequence (1,)
such that the sequence (ax()) is convergent, where

1
a(t) = le(’O +1+...+1%); (keN).

It is said that a Banach space X satisfies the weak Banach-Saks property if there exists a subsequence (¢,) of a given weakly
null sequence (u,) in X such that the sequence (ay(¢)) is strongly convergent to zero.

It is said that a Banach space satisfies the property Banach-Saks type p if every weakly null sequence (u;) has a subsequence
(ux;) such that for some C > 0,

<cnl/P

n
U
oot

J
for all n € N. Note that n'/* = 1 for all n € N ([18]).
Theorem 4.1. The space £,(®P) is of type p Banach-Saks for 1 < p < oo.

Proof. Let (8,) be a sequence such that §, > 0 for all n € N and }.,, 8, < 1/2. Choose a weakly null sequence (u,) in %y, (a)-
Put #; = u,, = uy. There exists m; € N such that

< dp.
0,(®)

i e

i=my+1

Since (uy) is weakly null sequence implies u, — 0 coordinatewise, there is an n, € N such that

Zu;,e’
i=1

< 61 )
£p(®P)

for all n > ny. Put #) = up,. Then, there exists an my > m; such that

=

Y e

i=my+1

< &.

£p(®)

Again using the fact that u, — 0 coordinatewise, there exists an n3 > n; such that

my L
Zuﬁqe’ < 0y,
i=1

(@)

for all n > nj3.

By continuing this process, we obtain two sequences (m;) with m; < mp < ... <m; < ...and (n;) withn; <np < ...<n; < ...
such that

mj

Y e

i=1

< 5}' )
(@)
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foralln >n;, and

i:mj+1

where t; = U, It follows that

n
Y1
j=1

05(®) j=1 \Li=1 i=mj_1+1 i=mj+1 0,(®)
n mj ) n
il .
< Xl X de +2Y 8.
Jj=1 \i=mj_1+1 j=

Also, given any u € %y, (), we have Hu||fp(¢> =Y, [+ X @(k)ug|” < 1. Therefore, we have that

" meo A noo o
Y X e - L X ike®s
j=1 \i=mj_+1 0p(®) j=li=mj_1+1 kli
n sl ] p
< YY ' ¥owr| <n
=ti=t| ki
Hence, we obtain
n mj .
Z Z t;s’ <nl/r.
j=1 l:mj,IJrl fp(q))
Since n!/? > 1 holds for alln € Nand 1 < p < o, we have
n
th <n'/P 1< 2nl/p.
=t lley(@)
Hence, we conclude that £, (®P) is of type p Banach-Saks for 1 < p < eo. O

Garcia-Falset [19] introduce the following coefficient:
R(X) = sup {lirgianu,, —L|| : (uy) is a sequence in By, u, — 0, L € %’X} .

Here u, — 0 means that (uy) is weakly convergent to zero. A Banach space X with R(X) < 2 has the weak fixed point property
([201).

Remark 4.2. R(£,(®)) = R({,) = 2'/7 since {,(®) is linearly isomorphic to {,,.

Hence, we have the following result.

Theorem 4.3. The space £,(®) has the weak fixed point property for 1 < p < oo,

Let x = {u € X : ||u|| = 1}. The Gurarii’s modulus of convexity is
0)=infq 1 — inf ||A 1—2A)|: —v|| =
Be(d) =int {1 int u+ (1= Al v e F vl =5},

where 0 < 6 <2 ([21)).

Theorem 4.4. The inequality By, )(6) < 1—[1— (g)”] 1P holds, where 0 < § < 2.

Proof. Let 0 < 6 < 2. Consider the sequences

. S\P\'P s
u= ((1— (2> ) ,2,07070,...>
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and

y S\A\V" s
V= <l—<2> > ,—5,070,0,...

Set u =@ ljiand v = ®'v. By using the relation (2.1), we obtain that

S\? 1/p|P

S\7” 1/p|P
I, 0y = otz = 61, = (1= (3) ) | +]-

=V} gy = lla= o7 = (18]7)"7 = 5.

p

|

and

|

Also, we have

Hence, we conclude that

Br(®) < 1= int [2ut (1Al
< q_ . e
< 1 Oglgfgllllu+(l A)vle,
1/p
S\7” 1/p S\7” 1/p|P S S|P
< 1— i (= — (= — (1=A)=
< 1 OSHII;I A(l (2>) +(1 /l)(l <2)) +‘k2 (1 /l)2
p pl/p
< 1- inf [1—<5> +|27L—1p6]
0<A<l1 2 2

RO

Corollary 4.5. If B, @)(8) = 1, then £,(®) is strictly convex.

IN
I

Corollary 4.6. If0 < By, ()(6) < 1, then £,,(P) is uniformly convex.
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of its asymptotic power series for complex values of the asymptotic parameter €. The
study provides a general formula for its generic high-order coefficients with the associated
pre-factors for complex €; based on the use of a well-known factorial divided by a power
approach.

1. Introduction

Many of the essential properties of the ordinary differential equations (ODE) can be investigated by using asymptotic expansion
methods such as perturbation methods of Poincaré [1, 2], method of matched asymptotic expansion [3], WKB approximation
method [4, 5] and SCEM method [6]. The generic feature of the singular differential equations is that the high-order coefficients
of the singular perturbation expansions always behave in the characteristic factorial divided by a power (factorial/power) form,
and they factorially diverge for a wide range of singular perturbation problems. It is principally first discussed in detail by
Dingle [7] and Berry [8]. In the companion paper [9], we already considered the link between the pre-factor functions of a
particular type of second-order inhomogeneous ODEs and the associated high-order coefficients of the asymptotic expansion.
Motivated by the previous study, in this paper, we will reapply the same idea permitted us to obtain the formulae in [9] to the
asymptotic solution of the general differential equation in the case of small parameter €] is complex-valued. We will address
what difference it will make in the derived formulae. Once it is done, one could use them while addressing the asymptotic
properties of the differential equations such as superasymptotics, hyperasymptotics and Stokes rays [8], [10]-[12] since the
exponential asymptotics is usually discussed in the complex plane. For instance, Stokes rays are the local properties of the
differential equations and across which the exponentially growing terms occur along the complex plane. For this reason
alone, it is nice to interpret the findings of [9] in terms of the complex values of a small parameter. Moreover, the neglected
highest derivative of the singular differential equations at leading order becomes important as it varies rapidly. Therefore, the
asymptotic behavior of the differential equations (and integrals) has been comprehensively studied in detail in the last few
decades and, as a consequence, the subject of exponential asymptotics is introduced, see for example [13]-[17] and references
therein. For this reason, studying the asymptotic behavior of such equations, especially for the ones whose exact solutions
cannot be derived via conventional asymptotic techniques, are always of great interest.

In this paper, albeit briefly, we reconsider whether the formulas in [9] can be further extended for complex values of the
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small parameter while addressing the general representations of the general inhomogeneous second-order ODE. We again
take into account the factorial/power ansatz of high-order coefficients [7, 15, 18] to capture the formulas in the derivation
of the asymptotic expansions for the particular case of this paper. We present that the links between the pre-factors and the
coefficients of the asymptotic expansion of the ODE work for the complex values of €;. The outline of the article is as follows:
First, we introduce the illustrative singular ordinary differential equation and re-define the small parameter of the ODE in
terms of its complex values in Section 2. We next expand the equation in the traditional asymptotic expansion method where
we derive the leading order solution along with the recurrence relationship of the successive terms of the expansion. To be able
to address and interpret the general form of the high-order coefficients in terms of the pre-factor functions of the ODE for the
complex parameter, we employ the common and powerful factorial/power formula whereby we determine their relationships in
the limit n — oo in Section 3. We finish the study with the concluding remarks in Section 4.

2. The asymptotic expansion of ODE

In order to be able to capture the relationship between the high-order terms of the expansion and the pre-factor functions, we
will address the asymptotic expansion of the following singular inhomogeneous ODE of [9], that is,

d*w(z)
dz?

e g =102, @1

€]

in which €, € C is the small perturbation parameter and pre-factor functions f(z), g(z) and #(z) are not constant. Before starting
to study this section, let us first discuss the form of the asymptotic expansions occurring in exponential asymptotics. Divergent
solutions of the differential equations including this particular case mostly appear in the following nature in exponential
asymptotics [19]

W(Z):<W0(Z)+81W1(z)+812w2(z)+...+£nr(2”+ﬁ) (i Ax(z) >>

() \ & nt B

2.2)
£ x1(2) v . x(2)
+ (120, 8{BI(Z)> exp <— 81 > + <t§_081Cz(Z)> exp <—8> +R(&1,2),

1

in which x> (z)s are subject to every single singularity of the early ordered terms of each level, and R (€;,7) is the resultant
remainder of the expansion with respect to the order of the first neglected term. As it suffices for this particular case, only
X1(2), Ax(z) and B will be addressed in (3.1) of the following section. Functions x;>2(z), B;(z) and C,(z) can be addressed, in
a similar way, when needed. It is indeed one of the main ideas lying behind the exponential asymptotics, see [19]. This will
particularly be discussed in the succeeding section. The reason that such expansions diverge is in fact the singular point(s)
of their early terms; most particularly, it is wy(z) in this general case. Moreover, the Stokes rays usually sprout from the
singular point(s) of the early terms. The exponentially small terms which occur in the form of exp (—x;>1(z)/€1) appear
and disappear across the active Stokes rays, and this can be observed when analytically continued in the Argand diagram;
particularly, this jump occurs smoothly via error function. Based on the sectors occurred by the Stokes rays in the diagram,
associated sub-dominant exponential terms come into play. Thence, the subject of exponential asymptotics deals with this
divergence and its relation with the exponentially small terms hidden behind algebraic order terms [20]. Furthermore, the
magnitude of the powers of the exponentially small terms of (2.2) shows at which point the asymptotic expansions change
their behavior from decreasing to diverging to infinity; for more details, see [19].

The equation (2.1) currently contains no complex parameter besides €;. Since we are only interested in finding the asymptotic
solutions for € in terms of pre-factor functions f(z), g(z) and #(z), we need to first introduce complex &; in a useful way.
Unlike to [21] where the independent variable is changed by multiplying complex factor, we re-scale the small perturbation
parameter in this case. In particular, to address whether the links between the factors and the expansion coefficients derived in
[9] work for the complex values of & in the asymptotic procedure or not, we principally re-scale €, without loss of generality,
by

e = ', (2.3)

where 0 < € < 1. To express herein that we will focus on the general form of the first summation of (2.2) in terms of pre-factor
functions in our derivation since we are only concerned with the limits # — o and € — 0 for the singular ODE:s in the form
of this paper. Upon substitution of this re-scaled values of £; into the original differential equation (2.1), we may find the
following singular differential equation depending on 0

dw(z)
dz

® SdZW(Z)

2 T ¢ef(z)

+g(2)w(z) =1(2). (2.4)
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The solution of ODEs by conventional asymptotic methods usually proceeds in a similar way, see [1, 2] for details. Therefore,
we will first assume that a regular asymptotic expansion of the solution of equation (2.4) exists. We then substitute it into the
equation and equate the factors of like powers of the small parameter on both sides. In particular, let us proceed with the usual
approach that its asymptotic power series solution in powers of € is

w(z) ~ f‘be”wn (2), (2.5)

which is valid in the limit as € — 0. Because this series expansion of w(z) must satisfy the differential equation (2.4), we
employ the summation in the equation. After rearranging into a hierarchy of powers of €, we find

il e {WZ—I @)+ f@wp1 () + e’ieg(Z)Wn(Z)} +e Pg(z)wolz) = e 1), (2.6)

where the prime ’ indicates the differentiation of the functions respecting to z. Once the factors of like powers of € are equated
for both sides of the asymptotic equality (2.6), the leading order solution wy(z) at O(1) and the differential recurrence relation
of wy,_1(z) and wy(z) of the expansion in (2.6) at O(€") are derived, respectively, as follows

_1(2)
wo(2) =@ 2.7
wi_1(2) + f(2)w),_1(2) +e ®g(z)wa(z) =0, (2.8)

for n > 1. An observant reader may notice that the low-ordered term wy(z) is not affected with the complex values of the small
parameter and it is the same as the corresponding one of [9]; in fact, this reinforces the consistency between the two pieces of
the works. When the leading order term and then the associated succeeding terms of the expansion are employed repeatedly in
the above sequence (2.8), one can derive the high-order terms as n increases in practice by earlier terms. However, one must
make sure that singularity or singularities of the low-ordered term(s) must be secured in the high-order terms of the expansion.
Calculation of the exact expansion coefficients at each order by this relation, unlike for the low-ordered terms, could be
challenging at times. Therefore, to describe the n — oo behavior of the high-order terms as well as the size of the approximation
by seeking an asymptotic expansion of the solution in terms of the pre-factors, we may employ the factorial/power formula as
it generates the form of the expansion coefficients, without loss of generality. It is worth to point out that as one may notice
these approximated solutions will clearly be not exact when € is small but nonzero, they only define their asymptotic equality
for sufficiently large n and small €. Moreover, the presence of the singularity or singularities of (2.7) forces the asymptotic
expansion to diverge in the standard factorial divided by a power nature in the limits n — o and € — 0 as the calculation of the
general terms requires the differentiation of the preceding terms at each order.

