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An Investigation on The Behaviour of Unbounded Operators in I'-Hilbert
Space

Sahin Injamamul Islam! ©©, Nirmal Sarkar? ©, Ashoke Das3

Keywords: Abstract — In this paper, we investigate about the behavior of unbounded operators in I'-Hilbert
[I-Hilbert space, Closed Space. Here we discussed about the adjoint, self-adjoint, symmetric and other related properties
operator, Densely of densely defined operator. We proof some related theorems and corollaries and will show the
defined operator, Self- characterizations of these operators in I'-Hilbert space.

adjoint of densely

defined operator,

Symmetric of densely

defined operator.

Subject Classification (2020): 46CXX, 46C05, 46C07,46C15,46C99,47L06.

1. Introduction

[-Hilbert space plays an important role in generalization of general linear quadratic control problems
in an abstract space [1] which was motivated from the work of L.Debnath and Pitor Mikusinski [8] but
there not enough literature found to study about the unbounded operators in I'-Hilbert space. The
definition of I'-Hilbert space was introduced by Bhattacharya D.K. and T.E. Aman in their paper “T-
Hilbert space and linear quadratic control problem” in 2003 [9]. Further development was made in 2017
by A.Ghosh, A.Das and T.E. Aman in their research paper [1]. In [6] S.Islam and A.Das discussed about
the properties of bounded operators in I'-Hilbert Space. Boundedness of an operator is a great tool to
elaborate I'-Hilbert Space. We often deal with operators which are not bounded. In this paper, we will
briefly discuss the concept, methods and theory of unbounded operators in I'-Hilbert Space. In this
paper, after consulting the main author, we have made some changes in the main definition of I'-Hilbert
space [9].

First, we recall the definitions of I'-Hilbert Space.

Definition 1.1. Let E be the linear space over the field F and I be a semi group with respect to addition.
A mapping(.,.,. > E XTI X E - F(Ror C) is called a I'-Inner product on (E, ') if

(D) (.,.,.)is linear in first variable and additive in second variable.

(ii) (u,y,v)=(v,y,u)Vu,ve Eandy €T.

(iii) (u,y,uy>0vVu=0.

(iv)  (u,y,u) = 0if atleast one of u,y is zero.

1 sahincool92@gmail.com (Corresponding Author); 2 nrmlsrkr@gmail.com; 3 ashoke.avik@gmail.com
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[(E,T),(.,.,.)] is called a T'-inner product space over F.
A complete I'-inner product space is called I'-Hilbert space.

Using the I'-inner product, we may define three types of norm in a I'-Hilbert space, namely (i) y-norm
(ii) Tjpe- norm and (iii) I'-norm.

Definition 1.2. Now if we write ||u||],2 =(u,y,u), for u€ Hand y € T then ||u||y2 satisfy all the
conditions of norm.

Definition 1.3. If we define ||ully, . = inf {|[u|l, : ¥ € T}. Clearly I'j s-norm satisfy all the conditions of
the norm foru € H.

Definition 1.4. If we write ||u|lp ={|lull, : ¥ € T’} then this norm is called the I'-norm of the T'-Hilbert
space.

Definition 1.5. Let L be a non-empty subset of a I'-Hilbert space Hy . Two elements x and y are said to
be y-orthogonal if their inner product (x,y,y) = 0.In symbol, we write x L, y.

2. Basic Concepts

In this section, we briefly discuss about the definition of densely defined operator and the adjoint, self-
adjoint, symmetric etc of that operator. Also, related examples and theorem are mentioned in this part.

2.1. Extension of operators
Let S and T be two operators in a vector space E. Dg and Dt are the domains of S and T respectively. If

Dgc Dt and Sx =Tx for every x € Dg

then T is called an extension of S and we write Sc T.

2.2. Densely defined operator

An operator T defined a linear map T from a subspace of Hr to Hy is called an operator in Hr and the
subspace denoted by D, is called the domain of T. Now an operator T is defined in a normed space E is
called densely defined if its domain D is a dense subset of E , that is cI Dy =E.

Example 2.2.1. The differential operator ;—xis densely defined in L?(R), because the subspace of

differentiable functions is dense in L(R)? .

Theorem 2.2.2. Let T be a densely defined operator in a I'-Hilbert space Hr- and let E be the set of all y €
Hr for which (Tx, y, x) where y € T is a continuous functional on Dt . There exists a unique operator S
defined on E such that

(Tx,y,x) =(x,y,Sy)forallx € Drandy € E.

Proof: For any y € E , consider the functional f,,(x) = (Tx,y,x) where y € I'. Being continuous on a

dense subspace of Hr-, has a unique extension to a continuous functional f,, on Hr.
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By Riesz representation theorem, there exists a unique Z, € Hr such that fy(x) =(x,y,Zy) V x € Hr.
Now if we define S(y) = Z,,, then we will have
(Tx,y,x) = fy(x) = fy(x)
=(x,7, Zy)
=(x,y,Sy)forallx e Dy, yeEandy €T.
Also the linearity of S is obvious.

2.3. Adjoint of densely defined operator
Let T be an operator which is densely defined in a I'-Hilbert space Hy. The adjoint T* of T is the operator
defined on the set of all y € H for which (Tx, y, x) where y € T" is a continuous function on Dt and such
that

(Tx,y,x) =(x,y,T*y)forallx € Drand y € D~

Example 2.3.1. Let C!,(R) denote the space of all continuously differentiable functions on R. This is also
a dense subspace of L?(R). Now consider the differentiable operator D which defined on C1,(R). Since

(Dx,y,y)= [, (%X(t)) yy(@©) dt

== fjooox(f)(% y(t))ydt forall y€eT.
= (Dx,y,y) is a continuous functional on C1,(R).
Moreover,

(Dx,y,) = — [0 x(®) (5 y(©) v dt .

© d
= [ox® (- (®)ydt.
Here it is not correct to write D* = —D , since the domain of D* is not C1;(R) .

2.4. Self -adjoint of densely defined operator
Let T be a densely defined operator in a I'-Hilbert space Hy. Then T is called self-adjointif T = T*.

Note.T = T" implies that Dy+ = Dy and T(x) = T*(x) forall x € D;.If T is a densely defined operator in
Hr which is bounded then T has a unique extension to a bounded operator in Hr. Then the domain of T
as well as its adjoint T*, is the whole space Hr . If T is unbounded operators ,then T has an adjoint T*
such that T(x) = T*(x) whenever x € Dy N Dy« , but D+ # Dy and thus T is not self-adjoint.

2.5. Symmetric Operator
We now consider a special kind of operator in I'-Hilbert space . An operator T which is densely defined
in I'-Hilbert space Hr is called symmetric if for all x, y € Dy, we have

(Tx,y,y) = (x,y,Ty) forally €T.

Itis clear that if T is symmetric, then (T (x),y,x) € R for every x € D; andy € I". Also, it follows that
a densely defined operator T is symmetric if and only if T* extends T. If T is symmetric and Dy = H,
then T is in fact a bounded operator on Hy. This leads as follows,

LetE = {T(x) : x € Hr, I, < 1}. Then forafixed y € Hrandy € T', we have

KT (), v, ) = {x, v, T
< x| Iy T OO
< IT()|l for all x € Hp with ||x]|, |lyll < 1.
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Also clearly every self-adjoint operator is symmetric.

Example 2.5.1. Suppose we consider an operator A = % with the domain D, = { f € L?([a, b]) :
f'is continuous and f(a) = f(b) =0}.
Now, since for all y € I", we have
(Af.y.9) = I, if ©rg@de
= [, f@®y ig’® dt
= {f,v,49)

(Af.v,9) = {f.v,Ag)
forall f,g € Dy, Ais symmetric.

(Af,v,g) is a continuous functional on D, for any function g continuously differentiable , no need to
satisfying g(a) = g(b).

Consequently, D4« # D, and A is not self-adjoint.

2.6. Closed Operator
Alinear operator T : E; — E, is said to be closed when the graph G(T) = {{x,y,Tx): x € Dy andy € '}
is a closed subspace of E; X E, thatis

X, €Dy, x, > xandTx, -y

implies x € Dy and Tx = y.

3. Main Results

Theorem 3.1. Let A and B be densely defined operators in a I'-Hilbert space Hr.
(@) IfAcB,then B*c A*.
(b) If Dg~is dense in Hy, then B B** .

Proof. (a) Letus consider y € Dg+ and y € I'. Then as a function of x , (Bx, y, y) is a continuous functional
on Dg . Also (Bx,y,y) is a continuous functional on D, since Dyc Dy .

Now, Bx = Ax for x € D, , so (Ax,y,y) is a continuous functional on D, . This proves that y € D4+ . Then
the equality A*y = B*y for y € Dg~ follows from the uniqueness of the adjoint operator.

(b) Letx € Dg.Then foreveryy € Dg« and y € I' ,we have
(Bx,v,y) = (x,v,B"y)
It can be rewrite as
(B*y,v,x) = (y,7,Bx).
Since Dy is dense in Hf, B** exists and we have
(B*y,v,x) =(y,v,B”x)forally € Dg«,x € Dg=~andy €T .

Now, by the proof of (a), we can show that Dgc D+ and B(x) = B**(x) for any x € Dg. Thus B B*™*.
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Theorem 3.2.If T is a one-to-one operator in a I'-Hilbert space and both T and its inverse T ™! are densely
defined , then T* is also one- to-one and (T*)~! = (T~1)*.

Proof. Let y € Dy+. Then for every x € Dy-1andy € I', we have T~1x € D; and hence

(T™x,y,T*x) = (TT x,y,y)
=(x,7,Y) -

This follows that T"y € D(p-1y- .
And also,
T Ty=TT ) y=y CRY
Now we take an arbitrary y € D r-1)- .Then for eachx € Dy andy € I', we have
Tx € Dp-1.
Hence
(Tx,y,(T™1)'y) =(T7'Tx,,y) = (x,y) (3.2)

This shows that (T™1)*y € Dy«.And T*(T™1)*y = (T71T)*y = y.Now, from (3.1) and (3.2) it follows
that (T*) = (T~1)" .

Theorem 3.3. If A, B and AB are densely defined operators in Hr, then B* A* = (AB)".
Proof. Letx € Dyg and y € Dg«4+ . Since x € Dy and A*y € Dp+, it follows that
(Bx,y,A*y) = {x,y,B*A*y) forally e T.

On the other side, since Bx € Dy and y € D+, we have

(ABx,y,y) = (Bx,y,A"y) forally eT.
Hence

(ABx,y,y) = (x,y,B*A"y).

Since this holds forallx € D,z ,wehavey € D(4p)-and (B* A")y = (AB)"y.Thisimplies, B* A" = (AB)".
Theorem 3.4. A densely defined operator T in a I'-Hilbert space Hr is symmetric if and only if T = T*.
Proof: Let us suppose T = T*. Since for all x € Dyand y € D+ we have

(Tx,y,y) = (x,y,T"y) wherey € T’ (3.3)
Again we have

(Tx,y,y) =(x,y,Ty) forallx,y € Dy (34)
Thus, T is symmetric. If T is symmetric then combining (3.3) and (3.4) we can conclude T =T".

Corollary 3.5. If T is a densely defined symmetric operator, then T* is the maximal symmetric extension
of T.
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Proof. Let S be a symmetric operator in a I'-Hilbert space Hr such that T — S. Then by the Theorem 3.3,
we have

S*cT*.
Hence, TcSc S*cT".
Theorem 3.6. If T is closed and invertible, then T~ is closed.

