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ANALYTICAL SOLUTION FOR THE CONFORMABLE
FRACTIONAL TELEGRAPH EQUATION BY FOURIER
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ABSTRACT. In this paper, the Fourier method is effectively implemented for
solving a conformable fractional telegraph equation. We discuss and derive
the analytical solution of the conformable fractional telegraph equation with
nonhomogeneous Dirichlet boundary condition.

1. INTRODUCTION

The telegraph equation is better than the heat equation in modeling of physical
phenomena, which has a parabolic behavior [3]. The one-dimensional telegraph
equation can be written as follows:

0?u (z,1) (R G) ou(z,t) RG 1 0%u(z,t)

5+ +—u(zt)=—

+ f(z,t), (1.1)

ot2 L' C ot LC (’t)’Lc Ox2

where R and G are, respectively, the resistance and the conductance of resistor,
C is the capacitance of capacitor, and L is the inductance of coil. Many concrete
applications amount to replacing the time derivative in the telegraph equation with
a fractional derivative. For example, in the works [4] [5], the authors have exten-
sively studied the time-fractional telegraph equation with Caputo fractional deriv-
ative. For more details about the good effect of the fractional derivative, we refer
to monographs [I, 2]. Recently, a new definition of fractional derivative, named
”fractional conformable derivative”, is introduced by Khalil et al. [6]. This novel
fractional derivative is compatible with the classical derivative and it is excellent
for studying nonregular solutions. The subject of the fractional conformable deriv-
ative has attracted the attention of many authors in domains such as mechanics,
electronic, and anomalous diffusion. We are interested in studying in this paper the
telegraph model in framework of the time-fractional conformable derivative.
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Precisely, we will propose the following transformations:

2
% — D and % — D*) = p{*)pl*), (1.2)
a=G/C, b=R/L, K*=1/LC (1.3)

where Dga) is the time-fractional conformable derivative operator [6]. Then, we
get the fractional conformable telegraph model associated with the transformation

(1.2) and (1.3) as follows:
« « 82 7t
Dgz Ju (x,t) + (a+b) Dt( Iy (x,t) + abu (z,t) = kz%
where = and ¢ are the space and time variables, f(x,t) is a sufficiently smooth
function.

+ fx,t), (1.4)

2. PRELIMINARIES ON CONFORMABLE FRACTIONAL CALCULUS

We start recalling some concepts on the conformable fractional calculus.

Definition 2.1. ([6]). Letp:[0,400 [ — R be a function. Then, the conformable
fractional derivative of function ¢ of order o at t > 0 is defined by the following
limit:

@ (t+et' ™) —p(t)

D () (1) = lim - : (2.1)

when this limit exists and finished.

Definition 2.2. ([6]). Let o € ]0,1] and ¢ : [0,+00[ — R be real valued
function. The conformable fractional integral of ¢ of order « from zero to t is
defined by:

Lo () ::/0 sl (s)ds, t>0, (2.2)

Lemma. Assume that ¢ is a continuous function on 10,400 and 0 < o < 1.
Then, for all t > 0, we have Dt(a) [Zaw (V)] = @ (t). According to [7], if ¢ is
differentiable, then we have I, [Dt(a) (p) (t)} =@ (t) — v (0).

Definition 2.3. ([7]) Let 0 < aa <1 and ¢ : [0,400 [ = R be real valued function.
Then, the fractional Laplace transform of order a starting from zero of y is defined

by:

re

+oo
Lolp®l)= [ e T an (2.3)

Theorem. ([7]) Let 0 < o<1 and ¢ : [0,+00 [ — R be differentiable real valued
function. Then, we have:

Lo [P0 ()] (5) = sLalp ()] (5) = 9 0). (2.4)

We introduce the following theorem, which is used further in this paper.
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Proposition. Let A and p be positive constants with 4 > A2 and g : [0, 400 [ — R
is a continuous function. For all 0 < o < 1, The initial value problem

{Df% (6) + 7Dy (8) + uy (1) = g (1), 2.5)
y(0) =yo, Dy (0) = ya.

admits a unique solution given by

e /\yO 2ya . e At
VA — a2l ) 20T e g (g — a2 e
Yo COS ( Y 9 ) 4/L )\2 S 1% 9 e

~%a sin <\/4,u )\2;> g(t—r7)dr.
e

y(t) =

(2.6)

m/

3. NONHOMOGENEOUS CONFORMABLE FRACTIONAL TELEGRAPH EQUATION
WITH DIRICHLET BOUNDARY CONDITION

We determine the solution of conformable fractional telegraph equation (1.4
with the intial conditions

u(x,0) = ¢ (z), Dga)u(m,O) =9 (z), 0<x<d, (3.1)
and the nonhomogeneous Dirichlet boundary conditions
w(0,t) = p1 (t), w(l,t)=p2(t), t>0, (3.2)

where 1 (¢) and w2 (t) are nonzero smooth functions with order-one continuous
derivative, using the method of separating variables, in which ¢ (x), ¢ (x) are con-
tinuous functions satisfying

@(0) =p1(0) and ¢ (¢) = 2 (0). (3.3)
Other hand, we assume that
la — b]
26 0
In order to solve the problem with nonhomogeneous boundary, we firstly transform
the nonhomogeneous boundary into a homogeneous condition. Let

u(x,t) =Wy (z,t) + V1 (2,1),

where Wi (z,t) is a new unknown function and

(3.4)

Vi (ot) = o (1) + 20— Ol .

which satisfies the boundary conditions
V1(0,t) =p1(t) and Vi (4,t) = o (t). (3.6)
The function Wi (x,t) then satisfies the problem with homogeneous boundary con-
ditions:
PP, (z, t) +
Wi (z,0) = ¢1 (),
W1 (0,t) = Wy (¢,t) =

a+b) DIOWy (2,t) + abWy (z,1) = k2 EWED 4 F (g ),
W’Wl (,0) = ¢y (),

(3.7)
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in which
F(@) = —DPVi (2,t) — (a+b) D{Vi (2, 1) — abVi (2, 8) + f (,t),
o1 (@) = 6 (@)~ m (0) - 12010, .3

(a) (a)
01 (2) = () = D (0) - 22O P O,

We solve the corresponding homogeneous equation ( f (z,t) being replaced by
0) with the boundary conditions by the method of separation of variables.

If we let W1 (z,t) = X ()Y (t) and substitute for Wy (x,t) in (3.7), we obtain
an ordinary linear differential equation for X (z):

X" (x)+ XX (z) =0,
X0)=X({) =0,

(3.9)

and a fractional ordinary linear differential equation with the conformable derivative
for Y (),

DEVY (1) + (a+b) DIVY (£) + (ab+ AK?) Y () = 0, (3.10)

where the parameter A is a positive constant.
The Sturm-Liouville problem given by (3.9)) has eigenvalues

n?m?

Ap = 2 n € N*, (3.11)
and corresponding eigenfunctions
X, (z) = sin (%) , neN. (3.12)

Now we seek a solution of the nonhomogeneous problem (3.7)) in the following form

Z B, (t) sin (mrx) . (3.13)

We assume that the series can be dlfferentlated term by term. In order to determine
B, (t), we expand f (x,t) as a Fourier series by the eigenfunctions {sin (272) }:

an bln( ), where fn 4/ f x,t) bll’l )daz. (3.14)
Substituting -7 into yields

DB, (1) + (a +b) D B,, () + (ab+ A\k?) By (1) = [ (). (3.15)
Since W1 (x,t) satisfies the initial conditions in (3.7)), we must have

nm0 B (0)sin (%) = 1 (2), 0 <@ <t (3.16)

+°°D(Q)B (0)sin (232) =4y (z), 0<z <{, '
which yields

Bn()_%f ¢1()Sln(””)dm n € N¥, (3.17)

Dga)B (0) = éfo Yy (@) sin (22) dz, n € N*. -

For each value of n, (3.15)) and ( make up a fractional initial value problem.
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According to Proposition, we obtain the solution of problem (1.4), (3.1) and
B as

a+b)t e
u(z,t) = {Bn (0)e™ e <\/4k2)\ (a— b)22a)
n=1
b) B, (0) + 2D\ B, (0) _ (atnee o
+a+ ) Br (0) +2D; ()e (atb)e® sm<\/4k2)\ b)2)
2 2 2
Vak2A, — (a—b)

2 t a T @ ~
+ / e~ sin <\/4k2)\n—(a—b)27 > fo (t—T7)dr
2 2 Jo 2«
V2, — (a—b)

(w2 () = (1) @
14

+ p (t) +
(3.18)

4. CONCLUSION

We have derived the analytical solution of the nonhomogeneous conformable frac-
tional telegraph equation with Dirichlet boundary condition using Fourier method.
The solution is given in the form of a series of functions with the use of the Fourier
sine series and the conformable Lapalce transform.
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ABSTRACT. The paper is concerned with a second-order abstract semilinear
evolution equation with infinite memory and time delay. With the help of the
semigroup arguments and under suitable conditions on initial data and the
kernel memory function, we state and prove the global existence of solution.
Then, we establish the decay rates of the energy using the multiplier method
by defining a suitable Lyapunov functional. This work extends previous works
with time delay for a much wider class of kernels. We give also some applica-
tions to illustrate our results.

1. INTRODUCTION

Let H be a real Hilbert space with inner product and related norm denoted
by (.,.) and || . ||, respectively. Let A : D(A) — H and B : D(B) — H be a
self-adjoint linear positive operator with domains D(A) C D(B) C H such that
the embeddings are dense and compact. Let C': H — H is a self-adjoint linear
operator and h : R — R, is the kernel of the memory term. 7 > 0 represents
a time delay and F' : D(A?) — H is function satisfying some conditions to be
specified later. We consider the following second-order abstract semilinear evolution

equation with infinite memory and time delay

ue () + Au(t) — 0+°° h(s)Bu(t — s)ds + Cu(t — 7) = F(u(t)), t € (0,400),
w(t—7) = folt = 7) te (0,7),
u(—t) = uo(t), w(0) =, teRy,
(1.1)
where the initial datum (ug,u1, fo) belongs to a suitable spaces.

2020 Mathematics Subject Classification. 35L.90; 35B40; 93D20; 74D05.

Key words and phrases. Abstract evolution equation; Decay rates; Infinite memory; Time
delay.
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In absence of time delay term, a large number of works are available, where
various decay estimates were obtained, see [7), 14, 2T]. For the particular case of
the wave equation with finite memory, see [2] [24].

In many cases, delay is a source of instability and even an arbitrarily small delay
may destabilize a system which is uniformly asymptotically stable in the absence
of delay. Nicaise and Pignotti in [I5] considered a wave equation with a linear
damping and delay term and they proved that the energy is exponentially stable
and some instability results are also given by constructing some sequences of delays
for which the energy of some solutions does not tend to zero, see also [3] [17].

When the memory term is replaced by a frictional damping Bu(t):

uge () + Au(t) + Buy(t) + pug(t — 7) = 0, t >0,

where p, 7 are fixed constants and B is a given operator, there exist in the literature
different stability results. These results show that the damping Bu(t) is strong
enough to stabilize the system in presence of a time delay provided that |u| is small
enough, see [10, 16, [17].

Guesmia in [II] considered the following second-order abstract linear problem
with infinite memory and time delay terms

uee(t) + Au(t) — [7° h(s)Au(t — s)ds + pu(t —7) =0, >0,
U(—t) = uO(t)v t e R+
Ut(O):ul, ut(th):fO(tiT)a te (037_)7

He proved that the unique dissipation given by the memory term is strong enough
to stabilize exponentially the system in presence of delay. In this work and others,
the condition h/(s) < —dh(s) for all s > 0 and some § > 0 is assumed to prove
exponential decay of the energy, see [1L[4]. In [I3], the previous condition is replaced
by

K (s) < —C(H)h(s), Vs >0, (1.2)

where ( is a positive nonincreasing differentiable function. The authors established
the existence and the general decay results of the energy. Dai and Yang in [§] con-
sidered the same problem in [I3] and solved the open problem proposed by Kirane
and Said-Houari. Recently, Boukhatem and Benabderrahmane in [5] considered a
variable coefficient viscoelastic equation with a time-varying delay in the bound-
ary feedback and acoustic boundary conditions and nonlinear source term. They
established a general decay results of the energy via suitable Lyapunov functionals
and some properties of the convex functions where the kernel memory satisfies the
equation . In [6], the same results have obtained in the case of constant delay.

Tatar in [23] introduced a new class of admissible kernels which lead to a wide
range of possible decay rates. More precisely, He consider kernels satisfying

+o0o
h(t—s) > f(t)/t hx— $)dr, 0<s<t,

for some £(t) > 0. This class contains the polynomial type functions and the expo-
nential type. He proved that the last assumption on the relaxation in a viscoelastic
problem ensuring uniform stability in an arbitrary rate.
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For the case of distributed time delay, Guesmia and Tatar in [12] considered the
following class of second-order linear hyperbolic equations

w(t) + Au(t) — 7 h(s)Bu(t — s)ds + 7 f(s)ue(t — s)ds =0, >0,

u(—t) = uo(t), teRy

ut(o):ula t€R+7

where the function f is of class C*(R,,R) and satisfies, for some positive constant
a?

[f(s)] < ah(s), and |f'(s)] < ah(s), VseR,.

They given well-posedness and stability of the system and they proved that the
infinite memory alone guarantees the asymptotic stability of the system and the
decay rate of solutions is found explicitly in terms of the growth at infinity of the
infinite memory and the distributed time delay convolution kernels.

Nicaise and Pignotti in [I8] considered the following system

{ Uit)=AU@t) + F(U(@t)) + kBU(t — 1), te€(0,400),
U(0) = uo, BU(t — 1) = f(¢), t e (0,7),

where A generates a Cy-semigroup (S(t)):>o that is exponentially stable, i.e., there
exist two positive constants M and w such that

1Sl ey < Me ™Vt >0,

and L(H) denotes the space of bounded linear operators from H into itself. For
a fixed delay parameter 7, a fixed bounded operator B from H into itself and
for a real parameter k and F' : H — H satisfies some Lipschitz conditions, the
initial datum Uy belongs to H and f € C([0,7]; H). They showed that, if the
Co-semigroup describing the linear part of the model is exponentially stable, then
the whole system retains this good property when a suitable smallness condition
on the time-delay feedback is satisfied, see also [19].

Motivated by previous works, we study the well-posedness and the stability result
of a semilinear abstract viscoelastic equation with infinite memory in presence of
a time delayed damping and a nonlinear source term. Our results extend the
decay results in previous works to kernels i which do not necessarily converge
exponentially to zero at infinity. Moreover, our problem generalizes the linear
problems to those with a nonlinear source term and to problems with more general
time delayed damping term.

The paper is organized as follows. In Sect. [2] we prove the well-posedness
by using the semigroup arguments under some assumptions on A, B, C, h and F.
Then, we state and prove the stability result of solution by using the energy method
to produce a suitable Lyapunov functional with arbitrary decay on h. Section {]is
devoted to some concrete examples in the aim to illustrate our abstract result.

2. WELL-POSEDNESS

In this section, we state some assumptions on A, B, C' and h and prove the
well-posedness result by using semigroup theory.
For studying the problem (1.1)), we introduce a new variable z as in [15]

z(p,t) = w(t —p7), p€(0,1), t>0.
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Thus, we have
Tze(p,t) + 2p(p,t) =0, pe(0,1), t > 0.
Moreover, as in [9], we define
n'(s) = u(t) —u(t—s), t,s>0.
Therefore, problem takes the form

up(t) + Au(t) — hoBu(t) + [,7°° h(s)Bn'(s)ds
+C2(1,t) = F(u(t)), t € (0,+00),
T2 (p,t) + 2p(p, t) = 0, pe(0,1), t>0,
1 (s) = uy(t) — ni(s), t,s >0,
Z(pv 0) - f0(7p7)7 pE (Oa 1)7
2(0,t) = w (1), t >0,
u(—t) = ug(t), u(0)=uq, t>0,
1°(s) = uo(0) — uo(s), s> 0.

We will need the following assumptions:
(A1) There exist positive constants a and b satisfying
2 2
b||ul|? < HB%UH <a HA%U ] Vu € D(A?).

(2.2)

(A2) The kernel function h : R, — R, is of class C' nonincreasing function

satisfying
+o0 1
ho = / h(s)ds < —.
0 a
(A3) There exists u € R* such that
ICull® < lulllul®, Vu € H.
(A4) F : D(A2) — H is globally Lipschitz continuous, namely

3y > 0 such that [|[F(u) — F(v)]| < v HA%(U - v)’ . Vuved

Let us denote U = (u, us,n', z)T, the problem can be rewritten:
Ui(t) = AU(t) + F(U(t)), Vt>0,
{ U)=Uy = (uo,ul,no,fo(—T.))T,
where the operator A is defined by

¢o
01 ~(A = hoB)g1 — [, h(s)Bes(s)ds — Cpa(1)
.A ¢2 _ 3
6 | = O
3 S
3 1003
T Jp

and

Flp1,¢2, 03, ¢4)" = (0, F(¢1),0,0)"
The domain D(A) is given by

(61,02, 63,04)T € H, (A—hoB)g1 + [,"™ h(s)Bes(s)ds € H,

1

i, 0
DA) = 6 € D(AD), % ¢ [2(R, D(BY)),

S
%4 € L*(0,1; H), ¢3(0) =0, ¢4(0) = ¢2

(2.3)

(2.4)
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where ) )
H =D(A?) x H x L?(R;,D(B?)) x L*(0,1; H).
The sets L3 (R, D(B?z)) and L%(0,1; H) are respectively defined by

L2(R.,D(B})) = {¢ .R, — D(B?), /O+oo h(s) HB%¢(3)H2ds < +oo},

equipped with the inner product

+oo
<¢1,¢2>L5(R+,D(B%)) :/o h(s) <Bz¢1(5)732¢2(5)> ds.
And L
2oum ={s 01> [ lo)Pd < +o0}.
0
equipped with the inner product

(@1, P2) L2(0,1;H) Z/O (91(p), P2(p)) dp.

The Hilbert space H equipped with the following inner product. For all & =
(¢1, P2, 3, 04)" and W = (w1, wa, w3, wq)” in H, we have

(@, W)y = <C/>17w1>D(A%) - h0<¢1’w1>D(3%) + (2, wa)
T03,03) 12 g, D(ab)
The well-posedness of problem (2.5)) is ensured by the following theorem:

Theorem 2.1. Under the assumptions (A1)-(A4), for an initial datum Uy € H,
the system has a unique mild solution U € C(Ry,H) satisfies the following
formula,

+ Tl P4, wa) £2(0,1;H)-

Ut) =St)Uy + /Ot S(t—s)F(U(s))ds.

Moreover, if Uy € D(A) and F € C*(H), then the solution of satisfies (clas-
sical solution)
UecCRL,DA)NCHR,,H).

Proof. To prove Theorem we use the semigroup theory. The problem
can be seen as an inhomogeneous evolution problem. It’s clear that F is globally
lipschitz continuous, let show that the operator A generate a linear Cp-semigroup
(S(t))i>0 on H. Indeed,

e First, we prove that the linear operator A is dissipative.
Take ® = (¢1, ¢2, @3, ¢4)T € D(A), then

o0 a¢
<A(p7 (I)>'H = <¢27¢1>D(A%) _|_/Ov h(8)<¢2 - 87837¢3>D(B%)d8
L, —10¢
_h0<¢27¢1>D(B%) +T|M|A <?67p47¢4>dp
+o0o
(A= aB)or+ [ hs)Boa(s)ds + Con(1).6).
0

Using the definition of A% and B? and the fact that H is a real Hilbert space, we
conclude

(A= hoBor, ¢2) = (A2 o, AZ1) — ho(BZ o, B2 1) (2.6)
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using the Cauchy-Schwarz and Young’s inequalities and by (2.4]), we have

— (Ca1).62) < B (a1 + o). (27)

(" h<s>B¢3<s>ds,¢2> = [ H) 62,09 1

Integrating by parts and using the definition of D(A) (¢3(0) = 0), we obtain

+oo 8¢3 1+OO / %
[ ne (=GR, ds<g [ HOIB GG 28

Also using the fact that ¢4( ) = ¢2, we obtain

Al / (5t ou)o = (16O = 1620)1) = ] (1021? ~ Noa(w)?).
(2.9)

Consequently, inserting (2.6), (2.7)), (2.8) and (2.9) in (2.6) and using the fact that

h is nonincreasing, we find
1 [+ 1 1 2 2 2
(AR, @)y, <5 [ () [Bios(s)| ds+ lullucl < @2, (2:10)
0

which means that the operator A — |u|I is dissipative.
e Let us now prove that A\I — A is surjective. Indeed, let (f1, fo, f3, f2)T € H,
we show that there exists ® = (¢1, o, ¢3, d4)T € D(A) satisfying

¢1 f
b2 I2
AM—-A = ,
W=, :
P4 fa
which is equivalent to
Ap1— g2 = f1
Ao + (A — goB )o1+ [ h(s)Bos(s)ds + Coa(1) = fo
Moy — do + 022 = (211)
] 5(;54 0s
Apa+ — = = fu.
Suppose that we have found ¢1 with the appropriate regularity. Then, we have
P2 = Ap1 — f1. (2.12)
We note that the third equation in (2.11)) with ¢3(0) = 0 has a unique solution
ps(s) = e_AS/ N (fa(y) — fi+ Adr) dy. (2.13)
0

On the other hand, the fourth equation in (2.11)) with ¢4(0) = ¢2 = A¢1 — f1 has
a unique solution

p
ba(p) = (m e f4(y)e“ydy> e e (0.1). (2.14)
0
In particular,

1
$4(1) = ()\¢1 - fi+ T/o f4(y)€”ydy> e

It remains only to determine ¢;.
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Next, plugging (2.12) and (2.13)) into the second equation in (2.11)), we get
(A—aB+Xe™MC+N) ¢ = f, (2.15)

o0 S o0
a=hy— )\/ h(s)e (/ e’\ydy> ds = / h(s)e *ds,
0 0 0

1
f = ft+ri+e™C (fl —T/O f4(y)67ydy)

where

and

_/°° h(s) /S e B (fs(y) — f1) dyds.
0 0

We have just to prove that 1) has a solution ¢, € D(A%) and replace in 1)

(2.13) and (2.14) to obtain ® € D(A) satisfying (2.11)).
We have a < hg, by (2.3) and (2.2)), we deduce that A — aB is a positive definite
operator. Then, we take the duality brackets (., '>D(A%)/xD(A%) with w € D(A%) :

((A—aB+Xe™C + N\ ¢1,w) 2.16)

D(AZ)xD(A%) <f’w>D(A%)/xD(A%)' (
Consequently, the left-hand side of (2.16]) is bilinear, continuous and coercive on
D(A%). Since, applying the Lax-Milgram theorem and classical regularity argu-
ments, we conclude that 1} has a unique solution ¢, € D(A%) satisfying. Using

2.13),
+oo
<(A — hoB)¢y +/0 h(s)qug(s)ds) € H.

In conclusion, we have found ® = (¢1, 2, #3,¢4)T € D(A), which verifies (2.11)),
and thus A\ — A is surjective for all A > 0 and the same holds for the operator
M — (A —|p|D).

