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The A-integral and Restricted Riesz Transform

RASHID A. ALIEV* AND KHANIM I. NEBIYEVA

ABSTRACT. It is known that the restricted Riesz transform of a Lebesgue integrable function is not Lebesgue inte-
grable. In this paper, we prove that the restricted Riesz transform of a Lebesgue integrable function is A-integrable
and the analogue of Riesz’s equality holds.

Keywords: Riesz transform, A-integral, Riesz’s equality, covering theorem, singular integrals.

2010 Mathematics Subject Classification: 44A15, 42B20, 26A39, 26B10.

1. INTRODUCTION

The j-th Riesz transform of a function f € L,(R?), 1 < p < +o0 is defined as the following
singular integral:

. xTj—yj R
R;(f)(z) = Cq) lim Jiy‘iﬁ-l]ﬂ(y)d% j=1.4d,

e—0 {yeR: |z—y|>e} |]J -

+o0o
where Cq) = %, I'(z) = { t*~Le~tdt - Euler Gamma function and d - dimension of the
space R<.
Let Q C R? be a bounded domain and f € L1(9). In the present paper, we consider the
corresponding modification of R;. Namely, the restricted Riesz transform R; ¢ is defined as

(Rj,af)(2) = Rj(xaf)(2)
. T — Y L
= C(g lim —L I _f(y)dy,j=1,d,z € 9,
( )EHO {yeQ:|z—y|>e} ‘CU - y|d+1 (
where xq(z) = 1 for z € Q and xq(z) = 0 for z € R?\Q is the characteristic function of the set
Q.

From the theory of singular integrals (see [15]) it is known that the Riesz transform is a
bounded operator in the space L,(Q2), p > 1, that is, if f € L,(2), then R; o(f) € L,(Q2) and
the inequality
(1.1) I1R;.0fllL, < CP ]I,

holds. In the case f € L;(Q2) only the weak inequality holds:

(12) iz €0 Ry )@ > A} < Sl
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The A-integral and Restricted Riesz Transform 105

where m stands for the Lebesgue measure, C (»), ¢ are constants independent of f. From the
inequalities (1.1), (1.2) it follows that the Riesz transform of the function f € L; () satisfies the
condition

m{z € Q: |(Rj of)(x)|>A} =0 (i\) ;A — Fo00.

Note that the Riesz transform of a function f € L;(Q2) is not Lebesgue integrable. In this
paper, we prove that the Riesz transform of a function f € L,(Q) is A-integrable on 2 and the
analogue of Riesz’s equality holds.

2. A -INTEGRAL

For a measurable complex function f(z) on domain 2 we set
[f(@)]n = [f(@)]" = f(z) for [f(x)] <n

[f (@) = nsgn f(z), [f(2)]" = 0 for [f(x)] >n, n €N,

where sgn z = z/|z| for z # 0 and sgn0 = 0.

In 1929, E.Titchmarsh [16] introduced the notions of @- and Q’-integrals of function, mea-
surable on 2.

Definition 2.1. If a finite limit hm fQ Jndz ( hm fQ x)|"dx, respectively) exists, then

[ is said to be Q-integrable (Q)’ -mtegmble respectlvely) on O, thatis f € Q(Q) (f € Q'(R)), and
the value of this limit is referred to as the Q-integral (Q)'-integral) of this function and is denoted

by
@ [ e (@) [ ).

In the same paper, E.Titchmarsh established that, when studying the properties of trigono-
metric series conjugate to Fourier series of Lebesgue integrable functions, )-integration leads
to a series of natural results. A very uncomfortable fact impeding the application of @)-integrals
and @Q'-integrals when studying diverse problems of function theory is the absence of the ad-
ditivity property, that is, the Q-integrability (Q’-integrability) of two functions does not imply
the Q-integrability (Q’-integrability) of their sum. If one adds the condition

(2.3) m{ze: f(x)|>)\}o<i\>,)\%+oo

to the definition of Q-integrability (Q’-integrability) of a function f, then the Q-integral and
Q’-integral coincide (Q(2) = Q'(©2)), and these integrals become additive.

Definition 2.2. If f € Q'(Q?) (or f € Q(f2)) and condition (2.3) holds, then f is said to be
A-integrable on Q, f € A (), and the limit hm fQ |ndz (or the limit hm fQ x)|"dz) is

denoted in this case by
(4) | flo)de

The properties of Q- and Q'-integrals were investigated in [2, 8, 9, 16, 17], and for the ap-
plications of A-, Q- and @'-integrals in the theory of functions of real and complex variables,
covering and flattering arguments, we refer the reader to [1, 2, 3, 4, 5, 6, 11, 12, 13, 14, 17, 18]
and references therein.
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3. A - INTEGRABILITY AND RIESZ’S EQUALITY FOR THE RIESZ TRANSFORM OF LEBESGUE
INTEGRABLE FUNCTIONS

From the properties of singular integrals it follows that (see [15]) if f € L,(Q2), p > 1 and
g€ Ly(),¢>1,1/p+1/g=1,then

[ a8 05 @)

= Cy lim // f(y)g(z)dydx
=0 {z,y€Q: |z—y|>c} |x*y|d+1

(3.4) / F(@)(R;. 0g)(z)da.

