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A CLASS OF THIRD-ORDER BOUNDARY VALUE PROBLEM
WITH INTEGRAL CONDITION AT RESONANCE
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ABSTRACT. In this paper, we consider third-order boundary value problem
with, Dirichlet, Neumann and integral conditions at resonance case, where the
kernel’s dimension of the ordinary differential operator is equal to one and the
ordinary differential equation which can be written as the abstract equation
Lu = Nu, called semilinear form, where L is a linear Fredholm operator of
index zero, and N is a nonlinear operator. First, we prove a priori estimates,
and then we use Mawhin’s coincidence degree theory to deduce the existence
of solutions. One important ingredient to be able to apply this abstract results
(Mawhin’s coincidence degree theory) is proving the Fredholm property of the
operator L. An example is also presented to illustrate the effectiveness of the
main results.

1. INTRODUCTION

In this paper, we consider the following nonlinear third-order boundary value
problem

u"(t) = ftu(t),u (t),u" (t), t€(0,1), (1.1)
"(0)=0, u(l) = 3 nu
w(0) = (0) =0, u(l) 7730/ (t)dt, n € (0,1), (1.2)

where f:[0,1] x R® — R is a continuous function, and 1 € (0,1). We say that the
boundary value problem — is a resonance problem if the linear equation
Lu = v"" = 0, with the boundary value conditions has non-trivial solution i.e.
dimKerL > 1.

The theory of the boundary value problems with integral boundary conditions
arises in different areas of applied mathematics and physics. For example, heat
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44 NOUREDDINE BOUTERAA AND SLIMANE BENAICHA

conduction, chemical engineering, underground water flow, thermo-elasticity and
plasma physics can be reduced to the nonlocal problems with integral bound-
ary conditions. Recently, several authors have studied nonlocal boundary value
problems at resonance and non-resonance for second-order, third-order and higher-
order (in particular, third-order) ordinary differential equations, for instance see
[2,3,5,6,8,12,14, 16,18, 19, 21] and the references therein. However, to our knowl-
edge the corresponding results for third-order with integral boundary conditions
are rarely seen [1,7,9,10,11,15,17,20,22] and the references therein. In the most
papers mentioned above, the coincidence degree theory of Mawhin was applied to
establish existence theorem.

Inspired and motivation by works mentioned above, in the present article, we use
the coincidence degree theory of Mawhin [13] to discuss the existence of solution
for third-order nonlocal boundary value problem — at resonance case,
and establish an existence theorem. The paper is organized as follows. In Section 2
we give the background information from coincidence degree theory, we also define
appropriate mappings and projectors that will be used in the sequel. We state and
prove our main result in Section 3, and we give an example to illustrate Theorem

B.1

2. PRELIMINARIES

We first recall some notations and an abstract existence result (Mawhin 1979).
Let Y, Z be two real Banach spaces and let L : domL C Y — Z be a lin-
ear operator which is Fredholm map of index zero (that is, ImL, the image of
L, KerL, the kernel of L is finite dimensional with the same dimension as the
Z/ImL), and P : Y —- Y, Q : Z — Z be continuous projections such that
ImP = KerL, KerQ =ImLand Y = KerL® KerP, Z = ImL ® ImQ. It follows
that L |gominierp— ImL is invertible, we denote the inverse of that map by Kp.
Let Q be an open bounded subset of Y such that domLNQ # ¢, themap N : Y — Z
is said to be L — compact on Q if the map QN : Q — Z is bounded and
Kp(I-Q)N : Q—Y is compact.

We will formulate the boundary value problem (1.1)) — (1.2) as Lu = Nu where
L and N are appropriate operators. To obtain our existence results we use the
following fixed point theorem of Mawhin.

Theorem 2.1. (See [13]) Let L be a Fredholm operator of index zero and N be
L — compact on Q. Assume that the following conditions are satisfied:

(1) Lu # ANu for every (u,A) € [(domL\ KerL) N o] x (0,1).

(#3) Nu ¢ ImL for every u € KerL N 0N.

(71) deg (N |kerr, 2N KerL,0) # 0,

where Q : Z — Z is a projection as above with ImL = Ker@.

Then the abstract equation Lu = Nu has at least one solution in domL N Q.

In the following, we shall use the classical spaces C'[0,1], C1[0,1], C?[0,1] and

LY[0,1]. For u € C?[0,1], we use the norm ||ul| = max {||ull_ ., [Jv . [v"l.}
where ||ul|, = m[ax] |u (t)| and denote the norm in L' [0,1] by [|-||;.
te[0,1

We will use the Sobolev space W31 (0,1) which is defined by
W3 (0,1) = {u : [0,1] - R: u,u/,u"are absolutely continuous on [0,1] withu” € L'[0,1]}.
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Let Y = C?[0,1], Z = L' 0, 1], define the linear operator L : domL CY — Z by
Lu=4v", wué€domL,

where
domL = {uec W (0,1): u(0)=u'(0)=0, u(l) =

and define N : Y — Z by
Nu(t) = f(t,u(t),u' (t),u" (1), t €(0,1).
Then the boundary value problem ([1.1)) — (1.2) can be written as Lu = Nu.

3. EXISTENCE RESULTS

We will assume that the following conditions hold and in all this paper let us set
1
Rf (s,u(s),u (s),u" (s)) = /(1 — )2 f(s,u(s),u (s),u" (s))ds
0

1
7

/ (n—s)° f(s,u(s),u (s),u” (s))ds.
0

(H1) There exist functions «, 8,7, € L'[0,1], such that for (u,v,w) € R3 t €
[0,1], it holds

|f (w0, w)| <o (t) [ul + B () [o] + () [w] + 7 (F). (3.1)

(Hs) There exists a constant M > 0 such that for u € domL, if |u" ()| > M for all
t € [0, 1], then

Rf (s,u(s),u (s),u” (s)) #0. (3.2)
(H3) There exists a constant M* > 0 such that for any u(t) = 2¢> € KerL with
|g| > M*, either

g [Rf (s,u(s),u (s),u” (s))] <0, (3.3)
or else
g [Rf (s,u(s),u (s),u” (s))] > 0. (3.4)

Theorem 3.1. Let f : [0,1] x R® — R be a continuous function, assume that
conditions (Hq1) — (Hs) hold and that

1
lledlly + 1811 + [y < 3 (3.5)

Then the boundary value problem (1.1)) — (1.2)) has at least one solution in C*[0,1].
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For the Proof of Theorem [3.I] we shall apply Theorem and the following
Lemmas. Before we state our lemmas, we say that L is a Fredholm operator of
index zero, that is, ImL is closed and dim KerL = codim I'mL. This implies that
there exist a continuous projections P : Y — Y and Q : Z — Z such that
ImP = KerL and Ker@ = ImL. For this purpose, we must define P by (see
later), the linear continuous projector operator @ by

1

U]
1
/1—8 s)ds — E/ —s) y(s)ds| t?,
0

0

where % = 2_773 and the linear operator Kp : ImL — domL N KerP by

Kpy (t

M\»—t

t
/t—s (s)ds, Yy e ImL.
0

Lemma 3.2. (i) The operator L : domL CY — Z is a Fredholm operator of
index zero.
(#) For every y € ImL, we have

I1Kpyll < llyll; -
Proof. First, we prove (7). It is clear that
KerL = {u € domL : Lu =0},
={u € domL : u" =0},
b
= {ue domL : u(t) = Etz, beR} ~ R.

Now, we show that

1 7
ImL=(CyeZ: /(1—3)2y(s)dsf %/(nfs)gy(s)dSZO . (3.6)
0 T
In fact
"=y, (3.7)
has a solution u (t) that satisfies the boundary value conditions (1.2), if and only if
1 n
/1—8 ds—%/(n—s)?’y(s)ds:o. (3.8)
0 0
From , we have
w(t) =u(0)+u (0)t+u" ( %—i—%/t—s ds.

0
Thus from the condition u (0) = u’ (0) = 0, we have

t

u(t):u"(0)5+%/(t—5)2y(s)ds.

0
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According to u (1) = 35 2 [y u(t) dt, we have
1] 3| f t2 1/
+§/1—s $ /u dt+2//t—s s)dsdt| ,
0 0 00
ie.
1 1 n
Ja=sPuds— = [ -9 uds =0
0 0
Hence
1 L
ImL=<qyeZ: /(1 — )2y (s)ds — —3/(n—s)3y(s)ds=o
0 T3
On the other hand, if (3.8)) holds, setting
t
b 1
u(t) = 5t2—|— 5/(t—s)2y(s)ds,
0

where b is an arbitrary constant, then u (t) is a solution of (3.7). Hence (3.6]) holds.
For simplicity of notation in the definition of the projector operator @, we set
1

n
1 ,
m=/a—#y®w—$/m—WM@w
0
Let C = fo (1—t)*2dt — % fo Y3 12dt £ 0, t € (0,1]. By simple calculation,

we get C' = Wd

Now, we need to show that the operator @ is projector. From Qy (t) = % (Ry)-t?

we have
(Q%) (1) = (Q(Qy)) (1),

1 ) n
= ( ) / t2ds —3/ 3 2ds t2,
0 K 0

= 5 (Ry) t*
= (Qy) (1),

which implies that the operator @ is a projector. Furthermore, ImL = Ker(@.
In order, to show Z = ImL & Im(@Q), it remains to shows two following steps.

Step 1. For y € Z, let y = (y — Qy) + Qy, since Q (y — Qy) = Qy — Q%*y = 0, we
know (y — Qy) € KerQ = ImL and Qy € Im@. Thus
Z =ImL+ ImQ.

Step 2. Let y € ImL N Im@. Since y € Im@, then there exists p € R such that
y(t) = pt?, t € [0,1]. Since y € ImL = KerQ, then

=p(Ry)(t)=p /( )2 t2ds — —/ )2 t2ds | = pC.
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Since C # 0, then p = 0, so we have y (t) = 0, t € [0, 1], which implies

ImLNIm@ = {0}.
As consequence of Step 1 and Step 2, we deduce that

Z =ImL® ImQ,
and so
dim KerL = codim ImL = dim ImQ@ = 1.

Thus L is Fredholm operator of index zero.
We are now ready to give the other projector employed in the proof of (iz). Define
P:Y—>Yhby
t2
5.
Note that KerP = {u eY: v (0) % = 0} ={ueY : v (0)=0} and ImP =
KerlL.
Similarly, we shall prove that the operator P is projector and Y = KerP & KerL.
Fistly, since (Pu)” () = u” (0), then (P?u) (t) = Pu(t), t € [0,1].
Secondly, for all uw € Y and ¢ € [0, 1], we have

u(t) = (u(t) — Pu(t)) + Pu(t)

_ (u () — " (0) t;) " (0) g

that is Y = KerP + KerL. By simple calculation we can get KerL N KerP = {0}.
Then Y = KerP & KerL.

Before, to estimate the supremum norm of the generalized inverse operator Kp. It
remains to prove that the operator Kp is the generalized inverse of L. In fact, if
y € ImL, then

(Pu) (t) = u" (0) (3.9)

(LKp)y (1) = [(Kpy) ()] =y (t).
And for u € domL N KerP, we know
! 2
(KpL)u(t) = (Kp)u" (t) = %/(t — 5)2 u" (s)ds = u (t)—u (0)—u’ (0) t—u" (0) %,
0

in view of u € domL N KerP, v (0) = v/ (0) = 0 and Pu = 0, it follows that
(KpL)u(t) =u(t).

This shows that Kp = (L |doer‘|Ke'r‘P)71~
Lastly, we estimate the supremum norm of the generalized inverse operator Kp.
From the definition of Kp, it follows that

1 1

1
1Keyl < 5 Q=9 lwGlds < [lylds =yl
0
(s) ds, we obtain

Yy
HWMWWS/OfWMMwé/W®MwﬂMM
0 0
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and from (Kpy)” (t) = fot y (s) ds, we obtain
1
o)l < [ lus)lds = ol
0
then
I1KPyll <yl - (3.10)
U

Lemma 3.3. LetQy = {u € domL\ KerL : Lu = ANu, for some A € [0,1]}. Then
Q1 s bounded.

