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Abstract
In this paper, we have investigated the periodicity of the well-defined
solutions of the system of difference equations
U Y, v, +u, u

n

= Vo, = VW, =
avu, -1 "™ auv -1 "y
where ug,u_;, Vg, V., Wy, W, e R\{0} and « >0.

Keywords: Difference equation; system; solutions; periodicity.

un+1
n

1. Introduction

In recent years, there has been a lot of interest in studying difference equations an their systems
[1-24]. One of the reasons for this is a necessity for some techniques which can be used in investigating
difference equations and their systems arising in mathematical models describing real life situations in
population biology, economics, probability theory, genetics etc. There are many papers with related to
the systems of difference equations for example,

In [3] Cinar studied the solutions of the systems of the difference equations
1 Y,

Xog=—, Y, = .
n+1 ' In+l
yn Xn-l yn-l

In [2] Camouzis and Papaschinnopoulos studied the global asymptotic behavior of positive
solutions of the system of rational difference equations

X Yy
— n — n
Xn+1 =1+ ’ yn+1 =1+ X .

n-m n—-m

In [11] Kulenovi¢ and Nurkanovi¢ studied the global asymptotic behavior of solutions of the system
of difference equations
_a+x, _CH+Y, _e+z,
_W7 n+l ' n+1_f+Xn'

n+1

d+z,

In [22] Yalcinkaya and Cinar studied the global asmptotic stability of the system of difference
equations
_tz, ,+a ozt +a

t,+2,,

Zn+1 ' otn+l T

Z, +t
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In [12] Kurbanli et al. studied the periodicity of solutions of the system of rational difference
equations
_ Xn—l + yn _ yn—l + Xn
" YnXaa _17 " X\ Yna _1.
In [13] Kurbanli et al. studied the behavaior of positive solutions of the system of rational difference
equations

In this paper, we investigated the periodicity of the well-defined solutions of the difference equation
system

g2 U tVe o Vel Uy (1)
n+l — v Yn+l T v Uil T
av,u, -1 auyv, ;-1 v

nV¥n1— n

where ug,u_;,vg, V., Wy, W, € R\{0} and « > 0. Note that system (1) can be written as

X ,+ + X X
— n-1 yn s You _ yn—l n —n (2)
Yn X -1

' Sn+l T

- X Yna -1 Yn

n+1

Xn V. = L w.
P ' n \/;’ n
of system (1) for the remaining part of the paper.

by the change of variables u, =

=z,. That’s why, we will consider system (2) instead

2. Main Result
Our main result in this paper is the following:
Theorem 1. Let y,=a,y,=b, x,=c¢,x,=d, z,=¢,z,="f be nonzero arbitrary real numbers and

{X,. Y, 2, } be asolution of system (2). Also, assume that ad =1,bc=1, (b+c)=0 and (d+a)=0. Then,
all solutions of system (2) are as following:

d+a’ n=6k+1
ad -1
b, n=~6k+2
a, n=6k+3
X, = b ’ fork e Ny,
*C  n-—6k+4
ch-1
d, n=6k+5
c, n=06k+6
b+c 1 _ek+1
ch-1
d, n==6k+2
c, n=6k+3
y, = q " fork e N,
3 n=~6k+4
ad -1
b, n=6k+5
a, n=06k+6
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E, n=6k+1
a
(d+a)(cb—1), Bk 12
(ad -1)(b+c)
E, n=6k+3
Z,= d fork e N,,.
g n=6k+4
c
(b+c)(ad-1) =Bk 45
(ch-1)(d+a)
9, n=06k+6
b

Proof. We prove the theorem by induction for k. If k = 0, from system (2) we have

_X,+Y, d+a
Yo, -1 ad-1’

L+ X b+c
ylz—yl 0 = —_—

Xy, -1 cb-1'
X, C
Z:_:_1
Yy, a
ciPFC
o XtV _ bl _ bc’ —c+b+c
* ¥X-1 b+c . be+ci-bct+l
ch-1
a+d+a
y, = Yo+% © ad—1 ad-a+d+a
©oxy,-1 d+a_ . da+a’-ad+l
ad -1
d+a
%1 (dra)(e-y
'y, b+c  (ad-1)(b+c)’
cb-1
dea
(L utY. _ad-1 _d+a+ad’-d s
Py -l 4d+a , di+da-ad+l
ad -1
b+c
Y, = Yi+X _ cb-1 _b+c+b’c-b —c
Pyl pb+c , bPebc—cb+l
ch-1
Kb
y, d
X42x2+y3:b+c
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Y, +X  d+a

XY, _1_ad —1,
k8
y; C
Ld+a
X:X3+y4: ad_lzazd—a+d+a:
R dja—l da+a’*—ad+1
ad -1
brc
y — y3+X4 _ Cb—l _ bCZ—C+b+C _
’ X4Y3_1 ﬁc—l bC+CZ—cb+1
ch-1
b+c
, _ % _cb-1_(brc)(ad-1)
5 Y, d+a (Cb—l)(d+a)'
ad -1
b+c
X. = Xa*V¥s _ cb-1 _ b+c+b%c—b e
RCORE bﬂ_l b>+bc—ch+1
ch-1
d+a+
y:y4+X5:ad_1 :d+a+ad2—d:
6 XY, —1 dﬁ—l 42 +da—ad+1
ad -1
L% _d
y; b

Now, suppose that k >0 and that our assumption holds for k =n-1. That is;

« Sx = d+a
6(n—1)+1 n-5 ad _11

Xe(n-1+2 = Xon-a = b,
Xs(n-1)+3 = Xgn-3 = &

b+c

Xs(n-1)+a = Xgn_2 = ch-1'

Xe(n-1)+5 = Xen1 = d,

X6(n—1)+6 = X6n =C,

6(n-1)+1 s = h_1’

Yotn-n+2 = Yon-a = d,

Yon-1y+3 = Yon-3 =G

y _y, = d+a
sn-tes = Yon-2 = T

Y15 = Yon1 = b,

Yo(n-1)+6 = Yon = &

C

Z =7 = —
6(n-1)+1 6n-5 ’
(n-1)+ n a

, _, _(d+a)(cb-1)
6(n-1)+2 — “6n-4 — (ad —1)(b+C)7

Zotnayrs = Zon-z = al

Z =7 = —
6(n-1)+4 6n—2 '
(n-1)+ n c

, _, _(b+c)(ad-1)
6(n-1)+5 — “6n-1 — (Cb—l)(d +a)'

Zgnayrs = Zon = b’
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From system (2), we have the following for k =n:

— Xﬁn—l+y6n _ d+a
Ty Xe, —1 ad -1’

X

Yon1tXn _ D+C
Yona = = )
Xen Yon-1 -1 cb-1

Xy C
Zon = - =—,
y6n a
Cer+c
A 2
o = XontYona _ cb-1 _ bc’-c+b+c b
o y6n+1X6n _1 ﬂc_l bC+02 —Cb +l
ch-1
d+a

Yon T Xona1 _ ad -1 _ad—a+d+a_

Yeni2 = = = =
o X6n+1y6n -1 d+aa_1 ad +a2—ad +1
ad -1
d+a
7 — Xons1 — ad -1 — (d +a)(Cb_l)
" yn  btC (ad-1)(b+c)’
ch-1
d+a+
X _ Xonut Yenro _ ad -1 :d+a+ad2—d _
o Yens2Xen -1 d d+a -1 d*+da—ad+1
ad -1
b+c+
- Yonis ¥ Xenr2 _ cb-1 _ b+c+b*c—b _
o Xsni2 Yonss —1 b b+c 1 b?+bc—ch+1
ch-1
Zgn.3 =M=Ea
y6n+2 d
X6n+2 + y6n+3 b+C
Xenva = = )
Yon+3Xens2 -1 cb-1
— y6n+2+X6n+3 _ d+a
y6n+4 - - ’
Xon+3 Yons2 -1 ad-1
X6n+3 a
Z =—=—
6n+4 y6n+3 c
a+d+a
X _ Xoniz t Yonia _ ad -1 _azd—a+d+a_

oee y6n+4X6n+3 _1_ d +a a—l B da+az —ad +l_
ad -1
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cLpte
y _ Yenis T Xonia _ cb-1 _ c’b-c+b+c _
e 6n+4y6n+3_1 b+c c-1 bc+c* —cb+1
ch-1
b+c
7 — Xoni4 _ ch-1 _ (b+c)(ad _1)
T Yoe d+a  (cb-1)(d+a)
ad -1
and
b+c N
w = XonatYons _ cb-1 b+c+b’c—b _
" YansXans —L p DHC D7 +bc—ch+1
ch-1
d+a
dra ,
y _ Yenia tXenis _ ad -1 d+a+ad —d
e = XonsYonsa =1 gd+a d+a 1 T d’+da-ad+1
ad -1
_ X6n+5 :9.

ZGn+6 -

y6n+5

Therefore, the proof is completed by induction.

The followig Corollary is a natural result of Theorem 1.

Corollary 1. Let y,=a,y,=b,x,=c¢,x,=d,z,=e,z,="f be nonzero arbitrary real numbers and
{X,: Yar 2, } be a solutions of the system (2). Also, assume that ad #1,bc=1, (b+c)=0 and (d+a)=0.
Then the sequences (x,), (y,) and (z,) are six periodic.
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Abstract
In this study, the multiplicative Volterra integral equation is defined by using the
concept of multiplicative integral. The solution of multiplicative Volterra integral
equation of the second kind is researched by using the successive approximations
method with respect to the multiplicative calculus and the necessary conditions for the
continuity and uniqueness of the solution are given. The main purpose of this study is
to investigate the relationship of the multiplicative integral equations with the
multiplicative differential equations.
Keywords: Multiplicative calculus; Multiplicative differential equations;
Multiplicative Volterra integral equations; Successive approximations method.

1. Introduction

Grossman and Katz [10] have built non-Newtonian calculus between years 1967-1970 as an
alternative to classic calculus. They have set an infinite family of calculus, including classic, geometric,
harmonic, quadratic, bigeometric, biharmonic and biquadratic calculus. Also, they defined a new kind
of derivative and integral by using multiplication and division operations instead of addition and
subtraction operations. Later, the new calculus that establish in this way is named multiplicative calculus
by Stanley [16]. Multiplicative calculus provide different point of view for applications in science and
engineering. It is discussed and developed by many researchers. Stanley [16] developed multiplicative
calculus, gave some basic theorems about derivatives, integrals and proved infinite products in this
calculus. Aniszewska [1] used the multiplicative version of Runge-Kutta method for solving
multiplicative differential equations. Bashirov, Misirli and Ozyapici [2] demonstrated some applications
and usefulness of multiplicative calculus for the attention of researchers in the branch of analysis. Riza,
Ozyapict and Misirh [14] studied the finite difference methods for the numerical solutions of
multiplicative differential equations and Volterra integral equations. Misirli and Gurefe [13] developed
multiplicative Adams Bashforth-Moulton methods to obtain the numerical solution of multiplicative
differential equations. Bashirov, Riza [4] discussed multiplicative differentiation for complex valued
functions and Bashirov, Norozpour [6] extended the multiplicative integral to complex valued functions.
Bashirov [5] studied double integrals in the sense of multiplicative calculus. Bhat et al. [7] defined
multiplicative Fourier transform and found the solution of multiplicative differential equations by
applying multiplicative Fourier transform. Bhat et al. [8] defined multiplicative Sumudu transform and
solved some multiplicative differential equations by using multiplicative Sumudu transform. For more
details see in [1-10, 13, 14, 16-20].
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Integral equations have used for the solution of many problems in applied mathematics,
mathematical physics and engineering since the 18th century. The integral equations have begun to enter
the problems of engineering and other fields because of the relationship with differential equations and
so their importance has increased in recent years. The reader may refer for relevant terminology on the
integral equations to [11, 12, 15, 21, 22].

