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1. Introduction
Let (My,g1) and (M, g>) be Riemannian manifolds and ¢ : (M}, g1) — (M>,g2) be a smooth map. The equation

L(o) |do [* 0,

=5 .
gives the critical points of energy functional The Euler-Lagrange equation of the energy functional gives the harmonic equation defined by
vanishing of

7(0) =traceVdo,

where 7(0) is called the tension field of the map ©.
Biharmonic maps between Riemannian manifolds were studied in [1]. Biharmonic maps between Riemannian manifolds y : (My,g1) —
(M>, g>) are the critical points of the bienergy functional

1

Ly(o) = 2 )y
1

‘ T(G) ‘2 1-981'

In [2], G.Y. Jiang derived the variations of bienergy formulas and showed that

—J°(z(0))
= —At(¥)—traceR" (do,1(0))do,

(o)

where J€ is the Jacobi operator of 6. The equation 7, () = 0 is called biharmonic equation.
Interpolating sesqui-harmonic maps were studied by Branding [3]. The author defined an action functional for maps between Riemannian
manifolds that interpolated between the actions for harmonic and biharmonic maps. W is interpolating sesqui-harmonic if it is critical point

of 5,5, (¥),
]LSMSZ(‘P) =0 /M |d‘P‘2Vg1 +82/M ‘T(‘P)|2Vgl, (L.1)
1 1

where 61,8, € R [3].
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For 61,8, € R the equation
75,5, (¥) = %0 (¥) — 817(¥) =0, (1.2)

is the interpolating sesqui-harmonic map equation [3].

An interpolating sesqui-harmonic map is biminimal if variations of (1.1) that are normal to the image W(M;) C M, and 8, = 1, 6; > 0 [4].
In a 3-dimensional sphere, interpolating sesqui-harmonic curves were studied in [3]. Interpolating sesqui-harmonic Legendre curves in
Sasakian space forms were characterized in [5]. Recently, Yiiksel Perktag et all. introduced biharmonic and biminimal Legendre curves
in 3-dimensional f-Kenmotsu manifold [6]. Moreover, spacelike and timelike curves characterized in a four dimensional manifold to be
proper biharmonic in [7]. Motivated by the above studies, in this paper, we examine interpolating sesqui-harmonic curves in 4-dimensional
LP-Sasakian manifold.

2. Preliminaries

2.1. Lorentzian almost paracontact manifolds

Let M be an n-dimensional differentiable manifold equipped with a structure (¢,&,n), where ¢ is a (1,1)-tensor field, £ is a vector field, n
is a 1-form on M such that [8]

0>=1d+n®, 2.0

n(¢) =-1. (2.2)

Also, we have

Nno¢p=0, ¢{=0, rank(¢)=n—1.

If M admits a Lorentzian metric g, such that

g(OV.oW) =g(V.W)+n(V)n(W), (2.3)

then M is said to admit a Lorentzian almost paracontact structure (¢,£,1,g).

The manifold M endowed with a Lorentzian almost paracontact structure (¢, &,1,g) is called a Lorentzian almost paracontact manifold [8,9].
In equations (2.1) and (2.2) if we replace { by —&, we obtain an almost paracontact structure on M defined by L. Sato [10].

A Lorentzian almost paracontact manifold (M, ¢,{,n,g) is called a Lorentzian para-Sasakian manifold [8] if

(Vo)W =g(V,W)E+n(W)V +2n(V)n(W)E. 2.4)

It is well konown that, conformal curvature tensor € is given by

CVW)Z = RV,W)Z- n]fz{ SW,Z)V —S(V,Z)W +g(W,Z)V —g(V,Z)OW }+< ){g(W,Z)Vfg(V,Z)W},

’
(n—1)(n—2)
where S is the Ricci tensor and r is the scalar curvature. If C = 0, then Lorentzian para-Sasakian manifold is called conformally flat.
Also, quasi conformal curvature tensor C is defined by

C(V,\W)Z = aR(V,W)Z-p { SW.Z)V—-S(V,Z)W +g(W,Z)QV —g(V,Z)OW } — (% (ﬁ +2ﬁ)) {gW,Z)V —g(V,Z)W},
where o, B constants such that a8 # 0. If € = 0, then Lorentzian para-Sasakian manifold is called quasi conformally flat.

A conformally flat and quasi conformally flat LP-Sasakian manifold M" (n > 3) is of constant curvature 1 and also a LP-Sasakian manifold
is locally isometric to a Lorentzian unit sphere if the relation R(V,W)-C = 0 holds [11]. For a conformally symmetric Riemannian
manifold [12], we have VC = 0. So, for a conformally symmetric space R(V,W)-C = 0 satisfies. Therefore a conformally symmetric
LP-Sasakian manifold is locally isometric to a Lorentzian unit sphere [11].

In this case, for conformally flat, quasi conformally flat and conformally symmetric LP-Sasakian manifold M, for every V,W,Z € TM [11],
we have

R(V,W)Z = g(W,Z)V —g(V,Z)W. 2.5)

3. Main results

In this section, we give our main results about interpolating sesqui-harmonic curves in a conformally flat, quasi conformally flat and
conformally symmetric LP-Sasakian manifold M. From now on, we will consider such a manifold as M.

Theorem 3.1. Let M be a 4-dimensional LP-Sasakian manifold and 7y : 1 — M be a curve parametrized by arclength s with {t,n,by, b}
orthonormal Frenet frame such that first binormal vector by is timelike. Then y is a interpolating sesqui-harmonic curve if and only if either

i) Vis a circle with p; = \/,7%

or
ii) v is a helix with pl2 — p22 —1— %

1)
where El <1
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Proof. Let M be a four-dimensional LP-Sasakian manifold and 7 be a parametrized curve on M. If the first binormal vector b; of {t,n,b1,by}
orthonormal Frenet frame is a timelike vector, then the Frenet equations of the curve y given as

Vit 0O pr 0 O t
Vin _| —m 0 pp O n 3.1
Vib) 0 p» 0 p3 b '
Viby 0 0 p3 O by
where py, pa, p3 are respectively the first, the second and the third curvature of the curve y [13].
By using (3.1) and equation (2.5), we obtain
th =pin,
ViVit = —pit+pin+pipaby,
ViViVit = =(3p1p))t+(p —pi +p1p3)n+ (212 +p1p5)b1 + (P1p2p3)b2,
and
R(t,Vit)t = —pn.
Considering above equations in (1.2), we have
" 3 2
—p;+ +
5.5 (¥) = —(3P1Pf)52f+{ (P1'—Pi _511512 % }"+ (2p1p2 + P1P5) 6261 + (P1P2P3) 2 b2
Thus, 7 is a interpolating sesqui-harmonic curve if and only if
p1 =const. >0  py = const.
O
pap3 =0.
So, we get the proof. O

Theorem 3.2. Let M be a 4-dimensional LP-Sasakian manifold and y : I — M be a curve parametrized by arclength s with {t,n,by,by}
orthonormal Frenet frame such that second binormal vector b is timelike. Then v is a interpolating sesqui-harmonic curve if and only if
either

i) yisacircle with py = 4/1— % i
or 2

ii) v is a helix with p? +p3 =1 — %
where % <1.

Proof. Let M be a four-dimensional LP-Sasakian manifold and y be a parametrized curve on M. If the vector b, of {t,n,by,b} orthonormal
Frenet frame is a timelike vector, then the Frenet equations of the curve 7y given as

Vit 0 p 0 O t
Vin -1 0 pp O n

= 3.2
Viby 0 —-po 0 p3 by -2)
V:b;y 0 0 pP3 0 by

where py, p2, p3 are respectively the first, the second and the third curvature of the curve [13].
From (3.2) and (2.5), we get

Vit = p1n,
V,Vit = —pit+pin+pipaby,

ViViVit = =(3p1p))t+(p = p7 — p1p3)n+ (201 02+ P1p3)b1 + (P192p3)b2,
and
R(t,Vit)t = —pyn.

Considering above equations in (1.2), we have

" A3 2
T5.5(¥) = f(3p1pi)521+{ (i p‘f,fl‘gﬁpl)ﬁz }n+(2p{pz+plpé)5zb1+(plpzp3)5zbz.
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In this case, 7y is a interpolating sesqui-harmonic curve if and only if
p1 =const. >0  py = const.
6
2., .2 1
pi+py=1- 5
p2p3 =0.
This equation proves our assertion. O

Theorem 3.3. Let M be a 4-dimensional LP-Sasakian manifold and y : I — M be a curve parametrized by arclength s with {t,n,by,by}

orthonormal Frenet frame such that binormal vector by is null. Then Yy is a interpolating sesqui-harmonic curve if and only if either

i)plzw/lf% and

and
if) ps = 0 or [In|pa(s) = — J pa(s)ds.

Proof. Let M be a four-dimensional LP-Sasakian manifold and 7 be a parametrized curve on M. If the first binormal vector b; of {t,n,b1,by}

orthonormal Frenet frame is a null(lightlike) vector, then the Frenet equations of the curve y given as

Vit 0 p 0 0O t
Vin | _ | =p1 0 p 0 n
V;bl o 0 0 P3 0 by
Vb, 0 po 0 —p3 by

where py, p2, p3 are respectively the first, the second and the third curvature of the curve [13].
By use of (3.3) and equation (2.5), we have

Vtt =pin,
VVit = —p?t+pin+pipaby,

ViViVit = —=(3p1p})i+(p = p7 +pi)n+ (201 P2+ p1p3)b1 + (P1P2P3)b2,
and
R(t,Vit)t = —pn.

In view of (1.2), we arrive at

" __ A3
T5.5(¥) = —(3p1p{)52t+{ (Py—Pi+P1)32 }n+(2pipz+p1pé)8zb1+(p1pzp3)6zbz.

—p161

Thus, 7 is a interpolating sesqui-harmonic curve if and only if

pipy =0
a3 — 018 =
(P1 —Pi +pP1)02—p16 =0,

2p1P2+p1P3 +P1p2p3 = 0.

If we consider non-geodesic solution, we obtain

J
— 1_77

P1 5
P2+ p2p3 =0,

o
where 5 < 1.

(3.3)

O

Theorem 3.4. Let M be a 4-dimensional LP-Sasakian manifold and 7y : 1 — M be a curve parametrized by arclength s with {t,n,by, by}

orthonormal Frenet frame such that normal vector n is timelike. Then 7 is a interpolating sesqui-harmonic curve if and only if either

i) vis a circle with p; = \/%7_

or
ii) v is a helix with pl2 +p22 = % —

1)
where El > 1.
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Proof. Let M be a four-dimensional LP-Sasakian manifold and y be a parametrized curve on M. If the normal vector n of {t,n,b1,by}
orthonormal Frenet frame is a timelike vector, then the Frenet equations of the curve y given as

Vit 0 pi 0 0 t
Vin pr 0 p 0 n
= 34

Vb, 0 po 0 p3 by G4

V:iby 0 0 -—-p3 O by
where py, p2, p3 are respectively the first, the second and the third curvature of the curve [13].
By using (3.4) and equation (2.5), we obtain

Vit = pin,
V,Vit = —p}t+pin+pipabi,
ViViVit = =(3pip))t+ (P +p7 + P13 +p1)n+ (201 P2+ P1py)b1 + (P1p2p3)b2,
and
R(t,Vit)t = —pn.
Considering above equations in (1.2), we have
”" 3 2
—pi +pIk3+
5.5 (¥) = —(3p1p))6at+ { (P1—Pi _511512 % }ﬂ+ (2p1 P2+ p1P5) &bt + (P1p2p3) 82D
Thus, 7 is a interpolating sesqui-harmonic curve if and only if
p1 =const. >0  py = const.
01
p2p3 =0.