Proof. Let us suppose that graph of T that is G(T) is closed and G(T) = {(x,y,Tx):x € Drandy € T'}.
Then obviously

G(T™Y) ={(Tx,y,x):x € Dy and y € T'}is closed.
Theorem 3.7.If T is densely defined operator, then T* is closed.

Proof: Ify,, € Dy+, y, » yand A*y,, - z,thenforany x € D, & y € T" we have

(Ax,y,y) = lim(Ax,y,y,)
= lim (x,y, A" yp)
n—-oo
=(x,v,2)
Hence,y € Dy and A™y = z.
Note. If the given operator A is not closed then is it possible to extend A to a closed operator? Answer to
that problem is to use the closure of G(A4) in Hy X Hf to define an operator. If closure of G(A4) defines

an operator, then extension of A is closed.

Theorem 3.8. Every symmetric and densely defined operator in I'-Hilbert space has a closed symmetric
extension.

Proof. Let A be a densely defined, symmetric operator in a I'-Hilbert space Hr . At first, we will show
that condition x,, € D, , x,, = 0, as Ax,, = y which implies that y = 0, is satisfied.

Let x, = 0 and Ax,, = y . Since A is symmetric then for all y € I’ we have

v,v,2) = lim(Axn,y,2)
= lim(-xn: V: AZ)
n-0

=0, foranyz€D,.
This impliesy = 0, as D, is dense in Hf.

Now we have that there exists a closed operator B such that G(B) = ClG(A) and hence A = B. We have
to prove that B is symmetric. If x,y € Dg , then there exists x,,, y, € D4 such that

X, —2x , Ax, - Ax

and
Yo~y , Bx, - Bx.

Since A is a symmetric operator , we have

<Axni Y, Yn) = (xn;y; Ayn> for all yer.
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Then by letting n — oo, we have

(Bx,v,y) = {x,y,By).

Hence B is symmetric.
Theorem 3.9. Let T be a closed densely defined operator in a I'-Hilbert space Hr. Then

(a) For any v,w € Hr, there exist unique x € Dy and y € D+ suchthat T(x) + y=vand x —T*(y) =
w.
(b) For any w € Hr, there exist unique x € D+ such thatx + T*T(x) = w.

Proof. (a) Consider the I'-Hilbert space Hi, = Hr X Hr. Since T is closed, G(T) = {(x, y,T(x)):x €
Drandy € F} is a closed subspace of Hr, . Then by the projection theorem we have

Hr, = G(T) + G(T)*,
with
G(T) n G(T)tv = {0}.

Now, (u,y) € G(T)Yv if and only if ((x,Tx),y,(u,y)) =0 for all x € Dy andy € I'. This implies,
(x,v,u) + (T (x),y,y) = 0.Thatis (u,y) € G(T)1vifand only if (T(x),y,y) = (x,y,—u) for all x € Dy .
In other way,

(u,y) € G(T)*v ifand only ify € Dy+ andu = —T*(y).
Since (w,v) € Hr X Hr, then there exist unique x € Dy and y € D+ such that

w,y,v) = (%7, T(x)) + (-T*(»),y,y) forally € T.
Thatis,w = x —T*(y)andv= T(x) +y.

(b) Letting v = 0 in (a), then there exist unique x € D and y € D+ such that T(x) + y =0and x —
T*(y) = w. Thus x — T*(=T(x)) = 0 implies, x + T*T(x) = w , as desired.

References

[1] A. Ghosh, A. Das, T.E. Aman, Representation theorem on I'-Hilbert space, International J. of Math
Trends and Tech.,52(9), (2017) 608-615.

[2] B.K. Lahiri, Elements of functional analysis, The World Press Private Limited, (1982), Kolkata.

[3] B. V. Limaye, Functional Analysis, New age International (p) Limited, Publishers, Delhi, (2013),
India.
[4] E.Kreyszig, Introductory functional analysis with applications, (1978), New York: Wiley.

[5] M.T. Garayev, M. Giirdal, S. Saltan, Hardy type inequaltiy for reproducing kernel Hilbert space
operators and related problems, Positivity, 21(4), (2017), 1615-1623.

[6] S.I1.Islam, On Some bounded Operators and their characterizations in I'-Hilbert Space, Cumhuriyet
Science Journal, 41(4), (2020), 854-861.

[7] ].B.Conway, 4 course in functional analysis (Vol. 96), (2019), Springer.



S.I Islam et al. / IKIMy 3(2) (2021) 1-8 8

[8] L.Debnath, P. Mikusinski, /ntroduction to Hilbert spaces with applications, (2005), Academic press.

[9] T.E. Aman, D. K. Bhattacharya, 7-Hilbert space and linear quadratic control problem, Revista de la
Academia Canaria de Ciencias:= Folia Canariensis Academiae Scientiarum, 15(1), (2003),107-114.



Ikonion Journal of Mathematics 3(2) (2021) 9-16

Ikonion Journal of Mathematics
https://dergipark.org.tr/tr/pub/ikjm
Research Article
Open Access

https://doi.org/10.54286/ikjm.983165

ISSN: 2687-6531

XModj e Fibred Over Lie Algebras

Koray Yilmaz' ', Elis Soylu Yilmaz? /, Aydin Giizelkokar®
Keywords Abstract — In this work, we showed that the category of crossed modules over Lie algebras is fibred
Crossed modules, over the category of Lie algebras by illustrating that the forgetful functor is a fibration.
Fibration,
Lie algebras,
Pullback

Subject Classification (2020): 18N45, 18G45, 17B66.

1. Introduction

The crossed module is defined by Whitehead on groups in [1]. In his work, algebraic structures that CW-
complex has homotopy 2-type were the crossed modules. In the following years, Lichtenbaum, Schlessinger
[2] and Gerstenhaber [3] have made different definitions on the crossed modules of Lie algebras. The defini-
tion and some of the categorical properties of crossed modules over algebras can be found in [4] Shammu’s

work. The crossed modules of commutative algebras could be seen in the work of Porter [5].

Lie algebras were first studied by Marius Sophus Lie in 1870s and independently by Wilhelm Killing in the
1880s to create infinitely small transformations. Lie algebras is defined by Hermann Weyl in 1930s. Also,
crossed modules of Lie algebras studied by Kassel and Loday [6]. They investigated this notion with com-
putational algebraic structures that are equivalent to simplicial Lie algebras with Moore complex of length
1. For more details [7-9]. Akca and Arvasi examined simplicial Lie algebras and crossed Lie algebras equiv-

alency and applied to Lie crossed squares [10].

To show the fibration feature, the characteristics of the functor defined between the categories should be
examined. The first known definition of fibration was described by Heinz Hopf [11] in his article as Hopf
Fibration. In this study, the category of crossed modules on Lie algebras is referred to XMody;e that this

structure obtained before.
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2. Preliminary

Definition 2.1. Let A be a commutative ring with identity if the bilinear function
LI:MxM—M

called multiplication satisfies
Ll. [x,x] =0
L2. [x, [y, 2]l + [y, [z, X1 + [z, [x, y]] = O

for x, y,z € M then M is called a Lie algebra over A with [,]. Property L1 with bilinearity implies the following

two conditions.
L3. [x,y] = —[y, x],
L4. [x, [y, z]] = [[x,y], 2] + [, [x, z]]

Recall that if a : N — M is a Lie algebra morphism then for all m;, m, e M
a([my, mp]) = [a(mi), a(ms)]

we will denote the category of Lie algebras with Lie [12].

Definition 2.2. Let A and N be two Lie k-algebras. If the N-algebra morphism

U:N—A

with Lie action of A on N given by
AxN—-N

(a,n)—a-n
satisfies
XModyiel. ula-n) = [a, u(n)]
XModpie2. n'-u(n) =[n',n)
then the triple (N, A, ) is called crossed modules of Lie algebras [6].

Definition 2.3. Let (A, N, ), (A’, N’, u’) be two crossed modules of Lie algebras. A morphism

(f, ) : (AN, ) — (A, N, 1))

of crossed modules of Lie algebras consists of pair of Lie algebra morphism f: N — Nand ¢: A — A’
such that

f(m-a)=fn)-da)
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for all a € Aand n € N and the following diagram

N—f>N’

”l l“'

A——=A

commutes. That is ' f = ¢u. We will denote this category with XMody je.

Example 2.4. Let R be a Lie algebra and I be an ideal of R.

0: I—-R
i—1i
and the action of R on I is given as Lie product
RxI—1
(r,0) = [r,1]
CM1.
o(r-i) = 0[ri]
= [ni]
= [r,01]
CM2.
@r)-r' = [orr]
= [nr']

So, (I, R, 0) is a crossed module of Lie algebras.
3.XModj e Fibred Over Lie Algebras

In this section, we will show that the forgetful functor
0 : XModjje — Lie

which takes u: M — N € Ob(XMody,e) in its base Lie Algebra N is a fibration. That is given a map of Lie
algebras, we can obtain the crossed modules of Lie algebras can be constructed via pullback. Furthermore,

the functor 6 has a left adjoint.

Proposition 3.1. The functor
0 : XModyje — Lie

is fibred.

Proof.

To prove that 0 is fibred we will give the construction with pullback crossed module Lie algebras.
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Let L — N be an object in XMody e and M — N is a homomorphism of Lie algebras

L
iu
Define P = {(I,m) : u(l) = o(m)} < L x M and mappings
i1 :P—L ig P—-M

(l»m)'_’l (l,m)'—’m

That is we obtain the following diagram.

i1
- >

A

—— N

S
N

<

It is clear that i; and i, are Lie algebra morphims. For (I, m) = p € P we have

(goiz)(p) (goir)(l,m)
= o(iz2(l,m)
= o(m)

= u)

= u(irl,m)
= (poinl,m)

= (uoi)(p)

the diagram is commutative.

Claimn: P — N € Ob(XModyje)-

For p = (I,m), p’ = (I', m") € P defining the Lie bracket as
((,m),I',m"] = (1L, 1'],[m, m'])

the action is
NxP — P

(n,p) — n-p=n-(,m=m-I,n-m)

and n is
P - N
p — np)=nl,m=pl=0(m)

The conditions are:
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XMLiel. Forne Aand pe P
nn-p) = nn-,m)
= nn-l,n-m)
= on-m)
= [n,0(m)]
= [n,n(,m)]
= [n,n(p)]

XMLie2. For p,p' € P
np)-p' = n,m-1',m")
= o(m)-(I''m")
= (ocm)-I'o(m)-m')
= (Wbl o(m)-m)
= ([L,I',Im,m')
= [(I,m),(I',m))]

Claim 1: Let X € Ob(Lie) and a7 : X — L,a» : X — M € Mor(Lie). Then there exists

h:X—P

x— (a1(x), az(x))

Since a1, @y € Mor (Lie) we get h € Mor(Lie). For x € X we have
(i10h) ) = i1(h(x) = i1(a1(x), a2(x)) = a1(x)

(20 h)(x) = i2(h(x)) = i2(a1(x), @2(x)) = a2(x)

that is the diagram

is commutative.

Claim 2: h is unique.
Let h': X — P € Mor(Lie) defined as h(x) = (I, m) = p for x € X such that iy o h’' = a; and i o h' = a,.
For x € X we have

(1oh) =i (W) =i1(,m)=1=a;(x)
(ipo N = i2(W' (X)) = ip(I, m) = m = az(x)

that is
R (x) = (I, m) = (a1 (x), @2(x)) = h(x)

13
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As aresult in the diagram

P$L

o s

M——N
g

the morphism (i;,0) becomes cartesian morphism over ¢(i;,0) = ¢’ which shows ¢ is a fibration of cate-

gories.

