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coefficients of these quaternions have been selected from consecutive terms of these numbers.
In this study, we define other generalizations for the usual Fibonacci and Lucas quaternions.
We also present some properties, including the Binet’s formulas and d’Ocagne’s identities,
for these types of quaternions.

1. Introduction

Since Sir William Rowan Hamilton introduced the quaternion algebra in 1843, their usage areas have developed rapidly. Due
to the fact that the quaternions are encountered in many problems from elastodynamics, quantum mechanics, elasticity theory
and many other fields of modern sciences, they have been studied widely.

A quaternion g can be regarded as a quadruple of real numbers and is formally defined by

q=qo+iq1+ jg2+kq3,

where qo,q1,q2, and g3 are any real numbers and the standard basis {1,i, j, k} satisfies

P=pP2=K=—1,ij=—ji=k jk=—kj=1iki=—ik=j.

The conjugate of g is

q" =qo—iq1 — jgr —kq3

and, the norm of ¢ is

Email addresses and ORCID bers: hmetdasdemir37 @gmail.com, https://orcid.org/0000-0001-8352-2020 (A. Dasdemir), gbilgici@kastamonu.edu.tr,
https://orcid.org/0000-0001-9964-5578 (G. Bilgici)
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N(q)=4q" = Gt + 4} + 35 + 3.

Fibonacci numbers are recursively defined as

Fo=F,_1+F 2,

with the initial terms Fy = 0 and F; = 1. The Lucas numbers satisfy the same recurrence relation but with the initial terms
Lo =2 and L; = 1. Binet’s formulas for the Fibonacci and Lucas numbers are

(xl’l _ n n n
Fn:(x_g and Ln:a +ﬁ 5
respectively. Here, o = HT[S and f = 1%5 are the positive and negative roots of x> —x — 1 = 0, respectively.
Horadam [1] defined Fibonacci quaternions as
On ::Fn+iFn+1+an+2+an+3» (11)

where F,, is the nth term of the Fibonacci sequence. Iyer [2] gave a similar definition for Lucas quaternions by the relation

Ty =L, +iLy1 + jLyi2 +kLyy 3, (1.2)

and gave their many properties, where L, is the nth Lucas number.

Halici [3] gave Binet’s formulas for the Fibonacci and Lucas quaternions as follows:

ao— BB
n:; dTn:aa ,
a—p an ao+Bp
where @ = 1 +iot+ ja? +ko® and = 1+iB + jB> +kp>.

There exist many papers devoted to generalizations of the quaternion sequences in (1.1) and (1.2) today. For example, the
references in [4]-[11] can be investigated. Note that all authors have used a known generalization of Fibonacci and Lucas
numbers and have placed these numbers in coefficients of the basis vectors similar to the format given by Horadam and Iyer. In
this study, we present an another perspective to the Fibonacci and Lucas quaternions. According to our approach, we define a
new classes of quaternions whose the coefficients are arbitrarily selected from these splendid integers. The outline of this paper
is as follows: In Section 2, we introduce the unrestricted Fibonacci and Lucas quaternions and give Binet’s formulas and the
generating functions for these quaternions. Furthermore, we present certain special identities such as d’Ocagne’s identity and
Catalan’s identity; in Section 3, we display many fundamental properties and some sum formulas for these quaternion families.

2. Main results

Here, we present our definitions, some concepts and results. First of all, we give a definition in the following.

Definition 2.1. Let p, r and s be arbitrary integers. Hence, nth unrestricted Fibonacci and Lucas quaternions are given by the
relations

FAP) = Byt iFyp+ jFnr +KFyys 2D

and

grl(pJ,S) =L,+ iL11+p + jLn+r + kLn+s> (22)

respectively.
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According to our definitions, we have the following special cases:

¢ For p = r = s = —n, the usual Fibonacci numbers are obtained:
yrgfn,fn,fn) — Fn
* For p =1 and r = s = —n, the Gaussian Fibonacci numbers are obtained:

FT = By 4 iFy

* For p =1, r =2 and s = 3, the well-known Fibonacci and Lucas quaternions are obtained:

123 ; ;
yrs ’ ):Qn:Fn+an+1+]Fn+2+an+3

123 . .
L) =Ty = Lyt il + jLasa + KLy

Taking Egs. (2.1) and (2.2) into account, we directly obtain

TN = FI) 4 P (2.3)

and

Dfn([),r,j‘) :zrl(f7{75) +°gn(fvzrvs)’ (2'4)

by the recurrence relations of Fibonacci and Lucas numbers respectively.

To make it easier to present and prove the results of the rest of paper, we now present next theorem that states Binet’s formulas
for the unrestricted Fibonacci and Lucas quaternions.

Theorem 2.2. (Binet’s Formula) Let n be an integer. Then the Binet’s formulas of the unrestricted Fibonacci and Lucas
quaternions are

(prs) _ Q0" = BB
F == 5 2.5)
and
L) = o+ BB (2.6)

where & = 1+ i + ja’ + ko and p =1+ ifP + jB’ +kp*.

Proof. Applying Binet’s formulas of the classic Fibonacci numbers to the definition of the unrestricted Fibonacci quaternions,
we obtain

ﬂrgp‘m) = F,+ l'F,,th + jFugr +kFpis
1 ! '
= (B B e ) k(e - )

a]fli(a”(l +ia? + jo + ko) — B"(1 +iﬁp+jﬁr+kﬁs))’

and the last equation gives Eq. (2.5). The other can be proved similarly. O



4 Fundamental Journal of Mathematics and Applications

& B & B
a 20— N(&t) B++/5C N(&) A—+/5C+2y
B B—+/5C ZBfN(B) —A++/5C N(B)
& N(&) —~A—+/5C 28 —N(&) —B+/5C-2y+4
B* | A+V3C+2y N(E) —B—/5C—2y+4 ZB*—N(B)

Table 1: The multiplicative properties of ¢ and ﬁ

Table 1 displays important features corresponding to the multiplication of ¢ and E They will undertake important tasks in the
process of proofing the next theorems. Note that each of them can easily be proven by certain elementary operations and we
omit the details. In Table 1, the following notations are used:

N

and

Note that r — s, s — p, and p — r may be positive or negative.

The next theorem gives d’Ocagne’s identities for the considered quaternions.

Theorem 2.3. (d’Ocagne’s identity) Let m and n be any integers. Hence, we have

yrglp,r,s)yrgilr,s) . yrfirlS)‘/ gr(prs) _ (—1)"(BFy—n +CLy)

and

L) i) _ plbns) pPr) — S (1) (BFy 4+ CLy).

Proof. From the Binet’s formula in (2.5), we have

Fpr) o) _ glors) glors) %[(dam_ﬁﬁmﬂ ntl ﬁﬁm)_( ot ﬁﬁmH)( Bﬁnﬂ

and by Table 1,

g‘(ﬂ,“)ﬁrsl? S)

p,r,s) (]),V,S)
T 7 m+1

n+1

(-1 [(B+CVS)on — (B-CVE)pm]
(1) [Blam " =gy ovS(@r g

We obtain the first identity from the last equation. Repeating the same procedure, the second identity can be obtained. O
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Now we give Catalan’s identities of the unrestricted Fibonacci and Lucas quaternions.

Theorem 2.4. (Catalan’s identity) For any integers m and n, we have

2
yn(fl;s)j a (P i;;s) . [gyﬁlp,r,s)} _ (_1)m+n+]Fn (BF, +CL,)

and

2059 (07 [0 = 51y, (BE, 4 CLy).
Proof. By Eq. (2.5) and Table 1, we can write
FUR ) = L[ B o - B — (e~ Y]
(=1 @Bo + Bap™) + (~1)"2C]|
(1) (B4 V5C) a2 + (B~ V3O)B ) + (~1)" B]
-(—1)"””*1 (B(a2”+ﬁ2”)+5C< ﬁzn)) +(— ]

[(— 1)1 (BLay + 5CF3,) + (—1)"B] .

N = | = W] = W] = W=

Substituting the identities SF? = Ly, — (—1)" ([12, p.42]) and F, = F,L, ([12, p.14]) give the desired result. Similarly, the
second identity can be obtained. O

For the case n = 1 in Theorem 2.4, we attain Cassini’s identities, which are given in the following.

Corollary 2.5. (Cassini’s identity) For any integer m, we have

s 1S S 2 m
FIDFI | 2] = (-1)"(B+C)

m—

and

m

s shS shS 2 m
L L [ 2] = 51" (B+0).

Note that the above identities can be re-written for the usual forms of the Fibonacci and Lucas quaternions in the case
(p,r,s) = (1,2,3). In this case, we can summarize them as follows:

* D’Ocagne’s identities are as follows:

Qan+1 - Qm+1Qn = (_ 1 )n [TOFm—n + (_QO + 3k)Lm—n]

KmKn—H - Km—HK = _5(_ l)n [TOFm—n + (_QO + 3k)Lm—n]

e Catalan’s identities are as follows:

Qm+an —n Qm - ( ) F_ [FnTO + (_QO + 3k)Ln]

K inKinn— Ky, = =5(—1)"F_ [FTo+ (—Qo + 3k)Ly]
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 Cassini’s identities are as follows:
Qn1Qm—1 = O = (=1)"(Q-1 + 3k)
K1 K1 — K = =5(=1)"(Q_1 + 3k)
The concept of Generating Function is so important research topic since that is helpful tool to solve linear homogeneous

recurrence relations with constant coefficients. Here, we investigate both the ordinary generating functions and the exponential
generating functions associated with our generalized quaternions. To do this, we introduce the following functions:

n=0
= x"
Ez(x)=Y FPL 2.7
F (x) ,;) n n' 2.7)
and
Eo — gﬂ([’:”vs)'xi.
7 (x) n;) 0
Hence, we present another main results of the current paper.
Theorem 2.6. The generating functions for the unrestricted Fibonacci and Lucas quaternions are
FPrs) o gprs)
G _ 70 -1 2.8
F (X) 1 —x— 2 (2.8)
and
go(p,m) +§/pﬁ(1;.,r-,S>x
Gy (x)= . (2.9)
1—x—x%

Proof. Substituting Eq. (2.3) into Eq. (2.8) and Eq. (2.4) into Eq. (2.9), the results are satisfied. So, this completes the

proof. O
Theorem 2.7. The exponential generating functions for the unrestricted Fibonacci and Lucas quaternions are
Ge®r — ﬁeﬁx
Ez(x)=——F—

and

Ey(x)= de™ + PP,

where e is the famous Euler’s number.

Proof. Substituting Eq. (2.5) into Eq. (2.7) leads to

Considering MacLaurin series of an exponential function, the result follows. The second identity is demonstrated similarly. [
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3. More features

In this section, we present many properties for the unrestricted Fibonacci and Lucas quaternions and some sum formulas of
them. The next theorem present these identities.

Theorem 3.1. Let m,n and t be any integers. Then,

yrngrl,rJrl,erl) _ <97,517173) +j~rsf,lrs) —F ., 3.1)

"%Z(p+1,r+1,s+1) _ fn(p,r,s) +$(p,r,s) L,

n—1

a(p1s)
</ln+1

+1,r+1,5+1
yrgp ) +Fi-1,

gn(i,lr,s) :jrl(p+1,r+1,s+1) tL,

L) = g 4 g0,

g(l’%ﬂy(!’#’@) _g(l”m)y(l”rys) — 2(_1)m+ntl(f;l”sS)’

m+n m-+t m-+t m+n

3;(177"75') 4 (_1)nﬁ’5llﬁ"v“) — daz}%ﬁv"-ﬁ)L

m—+n n ns

FPrD 01 _ pv) glpr) o _yymey,

TN L)~ L) ) = 2(— 1) (BFy—n + CLyn—),
FP) gprs) _ o) g (pr) _ o _qymticE,
g Pr9) pprs) _ qplprs) gppirs) _ 10(—1)"CFy_m,

ﬁ(mm)mern - ﬁrglpf:l‘)ymfn = y(plyr’S)Fva

m—+n 2m

L L — LN Ly = ST P, (32

m—n 2m

y(!’y"as)Lm+n + ﬁ,ﬁfﬁf)men — y([’mf)LG + 2(_1)m+n§épqrﬁ)’

m-+n 2m

L i+ L Ly = L Ly 4 2(— 1) L P,

- 2m
5 [ %p,m] 2 [ Zﬂ”’r"‘)r _4(—1yg,

y(p,r,s) + <_1)nyy51[1:ls> — yyglpmS)Ln,

m+n

L+ (gl = 4L,
and

FW) _ o FP) L 00,

m m—1
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Proof. To reduce the volume of the current paper, we give some proofs of the above identities. Since the proofs of the first six
identities are done in the same way, we only prove Eq. (3.1). By the definition of unrestricted Fibonacci quaternions, we can
write

1r+1,5+1 . .
FAp Tt Fu+iFusp1 + jFure1 +kFpsi

- Fn+i(Fn+p+Fn+pfl)+j(Fn+r+Fn+r 1)+k( n+v+Fn+s 1)
= (Fn+iFn+p+an+r+an+s) (anl+1Fn+p71+JFn+r71+an+sfl)_anl-

Other proofs are based on Binet’s formulas of the corresponding quaternions. As an example, we show that (3.2) holds. Hence,
by employing Eq. (2.6) we obtain

sz(pJ’S)Lern - g(ﬁm)ldmfn =

m—+n m—n

( am+n+l§ﬁm+n) (am+n+[3m+n)_ <(anm7n_|_Bﬁm7n)( A L n)
(éc 2m+2n+BB2m+2n aa2m72n_[§ﬁ2m72n>
(s

&a 2m+2n + ‘3‘32m+2n (vvamﬁZn _ BaZnﬁZm)

B ) a2m ﬁﬁZm a2n _ ﬁZn
o () ()

= Sg\z(li’ns)an.

So, the proof is completed. O

Now, we list sum formulas for the considered quaternions in the following theorem.

Theorem 3.2. The following summation formulas hold for any integer n.

%(ﬂ,m) _ yn(ﬁzr‘) _ 1(P“ ’ (3.3)

™=

0

-
Il

Z(p,r,s) _ gn(ﬁg,s) 731(1),1‘,5)’

™=

0

N
Il

gz prs) _ g (pirs) (p:r3s)
R e

M:

0

-
I

IETLEE RS
t=0

n

Zyz(tp,r,s j(p 1) _yﬁ[;,nsh

2n+1
t=0

Zoiﬂz(tp,ns) :g(p,r,s) _gﬁq,r,s)

2n+1
t=0

)

) (;) Frr) = i G4)

and



Fundamental Journal of Mathematics and Applications 9

Proof. We will prove some of the above identities again. Let us consider a; = .7, (Prs) _ ﬁl(p )

s . Hence, by the definition of
the unrestricted Fibonacci quaternions, we obtain

(p.r.s)
ar—ar_ 1 = ﬁt .

Applying the idea of creative telescoping [13] to Eq. (3.3), we conclude

n

t=0 t=0

and since a_; = 0, Eq. (3.3) is attained. Proceeding as in the previous proof, we can obtain the other identities except last two
identities.

Now, substituting Eq. (2.5) to Eq. (3.4) leads to

B()o -5 1) - (£ (e -sE ()

=0 =0 t=0

and considering the formal expression of the Binomial Theorem, we obtain

o

L\ ey (1) B (B )"
Zo@”&z - y; '

Using o> = a+ 1 and B2 = B + 1, the proof of Eq. (3.4) is completed. The last equation can also be found in a similar
way. O

4. Conclusions

In this study, we presented other generalizations for the usual Fibonacci and Lucas quaternions and gave many interesting
properties of these definitions. In particular, the Binet’s formulas, the generating function, some explicit formulas, and
special identities such as d’Ocagne’s Identities were obtained. Moreover, the examples regarding the reduced cases for our
generalizations, from the quaternion forms to the usual integer sequence ones, were investigated. In addition to those, we
considered sum formulas for our generalizations including the even and odd subscripts.

We think that the inferences of the paper can be used in several practical applications in applied sciences, e.g. control and
system theory, and neural network, etc.
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quaternions by inspiring from these definitions and discussed some properties of them.
Recently, the elliptic biquaternions, which are generalized form of the complex and real
quaternions, have been presented. In this study, we introduce the set of Fibonacci elliptic
biquaternions that includes the set of complex Fibonacci quaternions as a special case, and
investigate some properties of Fibonacci elliptic biquaternions. Furthermore, we give the
Binet formula and Cassini’s identity in terms of Fibonacci elliptic biquaternions. Finally,
we give elliptic and real matrix representations of Fibonacci elliptic biquaternions.

1. Introduction

Real quaternions and complex quaternions were introduced by Hamilton in 1843 [1] and 1853 [2], respectively. The set of real
quaternions and the set of complex quaternions are represented as

H={w=wo+wii+waj+wsk: wo,wi,wy,w3 € R} (1.1)
and
He = {W =Wy +Wii+Waj+Wsk: Wy, W, Wo, W5 € C}
respectively where the quaternionic units i, j and k satisfy

iP=j7=K=-1, ij=—ji=k, jk=—kj=i, ki=—ik=j.

As a consequence of the representations given above, a complex quaternion W can be written as
W=w+iw", i#=-1 (1.2)

where w and w* are real quaternions.

I'This article is the completed version of the paper titled “Fibonacci Elliptic Biquaternions”, which was presented as an virtual presentation at the 12th
International Conference on Clifford Algebras and Their Applications in Mathematical Physics. The conference was held as an online conference between 3-7
August 2020.

Email addresses and ORCID numbers: kahraman.ozenl@ogr.sakarya.edu.tr, https://orcid.org/0000-0002-3299-6709 (K. E. Ozen), tosun@sakarya.edu.tr,
https://orcid.org/0000-0002-4888-1412 (M. Tosun)
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In 1963, n — th Fibonacci quaternion
Wn = Fn +Fn+li+Fn+2j +Fn+3k

was introduced by changing the components in equation (1.1) with the consecutive Fibonacci numbers by Horadam. Also,
Horadam similarly defined the n —th Lucas quaternion

T,=L,+ Ln+1i + Ln+2j + Ln+3k-
Here L, and F,, are n —th Lucas number and n — th Fibonacci number, respectively [3].
On the other hand, the complex Fibonacci numbers were defined as
Co=Fy+iFu, #=-1

in [3]. Then, Halic1 expanded this definition to the complex quaternions with the name “’n — th complex Fibonacci quaternion”.
Halic1 gave this definition by changing the real quaternions w and w* in the equation (1.2) with consecutive Fibonacci
quaternions W,, and W, 1| as in the following [4]:

Ry=W,+iW, 1, i?=—1.