In this section, we prove that the Riesz transform of the function f € L({2) is A-integrable
on ) and the analogue of (3.1) holds.

Theorem 3.1. Let f € L,(Q2) and g(«) is a bounded function on 2 such that the (R; og)(z) is
also bounded on 2. Then the function g(z) - (R; of)(z) is A-integrable on 2 and the equation

(35) ) [ @) (Rynf)ads = [ )R 09) @)

holds.
Proof. Since the A-integral satisfies the additivity property, it can be assumed that the func-
tion f is real, f(x) > 0 for any z € ©, and

max{|g(z)l, |(Rj 9)(2)[} < 1.

For = ¢ Q, we assume that f(z) = 0.

Our proof will depend on a certain refinement of Besicovitch’s method [7] for a direct proof
of the existence of conjugate function (this method employs only the machinery of the theory
of sets of points). This method was improved by Titchmarsh [16] and Ul'yanov [17] for the
study of properties of the conjugate function. It is worth noting that Besicovitch-Titchmarsh-
Ul'yanov’s method is applicable only to functions of one real variable (because this method
relies on some facts that are valid only in one-dimensional case). For example, it depends on
the fact that any open set is a union of at most a countable number of intervals (to overcome
this difficulty, we used Vitali’s covering theorem). To make this method to work in the setting
of functions of several variables, we have slightly improved the construction.

Denote ®,,(z) = f(z) — [f(z)]". Then o, = [, @ (x)dz — 0 at n — co. Take n € N such that
an <1l.LetE,={zre€Q: f(z) >n}. Forany z € E,L,weset

1 7.‘.d/2 4

ry =sup{r >0: / ¢, (y)dy = = - =——1%-n}

if {r >0: [pom ®aly)dy = 3 - F(TiS/Z) rd.n} # 0, and r, = 0 otherwise, where B(z; r)
- open ball with center at  and with radius » > 0. Note that if € E,, is a Lebesgue point
of the function @, (x), then r, > 0 and, therefore, the set E,\E/, has a zero measure, where
E ={x€E,: r, >0}

Consider the system of sets { B(x; 7;) }zcp: . It follows from the covering theorem (see [10])
that there exists at most a countable points x;, € E,, k € I C N such that the balls B(zy; 72, ),

n’
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k € I are pairwise disjoint and
U B(z;ry) C U B(zg; 574, )-
zEE, kel

Denote

G1 = Blas5ra,)\ | Blaws ra,).
k>1

Gp = B(xp; 5r2,)\ UG U U (g; Ty, ) p=>2,pel

k>p
Then, the measurable sets G, p € I are pairwise disjoint, and

B(xp; re,) C Gp C B(xyp; 5ry,),p € 1,

E/ C U B(x; ry) C U Gp = U B(xp; 57a,)-

zeE, pel pel
Denote @7 (z) = #waGPCI) (y)dy for z € G, p € I and ®}(z) = 0 forz € R\ Y

Then for any p € I, we have

I)EI

(3.6) / D, (v)dx = / O (z)dx.
Gy Gy
Note that for any « € G,, p € I, the inequalities
1
0< @) (x g—/ @, (y)dy
) S B ) oy, Y
T(1+dp) 1792 5% 59n

wiPrd - 2T(L+dR) 2
hold. Denote L, = ¢ Gy, L}, = U,c; B(xp; 1074, ). Then
72 . 5dpd

xp 2
m<L")§Z T(1+dfR) — 5 Z/ vy

pel (T:D Ta‘p

2. 5 2.5,
< 5d Z/ dy < n Aén(y)dy = n y

pel Ipv"’np

2. 10%d 2. 1040,

3.7) m(Ly) < T(1+d2) - n

pel

Let T,, = Q\L!,. First we prove that the inequality

(3.8) / IR, o(®n — @) (2)|de < Ca - iy
Tn

holds, where C is a constant, independent of n. Denote
hn(2) = Rj o(®n — ®3,)(2).

For any z € T,, we have

|hn(2)] = Ca)

| e, - 2wy
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(3.9) <Cw Y,

pel

Tji—Yj Tji—Yj *
d P dy| .
/ |x — |d+1 ( ) Y — /Gp |£L' _ y|d+1 n(y) Yy

It follows from the integral mean value theorem that for any p € I there are points y® §®) ¢
B(xy; 574,), such that

Yj Lj— y(-p)
LTV g St A
/ |z — y|d+T P, (y)dy = 2 — ) [ /Gp P (y)dy,
~(p)
x i —Yj x
/ g Y = o /G @5 (y)dy.
Then from (3.6) and (3.9), we obtain that
_ y](p) e g](p)
YO [ o[

(3.10) |hn(@)] < Ca) Z
pel

: /G ) @, (y)dy.