Proof. Suppose that u € @y, and Lu = ANu. Thus A # 0 and QNu = 0, so it
yields

Rf (s,u(s),u (s),u” (s)) =0.
Thus, by condition (Hz), there exists ¢; € [0, 1], such that |u” (t1)] < M. In view
of

ty
u’ (0) =u" (t1) — /u”’ (t) dt,
0
then, we have

1
" (0)] < M+/|U’” (s)[ds = M +[[u” ||, = M + |[Lull, < M +||Nul|, . (3.11)
0

Again for u € Qq, then (I — P)u € domLNKerP = ImKp and LPu=0,0< A< 1
and Nu = %Lu € ImL, thus from Lemma we know

(I = P)ull = | KpL (I = P)ul| < [|L(I = P)ull, = [|Lull, < [[Null,.  (3.12)
From (1), @12 and || Pull = [u” (0)], we have

lull < [[Pull + I(I = P)ull = [u” Q)] + (I = P)ul < M +2[[Nu,.  (3.13)
From (3.1) and (3.13)), we obtain

M
Jull < 2l Tl + 180 1T+ Tl O+ |- 339
Thus, from [Ju|| < [Ju|| and (3.14), we have
2 M
< —F ! " —. 3.15
Il < T—ga [ I+ I I+ Il + 5 | 339

From ||u||, < ||ull, (3.14) and (3.15]), we have

4] < ]
2o M
! <914 2111 / " M
e <2 |14 2| 180 0+ Il 1+
= 2 4 " M
= oo [ I+ I 1+ I+

i.e

1= 2flefl, = 2[1All, 2 " M
IIu’Ioo[ =< Il 1o + Ml + <1 -
1=2]el, 1=2[af, [ P2
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Therefore

2 M
d|| < {7 o+ e +}. 3.16
Il < T [Pl e+ |- (30

Again, from |[u”|| < |lull, (3.14), (3.15) and (3.16]), we have

Al1Bll llally ]/ 4lledly " M
vl < [2 1811, + [l + +20 vl e lle + Ml + =
P12l 1 =2l ' P2

411811y 2 ] [ p M
+ Il e Moo M7l + =7
{(1—2lla||1—25||1)(1—2||a||1) 1— 2]l ' P2

_ 2 [Ilvl e + ] +M}
a—2al, —zqan,) [Pl i+ 5

i.e
" 2(||T||1+%)
[u"]l o <
1=2]elly = 2(181l, — 211,
thus, from (3.17)), there exists M7 > 0 such that

] , (3.17)

[l < M, (3.18)
therefore, from and , there exists My > 0, such that

[u/]| oo < Mo, (3.19)
hence, from and , there exists M3 > 0, such that

Jull oo < Ms. (3.20)

Consequently
Jull = max {[Jull . , [|v/ll ., lu"]l o } < max {My, Mz, Ms}.
Again, from , , and , we have
[u™ly = [ILully < [[Nully < lledly Ms + 11811y Mz + [[ylly My + (17l -
So, €21 is bounded. ([

Lemma 3.4. The set Qs = {u € KerL: Nu € ImL} is bounded.
Proof. Let u € Qg, then u € KerL = {u € domlL : u= %t2, beR, te]o, 1]}
Also, since Ker@ = ImL, then QNu = 0, therefore
b
Rf (s, 252,b8,b> =0.
From condition (Hz), ||ull., = |4] < M, so |lu|| < M, thus Q is bounded. O

Before we define the set 23, we must state our isomorphism, J : KerL — ImQ@.
Let
b b o
Jl=t?) ==t VbeR, t€]0,1],
2 2
and define

Qs ={ue KerL: —AJu+ (1 —-X)QNu=0, A€ [0,1]}.
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Lemma 3.5. If the first part of condition (Hs) holds, then

B T R

for all }%| > M* and Q3 is bounded.

Proof. Suppose that u = %t € Q3. Then we obtain

(5) =000 (25) (o (e )

If A =1, then by = 0, which gives Q3 bounded.
Otherwise, if A # 1, there exist M* > 0 such that %0’ > M*. Then in view of

(3.21)), we have

(5) -0 0 () ((onaen) o

which contradicts the fact that A (%“)2 > 0. Then |u| = |%°t2| < %‘ﬂ < M*, we
obtain [Jul < M*. Hence Q3 C {u € KerL : |lul]| < M*} is bounded.
If A =0, it yields

Rf (s, b2032,b03,b0) =0.
Taking condition (Hs) into account, we obtain ||u|| = %| < M*. O
Now, define Q3 by
Qs ={ue KerL: Mu+(1—X)QNu=0, A e0,1]}
Lemma 3.6. If the second part of (Hs) holds, then

b 60 b,
for all |%| > M* and Q23 is bounded.

Proof. A similar argument as above shows that 3 is bounded. O

The Proof of Theorem is now an easy consequence of the above lemmas and
Theorem 211

Proof. of Theorem [3.1}
Let © to be an open bounded subset of Y such that U Q; C Q. By using

the fact that v is bounded and the Arzela-Ascoli Theorem we can prove that
Kp(I — Q)N : Q—Y is compact, thus N is L — compact on Q. Then by Lemmas
and we have

(1) Lu # ANwu for every (u,A) € [(domL \ KerL) N o9 x (0,1).

(#3) Nu ¢ ImL for every u € KerL N 0f.

(#1) Let H (u,\) = £AJu+ (1 = A) QNu =0, A € [0, 1].

According to Lemmas and we know that H (u, \) # 0 for every u € KerLN
0f). Thus, by the homotopy property of degree, we obtain

deg (QN |kerr, 2N KerL,0) = deg (H (-,0),QN KerL,0),
=deg(H (-,1),QN KerL,0),
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= deg (+J,QN KerL,0) # 0.

Then, by Theorem Lu = Nu has at least one solution in domL N Q, so the
boundary value problem (1.1)) — (1.2)) has at least one solution in C2[0,1]. The
proof is complete. O

We construct an example to illustrate the applicability of the results presented.

Example 3.1. Consider the following boundary value problem

u"(t) = ftu(t),u (t),u" (t), t€(0,1), (3.23)
3 n
w(0) = ' (0) = 0, u(l):ngo/u(t)dt, n € 0.1), (3.24)
where
F (1) o (8) " () = 3" () + (1= £) (1= cos (u/ (1)) sin (ul?)), € (0,1).
Here we have
S () + 5 (1= 1) (1= cos (u/ (1)) sin (u(t))‘ <3+l @l

that is ) )
So, condition (Hy) is satisfied, which gives

oo\»—*
N)M—l

lelly + 1181y + [y =
Set

I'=Rf(s,u(s),u'(s),u" (s))

1

/ " *in *53 S.uls 'LL/S UHS S
O/ls w(s) o (s) ,u” (s)) ds n30/<n Y f (s,u(s) ot (s) " (5)) ds.

Ifu” (t) < —10, then
Fltou(t) o (8),u (1) < %(1_1\4) _ _3<0.

In this case, we have I < 0, because

ftu(t),u (t),d" () > %(1+M) = % > 0.

Hence, I > 0, because
1

/ (1= 8)% f (s,u(s) o (s) ,u” () ds >

0

o\:
7 N
—

\
| »

~~_
w

kﬁ
w

IS
—

»
S~—

:\
O

g\
@
=

S

9



THIRD ORDER BVP WITH INTEGRAL CONDITION 53

Therefore, the condition (Hs) is satisfied.
IfY < —M*=-5andu(t) = 5t , then

F (), o (), u” (5) < 5 (1+8) = 3 <0,

In this case, we have I < 0, because

1 n 3
(1—8)%f(s,u(s),u (s),u" (s))ds < 1-2 f(s,u(s),u (s),u” (s))ds.
/ J6-3
Hence
g /(1fs)zf(s,u(s),u'(s),u”(s))dsf%/(nfs)gf(s,u(s),u’(s),u”(s))ds > 0.
0 0

Therefore 31 > 0. So condition (Hj) is satisfied.
Thus, all the conditions of Theorem[3.1] are satisfied, which implies that the bound-
ary value problem (3.23) — (3.24) has at least one solution u € C? [0, 1].

Acknowledgments. The author sincerely thanks the editor and reviewers for their
valuable suggestions and useful comments to improve the manuscript.
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ABSTRACT. Fractional calculus is a generalization of ordinary differentiation
and integration to arbitrary order (non-integer). In recent years, fractional
differential equations(FDEs) arise naturally in various fields such as rheology,
fractals, chaotic dynamics, modelling and control theory, signal processing,
bioengineering and biomedical applications, etc. In this paper, we discuss the
existence results for hybrid differential equation with Katugampola fractional
derivative. The argument is based upon Dhage fixed point theorem. We also
discuss the existence result for hybrid differential equation.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integra-
tion to arbitrary order (non-integer). In recent years, fractional differential equa-
tions(FDEs) arise naturally in various fields such as rheology, fractals, chaotic dy-
namics, modelling and control theory, signal processing, bioengineering and biomed-
ical applications, etc. Detailed study on fractional differential equations can be seen
in, see [1},[2, B, 4, [16]. Theory of fractional hybrid differential equation has been ex-
tensively studied by many authors [5, [6l [7, 8 [0, 15]. Recently, U. N. Katugampola
[10] introduced generalized fractional derivative and it has been studied extensively
by some researchers [1T, 12}, T3] 14].

Consider the hybrid differential equation involving generalized fractional deriv-
ative of the form

pr: )(f(f(t()t))) = g(t,z(t)), teJ:=0,a,
x(t

Tty =0 = %0,

(1.1)

where ?Dg is Katugampola fractional derivative of order o and p > 0. Here
f:JxR— R|{0} and ¢g: J x R — R are given continuous function.
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The paper is organized as follows. In Section 2, we present notations and defi-
nition used throughout the paper. In Section 3, we discuss the existence result for
hybrid differential equation.

2. PRELIMINARY

In this section, we recall some definitions and results from fractional calculus.
The following observations are taken from [9] [I1]. Throughout this paper, let C(J)
a space of continuous functions from J into R with the norm

]l = sup {|z(t)] : t € J}.
Definition 2.1. The generalized left-sided fractional integral PI% f of order o is
defined by

11—

PT iy t P gP)e L gP~ L £(5)ds a
C12) 1) = s [ =t s, > a (21)

if the integral exists.
The generalized fractional derivative, corresponding to the generalized fractional
integral (2.1), is defined for 0 < a <'t, by
a—n—1 n 1
«@ 4 1— d n—a+1 _p—1
D t)= ——— [t7°— tP — s L d 2.2
DN 0= o (1705) [ s 22)

if the integral exists.

Lemma 2.1. A function x € C(J) is the solution of fractional initial value problem

[e% x(t —
{pp(t)(m) = g(t,x(t),t € J,
Ty =0 = o,

if and only if x satisfies the following Volterra integral equation

#(t) = £(t,2(0) <$0+F1 (=) splg<s,z<s>>ds>. (23)

(a p

Lemma 2.2. Let S be a non-empty, closed convexr and bounded subset of the Banach
algebra X let A: X — X and B : S — X be two operators such that

(1) A is Lipschitzian with a Lipschitz constant k,

(2) B is completely continuous,

(3) x=AzBy=x € S forally € S, and

(4) Mk <1, where M = ||B(S)|| = sup{||B(z)|| : x € S},

then the operators has a solution.

3. EXISTENCE RESULTS

We make the following hypotheses to prove our main results.
(H1) The function f:J x R — R| {0}, there exixts a constant L > 0, such that
|f (&, 2(t) = f(&y(@)] < Lz (t) — y(1)]),

for t € J and for all z,y € R.
(H2) There exists a function h : J — R, such that

lg(t, z(t))| < h(t), VteJ, z €R.
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(H3)

a”\* 1
> K — | =7 .1
r2 K (no+ (L) ctg bl (3.)
where |f(t,z)| < K, Vte J, z €R.

(v (5) tme) <2

Theorem 3.1. Assume that [H1]-[H3] are satisfied. Then, (1.1)) has solution on
J.

Proof. We define a subset S of X by
S={reX:|z||o<r}

where r satisfies inequality

IIEIE |J (i7l)| <— li'

Clearly S is closed, convex and bounded subset of the Banach space X. By Lemma

the initial value problem (|1.1))

t p_ gP a—1
z(t) = f(t 2(t)) (fCo + F(la) /o (t 5 ) sp_lg(s,x(s))ds> . (3.2)

Define two operators A : X — X by
Ax(t) = f(t, z(t)), (3.3)
and B:S — X by

tP — s”

Bx(t) = xo + F(la) /Ot < 5 >0‘1 sP7g(s, x(s))ds. (3.4)

Then x = AxBx. We shall show that the operators A and B satisfy all the condition
of Lemma We split the proof into a sequence of steps.
Step 1. The operator A is a Lipschitz on X.

[(Az(t) — Ay(t)] = | £ (&, 2(t) — f (£ y(®))]
< L(2(t) —y(0))|
<Llz-ylec,

which implies
[Az — Ay[| < L[z — yllc-

Step 2. The Operator B is completely continuous on S.
First, we show that B is continuous on S. Let {z,} be a sequence in S convergent
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to a point x € S. Then by Lebesgue dominated convergence theorem,

_ _ 1=\

i Bt = Jim (o0 s [ (555) otz
1 /t<tp—sp>“ .

—_— S lim g(s,2,(s))ds
T Jo \ 3 9 7 ()

—at s | t (’f‘p) g (s, 2(5))ds
— Ba(t).

:x0+

This shows that B is continuous on S. It is sufficient to show that B(S) is uniformly
bounded and equicontinuous set in X. First we note that

n / (tp . ) g als))ds
gxo+r(1a) / (tp;Sp) e g(s,a(s)] ds
oty [ (5] o

<z +<ap> ;th
= 0 p F(Oé+1) C»

|Ba(t)] =

forallt € J.
a’\ 1
B < — ) —— |h]|~ -
Bl <o+ (%) gt Wil

This shows that B is uniformly bounded on S.
Next, we show that B is an equicontinuous set in X. Let t1,t5 € J with t; < to
and z € S. Then we have

o) - ool < s e ((4) - (£)),

Obviously the right hand side of the above inequality tends to zero independently
of x € S as t; — to — 0. Therefore, it follows fom the Arzela-Ascoli theorem that
B is a completely continuous operator on S.

Step 3. Next we prove that (3) of Lemma [2.2}

x(t>|=‘f<t,m<t>> (”r;a) / (tpjp) i sﬂlg<s,x<s>>ds>‘

tr— P\ !
< |f(t =t (3?0 + (p) P! |9(87$(8))|d5>
1
I'(a
af

o (5 )
(o (5) )
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Thus, we obtain

a”\“ 1
<K — ) =— |k <.
lello < & (20+ (£) sty Wil ) <7

Step 4. Now, we show that Mk < 1, that is (4) of Lemma holds.
Thus we have

a”\ 1
M = 1B =sup |z s € Sy < w0+ (%) gy bl <7

a+1)

and k = L. Thus, all the conditions of Lemma [2.2] are satisfied and hence the
operator equation z = Az Bz has a solution in S. In consequence, the problem (|1.1))
has a solution on J. This complete the proof. (I

(1]
2]

(3]

(10]

(11]

(12]
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ABSTRACT. In this article, we deal with the soft separation axioms using soft
points on soft topological space and discuss the characterizations and proper-
ties of them. We extend these separation axioms to the soft product of soft
topological spaces. Also we provide correct examples for the wrong examples
example:1, example:2 and example:3 given in article [§].