So, we get the proof. O

4. Conclusion

In this paper we charaecterized spacelike curves to be Sesqui-harmonic curves in LP-Sasakian manifolds. We gave four theorems about these
curves. These theorems showed that if we change the vector fields of the Frenet frame {¢,n,b1,b, }, then the equation of Sesqui-harmonic
curves change. So, we introduced four different spacelike Sesqui-harmonic curves in this manner.
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Ig(“ ) (M,A) in the intuitionistic fuzzy normed linear spaces. We also investigate some
topological properties of these spaces.

Introduction

Fuzzy set theory firstly defined by Zadeh [39] has been applied many fields of engineering such as in non-linear dynamic systems [10] ,
in the population dynamics [5], in the quantum physics [27], but also in various fields of mathematics such as in metric and topological
spaces [7,9,12], in the theory of functions [11,38] , in the approximation theory [4]. Fuzzy topology plays an essential role in fuzzy theory. It
deals with such conditions where the classical theories break down. The intuitionistic fuzzy normed space and intuitionistic fuzzy n-normed
space which were investigated in [32] and [36] are the most important improvements in fuzzy topology. In the last years, the concepts of
intuitionistic fuzzy I-convergent difference sequence spaces and intuitionistic fuzzy I-convergent difference double sequence spaces have
been studied in [21]- [?] and [23]- [24], respectively.

The concept of statistical convergence was given by Steinhaus [34] and Fast [8] using the definition of density of the set of natural numbers.
Many years later, statistical convergence was discussed by many researchers in the theory of Fourier analysis, ergodic theory and number
theory. Some statistical convergence types were studied in [1]- [3] and [29]. As an extended definition of statistical convergence, definition
of I-convergence was introduced by Kostyrko, Salat and Wilczynski [26] by using the idea of I of subsets of the set of natural numbers.
I-convergence of double sequences x = (x;;) has been studied in [30]- [31]. Recently, I- and I*- convergence of double sequences have been
studied by Das et. al [6]. Also, related studies can be found in [13]- [17].

Some new sequence spaces were introduced by means of various matrix transformations in [18], [19], [28] and [35]. Kizmaz [25] defined the
difference sequence spaces with the difference matrix as follows:

XA)={x=(x) co:AxeX}

for X = lw, ¢, ¢, where Ax; = x; —x;1 and A denotes the difference matrix A = (A,;) defined by

Ao (=) %, if n<k<n+1,
k= 0, f0<k<n.

Email addresses: e.burdurlu87 @gmail.com, (E. Kamber), scaylan @sakarya.edu.tr, (S. Altundag)
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In this paper, we introduce difference double sequence spaces I, *:?)(M,A) and Ig(“ ’v)(M ,A) in the intuitionistic fuzzy normed linear
spaces. We also investigate some topological properties of these new spaces.

Basic definitions
In this section, we give some definitions and notations which will be used for this study.

Definition 2.1. ( [33]) A binary operation x : [0,1] x [0,1] — [0, 1] is said to be a continuous ¢-norm if it satisfies the following con-
ditions:

(i) = is associative and commutative,
(i) * is continuous,
(ili) ax1=aforalla € [0,1],
(iv) axb < cxd whenever a < cand b <d foreacha, b, c,d € [0,1].

Definition 2.2. ( [33]) A binary operation o : [0,1] x [0,1] — [0, 1] is said to be a continuous 7-conorm if it satisfies the following conditions:

(i) ois associative and commutative,
(ii) o is continuous,
(iii) ao0O=aforalla € [0,1],
(iv) aob < cod whenever a < cand b <d foreacha, b, ¢,d € [0,1].

Definition 2.3. ( [32]) The five-tuple (X, i, v,*,0) is said to be intuitionistic fuzzy normed linear space (or shortly IFNLS) is where X is a
linear space over a field F, * is a continuous 7-norm, o is a continuous 7-conorm, {, v are fuzzy sets on X x (0,0), t denotes the degree of
membership and v denotes the degree of nonmembership of (x,7) € X x (0,00) satisfying the following conditions for every x,y € X and
s,t > 0:

(xi) v(x,t)ov(y,s) >V (x+ys+1),
(xii) v (x,.):(0,00) — [0, 1] is continuous,
(xiii)  lim v (x,#) =0 and lim v (x,7) = 1.
t— t—0

®) v(ax,f) =0 (M%‘) if o #0,
(

oo

In this case (1, v) is called intuitionistic fuzzy norm.

Example 2.1. ( [32]) Let(X,||.||) be a normed space, and let ab = ab and aob = min{a+b,1} for all a,b € [0,1]. For all x € X
and every ¢ > 0, consider

w(x,t):= m and v (x,t) 1= AT

Then (X, U, v,*,0) is an IFNLS.

Definition 2.4. ( [32]) Let (X, i, v,%,0) be an IFNLS. For ¢ > 0, the open ball By(r,¢) with center x € X and radius r € (0,1) is de-
fined as

Bi(rt)={yeX:pux—yt)>1—rand v(x—y1) <r}

Definition 2.5.( [26]) If X is a non-empty set, then a family of sets I C P(X) is called an ideal in X if and only if

1) 0el,
(ii) A,B € I implies that AUB € I, and
(iii) foreachA€land BC Awehave Bel,

where P(X) is the power set of X.

Definition 2.6.( [26]) If X is a non-empty set, then a non-empty family of sets F C P(X) is called a filter on X if and only if
(i) 0¢F,
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(i1) A,B € F implies that ANB € F, and
(iii) foreachA € F and A C B, we have BE€ F.

An ideal ] is called non-trivial if / # @ and X ¢ I. A non-trivial ideal I C P(X) is called an admissible ideal in X if and only if it contains all
singletons, i.e., if it contains {{x} : x € X }.
A relation between the concepts of an ideal and a filter is given by the following proposition.

Proposition 2.1. ( [26]) Let I C P(X) be a non-trivial ideal. Then the class F = F(I) ={M CN: M =X —A, for some A €I} is a
filter on X. F = F(I) is called the filter associated with the ideal /.

Definition 2.7 ( [30]) Let I, be a non-trivial ideal of N x N and (X, p,v,*,0) be an IFNLS. A double sequence x = (x;;) of elements of X is
said to be I,-convergent to L € X with respect to the intuitionistic fuzzy linear norm (i, v) if, for every € > 0 and ¢ > 0, the set

{6, J)) ENXN:p(xij—Lit) <1—¢ orv(xij—L1)>e} €h.

[éuﬁv)

In this case, we write —limx=L.

Definition 2.9. ( [20]) An Orlicz function is a function M : [0,e0) — [0, ) which is continuous, non-decreasing and convex with M(0) =0,
M(x) > 0 for x > 0 and M(x) — oo as x — oo. If the convexity of Orlicz function M is replaced by M(x+y) < M(x+y)+ M(y), then this
function is called modulus function.

Remark 2.1. ( [20]) If M is an Orlicz function, then M(Ax) < AM(x) forall A with0 < A < 1.

Main results

In this paper, we introduce a variant of ideal convergent difference double sequence spaces in the intuitionistic fuzzy normed linear spaces.
We also investigate some topological properties of these new spaces.
Let w; be the space of all double sequences in the intuitionistic fuzzy normed linear spaces. We define the following sequence spaces:

B (,4) =

1 (Axij—L7) v (Axij —L,t)

{(xij)ewz:{(i,j)eNxN:M( )<1—¢€ or M( )>€}€Iz}

and

B (1,4) =

Axij,t U (Ax;j,t
{(xij) €wn: {(i,j) eNxN:M(%) <l—¢€or M(%) > e} €h}.
Theorem 3.1. The spaces I, *:*) (M, A) and B (1.0) (M, A) are linear spaces.

Proof. We prove the result for I,(“:?) (M, A). Similarly, it can be proved for Ig<“’v>(M,A). Let (x;5), (vij) € L) (M, A) and a, B
be scalars. The proof is trivial for @ =0 and f = 0. Let o« # 0 and 8 # 0. For a given € > 0, choose s > O such that (1 —€)* (1 —€) > 1—s
and € o € < s. Hence, we have

A1 ={(i,j))ENXN:M 5 y<l—gor M ; y>epch,
N  (Avy =L, o) v (A~ L1, 5fg)

Ay = (z,J)GNxN:M(f)Sl—EorM(f)ZS €b,

. (A =L 5i7) v (&x;~Li. otz )

AS = (l,])eNxN:M(f)>178and M(f)<s € F(h),

and
. (A= L1, 5fy)) v (Axy~ L1, o)
AS={(i,))eNxN:M(———— ) )>1—gand M(—— L) <ey e F(b).

P p

Let define the set A3 = A; UA;. Hence A3 € b. It follows that A§ is a non-empty set in F (). We will prove that for every (x;;), (vi;) €
L") (M, A),

a5 {(i,j) e N x N gt Bl (Ol L0 ) o

and M(D((a.Ax,;,'Jrﬁ-A)’t,f)*(‘x-l‘l+ﬁ'1‘2)’t>) < s}.

o
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Let (m,n) € A§. In this case,

u (Axmn_Ll:ﬁ) v (Axrnn_Lhﬁ)
M( )>1—¢ and M( ) <€,

P P

and

)< €

u (Aymn _L27ﬁ> ) ~1—¢ and M(v <Aymn_L27ﬁ)

M
( P P

Then

,U((a~Axmn +B'Ay"m) - (a~L1 “'ﬁ'LZ)vl)
p

M( )
y((x.Axmnfa.L],t/z))*M(u(B.Aym,, fﬁ.Lz,t/Z))

> M(
P P

T NI

= ’ ) M( 5 )>(l—g)x(l—g)>1—s
and
M( V(0. Axpn + B.Aymn) — (0t.Ly +[3.L2),t))
p
SA/[(v(ot.Ax,,mfoc.Ll,t/z))OA/[(U([S'.Ay,,mfﬁ.Lz,t/Z))
p p
:M(D <Axmn7Lhﬁ> )oM(v (Aymn 7L2’ﬁ) ) <€goe<s.

p p
This proves that

u((o-Axij+B-Ayij)— (oL +B.La) t)

Agc{(z;j)ezva:M( ) )>1—s
and M(v((oc.Ax,ﬁLB.Ay,jgf(a.Ll+ﬁ.L2).t)) - s}‘

Hence 12(“’“)(M,A) is a linear space.
Theorem 3.2. Every closed ball BS(r,1)(M) is an open set in I (#:2) (M, A).
Proof. Let B, (r,1)(M) be an open ball with centre x € I, -Y) (M, A) and radius r € (0,1) with respect to 7, i.e.

By(r)(M) = {y € L") (M,4):

Avii— Ayt Axj; — Ayt
(Lj)ENxNzM(M)Sl,, OrM(‘u(”y”))Zr} €h}.

) Ax — Ay, t Ax — Ayt

LetyeB§(r,t)(M).SoM(¥) 1= and m( XA ANy
Ax — Ay,t Ax — Ay, 1 Ax — Ay, 1
Since M(M) > 1 —r, there exists #y € (0,¢) such thatM(u) > 1—randM(u) <r
Ax — Ay, 1,

Let rp = M(u)- Since ryp > 1 — r, there exists s € (0,1) such that rp > 1 —s > 1 —r and so there exists ry,7, € (0,1) such that

p
roxrp >1—sand (1 —rp)o(l—rp) <s.
Let r3 = max{ri,r2}. Then 1 —s <rgxry <rgxrzand (1 —rg)o(1—r3) < (1—rp)o(1—rp) <s.

