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Keywords Abstract — In this study we give solutions for the following difference equation sytem
Difference equations, axnyns  bxn_ayn N
Periodici Xpe1=————+P, ynri=————_+a, neNp

1, Yn-2—@ Xp-2—f

System of difference o .
4 f - diff where the parameters a, b, @, f and initial values x_;, y_;, i =0,1,2,3 are non-zero real numbers.

equations, We show the asymptotic behavior of the system of equation.

Asymptotic behavior

Subject Classification (2020): 39A10.

1. Introduction

Although difference equations are look simple, it is very difficult fully understand the behaviors of their
solutions. Continuous events in engineering, finance, physics, biology etc., is modelled by using differential
equations. But, discontinuous events can be formed by a difference equations. Also, difference equations
can be used to solve differential equations numerically. So, there is a great recent interest in difference
equations(see [1-27]). In this study we investigate following system of the equation which is motivated by
Haddad at al. [5].

axnyn-3 bxn-3yn
Xpy1=—————+P, Yns1=———+

T o 8 a, neNp (1.1)
n-2— n-27—

where the parameters a, b, a, f and initial values x_;, y_;, i =0,1,2,3 are non-zero real numbers.
Let’s give following well known lemma which be used to prove our theorems.

Lemma 1.1. Let (ay) nen, and (by) nen, be two sequences of real numbers and consider the linear difference
equation a, # 0 for Vn € Ny

Yn+1 = AnYn+ by.

Then
n-1 n-1 n-1
=] ady+ Y. (] abr.
i=0

r=0 i=r+1
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Moreover, if (ay) nen, and (by) nen, are constant (i.e a, = a and by, = b for some real numbers a and b for all
neNy), then

+ bn, a=1,
Yn= yo n n €Np.
ayo+ (L5 a#l

2. Solutions of the system

In this section we give well-defined solutions of the system

Theorem 2.1. Let (xp,, yn) be a well-defined solution of the system (1.1). Then for n € Ny

n-1 6t+z 61+i
a a a
r
t=0 t=r+1
n-1 b 61+i - n-1 b 61+i b
.
Yon+i=| |1 (—) e|lyi+ Z I1 ( ) e|Fl (v, 2)a,
t=0\a t=r+1\a a
here u; = 178 |y, = Y€ e (01,2 34,5}, d = = d
wnere uj = X’ Vi = Vi ,l€{ y 1, 4,9, }’ = UsUgU3UpU1 Uy, €= UsVaV3V2V1 Vg AN
Fi(x,y) = VP X5 X4 X3 X0 X1 + YA X5 X4 X320 + VO X5 X4 X3 + VP X5 X4 + Y X5 + 1
5n+1 4n+1 3n+1 2n+1 +1
Fl”(x,y) =y n X5X4X3X2X0 + Y n X5X4X3X0 + Y n X5X4X0+ Y n X5X0+yn Xo+1
Fx, 1) = ¥ 2 x5 x4 x3001 %0 + Y22 x5 x40 %0 + V2 2 x50 %0 + Y2 P x0 + ¥ g + 1
2
5n+3 +3 +1
Fi(x,y) = y>""° X5 x4 %21 Xo + Y3 x5 x0 X1 X0 + 3 X0 x1 X0 + YA 2 xoxy + Y a4 1
Fn(x )_ 5n+4 2n+2 n+1 1
s LYY=y X5X3)C2X1XO+_V X3XZX1X()+_V ng X1+Yy X3Xp+y 3+
5n+5 4n+4 3n+3 2n+2 +1
Fl(x,y) =y xax3x0x1 %0 + V" g X3 X0 x0 + YT g X3 X0 + YU xaxm + YT X+ 1
Proof.

Firstly let’s write system (1.1) as

Xn+1—P _ ayn-3  Yns1—@ _ bxp3

Xn Yn2—a  Yn Xn—2— P’
Assume
Xne1— -a
Up = el ﬁ, Up = Ynil , n€Np 2.1)
Xn Yn
then
a b a b
Up = y Un= = Ups3=—, Upsa=—, NEN) (2.2)
Un-3 Un-3 Un Un
and
a b
Up+e = Eun» Un+6 = E Un, NENp. 2.3)
Hence for n € Ny
an b\"
Ugnsi = (E) Ui, Vensi = (2) v, i=0,1,2,3,4,5. 2.4)

Rearranging equation (2.1), we get

Xp+1 = UpXp + P (2.5)
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Yn+1=VUnYnta