3. Asymptotic formula of the high-order terms

As discussed earlier, finding the exact solution of such equations in the form of (2.1) could be extremely difficult sometimes in
the asymptotic procedure. However, as before, our motivation is to study the general asymptotic form of the coefficients for
sufficiently large values of n in terms of the pre-factor functions of the particular ODE. These coefficients are governed by
the nearest singularity of the expansions. For this reason, we will approximate the higher-order coefficients of the expansion
using the powerful factorial/power method as they are naturally divergent in this nature in many cases in the limit € — 0. We
consider the high-order terms w,(z) of a function w(z), which is asymptotic to a factorially divergent power series [7, 15],
diverge in the following form

_renh) (v Al ) L
"= o (kzounw)k)’ o D

where 1 (z) = 0 at the singular point(s) of the leading order term (2.7), f3 is a constant and I is the gamma function, or factorial
function, as described in [22]; it enables to extend the domain of the factorial to complex arguments for negative values of
the non-integers, see [23, pg. 149]. We remark that the ansatz given in (3.1) is the only leading order approximation of the
expansion (2.5) or (2.2) in most general form. There must be separate factorial/power ansatz for each singular points exist. It
indeed extracts the high-order term behavior of the expansion wherein derivation of the behavior of (z) plays a pivotal role
in the asymptotic procedure. To fully determine all components of the high-order terms in (3.1), we substitute the ansatz (3.1)
into the relation (2.8). After performing some computations, we find at the leading order for sufficiently large values of n that

x1(2)* +eg(z) =0,

through which we find that
x1(2) = £/ —e7i%(2). (3.2)
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After having the integration of both sides in (3.2), we subsequently derive the denominator ) (z) as a function of the pre-factor

g(2) such that
x1(2) :i/\/Teg(z)dH—cx,
:j:/\/exp(i(ﬂ— 0))g(z)dz+cyy,

in which ¢y, is an integration constant. Y (z) requires to satisfy the singularity or singularities of the early term wo(z), which
precisely causes the general terms to diverge, by which the integration constant can be derived. The denominator of the
high-order coefficients is expressed as a multiplication of the pre-factor g(z) and ¢/® as a result of the choice of re-scaled &; in
(2.3). Next, we will focus on deriving the general form of the leading A¢(z) term in relation to the pre-factors f(z) and g(z) for
sufficiently large values of n since it contributes to the expansion before the subsequent A,>(z) functions in the limit n — co.
To be able to do this, we carry on the next order of balancing when the summation index 7 is sufficiently large. Similarly to
previous order of balancing, after doing the required calculations and simplifications, we attain the differential equation of
Ao(z) as

(3.3)

X1 (2)A0(2) + 21 (2)Ap(2) + f(2) 21 (2)Ao(z) = 0. (3.4)

Although it looks the same as its corresponding one in [9], Ag(z) of (3.1) will be a complex function as well in this case as the
denominator function ) (z) depends upon 6 given by the relation in (3.3). Particularly for this expression (3.4), after doing the
simple separation and then doing the direct integration with respect to z, unknown Ag(z) may be evaluated in the following

form . ( / f(zzm>
Vi)

Back substitution of the relation obtained in (3.2) into (3.5) completely derives Ap(z) as

( / f (z)dz)
exp | —
Ap(z) = co 2
0lz) = .
[=exp(i(m - 0))g()]"/*
Note that all of the integration constants obtained so far can be absorbed into a single constant ¢, without loss of generality. In

this conjecture, substituting all the relations derived by now for x;(z) and A (z) in (3.3) and (3.5) into the factorial/power form
in (3.1), we may generate the most general form of the high-order coefficients as following

rentp) | P (/f(zz)dz)

X122 | [expli(m—6))g(z)] '/

A()(Z) = C0 (3.5)

wn(z) ~ co , as n— oo, (3.6)

Substituting this coefficient (3.6) back into the summation of the singularly perturbed ODE completes the derivation of the
general asymptotic representation of the singular ODE in terms of f(z), g(z) and #(z) of (2.4) in powers of &, wherein #(z)
and its zeros are crucial while deriving the low-ordered terms of the expansion, so does the high-order terms. Finally, to
establish the most general form of the solutions by the complex values of €, we should use the equation (2.3) and leave &
alone. Once doing this and substituting it into the summation, we establish the leading order approximation of w(z) as a
function of pre-factor functions in powers of € and exp(—i0) such that

[ fl2)dz
W@~ Y () LCHP) p(/ 2 )
= 2122 B | [Lexp(i(m— 6))g(2)]'*

, as n—» oo,

which is the leading high-order behavior of the asymptotic solution w(z) of equation (2.1) derived based on using the facto-
rial/power representation (3.1) with the limit n — co. The choice of rescaling & permits us to expand (2.1) as a power series of
its complex values. Again, the region of its validity depends on its singularity structure which may be addressed via exponential
asymptotics and it preserves all the features of the differential equation. Because the exact solutions of such type of equations
are rare in physics applications, one can implement this for the suitable choices of the pre-factor functions and can find the
limiting behavior of w(z) when needed. However, if it is not sufficient, this means that the perturbation parameter is not small
enough. Furthermore, as this expansion is naturally divergent due to increasing powers of the low-ordered terms, by taking
the ratio of the adjacent terms of the expansion, a general form of the optimal truncation point as well as the relation of the
resultant remainder, which is exponentially small, and divergent series can be directly and easily formulated and interpreted by
these specified formulas.
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4. Concluding remarks

This work has taken into consideration how to straightforwardly address the general form of the tail of the expansions for
complex g by focusing on the pre-factor functions of the certain ODEs in the form of this paper along with their effects in
the asymptotic expansions. The obtained links in relation to pre-factors can be implemented for the complex values of g,
whence they are extendable to complex region. Moreover, as one may notice that being € complex turns the pre-factors and
the right-hand side of the inhomogeneous singular equations into complex factors. Therefore, the formulas we have attained
are applicable for the study of the singular ODEs having the complex pre-factors as well.
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1. Triangles of unit circumradius

How to choose a triangle randomly on the circumference of a unit circle? An answer is selecting three points A, B,C on the
circumference uniformly. Many questions arise regarding these triangles ABC. What is the average area or average perimeter
or average inradius of the triangles? The average area of these triangles is known to be % =0.47746..., see [2], while the
average perimeter is = = 3.81971..., see [1]. Our goal is to calculate the average value of the inradius of the triangles. We
use the same characterlzatlon of the trlangle as in [2]. Suppose without loss of generality that the center of the circumcircle of
the triangle is 0(0,0), one vertex is A(1,0) and the other two vertices are determined by directed angles ZAOB = 6, € [0, 7]
and ZAOC = 6, € [0,2x). Then the inradius of the triangle is equal to

A(AABC)  Zsin 9 sin % ‘Sm 6,6,
PIAABC)
2

r(61,62) ZF(AABC) = ) ) o
sin 1—|—s1n 22 +‘sm 22271

We calculate the average value of the inradius. First note that

or  sin 'sm % Isin &2-0
/ / 2 2
sin & 5 +sin 92 + ‘sm 6-6,
6— 0,-6,

2% gin ' sin 922 sin 2 sin ‘ sin 622 sin =15
= — 5 6 d92d61+f 9 o o d6,do,
J6, sm - +sin 3 +sin 227 sin '+sm % +sin 12

1 T
= — / 11d91+/ Ldo;|.
T 0 0
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~|
|

d6,do;
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Simplify the integrand in /; as follows.

sin 92 sin 922 sin 92 ! 2sin % sin % sin # cos M
sm L+ sin 92 +sin & 91 2sin 92+91 cos 92 b 1 2gin 92 % cos 62 o
sin 921 sin 62 sin 92 o
sin 92+9‘ +sin 2 91
4sin % cos ﬁ sin % cos @ sin 92 b
251n 92 cos 91
= 2sin 91 cos 92 sin 92 il (1.1)
Analogously, for the integrand in I,
sin 92‘ sin % sin 2=% o, 92

o (2
= 2co0s 3 sin 3 sin

2
s1n +sm 4—s1n929z

Using (1.1), we calculate /; similarly as in [2]:
2
L = 2sin%/9 cos% sin%d@z
1

2
— in 0L 8 |iin &2 8 _ infL
= 2sin 4/9 COS [sm 7 COs - —sin 7 cos 4 do,
1

2 27

= 2sin%cos cos & sin & d6, — 2sin® o cos? & do,

a 4/, 4 4 2 Jo 4
1 1

2n 2
[—cos %} —2sin2% [sin%—f—%}
0 0
1 1
= sin3 [1 +cos 5 4—2s1n2 9'} — 27 sin? 91 + 6 sin 94

26,

. .20 .
= 2sm71727r51n211+6151n =+

while 0
0, [V 6 6-0 .6 26,
=2cos 3 /0 sin 7 sin == d6, = 2sin 5 — 6y cos”™ 7.

Therefore, integration by parts gives us
4 . 0 0 0
/ Ldo, = / 2sin3 — 7 (l—cosg)—&-?'(l—cos )del
0 0
= { 4c0s — 76 +27msin 9' + } {0, s1n921 +/ sin 9' do,

= 77:2+27r+”7+477r+2:6+7r717r

and analogously,

3 n 0
/Izdel = [ 2sinG - (1+cosy) a0y
0 0
277 T "7
= {—4cos%—%}o—{elsin%}o+/o sin%d@l
= 6-m— 17,

and we obtain the average value of the inradius as follows.

Formula 1. .
e U 11d61+/ Izdel]:—l—021585
1.1. Variance of the inradius
Calculate the second moment of the inradius.
— sin? 91 sin® 922 sin? 92;9‘ 6 sin? 91 sin® 922 sin? 91;92
2 - / / 5 d6,d6) + = / / 5d6,d6,
O s1n 61 +sm 2 |+ sin 26‘ s1n 2 +sm +sin 262

= 2[/ ]1d91+/ J2d91:|.
= 1Jo 0
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Simplification for the integrand in J is

sin? ﬁ sin® & sin? &6 9‘

— Aein2 01 ne2 &2 in2 =6
= 4sin 7 COs” 7 sin” =4

(sm 3+ +sm 2 | sin 92;61)

and for the integrand in J; is

262

sin? ﬁ sin

2 9| 6,
sin 5

_ 26 26
5 =4cos 7 sin 7 sin

26,-6 92
7

(sm > —i—sm +sin 2 92)

Calculate J; as follows:

i = l—cos / 1+cos (1—cos 2> 9‘>d62
21
= 7( —Cos 2) [62+2sm——2sm 61:|91 —% (l—cos@zl)./el %(cos 5 +cos (62——)) do,
= %( 7‘) (2%—61 3sm——7rcose21+621cosel).
Similarly,

J 1 1 61 91 92 91 91
h =5 |1+cos3 A 1 —cos > 1 —cos &8 do, = 1+cos? > 9173s1n + 5 cos 5

Calculation shows that

T
/0 Jldelz/ (l—cos )(27t 61—3sm7—77:c0592‘+92‘cos )dGl f%nJr}%n'z.
and
d .6 .8 3 5.0
/ J2d91:/ (1+cos )(01 3sm71+2'0092>d61 4+§7H‘E”'
0
Hence
U Jld91+/ szel} =2 2 0.06829..
and we get the variance of the inradius.
Formula 2. 3 144
var(r) = 2 -7 = 3~ =0.02169...

2. Triangles of unit perimeter

Consider those triangles, whose perimeter is equal to 1. Our goal is to calculate the average area, average inradius and
average circumradius of these triangles. The first question is, how to choose a random triangle ABC of sides a,b,c with
P(AABC) = a+b+ ¢ = 1? Note that necessary and sufficient conditions for a, b, ¢ to generate such a triangle are a,b,c > 0,
a+b+c =1 and triangle inequalities a4+ b > ¢, a+c > b, b+ ¢ > a. These necessary and sufficient conditions become

1
a+b+c=1 and 0<a,b,c<§. (2.1)

Our method of random choosing is the following. Choose number a uniformly from (0, %) then choose number b uniformly

from (% —a, %) and then fix ¢ = 1 —a — b. This method ensures that (2.1) holds. Then the average value of area

A(NABC) = %\/(a—l—b—kc)(—a—kb—i—c)(a—b+c)(a+b—c) = %\/(I—Za)(l—Zb)(2a+2b—l)

given by Heron’s formula is

1 1
_ Y yT—2a | 3
A:S/2 ; ? Vz V(1—2b)(2a+2b—1)db| da.
0 —a

Calculation [3] gives us

2b—1 1-2b)(2a+2b—1 2 V-2
/\/(1—2b)(2a+2b—1)db: (at )W( )@at )—a—arctanib—i-c,
' 4 2 2a+2b—1

whence
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Formula 3.

1

— T [2
=T [P T 2ad?da= L =0.02991.
2/0 aa“da 105 99

One can easily obtain

1— 1
A2 = : -
8/ l/éa(] 2b)(2a+2b—1)db| da 960"

and then the variance of the area.

Formula 4.
var(A) = AZ— A2 = L _ 0000146
n 960 11025
Since the inradius of triangle ABC is r(AABC) = % = 2A(AABC), we can easily obtain the average value and the
variance of the inradius.
Formula 5.
2r
¥ = —=0.05983....
g 105
— 4 4m?
= P2 P=___ = —0.000585....
var(r) " T 960 11025

The circumradius of triangle ABC is equal to R(AABC) = W}XE(J)' Therefore, the average value of the circumradius is

(1—a-">)
db| da.
/\/I—Za /a\/l— b)(2a+2b—1)

After some calculation [3] we have

b(1 — 2 _4a+2 2b—1 2b—1)\/(1-2b)(2a+2b—1
/ a_b) db:a at arctan a+2b +(a—|— )\/( )Qa+ )
V(1=2b)(2a+2b—1) 16 V(1=2b)(2a+2b—1) 16

From this, we obtain

+C.

b(l—a—>b
/ b e 2 —at2).
1-a+/(1-2b)(2a+2b—1) 16
Finally, we get the average value of the circumradius.