For the vagueness and uncertinity of real life problems, there are several math-
ematical tools such as fuzzy sets, intuitionistic fuzzy sets, rough sets, vague sets
etc. There is one more mathematical tool named soft sets which was introduced
by Molodsov[12] in 1999. After that it was developed and used in decision mak-
ing problems by Maji et. al in [I0] and [II]. Aktas and Cagman [I] introduced
the applications of soft set theory in algebraic structures in 2007. Kharral and
Ahmad [9] introduced and discussed several properties of soft mappings. Shabir
and Naz [16] investigated soft seperation axioms defined for crisp points in 2011.
Hussain and Ahmad [7] investigate the properties of soft interior, soft closure and
soft boundary in 2011. Aygunoglu and Aygun [2] in 2012 generalize Alexander
subbase theorem and Tychonoff theorem to the soft topological spaces by defining
and using the product of soft topological spaces. Nazmul and Samanta [I3] studied
the neighbourhood properties of soft topological spaces in 2013. There are several
articles related to the properties of soft topological spaces and soft mappings on soft
topological spaces. Some of them are [], [6], [14], [17], [T9] [20], [2I]. Four differ-
ent types of sepereation axioms were defined and discussed in [5], [§], [L6] and [I8].
Singh and Noorie [I7] derives the relation among these four types of T;, i = 1,2, 3,4
spaces in 2017.

In the second section of this article, we give some basic definitions and prelimi-
naries of soft topological spaces.

In the third section of this article, we deal with the soft separation axioms using
soft points and discuss about the characterizations and properties of them. In fact
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these separation axioms are stronger than other separation axioms. We extend
these separation axioms to the product of soft topological spaces. Also we provide
correct examples for the wrong examples Example:1, Example:2 and Example:3
given in article [§]

Throughout this paper, X is the universe set, E is a set of parameters and P(X)
is the set of all subsets of X.

1. PRELIMINARIES

Definition 1.1. [I2] A mapping F': E — P(X) is called a soft set and is denoted
by (F, E). The family of all soft sets over X is denoted as SS(X, FE)

Definition 1.2. [12] Let (F, E) and (G, E) be two soft sets over X. Then (F, E)
is a soft subset of (G, E) written as (F, E) C(G, E),if F(e) C G(e), foralle € E.
Also the soft sets (F, E) and (G, E) are equal written as (F, E)=(G, E), if
(F, E)YC(G, E) and (G, E)C(F, E).

Definition 1.3. [12] Let {(F;, E) : i € I}CSS(X, E), where I is an arbitrary
index set. Then
(1) the soft union of {(F;, E) : i € I} is the soft set (F, E), where F' is the
mapping defined as F(e) = U{F;(e) : i € I}, for every e € F and is denoted
as (F, E) =U{(F;, E):ie1I}.
(2) the soft intersection of {(F;, E) : i € I} is the soft set (F, E), where F
is the mapping defined as F'(e) = N{F;(e) : ¢ € I}, for every e € E and is
denoted as (F, E) =N{(F;, E):i€ I}

Definition 1.4. [2I] Let (F, E) be a soft set over X. Then the soft relative
complement F¢ of (F, E) is the mapping from E to P(X) defined by F¢(e) =
X — F(e) for every e € E and is denoted as (F, E)¢ or (F°, E).

Definition 1.5. [I2] Let (F, E) be a soft set over X. Then

(1) (F, E) is called as null soft set, if F'(e) = ¢, for every e € E. We simply
write it as q~5

(2) (F, E) is called as absolute soft set, if Fi(e) = X, for every e € E. We
simply write it as X.

Definition 1.6. ([16], [21]) Let 7 C SS(X, E). Then 7 is a soft topology on X if
it satifies the following three conditions

(1) ¢, X e .

(2) The soft union of any number of soft sets in 7 is in 7.

(3) The soft intersection of finite number of soft sets in 7 is in 7.

This soft topological space over X is written as (X, 7, E) and the members of 7
are called as soft open sets in X. Also the soft complement of soft open sets are
called soft closed sets.

Definition 1.7. [2I] The soft set (F, E) over X is called as a soft point in X,

af / —
denoted by z., if F(¢/) = {igx} ?f e’ € ; {e}
if e —€
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Definition 1.8. [2] Let (X, 7, E) be a soft topological space. A subcollection B
of 7 is said to be a base for 7 if every member of 7 can be expressed as a union of
members of 7.

Definition 1.9. [2] Let (X, 7, E) be a soft topological space. A subcollection S
of 7 is said to be a subbase for 7 if the family of all finite intersetions of members
of § forms a base for 7.

Definition 1.10. [2I] A soft set (G, E) in a soft topological space (X, 7, E) is
known as a soft neighbourhood of a soft set (F, E) if there exists a soft open set
(H, E) such that (F, E)C(H, E)C(G, E).

Definition 1.11. [16]

Let (F, E) be a soft set in a soft topological space (X, 7, E). Then the soft
closure of (F, F) is denoted as CI(F, E) and defined as CI(F, E) = N{(G, FE) :
(G, E)érc and (G, E)D(F, E)}.

Definition 1.12. [I6] Let Y be a nonempty soft subset of a soft topological space
(X, 7, E). Then 7v = {(F, E)NEy : (F, E)Er} is called a soft relative topology
onY and (Y, 7y, E) is called a soft subspace of (X, 7, E), where Ey : E — P(Y)
such that Ey(e) =Y, for every e € E.

Proposition 1.1. [I6] Let (Y, v, E) be a soft subspace of a soft topological space
(X, 7, E) and (F,A) be a soft set over Y. Then (F,A) is a soft open set in'Y if
and only if (F, E) = (G, E)NEy, for some (G, E)ET.

Theorem 1.2. [21] A soft set (F, E) is soft open set if and only if (G, E) is a soft
neighbourhood of a soft set (F, E), for each soft set (F, E) contained in (G, E).

Proposition 1.3. [16] Let (X, 7, E) be a soft topological space over X. Then the
collection 1. = {F(e) : (F, E)Et} defines a topology on X.

Proposition 1.4. [16] Let (X, 7, E) be a soft topological space over X andY C X.
Then (Y, 7v,) is a subspace of (X, 7).

Definition 1.13. [3] Let (F, E1)€ SS(X1, E1) and (G, E3) €5SS(Xa, Ez). Then
the cartesian product (F, Ei) x (G, Ej) is defined by (F' X G)(g, xg,), where
(F X G)(EleQ)(eli, €2j) = F(eli) X G(egj), V(€1i762j) S E1 X EQ.

Definition 1.14. [2] The soft mappings (p,):, ¢ € {1, 2} is called soft projection
mappings from X; x Xy to X; defined by (pq):((F, E)1 x (F, E)2) = (pq)i((F1 X
) (B xBy)) = pilF1 X F2)q,(Byxmy) = (F,E);, where (F, E) € SS(X1, E1),
(F, E)Q S SS(XQ, Eg) and pi - X1 X X2 — X,L', q; : E1 X E2 — Ei are pI‘OjCCtiOIl
mappings in classical meaning.

Definition 1.15. [2] Let {(¢y): : S(X, E) = (Y, 7i)}iea be a family of soft
mappings where {(Y;, 7;)}ica be a family of soft topological spaces. Then the
topology T generated from the subbase {(¢y); '((F,E)) : (F,E) € 7, i € A} is
called the initial soft topology induced by the family of soft mappings {(¢y):}ica.

Definition 1.16. [2] Let {(X;, 7;) }iea be a family of soft topological spaces. Then

the initial soft topology on X (= [] X;) generated by the family {(pq); }ica is called
i€A

soft product topology on X, where (p,); are the soft projection mapping from X

to Xl
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Theorem 1.5. [9] Let X and Y be crisp sets, Fa, (Fa); € SS(X, E) and
Gp, (Gp)i € SS(Y, K), wherei € A, an index set. Then

If (Fa)1S(Fa)2, then @y ((Fa)1)S®y((Fa)2).

If (G (G2, then D ((Gp)1)CP, (GB)2)-

(FA)§®;1(¢¢(FA)), the equality holds if @ is injective.
@w(@;(FA))é( 'a), the equality holds if ®y is surjective.

Py )i) = U Pu((Fa)s)-
)

M
>

—
—~

,_.
S
b<

U (Fa
[ISVAN B S
N (Fa)i SHIN Dy ((Fa)i)-
0,(GB)) = 0, 251 (C)).
(Gp)i) = 0 o, ((Gp)i).
) = Ex and @' (¢y) = ¢x.
Ex) = Ey if ®y is surjective.
(/j)a:) = Py.
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2. SOFT SEPARATION AXIOMS AND PRODUCT SOFT TOPOLOGICAL SPACES

Definition 2.1. [§] A soft topological space (X, 7, F) is said to be a soft T -space
if for every pair of soft points z,, Y., such that x., # y.,, there exists (F, E) € 7

such that z, €(F, E), Ye, &(F, E) or there exists (G, E) € 7 such that y.,&(G, E),
e, (G, E).

Definition 2.2. [§] A soft topological space (X, 7, E) is said to be a soft T} -space
if every pair of soft points x.,, Ye,, such that z., # y., there exist (F, E),(G,E) € T
such that z., €(F, E), ye,¢(F, E) and z.,¢(G, E), ye,€(G, E) .

Example 2.1. FEzample for Ty-space.
Let X = {x7y}7 E = {61,62} and T {¢7 (F17 ) (F27E)a(F37E)7 (F4aE)}

where

{z} ife=e o) = {z} ife=¢e
file) = {y} ife:eg’FQ() {{x} ife=ey’
F3<e>:{§gf} ;§§=2,F4<e>:{j;} e

For the soft points xe,, ye, , there is a soft open set (Fy, E) € T with x., €(Fy, E)
and ye, &(Fy, E). For the soft points e, , Ye,, there is a (Fy, E) € T with x.,¢(Fy, E)
and ye,€ (F1,E). For the soft points Te,, Ye,, there is a (F3, E) € T with z., €
(Fy, E) and yezé(Fg,E). For the soft points xe,, Ye,, there is a (Fo, E) € T with
Le,E(Fy, E) and ye,¢(Fy, E). For the soft points e, , .,, there is a (Fy,E) € 7
with ., E(F1, E) and a:ezé(Fl, E). For the soft points Ye, , Ye,, there is a (F1,E) € T
with ye, & (F1, E) and ye,E(Fy, E). Thus (X, 7, E) is a soft Ty-space.

Example 2.2. Let X = Z, the set of all integers and E = N, the set of all
natural numbers. Define a soft topology on X as T = {(F,E)° : F(e;) is finite
for each e; € E}U{¢}.

(1) Clearly ¢ € T and X € 7.
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(2) If (Fa, E) € T for some a € A, where A is some index set, then FS(e;) is
finite for each e; € E. Now NFS(e;) = (UF,(e;)) is finite for each e; € E.
So that U(Fy, E) € T.
(3) If (F1,E),(F3, E) € 7, Ff(e;) and F5(e;) are finite for each e; € E. Now
Ff(ei)UFs(ei) = (Fi(ei) NFa(e;)) = (F1NFy)(e)® = (F1NF2)°(ei) is
finite for each e; € E. So that (F1, E)N(Fs, E) € 7.
Thus (X, T, E) is a soft topological space. For any two distinct soft points ., and
Ye;» xe, and yc  are soft open sets such that xe, € y¢ , Ye, ¢ Ye, and xe, ¢ xg,
Ye; € x¢,. Thus (X, 7, E) is a soft T1 space.

Theorem 2.1. Every soft T1-space is a soft Ty-space.
Proof. Proof is straight forward O

Theorem 2.2. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Ty space if and only if for any two distinct soft points x., and ye,, there is soft

closed set (H, E) such that x.,€(H, E), ye,¢(H, E) or there is soft closed set

(K, E) such that z.,¢(K, E), y,€(K, E).

Proof. Let us consider two distinct soft points x., and y.,. Since (X, 7, E) is a

soft Ty space, there is soft open set (F, E) such that z., € (F, E), y.,& (F, E) or

there is soft open set (G, E) such that z.,¢ (G, E), y.,€ (G, E). Let (H, E)
(G°, E) and (K, E) = (F°¢, E). Then (H, E) is a soft closed set such that z.,
(H, E), yejgé (H, E) or (K, E) is a soft closed set such that z.,¢ (K, E), Ye,
(K, E).

Conversely, for any two distinct soft points z., and y.,, there is a soft closed set
(H, E) such that z.,€ (H, E), yejé (H, E) or there is soft closed set (K, E) such
that z.,¢ (K, E), Ye,€ (K, E). Then (H®, E) is a soft open set such that T &
(H®, E), y,€ (H®, E) or (K¢, E) is a soft open set such that z., € (K¢, E), yejé
(K€, E). This proves that (X, 7, E) is a soft Ty space. O

me me ||

Example:1 given in the artice []] for soft T space which is not a soft T space is
wrong. Because it is not a soft Ty space too.