There are many studies on Fibonacci quaternions and complex Fibonacci quaternions in the literature. The readers are referred
to the studies [3]-[8] for these topics.

Recently, Ozen and Tosun have expressed elliptic biquaternions comprising the complex and real quaternions [9]. The set of
them is given as follows:

HC, ={U =Uy+ Ui+ Uj+Usk : Up,U;,U,,U3 € Cp}

where C, = { u+lviuveR, P=p,pe ]R’} indicates the set of elliptic numbers. The system of elliptic numbers is a
one-parameter family of generalized complex number systems. The readers are referred to [10]-[14] for some interesting
studies on the generalized complex numbers and elliptic numbers.

For any two elliptic biquaternions U = Up + Ui+ Uzj+Usk € HC, and V = Vp + Vii+ V1 j + Vik € HC,,, addition and scalar
multiplication by A € C,, are given by

U+V = (Uy+W)+ U +V)i+(Uy+WV,)j+(Us+Va)k
AU = (AUp)+ (AU i+ (AUL)j+ (AU3)k

and also, the multiplication of U and V is defined as in the following [9]:

uv = [(UVo)— (UiV1) — (UaVa) — (UsV3)] + [(UoVh) + (U1 Vo) + (UaV3) — (UsWh)] i
+[(UgV2) — (U1 V3) + (U2 Vo) + (UsVh)] j+ [(UoV3) + (U Vo) — (UaV)) + (UsVo)] k.

Moreover, the Hamiltonian, complex and total conjugates of U are as below:

U = Uy—Uji—-Uj—Usk
U* = Uy +U"i+U*j+Us*k
Ut = Uy —Ui—Ur'j—Us*k

where superscript stars on Uy, Uy, U, and Us denote the usual complex conjugation. On the other hand, the semi-norm of U is
defined as [9]:

N(U) = Up?> + U + Uy + Us*.

In the next section, we introduce Fibonacci elliptic biquaternions and give their some properties. In the last section, we give
elliptic and real matrix representations of Fibonacci elliptic biquaternions.

2. Fibonacci elliptic biquaternions and their some properties
Thanks to [15], we know that p—complex Fibonacci numbers are given as in the following:

(Cp), =Fu+1IFy, P =peR
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where F,, is the n — th Fibonacci number. Here, we consider the case p € R™ and call these numbers Fibonacci elliptic numbers.
Thus, n — th Fibonacci elliptic number is defined as

(Cp)n =Fy+1F 41, [ZZPERi-

By following the method given in [4], we expand this definition to the elliptic biquaternions with the name ”’n — th Fibonacci
elliptic biquaternion”. That is, n — th Fibonacci elliptic biquaternion is given by

(Up), =Wa+1Wyiy, P=peR™
where
Wy = Fy + Fy1i+ Fygoj + Fri3k
and
Was1 = For1 + Fopoi+ F3j + Frak
are consecutive Fibonacci quaternions. Therefore, (U,), can be written as follows:
(Up), = (B +1Fui1) + (Fys1 +IFi2)i+ (Fugo +1F3)j + (Fuys +1Fa)k, P=peR™. 2.1

As a consequence of the definition of Fibonacci elliptic numbers and the equation (2.1), (U,),, can also be given in the following
form

(Up)n = (Cp)n + (Cp)n+1i+ (Cp)n+2j + (Cp)n+3k7 12 =p¢c R™.

Thus, (U,), includes a scalar part

and a vectorial part

14 ((Up)n) =(Cp)y1i+(Cp), i+ (Cp), 5k

The Hamiltonian, complex and total conjugates of (U,), can be found as

(Up)n = (Cp)n - (Cp)n+1i - (Cp)n+2j - (Cp)n+3k
Up), = (Cp),+ (Cp);H i+ ( p);:+2j + (CP):+3 k
(Up)l = (CP); - (CI’):-H i— (Cp):+2j - (Cp)jhus k
where (Cp); = F, —IF,1. From here, it can be easily seen that the following identities hold:
(Up),+Up), = 2(Cp),
(Up), + (Up); = 2W,.

N ((Up)n) = (Cp)z + (Cp)iﬂ + (Cp)iﬂ + (Cp)i+3'
If we use the identities
Fo1+F1=L, ncZ"®
and
F}+F% | =Fuyy1, n€Z
given in [16], we get

N ((Up),,) = (F2n+1 +pF2n+3 +F2n+5 +pF2n+7) +21 (Fn+1Ln+1 +Fn+3Ln+3) .

Note that we will show the set of Fibonacci elliptic biquaternions with FHC, throughout the paper. For negative indices, the
Fibonacci elliptic biquaternions can be given as in the following lemma.
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Lemma 2.1. For (U,), € FHC,, the equality
(Up)_n = (_1)” [(_Fn +1Fn71) + (anl _IFn72)i+ (—anz +1Fn73)j + (Fn73 _IFn74)k]

is satisfied.

Proof. By considering the definition of the Fibonacci elliptic biquaternions and the equality F_, = (— l)"HFn given in [17],
we can write the followings:

(Up)_, S IFop1) + (Fopn HIF pp2) i+ (Fopio +1F_p43) j+ (Fopss +IFa) K

(F

(Fon+1F(u1) + (F ooty HIF ) ) 4 (Fouo) +1F (3 i+ (Fo3) HIF - na) ) K
( "4 (—1)" Fn71)+((—1)”Fn71+I(—1)"71Fn72)i
"
(=

(( 1) Fn 2 +I( l)n_anf?») j + ((_l)n_2Fn73 +I(_1)n_3Fn74> k
D' [(=Fy+1F 1)+ (Foy —IF, )i+ (—Fy 2 +1F, 3) j+ (Fy3 —1F,_4)K].
O
Now, we give the following theorem which reveals an essential relation between the Fibonacci numbers and Fibonacci elliptic
biquaternions.
Theorem 2.2. (Binet Formula) For (U,), € FHC,, Binet formula is given as
(Up)n = (Up)an + (Up)an—l

where n > 0.

Proof. By direct calculation, the followings can be written easily:

(Up)an + (Up)an,l = [(Fi+IB)+ (Fa+1F)i+ (Fs+1Fy)j+ (Fa+1Fs5)K| F,
+{(Fo+IF)+ (P +1F)i+ (B +IF)j+ (B +1F) K| Fy
= FF,+FBFi+FBEj+FEFEk+1 (Fan + B Fi+ FyF,j+ FSFnk)
+RF 1+ FiF i+ FF, j+ BF_ k+1(FF + FF,_ i+ BE,_1j+ F4F,_ k)
= [(FoFp—1+FiFy) +1(FiFa—1 + BF))+ [(FiF + BE,) + 1 (BF, 1 + FBE,)]i
+[(FaFum1 + BE) + I(F3F—1 + FuFy)|j+ (B Fa—1 + FuF,) + 1(FaFy—y + F5F) k.
Using the identity
FuFn+ Fov1 Bl = Fpn1, myn € z*
given in [5] and the equalities
FoF, 1 +FF,=0F_ 1 +1F, =F,
and
hE,  +BE,=1F_+1F, =F,_+F,=F,
the proof is completed. O

Theorem 2.3. (Cassini’s Identity) For (Uy), € FHC,, Cassini’s identity is given as

(Up)y1(Up) iy — (Up)z = (—1)" (2W1 — 3k — pF{Ty — pFaWo +3pFs ) +1 (Wy— 1 W2 — Wy Wy i 1)

n

where n > 1.

Proof. By direct calculation, we get
Up)i1WUp) iy — (Up)i = W1 +IW,) Wyt +1W,12) — (W, +1Wn+1)2
= WiiW1 +pWWai2 +I(Wan+1 +W,— IWn+2) - (VVnZ +an+1 + 2I‘/anvn-ﬁ—l)
WVZ*1WVH>1 - an +p (WanJrZ - ‘/Vn+1> +I(Wn*1Wn+2 - WV!WnJrl) .



14 Fundamental Journal of Mathematics and Applications

Using the identities
Wy Wyt — W2 = (=1)" (2W; —3Kk)
and
Wait-Waripr—Wopy = (= 1" [F2To + For (Wo — 3r)] (for r=1)

given in [5], the proof is completed. O

3. Matrix representations of Fibonacci elliptic biquaternions

In this section, elliptic and real matrix representations of Fibonacci elliptic biquaternions are given by emphasizing the
isomorphisms which determine these matrix representations.

3.1. 2x2 and 4x4 elliptic matrix representations of Fibonacci elliptic biquaternions

Thanks to Ozen and Tosun [18], we know that there is a faithful relation between the elliptic biquaternions and 2x2 elliptic
matrices. Every elliptic biquaternion U = Uy + Ui+ Uzj + Usk € HC,, has a 2x2 elliptic matrix representation

Up+—=IU, —Up——IU
) = 0 \/m 1 2 \/H 3
W= v,y ve-
Viel Vil
which is determined by means of the following linear isomorphism [18]
O':H(C,, — M>y» ((Cp)
Up+ —=IU; —Up———IU
B 0 \/m 1 2 \/m 3
U=oW=1y, Y, vt
2 \/m 3 0 \/m 1

Let us consider the restriction of this isomorphism to the set of Fibonacci elliptic biquaternions. Then we get the following
isomorphism:

6*:FHC, — o (FHC)) C Max(C))
C L 1 —(C -
W), = o () = | TP =2 s
o P Colpyn =l (Cp) (Cp)y=751(Cp)
Pint2 ™ ) P 3 Pon ™ il Pl
Thus, we can give the following definition by using the equality /> = p = — \/m \/m .

Definition 3.1. The matrix

(Fn - |P|Fn+2> +I{14+—=|F (*Fn+2 + |P‘Fn+4) —I(14+—=)F.s
Ipl VIpl
E

(Fn+2 + v ‘P|Fn+4) +1I (1 - \/17) Fot3 (Fn + |P|Fn+2) +1 (1 - 1) n+1

Ip|

derived from ¢* ((U p)n) is called 2x2 elliptic matrix representation of (Up),.

Xo X1 X —-X3
X1 X X5 00X
X2 X5 X0 —X
X3 X X Xo

On the other hand, there is an isomorphism between the matrix space M = 1 X0,X1,X2,X3€C),

and the elliptic biquaternion space HC,, [19]:

y:HC, — M
Uy -U -U, —-Us
U=7rU)= U Us Uy -U
Us -U, U Uy
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Similarly above, if this isomorphism is restricted to the set of Fibonacci elliptic biquaternions, it is not difficult to see the

following isomorphism

Y :FHC, — y(FHC,)CM

( (CS’)n - ((CP))n-H - ECP)n-&-Z _((CI)’)rH—S

¢ n ¢ n -(C n ¢ n

(Uﬂ)n -7 ((Up)n) = (Ci)ni; (Cp§n+3 (Cl;)nJr3 _(gp):jl
(CP);1+3 7(Cﬁ)n+2 (CI’)n—H (Cp)n

Then, we can give the following according to definition of n — th Fibonacci elliptic number.

Definition 3.2. The matrix

Fo,+1F  —F -1k, —Fao—I1Fy3 —Fy3—1F 4
Fopr H1F2 B+ 1R —Fi3—1Fi1a Fpo+1F3
Foro+1Fi3  Fos+1Fg F,+1F, —Fur1 —1F2

Fos+ 1k —Fyo—1Fys B+ 1R Fo+1Fy 4

derived from v* ((U P)n) is called 4x4 elliptic matrix representation of (Up),.

3.2. 8x8 real matrix representations of Fibonacci elliptic biquaternions

In the study [20], Ozen and Tosun obtained 8x8 real matrix representation of an arbitrary elliptic biquaternion in the space

HC,. However, the isomorphism that determines this representation was not emphasized with its domain and range in this

study. So, we are not able to apply the method of restriction as in the previous subsection. Here we give particular importance
to get an isomorphism whose domain is FHC, and whose range is a special 8x8 real matrix set. Because of this, we need

some preparation.

From [21], it is known that there is an isomorphism between the elliptic matrix set Myx4(C,) and real matrix set Ms> 4 (R) as

in the following:
W My (Cp) — Mg (R)
A=A1+1A — y(A [\/%Az _@AZ
G —VIplH

where M ¢ (R) = { [ H G :G,H € Myxs (R)}

Since y(FHC,) C M C My,4(C,), we can restrict the isomorphism y to the set y(FHC,). If we do this, we have the
isomorphism y* : y(FHC,) — y(y(FHC,)) C M§ ¢(R). To obtain 8x8 real matrix representations of Fibonacci elliptic

biquaternions is the aim of us. To do so, we write y* ((U,,) n) as follows:

v ((Up),) = Bi (n) +1B> (n)

where
F. —Fw1 —Fuyo —Fys
F, 1 F, —F 3 F+2
B: (n) = n+ n n+ n cM R
1( ) Fn+2 Fn+3 E1 —I'n+1 4X4( )
Foys —Fo Foti Fy
and
Forir —Fo —Fas —Faga
Fov2 Fiv1 —Foa Fuygs
By (n) = eEM. R).
2(n) Fois Foa Fonn —Fup x4 (R)
Fora —Foz Fuo B

Then, the compound function § = y* o ¥* yields the following isomorphism:
§: FHC, — y(7(FHC,)) C M§.4(R)

Bi(n)  —/Ip|B2(n)
(), = 8((Uh),) = \/|?]Bz Bl(”§

Consequently, we can give the following definition.
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Definition 3.3. The real matrix

Fy L+l —Ln+2 —In+3 - ‘p|Fn+1 |p‘Fn+3 |p‘Fn+3 |p|Fn+4 1
Fota F, —Lny3 Futo *\/anJﬂ |P‘Fn+4 |p‘Fn+4 7\/an+3
Fo2 Fits Fy —Fus1 ~VIPlFss —VIplFasr —VIplFa1 V/IPIFi2
Fuys —Fui2 Fuy1 F, —VIplFta =/ IPIFai2 —V/IPIFas2 =/ |PIFata
IplFarr =/ IPlFv2 =V IPIFass  —/|plFata Fy —In+1 — 142 43

VIPIFi2 P|Far1 =/ |P|Fasa \p|Fas3 Fa1 F —Fni3 Fuia
|p|Fat3 |p|Fnta IplFat1 —/|PIFat2 Futo Fuis F —lntl

L |p|Fn+4 - |p|Fn+3 \/anJrZ \/anJrl Foy3 —In42 Fat1 F,

derived from & (Uy),) is called 8x8 real matrix representation of (U,)

-
4. Conclusion

In this study, Fibonacci elliptic biquaternions and their some properties are introduced. Also, Binet formula and Cassini’s
identity are given in terms of Fibonacci elliptic biquaternions. Moreover, real and elliptic matrix representations of Fibonacci
elliptic biquaternions are derived.

When p = —1, the set of elliptic numbers matches up with the set of complex numbers. In that case, the set of elliptic
biquaternions is reduced to the set of complex quaternions. Therefore, Fibonacci elliptic biquaternions can be seen as
generalized form of complex Fibonacci quaternions that take an important place in the literature.

The use of matrix techniques gives us many advantages in many areas of science. In this respect, this study can be seen as the
first step of the future studies which will be presented by using the matrix representations of Fibonacci elliptic biquaternions.
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functions by means of (p,g)—calculus, which was introduced by Chakrabarti and Jagan-
nathan. For functions in such a class, we get the initial coefficient estimates for |a;| and
|as|. In particular, the results in this paper generalize or improve (in certain cases) the
corresponding results obtained by recent researchers.

1. Introduction

Let o/ indicate the class of functions f of the form
f@)=z+Y a", (1.1)
n=2

which are analytic in the open unit disc D = {z: |z| < 1} and satisfy the conditions f(0) = 0, f(0) = 1 for every z € D. Denote
by . the subclass of .7 containing of all univalent functions. Let Q be the class of Schwarz functions ¢, which are analytic in
D satisfying the conditions ¢ (0) = 0 and |¢(z)| < 1 for all z € D. If f| and f; are analytic functions in D, then we state fj is
subordinate to f, denoted by f < f, if there exists a Schwarz function ¢ € Q such that f1(z) = f2(¢(z)) (see [1]).

According to the Koebe 1/4 Theorem [1], the range of D under every function f in the univalent function class .# contains a
disc {w : |w| < 1/4} of radius 1/4. Thus, every univalent function f has an inverse f~! satisfying the conditions

(@) =2 (zeD)
and
FUETW) =w, (Wl < ro(f)s ro(f) > 1/4),
where

! (w) =w—aw + (Za%—a3)w3 — (Sag —Sapas —l—a4) wha...
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If both £ and f~! are univalent in ID, then a function f € &7 is said to be bi-univalent in ID. The class of bi-univalent functions
will be denoted by X in D.

Not much is known about the bounds for |a,| of Faber polynomials in quantum calculus because the bi-univalency requirement
makes the behaviour of the coefficients of the functions f and f~! unpredictable. The quantum calculus has a great number of
applications in the fields of special functions and other areas (see [2], [3]). There is a possibility to extend some of the results
in quantum calculus to post quantum calculus in geometric function theory.

Let us first recall certain notations of the (p,q)—calculus. The (p,q)—twin-basic number [n], , is defined by
pn _ qn
pP—q

lpa = , (0<g<p<1,n=0,1,2,..).

The (p,q)—derivative operator of a function f is given by

(Dpaf)(2) = W

and (D, 4f)(0) = f'(0) provided that the function f is differentiable at z = 0 (see [4]). For a function f given by (1.1), it can
be easily concluded that

, (2#0) (1.2)

Dpof(z) =1+Y [n]pgant"". (1.3)

n=2
Note that, for p = 1, (p, q)—derivative operator reduces to the Jackson g—derivative ([5], [6]) given by

12) ~ fla7)

(qu)(Z): (lfq)z

, (z#0). (1.4)

Also, for p = 1, g—bracket [n], is given by

, (n=0,1,2,...).

In 1903, G. Faber [7] in his thesis, introduced the polynomials which have since proved useful in analysis, and hence are known
as Faber polynomials. By using the Faber polynomial expansion of functions f € o7, researchers in [8] got the following
useful results.

Lemma 1.1. If f is of the form (1.1), then the coefficients of its inverse functions g = f~ are given by
_ =1 s
gw)=f'w)=w+ Z ;anl(ag,cg, oW i =w4 Z baw",
n=2 n=2

where

(—n)! n—1 (=n) (=n)! —4
oD%+ G

K= )(n Ol “3+4( e A

o ls+ (- +2)aj]

+% ®lag + (—2n+5)azas] + L>7d5 'V,

such that V;, (7 < I < n) is a homogeneous polynomial in the variables ay,as, ...,a,. The first three terms of K. ", are given
below:

K[*=2a), K,’>=302a—a3), K;*=—4(5d3—5ara;+ay).

