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EDITORUN NOTU

Ulkemizde bilimsel yayincilik hizla gelismekte ve bu baglamda siireli yaymlarin sayis1 dnemli
Olclide artmaktadir. Akademik siireli yayincilik da bu artisin dogal sonuglarindandir. 8 Eyliil
2020 tarihinde yayilanan ilk sayisi ile yayin hayatina baslayan dergimizle (Bingél Universitesi
Teknik Bilimler Dergisi) ¢ok degerli arastirmacilarin, bilim insanlariin ve okurlarin kargisina
¢ikmanin heyecanini ve mutlulugunu yasamaktayiz. Yaym hayatina basladigi bu tarihten
itibaren bilimsel bir disiplin i¢erisinde hareket eden dergimiz, uluslararasi indekslerde taranmak
i¢in azami gayret gostermektedir.

Tirkiye’de yayin yapan birgok {iniversite akademik dergileri gibi dergimiz de ¢ok-disiplinli ve
disiplinleraras1 anlayisla hareket etmektedir. Bu anlayisla dergimizin yayin kurulu, bilimin
biitiin sahalarindan ve alt disiplinlerinden bilimsel nitelikli yazilar1 Ingilizce veya Tiirk¢e olarak
yayinlamak tizere her iki dilde de kabul etmektedir.

Dergimizde makalelerin kalitesi; yazarlik, editorliik, hakemlik ve baski siireclerinin dogru ve
etkin bir bi¢gimde yliriitilmesi ve karsilikli etkilesimiyle miimkiin oldugu gercegi géz Oniinde
tutularak bir yayin politikasi izlenmektedir. Bu baglamda dergimiz hakemlik siirecini titizlikle
yirlitmekte, ¢ift tarafli korleme sistemiyle makaleler degerlendirilmekte, etik ve bilimsel
Olciitlere sonuna kadar bagl kalinmaya ¢alisiimaktadir.

[lk  sayidan  itibaren  dergimizin  internet  {izerinden  erisimi saglanmis
(http://tbmyo.bingol.edu.tr/dergi/) ve yaynlanan makalelerin tamami okuyucularin ve
arastirmacilarin hizmetine sunulmustur. Dergimizin bu sayisinda 1 adet derleme ve 4 adet
bilimsel aragtirma makalesine yer verilmistir.

Dergimize bilimsel arastirmalari ve yazilartyla destek veren degerli bilim insanlarina, bu
caligmalar1 titizlikle degerlendiren hakemlere ve yayin siirecini yoneten ve yiiriiten yayin kurulu
ve sekretaryaya tesekkiir ederim.
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Abstract

The purpose of this article is to generalize the laminar boundary layer flow past an exponential
stretching sheet, studied by Swati Mukhopadhyay [16], to general exponential stretching sheet.
Thus, we study the heat transfer with convective surface boundary condition.

Keywords: Exponential stretching; Heat transfer; Boundary layer equations; Viscous
incompressible fluid.

1. INTRODUCTION

Fluid dynamics is one of the important branches of science which deals with the study of fluid
in motion and subsequent effect of fluid motion on the boundaries, which may be either solid
surface or the interface of two immiscible fluids. The main beliefs of fluid dynamics are based
on Newton's law of motion, conservation of momentum and conservation of energy. The base
of fluid mechanics or fluid dynamics is fluid, so we define the fluid as substance which tends
to flow due to the action of some force(s).

Many authors such as Gupta and Gupta [10], Dutta et al. [9], Chen and Char [5], extended the
work of Crane [8], that is, investigated the boundary layer flow caused by the stretching sheet
with heat transfer and mass transfer under different physical situations. Most of the literature
deals with the study of boundary layer flow over a stretching surface where the velocity of the
stretching surface is assumed to be linear and proportional to the distance from the origin.
Kumaran and Romanaiah [14] very beautifully dealt with boundary layer flow over a general
quadratic stretching sheet. There after many authors such as Cortell [6, 7], Hayat and Sajid [11],
Ali [2] investigated the thermal boundary layer flow by considering the non-linear stretching
surface.

In all these above studies, the stretching character of plate is governed by linear function,
nonlinear function or exponential function ex. In this chapter, we generalize the exponentially
stretching sheet to general exponential stretching sheet. We also discuss the thermal boundary
layer flow for nano-fluids Cu-water and Ag-water, Sanjayanand and Khan [21], studied the
visco-elastic boundary layer flow and heat transfer to an exponentially stretching sheet. The
problem of boundary layer flow and heat transfer of an incompressible viscous fluid with
thermal radiation due to an exponential stretching sheet is investigated numerically by Bidin
and Nazar. The influence of thermal radiation on the boundary layer flow in case of an
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exponential stretching sheet investigated by Hayat and Sajid [11]. Recently, numerical solution
of flow and heat transfer of Powell-Eyring fluid over an exponential stretching sheet with
variable conductivity studied by Khader and Megahed [13] and MHD stagnation point flow
towards an exponential stretching sheet with prescribed wall temperature and heat flux have
been studied by S.Q. Alvi.

1.1 Boundary Layer Theory

The boundary layer theory began with Ludwig Prandtl's paper on the motion of a fluid with
very small viscosity, which was presented at the Third International Congress of
Mathematicians in August, 1904 at {Heidelberg} and published in the Proceedings of the
Congress in the following year.

1.2 Stretching Plate

A plate or sheet immersed in a fluid at rest. When the plate starts moving such that its velocity
in a direction is directly proportional to the distance from a reference point or orifice, then the
plate is called stretching plate. Every stretching plate is equivalent to the moving plate.

2. BOUNDARY LAYER FLOW PROBLEM

The governing equations for steady boundary layer flow of viscous incompressible fluid past a
stretching plate are:

ou  dv

Continuity equation ox oy 0, (1)
. ou ou 9%u
Momentum equation u——+v = Vay , (2)

where u and v are the velocity components along x and y axes, respectively, and v is the
kinematic viscosity of the fluid.

The appropriate boundary conditions for flow problem are:
y=0u=Ux),v=-V&x) and u =0 asy — .

Here we have U(x) = anx/ L' is the stretching velocity, where U, is the reference velocity,

V(x) > 0 is suction velocity and we assume a special type of velocity at the wall as V(x) =
Voa*/t, where Vj is the initial strength of suction.

2.1 Method of Solution

Introducing the suitable dimensionless transformation as

1= iy, w= Ui and v=- [Sailogalf) taf ) @

2Lv

Substituting (4) in equation (2), the momentum equation transforms to

fr—loga(2f”* —ff")=0 (5)



and the boundary conditions becomes:

f[0=1 f(0)=5/loga, ff=0 as n-ooo (6)

where prime (') denotes the derivative with respect to the n and the suction is given by
Ve
§=——=>0.

’UOV/ZL

3. HEAT TRANSFER PROBLEM

The energy equation with convective surface boundary condition is

oT _  9°T 1 9qr

T
u$+va—0{ay2 ey 3y (7)
with relevant boundary conditions
T(x,0) =T, = Ty + Toa*/?* (8a)
T—->Ty as y—> (8b)

where « is the thermal diffusivity of the fluid, T,, is temperature of the wall and T, is the
ambient fluid temperature, that is, the temperature of the fluid far away from the plate, T, is the
reference temperature.

Referring Rosseland, S. [20] and Siegel R., Howell J. R. [22], the radiative heat flux may be
considered as

40* OT*

I =~ 355" (9a)

where 0™ and k™ are the Stefan-Bltzmann constant and the mean absorption coefficient,
respectively. Here we use the approximation as it is being used by Battler [3], [4], Pal [18], Pal
and Mondal [19], Mukhopadhyay and Layek [17], Ishak [12] and N. Ahmad and Ravins [1], as
T* ~ 4T3T — 3T4. (9b)
Using (9a) and (9b) in equation (7), we get

oT _ a 9°T

oT
ua+vay—K—oa—y2, (10)
3N . Kk* . .
where Ky = —— with N = 5 1s the radiation parameter.
3N+4 40+T3
Defining the dimensionless temperature as
T(1)-Teo
0m) =——= (an

To aﬁ

which further implies that



T(n) =T, + Toa%B(n) and n = ZUTOVax/Ly. (12)

Substituting the value of u, v and the similarity transformation (12) into equation (10), this
equation reduces to

0" = PrKy,loga (f'6 — f0'), (13)

where Pr = v/a, is the Prandtl number and boundary conditions (8a) and (8b) take the
following form:

0(0) =0 and 6 >0 as n - . (14)

The equations (5) and (13) along with the boundary conditions (6) and (14), respectively, are
solved by converting them to the initial value problem.

The boundary value problem (5) with (6) is non-linear two-point boundary value problem in an
infinite domain. To solve numerically we apply the shooting method to convert the boundary
value problem into initial value problem. By shooting method we get f''(0) = —0.9811
correct to 107, Similarly, by shooting technique, we get 8'(0) = —4.2902 correct to 107°.
Finally, we apply Runge-Kutta method of order four using MATLAB R2009a, we get the
different graphs and by reading these graphs, we reach to the conclusions.

4. DISCUSSION AND RESULTS

Generalization of boundary layer flow problem and heat transfer over an exponential stretching
sheet to a general exponential stretching sheet were solved numerically by applying shooting
technique and Runge-Kutta fourth order method.

The present flow and heat transfer problem becomes a three-parameter boundary value
problem. Here we discuss three cases in a general exponential stretching sheet a = e,a < e,
and a > e.

In this section, our concentration for the variation of parameters on the temperature only
because of all these parameters is free from the velocity components in all three cases. We
summarize the results in the following paragraphs:
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Figure 1. Temperature profile for different values of Prandtl numbers, keeping radiation parameter N = 1 and
parameter S = 0.2 fixed in all three cases a = e,a < e, and a > e.