Then, the Lumer-Phillips theorem implies that |u|] — A is a maximal monotone
operator, A—|u|I is an infinitesimal generator of a strongly continuous semigroup of
contraction in H. Hence, the operator A generates a strongly continuous semigroup
(S(t))t>0 in H. Consequently, by using Theorem 1.2, Ch. 6 of [22], the problem
has a unique solution U € C([0, +00), H). O

3. STABILITY RESULT

The stability result of the solution of (2.1) holds under the following additional
assumptions:
(A5) There exist a positive constant d satisfying

HA%uHQ <d HBu‘ * Vue D4}, (3.1)

(A6) Moreover, we assume that F(0) = 0 and there exists a continuous and
differentiable mapping ¢ : D(A2) — R satisfying

Dy=F and (F(u),u)>2¢(u), Yue D(A?). (3.2)
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(A7) The function h satisfies (A2) and there exists a positive function £ €
C(R4,RY) satisfying lims_, o &(s) exists such that

h(t—s) > £(t) /+Oo h(r — s)dr,  VteR,, Vs e 0,1,

’ (3.3)
R (s) <0, Vs € Ry

The first inequality in (3.3)), introduced in [25] and [23], implies that h converges
to zero at least exponentially but it does not involve the derivative of h. This class
contains the polynomial (or power) type (h(t) = (1 +¢)~%, a > 1) functions and
the exponential type (h(t) = ¢7%!, a > 0) functions.

Let establish some several Lemmas needed of our main result. We define the
modified energy functional E associated to problem (2.1]) by

0 = Y1 o] e [ ]
—2(u) + rlul / 1 ||z<p,t>||2dp). (3.4)

Lemma 3.1. Assume that (A1)-(A4) hold and let Uy € D(A). Then, the energy
functional defined by satisfies

1

+oo L 2
B < g / W) | Bt o) ds + Il (3.5)

Proof. Multiplying the first equation of (2.1) by u;. Using (A6) and repeating
exactly the same arguments to obtain (2.10)). O

Remark. Note that, from , the energy of solutions to problem is not
decreasing in general. Indeed, the second term in the right-hand side of ,
coming from the delay term, is nonnegative.

Now, as in [20], for n € N*, let consider the set
A, ={s €Ry, h(s)+nh'(s) <0},

and put h, = [,. h(s)ds. We have h,, > 0, otherwise, A5 = (). Furthermore, by
the second inequality in (3.3]), we have

lim AS = Npen-AS =0, and then  lim A, = 0.

n—-+oo n—-+o0o
In order to state our results, we need the following four lemmas.

Lemma 3.2. Let U be solution of (2.1). Then the functional

Ii(t) = <ut(t), /;Oo h(s)nt(s)d5>, (3.6)
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satisfies, for e1,e9 > 0,

2
+(2hn oy M) /;oo h(s) HB%nt(s)H2 ds

dh,, 2R3 2
L) < (hoel)nutnu(aﬁv )HA%UH 18 gt

2 2
ho [T°
2 Jo

dnhe  h(0)\ [T NPT
—(2 — 7 B2
( nho + e + 4b51>/0 h'(s) H n (S)H ds

. 2
+ h(s)HBfu(t—s)H ds

—|—<Cz(1, 1~ Flu), /0 = h(s)nt(s)ds>, (3.7)

Proof. Differentiating (3.6)) with respect to ¢ and using the third equation of
we find

10 = ~(uato). | - ' e ) + (o), [ - (e (s ) ~ Dol

Integrating by parts with respect to s the second term in the right hand side of the
previous equality and using the fact that lims_, 1 h(s) =0, n*(0) = 0, we obtain

10 = ~(vato). | - ') ) = (o), [ ” (o (9 ) — ol .

On the other hand, by the first equation of (2.1), we have
(oatt. [ st oyas )+ (e, [ misi (o)
- mo{Bute), [ - s+ ([ " h(s) B (s)ds, / - e () )
+ {cawn - F, [ aon'sds) =0
using the definitions of A2 and B?, we get
) = ol +(Ca0.0 - F, [ ' o)as)
oy m W (s ) + (Abue), [ ” At (s)ds )

’ 2

Let estimate the last three terms in the right hand by using Cauchy-Schwarz and
Young’s inequalities and the definition of A,. Then, using (2.2)), (3.1) and (2.3)),

we get
<ut<t>, / - h'(S)nt(S)dS> <alul? - 52 [ ) ’ ds>,

1

/O+°° h(s)Bzn'(s)ds|| — ho<B§u(t)7 /0+00 h(S)Bént(S)d8>. (3.8)

|Bh'(s)
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1 oo 1
<A2u(t),/ h(s)AZnt(s)ds>
0

= <A%u(t),/An h(s)A%nt(s)ds> + <A§u(t),/% h(s)A%nt(s)ds>.

dhg dh,, 1|2
deo Ja, 2 “ H

IA

2
52HA2uH 4+ — S)HB%nt(s)

AL

st o

afatel -2 [ s

dh, [T
T
2 0

Vdhy,
2

1

2

IN

. 2
s) HBfnt(s)H ds

2

2

An
2
QH/ h(s)B%nt(s)ds h(s)B%nt(s)ds
A, Ac

2 2
< 2h0/ h(s)HB%nt(s)H ds+2hn/ h(s)HB%nt(s)H ds
An ’?L

+o00 2 +o00 2
< —2nh0/ h’(s)HB%nt(s)H ds+2hn/ h(s)HB%nt(s)H ds
0 0

And for the last one, we have

h0<B%u(t),/0+oo h(s)B%nt(s)dS>

1

—h2HB2uH +h0< B? (t),/0+mh(s)3%u(t—s)ds>

2
_ _J"B%UH +£/ his) [ Bt — )| ds
2 2 Jo
—+o0

IN

.

h 2
o S)HB%nt(s)H ds. (3.9)
2 Jo
Inserting these four inequalities in , we get . ]
Lemma 3.3. Let U be solution of (2.1] . Then the functional
I(t) = (i (t), u(t)), (3.10)
satisfies,
+o0 . 2
L) = ful? - HAuH 4o ’BzuH +1 / (o) ||Brutt — )| s
0

;/Om h(s)

[BLy(s)|

ds — <C’z(1,t) +F(u),u>. (3.11)
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Proof. Differentiating (3.10]) with respect to ¢, we find
L(t) = [l + (uge(t), u(t)).
On the other hand, multiplying the first equation of by u(t), we have
+o0o
(it + (A = HaByu(0)u(0) + ([ o)y ()as,ult))
0
+(Cz(1,t),u(t)) =0,
By the definitions of A2 and B2, we have
1 2 1 2 Foo t
(uge (1), u(t)) + HAuH ~ ho HBuH + </ h(s)Bn (s)ds,u(t)>
0
+(Cz(1,t),u(t)) = 0.
Consequently,
/ 2 1112 112 e t
() = [lud —HAzuH +ho HBQUH _</ h(s)Brt(s)ds, u(t) ) —(C=(1, ), u(t)),
0

By using the inequality (3.9)), we get (3.11]). a

Similarly to [I5], we introduce the following functional.

Lemma 3.4. Let U be solution of . Then the functional
Ly(t) = 7627/1 =20 2(p, 1) 2ds, (3.12)
0
satisfies,
I3(t) < —27/01 I2(p, 1) [P ds + €7 [|ug]|* — [|2(1, ). (3.13)
Proof. By using the second equation of , we get
I3(t) = 2re™ /01 e 2P (zi(p,t), 2(p, 1)) dp

1
= 2 [ () (00

o [T 9rp 0 2
= 2 [ e o) P
0 dp
Then, by integrating by parts and z(0,t) = u(t), we get
1
() = =27 [ a0 ds+ 6 sl = (1, 0)
0

which is (3.13) by using the fact that e =277 > e~27, for any p €]0, 1]. O

Now, we consider two functionals J; and J> and we give their derivatives in the
following lemma.

Lemma 3.5. Let

Jl(t)/ot (/:oo h(ﬂ's)dﬂ') HB%nt(s) ’

ds, VteR,, (3.14)
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and
t 400 ) 2
J2(t):/0 (/ h(w—s)dw) Hmnf(s)” ds, VteR,. (3.15)
t
Then, for any A €]0,1],

Ti(t) < hOHB%uHQ—(1—A1)§(t)J1(t)—A1 /Oth(s)HB%u(t—s)HQdS
A /tm h(s)HB%uo(s—t)HQdS, W ER,, (3.16)
and
Ty(t) < hOHA%uHZ—(1—A1)g(t)J2(t)—t%}th(s)HB%u(t—s)HQdS
Fds /tm h(s)HB%uo(s—t)HQdS, VtC R, (3.17)

Proof. The functional J; is well-defined. Indeed, by using the fact that n €

1

L?(Ry,D(Bz)) and (3.3), we have
0= = [ 16— ) |Bru)| ds < 2 [ 06 |Brute— )"
Ji(t §—/ t—sH 5usH sg—/ SH Eut—sH s < +00.
§(t) Jo £(t) Jo
By , we conclude that Jo also is well defined.
Then, differentiating J; with respect to ¢ and using the definition of ug and (3.3)),

we obtain
+oo . 2 t ) 2
J(t) = </ h(ws)dw) HBfu(t)H f/ h(t — s) |Bau(s) ds
t 0
1 2 t 1 2
= o Bt —(1—/\1)/ (i ) [ BEu(s)|[ s
0
t N 2 0 ) 2
_)\1/ h(t—s)HBiu(s)H ds—i—)\l/ h(t—s)HBEu(s)H ds
—o0 —o0
1 2 +oo 1 2
< hOHBqu —(l—Al)g(t)Jl(t)—)\l/ h(s)HBfu(t—s)H ds
0
+oo . 2
+a/\1/ h(s)HBfuo(s—t)H ds,
t
which is exactly (3.16)). A similar argument yields the relation (3.17)). O

In this case, the Lyapunov functional L we will work with is
L(t) = E(t) + e(N1I1(t) + Nolo(t) + I3(t)) + My Ji(t) + aMy Jo(2), (3.18)
where €, N1, No, My > 0 are positive constants to be chosen later.

Now we are in position to state and prove the decay result of solution of problem

E1).

Theorem 3.6. Assume that (A1)-(A7) hold. For any initial datum Uy € H.
Assume that h satisfies

+o0 ,)/2
/ h(s)ds < —, (3.19)
0 b
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and there exists a positive constant dg independent of pu such that, if
|ul < do, (3.20)

then, for any Uy € H, there exist positive constants 61 and do such that

+oo
E(t) < Gy~ <1+/ / ‘B?uo s H dwds) VteR., (3.21)

if limy 100 £(2) > 0, and

R t . —+o0 N 2
E(t) < fpe 0180 (1 —|—/ %180 / h(m) HBEuo(ﬂ' — S)H d7rds>, vVt e Ry,
0 s

(3.22)
if limg_, 1 o £(t) = 0, where

s) :/0 E(m)dm, VteRy. (3.23)

Proof. In order to proof the decay estimates, we start by the derivative of the
function L. On the other hand, by using (A6) and ( @, we have

~(re. [ wonteas) < qear+ 2] [
S P Y HBZ @) s

Combining (3.5)), (3.7, (3.11)), (3.13]), (3.16|) and (3.17]), we obtain

L) < —e[ml—";')mt2+02HAsqu+cghoHBéuHQ—zr /Olnz(p,t)n?dp

2

IN

+A%xM$(GWB%ﬂ$W+‘%Wﬁ““‘”w>“_2Mwmﬂ
i N G DAV ARl

2
+(; - ec6> /;oo B (s)

+oo 2
+C8/t h(s)HB%uo(s—t)H ds — el|z(1,1)]|?

Cds — CHE(t) (I (8) + (1))

By (s)

+e<C’z(1, t), N1 /OJ”’O h(s)nt(s)ds — N2u>, (3.24)
where
Cr = (ho —e1)Ny — N — 7, Ca = Ny — (g2 + b)N1 a}ZOMh
CSZ%N“%_%’ Cy = @N1+]\2]
Cs = &Ml - %]\ﬁ - %, Cs = <2nh0 + dj;;o ZESE)Nl, (329)

07 = (17)\1)M1 min{l,a}, Cg :M1>\1(1+ad)
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At this point, we choose the different constants to obtain some results. First, we
select Ny = (1 + ahg)e?™ and we choose My, Ni such that

ENQ 62T
— < M < —.
31 +ahg) 1S 2e
b M, 1 ) 1 oM,
max {bh()—2fy2<2(1+ah0)€_N2>7h()(N2+e )}<N1<hO<N2+€>

Note that M; exists as a result of the selection of Ny for certain value of € to be
choose later and the choice of M; and N, guarantees the existence of N;. Now, let
pick €1, €5 and A; such that

N2+627
0<e <h—77
1 0 N,

and
€

4M1 (NQ —+ hQNl) < )\1 < 1,

€9 and A exist by the previous selection of N1 and Ny. Consequently, it result that
Cy >0,Cy =—C3,C3 <0 and C5 > 0. Moreover, it’s clear that Cy > 0, so, we
have

_6[01|ut||2+c2(HA%uH2 ~ ho HBéuH2> — 2Nu(u)
+00 2 2
+/0 h(s)(C4HB§‘nt(s)H +C5HB%U(tfs)H >ds}
L2 L2 +oo ) 2
< —eC’g<||ut|2—|—HA2uH —hOHBiuH —21/)(u)+/0 h(s)HBint(s)H ds)
where

1 .
Cy = ~ min {Cy, Ca, Cy }.

Observe that Cy is positive and independent on p. Next, using Cauchy-Schwarz’s
and Young’s inequalities for estimate the last term in the right hand in (3.24).

Then, by (2.2)) and (2.4)), we get

+oo
e<C’z(1,t),N1/ h(s)nt(s)dsN2u>
0
1 2 +oo 1 2
< el 0 +6|M|Clo(HA2uH + [ nes) B ds),
0
where

1
Cio = % max{aNZ, hoN?}.
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Inserting the above inequality and (3.26) in (3.24)), we obtain

L,(t) < feCnE(t) + <4hn+2\/m>€N1E(t)

+(3-ccn) [ w6 Bt ds - et + )

+o0 N 2
+Cg/ h(s) HBEuO(s - t)H ds, (3.26)
t
where
2
Cll = 2min {Cg - M, 7709 - 6,U/|C110}~
€ ul
Finally, we assume that |u| satisfies (3.20)) under the following choice of dy
. [Cy 09\/5}
§p = min ¢ —, . 3.27
‘ { Cs vCho (3.27)
Then, we can choose n big enough and we fix € such that
|1l 1 1
il < < 2
2¢: <S35 < (3.28)
where

2 2T
M:Nlmax{l,ho}—&—]\fgmax{l,a}—i— ¢ .
b b [l

which imply that E is equivalent to E + ¢(N1I; + NIy + I3). Indeed, by using
Cauchy-Schwarz’s and Young’s inequalities, we have

1 ho [+ L 2
L) < 2<||ut2+b | ne [pri)| ds) (3.29)
0
ho
< max 1,? E(t) (3.30)
and
1 a 1|12 a
L) < 2<||ut||2—|—bHA2uH )gmax{Lb}E(t). (3.31)
From ([3.12)), it follows
1 1 2627'
I(t)] = e / 70| 2(p, 1) |2ds < e / 2| x(p. ) ds < < E()
0 0
(3.32)

Combining (3.4)), (3.29)), (3.31) and (3.32)) and by using (3.28)), we have
E ~ E+ e(N1I; + Nols + I).

Moreover, the third term in the right hand of (3.26)) is non-positive. Note that
dp is a positive constant independent of . Under the condition (3.20)), we conclude
that C1; is a positive constant and by using the fact that lim,_, . h, = 0, we get

4hy, + /dhy,
2

Ciz =€eCh1 + < )eNl > 0.
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Consequently, we obtain, for all t € Ry,
L/(t) < —ClgE(t) — C7§(t) (Jl (t) + Jg(t))

+Cy /:oo () || B 2o s - t)Hst. (3.33)

Let distinguish two cases corresponding to the limit of £ at infinity.
» If lim; o &(t) > 0, there exist ¢y > 0 and £ > 0 such that £(t) > &, for all
t > to. Therefore, using (3.18]), we find

+oo 1 2
L'(t) < —61L(t) +08/ h(s) HBEUO(S ft)H ds, VteR,, (3.34)
t

where

51 — min Cia  Cr& Cré
! 1+eM’ M, ab [

Then, integrating the differential inequality over [tg,t], we obtain
L(t) < et <e‘51t0L(to) + O /0 s / ) |BHuotr — )| dwds>, Vi € Ry.
So, using and , we get, for all ¢ > tg,
1
< oo t®
T ex {07, e‘sltOL(tO)} X
t +00 2

X (1 —|—/0 e‘sls/S h(m) HB%UO(T( — S)H d?TdS). (3.35)

For ¢ € [0, o], we have
Bt) < —

T 1—-eM
Inequalities (3.35) and (3.36) gives (3.21) with

E(t)

IN

Lt 61t —51t < L d1to —(51t- 336
e et < T ma L (3.30)

1
by = outo L(s) p.
2 1_€M{C7,e Jnax (S)}

> If lim; o0 £(t) = 0, there exist tg > 0 such that £(t) < Cia, for all ¢ > to.
Therefore, using (3.18)), we obtain, for

01 = min ! ﬂ Cr
e L+eM’ M, aM [’

+o0 2
L) < —5 () L) + 08/ ns) |Brugts o) ds, vieR,,  (337)
t
By integrating the above differential inequality over [to, t], we get, for all ¢t € R,

. . t N “+oo 2
L(t) S 67515(15) <€515(t0)L(t0) + 07/ 6615(5)/ h(T() HB%uo(ﬂ' — S) d'Tl'dS) .
0 s
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Then, using (3.18)) and (3.37)), we get, for all ¢ > tg,
. max {07, eélé(tO)L(to)} X

t “+o00 N 2
><<1+/ 6618/ h(ﬂ)HBiuo(ﬂ—s)
0 s

For t € [0, 0], we have

_ 1
1—eM

E(1)

d7rds> . (3.38)

E(t) < L(t)e‘slé() =814t < ! max (L(s)e‘;lg(;))e‘slé(t). (3.39)

1 —eM selo,to]

Inequalities (3.38) and (3.39)) gives (3.21)) with

1 ~
8o = L 81€(s) .
5 1_6M{O7,Sg%3§]< (s)e

Thus the proof of Theorem [3.6]is completed. O

4. APPLICATIONS

We can seek our results in some problems. In this section, we consider only three
illustrative problems. In the whole section, €2 is a bounded and regular domain of
R”, with n > 1.

1-: Abstract linear problem

we(t) + Au(t) — 7% h(s)Au(t — s)ds + Cuy(t — ) = 0, (0, +00),
ut(t_T):fO(t_T)v ( 77-)3
u(—t) = ug(t), ut(0) = u, t>0,

(4.1)

where the operators A and C' are a self-adjoint linear positive operators satisfy the
assumptions (A1) and (A3), respectively. The memory kernel h satisfying (A2) and
(AT).

2-: Let us consider the semilinear problem

u (t) + Au(t —|—f $)Au(t — s)ds + b(x)us(t — 1)
= F(u(t)), t € (0,+00),
u(z,t) =0, z € 99, (4.2)
w(z, —t) = uo(x,t), u(z,0) =wui(z), reQ, t>0,
u(t —7) = fo(t — 1) te(0,7),

with initial data (ug,u1, fo) € [H*(R2) € NH(Q)] x H () x HY(0,7; L*(Q)). The
constant 5 > 0 satisfies a suitable restriction to be specified below. The memory
kernel h satisfying (A2) and (A7) and b € L™(2) is a function such that

b(x) >0 a.e in .

The source term F be globally Lipschitz continuous functional such that F(0) =0
and satisfies ([3.2]).Our results hold with H = L?(2) and the operators A, B are
given by

A:D(A) — H :ur—s — Z 8( (x)é‘?;), B:D(B) — H :ur~ —Au,

i,j=1
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where D(A) = D(B)) = H%(Q) N HE(Q). a;; € C1(Q), is symmetric and

ElCLQ >0’ Z al](x)CJClZa’O|C|27 erﬁ, C:(Ch aCn) GRTL
i,j=1
The operators A and B are a linear, self-adjoint and positive operators in H such
that D(Az) = H}(Q) with HA%UH = (a(u,u))'/? and HB%uH = ||Vul|2, where

Jdu Ou
’LL U Z / a” T%%dw
,j=1 J
Moreover, by using Poincare’s inequality and the Sobolev’s embedding theorem, we
get (Al) and (A5). Then, the assumption (A3) holds with Cu(x,t) = b(x)u(z,t).
3-: Coupled systems

+o0
wy(t) — aAw(t) —|—/0 h(s)div(ai (z)Vw(t — s))ds
Fuw(t = 1) + dv(t) = fi(w(?), t € (0,400),

vn(t) — BAV(E) + / h(s)div(as (2)Vo(t — 5))ds

(
)

+po(t — 1) + dw(t) = fa(v(t)), t € (0,400),
w(z,t) =v(z,t) =0, x € 01,
w(z, —t) = wo(z,t), v(z,—t)=wv(z,1t), xreQ, t>0,
wi(z,0) = wi(x), v(z,0)=wv1(x), reQ, t>0,
w(t—7)=folt—7), v(t—7)= folt —7), t e (0,7),

where « and 3 are positive constants, a1, az € C1(Q), ai(z), az(x) > 0 with
The memory kernel h satisfying (A2) and (A7). The above system is equivalent to
(1.1) where u = (w,v), fo = (lo,mo) and H = (L?(Q))? with

(w1, v1), (we,v2)) = / wiwse + v1v2d.
Q

We take D(A) = D(B)) = (H?*(Q) N H(2))? and the operators A, B are given
by
Au = —(aAw, BAV) + d(v,w),
Bu = —(div(a1(x)Vw), div(az(z)Vw)).
The function Fa(u(t)) = (f1(w(t)), f2(v(t))) satisfies (A6).
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ABSTRACT. In this paper, we prove the existence and uniqueness of common
fixed points for two pairs of selfmaps satisfying a Geraghty-Suzuki type con-
traction condition in which one pair is compatible, b-continous and the another
one is weakly compatible in complete b-metric spaces. Further, we prove the
same with different hypotheses on two pairs of selfmaps which satisfy b-(E.A)-
property. We draw some corollaries from our results and provide examples in
support of our results.

1. INTRODUCTION

The development of fixed point theory is based on the generalization of con-
traction conditions in one direction or/and generalization of ambient spaces of the
operator under consideration on the other. Banach contraction principle plays an
important role in solving nonlinear equations, and it is one of the most useful
results in fixed point theory. In the direction of generalization of contraction con-
ditions, in 1973, Geraghty [I7] proved a fixed point theorem, generalizing Banach
contraction principle. In 1975, Dass and Gupta [I4] extended contraction map to
contraction map with rational expression and proved the existence of fixed points
in complete metric spaces. In 2008, Suzuki [30] proved two fixed point theorems,
one of which is a new type of generalization of the Banach contraction principle
and does characterize the metric completeness.

The main idea of b-metric was initiated from the works of Bourbaki [10] and
Bakhtin [6]. The concept of b-metric space or metric type space was introduced by
Czerwik [12] as a generalization of metric space. Afterwards, many authors studied
fixed point theorems for single-valued and multi-valued mappings in b-metric spaces,
we refer [21 3] 8| [0 [13] 22, 28| 29].

In 2002, Aamari and Moutawakil [I] introduced the notion of property (E.A).
Different authors applied this concept to prove the existence of common fixed points,
we refer [4] Bl 25] 26], 27].
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We denote N, the set of all natural numbers and R™ = [0, c0).

