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(m1, m2)-Geometric Arithmetically Convex Functions
and Related Inequalities

Mabhir Kadakal

Abstract

In this manuscript, we introduce and study the concept of (m 1, m2)-geometric arithmetically (GA) convex
functions and their some algebric properties. In addition, we obtain Hermite-Hadamard type inequalities
for the newly introduced this type of functions whose derivatives in absolute value are the class of
(m1, m2)-GA-convex functions by using both well-known power mean and Holder s integral inequalities.

Keywords: Convex function; m-convex function; (m1, mz)-GA convex function; Hermite-Hadamard inequality.

AMS Subject Classification (2020): 26A51; 26D10; 26D15.

1. Preliminaries and fundamentals

Convexity theory provides powerful principles and techniques to study a wide class of problems in both pure
and applied mathematics. Hermite-Hadamard integral inequality is very important in the convexity theory. Readers
can find more informations in [1-6, 8, 9, 12, 13, 16] and references therein regarding both convexity theory and H-H
integral inequalities.

Definition 1.1 ([10, 11]). f: I C R4 = (0,00) — Riis called GA-convex on [ if
F(a®0'78) <€f () + (1 =€) f (B)
holds for all a,b € I and £ € [0, 1].
Definition 1.2 ([14]). f : [0,b] — R is called m-convex for m € (0, 1] if the following inequality
f €z +m(1 = &) < Ef (1) + m(l = &) f(a2)
holds for all 21,22 € [0,b] and & € [0, 1].
Definition 1.3 ([7]). f:[0,b] — R, b > 0, is caled (m1, ms)-convex function, if
f(mag + mo(1 — £)J) < milf(0) + ma(l — &) f(V)
forall 0,9 € I, £ € [0,1] and (mq,m2) € (0,1]%
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The purpose of this manuscript is to give the concept of (m1, m2)-geometric arithmetically (GA) convex functions
and find some results connected with new inequalities similar to the well-known H-H inequality for these classes of
functions.

2. Some properties of (1, m;)-GA convex functions

Here, we will definite a new concept, which is called (m1,m2)-GA convex functions and we give by setting
some algebraic properties for the (m;, m2)-GA convex functions.

Definition 2.1. Let the function f : [0,b] — R and (m1, ms) € (0,1]2. If
£ (@ tym0m0) < gt f(a) +ma (1- ) £(0) (2.1)

for all [a,b] C [0,b] and ¢ € [0, 1], then the function f is called (m;, m2)-GA convex function, if this inequality
reversed, then the function f is called (m1, m2)-GA concave function.

We discuss some connections between the class of the (m,m2)-GA convex functions and other classes of
generalized convex functions.

Remark 2.1. When m; = mg = 1, the (m1, m2)-GA convex (concave) function becomes a GA convex (concave)
function in defined [10, 11].

Remark 2.2. When my = 1, my = m, the (m1, m2)-GA convex (concave) function becomes the (a, m)-GA convex
(concave) function defined in [15].

Proposition 2.1. f : I C (0,00) — R is (m1,m2)-GA convex on I <= foexp:Inl — Ris (my,mz)-convex on the
interval InI = {Inz|x € I}.
Proof. (=) Suppose f : I C (0,00) — R is (mq, m2)-GA convex function. Then, we get

(foexp) (mitlna+ ma(1 —t)Inb) < myt(foexp)(Ina)+ mao(l—1)(foexp)(Ind)

f(amltbmz(l—t)) < matf(a) +ma (1 —t) f(b).

Therefore, the function f o exp is (mq, m2)-convex function on In 7.
(<) Let foexp:InI — R, (m, my)-convex function on In I. Then, we get
f (amltbmz(l—t)) _ f (emltlna+m2(1—t) lnb)
(foexp) (mitlna + mo(l —1¢)Inb)
matf (™) +ma (1 —t) f (e™?)
matf(a) +ma (1 —1t) f(b).

IN I

Theorem 2.1. Let f,g: I C R — R. If f and g are (m1, mq)-geometric arithmetically convex functions, then
(i) f + g is an (mq, mo)-geometric arithmetically convex function,
(ii) For ¢ € R (¢ > 0) ¢f is an (mq, ma)-geometric arithmetically convex function.

Proof. (i) Let f, g be (mq, m2)-geometric arithmetically convex functions, then

(f + g) <am1tbm2(17t)) — f (amltme(lit)> +g (amltbm2(17t))
mitf(a) +ma(1 —1) f(b) +matg(a) + ma(1l —t)g(b)
mat (f +g) (a) +ma2(1 =) (f +g) (b)

(ii) Let f be (mq,m2)-GA convex function and ¢ € R (¢ > 0), then

(cf) (amtpm0-0)

N

IN

¢[matf(z) +ma(1 —1)f(y)]
mat (cf) (z) +ma(1 =) (cf) (y)-
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Theorem 2.2. Let f, g : I — R are nonnegative and monotone increasing. If f and g are (m1, m2)-GA convex functions,
then fgis (mq, mo)-GA convex function.

Proof. If 91 < ¥y (U2 < ¥4 is similar) then

F(W01)g(92) + f(92)g(V1) < f(P1)g(91) + f(I2)g(V2). (2.2)

Therefore, for a,b € I and t € [0, 1],

(fg) (amltbm2(1*t)) _ f (amltbm2(1*t)) g (amltbmz(lft))
[mitf(a) + mae(1—1t)f(a)] [mitg(a) +m2(1 —t)g(b)]
mymt® f(a)g(a) + mimat(1 — t) f(a)g(b) + mamat(1 —t) f(b)g(a)
+mama(1 —t)* f(b)g(b)
= mit’f(a)g(a) + mimat(1 — 1) [f(b)g(a) + f(a)g(b)] + m5(1 — 1) F(b)g(D).
Using now the inequality (2.2), we obtain,
(fg) (mita+mo(1 —1)b) < mit*f(a)g(a) + mimat(l —t) [f(a)g(a) + f(b)g(D)]

+m3(1 —t)*f(b)g(b)
= mat[mit +ma(l —1)] f(a)g(a) +ma(1 —t) [mit +ma(1 — )] f(b)g(b).

IN

Since myt + mo(1 —t) < m < 1, where m = max {my, mo}. Therefore, we get

(fg) (mata+mo(1 —1)b) < matf(a)g(a) +ma(1—1t)f(b)g(b)
= mt(fg)(a) +ma(1—1)(fg) (b)-

O

Theorem 2.3. Letb > 0and f, : [a,b] — R be an arbitrary family of (m1, ma)-geometric arithmetically convex functions and
let f(x) = sup, fol(x). If J = {u € [a,b] : f(u) < oo} is nonempty, then J is an interval and f is an (my, mz)-geometric
arithmetically convex function on J.

Proof. Lett € [0,1] and z,y € J be arbitrary. Then
f (amltbmg(lft)) = sup fa (azmltbm2(17t))
sup [mitfo(a) + ma(l —t) fo (b))

< matsup fo (a) + ma(l — ) sup fo (b)

IN

= matf(a) +ma(1 —1t)f (b) < 0.

This shows simultaneously that J is an interval, since it contains every point between any two of its points, and that
fisan (mq,m2)-GA convex on J. O

Theorem 2.4. If the function f : [a™,b™2] — R is an (my, mz)-GA, then f is bounded on the interval [a™*, b™?].

Proof. Let M = max {m; f(a), m2f(b)} and = € [a™*, b™?] is an arbitrary point. Then there exista ¢ € [0, 1] such that
z = a™ ™1 -Y) Thus, since mit < 1 and my(1 — t) < 1 we have

f(@) = 1 (@ ™070) < matf(a) +ma(1 = ) (b) < M.

Also, for every x € [a™,b™2] there exista \ € {, [ 1} such that z = A\v/a™b™2 and x = 7\/11";117”2 _ Without loss
of generality we can suppose © = Ava™1b™2. So, we get

() s | pmse] [ ) 8 o ()

A A
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Using M as the upper bound, we get

fz) > 2f (\/aml bmz) —f (V“";bm) >of (\/aml bmz) —M=m.

3. Hermite-Hadamard inequality for (m;, m;)-GA-convex function

In this section, we will obtain some inequalities of similar to the H-H type integral inequalities for (m1, ms)-GA-
convex.

Theorem 3.1. Lef f : [a,b] — R be an (mq, ma)-GA-convex function. If a < band f € L [a,b], then the following H-H
type integral inequalities hold:

bm2

f(w) du < my f(a) + ma f (D)
my U - 2 2

f (W) < ;/ 3.1)

T Inb™2 — Ina™

Proof. Firstly, from the property of the (m1, m2)-GA convex function of f, we get

f(\/m) _ f(\/amltbmg(lft)aml(17t)bm2t)

f (a,’mltb’mg(l—t)) + f (a’rrLl(l—t)b’rngt)

Now, if we take integral in the above inequality with respect to ¢ € [0, 1], we deduce that

1t 1t
f (1/a7rL1 b'mz) < 5\/\ f (a’mltbmg(l—t)) dt + 5‘/ (a’ml(l—t)brnzt) dt
0 0

1 1 ) 1 " w)
T2 [ln bm2 — In g™ /am1 U du+ Inb™m2 — Ina™ /am1 U du

-t / R (OF,

Inb™2 —Ilna™ J m, u

Secondly, from the property of the (m1,m2)-GA convex function of f, if the variable is changed as u = a™tp™2(1=1)
then

bm2

1 f(u) ! matymeo(1—t)
Inb™m2 — Ina™ /am1 U du /0 / (a b )dt

< /O [matf(a) + ma(1 —t) (b)) dt

- mlf(a)/o tdt+m2f(b)/0 (1—t)dt

mif(a)  maf(b)
2 + 2 ’

4. Some new inequalities for (m;,m2)-GA convex functions

The aim of this section is to establish new estimates that refine Hermite-Hadamard integral inequality for
functions whose first derivative in absolute value, raised to a certain power which is greater than one, respectively
at least one, is (m1,m2)-GA convex function. Ji et al. [15] used the following lemma:

Lemma 4.1 ([15]). Let f : I C R4 = (0, 00) — R be differentiable function and a,b € I with a < b. If f' € L([a,b]), then

b 1
b2 f(a) ;aZf(b) _/a o f (@) = Inb ; lna/O PO (100 dt.
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Theorem 4.1. Let the function f : Ry = [0, 00) — R be a differentiable function and f' € L ([a,b]) for 0 < a < b < oo. If
|f'| is (m1, ma)-GA convex on [0, max {am% , ba H for [my, ma] € (0,1]%, then the following integral inequalities hold

b’ fa) —a’f(0) [
f—/a xf(x)dx

m
< 1
6

7 ()| [£ (0%, 67) —a?] + 22

7 ()| [ - 1 (@ 07)] @D

where L is the logarithmic mean.

Proof. By using Lemma 4.1 and the inequality

|7 (a*=10) | = | ((a 11)”"(1 ) (briz)mzt> <my(1—t)

’

gas
(a’"l ) ‘ + mot

)

we get

v’ f(a) —a®f(0) [
fﬁ/g zf(z)dx

< O [0 )
0
& D [ o s (o)t 0%)
= m|f (o7 1)‘111 (b/a) /O(lft)a3(1‘t)b3tdt+m2 ’(b@)’m(g/a)/olm?’(l—ﬂb“dt
— |y (a 1)‘ b/a [b‘?’ - azr:bz?’_(llrrlllfg);hlag) | (bﬁ)’ In (g/a) [53 (1nbi1;bl;1i31)n;3()b; —a’)
m 1

7 (@) | [2(0%6) = )+ 22 | (072) | 07 = L (a%,57)]

Corollary 4.1. By considering the conditions of Theorem 4.1, If we take mq, = m and mo = 1, then,
2 a2 b

Corollary 4.2. By considering the conditions of Theorem 4.1, If we take my = mo = 1, then,

2f(a) — a? b
PR [ )i

< (L (a69) o] + 5 I O] [0° ~ L (a®57)]

< ‘f/éa” [L (a3,b3) 7a3] + |f/6(b)| [b3 _ L(a3,b3)].