General exponential function a* where a > 0,a # 1 and x is any real number. To maintain

x

the stretching, we take a > 1, so that the physically boundary condition u = UyaL represents
the stretching character of the plate. To see the effect of Prandtl number Pr on temperature
field, we take suction parameter S = 0.2 and radiation parameter N = 1, that is, suction and
radiation become fixed. We vary the Prandtl number, Pr, randomly. In all three cases a = e, a <
e, and a > e, the temperature field decreases as Prandtl number increases. Since, Pr increases,
if the thermal conductivity K decreases. Therefore, the temperature field decreases. This trend
is agreed with the work done by Swati Mukhopadhyay [16].
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Figure 2. Temperature profile for different values of suction parameter S = 0.2,0.3,0.4,0.5, keeping radiation
parameter N = 1 and Prandtl numbers Pr = 3 fixed in all three cases a = e,a < e,and a > e.

The effect of suction parameter S has been shown on temperature. As suction parameter
S increases, the temperature field decreases in all the three cases (a), (b) and (¢) of Figure 2.

It is well known fact that as S increases, the temperature decreases because the suction has the
cooling effect.
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Figure 3. Temperature profile for different values of radiation parameter N = 1,3,5,7, keeping suction parameter
S = 0.2 and Prandt]l numbers Pr = 3 fixed in all three cases = e,a < e, and a > e.

From all the graphs given in Figure 3, we see that the temperature field is maximum when N =

1. Thus, the radiation of unit magnitude contributes well to increase the temperature field. As
the magnitude of radiation increases, the process of heat transfer from fluid to atmosphere starts,
hence temperature field decreases as radiation increases.

5. CONCLUSION

This paper is the generalization of the work done on boundary layer flow over an exponentially
stretching sheet. The pattern of heat transfer is almost same as considered for the stretching
governed by e”.
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Abstract

In the present research paper we study * Ricci solitons with a physical interpretation of the
notion of the vector field associated with * Ricci solitons. We investigate the geometrical
symmetries of Petrov type D gravitational fields along the vector field also associated with *
Ricci solitons.

Keywords: *Ricci solitons, Petrov type, D gravitational field, Weyl curvature tensor.
1. INTRODUCTION

In general theory of relativity, the curvature tensor describing the gravitational field mainly
consists of two parts viz, the matter part and the free gravitational part. The interaction between
these two parts is described through Bianchi identities. For a given distribution of matter, the
construction of gravitational potential satisfying Einstein’s field equations is the principal goal
of all studies in gravitational physics and this has often been achieved by imposing symmetries
on the geometry compatible with the dynamics of the chosen distribution of matter. The
geometrical symmetries of the space time are expressible through the vanishing of the Lie
derivative of certain tensors with respect to a vector.

In differential geometry and theoretical physics, the Petrov classification (also known as
Petrov—Pirani—Penrose classification) describes the possible algebraic symmetries of the Weyl
tensor at each event in a Lorentzian manifold.

It 1s most often applied in studying exact solutions of Einstein's field equations, but strictly
speaking the classification is a theorem in pure mathematics applying to any Lorentzian
manifold, independent of any physical interpretation. The classification was found in 1954
by A. Z. Petrov and independently by Felix Pirani in 1957.

The following Figure 1 show the Penrose diagram of the possible degeneration of the Petrov
type of the Weyl tenosr.
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Figure: 1. Penrose Diagram

The nature of the gravitational radiation from a bounded source is an important physical
problem. Even reasonably far from the source, however, twisting type D solutions of the
vacuum field equations are required for an exact description of that gravitation. It is well known
fact that Petrov type D solutions of the Einstein vacuum equations are among the most
interesting of all empty spacetime metrics [15]. The physical importance, they represent
spacetime with gravitational radiation while mathematically they form a class of solution of
Einstein equations which should be possible to be determined explicitly.

Recently geometric flows have become important tools in Riemannian geometry and general
relativity. In [8] B. List has studied a geometric flow whose fixed points corresponds to static
Ricci flat spacetime which is nothing but Ricci flow pullback by a certain diffeomorphism. The
association of each Ricci flat spacetime gives notion of local Ricci soliton in one higher
dimension. The importance of geometric flow in Riemannian geometry is due to Hamilton who
has given the flow equation and B. List generalized Hamilton’s equation and extend it to
sapcetime for static metric [8]. He has given system of flow equations whose fixed points solve
the Einstein free-scalar field system [8]. This observation is useful for the correspondence of
solutions of system 1i.e., Ricci soliton and symmetry property of sapcetime, that how
Riemannian space (or spacetime) with Ricci Soliton deals different kind of symmetry
properties.

Ricci solitons generate self-similar solutions to Ricci flow. Ricci solitons is the generalization
of Einstein metrics

a

In 1959, S. Tachibana [17] introduced the notion of * Ricci tensor

R’ =trace(¢o ) (1.2)

Definition. A pseudo Riemannian merric g on M is called * Ricci solitons if

LVg+2R;-|-21gij =0 (1.3)



Now, we have following lemma][ 18]

Lemma. [18] In a pseudo Riemannian manifold (M",g), (n>2) a (0, 2) symmetric tensor is

(
R =R, +0pg, (1.4)

a generalized *R tensor [18]

where R and *R are Ricci and *Ricci tensor of type (0,2) respectively and ¢ is an arbitrary
scalar function.

The role of symmetries in general theory of relativity has been introduced by Katzin, Levine
and Davis in a series of papers [10,12]. These symmetries, also known as collineations, were
further studied by Ahsan [1-4], Ahsan and Ali [5,6]. The perfect fluid spacetime including
electromagnetic field which admit symmetry mapping belonging to the family of contracted
Ricci colloneation, have been studied by Norris et al. [13]. The role of geometrical symmetries
in the study of fluid spacetime, with an empgasis on conformal collineation has been studied
by Duggal [11] and others. The different types of symmetries of Petrov type D gravitational
fields has been subject of interest since last few decades (cf,[4]).

Motivated by the role of symmetries and Einstein solitons, a study of vector field involved in
the definition of Einstein solitons and symmetries of spacetime is made. The main results on
the relation between the symmetries of Petrov type D gravitational fields and * Ricci solitons
has been studied.

2. PRELIMINARIES

(a) *Ricci Solitons. A family g; = (1 — ¢, x) of the Riemannian metrics on a n-dimensional
(n = 3) smooth manifold M with parameter A ranging in the time interval / =) including

zero Equation (1.3) of Ricci flow for g, = g(0) and the * Ricci tensor R; and curvature tensor

R of'the g, satisfied. Corresponding to self similar solution of equation (1.3) is the notion of

the local * Ricci soliton, defined as a metric g, satisfying equation

2R, =L.g,+2(A-p)g, 2.1)

For vector field & on V, and a constant 1. The * Ricci solitons is said to be steady (static) if
A=0 , shrinking 2 <o and expanding if 1~ 0. The metric g, is called a gradient * Ricci

solitons if £ = v ¢4 1.e., gradient of some function ¢ . Schwarzschild metric, Akbar and Woolger

[7] have derived the expressions around this notion; while Ali and Ahsan [6] have studied this
concept for obtaining the Gaussian curvature of Schwarzschild solitons ad we have.

For n-dimensional Riemannian manifold equation (2.1) a can be written in general as

|
R y'_ELg’gij =(/1—(p)g,.j (2.2)

So far more than twentyseven different types of collineations have been studied and the
literature on such collineations is very large abd still with results of elegance (see [4]). However,
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here we shall mention only those symmetry assumptions that are required for subsequent
investigation and we have

(b) Motion. A spacetime is said to admit motion if there exist a vector field & " such that
Lg;=¢.,+&,=0 (2.3)
equation (2.3) is known as Killing equation and vector &* is called a Killing vector field [16].
(¢) Conformal Motion. If

Lg;=0g, (2.4)

Where o is a scalar, then the spacetime is said to admit conformal motion and vector field &
is called a conformally Killing vector field.

(d) Special Conformal Motion. A spacetime admits if special conformal motion

L.g,=o0g,, o,=0 (2.5)

(e) Curvature Collineation. A spacetime admits curvature collineation if there is a vector field
&' such that

L.R'

ST UK

=0 (2.6)
Where R 1isthe Riemannian curvature tensor.

Jkt

(f) Ricci Collineation. A spacetime is said to admit Ricci collineation if there is a vector filed
&' such that

L.R;=0 2.7)
Where R; is the Ricci tensor.

(g) Affine Collineation. If

Lezl"ijk = fijk +Rijmk§"’ =0 (2.8)
Then spacetime is said to admit an affine collineation.

(h) Weyl Projective Collineation. A symmetry property of a spacetime is called Weyll
projective collineation if and only if

Lw', =0 (n>2) (2.9)

Where W', is Weyl tensor.

11



3. MAIN RESULTS
In this section, we shall discuss the role of * Ricci solitons in the study of Einstein spaces and

Petrov type D gravitational fields. In 4-dimensioanl spacetime, the Weyl tensor is related to the
Riemannian and Ricci tensors through the equation

| |
Cijkl = Rijkl - E(gikle + gleik - gijﬂ - gilek ) + g(gikgjl —8u8 i )R G

In NP-formalism (cf. [15]), the components of Weyl tensor are expressed by five complex
scalars ¥,, ¥,, ¥,, ¥, and ¥,. Through these components the gravitational field has been

classified into six categories type I, II, D, IIl and O (cf [15]). The Weyl scalar along with
Goldberg-Sachs theorem declares type N pure radiation field follow the conditions

Y,=¥=0, ¥,=0, i=0,1,2,3 (3.2)
K=o=&=0 3.3)

where x, o, & are the spin-coefficients [15]. Ali and Ahsan [6] have obtained symmetries

for Weyl conformal tensor. Using equations (3.1) to (3.3) and the definitions (b)-(c), we can
write the following:

Lemma 3.1. In type D pure gravitational fields every conformal motion, special conformal
motion and homothetic motion, all degenerate to motion.

