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Oz

Bu ¢alismada geleneksel olmayan para politikasi uygulamalarinin s6z konusu oldugu dénemde Dolar-TL volatilitesinin temel
dinamikleri incelenmistir. Calismada Student t dagilimi varsaymu altinda asimetrik stokastik volatilite (ASV) modelinden
yararlanilmis ve bu modelin parametrelerinin tahmininde Bayesyen yaklagimma dayali MCMC (Markov Chain Monte Carlo,
MCMC) algoritmast kullanilmistir. Calisma 2 Ocak 2002 ile 29 Eyliil 2017 doénemini kapsamakta ve giinliik verilerden
olugmaktadir. Caligma bulgular1 geleneksel olmayan para politikas1 uygulamalarinin s6z konusu oldugu dénemde hem Dolar-TL
volatilitesindeki degiskenligin hem de Dolar-TL kaynakli finansal riskin geleneksel para politikasi uygulamalarinin s6z konusu
oldugu doneme gore azaldigini gostermektedir.

Anahtar sézciikler: Asimetrik stokastik volatilite modeli, Doviz kuru volatilitesi, Geleneksel olmayan para politikasi

Abstract

Examining the volatility dynamics of the US Dollar-Turkish Lira exchange rate in the Turkish period of
unconventional monetary policy: An analysis based on the asymmetric stochastic volatility model

This study examines the volatility dynamics of the US Dollar-Turkish Lira exchange rate return, focusing specifically on the
period when unconventional monetary policies were conducted by the CBRT. ASV under a Student t distribution assumption is
used, and the MCMC algorithm based on a Bayesian approach is applied to estimate the parameters of the ASV model. The study
consists of daily data and covers the period between 2 January 2002 and 29 September 2017. The results show that compared
with the previous period when conventional monetary policies were conducted, both the variability in the log-volatility of the US
Dollar-Turkish Lira exchange rate return and the market risk arising from the US Dollar-Turkish Lira exchange rate return
volatility decreased in the period when unconventional monetary policies were conducted.

Keywords: Asymmetric stochastic volatility model, Exchange rate volatility, Unconventional monetary policy

1.Giris

2007-2008 doneminde ABD’de baslayan ve ardindan Avrupa ekonomilerine yayilan kiiresel
finans krizi, merkez bankalarin1 geleneksel olmayan para politikasi uygulamalarina yonelmistir.
Bu donem Oncesinde uygulanan geleneksel para politikast uygulamalarinin temel mantig1 kisa
vadeli faiz oranlar ile fiyat istikrarinin saglanmasina dayaniyordu. Fakat, 6zellikle kiiresel finans
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krizi sonrasinda yasanan gelismeler bazi yeni sorunlari da giindeme getirmistir. Birinci sorun
krizle miicadele kapsaminda gelismis iilke merkez bankalarmin asir1 gevsek para politikasi
uygulamalarindan kaynaklaniyordu. Ciinkii, bu politikalara bagli olarak oldukga artan ve gelisen
piyasa ekonomilerine yonele kisa vadeli sermaye akimlarinda ani ve yiiksek oranli degisimler s6z
konusu olabilmekteydi. Ikinci sorun ise kiiresel finans krizinin yasanmasinin para politikasi
uygulamalarinda sadece fiyat istikrarima odaklanilmasimin makro finansal istikrarin saglanmasi
icin yeterli olmayabilecegi sonucuna isaret etmis olmasindan kaynaklaniyordu [1, 2]. Bu
nedenlerle, kiiresel finans krizi sonrasinda ortaya ¢ikan yeni donemde Tiirkiye gibi gelisen
iilkelerin merkez bankalarinin hem  degisen iktisadi ve finansal kosullara hizli bir sekilde
karsilik verebilen bir para politikas1 ¢ercevesi olusturmasi gerekiyordu hem de fiyat istikrarinin
yani1 sira makro finansal istikrar1 da gozetmesi bekleniyordu. Bu tiir coklu hedeflerin sadece kisa
vadeli faiz oranlarina dayanan geleneksel para politikas1 uygulamalar ile saglanmasi ise pek
miimkiin degildi. Bu nedenle, TCMB tek para politikasi araci ile tek politika hedefine dayanan
geleneksel para politikasi uygulamasindan, birden ¢ok araca ve birden c¢ok hedefe dayanan
geleneksel olmayan para politikasi uygulamalarina gegmistir. Bunun bir sonucu olarak da
merkez bankasi faiz koridoru, zorunlu karsiliklar (faiz 6demesi, vade farklilagtirmasi, rezerv
opsiyonu mekanizmasi), haftalik repo faizi ve likidite yonetimine dayanan yeni para politikasi
araglar ile birer ara degisken olarak tanimladig: kredi ve doviz kuru kanallarini etkileyerek nihai
hedefi olan fiyat istikrar1 ile finansal istikrar1 saglamaya ¢alismistir [1, 2]. Bu yeni donemde,
doviz kurlar1t makro finansal riski temsil eden parametrelerden biri olarak tanimlanmistir. TCMB
bu durumu doviz piyasalarindaki gelismelerin cari iglemler dengesi ve finansal krizler ile
dogrudan iligkili oldugunu ifade ederek aciklamaya calismistir [1]. Ciinkii, doviz kurlarinin yol
actig1 yliksek volatilite iktisadi ve finansal dengesizlikleri arttirarak Tiirkiye gibi gelisen piyasa
ekonomilerinde sistematik riskin en belirgin gostergelerinden biri haline gelebilmekteydi [3,4].
Bu nedenle, bu donemde doviz kuru volatilitesi hem makro finansal istikrarin saglanmasinda ve
hem de geleneksel olmayan para politikas1 uygulamalarin etkinliginin belirlenmesinde oldukca
onemli gostergelerden biri haline gelmistir.

Konunun 6neminden dolayi, uluslararasi yazinda 2007-2008 kiiresel finans krizi sonrasinda
cesitli finansal ve/veya iktisadi degiskenler dikkate alinarak geleneksel olmayan para politikasi
uygulamalarmin etkinligi olduk¢a yogun bir sekilde incelenmistir. [Ornegin, bakiniz:
5,6,7,8,9,10,11,12,13,14, 15,16,17,18,19,20,21]. Fakat, 6zellikle ulusal yazinda bu konuda heniiz
olduk¢a az sayida calisma oldugu anlasilmaktadir [Ornegin bakmmz: 22, 23,24]. Daha da
onemlisi, uluslararas1 yazindaki ¢aligmalar geleneksel olmayan para politikas1 uygulamalariin
doviz kurlar1 ve / veya doviz kuru volatilitesi iizerindeki etkisini de yogun bir sekilde incelerken
[25,26,27,28,29,30,31,32,33] heniiz ulusal yazinda bu konuyu dikkate alan da oldukca sinirh
saylida calisma oldugu gozlemlenmektedir. Bu sinirli sayidaki ¢alismalardan birinde Kara [2]
geleneksel olmayan para politikast uygulamalarinin  s6z konusu oldugu donemde Tiirk
Liras’nin  diger gelisen {ilke para birimlerine kiyasla goreceli olarak daha az volatil hale
geldigini ifade etmistir.

Bu calismanin amaci geleneksel olmayan para politikast uygulamalarinin s6z konusu oldugu
donemde Dolar-TL ’nin volatilitesinin temel karakteristik 6zelliklerinin asimetrik stokastik
volatilite modeli ile incelenmesidir. Boylece politika yapicilar tarafindan beklenildigi gibi ilgili
donemde doviz kuru volatilitesinin geleneksel para politikas1 uygulamalarinin s6z konusu oldugu
doneme gore daha makul bir seyir izleyip izlemedigi arastirilmistir.
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Calismanin literatiire li¢ temel katkisinin oldugu diistiniilmektedir. Bunlardan birincisi, ulusal
yazinda henliz, TCMB’nin geleneksel olmayan para politikasi uygulamalarinin s6z konusu
oldugu donemde doviz kuru volatilitesinin temel dinamiklerini inceleyen yeterince c¢aligsma
olmadig1 anlasilmaktadir. Bir diger ifade ile bu konunun ulusal yazinda heniiz 6zellikle ampirik
analizlere dayal1 olarak yeterince incelenmedigi ifade edilebilir!. ikincisi, ulusal yazinda finansal
varliklarin volatilite dinamiklerini inceleyen ¢alismalarin baskin bir sekilde GARCH modellerini
kullandiklar1 bilinmektedir. Dolayisiyla, ulusal yazinda ASV modeline dayali ¢alisma sayisinin
oldukca sinirli oldugu ve bu ¢alismalarin da oldukca baskin bir sekilde hisse senedi piyasalarina
odaklandig1 ifade edilebilir [Bu konuda ulasilabilen ¢aligsmalar i¢in bakiniz: 34, 35, 36, 37]. Bu
caligmada ise doviz kurunun volatilite dinamikleri iizerinde durulmus ve bu amagla t dagilim
varsayimi altinda asimetrik stokastik volatilite modeli kullanilmigtir. Ayrica, ASV Student
modelinin parametrelerinin tahmininde Bayesyen yaklasimima dayali MCMC (Markov Chain
Monte Carlo, MCMC) algoritmasindan yararlanilmistir. Ucgiinciisii, ¢alismada doviz kuru
volatilitesinin yol agabilecegi finansal risk diizeyini hesaplayabilmek amaciyla ASV modeli
tarafindan tiretilen zamanla degisen stokastik volatilite degerlerine baglh olarak VaR (Value-at-
risk, VaR) ve ES (Expected shortfall, ES) degerleri hesaplanmistir. Ulusal yazindaki ¢aligsmalara
bakildiginda ise VaR ve ES degerlerinin hesaplanmasinda baskin bir sekilde GARCH bazli
parametrik yontemler ile Tarihi simiilasyon yonteminin kullanildigir goriilmektedir.

Bu calismanin ASV modeli iizerine odaklanilmasinin bazi 6nemli nedenleri bulunmaktadir.
Oncelikle, literatiirde ASV modellerinin genel yapistnin GARCH modellerinin genel yapisina
gore finansal teorilerinin ekonometrik altyapisi ile daha uyumlu oldugu ifade edilmektedir
[38,39,40]. Ikincisi volatiliteyi “gdzlemlenebilir” bir degisken olarak modelleyen GARCH
modellerinin aksine ASV modelleri volatiliteyi “gézlemlenemeyen” bir degisken olarak
modellemektedir. ASV modellerinin volatiliteyi “gdzlemlenemeyen” bir degisken olarak
modellemesinin temel nedeni ise finansal varlik fiyatlarinin piyasaya gelen “bilgi akisinin™ bir
sonucu olarak degistigi ilkesidir [41,40]. Bu yaklasim da genel olarak finansal degiskenlerin
piyasa fiyatlarinin olusum siiregleri ile daha uyumlu bir yaklagimdir.

Calisma dort boliimden olusmaktadir. ikinci bdliimde veri ve metodoloji yer almakta iigiincii
boliimde bulgular degerlendirilmekte dordiincii boliimde ise sonug kismi bulunmaktadir.