Consider the closed balls B(1 —r3,t —to)(M) and Bg(r,¢)(M). We prove that B (1 —r3,t —19)(M) C By(r,t)(M). Let z € By(1 —r3,t —
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(:u(AyiAZJ*tO)) D(AyiAZJ*tO)

10)(M). Then M > r3 and M( ) < 1—r3. Hence

[,L(AfoZ./[)) >M(M(AX*A}GIO))*M(ﬂ(Ay*AZJ*to))

M( P > P >rogxr3 >rgkr > 1—s>1—r,
and
M(D(AX;AZ,I)) SM(v(Ax;)Ay,zO))oM(v(Ayfﬁz,t—to))

<(l=rg)o(l—r3)<s<r
Thus z € BS(r,1)(M) and it proves that B§(1 —r3,t —to)(M) C Bg(r,1)(M).
Remark 3.1. It is clear that I,(*:?) (M, A) is an IFNLS. Define

V) (M, A) = {A C L) (M, A)
foreachx € A, there existt >0 and r € (0,1) such that B$(r,t)(M) C A}.

Then 7,(#:?) (M, A) is a topology on I, #:2) (M, A).
Theorem 3.3. The topology 7,(*:?) (M, A) on Ig(ﬂ’v) (M, A) is first countable.

Proof. It is clear that {B;(%, %)(M) :n € N} is a local base at x € I,(*"*)(M,A). Then, the topology 7,#¥)(M,A) on Ig(“"u)(M,A)
is first countable.

Theorem 3.4. I, (V) (M, A) and Ig(”’m(M,A) are Hausdorff spaces.

,Ll(AX*Ay,l) U(AfoZat)

Proof. Let x,y € I,(*:?) (M, A) such that x # y. Then 0 < M( )<1land0< M(

) < L.

B (Ax—Ay,1) v (Ax—Ay,1)

Define ry,rp and r such that r;y = M(

),I’z:M(

exist 3 and r4 such that r3 xr4 > rg and (1 —r3) o (1 —rg) < (1 —rp).

) and r = max{r;,1 — rp}. Then for each ry € (r,1) there

Let rs = max{r3, (1 —ry)} and consider the closed balls B{(1 —rs, 5)(M) and Bj(1 —rs, 5)(M). Then, clearly B{(1 —rs, 5)(M) N Bj(1 —
r57%)(M) =0.
Suppose that z € B{(1 —rs, 5)(M) N B5(1—rs, 5)(M). So,

[.L(Afoy,l)) ZM([J.(AX*AZ,t/Z))*M([.l(AyfAZJ/z)
P P P
>r5%rs >r3%ry > rg>rand

rp=M(

)

v(Ax—Ay,t)) S]VI(v(Ax—AzJ/Z))OM(D(Ay—Az,t/Z)
p p p
<(l—=rs)o(l—r5)<(1=r3)o(1—ry) <(1—rp)<1—r,

r ZM(

)

which is a contradiction. Hence I, (*:?) (M, A) is a Hausdorff space.

Theorem 3.5. Let I,(*:Y) (M, A) be an IFNLS, 7,(#:) (M, A) be a topology on I, (*:?) (M, A) and (xi;) be a sequence in LY (M, A). Then
. . o . . . 1 (Ax;j — Axo,1)
a sequence (x;;) is A-convergent to Axp with respect to the intuitionistic fuzzy linear norm (u,v) if and only if M(———%) —> 1

and pr( (A% —A%0.1)

) —>0asi,j—> oo
Proof. Let By, (r,)(M) be an open ball with centre xo € I»#-?) (M, A) and radius r € (0, 1) with respect to , i.e.

By, (1) (M) = {(xij) € L) (M, A) -

{(ﬂj)eNXN:M('LWAM)SI—r orM(M

5 5 )Zr}€12}~

Suppose (x;;) is A-convergent to Axy with respect to the intuitionistic fuzzy linear norm (u,v). Then for » € (0,1) and ¢ > 0, there
exists kg € N such that (x;;) € By (r,t)(M) for all i, j > ko. Thus,

{(zpj) eNxN:M(M) S1-r andM(M) <r} e F(h).
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1 (Axij — Axo, 1) v (Axij — Axo, 1) 1 (Ax;j — Axo,1)

p

So 1—M( 0 (Avij — Avo,1)

Oasi,j—> oo.

) <rand M( ) <rforalli, j>kg. Then M( ) — Land M(

)—

Conversely, if for each r > 0,

 (Axij — Axo, 1) v (Axij — Axg, 1) 1 (Axjj — Axo,t)

p
) < rforall i,j > ky. Hence

M( ) — land M( ) —>0asi, j —> co. Then for r € (0,1), there exists kg € N such that 1 —M(

K (A — Aoy 1) v (Axij — Axo,1)
P p

)<

rand M( ) < rforall i,j > ko. So, M(

el Gl B UL (Axij;AxO’t) )>1—rand M(

(xij) € BS, (r,t)(M) for all i, j > ko. This proves that a sequence (x;;) is A-convergent to Axy with respect to the intuitionistic fuzzy linear
norm (i, V).
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1. Introduction and Preliminaries

Main and earlier result of fixed point theory is the Banach contraction principle which guarantees existence and uniqueness of fixed point. It
was proved in complete metric spaces by Banach in 1922. Banach contraction principle was applied as a important method in mathematics
and other sciences. Some problems of Mathematics and other sciences didn’t solve using Banach contraction principle. Thus, more general
fixed point theorems be needed. Some of these theorems were gived in more general spaces of metric spaces, some of them were gived by
new contaction mappings which are more general than Banach contraction principle. b—metric spaces was introduced by Bakhtin [3] and
Czerwik [8] as a generalizations of metric spaces. They proved the contraction mapping principle in b-metric spaces. Recently, Kamran [11]
introduced extended b-metric spaces using the idea of b-metric spaces as a new type of generalized metric space and they proved some fixed
point theorems on this space. Also some generalized fixed point theorems proved in extended b-metric spaces [1,2,6,7,9, 10, 12-14].

In this work, we define almost contraction in extended b-metric spaces which was defined in metric spaces by Berinde [4,5]. And we prove
fixed point theorems for mappings satisfying these type contractions.

Definition 1.1. [71] Let X be a nonempty set and 0 : X x X — [1,00) be a mapping. A function dg : X x X — [0,00) is called extended
b-metric if it satisfies, for all x,y,z € X

(dg1) dg (x,y) =0 if and only if x =y,
(dg2) dg (x,y) =dg (y,x),
(dg3) dg (x,y) < 0 (x,y)[dg (x,2) +dg (z,y)].

In this case, the pair (X ,dg) is called extended b-metric space, in short extended-bMS.

Example 1.2. [1]1]Let X = {1,2,3}and 0 : X x X — [1,0), 0 (x,y) = 1 +x+y. Define dg : X x X — [0,00) as

dg(x,y) = 0 forx=y
dg(1,2) = 80, dg(1,3)=1000, dg(2,3)=600.

Then, (X,dg) is an extended-bMS.

Email addresses and ORCID numbers: vildan.ozturk @hbv.edu.tr, 0000-0001-5825-2030 (V. Oztiirk),
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Example 1.3. [/]LetX =[0,1]and 6 : X x X — [1,00)

0(x,y) = )%_;1 for x,y € (0,1]
0(x,y) = 1, forx,y=0

Define dg : X x X — [0,00) as
doxy) = = forxye (0.1 v,
dg (x,y) = 0 forx,ye[0,1], x=y,
dg (x,0) = % forx e (0,1].

Then, (X,dg) is an extended-bMS.

Definition 1.4. [11] Let (X,dg) be an extended-bMS.
(i) A sequence {x,} in X is said to converge to x € X , if for every € > 0, there exists N = N (&) € N such that dg (x,,x) < € foralln > N. In
this case, we write

lim x, = x.
n—yo0

(ii) A sequence {x,} in X is said to be Cauchy if for every € > 0, there exists N = N (€) € N such that dg (xn,xm) < € for all n,m > N.
(iii) (X,dg) is said to be complete if every Cauchy sequence in X is convergent.

Let (X,dg) be extended-bMS. If dy is continuous, then every convergent sequence has a unique limit.

2. Fixed point theorems

Theorem 2.1. Let (X,dg) be a complete extended-bMS and f,g : X — X be two self mappings satisfying
dg (fx,8y) < 6M (x,y) + LN (x,y) 2.1

Sorall x,y € X, where 8 € [0,1) and L > 0 such that for each xo € X, limy, 00 0 (xn, %) < % With xpp11 = fxon and xpp42 = gXon+1 for
n>1and

M(xay) = rnax{de (x’y) ,dg (xvfx) ,dg (yagy)}

N (x,y) =min{dg (x, fx) ,dg (v,8y) ,dp (x,8Y) .dg (. fx)} -
Then f and g have a unique fixed point.

Proof. Let x( be an arbitrary point in X. Define the sequence {x, } in X as xp,1 = fxp, and x,,12 = gxp,,+1 for n > 1. Suppose that there
is some n > 1 such that x,, = x,,4 1. If n = 2k, then xp; = x4+ and from (2.1),

dg (Xok+1,%2%42) = do (fxok, 8%k 41) < OM (Xop, X0 11) + LN (X0, X2k 41)

where
M (xap,x0611) = max{dg (Xor,%2k11) ,de X2k, fX2k)  do (X2k41,8%2k+1) }
= max{dg (o5, X2k41) ,do (X2k,%2k+1) »do (¥2ks1,%2%12) }
= max{0,0,dq (xoxt1,X%+2)}
and
N (%o, X0+1) = min{dg (xor, fxor) ,do (Xors1,8%%41) »do (Xox, 8%2k41) s do (Xorg1, fxok) }
= min{dg (Xok,%2%+1) ,deo (Xok+1,%2k+2) »do (X2k, X2k42) ;do (Xopt1,%2k+1) }
= 0

Thus, we have

dg (Xopt1:X2k42) < 8dg (Xopt1:X2k+2)

which is a contradiction with § € [0,1) . Therefore xz | = x4 2. Hence, we have xo; = xp511 = Xox1 2. It means that xp; = fxo; = gxog,i.e.
Xy is a common fixed point of f and g.

If n =2k + 1, then using same arguments, it can be shown that x5z is a common fixed point of f and g.

Now, suppose x, # x,41 foralln > 1.

dg (X2n11,X2n+2) = do (fXon,8%2n11) < OM (X24,X2n41) + LN (X2, X2, 41) 22

where
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M (x2p,%0041) = max{dg (x2n,X24+1),de (X2n, fX2n) ,do (X2n41,8%2n41)}
= max{dg (x2n,%n+1) ,do (X2n,%20+1) ,dg (X241, X2042) }
= max{dg (x2n,X20+1),do (X2n11,%2n42) }

and
N (x2n,X041) = min{dg (x2n,fx2),dg (X2n+1,8%2n+1) ,de (X21,8%20+1) ,do (X2n+1, fX2n) }
= min{dg (x20,%0+1) ,d (¥2n+1,X20+2) ,do (X20,X2042) ,0}
= 0.