2

Theorem 4.2. Let the function f : Ry = [0, 00) — R be a differentiable function and f' € L ([a,b]) for 0 < a < b < oo. If
|f/1? is (m1, m2)-GA convex on [O,max {aﬁ,b%}} for [my, ma) € (0,1* and q > 1 then,

b’fa) —a’f(0) [
f_/a xf(x)dx

where L is the logarithmic mean.

Q=

()

<
- 6

7 (a70)[" (£ (0%0%) = a®) +ma | 7 (572)| " (6 — L (a2,6°)) ]

s

Proof. By using Lemma 4.1, power mean inequality and the (m1, m2)-GA convexity of | f/|? on {O, max {am% , bmz H ,

that is, the inequality
() ()

q
S m1(1 —t)

1 (@)] =

2\ |9 p (-2 |4
() el (64
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we get
2 _ 2 b
M_/ o f(z)da
I _1—% ropal mi(l— 1 m2 a %
< In (b/a) / GBSOt gy / G303t f/((awgl) (1—t) (bT) t> dt}
2 LJo LJ O
ol -17% roel
< /e / B0y gy / @108 [y (1= 1) | (77| 7 (b7 "] at
- 2 LJo i 0
! ol g L ! :
UL / @Ay mllf (a7)[* / )a* L 0pdt 4 s | (572 q/ ta®1- ”b‘”dt}
LJo J 0

Q|-

_ Qi:ﬁﬁgi[mlf(mﬁ)rUWQ B) —a®) +ma | (57 )| (6% — L (a*.57))]

6

Corollary 4.3. By considering the conditions of Theorem 4.2, If we take g = 1, then,

Vf(a) —a*f) _ [*
—— —/a xf(z)dx

<{@
- 6

7 (a*)\ (L (a*,b%) — a®) + %

7 ()] 0° - £ a%6%)] -

This inequality coincides with the inequality (4.1).
Corollary 4.4. By considering the conditions of Theorem 4.2, If we take my = m and ms = 1, then,

fla) —a*f(B) _ [*
#7/ zf(x)dx| <

a

Q=

(b° —a®)'
6 [m

7 ()| (2 (@2, 8%) = a®) + 17 0))7 (0° — L (*,0))]

This inequality coincides with the inequality in [15].
Theorem 4.3. Let the function f : Ry = [0, 00) — R be a differentiable function and f' € L ([a,b]) for 0 < a < b < oo. If
|£'1% is (m1,m2)-GA convex on {O, max {am%,bﬁ H for [my,mg] € (0, 1]2 and q > 1, then,

< RO @)t (| ()]

where L is the logarithmic mean, A is the arithmetic mean and % + % =1

fla) —a’f(b) _ [*
s —/a xf(x)dx

ol ()

Proof. By using Lemma 4.1, Holder inequality and the (m1,m2)-GA-convexity of the function | f/|? on the interval
{O, max {a"%l , bm% H , that is, the inequality

() o))

b*f(a) —a®f(0) [
f—/a xf(z)dx

ln(;)/a) :/01 (ag(lt)bgt)pdt]; [/01 ; ((a*’il)”nl(l_t) (b";)mzt>

lﬂywléwawwwyﬁY[Aﬁmﬂ f@ﬁ)‘+mﬂ

= In (b/a) _/1 a3p(1t)b3ptdt} ’ [ml ‘ ami ‘ / (1 —t)dt +mo
LJo

2
p( ) omalr (7))

q

’f’ (al_tbt)} = <mq(1-1t)

/ L |4
(a m1 ) ‘ + mot

=)

we get

IN

]’ |
@1) "
‘/tdt]

IN

In (b
_ n(Q/G)L% <a3p7b3p) Ab (ml
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Corollary 4.5. By considering the conditions of Theorem 4.3, If we take m1 = m and mo = 1, then,
b fa) —a’f(b) [ aERNL
5 —/a xf(z)dz| < (am) ,
Corollary 4.6. By considering the conditions of Theorem 4.3, If we take my = mq = 1, then,
b2 f(a) — a?
b*f(a) —a®f(b) / of (@

Theorem 4.4. Let the function f : Ry = [0,00) — R be a differentiable function and f' € L ([a,b]) for 0 < a < b < oo.
If | f'|? is (m1,m2)-GA convex on {O,max {aﬁ,bm%z H for [my,ms] € (0,1)° and q > 1, then the following integral

By 1n1—32(b/a) <31q)

' (b7) \" (b — L (a*,5%1))

(b/a’) ( 3p b3p)A (m

o)

_n (b/a) L¥ (a®,5%%) A% (If (@)1 F 0%

inequalities hold

fla) —a’f() _ [*
f_/a xf(x)dx

Q=

o ) )

where L is the logarithmic mean and ?l) + % =1

Proof. By using Lemma 4.1, Holder inequality and the (m1, m2)-GA-convexity of the function | f/| on the interval

[O, max {aﬁ , bma H , we get

b’ fla) —a’f(b) [°
s f/a zf(z)dx

_ % </1 1dt>; [/1 aB101-0Bat | g1 <(a"31>ml(1t) (b%)mﬁ) th]é
0 0
. % {/1 GB31-ap3ta [ml(lit) ’f/ (aﬁ)‘qﬂmt /(bm%)m dt}é
0
_ In (12)/(1) {ml f (am% ‘q/l(1 — $)aB=0p3at gy 4y, ‘f’ (b%)‘q/l tagq(lt)bSqtdt}«lz
0

Q=

_ 72“’/“) <3> [ | (a70) | (2 (@20, 8%0) — a®) s |77 (73 )| (670 — I (a0, 5%0))]

Corollary 4.7. By considering the conditions of Theorem 4.4, If we take m1 = m and mo = 1, then,
b2 —aZf(b b 1 1—% b 1 %
MO0 _ [ pyan] < W00 (1)
1

2
< [m | ()] (L (@¥6%) = a™) +17 O (5% = L (a*,6))]”

Corollary 4.8. By considering the conditions of Theorem 4.3, If we take mi = mq = 1, then,

vfla) —a’f(b) _ [*
f—/a zf(x)dx

Q=

< = (32) L @ (E (@, 597) = ) + 15 ) (5%~ I (a,5)



70

M. Kadakal

[1]

[2]

[3]

[4]1

[5]

[6]

[7]

[8]

[91

[10]
[11]

[12]

[13]

[14]

Acknowledgment.

We thank the reviewer for their insightful comments and suggestions that helped us improve the paper.

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

References

Bakula, MK., Ozdemir, ME. and Petari¢, J., Hadamard type inequalities for m-convex and (a, m)-convex
functions, |. Inequal. Pure Appl. Math. 9 (4) (2008), Art. 96, 12 pages.

Dragomir SS. and Pearce, CEM., Selected Topics on Hermite-Hadamard Inequalities and Its Applications,
RGMIA Monograph, 2002.

Dragomir, SS. Pecari¢, J. and Persson, LE., Some inequalities of Hadamard Type, Soochow Journal of Mathematics,
21(3) (2001), pp. 335-341.

Hadamard, J., Etude sur les propriétés des fonctions entiéres en particulier d’une fonction considérée par
Riemann, J. Math. Pures Appl. 58(1893), 171-215.

Kadakal, H., Hermite-Hadamard type inequalities for trigonometrically convex functions, Scientific Studies and
Research. Series Mathematics and Informatics, 28(2) (2018), 19-28.

Kadakal, H., New Inequalities for Strongly r-Convex Functions, Journal of Function Spaces, Volume 2019, Article
ID 1219237, 10 pages, 2019.

Kadakal, H., (m1, mz)-convexity and some new Hermite-Hadamard type inequalities, International Journal of
Mathematical Modelling & Computations, 9(4) (Fall) (2019): 297-309.

Kadakal, M. Kadakal, H. and iscan, I., Some new integral inequalities for n-times differentiable s-convex
functions in the first sense, Turkish Journal of Analysis and Number Theory, 5(2) (2017), 63-68.

Maden, S. Kadakal, H., Kadakal, M. and Iscan, I., Some new integral inequalities for n-times differentiable
convex and concave functions, Journal of Nonlinear Sciences and Applications, 10(12) (2017), 6141-6148.

Niculescu, CP,, Convexity according to the geometric mean, Math. Inequal. Appl. 3 (2) (2000), 155-167.
Niculescu, CP,, Convexity according to means, Math. Inequal. Appl. 6 (4) (2003), 571-579.

Ozcan, S., Some Integral Inequalities for Harmonically (a, s)-Convex Functions, Journal of Function Spaces,
Volume 2019, Article ID 2394021, 8 pages (2019).

Ozcan, S. and 1§can, 1., Some new Hermite-Hadamard type inequalities for s-convex functions and their
applications, Journal of Inequalities and Applications, Article number: 2019:201 (2019).

Toader, G., Some generalizations of the convexity, Proc. Collog. Approx. Optim., Univ. Cluj Napoca, Cluj-Napoca,
1985, 329-338.



(m1, ma)-GA convex functions 71

[15] Ji, AP. Zhang, TY. Qi, E, Integral inequalities of Hermite-Hadamard type for («, m)-GA-convex functions, arXiv
preprint arXiv:1306.0852, 4 June 2013.

[16] VaroSanec, V., On h-convexity, |. Math. Anal. Appl. 326 (2007) 303-311.

Affiliations

MAHIR KADAKAL

ADDRESS: Bayburt University, Faculty of Applied Sciences, Department of Customs Management, Baberti Campus,
69000 Bayburt-TURKIYE.

E-MAIL: mahirkadakal@gmail.com

ORCID ID:0000-0002-0240-918X



MATHEMATICAL SCIENCES AND APPLICATIONS MATHEWATICAL

E'NOTES AND APPLIEC-AJ[I]['][IEE
https://doi.org/10.36753/msaen.992220

10 (2) 72-81 (2022) - Research Article

ISSN: 2147-6268

©MSAEN

Approximation for g-Chlodowsky Operators via

Statistical Convergence with Respect to Power Series

Method *

Halime Taser* and Tugba Yurdakadim

Abstract

Many results which are obtained or unable to obtained by classical calculus have also been studied by
g-calculus. It is effective to use g-calculus since it acts as a bridge between mathematics and physics.
The g-analog of Chlodowsky operators has been introduced and the approximation properties of these
operators have been studied in [12]. Then in [23], the g-analog of Stancu-Chlodowsky operators has
been introduced and some approximation results of these operators have been studied via A-statistical
convergence which is a more general setting. In this paper, we present the approximation properties of
g-Chlodowsky operators via statistical convergence with respect to power series method. It is noteworthy
to mention that statistical convergence and statistical convergence with respect to power series method

are incompatible.
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1. Introduction and Preliminaries

In approximation theory, Bernstein operators have different applications. With the use of these operators,
it is possible to give an understandable and easy proof of Weierstrass’s theorem. This is the most important
application of these operators. The classical Bernstein operators have been introduced and discussed in detailed in
[1,2,5,13, 15, 25]. Since g-calculus acts as a bridge between mathematics and physics, the g-analog of Bernstein
operators have been introduced by Lupas [16]. Different type of ¢-Bernstein operators has also been introduced
by Phillips [21] and Ostrovska [19] have investigated the approximation properties of these operators. Karsli and
Gupta [12] have introduced ¢g-Chlodowsky operators which extend g-Bernstein operators to an unbounded interval.
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The important results in approximation theory have also been studied by using different concepts of convergences
such as statistical convergence, ideal convergence, summation process [3, 4, 8, 11, 20, 24]. It is effective to use these
concepts since they make a nonconvergent sequence to converge.

In the present paper, we study the approximation properties of g-Chlodowsky operators via statistical conver-
gence with respect to power series method. In [26], such examples have been provided to show that statistical
convergence and statistical convergence with respect to power series method do not imply each other.