Since for any y, § € B(z,; 57,,) and x € T),, the inequality
Ti—Yi Ti—yj
[z =y e — gl

(3 = 95) Dl = 919" = Jo = yI**) = (g5 = ) - o = "]
o=y o = g

<

~ d ~ _ ~
lz; — sl - Nle — gl — |l —yll - Yp_olz —glF - |z —yl| ’“+ ly; —

< = =
- |z — y|¢Ht - |z — gloH |z — g4t
(d+1)-10r,, - 240 107, - 2470 10(d +2) - 27 ry,
- |z — xp |4 | — apldtt v — ap |4t

holds, then it follows from (3.10) that

10(d+2) - 24 .y
(@) < € Y- 2 e [ e ay

pel I3

10(d+2) -2 ., 1 md/2
< C(d) Z d+1 ok (7 : Tg ’ n)
vy |z — 2, 2 T(1+df2) *
d+1
=Csm Z|$_x|d+1’
pel

[((d+1)/2)-10(d+2)-2¢
T2 T(1+d/2)

dx
/T\ (@)|dz < Cs nzrdﬂ/ S

n pel Tn |£L'—.’Ep|

SC’3-n~Z7‘g:1/ dx

_ d+1
pel {z€R: |z —zp|>1074, } |£C xp|

where C3 = . From this, we get that
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_ Cg . Td—i—l . 2ﬂ_d/2 /+OO % _ 037Td/2 . Zrd
' " T(dfR) Joy,, 17 ST(dPR) =

O 20, T(1+df2) Csd
T50(dpR) " n | @R 5 O™
That is, inequality (3.8) is satisfied.
We represent the function f(x) in the form

pel

(3.11) f@) = [f(@)]" + @5 (2) + [®n — D7 ](2).
Let us prove that the equality
(3.12) Jim . 9(x) (R af)(x / f(@)(Rj 09)(

holds. Consider the integral

/T 9(2)(R;, 0 f) (2)da
- /T @Ry, alfI") (@) + (B; a®%) (@) + R a(®, — &%) (x)}da

:/ g(x)(Rj,n[ﬂ")(x)de/ 9(x)(Rj, o®;)(z)dz
Tn

Tn

(313) +/ g(x)RLQ((I’n — @Z)(m)dw =51+ .5 + S;3.
T,

n

By (3.4) for square integrable functions, we obtain

S, = /T (@) (R 1)) )

—/g(w)(Rj,sz[f]”)(fv)dﬂf—/ 9(x)(Rj,olf1")(x)dz
Q L!

n

. / @) (Ry,00) (2)da — / o(0)(R;, alfI")@)dz = 8O + 52,
Q L,

Since

5(2’||/ dx</| alf]™) (z)|da

then it follows from (3.7) that

lim S; = — lim [f (@)™ (R, 09)(z)dx

n—oo n—oo Q

(3.14) / f(@)(Rj,09)(

109
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For the integral Sy, we also have
Sy = /T g9(x)(Rj ;) (z)dx
- [ s w0t @it~ [ ) ) )
[ B F0a) @i~ [ a(@)B; a0 (e = 55+ 5.

r,
The following estimations are valid.

591 = | [ #30)(Ry n)@)de| < [ 197,0)(B; 00)(@)ldo
g/Q(I);(:c)dz:/Qq)n(x)dz:an,
51 =| [ s a®)@da| < [ I(Ry00;)(@)lds

12 12
< |mie) [[(Ram ] <0 i) [ @52
Q Q
12 12
<c® [52” m(L)) - / @;(I)dl‘] =Cc® {5271 m(L.,) - an] .
Q

Then it follows from (3.7) that
(3.15) lim S = 0.

n—oQ

To estimate the integral S5, we need to apply the inequality (3.8):

15 = \/T 9(2) Ry o (@, — %) (2) do
< /T o) By (B~ @) ()] do

< / |R;. 0 (@, — ®}) (z)| dx < Cs - aup,.
Tn

This implies the equality
(3.16) lim S3 =0.

n—oo

From the equalities (3.13), (3.14), (3.15) and (3.16), we obtain the equality (3.12). It remains
to prove the equality

(3.17) (4 >/ o) (Ry o f)(2)dz = hm/ (R, of)(2)de

Consider the difference of integrals

/ g(w)(Rj,Qf)(x)dw*/[g(x)(Rj,szf)(w)]”dﬂf
T,

Q

— [ @Ry af) (o) dot

n
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(3.18) / {o(2)(Bj o) (@) = l9(2) (R o) (@)]" o = SO + §@
From the inequality |S™")| < n - m(L/,), it follows that
(3.19) lim S0 =0
n—oo

Denote 0, = {x € Q: [g(z)(R;,of)(x)| > n}. Since
m{z € Q: [(Rj of)(x)|>n}=0 (Tll) , 0 — 00,
then m(c,,) = 0 (%), n — oo. Using (3.8) and (3.11), we obtain

15@)] < /T ) (o )

s/ (Baha |dx</| ol (@)ldz

n

/| R; 0®?) |dx+/ IRy 0@, — ) (2)]dz

< |mion- [ <Rj,g[f1">2<z>d4 -
+mo) - [ (0952w ",
< |mlon)- [ (@) -

+ea {m(an). /Q (@;(x))‘zdx] 1/2+C-an

< e [n.m(an)./Qf(:f)dgcr/2

5dn 1/2
+eo {2 -m(oy) - / @:L(x)dx] +C - ay.
Q
It follows that
(3.20) lim S@ =o0.
n—roo

From the equalities (3.18), (3.19) and (3.20), we obtain the equality (3.17). Theorem 3.1 is proved.
Acknowledgments

The authors are very grateful to the referees for many useful comments and suggestions that
improved the original manuscript.



