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Research Article

Continuous prime systems satisfying N(z) =c(x — 1) + 1

JAN-CHRISTOPH SCHLAGE-PUCHTA*

ABSTRACT. Hilberdink showed that a continuous prime system for which there exists a constant A such that the
function N(z) — Ax is periodic satisfies N(z) = c¢(x — 1) + 1. He further showed that there exists a constant ¢y > 2,
such that there exists a continuous prime system of this form if and only if ¢ < ¢o. Here, we determine cop numerically
to be 1.25479 - 10'° 4 2 - 10'4. To do so we compute a representation for a twisted exponential function as a sum
over the roots of the Riemann zeta function. We then give explicit bounds for the error obtained when restricting the
occurring sum to a finite number of zeros. .

Keywords: Beurling primes, explicit formulae, continuous prime systems, Riemann zeta function.

2020 Mathematics Subject Classification: 11N80, 11Y60, 30A10, 33E20, 65E05.

1. INTRODUCTION AND RESULTS

Let S be the space of right-continuous functions f : R — R of bounded local variation, for
which f(z) = 0 for z < 1. Let ST be the subset consisting of non-decreasing functions. For
functions f, g € S define the Mellin-Stieltjes convolution f * g by means of the equation

(f*g)(x /fx/tdg

and the convolution exponential exp, g as

O _xn
9

XD, g =D T

n=0

where ¢*" denotes n-fold iterated convolution. For = € S define II(z) = Zk>1 im(2z1/*) and
N = exp, II. If the sum defining II converges for all z, then we call the pair (II, N) a continuous
prime system with prime counting function 7. Note that if 7 () denotes the number of ordinary
primes below z, we obtain N(z) = |z], and II(z) is the weighted number of prime powers
below z introduced by Riemann. If more generally 7(x) is a step function with integral jumps,
then N(z) is the counting function of an arithmetic semigroup in the sense of Knopfmacher
(5D

Starting with the work of Beurling, there has been ongoing interest in continuous prime
systems. Hilberdink ([4]) showed that if there is some ¢, such that N(z) — cz is periodic and
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Continuous prime systems satisfying N (z) = c¢(z — 1) + 1 379

continuously differentiable, then N(z) = ¢(x — 1) + 1. This led him to ask, for which ¢ such a
number system exists. Define the holomorphic function f as

9=y Mmooy
_n:1 n _kzlk’!C(k‘-l-l)'

He then proved the following.

Theorem 1.1. There exists a continuous prime system satisfying N(x) = c(x — 1) + 1 if and only if
f(x) > f((1—c)x) forall x > 0. Moreover, there exists some co > 2 such that there exists such a prime
system if and only if ¢ < co.

Here, we determine ¢, numerically. Clearly, the existence of ¢y is equivalent to the statement
that f(z) is positive for some z < 0. Hilberdink proved the existence of such an z using Lan-
dau’s ineffective criterion on the continuation of Dirichlet series with non-negative coefficients,
therefore his proof does not yield any bound on cj.

We prove the following.

Theorem 1.2. The constant c( from Theorem 1.1 satisfies
|co — 1.25479 - 10" < 2-10™.

2. ASYMPTOTIC ESTIMATES FOR f

In the sequel 6 denotes a complex number of modulus < 1, which may be different in all
equations and may depend on all occurring parameters. As in the case of Landau symbols,
equations containing § may only be read from left to right, e.g. we have 6 = 26, but not 20 = 6.
The following is a version of Stirling’s formula with an explicit error term, derived by Boyd

(3]).

Lemma 2.1. For |argz| < T we have

[(z) =V2nz (g)z (1 —|—912;2|\f> .

We can now come to the main result of this section. We denote the non-trivial roots of ¢ by p,
and the imaginary part of p by ~.

Lemma 2.2. Let T > 100 be a real number such that all roots of ¢ in the rectangle 0 < o < 1, |t| < T
are simple with real part %, and that ¢ has no root with imaginary part T. Put

0= m1n |C(J+ZT)\

Then we have for real x > e? the estimate

1
(2.1) f(=z)= 20(=1) Z "
(- fl = C
15.1
+6 55 /28 + 6(0.85log z 4 0.886~1)T2e"1/2
i

Proof. From the Mellin transform
—14ic0

— / T(s)z™%ds =e™* — 1,

211
1

— 5 —1i00
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we deduce
%Jrioo
1 r(l-s) ,
—x) = — ———1° ds.
I =50 / s "
%—ioo
We shift the path of integration to the path going from 1 + 10;1: oo to 1+ kéz — iT, then
to —2 — T, to —3 + iT, further to 1 + 17 + T, and fmally to 1 + 57 +ico. Doing so we
encounter one smgularlty at s = —1 with residuum m and one smgularlty with residuum

%xl/ 2+ for each non-trivial root p in the rectangle 0 < ¢ < 1, |¢t| < T. Note that the pole
of ( at 1 and the pole of I" at 0 cancel each other. The integral over the new path will be bounded
from above. We have

M ra g Nra—g
I'l—-s) .4 1 I'(l—-s
s—1g < d
/ O L / ’ s |
34T -3 —ico

and since I' decreases rapidly along every line parallel to the imaginary axis, the last integral
can easily be evaluated numerically to be < 95.32. On theline ® s = 1 + @, we have

<l ——) <1 4 loga
1¢(s)] a4 +10gx) +/1 t1+1/logx +logx

thus
1+%w+ioo 14 a7 Hice
I'(1 -
/ (C(>s)ms_1ds < e(l1+logx) / [T(1 — s)|ds,
s
It i +iT It poas HT

and from Lemma 2.1, we obtain that for x > e? the right hand side is bounded above by

= 442
6(1+10g$)/ (t+1)e ™2 dtze(1+10g:v)( 742t ST,

T 7T

Finally, we have

14 i +iT ok
I'(1-—
/ (C()S)xs_ld‘g <8N T+ e / 27 Vo < (T +1)e™T/257L,
s
-5 +iT Jy

We conclude that the modulus of the integral over the new path is bounded above by

95.32
25/2
95.32

gs%/g + (5.4916 ' +5.279log ) Te ™1/,

+ (1 +log 2)(3.462T + 5.665)e ™72 4 2¢(T + 1)5 ™ "/2

where we used the bounds 1 + logz < 2logz and T > 100. Taking the factor 5= into account
our claim follows. U

Note that even if we assume RH and the simplicity of all roots, we cannot get an explicit for-
mula depending only on x and T, since it might be that ¢’(p) could be very close to 0. However,
as in the explicit formula for ), . 11(n), we do get an explicit formula valid for all suitable val-
ues of T. We refer the reader to [6, section 14.27] for details.

Lemma 2.3. We have f(—z) < 0for 0 < z < 2.5-10% and f(—z) < 9.2-107'3 for all z > 0.
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Proof. We claim that in the range 7 < z < 2.5-10° the first negative summand in (2.1) dominates
the other terms. We put 7" = 100. A straightforward computation yields § > 1.19, together with
¢'(—1) = —0.165421 ... we obtain

6.045 15.18 1
flma) < ——5—+ —=5 Z
x S f <100
. 6045 1518 1.44-107 9
St art
From this, we conclude f(—x) < 0 for 7 < x < 2.5-10% as well as f(—z) < 9.2- 10713 for

2510 < z < €', If z is very big we use estimates for the summatory function of the
Mobius function. We have

M(n) —z/n ‘ —z/n —z/(n—&-l)‘
— 7 —1) < —
E p (e ) ng 1m(n) e e )

where m(z ‘an (T

(0.851og x 4 0.74) - 6.05 - 1075

|

+ (5.15log x + 4.48) - 107%.

Bordellés ([2]) has shown that m(z) < 15’;26m for z > 1, hence for

x> €’ weget

— 546
\f(—a:)| Se—x+z . e~ T/m e

—z/(n(n+1)) _ 1’

which is sufficiently small for 2 > 10'°. In the range 3 < z < 7, we can compute f with high
precision using its Taylor series. We have

oo

efm/n B OOefz/t B 1
<> - ge%r/o G dt=cT" 4+ —.

n=1

efz/n

Thus for a given xy, we compute f(x) and f’ (xo) estimate f”(z(), and obtain an interval for
which f is negative. Finally in the range 0 < = < 1, we have

0 k 1

1 x
=2 —1'<k+1>24<2>_<<3>>0

1

together with f(0) = 0, we conclude that f(—z) < 0in 0 < z < 1 as well. Hence the lemma is
proven for all z > 0. O

3. COMPUTATION OF ¢

The problem of computing ¢y is equivalent to finding the infimum of all ¢, such that there
exists some y > 0 with f(—y) > f(-25). Since f(z) is increasing for > 0, the right hand side
is decreasing with ¢, hence our problem is equivalent to minimizing ¥ subject to the relations

2,y >0, f(z) = f(=y)-
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By Lemma 2.3, we have f(—y) <9.2-107'%. As f(z) > ; for 2 > 0, the equation f(~y) =
f(x) implies 2 < 2-10~'2. Together with f(~y) < 0fory < 2.5-10° we obtain { < 5-10'® for
all z,y > 0 satisfying f(x) = f(—y). This crude lower bound is surprisingly close to the actual
value for c.

For two positive real numbers y;,y2, we say that y; is better than yo, if f(—y;) > 0, and
either f(—y2) < 0 or for the real numbers z1,z2 > 0 defined by the equation f(—y;) = f(x;)
we have ;—i < % Clearly if y; is better than y», then y» cannot solve our optimization problem.
We first show that in this way the range of y can be restricted to a bounded interval.

Lemma 3.4. Suppose that z1 > 0 satisfies f(—x1) > 0. Then xq is better than all x4 satisfying

9.2.10~13
T2 > fCz) *1-

Proof. Suppose that x5 > x;, and that x; is not better than x,. Let y;,y2 be given by the
equations f(—x;) = f(y;). We then have y» > yi, and since f is convex in z > 0, we conclude

that £ Sj’;‘) > L E,yll)' thus £ (X?) > L (;fl). Our claim now follows from Lemma 2.3. O

We now apply Lemma 2.2 with T’ = 100 and neglect all roots except §+iv;, where v, = 14.13 ...
to find

B 1 N 2 T™MT(3 —im)
2('(-1) vz ¢'(p1)
0 4.107"  15.18
T 11/2 25/2
1 10~
= +
20(-1) T Va
15.1
+ 6 <58 + (5.15log x + 4.48) - 1065)

f(=x)

+ (5.15log x + 4.48) - 10—65)

R (27 (—14102 + 143259i + 50))

5/2
S — 10714?}% (2" (—14102 + 143259i + 216))
BRIV ’
provided that 2.5 - 105 < z < 10°%. Putting s = log(—x), we obtain
—2s
(3.2) F—e®) = ﬁ + (143951 + 220) - 10~ e ~*/2 cos(y1 s + 1.66892).

In particular we obtain f(—e'®) > 2.3 . 107'3, thus, using Lemma 3.4, e'® is better than all
z satisfying © > 4 - €'®. In particular we only have to consider values of z, for which the
approximation (3.2) is valid. Considering the power series for f we find that for z € [0, 10%°]
with f(—z) > 0 the unique value y with f(y) = f(—x) satisfies y < {(2)f(—x), as well as

Y v 1 v 2
f(y)<@+e 1 y<C(2)+y,
thus 3. 10-9
y > (@ f(—a) — () f () > (1 -2 )C(2)f(—w)7

3-107%

and therefore y = (1 + NG

) ¢(2)f(—=z). We conclude that in the relevant range the func-

(” 4'5);9) Foa)

tion to be minimized is




Continuous prime systems satisfying N (z) = c¢(z — 1) + 1 383

subject to the condition f(—xz) > 0. Since this condition in particular implies that the first,
negative, summand in (3.2) is of smaller absolute value than the second, we obtain that we

have to minimize the inverse of
—3s

€

¢(=1)
subject to the condition that this expression is positive, that is, we have to find the largest local
maximum of this function. The first positive local maximum of this function occurs at s = 14.99
with a value of 7.01 - 10729, the second at 15.44 with a value of 7.97 - 10~29, the third at 15.88
with a value 5.26 - 10720, All further local maxima are much smaller. The precision is sufficient
to guarantee that the maximum is attained in the interval [15.43,15.45] and has a value in the
interval [7.9-10729,8 - 10729].
We can now refine our computation by using the latter bound to improve the error in (2.1). We
put 7' = 100 in Lemma 2.2 and get

+ (143951 + 246) - 10~ 4e735/2 cos (15 + 1.66892)

1
—z) = %x’%+169 10169
f( ) mzcl( 1 Z erj)
1 2 | D& —iv)) ( i%—)) _
N T S B A log = + ar 27, +1.75- 10719
2D G |\ o )

for e!%43 < 2 < €!545, From this, we find that the maximum of @ is attained in logz =
15.4382+60.0001 and has a value (796947 +6)-10725, and the value of ¢y is (1.25479+0.000026) -
10'2. The proof of Theorem 1.2 is complete.
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Matrix valued positive definite kernels related to the
generalized Aitken’s integral for Gaussians

VALDIR A. MENEGATTO* AND CLAUDEMIR P. OLIVEIRA

ABSTRACT. We introduce a method to construct general multivariate positive definite kernels on a nonempty set
X that employs a prescribed bounded completely monotone function and special multivariate functions on X. The
method is consistent with a generalized version of Aitken’s integral formula for Gaussians. In the case in which X is a
cartesian product, the method produces nonseparable positive definite kernels that may be useful in multivariate inter-
polation. In addition, it can be interpreted as an abstract multivariate version of the well-established Gneiting’s model
for constructing space-time covariances commonly highly cited in the literature. Many parametric models discussed
in statistics can be interpreted as particular cases of the method.