Example 2.3. [8] X = {21,252}, A = {e1,e2} and 7 = {¢, X, (F, A)} where

F(e) = {an} z.fe T This (X, 7, A) is verified as soft Ty space in [§].
{z2} ife=ey

¢ if e = e {z1} ife=ey
then there is no soft open set (F, A) in (X, 7, A) such that epE(F, A) and eg¢(F, A).
Thus (X, 7, A) is not a soft Ty space.

consider two soft points ep = {{b} e=e and eqg = {¢ ife=e

The following example will be a correct example for example:1 of [8]. It also
shows that the converse of above theorem is not true in general.

Example 2.4. Ezample for a soft To-space which is not a soft Ty -space.
Let X = {$7y}; E = {61762} and T = {(ba X7 (F17E)u (F27E)7 (F37E)7 (F47E)7
(F5, E)} where

e) = {z} ife=e ¢) = {z} ife=¢e o) — ¢ ife=el
Fl()_{{y} ife:eQ;Fz() {¢ if€:62}F3() {{x} ife=-ey’
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Fife) = {{x} Teme po= {{x} e

{z} ife=ey X ife=es
For the soft points Te,, Ye,, there is a (Fo, E) € T with z., € (Fy, E) and y., ¢
(Fy, E). For the soft points Te,, Ye,, there is a (F3,E) € 7 with z.,€ (F3, F) and
Ye, & (Fs, E). For the soft points e, , Ye,, there is a (Fy, E) € T with £, & (Fy, E)
and ye,¢ (Fs, E). For the soft points e,, ye,, there is a (F3, E) € T with x,&

(F5,E) and ye, ¢ (Fs, E). For the soft points x.,, T.,, there is a (F», E) € T with
Te, € (F3, E) and x62§~é (Fy, E). For the soft points ye,, Ye,, there is a (F1,E) €
T with ye,& (F1, E) and ye,¢ (Fy,E). Thus (X,7,E) is a soft Ty-space. But for
the pair of soft points Ye,, Ye,, we dont have (K, E) € T such that y., € (K, E) and

Ye,@ (K,E). Thus (X, 7, E) is not a soft Ty -space.

Theorem 2.3. (1) A subspace of a soft Ty-space is a soft Ty-space.
(2) A subspace of a soft Ty-space is a soft Ty-space

Proof. (1) Let (X, 7, E) be a soft Ty-space and (Y, 7y, E) be a soft subspace.
Let ., ye, be two soft points in SS(Y, E). Then z.,, y.,€ SS(X, E).
Since (X, 7, F) is a soft Ty space, there is a soft open set (F, E) in (X, 7, F)

such that z.,€ (F, E), y.,¢ (F, E) or there is a soft open set (G, E) in
(X, 7, E) such that y.,& (G, E), z.,¢ (G, E). Then (F, E) AEy is a
soft open set in (Y, 7y, E) such that z.,€ (F, F)NEy yejé (F, EYNEy
or (G, E)NEy is a soft open set in (Y, 7y, E) such that y, € (G, E)NEy,
ze.d (G, E)ABEy. Thus (Y, 7, E) is a soft Ty-space
(2) Proof is similar to (1)
(I

Theorem 2.4. Let (X, 7, E) be a soft topological space. Then (X, 1, E) is a soft
Ty space if and only if for any soft points xe, and y.;, there exist two soft closed

sets (H, E) and (K, E) such that x.,€ (H, E), ye,;¢ (H, E), ye,€ (K, E) and
ze, ¢ (K, E).

Proof. Proof is similar to the theorem O

The following example shows that the product of soft Ty-spaces need not be a
soft Tp-space

Definition 2.3. Let {(X;, 7;, E;) : i € I} be a family of soft topological spaces
and ([[X;, [[7, [ E:) be their product soft toplogical space. Then a soft point
in ([ Xs, 17, []E:) is denoted as xo, where x =< @; >icr, ; € X; and e =<
€; >icl, € € E;.

Example 2.5. Let Xl = {ﬂfhyl}, El = {611,612} and T = {QE,Xl, (Fl,El),
(F2, En), (F3, Bv), (Fu, Er), (Fs, B1), (Fe, Er), (F7,EB1)}. Xo = {x2,y2}, B2 =
{6217622} and T2 = {d)a X27 (GlyEZ)a (G27E2)7 (G33E2)a (G4,E2), (G57E2)7 (G67E2)a
(G7, E2)} where

Fi(e) = {1} ife=en Gi(e) = {z2} ife=ey Fa(e) = 10} Z:fezeu,
{z1}  dife=en

G2(6)2{¢ Z'f€=€21;F3(e):{{$1} ife =e1 Gg(e):{{xQ} ife=ea

{IQ} zfe = €929

¢ Z‘f€:€12, 0] if6:€22’

{1‘1} if€:6127

{IQ} zfe = €929

)



SOFT SEPARATION AXIOMS AND SOFT PRODUCT OF SOFT TOPOLOGICAL SPACES 67

{1101} Z‘]062612; B {yz} Z'f€=€227 @ Z‘f€=€127

_ )¢ if e = ea ) Xh dfe=en ]9 if e =ea
Gale) = {{92} ife=ez’ Fole) = {¢ ife=e1p’ Cole) = {Xz if e =egn’

Frle) = {Xl if e = e Grle) = {{332} if e = e

{,Il} ife: 612’ X2 ife:ezg'

For the soft points x1,, , 11

(1, E1) and y1, |
(F1,Eq) € 11 with :z:lmé (F1, Ev) and y1, & (F1, Er). F?r the soft points x1, _,

Yi.,,, there is (Fp, Ey) € 7y with x1, (€ (F, E1) and y1, & (Fa, E1). For the soft
points r1, , y1,,,, there is (Fy, E1) € 11 with xlmé (F», E1) and ylemé_f (F», Ey).
For the soft points 1 T, there is a soft open set (Fy, E1) € 11 with xlmé
(F1,Ey) and xlmé (F1, E1). For the soft points y1, , y1,,,, there is a soft open
set (F5, Ey) € 7 with y1, € (F5,E1) and y1, ¢ (F5, Ev). Thus (X1,71,E1) is a
soft Ty-space.

For the soft points x2_, , ya.,
(G, E3) and ygezlé (G1, E2). For the soft points xa,, , ya,,,, there is a soft open
set (G1,Ea) € 12 with xo,, € (G1,E2) and ys,, & (G1, Ez). For the soft points
T2, s Ya.,, s there is a soft open set (G, Ea) € T with xo, € (G2, E2) and ya,, ¢
(Ga, Es). For the soft points T2, Y2.,,, there is a soft open set (Ga, E3) € 19 with
x2e22é (G2, E3) and ygmé (Ga, Es). For the soft points T2, s T2,,,;
soft open set (G, Es) € 19 with T2, € (G1, Es) and xzmé (G1, E3). For the soft
points ya,, , Y2, , there is a soft open set (G4, E2) € T2 with ya,, ¢ (Ga, F2) and
ygmé (G4, E3). Thus (X2, 72, Es) is a soft Ty-space.

Now Ey x Ey = {(e11, e21), (€11, €22), (e12, €21), (€12 €22)} and 71 X 75 = {¢~5,
X1 X Xo, (F1 XG1, By X Ey), (F1 XxGa, E1 X Ey), (F1 X Gs, E1 x Eg), (F1 x G4, Ey X
Es), (F1 XG5, E1 X Ey), (F1 xGg, E1 X E3), (F1 X G7, E1 X E3), (Fo X G1, Eq1 x Es),

Fye) = {{yl} ife=en Gale) {{m} if e = e Fy(e) = {{m} if e =en

., » there is a soft open set (Fy, Ev) € 11 with xy, €

¢ (I, E1). For the soft points x1, , Y1, ,, there is a soft open set

e11’?

there is a soft open set (G1, Ea) € T3 with xo,_ €

€21

there is a

(F2 X GQ,El X EQ), (F2 X Gg,El X E2)7 (FQ X G4,E1 X Eg), (FQ X G57E1 X Eg),
(F2 X GGaEl X Eg), (FQ X G77E1 X Eg), (Fg X G17E1 X EQ), (F3 X GQ,El X EQ),
(F3 X Gg,El X EQ), (F3 X G4,E1 X Eg), (Fg X G5,E1 X Eg), (F3 X G6,E1 X EQ),
(Fg X G7,E1 X Eg), (F4 X G17E1 X EQ), (F4 X GQ,El X Eg), (F4 X G37E1 X EQ),
(F4 X G4,E1 X EQ), (F4 X G5,E1 X EQ), (F4 X Gﬁ,El X EQ), (F4 X G7,E1 X EQ),
(F5 X Gl,El X EQ), (F5 X GQ,El X EQ), (F5 X G3,E1 X EQ), (F5 X G47E1 X _EQ)7
(F5 X Gs,El X Eg), (F5 X G67E1 X Eg), (Fs X G7,E1 X EQ), (FG X G17E1 X Eg),
(F6 X GQ,El X EQ), (F6 X G3,E1 X Eg), (F6 X G4,E1 X Eg), (FG X G5,E1 X EQ),
(F6 X Gﬁ,El X Eg), (FG X G77E1 X EQ), (F7 X Gl,El X Eg), (F7 X G27E1 X EQ),
(F7 X G3,E1 X EQ), (F7 X G4,E1 X EQ), (F7 X G5,E1 X EQ), (F7 X GG,El X EQ),
(F7 X G7,E1 X EQ)}
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Suppose if the soft product of (X1, 71, E1) and (X2, 12, E2) is a soft Ty space, then
{(z1, y2)}  ife= (e, ean)

for any two distinct soft points (1, Y2)(ey,, ear) = ¢ z.fe = (e11, e2)
¢ if e = (6127 621)
¢ if e = (612, 622)
{ty1, y2)}  ife=(en1, ex
and (Y1, Y2)(enr, 1) = ¢ z'fe = (eu, 622), there is a soft open set
o if e = (612, 621)
¢ if e = (612, 622)

(Frn X G, By X E3) in 71 X T such that (21, ¥2)(e,y, esr) € (Fin X Gn, E1 X E3)
and (Y1, Y2)(e11, es1) é (Fry X Gy, By X Es), for some m,n € {1,2,3...,7}. Now
(pq)Q((xl’ 92)(811, 621)) € (pq)Q((FmXG7HE1 XE2))' That is p2(x1’ y?)q2(611, €21) €
P2(Fin X Gn) gy (B, x B5)- This implies ya, €(Gp, Es), for somem,n € {1,2,3...,7}.
Since (pq)2 is a soft projection mapping and (Fy, X Gy, E1 x E3) is a soft open set
in X1 X X, (Gn, Es) is a soft open set in (Xa, T2, Eo) containing Y., - But there is
no soft open set (G, Ea) in (Xa, T2, E2) containing y2,, , for anyn € {1,2,3...,7}
and hence (X1 X Xo, 71 X 19, E1 X E3) is not a soft Ty space.
Definition 2.4. Let (X, 7, E) be a soft topological space and A = {z,, : x., is a
soft points of (X, 7, E)}.
(1) If the number of elements of the set A is finite, then (X, 7, E) is called a
finite soft topological space.
(2) If the number of elements of the set A is countable, then (X, 7, E) is called
a countable soft topological space.
Theorem 2.5. If (X, 7, E) is a finite soft Ty space, then (X, 7, E) is a soft
discrete space.
Proof. Let z., be a soft point, z € X and e; € E. (X, 7, E) is a soft T} space,
for any soft point y., # w.,, there is a soft open set (F,,, E) such that x. €

(Fy;, E) and ye, & (Fy,, E). Since (X, 7, E) is a finite soft topological space,

- . if e = e;

N (Fy,, E)is a soft open set such that N (Fy,, E) = {z} 1 cTa
Ye; #Te; Ye; #Te; 10) ife#e;
Thus ., is soft open and hence (X, 7, E) is a soft discrete space. O

Definition 2.5. Let (X, 7, E) be a soft topological space. Then the soft set
(F, E) is called a soft Gy set if it is a countable intersection of soft open sets.

Theorem 2.6. If (X, 7, E) is a countable soft Ty space and if every soft Gs set
is soft open in (X, 7, E), then (X, 7, E) is a soft discrete space.

Proof. Let x., be a soft point. Since (X, 7, E) is a soft T} space, for any soft
point y., # x,, there is a soft open set (Fy,, E) such that z. € (F,,, E) and
Ye, é(ij, E). Since every soft Gy set is soft open and (X, 7, F) is a countable soft
topological space, N (F,,, E) is a soft open set such that 0 (F,,, E) =

ve, #ae, ve, #ae,
{{x} ife=e;

o ife#e;
space. (I

i

Thus z., is soft open and hence (X, 7, E) is a soft discrete
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Theorem 2.7. Product of soft T1-spaces is a soft Ty -space

Proof. Let {(X;, 7, E;) : i € I} be a family of soft topological spaces and
(IT X:, 17, [ E:) be their product soft toplogical space. Suppose xe and y¢ be
two distinct soft points, where x =< x; >ic;, ¥ =< y; >ier T3,y € X; and
e =< e; >ier, £ =< fi >ic1,€i, fi € E;. Then there exists atleast one 8 € I such
that g # ys or there exist e;,, e;,, € E; such that e;, # e;,,.

