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Solvability of a Three-Dimensional System of
Nonlinear Difference Equations

Merve Kara

Abstract
In this paper, we solve the following three-dimensional system of difference equations
T — Yn—42n—5
" yn—l(an‘%bnzn—an—3yn—4zn—5y
Zn—4Tn—5
Yn = )
anl(an +’ﬂn$n72yn73zn74xn75)
Tr—aYn—
2z, = n—4Yn—>5 ne NO7

Tn—1 (An + Bnyn—Zzn—3xn—4yn—5) ’

where the sequences (an),,cx,, (0n),eny s (@n)nenys (Br)nenys (An)nenys (Bn)nen, and the initial values
z_j;,y—j, j = 1,5, are real numbers. In addition, the constant coefficients of the mentioned system is
solved in closed form. Finally, we also describe the forbidden set of solutions of the system of difference
equations.

Keywords: System of difference equations; Closed-form; Forbidden set.
AMS Subject Classification (2020): Primary: 39A10 ; Secondary: 39A20; 39A23.

1. Introduction

Difference equations emerge from generation functions, numerical solutions of differential equations or mathe-
matical models of physical events. Therefore, difference equations or systems of difference equations are important
for many researchers. Because they use them in economics, physics, biology, engineering. Especially, mathemati-
cians are interested in system of difference equations or difference equations [1-8, 10-18, 20-22, 25-39]. For example,
the difference equation

Ln—3Tn—4
., n €Ny, (1.1)
Tn (:l:l + $n711n72xn73$n74) 0

Tp+1 =

was studied in [9]. Elsayed have shown that this difference equation can be solved in closed form by using the
method of induction.
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In addition, Stevi¢ found the general solution of following extension of difference equations (1.1)

LTpn—3Tn—4
)
L (a + b$n—1xn—2xn—3xn—4)

n € Ny, (12)

Tnt+1 =

where the parameters a, b and the initial values z_;, j = 0,4, are complex numbers in [24].
The authors of [19] found formulas for exact solutions of the following equations

Lp—3Ln—4

Tnt+1 = , N E N07 (13)
" Tn (an + bnzn71$n72xn73zn74)
where a,, and b,, are real sequences.
Moreover, in [40], the following system of difference equations
Tpn—4Yn—5 _ Yn—4Tn—5

Iy =

- y Yn = , N E NOa (14)
Yn—1 (an + bnxn—Qyn—3$n—4yn—5) " Tn—1 (an + Bnyn—an—3yn—4xn—5)

was solved by Yazlik and Kara where the sequences (an),,cn,, (bn),en, s (n)nen,s (Bn)nen, and the initial values
T_;,y—;, i = 1,5, are real numbers. Further, we investigated asymptotic behavior and periodicity of solutions of
system (1.4) when all sequences are constant.

In this paper, we study the following system of difference equations

T = Yn—42n—5
n — )
Yn—1 (an + bnzn72xn73yn74zn75)
Y = Zn—4Tn—5
n — )
Zn—1 (an + /8715571—2yn—3zn—4xn—5)
Ln—4Yn—5
Zn = n € Np, (1.5)

Tpn—-1 (An + Bnynf2znf3xn74?47175)7

where the sequences (an),,cn,s (0n)nen,s (@n)nengs (Bn)nenys (An)nengs (Bn)nen, and the initial values z_;,y_;,
j = 1,5, are real numbers. System (1.5) is a generalization of equation (1.1), equation (1.2), equation (1.3) and
system (1.4). Our aim in this paper is to show that system (1.5) is solvable in closed form by using the method of
transformation. In addition, the forbidden set of initial values for solutions of system (1.5) is described. Then, for
the case when all the coefficients are constant, solutions of system (1.5) are obtained.

Lemma 1.1. [23] Let (an)neNo and (bn)neNo be two sequences of real numbers and the sequences Yym+i, i = 0,k — 1, be
solutions of the equations

Ykm+i = Qkm+iYk(m—1)+i T bkm+i, m € No. (1.6)

Then, for each fixed i = 0,k — 1 and m > —1, equation (1.6) has the general solution

m m m
Ykm+i = Yi—k H Ajti + E brs+i H Ahejti-
=0 s=0 j=s+1

Further, if(an)nENO and (b”)neNg are constant and i = 0,k — 1, m > —1, then

m+1

o a’m+1yi7k + blila_a ) Zfa 7& 17
Ykmti Yik +b(m+1), ifa=1.

2. Closed-Form Solutions of System (1.5)

In this section, we show that the system (1.5) is solvable in closed form. We will deal only with well-defined
solutions to system (1.5). Hence, we assume that

Tn #0, Yo #0, 2, #0, n > =5,

and

an + bTLZTL—QxTL—3y7L—4Z’n—5 # 0, (679 + B’nl‘n—Qyn—Zﬁzn—Alxn—{ﬁ 7& 07 An + BTLyn—QZn—3x7L—4y7L—5 7& 07 n c NO-
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Let {(zn, Yn, 2n)},,~_5 be solutions of system (1.5). If at least one of the initial values z_, y_j, z_x, k = 1,5 is equal
to zero, then the solutions of system (1.5) is not defined. For instance, if z_5 = 0, then yo = 0 and so z; is not
defined. Similarly, if y_5 = 0 (or z_5 = 0) then zg = 0 (or o = 0) and so y; (or z1) is not defined. For k = 1,4, the
other cases are similar.

On the other hand, if z,,, = 0 (n1 € Ny), z,, # 0, for every n < ny. Then according to the first equation in (1.5) we
get that y,,,_4 = 0or z,,_5 = 0. If y,,, _4 = 0, then according to the second equation in (1.5) we get that z,,,_s = 0.
If z,, 5 = 0, then according to the third equation in (1.5) we get that y,,, —10 = 0. Repeating this procedure, we
have ai; € {1,2,3,4,5} such that y_;, = 0 or z_;, = 0. Similarly, if y,, = 0 (n2 € Ny), y, # 0, for every n < na.
Then according to the second equation in (1.5) we get that z,,,_4 = 0 or z,,_5 = 0. If 2,,,_4 = 0, then according to
the third equation in (1.5) we get that z,,,_g = 0. If 2,,,_5 = 0, then according to the first equation in (1.5) we get
that z,,,_10 = 0. Repeating this procedure, we have a iy € {1,2,3,4,5} such that z_;, =0orz_;, =0. If z,, =0
(n3 € Ny), z,, # 0, for every n < n3. Then according to the third equation in (1.5) we get that z,,,_4 = 0 or y,,,_5 = 0.
If z,,,_4 = 0, then according to the first equation in (1.5) we get that y,,,_g = 0. If y,,,_5 = 0, then according to the
second equation in (1.5) we get that z,,,_19 = 0. Repeating this procedure, we have a i3 € {1,2, 3,4, 5} such that
x_;, = 0ory_;, = 0. Repeating this procedure we find ai € {1,2,3,4,5} such that z_; =0ory_; =0or z_; = 0.
As we have proved above, such solutions are not defined. Hence, of some interest is the case when

xn#07 yn#ov Zn750,n2—5-

Note that the system (1.5) can be written in the form

Zn—2Ln—-3Yn—42n—5
;
(079 + bnzn72xn73yn74znf5)
Tpn—2Yn—32n—4Tn—5
)
Qp + /87an—2yn—3zn—4'r’n—5)

Yn—22n—-3Tn—4Yn—5
ZnTp-1Yn—22n_3 = , n € Np. 2.1
ndn=1Yn=2%n-3 (An +Bnyn72zn73xn74yn75) 0 ( )

ITnYn—12n—2Tn—-3 = (

YnZn—-1Tp—2Yn—3 = (

Employing the change of variables

1 1 1
Uy = , Wy = ,n> =2, (2.2)
Ynin—-1Tn—2Yn—3 ZnTn—1Yn—22n-3

Uy = ————,
TnYn—12n—2Tn—3

system (1.5) is transformed into the following system of linear difference equations
Up = ApWp—2 + bn, Up = OplUp—2 + ﬁny Wy = ApUp_2 + By, n € No, (23)

from system (2.3), we get

Un+6 = an+6An+4an+2un + an+6An+4ﬁn+2 + an+GBn+4 + bn+67 n 2 _27 (24)
Un+6 = an+6an+4An+2vn + an+6an+4Bn+2 + an+6bn+4 + ﬂn+67 n 2 _2: (25)
Wn+6 = An+6an+4an+2wn + An+6an+4bn+2 + An+65n+4 + Bn+6» n 2 _23 (26)

which are nonhomogeneous linear sixth-order difference equations with variable coefficient. If we apply the

decomposition of indexes n — 6n + j, for some n € Ny and j = —2, 3 to (2.4) and (2.6), then they become
Ug(nt1)+j = @6n+i+6A6n+i+406ntjr2Uentj + aentjt6AentjtaBontjre + aontjr6Bentjta + bontjte, (2.7)
V6(n+1)+j = Q6n+j+606n+j+4A6n+j+2V6n+j + Qentj+606n+j+aBentjr2 + Qontjr6bentjra + Bontjte, (2.8)
We(nt1)+j = A6n+j+606n+j+406n+j+2Won+j + Asntjr606ntitabontite + AentjreBontita + Bentjte, (2.9)
for n € Ny, which are first-order 6-equations. Let ugf) = Ugn+j, vgj) = V6n+j, wfﬁ = Wen+j forn € Ngand j = —2,3
and
%(L]) = a6n+j+6A6n+j+4aﬁn+j+27

0 = a6n+j+6Aon+s+4Bon+i+2 + Gontjt6Bontjta + bontive, (2.10)
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%(Lj) = a6n+j+6a6n+j+4A6n+j+27
0 = Qb4 j1606n-+j+4Ben+j+2 + Contj46ben-+jra + Bontire, (2.11)
W’EL‘]) A6n+3+6a6n+J+4a6n+J+2a
50) A6n+j+6a6n+J+4b6n+J+2 + A6n+]+656n+_7+4 + BGn+]+6' (212)

Then equations in (2.7)-(2.9) can be written in the form

ud)y =20 +60), n e No, @13
o), = 3(.7)1)(.7) n 5(1)7 n € N, (2.14)

forj =—-2,3.
From (2.13)-(2.15) and Lemma 1.1, we have

n—1 n—1 n—1
u) = (H %i”) W&+ 3 ( I (a)) 59, (2.16)
k=0 =0 \k=i

n—1 n—1 —
Uy(Lj) _ (H %j)) v(()j) + Z ( H ) ZJ) (2.17)
i=0

i+1

n—1 n—1 -
W) = (H %ﬂ) W + 3 ( H )5@) (2.18)
k=0 =0 \k=

for n € Ny, j = —2, 3. Using (2.10)-(2.12) in equations (2.16)-(2.18), we obtain

n—1
Uen+j = H (06k+j+6A6k+j+4066k+j+2) U
k=0

n—1 n—1
+ Z < H (a6k+j+6A6k+j+4aﬁk+j+2)) (a6itj+6A6itjraBoitjra + a6itjr6Beivjra + beivjve), (2.19)

Wen+j5 = (A6k+j+6a6k+j+4a6k+j+2)> wy

forn € Ny, j = —2,3.
When the coefficients are constants i.e., a, = a, b, = b, a, = o, 8, = 8, A, = A and B,, = B, formulas (2.19)-(2.21)
becomes

R R TP C 22 Moy B A£1
u6n+j‘{(m A R T @22)

+ (aAB+aB+b)n, acA =1,



Solvability of a Three-Dimensional System of Nonlinear Difference Equations 5
AV g, o 1(aad)” B b A1
Vot — (aaA) " vj + T (eaB +ab+ ), aaA#1, ne Ny, (223)
vj + (waB + b+ B)n, acA =1,
A w4+ 20D (Anp 1+ A+ B A#1
Wopss — (aaA)" wj + T (Aab+ AB + B), acA#1, n e No, (2.24)
+ (Aab+ AB + B)n, acA =1,
for j = —2, 3. From equalities in (2.2), we get
1 n— n— n— n— n— n—
£, = = U1, = fnmtWns o UnoiWnoSlnoe (2.25)
UnYn—12n—2Tn—-3 Unp, UnUn—4 UnUn—4Wn—8
1 _ _ _ _ _5Up_
Yn = = Y1, = Yntlns,  UnolUnoSUno, (2.26)
UnZn—1Tn—2Yn—3 Un UnWn—4 UpWn—4Un—8
1 Upy— Up—1Vpy— Up—1Vpy—5 Wy —
Zn = = 1.1'”,4 = 175yn78 = Mznfl% (227)
WnTn—-1Yn—2~2n—3 Wn, WpUnp—4 WpUp—4Un—8
for n > 7, from which it follows that
Cr V6(25 1414 255 | ) +r—7—6] 252 | We(2s 14| 52 | ) +r—5-6[ 253 |
L12m+6l+r = L6l+r—12 H ( ) ° ( ° )
=0 Ye( ) tr—6-6] 52| V6(2s+14 |52 |)+r—a—6] 752
u r—7
« o g ) tr0-6L5 (2.28)
w6(25+l+l_rgﬁj)+r7876|_TT_K’J
6(2s+1+1+[ 52| )+r—7-6 5> r=5 | Ug(25 414 =3 | ) fr—5-6] =2
Y12m+6l+r = Y6l+r—12 H ) ( ° ) i .
5=0 U6(2s 141+ 752 | ) +r—6-6|“52 | Wo(2s+1+| 52 ) ) +r—4—6] 52 ]
5 06(23+1+U67J)+7—9—6L767 ’ (2.29)
Ue(25+1+ 25 ) +r—8-6[ 50
and
U6 (2541414 55 | ) 4r—T—6] 752 | Ve(2s+1+] 52 | ) +r—5-6] 52
212m~+6l+r = 26l+r—12
5=0 W6 (2s+1+14+ [ 752 | ) +r—6-6| 52 | Y6 (2s+1+| 752 ) ) +r—4—6[ 52
We (25414 | "=7 —9-6| ="
(otirlo))brool s ) (2.30)
U6 (25414 75 | ) +r—8-6| 759 |
for every m € Ny, | € {1,2} and r = 1,6. Employing (2.22)-(2.24) in (2.28)-(2.30), we have
m
DslrEsl'r Fsl'r'
r= — ol i L 2.31
T12m+6l+r = T6l+ 1281;[0 Corr Gosr Hors (2.31)
ﬁslrEsl.r ﬁslr
Y12m+6l+r = Y6l+r—12 e (2.32)
o " Sl;[) Cs,l,r Gs,l,r Hs,l,r
Eg, F
212m+6l4+r = Z6l+r—12 H _sbr Zsbr Zshr ) (2.33)

s=0 Cs,l,r Gs,l,r Hs,l,r
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for every m € Ny, [ € {1,2} and r = 1,6, where

2514+ T52
Csir = H “6k+r—6L%JA6k+r—2—6L%Ja6k+r—4—6t%J) Ur—6-6|75%)
k=0
25+ 52 ] [2s 4 752
Y I1 (a6k+r—6L%4j Agkpr—o-6 754 ] a6k+r—4—6L%4J)
1=0 k=i+1

X (a6i+r—6L%4jA6i+r—2—6L%4jﬂ6i+r—4—6L%4j + iy 7o) Beigra_g =1y + bGi-ﬁ-r—GL%ﬂ) 5

2s+1+] 253 |
Dy, = H a6k+r7176\_%‘5ja6k+r7376l_TT_5JA6k+r7576\_%5j) Upr—7-6 755 ]
k=0
2s++ [ "5 (25414 T2 )
+ Z H (a6k+r7176\_%ja6k+r7376l_’"6;sjA6k+r7576L%J)
i=0 k=i+1

X (a6i+r—1—6L%5ja6i+r—3—6[%sjB6i+r—5—6[%j + a6i+r—1—6L"'g5jb6i+r—3—6L%5j + /86i+r—1—6L%5J) )

2s+Hl—1+[ 52|

Esir = H A6k+r+1—st%3j0‘614+r—1—6UTf3Ja6k+r—3—6UTj3j) Wy 56| 252 |
k=0
2s+Hl—1+ 52| [2s+1-1+[ 52 ]
+ E : H (A6k+r+176L%ja6k+r7176L%3ja6k+r7376vg3 )
=0 k=i+1