Formula 6.

_ 4at2 2
R== /zaa Aa”—4at2) 2% (59919,
2 1—2a 21

Note that since

TR
Rzzgzal

1
2 b*(1 —a—b)?
e /17 db| da

t o (1-2b)(2a+2b—1)

does not converge, the circumradius has infinite variance.

3. Conclusion

Our main aim in this study was to examine the average area, perimeter, inradius, circumradius of triangles. One approach for
considering certain triangles is to fix their circumradiuses to 1. Then the average area and perimeter of triangles were already
known to be % and 1—712 In the paper, we calculated the average inradius and the variance being % —1and % — %. Another
approach is to consider triangles of unit perimeter. We calculated the average area, inradius and circumradius of such triangles
being % 105 1 05 and 21 along with the accompanying variances. A possible extension of these results may be the calculation of
the average values of polygons with more than three sides.
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algebra and the cyclic group algebra. Also, we determine the pseudoblocks for the group
algebra of the special linear group SL(2, p) in the natural characteristic being the only finite
group of Lie type of finite representation type.

1. Introduction

In [1], the concept of pseudoblocks of the endomorphism algebra of a module over an algebra was introduced and shown
to have a control on the (Brauer) block distribution of the simple modules for the endomorphism algebra in the light of
the Brauer-Fitting correspondence. In this paper, we borrow the concept of pseudoblock from [1] to introduce it to finite
dimensional (not only endomorphism) algebras. We investigate the pseudoblocks for several known algebras such as the
triangular algebra and the cyclic group algebra. Towards the end, we investigate the pseudoblock distribution for the group
algebra of the special linear group SL(2, p) in the natural characteristic being the only finite group of Lie type of finite
representation type.

2. The pseudoblocks

The Brauer-Fitting correspondence relates the isomorphism classes of indecomposable direct summands of a module to the
projective indecomposable modules for its endomorphism algebra. This correspondence is shown in [1] to be incompatible
with the (Brauer) block distribution of modules in both sides. Instead, the concept of the pseudoblock of an endomorphism
algebra of a module over an algebra was introduced to ensure such compatibility. Here, we borrow this notion and introduce it
for any finite dimensional algebra. Let A be a finite dimensional algebra over an algebraically closed field F', modA denotes
the category of finitely generated A-modules, and we write /ndA for the class of indecomposable A-modules. We also write
(X,Y)4 for the A-homomorphism space Homy (X,Y) between two modules X,Y € modA. The pseudoblock linkage relation

P?A is an equivalence relation defined on IndA in terms of the homomorphism space.

Definition 2.1. If X.,Y € IndA, then X P?A Y iff there is a sequence of modules X = X1,X»,...,X; =Y in IndA such that for all
i {1,2,...,l} either (XhXH»l)A 75 0 or (X,‘+1,X,’)A 7£ 0.
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Clearly, = is an equivalence relation on IndA. We call the equivalence classes IndA/ = are called pseudoblocks of
PSA PSA

the algebra A.

3. Connection with the Brauer blocks
The following shows that the pseudoblock linkage principle P?A is stronger than the Brauer linkage principle ? relating
indecomposable modules which belong to the same block.

Lemma 3.1. IfX,Y € IndA andX Y thenX Y.

Proof. If X R Y then there is a sequence of modules X = X,X5,...,X; =Y in IndA such that for all i € {1,2,... ¢} either
(X, Xi+1)A ;é O or (Xi+1,Xi)a # 0. But this implies (see [2], p.93) that for all i € {1,2,...,¢} either X; ? Xiiq or Xiiq 7 X;, and
s0X ~ ~ Y. O

Remark 3.2. The converse of lemma 3.1 does not hold. If we take A = FSL(2,4) and CharF = 2, then A has four simple
modules namely 1,21,2,,4 (the latter being the Steinberg module) distributed into two Brauer blocks 1,21,2,, 4 . The two
——

By By
2
indecomposable modules 1, 1 € IndA belong to the same (Brauer) block, but they lie in a two different pseudoblocks of A. To
23

see this,

Figure 3.1: Some blocks in /ndA split into union of pseudoblocks

It follows that, in principle, some (Brauer) blocks of A split into a union of pseudoblocks, and so we have |IndA/ 7 | <
IndA/ =~ |.
[ndA/ PSAl

Motivation 3.3. If we take Y € modA (not necessary indecomposable) and write Inds(Y) for the isomorphism class of
indecomposable A-summands of Y, then applying the linkage relation P?A on Inds(Y), it was shown in [1] that the (Brauer)

block distribution of the simple modules of the endomorphism algebra E(Y) = Ends(Y) is controlled by the pseudoblocks
distribution of Inds(Y); that is if Y;,Y; € Inds(Y) and S;,S; € Irr(E(Y)) are the corresponding simple E(Y)-modules under
the Brauer-Fitting correspondence, then S; (%) N1 [?A Y;.

E(Y

A Useful Criterion 3.4. The pseudoblock equivalence relation P’?A is defined in terms of the homomorphism space (X,Y)a. If

X,Y €IndA, then (X,Y)a # 0 if and only if 3K <, X : X /K = submodule of Y. For, if 0 # f € (X,Y)a, then K = kerf < X
and X /K = Imf <, Y. Conversely, if 3IK <, X : X/K =T <, Y, then composing the map X /K =T — Y with the natural
map X — X /K we get a nonzero map 0 : X — Y. Therefore, we have the figure 3.2

Lemma 3.5. (X,Y)a #O0ifand only if IK <, X: X /K = a submodule of Y.

4. Connection with tensor algebras

Suppose that Aj, A, are two finite dimensional F-algebras. If X; € Ind(A;);i = 1,2, then it is known (by considering
endomorphism algebras) that X; ® X, € Ind(A; ® Az). The following theorem shows that the concept of pseudo-blocks is
compatible with tensor operation of modules.

Theorem 4.1. [3]. If X;, X! € Ind(A;);i = 1,2, then X; @ X3 PS(Az A )X{ ®Xj if and only if X, PSzAI X N X PS%AZ Xj.

1942
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X

Nl
N

Figure 3.2

Y

Proof. Since X P?Z Xj, there is a sequence X; = U;,Ua,...,U; = X| in IndA, such that for all j € {1,2,...,t} either
1
(Uj,Ujs1)a, # 0 or (Ujs1,U;j)a, # 0 . Similarly, since X, P?A Xj, there is a sequence X, = Vi, V,,...,V; = X} in IndA;
2
such that for all j € {1,2,...,¢} either (V;,V;1)a, # 0 or (Vj11,V})a, # 0 if and only if we have a sequence (with refining
sequences if necessary) X; ® Xo =U; @V, U, @V,,...,U; ®@V, :X{ ®X2’ such that for all j € {1,2,...,t} either

(Uj@Vj,Ujp1 @ Vi1 )aoa, 70 or (U1 @Vj1,Uj @ Vj)ayea, # 0

(by taking the tensor homomorphisms). Therefore, X; @ X, ~ X[ ®X).
1

PS(A1®A;)

5. The pseudoblocks of certain finite dimensional algebras

Here, we determine the pseudoblocks for some finite dimensional algebras. It turns out that the two concepts; blocks and
pseudo-blocks, coincide for all.

5.1. Semisimple algebras

It is clear that the two notions; blocks and pseudoblocks, coincide for any finite dimensional semisimple algebra A; that is
IndA/ 2= IndA/ ~. O

5.2. The symmetric group algebra FS;

LetA =FSs.

1. If CharF 1 |S3|, then A = F'S3 is semisimple, and so IndA/ 2= IndA/ 7~ as shown above.
2. If CharF = 2, then A has two simple module 1,2 and /ndA (consists of three indecomposable modules) has the following

block distribution: 1, } ,. 2 which clearly coincides with the pseudoblock distribution.
~~ B
B
3. If CharF = 3, then A has two simple modules both of dimension 1; Sy (the trivial module) and S (the sign module), and

IndA consists of six indecomposable modules all lie in one Brauer block and are connected by the following sequence

of A-maps
S1 So
S1 —>SO—>S()—>S1 — 81 —>S0—>S().
S So S1
S So

Hence, A = F'S; has a single pseudoblock in this case. Therefore, we have the following

Theorem 5.1. For A = FS3 and in all characteristic of F, we have IndA/ 2= IndA/ 0% O
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5.3. The triangular algebra

Now take
aill ain ... Adip
. . ann ... Adjp
A ={(aij) e My(F)la;j=0;Vi> j} =<a= . . @i €F p;
Ann

the algebra of n x n upper triangular matrices (which is isomorphic to the algebra of lower triangular matrices). Then, A is

isomorphic to the path algebra of an equi-oriented quiver of type A,. By Gabriel’s theorem (see [4, Chapterl1]), this quiver has
n(n+1)/2 indecomposable modules corresponding to the positive roots of Lie algebra of type A,. In fact, A acts on the space
of column vectors U = F" by matrix multiplication and

0 aln Aln
0 ary ... Ao
N:{ «,. -,‘ : }:J(A);
0 ap1n
0

the Jacobson radical of A, and consequently A has n simple (1-dimensional) representations Y, : A — F  (a— ay);v =
1,2,...,n (y, is an algebra map y, = y; < v = ). We also have

V1 V1
V2 :
NU:{ : :vieF},andNiU:{ vn._i :viEF},soUDNUDNZUD...DN”IUDOisacompositionseries
V-1 0
0 0

with dimNi_lU/NiU =1;Vi=1,2,...,n and Ni_lU/NiU = y,_;+1. Therefore, as A-module, U = F" has the following
(unique) composition series
UDNUDN*UD...ODON"'UDO0
Vo Va1 VYp—2...Y¥2 VYi.

It follows that the quotient module U; o = N"~'U /N"~"®U is a uniserial (hence indecomposable) with the following (unique)
composition series

Ui.cr
?abi 1 NH—EU
“Pi—l 1 Nn—i+1U
w_ 5 N'n—i+2U

tr!"':'—er+1 T NH_E-HIU

Figure 5.1

and hence U; o = N"‘iU/N”_i+"‘U; (i=1,2,....,nand . =1,2,...,i) give a complete set of indecomposable A-modules. Not
that U; o = Ujpei=jha= B and U; 1 = y;. The modules U; 1,Us 2, . ..,U,, give a complete set of projective indecom-

0 0 aly ... 0
0 0 ay ... 0
posable A-modules. In fact, it is clear that U, , = L, = { Do : S I ay,eFi<viv=1,2,... ,n} <A. Note
Ayy

00 0O 0 O
that the composition factors of U,,, = N*""U /N"U = N"1U are as follows:
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Uv,v
¥, |
3 N?’l—v+1U
lpvfl
Nn—v+2U

1!'-’1 d Nn—lU
40

Figure 5.2

The triangular algebra A is not semisimple (J(A) = N # 0), hence it has a nontrivial block theory. In fact, A = 2?3<v<n Uy
(projective indecomposable A-modules PIM decomposition) is known to be connected; i.e. it has a single non-zero central
idempotent, namely ,, and so it has a single block. On the other hand, from the structure of the objects U; o = N"-iy /N"—itey
(i=12,...,nand o =1,2,...,i) of Ind(A), the objects of the class Ind(A) can be connected by a series of A-maps as follows:

Un,l
/l\
/l\
Usg — ... = Uyps
T T
U371 — U4’2 — ... — Un,n—2
1) T 1)
Uz,] — U3_yz — U4’3 — ... — U,,,nfl
ll ) T ll
Ui — Uyp — Uz — Ugsa — ... — Unn
—_—————
n=2
n=3

n=4

Therefore, A has a single pseudo-block, and so we have:

Theorem 5.2. For the triangular algebra A over a field F, we have IndA/ P?A: IndA/ f’ U

5.4. The group algebra of cylic groups

We now consider the group algebra of cyclic group A = FC,;;n = p“e; p { e over a field of characteristic p. It is known (see [2],
p-34) that A = FC,, has e simple (all are 1-dimensional) modules {S} |4 is an e-th root of 1}, where S; = F on which C, acts
by multiplication with A. It is also known that A = FC, has a total of n = p“e indecomposable modules. For each integer
1 <m < p% there is a uniserial module L ,, of dimension m with all composition factors are isomorphic to S (note that
Ly 1 =S;). The set {L ,,|A,m} gives a complete set of n = p“e indecomposable FC,-modules. Clearly, PIM= {L; |4}
(Ly p« = P(Sy) is the projective cover of §;), and FC, = Zf L ya. The group algebra FC, has e blocks {B; |1}, where
By = {Ly |1 <m < p®}. Itis clear from the structure of L ,, that FC, has e pseudo-blocks.

Theorem 5.3. For the group algebra FC, over a field F, IndFC,/ b = IndFC,/ . O

n

5.5. p-group algebra in characteristic p

The group algebra F'G of a finite p-group over a field F of characteristic p is known to be indecomposable and has a single
simple module, namely the trivial module 1 = Fg, and hence has a single block. All indecomposable F'G-modules are uniserial
with all of its composition factors are isomorphic to Fi. Hence, IndF G forms a single pseudo-block of F'G.