Case: 1

Ifzg # yg, (Pg)s(xe) = (Pg,, ) (Xe) = Ps(X)gs(e) = 5., and (pg)s (yve) = (pg,, ) (¥e)
Ps(¥)gs(r) = Yp;,- Since Xp is a soft Ty space, there exist soft open sets (Fs,Ep)

and (Gg, Ep) such that g, €(F, Ep), yﬂfﬁé(Fg,EB) and yg, €(Gp, Ep), g,
¢(Gg, Eg). Then the soft subbasm members (pg) 5 Y(Fj, Eg) and (Pg)s (Gg, Eg) are
the soft open sets containing x. and yy respectively. Suppose if y¢& (pq) 5 YF, 5, Eg),
then pg(¥)gs(r) = (Pq)s(ye)€ (pg)s((p )_I(F,&Eﬂ)) That is ys, € (Fg, E) which
is a contradiction. Similarly we can prove xegé(pq) (Gg, E). Thus (pq)g1 (Fp,Eg)
and (p‘J)b’ (Gg, Eg) are the soft open sets such that xe €(p )ﬁ (Fs,Eg), y¢ é(pq)gl
(Fp, Ep) and y €(py);" (G, Ep), Xe #(pa)5" (G, Bp)-

Case: 2
If e;, # e, there are soft open sets (Fy,, E;) and (£5,,, E;) in (X;, 7, E;) such

(27%} Tm )

that @, E(Fi,, Ei), @e,,, (= ye,, )¢ (Fi,, Ei) and z,, E(F;,, Ey), ve, &(F,,, Ey).

tm Tm )

Then (pq) Y (F,,E;) and (py);* (Fi,,FE;) are soft open sets such that Xe €

(27%} Tm )

(Pq); (sz,E) and y¢€ (pg); *(Fy, , E;). We can prove yg ¢(pq) Y(F;,, E;) and

tm>

Xe ¢(pq) (F;, , E;) as we proved in case:1. This completes the proof. O

Tm )

Theorem 2.8. Let (X, T, F) be a soft topological space. Then the following are
equivalent.

(1) (X, 7, E) is a soft T1-space

(2) z., =N{(G,FE): (G,E) € T and z.,€(G,E)}

(3) ze, =N{(F,E): (F,E) € 7° and x.,€(F, F)}

Proof. (i) = (). Clearly z.,C ﬂ{(G E): (G,E) € 7 and z.,€(G, E)}. Suppose if
Ye,EN{(G,E) : (G,E) € 7 and z.,€(G, E)} such that z., # y.,. Then z # y or
e; # e;. In either cases, by our assumption, there is a soft open set (G, E) such
that z.,€(G, E) and yejé(G,E).So yejéﬁ{(G,E) : (G,E)ér and x.,€(G, E)}.
Thus z., = {(G,E): (G,E) € 7 and z.,€(G,E)}.

(i1) = (iéi). Clearly z.,C N{(F,E) : (F,E) € 7° and z.,E(F, E)}. Let y.,EN{(F, E)
:(F,E) € 7¢ and x.,€(F, E)} such that ., # ye,. By (ii), there exists (G, E) € T
such that y., €(G, E) and 2.,¢(G, E). Now (G,E)° € 7° and ;z/ej;if(G’,E)c and
T, €(G, F)¢ and hence yejé N{(F,E): (F,E) € 7° and x.,€(F, E)}. Thus z., =N
{(F,E): (F,E) € 7¢ and z.,€ (F, E)}.

(iii) = (i). Let x., and y., be two distinct soft points. Then by (iii), z., #
Ye, = {(F.E) : (F,E) € 7° and y.,€(F,E)}. There is some soft closed set
(F1, E) such that y. €(Fy, E) and Ze,@(Fy, E). Then (Fy, E)° is a soft open set
such that z.,€(Fy, E)¢ and yejé(Fl,E)c. Similarly, from ye, # z., = N{(F,E) :
(F,E) € 7¢ and y.,€(F, E)}, we can find another soft open set (F5, E)° such that
T, &(Fy, E)¢ and Ye, €(Fo, E)¢. This proves that (X, 7, E) is a soft 7 -space. O
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Remark. (1) From (i) of theorem it is clear that each soft point x., is
a soft closed set in a soft Ty space.

(2) Let T;= Number of elements in F(e;),i € I an indexed set of E. If T =
> i1 Ti is finite, then the soft set (F,E) can be written as a finite union
of soft points. Each soft point is a soft closed set, we have (F, E) is a soft
closed set.

(3) If T =3 ,c; Ti is infinite, (F, E) need not be a closed set. Following exam-
ple shows this.

Example 2.6. Let X be an infinite set and E = N. Let 7 = {(F,E)¢ : {e; :
Fle;) # ¢} is finite} U {@}.
(1) Clearly ¢ € T and X € 7.
(2) If (Fu,, E) € 7,04 € I, for some index set I, then {e; : F5 (e;) # ¢} is
a finite set. Now {e; : (UFy,)(ej) # ¢} = {e; : NFS (e5) # ¢} C {ej -
F§ (ej) # &}, for all ap € I. Since {e; : Fg, (e;) # ¢} is a finite set,
{ej : (UF,,)%(ej) # ¢} is a finite set and hence U(F,,,E) € 7.
(3) If (Fu,,E) and (Fu,,E) € 7, then {e; : FS (e;) # ¢} and {e; : FS, (e5) #
@} are finite sets. Now {e; : (FS, L:JF(§2)(ej) # ¢} ={ej: (Fo, NFyn,) (e5) #
@} is a finite set. Thus (Fy,, E)N (Fa,,FE) €T
Thus (X, T, E) is a soft topological space. Let us take two distinct soft points x.,
and ye,. Then either x # y or e; # e;. In either cases xg, and Ye, are two soft open
sets such that x.,€ ygj,yejgé ye, and xeiéx;, Ye,€ x5, This proves that (X, 7, E)
is a soft Ty space.
{z} ife; iseven

: ) . Define
10) if e; is odd

Let us consider a soft set (G, E) such that G(e;) = {

1  ife;is even
0 ife; is odd
Since {e; : G(e;) # ¢} is not a finite set, (G, E) is not a soft closed set.

Definition 2.6. [§] A soft topological space (X, 7, E) is said to be a soft T -space
if for every pair of soft points x., and y.; such that z., # y., there exist soft open
sets (F, E) and (G, E) such that z.,&(F, E), y.,&(G, E) and (F, E)\(G, E) = ¢.

Example:2 given in the artice [8] for soft T7 and soft T5 space is wrong. Because
it is neither soft 717 nor soft T3 space.

Example 2.7. [8] X = {z1,22}, A = {e1,e2} and 7 = {957
(F5,A),(Fu,A)} where

X
_ f{z} ife=e FQ(B)_{{xl} ife=e Fg(e)_{{xl} ife=e

T(e;) = T = > T(e;) = o0, because 2N is an infinite set.

 (F1, A), (Fy, A),

Fi(e) = (21} fe—es {22} ife=es é if e = eq
)X ife=e;
F4(6) - {-731} if€:€2

This (X, 1, A) is verified as soft Ty and soft Ty spaces in [§].

{z1} Z:f€:€1 and e = ¢ Z:f€:€1’
¢ if e = ez {z2} ife=e
then there is no soft open set (F;, A), i € {1,2,3,4} in (X, 7, A) such that egE(F;, A)
and ep¢(F;, A). Thus (X, T,A) is not a soft Ty space.

consider two soft points ep =
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Similarly, there is no two soft open sets (F;, A) (F;,A), i,j € {1,2,3,4}, i # j in
(X, 7, A) such that ep€(F;, A), eg€(F;, A) and (F;, A)N(Fj, A) = ¢ Thus (X, T, A)
is mot a soft Ty space too.

Next the example:3 given in article [§] is wrong.

Example 2.8. [8] X = {z1,22}, A = {e1,e2} and 1 = {(ZS,X, (F1,A), (F2, A), (F3,A)}

where

Fl(e)—{{a?l} ife=e1 Fg(e)—{¢ ife=e F3(6)_{{x1} ife=e;

) ife=ey’ {z2} ife=e {z2} ife=e

This (X, 1, A) is verified as soft Ty and soft Ty spaces in [g].
consider two soft points ep = {2} z.fe A and eq = 4 z.fe - 61,
1) if e = e {1} ife=eo

then there is no soft open set (F;, A), i€ {1,2,3} in (X, T, A) such that ep€(F;, A)
and eg¢(Fi, A). Thus (X, 7, A) is not a soft Ty space. Also there is no soft open
set (Fy, A), i € {1,2,3} in (X, 7, A) such that ep¢(F;, A) and egE(F;, A). Hence
(X, 7,A) is not a soft Ty space too.

Correct example for soft T spae which is not a soft T, space is given below.

Example 2.9. Consider a soft topological space (X, 7, E) discussed in Example:
[2:6. It is a soft Ty space.

Let ze, and y., be two distinct soft points. Then either x # y or e; # ej.
Assume that there exists two soft open sets (F, E) and (G, E) such that z.,E(F, E)
and y.,€(G, E). Since (F,E) and (G, E) are soft open sets, {e; : F°(e;) # ¢} and
{e; : G°(ej) # ¢} are finite sets. Now E — {e; : (F(e;) N G(e;))¢ # ¢} # ¢. For
any e, € E—{ej : (F(e;) NG(ej))® # ¢}, F(ex) = ¢ and G°(ex) = ¢. That is
F(ex)NG(ex) = X and hence (F, E)N(G, E) # ¢. This proves that (X, T, E) is not
a soft Ty space.

Theorem 2.9. Fvery soft Ty space is a soft Ty space
Proof. Proof is straight forward. [
Theorem 2.10. Soft subspace of soft To-space is a soft Ts-space.

Proof. Let (X, 7,FE) be a soft Ty-space and (Y, 7y, E) be a soft subspace. Let
Te,, Ye; be two soft points in (Y, 7, E). Then x.,, y.,€55(X, E). Since (X, 7, E)
is a soft T, space, there exist two soft open sets (F, E) and (G, E) in (X, 7, E)
such that z.,E(F, E), y,€ (G, E) and (F, E)\(G, E) = ¢. Now (F, E)AEy and
(G, E)NEy are soft open sets in (Y, 7y, E) such that z.,€(F, E)NEy, y.,€(G, E)
AEy and ((F, E)NEy)N((G, E)A\Ey)C (F, E)A(G, E) = ¢. Thus (Y, 7y, E) is a
soft Ty space. O
Lemma 2.11. Let (X, 7, E) be a finite soft T space. Then (X, 7, E) is a soft
discrete space.

Proof. Proof follows from theorem{2.9] and theorem{2.5] O

Lemma 2.12. If (X, 7, E) is a countable soft Ta space and if every soft Gy set is
soft open in (X, 7, E), then (X, 7, E) is a soft discrete space.

Proof. Proof follows from theorem{2.9] and theorem{2.6] O
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Theorem 2.13. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Tz space if and only if for any soft points x., and ye,, there exist two soft closed
neighbourhoods (H, E) and (K, E) containing disjoint soft open sets containing
Te, and ye, respectively such that (H, E)J(K, E) = X.

Proof. Since (X, 7, E) is a soft Ty space, for any two distinct soft points z,
and y.,, there exist two soft open sets (F, E) and (G, E) such that z.,€(F, E)
and y., €(G, E) such that (F, E)N(G, E) = ¢. Now z.,E(G¢, E), Ye,€(F°, E)
and (F°¢, E)J(G°, E) = X. Note that (F, E)C(G¢, E) and (G, E)C(F¢, E).
Let (F°¢, E) = (K, E) and (G°, E) = (H, E). Then we have two soft closed
neighbourhoods (H, E) and (K, F) containing disjoint soft open sets (F, E) and
(G, E) respectively, such that z.,&(F, E), y,&(G,E) (H, E)J(K, E) = X.
Conversely let z., and y., be two distinct soft points. Then there exist two
soft closed neighbourhoods (H, E) and (K, E) and two soft open sets (L, E)
containing z., and (M, E) containing y., such that (L, E)C(H, E), (M, E)C(K, E),
(L, EYA(M,E) = ¢ and (H, E)J(K, E) = X. This proves that (X, 7, E) is a soft
T5 space O

Theorem 2.14. Product of soft Tx-spaces is a soft To-space

Proof. Let {(X;, 75, E;) :i € I} be the collection of soft topoloogical spaces and
(IT X:, I17i, I1F:) be their product soft toplogical space. Suppose xe and y¢ be
two distinct soft points, where x =< x; >icr, ¥ =< ¥; >icr Ti,yi € X; and
e =< e >icr, £ =< fi >icr,€i, fi € F;. Then there exists atleast one 8 € I such
that g # ys or there exist e;,, e;, € E; such that e;, #e;,,.
Case: 1
£ 25 # ys, (Pe)s (Xe) = (b3y,) (%e) = Pp(X)as(ey = 75, and (pg)s (v2) = (b3,
(ye) = ps(¥)ase) = Yay, - Since Xg is a soft 15 space, there are disjoint soft open
sets (F, Eg) and (Gg, Eg) such that g, , c (Fﬁ,Eg) and Yss, €(Gp, Eg). Then
the subbasic members (Pg)s Y(Fs, Ej) and (pq) (Gg, Eg) are the soft open sets
such that xe € (pg)5' (Fi, Ep) and yr € (pg)5"' (Gg, Ep). Let zg € (pg)5" (Fj,
Eg)N (pq)g (Gg, Eg), where z =< z; >ier,2; € X; and g =< ¢; >ier1,9; € E;.
Then zg€ (pq)El(Fﬂv Epg) and zg€ (pq)/gl (Gp, Ep). (pg)p (2zg) € (pq)/a((pq)§1
(Fs,Ep)) and (pg)p (zg) € (pa)p((pg)5" (G, Ep)). That is 25, € (Fp, Ep) and
28,, € (Gp, E) which is a contradiction to our assumption of soft T space.
Case: 2
If ei, # €;,., there are disjoint soft open sets (Fj, , E;) and (F;,,, E;) such that Te;,
(FlkvE) and xeim(: yeim) (F17n7E) Then (pq) (Flk’E) and (pQ)i_l (Fim’
E;) are disjoint soft open sets containing x. and yf respectively. Let zg € (py);
(F;,., E)N ( ) (Fzm,E) where z =< z; >1€1,zz € X;and g =< g; >ic1,9; € F;.
Then zg € (pg); (FucaE) and zg€ (pq) (Fi.. Ei)- (pqg)i ( g) € (pq)’((pq);l
(Fy 5) 00 () () € (o)(on):* (s B Thot s 3, (5, ) ond

€ (F;,,, E;) which is a contradiction to our assumption of Soft T, space. O

Definition 2.7. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Urysohn space or soft T, 1 space if for any two soft points z., and y.,, there
exist two soft open sets (F, E) and (G, E) such that z.,€(F, E), y,€(G, E) and
CI(F, E)ACI(G, E) = ¢.
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Theorem 2.15. FEvery soft TQ%—space is a soft Th-space.