This paper is organized as follows:
The first section is devoted to basic definitions, notations and also well known results. The second section is devoted
to our main results and in the third section we will give an application.

Now, let us recall basic definitions, notations and also the well known results which we need throughout the
paper.

The density of the subset £ C Ny is given by

o(E) = [ <n:jeEj

n—)oon«i»

whenever the limit exists where the vertical bars indicate the cardinality of enclosed set and Ny is the set of all
nonnegative integers. A sequence x = (x;) is called statistically convergent to L [9, 10, 22] if for every € > 0,

lim

G <n:la;— L=<} =0

thatis, 6(E.) = 0 forany ¢ > O where B, = {j € No : [z; — L| > €}.
By assuming that (p;) is nonnegative real sequence such that py > 0 and the corresponding power series

p(t) == Z p;t’ has radius of convergence R with 0 < R < co. Now the definition of power series method is as

=0
follows :
Let )
Cp = {f :(—R,R) = R| <£1LnR p(t)f(t) cxists}
and
Cp, := q & = ()| pa(t ijt z; hasradius of convergence > R and p, € C,
7=0

The functional P, —lim : Cp, — R (for short P,) defined by

1 &
_ - I 4
P, —limz = 0<£1LHR* (D) jz:;)pgt z;

is called a power series method and z is said to be P,-convergent [6], [14].

A power series method P, is said to be regular if P, — limz = L provided that limz = L [6].

By combining these concepts, Unver and Orhan [26] have recently introduced P,-statistical convergence and
have proved a Korovkin type theorem for a sequence of positive linear operators defmed on C[0, 1], the space of all
continuous functions on the interval [0, 1].

Now let us recall the statistical convergence with respect to power series method, i.e., P,-statistical convergence.
Let P, be a regular power series method and E C Ny. If the limit

op,(E) = ZZ%

0<t—>R (¢

exists then dp, () is called the P,-density of . Notice that by the definition of a power series method and P,-
density it is obvious that 0 < ép, () < 1 whenever it exists [26].
Let z = (x;) be a real sequence and let P, be a regular power series method. Then z is said to be P,-statistically
convergent to L if for any ¢ > 0
Z pit!
O<t~>R p
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thatis, dp, () = 0 for any € > 0. In the case we write stp, — limz = L [26].

Before recalling the ¢-Chlodowsky operators, it is useful to mention certain properties of g-calculus. For any
fixed real number ¢ > 0 and nonnegative integer r, the g-integer of the number r is defined by

[T]q—{ 1-q¢")/1—-q), q#1,

T, q=1.

The g-factorial is defined by

[T]q! = { [11:]‘1[7“7 1]‘1 [1]‘1’ :i(]j?Qv'“a

and ¢-binomial coefficient can be defined as

=

for integers k > r > 0 and ¢-binomial coefficients satisfy the following properties:

R R
R R

The g-analog of (1 — a)™ is the polynomial

and

1, n=0
n _ n—1
(1-a)y = [[a-q¢a), n>1
s=0

The Bernstein-Chlodowsky operators were defined by Chlodowsky on an unbounded set in 1937 [7] as follows:

e =3 () [ ) (=)
b

where 0 < z < b, (b,) is a positive increasing sequence with the properties that, lim b, = coand lim — = 0.
n—o00 n—oo N

The g-Bernstein operators have also been defined by [21] and have been studied by many researchers (see e.g.

[17, 18, 27] etc.)
k kn7k71 .
q

s=0

With the same motivation in the classical procedure, the q-Chlodowsky operators have been defined as:

ents =51 (ffen) [, (2) T (-2)

where 0 < z < b, (b,) is a positive increasing sequence with the property that lim b, = cc.
n—oo

In [12] the following theorem has been obtained for ¢-Chlodowsky operators.

Theorem 1. C,, , operators satisfy the following equalities

Chrq(l;2) =1,
Ch q(t; ) =,
z(b, — )

Ch q(t%2) =2 +
,(I( ) [n]q
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From Theorem 1 and by direct computations, we have the following equalities:

by — )

Cual(t=asz) = =) (= a)sz) =0,

One can easily observe that [n], — asn — oo for 0 < ¢ < 1 and it implies that C,, ,(t%; z) and C,, 4((t — z)?; z)

l—gq
do not converge to 2% and 0 respectively, as n — oo.
In order to overcome this difficulty, we replace ¢ by (¢,,) where (g,,) is a sequence of real numbers such that
0<q, <1,
stp, — limg, =1
and

stp, — lim —— = 0.
rs

Now let us recall the modulus of continuity of f, w(f,d) is defined by

w(f,0)= sup |f(x)— f(y)l.
l[z—y|<o
z,y€[0,B]

It is well known that for a function f € C0, B],
li f,0) =
s 1r(1]1 w(f,9) =0,

and forany A > 0
w(f,20) < (L4 Nw(f,9).

2. Main Results

In this section, we present our main results which fill the gaps in the existing literature. First of all, we recall the
following theorem which states the necessary and sufficient condition for the convergence of a sequence of positive
linear operators on C[0, 1].

Theorem 2. [26] Let P, be a reqular power series method and let (L,,) be a sequence of positive linear operators on C|a, b]
such that for e;(x) = z,i =0,1,2
Stpp — lim HLneZ — Gl” =0

then for any f € Cla,b], we have
stp, —lim ||L, f — f|| = 0.

Under the light of Theorem 2, we are ready to present and prove the following:

Theorem 3. Let (q,) be a sequence of real numbers such that 0 < q, < 1, stp, —limgq, = 1. Then for any f € C[0,c0),
we have

stp, —lim 1Cn,q, (f) = f”C[O,B] =0

where B is positive real number.

bn . .
Proof. Using Theorem 1 and Theorem 2 and since stp, —limg, = 1 and stp, — lim —[ ] = 0, we obtain the desired
Mg
result. This completes the proof. O

Theorem 4. Let (q,,) be a sequence of real numbers such that 0 < g, < 1 and stp, —limg, = 1. If f € C[0, 00), then we

have
(Conu (1) = F(a)| < 20 <f, (an]_)) |
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Proof. By using simple calculations, we have

‘Cn,qn (f7

x)

It is also well known that

— f(=@)]

k=0

IN

(]

IN

IN

I

() [, () (i) e
[ () o] B, ) C-50)
Jr () el B, G) )
(el ], (5)
s (s 3’;""”5) ARGICN

M+ I

=7

k

Sl

O

l')k( T n—k T T n
(-2 )
by bn qn bn by [

and by using Cauchy-Schwarz inequality, we have

Then

k] Lvign b'n, _
nq,

w!{{’zu

> (bfee o) |

n
k
an

I)k( T n—k
-2)
bn qn
k n—kY 1/2 k n—kY 1/2
(-0 ) LG 08
bn bn /. k 0 \bn b/,
/

-2 R @ e

‘) — f(x w w(f’é) x(bnix) i
|Cn,qn(f7 ) f( )| < (f’6)+ ) { [n}Qn }
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_ 1/2
x(bn]x)} , we have
qn

[n

holds. By taking § = {

|@mwmwﬁwnsmm®:m(ﬁ “”‘@>
This completes the proof.
O

Theorem 5. Let (q,) be a sequence of real numbers such that 0 < q, < 1and stp, —limgq, = 1. If f € C[0,b,,], then we
have

where xy € [0,b,] and xy is a fixed point.
Proof. The validity of the following is obvious:

x(bp, —x) _ xoby

Ml = [l

for any fixed point zy. One can obtain the remaining part in a similar way in [12]. Therefore we omit the details
here. O

Theorem 6. Let (gy) be a sequence of real numbers such that 0 < q, < land stp, —limgq, = 1. If f € C[0, 00), then we

have, for sufficiently large n
Bb,
[Cr.qn (f) = fllcto,6,) < <f, Mqﬂ)

where B > 0 is a constant being appeared in Theorem 3.

n [23], the g-analog of the Stancu type Bernstein-Chlodowsky operators have been introduced as follows:

exiun =3 (Rt [ () (-5)

where 0 < z < b, (b,) is a positive increasing sequence with the property that lim b, = oo and «, § are positive
n—oo

integers such that 0 < o < .
Observe that when we take oo = 5 = 0, g-analog of the Stancu type Bernstein-Chlodowsky operators coincide with
g-Bernstein-Chlodowsky operators.

In [23] the following theorem has been obtained for the Stancu type Bernstein-Chlodowsky operators.

Theorem 7. The followings are satisfied for C2:5;

n,q’

B ) =
C’rolé,q (17'7;) _17

o, cx) = [n}q T [O[}q
O ) = o L Tl + Bl ™
coB 2 0) = [n]q2 72 z(by, — ) 2[alq[Blq [n]q2 b,2.
i { )qm+wﬁ( i Wq>+w%H%f+whH%f
Since
stp, — lim =0,0<g,<land stp, —limg, =1,

[]q,,

we can also obtain analogous results those given in [23] in a similar manner for the concept of P,-statistical
convergence.
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Recall that for f € Cfa,b] and ¢ > 0, the Peetre- K Functional is defined by

K(.fv 6) = geggfa,b]{nf - gHC[a,b] + tHgHCz[a,b]}

where C?%[a,b] = {f € Cla,b] : ', f" € Cla,b]}, with the norm
lgllcztas = lgllotasn + 19 loras + 19" o
It is obtained in [12] that for g € C2[0, b,,], then we have

x(b, — )
|Cn.q(g;7) — g(2)| < Tn]qﬂgﬂm[abny

Theorem 8. Let (qy,) be a sequence of real numbers such that 0 < ¢, < 1 and
stp, — limg, = 1.

If f € C[0,00) and B > 0 is a constant, then we have

By,
1Cn.g. (F) = fllcrop,) < 2K (f’ 2[n]q> '

Proof. From [12], it is known that

|Crg, (f32) = F(@)] < = 9lleo.p,)|Cnan (L) + 1 = gllcr,) + |Cng, (9:7) = 9(2)]

and b )
x(b, —x
|G (f12) = f(@)| < 20f = gllews, + =55 19lc2p05.
[n]q
and hence B
|Crisgn (f52) = F@)] < 20f = gllowos.) + 5 llgllozi00.-
[nlq,
Taking infimum over all g € C?[0, b,,], we obtain the desired result which completes the proof. O

Also recall that a function f : R — R is said to be uniform Lipschitz continuous of order v > 0 if there exists a
constant M > 0 such that

|f(x) = fy)| < M|z —y|”
for any = and y in R. In this case, we write f € Lip(y,R).
Theorem 9. Let (g,,) be a sequence of real numbers such that 0 < g, < 1 and

stp, —limg, = 1.

If f € Lipp][0,0y,) and x € [0, B], B > 0 is a constant, then we have

!
Bb, | 2
(o (1) = Fletony < M {27 12
rs
Proof. The proof follows in a similar manner used in [12]. Therefore we omit the details here. O

Theorem 10. Let (g,,) be a sequence of real numbers such that 0 < g, < 1 and
stp, —limg, = 1.
Also let w(0) is the modulus of continuity of f on [0, B] and f(x) has continuous derivative as f'(x), then we have

|Crg, (fr2) = ()| < M Lo (f, [bin
an

[] g,
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3. Conclusions

In this section, we provide an example such that the sequence (g,,) satisfies neither the conditions of the results
obtained in [12] nor the conditions of the results obtained in [23].

Example 1. Lef the sequences (py,) and (qy) defined as follows:

R n =2k . 0 , n=2k+1
=0, n=2k+1" T 1-1 n =2k
1t is easy to see that the method P, is reqular and one can easily see that
dp,(E:) =0

where E. = {n € Nq : |g, — 1| > €} holds for every € > 0. That is stp, — lim q,, = 1. Notice that (qy) is not convergent in
the ordinary sense or statistically convergent.
In [26], a sequence of positive linear operators has been presented which satisfies neither the conditions of Theorem 1 of [11] nor
the conditions of the classical Korovkin theorem (Theorem 4 of [11]) but it satisfies the conditions of Theorem 5 of [11].

