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Abstract

With the assistance of representative calculation programming, the present paper examines the careful voyaging
wave arrangements from the general (2+1)-dimensional nonlinear development conditions by utilizing the
Improved F-expansion strategy. As a result, the used technique is effectively utilized and recently delivered
some definite voyaging wave arrangements. The recently created arrangements have been communicated as far
as trigonometric and hyperbolic capacities. The created arrangements have been returned into their relating
condition with the guide of emblematic calculation programming Maple. Among the produced solutions, some
solutions have been visualized by 3D and 2D line graphs under the choice of suitable arbitrary parameters to
show their physical interpretation. The delivered arrangements show the intensity of the executed technique to
evaluate the accurate arrangements of the nonlinear (2+1)-dimensional nonlinear advancement conditions, which

are reasonably pertinent for using nonlinear science, scientific material science and designing. The Improved
F-expansion method is a reliable treatment for searching essential nonlinear waves that enrich a variety of
dynamic models that arise in engineering fields.

Keywords: The Improved F-expansion scheme, The general (2+1)-dimensional nonlinear evolution equation,
Traveling wave solutions, Soliton solution.
2010 AMS: Primary 35C07, 35C08

1. Introduction

As of late, nonlinear incomplete differential conditions (NPDEs) is comprehensively used to delineate various huge marvels and
dynamic methodology in various fields of science and designing, particularly in liquid mechanics, hydrodynamics, numerical
science, dissemination process, strong state material science, plasma material science, neural material science, substance energy
and geo-optical filaments. In this article, we will study the generalized (2+1)-dimensional nonlinear evolution equations in the
form

Uy + Uyxy + Qlilhyy + bty =0 (1.1)
Recently, some special cases of Eq. (1.1) have been studied by several authors[1]-[4]. When setting a =4 and b = 2, we get:

Uys + Uyrxy + duyltyy + 2uuy =0 (1.2)
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Eq. (1.2) known as the Calogero—Bogoyavlenskii—Schiff (CBS) equation with (2+1) dimensional.

where u = u(x,y,t) is used for brevity. In the article, subscript occurring with a term denotes its partial derivative with
respect to the subscript variable.in equ.(1.2) u; describes the time evolution of the wave, while the terms w1, and uu,, are
account for nonlinearity of the wave. The CBS equation has some physical situated history like it very well may be composed as
potential structure [5]. The CBS equation was at first built by Bogoyavlenskii and Schiff in different ways [6]-[9]. The ongoing
history of some past inquires about show that few powerful strategies for getting definite arrangements of the CBS condition
are contributed by a differing gathering of specialists over the globe [10]-[13], for instance, the periodic and soliton solutions of
the CBS equation were gotten by Gandarias et al.[10]. Its integrability has been demonstrated by Zhang et al.[11] and derived
also the symmetry reductions of the equation. Li and Chen [12] found the exact solutions by using the generalized Raccati
equation expansion method. Wang and Yang [13] employed the Hirota Bilinear strategy for construction of the quasi-periodic
wave solutions in terms of theta functions for a Hirota bilinear equation.
When setting a=-4 and b = -2, we get:

Uys ~+ Urxy — AUyllyy — Uttty = 0 (1.3)

Eq. (3) known as the breaking soliton equation with (2+1) dimensional.
When setting a=4 and b = 4, we get:

Uy + Uy + Attty + Attty =0 (1.4)

Eq. (4) known as the Bogoyavlenskii equation with (2+1) dimensional.

Numerous researchers arranged through nonlinear evolution equations (NEEs) to build voyaging wave arrangement by
executing a few techniques. The methods that are entrenched in ongoing writing, for example, the extended Kudryashov
method[14], the modified simple equation method [15], the new extended (G’ /G) expansion method [16]-[17], the Darboux
transformation [18], the trial solution method [19], the Exp-Function Method [20], the multiple simplest equation method [21],
exp(—0(&)) -expansion method [22]-[26], Pseudo parabolic model [27]-[29], Sine-Gordon expansion method[30], Complex
solitons in the conformable (2+1)-dimensional Ablowitz-Kaup-Newell-Segur equation [31], Modified auxiliary expansion
method [32], Method of line [33], Bernoulli sub-equation function method [34]-[35], The modified exponential function method
[36], Improved Bernoulli sub equation function method [37], Finite difference method [38] and so on.

The target of this article is to apply the Improved F-expansion technique to build the precise voyaging wave answers for
nonlinear advancement conditions in scientific material science by means of the generalized (2+1)-dimensional nonlinear
evolution equations.

The article is set up as pursues: In section 2, the Improved F-expansion scheme has been talked about. In segment 3, we
apply this plan to the nonlinear development conditions raised previously. In section 4, represents Results and Discussion, In
section and in section 5 ends are given.

2. Description of the Improved F-Expansion Method

In this segment, we portray in subtleties The Improved F-extension strategy technique for discovering traveling wave equations
of nonlinear equations. Any nonlinear condition in two free factors x and ¢ can be communicated in following structure:
Re(u,uy, Uy, Uysy Uy Ungoeneeen )=0 2.1

where, u(&) = u(x,t) is an unknown function, R is a polynomial of u(&) = u(x,#) and its partial derivatives in which the
highest order derivatives and nonlinear terms are included.
Step 1: The given PDE (2.1) can be changed into ODE utilizing the change & = x4 @t where @ is the speed of traveling wave
such that @ € R— {0}
The traveling wave change grants us to diminish Eq. (2.1) to the following ODE:

Rl oo )=0 2.2)

where R is a polynomial in u(&) and its derivatives, where u' (&) = g—g, (€)= %7 and so on.
step 2:Suppose the solution of Eq. (2.2) can be expressed by a polynomial in (&) :

N N ,
U=u()= ;}%’(W(é))@ ;ﬁj(lﬂ(é))ﬁ 2.3)
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where

(€)= (m+o()) (2.4)

Here oy or By may be zero, but both could not be zero simultaneously. ¢;(j =0,1,2---N),B;(j =1,2---N) and m are
constants to be determined later and (&) satisfies the ODE in form:

¢'(&)=K+9*&) (2.5)

We now present three cases of the general solutions of the Riccati Equation (2.5) (Cruz, Schuch, Castanos and Rosas-Ortiz,
2015).
Case-I: When K < 0, we get following hyperbolic solution

®(&) = —v/—Ktanh(v/—K&)
®(E) = —v/—Kcoth(v/—KE)

Case-II: When K > 0, we get following trigonometric solution

(&) = VK tan(VKE)
(&) = —VKcot(VKE)

Case-III: When K = 0, we get following solution

()= ¢

Step 3: The value of the positive integer N can be determined by balancing the highest order linear terms with nonlinear terms
of the highest order appearing in Eq. (2.2).
If the degree of u(§) is D [u(&)] = n, then the degree of the other expressions will be as follows:

D [dl;é(f)} =n+p, D [u"(%)x} =np+s(n+q)

Step 4: Substituting Eq. (2.3) along with Egs. (2.4) and (2.5) into Eq. (2.2), we obtain polynomials in (m+ ¢(&))” and
(m+ (p(é))fj ,(j=0,1, 2, --- N).Gathering every coefficient of the came about polynomials to zero, yields an over-decided
arrangement of arithmetical equations for a;, B j» @ and m.

Step 5: Assume the estimation of the constants can be gotten by fathoming the mathematical conditions got in step 4.
Substituting the estimations of the constants together with the arrangements of Eq. (2.5), we will acquire new and far reaching
precise traveling wave arrangements of the nonlinear development Eq. (2.1).

3. Application of the Method

In this section, we will exert the Improved F-expansion method to solve the equation (1.1).Now Using the traveling wave
variable £ = x+y — @t and integrating with respect to & reduces Eq. (1.1) to the following ordinary differential equation for

u=u(g).
o+ (T’) ()2 +u" =0 3.1

Where, primes denote the differentiation with regard to & By balancing u”’ and («/ )2 we obtain N = 1.Therefore the Improve
F-expansion method admits to solution of (2.1) in the form

U(x,y,1) = g+ 0 (m+ (&) + i (m+ (&))" (3.2)

Now, substituting Eq. (3.2) into Eq. (3.1), and equating the coefficients of the powers ¢ (&) then we obtain a system of algebraic
equations. Solving this system of equations for oy, o, B1,m and @ we obtain the following set values:



Exact Travelling Wave Solutions of the Nonlinear Evolution Equations by Improved F-Expansion in Mathematical

2
Set-1: m=m,w = —4K,0p = 0, 0y =0, 3 = 12(Z1+:K)
Set-2: m=m,0=—4K, 0p = Qp, 0 = _%,ﬁl =0.

12 _ 12K

Set-3: m = 0,0 = —16K, 0t = 0, 1 = — 75, B = ;35

Case-I: When K < 0, we get following hyperbolic solution

Family-1
- 12 (m? +K)
Ui (x,y,1) = 0o+ (a+D) (m— \/jtanh(\/jé))
12 (m* + K)

Uz (x3,1) = 0o+ (a+D) (m— \/jcoth(\/jé))

where, ® = —4K and £ =x+y— t.

Family-2
Us (eont) = o — 12 (m— \/_(ff;)h(\/jé))
Us (et) = ap— 1207 \/ffz)h(\/jg))
where, ® = —4K and £ = x+y— ot.
Family-3
B 12y/—Ktanh(y/—K&) 12K
Us (i) = oot (a+b) " (a+b)v—Ktanh(y—KE)
_ 12y/—Kcoth(v/—KE&) 12K
Us (x,3,1) = 0o + (a+b) " (a+b)vV—Kcoth(v—KE)

where, ® = —16K and £ =x+y— 0t.
Case-II: When K > 0, we get following trigonometric solution

Family-4
- 12 (m? +K)
Vet = ot s VR an(VKE))
12 (m? +K)

Us (x,y,t) = oo+ (a+b) (m_\/]?cot(\/l?g))

where, ® = —4K and £ =x+y— ot.

Family-5
U (eoyt) = g — 207 zﬁtzl;(\/fé))
Ui (eyot) = ot — 201 forcz)t(\/m))
where, ® = —4K and £ = x+y— ot.
Family-6
B 12v/K tan(v/KE) 12K
Uiy (x,y,t) = otg + ) +(a+b)\/l?tan(\/l?§)
12K cot(vVKE) B 12K

Una (ent) = G0 e () VR eot(VEE)

Physics — 118/123
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where, ® = —16K and £ =x+y— wt.
Case-III: When K = 0, we get following rational solution

Family-7
12(m*+ K
Uns (xon) = o+ — 2 )
(a+@(m—%)
where, ® = —4K and £ = x+y— ot.
Family-8
2o
Uis (xv.Yat) =00 ———F 5~

(a+D)

where, ® = —4K and £ =x+y— 0t.
Family-9

Uns (ent) — o 412 12KS
1SN =0T TTNE T (atb)

where, ® = —16K and £ =x+y— wt.
4. Results and Discussion
Around there, we will discuss the physical depiction of the procured careful and singular wave answer for the general

(2+1)-dimensional nonlinear advancement condition. We address these arrangements in graphical and check about the
kind of arrangement. Presently we pictorial some get arrangements acknowledge by applied techniques for the general

(2+1)-dimensional nonlinear advancement condition.
gt

U lx, 1)

s
lovaa by

™
n

!u
b B e T A

Figure 4.1. Kink Shape of Uy (&) forap = —2,a=2,b=3,m=2,K = —.33,y =2 within —10 < x, < 10. The left-sided
figure shows the 3D plot and the right-sided figure shows the 2D plot for t =0
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Figure 4.2. Kink Shape of U3 (§) for ag = —2,a=2,b=3,m =2,K = —.33,y = 2 within —10 < x,# < 10. The left-sided
figure shows the 3D plot and the right-sided figure shows the 2D plot for t =0

Figure 4.3. Kink Shape of U(§) forag = —2,a=2,b=1,m= —2,K = —2,y = 0 within —10 < x,z < 10.
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U, lx1)

Figure 4.4. Singular Kink Shape of Uy (§) for ag = —2,a =2,b=3,m = 2,K = —.33,y = 2 within —10 < x,7 < 10. The
left-sided figure shows the 3D plot and the right-sided figure shows the 2D plot for r = 0

Figure 4.5. Periodic N soliton Shape of U7(§) forap =2,a=2,b=3,m=2,K = .3,y = 0 within —10 < x,# < 10. The
left-sided figure shows the 3D plot and the right-sided figure shows the 2D plot for t = 0

5. Conclusion

In this segment, we have seen that two kinds of traveling wave arrangements as far as hyperbolic and trigonometric capacities
for the general (2+1)-dimensional nonlinear evolution equation is effectively discovered by utilizing the Improved F-expansion
method. From our outcomes got in this paper, we finish up the Improved F-expansion scheme strategy is amazing, powerful
and helpful. The exhibition of this technique is dependable, basic and gives numerous new arrangements. Likewise, the
arrangements of the proposed nonlinear development conditions in this paper have numerous potential applications in atomic
and molecule material science. At long last, this technique gives a ground-breaking scientific instrument to get increasingly
broad accurate arrangements of a large number of nonlinear PDEs in numerical material science.
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The aim of the present paper is to introduce a class X;,(G,H, 7,c) of meromorphic univalent functions in £ = {0 <
|z| < 1} and investigate coefficient estimates, distortion properties and radius of convexity estimates for this class.
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1. Introduction

Let ¥ symbolized the class of analytic functions, which are with a simple pole at the origin with residue 1 of the form in the
punctured unit disc E = {z: 0 < |z| < 1} and of the form

flz)= %-i- ianz”. (1.1)
n=1

Let X;,X*(a) and X4 (o) be the subclass of ¥ consisting of univalent, meromorphically starlike of order o and meromorphi-
cally convex functions of o, 0 < o < 1 respectively.
A function given by (1.1) is in the £*( )

2f'(2)
= EK{— i }>a(zeE) (1.2)
and f € ()
(I1+zf"(2))
& %{—W}>a7 (z€E). (1.3)

Recent years, many authors investigated the subcalss of meromorphic functions with positive coefficients (see [1, 2, 3, 4, 5].
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Let X, denote the class of functions of the form
| =
flz) = o+ Y a2, (a,>0) (1.4)
n=1

that are analytic and univalent in E.
We recall here the generalized Bessel function of first kind of order v (see [6]), denoted by

(_c)”’ 7\ 2n+y
w(z) = ,;)m( ) (zeU)

(where I" stands for the Gamma Euler function) which is the particular solution of the second order linear homogeneous
differential equation (see, for details, [7] )

2W'(2) +baw (2) +[e” — ¥ + (1 =b)¥lw(z) =0,

where ¢,y,b € C.
We introduce the function ¢ defined, in terms of the generalized Bessel function w by

0(z) =2'T (y+ b;l) (D) w(2).

By using the well-known Pochhammer symbol (x); defined, for x € C and in terms of the Euler gamma function, by

_Tlx+7) [ 1, (t=0);
(¥)e = ['(x) _{x(x—l—l)(x—l—Z)m(x—O—n—l), (t=neN={1,2,3---}).

We obtain the following series representation for the function ¢(z)

. 1 0 (7c)n+1 . b+1 -
(P(Z)_E+V;4n+l(n+1)!(f)n+1z ( Y+7¢Z0 _{0 27"'})-

Corresponding to the function ¢ define the Bessel operator S by the following Hadamard product

: ! f)"“ :
SEf@) = (0= =+ Z TGS
= % + Z ¢(n,7,¢)an", (1.5)
n=1

where ¢ (n,7,c) = g?z
Definition 1.1. Let ¥ (G,H,,c) denote the subclass of ¥, consisting of functions f(z) in X, which satisfy

+1‘ < ‘G+HL(Z))/ , (1.6)

S¢f(2)

2(85f(2)"
SEf@)

for—1<G<H,0<H<LI.

2. Coefficient Inequalities
Our first theorem gives a necessary and sufficient condition for a function to be in Z;‘,(G,H ,T,C).

Theorem 2.1. Let f(z) € ¥, as given by (1.4). Then f(z) € £},(G,H,7,c) if and only if

[(n+1)+(G+Hn)]¢(n,1,c)a, <H—G, (2.1)

D13

I
-

n

for—1<G<H,0<HC<I.
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Proof. Suppose f(z) = %—i— i an?", a, >0, isin X,(G,H,T,c). Then
n=1

(SEF@)N L E (n+1)¢(n,7,0)a,z"
SE7) ’ =i »
G+HZ( f( ;) (H— G) (G+Hn)¢(n T,¢)an?"

n=

for all z € E. Since Re(z) < |z| for all z, we have

Re{
(H-G); —
(SEf(R)

Now choose the values of z on real axis so that =% li6) is real.
<fz
Upon clearing the denominator in (2.2) and letting z — 1 through positive values, we obtain

>°i< +1)0(n,7,¢)a,2"
T }< 1, (z€E).

i (G+Hn)9 (n,7,c)an2"

n

s

[(n+1)+(G+Hn)|¢(n,7,c)a, <H—-G.

n=1

Conversely, suppose that (2.1) holds for all admissible values of G and H. We have
M(f.f") = 2(S7 £(2)) + S5 f(2)| = |GS7 £ (2) + Ha(S: f(2))|
- ’ Z (}’L + 1)(])(7’[7 r,c)anz" -
n=1

(H - G)% — Y (G+Hn)g(n, 7, c)and"

n=1

or

M(f,f) S ("Jr1)<7>('177»6)6ln|2|"+1 —(H-G)+ i G+Hn)(n, 7,c)an|z|""!

ng kR aok!

[(n+1)+(G+Hn)|p(n,T,¢)an|z"" — (H—G).