Making use of (p,q)—derivative operator defined in (1.2), we define the class .45(p,q; A, 8,A, B) as below:

Definition 1.2. Ler A and B be real numbers such that —1 < B <A< 1. For0<g<p<1,A > 1,6 >0, a bi-univalent
Sunction f € ¥ is said to be in N5 (p,q; A, 8,A,B) if

1+A
(1= 42Dy @) + 82D (D)0 < T (2€D) 15)
and
1+A
(1208 4(Dy4)(0) + 50Dy (D) 4) < 12 (D) (16

where g(w) = f~1(w) forw € D.
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By taking different values of the parameters p,q,A,5,A, B, we may obtain several new and known subclasses of the family
N5 (p,q; A, 0,A,B); for instance we have

() %(q:1.8.4,B) = /(1 @A, 8,A,B).

(i) Z=(p, q,l,HBZ = 5(p, q,?L 0,A,B).
(iii) Zx(A,0,00) = A5 (1,1;4,6 Za,—l),(OS o< 1),[9].
() F5(h,@) = A(1,1:1,0,1 —1),(0<a<1), [10].

(V) A(a) = A5(1,1:1,0,1 - 2 1) (O<a<1), [11].
Vi) (8,0) = Ho(1,151,8,1 — 20, ~1), (0 < &t < 1), [12].

Remark 1.3. Note that the class %s(q;A,0,A,B) in (i) is a new generalized class of bi-univalent functions defined by
D, =1lim,_1 D, , given in (1.4).

Remark 1.4. The class Dx(p,q; 1, ii’gé) in (ii) may be obtained by letting ¢ = ii’gi in the class 95 (p,q; A, Q) which was

studied in 2017 by Altinkaya and Yalcin [13]. The results in our paper improve the estimates of the corresponding bounds in
[13]. Similarly, our results are also better than those determined in [11].

In view of the relations witnessed in (i) to (vi) and Remarks 1.3 and 1.4, we conclude that the generalized class A5 (p,¢q; A, 8,A, B)
unifies several subclasses of X.

2. Main results

We first give coefficient estimates of a function f in the class 45 (p,q; A, 8,A, B) for all the coefficients except for the first
initial coefficients a; and a3.

Theorem 2.1. For 0 < g<p<1,6>0, A >1, —1 <B <A <1, let the function f given by (1.1) be in the class
M (p,q; A, 6,A,B). Ifay, =0,(2<m<n—1), then

A—B
T 1+ ([lpg — DA+ [n]pg[n —1],46|

, (n=4). 2.1)

lan| <

Proof. 1f a function f given by (1.1) is in A4%(p,q; A, 8,4, B), then by using (1.2) and (1.3), the left side of (1.5) gives

(14@@ +A(Dpgf)(2) + 82Dy 4(Dpyf)(z) = 1+Z [1+ ([n]p.g — DA+ []pgln — 1]5.40]anz™ " (2.2)

In view of (1.2), (1.3) and Lemma 1.1, the left side of (1.6) yields
(1= 2) 552 4 (D g8) (w) + 8WDp g (Dpgg) (W)
=1+, [T+ ([n]pg = DA+ 1] pg[n— 1,48 baw" ™! (2.3)
=14+ X0 [14 ([nlpg = DA+ [1lpgln—1],48] x 1K, " (a2,a3,..;an)w" !,

where K, "\ (a2, a3, ...,a,) are given in Lemma 1.1.

On the other hand, (1.5) and (1.6) imply the existence of two Schwarz functions ¢(z) = Y~ ¢,2", (z € D) and y(w) =
Zn 1 an (W S D) so that

f(z) _ 14+49(z)
(1-2) — +A(Dp,qf)(2)+62Dpg(Dpqf)(z) = T Bo(2) (2.4
and
w 1+Ay(w
(1= )50 (D) ) + 6Dy (D)) = T g 2s3)
Moreover, by using the method given in [8] and [14], Jahangiri and Hamidi in [15] observed that
1+A9(z) n
1+B¢(Z) =1 ,;(A B) (Clcha 7Can)Z ) (26)
and
I+Ay(w) . ¢ n
TF By 1- n;l(A B)K, (di,ds,...,d,, B)W", 2.7
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where K, ! (ki k2, ..., k,, B) are obtained by the general coefficients K,{(kl k2, ....kn,B) for all j € Z given by

Ki(ki,ka, ... kn, B) = KB K2k, B2

(=m)l(m)! n) (n)! (- n+1)( 2)!

j!

3 n—3
+(1 n+2)!(n—3)! kn k3B

n+3
+(] n+3>( )kn 4[k B~ 4_,'_1 +. k%B]

“rmkn S[k Bn 5+(] n+4)k3k4B]+Zj>6k V]7

and where V; is a homogeneous polynomial of degree j in the variables k3, k3, ..., ky,; (see [8], [14], [15]).

In view of (2.2), (2.4) and (2.6), for every n > 2, we get
1+ ([]pg— DA+ [n]pgln—1]48]an = —(A—B)K, ', (c1,c2,....,ca1,B). (2.8)

Similarly, because of (2.3), (2.5) and (2.7), for every n > 2, we have

1+ ([n]pg— 1A +[nlpgln—1],46]bs = —(A—B)K,_ (dl,dz, ,dn_1,B). (2.9)
Since a,, = 0 for 2 <m < n—1, we have b,, = —a, and thus,
1+ ([n]pg— DA +[n]pgln—1]p46]lan = —(A—B)c,1,

—[1+([nlpg — DA +[n]pgln— 1], ¢6lan = —(A = B)dy—

Recall that for the Schwarz functions ¢ and y, we have |c,—1| < I and |d,—1| < 1 (see [1]). Taking absolute values of the last
two equalities and using |¢,—1| < 1 and |d,—;| < 1, we obtain

(A—B)|cp-1] _ (A—B)|dn—1]
[T+ ([A]pg = DA+ [nlpgln—1]pg8] |1+ ([n]pg — DA+ [nlpgln—1]p 48]

|an| =

thus we arrive at
A—B
1+ ([rlpg — DA+ [n]pgln—1],46]

|an‘ <
This completes the proof. O

Setting p = 1 in (2.1) and using (i), we get the g—coefficient bounds of the Faber polynomials of the class % (q;A,0,A,B).
Corollary 2.2. Letg€ (0,1), 6 >0, A >1land -1 <B<A<L L. Iff€%(q;A,0,A,B) and a,, =0,(2 <m <n—1), then

A-B
= 1+ ([nlg = DA+ [l — 1]46]

(n>4).

|an| <

Setting 6 = 0 in (2.1) and in view of (ii) together with Remark 1.4, we get the following:

Corollary 2.3. If f € Zs(p,q: A, 1242) and ap, = 0,(2 < m < n—1), then

=T (g0 =Y

Remark 2.4. In [13], the authors found that if f € Dx(p,q; A, @) and a,, =0,(2 <m <n—1), then

2
~ 1+ ([n]pg = DA

(n>4). (2.10)

|an| <

However, we find that the coefficient estimates in Corollary 2.3 further improve the estimates in (2.10) because

o)< A=B - 2
"I ([l = DAL [T+ (g = DA

forall A >1,—1<B<A<I1, (see[13]).

, (n>4)
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In view of (iii), Theorem 2.1 gives the next corollary:

Corollary 2.5. [9]Let A > 1,6 >0,0< o< L. If f € Zs(A,8,a) and a,, =0,(2 <m <n—1), then

an] < 21-a)
"1+ (m—-DA+n(n—1)5’

(n>4).

Since & (A,a) = A5(1,1;4,0,1 —2¢a,—1) by (iv), Theorem 2.1 gives the next result:
Corollary 2.6. [16]LetA>1,0<a<landa,=0,2<m<n—1).Iff € F%(A,), then

lan] < 2(l—a)

STrm-nn =Y

Remark 2.7. In view of (vi), if f € M5 (0, ), then we get corresponding result obtained in [12].

For the next theorem, we need the following lemma.

Lemma 2.8. [15] Let ¢(z) = Y, ca2" be a Schwarz function satisfying |¢(z)| < 1 for |z| < 1. If y > 0, then
le2+yel] < 1+ (r=1Dler [

Theorem 2.9. For 0 < g<p<1,6>0, A >1, —1 <B <A <1, let the function f given by (1.1) be in the class
A5(p,q;A,6,A,B). If

t=[3]pq=P*+pg+4*

(2.11)
n=_>2ps=r+q,
then
A—B . B<0
\/‘(A—B)[l—&—(t— DA +1u8]+ (14+B)[1+ (u— 1A +us)?
|az| < min (2.12)
A—B
1+ (u—1)A+ud|’
(A—B)? A-B
az| < + 2.13
sl [1+(/.L—1)l+u5]2 [T+ (t— 1A +1ud| (2.13)
and
ol (14 (u=1A+ud)|a)
i (A—B) |1—(1+B) A—B)
— < <0). .
a3 23] < T (DA 0] (B=<0) @19
These results are sharp.
Proof. Upon setting 2 in place of n in (2.8), we obtain
1+ (2]pg — DA+ [2]pg0)ar = (A fB)Kl_l(cl) =—(A—B)cy. (2.15)
Again, replacing n = 3 in (2.8), we have
14+ ([3]pg — DA+ [3]p4[2]p48las = (A—B)K; ' (c2) = —(A — B)(Bci — c2). (2.16)
Similarly, by substituting n = 2 and n = 3, respectively in (2.9), we observe
—[1+(2]pg — DA+ [2]p40]ar = —(A—B)d,, (2.17)

and

1+ (Blpg — DA + 3]p.q[2]pg6)(2a3 — a3) = —(A — B)(Bd} — dy). (2.18)
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Using |¢1| < 1 and |d;| < 1, it follows from (2.15) and (2.17) that ¢; = —d; and

(A—B)|c1] _ (A—B)|d|
L+ ([2]pg = DA+ 2]pgSl  [1+([2]pg — DA +[2]p46]

laz| =

then we get
A—B
1+ (u—1)A+ud|’

laa] <
where u is given by (2.11) and for -1 < B <A< 1.

Adding (2.16) to (2.18), and simple calculations gives

2[1+([Blpg — DA+ [3]pq [2]177:15]“% =(A=B)(c2+ (_B)C% +dr+ (_B)dlz)-

Taking absolute values of both sides, we get
2[1+([8]p.g = DA + Blpg[20p.g6][|a2|* < (A= B)[|e2 + (—B)ct| + |d2 + (~B)d?|].
If B <0, then by Lemma 2.8 we have
2| 1+ ([3]17,11 - 1)2' + [3]p,q[2]p,q5}|02|2 < (A 7B) [27 (BJF 1)(|C1 |2 + |d1 |2)] :

Upon substituting ¢ and d; from (2.15) and (2.17), we obtain

2
(14 o= 12421508l
2|1+([3]p~,q_1)x+[3]p,q[2]p»q6|“12|2S (A—B) [2—2(34‘1) (A—B)? ]’

or equivalently
A—B
VIA=B) (14 (= 1)A+1u8) + (1+B) (1 + (1 — DA +p8)?|

laz] <

i

where ¢ and u are given by (2.11). This completes the proof of (2.12).

In order to obtain the coefficient estimates for |a3|, we subtract (2.18) from (2.16), and we get

[+ (Blp.g = DA +[3].4[20.40](—2a3 +2a3) = —(A— B) | (B —c2) — (Bd} —da) |,

or

=t (A—B)(c2—dy)
22014 (Blpg — DA+ [Blpgl2l5.48]°

(2.19)

Upon substituting the value of a% from (2.15) into (2.19), it follows that

(A—B)?c? N (A—B)(cy —db)
(1+([2]pg = DA+ 2]pg6)* 201+ (Bpg— DA +[3]p4[2]p.40]

az =

Taking the absolute value and by using |ci| < 1, |c2| < 1 and |dz| < 1, we get

(A—B)? N A—B
1+ (u—1A+u8)?  [1+(—1)A+tus|’

las| <
(
where ¢ and u are given by (2.11). This proves the inequality in (2.13).
Finally, (2.18) yields

(A—B)(d>+ (—B)d?})
1+ ([Blpg — DA+ [3]p4[21p46°

Za% —az =

By taking the absolute value of the above equation, we find

|a37202| < (A_B)|d2+(_B)d%| )
27 14 (Blpg — DA+ Blpgl2]p.40]
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If B <0, then by Lemma 2.8 we have

a3 —2a3] < (A=B)(1+(-B—1)|di|?
57 1+ (Blpg = DA+ Blpal2lpad]

Upon substituting the value of d; from (2.17), we get

11+ ([Blp.g — DA +[3],4[2] 5,40l

—DA 08)%|as|?
‘ 2| (A—B) (1—(1+B)(1+([2]p>1 (12 Hg]p,q )7laz| )
a3 —2a;| <

This proves the inequality given by (2.14). O

In view of (i) and (ii), Theorem 2.9 leads to the following corollaries.
Corollary 2.10. Let g€ (0,1),A > 1,6 >0and -1 <B<A< L Iff€%(q;A,0,A,B) and a,, = 0,2 <m<n-—1), then
A—B

|az| < min f¢MA—BHL+@+qqA+(L+q+¢X1+@6H41+BH1+ql+(L+®5F

B<0

3

A-B
1-+gA+(1+4q)6°

(A—B)? N A—-B
1+gA+(14+¢)8)? 1+(g+P)A+(1+qg+¢*)(1+¢)6

las| <
(

and

[1+gA+(1+4)8%]|as|*
(A-B)?

14+ (g+¢*)A+(1+q+4*)(1+49)d

(A—B)|1—(1+B)

|a3—2a%|§ (B<O).

Corollary 2.11. Let0<g<p<1,A>1,—-1<B<A<1.Iffe€ Z(p,q; A, }fgﬁ) and aym =0,2<m<n-—1), then

A—-B A-B

e \/\(A_B)[l+<p2+pq+q2—1)M+<1+B)[1+(p2+pq+qz—1>l]2

)

|a2| < min

(A—B)? A—-B
(I+(p+q—1A)? 1+ (p*+pg+q*>— 1A

las| <

Remark 2.12. Let A > 1,6 >0,0<a < L. If f € #x(L,6,a) and a,, =0,(2 <m < n— 1), then Theorem 2.9 yields the
corresponding results obtained in [9] for coefficients ay, az and az — Za%.

Remark 2.13. LetA > 1,0< o< L. If f€ K (A,a)and a,, =0,(2 <m <n—1), then Theorem 2.9 satisfies the corresponding
results obtained in [16] for coefficients ap and az — Za%.

Remark 2.14. Setting p=1,q > 1" ,A=1-2a,(0<a <1),B=—1 and 6 =0, Theorem 2.9 yields the corresponding
results in [10] for coefficients ay and a3.

Remark 2.15. Settingp=1,q—>1",A=1-2a,(0<o<1),B=—1,6 =0and A =1, Theorem 2.9 yields the corresponding

results in [11] for coefficient a;.

3. Conclusion

In this paper, we defined a new subclass of bi-univalent functions associated with (p, g)-derivative operator and investigated
Faber polynomial coefficient estimates for this new class. We also concluded that the results are generalization of the
corresponding results obtained by recent researchers.
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p-adic g-integral on Z,. From this definition, we obtain some new summation formulae
and properties. We also introduce the degenerate g-Daehee polynomials of higher order
with weight o and obtain some new interesting identities.

1. Introduction

The notion of p-adic numbers was firstly considered by Kurt Hensel (1861-1941). Motivated by this fruitful idea, many
scientists begun to study new scientific tools using good and useful properties of them. Diverse effects of these new researches
have emerged in mathematical physics in which they are used in the theory of ultrametric calculus, p-adic quantum mechanics,
the p-adic mechanics, etc.

The one useful tool of p-adic analysis is Volkenborn integral (or so-called p-adic integral). Intense research activities in
such an area as p-adic integral are principally motivated by their importance in special polynomials, especially the Bernoulli
polynomials and their various generalizations. The other useful tool of p-adic analysis is g -analogue of p-adic invariant integral
which is invented by Kim [10] . He showed that the Carlitz’s g-Bernoulli polynomials and their different generalizations can
be represented as a p-adic g-invariant integral which is called Witt’s formula. Therefore, in recent years, p-adic integral and its
various generalizations have been considered and extensively studied by many mathematicians, cf. [3], [4], [5], [7], [11], [12],
[16], [20], [21], [22], [29].

We now begin with recalling some basic notations as follows.

Throughout this paper we use the following standard notations:

N:={1,2,3,---} and Ny :=NU{0}.

The parameter p stands for the first letter of p-adic being a fixed prime number. The symbols denoted by Z,, Q, and C, mean
p-adic integers field, p-adic rational numbers field and the completion of an algebraic closure of Q,, respectively. The known

Email address and ORCID number: mtsrkn@hotmail.com, 0000-0002-3950-6864
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p-adic norm denoted by | . |, is normalized by the equality |p|, = p~!. The UD(Z,) means the space of C,-valued uniformly
differentiable functions over Z,. The p-adic g-integral on Z, of a function f € UD(Z,) is originally given by Kim [10] as
follows:

pN-1
= [ f0)ug) = lim Y fOug o+ P2, (10
Zy Nz =0
where u,(k+pVZ,) = ﬁ is Kim’s g-Haar distribution. It follows from (1.1) that
q

q—1
logg

Cllq(fl)_lq(f): f/(0)+(q_1)f(0)7 (1.2)

where fi(x) = f(x+1).

In the year 2011, Kim [11] defined weighted g-Bernoulli polynomials (or known as g-Bernoulli polynomials with weight o)
which can be represented by the p-adic g-integral on Z,, as follows:

S (@) 4 _ x4y, a
gwwwﬁféﬂﬂbwm% (13)
or equaivalently by
n n B
By ()=Y ( l)q’x[X]Za’ﬁle>7 (n>0). (1.4)
1=0

1
The pioneering of degenerate versions of Bernoulli and Euler polynomials was Carlitz who considered (1 + Az)7 instead of ¢?
in their generating functions. When A — 0, it returns to classical one. Actually, Carlitz [1], [2] gave the generating function of
degenerate Bernoulli polynomials as follows:

kA = (14A2)t.
PGS TooT

Whenx =0, 3,(0|A) := B, (A) are called degenerate Bernoulli numbers. It is noteworthy that
lim 8, (x| 1) = By (x),
A—0

where B, (x) are the Bernoulli polynomials, see [5], [30], [31], [32].

