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Research Article

Ostrowski’s Type Inequalities for the Complex Integral on
Paths

SILVESTRU SEVER DRAGOMIR*

ABSTRACT. In this paper, we extend the Ostrowski inequality to the integral with respect to arc-length by providing
upper bounds for the quantity

F@em - [ )
;

under the assumptions that + is a smooth path parametrized by z (t), t € [a,b] with the length £(v), u = z(a),
v = z(z) withz € (a,b) and w = z (b) while f is holomorphic in G, an open domain and v C G. An application for
circular paths is also given.

Keywords: Complex integral, continuous functions, holomorphic functions, Ostrowski inequality.

2020 Mathematics Subject Classification: 26D15, 26D10, 30A10, 30A86.

1. INTRODUCTION
In 1938, A. Ostrowski [8], proved the following inequality concerning the distance between

the integral mean ;- fab f (t) dt and the value f (z), z € [a, b].

Theorem 1.1 (Ostrowski, 1938 [8]). Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) such that f" : (a,b) — R is bounded on (a,b), i.e., ||f'||, := sup |f'(t)| < co. Then,
te(a,b)

2
1 o — atb
< 1 + <b—2> 1]l (b —a)

a

b
(L1) +ﬂmbfm/f@Mt

forall z € [a,b] and the constant + is the best possible.
In [6], S. S. Dragomir and S. Wang, by the use of the Montgomery integral identity [7, p. 565],

1
b—a

b 1 b
(12) fa@) -y [ Fd= s [p@n s @ ce o,

where p : [a,b]” — R is given by

t—a if te]a,q],

p(z,t):=
t—b if te(ab]
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126 Silvestru Sever Dragomir

gave a simple proof of Ostrowski’s inequality and applied it for special means (identric mean,
logarithmic mean, etc.) and to the problem of estimating the error bound in approximating the

Riemann integral f: f (t) dt by one arbitrary Riemann sum (see [6, Section 3]). For extensions
of Ostrowski’s inequality in terms of the p-norms of the derivative, see [1], [2] and [3]. For a
recent survey on Ostrowski’s inequality, see [4].

In order to extend this result for the complex integral, we need some preparations as follows.
Suppose 7 is a smooth path parametrized by z (t), t € [a,b] and f is a complex function which
is continuous on 7. Put z (a) = u and z (b) = w with u, w € C. We define the integral of f on

Yu,w = 7Y aAS
b
/f(z) dz = f(z)dz ::/ F(z(t) 2 (t)dt.

We observe that the actual choice of parametrization of v does not matter. This definition im-
mediately extends to paths that are piecewise smooth. Suppose v is parametrized by z (t),
t € [a, b], which is differentiable on the intervals [a, ] and [c, b], then assuming that f is contin-
uous on v we define

(2)dz := (z)dz + f(2)dz,

Yu,w Yu,v Vv, w
where v := z(¢). This can be extended for a finite number of intervals. We also define the
integral with respect to arc-length

b
f(2)|dz] == / F ()12 (1) di

and the length of the curve ~ is then

() = / e = / 1 @l

Let f and g be holomorphic in G, an open domain and suppose v C G is a piecewise smooth
path from z (a) = u to z (b) = w. Then, we have the integration by parts formula

(1.3) f(2) g (2)dz = [ (w) g (w) — f(u)g(u) - f(2)g(2)dz.

Yu,w Yu,w
We recall also the triangle inequality for the complex integral, namely

/f<z>dz S/If(Z)IIdZ\ <l 0

where [|f||, ., = sup.¢, [f (2)].
We also define the p-norm with p > 1 by

191, = ( [uer |dz|)1/p,

T / 1F (2)][dz]
Yy

If p, ¢ > 1 with % + % = 1, then by Holder’s inequality, we have

11l < OS] -
In the recent paper [5], we obtained the following result for functions of complex variable:

(1.4)

For p = 1, we have
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Theorem 1.2. Let f be holomorphic in G, an open domain and suppose v C G is a smooth path from
z(a)=utoz(b) =w. Ifv=z(z)withx € (a,b) , then Yy 1w = Yu,o U Yo,w,

(15) V@Mwwa@Mz

e [ 2l
v

u,v

|z — ul |dz| +/
¥

<Ir

SM

o
v

v, w

’
|z — w| |dz|] If H'yu,m;w

u,v v, w

and

(16) V@ﬂw—w—Lf@Mz

< max [z —ul[|f']
2EYu,v

/
Yu,v;l + Zg{?fi |Z - ’LU| ||f ||’Yv,w§1

< — - ! .
=max {zrél’)?;xv |Z U| 72217%)«(11; ‘Z w|} ”f ||’y”’w;1

: 1 1 _
pr,q>1wzth;+a—1,then

17) V@ﬂwmﬁf@mZ

1/q 1/q
< (/ IZ—UIqle> 1M + (/ |Z—’LU|qu|> If'
v Yo, w
1/q
< (/ IZ*U|q|dZ\+/ IZWIquZ|> [ -
Yu,v Yo, w

Motivated by the above results, in this paper, we extend the Ostrowski inequality to the
complex integral, by providing upper bounds for the quantity

Yv,wiP

u,v

]ﬂwuw—Afwuz

under the assumptions that y is a smooth path parametrized by z (¢) , ¢t € [a, ], with the length
L(y),u=z(a),v = z(z) withz € (a,b) and w = z (b) while f is holomorphic in G, an open
domain and v C G. An application for circular paths is also given.

2. OSTROWSKI TYPE RESULTS

We have the following result for functions of complex variable:
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Theorem 2.3. Let f be holomorphic in G, an open domain and suppose v C G is a smooth path from
z(a)=utoz(b) =w. Ifv=2z(z)withx € (a,b), then Yy w = Yu,o U Yo,w and

<L (Vuw) ||f/||"{u,'v;1 + £ (Yo,w) Hf/H% wil

28) ‘f(v)f(v) [ re

% [€ (Vuyw) + 1€ (Vu,0) = € (Yo,0) ] Hfllly w$

p p 1/p 1119 g /a
[ () + 02 Qa7 (11,0 + I ||%_u,;1)
D, q>1and%+é:1,

IA

30 Oue) (15 it + 170 = 10

Proof. Using the integration by parts formula, we have

/% 2)|dz] = /f ()] dt
-/ f(Z(t))d</a # (o)las)
o [[onas  [LED (i) a
o) [ @las— [5G0 ( [ las) 2 wa
a1 o0 ([ las) 2

and

IIRCIEE [ reaE o
-/ f<z<t>>d</tb|z'<s>|ds>
zt))/tbz'<s>dsb+/ (/ ds>
o [ 1 <s>|ds+z/z 7' (=) ( [ <s>|ds) (1) di
(o + [ 7E0) < [ ds> (1) di
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If we add these two equalities, we get

/ﬁuw f(z)‘dz'*‘J/ f(2) |de]

=f () £ (Yuw) + f () £ (Yo,w) / I (= )(/at|z’(s)|ds)z’(t)dt

b
+/ £ (2 () (/t |z’(s)|ds> () dt

which gives the following equality of interest

2.9) f@»ewmw»f/’ £ (2)1dz]

= If’(Z(t)) t;’(S)dS 2 () dt — bf’(Z(t)) blZ’(S)IdS 2 (t) dt.
[reo ([ o) oa-[reo|]

By taking the modulus in (2.9) and using the properties of modulus, we get

(2.10) ‘f (V) £ (Yu,w) / f(2)]dz|

: w>(l|z<@nu)z%wd4
w></bz%@(m>z%wdt

g/’u o o ([ 0lds)a

[ Hz|</v%ww>ﬁ:3u>

for z € [a,b] . We have
t T
/ |2 (s)]ds < / |2’ (s)| ds for t € [a, ]

b b
/ |2 (s)] ds §/ |2’ ()| ds for t € [z,b],
t T

‘/ 2 (s |dg/ @) 0]t
/|z |dg/|f )12 (1) dt

=f(%,u)/ ! (Z)\IdZIJrE(%,w)/ [/ (2)] ldz]

and

then

129



130 Silvestru Sever Dragomir
and by (2.10), we get the first inequality in (2.8). The second part follows by Holder’s inequali-

ties
max {m, ¢} (n+ d)
mn + cd <

(mP 4 )P (9 +d) 9 forp, g > 1, cHL=1,

where m, n, ¢, d > 0. (]

Corollary 2.1. With the assumption of Theorem 2.3 and if there exists m € ~y such that £ (vy,m) =
C (Ymw), then

2.11) jwmuw—/ (2)]dz]| <

~

( I i

and if s € ysuch that [ |f'(2)||dz] = [, [f'(2)]|dz], then

1
< Sl -

2.12) ﬂ@uw—/f@wa

We have also the following result for p-norms:

Theorem 2.4. With the assumption of Theorem 2.3, we have for p, ¢ > 1 with % + % =1 that

2.13) ‘ﬂ@ﬂﬂ—/f@ﬂd
Y
1
< [ O 1 i+ € o) 1

s 1€ (ugw) + 1€ (Yugw) = € (o))
X1 i 1 0]

<t 09 (v, 09 (7 a g
_q_"_l [ (’y s )+ (’y ’ )] ||f H'Yu,w;p7

1/
s (W1 + I = 15, o]
[514—1/4( o W) + 4 1+1/a ('Yuw)] .

Proof. Using the weighted Holder integral inequality for p, ¢ > 1 with & + ¢ = 1, we have

[irconzon([ 12 wi)a
< </aw I (z(@)IF |2 (t)ldt> v (/aw </a ¥ (5)|d5)q|z’ (t)dt>1/q
= </a”” If (@) |2 (t)|dt> ((f |Zq+|1d5)q+1>l/q

(12 ()] ds) (/ e (t)|dt>1/p

(g+1)7
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and

/ P @) ¢ (/ 1 (s |ds> dt 1
(/ reonii) ([ ([ o) o)
(Lb|f’<z<t>>|p|z'<t>d> ((f |Zq+|1d8) )

z S 1/p
(f |(q+|1;i1/>q (/ I ()" 12 (¢ |dt>

for x € (a,b) . If we add these two inequalities, we get

B(x) < Ul dswq(/ 7 @)L |dt)1/p

q+11/q

RO )as) " 1
(g+ 1)1 (/ fG |dt>
1/p 1/p
= q—‘r-% [£1+1/q (’Yu,v) ([YUN |f/ (Z)Ip |d2’> +€1+1/(1 (7U,w) </yuyw |f/ (Z)|p |d2|> ] ,

which proves the first inequality in (2.13). We also have

1/p 1/p
R () ( [ wrer |dz|> L y,,) ( [ irer |dz>
Ve, v Yv,w

< max {€1+1/q (’Yu,v) ’el-&-l/q ('Yv,w)}

1/p 1/p

[(/ If’(2)|p|d2> +</ |f’<z>|”dz|> ]
1/p 1/p
_[max{em,n,m,w)}]“”q{(/ |f’(z)|p|d2|> +</ If'(z)pldz|> ]

1
=gr717g 1€ () + 1 (o) =€ (o) 17

1/p 1/p
[(/ |f'<z>|”|dz> +</ If’(Z)IdeI> ]
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and

1/p
If () Idz|>

1/p
Y () (/ f’(z)|pdz|> + O () (/
; 1/p 1/177
gmax{</ f’(z)|pdz|> (/ f’(z)lp|dzl> }

% _€1+1/q ('Yu,v)+€1+1/q (’Y'u,w):|
i 1/p
If () |dZ|H

= |max /
L Yu,v

x [V (y, ) + £+ (’Yv,w)}

1
= / Pldz| + / Pldz] — / P4
27 l/ 7 ()" 1dz] / 7 ()P 1d2] /f ()" I
X {€1+1/q ('Vu,v) + (/e (’Yv,w)} .

£ @], [

Yv,w

]1/17

By Holder’s discrete inequality, we have

1/p
O () (/ If' () le> + O () (/
o ¥

1
< [E(Hl ('Vu,v) + o+t ('Yv,w)] " [/
~

v, w

1/p
If () |d2|>

1 ()P ldz] + /

Yv,w

u,v

1/p
1 (=) IdZI]

1/p
= [ ) + 67 ()] </ el |d2'> |
Yu,w
which prove the last part of (2.13). O

We have:

Corollary 2.2. With the assumption of Theorem 2.4 and if there exists m & ~y such that £ (vy,m) =
£ (Ymw), then

(2.14) ]f(m)é(v) - / £ (2)|dz]

~

1 1+1/q / /
< 21“/‘17((1—1—1)6 (Vu,w) [Hf [— Vi Hym,w;p}

and if s € ysuch that [ |f' (2)["|dz| = [ | (2)[" |dz], then

(2.15) ‘f(SM(v) - [ 1G]

[ () + 0579 ()] 1 -
;

1
< _
T 2Yr(g+1)

Finally we have:
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Theorem 2.5. With the assumption of Theorem 2.3, we have

- / ey

[ u) 11y e+ o) 11, 0]

i [E (7u,w) + |€ ('Yu,v) 4 (’7v,w)|]2
8 (VA 1V I

(2.16)

N = [y
—

<

z 1/ 1/p
<3 [P 0n) + 21 0] (12, e + U2, )
p,qg>1 and + = =1,

[ (Vo) 422 (Vo)) 11y io0 -

[ e >|(at|z'<s>|ds)dt

< max 17/ )l [ ( :z’<s>|ds) 1 (8) dt

tela,x]

Proof. We have

—5 s 17 GO ([ 1 o) ds)2 = 22 ) 17 e

2 tela,x]
b
|2" (s)|ds | dt
t

/|f )1 (1

and

which by addition produce

1
B(2) < 5 [ (ua) 15 e + 2 Goa) 1], e

and by utilising the inequality (2.10), we get the first part of (2.16).
The second part is obvious and we omit the details. O

Corollary 2.3. With the assumption of Theorem 2.3 and if there exists m € =y such that £ (Yy,m) =
£ (Ymw), then

1
< 2 (1 e #1512 )

‘f(m)f(v)—/f(Z) 22

v

—_

Z ”f ”’Yu w00 (’Yu,w) :
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3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0, 27] and the circular path 7(,4), g centered in 0 and with radius R > 0
z (t) = Rexp (it) = R(cost +isint), t € [a,b].
If [a,b] = [0, 7], then we get a half circle, while for [a, b] = [0, 27], we get the full circle. We have
2" (t) = Riexp (it), t € [a, b]
and |2’ (t)| = R for ¢ € [a, ] giving that

b
R) :/a |2/ (t)|dt = R(b—a).