Keywords:Positive definite kernels, conditionally negative definite functions, Aitken’s integral, Schur exponential,
Oppenheim’s inequality, Gneiting’s model.

2020 Mathematics Subject Classification: 42A82, 47A56.

1. INTRODUCTION

Let X be a nonempty set and write 1/, (C) to denote the set of all ¢ x ¢ matrices with complex
entries. A kernel K = [Kp, 5, =1 + X x X — M,(C) is positive definite if for every positive
integer N at most the cardinality of X and distinct points x1,...,zx in X, the block matrix
(Ko (2, 20)] =18, =1 Of order Ng is positive semi-definite, that is,

N
E3
(1.1) E e K(xp,x0)e, = E E ey Ko (T, ) >0,
pn,r=1 m,n=1 p,rv=1
whenever ¢4, ..., cy are column vectors in C? and ¢,, = [¢! ... ¢?]T. The star notation refers to
9 9 / 13 1z
conjugate transposition of column vectors in C. If the matrices [[Kp, n (2,0, 2.)] =1 |8, ,,—; are

all positive definite, that is, the inequalities in (1.1) are strict when at least one of the vectors c,,
is nonzero, then the positive definite kernel K is termed strictly positive definite on X. The two
classes of kernels introduced above will be denoted by PD,(X) and SPD,(X), respectively.
Kernels in these classes correspond to the standard positive definite kernels studied in [4] when
we set ¢ = 1 and identify M,(C) with C. The importance of matrix valued positive definite
kernels in their various formats may be ratified in the references [2, 18, 19, 25].

Examples of kernels in PD,(X) and SPD,(X) can be easily constructed. If A is a positive
semi-definite matrix in M,(C), then the constant kernel

K(z,2')=A, z,2'€X,
Received: 07.07.2021; Accepted: 29.10.2021; Published Online: 02.11.2021

*Corresponding author: V. A. Menegatto; menegatt@icmc.usp.br
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belongs to PD,(X).If f1,..., f, are kernels in PD;(X), then the kernel K given by the formula
K(z,2") = Diag(fi(z,2'),..., fy(z,2")), =2 € X,

belongs to PD,(X). Further, if all the f,, belong to SPD;(X), then K belongs to SPD,(X).
Moving the other way around, if K is a kernel in PD,(X) and ¢ € C?, then

flr,2") =c*K(xz,2")e, z,2' € X,

defines a function in PD;(X). If ¢ # 0 and K belongs to SPD,(X), then f actually belongs to
SPD;(X).

The purpose of this paper is to introduce methods to construct abstract matrix-valued map-
pings with the additional requirement of positive definiteness and strict positive definiteness.
In many cases, the methods yield easy to handle and flexible models, once it encompasses com-
mon models found in geophysical sciences, including probabilistic weather forecasting, data
assimilation, statistical analysis of climate model output, etc. when one makes the right choice
for X and set a metric structure in it.

The method itself will be based on bounded completely monotone functions and special
matrix valued functions attached to the notion of conditional negative definiteness. Recall that
the complete monotonicity of a function f : (0,00) — R is characterized by two properties: f is
C*(0,00) and (—1)"f™(t) > 0 forn = 0,1,...and ¢ € (0,00). Throughout the paper, we will
not distinguish between a bounded completely monotone function and its unique continuous
extension to [0, co).

A kernel K = [K,, ,]! : X x X — M,(C) is conditionally negative definite if it is Hermit-

m,n=1
ian and the block matrices [[K, ,, (2, 2,,)] Y | are of negative type, that is, the quadratic

u,u:lﬁn,n:
forms (1.1) are < 0 whenever the vectors ¢, satisfy 25:1 ¢, = 0. The conditionally negative
definite kernel K is strictly conditionally negative definite if the matrices [[Kp, 5 (€0, )] =115, 1
are of strict negative type for N > 2, that is, the quadratic forms are negative whenever N > 2
and at least one ¢, is nonzero. These two classes of kernels will be denoted by CN D, (X) and
SCND,(X), respectively. Examples of kernels in CND;(X) and SCND;(X) can be found in
[4] while connections between the classes PD;(X) and CND;(X) are described in [3, 4, 10].
As for examples in the classes CND,(X) and SCND,(X), one may employ these connections
and imitate the procedures adopted for producing kernels in PD,(X) and SPD,(X) previ-
ously mentioned.

All the major results we intend to prove here will be based on a generalization of Aitken’s
integral formula for computing Gaussians: if A is a positive definite matrix in M, (R) (the subset
of M,(C) formed by matrices with real entries only) and b is a vector in R?, then

/ o UTAu+ibTuy, md/? ebe(4A)71b'

R¢ Vvdet A

Aitken’s integral itself corresponds to the formula above in the case b = 0. A proof for the
generalized Aitken’s integral formula can be reached by mimicking the proof of Aitken’s inte-
gral in [24, p. 340] but an independent proof is available in [15]. This reference also contains
univariate results that may be considered as versions of some of the results to be described
here.

Before we proceed to the outline of the paper, it is worth mentioning that if X is actually a
cartesian product of sets, the method to be presented here lead to nonseparable kernels, i.e.,
kernels on two variables which are not mixed up, a desirable property in applications. Mean-
while, in some specific cases, the method will upgrade to a generalization of the well estab-
lished Gneiting’s contribution in [7] on the construction of kernels in PD; (R x R?). Gneiting’s



386 Valdir A. Menegatto and Claudemir P. Oliveira

classical result is as follows: for a bounded completely monotone function ¢ : (0, 00) — R and
a positive valued function f with a completely monotone derivative, it asserts that the formula

12 Grl@y) @y = ¢('x‘x"'2), 2,2 €RY; 4,y € RY
= \Fy—ym) ©F SRivy R,

defines a kernel G,. in PD;(R? x R?), whenever » > d/2 and || - || denotes the usual norms in
both R? and R?. The boundedness of ¢ is required in order to make ¢(0") < co. The references
[12, 13, 16, 20] include some extensions and generalizations of this important result along with
additional references on the topic.

The paper proceeds as follows. Section 2 begins with the description of two additional no-
tions to be employed in the paper, one for families of vector functions and another for families
of matrix functions, along with examples. The first major result of the paper is Theorem 2.4: it
describes a method to construct kernels in PD,(Y’) from bounded completely monotone func-
tions, special families of vector functions on Y and special families of matrix functions on Y.
Further, it provides a sufficient condition in order that the resulting kernel be in SPD,(Y). At
the end of the section, we discuss some examples and detach a relevant consequence of The-
orem 2.4. The main result in Section 3 expands Theorem 2.4 via integration with respect to a
convenient measure, a usual procedure adopted in approximation theory and statistics in or-
der to produce new positive definite functions from a family of parameterized positive definite
functions. We separate a special simpler version of the theorem in Corollary 3.3. Section 4 de-
scribes extensions of Theorems 2.4 and 3.1 that lead to kernels in PD, (X x Y). Applications
and a multivariate abstract extension of the classical Gneiting’s result are described.

2. POSITIVE DEFINITENESS ON A SINGLE SET

This section contains the first main contribution in the paper to be made explicit in Theorem
2.4. It provides a method to construct functions in PD,(Y") using completely monotonic func-
tions via Aitken’s formula. A sufficient condition for strict positive definiteness is included.
The contribution itself demands two notions for families of functions with domain Y which
we now discuss.

For a matrix function G in CND,(Y") and a vector u from C¢, the kernel

(y,y) €Y x Y = u*G(y,y )u

belongs to CN.D;(Y). Further, the kernel belongs to the class SCN D1 (Y') whenever G belongs
to SCND,(Y) and u is nonzero. Theorem 2.4 will demand a family {G,, , : m,n = 1,...,p}
for which all the matrix kernels

(1, y) €Y XY = [WTGn(y, v )ul’ u€eRY,

m,n=1"
belong to CND,(Y"). Since this is not easily achievable, the following examples are apposite.
Example 2.1. Define

G, 0) = 9m(y) + 9n(y), v,y € X,
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where gy, gn, : Y — M,(C) are functions subject to our choice. If 1, ..., yn are distinct points
inY, cy,...,cn are vectors in CP such that Zu 1¢u = 0and u € C9, then
N p N N p
Z [u G, n(yuayV) ]m n=1C = ZZCZ Z @u gm(yu)u
pov=1 n=lv=1 p=1m=1

that is, the matrix function
(1,y') € X X X = [uTGpn(y, 9/ )ul}

m,n=1

belongs to CND,(Y').

Example 2.2. Set G, ,, = 0 when m # n and pick each G,, ,, in the class CND,(Y). Keeping
the ¢, and the y,, as in Example 2.1, it is easily seen that

N P N
* P _ —m M
E Cu [UTGm,n(yua ZUV)U]m,nzl Cv = E E cpicy, uTGmm(ymyy)u <0.
wv=1 m=1 p,v=1

Thus, the matrix function
(1,9) € X x X = [uT G n(y,y')ul;

m,n=1

belongs to CND,(Y').

Theorem 2.4 will also need special families {H,, , : m,n = 1,...,p} of vector functions
Hy, Y xY — C4. Precisely, it will require families for which all the matrix functions

. I\, 1P
(y7y/) c Y xY — [62Hm7n(y,y) ui|mn71’ UGRq,

belong to PD,(Y'). Again, this is not easy to achieve, reason why a simple example is handy.

Example 2.3. Let us set
Hyn(,y) = b (y) = hn(y), 9,y €Y,

where by, 1Y = R:, m = 1,...,p. If y1,...,yn are distinct points in Y and ¢y, ...,cy are
vectors in CP, then
2

N ) N p
A [el Hop o (Y yo) T ] Z S amet @) >0, weRry,
=1 m,n= 1 =1 el
that is, the kernels
. A% P
(y,y) EY x Y > [ele,n(y,y) u} , u€RY
m,n=1
belong to PD,(Y).
We observe that if the matrix functions
. 1\ * P
(y,y) €Y XY [esz,n(y,y) “] , u€RY,
m,n=1

belong to PD,,(Y), then each H,, ,, must be anti-symmetric in the sense that
Re Hm,n(yay/) = —Re Hm,n(ylay)a yvy/ ey.
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In particular,
ReHpn(y,y) =0, mn=1,...,p;yeY.

Finally, some specific properties of Hadamard exponentials will be needed. We recall that if
A is a matrix in M, (C), then its Hadamard exponential is the matrix

oA

R [eA'“’]q

p,v=1"

If A € M,(R) is symmetric and of negative type, then the Hadamard exponential of —A is
positive semi-definite. It is positive definite if and only if

Ay +A,, <24, p#v

These facts are proved in Lemma 2.5 in [21] albeit [14] analyzed similar properties earlier. As an
obvious consequence, we have that if A € M,(R) is of strict negative type, then the Hadamard
exponential of —A is positive definite. The recasting of this property for block matrices is as
follows: if a real symmetric block matrix A = [[Apn (1))l ,—1]7, ,—; is of negative type, then
the Hadamard exponential of —A is positive definite if and only if

(2.3) Apm (ppe) + Apn (vv) < 2450 (pv),  |m —n|+ |p—v| > 0.
Below, we will use the symbol “e” to denote the Schur product of two matrices of same size.