From equations (1.3), (1.4) (2.1) and (2.2), we have

2R; = L.g; +2(A—p)gy, 3.4)
=G o t(A—p)g, (3.5)

Contracting this equation with ¥ , we get

Rzé‘i;j +(A—@)n (3.6)

Which can be expressed as

divE =V, =[R—(1—p)n] (3.7

where R = g”R, 1s the scalar curvature. From equations (3.3) and (3.7), we get
1 1 |
;Rgij _Rg/ :_Engg/ +;(le§)g?/ —Pg; (3.3)

o .. R :
Now for g tobe Einstein metrici.e., R*, =og, Where o can be chosen as —, equation

(3.3) together with the definition of conformal motion gives the following results:

12



Lemma 3.2. [14] The vector field ¢ associated with * Ricci solitons (arz, g) 1s conformally
Killing if and only if (A4, g) is an Einstein manifold of dimension (,, = 3).

Now, using Lemmas 3.1 and 3.2, we can state the following theorem:

Theorem 3.3. Type D pure gravitational field admit motion along a vector field & associated
to * Ricci solitons (az, ¢) if and only if M is an Einstein space.

For Killing vector field & , equation (1.4) reduces to
R,=(1-9)g, 3.9)
Taking Lie derivative with respect to vector field &

L,R, = [ﬂ' _gjl’y‘gﬁ =0 (3.10)

Thus, we have the following theorem:

Theorem 3.4. A vector field & associated to Einstein solitons (az, g) is Ricci collineation
vector field in Type N pure radiation field if £ is Einstein metric.

Taking the Lie derivative of Christoffel symbol ' = 1 g % _ %8 ¥ agk{
A R Y YT

along the vector field &, after the calculation we get
L;‘rljk :gl;jk+lemk§m (3.11)

Now if € is Killing vector field, then

gi;jk +R"jmk§’" =0 (3.12)
Where

ot ort
R, =— ax"y +ﬁ—r“ijrhak +I°, ", (3.13)

is the Riemannian curvature tensor.

Using (3.11) and (3.12) along with the definition of affine collineation, we can have the
following result:

Theorem 3.5. Type N pure radiation field admit affine collineation along a Killing vector field
& associated to Einstein solitons (M, g) if and only if M is an Einstein space.

By the definition of Lie derivative

13



i h pi h i i h i h i h
L.»:R ikl =¢'R ks -R jklé: y +R hsz J +R jh/ét ik +R jkhg ;1 (3.14)
Using the definition of Christoffel symbol and Killing vector &, we have

LR, =0

which establishes the curvature collineation, so we have.

Theorem 3.6. A killing vector field ¢ associated to Einstein solitons (M,g) is Curvature
collineation vector field in type N pure radiation field if g is Einstein metric.

The Weyl projective tensor is given by

ij

i i 1 i i _ i _ pi _
Wu=R _E(Rjkgj —-R,0",) for Rij =0, ijl =R ik or Wi _Rijkl (3.15)

From equation (1.8) and (3.15), we can easily write.

Lemma 3.7. [12] In a Riemannian manifold curvature collineation implies the Weyl projective
collineation but converse is true for empty spacetimes.

So, the theorem 3.6 and Lemma 3.7 constitute the following:

Corollary 3.8. A Killing vector field & associated to Einstein solitons (A1, g) is Weyl
Projective collineation vector field in type N pure radiation if g is Einstein metric.

CONCLUSIONS

For Einstein space different kind of symmetry properties for N pure radiation fields are
established with the help of vector field associated with Einstein solitons. There are other
symmetries for type N which can be obtained through the existence of Killing vectors
corresponding to Einstein solitons.
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Abstract

The object of this paper is to study non-invariant hypersurfaces of hyperbolic Sasakian
manifolds equipped with (f, g, u, v, 1) — structure. Some properties obeyed by this structure
are obtained. The necessary and sufficient conditions also have been obtained for totally
umbilical non -invariant hypersurfaces with (f, g,u, v,1) — structure of hyperbolic Sasakian
manifolds to be totally geodesic. The second fundamental form of a non-invariant hypersurface
of hyperbolic Sasakian manifolds with (f, g, u, v, A) - structure has been traced under the
condition when f is parallel.

Keywords and Phrases: Hyperbolic Sasakian manifold, totally geodesic, totally umbilical.
2000 Mathematics Subject Classification: 53D05, 53D25, 53D12.

1. INTRODUCTION

Blair and Ludden [4] studied the hypersurfaces in an almost contact manifolds in 1969. They
also proved that there does not exist invariant hypersurface of a contact manifold. In 1970, S.
1. Goldberg et. al [2] introduced the notion of a non-invariant hypersurfaces of an almost contact
manifold in which the transform of a tangent vector of the hypersurface by the (1, 1) structure
tensor field f defining the almost contact structure is never tangent to the hypersurface and also
proved that there always exists a (f, g, u, v, 4) - structure on a non-invariant hypersurface of an
almost contact metric manifold. The notion of (f, g, u, v, 4) - structure was given by Yano and
Okumura [3]. Sinha and Sharma [8] studied the hypersurfaces of an almost paracontact metric
manifold with para (f, g, u, v, 4) — structure.

The notion of geodesic plays an important role in the theory of relativity [5]. Upadhyay and
Dubey [14] studied an almost hypersurfaces contact (f,¢,n, g) —structure. R. Prasad [12]
studied the non-invariant hypersurfaces of trans-Sasakian manifolds. 7. Khan [11] studied the
non-invariant hypersurfaces of Nearly Kenmotsu manifold. Ahmed at. el. [13] studied the non-
invariant hypersurfaces of nearly hyperbolic Sasakian manifold. In the present paper, we study
the non-invariant hypersurfaces of hyperbolic Sasakian manifolds.

This paper is organized as follows. In section 2, we give a brief description of hyperbolic
Sasakian manifolds. In section 3, introduce the non-invariant hypersurfaces and induced (f, g,
u, v, 1) - structure on non-invariant hypersurface M getting some equation. Some results of non-
invariant hypersurfaces with (f, g, u, v, 1) - structure of hyperbolic Sasakian manifolds. The
necessary and sufficient conditions also have been obtained for totally umbilical non-invariant
hypersurfaces with (f, g, u, v, 1) - structure of hyperbolic Sasakian manifolds to be totally
geodesic.

2. PRELIMINARIES
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Let Mbe a complete real differentiable manifold of dimension (2n + 1). Let there exist a tensor
field ¢ of type (1,1), a vector field £ and a 1 — form 7 satisfying

¢*X = X +n(X)¢§ 2.1)
n(@Xx) =0 (2.2)

for arbitrary vector fields X,Y € TM. Then M is called a hyperbolic contact manifold
([8],[14]). From the above equation we can easily prove that

$$=0 (2.3)
ne¢) =-1 (2.4)
Let the hyperbolic contact manifold M be an endowed with a Riemannian metric g such that
P(X,Y) = g(¢X.,Y) (2.5)
9(@X,9Y) = —g(X,Y) —n(X)n(Y) (2.6)
9g&X,$) =nX) (2.7)

A hypersurfaces contact structure satisfying the equations (2.1) to (2.6)is said to be a
hyperbolic contact metric manifold [14].

A hyperbolic contact metric manifold is said to be a hyperbolic cosymplectic metric manifold
if the structure tensor ¢ and the 1-form 7 are parallel with respect to a symmetric affine
connection ¥ on M. Since ¢p? = I + 1 ® &, the vector field ¢is also parallel with respect to ¢,
1.e.

(Vxp)Y =0 (2.5)
(Vxm)Y =0 (2.6)
Vxé =0 2.7)

A hyperbolic contact metric manifold Min which

—2¢ =dn (2.11)
is satisfied, called an almost hyperbolic Sasakian manifold.

An almost hyperbolic Sasakian manifold M, for which & is Killing vector, i.e.
WxmY + (FymX =0 2.12)
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where ¥ is the Riemannian connection, is called a hyperbolic K-contact Riemannian manifold.

In a hyperbolic K-contact Riemannian manifold, the following relation hold

DX, Y) = —(VymY = (KX (2.13)

A hyperbolic K-contact Riemannian manifold M is called a hyperbolic Sasakian manifold [7],
if

(Vxp)Y = g(X,Y)§ —n(NX (2.14)
V& = —pX (2.15)

A hypersurfaces of an almost contact metric manifold Mis called a non-invariant hypersurfaces,
if the transform of a tangent vector of the hypersurfaces under the action of (1,1) tensor field ¢
defining the contact structure is never tangent to the hypersurfaces. Let X be tangent vector on
non-invariant hypersurfaces of an almost contact metric manifold M, then ¢X is never to tangent
of the hypersurfaces.

Let M be a non-invariant hypersurface of an almost contact metric manifold, Now, we define
the following:

dX = fX +u(X)N (2.16)
¢N = —U 2.17)
§=V+AN, 2=nN) (2.18)
n(X) = v(X) (2.19)

where f is (1,1) tensor field, u and v are 1—form, N is a unit normal to the hypersurface, X €

TM and u(X) # 0, then we get an induced (f,g,u,v,1) — structure on M satisfying the
conditions

(fP=1+u@U+vQV,

uof =Av,vof =—-1u,

v(V)=—-1-22uV) =0=v),ulU) = —1- 12
fV =AU, fU = AV,

u(X) =gX,U),v(X) = g(X,V),

\g(fX, fY) = —g(X,Y) —u(X)u(¥) —v(X)v(¥)

(2.20)
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Using equation (2.5) and (2.6), we have

DX, fY) = d(fX,Y) = 29(fX, fY) + v(X)v(Y) (2.21)

forall X,Y € TM & A2 = n(N).