Now, we will give some necessary definitions and theorems in multiplicative calculus as follows:

Definition 1. Let f be a function whose domain is R the set of real numbers and whose range is a
subset of R. The multiplicative derivative of the f at x is defined as the limit

d f(x) f(x+h)

The limit is also called *-derivative of f at x, briefly.

If £ is a positive function on an open set A € R and its classical derivative f'(x) exists, then its
multiplicative derivative also exists and

5] - nr
f*(x) = elf@] = en=f) ()

where [no f(x) = Inf(x). Moreover, if f is multiplicative differentiable and f*(x) # 0, then its
classical derivative exists and

f'e) = f(x) - Inf*(x) [16].

The multiplicative derivative of f* is called the second multiplicative derivative and it is denoted
by f**. Likewise, the n-th multiplicative derivative can be defined of f and denoted by f*™ for n =
0,1,2,... . If n-th derivative £ (x) exists, then its n-th multiplicative derivative f*™(x) also exists
and

f*(n)(x) — e(lnof)(n)(x)’ n=012.. [2].

Definition 2. The multiplicative absolute value of x € R denoted with the symbol |x|* and defined
by

X, x=1
xl. =11
Ix]. -, x <1
x

Theorem 1. Let f and g be multiplicative differentiable functions. Then the functionsc. f, f. g, f +

9, f/g,fg are multiplicative differentiable where ¢ is an arbitrary constant and their multiplicative
derivative can be shown as

D) fH)@) =)
@) (f9)' () =f(x)g" (%)

fx) g(x)
() (f + 9)*(x) = f*(x)f@+9t) g* (x) I+

@ (&) =LY

g*(x)
6) ()K= f*(x)g(x)f(x)g’(x)
6) [F*(O)1™ = [f"(x)]* forn € R [16].

10
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Theorem 2. (Multiplicative Mean Value Theorem) If the function f is continuous on [a, b] and is
*-differentiable on (a, b), then there exits a < ¢ < b such that

1
‘() = (f®)ra
@ =(Es)™ Bl
Definition 3. Let f be a function with two variables, then its multiplicative partial derivatives are
defined as

9" f(x, 9" Zin(f@y)
DI = i y) = e 0O and CLED oy, ) = o250 5]

Theorem 3. (Multiplicative Chain Rule) Suppose that f be a function of two variables y and z with
continuous multiplicative partial derivatives. If y and z are differentiable functions on (a, b) such that
f(y(x),z(x)) is defined for every x € (a, b), then

d*f(y(x),z(x))
dx

(x)

= £ (700, 200)” P (v, 2(0)”

Definition 4. Let f be a positive function and continuous on the interval [a,b], then it is
multiplicative integrable or briefly -integrable on [a, b] and

b b
* f F(x)9% = ela MrG)ax 1),

Theorem 4. If f and g are integrable functions on [a, b] in the sense of multiplicative, then
b d b dx\ ¥
@) * L (F@)™ = (+ L (F@)™)

@ * [ (F@g@)™ == [L(F) ™ * [2(g00)™
@) *J (@)dx _ @)™

g/ [P (g™
(@ + [L(r )™ = [P )™ « L (re)™
wherek € R anda < c < b [2,3].

Theorem 5. (Fundamental Theorem of Multiplicative Calculus) If the function f has multiplicative
derivative on [a,b] and f* is multiplicative integrable on [a, b] , then

dx_ﬂ
ff() o 23

Definition 5. The equation of the form

Y () = f(xy()
including the multiplicative derivative of y is called first order multiplicative differential equation. It is
equivalent to the ordinary differential equation y’(x) = y(x)Inf(x,y(x)). Similarly, n-th order

multiplicative differential equation is defined by F (x, Y,y ...,y*(”‘l),y*(”)(x)) =1, (x,y) ERX
R™* [2,3]. The equation of the form

11
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(y*(n))a”(x)(y*(n—l))a”‘l(x) (y**)az(x)(y*)al(x)yao(x) — f(x)

that f is a positive function, is called multiplicative linear differential equation. If the exponentials a,, (x)
are constants, then the equation called as multiplicative linear differential equation with constant
exponentials; if not it is called as multiplicative linear differential equation with variable exponentials
[17].

2. Multiplicative Volterra Integral Equations

An equation in which an unknown function appears under one or more signs of multiplicative
integration is called a multiplicative integral equation (MIE), if the multiplicative integral exists. The
equation

u(x) = f(x) * j u(@KeEn ™

where f(x) and K(x,t) are known functions, u(x) is unknown function, is called linear multiplicative
Volterra integral equation (LMVIE) of the second kind. The function K(x,t) is the kernel of

multiplicative Volterra integral equation. If f(x) = 1, then the equation takes the form
X

uG) =+ [fu(opeo”
a
and it is called LMVIE of the first kind.

L dt
Example 1. Show that the function u(x) = e?* is a solution of the MVIE u(x) = e* * fox [(u(t));] .

Solution. Substituting the function e2* in place of u(x) into the right side of the equation, we obtain

X
2 t2

14dt 1,dt x, 2t x2t 2
=e* « [ [(ezt);] = eX el MeFdt — ox gl Tt — px ¥

e* + J; | )]

So, this means that the function u(x) = e?* is a solution of the MVIE.

o =e?* =u(x)

2.1. The Successive Approximation Method For Solving Multiplicative Volterra Integral
Equations

Theorem 6. Consider LMVIE of the second kind as

u(®) = f(x) * [Fu@FE ™, (1)

If f£(x) is positive and continuous on [0, a] and K (x, t) is continuous on the rectangle 0 < t < x and
0 < x < a, then there exists an unique continuous solution of (1) as

u(x) = [In=0 pn(x) = eZn=o In@n(x)

such that the series Yn—, In@, (x) is absolute and uniform convergent where

Po(X) = F(X) , () = [ pnr (OTFEO n =12, ...

Proof: Take the initial approximation as

up(x) = f(x) = @o(x). (2)

12
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If we write uy(x) instead of u(x) in equation (1), then we get the new function showed with u, (x) as
X

w00 = £60 + [ luo (@™ ©)
Since the multiplicative integral which is in equation (3) depends on variable x, we can show it with
x x
01 =+ [ lag@FEO" = [[go @0
and write t?le equation (3) as folfow
u; (x) = f)P1(x) = o (x) 1 (x) (4)

by using (2). Therefore the third approximation is obtained as

1 () = f(x) * f [y (O]KEO,

0
By the equation (4), we find
X

)dt

() = f(x) * f [96(0). @r (D]t
0

=10+ [ (o @FDlpy @1 9)"
0

= G f (0@ « gy @10,

0
If we set @, (x) —*f (O] D% then Uy (1) = @o(x) @1(x) @,(x). In asimilar way, we get

Up (%) = 9o (%) 91(x) P2(x) .. Pr(x) (5)
where

dt
@o(X) = F(0), () =* [ [ 1 DIFEOT, n=12, ...
Continuing this process, we get the series

u() = o) 9100 92 . u(@). = | [ o) = eZRotnon, ©)

From (5) and (6), it is clear that lim u, (x) = u(x).
n—-oo
Assume that F = max f(x) and K = max |K(x,t)|. Then we find
x€[0,a] 0<t<x<a

Po(x) =f(x) < F

1) = f [fpo(t)]K(x,t)dt — oly Kxt)ingo(t)at <e J KGO lingo(Dldt _ , [FIK (0] inlpe(0)].de
0
< eK.lnF.x
X
0,(x) =+ f[%(t)]K(x‘t)dt _ efOxK(x,t)ln(pl(t)dt < eK.lan;‘|K(x,t)|.tdt < eKZ.lan:tdt = plnF. K2 ’;T

0

K™x™
lnF.T.

pn(x) <e

13
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Also, we can see that |Ing,(x)| = In|e,(x)|. < InF % for = 1,2,... . Because of |lng,(x)| <

InF Kn—? , the series Y-, Ing, (x) is absolute and uniform convergence from the Weierstrass M-test.

Since each terms of this series are continuous, the function which this series convergences uniformly is
continuous. Hence u(x) is continuous function. Now, we will show u(x) is a solution of the equation

(1). Since @ () =+ J;’ 91 (OO and o (x) = £ (x), we find

N N X
®o(x) n(pn(x) = f(x) 1_[ * f (pn_l(t)K(x,t)dt
n=1 n=1 0

N x N-1 K(xt)
[ o =rco+ (]_[ wn_l(t)>
n=0

0 n=1
K(xt)9t

ﬁ Pa) = () * f (ﬁ %(t)) ™
n=0 0 \n=0

From (6) and (7), we obtain

N
u(@) = Jim [ [ou() = Jim fx) e KEOTmotmon@1e = () oo Y i tron)
N—-oo N—-oo

n=0

X
= f(x) elo KGeOmeTi=0monOde _ gy o [FREOMUWAE = £y f NOLGCR
0

by using the uniform convergence of the series Y'n—, Ing, (x) . This indicates that u(x) is the solution
of the equation (1). Now, we will show the uniqueness of the solution. Assume that u(x) and v(x) are
different solutions of the equation (1). Since

)dt

u(x) = £(x) * j [u(®)]KCs
0

() = f(x) * f [v(6)]KC:

0

)dt

we find

X

0

dt
u(t) K(x,t)
v(t)

—e Jy K (,t) (tnu(t) - tnv(6))dt.

If we set %: ¢(x), we can write ¢(x) == fo"[¢(t)]K(x,t)dt :eff K(xting()dt  Bacause of

Ing(x) = [; K(x,)Ing(t)dt, we find

lIng(x)| =

fxz((x, Hing(B)dt| < fxu((x, O|]ing(O)]dt < fo|ln¢(t)|dt.
0 0 0

Itis taken as h(x) = f;cllnqb(t)ldt, then we write
lIng(x)| < Kh(x)
|iIngp(x)| — Kh(x) < 0.

By multiplication with e ~%* both sides of the inequality, then

14
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e X¥|Ingp(x)| — e K*Kh(x) <0
:—x(e_’(xh(x)) <0

and by integration both sides of this inequality from 0 to x we find

e KX*p(x) — e K°h(0) < 0

e X*h(x) < 0.

Since h(x) < 0 and h(x) = 0, we find h(x) = 0. Therefore |Ing(x)| = 0 for every x € [0,a], i.e.,
¢(x) = 1forevery x € [0,a]. Thus ¢(x) = % = 1 and we obtain u(x) = v(x). This completes the
proof.

Remark 1. If the following iterations of method of successive approximations are set by

up(x) = f(x)

X

Un () = F) * f [y (OIEO% n =123,
0

for the multiplicative integral equation

u() = F(0) * [Fu@FE"
where f(x) is positive and continuous on [0, a] and K(x,t) is continuous for 0 < x < a, 0 <t < x,

then the sequence of successive approximations u,, (x) converges to the solution u(x).

Example 2. Solve the multiplicative Volterra integral equation
X

u(x) = e* x J [(u(t))(t—x)]dt

0
with using the successive approximations method.