Theorem 3.2. The functor F : XMody ;e — Lie which is given by F(L, N, u) = N(base Lie algebra) has a right

adjoint.

Proof.
Let G : Lie — XModj e be defined as G(M) = (M, M, id). Then for any crossed module of Lie algebra say
(L, N, ) and a Lie Algebra. M define the morphism

(P . Lie(F(L, N; l‘l’)’ M) - XMOdLie((L) N) u)y G(M))
as follows, if @ : N — M is a Lie algebra morphism then
$la)=(aop,a): (L,N,p) — (M, M, id)

is a morphism in XModj e.

<

=
:
<

i)

aopu(n-0) = an,l)

[a(n), a(])]

a(n)-aou(l)

ii) The commutativity of this diagram is obvious.

Conversely, for any morphism in XModye say

(a,p): (L,N,u) — (M, M, id)

Let us define y(a, f) = f: N — M which is a Lie algebra morphism. Then we get o ¢ = 113 and oy =
1xXMody;e -

Therefore, ¢ is a bijection.

Now let us show that naturality in (L, N, u) and M.

Moreover, for any morphism (a, 8) : (L, N,u) — (B, S,0) and a Lie algebra morphism h : A — B the follow-
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ing diagrams are commutative.

Lie(F(L, N, ), A) — XModye((L, N, 1), G(A))

Lie(F(L,N, ), A) — XModye((L, N, ), G(A))

Lie(F(PS,0), A) — XModyie((B, S,0), G(A))
Thus ¢ is an isomorphism.

4. Conclusion

In this paper we show that the category XMody;e is fibred over Lie algebras. Further work can be done by

investigating induced structure on XModye for a cofibration. Then, it is of interest to investigate the functor
w* SXMOdLie/N — XMOdLie/M

has a right adjoint
Wy : XModpie/ M — XMody e/ N
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Some Pair Difference Cordial Graphs

R. Ponraj1 , A. Gayathri2 , S. Somasundaram?®

Keywords Abstract — Let G = (V, E) be a (p, q) graph. Define
Path, »
5, if p is even
Cycle, p= 2_1
wheel -, ifpisodd
Gear graph,
Ladder and L = {+1,+2,43,---,+p} called the set of labels. Consider a mapping f : V — L by assigning

different labels in L to the different elements of V when p is even and different labels in L to p-1
elements of V and repeating a label for the remaining one vertex when p is odd.The labeling as
defined above is said to be a pair difference cordial labeling if for each edge uv of G there exists a
labeling | f(w) — f(v)| such that |Af1 —Age
of edges labeled with 1 and number of edges not labeled with 1. A graph G for which there exists a

=1,where A and A e respectively denote the number

pair difference cordial labeling is called a pair difference cordial graph. In this paper we investigate
the pair difference cordial labeling behavior of P, ® K1,P;, © K2,Cy, © K1,Py, ©2K3,L,, © K1,G; © K7,

where Gy, is a gear graph and etc.

Subject Classification (2020): 05C78.

1.Introduction

In this paper we consider only finite, undirected and simple graphs. Cordial labeling was introduced in [1]
and more cordial related labeling was studied in [2, 3]. Corona product operations used in several areas of
graph theory [4-6]. In [7] the notion of pair difference cordial labeling of a graph was introduced and also in
the same article pair difference cordial labeling behaviour of path, cycle, star, ladder have been studied. The
pair difference cordial labeling behavior of snake related graph and butterfly graph have been investigated
in [8]. In this paper we have study about the pair difference cordiality of some graphs using corona product

operations like P, © K;,P, © K»,C, @ Ky,P;, © 2K3,L,, © K1,G,, © K7, where Gy, is a gear graph.
2. Preliminaries

Definition 2.1. [9] Let G, = (V1, E1) and G; = (V», E») be two graphs. The join G; + G2 as G; UG together with

all the edges joining vertices of V; to the vertices of V5.
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Definition 2.2. [9] The corona graph G; © G is the graph obtained by taking one copy of G; and 7 copies of
G, and joining the i*" vertex of G; with an edge to every vertex in the i’" copy G,, where G; is graph of order

n.
Definition 2.3. [10] The graph W,, = C,, + K] is called the wheel graph.

Definition 2.4. [10] The ladder L, is the product graph P, XK, with 2n vertices and 3n—2 edges.Let V(L,) =

{a;,b;:1<i<nland E(L,) ={a;b;:1<i<n}uia;aj;1,b;ibjs1:1<i<n}

Definition 2.5. [5] The gear graph G,, is obtained from the wheel W}, by adding a vertex between every pair
of adjacent vertices of the cycle C,,.Let V(G,) = {x,x;,yi: 1<i<n}and E(G,) ={xx;:1<i<nluix;y;:1<

i=snfulyixisi:lsisn-1}U{y,xl.

3. Main Results

P, 6 Kj is pair difference cordial for all values of n [7]. Now we investigate the pair difference cordiality of
P,0K;.

Theorem 3.1. P, ® K; is pair difference cordial for all values of n.

Proof.
Let V(P, o0 Ky) =1{x;,yi,zi:1<i<nland E(P, 0 Kp) = {x;xj1:1 =i <n-1Uulyiz;,x;yi, xizi : 1 <1 <

n}.Clearly P, © K; has 3n vertices and 4n — 1 edges. There are two cases arises.

Case 1.7 is even.

First assign the labels 37", 3"—2‘2, 3"2—‘4,--- ,n+1 to the vertices x1, X, x3,--- )X and assign the labels —37",
—%, —3”2—_4, --+,—(n+1) to the vertices Xns2, Xut, Xut6, -+, Xp. Next assign the labels 1,3,5,---,n—1 to the
vertices y1,y2,y3,--, Yz and assign the labels —1,-3,-5,---,=(n - 1) to the vertices Yus2,Yust, Yuss, o, Y.
Now assign the labels 2,4,6,---, n to the vertices zy, 2,23, )21 and assign the labels —2,—-4,-6,---,—n to
the vertices ZnTﬂ,Zn?H,ZnT%,“‘ , Zn-

Case 2.7 is odd.

Assign the labels 3”2—_3, 3%_5,3%_7, ---, n to the vertices x, x2, X3, -+ )Xt and assign the labels —%,—3%_5,
—3”2_7,- --,—n to the vertices Xnsly Xnis, Xnts, =+ Xp-1. Now assign the labels 1,3,5,--,n — 2 to the vertices
Y1 Y2, Y30t Yt and assign the labels —1,-3, -5, ,—(n —2) to the vertices Yusl, Yuss, Yuss,ooo, Yool Next
assign the labels 2,4,6, -, n—1 to the vertices z, zp, 23, -, zn74 and assign the labels -2,-4,-6, ---,—(n—1)
to the vertices Znsl, Znss, Znss ey Znols Finally assign the labels 3”2_1, —(3”2_1 ), 3”2_3 to the vertices x,, yn, Zn.

The Table 1 given below establish that this vertex labeling f is a pair difference cordial of P,, © K>.
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Nature of n A e Af,
nis odd 2n—-1 2n
nis even 2n 2n—-1

Table 1

C, @ K; is pair difference cordial for all values of n = 3 [7]. We now investigate the pair difference cordiality
of C, 0Ky, n=3.

Theorem 3.2. C, © Kj, is pair difference cordial for all values of n = 3.

Proof.

Let V(Cr,o Ky) = {xi,¥i,zi: 1 <i<sn}and E(C, 0 Ky) = {xjx;s1:1 =i <n-1ulxx, Ulyizi, xiyi, xizi :
1 < i < n}. Obviously C, © K, has 3n vertices and 4n edges. As in theorem 3.2, Assign the labels to the

vertices x;, i, zi(1 < i < n) of C,, ® Kp. This vertex labeling f yields that Ay = A fe=2n.

Theorem 3.3. P, © 2K is pair difference cordial for all values of n.

Proof.
Let V(P, ©2K;) = {x;,¥i,zi: 1 <i<n}and E(P,02K)) = {xjxj+1: 1 <i<n-1}uixy;,xizi:1<i<nj

Note that P,, ® K, has 3n vertices and 37 — 1 edges.There are two cases arises.

Case 1.7 is even.

Assign thelabels 2,5,8,---, 3"2‘2 respectively to the vertices X1, X2, X3, -+, X2 and assign the labels -1, -4, -7, -,

-3n-4; to the vertices Xnsz) Xz, Xnt6, o, Xn respectively. Next we assign the labels 1,4,7,--- ,3”2—_4 to the
3n-2
2

vertices y1, V2, Y3, yn respectively and assign the labels —2,-5,-8,---, - respectively to the vertices
Yns2, Vs, Yo, oo, Y. We now assign the labels 3,6,9,---, 37” respectively to the vertices z, 2, 23, - - »2n and

assign the labels —3,-6,-9,-- ,—37" to the vertices z%u,z%,z%s, -+, Z, Tespectively.

Case 2.n is odd.

2
=7,-++,-3n-75 to the vertices Xn+1,Xns3, Xnss,- -+, X1 respectively. Next assign the labels 1,4,7,---, # to
2 2 2

the vertices y1, 2,3, Yn1 respectively and assign the labels —2,-5,-8,--- ,—3”2_5 respectively to the

3n-3
2

z3+++,2zn-1 and assign the labels -3, -6, -9, - - ,—% to the vertices zn+1, Zns3, Znss,- -+, Zp—1 respectively. Fi-
2 2 2 2

nally assign the labels 3"2_1 ,— 3”2_1, 3”2_3 to the vertices Xy, Y, Zn.

Assign the labels 2,5,8, -+, 323 respectively to the vertices X, xp, X3, - )Xt and assign the labels —1, -4,

vertices Yn«i, Ynss,Ynss, -+, ¥Ynp—1. Now assign the labels 3,6,9,:--, respectively to the vertices zj, 2,
2 2 2

The Table 2 given below establish that this vertex labeling f is a pair difference cordial of P,, ® 2Kj .

Natureofn | A e Ap

1
nis odd 3‘”2—_1
3n-2
2

w)
SE8
i

nis even

Table 2
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Theorem 3.4. C,, ® 2K is pair difference cordial for all values of n = 3.

Proof.

Let V(C, 02Ky) = {x;,yi,zi : 1 s i< n}and E(P, 02K)) = {x;jXj41: 1 i< n-1}U{xx,} U{xiyi, xizi: 1<
i < n}. Clearly C,, © 2K has 3n vertices and 3n edges. As in theorem 3.4, Assign the labels to the vertices
Xi, Vi, zi(l<i<n)of C, o2Kj.

The Table 3 given below establish that this vertex labeling f is a pair difference cordial of C,, ® 2Kj .

Nature of n | Age A
3 fll 3 {11
: n— n
nisodd |y 1T
n is even 2 2
Table 3

Theorem 3.5. L, © K] is pair difference cordial for all values of n.

Proof.

LetV(L,oKy)=V({LyUix;,yi:l1<isntand E(L,© Ky) = E(Ly) U{a;x;,b;y; :1<i<n}. Notethat L, © Ky
has 4n vertices and 4n — 2 edges. Assign the labels 1,2,3,-- -, n to the vertices a, ap, as, - - - , a, and assign the
labels —1,-2,-3,---,—nto the vertices by, b», bs, - -+, by,. Next assign thelabels 2n,2n-1,2n-2,---,n+1to the
vertices x1, X2, X3, -+, X, and assign the labels —-2n,-2n+1,-2n+2,---,—n—1to the vertices y1, y2, ¥3,***, ¥n-

This vertex labeling gives that, Ay =2n,Afc =2n-1.

Theorem 3.6. L,, © 2K is pair difference cordial for all values of n.

Proof.