Proof. Proof is straight forward O

Theorem 2.16. Soft subspace of soft TQ%—space s a soft T2%—space.

Proof. Proof is similar to theorem [2.10 d

Theorem 2.17. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft TQ% space if and only if for any two soft points x., and y.,, there exist two soft
open sets (H, E) and (K, E) such that x.,€(H, E), y,€(K, E) and (H, E) and
(K, E) containing the disjoint closed soft neighbourhoods of x., and y., respectively
with (H, E)J(K, E) = X.

Proof. Since (X, 7, E) be a soft TQ% space, for any soft points z., and y.,, there
exist two soft open sets (F, E) and (G, E) such that z., €(F, E) and y.,€(G, E)
such that CI(F, E)ACI(G, E) = ¢. Now z.,E€[CI(G, E)]¢ and y.,E[CI(F, E)]° and
[CI(F, E)]°U[CI(G, E)]°= X. Note that CI(F, E)C[CI(G, E)]¢ and CI(G, E)C
[CI(F, E)]c. Let [CU(F, E)]° = (K, E) and [CI(G, E)]¢ = (H, E). Then we
have two soft open sets (H, E) and (K, E) containing x., and y., respectively,
such that z.,E(F, E)CCUF, E) C(H, E), y.,€(G, E)C Cl(G, E) C(K, E) and
(H, E)J(K, E) = X. Thus (H, E) and (K, E) are soft open sets containing
the disjoint closed neighbourhoods CI(F, E) and Cl(G, E), respectively such that
2., ECU(F, E), y.,€CI(G, E) and (H, E)J(K,E) = X.

Conversely, let z., and y., be two distinct soft points. By our assumption, there
exist two soft open sets (H, F) and (K, E) containing disjoint closed neighbourhoods
(L,E) and (M, E) of z., and y., respectively such that (H, E)J(K, E) = X. Note
that there are soft open sets (F, E) and (G, E) such that (F, E)CCI(F, E)C(L, E)C
(H,E), (G, E)CCI(G, E)C(M, E) C(K, E) and (L, EYA\(M, E) = ¢. So that C1(F, E)
Cl(G,E) = ¢. That is (F, E) and (G, E) are soft open sets containing z.. and Ye,
such that CI(F, E)ACI(G, E) = ¢. Thus (X, 7, E) is a soft Ty, space. O

Soft single point space discussed in [5] is not a soft Ty or 17 or Ty or Ty 1 space.
Because for the soft points x., and x.,, there is no soft open set containing z., not
containing z; .

Theorem 2.18. Product of soft TQ%—spaces is a soft TQ%—space

Proof. Proof is similar to theorem [2.14] O

Lemma 2.19. Let (X, 7,E) be a finite soft T,1 space. Then (X, 7,E) is a soft
discrete space.

Proof. Proof follows from theorem{2.15] theorem{2.9] and theorem{2.5 O

Lemma 2.20. If (X, 7, E) is a countable soft TQ% space and if every soft Gs set is
soft open in (X, T, E), then (X, 1, E) is a soft discrete space.

Proof. Proof follows from theorem{2.15] theorem{2.9] and theorem{2.6] O
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3. CONCLUSION

For the soft separation axioms of soft points defined on soft topological space, we
discuss the characterizations and properties of soft 1y, 11, 15 and soft T, 1 spaces.

Also it is verified that the product of soft T; spaces, i = 1,2, 2% is a soft T; space.
But there is an example given here for the product of soft Tj spaces need not be a
soft Ty space. Also we provide correct examples for the wrong examples example:1,
example:2 and example:3 given in article [§].
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ABSTRACT. One of the wide-ranging applications and research areas of Summa-
bility theory is the concept of statistical convergence. This concept was stud-
ied a related concept of convergence by using lacunary sequence by Fridy and
Orhan. At the last quarter of the 20th century, lacunary statistical conver-
gence has been discussed and captured significant aspect of creating the basis
of several investigations conducted in many branches of mathematics. On the
other hand, in 1961 Krasnoselskii and Rutisky presented the definition of Or-
licz function. Also, in 1963 Gahler introduced the notion of 2-normed spaces.
The main goal of this article is to introduce Z— almost convergence of la-
cunary sequences with regard to an Orlicz function in 2-normed spaces and
other sequence spaces by considering the concept of ideal that was presented
by Kostyrko and others. Additionally, we examine the relationship between
these sequence spaces and fundamental inclusion theorems are investigated.

1. INTRODUCTION

The concept of 2—normed spaces was initially introduced by Gé&hler [3] in the
1960’s. Since then, this concept has been studied by many authors (see, for instance
( [, [03], 20, 210 ).

Recall in [§] that an Orlicz function A : [0,00) — [0,00) is continuous, convex,
non-decreasing function such that A(0) = 0 and A(u) > 0 for v > 0, and A(u) — oo
as u — oo.

Subsequently the notion of Orlicz function was used by Mursaleen, Khan, Chishti
[9], Parashar and B. Choudhary [10], Savag and Savag [I8], Savas([16], [I7], [19] )
and others.

If convexity of Orlicz function A is replaced by A(z + y) < A(z) + A(y) then this
function is called Modulus function, which was presented and discussed by Ruckle
[12] and Maddox [5].

An Orlicz function is said to satisfy As— condition if there exists a positive
constant K such that A (2u) < T (u) for all u > 0.

Note that if A is an Orlicz function then A (¢x) < A (u) for all ¢ with 0 < ¢ < 1.

Let E be a real vector space of dimension d, where 2 < d < co. A 2—norm on F
is a function ||.,.|| : E x E — R which satisfies (i) ||u,v|| = 0 if and only if v and v
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Key words and phrases. sequence spaces; 2-normed spaces; Z—convergence; lacunary sequence.
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are linearly dependent; (ii) [[u, v]| = [[v, ull; (iii) [|u, o] = [B] lu, v[|, 5 € R; (iv)
lw, v +w| < ||u,v| + |Ju,w| . The pair (E,|.,.||) is then called a 2— normed space
[4].

Recall that (E,|.,.||) is a 2—Banach space if every Cauchy sequence in F is

convergent to some v in F.

The notion of ideal convergence was introduced first by P. Kostyrko et al [6] as
a generalization of statistical convergence.

A family T C 2F of subsets a nonempty set F' is said to be an ideal in F if (i)
) € Z; (il) A,B € Z implies AU B € Z; (iii) A € Z, B C A imply B € Z, while an
admissible ideal Z of F further satisfies {u} € Z for each u € F (see, [0], [7]) .

Given Z C 2" be a nontrivial ideal in N. The sequence (u,),cy in E is said to
be Z—convergent to u € E, if for each € > 0 the set A (¢) = {n € N: |lu, — L|| > ¢}
belongs to Z ( [T}, 14 [15]).

By a lacunary sequence 6 = (I5); s = 0,1,2,... where lj = 0, we shall mean an
increasing sequence of non-negative integers with Iy —ls_1 — 0o as s — oo. The
intervals determined by 6 will be denoted by Iy = (Is—1,1s] and ps =15 —ls—1 ([2]).

2. MAIN RESULTS

Let Z be an admissible ideal, A be an Orlicz function, (E, ||.,.||) be a 2—normed
space and r = (r;) be a sequence of positive real numbers. By S (2 — E) we denote
the space of all sequences defined over (E,|.,.||). Now we define the following

sequence spaces:
. r€S2-X):{seN:2 “”’ H
@ (A -l = (=% { =5 M )= ,

for some p > 0,L > 0 and each z € F, uniformly in j

r;
%,zm > 5} el
b

reS(2—FE):¢seN:

1WE[>‘

OIO‘ara ||7||)0 = Hs iel,
for some p > 0 and each z € E, uniformly in j
Uity "
) x€S(2—F):3K >0s.t. sup: [ ( H)} <K
oo (A, 1, |-, -[1)g = sen i gl:
for some p >0, and each z € F

_ . 1 Wity " >

O Or )y = 4 TESCEoE)BK>000seN g 5 {)\ : zm _K}EI

for some p > 0 and each z € F, uniformly in j
The following inequality will be used in the study which is well known.

0<r; <supr; = H, D=max (1,277")
then
"< D {Jui|™ + vl "}

|ui + v;
for all 4 and u;,v; € C

Theorem 2.1. W% (A, 7, |.,.[)g,0F (A7, |- -1)g s
L (N, 1, ]|, )y are linear spaces.
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Proof. We shall prove the assertion for wZ (\,7,]., )gonly and the others can be
proved similarly. Suppose that u,v € ¢ (\,r,].,.||), and a, 8 € R. So
T
{ : WZ[ (ulﬂ )} 25}61f0rsomep1>0
s i€l
and
{SEN Z [ ( Yitg H)} }EIfor some pg > 0.
S i€l
uniformly in j. Since ||.,.|| is a 2—norm, and A is an Orlicz function the following

inequality holds: for all j

(Y

(auiyj + Bviyj)

DI

)
ps = (lal p1 + 18| p2)
4 Uitj '
= Duliz{lcwﬁﬁlpz /\< p1 H)]
S (5]
* sz[|a|m+5|ﬂ2/\ p2
< DFWZ|: (UW ‘ ]
s 1€l
e o S ([5e])]
s 1€l

where

From the above inequality we get

pem b

c {SGNDFWZ[(

Hs el

CIar H>
Ia\pl + 1Bl p2)

Uit j s €
o C “ 3
€

U1+j
reneor 3 Hﬂ :
uniformly in j. Two sets on the right hand side belong to Z and this completes the
proof. ([l
It is also easy to verify that the space oo (A, 7, ., .||), is also a linear space.

Theorem 2.2. If \ is an Orlicz function and (r;) is bounded sequence of strictly
positive real numbers then Wes (A, 7, |.,.||)y s a paranormed space with respect to
paranorm g defined by

= Z | wij, z||+inf {pyf : sup [)\ (‘

icly k

o

Ui+j’ZH)] <1, p>0, t:1,2,...}, each z € £
p
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Corollary 1. If one considers the sequence space %, (A, 1, ||.,.||), which is larger
than the space W (A, 7,].,.||), the construction of the paranorm is not clear and
we leave it as an open problem.

Theorem 2.3. Let A\, Ay and Xy be Orlicz functions. Then we have w§ (A, ||.,.]|), €
F (A7, |-, .I)g provided (r;) is such that Hy = infr; > 0.

Proof. (i) For given £ > 0, first choose g9 > 0 such that max{e¥,f°} < e. Now
using the continuity of A choose 0 < 6§ < 1 such that 0 <t <d§ = A(t) < &o. Let

(u;) € @F (A7, |-, -]]) - Now from the definition,
U pi
A() = : VZ[M( o] H)] > b e,
Hs i€l

uniformly in j. Thus if s ¢ A(4) then

2%

i€l

lez[ (

i€

e

Hence from above using the continuity of A we must have

i

which consequently implies that

;P(M(
a0

This shows that

L Pk
{S eN: i Z [ ( ( u;”,zH))} > 5} C A(9), uniformly in j
fs i€l

and so belongs to Z. This proves the result. (I

S

Ui+ j ZH)]T < §H
p
>} < pl 6t

qu,zH)} < 6" for all i € I,
p

Uity 2

”“zD < forallic I,

Uq
2
p

)) < eg forall i e I

y 2

=
p

Pr
H _H
))} < pimax{ey, e} < pie,

Ty
Zpﬂ,zH)>} < g, uniformly in j.