Theorem 2.4. Let ¢ be a bounded and completely monotone function. For each m,n in {1,...,p}, let
Gmn ' Y xY — M,(R) be a matrix function with range containing positive definite matrices only
and Hy, », 1Y xY — RY a vector function. Assume the matrix functions

(y,v) €Y XY = [uTGpn(y, vy )ul? u € RY,

m,n=1
belong to CND,,(Y') and that

(1, y) EY x Y s |€! Hma"@’y/)T“r , u€RY
m,n=1
belong to PD,(Y"). The following assertions hold for the kernel K :' Y xY — My,(R) given by the
formula

_ p
Hyoo 4, Y) T Gran (5 y) " Hinn (5 Y))

. Yy evy.
det Gm,n(yvy/) y y

K(y,y') = V(

m,n=1

(1) K belongs to PD,(Y).
(#3) If ¢ is not identically 0 and there exists an open subset U of R9 \ {0} so that

UG (YY) + Gun (YY) = 2Gmn(y,y)u <0,  (m,y) # (n,y); ue U,
then K belongs to SPD,(Y).

Proof. We begin by proving Assertion (i) in the case where ¢ is a constant function, that is, the
case in which

. .y ey.

K(y.y') = l #0) ]

det Grn(y, y)

Since each matrix G, »(y, ') is positive definite, we may apply Aitken’s integral formula to
obtain

(2.4) K(y,y) = 2(0) UR e_uTGm’”(y’y/)“dur . gy €Y.

B 7]"1/2

m,n=1

m,n=1
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If y1,...,yn are distinct points in Y and ¢y, . . ., ¢ are vectors in R?, then
3 TG
Z CTK(y;uyV 7T'J/2 Z Z CZLCZ / —u m,n yuayu)udu
wv=1 w,rv=1m,n=1

_7Tq/2 /Rq Z Z c —uT mn(y#ayu)udu.

m,n=1p,rv=1

One of the assumptions on the G, , now yields that

p N
S S e G n 0, e

m,n=1p,v=1

and Assertion (i) follows in this case. In the general case, the Bernstein-Widder Theorem ([23,
p- 3]) implies that

p

K(y’y’) — mn y Yy )TGm n(y y) 1Hm,n(y7y/) SdO’(S)]

l\/detGmnyy /Ooo

for some finite and positive measure o on [0, 00). On the other hand, the generalized Aitken’s
integral formula provides the alternative representation

K(yy) = ll /[0700) (/R e Gy, )u 2 \/gHmv"(y’y/)T“du) da(s)]

m,n=1

p

774/2
m,n=1

If the y,, are as before and the ¢, are now complex vectors, the quadratic form

N

Q = Z C;K(yluyu)cv

pn,v=1
becomes

— 7Tq/2 Z Z / / 6*UTGm,n(y#a yv)uei 2\/§Hm,n(y;u yu)Tududo-(s)
[0,00) JRY

w,v=1m,n=1

— q/2/ / Z Z CmC C*G*U Gmn(yuvyu)uei2\/§Hm,n(y,uayu)Tududo—(s)'
s R4

m,n=1 p,v=1

; / p
The assumption on each (y,y') € Y x Y [ez Hpn (9, )T“] settles the positive semi-
m,n=1
definiteness of
. N P
(2.5) [ |:67’ 2\/§Hm,n(yuv yu)Tu:| ]
pv=1 m,n=1

while the Schur Product Theorem ratifies the positive semi-definiteness of each Schur product

(2.6) Hemcmm(ymyu)uhvu JP ‘Heﬂ \/gHmm(yﬂ,yl,)Tu]N r

m,n=1 w,v=1 m,n=1
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These arguments validate the inequality Q > 0.
Let us keep the notation used above to prove Assertion (i7). Assume further that the ¢, are not
all zero vectors. If there exists an open subset U of R? \ {0} so that

U (G (Y5 y) + G (V' y) = 2Gmn(y,y)]u <0, (m,y) # (n,y'); we U,

we can infer via (2.3) that the block matrix

“e—uTGm,n(ywym]N }
wv=1

m,n=1

is positive definite whenever u € U. Thus, if ¢ is constant and not identically 0, then @ > 0
by Formula (2.4). If ¢ is nonconstant, first we invoke our assumption on the H,, , in order
to see that the diagonal entries in each block matrix (2.5) are all equal to 1. An application of
Oppenheim’s inequality ([9, p. 509]) shows that the Schur product (2.6) is positive definite for
u € U and s > 0. In particular,

P N

/ Z Z CmC C e UTGm,n(yuayv)uei2\/§Hm,n(y,uay1/).ru du > O7 S Z 0
R4

n vty
m,n=1 p,v=1

Since ¢ is not the zero measure we may go one step further and infer that @ > 0. O
Remark 2.5. Theorem 17 in [22] is a very special case of Theorem 2.4-(i).
Next, we present some examples that illustrate our findings.

Example 2.6. For m = 1,...,p, let g, : ¥ — M,(R) be a function with range containing
positive definite matrices only and h,, : ¥ — RY an arbitrary function. Setting G, »(y,vy') =
am(y) + 9u (), v,y € Y and Hyy (v, Y') = hm(y) — hn(y'), v,y € Y, the assumptions in
Theorem 2.4 are satisfied. Thus, the formula

O (e (y) = hen ()T (g (y) + 9n (') (hin(y) — ha(¥)))
VAet[(gm (y) + gn ()] mon=1

defines a kernel in PD,(Y") whenever ¢ is bounded completely monotone function. The in-
equalities in Theorem 2.4-(i¢) cannot be matched in this abstract example.

P
.y ey,

Example 2.7. Form,n =1,...,p, let us set

G0, Y) = gm0, ) g, y,y' €Y,

where each g,, ., is a positive valued kernel on Y and (y,y') € Y X Y — [gmn(y,y )}m ne1
belongs to CND,(Y). Observe that for each m and n,

WG (v, 9w = |[u)Pgmn(y, '), uweERYyy €Y.

On the other hand, if ¢y,...,cy are column vectors satisfying ij:l ¢, = 0and yi,...,yn
belong to Y, then
D N D N
Yo D T o (s v )u = ul® Y Z R G (YY) <0,
m,n=1p,v=1 m,n=1 p,v

that is, each kernel
(y,y)GYXY»—)[u Gmn(y y) ]mn 1
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belongs to CND,,(Y). If the H,, ,, satisfies the assumptions of Theorem 2.4, then it is promptly
seen that the formula

1 ([ H,n (y y/)||2 g
K ’ )= |: ( : : ’ ’ ! € Y>
®.4) gm,n(y,y’)q/zq5 Imn (0 Y') ) ] nea Y

defines a matrix kernel in PD,(Y") whenever ¢ is a bounded completely monotone function.

Example 2.8. If we take H,, , as in Example 2.6, then the kernel K in Example 2.7 takes the

form . N 2N

K(%y/) _ |: . (” m(Y) nEy )i >:|

G (Y, y') Imn (YY)

This example has a structure that resembles that of Gneiting’s model in [7] for the construction

of space-time covariances. We can get even closer by setting g, , := g for all m and n, where
g:Y — (0,00) belongs to CND;(Y), a choice that leads to

" _ 1 1B (y) = P (W) 1P\ 17 ,
Kl ) = 5oy P( 9y, >:|m,n—1’ hy et

The setting adopted in both Examples 2.7 and 2.8 is a particular case of that detached in The-
orem 2.9 below. Needless to say that the theorem can be interpreted as a multivariate version
of the Gneiting’s criterion in [7].

.y ey.

m,n=1

Theorem 2.9. Let ¢ be a bounded and completely monotone function. Let g be a positive valued kernel
in CND1(Y) and for each m,nin {1, ... p}, define

CGmn(y,y) =9y, 9) g, v,y €Y.
If Hpn 'Y XY — RYis a vector function such that the matrix functions

. p
(yay,) EY XY — |:6,L Hm’n<y’y/)Tui| , ue€ Rqa
m,n=1
belong to PD,,(Y"), then the following assertions hold for the kernel K :' Y x Y — M,(R) given by the
formula
1 || Honn (95 9112 ? /
K(y.y') = {d)( : , Y ey
( ) g(y?y/)Q/Q g<y’y/) m,n=1

(1) K belongs to PD,(Y).
(i) If ¢ is not identically 0 and g(y,y) + g(v',y") — 29(y,y') < 0 for y # ', then K belongs to
SPD,(Y).

3. AN EXTENSION OF THE MAIN RESULT VIA INTEGRATION

Here, we extend the results proved in Section 2 by introducing a scale mixture in the formula
that defines the positive definite kernels.
Our first contribution here is as follows.

Theorem 3.1. Let p be a nonzero positive measure on (0, 0o) and ¢ a bounded and completely monotone
function. For each m,n in {1,...,p}, let Gpp © Y XY — My(R) be a matrix function with range
containing positive definite matrices only, Hy, , = Y x Y — RY a vector function and {Py, ,}s>0 a
family of kernels on Y such that each function s € (0,00) — Py, ,,(y,y') is p-integrable. If the matrix
functions

(1,y) €Y XY = [WTGrn(y, v )uly, ey, uweR,
. / p
(y,9) €Y x Y = |e Hun(y,y )Tu} , u€RY
m,n=1
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and
(y7y)€YXY'_>[Pmn(yy)]mn 1 S>07

belong to CND,(Y'), PD,(Y') and PD,(Y'), respectively, then the kernel K : Y x Y — Mp,(R) given
by the formula

1
K(y,y) =
(y Y ) det Gm,n(y7 y/)
p
x ¢ (Hin 0¥ ) G (0, 9) " Huo (0, 9) 8) Py (4,5 )dp(s)
(0,00) m,n=1
belongs to PD,(Y).
Proof. Lety,...,yn be distinct pointsin Y, ¢y, ..., cy vectors in CP and set
N
Q = Z C:;K(yuvyu)cu
pr=1

Direct calculation shows that

P N Hmn Ly Juv TGmn s Jv -t Hmn Ly JV
Q:/O D3 ¢ (V5 Homn Y 9)T G (W )~ V5 Hinon (Y10, 010

(0,00) 1 =1 p,v=1 det G p (y;u yU)

Pm,n (y,uv yu)dp(s)'
As in the proof of Theorem 2.4, the matrix functions

. / p
(y)y/) cY xY |:e7z \/gHm,n(y7y )Tu:| s u e Rq, S > 0,

m,n=1

belong to PD,(Y'). However, since the assumptions on the G,,, ,, are the same as those in The-
orem 2.4, we can apply Theorem 2.4-(¢) in order to see that each matrix

N p
¢ (V3Humn (Yus Y1) TG (Yo Y0) V5 Himn (Y0 90))
3.7)
det Gm,n(yua yu) R
is positive semi-definite. As for the matrices
S N p
(3.8) |:|:Pm,n(yﬂz?yl/):| “’Vzl]m,nzl bl

they are positive semi-definite as well by our assumption on the family {P;, ,,}s>0. Thus, the
Schur Product Theorem implies that

Hmn y Yv Gmn ) V_l Hp ) IV
Z Z \[ Yy Yo ) TG s Yo) VS Hom (Y0, y )) Py (Yp,yp) >0, s>0.

m,n=1 pu,r=1 detGm,n(y#ayV)
Therefore, Q > 0. O

As for strict positive definiteness, the following consequence of Theorem 3.1 holds.

Theorem 3.2. Under the setting of Theorem 3.1, if ¢ is not identically zero, then the following additional
assertions hold for the kernel K:
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() If there exists an open subset U of R? \ {0} so that
WG (Y, Y) + G (Y ) = 2Gmn(y, ¥ )lu <0, (m,y) # (n,y); u €T,
and a p-measurable subset A of (0, c0) so that p(A) > 0 and
Prm,y) >0, me{l,....,p};y€Y;s€A,

then K belongs to SPD,(Y).
(3) If there exists a p-measurable subset A of (0, 00) so that p(A) > 0 and

,y) €Y XY = [P (4,4 )5 ey € SPDL(Y), s € A,

m,n=

then K belongs to SPD,(Y').

