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1. Introduction

Throughout this note, the symbol R"™*" denotes the set of all m x n real matrices. A’, A*, r(A) and € (A) stand for the
transpose, the Moore—Penrose generalized inverse, the rank, and the column space of A € R™*" respectively. I, refers the
m x m identity matrix. Furthermore, E, = A+ =1, — AA™" represents the orthogonal projector for A € R"*",

A linear mixed model (LMM), formulated by

M y=XB+Zu+c¢, (1.1)

where y € R"*! is a vector of observable response variables, X € R"*k and Z € R"™*P are known matrices of arbitrary rank,
B € R¥! is a vector of fixed but unknown parameters, u € R”*! is a vector of unobservable random effects, and £ € R"*!
is an unobservable vector of random errors. LMMs include fixed and random effects and supply helpful tools to explain the
variability of model parameters affecting response variables. In statistical inferences of analysis requirements, LMMs may
need to be transformed. One of the various transformations is the linear transformation of a given model which is obtained by
pre-multiplying the model by a given matrix. In such case, for given transformation matrix T € R™*", transformed model of
A is obtained as follows

T : Ty = TXPB + TZu + Te. (1.2)

We consider the following vector including all unknown vectors under the models .# and .7 to establish simultaneous results
on predictors:

¢ =KB+Gu+He=Kp+ [G, H] [l*‘j (1.3)
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for given K € Rk, G € R**7, and H € R**". We assume the following general assumptions for considered models:

EY/ =0 and D|"| =cov{ |V , wt_ UE =X,
€ £ e|’|e L Xp
where X € R(**7)%("+P) i5 a positive semi-definite matrix of arbitrary rank and all the elements of £ are known.
Let A = [Z, In] and B = [G, H} . Then we obtain

E(y)=XB, D(y)=[Z, L]X[Z, I,]'=AZA":=R,
E(¢)=KB, D(¢)=[G, H|Z[G, H] =BIB :=S§,

cov(¢,y) =[G, H]Z[Z, I,]'=BZA’:=C.

Further, we assume that .# is consistent, i.e.,y € ¢ [X, R] holds with probability 1 (wp 1), see, e.g., [1]. The consistency of
 is provided with the condition Ty € € [T X, TRT ] wp 1. It is easy to see that .7 is consistent under the consistency of
M.

Predictors under original models and their transformed models have different properties. In some cases, due to linear
transformation, observable random vectors in transformed models may preserve enough information to predict unknown
vectors under original models. For this reason, establishing relationships and comparisons between these models is statistically
useful. In prediction problems, covariance matrices of predictors can be used to establish some statistical properties of analysis
such as comparison of predictors. Further, some formulas in matrix algebra such as ranks of matrices offer practical ways for
simplifying various complicated matrix equations. The matrix rank method based on the fact that A = 0 if and only if #(A) =0
is one of the useful methods for deriving algebraic and statistical properties of matrix expressions. This study considers the
comparison problem of predictors under an LMM and its transformed model under general assumptions. In particular, we
establish equality relations between the best linear unbiased predictors (BLUPSs) of unknown vectors under .# and .7 through
their covariance matrices by using various rank formulas for block matrices, the matrix rank method, and elementary matrix
operations. We also give some results for certain specific forms of ¢ which correspond to the best linear unbiased estimators
(BLUES) of unknown parameters under .# and 7. To derive the results, we use the following situations to establish equalities
between two random vectors, see, e.g., [2] and [3]. Let u be a random vector

(a) If both E(Fju—Fu) = 0 and D(Fju—F,u) = 0 hold, Fju = F,u holds wp 1.
(b) If both E(Fju) = E(F,u) and D(F;u) = D(F,u) hold, the expectation and covariance of Fju and F,u are equal,
respectively.

Further, we use the following formulas for ranks of block matrices to establish the results in this study. They are given in the
following lemma; see [4] and [5].

Lemma 1.1. Ler M € R™" N € R™* P € R*" and Q € R*. Then,

r[M, N]=r(M)+r(EmN) = r(N) + r(ENM),

r |:M:| = r(M) + r(PEM/) = l’(P) + r(MEP/),

|
r [l‘rf lﬂ — r(N) 4+ r(P) + r(ExMEp), (1.4)
r [MNM’ l(ﬂ =r[M, N]+r(N),
[M N} B + . / /
"Ip Q =r(M)+r(Q—PM"N) if ¥(N) CEM) and € (P') CE¥ M), (1.5)

Statistical inference of LMMs is an important part in the data analysis, and some previous and recent studies on relations
between predictors under these models can be found in, e.g., [6]-[19], among others. Searching relationships between a linear
model and its transformed model is one of the essential issues in linear regression analysis. For transformation approaches of
linear models, we may refer [2], [20]-[28].
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2. Notes on BLUPs in LMMs

To obtain some results of the BLUPs under models .# and .7, we need some fundamental facts on BLUPs under LMMs. In
this section, we review the predictability conditions and then we give the fundamental BLUP equations and related properties
under .# and 7.

The predictability requirement of vector ¢ in (1.3) under ./ is described as holding the inclusion €’ (K') C € (X’). This
requirement also corresponds to the estimability of vector KB under .# ; see, e.g., [29]. For transformed model .7,
the predictability requirement of vector ¢ is € (K') C € (X'T’). It’s obvious that the predictability of ¢ under .7 shows
predictability of ¢ under .Z.

Let ¢ predictable under .. If there exists Ly such that

D(Ly — ¢) = min subject to E(Ly —¢) =0

holds in the Léwner partial ordering, the linear statistic Ly is defined to be the BLUP of ¢ and is denoted by Ly = BLUP 4 (¢) =
BLUP_, (KB + Gu + He), is originated from [30]. If G =0 and H = 0, Ly corresponds the BLUE of Kf3, denoted by
BLUE ,(Kp), under .Z .

We have the following comprehensive result for the algebraic expressions of the BLUPs of ¢ and also properties of the BLUPs;
as a detailed study for linear random effects models see [3].

Lemma 2.1. Let 7 be as given in (1.2) and let ¢ in (1.3) be predictable under . In this case,
E(L,/ Ty —¢) =0 and D(L,Ty—¢) =min <L, [TX, TRT(TX)']|=[K, CT/(TX)']. 2.1)
The equation in (2.1) is called the fundamental BLUP equation and

BLUP;(¢) = LTy = ([K, CT/(TX)] W, T + U,w,iT) v, 2.2)

where U; € R¥*™ is arbitrary and W, = [TX7 TRT' (TX)L]. In particular,
(a) Ly is unique < r [TX, TRT(TX)*| =m.
(b) BLUP 5 (¢) is unique wp 1 < T is consistent.
(c) The rank of matrix Wy satisfies r [TX, TRT’(TX)L] =r [TX, TRT/].
(d) BLUP 5 (¢) satisfies

D[BLUP(¢)] = [K, CT/(TX)*]W;TRT ([K, CT(TX):]W,)’,

D[¢p — BLUP#(¢)] = ([K, CT/(TX)']W, TA-B)2([K, CT/(TX):]W,TA—-B)". (2.3)

Let ¢ in (1.3) be predictable under .#. By setting T =1, in Lemma 2.1, we obtain the following well-known results on BLUP
of ¢ under .. We may also refer [31] and for deriving the BLUPs under linear random-effects models see, [17].

BLUP 4 (¢) = Ly = ([K, Xt wt +UWL) , 2.4)
D[BLUP 4(¢)] = [K, CX']W'R([K, CX']W),

D[¢ —BLUP 4(¢)] = ([K, CX']W'A-B)Z([K, CX']|W'A-B), 2.5)
where U € R**" is arbitrary and W = [X, RX"]. Further, we can write the following results.

(a) Lin (2.4) is unique < r [X, RX*|=n.
(b) BLUP_,(¢) is unique wp 1 < .# is consistent.
(c) The rank of matrix W satisfies r [X, RXL} =r [X, R].

3. Equality relations of BLUPs in LMMs

In this section, we establish equality relations between BLUPs of ¢ under .# and .7 through their covariance matrices by using
block matrices’ rank formulas and elementary matrix operations. Related conclusions are also given for some special forms of
¢. Equality relations between covariance matrices of BLUPs of ¢ under the models, which is obtained in the following results,
correspond to the equality situations given in Section 1, respectively, by combining the following result:

E[BLUP 4(¢)] = E[BLUP7(¢)] = KB.
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Theorem 3.1. Ler ¢ in (1.3) be predictable under 7 in (1.2) (also predictable under 4 in (1.1)). Let BLUP 4 (¢) and
BLUP_ 4 (¢) be as given in (2.2) and (2.4), respectively. Then,

BLUP.(¢) = BLUP7 (¢) wp |

R 0 X 0 R
0 TRT 0 TX TR

srlX’ 0 0 0 0|=r[X, Rl+r[TX, TR]+r(X)+r(TX).
0 XT 0 0 0
C CT" K -K 0

Proof. Note from (2.2) and (2.4) that
r(D[BLUP 4(¢) —BLUP»(¢)]) =r([K, CX'|W'R-[K, CT'(TX)'|W,/TR)

r([[K, Cxt], [K, CT/(TX)']] W o JTTI}%D’ 3.1

where W; = [TX, TRT'(TX)'] and W = [X, RX']. We can apply (1.5) to (3.1) since € (TR) = ¢(TRT’) C € (W,),
Z(R) C€(W), € ([K, CT/(TX)l]’) C (W), and € ([K, CXL]’) C %(W') hold. Then, by simplifying Lemma 1.1,
and congruence operations, (3.1) is equivalently written as

X RXt 0 0 R
r|0 0 —TX -TRT(TX)' TR|-r[X, RX'|-r[TX, TRT'(TX)!]
K cxt K CT(TX): 0

X R 0 0 R
0 0 -TX —TRT TR
-r[K C K CI' 0|—r[X, R-r[TX, TRT]-r(X)-r(TX)
0 X 0 0 0
0 0 0 XT 0
R 0 X 0 R
0 TRT 0 TX TR
=r|X 0 0 0 0]|-r[X, R-r[TX, TR]-r(X)—r(TX). (3.2)
0 XT 0 0 0

C -CT" K -K 0
The required result is seen from (3.2) by using the matrix rank method. O
Corollary 3.2. Let models .4 and T be as given in (1.1) and (1.2), respectively.
(a) Assume that KB is estimable under 7 (also estimable under ). Then
BLUE ,(Kf) =BLUEZ(KB) wp 1
R 0 X 0 R

0 TRT" 0 TX TR

srlX' 0 0 0 0]|=r[X R]+r[TX, TR]+r(X)+r(TX).
0 XT 0 0 0
0 0 K -K 0

(b) XB is estimable under 7 < r(TX) = r(X) (also note that X is always estimable under /). Then

R 0 X R

0 TRT TX TR
X’ 0 0 0

0 XT o0 0

Theorem 3.3. Let ¢ in (1.3) be predictable under 7 in (1.2) (also predictable under # in (1.1)). Let BLUP4(¢) and
BLUP_4(¢) be as given in (2.2) and (2.4), respectively. Then

D[¢ —BLUP7(¢)] = D[¢ —BLUP 4(¢)]

BLUE 4 (XB) =BLUE#(XB)wp I < r =r[X, R]+r[TX, TR]+r(X).

R 0 X o C
0 TRT 0 TX TC

sr|X 0 0 0 K |=r[X, R+r(TX)+r[TX, TR]+r(X).
0 XT o0 o0 K

-C CI -K K 0
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Proof. By using (2.3) and (1.5), we obtain

r(D[¢ —BLUP 4(¢)] —D[¢ —BLUP7(9)])
=r (D[¢ —BLUP 4(¢)]— ([K, CT/(TX)'|W,/TA-B)Z([K, CT(TX):]W,TA- B)’)

B [ by ([K, CT/(TX)!] W,*TA)’—EB'} )
K, CT/(TX):] W, TAX - BE D[¢ — BLUP 4 (¢)] g

([ 5e ow-mtorl [V 1w crmos] [ ¥

(3.3)
TAZ 0
. { 0 [K, CT’(TX)L]’D —r(®),
where W, = [TX, TRT'(TX)"]. We can apply (1.5) to (3.3) since
%(TAZ) = ¢(TRT) C€(W,) and € ([K, CT/(TX)L]’) CE(W)).
Then (3.3) is equivalently written as
0 ~TX ~TRT/(TX): TAX 0
~X'T 0 0 0 K
r|—(TX)*TRT 0 0 0 (TX)+TC’ —r(E)—2r[TX, TRT'(TX)!]
YA'T 0 0 T —TB
0 K CT(TX)Y —BX D[¢ —BLUP 4(¢)]
~TRT' ~TX —TRT/(TX): TC'
-X'T 0 0 K ,
| (TX)TRT 0 0 (TX)LTC' ~2r[TX, TRT]
CcT K CT/(TX):  D[¢ —BLUP 4(¢)]—S
[—TRT' —TX TC'
=r| -X'T 0 K —2r[TX, TRT'] +r{(TX)"TRT'(TX)"]
| CT K D[¢ —BLUP ,(¢)]—S
TRT TC TX 0 0 0
=r||CT" S K|-|0 D[¢—BLUP,(¢)] O | +r[(TX)"TRT(TX)"]—2r[TX, TRT]. (3.4
XT K 0 0 0 0

We can apply (1.5) to (3.4) after setting the expression of D[¢ — BLUP_,(¢)] given in (2.5). In this case, in a similar way to
obtaining (3.3), (3.4) is equivalently written as

) 0 -XB 0 YA 0
. 0 TRI TC TX N 0 0 0 W|TJAZ o0 0 0
B CT S K 0 [K, CX']||W o 0 0 [K cx']' o (3.5)
0 XT K 0 0 0

—2r[TX, TRT']+r[(TX)"TRT (TX)*] - (%),

where W = [X, RX']. We can reapply (1.5) to (3.5) since ' (AX) = €(R) C ¢ (W) and ¢ ([K7 CXL]/) CE(W).
Then from Lemma 1.1, and some congruence operations, (3.5) is equivalently written as

[0 X —RX' AX 0 0 0]
-X 0 0 0 0 K 0
~X'R 0 0 0 0 XxX'C 0
rl ZA” 0 0 Y 0 -XB' 0 |-+r[(TX)"TRT(TX)"]—2r[TX, TRT
0 0 0 0 TRT TC TX
0 K CXxt -BX CT S K
|0 0 0 0 XT K 0]

—r(X)—-2r[X, RX']
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-R X —-RXx* 0 c 0

-X 0 0 0 K/ 0
- 0 0 o TRT Tt 1x|t(TX)TTRT(TX)"]-2r[TX, TRT']
C K Cxt CTr 0 K
0 0 0 X'T K’ 0
—-2r[X, R]

-X' 0 0 K 0
0 0 TRT TC TX|+r[(TX)"TRT(TX)"]+r(X"RX")—2r[TX, TRT
C K Cr o K

—-R X 0 ¢ o
0 0 XT K 0

—-2r X, R]
R 0 X 0 (o4
0 TRT 0 TX TC ,
=r| X 0 0 0 K | +r [2},:, TOX] —2r(TX) +r [)l; ﬂ —2r [X, R]
0 XT 0 0 K (3.6)
-C CT' -K K 0
—2r [TX, TRT’] —2r(X).
The required result is seen from (3.6) by using (1.4) and the matrix rank method. O

Corollary 3.4. Let models # and 7 be as given in (1.1) and (1.2), respectively.

(a) Assume that KB is estimable under 7 (also estimable under ). Then

D[BLUE 7 (KB)] = D[BLUE 4 (Kp)]

R 0 X 0 0
0 TR 0 TX 0

sr|X 0 0 0 K|=r[X, R[+r(TX)+r[TX, TR]+r(X).
0 XT 0 0 K

0 0 -K K 0

(b) XP is estimable under 7 < r(TX) = r(X) (also note that X is always estimable under ). Then

R 0 X
D[BLUE~(XB)] =DBLUE 4 (XB)]<r | 0 TRT TX|=r[X, R]+r[TX, TR].
X —-XT 0
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results such as moments and central moments for these operators. Next, we derive the
Korovkin type convergence theorem, estimate the degree of convergence with respect to
the moduli of continuity, for the functions belong to Lipschitz-type class and Peetre’s
K-functional, respectively. Further, we investigate Voronovskaya type asymptotic theorem
and give the comparison of the convergence of these newly defined operators to the certain
functions with some graphics.

1. Introduction

In [1, 2], Szasz and Mirakjan defined and introduced the following polynomials

Zu( )sm, ) (1.1)

where y >0, m € N, u € C[0,0) and Szdsz-Mirakjan basis functions s, ;(y) are given as below:

iy (my)!
smij (V) =€
A Kantorovich variant of (1.1) operators is presented by Ditzian and Totik [3] as follows:

M

K (:y) stm] / (t)dt, y > 0. (1.2)

Various approximation features of (1.1) and (1.2) operators have been introduced by many authors. More details on these
directions, we refer the readers to [4]-[12].

Very recently, Qi et al. [13] defined a new generalization of A —Szdsz-Mirakjan operators with shape parameter A € [—1,1], as
below:

S (W3y) = Zu( )sm,,ly)

Email address and ORCID number: resat63@hotmail.com, 000-0002-8180-9199
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where Szdsz-Mirakjan bases functions s, j(A;y) with shape parameter A € [—1,1] :

~ A
SmA,O()L;Y) = Sm,O(Y) - msm+1,l(Y)§
~ m—2i+1 m—2i—1 ;
Sm,i(A3Y) = smi(y) + A <mz_15m+1,i(}’) —mz_15m+l,i+l()’)) s ((i=1,2,...,00, y €[0,00)). (1.3)

They studied several theorems such as Korovkin approximation, local approximation, Lipschitz type convergence, Voronovskaja
and Griiss-Voronovskaja type for these new form operators. In the literature, recently several researchers have obtained some
approximation results for various linear positive operators with shape parameter A € [—1, 1], one can refer to [14]-[23].

Now, motivated by all above mentioned works, we propose the Kantorovich kind of A —Szdsz-Mirakjan operators as follows:

+1
m

Rm.z(u;y)=m2's“m,j(l;y)/u(t)dn y € [0,00), (1.4)
j:O j

~.

where 5, j(A;y) (j=0,1,..00) givenin (1.3) and A € [—1,1].

The structure of this work is organized as follows: In section 2, we compute some moments and central moments. In section
3, we establish Korovkin type approximation theorem and discuss the order of convergence in terms of the usual moduli of
continuity, for the function belongs to Lipschitz-type class and Peetre’s K-functional, respectively. In section 4, we derive a
Voronovskaya type asymptotic theorem. In the final section, we show the comparison of the convergence of operators (1.4) to
the certain functions for the different values of m and A. We also compare the convergence of operators (1.2) and (1.4) to the
certain function to see the behaviour of A parameter.

2. Preliminaries

Lemma 2.1. [13]. For the A—Szdsz-Mirakjan operators S,, 5 (1) following expressions are satisfied:

Sm,l(];y) =1
l_ef(m+1)y_2y
S o (t:y) = - =\
y o[ 2y+e Y 1 —4(m+1)y?

Sm7,1(t2;y):y2+%+ A;

m?(m—1)

3y2 1—e(m+ty _» 3(m—3 M2 —6 3
SmAz(f3;y):y3+%+%+ ¢ y+3(m—3)(m+1)y” —6(m+1)y

m3(m—1) A

6y Ty
e
m m m

S t4; =
m,l( y) y m4(l’f’l*1)

e(”’H)y—1—|—2my—|—2(3m—11)(m—|—1)y2+4(m—8)(m—|—1)2y3—8(m+1)3y4] N

Lemma 2.2. Let the operators Ry, 5, be defined by (1.4). Then, we have

R, (Liy)=1; (2.1)
1 1— ef(erl)y _ 2y

Ryp(t:y) =y+ o+ T A (2.2)

2y 1 —4(m+1)y?
Rus(P) =07 i) | ¥ &

9?2 Ty 1 3(m—5)(m—+1)y* —y—6(m+ 1)y + 4 — Le=(mt1)y

Rup(By) =y + -+ 55+ 2 2 A; 2.4
m,)L(t ,)7) y +2m+2m2+4m3 m3(m—1) : (2.4)

Sm4

. 8 152 6y 1 {Z(m—1)y—|—12(m—4)(m—|—1)y2+4(m—11)(m—|—1)2y3—8(m—|—1)3y4

R () — oy S (2.
A (75Y) e B i n—1) }l( 5)
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Proof. Taking Ozger et al. [24] in to account and using (1.4), it is easy to see Z Sm,j(A:y) =1, hence we get (2.1).
j,
Now, with the help of Lemma 2.1, we will compute expressions (2.2) and (2.3).