Theorem 2.4. Let the sequence (r;) be bounded, then @F (\,r,].,.1)y € &% (A, 7, |, .]) C

W A7 1D -

Proof. Let u = (u;) € w§ (A, 7,]|.,.]|)y. Then given & > 0 we have

fren -5_[<

uz+g

)] > 5} € 7 for some p > 0, uniformly in j.
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Since )\ is non-decreasing and convex it follows that, for all j,

e G
I R I )
)

SRS
c fren 25 ()] 23]

% el P
U {seN :mam{l,sup [)\ (Huo,z )] }2 6},
p 2

uniformly in j. Since the set on the right hand side belongs to Z so does the left
hand side. The inclusion @% (A, r, |.,.|[)g C @Z (A, 7, ].,.|)s is obvious. O

Uj45 — UO ‘
)
P

DI

Uo
—,Z

Hence we have

y 2

Theorem 2.5. (1) Let 0 <infr; <r; < 1. Then

wF (A7, [l 1Dg € @ (A 11D -
(2) Let1<r; <supr; < oco. Then
wI ()\,7", Hv ”)9 < uA)I ()\,ﬁ ||7 H)0 .
Proof. Let u € wF (A, 7,]|.,.])g, since 0 < infr; < 1, we obtain the following:
’U,l_;,_] L u’H—J L >:|Tl
: , 2 >ep C : 2 >ep €I,
e g p bt )= e (2
i€l i€l
uniformly in j. Thus u € @' (\,].,.|]),- Let us establish part (2). Let r; > 1 for
each 4, and supr; < co. Let z € & (A, ||.,.||),- Then for each 0 < € < 1 there exists

a positive integer N such that

b

il

ui—L
P

, 2

sees

uniformly in j, for all s > N. This implies that

. L Pkl ; L
frew L5 [i(|et)]™ e frew L5 (|t 2o e
Fs i€l fhs i€l
uniformly in j. Therefore u € WF (A, r,.,.||)s- This completes the proof. O

Definition 2.1. Let F be a sequence space. Then E is called solid if (cyu;) € E
whenever (u;) € E for all sequences (o) of scalars with |o;| <1 for alli € N.

We now have

Theorem 2.6. The sequence spaces W (\,1,]|.,.[)q, @Z (A, 7, |.,.]]), are solid.
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Proof. We give the proof for wg (A, 7,].,.[)e- Let (u;) € wf (A7, |-,.|I)g and (o)
be sequences of scalars such that |o;| <1 for all i € N. Then we have,

7 Wq " 1 i+7 "
reN : VZ [( ’ (@itiej) zm >epCireN :— Y KA ““),zH)] >ep €T,
5 el s et P
uniformly in j. Hence (oju;) € @F (A, |-, .||), for all sequences of scalars («;) with
laj| <1 for all i € N whenever (u;) € dF (A, 7, |.,.])g - O
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ABSTRACT. By introducing an operator E}} (8, A\, w, ¢, t) fy(2) via a linear com-
bination of two generalized differential operators involving modified Sigmoid
function, we defined and studied certain geometric properties of a new subclass
Ty Dy (e, B, pryw, @, A\, 1, &, t;p : n) of analytic functions in the open unit disk
U. In particular, we give some properties of functions in this subclass such
as; coefficient estimates, growth and distortion theorems, closure theorem and
Fekete-Szego inequality for functions belonging to the subclass. Some ear-
lier known results are special cases of results established for the new subclass
defined.

1. INTRODUCTION AND PRELIMINARIES

Let U = {z € ¢ : |z] < 1} be the unit disk. In the usual notation, let A denote
the class of functions f(z) which are analytic in the open unit disk and of the form

(o)
f(2) :z—|—2akzk, (1.1)
k=2
which is analytic in the open unit disk U and let
2
=— >0 1.2
W) = ey 52 (12)
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with v(s) =1 for s = 0 be the modified Simoid function. (See details in [T} 2, [3] [4,

)

Also, we denote by T the class of functions of the form
(oo}
f(2) :z—Zakzk, ar >0 (1.3)
k=2
as a subclass of A.

The class T of functions with negative coefficients from second term was first in-
troduced by Silverman [6] and has since then opened up a prolific line of research
in that direction among function theorists.

For f,(z) € T, Oluwayemi and Fadipe-Joseph [5] gave the following definition:

oo
fy(2) =2z — Zv(s)akzk, ag >0 (1.4)
k=2
as a consequence of (1.3). We note that y(s) = 1+ 35— 5:5° + 5155° — 1oa555" +- - -

defined by (L.2). Furthermore, we define identity function for T, as
ey(2) = 2. (1.5)

2. DIFFERENTIAL OPERATORS

2.1. Salagean Differential Operator.

Definition 2.1. [7] For f € A,n € X, the operator D" is defined by D™ : A — A.
Df(z) = f(2)
D'f(2) = 2f (2) (2.1)

D" f(z) = 2(D"f(2)), z€U
Remark 1:If f(2) =2+ ) apz® € A, then
k=2
D"f(z) =2+ Z khapz® 2 € U (2.2)

k=2
2.2. Al-Oboudi Differential Operator.

Definition 2.2. [§] For f € A,n € NUO, the Al-Oboudi differential operator DY
is defined by D™ : A — A.

D°f(2) = f(2)
D}f(2) = (1—06)f(2) +62f (2) = Dsf(2) (2.3)

D5 f(2) = Ds(Di f(2)), z€U.
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Remark 2 : If D} is a differential operator and for f € A :
o0
f) =2+ azh,
k=2
we have
oo
n _ n k
5f(z)—z+2[1+(k—1))\] arz”,z €U (2.4)
k=2

and
(D5 f(2)) = (D3 f(2) +02(D5H f(2))
When § = 1, we get the Salagean differential operator (2.2)).

zeU. (2.5)

2.3. Opoola New Differential Operator.
Definition 2.3. [9] For a function f € A with
Dif(z) =1+ 1+ (k+B—p— D "axz"", 0<p<pt>0.
k=2

Opoola defined the differential operator D™(u, 5,t)f(2) such that

D%(u, B, 1)f(2) = f(2)
DMp, B,6)f(2) = 2Di f(2) = 2tf (2) = 2t(p = B) + (1 + (u = B= D)) f(2) (2.6)

D" (, 8,0 (2) = =D[D" (11, 8,)f(=)], n €NUO.
Remark 3: If D"(u, 8,t)f(z) is a linear operator such that for f € A,
[ee]
D"(u, B, 1) f(2) = 2+ [1+(k+B—p—1)t]"arz", z€U0< pu<B,t>0. (27)
k=2
It turns out that the differential operator D™ (u, 8,t) f(z) reduces to the Salagean

and al-Oboudi differential operators (2.2) and ([2.4]) respectively for suitably varied
parameters and by letting ¢t = A.

2.4. Differential Operator Involving Modified Sigmoid Function.

Definition 2.4. [[4], [5]] Fadipe-Joseph et al. introduced Salagean differential op-
erator D" f.(z) involving modified sigmoid function which is defined as follows:
Let f,(z) € T, the Salagean differential operator denoted by D™ f.(z) is defined by

Dfy(2) = f5(2)

D" f,(z) = D[D""' f,(2)]
V(S)Z(D”_lfv(z)), zeU.
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Hence,

D" f,(z) )z + Z’y"“ "apz®, 2z e U. (2.9)

2.5. Darus and Ibrahim Generalized Differential Operator Involving Sig-
moid Function.

Definition 2.5. [[5] Oluwayemi and fadipe-Joseph introduced the generalized dif-
ferential operator DY , f+(2) involving sigmoid function as a consequence of [10] by

following (2.9):
DY, fy(2) )z — Zv"“ — 1)\ — w) + k]"ay2* (2.10)

for A\,w > 0. For more mformatwn on this, interested reader may see [4] and [10]
2.6. Ruscheweyh Operator Involving Modified Sigmoid Function.

Definition 2.6. [5] Recently, Oluyemi and Fadipe-Joseph gave a Ruscheweyh Dif-
ferential operator involving the modified Sigmoid function R" : T, — T, with
n € NUO such that

R"f(2) =2+ Z’y Ol wranz®, ap >0, zeU; (2.11)

where y(s) =
Moreover,

%, s >0 with y(s) =1 for s =0.

4+ +2)---(n+k—1) (2.12)
N (k—1)!
(n—|— 1)k—1

(Dg-1

Hence, B(0,k) = (k 6 1) — M1

Beas = Bun) = Bk = (")

(Dk-1

2.7. Linear Combination of a Generalized Salagean Differential Operator
and Ruscheweyh Operator involving modified sigmoid function.

Definition 2.7. [5] By combining the generalized Salagean differential operator
involving modified sigmoid and the Ruscheweyh operator involving modified sigmoid
function, the following operator was defined in [5] by Oluwayemi and Fadipe-Joseph
as:

;l,wf'y(z) = NDSL,wf'y(Z) + (1 — ﬂ)Rnf'y(Z)
= [py™(s) =+ 1]z = Y A(){py™(s)[(k — 1)(A = w)]" + (1 — p) Bi(n) yax 2",

k=2
(2.13)
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for A€ [0,1] ,p€]0,1], zeU.
Where DY f,(z) and R"f,(z) are defined respectively in and (2.11)) respec-
tively.

We note the following in respect of given by (2.13)):

(i) Equation (2.13)) corrects the one defined for &%  f, () in [5].

(ii) That the operator defined in (2.13]) is consequent upon a generalized differ-
ent operator defined by Darus and Ibrahim [IT].

2.8. New Differential Operator Involving Modified Sigmoid Function.

Definition 2.8. Let f,(z) € T, then from (2.7) and (2.11) we obtain o generalized
differential operator involving modified sigmoid function as follows:

D" (¢, B,1) f(2) Z+Zv"“ 1+ (k+B—p—Dt"ax*, 2 €U, (2.14)

for0<p<pB, neNuUo0,t>0.

We note here that 1 has been replaced by ¢ for convenience.
2.9. New Differential Operator Involving Sigmoid Defined by Convolu-
tion. For the purpose of defining our new differential operator of interest, the

following definition is required:

Definition 2.9. (Hadamard product or convolution): The Hadamard (or
convolution) of two analytic functions f(z) given by (L1)) and g(z) = z + Y by2*
k=2

is given by
F)xg(z) = (f9)(z) =2+ Y _axbez", z€U. (2.15)
k_

Following - for (2.10)) and ( -, a certain new differential operator involving

sigmoid function deﬁned by convolution is defined as follows:

DX (@, 8,0) f1(2) = (DX o f1(2)) * (D™ (0, B,1) f+(2))

z—l—Z’y"H N1+ (k+8—¢—Dt]"[(k— 1)\ —w) + k]"ap2"

(2.16)

2.10. Linear Combination of the New Differential Operator Involving Sig-
moid defined by Convolution and Ruscheweyh Operator involving modi-

fied sigmoid function. Following (|2 , we combined equations ([2.11)) and (| -



A NEW SUBCLASS OF UNIVALENT FUNCTIONS CONNECTED ... 87

above to obtain a certain operator define as follows:

EL(B, A w, ¢,1) f(2)
= uDX (@, 8,0)f7(2) + (1 = )R f+(2)

= 7" (s) =+ Uz = Yy " L+ (k+ 5 — ¢ = D" [(k = (A — w) + K]"
k=2

+ (1 — ) Bg(n)}arz"

(2.17)
Remark 4: (i) Forn=0,u=11in (2.17) we have,
F) =2 = 3 As)ans,ar > 0,
k=2
defined by (L.4).
(i) Fort=0,u=11in (2.17) we have,
D" (¢, B,t) f(2) Z+Zv”“ 1+ (k+ 8- ¢ — )t a2
defined by ([2.16]).
(iii) For pu=01in (2.17) we have,
R"f,(z —Z—Z’y n+k71akzk, ar <0, zeU
defined by (2.11).
(Iv) Fort=0in (2.17) we have,
% ofy(2) = [y (s)—pt1]2 Zv ){i" (5)[(k=1)(A=w)]" +(1—p) Bi (n) Yar 2",

as defined in (2.13]) and corrects the one defined in [5].
(v) Fors=0,u=1t=6,=¢p=0,A=1and w=2in (2.17) we have,

oo

Pf(z)=2— Z[l + (k= D)N"apz*, 2z € U
k=2
which is Al-Oboudi differential operator for function f € T of the form (|1.3)).
(vi) Fors=0,u=1,t=0,A=w=0in (2.17) we have,

D"f(z —z—Zk apz®, 2z €U,

which is Salagean differential operator for functions f € T.

In the field of geometric function theory, various subclasses of the normalized
analytic functions which are univalent have been studied from different viewpoints.
Many authors such as [[3],[4], 5], [10], [11], [12], [13], [14], [15], [16] [17], [18], [19], 201, [21], [22] ]
have successfully defined and studied various subclasses of univalent functions. Par-
ticularly, Joshi and Sangle[13] introduced and investigated subclass T, Dy o, (e, 8, &, ;1)



88 OYEKAN EZEKIEL ABIODUN AND AWOLERE IBRAHIM TUNJI

of univalent functions by using Al-Oboudi operator as a generalized Salagean dif-
ferential operator in the unit disk U. This was followed by the work of oluwayemi
and Fadipe-Joseph[5] wherein they introduced and investigated subclass
Ty Dy o fy(a, 5,&, s p - n) by using the generalized differential operator (I)K,wfv(z)‘
The motivation for this present work are the works of both Joshi and Sangle and
Oluwayemi and Fadipe-Joseph. In particular, we introduce and investigate the class
Ty Dy (e, B, t,w, ¢, A, n, &, t;p - n) as a subclass of univalent functions by using the
generalized differential operator E}} (53, A\, w, ,t) f,(2).

2.11. The class T, Dy . (a, B, pt,w, p, \, 1, &, t;p : n).

Definition 2.10. {T',Dj (e, 8,w, 0, \,n, &, t;p = n) :} A function f,(z) € Ty de-
fined by is in the class Ty Dy (v, B,w, 0, \,n,&,t;p 2 n) if
B3 (B 2w, 0,0 f+(2)] — [ (s) — p+ 1]
PEI(EL (B, A w, 0, 8) f+(2)) ] = [(ER (B, A w, 0, 1) f1(2))" = [uy™(s) — p + 1]

where a € [0,4),7 € (0,1),3 << 1,1 €[0,1],0 > ¢ < B,n € NUO,
n,t >0,p>2and z € U.