2. Veri ve Metodoloji

2.1. Veri

Calisma, 2 Ocak 2002 ile 29 Eylil 2017 donemini kapsamakta ve giinliik verilerden
olusmaktadir. Dolar-TL’ye iliskin veriler TCMB veri tabanindan temin edilmistir. Calismanin
baslangi¢ yilinin 2002 yili olarak segilmesinin iki 6nemli nedeni bulunmaktadir . Bunlardan
birincisi 2001 Subat krizi sonrasinda dalgali kur rejimine geg¢ilmis olmasi ikinci ise geleneksel
enflasyon hedeflemesine 2002 yilinda baslanmis olmasidir. Merkez bankasinin geleneksel
olmayan para politikas1 uygulamalarma gecis tarihi olarak ise Kiigiik vd.’nin [42] “TCMB
Ekonomi Notlar1” kapsaminda yayimlanan calismalarinda oldugu gibi 18 Mayis 2010 tarihi
esas almmistir. Bunun temel nedeni ise TCMB ‘nin bu tarihte para politikas1 uygulamalarinda
yaptig1 operasyonel degisiklik ile politika faizi olarak gecelik bor¢lanma faizi yerine bir hafta

! Bu konuda ulasilabilen ¢alismalardan biri i¢in bakimz: Kara [2].
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vadeli repo faizini kullanmaya baglamasi ve boylece arag cesitliligine giderek faiz koridorunun
iist ve alt bandi ile bir hafta vadeli repo faizini farkli politika hedefleri kapsaminda kullanmaya
baslamasidir [42]. Dolayisiyla, bu caligmada Ocak 2002 ile 18 Mayis 2010 arasi donem
geleneksel para politikast uygulamalarinin s6z konusu oldugu dénem, 20 Mayis 2010 ile 29
Eyliil 2017 aras1 donem ise geleneksel olmayan para politikast uygulamalarinin s6z konusu
oldugu dénem olarak tanimlanmistir.

2.2. Metodoloji

Bu calismada Omori vd. [43] tarafindan gelistirilen Student t dagilim varsayimina sahip ASV
modelinden yararlanilmigtir. Buradaki asimetri kavrami1  doviz kurlarmin getirisi ile volatilitesi
arasindaki pozitif asimetrik iligkiyi ifade etmektedir. Bir diger ifade ile doviz kuru getirisindeki
bir artig (Dolarin TL karsisinda deger kazanmasi) ilgili para biriminin volatilitesinde bir artisa
yol acarken, doviz kuru getirisindeki bir azalis (Dolarin TL karsisinda deger kaybetmesi) ilgili
para biriminin volatilitesinde bir azalisa yol agmaktadir. Fakat, getirideki artisin volatilite
tizerindeki etkisi getirideki ayni biyiikliikteki bir diistisiin volatilite tizerindeki etkisinden daha
fazla olmaktadir. Bu durumun teorik nedeni ise Tiirkiye gibi gelisen piyasa ekonomilerinin doviz
cinsinden 6nemli oranda dig borcu bulunmasima dayanmaktadir. Ciinkii, doviz kurlarinda
yasanan yukar1 yonlii hareketler {ilkenin dis borcunun yerel para birimi cinsinden artmasina yol
agmaktadir. ilgili iilke para birimi deger kaybettikce de ekonomi icin risk daha da arttigindan
bu durum volatilitenin de artmasina yol agmaktadir. Yerel para biriminin deger kazanmas1 ise
genelde hem deger kaybetme durumuna gére daha az yasanmakta hem de deger kazang orani
daha diisiik seviyelerde kalabilmektedir. Bu nedenle doviz kuru getirilerindeki azalisin (TL’nin
deger kazanmasinin) volatilite lizerindeki azaltic1 etkisinin goreceli olarak daha sinirli kaldigi
ifade edilebilir [44].

Daha once ifade edildigi gibi bu calismanin amaci geleneksel olmayan para politikasi
uygulamalarinin s6z konusu oldugu dénemde doviz kuru volatilitesinin temel karakteristik
ozelliklerinin incelenmesidir. Calismada bu amagla iki farkli yaklasim sergilenmistir. Bunlardan
birincisi ASV modelinin parametrelerinin yorumudur. Ciinkii, bulgular kisminda ayrintili bir
sekilde gosterilecegi gibi, ASV modelinin parametreleri doviz kurlariin volatilite dinamikleri
konusunda &nemli bilgiler sunmaktadir. Ikinci yaklasim ise ASV modeli tarafindan sunulan
zamanla degisen stokastik volatilite degerlerine bagli olarak ilgili doviz kurundaki hareketlerin
yol acabilecegi finansal risk diizeyinin Glgiilmesidir. Ciinkii, 6rnegin geleneksel olmayan para
politikas1 uygulamalarinin s6z konusu oldugu dénemde doviz kurlariin yol agtig1 piyasa riskinin
geleneksel para politikas1 uygulamalarinin s6z konusu oldugu déneme gore daha az olmasi,
doviz kuru volatilitesinin yol acabilecegi risklerin goreceli olarak azaldigi anlamina gelecektir.
Bu da TCMB’nin déviz kuru volatilitesinin yol agabilecegi riskleri azaltma yilinlindeki politika
uygulamalarinin basarili oldugunun bir gostergesi olarak yorumlanabilir.

Bu kapsamda, bu calismada ilk olarak ASV modeli tahmin edilmis ve ASV modelinin
parametrelerinin doviz kuru volatilitesi konusunda sundugu bilgiler yorumlanmistir. Ardindan,
ASV modelinden elde edilen stokastik volatilite degerine bagli olarak doviz kurundaki
hareketlerin yol acabilecegi piyasa riski VaR ve ES modelleri ile hesaplanmistir. VaR modelleri
belli bir giiven diizeyinde finansal piyasalarda taginan bir pozisyonun bir giin sonraki maksimum
kayip tutarinin ne olabilecegini hesaplayabilen modellerdir [45]. ES modeli ise ilgili giiven
diizeyinde gerceklesen kayip tutarlarinin VaR modelince ongoriilen kayip tutarlarini asmast
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durumunda piyasa riskinin yol agabilecegi kayip tutarlarinin hangi seviyelere ulasabilecegini
gostermektedir [46].

2.2.1. Student t dagilim varsayimi altinda ASV modelinin tahmin edilmesi

Konunun daha net agiklanabilmesi amaciyla oncelikle normal dagilim varsayimina sahip standart
SV modelinin genel yapisi Denklem (1) ve (2)’de gosterilmistir [43]:
V.= £, exXp (?), t=1,...coe,m

(1)

hepy=pu+odh,—pw+n, t=012, ccoee.,n—1

)

£.~N(0,1)

’Tr""N{:ﬂ: t"_:}

Burada, Denklem (1) goézlem (observation) denklemini, Denklem (2) ise doniisiim (translation)
denklemini gostermekte ve

¥s , 1lgili finansal varligin getirisini;

h.; gozlemlenemeyen logaritmik volatilite degerini;

@, volatilite kalicili1 parametresini;

u, logaritmik volatilitenin ortalama degerini;

g, Ve 7. ise sirastyla gozlem ve doniisim denklemlerinin  tesadiifi hata terimlerini
gostermektedir.

Asimetrik tepkinin dikkate alinmasi durumunda ise ASV modeli Denklem (3) ve (4)’teki gibi
ifade edilmektedir [43]:

Ve = & EXP(?),5= | R |
3) |
hepy=p+@hey—pl+n, t=012, . .,n—1
4
£.,~N(0,1)
r}:—""'N{ﬂ_’ G_:}
EeN Ll (1 po )
(’Tr) N(0,X.) ve E_(ﬁ.g o2

Burada, o= logaritmik volatilitenin volatilitesini; p ise asimetri parametresini ifade etmektedir.
Literatiirde finansal zaman serilerinin dagilimmin standart normal dagilimdan ziyade kalin
kuyruk (fat tail) 6zelligi sergileyen dagilim varsayimlarina daha yakin oldugu yoniindeki genel
bulgular dikkate alindiginda, bu 6zelligi dikkate alan log-normal dagilim varsayimina dayali
ASV modeli Denklem (5) ve (6)’da gosterilmistir:

Ye = \."'ﬂ_r Epexp (?), t=1,...coc.,nl

(5) _

hesq=p+dplh,—pw+n, t=012, .c.....,n—1
(6)

Burada, 4., i.i.d 6zelligine sahip 6lgek karisim degiskenini (scale mixture variable) gostermekte

ve Denklem (7)’deki gibi tanimlanmaktadir:
logd,~N{—0572, %)

(7)
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Boylece /A, =, log-normal dagilima sahip olmaktadir. Burada, t2degiskeni 72~ Gamma (1,1)
seklinde tanimlanmaktadir. Bu tanimlamalar ile Denklem (8)’e ulasilmaktadir:

h’f‘
Y= Epexp (E),t =1 s wen, 1
he=hiyy + 2
hig,=p+oplhi—p +n, t=012,.......,.n—1
(8)
Burada,
£t 0 1 po O
(”f)“’w ( 0 ), pg o 0 olmaktadir.
Ae —0.51° 0 0 -

ASV modelinin, kalin kuyruk 6zelliginin dikkate alinmasinda literatiirde ve uygulamada oldukca
yaygin bir sekilde kullanilan Student t dagilim varsayimi altinda tahmin edilmesi gerektiginde ise

v~ Gamma (16, 0.8) seklinde tanimlanmaktadir. Boylece /4, s, de v serbestlik derecesi ile

Student t dagilimina uymaktadir.

Calismada Student t dagilim varsayimi altinda ASV modelinin parametreleri tahmin edilirken
ilgili literatiiriin geneli ile uyumlu olacak sekilde Bayesyen yaklasimina dayali MCMC
algoritmasindan yararlanilmistir. Fakat, ASV modelinin parametreleri tahmin edilmeden 6nce
ASV  modelinin  parametreleri icin baslangic degerlerinin (prior values) ve dagilim
varsayimlarinin belirlenmesi  gerekmektedir. Bu calismada literatiirle uyumlu bir sekilde
[Ornegin bakimz: 47,48,43,49,50,51,44]. Tablo 1 ve 2°de gosterilen baslangic degerlerinden ve
dagilim varsayimlarindan yararlanilmistir.

Tablo 1. ASV model parametreleri i¢in kullanilan baslangi¢ degerleri

Parametreler Baglangi¢ degerleri
o] 0.95

g 0.15

U -9

P 0.5

v 15

Tablo 2. ASV model parametreleri i¢in kullanilan dagilim varsayimlari

Parametreler Dagilim varsayimi Dagilim parametrelerinin tanimlanmasi
(p +1)/2 Beta dagilin ~ Beta (20, 1.5)

g* Ters gamma dagilim ~ Ters-Gamma (2.5, 0.025)

P Uniform dagilim ~U(-1,1)

1 Normal dagilim ~N (-10, 1)

v Gamma dagilimi ~ Gamma (16,0.8) | v >4

Tablo 2’de (¢ + 1)/ 2 parametresine iliskin Beta dagiliminin Beta (20, 1.5) seklinde
tanimlanmasi, ¢ parametresinin (prior ) ortalama ve varyans degerlerinin 0.86 ve 0.1074 olarak
belirlendigi anlamima gelmektedir. Bu parametre igin beta dagilimmin segilmesi ise ¢

parametresinin 1’in altinda ama 1’e yakin bir deger olarak tanimlanmasindan kaynaklanmaktadir.
g® parametresine iliskin ters-Gamma dagilimmin ters-Gamma (2.5, 0.025) seklinde

tanimlanmasi, o parametresinin ortalama ve varyans degerlerinin 0.0167 ve 0.0236 olarak
belirlendigi anlamina gelmektedir. Bu parametre i¢in ters-Gamma dagiliminin segilmesi
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logaritmik volatilitenin volatilitesinin pozitif ve goreceli olarak ¢ok yiiksek olmayan degerler
alacak sekilde tanimlanmasindan kaynaklanmaktadir. g paremetresine iliskin tiniform dagilimin

U (-1, 1) seklinde tanimlanmasi1 ise p parametresinin +1 ile -1 arasinda degisen degerler
alabilecegi anlamina gelmektedir [47,49,52].