Proof. Let the x,, and the ¢, be as in the proof of Theorem 3.1. Further, assume at least one ¢,
is nonzero. If the assumptions in (7) hold, then Theorem 2.4-(i:) implies that each matrix (3.7)
is positive definite while the diagonal entries in the matrices in (3.8) are all positive for s € A.
Therefore, by Oppenheim’s inequality, we can assert that

i i ¢(\/gHm,n(ymyu)TGm,n(Z/;uZ/V)_l\/gHm,n(ymyu))

PnL,n(yu,yy) > O, CES A.
m,n=1 u,v=1 det Gmm(ym yu)

Since the measure p is nonzero, ) > 0. If the assumptions in (4¢) hold, we may reach the very
same conclusion once the diagonal elements in the matrices in (3.7) are given by

¢(0)
>0, m=1,....,p;u=1,...,q.
\/det Gm,m(y;u ylt)
Indeed, Oppenheim’s inequality once again would imply that @ > 0. O

A specially chosen family {G,,,, : m,n = 1,...,p} in Theorem 3.1 leads to the following
improved abstract multivariate version of Gneiting’s criterion in [7].

Corollary 3.3. Let ¢ : (0,00) — R be a bounded and completely monotone function. For m,n =
1,2,...,p0 86t Gron(4,Y) = Gmn (Y, ¥ )1q, y, ¥ €Y, where each gy, ,, is a positive valued kernel in
CND(Y),let Hy, 1 Y x Y — R? be a vector function and { Py, ,, }s>0 a family of kernels on Y such
that each function s € (0,00) — P}, ,,(y,y') is p-integrable. If the matrix functions
(1,y") €Y XY = WG (y, ¥ )ul}, 1
. / p
(/) €Y x Y s [el Hmn(yy )T“} , u€RY

m,n=1

u e RY,

and

(y,9) €Y xY = [P, (v, 9] 5> 0,

m,n=1’

belong to CND,(Y'), PD,(Y) and PD,(Y'), respectively, then the kernel K : Y x Y — Mp(R) given
by the formula

1 * (Hman ()P s :
Ky7y/ :|: / (b(’ Pﬁlny,y’dps
( ) gmym(y,y/)q/Z 0 gmm(y’y/) , ( ) ( ) —

belongs to PD,,(Y'). Further, if ¢ is not identically 0, the following two additional assertions hold:
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(@) If gmm (YY) + Gnn (YY) — 20mn(y,y') < 0 when (m,y) # (n,y') and there exists a p-
measurable subset A of (0, 00) so that p(A) > 0 and

Py on(y,y) >0, me{l,....,phsyeY;seA,

then K belongs to SPD,(Y').
(#) If there exists a p-measurable subset A of (0, 00) so that p(A) > 0 and

(v,9) €Y xY = [Py, . (y, 9]},

m,n m,n=1

belongs to SPD,(Y') for s € A, then K belongs to SPD,,(Y").

4. THE MAIN RESULTS IN THE CASE OF A PRODUCT OF SETS

An easy way to construct kernels in PD,(X x Y) is given by the product of a kernel in
PD,(X) with another one in PD,(Y'), a fact that can be ratified via the Schur Product Theo-
rem. The separable kernels produced by this method may be not suitable if one needs strong
interactions between X and Y. The main result in this section will provide a version of Theo-
rem 2.4 that leads to kernels in PD, (X x Y') and except for very particular cases, the kernels
produced by this version will be nonseparable. In particular, the aforementioned interactions
are possible. The result explains, from a mathematical point of view, some important practi-
cal models adopted in the statistical literature. The proofs will be omitted once they are very
similar to those of the theorems proved in Sections 2 and 3.

Theorem 4.1. Let ¢ : (0,00) — R be a bounded and completely monotone function. For each m,n in
{1,...,p}, let Gp o : Y XY — M,(R) be a matrix function with range containing positive definite
matrices only and H,, ,, : X x X — R a vector function. If the matrix functions

(y7y/) EY XY — [UTGm,n(ya y’)u}fnm:l, u € RY,

belong to CND,(Y') and

. / p
(r,2) € X x X v {e’Hm’”(x’m )Tu} , u€RY,

m,n=1

belong to PD,(X), then the kernel K : (X x Y)? — M,(R) given by

o (Hm,n(-ra x/)TGm,n(yv yl)_le,n(xv 37/)) g
det Gm7n(y7 y/>

K((x,y), (2',y') = [

m,n=1

belongs to PD,(X x Y).

In Example 4.2 below, we illustrate Theorem 4.1 in the case X = Rand ¥ = S?, the unit
sphere in R4+,

Example 4.2. Define H,, ,(z,2') = hy(z) — hy(2'), z,2" € R, where each h,, : R — R? is an
arbitrary function. If § denotes the geodesic distance in 59, set

Gy y) = [m+n+0(y,y) 1y v,y €S

It is well known that (y,y’) € S? x S? — §(y,y’) belongs to CND;(S?) (see Section 4 in [1]).
Hence, each G, , has range containing positive definite matrices only. On the other hand,
according to Examples 2.7 and 2.8, each kernel

(y,9) €Y x S WG (y, Y )ul? u € RY,

m,n=1’
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belongs to C N D,,(S¢). It follows that

oY 1 ||hm($)_hn(xl)||2 :
K((z,y), (=,y") = {[m+n+5(y,y/)]q/2¢( m+n+6(y,y) ﬂm,n—l

belongs to PD,,(R x S?). The choice
hm(z) = (2,0,...,0)T, z€R;m=1,...,p,
leads to the simpler example

K((z,y), («,y) = {[m_i_n_i_i;(y’y/)}qﬂd) (m—i-(fz—i—sg/();,y/))}:@,n—l

belonging to PD,(R x S%).
A version of Theorem 3.1 for kernels acting on the product X x Y is as follows.

Theorem 4.3. Let p be a nonzero positive measure on (0, 00) and ¢ a bounded and completely monotone
function. For each m,n in {1,...,p}, let Gy 1 Y XY — M,(R) be a matrix function with range
containing positive definite matrices only, Hy, n : X x X — RY vector functions and {Py, ,}s>0 a
family of kernels on X x 'Y such that each function s € (0,00) — Py, ,,((x,y), (2',y")) is p-integrable.
If the matrix functions

(1,9) €Y XY = [WTGrn(y, v )uly, ey, u€RY,
. / p
(z,2') € X x X — [esz,n(%x )Tu , u€R?
m,n=1

and

((z,9), (&",y) €Y x Y = [P ((2,9), (&', D] =1 5> 0,

belong to CND,,(Y), PD,(Y') and PD,,(X xY'), respectively, then K = [Ky, nlh, -1
M, (R) given by the formula

Km,n((-ra y)7 (xl7 y/))

— /.
= ¢ Hm;"(
det Gm,n(y7y/) (0,00) (

belongs to PD,(X x Y).

(X xY)? =

2,0 ) G (4, 9) ™ Hinn (2, 27) 8) Py, ((2,), (2, y'))dp(s)

We now move to some specific applications of Theorem 4.3.

Example 4.4. Here, we will employ the formula deduced in Theorem 1.1 in [6]:
r2 T o—su —r?/ds v
M, (r U)_W/O e e s ds, r,u>0,
that defines the so-called Matérn function. This function is studied in details in [6]. We may

apply Theorem 3.1 with ¢(u) = exp(—u), u > 0 and dp(s) = e~ /455~ Lds. If for 2,2’ € X and
Y,y €Y we set

20mn((2,9), (@',9) = vm(2,y) + v (2,9,
where v,,, : X XY — (0, 00), for all m, and

T2Um,n(('r7 y)7 (xl7 yl))s_vm,n((xv y)’ (Z‘/, y/))
920mn((7,y), (2',y"))

‘P;L,n((xay)a (CE/,y')) =

b
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for z,z’ € X and y,y’ € Y, itis easily seen that the kernels

((z,9), (@', 9) € (X xY)? = [Py, n((2,2), (3, 9))]], s >0,

m,n=1"

belong to PD,(X x Y).If each s € (0,00) + s~ vmn(@).(="¥))/2 ig p-integrable, Theorem 4.3
implies that the formula

L(vmn((2,9), (2',y")))
det Grn(y,y')
X Mvm,n((m,y),(m’,y’))(T(Hm,n(xa xl)TGm,n(ya y/)_le,n('Ta x/))l/Q)
defines a kernel K ((z,y), (2',y")) = [Kmn((z,y), (2',¥")]E that belongs to PD,(X xY'), as

m,n=1
long as the G,,, », and the H,, ,, satisfy the assumptions of the theorem. We could also modify

the P;, ,, by introducing a matrix [, n];, ,,—, With positive entries, by setting

Kpn((z,y), (2, y)) =

r2vm,n(($, y), (@', y/))s_“mm((% V), (', y))
PTSn,n(('T7 y); ({I?/, y/)) = m,n

22Um7n((x7 y)7 (Z‘/, y/))
for z,2’ € X and y,y’ € Y, as long as the kernels

(z,9), (2",)) € (X xY)? = [Py (2, 9). (" 9))] 5 >0,

m,n=1"

stay in PD,(X x Y). In this case, the outcome of Theorem 3.1 would be that the formula

L (vmn((7,9), (2',9")))
det G n(y,y')

x M”m,n((w,y)’(m”y’))(Tmm(Hm?n(xa m/)TGmm(yvy/)_le,n(mvx/))l/Q)
defines a kernel K((z,y), (z",v")) = [Kmnn((z,y), (@, y))]" in PD,(X xY), if we keep

m,n=1
the assumptions on the G,, ,, and the H,, , required in the theorem. An specific and simple
example in the space-time setting can be produced in analogy with Theorem 1 in [5]: set Y =

R?, X =R,

Kpn((z,y), (2',y)) =

Gy y)=9(ly =y 1)y vy €RGmn=1,....p,
where g : (0,00) — (0, 00) has a completely monotone derivative and
Hyn(z,2)=x—-2', z,2 eRymn=1,...,p.

Since (y,1y') € R x R? — g(|ly — ¥'||?) belongs to CND;(R?) by a result of Micchelli ([17]),

it follows that the matrix kernels (y,4') € Y x Y = [uTGpn(y, ¥ )ul}, ,—1, u € RY, belong to

CND,(R%).If we put

Um + Un
5

in which each v,, is a positive constant and properly specify [r,, ]}, ,—;, then for z,2’ € R and

v,y € R? the formula

Um,n((xay)a (xlvy/)) = 'x?xl € RJ%Z/’ € Y;man = 17 Ry 2

T;‘:L%‘F U'rLS—(Um + ’Un)/2

s / / o
Pm,n((m7y)’(w’y)) T 2Um+vn

defines kernels

((z,9), (", 9) € RxR)? = [Py ((@,9), (@4 =1, 5 >0,

) mvn:]-v"'ap,
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in PD,(R x R?). An application of Theorem 4.3 would lead to

L((vm +vn)/2) ( [l — || )

glly =yl et B g (g =y [P

with K((z,y), (2',¢)) = [Kmn((z,9), (@, 4)]h, n=1 in PD,y(R x R?). We observe that the fac-
tor T'((vym + v,,)/2) can be eliminated as long as we can specify [ryn];, ,—; in such a way that
[ on JT((Vm =+ vn) /2)]h, =1 s a positive definite matrix. Theorem 1 in [11] is another con-
struction that fits into Theorem 4.3. Details on that will be left to the readers.

Km,n((xa y)a (xla y/)) =

Example 4.5. The so-called generalized Cauchy function ([8, p. 337]) is given by

1 cv

_ —su” vd >
1+ cur) r(y)/o et stdp(s), uz0,

where ¢ > 0, v > 1,7 € (0,1] and dp(s) = s~ Lexp(— s/c). In order to apply Theorem 4.3, we
now set ¢(u) = e, u > 0 and

5\ vm (@,y)+on(z'y") ,
) ;o s>0y,y €Y,

P l(ey) @y = (2
where v, : X x Y — (0,00) is chosen in such a way that each s € (0,00) + sU=(@¥)/2 is
p-integrable. The outcome is that
L(om(z,y) + vn(2', ')

det Gm,n (ya y/)

Km,n((xv y)a (xlv y/)) =

1
(1 + C(Hmm (1’, x/)TGm,n(ya y/)ile,n@f, x/)y))”m(x,y)+vn(z/ﬁy,) ’
defines a kernel K ((z,y), (z',v")) = [Kmn((z,v), (@', y")]}, in PD,(X x Y), if we keep the

m,n=1
assumptions on the G,, ,, and the H,, , required in the theorem. Arguments similar to those

developed in the second half of Example 4.4 leads to an example aligned with Theorem 2 in

[5].