X (A6i+r+176\_%3ja6i+r7176\_%3jb6i+r7376\_%3j + A6i+r+176\_%ﬂ56i+r7176\_%3j + BGi+r+176|_%3J) )

2s+1—1+[ 757 |

Fopr= a6k+r7376\_%jA6k+r7576l_%;7ja6k+r7776|_%J) Uy 96|57 |
k=0
2sHl—14+| T57 | [2s+1—1+| 5T ]
+ > 11 (a6k+r—3—6L%J Agk4r—5-6] 77| O‘6k+r—7—6L%J)

i=0 k=i+1

X Qi r—3-6|2=7 | Apitr—5-6 =7 | Boitr—7—6|2=7 | T Agipr—3—6|2=7 | Beitr—5-6,2=7| + Ogitr_3-6,2=7] ) »
6 6 6 6 6 6

2s+Hl—1+[ 52|

G = H a6k+r+276t%ﬂa6k+r76t%ﬂA6k+r7276L%J) Ur—4-6|732]
k=0
2s+1—1+[T52 ] [2s+i1—-1+|"52]
+ Z H (a6k+r+276|_TT’2Ja6k+r76l_T5;2jA6k+r7276\_%2J)
i=0 k=i+1

x (a6i+r+276l_%ja6i+r76l_%JB6i+r7276L%j + a&www[%jbsurim*()‘ij +ﬁ6i+r+276L%2J) )
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2s+1—1+[ 252 |

Hgpp = H A6k+r7276\_%6ja6k+r7476\_TT_6ja6k+r7676|_%j) Wy_g—6| 259 |
k=0
25+H1—1+[ 758 ] [2s+1-1+[ 52 ]
+ Z H (A6k+r—2—6[”"T’5Ja6k+r—4—6|_’"T’5Ja6k+r—6—6LrTf6j)
i=0 k=i+1

x (A6i+r—2—m%j%z‘+r-4-6[%Jb6i+r—6—6L%J + AG’H—T—Q—G[%J66i+r—4—6{%j + Bai+r—2—6L%J) )

2s+1+| T52
Csur = H a6k+r76L%Ja6k+r7276\_%ﬂA6k+r7476|_TT’4J) Upr_6—6 752]
k=0
r—4 r—4
2s+1+| 5] [25HI+] 5
Y I1 (‘%k-w—ﬁ[%] Qktr—2-6 254 | A6k+r—4—6L%J)

=0 k=i+1

X <%i+r_6m%4ja6i+r—2—6L%‘*JBei+r—4_6L%ﬂ T Qgiyr6| x4 | O6igr_o_6 =t T+ BGi+r—6L%“j> ;

25+14+[ 752
Dy = H <A6k+'r—1—6[%Ja6k+r—3—6[%ja6k+r—5—6[%]) Wy _7_6| 253
k=0
2sH+| 5] (2514750
+ Y II (A6k+r—1—6L%JO‘6k+r—3—6L%Ja6k+r—5—6Ug5 )
i=0 k=i+1
x (A6i+r7176L%ja6i+r7376[%7sjb6i+r7576[%j + A6i+r7176L%5J/86i+r7376L%5j + BGi+r7176[%J) )
25+1—1+[ 252 ]
Eopr = H “6k+r+1—6t%3jA6k+r—1—6L%JO‘6k+r—3—6L%J) Ur—5-6|252)
k=0
2s+Hl—1+[ 52| [2s+1-1+[ "53]
+ Z H (a6k+r+176|_%3jA6k+r7176\_%3ja6k+r7376vgﬂ)
i=0 k=i+1
x (a6i+r+176\_%3jA6i+r7176\_TT_3j56i+r7376\_%3j + a6i+r+176\_%3j36i+r7176|_%_3j + b6i+r+176|_%J) )
2s+1—1+[ 257 |
Foir = H a6k+r7376LTT_7Ja6k+r7576L%7jA6k+r7776l_rﬁ;7j) Ur—9—6| 57|
k=0
2s+1—1+[T57 ] [2s+1—1+[ 57 ]
+ Z H (a6k+7°7376\_%7ja6k+r7576LrT’7JA6k+r7776\_%7j)
i=0 k=i+1

x (O‘6i+r7376LTT’7Ja6i+r7576l_TT’7JB6i+r7776L%j + a6i+r7376L%jb6i+r7576L%’7J + B6i+r7376[%’7j) )
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2s+1—1+[ 252 |

Gotr = T (Asraoissz Gonsrs o Saraaizs2)) | rmamozz2)
k=0
2s+Hl—1+ [ "53| [2s+I-1+|"F2]
+ Z H (A6k+r+2—6L%ja6k+r—6\_%ja6k+r—2—6|_%’2j)
i=0 k=i+1
x (A6i+r+2—6["'32Ja6i+r—6L"'g2jb61’+r—2—6L%j + A6i+r+2—6L"g2jﬁﬁi+r—6[%] + B6i+7-+2—6L%J> )
2 r—6
s+Hl—1+] 5
Hspr = H a6k+r—2—6l_%jA6k+r—4—6[%’sja6k+r—6—6|_TT’5J) Up_g—6|r5° |
k=0
2s+1—14+[ 758 | [2s+1-1+| "52]
+ > II (%kw—z—m%J Agksr—a—g| 75| a6k+r—6—6L"g6j>
i=0 k=i+1
X (a6i+r—2—6L%JA6i+r—4—m%jﬁai+r—6—et%ﬁj + i o678 | Bgipr_a—g 28] + b6i+r—2_6y%ﬁj) )
2s-+i+| “52
Cotr = H (A6k+v-—6L%JO‘6k+r—2—6t%Ja6k+7-—4—6L%J) Wy _g—6| 254
k=0
25+ 52 [2s+I+[ 5]
+ oy I1 (A6k+r—6U(;fj Xktr—2-6] 54 | a6k+r—4—6L%4j>
i=0 k=i+1
X (A6i+T76L%ja6i+T7276L%jb6i+r7476L%j + A6i+r76[%J66i+r7276L%4j + BSH»rfG[%J) )
2s+1+[ 553 |
Dsjr = H %k+r_1_6UTT5JA6k+T—3—6L%ﬂa6k+r—5—6L%J) Uy 76| 755 |
k=0
2sH+[ 52 [2s+I+[ 752 )
+ Z H (a6k+r7176l_%sjA6k+r7376\_%‘r’ja6k+r7576vgsj)
i=0 k=i+1
x (a6i+r7176l_%JA6i+r7376l_%jﬁ6i+r7576l_%ﬂ + a’6i+r7176\_rg‘r’jBGi+r7376l_”‘T_5J + b6i+r7176\_%‘5j) )
2l r—3
s+HI—1+] =
Esir = 1T a6k+r+176LT6;3Ja6k+r7176L%3jA6k+r7376\_%j) Uy 56| 723 |
k=0
2s+l—1+[ "53| [2s+1-1+[ "53]
+ Z H (a6k+r+176L%ja6k+r7176|_T5;3JA6k+r7376\_%sj)
i=0 k=i+1

X (a6i+7*+176|_%’3ja6i+r7176l_%JB6i+r7376L%J + a6i+r+176LTT’3’jb6i+r7176\_%j + 66i+r+176|_r6;3j) )
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25+1—1+[ 257 |

Foir= H A6k+r7376t%7ja6k+r7576LTT_7Ja6k+r7776L%7j) Wr_9—6| 757 |
k=0
r=7 r=7
2s+1—14| 5 2s+l—1+4+| =
+ Z H <A6k+r—3—6l_T5;7Ja6k+r7576|_%ja6k+r—7—6|_”‘g7 )
i=0 k=i+1

X (A6i+r7376L%ja6¢+r7576|_%jb6i+r7776\_%j + A6i+r7376LTT’7JBGi+r7576L%J + B6i+r7376L%j) )

2s+l—1+[ 52|

Gotr = H %k+r+2—et%2jAak+r—6L%J%k+r—2—6L%J) Up_ g6 752 ]
k=0
2s+Hl—1+[ 252 ] [2s+—1+[ 52 ]
+ E : H (a6k+r+2—6L%jA6k+r—6L%2ja6k+r—2—6L%2J)
i=0 k=i+1

=2 Bgiyro g =2 + Ggiqryo6| =2 | Boisr_6| 22| T O6iyrio_g =2 2J)

(a67+r+2 6152 2JA67,+’I‘ =

25+1—1+[ 58|

Hgpr = 11 a6k+r7276L%ﬁja6k+r7476L%6jA6k+r7676[%’6J) Vp_g_p| T=0 |
k=0
2s+Hl—1+ | T58 ] [2s+1—14[ 5]
+ E : H (a6k+r7276|f5;6ja6k+r7476|_%6jA6k+r7676\_%6j)
i=0 k=i+1

x (a6i+r7276L%ja6i+r7476L%JBGi+T7676\_%€’j + a6i+T7276\_%ﬁjb6i+r7476L%j + 66i+r7276v‘g6 ) .

The previous computations prove the next theorem.
Theorem 2.1. Suppose that {(xy, Yn, 2n)},,>_5 is a well-defined solution of system (1.5). Then, the general solutions of
system (1.5) are given by equations in (2.31)-(2.33).

By the following theorem, we characterize the forbidden set of the initial values for system (1.5).
Theorem 2.2. Assume that a,, # 0, b, #0, a,, #0, 5, #0, A,, # 0, B, # 0, for every n € Ny. Then the forbidden set of
the initial values for system (1.5) is given by the set

1
F= U U{($757I74,---,$—17yf57y747---7971727572747---,2—1)E]Rls3

meENy i=0
1
22T 3Yi—4%i—5 = —,Ti_2Vi—3%i—4Ti_5 = ——, Yi—2%i_3T;_4Y;—5 = —Where
Cm dm em
j—1
_ Z <BGJ+1+2 + Agjtitebejri + Asjtit206j+ib6j+i— 2) H 1 20
- ’
A63+1+2a63+1a6]+z—2 o A61+i+20461+iaal+i—2
m _
_ Z <b6j+i+2 + agj+it2B6j+i + a6j+i+2z46j+i56j+i2> H £0
b
=0 a6j+i+246j+i06j+i—2 —0 a6l+z+2A61+za6l+z 2
m _
_ Z (56j+z‘+2 + agjtit2Bejri + a6j+i+2a6j+i36j+i2> H 20
-0 a6j+i+2a6j+iA6j+z>2 a61+1+2a61+1A61+1 2

5
U U { (T5y @ty oo B, Y5y Yty oo Y1y 2mpy 2ty -y 2m1) ERP i =0, y_j =0, 2 = 0}- (2.34)
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Proof. At the beginning of Section 2, we have obtained that the set

U { (T 5, Tty X1y Y5, Yty e ey Y1y 25y 2ty -y 2—1) € R : 2x_;=0,y_;=0, z_; = O}

j=1
belongs to the forbidden set of the initial values for system (1.5). Now, we suppose that z, # 0, y, # 0 and
zn # 0. Note that the system (1.5) is not defined, when the conditions a,, + bp2p—2Tn—_3Yn—12n—5 = 0, o, +
ﬁnxn—2y7z—3z7z—4zn—5 =0or An"'Bnyn—QZn—an—Alyn—S = 0/ that iS, Zn—2Tn—-3Yn—42n—5 = _%/ Tn—2Yn—32n—4Tn—5 =
—% Of Yn—22n—3Tn—4Yn—5 = —g—:, for some n € Ny, are satisfied(Here we consider that b,, # 0, 8, # 0 and B,, # 0
for every n € Np). From this and equations in (2.2), we get

Bemit2 Bemtit2 bom4i+2
Umti = — > UVbm+i = — 7 Wem+i — — (2.35)

Aem+i+2 A3m+i+2 A6m+i+2

for some m € Ngand i = —2, 3. Hence, we can determine the forbidden set of the initial values for system (1.5)
— 1 -1

by using the substitution u,, = ™ 1zn i Un = g Un T sm e e . Now, we consider the
functions

Jomtive (t) = agmyitat + Domtita,

Gomtite (t) = emitat + Bomtit2,

hemtiv2 (t) = Asmyital + Bemtit2s (2.36)

for m € Ny, i = —2, 3, which correspond to the system (2.3). From (2.35) and (2.36), we can write

Uem+i = fom+i © Nem+i—2 © Gomti—a---0 fi0hi_20gi_4 (UFG) > (2.37)
V6m+i = J6m—+i © fom+i—2 0 Nemti—a---09g; 0 fi_aohi_4 (vi—g), (2.38)
Wem+i = h6m+i O gem+i—2 © f6m+i74 ~--ohjogi_o0 fi_y (wi76) ) (2-39)
where m € Ny, and i = 4, 9. By using (2.35) and implicit forms (2.37)-(2.39) and considering
-1 bem+i Bem+i -1 Bem+i - 10
Somyiva (0) = —gez2, Gomrir2 (0) = R hgmgige (0) = — 72222, form > —1and i = 4,9, we get
Ui—e = gi_q 0 by 0 fito-ro 96_n11+z>4 © h6_7:z+i72 °© f(i_nthi (0), (2.40)
Vi—6 = hi_—14 ° i_—12 o gz‘_l "0 h6_m+z 4° f6_7r1L+'i—2 0 gG_TrlL—&-'L (0), (2.41)
Wi—6 = fi:141 °© 9;—12 ° hfl OO f(;nlL—&-i—zl ° g(;nlz+i—2 0 hg'ri—&-i (0), (2.42)

—1 — tbemyita 1 — t=Bemtita g -1 = t=Bemtirz 14 =149
where f6m+i+2 (t) = aomtire ' Jomtit2 (t) = aemtit2 h6m+i+2 (t) = Agmiivz - T > —1,i = 4,9. From
(2.40)-(2.42), we get

j—1

. Z <b6]+’b + a6]+zB6]+z 2+ a6]+1A6j+7 266]—0—1 4)

A A ’
A65+i6j+i—2X65+i—4 A6l+i161+i—2Q61+i—4

1=0

_

j—

m
_ <56j+7: + agjyibejri—2 + a6j+ia6j+i—236j+i—4>
0

Vi—6 =
= 046j+ia6j+i—2A6j+i—4 =0 Q6143 A61+i— 2A6l+1
m
w B <86j+i + AgjriBojri—2 + A6j+ia6j+i—2b6j+i—4> H
i-6 =
0 A6j+iaﬁj+i—2a6j+i—4 A61+10461+z 2061 +4i— 4

for some m € Ny and i = 4, 9. This means that if one of the conditions in (2.40)-(2.42) holds, then m-th iteration or
(m + 1)-th iteration in system (1.5) can not be calculated. O
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3. Solutions of System (1.5) with Constant Coefficients

In this section, we give the forms of solutions of system (1.5) when all the coefficients are constant. We assume
thata, =a,b, =b, o, = o, B, = f, A, = Aand B,, = B for every n € Ny. In this case, system (1.5) is written as in
the form

- Yn—4Zn—5

n — )
Yn—1 (CL + bzn—2xn—3yn—4zn—5)

Yn = Zn—4Tn—5
n — )
Zn—1 (a + ﬁ$n72yn73zn74zn75)

Tp—4Yn—5

Zn = L L , n € Np. (31)

Zn—1 (A4 BYn—22n—3Tn—4Yn—5)

In (2.28)-(2.30), if we replace the formulas given in (2.22)-(2.24), then the solution of system (3.1) is given by

r—5

m (aaA)2s+l+1+L 5

U1 g zsz) (1 - aod) + (1 - (aaA)%““ﬂ%J) (aaB + ab + B)

0 (aqA)2eTHIHLE Uy g ety (1= aad) + (1 — (aqA)> TS ) (aAB + aB +b)

T12m+6l+r = T6l4+r—12

(aad)> 1] W, 5 g =3 (1—ad) + (1 — (aa AU (Aab + AB + B)

. )
(acA)>HHL Vp_ggzz2) (1 —acd) + (1 — (aeA)> TS ) (aaB + ab+ B)
aoA)*? 5 u, =7 (1 —acd) + (1 — (actl) 2o+ 757 aAB +aB+0b
A)2sHEL Coget |
X — )
ao r—6 —ax 1— (ac 6 ab+ +
AP e ( A) + AP (Aab+ AB+ B
(3.2)
m 2s+I+1+] 752 . 29+’+1+LT
e (aad) S W, _g_g 2z (1= a0d) + (1= (a - J) (Aab + AB + B)
s=0 (aaA)™ " Vg | (1—acA)+ (1 acA) ) (eaB + ab+ B)