If x € [a,b] and v = Rexp (iz) , then by (2.8), we have

‘R(ba)f(Rexp iT) / f(Rexp (zt))dt‘

T b
SR(x—a)R/ |f’(Rexp(it))\dt+R(b—x)R/ ' (Rexp (it))| dt,

that is equivalent to
b
(3.17) ‘(b —a) f (Rexp (ix)) — / f (Rexp (it)) dt‘

<R —a) [ 1f Resp )] i+ RO—-a) [ 1 (Resp )

for z € [a,b] . In particular, if we take z = “° in (3.17), then we get

(3.18) ‘(b—a)f(Rexp( )) /fRexp(zt))dt’ % —a)/ab|f'(Rexp(it))|dt.

If m € [a, b] is such that
m b

|17 (Resp e = |17 (Rexp io)) at,

then from (3.17), we get
b
(3.19) ‘(b —a) f (Rexp (mi)) — / F (Rexp (it)) dt‘
b

S%R(b— a)/a |f’ (Rexp (it))] dt.

By making use of (2.13), we get
b
’R(b —a) f (Rexp (iz)) — R/ f (Rexp (it)) dt‘

1
Si
q+1

b 1/p
+ RV (h — gyt pU/p (/ |f’ (Rexp(z't))l”dt> ]

© 1/p
Ri+1/a (z - a)1+1/q R/P (/ |f’ (Rexp (it))|p dt)
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that is equivalent to

(3.20) ‘(b—a) F(Rexp (iz)) — / " f(Rexp (it))dt’
<@ (1 (e <z‘t>>”dt)1/p

b 1/p
+ (b— x)1+1/q (/ |f' (Rexp (it))[’ dt) ]

for z € [a,b] . If we take z = %12 in (3.20), then we get

(3.21) ‘(b —a)f (Rexp (a;—bz>> - /abf(ReXp (it))dt‘

a+b

1 141/ 2
<ginarRb-a {(/

b 1/p
+ <L+b |f' (Rexp (it))[" dt) ] .

1/p
|f" (Rexp (it))|? dt)

2

If ¢ € [a, b] is such that
c b
/ |f' (Rexp (it))[" dt :/ |f' (Rexp (it))|" dt,
then by (3.20), we get

(3.22) ‘(b —a) f (Rexp (ic)) — /ab f (Rexp (it)) dt’

b 1/p
St R (e - ) (5 o)) (/ f’(Rexp(it))|pdt> .

“(g+1)

Further, if we use (2.16), then we have

‘R(b —a) f(Rexp (iz)) — R/abf(Rexp (it))dt‘

S%RQ (@ —a)® sup |f' (Rexp (it))| + (b — 2)* sup |’ (Rexp(it))ll
tela,x] te(x,b]
<R [(@ =) + (b~ 2] sup |7 (Rexp(in)],

t€la,b]

135
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that is equivalent to
b
(3.23) '(b —a) f (Rexp (xi)) — / f (Rexp (it)) dt’

<R
2 tela,x] te[z,b]

(@ —a)® sup |f'(Rexp(it))| + (b—z)* sup |f'(Rexp (it))]

1 ) a+b\? , ‘
<R|2-a)+ (- sup | (Rexp (it))
4 2 t€la,b]
for z € [a,b] . In particular, we have
a+b, b .
(3.24) (b—a)f| Rexp 5 ) ) - / f (Rexp (it)) dt

1
géR(b—a)2

tefa, 25 te[2Ft b]

sup |f' (Rexp (it))|+ sup |f’ (ReXp(it))]
giR(b—a)Q sup |f (Rexp (it))|.
tela,b]

We give now examples for some fundamental complex functions. Consider the function
f(2) = 2", z € Cwithn > 1. Then f' (z) = nz""1,

f(Rexp (iz)) = R" exp (nai) ,

|f (Rexp (it))| = nR™ ! |exp ((n — 1)it)] = nR"*, t € [a, b]

and

exp (nbi) — exp (nai)
ni ’

b b
/ f(Rexp (it))dt = R"/ exp (nti) dt = R"

Making use of the inequality (3.23), we get

, €Xp (nbi) —exp (nai) <R nR L

’ . 1 2 a+b 2
— n j— — j— —
‘(b a) R" exp (nxi) — R — 1 (b—a)" + (m 5 )

which is equivalent to

exp (nbi) — exp (nai)

(3.25) ‘(b —a)exp (nxi) —

nt

Sn[;(b—a)z—F(x—a;b)Z

for z € [a,b] . If we take in (3.25) z = %}, then we get

(3.26) ’(b 4y exp (n (a + b) Z) _ exp (nbi) — exp (nai) | _ 1

< Zn(b—a)2

2 ni

for n > 1. Consider the exponential function f (z) = exp(z), z € C. Then [’ (z) = exp (2),

|/ (Rexp (it))| = |exp (R (cost +isint))| = exp (Rcost), t € [a, b]
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and by the inequality (3.17), we get

b

(3.27) ’(b —a)exp (Rexp (iz)) — / exp (Rexp (it)) dt‘
T b
<R |(x —a) / exp (Rcost)dt + (b — z) / exp (R cost) dt] ,
while from the inequality (3.23), we get
b
(3.28) ‘(b —a)exp (Rexp (ix)) — / exp (Rexp (it)) dt‘

1
<Z
<5R

(z —a)® sup exp(Rcost) + (b—z)” sup exp (Rcost)
t€la,x] te[z,b]

2
<R l(b—a)2+ (1: a+b> sup exp (Rcost)
4 2 t€la,b]
for = € [a, b] . From the inequality (3.20), we get
b
(3.29) ‘(b —a)exp (Rexp (iz)) — / exp (Rexp (it)) dt‘
<LR (x —a)' /1 (/w exp (pRcost) dt) o
Tqtl a

b 1/p
+ (b— ) e </ exp (pRcost) dt)

for x € [a,b], where p, ¢ > 1 with % + % = 1. If in the inequality (3.27) we take 2 = %F%, then
we get

(3.30) ‘(b — a)exp (Rexp <“2+bz)> _ / " exp (Rexp (i) dt‘

1 b
§§R(b—a)/ exp (R cost) dt,
a

while from the inequality (2.15), we get

a+b. b .
(3.31) (b—a)exp | Rexp 5 1)) - exp (Rexp (it)) dt
1 2
<=(b—a)*R| sup exp(Rcost)+ sup exp(Rcost)
8 te[a, a,;—b] te[n,;—b,b]

1
<=R(b—a)® sup exp(Rcost).
4 t€la,b]



138 Silvestru Sever Dragomir
From (3.29), we have

b
(3.32) ‘(b —a)exp (R exp <a ;_ bz)) — / exp (Rexp (it)) dt
1
< -
2N
atb 1/p

b
X / exp (pRcost) dt + / exp (pRcost) dt
a a+b

2

R(b—a)' T/

1/p
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1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) fz)=2z+ Z anz",
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Further, by S we shall denote
the class of all functions in .4 which are univalent in U. It is well known that every function
f € Shasaninverse f~!, defined by

) =2 (z€0)

and
P @) =w (lol<nin()= 1),
where
(1.2) Hw) = w — agw? + (2@% — a3) w? — (5a§ — basas + a4) w ...

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let &
denote the class of bi-univalent functions in U given by (1.1). For a brief history and interesting
examples in the class X (see [26]).

For functions f € A, Sdldgean [27] (see also [4] and [28]) defined the linear operator
D" : A— A(meNy=NU{0},N={1,2,3,...}) as follows:

D°f(2) = f(2),
oo
DU () =Df(z) =21 (2) =2+ > nays"
n=2
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and (in general)
(1.3) D™ f(z) =D (D" f(2) —z—i—Zn anz

From (1.3), we can easily deduce that

(1.4) D (2) = 2 (D f(2))
Let P} () be the class of analytic functions p (z) in U normalized by p (0) = 1 and satisfying

(1.5) /0 %

where z = re?, 0 <r < 1,|A| < 5,0 < a < 1and k > 2. The class P} (a) was introduced and
studied by Moulis [16] (see also Aouf [3] and Noor et al. [21]). We note that
(i) PP (0) = Py, is the class of functions have their real parts bounded in the mean on U, intro-
duced by Robertson [25] and studied Pinchuk [24];
(ii) PP (0) = P, is the class of functions introduced by Robertson [25] and he derived a varia-
tional formula for functions in this class;
(iii) PP (o) = Px (), is the class of functions introduced by Padmanabhan and Parvatham [23]
(see also Umarani and Aouf [31]);
(iv) P9 (o) = P («), is the class of functions with positive real part of order o, 0 < o < 1;
(v) P9 (0) = P, is the class of functions having positive real part for z € U.

Using Saldgedn operator D™ and the class Pj;, we now introduce the following subclass of
Bi-Bazilevi¢ analytic functions of the class ¥ as follows:

R{e?p(2)} — acosA

df < kmcos A,
1l—«

Definition 1.1. A function f € X is said to be in the class B (v, 6, b; k) if it satisfies the following
subordination condition:

m = 9 m—+1 2 m 2 é
(1.6) 1+% (1—7)<D f( )) +7DDmeE£))(D f( )) —1| eP,
and

M (w 4 m—+1 w M (w 4
1.7) 1+% (1-7) <D fu( )) +7DD; g(fu)) (D fu( )) —1| e Py,

where g = f~1,b € C* = C\ {0},v,d € C,m € Ny, k > 2 and all powers are understood as principle
values.

Taking additional choices of m,~, d, k and b, the class BY (v, J, b; k) reduces to the following
subclasses of X:

(i) BE, (7,0, 1;k) = Bs, (v, 6; k)

ey g
)

(1) enf
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(ii) BS: (7,0,1 —1;2) = Bs (7,6,1) (0 < n < 1) (see [15] for f € A)(see also [29])
fremafun (1) £ (1))
i i1 (222) ) (s}
(iif) B%: (v, 1,1;k) = By (v; k)

{fEE:(lv)

f(z)

z

+7f (2) € Py and <1w>‘c’7(7w)+vg’ (w) em};

(iv) BE (7,1,1 —1;2) = Bs (7,1) (0 < 1 < 1) (see [10] for f € A)
z{erzé)%{(l—fy)f(z)

z

(w)

#af ()] > nand 019 2 4 a6 )} >

(v) B (1,6,1 = 1;2) = Bx (6,n) (0 < n < 1) (see [22] for f € A)
’ P ’ 5
dpexn.pl# (f(z)> < pand R4 29 (@) (g(“’)> > b
f(z) z g (w) w
(vi) BY (1,0,b; k) = Sx. (b; k) (see Nasr and Aouf [20] for f € A)

:{f62:1+2<2;;£§)—1> ePkand1+Z<w5;£;))_1> 67%};

(vii) B (1,0,b;2) = Sx. (b) (see Nasr and Aouf [19] for f € A) (see also [5])

B , 1(zf (2) N 1 fwg (w) ,
fresih (9 onmanfiod (2ol

(viii) BL (1,0, b; k) = Cx (b; k) (see Nasr and Aouf [20] for f € A)

_ 12 Lwg (w) ,
_{f62.1+b ) ePkand1+b o w) ePk},

(ix) BL (1,0,b;2) = Cx, (b) (see Nasr and Aouf [18] for f € A) (see also [5])
_ , 12" (2) Lwg (w) ,
= {feE.?R{lJr b () }>Oand§R{1+ b g (w) }>0},
(x) B (1,0,1; k) = Ss, (k) (see Pinchuk [24] for f € A)

_ Q) g wg (W) ,
—{feE. B € P, and o(w) ePk},
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(xi) By, (1,0,1; k) = Cx, (k) (see Pinchuk [24] for f € A)

:{f62:1+zf (z>€7?kand1+wg <w)€7’k}§

f(z) g (w)
(xii) B% (1,0,1 — 1:2) = Sz (1) (0 < < 1) (see [9] and [30])
_ (2 (2) wg' (w) ,
_{er.é)%< 15 > >77and%< o(w) ) >77}7
(xiii) By (1,0,1 = 7;2) = Cx (1) (0 <7 < 1) (see [9] and [30])
_ , 2 (2) wy (w) ,
= {feE.éﬁ‘:(l%— ) ) >77and§R<1+ o @) ) >77},
(xiv) B (7,5, (1—a)e ™ cos\; k) =By (7,6, a, A\ k) (\)\| < g,O <a< 1)

et [(l—v)(%z))éﬁ-'yiz;;z()z)(%z))é} —a cos A—isin A
=qfed:

(1—a) cos A € Pk

and

(1—a) cos A

7
etr [(l—v)( g(;u) )6-&-771”5(121;’) (79(5) )6:| —acos A—isin A
€ P

or

- {feE S(1—7) (fiz)>6+vzf/ z) (fiz)Y € Pp (a)

f(z)
and (1—7) <g$))>5 +vm (gsﬂw))& € Py (a)};

(xv) B2 (1,0,be”"* cos \; 2) = S (b) (|)\| < g, be (C*) (see Al-Oboudi and Haidan [2] for f € A)

_ {feEZ%{lerce;;/\ (2;(5) _1>} .
oo (20} o)
(cvi) BY (1,0,be™ cos X:2) = €2 (5) (A < 5,b € C*) (see ALOboudi and Haidan [2] for f € A)
- {f €x: m{1+ bfozA (ZJ{(S)>} -f
and %{H bce(:)\ (wgg(g)>} g 0};
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(xvii) BY (1,0, (1 — @) e cos \; k) = S (k) (|)\\ < g,O <a< 1)
ei)‘zf (2)

— @ Ccos\ —isin A\

_ A C))
= fGE. (1—a)cos)\ € Py

eiA U)g/ (w)
g (w)
(1 —a)cos

— @Ccos\ —isin A\

and € Ps

or

= {f € Z;(ij) € P (o) and wgg(s;}) Py (oz)};

(xviii) BE (1,0, (1 — a) e cos A k) = c (k) (|)\\ < g,() <a< 1)

i Zf” (Z) _
; e <1+ 20 ) — acos\ —isin \

(1 —a)cos

fE € Py

et (1+ w9 (w)) — acos A —isin A
d

g (w)
an (1 —a)cos € P
or
= {feE:l—kZJ{/(S) € P (o) and 1+wgg,(1(uu))) G”P,;\(a)}.