X

5. A FURTHER EXTENSION

As a final remark let us point an improvement that one can make in all the theorems proved
in this paper. If foreachmand nin {1,...,p}, G : Y XY — M (R) is a matrix function with
range containing positive definite matrices only, Theorem 2.4 justifies the following fact: if the
matrix kernels

() €Y XY = [uTGpn(y, vy )ul? u e RY,

m,n=1
belong to CND,(Y"), then the kernel K given by

p
1
K ) ! = ) ) ! 6 Y7
(v,y") [ detGm’n(%y,)] Y,y

m,n=1

belongs to PD,(Y’). Under the same setting, it follows from the Schur Product Theorem that

1 p
K ) ") = ) ) s Y;
w.v) [[det G77l7n(y7y/)]l/2:|m,n—l oy

belongs to PD,(Y) whenever ! € {1,2,...}. In particular, we can introduce the same power [/2
in the assertions of all the theorems proved in the paper.
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Parameterized families of polylog integrals
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ABSTRACT. Itis commonly known that integrals containing log-polylog integrands admit representations in terms
of special functions such as the Dirichlet eta and Dirichlet beta functions. We investigate two parameterized families
of such integrals and in a particular case demonstrate a connection with the Herglotz function. In the process of the
investigation, we recover some known Euler sum equalities and discover some new identities.

Keywords: Harmonic number, gamma function, alternating harmonic number, Riemann zeta function, polylogarithm
function, polygamma functions, linear Euler sums.
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1. INTRODUCTION, PRELIMINARIES AND NOTATION

In the recent past many books ([5], [20], [35]) have been published whereby the authors de-
scribe the connection of the representation of some integrals in terms of Euler sums. Like-
wise the following papers investigate certain integrals that can be represented by Euler sums
[7], [17], [27]. In this paper, we consider two parameterized families of log-polylog integrals
that admit solutions dependent on Euler sums, thereby extending the integrals considered by
([3], [6], [14], [23], [36]). We investigate parameterized families of integrals of the type

x®In? (:n)Li,g(;an)dx7
1+ b

(L1) 2 (aypg,t) = /

x

K% _(a,p.q,t) =/

T

2% 1P (2) Lig(—2b9)
142t

dx,

where a > -2, b € R, p € Ng, ¢ € N, t € Ny and for the domain of z € (0,1). Here and
elsewhere, let C,R,R",Z and N denote the sets of complex numbers, real numbers, positive

real numbers, integers and positive integers respectively and let Ny := NU{0} and Z~ := Z\Ny.
In the case (a,b) = (0, 2), we also study the integrals
In? (z) Li; (22

In? (z) Li; (—z24
M(p7q7t)=/ (1),;(2 e

x
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in the positive half line z > 0. In a particular case of the integral Ki (a,p,q,t), we make a
connection with the Herglotz function [15]. Some other related papers dealing with polylog
integrals and Euler sums are [4], [9], [24], [25], [26] and the excellent books [18] and [34]. Wi

describe some notation and special functions, to be used in the following, in the analysis of the
integrals (1.1) and (1.2). The generalized harmonic number H. ff) () are defined as

a 1
HY (@)=Y ———,aeC\{-1,-2,-3,..},teC,neN
j; (G +a)

and when o = 0, HY (0) = HY are ordinary harmonic numbers of order ¢, an empty sum

is designated as Hét) = 0. For complex values of z, z € C\{0,—-1,-2,-3,...}, ¢(z) is the
digamma (or psi) function defined by
I'(z)

¥(e) = 08T} = 7o

where I' (z) is the familiar gamma function, (see, e.g. [33], sections 1.1 and 1.3). We know that
forn > 1, ¥(n+1) — (1) = H, with ¢(1) = —v, where v is the Euler Mascheroni constant
and ¢ (n) is the digamma function. The polygamma function

YO (:) = L)} = (~DH k'z

L Nk+1
r+z+

The difference of the polygamma functions and generahzed harmonic numbers are connected
by the zeta function such that for z € C\ {0, —1, —2, —3, ...} we have the identity

(1.3) Hm+D %zp(m) (z+1)=C(m+1).
The Dirichlet lambda function A (2),
(14) C()+Tl()=2>\()

connects the zeta function ¢ (z) = Y., -, with the alternating zeta function n (z) . It is widely
known that integrals of the type (1.1) may be represented by Euler sums and therefore in terms
of special functions such as the Dirichlet beta function. The following papers [27], [28] and [29]
also examined some integrals in terms of Euler sums. Some examples will be given highlight-
ing specific cases of the integrals, some of which cannot be evaluated by a computer mathe-

matical package such as "Mathematica".

2. POLYLOG INTEGRALS WITH POSITIVE ARGUMENT
Consider the following.
Theorem 2.1. Let (p,q,t) € Ng,q # 0,a > —2, and denote,

1
[ 2z*In” () Li,(29)
(25) I+ (a’apaqat) - / 1+ dx

0
For an even integer q
j+1

(2.6) Iy (a,p,q;t Pp!y HP Z —j,

= (qn+j+a)"™
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for an odd integer q

Q7 Iiepat =17 Y (1) (H“> )Z),

n>1
and for ¢ € RT\ {0}
—1)Pp! 1
(28) I—‘r (Q,p,q,t) = ( ) b Z ¥ (H(p+1) H(qﬁj;:) 1) )

2p+1 nt \7 a5t
nf

where H'! are harmonic numbers of order t and [z] denotes the greatest integer that is less than or equal
to z.

Proof. The alternating harmonic numbers A (n,t) of order ¢ are defined by

n (_l)k-i-l
k=1
then, see [2],
n (_1)k+1 . 1 )

k=1
The Dirichlet eta function

. (71)n+1
n(t) = lim A(n,t) = Z ————  Re (t) > 0.

n—oo

For z € (0,1), a Taylor series expansion gives
"

Lite?) = 305 =

n>1 n>0
By the Cauchy product of two convergent series, then it follows that for ¢ an even integer

2Ly (29) #) 1)J+1 gantita—t
e ZH Z v

and therefore, for ¢ an even 1nteger

2 In? (z) Lig(z 1 g
H(t) J+ qn+j+a—11,p )
1 g ; Z T n? (z)

Integrating both sides for z € (0,1), we have, after reversing the order of summation and
integration, which is justified by the uniform convergence theorem

1 1
/ % 1nP th Z H(t) Z j+1 /an—&-j—&-a—l In? (x) d
0 1 Tz n>1 7=0 0
t
VoY H ’Z T

n>1 qn+]+

J+1

For ¢ an odd integer, we have

a1n® (2) Li. (24 i .
2 In” () Li; (z7) _ Z( n+1A Z J+1xq"+J+a—11np (x)

1+=x
+ n>1 j=1
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and

1 29107 (2) Liy (29 . e . 1 . q EEAVES
/ 1(4-)33 ( )dx:(—l) p!Z(—l) + <H7(1)_2t—1H[(")]>Z()P+1'

0 n>1 = (qn+j+a)
By simple expansion, we have

(_1)n+1 H(t)

n

(t) (1)
5] Hy, H,y,
p+1 _Z( ( p+1_z p+1
n>1 n>1

et (gn + ) q2n+1)+«) (2gn + «)
and therefore we can also express
(—1)? [ 2o In? () Lig(x9) Dy 17+t 1 .
P! / l+w dr=2 (- )Z Qn+]+a”+1+2t—1ZH’s)
0 n>1 n>1

q )it q 17+
(s ot S (1)

— (2qn + j + a)” (2n+1)+j+a)"™

For the representation (2.8), we can write

1 .
x®1n? (z) Li, xq) —1)!
e p'zntz
0

n>1 7>0 qn+]+a+1)

(1 ! 1 qn+a+1 qn+a+ 2
- 2p+1 >17 9 —¢lp+l 5

_(~1 1 qn+a+2 @ (ata+l
- p+1 nf v — 2

(-1 L (41D _ (o)
= 2P+1 E ( anta +a an+a 1 )

and the proof is finished.

The next theorem deals with a related integral similar to (2.5).

Theorem 2.2. For (p,t) € N,a > —2, and for q a positive integer, then

a 1P
I_(a,p,q,t) :/MLit(xq)d:c

1—2z
0

(2.10) P!> HP Z

= m'
For g € RT\ {0}
_ (p+1)
(211) I_ (avpa q? - p' Z ( H"‘I"Fa) ’
n>1

where H,(f;it) are shifted harmonic numbers of order p + 1.
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Proof. A Taylor series expansion of

Lij(z9) = ) ——and 1; => af

allows us to write

n>1 j=1

For the representation (2.11), we notice

I_(a,p,q,t) Z Z

1
n>1 j>0 qn+] ta+ 1)p+

= (—1)pP!ZEC(p+1,qn+a+1)

n>1
p+1
Y C 0 o).
n>1

From the identity (1.3), we obtain the required representation

I (ap.gt)=(D"p Y — ( Hﬁ’éﬁ))

I’L>1

We remark that Coffey [7] obtained solutions of various special cases of I_ (0, p, 1,1) in terms
of Euler sums. 0

Remark 2.1. For (p, q) € Ny, we see from (2.10) and (2.11) the remarkable Euler sum identity

(2.12) S HY Z =3 % (Cw+1) - HEL).

p+1
n>1 qn+-7 +(l n>1

Using the notation developed by [13] and generalized by the authors of the paper [1], we define

(p) _ynt+1 (o) a
i) =3 I ) o (apy =y ED @)

= BT = (+p)
where
” 1
¢(p,0) = HP) (o) = Zm, neN,peC,aecC\Z .

j=1
In the case o = Q,B = '0, we write Si4(0,0) = S;rq* and S,f . (0,0) = S,f. For a = 0, upon
rearranging and simplifying we obtain a new Euler identity

H(P+1) 1

n 1
ZH(t)Z +3 i + T St = c(t)g(p+1)+qp+1c(t+p+1)

p+1
n>1 q’I’L +-7 n>1
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Ifwe choose ¢ = 1,a € R,a > —1, then

Sp+1t(0 a’)+Stp+1(a’70):< Cp+1) +Z

n>1

17
nt n—l—aer

which confirms Theorem 3.1 obtained by [1], using shuffle (or reciprocity) properties of Euler sums. If
we now let a = 0, we recover the well known identity

S+1t+‘9t+;+1 COHCp+)+Ct+p+1).
In the special casep+ 1 =t,

q—1 1 H(t) 1
Y e A = (1 ) €0+ .

=1 =t s

From (2.12) with ¢ = 2,a = 0 (and renaming p + 1 as p), we have

1 1 1 _ 1 _ _
55t (0, 2) =C(CP) = 5¢(t+p) + <2p1 —2' 1) Sui = 55 Sy T2
and when p = t, we can simplify to obtain the new identity

1 1 3
st (0.5) 27t = com -2+ (55 -2 .

In terms of the harmonic numbers at an argument of half integer values we have

(t) n+1 yr(t)
1 1 _ _ B _ H ) H
?Sﬁr (07 2) — 2 15;; =2t 15;5* — 28I\ () (t) — B Z TLt -z Z ’
n>1 n>1
where it has been shown in [29] that
(—1)"tH®
S =2 (2 -2 (1))
n>1 n
and
21 )
S =2 (@) - P (0) + 5 (€20 + ().
n>1

Some other log-sine-polylog integrals involving alternating Euler sums have recently been investigated
by [17].

Remark 2.2. For the two cases whereb € RT,a +1 > —b

1
b 2% 1n? () Lig (29) 1 a+1->
(2.13) I3 (a,p.q,) :/ 142 de = oo Iy et
0
(_1)p+1p! 1 (p+1) (p+1)
Y (T
n>1

and

1
x®1n? (x) Lig( 1 a+1-b
(2.14) I (a,p,q,1 / () o i ( : p,q,t) .
0

1—xb b
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The following theorem applies.

Theorem 2.3. For p,q,t € N, a =0and b = 2 then

In? (x) Liz(x
J(p,q,t)—/ .2 /f T;p,q,t
0
1
(2.15) = / In? (tanh 6) Li, (tanh?@ 6)d@
0
p+t\ 72 ot (2m0)° / In” (z) In (27)
(2.16) = <1+(71) )I_ (0,p,q,t) + (—1) - /1—1:23 t—y—— | dv,
0
where
In? () .
F@pat) = 2O, 2,

2me

I% (0,p, q,t) is given by (2.14) and B < n(z 2q)> is the Bernoulli polynomial.