<,

3. MAIN RESULTS

In this section we find the coefficient estimates for the functions in the class
T,Dy (e, B, 1w, 0, A\, 0, &, t;p : n) . Our main characterization theorem for this
function class is stated as Theorem 3.1 below.

3.1. Coefficient Estimates for class T, Dy . (o, 5, 1, w, o, A, 0, &, t;p - n).

Theorem 3.1. If a function f.(z) belongs to the class Ty Dy ., (a, B, p,w, 0, A\, 1n,&,t;p :

n),
then

Y k()L +npé = D" ()L + (k+ 8 — @ = DI [(k = (A —w) + k)"
k=2

+ (1= ) Bg(n)}agz"
< pnlpy™(s) — p+1—af

Proof. Suppose f-(z) € TyDx o (a, B, t,w, 0, A, 1, &, t;p = n), by equation (2.17) and
definition [2.10} we have that

\ =S k() )+ (B — o — DAk~ (A —w) + A"
k=2

+ (1 — ) Bi(n)}yapz"1

< =Y pénlpy"(s) — g+ 1= alky(s)[1+n(1 = p&)[{ur" (s)
|
k=2

[+ (k+ 8 —o—DH"[(k = 1)(A = w) +&]" + (1 — p) By (n) barz"""!
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|z| <r and as r — 17, then

Zkv Huy" ()1 + (k+ 8 — ¢ = Di]"[(k = (A —w) + k" + (1 — p) B(n) fak

< pénluy™(s) — p+1—al + > nky(s)(1 = p&){py"(s)
k=2

1+ (k+8—¢— D" [(k—1)(A—w) + k" + (1 — u) Br(n) tar
=>Zk7 [1+n(pg = DI{p" ()1 + (k+ 8 — o — DI [(k = 1)(A —w) + k]"

+(1— 1) Bi(n) Yax,
<pénlpy"(s) —p+1-qj

(3.1)
Hence,
- pEnlpy™(s) —p+1—af
2. S AT - D @ Gr g )
[(k = 1)(A —w) + k]" 4+ (1 — ) B(n)}
The result is sharp for
fe) =z - pEnlpy"(s) —p+1—af k
ky(s)[L+np€ = D™ ()1 + (k+ B8 —p — 1)t]"
[(k = 1)(A —w) + k]" 4+ (1 — ) B(n)}
0

Corollary 3.2. Let a function f,(z) € TyDy (o, B, pt,w,0,X\,n,&,t;p 2 n), then

Z k()L +n(p€ — D]{pn" (s)[(k — 1)(A = w) + K" + (1 — p) Bre(n) }ay2"

Spfn[m (8) —p+1—al,

which is the correct form of Theorem 8.1 in [5] when n = f.

Corollary 3.3. Let s =0, then we have that a function f.(z) belongs to the class
TID)\,w (Ol, ﬁv M, W, ©, >‘7 1, f, t7p : TL), then

D KL+ n(pé = DIy ()L + (k+ 5 — o = DI [(k = (A —w) + k)"
k=2

+ (1 ) Bi(n)}ay
S pfﬁ(l - Oé),

Corollary 3.4. Ift =0, in corollary[3.3,then we have the following:
Let a function f,(z) belongs to the class T1 Dy (v, B, p,w, 0, A\, n,&,0;p : n), then

DKL+ (€ — D{ul(k = 1)(A —w) + k" + (1= u) Bi(n) haxz*

S p@?(l - Oé),
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which is Corollary 3.2 in [B] when n = 3.

Corollary 3.5. If u =1, in corollary[3.4 then we have the following:
Let a function f,(z) belongs to the class Th Dy (a, 5,1, w, 0, A,n,&, 0;p : n), then

KL+ 006 = DI{[(k = DA = w) +&]" + (1 = 1) Bi(n) yaxz"

M8

o

=2
< pfn(l - a)v

which is Corollary 3.3 in [5] when n = f.

4. GROWTH AND DISTORTION THEOREMS FOR THE CLASS
T’yD)\,w(a7 67 H, W, @, A7 m, ga tap : n)

Theorem 4.1. If a function f(z) € TyD (e, B, 1, w, @, A\, n,&,t;p = n), then for
|z| <r <1, we have

. pEn[py"(s) —p+1—a 2

2[1+ (s = D ()1 + (k + 8 — o = D [(A = w) +2]" + (1 — p) Ba(n) }

< |f+5(2)]
- pEn[p" (s) —p+1—aq .2
2L+ @€ — D{py(s)[L+ (k+ 8 — ¢ — D" [(A — w) +2]" + (1 — ) Bz(n)}

and

L pénlpy"(s) —p+1—qf .

[1+nmpE =Dy ()1 + (k+8 —¢ = Di]"[(A = w) +2]" + (1 — p) Bz(n) }
< |f5(2)]

N pén(py"(s) —p+1—a ,
[ +npE =Dy ()1 + (k+ 8 — ¢ — D" [(A = w) +2]" + (1 — p) Bz (n) }
Proof. Since f,(z) € Ty D w(c, B, t,w, 0, A, 0, &, 85 p - 1), Theoremreadily yields
the inequality

ia - pénlpy"(s) —p+1—al
P22+ nE — D{m ()1 + (k+B8—¢— DI [(A —w) + 2"

b= (1 1)Ba(n)}
(4.1)
Thus, for |z| = r < 1, and by making use of (4.2]) we have
() < L2+ D v(s)anlF < r+a(s)r* Y ax
k=2 k=2
pEn[py"(s) —p+1—qf 2

<r+4

29(5)[L+ n(pé — D" ()1 + (k+ B — o — D[N —w) + 2 f
+ (1 = p)Ba(n)

and
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(2 12l = Y A(s)anl2] = r = (s)r® ) a
k=2 k=2
. pénlpy™(s) —p+1—a .2
T A= D+ (k4B e = DI —w) 27
+ (1 = p)Bz(n)

Also from Theorem it follows that
()1 + 0P — D" ()1 + (B + B8 — ¢ — D" [(A —w) +2]"

+ (1= @)Ba(n)} Y kay
k=2

Y k(L + (k+ 8= = DA = w) +2]" + (1 - u) Bz(n) by
k=2

pénlpy"(s) —p+1—al.

Hence,
£ ()] <1+ A(s)kar|F| < T+A(s)r > ax
k=2 k=2
<14 PNy (s) —p+1—af .
= [D+nmE = DR ()4 (k+ B8 — ¢ — DI [(A —w) +2]" )
+ (1 — p)Ba2(n)
and . .
F @2 1= 3 (ka2 1) > ar
k=2 k=2

— pEnlpy"(s) —p+1—of .
— o e =D G+ B+ B - = DI —w) + 2"
+ (1 = p)Bs(n)

This completes the proof of Theorem O

4.1. Closure Theorem.

Theorem 4.2. If a function f,(z) € TyDy(a,B, p,w,0,\,n,&tp @ n). Let
fi(z) =z and
Fi(2) = o pénlpy"(s) —p+1—al Lk
K ky(s)[L+n(p€ = D" (s)[L+ (k+ 8 — o = Di]"[(k = 1)(A —w) + K]" ) ’
+ (1 — ) Bi(n)

k> 2.
Then the function fy(z) € TyD (e, B, pt,w, 0, A\, n,&,t;p : n) if and only if it can
be expressed in the form

F(2) = e fr(2), (4.2)
k=2

o)
where p >0 and > up = 1.
k=1
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Proof. Let f,(z) = § i fe(2), 1 >0,k =1,2,--- , and ic: pr = 1.
Thus = =
£ =S wfele) = mh2) + 3 mful2)
k=1 k=2
Therefore,
fry (2) = pf1(2)
+Zuk{z pénlpy"(s) —p+1—al ok

s)1+nPE— D" ()L + (k+ 68— ¢ —1t]" )
[(k = 1)(A —w) + k" + (1 — ) Bi(n)
= (pr+po+ps+---)z

_Z“ pénluy"(s) —p+1—af N
Pt "y (s)[1 + n(p€ - )]{ " (8)[1+ (k+ B — ¢ — 1)t]" )
(k= 1)(A —w)+k]”+(1—u)3k(n)

pa(2) + p2(2) + ps(z) + - = pa(2) + Zﬂkflc(z)

118

where p1 +p1 +pyp + -0 = i = 1. Then

k=1

o

L pénlpy"(s) —p+1—a
F(2) = g;%kﬂ@ﬂ+n@§—UHwW@ML+%+ﬁ—¢—1MWW—4XA—W+WP }
+ (1 = p) Bg(n)

It follows that

Z . pén[uy"(s) —p+1—aqj
L+n(pé = Dy ()1 + (k+ 8 — ¢ — D] [(k — 1)(A —w) + k|™ + (1 — ) Br(n) }
" kw( )[1 + n(p§ — D" () + (k+ 8- = D" [(k = 1)(A —w) + k" + (1 — p) Be(n)}
pénlpy(s) —p+1—q]

oo
Z#k=1—u1 <L
k=2

In other words,

fw(z):u1+2uk=1:>1—,u1§1.
k=2
By Theorem [3.1] therefore,

f’Y(Z) € T"/D)\,w(aaﬁalu’vc"},@aAvnagat;p : Tl)
Conversely, if f(2) € TyDy o (e, B, pt,w, ¢, A\, n,&,t;p : n), then by Theorem

o < pénlpy"(s) —p+1—af
= ky(s)[L+n@€ = D" ()1 + (k+ 8= =Dt [(k = 1)(A —w) + k]" )
+ (1 — p) By (n)
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By setting

- pEnpy™(s) —p+1—af
M= TG nE D G+ (4 5=~ DI = D0~ w) + R
+ (1= ) By () 1

and

(oo}
p=1- Zuk-
k=2

So that
pEnluy"™(s) = p+1 = alky(s)[L+ n(p — D{py"(s)[1 + (K + B — o — )"
e = [(k = 1)(A—w) + K" + (1 — p) Br(n)
[L+nmE =Dy (s)[L+ (k+ B8 — o — D"[(k = 1)(A —w) + k]"
+ (1= ) Br(n)pénluy™(s) — p+ 1 — aJky(s).
Consequently, fi can be expressed in the form . Hence , f+(2) = > peq e fr(2).
Thus the proof is complete. 0

5. FEKETE-SZEGO INEQUALITY FOR THE CLASS
T’yD)\,w(av Bv H,w, @, )‘7 m, 57 t; p: n)

In this section, Fekete-Szego inequality for functions f,(z) belonging to the class
T, Dy (e, B, 1w, ¢, A\, n, &, t;p - n) was established.

Theorem 5.1. If a function f,(z) belongs to the class ToyDy (v, B, p,w, @, A\, 0, &, t;p
n), and A € N. Then

<

az — Aa it

‘AB2 — AAQC‘

Proof. From (77),

péEn[py"(s) —p+1—q]

%S T 0 - D G+ i p—p—nr . =% 6D
(k= 1)(A\ —w) +k]" 4+ (1 — 1) Br(n)}
From ,
o — pénlpn™(s) —p+1-af (h=2)
2T ()L +n0E - Dy () 1+ 0+ B — )" ’
(A —w)+2" + (1 — p)Bz(n)}
and
- pén[uy"(s) —p+1—a] (k= 2)
* T 3y (s) L+ npE — D{m ()L + 2+ B— )"
2(A —w) +3]" + (1 — ) Bs(n)}
So that
e — Ad2 — pénlpy"(s) —p+1—af
° 27 391+ (s — D{py" ()1 + (24 8 — p)i]"
20\ —w) +3]" + (1 — u)Bs(n)}
_ { pén™(s) —n+1—al }2
2y(s)[1 +n(p§ — D" ()1 + (1 + B — p)t]"
[(A=w)+2]" + (1 — p)B2(n)}
Such that

A=p&nlpy™(s) —p+1—a
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g 3L +neE = D" ()1 + 2+ 8 - )t]"
20 —w) +3]" + (1 = p) Bs(n)}
o — 2L +npg = DI{py™(s)[1 + (14 5 — p)t]”
[(A=w) +2]" + (1 = p) Bz(n)}
Therefore,

'AB2 — AAZC"

as — Aa3| < it

Let t = 0 in Theorem [5.1] we have the following:

Corollary 5.2. If a function f(z) belongs to the class To,Dx ., (c, B, pt,w, o, A, 1, &, 05 p :
n), and ¢ € N. Then

AB? — AA2C RO2 — oR2Q)
a3 — Aay) < ’ el ‘ 29155 1
For
A=pénpy"(s) —p+1-a]=R
B, = )1+ — " (s) _Q
! 2(A —w) +3]" + (1 —p)Bs(n)} — 7
o, = 2L +nE = DH{m ()L + A+ 6=t o
! (A —=w)+2]" + (1 = p)Ba(n)} —
Remark 5:
ROZ — pR2Q
oo - | < [ S

where A = ¢ is the result in [5] that is due to Oluwayemi and Fadipe-Joseph.

6. CONCLUSION

This work is a generalization of some earlier well-known (defined) differential
operators, some of which were illustrated in this work. Particularly in this work,
we studied some geometrical properties of functions in the class

T’ka,w(Oﬁ6)”7(*}7%0’)‘777)6’7&;]) : n)a

and when ¢ = 0 we obtained the class T, Dy (e, 8, &, 1;p : n) studied in [5]. Fur-
thermore, by suitably specializing the parameters involved, we obtained some of
the results in [5] as special cases of our own results. Finally, by suitably varying
the parameters involved in the results obtained in this new work, one is guaranteed
of some other existing results and presumably new ones.
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