2021
@ Volume: 3

Issue :1

lkonion
Journal of

https://dergipark.org.tr/ikjm

ISSN: 2687-6531



Volume : 3 2021
Issue :1 https://dergipark.org.tr/tr/pub/ikjm

[KONITON

JOURNAL OF MATHEMATICS

ISSN: 2687-6531



Honary Editor

Prof.Dr. Hari Mohan
SRIVASTAVA

Editors in Chief

Assoc.Prof.Dr. Nihat AKGUNES
Turkey

nihatakgunes@gmail.com

Assoc.Prof.Dr. Melek ERDOGDU
Turkey

melekrdgd@gmail.com

Editorial Board

Prof.Dr. Abdulkadir Ceylan COKEN
Turkey

ceylancoken@akdeniz.edu.tr

Prof. Dr. Ayman BADAWI
USA

abadawi@aus.edu

Prof.Dr. Emilija NESOVi¢
Serbia

emilijanesovic95@gmail.com

Prof.Dr. Ibrahim YALCINKAYA
Turkey

iyalcinkaya@erbakan.edu.tr

Prof. Dr. Kinkar Ch. DAS
Korea

kinkardas2003@googlemail.com

Prof.Dr. Nesip AKTAN
Turkey

konuralpnesip@gmail.com

Prof.Dr. Arkadiusz JADCZYK
France

azjadczyk@gmail.com

Prof.Dr. Cengiz CINAR
Turkey

cengizcinar@gazi.edu.tr

Prof.Dr. Emine Gok¢gen KOCER
Turkey

ekocer@erbakan.edu.tr

Prof.Dr. Ismail Naci CANGUL
Turkey

ncangul@gmail.com

Prof. Dr. Mustafa OZDEMIR
Turkey

mozdemir@akdeniz.edu.tr

Secretary List

Aslt AYDIN

Biisra AYDIN

Beyza URLU

Sahin Veli YUKSEL



CONTENTS

1. Adjacent Vertex Distinguishing Edge Coloring of Brick-Product of Graphs
S. Anantharaman

2. Some ldentities For Hyperbolic Trigonometric Functions
A. Sahin, M. Demir

3. A New Moving Frame for Trajectories on Regular Surfaces
K.E. Ozen, M. Tosun

4. Weighted Integral Transforms Involving Convolution with Some Subclasses
of Analytic Functions
S.Z. Hussain Bukhari, R. Razzaq, I. Ahmed

15-19

20-34

35-45



Ikonion Journal of Mathematics 3(1) (2021) 1-14

Ikonion Journal of Mathematics
https://dergipark.org.tr/tr/pub/ikjm
Research Article

Open Access

ISSN: 2687-6531

Adjacent Vertex-Distinguishing Edge-Coloring of Brick-Product

S. Anantharaman'
Keywords Abstract — Let G be a finite, simple, undirected and connected graph. y/,.(G) denotes the mini-
adjacent vertex- mum number of colors required for a proper edge-coloring of G, in which no two adjacent vertices
distinguishing proper are incident to edges colored with the same set of colors. In this paper, I am compute sharp bound

edge - coloring for adjacent vertex-distinguishing proper edge-coloring of brick-product.

brick - product,

edge-coloring

Subject Classification (2020): 05C15, 05C32.

1.Introduction

I am refer the books [4, 11] for graph theoretical notation and terminology. Let G be a finite, simple, undi-
rected and connected graph. Denote by V(G) and E(G) be the set of vertices and edges of G, respectively.
Let A(G) denotes the maximum degree of G. A proper edge-coloring o is a mapping from E(G) to the set of
colors such that any two adjacent edges receive distinct colors. For any vertex v of G, let S5 (v) denote the set
of the colors of all edges incident to v. A proper edge-coloring o is said to an adjacent vertex-distinguishing
(AVD) if Sy (1) # Sg (v), for every adjacent vertices u and v. The minimum number of colors required for an
adjacent vertex-distinguishing proper edge-coloring of G, denoted by y/,.(G), is called the adjacent vertex-

distinguishing chromatic index (AVD chromatic index) of G. Thus, )(’a (G =y "G).

The concept of adjacent vertex-distinguishing edge-coloring has been introduce and studied in [19] Zhang

et al. (2002) and pose the following conjecture.

Conjecture 1.1. (Zhang et al. [19]) For any connected graph G (| V(G) |= 6), there is y /,(G) < A(G) + 2.

If H is a subgraph of G, it is interesting that y !, .(H) < x/,(G) is not always true. Let K, , be the complete
bipartite graph, then y/(K>3) = 3 and K; 3 — e for any edge, then y/, (K2 3—e) = 4. Deletion of an edge of a

graph may also decrease the coloring number of the graph. Let n = 3, then y/,((K1,,) =nand y (K1, —e) =

n—1.

The concept of adjacent vertex-distinguishing edge-coloring has been studied in many paper such as [1, 3,
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5-10, 12-20].

In [1] Anantharaman (2019) obtained exact values for adjacent vertex-distinguishing edge-coloring of strong
product of some graphs. In [3] Axenovich et al. (2016) obtained upper bound for adjacent vertex-distinguishing
edge-colorings of graphs. In [5] Balister et al. (2007) obtained upper bound for adjacent vertex-distinguishing
edge-coloring some special graphs also consider 3-regular graphs. In [6] Baril et al. (2006) obtained exact
values for adjacent vertex-distinguishing edge-coloring of meshes. In [7] Bu et al. (2011) finding adjacent
vertex-distinguishing edge-colorings of planar graphs with girth at least six. In [8] Chen et al. (2015) ob-
tained adjacent vertex-distinguishing proper edge-coloring of planar bipartite graphs with A =9, 10, or
11. In [9] Hatami (2005) prove that A + 300 is a bound on the adjacent vertex-distinguishing edge chro-
matic number. In [10] Hocquard et al. (2011) compute adjacent vertex-distinguishing edge-coloring of
graphs with maximum degree at least five!. In [12] Li et al. (2006) compute adjacent strong edge-coloring of
K(n,m). In [13] Lin et al. (2010) compute the adjacent vertex-distinguishing edge-coloring of graphs con-
taining Hamiltonian path and graphs containing dominating path. In [14] Lin-zhong et al. (2003) compute
on the adjacent strong edge-coloring of Halin Graphs. In [15] Omai et al. (2017) compute for some result
for AVD-edge-coloring on power of path!. In [17] Wang et al. (2010) obtained adjacent vertex-distinguishing
edge-colorings of graphs with smaller maximum average degree. In [18] Yu et al. (2016) compute adjacent
vertex-distinguishing colorings by sum of sparse graphs. In [19] Zhang et al. (2002) obtained some stan-
dard result and pose the conjecture for adjacent Strong edge-coloring of graphs. In [20] Zhang et al. (2014)

obtained improved upper bound on adjacent vertex-distinguishing chromatic index of a graph.
2. Brick-product

Let ¢ =2, m =1 and r = 0 be integers such that m + r is even. Let Cy, be a cycle of length 2¢. The (m, r)-
brick-product of C,¢, denoted by Br(2¢, m, r), is the graph with adjacency defined in two cases.
e For m =1, r = 3 must be odd and Br(2¢,1,r) is obtained from the cycle Cyy = (vg, V1, V2,..., V2r-1, Vo), by
adding chords joining v»; and v, for i € {0, 1,...,¢ — 1} where subscripts are taken modulo 2¢.

e For m =2, Br(2¢, m, r) is obtained by first taking the vertex-disjoint union of m copies of C,, denoted by
CZ[(l) = (Vi,O; Vi1 Vi2y--» Vi20-1, Ui,())r i€ {0; 1; e, — 1}

Next, for each pair (i, j) € {0,1,...,m—2} x {0,1,...,2¢ — 1} such that i and j have the same parity, an edge is
added to join v; j and v;41,;. Finally, forodd j € {1,3,5,...,2¢ -1}, an edge is added to join vo j and vp,—1,j+r,

where the second subscript is modulo 2¢ ([16]).

By definition, Br(2¢, m, r) is 3-regular. So )(’as(Br(ZZ, m,r)) = A+1 = 4. We show at most brick-product have
X s(Br(2¢,m,r)) = 4.

3.y <(Br(2¢,m,r)) for m ¢ {1,2,5}

Theorem 3.1. For m ¢ {1,2,5}, !, (Br(2¢,m,r)) = 4.

Proof.

Let G = Br(2¢,m,r).1am consider four cases.
Case 1. m=0(mod 4).

Define o : E(G) — {1, 2, 3,4} as follows:
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fori € {0,4,8,...,m—4},
if j€10,2,4,...,20 -2},
o(vi,jvij+1) =
if j€{1,3,5,...,20 — 1};

fori € {1,5,9,...,m—3}

0(vi,jvij+1) =
if je{1,3,5,...,20 —1};
fori € {2,6,10,...,m—2},

if j €{0,2,4,...,2¢0 -2},
o0(Vi,jvij+1) =

1
2
1 ifje{0,2,4,...,2¢ -2},
3
3
4

if j€1{1,3,5,...,20 — 1};

fori € {3,7,11,...,m—1},

2 ifje{0,2,4,...,2¢ -2},
o(v;jVij+1) =
if j€{1,3,5,...,20 - 1};

for j€{0,2,4,...,2¢ -2} and i € {0,4,8,...,m—4}, 0(v; jVi+1,j) = 4
for j€{l1,3,5,...,2¢-1}and i € {1,5,9,...,m =3}, 0(v; jvis1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {2,6,10,...,m—2}, 0(v;,jvis1,j) = 1;
for je€{1,3,5,...,2¢ - 1}and i € {3,7,11,...,m—5}, 0(V; jVi+1,j) = 3;
for j€{1,3,5,...,20 =1}, 0(vo,j Um-1,j+r) = 3.
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,4,8,...,m—4},
{1,2,4} if je{0,2,4,...,2¢ -2},
So(vy,j) =
{1,2,3} ifje{1,3,5,...,2¢ -1}
fori € {1,5,9,...,m—3},
{ﬂﬁA} if j€10,2,4,...,20 -2},
So(vi,j) =

{1,2,3} ifje{1,3,5,...,2¢-1};

fori € {2,6,10,...,m—2},
{1,3,4} if je€{0,2,4,...,2¢ -2},
Sq(vi,j) =
{2,3,4} ifje{1,3,5,...,2¢ -1}
fori € {3,7,11,...,m—1},
{1,2,4} ifje{0,2,4,...,2¢ -2},
So () =

{2,3,4 ifje{1,3,5,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.