3
Il
_

Since the above inequality holds for all » = |z|, 0 < r < 1, letting r — 1, we have

s

[(n+ 1)+ (G + Hn)|p(n,7,c)a, < (H— G)

n=1

by (2.1). Hence it follows that f(z) is in the class Y (G, H,1,c).
Corollary 2.2. [f the function f(z) € £},(G,H, 7,c) then

0 < (H-G)

S e (GrHm e "2

The result is sharp for the function

! oo
ful@) =+ [(n+ 1)+ (G+Hn)]9(n,7,c)

7', (n>1).

3. Distortion Properties and Radius of Convexity Estimates
Theorem 3.1. If the function f(z) € £,,(G,H,7,c) then for 0 < |z| =r < 1,

1 (H-G) L (H-G)

r 21G+H)(,t,0) =@l = (2+G+H)¢(1 o)

The result is sharp.

2.2)

(2.3)

24

3.1
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Proof. Suppose f(z) is in X,(G,H,,c). By Theorem 2.1, we have

(H-G)
;a" = [(n+1)+(G+Hn)o(n,7,c)’

n

(n>1). (3.2)

)

Thus £(3)| < i+ ¥ o < |+ egigtien”
)
o(

Also [£(3)| > - MZ%_,zmﬁwﬁq

Thus the result is sharp for the function
(H-G)
zZ.
2+G+H)¢(1,7,¢)

1@ =1+

O

Theorem 3.2. If the function f(z) € £,(G,H, T,c) then f(z) is meromorphically convex of order § (0 <8 < 1) in|z] <r=
r(G,H,t,c,0), where

(1-8)[(n+1)+(G+Hn)§(n,T,c) w1
(H—G)n(n+2-39) '

r(G,H,t,c,0) = 1r>1€
n>

The result is sharp.

Proof. Let f(z) be in £},(G,H,,c). Then by Theorem 2.1, we have

an < 1. (3.3)

S [((n+1)+(G+Hn)lg(n,7,c)
N TR

It is sufficient to show that ‘2+ ZJ{:/(Z) < o for |z| < r(G,H,7,c,8), where r(G,H,T,c,8) is as specified in the statement

(@)

of the theorem. Then

Y n(n+1a,z"! Y n(n+a,|z|"*!
1 1

1!
‘2+ Zf/ &) == o <t
f'(@) S 1= Y nay|zr+!
n=1 n=1
This will be bounded by 1 — 6 if
d 2 )
Z n+ n\z|"+1 <1. (3.4)

By (3.3), it follows that (3.4) is true if

n(n+2-9) o+ < [(n+1)+(G+Hn)|(n,T,c)

=5 -G ;(n=1)

or

a [

Setting |z| = r(G,H,1,c,8) in (3.5), the result follows.
The result is sharp for the functions

(H-G)
[(n+1)+(G+Hn)|¢(n,1,c)

M@=+ 2 1), (3.6)
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4. Convex Linear Combinations and Convolution Properties

We shall prove that the class E;(G, H,7,c) is closed under convex linear combinations and convolutions.
Theorem 4.1. Let fy(z) = 1 and

1 (H-G)

fal2) = T [(n+1)+(G+Hn)p(n,7,c)

7', (n>1). 4.1

Then f(z) € £,(G,H,,c) if and only if it can be expressed in the form f(z) = Z Anfu(2), where A, > 0 and Z A = 1.

Proof. Let f(z) = ¥ Aufo(z) with 4, > O and ¥, A, = 1. Then
n=0 n=0
v _ I ¢ (H-G)
us _,;]M”(Z) 7 )} [(n+1)+(G+Hn)|¢(n,7,c)

n=0

7" “4.2)

Since
[(n+1)4+(G+Hn)]¢(n,1,c) (H-G)
(H-G) "[(n+1)+(G+Hn)](n,7,c)

=Y h=1-24<1,

by Theorem 2.1, f(z) is in the class (G, H, T,c).
Conversely, suppose that the function f(z) is the class £(G,H, 7, c). Setting
[(n+ 1)+ (G+Hn)]p(n,7.¢)
(H _ G) ns

A= n>1

and g = 1 — E Ay, it follows that f(z) = z Aufo(2).

Here, we see that Ay >0 (n>1)by deﬁmtlon and A9 > 0 in view of Theorem 2.1. This completes the proof of the theorem.
The result is sharp for the function
1 (H—G)

fa(z) = 2 + [(n+1)+(G+Hn)]o(n,7,c)

2 (n>1). “.1)
O

Robertson [8], has shown that if f(z) = 1 4+ ¥ a,b,7" and g(z) = 1+ ¥ b,z" are in X, then so their convolutions
“ n=1 n=1

~z
(f*g)(z) = % + Z] anbn?".
ne
Theorem 4.2. If the function f(z) and g(z) are in the class £,(G,H,T,c) then (f xg)(z) is the class X,(G,H, T,c).
Proof. Suppose that f(z) and g(z) are in £7,(G,H, 7,c). By Theorem 2.1, we have

= [(n+1)+ (G+Hn)]o(n,7,c)
' (H-G)

a, <1,

3
Il

i [(n+1)+(G+Hn)]¢(n,7,c)

b, <1
‘ (H-G)

Since f(z) and g(z) are regular in E, so (f *g)(z). Furthermore

i [(n+1)+(G+Hn)|p (n,r,c)anbng{[(n+1)+(G+Hn)}¢(n,r,c)}2anbn

= (H-G) (H-G)

= [(n+1)+(G+Hn)]¢(n,T,c) [(n+ 1)+ (G+Hn)|¢(n,t,c)
<L (H—G) af (H-G) o
<1.

Hence by Theorem 2.1, (f* g)(z) is in the class £},(G,H, 7, ). O
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5. Integral Transforms
In this section, we consider transforms of functions in the class £},(G,H, 7,c) of the type considered by Bajpai [9].

Theorem 5.1. If the function f(z) is in the class Z;(G,H ,T,¢) then the integral transforms

1
Fo(2) =c / W f(uz)dz, (0 < ¢ < o)
0

is in the class £,(G,H, T,c).
Proof. Suppose f(z) isin X,(G,H, 7,c). Then we have

1

oo

X 1 c
Fc(Z) = co/uLf(uZ)du = E +nz::1 manz".
Since
Y [(n+1)+(G+H 1,
i [(n+1)+(G+Hn)]o(n,T,c) cay ,E‘l[(n )+ n))o(n C)a <
= (H-G) n+c+17- (H—-G) "=
by Theorem 2.1, it follows that F¢.(z) is in the class X,(G, H, T,c). O
Acknowledgement
I warmly thank the referees for the careful reading of the paper and their comments.
References
I 3. Clunie, On meromorphic schlicht functions, J. Londan Math. Soc., 34 (1959), 215-216 .

(21 3. E. Miller, Convex meromorphic mapping and related functions, Proc. Amer. Math. Soc., 25 (1970), 220-228 .

131 Ch. Pommarenke, On meromorphic starlike functions, Pecific , J. Math., 13 (1963), 221-235 .

[41 B.A. Uralegaddi and M. D. Ganigi, A certain class of meromorphic celly starlike functions with positive coefficients, Pure.
Appl. Math. Sci., 26 ( 1987) , 75-81.

[5] B. Venkateswarlu, P. Thirupathi Reddy, Ch. Meng and R. Madhuri Shilpa, A new subclass of meromorphic functions with
positive coefficients defined by Bessel function, Note di Matematica (Accepted).

(6] E. Deniz, H. Orhan and H.M. Srivastava, Some sufficient conditions for univalence of certain families of integral operators
involving generalized Bessel functions, Taiwan J. Math., 15(2) (2011) , 883-917 .

[71 G. N. Watson, A treatise on the theory of Bessel functions, 2nd edn. Cambridge University Press, Cambridge, (1994).
81 M. S. Robertson, Convolution of Schlicht functions, Proc. Amer. Math. Soc., 13 (1962), 585-587.
Pl s K. Bajpai, A note on a class of meromorphic univalent functions, Rev. Roumanie Math. Pure Appl., 22 (1997) , 295-297.



Communications in Advanced Mathematical Sciences
Vol. lll, No. 3, 130-142, 2020

Research Article

e-ISSN: 2651-4001

DOI: 10.33434/cams.680381

Dual Jacobsthal Quaternions

Fiigen Torunbalci Aydin

Abstract

In this paper, dual Jacobsthal quaternions were defined. Also, the relations between dual Jacobsthal quaternions
which connected with Jacobsthal and Jacobsthal-Lucas numbers were investigated. Furthermore, Binet’s formula,
Honsberger identity, D’ocagne’s identity, Cassini’s identity and Catalan’s identity for these quaternions were
given.

Keywords: Jacobsthal number, Jacobsthal-Lucas number, Jacobsthal quaternion, dual Jacobsthal quaternion.
2010 AMS: 11R52, 20G20, 15A66, 11L10

1. Introduction

In 1843, Hamilton [1] introduced the set of quaternions which can be represented as

H={q=q+iqi+jq+kq3| q0,q1,92,q93 €R} (1.1
where

P=p=k=—1,ij=—ji=k, jhk=—kj=i, ki=—ik=].
After the work of Hamilton, several authors worked on different quaternions and their generalizations. ([2]-[22]).

In 1973, Sloane [23] introduced the set of Jacobsthal numbers.
Further, in 1988, Horadam [24]-[25] defined the Jacobsthal and Jacobsthal-Lucas sequences {J,, } and {j,} with the recurrence
relations respectively, as follows

Jo=0, i=1, Jy=Jup1+2Jy 2, forn>2, (L.2)
and

Jo=2, j1=1, ju=jn1+2ju2, forn>2, (1.3)

In 1996, Horadam studied on the Jacobsthal and Jacobsthal-Lucas sequences and he gave Cassini-like formula as follows [26]

Justdu1 = T3 = (=127 (14)
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Juitjno1 —j2 =32 (=1)rt 2! (1.5)

The first eleven terms of Jacobsthal sequence {J, } are 0,1,1,3,5,11,21,43, 85,171 and 341. This sequence is given by the
formula

Jpy=—— (1.6)

The first eleven terms of Jacobsthal-Lucas sequence {j, } are 2,1,5,7,17,31
65,127,257,511 and 1025. This sequence is given by the formula

Jn=2"+(=1)" (1.7)

Also, we can see the matrix representations of Jacobsthal and Jacobsthal-Lucas numbers in [27],[28]. The members of these
integer sequences can also be obtained in different ways: Binet formulae or matrix method by Koken and Bozkurt [27]-[28].
Several authors worked on Jacobsthal numbers and polynomials in [29]-[32].

In 2015, Szynal-Liana and Wtoch [33] defined the Jacobsthal quaternions and the Jacobsthal- Lucas quaternions respec-
tively as follows

JO, =Jn+idpr1+ jIns2 +kJpis, (1.8)
and

JLO, = jn+ijnt1+J jnv2 +kjnis. (1.9)
where

P=p=k=—1,ij=—ji=k, jk=—-kj=i, ki=—ik=].

In 2017, Torunbalc1 Aydin and Yiice [34] given a new approach to Jacobsthal quaternions. Furthermore, some relations between
Jacobsthal and Jacobsthal-Lucas quaternions are given in [34].

In 2017, Tasc1 [35] defined k-Jacobsthal and k-Jacobsthal-Lucas quaternions as follows

OJin = Jin +itJns1 +i2 ko + 30k ns3 (1.10)
and

Qjkn = Jin T i1 jint1 + 12 jkpt2 + 13 jins3 (.11
where

B=i=03=iiiz=—1.

In 2017, Cerda-Morales [36] worked on identities of third order Jacobsthal quaternions.
In 2018, Cerda-Morales [37] defined fourth-order Jacobsthal and Jacobsthal-Lucas quaternions as follows

0 =5, g1 @ + jIa® k3@ (1.12)
and

Q' = ju® it 4 2™ ks (1.13)

In this paper, dual Jacobsthal and dual Jacobsthal-Lucas quaternions will be defined as follows

Jp = {Dﬁ =Jy+idpr1 + jIuso +kJuis | Ju, n—thJacobsthal number}
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and
ip ={D} = ju4ijus1+ jjni2 +kjus3 | jn, n—thJacobsthal-Lucas number}
where

P==k=ijk=0, ij=—ji= jk=—kj=ki= —ik=0.

All the studies on Jacobsthal quaternions are summarized in Table 1.

Table 1. Types of Jacobsthal quaternions [33]-[35].

Definition Multiplication Rules

Jacobsthal JOuw = (s Jni 1,3 Ini2,dni3) (1,i,j,k), 2= j>=k*=—1
quaternion Jo=hh1+20, 2, J1i=h=1 ij=—ji=k jk=—kj=i

ki=—ik=j

k-Jacobsthal  QJin = (Jkns Ikt 15Jknt25 Tk t3) (1,d1,02,13),

quaternion O nsa = kO i1 +20QJikn P=i=i=ihiz=—1
Dual Jacobsthal D) = (0, Jus1,Jns2,0ns3) (1,i,j,k) i ==k =ijk=0
quaternion Jo=Ih1+2J 02, J1=h=1 ij=—ji=jk=—kj=ki=—ik=0

2. Dual Jacobsthal Quaternions

In this section, the dual Jacobsthal quaternions will be defined. Also, the relations between dual Jacobsthal quaternions which

connected with Jacobsthal and Jacobsthal-Lucas numbers were investigated.

Dual Jacobsthal quaternions is defined by relation recurrence (1.2) as follows
Jp ={D} = Jy+iJus1 + jIui2 +kJpiz|Jn, n —thJacobsthal number}

where
P==k=ijk=0, ij=—ji= jk=—kj=ki= —ik=0.

Also, the dual Jacobsthal-Lucas quaternion is defined by relation recurrence (1.3) as follows
jp=1{D} = ju+ijni1+ jiniz +kjuis| jn, n — thJacobsthal-Lucas number},
?=j7=k=ijk=0, ij=—ji= jk=—kj=ki= —ik=0.

Let D]! and D;? be n-th terms of the dual Jacobsthal quaternion sequence (Dj!) and (D}?) such that

DIV =Jy+idpi1 4 j Iz +kduis
and

D2 =Ky +iKyi1 + j Knso +kKnis

2.1

(2.2)

2.3)

2.4)

2.5)
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Then, the addition and subtraction of the dual Jacobsthal quaternions is defined by

DV DR = (Jy+idyir+ jlnia+kJuis)
+(Ky+iKnp1+ jKnp2 +kKy3)
= (Jn iI(n)_"i(JnJrlil{rﬂrl)“‘j(JnJrZ :tKn+2)
+k (Jns3 £Kny3) .

Multiplication of the dual Jacobsthal quaternions is defined by

DDy = (Jy+idusr+ jduia+kduss)
(Kn+iKp1 + jKns2 + kKni3)
= (JnKn)+i(JnKn+l +Jn+1Kn)+j(JnKn+2 +Jn+2Kn)
+k(JnKn+3 + Jn+3Kn)-
The scalar and the vector part of DY, which is the n-th term of the dual Jacobsthal quaternion (D) are denoted by

Spr=Jn and Vps = iys1 + jlns2 +klnys.

Thus, the dual Jacobsthal quaternion D is given by D) = S bl +Vpr .
Then, relation (2.7) is defined by

Dl Dl = S-S+ S Vo +8,m- Vo
The conjugate of the dual Jacobsthal quaternion D, is denoted by Diﬁ and it is
D) =Jy—idui1— jIni2 —kJuis.
The norm of D is defined as
2 ™12
Nps = |Da||” = D Dy = ;.
Then, we give the following theorem using statements (2.1), (2.2) and
JanJrl +2Jn71~]n = J2I17
Jn-]m-H +2Jn—ljm = Jn+m;

Jn+l +2J 1= jm
Jnjn = Jo.

(2.6)

2.7

2.8)

2.9)

(2.10)

@2.11)

2.12)

Theorem 2.1. Let J, and D}, be the n-th terms of the Jacobsthal sequence (J,,) and the dual Jacobsthal quaternion sequence

(D)), respectively. In this case, for n > 1 we can give the following relations:

D!+ DI =2J,,

(D) + Dy D} =21, Dy,

J J
Dﬁ-&-l +2D;, = Dy 9,

D) —iD) —jD) ., — kD) 5=,
Proof. Proof of four equality can easily be done by the equations

D) =Jy+idpi1 + jIns2 + ki3,

(2.13)

2.14)

(2.15)

(2.16)

2.17)
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D)y =Jup1+iduia+ jIurs+kduga (2.18)
@.13):

DI+Dl = (Jy+idyi1+jIuia+kJni3)
+(-In - iJn+1 - ] Jn+2 *k]rH»S)
= (Jn +Jn)+i(~]n+l _Jn+l)+j(Jn+2_Jn+2)
+k(‘ln+3 *Jn+3)
= 2J,.

(2.14):

(D)2 +DIDL = (Un+idusr +j Jusz +kdni3)
(Jn+ idns1 + j Jns2 + kJni3)
+(In+idnt1 + j Tns2 +kJni3)
(Jn - i-]n+l - jJn+2 - k]n+3)
= (Jn‘]n) + i(JnJrH-l +Jn+1-]n) +j(1n111+2 +Jn+2Jn)
+k(Jan+3 +Jn+3-ln)
Fdndn + i( =T dnit + Tns1dn)
+j(*‘,n-]n+2 +Jn+2-]n)
+k(_~]n~]n+3 +Jn+3~]n)
= 2+ 2iJnJVl+1 + 2j]11Jn+2 + ZkJan+3
215 (Jn +idny1 + jIni2 +hkJni3)
= 2J,D)

Dl 42D} = (Jps1+idui2+ jInss+kJusa)
F2(Jn +idp1 + jIns2 +kJni3)
= (Ut +20) +i(Ins2 +20001) + j (s +2042)
+k (Juya+20043)
= Joppotidpz+jlpra+ ks

w3 = UnFidngr + jIng2 +kJny3)
— i1 Fidpg2 + jI3 Fkdpya)
= JUnr2 +idpi3 + jnra +kJnys)
- k(]n+3 +iJpra+ jugs +k-]n+6>
Jn.