If M (x2,,%0n+1) = dg (X2n+1,%20+2), then by (2.2)
do (Xant1,X2n+2) < 8dg (X2n11,%20+2)
which is a contradiction. Thus M (x,,,X2,+1) = dg (X241, X25+1) and from (2.2)
do (xan+1,X2n+2) < Odg (Xan, Xont1) -
Similarly it can be proved that
de (Xan+3:X2n+2) < O8dg (Xan12,%2n+1) -
So,
dg (xpt1,%n) < 8dg (x,xn—1) < 8"dg (x1,%0)

foralln > 1.
We show that {x, } is a Cauchy sequence. For all p > 1,

dg (xnvanrp) < 0 (xnaxn+p) [de (Xn,Xng1) +dg (xn-H 7xn+p)]
< 6 <x11,xn+p) [6"dg (x0,x1) +dg (xn-H 7xn+p)]
< 0 (xn7xn+p) 0"dg (x0,x1)+ 6 (xn7xn+p) 0 (er-l 7xn+p) 5n+1d6 (x0,x1)

+...+06 (xmanrp) .0 (anrpflvanrp) 5n+P71d6 (x0,%1)
n+p—1 i
= do(vox1) Y, 8TIO(wnsjirnep).
~ e
The last inequality is dominated by
n+p—1 i n+p 1

Z S’HG XntjrXntp) Z 5’><H6 Xj Xngp) -

i _

By the ratio test, the seriesy;  S; where S; = &' [] 6 (xj,x4,) converges to some z € (0, o) . Indeed, lim;_c. S'Sf‘ =1imj_00 80 (X7, Xj1p) <
j=1 '

1.

o o
Thus, we have a =Y, 8" [ 0 (x;,xn4p) with the partial sum a, = ¥, 6" T 0 (x;,Xntp) -
j=1 j=1
Hence, forn <1, p <1 wehave
dg (xn7xn+p) < d"dg (x()7x1) [Sn+p71 _Snfl] . (2.3)

Letting n — oo in (2.3), we conclude that the sequence {x; } is a Cauchy sequence. By completeness of (X,dg), there exists r € X such that
Xy —>Fasn— oo,
Now, we prove that fr = r. By b—rectangular inequality ,

dp (x2n+1,87) = dg (fX2n,87) < M (x24,7) + LN (x24,7)
where

M (x2n,7) = max{dg (x2n, ) ,dp (X2n,%2n+1) ,dg (r,gr)} — dg (r,87) ,
as n — oo and

N (x2,r) = min{d (x2n,X2n+1) ,d (r,gr) ,d (X2, 8r) ,d (r,X2n41) } — 0.
Hence, taking the limit as n — oo, we obtain

dg (r,gr) < 8dg (r,gr)+L.0
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that is fr = r. Hence r is a fixed point of g.
Now, we show r = fr. Suppose r # fr, By (2.1)

dg (fr,r) =dg (fr,gr) < 8M (r,r)+LN (r,r)

where
M(rr) = max{dg(r,r),dg(r,fr),dg(r,gr)}
= max{0,0,dg (r,fr)}
= dg(rgr)
and
N(rr) = min{dg(r,fr),de(r,gr),dg(rgr).dg(r.fr)}

= 0.
Thus, we have
dg (fr,r) < 8dg (fr,7)

which is a contradiction. Thus r = fr.
Now, we show that uniqueness, Suppose r and ¢ are different common fixed points of f and g. By (2.1),

dg (r,t) =dg (fr,gt) < M (r,t)+ LN (r,1) 2.4)
where
M(rt) = max{dg(rt),dg(r fr).dg(t,81)}

= dg(nt)

and
N(rt) = min{dg(rfr),de(t,gt),dg(r.gt).dg(t,fr)}

0.

From (2.4)

dg (1) < 8dg (r;1)
Sody (r,t) =0,ie. r=t.

Example 2.2. Let X =[0,1]and 6 : X x X — [1,00), 0 (x,y) = 1 +x+Y. Define dg : X x X — [0,00) such that dg (x,y) = (x—y)2 with for
allx,y e X. Let f,g: X — X be defined as

F@=3 s="

Then, dy is complete extended b—metric on X. We have

2
dg (fx,gy) = (% - 341) < 8M (x,y) + LN (x,y)

where

M (x,y) :max{(x—y)27 (%)2, <%>2}
2
e —ma{ ()G (-3 0-3)'}

withSZ% and L > 0.

Ifx=y,

wime=(3-2) = () <3 ()

Ifx=0,y#0

do (frgy) = (0- 2 (> 2<§2+L0



Universal Journal of Mathematics and Applications 105

Ity =0,x £0,
X 2 3
dg (fx,gy) = (5 —0> < sz +L.0.
Ifx#y#0,
x 3y 2 03
do (fx,gy) = (E_Z) < ZM(x,y)—&-LN(x,y)

Also, foreachxe X f"x= 2"7, we have

4
lim_ 0 (vy,5,) = lim 02 +2_+1) <3

n,m—soo n,m—soo omn 2m
Thus all conditions of Theorem 2.1 are satisfied and x = 0 is a unique fixed point of f and g.

Corollary 2.3. Let (X,dg) be a complete extended-bMS space and f,g: X — X be self mappings satisfying

d9 (fxvgy) < 8d9 (xvy)+Lmin{d9 (X,fx),dg (y7gy)7d9 (.X,gy),de (yvfx)}

forall x,y € X, where 6 € [0,1) and L > 0 such that for each xg € X, limy, y—se0 0 (X, X)) < % With xpp11 = fxo, and xpp42 = gXon+1 for
n>1.Then f and g have a unique fixed point.

Corollary 2.4. Let (X,dg) be a complete extended-bMS space and f : X — X be a self mapping satisfying
do (fx,fy) < M (x,y) +LN (x,y)

forall x,y € X, where 8 € [0,1) and L > 0 such that for each xo € X, limy, p—se0 0 (X, %) < % with Xp+1 = fx,, where
M (x,y) = max{dg (x,y),deg (x, fx),do (¥, fy)}

N (x,y) = min{dg (x, fx) ,dg (y.fy) . dg (x, 1Y) ,dg (y.fx)}.
Then f has a unique fixed point.

Corollary 2.5. Let (X,dg) be a complete extended-bMS space and f : X — X be a self mapping satisfying

d9 (fxvfy) < 5d9 (x,y)+Lmin{d9 (x7fx),d9 (y,fy)7d6 (xvfy)adﬂ (yafx)}

forallx,y € X, where § € [0,1) and L > 0 such that for each xo € X, limy, j—se0 0 (X, X)) < % with X1 = fxn. Then f has a unique fixed
point.

3. Conclusion

The development of the field of fixed point theory depends on the generalization of the Banach Contraction principle on complete metric
spaces. This generalization or extension comes up by either introducing new types of contractions or by working on a more general structured
space such as extended b-metric spaces. In this article, we have proven some fixed point theorems for almost contraction in extended b-metric
spaces and hence our results generalize many existing results in the literature.
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complement of its principal normal vector field) in E”. In this paper, in analogy to this, we
introduce the notion of an f-rectifying curve in E" as a curve y in E” parametrized by its
arc-length s such that its f-position vector field ¥z, defined by v¢(s) = [ f(s)dy, always lies
in its rectifying space in E”, where f is a nowhere vanishing real-valued integrable function
in parameter s. The main purpose is to characterize and classify such curves in E".

1. Introduction

Let E3 denote the Euclidean 3-space (i.e., the three-dimensional real vector space R endowed with the standard inner product (- ,-)). Let
y:1 —> 3 be a unit-speed curve (i.e., a curve in E3 parametrized by arc length function s) of class at least € (i.e., possessing continuous
derivatives at least up to third order). Needless to mention, / denotes a non-trivial interval in R, i.e., a connected set in R containing at
least two points. We consider the Frenet apparatus {Ty,Ny, By, &y, ty} for the curve y which is defined as follows: Ty = Y is the unit
tangent vector field along v; Ny is the unit principal normal vector field along 7y obtained by normalizing the acceleration vector field T;;
By = Ty x Ny is the unit binormal vector field along y and it is the unique vector field along y orthogonal to both 7, and Ny so that the
dynamic Frenet frame {Ty,Ny,By} is positive definite along y having the same orientation as that of E3; Ky is the curvature and Ty is the
torsion of y. If yis of class at least €, then its curvature Ky and torsion Ty are at least twice differentiable. Moreover, ¥ reduces to a fortuous
curve in E? if it has nowhere vanishing curvature Ky and torsion Ty (cf. [1] or [2]).

At each point y(s) on 7, the planes spanned by {Ty(s),Ny(s)}, {Ty(s),By(s)} and {Ny(s),By(s)} are respectively called the osculating plane,
rectifying plane and normal plane of y ( [1,2]). It is well known from elementary Differential Geometry that a space curve v lies in a plane
in B3 if its position vector field always lies in its osculating planes, and it lies on a sphere in E3 if its position vector field always lies in
its normal planes. In this point of view, it is natural to inquire the geometric question: Does there exist a space curve y: I —s E> whose
position vector field always lies in its rectifying planes? The existence of such space curves was introduced by B.Y. Chen in his paper [3] and
named as rectifying curves. Thus, the position vector field of a rectifying curve y: I — E> parametrized by arc length function s satisfies
the equation

V(s) = A (5)Ty(s) + 1(s)By(s)

for some smooth functions A, it : I — R. In [3], B.Y. Chen explored some characterizations of rectifying curves in E? in terms of distance
functions, tangential, normal and binormal components of their position vector field and also in terms of ratios of their curvature and torsion.
Also, he attempted for a classification of such curves in E3 based on a sort of dilation applied on unit-speed curves on the unit sphere S?(1).

In [4], B.Y. Chen and F. Dillen observed that rectifying curves can be viewed as centrodes and extremal curves in E3. Moreover, they
found a relation between rectifying curves and centrodes which performs a significant role in defining the curves of constant procession
in Differential Geometry as well as in Kinematics or, in general, Mechanics. Thereafter, several characterizations of rectifying curves in

Email addresses and ORCID numbers:  zafarigbal_math@yahoo.com, https://orcid.org/0000-0003-4405-1160 (Z. Igbal), joy-
deep1972@yahoo.com, https://orcid.org/0000-0002-1609-0798 (J. Sengupta)
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Euclidean spaces were evolved in [5-8]. Meanwhile, the notion of rectifying curves were extended to several ambient spaces, e.g., 3D sphere
S3(r) [91, 3D hyperbolic space H>(—r) [10], Minkowski 3-space E? [11,12], Minkowski space-time IE‘I‘ [13—15]. Furthermore, a new kind
of curves were studied in E3 which generalizes rectifying curves and helices [16]. Also, some characterizations and classification of non-null
and null f-rectifying curves (which are a sort of generalization of rectifying curves) were investigated in Minkowski 3-space IE% [17,18],
Minkowski space-time IE‘It [19] and Euclidean 4-space [20].

In section 2, we give requisite preliminaries and then, in section 3, we introduce the notion of f-rectifying curves in E". Thereafter, section 4
is devoted to investigate some simple geometric characterizations of f-rectifying curves in E”. Afterwards, section 5 is dedicated to classify
f-rectifying curves in terms of their f-position vectors in E”. Finally, we conclude our study in section 6. This is how the paper is organised.