112 Rashid A. Aliev and Khanim I. Nebiyeva

REFERENCES

[1] A.B. Aleksandrov: A-integrability of the boundary values of harmonic functions. Math. Notes 30(1) (1981), 515-523.
[2] R. A. Aliev: N *-integrals and boundary values of Cauchy-type integrals of finite measures. Sbornik: Mathematics 205(7)
(2014), 913-935.
[3] R. A. Aliev: On properties of Hilbert transform of finite complex measures. Complex Analysis and Operator Theory
10(1) (2016), 171-185.
[4] R. A. Aliev: Riesz’s equality for the Hilbert transform of the finite complex measures. Azerb. J. Math. 6(1) (2016), 126-135.
[5] R. A. Aliev: Representability of Cauchy-type integrals of finite complex measures on the real axis in terms of their boundary
values. Complex Variables and Elliptic Equations 62(4) (2017), 536-553.
[6] R. A. Aliev, K. I. Nebiyeva: The A-integral and Restricted Complex Riesz Transform. Azerbaijan Journal of Mathe-
y 8 P )
matics 10(1) (2020), 209-221.
[7]1 A.S. Besicovitch: On a general metric property of summable functions. J. London Math. Soc. 1(2) (1926), 120-128.
[8] M. P. Efimova: On the properties of the Q-integral. Math. Notes 90(3-4) (2011), 322-332.
[9] M. P. Efimova: The sufficient condition for integrability of a generalized Q-integral and points of integrability. Moscow
Univ. Math. Bull. 70(4) (2015), 181-184.
[10] L. C. Evans, R. E Gariepy: Measure theory and fine properties of functions. CRC Press, Boca Raton (1992).
Py Y prop
[11] M. A. Ragusa: Elliptic boundary value problem in Vanishing Mean Oscillation hypothesis. Comment. Math. Univ.
Carolin 40(4) (1999), 651-663.
[12] M. A. Ragusa: Necessary and sufficient condition fora VMO function. Applied Mathematics and Computation 218(24)
(2012), 11952-11958.
[13] T.S. Salimov: The A-integral and boundary values of analytic functions. Math. USSR-Sbornik 64(1) (1989), 23—40.
[14] V. A. Skvortsov: A-integrable martingale sequences and Walsh series. Izvestia: Math. 65(3) (2001), 607-616.
8 g q
[15] E. M. Stein: Singular Integrals and Differentiability Properties of Functions. Princeton University Press, Princeton
8 8 Yy Frop ty
(1970).
[16] E. C. Titchmarsh: On conjugate functions. Proc. London Math. Soc. 9 (1929), 49-80.
Jug
[17] P. L. Ul'yanov: The A-integral and conjugate functions. Mathematics, vol.7 (1956), Uch. Zap. Mosk. Gos. Univ. 181,
139-157, (in Russian).
[18] P. L. Ul'yanov: Integrals of Cauchy type. Twelve Papers on Approximations and Integrals. Amer. Math. Soc. Trans.
2(44) (1965), 129-150.

BAKU STATE UNIVERSITY,

BAKU, AZERBAIJAN,

INSTITUTE OF MATHEMATICS AND MECHANICS,
NAS OF AZERBAIJAN, BAKU, AZERBAIJAN
ORCID: 0000-0003-1709-902X

E-mail address: aliyevrashid@mail.ru

KHAZAR UNIVERSITY,

BAKU, AZERBAIJAN

ORCID: 0000-0001-8412-7305

E-mail address: xanim.nebiyeva@gmail.com



CONSTRUCTIVE MATHEMATICAL ANALYSIS
3 (2020), No. 3, pp. 113-115
http://dergipark.gov.tr/en/pub/cma
ISSN 2651 - 2939 coTEEEe A

Ty
>

Research Article

Ulam Stability in Real Inner-Product Spaces

ALEXANDRA MADUTA AND BIANCA MOSNEGUTU*

ABSTRACT. Roughly speaking an equation is called Ulam stable if near each approximate solution of the equation
there exists an exact solution. In this paper, we prove that Cauchy-Schwarz equation, Orthogonality equation and
Gram equation are Ulam stable.

Keywords: Ulam stability, inner-product space.

2010 Mathematics Subject Classification: 39B72, 39B82.

1. INTRODUCTION

This paper is concerned with the Ulam stability of some classical equations arising in the
context of inner-product spaces. For the general notion of Ulam stability see, e.q., [1]. Roughly
speaking an equation is called Ulam stable if near every approximate solution there exists an
exact solution; the precise meaning in each case presented in this paper is described in three
theorems. Related results can be found in [2, 3, 4]. See also [5] for some inequalities in inner
product spaces.

