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Monte Carlo and Quasi Monte Carlo Approach to
Ulam’s Method for Position Dependent Random
Maps

Md Shafiqul Islam 1*

Abstract

We consider position random maps 7 = {7 (x), 72 (x), ..., Tk (x); p1 (x), p2(x), ..., px(x)} on I = [0, 1], where 7,k =
1,2,...,K is non-singular map on [0,1] into [0,1] and {p;(x),p2(x),...,pk(x)} is a set of position dependent
probabilities on [0, 1]. We assume that the random map 7 posses a density function f* of the unique absolutely
continuous invariant measure (acim) u*. In this paper, first, we present a general numerical algorithm for the
approximation of the density function f*. Moreover, we show that Ulam’s method is a special case of the general
method. Finally, we describe a Monte-Carlo and a Quasi Monte Carlo implementations of Ulam’s method for the
approximation of f*. The main advantage of these methods is that we do not need to find the inverse images of
subsets under the transformations of the random map 7.

Keywords: Dynamical systems, Invariant measure, Invariant density, Monte Carlo approach, Position dependent
random maps, Quasi Monte Carlo approach, Ulam’s method.
2010 AMS: Primary 37A05, 37H99

1. Introduction

A position dependent random map is a special type of random dynamical system involving a set of non-singular transfor-
mations on the state space and a set of position dependent probabilities on the state space. In each iteration of the process,
one map from the set of maps with one position dependent probability from the set of probabilities [1] is selected and
applied. There are applications of random maps in many areas of science and engineering [2]-[3]-[4]-[5]-[6]. In [2] the
author applied the theory of random dynamical systems in the study of fractals. In [3], Boyarsky and Géra applied the theory
of random dynamical systems in modelling interference effects in quantum mechanics. The authors in [4] applied random
maps for computing metric entropy. Random maps have application in forecasting the financial markets [5] and in economics [6].

Invariant measures describe the statistical behaviour of trajectories of position dependent random maps [1]. In particular,
invariant measures of random maps which are absolutely continuous with respect to Lebesgue measure are very useful for the
study of chaotic nature of random dynamical systems [7]. The Frobenius-Perron operator [1, 8] of a random map is one of the
important tools for the study of invariant measures. A Fixed point f* of the Frobenius-Perron operator of a position dependent
random maps are the density function f* of invariant measures pu* [1, 7]. It is difficult to solve the fixed point equation
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or the Frobenius—Perron equation [1] for a position dependent random map because it is a complicated functional equation
except for some simple cases. Therefore, finite dimensional approximation of the Frobenius-Perron operator is necessary
to approximate invariant measures for position dependent random maps. In [9], Lasota and Yorke proved the existence of
absolutely continuous invariant measures (acims) for one dimensional deterministic dynamical systems. In his pioneering
work[10], Ulam suggested finite dimensional approximation of the Frobenious Perron operator of dynamical systems for the
approximation of invariant measures. It was T-Y Li who first proved in [11] the convergence of Ulam’s approximation for
piecewise expanding transformations 7 on [0, 1]. In [8], Pelikan proved a Lasota—Yorke type inequality random maps with i. i.
d. probabilities using bounded variation techniques. Then, he used the Lasota-Yorke type inequality for proving the existence
of absolutely continuous invariant measures for i. i. d. random maps. Géra and Boyarsky [1] proved the existence of absolutely
continuous invariant measures (acim) for position dependent random maps. Moreover, they proved the convergence of Ulam’s
method for position dependent random maps.

Ulam’s method is a simple, easy to implement and very useful method for approximating invariant measures for de-
terministic and random maps [1]-[14]. Note that each of the map 73,k = 1,2,...,K of a position dependent random map
T ={t,m, -, p1(x),p2(x), -+, pk(x)} is a piecewise monotonic map on a finite partition & = {I1,b,---,I;}. The
entries of an Ulam’s matrix for a random map 7 are related to inverse images of the transformations 7,k = 1,2,...,K. For
non-linear 7,k = 1,2,...,K, it is difficult to find inverse images under 7,k = 1,2, ..., K, and hence the computation of Ulam’s
matrix becomes challenging and complicated. In this paper, we describe a Monte Carlo method and a Quasi Monte Carlo
approach to Ulam’s method for approximating the entries of Ulam’s matrix. The main advantage of Monte-Carlo method
and Quasi Monte Carlo approach to Ulam’s method is that we do not need to find the inverse images of subsets under the
transformations of the random map 7. Moreover, the evaluation of an entry of the Ulam’s matrix is independent of their entries
[12].

2. Invariant Measures for Position Dependent Random Maps and Ulam’s Method

In this section, we review position dependent random maps, the Frobenius-Perron operator, density function of absolutely
continuous invariant measures and Ulam’s method. We closely follow [1, 13, 14].

2.1 Position dependent random maps and their invariant measures

Let (I =10,1],4,A) be a measure space and 7 : [0,1] — [0,1],k=1,2,--- , K, be piecewise one-to-one and differentiable, non-
singular maps on a common partition .% = {I;,b,--- ,I;} of [0,1]. We denote V(.) for the standard one dimensional variation
of a function, and BV ([0, 1]) for the space of functions of bounded variation on I equipped with the norm || . [|[sy=V (.)+ || . |1,

where || . ||; denotes the L! norm of a function. A position dependent random map 7' on I with position dependent probabilities
is defined as

T={t,%, -, p1(x),p2(x), -, px (%)}

where {p1(x), p2(x), -+, px(x)} is a set of position dependent probabilities on I. For any x € I, T (x) = 7 (x) with probability
P (x) and, for any non-negative integer N, TV (x) = 14, o Thy_, O+ O T, (x) with probability py, (Te, , 00T, (%)) Pry_, (Thy, ©
0T, (X))... p, (x). It is shown in [1] that a measure u is invariant under the

Z / Pr(a)an () @1

forany A € 4.

The Frobenius—Perron operator of the position dependent random map T is given by [1]:

K
(Prf)) = X (Palpef) 2.2)

where Pg_in (2.2) is the Frobenius-Perron operator of 7 [14] defined by

Ppfx)= Y /(@) 2.3)

sefr () |%(2)]
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where, for any x, the set {7, ! (x)} consists of at most ¢ points. The Frobenius-Perron operator Pr has the following properties

@) Pr: L'([0,1]) — L'([0,1]) is a linear operator;

(ii) Pr is non-negative, i.e., f € L' ([0,1]) and f > 0=> Prf > 0;

(iii) Pr is a contractive, i.e., || Prf |1 <|| £ |1, for any £ € L'([0,1]);

(iv) Pr satisfies the composition property, i.e., if T and R are two position dependent random maps on [0, 1], then Prog = Pr o Pg.
In particular, for any n > 1, P} = Pp»;

(v) Prf = fif and only if 4 = f- A is T-invariant.

The following Lemmas (Lemma 2.1 and Lemma 2.2) are key Lemmas for proving the existence of invariant measures for
position dependent random maps. These Lemmas are proved by Bahsoun and Géra in[13].

Lemma 2.1. [13] Consider the position dependent random maps T = {11, T2,...,T&; p1(x), p2(x), ..., px(x)}, where T :
[0,1] = [0,1],k = 1,2,...,K are piecewise one-to-one and differentiable, nonsingular maps on a common partition ¢ =

{1, 02, ey dy} 0f [0,1]. Let gi(x) = ﬁﬁ;‘ﬁ

(i) YK ar(x) <a<1,x€[0,1]; (ii) g € BV([0,1]),k=1,2,...,K. Then, for any f € BV([0,1]), Pr satisfies the following
Lasota-Yorke type inequality:

Jk=1,2,... K. Assume that the random map T satisfies the following conditions:

ViolPrf <AV f+BIl fh (2.4)

K K
) 1
where A =30+ g%xq]; Vy5.8k and B=2B o+ B lrglagq]; Vi.8k with B = &1}2’2 YT

Proof. See [13] ]
Note that for x € [0,1] and for any N > 1 we have, TV (x) = 7, 0 T, o+~ 0 T, (x) with probability

pkN(TkN—l O+ 0T (x))Pqu (Tkaz 00T (x)).-. - Pky (x).

For w € {1,2,...,K}", define

To(x) = TN(X)’
Po = pkN(TkN—l 0:+- 0T (x))pkal(TkNﬂo'“OTkl (x))'”pkl (),
Po
o = PO Wy= max Vigo-
@ |To ()] Le g™ we{l;,--qK}N ’

Based on Lemma 2.1, Bahsoun and Goéra [13] have proved the following Lemma for the iterates of Pr:

Lemma 2.2. Let T be a random map satisfying conditions of Lemma 2.1 and N be a positive integer such that
Ay =3aN + Wy < 1. Then

VolPr f < AnVioyf+Bw I f I (2.5)

here By = By (2™ +W; = —.
where By ﬁN( o+ N)vﬁN Lgl;)((mk(L)

In the following Theorem (Theorem 2.3), Bahsoun and Gdra proved the existence of invariant measures for position
dependent random maps. The proof of this Theorem is based on the above Lemmas (Lemma 2.1 and Lemma 2.2) which is
proved in [13].

Theorem 2.3. [13] Consider the position dependent random map T = {11, 72,...,Tk; p1(x), p2(x), ..., pk }. Assume that the
random map T satisfies conditions of Lemma 2.1. Then, T possesses an invariant measure which is absolutely continuous with
respect to Lebesgue measure. Moreover, the operator Pr is quasi-compact in BV (I).
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2.2 Ulam’s Method for Position Dependent Random Maps

In [1] Géra and Boyarsky described Ulam’s method for position dependent random maps. Moreover, they proved the conver-
gence of Ulam’s method. For the convenience of readers, we review the Ulam’s method for position dependent random maps.
Let T = {71 (x), 2 (x),..., Tk (x); p1(x), p2(x),. .., pk (x)} be a position dependent random map and the random map T satisfies
conditions of Theorem 2.3. Then, by the Theorem 2.3, the random map 7 has an absolutely continuous invariant measure. We
also assume that the random map has a unique acim p* with density function f*. In the following we describe Ulam’s method
for T.

Consider the partition 22V) = {J;,J,,...,Jy} of [0,1] into N subintervals such that max, ;) A(J;) goes to 0 as N — eo. For
each 1 < k < K, construct the matrix

™ _ (A5 V)N
¢ A(J) -
1<i,j<N

Let L) be the set of functions f in L' ([0, 1],A) such that f is constant on elements of the partition (V). Any f € L") can be
treated as a vector: vector f = [f1, f2,. .., fy] corresponds to the function f = ny: L fixs;- Let OW) be the isometric projection
of L' onto L™):

Q<N)(f):2<l(lm/1;fd/l)xji: [A(lm J'lfdx,...,u;N) /ijdA}

i=1
Let p,(cN) =0Wp, = {p,(cnl) , p,(é\;), ey p](cn]z,} Let f=[f1,/2,-.-, /8] € L™) Let the subscript ¢ denotes the transpose of a matrix.

We define the operator P}N) LN — LW) py

Pf = kfl (1) diag ([pY 1,23 for- 20 A] ) 2.6)

as a finite dimensional approximation to the operator Pr. Ulam’s matrix with respect to the partition 2™ is
K
*(N N)\€ ;. N) (N N
M;(l\),) = Z (MIE )) diag [p,iﬁl),p,((’z),...,p,(cﬁlﬂ . 2.7
k=1
The following theorem is proved in[1] (see Theorem 3 in [1]).
Theorem 2.4. Let o be sufficiently large where o is in Theorem 1 in [1]. Let f}; be is a normalized fixed point of P;N) ,N =
1,2,.... Then the sequence { fx}x_, is pre-compact in L. Any limit point f* of the sequence { f3}%_; is a fixed point of Pr.
3. A General Algorithm for Finite Dimensional Approximation of the Frobenius-Perron
Operator for Position Dependent Random Maps

LetT ={1,T,..., Tk; p1(x), p2(x),..., pk(x)} be a position dependent random map which satisfies the following assumptions:

K K
. . 1
there exists A = 3¢ + lrglgg(q];l Vigk <land B=2Bo+p lrgg(q,; Vy5gx >0 with B = lrgg(qm such that Vf € BV([0, 1]).

VioyPrf <AV f+BI fl- (3.1

We also assume that 7" has a unique acim pu* with density f*.

Note that the invariant density f* of the unique acim u* is the fixed point of the Frobenius-Perron operator Pr. In the
following we describe a general approximation algorithm for f*. Our general algorithm is a generalization of the algorithm in
[12] for single deterministic map to an algorithm for position dependent random maps.

Foreach k=1,2,...,K, let Uy, : L*([0,1]) — L=([0,1]) be the Koopman operator of 7 defined by
(Uz,8)(x) = g(m(x)). 3.2)

Note that each Uy, is the dual of the Frobenius-Perron operator Py, of .
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Definition 3.1. A sequence {¢,}:>_, of functions in L([0,1]) is said to be a complete sequence if for any f € L'(0,1) with
Jo 0a(x)f(x)dA(x) =0, n=1,2,--- implies f = 0.
Proposition 3.2. Let T = {11, 7, -, Tk; p1(x), p2(%), ..., px } be a position dependent random map which has a unique acim

uw* with density f*. Let Pr be the Frobenius-Perron operator of the random map T. Let {§,}r_| be a complete sequence of
Sfunctions. Then, f* is a fixed point of Pr if and only if

/|:¢Vl )C) Zpk(x On Tk( ))‘| f*(x)d)‘(x):()7 n=12.-. (3.3)
Proof. Suppose that f* the unique invariant density of the random maps 7. In other words,

(Prf)(x) = f*(x). (3.4)
Then forn=1,2,---,

[ @0w0da = (B0 wda )

S E Pl )@ ()

=

Y [P D002
k=1

>

Y [ 0Us (6,(0)dA )
&

[r® Lz] pk(xm(rk(x))] dA ().

Thus,

/{% () — Zpk(x 0n(T(x ))} FdAx) =0, n=1,2,--.

Conversely, suppose that f* satisfies (3.3), that is,

Jou0s" a0 = [ i 2)0n((x))dA (1),

Now,
[ @eWae) =[50 Y oo
=1
K
= [0 X Vs (9n(0)an ()

~
I|

K
L[5 @pva@na)ar )

2 FAAETRIRIETAD

/. ka PS03 )

B 0o, wda .
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Thus,
SO @ = (P ) 0)0u(0dR 00 = 0, n = 1,2,
From Definition 3.1, f*(x) — (Pr.f*)(x) = 0. This proves that
(Pry)) = 1)
0

Thus, the fixed point problem (3.4) of the Frobenius-Perron operator Pr for the position dependent random map T is
equivalent to homogeneous moment problem (3.3). We propose the following general algorithm for computing fixed point of Pr.

General Algorithm: Consider two complete sequences of functions ¢, and ;. Let N be a positive integer. Construct the
N x N matrix A = (a;;)1<i j<n given by

K
_/ <¢, Z ()i (T (x )y/j(x)dl(x),i7j—1,2,...7N. (3.5)

Solve the homogeneous linear system of equation Av = 0 for nonzero v = (vi,va,...,vy) with || ¥~ v;y; ||.1= 1. Then,
In= Zl | ViV is a normalized approximation of the fixed point f* of Pr.

Lemma 3.3. Av = 0 has a nontrivial solution v.

Proof. For a nonzero vector 1 = (1,Ma,...,MNx), the constant function g(x) = 1 can be written as g(x) = 1 = Y, n;¢:.
Moreover, for each k=1,2,...,K, Uz 1(x) = 1(1(x)) = 1. Foreach j =1,2,...,N,

N N
;aiﬂh = Zn,/ <¢l (x) — Zpk(x oi rk(x))) i (x)dA (x)

I
S~

N
<Zni¢i(x) Z Ufk an‘Pl(JC ) )dl( )
=(f@—2mmwum0%wﬁm

K
1—Zm®0%®ﬁ®

Thus, A°n = 0, where A€ is the transpose of A. Thus, A is singular. L

Remark 3.4. The main purpose of the above general algorithm is to find a normalized function f € span {y1,y5,..., N}
such that

/{q&n (x) — Zpk(x 0n (T (x ))1 FOdA() =0, n=1,2, -

Let N be a positive integer. Divide the interval 7 = [0, 1] into N subintervals J; = [%7 %],i =1,2,...,N. Let A be the
Lebesgue measure on /. For each j =1,2,...,N, let x;, be the characteristic function on J;. As before, Let L™) be the subspace

of L'([0,1]) consisting of functions which are piecewise constant on the subinterval J;,i = 1,2,...,N.
Foreachi=1,2,... N, let

Y= li:NXJi7 ‘l)i:ll
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Then, {y;}Y | is a density basis of L™). Thus, f = Y'Y | v;y; is a density if and only if v> 0 and || v ||;= XY, [vi| = 1. In the
following, we show that (i, j) element of the matrix A in the above general algorithm is the (i, j) element of the Ulam’s matrix
described in the previous section.

/0 1 ( Zpk )i (T (x ) y;j(x)dA(x)
/01 (%JL Zpk x) 20 (e (x )> 1;(x)dA(x)

1 1 K
(Auumumm74g¢WMAmmanu>

a[j

:‘/m ()A(x) - z/manm>u A )

ARCICE z/pm: ()1 (x)dA (x)
- AN W) )

6~ Y,
! k; A1) Pij

where p,(:\;) is the restriction of Q™) (py(x)) on I ; for the isometric projection OW) of L' into LW) defined in the previous

section. Hence Av = 0 if and only if v¢ = v“My, where v¢ is the transpose of v and
K A(Jjﬁ‘fl:l(]j)) )

My = m;j), m;; = i
N ( j) J kg“l )b([i) pk.,

My in Equation (3.6) is exactly the Ulam’s matrix M}(]:/A),) for position dependent random maps T described in Equation (2.7).

(3.6)

4. Monte Carlo and Quasi Monte Carlo approach to Ulam’s Method for Position
Dependent Random Maps
In this section, we present a generalization of Monte Carlo and Quasi Monte Carlo approach to Ulam’s method described in

[12] and [15] of single deterministic maps to Monte Carlo and Quasi Monte Carlo approach to Ulam’s method for position
dependent random maps.