2. Preliminaries

The Euclidean n-space E" is the n-dimensional real vector space R” equipped with the standard inner product (- ,-) defined by

n
(x,y) =) xivi
i=1
for all tangent vectors x = (x1,X2,...,%,),y = (¥1,¥2,---,¥n) to R". As usual, the norm or length of a tangent vector x = (xy,x2,...,%,) to

R" is denoted and defined by

[lx]| ==/ (x,x) = \/ Zn;lxlz

Let y:J — E" be an arbitrary differentiable curve parametrized by # and y’ denotes its velocity vector field in E". Also, we assume that y
is regular, i.e., its velocity vector field y’ is nowhere vanishing. If we change the parameter ¢ by arc-length function s : J — I based at #,
given by

s(t):/[:H}/(u)Hdu

such that ||y (s)|| = /(Y (s),Y(s)) = 1, i.e., (Y (s),7(s)) = 1, then y: I —> E" is referred to as an arc-length parametrized or a unit-speed
curve in E”. We may consider that y is of class at least €*. Now, let Ty, Ny denote respectively the unit tangent vector field and the
unit principal normal vector field of y and for each i € {1,2,...,n—2}, let By, denote the unit i-th binormal vector field of y so that
{Ty,Ny,By,,By,;...,By,_,} forms the positive definite dynamic Frenet frame along y having the same orientation as that of E". Also, for
eachie {1,2,...,n—1}, let Ky; denote the i-th curvature of y. Then the Frenet-Serret formulae for the curve y are given by ( [21,22])

Ty: 0 Ky o 0 - 0 0 Ty

Ny —Ky, 0 Ky, 0 0 0 Ny

By, 0 —Kyy 0 Kys 0 0 By,

By, | = 0 0  —Kky3 O 0 0 By, |- 2.1
By, , 0 0 0 0 - Ky O By, »

From the above formulae, it follows that &y, , # 0 if and only if the curve ¥ lies wholly in E". This is equivalent to saying that ky, | = 0if
and only if the curve ¥ lies wholly in a hypersurface in E” (cf. [21,22]). We recall that the hypersurface in E” defined by

S"1(1) = {x € B : (x,x) = 1}

is called the unit sphere with centre at the origin in E”. We also recall that the rectifying space of the curve y in E" is the orthogonal
complement Nyl of its principal normal vector field Ny in E" defined by

Nyj‘ ={xeE": (x,Ny)=0}.
3. Notion of f-rectifying curves in E"

Let y: 1 — [E" be a unit-speed curve (parametrized by arc length s) with Frenet apparatus {7y, Ny, By,,By,, ... By, 0 Ky s Kygs ey Ky, }.
As found in [8], v is a rectifying curve in E" if and only if its position vector field always lies in its rectifying space, i.e., if and only if its
position vector field satisfies

n—2
7(0) = AO)T6) + X (585

for some differentiable functions A, tty, U, ..., U,—2 : I — R. Now, let f : I — R be a nowhere vanishing integrable function. Then the
f-position vector field of y is denoted by ¥y and is defined by

1) = [ 1) ay.
Here, the integral sign is used in this sense that on differentiation of previous equation, one finds
7p(s) = f(5)Ty(s)

so that ¥y is an integral curve of the vector field fTy along ¥ in E". Using this concept of f-position vector field of a curve in E", we define
an f-rectifying curve in E" as follows:
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Definition 3.1. Let y: 1 — E" be a unit-speed curve with Frenet apparatus {Ty,Ny,Byl,Byz, v By, o Ky Ky s KYnfl} and f: 1 —
R be a nowhere vanishing integrable function in arc-length parameter s of 'y with at least (n — 2)-times differentiable primitive function
F. Then vy is referred to as an f-rectifying curve in E" if its f-position vector field Yy always lies in its rectifying space in E", i.e., if its
f-position vector field Yy satisfies the equation

n=2
Yr(s) = A(s)Ty(s) + ; 1i(s)By,(s) G.D

for some differentiable functions A, [y, Uy, ... Uy_o: [ — R.

Remark 3.2. In particular, if the function f is a non-zero constant on I, then, up to isometries (rigid motions) of E", an f-rectifying curve
y: I — E" is congruent to a rectifying curve in E" and the study coincides with the same incorporated in [8].

4. Some geometric characterizations of f-rectifying curves in E"

In this section, we present some geometrical characterizations of unit-speed f-rectifying curves in E” in terms of the norm functions,
tangential components, normal components, binormal components of their f-position vector field.

Theorem 4.1. Let y:1 — E" be a unit-speed curve (parametrized by arc length s) having nowhere vanishing n — 1 curvatures
KyysKygs-- -1 Ky, ; and let f: I — R be a nowhere vanishing integrable function with at least (n — 2)-times differentiable primitive
function F. If v is a f-rectifying curve in E", then the following statements are true:

1. The norm function p = ||¥¢|| is given by p(s) = \/F2(s) 4 c2, where c is a non-zero constant.

2. The tangential component (s, Ty) of ¥y is given by (Y¢(s), Ty(s)) = F(s).

3. The normal component yfy of V¢ has a constant length and the norm function p is non-constant.
4

. The first binormal component <}/f,Byl> and the second binormal component <}/f,By2> of ¥y are respectively given by
Kfyl (S)

6B ) = XV B0), (y(5),Bya(s)) = —— 4 ("““)Fu))

Ky, (5) Ky (s) ds \ Ky, (s)

and for each i € {2,3,...,n—3}, the (i+ 1)-th binormal component <yf7BYi+1> of yr is given by

%S) [KViJrl (s) <Yf(S)7By,»,1 (S)> + <')/f(S),Byi(s)>:| )

KYit2

(11(5) By (3)) =

Conversely, if y: I — E" is a unit-speed curve having nowhere vanishing n— 1 curvatures Ky,,Ky,, ..., Ky,_,, and f : I — R is a nowhere
vanishing integrable function with at least (n — 2)-times differentiable primitive function F such that any one of the statements (1), (2), (3)
or (4) is true, then Y is an f-rectifying curve in E".

Proof. First, for some nowhere vanishing integrable function f : I — R with at least (n — 2)-times differentiable primitive function F, let
y:1— E" be an f-rectifying curve in E” having nowhere vanishing n — 1 curvatures Ky, Ky,,...,Ky, ;. Then for some differentiable
functions A, Uy, o, ..., Hy—2 : I — R, the f-position vector field y; of y satisfies

n—2

Yr(s) = A () Ty(s) + ; 1i(s)By(s)- 4.1)

L

Differentiating (4.1) and then applying the Frenet-Serret formulae (2.1), we obtain

FOTH) = X ($)Ty(s)+ (R)Kyy (5) = 1 (9Kpy (5)) Ny(s) + (1) = o )y ) By 9)
n—3
2 (B 9501 (94 105) = i1 (6)07206)) Bri(0) + (501,11 (94 ,2(6)) By (9

which gives the following set of relations

Al(s) = f(s),
A(s)iy, (s) — 1 (s)Kyy(s) =0,
1 (s) — pa(s)kepy () = 0, “2)
Hi—1(s)y; 4 (s) + 1 (5) = Hi (S)K}'H_z(s) =0 forie{23,....n-3},
n—3(8) Ky, (5)+ ty_(s) =0.
From the first n — 1 relations of (4.2), we find
A(s) =F(s),
s) = s (s) s
:ul( )_ K)/Q(S)F( )7
g L d(Enl) (43)
“2( )7 K'y3(S) ds (Kyz(s)F( )) s
1 , .
Hit1 (S) = m [I’Li—l (S)K?’i+] (S) + K (S):| for i e {2737 sl 73}'
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On the other hand, from the last n — 2 relations of (4.2), we get

() (11 (5) = () s +zu, ) (i1 (5) g1 (5) + BE5) = i1 (5) Ky 5 (5)) + n-2(5) (2 5) + a3 (5) Ky, (5)) =0

which reduces to

n—2
Y uils)ul(s) =0. (44
i=1
Integrating (4.4), we obtain
n—2
Y ui(s) =2, 4.5)
i=1

where c is an arbitrary non-zero constant. Using (4.1), (4.3) and (4.5), the norm function p = ||¥y|| is given by

() = [l7@|* = (mr(5) 74(s)) +Zu, +e.

This proves the statement (1). Again, using (4.1) and (4.3), the tangential component <yf, Ty> of ¥¢ is given by

(7r(5), Ty(s)) = A(s) = F(s).

This proves the statement (2). Now, for each s € 1, y(s) can be decomposed as
N,
oy (s) = v(s) Ty(s) + " (s)

for some differentiable function v : I — R, where y}vy denotes the normal component of ¥y. Thus, in view of (4.1), yj]tvy is given by

n—2
Ny §) = ; 1i(s)By,(s)

Therefore, we have

16| = (07 6)) = (46

Now, by using (4.5) in (4.6), we find || y}vy(s) || = c. This proves the statement (3). Finally, using (4.1) and (4.3), the first binormal component
(vf,By, ) of vy is given by

_ Ky (s) (s)

K’)/z(s) F(S),

(¥ (), By, (s)) = i (s

the second binormal component (¥s, By, ) of ¥y is given by

(17(5),Byls)) = pia(s) = — 1("”(”%))

Ky3(s) ds \ Ky, (s)

and for each i € {2,3,...,n—3}, the (i+ 1)-th binormal component <7f>BYi+1> of vy is given by

(77(5). By (5) ) = b () = L() (741 (5) (75), By ) + (17 (5). By (9))]-

Kriva
Thus the statement (4) is proved.

Conversely, let y: I — E" be a unit-speed curve having nowhere vanishing n — 1 curvatures Ky, Ky,,...,Ky,_,and f:/ — R bea
nowhere vanishing integrable function with at least (n — 2)-times differentiable primitive function F such that the statement (1) or the
statement (2) is true. Then, in either case, we must have

<}/f(s), Ty(s)> =F(s). “.7)

Differentiating (4.7) and then using the Frenet-Serret formulae (2.1), we finally obtain

(77(s),Ny(s)) = 0.

This implies that ¥y lies in the rectifying space of y and hence ¥ is an f-rectifying curve in E".

. N, . Ny .o .
Next, we assume that the statement (3) is true. Then Hy/H = a constant = ¢, say. Again, the normal component ny is given by

¥r(s) = F(5) Ty(s) + 7} (s)
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and hence we have

(), 77(s)) = (vp(s), Ty(s))* + 2. 48)

Differentiating (4.8) and then applying the Frenet-Serret formulae (2.1), we obtain

(77 (s),Ny(s)) = 0.
This proves that ¥ lies in the rectifying space of ¥ and hence y is an f-rectifying curve in E”.

Finally, we assume that the statement (4) is true. Then the first binormal component and the second binormal component of ¥y are respectively
given by

Ky, (s)
Y (S)7B (S) = 7F(S)7 (49)
< f 71 > Ky, (s)
1 d [Ky(s)
1) Bryls)) = & (o) @.10)
{7(5):Br,(5)) Ky (s) ds \ Ky, (s)
Differentiating (4.9) and by using the Frenet-Serret formulae (2.1), we obtain
d [y (s)
Ky () (0 (5):Ny()) + y3(5) (7 (5) By (5)) = - (LF(S)) : (4.11)
s KYZ(S)
Combining (4.10) and (4.11), we find
(7 (s),Ny(5)) = 0.
Consequently, ¥ lies in the rectifying space of ¥ and hence y is an f-rectifying curve in E". O

5. Classification of f-rectifying curves in E"

In many papers (e.g., [3], [7], [8], [11] etc.), several interesting results were found primarily attempting towards the classification of rectifying
curves which are mostly based on their parametrizations. In this section, we attempt for the same in E” and this classification is totally based
on the parametrizations of their f-position vector field.

Theorem 5.1. Let y:1 — E" be a unit-speed curve (parametrized by arc-length s) having nowhere vanishing n — 1 curvatures
KyysKygs- -1 Ky, ; and let f: I — R be a nowhere vanishing integrable function with at least (n —2)-times differentiable primitive
function F. Then y is an f-rectifying curve in E" if and only if, up to a parametrization, its f-position vector field 'yy is given by

¥y (r) = ¢ sec (t+arctan (@)) B(),

where c is a positive constant, so €l and B : J — sr-l (1) is a unit-speed curve having t - 1 — J as arc length function based at s.