Theorem 5.4. For the group algebra F G of a finite p-group over a field F of characteristic p, IndFG/ PS;?”G: IndFG/ F% .0
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6. The special linear group SL(2, p)

We now consider the group algebra A = FSL(2, p) in characteristic odd prime number p. It is known that SL(2, p) is the
only finite group of Lie type which is of finite representation type in the natural characteristic (see [5, Chapterl] ). It is
known that SL(2, p) has p (p-regular) conjugacy classes and (hence) p isomorphism classes of simple F'SL(2, p)-modules of
dimensions 1,2,3, ..., p distributed in three blocks By, B, B3 (see [6], p.469). We refer to each simple module by its dimension;
hence 1 is the natural representation of SL(2, p) and p is the Steinberg representation. There are p> — p + 1 indecomposable
FSL(2, p)-modules of which 2p — 1 of them are either simple or projective (The Steinberg representation is both simple and
projective). The number of remaining indecomposable (non-simple non-projective) FSL(2, p)-modules is (p — 1)(p —2).
Denote by P;1 <i < p, the projective cover of the simple FSL(2, p)-module i. The following theorem describes the structure
of the projective indecomposable modules.

Theorem 6.1. [2]. The projective indecomposable FSL(2, p)-modules have the following structures:

P Eiil<n <p—1 Py 15p>2

n
p—2 p—1-—n p+l—n 2

N

Figure 6.1

p—1

e and P,.

The structures of the other indecomposable (non-simple, non-projective) FSL(2, p)-modules are explained in the following
theorem

Theorem 6.2. [7]. Every (non-simple,non-projective) indecomposable FSL(2, p)-module M has two socle layers. The socle
of M consists of the modules i,i+2, ..., j(i < j), and the top consists of the modules p— j+¢&,p—j+€+2,....p—i+9,
where €,6 = +1.

The following theorem shows that, the compatiblity between the pseudoblock of FSL(2, p) and block theory.

Theorem 6.3. For the group algebra A = FG;G = SL(2, p) over a field F of characteristic prime number p,

IndA/ ~ = 1IndA/=~.
ndA/ PSA ndA/ A
Proof. First: The block B3 (which contains the Steinberg module p = P,) is clearly pseudoblock.

Second: Since B; contains all odd-dimensional simple A-modules except p, let P,,P; be projective indecomposable A-
modules, let m,i be simple A-modules; for all m,i € {1,3,...,p—2}, and let My be non-simple, non-projective, indecom-
posable A-modules; i' = {1,2,...,r}; in which P,,, P,, m, i and M in By for all m,i,i’. Let P,=i/p—1—i,p+1—i/i,
Pho=m/p—1—mp+1—m/m, M =i/p—1—i,p+1—i, Mry=p+1—-i/lii Mz=p+1l—mp—1—m/m,
My=p+1—-mp—1—m/iim, Ms=m/p—1—m,p+1—m, Mg=p+1—i,p—1—ili

Then, we have six cases as follows:
1. Let i,m be any two simple A-modules. Hence,
i— My — m.

Then, all odd-dimensional simple A-modules are connected either ways by a sequence of A-module homomorphisms.
2. Let i,m be simple A-modules, and let P;, P,, be projective indecomposable A-modules. Hence,

P—M —i, m—M;— P,
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Then, all odd-dimensional simple A-modules and all projective indecomposable A-modules are connected either ways by
a sequence of A-module homomorphisms.
3. Let M;i' = {1,2,3,5} be any non-simple, non-projective, indecomposable A-modules, and let i,m be any two simple
A-modules. Hence,
My —i, M, —m, Mz— P, — Ms— m.

Then, all odd-dimensional simple A-modules and all non-simple, non-projective, indecomposable A-modules M;;i' =
{1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
4. Let P;, P,, be any two projective indecomposable A-modules. Hence,

P—M —i—M —p+1—i—M3— P,

Then, all projective indecomposable A-modules P,,,¥m = {1,3,...,p —2} are connected either ways by a sequence of
A-module homomorphisms.
5. Let P, P, be any two projective indecomposable A-modules, and let My, M3, Ms, Mg be non-simple, non-projective,
indecomposable A-modules. Hence,
P, — M, N P, — M5.

Also,
Mg — P, Mz — P,.

Then, all projective indecomposable A-modules P,,,Vim = {1,3,..., p—2} and all non-simple, non-projective, indecom-
posable A-modules M;;i' = {1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
6. Let My,M>,M3,M4,Ms, Mg be any non-simple, non-projective, indecomposable A-modules. Hence,

Me — P, — M|,

My —i— My,
M3 — P, — Ms,

and
My — Ms.
Then, all non-simple, non-projective, indecomposable A-modules are connected either ways by a sequence of A-module

homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-modules in B; are connected either
ways by a sequence of A-module homomorphisms as follows:

P—Mp—i— ... My m<+ My < Py;
foralli,me {1,3,5,...,p—2}and ' ={1,2,...,r}.
Thus, the block B; does not split into union of pseudoblocks. So, B is one pseudoblock.
Third: Similarly, since the block B, contains all even-dimensional simple A-modules.
Let P,,P; be projective indecomposable A-modules, let e, j be simple A-modules; for all j,e € {2,4,...,p — 1}, and let
Nj be non-simple, non-projective, indecomposable A-modules; j' = {1,2,...,r}; in which P.,P;, e, j, and Nj in B, for all

e;jaj\'LetPj:j/p_l_j7p+l_j/j’ Pe:€/p—1—€,p+l—€/€, lej/p_l_jap+1_j’ N2:p+l_]/]’
N3:p_1_eap+l_e/e’ N4=p—1—e,p+1—e/e,j, N5:e/p—1—e,p+1—e, Nﬁzp_l_.]ap—"_l_]/]

Then, we have six cases as follows:

1. Let j,e be any two simple A-modules. Hence,
j— Ny —e.

Then, all even-dimensional simple A-modules are connected either ways by a sequence of A-module homomorphisms.
2. Let j,e be simple A-modules, and let P;, P, be projective indecomposable A-modules. Hence,

Pi— Ny —j, e—>N;3—PF,.

Then, all even-dimensional simple A-modules and all projective indecomposable A-modules are connected either ways
by a sequence of A-module homomorphisms.
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3. LetNy; J'=1{1,2,3,5} be any non-simple, non-projective, indecomposable A-modules, and let j, e be any two simple
A-modules. Hence,
Ny —j, Ny—e, N3;—PFP,—Ns—e.

Then, all even-dimensional simple A-modules and all non-simple, non-projective, indecomposable A-modules N; j =
{1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
4. Let P}, P, be any two projective indecomposable A-modules. Hence,

Pi— N —j—=N,—=p+1—j—=>N3s—=PF,.

Then, all projective indecomposable A-modules P,,Ve = {2.4,...,p— 1} are connected either ways by a sequence of
A-module homomorphisms.
5. Let P, P, be any two projective indecomposable A-modules, and let Ny, N3,Ns5,Ng be non-simple, non-projective,
indecomposable A-modules. Hence,
Pj — Nl, P, — Ns.

Also,
N(, —)Pj, N3 — Pe.

Then, all projective indecomposable A-modules P,;Ve = {2,4,..., p— 1} and all non-simple, non-projective, indecom-
posable A-modules Nj; J ={1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
6. Let Ni,N»,N3,N4,Ns,Ng be any non-simple, non-projective, indecomposable A-modules. Hence,

NG—)Pj—)Nl,
N —>j—>N2,

N3 — P, — Ns,

and
Ny — N3.

Then, all non-simple, non-projective, indecomposable A-modules are connected either ways by a sequence of A-module
homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-modules in B; are connected either
ways by a sequence of A-module homomorphisms as follows:

Pj—=Np—j— ...« Ny e« Ni P
forall j,e € {2,4,...,p—1}and j' ={1,2,...,r}.

Thus, the block B, does not split into union of pseudoblocks. So, B is one pseudoblock.
Thus, for group algebra FSL(2, p) in characteristic odd prime p the two notions blocks and pseudoblocks coincide.

Example 6.4. If p = 2, then the representations of SL(2,2) = S3 in characteristic 2; hence the two notions blocks and
pseudoblocks coincide as stated in section 5.

If p =11, then the following are the indecomposable FSL(2,7)-modules:

* The simple FSL(2,7)-modules are: 1,3,5,2,4,6, 7 .
—— e~ N

B B> Bj
* The projective indecomposable FSL(2,7)-modules are:

1/5/1, 3/3,5/3, 5/1,3/5, 4/2,4/4, 2/4,6/2, 6/2/6, 1.

* The (non-projective non-simple) indecomposable FSL(2,7)-modules are:
5/1, 1/5, 3/5, 5/3, 3/3, 3,5/3, 3/3,5 1,3/5, 5/1,3, 3,5/1,3,5,
1,3,5/3,5, 1,3,5/1,3,5, 3,5/1,3, 3,5/3,5, 1,3/3,5.(inBy)

2/6, 6/2, 4/2, 2/4, 4/4, 4,6/2, 2/4,6, 2,4/4, 4/2,4, 2,4/2,4,6,
2,4,6/2,4, 2,4.6/2,4,6, 2,4/2,4, 2,4/4.6, 4,6/2,4. (inB,)



Fundamental Journal of Mathematics and Applications 69

The total number of indecomposable modules is 43 = 7> — 7+ 1, where Extpsi27) (i, j) are 1-dimension for all indecompos-
able FSL(2,7)-modules as stated in ([5], p.117).

The indecomposable FSL(2,7)-modules in B forms a single pseudoblock via the following sequence of homomorphisms:
3/3—1,3,5/1,3,5—1,3,5/3,5—~1,3/3,5—~1,3/5—-5/1,3/5—5/1,3—3,5/1,3—3,5/1,3,5—3,5/3,5—>3,5/3 —
3/3,5/3—-+3/3,5—+3/5-3—-5/3—-5—>1/5-1-=5/1—=1/5/1.

The indecomposable FSL(2,7)-modules in B, forms a single pseudoblock via the following sequence of homomorphisms:
4/4 —2.4,6/2,4,6 52,4,6/2,4—4,6/2,4—4,6/2—2/4,6/2—2/4,6—2,4/4,6—2,4/2,46—2,4/2,4—24/4—
4/2,4/4 - 4/2.4 -4/2 -4 —-2/452—6/2—56—2/6—6/2/6.

O
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vector field. Thereafter, bounds are provided for both the squared norm of the (screen) shape
operator for non totally geodesic maximal null hypersurfaces and the scalar curvature of the
fiber. In terms of the scalar curvature of the fiber and the warping function, we establish
necessary and sufficient conditions for Null Convergence Condition (NCC) to be satisfied
in which case we prove that there are no non totally geodesic maximal null hypersurfaces.
A generic example consisting of graphs of functions defined on the fiber is given to support
our results. Finally, we provide lower bounds for the extrinsic scalar curvature and give a
characterization result for Willmore null hypersurfaces in generalized Robertson-Walker
spacetimes.

1. Introduction

The study of maximal spacelike hypersurfaces in Lorentzian manifolds is an important topic as evidenced by the considerable
amount of papers devoted to this purpose ([1]-[13], and references therein). The big amount of interest to these objects is due
to to the fact that they play a key role in the dynamic aspects of general relativity and are solutions of existence and uniqueness
Calabi-Berstein type problems [2, 6]. The reason for the terminology maximal (in contrast to the minimality in Riemannian
setting ) is that the vanishing of the mean curvature is equivalent to the fact that the hypersurface realizes a local maximum of
the area functional for compactly supported normal variation. Willmore hypersurfaces are generalization of the maximal ones.
They are critical point of the total squared mean curvature functional whose study was proposed by Willmore in 1965. Most of
the works done since then are on (nondegenerate) 2—dimensional surfaces in (semi-)Riemannian setting [14]-[17].

Null hypersurfaces are genuine objects in Lorentzian geometry in the sense that they have not Riemannian counterpart. They
are very interesting in general relativity and black hole horizons are one of the most remarkable examples, and recent works
show that there is an increasing interest on null hypersurfaces both from a physical and geometrical point of view [18]-[24].

In this paper we are interested in maximal and Willmore null hypersurfaces in generalized Robertson-Walker spacetimes. Our
main aim is to give existence and characterization results both for maximal and Willmore null hypersurfaces and bring out
some of their geometric properties.

The paper is organized as follows. In Section 2 we revise some facts about null hypersurfaces in Lorentzian manifolds with
special attention paid to their connection with Chen’s concircular vector field and symmetries of generalized Robertson-Walker

Email addresses and ORCID numbers: atincyr @gmail.com, https://orcid.org/ 0000-0001-8346-4027 (C. Atindogbe), hiph14@yahoo.fr, https://orcid.org/ 0000-0002-4068-
6225 (H. Hounnon)
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spacetimes. Section 3, after some technical results (Proposition 3.1), presents a characterization of maximal null hypersurfaces
in terms of a constant mean curvature screen foliation induced by Chen’s vector field in the slices (Theorem 3.2). Also,
necessary and sufficient conditions to obey the Null Convergence Condition (NCC) are provided in terms of the scalar curvature
of the fiber and the warping function. In this case, we prove that there are no non totally geodesic maximal null hypersurfaces.
Upper and lower bounds are provided for both the squared norm of the (screen) shape operator of non totally geodesic maximal
null hypersurfaces and the scalar curvature of the fiber (Theorem 3.4). In Section 4 we support above results by a generic
example consisting of graphs of functions defined on the fiber and establish the maximality condition in terms of the Laplacian
of the involved functions (Theorem 4.1). Section 5 is concerned with providing a lower bound for the extrinsic scalar curvature
for maximal null hypersurfaces (Theorem 5.2). Finally we give in Section 6 a characterization of Willmore null hypersurfaces
in generalized Robertson-Walker spacetimes (Theorem 6.3).