Solution. Let taken u,(x) = e*, then the first approximation is obtained as

X3
u(x) = e’ « fcic[(et)(t_x)]dt = e¥ely (et )at _ px [y t(t-x)dt _ e("—?)

and by using this approximation it can be obtained as

By proceeding similarly, the nt"* approximation is

x xS n x2n+1
() = IO Gy
Since th i 24 ) i is the Maclaurin series of si
ince the expression x —— 45—+ (=)' + -+ is the Maclaurin series of sinx,
lim u, (x) = eS™*. Therefore the solution of the equation u(x) = eS"*,

n—oo

15
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3. The Relationship Between Multiplicative Differential Equations

We will investigate the relationship of the multiplicative Volterra integral equations with the
multiplicative differential equations.

3.1. The Conversion of the Multiplicative Volterra Integral Equations to Multiplicative
Differential Equations

In this section, we demonstrate the method of converting a multiplicative Volterra integral
equation into a multiplicative differential equation. For this, we need the Leibniz Formula in the sense
of multiplicative calculus.

Firstly, we will give necessary lemma with using proof of multiplicative Leibniz formula.

Lemma 1. Let Q be an open set in R2. Suppose that f:Q — R be a function such that the
multiplicative partial derivatives fy; (x,y) , fyx (x,y) exists in  and are continuous, then we have

o [o* o*(o*
a(@f(x' }’)> = @(af(x, Y))-

Proof. Fix x and y. F(h, k) is taken as

Foet hy+ K fx, y))hl—k
Foy T O G+ hy)

By using the multiplicative mean value theorem, we find

F(h k) =<

Uy

. /f(x+h,y+k) %\%

F(h k):<f(x+h,y+k)f(x,y)>ﬁz o,y +k) _ 6_*<f(x+h,y+/11k)> h
, floy+k) f(x+hy) fx+hy) oy \ 0o y+2.k)
fx,y)
1
_ 0 (fG+hytAk)\r) 0" (0
" ay < f(x, y+A.k) ) _@<af(x+/12h:y+/11k)>
and
1
1\ k
1 [ /fG Ry +iO\R !
F(h k) = <f Gt by +10 £ ”)’”‘ || et iy (¥ <f(x+/13h,y + k)) z
' fGoy+k) f(x+hy) f (}C,(y +)k) ox\ f(x+A3h,y)
X,y

“m\Femny ) | "o la’

for some 0 < A4, 4,,43,44 < 1 which all of them depend on x, y, h, k. Therefore,

1
PR thy+IO\E\ 0% (9
<f (x+Ash,y )> - ( (x+/13h,y+/14k))

9" (0" 9" (0"
—| = Aohy+Aik) | =—|=— Azh, y+2A4k
for all h and k. Taking the limit h, k — 0 and using the assumed continuity of both partial derivatives,

16
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it gives
0% (0" 0% (0"
3y FPUAGYD) =3 ayf( x,y) |-

Theorem 7. (Multiplicative Leibniz Formula) Let A, € R be open set and f be a continuous
function on A X I into R. If f;° exists and is continuous on A x I, h(x),v(x) are continuously
differentiable functions of 4 into I, then we have

v(x) v(x) v (%)
[ rwor )= | gaoe [lov®)
h(x) hix) f(x, h(x))
Proof. Let f(x,t) = a—*F(x t) = F/(x,t). Hence we can write * fh (x)f( )4t = :((;)) F7(x, t)4,
Since  * h( )f( x, )4 = IZEXZEX;% we find
v(x) d*
4 “F(x,v()\ g Flov)
ff(xt)t _dx P ) =&
h(x) X, x EF(X, h(x))
by using properties of multiplicative derivative. Therefore we get
v(x) v’ (x)
E(x,v(x x, v(x
% '[ fx, t)dt — ( ( )) [ (x)( ( ))]h — (8)
hix) Ef (%, h(x)" [Fr (2. h ()]

with multiplicative chain rule. By using Lemma 1, we obtain

v(x) v(x) 5 dtf( ( ))v'(x)
x, v(x
* f f )% | == f (an*(x,t)> ™
n(x) htx) f(x, h(x))
v(x dt ,
B () 9" a* f(x'v(x))v (x)
= f ot Fx, ) R’ (x)
h{x) f(x,h(x))
v(x) o' (x
=% f a—* a—*F( t) dtM
- ox\ac W)
h(x) f(x, h(x))
v(x) v (x
S
ey O £ k)"
h(x) x
g i) -
v(x) f(x h( ))h «

from the equality (8). This completes the proof.
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Example 3. Show that the multiplicative integral equation u(x) = sinx * fox([u(t)]“a“t)d‘
can be transformed to a multiplicative differential equation.

Solution. If we consider the equation u(x) = sinx * fox([u(t)]mnt)dt and differentiate it by
using multiplicative Leibniz formula, we write

* *

u'(x) = ;i—x(sinx) ;l—x * Of([u(t)]Xtant)dt

x
cos x o dat (u(x)* tanx)x’

- e« [ [zt o] T

COtX u(t)tant u(x)x tanx

O\’x

To take derivative is continued until the expression gets rid of the integral sign. Hence, we obtain

X
*

u**(x) — d_* (ecotx) d_* f u(t)tan t d_ (u(x)x tanx)
dx dx dx
0

x !
—cosec x f (u(x)tanx)x ((x.tanx)’ lnu(x)+1;((;c))xtanx)

(u(o)tan 0)0’ e

0

u' ()
— e—coseczx [u(x)]tanx e(lnu(x)(x tann)' 1 ) o) xtanx)

W o\ Xtanx
— e—cosec x [u(x)](ztanx+x sec?x) <e u(x)>

— g—cosec’x [u(x)](Ztanx+x sec?x) [w*(x)]* tanx,

Thus the multiplicative integral equation is equivalent to the multiplicative differential equation

u(x) = g—cosec’x u(x)(Ztanx+x sec?x) [w* (x)]*tanx

3.2. The Conversion of the Multiplicative Linear Differential Equations to Multiplicative
Integral Equations

In this section, we prove that the multiplicative linear differential equation with constant or
variable exponentials is converted to MVIE. We need to following theorem for converting nt"* order
multiplicative differential equation to MVIE.

Theorem 8. If n isa positive integer and a is a constant with x > a, then we have
X X

j - J (- —*f [(u(t)) - (S'l)]dt

a a
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Proof. Let
X
nepydt
I, _*f [u(®)] D" (9)
a
I it is taken F(x, £) = [u(®)]* 9" we can write that
&L [ [Fx, 0
X, X
g
dx [F(x,a)]°
ax
=x f Er(x, )%
a
by using the multiplicative Leibniz formula to equation (9). Then we find
X
* d
d In —x f( aaxlnF(xt)) ‘
dx
a
X
= f (e(n—l)(x—t)<”-2> znu(t))‘“
a
X
f in(fu(e)) (-0 G-0 " 2>))
a
X
= [ (o0
a
Hence we get
x (n—1)
d*l -2\ 4t _
2= [ [ () = )V (10)
a
where n > 1. Since I;(x) =+ f;u(t)dt for n = 1, then we can write
X
dt
* f(u(t)) = u(x). (11)
a
If it is taken multiplicative derivative of the equation (10) by using multiplicative Leibniz formula, then
x (n—1)
a“l, (n-2)
" (x t)
dx@ .f (0] )
a
(n-1)

[ (rueneom)”
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“ [[u(x)]("_X)(n_Z)]1 "

i f [Z—x (fu(e==o")] [[w(@)]@-a2]°

dt (n—-1)

= f (Z—x (lu(o1=-9"")

(e;_x <ln([u(t)](x—t)("_2))))

dt (Tl— 1)

= *

DSR

dt (n-1)

fx (ln<(u(t))(n_zxx_t)(n_a)>>
= % e
a L

(n-1)

P de
[ (n-2)(x-t)™=3
= *f (u(t)) ]
JL

(n-1).(n-2)

i f (o)™

= (Ipp) D2,
By proceeding similarly, we obtain
*(n-1)
d In — (I )(Tl—l)!
dxm-1) 1
Hence, we write

(n-1)!
= [u()] "

amy, _ (d*Il)
dx™ dx

from the equation (11). Now, we will take multiplicative integral by considering the above relations.

From the equation (11), I;(x) =x f;u(t)‘” . Also, we have

x X2

I, (x) =*f I, (xxy) %2 = Jx*f u(x,)3¥19%2

a a

where x; and x, are parameters. By proceeding similarly, we obtain

Xn X3 X (n-1)!

I,(x) = *f*f *f*f u(x,)4¥18%2-dxn

a a a

where x4, x,, ..., X, are parameters. If we write the equation (9) instead of the statement I,,, then it is

find
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Xn X3 X (n-1)!

*f[(u(t))(x—t)"‘l]dt _ *f*f *f*f () dxadxz

Hence we can write

x dt (n—1)! X Xn X3 X2
_yn—-1
*f[(u(t))(x t) ] =*f* *f*f u(x )dxldxz dxp
a a a a a
If itis taken = x; = x, = - = x,, , therefore we obtain
dat

f - fu(t)dt a —*”(u(t)) )Entlrl)'l]

This completes the proof.

Let the nt"- order multiplicative linear differential equation

d*(n)y (d*(n_l)y>a1(x) <d*(n_2)y>a2(x) (d*)/)a”‘l(x)

5 an(x) —
dx® \ dx®-D dx-2) I ») f) (12)

that given the initial conditions

y(0) = co,y"(0) = ¢;,y" ™ D(0) = ¢,y (13)

It can be transformed the multiplicative Volterra integral equation. Hence the solution of (12)-(13)
may be reduced to a solution of some multiplicative Volterra integral equation.

axn 1)y

)y,
Take " (n) = u(x). By integrating both sides of the equality (m

x d*(n—l) x
x Y
J (W) S ECH
0

0

*(n—1) 4
y (x)
*(Tl—l) = *fu(t)dt
y (0) .

) = u(x), we write

X

Y@ = ey v [u©
0

By proceeding similarly, we find

x dt

x d*(n_z) X
* y
*fd <—dx(”—2)> =*f Cn-1 *fu(t)dt
0 0 0
+(n-2) ;
y G0 _ f f j dtdr
— t
y*(n—Z)(()) Cn-1” J u(®)

y*(n=2) -
(x) f Incp_qdt f* fu(t)dtdt
0 0

Cn—2
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)

Cn—2

= (Cn-1)* * Of : Of u()det

X X
YD () = ey (cnor)® * f ‘ f w(pydrat
0 0

X X X X X

dr*m- 3)y
fd*< dx (- 3)) f[(Cn—ﬂx-Cn—z]dt*f*f*fu(t)dmtdt
0 0 0 0

0

X X X
YD) = s () () o [ [ [t
0o 0 o

x x
y* =q (Cz)x (C3)x2 (Cn_z)x(n—3) (Cn_l)x(n—z) % f (TL — 1) Lk f u(t)dt...dt
0 0
Hence, we get
X x
Y = ¢ (Cl)x (Cz)xz (Cn—l)X(n_l) % f (n) L% f u(t)dt...dt
0 0

If we take into account the above expressions, the multiplicative linear differential equation (12) is
written as follows

. a1 (x) . . a,(0)
u(x) (Cn_l)al(x) *-[u(t)dt H(cn_z)az(x) ((;n_l)xaz(x) *f*fu(t)dtdt
0 0 0
an (%)
(60 (c)an00) ()00, ... (¢ y)¥" M0 f ... f w® | | =)
x as(x) . az(x)
U(x) (cg) ™™ (cy)F mE@+ana() | (¢ )x"ian@tai) *J.u(t)dt . f*fu(t)dtdt
0 0 0
x x an (%)
*f(n) ...*ju(t)dt'"dt = f(x) (14)
0 0

If we set
ay (%) + az(x) x + -+ a, (x) x" 71 = fr_1 (%)

az(x) +az () x + -+ an () x"7% = fr_,(x)

Ap-1(x) + a,(x) x = f1(x)
a,(x) = fo(x)
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and
f()
(co)fo(x) (Cl)fl(x) (Cn—l)fn_l(x)

F(x) =

then we can edit the equation (14) in the form as follows

x a; (x) x  x az(x) x x an(x)
u(x) *fu(t)dt *f*fu(t)dtdt *f...(n) ...*fu(t)dt"'dt =F(x).
0 0 0 0 0
By using Theorem 8, we get
x a; (x) x az(x) x an(x)
G=" 2,
u(x) |+ f (e \ f me e |« f u(t) @-DI = F(x).
0 0 0

Then we find the equation

P G-t 17\ 4
u(x) * f (u(t)[“1("”("‘”“2“‘”"'*“n(")w]) = F(x).