Proof. First, for some nowhere vanishing integrable function f : I — R with at least (n — 2)-times differentiable primitive function F,
let y: I — E" be an f-rectifying curve having nowhere vanishing n — 1 curvatures Ky, Ky,, .., Ky,_;- Then by Theorem 4.1, the norm

function p = ||¥¢||is given by
p(s) =1/F(s) +c2, 6.D

where we may choose c as a positive constant. Now, we define a curve § : I — E" by

Bs) 1= 5 1) 52)
Then we find
(B(s),B(s)) = 1. (5.3)
Therefore, B is a curve in the unit-sphere S"~'(1). Differentiating (5.3), we get
(B(s),B'(s)) =0. (5.4)

Now, from (5.1) and (5.2), we obtain

Yr(s) = B(s)\/F2(s) +c2. 5.5)

Again, differentiating (5.5), we obtain

BO)WF () 56

FOTHs) = BV F2) +e + =
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Using (5.3), (5.4) and (5.6), we obtain

2 2
/ / e f(s)
) = 5.7
(BB = s
Therefore, we get
18/6) = VBB = 1 s 63
Now, for some sg € I, let t : [ — J be arc-length parameter of § given by
t= [ || du. 59)
S0

Then we have
s cf(u)
5o F2(u)+c?

arctan <@)  arctan (F(CSO))
— s = F! (ctan (l—i—arctan(F(CSO)))). (5.10)

Substituting (5.10) in (5.5), we obtain the f-position vector field of y as follows:
F
Yr(t) = c sec (t+arctan ( (50) )) B(t).
c

Conversely, let ¥ be a unit-speed curve in IE" such that, up to a parametrization, its f-position vector field y; is defined by

!

F
r(t) := c sec <t+arctan (ﬂ))ﬁ(t), (5.11)
: c
where ¢ is a positive constant and 8 : J — S"~ (1) is a unit-speed curve having 7 : I —> J as arc length function based at s¢. Differentiating
(5.11), we obtain
F F
vr'(t) = c sec (t+arctan <¥)) {tan (z—i—arctan (@)) B(t)+ 1} B'(1). (5.12)

Since B is a unit-speed curve in the unit-sphere S"~!(1), we have (8'(¢), B’(¢)) = 1, (B(¢), B(¢)) = 1 and consequently (B(r), B’ ()) = 0.
Therefore, from (5.11) and (5.12), we have

Yr(t), vr(t = ?sec? (1 +arctan Fs (5.13)
(1 (@), 77(0))
(rr(), 77/ (1)) = c*sec? (t + arctan (F )> tan <z+arctan (F(CSO))>, (5.14)
ve' @),y (¢ = ?sec* [ t+arctan Fs (5.15)
(v (), (1)
Now, if we put
t = arctan <@> — arctan (M),
c c
then s becomes arc length parameter of y and equations (5.13), (5.14), (5.15) reduce to
F
Ope) = e (F0), (5.16)
Ye(s),v¢'(s)) = c¢“sec”| —= Jtan| —= |, (5.17)
(5),77" 2 2 FES) FES)
Ye'(s), v (s = c¢“sec’ [ —= ). (5.18)
< f/ f/( )> 2 b (FES))
Again, the normal component y}vy of y¢ is given by
Ny Ny . i < (s),7r (S)>
(77(.2)1(5)) = (0 (), 77(9)) - 7@ BRI

Then substituting (5.16), (5.17)) and (5.18) in the previous equation, we obtain

ACRARIE A H =c.

This implies that the normal component ‘y}vy of ¥; has a constant length. Also, the norm function p = ||y¢|| is given by

p(5) =/ (10171 9) = e ()

and it is non-constant. Therefore, by applying the Theorem 4.1, we conclude that y is an f-rectifying curve in E". O
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6. Conclusion

It goes without saying that f-rectifying curves in Euclidean spaces are a sort of generalizations of rectifying curves therein. In this paper,
we presented a study on f-rectifying curves in Euclidean n-space E". Predominantly, we explored two main theorems demonstrating
some necessary and sufficient conditions for a regular curve to be an f-rectifying curve in E”. The first theorem portrays some geometric
characterizations of f-rectifying curves in E” in connection with norm functions, tangential, normal and n — 2 binormal components of their
f-position vector field. Whereas the second theorem classifies such curves based on parametrization of their f-position vector field. Moreover,
it yields an important characterization: namely, the f-position vector field of an f-rectifying curve in E” is a dilation of a unit-speed curve in

the unit (n — 1)-sphere S"~!(1) with dilation factor ¢ sec <t -+ arctan (@)) for some constants ¢ > 0 and so. Extensions of such study to
other ambient spaces may be considered as problems of interest.
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1. Introduction

Let f: I C R — Rbe a convex function on the interval / of real numbers and a,b € I with a < b. The inequality

(532) < fromc 12320

is known as Hermite-Hadamard’s inequality for convex functions [4].
In [13] and [4, pp.278]), the following concept was introduced by Orlicz.
A function f : R™ — R, where R™ = [0,0), is said to be s-convex in the first sense if:

floqu+Piv) < o’ f(u)+Bi’ f(v),

forall u,v € RT, oy, B; > Oand s € (0, 1] with a;* + B;* = 1. The class of s-convex

functions in the first sense is usually denoted with K.

In [9] and [4, pp.288]), Hudzik and Maligranda considered, among others, the class of functions which is s-convex in the second sense. This
class is defined in the following way:

f:]0,00) — R is called s-convex in the second sense if

FAx+(1=2)y) <A f(x)+(1=2)"f(y)
holds for all x,y € [0,e0),A € [0, 1] and for some fixed s € (0, 1]. The class of s-convex functions in the second sense is usually denoted with
KS.
In [5], S.S. Dragomir and S. Fitzpatrick proved a variant of Hadamard’s inequality which holds for s-convex functions in the second sense:

1
Theorem 1.1: Suppose that ﬁ fff(x)dxff (#)) < (b—a) (%)174 (M4 1+ N4) (|f"(a)| + |f(b)]) is an s-convex function in the

second sense, where s € (0,1)and let a; = |f'(a)|?,by = 2| ()P ;a2 = 2|f'(a)|" ,bs = |f'(b)|F. If £ € L{([a,b]), then the following
inequalities hold:

Email addresses and ORCID numbers: kirmaci@atauni.edu.tr, 0000-0002-8177-6649 (U.S. Kirmaci),
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The constant k = 1/(s+ 1) is the best possible in the second inequalitiy in (1.1).
In [6], S.S. Dragomir presented the following result:
Theorem 1.2: Let f : [a,b] — R be a L-Lipschitzian mapping on [a,b]. Then

ﬁ/abf( ) dx —*f(aer) fla )gf( )‘ < %L(b a) 1.2)

In [7], S.S. Dragomir et al. gave the following result:
Theorem 1.3: Suppose f : [a,b] — R is a differentiable mapping whose derivative is continuous on (a,b) and f’ € Ly ([a,b]). Then

/ £(x)dx 77f<d+b) f(“)‘gf(b)‘S (bga)Hf/H]7 (1.3)

=

where ||f'[l; = [ |f'(x)|dx.

Note that the bound of (1.3) for L-Lipschitzian is 36L(b a) [7].

In [16], Y. Shuang and F. Qi established the following results:

Theorem 1.4 ([16,Theorem 3.5]): Let f : R, = (0,00] — R be a differentiable function on R,, a,b € R, with a < b and f’ € L;(|a,b)). If

|f'|is (e, m)-convex on [0, £] for (a,m) € (0,1)* and ¢ > 1, then

? m]

/f ax _7f(a+b) f(a);rf(b)’

b—a[@-EE]

—a — g1 mo

= 4 22¢-1) {a+1’f/(a)}q+a+l
27T (29— 1)

mo
oa+1

q]l/q

,(a+b\|? ‘/‘1+ 1
2m oa+1
Theorem 1.5 ([16,Corollary 3.6]): Under the assumptions of Theorem 1.4, if &« = m = 1, then
| 3, (a+b\ fla)+f(b)
- dx— 2 _
’b—a/af(x)x 4f< 2 ) 8

,(a+b\|?
r(5°)

)

_t-a [a-nett ] [ [r@elr (2] 1/q+ () o]

= 2(2¢g—1)
4 25 g 1) 2 2

(1.4)

In [17], Y. Shuang et al. gave the following results:
Theorem 1.6 ([17,Theorem 3.2]): Let £ : I C R, — R be a differentiable function on I°, a,b € I with a < b and f’ € L ([a,b]). If | f'|%is
s-convex function on [a, b] for some fixed s € (0, 1] and g > 1, then

/f d_7f<a+b) f(a)+f(b)'

=

10
_ 1-1 q41/q AN
=0 [q-putton) [ ir@r sl (8)]1) e () )
- 4 541 (2g—1) s+1 s+1
Theorem 1.7 ([17,Corollary 3.3]): Under the assumptions of Theorem 1.6, for s=1, then
1 b 4 (a+b fla)+ f(b)
—a./a f(x)dx_§f( 2 )_ 10
1-1 q ' ( ath 1/q i(atb) |4 qq1/q
-1 7 '(a) o (442) ’(b)(
<(b—a) (D@7 +1) U +‘f( i i/ (1.5)
- 4 (2¢-1) 2 2 ’

50T (29—1)

In [8], T. Du et al. gave the following results:
Theorem 1.8 [8,Corollary 2.8]): Let f : I C R, — R be a differentiable function on I°, where a,b € I° such that 0 <a < b. If t =k =
%, —1 < s <1and m= 1, the inequality holds for (s,m)-convex functions:

1

'bia (/abf(x)dX— f(a);f(b)‘ < :1_*;1 (2s+2 (s+11)(s+2));
[ O + (21 +1) |F@f] "y [lF@ + (s2+1 1) [£ O] ", (1.6)
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Theorem 1.9 ([8,Corollary 2.5]): Let f: I C R, — R be a differentiable function on I°, where a,b € I° such that 0 < a < b. If the mapping
1F'[P/P=1 is (s,m)-convex on [a,b], then we get, for t = k = 3 andm=1,

it [ 10 < e (0 ()

T (p+1)r
<l )]

In [12], U.S. Kirmac: et al. gave the following result:
Theorem 1.10 ([12,Theorem 3]): Let f: I — R, I C [0,00) be a differentiable function on I° such that /' € L;(|a,b]), where a,b € I, a < b.
If | f/|%is s-convex function on [a, b] for some fixed s € (0,1) and g > 1, then

)bia/abf(X)dxff(“);f(b)‘Sb;a

q
+

) £)

f(b)‘q}l/q}, (1.7)

a+b ) q

X{Hf,(a) q+ f/(T q] 1/q+[f/(%) i f/(w‘CI]l/‘[}' (18)
In [10], author gave some inequalities for differentiable convex and concave mappings with applications to special means of real numbers.
The aim of this paper is to establish refinements inequalities of Hermite-Hadamard type for s-convex functions in the second sense.

In the development of pure and applied mathematics, convexity has played a key role. In linear programing, combinatory, orthogonal
polynomials, quantum theory, number theory, optimization theory, dynamics and in the theory of relativity, integral inequalities have various
applications.

For several recent results concerning integral inequalities for convex, quasi-convex, s-convex and (o,m) —convex functions, we refer the
reader to [1-18].

Throughout we suppose / is an interval on R and a,b,c,A,B € I°witha <A<c¢<B<b. (c #a,b),p,qg € Rand f: I° — R is differentiable.

(I%enotes the interior of 1.)

2. Main Results

First, we give the following Lemma.
Lemma 2.1 [10]: Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L,([a,b]), then we have

fleat (1= ep)(B—A) + 7(@)(1—B) + 1A~ 5 [ peoa

o 1
=(a—b) U (z—A)f’(za+(1—t)b)dt+/ (z—B)f’(er(l—t)b)dt},
0 c
where a,b,c,A,B € 1° with a <A<c<B<b.
Proof: Let S:[a,b]— R be defined by

[ t—-A, tel0, ,
S(t)_{t—B, te(c1] .

Integrating by parts and using the change of the variable x = ta + (1 —t)b, we have

/.IS(t)f’(m—i-(l—z)b)dt:/.C(I—A)f’(ta—o—(l—t)b)dt—o—/.l(t—B)f’(ta—i-(l—z)b)dt
0 0 c

1

1 b
=— {f(ca+(1 —0)b)(B—A)+ f(a)(1—B) + f(b)A — E/a f(x)dx} .

Hence we have the conclusion.

