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A UNIFORMLY STABLE SOLVABILITY OF NLBVP FOR
PARAMETERIZED ODE

DOVLET DOVLETOV
NEAR EAST UNIVERSITY, MERSIN 10, TURKEY. ORCID NUMBER:0000-0001-9052-8359

ABSTRACT. Nonlocal boundary value problem of the first kind for an ordinary
linear second order differential equation with positive parameter at the highest
derivative is considered. The existence and uniqueness, as well as, a uniformly
stable estimate of classical solution is established under accurate condition on
coefficients and location of nonlocal data carriers of multipoint boundary value
condition. An essentiality of the revealed condition is confirmed by ill-posed
problem examples.

1. INTRODUCTION

The article of A.N. Tikhonov [I] gave the reason for a wide range study in the
field of parameterized differential equations. The joint paper of A.V. Bitsadze and
A.A. Samarskii [2] motivated a lot of research in the field of differential problems
which are identifiable as nonlocal boundary problems.

In our paper, we consider nonlocal boundary value problem (NLBVP) of the first
kind]| for ordinary differential equation (ODE)

eu”’(z) + a(z)u'(z) — b(x)u(z) = —f(z), 0<z<1

with a positive parameter € > 0. Herein, for an unknown solution, we consider the
nonlocal boundary value condition (NLBVC) which is given by linear combination
of the values in boundary and interior points of [0,1]. Our task is to study the
question of a uniformly stable solvability of such NLBVP in respect of the classical
solution from C2(0,1) N C[0, 1].

In [3], for Sturm-Liouville operator the NLBVP of the first kind

[k(z)u) = q(x)u=—f(z), 0 <z <1, u(0)=0, u(l) = ZO@U(&)

was researched for k(z) € C1[0,1], f(z), q(x) € C[0,1], k(z) > mo > 0, g(z) > 0.
The existence, uniqueness and a priori estimate of classical solution was established
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for the case if all coefficients «a;, ¢ = 1,...,n have the same sign and satisfy the

condition
n
—00 < Z a; < 1.
i=1

For the same problem, but under the condition that «;, ¢ = 1,...,n have an
arbitrary sign and satisfy the condition

1

137
Z 3 /k(T)dT</k‘(7')dT’
0 0

i=1

the existence and uniqueness of classical solution was proved in [4].
In [5], it was proved that singularly perturbed NLBVP of the first kind

—%y" (@) + g(@)y(x) = (), 0<z <1, y(0)=0,ly=d
has a unique solution if and only if the solution of Dirichlet problem
e2u” (z) — g(x)u(z) =0, u(0)=0, u(l) =1
satisfies the condition fu # 0, where g(z) > K2 >0, K € R, {y = y(1)—

€ (0,1).
In [6], the existence, uniqueness and a priori estimate of classical solution

MS

Ciy(Si)7

=1

lullwzio,) < CllfllLa0.)
were proved for NLBVP

{ [k(x)w! ()] + r(z)u'(z) — (x)u(at —f(@), 0<z <1,
u(0) =0, u(l) = au(C) — Bu(n),
where k(z) € C'[0,1], f(z), r(z) and ¢(z) € C[0,1], k(z) > mo >0, |r(z)| < u,
q(x) >0, ©€0,1], up<mg, ¢€(0,1), ne (0,1), in addition, a >0, S > 0,
—co<a—-p<1if (<n, a<lif n<.
In [7], the existence, uniqueness and a priori estimate of classical solution were
proved for NLBVP with double-side NLBVC of the first kind

{ [k(z)u' (2)]" + r(z)u' () — g(@)u(z) = —f(z), 0<z<1,

u(0) = apu(Co) — Bou(no), u(1) = aru(Cr) — Bru(m)

where k(z) € C0,1], f(z), r(z), q(z) € C[0,1], k(z) > mo > 0, g(x) > 0,
€ [0,1], ¢; € (0,1), m; € (0,1), i = 0,1, max{(p, Mo} < min{¢y, 7 }, in addition,

a; >0, 8; >0, i=0,1, So <1, 51 <1, So+ 51 <2, herewith Sy = ag—y for

no < Co, So=ag for (o <mo, S1=a1—p1 for G <m, S1=a; for g <.
In [8, p. 68-72], a uniformly stable solvability was reported for parameterized

NLBVP
{ —eu’(z) + b(x)u(z) = f(x), 0 < <1,
u(0) — au(C) = ¢o, u(l) — Bu(n) = ¢

where € > 0, b(x), f(z) € C[0,1], b(z) > bv* >0,0<(<n<1 —0 <a<l,
—o<p<l,af #0, p; =const,i=0,1.

In [9], the solution of NLBVP, which was formulated in [5], was constructed by
using the truncated orthogonal series and corresponding solution of the reduced
problem.
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In [I0], under the condition that classical solution of the Dirichlet problem

—ew” + a(w)w + blz)yw =0, 0 <z < 1, w(0) =0, w(l) =1

m—2
satisfies the inequality w(1)— ciw(s;) # 0, the behaviour of exact solution was

analized for NLBVP '

Il
-

m—2

—eu” +a(z)u' +b(x)u= f(x), 0 <z <1, u0)=A, u(l)= Z ciu(s;) + B,

where 0 < ¢ << 1, a(zx) > a > 0, a(z), b(x) and f(x) are sufficiently smooth
functions on [0,1], s; € (0,1), i =1,2,...,m — 2.

In summary, it is natural that NLBVP’s solvability, as well as, the behaviour of
its classical solution depends on coefficients, their signs, values, and, at least, data
carriers location of given nonlocal condition. It is the reason why the aim of our
paper is to reveal explicit condition of a uniform solvability for parameterized linear
second order ODE with abstract double-side nonlocal condition of the first kind.
In general, naturally that the information on a uniform solvability of differential
problem is also actual for its numerical interpretation.

Additionally, sufficiently detailed overview on NLBVP for ODE is enclosed in
[3 [, 6] [7, 3], the survey on boundary value problems respectively parameterized
ODE is represented by [14].

2. DIFFERENTIAL PROBLEM
We consider the NLBVP
Lu(z) = eu’ (x) + a(z)u/(z) — b(z)u(z) = —f(z), 0<z <1, (2.1)

o) =u(0) =Y () =vo, G =u(l) =Y Bum) =¢r,  (22)
k=1 1

where e > 0 is a parameter, a(z), b(z), f(z) € C[0,1], m; > 2, i = 0,1,
wi€R, i=0,1, ¢ €(0,1), k=1,....,mg, m; € (0,1), L =1,...,my are so that

0<( << i <Clmg<m<N2< ... <Ny <1, (2.3)

in addition, ay € R, k=1,...,mo, B € R, [ =1,...,m; are nonzero coefficients.
Next condition is denoted by A:

-if all ay are not of the same sign, then aj >0 only for k=1,...;m,, or ap >0
only for k=m, +1,...,mg, where m, is some natural number, 1 <m, < my;
-if all §; are not of the same sign, then 5; >0 only for [ =1,....,ms, or G >0
only for [ =m, +1,...,m;, where m, is some natural number, 1 < m, < m;.
Further, we will use the designations:

Gy il ak+\ak| ak—|ak\
o= ap, ot = - = =
< < - 5z+|ﬂl |5z
B = B, BT =
S =3 B o5 Ao

at +a, if a,, <0, o, > 0,
So =< at, if am, >0, am,,, <0,
«, if ag, k=1,...,my have the same sign,
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BT+ 67, if Bm, >0, B, <0,
Sy =4q BT, if B, <0, B, >0,
B, if B, I =1,...,m1; have the same sign.

Definition. The function u(z) is a classical solution of NLBVP (2.1)-(2.2) if it
belongs to C2(0,1) N C0, 1], satisfies the equation (2.1) and NLBVC (2.2).

Let each one of NLBVC (2.2) encloses different sign coefficients. Let us suppose
that classical solution u(x) of NLBVP (2.1)-(2.2) exists. Then, in view of the mean
value (MV) property [3, p. 1198-1199], by analogy with [13, p. 39], this classical
solution satisfies some reduced NLBVC

u(0) —atu(C) —aTu((T) =wo, w(l) = BTun) = BTulnT) =¢1,  (24)
where <+ Kl)Cmo] C_ € [Chcmo} 6 [77 15 Thmy € [771’77m1] a‘ndv therefore,
u(z) is classical solution of NLBVP ( 1),(2.4) tog? In respect of (2.4), we denote

o(u) = u(0) — aFu((T) —au((T), b(u)=u(l) B uln™) — B uln™). (2.5)
Hence, for S;, i =0, 1, we have
at+a7, if (T < (T,
So=< aT, if ¢t < (7, (2.6)
a, ifall ag, k=1,...,my have the same sign,
Br+p7, if <,
S1= ﬁJr? if n < 77+a (27)
B, ifall 8, I =1,...,m; have the same sign.
Additionally, in view of (2.3) and A, we have

CC#CT n #n', max{¢T, ¢} <min{n~,n"} (2.8)
Our first result is

Lemma 2.1. Let S; < 1, ¢; # 0, i = 0,1. If u(x) is classical solution of the
problem (2.1),(2.4), then v(x) = u(x) + woqo(x) + w1q1(x) is classical solution of
the problem

Lv(z) = —fi(x), 0 <z <1, fo(v) =0, 1(v)=0 (2.9)

for fi(z) = f(z) — woLqo(x) — v1Lq1(x), where q;(x), i = 0,1 are some cubic
polinoms .

Let S; <1,i=0,1. Let only one of o, p1 be nonzero, i.e., v;, # 0, i, € {0,1}.
If w(z) is classical solution of (2.1),(2.4), then v(z) = u(x)+;, ¢, (x) s classical
solution of the problem (2.9) for fi(x) = f(z)— i, Lqi, (x), where ¢, (x) is some
cubic polinom.

Proof. Assume that go(x), q1(x) € C?(0,1) are an arbitrary functions. Then it is
obvious that

Lo(z) = =[f(z) — poLgo(z) — p1Laq1(2)] = — f1(x)

2Thus we will say: ”the problem (2.1),(2.2) is reduciable to (2.1),(2.4)”, or, for example,
”condition (2.2) is redused to (2.4)”, or ”condition (2.2) is reduciable to (2.4)”, or ”(2.4) is
reduced nonlocal condition” and etc..
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i.e., v(x) satisfies the differential equation (2.9). Let us construct some polinomials
( ) and ¢;(z), so that the function v(z) will satisfy NLBVC (2.9). Put ¢; # 0,
=0,1. We look for the functions

qo(z) = co(1 = 2)(n" —2)(n~ — 2), (2.10)
qi(z) = cz(Ct —2)(¢” —2), (2.11)
where an unknown constants ¢y and c¢; have to be defined. Since
bo(q1) =0, ti(qo) =0, (2.12)
then, in view of (2.5) and (2.4),
() = @o + wolo(q0) + ¢1fo(a1) = woll + lo(0)], (2.13)
G1(v) = o1+ woli(q0) + 1li(ar) = @1 [l + bi(qr)]- (2.14)
Since v(z) has to satify (2.9), then, in view of (2.13) and (2.14), the equalities
14 0o(gq0) =0, 1+61(q1) =0 (2.15)
have to be satisfied for ¢;(z), i = 0,1. Hence, we have
—(Eo)™", (2.16)
=—(Do)™", (2.17)

for
Eo=n"n"—a"(A=¢H) (" =¢T) (™ =¢H)—a  (1=¢) (" =¢7 )™ —¢7), (2.18)
Do =(1—-C¢N)A=¢) =BTt (T =) =D =80 (CT—n7 )¢ —n7), (2.19)

where FEy # 0, Dy #0 since Ey > 0, Do > 0. Indeed, in view of (2.8), from
(2.18) and (2.19), correspondingly, we get

( —[a++a DNA=C)" =)™ —¢), if (7 <7,
B> { i Zena E s e, e 2 (220
—[BT - _ (7t - _ (- i + -
Dy > 875% 5 ])7 <(+)( Ci)c(?)’ ifcn),’ <an_ = (2.21)
Then from (2.20) and (2.21)7 correspondingly, in view of (2.6) and (2.7), we have

= So)(1=¢T)" = ¢T)(n™ =¢7), if (7 <0< 8 <1,
< )( 7C7)(777 7C7)’ if Ci < C+7 —00 < SO < Oa
=So) L =¢T)" = ¢~ —¢7), if (T <, 0<8 <1,

{ (=S (= —=¢Hn~ —¢), if nt <n™, 0< 8 <1,
Do >

(1
Ey > (
(1

(= ¢ —¢7), i nt <n7, —00 <8 <0,
(1=S)n~(n~ = ¢~ —¢7), if = <n™, 0< S <1
Hence, Ey > 0, Dy > 0, therefore, Ey # 0, Do # 0. Thus, in view of (2.16) and
(2.17), the polinomials (2.10) and (2.11) are defined. In view of (2.12) and (2.15),
v(z) satisfies nonlocal conditions of (2.9). Since u(z) € C?(0,1) N C[0,1], then
v(z) € C?(0,1)NCI0,1] too, therefore, v(x) is classical solution of NLBVP (2.9).
By similar way, it is easy to prove the second statement for the case if one of two
data ¢;, ¢ =0,1 is zero, but another one is nonzero. Lemma 2.1 is proved. ([
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Let all coefficients ay, k = 1,...,mg have the same sign and all coefficients
Bi, 1 =1,...,m; have the same sign, (the signs of «; and [; can be different).
Then, by analogy with (2.4), the classical solution of NLBVP (2.1),(2.2) satisfies
the condition

u(0) — au(¢) = wo, u(l) — Bu(n) = ¢1,
for some ¢ € [C1,Cmol, M € (M1, 7,y ], s0 that ¢ <7 in view of (3).

Corollary 2.2. Let S; <1, ¢; #0, 1 = 0,1. If u(x) is some classical solution of
the problem

Lu(z) = —f(x), 0 <z <1, u(0)— au(¢) = ¢o, u(l) — fu(n) = ¢1
for ¢ < n, then v(x) = u(x) + ogo(x) + v1q1(x) is classical solution of the problem
Lv(z) =—=fi(z), 0 <z <1, v(0)—av(¢) =0, v(1)— Bv(n) =0
for fi(z) = f(z)=poLao(x) —p1Lqi (), go(z) = co(1-2)(n—2), 1 (z) = crzx((—x),
co=—n—al=Qm-0]™" aa=—[(1—=¢) —Bnn—-I"
Proof. This is provable by analogy with Lemma 2.1. Corollary 2.2 is proved. O

Corollary 2.3. The statement of Corollary 2.2 is true for the case if all coefficients
ak, k=1,...,mqg have the same sign, but there are different sign coefficients among
B, 1=1,....,my (or vice versa).

Proof. This is provable by analogy with Lemma 2.1. Corollary 2.3 is proved. [

3. A UNIFORM STABILITY ESTIMATE
Here, we establish a uniformly stable estimate. Our basic result is

Theorem 3.1. Let a(x) > ag > 0, b(z) > by > 0, x € [0,1]. Let conditions (2.3),
A hold. If Sy <1, 51 <1 and, in addition, S1 < 1 if by = 0, then a uniformly
stable estimate

u(@)] < C(lpol + ler| + max [f(y)]), 0<a<1 (3.1)
<y<l
holds for classical solution of NLBVP (2.1),(2.2).

Proof. Let u(x) be some classical solution of NLBVP (2.1),(2.2). Since (2.2) is
reduciable to (2.4), then u(x) is classical solution of NLBVP (2.1),(2.4). In view
of Lemma 2.1, the function v(x) = u(z) + woqo(z) + v1¢1(x) is classical solution of
NLBVP (2.9). Assume that a uniformly stable estimate holds for v(z), i.e.,

o(@)| < € max Ai(w)], 0<w<1 (3.2)

for some independent of £ constant Cy, where fi(z) = f(x) —@oLqo(x) —¢1Lq1 ().
Then, by virtue of the triangle inequality,

< <z<l1
[u(@)] < C1 max [fi(y)] + |vol max o)l + ler| max la(y)l, 0o <1,

so that
lu(@)| < C1 max [f(y)| + Calpol + Cslea], 0 <z <1
0<y<1

Thus, if (3.2) is true, then (3.1) is also true for the constant C' = max{C1, Cs, C3}.
So, to prove (3.1) it will be sufficient to obtain the estimate (3.2) for the solution
of NLBVP (2.9). Further, to establish (3.2) we will consider three subcases:
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first - all coefficients ai, k = 1,...,my have the same sign and all coefficients 5,
I =1,...,mp have the same sign (the signs of «; and f; can be different);

second - each one of two nonlocal conditions (2.2) encloses different sign coeflicients;
third - one condition of (2.2) has the same sign coefficients, but another one encloses
different sign coefficients.