0

—t)n_

1
(,zn_ i as the kernel function, then the

If we put K(x,t) =a;(x) + (x—t)a(x) + -+ a,(x)

equation (12) is turned into

X

u(x) * j w(OKEOY — px)

0
which is a MVIE of the second kind.

Example 4. Form a multiplicative Volterra integral equation corresponding to the multiplicative

*2
differential equation ddszgf) = y(x)¢°* with the initial conditions y(0) = 1,y*(0) = 1.
*2
Solution. Let dd}igf) = u(x). Then we write
X X
*fd*y* Z*IU(t)dt
0 0
O
y J at
= u(t
y (@ ) )

yH(x) =* | u(®)*.
|

Therefore we find

X

[y o= f f -
0 0

0

23



Ikonion Journal of Mathematics 2020, 2 (2)

i’%:»ﬁ fx*fu(t)df
0 0

y(x) == f[u(t)(X—t)]dt

0

If we replace the equation y(x) == f(f[u(t)(’“t)]dt into the given multiplicative differential equation,

we obtain u(x) =* fo"[u(t)cosx (x—t)]dt.

4. Conclusion

In this paper, the multiplicative Voltterra integral equation is defined by using the concept of
multiplicative integral. The solution of multiplicative Volterra integral equation is obtained with the
successive approximations method. The multiplicative Leibniz formula is proved and the multiplicative
Volterra integral equation is converted to a multiplicative differential equation by aid of multiplicative
Leibniz formula. The multiplicative linear differential equation with constant or variable exponentials
is converted to a multiplicative Volterra integral equation is proved.
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Abstract
In this paper, we investigate general properties and basic concepts of circular inversions
in the maximum plane. We delve into cross-ratio and harmonic conjugates under
maximum circular inversion. Furthermore, we illustrated figures related to inversions
obtained in the maximum plane via Mathematica.
Keywords: Inversion; maximum metric; cross-ratio; harmonic conjugates.

1. Introduction

Whatever we are working on these days, we think according to Euclidean geometry. Especially
considering the distance between two points, the first thing that comes to mind is the Euclidean metric
and its distance function. There are so many useful metrics for measuring distance. One of them is the
maximum metric which is defined in maximum metric geometry. In [5], the maximum metric is defined
as follows.

Definition 1.1. X = (x;,y;) and Y = (x,,y,) are two points in the Cartesian plane, the maximum
metric distance is given by

dy(X,Y) = max{|x; — x|, [y2 — y1}- @

We use this distance function to define circular inversion in the maximum plane. Inversion in
geometry is a transformation, that is not an isometry and not even an affine transformation. Inversions
have the property that they transform certain circles in lines and that they preserve the angles. According
to [5], inversion, which is a kind of study of transformations in the Euclidean plane, is also called
“circular inversion” since it is defined on a circle. Inversion can be thought of as a reflection in the
circle. Inversion can map the circle into the circle, circle into the line, or line into the circle. It is possible
to apply inversion which has different transformation examples from subjects previously studied, to the
solution of many problems in geometry. For more details about concepts and properties of inversions in
different planes, see [1], [2] and [4].

In this paper, we define an inversion in the maximum plane. After giving the definition, we
examine basic concepts and general properties of circular inversions in this plane. Cross-ratio and
harmonic conjugates under maximum circular inversion are also studied. Moreover, we draw figures
related to the properties of inversions that we obtained during this study.
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2. Basic Concepts

In this section, we briefly mention some basic concepts. By the maximum metric d,, , the
shortest path between the points P, and P, is a line segment that is parallel to a coordinate axis.

Proposition 2.1. Every Euclidean translation preserves the distance in the maximum plane. Thence,
each of them is an isometry in RZ,.

Proposition 2.2. Let dg denote the Euclidean distance function and [ be the line passing through the
points P; and P, in the analytical plane. If [ has the slope m, then

ax

1,
dM(PpPz) :%dﬂpppz)- (2)

Proposition 2.2 states that d,,-distance along any line is a positive constant multiple of Euclidean
distance along the same line.

Corollary 2.3. Let P;, P, and X be three collinear points in R?. Then, dz(P;,X) = dg(P,, X) if and

Corollary 2.4. Let P;, P, and X be three distinct collinear points in R2. Then,
dg(Py, X)/dg(P2, X) = dy(Py, X)/dp (P2, X). 3)
That is the ratios of the Euclidean and d,,-distance along a line are the same.

Definition 2.5. Let C be a circle centered at a point O with radius r. If P is any point other than 0, the

inverse of P with respect to C is the point P’ on the ray OP such that the product of the distances of P
and P’ from 0O is equal to r? , that is

dg(0,P).dg(0,P") =12, 4)
see [3].

Clearly, if P" is the inverse point of P, then P is the inverse point of the P’. Note that if P is in the interior
of C, P' is exterior to C; and vice-versa. So, the interior of C except for O is mapped to the exterior and
the exterior to the interior. C itself is left by the inversion pointwise fixed. O has no image, and no point
of the plane is mapped to 0. However, points close to O are mapped to points far from 0, and points far
from O mapped to points close to 0. By adjoining one “ideal point”, or “point at infinity”, to the
Euclidean plane, we can include O in the domain and range of an inversion.

Now in RZ%,, the definition of inversion with respect to a M-circle (maximum circle) can be given as
follows.

Definition 2.6. Let C be a M-circle centered at point O with radius r in R%,, and P., be the ideal point
adjoined to the maximum plane. In RZ,, the maximum circular inversion with respect to C is the
transformation

1,(0,7):R% U {P,} » R% U {P,}
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given by
dy(0,P).dy(0,P) =12, (5)

where I,(0,7)(0) = P, I4(0,7)(P,) =0, I,(0,r)(P) = P' for P # 0 and P is on the ray OP.

Lemma 2.7. Let C be the M-circle which is centered at the origin and the radius is r. If the point P isin
the interior of C, the point P’ is in the exterior to C, and vice-versa.

Proof. Let us consider that the point P is in the interior of C. Thus,
dy(0,P)<r.
Since P’ = I,,(0,r) and from Equation 5, then it is obtained

r? =dy(0,P).dy(0,P") < r.dy(0,P")
and
dM(O,P’) >r.

So, the point P’ is in the exterior of C.

Proposition 2.8. Let I,,(0, r) be the maximum circular inversion, with respect to a M-circle, C centered
at the orijin and the radius is r in R%,. Therefore, the maximum circular inverse of the point P = (x,y)
is the point P’ = (x',y"), whose coordinates are

' rix . r2y
X T maxxiyn? 1Y T (maxixllymE (6)

Proof. The M-circle C, which is centered at the origin and has the radius r, is the set of points satisfies
the equation max{|x|, |y|} = r. Let P = (x,y) and P’ = (x',y") are inverse points with respect to C.

Since the points 0, P and P’ are collinear and the rays 0P and OP’ have the same direction, then
OP' = k.OP for k € R*, and (x’,y") = (kx, ky). Using by dy (0, P).dy (0,P") =12  k =

a2 is obtained and by substituting the obtained value of k, the required results are obtained.
Note that, if the point P’ is inverse of P, then P is the inverse of P’. As a result of this, the equivalent

form would be written as

r2xr r2yr

= tmaxtbollyz Y T (max(l e

()
Corollary 2.6. Let I,,(0’,r) be the maximum circular inversion, with respect to a M-circle centered at
0’ = (a, b) and the radius is r in R%,, then the maximum circular inverse of the point P = (x, y) is the
point P’ = (x',y"), whose coordinates are

1 _ rZ(x-a) r_
X =at a0 Y T b

r%(y—b)
(max{|x—al,ly-b})? " (8)

Proof. The proof is obvious by the fact that all translations are isometries of the maximum plane.
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Remark 2.7. It is clear that the interior of C,, , except the center O, is mapped to the exterior and
exterior to the interior under maximum circular inversion.

3. Circular Inversions in R,

In this section, the results and the definitions obtained by maximum circular inversion are given.
First, inversions of lines and circles according to their positions in R%, are investigated. In addition,
properties of inversions in the Euclidean and the Maximum planes are compared. First, the following
properties of inversion in the Euclidean plane, which are well known, will be given as:

i. The inverse of a line through the center of inversion is the line itself.

ii. The inverse of a line not passing through the center of inversion is a circle passing through the
center of inversion and conversely.

iii. The inverse of a circle not passing through the center of inversion is a circle not passing through
the center of inversion.

iv. Circles with center of inversion are mapped into circles with center of inversion.

All of the properties of inversion in the Euclidean space which are given above are not valid in
the maximum plane. We now give the theorem to show which properties given above are satisfied or
not in the maximum plane.

Theorem 3.1.

i. Lines passing through the center O are mapped onto themselves under the maximum circular
inversion I, (0, 7).

ii. Lines not containing the center of the maximum circular inversion circle are not mapped onto
maximum circles centered O under the maximum circular inversion I,,(0, ).

iii. Maximum circles centered O are mapped onto maximum circles with the center O under the
maximum circular inversion I,(0, ).

iv. Maximum circles not through O are not mapped onto any maximum circles under the maximum
circular inversion Ip,(0, ).

v. Maximum circles containing the center of inversion circle are not mapped onto straight lines
not containing the center O under the maximum circular inversion I,,(0, ).

Proof. By examining all possible cases the properties in the Theorem 3.1. are obtained.
Fori.and ii. let ax + by + ¢ = 0 be a line in the maximum plane. By using Equation 7, it is acquired
that

axrr? byrr?
(max{lxs|,ly71H)? * (max{|xs|ly1})?2

+c=0. 9)

Thus, it can be written as

ax'r? + by'r? + c(max{|x'|, |y’|H? = 0. (10)

Now, Equation 10 would be considered under cases which are given below:
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Case 1. If |x'| = |y'], then c(x")? + ar?x’ + brZy' = 0.

1.1. If ¢ = 0, the inverse of the line ax + by = 0is ax’ + by’ = 0 that means both lines are the

same.
1.2.If ¢ # 0,a = 0, the inverse of the line by + ¢ = 0 is the parabola c(x)? + br?y’ = 0

—ar?

1.3.If ¢ # 0,b = 0, the inverse of the line ax + ¢ = 0 isthe linex' =0 orx’ =

c
1.4.1fc # 0,a # 0and b # 0, the inverse of the line ax + by + ¢ = 0 is the parabola c(x")? +
ar’x' + br?y' = 0.

Case 2. If |y'| = |x'|, then c(¥")? + br?y’ + ar?x’ = 0.

21.1fc =0,a # 0and b # 0, the inverse of the line ax + by = 0 is ax’ + by’ = 0 which
means both lines are the same.

2.2.If ¢ # 0,a = 0, the inverse of the line by + ¢ = 0 isthe liney’ =0 or

,  —br?

y:

Cc
2.3.1f ¢ # 0,b = 0, the inverse of the line ax + ¢ = 0 is the parabola c(y")? + ar?x’ = 0.