Remark 2.2: i). Applying Lemma 2.1 for ¢ = 1/2, then we obtain the Lemma 2.1 given by T. Du et al. in [8, (for m=1)].

ii). Applying Lemma 2.1 for A = %, B= % and ¢ = 1/2 , then we obtain the Lemma 2.1 given by Qaisar and He in [15,(for m=1)].
iii). Applying Lemma 2.1 forA=B=c= % then we get the Lemma 2.1 given by S.S.Dragomir and R.P. Agarwal in [3].

iv). Applying Lemma 2.1 forA =0, B=1and c = %7 then we get the Lemma 2.1 given by author in [11].

In the following theorems, we present generalized integral inequalities via s-
convex mappings in the first and second sense.
Theorem 2.3: Let f : I C R — R be a differentiable mapping on I and let p > 1. If

il /(P=1) 5 s-convex mapping in the second sense on [a,b] for some fixed s € (0, 1], then we have
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a5 [Fleat (1= c)p)(B=4)+ (@)1= B)+ F(B)A — 5L 2 F(x)dx]|

< [APHHC,A)HI] 1/p (c-‘“\f’(a)\‘“r(l;—(llfc)”‘)\f’(b)\”’)l/q N [(B,L.)/JHHI,B)MI]]/P ((I,Cﬁl)‘f«( Q41— f (b )\11)1/(1‘

pHI pFI s+l
2.1
Proof: From Lemma 2.1, we have
75 [fleat (1= b)(B=A)+ (@)1= B)+ f(B)A — 515 7 f(x)ax] | 02
<[5 lt=Al|f (ta+(1—1)b )|dt+fc |t —B||f(ta+ (1 —1)b|dt.
Using the Holder’s inequality for p > 1, we have
1 1 b
[ fleat (1= B B-A) 4 f@(1 - B+ f0)A~ = [ fx)ax 23)
- - a
c Upr s e 1/q 1 Up s 11 1/q
s(/ |z—A\”dt) (/ |f’(za+(1—t)b)|th) +(/ |z—B\”dt) (/ |f’(za+(l—t)b|th) ,
0 0 c c
where % + é = 1.Since |f’|? is s- convex mapping in the second sense on [a,b], we
obtain
c ¢ S+1 | ¢/ q 1—(1=¢)t! ! q
[ 1+ =np)ar< [C[F| 7@+ =0 £ @) dr = © il e s+(l S @4)
and
1 1 1— s+1 U q 1— s+1 | ¢ q
/If’(m+(1—t)b)!qdrs/ [f‘!f’(a)|q+(1—t)‘*lf’(b)l"]dt:( ‘ W(a)‘sﬂ T, 25)
JC JC
Where,
-1 1— s+1 -1 1— s+1 c 1—(1— 2\ s+1 c s+1
/tfdt: ¢ ,/ (1_,)551,:&7 /(1_,)%1,:#7 /zsdzzc ‘
¢ s+1 ¢ s+1 0 s+1 0 s+1
Also, we have
c A c APHL 4 (c— A)PH]
P :/ t—Apdt:/ A—t"dt+/ t—AVdt=—— ———~ 2.6
p= [ li—avar= [ (A-rydrt [(-a) P .6
1 B 1 (ch)p+l+(173)p+l
M :/ t—det:/ B—tht+/ t—B)Pdt = . 2.7
p= [ u—sra= [ B-oras [ -5 o )
A combination of (2.3)-(2.7) gives the required inequality (2.1).
Corollary 2.4: Under the assumptions of Theorem 2.3,
i). WhenA =0, B=1, ¢ =1/2, we have
1 b a+b
oo [ rwax- (30
1 1
b—a (1 q ( 1) /(b)q>5 < 1) '(a)]? 1 AY]
< (=5 ) PO) |+ (- [y g .
(p+1)[%2%'(s+1)5 |: 2s+1 2s+1 2s5+1 2s+1
Using the fact that
n n
Z ar+by)’ g +Zbk7 (2.8)
for 0 < s < 1, we obtain
a+b b—a 1
'b /f yax—f(32)| < e 1( M+(1 2H1> )(\f +[r o).
a (p+1)p2 7 (s+1)s \2 «

1 1
Forp > 1, thenp+1> 2 and so - < — and also

(p+1)r 27 (s+1)7
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fors € (0,1), g € (1,). Hence, we have

1 b +b b— 1
b*d/a f(x)dx_f(az )‘ < 24;(2(A‘+1) +(1 2s+1) ‘f

ii). When A = B= ¢ =1/2, we have

1 b FFB)| _b—a, 1 1\
/af(x)dx_f(a)zf()‘ a( M_i_(1_25+1) )(f()
iii). When A %B:%,c:l/Z,wehave

Lo () L)

1
b—a 1 1 q
< 1— — (a)
T a4 (2“2” +( 2”‘) ) (I

iv). When A = %732 %,c: 1/2, we get

(b))

1 2 (a+b\ fla)+fb)] _ (b— a)(P+1+1)f7 | LN (el
‘b—a , @) *§f( 2 )* 6 ’— 6.02)} 2<x;>+(12s+1) (el
V) WhenA:%7 B:%,c:%,wehave
1o 3 (atb)  f@+fB)|_ (b-a) (3 +1)7 (1 "
'bfa/a f<x)dx_1f( 2 )_ 8 ‘S 5.(16)r zwfr(l 2s+1> (el

1 1
1 b 4 (a+b\ fla)+fb)| _(b—a) (4Pt +1)7 1 1\« @) )
'b—a/af(")d"*gf< 2 )* 0|5 000 2“2”+<lzs+1) (lrl+e))
vii). WhenA—i2 :%—l,c:%,wehave
1 1
1 b 5. (a+b\ fla)+fb)| _ (b—a)(5PT'+1)7 [ 1 1\« @ L 4
'b—a/af(x)dX78f< 2 )’ 2 }S 12.(24)7 2(“2”+<lzs+1) (Il
Theorem 2.5: Let f : I C R — R be a differentiable mapping on /% and let p > 1. If
\f’|p/(p71) is s-convex mapping in the first sense on[a, b] for some fixed s € (0, 1], then we have
1 b
Py [f(ca—l—(l—c)b)(B—A)+f(a)(l—B)+f(b)A—m/a f(x)dx] (2.9)
s+l 21,149 IS NPT AR L]
P LIS BTy o0
IS RN PRNT _ et a\ /4
A S R LS R R R0 o

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: From Lemma 2.1 and using the Holder’s inequality for p > 1, we get inequality (2.3). Since |f’|%is s- convex mapping in the first
sense on [a, b], we obtain

c c e 1 (a)]? c(s — ¢ 1 ! q
[ 1FCar=np)tan< [ [ [£/ @+ (1= |7/ (0)]] de = R &:11) ) (2.12)

and

/C1 |F (ta+ (1 —1)b) |7 dr < /cl [ £/(@)| 7+ (1 =) | £ (b)|] dt

_ (= @)+ (1 —scl(sl+l) (1=cY)|f (k)1 7 (2.13)
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where,

oSt s+1 oSt

szSdzzlgfl“, JHa=)dt=1-c— 155 [§(1—r)dt=c— S5, [§r'dt= S, From (2.3),2.6),(2.7).(2.12) and (2.13), we

deduce required inequality (2.9).
Theorem 2.6: Let f : I C R — R be a differentiable mapping on I° and let p > 1. If

Fidld /(=1 i5 s-convex mapping in the second sense on [a,b] for some fixed s € (0, 1), then we have

o pup (Mear Gmop) O
P s+1

/ / _c 1/
+ Mpl/P((170)‘f(a)|q+\fs(ial+(1 )b)\"> !

]%b [f<ca+<1 — OB B-A)+ @1 -B)+ (A - [ ’ f(x)dx}

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Holder’s inequality for p > 1, we get inequality (2.3). Let us substitute x =ta+ (1 —#) b and dx =
(a—Db)dt, we get

<, 1 ac+(1—c)b , ac+(1—c)b ,
/0 | (ta+ (1 —1)b)|7dr < a_b/b |£(x)] 7 dx = (a_cb)c/b 17()]9dx

/1 |f' (ta+(1—1)b)|?dr <

and

1 q l—c / q
dx= ————— dx.
a—>b ac+(1—c)b |f ’ * (a*b)(lfc) ac+(1—c) ‘f )| *

Since |f'|is s-convex mapping in the second sense on [a, b], using the above inequalities and by inequality (1.1), we have

\f' (ca+ (1= c)b)|* + | (B)|

c , B g
/O\f (ta+(1—1)b)|*dt < c 1 (2.15)
and
-1 U q ! (o —_c q
/ |f’(ta+(1—t)b)|th§(1—c)|f (@)l +|fs(jr”1+(1 b (2.16)
From (2.3),(2.6),(2.7),(2.15) and (2.16), we obtain required inequality (2.14).
Corollary 2.7: Under the assumptions of Theorem 2.6, using the inequality (2.8) and
since < dand —L+<1,
(p+1)? 27 (s+1)7
i). When A=0, B=1, ¢ =1/2, we have
1 /b a+b‘ b—a ()| v(us2) )
f@dx—f < 72 2]/ ) 4| f @]+ |f @)
b=a J, S W= 1O < o ()
il). WhenA = B= c=1/2, we get
)+f() b—a (222)
sl e < or @@+, @
iii). When A = ZB:% =1/2, we have
1 b 1 (a+b\  fla)+f(b),|_b- @], | A
b_a'/a f(x)d _E(f( 5 )+ 5 )§8 T ( }f +‘f +’f D
iv).WhenA:%,B:%,C:I/Z,wehave
Lo a+b) S+ (b—a) 2P +1)7 1 ety
b—a./a f( )d _7f 6 S 12 6l (2 ’ ‘f |
v).WhenA:%,B:%,c:1/2,wehave
1
1 b +b + f(b b—a) (3Pt 4+1)7 (222)
o [ a3 (50) - LSO LB ) g s Hreh @)

vi). When A = % = %,c: 1/2, we get

'bla/abf( )dx ,,f<a+b) f(a)1+0f(b)'S (b_a)z(:i);“);(z

f(%b)‘+‘f’<a> n

+|F @) (2.19)
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vii). When A = Lz = %,c: 1/2, we get

JICSIIC

ol

o ()|t

Remark 2.8: The followings are observed that:

i) The inequality (2.18) is a refinement of inequality (1.4) presented by Y. Shuang and
F. Qiin [16]

ii) The inequality (2.19) ) is a refinement of inequality (1.5) presented by Y. Shuang
etal. in [17]

iii) The inequality (2.17) is both a refinement of inequality (1.7) given by T. Du et al.
in [8] and the inequality (1.8) given by Kirmaci et al. in [12].

Theorem 2.9: Let f: I C R — R be a differentiable mapping on /% and let p > 1.

If \f’\"’/(’%l) is s-concave mapping on[a, b] for some fixed s € (0, 1), then we have

a%b{f(ca+(l—c)b)(B—A)+f(a)( B)+ A——/f a’x} (2.20)

1/q

<P 7 (21| (50t 20) %) e (21 (g2t 5em)| )

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Hélder’s inequality for p > 1, we get inequality (2.3). Since |f’|%is s-concave mapping on [a, ] and
using inequality (1.1), we have

¢ 1 c 2—c \|?
/ |/ (ta+(1=10)b)|dr <2°~ f’(§a+ 3 b) (2.21)
0
and
! ! 1| o l1+c¢ 1—c¢ q
/ |f' (ta+(1=1)b)|de <2°7 | f < At — b) (2.22)
c
From (2.3),(2.6),(2.7),(2.21) and (2.22), we obtain required inequality (2.20).
Corollary 2.10: Under the assumptions of Theorem 2.9, using the inequality (2.8) and since 26-1/4 < 1 and < forse

(p+1)” 27’
(0,1) and q € (1,0),

i). WhenA =0, B=1, ¢ =1/2, we have

/bf(x)dx—f(a;b)‘ bfa FH Hf (2

].