Replacing n by 6n+ifor i € {0,1,2,3,4,5}

a\n .
x6n+i+1 = u6n+ix6n+i +ﬁ = (Z) uix6n+i +ﬁr ne NO, 1€ {Or 1)2v3)4»5})

b\" .
Yen+i+1 = V6n+iYen+i ta= (E) ViYén+i ta, ne NO) 1€ {0) 1»2)3)4)5}-

a\6n a\osn a\4n
X6n+6 = (z) UsUg U3 U UT Uy X6y + P (5) u5u4u3uzu1+(z) UsUgU3 UL
(a)E}n a\n a\n 1
+ | = UsUq U3 (—) u5u4+(—) us +
b b b ’

a)5n+1

a\6n+l a\y4n+l
X6n+7 = (z) Us Ug U3 Up Uy U Xen+1 + P (— )

u5u4u3u2u0+(5 UsUq U3 Uy

b

a\3n+l1 a\n+l ayn+1
+(E) u5u4uo+(5) u5u0+(5) upg+1|, neNp

(a)6n+2 a)5ﬂ+2

Us Ug U3 Uz Uy Up Xen+2 + B ((Z

a\3n+2 a\2n+2 aynh+1
+(E) Us Ui Uy +(E) u1u0+(z) u+1

a)4n+2

Xoen+8 = UsUgU3z Ul Ug + (E UsUg Uy Ug

, neNy

Us Ug U3 U U1 Uy Xen+3 +

a\6n+3
) Us Uz U1 Ug

Xen+9 = (E

a\3n+3 a\2n+2 ayn+1
+ (E) u2u1u0+(5) u2u1+(5) u2+1), neNp,

(a)5n+3 a\in+3
- u5u4u2u1uo+(—)
b b

a\6n+4
) Uz U Uy Up

X6n+10 = (—

- a)5n+4

a\in+4
Us Ug U3 U Uy Uy Xep+a + B (z )

UsUs U U Ug + (E

a\3n+3 a\n+2 a\n+1
+(E) u3u2u1+(g) u3u2+(z) u3+1), n € Np,

a\6n+5
) Uguz U Uy

a\s5n+5
X6n+11 = (— )

Us Ug U3 U Uy Ug Xen+5 + B ((5

a\3n+3 a\2n+2 ayn+1
+(E) Ug Uz U +(E) u4u3+(z) Lt4+l), n € Np,

a\in+4
UgUusUr U Ug + (E)

Sy

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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6n

5n 4n
Y6n+6 = (E UsUaV3V2V1 V0 Yen + & ((5) UsVaU3V201 + (E) UsVa V302

b 3n b 2n n
+(—) UsU4q U3 +(—) UsUg +
a a

V5+1), n e Np,

5n+1 4n+1
(—) V5U4U3U2U0+(—) Us U4 V30
a a

6n+1
Yen+7 = (5) UsUaUV3V2V1 V0 Yen+1 T @

b 3n+1 b 2n+1 b n+1
+(2) U5U4U0+(5) U5U0+(E) U0+1), neNp,

6n+2 b 5n+2 b 4n+2
Y6n+8 = (5) UsVaVU3V2V1V0Yen+2 + & (E) UsUsU30100 + (E) UsVU4 V1 Vo

b 3n+2 b 2n+2 b n+1
+(;) U5U1U0+(5) U1U0+(Z) l/1+1), n € Np,

b 6n+3
) UsVaV3V2V1 V0 Yen+3 t @

b 5n+3 b 4n+3
Yen+9 = |— — UsVaUpV1 Vg + | — Us V2 V1 Vg
a a a

b 3n+3 b 2n+2 b n+1
+(2) v2v1v0+(a) v2v1+(5) v2+1), neNp,

b 6n+4 b 5n+4 b 4n+4
Yen+10 = (5) UsVaU3V201 VOJ/Gn+4+a((2) UsU3UaV1Vp + | — UzUp Uy Ug
b 3n+3 2n+2 n+1
+ (E) V3V +|— U3U2+(;) U3+1), n €Np,
b 6n+5 b 5n+5 b 4n+4
Yén+11 = (2) UsVa U302V V0y6n+5+a((;) VaU3V2V1 Vg + | — UguzUp U

b 3n+3 b 2n+2 b n+1
+(Z) v4v3v2+(5) v4v3+(a) vg+1], neNjp.