Subcase 1. Put ay, k = 1,...,mg have the same sign, §;, l = 1, ..., m; have the same
sign (the signs of ay, and §; can be different). Our task is to prove the estimate (3.2)
for classical solution of NLBVP (2.9). By virtue of MV property [3, p. 1198-1199]
in respect of NLBVC (2.9), we get

v(0) = av((), v(1) = Bu(n) (3.3)

for some ¢ € [C1,Cmo), M € [M1,Mm,])- If @ < 0, then, in view of Bolzano theorem,
v(zg) = 0 at some point zg € (0,(), i.e., v(z) satisfies boundary value condition
(BVC) of the first kind at 2. If a > 0, then wy(0) = wp(¢) for the function

oa—1)x +
wo(z) = v(x)(c)c. (3.4)
By virtue of Rolle’s theorem, wj(z¢) = 0 at some point 2o € (0, (). Hence,
1—-a
"(20) — h =0, ho=-— " 3.5
v (1’0) O’U(l‘o) ) 0 ¢— 1‘0(1 — 04) ) ( )

so that hg > 0 since our theorem condition requires the bound Sy < 1. It means
that v(x) satisfies BVC of the third kind at x¢ if 0 < @ < 1, or of the second kind
ifa=1.

Similarly, for 8 < 0 we obtain BVC of the first kind v(x;) = 0 at some point
x1 € (n,1), as well as, for 8 > 0 we get BVC of the third kind if 0 < 8 < 1, or of
the second kind if 8 = 1 at some point z; € (1, 1), i.e

1-8
B(l—xz)+a—n
so that h; > 0 since the theorem condition requires the bound S; < 1. Note that
to get (3.6) we use the function

’U/(J?l) + hl’U(J)1) = 0, hl =

(3.6)

Bla-—1)+n—=
n—1
and corresponding equalities w1 (1) = w1 (n), wi(z1) = 0.
In summary, we revealed that on some interval [z, ;] the function v(x) satisfies
the boundary value problem (BVP)

Lo(z) = —fi(x), 0 <z <z1, o' (w0) — hov(wg) =0, 010" (1) + hrv(21) =0,
where dg = 1 if @ > 0 and 4; = 1 if § > 0, in addition, dg =0, hg = 1 if @ < 0, and
01 =0, hy =1 if B < 0. Hence, in view of the variable replacement

t = (r1 —x0) Hx — 20), (3.8)
we get that the function o(t) = v(x(t)) satisfies the BVP

{{i@(t) et"(t) +a () "(t) = b()o(t) = —fu(t), 0<t<1, (3.9)
Fio9(0) — 807’ (0) = 0, hy9(1) + 6,8 (1) = 0, ‘

wi(x) = v(z)

(3.7)

where

a(t) = (z1 — zo)a(x(t)), b(t) = (z1—20)*b(x(t)), fi(t) = (21— z0)* fi(a(t)),
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w(t) = (x1 — o)t + xo, a(t) > (M = Cmg)ao, b(t) > (M = Cmy)?bo, 0 <t <1,
in addition, hg, &, hi, 01 are defined by the specification
(5020,]30:1 for a <0,
dg = s iLOZ(Ilfl‘Q)hO for 0 < a <1,
6, =0, hy=1 for 8 <0,
51:1, ﬁlz(x1—$0)h1 for 0<B§1,

herewith, hq + (M — Cmg)?bo > 0 since the theorem condition requires S; < 1 for
bp = 0 (it means that 0 < 8 < 1 for by = 0) and, therefore, we have hy > 0.
Further, for classical solution of BVP (3.9), by virtue of [12, p. 100-103], we get a
uniform on ¢ stability estimate

o(t)| < Lo <t< :
[0(t)] < Cy e, ILo(y)], 0<t <1, (3.10)
therefore, in view of the variable replacement,
lv(@)] < Cs max [fi(y)], zo < <an, (3.11)
zo<y<w1

where Cy is an e-independent constant. Since ¢ € (2o, x1) and 7 € (xg, 1), then
(Ol < Cs max [fi(z)], |v()]<Cs max |fi(z)]

o<z<z o<z<m1

Hence, in view of NLBVC (2.9),

[v(0)] = G5 max [f1(x)

> o] = Cs max [fi(2)], (3.12)

where C5 = Cy max{|al,|8|}. Now, in view of (3.12), we interpret the solution of
NLBVP (2.9) as classical solution of Dirichlet problem

Lv(z)=—fi(z), 0 <z <1, v(0) =70, v(l)=n1, (3.13)
where
il < Cs max [fi(z)], i=0,1. (3.14)

Then, by virtue of [12, p. 100-103], we obtain a unifromly stable estimate
[o(@)] < Cs(hol + Im| + max [Lo(y)]), 0<a <1, (3.15)

where Cg is some e-independent constant. In view of (3.14), the estimate (3.2) is
true. Therefore, a uniform on ¢ stability estimate (3.1) is proved.

Subcase 2. Put that each one of two conditions (2.2) encloses different sign coeffi-
cients. Then u(z) satisfies some reduced condition (2.4). We will prove the estimate
(3.2). Further, we admit that v(0) # 0 and v(1) # 0, since for the case if v(0) =0
or v(1) = 0 the estimate (3.2) is provable by the same approach which we use here.

Firstly, assume that ¢~ < ¢* in respect of (2.4).

a) If sign[v(0)v(¢7)] # 1 or sign[v(0)v(¢h)] # 1, then there is some point g,
xo € (0,{7) or zg € (0,(") correspondingly, so that v(zg) = 0.

b) If sign[v(0)v(¢7)] = 1 and sign[v(0)v(¢T)] = 1, then, by virtue of MV
propety[3, p. 1198-1199] in respect of the first nonlocal condition (2.4), we have

(1+|a"v(¢o) = aTv(¢T)
for some ¢y € [0,¢ "], herewith (y < ¢*. Then, in view of the condition Sy < 1,
+
a

v(Co) = aOU(C+)7 Qg = m7

0<ap<L. (3.16)
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Hence, by using the function

A (a0 — )z + ¢ — ango

wo(z) = v(x ,
o(z) = v(x) =G

we get 1o(Co) = wo(¢h), so that, by virtue of Rolle’s theorem, @'(zo) = 0 at

some point g € ({o, (), and, therefore,

1-— (7))
(a0 = Dzo + ¢ — aolo’
Now, assume that (* < ¢~ in respect of (2.4).
a) If sign[v(0)v(¢T)] # 1 or sign[v(0)v(¢7)] # 1, then there is some point g,
2o € (0,¢T) or x¢ € (0,{”) correspondingly, so that v(zg) = 0.
b) If sign[v(0)v(¢t)] =1 and sign[v(0)v((™)] = 1, then there is some value o,
0 < g < a™, so that, in view of the condition Sy <1,

v(0) = aov(¢T), 0<ap<l. (3.18)

’U/(IQ) - ho’U(l‘o) = O7 ho =

ho > 0. (3.17)

Hence, by using

N (G — Dz +¢*
wo(x) = ”(ﬂf)g—Jr,

we get 0p(0) = @o(¢T), then &'(x9) = 0 at some point xg, zo € (0,(T), and,

therefore,

1—ag

! — = = —-—-—-----
[ (l‘o) hQ’U(Z‘o) 0, ho §+ — {E(](]. — CNK())’

ho > 0. (319)

In summary, we revealed that at some point xo the solution of (2.9) satisfies one
of the left-side BVC:

L1 (V) =v(z9) =0, 0 <z < (™ <(H,

lyg2(v) =v(m9) =0, 0<zp<(T, 0<( < (T,

£$073(U) = UI(.’E()) — hov(l‘o) =0, hg>0, 0<z9 < <+, 0< C_ < <+,
lyya(v) =v(m) =0, 0<mg < (T <(,

loy5(v) =v(z0) =0, 0<z9<(, 0<(M<(,

EIQ,G(U) = /(xo) — hov(l'o) =0, hg >0, 0<z9 < <+ < (.

By similar way, we reveal that at some point z; the solution of (2.9) satisfies one
of the right-side BVC:

€w171(v) = ’U(xl) = Oa 77+ <n <z < 17

Uy o) =v(z1) =0, nt <z <1, nt <n” <1,

Uy 3(v) =0V (21) + hv(xy) =0, hy >0, nT <z <1, nt <n” <1,
617174(”) = U(xl) =0, n~ < 77+ <z <1,

by s(V)=0v(x1) =0, n~ <z <1, n~ <nt <1,

Uy, 6(v) =0 (1) + hiv(z1) =0, b1 >0, 1~ <yt <z <1,

where similarly (3.16)-(3.17), by using

(Bo — D)z +nT = Bono
nt —no ’

w(z) = v(x)
we define
5-"-
1+ [B=|

1—Bo

h, == )
! Bo(no —x1) +x1 —nt

Bo =




A UNIFORMLY STABLE SOLVABILITY OF NLBVP FOR PARAMETERIZED ODE 59

for 4, 3(v) =0, as well as, similarly (3.18)-(3.19), by using

v (Bo—Dz+nt—B
o1 (z) = v(z) = T °

for the case if sign[v(1)v(n™)] = sign[v(1)v(n~)] = 1, we define
_ 1— By
Bo(1 —x1) + 21—t

hi

for £, 6(v) = 0. Here, By is an appropriate value, so that v(l) = Bm}(n"‘),

herewith 0 < Bo < BT,s0 0< Bo <1 since S7 <1 in view of theorem condition.
Further, let ov(z) satisfies some pair of BVC ¢, :(v) = 0, 4, ;j(v) = 0,

i=1,..,6, j=1,..,6.

2.1. Assume, that ¢,(*,n7,n" € (z,71). Note, it is always fulfiled for any pair

lyyi(0) =0, €y j(v) =0, i =1,4,6, j=1,4,6. Similarly to the Subcase 1, by

virtue of (3.8), we obtain the BVP (3.9)

Lio(t) = —fi(t), 0<t <1, het(0)— 380" (0)=0, hio(1)+60'(1)=0,
where
5o =0, hg =1 for conditions £, ;(v) =0, i =1,2,4,5,
do =1, ho = (x1 — xo)ho for conditions £, ,(v) =0, i = 3,6,
61 =0, hy =1 for conditions f;, ;(v) =0, j=1,2,4,5,
o1 =1, h1 = (21 —x0)h1 for conditions £, ;(v) =0, j = 3,6,

herewith, hy + (M — Cmg)?bo > 0 for £, j(v) =0, j=1,2,4,56 since hy >0,
in addition, hj + (M — Cmg)?bo > 0 for £, 3(v) = 0 in view of the theorem
requirement S; < 1. Then the estimate (3.10) holds for @(x). Since (3.10) results
in (3.11), then, in view of ¢=,¢T,n~,n" € (xg, 1), We get

PG max @) IS0 max iG] (3.20)
PO < Cymax (@] o0 <Cy max [A@] (:21)

In view of (3.20) and (3.21), the estimate (3.12) follows from NLBVC (2.9) for
Cs = Cymax{|a~|+]|a™|, |87]+|8"|}. Therefore, we can interpret the solution of
NLBVP (2.9) as classical solution of the Dirichlet’s problem (3.13) and, by virtue of
[12 p. 100-103], state that a unifromly stable estimate (3.15) holds. Hence, in view
of (3.14), we get the estimate (3.11). At least, the validity of (3.11) is sufficient to
confirm that (3.1) is true.

2.2. Assume, that only one of two points ¢~ or ¢T belongs to (xq,z1), as well
as, only one of two points = or n* belongs to (zg,z1) (it is available in respect
of any pair of the conditions f,;(v) =0, £l ;(v) =0, i =2,3,5, j=2,3,5).
Then, since (3.10)-(3.11) holds, then one of two estimates (3.20) holds, as well as,
one of two estimates (3.21) holds too. Thus, the NLBVP (2.9) is reduciable to the
problem

Lo(z) = —fi(z), 0 <z <1, v(0) = a"v(¢7) + 5, v(1) = B7v(n’) + 1, (3.22)

where

lool < Cs Joax, Ifi(@)],  [pil <Cs [ax, |f1(z)], (3.23)
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Cs = Cymax{|a~| + |at]|, |87| +|87]|}, the pair o* and ¢* is performed by a~
and (7, or by a™ and (T correspondingly, the pair 8* and n* is performed by 8%
and 7, or by 3~ and n~. So, in view of the theorem condition, —oo < a* < 1,
—o0 < B* <1, g* < 1if by =0. Now, firstly by virtue of Lemma 2.1 in respect of
the problem (3.22), and then, by reasoning similar Section 1, we obtain the analogy
of (3.1) for the problem (3.22), i.e.,

[o(@)| < Clgp| + i + max [, 0<z <1 (3.24)

Then, in view of (3.23), the estimate (3.24) results in (3.2), and, therefore, the
estimate (3.1) is true.

2.3. Assume, that three of four points ¢, ¢*, 7, n* belong to (zg,x1). Then, by
combined reasoning of 2.1-2.2, one can prove that the estimate (3.1) is true.
Subcase 3. Assume, that one of two conditions (2.2) encloses the coefficients of the
same sign, but another one encloses different sign coefficients. Then (3.1) can be
proved by virtue of combined approach of Subcases 1-2. Theorem 3.1 is proved. [

4. THE EXISTENCE AND UNIQUENESS
Firstly, we prove

Lemma 4.1. Let (2.3) and the condition A are fulfiled, S; <1, ¢; #0, i=0,1.
If u(z) is some classical solution of NLBVP (2.1),(2.2), then

v(x) = u(@) + Yoqo(z) + ¢101(x)
is classical solution of the problem

Lv(z)=—fi(z), 0 <z <1, Ly(v)=0, £1(v)=0 (4.1)
for fi(z) = f(x) — @oLqo(x) — p1Lqi(x), where qo(xz) = co(l — ) [T(m — =),

mo
@1(z) = 1z T (x —Cx), herewith an appropriate constant ¢; € R, ¢; 20, i =0,1.
k=1

If v(x) is some classical solution of (4.1), then u(x) = v(z)—poqo(x)—p1q1(x
is classical solution of NLBVP (2.1),(2.2) for f(x) = f1(z)+@oLlqo(x)+p1Lg(x

Let only one of i, i € {0,1} be nonzero, put @;, #0, i, € {0,1}. If u(z
is some classical solution of NLBVP (2.1),(2.2), then v(z) = u(x) + ¢;, ¢, (x)
classical solution of the problem (4.1) for the function fi(z) = f(x) — p;, Lq;, (x
Vice versa, if v(x) is some classical solution of (4.1), then u(z) = v(x)—p;, q, (z
is classical solution of NLBVP (2.1),(2.2) for f(z) = fi(z)+ ¢, Lg;, (x).

Proof. Put ¢; # 0, i = 0,1. Obviously that Lv(z) = —fi(z), 0 <z <1 for
¢i(z) and any nonzero ¢;, i =0,1. Let us find ¢;, i =0, 1, so that the v(z) will
satisfy NLBVC (4.1). Note,

X

)
)-
)
)
)

bo(q1) =0, £1(q0) = 0. (4.2)
Since v(z) has to satisfy the NLBVC (4.1), then the expressions
lo(v) = o[l +€o(q0)] =0, h(v) = @1l +1(q2)] =0 (4.3)

have to be true, therefore,

14 4o(go) =0, 1+6(q1) =0 (4.4)
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have to be true too. Hence,

—(Eo)il, C1 = —(Do)il, (45)
where . . .
Eo=][]m —Zak(l—Ck)H(m =Gk, (4.6)
i1 — =
Dy = ﬁ 1—Ck) Zﬁml H Ck); (4.7)
k=1 =1 k=1

herewith FEgy # 0, Dg # 0, moreover, Ey > 0, Dy > 0. Actually, by virtue of the
condition Sy <1 in respect of (4.6), we have

my
[ITm>0,ifap<0, k=1,....m
=1
Ey>< A=) J[m=>0,ifap >0, k=1,...,mg
=1

my
(1—=2So) [ITm >0, if all ag, k =1, ...,mp have not the same sign,
=1

where, in view of (2.6), Sy = o™ for (T < (7, Sg=a +a for (- < (.
Indeed, it is clear for the case if all coefficients ay, k =1,...,mg have the same
sign, as well as, for the case if (T < (™. Let us confirm that Ey > 0 for the case
if all oy, k=1,...,mp have not the same sign and ¢~ < (*. In view of (4.6),

EO > Hnl CmL H(T/l - CmL> - (1 - Cmb+1)a+ H(nl - CmL+1)a
=1 =1

then

mi

Eo > Hm (1= Gn) @™ +a) TT0n = Gm,).