Case 2. m =1(mod 4).

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,3,6},

1 ifjef0,2,4,...,20-2},

0(vi,jvij+1) =
2 ifje{1,3,5,...,2¢ -1}
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fori € {1,4,7},
1 ifje{0,2,4,...,2¢0 -2},
o(vi,jvij+1) =
3 ifje{l,3,5,...,20 - 1};
fori € {2,5,8},
1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
4 ifj€{1,3,5,...,20 - 1};
fori € {9,13,17,...,m—4},
1 ifje{0,2,4,...,2¢0 -2},

o0(V;,jvij+1) =
2 ifje(l,3,5,...,20-1};

fori € {10,14,18,...,m—3},

1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
3 ifje{l,3,5,...,2¢ -1}

fori € {11,15,19,...,m-2},

if j€{0,2,4,...,20 -2},
o(v;jvij+1) =
if j€{1,3,5,...,20 —1};

fori € {12,16,20,...,m—1},

2 ifje{0,2,4,...,2¢ -2},
o(v;jvij+1) =
4 ifje{l1,3,5,...,20-1};

for j€1{0,2,4,...,2¢ -2} and i €{0,6}, 0 (v;,jVi+1,j) = 4;
for je€{1,3,5,....,2¢ =1} and i =3, 0(v;jvi+1,j) =4
for j€{1,3,5,...,2¢0 -1} and i € {1, 7}, 0 (v} jVi+1,j) = 2;
for j€{0,2,4,...,2¢ -2} and i = 4, 0(v;,jVit1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {2,8}, 0 (v; jVi+1,j) = 3;
for j€{1,3,5,...,2¢0 -1} and i =5, 0(v;,jVi+1,j) = 3;
for je€{1,3,5,...,2¢ -1} and i € {9,13,17,...,m— 4}, 0 (v} jVi+1,j) = 4
for j€1{0,2,4,...,2¢ -2} and i € {10,14,18,...,m =3}, 0(v; jVi+1,j) = 2;
for je€{1,3,5,...,2¢ —1}and i € {11,15,19,...,m =2}, 0(v; jVi+1,j) = 1;
for j€1{0,2,4,...,2¢ -2} and i € {12,16,20,...,m =5}, 0(v; jVi+1,7) = 3;
for j€{1,3,5,...,2¢0 — 1}, 0 (vo,j Um—1,j+r) = 3.
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,6},
{1,2,4} ifje{0,2,4,...,2¢-2},

Sq(vi,j) =
{1,2,3} ifje{1,3,5,...,2¢ -1}
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fori € {1,73,

for i

fori

for i

fori

for i

{27 8})

{9,13,17,...,m—4},

fori € {10,14,18,...,m—3},

fori € {11,15,19,...,m-2},

fori € {12,16,20,...,m—1},

Observe that o is an AVD proper edge-coloring of G.

Case 3. m =2 (mod 4).
Define o : E(G) — {1,2,3,4} as follows:
fori € {0,3},

{1,3,4}
Sq(vi,j) =

{1,2,3}

{1,3,4}
So(vij) =

{1,2,4}

{1,2,3}
Sq(vi,j) = {

{1,2,4}

{1,2,3}
So () =

{1,3,4}

{1,2,4}
Sq(vi,j) =

{1,3,4}

{1,2,3}
So(vi,j) =
{1,2,4}

{1,2,3}
So () = {
{1,2,4}

{2,3,4}
So(vi,j) =
{1,3,4}

{2,3,4}
So(vj,j) = {
{1,2,4}

1

o(vi,jvij+1) =
2

if j€1{0,2,4,..
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €{0,2,4, ..
if j€11,3,5,...

if j €10,2,4,...
if je{1,3,5,...

if j€{0,2,4,..
if j€{1,3,5,...

if j €10,2,4,...
if j €11,3,5,...

if j €10,2,4,...
if je{1,3,5,..

if j€{0,2,4,...
if je{1,3,5,..

if j €10,2,4,...

if j €{1,3,5,..

if j€{0,2,4,...
if j€{1,3,5,...

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

)2€_2})

)2€_2}7

L20-1};

)22_2}7

L20—1};

)28_2’}7

20 —1}.

,2£—2},
201}
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fori € {1,4},
1 ifje{0,2,4,...,2¢0 -2},

o(vi,jvij+1) =

3 ifje{l,3,5,...,20 - 1};

fori € {2,5},

1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
4 ifjefl,3,5,...,20 - 1}

fori € {6,10,14,...,m—4},

o0(V;,jvij+1) =

2 ifje(l,3,5,...,20-1};

fori € {7,11,15,...,m—3},
1 if je{0,2,4,...,2¢ -2},

o(v;jVij+1) =

3 ifje({l,3,5,...,2¢ -1}

fori € {8,12,16,...,m—2},

if j €{0,2,4,...,2¢0 -2},
o0(Vi,jvij+1) =

{1 if j€10,2,4,...,20-2},

if j€11,3,5,...,20 — 1};

fori € {9,13,17,...,m—1},

A}

if j €40,2,4,...,20 -2},
o(v;jVij+1) =
if j€{1,3,5,...,20 — 1};
for j€{0,2,4,...,2¢ -2}and i =0, 0(v;jvi41,j) =4
for j€{1,3,5,...,2¢0 -1} and i = 1, 0(v;,j Vi+1,j) = 2;
for j€1{0,2,4,...,2¢0 -2} and i =2, 0(v;,jVi+1,j) = 3;
for je€{1,3,5,....,2¢0 —1}and i =3, 0(v; jVi+1,j) =4
for j€1{0,2,4,...,2¢0 -2} and i =4, 0(v;jVi+1,7) = 2;
for j€{1,3,5,...,2¢ =1} and i =5, 0(v;jvi+1,j) = 3;
for j€1{0,2,4,...,2¢ -2} and i € {6,10,14,...,m—4}, 0(v;,jvi+1,j) = 4
for je€{1,3,5,...,2¢ =1} and i € {7,11,15,...,m =3}, 0(v; j Vi+1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {8,12,16,...,m =2}, 0(v;,jvi41,j) = 1;
for j€{1,3,5,...,2¢ -1} and i €{9,13,17,...,m =5}, 0(v;,jVi+1,j) = 3;
for j€{1,3,5,...,20 — 1}, 0 (vo,j Um—1,j+r) = 3.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori = 0,
{1,2,4} ifje{0,2,4,...,2¢ -2},
So () =
1,2,3} if je{1,3,5,...,20—1};
fori =1,
{1,3,4} ifj €{0,2,4,...,2¢ -2},
So(vij) =

{1,2,3} ifje{1,3,5,...,2¢ -1}
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fori = 2,
{1,3,4}
So(vi,j) =
{1,2,4}
fori = 3,
{1,2,3}
So(vij) =
{1,2,4}
fori = 4,
{1,2,3}
So(vi,j) =
{1,3,4}
fori = 5,
{1,2,4}
So(vi,j) =
{1,3,4}
fori € {6,10,14,...,m—4},

fori € {7,11,15,...,m—3},
fori € {8,12,16,...,m—2},

fori € {9,13,17,...,m—1},

{1,2,4}
So(vi,j) =
{2,3,4}

Observe that o is an AVD proper edge-coloring of G.
Case 4. m =3 (mod 4).
Define o : E(G) — {1, 2, 3,4} as follows:
fori = 0,

{ 1

o(v;jVij+1) =
2

fori =1,
1

o(vi,jvij+1) =
3

if j€1{0,2,4,..
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €{0,2,4, ..
if j€11,3,5,...

if j €10,2,4,...
if je{1,3,5,...

if j€10,2,4,...
if j€11,3,5,..

if j€{0,2,4,..
if j€{1,3,5,...

if j€{0,2,4,..
if j€{1,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

if j€10,2,4,..
if je{1,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

;2€_2})

,2?—2},

.20 -1}

.20 =2},

)24— 1};

.20 =2},

20 -1}

)25—2})
,20 —1}.

.20 -2},
,2[— l}y

,2£—2},
20 -1}
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fori = 2,

fori € {3,7,11,...

fori € {4,8,12,...

fori € {5,9,13,...

fori € {6,10,14,...,m—1},

o(vijVij+1) =
0(vi,jvij+1) =
o(vijvij+1) =
o(v;jVij+1) =

|
!
|
|

2
o0(Vi,jvij+1) =
4

for j€1{0,2,4,...,2¢ -2} and i =0, 0 (v; jVi+1,j) =4
for j€{l1,3,5,...,2¢0 -1} and i = 1, 0(v;,jVi+1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i =2, 0(v;jVi+1,j) = 3;

for j€{1,3,5,...,2¢0 -1} and i € {3,7,11,...,m—4}, 0(v;,jVi+1,j) = 4
for j€{0,2,4,...,2¢ -2} and i € {4,8,12,...,m =3}, 0(v; jVi+1,j) = 2;
for j€{1,3,5,...,2¢ -1} and i € {5,9,13,...,m =2}, 0(v;,jvi+1,) = 1;

if j€10,2,4,...
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €1{0,2,4,...
if je{1,3,5,...

if j €10,2,4,...
if j €16,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

,2[—2},
»26— 1};

)2[_2})

,2[-2},
»24— 1};

)2[_2})

y2€_2}7
»26— 1};

for j€{0,2,4,...,2¢ -2} and i € {6,10,14,...,m =5}, 0(v; jVis1,j) = 3;
for j€{1,3,5,...,20 =1}, 0(vo,j Um-1,j+r) = 3.