Let V(L, ©2Ky) = V(L) Uix;, yi,ui,vi: 1 <i <n},E(L,02Ky) = E(Ly) U{aix;,a;u;,bivi, b;y; 11 <i < n}.
Obviously L, @ 2K; has 6n vertices and 7n — 2 edges.

Case 1.nis even.

Define themap f:V(L,©2K;) — {*1,£2,---,+3n} by

fla) =2, fh) =-2,
fx) =1, f)=-1,
fluw) =3, fv1)=-3,
flan = fai-)+3, 2=is7,
fbi) = f(bi-1) -3, 2<isn-1,
£ = F(xi) +3, 2<is g
fui) =f(uj-1) +3, 2<i<n,
fyi)=f(yi-1) -3, 2<i<n-1,

fw) = f(vi-1) -3, 2<i<n-1,
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flanz)=flan) +2,

fen2) = flxn) +4,

\S}
I\
I\

flansz) = flanz) +3i -3,

f(u%zi)zf(u%znsi—s,

A}
IA
IA

[\]

IA

IA
NIINIIN]S

f(x%m)=f(an+2)+3i—3,
f(bn) = _f(an)»
f(Vn) = _f(un))
fen)==f(yn).

Case 2.7 is odd.
Define themap f:V(L,©2K;) — {*1,£2,---,+3n} by

fla) =2, fb) =-2,
flx) =1, fy)=-1,
fu) =3, flv1)=-3,
flai) = f(ai-1) +3, 2<is< nTH
fxi) = f(xi-1)+3, Zsisngl,
fui) = f(uj-1) +3, l<i<n,

f(d%s) = f(anTH) +2,

f(anH) = f(x%ﬂ) +4,

(@) = f(@us) +30 -3, 2<is< "2 L
[ @) = ftn) +31 -3, 2<is n;I,
[ (aszinn) = () +3i =3, 2<is< "2 L
fb) =—-f(ap), l<i<n,
fwi) =—f(uy), l<i<n,
f&x)=—=f), l<i<n.

The Table 3 given below establish that this vertex labeling f is a pair difference cordial of L,, © 2K;.

Natureofn | A e Af,

1
nisodd | 73 [ 21

: n-2 -2
n1s even S | Y5

Table 4

21
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Theorem 3.7. W,, © 2K is pair difference cordial for all values of n = 3.

Proof.

Let VIW,02K;) =1{xj,yi,zi : 1 <i < njufx, w;, wy} and E(W,,02K7) ={x;xj4+1:1 <i<n-1}u{xx;, X;yi, Xiz;i :

1 <i=<njuix;x, xw;,xw-}. Note that W, ©2Kj has 3n + 3 vertices and 4n + 2 edges.

Case 1.7 is even.

Define the map f : V(W, ©2K)) — {1, +2,---,+ 2} by
fl) =2,
fz1) =3,
Flws) = _3n2+2,
fxi) = fxi-1) +3,
Fd=Fyi-)+3,
f(zi) = fzi—1) +3,
fensa) = = f(x),
Fug) ==y,
f(Z%Zi) =-f(zi),
Case 2.1 is odd.
Define the map f: V(W, ©2K;) — {+1,+2,---, 3%} by
fla) =2,
f(z1) =3,
flwn =2,
rom =",
Flx) = _3n2 1’

fx) =flxi-1) +3,
fod=fyi-)+3,
fz) = f(zi-1) +3,

f(Xn+22i—1) = —f(xl-),

f(y%—l) =—fy),

f(Zn+22i—1) =—f(z),

fon=1,

3 2
flw) = ny

\

&)

I
15

Do
IA
IA

[\
IA
IA

\S}
I\
IA

—
IA
IA

—
IA
IA

[
IA
IA

NI INV[Iv[INISINV]S

2<i<

2

2<i< ,

2<i<

1<i<

1<is<

1<is<

In both cases Ap = A fe=2n+1. Therefore W,, ® 2K is pair difference cordial for all values of n = 3.

Theorem 3.8. G,, © 2K is pair difference cordial for all values of n = 3.
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Proof.

23

Let V(Gn(DZKl) = V(Gn)U{di, di/, b,’, bi,S 1<i<n}uia, 61/} and V(GnOZKI) = E(Gn)u{xiai,xiai’,yibl—,yibi’,:
1<i<n}uixa,xa'}. Clearly G, ©2K; has 6n + 3 vertices and 7n + 2 edges. Case 1.n =0 (mod 4).
Define the map f: V(G, ©2K;) — {£1,£2,---, %2} by

f(xl) :2’
fla) =3,
fl@d)=-Bn+1),

fG) = fxi-1) +3,
flai) = fai-1) +3,
fla)=fla;_)+3,
f(xy) = f(x%n) +2,
flas) = flam) +4,
f(ag,,%,) = f(a’%n) +3,

3n+4i—4 ) + 3,
1

f(xanTm) =flx
f(aw) = f(dsm;u%) +3,

f(agrt;‘lt) = f(aISn+4i—4) + 3’
4

4

f) =—f(xp),
fby)=—-f(ap),
f)=-f(a,

Case2.n=1 (mod 4).
Define the map f: V(G, ©2K;) — {+1,+2,---, +

flx) =2,

f(a’l) =3,

fl@d)=-@Bn+1),

fxi) = f(xi-1)+3,

fla) = f(ai-1)+3,

fla)=fla;_)+3,
f(x%) =f(x%) +2,
flasuss) = flasn) +4,

f(dss) = f(@s) +3,

f(al) = 1»
fla)=3n+1,
f(x)=3n,

. n
2<is<—,

3n

2<is—,

. n
2<is—,

6n+3
2

} by
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-3
f(x3n+;1i+l) = f(x3n+;li—3) +3, 2<i< 1’14 ,
. n-3
f(a3n+zi+1) = f(613n+;1i—3) +3, 2<i< T,
-3
f(alfm+4i+1) = f(aISn+4i—3) +3’ 2 = l = nT!
fyi) =—f(x), l<i=n,
f(bi):_f(ai)) 1<i<ny
fB)=-f(a, l<i<n
Case3.n =2 (mod 4).
Define the map f: V(G, ©2K;) — {£1,£2,---, £+ %22} by
flx) =2, fla) =1,
fld) =3, fla)=3n+1,
fl@)=-3Bn+1), f(x) =3n,
3n+2
fxi) = f(xi-1) +3, 2<is< n4+ ,
3n+2
f(ai) = f(ai—l) +3» = l = 4 »
3n+2
fla) = fa,_)+3, 2<is< ”4+ ,
f(xSnT+6) = f(x%) +2,
f(as%e) =f(6l3nT+2)+4,
f(@hnis) = fdhyn) +3,
n-2
f(x3n+;li+2) = f(x:smfi—z) +3, 2<i< 1 ,
-2
f(asminz) = f(a3n+;1i72) +3, 2<i< I’l4 ,
-2
f(ﬂ@):f(d,smufz)‘F?), 2<i< n ,
4 4
f) =-f(ay, l<is<n
Case4.n =3 (mod 4).
Define the map f: V(G, ©2K;) — {+1,+2,--- ,16";3} by
flx1) =2, fla) =1,
fla) =3, fla)=3n+1,
fla)=-Bn+1), f(x)=3n,

24
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3 3

fxi) = f(xi-1)+3, 2<is< n4+ )

3 3

fla) = flai-)+3, 2<is ”4* ,

. 3n+3

fa)=fla;_)+3, 2<is——,
f(xane) = fxanes) +2,
flasn) = flasms) +4,
f(@sz) = f(dl) +3,

4 4

-1

f(X3n+;u+3) = f(X3n+;1i—1) +3, 2<i< I’l4 ,

-1

f(a3n+§i+3) = f(asmzi—l )+ 3, 2<i< n ,

n-1

f(aliin+4i+3) = f(a,3n+4i—l)+3) 2<i< 7

f) =—f(xp), l1<i<n,

fb) =—-f(ap, l<i<n,

fb)=-f(a), l<is<n.

The Table 4 given below establish that this vertex labeling f is a pair difference cordial of G, ® 2K;,n = 3.

Natureofn | A e A
p TAtT | 73
nis odd == | 5

nis even n+2 n+2
2 2
Table 5
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1. Introduction

The terminology and notations we refer to Bondy and Murthy [4]. Let G be a finite, simple, undirected
and connected graph. Let A(G) denote the maximum degree of G. A proper edge-coloring o is a mapping
from E(G) to the set of colors such that any two adjacent edges receive distinct colors. For any vertex
v of G, let S, (v) denote the set of the colors of all edges incident to v. A proper edge-coloring ¢ is said to
an adjacent vertex-distinguishing (AVD) if S;(u) # S;(v), for every adjacent vertices u and v. The
minimum number of colors required for an adjacent vertex-distinguishing proper edge-coloring of G,
denoted by y,s(G), is called the adjacent vertex-distinguishing proper edge-chromatic index (AVD
proper edge-chromatic index) of G. Thus, y4s(G) = x'(G).

Conjecture 1.1. [11] For any connected graph G (|[V(G)| = 6), there is y,5(G) < A(G) + 2. If H is a
subgraph of G, it is interesting that y,s(H) < x4s(G) is not always true.

Let K,,, be the complete bipartite graph, then yg (Kzlg) =3 and K;3 —e for any edge, then
Xas (K2,3 - e) = 4. Deletion of an edge of a graph may also decrease the coloring number of the graph.
Letn = 3, then X&s(KLn) =nand )(&S(Kl,n — e) =n-—1.
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In [11] Zhang et al. proved: if G has n components G;, 1 < i < n, with at least three vertices in each, then
Xas(G) = max;i<i<nixas(Gi)}. So we consider only connected graphs. For a tree T with |[V(T)| = 3, if any
two vertices of maximum degree are non-adjacent, then y,,(T) = A(T). If T has two vertices of
maximum degree which are adjacent, then y,,(T) = A(T) + 1. For cycle C, we have y;s(C,) = 3, for
n = 0 (mod3), otherwise y,5(C,) = 4 for n # 0 (mod3) and n # 5, y,s(C,) =5, for n = 5. For the
complete bipartite graph K, ,, for 1 < m < n, we have y;s(K;u,) = nif m <n, and y,s(Kpp) =n+2
if m = n > 2. For the complete graph K,, (n = 3), we have y,,(K,) = nforn =1 (mod 2); yx,s(K,) =
n + 1forn = 0 (mod 2).1f G is a graph which has two adjacent maximum degree vertices, then y,;(G) =
A(G) + 1. If G is a graph such that the degree of any two adjacent vertices is different, then y,.(G) =
A(G). In [9] Shiu proved: for n > 3, we have y,4(F,) =n, if n = 3,4 and y,s(F,_;) =n—1, forn > 5.
For n > 3, we have y,;(W,) =5, if n = 3, and y,;(W,,) = n, for n > 4. In [7] Hatami prove that if G is a
graph with no isolated edges and maximum degree A(G) > 102°, then y/; < A + 300. In [2] Balister et
al. proved: if G is a k-chromatic graph with no isolated edges, then y,.(G) < A(G) + 0(logk). In [1]
Axenovich et al. obtained upper bound for adjacent vertex-distinguishing edge-colorings of graphs. In
[3] Baril et al. obtained exact values for adjacent vertex-distinguishing edge-coloring of meshes. In [5]
Bu et al. finding adjacent vertex-distinguishing edge-colorings of planar graphs with girth at least six. In
[6] Chen et al. obtained adjacent vertex-distinguishing proper edge-coloring of planar bipartite graphs
with A= 9,10 or 11.