(aaA)stﬂw-gBJ “r—5—6L’“g3J (1 - acd) + (
X (

1— (aq )+ J)(aAB+aB+b)

(aaA)QSHH%J w, 4 gro2) (1 - aod) + (1 - (aad)> 1 )(AabJrAB—i—B)

(acA) Up_g_g| 5T r=1| (1 —aaA)+ (1 A)QSHH 5 ) (aaB + ab + B)

X —_ b

(aqd)> Uy, o z0) (1—acd) + (1—( ad)F LS ) (aAB + aB + )
(3.3)

n (0 d) U

UT*7*6|.TT_5J (1 — CLO&A) (1 — (aaA)Qs-H-‘rl-‘rL%J) (CLAﬁ +aB + b)
Wy 6|74 | (1—aad) (1 - (CLO&A)%HHH%J) (Aab+ AB + B)

Z12m4-6l4+r = 26l+r—12 —a

:0(@0[A)2S+l+1+[ 5

(aad)> L7

X

r—=7

(aaA)* L%

(ach)QerHL%J Up_g_g =2 ] (1 —aad) (1 (acA) 23+Z+L E J) (aAB+ aB+b)
)

1— (acA)* ) (Aab + AB + B)

X

r—6

(aozA)2SHH E

+
+

Uy _5_6| 252 | (1 —aad)+ (1 - (aaA)QsHH%J) (caB + ab+ B)
+
+
+

(
(1 (aaA)@ T J) (ozaB—l—ozb—l—,B)
(3.4)

if acA # 1,
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C/'v

J)
)
2))

Uy_7_g| 225 5)+ (aaB +ab+ ) (25 +1+ 1+ [ 75

T12m+6l+r = L6l+r— 1251_[0 g 6[’54J+(GA5+C‘B+Z’) (25—|—l+1+L -
W, _5_g|z=2| + (Aab + AB + B) (25 + 1+ [ 5
Vyoa_gz=2) + (@aB +ab+ B) (25 + 1+ [5))

Uy _g_gr=7| + (@AB +aB +b) (25 +1+ |57 ])
+ (Aab+ AB+ B) (25 + 1+ [58])’

(3.5)

Wy_g—6| 50|

W, _7_g|z=5) T (Aab+ AB+ B) (25 +1+ 1+ [52])
Y12m+6i+r = Y6i+r—12 31;[0 Up_g_g|r4) T (aaB +ab+ ) (25 +1+ 1+ [52])
5 ogiros) + (AB+aB+b) (25 + 1+ | 752))
W, _y_g z=2) + (Aab+ AB + B) (25 +1+ [=2))
Up_g_g| =T T (aaB +ab+ ) (25 +1+ [ 57))
Up_g g r=6) T (aAB+aB+0b) (2s+ 1+ |5°])

X

Up_q_g|z=3| + (aAB +aB + D) (2s +1+1+[52])
Wy_g_g| 5t 4J+(Aozb+Aﬁ+B)(25+l+l+LT 1)
Up_5_gzz2| + (aaB +ab+ f) (25 +1+ |52
Up_y_gz=2| + (aAB +aB +b) (2s +1+ | =52
W, _g_g|z=1) + (Aab+ AB + B) (2s+1+[=57))
Vy_g—6 258 + (aaB+ab+B) (2s+ 1+ |=5°])

Z12m4-6l4+r = 26l4+r—12 H
s=0

)
)
]

if awA =1, forevery m € Ny, [ € {1,2} and r = 1,6.

4. Conclusion

In this paper, we have studied the following system of difference equations

1. = Yn—42n—5
" Yn—1 (an + bnzn72xn73ynf4zn75) ’
o Zn—4Tn—5
n = Zn—1 (an + 6nxn72yn73zn74xn75) ’
2 = Tn—4Yn—5 . n € N,

Tn—1 (An + Bnyn—22n—3xn—4yn—5)

where the sequences (an),,cn,s (0n)nen,s (@n)nengs (Br)nenys (An)nengs (Bn)nen, and the initial values z_;,y_;,
j = 1,5, are real numbers.

Firstly, we have solved above system in closed form by using suitable transformation. In addition, we also
characterize the forbidden set of solutions of the system of difference equations. Finally, we have obtained solutions
of aforementioned system with constant coefficients.
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Fredholm Integral Equation in Holder Spaces
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Abstract

In this article, we prove the theorem concerning the existence of the solutions for some nonlinear integral
equations. As an application, we investigate the problem of existence of solutions of Fredholm integral
equations using the technique of relative compactness in conjunction with fixed point theorem. Our
solutions are placed in the space of functions satisfying the Holder condition. Our work is more general
than the previous works in [1-3]. In the last section, we show the efficiency of this approach on one
numerical example.
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1. Introduction and Preliminaries

Integral equations appear in most applied areas and are as important as differential equations. Nonlinear
integral equations are frequently studied in research articles [1-32].

The symbol R will stand for the set of real numbers and put R* = [0, c0). Let’s give some inequalities that we
use in some sections of the article.

Lemma 1.1. Let u,v be arbitrary real numbers such that 1 < v < u. Moreover, let a be an arbitrarily fixed nonnegative
number. Then, the following inequality is satisfied

(@' +a)t — (3" +a)t] <Ja -yl (1.1)

forall z,y € R,[4].

Lemma 1.2. [4] Observe that using the notation of the generalized root of an arbitrary degree u(u > 0), i.e. putting /z = x
for x € RT, we can represent inequality (1.1) in a more transparent form

Ve a) - Y +a) < Ve -yl

Received : 23-06-2020, Accepted : 27-11-2020
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Observe that in the case when v is a natural even number inequality (1.1) can be extended to the whole real axis
Ri.e., if v = 2n, where n € N, then for an arbitrary number v > 2n the following inequality is satisfied
1

(@ +a)t = 2+ @)t < Jo -yl ¥

that is

VT a) = Y )| < Ve -y

forall z,y € Rand a > 0.
In the case when a = 0 we have that f(z) = z«. Applying the standard methods of mathematical analysis
(second derivative, the concavity and the subadditivity of the function f) we can easily show that

|z =y | <z —y|v

for all z,y € RT. The following known definitions are available in [1, 2, 31, 32].
Let [\, 1] be a closed interval in R, by C[\, ] we indicate the space of continuous functions defined on [A, y]
equipped with the supremum norm, i.e.,

2]l oo = sup{[z(w)] : u € [A, p]}

for x € C[A, p]. For a fixed a with 0 < a < 1, by H, [\, ] we will state the spaces of the real functions = defined on
[A, ¢] and satisfying the Holder condition, that is, those functions = for which there exists a constant H such that

|(u) — z(v)] < Hy'lu — vl (1.2)

for all u,v € [A, p). It is well proved that H*[A, p4] is a linear subspaces of C[A, u]. Also, for x € HY[\, p], by HS we
will state the least possible stable for which inequality (1.2) is satisfied. Rather, we put

ngsup{x(u)_z(v)':u,ve[x\,p] andu;«év}. (1.3)

| — |
The space H, [\, 1] with 0 < a < 1 may be equipped with the norm
[l = (M) + H

for x € Hy [\, pi]. Here, HY is defined by (1.3). In [1], the authors show that (Hy[A, u], | - ||,,) with0 < o < 1isa
Banach space.

Theorem 1.1 (Schauder’s Fixed Point Theorem). Let E be a nonempty, compact subset of a Banach space (X, || - ||), convex
and let T : E — E be a continuity mapping. Then T has at least one fixed point in E,[9].

Lemma 1.3. For 0 < a < 8 < 1, we have
Hg[A p] € Ha[A p] € C[A, p.
Furthermore, for x € Hg[\, u|, we have:
llz[l,, < max (L, (= A)7=*) [|z]| -
Particularly, the inequality ||| < ||z||, < ||z||4 is satisfied for A = 0 and pp = 1, [1].

Lemma 1.4. Let’s assume that 0 < o < 8 < 1 and E is a bounded subset in Hg[\, p1], then E is a relatively compact subset
in Ha [\, p), [2].

Lemma 1.5. Assume that 0 < o < 3 < 1 and by B we state the ball centered at 6 and radius r in the space Hg|\, 1], i.e.,
Bf = {x € Hg[\ p] : ||=ll5 < r}. Bf is aclosed subset of Ha[A, p, [2].

Corollary 1.1. Assume that 0 < o < 3 < 1 and B is a relatively compact subset in H, [\, ] and is a closed subset of
H, [\, ], then BP is a compact subset in the space H, [\, ], [2].
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2. Main Result
J. Banas and R. Nalepa et al. [1] study the following equation;

x(u) = p(u) + x(u) /: k(u, 7)x(r)dr. (2.1)
Also, J. Caballero, M. Darwish and K. Sadarangani et al. [2] study the following equation;
(u) = p(u) + 2(u) /0 s ) () 2.2)
Further, S. Peng, ]. Wang and J. Chen et al. [3] study the following equation;
z(u) = f(u,z(u)) + z(u) /; k(u, 7)x(T)dr. (2.3)

The purpose of this paper is to examine the existence of solutions of the following integral equation of Fredholm
type with a changed argument,

z(u) = (Gz)(u) +JJ(U)/O. k(u,m)x(g(7))dr, we I=1]0,1]. (2.4)

The equation (2.4) is more general than many equations considered up to now and includes (2.1), (2.2) and (2.3)
as special cases. Notice that the equation (2.1) in [1] for A = 0 and ¢ = 1 is a particular case of (2.4) with ¢(7) =7
and (Gz)(u) = p(u). Also, it should be noted that the equation (2.4) is the more general than the equation (2.2)
considered in [2]. If we take (Gz)(u) = p(u), then the equation

z(u) = p(u) + x(u)/o k(u, )x(r(r))dr

is obtained from the equation (2.4). Further, notice that equation (2.3) in study [3] for A = 0 and p = 1 is a particular
case of (2.4), for (Gz)(u) = f(u,z(w)),q(r) = 7.

Theorem 2.1. Assume that the following conditions (i) — (iv) are satisfied:

() The operator G : Hgl0,1] — Hg[0,1] is continuous on the space Hg|0, 1] with respect to the norm || - || ,, where
0 < a < B < 1and there exists function w : Ry — Ry which is non-decreasing such that it holds the inequality

IGally <w (Jall5)

forany x € Hg0,1].

(i) % :[0,1] x [0,1] — Ris a continuous function such that there exists a constant kg such that
|k(u, ) — k(v,7)| < kglu — |,

forany w,v, 7 € [0, 1].
(iii) ¢ : [0,1] — [0, 1] is a measurable function.
(iv) There exists a positive solution rq of the inequality

w(r) + (2K + kg)r? <,

where the constant K is defined by
1
sup {/ |k(u, 7)|dT 2 u € [0, 1]} <K.
0

Then the equation (2.4) has at least one solution x = x(u) belonging to space H, [0, 1].
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Proof. Note that we suppose unless stated otherwise that o and 3 are arbitrarily fixed numbers such that 0 < o <
B < 1. Now, let us consider x € Hg0, 1] and the operator N defined on the space H3[0, 1] by the formula:

(V) (u) = (Gw)(U)H(U)/O k(u, m)z(q(7))dr

for u € [0, 1]. Then for arbitrarily fixed u,v € [0, 1], (u # v), in view of our assumptions we get

(Nz)(u) = (Nz)(v)

(G)(w) + z(u) / k(u, 7)e(q(r))dr — (Ga)(v) — a( / k(v, 7)2(g(r))dr

= (Gx)(u) - (Go)(w) + 2(w) /O (s P)(a(r)dr — 2(0) /O (o, m)e(a(r))dr
+o(v) /0 (s P)(a(r)dr — 2() /0 o, ) (a(r))dr

= (Gx)(u)—(GI)(U)+(9C(U)—x(v))/olk(uvT)x(Q(T))dT

o[ (b 7) — k(v P)ala(r))dr

and
(Vo)) ~ (V)W) _ (@) — (@)@ el —a@)] [*
Dl < |U_W + 2 [ (o)
+ 2L [ ) ~ k(oo
(Cr)(w) ~ (Ga)w)
< MG = DO oy el [
Hlellolel, [ FED= Doy
(Cr)(w) ~ (Ga)w) ju o
< MG = DO ot ol [ bl =ar
< MER=LE00L, (k4 kol @5)

Considering the (i) hypothesis, this demonstrates that the operator N maps H[0, 1] into itself. Besides, for any
x € Hgl0,1], we get

(VDO < GO+ )] [ k0. Dleta(r)dr
< l@O)+ el el | IkO.7dr
< [(Gz)(0)] + [lz]5K. (2.6)

By the inequalities by (2.5) and (2.6), we derive that
INz|lg < Gl + (2K + kg)ll]l3- 27)

Since positive number 7y is the solution of the inequality given in hypothesis (iv), from (2.7) and function w : Ry —
R, which is non-decreasing, we conclude that the inequality

[Nz, < w(ro) + (2K + kg)rg < ro. (2.8)
As a results, it follows that N transform the ball

BY = {a € Hyl0,1] : |lall < ro}

To
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into itself. That is, N : Bfo — Bfo. Thus, we have that the set Bfo is relatively compact in H,[0, 1] for any
0 < a < 8 < 1. Furthermore, Bf is a compact subset in H, [0, 1].

In the sequel, we will demonstrate that the operator N is continuous on Bﬁo with respect to the norm || - |,
where 0 < a < < 1.

Lety € Bﬁo be an arbitrary point in Bfo. Then, we get

(Vo)) = (Vo)) = (N) ) = (V) ) = (Ga)(w) + () | (ol dr
~(G)w) = y() [ (wmyla(r)dr
~(Ga)(w) ~ato) [ k(o Pala(r))dr
+G)o) +3(0) [ (v Pyl 29)

forany z € B and u,v € [0, 1]. The equality (2.9) can be rewritten as

(Nz)(u) = (Ny)(u) = (Nz)(v) = (Ny)(v))
= (Gz)(u) = (Gy)(v) — (Gz)(v) = (Gy)(v)) + (2(u) —y(U))/O k(u, )z(q(r))dr

() [ / k(s P)elg(r))dr — / k(. ﬂy(qm)dv]
(o) - y()) /0 (o, P)e(a(r))dr
() [ / k(o)) — / 1 k(w)y(qm)d{ . 2.10)

By (2.10), we have

(Nz)(u) — (Ny)(w) — (Na)(0) - (V) () = (Ga)(w) — (Gy)(w) — ((Gx)(v) — (Gy)(v)
Holw) = ylw) = (o0) =) [ (gl
+(a(v) - y(v)) [ / () (a(r))r / (o Pala(r))dr
+o(w) [ D) ela(r)) — yla(r))dr
(o) | (w7 la(r) — yla(n)er @11
(2.11) yields the following inequality:

[(Nz)(u) = (Ny)(u)) = (Nz)(v) = (Ny)(0)] < |(Gz)(u) = (Gy)(u) = (Gz)(v) = (Gy)(v))]
Ha(u) —y(u) = (2(v) - y(v) )I/ Ik (u, 7)x(q(7))dT

He(w) - y(v)| / k(i 7) — ko, ) |(a(r))ldr
e— / k( 7)| | (2(a(r)) — (a(r))\dr
Hy()] / k() — kv, )| ((a(r)) — y(g(r)ldr. (2.12)
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Hence, taking into account (2.12), we can write:

(V) () ~ (N)(w) — (Na)(w) = (N)@)] _ |(Ga)an) — (Gy)(w) ~ ((Gr)(v) — (Gy)(w)
ol = ol
M) =yt~ )=y
el MR Rl ) )
e B e L I
o [ @)
ol —ylle [ HED T (.13)

for all u,v € [0, 1] with u # v. Therefore the equality
1 1
(N2)(0) — (Ny)(0) = (G2)(0) — (Gy)(0) + 2(0) / k(0, 7)x(q(r))dr — 4(0) / k(0. 7)y(g(r))dr
1
= (Gx)(0) — (Gy)(0) + (2(0) — y(0)) / K(0, T)x(g(r))dr

1

y(0) / k(0,7) 2(a(7)) — yla(r))ldr
0

holds. So, we get the inequality
|(Nz)(0) = (Ny)(0)] < [(Gz)(0) = (Gy)(0)] + |2(0) = y(O)[ K |[z]|oo + |y(O)l[l2 — ylloc KK (2.14)

Moreover, since ||z|| . < [z, < 70, W]l < lIWll, < 7o and ||z -yl < ||z -y, from (2.13) and (2.14), we have
that

[Nz = Nyll, = |(Ne—=Ny)(O)]+ Hy,ny
= |(NV2)(0) — (Ny)(0)]|
+Sup{(Nw)(U) ~ Wy)(w) = (N2)(v) = Ny))] - o 0, 1] and u % v}

lu — v]®

< |Gz = Gylla + |z — ylla K|zlloo + [[yllallz — ylloc K
Hlz = ylloo([2lloo + 1Y lloo)
< |Gz = Gylla + |z = ylla([z]la + [lylla) (K + 1)
< |Gz — Gylla + ||z — ylla2ro(K + 1). (2.15)

Since the operator G : Hg[0,1] — Hg[0, 1] is continuous on Hg[0, 1] with respect to the norm || - ||, it is also
continuous at the point y € BY . Let us take an arbitrary e > 0. There exists § > 0 such that the inequality:

IGo - Gy, < 5

where ||z — y||, < 0 and
5

4dro(K + 1).