O

Theorem 2.2. Let D), and Dy, be the n-th terms of the dual Jacobsthal quaternion sequence (D7) and the dual Jacobsthal-Lucas
quaternion sequence (Dy,), respectively. The following relations are satisfied

D). +2D,_=Dj, (2.19)
2D, D) =Dj. (2.20)

Proof. (2.19): From equations (2.17), (2.18) and identity between Jacobsthal number and Jacobsthal-Lucas number j,, = J,41 +2J,,—1,
it follows that

D£+1 +2D£71 = (Jn+1 + iJ11+2 +j‘ln+3 +k-]n+4)
+2(Jn—] +l.’n +jJn+1 +k1n+2)
= (]n+1 +21n71)+i(Jn+2+2]n)
+Jj (Jn+3 +2Jn+1 ) +k(1n+4 +2Jn+2)
JnFijne1+ Jjnt2 +k jni3
D}.
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(2.20): Using the identity between Jacobsthal number and Jacobsthal -Lucas number J,, + j, = 2J,11 , we get

2D£+1 n 2(-’n+l +i-]n+2+j-]n+3 +k]n+4)
—(nFidni1 4 jIns2 +kJny3)
= (2-]}1+1 _Jn)+i(-]n+2_]n+l)
+j (2Jn+3 - Jn+2) +k (2Jn+4 - Jn+3)
jn _+ ijn+l +jjn+2 + kjn+3
DJ
.

O

Theorem 2.3. Let D), be the n-th term of the dual Jacobsthal quaternion sequence (D)) and Diﬁ be conjugate of D?.. Then, we
can give the following relations between these quaternions:

(D) =2Ju Dy =Ty,
(Dj)z +2(DJ 1)2 = 2D2n—| —Jon—1,
DID]+2D!_ DI | =7 4202 =Dy, (2.21)
Dy D}y +2D, D = i +2J; = g,
Dy D) =20, D) = Jiy =205 = Jas1 —4J;
Proof. It can be proved easily by using (2.10). Now, we will prove first two equalities

(D;i)z = Jan +i(Jn]n+l +Jn+l-]n) +j(Jan+2 +Jn+2-]n)
+k(Jan+3 +Jn+3~l)
= 25+ idpp1 + jIn2 +kdni3) = Judn
= 2J,,Dg J2.

(D)?+2(D)_))? = J3+2i(J Jni1) + 2 (ndns2) + 2k (JnJns3)
+2( )+4l( w1 n) +4j (Jn1Jng1)
+4k( n— IJn+2)

= (24272 ) +i(20pdni1 + 401 dy)
+Jj (ZJ Jni2 +4Jn71-]n+l)
+k (2-]an+3 + 4Jn71~]n+2)
= Jou—1+2idon+2jJ2nr1 + 2k 202
= 2D} | —Ju-1.

We can prove last three equalities by using equation (2.12) as follows:

DIDI+2D! D | =J242J2 | =]y,

n—1

D! Dl +2D)D] =2 4202 =y,

D{z+1 P —2DyDy =2 =207 = Joug1 — 4T}
where identities J,,J,+1 + 2Jm—1Jn = Jptn and J,% + 2],%71 = Jo,—1 were used. O

Theorem 2.4. Let D!, be the n-th term of dual Jacobsthal quaternion sequence (D;). Then, we have the following identities

n
1
Y. Df = 5D = D3l 2.22)
s=1
ZDM: D)y pir—Djyyl, (2.23)

2D 1
2" +3 [n(2D5 — D%) —2D}], (2.24)

ZD2S— =



n 2D} 1
Y. Dl = =2 L [n(2Df—pl) +201).
s=1

Proof. (2.22) Hence, we can write

n n n n n
ZD{ = ZJY+1 ZJS+1 +] ZJHZ"‘k ZJ5+3
s=1 s=1 s=1 s=1 s=1

= U= D41y =3+ s =) +k s — 1)
= %[(]n+2 — 1) +i(Jps3 —B3) + j (Jnpa —Ja) + k (Jyis — Js)]
= %[erz +iJpi3+ jInratkdups — (L +iJs+ jla+kJs)]
= %[wa—z _Dé]-

(2.23) Hence, we can write

14 14 P P P
Z DﬁJrs = Z Jnts+i Z Jnts+1+] Z Jngst2+k Z Jnts+3
s=0 s=0 s=0 s=0 s=0

1 . .
:E[(Jn+p+2 —Jus1) +i (Jn+p+3 *Jn+2) +J (Jn+p+4 *Jn+3)}
1

3 [k (Jutp+s — Tn+4)]

:E [Jn+p+2 + iJn+p+3 + j-]n+p+4 + kJn+p+5
— (1 +idna+ jluyz +kyya)]

1
:E [D£+p+2 - D£+1] :

n—1 n
(2.24): Using ¥, Jojy1 = 212§+" and Y Jp; = M , we get
i=0 i=0

n
ZDés—l =N +h+. D) i+ o+ + o)

s=1

+ i +Is+...+Jons1) Fh(Ja+Js+ ...+ Tont2)
(2J2, +n) +i (2Jpp1—n—2) L (22 +n—2)

3 3 3
K (2J2p43—n—06)
3
2 . .
=3 Van +idoni1 + jIong2 +kJany3)
1
+3 (U =i+ k) =2(i+j+3K)]

E ]
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(2.25)



(2.25): Using

n
) Ds
s=1

n

LY .
Y Joi = 2= we obtain
i=0

=(h+Jda+...+Jm)+i(ls+Is+...+Jont1)

+j(Ja+Jo+ ...+ Jons2) +hk(Us+J7+ ...+ Jont3)
(2J211+1_n_2)+l.(2~,2n+2+n_2>+j(2~]2n+3_n_6)

3 3 3
(2J2p 44 +n—10)

k
+ 3

2 . .
=3 [V2ns1 +idongo + jIonss + ko]

+%[fn(lfi+jfk)72(1+i+3j+5k)]
2D

1
=221 L a(a04 - D)+ 20
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O

Theorem 2.5. Let D) and D}, be the n-th terms of the dual Jacobsthal quaternion sequence (D) and the dual Jacobsthal-Lucas
quaternion sequence (Dy,) ,respectively. Then, we have

D}D} — D] D} =2[J,D}— j.Dj],

D} D] + DDl =2 judy = 22,

DﬁDi _D{;D7£:2[D{;Jn +D£jn _2]221}7

DI D! +DjD] =21,

Proof. (2.26):
D) D’

(2.27):
DD}

*D{zDi = (Jn + ijn+1 +jjn+2 +kjn+3)

(Jn = idnt1 = jIns2 —kJni3)
_(jn — i jnt1— JJnt2 — kjn+3)
(Jn +idpr1 + i +kJn+3)

= (jn-]n - jan)
+2i (jn+l-]n - jnjn+l)
+2] (jn+2]n - jn-]n+2)
+2k (jn+3-]n - jn-]n+3)

= 2Jn(jn+ijn+l +jjn+2+kjn+3)
- 2jn(Jn Fidnr1+ jInt2 +k~ln+3)

= 2[J,D}—j.D}].

+DIJ1D£ = (]n +ijut1+Jjn+2 +kjn+3)

(Jn - i-]nJrl - j-’n+2 - kJn+3)
+(jn —ijnt1 — JJnt2 — kjn+3)
Un+idwr+ jInsz +kJny3)

= jn [Jn - iJnJrl - jJn+2 - kJn+3]
+(ijn+] +jjn+2 +kjn+3)~]n
+jn [Jn + iJnJrl + j-’n+2 +k-]n+3]
+(_ijn+1 —Jin+2— kjn+3)Jn

= 2.]n]n =2,

(2.26)

2.27)

(2.28)

(2.29)
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DiDy =DiDh = (jutijuet + 2 +Kjni3)
(Jn+iJn+l +j-,n+2 +kJn+3)
_(jn — i Jnt1 — JJn2 — kjn+3)
(Jn - iJn+1 - j-’n+2 *k-]n+3)
= (jnjn_jnJ'1)+2(ijn+l +jjn+2+kjn+3)Jn
+2 (]n +ijnr1+Jjnt2 +kjn+3)Jn =2 jnJn
Z(D'J;Jn‘l'Dijn_zjan)
2(D}hJy+ D) jy—202).

(2.29):

D)D)} +DjDj

(jn + ijn+l + jjn+2 +kjn+3)
(Jn+idn1 + jIns2 +kJni3)
+(jn - ijnJrl - jjn+2 - kjn+3)
(Jn - i-]nJrl - jJn+2 - k-]n+3)
= 2jpdn =200

In proofs, the identities of Jacobsthal and Jacobsthal-Lucas numbers given below were used, respectively,
Imin —Injm = (71)11 2nJrlJmfm Jndn = Jon and Jn2 = Jntl +2jn~
O

Theorem 2.6. (Binet’s Formula). Let D and D} be n— th terms of dual Jacobsthal quaternion sequence (D)) and the dual
Jacobsthal-Lucas quaternion sequence (Dj,), respectively. For n > 1, Binet’s formula for these quaternions are as follows
respectively,

1

D! =
n a_ﬁ

[ aa"—B B"} (2.30)

and

Dj=(aa"+Bp") (2.31)

where

a=1+i(1-B)+j(3—B)+k(5-3B), a=2,

B=1+i(l-a)+j(3—a)+k(5-3a), B=—1,

a=(1-2B)+i(5-B)+j(7-5B)+k(17-7B), a =2,
B= Qo—-1)+i(a=5)+j5a-T7)+k(Ta—-17), p=—1.
Proof. The characteristic equation of recurrence relations D7, =D} +2D; is
?—1—-2=0.
The roots of this equation are ¢ =2 and § = —1

where a+f=1, a—p=3, af=-2.
Using recurrence relation and initial values D} = (0, 1, 1, 3),
D] =(1,1,3,5) the Binet’s formula for D}, we get

pen g a5,
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_ J_
where A = D{aféﬁ,B = aZ{ﬁD{ and

a=1+i(1-B)+j3-B)+k(5-3B), B=1+i(1—-a)+j(3—a)+k(5—3a). Similarly, using recurrence relations
Di = Df; gt 2D,€, the Binet’s formula for D,’; is obtained as follows:
D)= (aa"+Bp")
]

Theorem 2.7. (Honsberger Identity) For n,m > 0 the Honsberger identity for the dual Jacobsthal quaternions D}, and D, is
given by

DID) +2D) D) =2D. . | —Juim1. (2.32)
Proof. (2.32):

Dﬁng = JnJm +i(JnJm+l +Jn+l-]m) +j(JnJm+2 +Jn+2Jm)

2.33
+k(JnJm+3 +Jn+3 Jm) ( )

and

2D’

n—1

D]

m—1 —

2(],,,1 -lmfl) +2i (Jnfl -’m +-’n-]m71)
+2j (Jn—] Jm—H +Jn+1 Jm—l) (234)
+2k (Jn—1Imt2 +Ins2Im-1)

Finally, adding equations (2.33) and (2.34) side by side, we obtain

DﬁD,Z‘FZDi_lD{n_I = Jn+m71 +i(2~]n+m)
+j (ZJnerJrl) +k (2‘]ll+m+2)

= 2D£+m,1 —Jntm-1-
where the identity J,,+,,; = JiuJut+1 + 2Jm—1J, was used [27] and [28]. O

Theorem 2.8. D’ocagne’s Identity For n,m > 0 the D’ocagne’s identity for the dual-complex Jacobsthal quaternions D, and
DL is given by

D)D) —D) \Di= (=1)"2"Jpn(1+i+5j+7k). (2.35)

Proof. (2.35):

D{VID{HI _D£1+1 Di = [(JmJnJrl _Jm+1t]n)}
+i[(InInr2 = Im19n1) + Ume1Ine1 — Im2Jn)]
+j [(Jnljn+3 _Jm+l-]n+2) + (Jm+2-]n+l _Jm+3Jn)]
+k [(Jm-]n+4 _Jn1+1Jn+3) + (Jm+3Jn+] - Jm+4Jn)]
= (=1)"2"Jp (14 i+5j+7k).

where the identity J,Jy+1 — Jng1Jn = (—1)" 2" J;n—y, was used [27] and [28].
O

Theorem 2.9. (Cassini’s Identity). Let Dﬁ‘and D}, be n—th terms of dual Jacobsthal quaternion sequence (D)) and the dual
Jacobsthal-Lucas quaternion sequence (Dy,), respectively. Then, we have

DDl —(D)? = (—1)"2" (1 +i+5/+7k). (2.36)
D) D) — (D))= (-2)" "B (1+i+5/+7k). (2.37)



Proof. (2.36):

D) D}, — (D)

n—1"n

and (2.37):

o -
Dy Dyyy = (Dn)
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(Jn-1Jni1—J7)

+i(Jn—1Inr2 = Indnt1)

+j (Jnfl-]n+3 - 2~]an+2 +J3+1)

+k (Jn—IJn+4 + i 1Inr2 — 2Jn~ln+3)
(ntdns1 —J2)

‘H(Jnfl-,n#»l 7‘]3)

+5j (Jnfl-]nJrl _Jr%)

+7k (Jy—1dns1 —J2)

(=) 2" Y1 +i+5/+7k).

(jn—ler—l _J%)

+i(jn71jn+2 _jnjn+l)

+j (jn—1j11+3 - 2jnjn+2 + j5+1)

+k (jnfljn+4 + jn+ljn+2 - 2jnjn+3)
(jnfljnJrl _]ﬁ)

+i(jn71jn+l _]3)

+5j (Jn-tJns1 = Jj)

ATk (1 jn1 = Ji)

(72)”*132(1 +i+55+7k).

where identities of Jacobsthal numbers and Jacobsthal-Lucas numbers as follows:

InIn—1 —Im—1Jp = (_l)nznillm—m Jn+2 :Jn-'rl +21n

jmjnfl 7jm71 jn = (*2)

were used [27] and [28].

-l 32 jmfnv jn+2 = jn+l + 2jn~

O

Theorem 2.10. (Catalan’s Identity). Let D, and D}, be n—th terms of dual Jacobsthal quaternion sequence (D) and the dual
Jacobsthal-Lucas quaternion sequence (Dy,), respectively. Then, we have

Dli-%rDr]z—r - (Dr]l)z -

(=2)" "2 (1 +i+5j+7k).

D), D), — (D)) =—(=2)" "3 2(1+i+5j+7k).

Proof. (2.38):

D£+VD;,17V - (D£)2

and (2.39):

Dl.,.Di ,— (D))

(Jn-‘rr«]n—r_l,%)
+i[(-]n+r]n7r+l _Jn-]n+1)
+(Jn+r+]-]n7r_ n+]Jn)

+Jj [(-IrH»rJan»Z - Jan+2)
+(Jn+r+2‘]n7r _JnJrZJn)}

+k [(Jn+r]11—r+3 *Jn']n+3)
+(Jn+r+3-]n7r_ n+3‘]n”
—(=2)" "2 (1+i+5j+7k).

(jnJrrjnfr - J%)

+i [(jn+rjn7r+l - jnjnJrl) + (J‘n+r+ljn7r - jn+ljn)]
+j [(jn+rjn7r+2 - jnjn+2) + (jn+r+2jn7r - jn+2jn)]
+k [(jzz+rjn—r+3 - jn+jn+3) + (jn+r+3jn—r - jn+3jn)]
—(=2)" 7322 (1+i+5)+7k).

(2.38)

(2.39)
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where identities of Jacobsthal numbers and Jacobsthal-Lucas numbers as follows:

Jn+r‘]n7r —ndn= _(_z)nfr‘]f
Jntr Jn—r = Jnjn = (=2)""" 32Jrz'

were used [29]. O

3. Conclusion

The difference between the Jacobsthal and the dual Jacobsthal quaternions originated from the quaternionic units, i.e., the
quaternionic units for the Jacobsthal quaternion are

P=j=kP=—1,ij=—ji=k jk=—kj=i ki=—ik=]

whereas for the dual Jacobsthal quaternions they are

P==k=ijk=0, ij=—ji=jk=—kj=ki=—ik=0.

The set Jp forms a commutative ring under the dual Jacobsthal quaternion multiplication and also it is a vector space of
dimensions four on R and its basis is the set {1,i, j,k}. The interesting property of dual Jacobsthal quaternions is that by
their means one can express the Galilean transformation in one quaternion equation. Since the multiplication and ratio of two
dual Jacobsthal quaternions Dﬁ‘ and Dﬁz is again a dual Jacobsthal quaternion, the set of dual Jacobsthal quaternions form a
division algebra under addition and multiplication. There have been several studies on curve theory and magnetism by using
the isomorphism between dual quaternion space and Galilean space G*. Similar applications for dual Jacobsthal and dual
Jacobsthal-Lucas quaternions can be applied to these areas.