Jtl
m

> 2j+1
stm,j(l;y)/tdt = Zst (Asy) J2
j=0

Rm,)L (t;y)

I

= Zsm] A'y 2 ZN,j()‘;y)

] — e (m+1)y _ zy] .
m(m—1)

J+1

< y < 3243j+1

Ros(iy) = mzsm,j(x;y)/tzdt - Zsmyj(x;y)imz
j=0 =0

A

m

= Zsmjly Jr Zsmjﬂ’y) 322Smlly)

Jj=0

1 1 2y 1 —4(m+1)y?
= Sua(t5y)+ =Spa(t:y) + —t | | A.
nE30) L Sma19) + o =4 2 | A

3m
Analogously, taking into consideration Lemma 2.1, hence we can arrive expressions (2.4) and (2.5) by simple computation,
thus we omitted details. O
Corollary 2.3. Lety € [0,00), m > 1 and A € [—1,1]. As a consequence of Lemma 2.2, we obtain the following relations:
| — e (m+l)y _o
LR ]
m(m—1)
m+1+2e mtDy 44y

1
i) R t—y; = —
() Rua(t=¥y) = 5+

> 2m( 1) _Bm( )
} oy b2ty 4y
(i) Rm’l((t—y)z,y) = %"’W‘" [ m(m—1) _mz(m—l)‘|/1

y 1 2(e mHy 1)y 4y?
< X4
S ot m(m—1) +m2(m—

3y 5y 1 2(me= Y — 1)y 4(3m? —8m — 12)y?
Roa((t—y)%y) =2 + 22 4 —
(iif) m,k(( ¥)y) 2 + m3 + Smt + ( m*(m—1) + m*(m—1)
74(3m3 +3m? — 6m— 11) +dme= (mH1y)y3 B 8y* A
m*(m—1) mtm—1) )

Lemma 2.4. Lety € [0,00) and A € [—1,1]. Then, the following expressions holds true:

N 1 1

() Jim mRy, (1 =yiy) = 5
(i0) lim mRy, 3 (1 =y)%y) = »:
(i) lim m* Ry, 3 (1= y)*y) = 3y%.

3. Direct theorems of R, ;

In the next theorem, we introduce a Korovkin type approximation theorem. As it is known, the space C[0, ) denotes the all
continuous and bounded functions on [0, ) and it is equipped with the sup-norm for a function u as follows:

1100,y = sup ()]

y€[0,00)



Fundamental Journal of Mathematics and Applications 153

Theorem 3.1. Let u € C[0,0), then R, ; (1;y) converge uniformly to i on [0, ).
Proof. According to the Bohman-Korovkin theorem [25], it is sufficient to verify

lim sup |Rm,1 fy5|:0, fors=0,1,2.

MyE(0,0)

Using (2.1), for s = 0, it can be seen that above expression is clear.
For s = 1, in view of (2.2), we have

1 1— —(m+1)y 2
lim sup |R,(t;y)—y] = lim sup 7t ¢ T yl A
" ye[0,0) m0yefoee) | 2 mm—1)  m(m—1)
1 42— (m+1)y 4 4
< lim sup m+ 14 ze T4y =0.
M50 10 co) 2m(m—1)
Similarly, by (2.3), one has
. 2y 1 —4(m+1) ,
| R )=y = 1 — ——2y | A
fim, sup [Rna(5) =] = Jim, sup T =
. 2y 1 4m+1) ,
< lim sup ( trst S =0.
=901 [0,00) 3m2  m*(m—1)
Hence, we get the required sequel. O

Further, we discuss the order of convergence in connection with the usual moduli of continuity, for the function belong to
Lipschitz type continuous and Peetre’s K-functional. The Peetre’s K-functional is defined by

Kz(u,n): mf {Hu vil+n v},

where 7 > 0 and C2[0,0) = {v € C[0,0) : v’,v”eC[O,oo)}.
Taking into account [26], there exist an absolute constant C > 0 such that

K(un) <Con(usy/n),  n>0, (3.1)

where

@ (u;n)= sup sup [u(y+20)—2u(y+o)+pu(y),
0<a<n ye[0,)

is the second order modulus of smoothness of the function pt € C[0, o). Further, by

o(u;n):= sup sup [u(y+oa)—u(y)|,
0<a<n ye[0,0)

we denote the usual moduli of continuity of p € C[0,00). Since n > 0, w(u; 7N ) has some useful properties see details: [27].
Also, we give an element of Lipschitz continuous function with Lipy, (&), where L > 0 and 0 < { < 1. If the expression below:

@) —pO) <Ll-y°  (yeR),
holds, then one can say a function g is belong to Lip; ({).
Theorem 3.2. Let 1 € C[0,), y € [0,00) and A € [—1,1]. Then, we have following inequality verify

|Rya (1:3) — 1 (3)| < 20(1: /Y (),

where %, (y) given as in Corollary 2.3.

Proof. Using the well-known property of moduli of continuity |u(r) — u(y)| < (1 + %) o(u;0) and after operating
R, 2(.;y), it becomes

») ouid).

Utilizing the Cauchy-Bunyakovsky-Schwarz inequality and from Corollary 2.3, we get
1

(14 5 Rna=250)) 018
1

(145 V00 o(ui0)

Taking 6 = /¥ (y), hence we obtain the proof of Theorem 3.2. O

1
R ) =0 < (14 3Rma e

IN

|Ryua (1Y) — 1(y)|

IN
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Theorem 3.3. Let p € Lip(§), y € [0,0) and A € [—1,1]. Then, we obtain

[Rou (1123) — 10)] < Ll ()3

Proof. By the linearity and monotonicity of the operators (1.4), it follows

Jt+
m

j+l
R (159) = )] S Ry a (I (1) = ) ]5y) < mY S j(A3) / (1) = p(y)ldt <LmY 55i(A3y) / jt—y|*dr.
j=0 J Jj=0 J
Utilizing the Holder’s inequality with p; = 7 2 and py = C and in view of Corollary 2.3 and Lemma 2.2, we arrive
J+L 2 2-¢
m oo 2
Rua(i:y) —p(y)| < L stm, (Ay / {ng,j(M)}
j=0
=t ¢
= L{Rm,ll((t ’y } {le 1 y)} : SL(’}/m(y))Z
Thus, we get the proof of this theorem. O

Theorem 3.4. Forall i € C[0,0), y € [0,0) and A € [—1,1], the following inequality holds:

[Ruu (159) ~ HO)| < Con(1t: 5/ 1) + (Bu(0)? + 003 ().

where C > 0 is a constant, B, (y), Yn(y) defined as in Corollary 2.3.

lizyfe—(mﬂ)y
m(m—1)

Proof. Let pu € C[0,00). We denote &, 5 (y) := y+ ﬁ + {

} A, it is obvious that o, 5 (¥) € [0,e0) for sufficently
large m. We define the following auxiliary operators:

ﬁm,ﬁ,(“;)}) :Rm,l(.u';y)_“(arn,l(y))+#<y)' (3.2)
In view of (2.1) and (2.2), it follows that

R, (t—yy)=0.

By Taylor’s formula, one has

&) = E0)+ (=08 0)+ [(=wE" i, (£ € C0,)). (3

After operating 1?,"7 2 (:3y) to (3.3), yields

Rup(Esy)—E(0) = Rua((t—y)E' (1)) +§m,/1(/(t —u)&" (u)du;y)

y

t 02, (Y)
= é’(y)ﬁm.z(t—y;y)JrRm,x(/ (t—w)&" (u)dusy) — / (02 (v) — )" (u)du
1 Oy 3. (¥)
= Ryl [ (=0 @Wdwsy) [ (0 (3) 08" (i
y y
Taking Lemma 2.2 and (3.2) into the account, we get
¢ &, .(Y)
I?m,a(é;y)*é(y)‘ < Rm,x(/(t*u)é”(u)du;y)+ /(am,x(y)*u)é”(u)du
y y
' & 2.(7)
< R\ [Ce-w|[g"@]1duly)+ [ Jamaty) —u] |E )] ldu
y y
< IE I Rua (= P9) + (@ a (6) =)} < () + (Bu(3))?} ][]
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Also from (2.1), (2.2) and (3.2), it deduce the following
R (1153) | < R 1153 |+ 2 2] < 1 Ropa (1:9) + 2] <3 ] (3:4)
On the other hand, by (3.3) and (3.4) imply
R (0:9) = H0)| < [Ra(n—&y) - (u ~&)0 \ R (853) = £+ () — (o ()
< Al =&l {m )+ Bu )} E" ] + o (i B (y)-
On account of this, if we take the infimum on the right hand side over all & € C2[0,0) and by (3.1), we arrive
Rua(in) 0| < aka(us TEE BV )
< C(Dz(u;% )+ (Bn3)?) + 041350 ())
Hence, we obtain the proof of this theorem. O

Theorem 3.5. If u € C'[0,00) := {u : u' is continuous and bounded on [0,) } , then for all y € [0,%) and A € [—1,1], we

arrive

’Rm,l(ﬁu)’)_“()’)‘ Sﬁm()’)w |+2 Yn (V) O 57/ Y (y
where B (y), Yn(y) defined as in Corollary 2.3.

Proof. Let i € C'[0,00). For any y,t € [0,0), we get

After operating R, 5 (.;y) to the both sides of above expression, it gives

t

Ry a ((t) =1 (y):y) = W ()R p. (£ = y33) + Ry 2. ( / (' () — ' ())dusy).
8

Taking into consideration the following well-known property

jut) -0l < (1+ 57 os3), 50

then

t

[ -l < (S5 +e-) otu'o)

y

Hence,

Ry ((t—y)%y)

|Ryup (159) = ()| < |Rpp (0 = yiy) | |1 ()| + 3 + Ry (Jt = :y)] o(u';8).

Applying Cauchy-Bunyakovsky-Schwarz inequality on the right hand side of foregoing inequality and taking into consideration

Corollary 2.3, we find

/ / Rya((t=3)%)
Ry 2 (t = y:y)| |1 ()| + o (u: 8) 5 +1{ \/Rua((t=y)%y)

3 10|+ o' 6>[V 1)

IN

|Rya (1Y) — 1(y)|

IN

+ 1] V()

1)

By taking 6 = +/¥u(»), the required result is obtained.
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4. Voronovskaya type asymptotic theorem

Theorem 4.1. Let pt € C[0,0) such that ', " € C[0,00) and A € [—1,1], then we have for any y € |0, 0) that

lim m [Rm,l(.u;_Y) —u(y)] = M

m-—oo 2

Proof. Suppose that y € [0,e0) and p’, 1" € C[0, ). From Taylor’s formula, one has

w(t)=p(y)+t—yu' () + %(t—y)zu”(y) + (=) o(t:y). (4.1)

In (4.1), ¢(;y) is a Peano of the remainder term and by the fact that ¢(.;y) € C[0,), we have }§n¢(t;y) =0.
v
After operating R, 5 (.;y) to (4.1), hence

Ry p (13y) = (y) =Ry 2 (1 —=y)sy)ut'(v) + %Rm@((t — )N )+ Ry p (=) (t:7):).

If we take the limit of the both sides of above relation as m — o, then

lim m(R,, 5 (4;y) — 1 (y) = lim m (Rm,l((t =)y () + lRm,z ((t =) %" () + R ((t —y)2¢(t;y);y)) . (42

m—yoo m—o0 2

Utilizing the Cauchy-Bunyakovsky-Schwarz inequality to the last term on the right hand side of the above expression, it
becomes

lim mR,, (1 =y)*¢(1:y):) < \/nlli_rgoRm,a (92(1:5)3y) \/r},iggomsz,z ((t=y)%y).

Mm—yoo

It is observed that as ¢ (¢;y) € C[0, ), thus by Theorem 3.1, }gn(b (t;y) = 0. It follows that
y

Bm R, 5 (97(1:3):y) = 9> (v3y) = 0. (4.3)
If we combine (4.2)-(4.3) and in view of Lemma 2.4 (iii), we arrive

lim mR,, ; ((t — )29 (£;y);y) = 0.

m—oo

Thus, we obtain the desired sequel as follows:

lim m [Ry 1 (1:) — ()] = HOL RO

m—reo 2

5. Graphical analysis

In this section, we give some graphics to see the convergence of operators (1.4) to the certain functions. Also, we compare the
convergence of our newly defined operators (1.4) with the operators (1.2) with the different values of m and A.

In Figure 5.1, for A = 0.5 and m = 10,40, 70 respectively, we demonstrate the convergence of operators (1.4) to tt(y) = €”. In
Figure 5.2, for A = 0.9 and m = 10,40, 70 respectively, we show the convergence of operators (1.4) to u(y) = cos(my). In
Figure 5.3, we denote with LKMS:= A-Szédsz-Mirakjan-Kantorovich operators defined by (1.4) and KMS:= Szdsz-Mirakjan-
Kantorovich operators defined by (1.2). We compare the convergence of operators (1.4) with (1.2) for A = 0.5, m = 10 to
u1(y) = ¢’. We can conclude from Figure 5.1 and Figure 5.2 that, as the values of m increases than the convergence of operators
(1.4) to the functions becomes better. Moreover, in Figure 5.3 it can be seen that for A = 0.5 and m = 10 operators (1.4) have
better approximation than operators (1.2).
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function
m=10
m=40

0.5 1.0 15 20 25 3.0

Figure 5.1: The convergence of R, 3 (;y) to i(y) = €” for = 0.5 and m = 10,40,70.

1.0
0.5F
function
m=10
m=
-0.5F
-1.0F

Figure 5.2: The convergence of R, 5 (14;y) to u(y) = cos(my) for A = 0.9 and m = 10,40,70.

=40
m=70

function
LKSM
10 KsMm

0.5 1.0 15 2.0 25 3.0

Figure 5.3: The convergence of R, 3 (1;y) and Ky, (U;y) to p(y) = e’ for A = 0.5 and m = 10.

6. Conclusion

In the present paper, we introduced Szdsz-Mirakjan-Kantorovich operators based on shape parameter A € [—1,1]. The
importance of parameter A, give us more flexibility in modeling. We derived a Korovkin type convergence theorem, estimated
the degree of convergence in terms of the moduli of continuity, for the functions belong to Lipschitz class and Peetre’s
K-functional, respectively. We also discussed Voronovskaya type asymptotic theorem. Moreover, we gave the comparison of
the convergence of our newly constructed operators (1.4) to the certain functions with some graphics and also we compared

the convergence of (1.4) between (1.2). As future works, we will consider the Stancu, Durrmeyer and Baskakov type
A-Szdsz-Mirakjan operators.
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1. Introduction

Fixed point theory plays a fundamental role in various fields of mathematics, engineering and applied science. A basic result in
fixed point theory is the Banach contraction principle which is an important tool for solving nonlinear analysis’ problems. This
result has been generalized and extended in various generalized metric spaces.

Many authors have generalized metric spaces in several ways. Bakhtin [1] introduced the concept of b-metric space, which is a
generalized form of metric space (see also [2]). Since then, several authors have many fixed point results for single- valued and
multi- valued operators in b- metric spaces (see [2]-[4]).

Khojasteh et al. [5] introduced 0-metric space by using a more generalized inequality instead of triangle inequality. They are
inspired by fuzzy metric spaces, which are generalizations of metric spaces. Then they proved Banach and Caristi type fixed
point in 6-metric spaces.

Khojasteh et al. [6] introduced Z°-contraction as a new type of nonlinear contractions via simulation function which is useful
to express a family of contractivity conditions. After then Chanda and Dey [7] obtained some fixed point results on 8-metric
spaces by using simulation functions. Also, Demma et al.[8] deduced several related results in fixed point theory in b-metric
space via b-simulation functions.

In this paper, we defined b-6-metric space as a generalization of b-metric space with the help of Z-action and studied its
fundamental properties. Also, we compare it to both b-metric and 8-metric space. Then we obtain a fixed point result in
b-0-metric spaces by using b-simulation functions. So we get the Banach contraction principle in such spaces. Finally, we give
some fixed point results regarding existing ones in b-metric spaces and 6-metric spaces.

2. Preliminaries

Definition 2.1. [/, 2] Let W be a nonempty set and b > 1 be a given real number. A functiond : W x W — [0,0) is a b-metric
on W iff it satisfies the following conditions for all ,®,p € W.

(b1) d(o,m) =0iff ® = @.
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(b2)d(o,®)=d(@,n).

(b3) d(©,®) < bld(w,p) +d(p, @),

Then, the pair (W,d) is called a b-metric space.

Definition 2.2. [5] Let 0 : [0,00) X [0,00) — [0,00) be a continuous mapping with respect to each variable. 0 is called an
PB-action iff it satisfies the following conditions:

(B1) 6(0,0) =0and 6(0,@) = 0(®,w) forall 0,@ > 0,

(B2) 0(0,0)<0(p,v)ifo<pand®@<vorow<pand®<V.

(B3) For each r € Im(6) —{0} and for each ® € (0, ), there exists @ € (0,r] such that 0 (®,®) = r, where Im(0) = {6(0,®) :
o >0, >0}

(B4) 6(®,0) < w for all o > 0.
The set of all B-actions is denoted by M .
Definition 2.3. [5] Let W be a nonempty set. A mapping dg : W x W — [0,0) is called a 6-metric on W with respect to
B-action 0 € M if dg satisfies the following conditions:
(01) dg(0,0) =0 iff 0o =,
(62) d9(w7 w) = de(w, (D),
(03) do(0,®) < 6(dg(®,p),de(p,®)) for all ®,@,p €W.
Then, the pair (W,dy) is called a 8-metric space.
Definition 2.4. [8] Let (W,d) be a b-metric space. A b-simulation function is a function ¢ : [0,00) x [0,00) — R satisfying the
following conditions:
(¢]) ¢(w,®) < @ — @ forall ®,® > 0.
(62) If {w, },{®@,} are sequences in (0,0) such that
0 < limy o0 @, < limyyoo inf @, < limy,_s00 SUp @, < b1liM; o0 @y, < 00

then

lim,, . supg(b@,, ®,) < 0.
3. Main results

Definition 3.1. Let W be a nonempty set and b > 1 be a given real number. A mapping dz W X W — [0,00) is called a
b-0-metric on W with respect to B-action 0 € A if it satisfies the following properties for each @,@,p € W.

(b01) d5 (0, @) =0 iff 0 = @.

(b02) di(w,@) = d (B, w).

(b63) d(0,) < bO(d (. p), (0, @)
Then, the pair (W, dg) is called b-0-metric space.

Remark 3.2. Every 0-metric space is b-0-metric space and the concept of b-0-metric space coincides with the concept of
0-metric space when b = 1.

Example 3.3. Let W = {@,®,v} and d : W x W — [0,0) be defined by
dy(0,@) =d5(@,0)=d)(0,v)=d)(v,0)=1
dy(@,v) = dy(v, @) =2, dj(0,0) = dj(@, @) = dj(v,v) = 0.
Suppose that 0 (u,p) = % (u+ p). Then, (W,d5) is b-8-metric space with b =2 but it is not @-metric space since d5(@,v) >
0(d}(®.0),d}(0.V)).

Remark 3.4. The concept of b-0-metric space coincides with the concept of b-metric space when 6(u,p) = u+ p. Every
b-0-metric space is b-metric space when 0 (u,p) = k(u+p),k € (0,1].

Example 3.5. Let W = {@,®,v} and di : W x W — [0,c0) be defined by
ds(v,0) =dj(w,v) =d5(@,v) =d5(v,0
db(0,®) =d5(B,0) =3, dj(0,0) =d5(@,0) =

Suppose that 0(u,p) = 2. Then, (W,d%) is b-metric space with b = % but it is not b-8-metric space.

— l4up-

Definition 3.6. Ler (W, dg) be a b-0-metric space. We define the open ball with center @ and radius r > 0 by
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Bdg(a),r) ={@eW:dj(0,®)<r}
Example 3.7. W = {1 :n € N}U{0} and let d} : W x W — [0,0) be defined by
d(0,1) =d5(1,0) =2,
dg(1,3) =dg(5, 1) = ifn>2,
d§(0,1) =d5(1,0)=3ifn>2,
dg(5y5) = dg () = 5+ 5 ifmn >2,
db(m,n) =0 iff m=n.
Suppose that 0 (u,p) = u+ p +up. Then, (W,d5) is a b-6-metric space with b = 2. Bdg (0,3) = {0, 1} and there is no open
ball with center 1 contained in Bdg (0,3). Thus, Bd’é (0,3) is not open.