2. Preliminaries
2.1. Some symmetries of generalized Robertson-Walker spacetimes

A Generalized Robertson-Walker spacetime (GRW in short) is the warped product M=-Ix 1 F, where I (the base) is an open
interval of the real line R, (F, gr) the fiber is a Riemannian manifold of dimension n—1 and f > 0 is a smooth warping function
(or scale factor) defined on /. It is then endowed with the Lorentzian metric

g=-d’ + fA(gr

where ¢ stands for the natural (global) parameter on R. In particular, when the Riemannian fiber F has constant sectional
curvature, then —/ X ¢ F is classically called a Robertson-Walker (RW) spacetime, and it is a spatially homogeneous spacetime.
Throughout, 7y (resp. nrr) will denote projection on the base space I (resp. on the fiber F).

Observe that the existence of a globally defined timelike coordinate vector field J; makes a GRW time-orientable. The vector
field

{= f 0;
is timelike, closed and conformal. If V denotes the Levi-Civita connection of M, it holds for vector fields V tangent to M,
Vvl =f(0)V.

The above definition of GRW spacetimes highlights the existence of a spacelike hypersurface foliation with leaves the slices
{t} X F ( spatial universes), (t € I).

A nice characterization theorem by Chen [25, Theorem 1] states that a Lorentzian manifold of dimension n > 3 is a GRW
spacetime if and only if it admits a timelike concircular vector field. Following Fialkow [26], a concircular vector field is a
vector field v which satisfies

ﬁxv =uX

for vector fields X tangent to M, where V denotes the Levi-Civita connection of M and_,u is a smooth function on M. A vector
field v as above is called Chen’s vector field. It is an eigenvector of the Ricci tensor of M with eigenvalue we denote by o~. The
Weyl tensor of M is

——g0g+ —(Ric-3)0F

W = R+
2n(n—1)

where we use the following definition for the Ricci tensor : Ric(X,Y) = trace (Z — R(Z,X)Y ), being s the scalar curvature of

M. Tt can be shown ( [11]) that the components of the Ricci curvature are given by

= n_z E_O- - <V,aj><V,6k> (V,(')j)(V,BQ
R, = . .- . 2.1
J* v, v) W 05v.00) + n—1 (gfk v, v) )+ v, v) .1
Using warping coordinate frames, it holds
— ~ f//
Ric(8;,0;) = —(n- 1)7
Ric(0;,X) = 0
Ric(X,Y) = Ricg,(X.V)+|ff"+(n=2)f?|gr(X.Y) (2.2)

where X and Y are tangent to the fiber F.



72 Fundamental Journal of Mathematics and Applications

2.2. Geometry of null hypersurfaces

Let M be a null hypersurface in a Lorentzian manifold (M",g), i.e a hypersurface for which the induced metric tensor g = g|,,
is degenerate on it. A screen distribution on M"~' (n > 3), is a complementary bundle of TM~ in TM. It is then a rank n—2
non-degenerate distribution over M. In fact, there are infinitely many possibilities of choices for such a distribution. Each
of them is canonically isomorphic to the factor vector bundle TM/T M+*. From [20], it is known that for a null hypersurface
equipped with a screen distribution, there exists a unique rank 1 vector subbundle 17(T M) of TM over M, such that for any
non-zero section & of TM* on a coordinate neighborhood % C M, there exists a unique section N of tr(T M) on % satisfying

gN.&) =1, g(N,N)=g(N,W)=0, ¥V WeSN)lz)

where .(N) denotes the fixed screen distribution.

Then TM admits the splitting:
TM|y = TM&tr(TM) = {TM* & tr(TM)}®.7(N).

We call tr(T M) a (null) transverse vector bundle along M. Now, we need to clarify the (general) concept of rigging for null
hypersurfaces (see [23] for details).

Definition 2.1. Let M be a null hypersurface in a Lorentzian manifold. A rigging for M is a vector field { defined on some
open set containing M such that {,, ¢ T,M for each p € M.

Given a rigging ¢ in a neighborhood of M in (M, ) let @ denote the 1-form g-metrically equivalent to Z, i.e. @ =g(¢, .). Take
w =i*a, being i : M — M the canonical inclusion. Next, consider the tensors

g=g+a®a and g=i*g.

It is easy to show that g defines a Riemannian metric on the (whole) hypersurface M. The rigged vector field of ¢ is the
‘g-metrically equivalent vector field to the 1-form w and it is denoted by £. In fact the rigged vector field & is the unique lightlike
vector field in M such that g(£,£) = 1. Moreover, £ is g-unitary. To a rigging ¢ for M is associated the screen distribution .7(¢)
given by #({) = TM N {*. Tt is the g-orthogonal subspace to & and the corresponding null transverse vector field on M is

1_
N={-28.0%.

A null hypersurface M equipped with a rigging { is said to be normalized and is denoted (M,{) (the latter is called a
normalization of the null hypersurface). A normalization (M, () is said to be closed (resp. conformal) if the rigging ¢ is
closed i.e the 1-form « is closed (resp. { is a conformal vector field, i.e there exists a function p on the domain of £ such that
Lsg =2pg ). We say that { is a null rigging for M if the restriction of { to the null hypersurface M is a null vector field.

Let ¢ be a rigging for a null hypersurface of a Lorentzian manifold (M,g). The screen distribution .#(¢) = kerw is integrable
whenever w is closed, in particular if the rigging is closed. Throughout, the ambient Lorentzian metric g will also be denoted

P2

On a normalized null hypersurface (M, (), the Gauss and Weingarten formulas are given by

VxY =VxY+B(X,Y)N, (2.3)
VxN  =—-AxX+7(X)N,
*
VxPY =VyxPY+C(X,PY)E, (2.4)
*
Vxé = —A X —1(X)§,

for any X, Y € I'(T M), where V denotes the Levi-Civita connection on (M, 2), V denotes the connection on M induced from v

*
through the projection along the null transverse vector field N and V denotes the connection on the screen distribution .({)
induced from V through the projection morphism P of I'(T' M) onto I'(.#({)) with respect to the decomposition (2.4). Now the

*
(0,2) tensors B and C are the second fundamental forms on M and .#({) respectively, Ay and A, are the shape operators on
T M with respect to the rigging £ and the rigged vector field £ respectively and 7 a 1-form on T M defined by

7(X) = g(VxN,&).
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For the second fundamental forms B and C the following hold

B(X,Y)= g(IZgX, Y), CX,PY)=gANX,Y) VX, Y eI (TM),

and
B(X,£) =0, :\§§:O and C(X,Y)-C(,X)=(X,Y],N),

*
and the last equality shows that the screen structure .%({) is integrable if and only if C is symmetric on it. In this case, V is the
Levi-Civita connection of the screen foliation from (M, g) and Equations (2.3) and (2.4) show that its second fundamental form
is
F(X,Y)=CX,Y)é+B(X,Y)N, X,Ye. L.

Let denote by R and R the Riemannian curvature tensors of V and V, respectively. Then the following are the Gauss-Codazzi
equations [20, p. 93].

(VxBN)(Y,Z) - (VyBY)(X,Z)

+TVXOBY(Y,2) - N (Y)BV(X,2),
(R(X, Y)Z, PW> +BN(X,2)CN (Y, PW)

-BN(X.Z)C (X, PW),
(RX.V)EN) = CV(Y.Ag X)~ CV(X. Ag Y)

=2d™N(X,Y), VX,Y,Z,W e (T M|y).
((VxAWY.PZ)~((VyAN)X. PZ)

(R(X.Y)Z.£)

(R(X.V)Z.PW)

(RX.Y)E.N)

(R(X.Y)PZN)
+7V(V)(AnX, PZ) - TV (X)(ANY, PZ).
A null hypersurface M is said to be totally umbilic (resp. totally geodesic) if there exists a smooth function p on M such that at

each p € M and for all u,v € T,M, B(p)(u,v) = p(p)g(u,v) (resp. B vanishes identically on M). These are intrinsic notions
on any null hypersurface in the sense that they are independent of the normalization. Remark that M is totally umbilic (resp.

* * *
totally geodesic) if and only if Ag = pP (resp. A¢ = 0). The trace of A¢ is the null (non normalized) mean curvature of M,
explicitly given by

n—1 % n—1
Hy= ) (Aglen, e = ) Bleyei,
i=2 i=2

being (e3,...,e¢,-1) an orthonormal basis of .({) at p. Let V denote the Levi-Civita connection on the rigged Riemannian
structure (M, g). It holds [23],
(Leg)(X,Y) = -2B(X.Y), X.Y €. S().

In particular,
H=—div ¢ (2.5)
Observe that if M is orientable compact without boundary it follows from (2.5) that f Hdg =0.
M

Now, we recall from [18], the following generalized Raychaudhury equation,

Ric(€) = E(H) + 1@ H — Al (2.6)

3. Maximal null hypersurfaces in GRW spacetimes

Due to the causal character (0,7 —2) of a null hypersurface in any n—dimensional (n > 3) Lorentzian manifold, the normalization
problem in a GRW spacetime has the outstanding feature that the Chen’s closed timelike concircular vector field £ = £, can
act as rigging vector field for each of them. Let & denote the corresponding rigged vector field. The associated null transverse
vector field is

1
N=fo,+ §f2<r>§.
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By the Weingarten formula, it holds
/ 1 2 Lo
—ANX+T(X)N = f'(HX + E(x.f )é+ 5f (- AeX—7(X)¢) for X € X(M). (3.1)

Hence, for X € .7(?),
1 * 1
(—AwX+ 3/ AeX = ' OX)+ (52700 = (X Nf e+ TOON = 0.
Then,

1
7(X) =0, X-f=0 and AnX-= §f225X_f,(t)X

for all X € .7(0).
Now take X = ¢in (3.1) and get

ANE=0, (&) =0 and §~f=—§. (3.2)

Then, we can state:
Proposition 3.1. Let M be a null hypersurface in a GRW spacetime normalized with the Chen’s vector field { = fd,. Then,

(i) the 1—form T vanishes identically on M and the rigged vector field £ is geodesic.

(ii) £&-f = —fTI and for all vector field X tangent to the screen structure . (), it holds X - f = 0.
(iii) Forall X € X(M),

1 *
ANX =S f2 A X7 = [ (0X 7,
where X = PX with P the projection morphism of T(T M) onto T(.7({)) with respect to the decomposition (2.4).

Since ¢ is closed, the screen structure .7’(¢) induces a foliation on M. For p = (t,x) € M let ., denote the leaf of .7() through
p. Every X € X(M) splits as follows

X= —%a/(X)a, +XxF

where X is the lift of the projection of X onto the fiber F and @ = g(/,-) = —fdt is the 1—form metrically equivalent to ¢
respect to g. It follows that X € X(M) is tangent to the screen structure if and only if X = X € ¥(F). In other words, each leaf
F, is a hypersurface in the slice {m;(p)} X F. Furthermore, for X € X(M), it holds X = a(X)é +X which gives

XF=x7 + a(X)ér,
where & = —%6; +&F . In particular g (X, £F) = 0. Then, since gr(¢F,&F) = f% it follows that at each point p = (t,x) € M, the

vector f(1)&F is a unit normal in {#} X F to the leaf .7 p of Z({) through p. Let A* . and H 7 denote respectively the shape

F
f&
operator and the mean curvature of .%,, as a hypersurface of the slice {r} X F' which inherits the metric 2 (H)gr.

Theorem 3.2. Let I Xy F be a GRW spacetime. A null hypersurface M is maximal if and only if the screen foliation induced

by the Chen’s vector field { = 0, has constant mean curvature —% in each slice {t} X F.

Proof. Given X € X(M), we have

* — — 1 . — —_
~heX = fo : Vx(l— Foee)= 20— ST T
= o [T pol+ T
X-f, o1 o< S
= zxf—zfa, - %X_ ;/a/(X)Vgth +Vyreh
= 2 7 & — FX— 7a(X)§F+VXF§F (3.3)

*
As Ag& =0, we just need to compute (3.3) for X € A ({) ie X = XF = X for which X f =0 as seen from item (ii) in
Proposition 3.1 and a(X) = 0. Let V/ denote the Levi-Civita connection of (F,gr). We have for all X € .7 (0),
* Iy s /'y 1o
AcX = TX-Vyel = X - —Vyfe
¢ Iz 2
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f

fzx——[v feF+(x, f€ >fa,]
thus for all X € . (0),
* 1
AgX—j: X+fA‘;$F (3.4)

Let (0;, ffF ,€2,...,en—1) be a frame field on M along M such that (es,...,e,—1) represents an orthonormal basis for . (). The
null mean curvature H), at p = (¢, x) is given by

1
Hy, = Z(Age,,w Z[ (eisei) + — <A;§Fei»ei>}
f o n=-2_
= (n- 2)f2 7 HZ
that is
-2 7

Hy = =0+ 1017 | (3.5)
and the claim follows from (3.5). O

In the way of above proof, we have established (combining (3.4) and ng = 0) the following:

Proposition 3.3. Let I Xy F be a GRW spacetime. A null hypersurface M is totally umbilic if and only if the screen foliation
induced by the Chen’s vector field { = f0; is totally umbilic in the slices.