2.2.2. ASV modelinden elde edilen stokastik volatilite degerleri ile finansal riskin 6l¢iimii

ASV modeli tahmin edildiginde zamanla degisen sarthi stokastik volatilite degerleri (h,s,) elde
edilmektedir. h.., degeri kullanilarak stokastik volatilitenin yol agabilecegi piyasa riski ise VaR
modelleri ile Denklem (9)’da gosterildigi gibi hesaplanmaktadir:

ASV —VaR sy = pr +z5hesy

(9)

Burada g, sarth ortalama getiriyi; z,, Student t dagiliminin ¢esitli giiven diizeylerindeki kritik
tablo degerlerini; h..4 ise ilgili ASV modelinden elde edilen sartli stokastik volatilite degerini
ifade etmektedir.

ASV-ES degerleri ise Denklem (9)’daki VaR degerleri dikkate alinarak Denklem (10)’da
gosterildigi gibi hesaplanmaktadir:

ASV —ES, (r) =E[r I v = ASV —VaR, ]
(10)
Burada r, ASV —VaR, . degerlerine esit ve onu asan getiri oranlarini ifade etmektedir.

3. Bulgular

Geleneksel ve geleneksel olmayan para politikasi uygulamalarinin s6z konusu oldugu dénem
dikkate alinarak Dolar-TL i¢in elde edilen logaritmik fiyat ve getiri serileri Sekil 1’de
sunulmustur. Logaritmik getiri serilerine ait betimleyici istatistikler, birim kok ve degisen
varyans testi sonuglari ise Tablo 3’te gosterilmistir. Birim kok testi sonuglar1 her iki donemde
de doviz kuru getirilerinin duragan olduguna isaret etmektedir. Betimleyici istatistikler doviz
kurunun ilgili donemlerde pozitif ortalama getiriler sundugunu gostermektedir. Jarque Bera
testi de doviz kuru getirilerinin standart normal dagilima uydugu hipotezini %35 anlamlilik
diizeyinde reddetmektedir. Sekil 2’de sunulan Q-Q grafikleri de doviz kuru getirilerinin
dagilimmin  standart normal dagilima uymadigi sonucunu desteklemektedir. Bu nedenle
calisgmada ASV modeli Student t dagilimi kullanilarak tahmin edilmistir. 12 gecikmeye kadar
uygulanan Ljung-Box Q? (k) ve ARCH testi sonuglar1 doviz kuru getirilerinin degisen varyans
sorunu icerdigini gostermektedir. Ayrica, birer finansal risk gostergesi olan standart sapma ve
basiklik degerlerine bakildiginda da geleneksel olmayan para politikast uygulamalarinin sz
konusu oldugu donemde her iki gostergenin de daha diigiik seviyelere geriledigi anlasilmaktadir.
Bu bulgu da basit diizeyde onsel bir analiz olarak geleneksel olmayan para politikasi
uygulamalarinin doviz kuru volatilitesini / riskini daha makul seviyelere ¢cekmede basarili
olduguna dair bir 6n bilgi olarak degerlendirilebilir.
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Tablo 3. Doviz kuru getirilerine iliskin betimleyici istatistikler, birim kok ve degisen varyans testi
sonuglart (%)

Dolar-TL
Geleneksel donem
ADF -10.6543*[0.0000]
PP -46.3534*[0.0000]
Ortalama 0.002544
Std. Sapma 0.986242
Carpiklik -0.069928
Basiklik 16.32525
Jarque Bera 15619.81*[0.0000]
Q%(8) 311.98*[0.0000]
ARCH (12) 25.993*[0.0000]
Geleneksel olmayan donem
ADF -42.699*[0.0000]
PP -42.713*[0.0000]
Ortalama 0.045423
Std. Sapma 0.690191
Carpiklik 0.246438
Basiklik 5.152214
Jarque Bera 376.3867*[0.0000]
Q%(8) 117.25*[0.0000]
ARCH (12) 7.3217*[0.0000]

*, %5 anlamlilik diizeyini ifade etmektedir. Parantez icerisindeki degerler olasilik degerleridir. Logaritmik getiri
serileri trend bileseni icermediginden ADF (Augmented Dickey-Fuller, ADF) ve PP (Phillips-Perron, PP) birim
kok testleri trendsiz model spesifikasyonu dikkate alinarak tahmin edilmistir.

3.1. ASV modelinin parametrelerinin yorumlanmasi

ASV modeline ait parametre tahmin sonuglar1 Tablo 4 ve 5°te sunulmustur. Fakat, ASV
modelinin sundugu bulgular yorumlanmadan o6nce ASV modelinin tahmininde kullanilan
MCMC algoritmasinin etkinliginin incelenmesi gerekmektedir. Bu amacla ilgili literatiirle
uyumlu bir sekilde model parametrelerine ait yogunluk dagilim (posterior densities) grafikleri ile
parametrelerin aldig1r degerleri gosteren orneklem patikasi ve otokorelasyon fonksiyonlarinin
grafiklerinin incelenmesi gerekmektedir. Dolar-TL igin geleneksel ve geleneksel olmayan para
politikas1 uygulamalarinin s6z konusu oldugu donem dikkate alinarak elde edilen sonuglar
Sekil 3 ve 4’te sunulmustur. Sekil 3 ve 4’ten anlasildig1 gibi incelenen donemde otokorelasyon
fonksiyonu hizli bir sekilde azalmakta ve parametrelerin aldig1 degerler (6rneklem patikasi)
genel olarak istikrarli bir seyir izlemektedir. Bu bulgular da MCMC algoritmasinin etkin
orneklem degerleri iirettigi anlamina gelmektedir.

Parametre tahmin sonuclarina gelince, Oncelikle geleneksel para politikas1 uygulamalarinin s6z
konusu oldugu donem incelendiginde (Tablo 4) tiim parametrelerin istatistiki olarak anlamli
oldugu anlasilmaktadir. ¢ parametresinin ortalama degerinin (posterior mean ) 0.9351 ¢ikmasi

duraganlik kosulunun (¢ < 1) saglandig1 ve volatilitenin ortalama degerine donme egilimi
icerisinde oldugunu gostermektedir. Student t dagilim parametresinin (v) istatistiki olarak anlaml
¢ikmasi da ¢alismada kullanilan dagilim varsayimini destekleyen bir sonu¢ olmaktadir. & ve «
parametrelerinin ortalama degerleri (posterior mean) ise sirastyla 0.3465 ve -9.783 ¢ikmaktadir.
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Not: 1., 2., ve 3. siradaki grafikler sirasiyla otokorelasyon fonksiyonunu, 6rneklem patikasini ve parametre yogunluk
dagilimlarint gostermektedir.

Sekil 3. Geleneksel donem i¢in MCMC algoritmasinin etkinlik gostergeleri ( Dolar-TL)
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Not: 1., 2., ve 3. swradaki grafikler sirasiyla otokorelasyon fonksiyonunu, drneklem patikasini ve parametre
yogunluk dagilimlarini géstermektedir.

Sekil 4. Geleneksel olmayan donem i¢cin MCMC algoritmasinin etkinlik gostergeleri ( Dolar-TL)
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Asimetri parametresine (p) bakildiginda ise ortalama degerinin (posterior mean) 0.3757 oldugu
anlasilmaktadir. Bu da Dolar-TL i¢in asimetrik tepkinin gecerli oldugu anlamina gelmektedir.
Bir diger ifadeyle Dolar-TL getirisindeki artiglar (Dolarin TL karsisinda deger kazanmasi)
Dolar-TL’nin volatilitesini artirmakta Dolar-TL getirisindeki azalislar (Dolarin TL karsisinda
deger kaybetmesi) ise Dolar-TL’nin volatilitesini azaltmaktadir.

Fakat, Dolar-TL getirisindeki bir artisin volatilite tizerindeki artirici etkisinin  Dolar-TL
getirisindeki ayni biiylikliikteki bir azalisin volatilite lizerindeki azaltic1 etkisinden daha fazla
oldugu anlasilmaktadir. p parametresinin %95 giiven araliginda (credible confidence interval)
aldig1 degerlerin tamaminin pozitif olmasi da Dolar-TL i¢in giiclii bir asimetrik tepkinin soz
konusu oldugu anlamina gelmektedir.

Tablo 4. Geleneksel para politikas1 doneminde Dolar-TL igin ASV-t tahmin sonuglari

Parametreler | Ortalama Std. Sapma %95....alt sinir %095... iist siur | Etkinsizlik faktorii
s 0.9351 0.0135 0.9059 0.9589 119.16

g 0.3465 0.0438 0.2713 0.4463 263.57

p 0.3757 0.0620 0.2500 0.4941 47.14

U -9.783 0.1242 -10.019 -9.5291 15.86

v 26.154 5.3377 17.263 37.844 133.04

Geleneksel olmayan para politikasi uygulamalarinin s6z konusu oldugu dénem igin parametre
tahmin sonuglarma bakildiginda (Tablo 5) yine tiim parametrelerin istatistiki olarak anlamh
oldugu ve ¢, o, pile p parametrelerinin ortalama degerlerinin (posterior mean ) sirasiyla
0.9683, 0.1752, 0.3373 ve - 10.319 ¢iktig1 anlasilmaktadir. Dolayisiyla, geleneksel olmayan
para politikalarinin  uygulandigi donemde ¢ parametresinin degerinde bir artis; o, p Ve u
parametrelerinin degerinde ise bir azalis oldugu anlagilmaktadir. ¢ parametresinin degerindeki
artis geleneksel olmayan para politikast uygulamalarinin s6z konusu oldugu dénemde bir 6nceki
doneme gore daha yiiksek bir volatilite kaliciliginin s6z konusu oldugu anlamma gelmektedir.
Bir diger ifade ile bu donemde Dolar-TL kurunda yasanan bir volatilite sokunun cari donem
volatilitesi lizerinde diger doneme gore daha uzun siire etkili oldugu ifade edilebilir. &
parametresinin degerinde gozlemlenen yiiksek oranli azalis ise geleneksel olmayan para
politikas1 uygulamalarinin s6z konusu oldugu dénemde volatilitedeki degiskenlikte 6nemli bir
azalma oldugu anlamina gelmektedir. Bir diger ifade ile bu donemde Dolar-TL volatilitesindeki
degisimler goreceli olarak daha diisiik seviyelerde kalmig ve Dolar-TL volatilitesi daha
ongoriilebilir bir seyir izlemistir. 4 parametresinin degerindeki azalis geleneksel olmayan para
politikas1 uygulamalarinin s6z konusu oldugu dénemde ortalama volatilite degerinin de azaldig1
anlamina gelmektedir. g parametresinin degerindeki azalis ise geleneksel olmayan para politikasi
uygulamalarinin s6z konusu oldugu dénemde Dolar-TL kurundaki fiyat hareketleri ile Dolar-TL
volatilitesi arasindaki korelasyonun azaldigi anlamina gelmektedir.
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Tablo 5. Geleneksel olmayan para politikasi doneminde Dolar-TL i¢in ASV-t tahmin
sonugclari
Parametreler | Ortalama Std. Sapma | %95....alt sinir %095.... list Etkinsizlik faktorii
Siir