Kim also applied the idea of degenerate version to various special functions, polynomials and numbers, cf. [12], [13], [14],
[15]. For example, Kim considered a new class of g-Bernoulli polynomials which is called degenerate g-Bernoulli polynomials
given by

x+y| >° n
/Z(1+Az) S dp(y) Z Bug(xlA) (1.5)
P

where the parameters are assumed that 4,z,9 € C,, with [Az], < Tand [I —g|, <p 7T, see[l2].

Let D, (x) be Daehee polynomials given by

Y Dy(x)% = 08T (e

In the case when x = 0, D, = D,,(0) are called the Daehee numbers, cf. [5], [7], [17], [18], [19], [21], [22], [24], [25], [26],
[28], [29]. The degenerate version of Carlitz’s type g-Daehee polynomials is considered by

[l

¥ Dug (@)= [, (1 Adog (1) " diy ), (1.6)

where the case x =0, D, ;5 (0) := D, , ; stands for the degenerate of g-analogue Carlitz’s type Daehee numbers, see [23].
Clearly that

Dy g5 — Dung as A —0.
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The Stirling numbers of first and second kinds are given, respectively, by

o n 1 1 k ) n z_ 1 k
ZSl(n,k)%:w and ZSz(n,k)%z(eT), (1.7)

n=k

satisfying

n

Z (n,k)x* and x" = ZSZ n,k)(x)x. see [8], [30], [32].
k=0 k=0

Motivated by the works of [3], [4] and [12], we consider the degenerate g-Daechee polynomials with weight & as follows:
Fhlya oo P
[ atog(142) 5 dity(0) = ¥ D (00

P n=0 n.

From this definition, we obtain explicit identities and properties. We also introduce the degenerate g-Daehee polynomials of
higher order with weight c.

2. The degenerate g-Daehee polynomials with weight o

We begin with the following definition.

__1
I

1
Definition 2.1. Let A,z,q € C, with |Az|, < p 7 Tand |1 —¢q|, < 1. The degenerate q-Daehee polynomials D, 4.4 5 ()
are given by

[x+y] P

PLACES / (1 Alog(1-42) 5 diy (), @1

Remark 2.2. Putting oo = 1 in Eq. (2.1) reduces to Eq. (1.6).

Remark 2.3. Traditionally, in the case x = 0, the polynomial reduces to its number. So, when x =0in (2.1), Dn,q;a,l (0):=
D, g.a,0 Will be called the degenerate g-Daehee numbers with weight o.

It follows from Eq. (2.1) that

o o el a
Y D (0 oy = [ (14 210g(14+2) 7" dity ()

o PPN _
( : )wog<1+z>>-'duq<y>
0

I I
M
S 7

m
m!

(5+olge) , T 51 miyamy )

J P I = J
= mg,o (,Zb ., ([Hy}qa)jﬁlSl (m,j)duq(y)> %

where we have used

(Ir+8) , =1+ Qe (17 + e =) (Ir+-8lga=24) - (Ir+-Lle — (= 1D2).

Thus we obtain the following theorem.

Theorem 2.4. Let m € Ny. The degenerate q-Daehee polynomials with weight o satisfy

Drgar =1 [ (4ol 51 0m iy )
Jj=0 ’

Let By a2 (x) be degenerate g-Bernoulli polynomials with weight o which may be given by

o n [x+y] P

Y Brgan (X)% = / (1+2A2) 4 dpg (). 2.2)

n=0 : Zp
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Replacing z by e* — 1 in Eq. (2.1) gives

oo (ez _ 1)’” g byl 0
Z Dm,q;a,l (x) T = / (1 + 2'Z) A d:u'q (y)7 (23)
m=0 : 14
oo o
= B G 0A ()C) —_
mZ::o md m!
and
) ez . 1 m oo oo Zn
Y Dogrr @ = Y D @) Y Sanm) S 4
m=0 ' m=0 n=m :
oo m Zm
= Z Zl)n,qotl(x)s2 (m,n) %
m=0 \n=0 :
Thus, from (2.3) and (2.4), we have the following theorem.
Theorem 2.5. Let m € Ny. The following identity holds
Bm,q;a,l (x) = Z Dn,q;aJL ( )SZ (m l’l)
n=0
Changing z to log (1 +z) in Eq. (2.2) yields
oo 1 [l
Y Dugar ()5, = [ (14 Alog(142) 7 dag )
m=0 n: Zp
- (log( )"
= Z Bm /RN l 7,
) !
= Z B, g0 l Z Sl n, m
m=0 n=m
Zn
== Z ZBgal Sl(nm) ;
n=0 :
By comparing coefficitents of an' on the both sides of the above, we procure the following theorem.
Theorem 2.6. Let m € Ny. The following summation formula satisfies
,qal ZB,q(xl Sl(nm)
Since
qY — (vlogq
we have
[ o g
(1—|—110g(1+z))T — e 2 log(14+Alog(1+z))
n
_ i e+ylge | (log (14 Alog(1+2)))" 2.5)
A A n! '
n n
_ i [x+¥] e isl (m Am(log(l—s—z))l
= A = m!
00 n j ; . P
= Z ZZ[x—i_y}q‘X )“j7151 (]7Z)S1 (na.]) o
n=0 \ j=0i=0 n
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Taking p-adic g-integral on Z, on both sides of (2.5) becomes

> m Fhlga
Y Dngan @) o = [ (1+2l0g(1+2) 2" dity () @6
m=0 : P
o m ) m
- L X (Z Y [etlge A77I81(0)8) (mJ)) ity ()
» m=0 \ j=0/=0 :
- m ' . m
= ZO <sz20 ATl (,0) 8 (mvj)Bl(,q)(x)> % 2.7)
m=! J=0l=

By (2.6) and (2.7), we arrive at the following theorem.

Theorem 2.7. Let m € Ny. The following relation holds

qual( ZZAJ lSl ]a)Sl( 7])ﬁlq()'
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It is easy to check that
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From here, we see that
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Thus we have the following theorem.

Theorem 2.8. Let n be nonnegative integer. The following implicit summation formula satisfies

n n—j j k n a
Drgaa =Y T XY (1) 25 (1), a1 (051 G5t B

)
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Now we observe that

ol 7" [xﬂ‘]qoc
Y Drgar (0 = [ (+Rlog(142) 7 diy (3

n=0 : Zp

1 [X+,V]qoc

N
L P
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0
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Thus we get the following theorem.

Theorem 2.9. Let n be nonnegative integer. The following distribution formula for degenerate q-Daehee polynomials with
weight a holds

n k
Y Y oSt (k )1 (1,0 e B () 27,

—0k=0j=0 i

1 d—1
D ,qal

S
Q

Recall from Eq. (1.2) that

g—1

g 7O+ (a1 (0)

qlq(fl) _Iq(f) =

Let us now consider the following function

b a

fO)=0+Alog(1+2z)) %,

then we find the following difference equation for degenerate g -Daehee polynomials with weight a as follows:

an,q;a,l(X+1)_Dn,q;a,l(x) = (q_l)zn:([x]qOC)lel(nak)_‘_ni(q_l)zqax

= : [,

n=1 j
X ZZ( > )kaDnqua}L(x+1)S](j+1k+1)

Now we introduce degenerate g-Daehee polynomials of higher order by using multivariate p-adic g-integral on Z, defined by
Kim in [16]:
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It follows from the Eq. (2.8) that
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From those applications, we deduce the following theorem.
Theorem 2.10. Let n € Ny. The following relation
n 1
DY) @)=Y Y AIS (1,81 (k) BV (x),

=0j=0

~

holds true.

We finalize our paper replacing z by e* — 1 in Eq. (2.8):

- v e —1)" Flge
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Thus, from (2.9) and (2.10), we have the following theorem.
Theorem 2.11. Let n € Ny. The following identity holds
nqoc/l Zqual Sz(l’lm)

3. Conclusion

The pioneering of degenerate idea was Carlitz, see[1] and [2], who considered for Bernoulli and Euler polynomials. This idea
was one of good advantages in order to introduce new families of special polynomials. As has been listed in the references,
Kim and his research team have been working this fruitful idea for new special polynomials intensively.

In this paper, motivated by the works of Kim and his research team, we have dealt mainly with new family of polynomials
which are called degenerate g-Daehee polynomials with weight o and degenerate g-Daehee polynomials with weight o of
higher order. We have derived their explicit and summation formulae by using p-adic g-integral on Z, and analytic methods.

Seemingly that these types of polynomials will be continued to be studied for a while due to their interesting reflections in the
fields of mathematics.
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time-scale modeling (TSM) theory to develop rigorous reduced-order models to aid in the
stability analysis of these multiple time-scale networked systems over fixed and undirected
graph topology. We establish that the controller gain matrices can be determined by solving
convex optimization problems in terms of finite linear matrix inequalities with prescribed
H.. and H, performance criteria. As demonstrated by simulation studies, the ensuing results
provide designers with a network-centric approach to improve the performance and stability
of such coupled systems.

1. Introduction

The usefulness of time-scale modeling (TSM) theory for the analysis and synthesis of dynamical control systems with slow and
fast dynamics has been broadly recognized as a strong technique for over four decades [1, 2]. Different control methodologies
have received great attention of various researchers in the theory of control systems that comprises time-scales [3]-[6]. An
important feature of the existing results is that the control analysis and synthesis are accomplished in two stages, such that a
suitable reduced-order dynamics is treated at each stage. Order reduction and control has been extended to discrete systems
with two time scale [7]-[9] based on explicit invertible-transformations where quasi-steady-state is assumed [10]-[13]. It has
been demonstrated that the discrete time dynamics can be reduced to (a) a slow sub-dynamics with large eigenvalues near the
the unit disk and (b) a fast sub-dynamics with eigenvalues distributed near the origin of the disk. This decomposition can be
satisfied if an inequality relating the norms of subsystem matrices holds. Therefore, this structure allows the user to implement
feedback control using different gain matrices. Along with the enormous advancement of control theory, technological
development of controlling a group of agents has been widely investigated and received increasing demands. A common
structure for controlling a group of agents is the distributed cooperative and coordinated control techniques [14]-[19]. Recently,
distributed coordination of multi-agent systems have received a tremendous interests in a wide range of practical applications,
mainly including engineering, ecology, biology and sociology [20]-[30].

On another research avenue, discrete networked dynamic systems (DNDS) provides a high-level treatment of a general class of
linear discrete-time dynamic systems interconnected over an information network processed in discrete-time environment,
exchanging relative state measurement or output measurements. It seems encouraging that by exploiting the impact of the
network properties, additional features of the dynamical systems can be revealed [31]. On a parallel development in view of
the available results, it turns out that research avenues in multiagent systems offer great opportunities for further developments
from theoretical, simulation and implementations standpoints [32, 33]. TSM theory [34, 35] is attractive for establishing
these approximations as the obtained reduced-order dynamics guarantees the asymptotic behavior of the coupled-consensus
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dynamics and give a viable estimate of the performance of the network trajectories through a simpler set of equations, compared
to the original complex structure. Reduced-order modeling and synchronization of a network of homogeneous linear agents
that comprises two time-scale behavior over fixed and undirected graph topology are investigated in [36]. However, most of the
existing results do not employ the time-scale separation that normally appears between the agent-layer and the network-layer.
By adopting advantage of this framework, the technique addressed in this article is, therefore, flexible to be applied to a broad
range of agent models and wide range network controllers. In addition, it gives important insights into the interplay between
design parameters such as controller parameters and communication topology on the behavior of coupled-consensus dynamics.
In this paper, tools from time-scale modeling (TSM) theory [37]-[42] are used to investigate reduced-order dynamics rigorously
to help in the stability analysis of the multi-time-scale networked systems. Modeling and synchronizing reduced-order networks
of a group of identical agents characterized by continuous singularly-perturbed dynamics over undirected graph topology have
been addressed in [43].

The contributions of this paper are as follows:

A) We extend the preliminary findings of [7, 8] to networked formalism of discrete systems with eigen-spectrum gap, thereby
exploring the relationship between the graph topology and the coupled system stability framework.

B) We develop a mode-separation methodology of expanding the stabilization control design to the synchronization problem.
This is clarified by decomposing the overall network dynamics and designing the controls that synchronize the slow
dynamics and the fast ones. By recomposing the slow and fast controllers to the network of two time-scale systems we
obtain an approximation of the synchronization behavior imposed for each scale.

C) We established that the controller gain matrices can be determined by solving convex optimization problems in terms of
finite linear matrix inequalities with prescribed H., and H performance criteria.

Notations: Let Q~!, @' and ||Q|| denote the inverse, the transpose and induced-matrix-norm of square matrices Q, respectively.
The notation Q > 0 is used to represent a symmetric positive-definite matrix Q and Iy represents the N x N identity matrix. If
the dimension of any matrix is not not explicitly given, we assume it to have an appropriate dimension for algebraic operations.
We use the notation e to denote an element that is induced by symmetry. Sometimes, the arguments of a function will be
omitted when no confusion can arise.

2. Graph theory

In the sequel, we recall some definitions and properties of Graph theory, which will be used throughout the paper.

A weighted graph is a triple G = (V,E, W) consisting of a node (vertex) set V.= {1, --- n} with cardinality |V| = n, an edge
set E C V x V with cardinality |E| = m, a positive weight set W with cardinality [W| = m, a weighted adjacency matrix
A = [g;;] with non-negative adjacent elements a;; and the corresponding vector of weights w with the order w;; refers to the
weight of the edge {7, j} [33]. In what follows, we consider undirected graph such that (i, j) € E is equivalent to (j, i) € E.
In addition, we consider that the graph G contains no self-loop (Vi =1, --- n), one has (i, i) ¢ E. The adjacency matrix
associated with G is define as A = [a;;] € R"*" such that

a,‘j>0 if(i, ]) cE
a;j=0  otherwise

The (graph) Laplacian of G is a rank deficient and symmetric matrix defined by
L(G) = E(G)EG) =A(G) — A(G)
=[], bij = —aij, li= i aij.
j=1
Based on the definition of L, the any of its rows sum is zero. Moreover, L(G) ha eigenvalues set 0 = 4;(G) < --- < 4,(G) =

Amax(G) and associated with the set eigenvectors vy := %1, V2,...,Vn. An attraction of these dynamics is that all subsystems
converge to the consensus space defined as 2. = {y € R"|y; (k) = --- =y, (k)} when G is a connected graph [33].

Definition 2.1. In the graph G = (V,E), a path of length p is defined as the union of edges as follows:

C~

(ima ]m) = im+1 :jma Vm € {17 e p— 1}

m=1

The agent j is said to be connected with agent i if there one path exists joining i with j, i.e. iy =i and j, = j. If every two
different agents has at least one path connecting them, the graph is said to be connected. Henceforth, we assume that the
undirected graph G is connected.

The following remark gives some important characteristic of the graph and its Laplacian matrix.

Remark 2.2. Let Ay < A < --- < A, be the eigenvalues of L. It follows from [32] that
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e A1 = 0 is a unique zero eigenvalue of I corresponding to the eigenvector 1 A 1, -, 17"

o Ay is strictly positive if and only if the graph G is connected. This means that 1L > 0.
* A1 = 0is an eigenvalue with multiplicity r of the matrix L. ® I,. Moreover, L. & I, has r different normalized eigenvectors

given by l®e;,i =1,...,r where e; € R" is the column vector whose i'" element is 1 and others are zeros.

* An orthonormal matrix exists: T € R, TT' = T'T = I, such that TLT' = D A diag( A, Ay, Ay)

3. Mode-separation of discrete time dynamical systems

There are a wide class of linear discrete-time control systems with eigenvalue-separation. By reordering and/or rescaling of
states, linear discrete system can be cast into the form

x(k+1) = Ax(k)+Az(k)+Biu(k) +T1o(k),
2(k+1) = Aszx(k)+Asz(k) +Bou(k) +Tro(k),
y(k) = Cix(k)+Coz(k) (3.1

where the disturbance weighting matrices are I'} € R"1*5 T’y € RI*S. We seek to determine the conditions under which the
modes of discrete systems can be separated. In (3.1), the state vector is formed by x(k) € R™ and z(k) € R™, and the control
is u(k) € R™ and the disturbance vector o (k) € R°.

Assumption 1. Let n = n| +ny. System (3.1) is asymptotically Schur stable and its eigen-spectrum

1> M) > o> | > At > o> ] 2 A(A,) UA(AS) (3.2)
AAs) = {1, A }s AAf) = {Any 15 oo 2}
possesses a gap expressed by | A A +1/1An, | << 1
A standard assumption in time-scale modeling theory, which ensures the well-posedness of (3.1) is that following.
Assumption 2. The matrix A4 is invertible.

When Assumption 1 is met, then system (3.1) is called a two-time-scale system. To this end A(A;),A(Ay) define, respectively,
the eigenvalues of the slow (dominant) parts and are the eigenvalues of the fast (non-dominant) parts of system (3.1). A useful
interpretation of (3.2) is that [A ]* tends to zero much quicker that [A;]¥. Recalling the facts for any square invertible matrix P
that

marl < PIL 1/ Ain] < 1P|
An alternative expression of the eigen-spectrum property is
145 Al << 1 (3.3)
which designates a matrix norm condition of mode separation in linear discrete systems.

Remark 3.1. By looking at system (3.1) with property (3.2) or (3.3), it is significant that it enjoys the mode-separation
implicitly through the recognition of a gap in the eigen-spectrum.