2. THE CAUCHY-SCHWARZ EQUATION

Let (V, (-|-)) be a real inner-product space. Consider the Cauchy-Schwarz equation, i.e.,
2.1) ] 1yll* = (x]y)* = 0.
The set of its solutions is
(2.2) S ={(z,y) € V*:x,y are linearly dependent vectors}.
Theorem 2.1. Let ¢ > 0 and (u,v) € V? an approximate solution of (2.1), i.e.,
(2.3) [ul*[oll* = (ulv)* < e.
Then there exists an exact solution (x,y) € S such that
(2.4) lu— a2 + flo — ylI? < V=

Proof. If uw and v are linearly dependent, then it suffices to take z = u,y = v. So, let v and v be
linearly independent. Then u # 0, v # 0; suppose that ||v|| < ||u|| and let w; := u + tv,t € R.
Then w; # 0,t € R; let z; := wi/||w| and Wy := Span{z:}. Let z; := pry,u and y: := prw,v
be the orthogonal projections of u, respectively v, on W;. Then z; and y, are linearly dependent

Received: 27.06.2020; Accepted: 05.08.2020; Published Online: 16.08.2020
*Corresponding author: Bianca Mosnegutu; Bianca.Mosnegutu@math.utcluj.ro
DOI: 10.33205/cma.758854
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114 Alexandra Maduta, Bianca Mosnegutu

vectors, i.e., (z4,y;) € V2 is a solution of (2.1). Moreover, ||u—z;||? +||[v—y:]|? = [Jul|? — (u]z)? +
lv]|? = (v]2)?. Let a := (v|v), b := (ulv),c:= (u|u). Then

(2.5) ac—b*>0;0<a<ec.

We have

2.6) =l + o — well? = e+ a — (ulz0)? = (v]20)?
and

1= (1) 1= (ulz)? + (v]z)? = "+ Olw)® _ (e + )" + (b +ta)”
: : t t ||wt||2 ||wt||2 )

so that
(a? + b*)t? + 2b(a + c)t + b + ¢?
at? +2bt +c '

It follows that
(a® +b* —as)t> +2b(a+c— s)t +b* + ¢ —cs =0,
which entails
(2.7) b (a+c—s)?—(a® +b> —as)(b® +c* —cs) > 0.
From (2.5) and (2.7), we deduce
s — (a+c)s+ac—b* <0.

Let 51 and s, be the roots of the corresponding equation, i.e.,

a+c—+/(a—c)?+4b? a+c++/(a—c)? + 4b?
So = .
2 ’ 2
Then s, < s(t) < s, for allt € R. By using (2.5), it is easy to prove that there exists 7 € R such

that s(7) = s2. Now,

S1 =

a+c+y/(a—c)>+4b2
5 =

lu—az: | +||v—2,>=a+c—s(r)=a+c—sy=a+c—

a+c—+/(a—c)?+ 4b2
- =PI < Vae— 8 = VTPl — (o)
Combined with (2.3), this gives (2.4) and the proof is finished.

3. THE ORTHOGONALITY EQUATION
Consider the orthogonality equation (z|y) = 0.

Theorem 3.2. Let e > 0and (u,v) € V? such that ||u|| = ||v|]| = 1 and |(u|v)| < e. Then, there exists
(2,y) € V2 such that |lz]| = [}yl = 1, (]y) = 0 and

(3.8) lu =) + Jlo = y|* < (4 - 2V2)e.

Proof. (i) Let (u|v) > 0. Choose w € Span{u, v}, |w| =1, (w|u) = 0. Then v = ucosa + wsin o,
for a suitable o € [0, ). Define z; := ucost — wsint,y, := usint + wcost,t € R. Then ||z¢|| =
L llyell = 1, (me]ye) = 0,and |Ju — 24|12 + ||v — ye||? = [|(1 — cost)u + wsint||* + ||(cos a — sin t)u +
(sina—cost)w||? = (1 —cost)?+sin t+ (cos a—sint)? + (sin a—cos t)> = 4—2((1+sin o) cos t +
cosasint). Clearly (1 4 sin ) cost + cosasint < /24 2sina, t € R. Choose 7 € R such that

(1+sina)cosT + cosasinT =2+ 2sina.
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Then

3.9) u— 2> 4 |v — y-||? = 4 — 2v/2V/1 F sina.

Now consider the function f(a) = (4 — 2v/2) cosa — 4 + 2v/2y/1 + sina, a € [0, J]. It is easy to
verify that f(0) = f(4) = 0 and there exists 0 < 8 < I such that f is increasing on [0, 5] and
decreasing on £, %] It follows that f(a) > 0,«a € [0, %], combined with (3.9), this yields

(3.10) u— x> 4 Jv — yr||? < (4 — 2V2) cos .