@ 0.9683 0.0119 0.9417 0.9866 221.78

a 0.1752 0.0354 0.1162 0.2551 327.37

p 0.3373 0.0915 0.1587 0.5180 81.95

u -10.319 0.1413 -10.5884 -10.029 4.56

v 19.4818 44121 12.5189 29.4480 189.01

3.2. ASV modelinin sundugu stokastik volatilite degerleri ile finansal risk diizeyinin 6l¢timii

Calismanin bu asamasinda ASV modeli kullanilarak elde edilen zamanla degisen sarth
stokastik volatilitenin yol agabilecegi finansal risk diizeyi Ol¢iilmiistiir. Boylece, hem finansal ve
reel sektor kuruluslart hem de yatirimcilar agisindan tasinan doviz pozisyonlarnin hangi para
politikas1 uygulamalarinin s6z konusu oldugu donemde daha fazla risk teskil ettigi
belirlenmeye calisilmistir. Fakat, oncelikle, Sekil 5 ve 6’da geleneksel ve geleneksel olmayan
para politikas1 uygulamalarinin s6z konusu oldugu donemlerde Dolar-TL igin elde edilen
logaritmik stokastik volatilite degerleri ilgili doviz kurunun logaritmik getiri serileri ile birlikte
sunulmustur.
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Sekil 5. Geleneksel donemde logaritmik getiri ve logaritmik stokastik volatilite (Dolar-TL)
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Sekil 6. Geleneksel olmayan donemde logaritmik getiri ve logaritmik stokastik volatilite
(Dolar-TL)

Sekil 5 ve 6 incelendiginde Dolar-TL volatilitesinin arttigi donemlerde Dolar-TL getirilerindeki
degisimlerin de arttigi; Dolar-TL volatilitesinin azaldigi donemlerde ise Dolar-TL getirilerindeki
degisimlerin de azaldig1 anlagilmaktadir.

ASV modeli tarafindan tretilen ve Sekil 5 ve 6’da gosterilen stokastik volatilite degerleri
dikkate alinarak, Dolar-TL volatilitesinin yol acabilecegi finansal risk diizeyi %99.5, %99 ve
%95 giiven diizeyleri i¢in  hesaplanmis ve elde edilen bulgular Tablo 6’da sunulmustur.
Oncelikle, geleneksel para politikasi uygulamalarinin s6z konusu oldugu dénem igin %99 giiven
diizeyindeki sonuglar incelendiginde ASV-VaR sonuclarina goére finansal piyasalarda Dolar-
TL kurunda tagmabilecek uzun pozisyonunun bir sonucu olarak bir giin sonraki maksimum
kayip oran1 %2.913 olabilecektir. Olas1 agimlar dikkate alindiginda ise ASV-ES sonuglarina gore
kaylp oram1  %3.611 seviyesine c¢ikabilecektir. Geleneksel olmayan para politikasi
uygulamalarinin s6z konusu oldugu donemde ise %99 giliven diizeyinde ASV-VaR sonuglarina
gore maksimum kayip orant %1.846 olabilecektir. ASV-ES sonuglarina gore ise olasi asimlar
dikkate alindiginda bu oran %2.218 seviyesine ¢ikabilecektir. Dolayisiyla, hem ASV-VaR hem
de ASV-ES sonuglar1 geleneksel olmayan para politikas1 uygulamalarinin s6z konusu oldugu
donemde Dolar-TL kaynakli finansal riskin daha diisiik seviyelere geriledigini gostermektedir.
Bu analizler %99.5 ve %95 giiven diizeyleri dikkate alinarak yapildiginda da hem ASV-VaR
hem de ASV-ES modellerinin benzer bulgulara isaret ettigi gézlemlenmektedir. Bu da ¢alisma
bulgularinin giivenilirligini artirmaktadir.

Dolayisiyla, kisaca ifade etmek gerekirse, geleneksel olmayan para politikas1 uygulamalariin
s0z konusu oldugu dénemde hem Dolar-TL volatilitesindeki degiskenligin azaldigi hem de
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Dolar-TL volatilitesinin yol agabilecegi finansal risk diizeyinin geriledigi anlagilmaktadir. Bu
bulgular da TCMB tarafindan uygulanan geleneksel olmayan para politikas1 uygulamalarmin
doviz piyasalarii daha az riskli hale getirmekte basarili oldugu seklinde yorumlanabilir.

Tablo 6. Dolar-TL i¢in ASV-VaR ve ASV-ES sonuglari

Risk dl¢iim yontemi Giiven diizeyleri

% 99.5 | %99 | % 95
Geleneksel para politikas1 donemi
ASV-VaR -%3.38 -%2.913 -%1.828
ASV-ES -%4.11 -%3.611 -%2.517
Geleneksel olmayan para politikasi donemi
ASV-VaR -%2.116 -%1.846 -%1.185
ASV-ES -%2.475 -%2.218 -%1.587

4. Degerlendirme ve Sonug

2007-2008 kiiresel finans krizi sonrasinda diinya merkez bankalari geleneksel olmayan para
politikas1 uygulamalarina yonelmislerdir. Benzer bir egilim sergileyen TCMB de bu yeni
donemde fiyat istikrarina ilaveten makro finansal istikrar1 da gozeten bir politika bilesimi
uygulamaya baslamistir. Bu politika bilesiminin temel dinamiklerinden birini de ddéviz kuru
volatilitesi olusturmustur. Dolayisiyla, ilgili donemde doviz kuru volatilitesinin dngoriilebilirligi
/ makul seviyelerde olmasi ve bu volatilitenin yol agabilecegi finansal risk diizeyinin
azaltilabilmesi bu donemdeki uygulamalarin basar1 kriterlerinden biri olarak degerlendirilmistir
[2]. Bu ¢alismada da TCMB’nin geleneksel olmayan para politikast uygulamalarinin s6z konusu
oldugu 2010-2017 doneminde doviz kuru volatilitesinin temel dinamikleri incelenmistir. Bu
amagla asimetrik stokastik volatilite modelinden yararlanilmistir.

Calisma kapsaminda tahmin edilen asimetrik stokastik volatilite modelinin parametreleri ilgili
donem i¢in doviz kuru volatilitesinin temel dinamikleri ile ilgili onemli bilgiler sunmaktadir.
Oncelikle, asimetri parametresine (p) bakildiginda bulgular her iki ddSnemde de asimetrik tepkinin

gecerli olduguna isaret etmektedir. Bu da doviz kuru getirisindeki bir artigin (Dolarin TL
karsisinda deger kazanmasinin)  volatiliteyi arttirdigi  doviz kuru getirisindeki bir azalisin (
Dolarin  TL karsisinda deger kaybetmesinin) ise volatiliteyi azalttigi fakat getirideki artigin
volatilite ilizerindeki etkisinin getirideki ayni biiyiikliikteki bir diisiisiin volatilite {izerindeki
etkisinden daha fazla oldugu anlamina gelmektedir. Diger 6nemli parametrelere bakildiginda ise
geleneksel olmayan para politikast uygulamalarinin s6z konusu oldugu donemde hem
volatilitedeki degiskenligin () hem de ortalama volatilite degerinin (u) azaldigi anlasilmaktadir.

Bu bulgu da geleneksel para politikas1 uygulamalarinin s6z konusu oldugu doneme gore doviz
kuru volatilitesinin daha 6ngoriilebilir bir seyir izledigi anlamina gelmektedir.

Uygulama ag¢isindan ¢ok daha 6nemli olan ve tiim parametrelerinin etkileri dikkate alinarak
tahmin edilen stokastik doviz kuru volatilitesinin etkilerini 6ngdérmek i¢in kullanilan ASV-VaR
ve ASV-ES modellerinin  sonuglar1 incelendiginde de geleneksel olmayan para politikasi
uygulamalarimin s6z konusu oldugu donemde Dolar-TL kaynakli finansal riskin geleneksel
para politikasi uygulamalarmin s6z konusu oldugu doneme gore belirgin bir sekilde azaldig
anlagilmaktadir.
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Calisma bulgularmimn uygulamaya doniik énemli bilgiler icerdigi diisiiniilmektedir. Oncelikle,
ilgili donemde TCMB tarafindan uygulanan geleneksel olmayan para politikas1 uygulamalarinin
doviz kuru volatilitesini / riskini daha makul diizeylere ¢ekme konusunda basarili oldugu ifade
edilebilir. Bu bulgu da Kara’nin [2] ¢alismasinda sundugu bulgular ile uyumludur. Dolayisiyla,
ilgili donemde hem yatirimcilar hem de finansal ve reel sektor kuruluslart agisindan doviz kuru
kaynakli finansal riskin incelenen dénem ve kullanilan modeller kapsaminda bir 6nceki doneme
gbre daha makul seviyelere geriledigi ifade edilebilir. ikicisi, daha sonraki dénemlerde 2007-
2008 finansal krizi gibi donemlerin yasanmasi durumunda TCMB’nin bu dénemde uyguladigi
geleneksel olmayan para politikast uygulamalarina benzer bir politika bilesimini kullanarak
finansal sisteme gerekli esnekligi ve etkinligi kazandirabilece§i ve bdylece makro finansal
istikrarin saglanmasina katki saglayabilecegi ifade edilebilir. Son olarak da ¢aligma bulgulari,
Bayesyen yaklagimina dayali MCMC algoritmasina bagl olarak tahmin edilen asimetrik
stokastik volatilite modelinin Tiirk finans piyasalarina uygulanabilecegine isaret etmektedir. Bu
nedenle Tiirk finans piyasalarina déniik daha sonraki cesitli finansal analizlerde (Ornegin,
volatilitenin modellenmesi, VaR ve ES degerlerinin hesaplanmasi gibi) stokastik volatilite
modellerine dayali analizlere daha ¢ok yer verilmesinin uluslararasi yazinda oldukga ilgi gbren
bu tiir alternatif modellerin sundugu bilgilerden ulusal yazinda da yararlanilabilmesi agisindan
onemli oldugu diisiiniilmektedir.
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Abstract

In the estimation of aggregate loss, claim severity and claim frequency are generally assumed independent. Although,
the independence assumption is quite basic, it may cause underestimates or overestimates in calculations. The
dependence in the estimation of aggregate loss can be included with the copula-based models. The joint cumulative
distribution and the joint probability density functions of mixed variables such as continuous claim severity and discrete
claim frequency can be obtained using the bivariate copula functions and the mixed copula approach. In this study,
aggregate loss is modeled using the bivariate Archimedean copula functions considering the dependency between claim
components. It is assumed that claim severity and frequency have Gamma and zero-truncated Poisson distributions,
respectively. In the application part, the aggregate loss is calculated using different Archimedean copula functions.
Different copula functions and different parameters for each copula are used to analyze the effect of copula type and
parameter. Furthermore, aggregate loss in the presence of dependence between claims are estimated.