By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori = 0,
fori =1,
fori = 2,

fori € {3,7,11,...,m—4},

{1,2,4}
Sq(vj,j) =
{1,2,3}

{1,3,4}
Sq(vi,j) =
{1,2,3}

{1,2,4}

{1,2,3}
So(vij) =

{1,3,4}
So(vi,j) = {

1,2,4

if j€1{0,2,4,...
if je{1,3,5,...

if j €10,2,4,...
if j €11,3,5,...

if j€{0,2,4,...
if je{1,3,5,...

if j€10,2,4,...
if j €11,3,5,...

,24_2},
’25_ 1})

)22_2})
, 20 -1}

!24—2}7
’22_ 1})

)22_2})
20 -1}
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fori € {4,8,12,...,m—3},

{1,3,4} ifje{1,3,5,...,2¢ -1}

{1,2,3} if je€{0,2,4,...,2¢ -2},
Sq(vi,j) =

fori € {5,9,13,...,m—2},

{2,3,4} ifje{0,2,4,...,2¢ -2},
So(vij) =

{1,3,4} ifje{1,3,5

fori € {6,10,14,...,m—1},

20 -1}

{2,3,4) ifj€{0,2,4,...,20-2},
Sq(vj,j) =

11,2,4} ifje{1,3,5

Observe that o is an AVD proper edge-coloring of G.
Thus, x/,(Br(2¢,m,r)) = 4.

4.y" (Br(2¢,1,1))

By definition, r € {3,5,7,... }. Also, £ = 3.
Theorem 4.1. If / =3 (mod 6) and r ¢ {3,9,15,21,...}, then
Xs(Br(2¢,1,r) = 4.

Proof.
Define o : E(Br(2¢,1,r)) — {1,2,3,4} as follows:

1 ifje{0,3,6,.
o(vjvjy1) = 2 ifje(l,4,7,.

3 ifje{2,5,8,.

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are:

{1,3,4} if j€{0,3,6,
So(vj) = {11,2,4} ifje{l,4,7,
{2,3,4) ifje{2,5,8,

Observe that o is an AVD proper edge-coloring of G.
Thus, y/,((Br(2¢,1,r)) = 4.

5.y (Br(2¢,2,1))

By the definition of Br(2¢,2,r), r is even.
Theorem 5.1. For £ =0 (mod 3), y,(Br(2¢,2,r)) = 4.

Proof.

yeens 2013,

.20 -3},
.,20-2},
.20 -1},

., 20 =3},
.20 =23,
20 -1}
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Let G=Br(2¢,2,r).I am consider two cases.
Casel.r ¢ 1{4,10,16,...}.
Define o : E(G) — {1,2,3,4} as follows:

1 ifje{0,3,6,...,2¢ -3},
o(vojvoj+1) = 2 ifjeil,4,7,...,20 -2},

3 ifj€{2,5,8,...,20—1};

3 if j€{0,3,6,...,2¢ -3},
o(v,jn,j+) = (1 ifje{l,4,7,...,20 -2},
2 ifjel2,58,...,20-1).

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

{1,3,4} ifje{0,3,6,...,2¢ -3},
So(vo,j) = {11,2,4} ifje{1,4,7,...,20-2},
{2,3,4} ifjei2,58,...,20-1};

{1,2,4} ifj€{0,3,6,...,2¢-3},
So(v1,)) = $12,3,4} if je{l,4,7,...,20-2},
{1,3,4) ifje{2,58,...,20—1}.

Observe that o is an AVD proper edge-coloring of G.
Case 2. r €{4,10,16,...}.
Define o : E(G) — {1, 2, 3,4} as follows:

1 ifj€{0,3,6,...,20-3},
o(vo,jvo,j+1) = 2 ifjeil,4,7,...,20 -2},
3 ifje{2,5,8,...,2¢ -1}

2 ifje{0,3,6,...,2¢0 -3},
o(vy,jvj+1) = {3 ifje{l1,4,7,...,20 -2},

1 ifje{2,5,8,...,20—1}.

Remaining edges are colored 4.

By the construction, o is a proper edge-coloring.
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The induced vertex-color sets are given below:

{1,3,4} if j€10,3,6,...,2¢ -3},
Solvo,j) = 1{1,2,4} if je{l,4,7,...,20 -2},
{2)3)4} ifj€{2)5)8)~-~)2(_1};

{1,2,4} if j€{0,3,6,...,2¢ -3},
So(v1,)) = $12,3,4} if je{l,4,7,...,20-2},

{1,3,4} if je{2,5,8,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.
Thus, y/,((Br(2¢,2,1)) = 4.
This completes the proof.

6. 1 ,s(Br(2¢,5,1))

By the definition of Br(2¢,5,r), r is odd.

Theorem 6.1. For £ =0 (mod 3), y,(Br(2¢,5,1)) = 4.

Proof.

Let G = Br(2¢,5,r).1 am consider two cases.

Casel.r ¢1{3,9,15,...}.

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,2,4},

1 ifj€{0,3,6,...,2¢ -3},

o(vijvij+1) = (2 ifjefl,4,7,...,2¢0 -2},
3 ifjef{2,5,8,...,2¢ -1}
fori € {1,3},
3 ifje{0,3,6,...,2¢0 -3},

o(vijvij+1) = 1 ifjefl1,4,7,...,2¢0 -2},

2 ifje{2,5,8,...,2¢ - 1}.

Edges {vg,jv1,j,V2,jv3,j: J€11,3,5,...,20 = 1}}U
{v1,jV2,j,V3,jVa,j, Vo,j Vs, j+r: J€10,2,4,
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,2,4},
{1,3,4} if j€10,3,6,...,2¢ -3},
So(vij) = {11,2,4} ifje{l,4,7,...,2¢ -2},

{2,3,4) ifj€{2,5,8,...,20—-1};

11

...,20 —2}} are colored 4.
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fori € {1,3},

{2,3,4} if j€{0,3,6,...,2¢ -3},
So(vij) = {11,3,4} ifje{l,4,7,...,2¢ -2},

{1,2,4} ifje{2,5,8,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.

Case2.r€{3,9,15,...}.

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,2},

1 ifj€{0,3,6,...,2¢ -3},

o(vijvij+1) = 2 ifjefl1,4,7,...,2¢0 -2},
3 ifje{2,5,8,...,2¢0 -1}
fori € {1,3},
3 if je€{0,3,6,...,2¢ -3},

o(vijvij+1) = (1 ifjefl1,4,7,...,2¢0 -2},

2 ifj€{2;578}--')2€_1};

fori = 4,
2 ifje{0,3,6,...,2¢ -3},

o(vi,jvij+1) = {3 ifje{l,4,7,...,2¢0 -2},

1 ifje{2,5,8,...,20—1}.

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori € {0,2},
{1,3,4} ifje0,3,6,...,2¢ -3},
So(vij) = {11,2,4} ifje{l,4,7,...,2¢ -2},
{2,3,4} ifjef2,5,8,...,2¢0-1};
fori € {1,3},
{2,3,4} ifj€{0,3,6,...,2¢ -3},
So(vij) = {11,3,4} ifje{l,4,7,...,2¢ -2},
{1,2,4} ifjef2,5,8,...,20-1};
fori = 4,
{1,2,4} ifj€{0,3,6,...,2¢ -3},
So(vij) = 12,3,4} ifje{l,4,7,...,2¢ -2},
{1,3,4} ifjef2,5,8,...,20-1}.

Observe that o is an AVD proper edge-coloring of G.
Thus, x/, (Br(2¢,5,1)) = 4. We finish this paper with the following problem.
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i) For £ =3 (mod 6) and r € {3,9,15,21,...}, compute )(’as(Br(Zﬁ, 1,r).
ii) For ¢ # 3 (mod 6), compute y/,(Br(2¢,1,1)).
iii) For ¢ # 0 (mod 3), compute y ', (Br(2¢,2,1)).
iv) For ¢ # 0 (mod 3), compute )(’as(Br(Zé,S, r).
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1. Introduction

An arithmetical function is a complex valued function defined on the set of positive integers and the set
of these functions is denoted by A. The (Dirichlet) convolution (g * k) of g and h is defined by (g = h) (n) =
Yam 8@dh( g) forall g, h € A. Rearick [2] introduced the notions of Logarithm and Exponential operators of
arithmetic functions. These operators were inverses of one another. The Logarithm operator takes Dirichlet
products to sums in A, and the Exponential operator takes sums to Dirichlet products. Inspired by Rearick’s
work Li and MacHenry introduced LOG and EXP operators. The LOG operates on generalized Fibonacci
polynomials(Fy , (1)) giving generalized Lucas polynomials(Gy, ,(#)). The EXP is the inverse of LOG[1]. Then
Li and MacHenry defined the "Hyperbolic" SINE and "Hyperbolic" COSINE functions with the help of the

EXP operator. First, let’s give the definitions necessary to make sense of these definitions.