Definition 1.1. [12] Let X be a non-empty set. A function d : X x X — R is
said to be a b-metric if the following conditions are satisfied: for any x,y,z € X
(b1) 0 <d(zx,y) and d(z,y) =0 if and only if =y,

(b2) d(z,y) = d(y, =),
(bs) there exists s > 1 such that d(z, z) < s[d(z,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric
space is not a metric space.

Definition 1.2. [9] Let (X, d) be a b-metric space and {x,} a sequence in X.
(1) A sequence {z,} in X is called b-convergent if there exists © € X such that

d(xn,x) — 0 as n — oo. In this case, we write nl;n;o Tp = .

(i4) A sequence {x,} in X is called b-Cauchy if d(z,,2m) — 0 as n,m — co.

(#i7) A b-metric space (X, d) is said to be a complete b-metric space if every
b-Cauchy sequence in X is b-convergent.

(iv) A set B C X is said to be b-closed if for any sequence {z,} in B such that
{zn} is b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

Example 1.1. [19] Let X = NU {oo}. We define a mapping d: X x X — R as
follows:

0 if m=n,
L _ L1 if one of m,n is even and the other is even or oo,
d(m,n) = m._ont } )
’ 5 if one of m,n is odd and the other is odd or co,
2 otherwise.

. . . . _ 5
Then (X,d) is a b-metric space with coefficient s = 5.

Definition 1.3. [9] Let (X,dx) and (Y,dy) be two b-metric spaces. A function
f: X =Y is ab-continuous at a point x € X, if it is b-sequentially continuous at
x. i.e., whenever {x,} is b-convergent to x, fx, is b-convergent to fux.

Definition 1.4. [20] A pair (A, B) of selfmaps on a metric space (X,d) is said to
be compatible if lim d(BAx,, ABx,) = 0 whenever {x,} is a sequence in X such
n—oo

that lim Az, = lim Bx, = z for some z € X.
n—roo n—oo

Definition 1.5. [I] A pair (A, B) of selfmaps on a metric space (X,d) is said to be
satisfy (E.A)-property if there exists a sequence {x,} in X such that lim Ax, =

n—oo

lim Bz, = z for some z € X.
n—oo

Definition 1.6. [25] A pair (A, B) of selfmaps on a b-metric space (X,d) is
said to be satisfy b-(E.A)-property if there exists a sequence {x,} in X such that

lim Az, = lim Bz, = z for some z € X.
n— oo n— o0

Definition 1.7. [21I] A pair (A, B) of selfmaps on a set X is said to be weakly
compatible if ABx = BAx whenever Ax = Bz for any x € X.

In 1973, Geraghty [17] introduced a class of functions
G ={8:]0,00) = [0,1)/ lim B(t,) =1 = lim t, =0}.
n—oo n—oo
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Theorem 1.1. [I7] Let (X,d) be a complete metric space. Let T : X — X be a
selfmap satisfying the following: there exists B € & such that
d(Tz,Ty) < B(d(x,y))d(x,y) for all x,y € X. Then T has a unique fized point.

We denote B = {a: [0,00) = [0,1)/ lim a(t,) =1 = lim t, =0}.
n—o00 n—o00

In 2011, Dukic, Kadelburg and Radenovié [I5] extended Theorem 1.9 to the case
of b-metric spaces as follows.

Theorem 1.2. [I5] Let (X,d) ba a complete b-metric space with coefficient s > 1
and let T : X — X be a selfmap of X. Suppose that there exists a € B such that
d(Tz, Ty) < a(d(z,y))d(z,y) for all xz,y € X. Then T has a unique fixed point in
X.

The following lemmas are useful in proving our main results.

Lemma 1.3. [I8] Let (X,d) be a b-metric space with coefficient s > 1. Suppose
that {x,} is a sequence in X such that d(zy,Zni1) < kd(Xp—1,2,) for alln € N,
where k € [0,1) is a constant. Then {x,} is a b-Cauchy sequence in X.

Lemma 1.4. [2] Let (X,d) be a b-metric space with coefficient s > 1. Suppose
that {x,} and {y,} are b-convergent to x and y respectively, then we have
Zd(z,y) <liminf d(zy,, y,) < limsupd(z,,y,) < s%d(z,y).
n—0o0 n—oo

In particular, if x =y, then we have lim d(x,,y,) = 0. Moreover for each z € X
n—oo

we have
Ld(z,z) <liminfd(zy, z) < limsupd(z,, 2) < sd(z, z).
n—00 n—00
In 2015, Latif, Parvaneh, Salimi and Al-Mazrooei [23] proved the existence and
uniqueness of fixed points of a single selfmap satisfying Suzuki type contraction
condition in b-metric spaces as follows.

Theorem 1.5. [23] Let (X, d) be a complete b-metric space (with parameter s > 1)
and let f: X — X, a: X x X — [0,00) satisfying

(a) a(z,y) 21 = alfz, fy) 2 1,

) a(z,z) > 1L,a(z,y) > 1 = alz,y) > 1,2,y,2z € X. Suppose that 5 € B
such that 5=d(z, fz) < d(z,y) = sa(z,y)d(fz, fy) < B(M(z,y))M(z,y) for all
x,y € X, where

(e3) = man{ i) LM Syt sttty sl
Also, suppose that the following assertions hold:

(1) there exists xg € Xsuch that o(zg, fxg) > 1;

(ii) for any sequence {x,} in X with a(xn,xn+1) > 1 for all n € NU{0} such that
Ty, — X a8 N — 00, we have oy, z) > 1 for all n € NU{0}.

Then, [ has a fized point.

The set {zo, fxo, f2x0, f320,...} is called an orbit of f at the point zg and is
denoted by Oy (zo) [7].

Definition 1.8. [I1] A b-metric space X is said to be f-orbitally complete if every
Cauchy sequence in Oy(xo) converges in X, where f is a selfmapping on X and
zo € X.

Definition 1.9. [24] Let X be any nonempty set and o : X x X — R. A selfmap
f: X — X is said to have a property (H), if for any x,y € X with x # y, there
exists z € X such that a(z,z) > 1,a(y,z) > 1 and a(z, fz) > 1.
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Definition 1.10. [24] Let (X,d) be a b-metric space with parameter s > 1 and
a: X xX > R. A selfmap f: X — X is called a generalized o-Suzuki-Geraghty
contraction if there exists a f € B such that for any z,y € X,

3:d(x, fr) < sd(z,y) = d(fz, fy) < B(M(z,y))M(z,y),

where

M(x,y) = max{d(z,y), d(x, f), d(y, fy),d(f*z, fz),d(f*e,y), W20 A o)

d(z, fy)+d(y fﬂﬂ) d(z, fz)d(z, fy)+d(y,fy)d(y,fz) d(z,fz)d(z, fy)+d(y fy)d(y, f:v)}
1+sld(z,y)+d(fz, fy)] ’ I+d(z, fy)+d(y, fz) ’

Theorem 1.6. [24] Let (X, d) be a complete b-metric space with parameter
s>la: X xX >R and f: X — X. Assume that X is f-orbitally complete and
the following conditions hold:
(i) there exists xg € X such that o(zo, fxo) > 1;
(i1) f is a generalized oo — Suzuki — Geraghty contraction and a triangular
a-orbital admissible;
(71) either f is continuous or for any sequence {x,} in X with
oy, Tpy1) > 1 such that x, — x as n — oo, we have a(x,,x) > 1
for all n € NU{0}.
Then f has a fized point z in X and {f"xo} converges to z. Moreover, f has a
unique fixed point if condition (i) is replaced with the property (H).

Throughout this paper we denote
5= {6 : [0, OO) — [0, %)/limsupﬂ(tn) = % _— ]Lm ty = 0}'

n—oo

In 2019, Faraji, Savi¢ and Radenovié [I6] proved the following theorem.

Theorem 1.7. [16] Let (X, d) be a complete b-metric space with parameter s > 1.

Let T, S : X — X be selfmaps on X which satisfy: there exists § € § such that
sd(T, Sy) < B(M(x,y))M(z,y) for all 2,y € X,

where M (z,y) = max{d(z,y),d(z,Tz),d(y, Sy)}.

If either T or S is continuous, then T and S have a unique common fixzed point.

Motivated by Theorem 1.5 and Theorem 1.6, in Section 2 of this paper, we prove
the existence and uniqueness of common fixed points for two pairs of selfmaps satis-
fying a Geraghty-Suzuki type contraction condition in which one pair is compatible,
b-continous and the another one is weakly compatible in complete b-metric spaces.
Further, we prove the same with different hypotheses on two pairs of selfmaps which
satisfy b-(E.A)-property. In Section 3, we draw some corollaries and examples in
support of our results.

2. MAIN RESULTS

Let A,B,S and T be mappings from a b-metric space (X,d) into itself and
satisfying
A(X) CT(X) and B(X) C S(X). (2.1)
Now by (2.1), for any g € X, there exists z; € X such that yo = Azg = Tzy. In
the same way for this z1, we can choose a point xo € X such that y; = Bz = Sxo
and so on. In general, we define

Yon = Axoy = TZopt1 and yop41 = Bropr1 = Stapyo forn=0,1,2,.... (2.2)

Proposition 2.1. Let (X,d) be a b-metric space wuth coefficient s > 1. Assume
that A, B,S and T are selfmappings of X which satisfy the following condition:
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there exists B € § such that

+ min{d(Sz, Az),d(Ty, By)} < max{d(Sz,Ty),d(Az, By)}

— s'd(Az, By) < B(M(z,y))M(z,y) 23)

where
M(z,y) = max{d(Sz, Ty),d(Sz, Az), d(Ty, By), “*5:20), (0420,
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty, Aw }
14+d(Sz, Ty)+d(Az,By)’ 1+s%[d(Sz,Ty)+d(Az, By)]

for all z,y € X. Then we have the following:

(1) If A(X) CT(X) and the pair (B,T) is weakly compatible and if z is a com-
mon fized point of A and S then z is a common fixed point of A, B, S and T
and it is unique.

(1) If B(X) C S(X) and the pair (A, S) is weakly compatible and if z is a com-
mon fized point of B and T then z is a common fized point of A, B, S and T
and it is unique.

Proof. First, we assume that (i) holds. Let z be a common fixed point of A and S.
Then Az = Sz = z. Since A(X) C T(X), there exists u € X such that Tu = z.
Therefore Az = Sz =Tu = z.

We now prove that Az = Bu. Suppose that Az # Bu.

Since - min{d(Sz, Az),d(Tu, Bu)} < max{d(Sz,Tu),d(Az, Bu)}.

From the inequality (2.3), we have

s'd(Az, Bu) < B(M(z,u))M(z,u) (2.4)
where
M (z,u) = max{d(Sz,Tu),d(Sz, Az),d(Tu, Bu), d(S;’SB“), d(TgS’AZ),
d(Sz,Az)d(Tu,Bu) d(Sz,Bu)d(Tu,Az)
1+d(Sz,Tu)+d(Az,Bu)’ 1+s*[d(Sz,Tu)+d(Az,Bu)] }

= max{0,0,d(Az, Bu), %, 0,0,0} = d(Az, Bu).
From the inequality (2.4), we have
s*d(Az, Bu) < B(d(z,u))d(z,u) < w so that (s% — 1)d(Az, Bu) < 0.
Since (s° — 1) > 0, it follows that d(Az, Bu) = 0.
Hence Az = Bu. Therefore Az = Bu= Sz=Tu = z.
Since the pair (B,T) is weakly compatible and Bu = T'u, we have BTu = T Bu.
i.e., Bz=Tz.
Now we show that Bz = z.
If Bz # z, then we have
2 min{d(Sz, Az),d(Tz, Bz)} < max{d(Sz,Tz),d(Az, Bz)}
From the inequality (2.3), we have

s*d(z,Bz) = s*d(Az, Bz) < B(M(z,2))M(z, 2) (2.5)
where
M(z,2) = max{d(Sz,Tz),d(Sz, Az),d(Tz, Bz), d(S; Bz) d(Tz, AZ),
d(Sz,Az)d(Tz,Bz) d(Sz,Bz)d(Tz, Az)
14+d(Sz,Tz)+d(Az,Bz)’ 14+s*[d(Sz,Tz)+d(Az,Bz ]}

= max{d(z, Bz),0,0, 2% BZ), d(ZQEZ),O, H[;s(fﬁz)gz)]} d(z, Bz).
From the inequality (2.5), we have
s*d(z,Bz) < B(M(z,2))M(z, z) = B(d(z, Bz))d(z, Bz) < @ so that
(s° —1)d(z,Bz) <0.
Since (s® — 1) > 0, it follows that d(z, Bz) = 0.
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Hence Bz = z. Therefore Az = Bz=5Sz=Tz = z.
Therefore z is a common fixed point of A, B, S and T.

In a similar way, under the assumption (iz), the conclusion of the proposition
follows.

Uniqueness follows from the inequality (2.3). O

Remark. Selfmaps A,B,S and T of a b-metric space X that satisfy (2.3) is said
to be Geraghty-Suzuki type contraction maps on X.

Proposition 2.2. Let A, B,S and T be selfmaps of a b-metric space (X,d) and
satisfy (2.1) and Geraghty-Suzuki type contraction maps. Then for any xo € X, the
sequence {yn} defined by (2.2) is b-Cauchy in X.

Proof. Let zp € X and let {y,} be defined by (2.2). Assume that y, = y,41 for

some n.

Case (i): n even.

We write n = 2m for some m € N. Suppose that d(yn+1,Yn+2) > 0. Since

2+ min{d(Szam+2, Aomi2), d(TT2m11, Bram+1)} < max{d(Szami2, TT2m11),
d(Azom+2, BTom+1)}

From the inequality (2.3), we have

54d(yn+17 Ynt2) = Szd(y2m+17 Yom+2)
= 5%d(Yam+2, Yom+1)
2.6
= std(Azom2, Bxomi1) (2:6)
< B(M(22m+2; Tam+1)) M (T2m+2, Tam+1)
where

M (zam+2, Tam+1) = max{d(Sxam+2, TTom+1), d(STam+2, ATam+2),

d(Swami2,Bxam41) d(TTomy1,ATamy2)
d(T;CZerhB:EZerl) + + ) +25 - )

d(ST2m 42, ATom2)d(TT2mt1, BI2m+1)
1+d(Szam+t2,Txam+1)+d(Ax2my2,BTomy1)’
d(Szam+2,BTam+1)d(TTamy1,ATom42) }
1+s4[d(Szom42,TT2m+1)+d(AT2m42,BTam+1)]

= max{0, d(Yn+1, Yn42), 0,0, L2252 0.0} = d(yn 11, Y s2)-
From the inequality (2.6), we have
s'd(Ynt1, Yn+2) < BIM (2242, T2mt1)) M (T2m+1, T2m+1)
< B(d(ynJrlv yn+2))d<yn+17 yn+2) w
which implies that (s° — 1)d(yn+1,Yn+2) < 0.
Since (s° — 1) > 0, we have d(ynt1,Yni2) < 0.
Therefore Y2 = Yns1 = Y.
In general, we have y,,yr =y, for k=0,1,2,....
Case (ii): n odd.
We write n = 2m + 1 for some m € N.
Since
2718 min{d(Sm2m+27 A$2m+2), d(T$2m+3, B$2m+3)} < maX{d(Sm2m+2, T.’Egm+3),
d(Az2m+2, Bram+3)},

from the inequality (2.3), we have

34d(@/n+1: Yn+2) = 34d(92m+27 Yom+3) = d(Az2y 42, Brom3)
< B(M (r2m42, Tam+3)) M (Tamv2, T2m43)
(2.7)
where
M(x2m+2, Tam+3) = max{d(Sram+2, TT2m+3), d(STomi2, ATom+2),
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d(Sz ,Bx ) d(Tz JAx
d(TiL’QmJ'_g, Bx2m+3) ( 27n+§ 2m+3 27n+235 2w1+2) ,

(S:L‘Zm+27AI2m+2)d(Tz2m+$7Bz2m+3)
1+d(Szom42,TT2m+3)+d(Az2m42,BTam3)’

d(Sz2m+2,BT2m+3)d(TT2m+3,AT2m+2) }
1+s4[d(Szam42,TT2m4+3)+d(Azam12,BTamy3)]

= maX{Ov 0, d(yn+1, yn+2)v M ;0,0 0} d(yn-i-h yn+2)
From the inequality (2.7), we have
s d(Yny1,Ynt2) < B(M (T2m12, Tam+3)) M (T2m 12, T2m+3)

< Bd(Yn+15 Yn+2))d(Yn+1, Ynt2) < M
which implies that (s° — 1)d(yn+1, Ynt2) < 0.
Since (s> — 1) > 0, we have d(ynt1, Ynt2) < 0.
Therefore yn12 = Ynt1 = Yn-
In general, we have y,, 1 =y, for k=0,1,2,....
From Case (i) and Case (ii), we have y,1+r =y, for all k =0,1,2,....
Hence {yn+k} is a constant sequence and hence {y,} is Cauchy.
Now we assume that y,,_1 # y,, for all n € N.
If n is odd, then n = 2m + 1 for some m € N.
Since
2718 min{d(5x2m+2, A$2m+2), d(Tx2m+17 B$2m+1)} < max{d(Sx2m+2, Tl'2m+1),
d(Azom42, Bxam41)}-

From the inequality (2.3), we have

$* (Y, Ynt1) = s d(Y2m+1, Yoms2) = s d(Y2m+2, Y2mt1)
= s'd(Azom+2, Broms1) < B(M(22m+2, Tams1)) M (Z2m2; Tam+1)
(2.8)
where

M (22m42, Tam+1) = max{d(Sram12, TTom+1), d(ST2m12, ATam2),

d(Sx ,Bx d(Tx Az
d(T$2m+1, BI2m+1) ( 2m+; 277L+1) ( 2m+218 27n+2) ,

d(Szam+2,AT2m+y2)d(TTam41,BTamy1)
1+d(Szom+2,TT2m+1)+d(Az2m42,Bram41)’
d(STom+t2,Br2m+1)d(TTam41,AT2my2) }
1+s4[d(Szam+t2,TTam+1)+d(Az2mt2,Bram11)]

A(Yn Yn)+d(Yn,yn
< max{d(yn_1,Yn), AW, Yn+1), d(Yn—1,yn), 0, LY )+2(y yni)

Ad(Yn,Yn+1)d(Yn—1,Yn) 0}
14+d(Yn—1,Yyn) +d(Yn,yn+1)’

< maX{d(:Un*lv yn)7 d(Yn, ynJrl)}’-
Suppose M (z2m+2, Tom+1) = Ad(Yn, Ynt1)-
Then from the inequality (2.8), we have
$*d(Yn, Ynt1) < BM (T2m+2, Tom+1)) M (T2mt2, Tam+1)
< BAd(Yns Y1) A Y1) < Dmoss)
which implies that (s® — 1)d(yn, ynt1) < 0.
Since (s° — 1) > 0, we have d(yn, Yni1) < 0.
Therefore M (zomt2, Tam+1) = A(Yn—1,Yn)-
From the inequality (2.8), we have

s d(Yn, Ynt1) < B(M (2m+2, Tom+1)) M (Tam+2, T2m41)

2.9
< B(d(Yn—1,Yn))d(Yn1,yn) < Lt 29)
Also, it is easy to see that (2. 9) is valid when n is even.
Hence we have d(yn, yn+1) < 2d(yn—1,yn) for all n € N.
From Lemma 1.3, we have the sequence {y,} is a b-Cauchy sequence in X. O

The following is the main result of this paper.
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Theorem 2.3. Let A,B,S and T be selfmaps on a complete b-metric space (X, d)
and satisfy (2.1) and Geraghty-Suzuki type contractive maps. If either
(7) the pair (A,S) compatible, A (or) S is b-continuous and the pair (B,T) is
weakly compatible
or
(i) the pair (B,T) compatible, B (or) T is b-continuous and the pair (A, S) is
weakly compatible
then A, B, S and T have a unique common fized point in X.

Proof. By Proposition 2.2, the sequence {y,} is b-Cauchy in X.
Since X is b-complete, there exists z € X such that lim Yn = z. Thus

n—oco (2.10)

lim yo, = hm Azs, = hm Txop1 = z and
hrn Yont+1 = hm B.’L‘gn+1 lim Szo,490 = 2.
n—oo n—oo

Assume that (7) holds.
Since S is b-continuous, it follows that lim SSzo,10 = Sz, lim SAxzy, = Sz.

n— n—oo
By the b-triangle inequality, we have d(ASxay, Sz) < s[d(ASzan, SAxa,)+d(SAxay,, S2)].
Since the pair (A, S) is compatible, le d(ASxoy,, SAxs,) = 0.

Taking limit superior as n — oo, we have
lim sup d(ASzan, Sz) < sllimsup d(ASxzan, SAxa,) + limsup d(SAzay,, Sz)] =

n—oo n— oo

Therefore hrn ASxy, = Sz.

‘We now prove that Sz =z.

Suppose that Sz # z. Since

£ min{d(SS2am+2, ASTom+i2), d(TTom+1, Bromi1)} < max{d(SSzom+2, TTam+1),

d(ASzomt2, Bram+1)}
From the inequality (2.3), we have

s*d(ASzan12, Brani1) < B(M(STani2, Tant1)) M (STania, Tani1) (2.11)

where

M(Szapt2, Tant1) = max{d(SSzon+2, TTon+1), d(SSTont2, ASTonts),

B T A
d(Tx2n+1;Bx2n+1) d(SS$2n+2, $2n+1) d( 37271+1279 S$2n+2)

d(SSxon42,ASTon12)d(TTan41, B$2n+1)
1+d(SSzont2,Tx2n+1)+d(AST2n42,BTany1)’
d(SSzant2,Bront1)d(TT2n41,AST2n12) }
1+s4[d(SSzont2,Txon41)+d(ASTon42,Brony1)] I
By taking limit superior as n — oo on M (STapi2, Tant+1) and using Lemma 1.4,

we obtain

2 2 4
lim sup M(Sx2n+27 x2n+1) < max{st(Sz, Z)a 07 07 > d(2227Z) ) d(giz ) 07 1+£dsgril?5zz z)}
n—oo
= 52d(Sz, 2).
Therefore

—d(Sz 2) < liminf M (Sxa, 12, Ton1) < limsup M(Sxa, 0, Tani1) < s2d(Sz, 2).
S n—00 n—00
(2.12)

Taking limit superior as n — oo in the inequality (2.11) and using Lemma 1.4, we
get
s4s%d(52, 2) < s*limsup d(ASway 12, Broni1)

n—oo

= limsup s*d(ASz2,12, Broni1)
n—oo
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< limsup[B(M (Sz2n12, T2n+1)) M (ST2n42, T2n41)]

n—oo

= limsup (M (Szant2, Tant1)) imsup M (Szan42, T2nt1)

n—oo n—00
< limsup B(M (Sz2n12, Tant1))s2d(Sz, 2).
n—o0

Therefore
% <1 <limsup S(M(Sxani2, Tant1)) < % which implies that

n—oo

lim sup B(M (Szant2, Tan+1)) = 2.

n— o0
Since 8 € §, it follows that li_)m M(Sant2, Tant1) = 0.
Therefore from the inequality (2.12), we have

S%d(Sz7 z) < li_>m M (SZon12, Tant1) = 0 which implies that d(Sz,z) < 0.

n [ee]

Therefore Sz = z.
We now show that Az = z. Suppose that Az # z.
Since

% min{d(Sz, Az),d(Txom+1, Bromt1)} < max{d(Sz, Txom+1),d(Az, Bxomi1)}
From the inequality (2.3), we have

s'd(Az, Brony1) < B(M(2,22n41)) M (2, T2ns1) (2.13)

where
M (z, xon+1) = max{d(Sz, Txant1),d(Sz, Az),d(Tx2n+t1, BLant1),
d(Sz,Bxay+1) d(Txon41,Az2) d(Sz,Az)d(Tx2n+1,BTont1)
2s ’ 2s ' 1+d(Sz,Txant1)+d(Az,Bxront1)’
d(SZ,B:L’Qn+1)d(TZL’2n+1,AZ) }
1+S4[d(SZ,T$27L+1)+d(AZ,B$2r,L+1)] :
By taking limit superior as n — oo on M(z, 23,41) and using Lemma 1.4, we obtain
2 2 4 2
. 2 s°d(Az,z) s°d(Az,z s*[d(Az,z
limsup M (z, x2,+1) < max{s?d(Az, z),0,0, (28 ), (28 ),O, 1+£s§d(Az)}Z)}
n—oo
= s2d(Az, 2).