Proof. We begin with

J(p,qvt)Z/%M:/ﬂx;p’q,ﬂdw

0 0

e’} 1 o
J(p,q,t /f xp,q,t)de/f(m;nq, dx+/f z;p,q,t
0 0 1

We notice that f (z; p, q,t) is continuous, bounded and differentiable on the interval z € (0,1],
with lim+f (z;p,q,t) = limlf (z;p,q,t) = 0. Now we make the transformation xzy = 1 in the
x—0 r—

and put

third integral so that

oo 1 1
. _ . p lnp (y> . —2q
0 0 0
From Erdélyi et. al. [11], Jonquiére’s relation states
(2 18) L ( )+ iﬂ_SL_ (1) - (2’/Tei7r)sC . 1nZ
’ Bl Ten ML) T T (s) % omi )

where Li, (z) is a polylogarithm, i = /=1, T (s) is the gamma function, s € C and ¢ (1 — s, 2)

727

is the Hurwitz zeta function and = is not a member of the real interval [0, 1]. A modified version
of (2.18) is given by Crandall [9] as follows. For integer ¢ and z € C,

K t—1
(2.19) Lie) + (1) L) = -2l (t’ 1253) ~2mi6 (2) )
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72

where B (t 1n(;)) is the Bernoulli polynomial (see, e.g. [33], sections 1.7), and © (z) is a time
dependent step function
1, ifIm(z) <0Oor z € [1,00)
O(z) =
0, otherwise

The function O (z) is intended to provide the conventional behavior in the branch when and
only when z is in the lower half plane union with the real cut [1, c0) . For convenience, we list

In (2) 1 ; i 1
B4 = Itz - In®z— %z — —
(’2m') Tt T g g e - g,
In (2) i 3 5 i .3
B(?), o= ) :fﬂlnz+ﬁln z+@ln z.

Now, we can substitute (2.19) into (2.17), so that

oo 1 Nt 1 Py N x2q
/f(x;p,q,t) de = (1 + (—1)p+t> /f(ac;p,q,t) dz + (=1)P** (271;2) /llnf(xz)B (t,l 2(7ri )> dz.
0 0

0

The integral
1
p : 2q
Ig (07]9;%15) = / n ((E) Lilt(‘r )dl'

1— 22
0

has been evaluated in Theorem 2.1 and therefore

J(p,q,t) — (1 + (_1)P+t) IE (O,p, q, t) +( p+t 271'2 / lnp ( ’ In (I2Q)> i

1-— Jc2 27

and the proof is finished. Note that the integral 12 (0, p, ¢, t) does not contribute to J (p, ¢, t) in
the case when p +t is an odd integer. The third integral in (2.15) is obtained by the substitution
x = tanh 6. a

Remark 2.3. Utilizing (2.19) we are able to evaluate the related integral, from Theorem 2.2, (or from
(2.14))

ln(mbq)
1 ¢ La®ln? (z)B (¢t s

2% 1n? (x) Liy(x~b9) t+1 b r41 (2mi)’ ( Lo )

/ T dx = (71) IZ (a7p7Q7t)+(71) t! / 1— b dz.
) 0

Some examples follow. First we record here the following result, given in [27], that will be
required for the evaluation of some Euler sums.

Theorem 2.4. Let o be a real number o # —1, -2, —1, ..., and assume that m € N\ {1} . Then
(¥ (@) + 7)o" (a)

Z Hy — (_1)m
el gy @ st (77 ) e @ et

where 7y is the Euler Mascheroni constant.
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Example 2.1.
1. Fora=—1,q=2,p=2m,m € Nand t + p of even weight

1
—1In*" ()L
I (—1,2m,2,t) = /m " (@) Lig(a?) )
0
(@2

1+

) el (1
22m+1 t2m+1 92m+1 t,2m+1 75

and can be evaluated explicitly in terms of special functions since we have the known Euler sum relations,
Sy sy and Sf (0, %) defined in Remark 2.1.

2.Fort=p —q—landa——%

1 1 H, 1 H, (-1)"* H,
u( ,1,1,1> Y — -2 ——E ——,
2 Lo (n+1)? A5+ & ()

here, the Euler sums = are evaluated using Theorem 2.4, so that

n>1 ( n+w)
1 144 1 5
I (—2,171,1> =8GIn2+ 8Im (ng( 5 )) -7 rln292 — 1—67r3
where G = HZ;O (2( ii)g is Catalan’s constant. Sofo and Nimbran [32] have shown that the imaginary
part of the trilogarithm:
1+
W (3) :=Im <L13 > Z))
_ysin ()
7n>1 2% n?
B Z n+1 2 . 92 N 1
= 22” (4n—3)°  (4n—2)°  (4n-1)>*

and Lewin ( [16], p.164, 296) has also given
1+
R€<L13< 5 )) @ln 2—&-*C()
5

1 1 f
I (,1, 1, 1> =8GIn2+8W(3) — ZW]HQQ _ Eﬁs'

and therefore

3.Fort=q=1,p=2anda=—1%
1 "+1H 1
I+( ,1,1,2) Z _ZZ s+ - Z
n>1 n>1 (n+ n>1 )
13
:§7TC()+2 2G+ =7 3In2 — 1023 (4),

where the Dirichlet beta function, 3 (z) or Dirichlet L function is given by, see Finch [12],

Z z,for Re (z) > 0,

n:O
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where 5 (2) = G is Catalan’s constant. From Remark 2.2

1
b—1 7, t—1 o (b2
Pp—1e-1 L) [T @ILLET
2 1—ab
0
(~1

- # (27C 2 + (1 -2 ¢ (1) + 2 (n(2t) — 2 (1)) -

4. Fora:—%,p:l,q:l,t:Z
1

/ 2=1/21n (z) Liy(2) dr =16L(3) — %CM) ’

1—=z
0

where, see [13],
11

(2.20) L(3)=5{5 = —¢@- gg (3)In2 + %g (2)In*2 — % In*2 — 2Liy (;)

and
1

_1/2 L12( ) B 175 )
/ 1 — dw = ~2C (4) = 16L (3) + i147¢ (3).

0
5 Forb=1,p=1,q=1,t=2

~21y () Lis (2 55
12 (-2,1,1,2) = / a nl(f)x;z(x )i = 8102+ 4L (3) — 4¢ (2) — .
0

6. From (2.13) ,
Bp-te-110= LU0 o).
7. From (2.16)
T3 - -
J(3,2,1) = /mdx = 28—17T2C(3) + gﬂ?’G—i— gﬂ4ln2+67rﬁ( ) +il

1— 22 16
0

In the next section we consider the integral (2.5) with negative polylog argument.

3. POLYLOG INTEGRALS WITH NEGATIVE ARGUMENT
Theorem 3.5. Let (p,q,t) € No,q # 0,a > —2, and denote

1
x®1n? (x) Lig(—29)
21 K = .
@.21) Fapan = [TEEE g
0

For q an odd integer

(322) Ky (a,p,q.t ¥ p! )™ E® —,
nz>:1 z (qn+j +a”+1

for q an even integer

3.23 Ko (a.p.q.t) = (—1)7 pl (Hﬁf)— ?) =y

o rlenad =S -l ;qnﬂm”l

n>1
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and for ¢ € RT\ {0}

—1)"p! -1)" , ,
(3.24) Ko Gaopant) = U 0 S8 (s - mizl)).

2 2

nf

where H'" are harmonic numbers of order t and [z] denotes the greatest integer that is less than or equal
to z.

Proof. The results (3.22), (3.23) and (3.24) can be proven Mutatis Mutandis with respect to The-
orem 2.1. (]

3.1. Connection to the Herglotz function. From Theorem 3.5, let

1 1

Lij (—=21 In(1 + 29
A(q):—K+(0,0,q,1)Z—/%dff:/%d
0 0

In the paper [22], Zagier stated that Henri Cohen ([8], Ex. 60, p. 902-903) showed him the
identity

X.

A (14 v2) :%1n2(1n2+1n(1+\f2)) —ig@).

Radchenko and Zagier [22], evaluated many other cases such as A () and A (44 v/17) and
gave the relation
M) =F(20) ~2F @)+ F (3) + ¢ )
2 2q

in terms of the function

F@)=Y - (4(ng) ~ In(ng)) g € C\ (00,0,

n>1

The function F' (¢) was introduced and studied by Zagier [37] and he obtained some functional
equations that F' (¢) satisfies, namely, for ¢ € C\ (—o0, 0]

F(q)—F(qul)—F(liq) +F (1) = Li (1Jqu)
and
F(Q)+F<;> 2F(1)_;1n2q(‘1ql)<(2).

A similar function to F'(¢) was also studied by Herglotz in [15] and therefore Radchenko and
Zagier [22] named it the Herglotz function. Herglotz [15] also studied the integral — K (0,0, ¢, 1)
and found explicit values for A (4 +/15), A (6 +v/35) and A (12 + v/143) . Many other iden-
tities of this kind were found by Muzzafar and Williams [19], together with some sufficient

conditions on ¢ under which one can evaluate A (q +Vq¢% - 1). In Section 6, Radchenko and

Zaiger [22] give a systematic account, at special values of quadratic units of these identities and
list two tables with specific solutions. Radchenko and Zagier [22] study, among other things,
the relation of this function with the Dedekind eta-function, functional equations satisfied by
F (q) in connection with Hecke operators, the cohomological aspects of F' (¢q) and its special
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values at positive rationals and quadratic units. Recently, Dixit et al. [10] extended the study
to higher Herglotz functionals. From (3.24) we can see that

A(Q)=;ZHBLHH<H?—H%I)

n>1
and from the identity of the multiple argument of polygamma functions,
2H,, — 2102 = Hop + Han

2

implies

A(q):ln22—z(_17):+l (an—H%)

w2 3 U (g - v (2 41)).
n>1

In the case ¢ = 1/2

Y _ 12, 1
A(2)=ues e

Consider the case ¢ = 2m,m € N, then

n+1
A (2m) = In? 2—1—2 Y (mn+1)—¢(2mn+1))

n>1

and using the known identities, see [31], for the digamma sums, we can write

1
(e 1R L (24w
0 J=0
1—2m? e (2j+1)x
A e L o (2507)),
where, in particular
A6) =212 (1+v3) — 22 (14 v3) + 41n 2_74( ).

From the functional relationship
In(1+ 2% —In (1 + x_q) =qglnzx
we can evaluate the related A (—g) integral
1

o= [P aw- Lo,
0

1+
here
A(=6) =21n* (1+3) 721n21n(1+\[) 2 In? 2+—<( ).

For the case of ¢ odd, we also have the representation (3.22) and for g = 3,

1 3
A(3) =23 - Sn’2 - Z%
n>1
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Theorem 3.6. Let (p,q,t) € N,q # 0,a > —2, and denote

a

1
In? () Li
K_(a,p,q,t /x = 1_; )dx.
0

Then, for g € N

K- (a,p,qt p'Z( H{ —

n>1

and for g € R\ {0}

n+1 —+1
()" EEY
t b

K_(a,p,q,t) = (=1)"pl¢ (p+ 1) n () — (1) p!

n

n

[\
_

where 1 (t) is the Dirichlet eta function, or the alternating zeta function.

Proof. The proof follows Mutatis Mutandis with respect to Theorem 2.1. O

Remark 3.4. For the two cases whereb € R* a +1 > —b

1
b 2% 1In® (2) Lig(—2%9) 1 a+1-0
K+ (a’7paq7t):/ 1+$b dr = bp+1K+ b vp7q7t
0

and

1
2% 1nP () Liy (— 2 1 a+1-b
Ké(aqp,q,t):/ (1)_3;2( )dl':bp+1K< b ,p,qﬂf).
0

In particular

In® (z) Liy(—229) 1 1
171_2 dr = 2p+1K7 _§ap7Q7t

n +1
(-1) +1pg P 1)

_1)Pp! gn—1 —1)Pp!
(gzﬂlp' Zn21 nt - = (2113)+1p Clp+1)n(t), forqe R*

(325) KZ(0.p,q.t)=

S—_

1
()Pl Aln,t) 35, oz fora €N

Now, we provide a theorem for the representation of a special case of the integral (3.25) in
the half plane z > 0.

Theorem 3.7. Forb=2,a=0;p,t € N,g >0

(326) M gty = [ PO LC

)dff= /g(w;p,q,t)dw

0

0
1
= / In? (tanh @) Li; (— tanh®? 6)d#
0
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(3.27) - (1 + (—1)?“) K2 (0,p,q,1)
[£] )
+2) (29)" % p! ( p“p‘ 2 )n(Qj)/\(p+t+1 - 2j),
j=0
where
(3.28) g (s, g, 1) = @ Lir( =)

1— 22 ’

K2 (0,p, q,t) is given by (3.25), n(27) is the Dirichlet eta function,  (-) is the Dirichlet lambda function
(1.4) and [L] is the Floor function.