Definition 1.1. [1] An isobaric polynomial is a polynomial in the variables #, t»,..., tx for k € {1,2,...}, with

coefficients in Z, of the form

Pen(ty,to,.. )= ) Cati % 1"
akn

k
where a = {a1, az,...a;} and a - n means that } ja; =n.
j=1
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Definition 1.2. [1] A weighted isobaric polynomial given by the following explicit expression:

ay (a2 Ok
PR AL

k oy
lal Zj:leal
ap, az,..., Uk

Puin(ty, to,..., ) = Z (
akn

where w is the weight vector (w1, wo, ..., wy), wj€ Zand |a| = a; + az +... + ay.

Fr (1) and Gy (1), are defined inductively by as follows:
Fio(0) =1, Fpy1(80) = 01 Fi (0 + -+ + (x B p-g41 (1) (n > 1),
and

Gr,o(1)
Gk,n(t)

k, G1(D) =11, Gen(t) = Gy n (DA < n< k),

0 Grn-1(0) + -+ + 1k G p—i (1) (n > k),

where the vector ¢ = (£, f, ..., tx) and t; (1 < i < k) are constant coefficients of the core polynomial

1

P(x;t1, by 1) = X = xF = — gy
Li and MacHenry [1] defined two operators £ (LOG) and & (EXP).
Definition 1.3. [1] Forafixed kand n =1,
L(Py)=—ty_1P1—2t,_oP>—...—(n—-1)41P;_1 + nP,

where P, is weighted isobaric polynomial and ¢; =0 for i > k.

Definition 1.4. [1] For a fixed k, £(Gy) =1,
1
E(Gg,p) = ;(Fk,n—le,l + Fin—2Gr2 + ... + F 1 G n—1 + G )
Lemma 1.5. [1].Z and & are inverses of one another on F and G, i.e.,

z(Fn) = Gy

&(Gn) Fy

Definition 1.6. [1] "Hyperbolic" SINE and "Hyperbolic" COSINE functions are defined as;

1 -
ol(&)) E(é"(G) +8(G))

1 __
S(G) E(éa(G) -&8(G).

2. "Hyperbolic" Trigonometric Operators

The purpose of this article is to give proofs of some properties provided by "Hyperbolic" trigonometric

functions defined in [1].
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Theorem 2.1. [1] Let 6 be the function whose values are (1,0,0,...,0,...),

C(G)*?*-S(G)*? =6.

..... 1
with Z(F) =G and £(F) =G, then

C(G+G) C(G) * C(G) + S(G) * S(G),

S(G+G) S(G) * C(G) + C(G) * S(G).

Theorem 2.3. Let F and G be induced by the core [, t;], with £(F) = G then,

.....

S2G) =2(S(G) * C(G))

Proof.

1 — 1 S
28@*CG) = 258G -6 = (E(G) +E(G))
1 S -
= 566 -8@)*EG)+8(G)
= %(g(G)*é’(G)+é"(G)*£’(G)—£(G)*é’(G)—g(G)*g(G))

= %(éa(ZG) -£(2G))
= S(2G).

Theorem 2.4. Let F and G be induced by the core [#, ], with £(F) = G then,

.....

C2G) =2(C(G)*?-6.

Proof.

*2
2(C(GN)** -6 2 (%(f:(c) +£(G))) -6

1 —\*2
E(é"(G)+(5"(G)) -5
- %(éa(G)*5’(G)+26"(G)*(S’(G)+€(G)*é°(G)—26)

_ %(g(zc) 126+ E2G) - 26)

= %(8(2@ +£(2G))
= C2G).

.....

17
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Theorem 2.5. Let F and G be induced by the core [#, ], with £(F) = G then,

.....

C(2G) = (C(G)** + (S(G)*?
Proof.

*2

(C(G)** +(S(G)*?

(E(é"(G) + é"(G))) + (z(é"(G) - éa(G)))

4—11 ((é’(c) +20) " +(6©) —%)*2)

= le((éa(G) *&(G)+28(G) *E(G)+E(G) *&E(G)

+&(G) * £(G) —28(G) * E(G) + E(G) * £(G))
= ;l(éa(ZG)+€(2G)+<§(2G)+£’(2G))

h .
- e (626) +82G)

= %(g(ZG) +£(2G))
= C2G).

Theorem 2.6. Let F and G be induced by the core |1, t;], with £(F) = G then,

,,,,,

CRG) =2(S(G)**+6

Proof.

2(S(G)**+6

*2
2 (%(éa(G) —8(G))) +6

= %((éa(G) —M)*Z) +6

= %(8(6’) *&(G)—28(G) *E(G) +E(G) * E(G) + 26)
= %(g(ZG) -26+612G) +20)

= %(é”(ZG) +6(2G))
= C(2G).
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1. Introduction

In differential geometry, the theory of surfaces in 3-dimensional Euclidean space has an important place.
Although the theory of surfaces in 3-dimensional Euclidean space had already been developed widely when
the Serret-Frenet frame was introduced by Serret and Frenet, Serret-Frenet frame helped developing this
theory further by researchers. This theory is still an issue of interest despite its long history. The approaches
followed by Serret and Frenet led to the success of adapting the method of moving frames to the surface
curves. This was carried out by Jean Gaston Darboux. He introduced a moving frame which is constructed
on a surface. It is called as Darboux frame. At all non-umbilic points of a surface, Darboux frame exists.
Thus, it exists at all the points of a curve on a regular surface [9, 12]. Darboux frame is a useful tool for
investigating the theory of surfaces. From the discovery of this frame until now, many researchers have
carried out lots of interesting studies on this theory by using this frame. Some of these studies can be found
in[2,7, 8,10, 14, 17].

In Euclidean 3-space, a point particle of constant mass moving on a regular surface curve has a position
vector according to Darboux frame of this curve. So, an arbitrary point of the trajectory can be represented
by the aforesaid particle. As a result of this case, there is a very close relationship between the differential
geometry of the trajectory, the differential geometry of the surface and the kinematics of the moving parti-

cle. This relationship has motivated us to prepare this study. In this study, a new moving frame on regular
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surfaces for trajectories with non-vanishing angular momentum has been constructed by considering the
Darboux frame of the trajectory. It is expected that this moving frame will enable more convenient observa-
tion environment for the researchers studying on modern robotics. Note that we carried out a similar study
[11] for trajectories, not necessarily lying on a surface, by considering Serret-Frenet frame. The present

study includes similar techniques and approaches given in [11].

Let E3 be endowed with the standard inner product (D,E) = dye; + dyey + dses where D = (dy, d», ds3), E =
(e1, e2, e3) are arbitrary vectors in this space. The norm of the vector D is stated as ||[D|| = v/(D, D). Ifa

differentiable curve y = y(s) : I ¢ R — ES satisfies the equality ” % =1 for all s € I, this curve is called
a unit speed curve. In this case, s is said to be arc-length parameter of y. A differentiable curve is called
regular curve if its derivative is nonzero along the curve. Regular curves can be reparameterized by the arc-
length [13]. In the rest of the paper, the differentiation with respect to the arc-length parameter s will be

shown with a dash.

The Serret-Frenet frame of the curve y = y (s) is denoted by {T (s),N(s),B(s)}. The unit vectors T (s), N(s)
and B (s) are called the unit tangent, unit principal normal and unit binormal vectors, respectively. On the

other hand, the Serret-Frenet formulas are given by

T 0 x O0) (T
N|=]-«x 0 71||N (1.1
B’ 0 -t 0 B

where « (s) = | T’ () is the curvature function and 7 (s) = — (B’ (s),N(s))) is the torsion function [13].

Suppose that y : I € R — M c E® is a unit speed curve which lies on a regular surface M. In that case, there
exists Darboux frame denoted by {T,Y, U} along the curve y. T is the unit tangent vector of y, U is the unit
normal vector of M restricted to y and Y is the unit vector given by Y = U x T. The derivative formulas of

Darboux frame are as follows:

T 0 kg k) (T
Y|=|-k 0 1o||Y] (1.2)

Here, the functions kg, k, and 7 are called geodesic curvature, normal curvature and geodesic torsion of

the curve y, respectively [6, 9].

This study is organized as follows. In Section 2, we explain how our frame is constructed and give the relation
matrix between this frame and Darboux frame. Afterwards, we obtain derivative formulas and complete the
set of apparatus of this frame. Also, angular velocity vector is obtained for this frame. In Section 3, we study
the special trajectories generated by Smarandache curves according to this frame in three-dimensional Eu-

clidean space.
2. Positional Adapted Frame on Regular Surfaces

In E3, let a point particle of constant mass m move on a curve which lies on a regular surface M. Denote
by x the position vector of this particle relative to fixed origin O at time ¢. Let the curve y = x(s) be the unit

speed parametrization of the trajectory of the particle where the arc-length s of y corresponds to time t. In
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that case, the unit tangent vector, velocity vector and linear momentum vector at the point y(s) (at time t)

are given by

T(s) = d_x
= ds
v(t) = d_x = (@) T(s) 2.1)
~dr  \dr ’
) = mv() = m(@)T(s)
P B B dt '
respectively [4]. Also, we can write
x=(x(5), T())T(s) + {x(5),Y($))Y(s) + (x(5), U(s)) U(s) (2.2)

at the point y(s) (at time t) with respect to Darboux frame. By vector product of x and p(#), the angular

momentum vector (at time ¢) of the particle about O is found as:

o ds ds
HY = m(x(s),0(s)) (E)Y(s) -m{x(s),Y(s) (E) Uu(s). (2.3)

Throughout the paper, we suppose that angular momentum vector of the aforementioned particle never
vanishes. In other words, we restrict ourselves to the trajectories having non-vanishing angular momentum.
This assumption ensures that the coefficient functions {x(s), Y(s)) and { x(s),U(s) ) of the position vector are
not zero simultaneously. That is, we ensure that the tangent line never passes through the origin along the

trajectory. Let us return to the position vector. The opposite of this vector is given as in the following:
—x=(—x(8),T())T(s) +{—x(5),Y())Y(s) + {—x(5),U(s)) U(s). (2.4)

The projections of it on the instantaneous planes Sp{T(s),Y(s)} and Sp{T(s), U(s)} yield two vectors playing

important roles to construct a new moving frame on M along y. These roles are stated in detail below.