Definition 3.8. Let (W.d}) be a b-6-metric space. Then, a sequence {®,} in W is said to be

1. convergent iff there exists @ € W such that d(’;(af,,, @) — 0 as n — o and we write lim,_,.. ®, = @,
2. Cauchy iff d(@,, @) — 0 as n,m — oo.

Definition 3.9. The b-0-metric space (W, dle’) is complete if every Cauchy sequence in W converges to @ € W.
Proposition 3.10. If (W, dg) is a b-0-metric space, then the following hold:

1. The limit of a convergent sequence is unique.
2. Each convergent sequence is a Cauchy sequence.

Proof.

1. Suppose that lim,,_... @, = ® and lim,_.., @, = ®. We claim that @ = ®. Since lim,_,. @, = @ and lim, ;. T, = O,
then d}(@,,®) — 0 and d5(@,,®) — 0 as n — . From (b63), we have

0 < dj(@, ) < bO(d5(@,,®),ds (@, w)).

Letting n — oo in the above inequality, using the continuity of 6, we get dz (O, ) =0. Thus, © = o.
2. Itis obvious.

Example 3.11. Let W = INU {oo} and let d : W x W — [0, ) be defined by

5 ifo,0c N(O +# o),
dg(w,a)) =< 2 ifoneof ®,® € N and the other is oo,
0 ifo=o0.

Suppose that 0(u,p) = \/u?+ p2. Then, (W, dle’) is a b-0-metric space with b = 2. Let @, = 5n for each n € IN. Then,
db(5n,2) = 5 as n — co. But d}(e0,2) — 2 since @, — o. Thus, it is not continuous.

4. Fixed point results

Let W # 0 and T be a self mapping on W. Let @y € W and @, = T @, for all n € IN. Then, {@,} is called a Picard sequence
of initial point at @y and Fix(T) = {@ € W : @ = T®} is the set of fixed points of T

Theorem 4.1. Let (W, dg) be a complete b-0-metric space and let T : W — W be a mapping. Suppose that there exists a
b-simulation function ¢ such that

s(bdy(T®,Tp),ds(@,p)) >0 forall @,p € W.
Then, T has a unique fixed point.

Proof. Let {®,} be a sequence of Picard with initial point @y € W. Suppose that @, # @,_; for all n € IN. We prove this
theorem in 4 cases.
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Case 1: We claim that lim,,. d5 (@,—1,®,) = 0.
By the hypotheses and using (1), respectively, we have

0 < g(bdg(wnawn+1>7dg(mn—l>wn))
< d5(@,_1,®,) — bd(@,,®,:1).

Thus, for all n € IN, we get

bdz (mna wn+1) < dle)(wnflamn)

Thatis, {dz (@,—1,®,)} is a decreasing sequence of positive real numbers. Hence, there exists » > 0 such that lim,,_,c dg (O,—1,0,) =
r. Assume r > 0. From (g2) for v, = d}(®,, ®p1), @n = d(@,—1,®,), we obtain

0 < limy_sesupg(bds (@, @ps1),dy(@—1,@,)) <O.

This is a contradiction. Thus, r = 0. That is lim,,_se. dg(wn_l ,@,) =0.

Case 2: Our aim is to show that {@, } is a bounded sequence.
Suppose that @, is not a bounded sequence. Then, there exists a subsequence {@, )} of {@,} such that n(1) =1 and n(k+ 1)
is the minimum integer for each k € IN such that

A (B i1y, o)) > 1 and df (@, @) < 1 for n(k) <m < n(k+1)—1.

Thus, by using (b63), we have

1 < dg(Byus1) Buy) < bO(dG(Byiar 1) Bugies 1)-1) g (B 1)—1, Biry))
< bO(dY(Bgis 1), Burr1)-1): 1)
By taking the limit from two sides of above inequality, we get
1 < limy oo df (@141, D)) < b
From Case 1 and (b63), we have

bdg(Bys1), Buy) < g (B 1)1, i1
< bO(dg (B )1 Bir)) Ao (B Biay—1))
< b9(17dg(mn(k)awn(k)fl))'

Again by taking the limit from two sides of above inequality, we obtain
b < iMoo bl (@ 1), By(a)) < iso0 df (Bt 1)1, Byia)—1) < b
Thus,
o0 g (@ s1) 15 B —1) = b and limyeo dg (B (g1, Bpiay) = 1.
Now, by (62), with Vi = d§ (@ (41), By(x)) and @ = d§ (D s1)—1, Dp()—1)> We get
0 <limg_yeo §(bVy, @) < 0.

This is a contradiction. Hence, {®@,,} is a bounded sequence.

Case 3: We will show that {@, } is a Cauchy sequence.

Let M, = sup{dg(wi, ®;) :i,j > nand n € IN}. From Case 2, for each n € IN, M,, < oo. Here, M, is a positive decreasing
sequence. So, there exists M > 0 such that lim,, . M,, = M.

Assume that M > 0. For k € IN, there exist n(k),m(k) € IN such that m(k) > n(k) > k and

My, — % < dg(ﬁfm(k),ﬁ)'n(k)) < M.
After taking the limit in the above inequality, we have
iy e df (@ 1), D)) = M.

From Case 1 and the definition of M,,, we obtain
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bdy (D), Bp(r)) < A (D)1, Buy—1) < M1
Again, by taking the limit, we find
bM < im0 inf d}) (@)1, Bp()—1) < 1iMyso0 SUPAG (@)1, Byia)—1) < M.
Ifb>1,then M =0. If b = 1, from (g2) with v, = d{;(afm(k),ain(k)) and oy = dg(wm(k),l ; By (k)—1), We obtain
0 < limg_yeo SUp G (BVg, ) < O.

This is a contradiction. Thus, M = 0. This implies that {@, } is a Cauchy sequence.

Case 4: Since (W, dg) is a complete b-0-metric space and {@, } is a Cauchy sequence from Case 3, there exists p € W such
that lim,,_,. @, = p. We must show that p € Fix(T). From Case 1,

bdy(T®,,Tp) < di(@,,p) forall n € IN.

Thus,

0<dg(p,Tp) < bO(dg(p,®us1),dg(@ri1,TP))

L @a.p)).

< bOdg(p.@ui1).

By taking the limit from two sides of above inequality, we get dé’ (p,Tp) =0 since lim,_,.. @, = p. Therefore, p = Tp.

Finally, we must show that the uniqueness of fixed point. Assume that there exists w € W such that w = Tw and w # p. By
Case 1, we get

0 < bd5(Tw,Tp) <di(w,p).

This implies that » < 1. This is a contradiction with our assumption. Hence, T has a unique fixed point. O
Corollary 4.2. Let (W, dg) be a complete b-0-metric space and T : W — W be a mapping satisfies the following inequality
bds(Tw,Tw) < ady(w, @)

for each ®,@ € W, where a. € [0,1). Then, T has a unique fixed point.
Proof. Tt follows from Theorem 4.1 if we take b-simulation function as ¢(v,p) = ap — v forall v,p > 0. O

Remark 4.3. Let (W,db) be a complete b-6-metric space.

1. Theorem 3.4 in [8] is obtained from Theorem 4.1 by taking 6(v,p) = v +p.
2. Theorem 3.3 in [7] is obtained from Theorem 4.1 by taking b = 1.

Now, we illustrate the validity of fixed point result in Theorem 4.1 by the following examples.

Example 4.4. Let W = [0,0) and d : W x W — [0,0) be defined by d}(0,®)) = | 0 —@ . Also, we take 6(v,p) =
V+p+vp. Then, (W, dg) is a complete b-0-metric space with b = 4. Define a mapping T - W - W by Tw = % for all
® €W and a > 0,a # 1. From Theorem 4.1, T has a unique fixed point u = 0 for b-simulation function (v,p) = Ap — Vv
where A > ;%for all v,p € [0,), since

s(4d§(To,Tm),dj(0,0)) = Ady(w,0)—4dj(To,TO)
= AMo-o)-4(|To-To P

3
Mlo-a)-402-21)

(- )(o-of)
0.

Y
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Example 4.5. Let W = [0,1] and dl} : W x W — [0,0) be defined by d5(0,®) = | @ — @ |*. Also, we take 8(v,p) = \/V2 + p2.
Then, (W,d5) is a complete b-0-metric space with b =2+/2. Define a mapping T : [0,1] — [0,1] by T = % +a for all

weWanda< % From Theorem 4.1, T has a unique fixed point u = \/‘?_“1 Sor b-simulation function g(v,p) =Ap —Vv

where A > /2 for all v,p € [0,), since

rdh(0,@) —2V2d5(Tw, To)

= Mo-oP)-2V2(|To-To %)
_ o o op
= Mo-a]) 2ﬁ(|ﬁ ﬁl)
= (/lf%)(\wfmz)

0.

c(2vV2d5(Tw, T®),d5 (0, o))

Y
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stability and convergence. The Euler-Maclaurin methods are used to discretize the equations.
According to the characteristic theory of the difference equation, the oscillation and stability
conditions of the numerical solution are obtained. It is proved that the convergence order of
numerical method is 2n + 2. Furthermore, the relationship between stability and oscillation
is discussed for analytic solution and numerical solution, respectively. Finally, several
numerical examples confirm the corresponding conclusions.

1. Introduction

As a special type of delay differential equations [1]- [4], differential equations with piecewise constant argument [5]- [9]
(abbreviated as EPCA) has some characteristics of continuous and discrete dynamic system, so it has important value in
practical application such as population biology [10], neural networks [11, 12], predator-prey model [13], epidemiology [14]
and so on. In recent years, the comprehensive exploration of EPCA has become a scientific issue widely concerned by scholars
in various fields. Because of the complexity of this kind of equation in structure, it is difficult to solve it accurately. Therefore,
it is necessary to study the numerical solution of EPCA, and then clarify the applicability of numerical method in EPCA.

In the study of differential equations with piecewise constant arguments, much research has been focused on the properties
of numerical solution of EPCA. Gao [15] considered numerical oscillation of the Runge-Kutta method for EPCA of mixed
type. In [16], convergence and stability of stochastic EPCA in split-step theta method was considered. The stability of the
Runge-Kutta method for nonlinear neutral EPCA was studied in [17]. Wang and Yao [18] studied the stability and oscillation
of a kind of functional differential equation. Liang et al. [19] considered numerical stability of system u/(¢) = Lu(t) + Mu([t])
with matrix coefficients in the case of 2-norm. Different from previous studies, this paper mainly considers the numerical
oscillation, stability and convergence of Euler-Maclaurin methods for forward EPCA with advanced and retarded type, and
gives some new conclusions.

Consider the following equation:

X (1) = ax(r) + apx([t]) + a1x([r + 1]),x(0) = co, (1.1)

where [-] designates the greatest-integer function.

Email address and ORCID number: yinhefan@126.com, 0000-0001-7182-3272 (H. Yin), bmwzwq@126.com, 00000-0003-3578-2551 (Q. Wang)
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Denote
bo(t) = e +a'ag(e™ —1),by(t) =a 'aj (e — 1), = bo(1)/(1 —by).
Theorem 1.1. [20] Eq. (1.1) has on a unique solution
x(1) = (bo({1}) + Ab1 ({1}) A o, (1.2)
where {t} is the fractional part of t, if b (1) # 1.

In particular, the solution of Eq. (1.1) is
a0+a1 1+ag ]
1) =
() ( al{})(lal) o

Theorem 1.2. [20] The solution x = 0 of Eq. (1.1) is stable (asymptotically stable) as t — +oo, if and only if

fora=0.

(a+ap+ay) (al—ao—aijjll)> > 0. (1.3)

Theorem 1.3. [20] In each internal (n,n+ 1), the solution of Eq. (1.1) with the condition x(0) = ¢y # 0 has exact roots

aop+ae?
ty=n+— l _
a a+ag+a;

ae’ a
(a0+ea_1><alea_1)>0. (1.4)

If (1.4) is not satisfied and ag # —ae®/(e” —1),co # 0, then solution (1.2) has no zero in [0, +oo).

2. Numerical oscillation and non-oscillation

2.1. Euler-Maclaurin methods and convergence

Firstly, we introduce Bernoulli’s numbers and Bernoulli’s polynomials as follows:

oo

eZ—l Z Z’ |z| < 2m,

=

Z

z’ lz] <2,
e~—1

where B; and Bj(x),j=0,1,2--- are called Bernoulli’s number and the jth-order Bernoulli’s polynomial, respectively.

Lemma 2.1. [21] Bj and Bj(x) have the Jfollowing several properties:
(1) Bo=1Bi =}, B2y =2(-1)/" 2)) X (k) Baja =0.j > 1,
(1) Bo(x) =1,B1(x) =x—3,Ba(x) = x* —x+ ¢, Bi(x) = £ 0(")3 XK=,

Lemma 2.2. [22] Suppose that f(x) has 2n+ 3rd continuous derivative on [t;, ;1 1], then we have

tr+1 " 2j
[ =S+

i j=1

[ @ (ti44) — A7 (ti)} | =0 ("), @D

Leth= % be a given step-size and #; be defined by t; = ih,i =0,1,2---, thenleti =km+1,1=0,1,2,--- ;m— 1. The derivative
xU)(r) exists in every interval [k,k+ 1). We suppose

f() =2 (t) = ax(t) + aox([t]) + arx([t +1])
forall j=0,1,2---, then we have

f1(1) =x"(1) = ax (1) = a’x(t) + aaox([t]) + aarx([t + 1)

()_ Ut ()—af“()+afaox([t])+a/a1x([t+1}5. (2.2)
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Apply (2.2) to (2.1), we get

a n

Xit1 :xiJr?(le +xi)+ha0ka+ha1x(k+1)mf Z Z( )) (xi+1 7)6,'). (2.3)
j=1
Since i =km+1,1=0,1,2,--- ;m—1, (2.3) can be expressed as:
1+ag

=— 2.4
X(k+1)m 1—a Xkem s (2.4)
Xmt1+1 = (1 4+ (14 Dhao)xgm + (1+ 1)ha1x<k+]>m, (2.5)

fora =0, and

R@)"+ 2 (R(2)"—1)

a

x(k+1)m = 1— ap (R(Z)m — l) Xkem s (26)
N1 = (R + 22 ( )= 1) )+ S (R 1) X, @)
fora# 0, where [ =0,1,--- ,;m—2,z=ah, §(z) =1 -5+ ¥_ Bz’z and R(z) = 1+ ( j is the stability function of the

Euler-Maclaurin methods.
Theorem 2.3. For every given n € N, the Euler-Maclaurin method is of order 2n + 2.
Proof. Letkm <i< (k+1)m—1, then by Lemma 2.2 and f(r) = x/(¢), we get

X(tip1) —x(t;) = /t.tiJrl ¥ (t)dt :]%a[x(tiﬂ) +x(t;)] + haox(k) + ha1x(k+1)

L%

Leti = (k+ 1)m— 1, then for any 0 < € < h, we have

Bz Clh "
L l,+1> (I,')] +0 (h2 +3> .

x(tip1 —€)—x(t;) = /;IH Sx'(t)dt :hja [x(tis1 — €) +x(;)] + haox(k) + hajx(k+ 1)

2.8)
B ah 21 (
- Z 2’ X (a1 — &) +x (1) + 0 (R43).
Let € — 0% in (2.8), (2.7) holds true for i = (k+ 1)m — 1. Suppose
ha & Byj(ha)® 2043
(x(t,-+1)—x,~+1) <1—|—2+ ;W = O(h n ) ,
]_
then from (2.4)-(2.7) we obtain
ha & Baj(ha)® i3
(x(tj+1)—.Xi+1) <1+2+Zl(21)‘ :O(h n—+ )7
=
the proof is complete. O

2.2. Oscillation analysis
Theorem 2.4. If {x,} and {xy, } are given by (2.5), (2.7) and (2.4), (2.6), respectively, then {x,} is non-oscillatory if and only
if {xim} is non-oscillatory.

Proof. The necessity is obvious for a # 0. Sufficiency: if {xy,} is non-oscillatory, without loss of generality, we assume
that {xy,} is an eventually negative solution of (2.6), that is, there exists a ko € R such that x;,, < 0 for k > ky. In order
to prove X, < 0 forall k > ko+1and [ =0,1,--- ,m— 1, we suppose ag < 0,a; < 0. If a > 0, then 1 < R(z) < o and
R(z)™™ < R(z)~!, therefore from (2.7) we have

R(2) " Xtmys = (1+ (1* ()~ 1))ka+% (1 *R(Z)_l) X(k+1)m
< (1+; (1 —R(z)*m))kaJr%‘ (1= R(2)™) Xt 1)m

= R(2) "X 1ym < 0.
S0 Xgm+1 < 0. The case of a < 0 and a@ = 0 can be studied in the same way. The proof is complete. O
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By Theorem 2.4, we can get the following theorem.

Theorem 2.5. The following propositions are equivalent:
(I)  {xu} is oscillatory ;
(I1)  {xm} is oscillatory ;
(Ill)  The two cases hold
. aR(z)™
(l) a()<—? anda1<m,

(ii) a0>—% anda1>w,
fora#0, and

(i) ay<—landa; <1,

(ii) ap>—1landa; > 1,
fora=0.

Proof. According to Theorem 2.4, the equivalence of (I) and (II) is obvious, then we prove that (II) and (III) are equivalent.
{x,} is oscillatory for a # 0 if and only if the corresponding characteristic equation has no positive roots, which is equivalent to

R()"™+ % (R(z)"—1
Q% R -1
1=Z (R()"—1)
so we have
R(z)" 4+ 2 (R(z) )<Oand1— % (R(z)"—1)>0
or
R(z)"+ % (R(z)"—1) >0and 1 — < (R(z)" — 1) <0,
that is
ap < *# and a1 < W
or
ap > —% and a; > W
In the same way, A = ifg‘l) for a = 0. The proof is complete. O

From Theorem 1.3, we have the following corollary.

Corollary 2.6. If any of the following conditions holds true:
() Whena#0,
(i) a0<—a landa1<
(ii) ap>—
(II) Whena= O
(i) ap<—landa; <1,
(ii) ag>—1anda; > 1,
then every solution of Eq. (1.1) is oscillatory.

e“ 1’

e" a1’

Lemma 2.7. [21]If |z < 1, then we have ¢(z) > % for z> 0 and ¢(z) > 1 for z < 0.

Lemma 2.8. [2]]If|z| <1, then

(1) ¢(z) < Fy,niseven;
(1) ¢(z) > Z5, nis odd.

Theorem 2.9. If a # 0, then the Euler-Maclaurin methods preserve the oscillation of Eq. (1.1) if and only if n is even.

Proof. According to Theorem 2.5 and Corollary 2.6, we can get the Euler-Maclaurin methods preserve the oscillation of (1.1)
if and only if

holds true. If a > 0, we have
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Since the function y = ﬁ is decreasing, so

ea S R(Z)m
Therefore,
Z
< .
9(@) <
From Lemma 2.8, n is even. The case of a < 0 can be proved in the same way. O

Theorem 2.10. [f a # 0, then the Euler-Maclaurin methods preserve the non-oscillation of (1.1) if and only if n is odd.
From Theorem 2.5 and Corollary 2.6, we can get this proof.

Theorem 2.11. When a = 0, the Euler-Maclaurin methods preserve the oscillation and non-oscillation of (1.1) for any n € N.

3. Relationship between stability and oscillation

From Theorem 1.2, we have the following corollary.

Corollary 3.1. The analytic solution of Eq. (1.1) is asymptotically stable as t — +oo, if and only if

(a+ag+ay) (al —a0 =~y

fora#0, and
(ap+ayr)(a;—ap—2)>0
fora=0.

Theorem 3.2. The numerical solution of Eq. (1.1) is asymptotically stable (x,, — 0 as n — o) if and only if

a(R(Z)’"+1)) -0

(a+ap+a) <a1 —ap— R -1

fora#0, and
(ap+ar)(ag—ap—2)>0
fora=0.
Proof. According to (2.3) and (2.5), it is well known that x,, — 0 as n — oo if and only if \i| < 1, where

R(2)"+ 2 (R(z)" —1)

3 _ a

A= 1—4(R(z)"—1)
for a # 0, and |
for a = 0. So we have m

(a+ap+a) <a1 —ap— ag;iz)?n +11)) >0

for a # 0, and

(ap+ai)(ar—ap—2)>0
for a = 0. This completes the proof. O

According to Corollary 2.6 and Corollary 3.1, we get the conclusion for the analytic solution.