=1

Hence, Egy > Hm>0 for —00< Sy <0, Fg>[1—(a +« )]Hm>0 for
1=

0< Sy <1, where So = a~ + at. Thus, we proved finally that EO > 0, then
Ey # 0, therefore, the constant ¢y is definable by the first formula (4.5). Similarly,
by virtue of the condition S; <1 for (4.7), it is easy to confirm that Dy > 0 and
prove that the constant ¢; is definable by the second formula of (4.5).

Let us prove second statement of lemma. Obviously,

2
Lu(xz) = Lv(z) — Z(piLqi(x) =—fi(z Z%qu =—f(z), 0<z <1,
i=1

in addition, since v(x) satisfies NLBVC (4.1), then, in view of (4.2)-(4.5), we get
lo(u) = lo(v) — polo(go) — p1lo(q1) = —polo(qo) = o,
bi(u) = 41 (v) — poli(qo) — p1li(q1) = —p1li(qr) = ¢1.

To finish this proof, by the same way as in above it is easy to confirm, that the
third statement of lemma is true. Lemma 4.1 is proved. (I

Theorem 4.2. Let a(z) > ag >0, b(x) > by >0 for x €[0,1]. Let (2.3) and

the condition A are fulfilled. If S; <1, i = 0,1 and, in addition, Sy < 1 if
bop = 0, then classical solution of NLBVP (2.1),(2.2) exists and is a unique.
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Proof. Because all conditions of Theorem 3.1 are fulfiled, then the uniqueness of
classical solution follows from stabilty estimate (3.1).

In view of Lemma 4.1, to prove the existence, it is sufficient to establish that
classical solution of the differential problem (4.1) exists. The problem (4.1) is
equivalent to the differential problem

k()] —qlz)v=—fi(x), 0<x <1, Ly(v) =0, £1(v) =0, (4.8)

where

T

1 -
o) = exp (2 [ alt)at), ale) =ba)bie), file) = Alo)k(a),
0
therefore, it will be sufficient to prove that classical solution of (4.8) exists. To
prove it let us use the fact that for any continuous function F(z), = € [0,1] the
differential problem

[k(z)0") —v/k(z) = F(z), 0<z <1, luv=0, {v=0 (4.9)

has the solution

x

v(z) = Asinh(P(z)) + B cosh(P(z)) + /sinh (P(z) — P(t))F(t)dt, (4.10)

0
where
P(z) = | (k(r)) dr, (4.11)
/
A=— [el(sp)] _I{Bel(cP) A (/sinh (P(z) - P(t))F(t)dt) }
0
B=-— [zo(cP) - Z"(SP)QE?; ;} 71{&)( ] sinh (P(z) — P(t))F(t)dt)
0

_Z)Ezgel ( 0/ sinh (P(z) - P(5) F(t)dt) },
herewith for the convenience we use next designation

sp(x) = sinh(P(x)), cp(x) = cosh(P(x)). (4.12)

Actually, written in the square brackets expression is nonzero for A and B. Indeed,
since the function P(x) is nonnegative and strictly increasing in [0, 1], then

i (S )> Sp(].)>0, if 5;<0, I=1,...;mq,
1P sp(1) — Bsp(nm,) >0, if B >0, I=1,...,mi.

If all coefficients B;, [ =1,...,m1 have not the same sign, then, in view of the MV
property [3, p. 1198-1199],

li(sp) = sp(1) = BTsp(i") — B sp(ii7), (4.14)

(4.13)



A UNIFORMLY STABLE SOLVABILITY OF NLBVP FOR PARAMETERIZED ODE 63

where 7T, 77 € [771,77,,“]E|In view of (4.14), if 7= < 7*, then
l1(sp) > sp(1) — BT sp(m,) > 0.

If 77 <7, then 8T + 3~ =S, then, in view of (4.14), we get
li(sp) > sp(l) — S1sp(Mm,.) > 0.

In summary, we proved that
li(sp) > 0. (4.15)

Now, let us prove that the expression inside square brackets for B is nonzero too.
Let us denote this expression by G, i.e.,

G= go(Cp) — Eo(Sp) X

Additionally, we denote

&(z) = cp(x) — sp(x) x

Since
mo mo (1 (CP)

G=1- ,
];akCP(Ck) + kzl arsp(Cr) X ' (sp)

then, by virtue of MV property, there are some point é, (f"’, Cf_ € [¢15Cmg)s SO
that

1-— a@(()l if ok, k=1,...,mg have the same sign,
G=4 1—a™®(T)—a " J((), ifall ag,k=1,...,mp have not (4.16)
the same sign.

Further, in respect of @(x), = € [0, (m,], we have
my

cp(1) = X2 Biep(m)
I=1
my

sp(1) = > Bisp(m)
I=1

&(z) = cp(x) — sp(x) x

(sp)
Hence, by virtue of MV property [3, p. 1198-1199], for € [0, {,,] we obtain that
sinh (P(1) — P(z)) — Bsinh (P(7) — P(z))
fl(SP)

for some 7 € [m1,Mm,] if B, I =1,...,m; have the same sign. However, if all 5,
Il =1,...,m; have not the same sigrﬂ then

_ sinh (P(1) — P(z)) — % sinh (P(7") — P(z)) — B~ sinh (P(77) — P(z))
fl(Sp)

= [sinh (P(1) — P(z)) — Zﬂl sinh (P(n;) — P(x))] « 0 1
I=1

P(x) =

SNote, 7t < f~ if n+ < n~, or, alternatively, 7= < i+ if = < nt, where n* and 5~
are some designated points respectively NLBVC (2.4).

4Note, Ct < & if ¢t < ¢, or, alternatively, {~ <t if ¢~ < ¢, where ¢t and ¢~
are some designated points respectively NLBVC (2.4).

5Note, At < A~ if nT < n~—, or, alternatively 7~ < 4T if n~ < nt, where nt and 5~
are defined in respect of NLBVC (2.4).
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for some 71 € [N, Mmy), 1~ € [M1,Mm, ). Hence, in view of (4.15), for x € [0, (m,]
we have:

sinh(P(1) — P(x))

20> ey A0 o

D) > SUCP() — P(x)i_( ﬁjinh(P W=P@) poop<t (a18)
1(Sp

oz > S - P(x))zl(SsSinh(P(ﬁ) —P@) it <qm (419

herewith S; = 8T + 87
sin — P(x)) — Sy sin ) — Pz
B(z) > h(P(1) — P( ))El(SsP) h(P(H") — P(x))

herewith S; = B*. Since S; < 1, then for = € [0, (], in view of (4.17)-(4.20),
we obtain the inequality

,if <At (4.20)

P(z) > 0. (4.21)
Further, for the case if §;, [ =1,...,m; have the same sign we get
sinh (P(1) — P(z)) — Bsinh (P(7) — P(x))
k(z)t1(sp) ’

for the case if all §;, [ =1,...,m; are not of the same sign we get

P (x) = —

() _sinh (P(1) — P(x)) — * sinh (P(i*) — P(x)) — 3~ sinh (P(7”) — P(x))

k(x)l1(sp)
Hence,
oy 2@
P'(z) = D)
Now, in view of (4.21), for x € [0,(m,] we have
¥ (z) < 0. (4.22)

Then @(x) is strictly decreasing positive function in [0, (,], in addition, in view
of (4.11), @(0) = 1, therefore, 0 < &(z) < 1 for x € (0,(m,). Hence, in view of
(4.16)-(4.20), we get

1—(at +a7)o((), if ¢ < (T,
G>{ 1—ate(lt), if ¢t < g— (4.23)
—P(¢r), if ag, k= .,mg have the same sign.
Since Sy < 1, then
G>0. (4.24)

Thus, in view of (4.15) and (4.24), the coefficients A and B are uniquely definable
in respect of the formula (4.10), i.e., the function wv(x) is the solution of the
differential problem (4.9). Further, by substituting

F(x) = [q(z) = 1/k(@)]v(x) = fi(x) (4.25)
into the equation (4.9), we obtain that the problem (4.9) is equivivalent to the
Fredholm’s integral equation of the second kind

z) = / K(z, t)o(t)dt + f(z), (4.26)
0
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where .
K(z,t) = Ko(z,t) + 3 [Zi(,) + Zi(, )]
- =1 3 (4.27)
+ l;[Hl(x’ t) + Hl(z7 t)] + Z:l Rz(xa t)v
herewith: -

_ sinh P(:L’) _P(t) (t) - 1/k(t) s if ($,t) € Qma
Ko(m’t)_{ 0, ig’ (1) e@ )l ]

for Q$:{0<x<1 0<t<z}, Q,={0<z<1, z<t<1}

G aep(@)sinh(P(Gy) — P)la(t) — 1/K®). i (2.1) € Qa.
Zk(x,t):{ 0, ifk(f;t)eagk ¢
and

Z(x,t) = ()(()) tanh(P(z))

for Q¢, ={0<x<1,0<t<(}, QCk {0<2<], ¢ <t<1}, k=1,...,mp;

Hi(a, 1) = [01(sp)G] ™' Bilo(sp)ep(x) sinh(P(m) — P(1))[g(t) — 1/k(t)], if (z,t) € Qy,
NEUE 0, it (o) €Q,

and

GH;(x,t)
él(SP)

for Qp ={0<z<1,0<t<m}, Q,={0<a<1 p<t<1}, =1, m;

in addition, for (z,t) € @1, @1 ={0<z <1, 0<¢t<1}

Hy(z,t) = — tanh(P(z))

i, 1) = LD iun(P(1) — PL0)fate) — 1/
Ra(a,t) = 77&@2 )(1:';()5”’ ) tanh(P(x))
and ()
o == 270 sy (P(1) = P(0) a(0) - 1/k(0)

at least for x € [0,1]
f(x) = -G lep(x)Ty + [£1<5P)]_18p(aj>1;1
—[Gli(sp)] " a(cp)sp(z)ep(a)T — 0fsinh (P(z) — P(t))f1(t)dt, (4.28)

where

/ sinh (P(z) — P(t)) fl(t)dt),
0

T

7, = bl eo(/smh (P@) ~ P() fu(t)d).
0

El (Sp)

Since the summands of (4.27) are continuous functions in [0, 1] x [0, 1], then the sum
K(z,t) is also the continuous function in [0, 1] x [0, 1]. Therefore, the Fredholm’s
alternative holds for the integral equation (4.26) in respect of the Hilbert space
L5(0,1). Because fi(z) = fi(z)k(z), fi(z) € C[0,1], then, in view of the formula
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for f(x), we have f(z) € C[0,1]. Since K (z,t) € C([0,1] x [0,1]), f(z) € C[0,1],
then, belonged to Ly(0, 1) solution of the integral equation (4.26) belongs to C[0, 1]
actually. Then for v(z) € C[0,1], k(z) € C([0,1] and ¢(x) € C|0, 1], the integral
1

J K(z,t)v(t)dt, as the function of z, belongs to C?[0,1]. In addition, from the
0

formula for f(z) it follows that f(z) € C2[0,1] since f1(x) € C[0,1]. In summary,
any solution from L(0,1) of the integral equation (4.26) belongs to C2[0,1]. Then
it is sufficient to prove that (4.26) has only the trivial solution if f(z) = 0 on [0, 1].
Put f(2) =0 on [0,1] for the integral equation (4.26). Then fi(z) = 0 on [0, 1].
Indeed, since f(0) = 0, then, in view of (4.12) and (4.28), T, = 0. Therefore,

x

flay= 228 g / sinh (P(z) — P()) fu(t)dt.
0

51 (SP)
Hence,
Jz/(x) — W C)?(l(sp k @ /cosh P(t))fl(t)dt,
0
herewith, since we put f(z) =0, then f'(z) =0 on [0,1]. Since f'(0) =0, then

Ty = 0, therefore,

xT

/cosh (P(z) — P(t)

0

S—
=
—

~
=
joN
~
I
o

on [0,1]. Hence, similarly [I3, p. 46], we obtain that fi(z) =0 on [0,1]. Since
fi(x) = fi(z)k(z), then fi(z) =0 on [0,1]. Since fi(z) = 0, then, in view of
Theorem 3.1, the NLBVP (4.1) has only trivial solution v(z) = 0. Hence, because
the problem (4.1) is equivalent to the differential problem (4.8), (4.8) is equivalent
to the differential problem (4.9) for the defined by (4.25) function F(z) and (4.9)
is equivivalent to the integral equation (4.26), then (4.26) has only trivial solution
if f(z)=0 on [0,1].

Thus we proved that the solution v(x) of the integral equation (4.26) exits and
belongs to C?[0,1], then, in view of the equivalence, v(x) is classical solution of
NLBVP (4.1) at the same time. By virtue of Lemma 4.1, since classical solution
v(x) of NLBVP (4.1) exits, then classical solution u(z) of NLBVP (2.1),(2.2) exists
too. Theorem 4.2 is proved. (Il

5. ILL-POSED STATEMENT EXAMPLES

Next examples show that stated for NLBVP (2.1)-(2.2) condition on S;, i = 0,1
is essential for well-posedness of the problem.
FEzxzample 1. The problem

u(z) + a(z)u/ () =0, 0 <z <1, u(0)=u((), u(l) =u(n)

is ill-posed, it has infinite number of solutions u(z) = const. It shows the essentiality
of condition S7 < 1 for the case if by = 0.
FEzxzample 2. The problem

() + a(z)u'(x) =0, 0 <2 <1, u(0)=u((), u(l) =u(n) +1
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is ill-posed, it has no solution for 0 < ¢ < < 1. Indeed, assume that some
solution of the problem exists, then v/(£) = 0 at some point £ € (0, (), therefore,
u'(x) = 0on [&,1], then u(z) = const on [0, 1], so that it conflicts with the condition
u(1) = u(n) + 1. It shows the essentiality of condition S; < 1 for the case by = 0.
Ezample 3. The problem

eu’(z)+u/ () =1, 0<z <1, u0)=0, u(l) =u(n)
is ill-posed, it has the unstable on parameter solution

u(z) = —(1 = n)lexp(—z/e) — Ufexp(—1/e) — exp(—n/e)] " + z,
u(x) — —oo at each nonzero point z if € — 0. It shows the essentiality of condition

S1 < 1 for the case if by = 0.
FEzxzample 4. The problem

eu(z) + au'(z) —bu(z) =0, 0 <2 <1, u(0) =0, u(l) = Bu(n) (5.1)

is ill-posed, in general, for each 8 > 1, n € (0,571), a = const > 0, b = const > 0.
It always has infinite number of solutions for some parameter value ¢ = ¢*. This fact
shows the essentiality of condition S; < 1,4 = 0,1. Let us confirm the ill-posedness.
(i) If b =0, then for an arbitrary constant C the function

u(z) = Cexp(—ax/e) — C (5.2)
satisfies the equation (5.1) and the condition «(0) = 0. By choosing C # 0 and
substituting (5.2) into nonlocal condition (5.1) we get

1—ea/s

8=

Note, the equality (5.3) is impossible for —oo < <1, 5 € (0,1). However, for
B >1 and for each 7 € (0,371) the formula (5.3) is true for some value ¢ = &*.
Indeed, for each & > 0 the function g(g) = (1 —e~%/¢)/(1 — e~ /%) is positive
and continuous, lim.9g(e) = 1, lim. ;. g(e) = nt, the g(e) reachs the
value B at some argument &* since 1 < 8 <n~ ! So, g(e*) = B, i.e., (5.3) is
true for € = €*, therefore, wu(x) is solution of (5.1). Since C' # 0 is an arbitrary
constant for (5.2), then (5.1) has infinite number of solutions.