Then, taking into account (2.15), we derive the following inequality:

0<d<

e €
HNx—Ny||a<§+§=5.

As a results, we infer that the operator N is continuous at the point y € Bf . Because y was chosen arbitrarily, we
deduce that N is continuous on Bf with respect to the norm || - || ,. As B is compact in H, [0, 1], from the classical
Schauder fixed point theorem, we get the desired result. O
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3. An Example

Example 3.1. Let us consider the following nonlinear quadratic integral equation:

z(u) = ; ( (u) + z(u) + 210) +u u)/ Umut + 7 <\/:> dr, (3.1)

where u € I = [0,1] and m is the real number.
Set (Gz)(u) = % (22(u) + z(u) + 5% ), k(u,7) = Vmu* + 7 and ¢(7) = |/ 17. We will show that the operator

G continuous accordmg to be norm with ||.||,. To do this, fix arbitrarily ¢ > 0 and y € Hg[0,1]. Assume that
x € Hgl0,1] is an arbitrary function and ||z — y||» < d, where ¢ is a positive number such that

0<6< ( (6Hy||a+2)+\/(6||y||a+2)2+36€).

1
12

Then, for arbitrary u,v € [0, 1] we obtain

3G~ Gy)(u) ~ 3G — Gy)(v) = #*(u) +o(u) + 2107 V)~ y(w) ~ g

— (#20) +20) + 535 ~90) =400~ 35

= 22() ()~ (P0) ~ y2(0) + 2{u) — ylu) — (#(0) - y(v))
() — () (2(u) + y() — (#(u) — y(2)) (&(0) + (o)
() — y(u) — (2(0) - y(0)))

= [o(w) ~ y(0) ~ (o) ~ y(o))](r(w) + y(w)
(o) — y(0))((w) + y(u) — 2(0) ~ y(v))
Falu) — y(u) — (2(0) - y(v))

= [o(w) ~ y(w) ~ (o(0) ~ y()](x(w) +y(w) + 1)
(o) — y(0)) () +y(u) — 2(0) — y(0)). 62)

By (3.2), we get

3[(Gx — Gy)(u) — (Gz — Gy)(v)]

IN

(I + Ylloo + Dlz(u) = y(u) — (z(v) — y(v))]

Fllz = ylloolz(u) + y(u) — 2(v) — y(v)]

(lz + ylla + Dfx(u) = y(u) = (2(v) = y(v))]

Fllz = yllalz(u) +y(u) — z(v) —y(v)|. (3.3)

IN

By (3.3), we have:

tu,v € [0,1] andu;év}

|2(u) = y(u) = (z(v) = y(v))|

IN

(||x+ya+1)sup{ tu,v € [0,1] andu;év}

lu — v«
+|z = ylla sup { o (u) + y(u |i — E}Tﬁv) + y(v))| €10,1] and u # v}

Iz +ylla + Dllz = ylla + Iz = yllallz + ylla
= yllallz + ylla + 1) (3.4)

IAN N
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From (3.4), we obtain the following inequality:

(G — Gy)(u) — (G — Gy)(v)|

u— |

3Gz = Gylla

3|(G:Jc—Gy)(O)+3sup{ tu,v € [0,1] andu;«év}

< [2?(0) = y2(0)] + [2(0) = y(0)] + [l — ylla(2]z + ylla +1)

< [2(0) = y(0)[2(0) + y(0)] + |2(0) = y(0)| + [l — ylla(2]lz + yllo + 1)
< e =ylosllz +ylloo + 1) + 2 — yllallz + ylla +1)

< e =yllalllz +ylla +1) +llz — yllallz + ylla + 1)

< lz=ylaBllz +ylla +2)

<z —yllaBllz = ylla + 6llylla +2)

< 3e

which yields that the operator G is continuous on Hg[0, 1] with respect to the norm ||.||,. Also,

(GO = 122(0) +2(0)] + g
3
< O]+ [20) + 555
< ol + lelloo + oo
< Nell3 + llzlls + 5ug 5
and
@) — @I [+ e + 5 — () — ae) - |
’ p{ PEXE } - PEXE
 2?() = 22(0) + 3(w) — 3(0)
- fu—o]?
(@) — 2(v) (@) + 2(v)) + 2(u) - 2(0)
= v]?
@) = o)) + a(v) + 1)
lu — |
(1) 2D
< p{|uwg}@||m+n
< lells@lels +1)
< 23+ [lolls. (3.6)
From (3.5) and (3.6), we get
3Gzl < [l + lolls + — + 202l3 + 12l

210

3
Bl + 2l + 210

which implies
2 1
Gzl < |l=|13 + slells + 555-

Therefore, there exists the function w : R, — R, w(z) = 22 + %w + 51z which is non-decreasing such that it holds
the inequality

|Gally < w (Jl2ll)
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for any « € Hgl0, 1]. So, the assumption (i) of Theorem 2.1 holds.
Further, we have

k(u, ) = k(v,7)] =

7
ut + 7 — \/TTLU4+T‘

< | /m(ut —ov?)
< Vmy/|(ut — o)
< VAmlu — |7

for all u,v, 7 € [0,1]. The assumption (i:) of Theorem 2.1 holds with the constant kg = k1= vAam.

The function ¢ : [0,1] — [0,1],¢(7) = 4/ = +1 decreasing function is measurable and this satisfies assumption
(iid).
Further, we can calculate that

1

sup {/01 \ke(u, 7)|dr : u € [0, 1]} = sup

|
.
(i

S—

\/mu4+7’d7 u € [0, 1]}

= s g(\/mu‘*—i—l \/(mu4)8)' 6[0,1]}
< sup £\7/ mu*+1)8 : u € [0, 1]}

7

m+1

(el

+

IN
S
ﬂ

In this case, the inequality appearing in assumption (vi) of Theorem 2.1 takes the following form:
w(r) + (2K + kg)r* <r

which is equivalent to

7+§7+2m + (2/(m+ 18 + Vim) r* < (3.7)

There exists a positive number 7 satisfying (3.7) provided that the constant m is chosen as suitable. For example, if
one chose m = 1317, then the inequality

9, 2 1 7 1 8 . 4
T+§T+ﬁ+ 2 10%+1 + H)W

holds for r = rg = 0.10 € [0.0030113, 0.1081]. Therefore, using Theorem 2.1, we infer that there is at least one
solution z of the equation (3.1) in the space H,[0,1] with 0 < a < 1.
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for a matrix operator on them to be compact are obtained.

The main purpose of this study is to introduce the absolute Lucas series spaces and to investigate their
some algebraic and topological structure such as some inclusion relations, BK — to this space, duals and
Schauder basis. Also, the characterizations of matrix operators related to these space with their norms are
given. Finally, by using Hausdorff measure of noncompactness, the necessary and sufficient conditions
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1. Introduction

Let w be the set of all sequences of complex numbers. A vector subspace of w is called a sequence space. The
spaces I, ¢, ¢o, U, bs,cs,l and I, (p > 1) stand for the classes of all bounded, convergent, null and finite sequences
and the classes of all bounded, convergent, absolutely convergent and p-absolutely convergent series, respectively.

Let X and Y be two sequence spaces and A = (a,,) be an arbitrary infinite matrix with complex components

foralln,v € N=1{0,1,2,...}. If the series

o0

An(x) = Z AnyLy,

v=0

converges for all n € N, then, by A(x) = (4,(x)), we indicate the A-transform of the sequence = = (z,). Also, if
Az = (A, (z)) € Y for every z € X, then, A is called a matrix transformation from the sequence space X into the

sequence space Y, and the class of all infinite matrices from X into Y is denoted by (X,Y).

A summability method is denoted by the matrix A if the transform sequence A(x) converges to a real number.

The multiplier space of X and Y is identified by

S(X,)Y)={z=(2r) Ew:xz=(xp2r) € Y forallz € X}.
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According to this notation, duals of the space X are described as
X =8(X,1), X?=5(X,cs), X” = S(X,bs).

If a,y, # 0 for all n and ay,,, = 0 for n < v, then it is said that A is a triangle.
The concept of the domain of an infinite matrix A in the sequence space X is described as

Xa={z=(z,) Ew: A(z) € X}

which is a new sequence space. In this connection, by means of the concept of the matrix domain, different new
sequence spaces have been presented and their topological, algebraic structure and matrix transformations have
been studied in literature. For example, one can see some of these spaces in references ([1, 2], [10-12], [23]).

A sequence space X is called an F'K-space if it is a complete linear metric space with continuous coordinates
pn : X — C defined by p, () = z,, for all n € N. Further, an F'-space X whose metric is given by a norm is said
to be a BK-space. The theory of F'K- and BK-spaces has an important role in summability theory. For example,
the operators between B K -spaces are continuous and the matrix domain of a triangle A in the BK-space X is also
a BK-space and its norm is given by

el x, = 1A@)]x

[4]. Let X be a normed sequence space and (by) be a sequence in X. If there exists a unique sequence of coefficients
(zg) such that, for each z € X,

n

xr — Z-Ekbk

k=0

—0, n—>

then, the sequence (b;) is called the Schauder basis (or briefly basis) for X, and in this case it is written that

x = Y xgbg. Itis said that an FK-space X, consisting all finite sequences, has AK property if every sequence

k=0
o0
z = (z1,) € X has a unique representation z = Y z;el/), where e) is the sequence whose only non-zero term is 1
j=0

in the jth place for each j € N. This means that the sequence (¢(/)) is a Schauder basis for any F K — space with AK.
For example, (e(j )) is the Schauder basis of the space [,, but the space /., doesn’t have the Schauder basis [20].

For arbitrary two Banach spaces X and Y, B(X,Y") denotes the set of all continuous linear operators from the
space X into the space Y, and the operator norm of A € B(X,Y) is stated by

HAH = sup HA(x)HY

a0 lzllx

In the special case Y = C, it is written that X* = B(X, C), the set of all continuous linear functional on X.
If a € wand X D ¥is a BK-space, then

lally = sup
xESx

)
E ATk

k=0

provided the right hand side of the equation exists, where S is the unit sphere in X, and it is finite for a € X*.

Throughout the whole paper, we suppose that ¢ = (¢,,) is a sequence of positive numbers and p* is conjugate of
p, thatis, 1/p+1/p*=1,p>1,and 1/p* =0 forp = 1.

Let take >z, as an infinite series with nth partial sum s,,. Then, the series Y z,, is said to be summable | A, ¢,,| »
if (see[29])

Z ¢Z71|An(5) - A7z—1(5))|p < 00, A,1(8) =0.

This method includes some well known methods. For instance, if A is the matrix of weighted mean (]\7 , pn) (resp.
¢n = Py /pn), then it is reduced to the summability |J\7 s Py O ‘p [31] (the summability |]\7 s Pn |p [3]). Also if we take
A as the matrix of Cesaro mean of order a > —1 and ¢,, = n, then we get the summability |C; | , in Flett’s notation
[5]. The choice of the Fibonacci matrix instead of A leads to the absolute Fibonacci summability method [7]. In
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addition to the aforementioned spaces, several absolute series spaces have also taken place in the literature (see
[6, 8,19, 25, 27-29]).

The Lucas sequence (L,,) is one of the most interesting number sequences in mathematics and is named after
the mathematician Francois Edouard Anatole Lucas (1842-1891). It is given by the Fibonacci recurrence relation
with different initial condition such that

Lo :2, L1 =1 and Ln :Ln,1 +Ln,2 for n > 27

also, the terms of the Lucas sequence have the following important properties

ZLk = Ln+2 - 37 Zszfl = L2n - 27
k=1 k=1

D Lok =Long1—1, Y Li=LnLnp1 -2,
k=1 k=1

L2 4+ LyLypy— L2 =5(-1)""" n>1,
Ly 1Lny — L2 =5(-1)"" n>1.
We refer reader to [13] for other properties. Additionally, just like the Fibonacci numbers, the rates of successive

Lucas numbers converges to the golden ratio which is one of the most interesting irrationals playing an important

role in number theory, algorithms, network theory, etc. Using Lucas numbers, the Lucas matrix E(r, s) = (&1 (7, 5))
has recently been defined [12] as

Ly, .
S%n—l , k=n-—1
bnk(r,s) = r=e=t k=n

0, otherwise

where L, be the nth Lucas number for every n € Nand r, s € R — {0}.
The aim of this paper is to define the absolute sumability space |£?(r, ) |p and investigate its some inclusion

relations, a—, f—,7— duals and basis. Also, some matrix and compact operators on this space are characterized
and their operator norms and Hausdorff measures of noncompactness are determined.
It is required the following lemmas in proving theorems.

Lemma 1.1. [18] Let T be a triangle, X and Y be two arbitrary subsets of w. Then, we have
(@) Ae (X,Yp)ifandonlyif B=TA € (X,Y).

(b) Further, if X and Y are BK-spaces and A € (X,Yr), then ||La|| = ||Lg]|-

Lemma 1.2. [30] Let 1 < p < oo. Then,

1. A€ (l,¢) < (i) limay, exists for v > 0, (ii) sup |a,,| < oo,

2. Ae (1) < (ii) holds,
3. Ae(l,cp) & (iii) limay, =0 forall v>0 and (ii) hold,
4 A€ (lye) < (i) holds, (iv) sup 3 |ane|”” < oo,

n  v=0

5. A€ (lp,ls) & (iv) holds,



30 F. GOKCE

6. A€ (ly,co) < (ifi) and (iv) hold.
Lemma 1.3. [14] Let 1 < p < oo. Then, A € (l,1,,) if and only if

”AH(l,lp) = sup {Z |anv|p} .

n=0

Lemma 1.4. [30] Let 1 < p < oo. Then, A € (Ip,1) if and only if

o | oo p) /P
14l ) = sup 212 g
where § denotes the collection of all finite subsets of N.
Lemma 1.5. [27] Let 1 < p < oo. Then, A € (1,,1) if and only if
o /oo pY /P"
400, = {2 (ZO |> < .

Moreover since [|A||, ) < HA”/(I,,.,[) < 4|All, 1), there exists 1 < & < 4 such that HA”QZP,I) =<l Allg, .0 -
Lemma 1.6. [18] Let 1 < p < oc and p* denote the conjugate of p. Then, 15 = I, and 1, = ¢ = c§ = 1,1° = l. Also, let
X denote any of the spaces l, ¢, co, ! and ,,. Then, we have

lallx = llallxs
forall a € XP, where ||.|| s is the natural norm on the X°.

Lemma 1.7. [15] Let X and Y be BK-spaces. Then, we have

(a) (X,Y) C B(X,Y), that is, every matrix A € (X,Y) defines an operator Ly € B (X,Y) by La (z) = A(x) for all
x e X.

(0) If X has AK, then B(X,Y) C (X,Y), that is, for every operator L € B(X,Y') there exists a matrix A € (X,Y)
such that by L (z) = A(z) forall z € X.