Therefore

1 . .
?d(Az, 2) < liminf M (2, 2on41) < limsup M (z, 20, 41) < s2d(Az,2).  (2.14)

n—oo n—00

Taking limit superior as n — oo in the inequality (2.13) and using Lemma 1.4, we
get
s*%d(Az,z) < s*limsup d(Az, Bron1)

n—o0

= limsup s*d(Az, Bra, 1)
n—oo
S lim Sup[ﬁ(M(Z7 ZL‘2n+1))M(Z, x2n+1)]

n— oo
= limsup (M (z, xan+1)) limsup M (2, ap41)
n—oo n—oo
< limsup B(M (2, 241))s°d(Az, 2).
n—oo
Hence
1 <1 <limsup B(M(z,x2n+1)) < L which implies that
n— o0
lim sup B(M(Z, xQn-‘rl)) = l'

S
n—oo

Since f € §, it follows that lim M(z,zo,41) = 0.
n— oo

Therefore from the inequality (2.14), we have
Ld(Az,2) < nlLII;O M (z,x2n+1) = 0 which implies that d(Az, z) < 0.

Therefore Az = Sz = z. Hence z is a common fixed point of A and S.
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Now by Proposition 2.1, we have z is a unique common fixed point of A, B, S and T'.
Assume that A is b-continuous, it follows that
lim AAx,, = Az, hm AS$2n+2 Az.

n— oo

By the b-triangle mequahty, we have
d(SAxa,, Az) < s[d(SAxa,, ASxay,) + d(ASxay,, AZ)).
Since the pair (4, S) is compatible, h_)m d(ASzay, SAxa,) = 0.
n (oo}
Taking limit superior as n — oo, we have
lim sup d(SAxa,, Az) < sllimsup d(SAxa,, ASxa,) + limsup d(ASxza,, Az)] =
n— 00 n— 00 n—o00
Therefore hm SAxy, = Az.
Now we prove that Az = z. Suppose that Az # 2.
Since
2% min{d(SAxa,, AAxay,), d(Txon+1, Broni1)} < max{d(SAzo,, Txont1),
d(AAfEQm B$2n+1)}
From the inequality (2.3), we have

Yd(ASwan 12, Broni1) < B(M(ST2nt2, Tant1)) M (STanta, Tani1) (2.15)

where

M (Axop, xopy1) = max{d(SAza,, Troni1), d(SAT2,, AAT2,), d(TT2n 11, Broni1),
d(SAz2n,Brony1) d(Txzong1,AAz2,) d(SAzon, AAz2)d(Txony1,Brang1)

2s ? 2s ) 1+d(SAZ2n7TZD2n+1)+d(AA(122V,L,BZE2¢L+1)’
d(SAz2y,,Bxont1)d(Tx2ny1,AAT2,) }
1+s4[d(SAzan,Txon+1)+d(AAz2, ,Bray+1)]
By taking limit superior as n — oo on M (Axa,, Z2,+1) and using Lemma 1.4, we

obtain

2
lirrlr;sotip M Az, Topy1) < max{s?d(Az, 2),0,0, 2 d(AZ 2) 8 d(ﬁz 2) ), 1+2§22fAZZ Z)}
= s2d(Az, 2).
Therefore

1
= —d(Az, z) <liminf M (Azgp, T2n11) < limsup M (Aza,, T2n41) < s2d(Az, 2).

n—0o0 n—00
(2.16)

Taking limit superior as n — oo in the inequality (2.15) and using Lemma 1.4, we
get
54sl2d(Az, 2) < s*limsup d(AAxy,, Bro,y1)
n—oo
= limsup s*d(AAz2p,, Brani1)
n—roo

< limsup[B(M (Ao, Tont1)) M (Azopn, Tant1)

n—oo

= lim sup (M (Azan, Tan+1)) limsup M (Aza,, Topt1)
n— o0 n—o0

< limsup B(M(Az2n,, Toni1))s?d(Az, 2).
n— oo

Thus
% <1 <limsup S(M(Azay,, xant1)) < % which implies that

n—oo
lim sup 3(M (Azon, Ton+1)) = <.

n—oo

Since f € §, it follows that lim M (Azg,, zont1) = 0.

n—
Therefore from the inequality (2.16), we have
Ld(Az,2) < lim M(Azs,,22,41) = 0 which implies that d(Az, z) < 0.
n—oo
Therefore Az = z.
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Since A(X) C T(X), there exists u € X such that z = Tu.

We now show that Bu = z. Suppose that Bu # z.

Since

= min{d(Szon, Azay,), d(Tu, Bu)} < max{d(Szan,, Tu), d(Azs,, Bu)}
From the inequality (2.3), we have

Yd(Azay,, Bu) < B(M (22, u)) M (z9n, 1) (2.17)
where
M (z2p,u) = max{d(Sxa,, Tu),d(Swap, Axay), d(Tu, Bu), (SQJZZ’BU), d(TMQA“"),
d(Sxon,Azay)d(Tu,Bu) d(Sxon,Bu)d(Tu,Azs,) }
14+d(Szopn,Tu)+d(Axay,,Bu)’ 1+s4[d(Szon,Tu)+d(Az2y,,Bu)] -

By taking limit superior as n — oo on M (x2,,u) and using Lemma 1.4, we obtain
. 2 s2d(z,Bu) s%d(z,Bu) 4d(z, Bu)
lim sup M (225, u) < max{s®d(z, Bu),0,0, ==5—, 0 }

oo 2s e 1+232d(z Bu)
= s2d(Az, 2).
Therefore
1
—zd(z,Bu) < liminf M (22, u) < limsup M (x2,,u) < sd(z, Bu). (2.18)
S n—00 n—00

Taking limit superior as n — oo in the inequality (2.17) and using Lemma 1.4, we
get
s*%d(z, Bu) < s*limsup d(Aws,, Bu)

n—0o0

= limsup s*d(Axa,, Bu)
n—oo
< limsup[B8(M (zan, u)) M (x2,,u)
n—roo
= limsup (M (22, u)) lim sup M (za,, u)

n—oo n—oo

< limsup B(M (w2, u))s?d(z, Bu).
n—oo
Therefore
% <1 <limsup (M (x2n,u)) < % which implies that limsup (M (z2,,u)) = %
n— oo n—oo

Since 8 € §, it follows that lim M (z2,,u) = 0.
n— 00

Therefore from the inequality (2.18), we have

%d(z,Bu) < nhﬁn;(} M (z2p,u) = 0. implies that d(z, Bu) < 0.

Therefore Bu = T'u = z. Since the pair (B, T) is weakly compatible and Bu = Tu,
we have

BTu=TBu. ie., Bz=Tx.

We now show that Bz = z. Suppose that Bz # z.

Since

2= min{d(Sz2n, Azay,), d(Tz, Bz)} < max{d(Sz2n,,Tz),d(Az2y,, Bz)}

From the inequality (2.3), we have

Yd(Azon, Bz) < B(M(w2n, 2)) M (225, 2) (2.19)

where
M (x2p, z) = max{d(Swan, Tz),d(Sz2n, Azay,),d(Tz, Bz), d(Sxé’;’Bz)7 d(TZ’Q‘:x2")7
d(Szon,Aza,)d(Tz,Bz) d(Sz2n,Bz)d(Tz,Azay,)
14+d(Szan,T2)+d(Azoy,Bz)’ 1+s*d(Szay,,T2)+d(Azay,,B2) }
By taking limit superior as n — oo on M (x9,, 2) and using Lemma 1.4, we obtain

. s?d(z,B s?d(z,B S(d(z,B
hrrzn—ilip M (22, 2) < max{s?d(z, Bz),0,0, > (228 z) s (ZS 2) 0, Hésfd ZZBZ)}
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= 52d(Az, 2).
Therefore
1
—d(z, Bz) < liminf M (2, 2) < limsup M (225, 2) < s%d(z, Bz). (2.20)
S n—oo n— 00

Taking limit superior as n — oo in the inequality (2.19) and using Lemma 1.4, we
get
s?%d(z, Bz) < s*limsup d(Aza,, B2)

n—oo

= limsup s*d(Axs,, Bz)
n—oo
< limsup[8(M (x2n, 2)) M (x2n, 2)
n—oo
= lim sup 8(M (z2y, 2)) lim sup M (z2,, 2)
n—oo n— oo
< limsup B(M (w2, 2))s%d(z, Bz).
n—oo

Therefore
1 <1 <limsup B(M(z2,,2)) < 1 which implies that lim sup B(M (z2,,2)) = L.

n— o0 n—00
Since 8 € §, it follows that lim M (xa,,2) = 0.

n—oo
Therefore from the inequality (2.20), we have
%d(z,Bz) < lim M (w3,,2) = 0. implies that d(z, Bz) < 0.
n—r oo

Hence Bz = z.
Therefore Bz =Tz = z.
Hence z is a common fixed point of A and S.
Now by Proposition 2.1, we have z is a unique common fixed point of A, B, S and T.

In a similar way, under the assumption (i%), the conclusion of the theorem holds.
O

Theorem 2.4. Let (X, d) be a b-metric space with coefficient s > 1. Let A, B, S, T :
X — X be selfmaps of X and satisfy (2.1) and Geraghty-Suzuki type contractive
maps. Suppose that one of the pairs (A, S) and (B, T) satisfies the b-(E. A )-property
and that one of the subspace A(X), B(X),S(X) and T(X) is b-closed in X. Then
the pairs (A, S) and (B,T) have a point of coincidence in X. Moreover, if the pairs
(A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. We first assume that the pair (A4, S) satisfies the b-(E.A)-property. So there
exists a sequence {z,} in X such that

lim Az, = lim Sz, =¢q (2.21)

n— oo n—oo

for some g € X.
Since A(X) C T(X), there exists a sequence {y,} in X such that Az, = Ty,, and
hence

lim Ty, = q. (2.22)
n— oo
Now we show that lim By, = q.
n—oo

Since o= min{d(Sz,, Az,,), d(Tyn, Byn)} < max{d(Szy, Tyn),d(Azn, By,)}.

From the inequality (2.3), we have
s*d(Azn, Byn) < B(M (20, yn)) M (2, Yn) (2.23)
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where
M (20, yn) = max{d(Szn, Tyn), d(Szp, Az, d(Typ, Byy,), 450g:Bum) A Azn),
d(STw 7A-Tn )d(Tyn 7Byn) d(Szn 7Byn)d(Tyn 7Azn)
1+d(Szn,Tyn)+d(Azy, ,Byy) ' 14+s*[d(Szy , Tyn)+d(Az,, ,Byy)] }

By taking limit superior as n — oo on M (zy,yn), and using (2.21) and (2.22), we
obtain
limsup d(Az,,Byn)

lim sup M (2, yn) = max{0, 0, limsup d(Az,,, By, ), *=*—5—,0,0,0}
n—oo n—oo
= limsup d(Ax,, Byn).
n—oo
(2.24)

On taking limit superior as n — oo in (2.23), and using (2.24), we get
s*limsup d(Azy, Byy) = limsup[B(M (20, yn)) M (20, yn )|

n—oo n—oo
= limsup B(M (zp, yn)) limsup M (2., Yn)
n—oo n—oo
= limsup (M (2, yn)) limsup d(Ax,, Byy).
n—oo n—oo
Therefore
% <1 <limsup (M (2n,yn)) < S% < % which implies that

n— 00
1

limsup B(M (2, yn)) = 5-
n— 00
Since § € §, we have lim M(zp,y,) = 0. ie., limsup d(Azy, By,) = 0.

n— 00
Therefore

lim d(Az,, By,) =0. (2.25)
n—oo
By the b-triangular inequality, we have
d(q, Byy) < s[d(q, Azy) + d(Ax,,, Byy,)]. (2.26)

On taking limits as n — oo in (2.26), and using (2.21) and (2.25), we get
li_>m d(q, Byn) < s] li_>m d(q, Azx,) + li_>m d(Azy,, By,)] = 0.
Therefore lim d(q, By,) = 0.
n—r00
Case (i): Assume that T(X) is a b-closed subset of X.
In this case ¢ € T(X), we can choose r € X such that Tr = gq.
We now prove that Br = ¢q. Suppose that d(Br,q) > 0.
Since 3= min{d(Sz,, Az, ),d(Tr, Br)} < max{d(Sz,,Tr),d(Az,, Br)}
From the inequality (2.3), we have

s*d(Ax,,, Br) < B(M (xp, )M (2, 7) (2.27)

where
M (zp,r) = max{d(Sz,,Tr),d(Sz,, Az,),d(Tr, Br), d(sg“;s’BT), d(TTQ’:‘I"),
d(Szpn,Axy)d(Tr,Br) d(Szpn,Br)d(Tr,Az,,) }
14+d(Szyn,Tr)+d(Azy,,Br)? 1+s%[d(Szy,,Tr)+d(Azy,,Br)] J”
By taking limit superior as n — oo on M(x,,r), and using (2.21), (2.22) and
Lemma 1.4, we obtain

lim sup M (z,,r) < max{0,0, d(q, Br),
n—oo
We have
= 262 MEL50)] 4 sd(Siy, q) < 262 M (@, 7) + sd(Sn, q).
On taking limit inferior as n — oo, we get

@, 0,0,0} = d(g, Br).  (2.28)
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Therefore 5zd(Br,q) < liminf M (zy,, 7).
n—oo

Taking limit superior as n — oo in (2.27) and using (2.28) and Lemma 1.4, we have

s*(3d(q, Br)) < s*limsup d(Ax,, Br)
— lim Sup{F(M (7)) M ()]
= hm sup B(M (zy,7)) lim sup M (2, 1)
<hmbup,8( (Jz‘mr))d(n‘;gr)'

n—r oo

Therefore
1< limﬁsup B(M(zy,r)) < L which implies that limsup S(M (z,, 7)) = 1.

n—oo
Since § € §, we have lim M(zp,7r) =0.

Therefore 51zd(Br, q) < hm M(zp,r)=0.

Thus Br = ¢q. Hence Br = Tr = ¢, so that ¢ is a coincidence point of B and T
Since B(X) C S(X), we have ¢ € S(X), there exists z € X such that Sz = ¢ = Br.
Now we show that Az = q. Suppose Az # gq.

Since

2 min{d(Sz, Az),d(Tr, Br)} < max{d(Sz,Tr),d(Az, Br)}

From the inequality (2.3), we have

s*d(Az,q) = s*d(Az, Br) < B(M(z,7))M(z,7) (2.29)
where
M(z,r) = max{d(Sz,Tr),d(Sz, Az),d(Tr, Br), %, d(TngAz),
d(Sz,Az)d(Tr,Br) d(Sz,Br)d(Tr,Az)
14+d(Sz,Tr)+d(Az,Br)’ 14+s*[d(Sz,Tr)+d(Az,Br)] }

= max{0, d(q, A2),0,0, d(q’Az) ,0,0} = d(q, Az).
From the inequality (2.29), we have
sd(Az,q) < B(d(Az, q)d(Az,q)) < d(Az,q),
a contradiction.
Therefore Az = Sz = ¢ so that z is a coincidence point of A and S.
Since the pairs (A,S) and (B,T) are weakly compatible, we have Ag = Sq and
Bq="1T4q.
Therefore ¢ is also a coincidence point of the pairs (A4, S) and (B, T).
We now show that ¢ is a common fixed point of A, B, S and T'.
Suppose Aq # q.
Since 3= min{d(Sq, Aq),d(Tr, Br)} < max{d(Sq,Tr),d(Aq, Br)},
from the inequality (2.3), we have

s'd(Aq,q) = s*d(Aq, Br) < B(M(q,r)) M (q,7) (2.30)
where
M(q,r) = max{d(Sq, Tr),d(Sq, Ag), d(Tr, Br), X520 dLRA0,
d(Sq,Aq)d(Tr,Br) d(Sq,Br)d(Tr,Aq) }
1+d(Sq,Tr)+d(Aq,Br)’ 14+s*[d(Sq,Tr)+d(Aq,Br)]

= max{d(Aq, q),0,0, 4524 4220 ¢ 0} = d(Aq, q).
Now, from the inequality (2.30), we have
s*d(Aq,q) < B(d(Aq, q)d(Aq,q)) < d(Aq,q),

a contradiction.
Therefore Aq = Sq = g so that ¢ is a common fixed point of A and S.
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By Proposition 2.1, we get that ¢ is a unique common fixed point of A, B, S and T'.
Case (ii): Suppose A(X) is b-closed.
In this case, we have ¢ € A(X) and since A(X) C T(X), we choose r € X such
that ¢ = T'r.
The proof follows as in Case (i).
Case (iii): Suppose S(X) is b-closed.
We follow the argument similar as Case (i) and we get conclusion.
Case (iv): Suppose B(X) is b-closed. As in Case (ii), we get the conclusion.

For the case of (B,T) satisfies the b-(E.A)-property, we follow the argument
similar to the case (A, S) satisfies the b-(E.A)-property. O

3. COROLLARIES AND EXAMPLES

In this section we draw some corollaries from our main results and provide ex-
amples in support of our results.

If we take A= B = f and S =T = g in Theorem 2.3 and Theorem 2.4, we get
Corollary 3.1 and Corollary 3.2, respectively.

Corollary 3.1. Let (X,d) be a b-metric space and f and g be selfmaps of X.
Assume that there exists B € § such that

L min{d(fz, gz), d(fy, gy)} < max{d(gz, gy

([, f
— s4d(fx,fy>g) i (3.1)

d
B(M (z,y))M(x,y)

where
T, d Jx d(gz,fz)d s
M(w,y) = max{d(gz, gy), d(gz, fx), d(gy, fy), Lo}, Aogte) _ dawodlonu_

d(gz,fy)d(gy,fz) }
1+s4[d(gz,gy)+d(fz,fy)] )
for all x,y € X. If f(X) C g(X), the pair (f,g) is compatible and f or g is

b-continuous then f and g have a unique common fized point in X.

Corollary 3.2. Let (X, d) be a b-metric space with coefficient s > 1. Let f,g: X —
X be selfmaps of X and satisfy f(X) C g(X) and the inequality (3.1). Suppose
that the pair (f, g) satisfies the b-(E.A)-property and that one of the subspace f(X)
and g(X) is b-closed in X. Then the pairs (f,g) have a point of coincidence in
X. Moreover, if the pair (f,g) is weakly compatible, then f and g have a unique
common fized point in X.

The following is an example in support of Theorem 2.3.

Example 3.1. Let X =R" and let d : X x X — R™T defined by

0 ifx =y,

4 if z,y € [0,1],
d(z,y) = 54 45 ifzye (1),

27 otherwise.

The b-metric conditions (b1) and (bs) are trivially hold for this example.
Let us now check (bs).

For this purpose we consider the following nontrivial case.

Let y € [0,1] and z, z € (1, 00).

Then d(z,z) =5+ $+Z,d(x y) = 2. d(y,2) = 2L

We have
2<a+z = <1 sothat5+m+z <5+ 1 <489(2),
Therefore d(z,z) =5 —|— IH < 150 (3 + B) = sld(z,y) + d(y, 2)] where s = 355



COMMON FIXED POINTS OF GERAGHTY-SUZUKI TYPE CONTRACTION MAPS... 41

so that (b3) holds.
Thus d is a b-metric with s = %g.
Clearly this d is complete so that (X, d) is a complete b-metric space.

Here we observe that when z = 191 2 = 182 € (1,00) and y € [0,1), we have
d(z,z) = 542 £ 2T = d(x,y) + d(y, ) so that d is not a metric.
We define A, B, ST X — X by

) 22 +2 ifzel0,1)

Alz)=1if z € [0,00), B(z) = { # if 2 € [1, 00),

[ x+2 ifzxel0,1) [ 32z*+4 ifzel01)
S(z) = { et if g € [1,00), and T(e) = { 2@ it g e (1, 00).
Clearly A(X) C T(X) and B(X) C S(X).

Here A is b-continuous.

We choose a sequence {z,} with {z,} =1+ 5=,n > 1, we have

ASz, = A(22tl) = 1 and SAz, = 1 =1.

Therefore hm d(ASx,, SAz,) = 0 so that the pair (4, S) is compatible and clearly
the pair (B T) is weakly compatlble

We define 3 : [0,00) — [0, 1) by B(t) = 488@100 Then we have 3 € §.

Case (i): z,y €[0,1).

d(Ax, By) = %,d(Sm,Ty) =5+ m,d(Ty,By) =5+ x+y, d(Sz, Ax) = 10,
d(Ax,Ty) = %g,d(SI,By) =5+ x—y and
M(x,y) = max{d(Sz, Ty), d(Sx, Ax),d(Ty, By), “5E0 dTyA2),
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)]

_ 27 240 240 27y (36)(5+z1g)
= max{5 + =45, 1.5+ 75, (50) 6.+ 715): G) (30 e+ 21

(5+ 2)(2 )
1+(%)4(5+ﬁ+2—3)
=5+ -1

z+y
Since
2 min{d(Sz, Az),d(Ty, By)} = 220 min{2L,5 + m}
2401 (27
= (3s9)(10)
< max{5 + H_ , 2

= max{d(Sz, Ty) d(Az, By)}.
Now we consider .
(5+1)
std(Az, By) = (89)4(2) < 80e— w00 5+ L = B(M(z,y)) M(z,y).
Case (ii): z,y € (1, 00).
d(Az, By) = %5,d(Sz,Ty) = 5 + Hy,d(Ty,By) =5+
d(Ax,Ty) = %,d(Sx By)=5+ m and
M (z,y) = max{d(Sz,Ty), d(Sz, Az),d(Ty, By), %5520 ALe.A2)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(S’z Ty)er(Ar By)’ 1+s%[d(Sz,Ty)+d(Az,By)] ()¢ L
205+ 745
= max{5 + mv .5+ a:T—y’ T0) (5 + IT.y) (155)(35): mv

(
(5+71-)(28 3
1+(;‘%)4(5+z+y Fig)

x+y’ d(Sz, Ax) = 10,

_ 1
=5+ =y

Since
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2 min{d(Sz, Az),d(Ty, By)} = 220 min{2L,5 + H_y}
= (30)(%5)
< max{5 + r-s-y’ %
= max{d(Sz,Ty), d(Ax, By)}.
Now we consider .
std(Az, By) = (42)4(28) < 4805 4 L 5(M(2,)) M (2, ).