Here it is remarkable to mention that our results cannot be deduced from the results in [23] since (qy,) is not convergent or
statistically convergent.
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Soft Quasilinear Operators

Hacer Bozkurt

Abstract

In this paper, we have introduced a new concept, called soft quasilinear operator over soft quasilinear
spaces which extends the notion of quasilinear operator. Also, we studied some properties of soft
quasilinear operators with illustrating examples. Further, we have defined inverse of a soft quasilinear
operator and its some different properties from inverse of soft linear operators are obtained.

Keywords: Quasilinear space; Soft quasilinear space; Normed quasilinear space; Soft normed quasilinear space; Quasilinear
operator; Soft quasilinear operator.

AMS Subject Classification (2020): Primary: 06B99 ; Secondary: 03E72; 08A72; 06F99; 04A99; 04B40.

1. Introduction

In 1986, Aseev [1] introduced the concept of quasilinear spaces, normed quasilinear spaces and quasilinear
operators which are generalization of the linear spaces, normed linear spaces and linear operators, respectively.
Additionally, in [2], [3], [4], [5], [6], [7], [8], the authors introduced some new concepts and results on quasilinear
spaces. Recently, in [9], Yilmaz et all. introduced the notion of inner product quasilinear space and investigated some
basic properties of inner product quasilinear spaces. Also, in [10], Levent and Yilmaz deal with bounded quasilinear
interval-valued functions and analized the Hahn Banach extension theorem for interval valued functions.

Molodtsov [11] initiated a new theory of linear functional analysis by starting the theory of soft sets. Then, Maji
et all. [12], [13] introduced several operations on soft sets. After that, many research works have been done in soft
set theory such as [14], [15], [16] . Also, Das and Samanta introduced the idea of soft linear spaces in [17]. Next,
Samanta et all. [18], [19] presented some new concepts about the soft set theory such as soft convex set, soft semi
norm, soft Minkowski’s functionals on a soft linear space and soft pseudo metric.

Based on our studies with related to quasilinear spaces and studies of Samanta and Das, in [21], Bozkurt defined
soft quasilinear spaces and soft normed quasilinear spaces which are generalization of the soft linear spaces and soft
normed linear spaces, respectively. In the same study, Bozkurt obtained new results about soft quasilinear spaces.

In this paper, we have introduced a concept of soft quasilinear operator over soft quasilinear spaces which
extends the notion of quasilinear operator. Also, we studied some properties of soft quasilinear operators with
illustrating examples. Further, we have defined inverse of a soft quasilinear operator and its some different
properties from inverse of soft linear operators are obtained.

Received : 16-04-2021, Accepted : 05-08-2021
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2. Preliminaries

Firstly, we give the definition of quasilinear space, normed quaslinear space and some its basic properties given
by Aseev [1]. After, we give the concepts of soft quasilinear space and soft normed quaslinear space given by [21].
Now, let’s continue with the definition of Aseev:

Definition 2.1. [1] A quasilinear space over a field R is a set ) with a partial order relation “<”, with the operations

of addition @) x @ — @ and scalar multiplication R x @) — @ satisfying the following conditions:
Q1) q=gq,
(R2)gRzifg2wand w < z,
(@3)g=wif g 2wand w =< g,
(Q4) ¢ +w=w+gq,
(@5) g+ (w+2)=(¢+w)+2,
(Q6) there exists an element § € @ such that g + 0 = ¢,
(@7 a-(8-q) = (a-B)-q,
(@) a-(g+w)=a-qg+a-w,
(Q9)1-q=gq,
(Q10)0-¢ =6,

Q) (a+pB)-g=2a-qg+pB-q,

(RI12) g+ z=xw+vifg2wand z <X v,

(QI3)a-q=a-wifqg 2w,

for every ¢, w, z,v € @ and every o, § € R.

If an element ¢ has an inverse, then it is called reqular. If an element ¢ has no inverse, then it is called
singular. Also, @, express for the set of all regular elements in @) and @, imply the sets of all singular elements in Q).
Besides, Q,, Qq and Qs U {0} are subspaces of @), where Q.. regular subspace of @), Q,; symmetric subspace of Q
and @, U {0} singular subspace of @ [2].

Definition 2.2. [1] Let @ be a quasilinear space. A function |.[|; : @ — R is named a norm if the following
circumstances hold:

(NQ1) lall, > 0if g # 0,

(NQ2) llg + wllg < llallg + vl

(VQ3) [la-allg = lal - gl

(NQ4)if g = 1, then [lgllg, < [lw]l,

(N@5) if for any e > 0 there exists an element ¢. € @ such that, ¢ < w + ¢. and ||q€\|Q < ¢ then g < w for any
elements ¢, w € @ and any real number a € R.

A quasilinear space @ is called normed quasilinear space with a norm defined on it. Let () be a normed
quasilinear space. Then, Hausdorff or norm metric on @ is defined by

ho(gw)=inf{r >0: ¢ 2 w+af, w < qg+al,|af|| <r}.

Definition 2.3. [1] Let @) and W be quasilinear spaces. Then a quasilinear operator A :  — W is a function
satisfying

(QON) A(a-q)=a-A(q),

(QO2) A (g +w) 2 A(q) + A(w),

(QO3) A (q) 2 A(w)ifg 2 wforany ¢g,w € @ and o € R.

Definition 2.4. [11] Let U be an universe and E be a set of parameters. Let P(U) denote the power set of U and A
be a non-empty subset of E. A pair (F, A) is called a soft set over U, where F is mapping givenby F : A — P(U).
A soft set (F, E) over U is said to be absolute soft set denoted by U if foralle € E, F(¢) = U.

Definition 2.5. [20] Let X be a non-empty set and E be a non-empty parameter set. Then a functione : £ — X is
said to be a soft element of X. A soft element € of X is said to belongs to a soft set A of X, which is denoted by e€A,
ife(e) e A(e),Ve € E.

Now, we will give the notion of soft quasilinear space, soft normed quasilinear space, soft quasi vector and some
results related this notions.



84 H. Bozkurt

Definition 2.6. [21] Let (G, P) be a non-null soft set over a quasilinear space ). Then (G, P) is called a soft
quasilinear space over @ if G (p) is a subquasilinear space of ) for every p € Supp (G, P).

Definition 2.7. [21] Let (G, P) is a soft quasilinear space of Q). A soft element of () is said to be a soft quasi vector of
(G, P). A soft element of the soft set (R, P) is said to be a soft scalar.

Definition 2.8. [21] Let (G, P) is a soft quasilinear space of Q over R and (F, P) C (G, P) is a soft set over (G, P).
Then (F, P) is called a soft subquasilinear space of (G, P) whenever (F, P) is quasilinear space with identical partial
ordering and identical operations on Q).

Proposition 2.1. [21] Let (G, P) be a soft quasilinear space over Q. Then
a)0-q=0,forallq € (G,P),
b) k- © = ©, for all soft scalar k,
c)(-1)-q=—q,forallq € (G, P).

Let Q be a quasilinear space, Q is also our initial uiverse set and P be the non-empty set of parameters. Let Q be
the absolute soft quasilinear space i.e., G (p) = Q, Vp € P, where (G, P) = Q. Let SQV (@) be the collection all

soft quasi vectors over ). We use the notation §, @ to denote soft quasi vectors of a soft quasilinear space and @ to
denote soft real numbers whereas @ will denote a particular type of soft real numbers such that @(\) = «, for all
AeP.

Theorem 2.1. [21] The set SQV (é) is a quasilinear space with the relation "=<"
=0 & G\ 2w (\)
the sum operation
(@+w)(N)=q\) +w ()

and the soft real-scalar multiplication

(@@ (N)=a)-q()
for every g, w soft vectors of SQV (@) , YA € P and for every soft real numbers c.

Definition 2.9. [21] Let SQV (@) be a soft quasilinear space and N C SQV (@) be a subset. If N is a soft
quasilinear space, then N is said to be a soft quasilinear subspace of SQV (@) and stated by SQV (N ) Cc SQV (@) .

Definition 2.10. [21] Let SQV (@) be a soft quasilinear space. Then a mapping ||.|| : SQV <@) — R (R) is said to
be a soft norm on the soft quasilinear space SQV (@) , if ||.|| satisfies the following conditions:

(SNQ1) ||g]l S0if § # 8 for all § € SQV (@),

(SNQ) (1§ + ] < 1] + ] for all 3@ € SQV (Q) .

(SNQ3) |l - gl = || ||1q]| for every g € SQV (@) and for every soft scalar &,

(SNQ4) if g=w, then ||g|| < ||@|| for all §, & € SQV (@) ,

(SNQ5) if for any >0 there exists an element Z SQV (@) such that g=@ + Z and ||Z]| <€ then =

Definition 2.11. [21] Let (@ - ||> be a soft normed quasilinear space. Soft Hausdorff metric or soft norm metric on

iF} .

Same as the definition of Hausdorff metric on normed quasilinear space, we obtain =@+ (§ — @) and W=q+ (@ — q)
for every q,w € SQV (@)

Q is defined by equality

-
a;

(@) = inf {72 0: 430 + a7, 927 + .

he(q,@)< (g — @ -
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Here, we should note that h (¢, w) may not equal to ||g — w|| since Q is a soft quasilinear space.

Definition 2.12. [21] A sequence of soft elements {g, } in a soft normed quasilinear space (@, ||||) is said to be

converges to a soft element g if hé(an, do) — 0asn — .

Definition 2.13. [21] A sequence of soft elements {g,, } in a soft normed quasilinear space (@, II- ||) is said to be a

Capchy sequence if corresponding to every ¢>0, Im € N such that h& (i, gj)<cforalli,j >mie. h&(ai, 45) — 0as
i,] — 00.

3. Main Results

Let @ and W be two soft quasilinear spaces over field R, P be a nonempty set of parameters, Q and W be the

corresponding absolute soft quasilinear spaces i.e. Q(\) = Q and W(X\) = W for every A € P. We use the notations
¢, w and Z to denote soft quasi vectors of a soft quasilinear space.

Definition 3.1. Let x : SQV(Q) — SQV (W) be an operator. Then x is said to be soft quasilinear if

(SQO1) x(7 + ) 2x(q) + x(),
(5QO2) x(¢ - q) = ¢ x(q) for every soft scalar ¢,

(SQOB) G=aw = x(q)=x (),
for every ¢, w € SQV(Q).

Example 3.1. If Q be a soft normed quasilinear space. Then the identity operator x : SQV (Q) — SQV(,QV) such that
Xx(q) = g, for every soft quasi element g € Q, is a soft quasilinear operator.

Example 3.2. Let R(P) be the set of all soft real numbers defined over the parameter set P and consider the absolute
soft quasi set generated by Q¢ (R) i.e. Q¢ (R)(A) = Q¢ (R). Let an operator

X R(P) = SQV(Qc (R))

T o= x(MH=7-[1,2]

—

for a soft quasi vector [1,2] € Q¢ (R). For every 7, m € R(P), we have

XF+m) = (F+m)-[1,2]
<7 [1,2] + - [1,2]
= x(™) +x(m).

For every soft scalar ¢, we get

- a(?-ﬁfi)
= ¢ x(r).

For every 7,m € R(P), if ¥ = m then 7 - [/1,\2/] =m- [/1,\2/] since R(P) is a soft quasilinear space with relation "=". So,
we obtain x(7)=<x(m).

Definition 3.2. The operator x : SQV(Q) — S QV(W) is said to be continuous at § € Q if for every sequence {q, }
of soft element of Q with ¢, — gasn — oo, we have x (¢,) — x (¢) asn — oo i.e., h(¢n,q) — 0asn — oo implies

h(x (qn),x (7)) — 0asn — oco. If x is continuous at every soft quasi element of (), then y is said to be a continuous
quasilinear operator.