Anahtar sozciikler: Bivariate Archimedean copula, Copula-based model, Dependence, Mixed-variable.

Oz

Hasar tutari ve sayis1 arasindaki bagimlhihigin Arsimet kopulalar ile modellenmesi iizerine
karsilastirmali bir calisma

Toplam hasar tahmininde, hasar tutar: ile hasar sayisi genellikle bagimsiz varsayilmaktadir. Bagimsizlik varsayimi
oldukga temel olmasina ragmen, hesaplamalarda ger¢ek degerden daha diisiik veya daha yiiksek tahminlere neden
olabilir. Toplam hasar tahminindeki bagimhilik, kopula-temelli modeller ile dikkate alinabilir. Siirekli hasar tutart ve
kesikli hasar sayisi gibi karma degiskenlerin ortak kiimiilatif dagilim ve ortak olasilik yogunluk fonksiyonu iki degiskenli
kopula fonksiyonlart ve karma kopula yaklasimi kullanilarak elde edilebilir. Bu ¢alismada toplam hasar, hasar
bilesenleri arasindaki bagimhilik dikkate alinarak, Arsimet kopula fonksiyonlar: yardimiyla modellenmistir. Hasar tutar
ve sayisimin swrastyla Gamma ve  sifir-kesilmis Poisson dagilimlarina sahip oldugu varsayilmistir. Uygulama
béliimiinde, toplam hasar farkli Arsimet kopulalar kullanilarak tahmin edilmistir. Kopula tirii ve parametresinin
etkisini analiz etmek amacuyla farkli kopula fonksiyonlar: ve her bir kopula igin farkl parametreler kullaniimustr.

Keywords: Iki degiskenli Arsimet kopula, Kopula-temelli model, Bagimlilik, Karma-degisken.
1. Introduction

Claim severity and frequency are the main components of non-life insurance mathematics. Analyses such
as ratemaking, reserve calculation and credibility are generally carried out under the independence
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assumption between the claim components. According to the compound risk model, claim severity and
frequency are assumed independent, and aggregate loss is calculated by Lundberg [1]. The aggregate loss
is termed as risk premium corresponding only the expected loss without expenses. In ratemaking studies,
generally claim severity and frequency are modeled by generalized linear models separately. Thereafter,
expected values of claim severity and frequency are multiplied to calculate the aggregate loss under
independence assumption.

Although, the independence assumption is quite essential, it causes underestimate or overestimate of
aggregate loss compared the actual aggregate loss. To eliminate the effects of the independence
assumption, some approaches have been proposed to model the dependence. Copula which is the most
used method for modeling dependence in financial and statistical studies is also introduced in actuarial
studies by Frees and Valdez [2]. Studies about dependence modeling using copulas can be divided into
two part with and without GLMs. Song [3] defined the mixed copula approach using GLMs and Gauss
copula function. The mixed copula approach lays the groundwork to model dependency between mixed
variables such as continuous claim severity and discrete claim frequency. Kastenmeier [4] established a
joint regression model for claim severity and frequency using the mixed copula approach. Song et al. [5],
Kolev and Paiva [6] and Czado et al. [7] also modeled dependency between mixed variables. Czado et al.
[7] modeled dependency between claim severity and frequency using Gauss copula and marginal GLMs.
Kriamer et al. [8] used Clayton, Gumbel and Frank copulas besides Gauss copula and they referred the
models contain GLMs and copula as the copula-based regression models. Kramer et al. [8] also modeled
the dependency between claim components only using the copula and claims without GLMs and the
approach is entitled as the copula-based models. Copula-based models are useful for modeling the
dependence according to only the distribution of claim components without any explanatory variables.

Besides copula-based models and copula-based regression models, Gschl6fl and Czado [9] introduced a
new approach to model dependency between claim severity and frequency by taking the claim frequency
as an explanatory variable in the GLM modeling of aggregate loss. Garrido et al. [10] also used same
approach to model dependency in non-life insurance.

Except copula; markov models [11], continuous time processes [12] and multivariate distributions such as
phase-type distributions [13] are also used to model dependence in actuarial sciences.

This study is important with regars to showing that the copula function, has also started to be used in non-
life insurance mathematics for dependence modeling though copula-based models. It has been also shown
that the dependency between claim components can be modeled flexibly with different copula functions
and different parameters.

In this study, dependency between claim components is modeled via copula-based models using
Archimedean copula family. This paper is organized as follows: Firstly, bivariate Archimedean copula
functions are given in Section 2. The properties of aggregate loss under the dependence and independence
assumptions and the relationship between copula and aggregate loss are briefly mentioned in Section 3.
An application study is carried out to compare the copulas and to estimate expected loss in the presence of
dependency between claim components in Section 4 and the concluding remarks are given in Section 5.

2. Archimedean copula functions

Copula is introduced by Sklar [14] and allows us to model dependence among variables in many
disciplines such as economy, finance, econometric, statistics and actuarial science. A copula is a function
which joins a multivariate distribution function to its marginal distribution functions which have standart
uniform distributions [15].
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Archimedean copula family is one of the most frequently used parametric copulas. Archimedean copulas
are diversified as Clayton, Gumbel, Frank, Ali Mikhail Hag and Joe copula functions. As Archimedean
copulas are parametric copulas, they are expressed with a parameter. Using Sklar’s Theorem [15], where

@ is the copula parameter, a bivariate parametric copula C(.,.|6’) can be defined as follows:

Py (x,¥10)=C(F, (). F (v)6) ®
where F, (x) and F,(y) are the distribution functions of random variables X and Y.

In this study, frequently used Archimedean copulas are considered to set up copula-based models. Let
C(|¢9) be a bivariate parametric copula function and (u,v) [O,l]x[O,l]. Archimedean copulas are
defined as C(u,v):¢’1(t)(¢(u)+¢(v)) with generator function ¢(t). Generator function
¢:[0,1] > [0,] is a continuous, strictly decreasing and convex function with #(1)=0 and ¢7*(t)
shows the so called pseudo-inverse of generator function [15].

In some cases, Kendall’s t can be more applicative instead of the copula parameter 6 in the sense of

monotone transforms of copulas [8]. The closed forms of copula functions, the generator functions and the

relationships between Kendall’s t and copula parameter 6 for Archimedean copula family are given as
follows [8], [15].

2.1. Clayton Copula

1

Cluv)=(u+v’-1)o, 0 e [L,00)1{0} @)
t’ -1

P(t) = ; ©)
0

Y @

2.2. Gumbel copula
1
C(u,v)=exp —((— log u)’ +(~log v)g)e] 0>1 (5)

#(t) = (~logt)’ (6)

TZE (7)
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2.3. Frank copula

1 M -_1fe -1
Cu,v)= ~—log (1+ £ (e_a)(f ] )], 0 e R/{0} ®)
—e*-1
$(t) =—In o7 1 9)
r= 1+%(Dl(u, vo)-1) (10)
Dl(u, v|6?) e’ (ew _1) demostrates the first partial derivative.

= e0WD) | gf(viD) _gb _ o0(uw)

3. The relationship between copula and aggregate loss

The aggregate loss is basically defined as the sum of monetary losses of all the claims. Aggregate loss can
be calculated considering or ignoring the dependence between claim components.

3.1. Aggregate loss under the independence assumption

In risk theory, there are two main models: individual risk model and collective risk model. In the
individual risk model, the claim frequency is assumed fixed. Otherwise, the aggregate loss has a
compound distribution with the primary distribution being the claim frequency and the second one being
the claim severity in collective risk model [16]. According to the collective risk model, claim severity and
claim frequency are assumed independent random variables. Let Y displays the claim frequency and X,
shows the claim severity of the ith loss for i=1,..,Y. Aggregate loss which is denoted by S is defined as
follows:

S=X,+..+ X, (11)

X, ’s are assumed independently and identically distributed positive integer-valued random variables.
Using the properties of compound distribution, the expected value and the variance of aggregate loss can
be calculated as E(S) = E(X)E(Y) and Var(S) = E(Y)Var(X) +Var(Y)[E(X)]2, respectively.

In most studies expected value and the variance of aggregate loss is calculated without considering the
distribution of aggregate loss due to the difficulty of obtaining closed form of the distribution function.
The distribution of S can be obtained using convolution method, Panjer and De Peril recursions [16], [17].
Kramer et al. [8] proposed a new approach to define the distributions of policy loss and the aggregate loss
considering dependency between claim severity and frequency using copula functions.
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3.2. Estimation of aggregate loss using copula under the assumption of dependency

Aggregate loss can be estimated by copulas in the presence of dependency between claim components.
The relationship between copula and aggregate loss can be explained by copula-based model relied on the
distributions of claim components and the copula functions.

Let assume that claim severity and frequency have Gamma and zero-truncated Poisson distributions,
respectively. Density and probability functions are given by Equation (12) and Equation (13) using mean
parameterization. First moment, second moment and variance of distributions are also given by Table 1 as
follows.

fX(X‘y,Uz)z 11 (12Juzy(‘;jlexp[— XZJ, x>0 (12)

et
fy (YWZW , y=123... (13)

Table 1. Moments of the Distributions of Claim Severity and Frequency

Variables Distribution First Moment Second Moment Variance
Claim Severity , , , _
(X) Gamma(y,v?) E(X)=u E(X?)=u (1+U ) Var(X) = pv
2 2
Claim Frequency Zero-Truncated E(Y) = — E(Y 2) — A+ /14 var(Y) = A+ /i _( l'ﬂj
(Y) Poisson (L) 1-e 1-e” 1-e 1-e

Let C(|0) be a bivariate Archimedean copula where € is the copula parameter. Joint cumulative

distribution function and joint probability density function can be obtained Sklar Theorem [14] and by the
mixed copula approach [3] as follows.

3.2.1. Joint cumulative distribution function of claim severity and frequency

The joint cumulative distribution function of claim severity and frequency can be written by using Sklar’s
Theorem as follows.

Fyy (X7 y‘ﬂ! v, A, 9): C(Fx (X)’ F (y)@) (14)

3.2.2. Joint probability density function of claim severity and frequency

The joint probability density function of claim severity and frequency can be written by the mixed copula
approach which is proposed by Song [3]. The mixed copula approach, allows the usage of copula
functions which are used with only the continuous random variables, also together with discrete random
variables [7]. This approach uses the Radon-Nikodym Theorem to convert the discrete measurement to
continuous measurement.

fXY(x, y\u,uz,ﬂ,a)zﬁ—ip(x <xY = y)=%P(X <xY < y)—%P(X <xY<y-1)
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-2 o(F, (0 R (v)0)- 2 ClF (X).F, (y-2)o)

fi b Y] 0,2,0)= 1, 00Dy (R (X) F, (v)6) - DAy () Fy (y~2)0)] (15)

Dl(.,.|0) shows the first partial derivative and the Equation (15) can be proved by mixed copula approach.
More detail information can be found in [3].

To indicate policy loss considering the dependence between the claim severity and frequency, Kramer et
al. [8] define a new variable as L, where X, and Y; display the ith claim severity and frequency,

respectively.

L, = X.\Y, (16)

The expected value and the variance of the ith policy loss are denoted by Hy, and Gi , respectively. Joint
density function of loss can be written by mixed copula approach as follows [8].