(ii) If b > 0, then for an arbitrary constant C' the function

u(z) = Cexp(Ai1z) — Cexp(Aaz) (5.4)
satisfies the equation (5.1) and the condition u(0) =0 for
A o= —a/2 —\/(a/26)2 + /e, da= —a/2+\/(a)2e)2 + bJe.
By choosing C' # 0 and substituting (5.4) into (5.1) we get
1 — ere—X1 oM he

(5.3)

/e

8= e (1-m)

1 — en(A2=2A1) = eMn — A2’ (55)

The equality (5.5) is impossible for —oco < 8 < 0. Moreover, (5.5) is impossible
for 0 < 8 <1 too. It follows from the relation h(1) — Sh(n) # 0 for the
function h(t) = eM? —er2t, t € (0,1] in view of h(t) <0, h/(t) < 0. However,
for B > 1, the formula (5.5) is true for some value & = ¢* in respect of each
n € (871,1). Indeed, since z(¢) = h(1)/h(n) is positive and continuous function
in (0,+00), lim.102z(e) =+o0, lim., o 2(¢) =171, then z(e*) = for some
e* € (0,400). So, (5.5) is true for ¢ = €*, then w(z) is solution of (5.1) for



68 DOVLET DOVLETOV

Ai = Ai(e*). Since C # 0 is an arbitrary constant for (5.4), then (5.1) has infinite
number of solutions.

6. CONCLUSION

In this article we studied NLBVP of the first kind for linear second order ODE
with positive parameter at the highest derivative. We researched the well-posed
solvability of the problem in respect of classical solution. Under new and accurate
condition on coefficients and nonlocal carriers of NLBVC, we obtained a uniform on
parameter stability estimate of classical solution, proved existence and uniqueness.
We demonstrated examples of ill-posed problems for some cases if coefficients of
NLBVC does not satisfy stated herein well-posedness condition, i.e., we confirmed,
in general, that established in our paper condition is essential.
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FACTOR RELATIONS BETWEEN SOME SUMMABILITY
METHODS
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ABSTRACT. In the present paper, using the result of Bennett [1] on character-
ization of factorable matrices, we give necessary and sufficient conditions in
order that XA,y is summable |R, pn|, whenever Xy, x, is summable |C, 0|, ,
and YA,z is summable |C, 0|, whenever X,y is summable |R, pn|,. ,. where
1 < k < s < co. Therefore we also extend some known results.

1. INTRODUCTION

Consider an infinite series Yz, with partial sum s,, and by (¢%), we denote the
n-th Cesaro means of order a with & > —1 of the sequence (s,,). The series Xz, is
said to be summable |C, al, .k > 1, if (n'=1/* (68 — 0%_})) € Lk (see [T]), where £,
is the set of all sequences consisting k- absolutely convergent series. Note that the
summability |C, 0], reduces to (n'~'/*x,) € ¢;. Let (p,) be a sequence of positive
real numbers with P, = pg+p1+---+p, — o0 as n — n. The sequence-to-sequence
transformation

1 n
U, = P—nnz_:opnsn. (1.1)

defines the sequence (u,) of the (R, py,) Riesz means of the sequence (s,), gen-
erated by the sequence of numbers (p,,). The series Xa,, is said to be summable
IR, pnl, k> 1, if (nP=Y* (u, — uy_1)) € Le (see [19]).

A summability method Y is said to be include another summability method X,
if every series summable by X is also summable by Y. If the methods include each
other, then, these methods are called equivalent. Hereof, the inclusion relations of
the absolute summability methods of single series were studied by various authors
(see, for example, [2-24]).

The following result was established by Bor [2].
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Theorem 1.1. Let 1 < k < oo and

x k-1 k k-1, k
Z P (Y _Pur) (1.2)
— PP, Pf‘fl
If exists d > 1 such that
P,
1 >dforalln>1, (1.3)

n

then, the summability methods |R, p,|, and |C,0], are equivalent.

Also, in [16], this result was extended as follows.
Theorem 1.2. Let 1 < k < s < co. Then, the necessary and sufficient condition
in order that the summability method |R,p,|, includes the summability method

|C, 0], is
« ) /K . sy 1/s
o~ P o (1
{Z p } {Z (522) 1 —ow.

v=1 n=m

where k* denotes the conjugate of the index k > 1, ie., 1/k+ 1/k* = 1.

Theorem 1.3. Let 1 < k < s < co. Then, the necessary and sufficient condition
in order that the summability method |C,0[, includes the summability method
‘]%717n|k iS

2. THE MAIN RESULT

This paper gives necessary and sufficient conditions in order that ¥\, x,, is sum-
mable |C, 0|, whenever ¥, 2,, is summable |R, p,|, , and also ¥\, z, is summable
|R, pn|, whenever 1,2, is summable |C, 0], , wherel < r < s < 0o, which gener-
alizes the above results.

A factorable matrix T is defined by
- { bnay,, 0 < v <n,
0, v > n.
where (b,,) and (a,) are sequences of real or complex numbers.
Now we prove the following theorems.

Theorem 2.1. Let 1 < k < s < oo and A = (\,,) be a sequence of numbers.
Further, let u = (u,) be a sequence of non-zero numbers. Then, necessary and
sufficient condition in order that ¥\,z, is summable |R, pn\s whenever Yu,x, is

summable |C, 0], is
. N 1/k" * sy /s
m Pk . k o} 77,1/5 P
—v—l . n — 1). 21
B} (S6) oo @

v=1

Av
o

Theorem 2.2. Let 1 < k < s < oo, A and pu be as in Theorem 2.1. Then,
necessary and sufficient condition in order that X\, z,, is summable |C, 0|, whenever
Epin ey is summable |R, py,|, is



72 MEHMET ALI SARIGOL PAMUKKALE UNIVERSITY, DENIZLI, TURKEY

m N 1/k" i " sy 1/s
1/P_1P\" nt/s A\,
- — =0(1). 2.2
{U_%;_lv ( Pov ) } {nz_;n Py ( ) ( )

It may be noticed that Theorem 2.1 and Theorem 2.2. are, in the special case
tn = Ap = 1 for all n > 0, reduced to Theorem 1.2. and Theorem 1.3, respectively.

Also, if p, = 1 for all n > 0, then the summability| R, p,|, coincides with the
summability |C, 1|, . Further, P, =n+ 1 and

o~ Pn N~ L1
,;Pn—lpﬁ o n; n(n+1)3 =0 (ms)'

m

Hence, the following results is immediately obtained.

Corollary 2.3. Let 1 < k < s < oo, A and p be as in Theorem 2.1. Then,
necessary and sufficient condition in order that X, A, is summable |C, 1|, whenever
Yxnpy, is summable |C, 0], is

m
E ’Uk -1

v=1

.
=0(m"").

A
o
Corollary 2.4. Let 1 < k < s < oo, A and p be as in Theorem 2.1. Then,

necessary and sufficient condition in order that X, A, is summable |C, 0|, whenever
Yy iy is summable |C, 1|, is

m—+1

1
27

n=m

S

An _ O(m172sfs/k)‘

[in

Proof of Theorem 2.1. We first note a result of Bennett [1] that a factorable
matrix T defines a bounded linear operator Ly : £, — {4 such that Lp(x) = T(x)
for all x € ¢, if and only if

m 1/k* 00 1/s
(Z |au|k*> <Z bﬁ) =0(1), (2:3)
v=0

n=m

where k*is the conjugate of indices k. Let 02 and u, be Cesaro (C,0) and Riesz
means (R, p,) of the series X, x, and X\, x,, respectively. Then, by (1.1),

n
X
v=0
1 n v
Un = Pf va Z)\rxr
™ v=0 r=0

and so Aug = Aoz,

B
Au,, = PP, ;Pv,l)\vxv, for n > 1.
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Now, say t/, = n'/*" Au, and 0¥ = n'/*" i, x,, for n > 1. Then, it ecasily seen that

t/ _ nl/s*pn i P’U—lA’U 0_0/
" Pnpnfl o—1 vl/k*,uv Y

0o
(0
= g tnwoy,
v=1

where the matrix T' = (¢,,) is given by

1/s*
n pnpru—i)\u , 1 <pv< n,
tpy = v -

PP, _1vl/k
0, v > n.

This means that Xz, \, is summable |R, p,, |, whenever ¥z, is summable |C, 0|,
if and only (t],) € £, for all (03') € £y, or, T : £}, — {s is a bounded linear operator.
Thus, by applying (2.3) to the matrix T, we have (2.1).

Proof of Theorem 2.2. Let u,, and 0 be means of Riesz (R, p,) and Cesaro

(C,0) of the series Y, x, and X\, z,, respectively. Then, as above, Ao = \,z,,
and also Aug = pozg,

Au,, = p Pn . ZP” 1Ty, for n > 1 (2.4)

By inversion of (2.4), it can be stated that, for n > 1,

1 P, 1P, P, 1P, _
Ty = < ! Au, — ! 2Aun1)
:unPn—l Pn Pn—1
Say t), = n**" Au,, and 02’ =nYs"\,x, for n > 1. Then, it can be written that
0_0, _ nl/S*An Pn—lpnt{n _ Pn 1Pn Qtn 1
" ﬂnPnfl nl/k*pn (n — 1)1/k n—

oo
= D dut,
v=1
where the matrix D = (d,,,,) is defined by

1/s" Py_1Py,_
n /\n(, n11z2 ,v:nfl

fin Prn—1 (n—l)l/k Pn—1
d = nl/S*An Pn—lpn —
v pnPr_1 \ nl/kp, | v=n
0, v > n.

This gives that ¥z, A\, is summable |C, 0|, whenever ¥z, /1, is summable |R, p,, |, if
and only if ( ) €l for all () € £y, or, D : £, — L is a bounded linear operator.
Thus, by applymg (2.3) to the matrix D, we get (2.2).

This completes the proof.
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ABSTRACT. In this paper, we introduce the notions of S-proximal Berinde g-
cyclic contraction of two nonself mappings and S-proximal Berinde g-contractions
of the first kind and second kind in an S-metric space and prove some coinci-
dence best proximity point theorems for these types of nonself mappings in this
space. Also, we give two examples to analyze and support our main results.
The results presented here generalize some results in the existing literature.

1. INTRODUCTION

Let (X,d) be a metric space and J : X — X be a self mapping. A fixed
point problem is to find a point = in X such that Jx = z or d(z,Jz) = 0. In
this direction, Banach [I] proved his famous result “Banach contraction principle”,
which states that “let (X,d) be a complete metric space and J : X — X be
a contraction mapping, then J has a unique fixed point”. Later, many authors
studied the results dealing with “fixed point” in different spaces (see, e.g., [2]-[7]).

Let (X,d) be a metric space, Y and Z be two nonempty subsets of X and
J 1Y — Z be a nonself mapping. A point x € Y is called a best proximity point of
J if d(z, Jx) = Ayz where Ayz =d(Y,Z) = inf{d(z,y) : x € Y, y € Z}. Clearly,
if J is a self mapping, then the best proximity point problem reduces to a fixed
point problem. In this way, the best proximity point problem can be viewed as a
natural generalization of a fixed point problem.

A coincidence best proximity point problem is to find a point x in Y such that
d(gx, Jx) = Ayz, where g is a self mapping on Y. If ¢ is an identity mapping on
Y, then it can be observed that a coincidence best proximity point is essentially a
best proximity point. Hence, the coincidence best proximity point problem is an
extension of the best proximity point problem. There are several results dealing
with proximity point problem in different spaces (see [§]-[12]).
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In 2011, Basha [13] studied and established best proximity point theorems for
the proximal contractions of the first kind and second kind, and proximal cyclic
contractions in a metric space. More recently, Klanarong and Chaiya [14] presented
coincidence best proximity point theorems for the proximal Berinde g-contractions
of the first kind and second kind, and proximal Berinde g-cyclic contractions which
are more general than the nonself mappings considered in [13].

In 2012, Sedghi et al. [I5] introduced the notion of S-metric space and investi-
gated the topology of this space. They also characterized some well-known fixed
point results in the context of S-metric space. Later, some authors have published
the best proximity point and coincidence best proximity point results on the setting
of S-metric space (for details, see [16]-[18]).

Inspired and motivated by the above results, in this paper, we introduce the
notions of S-proximal Berinde g-cyclic contractions of two nonself mappings and
S-proximal Berinde g-contractions of the first kind and second kind in an S-metric
space and establish some coincidence best proximity point theorems for these kinds
of nonself mappings in this space. We also give two examples to support our results.
The results presented in this paper can be regarded as an extension of corresponding
results from a metric space to an S-metric space.

2. PRELIMINARIES AND LEMMAS

In this section, we recall some definitions and lemmas which are needed in the
sequel.

The notion of an S-metric space is introduced as a generalization of a metric
space as follows.

Definition 2.1. (see [I5, Definition 2.1]) Let X be a nonempty set and S : X x
X x X — [0,00) be a function satisfying the following properties:

(S'Z) S(l‘,y, Z) > 05

(52) S(z,y,z) =0 if and only if x =y = z;

(53) S(xz,y,2) < S(x,z,a) +S(y,y,a) + S(z, z,a)
forall x,y,z,a € X. Then the function S is called an S-metric on X, and the pair
(X, S) is called an S-metric space.

Some geometric examples for S-metric spaces can be seen in [I5].
The following lemma can be considered as the symmetry condition and it will
be used in the proofs of some theorems.

Lemma 2.1. (see [I5] Lemma 2.5]) Let (X, S) be an S-metric space. Then
S(x,x,y) = S(y,y,x) forallz,yeX.

We need the following result which can easily be derived from Definition [2.1] and
Lemma 211

Lemma 2.2. (see [I8, Remark 2.6]) Let (X, S) be an S-metric space. Then
S(z,z,2) < S(z,z,y) +25(y,y,2) for all z,y,z € X.

Sedghi et al. [15, [19] defined some basic topological concepts in an S-metric
space as follow.

Definition 2.2. (see [15, Definition 2.6]) Let (X,S) be an S-metric space. For
r >0 and x € X, the open ball Bs(z,r) is defined as follows:

BS(xﬂr) :{yGX : S(y,y,l‘) <T}'
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Definition 2.3. (see [I5, Definition 2.8 (3)-(5)]) Let (X, S) be an S-metric space.

(i) A sequence {x,} in X is called a Cauchy sequence if S(Tpn,Tn,Tm) — 0 as
n,m — oo. That is, for any € > 0, there exists ng € N such that S(z,, Ty, Tm) < €
for all n,m > ng,

(ii) A sequence {x,} in X is said to converge to x € X if S(xn,xn,x) = 0 as
n,m — oo. That is, for any € > 0, there exists ng € N such that S(x,,x,,x) < €
for alln,m > ng. We write x,, — x for brevity.

(iii) The S-metric space (X, S) is called complete if every Cauchy sequence in
(X, S) is convergent in (X, S).

Definition 2.4. (see [19, Corollary 2.4]) Let X and X be two S-metric spaces,
and let f : X — X' be a function. Then f is continuous at x € X if and only if
flxzn) = f(x) for any sequence {z,} in X such that x,, — x. We say that f is
continuous on X if f is continuous at every point x € X.

Ozgiir and Tag [20, 21] defined the concepts of cluster point and closed set in an
S-metric space.

Definition 2.5. Let (X, S) be an S-metric space and Y C X be any subset.
(i) (see |20, Definition 4.2]) A point € X is a cluster point of Y if

(Bs(a,r) — {a}) NY #0

for every r > 0. The set of all cluster points of Y is denoted by YS,.

(it) (see |21l Definition 3.3]) Let (X, S) be an S-metric space and Y C X. The
subset Y is called closed if the set of cluster points of Y is contained by Y, that is,
Yy CY.

Ozgiir and Tag [21] also defined the concept of sub-S-metric space and gave a
property for closed subsets in complete S-metric spaces.

Definition 2.6. (see [2I] Definition 3.2]) Let (X, S) be an S-metric space and Y
be a nonempty subset of X. Let a function Sy : Y XY xY — [0,00) be defined by

Sy (z,y,z) = S(z,y,2) forall x,y,z €Y.

Then Sy is called a reduced S-metric and (Y, Sy) is called a sub-S-metric space of
(X,5).

Proposition 2.3. (see [21, Proposition 3.4]) If (X, S) is a complete S-metric space
and Y is a closed set in (X, S), then (Y, Sy) is complete.

The relation between a metric and an S-metric was given in [22] as follows.

Lemma 2.4. (see [22] Lemma 1.12]) Let (X,d) be a metric space. Then the fol-
lowing properties are satisfied:

1) Sa(z,y,2) = d(z, z) + d(y, z) for all z,y,z € X is an S-metric on X.