In order to establish our main results, we need the following lemma:
Lemma 1.1. [3, Theorem 5 withp = 1] Ifp(2) =1+ Y ¢,2" € Py () in U, then
n=1

(1.8) len| < (1—a)kcosh  (neN).

The result is sharp. Equality is attained for the odd coefficients and even coefficients, respectively, for the
functions

pr(2) =1+ (1 —a)cos\ e Kk12> G;i) - (1@;2) (Tj) —1}7
m =t a-mene [(52) (15) - (55) (1H5) 1]

Remark 1.1. For A = o = 0 in Lemma 1.1, we obtain the result obtained by Goswami et al. [11] for
the class Py,.
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Lewin [13] defined the class of bi-univalent functions and obtained the bound for the sec-
ond coefficient. Brannan and Taha [9] considered certain subclasses of bi-univalent functions,
similar to the familiar subclasses of univalent functions consisting of strongly starlike, starlike
and convex functions. They introduced the concept of bi-starlike functions and the bi-convex
functions, and obtained estimates for the initial coefficients. Recently, Srivastava et al. [26],
Ali et al. [1], Frasin and Aouf [10], Goyal and Goswami [12] and many others (see [6], [7], [8],
[14], [17] and [32]) have introduced and investigated subclasses of bi-univalent functions and
obtained non-sharp bounds for the initial coefficients.

In the present paper, we estimates on the coefficients for second and third coefficients for the
functions in the subclass BY (v, 6, b; k) and its special subclasses.

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that g = f~1,b € C*,~,
0 € C,k>2,me Ny and all powers are understood as principle values.

Theorem 2.1. Let f(z) given by (1.1) belongs to the class BE (v, 0, b; k) with 6 # 1 — 2237"11, 0 # —v
and § # —2~, then

. b k |b] k
29 as| < min ,
@9) la] < {¢K5D2%11+WWM+Zﬂ2mM+7|
and
3m . [0+2[[1-6][blk,
(2.10) las| < blkmin{ 1+ ‘(6_|1§-2+22mﬂ§+fﬁnb‘|z’cl +3"l|ai'§+ﬁ)ll2k ’ }
‘ — am Ylo— 2l
310+ 2 L+ omr 22T [ ?

Proof. If f € BY (7,0, b; k), according to the Definition 1.1, we have

(1—7) (Dmﬁ(z)ys + VD;;}JEZ()Z) (Dmi (2))6 — 1] =p(2)

1
2.11) 1+

and

1
2.12) 1+ =

b w Dmg(w) w

(I—=7) (Dmgw)é + 'meHg (w) (Dmg (w>>6 - 11 =q(w),

where p (z) , ¢ (w) € Py and g = f~!. Using the fact that the functions p (z) and ¢ (w) have the
following Taylor expansions

(2.13) p(2) =1+ prz+pe2® + ...
and
(2.14) q(w)=1+qw+gpu*+ ...
Since
1 D f(2)\° | D" () (D ()’
teg |0 (TEE) T ()

2 -1
(2.15) =1+ (b) 2Magz + (6_2 7) {3"‘&3 + (52227”@%} 224 ..
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and according to (1.2), we have

1 Dg(w))' D" lg(w) (D7g(w)\
1+ (11— (2 —1
+b ( 7)( w ) 7 Dmg(w) w
2 -1
(2.16) =1- (T) 2" aqw + (5—|—b’y) [(2@% —a3) 3™+ (5222’”@%} w? + ...
from (2.13) and (2.14), combined with (2.15) and (2.16), it follows that
(2.17) p o= (T) My,
d+2 d—1
(2.18) p2 = ( —2 7) [Smag + 222ma§} )
)

(2.19) gqQ = - (T) 2™aq,

2 -1
(2.20) @ = (5+b 7) [(2a§ —a3) 3™+ 5222%5} .
Now, from (2.18) and (2.20), we deduce that

b(p2 + q2)
2.21 5=
@21) TG -1 22 + (2)37] (6 + 2v)
and
b(p2 — ¢2)
— 2 _ = @77
(2.22) as —ay = 3 G129 30"
Using (2.21) in (2.22), we obtain
b P2 — Q2 P2 +q2

2.23 =
223 = 5—1—27[(2)37”+(5—1)22m+(2)3m]

From (2.17) and (2.18), we get

(2.24) as p2

_ (0+27) (1 —9)pid
3m (8 + 27) 2(8+7)°
while from (2.19) and (2.20), we deduce that

b (04+27) (6 —1)bg?  2(6 +27)3™bg?
T 3m (5 + o) 2 + 2 |-

3m (6 +2) 2(5+7) 22m (§ + )
Combining (2.17) and (2.21) for the computation of the upper-bound of |az|, and (2.23), (2.24)

and (2.25) for the computation of |a3|, by using Lemma 1.1 (with & = A = 0), we easily find the
estimates of Theorem 2.1. This completes the proof of Theorem 2.1. O

(2.25) as

—q2

Taking m = 0 and b = 1 in Theorem 2.1, we obtain the following result for the functions
belonging to the class B (7, d; k).

Corollary 2.1. Let f(z) given by (1.1) belongs to the class By, (v, d; k) with 6 # —1, § # —v and

0 #£ —2~, then
|a2| < min 2k , i
[0+ 11164+ 2] |6 + |
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and

k 2 5+ 29| |1 — 6|k 5+ 2916+ 3| k
al < —F il 14 82l 2| q \+7\|+23| .
0 + 2] |0+ 1] 210+l 216 + |

Takingm = 0,b =1—-7(0 <7 < 1) and k = 2 in Theorem 2.1, we obtain the following result
for the functions belonging to the class By, (v, d,7).

Corollary 2.2. Let f(z) given by (1.1) belongs to the class Bs (v,0,n) with0 < n < 1,5 # —1,

0 # —vyand § # —2~, then
. 4(—=n) 2(1-n)
<
|“2|—mm{ S+ 116 +29] 6 +7]

and

20=m) {1+ 2 M+2vH—ﬂHl—m_L+M+2ﬂ5+3(l—m}.

a3| < ———min 1+ ;
< Ty 5 1] 5 1P 5P

Takingm =0, =1,b=1-7(0 <75 < 1) and k = 2 in Theorem 2.1, we obtain the following
corollary which improves the result of Frasin and Aouf [10, Theorem 3.2].
Corollary 2.3. Let f(z) given by (1.1) belongs to the class Bx; (y,n) with0 < n < 1, v # —1 and
v # —3, then

2(1-7n) 2(1-n)
2y +1]7 [y +1]

las| < min{

and

|a3|< 2(1_77)

T2y + 1]

42 1 (1 —
min<q 2,1+ 12y + |(2 n) .
Iy + 1]

Takingm =0,y =1,b=1-7n(0 <7 < 1)and k = 2in Theorem 2.1, we obtain the following
result for the functions belonging to the class By, (4, n).

Corollary 2.4. Let f(z) given by (1.1) belongs to the class By, (6,n) with § # —1 and 6 # —2, then

. 4(l—-n) 2(1-n)
<
|“2|—mm{ S+1[6+2] [6+1]

and

a <7 ) b
Jos] < 6+ 1] TENTE 6+ 1P

2§;$Hm{y+ 2 6+2u—ﬂa—mi+w+mw+mu—m},

Taking 6 = m = 0,7 = 1 and k¥ = 2 in Theorem 2.1, we obtain the following result for the
functions belonging to the class Sy, (b) .

Corollary 2.5. Let f(z) given by (1.1) belongs to the class Sx. (b), then

laz] < min {v/2]0], 26/}

and
las| < b min{3,1+21b|}.

Taking § = 0,m = 1,7 = 1 and k = 2 in Theorem 2.1, we obtain the following result for the
functions belonging to the class Cs; (b).
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Corollary 2.6. Let f(z) given by (1.1) belongs to the class Cs; (b), then

|@|gmm{¢ﬁmm}

las| < %min{&l +21bl}.

and

Takingm = 0and b = (1 — a) e~ cos A (|/\\ < %, 0<ax< 1) in Theorem 2.1, we obtain the
following result for the functions belonging to the class Bs; (7,0, @, A; k).

Corollary 2.7. Let f(z) given by (1.1) belongs to the class By, (v, 9, e, \; k) with § # —1, 6 # —~ and
& #£ —2~, then

4] < min 2k (1 —a)cosA k(1 —a)cosA
2= B+1[[0+29]"  [0+1]

and

las| <

2 . [64+27]|(1—0)|k(1—a) cos A ,
k(= a)cosd in{ t |5+1|’1|(:2 [o+5lk( a0 s }
v —a) cos
|0 + 27| 1+ ST

Takingm = 6 = 0,7 = 1,k = 2 and b — be~* cos A (|)\| < g,O <a< 1) in Theorem 2.1, we
obtain the following result for the functions belonging to the class S3 (b).

Corollary 2.8. Let f(z) given by (1.1) belongs to the class S (b), then

|az| < min {\/2 |b] cos A, 2 || cos /\}

and
las| < |b] cos A min{3,1+ 2|b|cos A}.

Takingm =~ =1,6 = 0,k = 2and b — be~** cos A (|/\| < g,O <a< 1) in Theorem 2.1, we
obtain the following result for the functions belonging to the class C: (b).

Corollary 2.9. Let f(z) given by (1.1) belongs to the class C3 (b), then

|a2| < min {\/ |b| cos A, |b| cos )\}

|b] cos A
3

and
las] <

min {4, 1+ 21]b|cos A}.

Takingd =m =0,y =1land b = (1 — a)e " cos A (\)\| < g,() <a< 1) in Theorem 2.1, we

obtain the following result for the functions belonging to the class S}, (k).

Corollary 2.10. Let f(z) given by (1.1) belongs to the class S (k) (|)\| < g,O <a< 1>, then

las| < min{\/k(l —a)cos A\ k(1 fa)cos)\}

and
k(1 —a)cos

2
Taking§ =0,y =m =land b = (1 — a)e " cos A (\)\| < g,O <a< 1) in Theorem 2.1, we

obtain the following result for the functions belonging to the class C, (k).

las| < min {3,1+ k(1 — a)cosA}.
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Corollary 2.11. Let f(z) given by (1.1) belongs to the class C) (k) <|)\| < go <a< 1), then

kE(1—a)cosA k(1 —a)cosA
2 ’ 2

|a2| < min

and
k(1 —a)cosA

G min{4,1+ k(1 — a)cosA}.

laz| <
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ABSTRACT. Inrecent times, quantitative Voronovskaya type theorems have been presented in spaces of non-periodic
continuous functions. In this work, we proved similar results but for Fejér-Korovkin trigonometric operators. That is

we measure the rate of convergence in the associated Voronovskaya type theorem. Recall that these operators provide

the optimal rate in approximation by positive linear operators. For the proofs, we present new inequalities related

with trigonometric polynomials as well as with the convergence factor of the Fejér-Korovkin operators. Our approach

includes spaces of Lebesgue integrable functions.
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1. INTRODUCTION

In recent times, there have been some interests in studying quantitative Voronovskaya-type
theorems, but almost all the papers are concerned with positive linear operators in spaces of
non-periodic functions. The methods used in those papers are not useful in dealing with peri-
odic functions for two reasons (at least). First they use different kinds of Taylor’s formula and
second, in the non-periodical case do not appear conjugate functions.

It is known that the Voronovskaya-type theorems are related with the saturation class of
some families of operators. We have noticed that in the case of trigonometric polynomial ap-
proximation process the Voronovskaya-type theorems depend on particular properties of the
operators. In [1], the authors considered this kind of problem for Fejér sums. In this paper, we
consider the Fejér-Korovkin operators.

Let (', denote the Banach space of all 27-periodic, continuous functions f defined on the real
line R with the sup norm

[flloc = max | | f(@) ]

TE€[—m,7
For 1 < p < oo, the Banach space L? consists of all 27-periodic, p-th power Lebesgue integrable
functions f on R with the norm

Il = (5 [ 156 pas) ™.