Example 3.3. The identity operator given in Example 3.1 is continuous since h (x (¢»), x (§)) = h(¢n,q) — 0 as
n — oo.
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Theorem 3.1. Let Q and W be two soft normed quasilinear spaces. If x : SQV(Q) — SQV (W) be a soft quasilinear

n - n
operator, then x (Z Cr. - qu) <> ¢x (qx), ¢ are soft scalars.
k=1 k=1

Proof. For n = 1 the inequality is satisfied. We consider that the conclusion is true for (n — 1) i.e.,

n—1 n—1
X (Zc%qi) <> ax (), G-

k=1 k=1

From here,

n n—1
x(Ze}-g}) = x<2@~@+@~@>

k=1

n—1
k=1
1

3
|

k- X (qk) + ¢ - X (qn)

|
(]

1

= > e x()-

k=1

el
S

O

Definition 3.3. Let x : SQV(Q) — SQV (W) be a soft quasilinear operator, where Q and W are soft normed
quasilinear spaces. The operator x is called bounded if there exists some positive soft real number N such that for

allg € Q, Ix @I <N [l

Theorem 3.2. Let x : SQV(Q) — SQV (W) bea soft quasilinear operator, where Q and W are soft normed quasilinear
spaces. If x is bounded then x is continuous.

Proof. Assume that  is bounded. Then there exists a positive soft real number N such that for all § € Q, ||x (§)|| <N
lg]| - Let g, — g as n — oo i.e., for every € > 0 there exists a ny € N such that

A
N

Gn<q + 5 TG + G50

for all n > ng. Then
X (¢n) <x (@) + x (ﬁn) » X (@) <x (qn) +x (QSn)

()

Therefore, x (¢n) — x (¢) as m — o0. So x is continuous at ¢ € Q. Since § € Q is arbitrary,  is continuous. O

and N
<N

<.

e

Theorem 3.3. Suppose a soft quasilinear operator x : SQV (Q) — SQV (W), where Q and W are soft normed quasilinear
spaces, satisfies the condition: for p € Q and \ € P,

{X@ ) : EQ such that §(\) = u}

is a singleton set. Then for each A € P, xx : Q — W defined by x»(11) = x (§) (A), for all p € Q, GEQ such that §(\) = p,
is a quasilinear operator.

Proof. From the above condition, x» is well defined for every A € P. Since x is a soft quasilinear operator, x
satisfies soft quasilinear operator conditions for VA € P :
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For every p1, v € @ and soft scalar ¢, we get

Xl +v) =x(@+a) (V) <x @ A+ x () () = xalw) + xa (),
xa(e-p)=xE-q ) =c-x(@ ) =c xalp),
p<v=p=qA\)<g¢M) =v=x(@ N <x () N\ = xx(n) < x2).

Therefore, the soft quasilinear operator x satisfying above condition gives a parametrized family of crisp quasilinear
operators. ]

Theorem 3.4. Let {xx : Q — W, A € P} bea family of crisp quasilinear operators from quasilinear space Q to the quasilinear

space W. Then there exists a soft quasilinear operator x : SQV (Q) — SQV (W), defined by x (§) (\) = xa(p) if §(\) = p
and \ € P; which satisfies Theorem 3.3 and x (\) = x for every X € P.

Proof. Let G€Q be an arbitrary soft quasi element and  : SQV(Q) — SQV(W), by x (@) (A) = xa(p) if g(N) = 1
for every \ € P. Also, ¢"€Q be any soft quasi element, A € P and ¢* (\) = v. Then, we get
X(@+a) () = x (@0 +a )
= xap+v)
< () +xa(v)
= x(@ W +x(a)X)-

For every soft scalar ¢, we obtain

x(-q (A = x(@)-q\)
= XA(C( ) 1)
= Xa(p)
= ( ) x (@) (A
Let us consider §<q* such that §(\) = p and ¢’ (\) = v for arbitrary ¢,¢’€Q and arbitrary A\ € P. Then, we

have ¢ (A) <q* ()\) for A € P. From here, we get )\(H)ZX A(v) since x is a soft quasilinear operator. So, we have
X (@ (\) <x (¢*) (\) . Therefore, y : SQV(Q) — SQV (W) is a soft quasilinear operator. O

Lemma 3.1. Let (@, I, P) be a soft normed quasilinear space and a soft quasi norm ||.|| satisfies the condition:
Forpe Qand X € P, {||g]| (A) : () = p} is a singleton set.

Then for every A € P, |||, : @ — R™ defined by |||, = ||q]| (X), for every p € Q and GEQ such that §(\) = p, is a quasi
norm on Q.

Proof. Let ||.||, : @ — R* defined by ||u||, = ||g]| (A), for every p € Q, A € P and G€Q such that § (\) = . For every
e Q. llully = 11l (A) Z0. If [|u]l, = 0, then [|g]| (A) = |7 (A)]| = 6 = . For every soft scalar ¢, we obtain [ x|, =

le-ql (A) =¢- gl (X\) =¢- ||g]l,. Also, ¢ 7€Q be any soft qua51 element, A\ € P and ¢ ()\) = Then for every
pov € Q weget [+ vl =7+ () = |70 + ¢ W[ < gV +[l¢" V)| = llal )\)H ¢[| () = llplly + Il -
If p < v, then ¢ ()\) <¢* (\) . Since ||| is a soft quasi norm, we obtam 11l (N) < ||¢*]| (A) - So, we have el < vy

Lastly, for every e > 0 there exist an element & € @ such that ¢ < v + & and el < e Here, there exist an element
gc € Q such that . (\) = &. Thus, we get §(A) <¢* (A) + G (M) for §(A) = 1, ¢* (\) = v and g (\) = &. On the other
hand, we obtain ||, = ||G|| (\) = ||Gc (\)|| <¢since ||& ||, < e. From (@, Il ,P) is a soft normed quasilinear space,

we have g (\) <¢* (\). This gives u < v. O

Theorem 3.5. Let Q and W be soft normed quasilinear space which for p € Q and A € P, {||q]| (A) : q(\) =p}isa
singleton set. Let x : SQV (Q) — SQV (W) bea soft quasilinear operator satisfying for u € Q and X € P,

{X (@) (\) : GEQ such that G () = M}

is a singleton set. If x is continuous then x is bounded.
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Proof. The proof is similar to the soft linear counterpart. O

Let’s examine the inverse of a soft quasilinear operator x. Let x : S QV(Q) —» S QV(W) be a soft quasilinear
operator where C~2 and W are soft normed quasilinear spaces. {X(?ﬁ : 5@@} is the range set of x.

Theorem 3.6. Let x : SQV(Q) — SQV (W) be q soft quasilinear operator. If x ! exists then
x(q) = 8 implies ¢ = 0.
Proof. Assume x ! exists i.e. x(§) = x(¢*) implies ¢ = ¢*. Let ¢* = 6, then
x(q) = x(0) = 6

implying thereby
qg=20.
But, the converse of above theorem is not true. That is, if x(¢) = 0 implies ¢ = 6, then x~' may not be exists. Clearly,

we know that this requirement exists in linear soft quasilinear spaces, that is, in soft linear spaces. Let’s give an
example related to soft quasilinear operators and it’s inverse. O

1

Example 3.4. R (P) be the set of all soft real numbers defined over the parameter set P. Let an operator

x : R(P)—SQV(Qc (R))
_ [ [-FF:T>0
7 Xm_{ 7,7 : 7 <0.

Clearly, x (¥) € SQV (Qc¢ (R)) for every 7 € R(P). Now, for every 7, m € R(P):
1) If 7, m > 0, then ¥ + m > 0. So, we get

x(r+m) =

2Q)Ifr,m < 6, then 7 + m < 0. So, we have

x(r+m) =

Il

— =
_|_
o3
1
|
R

= X(7) + x(m).
3)Let7 > 0and m < 0. If 7 + m < 0, then, we get

x(r+m) = [F+m),— (T +m)

Ifr+m> 5, then, we get

x@+m) = [F+m),— (T +m)
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4)Letr < Oand m > 0. If 7+ m < 6, then, we get
x+m) = [(T+m),—(T+m)
= [F+m,—7—m)]
27,71 + [, — )
= x(7) + x(m).
If ¥+ m > 0, then, we get
x(r+m) = [(T+m),— (T +m)]
= [F+m,—r—m]
27, 7] + i, ~7)
= x(7) +x(m).
If 7 > 0, then &7 > 0 for every soft positive scalar & Thus, we get
x (cr) =[-ercr]=¢-[-r,r]=¢-x (7).
If 7 < 0, then &7 < 0 for every soft positive scalar & Thus, we get
x(cr)=[cr,—cr]=¢c-[r,—r]=¢-x (7).
If 7 > 0, then &7 < 0 for every soft negative scalar ¢. Thus, we get
x(cr)=[cr,—cr]=¢c-[r,—r]=¢-x (7).
If 7 < 0, then &7 > 0 for every soft negative scalar ¢. Thus, we get
x (cr)=[-ercr]=¢-[-r,r]=¢-x (7).
If ¢ = 0, then

For every r,m € R(P), if ¥ = m then
equal to

Therefore, we obtain x(7)=<x (/) for every 7, m € R(P). So, the operator x is a soft quasilinear operator. Further,

if x (7) = 6 then 7 = 0. But, x is not an one to one mapping. Because, —2 # 2 for —2,2 € R(P), but x (—5) =

39 (2).

Remark 3.1. We know from the soft linear operators, if x ! exists for a soft linear operator ¥, then x ! is a soft linear.
But, this situation may not be true for a soft quasilinear operators. Now, let ’s give an example to illlustrate this
situation.

Example 3.5. Let R(P) be the set of all soft real numbers defined over the parameter set P and consider the absolute
soft quasi set generated by Q¢ (R) i.e. Q¢ (R)(A) = Q¢ (R). Let an operator

x o R(P)—=5QV(Qc (R))

P oo =710

e~

for a soft quasi vector [—1,0] € Q¢ (R). y is a soft quasilinear operator. So, x ! is exists since ¥ is an one to one soft
quasilinear operator. Also, for 1 -[—1,0] € SQV (Q¢ (R)) and 1-[-1,0] € SQV (¢ (R)), we have
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R

|
_
=
IN
—

|
\‘)—‘
=)

but
1~
—# 1.
57
Thus, x ! is not a soft quasilinear operator since y ! does not satisfy condition §=w = x(q)=x(@).
Theorem 3.7. Let Q and W be a soft normed quasilinear spaces which satisfy the condition: {||g|| () : g(\) = u} isa

singleton set for € Q and A € P. Let x : SQV(Q) — SQV (W) bea soft quasilinear operator, x ' be a continuous soft
quasilinear operator and x~1 which satisfy the condition:

{Xfl (@) (\) : GEW such that @ (\) = /@}

is a singleton set for k € W and \ € P. Then there exists a soft real number Egﬁ such that k || < or every GeQ.
8 q x\q Yq

1

Proof. Assume that y ! is exists and continuous. We obtain x ~! bounded by Theorem 3.5 since {||¢]| (\) : ¢ (\) = u}

is a singleton set for 4 € @) and A € P and {)(1 (@) (A) : WEW such that @ (\) = Ii} is a singleton set for kK € W

and A € P. Thus, there exists a positive soft real number N>0 such that Hx_l (w) H <N ||w]| for every w € W . There
exists g€ such that x~! (@) = §. Thus, we obtain [|§]| <N ||x (§)]|. If we take k = + then we get & ||| <Ix@| O

Theorem 3.8. Let Q be a soft Banach quasilinear space and W bea soft normed quasilinear spaces which satisfy the condition:
{I1gll (X) - @ (N) = p} is a singleton set for p € Q and X € P. Also, x : SQV(Q) — SQV (W) be a bijective continuous soft
quasilinear operator satisfying the condition: {X (@) (\) : GEQ such that §(\) = u} is a singleton set for p € Q and X € P.