24, If c+#0,a#0and b=+0, the inverse of the line ax+by+c=0 is the
parabola c(y")? + br?y’' + ar?x’ = 0.

Figure 1. A line not passing through O isn’t mapped onto a maximum circle with center O
For iii. let max{|x|, |y|} = r; be the radius of the circle C’ whose center is the same with C the
maximum circular inversion circle. The inversion of this circle respect to C is

y'|r?
* l(max{|x'|1y'[})?

max{ |X’|T2
(max{lx' [y’ 12

b=n (11)
and

2
max{|x'|, [y'|} = :—1 =7, (12)
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C’

Figure 2. A maximum circle centered O is mapped onto a maximum circle with center O.

The other properties would be obtained similarly by using the definition of the maximum circular
inversion and Proposition 2.8.

4. The Cross Ratio and Harmonic Conjugates in R%

The inversion in maximum plane is not an isometry. Thence, the distance is not preserved under
maximum circular inversion. However, related to the concept of the distance, it can be shown that the
cross-ratio is preserved under maximum circular inversion. Thus, in this section, the cross-ratio and
harmonic conjugates in R%, are investigated.

Proposition 4.1. Let P,Q and O be three different collinear points in R%,. If P’ and Q' are inverses of
P and Q respectively with respect to the maximum inversion circle I,,(0, ), then

"o = Tram®PQ)
dy (P, Q) = dm(0,P).dp(0,Q) (13)

is obtained.

Proof. Let P, Q and O be three different collinear points, P = (x1,y1),Q = (x3,y,),P' = (x'1,y'1) and
Q' = (x'5,y',). Note that inverse points P’ and Q' lies on the same line | with P, Q and O. If the slope
of line I is m, then two cases would be considered; |m| = 1 and |m| < 1.

If Im| > 1, then
dy (P, Q") = max{|xy" —x;'|, [y2" — v}

2 2
L) rTy1

"l(max{lx,|ly21H?  (max{lxq]ly1[})?

r2.x, r2.x,
(max{|xz||y2[)?  (max{|xi]|y11})?

=max{

J

—max{ r2x, rixq| |r?2 12 }
02)2 0’y oy
_|r? r?| _ r¥ly1=yal
Y2 V1 [y1lly2]
r2dp(P,Q)

"~ du(0.P).du(0,Q) (14)

is acquired.
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The case |[m| < 1 can be easily shown with a similar method.

If P,Q and O are not collinear, then the equality in Proposition 3.2.1 is not valid for all P, Q in R%,.
For example, let 0 = (0,0),P = (—1,1) and Q = (1,2) and the radius is r = 2. The inversion I,,(0, 2)
maps P and Q onto P’ = (—4,4) and Q' = (1,2), respectively. Then, it can be easily computed that
dy(P,Q) =2, dy(P',Q") =5,dy(0,P) =1and dy (0, Q) = 2. So, the equality in Proposition 4.1 is
obviously not valid for every points in RZ,. However, the following two propositions show some
conditions that the equality in Proposition 4.1 is satisfied.

Proposition 4.2. Let C be the maximum inversion circle which is centered at origin and the radius is r.
Let P, Q and O be any three distinct non-collinear points in R%,. If P’ and Q' are inverses of P and Q
respectively and P and Q lie on the lines with slope {0, o} or {1, —1} passing through the origin, then

AN rsz(PrQ)
du (P, Q) = dm(0,P).dy(0,Q) (15)

is obtained.
Proof. Notethat P = (p,0)and Q = (0, q) are mappedto P’ = (% 0) and Q' = (O,rq—z) orP = (p,—p)

and Q = (q,q) are mapped to P’ = (%_TTZ) and Q' = (Tq—zrq—z) So, it can be easily shown that

AN TZdM(PrQ)
(P Q) = G au00) (16)
Proposition 4.3. Let C be the maximum inversion circle which is centered at origin and the radius is r
and let P, Q and O be any three distinct non-collinear points in R%,. If the slope of the line passing
through P and Q is 1 and xpy, + ypxo = 0 where P = (xp,yp) and Q = (xq, o), then

"o = —AmPQO)
dy(P',Q") = dy(0,P).dy(0,Q) 0

Proof. Let the line passing through P and Q be l:y = x + c. Note that P = (p,p+c)and Q =

2 2 2 2
(g, q + c) are mapped to P’ = (%,%) and Q' = (%,%) respectively. Therefore, it can be
easily shown that

AN rsz(P’Q)
du (P, Q) = dm(0,P).dy(0,Q) (18)

Let d),[PQ] denotes the maximum directed distance from P to Q along a line in the maximum plane. If
the ray with initial point P containing Q has the positive direction of orientation, then dy[PQ] =
dy (P, Q). If the ray has the opposite direction, then dy,[PQ] = —dy (P, Q).

Now let P, Q, R and S are four distinct points on an oriented line in the maximum plane. Therefore, their
maximum cross ratio (PQ, RS),, is defined by

_ dulPRlayfos)
(PQ,RS)y = dy[PS]dy[QR] 4
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Note that the maximum cross ratio is positive if both R and S are between P and Q or if neither R nor S
is between P and Q, whereas the cross ratio is negative if pairs {P, Q} and {R, S} seperate each other.
Also a maximum circular inversion with respect to C centered at origin which is different from P, Q, R
and S preserve the maximum cross ratio.

Theorem 4.4. The maximum circular inversion preserves the maximum cross ratio.

Proof. Suppose that P, Q, R and S are four collinear points in the maximum plane. Let P’,Q’,R" and S’
be inverse points of P, Q, R and S respectively according to the maximum circular inversion I,,(0, ).
Note that maximum circular inversion preserves the seperation or non-seperation of the pairs {P, Q} and
{R, S} and also it reverses the maximum-directed distance from the point P to the point Q along a line [
to maximum-directed distance from the point Q' to the point P'. The required result follows from
Proposition 4.1 as

du (P, R)dy(Q'S)

(P,Q,, R’S’)M —

du (P’ dy (@)
r2dpy(P,R) r2dp(Q.5)
_ dM(O,P)dM(O,R)'dM(O,Q)dM(O,S)
T r2dy(Ps) r2dp(Q,R)
dM(O,P)dM(O.S)'dM(O,Q)dM(O.R)
_ du(PRYAL(@S)
dm(P.S)dm(Q,R)

= (PQ,RS)u. (20)

Let [ be a line in R%,. Suppose that P, Q, R and S are four points on L. It is called that P, Q, R and S form
a harmonic set if (PQ,RS)y = —1, and it is denoted by H(PQ, RS),,. That is, any pair R and S on [ for
which

dmlPRldm[QS] _
dm[PSldm[QR] 1 (21)

is said to divide P and Q harmonically. The points R and S are called maximum harmonic conjugates
with respect to P and Q.

Theorem 4.5. Let € be a maximum circle with center 0, and line segment [PQ] a diameter of C in RZ,.

Let R and S be distinct points of the ray OP, which divide the segment [PQ] internally and externally.
Thus, R and S are maximum harmonic conjugates with respect to P and Q if and only if R and S are
inverse points with respect to the maximum circular inversion I,,(0, ).

Proof. Let R and S are maximum harmonic conjugates with respect to P and Q. Then,

_ 1 dulPRldulos] _ _
(PQ.RS)y = —1 = JHEcMEr = —1. (22)

Since R divides the line segment [PQ] internally and R is on the ray Wj
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dy (R, Q) =1 — dy(0,R) and dy(P,R) =1 + dy (0, R). (23)

Since S divides the line segment [PQ] externally and S is on the ray @ it is obtained that

dy(P,S) =1+ dy(0,8) and dy (Q,S) = dy (0,5) — . (24)

Thus,
o - e
= (r+dy(0,R))(dy(0,5) — 1) = (r + dy(0,5))(dy(0,R) — 7). (26)

By simplifying the last equality, d,, (0, R).d (0, S) = r? is obtained. Then, R and S are the maximum
inverse points with respect to the maximum circular inversion I,,(0, r). For the other condition (S and
R are on the ray oP ) with similar calculations, the same conclusion is obtained. Conversely, if R and S
are maximum inverse points with respect to the maximum circular inversion I, (0, r), it can be proven
with a similar method.

Conclusions

Inversions are not isometries. They transform distances and angles. We examine the way
inversions transform the distance in the Maximum plane. We investigate general properties and basic
concepts of circular inversions by means of maximum metric. We delve into cross-ratio and harmonic
conjugates under maximum circular inversion. In addition, via Mathematica, we illustrated figures
related to results we acquired. Drawing their figures reinforce the visualization of the results. Within the
knowledge of the maximum metric is the special case of the alpha metric, which is mentioned in [4], we
study the maximum circular inversions by examining the special cases in detail. Thence, it is expected
to contribute to the literature on inversions.
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Abstract

In this article, firstly some concepts on the near soft set obtained by combining the near set and the
soft set are given. In the previous studies in the literature, the definition of a soft element with binary
operation in the set of all non-empty soft elements of a soft set and the definition of the concept of
soft groupoid depending on the set of soft elements are given. In this study, starting from the concept
of soft element, the concept of near soft groupoid is defined by using the near soft element with binary
operation in the set of all non-empty soft near elements of a near soft set. In addition, properties
related to the defined near sott groupoid are given with theorem and example.

Keywords: Near set; Soft Set; Near Soft Set; Near Soft Element; Near Soft Group, Near Soft
Groupoid.

1 Introduction

The notion of near sets has been given by Peters [1, 2] and the concept of soft theory has been given
by Molodtsov [4]. Then it was studied by many scientists [3, 4, 5, 6, 7]. The definition of soft element
given by Wardowski[8] with a binary operation on the set of all nonempty soft elements of a given
soft set. Then J.Ghosh[9, 10] defines soft groupoid based on the set of soft elements. In the rough
set theory, which is another concept, the concepts of group and groupoid have been studied[11, 12].
Feng and Li [5] have investigated the problem of combining soft sets with rough sets, and introduced
the notion of rough soft sets. Afterwards, Tasbozan [13, 14]combine near sets approach with soft set
theory and introduced the notion of near soft sets. In this paper, we introduce the concept of near
soft element and define near soft groupoid using the near soft element with a binary operation on the
set of all nonempty near soft elements of a given near soft set.

2 Preliminary

In this section, we recall some descriptions and results presented and discussed in [13]. Also, we
present the concepts of near soft sets, their fundamental properties, and operations such as near soft
point, near soft elements. Then we define a binary composition on near soft sets and this form is
called near soft groupoid over near soft set.

A nearness approximation space (NAS) is denoted by NAS = (O, F,~p,_, N;,vy,) which is de-
fined with a set of perceived objects O, a set of probe functions F' representing object features, an
indiscernibility relation ~p.= {(z,2') € O x O|Vi € B,,i(z) = i(z')} defined relative to B, C B C F,
a collection of partitions (families of neighbourhoods) N,.(B), and a neighbourhood overlap function
Nr . The relation ~p, is the usual indiscernibility relation from rough set theory restricted to a subset
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B, C B. The subscript r denotes the cardinality of the restricted subset B,., where we consider (Uf ‘) ,
i.e., |B| functions ¢ € F' taken r at a time to define the relation ~p, .This relation defines a partition
of O into non-empty, pairwise disjoint subsets that are equivalence classes denoted by [z]p, , where
[z]p, = {2/ € O|z ~p, x'}. These classes contitue a new set called the quotient set O, ~p, , where
O/ ~p,= {[z]p,|r € O}. And the overlap function vy, is defined by vy, : P (O) x P (O) — [0, 1],
where P (O) is the powerset of O.