In order to simplify, we write X? = LL? for 1 < p < oo and X*° = Cy,. By W, , we mean
the family of all functions f € X? such that f,..., D" !(f) are absolutely continuous and
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D"(f) € XP. Here, D(f) = D'(f) = f" and D"*'(f) = D(D"(f)). Recall that for f € L! and
k € Ny, the Fourier coefficients are defined by
a(f) =L [ ftycosthtyar and  be(f) =L [ F(t) sin(kt)dt,

and the (formal) Fourier series is given by

fz) ~ +Z (ar(f) cos(kx) + b (f) sin(kx)) ZAk

For n € N, the Fejér-Korovkin kernel is defined by

1 .5 cos?((n + 2)z/2)

Kn(z) = n+2 s + 2 (cos(m/(n + 2)) — cos x)?

for x # 47 /(n+2) + 2jm, j € Z. For f € X! and n € N, the Fejér-Korovkin operator is defined
by

s

IFn(f,a:)zi ) flz+t)K,(t)dt.

Some Voronovskaya type theorems for the operators F,, are known.

Theorem 1.1. (Korovkin, [6]) If f € Cor, x € [—m, 7| and f"(x) exists, then
2
™ _
Fulf,2) — f(2) = 5y /() +0(n?).
Theorem 1.2. (Butzer and Gorlich, [2, page 385]) If 1 < p < coand f € Wg, then

=0.

p

1- R /)
im 5 f

‘ ‘ ’ 7T2
n—oo

The main purpose of the paper is to present a quantitative Voronovskaya-type theorem for
the operators F,,. That is we want to estimate the rate of convergence to zero in the results
presented above. This will be accomplished in the last section of the article, where the case
p = 1is also included.

The work is organized as follows. In Section 2, we include a collection of known definitions
and results which will be used later. For instance, in the non-periodic case conjugate functions
are not needed, but for our approach they are important. In Section 3, we prove some inequal-
ities related with trigonometric polynomials (we think that they have independent interest).
Section 4 is very technical. It involves complicated computations related with the convergence
factors of Fejér-Korovkin operators. In Section 5, we include the main result (Theorem 5.7). The
most important idea is to prove first a Voronovskaya theorem limited to polynomials (Proposi-
tion 5.8).

2. KNOWN RESULTS

The convolution of f, g € L', g an even function, is defined by

™

(rea@ = [ fa+na0ar = [ (G0t -

—T

It is known that if f € X? and g € X!, then f * g € X? and
(2.1) 1 = gllp < gl [[1p-
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For f € X!, the conjugate function is defined by

1 [T+t = fa—1)

fla) = g = —1im =[S~ J@—t)

o J, tan(t/2) ==0 27 . tan(t/2)
whenever the limit exists. It is known that if f € XP with 1 < p < oo, then f € XP, and that is

not the case for p = 1 and p = oco. Recall that for n € Nand f € X!, the Fejér sum of order n is
defined by

dt,

n

oulfia) =Y (1= =) Anlf.)
k=0

Throughout the paper, we use the following notations. T, denotes the family of all trigono-
metric polynomials of degree no greater that n, and T? is the family of all T € T,, with mean
zero, that is

/ T, (x)dx = 0.

Proposition 2.1. ([1, Prop. 2.4]) For each n,r € Nand T € T,,, one has

-1 r/2 .
ﬁD (1), r even,
(I —0,)"(T) = i
(_1) " r(m

CEE D™(T), r odd.

Theorem 2.3. ([9,p.215]) If1 <p < oo,r,n € Nand T € T,, then
n T

2.2 D™ (T < |\ — AT
22) 1@l < (5gmienry) 1257l

forany h € (0,27 /n). Moreover ||D”(T)||p <n"||Tp.

For r € N, a function f € XP, and h > 0, the usual modulus of smoothness of order r is
defined by
(2.3) wr(f,t)p = sup [[(I =Th)"(f)llp,
[h|<t

where T, (f,z) = f(z + h) is the translation operator. We also use the notations A} f(z) =
(I —=Tn)"(f).- Forl < p < oo and f € XP?, the best approximation of f by elements of T, is
defined by

Enp(f) = Tlg%n ILf =Tl
Theorem 2.4. (Foucart et al, [5, Theorem 2.5]) If 1 < p < oo, f € XP,and n € N, then

En,p(f) < dwy (fv %)p~

The following result is easy to prove (see [3, p. 77]).
Proposition 2.2. Assume 1 < p < oo and

Qn(r) = % + Z Ao cos(kx)

k=1
is a non-negative trigonometric polynomial. If g € W72, then

i

lg = g% Qnlly < (1= A1) ID*(9)llp-
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We need some results taken from the Zygmund book [10, pages 93 and 183].

Proposition 2.3. If {c,} is a convex and bounded sequence, then {c,} decreases, nA'c,, — 0, and

Z(n +1)A%c, = co — lim c,,.
70 n—oo

Proposition 2.4. If {c,} is a convex sequence which converges to zero, then the series

Co =
0} + kz_:l ¢k cos(kx)

converges for all x # 0 to a nonnegative and integrable function.

3. INEQUALITIES FOR TRIGONOMETRIC POLYNOMIALS

Proposition 3.5. The function

o) = i cos](Ckzgc)7 £ 40,
k

=1

is integrable. Moreover

3
el < 3

Proof. If we consider Proposition 2.4 with the sequence {a,}, given by ap = 3/2 and a;, = 1/k
for k € N, then

3 <= cos(kx)
- >
ity 20
k=1
for x # 0. But
1 [T | cos(kx) 3 1 [™13 X cos(kx)
_ < Z 4 - =z
o ) > ‘d$—4+2w/,ﬂ PR D ‘dx
k=1 k=1
3 1 [T /3 <Xcos(kx)
“ira [ G e
31 )
k=0
_3
=5
where we use Proposition 2.3. O

Remark 3.1. In the proof of the previous Proposition, we can not take ay < 3/2, because we
need that A2a0 = ag — 2@1 + a9 = ag — 3/2 > 0.

Theorem 3.5. For 1 <p < oo,eachn € Nand T € T, one has

3(n+1
10— 0@l < XYy = g2,
where o, denotes the Fejér sum. Moreover, if T € T2, then
3(n+1
71, < 201 = 00l

2
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Proof. Define 7,, : T — T? by the equation

S

(3.4) T (T) =

k=1
where T'(z) = >°;_, Ax(z). Notice that, for each T' € TY, it follows from (2.1) that

3(n +1)

[T (D)llp < (n+ DllelalI T, < 17l

where ¢ is the function in Proposition 3.5. On the other hand, if T'is given as in (3.4), then

(3.5) Tn((l—an)(T),x)=Tn<znf_1Ak,x) =3 Aulw) =
k=1 k=1

Therefore, forany T € T,,, if we set T* = T — Ao(T)/2, then
(I = on)(D)llp = (I =) (T) I,
= (17 (I = 00)*(T) I,
3(n+1)

<=5 lI-0o )2 (Tl
n+ 1
=3y o)),
Finally, if T € T?, it follows from (3.5) that
3(n+1)

1Tl = 7 (L = o) (T)llp < =5 = o) (D)llp-
O

Intermediate derivatives have been used by several authors. Here, we present some partic-
ular constants.

Corollary 3.1. Ifn € Nand T € TY, then
9
1Tl < 0T s 1Ty < *lng( D)l

- 3 ~
177l < SIT Nps 177 < *IIDg( D)l

and
ID3(T)]lp < 2(n+ DT,

Proof. The result follows from Theorem 3.5 and Proposition 2.1. For instance,

i, < 2Dy oy, < L5y o2y, = 2,
and 5
iz, < X E 1 oy @y, = D i @),
On the other hand,
1Tl = (4 DI =)Dl < 50+ DA = 0 (D)l = 2171,
and

Il < g(nJr DI = 0n)* (D)l = *IIDB( T)llp-
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Finally,
17", = I(T") ||, = (n 4+ DI = o )(T")lp < 2(n+ DT,

4. ESTIMATES RELATED WITH CONVERGENCE FACTORS

Proposition 4.6. The Fejér-Korovkin kernel can be written in the form
K,(x)= 1 + i( (L> cos(kx) = 1 + i cos(kx)
n - 9 e n n+2 - 2 kZIQk,n .

The numbers gy, ,, are usually called the convergence factors. Representations for the con-
vergence factors of Fejér-Korovkin operators appeared in different places. For instance, see [8,
p- 1098 ]. We set

(4.6) Cn(z) = (1 —x)cos(max) + %Jrz cot nLJrQ sin(ma).

Corollary 4.2. For each n > 1, one has

s 1
- =GOS , L=1-2(1— cos? (1— )
a1, CObn+2 o2, ( €08 n+2) n+2
and
1— 09m 2(1 2
il g T Aldcos(n/(n+2))
lfgl,n n+2 n+2

We need some estimates related with the convergence factors. In what follows, we set

1
an = f(l—LcotL),

s n—+2 n -+ 2
: 2 2
4.7) H,1(z) = (1 —x)cos(rx) + M %xQ - %w37
4.8) H, 2(z) = ay(sin(nz) — mx)
and
k w2 k? w2k3 k

49 Mem=1—Co(-2) - Ca,
“9) " ¢ <n+2> 2 m+2? (3my2F " Mni2

Lemma 4.1. For 0 < x < w, one has
2 2

1fx—§xcotx§17x—.
2 3
In particular,

< m
an < ——.
2(n+2)?

Proof. The first assertion follows from standard arguments. For the second one,

1(1 T ot T ><1 w2
a,=—(1- ot —— ) < ——.
™ n+2  n+2 7 2(n + 2)2
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Lemma 4.2. Let xy € (0,7/2) be defined by the Equation 3 tan(nzg) = n(1 — xo). For z € [0, zo],
one has

m(1 —2z)(1 — cos(mx)) + sin(mz) — 7z > 0.
Moreover, zq > /6.

Proof. For0 <z <1,
—4cos(mx) — (1 — ) sin(wz) < 0.
Therefore, the function f;(x) = —3sin(rz) + 7 (1 — x) cos(wx) decreases in [0, 1]. But f;(z¢) =0
if and only if
tan(mxg) = g(l — ).

Hence, f1(x) > 0 for z € [0, xo].

With similar arguments, we verify that the function fo(z) = —2+2cos(nz) +7(1 — ) sin(nz)
increases in [0, zg]. Thus, f2(x) > 0 for z € [0, zg].

If f3(z) = 7(1 — 2)(1 — cos(wx)) + sin(wx) — 7z, then fi(x) = nfa(x) > 0, for x € [0, xo).

(]
Lemma 4.3. Suppose that n,m € N, n > m > 5and H,, ; is defined by (4.7), then
4,4

‘1_£hﬂ(n?2)lg662?%4(2_50::%>’

m m—1 73 (m —1)3
0< Hn (-5 ) = Hua (Ss ) <
=i g2 M\n+2 4(n 4+ 2)4

and, for 0 < k <m —2,

k+2 k+1 k itk +1)2
Hoa (5g) = 2 (g) o (55) | < -
"1n+2 o 2) TGS 22y

Proof. Notice that
H), 1(z) = —n(1 — ) sin(rz) + m°2(1 — 2) = 7(1 — z) (72 — sin(rz))
and
Hgmm:w@a—xmpmmmmymmm@—w@.
(i) If x, = m/(n + 2), then
| 1= Hpy(2m) [ =] Hn1(0) = Hy 1 (2m)

Tm

H;v,,l(s)ds

0
= 77/ (1 —s)(ms — sin(ws))ds.
0

For 0 <y <1, one has
73y

6 (1 7y)a

0 < (1—y)(ry —sin(ry)) <

hence, for 0 < z < n + 2, the function

F(z) = /OZ/(n+2)(1 — 8)(ms — sin(ms))ds — _T (ZZ _ Zi)
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decreases. Taking into account that F'(0) = 0,

mimt /1 m
1= Hua(om) = w () < o700 (- 2.