Theorem 3.4. Let I Xy F be a GRW spacetime and suppose M is a maximal null hypersurface normalized by the Chen’s vector
field ¢ = fo,.

(i) The squared norm of the screen shape operator has the following upper bound

1Al < 2w .0+ (=1 -2)f f" - s (3.6)

1
f - 1)f4[

with equality if and only if the scale factor f is constant, in particular the slices are minimal.
(ii) If the warping function f has a convex logarithm i.e (In f)”" > 0 (resp. a concave logarithm, i.e (In )" <0) then

AelP = "2 w(s.e..6) -

1
" a-Df"
x5 n— 2 1
(resp. 1l A¢lP? < a7 WEEL) - mw)
with equality if and only if the warping function is given by
f@) =kexp(dr), keR}, A€R.

(iii) If the Weyl tensor satisfies ig, W = 0, then the Null Convergence Condition (NCC) holds if and only if the scalar curvature
sr of the fiber F has the following lower bound

sp > (m—1Dn-2)f*(nf)", (3.7)

in which case the GRW spacetime admits no non totally geodesic maximal null hypersurface. Otherwise, on the set of
non geodesic points it holds

I Aell < (=1 =2)f " s (3.8)

1
(n—l)f4[

with

sp<(m-=1Dn=-2)ff".
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Proof. From (2.1) and (2.2) it is easy to see that the eigenvalue o associated to the Chen’s vector { and the scalar curvature s
are given by

=(n- 1)1%
and
s=2(n- l)f—N +(n— 1)(11—2)]6—,2 +2£.
f 7 f?

It follows from (2.1) that for all null vector U,

—_— a £ U 4

RIE(U) = ~(n— D W(B,. U.9,, U) — o ? [(n= D -2)(In f) 7] (3.9)
In particular,

S (I’l - 2) 7

Ric(®) = —— JE.0¢ 1)f4 ——— |- D =2)2(n £y = 5 |- (3.10)
It follows from (3.10) and (2.6) that for a maximal M,

* —_ n-2 1 4
1Al = -Ric€) = =5"W@£L8)+ o= D=2 = ¢

which gives (3.6) with equality if and only if f” = 0 in particular the slices (with mean curvature j} (( )) ) are minimal and (i) is

proved. For (ii), since n > 3, the hypothesis implies (n — 1)(n—2) f2(Inf)”” > 0 (resp. (n— 1)(n—2)f2(Inf)"" <0 ). The equality
case for both estimations is obtained for (In f)" = 0 that is f(r) = kexp(f), keR}, A€R.

Suppose the Weyl tensor satisfies isg, W = 0. Then, from (3.9) the null convergence condition holds if and only if the scalar

* —_
curvature sg of the fiber satisfies (3.7). In this case, using (2.6) for a maximal M leads to —|| A¢ I = Ric(é) > 01i.e 25 =0and
M is totally geodesic. Otherwise (i.e if the null convergence condition failed), for the set of non geodesic points,

sp<(n=Dm=2)f2(nf)" = (n-D)n-2)ff" - f*) < (- Dn-2)ff"
and (3.8) follows from (3.6) in which the first term vanishes. O
4. A generic example

Let I X7 F be a GRW spacetime and consider i : F — [ a differentiable function with graph

M ={(y(x),x), xeF}.

This is a null hypersurface if and only if

ligrad” yllr = f oy, (4.1)

that is i is a generalized eikonal function. In this case, a rigging for it is

{=(foy)o;
with associated rigged vector field given by
&= L 5 : grad’y (4.2)
fou™ (foup ' '

In particular &F = —

1
Foup grad”y. The screen structure is given by the level sets of y: for each p = (f9,x0) € M, Fp =
o
{to} X w‘l (to). Let us compute the second fundamental form and screen shape operator for {#o} X s w‘l (to) relative to {fo} X ¢ F.
Let

|
= adf
WS e Y
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As per (4.1), uy is a unit normal vector to F y) in {t} X F and we have

1 1

——— 5
=i T ow™ T (f 7

[ 6[+u¢,]

Then, for any X € X(M),

_A§X = gxf:§_<x’at>al+x [f lﬁ( (9,+u¢,)]
1 floy L froyor X0 (fo)
= —(X.0 X
X005y Fou™ " Foy fou F(fw)z '
1 , X" (foy)
+mvxpuw+(f oy)gr(XF ,Mw)az—wuw-
But the left hand side belongs to the screen structure, which is orthogonal to { = f9;, so it holds
xF. X" (foy) _ F f oy
—(f"o X", =- 01, X 4.3
Gegp = U oWREX ) = = (01,0, (4.3)

that is
XE - (foy) = —(f o), X),

where in (4.3) we use (9;, X) = (XF,uy) = (f o) gr(XF,uy) due to (X, &) = 0.
Then,

* floy U ffovor 1 op  XP(fou)
AcX = (X0 X VE oy + —
g <f ’;f wftﬂ Fou fou ~ foy X Trogp M
(4.3) o 7
S xF vE,

(fou) fow Xt

Replacing uy leads to

f'oy i

* 1
AeX = WV§FgradF W+ (fOWXF +2(f°lﬁ) (X, 0)grad"y.
In particular, for any X € . ({),
* 1 f oy
AeX = vEgrad” X
¢ Gopy XE VT R
Hence, for X,Y € X(M),
B(X.Y) = fi 5 Hessy (X YD)+ (f ongr(X”. Y5
floy F
2X,0 dy(Y").
+2( z>(fo¢)2 w(¥)

Then the restriction B, OO of the second fundamental form reads for all X,Y € .%({),
1
B(X,Y) = ——Hess,(X,Y)+(f oy)gr(X,Y).
foy

Consider a quasi g—orthonormal frame field (0,, f.fF ,€2,...,6y_1) 0N M with (ei)2<i<n—1 tangent to % . Then, (f 2§F ,fer,....fen1)
is an orthonormal frame field for gr. Therefore, the null mean curvature reads

n—1
> Blee)
i=2
1 n-1

n—1
- foy ZgF(Vfigrade, ei) +(f’ Ol//)ZgF(ei,ei)
i=2 =2

H
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1 n—1 f,ow n—1
= ——— > gr(VE, erad"y, fe;)+ gr(fei fe)
(fo¢)3; (%% ) <fow>2;

n—1
T (fo 1@3 [Z gF(V?e[gradFl/hfei) + gF(ijzfpgradFlp,fng)]
f oy

(fou)?

';gF( f2§Fgradef f )+(n 2)
[ oy

(fou)
oergrad”y, f2€0).

(foy)

1
T 0 Ay+-2)

T (fopy Foarer("

Let us compute the term gF(ngo¢)2 o grad®y, (f oy)?eF ) Note that from (4.2) (f oy)?&F = gradfy. So,

1
fou
~(f ow)gr(Virerad”y, grad”y)

= LD (jgraa i)

= —(fo W (f W)

2 (fo W’} = o,

gF<V€£ow)2§F gradFlyb’ (f o w)zé:F)

It follows that

AF 3)(f o } 4.4
-7 W U+ (n=3)(f o)(f oy) (4.4)

From (4.4) we can state the following:
Theorem 4.1. Let I Xy F be a GRW spacetime and consider  : F — I a differentiable function with graph

={(W(x),x), x€F)} suchthat ||grad"y|lr = foy.

(i) M is a null hypersurface which is maximal if and only if
ATy = ~(n=3)(f oy)(f oy)

(ii) If M is maximal then ATy is constant on each leaf F,, p € M.
(iii) The (Riemannian) mean curvature H of a leaf F, as a hypersurface in the slice {mj(p)} X F is given by

; 1
H” = =2(fou) Ay = (f oy)(fop)|. (4.5)

It follows that leaves of the foliation .F has constant mean curvature if and only if AF s is constant leafwise. In particular
they are minimal if and only ifAthng =(f o)(foi).

Proof. The first claim (i) follows from (4.1) and (4.4). For (ii) just recall that i is constant on each leaf of the foliation .%.
Now, for (iii), use (3.5) and (4.4) to derive (4.5). ]

5. The extrinsic scalar curvature estimates

In [19] we pointed out that there are no natural ways to induce a scalar curvature analogue on null hypersurfaces (or more
generally a null submanifolds) as usual. The drawback in considering this concept on null hypersurfaces is twofold: since
the induced connection is not a Levi-Civita connection (unless M be totally geodesic) the (0,2) induced Ricci tensor is not
symmetric in general. Also, as the induced metric is degenerate, its inverse does not exist and it is not possible to proceed in the
usual way by contracting the Ricci tensor to get a scalar quantity. A first attempt in this way was made in [27] which consists to
restrict the concept to a very limited class of null hypersurfaces: those admitting a ”canonical screen distribution” that induces
a canonical transversal vector bundle and a symmetric induced Ricci tensor. Although the above two conditions are interesting
to compensate lacking due to the above quoted difficulties, to admit symmetric induced Ricci tensor in lightlike setting is
very restrictive. Also, the problem in contracting with respect to the noninvertible induced metric is still unsolved for the
general setting. However, when the null hypersurface is provided with a normalization (a rigging), thanks to the nondegenerate
associated rigged structure, we can drop above restrictions and construct an analog of this scalar quantity (see [19]) called
extrinsic scalar curvature, referring to the use of an extra structure ¢, the rigging.
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Our purpose in this section is to determine this scalar quantity for null hypersurfaces in GRW spacetimes, normalized by the
Chen’s vector field ¢ = fd, and give some bounds for it in case the null hypersurface is maximal.

Let Ric denote the induced Ricci tensor on the normalized (M, (). We define the symmetrized (0,2)—Ricci tensor Ric*™ by
Ric™™(X,Y) = %[Ric(X, Y)+Ric(Y,X)|
By direct computation ([19]), we see that
Ric®™(X,Y) = Ric(X,Y)+B(X,Y)tr(Ay)

_% [(E(g, X)YN) +(RE XN+ (AvX, Ag V) + (AN YA X) | (5.1)

Now, the extrinsic scalar curvature s; on (M, () is the g—trace of Ric*™, where g is the associated Riemannian rigged structure,
i.e

s¢= ’g“ﬁRic;g” (5.2)

being (e] = &, e,...,e,-1) a g— orthonormal frame field on M with (e;)1<j<,—1 tangent to the screen structure. We compute the
components Ricfjém using (5.1), (3.2) and symmetries in (2.2).

Rich)" = Ric™6.6) = Riate.6) = Fie(~ o +£" =50, +¢)

f
7 7 _ )
= —(n- I)JJZ—3 LD +(}14 2f +RicF(§F,§F)
= 2}:2” (nf)” +Ric* (" ,&").

Ric)" = Ric™"(€.e) = Ricté.e)— 5 (R.ehe.N)
= Ric" (& e)

Ricf}ym =Ric"™(ej,e;) = Ric(ei,e;)+ Blei,e)tr(Ay)
1 1 —

—§(<f3z + zfzf,R(f, eje:)
1 _

+<f(9t + Efzf,R(f, ei)€j>)
* *

+<ANei,A,f ej> + +<ANej,A§ e,~>

Then, using the following relations of curvature tensor [28],

R@,0)3; = R@,0)X" =RX",¥Y"d,=0

RXF.000, = —fTXF, R0, XYY = £ gr(XF .Y,
E(XF, YF)ZF — RF((XF, YF)ZF)+f/2|:gF(XF,ZF)YF—gF(YF,ZF)XF]

we have

Ric™™ (e; e ;) Ric(ej,ej)+ Blej,e)tr(Ay)

1 1
_i(sz”gl-‘(ei,ej) + §<RF(§F,€j)€i,§F>
Lok .F F s
+§<R (" epej,é >—ZFgF(€i,€j)

+< 2§AN€i,ej> + < A(_gANe‘j,e,'>)
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Now, relation (iii) in Proposition 3.1 implies

* 1 * ,
< AgANej,€i> = §f2< Agzei,€j> -f B(ei’ej)
and
1
tr(Ay) = zsz—(n—2)f’.

Then,

Ric™™(eive)) = RiCF(ei’ej)+[(”—2)+%Z]flng(ez',ej)
+[% fPH+@B=n)f |Bleie))
—%f2[<RF(e,-,§F)fF,e,~)+(Zx§e,-,zfej>]

Also, the components g* in the same frame field are the following:
20 =1, 2% =30 =, =ij 1 ij

Finally, after substitution in (5.2) and reducing we get the following expression for the extrinsic scalar curvature s; on the
normalized (M, ).

Proposition 5.1. Let I Xy F be a GRW spacetime and suppose M is a null hypersurface normalized by the Chen’s vector field
{ = f0;. Then the extrinsic scalar curvature on (M, () is given by

S = JT4SF+

1 *
——[RicF(fF & +f2I| Ae P
=gy + =2 e [(n 2)f +1]anfy. (5.3)

sz +(3-n) f’]H

f2
Theorem 5.2. Let I X¢ F be a n—dimensional GRW spacetime (n > 3) and M a maximal null hypersurface normalized with

the Chen’s vector field { = f0,.