4.1 Monte Carlo-Ulam approach to Ulam’s method for position dependent random maps

*#(N)
P W)

T ={t1(x),2(x),..., 7%k (x); p1(x), p2(x), ..., px(x)}

with respect to the partition 2(") is given by

Recall from Section 2.2, Ulam’s matrix M for a position dependent random map

K
M) = /;1 (1a")" diag [, p{Y. .. 0] @.1)

where foreach k =1,2,...,K,

N) A (Tﬁl(.]‘) ﬂ]i)
= (M) L

. . . . Al )N . .
Computation of M;IEIA)’) involves computations of K matrices M,EN) = (W) where inverse images of sets
! 1<i, j<N
(intervals) under 7; are necessary to compute. If 7,k =1,2,...K has a complicated formula, then in many cases inverse images
of tauy, are difficult to obtain and the computation of the Ulam’s matrix becomes complicated and challenging. The Monte
Carlo approach to Ulam’s method simplifies the above difficulties and makes the numerical method more efficient. The Monte

Carlo approach to Ulam’s method allows us to approximate the entries of the matrices M,EN) ,k=1,2,... K. In the following
we describe the Monte Carlo approach to Ulam’s method:
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1. Choose N (a positive integer) and and consider the partition {J1,J,...,Jy} of subintervals of equal lengths, where
Ji= [xifl7xi]7h = )L(‘]l) = %a] =1,2,...,N.

2. foreach k =1,2,K do

(a) Choose M (M is a positive integer, same M for each k);
(b) fori=1,2,...,Ndo
i. Choose M points {z;1,zi2,.--,2m} randomly from the interval J; with uniform distribution.
ii. for j=1,2,....Ndo
A. Let g;; be the number of points {7¢(zi1), T (zi2),- -, %(zim)} in J;
B. Let % be an approximation of the (i, j)-th entry of the matrix M,EN)

(c) Compute [p%% p,%) yeens p,(:\g]

C
3. Compute the Ulam’s matrix M’;lzg) = Zszl (M,EN)) diag {p,(ﬁ), p,%)7 ety p,(:\;\; .

4. Compute a eigenvector v (a normalized eigenvecto) of Mt(N)

(v With eigen value 1.

5. Compute f W) = Zf»\':l vi - X7, (x) as an approximation of the actual density function f* of the absolutely continuous
invariant measure p* for the position dependent random map 7' = {7 (x), T2 (x), ..., Tk (x); p1(x), p2(x),..., px (x) }.

Note that the computation of i-th row of each matrix M ,£N> is independent of the computation of other rows. Therefore, for each
k=1,2,...N one can use p processors to calculate [ rows (here, N = pl).

4.2 Quasi Monte Carlo-Ulam Parallel Algorithm for Position Dependent Random Maps
In a Monte Carlo approach to Ulam’s methods, M points in each interval J;,i = 1,2,..., N are randomly chosen with uniform
distribution. In a Quasi Monte Carlo method M points {z; 1,22, ...,ziu} are chosen deterministically as follows:

m
Zim = Xi—1 +Mh,m: 1,2,...,N.

All other steps are similar to Monte Carlo Method in Section 4.1. This type of deterministic selections makes the numerical
method more efficient as we will see the next section with examples.

5. Numerical Examples

In this section, we consider position dependent random maps 7 satisfying conditions of Theorem 2.3 with unique invariant
density f* and we apply Monte Carlo method and Quasi Monte Carlo approaches to Ulam’s method described in the previous
section. Moreover, we find the L! norms || f* — fy ||1, for some N > 1 where fy is an approximation of f*. Monte Carlo and
Quasi Monte Carlo approach to Ulam’s method can be applied to any position dependent map satisfying conditions of Theorem
2.3. However, first we consider a simple position dependent random map 7', where the density f* of the invariant measure
u* is known. In the first example, the component maps of the position dependent random map 7 are piecewise linear and
Markov and the probabilities are position dependent piecewise constants. The main reason for the consideration of a such a
simple position dependent random map is that the actual density is known in this case and we can compare our numerically
approximate densities with the actual density. In the second example, we consider a position dependent random map where the
component maps are non-Markov and the actual density is not known.

Example 5.1. Consider the position dependent random map T = {71 (x), 72 (x); p1(x), p2(x)} where 71,7, : [0,1] — [0,1] are
defined by

3x+%, 0§x<%,
3x—3, 1<x<i,
Ti(x) =
_ 1
dx—-2, ;<x<73,
4x—3, 3<x<1
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4x, 0§x<%,
1 1
dx—1 7 Sx< 3,
T(x) =
3x— 3 1~ 3
X—5, 3Sx<1p,
3x—%, %ngl,

and the position dependent probabilities py, p> : [0,1] — [0, 1] are defined by

I, 0<x<y,
1 1 1
o 1Sx<5,
p](X): 3 1 3
I 3 Sx<y,
3 3
4> ZSXSI
and
3 0<x<i,
3 1 1
4 ZSX< 29
P2¥) = 1 1
o 3= x<y,
1 3
4 ZSXSI
1 3
Ifxe [0,%), then Z,%Zlgk(x) :Z%ZI |p’,‘(;c))| =5+5= % <1
If)ce[l l) then Y2 (x)= y? <x):i+izﬁ<1
El) k=18k kl‘(x)‘ 3774 T 48
3 1
3 s py 13
I x € [3.3). then Ty k() =X {4 fﬁf\ —iii-Dby
Ifxe[L,3), then s (x)=Y2 <X):%Jri:§<l
204 k=18k k=1 4T3 7T m

=
=
Na

Moreover,

= 30€+maX1<,<q Zk 1Vigk = 3. +0 = 78 < 1.Here, B=2Bo+f max, ;, Zle V58K > O with = max|<i<q (IJ,)
Thus, the random map T satisfies condmon of Theorem 2.3.

From the Lasota—Yorke result ([9]), both T\ and T, has acim. Moreover, T and Ty are piecewise linear, expanding and Markov.
The Frobenius-Perron matrix Py, of 71 is the transpose of My, where

r 1 1 1 7
0 3 3 3
1 1 1
7 3 3 0

Al
Al
FNI.
Al
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The matrix representation of the Frobenius—Perron operator P, is the transpose of My, where

1 1 1 1
i 4 1 1
1 1 1 1
i 4 i 1

1 1 1
5 3 3 0

111
L3 5 35 01
It is easy to show that both T and T have unique acim. Thus, the random map T = {71(x),T2(x); p1(x), p2(x)} also has a

unique acim (see Proposition 1 in [1]). The matrix representation of the Frobenius—Perron operator Prf = 2%:1 Pr (prf)(x) is
the transpose of the matrix My, where

&l
EXjre
E\jre
—

=Nt
=Nt
=Nt
>

13 13 13 3

16 16 16 16

B3B3 B 13
L 76 16 16 16

The normalized density f* of the unique acim of the random map T is the left eigenvector of the matrix My associated with the
eigenvalue 1 (after adding the normalizing condition). In fact, f* = [1, g, g, %] .

Monte Carlo approach to Ulam’s method: In Figure 5.1 (a) and 5.1 (b) we have plotted the actual density and approximate
density for Monte Carlo approach to Ulam’s method.

0.54 0.5

(a) (b)
Figure 5.1. Monte Carlo approach to Ulam’s method for the random map 7': Figure 5.1 (a) the graph of the approximate
density function fj¢ (Monte Carlo -Ulam’s method with N = 16, K = 1000:red curve) and the actual density function f* (black
curve); Figure 5.1 (b) the graph of the approximate density function f3, (Monte Carlo -Ulam’s method with
N =32,K = 1000:red curve) and the actual density function f* (black curve);

The L' —norm || fiy — f* ||1 is measured (with Maple 15) to estimate the convergence of the approximate density fy to the actual
density f* for our Monte Carlo approach to Ulam’s method.
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N | [[Aw=f1h
16 | 0.01815903102
32 | 0.01630702912

Quasi Monte Carlo approach to Ulam’s method: In Figure 5.2 (a) and 5.2 (b) we have plotted the actual density and
approximate density for Quasi Monte Carlo-Ulam’s method.

2 2

0.54 0.54

t t

(@) (b)
Figure 5.2. Quasi Monte Carlo approach to Ulam’s method for the random map 7': Figure 2 (a)the graph of the approximate
density function f¢ (Quasi Monte Carlo -Ulam’s method with N = 16, K = 1000:red curve) and the actual density function f*

(black curve); Figure 2 (b) Figure 1 (a)the graph of the approximate density function f3, (Quasi Monte Carlo approach to
Ulam’s method with N = 32, K = 1000: red curve) and the actual density function f* (black curve);

The L' —norm || fy — f* ||1 is measured (with Maple 18) to estimate the convergence of the approximate density fy to the
actual density f* for our Quasi Monte Carlo- Ulam’s method.

N | fv—1"1h
16 | 0.002504794762
32 | 0.001252884246

Example 5.2. We consider the position dependent random map T = {71 (x), 72(x); p1 (x), p2(x) } where 71,72 : [0,1] — [0, 1]
are defined by (see Example 5.2 of [5] for this random map)

— 5 1 1 2
Tl(x)f Zx+T07 §§X§§

3%, OSX<§,

— 3 1 1 2

TQ(X)— Zx_gv ZSXS 3
3 1 2

E)C*?, §<X§1,

and the position dependent probabilities py, p> : [0,1] — [0, 1] are defined by
0.8, 0<x<i
pi(x) =4 0.725,

0.4, F<x<l,
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and p2(x) =1—pi(x).

It can be easily shown that the random map T satisfies condition of Theorem 2.3. Thus, T has an acim. Unfortunately, we do
not know the actual density of the acim. Gora and Boyarsky [1] presented a Markov approximation of the random map T then
they presented the density of the Markov random maps. Note that the density obtained from a Markov approximation of the
random maps is only an approximate density. In Figure 5.3 and Figure 5.4 we have presented histogram and approximate
densities via Monte Carlo approach to Ulam’s and Quasi Monte Carlo approach to Ulam’s method.

-~

0 02 04 0.6 0.8
i

(a) (b)
Figure 5.3. Histigram and Monte Carlo approach to Ulam’s method: Figure 5.3 (a) the histogram of the density function of the
random map T with 500,000 points on the trajectory of the random map 7 with 1000 subintervals for [0, 1].; Figure 5.3 (b)
Monte Carlo approach to Ulam’s method for the random map 7': The graph of the approximate density function f>g with
K =1000.

V. ¥d

0 02 04 06 08
r

(a) (b)
Figure 5.4. Histigram and Quasi Monte Carlo approach to Ulam’s method: Figure 5.4 (a) the histogram of the density function
of the random map T with 500,000 points on the trajectory of the random map 7 with 1000 subintervals for [0, 1].; Figure 5.4
(b) Quasi Monte Carlo approach to Ulam’s method for the random map 7': The graph of the approximate density function fg
with K = 1000.
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6. Conclusion

In this paper, we study numerical computations of invariant measures for position dependent random maps. First, we present the
Frobenius-Perron operator and the existence of invariant measures for position dependent random maps. We present the Ulam’s
method for the computation of invariant measures for position dependent random maps. A general algorithm for approximating
fixed points of the Frobenius-Perron operator for position dependent random maps is presented. Then we present the Monte
Carlo and the Quasi Monte Carlo approach to Ulam’s method for the computation of invariant measures for position dependent
random maps. Finally, we present two examples of position dependent random maps along with the numerical computations of
invariant measures using the Monte Carlo and the Quasi Monte Carlo approach to Ulam’s method. In the first example, we
present L' norm errors between the numerical approximation of the density of the invariant measure and analytical density of
invariant measures for the random map. The numerical examples show that the Monte Carlo approach and the Quasi Monte
Carlo approach to Ulam’s method are useful tools for the computation of invariant measures for position dependent random
maps. Our numerical schemes are generalizations of numerical schemes described in [12] and [15] of single deterministic maps
to numerical schemes for position dependent random maps. In future, we plan on studying the speed of convergence of the
Monte Carlo approach and the Quasi Monte Carlo approach to Ulam’s method.
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Abstract

Fibonacci numbers and their polynomials have been generalized mainly by two ways: by maintaining the
recurrence relation and varying the initial conditions, and by varying the recurrence relation and maintaining the
initial conditions. In this paper, we introduce and derive various properties of r-sum Fibonacci numbers. The
recurrence relation is maintained but initial conditions are varied. Among results obtained are Binet’s formula,
generating function, explicit sum formula, sum of first n terms, sum of first n terms with even indices, sum of
first n terms with odd indices, alternating sum of n terms of r—sum Fibonacci sequence, Honsberger’s identity,
determinant identities and a generalized identity from which Cassini’s identity, Catalan’s identity and d’Ocagne’s
identity follow immediately.

Keywords: Binet’s formula, Fibonacci sequence, generating function, r-sum Fibonacci sequence
2010 AMS: 11B39

1. Introduction
Fibonacci sequence is the most studied sequence in the history of mathematics. In [14], the said sequence is given by A000045.
The sequence is generated by a recursive formula f,, = f,—1 + f,—2, for n > 3 with f; =0 and f> = 1. The sequence has many

. . . . . 1+
interesting properties. For example, the ratio Jut converges to the golden ratio

as n tends to infinity.

Various generalizations of the aforementiorfed sequence have been derived since it was first discovered by Fibonacci in
the 13" century. Fibonacci sequence has been generalized mainly by two ways: by maintaining the recurrence relation and
varying the initial conditions [1, 3,4, 5, 7, 9, 10], and by varying the recurrence relation and maintaining the initial conditions
[2,4,8,9, 11, 13, 12, 15]. Some of the properties that have been obtained by various researchers are not limited to finding a
closed form for the n' term of the sequence, sum of the first n terms of the sequence, sum of the first n terms with odd (or even)
indices of the sequence, explicit sum formula, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity, Honsberger’s identity,
determinant identities, and generating function among many others.

Let f, be the n™ term of Fibonacci sequence. Binet’s formula gives a closed formula for f,, as

1
B

H_\Gandﬁ: 1_\/5.

Companion to Fibonacci numbers are Lucas numbers with the same recurrence relation as Fibonacci numbers except for

o (an ' =pm 1), (1.1)

where @ =


http://oeis.org/A000045

On Generalized Fibonacci Numbers — 187/202

initial conditions which are 2 and 1. Binet’s formula for Lucas numbers, /,, is given by

Li=a"'+p" L. (1.2)

Here, [, is the n'® Lucas number.
Some properties of Fibonacci sequences explored in this paper include the sum of the first n terms of Fibonacci sequence,

f+h+ft+ At fo=fora—1, (1.3)

and the Honsberger’s identity

fn+m:fnfm+fn+1fm+la (1.4)

foralln > 1and n > m.

Definition 1.1. The n'" term of r-sum Fibonacci sequence, hy,r, is given by

hn,r:fn+ﬁ1+1+"'+fn+r_1. (15)

Using Definition 1.1, it follows that the first term
hip=fi+fot++fr=frra—1
and the second term

hyr=f+fit+frar=Ffrz -1

As with Fibonacci sequence, the r—sum Fibonacci sequence satisfies the recurrence relation

hn,r = hn—],r + hn—Z,ra (1.6)

for n > 3, with initial conditions & , = f,4o — 1l and hy , = fr43 — 1.
Few entries of A, , are given in Table 1 below.

Table 1. -Sum Fibonacci numbers

vl hiy | hoy | b3, | hay | hs, | hey | By, | hsyr | ho, | hio, | hi1,
1 0 1 1 2 3 5 8 13 21 34 55
2 1 2 3 5 8 13 21 34 55 89 144
3 2 4 6 10 16 26 42 68 110 178 288
4 4 7 11 18 29 47 76 123 | 199 | 322 521
5 7 12 19 31 50 81 131 | 212 | 343 | 555 898
6| 12 20 32 52 84 | 136 | 220 | 356 | 576 | 932 | 1508
71 20 33 53 86 | 139 | 225 | 364 | 589 | 953 | 1542 | 2495

When r = 1,2, we get Fibonacci sequence with different initial conditions. For r > 3, we get Fibonacci-like numbers. We

also note that when r = 4, we obtain Lucas numbers.
This paper is organized as follows: Some basic properties of &, , are given in Section 2. In Section 3, we obtain Binet’s

formula and generating function for these numbers. Further properties of these numbers are presented in Section 4. Moreover,
determinant identities are presented in Section 5. We conclude the paper in Section 6.

2. Preliminary Results
We start off, with these important and interesting properties:

Lemma 2.1. Forn > 1, we have h,3 = 2h,,>.
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Proof. From (1.5), we have

3 = fo+ for1+ foi2,

= fot for1 + ot fat1s
=2(fu+ fut1)s
=2h,,.
O
Proposition 2.2. The n'" term of r—sum Fibonacci number, hy,r, can be expressed as hy = fuiri1 — fut1, forall r > 1.
Proof. From recurrence relation (1.6) and equation (1.5), we have
hn,r = hnfl,r + hn72,r7
= (fnfl +fn + - +fn+r72) + (fn72 +fn71 + - +fn+r73);
=[(fit ot A forra— (it ot A fo)lH A+t A+ fors) = (i o+ + fas)]
By equation (1.3), we get
oy = [(fosr = 1) = (fu = D]+ [(farr—1 = 1) = (fa-1 — 1)]
= fotr — o+ Jotr—1 — fao1
= fatre1 = fus1-
O
Proposition 2.3.
r—2
hn,r = fr+1fn+2 +fn+1 Z fl
i=1
Proof. By Proposition 2.2, we have that
hn,r = fn+r+l _fnJrl- (2-1)
Now, by Honsberger’s identity (1.4), we have
Jotr+1 = frerfor2 + frfusr-
Substituting this sum in (2.1), we obtain
hn7r = fr+1fn+2 +frfn+1 *fn+l
= frfor2+ fur1 (fr - 1)-
n r—2
Since Zfi:fnJrZ_l»then hny = fretfor2 + font Zfl H
i=1

i=1

Theorem 2.4. The numbers, hy ,, can be expressed in terms of Fibonacci and Lucas numbers as:

[ngE

Invaioy if r=4m,

m

Invai—1 + furam if r=4m+1,
1

— i
hn,r =

on

Il
-

lnvaio1 + fordm2 if r=4m+2,

Inyaio1 + 2fn+4m+2 if r=4m+3.

on

Il
—_



Proof. If r = 4m, then

hn,r = fot+Sfor1+ -+ faram—
:fn+2 +fn+4+"'+fn+4m
=lp43+ ln+7 + ln+4m71-
If r=4m+ 1, then
hn,r = fn +fn+l + - +fn+4m

= fn+2 +fn+4 +- +fn+4m—2 +fn+4m +fn+4m
=lz+ o+ Flham1 + foram.