Lemma 1.8. [4] Let X D W be a BK-space and Y be any of the spaces o, ¢, co. If A € (X,Y), then

[Lall = 1All x40y = sup [|An[ < o0

2. Hausdorff Measure of Noncompactness

If S and R are subsets of a metric space (X, d) and, for every r € R, there exists an s € S such that d(r, s) < ¢
then, S is called an e-net of R; if S is finite, then the e-net S of R is called a finite e-net of R. Let X, Y be two Banach
spaces. It is said that a linear operator L : X — Y is compact if its domain is all of X and the sequence (L(z,)) has
a convergent subsequence in Y, for every bounded sequence (z,,) in X. The class of such operators is denoted by
C(X,Y). If Q is any bounded subset of the metric space X, then the Hausdorff measure of noncompactness of Q) is
given by

x (@) =inf{e >0:Qhas a finite ¢ —netin X},

and x is named the Hausdorff measure of noncompactness. Using the Hausdorff measure of noncompactness, some
compact operators on various sequence spaces are characterized by many authors. For example, Mursaleen and
Noman in [21, 22], Malkowsky and Rakocevic in [17] have used the Hausdorff measure of noncompactness method
to characterize the class of compact operators on some known spaces, (see also [7, 8, 15, 26]).

The following lemma is very important to calculate the Hausdorff measure of noncompactness of any bounded
subset of the space [,,.



Absolute Lucas Summability 31

Lemma 2.1. ([24]) Let Q be a bounded subset of the normed space X where X =1, for1 <p <ococor X =cp. If P, : X =+ X
is the operator defined by P,(z) = (x¢, 1, ...2,,0,0,...) forall z € X, then

€@ = tim (w7 = ) @) )

Let X and Y be two Banach spaces, x; and x2 be Hausdorff measures on X and Y, the linear operator
L: X — Y issaid to be (1, x2)- bounded if L(Q) is a bounded subset of Y and there exists a constant M > 0 such
that x2 (L(Q)) < Mx1 (Q) for every bounded subset @ of X. If an operator L is (1, x2)- bounded, then the number

1L (1 xe) = S AM > 0: x2 (L(Q)) < Mx1 (Q) for all bounded set @ C X}

is called the (x1, x2)-measure noncompactness of L. In particular, if x1 = x2 = x then it is written that ||L[|, ) =
L] -

There is a significant relation between compact operators and Hausdorff measure of noncompactness. The
following lemma gives this relation.

Lemma 2.2. [18] Let X and Y be two Banach spaces and L € B(X,Y). Also, let the set S, = {x € X : ||z|| < 1} be the
unit sphere in X. Then,

L]l = x (L (Sz))

and
LeC(X)Y)& HLHX =0.

Lemma 2.3. [16] Let X be a normed sequence space, T = (tn,) be an infinite triangle matrix, xr and x define the
Hausdorff measures of noncompactness on Mx,, and Mx, the collections of all bounded sets in X1 and X, respectively. Then,

xr(Q) = x(T(Q)) for all Q € M.

Lemma 2.4. [22] Let X D U be a BK-space with AK or X = l. If A € (X, ¢), then, we have

lim a,r = o exists forall k,
n— o0

a=(ay) € X7,

sup |4, — ally < oo,
n

lim A,(z) = Zakxkfor every x = (z3) € X.

n—oo
k=0
Lemma 2.5. [22] Let X D U be a BK-space. Then,
(a) If A € (X, co), then
[Lally = lim (igg [ An]| ) :

(0) If X has AK or X =l and A € (X, ¢), then

1. X . x
3 lim <supAn—a ) < ”LA”X < lim <sup||An—a| )
=00 \ > =00 \ >

where a = (ay,) defined by a, = lm a,g, foralln € N.
n— oo
(e)IfA e (X,lx), then

0< ltal, < tim (supl4.]°).
n>r
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3. Absolute Lucas summability spaces

In this section, firstly, the summability space |£?(r, s) |p as the set of all series summable by absolute Lucas
method is introduced, and it is proved that this space is a BK-space which is linearly isomorphic to I, for 1 < p < oo.
Also, giving some inclusion relations, a—, f— and y— duals and Schauder basis of this space are investigated.

If the Lucas matrix is taken instead of A, then [A, ¢, |, summability is reduced to the absolute Lucas summability.
Then, since (s,) is a sequence of partial sum of the series  xy, it follows that

~ n n n
En(’I’,S)(S) = Z éﬂk(r7 S)sk = Z Tk Z én1)(r7s)
k=1 k=1  v=k .
n—
= Zplnn(r,8) + > (Enn(r,8) + énn_1(r,8))zk
k=1
n—1
= xn,rLz;l + > <8Lij1 +r—L£;1) Tk
. k=1
= > kg
k=1
where the matrix £(r, s) = (l,;) is given by
T—LE: , k=n
b = sgo it 1<k<n-—1 (3.1)
0, k>n.
So, we get
- . o Ln_1 L, 5(—1)"+1 =2 5_1yn s .
En(s) = Bn-a(s) = anr gt tana(sps+ron )+ 2 o (ms — ) o
k=1
n
= > &tk
k=1
where
Lop— o
T—Lnl , - k=n
L 5 71 n
STA— 4+ ; k=n-1
gnk — S(L_nl—)}] ‘LnLn—lA (32)
Lp-1 <L7172 _E)’ l<k<n-—2
0, k>n.

Hence, the space |L(r, s)|, can be stated by

|L(r, )|, = {33 Ew: (gzb?l/”* ifnk@c) € lp} .

k=1

On the other hand, according to the matrix domain, this space is redefined by

’£¢(T7 S)’p = (ZP)E(P)O[,(T,S)

where
71/[)* k=n
e SR L N (3.3)
0, k#n,n—1

Also, we note
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Moreover, since every triangle matrix has a unique triangle inverse [32], the matrices £(r, s) and E®) have
unique inverses £(r, s) = (I,x) and E® = (&,;) whose terms are given by

%Li:bl’ k=mn
[ .o=4 GO synl=k 1 (sr2 72 _ (3.4)
nk — (2) s (Gl + L), 1<k<n-1 .
07 k7>n
71 *
égg}:{g% W.o1zesn (3.5)
, v>n

respectively.
First, to understand the space better, we exibit some relations between the spaces |£?(r, s) |p and [,,.
Theorem 3.1. Let ¢ € lo and 1 < p < oo. Then, I, C |L%(r, s)}p.

Proof. For p = 1, it is clear, it is omitted. Let p > 1. By the properties of Lucas numbers, the series ) ﬁ is
— Ln
convergent and also () is a decreasing sequence. So, it follows from Abel’s Theorem that /- — 0 as n — oc.

This gives > || = O(1) and Y |€nk| = O(1). Hence, by Holder’s inequality, it is obtained that
k=0 n=k
H$|||z:d>(r,s)|p = { >

py 1/p
n=1 }

. n n p/p" ) M/P
{ S LS (el (z |£nk|) }
n k=1 k=1

1/p*
¢n Z gnkxk
k=1

<
=1
00 00 1/p
= o { £l £ feul}
k=1 n=~k
o 1/p
= ow{E jmr} = owlel,.
which completes the proof. O

Theorem 3.2. Let 1 < p < q < oc. If there is a constant M > 0 such that ¢, < M for all n € N, then f£¢(r,s)}p C
|£2(r, s)‘q.

Proof. To prove the inclusion, take z € |£%(r, s)|p. Sincel, C I, forl < p < g < oo, itis clear that (qb,l/p* Zo fnjxj> €
i=

lq- Also, by considering ¢,, < M for all n € N, it can be written that

q q

n n

IV D SIS Y T SIS

j=1 j=1
which implies that € [L(r, 5)|,- O

The following result is useful to determine a Schauder basis for the matrix domain of a special triangular matrix
in a linear metric space.

Lemma 3.1. ([9]). Let T be a triangular matrix and S be its inverse. If (by) is a Schauder basis of the metric space (X, d),
then (S (by)) is a basis of X1 with respect to the metric dy given by dr(z1,z2) = d(Tz1,Tz) for all z1,z5 € Xr.

Theorem 3.3. Let 1 < p < oo. Then, the set ‘ﬁ‘ﬁ(r, 5)‘,; is a linear space with coordinate-wise addition and scalar
multiplication. Also, it is a BK-space with respect to the norm

2l 2oy, = ||B® o Lir5)@)]

P
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Moreover, the sequence b)) = (bsf )) defined by

S Lo NN (DU syneiok s ,
?; /v (iLn’l + kZ = (2) s GL, +Li_1)> o l<j<n-—1
=J
—1/p* |
n " %Liilv iem
) j>n,

by =

is a Schauder basis for the space |L%(r, s)| .

Proof. Since the space I, is a BK-space for 1 < p < oo and E(® o £L?(r, s) is a triangle matrix, it follows from

Theorem 4.3.2 of [32],

L£2(r, s) ’p = (Ip) Ewor(r,s) i @ BK-space. On the other hand, it is known that the sequence

(e19)) is the Schauder basis of the space I,,. So, it can be obtained by Lemma 3.1 that b) = ((L(r, s) o E®)), (1)) is

a Schauder basis of the space |£?(r, s) |p.

Theorem 3.4. Let 1 < p < oo. Then, there exists a linear isomorphism between the spaces | L% (r, s) |p andlyi.e.,

I,

O

o~

Proof. To prove this, it should be shown that the existence of a linear bijection between the spaces |£?(r, 5) |p and [,

where 1 < p < co. Let consider the maps L(r, s) : |£?(r, s)’p = (Ip) g » EP 2 (1p) oy — 1p given by (3.1) and (3.3) .

Since the matrices corresponding to these maps are triangles, these are linear bijections. So, the composite function
E®) o L(r, 5) has the same property. Further, one can see that the norm is preserved. This completes the proof. [

We use the following notations in the rest of the paper.

1 L, S~ (=D)"" syni=k 1 s
R n A *LQ L2 )
g 7 Lp_1 + ; r (7’) LiLy_q (’I“ ntino)

oo
Di=<eccw: Z Nnj€n exists forall j »,

n=j+1
p* m—1 m P
|1 L 411 L;
Dy =<ecw:su ¢m17 " em +Z¢jlf J6j+z77nj6n < ooy,
m 7 L1 — r Ly =
Jj=1 n=j+1
1 Ly 1 L; s
D3=<e€cw:su — — R N € < 0
3 mlj) r L'm—l " T Lj—l / Z Ingn ’

n=j+1

-
o0 [e o]
1 1 L
Jj=1 n=j+1
[e.e]
1 L;
Ds = {ecw:sup Z |nnj6n|+‘rLjilej < 00

J n=j+1

Theorem 3.5. Let 1 < p < oo and ¢ = (¢y,) be a sequence of positive numbers. Then,
(@) {1£20 9} = D5, {[£2rs)],} =D,

(i) {|£2(r, )|} = Dy Ds, {\a(r, 5)|p}ﬁ =DyN Dy,

(iii) {|£*(r9)]}" = Ds, {[£2(9)],} = Ds.
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Proof. Since the proofs of the other parts are similar, we just calculate the 3-dual of the space |£?(r, ) }p. Recall that

B
€€ {’£¢(T,S)|p} iff ex = (en®y) € cs forallz € |L2(r, s)|p Take z € |L%(r, ) ”
Then, z € 1,,. It follows from (3.4) and (3.5) that

L(r,s)(z) = yand z = E® (y).

m m 1=k n—l—*k '
8w = a3 (b + S U ()7 s G 22 )

n=2

Z 1/10 zean 2

_ _1\yn—k n—1—
s S ( S e () s i 1))zj

n=j+1 k=j
—-1/p*_ 1 L = g
= m €m . Ln:ilz’m'i_ Z d)j Ej €nling
Jj=1 n=j+1
m
= 2 sz
i=1

where the matrix H = (hy,;) is defined by

—1/p* .
;" enting |, 1<j<m—1
R = n=j+1
™ —1/p" 1 Ly :
Pm & Emy L1’ J=m
07 j >m.

B
This means that € € {‘/ﬂ’(r, s)‘p} iff H € (ly,c). Thus, by applying Lemma 1.2 to the matrix H, we obtain
B
{|£4’(r, s)|p} = D; N Ds. This completes the proof. O

4. Matrix transformations on space |£%(r, s)|
In this section, we characterize some classes of matrix operators on that space and compute their norms.

B
Lemma 4.l Let1 < p < 0. Ifa = (az) € {}M(r,s)yp} , then, for all € |£9(r,s)| ,a® = (@) € L», a0 € I

and
Z apTp = Z dgf)zk
k k

holds, where = = EW)(L(r, s)(z)) € 1, and

i _ g1 [, L L
A~ = Pp < rLkl"’_Zannnk)

n=k+1
B
Lemma 4.2. Assume that 1 < p < oo. Then, we have Ha|||*£¢(r_ys)| = ||€L(p)”l _forall a € {|L‘¢’(r, s)|p} and
lalljze (e = laM]], _ foralla € {|L%(r, s)}}ﬁ where a®) as in Lemma 4.1.

B
Proof. Leta € {|£¢(r, S)|p} . It can be immediately seen from Lemma 4.1, a® € I,- and a!) € I.. So, using
Lemma 1.6 and Lemma 4.1 , we get

lallze sup
| (ﬁs)\p z S\Lo(v )|,

ZTy| = sup

*
_ Hd(p)
zESl lp

Iy

[e)
E 5(P)

Ay Zy| =
v=0

The proof for the case k = 1 is quite easy, so it is omitted. O
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Theorem 4.1. Let 1 < p < 00, A = (ank) be an infinite matrix of complex numbers for each n, k € N and define the matrix
B = (bf:f,z), B = (bui) and B = (b,y) as follows:

(b;l/p* ank}« L{;kl + Z AnjTik | » 0<k<m-1
b(n) _ B j=k+1
mk 71/p* 1 Lo k=
Om Anm " =m
0, J>m,
b = lim "),
m—00
B=EWoL(rs)oB.
Then, A € <|£¢(r7 s)|p, ]E¢(r,s)]) if and only if
Z Njk0n; exists for all k, 4.1)
j=k+1
sup § — nm e QAnk NjkOnj P .
m ¢m r mel =1 ¢k T Llcfl G=kt1
o [ oo P’
(Z b > < 0. (4.3)
k=1 \n=1

ifae (e2s)],,|L(rs)

), then A defines a bounded linear operator L 4 such that L 5(x) = A(x) and

1Al et izeeon = 1Bl -

Proof. A € (]E¢(r, s) |p Lo, s)}) if and only if A(z) is well defined and belongs to the space |£¢(r, s)| for all

B
z € |L2(r, S)‘p' By Theorem 3.5, A(z) is well defined, or, (a,x)72, € {‘545(7«, s)‘p} if and only if (4.1) and (4.2)
hold.
Beside, for any matrix R = (r,,) € (I, ¢), the remaining term of the series tends to zero uniformly in 7, that is

Z ooy | < (Z [7no? > (Z |zvk> —0,(m — o0)
v=m v=m v=m

o0
which gives the series R,,(z) = > 7,2, converges uniformly in n. So we have
v=0

lim R, (z) = Z lim 7y, 24 - (4.4)
L ,U=O n
It follows from (3.4), (3.5) and (4.4)
Ap(z) =lim > apprr = lim ) bg:’gzr =3 bprzy.
m k=0 m =0 r=0

Taking into |£(r, s)|p =~ |, for 1 < p < oo, it follows that A(z) € |£?(r,s)| for all z € |L?(r, s)!p iff B €
(Ip,|£2(r, 5)|). In other words, since |£?(r, s)‘p = (Ip) gwros(rsy Alx) € |[L2(r,s)| foralla € [£2(r, s)’p iff B € (I,,1).