Galilean transformation expressed by the dual four-component numbers shows the linkage between the space and time exists in
the Newtonian physics. Moreover, it may have a considerable heuristic value for the study of the underlying mathematical
formalism of physical laws. This study fills the gap in the literature by providing dual Jacobsthal quaternions.
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Abstract
In the early 2000s, the geometry of a one-parameter family of generalized complex number systems was studied

(Math. Mag. 77(2)(2004)). This family is denoted by C,. It is well known that C, matches up with the elliptical
complex number system when p is any negative real number. By using this system, Ozen and Tosun expressed
the elliptical complex valued trigonometric functions cosine, sine and p-trigonometric functions p-cosine, p-sine
(Adv. Appl. Clifford Algebras 28(3)(2018)). In this study, we introduce the remained elliptical complex valued
trigonometric and p-trigonometric functions. Also we define the corresponding single-valued principal values of

the inverse trigonometric and p-trigonometric functions by following the similar steps given in the literature.
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1. Introduction
The generalized complex numbers were introduced by Yaglom [1] as in the following:
z=x+Iy (xyER), P=Iq+p (¢,pER)

where I denotes a formal quantity which is subject to the relation indicated above.
In [2], Harkins studied the geometry of a one parameter family of generalized complex number systems. In this one

parameter family, ¢ = 0 and I? = p € R. It is denoted by
Cp={x+Iy : x,yeR, *=p, peR}.

In the special case p < 0, C,, corresponds to the set of elliptical complex numbers. Let this set be denoted by C,*. That is,
C,r= {x+1y cx,yeR, > =p, peR’}.

For z; = (x1 +1y1), 22 = (x2 + Iy2) € C,*, addition and multiplication are defined by

atz = (i +Iy)+ (o +Iy) = (x1+x2) +H1(y1 +y2)
2122 = (x4 pyiy2) +H1(x1y2 +x2y1).

As it is well known, C,* is a field under these two operations [2].



On the Trigonometric and p-Trigonometric Functions of Elliptical Complex Variables — 144/154

On the other hand, the p-magnitude of z =x+1Iy € C," is [|z[|, = \/x* — py*. As a result of this case, the unit circle in C,"
is an Euclidean ellipse which is given by the equation x> — py*> = 1. Specially, if p = —1 this ellipse matches the Euclidean unit
circle [2].

Let z = x+ Iy be a number in C,*. This number can be expressed with a position vector (see Figure 1.1). The arc of ellipse
between this vector and the real axis determines an elliptic angle 68,,. This angle is called p-argument of z.

Imaginary axis

1

z = X+ly

- >

- > Real axis

!

Figure 1.1. Elliptic angle in C,,"

On the other hand, the p-trigonometric functions p-cosine, p-sine and p-tangent are defined in C,,* as follows [2]:

cos, (6,) = cos(Bp |p\) (L.1)
1

sin, (6,) = Wsin(ep \p|) 12)
in, (0

tan, (6,) = m. (1.3)

There can be found some interesting studies [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] on the generalized complex numbers and elliptical
complex numbers in the literature.

Recently, Ozen and Tosun have extended the trigonometric functions cosine, sine and p-trigonometric functions p-
cosine, p-sine to the elliptical complex variables [3]. The functions cos, sin, cos, and sin, of an elliptical complex variable
¢, =x+1Iy € C, are given as in the following

cos(@p,) = cos(x)cosh(y p|)—l\/1?|sin(x)sinh(y\/H) (1.4)

1
sin(@,) = sin(x)cosh (y\/|p|) +1——= cos (x)sinh (y\/]p| (1.5)
: (V) 41 extinn )
cos, (p) = cosp(x)cosh(py)+Isin, (x)sinh (py) (1.6)
sin, (@,) = sinp (x)cosh(py)+ I%cosp (x) sinh (py) (1.7)

in which case, ¢, is called elliptical complex angle. Also, these functions hold the following relations [3]:

cos, (p) = cos ((pp\/H)
sing, (@p) = \/1|75in ((pp\/H).

Let the set of generalized complex numbers be showed with Cg in the case I = —q — rl (r2 —4q < O). Thanks to Yaglom
[11, it is known that there is an isomorphism between the set Cg and the set C as in the following:

n:C; —- C

b
ar+bil — w(a+bil) = (al—rb1)+<lm> i

2 2
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If this isomorphism is restricted to the set of elliptical complex numbers, the following isomorphism
Tt C)f —» C
a1 +biI — w*(a;+biI) =a;+ib1+/|p|

is immediately written by considering r = 0 and ¢ = —p. Here the statement \/|p| represents the positive square root of the
positive number | p|. Throughout the paper the statement +/|p| will be used in this sense.

Theorem 1.1. [13] For the elliptical complex valued sine and cosine functions, the equalities
1. sin(*(9,)) = 7* (sin (p,))
2. cos( (9,)) = " (cos (¢))

are satisfied where @, =x+1y € C,".

The next two theorems, which reveal that the elliptical complex valued p-trigonometric functions cos, (¢,) and sin, (¢,)
are surjective, can be given as consequences of the last theorem.

Theorem 1.2. [3] For any elliptical complex number Wy, = a+1b € C,*, the equality cos, (AII,‘) = Y, is satisfied by the
elliptical complex angles

Ak — Arg (ug +ivy) Iln|uk—|—ivk|

T Vil

2
where uy + ivy,uy + ivy € C are the complex numbers derived from the expression <a +ib\/|p| + \/(a +ib+/ |p|) — 1).

k=12

Theorem 1.3. [13] For any elliptical complex number y, = a+1b € C,*, the equality sin, (x’,;) = Y, is satisfied by the
elliptical complex angles

k_ Arg (G + i) Iln|gk+irk|

TVl

2
where G +it1, 6 +iTy € C are complex numbers derived from the expression | i (a\/ |p| +ib |p|) +4/1— (a\/ |p| +ib |p|) .

k=12

Note that the last three theorems will be used to obtain single-valued principal values of the inverse cosine, sine, p-cosine
and p-sine functions in Section 2.

Finally, we need to emphasize the principal square root of a complex number. Let z = re’® be a complex number given by
principal argument —7 < ¢ < 7 in the polar form. As it is well-known in the literature, the principal square root of z is defined
as \/z = \ﬁe’%, -I< % < %. We will use the statement “principle square root” in this sense throughout the rest of the paper.

2. Main Results

In this section, we obtain the elliptical complex valued tangent, cotangent, secant and cosecant functions. Then we define the
corresponding single-valued principal values of the all inverse trigonometric functions by following the similar steps in [14].
Finally, we will repeat the same for p—trigonometric functions.

2.1 Results Related to Elliptical Complex-Valued Trigonometric Functions
In this subsection, firstly, we can give the following theorem by using the equations (1.4) and (1.5).

Theorem 2.1. Tangent, cotangent, secant and cosecant functions of an elliptical complex variable ¢, =x+1Iy € C,* are given
as in the following:

sin((Pp) sin(2x) +1 1 sinh (2)'\/W>

cos(q’p) cos(2x)+cosh (2)\/@) \/m cos(2x)+cosh (2}\/@) ’

1. tan(g@,) =
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cos((p,,)
sm((p,,)

sin(2x)+sinh? <2y\/\7|) B p] sin?(2x)+sinh? (Zy\/m>

sin(2x) <cos(2x) +cosh (2}' \/m) ) 1 sinh (2)' \/H) (cos(Zx)+cosh (Zy \/m) )

2. cot(@,) =

1 _ 2cos(x)cosh( m) 2 sin(x)sinh(y |p\>
3. sec ((Pp) cos((Pp) cos(2x +cosh(2y\/\F) R Pl cos( )+cosh(2y\/m)’

_ 1 2sin(x cosh()\/\;) 2 cos(x )sinh( \/\7)
4. CSC((PP) - sin((Pp) cosh(2)\/\7) cos(2x by Ip| cosh(Zy\/\?) cos(2x

Proof. We will prove the first item. The proofs of other items can be similarly completed.
1. By considering |p| = —p and using some well-known trigonometric and hyperbolic identities, we get

sin (@p)
Ccos ((Pp)

sin(x)cosh(y \p\)ﬁ-lﬁcos(x)sinh(y |p|>

cos (x) cosh (y \p\)—]ﬁsin(x)sinh(y |p|)

sin (x) cos (x) <cosh2 (y |p|>fsinh2 (y )) smh(y |p|)cosh(y\ﬁ ) (cos? (x) +sin? (x))

cos? (x) cosh? (y |p|)+sm2(x)smh2 <y |p) \/\? | cos? (x) cosh? (y |p|)+sin (x) sinh? (y \p\)

2 sin (x) cos (x) L1 sinh (yy/Ip]) cosh (/111

2 cos? (x) cosh? (y \p\)+sin2(x)sinh2 (y \p\) [P1 2 cos? (x) cosh? (y |p|)+sin2(x)sinh2 (y |p|)
sin (2x) 1 sinh (2yy/1p])

= +1 . O
cos (2x) + cosh <2y« / |p|) P cos (2x) + cosh (2y« / |p|>

Lemma 2.2. For the elliptical complex valued tangent, cotangent, secant and cosecant functions, the equalities

tan(@p) =

1. tan(7w* () = 7* (tan(@p)),
2. cot(n* () = 7" (cot (¢p)),
3. sec(n” (@p)) = " (sec(@p)),
4. csc(m (@p)) = 7" (csc (@p))-

are satisfied where &* is the aforesaid isomorphism and @, = x+1y € C,".
P P p

Proof. We will prove the first and third item. Other items can be similarly proved.

1. It is very easy to see

sin (2x) T sinh (2y\/m)
cos (2x) +cosh (Zy\/W) \/E | cos (2x) 4 cosh (Zy\/W) |

- sin (2x) ,' 1 [ sinh (ZY\/W)
a | cos (2x) 4+ cosh <2yﬂ) | i \/W\/m | cos (2x) 4 cosh (Zy\/W) |

sin (2x) sinh (2y\/W)

_ +i
_cos (2x) + cosh <2y\/>\) | cos (2x) 4 cosh (Zy\/H)

n*(tan(@,)) = @
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On the other hand, according to the theory of complex trigonometric functions (see [14, 15] for more details on the theory of
complex trigonometric functions), it is clear that

tan (7" (@p))

tan (x +iy \/m >
sin (2x) sinh (2)’ Vipl )

B cos (2x) +cosh (Zy\/W) o cos (2x) + cosh (2y \/H)
So, the proof is completed.
3. Similarly above, we have the equalities
2cos (x) cosh (y |p|) ) [ sin (x) sinh (y |p|)
" (sec(@p)) = w*
cos (2x) + cosh (Zy\/E) Ip| | cos (2x) + cosh (Zy\/W) |
B [ 2cos (x) cosh (y \p|) [ sin (x) sinh ()’ |p|)
- | cos (2x) +cosh (Zy\/\?) \/> ” | cos (2x) + cosh (Zy\/W) |
[ 2cos (x) cosh (y ) | 2sin(x)sinh (y \P|)
N _cos (2x) 4 cosh (2y \p|) o cos (2x) +cosh (Zy\/m)
and

sec (" (@,)) = sec(x+iy\/\p7|)
ZCos(x)cosh(y \p|) . 2sin(x)sinh(y ‘P|)

cos (2x) 4 cosh (Zy\/W) o cos (2x) + cosh (2y\/H)

Thus the desired equality holds.

O

Theorem 2.3. For any elliptical complex number W, = a+1Ib € C,*, the equalities sin @, = Y, cos &, = Y, tanff, =y,
coty, = W, sec 8, = Y, and csc 8, = Y, are satisfied by the principal elliptical complex angles

Injo+io|

1. =Arg(c+iw) —I—F——,
Pp g ( ) — VTl
2. o, = Arg (e +iK) — IMEL

\/m )

Ar Lph?-a® . 2 In| _tep?-a® 2
S\ 1w [pl+a2—pb? T2 [pl+a2—pb? 1-2b/|p|+a2 - pb? T2 [pl+a2—pb?
3. Bp= — +1 5 ,
Vil
Arg —1- pb2+a i 2a In —1- pb2+a i 2a
4 o 14267/ |pl+a2—pb?  142b\/[p[+a®—pb? i 142b+/pl+a2—pb?  142b\/|p[+a—pb?
- = ) + ’
24/1pl
5. 6, =Arg(n +i¢) — 1™l
. Op=Arg(n

Vel

6. 8, = Arg(Q+i05) M2l
p rg (Q+i0) \/m
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where 6 +iow € C, e+ixk € C, n+if € C and Q+ iU € C are the principal complex values derived from the expressions

(i(a+ib\/7l)+\/1(a+ib\/7|)2), <a+ib |p+\/(a+ib\/m)21>, (Hibl =+ (a+ib1/7)21> and

1— 1 + L , respectively.
(\/ (ativy/Ipl)” arivy/lol ) pectvey

Proof. Now, we will show that the first and third equalities are satisfied. Similar steps can be followed for the other equalities.
1. By considering Theorem 1.1 and the theory of complex trigonometric functions (see [14, 15] for more details), we can
write

sin(x+1Iy)=a+1b < a*(sin(x+1y))=n"(a+1b)
& sin(n* (x+1y)) =" (a+1D)

& sin(x—i—iy\/H):a—ﬁ—ib\/m
= arCSin(a—l—ib\/H):x-i-iy\/m

& —ilog <i <a+ib\/H) —0—\/1 — <a+ib\/|?)2) =x+iy\/m.

The purpose of us is to get unique solutions for x and y. To do so, we use the principal value of arcsine function. It is
determined by employing the principal value of the logarithm function and the principal value of the square-root function.
By keeping these situations in mind, let us denote by ¢ + i®w the principal complex value derived from the expression

(i (a+iby/Ipl) + \/1 ~(a+ ib\/ﬂy) . Then we have

—iLog(oc+iw) =x+iy+\/|p|.

This equation yields the followings

—i(In|o +iw|+iArg(c +iw)) x+iy\/|pl,
Arg(c+iw)—ilnjo+io] = x+iy\/|pl.
Then we get the unique solutions for x and y as

In|o +io|

Vel

x=Arg(c+io), y=

Thus, we can conclude

Injo + i

Vel

3. Similarly above, we can write

¢op=Arg(c+iw)—1

tan(x+1Iy) =a+1b < a*(tan(x+1Iy))=7n"(a+1D)
& tan(m* (x+1y)) =" (a+1b)

& tan (eriy\/ |p\) =a+ib+/|p|
& arctan (a+ib\/|p|) :x-ﬁ-i)’\/m
; i+ (a+ib\/m>

& Slog | ————=C | =x+iyV/Ipl.
i—(a+ib«/|p\>
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We aim to obtain the unique solutions for x and y. To do so, if we use the principal value of arctangent function which is
determined by employing the principal value of the logarithm function, we have

; a+i(1+b\/|p|)
5 Log
—w+(1—m4p0
This equation yields the followings

i | ari(1+bvinl)

— | In

= x+iyv/[pl.

a+i(1+by/[p])

2 —w+(1—m4ﬂ) —u+%1—m4po
1+pbzfa2 o 2a 1+ph27a2 . 2a
Arg (12b |p|+a2—pb? ! 1-2b [1|+a2pb2> In 1-2by/|p|+a®—pb? ! 1-2by/|p|+a*—pb?
2 i 2

In this case, we obtain the unique solutions for x and y as follows

x+iy\/|pl,

+iArg

= x+iy\/|p|-

. 2a
—1
1-2b+/|p|+a?—pb? 1-2b+/|p|+a2—pb?

2 ’ 2/1pl '

H»pb2 —a? . 2a H»pb2 —a?
Ar; —1i In

8 1-2b+/|p|+a?—pb? 1-2b+/|p|+a2—pb?

x= y=

Therefore, we can conclude

14pb®—d?

Arg 14+pb*—d? —i 2a In —i 2a
1-2b+/|p|+a2—pb? 1-2b+/|p|+a2—pb? 1-2b+/|p|+a?—pb? 1-2b+/|p|+a?—pb?
By = 5 +1 .
- 2v/1pl

By taking into consideration Theorem 2.3, we can give the following corollary.

Corollary 2.4. For any elliptical complex number W, = a+1Ib € C,*, the principal values of the inverse trigonometric
functions:

Arcsin(y,) = ¢,
Arccos (y,) = o
Arctan(y,) = B,
Arccot(y,) = %
Arcsec(y,) = 6,
Arcesc(y,) = Op

can be expressed.

2.2 Results Related to Elliptical Complex-Valued p-Trigonometric Functions
In this subsection, firstly, let us define the elliptical complex valued p-trigonometric functions:

sin, (@) cosp, (@p) 1
cosp, (¢p) sinp, (@) cosp (¢p)

by means of the elliptical complex valued p-trigonometric functions

=cscp (@p)

1
=sec, (@p) sin,, (¢,)

= tan,, ((Pp) ) = cot, ((Pp) )

cosp, (¢,) = cos ((pp\/H) = cos,, (x) cosh (py) + Isin,, (x) sinh (py)

and

. | - . 1 .
sin, (¢,) = ——==sin ((pp\/ |p\) = sin,, (x) cosh (py) +1—cos,, (x) sinh (py)
VPl p
given in (1.6) and (1.7).
As mentioned earlier in Section 1, real-valued p-trigonometric functions p-cosine, p-sine and p-tangent are defined in
[2]. There is no such definition for neither cotangent function, secant function nor cosecant function. While the elliptical
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complex-valued functions cos,, (¢,), sin, (¢,) and tan, (¢,) are extensions of real-valued functions p-cosine, p-sine and
p-tangent, we can not say the same for the elliptical complex-valued functions cot, (¢, ), sec, (¢,) and csc, (@,). So, to use
the notations cos, (¢,), sin, (@,), tan, (¢,) and to use the statement ”p-trigonometric function” are very natural for these
functions. But, the reason of maintaining this situation for other functions cot, (¢,), sec, (¢,) and csc, (¢,) is not obvious.
This reason is based on the relationships of these functions with the elliptical complex-valued trigonometric functions cotangent,
secant and cosecant. Now, we give the next theorem including these relationships.