3.1. Mode separation in networked systems

We consider a network of n identical linear discrete systems having an eigen-spectrum gap in the manner of (3.2). For any
i=1,---,n where the i"" system at discrete instant k, represented by the state [x;(k), z;(k)] € R 7" and the input u(k) € R™,
is given by

x,-(k—i—l) = A1x,'(k) +A2zi(k)+B1ui(k)+F1a),-(k),
zik+1) = Asxi(k) +Aqzi(k) + Boui(k) +Tray(k),
yilk) = Cixi(k)+Cozi(k) (3.4

Al c 9{}’ll><n17 A2 c %nlxn27 A3 c mnzxnl,
Ag € R rank(B)) = rank(B,) =m

The consensus problem of n systems is first introduced:
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Definition 3.2. The n discrete systems with mode-separation defined by (3.4) achieve asymptotic synchronization using local
information if there exists a state protocol of the form

n n
uilk) = Ki') aijlxi(k) — x;(k)]+Ka Y aijlzi(k) — zj(k)] (3.5)

=1 =1
where K| € R™M | Ky € R™*"2 such that

Jim (k) — (01| =0, Jim [zi(k) — 2;(4)]| =0 (36)

The prime objective hereafter is the characterization of the local controllers that use local information and asymptotically
synchronize the two time-scale (TTS) discrete systems defined by (3.4). Toward our objective, we express the collective
dynamics characterizing the performance of the collective dynamics of n feedback coupled-systems. In terms of

x(k) = [¥(k), ..., X, (k)] € R™, and z(k) = [} (k), ..., Z,(k)] € R"™
we note that the asymptotic synchronization (3.6) corresponds to

fim (L& Iy, )x(k) = 0, lim (L® L,)2(k) =0 3.7)

k—>o0

Invoking the fact that T, = DT, it follows that (3.7) can be expressed as

lim (D ®1,,)(T®1,, )x(k) =0, and klim DRL,)(T®IL,)z(k) =0 (3.8)

k—yoo
3.2. Closed-loop representation

On substituting protocol (3.5) in system (3.4), we obtain the closed-loop dynamics:

x(k+1) = Ax(k)+Ayz(k) +T0(k),
2k+1) = Asx(k)+Asz(k) +Tro(k) (3.9)
where

A1 = (In®Al) ( ®BIK1)(L®IH1)7

Ay = (L®A) — (LOBK)(L®I,,),

Ay = (I,®43) — (L,®BK))(L®,),

Ay = (I,®A4) — (L,®BKy)(L®1,),

f] = (I,,®F1), 2:(1,,®F2).

It is significant to notice that unlike the invertibility of matrix I — A4, we can not guarantee that the matrix I, — A, is
non-singular. Hence, the well-posedness of the closed-loop dynamics (3.9) has also to be guaranteed by the selection of the
matrix gains. We now proceed by making another transformation of variables

(k) = (T @Iy )x(k) , 2(k) = (T @ I, )z(k),

converts the aggregate dynamics (3.9) into the form

+1) ] | A A (k) r
[amn} - |8 B LR+ R few 1o
where Ty = (T®1, ) (I, ®T1), Ty = (T®1,,)(I, ®T3), and
A = (L ®A1) — (I, @B K))(D®1,),
A, (h®42) — (k@B IK2)(D®1y,),
K3 = (In®A3) ( ®B2K1)( ’11)’
K4 = (In®A4) ( ®BZK2)( nl) (G.11)

The following results stand out:

Proposition 3.3. The closed-loop system (3.10)-(3.11) can be decoupled in n independent TTS systems.



Fundamental Journal of Mathematics and Applications 37

Proof: Invoking the properties of Kronecker products [3], one uses the fact that for any matrices M, N of appropriate
dimensions we have

(LeM) — (LeN)D®IL,) = (L,®M) - (D®N)

diag[M, - M] — diag[LN, -, 2,N]
= diagM—-A4N,--- M—-1,N]

which eventually results in

A, = diag[A; — 4BKy,--- A — L,B1Ky],
A, = diag[A; — LB Ky, Ay — A,B K],
As = diag[A; — LBK,- A3 — L,BK],
A, = diag[As — M BKs, - Ay — ABoKo].

This in turn casts the closed-loop system (3.10) into the form

] B i) G (50 ]+ B Jew o

fori=1, ------ , n, which is the desired result. O

Proposition 3.4. The asymptotic synchronization problem under consideration with local state information becomes a problem
of feedback simultaneous stabilization of systems in (3.12) fori=12; ---; n.

Proof: Recall that (3.8) can be cast into

lim (D@L, )T=0, lim (D@1, )(T® I, )z =0.
k—roo k—o0

In view of the fact that D = diag[A;, ---, A,], A1 =0, it follows that the asymptotic synchronization condition reduces to
limx; =0, imz =0, i=2,---,n
k—roo k—so00

which completes the proof. O

Now, it follows from the definition of T, that the following change of variables
x(k) = (T'@1y)x(k), Z(k) = (T' @1, )z(k)

also hold.
Proceeding further and following the time-scale design theory [11]-[40] with @;(k) = 0, the consensus manifold depends on
the behavior of [x(k); Z(k)]. Effectively, if the discrete-system

[2en ] =[a 2] [a9] -

has a stable equilibrium [x*(k); 7*(k)], then the original dynamics (3.1) reaches a finite synchronization asymptotically. If the

system (3.13) has unstable equilibrium point then all the systems given in (3.4) achieves consensus on divergent paths.

Finally, the well-posedness of dynamics (3.4) is similar to the system (3.10) which in turn is guaranteed if all systems given in
(3.12) are also well-posed. It must be emphasized that for i = 1, the system is well posed due to the non-singularity of I, — A4.
The rest of the systems in (3.10) are well-posed if K; is selected such that (A4 — A;B,KK;) invertible for i =2, -+, n.

4. Control design

In this section, we aim to provide a control design method that gives completely decouple structure of the fast and slow modes
that appear in the whole closed-loop system. Following the discrete quasi-steady state concept [7, 40], the fast dynamics
associated with the small eigenvalues are crucial only within a short period of time. When that transient period finished, they
become negligible and the trajectories behavior the original system can be characterized only by its slow dynamics.

Formally, setting z;(k+ 1) = z;(k) A zis(k) in the dynamics (3.4) is the same as neglecting the effect of the fast dynamics.
Under this condition, discrete quasi-steady state is given by

2is(k) = [l — Aq] ™ [A3xi5 (k) + Bouss (k) + Do (k)]
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As demonstrated in [11] the slow-mode control law u,(k) = Kjx,(k) and the fast-mode control law us(k) = Koz (k) will
eventually produce a composite control law u.(k) based on u.(k) = us(k) +us(k).

Note that the gains K, K; can be synthesized for slow and fast modes subject to specified performance objective. To this
end and following a discrete-time quasi-steady-state technique [9]-[12], it can be readily investigated, the aggregate model
(3.10)-(3.11) can be separated into a slow dynamics

xis(k+1) = [Ay — AB,K]xis(k) +T,0(k),
Yis(k) = [Co+D,Kylxis(k),
a(k) = —(I—A7Y)[As — ABoKs]wis (k) + Taw(k),
Ay = A +Ay(I—Ay) 'As,
ﬁo A\l-ﬁ-gz(l—;&;;)_lﬁz,
C, = Ci+GCo(I—Ay)'As,
D, = GC,(I-Asy) 'B,,
I, = Ii+A(I—Ay) "I, 4.1)
of order ny, and a fast dynamics:
xif(k+1) = Ay — liﬁsz]x,-f(k)+F2w(k),
virlk) = Coxi(k) (4.2)

of order ns.
We are now in a position to establish the following result:

Theorem 4.1. Let the gain matrices K| and K, be designed such that fori = 2, --- | n the matrices
A, — ABK] | [Ais— AiBrKo]

are all Schur stable. Then, the composite controllers gain
_ -1 -1
KC = Im —Kg([nz —A4) Bz K] _KZ(Inz —A4) A3

asymptotically synchronize systems (3.4) with local state information.

Proof: Following the results of [9] and selecting the gain matrices K; and K, to stabilize the slow and fast subsystems (4.1)
and (4.2), respectively fori = 2, ---, n, guarantees that

Xi(k) = Xis(k) + O(n),
Z(k) = (b —Ai) " Aisxis (k) — LiBaKaTis (k)] + Xip (k) + O(p)

hold for all sufficiently small it > 0 and all k € [0, o). Recalling that the asymptotic synchronization corresponds to
lim(L®1, )x(k) =0, lim(L®1,)z(k) =0
k—soo k—so00

which holds true in view of

(L@l )x(k) = (D& )x(k),
= [07 A25‘7\2a Tty }Lnfn]la
(L@Inz)Z(k) = (D@Inz)/z\(k)7

= [07 AZIZ\Z7 Ty Aﬂ/z\n}t-
Therefore, the proof is completed. |

Remark 4.2. Basically, Theorem 4.1 guarantees asymptotic synchronization of systems (3.1). In order to achieve that, both
slow and fast dynamics should be separately synchronized by stabilizing the error between the different dynamics.

Corollary 4.3. Suppose that K,, is designed such that for i =2,...,n that matrices [A, — A;B,K,] are Schur stable. If ||A4||s < 1,
meaning that the matrix A4 has a spectral radius less than 1, then a lower-order controller with K| = K. will asymptotically
synchronize systems (3.1) as well.
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5. H.. and H control design

We next direct attention to the composite control design problem based on the H., and H, prescribed performance criteria. Our
approach is to pursue a Lyapunov-design implementation of H.. and Hj controllers to guarantee stabilizing system (4.1)-(4.2),
then we recompose them in the manner of Theorem 4.1. We start with the slow-control design.

5.1. Slow H.. controller

Consider a Lyapanov candidate function Vs = x.(k)Pyx,(k), Py > 0 that is associated with the slow dynamics (4.1). Given a
scalar 7, > 0, the objective of slow mode H., control law is to determine the controller u,(k) = K;x,(k) that leads system
(4.1) to stability and guarantees that ||y,(k)||3 < ¥? ||@(k)||3. The synthesis of the control problem is detailed by the following
result:

Theorem 5.1. : The dynamical system (4.1) is stabilized by the control law ug(k) = Kyx,(k) and ||ys(k)||5 < v || (k)|[5 if
there exist matrices X; > 0, Y and a scalar ¥, > 0 satisfying the following LMls for i =2,--- ,n are feasible

-Xy, 0 XAL+YB, XC, +Y.D

2 t
° -yl I, 0 1
. . X, 0 < 0 (5.1
. ° ° -1

The H. slow gain matrix can be obtained as K| = Y‘YX‘Y_l.

Proof: Based on robust control theory [44] that the solution of the slow-mode H.., control problem corresponds to obtaining
the controller gain K; that ensures the feasibility of the following inequality:

I, = AV, + Y, (k)ys(k) — %5 o (K)o (k) < 0. (5.2)

Obtaining of difference of the Lyapunov function AV along the dynamics of (4.1) with the control law u,(k) = Kyx,(k), we
rewrite inequality (5.2) in its equivalent form:

t
n, = {f;s]:s{fss]<o (5.3)
- {Esl Esz,}
- o« —ZE3
Esl = —P,+ (A, +K B)P,(A,+B,K)+(C,+K,D))(C,+D,K),
Eo = (A, +KiB))PI,,
E3 = YRI-T'PT,.

Inequality (5.3) implies that &5 < 0. Employing Schur complements to ¢ < 0 and using the following congruent transformation
Xy, I, Xy, I with Xy = P! KX = Y, we obtain the LMI (5.1). O

5.2. Fast H..-control

Using the same procedure of the slow-mode case, consider the Lyapunov function V; = xff(k)IF’fxf(k), Pr > 0 associated
with the fast-dynamics (4.2). Given a scalar yr > 0, the objective of fast-mode H.. control law is to obtain the controller
ug(k) = Koxs(k) that stabilizes system (4.2) and guaranteeing that |[y(k)|[3 < y% ||@(k)||3. The synthesis of the control
problem is detailed by the following result:

Theorem 5.2. : System (4.2) is stabilizable by the controller us(k) = Koxy(k) and ||ys(k)||5 < y} | (k)|[3 if there exist
matrices Xy > 0, Yy and a scalar 'y > 0 such that such that the following LMIs fori=2,--- ,n are feasible

~X; 0 XAL+YB, X,Ch

t
o vl ) O 1 <o (5.4)
° ° Xy 0
° ° . —1I

The H.. fast gain matrix can be determined by K, =Y fXJIl.

Proof: The proof is similar to the proof of Theorem 5.1. ([
‘We combine the results of Theorems 4.1, 5.1 and 5.2, such that the composite H.. control law is obtained by the following
result:
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Lemma 5.3. Consider the dynamical system (4.1)-(4.2) and let X; > 0, Y and Xy > 0, Yy be the obtained solutions of the
LMIs (5.1) and (5.4), respectively. Then, the H. composite controller is obtained in the form

uc(k) = [(I=Y;X; (T =Ag) "' By) W XT = VX (1= Ag) ~ As]x(k) + Y X 2 (k)
guarantees that |[y(k)||5 < v* ||@(k)||3 with v € [, ¢]. In addition, it yields an approximation of first-order to the states of
the original dynamics (3.4).
If the fast-mode dynamics is asymptotically stable, we can derive a reduced-order 7%, control based on the following lemma:

Lemma 5.4. Consider the dynamics in (3.1) and assume X > 0, Y are the solutions obtained by solving LMI (5.1). Then the
reduced-order He, control law is given as follows

uc(k) = Y X[ 'x(k)
guarantees that |[y(k)||5 < v* ||@(k)||3 with v € [%s, ). In addition, it yields an approximation of first-order to the states of
the original dynamics (3.4).
Proof: The proof follows parallel details to the results in [7, 40]. d

Remark 5.5. It is worth noting that that the results of Theorems 5.1 and 5.2 and Lemmas 5.3-5.4 are new in the field of two
time-scale discrete-time dynamical systems. Morover, it also strengthen the idea that system (3.1) is represent a good model of
discrete-time practical engineering dynamics with implicit representation of the mode-separation property.

6. H, Control design

Similarly, instead of synthesizing a full-order Hj control, we decompose it into separate H controllers for slow and fast modes.
Moreover, we recompose the controllers similar ro the manner of Theorem 4.1.

6.1. Slow H, controller

Consider a candidate Lyapunov function V; = x%(k)Psx(k), P52 > 0 corresponding the slow dynamics (4.1). The objective
of slow-mode Hj, control law is to guarantee the stability of closed-loop slow mode and to maintain the Hj-objective of the
closed loop transfer function H,,,,(s) from the exogenous input @ to controlled output y, as small as possible.
Substituting the slow-mode control law u,(k) = K x,(k) into (4.1), the closed-loop slow subsystem becomes

o~

xs(k+1) = Apxs(k)+T,0(k),
ys(k) = ecoxs (k),
Kco = ;&0 + ﬁoKsla éco = 60 + ﬁ()Ksl . (61)

Based on Lyapunov theory, given the control gain matrix K, the closed-loop dynamics (6.1) become asymptotically stable
o(k)=0if

PsZ 7AthPS2Ac() > 0.
Then, we can express the square of the Hj-norm of the transfer function H,,,(s) in terms of the solution of a Lyapunov equation
(controllability Grammian). In addition, its minimization problem with respect to the gain matrix Ky is characterized as

min {Tr[éwﬂbsz C]: Py —Al PoA,+T,IN = 0}

co
where Trr|.] represents the trace of a matrix. Since Py < & for any & satisfying
P — AL, PAf+T,T < 0 (6.2)
it is readily verified that ||H.,, (s)|[2 = Tr[C,,PsC,] < v if and only if there exists 2 > 0 satisfying (6.2) and Tr[C Py, C!, | <
v. We introduce a new dummy variable Z, to obtian the following synthesis result:

Theorem 6.1. : The dynamical system (4.1) can bw stabilizable by the control law us(k) = Kg1x5(k) and ||Hy (s)||3 < v fora
prescribed v if and only if there exist positive definite matrices &, %, and a matrix 2 with appropriate dimensions satisfying
the following conditions:

¥ C,74+D,2

Ir(Z) < v, . P > 0,
P A,P+B,2 T,
o P 0| >0 (6.3)
° ° 1

Moreover, the slow-mode gain matrix is obtained by Ky = 277!

proof: It can be proved based on standard convex analysis similar to procedure presented in [45]. (]
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6.2. Fast H, controller

Similarly, consider a Lyapunov function Vy = x(k)Pp2x(k), Pr> > 0 associated with the fast dynamics (4.2). The objective
of fast-mode H, control law is to guarantee the stability of closed-loop fast-mode and to maintain a prescribed H,-performance
the closed loop transfer function H, fw(s) from o to yr as small as possible. The corresponding synthesis result is provided by
the following result which follows a parallel development to Theorem 6.1:

Theorem 6.2. : System (4.2) is stabilizable by the controller ug(k) = Kpoxs(k) and |[Hy . (s)] |5 < v for a prescribed v if and
only if there exist matrices % > 0, ., W > 0 such that '

Tr(W) < v, [ 7./ C;?‘%) } > 0,
R AR+B T
. 4 0| >0 (6.4)
° ° I

Moreover, the fast gain is given by Ky = SR
Once again, by combining Theorems 4.1, 6.1 and 6.2, the composite H, controller is obtained by the following result:

Lemma 6.3. Consider the dynamical system (3.1). Let & >0, 2, 2 >0and % >0, ./, W > 0 be the given solutions of
the conditions in (6.3) and (6.4). Then we obtain the 5 composite control as

uck) = [(I—SB'(I-A4)"'Bo) ' 227 — 2% 11— As) 7' As)x(k) + .S % 2 (k)

that guarantees the stability of closed-loop system and maintaining the Hy-norm of the closed loop transfer function Hy,,(s)
from @ to yg as small as possible. In addition, it yields an approximation of first-order to the states of the original dynamics
(3.1).

Remark 6.4. In a similar way, the results of Theorems 6.1 and 6.2 and Lemmas 6.3 and 5.4 are contributions to the field
of discrete systems with mode-separation. It is important to assert the relevance of the permutation and/or scaling in
casting the discrete dynamics of the type (3.1) in the structure of two-time-scale discrete modes with the property of implicit
characterization of the mode-separation.

7. Simulation example

Figure 7.1: Connected topology of 4 agents.

Now, we apply the provided theoretical results to an engine model with dynamometer test. A linearizion is used to obtain the
linear model as developed in [46].The state variables are selected as follows: the speed of the rotor, shaft-torque, speed of the
engine and amplifier’s current.The throttle-servo voltage and dynamometer current are input variables.Consider a group of 4
agent whose graph topology is shown in Fig 7.1. It can be easily shown that the model has a mode separation with two time
scales: slow states (n; = 2) and three fast states (n, = 3). Using the data given in [46], the slow dynamics (4.1) is described by

oo [ome2 0 ], _[ 0 104
© = | —0.029 0.689 |'°°7 | 0.090 —0.018

0 1 0 0
Co = [ ~0.221 8.191 }7D0_ { 0.765 —0.144 }
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whereas the fast model (4.2) is given by

0.160 —0.002 —0.258 0.702  —0.083
Ay = 0 -0038 0 |[Bo=| 0 22400 |, C=[0 0 1]
0231 0  —0.381 0.142  0.026

Based on Theorems 5.1 and 5.2, we obtain the HL.., slow and fast matrix gains as follows

0.008 —0.094
K = [0.007 0.089 ]’7’5—0'453’
—0.286 —0.001 —0.079
K = [—0.277 —0.011 —0.084}’” = 0629
This gives the Hl.. composite control law as
K. — 0.054 0.030 —0.288 0.012 —0.078
c 0.051 0.114 —-0.269 0.078 —0.103 |’

Y € [0.453,0.629].