If r =4m+2, then
hn,r = fn +fn+l +fn+2+"'+fn+4m+l

= fn+2 + f;1+4 +--- 4+ f;1+4m+2
=3+l + o ham1 + forami2

If r =4m+ 3, then

hn,r = fn +fn+1 + - +fn+4m+2
= fot2 + fora+ o+ foram + forams2 + foram2
= ln+3 + ln+7 + ln+4m—1 + 2fn+4m+2-

Remark 2.5. We note that:
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1. For r=1,2, the r—sum Fibonacci numbers, h, , are themselves Fibonacci numbers.

2. We have hy, 3 as a sum of Fibonacci numbers for all n > 1.

3. The numbers, hy, 4, are Lucas numbers for all integers n > 1.

4. The numbers, hy 4m, are sums of Lucas numbers for all integers m > 1 and n > 1.

5. Forallm € Nandn > 1, we have that hy 441, hnam+2, and hy, 4y, 13 are sums of Fibonacci and Lucas numbers.

Proposition 2.6. Let m > 1. Then the n'* term of 4m—sum Fibonacci sequence, hyam, satisfies the equation

hn,4m = f2m+ 1 ln+2m+l .

Proof. By Binet’s formulas for Fibonacci numbers (1.1) and Lucas numbers (1.2) and by equation (2.1), we have

hn,4m = fn+4m+] - fn+1
1

1 (an+4m _ ﬁn+4m) _ 7(06" _ ﬁn)

“ap a P
Since aff = —1 then, («f)*" = 1, and

—_

(an+4m _ (aﬁ)Zman _ ﬁn+4m + (aﬁ)Zmﬁn)

hn,4m =

R
-

B
-B
— 1 (an+2m(a2m 7ﬁ2m) +Bn+2m(a2m 7ﬁ2m))

o—p

(an+4m _ ﬁZman+2m _ ﬁn+4m + a2mﬁn+2m)

Q

o
-

= f2m+lln+2m+l .

((sz _ ﬁZm)(anJer _|_ﬁn+2m)
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Setting m = 1 in Proposition 2.6, we get:
Corollary 2.7. h, 4 = l,43, foralln > 1.

Proposition 2.8.
-
Z hk,r = hn,rh11+1,r - /’ll,rh27r.
k=2

Proof. Since hy, = hy11 ,— hy—1 then,
2
hn.r - hn,rhrH—] R hn—l,rhn.r-
Now, we have
2
h2‘r = h2,rh3,r - hl,th,r

hi, =h3,har—hoh3,

hir = h3,rh5,r - h3,rh4,r

2
h = hnfl,rhn,r - hnfz,rhnfl,r

n—1,r

hﬁ,r = hn,rhn-H,r - hn—l,rhmr-
Adding up these equations, we get

h%.r + h%,r + hézt,r +eeet hrzlfl.,f + hrzl,r = h”v’h”""] - hlﬂ’hzar"

Proposition 2.9. For every positive integer n > 2,
hﬁ.r - hﬁfl,r = h”+17rh”—2>"
Proof. Since

h2 = hnfl,rhn,r —hpy ,rhn72,r

n—1,r
then,

oy —ho =l = byt i+t 2
= Ny r(hpy — hn—1,) +hn—1 rhn—2r
= hprhp—2r+hn—1rhn—2 1
=hp2, (M +hp1,r)

= hn+17rhn—2,r-

3. Binet’s Formula and Generating Function
We start by getting a closed formula for 7, .
Theorem 3.1 (Binet’s Formula). The n'" term of r-sum Fibonacci sequence, hy, ., is given by
1
hpr=——[(har— Bh1, )" = (ho, — ahy ) B,
: a_ﬁ[(z. Bhi) (ha, 1B

\Eandﬁz 1_2\6.

1
here @ =
wnere )

3.1)
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Proof. Letn > 2, then r-sum Fibonacci numbers are defined by the recurrence relation
hn,r = hn—],r + hn—l,ra

with initial conditions A1 , = f4o — 1 and hy , = f,43 — 1, for all r > 0. The characteristic equation of the recurrence relation is
A2 — A —1=0. We solve this equation to get its roots as

1+V/5 1-V5
a=-— and f = 7

These roots are real and distinct and thus the solution of the recurrence relation is of the form
hnr=Aa" +Bf", 3.2)

where A and B are constants.
Setting n =1 and n = 2 in (3.2), we obtain

Ao —l—BB = h]ﬁr
and
Ao?+BB*=hy,

respectively. Solving these equations simultaneously, we get

A= hZAr - Bhl,r
a(a—p)
and
ahl r— h2 r
B=——"—".
Bla—p)
Thus the result follows. O

Corollary 3.2. The n'" term of the r—sum Fibonacci sequence satisfies the equation oy =hopfu+hi,fui.

Proof. From Binet’s formula (3.1), we have

1
hn,r - [hz,r(a”_l _Bn—]) _hlJ(aﬁ)(an—Z _ﬁn—2)}7
a—p
where a = 1+2\6 and § = ! _2\6. Since aff = —1, then
1 n— n— n— n—
s = g (o™ =B ) (2 = )]

= hZ,rfn +h1,rfn—l .

The following formula is rediscovered immediately upon setting » = 1 in (3.1).
Corollary 3.3 (Binet’s formula). The n'" Fibonacci number; f,, is given explicitly as
fu= 1 [an—l_ﬁn—]}
n a . B )

1 1—
+2\6 and B = 2\5.

where o =
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. . . . 1 I
Corollary 3.4. The sequence of ratio of successive r-sum Fibonacci numbers e converges to the golden ratio, i.e.,
n,r
. thrl,r 1 + \/g
lim = .
n—seo i, . 2

Proof. From Binet’s formula (3.1), we have

[(hl r ﬁh],r)(xn - (hZ,r - ahl,r)ﬁn]

fim ML i £ ﬁ :
n—roo n—roo
mr r [(hZ r ﬁhl,r)an71 - (h2,r - ahl,r)ﬁnil]
1 1
where @ = +ﬁandﬁ: ﬁ

2
Factorizing o1 we obtain

-1 _ _ _ —(n—1)Rn
T L (YR LR YR
Iim ——— =
n—eo n—)oo 1

-

n,r

—a 1 [(hZ r Bhl,r) - (h27r - ahhr)a_(n_l)ﬂn_l]

which simplifies to

(hay — By )0t — (s — ahl,,)(

Ryt .
LT im

n—oo

(hZ,r - ﬁh],r) - (h2,r - ahl,r) <

n—1
Since |§| < 1, we have lgn (g) = 0 so that
n—oo

i Brete _ (g =Bl 1+v/5
im =lim-—"———"—=a= .
R—beo hn,r n—yeo (h2,r - ﬁhl,r) 2
O
‘We now obtain the generating function for r-sum Fibonacci sequence.
Theorem 3.5. Let H,(t) be the generating function for r—sum Fibonacci sequence, then
hy ot +12(hyy —hyy)
H,(t) = — : = 33

(r) = AR 33

Proof. Let Hy.( Z hy, ,t" be the generating function for r—sum Fibonacci numbers, then from hy, , = hy,_1 , + hy—2 r, We
n=1

have

Z hn.rtn = Z hnfl,rtn + Z hn72,rtn-

n>3 n>3 n>3

This is the same as

Y gt — ot =it =1 Y byt 12 Y byt

n>1 n>2 n>1

or

Y hpgt" — ot — byt =t (Z B pt" — h1,,t> +2Y hyt"

n>1 n>1 n>1
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Substituting H,(t) = Z hy 1" We get,
n=1

Hy (1) — ho > — hy ot = t(H,(t) — hy 1) +12H, (1),
Thus,

h],rt +I2(h2.r - h].r)
Hi () = 1—r—22

4. Properties of r-Sum Fibonacci Numbers

In this section, we obtain further properties of r—sum Fibonacci numbers.

Proposition 4.1 (Sum of first n terms). The sum of first n terms of r-sum Fibonacci numbers is given by hy, > » —ho ,
Proof. By Binet’s formula (3.1), we have

n
1
Y = a—B [(hor = Bhi ) @® = (hoy — athy ) B+ (hoy — Bhi )t — (hoy — athy ) B! + -+ (hoy — Bl )"
k=1
- (hZ,r - ahl,r)ﬁnil]

- aiﬁ (=Bl ) (1+ @+ 40" ") = (o, —ahy,) (14 B+ + "]
= (xiﬁ [(hz,r—ﬁhlﬁr)o(;n__ll—(hzjr—ahu)%n__ll )

Since ¢« —1 =—f and f — 1 = —a, we have

< o 1 (hZ,r_ﬁhl,r)(an_ l)a_(hZ.r_ahl,r)(Bn_ l)ﬁ
Loty ~ap |

Since —aff =1, we get

i iy = ﬁ [(ha,y — Bhi ) (@™ — &) — (hay — athy ) (B" = B)]
=1

(h27r - ﬁhl,r)an+l - (h2.,r - O‘hlﬁr)ﬁr&l _ (hZ,r - Bhl,r)a - (hZ,r - ahl,r)ﬁ

oa—p o—p

= hn+2,r - h2,r-

O
Proposition 4.2 (Sum of first n terms with odd indices). The sum of the first n terms with odd indices of r—sum Fibonacci
numbers is given by hoy r —ha y + hy .

Proof. By Binet’s formula (3.1), we have

n—1

1
Z h2k+l,r - ﬂ[(hlr - ﬁhl,r)ao - (hZ,r - ahl,r)ﬁo + (hZ,r - ﬁhl,r)a2 - (hQ,r - ahl,l‘)Bz
k=0

et ey = Bl )2 = (o — ol ) B2
aiﬁ [(hay— Bl ) (14 0% 4+ a? ) — (hy, — athy ) (1 + B> 4+ B272)]

_ 1 (hZ,r_Bhl.,r)(azn_ l) (hl,r_ahl,r)(ﬁzn_ 1)

a—p a?—1 B2 -1
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Since «®> — 1 = a and B> — 1 = B, we have

Z Uetl = lﬁ [(hor = Bhy ) (@ —a™") = (ha — ey ) (B> = B71)]

_ (h2,r - ﬁhlf)ahil - (h2,r - O”’ll,r)ﬁzni1 _ (hZ,r - ﬁhL,)OFl - (hZA,r - aer)ﬁil
a a—p a—p

= h2n,r - hO,r
= h2n,r - hZ,r + hl,r~

Proposition 4.3 (Sum of first n terms with even indices). The sum of the first n terms with even indices of r—sum Fibonacci
numbers is given by hypy1,—hi .

Proof. By Binet’s formula (3.1), we have

i ﬁ [(hay — By )t — (hay — ahy )B4 (o — By )0 — (o — athy )B4+ + (o — Bhy )"
k=1

- (hZ.,r - O‘hl,r)ﬁzn_l]

aiﬁ[(hz,r—ﬁh17r)(a+a3_._...+a2n—l)—(hz,r—(xhu)(ﬁ +ﬁ3+”.+ﬁ2n—1)}

2n
e A dusi

2n
— (hz,r — ahl_,,)% .

Since &> — 1 = awand B> — 1 = B, we get

Z 2k,r = 7[3 [(th ﬁhl,r)(azn - 1) - (h27r - ah17r)(ﬁ2n - 1)}

_ (hZ,r - Bhl,r)azn - (h2,r - ahl,r)ﬁ2" - (hZ,r - Bhl,r (hZ r ahlf)
a—p a—pB

= h2n+l,r - hl‘r-

Proposition 4.4. For every positive integer n,
1
hl,r + h4,r + h7,r + h3n72,r = 5 (h3n,r - h2,r + hl,r)~

Proof. By Binet’s formula (3.1), we get

n

1
Z h3k*27’ = a— [(hlr - ﬁhl,r)ao - (h27r - ahl,r)ﬁo + (hZAr - ﬁhl,r)oc3 - (hZ,r - ahl,r)ﬁ3
k=1

Tt hz’r_ﬁh1=r)a3n73_(hZ,r_ahl,r)ﬁ3n73]

_ o 1 ﬁ [(th ﬁhl r)(l—F(X +-- _|_a3” 3) (h2.r_ah1,r)(1+ﬁ3+--‘+ﬁ3”73)]
1 3n 3n_1

= g | e =P Ty — = o)
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Since o — 1 =20 and B3 — 1 = 23, the above equation simplifies to

4 1 n— - n— -
kg,lh%*lr = m [(hZ,r - Bhl,r)(a3 '~ l) - (hZ,r - ahl,r)(ﬁ3 - B l)]
o 1 (hZ,r - ﬁhl,r)ayli1 - (hZ,r - (XI/ll,r)l:$3)r171 N (hZ,r - ﬁhl,r)ai1 - (hZ,r - ahl,r)ﬁ71
2 a—p o—p

1
= E (hSnA,r - hO,r)

1
= 5 (h3n7r - h27r + hl,r)-

O
Proposition 4.5. For every positive integer n,
1
h2,r + hS,r + h&r 4 +h3nfl,r = §(h3n+l‘r - hl,r)~
Proof. By Binet’s formula (3.1), we have
- 1 4 4
Z h3k—1,r = a— B [(hZ,r - ﬁhl,r)a - (hZ,r - ahl,r)fj + (hZ,r - ﬁhl,r)a - (h2,r - ahl,r)ﬁ
k=1
+ o (hyy = Bl )02 = (o, — athy ) B
1 _ _
= gl =Bttt 0™ = (i — oy ) (BB )]
1 a3n+1 —a ﬁ3n+l o ﬁ
= hy,—Bhy, —(hyy—0hy ) ———|.
aﬁ{(z, Bhi) =5 — (har—athyy) Bl }
Since o — 1 =20 and B3 — 1 =23, then
Y bt = 5 [ B ) (@~ 1) — (o — o) (B~ 1)]
= ) 2(06 _ﬁ) ) ) ) )
_ 1 (hZ,r - ﬁhl,r)aSn - (hZ,r - ahl,r)ﬁ3n _ (h2,r - ﬁhl,r) - (h2,r - ahl,r)
2 a—-pf o—p
1
= —(m3pt1,—Nh1r)-
2( 3n+1, 1, )
O

Proposition 4.6. For every positive integer n,

1
h37r + h6,r + h9,r +- h3nm = 5 (h3n+2,r - h2,r)-

Proof. By Binet’s formula (3.1), we obtain
1

n
Z h3k7" = o— ﬁ [(hl.n - Bhl,r)az - (hZ,r - ahl,r)ﬁz + (h2,r - ﬁhl,r)oc5 - (h27r - ahl,r)ﬁs + (h2,r - ﬁhl,r)asnil
k=1

_ (hz,r _ ahl’r)ﬁiinfl]

= 1ﬁ[(hZ,r_ﬁhl.r)(az+a5+...+a3n71)_(hZ,r—ahl’r)(ﬁZ_FﬁS_|_‘___|_ﬁ3nfl)}

IS

3n+2 _ az ﬁ3n+2 _ [32

= ﬁ (h2,r - ﬁhl.r)aa:gi_l - (hz,r - ahl,r)ﬁ

IS
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Since o — 1 =2 and B3 — 1 =2, we get

ki]h%r = ﬁ [(h2.r = Bhip) (@ — @) = (ho,r — athy ) (B! — B)]

_ 1 (hZ,r - ﬁhl,r)a3n+l - (hZ,r - ahl,r)ﬁ3n+1 - (h27r - Bh],r)a - (h2,r - ahl,r)[3

2 a—p o—f
1
= E(h3n+2,r*h2,r)~
O
Proposition 4.7 (Alternating sum formula). For every positive integer n,
i(_l)k+1hk,r - (_1>n71hnfl.,r+2hl,r _h2,r-
k=1
Proof. By Binet’s formula (3.1), we get
« 1
Z (_1)k+1hk,r = o — ﬁ [(hZ‘r - Bhl,r) - (hZ‘r - ahl,r) - ((hZ,r - ﬁhl,r)a - (h2,r - ahl,r)ﬁ)
k=1
e (=) (hoy = Bl ) 0" — (o — athy )BT
1
= ﬁ[(hzr =Bl (1=t (=) o) = (o — othy ) (1= B4 (= 1) B )]
_ 1 ()" —1) (=B)"-1)
- o _ﬁ |:(h2.r - ﬁhl,r)T - (h2,r - ahl,r) _B 1 ]
Since —a— 1= —a? and — — 1 = — 2, we have
n 1 (_])nan_] (_])nﬁn_]
k;l(—l)kﬂhk,r = 067—[3 [(h2.r - ﬁhl,r)T - (h2.r - O‘hl,r) _B2:|
—(—1y! a%ﬁ [(hay — Bln) 0" 2 — (o — athy ) B
1
+ H [(hZ,r - Bhl,r)a_2 - (hZ,r - ahl,r)ﬁ_z}
_(_1\n—1 1 (h2,r_ﬁhl,r) i (hz,r_ o5hl.r)
_( 1) hn—l,r+a_ﬁ|: az BZ :|
This gives,
! 1
_lk+1hr: _1n_lhn7.r+7 hr_ hr 2_hr_ hr 2
k;( ) e = (—1) 1, (aﬁ)z(a—ﬁ)[( 20— Bhis)B* — (hay — 0thy )0
_ . 063 _[33 062 _B2
*(71) hnl,r+[hl,r< (X—ﬁ >h2,r( OC—B >:|
oyt 2(a—B) o’ - B’
= e [ (PG e (25 )|
Since ot — B = v/5 and o> — B2 = /5, then
f(—l)"“hk, = (=1)"hy_1+2h1 y — b2,
k=1
O

Proposition 4.8. For every positive integer n,

th,r = Z (Z) hk,r~

k=0
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Proof. By Binet’s formula (3.1), we get

1 _ n—
h2n,r: 7[(h2,r_ﬁhl,r)a2n 1_(h2,r_ahl,r),62 1}
a—f
1 aZn ﬁZn
Iy — Bhy ) — (g, — athy )],
aﬁ[(z Bhir) = — (e, al,)ﬁ}
Since a> = 1+ o and B2 = 1+ 3, then

s = a]—ﬁ [(hzr B +a°‘)" (o — i )U zﬁ)”} |
Since (1 +x)" i( )x" we have
el e )
[l
k=0 o —
£ (o

Proposition 4.9 (Explicit sum formula). For every positive integer n,

n—1 n— 2

o I 7
hn,r:hl.r Z (n ]]i 1)+(h2,r_hlr Z (n 2>7 (41)

k=0

where |n| is the greatest integer less than or equal to n.