Theorem 3.3. When a # O, the analytic solution of Eq. (1.1) is
(Al) non-oscillatory and asymptotically stable if

(a+ao+ar) (al —ap — a(;,:l)) >0, ap < —% and ay > z5
or
a(e’+1) ae’ a
(a+ao+ar)(ar—ao— == ) >0, a0 > — %5 and ay < 5
holds true.

(A2) non-oscillatory and unstable if



170 Fundamental Journal of Mathematics and Applications

(a+ap+ar) <t11 —ap— 44 H)) <0,a9 < _%1 and ay > a4

or
(a+ap+ay) (al —ag— G +1>) <0, ap > —a—l and a1 < %5
holds true.
(A3) oscillatory and unstable if
(a+ap+ay) (al —ap— ”(ejl)) <0, a0 < le and ay < =
or
(a+ao+ap) (al —ap— “(::ff)) <0, a0 >~ and ay > =
holds true.
(A4) oscillatory and asymptotically stable if
(a+ap+ar) (m —ap— %) >0, ap < f% and ay < z45
or
(a+ao+ar) (a1 —ap— a(ee::l)) >0, ap > —% and ay > 5
holds true.

According to Theorem 2.5 and Theorem 3.2, we get the corresponding conclusion for the numerical solution.

Theorem 3.4. When a # 0, the numerical solution of (1.1) is
(B1) non-oscillatory and asymptoticallystable if

(a+ap+ar) (al —ao—w) >0, a0 < _ R and a; >

R(z)"—1 R(z)"—1 R(z )’"—1
or
(a+ap+ar) (al —ap— %) >0, ap > f% and a; < W
holds true.
(B2) non-oscillatory and unstable if
(a+ao+ar) (611 —ap— %) <0, a0 < —Ra(f)(,f,)’_nl and ay > g
or
(a+ap+ar) (al —ap— M) <0, a9 >— R: )( )ml and a; < %
holds true.
(B3) oscillatory and unstable if
(a+ao+ar) (al —ap— %) <0, a0 < —R“(f)(,i)fl and ay < gy
or
(a+ap+ar) (al —ap— a(;:ijllg <0, ap > 7% and a; > W
holds true.
(B4) oscillatory and asymptotically stable if
(a+ap+ar) (al —ag — %) >0, a9 < —% and a; < ﬁ
or
(a+ap+ar) (a] —ag— %) >0, ap > —Ra(lj)(,f,)inl and a; > R(Z)‘zi,,_l
holds true.

Theorem 3.5. When a = 0, the analytic solution and numerical solution of Eq. (1.1) are both
(C1) non-oscillatory and asymptotically stable if

(ap+a1) (a1 —ap—2)>0,a90 < —landa; > 1
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or

or

or

or

(ap+ay)(aj—ap—2)>0,a0>—1anda; < 1.
(C2) non-oscillatory and unstable if

(ap+ai)(ai—ap—2)<0,a0 < —1landa; > 1

(ap+ay) (a1 —ap—2)<0,a9>—landa; < 1.
(C3) oscillatory and unstable if

(ap+ar)(ar—ap—2)<0,ap < —landa; <1
(ap+ar)(ar —ap—2) <0,ap>—1anda; > 1.
(C4) oscillatory and asymptotically stable if

(ap+ar1) (a1 —ap—2)>0,a90 < —landa; <1

(ap+ayr)(aj—ap—2)>0,a9>—1anda; > 1.

4. Numerical examples

Consider the following equations

X (1) = —x(t) — 2x([t]) + 5x([r + 1]), x(0) =1,
X(t) =x(t) +4x([t]) = 3x([t +1]), x(0)=1,
K () =x(t) +x([t]) + 2x([t +1]), x(0) =1,

X(1) = —2x(t) = 3x([r]) —2x([t + 1)), x(0) = 1.

4.1)

4.2)

(4.3)

(4.4)

From Theorem 1.1, the analytic solution of Eq. (4.1) is x(10) & 1.51037040806E — 4 at t = 10. We listed the absolute errors
(AE) and the relative errors (RE) at n = 2 and ¢ = 10 and the ratio of the errors of the case m = 20 over that of m =40 . We
can see from Table 1 that the Euler-Maclaurin methods is of order 6 when n = 2. The Euler-Maclaurin methods have good
convergence for this kind of equations.

Further, from (4.1) we know that the coefficients are a = —1,ag = —2,a; = 5, then

a(e’+1 4
(a+ap+ar) (a1 —ao—%

e(l_

) ~9.6721 > 0,9 < — 2%

so (A1) in Theorem 3.3 holds true. On the other hand, let m = 50,n = 3, we have

1=ha= % = —0.02,B,; = 2.3404 x 1078 ¢(z) = 1.0100,R(z) = 1 +

Table 1: The errors of the Euler-Maclaurin methods (n = 2)

AE RE

m=2 3.0083E—10 1.9918E—6
m=23 2.6198E —11 1.7345E -7
m=>5 1.2172E —12  8.0591E —9
m=10 1.8986E — 14  1.2570E — 10
m =20 29751E—16 1.9697E — 12
m=40 4.0115E — 18 2.6560FE — 14
ratio 74.16 74.16

~ —0.5820 and a; > —— ~ 1.5820,
1 et —1

Z
= —0.9802.
9(z)
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Because

¢(z) > ~ 1.0100,

then we obtain

R(z)"+1
"((Z)mjl)> ~9.6721 > 0,0 < —

R m
aRQ)"  0s820anday > — 0 1.5820,
R(z) 1

(a+ao+a1) (al—ao— W R(Z)m—

so (B1) in Theorem 3.4 holds true.

From Figure 4.1 we can see that the analytic solution and the numerical solution of (4.1) are asymptotically stable and
non-oscillatory, which is agreement with Theorems 3.3 (A1) and 3.4 (B1).

09} 1
0&f -

07t |

04t

o=ty

03f 1

02r E

01t 1

Figure 4.1: The analytic solution (left) and the numerical solution (right, n = 3 ) of (4.1).

From (4.2) we know that the coefficients are a = 1,a9 = 4,a; = —3, then
a 1 a
(a+ao+ar) (ar—ap— "+ DY | 153079 < 0,a0 > —— _ ~ —1.5820 and a; < —— ~ 0.5820,
ed—1 ed—1 et —1

s0 (A2) in Theorem 3.3 holds true. On the other hand, let m = 50,n = 3, we have

a

2=ha = =0.02,By) = 2.3404 x 1078, ¢(z) = 0.9900,R(z) = 1 + ﬁ —1.0202.

Because
Z
0(2) > —— ~0.9900,
then we obtain
a(RE)"+1) aR(z)" a
gy BTN 183279 <0 _ Y~ 15820 and a) < ——— ~0.5820
(a+ao+a1)(a1 ao R =1 <0,a9 > R -1 an al_R(z)’"—l ,

so (B2) in Theorem 3.4 holds true.

From Figure 4.2 we can see that the analytic solution and the numerical solution of (4.2) are unstable and non-oscillatory,
which is agreement with Theorems 3.3 (A2) and 3.4 (B2).
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Figure 4.2: The analytic solution (left) and the numerical solution (right, n = 3 ) of (4.2).

From (4.3) we know that the coefficients are a = 1,a9 = 1,a; = 2, then

a

ale®+1)
e’ —1

) ~ —4.6558 < 0,ap > ——%

(a+ao+a1)<a1—ao— .

~ —1.5820 and a; > —— ~ 0.5820,
1 e?—1

s0 (A3) in Theorem 3.3 holds true. On the other hand, let m = 50,n = 4, we have

z=ha="2=0.02,B,; = 23404 x 108, () = 0.9900,R(z) = 1 + —— = 1.0202.
- A

¢(2)

Because Z

et —1

¢(z) > ~ 0.9900,

then we obtain

a(R(z)"+1)

R m
aRQ)" | sgr0anday > 0 0.5820,
R(z)" =1

~ —4.6558 <0 -
) =00 = = pm RE)"—1

(a+ap+ar) <a1 —ap—

so (B3) in Theorem 3.4 holds true.
From Figure 4.3 we can see that the analytic solution and the numerical solution of (4.3) are unstable and oscillatory, which is
agreement with Theorems 3.3 (A3) and 3.4 (B3).

600 T T T T T 600

400

200+

‘::-\-__\_‘_
1

200t
-400 } F

500 E J

aa0 L L L L L
]

Figure 4.3: The analytic solution (left) and the numerical solution (right, n = 4 ) of (4.3).
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From (4.4) we know that the coefficients are a = —2,a9 = —3,a; = —2, then
a 1 a
m+ﬂ0+m)Qn—a@—a%_+)>%1L%QS>OJO<—-T?I%—Q3BOMMa1<611%23BQ
ed — ed — et —

s0 (A4) in Theorem 3.3 holds true. On the other hand, let m = 50,n = 4, we have

a _ z
z=ha= - = —0.04,B5; = 2.3404 x 10 87¢(z) =1.0201,R(z) =1+ m =0.9608.
Because
z
> ~ 1.0201
9(2)2 :
then we obtain
a(R(z)™+ 1)) aR(z)™ a
atag+ta))|la—ay—————— | = 11.3825>0,00 < ——————— =~ —0.3130and a; < ~ 2.3130,
IR "SRG 'S R

so (B4) in Theorem 3.4 holds true.

From Figure 4.4 we can see that the analytic solution and the numerical solution of (4.4) are asymptotically stable and
oscillatory, which is agreement with Theorems 3.3 (A4) and 3.4 (B4).

i)

08 L L L L L 08 L L L L L
0 0

Figure 4.4: The analytic solution (left) and the numerical solution (right, n = 4 ) of (4.4).

In particular, when a = 0, Eq. (4.1) becomes
X (t) = —2x([t]) +5x([t +1]), x(0)=1, 4.5)
that is, ap = —2,a; = 5, so we have
(ap+ap)(aj—ap—2)=15>0, ap<-—landa; > 1,
so (C1) in Theorem 3.5 holds true.

From Figure 4.5 we also see that the analytic solution and the numerical solution of (4.5) are asymptotically stable and
non-oscillatory, which is agreement with Theorem 3.5 (C1).
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09k :
08t |

07t i

04F i

03p ¢ .

o1r E

Figure 4.5: The analytic solution (left) and the numerical solution (right) of (4.5).

When a =0, Eq. (4.2) becomes

X (1) = 4x([f]) = 3x([t+1]), x(0) =1,
that is, ag = 4,a; = —3, so we have
(ap+a1) (a1 —ap—2)=-9<0, ap>—-landa; <1,

so (C2) in Theorem 3.5 holds true.

(4.6)

From Figure 4.6 we also see that the analytic solution and the numerical solution of (4.6) are unstable and non-oscillatory,

which is agreement with Theorem 3.5 (C2).

Figure 4.6: The analytic solution (left) and the numerical solution (right) of (4.6).
When a = 0, Eq. (4.3) becomes
X () = x([f]) +2x([t+1]),  x(0) =1,

that is, ag = 1,a; = 2, so we have

(ap+a1) (a1 —ap—2)=-3<0, ap>—landa; >1,

.7
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so (C3) in Theorem 3.5 holds true.
From Figure 4.7 we also see that the analytic solution and the numerical solution of (4.7) are unstable and oscillatory, which is
agreement with Theorem 3.5 (C3).

1500 . . . . . 1500
1000 : 1 1000 | 1
500 ; 1 500} 1
4 . 0 ]
= s} / { .= soof 1
oo b 1 1000} 1
500t 1 1500} 1
2000 F L 2000 1
2y 2 s 5 5 w12 =200 2 1 B 5 w12

Figure 4.7: The analytic solution (left) and the numerical solution (right) of (4.7).

When a = 0, Eq. (4.4) becomes

X(t) = =3x([t]) —2x([t +1]), x(0)=1, (4.8)
that is, ag = —3,a; = —2, so we have
(ap+a1) (a1 —ap—2)=5>0, ap<—landa; <1,

so (C4) in Theorem 3.5 holds true.
From Figure 4.8 we also see that the analytic solution and the numerical solution of (4.8) are asymptotically stable and
oscillatory, which is agreement with Theorem 3.5 (C4).

08t ]

x(t)

s L L L L L ns L L L L L
0

Figure 4.8: The analytic solution (left) and the numerical solution (right) of (4.8).
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5. Conclusion

In this paper, the Euler-Maclaurin methods are applied to discrete differential equations with piecewise constant arguments of
advanced and retarded type. We obtained the stability, oscillation conditions and convergence order of numerical methods. The
type of Euler-Maclaurin methods for solving differential equations with piecewise constant arguments is extended and the
results of corresponding literature are generalized. In the future, we will consider the application of the numerical method to
the multi-dimensional and fractional cases.
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Appendix A

The following code is the Matlab detail of Table 1.
Yon = 2
syms d;
a=—1;
a0 = -2;
al =5;
x0=1;
t=10;
m=2;
h=1/m;
z=h=x*a;
R1 = symsum(1/d"2,1,inf);R1 = double(R1);
R2 = symsum(1/d"4,1,inf); R2 = double(R2);
A=1—z/2+R1%7"2/(2%pi"2) —R2x7"4/(8 % pi"*4);
R=1+z/A;
k1 = (R"m+ (a0/a)* (R"m—1))/(1—(al/a)* (R"m—1));
x=zeros(1,11);
x(1) = x0;
for k=1:10
x(k+1) =kl *x(k)
end
b0 = (exp(a) + (exp(a) — 1) * (a0/a)) /(1 — (a1 /a) * (exp(a) —1));
X = b0"10;
AE = abs(x(11) = X)
RE = abs(AE/X)

Appendix B

The following code is the Matlab detail of Figure 4.1.
a=—1;
a0 = -2;
al =5;
x0=1;
ot = 10;
m = 50;
h=1/m;
z=hxa;
for j=1:3
for k=1:10
B=2x(—1)"(j+ 1) factorial (2 x j) * sum((2 x k* pi)" (=2 j));
A=1—z/2+sum((B*7"(2% j))/factorial (2% j));
end
end
R=1+z/A;
k1 = (R"m+ (a0/a)* (R"m—1))/(1 —(al/a)* (R"m—1));
x =zeros(1,12xm);
%x(0) = x0;
x(m) = x0;
t =zeros(1,11xm+1);
for k=1:11
x(mx (k+1)) =kl xx(mxk);
for 1=0:m—2
k2=RM(I41)+ (a0/a)* (RM(14+1)—1);
k3= (al/a)x (R"I+1)—1);
x(kxm+1+41)=k2xx(kxm)+k3*xx((k+1)*m);
end
end
y=x(m:end);
for i=0:11xm
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ti+1)=i/m;
end
subplot(1,2,2)
plot(z,y, r—")
xlabel('t");
ylabel("x_n');
hold on;
for n=0:10
for t=n:001:n+1

2= ((exp(a (1 —n)) + (a0/a) * (exp(a (1 —n)) — 1)) +
1)) (al fa) * (exp(a (1 — n)) — 1)) # ((expla) + (a0/a) * (exp(a)

subplot(1,2,1)
plot(s,z,/b—".")
hold on
end

end

hold off

xlabel('t’);

ylabel('x(t)");

xp(a)+ (a0/a) * (exp(a) — 1
1))/ (1= (al/a) +(exp(a) —

—
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code for our approach that provides the solution of the linear elliptic quaternionic matrix
equations is expressed. Moreover, we apply this method to the well-known Slyvester matrix
equations and Kalman Yakubovich matrix equations over the elliptic quaternion algebra.

1. Introduction and Preliminaries

Real quaternions are a four-dimensional number system that was first expressed by Hamilton in 1843, based on the idea of
generalizing complex numbers [1]. Hamilton first tried to describe the 3-dimensional number system as follows:

q=qo+qii+qaj

where ¢o,q1,¢> € R and i> = j> = —1. However, he saw that this number system does not provide the closure property under
multiplication. In this way, Hamilton saw that there could not be a system similar to any 3-dimensional complex number
system and defined the 4-dimensional number system is known as the real quaternion in the following way:

K={g9=q0+qii+q2j+q3k: q0,91,92,93 € Rand i, j,k ¢ R} (1.1)

such that

P==k=—1,ij=—ji=k, ik=—ki=—j, jk=—kj=i. (1.2)

There are many applications of real quaternion algebra in different fields of the scientific world. The main areas are kinematics,
mechanics, quantum physics, chemistry, image-signal restoration, and game development. For this reason, there are many
studies related to real quaternions in literature [2]-[6].

On the other hand, Segre defined commutative quaternions in 1892 [7]. One of the most essential properties of a commutative
quaternion is that it meets the commutative property of multiplication. The commutative quaternion algebra is a significant
factor in fields such as Hopfield neural networks, digital signal, and image processing [8]-[11]. Therefore, commutative

Email address and ORCID number: kemaleren52@gmail.com, 0000-0001-5273-7897 (K. Eren), hhkosal @sakarya.edu.tr, 0000-0002-4083-462X
(H. H. Kosal)
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quaternion algebra theory has been increasingly important in recent years.

Elliptic quaternions are the generalized form of commutative quaternions. The set of elliptic quaternions is a commutative ring
under a commutative law and combination law of a four-dimensional Clifford algebra. Moreover, this set contains non-trivial
idempotents, nilpotent elements, and zero-divisors [8, 12, 13].

The set of elliptic quaternions with basic elements 1,i, j and k is represented as

Hy ={a=ao+aii+ayj+aszk: ap, a1, az, a3 ERand i, j,k ¢ R} (1.3)

which satisfy the equalities > = k> = «, j>=1,ij=ji=k, jk=kj=1i, ki=ik = oj, & <0, & € R, [8]. Addition
of any two elliptic quaternions a = ag + aji+ azj+ ask, b = bo+ b1i + byj + b3k € Hy is given by a+b = (ag+bo) +
(a1 +b1)i+ (a2 +b2) j+ (a3 + b3) k. Scalar multiplication of a elliptic quaternion a € H, with a scalar A € R is expressed as
Aa= A (ap+ayi+ayj+ask) = Aag+ Aaji+ Aazj+ Aask . In addition, the operation of the quaternionic multiplication of
two elliptic quaternions a,b € Hy, is expressed as

ab = (apbo + aa1by + axby + aazbs) + (a1bg + apby + asby + axbs) i

. 1.4
+ (aoby + axby + aa1bs + aazby) j+ (asbg + apbs +ai1by + azby ) k. (1.4)

On the other hand, we know that the elliptic quaternion a € H, has three types of the conjugate: 'a = ag —ayi+ayj—aszk, *a =
ap—aii—aj+azk and Sa=ap+aji— ap j — azk. Additionally, the norm of the elliptic quaternion a € Hy, is

lall = ¢/a ('@) (@) (3a) = \4/ [(ao ) —ala +a3)2] [(ao —w) —ala —a3)2] . (1.5)

If a € Hy and ||a|| # 0 then there exists multiplicative inverse of the elliptic quaternion a. So, multiplicative inverse of the

12 (2 (3
elliptic quaternion a is a~! = % [8, 12].

For

apg oOap apy 0Oaz
aj a as ay
a oaz ag 0Oap
a3 a; ay a

H,, = eR¥ 1 ag, a1, a3 €R 3, (1.6)

Hy, is algebraically isomorphic to the matrix algebra H, through the bijective map

ap Oay apy 0Oaz
aj ag as ap
a oaz ag Oap
as az ai ao

¢:He — Hy, ¢,= (1.7)

Thus, every elliptic quaternion a € Hy, has a real matrix representation

apg Oap apy O0Oas
aj a as [75)
0 = (1.8)

ay Oaz ap O0Oa
az  4dy ap 4o

in HY, [8].
Theorem 1.1. (/8, 12]). For a,b € Hy and A € R, the following identities are satisfied:

a=b< ¢a=p,
Datp) = Pa+ Pb,
¢(ab) = 0afp,
¢

O(ha) = Aas
trace (§,) = a+'a+*a+ 3a,
la][* = |det (¢)] -

NS AW~
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Let’s denote by HZ*" which is the set of all m x n type matrices with elliptic quaternion entries. H}*" with the ordinary
matrix summation and multiplication is a ring with identity. The conjugates of elliptic quaternion matrix A = (a;;) € Hp*"
which has three types of conjugate are given the following as:

'A=("m;) eHy ", A = (@) € Hy " and *A = (Yaj) € Hy ™"

Also, elliptic quaternion matrix A = (a,j) € H2*" can be expressed as A = Ag+A i+ Ay j+Aszk where Ag, A, Ay, Az € R™".
Then, 'A=Ag—Ai+Ayj— A3k =Ag—Aji—Ayj+Askand3A =Ag+Aji—Asj—Ask. A matrix AT € H™ is transpose
of A € H", Also A*s = (SA) € H’&’X”, s=1,2,3, is called conjugate transpose with respect to the s" conjugate of A € H*"
[12].