Definition 1 Let NAS = (O, F,~p,, Ny,vn,) be a nearness approximation space and o = (F,B)
be a soft set over O . The lower and upper near approzimation of o = (F, B) with respect to NAS
are denoted by N, x (o) = (Fx, B) and N} (o) = (F*, B), which are soft sets over with the set-valued
mappings given by

Fu(6) = Ny + (F(6))=U{w € O : [a] 3, € F(6)} and

F*(¢) = N}(F(¢))=U{z € O : [z]g, N F(¢) # 0} where all ¢ € B. The operators Nyx and N} are
called the lower and upper near approzimation operators on soft sets, respectively. If Bndy, (p) (0) >0
, then the soft set o is called a near soft set [13].

The collection of all near soft sets on O will be denoted NSS(O).

Definition 2 Let O be an initial universe set, E be the universe set of parameters and B C E.For a
near soft set (F, B) over O , the set

Supp(F,B) ={¢ € B: F(¢) # 0}

is called the support of the near soft set (F, B).

1. A near soft set (F,B) is called non-null near soft set (with respect to the parameters of B) if
Supp(F, B) # 0. Otherwise (F, B) is called null near soft set.

2. A near soft set (F,B) is called full null near soft set if Supp(F, B) = B. A collection of all full
near soft sets on O will be denoted by NS¢(O).

Definition 3 Let O be an initial universe set, E be the universe set of parameters and B C E and
(F,B) € NSS(O). We say that (¢,{xr}) is a nonempty near soft element of (F,B) if $ € B and
xg € F(¢). The pair (¢,0), where ¢ € B will be called an empty near soft element of (F,B). Then
(¢, {zx}) is a near soft element of (F, B) and denoted by Fp.

Example 4 Let X = {w1, 29,23} C O = {1, 22,3, 74,25}, B = {¢1,¢2} € F = {1, ¢2,¢3} denote
a set of perceptual objects and a set of functions respectively. Let (F,B) = o defined by (F,B) =
{(¢1,{x1,22}), (2, {x3})}. Forr=1

[21]g, = {71, 22}, [w3]p, = {23, 24}
[21]g, = {71, 23}, [22]py = {2, 24}

N.(o) =A{(¢1,{z1,22})}, N*(0) = {(¢1,{z1,22}), (02, 0)}, then o is a near soft set. Forr =2
[1]o1.0, = {21}, [B2]61.00 = {22}, [23l01,0, = {3}, [24] 61,00 = {24}

Ni(o) = {(¢1,{z1,22}),, (P2, {x3})}, N*(0) = {(¢1,{x1,22}),, (d2,{z3})}, then o is a near soft set.
Hence all the near soft elements of (F, B) are

(¢17 {xl})ﬂ ((blv {xQ})v (¢27 {"1:3})
Near Soft Groupoid

Let (F,o) and (O, *) be two groupoids, (O, *) be a group with "«" operation, (F,o) be a group
with "o" operation and B C F. Also let (F, B) € NS¢(O), i.e., (F, B) be a full near soft set on O.,i.e.,
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for each parameter ¢ € B, there exists at least one nonempty near soft element of (F, B). We define
a binary composition * on (F, B) by

(0i {wa}) * (95, {zp}) = (¢i © Bj, {xa * T1})

for all (¢s,{xa}), (¢, {zs}) € (F,B). (F,B) is said to be closed under the binary composition * if and
only if (¢; 0 ¢j,{xa * x}) € (F, B) for all (¢5,{za}), (¢;,{xp}) € (F,B) i.e., if and only if ¢; 0 ¢; € B
and x4 * zp € F(¢; 0 ¢;) for all (¢4, {z4}), (¢, {xp}) € (F, B).

Definition 5 If (F, B) is closed under the binary composition *, then the algebraic system ((F, B), %)
18 said to be a near soft groupoid over O.

Theorem 6 Let (F,B) € NS¢(O), then ((F, B),*) forms a near soft groupoid over O if and only if

1. B is a subgroupoid of F i.e., ¢;0¢; € B for all ¢;,¢; € B
2. for ¢j, 05 € B, xq € F(¢i), xp € F(¢;) then x4z, € F(¢; 0 ¢5).

Proof. Suppose ((F, B), ) is a near soft groupoid over (¥, O). Let ¢;, ¢; € B . Since (F, B) € NSf(0),
there exist some x4,z € O such that (¢;,{z.}), (¢j,{zs}) € (F,B). Hence (¢, {z.}) * (¢5,{xp}) €
(F, B). This implies (¢; 0 ¢j,{xq *x xp}) € (F,B), ¢pio¢; € B and x4 *x x, € F(¢; 0 ¢;) by definition
(near soft element). Therefore B is a subgroupoid of F' and for ¢;,¢; € B , z, € F(¢;), xp € F(¢;)
then z, * zp, € F(¢; 0 ). Conversely, suppose that the given two conditions hold. Now let (¢;, {z4}),
(¢j,{zp}) € (F, B). This implies that ¢;,¢; € B, z, € F(¢;), xp € F(¢;) by hypothesis (1), ¢;,¢; € B
then ¢; o ¢; € B by hypothesis (2), z, € F(¢;), zp € F(¢;) then x, *x 2, € F(¢; o ¢;). Therefore
(¢i 0 ¢j,{xa x 2p}) € (F,B). So (F,B) is closed under the binary composition *. Hence ((F, B), *)
forms a near soft groupoid over O. =

Example 7 Let O = {0,1,4,5} be the set of objects which (O,-) be a group with "-" operation being
multiplication of O integers modulo 4 and F = {¢1, ¢} be a set of quotient function

$i 2 O — Of ~y,
¢1:0—>¢(0):6:{0=4}
¢2:1— (1) =1={1,5}

which (F,4) be a group with "+ " operation being addition the classes of residues of integers modulo

4.
Take B = {¢1} C F' and define a near soft set 0 = (F, B) = {¢1,{0,4}} with [0]4, = {0,4},[1]4, =

{17 5}7
Ni(0) = {61,{0,4}}, N*(0) = {¢1,{0,4}}

Hence all the near soft elements of Fp are {¢1,{0}},{¢1,{4}}. Then the binary composition " " is
given by

{pis{za}} {5, {zo}t} = {9i + &5, {z0 - 21 }}
{#1,{0}} - {#1,{0}} = {¢1,{0}}
{#1,{0}} - {1, {4}} = {¢1,{0}}
{#1,{4}} - {61, {4}} = {¢1,{0}}

Hence (Fp,-) is a near soft groupoid over O.

Definition 8 Let (Fp,*) be a near soft groupoid over (F, O) where the binary composition  is defined.
Then * said to be

1. commutative if (¢3, {za}) * (05, {xp}) = (¢, {zp}) * (¢4, {za})
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2. associative if [ (¢, {za}) * (@5, {zp})] * (dk, {xc}) = (di,{za}) * (&), {zs}) * (¢k, {xc})] for all
(gbi’ {l'a}), (¢j’ {:Eb})’ (¢ka {mc}) SN

Definition 9 A near soft element (¢,{x}) € Fp is said to be a near soft identity element in a near
soft groupoid (Fg,*) if for all (¢i,{za}) € Fp

(¢, {z}) * (¢i,{wa}) = (di,{7a}) = (S5, {7a}) * (¢, {7})
Definition 10 Let (Fg,*) be a near soft groupoid over (F,O)

1. If the composition o on B and the composition x on O are associative (commutative) then the
composition * on Fp is associative (commutative).

2. If Fg contains the near soft identity element (¢,{x}) then ¢ is the identity element of B and x
is the identity element of Ug,cpF (¢;).

3. If % is associative then near soft groupoid (Fp,*) is called near soft semigroup.
4. If the soft semigroup (Fp,*) contains near soft identity element then called near soft monoid.

Definition 11 Let (Fg,*) be a near soft groupoid with near soft identity element (¢, {x}). A near
soft element (¢i, {z.}) € Fp is said to be invertible if there exists a near soft element (¢;,{z},}) € Fp
such that

(6ir{za}) = (¢ {26 }) = (6. {x}) = (¢, {5 }) = (i, {wa})
Then (¢, {x},}) is called the near soft inverse of (¢i,{z4}) and denoted by (i, {xa}) 1.
Theorem 12 Let (Fp,*) be a near soft groupoid with near soft identity element (¢, {x}). If a near

soft element (¢;,{xq}) € Fp is invertible then ¢; is invertible in F' and {x,} € F(¢;) is invertible in
0.

Proof. Suppose (¢i,{zq,}) € F'p is invertible. then there exist a near soft element (¢, {z,}) € Fg
such that

(i {wal}) * (8], {25}) = (9. {z}) = (#}; {25 }) * (¢, {wa})
(¢ © &5 {ma * 70}) = (&, {z}) = (¢5 0 ¢, {2, * Ta})
diod,=¢=¢,o0¢p; and x4 xx,, =1 =2}, * T4
Since (¢, {x}) is the near soft identity element of Fp then ¢ is the identity element of B and z is

the identity element of Uy,cpF(¢;). Also ¢; is invertible in B C F' and {z,} € F(¢;) is invertible in
UQ%:EBF(QSZ‘) CO. =

Remark 13 Converse of this theorem is not necessarily true. In a near soft groupoid (Fp,*) with
near soft identity element, if ¢; is invertible in B and {z,} € F(¢;) is invertible in O then (¢;,{x.}) €
Fp is not necessarily invertible in Fp.

Example 14 Let O = {0,1,4,5} be the set of objects which (O,-) be a group with " " operation being
multiplication of O integers modulo 4 and F = {¢1, 2} be a set of quotient function

$1:0 — ¢(0) = 0 = {0,4}

¢2:1— (1) =1={1,5}
which (F,+) be a group with "+ " operation being addition the classes of residues of integers modulo

o= (F,B) ={¢1,{0,4}} is a near soft set , it is all the near soft elements are {¢1,{0}}, {¢p1,{4}}.
Hence (Fp,*) is a near soft groupoid with near soft identity element {¢1,{0}}. The near soft inverse

of {#1,{4}} is ({¢1,{4}}) "t = ({¢1,{0}}) € Fp. Therefore ({¢1,{4}}) is invertible in Fp.

Conclusion

As a result, the definition of near soft groupoid was given to the concept of near soft set obtained
with the help of near set and soft set concepts in this study by applying the definition of soft element
used in previous studies. This new concept can be used in new studies in set theory.
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Abstract

In this article, the analytical solutions of nonlinear fractional order Boussinesq-
Double-Sinh-Gordon equation and first Boussinesqg-Liouville equation are obtained
with the aid of auxiulary equation method where the fractional derivatives are in
conformable sense. Both equations were first converted to non-linear ordinary
derivative differential equations with the help of wave transformation. auxiliary
equation method was used to find analytical solutions of these ordinary derivative
equations. Three dimensional graphics of the obtained results for nonlinear fractional
order Boussinesg-Double-Sinh-Gordon equation and first Boussinesq-Liouville
equation are given.

Keywords: Conformable Fractional Partial Differential Equations; Auxiulary
Equation Method; Conformable Boussinesq-Double-Sinh-Gordon; Conformable
First Boussinesg-Liouville.

1. Introduction

Obtaining analytical solutions of fractional order nonlinear partial differential equations is
crucial for understanding the physical behavior and change process of the event under consideration.