In this paper, we compute adjacent vertex-distinguishing edge-chromatic index of Anti- prism,
sunflower graph, double sunflower graph, triangular winged prism, rectangular winged prism and
Polygonal snake graph.

Observation 1.1. If a connected graph G contains two adjacent vertices of degree A(G), then y{(G) =
A(G) + 1.

Observation 1.2. If G is a graph such that the degree of any two adjacent vertices is different, then
X&S(G) = 4(G).

2. AVD Proper Edge-chromatic Index of Anti-prism Graph, Sunflower Graph, Double
Sunflower Graph, Triangular Winged Prism and Rectangular Winged Prism

In this section, The AVD proper edge-chromatic index of Anti-prism graph, Sunflower graph, Double
Sunflower graph, Triangular winged prism and Rectangular winged prism graph will be discussed. We
have the following results.

2.1. AVD Proper Edge-chromatic Index of Anti-prism Graph
If C,, OK,,n > 3,is called prism graph, where O is Cartesian product, and it is denoted by D,,

By an Anti-prism graph of order n denoted by 4,,, we mean a graph obtained from a prism graph D,, by
adding some crossing edges x;Y(i+1)(moan), ¢ = 1,2, ..., n. [10]

Theorem 2.1. y,;(4,) =5, forn > 3.
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Proof. Let C,, = x1X5 ... X,Xx1, For n > 4 and x3, x5, ..., x;, be newly added vertices corresponding to the

vertices xq, x5, ..., X, to form A,. In A,, for i € {1,2,...,n}, let e; = x;x;41, €] = X{X{ 11, [i = XiX{, §i =
! ! !

XiXit1, Where Xp4q = Xq, Xp4q = X3

Define o :E(A43) —{1,2,3,45} as follows: a(e;) =1,0(e;) =4,0(e3) =5,0(e;) =4,0(e3) =
50(e3) =1,0(f1) =0(f;) =a(f3) =3,0(g1) = 0(g,) = 0(g3) = 2. Therefore o is proper-edge
coloring. The induced vertex-color sets are: S;(x;)={1,2,3,5},5,(xz) ={1,2,3,4},S,(x3) =
{2,3,4,5},S,(x1) = {1,2,3,4}, S, (x3) = {2,3,4,5}, S,(x3) = {1,2,3,5}. Hence ¢ is an AVD proper edge-
coloring A;. By observation 1.1, y/s(A3) =5 and so y,s(A3) = 5. Define o : E(4,) - {1,2,3,4,5} as
follows: a(e;) = o(e;) = 1,0(e;) = o(ez) = 4,0(e3) = a(e3) = 5,0(ey) = 0(es) =3,0(f1) =a(f2) =
o(f;) =0(fy) =2,0(g1) =5,0(9,) = 3,0(g93) = 1,0(g,) = 4. Therefore ¢ is proper-edge coloring.
The induced vertex-color sets are: S;(x;) = {1,2,3,5},S,(x3) = {1,2,3,4}, S, (x3) = {1,2,4,5}, S, (x,) =
{2,3,4,5},S,(x1) = {1,2,3,4}, S5 (x3) = {1,2,4,5}, S, (x3) = {2,3,4,5}, S, (x4) = {1,2,3,5}. Hence ¢ is an
AVD proper edge-coloring As. By observation 1.1, y45(4,) = 5 and so y4s(A4) = 5. Define o: E(45) —
{1,2,3,4,5} as follows: (e;) = a(eq) = 2,0(e;) = 5,0(e3) =3,0(e3) =2,0(e3) =5,0(ey) =3,0(ey) =
2,0(es) = o(eg) =5,0(f1) =3,0(f2) =4 =0(f3),0(fa) =1=0(f5),0(g91) = 1= 0(g2),0(g3) =
3,0(g4) = 4 = d(gs). Therefore o is proper-edge coloring. The induced vertex-color sets are: S, (x;) =
{1,2,3,5}, S5(xz) = {1,24,5}, S5 (x3) = {2,3,4,5}, S5 (x4) = {1,2,3,4}, S5 (x5) = {1,3,4,5}, S5 (x1) =
{2,3,4,5},S,(x3) = {1,2,3,4}, S, (x3) = {1,3,4,5}, Sy (xs) = {1,2,3,5}, S, (x2) = {1,2,4,5}. Hence o is an
AVD proper edge-coloring Az. By observation 1.1, y,s(4s) = 5 and so y,s(4s) = 5.

For n > 6, since A(A,) = 4, by observation 1.1. y;5(A4,) = 5. To show y/s(4,) < 5. we consider five
cases and in each case, we first define ¢ : E(4,,) — {1,2,3,4,5} as follows:

For n = 0 (mod 3)
Fori € {1,2,...,n},

5 ifi =1 (mod 3)
o(e;)) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

2 ifi =1 (mod3)

a(ej) =43 ifi =2 (mod 3)
5 ifi =0 (mod 3)

o-(fi) = 4' O-(gi) =1

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

(1,3,4,5) ifi =1 (mod 3)
Forie{12,..,n},S;(x;) =:{1,2,45} ifi =2 (mod 3)
{1,2,3,4} ifi =0 (mod 3)

(1,245} ifi =1 (mod 3)
Sy(x)) =4{1,2,3,4} ifi =2 (mod 3)
{1,345} ifi =0 (mod 3)

Therefore o is an AVD proper edge-coloring of A,,. Hence, yqs(4,) = 5.
For n =1 (mod 6)

a(e;) =1=oa(e)
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Fori€{23,..,n—1},0(e;)) = a(e)) = {L; 11?1112 i‘éedn
o(ey) =3 =oa(ep)

G(fl) = 4" O-(fZ) = 21
5 ifi =0 (mod 3)
Fori € {3,4,..,n—1},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod 3)
U(fn) = 51
0(91) = 51
3 ifi =2 (mod3)
Fori € {2,3,..,n—2}, 0(g;) =141 ifi =0 (mod 3)
5 ifi =1 (mod 3)
0(gn-1) = 1,0(gn) = 2.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sy (x1) ={1,3,4,5}

{1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,...,n},S,(x;) =<{1,2,45} ifi =0 (mod 3)
{2,3,4,5} ifi =1 (mod 3)

{1,2,3,4} ifi =1 (mod 3)
Fori€ {1,2,..,n—1},S,(x;) ={{1,2,4,5} ifi =2 (mod 3)

{2,3,4,5} ifi =0 (mod 3)
Sy (xy) ={1,3,4,5}
Therefore o is an AVD proper edge-coloring of A,,. Hence, yqs(4,) = 5.
For n =2 (mod 6)

a(e;) =1=a(e)

Fori€ {2,3,..,n—2},0(e;)) = a(e]) = {4 if i is even

2 ifiisodd
o(en) =3 =oa(ep), o(en—1) =5=o0(ep_1)
o(fi) =o(fz) =2

5 ifi =0 (mod 3)
Fori € {3,4,..,n—1},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod 3)

o(f) =1,

0-(g1) = 5!

3 ifi =2 (mod3)
Fori € {2,3,..,n—2}, 0(g;) =41 ifi =0 (mod 3)
5 ifi =1 (mod 3)
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0(gn-1) = 2,0(gy) = 4.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sq(x1) ={1,2,3,5}

(1,2,3,4} ifi =2 (mod 3)
Forie{23,..,n—1},S,(x;) =<{1,2,45} ifi =0 (mod 3)

{2,3,4,5} ifi =1 (mod 3)
So(xn) ={1,3,4,5}

{1,2,3,4} ifi =1 (mod 3)
Fori € {1,2,..,n—2},S,(x;) =4{1,2,4,5} ifi =2 (mod 3)
{2,3,4,5} ifi =0 (mod 3)
SO‘(xT,l—l) = {1,3,4‘,5}, So‘(x{’l) = {1’2’3’5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, y4s(4,) = 5.
For n = 4 (mod 6)
o(e;) =1=o(ep)

, _ N _ (4 ifiiseven
Fori€{2,3,..,n—4},0(e;)) =a(e)) = {5 if s odd
o(ey) =3 = O_(erll)v olen-1) =5= 0'(61,1—1):
o(en—2) =1=o0(ep_), o(ep_3) =2 =o0(ep_3)

a(fi) =a(f) =2
2 ifi =0 (mod 3)
Fori € {3,4,..,n—3},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod3)
0(fn) =1,0(fn-1) =4 =0(fr-2)
a(g1) =5,
3 ifi =2 (mod3)
Fori € {2,3,..,n—4}, 0(g;) =41 ifi =0 (mod 3)
2 ifi =1 (mod3)
0(gn-3) = 5,0(gn-2) = 3,0(gn-1) = 2,0(g,) = 4.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
So'(xl) = {1J2J3J5}I Sg'(xz) = {1,2,3,4}

{1,2,4,5} ifi =0 (mod 3)
Fori € {3,4,..,n—3},S,(x;) =<{2,3,45} ifi =1 (mod 3)
{1,3,4,5} ifi =2 (mod 3)

SO'(xn) = {1'3'4'5}' Sa(xn—l) = {1,2,4;5}, So-(xn—z) = {1121314}
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Sy (x1) ={1,2,3,4}

(1,2,4,5} ifi = 2 (mod 3)
Fori€{23,..,n—4},S,(x)) =4{2,3,4,5} ifi =0 (mod 3)
(1,3,4,5} ifi =1 (mod 3)

So(tn-3) = {1,2,3,4}, S, (xp-2) = {1,2,4,5}, S5 (xp—1) = {1,3,4,5}, S, (xn) = {1,2,3,5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, yqs(4,) = 5.

For n =5 (mod 6)

o(e)) =1=o0(ep)

4 ifiiseven
5 ifiisodd

o(en) =2 =oa(ep), o(en-1) =3 =a(en_y),

Fori €{23,..,n—4},0(e;) = a(e;) = {

o(en—2) =5=o0(ep_), o(en_3) =3 =o(ey_3)
a(f1) =3,0(f2) =2

1 ifi =0 (mod 3)
Fori € {3,4,..,n—3},0(f;) =<3 ifi =1 (mod 3)
2 ifi =2 (mod 3)

0(fn) =50(fn-1) =4,0(fr2) =1
0(91) = 5!

3 ifi =2 (mod3)
Fori € {2,3,..,n—4}, 0(g;) =42 ifi =0 (mod 3)
1 ifi =1 (mod 3)

0(gn-3) = 4,0(gn-2) = 2,0(gn-1) = 1,0(gn) = 4

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sa(xl) = {1521315}' SO'(XZ) = {112'3'4}

{1,2,4,5} ifi =0 (mod 3)
Fori € {34,..,n—2},5,(x;) =<{1,3,45} ifi =1 (mod 3)
(2,3,4,5) ifi =2 (mod 3)

So‘(xn) = {2J3!4!5}l Sa(xn—l) = {1)314:5}; So‘(xn—Z) = {1121315}
Se(x1) = {1,2,3,4}

(1,2,4,5) ifi =2 (mod 3)
Forie{23,..,n—4},S,(x)) =<5{1,3,45} ifi =0 (mod 3)
(2,3,4,5) ifi =1 (mod 3)

Sa(x;l—3) = {1,2,3,5}, So’(x;l—Z) = {1)3!4!5}) Sa(x;l—l) = {2,3,4-,5},50(9@,1) = {1'2'3'5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, y,s(4,) = 5.
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2.2. AVD Proper Edge-chromatic Index of Sunflower Graph

By an sun flower graph of order n denoted by SF,, we mean a graph that is isomorphic to a graph
obtained from Anti-prism graph A,, by deleting edges y;y(i+1)(moan), t = 1.2, ..., n.

Theorem 2.2. y,,(SF,) =5, forn = 4.