Theorem 1.2. ([12]) Let’s assume that A and B are elliptic quaternion matrices of appropriate sizes. Then the following
expressions are provided:

1. (A)"=(aT),

2. (AB)" = B*A*,

3. (AB)" =BTAT,

4. *(AB) = (*A) ( B),

5. IfA~" and B~! extst then (AB)™' =B~ 1A"1,
6. IfA! exists (A*) ! = (A’l)*Y7

7. (FA) =),

For any elliptic quaternion matrix A = Ag+A1i + Ay j +Azk € HZ*", the real representation @4 of the elliptic quaternion
matrix A were given in [13] as follows,

AQ (XAl Az OCA3
| At Ay A3 Ay 4mxdn
Pa = Ay QA3 Ay OA; €R

A3 Ay A Ay
in here Ay, A1, Az, A3 e R™" a € Rand o < 0.

Theorem 1.3. ([13]) Let A, B € H™", C ¢ Hy " and A € R be given. In that case, following identities for the elliptic
quaternion matrix are satisfied:

1. A=B& Oy = Pp, Py p =Py + P,

2. Dy =PpPc, Ppp = APy,

3. A= 35 Ean®a ('Ewn) where Ey = (I ily jli k) € HY,
4. If A is a nonsingular matrix of size m, then

IR T, pp— . ey 5 L

2-2o

5 @, = dDZ, AT =5 20‘E4,,1CI:'* (IEM)T are generalized inverse of ®4 and A, respectively,
6. (I)A = R4mq)AR4n7 q)A = S CDAS4,, and QDA = T CDAT4n where

0 al, 0 O 0 0 L O 0 0 0 af
Ra=| 5 0 0 an || n 000 | |0 a0 o
0 0 L O 0 L 0O L, 0 0 O
2. On solutions of general linear elliptic quaternionic matrix equations
In this section, we study the solutions of the equations
A1XBy+-+AXB, =C 2.1

by means of the real representations of elliptic quaternion matrices, where Ay € H?>*" B, ¢ H5 Y, C € Hg Y and s =1,2,3,...,1.
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Theorem 2.1. The elliptic quaternionic matrix equation given by (2.1) has a solution X if and only if the real matrix equation

CDA] Yq)Bl + - +(I)A1 Y(I)B[ =Pc (2.2)

has a solution Y € R¥**?_in which case, if Y € R***P is a solution of the real matrix equation (2.2), then the matrix

X:

— \T
2720{15*4”)/’(1154,,) (2.3)

is a solution of (2.1) where

Y = % (Y +RaYRy) +S3,Y Sy + T4,,YT4;1) 2.4)
and

Ey=(1L il jl ki )eH;¥ t=n,p.
Proof. Suppose that the real matrix
Yu Yo Yi3 Y
Y21 Yo Y3 Y4

Y31 Y Y33 Y
Yoo Yoo Y3 Yu

Y €RVP yuyv=1,2,34 2.5)

is a solution to the equation (2.2), then, we say that the matrix given in (2.3) is a solution to equation (2.1). According to
Theorem 1.3, we get

@y, = R, Pa,Ran, Pp, =R, P Ryy and ¢ = Ry, PcRuy,

Dy, = S5 Pa,San, P, =S, Pp,Say and ¢ =S, PcSay,
CDAS = T4;n] CI)AS Ty, CI)BS = T4;](I)BS T4q and &¢ = T4;11 CIDCT4q.

where s = 1,2,3,...,[. Substituting them into (2.2), respectively, and simplifying the corresponding equation, we have three
equations as follows,

s, (RuYRy) ) @, + -+ Dy, (RuY Ry} ) @y = (@),
P, (S1¥ Sy} ) o, + -+ Da, (Su¥ S5} ) i, = (@), 2.6)
s, (T 5,1 ) @, + -+ @, (TuV Ty, ) @, = (0c)

This equation express that if Y is a solution of the equation given by (2.2), then Ry4,Y R;pl7 S4,Y S;pl and Ty,Y T4;1 are also
solutions of the real matrix equation defined by (2.2). Thus the undermentioned real matrix:

1
V=g (¥ + RanY Ry} + S S3) + Ta¥ T, ) @.7)

is a solution to (2.2). By substituting (2.5) in (2.7) and making necessary simplifications, it can easily be written by

Zo oZy Zp, aZj
AR/ R/ SV /)
Z, a3 Zy QaZy
Zz Zn v Dy

Y =

where
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Zo=%(Y11+Y22+Y33+Y44), Z =1 1 (le +Y1+Y34+Y43)

(2.8)
Zy =t (Vi3 4+Yu+Y+Yn), Z3=1 (Y‘4 + Yo+ 12 +Y41)
Thus, we get ®x = Y’. From Theorem 1.3, we obtain
I
X = ﬁ (I, il jI, kI,)Y' ;Zj’ =Z0+Z\i+2Zpj+ Zsk. (2.9)
—ki,

Moreover, since ©x = Y’ the elliptic quaternionic matrix equation given in (2.1) has a solution if and only if the real matrix
equation given in (2.2) has a solution.
O

3. Numerical algorithm

Considering the discussions in the previous section, now, we provide numerical Algorithm for solving general linear elliptic
quaternionic matrix equation

A1 XB1+---+AXB =C

where A, € H" B € HE™, C € Hp*? and s = 1,2,3,..., 1.

Algorithm 1 Numerical Algorithm for Solving General Linear Elliptic Quaternionic Matrix Equations

1: Begin

2: Input Ay € H?*", By € HY Y and C € Hy*? where 1 < s < 1.
3: Form &4 , ®p and Oc.
4

. Compute ¥ and ¥' = £ (¥ +RayY Ry} +Su,Y Sy + T YTy, ).

I
5: Calculate X = 5 (I, il, jl, kI,)Y’ _J,;IP
P
—ki,
6: End
4. Numerical examples
For I = 2, the special case of (2.1) is given by
A1XB1+AXB, =C 4.1)

where A1,Ay € H?*" By, B, € Hp ! and C € Hg Y. If By = 1,,, Ay = —I,, m = n, p = q are taken in (4.1), we have elliptic
quaternionic Sylvester matrix equation AX — XB = C. Similarly, Ay =1,, By =1,,m=n, p=q, Ay = —A and B, = B are
taken in (4.1) we have elliptic quaternionic Kalman-Yakubovich matrix equation X —AXB = C.

In the literature, the equations AX —XB = C and X — AXB = C are known as the Sylvester matrix equation and the Kalman-
Yakubovich matrix equation, respectively. These equations play an important role in control theory, signal processing, filtering,
image restoration, decoupling techniques for ordinary and partial differential equations, and block-diagonalization of matrices,
[14]-[18]. In this section, we obtain the solutions of the given elliptic quaternionic matrix equations AX —XB = C and
X — AXB = C according to our Algorithm.

Note that all computations in the rest of the paper are performed on an Intel i17-3630QM @2.40 GHz/16GB computer using
MATHEMATICA 9 software.

Let’s take o@ = —2 specifically to solve the elliptic quaternionic Kalman Yakubovich matrix equation

o 1+k i Jo142i\ [ 3+4i+3j+k  242i+7j+k
j—k 1—j k i+j )T\ 542i—6j+k —7-2i—2j+8k
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Real representation of given equation is

1 0o o0 -2 0 0 -2 0 01 0o —4 10 0 O
0 1 0 0 1 -1 2 0 o0 0 -201 =2 0
0 1 1 0 1 0O 0 O 02 0 1 00 1 O
v _ 0 0 O 1 -1 0 1 -1 v 01 0 O 1 0 0 1
o o0 -2 0 1 0 0 =2 1 0 0o 0 01 0 -4
1 -1 2 0 O 1 0 O 01 -2 0 00 0 -2
1 0O o0 0 0 1 1 0 0 0 1 0 02 0 1
-1 0 1 -1 0 0 O 1 1 0 0 1 01 0 O
3 4 -2 6 1 7 0o -2
7 —-12 0 6 -7 3 -4 -—-18
1 -3 3 4 0 1 1 7
- o -3 7 =12 2 9 -7 3
- 1 7 0o -2 3 4 -2 6
-7 3 -4 -18 7 -—-12 0 6
0 1 1 7 1 -3 3 4
2 9 -7 3 0o -3 7 -12
If we solve this equation, we have
1 0 2 0 0 1 0 O
1 0 0 0 o0 1 -2 —4
-1 0 1 0 0 0 O 1
v — o o 1 o0 1 2 O 1
o 1. 0 o0 1 0 2 O
0o 1 -2 -4 1 0 0 O
0 0 0 1 -1 0 1 0
1 2 0 1 0 0 1 0
Then
b
X=25(h ih jh kb )(Y+RYRy'+SsVSg'+ YTy ") _ng
—kI
(=i
(15 )
Similarly, let’s take &t = —5 specifically to solve the elliptic quaternionic Sylvester matrix equation
<1+i i+3j+2k)X_X< i j+2k):< —46+13i—19j+k 19+6i35j+15k>
3k 2 54i 2-3j 25-22i—8j+7k 48 —6i+21k ’

The solution of real representation of given elliptic quaternionic Sylvester matrix equation is

1 2 -5 0 1 0 O 0
0O 0 O =25 1 3 =20 O
1 0 1 2 00 1 0
Y — 0 5 0 0 4 0 1 3
o 1 0 0 0 1 2 -5 0
1 3 =20 0 O 0 O —25
0 0 1 0 1 0 1 2
4 0 1 305 O 0
Thus, we get
J4)
. . _ _ _ —il’
X=24(bL ib jh kb )(Y+RsYRy +Ss¥Sg! + YTy ") j;;
—kb

o 1+i+j 2
—\ j+4k 5i+3j )
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5. Conclusion

In this study, we established the solution of general linear elliptic quaternionic matrix equations with the help of the real
representation of elliptic quaternion matrices and expressed an Algorithm for the solutions of these equations. In addition,
we investigated solutions of elliptic quaternionic Sylvester and Kalman Yakubovich matrix equations, which are essential
applications in various areas of science. Actually, general linear matrix equations over the complex field form a special class of
general linear elliptic quaternionic matrix equations. Thus, the obtained results extend, generalize and complement the scope
of general linear matrix equations known in the literature.
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(2 + 1)-dimensional Calogero-Bogoyavlenskii-Schiff equation and the (3 + 1)-dimensional
Jimbo-Miwa equation. Our applications reveal how to use the proposed method to solve
nonlinear partial differential equations with the balance number equal to two. Consequently,
some new exact traveling wave solutions of these equations are achieved, and types of
waves are determined. To verify our results and draw the graphs of the solutions, we use the
Mathematica package program.

1. Introduction

Nonlinear partial differential equations (NPDEs) have proved to be precious instruments for the modelling of physical
phenomena, and have been the focus of many researchers due to their extensive use in several areas such as mathematical
physics, biology, nonlinear optics, fluid mechanics, ocean engineering, chemical physics, plasma physics etc. [1]-[6]. Thus,
it has gained great importance in the literature to examine the solutions of these equations to explain the nonlinear complex
processes in nature. However, exact solutions of equations in the nonlinear form are not always obtained by classical methods.
In recent times, many useful methods and techniques such as the modified simple equation (MSE) method [7], the improved
tan(¢/2)-expansion method [8], the extended rational sine-cosine method [9], the (G’ /G, 1/G)-expansion method [10], the
improved F-expansion method [11], the modified exp (—¢ (&))-expansion method [12], the first integral method [13], the
(G' /G)-expansion method [14] etc. have been enhanced to find traveling wave solutions. In this paper, we propose the MSE
method, which is a remarkable and useful method for finding various solutions of NPDEs. This method converts NPDEs into
nonlinear ordinary differential equations (NODEs) with wave transformation. Also, the advantage of the proposed method
is that the general solution form is defined as the sum of the finite series and an unknown function in this solution form is
determined according to the solution of a system of algebraic equations obtained from the main equation. Compared to other
methods in the literature such as (G’ /G, 1/G)-expansion method, the sine-cosine method, the improved F-expansion method,
the (G’ /G)-expansion method, etc., the MSE method does not require symbolic computational software programs to solve
algebraic equation systems. In addition, the unknown function in this method is not depend on a pre-defined function or a
solution of the ODE, and the obtained exact solutions have arbitrary coefficients. Thus, the traveling wave solutions can be
obtained in a new and extensible form. We observe that this method is highly systematic, understandable and applicable. We
perform the MSE method to NPDEs, namely, the (2 + 1)-dimensional Calogero-Bogoyavlenskii-Schiff (CBS) equation [15]
and the (3 + 1)-dimensional Jimbo-Miwa equation [16]. The CBS equation is a frequently used model in fluid dynamics that
describes and explains situations such as fusion, annihilation and fission of complex waves [17]. The Jimbo-Miwa equation is

Email address and ORCID numbers: gizelbakicierler @gmail.com, 0000-0002-1789-0842 (G. Bakicierler), emine.misirli @ege.edu.tr, 0000-0001-
5370-6283 (E. Misirh)
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used in fluid mechanics to define some specific (3 4 1)-dimensional nonlinear waves, and this equation is the second equation
in the notable Kadomtsev—Petviashvili hierarchy of integrable systems [18]. As a result, new exact solutions of the equations
are obtained and their graphs are drawn to observe the physical behaviors of these solutions. The article is concerted in the
following: In Sec. 2, we summarize the illustration of the MSE method. In Sec. 3, applications of the MSE method are given.
In Sec. 4, we draw graphs of wave solutions and physical explanations. Sec. 5 includes the conclusion.

2. The modified simple equation method

In this section, we present the major steps of the MSE method [7]:
Consider the NPDE in the following:

G (4, Uy Uy Uy Upg Uy Uy, ...) =0, (2.1)

where G is a polynomial of u (x,y,) and its several partial derivatives.
Step 1. We use the traveling wave transformation

ulx,y,t)=u(Y), Y=x+y—0r, (2.2)
to reduce (2.1) into the succeeding NODE:
R(u,u' ,u" ", ..) =0, (2.3)

where R is a polynomial in u (Y) and its all derivatives with respect to Y.
Step 2. Suppose that the solution of (2.3) can be expressed in the form,

NooTe'(r)]*
u(Y) = , 2.4
(Y) I{Z()Ak[q)m} (2.4)

where Ay, are arbitrary constants (Ay # 0) and ¢ (Y) is an unknown function to be calculated.

Step 3. We determine balancing number N in (2.4) by considering the homogeneous balance between the highest order
nonlinear terms and the highest order derivatives occurred in (2.3).

Step 4. We replace (2.4) and its derivatives into (2.3). Hereby, we have a polynomial of ¢ (Y). Then, we equalize all the
coefficients of ¢~/ (Y) (i=0,1,2...) to zero in this polynomial. This operation gives a system of equations to obtain A; and
¢ (Y). Thus, we achieve the exact solution of (2.1).

3. Applications

In this section, the MSE method is applied to nonlinear equations which express some special physical phenomena and wave
solutions of these equations are obtained.

3.1. (2+ 1)-dimensional Calogera-Bogoyavlenskii-Schiff (CBS) equation
This equation was examined by Schiff and Bogoyavlenskii in varied ways. Bogoyavlenskii used the modified Lax formalism,
while Schiff obtained the similar equation by reducing the self-dual Yang-Mills equation [19]. This equation has various forms

for different coefficients. Also, many studies in the literature obtain different solution types of this equation [17], [20]-[23].
The (2 + 1)-dimensional Calogero-Bogoyavlenskii-Schiff (CBS) equation is as follows [15]:

Uyxry + 2uylyy + 4ttty + tty = 0, 3.1

where x, y represent the position of the wave and ¢ represents the time. Applying the wave transformation in (2.2) to (3.1),
integrating once respect to Y and considering the integration constant as zero, we attain nonlinear ODE in the following form:

W43 () —eu =0, (3.2)
Now, using the transformation «'(Y) = v(Y), (3.2) reduces to
V4302 —@v=0. (3.3)

Balancing v/ and v? in (3.3), we find N = 2. Consequently, (2.4) turns into the following form:

v(Y) =Ag+A <";/<%>> +A, (Z/(%))z (3.4)
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Substituting (3.4) and its derivatives into (3.3), and setting all the coefficients with the same power of ¢~/ (Y, we attain a
system as follows:

(0)° : 342 — @A) =0,
(0)"" 1640419’ (Y) — OA¢' (X) + 49" (Y) =0, (3.5)
(6)7%:343 (9" (1)) + 64042 (9" (X)) —©A2 (¢ (Y))* —34,9' (Y) 9" (Y)

+2459" () ¢/ (Y) +24, (9" (Y))* =0, (3.6)
(9) 7164142 (¢' (1)) +24, (9" (1)) — 1042 (¢ (1)) 9" (Y) =0, 3.7)
(9)™*:343 (¢' (1)) + 642 (9' (1))* = 0.

20
Case 1: Ag=0,A1 #0, Ay = —2 and ¢’ (Y) # 0. In this case, by using (3.5) and (3.7), we obtain ¢’ (Y) = Zf‘—lleﬂT and

20y . . .
oY) = %eAl + ¢». Here and throughout the paper, c¢; and c¢; are arbitrary constants of integration. Then, we use these

equations and (3.6), we achieve A| = +21/0. Inserting Ag, A1, A2, ¢(Y) and ¢'(Y) into (3.4), we deduce the exact solution of
(3.1) as follows:

2

:I:C—lei‘@T :I:C—'ei\@r
® [©)
v =2ve | | -2 0]
¢ “+c2 € +c

where Y =x+y— 0Or.
Now, by using hyperbolic function features, we obtain the wave solutions when ¢c; = ® and ¢, = 1 as:

2
vi2(x,y,t) =0 (1 -+ tanh (i\z@ (x—l—y—@)t))) —% (1 -+ tanh <i\@ (x+y—®t)>> ,

ur 2 (x,y,¢) = V@tanh <\/2@ (eryG)t)) . (3.8)

When ¢y =0, ¢ = —1 as:

2
v34(x,y,t) =0 <1+coth (i\z/@(x+y®t)>> —% <1+coth <i\z/@(x+y®t)>> ,

u3 4 (x,y,1) = V@coth (? (x+y—®t)> . (3.9)

—20
Case 2: Ag= 92, A1 #0, A, = —2 and ¢'(Y) # 0. By using (3.5) and (3.7), we obtain ¢'(Y) = Z%eTY and ¢(Y) =

—20
) — %eTY. Considering these equations and (3.6), we have A| = +2iv/@. Now, inserting A, A, A2, ¢(T) and ¢’(Y) into
(3.4), the exact solution of (3.1) follows as:

2

o i\ﬁe¥@1’ i\/aeI@Y

_9 ... i@ _ Ve

v(Y) = 3 +2ivV/0 - 2 -
Ccy) — 66 i Ccy) — @e i

where Y = x4y — Or.
Hence, by using hyperbolic function features, we achieve the wave solutions for c; = —® and c; =1 as:

2
vs6 (x,9,1) :?—@ <l—|—tanh (ZFZ@ (x+y—®t)>> +% <1+tanh (ZF;{@ (x—l—y—@t))) )

usg (x,y,t) = Obcty-0r) V@tan <\@ (x+y— G)t)) . (3.10)

3 2
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Forci = —-®and c; = —1 as:
2
(C] Q) ® Q)
s () = 5 —© <1+coth <3F;lf (x+y—®t)>> +5 <l+coth (szlf (x—l—y—@t))) ,
uzg (x,y,t) = wwL\/@cot <\/2@ (ery@t)) . (3.11)

3.2. (3+1)-dimensional Jimbo-Miwa equation

This equation appears in many areas of science, such as geochemistry, fluid mechanics, optical fiber, astrophysics, plasma
physics, chemical kinematics and solid state physics [24]. Furthermore, there are many studies in the literature investigating
the different forms of solutions for this equation [18], [25]-[28].