Because the nonlinear partial differential equation models containing integer-order
derivatives do not correspond exactly to events in nature, while the differential equations containing
fractional order derivatives in which parameters are present correspond exactly. That is, the nonlinear
partial differential that occurs when modeling a physical event according to the fractional computation
integer computation it helps to express the equation more clearly. Analytical and numerical solutions of
fractional order nonlinear partial differential equations including Riemann-Liouville, Caputo and
conformable fractional derivative approach, which are frequently encountered in the literature, were
obtained using various methods. Some of these methods are (G '/ G) expansion [9], first integral [7],
exponential function [10], jacobi elliptical [12], homotopy analysis [13], finite elements [5], finite
difference [6], functional change [3], auxiliary equation [2] Alhakim and Moussa, Methods such as
tangent hyperbolic [4], separation of variables [11] were used.

In this article, non-linear Boussinesq-Double-Sinh-Gordon which contains conformable
fractional order derivatives and analytical solutions of First Boussinesg-Liouville equations with
auxiliary equation method was obtained.



Ikonion Journal of Mathematics 2020, 2 (2)

2. Metarial and Method

In 2003, the auxiliary equation method was first used by S. Jion and Sirendaoreji to obtain
complete solutions of nonlinear partial differential equations [8]. S. Jion and Sirendaoreji to obtain the
exact solutions of the partial differential equations discussed in this study with the auxiliary equation
method

dz

(&) = az2(®) + b2 ® + c2*(®) )

they benefited from the solutions of ordinary differential equations. Then, in 2008, M.A. in his study,
Abdou [1] gave a wider class of the solutions of his equation, Schrodinger, the nonlinear partial
differential equation, obtained analytical solutions of the Whitham — Broer — Kaup and generalized
Zakharov equations [1]. The following steps are followed to solve the analytical solution of the fractional
order partial differential equation by the auxiliary equation method [8].

I. Step: General form of a partial differential equation containing a conformable fractional order
derivative according to the nonlinear time variable

P(apu du 9%u ) -0 )

atb ’ 9x’ ax2’
it can be written as. Here P is a nonlinear function, p € (0,1) ve ‘%‘ derivative, means the p-order
conformable fractional derivative of the function u(x, t) .
I1. Step: (2) to show the wave velocity of w, u(x,t) = U®), E=x+ w%

if conversion is used (2) partial differential equation
G(U,U,U",U",..) =0 (3)
is transformed into ordinary differential differential equation.

I11. Step: (3) given the ordinary differential equation

n

UE® = ) ari(® )

i=0

search for analytical solution. Here a;(i = 0,1, ..., n)) are the coefficients to be determined later, while
the function z(%) is the solutions of the differential equation (1). The positive n value in the equation
given by (4) is found with the help of homogeneous balance. For this, for the term derivative which is
linear from the highest digit in the equation given by (3)

0@$)=n+nr:omzm

and for the highest non-linear term
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d'u
ARE! =qn+r, r=012,.., q=0,12,..

the formulas written are synchronized [11].

IV. Step: As a last step, by writing the equation (4)and the necessary derivatives in the equation
(3), an equation containing the forces of the expression z(%) is obtained. The resulting equation is
arranged according to the forces of the expression z(€) and then a coefficient system of algebraic
equation is created by synchronizing the coefficients of the forces of the expression z(€) to zero. This
algebraic system of equations containing a,b, c,w,a; coefficients is solved with the help of the
Mathematica program and coefficients are found. Analytical solutions of fractional order partial
differential equation are obtained by using the results obtained by solving this system and using the
formulas given in Table 1.

No z(§) Condition
! —absech? <\/75€) a>0
2
b?% —ac (1 — gtanh (%5 f))
2

abcsch? <\/755) a>0

2
b%? —ac (1 + ecoth <\/75§>>

3 2absech(va¢) a>0,A>0
eVA — bsech(+/aé)
4 2absec(vV—a¢) a<0,A>0
eVA — bsec(v/=af)
5 2abcsch(v/a§) a>0,A<0
evV—4 — besch(vaé)
6 2abcsc(v—aé) a<0,A>0
eVA — besc(v=ag))
7 sech? (@ﬁ a>0,c>0
b + 2&ev/actanh <\/75§)
8 sec? <@f) a<0,c>0

b + 2ev/—actan (\/2_ )

—esch? ( a>0,c>0

b + 2&e/accoth <\/7_ )
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10 —acse? (@ﬁ a<0,c>0
b + 2ev/—accot (E f)

11 a>0,A=0
—%(1 + etanh ?f))

12 a>0,A=0
a Va ’
_E<1 + ecoth <7 f))
13 4aecVas a>0
CRERS b)2 —4dac
14 ill-ae‘g‘/af a>0b=0

1 — 4ace?sVaé

Table 1: Solutions of equation (1) with A =b? - 4ac and € =+ 1 [1]

3. Aplications of the Method

In this section, we will show the solution applications of fractional order partial differential
equations using the auxiliary equation method.

Example 1: Fractional Order Boussinesq-Double-Sinh-Gordon Equation Boussinesq-Double-Sinh-
Gordon equation with conformable fractional order derivative according to time variable

%Py 0%2u  0*u
ot %oxz T ot

= sinh(u) + ;sinh(Zu) (5

be considered as. Here, o is real constant and p€ (0,1). (5) Conformable fractional order Boussinesq-
Double-Sinh-Gordon equation

u(x, t) =u($)
Including

tP
f—x+w§ (6)

wave transformation is applied
(w? Juge + 'h()+3'h(2) (7)
w*s —a)u u = sinn(u —Sin u

g6 T Uggse >

ordinary differential system of differential equations is obtained. Here

v(§) = ® (8)
is transformed and with the help of this transformation
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-1

inh(x) = vV—v
sinh(u) = >
and

vZ—vp7?
sinh(2u) = —

by writing down the found equations in the equation given by (7)

—4w?v3vge + 4wv? (vf)z +4av3vgs — Avggesv® — 4av2(v5)2 + 16Vggsvev? + 24(175)4
—48v; (ve) v + 12(vee) v + 308 + 2v° — 203 =302 = 0 )

equation is obtained. The equilibrium between the terms v§§5§v3and the highest order nonlinear v°
containing the highest order derivative in the equation given by (9)

n+4+3n=6n

equality is obtained. This equation has the value of n = 2. So in the equation (9)

v(&) = ap +2a;2(8) + a,2%(¢) (10)

In the form of an analytical solution is sought. If the equation (10) is substituted in the equation (9)
,an equation based on the forces of the expression z(£) is obtained. By equating the coefficients of z(§)
and forces in this equation to zero;

z%(&): —3a% —2ad +2aj+3a§=0

z1(§): — 6aga, — 6a3a, — 4a%ada; + 10aga; + 18aja; — 4aaja;w? + 4aada,;a = 0

z2(§): —3a% — 6aga? + 16a%a3a? + 20a3a? + 45aga? — 6aga, — 6asa, — 64a%ada, + 10aga, +
18a3a, — 30aaja;b — 8aa3a?w? — 16aa3a,w? — 6asa;bw? + 8aa3a?a + 16aaia,a +

6adaba =0

z3(&): — 2a3 — 4aapa’ + 20a%ad + 60a3ad — 6aja, — 12apa;a, + 52a%a%aa, + 40a3a a, +
90aga,a, + 10aasa?b — 260aada,b — 30a3a;b? — 80aada,c — 4aagaiw? — 44aaja a,w? —
14a3a3bw? — 20a3a,bw? — 8ada,cw? + 4aagaia + 44aada a,a + 14ajaiba + 20ada,ba +
8ada,ca =0

z*(8): 10agaf + 45a3af — 6a%a, — 32a%aga?a, + 60a3ala, + 180aja%a, — 3a5 — 6ayas +
256a%a3a3 + 20a3a3 + 45agas — 10aaga3h — 110aa3a a,b — 15a3a?h? — 210ada,bh? —
80aa%a?c — 480aaja,c — 120a3a;bc — 32aagasa,w? — 32aa3asw? — 10ayasbw? —
62a3a;a,bw? — 20a3a?cw? — 24ada,cw? + 32aagala,a + 32aa%asa + 10apadha +
62a3a,ayba + 20a3ajca + 24adaca = 0

z5(8): 2a3 + 18apa’ — 4a”ala, + 40ayaa, + 180a3ala, — 6a,a3 + 52a%aga a3 + 60a3a a3 +
180a3a;a3 — 2aath — 152aagata,b + 436aa%ash — 12a5a3h? — 204a3a a,b? — 64aagaic —
608aa3aja,c — 144a3a3bc — 672a3a,bc — 96a3a,c? — 4aada,w? — 44aagaasw? — 2atbhw? —
56agasa,bw? — 44aasbw? — 16aya3cw? — 80aja a,cw? + 4aada,a + 44aagaasa + 2atba +
56aga‘a,ba + 44a3asba + 16agasca + 80ajaaca = 0

z%(&): 3a$ + 10aja, + 90agata, + 16a%a%a% + 60aga?a3 + 270ajasa3 — 2a5 — 64a’aja3 +
20a3a3 + 60ada3 — 38aala,b + 94aaga ash — 3a1h? — 156apa%a,b? + 150a3a3h? — 16aajc —
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512aaga?a,c + 160aa3a3c — 96aya3hc — 1008a3a a,bc — 144a3a%c? — 480ada,c? —
8aa%a%w2 — 16aaoagw2 — 14a3a,bw? — 74aga;a5bw? — 4afcw? — 80agaZaycw? —
56a3a3cw? + 8aa?ala + 16aagasa + 14a3a,ba + 74aga asba + 4ajca + 80agaa,ca +
56a3a%ca =0

z7(§): 18a3a, + 20a3a3 + 180aya3as — 4a%a,a3 + 40aya; a3 + 180a%a a3 — 2aa?a3b —
76aagasb — 42a3a,b? — 6agajash? — 144aada,c — 272aapa asc — 24atbc — 768ayata,bc —

48a3a3bc — 96aa3c? — 864a%a a,c? — 4aa;a3w? — 26a2a3bw? — 28agasbw? — 24ada,cw? —

104aga;a3cw? + 4aa ada + 26a%alba + 28ayaba + 24a3a,ca + 104aga;a3ca = 0

z8(&): 45ata3 + 20a%a3 + 180ayasa3 + 10apas + 45a3a% — 18aaja3h — 33a%a3h? — 30apa3h? —
176aa3a3c — 160aaga3c — 216a3a,bc — 504a4a;a3bc — 24alc — 672aga3a,c? — 240a3a3c? —
18aja3bw? — 44a%ajcw? — 40apa3cw? + 18a,a3ba + 44a3a3ca + 40agaca = 0

z%(§): 60a3a3 + 10a a3 + 90aga a3 — 4aaib — 24a,a3b? — 128aa,a3c — 288a2a3hc —
192aga3bc — 192a3a,c? — 576apa a3c? — 4asbw? — 32a,a3cw? + 4atba + 32a;a3ca = 0

z19(8): 45a%a% + 2a5 + 18apa3 — 6a3h? — 32aa%c — 192a,a3bc — 288a%a3c? — 192a4a3c? —
8azcw? + 8atca = 0

z11(§): 18a,a3 — 48a%bc — 192a,a3¢c? =

z12(§):3a5 — 48a3c? =0

algebraic equation system is obtained. By solving this system of equations with the help of Mathematica
program

a=1 b=2Jc, w=—V1+a, ag=-1, a;=-4J/c, a,=—4c (11)

a=1 b=2Jc, w=—3+a, ay=1 a;=4J/c, a,=4c (12)
1

a=Z, b=0, w=+vV3+a, ag =1, a; =0, a, =4c (13)
1

a=Z, b =0, w=+vl+a ag=-1, a; =0, a, = —4c (14)

solution sets are obtained.