Proof. By generating function (3.3), we have

Zhnrt _ hl rt+t (h27r*hl,r)
1—t—12

= [hl,r+t(h27r—h17r)](1—t—t2)71
=t [hl,r+t(h2,r _hl,r)][l — (l‘+t2)}_l

=tlh,+t(ho,—hi,)) Y (142!
n=1

o nel
= [, +t(hay—h1,)] Z o Z (n; 1)["

o p—1 )

=l +t(ho,—h) Y Y W

n=1k=

n+k

Replacing n by n+k+ 1, we get

° = @ (k)
Z]hm :[hl_,th(hz,,fhlJ)]ZU;) o 2k
n= n=1k=l
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Equating the coefficients of ", we obtain
ol 1"22]
n—k—1 n—k—2
hn,r :hl,r Z ( k ) +(h2.,r_hl,r) Z ( k >
k=0 k=0
Hence the proof follows. L

Proposition 4.10. For every positive integer n,

h—ﬂ«,r = (_ l)n (hZ,rfn+2 - hl,rfn+3)-
Proof. By Binet’s formula (3.1), we have
1

hfn,r = o — ﬁ [(hZ,r - ﬁhl,r>ain71 — (hz"r — OCer)ﬁinil]
1 1 1
= afﬁ (h27r_ﬁhl,r)W_(h27r—ah]’r)W .
. 1 1
Since P —pB and B = —a, we have
1
o= g (2= Bl ) (1)1 = (k= ey ) (1) ]
(,1)"+1 n+l1 n+1
= p V=B )"~y —ahy o]
(7 1)n+1 n+1 n+2 n+1 n+2
= (Z*ﬁ [h2.rB _hl,rﬁ _h2.ra +h1,ra ]
(_ 1 )n+2 n+1 n+1 n+2 n+2
= a-B [, (0"t = By — hy (a2 — B3]
B (_1)"+2 h27,(06”+1 _ﬁn-&-l) B h17,(06n+2 _ﬁn-&-Z)
N a—pB a—B

= (_ l)n+2 (hZ,rfnJrZ - hl,rfn+3)
= (7 l)n (hZ,rfn+2 - hl,rfn+3)-

O
Proposition 4.11 (Honsberger’s identity). If n > m then
Mosmyr = Mo fon + Pt fins1,
forallm>0andn > 0.
Proof. Since by Corollary 3.2, we have
hnmr = hop fom + B frm—1,
then by Honsberger’s identity of Fibonacci numbers (1.4), we get
Py = oy (fufn + foet finir) =+ B e (fa1 fin + fafins1)
= fm(hofo +hrfoo1) + fnv1 (hoy fovt F R fn)-
Applying Corollary 3.2 again we have, h,mr = hpr fin + Bugt r fns1- O

Corollary 4.12. We have:

1. h2n,r = hn,rfn + hn+1,rfn+lv
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2. hop1y=hyrfn1+hasirfa,
3. hoyp 2y =hprfno+hai1fn1,
4. hon—kr =y fok+ Mot 1 + fa—kt1-
Proof. The results follow from Proposition 4.11 upon settingm =n,m=n—1,m =n—2,and m =n —k in that order. [
Proposition 4.13. For every n > 2, we have
ho sy + 3 phap 4 A By phony = 13, — B3,

Proof. We induct on n. For base case, n = 2:
The left hand side gives

h2,rh3,r + h3,rh4,r = h3,r(h2,r + h4,r)
while the right hand side gives
h =13, = (hay = o) (hap +hoy) = (s + o).

Since the left hand side equals to the right hand side, the base case holds.
For the induction step, we will assume the formula holds true for n and prove that it holds true for n+ 1.
Since by inductive hypothesis

h2,rh3,r + h3,rh4.r + -+ h2n71,rh2n,r = h%n.r - h%ﬁr,

then
hoghs b ha - ot phong + hoahons - hanst phon,r = Wy — B3 4+ hon thonset Bt rhons 2,

=13, + honshonsrr — 15+ honst rhonso
= honr(hony + hons1 ) + honsr phonsar — b3,
= honrhonso,r + hons1 rhons,r — h%,,
= honsar(hany +honsr ) — 3,
= Wyyin, =3,

By the principle of mathematical induction, the result follows. O

Lemma 4.14. The n'" Fibonacci number, f,, is given by

hZ,rhn.r - hl,rhn+l,r
fn = B .
ha =i rhsr

Proof. We have, by Binet’s formula (3.1), that

(ha, = Bl ) . (ahl.th,r)ﬁnl:| _h”[(hzrﬁhl,r)a" N (ahl,th,r>Bn:|

h2,rhn,r - h].rthr],r = hZ,r |:

o—f oa—f o—f a—pB
_ an;g"l I:h%r _h%,r] N holt,:h%r [an—Z B +B"]
e A )
Now,
b= ar ' =Bt hy by, _hl,rthrl,r.

a—B B, hihs,
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Theorem 4.15 (Generalized identity). Let hy, , be the n' term of r—sum Fibonacci sequence then

(_1)m—k—l

m [(h2.rhk+l b hl,rhk+2,r) (h2,rhnfm+k+l,r - hl,rhn7m+k+2,r)} ) 4.2)
2,r SIS,

hm,rhn,r - hmfk,rhnqtk,r =

wheren>mand k> 1.
Proof. By Binet’s formula (3.1), we have
hn,r :Aanfl +Bﬁn71

hZ,r - Bhl,r
a—p

hy,—h 1 5 1—-+v5
any 2,r,a: +fandﬁ: \/>
a—f 2 2

where A = ,B=
Now,

Bl = by = (A 4 BB ) (Ao~ 4+ B — (Ao B ) (A kT i)

:AB( ok 7ﬁk> [amlﬁ"l ) a"lﬁml:|

ak Bk
=AB(—1)* (ak _ ﬁk) (a1 g1 (Bn7m+k B an7m+k)
_ _AB(_l)m—k—l (ak _ﬁk) <an—m+k _ﬁn—m+k>.

h%ﬁr - hl,rhS.r

Since —AB = 5
(a—B)

then

)

h%_’r _hl,rhSA,r
(a—B)°
= (3, —hphz,) (—1)" !

hm.rhn,r - hm—k,rhn+k.r =

(71)m7k71 [(ak _ ﬁk)(anferk _ ﬁnferk)}

aak : gk <anm+ol; : gnm+k>:| .

By Lemma 4.14, we have

ok —B*  hyhigy— R b,

Jert = a—p h%’r —hy  h3,
and

ot = o mtk — gnomtk _ harhnmiki 7hl,rhn—m+k+2,r.

o—p h%,r —hy b3,

So

iy — ol = (— 1)1 (harhysrr — hl,rhk+2,r)2(hZ,rhnfmekH,r — 1 hp—mtis2)

hy , —hirhs,

Hence the proof follows. O

Corollary 4.16 (Catalan’s identity). If we take m = n in the generalized identity (4.2), we obtain

(_ 1 )n—k—l

2
o [yl — B ]
B, — iy 12t = s

2
hn’r - hnfk,rhnka,r =

foralln>k>1.

Corollary 4.17 (Cassini’s identity). Ifm = n and k = 1 in the generalized identity (4.2), then
h =l 1 bty = (=172 (13, —hy ths ),

foralln>1.

Corollary 4.18 (d’Ocagne’s identity). Ifn =m, m =n+ 1 and k = 1 in the generalized identity (4.2), then
Moy =l = (1" [ ot e = B o2,

where m > n > 0.
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5. Determinant Identities

Determinants play a significant role in various areas in mathematics. For instance, they are quite useful in analysis and solution
of systems of linear equations. T. Koshy [6] devoted two chapters of his book to the use of matrices and determinants in
Fibonacci numbers. In this section, we obtain further properties of r—sum Fibonacci numbers involving determinants.

Proposition 5.1. For every positive integer n,

thrl,r hn+2,r hn+3,r
hn+4,r hn+5,r hn+6,r =0.
hn+7.r hn+8,r hn+9,r

Proof. Applying column reduction C; — C; 4 C; to the matrix, i.e., replace the entries of column 1 with the sum of the
entries of columns 1 and 2, we get that two columns are identical and hence the determinant of the matrix is zero. O

Proposition 5.2. For every positive integer n,
hn,r + hn+1~r h11+1,r + hn+2,r hn+2,r + hn,r
hn+2.,r hn,r hn+1,r =0.
1 1 1

Proof. Applying Ry — R| + R;, we get that the determinant of the matrix is

2hn+2,r 2hn+2,r 2hn+2,r 1 1 1
hn+2,r hn,r hn+l,r = 2hn+2,r hn+27r hn,r hn-‘rl,r .
1 1 1 1 1 1
Since two rows are identical, the determinant is zero. O

Proposition 5.3. Let n be a positive integer, then

hn,r fn 1
hn+17r Jorr 1 :fnhn+1,r*fn+lhn,r~
hn+2,r fn+2 1

Proof. Applying Ry — R, —R; and R, —> R3 — R, we get that

hn,r fn 1 hn+l.r_hn,r fn+1 _fn 0
hn+1.r fn+l 1| = hn,r fn 0.
hn+27r o2 1 hn+2,r Jnt2 1
The result is thus immediate. ]

Proposition 5.4. For every positive integer n,

Ry r L, 1
hn-‘rl,r ln+1 1= lnthrl‘r - anrlhn,r-
hn+2.r ln+2 1
Proof. The proof follows as in the proof of Proposition 5.3. O

Proposition 5.5. For every positive integer n,

1+ hn,r thrl,r e hn+p,r
hn,r 1+ hn+l,r e h11+p,r
. : .. . = 1+hn.r+hn+1,r+"'+hn+p,r-
hn,r hn+1,r o 1+ hn+p,r

Proof. The proof follows by induction on » and making use of column reductions. O
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Proposition 5.6. Let n be a positive integer, then

Proof. We have

hn,r hn+17r hn+2,r ; 3
hn+2.r hn,r thrl,r = z(hmr + hn+17r)'
hrH—Lr hn+2,r hn,r

hn,r hn+1Ar hn+2,r
hn+2.r hn,r hn+l,r - hn,r(hzﬁr - hn+1,rhn+2,r) + hn-«—l,r(h%Jr] o hn,rhn+2ﬁr) + hn+2,r(h,21+27r - hmrhn-&-l ,r)
hn+17r hn+27r hn.r

3 3 3
= hn,r + thrl,r + hn+2,r - 3hn~rhn+lyrh”+2,"'

Substituting A,,42 = hp r + hy41,- and expanding, we obtain the desired result. ]

6. Conclusion

In this paper, we have derived Binet’s formula (3.1) and generating function (3.3) for the r—sum Fibonacci sequence. Further,
we have obtained explicit sum formula, sum of first n terms, sum of first n terms with even indices, sum of first n terms with odd
indices, alternating sum of » terms of r—sum Fibonacci sequence, Honsberger’s identity, determinant identities and generalized
identity (4.2) from which Cassini’s identity, Catalan’s identity and d’Ocagne’s identity are simple cases.
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Abstract

We consider the singular initial value problem for the second order differential equation. We interested in the
existence of positive solutions and proved an easily applicable theorem on the existence of positive solutions
to initial-value problems for second-order nonlinear singular differential equations. The previously established
result on the existence of positive solution by Agarwal and O’Regan is not easy for the applications due to
very complex definition of a new function and their properties in the statement of their theorem. We used the
Lebesgue dominated convergence theorem and the Schauder—Tychonoff theorem in the proof of the main result.
The main result can be easily applied for the singular and regular type of problems.

Keywords: Second order equations, Existence, Lane-Emden equation, Emden-Fowler equation, Fixed points
2010 AMS: 34A12

1. Introduction

In the mathematical literature there are many existence results on singular differential equations [3—8]. We are mainly motivated
by [1] and the references therein.
‘We consider the problem

(py") +pggly) = 0,0€[0,T], (1.1)
y(0) = a>0,
Jim p()y(r) = 0
and
(py) +pagly) = 0,t€l0,T], (1.2)
y0) = a>0,
y(©0) = o,

where 0 < T < oo, p>0,g>0and g:[0,00) — [0,00).
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Agarwal and O’Regan [1] proved the next existence theorem for the positive solution of the problem (1.1) and (1.2).

Theorem 1.1. [1]Suppose the following conditions are satisfied

p €Cl0,T)NCY(0,T) with p>0on (0,T), (1.3)

q € L)[0,t] foranyt* € (0,T) with g >0 on (0,T). (1.4)

Here L}[0,a) is the space of functions u(t) with [§ |u(t)|r(t)dt < oo,

] s
/ —/ p(x)g(x)dxds < oo forany t* € (0,T), (1.5)
o ps)Jo
and
g :[0,00) — [0,00) is continuous, nondecreasing on [0,°0) and g(u) > 0 for u > 0.
Let
a dx
H(z :/ ——for0<z<a
® - gx)
and
A | s
/ —/ p(x)g(x)t(x)dxds < a foranyt* € (0,T). (1.6)
o ps)Jo
Here

T(x) =g (Hl (/Oxp(lw) ./pr(z)q(z)dzdw>) )

Then equation (1) has a solution'y € C[0,T) with py' € C[0,T), (py')' € L},,(0,T) and 0 < y(t) < a fort € [0,T). In addition,
if either

p(0) #0

_ . p(1)q()
p(0) =0and 15151+ FORE 0

holds, then y is a solution of (1.2).

The condition (1.6) in connection with the definition of the function 7(x), makes this theorem difficult for application.
In [2], we proved the theorem:

Theorem 1.2. Suppose (1.3)-(1.5) hold. In addition, we assume

/ot ﬁ/)sP(X)q(X)g(aﬂp(X))dxds < a-ol),
/ot ﬁ/;p(@q(x)g((p(x))dxds = o)

for some @(x) € C[0,T], with 0 < ¢(x) < a. Then (1.1) has a solution y € C[0,T] with py’ € C[0,T], (py')' € L},(0,T) and
0<y(t) <aforte]0,T].

The main purpose of this paper is to establish more easily applicable theorem on the existence of positive solution of the
problem (1.1).
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2. Main Results
The following theorem is the main result of this article.

Theorem 2.1. Suppose the following conditions are satisfied

Cl0,T)NC'(0,T) with p >0 on (0,T],

P
q 0,

€
2

1" 1 S
/0 @/o p(x)q(x)dxds <o forany1* € (0,T],

g :[0,00) — [0,00) is continuous, nondecreasing on [0,c0),

and assume
[ 555 | Pateta—ploysas < o0,

for some @(t) € C[0,T], with 0 < @(t) < a,9(0) = a. Then equation (1) has a solution y € C[0,T| with py € C[0,T],
(py') €L}, (0,T) and 0 < y(t) < a fort € [0,T]. In addition, if either

p(0) #0

or

p(0)=0and lim p(t)q(t)

=0
t—0+ p/(l‘)

holds, then y is a solution of (1.2).

Proof. We construct a sequence of functions such that the subsequences of odd-numbered terms and even-numbered terms
are convergent. By using the limits of these sequences we construct a new set and the operator in this set. Then we use
Schauder-Tychonoff theorem to show that this operator has a fixed point.

Consider the sequence {y,(¢)},n=0,1,2,... with yo(¢) = ¢(2),

Valt) = 0(t) — /Ot % '/Osp(x)q(x)g(yn_l (¥))dxds, n=1,2,..., 1 <T.

We have
() = a—),
0 = a= [~ [ gl dsds = solo),

and in like manner
) = a- [~ [ patg(n )dds

0
/osp(x)q(x)g(yo(x))dxds

y3(0)  p(x)g(x)g (v ()dxds > ya (1),

Il
S
|
c\_‘
<
3»—
S~

3@ = a= [ [ pWagbaCodds <3300,

yan-1(t) >
yult) <y
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The sequences {y2,(¢)} and {y2,+1(¢)} are equicontinuous. Indeed, we have

L | s ] N
) 3| = [0 [ poaw)atns ydds < [ [ pxjatedas, e
where
M =max{g(u):0<u<a}

and the right hand side of (2.1) can be taken < ¢ for |t — r| < §, regardless of the choice of f and : the function [} ﬁ Jo p(x)q(x)dxds

is (uniformly) continuous on [0, T]. It follows from Ascoli Arzela Theorem that the sequence {y»,(¢)} has the (uniformly)
convergent subsequence, y2,, (f) — u(t). The Lebesgue dominated theorem guarantees that

yn®) = a [ [ p0)a(e)e(rm, (0)dsds = (0,
w0 = a= [ [ paos(ue)dsds,
andu(r) = a—/ot ﬁ/osp(x)q(x)g(v(x))dxds.

If u(t) = v(r); we have that the function u(¢) is the solution of the problem (1.1). Indeed, it follows from

] s
iy =a— [ | paEs(ace)asas

that
I L
W) = s [ pas(ucax
i = = [ p)ax)eux)dx
(pu)" = —pag(u).

So, we suppose u(t) # v(t). We have u(0) = v(0) = a and if for example, u(z) > v(¢) on the interval (0,b), then we obtain

ub)—v(6) = [ [ pho) eluto) - el dnds > 0

and therefore u(¢) > v(t) on the whole interval (0, T]. The same holds for all points of intersections 7 : u(tg) = v(). That is if
u(to) = v(to), then for any € > 0 there are infinitely many points t, € [t, % + €) such that u(z,) = v(t,). Therefore, u(r) > v(t)
(or {) on (19, T]. Without loss of generality, let us suppose u(¢) > v(¢) on (0, T] and consider the operator N : C[0,T] — C[0,T|
defined by

W) = a [ [ pe)a(s)s(r(x)dds
Next, let
K={yeC[0,T]:v(t) <y(t) <u(t)fort €[0,T]}.
The set K is closed, convex and bounded subset of C[0, 7] and clearly N : K — K. Let us show that N : K — K is continuous and

compact operator. Continuity follows from Lebesgue dominated convergence theorem: if y, () — y(t), then Ny, (t) — Ny(r).
To show that N is completely continuous let y(¢) € K, then

o) =yt < | [ [ pleyatezas

for¢,r € [0,T],
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that is N completely continuous on [0, 7. It follows from Schauder-Tychonoff theorem that N has a fixed point w € K, i.e. w is
a solution of (1.1). It follows from

T S
W) =~ [ PR 2

that if p(0) # 0; then w'(0) = 0. Now if p(0) = 0 but lim,_,o4 %(Ii()t) = 0 using L"Hopital’s rule we obtain from (8)

o JoP()g(0)8(w(x))dx

! - _ 1
WO+ il (1)
i P0908040)
=0+ 1240
that is w is a solution of (1.2). The proof is complete. O

3. Conclusion

The theorem in [1] seems difficult for applications. The condition (1.6) very restrictive and decreases the sphere of applicability
of the Theorem 1.1. We do not require the existence of the inverse H~!. We proved an easily applicable theorem on the
existence of positive solutions to initial-value problems for second-order nonlinear singular differential equations. The main
result can be easily applied for the singular and regular type of problems.
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Abstract

In the present study, we introduce a new approach to interpolative mappings in fixed point theory by combining
the ideas of Nadler [1], Karapinar et. al.[2, 3], Jleli and Samet [4]. We introduce some fixed point theorems for
interpolative single and multi-valued Kannan type and Reich Rus Ciri¢ type 6-contractive mappings on complete
metric spaces and prove some fixed point results for these mappings. These results extend the main results of
many comparable results from the current literature. Also, we give an example to show that our main theorems
are applicable.
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1. Introduction

Banach [5] introduced a famous fundamental fixed point theorem, also known as the Banach contraction principle. There are
various extensions and generalizations of the Banach contraction principle in the literature see for example Kannan’s [6], Reich
[7] and see also Ciri¢’s [8].