Theorem 2.5. For any elliptical complex angle ¢, = x+1Iy € C,”, the following equalities hold:

1 T sinp (2x) sinh(2yp)
L. tan, ((PP) - \/mtan ((Pp |p|) - cos,,(Zx)-]#—cosh(Zyp) +Ipcosp(2x)+pyclcj)sh(2yp)’

2. cot, (@p) = ,

. sinp(Zx)(cosp(Zx)Jrcosh(Zyp)) sinh(Zyp)(cosp(2x)+cosh(2yp))
|p|cot ((P” v |p|> o (sinp2(2x)7%sinh2(2yp)) (sinh? (2yp)—psin,? (2x))

T\ . 2eos,(x)cosh(yp) , 2siny(x)sinh(yp)
3. 8€Cp ((Pp) \/7‘ sec ((Pp |P|) - cosC:(S;x;LCc‘():sh()ng) _Icos;(éjx)xJ:cosh(}Z,;p)’

o _ —2psinp(x)cosh(yp) 2cosp (x) sinh(yp)
4. CSCp ((Pp) - |p|CSC ((Pp \% ‘PD - cosh(Zy;)fcosp(Zx) +ICOSh(21;p)7COSp(2x)'
Proof. We will prove the second and last items. The other items can be proved similarly.
2. It is easy to see the equality

cos,(@,) 8 (‘Pp\/m> B
sinp (@p) ﬁsin (‘Pp\/W) =
On the other hand, since @,+/|p| = x/|p| +Iy\/|p|,
sin <2x |p|> <cos <2x |p|) + cosh (2y|p|)) ; sinh(2y|pl) (cos (Zx\/m> +c0sh(2y\p\)>
d sin? (20/Tp1) +sinh? (2y p]) VI i (26V/ToT) +sink? (23 o))
\/ﬁ sin (2&/@) (cos (Zx\/m) +cosh (D"PD) 1 sinh (2y|p|) (cos (Zx\/W) +cosh(2y\p\)>
L, (sin? (2¢y/[pl) +sinh? (25[p]) ) P s (sin? (20/]) + sinb” (231 ) )

|p|cot (‘Pp\/W) .

coty (¢p) =

pleot (@pv/Ipl) =

(vie]) (virl)
sinp, (2x) (cos, (2x) +cosh (2yp))  sinh(2yp) (cos, (2x) +cosh (2yp))
(sinp2 (2x) — %sinh2 (2yp)> (sinh2 (2yp) — psin,,? (2x))

can be written from the second item of Theorem 2.1. Then, we can immediately obtain the desired equality.

4. It is not difficult to find the equality

— 1 f— 1 = ! = CSC p .
o5 (00) = oo (o) "’Sm(% 7] [plese (p/17])

Also, from the fourth item of Theorem 2.1

25in(x\/m)cosh(y|p\) 2 cos(x |p|)sinh(y|p|)
cosh(2y|p\)—cos(2x |p|) \/Wcosh(2y|p\)—cos(2x |p|)

|p|esc (‘Pp\/M) = \/m

2p| \/*Sln( \/W) cosh(y|p|) iy cos (x \p|) sinh (y|p|)
cosh (2y|p|) —cos (Zx\/m) cosh (2y|p|) — cos (Zx\/|?|)
) 4

—2psin,, (x) cosh (yp 2cosp (x) sinh (yp)
cosh (2yp) —cos,, (Zx) cosh (2yp) —cos,, (2x)
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can be written by keeping ¢,+/|p| = x+/|p| +1y+/|p| in mind. From above, we immediately get

B 7\ _ —2psin, (x)cosh(yp) 2cos), (x) sinh (yp)
escp (¢p) = v/ plese ((Pp | |) ~ cosh (2yp) — cos, (2x) Icosh (2yp) —cos, (2x)

Theorem 2.6. For any elliptical complex number W, = a+1b € C,*, the equalities cos,, (A,) = W), sin, (Xp) = W), tan, (I'p) =
W, coty, (Ap) = W), sec, (Ap) = W), and cscp, (Y ,) = W, are satisfied by the principal elliptical complex angles

I lp _ Arg(utiv) +Iln\u+iv\

Vil P

2 __ Arg(g+ir) +11n\g+i‘:|’
Xp N I

A pa?—p?bt+1 . —2a+/|p| 1 pa®—p2p2+1 . —2a+/|p|
g Iy o 0 22 o s
3T — —pac+p=b=+1-2b|p|  —pa*+p=b=+1-2b|p| I —pac+p>b>+1-2b|p| = —pa*+p=b=+1-2b|p|
sAp “2v/17l 2|pl ’
Arg —a*p?—p i 2ay/lpl —a4pi?—p L 2ay/]p]
7a2+pb2+2bp+p 702+pb2+2bp+p 7(!2+pb2+2bp+p 7u2+pb2+2bp+p
4 A, = +1 i
—24/1p| P

Arg(c+id In|c+id

5. A, = g(ctid) +1 e+ |’
VIl P

6. Tp __ Arg(etif) + 1 ln\e-%if\7

NIl P

where u+ive C, g+it € C, c+id € Cand e+if € C are the principal complex values which are derived from the expressions

(a—i—ib |p|+\/(a+ib\/m)2—1), (i(a\/m+ib|p|)+\/l—(a\/m+ib|p|)2>, (Hi; =+ (a+fbi/7)2_l>’

1— 1 >+ - i ) , respectively.
<ﬁ +lb> (W‘Hb)

Proof. We will show that the first, third and last equalities are satisfied. Similar steps can be followed for the other equalities.

2
1. Let us take into consideration the principle value of \/ (a—l— iby/| p|) — 1 and calculate the principle value of the

2
statement (a +ib\/|p| + \/ (a +ib/| p\) — 1> . If we show this principle value with u + iv, Theorem 1.2 gives the proof of

this item.
3. By considering Lemma 2.2 and the theory of complex trigonometric functions, we can write

1
tan, (x+1y) =a+Ib < —tan(x\/|p|+ly\/\p|):a+1b

il
tan (x\/m—i—ly\/H) =av/|p|+16\/|p|

T (tan (x\/MHy\/H)) = (a\/HJrlb\/H)
tan (2 (xv/Ipl+ 1yv/1pl) ) = 7* (av/Ipl +16V/11)
tan (/[pl +iv|pl) =av/Ip] +ib|p]

arctan (av/[p+ b |p|) = x/[pl +iv|p|

i (i+ (av/Ipl+iblpl)

S log | - : =x/|p[+iypl.
i~ (ay/Ipl+ib|p])

O

¥
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To get unique solutions for x and y is our aim. To do so, if we use the principal value of arctangent function which is determined
by employing the principal value of the logarithm function, we obtain

i [Pl +i(1+b(p))
L0g<_ =xv/|pl+iylp|

2 pl+i(1=b]pl)

and so

. 2 232
i pa® —p°b*+1 : —2a+/|p| ,
2Log( +i | By =xv/|pl+iy|p|.

—pa®+p*b?+1-2b|p|  —pa®+p*b>+1—

From here, the equalities

i (paz—p2b2+1)+i(—2a\/m> (paz—p2b2+l)+i<—2a\/W)

— | In + iAr, = x + iy
2 —pa® + p?b? +1-2b|p| g —pd + P 12D Vipl+iy|pl
2 272 — 2 212 —
pa-—p-b-+1 . 2a+/|p| pa-—p-b-+1 . 2a+/|p|
Arg <pa2+p2b2+12bp +lfpaz+pzb2+lf2b|p\ In —pa*+p?b2+1-2b|p| +1i —pa*+pb2+1-2b|p|
— +i 5 = xV/|pl+iy|pl
can be written. Thus we find the unique solutions for x and y as follows
—p2p? . —2a+/|p| 2 p2b2 41 . —2a+/|p|
pa b 41 a/\p pa-—p-b-+
Arg <pa2+p2b2+12b|p +’pa2+p2h2+12hp|> In|— -2l T o 1))
xXxX= , y =
Therefore,

pa?—p2b*+1
—pa*+p?b2+1-2b|p|

T —2a+/|p|
—pa?+pb2+1-2b|p|

2 2,0 ) —2av/]pl
pa”—p~b-+1 av/|p
Arg <pa2+p2b2+12bp| Jr’Imz+p2b2+12b|p)

I
—2/1p] 21p|

r,=

can be concluded.
6. By considering Lemma 2.2 and the theory of complex trigonometric functions, we can write

cscp, (x+Iy)=a+Ib & Ipl csc( vV p| +Iy\/|p) =a+1Ib

& csc(x\/|?+1y\/H) \/i [Tp|

& (s (w/Iol+ vipl) ) = ( b)
“

NERENT

< CSC

( J%Wﬂ)
\/I?Jrlylpl)

- R
& e \/T»'
& arcose (\/% +ib> = x/|pl+iy|p|

. 1 i .
& —ilog| |1- 5+ =xv|pl+iylpl.
_a_ 4 +ib
<\/p +’l’) (\/ 7] )

The aim of us is to obtain unique solutions for x and y. For this reason, we use the principal value of arccosecant func-
tion. It is determined by employing the principal value of the logarithm function and the principal value of square-root
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function. By considering these cases, let us denote by e + if the principal complex value derived from the expression

1— 1 >+ L . In this case, we have
<ﬁ +ib> <ﬁ+’b>

—iLog(e+if) =xv/|p|+iy|p|.

This equation yields the followings

—i(Inle+if|+iArg(e+if)) = x/|pl+ivlpl,
Arg(e+if)—ilnle+if| = x/|p|+iy|p|.
Then we get the unique solutions for x and y as
x:Arg(eJrif) :ln|e+if|'

y Y
Vel p

Thus, we can conclude
_ Arg(e+if) 41 ln|e+if|'
Vil p

By taking into account of Theorem 2.6, the following corollary can be given.

Y, m

Corollary 2.7. For any elliptical complex number W, = a+1b € C,*, the principal values of the inverse p-trigonometric
functions:

Arccosp (y,) = A,
Arcsing (y,) = xp
Arctan, (y,) = T
Arccoty (W,) = A,
Arcsecp (y,) = A,
Arcescp (V) Y,

can be expressed.

3. Conclusion

In this paper, the trigonometric and p—trigonometric functions of elliptical complex variables are considered. Also, the
corresponding single-valued principle values of the inverse trigonometric and p—trigonometric functions are defined.

In the case p = —1, elliptical complex numbers correspond to complex numbers. As a result of this case, the elliptical
complex valued trigonometric functions can be seen as generalized form of the complex valued trigonometric functions which
have important roles in many areas of science.

In the future, the results obtained here may be used as a valuable tool in many areas of science just like in the case of
complex valued trigonometric functions.

References

1 M. Yaglom, Complex Numbers in Geometry, Academic Press, Newyork, 1968.
(21 A A. Harkin, J. B. Harkin, Geometry of generalized complex numbers, Math. Mag, 77(2) (2004), 118-129.

31 K. E. Ozen, M. Tosun, p-Trigonometric approach to elliptic biquaternions, Adv. Appl. Clifford Algebr., 28(3) (2018), 62.

[41 K. E. Ozen, M. Tosun, Elliptic matrix representations of elliptic biquaternions and their applications, Int. Electron. J.

Geom, 11 (2018), 96-103.

5] T. Erisir, M. A. Giingor, M. Tosun, The Holditch-type theorem for the polar moment of inertia of the orbit curve in the
generalized complex plane, Adv. Appl. Clifford Algebr., 26 (2020), 1179-1193.

T. Erisir, M. A. Giing6r, Holditch-type theorem for non-linear points in generalized complex plane C,, Univers. J. Math.
Appl., 1 (2018), 239-243.

(6]



On the Trigonometric and p-Trigonometric Functions of Elliptical Complex Variables — 154/154

71 7. Derin, M. A. Gilingor, On Lorentz transformations with elliptic biquaternions, Tbilisi Math., Sciendo (2020) 121-140.

8] E S. Diindar, S. Ersoy, N. T. S. Pereira, Bobillier formula for the elliptical harmonic motion, An. St. Univ. Ovidius
Constanta, 26 (2018), 103-110.
1 K. Eren, S. Ersoy, Burmester theory in Cayley-Klein planes with affine base, J. Geom, 109(3) (2018), 45.
101 K. Eren, S. Ersoy, Revisiting Burmester theory with complex forms of Bottema’s instantaneous invariants, Complex Var.
Elliptic Equ., 62(4) (2017), 431-437.

I. A. Kosal, M. Oztiitk, Best proximity points for elliptic generalized geraghty contraction mappings in elliptic valued
metric spaces, AIP Conf. Proc, 2037(1) (2018), 020015.

N. B. Giirses, S. Yiice, One-parameter planar motions in generalized complex number plane Cjy, Adv. Appl. Clifford
Algebr., 25 (2015), 889-903.

K. E. Ozen, On the elliptic biquaternions and their matrices, Sakarya University. Graduate School of Natural and Applied
Sciences, Sakarya, Ph.D. Thesis; 2019.

M. Abramowitz, I. A. Stegun, Handbook of mathematical functions, Dover, New York, 1972.

[11]

[12]

[13]

[14]

151 A 1. Markushevich, Theory of functions of a complex variable, American Mathematical Soc., 2013.



Communications in Advanced Mathematical Sciences
Vol. lll, No. 3, 155-161, 2020

Research Article

e-ISSN: 2651-4001

DOI: 10.33434/cams.780899

Norm of Operators on the Generalized Cesaro Matrix
Domain

Maryam Sinaei "

Abstract

Roopaei in [13] has introduced some factorization for the infinite Hilbert matrix and the Cesaro matrix of order n
based on the generalized Cesaro matrix. In this research, we investigate the norm of these two operators on the
generalized Cesaro matrix domain. Moreover we introduce some factorizations for the Hilbert matrix. Hence the
present study is a complement of Roopaei’s research.

Keywords: Hilbert matrix, Cesaro matrix, Norm, Sequence space.
2010 AMS: 26D15, 40C05, 40G05, 47B37.

1. Introduction

Let o be the space of all real-valued sequences. The space £,, consists all real sequences x = (xx);_, € @ such that Y37 ¢ [x¢|? < oo
which a Banach space with the norm

o 1/p
Ixlle, = { X Il ) <o,
k=0

where 1 < p < co.
Let T is a matrix with non-negative entries, assumed to map ¢, into itself and satisfies the inequality

ITxlle, < Kllxlle, ,

where K is a constant which is not depending on x for every x € £,,. The constant K is called an upper bound for operator 7" and
the smallest possible value of K is called the norm of 7.
For an infinite matrix A and sequence space X, we define the matrix domain A(X) as the set

AX)={xcew:Axe X}

which is also a sequence space. In this study, we use the notation A, for the matrix domain associated with the matrix A on the
space X = £,,. For an invertible matrix A, the matrix domain A, is a normed space with [|x||4, := [|Ax||,. There are several
new Banach spaces who have introduced and studied by using matrix domains of special lower triangular matrices. For more
references we encourage the readers to some papers [1, 3, 17, 18] and textbook [2]. Recently, several mathematicians have
computed the bounds of operators on some matrix domains in [9, 11, 12, 15, 16, 17, 18, 19].
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Cesaro matrix. The infinite Cesaro operator is defined by

1 .
Cix= 1 O0<k<j
I 0 otherwise,

for all j,k € N. It can be represented by its arrays as

1 0 o0
1/2 1/2 0
C=11/3 1/3 1/3

This matrix has the £,-norm [|C]|¢, = ;£ The inequality
oo n P P oo
¥ (B < (L) L
n=0 \i=0 " T P=1/ k=0

which is called Hardy’s inequality is resulted from the boundedness of Cesaro operator.
The matrix domain associated with the Cesaro matrix is the set

which is a Banach space with norm

1
P),,

The Cesaro sequence space C), is studied in [10, 20]. Recently, Roopaei et al. [16] have investigated the general case C, its
inclusion relations, dual spaces, matrix transformations as well as computing the norm of operators on this matrix domain in
the case 1 < p < oo,

I
L

mm=<i

Jj=0

Generalized Cesaro matrix. Let N > 1 be a real number, the generalized Cesaro matrix, cN = (ijv k), is defined by

1 .
N {J—H\/ 0<k<
Js

= .
k 0 otherwise,

and has the £,-norm ||CV]|,, = >£7 ([6], Lemma 2.3). That is

1
L0 o
1 1 0
TN 14N
cN=| 1 i 1

o
-+
=
(]

+. 2+N

Note that, C! is the well-known Cesaro matrix C. For more examples

12 0 0 - 13 0 0
L |3 o130 - N B VE I VE R
C =114 174 1/4 ...| ad C=1|1/5 1/5 1/5

The sequence space associated with the generalized Cesaro matrix is the set

p
<w}

o | J

C(N,p) = {x:(xk)ea):z ij—kN

Jj=0 k=0
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who has the norm

Ixllcov,p) = (Z
Jj=0

Note that for N = 1 we use the notation C, instead of C(1, p).
Recall the infinite Hilbert matrix which is defined by H = (h; ) = Hﬁ for all non-negative integers j and k and has the
matrix representation

1 1/2 1/3
1/2 1/3 1/4
H=11/3 1/4 1/5

According to [8] Theorem 323, the Hilbert matrix is a bounded operator on £, with

T

HHHZ,, = W

It has proved by Bennett [5] that the Hilbert operator can be factorized of the form H = BC, where C is the Cesaro matrix
and B = (bj ) is defined by

B k+1
(kD) (j+k+2)

b (j,k=0,1,...). 1.1)

T

The matrix B is also a bounded operator on £,, ([S], Proposition 2), and ||B||,, = em(ETp)

1p+1/p =1.
More recently, Roopaei in [13, 14] has generalized Bennett’s factorization to introduce several factorization for the Hilbert
matrix. He has showed that H can be presented of the form H = BYCY, where CV is the generalized Cesiro matrix of the form:

, where p* is the conjugate of p i.e.