Proof. Using the same technique as in Theorem 2.3, we arrive at

o] 1 1
In? . _
(3.29) /g(x;nq, /g (z;p,q,t) dx + (=1)° /1 _(jz)th(—y 29)dy.
0 0 0
From Lewin ([16], p.299), Jonquiére’s relation states
; 1 [%] (hlz)t—Qj [%] (1 Z)t—Q_]
(3.30) Lis(=2) + (=1) Lis(--) = _ggmn(zj) = 2 -z Lig;(—1),

where Lis(z) is a polylogarithm. The relation (3.30) can also be written in terms of Bernoulli
numbers so that

where B; are the Bernoulli numbers. Now we can substitute (3.30) into (3.29), so that

oo 1
/g(x p,q;t)de = (1+( 1)p+t)/g(x,p,q,t)dﬂf
0 0
ot [%] (2q)t72] . 1 1np+t72j (SL’)
+2(=1)", = ),n(2y)/ T
j=0 0
The integral
1
In® (z) Li; (—229)
2 _
K* (01p7q7t)_/ 1—332 de
0
and

InPtt—2J
/11172@6195 = (D" (p+t—2)A(p+t—1-2j).
— T
0
Therefore we obtain (3.27) and the proof is finished. Note that the integral K2 (0, p, g, t) does
not contribute to M (p, g, t) in the case when p + ¢ is an odd integer. The third integral in (3.26)

is obtained by the substitution « = tanh 6. O
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Remark 3.5. It can be noted, from Jonquiére’s relation (3.30) and using the integrals in remark 3.4 that
we are able to determine the value of the integrals

1
alp? Li (— —bg
ay [T Dy - )R (o

0
8 1

a t—2j _ .bg
i1 n x®1n? (z (—2"?)
+2(-1) t_z]'/ 1_xb da.
j= 0

Some examples follow.

Example 3.2.
1. From (3.22) and (3.24) for ¢ = 1,a = 0,

Z ( )p+1 (t)_

n>1 (n+1) n>1

from the polygamma multiplication formula [30]
2p+1HT(Lp+1) _ 2p+1n (p+1)+ H(gp—&-l) + Hi”;”
2

A (g - ),

we can write

n+1
+— _ (=1) 1 1 p+1)
Sipp—np+t+1)= §>1T <H§f ) —np+1) - 2—pH%
and therefore
n+1l r7(p+1)
1 (_1) Hy _
O =0+t D=+ DO+ S, — S

Ifp+1=t,
(_1)TL+1 H(t)

P A CICORLRIO)P

n>1
2. From Theorem 3.6 with ¢ = 2,a = 0, we have

Cp+1nm -3

n>1

1 1
:2p+1 (S;t_:-i-l <Ov 2) Sj;;:—l (0 1)>

1 1 1 3
EnEsT (St—;;:-l (0,4> S (0,2> St (0,4> S?,Ll(O,l))-

Simplifying we obtain the new identity

—1)" Y

nt

n+1 H (p+1)
2n

£ e s 0 58 0)

n>1

+ (2717t —271P) (Stp+1 Clp+t+1)+ StpH( ;))
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In particular, when t = 1 we obtain an analogous identity, (to (5.6) in [1])

-1 n+1 H(P+1) 1 3
S s (s (1) 550 ()
n>1

o 1 1
-2 (st -+ 2 + 5t (03) )

the expression S| (0,) = don>1 (miﬁ can be evaluated by Theorem 2.4.

3.Fora=1,p=4,q=2,t=1

/ zIn* () Liy (—?)

K_(1,4,2,1) :/ dx
0

1—=z

(_1)n+1 H(5)

=24 2kl 94¢ (5)1n2

n>1

3
=48(1—G) B (4) +48G — 240 + 127 +241In2 + §7r3

5 . 15453 27 1581
2 2206 — 223y = 2222 (5) 2.
+327T + 556 ¢(6) 128C (3) ol ¢(5)In2

4 Fora=-3p=0,g=1,t=2

1—2x 2n—1
>1

n

1 . n+1 r7(2)
/353/21412(—3;)dx__2 (_1)7[{”:%{(3)4-(:(2)
0

+%ln22+41n2—27r—4G1n2—8W(3).

5. Fora=0,p=0,q=5,t=3

1
2

6. Forp=t—1,¢q>0,teN

0 t—1 s 2q
M(t—l,q,t):/ln (x) Liy(—2 )dx
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where n(0) = 3.
7. Forp=2m — 1, wherem €N, ¢=1,t € N
1 1 T () Liy(—22
L M@Em-1,1t)= / nm @)L=t )
(2m —1)! (2m —1)! 1—22

0

_ (C o)y n(2m)) TR pp= (Hﬁm) - H,g2m>)

n>1
]

+2) (@)% ( 2m —2;:2— 2 ) n(24)A (2m +t — 27).

[SES

§=0
In particular
427 17 5 5
M (7,1,1) = o+ 7G+16 2+ ="7°3 (4) + 63073 (6) + 504074 (8).
8. Forp =t, q:%,teN
1 1 1 [ Int (2) Liy(— , .
Z )= 2 e ! -
2M (t,z,t> 2/ 2 Zt < )77(23))\(%4—1 27)
0
B 1 (71)n+1
t + (t+1)
+ (=)' (stm ~ ; )

— (=1)"tIn(t) <n(t +1)+ 2%c(t - 1)>

n

[26], [28] and [29]. Other authors have also evaluated particular case of these integrals, Coffey [7] has
evaluated, amongst other results, K (0,1,1,2).
9. Fora = %,p: 2,q=1,t=2

and the Euler sum 3, -, %H (fﬂ) can be explicitly evaluated by the techniques developed in

K_ ( ,2,1,2) /\le JL2(22) b 48mB (4) + 384 — 128G — 487
— T

+8C( )+ 213G — 273 — 96102 — 7¢ (2) ¢ (3) — 186¢ (5)

and

/1 VEIn? () Lip(~ 1)

T2 dx = 128G — 4875 (4) + 487 + 8¢ (2)

0
+961n2 — 273G — 7¢ (2) ¢ (3) — 186¢ (5) .



Parameterized families of polylog integrals 417

Remark 3.6. From Theorem 3.7 we can identify a new Euler identity in the case of even weight p + t.
Consider the case p = t, then we can write

2K2 (0,t,q,t) = M (t,q,t —2t'Z ) 2’( t2j )n(2j)/\(2t+1—2j)

from which we extract the Euler identity

n+1 t

nt 2an it 21!
n>1

+ (=)' (29)"% ( 2 ; 2j ) n(27)A (2t + 1 — 25) + n(t) <n(t +1)+ 23“ C(t+ 1)) .

J=0

Since for ¢ = 1 Flajolet and Salvy [13] give explicit values for S} ,, then we can obtain an explicit
1 g (et
identity for Y, <, % Iterating for values ¢ = 1,2, 3... allows us to obtain new Euler sum

. o (_1)n+1H(f«+1)
identities for )~ ————"—, t € N. Let

. (=" HE (@)
S+t y D3 = 1 )
(v, B5 ) T; —

then from (3.32) we offer the following examples.

S31(0,0;2) =2¢(3) — %WG - lg (2)In2.

ﬁgumm:%ﬂw+§#c—§%a> SCCE).

S5 (0,0:4) =
3,2 512\f " (é) L (7) T (% e (%)

sia () () () (0)

1( 2997 c@c@)—m&@»

2 <3W(¢’(é)+¢’(§)—¢’(§) W(é)))
) -
)
8

3w (4 )+* SG—EC()

In the case where p = 2,q = 2,t = 3, we can evaluate the result

1973 61
1o ¢ (0) + 550 (2)C(3) — 6T (4).

Thecasep =t + 1,t € Nand 8 = 1 results in

—1¢-1
_ _ n(2t+1) K P t+r \n(t—r1)
S50 (0,1,9) + 557, (0,059) = T + A q

S53 (0,0;2) =

tFr1
j=1r=0 " J
qg—1 t t n+1
rf t+r—1 q (-1)
(3.33) + (-1) < ) — —.
j:1;0 " g ,; (gn — J)H
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The result (3.33) follows from the consideration

. - (_1)n+1
t+1,t (0,1;9) + Siii (0,0;¢) = Z NS
n>1 qt+17’Lt (n — %)

and by the known decomposition formula, originally due to Euler ([21], p.48, Eq.(9))

t—1
1 1 t+r 1
=) (1) r ) nitrabteel

nt (n — a) =

t
r t +7r— 1 1
DN ( ' ) e i
The classical identity follows, upon putting g = 1, in which case
S (0,151) + 577, (0,01) = (26 + 1)

Concluding Remarks. We have extended the current available knowledge for the representation
of Euler sums. Moreover, we have demonstrated two parameterized families of log-polylog
families that admit solutions dependent on Euler sums and in a particular case have demon-
strated a connection with the Herglotz function. As a result of this line of research we expect
further studies in the areas of polylog integrals and generalized Herglotz functions.

Acknowledgement. We are indebted to the anonymous referees for their constructive and helpful
remarks.
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ABSTRACT. We extend the classical van der Corput inequality to the real line. As a consequence, we obtain a simple
proof of the Wiener-Wintner theorem for the R-action which assert that for any family of maps (T})¢cr acting on the
Lebesgue measure space (2, A, i), where 1 is a probability measure and for any ¢ € R, T} is measure-preserving
transformation on measure space (£2, A, u) with Ty o Ty = Ty, for any ¢, s € R. Then, for any f € Lt (u), thereis a
T

lim L / F(Tyw)e?™0% 4t exists for all & € R. We further present the joining proof of the
T—+o00 T Jo
amenable group version of Wiener-Wintner theorem due to Ornstein and Weiss .

single null set off which
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1. INTRODUCTION

In this paper, using our generalization of van der Corput inequality for the real line, we
present a simple proof of Wiener-Wintner theorem for the flows. We further present the joining
proof of the amenable groups version of it due to Ornstein and Weiss [13]. This accomplished
by applying the Furstenberg joinings machinery. The classical Wiener-Wintner theorem [15]
assert the following.

Theorem 1.1. Let (2, A, u, T) be a dynamical system, where (1 is a probability measure. Then, for any
fin L' (u), there is a set Q' of full measure such that for any w € ' the sums

| Nl
i Z f(Tmw)z"
0

converge for all z in the unit circle C = {z € C : |z| = 1}.

The original proof can be found in [15]. Subsequently, Furstenberg in [6] obtain a joining
proof of Wiener-Wintner theorem. Later, I. Assani [2], A. Below & V. Losert [3] proved the
stronger version of this theorem. This stronger version is due to Bourgain [4]. Theirs proofs is
based on the Hellinger integral (known also as affinity principle). In [10], E. Lesigne generalize
Wiener-Wintner theorem to the polynomial case. His proof is based on the Furstenberg’s join-
ings technique. Afterwards, in [11], using van der Corput inequality and the spectral theory
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of skew products, he extended the stronger version of polynomial Wiener-Wintner theorem to
the case of weak-wixing dynamical systems'.

In this paper, we extend van der Corput inequality to the continuous time and we give a
simple proof of the flow version of Wiener-Wintner theorem. We further present the Ornstein-
Weiss’s joining of the amenable group version of this fundamental theorem in ergodic theory.
The proof is based on Furstenberg’s joinings machinery combined with the recent result of E.
Lindenstrauss [12].

The plan of the paper is as follows. In Section 2, we state and prove the continuous van der
Corput inequality and the flow version of Wiener-Wintner theorem. In section 3, we state and
prove the amenable group version of Wiener-Wintner theorem.

2. VAN DER CORPUT FOR REAL LINE
In this section, we state our first main result.

Theorem 2.2 (van der Corput). Let (u(t))¢cjo,r) be an integrable complex valued function and S €

(0,T). Then
T
| utae
0

Proof. We start by noticing that we have

T+S
S/ t)dt = / / (t — s)dsdt,

S+T

u(t + s — s)u(t)dsds'dt.

where @ stand for

0 if ¢t <0,
a(t) =< wu(t) f 0<t<T,
0 if not.

Indeed, we have

T+S T+S—s
/ / a(t — s)dsdt = / / t)dtds
0 0
/ / t)dtds
0

T+S

Whence,

S? u(t — s)dsdt

/

Now, applying Cauchy-Schwarz inequality, we obtain
T 2 T+5| S
/ wt)ydt| < (T+9) / / it — 5)ds
0 0 0

1Seven year after the first version of this note was written, M. Lacey and E. Terwilleger [9] produce an oscillation
proof of the Hilbert version of Wiener-Wintner theorem.