The (3 + 1)-dimensional Jimbo-Miwa equation is as follows [16]:

Upxxy + OUxlty + 3uvye + 3ty + 3uy — 3uz; =0,
ity = Vy, (3.12)

where x, y, z represent the position of the wave and ¢ represents the time. Using the wave transformation in the following:
u(x,y,z,t) =u(Y), v(x,yzt)=v(Y), Y=x+y+z—0x,
and three times integrating with respect to 1, considering the integration constants as zero, (3.12) converts to nonlinear ODE:
W' 4+3u* =30+ 1)u=0. (3.13)
Balancing «” and u? in (3.13), we get N = 2. Therefore, (2.4) turns into the following form:
2
) =nea () (5m) a4

Substituting (3.14) and its derivatives into (3.13), and editing all the coefficients with the same power of q)*i(T), we obtain a
system as follows:

(0)°:343-3(®@+1)Ag =0,
(0)" 640419 (Y) =3 (®+1)A19' (X) +A;9" (T) =0, (3.15)
()77 1343 (9 (1))* + 64042 (¢/ (X))* =3 (0+ 1) 42 (¢' (X))
~3419" (X) 9" (X) +2429" (X) ¢' (Y) + 242 (¢ (Y))* =0, (3.16)
(6)7° 164142 (9" (X))* +24; (¢ (1))’ — 104 (¢’ (1)) 9" (1) =0, (3.17)
(0)7*:343 (9" (1))* +642 (9" (1))* = 0.
Case 1: Ag=0, A #0, Ay = -2 and ¢'(Y) # 0. From (3.15) and (3.17), we get ¢'(Y) = 2“%66(?‘71“)Y and ¢ (Y) =

6(0+1)

3(&%) e AL + ¢3. Then, by these equations and (3.16), we deduce A| = £2+/3(® + 1). Substituting Ao, A1, A2, ¢ (Y) and
¢’(Y) into (3.14) we have the exact solution of (3.12) as in the following:

(q )ei CIENS i (Cl oEV3EHT

3O+ 3©+1)

u(l) =+2/3(0+1) PN —2 PN
3O+0)°¢ +e 3O+0¢ e

where Y =x+y+z—0r.
Hence, by using hyperbolic function properties, we get the wave solutions when ¢; =3 (®+1) and ¢, = 1 as:

u12(x,,2,t) =3(@+1) <1+tanh <:|:3(2®+1) (x+y+z®t)>>

2

—M (l—Hanh (j:\/3(2®7+1)(x+y+z—®t)>> . (3.18)

2
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Whenc; =3(®+1)and ¢ = —1 as:

uz 4 (x,y,z,t) =3(0+1) (1 + coth <i3(2®+1) (x+y+z—®t)>>

2
3(0+1 +./3(0+1
f% <1+coth <(2+)(x+y+z®t)>> . (3.19)
—6(0+1)
Case2: Ag=0+1,A; #£0,A; = —2 and ¢’ (Y) # 0. Taking (3.15) and (3.17) into account, we get ¢’ (Y) = ZfT‘le A

—6(0+1)
and ¢ (Y) =cy — me a1 ' From these equations and (3.16), we have A} = £2i/3 (@ + 1). Substituting Ay, A;, Ay,

¢ (Y) and ¢’ (Y) into (3.14), we get the exact solutions of (3.12) as follows:

. i/3(0+1 iv/3(@+1
u(Y)=(0+1)+£2i,/3(0@+1) . oy -2 =N
30+0)°¢ VIt 30+0)°¢ Vi ta
where Y =x+y+z— Or.
Then, by using hyperbolic function properties, the wave solutions are obtained for ¢c; = —=3(®+1) and ¢; = 1 as:

use(x,y,z,t) = (@+1)—-3(0+1) (1 + tanh <W(x+y+z—®t))>

21
2
—3(%4_1) <l—|—tanh <:F\/3§l®7+1) (x+y+z—®t)>> . (3.20)

Forc; =—-3(®+1)and ¢; = —1 as:
3(0+1
w5 (x,y,2,1) = (©+1) —3(@+ 1) (H—coth (qcéi)(xﬂﬂ—@t)))

2
_@ <l—l—coth (stg.M(xﬂJrz—@t))) : (3:21)

Moreover, the values of v (x,y,z,¢) can be easily calculated according to the u, = v,.

Consequently, the set of exact solutions for the CBS and the Jimbo-Miwa equations can be expanded by selecting more varied
arbitrary constants c¢; and c;.

4. Physical explanation and graphs

This part shows physical behaviour of the achieved exact wave solutions of the CBS and the Jimbo-Miwa equations. The MSE
method is implemented to both equations and the new traveling wave solutions are obtained in (3.8), (3.9), (3.10), (3.11) and
(3.18), (3.19), (3.20), (3.21), respectively. These results are drawn with proper values in different types of graphs and intervals
such as 3D (—8 < x,# < 8), 2D (—8 < x < 8) and contour graph (0 < x,7 < 10). Other independent variables y and z are used
with appropriate values in the solution graphs.

4.1. Graphs of solutions for the CBS equation:

Fig.4.1-(a), (b), (c), (d) demonstrate (3.8) u; > (x,y,), (3.9) uz 4 (x,y,1) for ® = 1.39, and (3.10) us 6 (x,y,7), (3.11) u7 3 (x,y,1)
for ® = 1.5, respectively. Fig.4.2-(a)-(b) represent (3.8) u1 2 (x,y,t) and (3.9) u3 4 (x,y,7) for ® = 1.39, 1 = 1 and y = 0. Also,
Fig.4.2-(c)-(d) show (3.10) us ¢ (x,y,7) and (3.11) u7g (x,y,t) for ® = 1.5, =1 and y = 0.
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Figure 4.1: 3D-graphs.
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Figure 4.2: (a)-(c) 2D-graphs. (b)-(d) Contour graphs.

(@

4.2. Graphs of solutions for the Jimbo-Miwa equation:

Fig.4.3-(a), (b), (c), (d) indicate (3.18) u; (x,y,2,1), (3.19) u3 (x,y,z,¢) for ® = 1.2, and (3.20) us (x,y,z,t), (3.21) u7 (x,y,2,1)
for ® = 1.5, respectively. Fig.4.4-(a)-(b) express (3.18) u; (x,y,z,¢) and (3.19) u3 (x,y,z,¢) for ® =12, =1,y=0and z=0.
Further, Fig.4.4-(c)-(d) represent (3.20) us (x,y,z,t) and (3.21) u7 (x,y,z,¢) for® = 1.5, =1,y =0and z =0.

Figure 4.3: 3D-graphs.
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Figure 4.4: (a)-(c) 2D-graphs. (b)-(d) Contour graphs.

As a consequence, we have achieved some new wave solutions of equations (3.1) and (3.12) in hyperbolic and trigonometric
forms. The graphs show that the resulting solitary wave solutions have several shapes, such as periodic and kink forms with
respect to the wave speed ©.

5. Conclusion

We have implemented the MSE method to attain some new exact solutions of the (2 + 1)-dimensional CBS equation and the
(3 + 1)-dimensional Jimbo-Miwa equation. The correctness of the solutions has been demonstrated using the Mathematica
package program. The graphics of the solutions have been plotted according to the appropriate values. The features of the
MSE method allow us to obtain new traveling wave solutions to explain some complex physical phenomena. Consequently,
our results show that the proposed method is practical, straightforward and effective for finding solutions to physics and
engineering models. In our future studies, this effective and useful method will be applied to some other nonlinear equations
involving integer and fractional derivatives expressing different complex phenomena.
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surface in the de-Sitter space S? is obtained by moving a geodesic along a curve. So we
will call these surfaces in the de-Sitter space as the geodesic ruled surface. Developable
ruled surface, striction point, striction curve, dispersion parameter, and orthogonal trajectory
concepts are investigated for the obtained geodesic ruled surface.

1. Introduction

The de-Sitter space is a model for physical events, and many physical phenomena can be explained by these models. Therefore,
the surface varieties in de-Sitter space are very important. The surface types in different spaces guide the areas related to our
daily life such as architecture and geometric design and therefore, the ruled surfaces in de-Sitter space are of great importance.
It can be seen during history via the Euclidean motif in BC first, then spherical motif in the medieval and hyperbolic motif
in the modern times in the architectures. In the future, architectural structures and geometric designs using de-Sitter lines
will enter our daily lives. There is more than one causal character for surfaces, curves, and lines of de-Sitter space due to the
structure of de-Sitter space. Since the surface of de-Sitter space can be considered as spacelike and timelike, then also curves
and lines of de-Sitter space can be considered as spacelike and timelike.

Let U C R? be an open subset, and let x : U — S? be an embedding. If the vector subspace U which generated by e
contains at least a timelike vector field then x is called timelike surface in S?,i.e., the normal on the surface is a spacelike
vector. In [1], Turgut and Hacisalihoglu studied timelike ruled surfaces in the Minkowski-3 space. They showed that these
surfaces are obtained by a timelike straight line moving along a spacelike curve. A ruled surface is a surface generated by a
straight line / moving along a curve ¢ [1]. The various positions of the generating line / are called the rulings of the surface.
Similarly, they studied spacelike ruled surfaces in the Minkowski-3 space [2]. Sabuncuoglu studied generalized ruled surfaces
in Euclidean n—space E" and showed that the necessary and sufficient condition for the n—dimensional ruled surface to be a
minimal surface is that the curves perpendicular to the rectangular space are asymptotic curves [3]. Later, Mert introduced
spacelike ruled surfaces in the hyperboloid model of hyperbolic 3-space in Minkowski space, and using the properties of
hyperbolic space, she investigated the properties of these type ruled surfaces [4].

Letx: M — R‘l‘ be an immersion of a surface M into R‘l‘. We say that x is timelike (resp. spacelike, lightlike) if the induced
metric on M via x is Lorentzian (resp. Riemannian, degenerated). If (x,x) = 1, then x is an immersion of S? [5]. Since
geodesic which is lines of de-Sitter space on a ruled surface can be obtained by moving of curves in space, a sort of ruled
surface can be captured up to causal characters of the base curve and main geodesic. In this paper, we investigate timelike
ruled surfaces which have a base curve as timelike and main geodesic as spacelike in de-Sitter space S%. A ruled surface is
a surface obtained by a geodesic d& moving along a curve & . Therefore, such surfaces may also be called geodesic ruled

Email addresses and ORCID bers: tmert@cumhuriyet.edu.tr, 0000-0001-8258-8298 (T. Mert), mehmetatceken @aksaray.edu.tr, 0000-0001-
8665-5945 ( M. Atceken)
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surfaces. Thus, the geodesic ruled surface has a parameterization in S? as follows
@ (s,1) = (cost) et (s) + (sinz) Z (s)

where « is called the base curve and Z is called the director vector of d¥. If the tangent plane is constant along with a fixed
ruling, then the ruled surface is called a developable geodesic ruled surface.

2. Preliminaries

For basic notions and properties of the Lorentz-Minkowski space from the viewpoint of Lorentz geometry, see [6]. Let R‘l‘ be
4-dimensional vector space equipped with the scalar product (, ) which is defined by

<X,)’> = —X1Yy1 +X2y2 +X3Y3 +X4)4 .

Then, R‘l1 is called Lorentzian 4- space or 4-dimensional Minkowski space. The Lorentzian norm (length) of x is defined to be

1
x| = 1,212

If (x},x},x5,x1) is the coordinate of x; with respect to canonical basis {e1,e2,e3,e4} of R}, then the lorentzian cross product
X1 X xp X x3 is defined by the symbolic determinant

X X X

X1 X Xp X X3 = % % % %
Xy X X3 X

¥4 o4 x

One can easily see that
(1 X X3 X x3,x4) = det (x1,x2,X3,X4) .
Given a vector v € R‘I‘ and a real number c, the hyperplane with pseudonormal v is defined by
HP(v,c) = {xeR}|(x,v) =c}

We say that HP (v,c) is a spacelike hyperplane, timelike hyperplane or lightlike hyperplane if v is timelike, spacelike or
lightlike, respectively. We have the following three types of pseudo-spheres in R‘l1 :

Hyperbolic-3 space  : H>(—1) = {x e R}|(x,x) = —1,xg > 1},
de Sitter 3- space 1S3 ={xeR}|(xx)=1},
(open) lightcone  : LC* = {x € R{\ {0} |(x,x) =0,x9 >0}.
We also define the lightcone 3—sphere
Si = {x = (x1,x2,x3,x4) |{x,x) = 0,x; = 1 }.

A hypersurface given by the intersection of S% with a spacelike (resp.timelike) hyperplane is called an elliptic hyperquadric
(resp. hyperbolic hyperquadric). If ¢ # 0 and HP (v,c) are lightlike, then HP (v,c) NS} is a de Sitter horosphere.

In the point of view of Kasedou [7], we construct the extrinsic differential geometry of curves in S?. Since S? is a Riemannian
manifold, the regular curve y: I — S? is given by the arclength parameter.

Theorem 2.1. i) Ify: I — S? is a spacelike curve with unit speed, then Frenet-Serret type formulae are obtained

£ (s) =xa(s)n(s)—7(s)
n(s) =—xk;(5)t(s)—7T4(s)e(s)
¢(s) =-14(s)n(s)
where
Ka (s) = [|t' () +7(s)]
and
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in [8].

iilfy:1— S% is a timelike curve with unit speed, then Frenet-Serret type formulae are obtained

Ql/(s) =1(s)
t(s) =xq(s)n(s)+y(s)
n(s) =—xy(s)t(s)+14(s)e(s)
d(s) =—14(s)n(s)
where
Ka(s) = 1" (s) = v (s)]|
and
0 (s) = — 3L 6).Y (9.7 (5). 7" (s))
(ka (5))° ’
in [8].

It is easily seen that k; (s) = 0 if and only if there exists a lightlike vector ¢ such that y(s) — ¢ is a geodesic.
Now we give extrinsic differential geometry on surfaces in S% due to Kasedou [7].
Let U C R? is an open subset, and x : U — S; is a regular surface M = x (U). Since M is a timelike surface, there is

_ x (1) Axyy (1) A Xy, (1)
[ () Ay () Ay ()]

e(u)

such that
(e,x) = (e,xy;) =0, (e,e) = 1.

Thus there is de Sitter Gauss image of x which is defined by mapping E : U — S3,

E(u)=e(u).
The lightcone Gauss image of x is defined by map L* : U — LC*,
LE (u) = x(u) £ e (u).
The derivative dx (uo) can be identified by the mapping 17,m on the tangent space 7),M. Therefore, we have
dL* (ug) = 17, +dE (up).

The linear transformations

Sy i=—dL* (uo) : T,M — TyM
and

A, = —dE (u) : TyM — T,M

are called the hyperbolic shape operator and de Sitter shape operator of M at p = x(u, ), respectively.
Let K* (p) and K; (p), (i = 1,2) be the eigenvalues of S and A,. Since

Sy =—lpu*A,,

S,f and A, have the same eigenvectors and relations

K (p)=—-1%Ki(p).

1

K (p) and K; (p), (i = 1,2) are called hyperbolic and de Sitter principal curvatures of M at p, respectively.
Let y(s) be a unit speed curve on M, with p = y(u; (s0),u2 (s0)) . We consider the hyperbolic curvature vector

k(s) =1/ () = 7(s)
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and the de Sitter normal curvature

K;lt (S()) = <k (S()) ,L:t (u1 (S()) ,up (So))> = <t/ (S()) ,Li (M] (S()) ,up (S()))> + 1

of p=vy(u; (s0),u2 (s0)) . The de Sitter normal curvature depends only on the point p and the unit tangent vector of M at p.
The hyperbolic normal curvature of y(s) is defined to be

Ky (s) =Ky (s) - 1.
The extrinsic (de Sitter) Gauss curvature and mean curvature of M at p is given by
K. (uo) = detA, = K, (p) K2 (p)

and

K, (uo) = lTraceAp = M
2 2
3. TS—geodesic ruled surface in de-Sitter 3-space

Now let’s investigate the timelike ruled surfaces that its base curve is a timelike curve and its direction geodesic is a spacelike
geodesic in the de-Sitter space S?. Hereinafter, in terms of brevity, we call the T'S—geodesic ruled surfaces the geodesic ruled
surfaces whose base curve is timelike and the direction geodesic is spacelike.

Let « be a differentiable timelike curve with the unit speed in de-Sitter space S, then it is defined by

a:1—S3CRY, afs)= (o (s),0(s),05(s),04(s) ,Vsel
where {0} C/ CR. In here
(afs),a(s) =1
and since o base curve is a timelike curve, we have
(o (s),0a'(s)) = —1.
Let’s assume that
(a(s),Z(s))=0,Vsel
where
Z:1—83,Z(s) = (z1(5),22(5),23 (), 24 (5))
and
(Z(s),Z(s)) = 1.
Then, a geodesic d in de-Sitter space S? has a parametrization
d% R —83,d% (1) = (cost) & (s) + (sint) Z (s)
where « (s) is a initial point and Z (s) is the direction vector of d% [6]. Here frenet components of base curve ¢ (s) are
{Te;Na,Ba, K4, 74 }- Let Ty be tangent of geodesic d¥ at the point ¢ (s) and assume that 7, and 7, are linearly independent
for all s € 1. Then, we obtain (I x R, @) parametrized by ¢ : I x R —53
@ (s,1) = (cost) ot (s) + (sint) Z (s).

This (I x R, @) surface is called a geodesic ruled surface which is produced by the geodesic d¥. Let us denote this geodesic
ruled surface with M. Then we can give the following definition.

Definition 3.1. The surface obtained by moving a given d& spacelike geodesic along a given a. timelike curve is called the
TS—geodesic ruled surface in the de-Sitter space S3, where d¥ is the direction geodesic of the T S—geodesic ruled surface
and the o curve is called the base curve of TS—geodesic ruled surface.
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Let us find the orthonormal base of tangent space x (M) of geodesic ruled surface M along the timelike curve c. If T is a unit
tangent vector of timelike curve o and Z is the unit director vector of spacelike geodesic d%, then we can choose spacelike
vector field such that

Y=T,+(T;,T)T
that is orthogonal to 7 in this plane, where

7=
d= T+
17l

is the unit tangent of geodesic d& and
T; = (COSZ‘) T(x(s) + (sint) TZ(s)'
Also, if we take

Y

[aly
then
IX||=1,{X,T) =0and (T,T) = —1.
Thus, {X, T} are the orthonormal vectors of x (M). Also,
E=pxTxX

is the normal vector of T'S—geodesic ruled surface M in de-Sitter space S%, that is

13 €x* (M)
x(S)  =Sp{X,T}esSp{&}
x (R) =Sp{X,T}®Sp{&, 0}

In this case, system {¢, T, X, &} is the orthonormal base of M.
Now let investigate the alteration of this system along the timelike curve . The Levi-Civita connection of R‘f, S?, and M is

denoted E,D, and D, respectively. Then we have the Gauss formulas [9]

{ DxY =DxY — (X,Y) A(X)=Dxa=1I(X)
DxY =DxY — (A(X),Y)E A(X)=DyE.

In de-Sitter space S%, let’s derive the {T,X, &} orthonormal frame along timelike curve . In this case, we get the system in S%
DT T =aX+ bé
DrX =aT+cé
DTé =bT —cX

The matrix representation of this system is

DTT 0 a T
DTX = a 0 c X N
DTé b — 0 é

where
a={(DrT,X),b=(DrT,&) and c = (D7X,&)
Now, in R}, let’s derive the {@, T, X, &} orthonormal frame along timelike curve . In this case, we get the system

Dro = (cost+asint)T 4 (csint) &
DrT = @+aX+cé

ETX = aT—|—c§

Dré =bT—cX

3.1)
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in R}. System 3.1 have the for matrix form

ET‘P

0 cost+asint 0 csint Lo}
DT | |1 0 a b T
Drx | |0 a 0 c X
bTé 0 b —C 0 é

For ruled surface M that is given by parametrization

@:IxR— 83, ¢(s,1) = (cost) o (s) + (sinr) X (s)

E = (¢, @) =—(cost+asint)” +c?sin*t
F o= <(ps7(pl> =0
G =(p,¢)=1,

where
(E,6)=F?—-EG=—E.
Since & is the spacelike vector that is
(§,6)>0,
then the geodesic ruled surface is a timelike surface and
E <O.
Let us the denote domain of ¢ by

J={t |[E=E(t) <0}.

@, I x{to} =M, @, (s,t0) = (costy) a(s) + (sinty) X (s)
determines a curve of 7'S—geodesic ruled surface M where ¢ is constant in its domain. The tangent vector field of this curve is
A = (costy+asinty) T (s) +c(sintg) & (s) .

Since

(A,A)=E
and

E <0,

then A is a timelike vector. Thus ¢y, curve is a timelike curve and also

(X,A)=0

Remark 3.2. Since the stereographic projection is a conformal map, using stereographic projection, the following example
can be provided from [10].