Theorem 1.1 ([13], Theorem 2.2). The Hilbert matrix H, admits a factorization of the form H = BNCN, where BN = (bljyk) has
the entries

k-+N
b, = jk=0,1,...). 1.2
*E GGkt Y ) (42

and is a bounded operator on £, with bounds

# < HBNH' < L
p*sin(n/p) — o= pr sin(m/p)’
In particular, for N =1, H = BC and ||BH/p = ﬁ%(n/p)

2. Norm of Hilbert operator on generalized Cesaro space

The main purpose of this section is computing the norm of Hilbert operator on the generalized Cesaro space. Meanwhile, we
introduce some factorization for the Hilbert matrix.

In sequel, we need the definition of another Hilbert matrix, H ! who has the same norm as the Hilbert matrix and is defined
by

1 1

hip=—""—— i,k=0,1,... 2.1
j,k j+k+2 (.]’ P )7 ( )
or
12 1/3 1/4
1/3 1/4 1/5

H =11/4 1/5 1/6
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Theorem 2.1. The Hilbert operator is a bounded operator from £, into the generalized Cesaro space C(N, p) and

p'm
H < —.
#1000 < Gatarm)
Proof. We have
a |Hxlcovpy — ICVHx|lg,
IHlle,covp = — 0 =Ssup————
set,  Ixlle, vet,  Ixlle,

= |IC¥H]|¢, < mp” ese(n/p).

Theorem 2.2. The Hilbert operator is a bounded operator from the generalized Cesaro space C(N, p) into £, and

N7

H < —-.
| ”C(MP)Jp = prsin(n/p)
In particular, the Hilbert matrix is a bounded operator from the Cesaro sequence space into £, and

T

H = —.
1Hlertn = o Sintae /)
Proof. According to Theorem 1.1, the Hilbert matrix can be written as H = BNCY, where B is a bounded operator on £,, and

L < HBNH < L
prsin(n/p) =" = prsin(n/p)”

Since Cg and ¢, are isomorphic, hence

|Hx]|e, IBVCNx ]|, 1BV,
1Hllcwp, = s o= cNiZ 1B7lle,
vecop) Pllcavp)  vecvpy 1€V, vet, Ml
Nrm
= By, € ———.
1816, < e

In particular, for the symbol N = 1, CV = C and B = B, where B is the factor in the Bennett’s factorization of the Hilbert
operator. Now, we have the desired result. O
Theorem 2.3. The Hilbert operator is a bounded operator on the generalized Cesaro space and

Nrn
sm(n:/p)

In special case, the Hilbert operator is a bounded operator on the Cesaro matrix domain and

1H llcv,p) <

T
sin(7/p)

Proof. Let DN = (d},) be CVBY, where BY was defined by the relation (1.2). Then

1Hllc, =

k+N
i+ N (+Hk+1)(j+k+2)

k+ i+1 1
k+ i+N /) i+k+2

But, ’;(m’ <N a LN 1, for all non-negative integers j,k. Hence, dN < Nh1 which results in

%
I
M~

ik

T

DY\, <N|H", =N—F"—.
Do, <NIH |4, Sn(z/p)
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The map x — C"x shows that the two sequence spaces C(N, p) and ¢, are isomorphic, hence

|Hx(lcv,p) ICVHx||g,
ey = sup Ll wp Lol
X€C(N,p) HXHC(N,p) x€C(N,p) | x||1
DY, DYyl
= sup N = sup
xeC(N,p) ”C fop yel, ||y||€p
Nrn
= [ID"|lg, < ————-
sin(z/p)
In particular, for N = 1, CN = C and DV = H' which results the desired result. O

Corollary 2.4. The Hilbert operator is a bounded operator from the generalized Cesaro space C(N, p) into Cesaro sequence
space C), and

N7
sin(z/p)’

In particular, the Hilbert matrix is a bounded operator on the Cesaro matrix domain and

1Hlcw.p).c, <

T
sin(z/p)

Proof. Let P¥ = (p!,) be CBY, where BY was defined by the relation (1.2). Then

1Hlc, =

U k+N

N _

Pik J;)H—l j+k+1)(j+k+2)
(k4N
= \k+1 z+k+2

But, ’,?T}Y < N for all non-negative integer k. Hence, pl}{ (SN h; « Which results in

PV, <N|IHY, =N—Z .
1P ]le, <NIH |4, Sin(x/p)

Since Cﬁ’ and £, are isomorphic, hence

1H] B |Hxllc, |[CBYCV x|,
C(N.,p),C, . TN
W)y cecvp) ey secovp  N1CY]e,
1PVylle, NT
=[1PY]l¢, < —
vei, Dl sin(7/p)

In particular, for the symbol N = 1, CV = C and B = B, where B is the factor in the Bennett’s factorization of the Hilbert
operator. Now, we have the desired result. O

Similar to the above corollary we have the following result.

Corollary 2.5. The Hilbert operator is a bounded operator from the Cesaro sequence space C), into the generalized Cesaro
space C(N, p) and

T
sin(z/p)’

In particular, the Hilbert matrix is a bounded operator on the Cesaro sequence space and

IHllc,.covp) <

T

HHHC,, = m
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Corollary 2.6. The Hilbert matrix H, can be represented of the form H = C~'PNCV, where PN = (pljv i) is defined by

(k+N)

k- 1)(j+k+2) (jk=0,1,...).

N _
Pjx=

In particular, for N =1, ||P||;, = wese(n/ p).

Proof. By a simple calculation, PY = CB". Therefore by applying Theorem 1.1, C~'PNCN = H, which proves the factorization.
Note that for N = 1, P! = P = H', where the Hilbert matrix H! is

1 .
h;k:m (J:k:0717"‘)7

and has the norm [|H' |, = m O
Theorem 2.7. The Hilbert matrix H, has a factorization of the form H = C"NANC, where AN = (aj}{ i) is defined by

N j+1 .

R e k=01,..).

TRy S )

In particular, for N = 1, H has the factorization H = C~'AC, where ||A||, = wese(n/p).

Proof. It is not difficult to verify that AN = CVB, therefore by applying Theorem 1.1, C"NANCN = H, which proves the
factorization. Note that for N =1, A" = A = H' and has the norm ||A||¢, = |H'||;, = m. O

3. Norm of Cesaro operator on the generalized Cesaro space

In this section we intend to compute the norm of Cesaro operator of order n on the generalized Cesaro space.
For the probability measure y on the interval [0, 1], the Hausdorff matrix H* = (h; ), is defined by

_{ Jo (4)6*(1—0)*du(8) 0<k<;
0

h; :
Tk otherwise,

For 1 < p < oo, by Hardy’s formula ([7], Theorem 216) one can obtain the norm of Hausdorff matrices. These operators are
1
bounded iff [, 87 du(8) < oo and

o] 1
1, = [ 07 au(e).

By inserting dpt(8) = n(1 — 8)"~'d@ in the definition of the Hausdorff matrix, the Cesaro matrix of order n, C" = (cy) is

4
i .
=1 0
0 otherwise.

This matrix has the £,-norm

i, = T DL /)
O T 1/p)

according to Hardy’s formula. Note that, C I — C, where C is the well-known Cesaro matrix.
For computing the norm of Cesaro matrix of order n on the generalized Cesaro matrix domain we need the following
theorem.

Theorem 3.1 ([13], Theorem 3.2). For n > 1, Cesaro matrix of order n, C", has a factorization of the form C" = RWNCN,
where CV is the generalized Cesaro matrix of order N and R™" is a bounded operator on ¢ p With
Nl(n+1)I'(1+1/p*)

C(n+1/p*)

IR"¥]l¢, <
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Corollary 3.2. The Cesaro operator of order n is a bounded operator from the generalized Cesaro space C(N, p) into sequence
space £, and

el Nl(n+1)I'(1+1/p*)
C(N,p),el, — l"(n+ 1/p*)
Proof. Since C(N, p) and ¢,, are isomorphic, hence according to the Theorem 3.1 we have
o _ Iell, IRV,
C(N,p),tp — T TN
(Vop)L xeC(N,p) HXHC(N,[)) xeC(N,p) HCNfop
IRV yll¢ NL(n+1)T(141/p*
= sup p:”RmN”ZpS ( ) ( - /p)
}’E/p HyHép F(n—"_l/p )
Now, we have the desired result. O
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1. Introduction

The notion of a generalized topological space was introduced by Csészar in [3]. Let X be any non-null set. A family

U C exp(X) is a generalized topology [9]1in X if ® € u and U G; € u whenever {G; | € T} C u where exp(X) is a power
teT
set of X. We call the pair (X, i) as a generalized topological space (GTS) [9]. If X € u, then the pair (X, u) is called a

strong generalized topological space (sGTS) [9]. Let Y C X. Then the subspace generalized topology [2] is defined by,
Uy ={YNU |U € u} and the pair (Y, y) is called as the subspace generalized topological space [2].

Let (X, 1) be a GTS and A C X. The interior of A [9] denoted by iA, is the union of all yt-open sets contained in A and the
closure of A [9] denoted by cA, is the intersection of all p1-closed sets containing A when no confusion can arise. The elements
in U are called the p-open sets, the complement of a p-open set is called the p-closed set and the complement of 1 is denoted
by . Denote {U € i | U # 0} by fi [8] and denote {U € p | x € U} by u(x) [8].

Throughout this paper, R,Z,Q and N denote the set of all real numbers, integers, rational numbers and natural num-
bers, respectively. The notations X3,Xs,Xs and X are mean the sets {a,b,c},{a,b,c,d},{a,b,c,d,e} and {a,b,c,d e, [},
respectively.

2. Preliminaries

In this section, we remember some basic definitions and lemmas which will be useful in the development of the next sections.
A subset A of a GTS (X, ) is said to be a u-nowhere dense [6] (resp. W-dense [6], l-codense [T]) set if icA = 0 (resp.
cA=X,c(X—A)=X). Ais said to be a u-strongly nowhere dense set if for every V € fi, there is U € fi such that U C V
and U NA = 0. Then A is said to be a u-meager (or U-first category) (resp. U-s-meager (or U-s-first category)) set [8] if
A = J,enAn where A, is -nowhere dense (resp. U-strongly nowhere dense) for all n € N.
In a GTS, every subset of a i-strongly nowhere dense set is [i-nowhere dense and every subset of a u-meager (resp.
U-s-meager) set is [L-meager (resp. [-s-meager) [8].
Let (X,u) be a GTS and A C X. Then A is said to be a y-second category (U-1I category) (resp. U-s-second category
(u-s-II category)) set [8] if A is not p-meager (resp. U-s-meager). A is {-residual (resp. [-s-residual) [8] if X — A is p-meager
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(resp. U-s-meager).

A GTS (X, ) is said to be pu-1II category (resp. p-s-II category) if X is p-1I category (resp. p-s-II category) as a subset. A
space X is called a Baire space (BS) [8] if each V € [i is of u-II category in X. A space (X, ) is a strong Baire space (sBS) [8]
it ViNV,N...NV, is of u-II category set for all V},V,,...,V,, € p such that ViNVo, N...NV, £ 0. Also, every sBS is a BS [8].

Define u* = {U, (U nU;NU3N...0U}, ) | UL, U;,..., U € u} and u** = {A C X | A is of u-II category set} U{0} [8].
Then p C p* and u C p** if (X, u) is a Baire space [8]. Also, u* C u** if (X,u) isa sBS [11].

A space (X, ) is called hyperconnected [6] if every non-null p-open subset of X is p-dense in X. A GTS (X, u) is said to
be a generalized submaximal space [7] if every u-dense subset of X is a (-open set in X.

The following lemmas will be useful in the sequel.

Lemma 2.1. [8, Property 2.3] Let (X, ) be a GTS and A C X be a u-nowhere (resp. p-strongly nowhere) dense set. Then the
closure of A and any subset of A are y-nowhere (resp. p-strongly nowhere) dense sets.

Lemma 2.2. [8, Property 2.5] Let (X, 1) be a GTS and A C X. Then the following hold.
(a) If A is s-meager then it is meager.

(b) If A is of II category then it is of s-II category.

(c) If A is s-residual then it is residual.

Lemma 2.3. [9, Proposition 4.7] Let (X, 1) be a GTS. If F,, is a u-meager set for each n € N, then |, Fy, is a U-meager set
inX.

Lemma 2.4. [9, Theorem 5.3] Let (X, 1) be a GTS. The following are equivalent.
(a) X is Baire.

(b) If A # 0 is pu-residual in X, then A is yu-dense in X.

(c) If B # X is yu-meager in X, then B is p-codense in X.

(d) Every U € fi is u-II category in X .

(e) iF =0, for every F is a [l-meager set in X.

() For every p-closed set F,, with iF,, = 0,i(U,en Fr) = 0.

Lemma 2.5. [12, Theorem 3.3] Let (X, i) be a GTS. Then the following hold.
(a) If G, is p-s-meager for each n € N, then |J, oy Gy, is U-s-meager.
(b) I F;, is u-s-residual for each n € N, then (), ey Fr is -s-residual.

3. Properties of Generalized Topology

In this section, we give some properties of generalized topologies defined in a generalized topological space. Also, we check
some families are either satisfied with the stack property or not.
We start the study of various types of generalized topologies in a generalized topological space by reminding the well-known
definitions in GTSs.
Let (X, 1) be a GTS. A collection & of subsets of X is called a stack [10] if A € € whenever B € % and B C A. A stack 57
on X is called a p-stack [10] if A,B € 5, then ANB # 0.

Theorem 3.1. Ler (X, 1) be a GTS. Then {I** is a stack.

Proof. Suppose B € fi** and B C A C X. Then B is of u-II category set in X. Since subset of a i-meager set is (-meager, A is
of u-II category set in X implies that A € fi**. Therefore, fi** is a stack. O

The below Corollary 3.2 directly follows from Theorem 3.1 so the proof is omitted.

Corollary 3.2. Let (X,1t) be a GTS and A C X. Then the following hold.
(@) If A # 0, then A € p™.

(b) If (X, u) is aBS and if iy A # 0, then A € pu**.

(©) If (X,u) is a sBS and if iy*A # 0, then A € pu**.

(d)IfA € u*, then cyA, cpsA, cymsA € ™.

The following Example 3.3, (a) shows that the generalized topology fi is not a stack in a generalized topological space, (b)
proves that there exist a topology i, in which fi is not a stack and (c) proves that u is not a topology even if i is a stack. The
generalized topology (I* is not a stack as shown by the below Example 3.4.
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Example 3.3. (a) Consider the generalized topological space (X,ut) where X = R and u is the Z forbidden generalized
topology on R, thatis, 4 = {U C R|U C R—Z}. Then fi is not a stack. Because, if U = {-2- | n € N}, then U € fi. Here
UcCQ ButQ¢fi.

(b) Consider the generalized topological space (X, ) where X = [0,5] and u = {0,[0,2),(1,2),(1,4],[0,4],X}. Then p is a
topology. But i is not a stack. For, let G = [0,2) and H = [0,2]. Then G C H and G € fi. But H ¢ [i.

(c) Consider the generalized topological space (X4, i) where u = {0, {a,b},{a, b,c},{a,b,d},{a,c,d},{b,c,d},X4}. Then fi
is a stack. But u is not a topology.

_n_
n+1

Example 3.4. Consider the generalized topological space (X, it) where X = [0,5] and u = {0,[0,2),(1,3),(1,4],[0,4]}. Then
ur*={0,[0,2),(1,4], (1,%),(1,2), [0,4]}. Let A= (1,2) € fi* and B=[1,2]. Then A C B. But B ¢ [i*. Thus, fi* is not a stack.

Theorem 3.5. Let (X, 1) be a GTS. Then (X, u**) is a hyperconnected space if and only if {i** is a p-stack.

Proof. Suppose that (X, u**) is a hyperconnected space. By Theorem 3.1, {i** is a stack. Let A, B € fi**. Then A and B are
non-null u**-open sets and so A and B are u**-dense sets in X, by hypothesis. Therefore, AN B # 0. Hence i** is a p-stack.
The reverse implication is directly follows from the definition of p-stack so the proof is omitted. L

Example 3.6. Consider the generalized topological space (X,u) where X = [0,5] and u = {0,[0,2),(1,4],[0,4]}. Then
w*={0}U{A,BC X |A €exp((1,2)) —{0},A C B} and so (X,u*™) is not a hyperconnected space. Because, if we take
W =10,3)U(3,5], then W € u** and hence {3 } is a i**-closed set but {3} is a non-null **-open setin X. Let U = [0, 1]U{3}
andV = {f}U[2,5]. Then U,V € i**. But U NV = 0. Thus, i** is not a p-stack.

Theorem 3.7. Let (X, 1) be a BS. If every non-null lt-open set is a [-residual set, then (X, L) is a hyperconnected space.

Proof. Let G € fi. Then by hypothesis, G is u-residual in X. By Lemma 2.4, G is a u-dense set in X. Hence (X,u) is a
hyperconnected space. O

Theorem 3.8. Let (X, 1) be a BS and every non-null [t-open set is [-residual in X. If (X, L) is a generalized submaximal
space, then the following hold.

(@) = p.

(b) fi is a stack.

Proof. 1t is enough to prove (a) only. Since (X, 1) is a BS we have u C u**. Let B € u**. If B =0, then there is nothing
to prove. Suppose B € fi**. Then B is of u-II category set and so B is not -meager so that B is not a yi-nowhere dense set.
Thus, iycuB # 0. Take V =iy cyB. Then V € fi. By hypothesis and Theorem 3.7, (X, 1) is a hyperconnected space so that V' is
u-dense set in X. Then B is p-dense set in X. Since (X, 1) is a generalized submaximal space, B is a y-open set. Therefore,
B € fi sothat B € u. Thus, u** C u. Hence u™ = u. O

In Theorem 3.8, replace the condition “(X, 1) be a BS” by the condition “(X, 1) be a sBS”, we get 4 = u* = u** and then
-
1™ is a stack.