The Gauss and Weingarten formulae are given by

VY = VyY + o(X,Y)N (2.22)
VxN = —AgX (2.23)

for all X,Y € TM, where V and V are the Riemannian and induced connection on M and M
respectively and N is the unit normal vector in the normal bundle T+ M. In this formula o is the second
fundamental form on M related to Ag by

o(X,Y) = g(4gX,Y) (2.24)
forall X,Y € TM.

3. NON-INVARIANT HYPERSURFACES

Lemma 3.1. If M be a non-invariant hypersurface with (f, g, u, v, 1) — structure of hyperbolic
Sasakian manifold M, then

(Vxm)Y + (ymX = (Fxv)Y + ()X — 240(X,Y) 3.1)
V& = VyV — 145X + (6(X,V) + XA)N. (3.2)

forall X,Y € TM.
Proof. After computations similar to Lemma 3.1[4], lemma follows.

Theorem 3.2. If M be a non-invariant hypersurface with (f,g,u,v,4) — structure of
hyperbolic Sasakian manifold M, then

Vx )Y =g X, V)V +u(N)AgX —v(HX —o(X,Y)U (3.3)
(Wxw)Y =Ag(X,Y) —o(X, fY) (3.4)

forall X,Y € TM.

Proof: By covariant differentiation, we know that

(‘7X¢)Y = ‘7X¢Y - ¢(‘7XY)
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Using equation (2.16) in (2.22), we have
(VxP) Y = Vx(fY + u(Y)N) — ¢(Vx Y + a(X,Y)N)
(Vxd) Y = VxfY + Vy(u(Y)N) — ¢V Y — o(X, )N
Using (2.16) and (2.17), we have

(Vx) Y = VxfY + a(X, fYIN + u(Y)(VxN) + (ﬁxu(y)) N — fVx Y —u(Vyx V)N
+o(X,Y)U

Using (2.23), we have

(Vxd) Y = VU fY — fUx Y + (X, fY)N —u(Y)Ag X + o(X,Y)U
+ (Vxu(Y) + o(X, u(Y))N)N — u(Vx Y)N

Vxd) Y = (Vx Y —u(NAg X + o(X,Y)U + o (X, fY)N + (Vxu(¥) —u(Vx Y))N
(Vxd) Y = (V4 )Y —u(Y)Ag X + o(X,Y)U + o(X, fY)N + (Vxw)Y)N

V)Y =g X, V)V +u(N)AgX —v(HX —0o(X,Y)U (3.5)
Now, using (2.18) and (2.19) in (2.14), we have

(Vxp)Y = g(X, Y)(V + AN) — v(V)X

3.6
(Vx@)Y = g(X, V)V + 2g(X,Y)N —v(V)X G0

Comparing (3.5) and (3.6), we have

(Vx Y —u(NAg X + o(X,Y)U + ((Vxw)Y + o (X, fY))N
=gX,Y)V + Ag(X,Y)N —v(Y)X

Equating tangential and normal part, we have the required results.

Theorem 3.3. If M be a non-invariant hypersurface with (f, g, u, v, 1) — structure of hyperbolic
Sasakian manifold M, then

o(X, U = f2X + f(Vx§) —u(X)U (3.7)

u(Vx$) = —u(fX) (3.8)

forall X,Y € TM.

Proof: By covariant differentiation, we know that

(‘7)#75)%z = ‘7X¢f - ¢(‘7xf)
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Using (2.3), we have

(Vx$) § = —p(Vx &) (3.9)
Using equation (2.15) in above, we have
(Vx$) § = —p(—¢X)
(Vx9)¢ = p(9X)
Using (2.16) in above, we have
(Vx)é = d(FX +uCON)
(Vx9)& = ¢(fX) +u()PN

Using (2.16) and (2.17), we get

(Vx9)¢ = F(FX) +u(fXON —u(X)U

(Vx9)¢ = F2X + u(fXIN — u(X) (10
Using (2.22) in (3.9), we have
(Vx$)§ = —p(Vx O + o (X, ON
(Vx$) § =~ (Vx &) — o(X,$)pN
Using (2.16) and (2.17), we get
(Vx9)§ = —f(Vx &) —u(Vx ON + (X, U 3.11)

Comparing (3.10) and (3.11), we have
X +u(fXON —u(X)U = —f (V5 &) —u(Vx ON + o (X, HU
Equating tangential and normal part, we have required results.

Theorem 3.4. If M be a non-invariant hypersurface with (f,g,u,v,1) — structure of
hyperbolic Sasakian manifold M, then

v,V = 145X — fX, (3.12)
o(X,V) = —u(X) — XA. (3.13)

If M be a totally umbilical non-invariant hypersurface with (f, g,u,v,1) — structure of
hyperbolic Sasakian manifold M, then it is totally geodesic if and only if,
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uX)+X1=0 (3.14)

forall X,Y € TM.

Proof: Using (2.16) in (2.15), we get

Vyé = —fX —u(X)N (3.15)
Comparing (3.2) and (3.15), we get
ViV —A45X + (6(X,V) + XA)N = —fX —u(X)N
Equating tangential and normal part, we get desired results.

Now, if M is totally umbilical, then Ax = {I, where { is Kahlerian metric, then (2.24) reduces
as

oX,Y) =gAgX,Y) =g(X,Y) = {g(X,Y)

therefore,

o(X,V) ={g(X,V) = v(X)

Using (2.18) and above equation in (3.14), we have

X)) =—-XA—ulX)

If M is totally geodesic, i.e. { = 0, then from above equation, we have
u(X)+ X1 =0.

Theorem 3.5. If M be a non-invariant hypersurface with (f,g,u,v,4) — structure of
hyperbolic Sasakian manifold M and Uis parallel, then

AX+ f(AgX) =0 (3.16)
forall X,Y € TM.
Proof: Consider covariant differentiation, we have

(Vxp) N =Vyp N — p(VxkN) (3.17)
Using equation (2.16), (2.17), (2.22) and (2.23) in above, we have
(Vxp) N =Vx¢p N+ h(X, ¢ N)N — f(VxN) — u(VxkN)N

(Vxp)N = —=VxU + f(AxX) (3.18)

Putting Y = N in (2.14), we have
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(Vx)N = g(X,N)¢ —n(N)x
Using (2.18), we have
(Vxp)N = —1X (3.19)
From (3.18) and (3.19), we have
—VxU + f(AgX) = —AX
ViU = AX + f(AgX)
If U is parallel then, VxU = 0, so from above equation, we have
AX + f(AgX) = 0.

Theorem 3.6. If M be a non-invariant hypersurface with (f,g,u,v,1) — structure of
hyperbolic Sasakian manifold M and f is parallel, then

o(X,U) = u(Ag X) (3.19)
XA=0 (3.20)

forall X,Y e TM.

Proof. As f is parallel, then from (3.3), we have

ocX, VU =gX, V)V +u)Az X —v(Y)X

Applying u both sides, we get

ocX,Y)uU) = gX,YulV) + u(V)u(Az X) — v(Y)u(X)

Using (2.20), we have

(—1=-2H0X,Y) = 0+ u(Mu(Ag X) — v(Y)u(X)

3.21)
-1+ 2)oX,Y) =uMu(Ay X) — v(¥)u(X)
Replacing Y = U, we have
(1+2)o(X,U) = u(u(Ag X) — v(U)u(X)
—(1+2%)0(X,U) = =(1 + A*)u(Ag X) (3.22)

O'(X, U) = u(A,V X)

Now, putting Y = V in (3.21), we get
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—(1+)oX, V) = u(Vu(Az X) — v(V)u(X)

Using (2.20), we have

-1+ 1H)oX, V) = (1 + 1H)u(X)

(3.23)

oX,V) = —u(X)

Comparing (3.13) and (3.23), we get desired result.
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Ozet

Yiizeysel sular, barajlar sayesinde tekrar tekrar kullanabildigimiz miikemmel bir enerji
kaynagidir. Baraj rezervuarlarinda biriken tagkin sulari, savaklar yardimiyla membadan
mansaba aktarilmaktadir. Baraj govdesinin membasindaki akimin potansiyel enerjisi bosaltim
kanal1 iizerinde kinetik enerjiye doniiserek kavitasyona (oyulmaya) ve dolusavak mansabinda
tahribata neden olabilmektedir. Bu sebeple basamakli dolusavaklar, olast muhtemel
tahribatlarin 6niine gegcmek ve diisiim havuzunun boyutlarini kii¢liltmek amaciyla kullanilan
yapt elemanlaridir. Bu tip savaklardaki basamaklara ¢arpan akimin enerjisi biiyilk oranda
soniimlendiginden diisiim havuzu i¢in gerekli olan boyutlar da kiigiilmektedir. Bu sebepten
otiirii, aragtirmacilar, basamakli dolusavaklarin gelistirilmesi amaciyla farkli tasarimlar
olusturmustur. Bu ¢alismada, basamakli dolusavaklarin basamak geometrileri {izerine yapilmis
bir kisim ¢aligmalar derlenerek bu konuda ¢alismay1 planlayan arastirmacilara kiigiik bir katki
sunulmasi amac¢lanmaistir.

Anahtar Kelimeler: Basamakli dolusavak, Basamak tasarimi, Basamakli savaklarda esik
geometrisi

Review of Stepped Spillway Designs in the Literature
Abstract

Water is an excellent source of energy that we can use over again, thanks to dams. Excess water
accumulated in the dam reservoir is transferred from upstream to downstream via spillways.
The potential energy of flow at the upstream of the dam transforms into kinetic energy on the
chute channel, causing cavitation and destruction. For this reason, stepped spillways are
structural elements used to prevent damage and reduce the size of the downstream pool. For
this reason, researchers have created different designs for the development of stepped spillways.
In this study, it is aimed to review some studies about stepped spillways for the researchers who
will work on this subject.