On the other hand, cosa = (u|v) < ¢, and so (3.8) is a consequence of (3.10).
(i) If (u|v) < 0, it suffices to use the proof of (i) with v replaced by —v. Thus, the theorem is
proved.
([l

4. THE GRAM EQUATION

Denote by G(u1, ..., Um) the Gram determinant of the vectors uy, ..., um, € V. Letvy,...,v, € V

be linearly independent vectors. Consider the equation
(4.11) G(z,v1,...,un) = 0.
Theorem 4.3. Let ¢ > 0and u € V such that

G(u,v1, ..., ) < e.
Then, there exists x € V which satisfy (4.11) and

1
Ju—z| < N RS Ve.

Proof. Let W = Span{vi,...,v,} and = := pryyu. Then © € W and therefore it satisfies (4.11).
Moreover,

G ey Un 1
=] = | S o0 O) VE
G(’U],...,Un) G('Ul,...,'Un)
O
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ABSTRACT. The purpose of the paper called “A new class of Kantorovich-type operators”, as the title says, is to
introduce a new class of Kantorovich-type operators with the property that the test functions e1 and ez are reproduced.
Furthermore, in our approach, an asymptotic type convergence theorem, a Voronovskaja type theorem and two error
approximation theorems are given. As a conclusion, we make a comparison between the classical Kantorovich opera-
tors and the new class of Kantorovich - type operators.
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1. INTRODUCTION

Let N be the set of positive integers and Ny = N U {0}. We denote by e; the monomial of j
degree, j € Ny, L1([0,1]) = {f|f : [0,1] — R and f integrable Lebesgue on [0, 1]}.

In 1930, L. Kantorovich [7] constructed and studied the linear positive operators K,
Lq([0,1]) — C([0, 1]), defined for any f € L1([0,1]), z € [0,1] and m € N by

k+1

1) ) =m+ DY (a1 -0 [ pioar

k
k=0 m+1

The operators (1.1) are known as Kantorovich operators and they preserve the test function
eo. Following the ideas from [3]-[6], in this paper we introduce a general class which preserves
the test functions e; and e;. For our operators a convergence theorem, a Voronovskaja-type
theorem and two error approximation theorems are obtained.

The paper is organized as follows: in Section 2 we introduce some preliminary notions
which we will use in the construction of the new type of Kantorovich operators, in Section 3
we will construct the new operators and in Section 4 we give an asymptotic type convergence
theorem, a Voronovskaja type theorem, two error approximation theorems and a comparison
between the classical Kantorovich operators and the new one.
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2. PRELIMINARIES

In this section, we recall some notions and results which we will use in what follows. We
consider I, J real intervals with the property I N .J # 0, let E(I), F(J) be certain subsets of the
space of all real functions defined on I, respectively J,

B(I)=A{f|f: I =R, f bounded on I},

C(I) ={f|f:I—R,f continuous on I}
and
Cp(I)=B(I)nC(I).

For z € I, we consider the function ¢, : I — R,9,(t) = ¢t —z,t € I. For any m € N,
we consider the functions ¢, : J — R, with the property ¢, x(z) > 0, forany « € J, k €
{0,1,...,m} and the linear positive functionals A,, , : E(I) - R, k € {0,1,...,m}. Form € N,
we define the operators L,, : E(I) — F(J) by

m

2.1 (me)(x) = Z Spm,k(x)Am,k(f)'
k=0

Remark 2.1. The operators (L., )men are linear and positive on E(I N J).
Forany f € E(I),z € INJ and for i € Ny, we define T}, ; by

m

(2.2) (Tm,iLm)(x) = ml(Lmz/);)(x) =m' Z @m,k(x)Am7k(w;)'
k=0

In the following, let s be a fixed even natural number and we suppose that the operators
(L )men verifies the following conditions:
there exists the smallest a5, a512 € [0, 00) such that

(T, L) ()

(2.3) lim = Bj(z) €R,
m—>oo mi

foranyx € INJ,j € {s,s+ 2} and

(2.4) Qsto < 05+ 2.

If I ¢ Risagiven interval and f € Cg(I), then the first order modulus of smoothness of f
is the function wq (f;-) : [0, +00) — R defined for any § > 0 by w1 (f, ) = sup{|f(z’) — f(z")] :
' x" el,|x’ —a"| <6}

Theorem 2.1. ([8]) Let f : I — R be a function. If x € I N J and f is s times derivable function on
I, the function f (8) is continuous on I, then

5 (g
25) tim = (L)) =3 L, 1)) =0
i=0 .

m—»00 m

If f is a s times differentiable function on I, the function f*) is continuous on I and there exists
m(s) € Nand k; € R such that for any natural number m > m(s) and for any x € I N J we have

T il (x
(2.6) % < kj,
where j € {s, s + 2}, then the convergence given in (2.5) is uniformly on I N J and
| *LF(e
@7) = L)) - 3, L) @
=0 ’
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1 1
< = (s).
=4l (ks + ks+2)w1 (f ’ /7m2+055—0ts+2)
forany x € INJand m > m(s).
Let ¢, be defined by
(2.8) wi(t) =t —z|,tel,z el

Theorem 2.2. [9] Let L : C(I) — B(I) be a linear positive operator. Let o, be defined by (2.8).
(i) If f € C(I), then for every x € I and 6 > 0, one has

(L) (@) = f@)] < [f(@)][(Leo)(x) — 1
+ ((Leo)(@) + 07/ (Leo)(@) - (Le2) (@) ) wn (f39).
(it) If f is differentiable on I and f" € Cg(I), then for every x € I and 6 > 0, one has
[(Lf) (@) = f(@)] < [f(@)][(Leo)(w) = 1| + | f(2)[[(Ler) () — z(Leo) ()]
+V(LeD)(@) (VLeo) (@) + 671 LZ) (@) wr ('59).