(i) If f is a convex decreasing warping function then s; has the following upper bound
i 2 Rick (€7 &)
f A2
(ii) Ifi;W =0 (a quasi-Einstein space), then on the set of non totally geodesic points of a maximal null hypersurface, it holds
1 f? Lo o oF
> —|l+——sF+—=R ,
= f4[ z(n_l)]sF SRicl € £")

—%[%ﬁf" == (-2f + l)ff']. (5.4)

Proof. Ttem (i) is immediate using (5.3). Indeed, we have H = 0 (maximality), —% f2|| 25 II> <0 and as n >3 the hypothesis on
the warping function f leads to 25 (ln '+ 22 [(n -f+ 1](ln f)’ < 0. For (ii), the hypothesis implies from (3.8) that

1 *
3 PNAIP 2 5 |- D)1= 2)f " = 5]

1)f 2
Then relation (5.4) follows from (5.3). ]
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6. Willmore null hypersurfaces

6.1. The Willmore functional

For a normalized null hypersurface (M, ) with compactly supported (non normalized) mean curvature H (in particular if M is
compact), the Willmore action is given by

WM, () = f H? dM
M

where dM is the volume element induced on M.
An obvious fact is that
H? < (n-2)]| Ac P 6.1)
with equality if and only if M is totally umbilic.
Also,
div((dive)e) =3(Vave. ) + (dive)
ie
—div(HE) = —£(H) + H?. 6.2)
In [18] we established (2.6), that is Ric(£) = E(H) +1(€)H — || :\g |I?. Assume that there is a constant A such that (t(&) + 1)H < 0.
Then
H? 2 Ric(¢) + AH - div(HE). 6.3)
Combining (6.1) and (6.3), we get

Ric(¢) + AH — div(H¢) < H < (n-2)| Acll.

The equality case in the upper bound (resp. in the lower bound) is attained if and only if M is totally umbilic (resp. M is
totally geodesic). Recall from (2.5) that H = —divé. Hence if M is compact without boundary and orientable, by the divergence
theorem it holds

fﬁ(g)dMgW(M,g)s(n—z)f||2§||2 M.
M M

*
The equality case in the upper bound is equivalent to fM (H2 - (n=-2)|l A¢ ||2) dM = 0 and by use of (6.1) this means that

*
H?=m-2) Ag |I> and M is totally umbilic. For the lower bound, the equality case reads

f (div(He) +T(€)H - | 2§||2)dM= f (T@H - | A¢P)dM =0 = f ~AHdM.
M M M

Hence,
*
f (©+ DH -~ A¢I?)aM = 0.
M
As (1(§) + DH < 0 it follows that (7(¢) + DH — || Zg > =0and || ,Zg |I> = 0 which means that M is totally geodesic. Thus, we
can state.

Theorem 6.1. Let (M,{) be a normalized orientable compact (without boundary) null hypersurface. Suppose there existe a
constant A such that (7(€) + )H < 0. Then, the Willmore action has the following bounds:

fﬁ(g)dMsW(M,g)S(n—z)f||Zx§||2 dM.
M M

The equality case in the upper bound (resp. in the lower bound) is attained if and only if M is totally umbilic (resp. M is totally
geodesic).

Remark 6.2. Suppose M is a normalized orientable compact (without boundary) null hypersurface. If H is constant then it
vanishes identically. Indeed, from equality in (6.2), it holds by use of the divergence theorem,

0= f EH) dM = f H?>dM  which shows that H = 0.
M M
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6.2. The Euler equation in GRW spacetimes

In a recent work [29], we pointed out the fact that in Lorentzian manifolds with a closed timelike vector field, there is no
compact simply connected null hypersurfaces. But GRW spacetimes do admit such vector fields, (the Chen’s ones). So,
considering the Willmore problem for null hypersurfaces in GRW spacetimes, we restrict to the family of normalized orientable
null hypersurfaces (M, () for which the mean curvature H has compactly supported variations and for critical points of the
Willmore action (the Willmore null hypersurfaces) we apply standard techniques of the calculus of variations.

Let us consider on M the frame field (01,€,0,2,...,0,,-1) with (,)2<i<n—1 tangent to the screen structure .#’(¢), in which

-1 L o 0
| 6 10 0
f 0
g 0 0 d 7 G 2
8ap = ) . an 8ab =0 = f (t)gFi'
: fz(t)gFij !
0
0 0
Hence
_ 1 —
detgys = _JTZ detgap.

Let v be a null coordinate with £ = d,. We have

dg = |-detg,q dt AdvAdiP - Ndu"!

and
AM =izdg = f(t)\|-detgns dvAdu® - Adu"™"
1 ~ 2 n—1

= f@ JTzdetgab dvAdu®---Ndu

= +fdetZu, dvAdu®---Adu"!

= dg_
Hence

dM = dg.

It follows that
WM, ) = f H* dM = f (div &)2d3.
M M

Let p = (t,x) € I X/ F be a generic point on the null hypersurface. We have x = x(u',...,u"!) where (u',...,u"!) denotes
coordinates on the fiber . Then p = p(z, u',...,u"1). Now consider a variation of the null hypersurface in the normal direction
& given by

- 1 n—1 _ 1 n—1

ptu,...,.u"" 8= CXPrul . um1) (s¢(t, U,...,u )§) (6.4)
where ¢ is a smooth real-valued function and s is real number in a neighborhood of 0. We denote by ¢ the operator

_9
B asls:O‘

5f H? dM = 0.
M

a, B, Y,...,=0,1, ..., n—1
a, b,c....=1, ..., n—-1
Ljk..,=2,...,n—1.

Willmore null hypersurfaces are those for which

The following ranges of indices are in use

Without lost of generality, we may assume 0; := a‘—z, € ({). Then at each p, span{d,|, , du'| b} = Tle ®ORL.
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From (6.4), we have

6p = ¢¢.
Then,
80, = (Bip)E+dVaé
= (i) - Aoy
08, = (E-PE+PVel
= (£-¢)¢  asis geodesic.
601, = (OP)E+¢Voé
_ '@, 'O .F
= (az¢>§+¢( Lo L )
_(_9¢ S® [
B ( f(t)+¢f2(t))at+((a’¢)+¢ 10
and
80,1, = BaE+V &

Now, we compute 6gup-

)f‘”

() = B(0i+ (000 — 56 Ac0,.0; + 5(0;0) — 56 Ac )

— — * % 5 0 * *
= g,-,+s[—q&g(a,-,Afaj)—¢g(A§6,-,6,-)]+s 078(As0i,As 0)).

Hence
0gij = —2¢B(0;,0,).
Also,

0g0i = 0gio=0;¢  and  6goo = 2(§- ).
Using the relation Zg’”‘gk i= 53-,
3

8" g+ Z?kggkj =0.

~1]

Then,
DT = =) TH(-20B0k.0))
k k
= 2¢ Z?IB((?], 6,)
I
It follows that
5% =20 > 2T B@:,0)).

lj

Next, put B;; := B(0;,d;). We compute dB;;. First, we have

(V5,0;.6€) = (Vo,0,+ BijN. (£ - 9)€) = (£ - ¢)Bij.
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Also,

*
V estoremsilin (0;+50,0)6 ~ 56 Acd)

= Va0, + 5| V0,006 Vo (6 Acd))

Vo,995(5)

+ second order term in s

which gives

§V40; = ViO0E-Va (6 Ae))
= (0;0;0)¢+(0j9)(— :lg 0;) — (0;$) Zf 0;— ¢(Va,- f*\f aj)
—$B@; Ac )N +(09)Ve0; - S $B(A:0,,0)).

It follows that
— * ok *
<6Vai@j,§> = —2¢B(0; A¢0;) = —2¢g( Ag0i, Ag @j).
From B;; = <§6i6j’§> it follows,

6B;; = <6€‘9ia/"§> + <v‘7"aj’6§>
_2¢< ,Zgai,:&ga,) +(&-P)Bij.

H:Zg Aga,,a Zg Bj;.
ij

But

Then,

0H

Z(Sg;ijBij+Z§ij5Bij

Z(%Z J’”Blm)B,ﬁZ?f[ 268(Ac ;. Acd)) + € $)Bi.|

2011 A¢ |2 - 261l AelP + (& )H

* *
since A¢9; = “g’lmB,-ma, and the first term at the right hand side is 2¢|| A¢ . Thus,

=(&-¢)H.
Now, let Q = +/detgy, = +/detg;;. Then
o ~, 4G
295 =Q trace(G 3 ),
ie
0 = —Qtrace(g 6§kj) = —Q trace|g' ( 2¢Bkj)
= —¢Q tracengkj —¢Q’§” i =—¢QH.
Finally,
5f H*dg = fZHcSHJ§+fH25§
M M M
- [ 2 oags | #-oma
M M
i.e

6 f Hdg = f H?[26¢ - ¢) - Hodg.
M M

Thus the condition that the integral is stationary for all smooth function ¢ is H = 0. Indeed, take ¢ = H. Then

0 = fMH2[2(§~H)—H2]d§=fM[2H2(§-H)—H4]d§
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2 3 4l ~_ 2 3= 4
L[g(f-H)—H}dg_fM[ SHdive H]d§

f %H4—H4d§=—lfH4d§.
ml3 3Ju

Then we can state the following:

Theorem 6.3. In a generalized Robertson-Walker spacetime, the only Willmore normalized null hypersurfaces (M, () where
is the closed conformal timelike concircular vector field f0, are the maximal ones.
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numbers, Pell numbers we examine the dual numbers and investigate the characteristic properties of them. Then,
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defined numbers, and we write the recursive correlations of these numbers. Using these
relations we give some important identities such as Vajda’s, Honsberger’s and d’Ocagne
identities.

1. Introduction

The sequence k— Pell is defined as follows[1]:

{Pin},oo={0.1,2,4+k 844k 164+ 12k+ K, ... 2P 1 +kPin_2, ...} -
The elements of this set are satisfied the following relation:

Pin=2Pcn-1+kPipo, k€EZ", n>2

and the initial values are
Pky() = O,Pkﬁl =1.

In [2], Binet-like formula related to these numbers is given as
(1+V1+k)" -1 —V1+k)"
2V1+k '

The characteristic equation that gives these numbers and the roots of this equation are as follows:

Pk7n =

¥ —2x—k=0, a+B=2,apf =—k, 00— B =2V1+k.
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For more details on Pell sequence can be seen the references [3]. Bicomplex numbers is a 4— dimensional real vector space
and it is defined as follows.

BC ={b=">by+byi+b3j+bsij:by,by,b3,bs € R}.

Hence, any bicomplex number b consists of a real and three imaginary units. It should be noted that the multiplication of
bicomplex numbers is similar to multiplication of real quaternions. That is,
P=j7=-1if=1ij=ji=k

It is noted that there are some differences between these two sets of numbers. According to this, we can list these as bicomplex
numbers are commutative and they have zero divisors and non-trivial idempotent elements. On the other hand the real
quaternions are non-commutative and don’t have zero divisors and non-trivial idempotent elements. Also, the commutative
property is satisfied for elements of the set BC.

In this work, we first investigate some properties of bicomplex numbers by examining the conjugates and norms. Then, we have
introduced a new set of bicomplex numbers with coefficient from Pell number sequence, and gave some fundamental properties
of this new set. Also, we gave some generalized identities such as Catalan’s identity, d’Ocagne’s identity, Honsberger formula,
that the elements of this set provided. Working the mathematical structure of quantum mechanics on the bicomplex number
field, there are many studies in this topic(see, [4]-[10]). n —th, k— Pell bicomplex number BP, , is as follows:

BPi = P+ iPepr1 + jPeni2 +1jPenss-
That is the k— Pell bicomplex number sequence is
{BPin},~0=BPcn:BPin=2BPip 1+kBPy o, k€Z', n>2.

Here BP g =i+2j+ (4+k)ijand BP ) = 1 +2i+ (4+k)j+ (8 +4k)ij.
Follows from that we have

BP.y =2BP;| +kBPo =2+ (4+k)i+ (8 +4k)j+ (16 + 12k + k*)ij.

So, we can write
BP 1 = 2BPgP , +kBPpPy 1

which is a useful equation.
2. Dual k— Pell bicomplex numbers
As known that the dual numbers are binary members or a member of the 2 parameter families of the complex numbers system,

called generalized complex numbers. Then, any dual number can be written as z = x+ £y, where (x,y) € R? and ¢ is a nilpotent
number, also €2 = 0 and € = 0. Then, the dual numbers set is

D =R[e] = {z:x+8y: (x,y) €R*, € =0, # 0}.
Now, for the numbers k € ZT, we define dual k— Pell number as follows:

Pen =Py +EPcpyit.

Hence, we can define any element of the dual bicomplex sequence {BPle}n>o as
BP,,, = BP,+€BP ;1.
Here BF, ,, is the n — th, k— Pell bicomplex number.

Theorem 2.1. The elements of dual bicomplex sequence {BPk,n}n>0 are satisfied the following relation:

BPey, =2BPi, +kBPip s, n> 1.

Where the initial values li‘ﬁ?o and li‘; are follows.
BP.o = BP.o+€BP., and BP,| = BP, | +¢&BP.»,

respectively.
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Proof. For n =2, we have
BP;» = 2BP, | +kBP.

From the following the fact we get
BPc, = BP,| +€BP.» and kBPy = kBP,o+keBP, ;.

So, we write o
ZBP/(,I + kBPk70 = (2BPk71 + kBPk"()) + 8(2BP/(12 + kBPkJ).

Follows from that, we have this:
2(BP;) +€BP.3) + k(BPco + €BP, 1) = 2BP,; + kBP.y = BP¢.
In here the initial values are
BPeo = (i+2j+ (4+Kk)ij) +e(1+2i+ (4+Kk)j+ (8 +4k)ij)

and
BP ;| = 1—|—2i+(4+k)j+(8+4k)ij+8(2+(4+k)i+(8—|—4k)j+(16—|—12k+k2)ij).