Keywords: Stepped spillway, Design of step, Threshold geometry in stepped weirs
1. GIRiS

Baraj membasinda bulunan akimin mevcut bir potansiyel enerjisi vardir. Savaklanma sirasinda
stit kanalina giren akim, sahip oldugu potansiyel enerjisinin kinetik enerjiye doniismesi ile git
gide hizlanarak savak mansabina diismektedir. Klasik bir sdylemle, dolusavak membasindaki
potansiyel enerji, dolusavak mansabinda kinetik enerjiye doniiserek hem siit kanali iizerinde
hem de mansap havuzunda tahribata sebebiyet vermektedir. Bu nedenle aragtirmacilar, akimin
slit kanal1 {izerindeki enerjisini diisiirecek yontemler gelistirmeye calismislardir. Basamakli
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dolusavaklar da bu yéntemlerden birisi olup ilk drneginin MO 1300°lii yillarda insa edilen
Yunanistan’daki Akarnania basamakli dolusavagi oldugu tahmin edilmektedir [1]. Insa
kolaylig1 acisindan, giiniimiizde 6zellikle silindirle sikistirilmis beton barajlarda (SSB) ve dolgu
barajlarda tagkin dolusavagi olarak kullanilmaktadir. SSB barajlar klasik beton ile insa
edildiginden bu barajlarin mansabina basamakli dolusavaklarin insa edilmesi oldukca
ekonomik ve pratiktir [2]. Ayrica, basamaklar iizerindeki akimin igerisindeki ¢6zlinmiis hava
miktarinin artmasiyla hem akarsuyun ekolojisine hem de kavitasyon riskine kars1 olumlu bir
katki saglamaktadir. Ayrica, basamakli dolusavaklar, aritma tesislerinde su igerisindeki oksijen
miktarini arttirmak amaci ile de kullanilabilmektedir [3].

Basamakli dolusavaklar, sahip olduklar1 geometri sayesinde, tizerinden savaklanan akimin her
bir basamaga carpmasi nedeniyle akim enerjisini biiyilk oranda soniimleyebilmektedir.
Sonlimlenen enerji miktari, klasik dolusavaklara oranla, yaklasik %70-80 civarinda daha
fazladir [4]. Boylelikle, bosaltim kanali boyunca soniimlenen enerji nedeniyle, enerji kirict
havuzda olusan hidrolik sigramanin da boyu kisalmaktadir. Dolayis1 ile enerji kirict havuzun
boyutlari, klasik savaklara oranla, kii¢iildliglinden maliyet ac¢isindan da olumlu bir durumdur
[2,3,5-8]. Bahsedilen sebeplerden otiirii, basamakli dolusavaklar, diistim havuzlarinin yeterli
uzunlukta tasarlanamadigi arazi sartlarinda alternatif bir ¢6ziim sunmaktadir. Buna ek olarak,
basamakli dolusavak boyunca akimin enerjisi azaldigindan hizi da azalmakta ve dolayisiyla
kavitasyon riski de azalmaktadir [9].

Basamakl1 dolusavaklarda, savaklanan akimin debisi arttik¢a sigramali akim rejimine, debisi
azaldikca nap akimi rejimine gegmektedir. Ilk kez Ohtsu ve Yasuda [10] tarafindan bu iki akim
rejimi arasinda bir gecis rejimi oldugundan bahsedilmistir. Gegis akim rejiminde akim heniiz
nap akim rejimi 6zelliklerini kaybetmemis, sigramal1 akim rejimine tamamen gegmemistir. Bu
sebeple akim igerisinde ¢ok fazla titresim olustugundan gegis akim rejimi tasarimcilarin
tarafindan tavsiye edilmemektedir [11].

Chanson [12], sigramali akim rejimi i¢in baslangi¢ sinirt i¢in Esitlik (1)’1 6nerirken bir baska
calismasinda [13], nap rejiminin st limiti i¢in Esitlik 2’y1 ve gecis akim rejimi ile sigramali
akim rejimi arasindaki sinir i¢in Esitlik 3’1 6nermistir. Boes ve Hager [7] ise gegis akim rejimi
ile sicramal1 akim rejimi arasindaki sinir i¢in Esitlik (4)’i 6nermislerdir.

% > 1,057 — 0,465 (1), (1)
% = 0,89 — 0,40tan(a) )
%e = 1,20 — 0,325(3) (3
% = 0,91 — 0,14tan(a) (4)

Burada, d.=kritik derinlik (m), a = siit a¢isi, ~= basamak yiiksekligi (m) ve /=basamak
uzunlugudur (m).

2. KONU iLE ALAKALI CALISMALARIN DEGERLENDIRILMESI

Basamakli dolusavaklarin profesyonel uygulamalarinin baglamasi ile arastirmacilarin bir kismi
tasarim kriterleri olusturmaya baglamistir [7,13—15]. Baz1 arastirmacilar [16—18], insa kolaylig1
sebebiyle basamak iizerlerine yerlestirdikleri kutu gabyonlar ile basamakli dolusavak akim
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karakteristiklerini incelemiglerdir. Gelisen yazilim teknolojisi ile bir kisim aragtirmacilar da
[19-27], son yillarda popiilaritesi artan hesaplamali akiskanlar dinamigi yontemini (HAD)
kullanarak basamakli dolusavaklar {izerindeki akimi sayisal olarak incelemislerdir.

Son yillarda arastirmacilar, basamakli dolusavaklarda farkli basamak geometrileri kullanarak
savaklanan akimin enerji soniimleme oranlarni arttirmaya yonelik deneysel ve sayisal
caligmalar yiiriitmiislerdir. Bu ¢alismada, literatiirdeki farkli basamak geometrisi ile alakali
caligmalar derlenerek bir araya getirilmis ve bu konuda yapilacak yeni ¢aligmalar i¢in literatiire
kii¢iik bir katki saglanmas1 amag¢lanmustir.

Rice ve Kadavy [5], Salado Creek Site barajinin 1:20 6l¢ekte iki boyutlu modelini olusturarak
10 basamakli dolusavak iizerindeki akimi, basamaklar nedeniyle soniimlenen enerji miktarini
ve tasarlanan diisim havuzunun performansini incelemislerdir. Arastirmacilar, model ile
prototip arasindaki 6lgek iliskisi i¢in Froude benzerlik sartlarin1 kullanmiglardir. Birim debisi
14,5-5,81 m>.s'.m! arasinda degisen deneysel ¢alismada, mansap havuzunun sonuna esik
eklenmesi sonucunda esiksiz modellere gore daha az calkanti oldugunu belirtmislerdir. Bu
sebeple diisiim havuzunun mansabina esik konmamasi durumunun, bolgede erozyon riskinin
artirmasi nedeniyle dolusavagin giivenligi agisindan endise verici oldugunu vurgulamislardir.
Arastirmacilar, eklenecek esigin dolusavak topugundan 12,19 m ileriye yerlestirilmesinin
uygun oldugunu ifade etmislerdir. Ayrica, son déonemde yapilan ¢alismalarin aksine, debinin
azalmasi ile akim derinligi azaldigindan basamakli ve klasik siitlerdeki enerji soniimleme
oranlarinin azaldigimi belirtmislerdir. Arastirmacilar sonug¢ olarak, verilen birim debilerde
basamakli dolusavaklarin enerji soniimleme oranlarinin klasik siitlere oranla 2,4-2,9 kat daha
yiiksek oldugunu, basamakli dolusavaklarda siit agisinin enerji soniimleme miktarinda énemli
bir etken oldugunu, basamakli dolusavak kullaniminin mansap havuzu ihtiyacini 6nemli 6l¢iide
azalttigini belirtmislerdir.

Boes ve Hager [7], 0,50 m genisliginde, 5,70 m uzunlugunda ve ti¢ farkl siit acis1 (30-40-50°)
icin bir dizi deney calismalar yiirlitmiislerdir. Arastirmacilar, 30° siit acis1 i¢in ii¢ (23,1, 46,2
ve 92,4 mm), 40° siit acis1 ic¢in iki (31,1 ve 93,3 mm) ve 50° siit acis1 i¢in ise 26,1 mm
yiiksekliginde tek ¢esit basamak yiiksekligi kullanmislardir (Sekil 1). Arastirmacilar, tiniform
olmayan akim durumunda enerji soniimleme orani i¢in asagidaki esitlikleri (Esitlik 5 ve 6)
kullanmay1 6nermislerdir.

0.1
. . — H raj o .
fr = exp|(—0.045 (h wm> (sina) 8 22| Hyprgj/de < 15 — 20 igin (5)
Hmax Dhw dc
Hyax = Hbaraj + 1.5d, (6)
Havagiriginm - M
(" basladig nokta )
iki fazli akim
—.é
o
E
0

Sekil 1. Basamakli dolusavak kesiti izerindeki notasyonlar [7]
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Burada; H,=siitlin mansap ucunda kalan enerjiyi (m), Huna=maksimum enerjiyi, #/=basamak
yiiksekligini, /=basamak genisligini, a=siit acisini, D= hidrolik c¢ap1, Hpuq=tabandan
dolusavak kretine olan mesafeyi, d.=kritik akim ytiksekligini, Z;=havalanmayan bolge (kara
bolge) uzunlugunu, L= siit kanalinin uzunlugunu ve L,= havalanmis bolge uzunlugunu ifade
etmektedir.