If x~1 is continuous then W isa soft Banach quasilinear space.
Proof. Let {w,} be a Cauchy sequence in W. Then there exists a n € N such that

~ €
<=
N

Wy KWy + win? Wep SWy, + w§n7

€
‘win

for all n, m > ng. Since x~! is continuous

N (@) Sx @)+ x () ! @) S (@) + x 7 (us,)
ie. _ . _ .
@LS@Z + q;,w E[’V:LS% + q%n
for every x (¢n) = W, for ¢,€Q. There exists ¢, €Q such that y ! ({u\f;) = ¢¢, . Thus, from the above theorem, we

obtain .
<e.

SN ()| = 5[,

Thus, {¢»} is a Cauchy sequence in @ Since @ is complete, ¢,, — qo for some gy € @ So, there exists a ng € N such
that

i
Qin

In<qo + Qins QO=0n + @5, || €|l <€
for all n > ny. Thus, we get
0o + S, T2+, [uf, | 2
for x (¢,) = wy, and y (o) = W since y is continuous. Therefore, W is a soft Banach quasilinear space. O

4. Conclusion

In this work, the notion of soft quasilinear operator is defined. Also, some consistent theorems and conclusions
related with soft quasilinear operators are obtained. Lastly, the inverse of a soft quasilinear operator is described
and its some basic properties are worked.
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Abstract

In this paper, we will introduce the notion of convergence of two dimensional interval sequences and show
that the set of all two dimensional interval numbers is a metric space. Also, some ordinary vector norms
will be extended to the set of two dimensional interval vectors. Furthermore, we will give definitions of
statistical convergence, statistically Cauchy and Cesaro summability for the two dimensional interval
numbers and we will get the relationships between them.
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1. Introduction

It is known that many mathematical structures have been constructed with real or complex numbers. In recent
years, these mathematical structures were replaced by interval numbers and these mathematical structures have
been very popular for three decades.

In order fully and effectively to utilize pure mathematics for the analysis of natural phenomena, we must be
aware that there are many phases concerning which mathematics and reality do not perfectly agree. For example
neither one point on the real number axis is sufficient to represent a physical quantity, no any trace of a moving
body described completely as a continuous function of time having no breadth. The concept of an interval is
more fundamental than that of a real number. The concept of an interval is fundamental is not only in the case of
numerical calculation. It is better to use an interval instead of real number. Interval arithmetic was first suggested
by Dwyer [2]. Development of interval arithmetic as a formal system and evidence of its value as a computational
device was provided by Moore [11] and Moore and Yang [12]. Furthermore, Moore and others [2, 3, 6, 7, 10] have
developed applications to differential equations. Chiao [1] introduced sequence of interval numbers and defined
usual convergence of sequences of interval numbers. Markov [8, 9] studied on interval arithmetic. Sengéniil and
Eryilmaz [15] introduced and studied convergent and bounded sequence spaces of interval numbers and showed
that these spaces are complete metric space. The concept of a two dimensional interval is more fundamental than
that of a one dimensional interval. In this paper, we introduce and study two dimensional interval sequences.
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The set of all £ = (&,&,) € R? satisfying the condition & < & < &, and &,; < & < &5 is called the two
dimensional interval (or two dimensional interval vector) and is denoted by ([51 e.&ir)s o, 52;]). Let’s denote the

set of all closed two dimensional intervals by R*. Any elements of R? are called a closed rectangle or closed two
dimensional interval and it denoted by . That is

E={(61,8) eR?: &1y <& <&, and &y <& < &or )
For all ¢,,&, € R2, we have ¢, = &, if and only if §10 = &20 &1 = &2, 17 = &7 and &1 = Gy

E 486 ={(&,&) eR? : &1y + &y <& < i+ oy, G+ S5 < & < i+ &op )
If @ > 0 then

af ={(&,&) eR?: g <& < af, and afy < & < agr)
and a < 0 then

o = {(&,6) ER? 1 af, <& < af and o& < & < a&l)

£& = ([min{flgEQQ€1£§2£a51£§2£a€1£§2£}7max{glgéé@§1££2£a§1£€2£7§1££2£}]7
[ min{& €27, &176or E17éarm E1ré27 ), max{&iz€az, E176a, E1rorm 17€27 ) ) .

The absolute value of a two dimensional interval is defined by

€] = max {|&l, &I, 1€, I&1}- (1.1)

2. Main Results
Theorem 2.1. The set of all two dimensional interval numbers R is a metric space with the metric d defined by
d(EUEQ) = max {|§12 - 622|7 |£1£ - 52{'7 ‘51? - 52?'7 ‘glﬁ - £2£|}-
Proof. The positivity and symmetry of d are obvious. Let’s show the triangle inequality. If £, £, and &5 € ]2, then

d(glaEQ) = max {|§1Z - 522|7 |§1£ - §2£|v ‘517 - 527|a ‘glz - 521|}»
d(3,&,) +d(&3,6,)

max { €57 — &7, €3¢ — el €7 — &avl, [€ar — Earl}

+max {|&57 — &y, [€3¢ — Eael, |€37 — Earl, |€ar — Eorl}

max{\fﬂ = &yal +1€50 — Soals €37 — aal + €3¢ — el
1657 — &1l + 1&37 — Sorl, 1637 — &1l + 1E3r — 21l
€3¢ — &rel + 1657 — ozl 163 — Eael + €3¢ — &2t
€3¢ — &1l + €37 — Eorls 1§30 — Euel + |30 — Eorl,
€7 — 17| + |€57 — &gl 137 — &url + €30 — &aul,
|37 — 17| + |&37 — Eorl, [§37 — &um| + |€30 — E2rls
|&ar — &l + €57 — Eapl, 1630 — &ar| + |€e — 2l
|§31 - 511‘ + |€3F - €2F|» |§3z - §1£| + |§31 - 521|}-

Now since
‘512 - §QZ| < |532 - 512| + |§3Z - €2Z‘a
€12 — Sael < |€30 — &1el + €50 — €2l
1617 — &or| < |&s7 — &ur| + €37 — Eorl
and
€17 — &2r| < [€3r — &1p| + €30 — Eorls
we have

d(&1,8) < d(E3,61) + d(E3, ).
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In the special case
&1 = ([61e: €10],[0,0]) = €1, &ur]
and
&5 = ([€20, €20, [0,0]) = [€ar, Eav),
we obtain the metric

d(&,,&,) = max {|&1 — &2, [€1r — E2r| }

defined on the set of all interval numbers.

Definition 2.1. A sequence of two dimensional interval numbers

{& = ([&res ko), [0 &) } oy
is said to be bounded if there exists a real number M > 0 such that |£,| < M for all k € N.

Definition 2.2. The infinite sequence of two dimensional interval numbers
{8k = (600, ). (64 6] 2
is said to be convergent to a bounded two dimensional interval number
€= (& &) 6. 6))

if for each ¢ > 0 there exists a positive integer N such that d(¢,,£) < e for all k > N. In this case, we write

Thus,

Jm & =& e lm =&, Hm & =&, lim g =& and lim & = &

{5’“_ <[ki1kleki1k2+k1D}

kli}rr;ogk = ([07 1}5 [172])'

As an example, let

then

A two dimensional interval sequence {¢,} is nested if {; ,; C £, for all k.
Every nested two dimensional interval sequence {¢, } converges and has the limit (), &,.

For a sequence of (zj,) of real numbers, it is easy to see that

lim z; =z < lim |z — 2| =0.
k— o0 k—oc0

This can be extended to the sequences of two dimensional intervals.

Theorem 2.2. Let the sequence of two dimensional intervals
{& = ([ke: &re), (64 &07]) Ty
be convergent to a bounded two dimensional interval

&= (ke &1, &, &),

then
lim £, =€ & lim |, — & =0.
k—oo k— o0
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Proof.

lim Ek- =<

lim = lim = lim &5 =& and lim &7 =&
k—oo kﬁooékké 5& k~>oo§kI gL’ k—)ooé-ke f@ k%oogkr gr

klggo €ke — &e| =0, kli)ngo |€kr — & | =0, klgrolo &7 — &l =0 and klggo |6 — & =0
max { kll)H;O |€ke — &l kll)H;O |€kr — &rl, kli)rglo 1607 — &2l klggo |érm — gﬂ} =0
kl'i)rgo max{‘fkg =&, &kr — &5 167 — &, 17 — fﬂ} =0

khm €& — €l =0.
—00

t ¢ ¢ ¢ ¢

Definition 2.3. The infinite sequence of two dimensional interval numbers

{gk = ([gk@ Ekr [EIJ’ fk?]) }:021

is said to be two dimensional interval Cauchy sequence if for each € > 0 there exists a positive integer N such that
d(§;,€;) < eforalli,j> N.

An n-dimensional two dimensional interval vector is an ordered n-tuples of two dimensional intervals.

E=[€,&, . 6T = [([610: €10 (€00 7)) (200 Ear), [0 a7 - s ([6nes ey [E, Enr])] -

If £] = 0, then £ is said to be a zero two dimensional interval and ¢ must be a degenerate interval
0 = ([0,0],[0,0]).

Some well-known inequalities can be extended to the two dimensional interval vectors as in the following two
lemmas with absolute value defined in (1.1).

Lemma 2.1. Let &, and &, be two dimensional intervals, then

€1 + &l < &) + &)
Proof.
€1 + & max {[&1i¢ + E2iel, [€1ir + E2ir], 1€157 + Eozls |E1im + Eoirl }
max { |Erie| + [€2iel, [€1er | + [€2ix ] €157 + |Eaizls Erim] + |€2im] }
max { [&1ig], |€1in], €3], [€1im ]} + max{|€aicl, |€2in], €0i7], [€2i7] }
€11+ 1€

[V

O

The inner product of two dimensional interval vectors is defined trough the two dimensional interval multipli-
cation as follows:

<Eéy > = Zgugm

= Z (Imin{&1s,&2i,, €10,62i, €10, 621, €14y €20} max{ €14, €205 10,20, > €10, 620 > €100 620, ]
(min{&1, €2, E1i 624y E1inEors €17z} max{€1z€ai,, E1i 621 E1irirs €10 620, }]) -

Lemma 2.2. Let &, and &, be two dimensional interval vectors in (R2)"™. Then

JE— - = 1 = = 1
| <&1,6> | < <€,6 > (2] <65,6, > 2.
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Proof. Let o be any real number and the following inequality is always true
| <a&y +&,a8 +& > (>0
Then

< | <ady 6y a8 +E >
< 1<a®€,6 > 20 <, >+ <6, & >
< 0?1 <&, > F2al] <€,6 > |+ <&,& >

The right hand side of the last inequality is a quadratic form for |«| and it is always greater than or equal to 0.
Therefore

| <&.6 > —<&L& > <866 ><0,
thus

= = = = 1 - = 1
| <&,& > <1 <&,8 > 12 <€, > 2.

Let (?)™ be the set of two dimensional interval vectors. Some properties of the classical vector norms can be
extended to the two dimensional interval vectors. The max-norm of a two dimensional interval vector on (932)" is a
non-negative valued function

I (3%)" = R* u {0}
that satisfies following properties:
1) v¢ e (R*)" — {0}, gl >0,
(2) V€ ()" and a € R, [lag] = |allEll,
(3) V€, Ce (93", €+l < gl + [ICll-

Theorem 2.3. (R?)™ with the following norm is a normed space

n 2
HE (Z |§z-|%> :
=1

Proof. 1f € # 0, then €] > 0.

1
2

]|

Il
ftg-

(max {|ag;,|, |ag;, |, |a&;, |, |o@»r|})2>

N[=

(max { |§i£|7

&,

&, m})?)