Also, a few calculations show that the matrix B is expressed as

n—1
Ln—l - ( Ln Ln—l ) 7
bk + s +r bok,
Ln nk DZ:O Ln—l Ln vk

e = Zlm(r, S)byp =1
v=0
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7 1/p* * * 7 *
by = ¢k/p ( nk — nka) » n=>land boy = by

Now, if we apply Lemma 1.3 to the matrix B, we get the condition (4.3). So, the first part of the proof is completed.
On the other hand, since the spaces |£%(r, s)|p and |£?(r,s)| are BK-spaces, if A € (]L¢ (r, s)]p | L£2(r, ) ),

then, by Theorem 4.2.8 of [32], L4 defines a bounded operator such that L 4(z) = A(z). To calculate the operator
norm of A, we consider the isomorphisms £(r, s) : |£?(r, s)}p = (Ip) gy » EP + (1) pwy — 1p. Now, it is clear to see

that A = L(r,s) o EM o Bo E® o L(r, s) and so

A 26 r.00)

14l aeoman = S Tollzec

HL:,(r,s)oE‘(l)oBoE<p)o£(r,s)(3})|| |26 (o)

= ii% HH:H‘[:¢(7-,S)|I)
_ Hf;f)"‘ _ HBH (z = E® o L(r,s)(x))
220 1Zl (Up:)
which completes the proof. X

Theorem 4.2. Let 1 < p < 0o, A = (any) be an infinite matrix with complex components for all n, k € N, BM = (bg:,i)

and B = (b, be as in Theorem 4.1 with 1/p* = 0. Besides, define B = E") o L o B. Then, A € <|L¢(r, s)|, L2 (r, s)|p)
if and only if
Z TjOno eXists for all j (4.5)
v=75+1

1 L, 1 L, i
sup anm‘ + 77]0%]’ + Z Nkjank < 00, (46)

m,j r Lm—l r Lj_1 [y

=j+1
- P
supz bnj| < oo. (4.7)
J n=1

I

Moreover, if A € (|£¢(r, s)

L(r, s) ‘p), then A denotes a bounded linear operator L 4 such that L (z) = A(z) and

allgee o icoma,) = HBHa,z,,)'

Proof. A € (|£¢(r7s)| | £2(r, s)|p) if and only if 4, = (an.)3y € {|L%(r, s)|}ﬁ and A(z) € |£¢(r7s)|p where
z € |L?(r,s)|. By Theorem 3.5, it is clear that A,, € {|£?(r, s)‘}ﬁ iff (4.5) and (4.6) hold. Also, if any matrix
R = (rny) € (I, ¢), then the series R, (z) = i Tno®y, converges uniformly in n. Because, the remaining term of the

v=0

series tends to zero uniformly in n, since

[e.e]
E /f'nvxv

v=m

o0
< sup |rny Z |2y | = 0 (m — 00)
v

v=m

and so

lim R, (z) = Z lim 7y, @y (4.8)
v=0
Considering the equation (4.8), it can be written

An($) = 117¥Ln k;Z:O AnkTr = lgln Z_:O bgrzl}zr = Z_:O Bnrzr-
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Since |£%(r, s)| = I, then, it is obtained A(z) € |L£%(r, s)|p whenever z € |L?(r,s)| iff B(z) € |L£%(r, s)‘p ie.,
B(z) = EW o L(r,s) 0 B(z) €1, forall z € I, where z = E® o L(r, 5)(z), or, equivalently, B € (I,1,). So, if we apply

Lemma 1.5 to the matrix B, the last condition is immediately obtained, which completes the first part of the proof.
Since the spaces |£¢(7’, s) v 1 < p < o0, are BK-space, by Theorem 4.2.8 of [32], L 4 defines a bounded operator
such that L4 (z) = A(z).
Moreover, from Theorem 3.4, it can be seen that A = £(r,s) o E® o Bo EM o L(r, s) and so,

. B 1A@N 2o (rey), HEOE(I)QL:(T,S)(z)HLP
ILallesanicoean,) = 59 Tollizeon)  — SR E@ecma@],
1B,
_ . _ _ g
A "= H H(Hp) (z2=EY o L(r,s)(x)).

O

Theorem 4.3. Let 1 < p < 00, A = (any) be an infinite matrix of complex numbers for all n,v € Nand B = (b,,) be a
matrix satisfying the following relation

bui = ¢’}L/p* Zgnvavk- (49)

v=0

Then, for any sequence spaces A\, A € ()\,

£9(r ) |p) if and only if B € (A, 1,).
Proof. Take x € A. It follows from (4.9) that

Z bnkxk = (b»}l/p* Z €n1) Z ApkTf-
k=0 v=0 k=0

By (3.2), it is seen immediately that B, (z) = (E® o L(r, s))n (A(z)) for all z € A. So, it is obtained that A, (z) €
|£2(r, s) ‘p whenever x € A if and only if B(z) € [, whenever « € A, which completes the proof of the theorem. [

Theorem 4.4. Let 1 < p < 0o, A = (any) be an infinite matrix of complex numbers for all n,v € N . Then, A €
(|£¢’(r, s),» X) if and only if
V™ e (I,,¢) foralln € N,

AP ¢ (1, X)),

where the matrices V™) and A are defined as

~») _ 1~ [ 1 Lk S
Gy = b " (rLk_la"k+ Z anjﬁjk)

j=k+1
and
~1/p* 1 L L
by, nky g+ 2 angmik |, 0<k<m-—1
,U(”) _ j=k+1
mk —1/p* 1 Ly,
m / anm; L1’ k =m
07 k >m.

Proof. Let A € (|£¢5(r7 S)|p ,X) and x € |£¢(r7s)|p. Note that |£?(r, 8)|p = (lp) gwroc(r.s)- Considering (3.4) and
(3.5), we get

Z Akl = Z UT(:]sz (4.10)
k=0 k=0

for all n,m € N. It can be seen immediately that Az is well defined for all = € |£?(r, s) ’p iff V(") € (i, c). Further,
letting m — oo, it is seen from (4.10) that Az = APz Since Az € X, then AP)z € X, thatis A € (Ip, X).
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Conversely, let V("™ € (I,,,c) and A®) € (1, X). Since V(™ € (I,,, c) with (4.10), we get A,, € {|L’¢ r,s)| }
for all n, which gives that Az exists. Besides, we deduced from A®) ¢ (I,, X) and (4.10) as m — oo, A €

(}£¢(T,s)}p7X).
O

Now, we list the following notations:

1. lim a®)

n—oo

exists forallv e N

2. lim a%) = 0forallv € N

n— oo

~(p)|P

any

3. sup Z

n v=0

< 00

~(p)

any

4. sup < 00

n,v

) el

nenN

5. sup >

v

< 00

af)| <

6. sup Z

7. sup > .v£n3 < 00

m v=0

(n)

Umo

8. sup

m,v

< 00

9. lim vi,?,), exists forall v,n € N
m—0o0

By Theorem 4.4, we obtain following results giving the necessary and sufficient conditions for A € (|£%(r,s)| (1), X)
with X € {l,co,¢,1,cs,bs}.

Theorem 4.5. Let 1 < p < oo. The following statements hold:

(i)Ae (|m> rs |p,c) & (1),(3), (7) and (9) hold.
(i) A € (|c¢ r.s), co) & (2),(3), (7) and (9) hold.
(iii) A € (|z¢ rs |p,zoo) & (3),(7) and (9) hold.
(iv) A e (|£¢ rs |p,z) (5), (7) and (9) hold.

(v) A€ (|£2(r,s)],c) < (1), (4),(8) and (9) hold.
(vi) A€ (|£2(r,s)|,c0) < (2),(4), (8) and (9) hold.
(vii) A € (|L2(r,s)|,loc) < (4),(8) and (9) hold.

( )

viii) A € (|£2(r,s)|,1) < (6),(8) and (9) hold.

Corollary 4.1. Put a(n, k) = 3. a;i instead of any for all n,k in V) = (00)) and A®) = (aP)). Then,
j=0

(i)Ae (|m> rs |p,cs) & (1),(3), (7) and (9) hold.
(ii) A e (|c¢ rs |p,bs) & (3),(7) and (9) hold.
(i
(

iii) A € (|[L2(r,s)],cs) < (1), (4), (8) and (9) hold.
) A € (|£%(r,s)|,bs) < (4), (8) and (9) hold.
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Theorem 4.6. (i) Let 1 < p < oo and X be one of the sequence spaces cg, ¢, loo.

)

Ae (|£2(n)],. X) = 1Lall = 14l cor, 0.0) = sup |42

L

A€ (12, 9)], X) = ILall = 1Al ooy = sup | AL

’lm '
(#1) Let 1 < p < oo. There exists 1 < & < 4 such that
!

ae (|2, .1) = ILall = 1Al oy, 0 = |47 y’

AP ’

1
Wb € H
A (£ 9)] 1) = 12l = 14l oy = [[ AL

n

)(up) '
Proof. The proof of the theorem is obtained together with Lemma 1.8, Lemma 1.3 and Lemma 1.5. O

5. Compact Operators on absolute Lucas series spaces

The aim of this section is to establish some identities or estimates for the Hausdorff measures of noncompactness
of the matrix operators on the |£%(r, s) |p and also to characterize certain classes of compact operators by using the
Hausdorff measure of noncompactness.

Theorem 5.1. Under the hypothesis of Theorem 4.1, if A € (’£¢(r, s)|, [£2(r, 5) ), then

1

* oF

%) %) p P
ILall, = 3 Jim Z( )3 b)

r=0 \n=v+1

and

1

g

Proof. To determine the Hausdorff measure of noncompactness of L 4, take S| £o(r,s)|, as unique ball in the space

Bnr

L 4 is compact iff lim {Z < >
V=0 | =0 n=v+1

|£9(r,5)| - By using Lemma 2.1, Lemma 2.3 and Lemma 1.3, it is obtained that

14, = x(4(Sieem,))
= Y (EWoL(r,s)0A (S‘L¢(7’,S)|P))
x (BoE® oL(r,s) <S\m(r,s)\p))

lim sup H(I —B) (B(Z)) H
v—00 Z€E<p>(z:(r,s)(S‘m(T,snp))

L {5 (2

V=0 | =0 \n=v+1

1

il

Finally, by using Lemma 2.2, the compact operators in this class can be immediately characterized. O

b"l'f‘

I

Theorem 5.2. Under the hypothesis of Theorem 4.2, if A € (|£¢(r, s)|,|L2(r, s) |p), then

1
oo _ P P
Al = lim {sgp S [bus] }

n=v+1

and
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1
V4 P
S =0

Proof. Let S|z4(,,5) be a unit sphere in |£¢(r, s)|. Since E®) o L(r,s) 0 AS|zo(r.5 = B o EW o L(r,5)S|£o(r,)), it
follows by Lemma 2.1, Lemma 2.3 and Lemma 1.5 that

(o]
L 4 is compact iff lim {sup >
Vo0 J n=v+1

1A, = x(ASizors))

= X (B® o L(r,5)o AS o))
— (B o EM o L(r, s)S|m>(T,s)|)

= lim sup H(z ~ P)(B(2))
v—00 l
z€EMoL(r,s) (S\c¢(r,s)|)

p

1
[e) - P P
= lim {sup > ‘bnj’ }

V=00 J n=v+1

Using Lemma 2.2, the last part of the proof is completed. O

Theorem 5.3. Let 1 < p < oo. Then,
m)UAGOEWnQme,mm

1Zally = Jim sup |4

Uy J*)OO n>j
and
L 4 is compact i =0.
n—oo :
() If A€ (|£2(r,5)] ), then
5 lim SUPZ a?) _ak’ < |ILall, dk’
I7oon>j 13 con>j
and
o
L 4 is compact i dk‘ =0
n— o0 :
where @ = (ay,) is defined by a, = Um a,y, foralln € N.
n—oo
() IfA e (|c<z>(7~, s)\p,zm), then
0<|[|Lall, :
and
L 4 is compact i =0.

n—oo k=1
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(d)If A e (|£%(r,s)],1p), 1 < p < oo, then

1/p
o0
-k 3 -’
ILall, = lim | sup ) ,
X Jj—o0 v 11 )
n=j

and

=(1)

aTL’U

P
=0.

L 4 is compact iff lim sup >
1=

Xy n:j+1

(e)IfAe (]ﬁ’(r,s)]p , l), 1 < p < oo, then there exists 1 < £ < 4 such that

P 1/p
%) LS

Zall, = g Jim [0 32

v=1 \n=j+1

a®)

nv

and

~(p)

Any

v=1 \ n=j+1

o
) o

Proof. The proof of the theorem can be obtained by combining Lemma 4.2 and Lemma 2.5, so it has been left to
reader. O

L 4 is compact iff lim ( >
j—o00
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An Analytical Approach to an Elastic Circular Rod
Equation

Zehra Pinar

Abstract

The size-dependent longitudinal and torsional dynamic problems for small-scaled rods have importance
in two-phase media. The special case of the elastic rod equation such as magneto-electro circular equation
are seen in the literature commonly, but in this work, the generalized form of the nonlinear elastic circular
equation, which was not studied in the literature, is considered. The exact solutions are obtained via
Mathieu approximation method with a novel proposed ansatz. Obtained solutions are discussed and
illustrated in details. We believe that the proposed results will be key part of further analytical and
numerical studies for waves in the dispersive medium with reaction.

Keywords: Mathieu approximation method; the elastic rod equation; travelling wave solutions.

AMS Subject Classification (2020): Primary: 35CXX ; Secondary: 35BXX; 35QXX.

1. Introduction

Modeling a wide range of problems related to different research areas such as fluid mechanics, plasma physics,
optical fibers, biology, solid state physics, chemical kinematics, chemical physics and chemistry, is done by using
partial differential equations (PDEs). Therefore, PDEs are of paramount importance among researchers. In particular,
nonlinear wave propagation, diffusion, reaction and convection are very important. Thus, the longitudinal wave
equation (LWE) arising in a magneto-electro-elastic circular rod is a major problem that rods have been used for
transmission and owing to their superior electrical, mechanical, optical and other physical and chemical properties,
areas of use vary [18]. Firstly, the models of LWE can be examined. The most known model for long finite-amplitude
waves is the Korteweg-de Vries (KdV) equation but the dispersive term is ignored, so the non-linearity is dominant.
Then, there were many attempts to improve the model via using extra nonlinear terms involving second-order and
a third-order derivative. Hence, the aim is focused on finite-length and finite-amplitude waves. Respect to material
of the rod, the equation is reduced to Benjamin-Bona-Mahony (BBM) equation which is known as an alternative to
the KdV equation for modelling long finite-amplitude waves. Although, no matter how thin the rod is, it is always
assumed three-dimensional, when the rod diameter is much smaller than the axial length scale, it is reasonable to
expect that approximate one-dimensional equations (rod equations) can give a good description of the motion of
the rod. Many modifications of rod equations are seen in the literature and these equations ignore many properties
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of rod and constraining terms [8, 12, 13, 17, 18, 19]. In this work, the considered rod equation was not studied before
in the literature and it contains physical and chemical properties of the rod. The generalized form of the elastic rod
equation [2, 3, 7] is determined

2
Y quttzx = F(t)’ (11)

Ut — 0(2)(1 + nan(ux)z)mx -

where F(t) is the forcing term, s is the cross-section area of the rod, .J,, is the polar moment of inertia, ¢2(= %) is the
square of the linear elastic longitudinal wave velocity, £ is the modulus of elasticity (Young’s modulus), p is the
density of the rod, is the Poisson ratio, n is an integer, a,, is material constants of the rod.