(w07, 2,0)= ;% f, (lyj{ D{FX (ly] 3 (y)|6’j - D{FX (lyj F (y —1}9]} 10 (1)

Where there are n policies, aggregate loss S can be written as follows:

S=L+..+L, =X Y, +...+ XY, (18)

Since the policy loss L; has positive and continuous distribution, aggregate loss has also positive and
continuous distribution. Furthermore, according to the central limit theorem,

n

S _ZIULi

— = (19)

n

2
Z GLi

i=1

Jn

the asymptotic distribution of aggregate loss S is the standard normal distribution and can be displayed by

D
S —>N(0,1) using the Equation (19) [8].
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4. Application

Analyses in the application part are carried out using the R packages “CopulaRegression” [18], “MASS”
[19] and “VineCopula” [20]. “CopulaRegression” package works dependent on “MASS” and
“VineCopula” packages. “CopulaRegression” package is established on the assumption of Gamma
distributed claim severity and zero-truncated Poisson distributed claim frequency. A system is designed
contained insured with Gamma-distributed claim severity and zero-truncated Poisson distributed claim
frequency. For that purpose, first of all an one-year real comprehensive insurance data set taken from a
non-life insurance company for year 2017 consisted of 2820 observations is analyzed to determine the
parameters of distributions. Before the parameter estimation, the distributions of claim severity and the
claim frequency are analyzed by Kolmogorov Simirnov Test using SPSS Statistics 23. As, Gamma
distribution is formed by Exponential distribution and zero-truncated Poisson distribution is a special form
of Poisson distribution, goodness of fit for severity and frequency is carried out for Exponential and
Poisson. According to results of goodness of fit, claim severity and frequency of the real comprehensive
insurance data fit aforementioned distributions. It is reasonable to using this data in the parameter
estimation. To obtain the information of the claim severity, policies with at least one claim frequency are
taken over. Parameters are estimated using the moments method. Details of the mean parametrization have
been given by Table 1. Descriptive statistics are given by Table 2 for parameter estimation.

Table 2. Descriptive Statistics of Comprehensive Insurance Data

Variables Minimum Maximum Mean Median Variance
Claim Severity (X) 51.24 35477.00 1759.4936 2933.58735 8605934.753
Claim Frequency (Y) 1 4 1.7034 0.4678 0.2190

Using moments method, mean parameter and dispersion parameter of Gamma distribution are
approximately obtained as 1760 and 1, respectively and for zero-truncated Poisson distribution mean
parameter is assumed as 1.18.

“CopulaRegression” package firstly simulate n observations claim severity from the marginal Gamma
distribution, and for each severity, the package sample an observation from the conditional distribution of
claim frequency given claim severity. The conditional density function for a Gamma distributed claim

Tu(x) |

severity (X) and zero-truncated claim frequency (Y) can be writtenas P(Y =y | X =X) = ) n
X
X

the second step, the package obtain the conditional distributions [18].

In this study, conditional probability mass function of the claim frequency is obtained as a first step to
write copula-based model combining the marginal distributions and the copula function. While the effects
of the copula on the conditional probability mass function of the claim frequency are demonstrated by
Figure 1, the impressions of copula parameters on the conditional distribution are displayed by Figure 2.
To investigate the effects of copula type, the conditional probability mass function of the claim frequency
is plotted using Clayton, Gumbel and Frank copula functions with a fixed 0 parameter. It is assumed that
condition on claim severity of 2000 TL.
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Figure 1. Conditional Probability Mass Function of the Claim Frequency (Clayton, Gumbel and Frank
Copula Functions with a Fixed Parameter (6=1.5))

According to the Figure 1, it is explicit that copula type influences the probability of claim frequency. The
probabilities are higher for small values using Gumbel copula compared with other types of copula. The
probability of one claim is higher with Gumbel and Frank copulas than the probability with Clayton. To
investigate the effects of copula parameter, different parameters have been tried for all copula types.
Instead of giving all results, the conditional probability mass functions of the claim frequency are plotted
using different copula parameters for Clayton copula where parameter effect can be observed better.
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Figure 2. Conditional Probability Mass Function of the Claim Frequency (Clayton Copula Function with
Different Parameters (6=0.5; 1; 1.5))

It is observed from Figure 2, the higher values of 0, the greater conditional probability value of claim
frequency, especially for smaller claims. It is deduced from Figure 1 and 2, dependence between claim
frequency and severity can be modeled by Archimedean copulas flexibly.

Cumulative distribution function of claim severity and frequency given by Equation (14) are obtained with
Clayton, Gumbel and Frank copulas for different parameters. Cumulative distribution functions using
different copulas are plotted by Figure 3. It is noticed that the type of copula has no significant impact on
the cumulative distribution function for small © values. However, for larger t values, the graph of
cumulative distribution function using Frank copula is different the graphs using the other two copula
types. Smaller cumulative probabilities are obtained for larger T values while using Frank copula.
Increasing curves are obtained in accordance with the general characteristics of the distribution functions.
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Figure 3. Cumulative Distribution Functions of Aggregate Loss for Different Copula Functions with
Different Parameters

Joint probability density function of claim severity and frequency given by Equation (15) are obtained

with Clayton, Gumbel and Frank copulas for different parameters. Joint density functions using different
copulas are plotted by Figure 4.
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Figure 4. Probabilities of the Aggregate Loss for Different Copula Functions with Different Parameters

As the marginal Gamma distributed claim severity has a right-skewed distribution, the aggregate loss is
also inclined to be right-skewed according to the Figure 4. While the probabilities are similar for Clayton
and Gumbel copulas, Frank copula is more sensitive to the large value of the copula parameter. The results
of the probability density function for Frank copula also support the results found for cumulative
distribution function above.

Expected aggregate loss in the presence of dependence between claim components are estimated with the
copula-based model. The estimated loss using different copulas and parameters are summarized with
Table 3 as follows.
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Table 3. Expected Loss using Clayton, Gumbel and Frank Copulas for Different Parameters

Type of Copula T 0 Expected Loss

0.1 0.2222222 2285.120

0.2 0.5000000 2336.037

Clayton 0.3 0.8571429 2389.853
0.4 1.3333333 2447.339

0.5 2.0000000 2509.511

0.6 3.0000000 2577.670

0.1 1.1111110 2372.550

0.2 1.2500000 2492.395

Gumbel 0.3 1.4285710 2596.252
0.4 1.6666670 2684.361

0.5 2.0000000 2757.008

0.6 2.5000000 2814.559

0.1 0.9073682 2309.685

0.2 1.8608840 2384.995

Frank 0.3 2.9174345 2461.079
04  4.1610643 2536.578

0.5 5.7362827 2610.203

0.6 7.9296423 2680.823

For Clayton, Gumbel and Frank copulas, same values of Kendall’s t parameter are taken and the
corresponding values of 6 copula parameter are given in Table 3. The higher values of t and 0, the higher
expected loss for all copulas. Expected losses are higher using Gumbel copulas compared the other
copulas. Furthermore, some statistical values such as quantiles of expected loss are calculated and given
by Table 4.

Table 4. Quantiles of Aggregate Loss using Clayton, Gumbel and Frank Copulas for 1 =0.5

Type of Copula % Value at the quantile Expected

is evaluated Loss(t=0.5)

25 743.7378

Clayton 50 1534.867 2509.511
75 3211.736
25 742.5345

Gumbel 50 1462.432 2757.008
75 2917.698
25 740.4356

Frank 50 1472.067 2610.203
75 3156.319

Quantiles of aggregate loss given by Table 4 can be useful for interval estimation of aggregate loss under
dependence assumption. The values of expected aggregate loss are ranked between the 50 % and 75 %
quartiles. It confirms that the distribution of aggregate loss under dependency assumption is also right
skewed.



O. Karadag Erdemir, M. Sucu [ Istatistikgiler Dergisi: istatistik&Aktiierya, 2020, 1, 18-29 28

5. Concluding Remarks

In non-life insurance mathematics claim severity and frequency are generally assumed independent and
the aggregate loss is over or under estimated compared the actual aggregate loss under this assumption.
Dependency between claim components can taken into consideration using copula-based model approach
proposed by Kramer et al. [8]. Copula-based models can be created by bivariate Archimedean copula
family and mixed vairables such as continuous claim severity and discrete claim frequency. Mixed
variables can be included in the same copula function with the mixed copula approach. In this study, joint
cumulative distribution and joint probability density functions of claim severity and frequecy are obtained
using the copula-based model. The aggregate loss is modeled using different bivariate Archimedean
copula functions and different copula parameters. The effects of the parameters and the type of copulas on
dependence modeling are analysed and interprered.

It has been noticed that copula-based models allow for flexible dependency modeling of claim severity
and frequency in non-life insurance mathematics. Flexibility arises from the use of different copula
functions with different parameters in these models. According to the results of the study, Frank copula is
more sensitive to dependence modeling in cases where the relationship between the claim severity and
frequency is high. It has been observed that aggregate loss increases as t value increases for all
Archimedean copula functions used. However, higher aggregate loss is estimated when the dependency is
modeled with Gumbel copula. Furthermore, the quantiles of aggregate loss that can be used in interval
estimation of aggregate loss under dependence assumption are calculated with the help of the R packages
“CopulaRegression”. It has been seen that the values of expected aggregate loss are ranked between the
50 % and 75 % quartiles, which is an expected result since the distribution of aggregate loss under
dependency assumption is also right skewed.

Copula-based models in this study can be developed as copula-based regression models including
generalized linear models and the results of models can be compared. This study can be enhanced by
using other parametric copulas such as Gauss and t-copulas or non-parametric copulas such as Bernstein
copulas.
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Abstract

Over the past three centuries, there has been a steady and gradual decline in mortality rates due to a
considerable process of eliminating hazards to survival, which have increased the life expectancy at birth
remarkably. The improvements in mortality rates often been underestimated by annuity and pension
providers. To measure the effect of mortality rate developments on life expectancy or annuity, many
demographers use the idea of entropy. We use the entropy measure to explain the effect of any change in
mortality rates on the annuity along with Gompertz's mathematical model for the force of mortality to obtain
a more theoretically satisfactory conclusion. Entropy measures using the Turkish life table are calculated for
different age, year, discount factor, and gender parameters.

Keywords: Annuity, Entropy, Expected lifetime, Mortality rate, Pension funds, Rectangularization.

Oz

Tiirkiye’deki oliimliiliik degisimlerinin anniiite fiyatlari iizerindeki etkisinin entropi él¢iisii

Gecgtigimiz ii¢ yiizyil boyunca yasam olasiligini etkileyen risklerin azaltilmasi sonucu, mortalite hizlarinda
istikrarly bir sekilde kademeli diisiiler olmustur. Béylece dogumda beklenen yasam siiresi onemli bi¢imde
artmistir. Mortalite hizlarindaki bu diisiisler genellikle anniiite ve emeklilik iiriinleri satan kuruluslar
tarafindan olduklarindan az tahmin edilmislerdir. Mortalite hizlarindaki gelismelerin beklenen yasam siiresi
ve anniiite degerleri iizerindeki etkisinin 6l¢iilebilmesi icin bir¢cok demograf entropi kavramini kullanmaktadir.
Bu ¢alismada, mortalite hizlarindaki degisimin anniiite degerleri iizerindeki etkisinin agiklanmast i¢in entropi
olgiitii kullamilmis, ayrica mortalite hizi icin Gompertz mortalite modeli benimsenerek teorik agidan daha
giivenilir sonuglar elde edilmesi amaglanmuistir. Entropi él¢iitii Tiirkiye hayat tablolar: kullanilarak farkh yas,
yil, iskonto orami, ve cinsiyet parametreleri i¢in hesaplanmaktadr.