Felder vd. [28], klasik ve havuzlandirilmis basamakli dolusavaklarin yani sira, iki tip savagin
kombinasyonu ile olusturulan ii¢ farkli savak tipi kullanarak basamakli dolusavaklar tizerindeki
akimin havalanma miktarin1 ve enerji sOniimleme miktarlarini incelemistir. Arastirmacilar,
kanal genisligi 0,50 m, basamak yiiksekligi 0,05 m, basamak genisligi 0,319 m ve kanal agis1
8.9° olan deney setini 21 adet basamak kullanarak PVC malzemesinden tiretmislerdir (Sekil 2).
Debi degerlerinin 0,002-0,117 m3.s™! arasinda degistigi deneysel ¢alismalarda, en yiiksek enerji
soniimleme oranina klasik ve havuzlandirilmig basamakli savaklarin kombinasyonuyla
ulasmislardir. En diisiik enerji soniimleme oranmni ise klasik basamakli dolusavaklarda
gozlemlemislerdir. Arastirmacilar, kombine edilmis basamakli savaklarda en yiiksek enerji
soniimleme orani elde edilmesine ragmen, savak iizerindeki akis dengesizlikleri ve kararli
olmayan akis siireclerinin gozlemlenmesi sebebiyle bu savak geometrisinin, yapinin giivenli bir
sekilde caligmasi i¢in uygun sartlar1 saglayamayacagini vurgulamislardir.

Klasik basamakl Havuzlandiriimis

Ii—iﬁ—ﬂ—ﬂ—‘—”—*—w

Kombinasyon

T

Sekil 2. Felder vd. [28] ¢alismalarinda kullandiklari modeller

Felder vd. [29], dort farkli basamakli dolusavak modelinin enerji soniimle ve havalandirma
oranlarin1 deneysel olarak incelemislerdir (Sekil 3). Arastirmacilar deneylerini kanal genisligi
0,52 m, basamak yiiksekligi 0,10 m, basamak genisligi 0,20 m olan 26,6° ag¢ili bosaltim
kanalinda 0,002-0,155 m?.s™! arasinda degisen debi degerleri i¢in gerceklestirmislerdir. Havuzlu
basamakli dolusavaklarin tasarimi i¢in basamak uclarina 0,031 m kalinliginda, 0,10 m
yiiksekliginde esikler yerlestirilmistir. Elde edilen sonuglara gore, havuzlandirilmis basamakl
dolu savaklarin enerji soniimleme oraninin klasik basamakli dolusavaklara oranla daha diisiik
ciktigini belirlemislerdir. Arastirmacilar, havuzlandirilmis basamakli dolusavaklar ile sirali ve
sasirtmalt kombine modellerden elde edilen sonuclarda kanal enine dogru biiylik akim
farkliliklar1 gézlemlediklerini belirtmislerdir. Yapilan tasarimlarin enerji soniimleme ve akim
havalandirmasi agisindan avantajli bir performans saglamadigini vurgulamiglardir. Felder vd.
[28,29] calismalar1 incelendiginde, basamak genisliginin kiigiilmesi ile basamak uglarina
eklenen esiklerin soniimlemede ¢ok etkili olmadig1 ancak, basamak genisliginin arttirilarak,
dolayis1 ile, siit acisinin azaltilarak yiiritiildiigii deneylerde, esik kullanilarak tasarlanan
basamakli dolusavaklarin enerji soniimlemede daha basarili oldugu goriilmektedir. Siit acist
arttikca basamak genisligi ile basamak ytiksekligi arasindaki fark azaldigindan, savaklanan
akim, belirli bir debi degerinden sonra esikleri makro piiriizliilik olarak algiladigindan, enerji
soniimlemedeki etkisini azaltiyor olabilir. Ancak, siit kanalinin agis1 azaldikga, dolayisi ile
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basamak genisligi arttik¢a, savaklanan akim, basamak {izerinde daha fazla yol kat ettiginden
esiklere carparak enerjisini soniimlemis olabilir.

Klasik basamakli Havuzlandinimis

;"

Sirali dizili Sasirtmal dizili

"y

Sekil 3. Felder Vd. [29] calismalarinda kullandiklar1 modeller

§I§I

Zare ve Doering [30], basamakli dolusavaklar {izerine yerlestirdikleri farkli geometrilerdeki
esikler ve engeller ile akim iizerinde havalanmaya baslama noktasini incelemislerdir. Toplamda
8 farkli model olusturan arastirmacilar, deneylerini sabit 45° acili siit kanali iizerinde
gerceklestirmislerdir. Arastirmacilar, genis Froude sayisi aralifinda yiiriittiikkleri deneyler
neticesinde havalanmayan bolge uzunlugu en kisa olan dolayisi ile kavitasyon riski en az olan
savak modelinin “Silled-shifted rounded” (SSR) (Sekil 4) oldugunu, “baffled-edged” (BE)
modeli kullanilarak yiiriitiilen deneylerde ise en uzun havalanmayan bdlge uzunlugunu elde
ettiklerini vurgulamiglardir. Yan duvar yiiksekliginin en kisa oldugu savak ¢esidinin ise
“baffled-shifted sharp” (BSS) oldugunu dolayis1 ile maliyet agisindan bu savak ¢esidinin daha
uygun oldugunu vurgulamislardir.

111

sharp-stepped (S rounded stepped baffled-edged (B silled-edged ( SE
baffled-shifted silled-shifted baffled-shifted silled-shifted
sharp (BSS) sharp (SSS) rounded (BSR) rounded (SSR)

Sekil 4. Zare ve Doering [30] ¢aligsmalarinda kullandiklari modeller

Zare ve Doering [31], basamak uclar1 yuvarlatilmis basamakli dolusavaklar ile klasik basamakl
dolusavaklari; enerji soniimleme, yan duvar yiiksekligi ve havalanmaya baslama noktalar
iizerinden kiyaslamiglardir. Arastirmacilar, yuvarlatilmis basamak kullanominin klasik
basamaklara nazaran %3 oraninda daha fazla enerji soniimledigini, yan duvar yliksekligine
ithtiyacin %20 daha az oldugunu vurgulamiglardir. Toplamda 26 adet deneyin ylriitiildigi
caligmada kanal genisligi 57 cm, savak yiiksekligi 82,26 cm ve basamak yiiksekligi ile genisligi
7,50 cm olmakla beraber debi degerleri 0,012281-0,225965 m>.s! arasinda degismektedir
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(Sekil 5). Arastirmacilar ayrica, ilk birka¢ basamak ucunun yuvarlatilmasiyla enerji
soniimlemede kayda deger bir sonuca erisilmedigini de vurgulamiglardir. Arastirmacilarin
yiiriittiigii ilk ¢aligmada [30], havalanmayan bolge uzunlugunun tespit edilmesi tasarimeilar i¢in
onemli bir kriterdir ¢iinkii siit izerindeki havalanmayan bolge (kara bolge) uzunlugu ne kadar
az olursa kavitasyon riski de o denli azalmaktadir. Bilindigi iizere, basamakli dolusavaklar
kullanilarak bu risk oldukg¢a azaltilmaktadir. Yapilan ¢calismada arastirmacilar, her bir basamak
iizerine ekledikleri engellerin kara bdlgeye olan etkisini aragtirmiglardir. En diisiik kara bolge
uzunluguna SSR modelinde, en yiiksek kara bolge uzunluguna ise BE modelinde ulagsmalari,
basamak uglarina eklenen esiklerdense basamak ortasina eklenen esiklerin daha etkili oldugunu
gostermektedir. Siit acis1 nedeniyle basamak ucglarimin farkli geometrilerini akim, makro
plriizliiliik olarak algilamis olabilir. Arastirmacilar, ikinci ¢aligmalar1 [31] ile yuvarlatilmig
basamak uclarinin klasik basamaklara nazaran daha fazla enerji sOniimleyebildigini
vurgulamiglardir.

Sekil 5. Zare ve Doering [31] ¢aligmalarinda kullandiklari modeller

Felder ve Chanson [32], basamakli dolusavaklarin basamak uclarina yerlestirdikleri farkli
bosluk oranlarindaki 3,10 cm yiiksekliginde ve 1,50 cm genisligindeki esiklerin enerji
soniimleme miktarlarini karsilastirmiglardir. Arastirmacilar, 4 farkli model kullanarak
yaptiklar1 deneysel ¢aligmalar1 52 cm genisliginde bir kanala yerlestirdikleri 10 cm
yiiksekliginde ve 20 cm genisligindeki 10 adet basamak ile yiirlitmiislerdir. Elde edilen
sonuclara gore, bosluklu esikli basamakli dolusavaklarin enerji soniimleme oranlari agisindan
klasik basamakli savaklara gore dezavantajli oldugu vurgulanmistir.

Mero ve Mitchell [33], 5 farkli model olusturarak basamak sekillerinin enerji soniimleme
oranlarina etkisini deneysel olarak incelemislerdir. Aragtirmacilar, 4,00 m uzunlugunda, 0,296
m genisliginde ve 0,320 m derinligindeki kanal icerisine yerlestirdikleri basamakli savaklarin
basamak yiiksekligini 0,05 m ve basamak yiiksekligini 0,10 m olacak sekilde tasarlamistir
(Sekil 6). Debi degerlerinin 0,00213-0,0121 m3.s™!' arasinda degistigi calismanin neticesinde
reflektdr kullanilarak olusturulan basamakli savaklarin enerji sonlimleme oranlart klasik
basamakli savaklardan oldukca yiiksek oldugu gozlemlenmistir. Bununla birlikte biitiin
modeller i¢in debi arttik¢a enerji soniimleme oraninin azaldigi ve ayrica reflektor kullanilmayan
modellerin enerji soniimlemede ¢ok avantajli olmadigl sonucuna varilmistir. Arastirmacilar,
basamaklar {lizerine reflektorler yerlestirerek farkli bir basamak geometrisi olusturmuslardir.
Reflektorler sayesinde siit iizerindeki akim igerisine dahil olan hava miktar1 arttifindan
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mansaptaki enerji miktarinin azaldig: diistiniilmektedir. Enerji soniimleme i¢in faydali olan bu
caligmanin uygulamada kullanilmasi is¢ilik maliyetlerini arttirabilir.