In addition, applying Theorems 6.1 and 6.2 with v = 1.245 gives the following H, slow and fast matrix gains as

K, _ | 0016 —0085] . [ -0305 —0.013 —0.044
L= 10002 0097 ["727| —0225 —0.001 —0.103 |°

Based on the gain matrices K| and K, the H, composite control law is obtained:

K. — 0.0784 —0.248 —-50.87 —0.0065 —0.0771
< 0.095 0.0534 —144.7 -0.0047 —0.246

According to Lemmas 5.3-6.3, the composite gains guarantee good approximation to the closed-loop state trajectories. Figure
7.2 shows the output response of the original system. The output disagreement of all agents are demonstrated in Figs 7.3, 7.4
and 7.5.
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Figure 7.2: Output response of the original system.
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Figure 7.3: Disagreement among outputs yq (k) — y» (k)
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Figure 7.4: Disagreement among outputs y, (k) — y3 (k)
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Figure 7.5: Disagreement among outputs y3 (k) — y4 (k)

8. Conclusions

This article investigated feedback control synthesis problem of a broad range of discrete-time dynamics that possesses eigen-
spectrum gap. The fast and slow modes are assumed to be observable and controllable. This assumption constitutes a very mild
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condition and less conservative than assuming observability and controllability of the original dynamical system. Adopting
either the H.. or H., optimization schemes, we have investigated two-stage design approach based on separate gain matrices
for the slow and fast modes. We have constructed a composite controller to obtain first-order approximations to the behavior of
the discrete-time dynamics. Moreover, the paper investigates the interactions between multiple time-scale-networked dynamics
and gives guarantees on the stability of the disagreement among coupled systems. The addressed effectiveness of the presented
methodologies have been demonstrated using a typical application model.
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the notions of J-limit superior and inferior are examined.

1. Preliminaries

The notion of J-convergence, based on the structure of the ideal J of subset of the set of natural numbers N, was introduced
and studied by Kostyrko et al. [1, 2]. After than, regarding this notion, Demirci [3] examined the notions of J-limit superior
and inferior.

One of first studies on amenable semigroups (ASG) is made by Day [4]. Then, Douglass [5] and Mah [6] studied the
notions of summability in ASG. The notion of arithmetic mean was extended to ASG by Douglas [5] and Douglas obtained a
characterization for the notion of almost convergence in ASG. Recently, Nuray and Rhoades [7] introduced the notions of
convergence and statistical convergence in ASG.

The aim of this paper is to introduce some new notions for functions defined on DCASG and to examine some properties of
them. Our new notions yield the notions in [2, 3] when the ASG is the additive positive integers.

Now, for better understanding our study, we recall the basic notations (see, [1, 2, 7, 8, 9]).

Let ¢ be a DCASG with identity in which both left and right cancelation laws hold and (%) denote the space of real functions
onyY.

If ¢ is a countable amenable group, then there exists a sequence {A;} of finite subsets of ¢ such that

i 9= U A
il. /l,-C/l,-H (i: 1,2,...),

iii, Jim 2004 — 1 lim PAEAL — 1 forall 9 € @ (see, [9)).
1—>o0 1 j—>o0 d

If a sequence of finite subsets of ¢ satisfy (i) — (iii), then this sequence is called a Folner sequence of ¢.
A familiar Folner sequence giving rise to the classical Cesaro method of summability is the sequence

Ai=1{0,1,2,....i—1}.
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Let ¢ be a DCASG with identity in which both left and right cancelation laws hold. For any Folner sequence {A;} of ¢4, a
function & € r(¥) is called convergent to [ € R if every £ > 0 there exists a 5o € N such that

() —1] <&,

forall n > sg and ¥ € 4\ 4,.
Let Y # 0. A family of sets J C 2" (the power set of Y) is called an ideal if and only if

i 0e7,
ii. yuvedforU,V e,

iii. VeJforUeJandV CU.
Anideal J C 2Y is called non-trivial if ¥ ¢ J. A non-trivial ideal J C 2Y is called admissible if
Io{{y}:yer}.
All ideals in this paper are assumed to be admissible in N.
Let 4 be a DCASG with identity in which both left and right cancelation laws hold. For any Folner sequence {4;} of ¢, a
function & € r(¥) is called J-convergent to [ € R if every & > 0
{(9ed: |n9)—1]>&} €T,
2. Main results

In this section firstly, for functions defined on DCASG, the notions of J-limit and J-cluster points are introduced.

Definition 2.1. For any Folner sequence {A;} of 4, a number | € R is called a J-limit point of a function h € r(9) if there
exists a set F C 9 (F ¢ J) such that

limh(8) =1 (O €F\A).

Definition 2.2. For any Folner sequence {A;} of 4, a number ¢ € R is called an J-cluster point of a function h € r(9) if every
£>0

{8e@:|nv)—cl<&}¢7.
For any function i € r(¥), let 3% (%) and J7:(%) denote the set of all 3-limit and J-cluster points of the function 7, respectively.
Theorem 2.3. For each function h € r(¥),
TAG) S IG).
Proof. Letl € 3% (%). Then, there exists a set F ¢ J such that
limh(9) =1 (9 €F\A).
Hence, for every 6 > 0 there exists a so = s0(8) € N such that for ¥ € F \ A; we have
[h(d) - 1] <,
for all i > sg. Therefore,
(9D n(®)—1|<8} DF\A
and so
{0e@:|h()—1]<8}¢7,
which means that / € J%(9). O

Theorem 2.4. For each function h € r(9), the set 3% (G) is a closed set in R.



Fundamental Journal of Mathematics and Applications 47

Proof. Letl € 3% (%) and & > 0. Then, there exists
lp € 30(4)NB(1,E).
Choose 6 > 0 such that
B(lp,8) C B(1,&).
Obviously, we have
{(90e@:|l-h(®)| <&} >{ve¥:|lh—h(v) <5}
Therefore,
{(0eg:|l-n(¥) <&} ¢T
and so [ € 31 (9). O

Now secondly, for functions defined on DCASG, the notions of J-limit superior and inferior are examined.
For a function & € r(¥), we define the following sets:

Ap:={acR: {09 h(¥) <a}¢T},
similarly

By:={beR:{0€¥ :h(¥)>b}¢7T}
for any Folner sequence {4;} of ¥.
Definition 2.5. For a function h € r(¥), J3-limit inferior is given by

Jliminfh_{ miAh » An#0

also, J-limit superior is given by

supB, , By #0
—0o0 5 Bh =0.

J—limsuph = {
for any Folner sequence {X;} of 4.
For any function & € (%), it is easy to see that
J—liminfh <7J —limsuph
for any Folner sequence {4;} of ¥.
Definition 2.6. For any Folner sequence {A;} of 9, a function h € r(¥) is called J-bounded if there exists a M such that
{90e9:|h(v)| <M} eq.
Note that J-boundedness for a function & € (%) implies that J — liminf/ and J — limsup 4 are finite for any Folner sequence
{Ai} of 4.
The following theorem can be proved by a simple least upper bound argument.
Theorem 2.7. For any function h € r(4); if y =T —liminfh is finite, then for every & > 0
{0eb:h(®)<y+&}¢T and {S €Y h(¥)<y—E}eT, (2.1)

Sfor any Folner sequence {1;} of 9.
Conversely if (2.1) holds for every & > 0, then

J—liminfh =y.

The dual statement for J — limsup# is as follows:
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Theorem 2.8. For any function h € r(¥); if n =3 —limsuph is finite, then for every & >0
{(9ed:n(¥)>n—-E}¢T and {S € :h(V¥)>n+E} €T, (2.2)

Sor any Folner sequence {A;} of 9.
Conversely if (2.2) holds for every & > 0, then

J—limsuph =1.

Theorem 2.9. For any Folner sequence {A;} of 4; J—liminfh = J —limsup#h if and only if the J-bounded function h is
J-convergent.

Proof. For any Folner sequence {4;} of ¢, let
Y=3J—liminfh and 1 =7 —limsuph.

Firstly, we assume that J—lims =1 and € > 0. Then,

{(0e@:|n(v)—1]>E}eT
and so

{90eb:n(®)>1+E} €7,
which implies that n < I. Also, we have

{0:h(v)<1-E} €T,

which implies that / < y. Therefore 1 < 7, which we combine with the fact that

J—liminfh <J —limsuph,

to conclude that y = 7.
Now, secondly, we assume that for any Folner sequence {A;} of ¢,

J —liminfh =3 —limsuph.
If £ > 0, then (2.1) and (2.2) imply

{ﬁeg:h(0)>l+§}ej and {196%:h(19)<l—§}€3.

Hence, for any Folner sequence {A;} of ¢, we have

J—limh=1.

3. Conclusion

We investigated the notions of J-limit points and J-cluster points for functions defined on discrete countable amenable
semigroups. These notions can also be studied for double sequences in the future.
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matrix family depending on the polynomials mentioned above. Finally, some illustrative
examples are given by using maple software, one of computer algebra systems (CAS).

1. Introduction

Multiplying a vector by a circulant matrix is equivalent to a well-known operation called a circular convolution. Convolu-
tion operations, and so circulant matrices, arise in number of applications: digital signal processing, image compression,
physics/engineering simulations, number theory, coding theory, cryptography, etc. Numerical solutions of certain types of
elliptic and parabolic partial differential equations with periodic boundary conditions often involve linear systems associated
with circulant matrices [1]-[3].

A certain type of transformation of a set of numbers can be represented as the multiplication of a vector by a square matrix.
Repetition of the operation is equivalent to multiplying the original vector by a power of the matrix. Solving some difference
equations, differential and delay differential equations and boundary value problems, we need to compute the arbitrary integer
powers of a square matrix [4, 5]. The powers of matrices are thus of considerable importance.

Computing the integer powers of circulant matrices depending on Chebyshev polynomials recently has been a very attractive
problem [6]-[13]. For example, Rimas obtained a general expression for the entries of the " power (r € N) of the n x n real
symmetric circulant circ, (0,1,0,...,0,1) (see [6] or [7] for the odd case and [8] or [9] for the even case). In [10], Gutiérrez
obtained a general expression for the entries of the positive integer powers of complex symmetric circulant matrix given by

cire, bo,bl,...,bﬂ,b,,,l,...,bl) if nis odd,
2 (1.1)

cire, bg,bl,...,b%,hb%,b%,l,...,bl) if n is even.

by generalizing the results derived by Rimas in [6]-[9].

In [11], Koken et al. obtained a general expression for the entries of the 7" power (r € N) of odd order circulant matrices
of the type circ, (0,a,0,...,0,b). In [12], we presented a single expression for the integer powers of the circulant matrix
circ, (ap,a1,0,...,0,a_1) of odd and even order by generalizing the results derived by Koken et al. in [11].

Email address and ORCID number: aoteles@dicle.edu.tr, 0000-0002-6281-6780
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In the current study, we consider an n x n circulant m-diagonal matrix A,, that clearly is as,

A, = circy(ag,ai,...,am,0,...,0,a_p,...,a_1) (1.2)
T ay a - @y O e 0 am - a-q
ay a a - an O
ay a a - o ay
a—m a_1 ag 0
_ 0 a_, 0
0 . s el Tl g, 0
0 S
am ai
: 0 a., - a-1 a9 a
L a; a0 - 0 a, - ay ap |

forall3<mn e N, where ]l <m < L%J and

ai=a,;, i=1,...,m. (1.3)

‘We organize this paper as the following parts. In Section 2, we give some fundamental notations, definitions and important
properties that we will need for the next sections. In Section 3, we introduce Lemma 3.1 and Theorem 3.3 that respectively
give the statements of eigenvalues and eigenvectors of circulant m-diagonal matrix in (1.2) depending on the Chebyshev
polynomials of the first and second kind. In Section 4, we obtain an efficient expression for the integer power of this matrix by
means of the polynomials mentioned above. In Section 5, some illustrative examples are given. Finally, we will finish the
paper with two Maple procedures.

2. Preliminaries

In this part, we present some fundamental notations, definitions and necessary properties for the next parts.
An n x n circulant matrix is defined in [14] as

co Cl 2 Cp—2 Cp—1
Cn—1 €0 C1 T Cn—2
Cp— Cp— C
Cn - n—2 n—1 0
(&)
(&) Cl
L C1 () oo Cp_2  Cp—1 co |

where ¢jj = ¢(j_i)(moda n)- It can be clearly seen from above that each row of C,, is a cyclic shift of the previous row. Since C,
has at most n distinct elements in each row, it is often represented by

C, = circ, (co,C1,--,Cn1)-

Let n > 1 be a fixed integer and @ be the primitive nth root of unity; namely, 0 = én =cos (27”) +isin (27”) ,i=+/—1.The
well-known eigenvalue decomposition of the matrix C, = circ, (co,c1,...,cq—1) is that

Ch= Fn*DnEz (2.1)

. . —=T . . . .
where * denotes the conjugate transpose (i.e F, = F,), F; called n x n Fourier matrix that contains the eigenvectors of C, such
that

and D, = diag (A1, A2,...,4,) with

M=) e, DD 1<k <n (2.2)
r=1
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are the eigenvalues of C, [14].
It can be easily seen that the matrices £, and F, are symmetric:

F,=F!, F;=(F) =F, 2.3)

where we can deduce [F,], , = [Fy], . Itis also one of fundamental property that the matrix F, is unitary: F,F, = F,'F, =1
[14].
In [15], we have the eigenvector f ®) of C, corresponding to the eigenvalue A; in (2.2) as the following

1

Jn

Since the product of two circulant matrices is again a circulant matrix, the 7 power (r € N) of C, is also circulant and it is,
from the well-known expression (2.1), obtained as

0= 2 (1ok et et D) (2.4)

Ch = F'DF, = Fidiag (A, A},..., ) F,. 2.5)

If C, is nonsingular, then the expression (2.5) applies to negative integers.

Definition 2.1. The Chebyshev polynomial T, (x) of the first kind is a polynomial in x of degree n, defined by the relation
T,(x) =cosn® whenx=cos6.
Definition 2.2. The Chebyshev polynomial U, (x) of the second kind is a polynomial of degree n in x defined by
U,(x)=sin(n+1)0/sin® when x =cos0.

One can reach the following result about Chebyshev polynomials in [16]:
Let Tj (x) and Uy (x) (k€ NU{0}) be the k" degree Chebyshev polynomials of the first and second kind, respectively. Then

sin ((k+ 1) arccosx
Ti (x) = cos (karccosx) and Uy (x) = (s(m (arc)cosx) ) (2.6)

for —1 < x < 1. Moreover, one can find more applications related this polynomials in [17]-[19].

3. Eigenvalues and eigenvectors of circulant m-diagonal matrix

In this part, we give the expressions of eigenvalues and eigenvectors of A, = circ, (ag,a1,- .., am,0,...,0,a_p,...,a_1)
depending on Chebyshev polynomials of the first and second kind.

Lemma 3.1. Consider3<neN,1<m< L%J anda; €R (i=0,%£1,...+£m). Let A, =circ, (ag,ai,...,am,0,...,0,a_p,...,a_1)

be an n x n circulant matrix and 0y, = cos M(I;I) Jfor every 1 < k < n. Then the eigenvalues of A, are
4 n
AkZGO+Z <(a1+a_1)Tl(ak)+i(ala_l)sgn (7+17k) 17(XlglimUl_1 (Ot,-)) (3.1)
= 2 Jj—k ’

where A is the k™ eigenvalue of A, and sgn denotes the signum function.
Proof. Taking into account (2.2), (1.3) and @k Dnt2=r=1) — g=(k=1)(=1) for a1l 2 < r < n (see [10]), we can write A as

k—1)(n—m) k—1)(n—1)

M = at+ao® N+ +a,0 V" 1a, , of +otap 0
= a+ao* 4+ +a,0* " 4a 0L a0 D,

From the definition of @, we get

m

M =ap+ Z ((al +a_;)cos

=1

k-1 +i(a1—az)sin2n(kn_])l>. (3.2)

Observe that from (2.6), we have

)

2 (k—1 2 (k—1
Tn <c0sﬂ:( )>cosﬂ:( Jm
n n

and

n
2m(k—1)
n

. 21(k—1)m

2w (k—1 sin

Un_1 (cos at )) !
sin
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where there exists indeterminate form 0/0 for k = 1 and k = 5 4- 1. Then we can construct the expression (3.2) as

27 (k-1 27 (k-1 27 (j -1
—a0+Z<al+a ; T1<cosﬂ:(n)>+i(al_al)5inﬂ(n)},§r}(l]ll (COSTE(Jn)>).

2m(k—1)

Consequently, we reach the desired result by transforming cos = oy and then

V91— if5+1-k>0,

27w (k—1
singz 0 if 54+1-k=0, (3.3)
n
1—05,3 if 54+1-k<0.
O
With the help of Lemma 3.1, we reach a nice result for the eigenvalues of A, = circ,, (ag, a1, .. .an,0,...,0,a_p,...a_1). Since
2r(n+2—k—1) 2n (k—1)
cos = cos
n n
and
2 2—k—1 2w (k—1
sin 22027kl g 2m(k— 1)
n
We obtain that Tk = Aok (2<k<n)from (3.2). Clearly, if we rewrite this eigenvalues in a diagonal matrix, then
Dy =diag (A, A2y Aut s Aonet s 12) if nis odd,
) 2 2 o (3.4)
D, = diag ll,)Lz,...,l%,l%Jrl,?L%,...,?Lg) if n is even.
If we take n = 8 and m = 2 for the matrix A, in (1.2), then, from Lemma 3.1, we get
b4 T
A3 = ap+ (a1 +a_1>COSE —|—i(a1 —a_1)sin§
+(ar+a_s)cosw+i(ar—a_s)sinm
= ay—a —a,2+i(a1 —a,1)
and
3n 3n
A7 = ap+(a —I—a,])cos? +i(a —a,l)sin7
+ (a2 +a_3)cos3x+i(ay —a_»)sin37
= ap—dady—a_p —i(a1 —a_l).
As can be seen above, A7 = 2,73
Corollary 3.2. Consider3<n€N, 1 <m< |"|anda; €R (i=0,1,...m). Let B, =circ, (ag,ai,...,am,0,...,0,ay,...,a1)
be an n x n symmetric circulant matrix and o4 = cos =—— 2 k D for every 1 <k < n. Then the eigenvalues of B, are
m
me=ao+2) aT;(oy) (3.5
=1
where Ly is the k' eigenvalue of B,,.
Proof. The proof can be straightforwardly obtained from Lemma 3.1. O
Since cos 2227kl oo M, we can easily see that W = Uyi2—x (2 <k <n) from Corollary 3.2. Clearly, if we

rewrite this eigenvalues in a diagonal matrix again, then

D, = diag (1,2, - fas M ,[Jz) if n is odd,
D, = diag #1#2,---7.117,1»1%+17H7,---7#2> if n is even.