Anahtar Sozciikler: Anniiite, Entropi, Beklenen yasam siiresi, Mortalite hizi, Emeklilik fonu,
Dikddértgensellegme.
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1. Introduction

Throughout history, there exist significant developments behind the observed reductions in mortality rates.
Over the years, disease-related mortality is mostly eradicated, and the residuary vaolatility in the age-at-
death generally stems from the genetic factors [1].

Total fertility rate of 2.1, is considered to be the replacement rate of populations. Turkish fertility rate for
2010 was 2.170, for 2015 was 2.105, and for 2020 is 2.046 and it is expected to drop more according to
the United Nations’s world population prospects [2]. Over the years, decrease in the mortality rates at all
ages caused population mean age to increase, and decreasing fertility rates supports this increase. Due to
these reasons the population ratio between old people and young people increased over time, putting
pressure on the balance of pension systems.

Regression levels for the Turkish Life Tables over the time interval between 1931 and 2015 is obtained
from the Construction of Turkish Life, and Annuity Tables Project [3]. Although the Project aims to
construct the life tables of male and female insured/non-insured population for 2010, along the study
regression levels between the years 1931 and 2015 are constructed. Considering that the Turkish census
data is very scarse (for example; according to the law enacted no census was carried out in 1995; the
annexation of Hatay to the Turkey in 1938 also effected the census data, etc. ), the data used and taken
from the Project to provide the yearly regression levels is probably based on the best and only data
available for Turkish population.

The project assumes that Turkish mortality follows the Coale-Demeny West Model Life Tables [4]
mortality. It uses fifteen Turkish population census registers between 1927 and 2000 provided from
Turkish Statistical Institute (TUIK). Preston Bennett method is used to obtain suitable life table levels for
Turkish mortality. Life table levels between 1931 and 2000 are modeled by using the exponential
regression method, and finally life table levels consisting of the force of mortality rates for both genders
and ages between 0 to 100 are computed using exponential extrapolation method for the years until 2015.

Figure 1 demonstrates the considerable improvements in force of mortality of Turkey for females over the
years 1931 to 2015, constructed using the regression levels and the corresponding Coale-Demeny West
Model Life Tables. The decline in mortality rates are often underestimated by annuity and pension
providers. Developments in the mortality rates for post-retirement ages does have a substantial financial
impact on the sustainability of pension plans. Due to the tax-paid structure, the deficiencies of public
finance aggravated by mortality improvements.

Many researchers use entropy to measure the effect of decreasing mortality rates on life expectancy or
annuity costs. Pollard [5] focused on the function of the mortality rate and its effects on life expectancy.
Keyfitz and Caswell [6] introduced the concept of entropy as a measure of the interaction of the expected
lifetime and the developments in mortality rates.

Higher values of entropy measure point out that the expected lifetime has a higher sensitivity to a
deviation in the mortality rates. Lower values of entropy measure mean that life expectancy is relatively
insensitive to future deviations in mortality rates [7]. The most critical attraction of entropy measure is that
it allows to define the influence of the mortality rates on the expected lifetime by a single index number.
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Figure 1: Mortality rates of Turkish female population over the years 1931 to 2015.

Entropy is also used as an indicator of the rectangularization of the survival function. Rectangularization
showed up over the last 100 years in mostly the developed countries of the world, which the
transformation from high mortality to low mortality is nearly complete [8]. It occurs as a result of
increased survival rate and expectation of life. Improvements in the mortality rates have caused people to
die at older ages, and it results in a reduction in the volatility of the age-at-death, and deaths to compact in
the older years of life. An entirely rectangular survival function means that entropy is zero, and people live
to a certain age and then die at that age.

We use entropy to measure the effect of changing Turkish mortality rates on the cost of an annuity. Then
we work on the mortality parameters to see their effects on the entropy measure. First, we use period life
tables to calculate entropy measure from annuity values and life expectations. Then we consider a
mortality model to obtain a more theoretically satisfactory conclusion.

2. Entropy in actuarial science

2.1. Expected lifetime defined by entropy

In actuarial science, entropy is a single figure index that quantifies the effect of a same level change in the
mortality rates at all ages on expected lifetime. Entropy determines the expected uncertainty on the result
of an experiment and presents information about the foreseeability of the result of a random variable. The
larger the entropy, the less compressed the distribution (less rectangularization in poupulation), and
observation about random variable provide fewer information [9].

As an example; if the force of mortality of a person aged X is £, , and the force of mortality changes by
100¢ percent for all ages and could be a positive or a negative value depending on whether the change is
beneficial to human life or not. Then, the new force of mortality of a person aged x is defined as;
u: = u, (1+¢). This new force of mortality leads to a new survivorship curve, and the new probability to
survive from age 0 to X becomes
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Where, w is the limiting age of the mortality table. The derivative of Equation 2 is considered with
respectto ¢:
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In the neighborhood of ¢ based on a Taylor expansion, we have the following approximation
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To make H a positive quantity we define it as minus the expression in brackets.

_0:_le (5)

Equation 5 interprets as; the proportional change in expected lifetime can be approximated as H times
@ . A disadvantage of this method is that; it cannot be used when mortality change, ¢, is not proportional

across all ages [10].

Therefore, the measure H can be displayed as

(6)

As . p, declines from one to zero over the age span, —In, p, increases from zero to infinitely large

values. There is no apparent mathematical explanation of why H,(J) should be bounded from above
[11], and life tables may have entropy values above one.

Entropy measure depends directly on the concavity of the survival function (same as , p,, or £,) [12]. As
mortality improves over time, or the curve of , p, turns down more sharply, which is the same as saying

that £¢, turns up more sharply, more people die in a narrow range of old ages before w. This leads to H
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being closer to zero. Hence, a change in 1, has almost no effect on life expectancy. Lower the H,

greater the tendency for all of us to die at about the same age, a tendency that accompanies mortality
decline. In the case of every person dying at the same age (defined as complete rectangularization), H
would be 0, independent of the age at every person dies.

Analyses point out that there is an inverse relationship between life expectation and the entropy measure.
The decline in H, on a large scale, is an outcome of the process of reducing deaths in infancy. Another
outcome is an alteration in the ages, where additional improvements in mortality would be most effective
in adding to the expected lifetime. About a century ago, a higher potential to increase life expectancy was
situated in the first couple of years of childhood (age O to 5); today, in most of the developed countries is
in old-ages. In the course of mortality developments, and life expectancy increases, there is a shift to the
right in the ages where additional declines in mortality would be most effective in increasing expected
lifetime. This gives rise to expected lifetime being less sensitive to additional declines in the mortality
rates, and cause entropy to decline over time [13].

Rectangularization shows an increased building up near a certain old age, as the survival function takes
more and more rectangular shape. It is mostly seen as a sign of expected lifetime approaching to its
biological limit. Achieving a biological limit means that increases in the total expected lifetime must
decelerate. Figure 2 presents an example of rectangularization of the Turkish female survival curve for
selected calendar years of 1931, 1950, 1970, 1990, and 2015. Rectangularization is gradually evolving
over the last 8 decades, which is a sign of decreasing entropy over the years. Figure shows that in the
earlier years survival rate for the infants (ages 0 to 5) increased substantially, and in the latter years the
survival curve improvements are concentrated at later years of life (ages 60 to 100). Women made more
significant gains as in mortality compared to males, and remarkable improvements are registered in the
probabilities of survival to an older age.
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Figure 2: Turkish female population survival curve for selected calendar years.

2.2. Annuity cost defined by entropy

If the effect of changing mortality rates on the annuity is not recognized, it can cause companies to fail to
meet their liabilities. In this section we define the annuity cost using the entropy measure based on the
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method described in the paper of M. Khalaf-Allah [7]. The mortality-decrease-affected value of an annuity
product at age x can be defined as:

& = [ (P exp(-A)dt (7)
The derivative of Equation 7 with respect to ¢ is,

= [, PP exp(-)et ©
(4

Using a Taylor expansion for the neighborhood of & = 0, it concludes that,

pa, _| [ 0nep)(p)exp(-a)dt

= = (9)
. [, (p)exp(-a)dt

To make H,(d) a positive quantity again, we define it as minus the expression in brackets, as the
integrals are always negative.

A - H, (@) (10)

X

The measure H,(0) dependent on the interest rate, &, can be displayed as:

~ [, ) p,)exp(-at)dt

H, (6) = ——
[, (p)exp(-a)dt

(11)

Over the course of mortality rate decreases, we expect a higher percentile of deaths to concentrate at older
ages because of the decrease in the volatility of age-at-death distribution. Also, the value of H, (o)
decreases and becomes closer to 0. The rate at which this happens depends on the concavity of the
survival function. As interest rates increase, H, () decreases as the discount factor increase, because any

change of the mortality rate would have a lower effect on the cost of an annuity.

Equation 11 can be written as a weighted average of a,,, as:

- J.;c:ux+s s px exp(_&)ams dS
= .

X

H,(6) = (12)

H, (9) can be easily seen as a measure of heterogeneity, as ¢ P, 4, . is the probability density function of

the time-of-death of a person at age x. To compute the values of entropy measures, we first need to
arrange the integrals in Equation 11, with a numerical approach designed by Pollard [5]. Let
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t Ix+t —
th = J.Oluxw du=-In (I_] - _Int Py (13)
and
t Ex =t px EXP (_8[)- (14)

Using Equation 13 and 14 and the mean value theorem; Equation 11 can be expressed as the sums of the
one-year integrals. Entropy measure is calculated as:

ZHEQX t+£EX
=02 2
H, ()~ = 2—2—. (15)
Ex
t:0t+%

3. Turkish mortality tables and entropy measures

Here, we calculated the entropy measure H, () using the Turkish Life Tables over the time interval

between 1931 and 2015. For the applications in this paper we are using MATLAB R2014a software. We
consider the plots of mortality rates to determine the properties of population data. From Figure 3,
decreasing mortality rates can be seen. To facilitate understanding these rates have been plotted on a
logarithmic scale. These life tables will allow us to investigate the entropy measure changes over an
almost 85 year period.

Female Male

I L - _g
1940 1960 1980 2000 1940 1960 1980 2000
Year Year

+Age 0-Age 20~Age 40-Age 60- Age 80—Age 100
Figure 3: Mortality rates for females and males in log scale over the period 1931-2015.

The current retirement ages in Turkey, until the year 2036, are 60 for males and 58 for females, as stated
in law number 4447 [14]. The retirement age of the Social Security Institution will start to increase in
2036, one year in every two years, and reach to 65 for males in 2044, and for females in 2048 [15]. Hence
the joint retirement age of two genders for this paper is selected as 65. The center of attraction of the
entropy for annuities is for people who retired, mainly between the age ranges [60, 100], and [70, 100] are
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considered with different rates of interest (e.g., 0%, 2%, 4%, 6%, 8%, 10%). The values for H, (J) at
ages 60 and 70 are computed for both genders. Figure 4 displays the entropy measure for females and
males, aged 60. For all years, higher the interest rate, lower the value of H,(J), and the effect of
changes in the mortality on the annuity. As expected, at any interest rate, Hg,(J) is decreasing while
levels of mortality get lower from 1931 to 2015. Hence, for the 2015 life table and ¢ = 0.1 the values of
H,,(0) are lowest. Similar characteristics are valid in the entropy values for males. Generally, male

entropy values are higher than the values for females and this interprets as male mortality has more room
for development than female mortality rates. Also, higher the interest rates, lower the effect of changes in

the force of mortality on the annuity. We expect H,(J) to decrease when levels of mortality are lower

so that, through 1931 to 2015, the values of H,(J) are on the decrease at all rates of interest.