025

Sekil 6. Mero ve Mitchell [33] ¢alismalarinda kullandiklari modeller

Bai vd. [34], 5,40 m yiiksekliginde ve 0,40 m genisligindeki deney seti i¢in ve toplamda 56 adet
basamak kullanarak iki farkli model olusturmuslardir (Sekil 7). Arastirmacilar, olusturduklari
modellerde ilk 28 basamagi gecis basamagi olarak tasarlamislardir. Her bir model i¢in basamak
genisligi 12 cm, basamak yiiksekligi 6 cm ve birim debi 0,313, 0,425 ve 0,489 m2.s™"dir. Elde
edilen sonuglara gore olusturduklari her iki modelin enerji soniimleme oraninin klasik
basamakl1 savaklardan daha yiiksek oldugunu vurgulamislardir. Arastirmacilarin olusturdugu
ilk tasarimda siit lizerindeki akimin boliinerek savaklandigi, ikinci tasarimda ise boliinmeyle
birlikte her iki taraftaki akimin birbirine carparak enerji sOniimlemesini artirdigi
diistiniilmektedir. Basamak sayisinin fazla olmasi, gercegi daha ¢ok yansitirken boyle bir
tasarimin uygulanabilmesi icin ekstra iscilik maliyetlerinin géz ardi edilmemesi gerektigi
diistiniilmektedir.

Sekil 7. Bai vd. [34] ¢aligmalarinda kullandiklart modeller
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Torabi vd. [35], 0,30 m genisliginde ve 0,55 m derinligindeki kanala yerlestirdikleri 2 farkl
basamakli dolusavagin {lizerine diizenli ve diizensiz formda enerji kiric1 bloklar yerlestirerek
enerji soniimleme oranlarini deneysel olarak incelemislerdir. Elde ettikleri sonuglara gore, nap
akimi rejiminde diizenli ve diizensiz olarak yerlestirilerek plriizlii hale getirilen basamakli
savaklarin enerji sonliimleme oranlar1 klasik basamakli savaklardan yaklasik %15-20 daha fazla
olmakla birlikte diizenli olarak dizilen bloklardan alinan sonuclarin daginik olarak dizilen
bloklardan alinan sonuglardan daha verimli oldugunu vurgulanmislardir.

Zhang ve Chanson [36], 1,00 m genislikli ve 45° siit acil1 kanala yerlestirdikleri, basamak
yiiksekligi ve genigligi 10 cm olan, basamakli savaklarin basamaklarina yaptiklar1 pah ile akim
iizerindeki hava miktarin1 ve enerji soniimleme oranlarmi kiyaslamislardir. Arastirmacilar,
toplamda 12 basamakli savak kullanarak siirdiirdiikleri deneylerde debi degerini 0,083-0,216
m?>.s"! arasinda almislardir. Elde edilen sonuglara gore, pah yapilarak olusturulan modellerde
havalanma baslangi¢ noktasinda mansaba dogru bir kaymadan bahsederken enerji soniimleme
oraninin daha diisiik degerlerde oldugu sonucuna varmislardir.

Ashoor ve Riazi [37], basamakli dolusavaklarda {iniform olmayan basamak geometrileri
kullanarak basamakli dolusavaklarin enerji sdniimleme oranlarmi InterFOAM yazilimi ile
sayisal olarak modellemislerdir. Arastirmacilar; konveks, konkav ve karisik yari tiniform siit
kanallar1 {izerinde yapilan arastirmalarin etkisini gorebilmek amaciyla biitlin modellerde
basamak yiiksekligi 0,10 m olacak sekilde 12 basamakli dolusavak modeli kullanmiglardir.
Arastirmacilarin elde ettikleri sonuglara gore, basamak uzunlugu arttik¢ca akim igerisine dahil
olan hava miktarinin arttifini, konkav model {izerinden savaklanan akim icerisindeki hava
miktariin konveks modeldekinden daha fazla, bundan dolay1 konkav modeldeki kavitasyon
riskinin daha az oldugu, basamak geometrisinin 1V:2.2H oraninda tasarlandigi modelin enerji
soniimlemede en etkili model oldugu sonuclarina varmiglardir. Konkav modelde savaklanan
akimin kati cisim iizerinde bulunma siiresi daha fazla oldugundan hem akimin bu modeldeki
basamaklar1 daha iyi algilamasina hem de basamaklardan Gtiirii akim igerisine katilan hava
miktarinda artis olmasina, dolayisi ile daha fazla enerji sOniimlemesine sebep oldugu
distiniilmektedir. Konveks modelden savaklanan akimda belirli bir mesafeden sonra siit
kanalinin agis1 arttigindan akimin hizi artarak mansap havuzuna daha yiiksek enerji ile ¢arparak
daha fazla enerji sontimleyebilir.

Wu vd. [38], basamakli dolusavak kanali iizerinde havalandirma alani olusturarak akim
icerisine daha fazla hava karistirip akim enerjisini soniimlemeyi amaglamislardir (Sekil 8).
Arastirmacilar, buna ek olarak, egimli basamak uclarina ekledikleri esikler ile 8 farkli geometri
tasarlamiglardir. Elde edilen sonuglara gore, havalandirma alaninin kullanildigi deney
setlerinde kullanilan esikler sayesinde daha fazla enerji sontimlendigini vurgulamislardir.

Ters
basamak

Sekil 8. Wu vd. [38] ¢aligmalarinda kullandiklart modeller
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Zhou vd. [39], klasik basamakl1 dolusavaklar ardina dinlenme alani olusturarak akimin hidrolik
sigrama ile enerjisini kismen soniimledikten sonra basamakli dolusavak kanalina gegmesini
saglamiglardir (Sekil 9). Arastirmacilar, yiiriittiikleri deneysel c¢aligsmalar neticesinde klasik
basamakli dolusavak ile enerji soniimleme oranlarini kiyaslamislardir. Elde edilen sonuglara
gore, havalandirma alani kullanilan basamakli savaklarda hidrolik sigrama nedeniyle akim
derinliginin daha kisa siirede uniform derinlige ulastigi savunulmustur. Dolayisiyla, hidrolik
sicramali basamakli dolusavaklarda enerji soniimleme miktarinin klasik basamakli savaklardan
daha fazla oldugu belirtilmistir.

Sekil 9. Zhou vd. [39] ¢alismalarinda kullandiklari modeller

3. SONUC

Calisma kapsaminda, literatiirde yogun bir yere sahip olan ve giin gegtik¢e yapilan ¢alismalarin
sayisinda artis gozlenen basamakli dolusavaklarin tasarimlari ile alakali bir kisim arastirmalar
derlenmistir. Genel manada aragtirmacilar siit agisi, basamak ve esik geometrisi lizerine
aragtirmalar yaparak literatiire katkida bulunmuslardir. Arastirmacilar, enerji soniimlemeye ek
olarak havalanmayan bolge uzunlugu, kavitasyon gibi etkenleri de g6z Oniinde
bulundurmuslardir. Sonug¢ olarak; debi ile enerji soniimleme oraninin ters orantili oldugu,
basamak iizerine eklenen farkli geometrideki esiklerin enerji soniimleme oranini genellikle
arttirdig1, havalanmayan bolge (kara bolge) uzunlugunun kavitasyon iizerinde etkili oldugu,
kara bolge uzunlugu ile enerji soniimleme oranmin ters orantili oldugu yapilan literatiir
caligmalarinda gozlenmistir. Ayrica bircok ¢alismada, maliyet agisindan olduk¢a ekonomik
olan klasik basamakli dolusavaklarin, farkli geometrideki esik ve model tasarimlarinda; ekstra
beton, donati ve is¢ilik maliyetlerinin de goz onilinde bulundurulmasi gerektigi vurgulanmaigtir.
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Abstract

In this paper, semi-invariant submanifolds of a lorentzian Kenmotsu manifold endowed with a
semi-symmetric metric connection are studied. Necessary and sufficient conditions are given
on a submanifold of a lorentzian Kenmotsu manifold to be semi-invarinat submanifold with the
semi-symmetric metric connection. Moreover, the parallel conditions of the distribution on
semi-invariant submanifolds of a lorentzian Kenmotsu manifold with the semi-symmetric
metric.

Key words: Lorentzian Kenmotsu manifold, semi invariant submanifold, semi symmetric
metric connection.

1. INTRODUCTION

To study manifolds with negative curvature, Bishop and O'Neill introduced the notion of
warped product as a generalization of Riemannian product [1]. In 1960's and 1970's, when
almost contact manifolds were studied as an odd dimensional counterpart of almost complex
manifolds, the warped product was used to make examples of almost contact manifolds.

Kenmotsu studied a class of almost contact Riemannian manifold. He showed normal an almost
contact Riemannian manifold with [4] but not quasi Sasakian hence not Sasakian.

At the same time, in the year 1969, Takahashi [11] has introduced the Sasakian manifolds with
Pseudo-Riemannian metric and prove that one can study the Lorentzian Sasakian structure with
an indefinite metric. Furthermore, in 1990, K. L. Duggal [2] has initiated the space time
manifolds with contact structure and analyzed the paper of Takahashi. In 1991, Rosca
introduced Lorentzian Kenmotsu manifold [7]. Many authors studied on Lorentzian Kenmotsu
manifold [8,9].