In 1968, Kannan [6] proved a new fixed point theorem and considered the following contractive type:

d(Fn,Fo)<Ald(n,Fn)+d(o,Fo)] (1.1)

where A € [0, %) In [2], the notion of an interpolation Kannan type contractive was introduced. On the other hand, Reich, Rus

and Cirié [7,9,10, 11, 12, 13, 14] combined and improved both Banach and Kannan fixed point theorems. Recently, Karapinar
et. al., [3] proved interpolative Reich Rus Ciri¢ type contractive mappings on partial metric spaces.

In 1969, using Pompeiu-Hausdorff metric, Nadler [1] introduced the notion of multi-valued contraction mapping and proved
a multi-valued version of the well known Banach contraction principle. Denote by P(X) the family of all nonempty subsets of
X, C(X) the family of all nonempty, closed subsets of X, CB(X) the family of all nonempty, closed and bounded subsets of X
and K (X) the family of all nonempty compact subsets of X. It is clear that, K(X) C CB(X) C C(X) C P(X). It is well known
that, H : CB(X) X CB(X) — R is defined by, for every F,G € CB(X),

H(F,G) = max { supd(f,G),supd(g. F)
feF geG
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is a metric on CB(X), which is called the Pompeiu—Hausdorff metric induced by d, where D(f,G) = inf{d(f,g) : g € G} and
D(F,G) =sup{D(f,G) : f € F}. Additionally, we will use the following lemma:

Lemma 1.1. Ler (X,d) metric spaces and F compact subsets of X. Afterwards, for x € X, there exist f € F, such that
d(x,f) = D(x,F).

Lemma 1.2. [1] Let F and G be nonempty closed and bounded subsets of a metric space. Therefore, for any f € F,

D(f,G) <H(F,G).

Lately, Jleli and Samet [4] introduced a new type of contractions called 8-contraction. They introduced the family of all
functions, 6 : (0,00) — (1,0) supplying the following particulars by ®:

(®1) 0 is nondecreasing;

(®,) For each sequence {s,} C (0,0), lim,_, 0(s,) = 1 if and only if lim, . s, =07;

0(s)—1 _

s

(®3) There exist m € (0,1) and z € (0,0] such that lim,_, o+

In section 1, some basic definitions and theorem in the literature that will be used in the paper are given. In section 2,
by using the approach of Nadler [1], Jleli and Samet [4] and Karapinar et. al.[2, 3], we introduce the notion of extended
interpolative single and multi-valued Kannan type and Reich Rus Ciri¢ type 6-contractive mappings.

2. Main Results

Firstly, let us start with the definition of interpolative Kannan type 6-contractive mapping.

Definition 2.1. Let (X,d) be a complete metric space and 6 € ©. A mapping F : X — X is said to be an interpolative Kannan
type O-contractive mapping if 0 € © and there exist A € [0,1), o € (0, 1) such that

6(d(Fn,Fw)) < [6(d(n,Fn))[**0(d(w,Fa))*'* @1
forallm,w e X.

Theorem 2.2. Let (X,d) be a complete metric space and F : X — X be an interpolative Kannan type 0-contractive, then F
has a fixed point in X.

Proof. Starting from 1 € X, consider {n,} given as 1, = F1,_; for all positive integer n. If there is ng so that 1,0 = Nno+1
then 1,0 is a fixed point of F. Assume that 1,, # 1, for all n > 0. Taking n = 1,,_; and @ = 7, in (2.1), one writes

0(d(1n: Mt 1)) < [6(d(1a1,100))1* [0/ (110, M), (2.2)
If

d(nnflvnn) < d(nnv 77n+l)7

then, from (2.2) we obtain

0(d (M, Mns1)) < [0(d(My Mase1))) =) = [0(d (M, M)

which is a contradiction. Thus, for all n € N

0(d(Mn, Mnt1)) < [9(d(nn—1771n))]'1- 2.3)
Using (2.3) we have

e(d(nnann+1)) < [e(d(r’nflvr’n))}A < [e(d(nnfﬁnnfl))]lz <. < [e(d(n()ynl))]ln- (24)
Letting n — oo in (2.4) we obtain

lim e(d(nn77711+1)) = 17 (25)

n—oo
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From (®;) we get
,}E}ld(nm Tln+1) = O+7
and from (@3), there exist a € (0, 1) and b € (0, 0] such that

. 9(d(71n»77n+1))*1
lim
oo (d(nmnn+1))“

=b. (2.6)

Suppose that b < oo. In this case, let § = g > 0. Using the definition of the limit, there exist ngp € N such that

G(d(nnynnJrl)) —1
(d (M, 1))

This implies that

e(d(nm nn+l)) -1
(d(nm nn+l))a

—b| LS, forall n>ngp.

>b—S=S, forall n>ny.

Then

n(d (s Mnt1))* < Rn[6(d(Mn; Nay1)) — 1],

for all n > ng where R = % Now suppose that b = o0 and S > 0 be an arbitrary positive number. Using the definition the limit,
there exist ny € N such that

0(d(Nn, 1)) — 1
(d(nnann+l))a

for all n > ng. This implies that

>,

n(d(Nn; i) < Rn[0(d(1, 1)) — 1],

for all n > ng, where R = é
Therefore, in all cases, there exist R > 0 and ny € N such that

n(d(Nn; i) < Rn[0(d(1n, 1)) — 11,

for all n > ng. Using (2.4), we can write

n(d(M, Mus1))* < Ra([6(d(no,m))]*" = 1), 2.7)

for all n > ngp. Letting n — o in (2.7) we get

lim n(d(1, Mat1))* =0.

n—roo
Hence, there exist n; € N such that

1
d(MnsNMnt1) < —, forall n>ny. (2.8)

Nna

For what follows, we shall prove that {7, } is a Cauchy sequence by employing standard tools, For any n,m € N with m > n > ng
we obtain

d(Ms M) <d(Mns Mne1) +d (M1, Mns2) + - +d(Mim—1,Mm)

m—1
Y-
i=n

1

IA
| —

Q=
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Since the last term of the above inequality tends to zero as n,m — oo, we have d(0,, M) — 0. As (X,d) is a complete metric
spaces, the sequence {1, } converges to some point u € X, that is,

lim 17, = u. (2.9

n—yoo

As a next step make evident that the limit 1 of the iterative sequence {1, } is a fixed point of the given mapping F. Suppose
that 1 # Fn, then d(n,Fn) > 0. By letting n = 1, and ® = 1 in (2.1), we obtain that

d(Mns1,F1) = d(F,, F1) < [0(d(0,,F )| **[8(d(n, F)) (.

Letting n — oo in the above inequality, we obtain, 7 = F'1. Thus the proof is completed.
O

Remark 2.3. Tuking 0(t) = €' in inequality (2.1), then it turns fo Kannan contraction mapping with Ao € [0, %) and
A(1—a) €0, %)

Definition 2.4. Let (X,d) be a complete metric space and 6 € ©. A mapping F : X — K(X) is said to be an interpolative
multi-valued Kannan type 0-contractive mapping if 6 € © and there exist A € [0,1), o € (0,1) such that

6(H(Fn,Fw)) < [6(D(n,F)**[6(D(w,F )~ (2.10)
forallm,weX.

Theorem 2.5. Let (X,d) be a complete metric space and F : X — K(X) be an interpolative multi-valued Kannan type
O-contractive, then F has a fixed point in X.

Proof. Let Mo be an arbitrary point of X and choose a 17; € X such that n; € Fno. Suppose that 71 € Fny, that is, 11 is a fixed
point of F. Then, let ; ¢ F 1. Since F 1 is closed, we have D(n;,Fn;) > 0 for all n € X. On the other hand, from

0 <D(ni,Fm) <H(Fno,Fni),
s0, from (2.10), and considering (®1),
O(D(n1,Fm1)) < O(H(Fno,Fy1)) < [8(D(no, F10))**[6(D(my, Fyy)) 1A=, @.11)

Since F1 is compact, there exist 17, € Fn; such that d(ng,n1) = D(no,F1o) and d(ny,1n2) = D(Nn1,Fny). From (2.11), we
get

6(d(m1,m2)) < O(H(Fro.F11)) < [6(d(10.m)) [0 (11, m2)) =, (2.12)
Therefore, continuing recursively, we get 1, € X such that 1, € Fn,,—1, Nu4+1 € F1Np, and

6(d(May Ma1)) < [0(d(10-1,m0)) [0 (13 1)) =) (2.13)

If

d(nnfl 3 nn) < d(nm Nn+1 )7

then, from (2.13) we obtain

0(d(1hs M+1)) < [0 (s Ms D=4 = [0(d (11 1))

which is a contradiction. Thus, for all n € N

0(d (M, Ns1)) < [0(d(Mu—r, m))]- (2.14)

Denote

Hn = d(nnvnn+l)a
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for all n € N. Then, u, > 0 and using (2.14) we have

2 n

6 (k) < [6(ta—1)* < [B(sa—2)*" < - < [O(mo)]*".
Letting n — oo in (2.15) we obtain

lim 0/(,) = 1,

n—oo

(2.15)

(2.16)
From (®;) we get

lim My = 0+7
n—so0

and so from (@3), there exist a € (0,1) and b € (0, 0] such that

—1

b.
n—e ()4

(2.17)
Assume that b < . In this case, let S = % > 0. From the definition of the limit, there exist 7y € N such that
o(u,)—1
‘(,u,)a —b‘ < S, forall n> ny.
(L)

This implies that
—1
Mzbfgzs, for all n > no.
(Hn)?
Thus

n(fn)* < Rn[6(wn) — 1],

for all n > ng where R = %
there exist ny € N such that
e(un) -1

(M)

Now assume that b = oo and S > 0 be an arbitrary positive number. From the definition the limit,

>,

for all n > ng. This implies that
n(tn)* < Rn[6(w,) — 1],
for all n > ng, where R = é
Therefore, in all cases, there exist R > 0 and ny € N such that
n(p)* < Ral0(p,) — 1],
for all n > ng. Using (2.15), we obtain

n(,)" < Rn([e(ﬂ())]ln —-1),

(2.18)
for all n > ng. Letting n — oo in (2.18) we get

r}g{}o”(ﬂn) =0.

Therefore, there exist n; € N such that

1
Wy < —, forall n>ny.
na

(2.19)
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For what follows, we shall prove that {1, } is a Cauchy sequence by employing standard tools, For any n,m € N with m > n > ng
we obtain

d(nna Tlm) gd(nm Tln+1) +d(nn+1:nn+2) +- +d(nm—l7nm)

=HUn +Hn+l +--- +,um71
m—1 1

<

i

Qf—

nl

Since the last term of the above inequality tends to zero as n,m — o, we have d(1,, M) — 0. As (X,d) is a complete metric
spaces, the sequence {7, } converges to some point u € X, that is,

lim 1, = u. (2.20)

n—oo

Case 1: There is a subsequence {1, } such that 7, = Fu for all r € N. In this case,
D(u,Fu) = JH}];D(T],,H] JFu) < r}i_r)rgoH(anr,Fu) =0.

Case 2: There is a natural number N such that F 7, # Fu for all n > N. In this cases applying (2.10) for u = 1,, and ® = u we
have

O(D(Mus1,Fu) < O(H(FNy, Fu)) < [0(D(Ma, F11))*[0(D(u, Fu) 117, (221)
Then assume that

D(1n, F1n) < D(u, Fu),
letting n — oo in (2.21) we obtain,

6(D(u,Fu)) < [0(D(u, Fu))]*
which is a contradiction. Then we obtain

D(u, Fu) < D(Ma, F 1),
s0, we get

O(D(u. Fu)) < [0(D(1, F1a)))* (222)
Since F'1n,, is compact, there exist 1,41 € Fn, such that d(n,, Ny+1) = D(Nu, FNy)- Since (2.22), we get

6(D(u, Fu)) < [0(D(M, Mns1))]* (223)

letting n — oo in (2.23) we obtain, u € Fu. Thus the proof is completed.
O

Hanger et al. [15], showed that we can take ”CB(X)” instead of ”K (X )”, by adding the condition (684) on 6 : (0,00) — (1,c0),
as follows:

(64) O(infM) =infO(M) forall M C (0,e0) with infM > 0.

Take in the consideration if 6 is right continuous and satisfies (6 ), in that case (64) founds. Let E be the family of all functions
0 satisfying (0;) — (64).

Corollary 2.6. Let (X,d) be a complete metric space and F : X — CB(X) be a mapping. Given that there are 0 € E, 1 € [0,1)
and o € (0, 1) such that

0(H(F1,F@)) < [0(D(n,Fn))]**[0(D(e,F)*!'~% (2.24)

forallm,m € X then F has a fixed point in X.
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Proof. Let 1o be an arbitrary point of X and choose a 11 € X such that 17; € F1o. Assume that )y € F'ny, that is, 1y is a fixed
point of F. Then, let n; ¢ Fn;. As Fn; is closed, we obtain D(1;,Fn;) > 0 for all n € X. So, from (2.24), and considering
(©1),

O(D(m1,Fmy)) < O(H(Fo, Fm1)) < [0(D(10, F110))**[6(D(n1, Fp))* (=) (2.25)

Considering condition (64), we obtain 8(D(1n;,F 1)) = infcry, 0(d(N1,2)). Then we have

nf 0(d(m,2)) < [6(D(o, F1io))|**[0(D(m, F1y)) 1~
< [0(D(no, F1o)) 1 [6(D(my, F))) ). (2.26)
where 4; € (,1). Then, from (2.26), there exist 1); € F1p and 1, € F7; such that
6(d(m1,1m2)) < [0(d(110,m))]M*[0(d(11,m2))] . (2.27)

The rest of the proof can be completed as in the proof of Theorem 2.5. O

Definition 2.7. Let (X,d) be a complete metric space and 6 € ©@. A mapping F : X — X is said to be an interpolative Reich
Rus Ciric¢ type 0-contractive mapping if @ € © and there exist A € [0,1), B, € (0,1) with B+ a < 1 such that

0(d(Fn,Fo)) < [6(d(n,0))*P[6(d(n,Fn))**[6(d(w,Fe)) P~ (2.28)
forallm,weX.

Theorem 2.8. Let (X,d) be a complete metric space and F : X — X be an interpolative Reich Rus Cirié type O-contractive,
then F has a fixed point in X.

Proof. Starting from 1y € X, consider {n,} given as 1, = F1n,_; for all positive integer n. If there is ng so that 1,0 = Nno+1
then 1, is a fixed point of F. Assume that 1,, # 1,4 for all n > 0. Taking n = 17,,—; and ® = 1, in (2.28), one writes

0(d(Mh, M+1)) < [0 (M1, 1)) [6(d (=1, 1)) 1[0 (s M) P, (2.29)
If

d(Mn—1,Mn) < d(Mns Mnt1),
then, from (2.29) we obtain

0(d(1, M+1)) < [6(d (s )P T4 = [0(d (190, M)
which is a contradiction. Thus, for all n € N

O(d(Mny Ns1)) < [0(d(Ma1,ma))]*. (2.30)

From (2.30) we have

0(d(MsMs1)) < [0(d(Maer M) < [0(d (M2 e )P < -+ < [0(d (Mo, m))]". (2.31)

Then, it can be seen that the {7, } is a Cauchy with similar operations in Theorem 2.2. As (X,d) is a complete metric spaces,
the sequence {7, } converges to some point u € X, that is,

1M d(1h, T 1) = u. (2.32)

As a next step make evident that the limit 1 of the iterative sequence {n,} is a fixed point of the given mapping F. Suppose
that n # Fn, then d(n,Fn) > 0. By letting n = 1, and ® = 71 in (2.28), we obtain that

A(1,F) = d(F1,, ) < [0(d(,,m) 6(d(m,, Fn)) (0 m F) o).

Letting n — oo in the above inequality, we obtain, 7 = F'1. Thus the proof is completed.



A Study on Some Multi-Valued Interpolative Contractions — 215/217

Remark 2.9. Taking 6(t) = ¢' in inequality (2.28), then it turns to Reich-Rus-Cirié¢ contraction mapping with a,b,c € (0,1)
suchthat AB =a, Aa=bandc=1-—o,0<a+b+c<1.

Definition 2.10. Let (X,d) be a complete metric space and 0 € ©. A mapping F : X — K(X) is said to be an interpolative
multi-valued Reich Rus Ciri¢ type 0-contractive mapping if 0 € @ and there exist A € [0,1), B, o € (0,1) with B+ o < 1 such
that

0(H(F1,F)) < [0(d(n,w))*P[6(D(n.Fn))**([6(D(w,F o))} ~F~% (2.33)
forallm,weX.

Theorem 2.11. Let (X,d) be a complete metric space and F : X — K(X) be an interpolative multi-valued Reich Rus Ciri¢
type O-contractive, then F has a fixed point in X.