3. A NEW CLASS OF KANTOROVICH-TYPE OPERATORS

Let ay,, by, : J — R be functions such that a,,(z) > 0, b,,(x) > 0 forany z € J and m € Ny,
where J and N; C N will be determined later. We define the operators of the following form

m k+1

nf)(x) = (m " U (2))F (b ()™ " "
6. (5w = 03 (3 Yam) )™ [ s
forany z € J,m € Ny and f € L1([0,1]). Then, we get
(32) (Kpe0)(@) = (am (@) + b(2))™,
* - met, 1 A (T z))"
and
* _ m(m _ 1) 2 m—2
(K ye2)(z) = Wa’m(x) (am () + b (2))
2m m—1
(34) + mam(x) (am(x) + bm(x))
1 m

+ 3o 177 @ @) + bn (@)

forany z € Jand m € Ny.
In what follows, we impose the additional condition to be fulfilled by our operators

(3.5) (Kreo0)(@) =14 up(x),
where x € J,m € Ny and u,,, : J — R.

Remark 3.1. We want that K\,,m € Ny be positive operators, then from (K}, eq) > 0 and (3.5), we
have

(3.6) 1+ um(z) >0,z € J,me Ny.
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We will show in Lemma 3.3 that 1 + w,,(z) > 0,z € J,m € Ny. From (3.2), we get

(3.7) (am(x) + b ()" =1+ up(x),z € J,m € Ny,

from where

(3.8) am () + b (z) = (1 + upm (), 2 € J,m € Ny.
The next conditions will be read as follows

(3.9) (KZen)(a) = o

and

(3.10) (K} e)(z) = 22

forany x € Jand m € Ny.
From (3.3), (3.8) and (3.9), we get

(311) n) = L1 0) 7 (0= gL ).

zeJ,meN;.
From (3.8) and (3.11) we obtain

b () =(1+ 1 (2)) <1_ mtl L

m 14 um(z)

<x _ ma +um(x)))> ,
xz € J,meNj.

Because a,,,(z) > 0,b,,(z) > 0,z € J,m € Ny, from (3.7), (3.11) and (3.12) we get

(3.12)

1
xr — m(l + Um(lf)) >0

and
m+1 1

m 1+ um(z) (x— 2(m+1)
xz € J,m € Ny, from where we obtain
2(m +1)
om+1

1—

( +um<x>>) >0,

(3.13) 1 <up(x) <2(m+1l)z—1,

z € Jm e Ny.
From (3.4), (3.8), (3.10) and (3.11) it follows

(—=5m — 3)u?, (x)+

(—12m(m + 1)%2% + 12(m + 1)%z — 2(5m + 3))um (z)+
(—12(m + 1)%2% + 12(m + 1)%z — (5m + 3)) = 0.

The relation (3.14) is an equation in u,, (x) with the discriminant

(3.15) A (z) = 48(m + 1)%22 (3(m +1)%(ma — 1)% + (5m + 3)(m — 1)).

(3.14)

The discriminant A, (z), after some calculation, has the following form

(3.16)  Ap(x) = (12m(m +1)%2 — 12(m + 1)2:;;)2 +A(5m + 3)12(m + 1)%2%(m — 1),

so for z # 0 and m € N we obtain that A,,(z) > 0.
Then, in the above conditions, we have the solutions of the equation (3.14)

119
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~ —6m(m+1)%2? + 6(m + 1)z — (5m + 3)

317) tm1 (%) = 5m + 3
2(m + D)a/9(m + 1)2(mx — 1)2 + 3(5m + 3)(m — 1)
a 5m + 3
and
—6m(m +1)%222 + 6(m + 1)%x — (5m + 3)
UM,Q(x) =
(3.18) om + 3
2(m + 1)a/9(m + 1)2(mx — 1)2 + 3(5m + 3)(m — 1)
+ om + 3
forany x € J, m € Ny.
For wm 1(z), we have mli_]f}nOO U, 1(x) = —oo then uy, 1 (x) does not satisfy the relation (3.6),

so from the relation (3.18) follows that u,, (z) = um_2(z).

Lemma 3.1. The relation (3.13) happens for any x € J,m € Ny if and only if
2(3m? +3m + 1)

1 < .
(3-19) 3m+1) — = 3m+1)Em+1)
Proof. After some calculation, it follows from the relations (3.13) and (3.18). |
Remark 3.2. (i) The following inequalities state
2
3(m+1) >0

and

2(3m? +3m + 1) <1

3(m+1)(2m+1)
form e N.

2(3m?4+3m+1)

is decreasing and the sequence (m

.o 2 . . .
(ii) The sequence (W) en ) e S increasing.
(iii) From (ii), the following relations state

2 1
- <
3(m+1)~ 3
and
7 _ 2Bm* +3m+1)
9 = 3(m+1)(2m+1)
S

(iv) From (3.19) and (iii) follows & < x < &, so the operators K, are positive for m € N.
2

() If ¢ € (0,3%), because mli_n}m e
ﬁ < ¢, forany m € Nand m > m(c).

. 2(3m? +3m + 1)
7 .
(vi) If d € (§,1), because lim 3m+ D@m 1 1)
!m2 3m
that d < %,for any m € Nand m > m(d).
(vii) Let Ny = {m € N | m > max(m(c), m(d)) = m(c,d)}.