(ii) On the other hand, if y = (m — 1)/(n + 2),

- m_ 1\ uL/ne2)
0<Hp1 (m> —H, 1 (m) = / HT’L,l(S)dS
y

y+1/(n+2)
7T/ (1—13s) (71'5 - sin(ﬂs))ds.
y

As before, for z > 0, the function

y+z 71_3 B 44
Gy(z) = /y (1 —s)(ms —sin(rws))ds — ((23;’1(_; —: 2)49 )
— /2(1 —(y+ 9))(w(y +s) —sin(n(y + s))ds — 73 ((y +21)4 —y4)
0

decreases and G (0) = 0. Therefore,

m m — 3 n 4 _ 4
H’1<n+2>_H <n+21)§ ((y+1/(24+2)) v

7T3 y3 y2 y 1
- ﬂ<4(”+2) +6("+2)2 +4(n+2)3 - (n+2)4)
7T3
T Ut 2 (4(m —1)>+6(m—1)* +4(m - 1) + 1)
_7r3( —1)3 6 4 1
T 2+ 2)" (4+ ST ey (m_1)3>
71'3(m )
~ 4A(n+2)4

for m > 5.
(iii) Let 2o be given as in Lemma 4.2. Set z = k/(n + 2). Note that

0<2<aoqt 2 <m—2+2<7r
2 <z —
- n+2- n+2 T 6

< Zy.
Hence, if 0 < s < 24 2/(n + 2),

0< %H (s)
(1 — 8)(1 — cos(ws)) + sin(ws) — s
(1 — cos(mws))
7

s)?
2
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Therefore,

1 2
s ) s )
0< H,1(2) 2t o) HHnalzt

1/(n+2)
- / (Hl 1 (2 + 5+ 1/(n+2) — H, (=2 + 9))ds

1/(n+2) ,1/(n+2)
/ / H) (2 + s +t)dtds

1/(n+2) 1/(n+2)
— / / (z + s+ t)*dtds

<
:/1/(n+2) (z+5)2 +3(2+s) N 1 )ds
nt2 | Cm+2?  (nt2)?
G <n+2(n+2+(n3—22)2+(n—i2)3> (n+2) (Z+n—1|—2) (n—i?)
- n+24(3 +3k+1+3k+3+1)
- n+24@ + 6k + )
< n+24@ﬁ+ﬁk+@
:ﬂgﬁﬁ®+”~

Lemma4.4. Ifn,m € N,n >m > 5, and H, o is defined by (4.7), then

-1
’Hn2(m )_Hn2< o )’Sl L ’
“An+2 “A\n 42 4 (n+2)>5

and, for 0 < k <m —2,

k+6_ ”4k_w+ (k N<MQW+%+n

ml(
"2n+2 n+2 \n+2 4(n +2)°

Proof. (i) If x = m/(n + 2), one has

| Hy2(x) | = 1 (1 — T ot nLH) (rx — sin(mx))

s n+2
< 1 7% (nz)?
“w2(n+2)?2 6
t md

12 (n+2)5
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(ii) On the other hand, there exists § € (w(m — 1)/(n + 2),7m/(n + 2)) such that (see Lemma

4.1)
—1 -1
s (Bg) = o) | = afsin (55) —sin (M) - 5
“\n+4 2 T\n+42 n-+ 2 n-+2 n -+ 2
Tay,

= +2(1—cos€)

Finally, taking into account Lemma 4.1 and setting z = k/(n + 2), one has

| Hp2(z+2/(n+2)) = 2Hy 5(2 + 1/(n +2)) + Hn 2(2) |
=a, | sin(m(z 4+ 2/(n+2)) — 2sin(n(z + 1/(n + 2)) + sin(7z)) |

1/(n+2) ,1/(n+2)
/ / sin(n(z 4+ s+ t))dsdt
0 0

o /01/(n+2> (1 — cos ( (z+s+ %)))ds

) 1/(n+2) 1
<— (z + s+ 7> ds
“4(n+2)? /0 +2

4

- 2
:4(n+2)2(n—3k2<z+ 12) +(n—§2)2(z+n—1§—2)+ (n—:Q)?’)

=2 an,

n+25(3 (k + 1)2 + 3( k+1)+1)

2
n+25 3K+ Ok + 7).

Lemma 4.5. Ifn,m € N,5 <m < nand Ay, is defined by (4.9), then

7t mt wm?
< - -
| Amon [< 24 (n+2)% | m(Am—1,n = Amn) [S 4(n +2)*
and
m—2 4,3
m*m>(m — 1)
E4+ 1AM ngo| < ———————2
| 2 e 0| < T
Proof. Notice that
sin(rz) 12 72

1= Hyo (%) + Hnp(x) =1 — (1 — ) cos(mz) — 2% + —2® + a,(sin(rz) — 7x)

m 2 3
T .7 VP S
=1—(1—x)cos(mz) — . cot - sin(mzx) — -2 + 3T~ L.
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Therefore,

k k
An:17m10—f) ml( )
k, 1 n+2 + -2 n+2

(1) If m > 5, it follows from Lemmas 4.3 and 4.4 that

m
1= |1 = Fa (555) + 2 (75|
[ Amn | T2) T
7t mt 1 m 7t md
R N
6 (n+2)4\4  5(n+2) 12 (n+2)5
at m?
= 24 (n+2)%

(ii) On the other hand,

o () [+l () — (555

| m()\mfl,n - )\m,n) | S m’Hn 1(

mm(m 1) n at m3
An+2)7% 4 (n+2p
< M (m -1+ L)
~ 4(n+2)* (n+2)
7r3m4
S it ot

(iif) Finally, for 0 < k < m — 2, then

| A% X pga | < ’Hn,1<k+2) *QHn1(k+1> +Hn,1( i )‘

n+2 +2 +2
k+2 k+1
() ~2a(5F) + ()
rt(k+1)2 743k +9k+7)
~ 2(n+2)* 4(n +2)5
<™ (4K + 11k + 8)
~ (n+2)* '
Since
m—2 m—2
> (k4 1)k + 11k +8) = > (4k° + 15k% + 19k + 8)
k=0 k=0
B (2m—3) 19 8
= (m = 1)(m —2)((m = 2)(m — 1) +15 - +2-+m_2)
—mt 3
Therefore,
m—2 4 3(m - 1)
k4 1)A2), ‘< Tmm =)
| 2t D8] < T
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5. MAIN RESULTS

Theorem 5.6. Assumel <p <oo,m € Nandm > 2.Ifg € Wg, T €Ty, and||g—T|p, = Enp(9),
then

(5.10) ||9” - T”Hp <30 Em,p(g//)'
Proof. It was proved in [1, Th. 3.4] that, forany r € N, g € Wy, T €T, and m > max{2,r}.

emn

5 ) Ena(D" ().

1D (g) = D" (8 < (44 +n(2n)) (14 %

when ||g — S|, = E p(g). Since
1 em
(4 +5+ ln(4)) (1 n ?) < 30,

one has

ID*(g) = D*(T)llp < 30E,(D*(g))-

O
Proposition 5.7. If1 < p < oo g € W}, then
-
lg = Frn(g)llp < WHDZ(Q)HP-
Proof. It follows from Proposition 2.2 and Corollary 4.2 that
2
lg = Fa(g)lly < 5 (1= ot ID*(9)]ly
= (1o ) I
< D7l
O

Proposition 5.8. Foreach1 <p <oo,ifn,m € N,n>m>5and T € TY, then

2
™ 1"

2(n + 2)2

3,,,4 2 2 2 1
Fo(T) ~ T — < ( I m 5 mm 4 ))\IT”\Ip~

42t T dmt2? " Bnt2)p
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Proof. Let i, be defined by (4.9). If T = "  Ax(z) € T,, with Ay(z) = aycos(kz) +
by, sin(kx), then

T(z) —Fo(T,x) + Q(nWWTH(w)
zé (1- Cn+2(n_]7_2) = Z(sz;z)Ak(x)
_ki_o (1 - <n+2(ni2) - 7;2(” i)g + 3(21’“32)3 *mnni”)flk(x)
+§ (m"n i 2 3(2?62)3)%(%)
S i) ¢ T

n+2 3(n+2)3
We apply twice the Abel transformation to obtain

m m—1 k
Z Men Ak () = Amn Z Ap(x) + (Akyn = Aksin) Z Aj(x)
k=0 k=0 §=0
m—1 k m—2 k J
= AnnT(@) + Amtn = Amn) D > Ap(@) + D> A% > Ai(x)
k=0 j=0 k=0 §=0i=0

m—2
= AT (@) + m(A N1 ) om (T, ) + > (k+ 1) AN 0w (T, ),
k=0

where ¢}, is the Fejér sum. It follows from Lemma 4.5 that
4 4 3mA 4,3

[ rmate@], < Gigrap * urap ’(Z(f;)_ D,

(116+1+16) mim? T
245 4 5/(n+2)4
7r3m4

< gl Tl
4r3m?

< gyl Tl
Now, taking into account Lemma 4.1, we obtain

man| T, _ w7
< e Ak ( ‘ ‘ P_ P
HZ knAr(@)|| + =755 3(n +2)
473m w2 ~ w2
4H llp + 73||T'Hp+73|
~ (n+2) 2(n +2) 3(n+2)
Each one of the norms given above can be estimated with the help of Corollary 3.1 (here the
condition T € T?, is needed). That is

2
™ 1"

2(n + 2)2

<

T—F,(T) + —— 1"
H ()+2(n+2

17"

9m3m* 32 22 (m + 1)
|7 = Fu() + < (( pEad

nr2d A28 T 32
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Theorem 5.7. Assumel <p<ooand0<a <1l Ifn+2> 72/ and f € WPQ, then

795>

1
b W”f ||P

2
lf//

[n+22Fnah) - ) - 5

Proof. Fix m € N such that
m+1=[(n+2)*?.
Note that
6<(n+2)°2-1<[(n+2)*=m+1<n.
Let T,,, € T,, be given by the condition E,, ,(f) = ||f — T |p- Since

2 2

(n+2)2(]Fn(f+c)—(f+c))_%(f_|_c)//:(n+2)2(Fn(f)_f)_%f,,

and

Emp(f +¢) = Emyp(f),

for any real constant ¢, without losing generality, we can assume that T},, has mean zero. That
is T,,, € TY,. Taking into account Proposition 5.7 and (5.10),

2
7T
[+ 22E(5) = ) = 51| < 0+ D2FF = To) = (7 = T
2 9 2
+ " = Tl + || (0 + 2@ (To) = Ton) = ST
P
7T4 ’/T2 " 1 2 ’/T2 17
< (7 + 5 )" = Thill + || 0 22 Bu(To) = To) = T
nt  x? 2
< e 5 Em " H 2 2 ]Fn Tm _TnL - 7T” .
<30(T + ) B + ||+ 22 (T2) — T) = 5T |
From Proposition 5.8, we know that
[0+ 22 @) - 1 ) -
ni\-m m 9 —m »
<( 9mr3m4 32 27‘(2(m—|— 1))HT,,||
“\(n+2)2 " 4(n+2) 3(n+2) i
93 (n + 2)% 3m? 212 (n + 2)/2
< T// g "
(T s i) (= 11+ 1771,
97'('3 37‘[‘2 27‘[‘2
< Em " 1"
_((n—|—2)2(1—f¥)+4(n+2)+3(n+2)1—a/2)<30 () +IIf ||p)
32y
<31r(op+ 2+ 2 1L p
<t ( 7TJF4+3)(n+2)a

2 "1l

<(31m) mi2)e
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Moreover, taking into account Theorem 2.4, one has

2 10 1 2m
% \g " o<1 2(Y 2 "
30(4 * 2) m.p(f7) < 1507 (4 +2)“"1( ’m+1)p
2
:4507r2w1( ”,mil)
p
2
2 "
< a0 (" ),
We have proved that
2 2 (317)2
QQFn o 71// <4502 1" .
i+ 220 = 1) = 7| < 45070 (£ =), + gyl
This yields the result. U
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ABSTRACT. In this paper, we prove that the binomial operator is a Hausdorff operator of the Euler type and con-
sequently, the binomial matrix domain associated with this operator is nothing new except an Euler sequence space.
Therefore, all the results of published papers on the binomial sequence spaces like [4], can be extracted easily from [1]
and the relation between the binomial and Euler operators that we introduce. Moreover, we compute the norm and
the lower bound of the binomial operator on some sequence spaces.
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1. INTRODUCTION

Let p > 1 and w denote the set of all real-valued sequences. The space ¢, is the set of all real
sequences x = (z) € w such that

co 1/p
llzlle, = (Z xk|p> < oo.
k=0

Definition 1.1. The Hausdorff matrix H" = (h;)$5.— is defined by
heoe L (@) Jg 05 =0 Fdue) . 0<k<j,
7 0 , k>j
forall j, k € No, where  is a probability measure on [0, 1].

Theorem 1.1 (Hardy’s formula, [9, Theorem 216]). The Hausdorff matrix is a bounded operator on
¢, if and only iffol 07 du(0) < oo and

1 -1
(1L1) 0, = [ 07 du0) (1 <p <o)

Hausdorff operator has the following norm property.

Theorem 1.2 ([3, Theorem 9]). Let p > 1 and H", HY and HY be Hausdorff matrices such that
H* = HYHY. Then, H* is bounded on ¢,, if and only if both H¥ and H" are bounded on £,,. Moreover,
we have

1H e, = I H e, 1 H" [le,
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166 H. Roopaei

Definition 1.2. For 0 < r < 1 and du(0) = point evaluation at 6 = r, the associated Hausdorff
matrix is the Euler matrix of order r, E" = (e’ ), who has the entries

o (DA =r)i=krk  0<k<j
R0 , otherwise

and the £,,-norm ||E"||,, = re.

The matrix domain A 4 of an infinite matrix A in a sequence space X is defined by

(1.2) Aa={z=(z,) €Ew : Az € A}.
It is easy to see that for invertible matrix A and normed space ), the matrix domain A4 is a
normed space with ||z|[x, = ||Az||x. Let 1 < p < co. The matrix domains e”(p) and e”(c0)

associated by the Euler matrix E" are
P

< o0

<oo}.

By the notation of (1.2), the Euler sequence spaces e”(p) and e”(co0) can be redefined by the
matrix domain of

e'p)=qz=(z,) Ew : Z
and

5 ()=t

k=0

e"(o0) = {w = (zp) €Ew : Sl;p

B = (6 and  €(c0) = (foo)r-
Let 7, s be two non-negative numbers that r + s # 0. The binomial matrix B"™* = (b}7}) is
defined by

1 1\ oj—k ok .
oo [ a9 0< k<
7 0 , otherwise

If » + s = 1, one can easily see that B™* = E". For 1 < p < oo, the binomial sequence spaces
b™*(p) and b"™*(c0) generated by B”™° are defined by

J 1 j
- gl kyk
> ()

p

< 0

<oo}.