If we take n = 8 and m = 2 for the matrix B, = circ, (ap,ai,...am,0,...,0,ay,...ar), then, from Corollary 3.2, we get

/1
u3 :a0+2(a1cos§+agcosn) =ag—2ay
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and
3z
U7 =ap+2 61100874-61200837[ =ag—2a.

As can be seen above, 17 = 3.
Now, from the expression (2.4), let us give the following result for the eigenvectors of A, = circ, (ag,ar,- . .,am,0,...,0,a_p,...,a_1)
depending on Chebyshev polynomials of the first and second kind

Theorem 3.3. Ler3<neN, 1 <m< L”E—IJ anda; € R (i=0,£1,...£m) and oy = cos@forevery 1 <k<n. Then

the eigenvector Fy of the matrix A, = circ, (ag,ai,...,am,0,...,0,a_m,...,a_1) corresponding to the eigenvalue Ay given by

(3.1)is

To (o) +isgn (5 +1—k) 1—alflin]1(U_1 (a;)
g

Ty (o) +isgn (2 +1—k 1—a?limUy (ot;
F— 1 (o) +isg (2 ) s o(a)) ' 3.6)

T,—1 (04) +isgn (% +1 —k) l—a,g}irrll(Un,Z (o))
g

Proof. From (2.4), (2.6) and (3.3), the result can be easily obtained. O

‘We must note that each one of all circulant matrices also have the eigenvectors generated by Fj given by (3.6)

4. Integer powers of circulant m-diagonal matrix

In this part, by using the symmetric relationship between the eigenvalues in (3.4), we give the efficient expression to compute
the integer power of the circulant m-diagonal matrix A, = circ, (ag,a1,...,am,0,...,0,a_p,...,a_1) based on Chebyshev
polynomials of the first and second kind such that the method is faster than any of the classical methods which find the powers
of A, with an amount of computations.

Theorem 4.1. Consider3<neN,1<m< Ln;zlj anda; eR (i =0,%1,...+m). Let A, = circ, (ag, a1, ..,am,0,...,0,a_p,...,a_1)

be an n X n nonsingular circulant m-diagonal matrix and oy = cos —— 2n( k 1 for every 1 <k <n. Then the (u,v)th entry of A}, is

that
- 1
[ n]u,v = n (S1452)

forallr € Z and 1 <u,v <n, where S1 and S, are respectively such that

[5]+1 g
ST = Z (a()—f—z ( (ap+a_) T (o) +i(a—a- I)Sgn(n +1—k) l—a,f]imU,,l (OC])>>
= 2 j—k

X T\u—v\ (o) +isgn (u—v)sgn (E +1 —k) A/ l—oc,f]imU‘u_ﬂ_l (Olj))
2 j—k

and

25

nrl r
2
_ B B no. 2 ‘
S, = 2:2 <a0+ E ( aj+a_;) Ty (og)—i(a—a_;)sgn (2 +1 k) 1—Ockj11n11(Ul,1 (Ocj)>>

X (Tiu—v ((Xk) —ngIl (u — V) sgn (ﬁ +1 —k) \/ l—a]?.limU‘u_v‘_l ((Zj)) .
2 i—k

Here | x| and sgn denote the largest integer less than or equal to x and the signum function, respectively.

>~

Proof. By using (2.5) and (2.3), we get

n n
[lrl]u,v = FDr uv Z ukDr Z uk/’{’k kv’
k=1 k=1
C r * 1 ¢ ) (u—1)( (vfl)(kfl)
= Z)Lk[F F"lk_izl
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and then

r] ,= 1 Z /'ngw(kfl)(ufv) (4.1)
=1

where Ay is already obtained as in (3.1). Since Ax = Ayia_s, 2 < k < nand @"+2-*k=Dw=v) — g=(*-D-1) the second half
of the sum in (4.1) can be written as

ntl ntl
Zlkkluv in+2kwn+2kl Zzllkwkl —v)

k,n+l+1

for the case n is odd. The same observations can be applied in the case n even and the result is that
1
[AZ]M,VZE Z Ar (k—1)(u—v) + Z Afk —(k—1)(u—v) :;(SI+SZ)~

Thus, from the expression above, we can write

6 L%“M (COS 2mh= ) u=r) . 2k 1)(u—v))
k=1

n n
and
L2, 2r(k—1 2 (k—1
Si= Y A (Cos”(—)(“—v)_isin”(—)@f—v))
= n n

Since, from (2.6),
2w (k—1 2w (k—1 —
]1"47‘)' (COS TE()) B w
n n
and

. 2m(k—1)(u—v)
2n(k—1 —_—
U (ﬂ)) ey S

sin 2x(k—1)
n

with indeterminate form 0/0 for k =1 and k = % + 1, then

3]+ 2m(k—1) 2m(k—1) 21 (j
- . . —1).. ji—1)
Z AL <T|u_v (cos n) +isgn (u—v)sin T}fl‘(UIM—V\—I (cos n)) ,

and

L
2

; o ( - (cos

The theorem follows by substituting A4 in (3.1) and cos

2w (k—1 2w (k—1 2w (j—1
ﬂ()) —isgn (u—v) sinMIimUw_v‘_l <cosﬂ:(1))> .
n n j—k n

<k D= 0 into the above expressions. O
From (2.5), we have the 7" power of any (symmetric) circulant matrix is also a (symmetric) circulant matrix.

Consider ¢; € R (i =0,+1) and let A4 = circq (ap, a1,0,a—1) be circulant tridiagonal matrix. Then, by using Theorem 4.1, we
getA4 = cirey (’L'()7 71, T2, T3) with

T = %[(a0+611+a71)r+(ao—(al+afl))r+zr+zr}’
o= %[(ao—kal—!-afl)r_(ao—(al+a71))r_izr+izr]’
n = i[(a(ﬁ—al +a-1) +(ao— (a1 +a-1)) —iz" —i7'],
Bo= }L[(GOJFQI +a1) —(ao— (a1 +a-)) +id" —i7']

where z=ap+i(a; —a_1).

If we take m = 1 in Theorem 4.1, the expression given in [12, Theorem 2.1] can be easily seen.

Theorem 4.1 allows us to significantly reduce the computing process while finding the integer powers of the circulant
m-diagonal matrix A, = circ, (ag,a1,- .., am,0,...,0,a_p,...,a_1)
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Theorem 4.2. Consider3<neN,1<m< { J anda; R (i=0,1,...m). Let B, =circ, (ap,ai,. .. ,am,0,...,0,ap,...,a;)

be an n x n nonsingular symmetric circulant m-diagonal matrix and o = cos =—— 2 k D for every 1 <k < n. Then the (u v)th

entry of By, is that

[5]+1 r
AP _ 13 Z ln—2k42 <a0+22a1T1 ak)) Ty (%)

=1

:

where | x| denotes the largest integer less than or equal to x and

! :{ 1 ifse{0,n}

2 in other cases.

Proof. By using Theorem 4.1, we get

[5]+1 m " n
Si=) (ao+22a17?(ak)> T\ufv\(ak)+i5gn(u_v)5gn<§+1_k) \ 1=02U -1 (o)

k=1 =1
and
[251] " r )
= Y |a+2Y aTi(o)| Ty (o) —isgn(u—v)sgn (§+1_k)\/l_asz\ukal(ak)'
k=2 =1
Since
{%J:%and {gJJrl:% if n is odd,
= | =%and [2|+1=%+1 ifniseven.
Then
Bily = —(S1+%)
m r 4 m r
1 <a0—|—2 ) a,> <a0—|—2 Y aT; ((Xk)> T\u—v\ ((Xk) if n is odd,
=1 k=2 =1
- m r z r
= 1 (ao-i-zl;la]) -‘r2k_ (ao+212 aiT ((Xk)) Tjy—y| (o) +
” B B if n is even.
(a0+2lzlalTl( S+1 )) \u v|< a4+ 1):|
Therefore,
1 |_2J+l "
[Br}uv ; Z In— 2k+2 a0+22a1T[ ak) T\u*v| (ak)
=1
which is desired. O

Consider a; € R (i =0, 1,2) and let Bs = circs (ag,a1,az,a2,a;) be a symmetric circulant pentadiagonal matrix. Then, from
Theorem 4.2, we get B = cirey (7o, 71, T2, T2, ) With

T = % _(ao+2a1 +2a)" +2 <a0+ %al ¢a2> +2 (ao —¢a + ;)az) ] )
T = % _(a() +2a +2a2)r+% (ao + %al - ¢a2> -9 (ao —¢ar + (;az) ] ’
B = % _(610‘1‘201 +2a2)" — ¢ (ao+ %al - ¢02> +% (ao — par+ ;@) ]

where ¢ denotes the golden ratio.
Now, if we consider

n—1

m= L%J =21 fornisodd,
m= "%t +1=1% forniseven,

in the symmetric circulant m-diagonal matrix B, = circ, (ag,ai,...,am,0,- -+ ,0,am,- -+ ,a;) and an # 0, then we get the sym-
metric circulant matrix in (1.1) discussed by Gutiérrez in [10]. And so, with the help of Theorem 4.2, we can straightforwardly
reach the expression obtained by Gutiérrez in [10, Theorem 1] for positive integer powers of the matrix B, in (1.1).
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5. Ilustrative examples

In this part, we give some illustrative examples. We will utilize Maple software in our calculations.

Example 5.1. Let Ag = circg (5,4,9,0,8,—2) be a circulant pentadiagonal matrix. we find the eigenvalues of A¢ by using

(3.1) as

M
A
A3
A4

=T
26 =2

and from Theorem 4.1, the entries of Ag as

24,
—2,5000+ 6,0621i,
—4,5000 +4,3301i,
20,

—4,5000 — 4,3301i,
—2,5000 — 6,0621i

A} = circg (3778, 1008,3483,938,3651,966) .

Example 5.2. Let Ag = circg (—2,3,—4,9,0,0,6,5,—1) be a circulant heptadiagonal matrix. we find the eigenvalues of Ay

by using (3.1) as

and from Theorem 4.1, the entries of A‘g‘ as

16,
—7,7942 — 3,6940i,
~10,0923 — 1,73701i,
11,5000+ 11,2583i,
~10,6133+9,7512i,
—10,6133 —9,7512i,
11,5000 — 11,2583i,
—10,0923 + 1,73701i,
—7,7942 +3,6940i

Ag = circy (—15410,26041,7866,—5401,16331, 13209, —2024,3458,21466) .

Example 5.3. Let B; = circy (1,—3,2,0,0,2,—3) be a symmetric circulant pentadiagonal matrix. we find the eigenvalues of

B7 by using (3.5) as

and from Theorem 4.2, the entries of B% as

214
:AG
-

—1,
—3,6310,
~1,2687,
8,8987,
8,8987,
—1,2687,
~3,6310

B3 = circ; (15771, —14485,9987, —3388, —3388,9987, —14485).

Examples 5.1, 5.2 and 5.3 can be also confirmed by means of Maple procedures given by Appendix A and B.
Appendix A. Following Maple procedure firstly generates a n x n circulant heptadiagonal matrix A, = circ,(agp,a1,4a2,a3,0,...,0,
a_3,a_»,a_1) and then compute eigenvalues and the k' power (r € Z) of it.

restart:
with(LinearAlgebra):
m:="3":

n:="n’:

r="r’:

a[0]:="a[0]’:
a[l]:=’a[1]:
a[-1]:="a[-1]’:
a[2]:=’a[2]’:

a[-2]:="a[-2]’:



Fundamental Journal of Mathematics and Applications 57

a[3]:=’a[3]’:

a[-3]:="a[-3]":

f:=(i,j)— piecewise(i=j,a[0],j>1 and j-i<m+1,a[j-i],i>] and i-j<m+1,a[j-i],n-j+i<m+1,a[j-i-n],n-i+j<m+1,a[j-i+n]):
Al[n]:=Matrix(n,n,f);

alpha:=k — evalf(cos(2*Pi*(k-1)/n)):

lambda:=k— evalf((a[0]+sum((a[l]+a[-1])*ChebyshevT(l,alpha(k))+I*(a[1]-a[-1])*signum((n/2)+1-k)*sqrt(1-(alpha(k))"2)*limit
(ChebyshevU(l-1,alpha(j)),j=k),I=1..m))):

g:=(1,j)— piecewise(i=j,lambda(i),0):
p:=(u,v)—evalf((1/n)*(sum((lambda(k)"r)*(ChebyshevT(abs(u-v),alpha(k))+I*signum(u-v)*signum((n/2)+1-k)*
sqrt(1-(alpha(k))"2)*limit(ChebyshevU(abs(u-v)-1,alpha(j)),j=k)),k=1..floor(n/2)+1)+sum(conjugate(lambda(k))"r*
(ChebyshevT(abs(u-v),alpha(k))-I*signum(u-v)*signum((n/2)+1-k)*sqrt(1-(alpha(k))"2)*ChebyshevU(abs(u-v)-1,alpha(k))),
k=2..floor((n+1)/2)))):

eigenvalues_of_A[n]:=Matrix(n,n,g);

the_rth_power_of_A[n]:=Matrix(n,n,p);

Appendix B. Following Maple procedure firstly generates a n x n symmetric circulant heptadiagonal matrix B, = circ,(ag, a1, a2,
a3,0,...,0,a3,az,a;) and then compute eigenvalues and the k" power (r € Z) of it.
restart:

with(LinearAlgebra):

m:="3":

n:="n’:

a[0]:="a[0]’:

a[l]:="a[1]’:

a[2]:=’a[2]:

a[3]:=’a[3]:

r="r’:

f:=(i,j)— piecewise(i=j,a[0],i>j and i-j<m+1,a[i-j],i<j and j-i<m+1,

a[j-il,i<j and j-i>n-m-1,a[n-(j-i)],i>j and i-j>n-m-1,a[n-(i-j)],0):
B[n]:=Matrix(n,n,f);

alpha:=k— evalf(cos(2*Pi*(k-1)/n)):

mu:=k — evalf(a[0]+2*sum(a[l]*ChebyshevT(l,alpha(k)),l=1..m)):

g:=(1,j)— piecewise(i=j,u(i),0):

l:=(s) — piecewise(s=0,1,s=n,1,2):

p:=(u,v)— evalf((1/n)*((sum(((I(n-2*k+2)*((k))"r)*(ChebyshevT(abs(u-v),alpha(k))),k=1..floor(n/2)+1))))):
eigenvalues_of_B[n]:=Matrix(n,n,g);

the_rt_power_of_B[n]:=Matrix(n,n,p);

6. Conclusion

There has been recently increasing research interest in circulant matrices in several areas, such as digital signal processing,
image compression, physics/engineering simulations, number theory, coding theory, cryptography, and, naturally, linear algebra.
This paper present eigenvalues, eigenvectors, powers of circulant m-diagonal matrix which is one type of circulant matrices by
using some famous relations on chebyshev polynomials.
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1. Introduction

The knot polynomials are the most practical knot invariants for distinguishing knots from each other, where the coefficients of
polynomials represent some properties of the knot. The first of the polynomial invariants is the Alexander polynomial [1] with
one variable for oriented knots and links. There are generalizations of the Alexander polynomial and its Conway version [2],
see [3]- [5]. Another important knot polynomial with one variable for oriented knots and links is the Jones polynomial [6].
Both the Jones polynomial was defined with new methods [7, 8] and studies were conducted on generalizations of the Jones
polynomial [9]- [11]. One of the most important generalized polynomials is the HOMFLY polynomial [11]- [13] with two
variable. The Alexander and Jones polynomials are special cases of the HOMFLY polynomial. For unoriented knots and links,
there are the polynomials such as the BLM/Ho polynomial [14, 15] with one variable and the Kauffman polynomial F [16]
with two variable whose primary version Kauffman polynomial L is an invariant of regular isotopy for unoriented knots and
links. Both the Jones and the BLM/Ho polynomials are special cases of the Kauffman polynomial F.

The HOMFLY polynomial or HOMFLY-PT polynomial whose name is an acronym for its discoverers’ last names is inspired
by the Jones polynomial. The HOMFLY polynomial Pk (a,z) is two variables Laurent polynomial for the oriented link diagram
K. Px(a,z) is an ambient isotopy invariant of the link K determined by the following axioms:

a'P, (a,z) —aPx (a,z) = zPx,(a,2) (L.1)
PO(a,z) = 1 (1.2)

where K, K_ and K are skein diagrams drawn in Figure 1.1 and () is any diagram of the unknot.

K. K_ Ko
Figure 1.1: Skein Diagrams
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From the axioms (1.1) and (1.2), it is obtained that a ! —a = zP or 8 = (a~ ' —a)z ™! with § = Py, where O is trivial
link with two components. If Oy is a trivial {-component link, then P, (a,z) = M1, Also, Pg+(a,z) = Px(a™!, —z), where
K* is the mirror image of K.

In 1987, L. Kauffman [16, 17] discovered a new polynomial, denoted by L, which specializes to the bracket polynomial [7].

The Kauffman polynomial L(a,x) is a two-variable Laurent polynomial for the unoriented link diagram K. L(a,x) is a regular
isotopy invariant of the link K satisfying the following axioms:

Lg+(a,x)+Lg-(a,x) = x(Lgo(a,x)+Lg=(a,x)), (1.3)
Lo(a,x) = 1, (1.4)
Lp+(a,x) = aLp(a,x), (1.5)
Lp-(a,x) = cflLDo(a,x)7 (1.6)

where K, K—, K° and K> are unoriented diagrams drawn in Figure 1.2, O is any diagram of unknot and D, D~ and D° are
unoriented diagrams drawn in Figure 1.3.