The following Example 3.9 shows that the necessary conditions are can not be dropped in Theorem 3.8.

Example 3.9. (a) Consider the generalized topological space (X, i) where X = [0,5] and u = {0,[0,2), (1, %)7 (1,3],[0,3]}.
Then (X, u) is a BS and every non-null y-open set is a p1-residual set in X. Let A = [1,4] be a subset of X. Then ¢, A =X and
so A is a u-dense subset of X. But A ¢ p. Thus, (X, 1) is not a generalized submaximal space. Here u** = {0} U{A,B C X |
A€exp((1,3))—{0},A C B}. Choose W = [1,2]. Then W € p**. But W ¢ p. Hence ™ ¢ p.

(b) Consider the generalized topological space (Xs, 1) where u = {0,{a,b},{a, c},{a,d},{b,c},{a,b,c},{a,b,d},{a,b,e},
{a,c,d},{a,c,e},{a,d, e} {b,c,d} {b,c,e},{a,b,c,d},{a,b,c,e},{a,b,d,e},{a,c,d, e}, {b,c,d e}, Xs}. Therefore, (Xs,u)
is a generalized submaximal space and every non-null i-open set is a g-residual set in X5. But (Xs, 1) is not a BS. For, if we
take A = {a,c,d} is a subset of X5. Now iycy ({a}) =iy ({a}) ={0};incu({c}) =in({c}) ={0};incu ({d}) = in({d}) = {0}.
Then {a,c,d} is a ji-meager set and so A is not a u-II category set in Xs. Here, u** = {0}. Hence u ¢ p**.

(c) Consider the generalized topological space (Xs, 1) where u = {0,{a},{b},{a,b},{a,c},{a,b,c},{a,b,d},{a,b,e},{b,c,d},
{a,b,c,d},{a,b,c,e},{a,b,d,e},Xs}. Then (Xs, 1) is a BS and generalized submaximal space. Let A = {a} be a subset of Xs.
Then Xs —A = {b,c,d,e}. Consider, iycy ({b}) = iu({b,d,e}) = {b} # 0. Thus, {b} is of u-II category set in Xs. Therefore,
Xs — A is of u-II category set in X5 so that Xs — A is not a (l-meager set which implies that A is not a p-residual set in X5. Thus,
there is a non-null p-open set which is not a p-residual set in Xs. Here, u** = {0} U{A C X5 | eithera € Aor b € A}. Let
G ={a,c,d}. Then G € u**. But G ¢ u. Hence u** ¢ p.

Theorem 3.10. Every collection of all non-null pi-residual sets in X is a stack where UL is a generalized topology on X .
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Proof. Letn ={A C X | A is a non-null y-residual set}. Suppose that V € 1 and V C U. Then V is p-residual and so X —V
is g-meager in X. Since V C U,X —U C X —V so that X — U is a u-meager set in X, since subset of a meager set is meager.
Thus, U is p-residual in X. Therefore, U € 1. Hence 7 is a stack. O

Theorem 3.11. Ler (X, 1) be a GTS and n = {0} U{A C X | A is non-null [i-residual set}. Then 1 is a topology on X .

Proof. By Theorem 3.10, 7 is closed under arbitrary union. Also, 7 is closed under finite intersection, by Lemma 2.3. Let
A C X be anon-null y-residual set. Then @ = (X —X) C (X —A) and so X is a non-null p-residual set. Thus, X € 1. Therefore,
1 is a topology on X. O

The below Theorem 3.12 (a) follows from the similar arguments in Theorem 3.10, Theorem 3.12 (b) follows from Lemma
2.5 (b) and the same considerations in Theorem 3.11 so the proof is omitted.

Theorem 3.12. Let (X, 1) be a GTS. Then the following hold.
(a) Every collection of all u-s-residual sets in X is a stack.
(b)If n ={0} U{A C X | A is non-null u-s-residual set}, then 7 is a topology on X.

Theorem 3.13. Let (X, 1) be a GTS. Then every collection of all j1-dense sets in X is a stack.
Theorem 3.14. Let (X, 1) be a generalized submaximal space. Then every collection of all |1-dense sets in X is a p-stack.

Proof. Letn = {A|A is u-dense subset of X }. By Theorem 3.13, 1 is a stack. Let G,H € 1. Then G and H are [i-dense sets
in X. By hypothesis, G and H are non-null i-open sets in X so that GNH # 0. Hence 7 is a p-stack. O

The following Example 3.15 shows that the condition “(X, 1) be a generalized submaximal space” can not be dropped in
Theorem 3.14. Also, this example shows that the collection of all tt-codense sets in X is not a stack.

Example 3.15. Consider the generalized topological space (Xa, ) where u = {0,{a,b},{b,c},{a,b,c},{b,c,d},Xs}. Here,
{b} is a u-dense set. But {b} ¢ u. Thus, (X4, 1) is not a generalized submaximal space. Take 11 = {A | A is u-dense subset
of X4}. Then n = {{b},{a,b},{a,c},{b,c},{b,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},X4}. Take A ={a,c} and B= {b,d}.
ThenA,B€n. ButANB=0.

Take ¢ is the collection of all y-codense sets in X. Then § = {0,{a}.{b},{c},

{d}.{a,c},{a,d},{b,d},{c,d},{a,c,d},Xs}. Choose A = {b,d} and B={b,c,d}. Then A € { and A C B. But B ¢ (. Thus,
¢ is not a stack.

Next, Theorem 3.16 follows from Lemma 2.4 and Theorem 3.14 so the direct proof is omitted.

Theorem 3.16. Ler (X, 1) be a BS. If (X, 1) be a generalized submaximal space, then 1 = {A C X | A is a non-null p-residual
set} is a p-stack.

The following Theorem 3.17 follows from the fact that “super set of a dense set is dense” and the trivial proof is omitted.
Theorem 3.17. Let (X, 1) be a GTS and n = {0} U{A C X | A is u-dense}. Then 1 is a strong generalized topology on X .

The collection 1] defined on the above Theorem 3.17 is not closed under the finite intersection as shown by the following
Example 3.18.

Example 3.18. Consider the generalized topological space (Xu, i) where 4 = {0, {a,b},{b,d},{a,b,c},{a,b,d} ,{b,c,d}, X4}
Take 1 = {0} U{A C X4 |Ais u-dense set}. Then n ={0}U{{b},{a,b},{a,d},{b,c},{b,d},{a,b,c} . {a,b,d},{a,c,d},{b,c,d},
X4}. LetA={a,d} and B={b,d}. Then A,B€ n. ButANB = {d} ¢ 1. Thus, 7 is not closed under the finite intersection.

Theorem 3.19. Ler (X, 1) be a GTS. Then w™ # {0} if and only if w**" is a strong GT in X where ™" = {UWwinwin
t
L OWL) [ WEWSL LW, € w* ) and hence it is a topolog).

Proof. Suppose that 1** # {@}. Then there exists a non-null y**-open set in X. Take G is the non-null p**-open set in X. Then
G is of u-II category set in X. Since subset of a (l-meager set is (-meager, X is of u-1II category. Therefore, X € pu** and so
X € u*". Hence u**" is a strong generalized topology. Also, u**" is closed under finite intersection. Hence u**" is a topology.
Converse, follows from the definition of u***. O

Theorem 3.20. Ler (X, 1) be a GTS. If fi is a stack, then the following hold.
(a) u is a strong GT.
(b) u* is a topology.
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Proof. Tt is enough to prove (a) only. Suppose 1 # {0} and fi is a stack. Then we can choose a non-null open set in (. Take G
is a non-null y-open set in X. If G = X, then there is nothing to prove. Assume that, G C X. By hypothesis, X € fi so that
X € u. Hence u is a strong GT. O

The converse implication of (a) in Theorem 3.20 is not true as shown by the following Example 3.21.

Example 3.21. Consider the generalized topological space (X, i) where X = [0,5] and u = {0,[0,2),(1,3],(1,5],[0,3], X }.
Then (X, ) is a strong generalized topological space. But i is not a stack. For, [0,2) C [0,2]. Here [0,2) € u but [0,2] ¢ u.

The following Theorem 3.22 is a direct consequence of the definition of the stack so the proof is omitted. If 1 C exp(X) — {0}
where X is a non-null set, 4 C 7 C 7y and if 7 is a stack, then neither y nor u is stack as shown by the following Example 3.23.

Theorem 3.22. Let X be a non-null set and 1 C exp(X). If  is a stack and generalized topology, then 1 is a strong GT.

Example 3.23. Consider the non-null space X4. Take n = {{a},{a,b},{a,c},{a,d},{a,b,c},{a,b,d},{a,c,d} , Xa}. Let y=
{{a},{b}{a,b} {a,c},{a,d} {a,b,c} {a,b,d} {a,c,d} X4} and pu = {{a},{a,b},{a,c},{a,b,c},{a,b,d},{a,c,d} Xa}.
Then u C 1 C y. Here 1) is a stack. But neither y nor u is stack. For, let A} = {b},A; = {a} and B| = {b,d},B> = {a,d}.
Then A| € y,A> € pand A C B1,A> C B,. But By ¢ v, B> ¢ u.

Moreover, (t* is a topology if (1* is a stack.

4. Nature of a New GT

In this section, we define a new generalized topology and give some of its properties in a generalized topological space.

First of all, we recall some definitions and facts for the development of this section.

A GTS (X, ) is said to be a weak Baire space (for short, wBS) [8] if for every U € fi is of p-s-II category set in X. Also,
every BS is a wBS.

Let (X,u) be a GTS and A C X. Then A is called p-semi-open (resp. -a-open) if A C ciA (resp. A C iciA) [5].

In [8], Korczak - Kubiak et al. introduced a new generalized topology, namely p**, defined by using p-II category sets and
gave some properties of this generalized topology in a generalized topological space.

Motivated by this, we will introduce a new generalized topology, namely u”’, (dependent on GT u) in a generalized
topological space which will be a convenient tool for considerations in this section.

The GT u” defined as in the following way:

Definition 4.1. Let (X, ) be a GTS. Then u” = {0} U{A C X | A is of u-s-II category set}.

The family p” is a strong generalized topology if u” # {0}. The converse implication is always true.
Let (X,u) be a GTS. If u # {0}, then X is of u-s-II category and hence u” is a sGTS. Also, the reverse implication is true.
The following Example 4.2 shows that the family u”" is not closed under the finite intersection.

Example 4.2. Consider the generalized topological space (X4, u) where u = {0,{a},{a,d},{b,d},{a,b,c},{a,b,d}, X4}.
Then u” = {0}U{A C Xy |ac€AorbcAordec A}. Here, {a,c} and {b,c} are of p-s-II category subsets in X;. Take
A={a,c}n{b,c} = {c}. Then A is a u-strongly nowhere dense set in X4 and so A is not -s-II category in X, so that A ¢ u”".
Therefore, u”” is not closed under the finite intersection.

Lemma 4.3. [8, Lemma 2.12] Let (X, 1) be GTS and A C X. Then

Cum(A) = X if A is u-residual,
TV A if A is not p-residual

Lemma 4.4. [8, Lemma 2.13] Let (X, 1) be GTS, X be a u-II category set and A C X. If A is a u**-nowhere dense set, then A
is a y-meager set.

Theorem 4.5. Let (X, 1) be a GTS. Then " is a stack.

Proof. Suppose A C Band A € /,L:’/ - Then A is of u-s-II category set and so B is of pi-s-II category set, since subset of a
-s-meager set is (1-s-meager. Therefore, B € u” . Hence u” is a stack. O

The following Corollary 4.6 follows from the similar arguments in Theorem 3.5 and so the proof is omitted.

Corollary 4.6. Let (X, ) be a GTS. Then ,u~'7/ is a p-stack if and only if (X,u”") is a hyperconnected space.
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The following Proposition 4.7 directly follows from the definition of weak Baire space, strong Baire space and Lemma 2.2
(b) so the proof is omitted. Theorem 4.8 directly follows from Theorem 4.5, Proposition 4.7 so the trivial proof is omitted.

Proposition 4.7. Ler (X, 1) be a GTS. Then the following hold.
(a) If (X, u) isa wBS, then u C u”".

(b) If (X, ) isasBS, then u* c u”".

©u*cu”.

Theorem 4.8. Let (X, 1) be a GTS and A C X. Then the following hold.
@Ifi,yA#0,thenAecpu”.

(b) If (X, ) is a wBS and if iyA # 0, then A € u”".

(c) If (X, ) is a sBS and if iy+A # 0, then A € p”".
(®HA€MVJMn%AmmAqWAqﬂA€u%

Theorem 4.9. Ler (X, 1) be a wBS-sGTS and A C X. Then the following hold.
(a) If A is u-a-open, then A € u”.
(b) If A is p-semi-open, then A € u”’.

Proof. We will present the detailed proof only for (a). Suppose A is a y-o-open set in X. Then A C iciA. If A = 0, then there
is nothing to prove. Assume that, A # 0. Then iciA # @ so that ciA # @ which implies that iA # 0, since u is a sGT. Thus,
iyA # 0. By hypothesis and Theorem 4.8 (b), A € u”". O

By using Theorem 4.9, immediately we get two Observations as follows.

Observation 4.10. Ler (X, ) be a wBS-sGTS. If A is a u” -dense subset of X, then the following hold.
(a) ANU # 0 for every non-null p-a-open set U.
(b) ANV = 0 for every non-null y-semi-open set V.

Observation 4.11. Let (X, 1) be a wBS-sGTS and A CX. IfAis a w” -nowhere dense set in X, then the following hold.
(a) If G is a non-null p1-o-open set, then G Z A.
(b) If H is a non-null p-semi-open set, then H g_ A.

In Theorem 4.9, we replace the condition “wBS-sGTS” by “BS-sGTS” we get A € u**, by Corollary 3.2 (b). Theorem 4.9
is not reversible as shown in the following Example 4.12.

Example 4.12. Consider the generalized topological space (Xs, i) where u = {0,{a,b},{b,c},{a,b,c}}. Then u” = {0} U
{ACXs|acAorbeAorceA}.

Let U = {c,d}. Then U € u”". But U is not a y-o-open set in Xs. For, iycuiyU = iycy({0}) = iy({d,e}) = 0. Thus,
U ¢ iycuiyU.

LetV = {a,d}. Then V € u”". Here cyiyV = ¢, ({0}) = {d,e}. Thus, V ¢ c,i,V. Therefore, V is not a {i-semi-open set in Xs.
Theorem 4.13. Let (X, 1) be a GTS and A C X. IfAisa w” -nowhere dense set, then the following hold.

(a) If (X, u) is a wBS, then A is u-codense.

(b) If (X, 1) is a sBS, then A is pu*-codense.

(c) A is u**-codense set in X.

Proof. Tt is enough to prove (b) only. Suppose (X, 1) is a sBS and A is a u” -nowhere dense set. Then i wr ¢urA=0and so

cyr (X —A) = X. By hypothesis and Proposition 4.7 (b), ¢y (X —A) = X. Therefore, A is a p1*-codense set in X. O

Proposition 4.14 and Proposition 4.15 are follows from the similar considerations in Lemma 4.3 and Lemma 4.4, respectively
so the proofs are omitted.

Proposition 4.14. Let (X, 1) be a GTS and A C X. Then

¢ (A) = X if A isu-s-residual,
wrE = A if A isnot U-s-residual

Proposition 4.15. Ler (X, 1) be a GTS, X be a i-s-1I category set and A C X. Then the following hold.
(a) If A is a u” -nowhere dense set, then A is a y-s-meager set.

(b) If A is a u” -meager set, then A is a [-s-meager set.

(c) If A is a u” -residual set, then A is a p-s-residual set.

(d) If A is of u-s-II category, then it is of u” -II category.
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Theorem 4.16. Let (X, 1) be a wBS. Then every pi-strongly nowhere dense set is 1" -nowhere dense in X.

Proof. Suppose (X, 1) is a wBS. Let A be a u-strongly nowhere dense set in X. Suppose i wrCurA = (. Then ¢, A contains
a non-null ,u"’/ -open set in X and so ¢, »A contains a p-s-II category set in X. Thus, ¢, A contains a pi-s-II category set in X,

since u C u”. But cuA is a U-s-meager set in X, by Lemma 2.1. Therefore, i, » ¢, »A = 0. Hence every l-strongly nowhere

u”
dense set is a u” -nowhere dense set in X. O

The following Corollary 4.17 follows from Theorem 4.16 so the direct proof is omitted.

Corollary 4.17. Let (X,1t) be a wBS and A C X. Then the following hold.
(a) If A is u-s-meager, then A is 1’ -meager in X.

(b) If A is of u” -1I category, then A is of u-s-II category in X .

(c) If A is p-s-residual, then A is u” -residual in X.

Theorem 4.18. Let (X, 1) be a GTS. If X is of u-s-1I category, then (X,u”") is a BS.

Proof. Let G € u"’/ Suppose G is a p” -meager set. Then by hypothesis and Proposition 4.15 (b), G is a p-s-meager set, which
is a contradiction to G € u 7. Therefore, G is of w” -1I category in X. Hence (X,u”) is a BS. O

The following Theorem 4.19 follows from the similar considerations in Theorem 3.19 so the easy proof is omitted.
Theorem 4.19. Let (X, ) be a GTS. Then u” # {0} if and only if u””" is a strong GT in X where p””" = {Uwinwin
t
W) | Wi WL,....,W! € u”} and hence it is a topology.