Semi-invariant submanifolds are studied by some authours (for examples, M. Kobayashi [5],
B.B. Sinha, A.K. Srivastava [10] and A.Turgut Vanli, R. Sar1 [12]). In [6] S. A. Nirmala and
R.C. Mangala have introduced a semi-symmetric non-metric connection, they studied some
properties of the curvature tensor with respect to the semi-symmetric non-metric connection.

Let V be a linear connection in an n-dimensional differentiable manifold M - The torsion tensor
T and the curvature tensor R of V are given respectively by
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T(X,Y) = VxY — VyX — [X, Y].

The connection V is symmetric if the torsion tensor T vanishes, otherwise it is non-symmetric.
The connection V is a metric connection if there is a Riemannian metric & in M such that Vg =
0 otherwise it is non-metric. It is well known that a linear connection is symmetric and metric
if it is the Levi-Civita connection. In [3], A. Friedmann and J. A.Schouten introduced the idea

of a semi-symmetric linear connection. A linear connection V is said to be a semi-symmetric
connection if its torsion tensor T is of the form

TX,Y) =n(¥)X —nX)Y

where 1 is a I-form. In [13], K. Yano studied some properties of semi-symmetric metric
connections.

The paper is organized as follows : In section 2, we give a brief introduction of lorentzian
Kenmotsu manifold. We defined a lorentzian Kenmotsu manifold with a semi-symmetric
metric connection. In section 3, we give some basic results for semi-invariant submanifolds of
lorentzian Kenmotsu manifold with a semi-symmetric metric connection. In last section, we
obtained some necessary and sufficient conditions for parallel of certain distributions on semi-
invariant submanifolds of lorentzian Kenmotsu manifold with a semi-symmetric metric
connection.

2. PRELIMINARIES

Let M be a (2n + 1)-dimensional differentiable manifold, [ is (1,1)-tensor field, n is a 1-form,
& 1is a vector field and g is a semi-Riemannian metric on M. If for all X,Y € I'(TM) following
conditions are satifeied then M called Lorentzian almost para contact metric manifold

P*’X ==X +n(X)§, n@ =1 (1)
9(@X,Y) = g(X,Y) = n(XOn(¥). (2)
In addition, we have

®(§) =0, nop =0, n(X) = —g(X,$). 3)

Moreover, a Lorentzian almost contact metric manifold is normal if [@, @] —2dn ® & =
0 where [¢, @] is denoting the Nijenhuis tensor field associated to ¢. A normal Lorentzian
almost contact metric manifold is called Lorentzian contact metric manifold.

Definition 2.1 Let M, @,&n,g) be a (2n + 1)-dimensional Lorentzian almost contact metric
manifold. M is said to be a Lorentzian almost Kenmotsu manifold if 1-form n are closed and
dd = -2nA .

If M is also normal then we call M is called a Lorentzian Kenmotsu manifold. The following
theorem gives us the neccesary and sufficient condition for M to be Loretnzian Kenmotsu
manifold.

Theorem 2.2 Let (M, @,§1,g) be a Lorentzian almost contact metric manifold. M is a
Loretnzian Kenmotsu manifold if and only if

(Vx@)Y = —g(X,Y)¢ +n(Y)pX 4)

37



forall X,Y € I'(TM).

Corollary 2.3 Let M be (2n+1)-dimensional a Lorentzian Kenmotsu manifold with structure
(¢, &1, g). Then we have

Vxé = —9*X (%)
forall X,Y € I'(TM).

Now, we define a connection V as

VYV = Vx¥ +n(N)X — g(X,¥)§ (6)

Theorem 2.4. Let V be the Riemannian connection on a Lorentzian Kenmotsu manifold M.
Then the linear connection which is defined as

ViV = VY + (V)X — g(X,Y)§ (7)
is a semi-symmetric non metric connection on M.
Proof. Let T be the torsion tensor of V. Then,
TX,Y) =VyY -V, X —[X,Y]
=n(¥)X —n(X)Y.
Moreover we get,
(Vxg)(V.2) =X[g(¥,2)] = g(VxY, Z) — g (¥, Vx2).

Theorem 2.5. Let M be a semi-invariant submanifold of a Lorentzian Kenmotsu manifold
Mwith semi-symmetric metric connection. Then

(Vxp)Y =0 ®)
forall X,Y € I'(TM).

Corollary 2.6. Let M be a semi-invariant submanifold of a Lorentzian Kenmotsu manifold M
with semi-symmetric metric connection, then

Vyé =0 (9)
forall X € I'(TM).

3. SEMI INVARIANT SUBMANIFOLDS OF LORENTZIAN KENMOTSU
MANIFOLD

Definition 3.1 An (2n+1)-dimensional Riemannian submanifold M of a Lorentzian Kenmotsu
manifold M is called a semi-invariant submanifold if ¢ are tangent to M and there exists on M
a pair of orthogonal distribution {D, D'} such that

i. TM =D@®D *®Sp{¢},

ii.  The distribution D is invariant under ¢, @D = D,
iii.  The distribution D is anti invariant under ¢, that is D+ c TM*.

A semi-invariant submanifold M is said to be an invariant (resp. anti-invariant) submanifold if
we have D+ = {0} (resp. D={0}). We say that M is a proper semi-invariant submanifold, which
is neither an invariant nor an anti-invariant submanifold.
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Let V be the Levi-Civita connection of M with respect to the induced metric g. Then Gauss and
Weingarten formulas are given by

VyY = VY — h(X Y) (10)
ViV = —AyX + V'Y (11)

for any X,Y € I'(TM) and V € [(TM1Y). V** is the connection in the normal bundle, h is the
second fundamental from of M and Ay is the Weingarten endomorphism associated with V.
The second fundamental form h and the shape operator A related by

g(h(X,Y),V) = g(AyX,Y) (12)

We denote by same symbol g both metrices on M and M. Let V be the semi-symmetric metric
connection on M and V be the induced connection on M with respect to unit normal N. Then,

VY = VxY + m(X,Y) (13)

where m is a tensor field of type (0,2) on semi-invariant submanifold M. Using (6) and (10) we
have,

VY + m(XY) = V'xY+hXY) +n(Y)X
So equation tangential and normal components from both the sides, we get

m(X,Y) = h(X,Y) and

VxY = V'Y + n(V)X (14)
From (14) and (11)
ViN = V'4{N + n(N)X

= —ANX +n(N)X

= (_AN + a)X

where is a = n(N)X function on M.

Now, Gauss and Weingarten formulas for a semi-invariant submanifolds of a Lorentzian
Kenmotsu manifold with a semi-symmetric non-metric connection is

VyY = VyY - h(X,Y) (15)
and
VN = (—Ay + a)X + V'xY (16)

forall X,Y € I'(TM) N € I'(TM*) h second fundamental form of M and Ay is the Weingarten
endomorphism associated with N. The second fundamental form h and the shape operator A
related by

g(h(X,Y),N) = g(AnNX,Y). (17)

The projection morphisms of 7M to D and D+ are denoted by P and Q respectively. For any
X,Y €T(TM) and N € T(TM*) we have
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X =PX + QX +Yi_,n'(X)¢& (18)

and

oV =tV +nlV (19)
where tV (resp. nV) denotes the tangential (resp. normal) component of @N.

Theorem 3.5. The connection induced on semi-invariant submanifolds of a Lorentzian
Kenmotsu manifold with semi-symmetric metric connection is also a semi-symmetric metric
connection.

4. GEOMETRY OF DISTRIBUTIONS

Definition 4.1 The invariant (resp.anti-inavariant) distribution on D (resp. D1) is said to be
parallel with respect to the connection V. on M if VY € D (resp. V;W € D4) forall X, Y €
D (resp. Z,W € ['(D4)).

Theorem 4.2 Let M be a semi invariant submanifold of a Lorentzian Kenmotsu manifold M
with semi-symmetric metric connection. Then, the horizontal distribution D is parallel if and
only if

h(X, oY) = h(pX,Y) = ph(X,Y)
forall X,Y € D.

Proof. Since every parallel is involutive then the first equality follows immediately. Now since
D is parallel, for all X,Y € D ,we have

Vx@pY € D.

After some calculations, we get

th(X,Y) =0.

Then D is parallel if and only if h(X, ¢Y) = nh(X,Y).

On the other hand

oh(X,Y) = th(X,Y) + nh(X,Y).

Then we have @h(X,Y) = nh(X,Y), which completes the proof.

Theorem 4.3 Let M be a semi invariant submanifold of a Lorentzian Kenmotsu manifold M
with semi-symmetric metric connection. Then, the distribution D* is parallel if and only if

—ApwZ = g(Z,W)¢ + th(Z,W)

forall Z,W € D*.

Proof. Forall Z,W € Dt we get,

—ApwZ — pPVLW = g(Z,W)E + th(Z, W)
Then, we have,

V,W € D+ o PV,W =0,
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which gives our assertion.

Definition 4.4 A semi invariant submanifold is said to be mixed totaly geodesic A(X,Y)=0,
forany X eI'(D)and Z e D".

Lemma 5 Let M be a semi invariant submanifold of a Lorentzian Kenmotsu manifold M
with semi-symmetric metric connection. Then M is mixed totaly geodesic if and only if

A,X €D, VXE€EDVel(TMY)

and

AyY € D+, vY € DLV e I(TM?).

Proof. Forall X € D,V € T(TM') andY € D* we have

gAvX,Y) = g(h(X,Y),V). (20)
Let M be mixed totally geodesic. Then we get

g(h(X,Y),V)=0.

On the other hand, using (20) we arrive

g(4yX,Y) =0 & A,X €D.
Hence, for all VX € D,V € I'(TM*'), we obtain
g(h(X,Y),V) =0 & h(X,Y) = 0 & A,X € D.

In a similar way is deduced relation second equation.
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