2) xn, = x in (X,d) if and only if x, — x in (X, Sq).

3) {xn} is a Cauchy sequence in (X, d) if and only if {x,} is a Cauchy sequence
m (X, Sd)

4) (X, d) is complete if and only if (X, Sq) is complete.

In [23], the function S; was called an S-metric generated by d. We know some

examples of an S-metric which are not generated by any metric (see [22, 23] for
more details).
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On the other hand, Gupta [24] claimed that every S-metric on X defines a metric
dgs on X as follows:

ds(z,y) = S(z,z,y) + S(y,y,7), VYz,y€ X. (2.1)

However, the function dg(z,y) defined in does not always a metric because
the triangle inequality is not satisfied for all elements of X everywhere (see [23] for
more details).

Khanpanuk [I8] defined the following concepts in an S-metric space.

Definition 2.7. (see [I8, Definition 3.4]) Let (X,S) be an S-metric space. A
mapping g : X — X is called an isometry if

S(gz,9y,9%) = S(x,y,2), Va,y,z€X.
Clearly, a self mapping which is an isometry is continuous.

Definition 2.8. (see [18, Definition 3.5]) Let (X,.S) be an S-metric space and 'Y ,
Z be two nonempty subsets of X. Let J:Y — Z be a mapping and g: Y — Y be
an isometry. The mapping J is said to preserve the isometric distance with respect

to g if
S(Jgx, Jgy, Jgz) = S(Jx, Jy, Jz) Vax,y,z €Y.

Klanarong and Chaiya [14] introduced the following new classes of nonself map-
pings in a metric space.

Definition 2.9. (see [14, Definitions 3.2 and 3.4]) Let (X, d) be a metric space and
Y , Z be two nonempty subsets of X. Let J:Y — Z and g: Y — Y be mappings.
The mapping J is said to be
(i) a prozimal Berinde g-contraction of the first kind if there exist o € [0,1) and

Ly > 0 such that

d(gul, Jxl) = d(QUQ, JJ,‘Q) = AYZ

—
d(gui,gu2) < ad(gri, gre) + Ly min{d(gz1, gus), d(gz2, gua)}

for all 1, z9,u1,us €Y,
(ii) a prozimal Berinde g-contraction of the second kind if there exist 8 € [0,1)
and Lo > 0 such that

d(gui,Jry) = d(gug, Jr2) = Ayz
=
<

d(Jgu, Jgus) Bd(Jgz1, Jgxa) + Lo min{d(Jgx1, Jgus),d(Jgze, Jgu1)}

for all x1,z9,u1,us €Y.

In the case Ly = 0 (or Ly = 0) and gx = z for all x € Y, it is easy to see that
a proximal Berinde g-contraction of the first kind (or the second kind) reduces to
proximal contraction of the first kind (or the second kind) which was introduced in
[13]. But the converse is not true (see [I14, Example 3.3]).

Definition 2.10. (see [I4, Definition 3.5]) Let (X, d) be a metric space and 'Y, Z
be two nonempty subsets of X. Let J:Y - ZT:Y > Z andg:YUZ Y UZ
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be mappings. The pair (J,T) is said to be a proximal Berinde g-cyclic contraction
if there exist v € [0,1) and L > 0 such that

d(guy, Jz1) = d(gug,Tas) = Ayz
=
<

d(gua, gus) vd(gz1, gr2) + (1 —v)d(Y, Z) + Ld(gz1, gu1)

for all x1,guy €Y and x2,gus € Z.

In the case L =0 and gx = z for all z € Y U Z, it is easy to see that a proximal
Berinde g-cyclic contraction reduces to a proximal cyclic contraction which was
introduced in [I3].

3. MAIN RESULTS

Let (X,S) be an S-metric space and Y, Z be two nonempty subsets of X. We
define the following sets:

Ay, = S(Y,Y,Z)=if{S(z,z,y):x €Y,y € Z},
Yy = {z €Y :there exists some y € Z such that S(z,z,y) = Affz} ,
Zo = {y € Z:there exists some z € Y such that S(z,z,y) = Af,z} .

Definition 3.1. Let (X,S) be an S-metric space andY , Z be two nonempty subsets
of X. Let J:Y — Z and g: Y — Y be mappings. A point x € Y is said to be a
coincidence best prozimity point of the pair (g,J) if S(gz, gz, Jx) = Ay .

Note that if ¢ is the identity mapping on Y in Definition [3.1} then the point z
is the best proximity point of J.

Definition 3.2. Let (X,S) be an S-metric space andY , Z be two nonempty subsets
of X. Let J:Y - Z, T:Z—=Y and g:YUZ — Y UZ be mappings. An element
(z,y) € Y x Z is called a coincidence best proximity point of the triple (g, J,T) if
(92,9y) €Y x Z and S(g, gz, Jx) = S(gy, 9y, Ty) = S(z,2,y) = LY 5.

Note that if g is the identity mapping on Y U Z in Definition then the point
x and y is the best proximity point of J and T, respectively.

Now, we introduce the S-proximal Berinde g-contractions of the first kind and
second kind in an S-metric space.

Definition 3.3. Let (X, S) be an S-metric space andY , Z be two nonempty subsets
of X. Let J:Y = Z and g: Y — Y be mappings. The mapping J is said to be

(i) an S-proximal Berinde g-contraction of the first kind if there exist a € [0,1)
and L1 > 0 such that

S(gui,gui, Jr1) = S(gug,gus, Jrs) = Ay,
R,
< aS(gz1, 971, gT2)

+L; min{S(gzx1, gx1, gusz), S(gza, gxa, gui)} (3.1)

S(gul, guy, guz)

for all x1,z9,u1,us €Y,
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(i) an S-proximal Berinde g-contraction of the second kind if there exist 5 €
0,1) and Ly > 0 such that
[0,

S(gui,gur, Jr1) = S(gua, gua, Jas) = AY,
=
S(Jguy, Jgui, Jgus) < BS(Jgzy,Jgz1, Jgxa) + Lo min{S(Jgzx1, Jgz1, Jgus),

S(Jgxa, Jgxa, Jgur)} (3.2)
for all x1,29,u1,us €Y.
Now, we define the S-proximal Berinde g-cyclic contraction in an S-metric space.

Definition 3.4. Let (X, S) be an S-metric space andY , Z be two nonempty subsets
of X. Let J:Y - ZT :Z =Y andg:YUZ — Y UZ be mappings. The
pair (J,T) is said to be an S-prozimal Berinde g-cyclic contraction if there exist
v €10,1) and L > 0 such that

S(gur, guy, Jr1) = S(gua, gus, Twg) = AT
Y
<

S(gui, gu1, gus) vS(gx1, gz1, gu2) + (1 — 7)AY 4 + LS(g21, g1, gur)

for all z1,gus €Y and x4, gus € Z.

Next, we give the following coincidence best proximity point result in an S-metric
space.

Theorem 3.1. Let (X, S) be a complete S-metric space andY , Z be two nonempty
closed subsets of X. Let J:Y - Z, T:Z —Y and g: Y UZ =Y UZ satisfy the
following conditions:

(i) J and T are S-proxzimal Berinde g-contractions of the first kind, i.e., there
exist o, € [0,1) and L1, Ly > 0 such that J and T satisfy the condition ,
respectively;

(#1) g is an isometry with ) # Yo C g(Yy) and Zy C g(Zy).

(iv) The pair (J,T) is an S-prozimal Berinde g-cyclic contraction.

Then, there exists a point x € Y and there exists a point y € Z such that

S(gz, gz, Jx) = S(gy, 9y, Ty) = S(w,x,y) = LAY 5. (3.3)
Moreover, for any fized zg € Yy, the sequence {x,} defined by
S(gTni1s 9Tna1, Jon) = Ay 5, for allm € N

converges to the element x, and for any fized yo € Zy, the sequence {y,} defined by

S(9Ynt1, 9Yn+1, Tyn) = Dy, for alln €N

converges to the element y. In addition, if a + L1 < 1 and 8+ Ly < 1, then the
there exists unique element x and there exists unique element y which satisfy the

equation .
Proof. Let xy € Yy be given. Since J(Yy) C Zy, Jxg € Zy. Hence there is z; € YV

such that S(z1, 21, Jzg) = Ay, which implies that 21 € Y. As Yy C g(Yp), there
exists ¥1 € Yp such that gzy = 21, so S(gz1, 921, Jxo) = S(21,21, Jx0) = AY 4. In
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a similar way, there is x5 € Y such that S(gxs, gza, Jx1) = Af/ z- Inductively, we
can construct a sequence {x,} in Yy such that
S(gZnits §Tni1, JTn) = Oy, ¥n €N,
Since J is an S-proximal Berinde g-contraction of the first kind, for x,,_1, z,, py1 €
Yo, S(92n, 9Tn, JTn_1) = S(9Tni1, 9Tni1, JTn) = Ay, implies that
S(9Tn, 9Tn, gTny1) < aS(gTp—1,9Tn—1,9%n)
+Limin {S(gzn—1,9Tn—-1, 9Tn+1), S(gTn, gTn, gx,)}
= aS(grn—1,9%Tn-1,9Ty)
for all n € N. It follows from g being an isometry that
S(@n, Tp, Tnt1) = S(9%n, 9Tn, 9Tni1)
aS(9Tn—1,9%n—1,9%n)
0425(9%727 g$n7279$n71)

INIA

< a"S(gwo, gxo, gr1)
a™S(xg, xo, 1) (3.4)
for all n € N. Since « € [0,1), then we have

lim S(zn, Zn,Tni1) = 0.
n—oo

For positive integers m and n with m > n, it follows that

S(Tn, Tn, Tm)

25(Tm—1, Tm—1,Tm) + S(XTn, T, Tin—1)

25(Tm—1,Tm—1,ZTm) + 25 (Xm—2, Tm—2,Tm—1) + S(Tn, Tn, Tm—2)
25(Tm—1,Tm—1,Tm) + 25(Tm—2, Tm—2,Tm—1) + .. + S(Tpn, Tp, Trt1)-
Now, for m =n+r;r > 1 and , we obtain

S(Tn, T, Tntr) < 2a"+T—1S(x0, g, 361)—&—204"'"“25’(9607 xo,x1)+...+a"S(xg, 29, 21).

VANVANNVAN

By taking limit as n — oo, we deduce

lim S(xp, Tn, Tm) = 0.
n— oo

That is, {x, } is a Cauchy sequence in Y. Since (Y, Sy) is a complete S-metric space,
so there exists € Y such that x,, — = as n — oo. Similarly, since T(Zy) C Y and
Zy C g(Zy), there exists a sequence {y,} in Zy such that

S(gYnt1, 9Yni1, Tyn) = D5, ¥n €N,

and which converges to some element y € Z. Since the pair (J,T) is an S-proximal
Berinde g-cyclic contraction and

S(9%n11, 9Tnt1, Jun) = D5 = S(gYnt1,9Ynt1, Tyn), Yn €N,
there exist v € [0,1) and L > 0 such that
S(9Tn+1, 9Tnt1, GYnt1) < YS(9Tn, 9T, gyn) + (L = VA 7 + LS (9T, 90, gTn+1)-
It implies that
S(xn+17 Tn41, yn+1) S ")/S(QC,“ T, yn) + (1 - V)A)S’Z + LS(xnv L, xn—i-l)'
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Taking limit as n — oo, we have
S(z,z,y) < vS(z,z,y) + (1 - V)Aig’Z + LS(z,z,7)
yields that
S(x,z,y) < AV 7.

Then S(z,z,y) = Ay, that is, z € Yy and y € Zy. Since J(Yy) C Zy and
T(Zp) C Yy, then Jx € Zy and Ty € Yy. Hence there exists w € Yy and z € Zj
such that

S(gw, gw, Jx) = A§ 5 = S(gv, gv, Ty)

since Yy C ¢g(Yp) and Zy C g(Zy). Since J is an S-proximal Berinde g-contraction
of the first kind and

S(gw7gw7 Jm) = S(gxn+1ag$n+1; an) = A€Z7
we obtain that
S(gw, gw, grp1) < aS(gz, g9z, gr,) + L min{S(gz, g2, grn+1), S(92n, g5, gw)}
= aS(gz, 9z, 9x,) + L1S(gx, 92, gTpi1)

for all n € N. Taking limit as n — oo, by the continuity of g, we get S(gw, gw, gz) =
0, and so, gr = gw. It is implies that

S(ng gz, JCE) = Aig’Z
Similarly, it is easy to verify that S(gy, gy, Ty) = Ay ,. Thus, we can conclude that
S(gx, gz, Jx) = S(gy, gy, Ty) = S(z,x,y) = AY 4

Therefore, the pair (z,y) is a coincidence best proximity point of the triple (g, J,T).
Next, we will show that the pair (z,y) is unique. Suppose that a+L; < 1, 8+Ly < 1
and there exists x # x* € Y such that

S(ga*, gz, Ja*) = Ay,
Since J is an S-proximal Berinde g-contraction of the first kind, it follows that
S(gz,gz,92") < aS(gz,gx,92") + L1 min {S(gz, gz, gz*), S(g9z", gz, gz)}
= (a+L1)S(gz, g, gz7).

Since « + Ly < 1, then we have S(gx, gz, gx*) = 0. It follows that = a*, which
implies that there exists a unique « € Y such that S(gx, gz, Jz) = Aiqu Similarly,
we can show that there exists a unique y € Z such that S(gy, gy, Ty) = A§ .
Therefore, the pair (z,y) is the unique coincidence best proximity point of the
triple (g, J, T).

Now, we give an example to illustrate Theorem

Example 3.1. Let (R% d) be the Euclidean metric space. Define
S(x,y,z) = max{d(z,y),d(y, 2),d(z,2)} .

Then (R?,S) is an S-metric space. Let Y = {(0,y);-1<y <1} and Z =
{(1,y); =1 <y<1}. Then ANy, =1, Yy =Y and Zy = Z. Define the mappings
JY > ZT:Z—-Yandg:YUZ—=YUZ by

J(0,y) = (1%) T(1,y) = (07%) and g(z,y) = (v, —y).
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Clearly7 YO = g(}/O)7 ZO = g(ZO)v‘](YO) = {(17%) 7_1 < Yy < 1} - ZO7 T(ZO) =
{(0, %) -1 <y < 1} C Yy and the mapping g is an isometry. Obuviously, the map-
pings J and T are S-prozimal Berinde g-contractions of the first kind and the pair
(J,T) is an S-prozimal Berinde g-cyclic contraction. Hence, the all conditions of
Theorem are satisfied and the element {(0,0),(1,0)} in Y x Z is the unique

coincidence best prozimity point of the triple (g, J,T).

If we take Ly = 0, Ly = 0 and L = 0 in Theorem [3.1] then we obtain the following
coincidence best proximity theorem.

Theorem 3.2. Let X,Y,Z Yy, Zy,J,T and g satisfy the hypotheses of Theorem
3.1l Then, there exists a unique point x € Y and there exists a unige pointy € Z
such that

S(gx, gz, Jx) = S(gy, 9y, Ty) = S(x, 2, y) = AT 5.
Moreover, for any fized zg € Yy, the sequence {x,} defined by
S(9%nt1, 9Tnt1, Jwn) = Dy 4, for alln € N
converges to the element x, and for any fived yo € Zy, the sequence {y,} defined by

S(9Yn+1, 9Yn+1, Tyn) = A;S/Z, for alln e N
converges to the element y.

If we take gx = x for all x € Y U Z in Theorem then we immediately obtain
the following theorem.

Theorem 3.3. Let X,Y, Z,Yy, Zy, J and T satisfy the hypotheses of Theorem[3.1.
Then, there exists a point x € Y and there exists a point y € Z such that

S(x,x,Jz) = S(y,y, Ty) = S(z,7,y) = Ay 4.
Moreover, for any fized xo € Yy, the sequence {x,} defined by
S(Tpt1s Tny1, JTn) = qu/z, foralln € N
converges to the element x, and for any fized yo € Zy, the sequence {y,} defined by
SWnt1:Yns1: Tyn) = A5, for alln € N

converges to the element y. In addition, if « + Ly < 1 and 8+ Ly < 1, then the
point x and y is the unique best proximity point of J and T, respectively.

If we suppose that J and T are continuous mappings instead of the condition
(iv) in Theorem then we obtain the following theorem.