Proof. Let nog € X. Since F'n is nonempty for all 1y € X, we can chose a 11 € X. Assume that 7y € Fny, thatis, 1 is a fixed
point of F. Now, let 11 ¢ Fny. As Fn is closed, we obtain D(1;,Fn;) > 0 for all n € X. Moreover, as

0<d(m,Fn) <H(Fno,Fm),
from (2.33) and considering (®1), we can write that

0(d(m,Fm)) <6(H(Fno,Fm))
<[6(d (Mo, m))]*P[6(d (M0, F10))**[0(d (1, Fi)) P F=). (2.34)

As F is compact, there exist 1, € F1; such that d(no,1n1) = d(1no, Fno) and d(n1,M2) = d (N1, FN1). From (2.34), we obtain

6(d(n1,m2)) <O(H(Fno,Fm))

<[6(d(m0,m))1*P [8(d (1m0, m)))**[0(d(m1,m2))] M P~ (2.35)
Therefore, continue recursively, we get 1, € X such that n,, € F1,—1, Ny+1 € FNy, and
6(d(MasMar1)) < [0(d(Mn-1,ma)) P[0 (110-1,1)) 1 [6.(d (M M) P, (2.36)

Suppose that

d(Mn—1,Mn) <d(Mn, Mnt1)5

then from (2.36) we obtain
0(d(Mn M 1)) < [B(d (M, M) PHEH) = [B(d (M, M)
which is a contradiction. Therefore for all n € N
0(d (M, Nws1)) < [0(d (M1, ma)))- (2.37)

Let
Un = d(nnann+l)7
for all n € N. Thus, u, > 0 and handling (2.37) we get
2 n
O (1) < [8(1a—1)]* < [B(ptn2)* < - <[B(po)]™". (2.38)

Then, it can be seen that the {7, } is a Cauchy with similar operations in Theorem 2.5.
Since (X,d) is a complete metric spaces, the sequence {1, } converges to some point u € X, that is,

lim 7, = . (2.39)

Case 1: There is a subsequence {1, } such that F1, = Fu for all r € N. Therefore,

D(u,Fu) :JE&D(TMH],FM) < r}i_r)rgoH(anr,Fu) =0.
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Case 2: There is a natural number N such that F 7, # Fu for all n > N. In this cases applying (2.33) for u = 1,, and ® = u we
have

O(D(Muy1,Fu)) <O(H(FN,, Fu))
<[O(D(11, )P 10 (D (11, F 1))+ (O (D (u, Fue)) P (2.40)

Hence, suppose that

D(Ny, FNa) < D(u, Fu),
letting n — oo in (2.40) we get,

6(D(u, Fu)) < [6(D(u, Fu)) P
which is a contradiction. So we obtain

D(u, Fu) < D(Ma, FMa),
then, we get

0(D(u, Fu)) < [6(D(1, Fna))* P, (241)
As F'n, is compact, there exist M,,+1 € F1, such that d(n,, Np+1) = D(Nu, FNy). From (2.41), we obtain

6(D(u Fu)) < [0(D(M, M) P (2.42)

letting n — oo in (2.42) we get, u € Fu. Therefore the proof is completed.
O

Example 2.12. Let X = [0,0) and define d(n, ®) = |n — o|, forall n, o € X. (X,d) is a complete metric space. Also defined
F :X — K(X) a mapping, where

_J {0}, i#nelo,1)
F"‘{ {1}, ifnelle).

Let A = \% B = % o= % and 0(m) = €™ pertain to ©. Without loss of generality, we may assume that 11 > @. Thus, through
a series of standard calculations, we can proved that
6(H(Fn,Fw)) < [6(D(n,))]*P[6(D(n,Fn))**[6(D(w,F o)) -F~

forallm,w € X. So, this is satisfying the condition of Theorem 2.11. F has fixed points. Since similar process are performed,
the condition of Theorem 2.5 is satisfied.

Corollary 2.13. Ler (X,d) be a complete metric space and F : X — CB(X) be a mapping. Suppose that there are 0 € &,
A €[0,1) and B,o € (0,1) with B+ o < 1 such that

6(H(Fn,Fw)) < [6(d(n,0))]*[8(d(n,Fn))**[6(d(o, F )P~ (2.43)
forallm,® € X then F has a fixed point in X.

Proof. Let 1o be an arbitrary point of X and choose a 1; € X such that n; € F1o. Assume that 1y € F'ny, that is, 1y is a fixed
point of F. Therefore, let 17; ¢ F1;. Since F1; is closed, we obtain D(n;,Fn;) > 0 for all ) € X. Hence, from (2.43), and
considering (@), we can write

0(D(n1,Fmi)) <O(H(Fno,Fm))
<[6(d(no,m)1*P[6(d(10, F110))*“[6.(d(1y, Fmy) )] =P =) (2.44)
Considering condition (64), we get 0(D(n1,Fny)) = inf.cpy, 6(d(nN1,z)). Thus, we have

inf 0(d(m,2)) <[0(d(10,m))J*P (B(d (o, F10))[**[8(d (my, Fp ]! P =)

ZEFM
<[0(d(no,m))1MP[6(d(n0, F1i0)) " #[0(d(my, Fry) ) A (2.45)
where 4; € (,1). Then, from (2.45), there exist 17; € F1p and 1, € Fn; such that
6(d(1m1,1m2)) < [6(d(mo, m))MP[8(d(mo, )M *[6(d (1, )1 P, (2.46)

The rest of the proof can be completed as in the proof of Theorem 2.11. O
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3. Conclusion

We aimed to present new some results to the fixed point theory by combining the ideas of Nadler, Karapinar et. al., Jleli and
Samet. We introduce the concept of interpolative single and multi-valued Kannan type and Reich Rus Ciri¢ type 0-contractive
mappings metric spaces and prove some fixed point results for such mappings.
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1. Introduction

Semirings [3], a common generalization of rings and distributive lattices, arise naturally in graph theory, automata theory,
mathematical modelling, functional analysis etc.. We know that ideals of ring are a very important tool to describe the structure
theory and it is useful in various purposes. If we try to obtain similar results in case of semiring, we find that there are some
limitations. To make the connection between the ring ideals and semiring ideals Henriksen [4] defined a special kind of ideals,
called k-ideal. Tizuka [5] extended the results to a similar kind of ideals called &-ideals. As a continuation of this, La Torre [10]
studied h-ideals and k-ideals in hemirings and tried to investigate the gap between the ring ideals and semiring ideals.

In 1965, Zadeh [16] proposed the theory of fuzzy sets. After that we have seen that it is a very useful mathematical tool for
describing the vague or complex or illdefined systems. Rosenfeld [15] used the concept to study of fuzzy algebraic structure.
Since then many researchers have developed these ideas. Jun et al [6] applied the concept to initiate the study of fuzzy h-ideals in
hemiring. Sardar et al [13, 14], Ma et al [11] extended some of these results in more general setting of hemiring i.e. [’-hemiring.
Jun et al [7, 8] initiated the study of cubic subgroups and cubic sets. Khan et al [9] applied this in case of cubic /-ideals of
hemirings. Chinnadurai [1, 2] used this notion to study cubic bi-ideals and cubic lateral ideals in near-ring and ternary near-ring
respectively.

As a continuation of this, the main aim of this paper is to study A-hemiregularity and h-intra-hemiregularity criterion of
I'-hemiring using cubic A-ideals, cubic h-bi-ideals and cubic h-quasi-ideals.

2. Primary ldeas

We know that a hemiring is a nonempty set S on which operations addition and multiplication have been defined such that
(S,+) is a commutative monoid with identity 0, (S,-) is a semigroup and multiplication distributes over addition from either
side. In addition to that, 0-s =0 =s-0 for all s € S. As an extension of this I'-hemiring can be defined as follows:

For two additive commutative semigroups with zero, S and I, there exists a mapping S xI' xS — S ( (a, o, b) — aab)
which satisfy the following conditions:
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i) (a+b)ac=aac+boc,
i) aa(b+c)=aab+aac,
iii) a(a+B)b=aab+afb,
iv) aa(bBc) = (aab)Bec,
V) Osaa = 05 = aOtOs,
vi) aOrb = 05 = bOra
for all a,b,c € S and for all @, € T.
We now summon up the definitions of several types of ideals.
A subset I of a I'-hemiring S is called a left(resp. right) ideal of S if I is closed under addition and ST7 C I (resp.IT'S C I).
A subset Q of a I'-hemiring S is called a quasi-ideal of S if Q is closed under addition and STQNQI'S C Q.
A subset B of a I'-hemiring S is called a bi-ideal if B is closed under addition and BI'ST'B C B.

A left ideal H of S is called a left h-ideal if x,z € S, a,b € H and x+a+z = b+ z implies x € H. A right h-ideal is defined
analoguesly.

We now remind the definition of cubic set and characteristic cubic set. For a non-empty set X, a cubic set C in X is a
structure C =< [, f > where [t = [, 11" is an interval valued fuzzy set and f is a fuzzy set in X. For any non-empty set G

of a set X, the characteristic cubic set of G is defined to be the structure xG(x) =< x, §y;(x), My, (x) : x € X > where

[1,1]~1ifxeG
[0,0] = O otherwise.

EXG (x) = {

and

(x) = 0ifxeG
e \¥) = 1 otherwise.

3. Cubic i-ldeals

In this section, we recall some definitions and results from [12] which will be used to develop the main portion of the paper.

Definition 3.1. Let < i, f > be a non empty cubic subset of a U-hemiring S. Then < W, f > is called a cubic left ideal
[respectively, cubic right ideal] of S if

(i) mlx+y) 2 n{u(x),m(y)} fx+y) <max{f(x),f(y)} and
(i) L(xyy) 2 B(y), f(xyy) < f(y) [respectively, i(xyy) 2 fi(x), f(xyy) < f(x)].

forallx,ye S, yeT.
Note: For cubic left or right ideal < i, f > of a U-hemiring S, 11(0) D pi(x) and f(0) < f(x) forall x € S.

Definition 3.2. A cubic left ideal < @, f > of a U-hemiring S is called a cubic left h-ideal if for all a,b,x,z € S, x+a+z=b+z
then fi(x) 2 N{i(a), i(b)} and f(x) < max{f(a), /(b)}.

Definition 3.3. Let A=<, f > and B=< é,g > be two cubic sets of a I'—hemiring S. Define intersection of A and B by
ANB=<[,f>N<0,g>=<[IN6,fUg>.

Definition 3.4. Let A=<, f > and B=< é,g > be two cubic sets of a T —hemiring S. Define composition of A and B by
ACyB=<[,f >To < 0,8 >=< [il,0, fT g >

where

iCe6(x) = U[n{p(ar), i(az),0(b1), 6(b2)}]

Xtaryby+i=ap 8by+z
=0, if x cannot be expressed as x+ayb; +z = ay8b; +z.
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and

frchg('x) = inf{max{f(al)j(az),g(bl ) ) g(bz)}}
x+ayYbi+z=a,8br+z
= 1,if x cannot be expressed as above
forx,z,ay,a2,b1,by € Sand y,6 €T.

Definition 3.5. Let A =< [I,f > and B =< ] ,8& > be two cubic sets of a I'—hemiring S. Define generalized composition of A
and B by

AogpB=<[i,f > 04, < 8,8 >=< [loh0, forng >

where
foab(x) = LI{N{H(a). (), 6(b). 0(di)}}]
o+ iai'yibi +z= ln ciGd; +2z
= 6, llf: )i cannot be e)lc;;essed as above
and

foeng(x) = inflmax{max{f(a), f(ci),8(bi).g(di)}}]

n n
x+ Z a;Yibi+z= Z c;0di+z
i=1 i=1
= 1,if x cannot be expressed as above

1

where x,z,a;,b;,c;,d; €S and ¥;,8; € T, fori € {1,...,n}.

Lemma 3.6. Let A =< iy, f >, B=< lp,g > be two cubic h-ideal of a T—hemiring S. Then AT'y,B C Ao;,B CANB C
A( and B).

Definition 3.7. A cubic subset < L, f > of a U-hemiring S is called cubic h-bi-ideal if for all x,y,z,a,b € S and o0, € T we
have

i) p(x+y) 2 N{ux),m()} fx+y) < max{f(x),f(y)}
i) p(xay) 2 N{p(x),m()} flxay) <max{f(x), f(y)}
i) p(xayBfz) 2 N{u(x), 1(z)}, f(xayfz) < max{f(x),f(z)}
iv) If x+a+z=>b+zthen ji(x) 2 N{f(a), n(b)}, f(x) <max{f(a),f(b)}
Definition 3.8. A cubic subset < [i, f > of a T-hemiring S is called cubic h-quasi-ideal if for all x,y,z,a,b € S we have
i) p(x+y) 2 n{u(x),k()} fx+y) <max{f(x),f(»)}
ii) (HoenGys) N (Exsoentl) C By (FoenMys) U (Mysoenf) 2 f.
i) If x+a+z=>b+zthen u(x) 2 N{Li(a), k(b)}, f(x) < max{f(a),f(b)}
Lemma 3.9. Any cubic h-quasi-ideal of S is a cubic h-bi-ideal of S.

4. Cubic h-Hemiregularity and Cubic h-Intra-Hemiregularity

In this section, we study the concept of h-hemiregularity and h-intra-hemiregularity in I'-hemiring by using cubic A-ideal, cubic
h-bi-ideal and cubic h-quasi-ideal.

Definition 4.1. [11] A T-hemiring S is said to be h-hemiregular if for each x € S, there exista,b € S and o, 3,Y,6 € I such
that x +xaafx+z = xybdx + z.

We now try to find some characterizations of 4-hemiregular I'-hemiring in terms of cubic A-ideals.
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Theorem 4.2. Let S be an h-hemiregular T'-hemiring. Then for any cubic right h-ideal A =< [, f > and any cubic left h-ideal
B=<V,g> of S, we have AT ;,B = ANB.

Proof. Let S be an h-hemiregular I'-hemiring. By Lemma 3.6, we have AI';,B C ANB.
Since S is h-hemiregular, for any a € S, there exist z,x1,x; € S and a1, B, 0, B2 € I' such that a+aax; ia+z = apxr fra+z.
Now for any e,b,c,d € S and 7,8 €T, the general expression of a as a+ eyb +z = ¢dd + z implies that

(ﬁr‘chv)(a) = U{ﬁ{ﬁ(e), ﬁ(c),V(b),V(d)}}

a+eyb+z=cdd+z

2 N{p(aouxy), i(acexz),v(a)}
a+aoyxy Brat+z=aopx;fra+z

2 n{k(a),p(a),v(a)}
=n{li(a),v(a)} = (ENV)(a).

(fTang)(a) = inf{max{f(e).f(c) g(b),&(d)}}

a+eyb+z=céd+z

< max{f(aoyx;), f(acpx,),g(a)}

a+aoyxy Bra+z=aonx;fra+z
< max{f(a),f(a),g(a)}

= max{f(a),g(a)} = (fUg)(a).
Therefore (ANB) C (AT'.,B).
Hence AI';;B =ANB. O

Corollary 4.3. If S be a h-hemiregular I'-hemiring, then for any cubic right h-ideal A =< [1, f > and any cubic left h-ideal
B=<V,g> of S we have Ao;,B =ANB.

Theorem 4.4. Let S be a h-hemiregular I'-hemiring. Then
(i) A C Ao XsochA for every cubic h-bi-ideal A=< 1, f > of S.
(ii) A C Aoy )sochA for every cubic h-quasi-ideal A =< IL, f > of S.

Proof. Suppose that A =< [, f > be any cubic h-bi-ideal of S and x be any element of S. Since S is s-hemiregular there exist
a,b,z€ Sand a,B,y,06 € T such that x + xaafx+z = xybdx + z.
n n

Now for any general expression of x as x + Z aiYbi+z= Z ¢i6;d; + z, where a;, b;, c;,d; € S and ¥, 6; € T, we have
i=1 i=1

(Honpoal®)
= U(m{(ﬁochgxs)(ai)v (ﬁOcths)(Ci),ﬁ(bi),ﬁ(di)})
x+2ai’)/ib,'+z: ¢;6d; +z
i=1 =1

= 4

2 ({(Honys ) (x0ta), (HoenCys) (x7b), B (x)}

x+xoafx+z=xybdx+z

=n{ Lj(m{(ﬁ(ai)vﬁ(fli))}) ; g(m{(ﬁ(ai):ﬁ(:i))}) ;
saat Y aiYibi+z=Y ci&di+z xp+ Y aiybi+z=Y ci6idi+z
i =1 =1 =

i=1 i= i= i=1
a0
D N{u(x),pm(x), 1(x)}(since xoa+xoafxoa+zoa = xybdxoa + zoa and xyb + xaaPxyb + zyb = xybdxyb + zyb).

= H(x).
(fochnxsochf) (x)
= inf(max{(fochn}(s)(ai)a (fOChnxS)(ci)7f(bi)7f(di)})

x+ Y aiYbi+z= Zci&di—i—z
i=1 =1
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< max {(fochnXs)(xaa)v(fochnXs)(x’yb)vf(x)}

x+xaaBx+z=xybdx+z

= max{ inf(max{(()f(cz))}) ; lnf(maX{(f(az) (,))}) S}

x(xa+za Yibi+z= Zc,Sd +z xyb+2a Yibi+z= Zc,5d +z
i=1 i=1 i=1 i=1
< max{f(x), f(x), f(x)}(since xoa+xoaBxoa+zoa = xybdxca+ zaa and xyb + xaafxyb + zyb = xybdxyb + zyb).
~ £(x).
This implies that A C Aoy Xs0chA.-
(i)=(ii) By Lemma 3.9 “Any cubic h-quasi-ideal of S is a cubic h-bi-ideal of §”. Thus, if the proof of (ii) is made, it is
straightforward to see that (i) is true by Lemma 3.9. O

Theorem 4.5. Let S be a h-hemiregular T'-hemiring. Then
(i) ANB C Ao Boa,A for every cubic h-bi-ideal A =< [, f > and every cubic h-ideal B=<V,g > of S.
(ii) ANB C Ao BogA for every cubic h-quasi-ideal A =< [, f > and every cubic h-ideal B=<V,g > of S.