Proof. LetC, = x1x; ...x,x; For n = 4 and xj, x5, ..., x;, be newly added vertices corresponding to the
vertices x4, Xy, ..., X, to form SE,. In SE,, for i € { 1,2,...,n}, let e; = x;x;41, fi = x;%{, and g; = Xx{ X411,
where x,,1 = x;.

Define o : E(SF3;) — {1,2,3,4,5} as follows: (e;) = 1,0(e;) = 2,0(e3) =5, a(f1) = a(fy) =0(f3) =3,
0(g1) = o(g;) =a(g;) =4. The induced vertex-color sets are: S;(x;) ={1,3,4,5},5,(x;) =
{1,2,3,4},S,(x3) = {2,3,4,5}, S;(x1) = S;(x3) = Sy (x3) = {3,4}. Therefore o is an AVD proper edge-
coloring SF,. Hence, y,s(SF3;) = 5.

For n > 4, since A(SF,) = 4, by observation 1.1. y,s(SF,) = 5. To show y,5(SF,) < 5. we consider two
cases first define o : E(SF,) — {1,2,3,4,5} as follows:

Case 1. If nis even
Fori € {1,2,..,n}
_ (1 ifiisodd
ole) = {2 if i is even
_ (5 ifiisodd
o(fi) = {4 if i is even
0(91') = 3'

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

S (x1) = {1,3}

{1,2,3,5} ifiisodd

Fori €{1,23,..,n}, S,(x;) = {{1234} Lo oee

, 3,5} ifiisodd
Sa(xi) = {{ }

{3,4} ifiiseven
Therefore o is an AVD proper edge-coloring of SF,. Hence, y.s(SF,) =5
Case 2.Ifn is odd

rrt 0=t =[5 1L,
o(en) =5
a(fi) =4
Fori € {23,..,n—1}, o(f,) = {‘é llflellséi\é%n
o(fn) =4

Fori € {1,2,...,n},0(g;) =3
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Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sy(x) ={1,3,4,5}

{1,2,3,4} ifiiseven

Fori €{23,..,n —1} S;(x;) = {{1 23,5} ifiisodd

Sy (xn) =1{2,3,4,5}

So(x1) = {3,4}

{3,4} ifiiseven

Fori € {2,3,..,n—1}, S,(x}) = {{3 5 ifiisodd

S (xn) = {34}
Therefore o is an AVD proper edge-coloring of SE,. Hence, y,s(SF,) = 5.

2.3. AVD Proper Edge-chromatic Index of Double Sunflower Graph

By a double sunflower graph of order n denoted by DSE,, is a graph obtained from the graph SF,, by
inserting a new vertex z; on each edges x;x;,, and adding edges y;z; for each i.

Theorem 2.3. y,;(DSE,) = 4, forn > 4,

Proof. LetC, = x1X, ...x,xq For n = 4 and x3, x3, ..., x;, be newly added vertices corresponding to the
vertices x4, X5, ..., X, and y;, ¥, ..., ¥, be newly added vertices corresponding to the sub division of each
edge of the cycle C, to form DSF,. In DSE,, for i € {1,2,...,n}, let e; = x;y;, €] = yiXiz1 fi = XiX{, §i =
x;x;i41 and h; = x;y; where x, .1 = x;.
For n > 4, since A(DSE,) = 4, by observation 1.2. y;s(DSF,) = 4. To show y,;(DSE,) < 4.
We consider two cases first define ¢ : E(DSF,) — {1,2,3,4} as follows:
Case 1.If nis even
Fori € {1,2,..,n}
_ (1 ifiisodd
ole) = {3 if i is even

~ _ (2 ifiisodd

ole) = {4 if i is even
_ (2 ifiisodd
o(fi) = {1 if i is even

if i is odd
ifi is even
if i is odd
ifi is even

o9 = {3

_ (3
Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

Fori € {1,2,3,...,n}, Sy(x;) = {1,2,3,4}
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_ ({1,2,3} ifiisodd
Se(vi) = {{2,3,4} if i is even

~ _ (2,34} ifiisodd
So(xi) = {{1,2,3} ifi is even

Therefore o is an AVD proper edge-coloring of DSF,. Hence, y,;(DSE,) = 4.
Case 2.If nis odd
o(e;) =1,0(e;) =3

Fori € {2,3,...,n},0(e;) = {; :2 :z g:;zn
a(e;) =4,

3ifi+2

Fori € {1'2' "'In}l o-(fi) = {2 lf l — 2

a(g1) =4,

Fori € {2,3,...,n}, a(g;) = {; 12 :z g:;zn
U(hl) = Z,O'(hz) = 3;
ifi is odd

. 1
Fori € {3/4,..,n}, a(h;) = {2 if { is even

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

Fori € {1,2,...,n}, S;(x;) = {1,2,3,4}

Se(y1) = {1,2,3}, 5, (y2) = {1,3,4}

Fori € {3,4,...,n}, S;(v;) = {1,2,4}

So(x1) = {2,3,4}

Fori € {2,3,..,n}, Sy(x;) = {1,2,3}

Therefore o is an AVD proper edge-coloring of DSE,. Hence, y,;(DSE,) = 4.

2.4. AVD Proper Edge-chromatic Index of Triangular Winged Prism

By a triangular winged prism of order n denoted by TW B,, is a graph obtained from the prism graph D,,, by
adding some outsider middle vertices z; on edge y;y;+, and adding z; to both vertices y; and y; 4.

Theorem 2.4. x,,(TWB,) =6, forn = 4.

Proof. Let C, = xyx;..xpx; FOr m=>4, x{,x5,..,%, and y;,y,,..,v, be newly added vertices
corresponding to the vertices x;, x5, ..., x, to form TWPB,. In TWPB,, fori € {1,2, ...,n}, let e; = x;x;;1, ] =

ot _ 1 o o _ 1 Y
XiXir1, fi = xixi, §i = x;y; and hy = x4y, Where x, 1 = X1, Xpyq = X3.

For n > 4,since A(TWP,) = 5, by observation 1.1. y;,(TWB,) = 6. To show y,,(TWB,) < 6. we consider
two cases first define ¢ : E(TWP,) — {1,2,3,4,5,6} as follows:
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Case 1. If nis even

Fori € {1,2,...,n}

B ~ _ (1 ifiisodd
o(e) =a(e) = {3 ifi is even
_ (4 ifiisodd
a(fi) = {2 if { is even
o(gi) =5
_ (4 ifiisodd
o(h) = {6 ifi is even

36

Therefore o is a proper edge-coloring. It remains to show that ¢ is an AvD proper edge-coloring. We compare

the sets of colors of adjacent vertices of the same degree.
The induced vertex-color sets are:

{1,3,4} ifiisodd

Fori€{1,23,..,n}, $5(x;) = {{1 2,3} ifiiseven

~ _ ({1,3,4,5,6} ifiisodd
So(xi) = {{1,2,3,4,5} if { is even

{4,5} ifiisodd

Forie{1,2,..,n}, S;(y;) = {{5 6} ifiiseven

Therefore o is an AvD proper edge-coloring of TWB,. Hence, x,s(TWB,) = 6.

Case 2. If nis odd
Fori€{1,23,..,n—1}

1 ifiisodd
3 ifiiseven

ole) = alef) = |

a(en) = o(en) =2,

. 4 .f . . dd
FOI’l E {1,2, ...,Tl - 1}1 O-(ﬂ) = {2 1f Il:iz (e)ven
U(fn) = 4,

Fori€{1,2,..,n}, a(g;) =5,
Forie{12,..,n—-1}, a(h) = {2 12 12 ngn

o(h,) = 6.

Therefore o is a proper edge-coloring. It remains to show that ¢ is an AvD proper edge-coloring. We compare

the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
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So(x1) = {1,2,4}

{1,2,3} ifiiseven

Fori € {23,..,n—1}, S,(x;) ={{134} o

Sy (x,) =1{2,3,4}
Sy (x1) ={1,2,4,5,6}

{1,2,3,4,5} ifiiseven

Fori € (2,3, ...,n — 13,5, (x)) ={{13456} P

Sq(xn) ={2,3,4,5,6}

{4,5} ifiisodd

Fori€{12,..n—1} So(v) = {{5 6} ifiiseven

SeOm) = {5,6}.

Therefore o is an AVD proper edge-coloring of TWPB,. Hence, x.;(TWB,) = 6.

2.5. AVD Proper Edge-chromatic Index of Rectangular Winged Prism Graph

By a rectangular winged prism graph of order n denoted by RW P,, is a graph obtained from the prism
graph D,,, by adding an edge a;b; corresponding to the edge y;y;,; and adding an edge a; to y; and b; to
Vi+1-

Theorem 2.5. y,;(RWP,) =6, forn = 4.

Proof. LetC, = x;x, ...x,x;, Forn = 4 and x1, x5, ..., x,, be newly added vertices corresponding to the
vertices xq, Xy, ..., Xn. Let y1,V9, ...,y and zq, z,, ..., Zz, be newly added vertices corresponding to the
vertices x1, X3, ..., X, to form RWPB,. In RWPB,, fori € {1,2,...,n}, let e; = x;x;41, €] = X{X{,1, €' = ViZi,
fi = xixi, gi = x;y; and h; = xi;1z;, where x,41 = X3, Xp41 = X1

For n >4, since A(RWP,) =5, by observation 1.1. y;s(RWPB,) = 6. To show yi(RWB,) < 6. we
consider two cases first define o : E(RWP,) — {1,2,3,4,5,6} as follows:

Case 1.If nis even

Fori € {1,2,..,n}

, . 1 .f .o dd
o(e) =o(e;) =a(e) = {3 ifi iz gven
_ (4 ifiisodd
o(f) = {2 if i is even
a(g;) =5
_ (4 ifiisodd
o(h) = {6 if i is even

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,3,4} ifiisodd

Fori € {1,2,3,...,n},S,(x;) = {{1 2.3} ifiis even
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~ _ (£1,3,4,5,6} ifiisodd
So (i) = {{1,2,3,4,5} if i is even

. 1,5} ifiisodd
Fori€{1.2,..,n}, S;(y) = {%3 5§ if i is even

{1,4} ifiisodd

Fori € {1,2,...,n}, S;(z) = {{3 6} ifi is even

Therefore o is an AVD proper edge-coloring of RW P,. Hence, yqo;(RWP,) = 6.

Case 2. If nis odd

) , " 1 ifiisodd
Fori€{1,2,..,n—1},0(e;)) = a(e;)) =a(e}’) = {3 ifi 112 (e)ven
a(ey) = a(en) = a(ey) =2,

. _ (4 if iisodd
Fori € {1,2,..,n—1}, a(f}) = {2 if [ is even

o(fn) =4
Fori € {1,2,...,n}, a(g;) =5,

. _ (4 ifiisodd
Fori € {1,2,..,n—1}, o(h;) = {6 if { is even
o(h,) = 6.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Se(x1) ={1,2,4}

. 1,2,3} ifiiseven
Fori € {2,3,..,n—1}, S;(x;) = {%l 34§ ifis odd
Se(xn) ={2,3,4}

Sy(x1) ={1,2,4,5,6}

{1,2,3,4,5} ifiiseven

Fori € {23, ..,n —1},S,(x!) = {{13456} oo
SO'(x;’l) = {2J3J4J5I6}

{1,5} ifiisodd

Forie {1,2,..,n—1}, S;(y;) = {{3 5) ifiis even

So(yn) = {2,5}

{1,4} ifiisodd

Forie{1,2,..,n—1}, S,(z) = {{3 6} ifiis even

So(zn) = {2,6}
Therefore o is an AVD proper edge-coloring of RW B,. Hence, y,s(RWP,) = 6.
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3. AVD Proper Edge-chromatic Index of Polygonal Snake Graph

In this section, we investigate AVD proper edge-coloring of Polygonal snake graph only. A graph is
obtained from a path B, with vertex set x4, x5, ..., X, by joining all consecutive vertices by path P, with
vertex set y;, ¥a, ..., ¥ in such a way that merging y; with x; and y,, with x;,4,i € {1,2,...,n — 1} and so
on. Then P, (S,,), ¥V m,n s called as polygonal snake graph. [8]

Theorem 3.1. x4s(Pn(Sy)) =5, form =3,n > 5.