Example 3.3. Let us take T S—geodesic ruled surface M in de-Sitter space S? given by parametrization
@:IxR =S}, ¢ (s,t) = (cost) o (s)+ (sint) X (s) .
In here, if
o (s) = (sinhs, 0, coshs, 0)
and

X(s)= (—coshs7 V2, sinhs,O)

are chosen, then @ (s,t) is TS—geodesic ruled surface in de-Sitter space S%.
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Figure 3.1: Timelike Geodesic Ruled Surface in de-Sitter 3-Space

4. Developable timelike geodesic ruled surfaces

Definition 4.1. If the tangent planes of a TS—geodesic ruled surface in S% are the same along its main geodesics, then this
timelike ruled surface is called a developable timelike geodesic ruled surface.

Theorem 4.2. Let M be timelike ruled surface whose are base curve as timelike and main geodesic as spacelike in de-Sitter
space S%. Then the tangent planes are the same along the main geodesic if and only if c = 0.

Proof. Let M be a TS—geodesic ruled surface in de-Sitter space S3, and suppose that tangent planes of this ruled surface are
the same along with one of its main geodesics. We consider the tangent vector field

A = (costo+asinty) T (s) + ¢ (sinfy) & (s)

of curve @y, : I x {to} — M which is at # € I. Since ¢y, is the parameter curve of M, the vector A is in the tangent plane of the
surface M. Hence

Conversely, assume that

In this case, since

A = (costy+asint) T (s)

and
Totro)M = sp{T, X} = sp{T,A}.
This means that the tangent planes are the same along with one of its main geodesics. [

Corollary 4.3. The TS—geodesic ruled surface M in de-Sitter space S? is a developable surface if and only if c = 0.

Corollary 4.4. For TS—geodesic ruled surface M in de-Sitter space S?,
b= —det <T,X,(p,§TT) and ¢ = —det (T,X7 go,ﬁTX)

Example 4.5. The surface of example-1 above is an example of a developable ruled surface in de-Sitter space S?. Really, for
timelike geodesic ruled surface M in de-Sitter space S? given by parametrization

@:IxR =S}, ¢(s,1) = (cost) o (s)+ (sint) X (s)

o (s) = (sinhs, 0, coshs,0)



202 Fundamental Journal of Mathematics and Applications

and
X(s)= (—coshs, V2, sinhs,O)

are chosen, then

. B s
coshs —sm(ﬁ) cos (ﬁ) 0
¢ = —det (TX ¢ l:)TX) _ —coshs —sins COs s 0
costsinhs — sint coshs V/2sin? costcoshs+sintsinhs 0
—sinhs 0 coshs 0
Therefore, it is clear that
c=0.

5. A striction point and position vector of a striction point

Definition 5.1. Let TS—geodesic ruled surface be given in de-Sitter space S?. If there exists a common perpendicular of two
neighbors the main geodesic of timelike geodesic ruled surface the foot of this perpendicular on principal geodesic is called
Striction point.

Definition 5.2. When the main geodesic of TS—geodesic ruled surface in de-Sitter space S? creates the timelike geodesic
ruled surface through the base curve, the geometrical place of the striction points of the ruled surface is called the striction
curve of M.

If w be the distance between the striction point of the timelike geodesic ruled surface and base curve, then position vector & (s)
can be defined by

& (s,w) = (cosw) o (s) + (sinw) X (s)

where o (s) is the position vector of the timelike base curve and X (s) is the direction vector of the spacelike main geodesic.
The parameter w can be written as the combination of the position vector of the base curve and direction vector of the timelike
geodesic ruled surface. Let the first two of three neighbor geodesic of the timelike ruled surface be

d¥ = (cost) ot (s) + (sin) X (s)
and

d oy = (cost) o (s+As)+ (sint) X (s + As)

S

where X (s) and X (s) + D7 ;)X (s) are the direction vectors of these main geodesic, respectively. Also let P, P’ and Q, Q' be the
feet on the main geodesic of the common perpendicular of the neighbor geodesic. Thus P and Q are two different striction
points. The direction of common perpendicular first two main geodesics are linearly dependent to the vector

o (s) X X (s) x [X (s) + Dy X (s)] -

Therefore

o (S) XX(S) X | X (S) +DT(s)X (S)] = (S) x X (S) X DT(&)X (S) .

—

!

The vector @ coincides with the vector PP’ in the limiting position, and I@ will be the tangent vector of the striction curve.
Since
(X(5),PG) =0and (X (s)+Dr(yX (s),PG) =0
we obtain
<DT(S)X (s) ,1@> —0.
Thus we get

(Dr(yX (s),Dr(5)@(s)) = 0. (5.1)

On the other hand, since
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we obtain

Consequently, from 5.1, we have

and then
sinw a
cosw  —a*+c?’
that is
arctan a
W= —_—
—a? + c2
and
—a?+¢? . a
cosw = , sinw = .
@+ (—a? +c2)? @+ (—a? +c2)’?
So, the position vector of the striction curve is
2, 2
_ —a“+c a
o(s)= o(s)+ X(s). (5.2)
@+ (—a? +C2)2 a2+ (—a? +Cz)2

Theorem 5.3. The distance between the striction point of the timelike geodesic ruled surface and base curve is constant, that

is
" a
w=arctan | ———~ | .
—a?+c?

Proof. Since

<X (S) 7PQ> =0,
we obtain
<X (S) 7DT(S)(_X (S)> =0
and
D@ (s) = Dr(ya(s)
Thus
<X (S) 7§T(s)(_x (S)> =0
and
dw
Z_0
(cosw) 7 ,
which implies that
dw
20
ds
and so, w is constant. O

Theorem 5.4. The striction curve of an undevelopable T S—geodesic ruled surface in de-Sitter space S% is independent from
choosing base curve.
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Proof. Let us denote two T'S—geodesic ruled surface in de-Sitter space S? by

@ (t,5) = (cost)a(s)+ (sint) X (s)
¢(t,s) = (cost)B(s)+ (sint)X (s),

where a and 3 are two different base curves of the timelike geodesic ruled surface in S?. Then the striction curves of timelike
geodesic ruled surface are

R

(s) = (2“> als)+ a (cost) X (s)

@+ (—a2+c?)’ a2+ (—a? +c2)*

Bis) = () B (s)+ - X (s)

a2+(—a2+cz)2 . /a2+(_a2+cz)2

If we subtract B (s) from & (s) and use 5.2, we obtain
a(s) =B (s)=0
which gives up the proof. O

Theorem 5.5. Let M be undevelopable T S—geodesic ruled surface in de-Sitter space S?. The point @ (s,vo) is striction point
on the main geodesic which passes through o (s) point if and only if DT<S)X (s) is a normal vector of the tangent plane on

¢ (s,vo) point.

Proof. Let M be undevelopable T'S—geodesic ruled surface in de-Sitter space S%. Suppose that DT( 9X (s) is a normal vector
of the tangent plane on ¢ (s, vo) point. Since the tangent vector field of ¢, : I x {vo} — M given by

A = (cosvy+asinvg) T (s) +c(sinvg) & (s),
then
(Dr(sX (s),A) = 0.
Thus, we obtain

sinv, a

cosvg —a?+c?’

Therefore ¢ (s,vo) is a striction point of M.
Conversely, suppose that ¢ (s,vp) is a striction point with main geodesic passing through the point o (s). Thus, we have

<DT(S)X (S) 7X(S)> =0,

(Dr5X (s),A) = —a(cosvo+asinvg) + ¢?sinvy.

Since ¢ (s, vp) is striction point, then we get

—a(cosvg+asinvg) + c?sinvy = 0.
Hence, we obtain

(DrX (s),A) =0.

So, Dy ()X (s) is a normal vector of tangent plane at ¢ (s, vo). O
Remark 5.6. Let DT< 9X (s) be a normal vector of the tangent plane on the striction point. From the equality, we conclude that

(DX (s),Dr(yX (5)) = —a*+¢?,
i) If —a*>+c* > 0, then DT(S>X (s) is a spacelike normal vector field.

it) If —a*> +¢* < 0, then Dy ()X (s) is a timelike normal vector field.
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Theorem 5.7. Let M be undevelopable T S—geodesic ruled surface in de-Sitter space S?. The striction curve . (s) has the form.
i) If —a® 4 c% > 0, then the striction curve & (s) is a timelike curve.

ii) If —a* + ¢* < 0, then the striction curve @ (s) is a spacelike curve.

Proof. We need to show that the tangent vector field of striction curve & is a spacelike vector field or timelike vector field. It is
clear that

<§T(s)a (s) ,ﬁr(s)éc (s)> = —61_271020052 w,
where
Er(s)d(s) = (cosw)ﬁm)a( ) —a2a+ > (cosw) ET( )X (s)
If
—a*+c* > 0,
that is

then @ (s) is timelike curve and similarly, if

that is

then & (s) is spacelike curve. O
6. Dispersion parameter

Let the base curve of a T'S—geodesic ruled surface M be the striction curve in de-Sitter space S? . Then, the distance from the
striction point to the base curve is

¢ a 0
w=arctan| ——— | =0.
—a?+c?

Hence, we have

and since

Dy X (s) = aT (s) +c& (s),
the vector field D7 ;)X (s) and normal of surface & (s) are linearly independent. Therefore, there exists A € R for the equality
& (s) =ADr(X (s).
On the other hand, since
E(s)=oxXXT
and
@ = (cost) ot (s) + (sint) X (),

we have

E(s) = (cost) [a(s) x X (s) x T (s)].
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Therefore, we have

ADr(oX (s) = (cost) [a(s) x X (s) x T (s)] -

If we take the scalar product with DT(S)X (s) of both sides of the above equality, then we have

det (06 (s),T (s) ,X_(s) ,DrpnX (s))

A = (cos A
(cosz) (Dr(sX (5),Dr(5)X (5))

where A is called a dispersion parameter of 7'S—geodesic ruled surface in de-Sitter space Sf.

Example 6.1. The surface of example-1 above is an example of a developable ruled surface in de-Sitter space S?. It is clear
that for timelike geodesic ruled surface M in de-Sitter space S? given by parametrization

@:IxR =S}, ¢(s,r) = (cost) o (s) + (sint) X (s)
if
o (s) = (sinhs,Ocoshs,0)
and
X(s)= (—coshs7 V2, sinhs,O)
are chosen, then we can derive
det (T,X, (p,XTX) —0.

Therefore

Theorem 6.2. The TS—geodesic ruled surface M in de-Sitter space S? is developable if and only if the dispersion parameter
of M is zero.

Proof. From Corollary-1 and Corollary-2, we get

¢ = —det (T (s),X (5),(s), Dy(s)X (s)) =0.
It is clear from the definition of the dispersion parameter that

det (a(s),T (s),X(s),D ()X (s 5))

(Dr X (s), Dy X (s)) =0

A = (cost)

O

Definition 6.3. If there exists a curve that cuts vertically each main geodesic of the TS—geodesic ruled surface in de-Sitter
space S{’, then this curve is called orthogonal trajectory of T S—geodesic ruled surface in de-Sitter space Sf.

Theorem 6.4. Let M be a TS—geodesic ruled surface in de-Sitter space S?. There is only one orthogonal trajectory which
passes through every point of M.

Proof. Let M be a TS—geodesic ruled surface given by the parametrization ¢ : I X J — S? C R‘l‘,

@ (s,1) = (cost) ot (s) + (sint) Z (s) .

Then, the orthogonal trajectory of Mis B : 1 C I — M,

B (s) = [cos f(s)] a(s) + [sin f(s)] Z (s).

Since
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we get
where (Z(s),Z(s)) = 1. If we take

we get
f(s)=F(s)+h.
Since A is chosen arbitrary, there are a lot of curves that satisfy the condition
<DT(S)B (s),Z(s)) =0.
Let us now find s € R such that
Py =[cos(F (s)+h)]a(s)+[sin(F (s)+h)]Z(s).
This leads to
[cos £ (s)] o (s)+ [sinf (s)]Z(s) = [cosvo] & (s0) + [sinvo] Z (s0)
So,
o (s0) = ot (s),vo = f(s).
If we choose interval I such that ¢ is one to one, then we get
5 =50.
Thus,
h= f(s0) = F (s0)-
Consequently, there exists only one orthogonal trajectory passing through the point Py. Therefore, / must be equal to /. [J

Theorem 6.5. Let M be undevelopable T S—geodesic ruled surface in de-Sitter space S?. The shortest distance along the
orthogonal trajectory between of any two main geodesics of M is the distance measured along curve @, : I — M corresponding
to

. 1 . 2a
= —arctan| —— | .
2 1—a?+¢?

Proof. Let us take two geodesics passing through points o (s;) and o (s2) where 51,52 € I and 51 < s2. Also, let us denote
distance obtained along orthogonal trajector # =constant between these lines by d (7). Then,

5
d(t) :/HAHds = \/— (cost +asin)? +c2sin’t (sy — 1),
S

where
A = (cost+asint) T (s) +c(sint) € (s).

If &' (t) = 0, then d (¢) takes minimum value. Hence we get

; 1 ) 2a
= —arctan| ——— | .
2 1—a?+c?

O

Theorem 6.6. Let M be TS—geodesic ruled surface in de-Sitter space S%. The geodesic of M is both asymptotic and geodesic
curves.
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Proof. Let X be a tangent vector field of a geodesic of a T.S—geodesic ruled surface M. Since every geodesic in ruled surface
M, it is a geodesic S%. Thus we get

DxX =0.

From [9] , we also get

DxX =DxX — (S(X),X)¢&.
Thus

DxX = (S(X),X)¢&.
Therefore
DxX € x (M) and (S(X),X)&E € x- (M).
Since the metric on M is nondegenerate, we get
x(S) =x (M) @y (M) and x (M) Ny * (M) = {0}

Thus

DxX =0and (S(X),X)=0.
The proof is completed. O
Theorem 6.7. Let M be TS—geodesic ruled surface in de-Sitter space S?. Then

K(p)>0forallpeM

where K is the Gauss curvature function of M.

Proof. Let X be the tangent vector field of the main geodesic at point p € M and take the orthonormal basis {X,Y} of x (M) .
Since M is a timelike ruled surface, X ,Y are timelike and spacelike vector fields, respectively. The Weingarten operator S of M
can be written

9%}
@)
S~—
Il
|
—
9%}
@)
S~—

X)X +(S(X),Y)Y
X)X +(S(Y),Y)Y °

In this case, the matrix

—(S(X),X) (S(X),Y)
—(8(¥),X) ($(¥).,Y)

is corresponding to Weingarten operator S. On the other hand, the Weingarten operator S is selfadjoint,

S:

(§(¥),X) = (¥,8(X)) .
Also, by Theorem 6.6, we conclude
(S(X),X)=0,(S(Y),Y)=0.
Hence, from the definition of Gauss curvature, we get
K =detS = (S(X),Y)?.
The proof is completed. O

Theorem 6.8. Let M be a TS—geodesic ruled surface in de-Sitter space S%. Then

oxTxX =&

TxXx& =-—0¢
ExoxT =-X
Xxé&xo =-T,

where T is a unit tangent vector of base curve, ¢ is the position vector of M, X is unit tangent vector field of the main geodesic
of M and & is unit normal vector field of M.
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1. Introduction

Minkowski space is defined as the basic model of quantum physics. Many notions in Euclidean space are different in this
space. There are three spheres such as de Sitter 2—space, hyperbolic 2—space, and lightcone. Moreover, curves are divided
into three groups due to the casual characters of their tangent vectors in the Minkowski space. An arbitrary curve is called as a
spacelike curve, a timelike curve or a null (lightlike) curve, if its tangent vector is a spacelike vector, a timelike vector or a null
(lightlike) vector, respectively. Similarly, a surface is called a timelike, spacelike, or lightlike surface if its normal vector lies
on the de Sitter 2—space, hyperbolic 2—space, or null cone, respectively. Null curves have different properties than spacelike
and timelike curves. So, the author [1] has defined Cartan frame as the most useful frame, and he used this frame to study null
curves. Also, studies in the differential geometry are examined in two classes as null and non-null structures (see [2]- [4]).

A canal surface is defined as an envelope of one parameter family of spheres centered by a space curve. A tubular surface is a
canal surface with constant radius. Many authors have studied on the characaterizations of tubular and canal surfaces [5]- [10].
The authors [4] have studied some characterizatons of the tubular surfaces generated by non-null curves in Minkowski 3—space.
Blaga [11] has presented a new approach to the tubular surfaces and provided CAD applications. Arslan et.al. [12] have
obtained a medical application of the tube surfaces. In [13], they have examined a new type of the canal surface.

A tubular surface is one of the fundamental objects in geometric modelling. It appears in many application areas such as the
networks of blood vessels and the neurons in medicine, hose systems, surface modeling in CAGD and CAD/CAM systems.
On the other hand, null curves are important curves in general relativity. The surfaces produced by these curves provide good
models for the study of different horizon types. In this study, we indicate the tubular surface around a null curve since they
are generated by parabolas. To find geodesics on tubular surfaces are important to found the shortest distances between two
points on a surface. Asymptotic curve on a surface whose osculating plane at each point coincides with the tangent plane to the
surface at that point. Therefore, we have obtained characterizations of these curves on the surface. Also, we have examined the
singular points of the tubular surface and the condition of the tubular surface being a Weingarten surface. Finally, we have
investigated the tubular surfaces formed by spherical images of the null curve.

Email address and ORCID number: fgokcelik @erbakan.edu.tr, 0000-0002-3529-1077
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2. Preliminaries

The standard metric of the Minkowski 3—space is

(x,y) = —x1y1 + X252 + X33,

where x; and y; (i, j = 1,2,3) are shown the coefficients of the vectors x and y, respectively [14]. Since (,) is an indefinite
metric, recall that a vector u € E; has three categories: if (u,u) > 0 or u = 0 it is a spacelike vector, if (u,u) < 0 it is
a timelike vector and if (u,u) =0 and u # 0 it is a null (lightlike) vector. Also, an arbitrary curve a in Ef is called as
spacelike, timelike or null (lightlike) curves according to casual character of the tangent vector. Cartan [1] has defined a frame
{L(s) = &' (s),N(s),W(s)} similar to the Frenet frame for a null curve (s), called Cartan frame satisfying

(L,L) =(N,N)=0,(L,N) =1,
(W,L) = (W,N)=0,(W,W) =1,

with LXxN =W, W x L=L and N x W = N. The Cartan equations are

L(s) = ki(sW(s),
N(s) = kW),
W (s) = —ka(s)L(s)—ki(s)N(s),

where k; (s) = (o, &) /2 and ka(s) = (N'(s),W(s)) are Cartan curvature functions [15].

For investigate the interior geometry of the parametric surface X (s, 0) at the point X (so, 6), we use the first fundamental
form. The coefficients of the first fundamental form are calculated as e = (X, X;), f = (X, Xo), § = (Xo,Xo) . The Gauss
map of the surface X (s,0) is U such that {X;,Xp,U } is an orthogonal frame along the surface. Let € be a sign function of the
Gauss map U, this is used to determine the causal character of the surface. If € = 1 or € = —1, then the surface is the timelike
surface or the spacelike surface, respectively. The coefficients of the second fundamental form are ¢ = (X, U), m = (X;9,U ),
n = (Xgg,U). The invariant curvatures K and H of the surface are calculated as:

€ (ln—m?) __€(en—2fm+gl)
- T T )

where K, H are called as Gaussian curvature and mean curvature of the surface, respectively. A surface in Minkowski 3 —space
is called as linear Weingarten surface if its invariant curvatures is satisfied the equation 2aH + bK = ¢, where a, b, ¢ are real
numbers and (a,b,c) # (0,0,0) [16].

The parametric equation of the canal surface is given by

K= 2.1)

X(s,0) =o(s)+r(s)(cos ON(s)+sinOB(s))

where N(s) and B(s) are the Frenet normal vectors of the spine curve ¢. There are three kind of the tubular surface with
respect to causal characters of the non-null curves in Minkowski 3—space [4].

3. Tubular surface around a null curve

In this section, we will analyze the properties of the tubular surface whose center curve is a null curve o and characterize some
special curves on this surface.