Proof. Suppose S is a h-hemiregular I-hemiring and A =< (I, f >, B =< V,g > be any cubic &-bi-ideal and cubich-ideal
of S, respectively and x be any element of S. Since S is h-hemiregular, there exist a,b,z € S and «, f3,7,6 € I' such that
x+xoaBx+z=xybéx+z.
n n
Now for any general expression of x as x + Z aiYbi+z= Z ¢;i0id; + z, where a;, b, ci,d; € S and ¥, §; € I, we have
i=1 i=1
(HouVoull)()
= U(ﬁ{(ﬂoch")( i), (HOchV)( i), 1 (bi), 11(di)})

x+Za Yibi +szc,5d +z

i= i=1

2 ﬂ{(uochV)(xaa) (Hoe V) (xyb), fi(x) }

x+xoapx+z=xybdx+z

= N{U({ (@), f(e), V(Bi), V(di)) 1), U0 (B i), B (ci), V(Bi), V(di))}),

x(xa+ZLZ Yibi+z= Zc,éd +z xyb+za Yibi+z= Zc,éd +z
i=1 i= i= i=1
pp B o B B
2 {N{i(x), v(apxaa),v(bdxaa)}, N{i(x),v(aPxyb),v(bdxyb)}, i (x)}
(since xata + xaafxaa+ zaa = xybdxaa + zowa and xyb + xaafxyb + z7yb = xybSxyb + zyb)
2 M{i(x),v(x)} = (LNV)(x).

(fochgochf)< )
= inf(max{(f Oth)( i), (f Ochg)(cz) f(bi),g(di)})

x+Za Yibi+7= Zc,éd +z

i=1 i=1

<max {(fomg)(xaa), (fomng)(xyb),f(x)}
x+xaafx+z=xybdx+z

= max{inf(max{(f(a;), (ci), 8(bi), 8(di))}),inf(max{(f(a;), f(c:), 8(bs), 8(di))}),
xaa-‘rza,’}’b +Z—ch5d +z bt Y aiYibi+z =Y cifdi+z

i=1 i=1

fx)}
< max{max{f(x),g(afxaa),g(bdxaa)},N{f(x),g(aPxyb),s(béxyb)}, f(x)}
(since xata + xaafxaa+ zoa = xybdxaa + zowa and xyb + xaafxyb + zyb = xybSxyb + zyb)

2 max{f(x),g(x)} = (fUg)(x).
(i)=-(ii) This is straightforward using the Lemma 3.9. L

Definition 4.6. [13]A I'-hemiring S is said to be h-intra-hemiregular if for each x € S, there exist z,ai,al,b b. €S, and
n

SR

n
o, Bi, %, 0,m €T, i€ N, such that x + Za,-a,-xnxﬁiai +z= Zbi%an5bi +z.
i=1 i=1

We now try to find a characterization of i-intrahemiregular ['-hemiring in terms of cubic h-ideals.
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Theorem 4.7. Let S be a h-intra-regular T'-hemiring. Then AN B C Aou,B for every cubic left h-ideal A =< |1, f > and every
cubic right h-ideal A =< V,g > of S.

Proof. Suppose S is h-intra-hemiregular. Let A =< [1,f > and A =< V,g > be any cubic left #-ideal and cubic right
h-ideal of S respectively. Now let x € S. Then by hypothesis there exist z,a;,a;,b;,b; €S, and o;, B;,%,0;,n € ', i€ N,
n n

the set of natural numbers, such that x 4 Zaiaixnxﬁ,-a; +z= mexnbe; + z. Now for any general expression of x as
\ ; i=1 i=1

a;iYbi+z= Z ¢;0;d; +z, where a;,b;,c;,d; € S and Y 0; € I', we have
i=1 i=1

X+

(Lo V) (x) = U[Q{m{ﬁ(ai)aﬁ(ci):v(bi)y v(d;)}}]

x+ Zai}’ibi +z= Z ¢iOid; +z
i=1

i=1

2 Q[ﬂ{ﬁ(aiaﬂ)»ﬁ(bi%X)»V(xﬁiaz),V(X&'b;)}]

o aiaixnxﬁia; +z= Zbi'}’iXTIXSb; +z
i=1 i=1
2 N{u),v(x)} = (mNv)(x).

(foeng)(x) = inflmax{max{f(a), f(ci).g(bi).g(di)} }]
x+ 3 aiYbi+z= i c;i0d;i+z
i=1 =1

< m?x[max{f(aiaix),f(bi%x) ) g(xﬁ,-a;),g(x&b;)}]
X+ iaia,-xnxﬁia; +z= i‘,bi%xnx%ﬁ- tz
i=1 i=1
< max{f(x),gx)} = (fUg)(x).

Hence the proof is completed. O

‘We now combine the concepts of h-hemiregularity and A-intra-hemiregularity of a I'-hemiring and obtain a characterization.

Theorem 4.8. Let S be both h-hemiregular and h-intra-hemiregular T'-hemiring. Then
(i) A = Ao, A for every cubic h-bi-ideal A =< L, f > of S.
(ii) A = Ao, A for every cubic h-quasi-ideal A =< L, f > of S.

Proof. Suppose S be both h-hemiregular and A-intra-hemiregular I'-hemiring. Let x € S and A =< f, f > be any cubic A-bi-ideal
of S. Since S is both ~-hemiregular and A-intra-hemiregular there exist z,a;, b;, ¢;,d; € S and o, B, 0;,B;, %, i, %, 6;,m € T,

n n
i € N such that x + Zx(xiaia;xnxﬁ; biBix+z= x)/,'c,-)/;xnx& d;i&ix+z.
i=1 i=1

= =

Now for any general expression of x as x + i a;Yibi+z= i ¢i0;d; + z, where a;,b;,c;,d; € S and ¥;,6; € T', we have
i=1 i=1
(Hocuft)(x)
= VI {E (@), i(er), f(bi), B(di)}}]
n] a;Yibi+z= ici&'di +z
i= i=
2 Q[m{ﬁ(xaiaia;x)aﬁ(xﬁilbiﬁix)>ﬁ(x%ci7;x)vﬁ(xai/disix)”

x+

n
x+ Y x04a; 0 xnxP;bifix+z = Z xYiciYixnx;diGix +z

n

i=1 i=1

2 p(x).
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(foenf)(x)
= inf[max{max{f(a:), f(c), f(bi).f(di) }}]
y a;Y:bi+z= i ciGidi+z2
i=1 i=1
< max [max{f(xaiaiai,x),f(xﬁi,biﬁ,'x),f(x%ci}/;x),f(x5i/di5ix)}]

x+

4

n n
X+ Zxaiaiocixnxﬂi biBix+z=Y xYiciv;xnx6;d;i0ix+z
i—1 =1

I

<f@).
Now Ao.,A C Aocpxs C A. Hence Ao, A = A for every cubic h-bi-ideal Aof S.
(1)=-(ii) This is straightforward using the Lemma 3.9. O

5. Conclusion

In this paper, I have studied some properties #-hemiregular and s-intra-hemiregular I'-hemiring using the concept of cubic
h-ideal, cubic h-bi-ideal and cubic h-quasi-ideal. At the end section, I also acquire some characterizations of h-hemiregular and
h-intra-hemiregular I'-hemiring. Interested reader may find some other feature of these types of I'-hemiring and extend the
obtained result using the concept of neutrosophic set and neutrosophic ideal.
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1. Introduction

The theory of analytic perturbation is historically the first subject in perturbation theory. It is mainly concerned with the behaviour
of isolated eigenvalues and eigenvectors (or eigenprojections) of an operator depending on a parameter holomorphically. Once
the notion of holomorphic dependence of an (in general unbounded) operator on a parameter is introduced, it is rather
straightforward to show that the results obtained in the finite-dimensional case can be extended, at least for isolated eigenvalues,
without essential modification. This is exactly what we aim to achieve in our present work. Indeed, in the first part of this paper
we study matrix-valued analytic functions which commute with their derivatives. We recall the main theorems obtained by
many authors such as Schwerdtfeger [15], Dieudonné [4], Goff [7] and Evard [6]. First we comment some of these results
by adding some remarks and examples to see if there is a possibility to extend some of them or not. We recall that Theorem
1 in [4] is an extension of the main theorem of [15] from analytic matrix functions to continuously differentiable functions.
Then we state J. Claude Evard’s theorem on continuously differentiable and diagonalizable matrices with a constant number of
eigenvalues [6]. Our first result, namely Theorem 3.14, extends this theorem to the case of an analytic family of matrices which
are not supposed to be diagonalizable. Then in after a preparatory lemma we give a very simple expression of a functionally
commutable analytic matrix-valued function on a real interval and in Theorem 3.17, we study functional commutativity in the
case of two by two matrices.

The second part of the paper deals with the extension of some of the above results from the case of matrix-valued analytic
functions to the infinite-dimensional situation of analytic operator-valued functions on a Hilbert space. We first recall our
main result in the case of analytic compact and self-adjoint oprator functions on a Hilbert space ([12], Theorem 2). Then we
show that this result can be extended to the more general situation of analytic normal compact operator-valued functions on a
Hilbert space. Indeed, the proof of Theorem 2 in[12] is based on the Spectral Theorem for Compact self-adjoint operators, but
this spectral representation is still valid for normal compact operators on a Hilbert space as established recently in Theorem
3.3 of [11]. We end this paper by two open questions worth studying for their importance in applications to problems on
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differential equations and other topics as can be seen from the historical overview given in [6] about problems related to
functional commutativity in general.

2. Preliminaries

Our interest in Section 3 focuses on analytic matrix-valued functions, these are functions that can be represented by Taylor
series at some point of a real interval /. The main point is whether these matrices are diagonalizable or not, that is everything
boils down to the nature of the eigenvalues of these matrices, in other words, to their spectrum. We start with Example 1, which
exhibits some features of general analytic matrices through a simple two by two matrix. A neat idea of what causes difficulties
in the problem of functional commutativity is clearly highlighted by this example. To overcome such situations involving
singularities, we present a theorem from [14] dealing with diagonalizability of analytic hermitian matrix functions on a real
interval (Theorem 4). Then we move to the core of the present paper, that is functional commutativity of analytic function
matrices commuting with their derivatives. The first theorem in this direction was due to Shwertdfeger [15]. It shows that every
analytic diagonalizable matrix function is functionally commutative. This is followed by a more general result, which was
generalized by Evard [6], who showed that any continuously differentiable family of diagonalizable matrices with a constant
number of eigenvalues is functionally commutative. At this point, one can ask if this theorem can be extended, in other words
can we drop the condition on the constancy number of eigenvalues. The answer is affirmative, of course not on all the interval
1, but on the interval minus an exceptional set. Here we make use of a powerful theorem on the scarcity of elements with
finite spectrum in Banach algebras ([1], Theorem 3.4.25). This new result is presented in Theorem 3.13. Finally, we prove
that matrices which are functionally commutative can be expressed in a very simple form, namely as linear combination of
constant matrices with coefficients given by analytic scalar functions as done in Lemma 1. We close the section by a nice
characterization of functionally commutative two by two matrices. This is presented in Theorem 3.17. Then we turn our
attention to the case of compact operators on a separable Hilbert space. First, we recall that analytic hermitian function matrices
which commute with their derivative on some real interval 1, i.e, [A(z),A’(r)] = 0 for all # € I, where we use the bracket notation
[A(z),A’(t)] = O instead of A(t)A’(t) = A(¢)A(t), were studied in [7]. As a main result, it was shown that these matrices are
functionally commutative on /, i.e., [A(s),A(t)] = 0 for all s, r € I ([7], Theorem 3.6). Subsequently in [6], the study of the
nonlinear differential equation [A(?), dAd(; >)] = 0,7 € A, where A is an open interval in R and A is a differentiable map from A
into the C-Banach space M, of all n x n matrices (¢ ;), with o; ; € C for i, j € {1,--- ,n}, led the author to consider the more
general problem where A is an open connected subset of a Banach space on R or C. Thus obtaining Theorem 4.3 in [6], which
generalizes the main theorem of [7]. Moreover, [6] contains both a comprehensive historical summary on the motivations
behind the problem on matrix functions commuting with their derivatives and further paths of investigations such as the one
of interest to us. Indeed this is illustrated by our main result, Theorem 2 in [12], which extends the finite dimensional result
of Goff [7] to the infinite-dimensional situation of compact self-adjoint operators on a Hilbert space. In section 4, we study
analytic families of normal compact operators, on a complex Hilbert space, which commute with their derivative on some real
interval 1. Our main result establishes that these operators must be functionally commutative on /, that is, [A(s),A(7)] = 0 for
all s, ¢ € I, thus extending the main result of [12].

To make the paper as self-contained as possible, we include the proofs of some well known theorems. We denote by Z(.7)
the Banach algebra of bounded operators on the Hilbert space .77.

2.1 Adjoint of bounded operators in Hilbert spaces
Proposition 2.1. Let T € B(H) be a bounded operator. For all x € F | there exists a unique T*x € F such that

Vye H, < Ty,x>=<y,T*x> and < x,Ty >=<T*x,y > .
The application T* : 7 — F is a bounded operator called the adjoint of T.
An important definition can be given now.
Definition 2.2. Let T € B(H), then:
- T is self-adjoint if T* =T,
- Tisnormal if T*T = TT*, i.e. it commutes with its adjoint;
- Tisunitary if TT* = T*T = I, where Ly is the identity operator on €, i.e. T is invertible and its inverse T-!=T*

Note that any self-adjoint operator is normal, any unitary operator is normal.
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2.2 The resolvent and spectrum of a bounded operator

Let E be a complex Banach space and let T € B(E). The spectrum of T can be seen as the generalization in infinite
dimension of the notion of eigenvalues in finite dimension. Let us start by the complementary set.

Definition 2.3. Ler T € B(E). The resolvent set of T is the set
p(T):={A € C: A —Tis invertible}.
The resolvent is the map
p(T) — B(E): A— Ry (T)=(A—T)"".

By A — T we mean AIg — T, where Ig is the identity operator of E. Note that, as a consequence of the closed Graph theorem, if
T is bounded and invertible, then its inverse is automatically bounded.

Definition 2.4. Let T € B(E). The spectrum of T is
Sp(T) :=C\p(T) ={A € C: A —Tis invertible}.

Definition 2.5. An eigenvalue of T is a number A € C such that ker(T — L) # {0}. The set formed by the eigenvalues, denoted
by Sp,,(T), is called the point spectrum.

We have Sp,(T) C Sp(T).
Proposition 2.6. In finite dimension, the spectrum and the point spectrum coincide.

Proof. In finite dimension, the operator T — z is injective if and only if it is surjective, whereas the continuity is always
guaranteed. O

Theorem 2.7. Let T € J(E) where E is a Banach space. Then p(T) is an open subset of C.
2.3 Digression: The notion of analyticity

Let Q be a non-empty subset in C. We say that f : Q — E is holomorphic when, for all z € Q the limit

i 09— ()

w—sz w—z
exists in the norm of E. It is denoted f'(z).

Proposition 2.8. Let f: Q — E. Then f is holomorphic if and only if it is weakly holomorphic, i.e. £o f is holomorphic on Q
forall £ € E' (i.e. the dual space of E).

Proof. See Chapter 1 in [8]. O
Corollary 2.9. Let f : C — E be holomorphic. If f is bounded, then it is constant.

Proof. Assume that we can find zg € C and z; € C such that f(z9) # f(z1). Then by the Hahn-Banach theorem, there exists
some £ € E’ such that £o f(z9) # £o f(z1). By the classical Liouville’s theorem, it must be constant. This is a contradiction. []

The mathematical theory of Banach space valued analytic functions parallels the classical theory of analytic functions as is
well presented in Chapter I of [8]. For example, if 7y is a closed path in a simply connected domain €, then

raz=o. @.1)
Y
(The integral defined in the usual way by the norm convergent Riemann sums.) To prove (2.1), note that for £ € E’,

f(fyf(Z) dz) = fyé(f(z)),dz =0.

Since E’ separates points in E, (2.1) holds.
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Starting with (2.1) one obtains in the usual way the Cauchy integral formula

1 fw)
L fw UAU I 2.2)

270 Jjw—z)<r Ww—2

Starting with the Cauchy integral formula one proves that for w € Q,
f(2) =X oan(z—w)" (2.3)

where a, € E. The power series converges and the representation holds in the largest open disk centered at w and contained in
Q. An excellent reference on this topic is [8].
As an example, the resolvent map is analytic.

Theorem 2.10. Let T € B(E) where E is a Banach space. Then the map A — R, (T) is a holomorphic function from p(T)
into B(E).

Another useful application of holomorphy is in obtaining the so called Riesz projections.

Proposition 2.11. Let us consider a bounded operator T € %B(E) where E is a Banach space and A € C as an isolated element
of Sp(T). Let Ty, C p(T) be a contour that enlaces only A as element of the spectrum of T. Define

1 -1
Py =— —T) "dz.
= g (- T)

The bounded operator Py : E — Dom(T) C F commutes with T and does not depend on the choice of T'j . The operator Py, is
a projection and

P, —1d = ﬁyg(é—l)‘l(T—/l)@—T)“dC-

It is appropriate to recall at this point that most of the results on analytic matrix functions that we use in the next section
can be obtained by using finite-dimensional operators on a Hilbert space. We have already seen above that the spectrum of an
operator in finite dimension coincides with the point spectrum. Next, we look at the notion of finite-algebraic multiplicity. For
the proofs of the next results and more details see [9].

Proposition 2.12. Assume that the Hilbert space F is of finite dimension. Fix T in (3¢) and let A € Sp(T). Then, A is an
eigenvalue. If T'; is a contour enlacing only A, then Py, is the projection on the algebraic eigenspace associated with A.

Proof. It is well known that .77’ can be written as a sum of the eigenspaces .7¢; associated with the distinct eigenvalues of T.
The eigenspaces .7; are stable under 7. We can assume that .7 is associated with A. There exists a basis of .7 such that the
matrix of T is block diagonal (73, -- -, Tx) where the T} is the (upper triangular) matrix of T ;. In this adapted basis, the matrix
of Py is block diagonal (P ,---, Py ). By holomorphy, we have P, ; = 0 when j # 1. To simplify, assume that dim.77{ = 2
(the other cases being similar) so that

(P 1 ] -
Tl = <O A,)’ P)L.l = %ﬁl(Z_Tl) dZ.

where I'y is (for example) the circle of center A and radius 1. Let n € N. Recall that

1 I 1 if n=1
_ M) dz = 774 z(lfn)ﬂde _ !
zm}'%(z )= o 0 if n#l

It follows that

P g (707 4= (g ) =10

The application Py, is indeed the projection on 7.

Corollary 2.13. If A € Sp(T) is isolated with a finite algebraic multiplicity, then it is necessarily an eigenvalue.
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3. Analytic Matrix Functions

3.1 n-Dimensional perturbation theory
Let X (¢) be a complex valued n x n matrix function defined on a real interval /.

The following results are taken from [2,13,14] where proofs and more results on this topic can be found.

Definition 3.1. When we say that X () is analytic in a neighborhood of t = ty, we mean that each element of X (t) is representable
as a Taylor series centered at to which converges in some neighborhood of ty.