In the rest of this section, we give some relations between various types of generalized topology in a generalized topological
space.
First of all, we remember some Lemmas which is useful in the sequel.

Lemma 4.20. [14, Theorem 3.4] Let (X, ) be a sBS and A C X. Then the following hold.
(a) If A is a u-nowhere dense set, then A is a W*-nowhere dense set.

(b) If A is a -meager set, then A is a L*-meager set.

(c) If A is a u*-1I category set, then A is a U-II category set.

Lemma 4.21. [14, Theorem 3.7] Let (X, 1) be a BS and A C X. Then the following hold.
(a) If A is a W-nowhere dense set, then A is a W -nowhere dense set.

(b) If A is a L-meager set, then A is a I -meager set.

(©) If A is a W™-II category set, then A is a U-II category set.

Here, u*™*" = {LIJ(W{HWZ’O....QW,;) | Wi Wi, W ep™}andu”” = {LtJ(W{ﬂWQ’O....ﬂW,Z) | W WL, W €

v
u”}.
Now we deﬁne two generalized topologies and give some properties of these generalized topologies.
Define u*" ={0}U{ACX |Ais ofu -1 category sethand u””" = {0} U{A C X | A is of u” -II category set}.

It is easily seen that the families u* and u” are generalized topologies. Also, these two generalized topologies are
satisfied with the stack property in a GTS.

Theorem 4.22. Let (X, 1) be a generalized topological space. Then the following hold.
(a) ™" is a stack.
(b) /17/* is a stack.

Proof. Ttis enough to prove (a) only. Suppose A C B where A € [i**". Then A = LIJ(A’1 NASN....NA} ) where A, AS, ... A) €
w*. Take Ay = A’f ﬂAS N.... ﬂAﬁk such that A; # @ where Ak,AS,....,Aﬁk € u**. By hypothesis, Ay C B so that B =

ArU (B —Ay). Thus, B = (A’f NASN....NA} )U(B—Ay) where A’;,A’;, Al € u** which implies that B = (A U (B —
A))N(ASU(B—A))N....N (A} U(B—Ay)) where A}, A%, ... A% € u™. Slnce Al,Ag, Ay € ™ we have Af U (B—
Ap),ASU(B—Ay),.. ”k U (B—Ay) € fi**, since fi** is a stack. Therefore B € [i**". Hence ,u** is a stack. O

Corollary 4.23. Let (X, L) be a generalized topological space and [i is a stack. Then fi* is a stack.

Obviously, u** ¢ u**" and u”" c u””. The reverse implications are true as shown by the following Theorem 4.24.
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Theorem 4.24. Let (X, 1) be a generalized topological space. Then the following hold.
(a) If (X, u**) is a sBS, then u**" C p**.
(b)If (X,u” ) isasBS, then u”" c u”

Proof. (a) Suppose (X,u**) is a sBS. Let G € u**". If G = 0, then there is nothing to prove. Assume that, G # 0. Then
G=U(G\NGyN....NG},) where G} € u** for i = 1,2,...,ng. Take G, = G NG5N....N G} such that G # 0 where
t

G’{,G’i, .. ,1k € u**. By hypothesis, Gy is of u**-II category set in X so that Gy is of u-II category set in X, by Lemma

4.21(c). Thus, G is of u-II category set in X. Therefore, G € u**. Hence u**" C p**.
(b) It is follows from the similar arguments in above case and Corollary 4.17 (b). O

The condition “(X,u”") is a sBS” is necessary in Theorem 4.24 (b) as shown by the following Example 4.25

Example 4.25. Consider the generalized topological space (Xy, it) where u = {0, {a,b},{a,b,c}}. Then u” = {0} U{A C X4 |
eithera € Aorb € A}. Then (X,u”") is not a sBS. For, let U = {b,d};V = {a,d}. Then U,V € u”". But U NV = {d} which
is a u” -nowhere dense set. Here u”" = exp(X). Thus, u”" ¢ u”

Theorem 4.26. Let (X, 1) be a generalized topological space. Then W™ c u”’”

Proof. Follows from the fact that u** c u”". O
Theorem 4.27. Let (X, 1) be a wBS. Then u* c u””

Proof. Let G € u*. If G = 0, then there is nothing to prove. Assume that, G # 0. Then G = J(G| NG;N....N G, ) where
G',G,,....,G, € u. By hypothesis, u C u”. Thus, G = LIJ(th NG;N....NG,,) where G’l,tG’Z,....,Gﬁlt e u”. Therefore,
Geu”. O
Theorem 4.28. Let (X, 1) be a GTS and X be a p-s-1I category set. Then p” c u””

Proof. Let B € u” . Suppose B = 0. Then there is nothing to prove. Assume that, B # 0. Then B is of p-s-II category set in X.
By hypothesis and Proposition 4.15 (d), B is of u” -II category set in X. Hence Be u”"™". O

Theorem 4.29. Let (X, 1) be a sBS. Then the following hold.
@u* cu™.
O cp”

Proof. This follows from Lemma 2.2 and Lemma 4.20. L

The following Example 4.30 shows that the reverse implications of Theorem 4.26, Theorem 4.27 and Theorem 4.29 (b) are
need not be true in a generalized topological space.

Example 4.30. Consider the generalized topological space (X4, 1) where u = {0,{a,b},{b,c},{a,b,c}}. Then u* = {0, {b},
{a.b} {b,c} {a,b,c}} i = {0 U{AC X [be A} u ={0lu{acx \aerrberrceA};u*** ={0}u{AcX|
beAy;u ={0,{b},{a, b}, {b c},{b,d}, {a b,c},{a,b,d},{b,c,d},X};u”" = exp(X).

(a). Let A= {a}. ThenA € u”” . But A ¢ u**

(b). Let B={c}. Then B€ u””. But B ¢ u*.

(c). Let C={a,d}. ThenC € u” . But C ¢ u*~

The reverse implications of Theorem 4.29 (a) is need not be true as shown by the following Example 4.31.

Example 4.31. Consider the generalized topological space (X4, 1t) where y = {@ {a},{a,b},{b,c},{a,b,c}}. Then u* =
{0,{a},{b},{a,b},{b,c},{a,b,c}}; W = {Q}U{A CX|acAorbcA}andsou* ={0}U{BCX|acBorbcB};u™ =
exp(X). Let G={c}. Then G € u** . But G ¢ u*".

Theorem 4.32. Let (X, ) be a BS-sGTS. If (X, ) is a sBS, then w™* c u””".
Proof. Let A be a non-null 1** -open set. Then A = LtJ(All NASN....NA} ) where A|,A5,.... Al € uw™. Take Ay = AknAkn

. ﬂA’,‘,k where A’{,A’g, .. .,A’;lk € u** such that A, # 0 for some k. By hypothesis, Ay is of u**-II category set and so Ay is of
u-1II category set, by hypothesis and Lemma 4.21. Thus, A is of u-II category set so that A is of u-s-1I category set. Hence
Acu”. By Theorem 4.28, A € u””". Hence u** c u”™". O
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5. Some Special Spaces

In this section, we analyze the nature of extremally disconnected and submaximal spaces in a generalized topological space.
Finally, we prove every p-isolated point is a u-II category set in a GTS.
A GTS (X, u) is called p-extremally disconnected or simply, extremally-disconnected [4] if the w-closure of every {-open
set is [-open.
A subset B of a generalized topological space (X, i) is said to be a u-Gg-set [1]if B= [\ B, where each B, is a [1-open

neN
set.

A generalized topological space (X, i) is said to be a generalized Gg-submaximal space [1] if every u-dense subset of X is
a U-Gg-setin X.

Lemma 5.1. [1, Lemma 3.7] Let (X, ) be a GTS. If (X, u) is a generalized submaximal space, then (X, 1t) is a generalized
G s-submaximal space.

Lemma 5.2. [13, Theorem 3.2] Let (X, ) be a GTS. Then the following hold.
(a) W™ # {0} if and only if (X, ™) is a sGTS.
(b) If (X, 1) is a BS, then W # {0}.

Theorem 5.3. Let (X, 1) be a GTS. If either (X, 1) is a BS or W™ # {0}, then (X, ™) is a W*-extremally disconnected
space.

Proof. We will present the detailed proof only for the case, u** # {0}. Then u** is a sGTS, by Lemma 5.2. Let G € p**. If
G =0, then ¢;~G = G and so c;«+G € u**. Suppose that G # 0. Then G is of u-II category set in X. Since G C ¢y~ G and
subset of a u-meager set is u-meager we have c;=G is of pu-II category set in X. Thus, cy~G € u**. Hence (X,u*) is a
w*-extremally disconnected space. O

The following Example 5.4 shows that the condition “either (X, i) is a Baire space or u** # {0} can not be dropped in
Theorem 5.3.

Example 5.4. Consider the generalized topological space (X, i) where X = [0,3] and u = {0,10,2),(1,3],[0,1]U[2,3], X }.
Then (X, u) is not a BS and p** = {@}. Choose G € pu**. Then G = 0 and so cy»G = X. But X ¢ u**. Thus, c;+G ¢ u**.
Hence (X, p**) is not a **-extremally disconnected space.

Theorem 5.5. Let (X, 1) be a GTS. Then the following hold.
(a) If [i is a stack, then (X, ) is a g-extremally disconnected space.
(b) If 1 is a p-stack, then (X, ) is a p-extremally disconnected space.

Proof. Tt is enough to prove that (a) only, since every p-stack is a stack. Suppose that, fi is a stack. Then (X, i) is a sGTS. Let
Uecu. IfU=0,then c,U =0, since u is a sGT. Thus, c,U € . Assume that, U # 0. Since U C ¢, U and fi is a stack we
have ¢, U € p. Then (X, u) is a p-extremally disconnected space. O

Next, Example 5.6 shows that the condition “fi is a stack” can not be dropped in the above Theorem 5.5 (a). The reverse
implications of Theorem 5.5 is need not be true as shown by the below Example 5.7.

Example 5.6. (a) Consider the generalized topological space (X, i) where X = [0,3] and u = {0,]0,1),]0,2),(1,3],[0,1)U
(1,3],[0,2)U[3,3],X}. Let A = (1,3] and B = [1,3] be subsets of X. Here A € fi and A C B. But B ¢ [i. Thus, [I is not a stack.
Take G =[0,1). Then G € p and ¢, G = [0,1]. But ¢, G ¢ pu. Hence (X, 1) is not a u-extremally disconnected space.

(b) Consider the generalized topological space (Xs, i) where u = {0,{a,b},{b,c},{a,b,c}}.LetA={a,b} and B={a,b,c,d}
be subsets of X¢. Here A € fi and A C B. But B ¢ fi. Thus, i is not a stack. Take G = {0}. Then G € u and ¢,G = {d, e, f}.
But ¢, G ¢ 1. Hence (X, 1) is not a p1-extremally disconnected space.

Example 5.7. (a) Consider the generalized topological space (Xs, i) where u = {0,{a,c},{b,c},{a,b,c},Xs}. Then (Xs,u)

is a pu-extremally disconnected space. Let A = {a,c} and B = {a,b,c,d} be subsets of X5. Here A € fi and A C B. But B ¢ [i.
Thus, fi is not a stack.

(b) Consider the generalized topological space (Xa, ) where u = {0,{a},{b},{a,b},{a,c},{a,d},{b,c},{b,d},{a,b,c},{a,b,d},
{a,c,d},{b,c,d},X4}. Then (X4,u) is a u-extremally disconnected space. But f is not a p-stack. For, let A = {a} and

B ={b,c,d} be subsets of X4. Here A € fl and B € fi. ButANB = 0.

The following Theorem 5.8 is directly follows from the fact that subset of a (1-s-meager set is (-s-meager and the converse
part is trivial so the proof is omitted.
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Theorem 5.8. Let (X, 1) be a GTS. Then u” # {0} if and only if (X, u”") is a u” -extremally disconnected space.

Theorem 5.9. Ler (X, 1) be a hyperconnected sGTS. Then (X, ) is a [-extremally disconnected space.
Proof. This is a direct consequence of the definition of the hyperconnected space. L

By Lemma 2.1, immediately we get the following two observations so the proofs are omitted.

Observation 5.10. Let (X, 1) be a GTS and u = {0} U{A C X | A is a u-nowhere dense set}. If L is a GT, then (X, 1) is a
U-extremally disconnected space.

Observation 5.11. Let (X, 1) be a GTS and u = {0} U{A C X | A is a u-strongly nowhere dense set}. If i is a GT, then
(X, 1) is a p-extremally disconnected space.

Moreover, every GTS (X, ) is both u**-extremally disconnected space and u” -extremally disconnected space.

Lemma 5.12. Ler (X, ) be a GTS and A C X. Then the following hold.
(a) If A is a u**-dense set in X, then A € u**.
(b)IfAisapu” -dense setin X, thenA € u” .

Proof. We will present the detailed proof only for (a). Let A be a u**-dense subset of X. Then AN B; # @ for all B; € {i**.
Case 1: First we prove this result for a singleton set in {i**. Assume that, each C; is a singleton set in fi**. Since ANC; # 0
for all C; € i™ we have C; C A for all C; € i**. Therefore, A is of u-1I category set in X, since subset of a [-meager set is
U-meager.

Case 2: Now we prove this result for other set in fi**. Assume that, each B; having more than one element. Then each B;
contains a non-null singleton set which is of u-II category set in X. By Case 1, A is of u-II category set in X. L

The reverse implication of Lemma 5.12 need not be true as shown by Example 5.13.

Example 5.13. (a) Consider the generalized topological space (X, i) where X = [0,3] and u = {0,[0,2),(1,3],[0,1) U
(1,3],[0,2) U[3,3],X}. Then u*™ = {0} U{A,B C X | A € exp((1,2)) — {0},A C B}. Let A = {3} be a subset of X. Then

A € . But A is not a u**-dense set in X.

(b) Consider the generalized topological space (Xg, i) where u = {0,{a,b},{a,b,c},{a,b,d},{a,b,c,d},{a,b,c,e}{a,b,c,d,e}}.
Then u” = {0} U{A C Xs | eithera € Aor b € A}. Let G = {a,d} be a subset of X¢. Then G € u”". But G is not a u” -dense
set in Xg.

Theorem 5.14. Let (X, 1) be a GTS. Then u” # {0} if and only if (X,u”") is a generalized submaximal space.

Proof. Let Abe a u” -dense set in X. Then A is a u” -open set in X, by Lemma 5.12(b). Therefore, (X,u”) is a generalized
submaximal space. Converse implication is trivial. O

Corollary 5.15 is directly follows from Lemma 5.1 and Theorem 5.14 so the proof is omitted.
Corollary 5.15. Let (X, 1) be a GTS. Then u” # {0} if and only if (X, u”") is a generalized Gg-submaximal space.
Theorem 5.16. Ler (X, 1) be a GTS. Then uw** # {0} if and only if (X, ™) is a generalized submaximal space.
Corollary 5.17. Let (X, L) be a GTS. Then u** # {0} if and only if (X, W) is a generalized G g-submaximal space.

In the rest of this section, we analyze the nature of an isolated point in a GTS. First of all, we remind the definition for
isolated point in a generalized topological space.

Let (X, 1) be a generalized topological space. Then x € X is called p-isolated [1] if {x} is p-open. If every point of X is
u-isolated, then X is called u-discrete [1].

Theorem 5.18. Ler (X, 1) be a GTS and x € X. If x is a [-isolated point, then the following hold.
(a) {x} e u™.

o) {x}en”.

(c) X is of u-II category.

(d) X is of u-s-II category.



Some Properties of Generalized Topologies in GTSs — 172/172

Proof. (a) Let x € X. Suppose x is a U-isolated point in X. Take A = {x}. Then A is a y-open subset of X and so A is not a
u-nowhere dense set. Thus, A is not a (i-meager set so that A is of u-II category set in X. Therefore, {x} € pu**.

(b) Since u** C u” we have {x} € u”’, by (a).

(c) Superset of a u-II category set is of u-II category so that X is of u-II category.

(d) Since every u-s-meager set is y-meager we have X is of u-s-II category. O

Theorem 5.19 immediately follows from Theorem 5.18 so the trivial proof is removed. The reverse implications of the
Theorem 5.19 is not true in general as shown in the below Example 5.20.

Theorem 5.19. Ler (X, 1) be a GTS and A C X. Then the following hold.
(a) If X is p-discrete, then (X, 1) is a sBS.
(b) If A contains a pi-isolated point, then A € u** and hence A € u”.

Example 5.20. Consider the generalized topological space (X4, 1) where u = {0, {a,b},{b,c},{a,b,c},Xs}. Then (X4, 1) is
a sBS. But Xy is not a p-discrete space. For, let a € X4. Then {a} is not y-open and so a is not a p-isolated point in Xy.

Theorem 5.21. Let (X, 1) be a GTS and A C X. Then A is of U-1I category set in X if and only if it has a W**-isolated point in
X.

The following Example 5.22 proves that X is not p-discrete even if X is yu**-discrete.

Example 5.22. Consider the generalized topological space (X4, 1) where . = {0, {a,b},{c,d},Xs}. Here {x} € u* for all
x € Xy. Therefore, X4 is w**-discrete. But Xy is not a u-discrete space. For, let b € X4. Then {b} is not p-open and so b is not a
u-isolated point in Xy.

Lemma 5.23. [14, Theorem 4.3] Let (X, ) be a hyperconnected space. If X is of u-II category, then (X, ) is a BS.
Theorem 5.24. Let (X, 1) be a GTS and {i is a p-stack. If X is of u-II category, then (X, L) is a BS.

Proof. Suppose [ is a p-stack. Then (X, i) is a hyperconnected space. By Lemma 5.23, (X, 1) is a BS. O
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