Lopez [14] defined that the orbit of a point lies in the null plane is a parabola. The parabola in the null plane play the same role
as the circle in Euclidean ambient. In [17], the authors is defined the tubular surface around the null curve ¢(s) as follows:

X(s,0) = a(s) + ON(s) + 6*W(s)

where N(s) and W (s) are the Cartan frame vectors of the null curve o and the parameter 6 is characterized the parabola lies on
the null plane spanned by the vectors N(s) and W (s). The coefficients of the first fundamental form are given by

e = —20%(s)(1 — 6%ky(s)) + 02K3(s),
3.1)
f=1+406%(s), g=462

The Gauss map U of the tubular surface X (s, 0) is calculated as

U= %{49(1 — 0%k (5))L(s) — (20%k1 (s) + Ok ()N (s) + (1 — 62ka (5))W (5)}
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and also, the coefficients of the second fundamental form are

= J{20°(kiky — ki ko) +20%k1k3 +20°K] + 02 (k3 — kika) + Ok + ki },
i (3.2)
m= J2{6%3(s) +46%k (s) + ka(s)}, n= 72“*%‘2“)),
where A = (1 — 6%ky(s))(86%k; (s) +36%ky(s) + 1) and the derivatives are taken by the parameter s.

Proposition 3.1. The tubular surface X (s, 0) generated by the null curve o is a regular surface if and only if it satisfies the

(—3k2(s)i\ /K2 (s)— 32k, (s))

32k (s
TR ) for k3 (s) > = 91( ).

following conditions 6% # #(S) and 6% #

Proof. The condition eg — f2 # 0 provide for every regular surface at the point (s, 8). By using the equation (3.1), we obtain
—(1—6%ka(s))(86%k; (s5) +36%ky(s) + 1) # O for the surface X (s, 0) and this equation gives us the desired conditions. [

Remark 3.2. The tubular surface X (s,0) has singular points at (so,60) if and only if the equation (1 — 02ky(s))(86%k; (s) +
30%ky(s) + 1) = 0 is satisfied for the points (s, 6p).

Using the equation (2.1), the invariant curvatures of the surface X (s, 0) can be computed as

(1—6%2)(26%k) + Ok2) (2K, 07 — 2k30 — 16k k203)
K=—-5{ +(0- 0%ky)*(40°K] + 2k) +2k560 — 16k20* — 8k k202 — k3)
—4k36%(20%k + 0k, )?

and

B { (1—60%ky)(—46%k) — ko + 403K, — 20k ky +20°K)) }
A2

+(260%k) + 0ka)(—20ky +26%K,)

where A = (1 — 8%ky(s))(86%k (s) +360%ky(s) + 1).

Theorem 3.3. The s—parameter curves of X (s, 0) are the geodesic curves if and only if the condition is satisfied
Ky () (ka(s) + 6%k1 (5)) = K (5) (1 — 8°Kka(s)) = 0

in terms of the Cartan curvatures of the null curve «.

Proof. 1f the normal vector of the surface and second derivative of a curve lying on the surface are linearly dependent, then the
curve is called the geodesic curve of the surface [8]. Based on this definition, we obtain the following system of equations for
the s—parameter curves on the regular tubular surface X (s, 6):

(1—60%ky) [~k 0% + k2 (203K + Oka) — 20k (1 — 6%k2)] =0,
(1—6%k2) (203K — 0%K)) + (20°%k) + Ok (—02k1 ko + OK,) = 0, (3.3)
(1—60%ky)(—263K, —20%k1 k) + (203k; + 0k2) (6K, + 6K3) = 0.

Since X(s,0) is the regular surface, we have —k,602 +k»(263k; + 6ky) — 20k, (1 — 6%ky) = 0. If this equation is solved
together with the last two equations in equation (3.3), we get

K5 () (ka(s) + 02k (5)) — K, (s) (1 — 0%k (s)) = 0.
O

Corollary 3.4. The s—parameter curves of the surface with the Cartan curvatures ky(s) = W (@ +abs" +c) and
ky(s)=as"+b,(n>1and a,b,c

are constants) are the geodesic curves on the tubular surface.

Proof. If we consider k»(s) = as” + b for the constants a, b and substituting this equation into the equation k5 (s)(k2(s) +
0%k1(s)) — K (s)(1 — 6ky(s)) = 0, then the following differential equation is obtained

n—1 62 n—1 nip
K (s) ans i (s) = ans"* (as" + )
1 —(as" +b)6? 1 —(as"+b)6?
From solution of the ODE according to function k; (s), the first Cartan curvature is found as & (s) = W ( “zgzn +abs" +

c). O
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Theorem 3.5. The s—parameter curves of X (s, 0) are the asymptotic curves if and only if the condition is fulfilled the following
equation
203 (kikh — Ky ko) +20%k1 k3 + 203K, + 02 (k3 — kyky) + 0Ky +k; =0

where ki (s) and ky(s) are the Cartan curvatures of the curve o(s).

Proof. If the normal vector of the surface is tangent to second derivative of a curve lying on the surface, this curve is called as
the asymptotic curve of the surface, that is £ = 0 [8]. The desired result is obtained from the expression of ¢ = 0 in the equation
(3.2) for the s—parameter curves on the regular tubular surface X (s, 0). O

Theorem 3.6. The O —parameter curves of the regular surface X (s, 0) are neither geodesic curve nor asymptotic curve.

Proof. For 60— parameter curves to be geodesic, it must provide the condition U X Xgg = 0. From this condition, we obtain

i{—49(1 — 0%k (s))L(s) +2(20%k; (s) + Ok (s))N(s)} = 0.

VA

Since 1 — 6%k, (s) = 0 conflicts with the regularity condition of the surface X(s,8), the §— parameter curves cannot be
geodesic curves. If the 6 — parameter curves are to be asymptotic curve, then the coefficient of the second fundamental form n
in equation (3.2) must be equal to zero. This condition conflicts with the regularity condition of the surface X (s, 0). So, the
60— parameter curves cannot be an asymptotic curve. O

4. Tubular surfaces around the spherical images of the null curve

In this section, we introduce tubular surfaces formed by spherical images of the null curve «. First, we will give definitions of
the spheres in the Minkowski 3—space. There are three kinds of spheres in E f de Sitter 2—space, hyperbolic 2—space, and
lightlike cone. These are respectively:

St={pekEj| (p.p)=1} H ={peE}| (p.p)=—1}
and Q* = {p€E}| (p,p)=0}.

Now, we will give the definitions of the spherical images of the null curve. The null Cartan vector field L of the curve « is
located at the center of the lightcone, the geometric location of this vector with respect to each point s indicates a curve on the
lightcone Q?, which is called the spherical (L) image of the curve a. In this definition, the spherical (V) image of the curve is
defined by taking the null Cartan vector N instead of L. The spherical (W) image of the null curve is defined by the geometric
location of the spacelike vector W on the de Sitter 2—space S%.

Note: Unless stated otherwise, the parameter 0 given for each surface is different from each other.

4.1. Tubular surface around the spherical (L) and (N) images of the null curve

Let the spine curves of the tubular surfaces is respectively the spherical (L) and (N) images of the null curve @, that is, fB;(s;) =
i(s) where the function s; is the arc length parameter of the (i) image curve and s; = [; k;j(s)ds where indices are respectively

i=L,j=1andi=N, j=2.In[18], the author defined the Darboux frame {ﬁ,-(s,-),t,-(s,-) = Z—ﬁ,y;(si) = Bi(si) x t,-(s,»),%,-(s,-)}

of the spacelike curve f3; on the lightcone Q%. The Darboux frame apparatus are calculated as follows:

Buls) =L(s), tr(se) = W(s), yr(sr) = N(s) and 54 (s1) = — 28,

and

Br(sn) =N(s), tn(sw) = W(s), yw(sw) = L(s) and say(s) = — L.
The Darbox equations are given by
B'(si) = tlsi),
(i) Bi(si) — yi(si),
yi'si) = —salsiulsi),

o
~

—~

a

~
|

where y; X t; = y;, Bi X yi =¢t; and t; X B; = B;. The spacelike tubular surface around the curve 3 is
2 (5i,0) = (1+6)Bi(s:) +6%yi(s1)
with the Gauss map % = %\e‘(ﬁi(s,-) —20y;(si)). The coefficients of the first and second fundamental forms of 2 (s, ) are
found by
E=(140-0%(s))? F=0 ¥=40,
4.1)

iﬂ:_(1+e—92%,-(s,-))(1+2e%[(s,-)) 7
2\/l6] , #=0, 6|
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Proposition 4.1. The tubular surface X (s;,0) is a regular surface if and only if it has the condition 0 # %&")ﬁ(&)

Proof. The condition &% —.%2 # 0 must be provided for a regular surface. By using the equation (4.1), we obtain 1+ 6 —
82 5(s;) # 0 for the surface 2 (s;,0) and the desired condition is obtained from the solution of this equation with respect to

0. O
Remark 4.2. The surface 2 (s;,0) has the singular points at the points (s, 6p = %&;’W
From equation (2.1) and € = —1, the curvatures of the surface .2 (s;, 0) are calculated as follows:
(142654(s;)) 3/2 1
K=-— d H=-260 ——+K|.
802(1+ 60— 0%(s;)) 1667

Theorem 4.3. The s—parameter curves of Z (s;, 0) are the geodesic curves if and only if the Darboux curvature s;(s;) =1/26
is a constant, this means that the image curve (i) is a planar curve.

Proof. The s—parameter curves on the regular tubular surface 2 (s;, 0) are the geodesic curves if and only if Z,;, x % = 0.

From the last equation, we obtain

1 2

Since the surface is the regular, then 1+ 6 — 8% # 0. So the curvature 5 (s;) = 1/28 is obtained as a constant. O

Theorem 4.4. The s—parameter curves of Z (s;, 0) are the asymptotic curves if and only if the image curve (i) is a planar
curve.

Proof. The s—parameter curves on the regular tubular surface 2 (s;, 0) are the asymptotic curves if and only if (2,5, %) = 0.
From here, we get 5;(s;) = —1/20. Since the parameter 0 is a constant for the s—parameter curves, the curvature »;(s;) is a
constant.

Theorem 4.5. The 0 —parameter curves on the regular surface X (s, 0) are neither geodesic curve nor asymptotic curve.

Proof. For 6— parameter curves, Zgg X % # 0 and .4 # 0 are satisfied, so the 6 — parameter curves cannot be a geodesic
curve and an asymptotic curve. O

Since the proofs of the theorems and propositions involving the properties of the tubular surfaces consisting of W — image
curve of the null curve are similar to the proofs given above, the following theorems and propositions will be given without
proof.

4.2. Tubular surface around the spherical (W) image of the null curve

Let ¥ be the (W) image curve of the null curve a. In this subsection, the spine curve of the surface X(sw, 0) will take as the
curve ¥, that is, yY(sw) = W (s) where the function sy = [ \/2 | k1 (s)k2(s) |ds is the arc length parameter of the (W) image
curve. The Darboux frame apparatus are given by

’}/(SW) = W(S),

1
tw(sw) = —W(kz(s)L(s) +ki(s)N(s)),

1
ATRGRG ] OHIHRENE),
Ky (9)ka(s) — k1 ()5 ()
(2] ki (s)ka(s) )32
There are two cases here: k;(s)k2(s) # 0 and k; (s)k2(s) = 0.

Case 1: kq(s)kx(s) # 0. We will examine this situation as two sub-cases.
Case 1.1: If ky (s)kx(s) > 0, then the curve 7 is a spacelike curve on de Sitter 2—space S%. In [14], the Darboux equations are

Yisw) = twlsw),
tw'(sw) = —Ylsw)+zw(sw)yw(sw),
YW/(SW) = sy (sw)tw (sw),

yw (sw)

sy (sw) =

where yw X tw =7V, ¥ X yw = tw and tyy X Y = —yw. The timelike tubular surface around the curve 7y is

X(sw,0) = (1 +rcosh8)y(sw) — rsinh Oyy (sw)
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with the Gauss map U = cosh 8y(sw ) — sinh Oy (sw ). The coefficients of the first and second fundamental forms of X(s, 6)
are found by

E = (1+rcosh® — rsqy(sy)sinh8)?, F=0, G=—r
L = (3w (sw)sinh® — cosh 0) (1 + rcosh @ — raey (sw)sinh @), M =0, N=r.

Proposition 4.6. The tubular surface X(sw,0) is a regular surface if and only if it has the condition 1+ rcosh —
raew (sw) sinh 6 £ 0.

Remark 4.7. The surface X(sw,0) has the singular points satisfying the equation 1+ rcosh 0 — raqy (sw)sinh 6 = 0.

From equation (2.1) and € = 1, the curvatures of the surface X(sw, 0) are calculated as follows:

K— (cosh O — sy (sw)sinh 6)

1/1
= d H=—=(-+rK ).
r(1+rcosh® — ray (sw)sinh ) an 2 <r+r >

1
Remark 4.8. Since the surface X(sw,0) has the condition 2H+ rK = ——, the surface X(sw, 0) is a linear Weingarten
r

surface.

Theorem 4.9. The s—parameter curves of X(sw, ) are the geodesic curves if and only if the Darboux curvature sy (sy) =
tanh 8 is a constant.

Theorem 4.10. The s—parameter curves of X(sw, 0) are the asymptotic curves if and only if the curvature sy is a constant
and equal to coth 8.

Theorem 4.11. The 6 —parameter curves on the regular surface X(sw, 0) are always a geodesic curve and cannot be an
asymptotic curve.

Case 1.2: If ky (s)kz(s) < 0, then the curve 7 is a timelike curve on de Sitter 2—space S7. In [14], the Darboux equations are

V(SW) = [W(SW)a

tw'(sw) = y(sw)+saw(sw)yw(sw),
yw'(sw) = saw(sw)tw(sw),
where yw X tw = —7, ¥ X yw = tw and ty X ¥ = —yw. The timelike tubular surface around the curve v is

X(sw,0) = (1+rcosB)y(sw)+ rsin Oyy (sw)

with the spacelike Gauss map U = cos 6y(sw) + sin Oyw (sw). The coefficients of the first and second fundamental forms of
X(s, 0) are found by

E=—(1+rcos®+rmy(sw)sing)?, F=0, G=r2
L = (cos 0 + sy (sw) sin0) (1 + rcos 0 + raay (sw)sin@), M =0, N=—r.

Proposition 4.12. The tubular surface X(sw,0) is a regular surface if and only if it has the condition 1+ rcos +
raay (sw)sin@ # 0.

Remark 4.13. The surface X(sw,0) has the singular points satisfying the equation 1 +rcos 0 + rsqy (sy)sin0 = 0.

The invariant curvatures of the surface X(sw, 0) are calculated as follows:

(cos 0 + sy (sw)sin O) 1/1
K= d H=—|-+4+7K).
r(1+rcos 6 + rsqy (sw)sin6) an 2 r+r

1
Since the surface X(sw, 0) has the condition 2H + rK = — —, the surface X(sw, ) is a linear Weingarten surface.
r

Theorem 4.14. The s—parameter curves of X(sw, 0) are the geodesic curves if and only if the Darboux curvature sy (sw) =
tan 0 is a constant.

Theorem 4.15. The s—parameter curves of X(sw,0) are the asymptotic curves if and only if the curvature of the (W) image
curve is a constant.

Theorem 4.16. The 0 —parameter curves on the regular surface X(sw,0) are always the geodesic curves and they cannot be
the asymptotic curves.
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Case 2: k;(s)kx(s) = 0. If k; (s) = 0, the null curve o is a planar line. So, we will examine the case of k;(s) = 0. For k;(s) #0
and k»(s) = 0, the curve a is called a generalized null cubic curve in [15] and it is given by

(o) (-2 )

where ¢/(s) = (y/(s))?. The third Cartan vector of the curve o is W (s) = (m VAC 1) . To find the tubular surface around

V2 - V2
the (W) image curve of the generalized null cubic curve, we calculate the Cartan frame of the (W) image curve as follows:
T— (Y0 _v'0) V()= (-1 ___1 W=
L= (3~ ¥510) N6) = (= 7y~ 7y 0) W = (0.0.D)

From these vectors, we obtain W (s) = v/2a, where a is a constant. The surface consisting of the (W) image curve of the
generalized null cubic curve o can be written as

X(sw,0) = W(s)+ON(s) + 6°W(s).
This tubular surface is degenerated to a plane.
5. Visualization

In this section, we give the tubular surfaces whose center curves are a null curve & and its spherical images. Then, we calculate
the some special curves on these surfaces and find the singular points of them. Also, we visualize the our calculations with
Mathematica.

Let a = a(s) be a null curve is defined by

1 1
ofs) = <s, 3 sin(5s+4)+1, —gcos(5s+4) - 1>

with the Cartan frame apparatus
L(s) (1,cos(5s+4),sin(5s+4)),
N(s) =5(—1,cos(55+4),sin(5s+4)),
W(s) =(0,—sin(5s+4),cos(5s+4)),

voi— |l

ki(s) =5 and ky(s) = 5/2. The parametric form of the tubular surface X (s, 0) is given as follows

X(s5,0) = a(s)+ ON(s) + 0*W(s),

] ] 1
X(s,0) = <s— 5,1+§cos(5s—|—4)+ gsin(5s—|—4) — 0%sin(5s+4),

0 1
-1+ 5 sin(Ss+4) — 3 cos(Ss+4)+ Gzcos(5s+4)> .

We calculate the singular points on the surface X (s, 0), then we obtain two curves consisting of singular points in Figure (5.1).
Since the Cartan curvatures of the curve a are constants, the s—parameter curves in Figure (5.2) of the tubular surface X (s, 0)

e

—

Figure 5.1: Tubular surface generated by the null curve a for s € [-27/5,27/5], 8 € [—1,1] and its singular curves for 6 = \/g (red),

6= —\/g (green).

are always the geodesic curves. Since the condition given in the Theorem (3.5) is not satisfied in this example, the s—parameter
curves are not the asymptotic curves. Also, we have shown in Theorem (3.6) that the 6 —parameter curves in Figure (5.3) are
neither geodesic curves nor asymptotic curves.
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Figure 5.3: The 6 —parameter curves on the tubular surface X (s, 8)

The tubular surface around (L) image curve is given by
2 (s1,0) = (14+0)L(s) + 6>N(s),

2

62 62 -\ .
Z (s1,0) = 1+9—7, 1+9+7 cos(5s+4), 1+9+7 sin(5s +4)

where sy, = 5s. The tubular surface 2 (sz,0) has no singular points. The s—parameter curves are the geodesic curves for
6 = —1 in Figure (5.4) (red) and are the asymptotic curves for 8 = 1 in Figure (5.4) (green). The 6 —parameter curves on the

tubular surface 2" (s, 0) are shown in Figure (5.5).

Figure 5.4: Geodesic s—parameter curves on .2 (sz, 0) for 6 = —1 (red) and 6 = 1 (green).
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Figure 5.5: The 6 —parameter curves on .2 (sz, 0).

The tubular surface around (N) image curve is given by

Z (sn,0) = (14 0)N(s) + 6*L(s),

2 (sn,0) = < 3 5—#9 ) <§+E+9 ) cos(Ss+4), (§+ 5—1-6 sin(5s+4)
where sy = 55/2. The tubular surface 2" (sy, 0) has no singular points. The s—parameter curves are the geodesic curves for
0 = —1/4 in Figure (5.6) (red) and the asymptotic curves for 6 = 1/4 in Figure (5.6) (green). The 6 —parameter curves on the
tubular surface 2 (sy, 0) are shown in Figure (5.7).

Figure 5.6: Geodesic s—parameter curves on .2 (sy, 8) for 8 = —0.25 (red) and 6 = 0.25 (green).
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Figure 5.7: The 6 —parameter curves on .2 (sy, 0).
Since kj (s)ka(s) > 0, the tubular surface generated by (W) image curve is
1
X(sw,0) = (1+rcosh8)W(s) — rsinh 6 <—§L(s) +N(s)> ,

X(sw,0) = (rsinh8,—(1+rcosh8)sin(5s+4), (1 +rcosh8)cos(5s+4))

where sy = 5s. Since sy (sw) = 0 and r > 0, the equation in Remark (4.7) has no real root. So, there is no singular points on
the tubular surface X(sy,0). Some special curves on X(sy, 0) are shown in Figure (5.8).

Figure 5.8: Geodesic s—parameter curve for 6 = 0 (red) and geodesic 6 —parameter curves (black) for » = 0.8 on the surface X(sw, ).

6. Conclusion
This study is important in terms of finding tubular surface formed by the null curve and its image curves on the Minkowski
spheres. Their singular points are characterized in terms of Cartan frame and Darboux frame apparatus. It is also noteworthy

that to use the Darboux frame instead of the Frenet frame, this is provided an opportunity to examine the expressions in their
simplest form.
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