In case of the soft-nonlinear materials a,, is less than zero, whereas for hard-nonlinear materials such as rubbers
polymers and some metals a,, is greater than zero. As it is seen that, Eq.(1.1) is also material depended equation
(model). As can be seen, when F'(t) = 0, Eq.(1.1) is reduced to the well-known rod equation and also when a,, = 0
under adequate assumptions can be converted to classical wave equation for an elastic thin rod [7]. In the literature,
solitary wave solutions of the Eq.(1.1) are obtained for n = 2 and n = 3 by simplicity [17, 19, 20]. Generally, the
ansatz is determined after reducing and integrating the Eq.(1.1) [1, 6, 7]. But the degree of the ansatz is fractional that
is not valid. In this work, the Eq.(1.1) is considered in the original form and the degree of the ansatz is determined
in a novel way. Till now, the degree of ansatz is determined by balancing principle which is generally given for
the power-law non-linearity. The reason of the transformations and integration is to reduce the Eq.(1.1) to the
equation with power non-linearity to use the known balancing principle. The balancing principle, determined in
our previous work, works not only positive integer power but also negative and/or fractional powers. Moreover,
the power is least numeral satisfying the finite expansion in most cases [16]. Hence in the similar manner, the novel
balancing principle for non-power-law non-linearity is proposed

N +n =¢gN + psN, (modn), (1.2)

where the highest order term is 2°% and the highest order nonlinear term is 2% (2"«

por 574 (9¢)P By the novel proposed
balancing principle (Eq. (1.2)), the power is obtained as the least numeral and positive integer, so the computational
cost decreases. Additionally, the novel balancing principle works for all types of non-linearity and general cases.
We exemplified some examples either does not work with already existing balancing principles in the literature. In
this work, we consider the auxiliary equation method based on the Mathieu equation. In order to explain the idea

of the auxiliary equation method, using the wave transformation,

U(l‘ﬂf) :u(é)@:xf,ut. (1.3)

A nonlinear partial differential equation (PDE), M (u, g, tt, Ugg, Ugt, U, --.) = 0, is reduced to a nonlinear ODE,
N (u, ug, uge, ...) = 0. Assuming that the exact solution of equation nonlinear ODE has the simple finite expansion as

u(é) = Zgﬂ(&)i, (1.4)

where g; are unknown constants to be determined later. Also, z(£) defines the exact solution of the new proposed
auxiliary equation. The unknown coefficients are determined in main three steps: (1) substituting the proposed
auxiliary equation into the reduced nonlinear ODE. (2) Equating each coefficient of power of z(£) to zero. (3)
Solving the corresponding algebraic system, the coefficients are obtained. Also, the main step is determination of
the integer N , which indicates the number of terms will be used in Eq.(1.4), basically by balancing the term with
the highest order derivative and the term with the highest power non-linearity in reduced nonlinear ODE. But,
in this work, the novel proposed balancing principle (Eq. (2)) is used to determine the integer so the considered
generalized rod equation has non-power-law non-linearity. Generally, the function z(¢) is used as the exact solution
of proposed auxiliary equation in the literature. Since nonlinear PDEs cannot be recovered by only one auxiliary
ordinary differential equation, there have been many studies utilizing different exactly solvable auxiliary equations
[14,15].
As it is known that Eq. (1.1) has solitary and periodic type travelling wave equation, Mathieu equation [14],

dz(¢)
de?

+ (a — 2qcos(€))z(€) = 0, (1.5)



Elastic Circular Rod Equation 47

which has a solution as z(§) = C1 MathieuC(a, q,&) + CoMathieuS(a, q,§) , where MathieuC and M athieusS are
periodic functions for countably many values of (a function of ¢ ). In this work, the rod equation is solved using the
novel ansatz and the proposed method which has the same idea with different auxiliary equation.

2. Solutions
In this section, using proposed method and the novel balancing principle, the analytical solutions of the following
generalized elastic rod equation is obtained

2
I e = F(2). 1)

Upp — 0(2)(1 + nan(um)Q)m -

Till now, the solutions of the elastic rod equation (Eq. (1.1)) is obtained after reducing to ODE, transformation v’ = v
and integrations are used. Hence instead of the Eq. (1), the reduced equation is solved i.e. the original equation
is not solved [8, 12, 13, 17, 18, 19]. Using the novel balancing principle for non-power-law non-linearity, Eq. (1.1)
is solved directly. To our knowledge, this study is the first attempt to investigate the analytical solutions of the
generalized nonlinear elastic rod equation (Eq. (1.1)). With the wave transformation, u(z,t) = u(§),§ = z — pt , Eq.
(2.1) is reduced as below,

Vi
pu” — ciu”" —nck(u) "t — Tp,uzu(4) =0, (2.2)
respect to the novel balancing principle (Eq. (1.2)) N = 2 (mod4) .

Case 1.In the case n = 2 as generally considered in the literature, using the novel balancing principle N = 4 =
2(mod4) is obtained, so the ansatz is u(£) = go + 912(£) + g22(£)* . Applying the given procedure, the parameters
are obtained as the solution of the nonlinear algebraic system.

—CyMathieuSPrime(a,q,§) 23)
MathieuC Prime(a,q,€) ' co- '

9120701:

The plot of the obtained solution is given by Figure 1. Figure 1. The 3D ((a)-(b)) and contour (c) plots of the solution
of Eq. (2.2) via Mathiue approximation method for Case 1 go = 2,92 = 1,5 =2,¢o = V3, v =2,a=1,¢ = 1.2,a, =
1,J,=1.
Case 2.. As a novel case n = 4 is considered, using the novel balancing principle N = § = 1(mod4) is obtained,
so the ansatz is u(§) = go + 912(€) . Applying the given procedure, the plot of the solution is given by Figure 2.
Figure 2. The 3D ((a)-(b)) and contour (c) plots of the solution of Eq. (2.2) via Mathiue approximation method
forCase2 gy =2,91=1,s=2,co=3,v=1,a=18,a,=1,J,=1,u=0.1

3. Conclusion

The main idea of this study is based on obtaining the exact solutions of generalized elastic rod equation
containing non-power non-linearity by using the exact solutions of different type equations as an ansatz. By means
of Mathieu equation with the wave transformation, the exact solutions of the generalized elastic rod equation are
obtained. The generalized elastic rod equation is not an usual equation that contains parameters refer to physical
and chemical properties of rod material. In this work, the novel balancing principle for non-power non-linearity to
determine degree of ansatz is proposed for the first time in the literature. We believe that the obtained solutions of
the generalized elastic rod equation will play key role in further analytical and numerical studies. Future studies
will be based on investigating the analytical solutions of the nonlinear partial differential equations containing the
non-power non-linearity via the proposed novel balancing principle in this study.
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Abstract

in the population within the scope of the target of Ry < 1 has been obtained.

With this study it is aimed to introduce and analyze a new SIS epidemic model including vaccination
effect. Vaccination considered in the model provides a temporary protection effect and is administered
to both susceptible and new members of the population. The study provides a different aspect to the
SIS models used to express, mathematically, some infectious diseases which are not eradicated by the
immune system. The model given this study is designed by considering varying processes from person
to person in the disease transmission, the recovery from disease (recovery without immunity) and in the
loss of protective effect provided by the vaccine. The processes that change according to individuals are
explained by distributed delays used in the relevant differential equations that provide the transition
between compartments. The differences in the model are especially evident in these parts. In analyzing
the model, firstly, the disease-free and endemic equilibrium points related to the model are determined.
Then, the basic reproduction number R is calculated with the next generation matrix method. Next, the
dynamics about locally asymptotically stable of the model at the disease-free and endemic equilibriums
are examined according to the basic reproduction number Ry. Attempts intended to reduce the spread
of the disease are, of course, in the direction supporting the lowering the value R,. In this context, the
reducing and enhancing effects of the parameters used in the model on the value R have been interpreted
mathematically and suggestions were made to implement control measures in this direction. Also, in
order to evaluate the support provided by the vaccine during the spread of the disease, the model has
been examined as vaccinated and unvaccinated, and by some mathematical process, it has been seen that
the vaccination has a crucial effect on disease control by decreasing the basic reproduction number. In
other respects, by explored that the effect of parameters related to vaccination on the change of R, a
result about the minimum vaccination ratio of new members required for the elimination of the disease
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1. Introduction

Mathematical modeling has been used to describe and analyze behaviors of many phenomena in the practical
application areas such as theoretical ecology, mathematical epidemiology, economics, medicine, physics, chemical,
biology, engineering and so on, [1-7]. Specially, the technique of compartmental modeling has become substantial
tools in mathematical epidemiology for analyzing of the spread and control of infectious diseases. The modeling
idea related to epidemic disease transmitted in a closed population consisting of susceptibles (.5), infectives (1),
and recovereds (R) were firstly considered by Kermack and McKendrick in 1927, [8]. Then, a lot of authors have
dealt with various details to carry further forward this modeling technique. Along with, the historical adventure
of compartmental modeling in mathematical epidemiology has proceeded from basic models to more detailed
models. It is usually difficult or almost impossible the analytical examination of detailed models and so their
usefulness for theoretical objectives is restricted, even though they may include substantial strategic values. On the
other hand simple models may be inadequate for public health authorities who are faced with the need to make
recommendations on strategies to deal with a particular situation. Therefore, the researches on the dynamics of
basic but slightly more detailed models have folded day by day. Especially, it has been concentrated on seeing
whether the variations in the models which are studied can lead to significant differences in behaviors related
to qualitative and stability, with respect to models in classical type. Hereby, by using the general principles of
modeling of epidemics, various models to describe the course of some epidemic diseases have been formulated,
[9-18].

With the details studied in the epidemic models, specific principles including factors such as vaccination,
quarantine, treatment; differences in systems reflecting transmission dynamics (such as being difference, differential,
integral or integro-differential equations) or using of the delay element in the projected system ... etc. are meant.
Vaccination appears as one of the significant factors between control measures for the dynamics in diseases
transmission. Li and Ma studied on SIS epidemic model with vaccination in [19]. Cai and Li [20] examined the
global stability of their SEIV epidemic model with a nonlinear incidence rate.

In this paper, we formulate a new SIS model with distributed delays by adding the vaccination effect, too.
To do this we use three distribute functions. Vaccination strategy in the model presented in this study base on
administering to both susceptible and new members of the population. Also, in the model, we assume that the
vaccinated individuals have temporary immunity and the losing of efficacy of vaccination varies from individual to
individual depending on the fact that efficiency of any vaccine does not usually continue lifetime of the individual.
On the other hand, it is thought that the infectiousness period in the transition from S to I and the recovery
without immunity in transition from I to S vary from individual to individual. The fact that the system consists of
integro-differential equations is originated from these effects varying according to individuals.

In the literature, there are studies that take into account the relative infectivity, [21-23], as well as the studies
that assume that the immunity formed after vaccination is not permanent, [24].

On the other hand, by using nonlinear classical differential equations, models in which the delay period is the
same and constant for all individuals can be made. However, nonlinear integro-differential equations are needed
to express the delay process with distributed manner, provided that the delay process remains within a certain
interval and varies according to individuals.

In the model introduced in this study, it is assumed that both the infectivity differs according to the individuals
over time and the protection provided by the vaccination that does not create permanent immunity changes over
time. In addition, the assumption that vaccinated individuals become relatively susceptible again with the loss of
immunity is also reflected in the model. The study aims to contribute to the mathematical epidemiology literature
with these novel aspects.

We continue this study to which we begin with introducing the model, with the qualitative and stability analysis
of the model. In what follows, we evaluate the impact of vaccination on the model dynamics and discuss sensitivity
analysis utilizing the normalized forward sensitivity index.

2. The Main Results Related to Research

The model which have been constructed by using the distribution function in three directions of transmission
and adding vaccination effect is governed by a system of nonlinear integro-differential equations below.

ho h3

hy 2
- (1—p)b—ﬂS(t)/f(T)I(t—T)dT—US(t)—uS(t)+£/9(9)V(t—9)d0+n/k(v)1(t—v)d%
0 0 0

ds
dt
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hy h3
dI

G = 880 [rore-ndr—y [k - -s10) - ul ). @)
0 0
hao
% - pb+JS(t)ff/g(Q)V(th)deuV(t).
0

According to the model, the population was divided into three categories: Susceptible (S), Vaccinated (V), and
Infectious (/) individuals.

The susceptible class consists the individuals who are susceptible to the disease and have not any immunity. By
infectious individuals, it is meant the individuals who are infected by the disease and are able to spread the disease
to susceptible individuals.

Here S(t), I(t) and V (t) represent the numbers of susceptible, infectious and vaccinated individuals at time ¢,
respectively. The total population size at time ¢ is N (¢) and for all ¢ > 0, N(t) = S(¢) + () + V(). Also it is assumed
that all functions and parameters used in the model are nonnegative. The inclusion of all newborn individuals into
the population is provided by giving input to the susceptible and vaccinated classes with the constant rate b in total.
The rates of natural death and the disease induced death are represented by 1 and 6, respectively. 3 denotes the
effective contact rate between infectious and susceptible individuals.

h1 is maximum infectiousness period and 7 indicates the period of time for each individual becomes infectious
such that 0 < 7 < hy. By using f which is first distribution function used in the model, the density of individuals
whose infectious period 7 is indicated with f(7). Classically, it is supposed that f is non-negative and continuous

h1
on [0, hy]. Also f satisfies | f(7)dr = 1. The term f (1) I (¢t — 7) corresponds to number of surviving individuals
0

h1
at time ¢ who infected at time ¢ — 7 and have infectiousness period 7. The integral 85 (¢) [ f (7)1 (t —7)dr is

0
expression that reflects transition of individuals to the compartment I as a result of effective contact between the
susceptible and infectious individuals within their infectiousness period.

The model envisions a vaccination strategy in which the vaccine is effective on all individuals and vaccinated
individuals are not become infected during their protection period. But the effectiveness of the vaccination loses
over time. p shows the vaccination rate of newborns while (1 — p) b represents the inclusion rate of newborns
without vaccination to the susceptibles. Also o is the vaccination rate of individuals in susceptible group and ¢ is
the losing rate of effectiveness of the vaccine.

Besides these, g is the second distribution function such that g (6) shows the ratio of individuals whose protection
period provided by the vaccine is 6. hs is the maximum protection period provided by vaccination. So § = 0 means
that the vaccine is completely ineffective. Also, 0 < § < hy means that the vaccinated individuals gain only a finite
protection period (partial protection). Classically it is supposed that g is non-negative and continuous on [0, k3] in

ho
addition that g satisfies [ g () df = 1. The term g (6) V (¢t — 0) corresponds to number of surviving individuals at
0

time ¢t who have been vaccinated at time ¢t — § and whose protection period is 6.
According to this model, the vaccination does not provide a protective effect that will last forever. So, when
the protection period is finished, the vaccinated individuals who no longer has any protection turns again to the

ha
susceptible compartment. To reflect this transition, we have used the expression ¢ [ ¢ (6) V (¢ — 0) df in the model.
0

On the other hand, with entering the individuals to the recovery process, the amount of pathogens in the
host individual’s body become sufficiently low in the rate that the individual is no longer capable of transmitting
the disease. Individuals who complete the recovery process return to class S because they have not acquire any
immunity to the disease. n indicates the recovery rate of infectious individuals (recovery without immunity) and
hs is maximum recovery period. 7 indicates the time of recovery period of each individual with 0 < v < hs.
k is third distribution function used in the model such that k() denotes the density of individuals whose their
recovery period is . Again, classically, it is supposed that k denotes non-negative and k is continuous on [0, hs],

hs
such that k satisfies [ k(vy)dy = 1. The term k(v)I (t — v) represents the number of surviving individuals at time

0
t who have been infectious at time ¢t — v and whose recovery period is . According to our model the recovery
period is also a process that varies according to the individuals, just like the infectiousness period. Thus we use the
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hs
mathematical expression 1) [ k () I (t — 7) dv in the transition from I to S to reflect the changing of the recovery
0

process according to individuals.
2.1 The Qualitative Analysis Results
Before moving on to the analysis of the model, we have to be sure that solutions of the system (2.1) remain in a

biologically feasible region for all parameters ¢ belong to time. After preparation to this particular, we determine
the equilibrium points and basic reproduction number of the model.

2.1.1 Feasible Positive Invariant Region for the Model
Theorem 2.1. The bounded set

0= {(S,I,V) :SeC(R4,Ry), I €C([-max{r,v},0),Ry), Vel([-0,0),Ry): N(t) < Z} (2.2)

is positively invariant for the model, where Ry = [0, 00) .
Proof. By the sum of the differential equations that make up the system (2.1), the differential inequality

dsS dI dv
/ — —_— —_ PR
Nt = dt + dt + dt

— b u (S +I)+V () -6t
< b—u(N (1) 23)

is obtained. The solution of this differential inequality is achieved from solving the differential equation
N’ (t) + pN (t) = b.

Then, we get the solution

N (t) = N(0)e " + % (1—e") (2.4)

for the initial condition ¢ = 0. Standard Comparison Theorem [25] says that the right side of the equality (2.4) is the
maximal solution of inequality (2.3). Thus we write

N (t) < N(0)e " + % (1—e )
forall ¢t > 0.
It is obvious that N () < b/ for all t > 0 when N(0) < b/u. Hence, © is positively invariant for the system (2.1).
On the other hand, it can be derived that N (¢) is bounded above with b/ p.
Consequently © is an asymptotic global attractor for all solutions of (2.1). Thus examining of the dynamics of
(2.1) in the region © would be appropriate epidemiologically. O

2.1.2 Disease-Free Equilibrium Point
Since an equilibrium point of the system (2.1) is a constant solution of the system, it holds the equations
constituting the system and so it is written as:

= (I1—p)b—pBSoly —aSo — puSo + Vo + nlo,
= pb+ oSy —EVo — po.