Theorem 3.4. Let (X,S) be a complete S-metric space andY , Z be two nonempty
closed subsets of X. Let J:Y - Z,T:Z =Y andg:Y UZ — Y UZ satisfy the
following conditions:

(i) J and T are S-proxzimal Berinde g-contractions of the first kind, i.e., there
exist o, 8 € [0,1) and L1, Ly > 0 such that J and T satisfy the condition ,
respectively;

(i) J and T are continuous mappings such that J(Yy) C Zoy and T(Zp) C Yo;

(111) g is an isometry with () # Yo C g(Yy) and Zy C g(Zy).

Then, there exists a point x € Y and there exists a point y € Z such that
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Moreover, for any fived o € Yy, the sequence {x,} defined by
S(gTni1s 9Tna1, Jon) = Ay ,, for allm € N
converges to the element x, and for any fixed yo € Zy, the sequence {y,} defined by

S(9Yn+1, 9Yn+1, Tyn) = A;S/Z, for alln e N

converges to the element y. In addition, if « + L1 < 1 and B+ Lo < 1, then the
there exists unique element x and there exists unique element y which satisfy the

equation .
Proof. By the proof of Theorem [3.1] we get that the sequences {x,} in Yy and {y,}
in Zy such that

S(gxn—i-lvgxn—i-la an) = S(gyn+17 9Yn+1, Tyn) = Aig/Za Vn € N. (36)

converge to some elements z € Y and y € Z, respectively. Since J,T and g are
continuous mappings, then we have that Jz, — Jz,Ty, — Ty and grp,i1 —
g, gyn+1 — gy. Taking limit in (3.6 as n — oo, we conclude that

S(gz, gz, Jx) = S(gy, 9y, Ty) = LY 7.
The proof of uniqueness of the elements x and y follows as in Theorem
Next, we establish a coincidence best proximity point result for an S-proximal
Berinde g-contraction of the first kind and second kind in an S-metric space.

Theorem 3.5. Let (X, S) be a complete S-metric space andY , Z be two nonempty
closed subsets of X. Let J: Y — Z and g : Y — Y satisfy the following conditions:

(i) J is an S-prozimal Berinde g-contraction of the first kind and second kind,
i.e., there exist a,f € [0,1) and Ly,La > 0 such that J satisfies the conditions

and , respectively;

(ii) J preserves the isometric distance with respect to g and J(Yy) C Zy;
(111) g is an isometry with § # Yy C g(Yo).
Then, there exists a point x € Y such that
Moreover, for any fixed xo € Yy, the sequence {x,} defined by
S(gxn-i-lagxn-‘rla J'rn) = A§27 \V/TL S N

converges to the element x. In addition, if « + L1 < 1 and B+ Lo < 1, then the
there exists unique element x which satisfy the equation .

Proof. Following similar arguments to those given in proof of Theorem we
deduce that the sequence {z,} defined by

S(gxn-&-la 9Tn+1, JJ?”) = A§Z7 Vn €N

is convergent to some = € Y. Since J is an S-proximal Berinde g-contraction of the
second kind and preserves the isometric distance with respect to g, then we have

S(Jxp, Jxn, JTni1)

S(Jgxn, Jgxn, Jgxni1)

BS(Jgxpn_1,J9Tn_-1,Jgxs)
+Lomin{S(Jgxn_1,J92n-1,J9Tns1), S(JgTn, Jgzn, Jgz,)}
BS(Jgxn—1,Jgxn_1, Jgxs)

= BS(JUzp_1,Jxn_1,J2y).

IN
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Similarly, in the proof of Theorem (3.1} we can show that {Jx, } is a Cauchy sequence
and converges to some element y € Z. Therefore we can conclude that

S(gw, gz, y) = lm S(gani1,gnt1, Jon) = Ay 4,

that is, g € Yp. Since Yy C ¢(Yo), there exists z € Yy such that gz = gz and
so S(gx,gx,9z) = 0. By the fact that g is an isometry, we get S(z,z,z) =
S(gzr,gz,92) = 0. Hence x = z € Yy and so Jxr € J(Yy) C Zy. Then there
exists u € Yy such that

S(gu, gu, Jz) = Ay 5. (3.8)

It follows from J being an S-proximal Berinde g-contraction of the first kind that

S(gu, gu, grny1) < aS(gz,gx, gr,) + L1 min{S(gz, g, grny1), S(92n, 90, gu)}
< aS(gx, gz, gxy,) + L1S(9z, g2, g2ni1) (3.9)

for all n € N. Taking limit as n — oo in (3.9)), we conclude that gu = gz. Therefore,

from (3.8)), we have

S(gx, gz, Jx) = AY 4,
that is, z is a coincidence best proximity point of the pair (g,J). The proof of
uniqueness of the element x follows as in Theorem (3.1

The following example illustrates the preceding coincidence best proximity point
theorem.

Example 3.2. Let X = R and S(z,y,%2) = max{|x —y|, |y — 2|, |z — x|} . Then
(R, S) is an S-metric space. LetY = [-2,2] and Z = {-3}U[3,4]. Then Ay, =1,
Yo = {-2,2} and Zy = {-3,3}. Define the mappings J:Y - Z and g : Y =Y
by

Ty — { 3, if x is rational

4, otherwise and gr = —.

Clearly, Yo = g(Yo), J(Yo) = {3} C Zy and the mapping g is an isometry. Obvi-
ously, the mapping J preserves the isometric distance with respect to g and it is
an S-proximal Berinde g-contraction of the first kind and second kind. Thus, the
all conditions of Theorem are fulfilled and the element —2 in Y is the unique
coincidence best proximity point of the pair (g,J).

If we take Ly = 0 and Ly = 0 in Theorem then we obtain the following
coincidence best proximity theorem.

Theorem 3.6. Let XY, Z,Yy, Zy, J and g satisfy the hypotheses of Theorem[3.5,
Then, there exists a unique point x € Y such that

S(gx, gz, Jxr) = NS 5.
Moreover, for any fized o € Yy, the sequence {x,} defined by
S(gTni1s gTni1, Jan) = Ay, ¥YneN
converges to the element x.

If we take gz = z for all z € Y in Theorem [3.5] then we get the following
theorem.
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Theorem 3.7. Let X,Y,Z,Yy,Zy and J satisfy the hypotheses of Theorem [3.5.
Then, there exists a point x € Y such that

S(x,x,Jz) = NS 5.
Moreover, for any fized x¢ € Yy, the sequence {x,} defined by
S(Tnt1, Tng1, JTn) = Agg/z, Vn e N

converges to the element x. In addition, if « + L1 < 1 and B+ Ly < 1, then the
element x is the unique best prozimity point of J.

Remark. Since both the prozimal contraction of the first kind and the proximal
Berinde g-contraction of the first kind are special cases of the S-proximal Berinde
g-contraction of the first kind, Theorems[3.143.3 generalize the corresponding results
for both the proximal contraction and the proximal Berinde g-contraction of the first
kind. Same is the case for Theorems dealing with the S-prozimal Berinde
g-contraction of the first kind and second kind.

Acknowledgments. The authors are grateful to the referees for their careful read-
ings and valuable comments and suggestions which led to the present form of the

paper.
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ABSTRACT. In this article we have established the concept of multi-continuity
in minimal structure spaces (in short .# space) and the notion of product min-
imal space in Multiset topological space. Continuity between .#-space, gener-
alized Multiset topology and Multiset ideal topological spaces. We have inves-
tigated some basic properties of .Z—continuity in Multiset topological space,
such as composition of .#—continuous functions, product of .#—continuous
functions in product Multiset topological space etc.

1. INTRODUCTION

Cantor’s set is not enough for representing the all kind of situations of our real
world. In Cantor’s set theory, repetition of elements is not allowed. however, there
are many situations where repetition of elements plays a vital role. This led the
introduction of the theory of the notion of Multisets, which was first studied by
Blizard [1] in the year 1989. Thus, a Multiset is a collection of elements in which
certain elements may occur more than once and number of times an element occurs
is called its multiplicity.

In this article our aim is to study the properties of continuous function on Multiset
minimal space and Multiset generalized topological spaces. Minimal stricture space
is the minimum restriction for the topology by containing empty set and whole set.
Many authors have studied in the direction of Multiset ideal and generalized Mul-
tiset topological spaces. This work aim is relating the Multiset ideal, Multiset filter
and generalized Multiset topological space

In 1991 Bilzard[2] designed the Multiset theory and further developed the Multiset
theory in 1989. Many researchers have defined the Multiset topological spaces; one
may refer to New axioms in topological spaces[4], Separation axioms on Multiset
topological Space [5], Relations and functions in Multiset context [6]. There af-
ter different properties of Multiset topological space, such as compactness studied
by Mahanta and Samanta [9], Multiset quasicoincidence studied by Shravan and
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Tripathy Multiset quasiconcidence between Multisets, continuous function on Mul-
tisets, generalized closed Multiset [12, 13, 14, 15]. Multiset mixed topological space
between two Multisets studied by Tripathy and Das [16].

In this article we have established many results between Multiset minimal stricture
space and Multiset ideal topological space.

We define different types of continuous function between two multiset generalized
topological space, Multiset ideal and generalized topological space. By the results
of this article we can study the ideal structure and generalized topological structure
at a time, and we can can find the similarity between the topological structures.
This paper is organized in the following way:

Section-1 is the introduction part. In this section, author focused on the previous
work and back ground of the research. In the Section-2, author provides some
preliminary results and definitions for the article which is necessary for the work.
Section-3 is the main section in which we established main results of this article.
In Section-4, we analyzed the continuous function from Multiset minimal stricture
to generalized Multiset topology and Multiset ideal topological spaces. Section-5
is the conclusion section in which the future plane and the application field have
been analyzed by the author.

2. PRELIMINARIES AND DEFINITIONS

In this section, we provide some basic definitions and notations those will be
used throughout this article.

A Multiset (M-set) with domain set X, in which no element occurs more than m
times is denoted by [X]™. The count function C,, on X represents the repetition
of an element, denoted by C,,(x), for x € X. When C,,,(z) = 1, for all z € X, then
the Multiset becomes a Cantor’s set.

Thought the articles we shall use the definition of Multiset mixed topological
space (Shravan and Tripathy [13]) and ultra-Separation Axioms in Generalized
Topological Space (Powar and Rajak [10]) for the union, intersection, compliment,
support set, empty set, equality of M-sets, partial whole sub-M-sets etc.

Definition 2.1. A domain X is defined as a set of elements from which M-sets
are constructed. The M-set space [X]|™ is the set of all M-set whose elements are
in X such that no element in the M-set occurs more than m times. The set [X]*°
is the set of all M-sets over a domain X such that there is no limit on the number
of occurrences of an element in an M-set.

Let P, N € [X]™. Then, the following relations between M-sets are defined:

(1) P is a sub-M-set of N denoted by P C N, if Cp(z) < Cy(z) for all z € X.
(2)P=Nif PCNand N CP.

(3) P is a proper sub-M-set of N denoted by P C N, if Cp(x) < Cn(z), for all
x € X and there exists at least one element x € X such that Cp(z) < Cn(z).
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(4) @ =PUN, if Cg(z) = maz{Cp(z),Cn(x)}, for all x € X.
(6) @ =PnN, if Co(z) =min{Cp(z),Cn(z)}, for all z € X.

(6) Addition of P and N is also a new M-set Q@ = P@ N such that Cg(z) =
min{Cp(z) + Cn(x),m}, for all x € X.

(7) Subtraction of P and N results is also an M-set @ = P & N such that
Co(z) = maz{Cp(x) — Cn(x),0}, for all z € X, where € and © represent M-set
addition and M-set subtraction, respectively.

(8) An M-set P is empty if Cp(z) =0, for all x € X.

(9) The support set of P denoted by P* is a subset of X and P* = {z € X :
Cp(z) > 0}; that is, P* is an ordinary set and it is also called root set.

(10) The cardinality of an M-set P drawn from a set X is Card(P) =3 Cp(x).

zeX

(11) P and N are said to be equivalent if and only if Card(P) = Card(N).

Definition 2.2. Let M € [X]™ and N C M. Then, the complement N¢ of N
in [X]™ is an element of [X]™ such that N =M — N.

Definition 2.3. Let M C [X]|™ and P*(M). Then 7 is called a Multiset topol-
ogy of M if satisfies the following properties,
1. The whole M-set M and the empty M-set @) are in 7.
2. The M-set union of elements of any sub-collection of 7 is in 7.
3. The M-set intersection of the elements of any finite sub-collection of 7 is in 7.
Then, the pair (M, 7) is called an Multiset topological space (M-topological space).
The elements of 7 are called open M-sets. The complement of an open M-set in
(M, ) is said to be closed M-set.

Definition 2.4. Given a sub-M-set N of M-topological space. Then, the inte-
rior of N is denoted by int(N) and is defined as the M-set union of all open M-sets
contained in N, i.e., Cyyny(2) = max{Cq(z) : G C N}.

Definition 2.5. Given a sub-M-set A of an M-topological space (M, 7). Then,
the closure of A is defined as the M-set intersection of all closed M-sets containing
A and is denoted by cl(A), i.e., Cy(a)(x) = min{Crk(z) : A C K}.

Definition 2.6. Let (M, 7) be an M-topological space, and M is a sub-M-set
of M. The collection 7y = {U/ =UNM, :U € 7} is an M-topology on Mj, called
the subspace M-topology. With this M-topology, M; is called a subspace of M
and its open M-sets consisting of all M-set intersections of open M-sets of M with
M;.

Definition 2.7. A non-empty collection I of sub-M-sets of a non-empty M-set
M is said to be an M-set ideal on M, if it satisfies the following conditions:
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(7). Ny € I and Ny C Ny with Cp,(2) < Cn,(z), for all z € X — Ny € I.

(ii). Ny € I,Ny € I — Ny U Ny € I. The M-set ideal is abbreviated as M-ideal.
The triplet (M, 7, I) is called Multiset ideal topological space with the ideal I and
Multiset topology 7.

Definition 2.8. Let [X]" be a space of M-sets. A Multipoint is a M-set M in
k, forx € M,

X such that C =
SHe at O () {0,oth6rwise,

where k € {1,2,3, ....... w} and Cy(x) is the multiplicity of z in X.

A multipoint, denoted by {k/z} is a subset of a M-set M or {k/z} € M if 0 <
k < Cu(z) and Singleton sub-M-set if k = Cp(z), for all x € X.

Let (M,7) be a M-topological space and I be an M-ideal on M. Let N be
a sub-M-set of M. Then, the local function denoted by N*(I,7) is defined by,
N*(I,7) ={m;/z; € M : Cy(z;) —Cne(z;) > Cr(z;),I € I, for all U € Ny(m;/x;)
and at least one xz; € X}, where Ny(m;/x;) is the set of ¢ — nbhd of m;/x;. We
will write N*(I) or N* in place of N*(I, 7).

Definition 2.9. Let M be any non-empty M-set and 7 be the collection of sub-
sets of the M-set M. the pair (M, 7) is said to be a generalized M-set topological
space if the following property holds
1. M,0er.

2. f HHGe71then HNG € 7T.
3. If ujep € 7 then Ujepu; € 7.

Note 2.1. The generalized M-set topological space is the generalized form of
M-set topology. Sometimes, we denote generalized M-set topology by (M(N),7),
where U;cpu; = N.

3. MAIN RESULTS.

In this section we established a topology from the M-set minimal structure, and
study different properties on multi-continuity between the different types of M-set
topological space and M-set minimal space.

Definition 3.1. A family .# C 2¥(£2(X) is said to be M-set minimal structure
on Xif ), X € . #.

In this case (M, #) is called a M-set minimal space. Throughout this paper
(X, #) means M-set minimal space. The M-set minimal space is abbreviated as
M-minimal space.

Definition 3.2. A M-minimal space is called an M-set minimal topological
space if it satisfy the properties of finite intersection and arbitrary union property.
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Example 3.1. Let M be a nonempty M-set on [X]¥. Then, the filter % and
the ideal do not form a M-set minimal structure on X. Since, .# does not contain
emptyset () and ideal does not contain the whole set M.

Definition 3.3. A set A € P*(X) is said to be a .#—open set if for A € .,
B e P*(X) is a .#—closed set if M & B € .#. We get
M —int(A)=H{u:uC Aue A}
M—Cc(A)={F:ACF Mo Fc#}.

In view of above definition we formulate the following proposition:

Proposition 3.1.
1. A — int(A) is the largest .#-open M-set contained in A.
2. M — cl(A) is the smallest .#-closed M-set containing A.