Case (iii): z € [0,1),y € (1, oo)

d(Aa:,Ty) = %,d(Sx By)=5+ w+y and
M (x,y) = max{d(Sz, Ty),d(Sz, Az),d(Ty, By), L5220 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz, Ty)+d(Ax,By)’ 1+s*[d(Sxz,Ty)+d(Az,By)]

_ 27 240 240127y (36)(5+355)
maX{5+m71075+m (489)(5+m) (159) (5 ),m,

(5+ T+1/ ( }
1+(335)% (5+ 1 %)

=5+ 3y
Since
2—18 min{d(Sz, Ax),d(Ty, By)} = igg min{ %, 5+ m}
— (240)(27)
= \189/\10 .
< max{5 + ac+ 1o

max{d(Sz,Ty),d(Az, By)}.
Now we consider oy
5+ry
s'd(Az, By) = ($3)4(2) < $80e—100 5+ 71) = B(M(z,y)) M ().
Case (iv): z € (1,00),y € [0, 1).
d(Az, By) = & d(Sx,Ty) =5+ -1 d(Ty,By) =5+ ——,d(Sz, Az) = 2,

10° w-t,- ) w_;,_ )
d(Az,Ty) = 2T d(Sz, By) =5+ m and
M (x,y) = max{d(Sz,Ty), d(Sz, Az),d(Ty, By), %52t0 L0420
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz, Ty)+d(Am By)’ 1+s%[d(Sz,Ty)+d(Az,By)]

27 1
= max{5 + 715, 2,5+ L (G)(5 + 1), (39)(3), (T =

z+y’ 10° x+y’ 489 Tty 489/\10/° 1+5+#y+%’
(5+w+y ( }
1+(i5)* 5+ 1 %)
=5+
Since
+ min{d(Sz, Az),d(Ty, By)} = 22 min{27,5 + m}
_ (240y\(27
= (339)(g)
< max{5 + H_y,%
= max{d(Sz,Ty),d(Az, By)}.
Now we consider -
- (5t o
std(Az, By) = ($5)*(35) < 153e™ ™ 5+ 4) = B(M(2,y)) M (2, y).
Case (v): z =1,y €[0,1).
d(Az, By) = %,d (Sz,Ty) = %,d(Ty,By) =5+ F’ d(Sz, Ax) =0
d(Az,Ty) = 3%, d(Sz, By) = & and

x
M(z,y) = max{d(Sz, Ty), d(Sx, Az),d(Ty, By), d(Sa, By), d(ngAz),
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d(Sz,Az)d(Ty,By) d(Se.By)d(Ty.As) __y
1+d(Sz, Ty)er(Ax,By)’ T+s%[d(52,Ty)+d(Az,By)]
= max{?é,o 5+ 2 GE)(E). (39,0, i
=5+ m
Since
2 min{d(Sz, Az),d(Ty, By)} = 230 min{0,5 + r+y}
=0 < max{2, 2*

10° 10
= max{d(Sz,Ty), d(Az, By)}.

Now we consider
~ 5+ o)
s'd(Az, By) = (339)4(20) < 480 —55 " (5 + 1) = B(M(z,y)) M (z,y).

180/ \10) = 189€ Tty
Case (vi): x =1,y € (l,oo)
d(Az,Ty) = ?g,d(S:z: By) = 21 and
M(z,y) = max{d(Sz, Ty), d(Sz, Az), d(Ty, By), "= 2.0y) dTy.ds),
d(Sz,Az)d(Ty,By) d(Sz, By)d(T'q,Aw) }
1+d(Sz, Ty)+d(Az,By) ’ 14-s*[d(Sz,Ty)+d(Az,By)]

= max{ig,o B+ o (2)(2), (339)(30),0, H(ﬁsggw(;g;iym}

=5+ 4y
Since
2 min{d(Sz, Az),d(Ty, By)} = 220 min{0,5 + I+y}

=0 < max{3, 2T

= max{d(Sz,Ty), d(Az, By)}.
Now we consider oy
std(Aw, By) = ($2)4(2) < 4801 (5 + —L) = B(M(z, )M (z, y).
Case (vii): z € [0,1),y = 1.
Here d(Ax, By) = 0. Clearly the inequality (2.3) holds in this case.
Case (viii): z € [0,1),y = 1.
Here d(Ax, By) = 0. In this case the inequality (2.3) holds clearly.
From all the above four cases, A, B, S and T are Geraghty-Suzuki type contraction
maps. Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.3 and 1 is

the unique common fixed point of A, B, S and T
The following is an example in support of Theorem 2.4.

Example 3.2. Let X =[0,1] and let d : X x X — RT defined by

0 ifx =y,
1 . 2
_ = if X,y € [075)’
d(z,y) B o i g ye(2,1],
% otherwise.

The conditions (b1) and (b2) are trivially hold.

We now verify condition (b3) for nontrivial case.
Let y € [0,2) and ,z € [2,1].

Then d(z,z) = 22 + &2, d(z,y) = 325, d(y, 2) = 32
We have

TH2<2 = 5 < gpsothat 3+ 55 < 5+ 55 < §5(555)-

Therefore d(z, z) = 22 + Z2 < E(;g(l) + 228) = s[d(z, y) + d(y, z)] where s = 2L
The other cases also tr1v1ally hold with s = 2% so that (b3) holds and d is a b-metric.
Clearly this metric d is complete so that (X, d) is a complete b-metric space.
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Here we observe that when z = 2,2 =1¢€ [£,1] and y € [0, Z), we have
d(w,z) =129 £ 121 — g(3 y) + d(y, 2) so that d is not a metric.

1300 + 125
We define A, B, S, T : X — X by
ifxelo,%)
B
if z€10,2)

1
0,
2 0 B = 3
A(x)—slfl”é[ 1], B(x) {1_3 ifxe[g
T 1fx€[2 1]

S(ac):{ %fx ﬁig{o 1]) and T'(z) = {

Clearly A(X) C T(X) and B(X) QS(X) A(X) = {2} is b-closed.

We choose a sequence {2, } with {z,} = 2 + 3, n > 2 with

nh_)ngo Ax, = nh_)II;o Sx, = %, hence the pair (A, S) satisfies the b-(E.A)-property.
Clearly the pairs (A, S) and (B,T) are Weakly compatible.

We define 3 : [0,00) — [0,1) by B(t) = —eloo

Then we have € §.

Case (i): =,y € [0, 3).

d(Az, By) = £25,d(Sz, Ty) = 11,d(Ty, By) = 1, d(Sz, Az) = 1%

(e HC»J\N)

4
3
)

15’ 157 250
d(Az,Ty) = ;gé,d(Sx By) = 11 and
M(zy) = max{d(Sa Ty), d()Ssc, Av).d(Ty, By), A

d(Sz,Ax)d(Ty,By d(Sz,By)d(Ty,Ax)
14+d(Sz,Ty)+d(Az,By)’ 1+s4[d(Sw,?y)-|)-zi(A)w7By)] % 12t
(i, 8, 8, G, (). S el - 1
Since
2—15 min{d(Sz, Ax),d(Ty, By)} = 14092 mln{ﬁ %}
( 49 )( 121)
102/\ 250
< max{ 1z, 335

= max{d(Sz,Ty), d(Ax, By)}.
Now we consider

4 (15>
s*d(Az, By) = (31)*(12)) < Bewo0 L = B(M (2, y)) M (z, y).

Case (ii): =,y € (3,1].

d(Az, By) = 325, d(Sz, Ty) = }é,d(Ty,By) 15, d(Sz, Az) = 25,
d(Az, Ty) = 125, d(Sz, By) = 1+ and
M (z,y) = max{d(Sz, Ty), (Sx,Aﬂf)7d(Ty7By)7 d52.By) dTyAn)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
14+d(Sz, Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)] e
= max{}$, 325, 1, (45) (30, (G5 (33), TGy, ey — 4

Since
o min{d(Sz, Az),d(Ty, By)} = 15 min{ 325, 1

— ( 49 )(121)

~ \Toa/t3s0)

< max{yz, 555

max{d(Sz, Ty), d(f%1 By)}.

(b
Now we consider s4d(Ax,By) = (353 < e 100 1= B(M(z,y))M(z,y).

Case (iii): 2 €[0,2),y € (3,1].
d(Az, By) - 123, d(Sa,Ty) = 134Ty, By) = 15, d(5z, Az) = 555,
d(Az,Ty) = 21 d(Sz, By) = 11 and
M (x,y) = max{d(Sz, Ty), (Sw,Ar% d(Ty, By), 4528y dTy.An)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
14+d(Sz, Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)]
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_ 11 121 11 /.49 \/11y (49 /121y (335)(i% (123
. *max{ﬁafaﬁv(ﬁ)(ﬁ%(ﬁ)( )7 le}OéJr;géa (1+(§§)4§l%)}
ince
2% min{d(Sz, Az),d(Ty, By)} = T?z min{%, %
40 \ /121
= (1092)(12150221
< max{15, 555

= max{d(Sz,Ty), d(Az, By)}.
Now we consider
-(39)
s'd(Az, By) = (51)4@?3) < sre 0 15 = B(M(2,)) M (x,y).
Case (iv): z € (3,1],y € [0,2).
d(Az, By) = 25, d(Sz,Ty) = 13, d(Ty, By) = 11, d(Sz, Azx) = 121

250 157 250
d(Az,Ty) = égé,d(Sx By) = % and
M (x,y) = max{d(Sz, Ty),d(Sz, Az), d(Ty, By), L5200 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Az) }
1+d(Sz,Ty)+d(Az,By)’ 1+s4[d(Sw,Ty)+d(Aa:,By)] .
11 121 11 /49 y/11 49 vo121y (3EH)(H) (1% )(10
= maX{ﬁa 250° 15°? (ﬁ)(w) (102)(250)7 1j101+1§§(1] ) 1+( ) 7 1%)}
11
P T5'
Since
i min{d(Sz, Az),d(Ty, By)} = 1092 min{ ;gé, %
— ( 49 )(121)
102/1250,
< max{{z 15° 250

max{d(Sz, Ty), (A:): By)}.

—(
Now we consider s*d(Ax, By) = (%)4(%})) < g? 00 % = [B(M(z,y))M(z,y).

Case (v): z=2,y€0,2).
d(Az, By) = £25,d(Sz, Ty) = $2¢,d(Ty, By) = 1, d(Sz, Az) =

2507 2507
d(Az, Ty) = 1%, d(Sz, By) = 325 and
M (z,y) = max{d(Sz, Ty),d(Sz, Az),d(Ty, By), L5220 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,B 1)]

121
= max{125,0, 1, () (32), (15)(32), 0, raihiiios } = .
Since
= min{d(Sz, Az),d(Ty, By)} = 232 min{0, 11
=0 < max{32;, 32
= max{d(Sz,Ty), d(Az, By)}.

Now we consider

s'd(Az, By) = (3L)3(121) < e~ 11 — B(M (z,y)) M (z, ).

Case (vi): z =2,y 6 %, 1].
d(Az,Ty) = égé,d( x, By) = 221 and
M(z,y) = max{d(Sz, Ty), d(Sz, Az), d(Ty, By), X520 4TyAe),
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Az) }
14+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz, Ty)+d(Az)By)J)
= max{ 25,0, 18, () (3). () (3).0, i) = %
Since
2—18 min{d(Sz, Ax),d(Ty, By)} = igg mln{O,mli,) .
= 0 < max{55, 555

= max{d(Sz,Ty),d(Az, By)}.

45
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Now we consider

s*d(Az, By) = (35)* (355
Case (vii): z € [ 2)y

49~
) < —e 100

250 % :ﬁ(M(xvy))M(x’y)

Here d(Ax, By) = 0. Clearly the inequality (2.3) holds in this case.

Case (viii): € [0,3),y =

w\l\?

Here d(Ax, By) = 0. In this case the inequality (2.3) holds clearly.

From all the above four cases, A, B, S and T are Geraghty-Suzuki type contraction
maps. Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.4 and % is
the unique common fixed point of A, B,S and T.

(1]

(20]
(21]

(22]

REFERENCES

M. Aamri and D. El. Moutawakil, Some new common fixed point theorems under strict
contractive conditions, J. Math. Anal. Appl., 270(2002), 181-188.

A. Aghajani, M. Abbas and J. R. Roshan, Common fixed point of generalized weak contrac-
tive mappings in partially ordered b-metric spaces, Math. Slovaca, 64(4)(2014), 941-960.
H. Aydi, M-F. Bota, E. Karapinar and S. Mitrovié, A fixed point theorem for set-valued
quasi contractions in b-metric spaces, Fixed Point Theory Appl., 88(2012), 8 pages.

G. V. R. Babu and G. N. Alemayehu, A common fixed point theorem for weakly contractive
mappings satisfying property (E.A), Applied Mathematics E-Notes, 24(6)(2012), 975-981.
G. V. R. Babu and T. M. Dula, Common fixed points of two pairs of selfmaps satisfying
(E.A)-property in b-metric spaces using a new control function, Inter. J. Math. Appl., 5(1-
B)(2017), 145-153.

I. A. Bakhtin, The contraction mapping principle in almost metric spaces, Func. Anal. Gos.
Ped. Inst. Unianowsk, 30(1989), 26-37.

V. Berinde, Iterative approximation of fixed points, Springer, 2006.

M. Boriceanu, Strict fixed point theorems for multivalued operators in b-metric spaces, Int.
J. Mod. Math., 4(3)(2009), 285-301.

M. Boriceanu, M. Bota and A. Petrusel, Multivalued fractals in b-metric spaces, Cent. Eur.
J. Math., 8(2)(2010), 367-377.

N. Bourbaki, Topologie Generale, Herman: Paris, France, 1974.

L. Ciric, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc.,
45(1974), 267-273.

S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostraviensis,
1(1993), 5-11.

S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, Atti del Seminario
Matematico e Fisico (DellUniv. di Modena), 46(1998), 263-276.

B. K. Dass and S. Gupta, An extension of Banach contraction principle through rational
expressions, Indian J. Pure and Appl. Math., 6(1975), 1455-1458.

D. Dukic, Z. Kadelburg and S. Radenovié, Fixed points of Geraghty-type mappings in
various generalized metric spaces, Abstr. Appl. Anal.,(2011), Article ID 561245, 13 pages.
H. Faraji, D. Savi¢ and S. Radenovié, Fixed point theorems for Geraghty contraction type
mappings in b-metric spaces and applications, Axioms, 8(34)(2019), 12 pages.

M. A. Geraghty, On contractive mappings, Proc. Amer. Math. Soc., 40(1973), 604-608.

H. Huang, G. Deng and S. Radenovié, Fixed point theorems for C-class functions in b-metric
spaces and applications, J. Nonlinear Sci. Appl., 10(2017), 5853-5868.

N. Hussain, V. Paraneh, J. R. Roshan and Z. Kadelburg, Fixed points of cycle weakly
(¢, ¢, L, A, B)-contractive mappings in ordered b-metric spaces with applications, Fixed
Point Theory Appl., 2013(2013), 256, 18 pages.

G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. and Math.
Sci., 9(1986), 771-779.

G. Jungck and B. E. Rhoades, Fixed points of set-valued functions without continuity, Indian
J. Pure and Appl. Math., 29(3)(1998), 227-238.

P. Kumam and W. Sintunavarat, The existence of fixed point theorems for partial g-set
valued quasi-contractions in b-metric spaces and related results, Fixed point theory appl.,
2014(2014): 226, 20 pages.



COMMON FIXED POINTS OF GERAGHTY-SUZUKI TYPE CONTRACTION MAPS... 47

[23] A. Latif, V. Parvaneh, P. Salimi and A. E. Al-Mazrooei, Various Suzuki type theorems in
b-metric spaces, J. Nonlinear Sci. Appl., 8(2015), 363-377.

[24] B. T. Leyew and M. Abbas, Fixed point results of generalized Suzuki-Geraghty contractions
on f-orbitally complete b-metric spaces, U. P. B. Sci. Bull., Series A, 79(2)2017, 113-124.

[25] V. Ozturk and D. Turkoglu, Common fixed point theorems for mappings satisfying (E.A)-
property in b-metric spaces, J. Nonlinear Sci. Appl., 8(2015), 1127-1133.

[26] V. Ozturk and S. Radenovié, Some remarks on b-(E.A)-property in b-metric spaces, Springer
Plus, 5(2016), 544, 10 pages.

[27] V. Ozturk and A. H. Ansari, Common fixed point theorems for mapping satisfying (E.A)-
property via C-class functions in b-metric spaces, Appl. Gen. Topol., 18(1)(2017), 45-52.

[28] J. R. Roshan, V. Paraneh and Z. Kadelburg, Common fixed point theorems for weakly
isotone increasing mappings in ordered b-metric spaces, J. Nonlinear Sci. Appl., 7(4)(2014),
229-245.

[29] W. Shatanawi, Fixed and common fixed point for mappings satisfying some nonlinearcon-
tractions in b-metric spaces, J. Math. Anal., 7(4)(2016), 1-12.

[30] T. Suzuki, A generalized Banach contraction principle that characterizes metric complete-
ness, Proc. Amer. Math. Soc., 136(2008), 1861-1869.

G. V. R. BaBu
DEPARTMENT OF MATHEMATICS, ANDHRA UNIVERSITY, VISAKHAPATNAM-530 003, INDIA
Email address: gvr_babu@hotmail.com

D. RATNA BABU
PERMANENT ADDRESS: DEPARTMENT OF MATHEMATICS, PSCMRCET, VIJAYAWADA-520 001, IN-
DIA

Email address: ratnababud@gmail.com



PROCEEDINGS OF INTERNATIONAL MATHEMATICAL SCIENCES
ISSN:2717-6355, URL:HTTPS://DERGIPARK.ORG.TR/TR/PUB/PIMS
VoLUME II ISSUuE 1 (2020), PAGES 48-59.

EXISTENCE OF SOLUTION FOR A SYSTEM OF COUPLED
FRACTIONAL BOUNDARY VALUE PROBLEM

NOUREDDINE BOUTERAA*, HABIB DJOURDEM**, AND SLIMANE BENAICHA***
*LABORATORY OF FUNDAMENTAL AND APPLIED MATHEMATICS OF ORAN
(LMFAO), UNIVERSITY OF ORAN1, AHMED BENBELLA. ALGERIA
*LABORATORY OF FUNDAMENTAL AND APPLIED MATHEMATICS OF ORAN
(LMFAO), UNIVERSITY OF ORAN1, AHMED BENBELLA. ALGERIA
***LABORATORY OF FUNDAMENTAL AND APPLIED MATHEMATICS OF ORAN
(LMFAO), UNIVERSITY OF ORAN1, AHMED BENBELLA. ALGERIA

ABSTRACT. This paper deals with the existence and uniqueness of solutions
for a coupled system of fractional differential equations with coupled nonlo-
cal and integral boundary conditions. The existence results are obtained by
using Leray-Schauder nonlinear alternative and Banach contraction principle.
An illustrative example is presented at the end of the paper to illustrate the
validity of our results.

1. INTRODUCTION

In this paper, we are interested in the existence of solutions for the nonlinear
fractional differential equations

cDY () = f(tu(t),v(t), te[0,1],2<a<3,

DBy (t) =g (t,u(t),v(t)), tel0,1],2<B<3, (1.1)

subject to three-point coupled boundary conditions

Au(0) +ru (1) =v(n), M (0)+v(1)=u(n),

u(0) = [ v(s)ds, u(0) = [ v (s)ds, (12)
XDPu(0) +4¢DPu(1) =v(n), 1<p<2 :
NDPy(0) +~4°DPv (1) =u(n), 1<p<2

where v, A € RF, f, g € C ([0,1] x R%,R) and °D*, “D” denote the Caputo frac-
tional derivatives of order ov and 3 respectively.

The concept of fractional calculus has played an important role in improving
the work based on integer-order (classical) calculus in several diverse disciplines of
science and engineering and the details of its basic notions, results and methods
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can be found in the texts ([2, [I7]) and papers ([I, 21, 23]). The nonlocal na-
ture of a fractional order differential operator, which take into account hereditary
properties of various material and processes, has helped to improve the mathemat-
ical modeling of many natural phenomena and physical processes, see for example
([I°7) 22]). The increasing interest of fractional differential equations and inclusions
are motivated by their applications in various fields of science such as physics chem-
istry, biology, economics, fluid mechanics, control theory, etc, we refer the reader
to (31 41 5L 6] [7, 8 @, 11, 12 13} [19] 20, 27]) and the references therein.

Coupled systems of fractional-order differential equations constitute an inter-
esting and important field of research in view of their applications in many real
world problems such as anomalous diffusion [25], disease models [12], synchroniza-
tion of chaotic systems [24], etc. For some theoretical works on coupled systems
of fractional-order differential equations, we refer the reader to a series of papers
(101 (15, 16, 26} 28, [29]).

The goal of this paper is to establish the existence and uniqueness results for
the nonlocal boundary value problem — by using some well-known tools
of fixed point theory such as Banach contraction principle and Leray-Schauder
nonlinear alternative. The paper is organized as follows. In Section 2, we recall
some preliminary facts that we need in the sequel, for more details; see [I7]. Section
3, deals with main results and we give an example to illustrate our results.

2. PRELIMINARIES

In this section, we introduce some definitions and lemmas, see ([I7, [I§]).

Definition 2.1. Let o >0, n—1<a<n, n=[a]+1 and u € C([0,00),R).
The Caputo derivative of fractional order a for the function u is defined by

cD*u -t / — )" ™ (5) ds
Dt F(n_a)o/u ) (5)ds,

where I' (+) is the Euler Gamma function.

Definition 2.2. The Riemann-Liouville fractional integral of order o > 0 for a
function u : (0,00) = R is given by

I*u(t) = ﬁ/(t—s)ailu(s)d‘s, t>0,

where T (+) is the Euler Gamma function, provided that the right side is pointwise

defined on (0,00).

Lemma 2.1. [18]. Let a > 0, n — 1 < o < n and the function g : [0,T] — R be
continuous for each T > 0. Then, the general solution of the fractional differential
equation D¢ (t) = 0 is given by

g(t)=co+ert+---+cyat"

where cg, 1, ..., Cn—1 are real constants and n = [a] + 1.
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Also, in [§], authors have been proved that for each T' > 0 and u € C ([0,T]) we
have

I°Deu(t) = u(t) + co+ crt + -+ cp1t" 1,

where ¢, ¢y, ..., ¢,—1 are real constants and n = [a] + 1.

3. EXISTENCE RESULTS

Let X = {u(t) : u(t) € C([0,1],R)} endowed with the norm ||u|| = sup |u(t)]
te(0,1]

such that |Ju|| < oo. Then (X, ||.||) is a Banach space and the product space

(X x X, ||(u,v)]]) is also a Banach space equipped with the norm ||(u,v)|| = |Jul| +

[[o]l-
Throughout the paper, we let
@3-
- LGP Lo pry -1y 20,
[y — 77|

Ay=A )] =[A+v=1(n*+2(1-n)t),

-7 #0, Q=120 =n)(v=n)+ 0" A +y—1[| £0,

B(t)=[A2 ()] = (P N +y—U+3[y =11 =n) (" +2(1 = n)t)-Q (n* +3(1 —n)¢),
and

Q=2(0-n)(v—n)+n*A+y-1)#£0.
Lemma 3.1. Let y € C(]0,1],R). Then the solution of the linear differential

system

D (t)=y(t), ‘DPv(t)=h(t), t€[0,1],2<a, B<3
/\U(0)+W() v(n), v()+vv() u(n),
:fon v (0) fo
ACDPu()ﬂCDPu() CD%U, Gepss
A¢DPy (0) +~v°DPv (1) =° DPu(n), 1<p<2,

(3.1)
1s equivalent to the system of integral equations
t n S
(t—s) 1 (s — 7)1
d —————h(r)dr | d
/ Ty YT [/ TR
0 0 \o
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and
-9 0 feen
v(t)—/ @ y(s)ds—i—l_ (/ () h()dT)ds
0 0 0
om0
Q(ln)0/<0/ o) “)d)d
MM [ @yt raest
6(1—77)QL/ Ma—p ”0/ a7 y”d]
+ A (0) /n(n_s)alh(s)ds—v/l(l_s)ﬂ 1y(s)ds
QMA+v-1) ) I'(a) ) I'(a) ’
(3.3)
where
AMAt)=A+y=-1) W +201-n)t),
and

A@)=AN+7=D+3(v=7)1=n) @ +20-n)t)—Q (v’ +3(1—n)t>).