2

52 dt
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But
T| fs B
/ / a(t — s)ds| dt = / / / (t — s)u(t — s")dsds’
o |Jo
= / / / (t — s)u(t — s')dsds'dt
o Jo Jo
5 S T 7
= / / / a(t + 8" — s)u(t)dtdsds’.
o Jo Jo
Whence )
T 5 S T
T
/ u(t)dt| < S; / / / u(t + s — s)u(t)dsds'dt.
0 o Jo Jo
This achieve the proof of the theorem. O

Theorem 2.3 (Limit version of continuous van der Corput theorem). Let (u(t))icr be a bounded
2
limsup |=

complex valued function. Then
1 (T
t)dt

T
<hmsup—/ / lim sup — / u(t + s — s)u(t)dsds'dt.

S—o00 T—o0

Proof. Straightforward from Theorem 2.2. O
Now, let us state the continuous version of Wiener-Wintner theorem.

Theorem 2.4 (Continuous version of Wiener-Wintner theorem). Let (T}).cr be a maps acting on
the Lebesgue measure space (2, A, i), where p is a probability measure and for any t € R, T} is measure-
preserving transformation on measure space (2, A, u) with Ty o Ty = Tyys, for any t,s € R. Then, for
any f € L' (uw), there is a single null set off which

1T :
exists for all 6 € R.

We will assume without loss of generality that i ergodic. Indeed, on can use the ergodic
decomposition of 1. So, it is sufficient to prove the following :

Theorem 2.5. Forany f in L?(u), there is a set ' of full measure such that the sums

. 1 r 29Ot
converge to 0 for all § in R, where e*™% ¢ e(T) and w € Q. e(T) stand for the set of eigenvalue of the
Koopman operator Ur : g~ goT.

Before proceeding to the proof of Theorem 2.5, let us notice that it suffices to prove it for a
dense class of functions (L? functions for instance). Indeed, put

R(w, f) = limsup / f(Ty(w))e? O at|

T—+oc0
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and assume that g in the dense class for which theorem holds. Then

R(w7f) = R(w7f - g)v

and

plo: Rl [ —g) > ¢ < 119

We thus get by the density of L?(u) in L' (1), that there exist g in L?(u) such that: || f —gl||; < €2
Then

p{w: R(w, f—g) > e} <e
Since € is arbitrary, we see R(w, f) = 0 a.e., where the null set excluded is independent of .

We start by recalling that by Bochner theorem, for any f € L?(X), there exists a unique finite
Borel measure o on R such that

77(0) = [ e dony() = WS 1) = [ FoTiw) Fw) dule).

oy is called the spectral measure of f. If f is eigenfunction with eigenfrequency A, then the
spectral measure is the Dirac measure at A.
We need also the following fundamental results from [1].

Theorem 2.6. Let (2, A, i, (T)ier) be an ergodic dynamical flow. Then, for any S > 0 and all
I, g9 € L3(X), for almost all w € Q, we have

lim / f(Tgsw) - g(Thw) dt = /fOT gdp

T—+00 T
uniformly for s in the interval [-S, S].
This yields the exact result need it.

Corollary 2.1. Let f € L*(u). There exist a full measure subset Q¢ of Q such that, for any w €
and any s € R, we have

lim */ f T,H_Sw f(Ttw dt / fOT fd‘u

T—00 T

Proof of Theorem 2.5. Let f in L*°(p) and w € €2y as in Corollary 2.1, then we have

T

tim [ @) Tt = [ o, T
0

C ol f>.

Put
u( ) f(T UJ) 27rzt9

and apply further van der Corput’s inequality (Theorem 2.2) to get
1 (7 0 |
’ - / f(TtOJ)€27”t6dt

S S _ 1 - B
S +27— / / 6271'2(5—5 )0~ / f(Tt+s—s’)f(Ttw)dtde5/~
TS o Jo A
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We thus deduce that for almost all w and all € R, we have

/ f 27rzt0dt
1 e
S /0 /O i)’ (Tlggo - / F(Tryss Ttw)dt) dsds’.

This combined with Corollary 2.1 gives

lim sup
T—r00

limsup‘ / f(T 2T”tedt

T—00

752/ / </ 2mi(s— 5)(97)d0f(s—s/)> dsds’,

where o stand for the spectral measure of f. But, since

1 S S 1 S
- / / e27ri(s—s’)(9—'y)d8d8/ _ | = / 627ris(9—'y)ds
52 Jo Jo S Jo

Shm ?/ / 2mi(s=s) (0= dsds’ = 0.
—00

Whence, if €277 is not a eigenvalue of (7}), we have
g

27i(s—s")(0— _
S};ngcﬁ/ / (/ (5= g (s — s')) dsds’ = 0.

Since all the sums are bounded, we deduce from Lebesgue theorem that for almost all w, and
for all § in R, where ™% ¢ ¢(T),

2

if 6 # v, we have

lim 1 f( w)e2™ Mt = 0

T—00 T

and this finish the proof of the theorem. O

3. JOINING’S PROOF OF WIENER-WINTNER THEOREM FOR ACTION OF AMENABLE GROUP

In this section, we deal with actions on Lebesgue spaces, that is, given a locally compact
groupe G and the a Lebesgue space (X, A, 1), a G—action is a measurable mapping G x X — X,
(g,x) — g.x,such thatforall g,h € G, g.(h.x) = (gh).x and e.x = z for almost all z € X (where
e is the identity in G). Furthermore, T; : x — g¢.x is measure -preserving for every g € G. We
will mainly concerned with G which is amenable group ( locally compact second countable) or
the subclass of locally compact abelian groups.

We recall that G is an amenable group if for any compact K C G'and § > 0 there is a compact
set I’ C G such that

(31) hL(FAKF) <51’1L(F’)7

where hy, stand for the left Haar measure on G. It is well known that the amenability is equiva-
lent to the existence of Felner sequence (F},), thatis, (F},) is a sequence of compact subsets of G
for which for every compact K and § > 0, for all large enough n we have that F;, satisfy (3.1).
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Assume further that (F),) satisfy the so-called Shulman Condition ,that is, for some C' > 0 and
alln

(32) hy | | Fo'Fa | <Chp(F).
k<n

Under this assumptions, E. Lindenstrauss proved that the Birkhoff pointwise ergodic theorem
holds, that is, then for any f € L'(p), there is a G-invariant f* € L' (u) such that

: 1 X
hmhL(Fn)/Fn f(gw)dhr(g) = f*(w) a.e..

To formulate the G-version of Wiener-Wintner theorem, we replace the group rotations by
homomorphisms © from G to a finite dimensional unitary group Uy. The canonical action in
this case is given by g.u = O(g).u, u € Uy and g € G. The invariant measure is the Haar
measure on Uj. In this setting, we formulate the Wiener-Wintner theorem as follows:

Theorem 3.7 (Group version of Wiener-Wintner theorem). Let G be an amenable group acting on
a Lebesgue space (2, A, p) and assume that G satisfy Shulman condition. Let f € L°°(u). Then, there
is a set Q¢ of full measure such for any w € Qf

1
b /F Tlg)o(O(a)dhe o)

converge for all finite dimensional unitary representation © of G into Ug (all d), all continuous function
¢ on Uqg and all w € Ug. We further have that the limit on the orthocomplement of the space spanned by
the finite dimensional invariant subspaces is zero.

Before proceeding to the proof let us recall some important tools.

A joining of two actions of the same group X = (X, A, 1,G) and Y = (Y, B,v,G) is the
probability measure A on (X x Y, A x B) which is invariant under the diagonal action of G
(9-(z,y) = (g-x,g9.y)) and whose marginals on (A x Y') and (X x B) are y and v respectively
(ie.if Aec A NAXY)=u(A);and if B € B, \(X x B) = v(B)). The set of joinings is never
empty (take p x ). As we deal with Lebesgue spaces, a joining A of two ergodic G-actions X
and ) has the property that there exists a Lebesgue space €2 and the probability § on 2 such
that A\ = [ A\,d§(w), where )\, is ergodic (this is just the ergodic decomposition of ), and as
the marginals of A are ergodic a.e., A, is joining). Therefore the set of ergodic joinings is never
empty.?

Historically, joinings were introduced by H. Furstenberg in his paper [7] on disjointness. In
particular, he defined the important notion of disjointness for Z-action in the following way :
(X, A, 1, T) and (Y, B, v, S) is disjoint if the only joining between them is the product joining. In
the case of G-action, we have the following definition.

Definition 3.1. Let X’ and ) be two actions of the same group G. X and ) are disjoint if the only
joining between them is the product joining. We denote this disjointness by X L ).

In the case of Z-actions, H. Hahn & W. Parry obtain in [8] that if two transformations have
mutually singular maximal types, then they are disjoint. But, as for the joinings theory, the
spectral theory of Z-actions can be extended to the case of locally abelien G —actions. Therefore,
we have the following group version of Hahn-Parry theorem.

Theorem 3.8 (Hahn & Parry). If two G-actions X and Y have mutually singular maximal spectral
types, then they are disjoint.

2 see [5], for instance.
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Proof. Let recall that the spectral measure of a function f € L?*(X) under the operators U,

(defined on L?(X) by Uy(f) = f o T,) is the measure o on CAJ (dual group of G, i.e., the set of

all continuous characters of GG), where its Fourier transform o) ¢ is given by 7 t(9) =< Ugf, f>.
Now, we follows the proof given in [14]. In X x Y endowed with a joining measure A, consider
fi € L*(X) and f» € L*(Y) and consider Hy, the L?()\) closure of the linear span of the
functions (U, (f1) — [ fidw) x 1y, g € G. The projection of 1x x f, on Hy, will have a spectral
measure absolutely continuous with respect to the spectral type of Uy on L?(X) and thus has
to be 0. Therefore 1x x fo L — [ f1) x 1y, and [ fi(2) f2(y)d\(z,y) = [ frdp [ fodv. O

From this theorem, we have the following.

Corollary 3.2. Let xo be a non trivial character and define the action of G on torus T by (g,e'*) —
Xo(g)e™®. Assume that for any n € Z, the character X define on G by g — xo0(g™) is not eigenvalue of
the G-action on X. The G-action on T and the G-action on X are disjoint.

Proof. Let recall that xg is a eigenvalue of G- action if there exists a eigenfunction f € L?(X, i)
such that f o T, = xo(g) f. We deduce that the spectral measure of f is || f||30y, (Jy, is the
Dirac measure on xp). Since for any n € Z, x{ is not eigenvalue of G-action on X, we conclude
that the maximal spectral types of this two G-actions are mutually singular. Now apply the
Hahn-Parry theorem to complete the proof. O

For the general case of amenable group which satisfy Shulman condition, we have the fol-
lowing lemma from [13].

Lemma 3.1. Let U be the closure of ©(G) in Uy. Then, if the product (U,0,G) x (0, A, u, G) is
ergodic then there is only on G-invariant measure on U x € that projects onto i on Q.

Proof of Theorem 3.7. We start by assuming without lost of generality that the action on (2, A, 1, G)
is ergodic and by presenting the proof for the case when G is locally Abelien group. Let
f € L*(u) and ¢ continuous function. Then, by the pointwise theorem, there is a set of full
measure of w. Assume that w is in this subset and let x( € G such Xo is not eigenvalue. Then,
the product (U, 0, G) x (2, A, i, G) is ergodic. Moreover, by taking a subsequence (ny), we can
assume that

kgiloo hL ) / fgw)e(Olaju)dhrle) = Alf & 9).

It follows that A is a joining and by Corollary 3.2, A = dh x p.. We end the proof by noticing that
there is a countable of eigenvalue. The general case follows in the same manner by taking

/1/) I{uw)d

where [ is a bounded invariant functions on U x {2 and % is any positive continuous function on
u. Therefore, transforming F' by g is the same as transforming ¢ by ©(g). We thus have that a
nonconstant I will give rise to finite dimensional invariant subspaces for G on 2. Moreover, by
taking (U, ©, G) not in the list of countable representations (Uj, ©, G), the condition of Lemma
3.1 is satisfied and therefore as before the only joining is the product measure, and we are
done. O

Question 3.9. We ask on the possible extension of van der Corput inequality to the locally compact
group and its application to produce a direct proof of the group version of Wiener-Wintner theorem.
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