Definition 3.4. Let (M, #) be a M-set .#-space on [X]"¥, and N be a sub-M-
set of M. We define the following
(i) A .#-semi-open M-set if N C Cl(int(N)) with Cn(x) < Ce(ine(ny) (), for all
z € X;
(ii) A .#-semi-closed M-set if int(cl(N)) € N with Cpyci(nvy)(2) < Cn(z), for all
T € X;
(iii) A .#-semi-pre-open M-set if N C Cl(int(cl(N))) with Cn(x) < Ceygint(ei(n)) (),
for all x € X;
(iv) A A -semi-pre closed M-set if int(cl(int(N))) € N with Ciicint(ny))(z) <
Cn(z), for all z € X
(v) A A -pre-open M-set if N C int(cl(N)) with On(z) < Cing(er(ny)) (), for all
e X.

Theorem 3.1. Let (M,.#) be a M-minimal space. Then, for N, K € P*(X),
1. A —int(N) C N and A —int(N) = N iff N is an .#—open M-set.

2. M —cl(N)C N iff N is an .#—closed M-set.

3. M —int(N) C A —int(K) and A4 — cl(N) C A4 —cl(K)if NCK.

4. M —int(NNK) C (A —int(N))N (A —int(K)) and (A —int(N)) U (A —
int(K))U# —int(N UK).

5. M — cd(NUK) C (M — cd(N)U (A — cl(K)) and # — (N NK) C
(M — c(N))U (A — c(K)).

6. M —int(M —int(N)) = M —int(N) and A — cl(M — cl(N)) = M — cl(N).

7. x € M — cl(N) if and only if every .#—open M-set U containing x such that
UNN #0.
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8. (Me#—cl(N)) =M —int(McSN) and (Mo# —int(N)) = 4 —CI(MON).

Proof (1) .# —int(N) is the largest open M-set contained in N. So the proof is
clear. Now, let us consider N is .#-open M-set. Then, N C .# — int(N). There-
fore, N = .# — int(N).

Let us consider N = .# — int(N). Again .4 — int(N) is the largest open M-set
contained in N. Hence, N is .#-open M-set.

(2). Let A4 — cl(N) be a small closed M-set containing N. Therefore, N C
M — cl(N). Again, N is .#-closed M-set. This implies, the closure of all mul-
tipoint of N contained in N with Cyn)(z) < Cn(x), for all x € N. Hence the
theorem proved.

(3) From the definition we have .# — int(N) C N and .# — int(K) C K for
any M-set N, K C M. Given that N C K this implies, .# —int(N) C N C K So,
M —int(N) C K. By the definition of M-set interior point set is the largest open
M-set of the M-set contained in the M-set. Hence, .# — int(K) is the largest open
M-set in K. Again, .# — int(N) is an open M-set contained in K. So the only
possible case A4 — int(N) C A —int(K).

(4) For any two M-sets N and K, we have NN K C N and NN K C K. Using
the above results we have, # —int(NNK) C A4 —int(N) and A4 —int(NNK) C
A —int(K). This implies, # — int(N N K) C (A — int(N)) N (A — int(K)).
Again, for any two M-set N and K, we have N C NUK and K C N UK. This
implies, # — int(N) C A — int(N UK) and A — int(K) C A4 — int(N UK).
Hence, (A — int(N)) U (A — int(K)) C A —int(N UK).

(5) We have, N C (m — cl(N)), K C (# — cl(K)). Therefore, NUK C (A4 —
A(N))U(A —cl(K)) and so 4 —cl(NUK) C A —cl((M —cl(N))U(AH —cl(K))) =
(M —cl(N))U A — cl(K)).

Hence, m—cl(NUK) C (m—cl(N))U# —cl(K)) as union of two .#-closed M-sets
is also a .#-closed M-set and .#-closure of a .#-closed M-set is also a .#-closed
M-set.

Similarly, for the #Z — cdl(NNK) C (M — cl(N))N (A — cl(K)).

For (6), (7) and (8), the results are holds using the definition and above proofs.

Lemma 3.1. A sub-M-set N in a M-set minimal space (M,.#) is said to be
M -semi-pre-closed M-set if and only if N = spcl(N).

Definition 3.5. A sub-M-set N of a M-set topological space (M, ) is called as
(1) M-set generalized semi-closed (briefly mgs-closed) set if msCI(N) C U when-
ever N C U and U is open M-set in generalized .- space.

(2) M-set generalized minimal semi-pre closed (briefly .# — mgsp-closed) set if
spcl(N) C U whenever N C U and U is .#-open M-set in generalized M space.
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Definition 3.6. Let (My, ) and (Ms, 72) be two M-set minimal spaces. Then,
a function f : My — M, is called as

(i) multi-semi-continuous if the inverse image of each .#-open M-set of My is
M -semi-open M-set in M.

(i) multi minimal semi pre-continuous if the inverse image of each m-open M-set
of My is m—semi-pre open M-set in M.

(iii) multiset minimal g-continuous if the inverse image of each m-open M-set of
My is M — mg-open M-set in Mj.

(iv) multiset minimal gp-continuous if the inverse image of each m-open M-set
of My is .# — mgp-open M-set in M;.

(v) multiset minimal gsp-continuous if the inverse image of each m-open M-set
of My is .# — gsp-open M-set in M;.

(vi) multiset minimal pre-continuous if the inverse image of each m-open M-set
of My is m-pre open M-set in M;.

Definition 3.7. Let (M, I,7) be an M-set ideal topological space on [X]¥. A
subset A of M-set ideal space is said to be pre-I-open M-set if A C int(cl(A*)) with
Ca(z) < Cipter(ary)(z) for all z € X. The compliment of pre-I-open M-set is called
pre-I-closed M-set.

Definition 3.8. Let (M, I,7) be an M-set ideal topological space in [X]V. A
sub M-set A of M is called a semi-I-open M-set if A C cl(int(A*)) with Ca(z) <

Cei(int(a=)) (), for all € X. The complement of a semi-open M-set is called a
semi — I — closed M-set.

Proposition 3.2. Let (M, ) and (Ma,72) be two M-set minimal spaces on
M. A function f : My — Mj be a bijective mapping and {U; : ¢ € A} be a family
of ./ -open M-sets of My. Then, we have
(i) 7 (Vieali) = Uiea f = (U).

(it) f~ (Nieals) = Nieaf ™1 (Uy).

Lemma 3.2. Every M-set topological space is a M-set minimal space, but the
converse is not necessary.

Lemma 3.2. Every M-set minimal space is a generalized M-set minimal space,
but the converse is not necessary.
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4. PROPERTIES OF .# — msgp GENERALIZED MULTISET AND
IDEAL-CONTINUOUS FUNCTIONS

We state the following two results without proof, which follow on using standard
theory.

Theorem 4.1. Let f : (My,71) — (Ma,72) and g : (Ma,72) — (Ms,73) be
any two maps. Then, g o f is .#-continuous if g is .#-continuous and f is .#-
continuous.

Proof: The proof is so easy, so omitted.

Proposition 4.1.. Let (M;,7) be M-set minimal space, and My C M;. Then,
(M3, 7 N Ms) will be an M-set minimal structure. Further, for My C My, (M, 7N
Ms) is a weaker M-set minimal structure space.

Definition 4.1. Let (Mj, 1) and (Ma,72) be two M-set minimal spaces. A
function f : My — My is called .#'mgsp-continuous if f~1(N) if .# — mgsp-closed
in M, for every closed M-set N of Ms.

Lemma 4.1.
1. Every g-continuous function is .# — mgsp-continuous function.
2. Every .4 — pre-continuous function is generalized semi-continuous function.

Theorem 4.2. Let (M7, 71) be a M-set minimal space, and (Ms, 73) be a gen-
eralized M-set topology. If the bijective function f : My — M is .4 -semi-pre
continuous and .Z-open M-set, then f is .# — pre-continious.

Proof: Let N be .#-closed in My and let f~1(N) C K, where K is .#-open set in
M;. Clearly, N C f(K). Since f(K) is open M-set in M as f is open, and as N is
M ~closed in My, then .# —spCI(N) C f(K) and thus f~!(spCI(N)) C K. Since f
is bijective and .# —mspCI(N) is a ./ semi-pre closed M-set, then f~!(spCI(N)) is
M -semi-pre closed M-set in M. Thus, mspCIl(f~1(N)) C spCl(f~t(mspCI(N)))
= f~Y(mspCI(N)) C K. So, f~1(N) is mgsp-closed set and f is .# —-pre-continious.

Theorem 4.3. Let f : My — M be a pre--# — mgsp-continuous and g : My —
M3 is A -semi-pre-continuous. Then, their composition go f is .# mgsp-continuous.
Proof: The proof is straight forward, so omitted.

Definition 4.2. A function f : M; — Ms is called strongly .# — mgsp-
continuous if the inverse image of every .#-open M-set of My is .#-open M-set
in Ml-

Lemma 4.2. every strongly .# —mgsp-continuous function is an .#-continuous.

Definition 4.3. A function f : M; — M> is called strongly .#-continuous if
the inverse image of every sub-M-set in My is .# — cl — open in Mj.
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On the basis of the above definition we give the following results:

Theorem 4.4. If the function f : M; — My is strongly .#-continuous, then f
is strongly .# — mgsp-continuous.

Theorem 4.5 If f: M; — My be an m — I — gn-continuous function from an
M-set ideal topological space to another M-set minimal space, then the following
are equivalent.

1. for every local function A* in M; there exist an M-set local function f(A*)
in Mg.

2. For the M-set ideal I there exist an ideal f(I) in Ms.

3. For every mgsp-closed (Open) set in My there exist an multiset-semi-pre-ideal
closed (.#-open) set in M.

Theorem 4.6. If the function f : My — Ms be m — I -continuous and the
function g : My — M3 be .#-continuous, then go f : My — Ms is .#-continuous.

Proof: Let N be an .#-open M-set in Ms. Since, g is .#/-continuous, so g~ (N)
is an m — I-semi-pre-open set in Ms. Again, f is an m — I -continuous. Hence,
Y9 Y(N)) is an m — I-open M-set in M;y. But, f~1(¢g7*(N)) = (go f)"L(N).
So go f is an .4 -continuous.

5. CONCLUSION

In this article, we introduced the notion of M-set minimal space and M-set
minimal topological spaces. Besides, we defined different types of M-set minimal
continuous function between two M-set minimal space. M-set minimal continuous
functions can help to study the structure of M-set minimal spaces. The common
property between two M-set minimal structure can be analze by the continious
functions. Many interesting results can established between M-set ideal, general-
ized M-set topological and M-set minimal structure spaces. It is hoped that, in
future many new investigations can be done in this direction.
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ABSTRACT. Determining the solvability of equations has been an extended
and fundamental study in Mathematics. The local-global principle states two
objects are equivalent globally if and only if they are equivalent locally at all
places. By applying this principle, the Hasse - Minkowski theorem is able to
identify the existence of rational solutions of an equation. This paper explores
the applications of the Hasse-Minkowski theorem to homogeneous quadratic
forms in two and three variables. After providing some of the necessary proofs
and definitions, we have been able to introduce some complete computer pro-
grams implementing the Hasse-Minkowski theorems and Legendre theorem
with some supporting functions like the Eratosthenes sieve.

Reasons for Retraction. Our paper was hugely inspired by Dr. Hohner’s
master thesis, “The Hasse-Minkowski Theorem in Two and Three Variables.” More
than half the length of our paper is our original programming implementation of
various theorems, like the Hasse-Minkowski theorem and Legendre’s theorem, and
many supporting concepts, along with the algorithm analysis. We also shorten
many proofs from Dr. Hohner’s paper by either providing an alternative shorter
version or summarizing them. We credit him in section 1 on the binary and ternary
quadratic form and the bibliography. However, the location of the credit section 1
was supposed to be before section 1, and this is a formatting mistake. Even though
we made an effort to credit Dr. Hohner’s work, it could still be insufficient. We
think it would be best to retract the paper for those listed reasons.

1. BINARY AND TERNARY QUADRATIC FORM

What follows has been inspired by The Hasse-Minkowski Theorem in Two and
Three Variables by Hoehner, S [1].
A quadratic form is a polynomial with all the terms of degree two. The 2-variable
quadratic form, which is also called binary form, has the following general form:

q(z,y) = ax® + bry + cy®. (1.1)
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Similarly, the 3-variable quadratic form is called the ternary form and has the
general form of:

q(z,y, 2) = ax? + by + cy® + dyz + e2* + faz. (1.2)

Theorem 1.1. FEvery quadratic form q in n variables over a field of characteristic
not equal to 2 is equivalent to a diagonal form:

q(z) = a123 + agxs + ... + apxi. (1.3)
Since the general form is equivalent to diagonal form, we only need to consider the
diagonal form to determine the integral solvability. Hence, we just need to look
at the equations of form ¢(z,y) = ax? + by? for the binary case and q(x,y) =
ax? 4 by? + cz?, where a, b and c are integers.
Consider the binary diagonal form. If we have any rational coefficient, by the
homogeneity of the equation g(x,y) = 0, we could clear the denominators to obtain
an equation with integral coefficients. We also claim that the greatest common
divisor of a and b is 1. Given that ged(a,b) = g and g > 1, we could divide
ax? + by? = 0 by g to get q(x,y) = %xQ + §y2 and obtain gcd(g, g) =1.
Also, we assume that a and b are square-free. If a is not square-free, a = a’s?,
where o’ is an integer. Then, we have a = ax? +by? = a/(sx)? +by? = 0. We could
repeat the same process to clear all the squares from a and b which eventually leads
to square-free coeflicients.
Finally, we claim that ab < 0. If ab = 0, either one or both of the coefficients
is 0 and we could not obtain a non-trivial solution. And, if ab > 0, the equation
f(z,y) = ax?® + by? will not have any solution since it would be either negative or
positive.
Similarly, following the same reasoning, we get pairwise relatively prime, square-free
coeflicients for ternary form.

2. MODULAR ARITHMETIC

Definition 2.1. An integer is called a quadratic residue modulo n if there exists
an integer x such that
x? =q (modn). (2.1)

Due to the Legendre symbol, we could speed up the process of determining if
a number is a quadratic residue modulo an odd prime. The Legendre symbol is
defined as below.

Definition 2.2. The Legendre symbol is a function of a and p, where p is an odd
prime, defined as:

1 if a is a quadratic residue modulo p and a Z0 (mod p),
<a> =4 —1 ifa is a non-quadratic residue modulo p, (2.2)
0 a=0 (modp).

In addition, the Legendre symbol has the following properties:

W () =) )
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( )(%) - L(p-1)-(¢=1)

For the proof of above Legendre symbol properties, see pages 99, 100 and 102 in
Furthermore, if an odd integer n has the prime factorization of p{*p3*...py* and
any integer a, we have a generalization of the Legendre symbol called the Jacobi

symbol, stating that:
a
— =1 2.3
(7) 23

G-G) G -G e

Similar to the Legendre symbol, the Jacobi symbol also has some properties that
we use to prove the Hasse-Minkowski theorem:

1) (=) = (%) (9)

If a1 = az (mod n), then (%) = (%)

n—1

Facd(am) =1, thn () (2) = (3o 00
3. THE HASSE-MINKOWSKI THEOREM FOR BINARY FORMS

In order to prove the Hasse-Minkowski theorem for binary forms, we need the
following theorems.

Theorem 3.1. The Chinese Remainder Theorem. Suppose n; are pairwise coprime
and ay, as,...,ar 1S any sequence of integers, then there exists an integer x such
that:

x = ay (mod ny)

x = ay, (mod ny)

and the solution x is unique modulo n, where n = [[,_, n;.

Theorem 3.2. Suppose a is an integer, b is a natural number, and let b = H?:l P
be the prime factorization of b. Then a is a quadratic residue modulo b if and only
if a is a quadratic residue modulo p;* fori=1,...,n.

Proof for Theorem 3.2. Suppose a is a quadratic residue modulo b. We then
have a = z? (mod b) for some integer x. Since p’ 2 (mod
p;')-

To prove the order direction, if a is a quadratic residue modulo p’, we have a = x
100
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(mod p5?), if j # k, gcd(pjj,pi’“). Thus, we could apply the Chinese Remainder
Theorem to the congruences x = z; (mod pi*) where ¢ = 1,...,n. Obtaining
r? = 27 = a (mod p5*) from the Chinese Remainder theorem, we thus have 2% = a

(mod [\, p§*) or a is a quadratic residue modulo b.