The binomial sequence spaces b™*(p) and b™*(c0) can be represented by the matrix domain of
b (p) = (Lp)Brs and b"%(00) = (bso)Bros -
In this study, we investigate the norm and the lower bound of binomial operator B"* from the
sequence spaces A, into the sequence spaces B, and gain inequalities of the form
I1B" x|, <Ul|a, and |B"*z||p, > L||z|la,

for all sequences = € /,. The constants U and L are not depending on z, and the norm and
the lower bound of 7" are the smallest and greatest possible value of U and L, respectively. The
problem of finding the norm of matrix operators on the sequence space ¢, have been studied

VP (p) =< z=(x,) Ew : Z

J

and

bl

k=0

b"*(00) = { z=(r,) €W : sup
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extensively by many mathematicians and abundant literature exists on the topic. Although
topological properties and inclusion relations of b"*(p) have largely been explored [4, 13, 12],
computing the norm of binomial operators on sequence spaces has not been investigated to
date. More recently, the author has computed the norm of operators on several sequence
spaces, [7, 8, 21,22, 14, 15, 16, 17, 18, 20, 19].

Several papers have published about the binomial sequence space, who is a matrix do-
main associated with the binomial operator or other spaces which obtain by this operator
[4, 5, 11, 24, 23, 6]. Those are all have investigated the properties of this space such as in-
clusions, dual spaces, Schauder basis, compactness, matrix transformations etc. In this study,
we reveal that this matrix is a Hausdorff one, of the Euler type, which is not worth wasting
the mathematicians’ time more. Moreover, the bounds of this operator has computed on some
sequence spaces that has never done before.

2. CLOSE RELATION OF BINOMIAL AND EULER OPERATORS

In this section, we reveal the nature of binomial operator, its £,-norm and its relation with
Euler operators. The following theorem is the main theorem of this study.

Theorem 2.3. Suppose that r and s are two non-negative real numbers with r + s # 0. Then, B™* is
a Hausdorff matrix and

e B"™S = Ev+s, where E" is the Euler matrix of order r,
o " = BT',l—T',

r.s _ +s\1/p
||Brb||ep - (Lr’s) 4

° Br,th,u — Brt,ru+st+su,

e B™ is invertible and its inverse is B1 T+

Proof. By letting du(f) = point evaluation at 0 =
the binomial operator which accorollaryding to the Hardy s formula has the ¢,-norm (%) e,
This proves the first and the third parts. The second part is obvious. By applymg the 1dent1ty

E"E® = E™ and part one, we have
r t ___rt
BTSBbY  —  Evrs Btie = EGF)GFw)
Em _ Brt,ru+st+su

1

%

which results the fourth item. For obtaining the last part, since (E")™!
second part results in

, applying the

(B") = (Ev=)"t=E~

Remark 2.1. One can verify the first result of the Theorem 2.3 directly by

= (1) (1) <Tkis)j"“ ()
O0-) (=)

T

T+s
= ej’k .
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Remark 2.2. One can also check the second part of Theorem 2.3 straightly by

A S U
Br,th,u ) — i J—i,.1 .tl_k k
(BB = iy Z() (1) Gt

k

_ L ity AN
 (r+s) kzzk (j—)! )!(s) (t+u)?
B 1 i 1 rt O\
(r+ )J(t) kf ]fsz) <(t+u)>

S0 (o)
PG () (1 Hu))H
: <r;‘t+u<><
G

kv s

S
r+s stJrsu

=

S

k‘

=

t+u>
1

k
(r+s) (t+u)d (ru) >S+s“+r)

Brt,ru+st+su

2.1. Factorization of the Binomial operators and its applications. In this part of study, we
find some factorization for the binomial operator and obtain several inequalities and inclusions
who are all the straightforward result of the Theorem 2.3.

Corollary 2.1. Let r,s,t,u be positive numbers that © < L. The binomial operator B"* has a factor-
ization of the form

r(t+u)

B = Bt B

In particular,
r(t+u)

e E'=E"T B, r<
o B"* = Eieia R,
e E'=ETE', r<lt

_t
t+u’
<t

r+s

As a result of the above factorization, we have the following inequalities.
Corollary 2.2. Let r, s,t,u be positive numbers that = < % and x € {,,. Then,

71 - J sj_krkxkp<t(r+s) 3 1 - J uj_kthkp
(r+s)7 \k Tor(ttu) & (E+u) \k

o0

D

k=0
In particular,

oo . p [eS) . P
J k, .k kk t
1—r)i~ i=ky —
;(J ol <l () e e
= Potr48) = |/(J » P r
I=kpkg, | < 1—t)i—kek <t
Xl o) \ L

k=0 k=0
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(i)u Py kb, () £k,

Proof. The proof is obvious by Corollary 2.1. O

and

tOO
<;Z , <t

=0

k=0

Theorem 2.4. Let 1, s,t, u be positive numbers that £ < L. Then, b"*(p) C b™*(p).
In particular,

o iU (p)Ce(p), r < m
o cf(p) V™ (p), <t
e cl(p) Ce(p), r<t.

Proof. This is the straightforward result of Corollary 2.2. O

Remark 2.3. The last part of previous theorem is the Theorem 3.4 of [1].

Remark 2.4. Since % < -, hence 7+é t+
b (p) = e (p) Ce’*é( ) =b"*(p).

2.2. The a-, 5- and ~y-dual of b"*(p). In this example, we show that Theorem 4.2 of [4] can be
easily gained from Theorem 4.4 of [1]. Therefore, let us bring that theorem first

Theorem 2.5 ([1, Theorem 4.4]). Define the sets Aj and A7 as follows. For 1 < p < oo,

( or- )oo}
<oo}.

Now, we obtain the a-dual of b"*(p) and v™*(1). By applying the above theorem and the
identity B"* = E+ of Theorem 2.3,

—. Now, accorollaryding to the Theorem 3.4 of [1]

KeF

Ag{a(ak cw :

and

AT, = { a=(a) €w : supzn: ’ <Z> (r—1)"Fr"a,

Then, (EY)* = AL, and (e"(p))* = A}, where 1 < p < oo.

() = (€7
n—k -n |4
S R K8 P
- { sup (Z) "kT"(T+s)ka7,,q<oo}—Vf"s
and
() = (7 (1) = AL 3
= ooy () () (7)ol <)
— {a—(ak)ew itelgzn: <Z>(—s)”’c (r+ ) <oo}—V2TS7
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where V;"® and V;"* are the a-duals of b™*(p) and b™%(1) respectively, as the author of [4] has
proved in Theorem 4.2. Note that for obtaining the - and 7y-duals of b™*(p) and b™°(1) ([4],

Theorem 4.3), we only need changing r to s In Theorems 4.5 and 4.6 of [1].

3. BOUNDS OF BINOMIAL OPERATOR ON SOME SEQUENCE SPACES

In this section, we investigate the bounds of binomial operator on some sequence spaces. In
so doing, the following lemma is needed.

Lemma 3.1 ([15, Lemma 2.1]). Let U is a bounded operator on {,, and A, and B, be two matrix
domains such that A, ~ £,,. Then, the following statements hold:

(i) If BT is a bounded operator on £, then T is a bounded operator from ¢, into B, and
1Tlle,., = [ITlle, and  L(T)e,., = L(BT).

(i) If T has a factorization of the form T = UA, then T is a bounded operator from the matrix
domain Ay, into £, and

TN 4,0, = IUlle, and  L(T) 4,6, = L(U).
(iii) If BT = UA, then T is a bounded operator from the matrix domain A, into By, and
1Ty, = Ulle, and  L(T)a, .5, = LU).

In particular, if AT = UA, then T is a bounded operator from the matrix domain Ay, into itself
and ||T||a, = |U|le, and L(T)a, = L(U). Also, if T and A commute, then || T'||4, = [T le,
and L(T)a, = L(T).

Throughout this section, we use the notations L(-) for the lower bound of operators on ¢,
and L(-)x,y for the lower bound of operators from the sequence space X into the sequence
space Y.

3.1. Norm of binomial operator on difference sequence space. The backward difference ma-
trix A = (6;,1) is defined by

1 k=3
djk=94q —1 ,k=j—-1
0 , otherwise

and the difference sequence space associated with this matrix is called bv,,
oo

bvp:{x:(xn) : an—xn1|p<oo}, 1<p< o0,
n=1

which has the norm ||z([p0, = (30— |2n — Zn-1]" )1/ P The idea of difference sequence spaces
was introduced by Kizmaz [10]. Recently, Roopaei in [14] has computed the norm of Hausdorff
operators on bu, sequence space.

Theorem 3.6 ([14, Theorem 2.4]). The Hausdorff operator H* is a bounded operator on bv, and
1" [, = 1.
We have proved that the binomial operator is a Hausdorff operator of Euler type, hence

Corollary 3.3. The binomial operator B™* is a bounded operator on bvy, and || B"* ||y, = 1.
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3.2. Bounds of binomial operator on the Hausdorff sequence space. The Hausdorff matrix
contains the famous classes of matrices. For o > 0, some of these classes are as follows:

e The choice du(0) = a(1 — 0)*~1df gives the Cesaro matrix of order «,
e The choice du(8) = af*~'df gives the Gamma matrix of order «,

e The choice du(f) = %d@ gives the Holder matrix of order o.
Theorem 3.7 ([3, Theorem 1]). Let p > 1, and let H* is a bounded Hausdorff matrix on £,. Then,
[ H"x|le, = Llz|le,

for every decreasing sequence x of non-negative terms, where
o] 1 p
(3.3) w=>" (/ (1— 9)’%1,49)) .
k=0 /O

The constant in (3.3) is the best possible, and there is equality only when x = 0 or p = 1 or dy(0) is the
point mass at 1.

As an example of Theorem 3.7, we compute the lower bound of the Cesaro, Gamma and
Euler operators by choosing their associated dy.(6).

py1l/p

o L) = {2 (255) )

oo —p) /P
o L(I') = {Zk:o (a?c_k) p} ’
.L(Ea)zw, O<O[<1,
o L(B™) = m (by Theorem 2.3).
r+s

We use the notation hau(p) as the set of all sequences whose H*-transforms are in the space ¢,,

that is
;) / (1)1 = oy oy

where 1 is a fixed probability measure on [0, 1].

P

hau(p) = < = = (z;) <00 g,

7=0

Theorem 3.8. The binomial operator B™* is a bounded operator from ¢, into hau(p) and

r+s
r

Up 1
HBT78||Zp,hau(p) = ( ) 0 er/"(e)

and
i (i - orau)

L(BT’S)Z,.hau Z S
D> () 1— (r+s )p

In particular, for r + s = 1, the Euler operator E” is a bounded operator from £, into hau(p) and

Z;C:o (fol(l _ Q)kdu(ﬁ))p 1/p

1—(1—=r)r

1
=1 -1 -
VE e hauy = 77 / 07 du(6) and L(E")e, paur) >
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Proof. Applying Lemma 3.1 part (i) and Theorems 1.2 and 2.3, result that

||B7’,S

1/p p1
T8 T8 r+s =t
o nantpy = [P B e, = [P o, [ B, = ( ) [ o7 auo)

r

Also, the identity L(AB) > L(A)L(B) results in

1/p oo 1 D 1/p
1
L(B"%)¢, hau(p) = L(B"*H") > {1_(9)17} {Z (A (1- a)kd#(9)> } .

r+s k=0

O

By letting du(6) = a(1—6)*~1d0 in the definition of the Hausdorff matrix, the Cesaro matrix
C* = (Cf;) of order a is defined as follows

(=)
I~ 0<k<j
=y
0 , otherwise

which accorollaryding to the Hardy’s formula has the /,-norm
P(a+1)I(1/p*)
T(a+1/p*)
Note that, C° = I, where I is the identity matrix and C 1 is the well-known Cesaro matrix C

which has the ¢,-norm ||C||,, = p* and the lower bound L(C) = ¢(p)/?. We use the notation
ces(a, p) as the set of all sequences whose C*-transforms are in the space ¢,, that is

1C[le, =

; P
201 Kla+i-k—1

ces(a, p) = a::(xj)ewzz (o&j)Z( Pk )xk < 00
7=0 J k=0

The space ces(a, p) is a Banach space which has the norm

0o 1 J ik —1 N
a+j—K—
1]l cesap) = Z(W)Z< j—k )”3’“
g=01% 5 ) k=0

We use the notation ces(p) instead of ces(1, p) as the sequence space associated with the well-
known Cesaro matrix C. For more information about Cesaro matrix, the readers can refer to
[20, 19].

Corollary 3.4. The binomial operator B™* is a bounded operator from £, into ces(«, p) and

(=£2)"" T(a + 1)T(1/p")

1B

prces(a,p) — F(Oé + 1/p*)
and
i ()"
k=0 m)
L(B™® . e S B v
N e

In particular, for r + s = 1 and « = 1, the Euler operator E” is a bounded operator from £,, into ces(p)

r—1/p . 1/p
and ”ET”ZmC‘fs(m = # and L(E )fp,ces(p) z {1*51(1:)7")1’} ‘
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By letting du(6) = a8*~1d in the definition of the Hausdorff matrix, the Gamma matrix of
order o, I'* = (v), is

(a+k71)
(o7 aij bl O S k S .]
Vik = (7 ,
0 , otherwise

which accorollaryding to the Hardy’s formula has the £,-norm ||I'“(|,, =
the well-known Cesaro matrix. The Gamma space of order «, gam(a, )
P

Z(aJr:l)Ik

k:()

is

o
gam(a,p) = )Ew: Z

<0 p,

K}

which is a Banach spaces with the norm

3=

> 1 G fatk-1
lzllgam(as) = | D (“H) Z( k )xk
7=0 J k=0

Note that gam(1,p) = ces(p).
Corollary 3.5. The binomial operator B™* is a bounded operator from £, into gam(c, p) and

+s\1/P
”Br,sH — (Trs) ap
£y,9am(o,p) ap — 1

and

—py 1/p
. Zoo a+k\ P
L(B 7" )Zp,gam(a,p) Z { f_o(( 7) .
In particular, for r + s = 1 and « = 1, the Euler operator E” is a bounded operator from £,, into ces(p)

rot/e 1/p
and [|E"||¢, ces(py = “5=g> ad L(E")g, ces(p) > {%} ’

r+s )p

Corollary 3.6. The binomial operator B™* is a bounded operator from £, into e*(p) and

/p
r+s 1
a(p) = d L(B™® a(p) > .
|épae @ < ro > o ( )épae @ = [1 - (1 - a)p]l/p[l - (rj—s )p]l/p

In particular, for r + s = 1, the Euler operator E" is a bounded operator from ¢, into e*(p) and
1B ey 0 p) = (r) 7 and L(E"), e0 ) > G=i=aypem=a=ni7e-

||B7’,S

Corollary 3.7. The binomial operator B™* is a bounded operator from ¢, into hol(«, p) and

1B (Y
£y, hol(a,p) — , p—1 .