The values given by (11) are substituted in the equations (6) and (10) ,and the solutions given
in Table 1 and (8) using the transformation are given by the (5) conformable fractional order
Boussinesg-double-sinh-Gordon Equation u(x, t) analytical solutions

rll)
(ream@)) (- (1230 )
ool |

/

u,(x,t) =log| 1— >

16 sech* (%f) w

8 csch? (% & )
+

~ <1 + coth (%g))z <4 = <1 + coth (%f)f)

2

\
uz 4(x,t) = log (1 +
\ 4
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use(x,t) =log| 1— 2sech? (%15) + sech* (%g) 2\|
1 + tanh (75) (1 + tanh (%g)) /

u;g(x,t) =log| 1+

e

0

=

S
N

ks

—
N/

Il

<}

[o)°]
/-~

=Y

|

N
/-~

=y

[+

ot

<}

=

=
/N
N| -

iy
N————
N~

+
/N

=y

[+

ot

<}

=

=
N| -

a0
N~
N
N——

16+/ce*s N 64cet?é
e+ (~2Ve+ o) (Zac+ (<245 +et6)’)’

us314(x,t) =log| 1+

itis found as. Here & = x — V3 + a%.

The values given by (12) are substituted in the equations (6) and (10) ,and the solutions given
in Table 1 and (8) using the transformation are given by the (5) conformable fractional order
Boussinesg-double-sinh-Gordon Equation u(x, t) analytical solutions

/ 1 1
Us16(X, 1) = 10gI -1+ 8sech” (7 E) S — 16 sech* (7 S() — |
k 4—<1itanh(%§)> <4—<1itanh(%f)> ) )
8 csch? (% f) 16 csch* (% f)

Uy718(x,t) = log - 2 o\ 2
4—<1i00th(%f)> <4—<1icoth(%f)> ) /
2 sech? (% E) sech* (% f)
+

1 + tanh (%f) (1 + tanh (%f))z

Ujg20(x,0) = log| —1 —

1 1
g 2258 = log |/—1 ~ 2 csch? (715) _ csch* (Zf 2
1+ coth (if) <1 £ coth (%f))

Ups 24 (%, 1) = log (—1 + 2 <1 + tanh (%6)) — (1 + tanh (%g>>2>
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o) ()

16vceté _ 64cet?
—tc+ (<2 +ex) (Zact (~2ve+et6)?)’

Up728(x, 1) =log| —1 —

itis found as. Here & = x —v1+ a%.

The values given by (13) are substituted in the equations (6) and (10) ,and the solutions given
in Table 1 and (8) using the transformation are given by the (5) conformable fractional order
Boussinesg-double-sinh-Gordon Equation u(x, t) analytical solutions
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itis found as. Here é = x +v3 + a%.

The values given by (14) are substituted in the equations (6) and (10), and the solutions given
in Table 1 and (8) using the transformation are given by the (5) conformable fractional order
Boussinesg-double-sinh-Gordon Equation u(x, t) analytical solutions

Uze(x,t) = log | —1 — sech? ( &

(-
ug; (%) = log( 1+ csch? ( £
uzg(x,t) = log(

U39’40(X, t) = log <_1 +

4ceté
Uy1,42 (X, t) = IOg -1+ m

47



Ikonion Journal of Mathematics 2020, 2 (2)

itis found as. Here é = x + V1 + a%.

The surfaces of some analytical solutions of the conformable fractional order equation given in
the following figures 1-3 are given.
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Figure 1:The surface of the solution u,s(x,t) ata = 1,p = 0.75

Figure 2: The surface of the solution u,,(x,t) ata = 1,p = 0.75

Figure 3: The surface of the solution u,,(x,t) ata = 1,p = 0.75
Example 2: Fractional Order First Boussinesg-Liouville Equation

Fractional Order First Boussinesg-Liouville Equation;
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be considered as. Here, a is real constant and p € (0,1) . Conformable fractional order given by (15)
to the First Boussinesg-Lioville equation

ulx, t) = u($)
Including

tP
f—x+w? (16)

wave transformation is applied,;

3
(W2 - (Z)ufg + uffff =e¥ + Zezu (17)

ordinary differential differential equation is obtained. In the equation (17)
v(§) = e¥®
if transform is applied:;

—4w2v30" + 4Aw2v2(W")?2 + 4av3v" — 4vBv3 — 4av2 (W2 + 16v""v'v2 — 480" (v")%v
+24(wN)* +12(v")%v? + 3v° + 4v° =0 (18)
differential equation is obtained. The value of v*»3, which contains the highest order derivative in the
equation given by (18), and n = 2 value from the homogeneous balance between the highest order
nonlinear term and v®. Thus, in the equation (18),

u(é) =ag +az(§) + a,z%(¢) 19)

In the form of a full solution is sought. If the equation (19) and the necessary derivatives are substituted
in the equation (18), an equation based on the forces of the expression z(¢) is obtained.
With this equation the coefficients of z(&) and their forces equal to zero.

z%(8): 4a5+3a =0
z1(§): —4a%ada; + 20ada, + 18ada; — 4aada;w? + 4aada;a = 0

z2(&): 16a%a3a? + 40a3a? + 45a3a? — 64a%ada, + 20aga, + 18a3a, — 30aada; b — 8aada?w? —
16aada,w? — 6ada;bw? + 8aajaja + 16aaja,a + 6ajaba = 0

z3(8): — 4a?ayad + 40a3a3 + 60adas + 52a%a3a;a, + 80ajaja, + 90aga a, + 10aa3ash —
260aada,b — 30a3a;b? — 80aada,c — 4aagasw? — 44aada a,w? — 14a3asbw? — 20a3a,bw? —
8ada;cw? + 4aagaia + 44aada a,a + 14a3aiba + 20aja,ba + 8aja,ca = 0
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z*(&): 20apaf + 45a3a] — 32a%aja3a, + 120a3a?a, + 180a3a3a, + 256a%a%a3 + 40a3a3 +
45aga% — 10aagah — 110aa3aja,b — 15a%a2h? — 210a3a,b? — 80aada?c — 480aada,c —
120a3a;bc — 32aaga%a,w? — 32aa3aiw? — 10apalbw? — 62a3a a,bw? — 20a%acw? —

24a3a,cw? + 32aagata,a + 32aa3ada + 10agaha + 62a3ajaba + 20a3a3ca + 24a3a,ca = 0

z5(8): 4a3 + 18apa — 4aada, + 80agada, + 180a3ada, + 52a%aya a3 + 120a3a a3
+ 180a3a; a3 — 2aath — 152aaga?a,b + 436aa3ash — 12apa3h? — 204a%a a,h?
— 64aagadc — 608aada a,c — 144a3a2bc — 672a3a,bc — 96a3a;c? — 4aada,w?
— 44aagajazw? —

2ajbw? — 56aga%a,bw? — 44a3abw? — 16aga3cw? — 80a3aja,cw? + 4aada,a +
44qagajasa + 2atba + 56agaza,ba + 44a3adba + 16a4asca + 80a%a aca = 0

z%(8): 3a% + 20ata, + 90agata, + 16a%a?a3 + 120aya?a3 + 270a%a%a3 — 64a%agad + 40a3ad +
60a3a3 — 38aala,b + 94aaya,ash — 3a7h? — 156apasa,b? + 150a%a3h? — 16aa‘1‘c —
512aaga?a,c + 160aa3a3c — 96ayasbc — 1008a%a a,bc — 144a%a%c? — 480ada,c? —
8aa?aiw? — 16aa0azw — 14a3a,bw? — 74aga asbw? — 4ajcw? — 80agalacw? —
56a3a3cw? + 8aa?ala + 16aagasa + 14a3a,ba + 74aga aba + 4ajca + 80agaa,ca +
56a3a%ca = 0

z7(§): 18a3a, + 40a3a3 + 180aya3a3 — 4aa,a3 + 80aya a3 + 180a3a a3 — 2aa?aib —
76aaga3b — 42a3a,b? — 6agajash? — 144aada,c — 272aapa asc — 24atbc — 768ayata,bc —
48a3a%bc — 96ayasc? — 864a%aa,c? — 4aaasw? — 26a%a3bw? — 28ayasbhw? — 24ada,cw? —
104agaja3cw? + 4aajasa + 26a3a3ba + 28aga3ba + 24aa,ca + 104agajasca = 0

z8(&): 45ata3 + 40a2a3 + 180ayasa + 20agas + 45a3a3 — 18aa a3h — 33a%a3h? —
30aga3h? — 176aa%ac — 160aagasc — 216a3a,bc — 504ayaa5hc — 24ajc? — 672apa%a,c? —
240a%a%c? — 18a,a3bw? — 44a2a5cw? — 40aga3cw? + 18aja3ba + 44ajasca + 40agasca = 0
z2(&): 60a3a3 + 20a;,a3 + 90aga a3 — 4aa3b — 24a,a3h? — 128aa,a>c — 288a%a3hc —
192aga3bc — 192a3a,c? — 576aga a5c? — 4a3bw? — 32a,a3cw? + 4ajba + 32a,a5ca = 0

z10(&): 45a%a% + 4a5 + 18aga3 — 6a%bh? — 32aa%c — 192a,a3bc — 288a%a%c? — 192aya3c? —
8ajcw? + 8ajca = 0

z11(8): 18a,a5 — 48a%bhc — 192a,a3c? =0
z12(&): 3a§ —48a%c?2 =0

algebraic equation system is obtained. By solving this system of equations with the help of Mathematica
program

a=2—w2+ab=a—1c=— ai an =0 a :_a—%
’ 2’ 16(w?2—2—a) 7 72 4(w?2 -2 —a)

(20)

ap

1
aZZ(Z_WZ-}-a)’b:O’C=—,a0=0,al=0 (21)

solutions are obtained. u(x, t) analytical solutions of the conformable fractional order first Boussinesq-
Liouville equation given by using the solutions given in Table 1 with the values given in (20) in the
equations (16) and (19).
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. p
it is found as. Here€=x+w%vea=2—w2+a.

u(x,t) analytical solutions of the conformable fractional order first Boussinesq-Liouville
equation given by using the solutions given in Table 1 with the values given in (21) in the equations

(16) and (19).

Uss16(%, 1) = log <iu sech? (%ﬂ 6)) <0
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Up718(x,t) = log (iﬂ sec? <g f))# >0
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it is found as. Here§=x+w%veu=w2—2—a.

The surfaces of some analytical solutions of the conformable fractional order equation given in
the following figures 4-6 are given.
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Figure 4: The surface of the solution u,,(x,t)atw = 2,a = 1,p = 0.75
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Figure 6: The surface of the solution u,,(x,t) atw = 2, = 1,p = 0.75

4. Results and Discussions

In this article, the Boussinesg-Double-Sinh-Gordon and First Boussinesg-Liouville equations,
which are non-linear fractional order partial differential equations containing conformable fractional
derivatives based on time, are discussed. Both equations were first converted to non-linear ordinary
derivative differential equations with the help of wave transformation. auxiliary equation method was
used to find analytical solutions of these ordinary derivative equations. For this, z(&) consists of the
forces of the expression

n

> ad®

i=0

searched for analytical solution in form. Substituting this analytical solution form into ordinary
differential equations, an equation containing the powers of the expression z(€) was found. The solutions
of the algebraic equation system obtained by equating the coefficients of the forces of the z(&) expression
in this equation to zero were found with the help of the Mathematica program. Analytical solutions of
the equations dealt with with the help of these values were found. As a result; it was seen by using
Mathematica program that all analytical solutions obtained.
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