Theorem 3.3. Dirichlet’s Theorem on Arithmetic Progressions. For any two pos-
itive coprime integers a and d, there are infinitely many primes of the form a+nd,
where n is also a positive integer

Theorem 3.4. The congruence > = a (mod p) is solvable for every prime p if

and only if a = b* for some b € Z.

Proof for Theorem 3.4. Suppose a = b? for some b, we have 72 = a = b*> (mod
p). Therefore, for all prime p, we have a solution z = b (mod p).
To prove the other direction, we try to prove an equivalent statement “if a # b? for
some b, a is not a quadratic residue modulo for every prime p.”
Suppose a is a positive non-square. Then, if a = 2, we could just choose p = 5

2_
and apply property 4 from the Legendre symbol to get (%) = (71)5 = = —1.

Otherwise, a could be factored into pips...py for p1,...,pr prime. Also, a has an
odd prime divisor p;. Now we choose a prime such that p = 1 (mod 8), p = 1
(mod p;) for i =1,2,...,k—1 and p = a (mod pg). Such a prime number p exists
according to Theorem 3.3. Then, since p;, is not a quadratic residue modulo p, a is
not a quadratic non residue modulo p. Thus, we have proved Theorem 3.4 for the
case where a is positive.

If a number is negative, it is not a square. We present all negative numbers in
the form of —a where a is a positive integer. Let p be a prime number and apply

property 1 from the Legendre symbol to get (%‘l) = (%) (%) We then apply

property 3 to obtain (—) (7) = (—1)pr1 (%) If a is a square, we can choose

3
s

I
—

|
—
S~—
—

I

p=3toget (—1)°T (“
obtain (—1)%7" (g) —1-(-1)=—1.

—1. If a is a non square, we choose p = 5 to

Theorem 3.5. The Hasse-Minkowski Theorem 1. Let a and b be nonzero, square-
free, relatively prime integers of opposite signs. If for each prime p the congruence
ax?+by? =0 (mod p) has a solution in integers (z,y) both not divisible by p, then
ax?® + by? = 0 has a nontrivial integral solution.

Consider the first case where p t ab, we claim that ged(z,p) = 1. We can prove
this statement by using contradiction. Suppose ged(z,p) > 1, then we have p | z.
Hence, ax? + by? = by?> = 0 (mod p). Also, we could see that either p | b or
p | y. Since we assume that p { ab, we have p | y. Now that we have p |  and
p | y, this contradicts our assumption that the solution (z,y) to nontrivial modulo
p, establishing our claim that ged(z,p) = 1. Now, from ax? + by? = 0 (mod p),
we have ar? = —by? (mod p) and by multiplying the congruence on both sides
by —b, we obtain —bax? = (by)? (mod p). Since ged(z,p) = 1, we could divide
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—baz? = (by)? by ° to obtain —ba = (%£)2. Thus, —ba is a quadratic residue
modulo p for all p { ab. Now, assume p | ab. We have —ab = 0? (mod p), therefore
—ab is a quadratic residue modulo p for all p | ab.

Thus, —ba is a quadratic residue modulo for all primes p. According to Theorem
3.4, we have —ba = d? for some integer d. Plugging the pair of integer (b,d) into
f(z,y), we obtain f(b,d) = ab® + bd? = ab® + b(—ab) = 0. Hence, we have found a
nontrivial integral solution to equation f(z,y) = 0.

4. THE HASSE-MINKOWSKI THEOREM FOR TERNARY FORMS

Theorem 4.1. Legendre’s Theorem. Suppose a, b, ¢ are non-zero square-free,
pairwise relatively prime integers not all of the same sign. Then the equation
ax? + by? + ¢z = 0 has a non-trivial solution if and only if the following condi-
tions are satisfied: (i) —bc is a quadratic residue modulo |al, (i) —ab is a quadratic
residue modulo |c|, and (i#i) —ac is a quadratic residue modulo |b|.

Definition 4.1. Let (zo, Y0, 20) be a nontrivial integral solution to the congruence
ax?® +by? +cz?> =0 (mod p), and at most one of g, Yo, 20 is divisible by p, then we
call (xo,Yo0,20) a p-focused solution.

Theorem 4.2. Hasse-Minkowski 2. Let a, b, ¢ be nonzero, square-free, pairwise
relatively prime integers not all the same sign. If for each odd prime p | abe the
congruence azx® +by? +cz? =0 (mod m) has a p-focused solution in integers (x, vy,
z), then ax? + by? + c2? = 0 has a nontrivial integral solution.

Proof for theorem 4.2. Let p be an odd prime, p | a and f(z, y, z) =0 (mod p)

has a p-focused solution. According to Theorem 3.2, to prove —bc is a quadratic
residue modulo |al, it suffices to show —bc is a quadratic residue modulo p for all
pla.
Suppose (zg, Yo, 20) is a p-focused solution to the congruence. Since p | a, we have
by2 + cz3 =0 (mod p). If p=2 or p | be, we have —bc = 0 (mod p) and it is a
quadratic residue modulo p. If p { be, we obtain ged(b, p) = ged(e, p) = 1. We also
know that at most one of xg, yo, 2¢ is divisible by p. First, suppose p doesn’t divide
Zo, Yo Or zg. We have

— byd = cz3 (mod p). (4.1)
Divide both sides by 22 to get
—b(yozo 1)? = ¢ (mod p). (4.2)
Multiply both sides by —b to obtain
—be = (byozg 1)* (mod p). (4.3)

Now suppose p divides exactly one of xg, yo, 2z0. In the case where p | xg, we are
done. Suppose p | yo and p 1 zo, we have

cz2 =0 (mod p). (4.4)
Divide both sides by zg to get

¢ =0 (mod p). (4.5)
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Multiply both sides by —b to obtain
—bc =0 (mod p). (4.6)

So, we have —bc a quadratic modulo p. Hence, —bc is a quadratic residue modulo
p. The case where p | zp and p { yo could be proved using a similar procedure. Since
the congruence ax? + by? + cz? = 0 (mod p) has a p-focused solution for all p | a,
we have —bc a quadratic residue modulo |a|. Similarly, we can determine that —ac
is a quadratic residue modulo |b] and —ab is a quadratic modulo c.

We do not need to consider the case where p is even or p = 2 since —bc, —ac, —ad
are either odd and even. Thus, they are congruent to 0 or 1 modulo 2 and both 0
and 1 are squares.

Finally, we need to show that if az? + by? + cz? = 0 (mod p) has a p-focused solu-
tion for all odd p | abe, then f(z,y,z) = 0 has a nontrivial integral solution. Since
ar® + by? + cz? = 0 (mod p) has a p-focused solution for all odd p | abe, it has a
p-focused solution for all odd p | a, p | b and p | ¢. We can also determine that
—bc is a quadratic residue modulo |a|, —ac is a quadratic residue modulo |b|, —ab is
a quadratic residue modulo |c|. Hence, according to the Legendre’s Theorem, the
equation ax? + by? + c2? = 0 has a nontrivial integral solution.

5. HASSE-MINKOWSKI AND LEGENDRE THEOREM IMPLEMENTATION

Let f(z,y, z) = ax® + by? + cz%. Obviously, since checking whether a congruence
f(z,y,z) = 0 (mod p) has a p-focused solution is a tedious task in real life, especially
when abc has a lot of prime factors or when a, b, ¢ are large, we could write a
computer program to check it.

Eratosthenes Sieve
Eratosthenes Sieve is an old algorithm used to rapidly identify all the primes to a
certain limit. The program first gets the integers a, b and ¢ from the keyboard.
Then, it creates the Eratosthenes sieve of primes that are odd and divide abc. The
code below is the modified Eratosthenes sieve function written in C++.
The parameter upperBound is the maximum number which we would check if it is
a prime number. The program always calls the function with upperBound = abc.
Then, we create a bitset, a data structure that stores bits, named flag. Suppose i
is a number from 2 to upper Bound, given that flag[i] = 1, then ¢ is prime, and
vice versa. Next, we reset our bitset which would set all the value of flag to 1.
Our first loop iterates from 2 to upper Bound and for every number, if flagfi] = 1.
Next, we process the second loop that iterates every multiple of that prime number
to upper Bound. For every multiples of that prime, we set the corresponding flag
value to 0 since the multiple of a prime can not be a prime. After the second loop,
we would append our prime to a vector named primes to store it.
Function. sieve(upper Bound)
Pseudocode
Input. upper Bound, the maximum number to check if it is a prime number.
Determine. Every prime less than or equal to upper Bound + 1.

(1) primes + an empty dynamic array, flag < an bitset

(2) upperBound «+ |upper Bound|

(3) for ¢ + 0 to 1000009

(4)  flag;i + 1
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(5) for i < 2 to upperBound + 1

(6) if flagi=1

7 je 2

(8) while j <= sievesize

(9) flag; < 0

10) if i # 2 and flag; = 0 (mod upper Bound)
11) append 7 to primes

(
(

C++ Implementation

bitset<10000010> flag;
vector<int> primes;
int a, b, c;

void sieve(long upperBound) {
upperBound = abs(upperBound) ;
flag.set();
flag[0] = flagl[1]l = 0;
for (long long i = 2; i <= upperBound; i++)
if (flaglil) {
for (long long j = i * i; j <= upperBound; j += i) flagl[j]l = 0;
if(i '= 2 && upperBound % i == 0) primes.push_back((int)i);

The Hasse-Minkowski Theorem 2

Suppose p is a prime that divides abc. To check for p-focused solution, we write

a boolean method, pFocusedCheck, with parameter primes, the prime to check.

pFocusedCheck has three loops that create every combination of x, y, z, where x, y,

z are integer and less than primes. For every combination, if it is a primes-focused

solution we immediately return true. After it finishes three loops, we would haven’t

found a primes-focused solution, thus return false.

Function. pFocusedCheck(prime)

Pseudocode

Input. primes, the prime number to look for a primes-focused solution to the

congruence.

Output. Return true if there is a primes-focused solution, otherwise returns false.

(1) < an int, y < an int, z < an int

) for & < 0 to prime — 1

) for y « 0 to prime — 1

) for z + 0 to prime — 1

) if ax? + by? + cz? = 0 (mod primes) and at most one of z, y, z is
divisible by primes.

(6) return true

(7) return false

C++ Implementation
bool pFocusedCheck(int prime){
int x, y, 2;
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for(x = 0; x < prime; ++x){
for(y = 0; y < prime; ++y){
for(z = 0; z < prime; ++z){
if((((a * (x *x)) + (bx*x (y*y)) + (c* (z%*2z))) % prime == 0)
&& (((x % prime) == 0) + ((y % prime) == 0) + ((z % prime) == 0) <= 1)){
return true;

}

return false;

Then, we create a function named HasseMinkowski2Check that loops through
the sieve vector to check whether the congruence az? + by? + cz? = 0 (mod p) has
a p-focused solution. The function returns true if the congruence has a p-focused
solution to every p, otherwise, returns false.
Function. HasseMinkowski2Check()
Pseudocode
Output. Returns true if for every p, the congruence ax? + by? + cz? = 0 (mod p)
has a p-focused solution, otherwise, returns false.

(1) for every prime in primes

(2) if not pFocusedCheck(prime)

(3) return false

(4) return true

C++ Implementation

bool HasseMinkowski2Check(){
for(int i = 0; i < primes.size(); ++i){
if (!pFocusedCheck (primes[i])){
return false;
};
}
return true;

3

Legendre’s Theorem.

Initially, we want to implement the Legendre’s symbol. We define LegendreSymbol
function with two parameters, toCheck and modulo. The function returns 0 if
toCheck = 0 (mod modulo) and returns 1 if there exists an x such that z? =
toCheck (mod modulo), elsewise returns -1.

First, if toCheck = 0 (mod modulo), the function immediately returns 0. Next,
if toCheck is negative, applying property 1 and 3 of the Legendre symbol, we can

calculate (_?1) and save the result to a variable named offset. Otherwise, offset is

set as 1. We, then, apply property 2 of the Legendre symbol to make toCheck less
than modulo. Now, we make a loop that iterates from 1 to modulo — 1. If there
exists a number i in that range such that i? = toCheck (mod modulo), we return
1-offset. Otherwise, after finishing the loop, we return —1-offset
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Function. LegendreSymbol()
Pseudocode
Input. toCheck, the number to check if it is a quadratic residue
modulo, the modulo

Output. Returns 0 if toCheck = 0 (mod modulo) and returns 1 if toCheck is a
quadratic residue modulo modulo, elsewise returns -1.

(1) if toCheck =0 (mod modulo)
2 return 0
if toCheck <0

modulo—1

offset +— —17" =z
else offset + 1
toCheck < |toCheck]
while toCheck > modulo
toCheck < toCheck mod modulo
for i < 1 to modulo
if i2 = toCheck (mod modulo)
return 1-offset
return —1-offset

e~ W
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C++ Implementation

int LegendreSymbol(int toCheck, int modulo){
if (toCheck % modulo == 0) return O;
int offset = (toCheck < 0) ? (dint)(pow(-1, (modulo - 1) / 2)) : 1;
toCheck = aflag(toCheck);
while (toCheck > modulo){
toCheck %= modulo;
}

for(int i = 1; i < modulo; ++i){
if((i * i) % modulo == toCheck) return 1 * offset;
}

return -1 * offset;

Next, we only need to to write the Legendre theorem function. We will name it
LegendreCheck.
Function. LegendreCheck()
Pseudocode
Output. return true if —bc is a quadratic residue modulo |a|, —ab is a quadratic
residue modulo |c| and —ac is a quadratic residue modulo |b|. Otherwise, return
false.

(1) bool ans

(2) temp <« LegendreSymbol(—b * c, abs(a))

(3) ans + temp =0 or temp = 1
(4) temp < LegendreSymbol(—a * b, abs(c))
(5) ans <+ (temp =0 or temp = 1) and ans
(6) temp <« LegendreSymbol(—a * ¢, abs(b))
(7) ans < temp =0 or temp = 1 and ans
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(8) reuturn ans

C++ Implementation

bool LegendreCheck(){
int temp = LegendreSymbol(-b * c, abs(a));
bool ans = (temp == 0 || temp == 1);
temp = LegendreSymbol(-a * b, abs(c));
ans &= (temp == [l temp == 1);
temp = LegendreSymbol(-a * c, abs(b));
return (ans & ((temp == 0 || temp == 1)));

Sample Program Run

We now add a few print functions to the code and try running two inputs in order
to test our program.

Input 1

Input.

a=1

b=1

c =-3

Output.

Legendre Theorem Check

-bc is a quadratic residue modulo |al

-ab is not a quadratic residue modulo |c]|

-ac is a quadratic residue modulo |bl|

There is no nontrivial integral solution to f(x, y, z)

I
o

Hasse-Minkowski Theorem Check
There is no 3-focused solution
There is no nontrivial integral solution to f(x, y, z)

I
o

Input 2
Input.

a=-7
b = 15
c =13
Output.

Legendre Theorem Check

-bc is a quadratic residue modulo |al

-ab is a quadratic residue modulo |c]

-ac is a quadratic residue modulo |Db]|

There are nontrivial integral solutioms to f(x, y, z) =0

Hasse-Minkowski Theorem Check

There is a 3-focused solution: x =1, y =0 1
There is a 5-focused solution: x =1, y =0, z = 2
There is a 7-focused solution: x = 0, y 1, 1
There is a 13-focused solution: x =1, y =6, z =0



There are nontrivial integral solutions to f(x, y, z) =0

We can see that in both cases the result is the same as the Legendre theorem
and the Hasse-Minkowski theorem. We can also modify the program or add more
functions depending on the task we intend to apply them to.

6. CONCLUSION

We have proved two Hasse-Minkowski theorems which facilitate the problem of
determining the integral solvability of quadratic forms. After the Hasse-Minkowski
theorem, in the binary form, we could find a prime p which f(z,y) = 0 (mod p)
does not have a solution (z,y) both not divisible by p to show that f(z,y) = 0 does
not have nontrivial integral solutions. In the ternary form, the Hasse-Minkowski
theorem reduces the problem to determining if there is a p-focused solution to the
congruence f(z,y,z) =0 (mod p), which p is finite. The crux of this paper is the
introduction of a complete program implementing the Hasse-Minkowski theorems
and Legendre theorem with some supporting functions like the Eratosthenes sieve
and the Legendre symbol.
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