In particular, for r + s = 1 and « = 1, the Euler operator E” is a bounded operator from £,, into ces(p)
rfl/pp
p—1

and ||ET||€p,ces(p) =

Corollary 3.8. The binomial operator B™* is a bounded operator from £, into b**(p) and

(r 4 8)/P(t 4+ u)t/P : 1
bt = and L(B77S)fp’bt,u Z 0 S .
) (r)i/? W= G = G

In particular,

||Br,s
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e forr+s = 1, the Euler operator E" is a bounded operator from £, into b""(p) and || E"[|¢, . (p) =

u)1/p r
(55) " and L(E)q, ptup) > [17(4#“)p]l/pl[lf(lfr)p]l/p’

e for t + u = 1, the binomial operator B™* is a bounded operator from {, into e'(p) and

r,s _ (r+s)\1/p T,8 1
1B™*lle, vy = (55%) " and L(B™)p, e0(p) = I—A—0)P /P[1— (= )P] /P

e forr+ s = t+u = 1, the Euler operator E" is a bounded operator from ¢, into e'(p) and
||ET||Zp,et(p) = (rt)_l/p and L(Er)ép,et(p) 2 [17(17t)p]1/p1[17(1fr)p]1/p-

We can also prove our results in the above corollary accorollaryding to Theorem 2.3.

Remark 3.5. The binomial operator B™* is a bounded operator from ¢,, into b*-*(p) and

||Br’8||€p7bt=“(p) — ”Br,th,u”Z]J — ”Brt,rqustJrsuHZp
_ (rt+ru+st+su 1/p_(r+5)1/p(t+u)1/p
n rt o (rt)1/p

In particular,
e forr + s =1, the Euler operator E" is a bounded operator from £, into b"*(p) and

||ET'Bt,u||Zp — ||BT»71—7'Bt,u||fp — HB7-t,7-u—i-(1—7.)t—%—(1—1’)u”ZZD

1
HBrt,u-&-t—T't”E — u+t v
P rt ’

IE Ny e o)

e fort+u =1, the binomial operator B™* is a bounded operator from £, into e'(p) and

1Bl = |[E'B"*[l¢, = | B"'7"B"™",

1/p
_ r+s
||Brt,r+s rt”ep — < > ,

rt
e forr+ s =t+u =1, the Euler operator E" is a bounded operator from €, into e'(p) and
||ErH£p,e‘(p) _ HErEtHep _ HBr,l—rBt,l—tHZp _ HBrt,l—rtHZp — (T‘t)_l/p.

p:€"(p)

Accorollaryding to Lemma 3.1, for obtaining the bound of the operator 7" from the sequence
space A, into ¢, there is need that we have a factorization for T" of the form 7" = UA. The
existence of this factorization for the Hausdorff operators is a challenging problem.

Theorem 3.9. If B™® has a factorization of the form B™* = U H*, then the binomial operator B™* is a
bounded operator from hau(p) into ¢, and

1/p 1
.8 r+s -1
I1B"* |hau(p),e, = < . ) </0 07 du(G))

In particular, for r + s = 1, the Euler operator E" is a bounded operator from hau(p) into ¢, and
T =1 1 ,=t
1" [ hau@p),e, =77 (fo 0> du(9)>

Proof. Similar to Bennett ([2, p. 120]), if B™® has a factorization of the form B™* = HYH",
where w is a quotient measure, then Lemma 3.1 part (i7) and Theorem 1.2 result in

1/p 1
s w r+s =1
15" iy, = 120, = (“22) ([ 07 auto))

-1

-1
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Corollary 3.9. The binomial operator B™* is a bounded operator from b%*(p) into £, and
1B e, = (22) 7 ()
bt (p) by = r t+u :

e forr+s = 1, the Euler operator E" is a bounded operator from b"*(p) into £, and || E"[|ye.u(py 0, =

. 1/p
(rt+ru) 4

e for t + u = 1, the binomial operator B™* is a bounded operator from e'(p) into £, and
(rt+st)1/p
r 7

In particular,

||BT7S||6t(p))‘€p =
e forr+s = t+u = 1, the Euler operator E" is a bounded operator from e*(p) into £, and

1B et (p).e, = (E)V/P.

Proof. Let the binomial operator B™* has a factorization of the form B™* = UB"“. Then, U is

U = Br,s(Bt,u)—l — Br,sBl-&-%,’T“ — Br—&-%,s—%

)

hence according to Lemma 3.1

IB™*llyeupye, = Ulle, = IB™%57% |y,
T+5 l/p t 1/1’
r t+u ’

Corollary 3.10. The binomial operator B™® is a bounded operator on Hausdorff sequence space hau(p)
and

O

S N
= 7

TS

r+s
r

1/p
1B"* | hau(p) = ( ) and  L(B"*)nau(p) =

In particular, for r + s = 1, the Euler operator E" is a bounded operator on hau(p) and ||E" || hau(p) =
-1 I
r» and L(E )hau(p) = W

Proof. Since Hausdorff operators commute, hence by Lemma 3.1, we have

T—i-s)l/p

1B™ lnauty = 1B le, = (

and
1

L(Er)hau(p) = L(ET) = m

4. LOWER BOUND OF THE TRANSPOSED BINOMIAL OPERATOR ON THE TRANSPOSED
HAUSDORFF MATRIX DOMAINS

In this section, we intend to compute the lower bound of the transposed binomial operator
(B™*)" on the transposed Hausdorff sequence space hau'(p) for 0 < p < 1. For this reason, we
need the following theorem which is an analogy of Hardy’s formula.
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Theorem 4.10 ([2, Theorem 7.18]). Fixp, 0 < p < 1, and let H"* be the transposed Hausdorff matrix.
Then,

1
vl = (05 au0)) s,

for every sequence x of non-negative terms. The constant is best possible, and there is equality only when
r=0o0rp=1lorH =1

Theorem 4.11 ([2, Corollary 7.27]). If H** and H"" are two transposed Hausdorff matrices, then the
lower bound (on ¢,,0 < p < 1) of their product is the product of their lower bounds.

Theorem 4.12. The transposed binomial operator is a bounded operator from ¢, into hau'(p) and

T l/p* 1 1—p
L((Brvs)t)fp,hau‘(p) = ( > /0 er:U’(e)

r—+ s

In particular, for r+s = 1, the transposed Euler operator E™ is a bounded operator from {,, into hau'(p)
and L(E™)y, pawt(py = 77" [1677" du(9).

Proof. The proof is obvious accorollaryding to the Lemma 3.1 and Theorems 4.11 and 4.10. O
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ABSTRACT. In this paper, we consider the periodic solutions of the following non-autonomous second order dis-
crete system

A2y(n —1) = VF(n,u(n)), n €Z.
When the nonlinear function F'(n, x) is like-quadratic for =, we obtain some existence and multiplicity results under
twisting conditions by using the least action principle and a multiple critical point theorem.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the periodic solutions of the following nonautonomous second
order discrete Hamiltonian system

(1.1) A%u(n — 1) = VF(n,u(n)), u(n) € RN, n € Z,

where Au(n) = u(n+ 1) — u(n), A%u(n) = A(Au(n)) and VF(n, z) denotes the gradient of the
function F' with respect to the second variable x. F' satisfies the following condition:

F(n,-) € CY(RN,R),Vn € Z;
Fin+T,z)=F(n,z),V(n,2) € Zx RN, T € Zand T > 2.

Historically, in 2003, Guo and Yu, first considered the existence of periodic solutions of
difference equations as (1.1) via variational method and critical point theory in three papers
[2, 3, 4]. In 2004, Zhou, Yu and Guo [11], further studied the existence and multiplicity of peri-
odic solutions of the discrete Hamiltonian system (1.1). After that, the existence and multiplic-
ity of periodic solutions for system (1.1) have been extensively studied and many interesting
results were obtained. We refer the readers to [5, 6, 8, 9, 10] and the references therein for these
topics. Among them, we should mention some work which have relation with our work of
this paper. For the condition on F, Guo and Yu in [3], first required the nonlinearity VF(n, z)
is sub-linear included the bounded case. We say that the nonlinearity VF(n,z) is growing
sublinearly if there exist M; > 0, M > 0 and « € [0, 1) such that

(1.2) |VF(t,z)| < Mi|z|® + My, V(n,z) € Z[1,T] x RV,

(4)
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where Zla,b] := Z N [a,b] for all a,b € Z with a < b. Xue and Tang in [9] used the least
action principle to verified that system (1.1) possesses at least one T-periodic solution with the
assumption of

T

1.3 lim |z|72 F(n,z) = 4o0.

(13) G Lzl ; (n,)
We also refer the paper [3] for this topic. In the case of @ = 1, assumption (1.2) becomes to the
following assumption in which the nonlinearity VF(n,z) does not exceed linear growth, that
is, there are M3 > 0 and M, > 0, such that

(1.4) |VF(n,z)| < Ms|z| + My, Y(n,x) € Z[1,T] x RY.

The case VF(n,x) = Az + B satisfies the condition (1.4). It is well known that in this case
the system (1.1) in general does not possess a solution. A twisting condition is required to
avoid this case. Considering the nonlinearity VF'(n,z) which is the sum of assumption (1.2)
and (1.4), Hu [6] also used the least action principle to verify that system (1.1) possesses at least
one T-periodic solution under a twisting condition which is included in the following case

T
1.5 lim |z|~2 F(n,x) > —o0.
(15) S o] Z:j (n,)

When the nonlinearity V F'(n, z) meets the following assumption that there are f, g : Z[1,T] —
R* and a € (0,1), such that

(1.6) |VFE(t,z)] < f(n)|z|* 4+ g(n), V(n,z) € Z[1,T] x RN
or
(1.7) IVFE(t,z)] < f(n)|z| +g(n), V(n,z) € Z[1,T] x RY.

Tang and Zhang [8] obtained some existence results for the T-periodic solutions of system (1.1)
under some different twisting conditions.

In this paper, we will further study the existence and multiplicity of T-periodic solutions of
(1.5) with some different twisting conditions. The following are our main results.

Theorem 1.1. Suppose that F(n,x) = Fi(n,x) + Fa(n,z) with Fy and F, satisfying the conditions
(A) and the following three growing conditions:
(B1) There exist f,g : Z[1,T) — RT and « € [0,1), such that

IVE(n, )] < f(n)]]* + g(n).
(Ba) Fa(n, x) satisfies condition (1.4), i.e., there exist constants Ms, My € RT such that
2
IV Ey(n,z)| < Ms|z| + My, My < A\ := A\ =2 — 2cos %
(Bs) F satisfies that

M2T
2\ — M)’

|z|—+o00

T
lim inf |z|? Z F(n,z) >
n=1

Then, system (1.1) possesses at least one T-periodic solution that minimizes the functional  given by

1 T T
(1.8) plu) =5 Y 1Au(m)? + > F(n,u(n))
n=1 n=1
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in the Hilbert space Hr defined by
Hy ={u:Z - R"u(n+T) =u(n),n€Z}.

Remark 1.1. The condition (Bs) is twisted with the conditions (B1) and (Bs). Our condition (Bs) in
Theorem 1.1 is different form the condition (A4) in Theorem 1 of [6]. In Theorem 1.1, when Fy(n,x) =
0, comparing with Theorem 1.3 of [8], the condition (Bs) in some sense is loose for some choices of T,
one can check it for T = 2,3, 4,5, 6 and so on.

Theorem 1.2. Suppose F(n,z) = Fi(n,z) + Fa(n, x) satisfying condition (A) with Fy and Fy satis-
fying the following three growing conditions:
(By) Fi satisfies the condition (1.7), i.e., there exist f, g : Z[1, T] — R* such that

[VFi(n,z)| < f(n)l| + g(n Zf ) < A1

(Bs) Fy satisfies the condition (1.2), i.e., there are some constants My, My € RY and o € [0,1) such
that
|VF2(TL,I’)‘ § Mﬂl“a + Mg.

(Bg) F satisfies that

T T
im inf|z| 72 n,x ! n))’.
R 2 ) > e (2T

Then, system (1.1) possesses at least one T-periodic solution.
Remark 1.2. Conditions of (By) and (Bg) in Theorem 1.2 are different form conditions of (As) and

(Ay4) in Theorem 1 of [6], respectively. Condition (Bg) in Theorem 1.2 is different form condition of
(1.14) in Theorem 1.3 of [8].

Theorem 1.3. Suppose that F'(n, x) satisfies (A), (B1), (Bz) , (Bs) and
(A1) there are some constants § > 0, k € Z[0, [T — 1]] such that

1 1
—5)\;@+1|x\2 < F(n,x) < —§Ak|w|2,

Vo € RY with x| < § and Vn € [1,T], where \y = 2 — 2coskw, w = 25, T > 2, [a] = max{k €
Zlk < a} denotes the Gauss Function. Then, system (1.1) has at least two T-periodic solutions.