,méeN.

= 0 it follows that there exists m(c) € N such that

= 1 follows that there exists m(d) € N such

Lemma 3.2. If0 < ¢ < d < 1, then exists m(c,d) € N such that the operators K, are positive on
[c,d], for m € N,m > m(c,d).
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Proof. It follows from Lemma 3.1 and Remark 3.2. O

Lemma 3.3. The inequality

(3.20) 1+ up(z) >0

holds for any = € [c, d] and m € N;.

Proof. We take into account the relation (3.18). O
Let c and d be real numbers with 0 < ¢ < d < 1,then I =[0,1], J = [¢,d],

P () = (m+ 1) (1 + um(x))' "

« (m;; ! (:v _ 2(m1+ 5 —i—um(x))))k

(1 ity et “m“))))m

and

f € Li([0,1]), x € [¢,d],m € Ny.
Then the operators (3.1) become

(K5 f)(x) = (m+1) i< )1+um (z))t*

x (mntl (x— 2(m1+ 1)(1+um(x))>)k

(- (-t ee)

(3.21)

x € [c,d],m € Ny.

Lemma 3.4. For z € [c,d] and m € Ny, the following identities

(3.22) (T oK) (2) = 1 4 um (2),
(3.23) (T 1K) (z) = —maup(x),
(3.24) (T2 K35 (2) = m2a?u,, (x)
hold.
Proof. We take (2.2), (3.9) and (3.10) into account. |
Lemma 3.5. For z € [c,d], m € Ny, m > m,, m, = max (m(0), m(2)), we have
ap =0, as =1,
By(z) =1, By(x) = (1 — x),

1
k'():l, kQZZ
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Proof. We have that
(T 0 K50) () = 1+ um (),
then i
g (oK)
m—> 00 m
so from relations (2.3), (2.4) and (2.6) we get a9 = 0,Bp(z) = 1 and ko = 1 for x € [e,d],
m € Np,m > m(0).

=1

)

We have that
(T oK) () = m2x2um(a:).
Because )
lim  mm, (z) = — x,
m—>00 X
we obtain S
lim (7”»2717")(33) =z(1 —2).
m—r00 m
Then from relations (2.3), (2.4) and (2.6), we get az = 1, Bs(z) = x(1 — z) and ks = 1 for
z € [¢,d], m € Ny,m > m(2). O

4. PROPERTIES FOR THE NEW CLASS OF KANTOROVICH TYPE OPERATORS

In this section, we present some properties of the new class of Kantorovich type operators,
where ¢ and d are real fixed numbers, 0 < ¢ < d < 1.

Theorem 4.3. If f € C([0,1]), then

@ i (K3, 0)() = ()
uniformly on [c, d] and

¥ 5 1
42 (5.0 @) = 1@ < @] )]+ 5 - (522 ).

forany x € [c,d] and m € Ny.

Proof. From (2.7), for ag = 0, ap = 2, kg = 0 and ko = 1, we get

(i)

for any z € [c,d], m € Ny, m > m, which is equivalent with (4.2).

(4.3) (K (@) = (@) (1 + um(2))] <

= | Ot

O

Theorem 4.4. Let f : [0,1] — R be a function. If f is two times differentiable on [0, 1], the function
@) is continuous on [0,1] and = € [c, d), then

i m((K3 ) (@)~ f(@) =~ () + (@ - )FO)
(4.4) i z

TN ) £ (2)
+ = 3 (@),

forany x € [c,d], m € Ny.
Proof. Using the relation (2.5) and Lemma (3.1), the relation (4.4) follows. O
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The relation (4.4) is a Voronovskaja type theorem.
Theorem 4.5. If f € C([0, 1)), then
(4.5) (B, ) (@) = f@)] < |f(@)] - [um(2)] + 3 - wi(f;61)
forany x € [c,d], m € Ny, where 6, = \/@
Proof. Using Theorem 2.2 (i), from relation (3.2) for § = \/(K7,e0)(z) - (K7,¢2)(z), we have
(4.6) (B, ) (@) = f(@)] < |f(@)] - [um(2)] +3 - wi(f;61)

for any z € [c,d], m € N;.

1—
After some calculus, we get § = /(1 + u, (7)) - 22 - u, (2). Because h_r}n My, (z) = x,
m o0

T
L forany z € [c,d],m > m(1),m(1) €
Ni. Then § < /22 = §; and from (4.6) we obtain (4.5).
We observe that for the genuine Kantorovich operators we have the relation |(K,, f)(z) —

we have that there exists m(1) € N; such that u,,(z) <

f@) <2 -w ( f; N%H) and for our operators we have the relation (4.5) and if we make a

comparison between this two results, we remark that §; < N%H’ for any z € [c, h], m > m4,
m1 € Ny, where h is a real number that has the following properties:

()0<c<h<dandh< §;
(ii) there exists m(h) € N such that for any m > m(h), the inequality h < %ﬁ;ﬁ holds,
where §; < 2\/%4& is equivalent with x < %ﬁﬁ ;

(iii) my = mazx (m(c), m(h),m(d)),ml € Nj.
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