Proof. Tt is well known that the solution of equations ¢D%u (t) = y (t), *D%v (t) =
h(t) can be written as

u(t) = I (t) + co + c1t + cot?, (3.4)
v (t) = IPh (t) + do + dit + dat?, (3.5)

where cg, c1,c2 € R and dy,d;,d2 € R are arbitrary constants.

Then, from (3.4]) we have
u' (1) =171y (t) 4 1 + 2eat,

and
D (t) = 1977y (1) + e 1 2
‘DPu(t)=1"Py(t) + co=———, <p<2
r@-p)
By using the three-point boundary conditions, we obtain
M, 4 o
ca = (I°7Py (m) =1 7Py (1)),

B )\+’Y—1 F7 s—1)° 1 / 5(5—7)6 !
co=— N J (/ ()dT)d8+1_770/(0/F(5) h(T)dT)ds

PP O+v=1D)+3(—n)A—n] —n*Q) M | [ B”l (1-s)* 7!
_ 20-10 {/ (3 ds—’y/i_ y(s)ds

1 I 1 a 1
/(77;8 dsffy/ —5) ],
0

0

2
n
+—
Q
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and
. —2(A+7—1)/n j(s—T)ﬁlh()d i
= —————h(r)dr
' Q T (5)
0 \o
n 1
SA+y—1)+3(v—n*)(1-n)M _ )t 1_ g)@ Pt
(P A+ =1)+3(=7°) 1 —n) /(n 5) h(s)ds_v/( 5) ) (5) ds
3Q ) I'(B-p) ) I' (o —p)
n 1
2(1-1n) /(n—s)f“ /(1—s>°‘1
+ s)ds — — vy (s)ds
0 /T y(s) 70 T (o) y(s)
Substituting the values of constants cg,c; and c2 in (3.4), we get solution (3.2)).
Similarly, we obtain solution (3.3). The proof is complete. ([l

The following relations hold:

AW < B+ =1 (1 +2(1—n) = 4,

and

IBOI<|(0*1B+y=11+3[y=n*[(1=m) (1" +2(1-m) = Q (> +3(1—n)| = By,

For the sake of brevity, we set

A = nftt + APt MBin + Ain®

L= T=T(B+2) " QU—mT(B+2) ' (I— n)QF(A p+1> QIBFY—1[T(B+1)’
A, = MB~vy 4 1Y + 1

2 6(1— n)gr(a p+1) Q\A++»y 1T (a+1) F(a+1)’

_ n% Ain® MBin A
A3d— =T T AT T ot T A TG
an

MB1~y Ay

As = smart=—rn + oD T IR

In view of Lemma [[.2] we define the operator 7' : X x X — X x X by
_( Ti(uv) (1)
T (u, v) (t> = ( T, (u’ U) (t) s

(t _ S)a—l

t n s s — )81
T (u,v) (t)zo/F(a)f(s,u(s),v(s))ds—i-lin/ (/ (F(;)g(r,u(r),u(r))m) ds
0 0

n

1
__BHM (n—s)""" st
6(1—1)Q / T(3-p) g(s,u(s),v(s))ds 70/ (o —p) f(s,u(s),v(s))ds
AP 1 et
40 [/ n—s) g (s,u(s) v(s))ds—fy/(l ) f(s,u(s),v(s))ds}
0 0
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BOM | [(—s"" [0t
61— Q / T(a—p) f(s,u(s),v(s))ds—'yo/ TG ) g(s,u(s),v(s))ds
SION I RUE s
+Q|5+’Y—1| 0/ T (a) f(S,u(s),v(s))ds'yO/F(B)g(s,u(s),v(s))ds,
Q“‘”)o/o/ i () o) dr | ds.

Observe that the boundary value problem — has solutions if the operator
equation (u,v) =T (u,v) has fixed points.

Now we are in a position to present the first main results of this paper. The
existence results is based on Leray-Schauder nonlinear alternative.

Lemma 3.2. [I4] (Leray-Schauder alternative ). Let E be a Banach space and
T : E — FE be a completely continuous operator (i.e., a map restricted to any
bounded set in E is compact). Let

e(T) ={(u,v) € X x X : (u,v) = AT (u,v), forsomeO <\ <1}.
Then either the € (T) is unbounded or T has at least one fized point.

Theorem 3.3. Assume that f,g: [0,1] x R x R = R are a continuous function
and

(Hy) there exist constants k; > 0, m; >0, i =0,1,2 such that Vu € R, Yv € R, we
have

|f(t,u,v)| < ko + ki |u| + ko ‘vl ’
and
lg (£, u, v)| < mo +ma [ul +mz[v].

If (AQ + A3) ki + (Al + A4) my <1 and (AQ + Ag) ko + (Al + A4) m3 <1, where
Ay, 1 =1,2,3,4 are given above. Then the boundary value problem —
has at least one solution on [0, 1].

Proof. Tt is clear that T is a continuous operator where 7" : X x X — X x X is
defined above. Now, we show that T" is completely continuous. Let 2 C X x X be
bounded. Then there exist positive constants L; and Lo such that

[f (G u(t), o) <Ly, gtu(t),v®)] < La, V(u,v) €
Then for any (u,v) € €, we have

Ly [ [G=n""

|T1(u,v)(t)§1_n0/ O/F(ﬁ) dr | ds
AL [ Flamn? Ny =0T
+Q(1—77)0/0/ N d“lo/ T(a) °

Mol |, -’ et
Sa-ma LZO/ I'(8-p) ! +7L10/ g
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|A () [ i (1—s)*""
—S
+c2|A+v—1| {Lz/ o ”Ll/ T (a }

0 0

SL{ /(/H )/(/)

0

]\4,}/‘31 L a p— 1 a 1
+L / / ds
' Q] Tla=p) Q|A+7—1\

+Zr}

< L2A1 + LlAQ.

Hence

IT1 (u, )| < LaAq + L1 A (3.6)
In the same way, we can obtain that

T2 (u,v)|| < L1As + L2 Ay. (3.7)

Thus, it follows from (3.6)) and (3.7)) that the operator T is uniformly bounded, since
IT (u,v)|| < L1 (A1 + Ag)+ Lo (Ag + Ay). Now, we show that T is equicontinuous.
Let t1, ty € [0,1] with ¢; < t3. Then we have

a—1

Ty (u(t2),v (t2)) — T1 (u(t1),v / ty — 5) ()t1 —s)” is
0

t

=) A — AW L [ [(s—7)""
o Fla) % Qu_un 0/<0/ T (3) ‘”)ds

t1

N i ﬁpl I 7o¢p1
ot 1, PO o [

0 0
Alb)—Ah) |, [ -3 [ (1)
ST [L/ I (5) ds‘”Ll/ T'(a) ds]‘

Obviously, the right-hand side of the above inequality tends to zero as to — ;.
Similarly, we have

t1
G

_ )Pt
s (u(t2) v (t2)) = T <u<t1>vv<t1>>|§L2/ o ) -
0
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ta

e e
+L2/(t2 ) ds+|A(t2)(1_t1|L1/ /3 7) d7- ds

') Q
t1 0
(B (1) - Bt [ =" O
+ (1_77 Q Llo/ F d8+’}/L20/ F ds

QA+y—1] I'(a) B)

Again, it is seen that the right-hand side of the above inequality tends to zero as

to — t1. Thus, the operator T is equicontinuous.

Therefore, the operator T' is completely continuous.

Finally, it will be verified that the set e (T') = {(u,v) € X x X : (u,v) = AT (u,v), 0 <A <1}
is bounded. Let (u,v) € € (T), with (u,v) = AT (u,v) for any t € [0, 1], we have

w(t) = ATy (u,v) (t), v (t) = ATz (u,v) (¢).

Alt)— A |, [ s [ (1 5)"!
+—7" L1 ~——ds — ’YLQ — ds
/ [

Then

lu ()] < Az (ko + ki1 [u| + k2 [v]) + Ay (Mo + ma [u] +ma v]),

= Aok + A1mg + (Azky + Aymy) [u] + (Azks + Arme) v],
and

|’U (t)| S Ag (k’o + k’l \u| + kg |’U|) + A4 (m() + mi |’LL| + mo |UD s

= Aszkg + Aymg + (A3k’1 + A4m1) |’LL| + (Agkg + A4m2) |U| .
Hence we have

[ull = Acko + Armo + (Agks + Arma) [|ul| + (Azke + Arma) [Jv]]
and
H’U” = Agk‘o + A4m0 + (A3]€1 4+ A4m1) |’U,‘ + (Agk’g =+ A4m2) ‘Ul R
which imply that
||u|| + H’U” = (AQ + A3) k‘o + (Al + A4) mo + [(AQ + A3) k‘l + (Al + A4) ml] ||UH
+[(Az2 + Az) k2 + (A1 + Ag) ma] 0] -

Consequently,

As+ A A+ A
() = (52T 2R EEaE Bu)

where
Ay = min {1 — [(Az + Ag) ki + (Al + A4) ml] ;1 — [(AQ + A3) ko + (Al + A4) mg]},

which proves that € (T') is bounded. Thus, by Lemma the operator T has at
least one fixed point. Hence boundary value problem (|L.1| . has at least one
solution. The proof is complete.

Now, we are in a position to present the second main results of this paper
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Theorem 3.4. Assume that f, g : [0,1] x R? — R are continuous functions and

there exist positive constants Ly and Lo such that for all t € [0,1] and u; ,v; €

R, i =1, 2, we havre

(1) [f (t,ur,uz) = f(tv1,02)] < Ly (Jur — vi] + [uz — v2]),

(2) lg (t,u1,u2) — g (¢, v1,v2)| < La (Jur — vi| + [uz — v2).

Then the boundary value problem (1.1))—(1.2) has a unique solution on [0, 1] provided
(Ap+A3) Ly + (Ag+Ag) Ly < 1.

Proof. Let us set sup |f (¢,0,0)] = N3 < oo and sup |g(¢,0,0)] = Ny < co. For

t€[0,1] te[0,1]
u € X, we observe that

|f (tu(t) 0 (@) < [f @ u(t) = f(E0,0)[+]f(£0,0)],
< Ly (Ju @) + v (®)]) + Nu,

< Ly (|lull + [Jo]]) + Ny,
and

lg (¢, u(t), v ()] <lg(t,u(t) —g(0,0)]+|g(t0,0) < L |lul| + Na.
Then for u € X, we have

e
”“%”“”Sl_nz(! e [mn<wm+NﬂM)w

n s t
_A® (s—7)""
+Q(]__77)0/(/ F(B) [L2H(u U)H"'NQ dT) ds"'o/ F Ll H(U,U)H—FNl]dS

0

n s B—p—1 1 —S a p—1
L MIB()] [/ (”F( ) (Lo || (u, v)|| + No] ds+v/ 4 (L1 [[(, v)[| + N1 ds
0

6(1-n)Q B—p) T (o
AW | [ m=-9""
+Q‘/\+’Y—1| |:0/ T (5) [La [|[(u, )] + No] ds-i-Wb/ LlH(U v)|| + N1] ds,

S

S(Lzll(uvv)||+N2){1in/n(/Wdr> ds+ /’7(/ (s=7)" 1d7’) ds
0 0 0
1 Bpl Sﬂl
QO/ FB ) 6|/\+7—1|/ nF(/é)’) }
-y Q/ 5/3:1 6|)\+771|/ _Sﬂlds}

+@AWww+Nn{/“;i;@
0
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1 1
MVBl / ) s+ Ay /(l—s)a_lds
QO FOé p) Q|)\+W’—1|O I (a) 7

< (Lar 4+ Na) Ay + (Lyr 4+ N1) A

Hence
|71 (u,v)|] < (LaAy + L1Ag)r + NaAy + N1 Ao
In the same way, we can obtain that
|75 (u,v)|| < (L1As + LaAy)r + NoAy + N1 As.
Consequently,
T (u,v)|| < ((A2 + Ag) L1 + (A1 + Ag) La) 7+ Na (A1 + Ag)+ N1 (Az + Ag) <.

Now, for (u1,v1), (u2,v2) € X xX and for each t € [0, 1], it follows from assumption
(H3) that

S

h s— 7)1
T4 (w3, v2) () — Tt (w1, 01) ()] < Lo ([[uz — wa | + va — v1]) ﬁ/ /(F(;)dr ds
0

+Qéim! /@F&glw ds

n

B p— 1
QO/ Fﬁ p) 6|>\+’Y—1|/
t—s)" !
L (s =l + s = ) / (F(O{)ds
0
1 a 1 I a—1
M’)/Bl / P s+ Al’y /(1_8) ds
e QX+ —1[)  T(a)
< (B2 + Luda) iz — wall + ez — ).

Thus

1Ty (uz,v2) = T (ug, v1)|| < (LA + LiA2) (luz — ual[ + [loz —woaf]) . (3.8)
. Similarly,

172 (U2,U2) =T (u1,v1)[| < (L2Az + L1Ay) (Juz — wa|| + oz —va)) . (3.9)
It follows from and (| . ) that
T (uz,v2) =T (u17v1)|| < (L2 (A1 4 Ag) + Ly (Az + Ay)) (luz — ua]| + [[vz — val]).-

Since Lo (A1 + As)+ L1 (As + Ay) < 1, thus T is a contraction operator. Hence it
follows by Banach’s contraction principle that the boundary value problem (1.1)) —
(1.2) has a unique solution on [0, 1].

O

We construct an example to illustrate the applicability of the results presented.
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Example 3.1. Consider the following system fractional differential equation

1+t2 ’

D% () = gysin (2mu (b)) + sy + 5 telo,1],

—(u(t v(t 2
“Diu(t)=4% ((cost) sin (IU(t)I;\v(t)\)) oo te[0,1],

subject to the three-point coupled boundary conditions

T%Ou (0) +r%0u(1) =u (%) ,
u(0) = foo’° u (s) ds,
15°D3u(0) + £°D3u (1) =¢ D3u (3),

e~ (ute)?

where f(t,u,v) = %((cost) sin(‘ul';wl)) +Sgm .t € [0,1],7 = 0,5, =
0,01,7=0,1,p=1,5 and g (t,u,v) = z3=sin (27u (t)) + % +1.

It can be easily found that M = 2—30 and Q = &.
Furthermore, by simple computation, for every u;, v; € R, i = 1,2, we have

and

T+ 0 (?)

|f (t,ur,u2) — f(t,v1,v2)] < L(Jur —vi] + Jug —val),

lg (t,u1,u2) — g (t,v1,v2)| < L (Jur —vi| + Jug — v2]),

where L1 = Ly = L = % . It can be easily found that Ay = A, = 0,799562, Ay =
Ay = 1,182808.

Finally, since L1 (A1 + Ag) 4+ Lo (Ag + Ay) = 2L (A1 + Ay) 2£0,247796 < 1, thus
all assumptions and conditions of Theorem [3.4) are satisfied. Hence, Theorem im-
plies that the three-point boundary value problem —(1.2) has a unique solution
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ABSTRACT. In this paper, we introduce Chatterjea type (v, p)-weakly cyclic
coupled mapping in S-metric spaces and prove the existence and uniqueness of
strong coupled fixed point of such mappings. We give an illustrative example
to support of our result.

1. INTRODUCTION

In 1972, Chatterjea [§] introduced a contraction map which is not necessarily
continuous and is known as Chatterjea contraction map or simply Chatterjea map
and proved that every Chatterjea map has a unique fixed point in complete metric
spaces. For more works on Chatterjea type mappings, we refer [7], [9], [10], [21],
[31]. In 1997, Alber and Guerre-Delabriere [2] introduced the concept of weakly con-
tractive mapping as a generalization of contractive map and proved the existence of
fixed points for such mappings in Hilbert spaces. Rhoades [33] extended this study
to metric space setting. In 2003, Kirk, Srinivasan and Veeramani [23] introduced
cyclic contractions in metric spaces and proved the existence and uniqueness of
cyclic contractions in complete metric spaces. After this, many authors introduced
various types of cyclic contractions and cyclic weakly contractions and proved fixed
point results, some of which are in [3], [5], [19], [20], [22], [24], [26], [27], [29], [30],
[34]. Meanwhile, in 2006, Gnana Bhaskar and Lakshmikantham [I4] introduced
and developed coupled fixed point theory for mixed monotone operators. Later,
coupled fixed point results were developed by [14], [18], [25], [28], [32], [37]. In
2013, Chandok and Postolache [7] introduced Chatterjea type cyclic weakly con-
tractive maps and obtained fixed point results in complete metric spaces and in
2017, Choudhury, Maity and Konar [I0], introduced Chatterjea type coupling and
obtained the existence of strong unique coupled fixed points for such maps.

2020 Mathematics Subject Classification. 47H10, 54H25 .

Key words and phrases. S-metric space; cyclic mapping; coupled fixed point; strong coupled
fixed point; Chatterjea type (v, ¢)-weakly cyclic coupled mapping;
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Inspired by these works, in section 3 of this paper, we introduce Chatterjea type
(v, p)-weakly cyclic coupled mapping and prove the existence and uniqueness of
strong coupled fixed point of such map in complete S-metric spaces. Also, we
present an illustrative example in support of our result.

2. PRELIMINARIES

We use the following propositions in proving our results.

Proposition 2.1. Let {a,} and {b,} be two sequences of real numbers. Then
lim sup max{an,, b, } = max{limsup a,,limsup b, }.

n—oo n—roo n—roo
Proposition 2.2. (i) Let {¢,,}, {dn}, {en} and {f.} be real sequences then
max{cy, + dn, en + frn} < max{cy,e,} + max{d,, fn}.

(ii) Let {an}, {bn} be two real sequences, {b,} be bounded. Then
lim inf(a,, + b,) < liminf a,, + limsup b,,.

n— o0 n— 00 n—o00
Proposition 2.3. Let {a,}, {bn}, {cn}, {dn}, {en} and {f,} be nonnegative

sequences satisfying max{a,,b,} < max{c, + d,, e, + fn} with limsup ¢, = 0 and
n—oo
limsup e, = 0 then lim inf max{a,, b,} < liminf max{d,, fn}.
n—oo n—r00 n— 00

Definition 2.1. [23] Let X be a nonempty set and T : X — X be an operator. If

Xi, t = 1,2,...m are nonempty subsets of X with X = |J X; satisfying T'(X;) C
i=1

Xo, ooy T(Xin—1) € X, T(Xn) C X is called a cyclic representation of X with

respect to T'.

Definition 2.2. [I4] Let X be a nonempty set. Let F': X x X — X be a mapping.
An element (z,y) € X x X is said to be a coupled fixed point of F if F(x,y) = x
and F(y,z) =y.

Throughout this paper, we denote the set of all reals by R, the set of all natural
numbers by N, and
U = {¢:[0,00) — [0,00) /(i) ¢ is continuous (ii) ¢ is nondecreasing
(iii) 9 (t) = 0 if and only if ¢ = 0}.

Remark. For any a,b € [0,00), we have ¢(max{a,b}) = max{y(a),1(b)} for any
P ev.

Definition 2.3. [7] Let (X,d) be a metric space, m be a natural number, Ay, Ao,
m
.oey A, be nonempty subsets of X and Y = |J A4;. An operator T : Y — Y is

i=1
called a Chatterjea type cyclic weakly contraction if
m
J A4; is a cyclic representation of Y with respect to T' and if there exist ¢ € ¥
i=1
and a function ¢ : [0,00)? — [0,00) with ¢ is lower semi continuous, ¢(t,t) > 0
for t € (0,00) and ¢(0,0) = 0 such that
U(d(Tz,Ty)) < ¥(zd(x,Ty) + d(y, Tx)]) — (d(z, Ty), d(y, Tz)),
forany z € A;, y € A1, 1 =1,2,...,m, where A,,11 = A;.
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Theorem 2.4. [7] Let (X, d) be a complete metric space, m € N, Ay, As,..., A,
m

be nonempty closed subsets of X and Y = |J A;. Suppose that T is a Chatterjea
i=1

1=

m
type cyclic weakly contraction. Then T has a fixed point z € () A4;.
i=1
Choudhury, Maity and Konar [I0] extended the above notion of cyclic mapping
to the case of mappings defined on X x X in the following definition.

Definition 2.4. [I0] Let A and B be two nonempty subsets of X. A mapping
F: X x X — X is said to be cyclic with respect to A and B if F(A, B) C B and
F(B,A) C A. Such a function F' is also said to be a coupling with respect to A
and B.

Definition 2.5. [I0] Let X be a nonempty set. Let FF : X x X — X be a
mapping. An element (z,z) € X x X is said to be a strong coupled fized point of
Fif F(z,z) = x.

Definition 2.6. [I0] Let A and B be two nonempty subsets of a metric space
(X,d). A coupling F' : X x X — X is called a Chatterjea type coupling with
respect to A and B if F is cyclic with respect to A and B satisfying, the inequality

d(F(z,y), F(u,v)) < k[d(z, F(u,v)) + d(u, F(z,y))], (2.1)
where z,v € A and y,u € B, for some k € (0, %)

Theorem 2.5. [I0] Let A and B be two nonempty closed subsets of a complete
metric space (X, d). Let F': X x X — X be a Chatterjea type coupling with respect
to A and B. Then AN B # () and F has a unique strong coupled fixed point in
ANB.

In 2012, Sedghi, Shobe and Aliouche [35] introduced a new concept on met-
ric spaces, namely S-metric spaces and studied some properties of these spaces.
Subsequently, many authors developed coupled fixed point theorems and cyclic
contractions on S-metric spaces. Some of them include [I], [12], [15], [16], [I7], [25],
310, 37
Definition 2.7. [35] Let X be a nonempty set. An S-metric on X is a function
S : X3 — [0,00) that satisfies the following conditions: for each x,y,z,a € X

(S1) S(z,y,z) =0,

(S2) S(z,y,2) =0 if and only if t =y = z and

(S3) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).

The pair (X, S) is called an S-metric space.

Example 2.1. [35] Let (X,d) be a metric space. Define S : X? — [0,00) by
S(z,y,z) = d(z,y) + d(x, z) + d(y, 2) for all z,y,z € X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 2.2. [I3] Let X = R and let S(z,y,2) = |y + 2z — 22| + |y — 2| for all
x,y,z € X. Then (X, S) is an S-metric space.

Example 2.3. [36] Let R be the real line. Then S(z,y,z) = |z — z| + |y — 2| for
all x,y,z € R is an S-metric on R. This S-metric is called the usual S-metric.