Il

B
T~ T~

M:

[
)
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IE+C| = (Z &, +<il2>

1
2

(Z (max {[&;, + Ci,l, 1€, + G, | €6, + G|, 1€ + Cz;|})2>

i=1
1
2

(Z €., + G 2) (mi =14, 0,1 or T)
i=1

[l€m + Cmllz  (ordinary vector norm)

< lémllz + 1Gmll2
nNE 3
= (Z |€imi2> + (Z Cimi2>
i=1 i=1
n 3
< (Zma‘x{|§ie2a|€ir|25§i£|27|§ir2}>
i=1
1
n 2
+ (Z max {|<i£|27 Cil 2: |<i7|2a |<’LT 2})
i=1
= [Igll + II<]]
where &, = [§1m1 €2y ,fnw]T, Cm = [Clml NCT 7Cnmn]T. Thus, axioms of the norm function are hold and
the proof is completed. O
Observe that
1€l =" 1&
i=1
and

I€]loc = max { max {|&el, [ix, €2, €] } }

are the other norms on (R?)".

3. Statistical Convergence

Statistical convergence of sequences of numbers was introduced by Fast [4]. In [13], Schoenberg established
some basic properties of statistical convergence and also studied the concept as a summability method.
A sequence (zr,) is said to be statistically convergent to the number ¢ if for every € > 0

1
lim —|{k <n:|zy—¢ >¢€}|=0.

n—oo N
In this case, we write st — lim z;, = £. lim a2, = £ implies st —lim xj, = ¢, so statistical convergence may be considered
as a regular summability method. This was observed in [13] along with the fact that the statistical limit is a linear
functional on some sequence spaces.
In [5], Fridy proved that if (x) is a statistically convergent sequence, then there is a convergent sequence (y;,)
such that
1
lim —[{k < n:a# ] = 0.
n—oo N

Now we will give definitions of statistical convergence, statistically Cauchy and Cesaro summability for the two
dimensional interval numbers and we will get the relationships between them.
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Definition 3.1. The infinite sequence of two dimensional interval numbers

{&k = ([6he, €l [ 67)) } ey

is said to be statistically convergent to a bounded two dimensional interval number

g = ([gb €d7 [§Z7 5?])
if foreach e > 0

lim —|{k < n:d(,&) =€} =0,

1
n—oo n

where the vertical bars denote the number of elements in the enclosed set. In this case, we write st — limy_, o, £, = &.

Thus,
st— lim &, =& & st — lim &y =&, st— lim &, =&, st— lim &7 =& and st — lim &7 = &
k—o0 k—oo T - k—oo = T - k—oo k—o0

StatisticaL convergence is a natural generalization of ordinary convergence. If limy oo Ek = &, then
st — limg_,00 £, = €. The converse does not hold in general. For example, let (£;,) be following sequence:

= ([k,k+1],[k+1,k+2]) , if and k is a square integer,
L ([0, 0], [0, 07) , otherwise.

This sequence of two dimensional interval numbers is not convergent. But since

NG

)
n

k< s (€, (10,0110,0) > <

this sequence is statistically convergent to the ([0, 0], [0, 0]).

Definition 3.2. The infinite sequence of two dimensional interval numbers

{& = ([&res ko), [0 &) S oy

is said to be statistically Cauchy sequence if for each € > 0 there exists a positive integer N such that

lim %|{k§n:d(§k7EN) >}l =o.

n-ro00
Theorem 3.1. The following statements are equivalent:
i. (£,) is a statistically convergent sequence,
ii. (&) is a statistically Cauchy sequence,
iii. (&) is a sequence for which there is a convergent sequence () such that lim, o L|{k <n: &, # (.} =0.
The theorem can be proved using techniques similar to those in [5], so we omit it.

Definition 3.3. We say that (¢,,) is Cesaro summable to £ if
li Ly d(&,,€) =0
Jim — L; .8 =0.

Theorem 3.2. .
i. If (&) is Cesaro summable to &, then it is statistically convergent to €,
ii. If (§,) is bounded and statistically convergent to &, then it is Cesaro summable to €.

The theorem can be proved using techniques similar to those in [13], so we omit it.
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Laws of Heat Conduction Equation Arising Laser
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Abstract

In this study, based on the continuous transformations of Lie groups, the exact analytic solutions of the
laser heating carbon nanotubes formulated by using the classical heat conduction equation with various
physical properties were constructed. These solutions are the type of group invariant solutions. The
constructed solutions have expanded and enriched the solution forms of this new model existing in the
literature. With the help of the Maple package program, 3D, density, and contour graphs were drawn
for the special values of the parameters in the solutions, and the physical structures of the solutions
obtained in this way were also observed. The solutions obtained can be used in the explanation of

physical phenomena occurring in cancer investigations.

Keywords: Carbon nanotubes; Lie groups; Conservation laws.
AMS Subject Classification (2020): Primary: 37L20; 35C05 ; Secondary: 37K06; 34A05

*Corresponding author

1. Introduction

It is well known that the evolution differential equations (EDEs) mathematically model many physical phe-
nomena that occur in nature. Many analytical and numerical solution techniques such as Hirota bilinear method,
Backlund transformations, Darboux transformations, Painleve property, variational iteration method, tanh method,
invariant subspace method, Lie symmetry groups etc. have been developed over time to solve those equations
[1-14]. Among the methods listed above, the Lie symmetry groups method is an effective approach in obtaining
exact solutions (special group invariant solutions) of the considered differential equations (systems), regardless of

the order, degree and linearity types [14, 15].

Carbon nanotubes (CNTs) have an important place in nanomaterials science due to their mechanical, electrical,
optical and magnetic properties. CNTs have effective applications in the field of medicine, drug distribution,
and contrast agents. One of the physical applications that these EDEs address is cancer disease. We know from
experimental studies that CNTs are promising nanomaterials for warming agents in photothermal therapy (PTT)
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and contrast agents in photoacoustic (PA) imaging. In the experiments, the temperature of the agents used in both
PTT and PA imaging during laser irradiation was examined in the tissue. It is also known from experimental studies
that cancer cells can be destroyed by increasing the temperature in the tissue (with the help of the agents in PTT) to
41-47 ° C. Thus, cancer cells become hyperthermic and suffer significant damage [16].

When we look at the studies in the literature, in the study [17], the heat analysis of multi-walled CNTs during
pulsed laser heating was investigated using the finite element method (FEM) for the classical heat conduction
equation. The dynamics of pulsed nanosecond laser heating process was simulated by the solution of the heat
conduction equation. In addition, the FEM is applied to compute the temperature profiles as a function of depth «
and time ¢ in the sample (multi-walled CNT) [18]. Also, in the literature optical soliton-like solutions for the system
of ring-cavity fiber laser using carbon nanotubes for passive mode locking have also been studied [19]. In [20], the
authors investigated more information on the system of carbon nanotubes conveying fluid by using Lie symmetry
groups.

In this study, we examine the temperature profiles using the Lie symmetry groups method and obtain analytical
solutions, based on the classical heat conduction equation that explains the laser-heated CNT model previously
discussed in the study [16]. In the study [16], the authors considered the temperature function as dependent only
on the radial variable and treated the model as a simple ordinary differential equation (ODE). Besides, we will try
to obtain the conservation laws of the model.

The study is organized as follows: The laser heated governing model discussed in Section 2 is presented. The
solution of the model will be explored in Section 3. Section 4 is devoted to the conservation laws of the model
through the multiplier method. The results and remarks are presented in Section 5.

2. Governing equation

We will examine the CNT, which is exposed to laser heating and has a cylindrical structure. Here we will
assume that there are cancerous tissues around the CNT. Besides, it will be assumed that the length of the CNT
is greater than its radius, and the temperature T} is 37 degrees at a unit distance b from the center. Considering
the above-mentioned assumptions, CNTs exposed to laser heating can be formulated with the heat conduction
equation given below:

1
kykouy = k35(zum)m + f(z,t), 0<z<a, (2.1)

where k; is the density of CNT, k; is the concentration of CNT, k3 is the thermal conductivity of CNTs and u(z, t)
and f(z,t) denote the temperature function and source term respectively, where z is the distance measured from
the center of the cylinder and ¢ is the time variable. In our work we will assume that f(z,t) is a constant let say
f (in fact, we learn from [16] that based on the physical meaning of f(x,t), its mathematical formulation is in the
form of f(z,t) = (1 — R)Ipa where R denotes reflectivity, I, is the laser intensity, « is optical absorption coefficient
of CNTs) (see, [16] for further details).

3. Lie point symmetries of Eq.(2.1)

Now consider the continuous Lie transformations with one small parameter given below:

To= w+pg(twu)+O0(n)?
t = t+ur(t,o,u)+0(u)?
i = u+pn(tz,u)+ 0’ (3.1)

In this case, the Lie point symmetry generator of Eq. (2.1) associated with (3.1) is generated by the vector field of the
form

0 5} 0
X_T(ta‘ﬂau)a+£(ta£au)87x+n(taxau)%7 (32)
where 7, ¢ and 7 depend on only ¢, z and u. Applying the second prolongation pr(® X

0 0 0
prPX =X+t — 4 9°
8ut

i, +n Fu (3.3)

to Eq. (2.1),1.e,
1
pr®X | kikou, — kSE(xur)m = I Tk kawe=hs L (zug)otf = 05 (3.4)
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we find that the coefficient functions {(x, ¢, ), 7(x, t, u) and n(z, ¢, u) must satisfy the following linearized symmetry
condition

1 1
kikan' + ky—5ua€ — ks —n" — k™" =0, (3.5)

where nt, 7%, and n** are the extended coefficients of pr(? X. In a simplified form these coefficients can be written
in the following format:

nt = Dy —uyDi& —u Dy,
nz - Drn - uzDrg - U’tDIT7
N = D2y —uyD2¢ — uy DT — 2upp Dpf — 2ugy Dy, (3.6)

where D, D, are the total derivatives with respect to = and ¢, respectively and are given as follows:

0 7] 0 0

Do = gy Fteg, tuag Tlag —+
0 0 0 0
D, = — —_— ot —— — ... 7
¢ 3t+utau+utaum+utt6ut+ (3.7)

Here, we would like to point out that, for a differential equation (or system) of order n, the coefficient functions of
pr(™ (X) prolongation is given as the follows:

n =D, (0 i) =iy Di (§7), s> 1. (3.8)

If we write the prolonged coefficients (3.6) in the linearized invariance condition (3.5) and equal the coefficients of
the derivatives of u with respect to x to zero, we arrive at the following linear over-determined partial differential
equation system:

Nuw = Oa
Titk1 ko
New = *W;
_ xhokimy — fanu + fam — kane
17$Z' - kaL‘ b)
— _Tu
Nt - ) 9
T’U. - 07
Te = 07
Tt = O,
T
= —. 3.9
§ = 3 (3.9)

If the above over-determined system of equations is solved for {(z, ), 7(¢) and n(z, t, u), the following useful and
important Lie vector fields are obtained (in fact, 6 dimensional Lie vector algebras are obtained but some trivial
vector fields are omitted). Hence, the point symmetry generators admitted by the heat equation (2.1) are given by

0 .’IJ2 kgt 0
X I 2 ) =
ot < 4 + k1k2> 8%7

I
|
_|_

o ot 2 O0x 4 ]{31]{32 8u7
1’2 kgt 0

Consider the infinitesimal generator Y in (3.10). The corresponding one-parameter Lie group of point transforma-
tions is obtained by solving the initial value problem for the first order system of ODEs,
dz*

= (3.11)
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dt*
=t* 12
=t (312)
du*  (2%)  kst*
= .1
de 4 + kle’ (3 3)
with u* = u, 2* =z, t* =t ate = 0. This yields
3
' =X (z,t,u;e) = Cszexp (5) , (3.14)
t* =T (z,t,u;e) = Coexp (g), (3.15)
2
u =U (z,t,u;e) = G + Caks exp () + C1. (3.16)
4 k1ko

Now we find the invariant solutions u(z, t) of the model (2.1).

4. Exact solutions

The group invariant solutions of the laser heating CNTs formulated by using the classical heat conduction
equation with various physical properties are constructed with the help of the invariant form method, direct
substitution method, A-symmetry reductions and first integrals.