From first and second equations, it is obtained respectively that

S = w (2.5)

o+ un

and o
Vo = mj (2.6)

E+p



54 S. Cakan

for Iy # 0. Substituting the equality (2.6) into (2.5), we get

So [0€ + op+ pé + p? — o] = bE +bu (1 —p)

and so
g - bE+n-p)
p(€+p+o)
If this value is rewritten in (2.6), it is obtained that
b(pp+ o)

T uEtuto)

Hence, the disease-free equilibrium point of the model is

b(E+pu—p) , blppto) )
pE+p+o) T pE+pto))’

DFE = (So, o, Vo) = ( (2.7)

2.1.3 Basic Reproduction Number

The basic reproduction number denoted by Ry is described as the average number of new cases (secondary
infections) created from one infectious individual in the wholly susceptible population through the entire length of
him/her infectiousness period.

In this part, we determine the basic reproduction number of the model by using the next generation matrix
approach, [26].

The dynamic system given by (2.1) can be written in matrix form as

I

aw _

dt S ’
1%

where W = (1, 5,V)T.
For the system written in the form

aw
S = Y) = Zw),

Y(W) and Z(W) are the following matrices, respectively:

h1
Bs(ﬂtff(T)[@‘*T)dT

VW) = .
0
and
Z(W)H
Z<W>ZIZ<W>21],
Z(W)
where
hs
ZW)y = n/kww(tw)dw<a+u>1<t>,
’ hy ho h3
ZW)y = ﬁS(t)/f<T>I<t—T>dT+os<t>—s/gw)vu—e)de—n/k(v)f(t—v)dvmsm—<1—p>b,
0 0 0
ha
ZW)y = s/g<e>v<t—e>de+uv<t>—osm—pb.

0
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In this splitting, J(W) is the matrix formed by writing of the partitionings in which new infections appear in
compartments I, S and V, respectively; and Z(W) is the matrix formed by writing of the partitionings in which
other transitions between compartments /, S, V, and other compartments, respectively.

Now we find the correspondences at the DFE of the derivative matrices of V(W) and Z(W) with respect to I, S
and V, respectively.

BSo Blo 0
dY(DFE)=| 0 0 0
0 0 0
and
n+o+pu 0 0
dZ(DFE)= | BSo—n Blo+o+u —§
0 —o E+p

Now, considering that the infection can only exist in compartment I, let us constitute the block matrices Y and Z as
Y =Y = [BS0]

and
Z=Zu=MNn+0+py].

YZ*—{B&)]
n+u+d]

From the biological meanings of ¥ and Z, it follows that Y is entrywise non-negative and Z is a non-singular
M-matrix, so Z~! is entrywise non-negative. Let ¢ (0) shows the number of initially infected individuals. Then
Y Z~1¢ (0) is an entrywise non-negative vector giving the expected number of new infections. The matrix Y Z~!
has (1;1) entry equal to the expected number of secondary infections in compartments I produced by an infected
individual introduced in compartments I. Thus Y Z " is the next generation matrix and Ry = p (Y Z~'); where p
denotes the spectral radius.

Considering the component

Hence

5, = 2 +nd-p)
p(€+p+o)
of the DFE, the basic reproduction number of the system (2.1) is obtained as

Ro = »p (YZfl)
BSo
n+u+o
bB(€+u(l—p)
pE+p+o)(n+p+d)

2.1.4 Existence and Uniqueness of Endemic Equilibrium Point

Now, we handle the problem of existence and uniqueness of endemic equilibrium point of the presented model.
The endemic equilibrium EFE (S*, I*,V*) which is a constant solution of differential equations constituting the
system (2.1) satisfies the algebraic equations

0 = (1—p)b—pBS*I[*—0cS" —puS* +EV* +nl*,
0 = BSI* —nI* — (u+06)I",
= pb+0oS* -V —puVr, (2.8)

such that I* # 0. From second equation of this algebraic system, we write
I (BS" =n—(p+4)) = 0.

So, it must be
BS*—n—(p+6)=0
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Then
gr o n1ERFI 2.9)
g
If S* obtained in (2.9) is written in third equation of (2.8), V* is found as
yr o P8t ot put)
B(E+n)

On the other hand, by considering R, S* and V* are written as
g bE+p(d-p)
(€ +p+o)Ro

and
v = Por(E+p+o)Ro+0ob(E+pu(l—p))
p(€+p) (€ +p+o)Ro '

Now;, by using these equalities we have obtained, we will focus on the first equation of the system (2.8).

pPEHn=p) VL (b (o4 )

b(€+pu(1—p)) £pbu(fﬂﬂra)Ro+ab(§+u(1—p))
p(€+p+o)Ro '

pE+p+o)Ro p(€+p) (E+p+0)Ro

After regulations, we write

(I=p)buE+p+o)(§+u)Ro—b(o+u) (§+up(l—p)E+p)
+Epbp (E+p+0)Ro+0b(E+p(1—p))

(E+ ) BB (E+p(l—p) —nu(+p+0o)Ro]

Precisely in this part, it has great importance to regulate the numerator of this fraction with careful operations. The
numerator part of /* can be written as

I" =

(I =p)bu(§+p+0)(E+p)Ro—b (o + p) & (€ + p)=bu (1 —p) (0 + p) (§ + p)+Epbpu (§ + p+ ) Ro+Eab (§ + p (1 - p)) ..

If the first and fourth terms of the numerator consisting of five sums are taken into the common factor (({ + ¢ + o) Ro
) parenthesis, it is obtained the term (£ + p+ o) Robp (§ + p (1 — p)) . From second and third terms, it comes
b+ p)(0+p) (E+pn(1—p)). If this last term and the fifth term of the sum are considered together, it is
obtained that —bu (§ + o+ p) (§+p (1 —p)).

So with the last rearrangement of the numerator part, we obtain

I+ bpu(§+p(1—p)(E+p+o)[Ro—1]

€+m) | bBE+u(1—p) —nu(+p+0)Ro
w(E+p+o)(n+uto)Ro
b(+p(1—p)(Ro—1)
(h+0)(E+m)Ro

Hence I* is meaningful for only R > 1. Thus, we say that the system (2.1) has a unique endemic equilibrium
point formulated by equality

EE = (S*,I",V*)
_ (b(€+u(1—p)) b(E+p(1—p)(Ro—1) pr(f+N+U)R0+ab(§+ﬂ(1—P))>
p+p+o)Re  (u+0)(E+m)Ro p(§+p) (E+p+0)Ro ’

when Rg > 1.
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2.2 The Stability Analysis Results
In this section, we explore the asymptotic behaviors of the equilibrium points for the model (2.1).

Theorem 2.2. The disease-free equilibrium point DF'E is locally asymptotically stable in © for Ry < 1.

Proof. For the system (2.1), the Jacobian matrix at DF'E = (Sy, Iy, Vp) is

—Bly—0 —p —BSo + 17 3
J(DFE) = Blo BSo—mn—p—29 0
o 0 —§{—p

Since Iy = 0, the characteristic equation which is correspond to this Jacobian matrix is

—(o+p) —A —BSo+1 ¢
det (J (DFE) — \3) = 0 BSo—m—p—05—\ 0
o) 0 —£—p—2A
BSo—n—p—=50=N[lc+p+A)(E+p+A)—oaf] (2.10)

= 0.
From hence, for the roots of characteristic equation given by (2.10), we write

Moo= BSo—(n+u+9)
= +n+td)(Ro-1).
The remaining roots are obtained from the equation
N (E+o+2u) N+ pé+op+p®=0.

For this quadratic equation,
A +A3=—(¢+0+2u) <0

and
)\2)\3:M<£+U+ﬂ)>0

While Ry < 1, all roots of the characteristic equation always have the negative sign. Therefore DF'E is locally
asymptotically stable for Ry < 1. O

To prove that the E'F is locally asymptotically stable when Ry > 1, we will use the criteria which is well known
in the literature and given by Routh and Hurwitz.

Theorem 2.3. The endemic equilibrium point EE is locally asymptotically stable in © for Ry > 1.
Proof. The Jacobian matrix of system (2.1) at EE = (S*, [*,V*) is

—BI*—o—p —BS*+n 3
J(EE) = BI* BS* —n—p—2¢ 0
o 0 —{—p

Thus, the characteristic equation which is correspond to J (EE) is

A4+ CiN2 4+ Col + C3 = 0, (2.11)
where
Cy=BI" + &+ 0 +2p,
Cy = pfI* + 6B + pé + o0& + BET* + p? + po + pBI*
and

Cs = pBEI* + 6BEI* + BT + pdpI*.
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Since 4, Cy, Cs are positive, we can determine stability of the system (2.1) by using Routh-Hurwitz Criteria.
According to this criteria,
H =C; >0

and
G0, —Cs

i
After required simplifications, the numerator part of the value H; is obtained as

H,

C1Co—Cs = p(BI*)’ + 6 (BI")? + p€BI* + o€BI" + & (BI*)* + pBI" + poBI* + 1 (BI*)? + ouBI* + o0 pI*
Fopé + 0%E + o8BI + op® + po® + opBI* + PP BIF + pdBI* + 2p>E + 2p0é + 2pBEL
+20° + 20%0 + 2P BT + pBET* + p&® + 08 + &I + pPE + opé
> 0.

and so
H2 > 0.

Finally,
Hs =C3 > 0.

Thus, according to Routh-Hurwitz stability criteria, all eigenvalues of the Jacobian matrix of system (2.1) at the
endemic equilibrium point E'E, that is, each of the roots of equation (2.11) have negative real parts. Consequently, if
Ro > 1 then the endemic equilibrium EE = (S*, I*,V*), which is unique equilibria for the system (2.1), is locally
asymptotically stable. O

2.3 The Effect of Vaccination on the Spread of Disease
When the model is considered without vaccine (in this case, o = p = 0 and so £ = 0)) it transforms to SIS
epidemic model in the following form:

hy h3
G = b8 [1@1e-ndry [k 1@ d- s,
dI 7 7
G = 850 [1@1e-nar—y [k 1=y =510~ I (1)

and for this model, the basic reproduction number is

o b3

Ro=—P
" u+p+0)

It can be easily seen that there exists the relationship

pp+o \ 5
Ro=(1--""— R
0 ( §+u+0) 0

between Ry and Ry. Here Ry < Ry and this mathematical result indicates that, obviously, vaccination has a crucial
effect on disease control by decreasing the basic reproduction number. Thus, with the appropriate vaccination
strategy, the disease can be eradicated in the population by keeping the value R, below 1.

Several mathematical operations give us:

RQ < 1

- R
N R0_0m+0)o
E+pto

& (E+p) (750—1> <o+up7€0.
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Thus, within the scope of the target of R < 1, the value py,i, that comes with the inequality

€+ n) <R01> -0
Pmin > - (212)
KRo

is the minimum vaccination ratio of new members required for the elimination of the disease in the population. We
note obviously that the parameters which define ppi, in (2.12) should be chosen such that 0 < pmin < 1. Also, since
the other parameter determined the number of vaccinated individuals is o, the choosing of parameters pyi, and o
should be considered together in (2.12). The result obtained about pyin means that, with increasing of o and with
decreasing of £, R decreases and so the spread of the disease gradually decreases in the population. Therefore it is
meaningful that the efforts to increasing o or decreasing &. This result will be seen again from the mathematical
explanations in a different perspective in the following part.

2.4 Sensitivity Analysis

One of the main objectives of the epidemic investigations is to suggest strategies such that it will ensure that the
necessary control measures are taken to stop the epidemic and to prevent possible outbreaks in the future. Attempts
intended to reduce the spread of the disease are, of course, in the direction supporting the lowering the value Ry.
Considering that there are many negative conditions brought about by the disease, together with the difficulty of
completely eliminating the epidemic in a population in a short time, attempts to reduce the spread of the disease
are very important. In this sense, with various control measures which will be implemented; lowering the value
Ry is one of the most fundamental issues. Thus, it has a major significance to explore the effect of parameters on
the change of R and to apply control measures in this direction. To this, in the followings, we will evaluate the
influence aspects of the parameters that affect Ry by determining the normalized forward sensitivity index of it.
The normalized forward sensitivity index of the variable R with respect to the parameter ¥ is defined as

Ry ¥
Ro __ 0 7
@" =55 X Ry

by using partial derivative. Where 1) represents the basic parameters constituting R. In that case,

R 8

R 0

o__ 7 ammp—
Qﬁ X - >0

and

IRy &
ot " Ry

_ (0 +pp)€ >0
E+pto)E+pul-p)

By increasing of these parameters that have additive effect on the spread of disease, R increases and so the disease
gets out of control in the population. Therefore, the control measures which will be established should be aimed at
reducing of the parameters 5 and &.

Now let us concentrate to the effect of parameters related to vaccine on Ry. If we calculate, the normalized
forward sensitivity index taking account of the derivatives of R with respect to p and o, we get

Ro _
Q0 =

OR
Ro _ 0 P
% dp 8 Ro
pp
= —— <0
E+p(l—p)
and
R o
RO — 0 o
Qa Jdo % Ro
S —— )

ftpto
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Thus the disease can be eliminated with some favorable and adequate vaccination strategies. For example, one

of the necessary conditions for disease elimination is given in the result of mathematical calculation in (2.12).

Improvements in these two parameters that depend on the efficacy of vaccines may lead to disease eradication.
On the other hand

8R0 n

o Ro
- —— T <o
n+pu+o

Ro _
Q" =

and
ORg 6
X S
96  Ro
J
-——— <0
n+p+o
The parameters 1 and ¢ that its sensitivity indices are negative will bring about the decrease in Ry. Therefore,
strategies and actions developed on these two parameters will be useful in order that the spread of disease enters a
downward course.

R
Q5™

3. Concluding Remarks

While expressing dynamic systems mathematically, nonlinear and moreover delayed differential equations
are needed to construct closer models to reality in the expression of complex phenomena. Because of the fact
that nonlinearity and the existence of delay in a system may lead to being much more complex of analysis and
control of the system, in particular, studying with nonlinear differential equations with delays is quite coercive
mathematically.

All these difficulties aside, the dynamic analysis of nonlinear systems is often examined by looking at the
local stability of the system. To reach conclusions related to local stabilities, it is needed to look at the linearized
equivalent of any equilibrium point of the nonlinear system. Thus it can be reached a conclusion about the local
dynamics of the system.

In this paper, a new mathematical epidemic model under the vaccine effect is constructed. Also asymptotic
behaviors of solutions by evaluating the local stabilities of equilibrium points for mentioned model are examined.

Subsequently, in order to evaluate the support provided by the vaccine during the spread of the disease, the
model has been considered as vaccinated and unvaccinated, and it has been seen that the vaccination has a crucial
effect on disease control by decreasing the basic reproduction number with several mathematical operations. Thus,
with the appropriate vaccination strategy, the disease can be eradicated in the population by keeping the value
Ry below 1. Also, within the scope of the target of R < 1, a result about the minimum vaccination ratio of new
members required for the elimination of the disease in the population has been obtained.

Also in this part, the effects on R of the parameters o and p which represents the vaccination rate of susceptible
individuals and of the parameter £ which the losing rate of protective effect provided by the vaccine have been
determined; and the control measures which will can be applied on these parameters have been interpreted.

One of the main objectives of the epidemic investigations is to suggest strategies such that it will ensure that the
necessary control measures are taken to decrease and if it is possible to stop the epidemic and to prevent possible
outbreaks in the future. Attempts intended to reduce the spread of the disease are, of course, in the direction
supporting the lowering the value R. In this context, the reducing and enhancing effects of the parameters used in
the model on the value R have been interpreted mathematically and suggestions were made to implement control
measures in this direction.

Nowadays, with the advancement of science, the desires and efforts of individuals have been increased in
solving and analyzing more complex problems. In this sense, the various nonlinear dynamic systems have been
formed to explain the more complex mechanisms in the struggle against epidemics and it have been examined the
stability behaviors of these new models. As a matter of course, the several details such as adding some different
compartments (exposed, asymptomatic infectious, etc.) or adding some parameters reflecting various control
measures (isolation etc.) may be considered to carry forward this model.
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