The vector, whose starting point is y (s) and endpoint is the foot of perpendicular (from O to Sp{T(s),Y(s)}),

can be given by
r(s) = (=x(),T($)) T(s) + (—x(5),Y(s)) Y(s) (2.5)

and corresponds to the aforementioned projection on Sp {T(s),Y(s)}. On the other hand the vector, whose
starting point is y (s) and endpoint is the foot of the perpendicular (from origin to Sp{T(s),U(s)}), can be
given by

r*(s) = (—x(5), T(5)) T(s) + {—x(s5), U(s)) U(s) (2.6)

and corresponds to the aforementioned projection on Sp {T(s), U(s)}. From the Equation 2.5 and Equation

2.6, we can get the vector
r(s) -1 (8) = (—x(8),Y(8)) Y(s) + (x(5), U(s)) U(s) 2.7

whose starting point is y (s) and which lies on the instantaneous plane Sp {Y(s),U(s)}. We must empha-
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size that the vector r(s) —r*(s) is equivalent to the vector whose starting point is the aforesaid foot on

Sp{T(s),U(s)} and endpoint is the other aforesaid foot on Sp{T(s),Y(s)} (see Figure 1).

Let us talk about the determination of unit vector in direction r(s) —r*(s). If both planes Sp{T(s),Y(s)} and
Sp{T(s),U(s)} do not contain the origin, the foots are distinct from each other and from the origin. There-
fore, two distinct foots generate the non-zero vector r(s) —r*(s). In this case, the desired unit vector can be
obtained. When only one of the planes Sp{T(s),Y(s)} and Sp{T(s), U(s)} passes through the origin, the foot
of the perpendicular on the plane, containing origin, is taken as the origin. Certainly, the other foot is dis-
tinct from the origin. In that case, the desired unit vector is determined similarly. The case both the planes
Sp{T(s),Y(s)} and Sp{T(s),U(s)} include the origin simultaneously causes not to be determined of the de-
sired unit vector because the both of the aforesaid foots correspond to the origin. This situation occurs only
when the tangent line contains the origin. Fortunately, the assumption on the angular momentum vector
averts this. Let the unit vector in direction r(s) — r* (s) be denoted by H(s). Namely,

H(s) = r(s)-r'(s) _ (=x(8), Y(5)) Yis)+ (x(s), U(s)) Uls). 28

IS =1 e, ¥@) + (19, U@ (s, Y©)? +(x(s), U(s)

By vector product H(s) and T (s), we can get the another basis vector. We show it with G(s). Then we obtain

U Y
G(s)=H(s)AT(s) = (19, UGs) Y(s) + ((s), ¥(s)) U(s). 2.9

(X(8), Y(9)* +(x(s), U(s))° VX9, Y9)2 + (1(9), U()°

This completes the positively oriented orthonormal moving frame {T (s), G(s), H(s)}.

Since the vectors Y(s), U(s),G(s) and H(s) lie on the plane {T (s)}*, there is a relation between the Darboux

frame and this frame as follows:

T (s) 1 0 0 T(s)
G(S)|=|0 cosQ(s) —sinQ(s) || Y(s) (2.10)
H(s) 0 sinQ(s) cos(s) U(s)

where Q(s) is the angle between the vectors U(s) and H(s) which is positively oriented from U(s) to H(s) (see

Figure 1). By using the Equation 1.2 and Equation 2.10, we can write

G'(s) (cosQ(s)Y(s) —sinQ(s)U(s))’

= —Q'(5)sinQ()Y(s) + cosQ(s) (—kg ()T(s) + g (HU(s))

—Q'(5) cos Q)T (s) +sinQ(s) (kn ($)T(s) + Tg(s)Y(s))
= (—kg(s)cosQ(s) + kn(s)sinQ(s)) T(s) + (T4 (s) — Q'(8)) [sinQ(s)Y($) + cos Q(s)U(s)]
= (—kg($)cosQ(s) + kn(s)sinQ(s)) T(s) + (4(s) — Q' (s)) H(s)
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and

H'(s) = (sinQ(9)Y(s)+cosQ(s)U(s))’
= Q'(s)cosQ(s)Y(s) +8inQ(s) (—kg(HT(s) + Tg(U(9))
—Q'(5)sinQ(s)U(s) — cos Q(s) (kn ($)T(s) + Tg()Y(s))
= (—kg($)sinQ(s) — kp(s) cosQ(s)) T(s) + (Q'(s) — g(s)) [cos Q)Y (s) —sinQ(s)U(s)]
= (—kg($)sinQ(s) — kp(s) cosQ(s)) T(s) + (Q'(s) — 1g(5)) G(5).

In that case, differentiating the vector G(s) A H(s) gives us the following:

T'(s) (G(s) AH(s))’

= G'(s) AH(s) +G(s) AH'(s)
= [(—kg(s) cosQ(s) + kn(s)sinQ(s)) T(s) + (g (s) —Q'(s)) H(s)] AH(s)
+G(s) A [(—kg(5)SinQ(s) — ky (5) cos Q(s)) T(s) + (Q'(s) — 7g(5)) G(3)]
= (kg(s)cosQ(s) — ky(s)sin(s)) G(s) + (kg () sinQ(s) + ky(s) cos Q(s)) H(s).

Therefore, the derivative formulas are given by

T'(s) 0 ki(s)  ka(s)) [T(s)
G| =|-k(s 0 k3(s)| | G(s) (2.11)
H'(s) —ko(s) —ka(s) 0 H(s)
where
ki(s) = kg(s)cosQ(s) — kn(s)sinQ(s)
ka(s) = kg(s)sinQ(s) + ky(s)cosQ(s) (2.12)
k3(s) = 1g(9)—Q'(s).

Based on the relationship of the frame {T(s), G(s), H(s)} to the position vector, we call it as "Positional Adapted
Frame on Regular Surface". We will use the abbreviation PAFORS for it in the rest of the study. Also, we call

the set {T(s), G(s),H(s), k1 (), k2(s), k3(s)} as PAFORS apparatus of the regular surface curve y = y (s).
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Sp{Y(s).U(s)}

Sp{T(s).Y(s)}

U(s)
H(s) A

Qfs)

(@)
Figure 1. An illustration for explaining the construction of PAFORS

Y(s) ———— -Y(s)

X(s)

H(s)AT(s)=G(s) -U(s)

(b)

From the Equation 2.8, Equation 2.9 and Equation 2.10, the followings can be written easily:

—(x(5),Y(s))

sinQ)(s) = (2.13)

V(X(9,Y(9)2 + (1(9),U(5))?

,U

cosQ(s) = <X(S) (S)> . (2.14)

VX9, Y©) +(1(5),U(s)?

Then we obtain
,Y

tanQ(s) = OC(S)—(S» (2.15)

{(1(9),U(s))

Taking into consideration Figure 1 and Equations 2.13, 2.14, 2.15, the rotation angle Q(s) is determined as

Q(s) = 4

_z
2

i1

2

arctan (—

arctan (—

(x($),Y(s))

<X(S),U(s))) if (x(s),U(s))>0

(x(5),Y(s))

AIXOL) 7 if (109, U(9)) <0

(2.16)
if (x(s),0(s))=0, (x(5),Y(s))>0

if (x(9,0())=0, (x(s),Y(s)) <.

When (x(s),U(s)) = 0,{x(s),Y(s)) > 0, PAFORS apparatus {T(s), G(s), H(s), k1 (s), k2(s), k3(s)} correspond to
{T(5),U(s), =Y(5), kn(5), —kg(s),T4(s)}. Similar to above, in the case (x(s),U(s)) =0, (x(s), Y(s)) <0,
{T(s), G(5), H(s), k1(s), k2(s), k3(s)} correspond to the apparatus {T(s), —U(s),Y(s), —kn(s), kg(s),Tg(s)}.
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Now, we will get the angular velocity vector for PAFORS. A better insight into the structure of the derivative

formulas, given in (2.11), is presented by the help of the angular velocity vector w(s). The evolution of

PAFORS {T(s), G(s), H(s)} is specified by its angular velocity via

T(s) = w(s)AT(s)
G'(s) = w(s)AG(s)
H'(s) = w(s)AH(s).

Let us obtain the vector w(s). Assume that it is written with respect to PAFORS as follows:

w(s) = A1(S)T(s) + A2(8)G(s) + A3(s)H(s)

where 11 (s), A2(s) and A3(s) are real-valued functions of s. In this case, (2.17) becomes

T(s) = —2A2(9)H(s)+ A3()G(s)
G'(s) = M(H(S) —A3()T(s)
H'(s) = =11(9)G(S)+ A2()T(s).
By comparing (2.11) with (2.18) we find
A(s) = ks(s)
Aa2(s) = —ka(s)
A3(s) = ki(s).

Consequentially, the angular velocity vector is given as

w(s) = [14(s) = Q' ()] T(5) — [ kg (5) SINQ(S) + k() cOSQ(5) | G(5) + [ kg (5) cOSQ(S) — ki (5) sinQ2(s) | H(s)

for PAFORS.