4.1 Invariant form method
The required invariant surface condition [10, 15] n — u, — Tu; = 0 for X vector field becomes

1‘2 kgt

T + @) (4.1)

up = (

The corresponding characteristic equations of Eq. (2.1) are given by

d dt d
TTTT L A 42
T T ks
We yield two invariants of X by solving above the characteristic equations:
k3t2 5(}2
= =u— ——t. 4.
T Sk “3)
Hence, the solution of the invariant surface condition (4.1) is represented by the invariant form
k3t2 .%‘2
— L= 4.4
et = 0@, (44
or y
kgt x
= t) = ~t 4.
u=0O(z,t) 2k1k2+ 1 + ¢((), (4.5)

in terms of the similarity variable (one of the invariants) { = z. Plugging of (4.5) into the classical heat conduction
equation (2.1) leads to ¢(¢) satisfying the reduced ODE which converts Eq.(2.1) to the second-order variable
coefficient ODE

k 1
ksd/'(C) + 29/(0) = phikaC? +f = 0. (4.6)
Thus, the invariant solution of PDE (2.1), resulting from its invariance under X, is presented by

k‘3t2 $2 1 .’13‘4k'1]€2 1 $2f
A _z¥J 1 .
Shiks 40T 64 K 1k O n(@) + Ca, (47)

where C and C are arbitrary constants.
At this point, we also note that if £u, + 7u; — 1 = 0 invariant surface condition is used for the Z Lie vector field,
z2 kst

then it is readily seen that u = —%- — 4

u=0(z,t) =

group invariant solution is obtained.
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4.2 Direct substitution method
In this alternative way [10, 15], we first express the invariant surface condition in a solved form u; (we consider
the case of Y Lie vector field):
T z2 k3

U= e T T ok

After plugging (4.8) into heat equation (2.1), we obtain the following ODE with ¢ playing the role of a parameter:

(4.8)

1 x z?
The general solution of the parametric ODE (4.9) is given by

1, 2ftin(z) 1 o x?kyks
= g2 2 AW E(L
“e g Tk, 2 AWEIL =

)+ B(1), (4.10)

where A(t) and B(t) are arbitrary functions. Substitution of (4.10) into the invariant surface condition (4.8) yields

— A'(t)Ei(1, klkz

)kle + 2B ( )k’lkz - 4fln(x) - 2f - 2k3 = 0, (411)
where the exponential integrals, Ei(a, z), are defined for 0 < R(z) by
Fi(a,z) = / e MRy . (4.12)
1

We now find the one-parameter (¢) family of solutions u = ©(z, t; €), resulting from the invariance of the model
equation (2.1) under the point symmetry X, obtained from any solution u(x, t) that is not of the form (4.7). Let

b= X (z,t,u;) = Cs exp (g) , 4.13)
t =T (x,t,u;e) = Cyexp (e), (4.14)
o= 0(&,1). (4.15)
Then
w=d(z,t;¢) = U (&4,1; —¢) = CgL(;L@(Cg exp (g) ,Cyexp (€)). (4.16)
4 k1ko

4.3 A-Symmetry Reductions and First Integrals Using Lie Symmetry
In this case, the Lie point symmetry generators of Eq.(4.6) are generated by the vector field of the form (see,
(21, 22])

=£(¢, ¢) ac T (¢ ¢>) 96’ (4.17)
where ¢ and 7 depend on ¢ and ¢. Applying the second prolongation pr@Vv
pr®V = X + n<£ e ag@ (4.18)
to Eq. (4.6),i.e,
pr®v (kséb//(o + %qﬁ’(o - iklkzé + f) R 0, (4.19)

k3

we get that the coefficient functions £ (¢, ¢) and 7 ({, ¢) should fulfill the following linearized symmetry equation

5( Cgcbg k1k2<)+ 31°¢ =0, (4.20)
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where 7¢ and 7¢¢ are the coefficients of pr(?V. In a simplified form these coefficients can be written in the following
format:

n° = Den— D,
n°¢ = DZn— ¢¢DIE — 2p¢c Dk, (4.21)
where D¢ is the total derivatives with respect to ¢ and is given as follows:
0 0 0
Di=—+¢¢q7+bccrm—+ - 4.22
<= a¢ T %o TG (4.22)

If we write the prolonged coefficients (4.21) in the linearized invariance condition (4.20) and equal the coefficients of
the derivatives of ¢ with respect to ¢ to zero, we arrive at the following linear over-determined PDE system:

Ng.s6 = 0,
Ngs¢ = 0,
§o0 = 0,
€0 = Moo + 286
¢a§ QC ?
=3¢ kikagy + 12fCPEs + 8ks(Pg ¢ + ACksE — 4kséc
Se = 102k ;
_ —hikaCng + 2GR kol + 2C Rkl + 4fCnp — 8FCEc — 4kane (4.23)
¢.¢ ACks ’ '

If the above over-determined system of equations is solved for £ ((,¢) and 7 (¢, ¢), the following useful and
important Lie vector fields are obtained (in fact, 6 dimensional Lie vector algebras are obtained). Hence, the point
symmetry generators admitted by the equation (4.6) are given by

W=
Va = IH(C)%7
v, - 4ksca%— <2(k1kfc+8f)(%’
Vi = (16g1n(g)—8g)k1k2k3§<+(k§k§<4ln(g)
_% — 8kka fC2In(C) + 4f ki kaC? + 8 ln(C))a%- (4.24)

Now we use the relationship between Lie point symmetries and A-symmetries to get A-symmetries of Equation
(4.6). Let us consider X3. Then we have

§ = 4ksC, (4.25)

g = -SlhbCHSh) 426
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and the characteristic function of V3
Q = n—=E¢

2(_ 1. 1.2
= CERBCES) ko,

and the total derivative operator

0 0 ( dc . kikoC? f) 9
Ape”

0 0 0
B T T Tt A S G T

The symmetry v = % is the A-symmetry when

yo D@ | Chiko(=3ks +4Q)

In this stage, we wish to calculate a first integral from A. Plugging Eq. (4.29) into
we + )\LL)¢C =0,
we obtain

Ck1ka(—3ky + 4Q)

— —0.
C2erkZ — 8Cf — L6kse o<

Wo
Integrating the characteristic equation of (4.31)

Ao (hak3 — 8Cf — 16ks0c) doe
1 Chika(—3ky +4¢) 7

we deduce a special solution

—CPckiks® — ACPk1ka + 3Cokika® + 8Coc f + 8Zks

w (¢, ¢, 0¢) = Chyky (—3ky + 4C)

Secondly, calculating function D[w], one can get

6&1 + ( (b( k1k2<2 . f) 80.)

Ow
PRl = Gc g P 0T T k) dac

a¢

1
= — 4¢0k, % ko — 3¢%k %Kot
4<2k1k2(73k2+4§h)2k3(c 1 2 C 1 2

—32C° fhiky + 8C* flika” — 64C% bk ko ks + 125 flykn®
+36C2pckika’ kg + 128¢3 2 + 512¢%p¢ fks — 962 f2 ko

+512¢7ks® — 288Ce¢ fhoks — 28802 kaks®)

1 G
T T4k (—3ky + 40) kiks (k1 *kaC* = 8fkikaC® — 4C7 fhiky®

+64C k1 koks 4 64Cwky koks — 360k ko ks — 36wk ko?ks + 32C f2)

= F((ow).

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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Next, calculating the first-order partial differential equation

F12ko3 ¢t — 8FkykaC? — 4C2 fRyko® + 64C k1 koks o
+64Cwhky koks — 360k, ko ks — 36wk ko ks + 32¢ 2 “

4Cks (—3kg + 4C) k1ko =0, (4.38)

Ge+ ocGy —

and solving the corresponding characteristic equation, we get a special solution

CS

m(15k12k2344 + 13446 Chiykoks — 9450 C ki ks ks

G (C7¢7 ¢C7 w)
—140 f1koC® — 84 (? fhyko® + 1680 (—C o¢ + @) C kikaks

—1260 (—C ¢¢ + @) krko k3 + 1680wk koks — 1260 wkykoks + 840 £2). (4.39)
Finally, substituting (4.33) into (4.39), we get the first integral

2 15¢ k1% ko® — 140C* fEy ko — 3360 CPh1kaks — 84C3 fly ko
—105¢¢(2k1ka’ks + 840¢2 2 + 33606 fk3( + 336007 k3™

I= 420k, kaks (440)
We get the invariant solution of Eq. (4.6) by integrating Eq. (4.40) as follows
_ [P
¢ () = / 6720k, ¢ T O (4.41)
where
P(¢) = 336¢%kiks +105¢%kiks® — 3360£C

ig\/ —21Cky ks (—53T6C3k ko + 6240C2k 1 ko? — 525Ck1ko® + 17920 £ — 20160 fky).  (4.42)

Similarly, we get the invariant solution of Eq. (2.1) by using Eq. (4.5) as follows

kst?  z? P (x)
t) = Zt d 4.4
wet) = ot +,/ 6720k, ¢ T O (4.43)
where
P(z) = 3362°kiks + 1052°k1ks” — 3360 fx

ix\/ —21wki ks (—537623k1 ks + 624022k ko — 525xk1ko® + 17920 fx — 20160 fks).  (4.44)

5. Conservation laws of Eq.(2.1)

In order to produce conserved vectors, we perform multiplier approach [14], [23] depend upon on the famous
result that the Euler-Lagrange operator annihilates a total divergence. Firstly, if (T, T") is a conserved vector
related with a conservation law, then

D,T"+ D, T* =0, (5.1)

on the solutions of Eq. (2.1). Furthermore, if there exists a nontrivial differential function A, defined a multiplier
or characteristic function such that E,, (AG) = 0, then AG is a total divergence, i.e., AG = D,T"* + D,T" for some
(conserved) vector (T, T%) and E, is the respective Euler-Lagrange operator. Thus, knowledge of each multiplier
A(z,t,u,uy) leads to conserved vectors computed by a homotopy operator [14, 15, 23]. For Eq. (2.1), we obtain the
multipliers, A;, Ay, that are given by

Al(wat7u7uw7ut) = %7 (52)
e kik2
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Figure 1. Three-dimensional plots of the solution (4.7) setting all arbitrary parameters to unity.
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_ Fig;ll‘e 2. Contour plots of the solution (4.7) setting all arbitrary iaaran{eters to unity.

Y; [
A2($7t, U, uw7ut) = w: (53)

e kik2

where ] and Y} are the first and second kind Bessel functions, respectively. Thus, corresponding to the above
multipliers we have the following conservation laws of Eq. (2.1):

T — 1 —f (02u+x04+03t+013)ut—2xu1 (Cm—l—%) ks (54)
f +(—UC3+010$2+(—2C5t—014)$+011t3+C9t2+Cgt+01)f ’ ’

rt - L[ f(CoutaCit Cst+Crs)ua + (Caf +2kiaks (Cro+ %)) u (55)
f + (Cra? + (Cot+ Crs)x + Cot? + Crat + Cr2) f ' '

6. Conclusion

In this study, laser heated CNT equation used in cancer research has been discussed and Lie group analysis has
been applied in detail. In this sense, group-invariant solutions i.e, Egs. (4.7), (4.10) and (4.43) were obtained. The
accuracy of the solutions obtained has been tested and verified in Maple program. The obtained analytical solutions
have been established for the first time in the literature and can be used in experimental research for cancer studies.
It may also be useful in the production of suitable carbon nanotubes that can be used in later stages. Besides, local
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Figﬁre 3. Density plots of the solution (4.7) setting all arbitrary f)araméters to unity.
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Figure 4. Three-dimensional plots of the solution (4.43) setting all arbitrary parameters to unity.
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Figure 5. Contour plots of the solution (4.43) setting all arbitrar); pararﬁeters to unity.
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Figure 6. Density piots of the solution (4.43) setting all arbitrary pararﬁeters to unity.
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conservation laws of the model were obtained. In addition, an open problem for the model is the p-symmetry
concept [24], which is a new type of symmetry, and these open questions will be addressed in future studies.
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