Lemma 2.6. [35] In an S-metric space, we have S(z,z,y) = S(y,y, z).
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Lemma 2.7. [I3] Let (X, S) be an S-metric space. Then
S(I7 x’ Z) S 2S(z7 :1?7 y) J’» S(y7 y? Z)'

Definition 2.8. [35] Let (X,S) be an S-metric space.
(i) A sequence {x,} C X is said to converge to a point z € X if S(xy,, x,, ) —
0 as n — oo. That is, for each € > 0, there exists ng € N such that for all
n > ng, S(n, Ty, ) < € and we denote it by nh—{roloxn =7.
(ii) A sequence {z,} C X is called Cauchy sequence if for each € > 0, there
exists ng € N such that S(z,,, z,, ;) < € for all n,m > ng.
(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence
in X is convergent.

Lemma 2.8. [35] Let (X,S) be an S-metric space. If the sequence {z,} in X
converges to x, then z is unique.

Lemma 2.9. [35] Let (X, S) be an S-metric space. If there exist sequences {z,}
and {y,} in X such that lim z, =z and lim y, =y, then lm S(zp,Zn,yn) =
n—00 n—00 n—00

S(x,z,y).

Lemma 2.10. [6] Let (X, S) be an S-metric space. Let {z,} and {y,} be two se-
quences in X, {x,,} converges to z in X. Then lim S(xy, Tn,yn) = lim S(z,z,y,).
n— oo n—oo

Lemma 2.11. ([], [II]) Let (X, S) be an S-metric space and {z,} a
sequence in X such that

lim S(xp, Tn, Tne1) = 0.
n—oo

If {x,} is not a Cauchy sequence, then there exist an ¢ > 0 and two sequences
{my} and {n} of positive integers with my > ny > k such that

STy Tmgs Tny) > € With S(Tm, —1, Timy—1, Tn,, ) < €.

Also, we have the following:

(1) Um S(Zpm,,, Ty s Tny,) = € (i) m S(Tymy—1,Tmp—15Tn,,) = €
koo (ke
(”Z) lim S(xmk"rmk’x”k—l) =¢ (ZU) lim (xmk—la Lmy—15 xnk—l) =€
k—o0 k—ro0
We denote

® = {p:[0,00)%2 = [0,00) such that (i) ¢ is continuous in each of its
variables, and (ii) ¢(t1,t2) = 0 if and only if ¢; = 0 and t2 = 0}.
3. CHATTERJEA TYPE (¢, p)- WEAKLY CYCLIC COUPLED MAPPING
In the following, we define Chatterjea type (v, ¢)-weakly cyclic coupled mapping.

Definition 3.1. Let (X,S) be an S-metric space. Let A and B be two nonempty
subsets of X. Let F': X X X — X be a mapping. If (i) F is cyclic with respect to
A and B and (ii) there exist ¢ € ¥, ¢ € ® such that

Y(S(F(x,y), F(u,v), F(w, z))) < w(i[max{S(x, z, F(w,z)),S(x,z, F(u,v))}
+ max{S(w,w, F(z,y)), S(u,u, F(z,y))}])

—p(max{S(z,z, F(w, 2)), S(x, x, F(u,v))
max{S(w,w, F(x,y)), S(u,u, F(z,y))

b
H
(3.1)
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for any x,u,z € A and y,v,w € B, then we say that F is a Chatterjea type (v, p)-
weakly cyclic coupled mapping with respect to A and B.

Example 3.1. Let X = [0,1]. We define S : X3 — [0,0) by

0 fr=y==z

S(@.y,2) = { r+y+=z oj;herwgs’e.
Then (X, S) is an S-metric space.
Let A=[0,1] and B = [0,1]. We define F': X x X — X by
F(z,y) = 7§. Then F(A, B) C B and F(B, A) C A so that F is cyclic with respect
to A and B. We define ¢ : [0,00) — [0,00) by 9(t) = § and ¢ : [0,00)? — [0,00)
by @(t1,t2) = £ (t1 + t2). We now verify the inequality (3.1). Let ,u,z € A and
y,v,w € B. We now consider
P(S(F (2, y), F(u,0), F(w, 2))) = $(5(55, 5> 1))

= 35(3%, 18 55)

Ty | w | wz
52 T3 T

< e+ u+ wl
< é[S(w,x,F(w,z)) + S(z,z, F(u,v)) +

+ S(w,w, F(z,y)) + S(u, u, F(z,y))]
< ;—Q[maX{S(:r,x,F(w,z)), x, F(u,v))}

S(x,
+ max{S(w, w, F(z,y)), S(u,u, F(z,y))}]
= %LG[IH + tQ} )
g[tl +t2] — g5l +t2]
= p(§[t1 +ta]) — @(t1, t2),
where t1 = max{S(x,z, F(w, z)), S(a: z, F(u,v))} and
to = max{S(w,w, F(z,y)), S(u,u, F(x,y))}.
Therefore F' is a Chatterjea type (¢, ¢)-weakly cyclic coupled mapping with
respect to A and B.

Lemma 3.1. Let (X,S) be an S-metric space. Suppose that {z,} and {y,} are

sequences in X such that lim S(x,,Z,, Tnp+1) = 0 and hm S(Yn, Yns Ynt1) = 0.
n—oo

If either {z,} or {y,} is not Cauchy, then there exist an e > 0 and sequences of
positive integers {my} and {n} with my > ny > k such that

max{s(fmk»xmk;xnk)75(ymkvymkaynk)} Z €. (32)
We choose my, as the smallest integer with my > ny satisfying (3.2]).
i.e., max{S(Tm,, Tmy> Tny, )s S(Ymp s Ymps Yny, )} > € With
maX{S(mmk,h xmkflv xnk)v S(ymkflv ymkflv ynk)} < €.
Also, the following limits hold.
(1) kILH;O InaX{S(l’mk ) zmk bl ‘Tnk)a S(ymk ) ymk 9 ynk)} =€
(11) Ichar{.lo max{S(mmk > Ly s mnk*1)7 S(ymk’ Yms ynkfl)} =cand

(111) klgrolo maX{S(xnk y Ly s mmk—l)v S(ynk y YUnp s ymk—l)} = €.

Proof. (i) We consider

S(mmk » T s xnk) < 2S(xmk » Ty s xmkfl) + S(xmk*17 Tmp—1, xnk)
< 2S(xmk y Tmy s xmkfl) + €.

Similarly, we have

S(ymk > Ymy y"k) < 2S(ymk: » Ymy ymk—l) + S(ymk—l’ Ymy—1, ynk)
< 2S(ymka ymkvymk—l) +e.
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Hence
max{S(xmk ’ xmk ’ xnk)’ S(ymk ) ymk ) ynk)} S maX{QS(xmk ’ xmk’ ‘rmkfl) + €

2S(ymk s Ymy s ymkfl) + 6}~
Now, by applying Proposition [2.1] we have

hm Sup ma‘x{s(xmk ) xmka ‘rnk)a S(ymk bl ymkﬂ ynk)} é €. (33)
k—o0
We have € < max{S(Zm,,Tmy>Tns)s S Ymp, Ymse, Yn, ) - Hence
¢ < liminf max{S(Tm,, Tmy> Tny, )y S (Y s Y Yni, )

S li?lsup maX{S(xmk,a:mk,xnk), S(ymk7ymk’ynk)} S € (from )

— 00
Hence likrggf max{S(Tmy, Tmys Tng )y S (Ymp Ymus Yny )} = €
= liZn sup max{S(Zm,, Tmy» Tny,)s S Y Yy > Yni) -
— 00
Therefore klirn max{S(Tm, , Ty Tny )s S Ymi s Yy Yny, ) b €Xists and
— 00

klggo max{S(Tmy, Tmys Tng )y S(Ymp s Ymps Yny, )} = €.
Hence (i) holds.
(ii) We now consider
STy Ty, Tny,) = S(Trgs Trgs Ty ) < 28(Tnys Trgs Trg—1) + S( Ty s Ty s Trg—1).-
Similarly, we have
S(ymk s Ymy, s ynk) = S(ynk s Yng s ymk) < Zs(ynk s Yny s ynk—l) + S(ymk y Y s ynk—l)'
Then
max{S(xmk y Tmy xnk)? S(ymk s Ymy s Yng, )} < maX{ZS(mnk y Ty, s xnkfl)
+ S(‘kaﬂxmkﬂxnkfl)?
QS(ynk ) ynk ) ynkfl)'i_s(ymk ) ymk ) ynkfl)}
On taking limit infimum as k — oo and using Proposition 2.3 we get
hkn_1>102f ma’X{S(l‘mk 9y xmk 9’ I’nk)7 S(ymk b y’mk 9y ynk )}

< liminf max{S(Tm,, Tmy: Tng—1)s S Ymp > Ymps Yni—1)}-
k— o0

By using (1)7 we get € < hkrggolf maX{S('ka > Lmy, xnk—1)7 S(ymk > Ymy, y’ﬂk—l)}'
‘We now consider
S(xmk ) xmk ) xnk—l) - S(xnk—h xnk—lv wmk) S QS(xnk—lv xnk—la -Tnk)+S(xnk ) xnk ) xmk)
Similarly, we have
S(ymk y Ymy, s ynk—l) = S(ynk—la Ynp—15 ymk) § QS(ynk—la Ynp—1, ynk)+s(ynk s Yny» ymk)~
Now,
maX{S(l‘mk y LTmy s xnkfl)a S(ymk y Ymy s ynkfl)}
S maX{QS(xnk—:l? Tnp—1, -Tnk) + S(l‘nk y Ly s xmk)7

25(%%—1, Ynp—1, ynk) + S(ynk y Yng s ymk)}

On taking limit supremum as k — oo and using Proposition [2.1] we get

lim sup max{S(xmk » Ly, s xnkfl)v S(ymka Ymy,» ynkfl)}
k—o00

< limsup max{S(Tn,, Tnys Tmy)s S Unp> Ynp> Yme )
k— o0

= e ( by (i)
Therefore we have

€ S lim inf maX{S(.ka y Tmy, s xnkfl)v S(ymk s Ymy s ynkfl)}
k—o0

< h?lsul) maX{S(xmkammkaxnk—l)vS(ymkaymmynk—l)} <e
—00
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Thus, we have
hm lnf maX{S(fL’mk_ ) zmk b mnk—l)a S(ymk b ymk ) ynk—l)} =€

k— o0 .
= lim sup maX{S<xmk y Tmy, s wnkfl)a S(ymk s Ymy s ynkfl)}-
k—o0

Hence  lim max{S(Tm,, Tmy,> Tryp—1)» S Ymy, > Y » Yny—1) } exists and
—00

klim max{S(Tm, , Tmy s Tny—1), S Ymys Ymy » Ynp—1) } = €. Therefore (ii) holds.

— 00

(iii) We consider
S(Imkvxmk71‘nk) < 25($mkaxmkaxmk—l) + S(xmk—laxmk—la xnk)
and
S(ymkuymk7ynk) S 2S(ymk7ymk7ymk71) + S(ymkfla Ymy—1, ynk)
Now
maX{S(xmk,l'mk,xnk), S(y’rnk7ymk7ynk)}

S maX{QS(Imk,Imk,xmk_l) + S(xm,k—laxmk—lvznk)v
QS(ymkaymkvymkfl) + S(ymkfla Ymp—1, ynk)}
On taking limit infimum as k — co and by Proposition we get
€ S hk;n_l)gf maX{S<xmk717xmk717$nk)aS(ymkflaymkflaynk)}-
We have
S<xmk717xmk717$nk) S QS(xmk717xmkfl7xmk) + S(xmkaxmk7xnk>
and
S(ymk—17ymk—17ynk) < QS(ymk—17ymk—17ymk) + S(ymkaymk7ynk)'
Then
max{s(wmk*17xmk*17xnk)7S(ymk*17ymk717ynk)}
< max{25(mmk,1,xmk,1,xmk) + S(mmkyxmkaxnk)7
QS(ymk—17 Ymi—1, ymk) + S(ymkaymkvynk)}'

On taking limit supremum as k — oo, we get

lim sup max{S(Tm, -1, Tmp—1,Tny)s S Ymu—15 Yrmp—1: Yns ) }
k—o0

<limsup max{S(Tm,, Tmy, Tng)s S Ymp> Ymus Yng )}

k— o0
= ¢ (by (1))

SO tha't € S hkn—1>£f maX{S(l‘mk_l,xmk_l, I7lk)7 S(ymk—la ymk—la ynk)}

S lill;n Sup max{s(xmk717xmk717$nk), S(ymk717ymk717ynk)} S €.
—00

Thus hkn—1>£f maX{S(xmk—laxmk—lymnk)7S(ymk—hymk—hynk)} =€

= hm Sup maX{S(xmk717 xmk717 mnk)v S(ymk717 ymk717 yTL)C)}'
k—o0

Hence klim max{S(Tm, —1, Tmp—15Tny)s S (Ymp—1, Ymp—1s Yn,, )} €xists and
— 00

i max{S (@, 1, Tome—15 Tng )5 S (Yma—1, Ymi—1, Yni ) } = €.
This proves (iii). O

Theorem 3.2. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be a Chatterjea type (¢, )-
weakly cyclic coupled mapping with respect to A and B. Then AN B # () and F
has a unique strong coupled fixed point in AN B.

Proof. Let zp € A and yo € B be arbitrary. We define the sequences {x,} and
{yn} by

Tnt1 = F(Yn, Tn), Ynt1 = F(@n,yn), n=0,1,2,... . (3.4)
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If y, = 41 and z,, = Yp41 for some n, then we have
V(S (@ns Ty Yn)) = V(S (Wnt+1, Ynt1, Tnt1))
= ¢(S(F(xnayn) F(2n,yn); F(Yn, 2n)))
< @/J( (max{S(zn, Tn, F(Yn, Tn)); S(@n, Tn, F(Tn,yn))}
+max{S(Yn, Yn, F(Tn, Yn)): (@, Tns F(T0n,yn))}])
- @(maX{S(xn,me(ymxn)),S(xn,a:n, (an,yn))},
max{S(Yn, Yn, F(Tn, Yn)), S(Tn, Tn, F(Tn, yn))})
= 1/1(%[max{S(xn, Ty Tny1), S(Tns Tny Yny1) }
+ max{S(Yn, Yn, Yn+1), S(Tn, Tn, Yn+1)}])
— p(max{S(wn, Tn, Tnt1), S(Tn, Tny Ynt1) s
max{S(Yn, Yn, Yn+1), S(Tn, Tn, Yn+1)})
= (2 [max{S(zn, Tn, Yn), S(Tn, Tn, Tn)}
+max{S(Yn, Yn, Tn), S(Tn, Tn, Tn)}])
- go(max{S(xn, T, yn)a S(xnv T, Z'n)},
max{S(Yn; Yn, Tn), S(Tn, Tn, Tn)})
= w(%s(xna xnayn)) - @(S(xn’xnvyn% S(xn’xn’yn))
(by using Lemma [2.6)
< P(S(@n, Tnyyn)) — ©(S(@n, TnyYn), S(Xn, Tny Yn))
which implies that ©(S(@n, Tn, Yn), S(Tn, Tn, Yn)) = 0 and hence
S(Zn, Ty Yn) = 0. Thus z, = y, so that ANB # 0 and (z,,x,) is a strong coupled
fixed point of F' and we are through.
If either y,, # Tp41 O T, # Ypy1 for all n, then we have the following.
If z,, = yn+1 and y,, # xp4q for all n, then we have
(S (Yn+1, Yn+1, Tng2)) = LZJ(S(F(:En,yn) F(Zn,Yn)s F(Yn+1, Tnt1)))
< d}( [maX{S(xn7xnvF(yn+17mn+1))7
S($n7 LTy F(l‘n, yn))}
+ maX{S(yn-‘rl) Yn+1, F(Z‘n, Z/n)),
S(zna LTy F(l‘n, yn))}])
- cp(maX{S(xn, L, F(yn—i-la xn-i-l))a
S(xm Tn, F(:Cn, yn))}v
maX{S(yn+lvyn+17F(xnayn))7
S(xna LTy F(mna yn))})
= ¢(i[max{5(xn, Ty Tpg2)s S (Tn, Ty Ynt1)
+maX{S(yn+17yn+1ayn+1)7S(xnamnayn-‘rl)}])
- go(max{S(xm Ty mn+2)7 S(l'na T, yn+1)},
max{s(ynJrh Yn+1, yn+1)7 S(xru T, ynJrl)})
< ’gb(i[maX{QS(xn’ Tn, yn+1) + S(yn+17 Yn+1, xn+2)a
S(xna T,y yn-‘rl)} + S(Z‘n, T,y yn-‘rl)])
- @(maX{S(;z:n, Tn, $n+2)7 S(Ina Tn, yn+1)}7
S(xnaxnvyn+1))
= (5[25(@n; o, Yns1) + SWUnt1, Ynt1, Tnta)
+ S(xnaxnvynJrl)D
—(max{S(Tn, Tn, Tni2), S(Tn, Tn, Yn+1) } S (Tns Tns Ynt1))
= w(%s(yn+layn+17$n+2)) - (p(S(LEn,$n,1‘n+2),O)
< Y(S(Ynt1,Yn+1, Tnt2)) — @(S(Tn, Tn, Tny2),0)
which implies that ©(S(zn, Zn, Tnt2),0) = 0. Therefore S(xy, Tn, Tpy2) = 0.
Thus z, = x,4+2. That is y,+1 = T,+2 which is a contradiction. Hence this case
does not arise.



68 G. V. R. BABU, P. DURGA SAILAJA, AND G. SRICHANDANA

Similar as above, the case y, = x,+1 and x,, # yp+1 for all n does not arise.
Hence, we assume that y,, # xn4+1 and x,, # ynp+1 for all n. Now by using (3.1)),
we have

Y(S(z1,71,92)) = Y(S(y2, Y2, 71))
S(F(z1,y1), F(z1,91), F(Y0, 0)))
1max{S (21, z1, F(yo, 20)), S(z1, 21, F(z1,91))}
+ max{S(yo, yo, F'(z1,91)), S(x1, 21, F(x1,91))}])
— p(max{S(z1, 21, F(yo,x0)), S(x1, 21, F(x1,91))}
max{S(yo, Yo, F(x1,y1)), S(x1, 21, F(x1,51))})
= w(i[max{S(xl,xl,asl),S(x1,x1,y2)}
+ max{S(yo, Yo, y2), S(x1, 1, y2)}])
— p(max{S(z1,z1,21), S(x1,21,Y2)},
max{S(yo, yo,y2), S(z1,21,2)})
= (391, 21,y2) + max{S(yo, yo, y2), S(x1,71,¥y2)}])
— p(S(w1, 71, y2), max{S(yo, Yo, y2), S(w1, 71, 92) })
< P(3[8(@1, 21, y2) + max{25(yo, yo, 1) + S(z1, 21, y2),
S(x1,21,92)}])
—90(5($17$1,y2) max{S(yo, Yo, y2), S(x1,21,2)})
= P(5[28(x1, 21, y2) + 25(yo, yo. 21)])
—¢(5($17$17y2) max{S(yo, Yo, y2), S(w1,21,¥2)})
< P(5128 (w1, 21, y2) + 25 (y0, Yo, 21)])-
Since v is monotomcally increasing, it follows that
S(z1,21,y2) < 35(21,21,92) + 25(yo, Yo, 21) so that

S(z1,21,92) < S(Yo, Y0, x1)- (3.5)

= (
< Y(

[

N

Similarly, we have
Y(S(y1,y1,22)) = Y(S(F(z0,Y0): F (20, y0), F'(y1,71)))
< p(g[max{S(xo, xo, F(y1,71)), S(x0, T0, F(20,%0))}
+ max{S(y1, y1, F'(w0,%0)), S(z0, zo, F'(x0,%0))}])
- (p(maX{S(.%'(),me(yh:L‘l)),S(Q’JO’xO,F(CEO’yo))},
max{S(y1,y1, F(xo0,0)), S(x0, xo, F(x0,%0))})
= zb(i[maX{S(xo,xo,xg),S(xo,ajo,yl)}
+ max{S(y1,y1,y1), S(wo, z0,y1)}])
- @(maX{S(.’Eo,$07£L’2),S(Z’O,xo,yl)},
max{S(y1,y1,y1), S(z0, 0, y1)})
< p(3max{2S(zo, z0,y1) + S(y1,y1,2), S(x0, T, y1)}
+ S(xo,0,y1)])
*@(maX{S@OJCOv@) S(wo, o, y1)}, S(x0, 0, Y1))
7/1( [25(z0, 2o, y1) + S(y1, Y1, w2) + S(0, Z0, Y1)])
—@(max{s(xoafov@) S(wo,z0,y1)}, (0, T0,Y1))
< 1/1(%5(950,300,3/1) + %S(yl,yl,xg)), and hence it follows that
S(y1, y1,22) < 35(x0, 20, y1) + 2S(y1,y1, 2) so that

S(y1,y1,x2) < S(zo, o, y1)- (3.6)

Again, by using , we have
V(S(w2, 22, y3)) = V(S(y3, Y3, x2))
:%/J(S(F(xz,yz) F(z2,92), F(y1,21)))
< 1)[)( [maX{S(x%anF(ylaxl))vs(xQ,:L'QaF(vayQ))}

»M»—A
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+ max{S(y1,y1, F'(v2,92)), S(z2, T2, F'(72,92))}])
— p(max{S(z2, x2, F'(y1,21)), S(22, 22, F(72,92))},
max{S(y1,y1, F(x2,y2)), S(x2, x2, F(x2,2))})
= (5 [max{S(z2, x2, 2), (22, 22, y3)}
+max{S(y1,vy1,y3), S(v2, x2,¥3)}])
— p(max{S(z2, x2,2), S(72,22,y3)},
max{S(y1,y1,¥3), S(x2,72,y3)})
< Y(5[S (w2, w2, y3) + max{2S(y1, y1, v2) + S(z2, T2, y3),
S(x2,22,y3)}])
— p(S(w2, 72, y3), max{S(y1,y1,Y3), S (w2, 2,y3)})
= (315 (22, 22, y3) + 25 (y1, 91, x2) + S(x2, 22, y3)])
— p(S(w2, 72, y3), max{S(y1,y1,Y3), S (w2, 2, ¥3)})
< 7/1(%5(3”2,952,93) + %S(y17y1a$2))7
and hence we have S(x2,z2,ys3) < %S(.’Iﬁz,.ﬁg,y?,) + %S(yl,yl,xg)
so that
S(w2,22,y3) < S(y1,y1,72).
Similarly, we have
Y(S(y2,y2,73)) = w(S(F(m,yl) F(z1,91), F(y2,22)))
< P(3lmax{S(z1,x1, F(y2, 2)), S(x1, 21, F(x1,91))}
+ max{S(y2, y2, F(x1,91)), S(x1, 21, F(x1,91))}])
— p(max{S(z1, 21, F(y2,22)), S(x1, 21, F(1,91)) },
max{S(y2,y2, F(x1,91)), S(x1, 21, F(x1,91))})
= p(3lmax{S(z1, 21, 23), S(x1,21,92)} + S(x1, 1, 12)])
—@(max{s(ﬂﬁl,fch%) S(z1,21,y2)}, S(T1, 21, Y2))
< Y(3max{2S(x1, 1, y2) + S(ya, Y2, 3), S(w1, 21, 42) }
+ S(w1, 71, 92)])
—@(max{S(xl,th), (z1,21,92)}, S(21, 71, y2))
= (1[25 (21, 21, y2) + S(y2, Y2, 3) + S(21, 21, 92)))
—@(max{5($175€17$3) S(z1,21,y2)}, S(1, 21, Y2))
< Y(§S (21, 21,92) + 15(y2, 92, ¢3)), and hence
S(y2,y2,23) < 35(z1,21,92) + 1S(y2, Y2, x3) so that
S(y2,y2,x3) < S(21,21,Y2).
In general, we have
w(s($2n+17x2n+lay2n+2)) (S (y2n+27y2n+27x2n+1))
Y(S(F(T2n+1,Y2n+1), F(T2nt1, Y2n+1), F(y2n, T20)))
¥(3max{S(ran+1, Tant1, F(Y2n, 220)),
S(T2n+1, Tant1, F(Tant1,Y2n+1)) }
+ maX{S(an, Yon, F(xZnJrlv y2n+1))7
S(T2n+1, Tan+1, F(T2n+1, Y2n+1)) })
— p(max{S(z2n+1, Tant1, F(Y2n, T2n)),
S(T2n+1, Toant1, F(@an41, Y2n+1)) },
maX{S(anaana F($2n+lay2n+l))a
S(T2n+1, Toan+1, F(T2n+1, Y2n+1))})
= (5 [max{S(@2n+1, Tant1, Tan+1), S (T2n+1, Tant1, Yont2) }
+ maX{S(yzm Yons Y2n+2)s S (T2nt1, Tant1, Yont2) }])
—ﬁp(maX{S(Ian,$2n+1,$2n+1), S(x27z+la $2n+17y2n+2)}7
max{S(Yan, Y2n, Y2n+2), S(T2n41, T2nt1, Yon+2)})
< Y(5[S(@ant1, Tant1, Yant2) +max{2S (Yan, Yoan, Tant1)