(2.17)

(2.18)

3.Some Special Trajectories Generated by Smarandache Curves According to PAFORS

In the study [1], author defined special Smarandache curves in the Euclidean space. Author considered a

unit speed regular curve y = y(s) with its Serret-Frenet frame {T, N, B} and defined TN, NB, TNB— Smaran-

dache curves as follows:

B(s*) = %(T+N)

p(s*) = %(N+B)

p(s™) = L(T+N+B)
\/§ )

respectively. There can be found some studies [1, 3, 5, 15, 16, 18] on Smarandache curves in the literature.

In this section, we investigate special trajectories generated by Smarandache curves according to PAFORS

in 3-dimensional Euclidean space.
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3.1. Special Trajectories Generated by TG Smarandache Curves

Definition 3.1. In E3, assume that a point particle P of constant mass moves on the regular surface M along
the trajectory y = y(s) which is a unit speed curve. Let PAFORS be shown with {T)(’ Gy, H)(} for y = x(s).

Then, special trajectories generated by T, G, —Smarandache curves may be defined as follows:
" 1
o(s*) = 7 (T, +Gy). (3.1)

For convenience, we call these trajectories as T, Gy, —Smarandache trajectories.

Note that PAFORS apparatus of y = y (s) will be denoted by {Tx(s), Gy (s),Hy(s), k1 (), k2(s), ks(s)} in the rest
of the paper.

Now, we will discuss Serret-Frenet apparatus of T, G, —Smarandache trajectories. Differentiating the Equa-

tion 3.1 with respect to the arc-length parameter s of y = y(s), we obtain

, dods* 1
Cdst ds 2

(_le?C + k’]GX + (kg + kg) HX)

and so

ds* 1
To—o= 7 (—k1 Ty + k1Gy + (kz + k) Hy). (3.2)

From the Equation 3.2, one can easily find

ds* / (ko + k3)?
=\ k% + == 3.3
s 1°+ 5 (3.3)

Thus, we can rewrite the Equation 3.2 as

(ko+ks)® 1
To\ ka2 + % =% (~k1 Ty + k1Gy + (ko + k) Hy ). (3.4)

The Equation 3.4 gives us the tangent vector of o:

1

Ty =
\/2k12 + (ky + k3)2

(—k1Ty + k1Gy + (k2 + k3) Hy) . (3.5)

Differentiating the last equation with respect to the arc-length parameter s of y = x(s), we get

dT, ds*

SR = (2Kk1% + (kp + k)?) 2 (61T + E0Gy + E5HL) (3.6)
where
& = (ket+ky) [k 2+ kik's—Kki®ky — kiks — K'v (ko + k3) — ko (2K ® + (ko + k3)?) ] — 2Ky
& = (kptky) [-kik2—kik's—ki*ko — k1% ks + k'1 (ko + ks) — ks (2K1® + (kz + K3)?) | — 2Ky *
&3 =k (ko+ks) [<2K'1 — ko? + k3] +2k1 % K2 + k'3 + ki ks — ki Ko
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Considering the Equation 3.3 in the Equation 3.6, we find

dT,
ds*

= \/E(Zklz + (ko + k3)2)_2 (flT)( + 62Gx + §3H)() .

In that case, the curvature and principal normal vector of o are obtained as in the following:

HdTU \/2(612+522+632)
Ky = =
’ ds* (2]612 + (ko + k3)2)2
and
1
Ny = (élTX+€2GX+'S3HX)'
Va2 + &%+ &5
Where
(1 = ki3 — k62— kséo
(o = ko1 +ksé1+kids
(3 = —kig2—kiéy,
we can get the binormal vector of ¢ as
1 Ty Gy Hy
B, = —k1 k1 k2+k3
VeR e+ k) (62 +87+ &%) | 6 ¢ 6
1
= (1T +2Gy +(3Hy)

\/(27612 + (ko + k3)%) (E1% + &2 + E32)
by vector product of T, and Ng;.
3.2. Special Trajectories Generated by TH Smarandache Curves

Definition 3.2. In E3, suppose that a point particle P of constant mass moves on the regular surface M along
the trajectory y = x(s) which is a unit speed curve. Let PAFORS be denoted by {Ty, G, Hy} for y = x(s). In

this case, special trajectories generated by T,H,—Smarandache curves may be defined by

|
o(s") = 7 (T, +H,). 3.7)

For convenience, we call these trajectories as Ty Hy —Smarandache trajectories.

Now, we will investigate Serret-Frenet apparatus of T,H,—Smarandache trajectories. Differentiating the
Equation 3.7 with respect to the arc-length parameter s of y = y(s), we find
, dods* 1

ds ds ~ 5 Tt = k) Gyt ko)
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and so

ds* 1
To—- = 7 (—koTy + (k1 — k3) Gy + ko H) .

From the Equation 3.8, one can easily obtain

ds* / (k1 — k3)?
=1/ kp? + ——=,
ds 2 2

Therefore we can rewrite the Equation 3.8 as in the following:

/ (ki —ks)* 1
To k22 + T = E (— kgTX + (k1 - kg) GX + kng) .

The Equation 3.10 yields the tangent vector of o

1

Ty =
\/21622 + (ky — k3)?

(_szX + (k1 — k3) GX + kZHX) .

Differentiating the Equation 3.11 with respect to s, we get

dT, ds*

o ds = (2k? + (ky — k3)?) "% (@ Ty + p2Gy + psHy)

where

H1 (ks — k1) [= k2 (K'1 = K'3) +2k1 ko® — K2 (ks — k1) — ko (ks — k) + K (s — kp)? | — 2k,*
ta = kolky—ks)[-2K2— ki + ks (K'1 — K'3)] +2ko? [K'1 — k'3 — k1 ko — koks]
(ks — k1) [ Ko (K'1 = K'3) — 2ksko® + K2 (ks — k1) — ko* (ks — k1) — ks (ks — k1)?] — 2k2".

s

Taking into consideration the Equation 3.9 in the Equation 3.12, we find

ds*

= \/Z(Zkzz + (k1 - kg)z)_z (,LllTX + ,leGX + [JgHX) .

In this case, the curvature and principal normal vector of o are obtained as follows:

\/2 (k12 + po? + pi3?)
(2ka? + (k1 — k3)2)°

1< _HdTg
77 | ds*

and

1

\/m (,LL]TX + [.LZGX + IJ?’HX) .
1 2 3

Ny =

29

(3.8)

(3.9

(3.10)

(3.11)

(3.12)
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Where
m = kius—ksus—kyuz
N2 = kopr+kops
N3 = —kopo+kspy — kip,

we can immediately obtain the binormal vector of o as

1
B, = ko ki—ks lkp

\/(2]622 + (kl - k3)2) (/le + #22 + IJ'32) 1 1) Us
1
= (an)(+772G)(+773H)()
\/(2k22 + (k1 — k3)%) (112 + pi2® + p13?)

by vector product of T, and Ny .
3.3. Special Trajectories Generated by GH Smarandache Curves

Definition 3.3. In E3, assume that a point particle P of constant mass moves on the regular surface M along
the trajectory y = x(s) which is a unit speed curve. Let {T,, Gy, H,} be PAFORS for y = x(s). Then, special

trajectories generated by GyH,—Smarandache curves can be defined as follows:

L
V2

For convenience, we call these trajectories as GyHy—Smarandache trajectories.

o(s") = —(Gy+Hy). (3.13)

Now, we will investigate Serret-Frenet apparatus of GyH,—Smarandache trajectories. Differentiating the
Equation 3.13 with respect to the arc-length parameter s of y = x(s), we get
, dods* 1

= =— ((~k1—k2) Ty — H
o ds* ds \/E(( k1 kz) X kgGX+k3 X)

and so

ds* 1
TUE = E ((— k1 — ko) TX - kgGX + kgHX) . (3.14)

From the Equation 3.14, one can easily obtain

ds* (ky + ko)?
=\ ks* + ——. 3.15
s 37+ 2 ( )

Therefore we can rewrite the Equation 3.14 as in the following:

ki+k)® 1
T\ [ ks® + % = =5 (ki = k) Ty = K36y + ksHy ). (3.16)
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The Equation 3.16 yields the tangent vector of o

1
o =
\/2](,'32 + (IC1 + ]Cg)z

T ((—k1 —k2) Ty — k3G + ksHy ). (3.17)

Differentiating the Equation 3.17 with respect to s, we get

dT, ds* _
9 L0 (2ks% + (ky + k2)?) " (01T + 012Gy + vsH, ) (3.18)
ds* ds
where
v = ks(ki+ky) [2](3’3 + k12 - kgz] +2k32 [kl ks — ko ks — kll - k’z]
vy = (k1 +ko) [k (k' +K'2) — 2ki ks® — K5 (k1 + k) — ks® (K + ko) — K (Ky + ko)?] — 2K3*
v3 = (k1+kp) [—ks (k’l + klg) —2]62]632 + klg (k1 + ko) — k32 (k1 + ko) —ko(ky + kz)z] —2k34.

Taking into consideration the Equation 3.15 in the Equation 3.18, we find

dT,
ds*

= \/5(2k32 + (k1 + k2)2)—2 (UITX + UZG)( + U3HX) .

In this case, the curvature and principal normal vector of o are obtained as follows:

\/2 ('U12 + 122 + U32)
Kg = 5
(2k32 + (k1 + kz)z)
N, = ! (UIT)( + Usz + UgHX) .

VvV U12 + U22 + ’U32
By vector product of T, and N, we can immediately obtain the binormal vector of o as

1 Ty Gy Hy

B, = —kl—kg —kg kg
\/(2](?32 + (k1 + kz)z) (Ulz + 1)22 + U32)

U1 () U3
1
= (V1T +v2Gy +y3Hy)
\/(2]632 + (ky + kz)z) ('Ulz + 1)22 + ng)

where

Y1 = —ksvz—k3v,
W2 = ksvi+kovs+kivs
Y3 = —ki1v2 — kovo + k3vg.