Figure 5 shows the values of H,,(0) for females and males. As expected, H,,(J) values are higher than

H,,(0) values at all interest rates. It shows the greater effect of changes in the mortality on the expected

lifetime and the cost of a life annuity is in the olger age group (where mortality rates are much higher
compared to younger ages) supporting the idea of rectangularization in Turkish mortality rates. Also,
similarly to age 60, for all interest rates and for all years, entropy measure is lower for females than males
at age 70. This result proves the mortality development potential of male population compared to female
population, which already has a higher life expectancy than males, in various different ages like 60 and
70.

Female, Age 60 Male, Age 60

1940 1960 1980 2000 1940 1960 1980 2000

Year

Year o 0%+4%6%~8%10%

Figure 4: Sensitivity of entropy values to different interest rates, for Turkish life tables,
females and males at age 60.
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Female, Age 70 Male, Age 70

1040 1960 1980 2000 1940 1960 1980 2000
Year  —0%- 2%+4%6%~8%10%  Year

Figure 5: Sensitivity of entropy values to different interest rates, for Turkish life tables,
females and males at age 70.

4. Gompertz mortality model and entropy measures

Here, the entropy measure is calculated with an assumption that mortality is following a selected
mathematical model. The data from the Construction of the Turkish Life and Annuity Tables Project is
used as base mortality tables for the years 2000 and 2015. In this manner, mortality does not depend
entirely on observed data, and with this, a hypothetical cohort outlook is adopted rather than a period life
table outlook. By using the mathematical model assumption, it allows for a better examination of the
different characteristics of entropy and how the value changes with different factors of a mathematical
model [7].

Gompertz [16] suggested that a geometric progression pervades in mortality after a certain age. The
mortality rates, particularly for ages over 30, suitably fit the Gompertz model. The model is often used to
explain the distribution of the adult lifespan. There are other and newer models for modeling the specific
features of mortality rates, but the Gompertz mortality model has advantages over them for users, such as
implementation simplicities and familiarity with formula. In the recent study of Aburto et al. (2019), the
threshold age of the lifetable entropy within the Gompertz mortality model is investigated [17].

The Gompertz mortality model defines the force of mortality as:

4, =exp(b+cx), (16)

where, b denotes the force of mortality when the age X =0 (location parameter), and ¢ denotes the rate
of aging (shape parameter).

Considering the decreasing rates of mortality and an exponential mortality reduction factor (RF)
depending only on time past after the base year, such as RF (t) = exp(—at) , the new force of mortality is
defined as

Ko = Mo RE (D), (17)
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where, 1, is the force of mortality in the chosen base year at age x-+u, and 4., is the force of
mortality in the t" year after the base year at age X-+u.

The behavior of the expected lifetime, ef(t), and annuity value as a function of time is studied. As
mentioned in Vaupel [13], we can show show that

et «
e - et (18)
When considered in the long term, the following equation is achieved:

oey(t) o 19)
ot c

The rate of change in the expectated lifetime, over time, reaches a balanced level (the same can be applied
to annuity value).

The force of mortality of the base table (time 0), at age x+u, defined as:
0 _
My = exp[b+C(X+U)]. (20)

Also RF is used which is depending only on time t for simplicity, in the form exp(—at), such that
s, = 1., eXp(—at) . Hence, the probability of a person at age x lives to be X+t is:

* toy
t px = exp(_ '[Oﬂxw dU)
= exp( - [ut. RF (W) (21)

_ exp(— ﬂs[exp((c - a)t)—lD_

C—a

Here, « is a bounded such that o < c, so the probability of survival in Equation 21 will be less than 1.
Entropy is then calculated on a hypothetical cohort basis with the use of a reduction function. Hypothetical
cohort life tables are preferable to period life tables at projecting a population into the future when the
mortality rate is expected to change over time, and for analyzing the general trends in mortality.

Hereafter, for the notation of the entropy, computed as in [7], H(b,c, &, &) can be used and defined as:
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H (b,C,a,§) — In (t p;)t p; exp(—é’[)dt
_[:t P, exp(—dt)dt
. _[t exp{— M (exp((c - a)t)—l)} exp((c—a —S)t)dt (22)
SN ca 1l
cma _[ \ exp{— A (exp((c- a)t)—l)} exp(— dt)dt
0 C—a

One beneficial side of using the Gompertz mortality model is that it enables us to see the effects of its
parameters on H(b,C, &, o). It helps to grasp the behavior of the entropy. Integrals in Equation 22 can be
written as the sums of one-year integrals using the same numerical approach in Equation 15.

2000 and 2015 mortality tables are selected as base mortality tables used in calculations. The parameters
1, ¢, a,and & are needed to calculate H(b,C,a, ) values from the Equation 22. The Gompertz
mortality model is applied to data in order to estimate c¢. Lower ¢ value indicates that the mortality level

of the base table is at a lower level. Table 1 shows the mortality rates and estimated ¢ values for ages 0,
60 and 70, for the base table 2000. Table 2 shows the same features for the base table 2015.

Mortality rates of the base year 2000 and 2015 with the Gompertz models mortality rates are shown in
Figure 6 and 7, which gives similar results. Gompertz mortality model is not a suitable fit for ages
younger than 30. For ages 60 and 70, mortality rate estimations are consistent with the data. For this
reason, age 0 is not taken into consideration in the rest of the application.

Table 1. 2000 base table mortality rates and estimated ¢ values.

Female Male
Age Hy c Hy C
0 0.014789 0.0741 0.026659 0.0664
60 0.011753 0.1037 0.020131 0.0924
70 0.037185 0.0996 0.052360 0.0910

The sensitivity of H,(b,c,,0) to @ and & parameters are tested. Various levels of improvement in
mortality rates are considered by allowing « to vary between —0.1 and 0.1. Positive values of « stand
for decreasing mortality rates, and negative values of « stands for increasing mortality rates over time.
Also, different rates of interest are considered from 0% to 10% . As can be seen from Figures 8 and 9 the
value of entropy, Hx(b,c,a,ﬁ), decreases in all four cases as the interest rate increases. When the
interest rate is lower, the value of entropy is at its highest, and it is directly proportional to the mortality
rate improvement level. H,(b,C,a,d) increases with the « in direct proportion up until a level
(breaking point of H ) which thereafter any improvement in mortality rate decreases H . Hence mortality

rate improvements start to lose their effect on the annuity value. As the interest rate increase, entropy
decreases almost continuously and there is no peak point as mortality improves.
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Table 2. 2015 base table mortality rates and estimated ¢ values.

Female Male
Age Hy c 1y ¢
0 0.006029 0.0869 0.017054 0.0722
60 0.007890 0.1112 0.017071 0.0953
70 0.028844 0.1050 0.046953 0.0932

H values and the breaking points are consistently smaller for women than men; this reflects the relative
difference in favor of women in the survival probabilities, annuity costs, and life expectations of various

ages. Increasing age from 60 to 70 causes H values and the breaking points for both genders to increase.

As a summary with ¢ =0.05 and 6 = 0.04 changes in the annuity values are found with the Equation
10. For the base year 2000, the change in the annuity value for males; at age 60 is 1.68% , and at age 70 is
2.59% . For the base year 2015, these values change to 1.54% at age 60 and 2.46% at age 70. For the
base year 2000, the change in the annuity value for females; at age 60 is 1.26% and at age 70 is 2.19% .
For the base year 2015, these values change to 1.01% at age 60 and 1.93% at age 70.
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Age Age
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4 1
=4 =4
T 2 € 2
-3 ' 3
70 80 90 100 70 80 90 100
Age Age

—Data~Gompertz

Figure 6: Data and Gompertz model comparisons of mortality rates of 2000,
in logarithmic scale at ages 0, 60 and 70.
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Figure 7: Data and Gompertz model comparisons of mortality rates of 2015,
in logarithmic scale at ages 0, 60 and 70.
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Figure 8: Sensitivity of H, (b,C,&, ) inyear 2000to « and & for ages 60 and 70.
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Figure 9: Sensitivity of H, (b,C,«,d) inyear 2015to o and & for ages 60 and 70.

Effect of the base mortality table on entropy can be tested by different values of ¢. To exemplify, the
values of ¢ between 0.09 and 0.115 is taken into consideration. Figures 10 and 11 shows results for

0=0%. H,(b,c,a,0), as afunction of « , is peaked at one point (breaking point of H ). When the RF

is greater than one (when « is negative), entropy values are higher in lower mortality level (¢ = 0.09)

than the ones in higher mortality levels (¢ =0.0115 ). On the contrary, when the RF is less than one
(when « is positive), this relationship is reversed with improving mortality.
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Figure 11: Entropy values for the base year 2015 with a range of ¢ values, and 6 = 0%.

Initially, verifying the conclusion that annuity cost with a high ¢ value (high mortality group) is less
effected from the changes in the mortality rate than with a low ¢ value when the mortality rate is high. At
decreased levels of mortality, this is reversed and the annuity cost with a high ¢ value is more effected
from the changes in the mortality rate than a low ¢ value.
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5. Conclusion

The decrease in mortality rates was expected globaly, mostly due to elimination of disease-related factors
and with better living conditions. The unexpected part of the decrease was the continuity. The persistent
decrease in mortality rates is causing several new challenges and questions at multiple levels, such that is
there a limit of human life expectancy? Challenges include Turkish annuity and pension providers, as they
have to update the policy tariffications continuously. Mortality reduction and rising longevity for post-
retirement ages have a remarkable financial effect on the annuity and pension plans. Because of the tax-
paid structure of the pension system, the deficiencies of public social security system are aggravated by
mortality improvements.

We examined the entropy measure under various scenarios to measure the effect of any change in the
mortality on the annuity value. The entropy measure is calculated with different mortality, age, gender,
and interest rate parameters. Results show that entropy values are higher for the males at different ages,
suggesting that male population has more room for mortality developments rather than female population.
Entropy is found to be highly sensitive to age, selected base year, interest rate, and mortality changes. As
the age increase, entropy value follows this increase to the older ages in life. In most developed countries
infant mortality is mostly eliminated and further increases in life expectancy and developments in
mortality are concentrated in later years of life, as suggested by Fernandez and Beltran-Sanchez [18]. We
see that annuity and entropy are inverse proportion to interest rate and directly proportional to age,
supporting the idea of rectangularization in the Turkish mortality rates. In all scenarios, lower the interest
rate, higher the value of entropy. This highlights the importance that there is a higher effect of mortality
risk on the net single premium of annuity payments; in particular with a low-interest economical
environment.

At very high and low levels of mortality developments, the numerical results suggest that the effect of
mortality changes on the annuity value is minimal and less likely to have a significant effect on the the
annuity values. In this case, even if mortality continues to decline in the future, it will approach to a
country specific level and any more future decline would not affect the annuity premiums.
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