Proof. Let By, x1X5 ... Xy, Forn =5, B,: y;y, ...y, be attached to an edge x;x;,4, i € {1,3,...,m — 1}, mis
even, where x; = y;, Xi41 = Y and B,: y;1y5 ... ¥y be attached to an edge x;x;,1, 1 € {2,4,...,m — 1}, mis
odd, where x; = y;, x;11 = yn to form B, (S,,). In B,,(S,,), fori € {1,2,...,m — 1}, let e; = x;x;44. Fori €
{1L2,...,n =1} fi = yirr, fi = ViVisr:

Form > 3,n > 5, since A(P,,(S,)) = 4, by observation 1.1. x4s( P, (Sn)) = 5. To show x5 (Pn(S,)) < 5.
we consider five cases and in each case, we first define o : E(P,,(S,)) - {1,2,3,4,5} as follows:

Case 1: For n =5 (mod 6)

3 ifi =1 (mod 3)
Fori € {1,2,..,m—1},0(e;) =44 ifi =2 (mod 3)
5 ifi =0 (mod 3)

1 ifi =1 (mod 3)
Fori € {1,2,..,n—1},a(f;) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

ifi =1 (mod 3)
ifi =2 (mod 3)
ifi =0 (mod 3)

o(f{) =

_ W N

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi = 2 (mod 3)
Fori € {2,3,..,n—1},S,(y;) =1{2,3} ifi =0 (mod 3)
(1,3} ifi =1 (mod 3)

(2,3} ifi =2 (mod3)
S,(y)) ={{1,3} ifi =0 (mod 3)
(1,2} ifi =1 (mod 3)

So‘(xl) = {1;3},

{1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,...,m — 1}, S;(x;) =<{1,2,4,5} ifi =0 (mod 3)
{1,2,3,5} ifi =1 (mod 3)

(2,4} if m =3 (mod 6)
{1,5} if m =4 (mod 6)
_J{2,3} if m =5 (mod 6)
So () = {1,4} if m = 0 (mod 6)
{2,5} if m =1 (mod 6)
{1,3} if m = 2 (mod 6)
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Therefore o is an AVD proper edge-coloring of P, (S,,). Hence, x4s(Pn(Sy)) = 5.
Case 2: For n = 0 (mod 6)

3 ifi =1 (mod 3)
Fori € {1,2,..,m—1},0(e;)) =44 ifi =2 (mod 3)
5 ifi =0 (mod 3)
1 ifi =1 (mod 3)
Forie{1,2,..,n—1},0(f)) = o(ff) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi =2 (mod 3)
Fori € {23,..,n—1},S,(v;) = S;(y;) =<{2,3} ifi =0 (mod 3)

{1,3} ifi =1 (mod 3)
SO'(xl) = {1;3},

(1,2,3,4) ifi =2 (mod 3)
Fori € {2,3,...,m — 1}, S;(x;) =41{1,2,4,5} ifi =0 (mod 3)
(1,2,3,5) ifi =1 (mod 3)

{2,4} ifm =0 (mod 3)
Se(xy) =4{2,5} ifm =1 (mod 3)
{2,3} ifm =2 (mod 3)

Therefore o is an AVD proper edge-coloring of P, (S,). Hence, x4s(Bn(Sy)) = 5.
Case 3:For n =1 (mod 6)

3 ifi =1 (mod 3)
Fori e {1,2,..,m—1},a(e;) =<4 ifi =2 (mod 3)
5 ifi =0 (mod 3)

1 ifi =1 (mod 3)
Forie{1,2,..,n—4},0(f;) =o(fj) =<2 ifi =2 (mod 3)

3 ifi =0 (mod 3)
0(fn-3) = 0(fu—3) =4, 0(fn—2) = 0(fn—2) = L, 0(f—1) = 0(fn-1) = 2.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi =2 (mod 3)
Fori € {2,3,..,n—4},S,(v;) = S,(y;) =1{2,3} ifi =0 (mod 3)
(1,3} ifi =1 (mod 3)

Soe(Wn-3) = So(Yn-3) = (34}, Se(Wn-2) = Se(Wn-2) = {14}, So(Yn-1) = So(yn-1) = {1,2}
So(x1) ={1,3},
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(1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,..,m—1}, S,(x;) =<{1,2,4,5} ifi =0 (mod 3)
(1,2,3,5} ifi =1 (mod 3)

{2,4} ifm =0 (mod 3)
Sy(xm) =4{2,5} ifm =1 (mod 3)
{2,3} ifm =2 (mod 3)

Therefore o is an AVD proper edge-coloring of P, (S,). Hence, ygs (Pm(Sn)) = 5.
Case 4: For n = 2 (mod 6)

Proofis similar to case 1.n = 5 (mod 6)

Case 5: For n = 3 (mod 6)

Proof is similar to case 2.n = 0 (mod 6)

Case 6: For n =4 (mod 6)

Proof is similar to case 3.n = 1 (mod 6)
4. Conclusion

In this paper, [ investigate the AVD proper edge-chromatic index of Anti-prism, sunflower graph, double
sunflower graph, triangular winged prism and rectangular winged prism. And I also investigate AVD
Proper edge-chromatic index of Polygonal snake graph. The investigation of analogous results for
different graphs and different operation of above families of graphs are still open.
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Embedding Orthomorphisms d-Algebra in Biorthomorphisms as Ordered
Ideal
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Keywords: Abstract — In the historical development of Riesz spaces, we can trace the history of ordered
d-Algebra, vector spaces to the International Mathematical Congress in Bologna in 1928. Studies related
Biorthomophism, with f —Algebras for the Dedekind complete ordered vector space defined in Riesz spaces were
Ordered ideal, initiated by Nakano and their current definition was made by Amemiya, Birkhoff and Pierce.The
Orthomorphism. revival of f —algebras, which had a tendency to slow down for a period of time, emerged as a

result of Pagter's doctoral thesis [9] and the examination of Alkansas lecture notes by
Luxemburg. The concepts of homomorphism, isomorphism, orthomorphism and
biorthomorphism in Riesz spaces are defined by Zaanen, Huijsmans, Boulabiar, Buskes and Triki.
Algebraic structure of biorthomorphisms defined on Riesz space examined by [8]. f-Algebra on
Orth(X, X) were studied by [8] and [6]. [6] demonstrated that biorthomorphisms space have an
f —algebraic structure with the help of the product defined as (T; *. T2)(x,y) = T1(x, T>(e, y))
for e € X*, Vx,y € X and Ty, T, € Orth(X,X). [8] showed that if X are semiprime Dedekind
complete f —algebras, Orth(X) is an ordered ideal in biorthomorphisms. [6] developed an
alternative proof for this situation. If X Archimedean Riesz space, Orth(X) is an f —algebra
according to compound operation with unit element. [11] showed that if X is a semiprime
f —algebra, it is a d —algebra. In this study, we investigated embedding orthomorphism in
biorthomorphisms when X is uniformly complete d —algebra.

Subject Classification (2020): 06B05, 06B10.

1. Introduction

In this section, we gave some definitions about Riesz space and Riesz algebra.

Definition 1. Let X is a set different from empty. If relation < defined on X satisfy the following
properties, relation < is called the (partial) order relation, the pair (X, <) is called the (partial) ordered
set. Forvx,y,z € X

i x<xforvxe€X.
ii.lifx<yandy <x,x=y.

iii. fx<yandy <z,x <z[1].
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Definition 2. Let (X, <) is an ordered vector space. If every finite subset different from empty has a
supremum, X is called a Riesz space (or a vector lattice). Supremum of {x, y} is demonstrated with x vV y
in classic Riesz space as notation [1].

Definition 3. Let X is an Riesz space. If nx <y = x = 0 is satisfy for Vn € N where x,y € X*, X is called
Archimedean Riesz space [1].

Definition 4. A Riesz space is called Dedekind complete if every non-empty upper bound (bottom
bounded) subset has a supremum (infimum) [1].

Definition 5. Let X is an Riesz space. If X is an associative algebraand xy € X* for Vx,y € X*, X is called
Riesz algebra (or ordered lattice algebra) [1].

Definition 6. Let X is an Riesz algebra. If x - x = x? € X*for Vx € X, X is called positive square or X have
the positive square property.

Definition 7. Let X is an Riesz algebra. If cx Ay = xc Ay = 0 is satisfy for Vx,y € X,x Ay = 0 and Vc €
X7, X is called f —algebra [4].

Definition 8. Let X is an Riesz algebra. If xy = 0 is satisfy for Vx,y € X,x Ay =0, X is called almost
f —algebra [5].

Definition 9. Let X is an Riesz algebra. If cx A cy = xc A yc = 0 is satisfy for Vx,y € X, x Ay = 0 and
Vc € X*, X is called d —algebra [12].

For more information about d —algebra, [3] can be given as reference.

Definition 10. Let X is an Riesz algebra. If x = 0 when x* = 0 for x € X and 3k € N, X is called semi
prime [1].

Theorem 1. If X is a semiprime f —algebra, the following statements are are equivalent to each other.
i. X isa f —algebra.
ii. X isa d —algebra.

iii. X is an almost f —algebra [11].

Definition 11. If the operator T transforms every ordered bounded subset of X to an ordered bounded
subset of Y, where X and Y are ordered bounded vector spaces, transformation T is called an ordered
bounded operator. The set of all ordered bounded operators is denoted by L, (X,Y) [1].

[13] can be examined about biliner operators.

Definition 12. Let X is an Riesz space.If g € S for|g| < |f| whereS € X,g € X and f € S, S is called solid
[1].
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Definition 13. Let X is an Riesz space and Y € X. IfY is a solid linear subspace, Y is called ideal in X.

IfAand B areidealsinY, AN Band A + B areidealsinY.A N BisanidealinY because of AN B €Y for
AcCYand BCY. A+B={AUB:ANB=0,A,B€Y}is an idealin Y because of A+ BC AUB C
Y[1].

Definition 14. Let X is an Riesz space and Y is an ideal of X.If any subset of Y has a supremum in X and
this supremum is an element of Y, in other words, if f € Y is satisfied when Z € Y and f = supZ, then
the ideal Y is called band in X [14].

Definition 15. Let X is an Riesz space and T: X — X is an linear operator. If T(B) € B for VB € X, in other
words if operator T leaves all bands of X unchanged, T is called band preserving operator [1].

Definition 16. Let X an Y are two Riesz spaces and T: X — Y is an linear operator. For Vx,y € X, if
operator T is satisfy T(x Vy) = Tx V Ty, operator T is called Riesz homomorphism [1].

Definition 17. A band preserving ordered bounded operator is called an orthomorphism. So, let X is a
Riesz space and T: X — X is an bounded operator. In X, Tx L y is provided when x L y. Also, if the
orthomorphism T is positive at the same time, T is called a positive orthomorphism. In other words, T
is a positive orthomorphism if and only if x Ay = 0 then Tx A y = 0 on X. The set of all orthomorphisms
on X is denoted by Orth(X) [1].