Note that the torsions of T, Gy, T,H,, GyH,-Smarandache trajectories can be obtained by following the

similar steps given in this section. We leave this to the readers.

Example 3.4. In E3, assume that a point particle P of constant mass moves on the regular surface

M:{(x,y,z):x2+y2:64,z20}



Kahraman Esen Ozen et al. / IKJM / 3(1) (2021) 20-34 32

along the trajectory

t t t
5:(0,255) > Mc E3, §(t) = (SCos— 8sin —, —)
17 17’17

Reparameterization of 6 = 6(¢) in terms of arc-length parameter is given as follows:

x(s) = (SCOS\/_ \/_ \/s_)

where s = ‘ﬁ t. One can easily calculate Darboux apparatus of this trajectory as in the following:

-8 S 8 s 1
T(s) = sin , cos , )
\/_ V65 \/_ V65 /65
U(s) = ,sm )
\/_
Y(s) = ! sin S -1 cos S 8 )
V65 V65 V65 V65 V65
ke(s) = 0
-8
kn(s) = E
() = i
Tg(s) = o5

Then, (x(s), Y(s)) = & s and (x(s), U(s)) = 8 are obtained. Since (¥ (s), U(s)) > 0 for all the values of param-
eter, we get Q(s) = arctan (- —) The above information yields the PAFORS apparatus as follows:

-8 S 8 S 1
T(s) = sin ’ Cos ’
V65 V65 V65 V65 V65
\/% sin \/% cos (arctan (55)) — cos \/2—5 sin (arctan (g3)),
G(s) = \;_GLSCOS\/% (arctan(ﬁ—s)) _Sin\/%*sSin (arctan(g—g)),
\/% cos (arctan (33))
\/LGT‘; sin \/LGE sin (arctan (5)) + cos \/2—5 cos (arctan (g3 )),
H(s) = \;_6% cos \/% sin (arctan (5 )) +sin \/LG? cos (arctan (55)),
\/%5 sin (arctan (3£))
8 . _
ki(s) = P sin (arctan (E))
8 _
kao(s) = & cos (arctan (E))
k() = L4
65 s%+652

in the light of the Equation 2.10 and Equation 2.12. We can give the following figure for this example:
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(a) The trajectory of the particle P (b) T, G,—Smarandache trajectory

1.0

(c) TyH,—Smarandache trajectory (d) GyH,—Smarandache trajectory

Figure 2. An illustration including special Smarandache trajectories
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0 0
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Also, the subclass «f of the class .#[a, n] is defined as:
o :={fe#10,1]: f'(0) =1}. (1.1)

The class of univalent functions is represented by . and it is a subclass of the class «¢, whereas, #*,€, %
and 2 are the well-known classes of starlike, convex, close-to-convex and quasi-convex functions respec-

tively.

For f, g € o/, we define the Hadamard product or convolution f * g by

(F*8)@=z+) anbyz"  (z€l),

n=2

where f is defined by (1.1) and
g(z)=z+anz" (zeU).

n=2
Let 22 denote the well-known class of Carathéodory functions p such that p € #(U), with
p(0)=1 and Rep(z)>0 (zel).
Also &2 (¢) represents the class of Carathéodory functions p such that p € #(U) with

p0)=1 and Rep(z)>¢ (0=<¢<l1,z€l).

For details of these classes, we refer [7]. The function p €22, if and only if it satisfies the conditions p(0) =1

and
1 2ﬂl-kze_’.g
p(z)= E\[mdd(@) (zel),
0

where a(0) : 0 < 0 < 27 is a function of bounded variation satisfies the conditions
21 21
fda(@) =2m and /Ida(@)l < km.
0 0

or equivalently, p € 27 if and only if there exist p;, p2 € 2 such that

k 1
pl(Z)—(———)pz(Z) (k=2,zel).

()—(5+1
pie= 12

4 2

Let p be an analytic function defined in the open unit disk U. Then p € 22¢(¢), if and only if p(0) =1 and

()_(E+l) ()_(E_l) (2) 0=s¢c<1l,k=2,zel)
pZ—4 Zplz 4 2p2Z —C ;—rZ ’

where p1, p2 € 22(¢). For detail of the classes 2 and 224 (¢), see [17] and [18] respectively.

ForsomeneR,¢<1,k=2andy =0, let %Z(y, ¢) denote the class of functions f € of satisfying the condi-
tion:
ei"((l—ﬂf(z) +Yf'(z)—c)€9’k (zeU). (1.2)

V4
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where «f is defined by (1.1) . For various related classes, we refer [1, 5, 9, 11, 13, 14].

The well-known Gaussian hypergeometric function % is defined as:

F (a,BA;2) = % %z”

! (zel), (1.3)

where a,,A€C, A ¢{0,—-1,-2,...}. Here for a # 0, we have

aa+1)(a+2)...(a+n-1), n=1,2,3....
(a)n:{
1, n=0

IfReA >Repf >0, then

rw

— (P la-pMPla-t2)"%dr  (zel).
T(@)T(A- ﬁ)f

F (a,B;M;2) =

Moreover, for Rea > 0, Re >0 and Re (A + 1) > Re (a + ), we have

r')
F@r(B)r(A-a-p+1)

1
F (a,BiA;2) = S (D) 1 dt (zel),
0

(1-1t2)

where
M =tFta-pr " FPgA-al-A-a-p+1;1-1),

for detail, see [3, 8]. For special choices of parameters, F (, §; A; z) contains Noor integral operator [12, 15],

Ruscheweyh derivative [23] and others. For a function f € %Z(y, ¢), we define the integral transform

S (f) (=) = fm(t) f( (1.4)

1
where m is a non-negative real-valued integrable weight function such that fm(f)dt=1and f € %Z(y, 19)
0

satisfies (1.2). The operator Sy, (f) contain Libera, Bernardi, and Komatu operators as special cases. For

fe 92;’ (¥,6), Sm (f) has been investigated by various authors, for reference, see [3, 10, 19— —22].
2. A Set of Preliminary Results

To establish our main results, we will use the following lemmas.

Lemma 2.1. [20] Let ¢1,¢2 < 1 and let the functions p and g be analytic in U with p (0) = g (0) = 1. Then the
conditions

Rep(z)>¢1  (z€U) and Reeg(z2)-¢2>0  (zeU)

imply

Re(e™(p+q)(2)-8)>0  (zeL),
where1-6=2(1-¢1)(1—-¢2).
Lemma 2.2. Let¢; <1, y =1 and ¢ = ¢(¢1,y) be such that

1- 1 1m L du
o1 mo (——1)[ m () ( —d @.1)
Y Jo 1+1 o 1+

C_
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If F (a, B;; 2) =9(2,%,1+]—1/;z),then

1-¢;
2(1-¢)’

1 1 1
Ref m(t)gz(z,—,l+—;tz)dt>l—
0 Y Y

where m is a real-valued non-negative weight function with fol m(t)dt =1 and & (a, B; A; z) is defined by

(1.3). The value of ¢ is sharp.

LemmaZ2.3.let0<a<land f<A-— a< . Then
ReM (z) =Re{(l-a) F (a, B;y;2) +aF (a+ 1,64, 2)} = M (-1) = ¢, (zel).

This result is sharp.

Lemma2.4. Let -1 < a <0 and > a. Then for

(1+%)(1+ﬁ)fﬂ[ﬁ_m dt, for p# a

M (z) = (zel),
(1+a)? Of—t Aralogd 4y, for f=
we have
(““)(”ﬁ)fﬁtiﬁf”dr, for f# a
ReM(z) > M(-1)=¢, = . (zeU).
(1+a)2ft(+“i°g”dt, forf=a
0

These inequalities are sharp.

Lemma2.5. Let—-1<a<0,g>1and

q1 q-2 1-alog(:
M(z)=(1+m [t lg( ) wdt (zeU).
T(q) o t 1-tz
Then g1
1y ( a) q—Z( 1 _ l) ¢
ReM(z)= M(~1)=¢, = OB, Jlog(-)7™| g~ 1~ alog(-)| ——dr.

For the proof of Lemma 2 to Lemma 5, we refer, [4].
3. Main Results

In the following theorem, we find the conditions such that S, (f) € 2((1,¢1) whenever f € %Z(y, q).
Theorem3.1. Let¢; <1, y=1,k=2andlet¢=¢ (cl,y) be defined by (2.1). If f € 922(7/, ¢), then Sy, (f) defined
by (1.4) also belongs to the class % (1,¢1). The value of ¢ is sharp.

Proof.

Let

(1- )f( )+Yf (2) = p(2) (zeU), (3.1)

where p(0)=1.1If fe %Z(y, ¢), then by (3.1), we have

k k
p(2) =( )m (z) — (———)pz (z) € P (6) (zel), 3.2)
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pi €22 (¢),i =1,2 and conversely. For y # 0, from (3.2), we write

rliep)er(eay) 2o ge L2 o (f: ;) 1()—(1—6——)p2(z).

On further simplification, we obtain

© n+1

@=|53)ne-(5-3) "
2= (4 p1(2) - p2(2) ngol+nyz (zel), 3.3)
which is equivalent to
"(2) = (I—€+1 ()—(I—C—l) (2) | *F (2 l'1+l' ) (zel) 3.4)
f@=| +5|n@=|7 -5z Ltz z :

where Z (2, )l/; 1+ )l,; z) is defined by (1.3). For y = 0, we write

fl(@)= (g + %) (zp1(2) - (g - 1) (zp2 (2)

k 1 k 1
( )m(z) (———)pg(z) *F(2,1;1;2).