X X)0E

Figure 1.2: Crossings and splits

PN
lole e
Dt D~ D°

Figure 1.3: Diagrams related to Reidmeister moves of type [

The Kauffman polynomial F for oriented link diagram K by the formula [17]
FK(avx) = aiw(K)LK(aax)a (17)

where Lk is defined on oriented link diagrams by forgetting the orientation and w(K) denotes the writhe of oriented link
diagram K (w(K) is the sum of all crossing signs of K). Then the polynomial Fx(a,x) is a Laurent polynomial invariant of
ambient isotopy. From the axioms (1.3) and (1.5), it is obtained that Ly (a,x) = (a+a )x'—=lor§ = (a+a x ' =1
with 6 = Lo (a,x), where OQ is trivial link with two components. If O is a trivial yt-component link, then L, (a,x) =
Fo,(a,x) = SH=1. Also, Lg+(a,x) = Lx(a™',x) and Fg+(a,x) = Fx(a~!,x), where K* is the mirror image of link K.

The twist knots, which obtained by twisting a closed-loop repeatedly and then linking the ends together, are an essential class
of knots. It could be found out lots of studies about their knot invariants (See [18]- [25] and others). Here, a twist knot is
regarded with a clasp and right-handed n-half twists as drawn in Figure 2.1. Besides, the knot polynomials of some classes of
knots and links were studied to give recursive formulas [26]- [31].

In this paper, it is aimed that deriving the recurrence relations for the HOMFLY polynomials of the oriented twist knots and the
Kauffman polynomials L and F of the unoriented twist knots. While the HOMFLY polynomial and the Kauffman polynomials
L and F of twist knots are defined as fourth-order recurrence relations, the (2, n)-torus link diagrams are encountered and their
mentioned knot polynomials are utilized for some results. Also, some recursive properties of these relations are examined and
it is provided the generating functions, the general solutions and the explicit forms.

2. Oriented and unoriented knot polynomials of twist knots

2.1. HOMFLY polynomials of twist knots

Suppose that ., is an oriented digram of twist knot drawn in Figure 2.1, %, ) is an oriented digram of (2, n)-torus link drawn
in Figure 2.2 and P, denotes the HOMFLY polynomial of ., instead of Py, (a,z) for simplicity.
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Figure 2.2: (2,n)-torus link

Figure 2.1: The twist knot with a clasp and right-handed n-half twists

Theorem 2.1. The HOMFLY polynomial of twist knot ¢, satisfies the following relations:
Bo=(a*+1)P, 2 —d’P, 4, n>4 2.1)

and

2.2)

P azR;g(zJM) +a? ifnisodd,
n — . .
+a=? ifniseven.

—1
—a ZP'%/(Z,n)

Proof. Let the skein operations be applied to a designated half twist of the oriented diagram .%%,. If the crossing is switched,
the resulting diagram is .J%;,_, twist knot by the second Reidemeister move. Then, if the crossing is smoothed, the resulting
diagram is (2,2)-torus link, i.e. Hopf link, obtained by applying the first Reidemeister move n — 1 times. Notice that, if n is
odd, all crossings of the (2,2)-torus link are right-handed with counter-directed strands and if 7 is even, all crossings of the
(2,2)-torus link are left-handed with same-directed strands. Hence, from the axiom (1.1), the following equations are obtained
as

Py =azPy,, +a’Pys

22)
and
P, o= azR%u) +a2Pn_4.

Thus, the recurrence relation (2.1) is gotten from last two equations.

Let the skein operations be applied to a designated crossing of the clasp of the oriented diagram .%,. The crossings of the clasp
are right-handed and left-handed when » is odd and even, respectively. In case of n is odd, if the crossing is switched, the
resulting diagram is an unknot by applying the second Reidemeister move and the first Reidemeister move » times. Then, if
the crossing is smoothed, the resulting diagram is #(5 ,,1 1) torus link with counter-directed strands taking into consideration
n+ 11is even. Hence, from the axiom (1.1) and (1.2), the relation in (2.2) is obtained as

_ 2
by = aZPJg(ZJ[+1) ta.
In case of n is even, the relation in (2.2) is obtained similarly. O
Then, the recurrence relation (2.1) in Theorem 2.1 could be given with initial conditions as a fourth-order recurrence relation.

Definition 2.2. The HOMFLY polynomials {P,};_, for the oriented diagrams of twist knots %, is defined by the recurrence
relation

P, = (a2 +1)P,p— @’P,_4, n>4
with initial conditions
Ph=1, Plzazzz—a4+2a2, Pzzaz—zz—&—a*z—l, P3:a4z2+a2z2—a6+a4+a2. (2.3)

Also, since Pg+(a,z) = Px(a~',—z), where K* is the mirror image of the diagram K, the following relation is obtained by
using P, instead of Py +(a,z)

Poy=(a2+1)P (o) —a *P_(_4.
The characteristic equation of (2.1) is a bi-quadratic equation as
A= (@ + DA +a> =0
and the roots of this equation are

/11261, lzz—a, 13,217 142—1. (2.4)
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Proposition 2.3. The generating function of the sequence {P,} is

—a@®A3+ (a2 =22 =2)A* + (a*P? —a* +24° JA+1

gr(h) = @2~ (a +1))L2+1 25)
Proof. The generating function of {P,} has the following form:
gp(A) =Py +PA+PA% +
After the multiplications (a? 4+ 1)A2gp(A) and —a’A*gp(A), the following is provided by using (2.1)
(1= (@ +1)A*+a*A")gp(A) = PR +P17L+(P2 — (@ + 1)R)A* + (Py — (@ + 1)P)A°
+Z = (@ + )Py +a*Pys) A"
= R+PA+(P—(a®+1)R)A*+ (Ps— (a* +1)P)A°.
Hence, the equality (2.5) is obtained from the below by using the equalities in (2.3).
Py+PA+ (P —(a®+1)P)A> + (Py— (> + 1)P))A3
gr(A) = 2 — (@ + A2+ 1 ‘
O

Proposition 2.4. The general solution of the recurrence relation (2.1) is

P,=Ad"+B(—a)"+C+D(—1)", n>0,

where
(a*+a+1)(a* — (2 +2)+1) at— a7 +1
A=— , =427
2a%(a+1) 2a?
(a*—a+1)(a* — (2 +2)+1) (@ +1)(a* —a*(Z2+2)+1)
B= ., D=—
2a%(a—1) 2a%(a? —1)

Proof. The closed form of the sequence {P,} is given by
P, =AA{ +BAy+CAY + DAy, n>0.
Then, the following linear equation system is provided from (2.3) and (2.4) as

Phy=A+B+C+D=1,
P, =AM + B2y + CAs + DAy = a°7 — a* + 247,
P =AM +BAM +CA; +DAj =a* — +a > —1,
= AA{ +BA3 +CA3 + DA} = a* 7 +a*? —a® +a* + >
The values A, B, C and D is obtained by solving this system. Note that considering x" —y" = (x —y) ): xk n=1-k the factors

=0
(a—1) are simplified. O

Corollary 2.5. Forn > 2, the explicit formula for the HOMFLY polynomial of twist knot &, is given by

noo.
% (Z az+2> — g3 +an+1 +a2 lfn is odd,
P, = =0 (2.6)

— ( Yy a) +ad"—a"?4+a"?  ifniseven.
Proof. From Corollary 1 in [28], the explicit formula for the HOMFLY polynomial of (2,n)-torus link #{, ,,y with counter-

directed strands taking into consideration that n is even and the notations and diagrams mentioned in this paper is given
by

a*—1 n ~1y,-1
Rl/(z,n) =\t z—d"'la—a )z . 2.7
Hence, the formulas in (2.6) are provided by using (2.2) and (2.7). O]

Remark 2.6. Since it is well known that the HOMFLY polynomial specializes to the Jones polynomial for a =t and
z= 1 — t_l/z, the Alexander-Conway polynomial for a = 1 and the Alexander polynomial for a =1 and z = '~ t_l/z, the
recurrence relations for the mentioned knot polynomials of twist knot ¢, could be easily obtained.
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2.2. Kauffman polynomials L and F of twist knots

Now, suppose that &, is an unoriented digram of twist knot drawn in Figure 2.1, R, ,) is an unoriented digram of (2,n)-torus
link drawn in Figure 2.2 and L, denotes the Kauffman polynomial L of &, instead of Lg, (a,x) for simplicity.

Theorem 2.7. The Kauffiman polynomial L of twist knot R, satisfies the following relations:
L,=xL, 1+ (a2 —1)L,—»— @*xLy, 3+a*Ly_4, n>4 (2.8)
and

Ly=a'xLg,, +xLg,,, —d" (2.9)

Proof. Let the axiom (1.3) be applied to a designated half twist of the unoriented diagram K. If the crossing is switched, the
resulting diagram is &, » twist knot by the second Reidemeister move. If the crossing is split according to the K?, the resulting
diagram is R, twist knot. Then, if the crossing is split according to the K=, the resulting diagram is (2,2)-torus link, i.e.
Hopf link, obtained by applying the first Reidemeister move n — 1 times. Note that, if 7 is even, all crossings of the (2,2)-torus
link are left-handed and if n is odd, all crossings of the (2,2)-torus link are right-handed. Hence, by using the axioms (1.4) and
(1.5), the following equations are obtained as

Ly=xLy 1 +d" 'xLg,, — Lo
and
Ly =xLy3+d"  xLg,, —Laa.

Thus, the recurrence relation (2.8) is gotten from last two equations.

Let the axiom (1.3) be applied to a designated crossing of the clasp of the unoriented diagram K,,. If the crossing is switched,
the resulting diagram is an unknot obtained by applying the second Reidemeister move and the first Reidemeister move n
times. If the crossing is split according to the K?, the resulting diagram is torus link R2,n+1)- Then, if the crossing is split
according to the K=, the resulting diagram is the image of torus link K, ,) by applying the first Reidemeister move. Thus, the
relation (2.9) is obtained by using the axioms (1.4), (1.5) and (1.6). O

Then, the recurrence relation (2.8) in Theorem 2.7 could be given with initial conditions as a fourth-order recurrence relation.

Definition 2.8. The Kauffinan polynomials {L,};_, for the unoriented diagrams of twist knots R, is defined by the recurrence
relation

L,=xL, 1+ (a2 —1L,—»— @xL,_3+aLy_4, n>4
with initial conditions

Ly=a? Li=(a+a " )®+(@?+1)x—2a—a',
Ly=(a+a "YW+ (@ +a?+2)x* - (a+a )x—a*>—a -1, (2.10)
Ly=(a+a ")+ (> +a?+2)8 +(a* —a—2a "> —(2a > +2)x—a* +a+a'.

Since Lg+(a,x) = Lx(a~',x), where K* is the mirror image of the diagram K, the following relation is obtained by using L_,
instead of L+ (a,x)

Loy=xL_(u_1y+(a > =1)L_(,_0)—a *xL_(,_3)+a *L_(,_a).
The characteristic equation of (2.8) is a quadratic equation as
At —xA3 — (> —1D)A2+dPxh —a* =0

and the roots of this equation are
1 1
M=a, XA=-—a, 7L3:§(x+\/x2—4), l4=§(x— x2—4). (2.11)

Proposition 2.9. The generating function of the sequence {L,} is

BB+ (@ + D)2 +ax—a’ —2)A%+ ((a+a )2 +x—2a—a A +a?
B —a2At 4 a*xA3 — (@ — 1)A2 —xA + 1 '

gL(A)
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Proof. The generating function of {L,} has the following form:
gL(A) =Lo+LiA+LA%+. ..
After the multiplications xA gz (1), (a> — 1)A%gr(A), —a*xA3gr(A) and a*A*g1 (1), the following is provided by using (2.8)
(1—xA —(a* = DA* +a*xA> —®AMgr(A) = Lo+ (L —xLo)A + (Ly —xLy — (a* — 1)Lo)A? + (L3 — xLy — (a* — 1)Ly + a’xLo) A’

+ Y (Ln—xLny— (@® = 1) Loz + @ xLy—3— " Ly_4) A"
n=4

= Lo+ (L; —xLo)A + (Ly —xL; — (a* — 1)Lo)A% + (L3 — xLy — (a® — 1)Ly 4 a®xLo) A’
Hence, the equality (2.5) is obtained from the below by using the equalities in (2.3).
Lo+ (Ly —xLo)A + (Ly —xLy — (a® — 1)Lo)A* + (L3 — xLp — (a® — 1)Ly +a*xLy)A°

A
s1(2) —a?A* +a?xA3 — (a2 — 1)A2 —xA + 1
O
Proposition 2.10. The general solution of the recurrence relation (2.8) is
1 1
L,=Ad"+B(—a)" +C(E(x+ VX2 —4)" +D(§(x— x2—4)" n>0, (2.12)
where
A = a* (x2 —21) +ax+x>—1 B0,
a—ax+1
(a*+1) (2a3 +a? (x3 +X2VxE—4—/x2 -4~ 3x> +a (—x2 +xv/x2 —4—|—2) — VX2 —4—x)
Cc = ,
2a2v/x2 —4(—a*+ax—1)
(a*+1) (—Za3 +a? (—x3 +x2Vx2 —4—/x2 —4—|—3x) +a (x2 +xvx2—4— 2) —Vx? —4—|—x)
D = .

2a2V/x2 —4(—a? +ax—1)
Proof. The closed form of the sequence {L, } is given by
L, =AAM'+BA} +CA{ +DA}, n>0.
Then, the following linear equation system is provided from (2.10) and (2.11) as
Ly=A+B+C+D=a"2,
Ly =AM +BAy +CA3+DAy = (a—i—a_l)x2 + (a_2 +1)x— 2a—a !,
Ly =AAf +BA; +CA + DA} = (a+a )P +(® +a > +2)x* —(a+a x—a*> —a -1,
Ly =AA{ +BA3 +CA3 + DA} = (a+a DHx* + (@ +a 2 +2)° +(@® —a—2a x> — 2a 2+ 2)x—a* +a+a '
The values A, B, C and D is obtained by solving this system. O
Suppose that F, denotes the Kauffman polynomial F of &, instead of Fg, (a,x) for simplicity.

Corollary 2.11. The Kauffman polynomials {F,}7_ for the unoriented diagrams of twist knots R, is defined by the recurrence
relation

a>xF 1+ (1 —a2)Fyo—a>xFy3+a*F,_4 ifnisodd,
F,= n>4 (2.13)
@xF,_ 1+ (1 —a2)F,y —a’xF,_3+a *F,_4 if nis even,

with initial conditions
F=1, F=@?+a*+@3*+a)x—2a2%-a*,
B=(a+a )P +(@+a?+2)x*—(a+a H)x—a*—a?—1,
B=@*4+a®)x*+(a3+a’+2a )+ (a2 +—a*-2a)x> - 2a 7 +2a ) x—a 2 +a*+a°.

Also, the following relation is satisfied for F,,.

2,n+1)

F,= (2.14)
axFﬁu’n) + a3xFﬁ( a? if nis even.

a‘3ng(2 " —|—a‘1ng( —a™? ifnisodd,

2n41)
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Proof. Tt is proven by considering w(8&,) = n+ 2 and w(R,) = n—2 if n is odd and even, respectively, and by using (1.7) in
Definition 2.8 and the relation (2.9). O]

In addition, since Fi+ (a,x) = Fx(a~',x), where K* is the mirror image of the diagram K, the following relations are obtained
by using F_, instead of F+(a,x)

anF,(n,l) +(1— aZ)F,(,,,z) — anF,(,,,3) + a2F7<n,4) if n is odd,
F.,=
a xF_ 1y + (1= a*)F_(y_p)—a>xF_(,_3 +a’F_(,_4 if niseven.

By using same notation, it could be provided a relation from (2.14) for the mirror image of .77 *.

Corollary 2.12. The general solution of the recurrence relation (2.13) is

a2 (Aa” +B(—a)"+C(3(x+ Vx> —4))" +D(3(x— V2 —4))”) if nis odd,
EI == n 2 0
a2 (Aa"+ B(=a) + C(y (r+ VAT =8 + DS (r = VAT =)' ifnis even,

where

a? (x2 — 1) +ax+x2—1

4 = a*—ax+1 » B=0,

c (a2—|— 1) (2a3+a2 (x3+x2\/m— \/m—?ax) +a (—x2+x\/m+2) —\/m—x)
2a2v/x2 —4(—a*+ax—1) ’

. (@+1) (—2a3+a2 (—x3 +x2m_m+sx) ta (x2+xm_z) _m+x)

2a2y/x2 —4(—a*+ax—1)

Proof. The proof follows directly from (1.7) and (2.12) by considering w(8,) = n+2 and w(&,) =n —2 if n is odd and even,
respectively. O

Remark 2.13. Since it is well known that the Kauffman polynomial F specializes to the Jones polynomial for a = ' and

x=1"/4 + t'/4 and the BLM/Ho polynomial for a = 1, the recurrence relations for the mentioned knot polynomials of twist
knot R, could be easily obtained.

Corollary 2.14. For n > 1, the explicit form of of {L,} and {F,} are

Ly=a 'xRo+ (ax2 +a*x—a—a! YRu+1 + ()c2 —ax+a>— cfz)Rn +(—x+a +a”! )Ry —d" (2.15)

a 'xS,0+ (a2x2 t+a3x—a*— 1)Su+1+ (x2 —dx+ad*+a?—a?- 1)S,+ (fa"x+a2 +1)S,—1 — a? ifnisodd,
F, = (2.16)
@xSyi0 + (a®x* +ax—ab® —a*)S, 1 + (a*x* —d'x+a® +a® — a* — a®)S, + (—ax+a® +a*)S,_| —a*> ifnis even,

where {R,} and {S,} are special cases of the following sequence {G,} with initial conditions Go = G| =0, G, =1 for

r=a+x,s=—(1+ax), t =aand r = a*+ax, s = —(a*> +a*x), t = a*, respectively.
by N e
G, — Z Z (n—2.—z.—2]> (t—k'])rn—z—zi—ysi(l)it/'
i=0  j=0 i+ J

Proof. From Theorem 2.3 and 2.4 in [31], the explicit forms of the Kauffman polynomial L and F sequences of K, ,) are
given by

Lg, = (a DR+ (ax—(a+a xR+ ((1+a*)x ' —a)Ruy, n>1 (2.17)
and

Fg

om = Spal + (a3x— (a3 —|—a)x71) S, + ((a5 —|—a3)x71 —a4) S,—1, n>1. (2.18)

Hence, the explicit form (2.15) is obtained by using (2.9) and (2.17). Then, the explicit form (2.16) is obtained by considering
w(R,) =n+2and w(R,) =n—2if nis odd and even, respectively, and by using (2.14) and (2.18). O
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