<
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+S(Z2n+1: Ton+1, Yont2)s S(T2n+1, Tant1, Y2n+2) }])
— o(S(®2n41; Tant1, Yant2), max{ S (Yan, Yon, Y2nt2),

5($2n+17 Tan+1, y2n+2)}).
That is

1
(S (Ton+1, Tant1, Yont2)) < ¢(1[25($2n+1, Ton+t1, Yont+2) + 25 (Yan, Y2n, Tant1)])

]
—(S(T2n41, Tant1, Yont2), max{ S (Yzn, Yon, Y2n+2),
S(x2n+17 Ton+1, y2n+2)})
(3.7)

Yony Yon, x2n+1)) and
(y2’m Yon, Tant1) SO

—~

< Y(3S(T2ns1, Tani1, Yant2) + 39

1
2
1
hence S(Zoni1,T2nt1,Y2nt2) < 55(T2nt1, Tant1, Yont2) +
that

l\)\»—t

S(Ton+1s Tant1s Y2nt2) < S(Yan, Yon, Tant+1), for each n =1,2,3, ... . (3.8)
Similarly, we have
V(S (Y2n+1, Yon+1, Tant2))
= Y(S(F (220, Y2n), F(T2n, Y2n), F (Y2n+1, T2n11)))
< 7/1( max{S(z2n, Ton, F'(Y2n+1, Tant1)), S(Tan, Ton, F(22n, Yon))}
+max{S(Yant1, Yon+1, F (T2n, Y2n)), S(T2n, Tan, F(T2n, y2n))
— p(max{S(z2n, Ton, F (Y2n+1, T2n+1)), S(@2n, Tan, F(T2n, yY2n))
max{S(Yan+1,Y2n+1, F(Ton, Y2n)), S(T2n, Ton, F (T2n, Y2n)) })
Y (5 max{S(zan, Tan, Tant2), S(T2n, Tans Y2nt1) }+5(T2n, Tan, Yont1)])
fgo(max{S(xQn, T2n, $2n+2), S($2m Ton, y2n+1)}, S(Cﬂzn, L2n, y2n+1))
< (3[max{2S(2n, Tan, Y2n+1) + S(Y2n+1, Y2nt1, Tanta),
S(x2n, Ton, Yon+1)} + S(Zan, Ton, Yant1)])
—@(max{S(T2n, Tan, Tant2), S(T2n, Tan, Yon+1) }> S (Tan, Tan, Yont1))-

1)
b

That is
3 1
Y(S(Y2n+1, Y2n+1, Tant2)) < ¢(Zs(x2nax2n; Yont1) + Zs(y2n+17y2n+l,z2n+2))

—w(maX{S(@n, T2n, $2n+2), S(JJQn, T2n, y2n+1)},
S(x2n7 Ton, y2n+1))
(3.9)

< (38 (T2ns Ton, Yo2nt1) + 15 W2n+1, Y2nt1s Tanta))
which implies that

S(Yont1,Y2nt1, Tanya) < %S(I2nax2nay2n+1) + is(y2n+lay2n+la$2n+2) and hence
S(Y2n+1, Yon+1, Tang2) < S(Ton, Ton, Y2ny1) for each n =1,2,3, ... . (3.10)

Similarly, we get

S(xon, Ton, Yont1) < S(Y2n—1,Y2n—1, Ton) for each n =1,2,3, ... ; (3.11)
and
S(Yon, Yons Tont1) < S(Ton—1,Tan—1,Yon) for each n =1,2,3, ... . (3.12)
From and it follows that
S(Tny Try Ynt1) < S(Yn—1,Yn—1,2Tn) for n =1,2,3, ... (3.13)

and from (3.10) and (3.12)) it follows that
S(yna Yn, xn+1) S S(xn—la Tn—1, yn) for n = 13 2, 3> e (314)
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Hence, from (3.13)) and (3.14)), it follows that {S(zy, Ty, ynt1)} is a decreasing se-

quence and converges to some r > 0 and {S(Yn, Yn, Tn+1)} is a decreasing sequence
and hence converges to some s > 0.

From (3.13)), we have r < s and from (3.14)), we have s < r. Therefore r = s.
(3.7

Now on taking the limits as n — oo in (3.7]), we have
(r) < w(gr+ 57) — @(r,max{ im S(yzn, Yon, Y2n+2),7})
=P(r) — o(r, maX{ lim S(QQna92n792n+2) r})
which implies that o(r, max{nlgngo S(Y2n, Y2n, Y2n+2),7}) = 0 so that r = 0.

Therefore

lim S(xn, Tn,Ynt+1) = 0 and hm S(Yns Yns Tny1) = 0. (3.15)

n— oo

‘We now consider

V(S(@Tnt1; Tnt1,Yn+1)) = V(S(Yn+1, Ynt1, Tni1))
(‘?( (xnayn) F(xnayn) ( UYn
1

< (3 [max{S(xn, xn, F(Yn, Tn)),
%

, T
S(xnu$n7 (m’myn))}
+ max{S Yn, Yn, F(@n,Yn)), S (@n, Tn, F(Zn,yn))}])
_@(max{s(xnvl'na (ynaxn ) (xn’xn’ (xna n))}7
max{S(Yn; Yn, F'(Tn, Yn)), S(Tn, Tny F(Tn,yn))})
:Zb(i[maX{S(iﬂn,xn,lL'nJ,_l) S(:L' axnayn—&-l)}
+ maX{S(yn,yn, n+1)’ (xmxmynJrl)}])
- gp(max{S’(xm T, mn+1)a S($n7 LTy yn+1)}
maX{S(ynvynayn+1)7S(xnaxn’yn-i-l)})
< ¢(%[max{25(azn,xn, Yn+1) + S(Tnt1, Tni1, Ynt1),
S(Tns Try Ynt 1)} S Wns Yns Yn+1)+S (Lo, Ty Yng1)))
- @(max{s(xm Ly xn+1)a S((En, Tn, yn+1)}a
maX{S(yn>ynayn+1) (xnﬂ$n7yn+1)})
= 1#(%[25(%, Try Ynt1) + S(Tnt1, Tnits Ynt1)
+ 28 (Yns Yns Tny1) + S (Tng1 Tng1, Ynt1)
+S(xn7xn7yn+l)}])
- @(max{s(xm T, xn+1)a S(xm Tn, yn+1)}a
maX{S(ynayn7yn+1) S(xnﬂ$n7yn+1)})
Qﬁ(i[?’s(%, Tn, ynJrl) + 2S(yn; Yns anrl)
+25(Tn+1, Tnt1, Ynt1)])
- @(maX{S(ITw Ln, ‘Tn-‘rl)v S(zna T, yn+1)}a
max{S(Yn, Yns Yn+1)s S(Tns Tny Ynt1)})
< 1/}(%[35(1'71» Ty Yn+1) + 28 (Yns Yn, Tn1)
+ 2S(xn+1> Tn+1, ynJrl)]) and hence
S(Tpt1, Tnt1, Ynt1) < %S(xnvxmyn-&-l) + %S(ynayn;xn-‘rl) + %5($n+1,xn+1’yn+1)
which implies that
S(Znt1: T, Ynt1) < SWns U Tns1) + 55T, T,y Ynt1)-
On taking limits as n — oo and by using , we get
lim S(zp41, Tnt1s Ynt1) = 0. (3.16)

n—oo
We now consider
S(@ns Tns Tnt1) + SYns Yns Ynt1) < 28(Tn, Ty yn) + S(Yns Yns Tnt1)
+ 2S(yna Yns xn) + S(Iny T, yn+1)
=48, Ty Yn)+S (s Ty Y1)+ (Yns Yn, Ty1)-
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On taking limits as n — oo, we get

nhﬂngo S(@n, Tny Tnt1) + S(Yns Yns Ynt1) = 0.

We now prove that {z,,} and {y,} are Cauchy sequences. Suppose that either {z,}
or {yn} is not Cauchy. Then there exist ¢ > 0 and subsequences {my} and {ng}

with my > ng > k such that

max{S(Tm,, Tmy>Tny ), S Ymy> Ymy, Yny, )} = € (3.17)
We choose my, as a smallest integer with my > ny, satisfying (3.17]).
That is max{S(Zm,, Tmy> Tny)s S Umps YUme> Yny )} = €
with maX{S(‘rmkfla Ty —1, xnk)v S(ymkfh Ymp—1, ynk)} < €.
We now prove the following.
lim XS (T T Y )s S W Yo T )} = (3.18)

k—o0

We consider S(Zm,., Tmy s Yny) = S(Yngs YUngs Tmy,)
S 2S(ynk b ynk K xnk) + S(xnk b xnk k) xmk)
Also, we have
S(ymwymkvmnk) S 2S(xnk"rnk7ynk) + S(ynkVynk’ymk)'
Thus we have
max{S(Tm,, Ty Yny,)s S Y Ymp> Ty, )} < A28 (Yny, Yngs Ty ) HS (T, T » Tony, )
QS(x"k ) mnk 9 ynk )+S(ynk ) ynk ’ ymk )}
On taking limit supremum as k — oo, and using Proposition we get

lim sup max{S(Zm,, Tmy>Yny)s S Ymp> Ymps Tn, )} < limsup max{S(zn,, Tn,, Tm,),
k—o00 k—o0

S(ynk y Yny s ymk)}
= ¢ (by (i) of Lemma [3.1)).
We now consider
S('ka ) xmk ) xnk) - S(xnk b xnk b xmk)
and
S(ymk s Ymys ynk) = S(ynk s Yni s ymk)
S QS(ynk ) ynk K xnk) + S(znk b mnk b ymk) SO tha‘t
maX{S(wmk_ }) 'ka ) znk), S(ymk k) ymk ) ynk )} S max{?S(&L’nk ) mnk b ynk )+S(ynk ) ynk k) xmk )7
QS(ynk ) y’nk ) x’nk)—i_s(xnku (Enk b yﬂ’Ik )}
On taking limit infimum as & — oo and using (3.16]),
¢ < liminf max{S(Tm,, Tmy> Tny, )y S (Ymss Y Yni, )}
< lim inf max{S(Yn,, Ynys Tms ), S (@ny, Tnys Ymi )} (by Proposition [2.3] ).
k—o0
From the above we have
€< hklggf Irla)({s(xrn;C s Tmy s Yny, )a S(ym;C s Ymy s Ty, )}
< lilrcnsur) max{S(Tm,, Ty Yny,)» S Yrmis Y > Tny, )} < €
—00
Hence hklggéf maX{S(:cmk I xmk ) ynk)a S(ymk 9 ymk bl ‘T"k )}
= hll;;n Sup maX{S(fI;mk ) .ka ) ynk)a S(ymk b ymk; mnk)} = €.
—00
Therefore klim max{S(Tm, , Tmy s Yng )y S Ymy s Ymy » Tny, ) b €Xists and
— 00
lim max{S(Tm,, Tmy, Yny,)» S Ymes Ymi» Tny )} = €
k—o0

Hence (3.18)) is proved.

We now consider
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w(S(mmk’mmk’ynk)) = w(ynkaynwxmk)
= (S(F(@n,—15Ynp—1)s F(@ny—15Ynp—1)s F(Ymp—1, Tmy—1)))
< 'l/]< [max{S(acnk 1y Tng— 17F(ymk*1axmk*1))v
S(xnkfhxnkflyF(xnkfhynk*l))}
+maX{S(?erlaymk—hF(fnwl’ynkfl))’
S(xnk_17$nk_1’F($nk_1’ynk_1))}})
- @(max{s(xnk—lvxnk—lﬁF(ymk—hxmk—l))
S(xnk—lal'nk—laF(xnk—laynk—l))}a
ma‘X{S(y’n’Ik*17ym7c717F(mnk*17ynk*1))
S(mnkfhxnkfhF('rnk*hynk*l))})
= ¢(%[max{s(xnk—1a xnk—lvxmk)v S(xnk_l’x”k_l?ynk)}
+maX{S(y'mk—1’ymk_1’ynk)7S(xnk—l’xnk—17y”k)}])
- cp(max{s(xnk—laxnk—lascmk)aS(xnk—laxnk—laynk)}a
maX{S(ymkflaymkflvynk),S(;L’nkflaxnkfl,ynk)})'

Similarly, we have

w(s(ymkvymkaxnk)) (‘*?( (xmk 15 Ymy— 1) F(xmk—l’ymk—l)’F(ynk_17xnk—1)))
4

(1 [max{S(azmk 15 Tmy— 17F(ynk—1?‘rnk_1))7
S(xmk—laxmk—laF(xmk—hymk—l))}
+maX{S(ynkfhynkfhF(xmkfhymkfl))a
S(mmk*hxmkflﬂF(xmkflaymkfl))}])
- @(max{s(xmk—l’xmk—lvF(ynk—l)xnk—l))7
S(mmk—lvxmk—lvF(xmk—lvymk—l))}v
max{S(Yn, —1, Yny—1, F(Tmy—1, Ymy—1))
S(xmkflaxmkflvF(xmkflvymkfl))})
¢(%[max{s(xmk*1ﬂxmk*hxnk)vS(xmk*hxmk*hymk)}
—"_maX{S(ynkflaynkflvymk%S(xmkfl?xmkfl’ymk }]
_@(max{s(xmk—l’xmk—hxnk)’S(xmk—lvxmk 1vymk)}
maX{S(ynk—l’ynk—l’ymk)?S(xmk_l’xmk—17ymk)})'

=
<y

We now consider
Y(max{S (T Ty Yni ) SYm s Y Tny ) )
_max{w( ('rmk’xmk7ynk)) w(s(yﬂ’LmyMMka))}
<max{¢( [maX{S(xnk 1 Tng— 17xmk)7S(x”k_l’mnk_17ynk)}
+maX{S(ymk—laymk—laynk) S(Ink—laxnk—hynk)}])
w(%[max{s(xmkflal'mkflvxnk 7S(xmk717xmk 17ymk)}

+ma‘X{S(ynk*17 Ynp—1, ymk)7 (ZL‘mk,l, Tmp—1, ymk)}])}
—min{ap(max{S(xnk,l, Lng—1, xmk)a S(Tny,—1,Try—1, ynk)}
max{ S (Ymy, 15 Yy 15 Yng )y S (T —1, Ty —1, Yny ) )
@(max{s(xmk—h Lmy—1, xnk) (Imk—l’ Tmp—1, yﬂ’Lk)}v
maX{S(ynk—la Ynp—1, ymk)a (xmk—la Ty —15 ymk)})}

On letting k — oo and by using (3.15)), we get

w(e) < maXW(i[hm S(xnk 15 Ty — 171'mk) + hm S(ymk 1s Ymy— 1aynk)])

1#(%[11111 S(xmk 1y Tmy— 17xnk)+ hm S(ynk 1y Yng— 17ymk)])}
(Li

—min{cp m S('r"k 15 Lny— l’xmk) hIEOS(yTI’Lk—17ymk—17ynk))
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o(lim S(Tmy -1, Tmy—1, Tny ), lim S(Ynp—1sYnp—15Ym,))} so that
k—o0 —00

P(e) < w(max{i[klir&max{S(xnk,l,xnk,17mmk)7S(ynk,hynk,l,ymk)}
+ kh—>Holo max{ S (Ymy, 15 Ymy—15Yng )» S (T —1, Tmy—1, Tny ) ¥,
%[klirr;omax{S(xmk,l,mmk,l,xnk),S(ymk,l,ymk,l,ynk)}
+ m max{S(Yn.—1, -1 Y ) S (@ni—1, T -1, Ty, ) 113
—min{go(kliﬁrgo S(xnk,hxnk,l,xmk),lerr;OS(ymk,l,ymk,l,ynk)),
@(kh_)ngoS(xmk—hxmk—l,fﬂnk),kh_{goS(ynk—l,ynk—l,ymk))}-

(By using (i) and (iii) of Lemma 3.1
= 1/)(5) - mln{(p(klggo S(fEnk,h LTng—1, xmk)a khﬁrgo S(ymkfla Ymy,—1, ynk))v
Qo(khm S(xmk—la mmk—17 Z‘nk), hm S(ynk—lv ynk—lv ymk))}
—00 k—00
(all these limits are positive by using Lemma
< (), a contradiction.
Therefore {z,} and {y,} are Cauchy sequences and hence convergent. Since A and
B are closed subsets of X and {z,} C A, {yn} C B, there exist t € A and y € B
such that

Ty — T, Yp —> Y aS N — 0O, (3.19)

By using (3.16), we get lim S(zp,Zn,yn) = 0. Now, by Lemma we have
n—oo
S(z,z,y) =0 and hence z = y so that AN B # () and x € AN B.
Now, by (3.1) and (3.4]), we have
V(S (@ny1, Tgr, Fz,2)) = ¢(S(F($ ), F(z,2), F(Yn, xn)))
< Y(§max{S(z,z, F(yn,zy)), S(z, 2, F(z,z))}
+maX{S(ymyn,F(fE z)
)

:¢(i[max{5(m,x,xn+1),S(m,x,F T,T
+ max{S(yn, yn, F'(z,2))
— p(max{S(x,x,xnt1), S(z,
e[S (g v, F(z,2)), S
On taking limits as n — oo, we get
U(S(z,x, F(z,2))) <v(3 [maX{S(ﬂc x,x),S(z,x, F(x,x))}
T max{S(y, g, Pz, 2)), S(2, 7, Pz, ))}])
— p(max{S(z,z,x),S(x,z, F(z,x))},
max{S(y, y, F(z,2)), S(z, 3, F(z,7))})
< Y(S(z, 3, F(z,2))) - p(S(z, 7, F(z,2)), S(z, 2, F(z, 7)) and
hence o(S(z,z, F(x,z)),S(x,z, F(x,2))) = 0 so that
S(xz,z, F(x,z)) = 0. Therefore x = F(z,z) is a strong coupled fixed point of F.
We now prove the uniqueness of strong coupled fixed point of F. Suppose (z,x)
and (y,y) are two strong coupled fixed points of F. We consider
V(8(,3,y)) = V(S(F (2, 2), F(z,2), Fy,y)))
< ¢(3lmax{S(z,z,F(y,y)), S(z, 2, F(z,z))}
" max{S(y,y, F(r,2)), S(z. 2, F(z.2))}])
— p(max{S(z. 2, F(y.y)). S(w,, Fw,x))},
max{S(y, y, F(x,)), S(z, v, F(z,x))})
=y (3[S(z, z,y) T S(y,y.2))) — (S, 2.y). Sy, )
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< 7/1(5(537%9)) - (ﬂ(S(.T,J?,y),S(y,y,l‘))
so that ¢(S(z,z,y),S(y,y,x)) =0. Thus z = y. O

By choosing #(t) =t in Theorem then we have the following.

Corollary 3.3. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be mapping. If F is cyclic
with respect to A and B and there exists ¢ € ® such that

S(F(z,y), F(u,v), F(w, 2)) < i[max{S(:r7 z, F(w, 2)),S(z,z, F(u,v))}
), S(u,u, F(x,y))}]

—p(max{S(z,z, F(w, 2)), S(x,z, F(u,v))}

max{S(w,w, F(z,y)),S(u,u, F(z,y))})

where z,u,2 € A and y,v,w € B. Then AN B # () and F has a unique strong
coupled fixed point in A N B.

By choosing ¢(t1,t2) = (3—k)(t1+t2) in Corollarythen we have the following.

Corollary 3.4. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be mapping. If F is cyclic
with respect to A and B and there exists k € (0, 1) such that

S(F(x,y), F(u,v), F(w, 2)) < k[max{S(z,z, F(w, 2)), S(z, z, F(u,v))}
+ max{S(w,w, F(x,y)), S(u,u, F(z,y))}]

where z,u,z € A and y,v,w € B. Then AN B # () and F has a unique strong
coupled fixed point in AN B.

+ max{S(w,w, F(z,y

)
) Y

By choosing w = uw and z = v in Corollary then we have the following.

Corollary 3.5. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be mapping. If F' is cyclic
with respect to A and B and there exists k € (0, 1) such that

S(F(x,y), F(u,v), F(u,v)) < k[S(x,z, F(u,v)) + S(u,u, F(z,y))

where z,v € A and y,u € B. Then AN B # () and F has a unique strong coupled
fixed point in AN B.

The following example is in support of Theorem
Example 3.2. Let X = [0,1]. We define S : X3 — [0,0) by

S(a2) = {

Then (X, S) is a complete S-metric space.
Let A=[0,1] and B = [0,1]. We define F: X x X — X by

)2

0 ife=y==z
r+y+ 2z otherwise.

w2 ifrecAandyeB
F = ST !
(@) { 0 otherwise.

Then F(A, B) = [0, ] C Band F(B, A) = {0} C A so that F is cyclic with respect
to A and B. We define 9 : [0, 00) — [0,00) by #(t) = £ and ¢ : [0,00)* — [0, 00)
by @(t1,t2) = 5 (t1 + t2). We now verify the inequality (3.1). Let ,u,z € A and

y,v,w € B. We now consider
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¢(S(F($’ y)? F(u7 U)7 F(w7 Z))) = ¢(S(8(w+my+1) ) 8(u+uv+1) ’ O))
_ 1 T u
- §S(§(m+y+l) ’ 8(u—1it-v+1) ’ 0)
= 6@+ D T 6utorD
25z + u]
1gmax{S(z, z, F(w,2)), S(z,z, F(u,v))}
+ max{S(w,w, F(x,y)), S(u,u, F(x,y))}]
%[t} +ta] — g [tr + o]
= (z[t1 +t2]) — p(t1,t2),
where t; = max{S(z,z, F(w, 2)), S(x,z, F(u,v))} and
to = max{S(w,w, F(z,y)), S(u,u, F(z,y))}.
Therefore F is a Chatterjea type (1, p)-weakly cyclic coupled mapping with respect
to A and B. Hence F' satisfies all the hypotheses of Theorem and (0,0) is a
unique strong coupled fixed point of F.
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