4 2

This is the limiting case of (3.3) for y — 0. Differentiating (1.4) and then simplifying, we have

1
i‘s/m(f)(z):%fm f(tZ)dr_f() fﬁdt (zel), 3.5)
0

1
where m a non-negative real-valued weight function such that ['m ()dt = 1. Both (3.4) and (3.5) yield
0

1 1
1 1 1 1
E‘s'm(f) (z) =ki1p1 (z)*/m(t)g(z,—;l+—;tz)dt—kzpz(z)*fm(t)ﬁ(Z,—;l+—;tz)dt. (3.6)
4 Y Y 5 Y Y

For y =0, we have

k1
S0, (N (2) = (Z+§)

1 1
m(t) k 1 m(t)
Pl(z)*o (1—tz)2dt] _(Z_E)m( ) * (1—tz)2

which is just the limiting case of (3.5) for y — 0 and m a non-negative real-valued weight function such
1

that [m(f)dt =1. For y = 1, using Lemma 2, we write
0

1 1
Refm(t)g(Z,—;l+—;tz)dt>cl:1——p,cl <1 (zel),
Yy v 2(1-¢)

where ¢ is given by (2,1) the condition mentioned above in the statement of the theorem and m a non-
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1
negative real-valued weight function such that [m (1)dt = 1. Again using Lemma 1, we obtain
0

1 1
pi (z)*fm(t)g(z,)—/;l+;;tz)dte,@(cl) fori=1,2 (zel). (3.7)
From (3.5), (3.6) and (3.7), we obtain 3, (f) € (1, p). To prove the sharpness, we consider the function
f € Z(y,¢) determined by the relation

1+ kz+
1-nL2 4 yf@=a- c)#w (zeU).

On simplification, we obtain

2z 473 622 10z*
fllay=1+01- c)k{ +....}+(1—c){—+ +}

1+7’ 143y 1+2y 1+4y
This implies that
f@=z+1-¢) Z a 22 (z€U). (3.8)
1+2n-1)y 1+2ny
Now, using (3.8) in (1.4), we have
S f(2) = z+k(1-¢) Z mzw +2(1-¢) Z mzz”“ (zeU), (3.9)

where

1 1
pn=m@) *"1dt and v, =[m() *"dt.
0 0

The function given in (3.9) is the required extremal function for the parameter ¢.

Theorem 3.2. Llet0<a <1, f<Al—a< é and let § be the convolution operator defined as:
5 (2):= f(2) % 2F (a, B; A; 2) (zel). (3.10)

Suppose that f € Z(0,¢). Then,
Se€ER(1,y=1-2(1-¢)1-¢1))

with
ai=MED=01-a)F(a,f4-1)+aZF (a+1,61-1).

In particular
. in(f@ _ 1-2¢, . : in
(i) e ( Z 2(1—c1)) € P implies that e'" §' (z) € P
and
(i) e" (@ - %) € Py yields(e §' (2) - ¢1) € Py

Proof.
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Rewriting (3.10), we have § (z) := f (2) * zF (a,ﬁ;&; z) , where f € 21(0,¢). This implies that

f()

3 (2)= (27 (a,B;1;2)) = * M (2), (3.11)

f@
z
where M (z) = (2 (a, B; A; z))'. Now, taking derivative of hypergeometric function and using

AF (a+1,B;4;2) = PzF (a+1,p+ LA+ 1;2) + AT (a, ;4 2),

we obtain
M@ =1-a)F (a,i1z)+aF (a+1,6;1;2) (zeU).

For A > a + B, we write

A 1 1
( ) fm1 (I)Edt (ZE[U),

MO T T -a-p

where

_Q-ayfta-preh ‘ ‘
my (1) = pp— FA-al-aA-a-p+1;1-1)

+ P APl g (A—a-1,—gA—a-1-1).

For <A —-a<1and ae€ (0,1], using Lemma 3, we see that
ReM (z) > M (-1) =¢], (3.12)

where
a=0-0F(a,pA;-1)+aF (a+1,6;1;-1).

For f € Z1(0,¢), we have

fa_ (Z ;) 1()—(]—6——)192(2) (zel),
where p; € 2 (¢) for i = 1,2. This implies that
f() k 1 k1
*M(z) = (4 z)pl(z)*M(z)—(z—é)pg(z)*M(z) (zeU). (3.13)

Using (3.12) and Lemma 1, we write
pixMe2(y)fori=1,2 (z€U), (3.14)

wherey=1-2(1-¢)1-¢;). On combining (3.11),(3.13) and (3.14), we obtain

f()

F(2) == % M(2) € 2 (y).

This implies that § € Z(1,y). Let f € 21(0,¢). For the extremal function which gives the sharpness, con-
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sider
@:(Eﬁ d —(k——) 1-2(1- c;)— (zeU)
z 4 -2 +2z
and
z
M(z):1+2(1—cl)1_
Now

19 o mrco» | (£ )14 20292)_(E_1)(y_20-92))
Z 4 2 1-z 4 2 1+2z

which on simplification yields

f(Z) « M(z )_(E 1)[1+4(1—C)(1—C1)Z _(E_l)[l_‘l(l—c)(l—ﬁ)z ' (3.15)
4 1-2 4 2 1+2z
Thus from (3.15), we obtain the required extremal function.
Theorem 3.3. Let -1<a <0, f>aand f € Z4(0,¢). Then
GeR,(1,1-2(1-¢)(1-¢1)),
where
@@= IVD g ey (3.16)
z) = e ——— T 3 Z)= Z Z y .
n=1(n+a)(n+p)
and
Lra)(eh) jﬁtﬁl;‘;f“dt, for f# a,
1=
1+a) Of%aiogndt, for = a.
This result is sharp.
Proof.
Let a € (-1,0), 8> a and ¢ be defined by (3.16) . Then
o (1 1
94 (z) = * Y A+a)(1+5) z"*f(z) (zel)
(1-2)* n=0(n+a)(n+p) z
or
oo (1 1 1
G (z) = z( ta)(1+p)(n+ 1) ”*f(z)=f(Z)*M(z) (zeU), 3.17)
n=0 (n+a)(n+p) z z
where ( ,6)
l+a)ll+ 00 z" 00 z"
M(z2) = ay & S ).
(2 p-a ango(n+a+1)+'6n§o(n+ﬁ+l) (el
The function M can also be written as
1 1BtP — @
M(z)_m(ua)(uﬁ)g‘ e dr  (z€U). (3.18)

Using Lemma 4, from (3.18), we have

1 1 1668 — qr®
ReM(2)> M(—1) = ¢y = . al +ﬂ)fﬁt x4 (3.19)
ﬁ—a 0 1+1¢




Syed Zakar Hussain Bukhari et al. / IKIM / 3(1) (2021) 35-45 43

Now for f € Z4(0,¢), consider

/@ (’f+1) (2) - (5—1) 2)  (zeU)
P VP e DY L 2=B)

where p; € 2 (¢) for i = 1,2. This implies that

f(Z) * M (z) = (E+l ()*M()—(E—l) (2) * M (z) (zel) (3.20)
~ =23 p1(z z 13 p2(z z z . .
Using (3.19) and Lemma 1, we write
pi(2)*M(2)e?2(1-2(1-¢)1-¢y1)) fori=1,2 (zel). 3.21)

On combining (3.17), (3.20) and (3.21), we obtain

G (z) = f(ZZ) * M@ eEP.(1-201-0)1-¢1) (z€U).
This implies that

Ge%(1,1-2(1-¢)1-¢1)).

For f = a, the similar result for the conditions described in the theorem can be obtained by taking the limit

B — «a in the previous case a < 8. Sharpness can be obtained as in previous theorems.

Theorem 3.4. Let -1 <a <0, g>1and f € Z(0,¢). Then the the operator §,,4 defined by

o (1+a)q

3a,q(z) :ga,q (f) (2)= )

1(n+a)qzn*f(Z) (zet)
n=

isin the class Z; (1,1-2(1—¢) (1 —¢1)) with

~ 4@l (1) 1)) ©
ql—M(—l)—W{log(;) (q—l—QIOg(?)) 1+[dt

Proof.

For g > 0 and a > -1, the operator §, 4 is defined as

A+a)9

q-1
Faq(f) (2= OB ——— 1o () 11 f (tz)de (zeU).

Nowfor-1<a <0, g>1and f € Z(0,¢),

2 1+,
Sa,q(f)(z)—nél(n+a)qz * f(2) (zel)
" 1 f f
, 2 nl+a)? 4 ﬂ_ (2)
Saq () 2 =Y e © =M@+ == (z€l). (3.22)

By Lemma 5, we see that

1+a) 1 11972 1))
ReM(z) > M(-1) = DR, ——F——/1lo ( ) (q—l—(xlog(;))l_wdt.
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Now for f € Z4(0,¢), consider

T T
z |1 T2)Pr@ Ty )P &S

where p; € 2 (¢) for i = 1,2. This implies that

M*M()—(E+1 ()*M()—(E—l) (2) * M (2) (zelU) (3.24)
- A=+ = el e 121G z z . .
Using (3.23) and Lemma 1, we write

pi*MeP(1-2(1-¢)1-¢y) fori=1,2. (3.25)

On combining (3.22), (3.24) and (3.25), we obtain

f(2)
Z

Saq(f)(@=—*M(@)eP(1-2(1-¢)1-¢c1)).

This implies that S’a q€ Z(1,7). The sharpness of the above result is straight forward.

For special choices of parameter, we also refer (2, 6, 16, 24].
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