Example 3.2. Consider the matrix valued analytic matrix
1
X(B)= { B _ﬁ J .

Its eigenvalues are

AL(B)==++/B2+1.

We notice the following features:

1. X(B) is an entire function but the eigenvalues are not entire (they have singularities as functions of ); the singularities
are not on the real axis where X () is self-adjoint but occur at non real B, namely at 8 = +i.

2. at the singular values of B, that is, at B = =i there are fewer distinct eigenvalues, namely one, than at other points where
there are two.

3. at the singular values of B the matrix X (B) is not diagonalizable.

If X (B) is a matrix-valued analytic function in a connected region R of the complex plane, then the eigenvalues of X () are
solutions of the equation

det(X(B) —Al) = (—1)"(A" + a1 (B)A" ' + - +a,(B) =0. 3.1
Theorem 3.3. Let

F(B,A)=A"+ar(B)A" "+ +an(B)
be a polynomial of degree n in A whose leading coefficient is one and whose other coefficients are all analytic functions of 3.

1. Suppose that A = Ay is a simple root of F (Bo,A). Then for B near Py, there is exactly one root A(B) of F(B,A) near Ay,
and A(B) is analytic in B near B = By.

2. Suppose that A = Ay is a root of multiplicity m of F(Po,A). Then for B near P, there are exactly m roots (counting
multiplicities) of F(B,A) near By, and these roots are branches of one or more multivalued analytic functions with at
most algebraic points at 3 = By. Explicitly, there exist py,--- , py with Zf:] pi = m and multivalued analytic functions
A, e e+, Ak (not necessarily distinct) with convergent Puiseux series

2(B) =20+ Y (B — o)
=1

so that the m roots near Ay are given by the py values of A, the p; values of Ay, - -+ , etc.
Corollary 3.4. Let X(B) be a matrix-valued analytic function near [.

1. If A9 is a simple root of X(Bo), then for B near By, X(B) has exactly one root Ay(B) near Ao; ( Ao(B) is a simple and
analytic eigenvalue if B is near B = Py.

2. If Ao is an eigenvalue of T (Bo) of algebraic multiplicity m, then for B near Bo, X(B) has exactly m eigenvalues (counting
multiplicity) near Ay. These eigenvalues are all the branches of one or more multivalued functions analytic near By with
at most algebraic singularities at .
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3.2 Analytic perturbation of self-adjoint and hermitian matrices

If X and Y are self-adjoint, the perturbed eigenvalues of X + BY are analytic at B = 0 even if X has degenerate eigenvalues.
That the branch points allowed by the last theorem do not occur in this case is a theorem of F. Rellich in [14]. The example at
the beginning of this section shows that the branch points can occur for non real 8 even in the self-adjont case, X(8)* = X(f3).

Theorem 3.5 ([14]). Suppose that X (B) is a matrix-valued analytic function in a region R containing a section of the real axis,
and that X (B) is self-adjoint for B real. Let Ay be an eigenvalue of X (Bo) of multiplicity m. If By is real, there are distinct
functions A (B),- -, Ap(B), single-valued and analytic in a neighborhood of o, which are all the eigenvalues.

For analytic Hermitian matrices the next explicit formulation of Theorem 4 holds.

Theorem 3.6 ([14]). Let X(A) be an n x n Hermitian matrix function which is analytic on a real interval (a,b) in which
detX (A) # 0. There exists an analytic unitary matrix function U(L), A € (a,b) and analytic real-valued functions u;(A), A €
(a,b), such that

pi(4) 0 0
0 ) 0
X)) =v@)| N R
0 0 0
0 0 - 0 )

Remark 3.7. The interesting aspect of this theorem is its validity even at points where the multiplicity of the eigenvalues changes.
When X (A) is not hermitian its eigenvalues usually have branch points. Moreover, [14] contains a counterexample which
shows that the theorem cannot be extended to infinitely differentiable, but not holomorphic functions. In that counterexample,
X (A) and the eigenvalues are still everywhere differentiable, but all eigenvectors are discontinuous at the point A = 0. It will
be seen later that the sharpest results, such as in [7] for hermitian matrices, are obtained when we deal with conditions close
to the ones satisfied in F. Rellich [14]. Otherwise, Example 1 and the previous discussion show some of the difficulties we
encounter when we consider general analytic matrix-valued functions (and similarly for operator-valued functions), which
force us to impose extra conditions, like the constancy on the number of eigenvalues or constancy on the number of Jordan
blocks and other similar conditions (see [6] for examples and a more complete list of references on matrices commuting with
their derivatives).

3.3 Analytic matrix functions commuting with their derivatives

We start with a result on analytic matrices which commute with their derivatives.

Theorem 3.8 ([15]). Let X(t) be an n X n analytic matrix function defined on a real interval I. Suppose that for all t € I, the
eigenvalues of X (t) are distinct, and [X (¢),X'(t)] =0 on I. Then [X(s),X(¢)] =0forall s ¢t inI.

Proof. If for t € I, eigenvalues of X () are distinct, then there exists a constant invertible matrix U such that
X(1)=UD()U™!,

where D(t) is diagonal. Thus
X (), X(1)] =0

fors#tinl. O

Remark 3.9. The paper [15] contains examples showing that the conclusion fails to hold if the eigenvalues of X (t) are not all
distinct. Jean Dieudonné proved in [4] that Theorem 3.8 holds if X (t) is only continuously differentiable.

Next we recall an important theorem contained in [6].

Theorem 3.10 ([6]). If X is an analytic matrix function, defined on an open interval A of R, taking its values in 4, and
commuting with its derivative on A, and if ty € A and Wy, - - ,lLp, are the distinct eigenvalues of X (to) of respective algebraic
multiplicities my,--- ,my, then on a neighborhood Ay N A of ty, A has the form

X(r) = U diag(m (1), -~ ,mp(1)) U™

where t € Ay, U is an invertible matrix, and for each k € {1,2,--- , p}, mg is an analytic matrix function from Ay, into My,
commuting with its derivative on Ay, such that Sp(my(to)) = {th}-
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3.3.1 Diagonalizable matrix functions

As in [6], we say that a matrix X from a set A into .#, is pointwise diagonalizable on A if, for every t € A, there exists an
invertible matrix U (¢) such that

U)~'X(n)U(1)

is diagonal, whereas we say that A is globally diagonalizable on A if there exists an invertible matrix U such that, for all r € A,
the matrix

U'x(t)u
is diagonal.

A family (X(¢)),ea of matrices of .#, is functionally commutative if
(X (1), X(s)] =0
for all 5,1 € A.

Theorem 3.11 ([7]). If (X(s)) is an analytic family of hermitian matrices such that [X (s),X'(s)] = 0 for all s in an interval I
of R, then the family (X (s)) is commutative, i.e. [X(s),X (t)] =0 for all s,t € I.

Proof. Ttis well known that X () = Y./, 4;(¢)G;, where the G; are projection matrices such that G7 = G, and G;G i=G;jGi=0
ifi # j. Now [X(¢),X'(¢)] = 0 yields that G; is constant for each i. Hence,

X(5)X (1) = iz,-(s)x,-(z)c,- = X(1)X(s).

O

Remark 3.12. The condition of analyticity cannot be relaxed in Theorem 8. Indeed, let X and Y two n X n constant non-
commutative hermitian matrices and define A(t) = Xexp(—t) if t < 0,A(0) = 0, A(t) = Yexp(—t) if t > 0. Then A(t)
is hermitian, of class €, and not analytic, and commutes with its derivative on R. However if s < 0 and t > 0, then

A()A(1) £ A(H)A(s).

The next theorem is a generalization of Theorem 3.8 to continuously differentiable matrices commuting with their
derivatives.

Theorem 3.13 ([6]). If (X(s)) is a continuously differentiable family of diagonalizable matrices with a constant number of
eigenvalues, such that

X (), X(s)] =0

forall s in an interval I of R, then the family (X (s)) is functionally commutative, i.e.
[X(s),X(1)] =0

forall s,t €1.

Question 1. Ts it possible to extend the previous theorem to the case of an analytic family (X (s)) of matrices (without the
condition of diagonalizability)?

If we replace ‘differentiable’ by ‘analytic’ and remove ‘constant number of eigenvalues’ in Theorem 3.13, we obtain the
following result.

Theorem 3.14. [f X (s) is an analytic family of diagonalizable matrices, such that [X (s),X’(s)] = 0 for all s in a real interval
I, then X (s) is functionally commutative on I\S where S is an exceptional set containing a finite number of points, I.e.
[X(s),X(¢)] =0 forall s,r € I\S.

Proof. Follows from Theorem 3.4.25 in [1]. O
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3.4 Characterization of functional commutativity
Definition 3.15. An analytic matrix function X defined on a contour T is said to be functionnally commutative if [X (s),X (t)] =0
whenever s, t €I

It is natural to try to express matrix-valued functions which commute with their derivative in their simplest form possible.
The following lemma and theorem are adapted from [3], where similar results were proven for measurable functions.

Lemma 3.16. The matrix function G is functionally commutative if and only if
G(t) =} 9;(NG;
j=1

where m < n? and G j are pairwise commuting constant matrices and §; are analytic scalar functions.

Proof. (<) The sufficiency of the conditions of the lemma is evident.

(=) Let .Z be the linear hull of the set of all matrices of the form G(¢),s € I in the space of all constant matrices of
nth order and choose in it a basis Gy, ..., Gy,,. Since the space of n x n matrices has dimension nz, then m < n?. Furthermore
G(11)G(t2) = G(t2)G(t1) implies that any two matrices from . commute. Consequently, all matrices Gy, ...,G, commute
pairwise. Finally, as G(r) € 2 for all# € T"and {G,}"_, is a basis in ., then there exists a unique representation G(r) in the
form of a linear combination of the G;’s. Supposing ¢;() to be equal to the jth coefficient of this linear combination, we have
G(t) = £.9,(1)G;. 0

Next, we seek some relations between the entries of matrix-valued functions which are functionally commutative. To do so,
let us answer the simple question: what is functional commutativity of two by two matrices?

Theorem 3.17. The matrix function G = <§“ ?2) is functionally commutative if and only if g11 — 822, g12 and g1 are
21 822

scalar multiples of one and the same function ¢, i.e. g12(t) = 09 (1), g21(t) = Bo (), g11(t) — g22(t) = Y9 (¢) where o, B,y
are numbers.

Proof. (<) If the conditions
g12(t) = (1), g21(1) = (1), g11(1) — g22(t) = ¥9(1)
are fulfilled, then
_ (&2(t)+ve(t) ol
Glr) = ( Bo(t gzz(’)) '

A direct verification shows that, for any s,7 € I', we have
G(s)G(r) = G(t)G(s).

(=) let the matrix function G be functionally commutative. At first, suppose that g;;(t) = g22(¢). If in addition, g1, =
g21 = 0, then the conditions

g12(t) = ad(t), g21(¢) = B (1), g1 (1) —g22(t) = y9(¢)
are satisfied fora =0, 8 =0, y=0.
In the opposite case, a point #y € I" can be found such that at least one of the functions g1, or go; is different from zero.
Equating the diagonal elements of the matrices G(1)G(ry) and G(t9)G(t), we get g12(1)g21(f0) = g12(f0)g21(¢). If g1 (20) # O,
we may take ¢ = go1, B = 1, y= £200) anq if g12(fo) # 0, then we can choose ¢ = g2, ¢ =1,y=0, = £2100) Now, let the

g21(t0) g12(to)
functions g;; and gy be different. Then there exists a point 7y € I such that gy (f9) # g22(fo). Equating the elements outside

the diagonals of the matrices G(¢)G(fo) and G(19)G(t), we obtain
(g11(r) —g2(1))(g12(10)) = (g11(70) — g22(10)) (812(7)),

and

(g11(2) —822(2))(821(10)) = (g11(t0) — 822(t0)) (821(2)),

so that we may set

o R g12(to) B g21(10)
P=gngmy=l o= (g11(10) — g22(t0))’ b= (g11(t0) —g22(t0))’

and the theorem is proved.
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4. Extension to Infinite-Dimensional Case

4.1 Spectral theorem for normal compact operators

We recall that #(.7¢) denotes the Banach algebra of all bounded operators on the complex Hilbert space 7 and by
definition the spectrum of T, denoted by Sp(T'), is the set of A € C such that T — A is not invertible in Z(.77). We recall the
important theorem on the spectrum of a compact operator on a Hilbert space.

Theorem 4.1. Let T C B(H) be compact. Then Sp(T) is a non-empty compact subset of C with no accumulation point other
than zero. Each non-zero A € Sp(T) is an isolated eigenvalue of T with finite algebraic multiplicity.

Theorem 4.2 (Spectral theorem for compact operators). If an operator T € B[] on a non-zero Hilbert space S is compact
and normal, then there exists a unique countable resolution of the identity {Ey} on S and a bounded set of scalars Ay, for which
T =Y MEy, where { A} = Sp,,(T) is the (non-empty) set of all (distinct) eigenvalues of T and each Ey is the orthogonal
projection onto the eigenspace N (Ml —T) (i.e., Z(Ey) = N (MI —T)). If the above countable weighted sum of projections
is infinite, then it converges in the (uniform) topology of B(H).

Proof. See [11], Theorem 3.3 on page 58. O

Remark 4.3. It is worth mentioning here that according to Proposition 4.K in [11], the projections Ej, coincide with the Riesz
projections associated to spectral values Ay as usually obtained by the Holomorphic Functional Calculus.

Definition 4.4. An operator-valued function T : Q> B(H), defined on an open subset Q of the complex plane C, is said to
be analytic at 79 € Q if there are operators T, € B(H°) and a positive number 8 such that

7@ =Y ()T,
n=0

where the power series on the right-hand side converges with respect to the operator norm on B(J€) in a disc |z— 20| < 0 for
some 8 > 0. We say that T is analytic or holomorphic in Q if it is analytic at every point in Q.

4.2 Riesz projections depending on a parameter

Let A(¢) denote an analytic family of normal compact operators on a complex Hilbert space and defined on a real interval
I=(a,b) witha < 0 < b. Let A be an eigenvalue of A(0). More generally A(¢) can be an analytic family of bounded normal
operators on 7 with the property that A is an isolated point of the spectrum SpA(0), and such that the A —eigenspace of A(0)
is finite-dimensional. Let D be a closed disk centered at A such that SpA(0) N D = {A}. It follows that, for ¢ sufficiently small,
SpA(r) Ny = @ where Y = dD is the boundary of D. For such ¢, we have the orthogonal Riesz projections

1

PA(I)ZTM

/y (E1—A(1)"ag

with range J#(t), depending analytically on ¢, such that P(0) is the orthogonal projection of 5 onto the A —eigenspace of
A(0). Our main result will be based essentially on the possibility of decomposing an operator like A(¢) into a sum

Y W),
k=1

where the P (¢) are mutually orthogonal analytic projections, such that
[A(1), Pe(1)] = 0.

It is a spectral decomposition with the added condition of analyticity. For more details on the spectrum, riesz idempo-
tents/projections, spectral decomposition of operators and related questions to spectral theory see [1], [10],[11], [13].



Commutable Matrix-Valued Functions and Operator-Valued Functions — 234/235

4.3 Analytic family of compact operators on a Hilbert space
Our goal is to extend Theorem 3.11 from matrices to compact operators on a Hilbert space. We proved in [12] the following
theorem for self-adjoint compact operators.

Theorem 4.5 ([12]). If (A(s)) is an analytic family of compact self-adjoint operators on a Hilbert space, such that [A(s),A’(s)] =
0 for all s in an interval I of R, then (A(s)) is functionally commutative, i.e. [A(s),A(t)] = 0 for all s,t € I.

Thanks to Theorem 3.3 of [11] we can extend our previous theorem to compact normal operators on a Hilbert space.

Theorem 4.6. If (A(s)) is an analytic family of normal compact operators on a Hilbert space, such that [A(s),A’(s)] = 0 for
all s in an interval I of R, then (A(s)) is functionally commutative, i.e. [A(s),A(t)] = 0 for all s,t € I.

4.4 Analytic normal compact operators on a Hilbert space commuting with their derivatives

The following results may be proved in much the same way as their equivalent ones in [12].

Lemma 4.7. Let A(t) be an analytic family of normal compact operators on a Hilbert space ¢ which commute with its
derivative. Then the projections associated to the eigenvalues of A(t) commute with their derivative.

Proof. Similar to the proof of Lemma 2 in [12] if we replace self-adjoint by normal. O
Lemma 4.8. If a family of projections P(t) commutes with its derivative on an interval I C R, then P(t) is constant.
Proof. Similar to the proof of Lemma 3 in [12] if we replace self-adjoint by normal. O

Theorem 4.9. Let A(r) be an analytic family of normal compact operators on a Hilbert space H. Suppose that A(t) commutes
with its derivative for all t € I C R. Then A(t) is functionally commutative, i.e. [A(s),A(t)] = 0 for all s,t € I.

Proof. Similar to the proof of Theorem 2 in [12] if we replace self-adjoint by normal. O
It remains to solve the following two more general extensions by dropping either compactness of the operators or normality.

Problem 4.10. [f (A(s)) is an analytic family of compact operators, without quasi-nilpotent component (this is the case for
self-adjoint operators on a Hilbert space), on a Banach space, such that [A(s),A’(s)] = 0 for all s in an interval I of R, then
(A(s)) is functionally commutative, i.e. [A(s),A(t)] = 0 for all s,t € I.

Problem 4.11. If (A(s)) is an analytic family of self-adjoint operators on a Hilbert space, such that [A(s),A’(s)] = 0 for all s
in an interval I of R, then the family (A(s)) is functionally commutative, i.e. [A(s),A(t)] =0 for all s,t € I.

Final comments. In analytic perturbation theory, we are concerned with the analytic dependence of various quantities on
the parameter x, assuming that the given family 7 (x) of operators is analytic. Among the quantities that have been considered
so far, there are the resolvent R, (T') = (A — T)~!, the isolated eigenvalues A, and the associated spectral eigenprojections or
Riesz idempotents. The general form of the spectral theorem ([11], Theorem 3.15) for self-adjoint operators furnishes other
functions to be considered. One of them is the spectral family E(A,x) for T (x), defined for real x, where T (x) is a self-adjoint
family (see [10] for more details). This combined with Theorem 3.15 in [11], might perhaps be the path to explore towards a
possible solution of the second problem.
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