Definition 18. Let X is an Archimedean Riesz space. If bilinear transformation T: X X X — X is an
orthomorphism in each component of X, T is called biorthomorphism. In other words, if T(x,.), T(.,x) €
Orth(X) for Vx € X, bilinear transformation T: X X X — X is called biorthomorphism on X. The set of all
biorthomorphism on X is denoted by Orth(X, X).

Note. p:O0rth(X) —» Orth(X,X) defined with p(T)(x,y) = T(xy) =T(x)y is one-to-one Riesz
homomorphism for VT € Orth(X) and (x,y) € X X X [8].

p: (Orth(X),X x X) = Orth(X,X)
(T, (x, ) = p(M)(x, y) = T(xy) = T(x)y.

Notation. K(T) = {x € X:T(x,x) = 0} for VT € Orth(X,X) [6].

Lemma 1. Let X is an Archimedean Riesz space and T € Orth(X, X).
K(T) ={x € X:T(x,y) =0,Vy € X}.
Specially, K(T) is an ordered ideal in X [6].

Lemma 2. Let X is an Archimedean Riesz space and T € Orth(X,X). If x € X, T(x,x) =0 < T(x,x) €
K(T) [6].

Proposition 1.
i. If X is a semiprime f —algebra, Orth(X) is Riesz space in Orth(X, X).
ii. If X is a semiprime Dedekind complete f —algebra, Orth(X) is an ordered ideal in Orth(X, X) [8].
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Theorem 2. Let X is a semiprime Dedekind complete f —algebra. p(Orth(X)) is an ordered ideal in
Orth(X,X) [2].

2. Embedding Orthomorphisms in Biorthomorphisms

Let X is a semiprime f —algebra. Specially, xT'(y) = T(xy) = yT(x) is provided for Vx,y € X and T €
Orth(X) from p:Orth(X) — Orth(X), p(m)(x,y) = n(xy) = n(x)y for Vm € Orth(X) and (x,y) €
X x X.If transformation T: X x X — X is satisfy T(x,y) = T(xy) = T(x)y, T is called biorthomorphism.
Therefore, if p(T)(x,y) = T(x,y),p(T) = T. Transformation p: Orth(X) » Orth(X,X) is an one-to-one
Riesz homomorphism [8]. So, Orth(X) as Riesz subspace is embedded in Orth(X,X) under
transformation p. Then, T € Orth(X) determined with T € Orth(X, X).

Theorem 3. If X Riesz space is uniformly complete, Orth(X, X) is uniformly complete [6].

2.1. Embedding Orthomorphisms in Biorthomorphisms when X is Uniformly Complete
Semiprime f —Algebra

Let X is an uniformly complete semiprime f —algebra and X© = {xy : x,y € X}. Then the set X© is a
Riesz subspace of X with positive cone {xx = x?:x € X} [7].

Theorem 4. Let X is an uniformly complete semiprime f —algebra and transformation T: X X X - X. T
is a (positive) biorthomorphism on X < There is only one positive biorthomorphism T©: X© — X
satisfying property T (x,y) = T (xy) for Vx,y € X [6].

Proof. = Let T is a biorthomorphism on X. Let positive biorthomorphism T®:X© — X is satisfy
property T(x,y) = T©(xy) for Vx,y € X. Let us now show that there is only one biorthomorphism. Let
T,© ve T,© are two biorthomorphisms satisfying T(x,y) = T®(xy) on X for Vx,y € X. T,©(xy) =
T, (x,y) = T;(xy) is provided for transformation TlO:X O - X. Similarly, TZO(xy) =Ty (x,y) = T, (xy)
is provided for T,©: X© = X.If T; (xy) = T,(xy), Ty = T,. Then T, © = T,©.

& If T is a positive biorthomorphism on X, T is called orthosymmetric Riesz bimorphism.
Transformation ©: X X X — X defined with © (x,y) = xy is orthosymmetric Riesz bimorphism, (XG,O
) is a Riesz space and square of X [7]. Therefore, there is an only Riesz homomorphism T®: X© — X
defined with T(x,y) = T® (xy) for Vx,y € X. Moreover T© is an orthomorphism. Indeed, let |x| A |v| =
0 for x € X and v € XO©. T(x,v) =0 from T orthosymmetric. On the other hand, there are y,z € X
satisfying property v = yz from definition X© for v € X©.From p(m)(x,y) = n(xy) = n(x)y for Vi €
Orth(X) and (x,y) € X x X, then xT(y,z) =T(xy,z) =yT(x,z) =T(x,yz) =T(x,v) =0 for T €
Orth(X, X). Since X is semiprime,

Xl A|TOW)| = 1| A |TO(y2)| = lx| AIT(y,2)| = 0.

This demonstrated that operator T© is a positive orthomorphism.

Conclusion 1. Let X is Dedekind complete semiprime f —algebra. Orth(X) is an ordered ideal of
Orth(X,X) [6].
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Proof. Since Orth(X) is a Riesz subspace of Orth(X, X), it is sufficient to prove the theorem to show that

Orth(X) is asolid in Orth(X, X). For thislet T € Orth(X, X). By definition of solid, let0 < T < f for f €

Orth(X). Here we have to show that T € Orth(X). Since X is uniformly complement, there is an only

positive orthomorphism T©:X© — X satisfying T(x,y) = TO(xy) for Vx,y € X. From here,
0<TO?) =TO(xx) =T(x,x) < f(x?)

is provided. In other words, 0 < T®(v) < f(v) is provided for V 0 < v = x? € X©. The operator T© has
an extension to a positive operator that satisfies the property 0 < T® < f, which we can denote again

with T©. From here, T© € Orth(X) and TO = T is obtained. Consequently, T € Orth(X) is found. This
proves that Orth(X) is a solid in Orth(X, X) and therefore an ordered ideal.

2.2. Embedding Orthomorphism in Biorthomorphisms when X is Uniformly Complete
Semiprime f —Algebra with Weak Ordered Unit

Theorem 5. If X is uniformly complete semiprime f —algebra with weak ordered unit, Orth(X) is an
ordered ideal in Orth(X, X) [6].

Proof. Orth(X, X) is an uniformly complement semiprime f —algebra. Let e € X is an positive weak ordered
unit. (Orth(X,X) ,x.) is an semiprime f —algebra [6]. Let us show that Orth(X) is a ring ideal in
(Orth(X,X) ). Let f € Orth(X) and T € Orth(X,X). From here, (f *,T)(x,y) = f(x,T(e,y)) =
f(xT(e,y)) = xf(T(e,y)) = x(foT(e,.))(y) = foT(e,.)(x,y) is provided from xf () = f(xy) = yf(x)
for foT(e,.) € Orth(X) and Vx,y € X. Then, f *, T = foT(e,.) € Orth(X). This shows that Orth(X)
is a ring ideal in Orth(X, X). On the other hand, since Orth(X) is an uniformly complete f —algebra
with unit element, Orth(X) is square root closed. At the same time, ring ideal Orth(X) is an ordered
ideal. From this, it is concluded that Orth(X) is an ordered ideal in Orth(X, X).

2.3. Embedding Orthomorphism in Biorthomorphisms when X is Uniformly Complete
d —Algebra

In this section, we defined the subspace X¢ = {cx Acy:x Ay =0,c € XT,x,y € X} of X, which is an
d —algebra. Following conclusion is obtained from Theorem 1.

Conclusion 2. Let X is an uniformly complete d —algebra. For c € X*,x,y € X;

i Ify=x X%=Xx0.
ii. If y = x = ¢ then set X< is a Riesz subspace of space X with positive cone {cc = c?:c € X}.

Proof.
i. X2={cxAcy:xAy=0,c€Xt,x,y€X}

={cxAcx:xAx=0,ce Xt x€X}(y=x)
={cx:c€eXt x € X}

From here, X% = X© is provided.

ii. X2 ={cxAcy:xAy=0,c€Xt,x,y€X}

={ccAhcc:cAc=0,ceXt}(y=x=¢)
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={c?: ceX"}
From here, X% is a Riesz subspace of X with positive cone {cc = c?:c € X}.

Conclusion 3. Let X is uniformly complete d —algebra, T: X X X — X is an transformation and T is an
biorthomorphism on X. For Vx,y € X and c € X™;

i. If y = x, there is an only positive biorthomorphism T¢: X¢ — X satisfying property T (c, x) = T%(cx A cy).

ii. If there is an only biorthomorphism T¢: X4 — X satisfying property T(c,x) = T%(cx Acy) fory=x, T
is a positive biorthomorphism on X.

iii. fy =xforvx,y € Xandc € X+, T® = T4,

Proof.
i. Lety = x, T and T are two biorthomorphisms satisfying transformation T¢: X¢ — X.
T&(cx Acy) = T3 (cx A cx) = T (cx) = Ty (c, x)
T (cx Acy) = T (cx A cx) = T (cx) = Ty (c, x)
T8 = T& for T (cx) = T (cx)

ii. Since X is semiprime f —algebra, X is d —algebra. In that case, proof is similar from Theorem 4. If T is a
biorthomorphism on X, then T is an orthosymmetric Riesz bimorphism. In other words, if x A y = 0 on X for
Vce Xt T(c,x) AT(c,y) =0. If y=x, T:X X X - X defined with T(c,x) = cx is an orthosymmetric
Riesz bimorphism. In addition, X¢ for y = x = c is Riesz space and X¢ is square of X.

Therefore, there is an only Riesz homomorphism T%: X¢ — X defined with T(c, x) = T%(cx A cy) for vVx,y €
X and ¢ € X*. Moreover T¢ is an orthomorphism. Indeed, let |n| A |v| = 0 forn € X and v € X¢. Since T is
orthosymmetric, T (n, v) =0. On the other hand, there are x,y € X and ¢ € X satisfying property v = cx A
cy from definition X4 for v € X¢. From [7] and Vc € X* for y = x, nT(c,x) = T(nc,x) = cT(n,x) =
T(n,cx) = T(n,cx Acy) = 0 is provided for T € Orth(X, X). Since X is semiprime for y = x,

In| AMTe@)| = Inl A |T%(cx Acy)| = Inl A [T (cx)| = In| AT (c,x)| = 0
is obtained. This showed that operator T¢ is a positive orthomorphism.
iii. Fory = x,
T4 cx Acy) = T%(cx Acx) = T%(cx) = T(c, x)

TO(cx) = T(c, x)
T4 = TO from T%(cx) = TO(cx).

Conclusion 4. Let X is a Dedekind complete d —algebra. Orth(X) is an ordered ideal of Orth(X, X).

Proof. It suffices to show that Orth(X) is a solid in Orth(X,X) since Orth(X) is a Riesz subspace of
Orth(X,X), as in the case of X being a Dedekind complete semiprime f —algebra [8]. Let T € Orth(X, X).
By definition of solid, 0 < T < f for f € Orth(X). We have to show that T € Orth(X). Since X is uniformly
complete d —algebra, there is an only positive orthomorphism T%: X% — X satisfying property T(c,x) =
T%(cx Acy) for Vx,y € X and Vc € X*. From here for y = x = c,

0<T%cxAcy) =T%*ccAcc) =T c?) =T(c,c) < T(c?) < f(c?)
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is provided. In other words, 0 < T4(v) < f(v) for vV 0 < v = ¢? € X%. The operator T% has the extension to
a positive operator, again denoted by T¢, which satisfies the property 0 < T% < f. From here, T¢ € Orth(X)

and T? = T is obtained. Consequently, T € Orth(X). This proves that Orth(X) is a solid in Orth(X, X) and
therefore an ordered ideal.
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