IN

}

( 3141»[7 )

< 11 Hf,(#) +lf

2.4»
ii). WhenA = B= c= %, we get

T v

( “tt}b )

+‘f’(3“1b)

iii). When A = % = %,c: 1/2, we have

1 b 1 b b
o [ S (50) )
b—a /( at3b
< ‘(45) ,
<ol ]
iV)WhenA:%,B:g,c=l/2,wehave

‘ﬁ/ab” dx _7f(a+b) f(a)Zf(b)

S

((Buib)

+‘f( 3

1
P

()

. (bfa)(2p+l+1)% [

1
6;+1

4|y

]



Universal Journal of Mathematics and Applications 121

v). When A = %,B: %,c: 1/2, we have

1P 3 (a+b\ f(a)+f(b) (b—a)(3p+1+l)i (@t /( 3ath
‘b_a/af(x)dxfzf( > >f g ‘g e [f(4)+‘f(4)],
vi) WhenAzl—lO,lei,czl/Z,weget
1 4 (a+b\  fl@)+f()| _ (b—a) @+ +1)r ()| | (et
'b—a/af(x)dxfgf< 2 )* 10 ‘S Lo+ {f( |+ )]'
vii). WhenAzll—z,B:i—l,c*:l/Zweget
1 5 (a+b)  fl@)+fB)]_ (b—a) (S DT [ gy | s
'b—a/af(")dxféf< 2 )* 12 'S i {f( |+ )]'

Theorem 2.11: Let f : I° C R — R be a differentiable mapping on 1%, a,b € I° with a < b and let p > 1. If the mapping |f'|? is s-convex in
the first sense on [a, b] for some fixed s € (0, 1], then we have

[Flca+ (1= )b)(B=A)+ fla)(1 = B)+ F(B)A — 5L [ ()|

1_l7 1 1-1L 1 (223)
S(a—b){Pz VTP @ + (P =T | (B)P) P+ My [Ny | @)+ My~ Ny £ (D)) /p}7
where,
A%+ (c—A)? , ¢ A
Py — T, = As+2 s+1 _
2 I )T S o B g
(ch)z‘i’(l*B)z 5+2 s+1 c B 1 B
M, = N = B S S
2 2 T G D) (5+2) e s+2 s+1] s+2 s+1
Proof: From Lemma 2.1, we get the inequality (2.2). By the power-mean inequality, we obtain
c c 1*% c 1/p
/0|zfA|‘f’(ta+(lfz)b}dt§(/0 \th|dz> (/0 |zfA|\f’(ta+(lfz)b}pdz) (2.24)
and
1 1 -1/ 1/p
/|t—B\|f’(za+(l—t)b|dz§(/ |t—B\dt> (/ |z—B\|f’(za+(1—t)b)|Pdt) . (2.25)
c c c
Since |f'|”is s-convex in the first sense, we have
C C
/0|z—A|\f’(m+(1—z)b}"dzg/o lt—Al (& |f/(a)|]" + (1=2%) | £'(b)|") at (2.26)
’ p
STl‘f(a) +(P=T)|f (b))
and
1 1
/|t—B\|f’(m+(1—t)b|pdt§/ lt—B| (£ | (a)|” + (1=°) | £'(b)|") at (2.27)
Jc c
<N ’f’(a)|p+(M2*Nl)|f/(b)|p~
where,

¢ A ¢ 2 _A)2
P2=/ \t—A|dz=/ (A—t)dt+/ (th)dt:m,
0 0 A

2
Tl:/C‘I—Ahsdl:/A(A—[)[Sdt+/c(t—A)tsdt:#A&FZ_‘_C‘HJ|: c _i}
0 0 A (s+1)(s+2) 12 srll
1 i ! B— 2 1_B2
M2:/ |t—B|dt:/ (B—t)dt+/ (t—B)dtzwv
Jc Je B

! s B s ! s 5+2 s+1 ¢ B 1 B
N :/ [t —B|t dt:/ (B—1t)t dz+/B (t—B)'dt = B +c - ++ (2.28)
c c

2
(s+1)(s+2) s+2 s+1 s+2 s+1
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and

P-T :/Oc\th|(lft)dt:/OA(Aft)(lft)dt+/Ac(th)(lft)dt,

M — Ny :'/Cl|t—B|(1—t)dt:/cB(B—t)(l—t)dt+/Bl(t—B)(l—t)dt.

A combination of (2.2) and (2.24)-(2.28) gives the required inequality (2.23).
Theorem 2.12: Let f : I C R — R be a differentiable mapping on 1°, a,b € I° with a < b and let p > 1. If the mapping | f/|” is s-convex in
the second sense on [a, b] for some fixed s € (0, 1], then we have

[Flca+ (1= )b)(B=A) + fla)(1 = B)+ F(B)A — 5L [ ()|

1 1 (2.29)
< <a—b>{P2‘ PInIf @+ Bl G My N @ N |f/<b>\"]‘/f’},
where,
A 201-A)T? o1 [c—A 1—c 1
L=ih (s+1)(s+2)7(lic) LH*(s+1)(s+2)}*(s+1)(s+2)’

_ 2(1-B)’*"? +1 [ B— l—c :
N = ey + (1-¢)* [?IC _ m] andPy,M;,Ti,Nj are as in (2.28).

|Pis

Proof: From Lemma 2.1, we have the inequality (2.2). By the power-mean inequality, we get inequalities (2.24) and (2.25). Since |f’
s-convex mapping in the second sense on [a,b], we have

/Oc|t—A||f’(ta+(1—t)b}”dt g/oc lt—Al (e |f(@)|"+ (1L =0 | f'()|")dt < T1 | f'(@)|” + T | £ (B)|" (2.30)
and

/Cl|z—B\|f’(m+(1—t)b\ﬂdzg/cl|z—3\ @ |f @)+ (=0 |f(B)|")dt <Ny | (@)|” +Na | £/ (B)]7. (2.31)
Where, ‘ B

TZ:/(: \t—A|(1—t)sdt:/O (A—z)(l—z)sdt—k/Ac(t—A)(l—t)Sdt

A 2(1-A)T Loyt [e=A l1—c 1

FEST (s+1)(s+2)*( =< L—H (s+1)(s+2)}*(s+1)(s+z)’

No= [l -a= [CBn0-ya [ a-n0-oa

s+2
_ Z(I_B) +(1_C)S+l|:
(s+1)(s+2)
and T7,N; are as in (2.28). A combination of (2.2),(2.24),(2.25), (2.30),(2.31) and
(2.32) gives the required inequality (2.29).
Corollary 2.13: Under the assumptions of Theorem 2.12 and using the inequality (2.8),
i) When A=0, B=1, ¢ =1/2, we have

B—c l1—c }

s+1 _(s+l)(s+2) (2.32)

b b b— 1
[ s 15| < T )

P

1 o,
F@O\+( +N0) £ ), (2.33)

1
b—a

where,
1 2s+2 -3 2s+2 -3 1
Tym— Ny=—— ST p . 2T N S
25+2(5+2) 25t2(s+1)(s+2) 25t2(s4+1)(s+2) 25t2(s+1)(s+2)
Taking s=1 and p=1 in (2.33) yields

a+b

: a1}
[ rwan- 5] <

sl

+

' 1

1
17 /
_ (a)
b—a + 12 )(‘f

£

1
P

(£

ii) WhenA = B= ¢ = % , we have

Lo f@+S®)| _b=a b
o [ o= OO < =i

<

2o

1 1

+(Ty) +N3))

7 o, (234
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where,
1 52541 52541 1
T = 2+2(s+1)(s+2)° N = 2F2(s+1)(s+2)° Ty = 2H2(s+1)(s+2)° Ny = 2HF2(s+1)(s+2)
Taking s=1 and p=1 in (2.34) yields
)+ﬂ) Ly, 50
'b a/ I gl—i[(48 48 ’f ‘
—4 @ '(b)
(el
iii) When A = %, B= %, c= % and s = 1, we have
1P 2 (a+b\  fla)+[f(b) SN 90 P )
'b_a[;fuwu—§f< ) IO <m0 (5) g 17+ r@D
< 5(b— a) ®)).
-
If | f'(x)| < L, then we have
| 2 (a+b\ fla)+f()| _5(b—a)

iv) When A:i0 B:%, c:%ands:l,wehave

'bi“/“bf( s _7f(a+b> f(a)I)f(b)‘ (b— a)(zlgo)]_;(;go)l/p(f(a)

17(b— a) ®)).

- 200
Remark 2.14: The followings are observed that
1)The inequality (2.34) is a refinement of inequality (1.6) presented by Du et al. in [8]
ii) The inequality (2.35) is a refinement of inequality (1.2) established by Dragomir et al. in [6] and the same as inequality (1.3) presented by
Dragomir in [7].

(b))

3. Applications To Special Means
We shall consider the means for arbitrary real numbers ,3,a#f3. We take
A(a,B) =M , a,BER, (arithmetic mean)

ﬁn+lian+] l/ﬂ .
L,(a,f) = [Hliﬁ)} ,neZ\{-1,0}, a,BE€R, a#p, (generalized log-mean)

In [9] and [4, pp 288], the following example is given:
Let s € (0,1)and a,b,c € R. We define function f : [0,00) — R as

a, t=0
f(t)f{ bt*+c, t>0
ifb>0and 0 < ¢ <a, then f € K. Hence, fora = c = 0,b = 1, we have f(t) =¢°,f:[0,1] = [0,1], f € K2.

Now, using the results of Section 2, we give some applications to special means of real
numbers.

Proposition 3.1: Leta,b€1°, 0 <a <band 0 < s < 1. Then we have, for all p > 1
. ) b— 1 s —
113 (@0) =A% (a,b)] < (o + (1= ) DAl op ),
q
.. ) Coe b— 1 - §—
i) |23 (a.) =A@ 07)| < o (gl + (1= k) DAal ! bl ).
q

Proof: The assertions follow from Corollaries 2.4-i and 2.4-ii applied to the mapping f(x) = x*, f : [0,1] — [0, 1], respectively.
Proposition 3.2: Let q, b e 1” 0<a<band0<s<1. Then we have, forall p > 1

1)|L§(a7b) Ay(a b) (|A( )|S*1 +A(|a|371 |b|x71)).
D (Aab) " +A(al " o).

ii) [L5 (a,b) —A(a®,b")] <

1+1

A : b-a)(31+1)7 _ _ _
lll) L;(a,b)— ga,b) _ (ag,b ) S s( a)g%ﬂ + ) (('A (a7b)‘s 1 +A (lals 17|b|s 1)) .
Proof: The assertions follow from Corollaries 2.7-i, 2.7-ii and 2.7-v applied to the mappingf(x) = x*, f : [0, 1] — [0, 1], respectively.
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Proposition 3.3: Leta,b€1°, 0<a<band0<s < 1. Then we have, forall p>1

1

1 1
DILS (a,b) = A%(a,b)| < “E=a(( 77 | laf TP, | BT,
2/

487 iy +Nf +N?

)

1 1 1 1
.. s(b— » » —1 » » -1
ii) |LS (a,b) — A(a®, b¥)| < & 72)A((T1?,+Nl”,,>|a|s ,(Tzi’, 2',,)|b|s ).

iii) |25 (a,b) — 2As(3a‘b) _ A(a;,bs)‘ < 5s(§67a)A <|a|s—] ’ |b|s—l> ]

Proof: The assertions follow from Corollaries 2.13-i, 2.13-ii and 2.13-iii applied to the mapping f(x) = x*, f : [0,1] — [0, 1], respectively.
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