Furthermore, we can also write the number B/Pk\,, differently as follows:

BPp = (P + iPrpi1 + jPns2 +jPent3) + €(Pentt + iPrni2 + jPent3 +ijPensa)-

Then, we get
BPiw = Pin+ iPen+1 + JPent2 +1Pin+3
where Fk\n is the n — th dual k— Pell number. O]

Since, usually the absolute values and arguments of bicomplex numbers are defined for each conjugation it is important to
consider the conjugates of these numbers. Since there are four different units in this set, it means that four separate conjugates
will be defined. According to this, for the bicomplex number BF, ,, we can define four different conjugates as follows:

o —

BPiy = P — Pt = jBeas2 = B3,
BPe, =Py~ iPopit + iPenra — ijPnrs,
BPey’ = Byt Pt — jPona 1P,
BPe” = P~ By — jPena + /P,
Using this definition, we can give equations provided by conjugates. So, the following theorem is about them.

Theorem 2.2. For the numbers ﬁ\kn the following equalities are satisfied:
B+ BRL, — 2P0,

e —
BPk,n+BPk7n = (Pk,n+]Pk,n+2)'

—

—
BPiy+BPin =2(Pep+iPept1)-

ﬁaﬂﬁﬁ = 2(Pin+ijPini3)-

(Pin
(Pin

BPkn +BPkn =2(Pin —ijPiny3)-
BPk,n + BPk,n 2(P1< n— b n+1)
] ] —
BPk"n —|—BPk’n = Z(Pk,n — JPk,n+2)-
BPiy+BPey +BPey +BPey’ = 4P,
— i —
BPkA,n — BPkJ, = —2]P]<,n+2.
BP y—BPcy = —2kP 3.

i = —
BPiy —BPe, = —=2(iPeps1 — jPint2)-

i ——ij o
BPkﬂ — BPk,n = 2](Pk,n+2 — lPk,n+3)~
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Proof. From the definition and properties of dual numbers the proofs can be easily seen. O

Now, using the definitions norm and conjugate we also give the following theorem.

Theorem 2.3. For the numbers ﬁ’; the following equalities are satisfied:

. — —2 2 —2 —2 —_— —_— L
i) Nr(BPey) = Pen +Pint1 +Pont2 —Bionts +2(iPens2Pins3 + JPent1Pents — 1jPens1Pent2)- 2.1)

.o —_ —2 —2 —2 —2 T —_—
ii) Nr(BP.,)' = Pen +Pinst —Ponrr —Pints +2j(PenPint2 — Pt 1Pns3)-

—

ven —_T —2 —2 —2 —2 T —_—
iii) Nr(BPin) = Pen —Pint1 +Pins2 —Pons + 2i(PenPenst — Pens2Pens3)-

Vi) Nr(BPy)” = Pen +Penst +Pent2 —Bons + 20 (PenPints — Pony1Peni2)-

Proof. As per the definition of norm, we write

—

i) Nr(BPij) = (BPeyn)(BPin) = (Pen + iPipst + jPens2 + ijPien+3) (Pen — iPenst — jPons2 — ijPins3)-

After some calculations, we get
— -0 —2 _——2 _— —
Nr(BPin) = Pin +Pnst +Pint2 —Pents +2(Pns2Pints + jPons1Prnts — LjPn1FPint2)-
In other cases, proof can be made in a similar way. O

Note here that the dual k— Pell bicomplex numbers with the negative indices can be given.

Corollary 2.4. Negative dual k— Pell bicomplex numbers B/P/;Tn are given as
(-1t {Pin—iPin-1+4 jPin-—2—ijPin-3+€(—Pin-1+iPin—2— jPin-3+ijPin-s)}.

Proof. From the equalities P_, = (—1)"~'P, and Py = 0, we get
Pon=(=1)""P,
and writing negative of its instead of » in the equation
BPiyn = B+ iPeps1 + jPen+2 + L Phnt3s

BP = (—1)"""Pny+i(—1)"Pipr + j(— 1) Ppn +ij(— 1) P s

can be written. It follows from that
BP = (—1)""Pin—iPin1+ jPin2—ijPin3)-
On the other hand for dual of these numbers, by the aid of the equality
BPey = BPiy+ €BPy iy

we have -
BP, _, =BP;_,+&BP _py1.

Hence, the term B/ij, is as follows:
(="M (Pen—iPep1 + jPin-2—ijPen-3) + €(=1)"(Pen-1 — iPin—2 + jPin—3 — ijPhpn1)-
That is we have
BP = (—1)""! {Pin—iPin-1+4 jPin-2—ijPin-3+€(—Pen1+iPin-—2— jPn-3+ijPins)}

which is desired result. O
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Generating functions and their properties are a powerful tool for solving recurrences and combinatorial problems. Generally, a
generating function is a series of formal power containing the information of the inputs of a given sequence in its coefficients.
There are various generating functions according to usage and application areas.

In the following theorem, the generating function will be given for the dual k— Pell bicomplex sequence.

Theorem 2.5. The function that generates the elements of the sequence {B/PT(”} o is
S s

_ BPro+(BP, —2BBoy't

G() 1 —2t —kt?

Herelﬁ’\k,o andﬁvkj are
i+2j+@+k)ij+ (1+2i+ (44+k)j+ (8 +4k)ij)
and

1420+ (44K)j+ (844k)ij + £(2 + (4 + k)i + (8 +4k) j + (164 12k + &2)i ).

Proof. The generating function of {lﬁ)\kn} o is as follows:
Y s

8 Bpi==Gl1)= . BRoy’
n=0 :

G(t) = BPeg+BP1t +BPyt® +...+BPyt" + ...,
—2tG(t) = —2(BPyot + BP; 11> + BPot® + ...+ BPi yt" + BP "1 ..),
—kt*G(t) = —k(BP, ot> + BP; 11> + BPot* + ... + BP yt" ! + BP ,t"12...).

Using above equations, we write the following formula:
(1 -2t —ki*)G(t) = BPo + (BPi — 2BPo)t.
Then, it follows that

BPeo-+ (BPoi —2BPeo) 1
G = 1—2t—kt?

that the desired generating function. Here ED,Z) and ﬁ’; are
BPoo=i+2j+ (4+k)ij+e(1+2i+ (4+k)j+(8+4K)ij)

and
BPy = 1+ 2i+ (44Kk)j+ (844k)ij+ (2 + (4+k)i+ (8 +4k)j+ (164 12k + k2)i )

respectively. 0

Theorem 2.6. Elements of the sequence {ﬁ’\k,,} o satisfy in the following formula:
nz
—  aa"—Bp"
Pin=——"7—
o—p

where
o= 1+io+jo? +ija’ +e(a+ia® +jo’ +ijat)
and

B=—{(1+iB+jB*+iip’) +e(B+if>+jB> +iif*)}.

Proof. The general solution of the characteristic equation of the sequence {BPk’n} is
n>0

BP., = Aa" +Bp".
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The initial conditions ﬁﬁ?o and ED;(\I yields the following equations
BPo=A+B

and
BP., =Aa+Bp

respectively. Solving these equations, we get

B BBRy |, oBh- B

A
a-p a—p
So, we have the following formula for the sequence {B/P;,} oo’
nz
B — - { (B - pBR)a + (B - BB} — 22 L
kn =4 _B k.1 k.0 k0 k,1 T a—p

We also note that the remarkable fact the last formula can be rewritten as follows:
BP; , = BP; 1 Py + kBP0 Py n—1

or
BP;, = BP Py +kBP Py 1.

Here, the values P ,, Py ,—1, BP;,1 and BP, o are known.

The relation given in the theorem above theorem is known as the Binet formula. Many identities related to all Fibonacci-like
integer sequences are obtained with the help of this formula.

Theorem 2.7. The Cassini’s identity for the sequence {ﬁ’;,} 0 is follows:
n>

— —2
BPiy_1BPy11 —BPi, = (—1)"apk"" (2.2)
where a8 is equal to this:

(1+k) {k* = 1=2i(1 —k) —2j(k+2) +8ij} —2e { (1 +k) —k*(1 + k) +2i(1 —k*) +2j(k* + 3k +2) +4ij(2+ k) } .
Proof. If we use the Binet formula for proof, then we get

B?](Jl\_lel _E)\MZ _ 4(%—’_]() {(gan—l 7Eﬁn—1)(gan+l 7Eﬁn+1) o (ganiﬁﬁn)Z} )

o — —2
BPk7n—1BPk,11+l _BPk,n — (QZaZn _géan—ll')m—H _géﬁn—lan-H +E2ﬁ2n _g2a2n+2gﬁanﬁn _E2ﬁ2n)'

4(1+k)
If the required simplifications are made, then

— —2
BPiy—1BPn1 —BPiy = (=1)"apk"™!

is obtained. Thus, the proof is completed. O
Theorem 2.8. The Catalan’s identity for the sequence {ﬁ\kn} o is
nz

(_ 1 )nferlknfm

— —2
BPk,n+mBPk,n7m - BPk,n = 4(1 — k)

gE{a2m_i_ﬁ2m_2(_k)m} )
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Proof. From the Binet formula, we get the following equation.

— —2
BPk,nerBPk,nfm - BPk n

: 4(17:_](){( n+m ﬁﬁrH»m)( n— m_Eﬁnfm)_(gan_Eﬁn)Z}.

If necessary corrections are made,

(_ 1)n—m+1kn—m

— —2
BPk7n+mBPk,n—m - BPk7n = 4(1 — k)

QE{OCZm_’_ﬁZm _2(_k)m} )

is obtained. Thus, the proof is completed.
Specially, in the Catalan identity, if we take m = 1 then we get the Cassini’s identity. O

Theorem 2.9. The Honsberger’s identity for the sequence {lﬁ’;,} is

n>0

B?k,m\—lB/PT(Jl+B/[;;ﬂBm1: {g2an+m—l<1+a2)+g2ﬁn+m—l(1+ﬁ ) (Xﬁ( )m 1 o m+1+ﬁn—m+1)(17k)}'

1
4(1 +k)
Here,

a’=(1-o?)(1-a*)+2ia(l-a*)+2je (1-a?) +4ijo’ +20e { (1 — ) (1 — a*) + 2ia(1 — o*) + 2ja* (1 — a?) +4ijo’ } .

B2 = (1—-B*)(1—B*)+2iB(1—B*)+2jB*(1—B*)+4ijB> +2Be { (1 - B*)(1 - B*) +2iB(1 - B*) +2jB*(1 - B*) +4ijB>} .
Proof. Let us use the Binet formula. Then
B 1BPrp + BPuBP = ﬁ{( BB )"~ BB") + (@ — BB (™~ BE)}
1

_ (aZan+m—1 _ aﬁam—lﬁn - aﬁanﬁm—l +[32[311-+—m—1 +(12an+m+1 _ (xﬁamﬁ"“ _ aﬁﬁ’”a"“ +[32ﬁn+m+1)
4(14+k) = - = = = - =

can be written. When the necessary actions are performed, we get the following equation.

—4(1+k){(aza'””’*‘(l+a2)+ézﬁ”*’"*‘(1+ﬁ> aB(—k)" ! (a4 B m+1)(1_k>}.

Thus, the proof is completed. O

Theorem 2.10. The d’Ocagne identity for the sequence {B/P\kn} 0 is
nz

—a B
4(1+k) {(

BPk.mBPk,n+1 _BPk.nBPk,m+1 — _k)m(ﬁnferl + anferl) _ (_k)n(ﬁmfnJrl 4 amfnirl)} )

Proof. Binet formula can be used to prove the proof. So,
BP uBPn1 — BP ynBPe v

is equal to this:
ﬁ {(gam _Eﬁm)(gawrl _Eﬁn+l) _ (QOC’Z _Eﬁn)(gam+l _Eﬁm+l)}~

When the necessary arrangements are performed, we get

S —af
BPuBPy 11 — BPnBPimi1 = ) {amB !+ " — o B — Bt

Thus, we get the desired result. That is,

—_—— P _gﬁ _ — _ _
BPk,mBPk,n+l_BPk,nBPk,m+l = —) {(_k)m(ﬁn m+1+an n+1)_(_k)n(ﬁm n+l+am n+l)}_

4(1+k
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Theorem 2.11. For the positive integers n,i, j, Vajda’s identity related with the sequence {I?PTH,} o is follows:
n>

(_1)n+1kn

BPin+iBPipn+j = BPinBPep+ivj = C4(1+k)

{aB(B’~a’)(a' - B)}.
Proof. Let us use the Binet formula for the proof. The desired this value, that is

BPy +iBPin+j — BPi nBPi pti+

is follows:
1

qri (@ =BT = B — (@ = ) @ - )

When the necessary algebraic operations are performed, we get

—af S . 4 . .
— an—H n+]_|_ n+1an+1_an n+i+j _ nan+t+j .
IETR G R
From here, we get
o o (_1)n+1kn i i ; ;
BPin+iBPc v j — B nBPiptivj = m {Qﬁ(ﬁ —al)(a' - B )}

which is desired. O

3. Conclusion

In this study, we examine the dual numbers and give them the characteristics of these numbers. Also, we give the definition
and related concepts about bicomplex numbers. Moreover, we define the number of dual k— Pell bicomplex numbers which
are not found for the first time in the literature and we examined the norm and conjugate properties of these numbers. We
have given some important characteristics of these newly defined numbers, and we have obtain the recursive relations of these
numbers. Using obtained relations one can investigate the other important identities.
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