Parallelly, we have the following result.

Theorem 1.4. Suppose that F'(n, x) satisfies (A), (Ba), (Bs) , (Bg) and (A1). Then, system (1.1) has
at least two T-periodic solutions.

2. SOME IMPORTANT LEMMAS

Hp = {u:Z— RN|u(n+T) = u(n), n € Z} can be equipped with the inner product
(2.9) (u,v) = (u(n),v(n)), Yu,v € Hr,
so the norm ||| is

(2:10) lull = (3 lum)), vue Hy,
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where (-, -) and |.| denotes the usual inner product and the usual norm in R, respectively. It is

easy to verify that (Hr, (-,-)) is a finite dimensional Hilbert space and linear homeomorphic to
RNT,

For every positive number r > 1, we can equip Hr with another norm ||u||,, where

]l = (Zm ) Vu € Hr.

Distinctly, ||u||2 = |Ju|| and (Hr, ||u||2) is equivalent to (Hr, ||ul|,) for r > 1. Thus, there are two
constants Cy > C7 > 0, such that Vu € Hp

(2.11) Cillully < flull < Callull,-

For system (1.1), Xue and Tang [10] verify that the problem of seeking T-periodic solutions
is equal to that of finding the critical points of ¢(u) defined in (1.8) on Hr.
To prove our results, we now give four useful lemmas.

Lemma 2.1. ([10]) As a subspace of Hr, N}, is defined by:

Ny, := {u € Hp| — A%u(n —1) = \yu(n)},

where A, = 2 — 2 cos kw, w = 2% k € Z[0, [L]]. The following statements hold:
(i) NiLNj, k # .k, j € Z[0, [5]],

(i) Hr = @71 Ny,
k (T/2]
Lemma 2.2 ([10]). Define Hy, = @Nj, Hi = @ N;, k € Z[0,[T/2] — 1], then one has
j=0 j=k+1

Z |Au(n)> < Mellul?,  Yu € Hy;

n=1

Z |Au(n)> > Megalul®,  Yue Hi.

Lemma 2.3 ([7]). If ¢ is weakly lower semi continuous on a reflexive Banach space X and has a bounded
minimizing sequence, then  has a minimum on X.

Lemma 2.4 ([1]). Let ¢ be a C! function on X = X1 @ Xz with p(0) = 0, satisfying (PS) condition
and for some § > 0,

o(u) >0 forue Xy, ||u|l <0,

o(u) <0 forue Xa,||lu|| <0.

Assume also that o is bounded below and igl{f @ < 0, then ¢ has at least two nonzero critical points.
By Lemma 2.1, one rewrites u as
(2.12) =u+i € NoEP Ny,

where @ = (1/T) Zn Lu(n).
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By (2.9), (2.10) and (2.12), one has

=

A
[M]=

?
&/‘H

—
I M =~

=
[SIE

1
= (Tlal® +|lal*)*.

Then, one has

W=

lull < VT +1(jal* + [|a]*)

_ ~ 1
and ul > (|a]* + a|*)>.

Therefore, one has that ||u|| — oo if and only if (|| + ||11H2)% - 00.

3. PROOF OF MAIN RESULTS

Since the proof of Theorem 1.4 is similar to that of Theorem 1.3, we only prove Theorem 1.1,
Theorem 1.2 and Theorem 1.3 in this section.
For convenience, we denote

T T
Ri=) f(n), Ra=Y g(n)

n=1 n=1

Proof of Theorem 1.1. According to (B3), we can choose a positive constant a;, such that
M
(3.13) e+ Ms =
/\1
for a small number € > 0 and
d a

3.14 lim inflz| "2y F(n,2) > —M;T.
(3.14) olm_inf lz] 7;1 (n,x) > = M3

By (B1) , we obtain
| XT: [Fi(n,u(n) - Fi(n, )|
n=1
| XT: /1 (VFi(n,+ sid(n), () ds|
1/ f(n)|a + sa(n)|*|a(n |ds—|—Z/ n)|ds
T
<3 1" + i \+Zg
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<R [u]*||l|oo + Rullal|5 + Ralldllo
€ . ai _ ~ ~
SEIIUH& + ER?\UIQQ + Rul|al|s + Rl

€ . a _ N .
(3.15) S%HUW + iRﬂUFQ + Ry|al|* ™t + Ry a
f € Hr with = .
or any u 7 with ||ul|so ne%lﬁa[}l(,T] lu(n)]

By (B2), we have
T

Z [F2(u(n)) — Fy(a)]

n=1

i(n)), u(n)) ds

T 1
<Z/ Ms(|u+ su(n |)\ﬂ(n)|ds+Z/ Myl|a(n)|ds
MY (il + S lam)) a(n)] + ZMm

n=1
T . T
. 3 - .
SMgDunu(n»+72|u\2+M4Z|u|
n=1 = n=1
T LT o L T
2 ~ 2 ~ ~
<t (Y1) (X lam)” + 2 D Jal + 2 Y il
n=1 = n=1 n=1
Cl T T M T T
Ms N 3 - _
5 3Z| ?+ %, Z|U|Q+TZ|“‘2+M4ZII‘|
n=1
a; 9 Ms 2
(3.16) <5 MsTlal +(g+—)|| al|? + MyV/T il

for any u € Hrp.
Hence, by (1.8), (3.15), (3.16) and Lemma 2.2, we have

)\1 e M3 M3

DA e - AT 11 P ~n ~ a1
plu) 2(5 50 24, 2 al® = (Re + Muv/T)|@ll — Rua
T
12 (-1—2 _ ai a1 52| 12a
(3.17) +|al <|u| ;F(n,u) - 2M3T> - 5 Rilal.

Since u = i + @ € No @ Ny, (3.13), (3.14) and (3.17) imply that
p(u) = +o0, ||| = oo.

Thus, ¢ is coercive. Since ¢ is continuous, it possesses a bounded minimizing sequence in the
finite dimensional Hilbert space Hy. Therefore, by Lemma 2.3, we obtain a critical point u
which is a T-periodic solution of system (1.1) and the minimizer of the function ¢. The proof is
complete. O

By (3.15) in which the number = should be replaced by A\; —¢ and M3 = 0in (3.16), we have
the following result.
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Theorem 3.5. Suppose that F(n,x) with Fy = 0 satisfying (A), (B1) and
2
(Bh) lim| ) o0 inf |2] 72 S0 F(n,2) > 55
Then, system (1.1) has at least one T-periodic solution that minimizes the functional ¢ in the Hilbert
space Hr.

Comparing with Theorem 1.1 of [8], we see that the condition (B3) is loose for some choices
of T, for example T' = 2, 3,4,5 and so on. In Theorem 1.1, when F} (n, z) = 0, comparing with
Theorem 1.3 of [8], the condition (B3) in some sense is loose for some choices of T, one can
check it for T' = 2, 3,4, 5,6 and so on.

Now, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. By (Bg), we can choose a positive constant a; and € > 0, such that

1
1 _
(3.18) > Vg o—
and
2 a2 5o
(3.19) o hinoo inf |z|” E F(n ?Rl.

n=1

By (B4), Yu € Hr, we have

| ZT:[Fl (n,u(n)) — Fi(n, )]

<Zf IUI+ |+Zg

n=1

- Ry -
SRl|U|||U||oo+7||UH20+R2||U||00

1 - an _ R1 - ~
S%IIUHC%O + 5 Biluf® + -l + Rallfloo

1 R
(5 + g il + Rollill o + 5 Rl
1
(3.20) <(g+—>||u||2+R2|| il + 5 Rl

By (Bs) , we have

| S Pt u(m) — Fo(n, @)

:‘ nil /Ol(VFg(n, a+ sﬂ(n))j(n))ds‘
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<Z/ M |a + su(n)|“|a(n |ds+Z/ Mslu(n)|ds

<3 M(al” + fa(o) |+ZMziu

n=1

<M VT|a|®||a|| + My Z [a|*t + My Z |i(n)

n=1 n=1

TM? €. i .
(3.21) < 51 |ﬂ\2a+§||u||2+01||u\| Tt ol

Hence, by (1.8), (3.20), (3.21) and Lemma 2.2, we have

)\1 1 R1 E\ i ~112 ~ a1 -
> _ _ _Z _ —
plu) =(5 50y 2 S)all” = Cullal (Cy + Ro)||a(n)||
T a TM?
) ) — 2 p2 1|2
(3.22) +|ul <UI nEZIF(n,U) -3 Rl) -l

Since u = i + @ € No @ Ny, (3.18), (3.19) and (3.22) imply that
¢(u) = +oo, [[ul] = oo,

that is, ¢ is coercive. It is easy to verify that there exists a bounded minimizing sequence which
insures that ¢ possesses a minimal point in the finite dimensional Hilbert space Hr by Lemma
2.3. The proof is complete. U

Proof of Theorem 1.3. According to the proof of Theorem 1.1, we can implies that ¢ is bounded
below and satisfies the (PS) condition. By (A;) and Lemma 2.2, one has

T
1 2 1 2
. < Z _ = _
(3:23) o) < Gl + 3 (= 5Aelul?) =0
for any u € Hj, with ||u|| < 6 and
1 d 1
(3:24) o(w) = Shetllul + Y (= GAenlul?) =

for any u € Hj- with ||u|| < 6.
If 161% ¢(u) < 0, we completed our proof of Theorem 1.3 by Lemma 2.4.
u€Hr

If 161}3? w(u) > 0, by (3.23) and (3.24), we have p(u) = 161% o(u) = 0 for any u € Hj, with
u T u T

|lu|| < 6, which implies that any v € Hj, with |[u|| < § are minimum points of ¢. Thus, any
u € Hj with ||lu]] < ¢ are T-periodic solutions of systems (1.1) , and systems (1.1) has infinite
T-periodic solutions in Hr. Hence, we complete the proof of our main results. O

The proof of Theorem 1.4 is almost the same as that in the proof of Theorem 1.3, so we omit

it.

4. EXAMPLES

In this section, we will give two examples to illustrate our theorems.
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Example 4.1. Let F(n+ T,x) = F(n,z) forany (n,z) € (Z,RY) and

T+1 4

(4.25) F(n,z) = %w + (T+ =)l + (ST —n)le*’?, n € ZN[1,T),
where

r+1 7/4 3/2 N
(4.26) Fi(n,z) = (T —n)|z|"* + 2T — n)|z|*/?, V(n,z) € (ZN[1,T],RY)
and

ALy o 20 130 N

(4.27) Fy(z) = 1—6|x| - §T|x| , Vo e R,

According to (4.26), one has

7 3
|V (n,z)]| Sg\T +1-— 2n|\x|3/4 + §|2n — T||:c|1/2

7 sa, 9T° N
(4.28) §§(|T+1—2n|+8)|x| +ET, V(n,z) € Z x RY,
where & > 0. Then, we obtained that (By) holds with « = 3/4 and
7 913
(4.29) f(n) = §(|T+1—2n|+€), g(n) = -
According to (4.27), we have
A
[V Ey(z)]| Sgllwl + T2
A T
(4.30) §(§1+€)\x|—|—g, V(n,z) € Z x RV,
where € > 0. Then, we obtained that (Bs) holds with
A T
(4.31) Ri=2L4e Ry=<.
8 €
Now, we verify that F'(n, x) satisfies (Bs). In fact,
T
lim inf|z|~? F(n,x
fm il 32 Pl
A T+1 4
= jm_inflel* SD[glol’ + (5= = lel" + (T =)l
_M
16

It is easy to verify that Ms < M. If T € {2,3,4,5,6,7,8,9, 10}, we can choose ¢ > 0, such that

T A 2 2
L _ AL (3 +°T MsT
1 flz| 72 F(n,z) = 221 > 8 = S0n )"
liminfla|™ > F(n,2) = 7o 200 — 4 —e) 200 — M)

n=1

Thus, the system (1.1) has at least one T-periodic solution by Theorem 1.1.

Example 4.2. Let F(n+ T, x) = F(n,x), for any (n,z) € Z x RN and
T—n

4
(4.32) F(n,z) = 2| + ;|96|7/4 —nfz*? — Jz| + (h(n), 2).
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Let
(4.33) Fi(n,z) = —; Daf2 = n|z P2 + (h(n), 2),
h:ZN[1,T] = RY, h(n+T) = h(n), forn € ZN[1,T) and
434) Fyle) = ém”‘* - lal.
According to (4.33), one has

IV Fy(n, )| < (n)]

S(Tl—o +e)|x| + T? + |h(n)|, ¥(n,2) € Z x RN,

where € > 0. Then, we obtained that (By) holds with
@.35) fo =" e gy = Tt o).

It is easy to verify that (Bs) holds with o = 3/4 and Mg = My = 1.
Now, we verify that F(n, x) sutisﬁes (BG). In fact, according to (4.32) and (4.35), we have

T—n T—
Zf Z 0 +€):T(720 +e¢)

and

lim inf|z|” 2ZF(n,a@)

|z]—o0
L .T—
= Jim infle 2 37 [ “laf? 4 2fal71* —nlal'? ~ 2] + (h(n), )]
T(T —1)
40
When T € {2, 3,4}, we can choose € > 0, such that
o —1
Y fn)=T(——+¢e) <X\

n=1

and

T(T-1
lim inf |z|” 22Fnz nr-1

|00 40
1 T-1 2
> +
7oy _TTJ_E)( )
= fn
2()‘1 - Zn 1 f ( Z )
Thus, the system (1.1) has at least one T-periodic solution by Theorem 1.2.

n=1
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