Let

0 1 2 3 4 5
Xen = Ky, Xen+1 =K, Xen+2 =K}, Xeni3 =K, Xen+a = Ky, Xonis5 =K,
0 1 2 3 4 5
Yen =Ly, Yen+1 =Ly, Yen+2 =Ly, Yen+s =Ly Yen+a =Ly, Yen+s = Ly, n€Np.

n 5n 4n 3n 2n n
Fy(x,y) =y " X5 X4X3X2X1 + Y X5XaX3Xp + Y~ X5X4X3+ Y " X5X4+y X5+1,

n 5n+1 4n+1 3n+1 2n+1 n+1
Fix,y=y X5X4X3X2X0 + Y X5X4X3X0 + Y X5X4X0 + Y Xsxo+y  “xp+1,

n 5n+2 An+2 3n+2 2n+2 n+1
Exy=y X5X4X3X1X0 + Y X5X4X1X0 + Y X5X1Xp0+ Y X1xo+y Tx1+1,

4n+3 3n+3 2n+2 n+1

5n+3
F(x, ) =y X5 X4 X0 X1 X0 + Y X5X2X1 X0+ ) XpX1X0+ Y Xox1+y" " x4+ 1,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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5n+4 4n+4 3n+3 2n+2 n+1

Ff(x,y) =y X5X3X2X1X0 + Y X3X2X1X0+ Y X3XpX1 + Y X3Xp+y" " Tx3+1,

5n+5 4n+4 3n+3 2n+2 n+l1

Fl'(x,y) = y"" " xaxgxox1X0 + Y Xa X3 x0X1 + Y T Xg X X0 + Yy T xg 3 + YT Xy + 1

Then, from (2.7)-(2.18) we get

i a\6n i ng, @ .
K= (5) Usugugz Uy Ug Ky, + BF; (u,z), neNy, i€{0,1,2,3,4,5},

. b 6n ) b
L (—) UsvaU3 Vo oLy, + aF] (v,—), neNy, i€{0,1,2,3,4,5}.
a a

n+l =

From Lemma 1.1 we have

n=l  4\6t+i n=l{ n=1 4\ 6t+i a
_ r
Xon+i = 5 stz xXi+ ), 5 Wttt | F(w,p,
=0 r=0 \t=r+1
n-1 b 61+i n-1{ n-1 b 6t+i b
= - P+ - VsV V1 Vg | Fl (1, —)a
Yén+i UsUq U3V V1 Vg | Vi 5V4VU3V2V1 Vg | L (U, )
t=0\4 r=0 \r=r+1\a a

this ends the proof.
3. Asymptotic behaviour of (1.1) fora=b

We study here asymptotic behavior and periodicity the case when a = b of system (1.1). Let’s give the fol-
lowing corollary, which is a direct result of Theorem 2.1.

Corollary 3.1. Let (xn,yn) be a well-defined solution of the system (1.1) with a = b. Then, forn e Ny, i €
{0,1,2,3,4,5}

x,-+Fi’(u,1),6n, d=1

Xén+i = . (3.1)
dnxi+(%)F{(u,l)ﬁ, otherwise

Ven+i = ' (3.2)

e"yi+(e:__11)F[(v,l)ﬂ, otherwise
Now we study the limits of solutions of system (1.1).

Theorem 3.2. Let (xp,, y») be a well-defined solution of the system (1.1) with a=b. Then, the following state-

ments are true.

a) Let’s assumed =1. When Fl.r(u, 1) #0 then |xgp+i| — 0o as n — oo for i €{0,1,2,3,4,5}. When Fir(u, D=0
then xgn+; = X forallneNg and i €{0,1,2,3,4,5}.

b) When (d—-1)x; +F] (u,1) # 0 then

FI (u,1)p

d-1 )
00, ld|>1.

ldl <1,

lim [Xgp+il =
n—o0

When (d — 1) x; +Fl.r(u,1),3 =0 then xgn+i = x; forallne Ny and i € {0,1,2,3,4,5}.
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c) Let'sassumee=1. IfFir(v, 1) #0 then |y6n+,-| —ooasn—oo forie€{0,1,2,3,4,5}. Otherwise, if Fl.’(v, 1) =
0 then ygn+i = yi for i €{0,1,2,3,4,5}.

d) If (e-1)yi+F/(v,1)a#0 then

|Fi’(v,l)a'
. Td-1
lim |yepi| =

n—oo 00, |d] > 1.

, ld| <1,

Else(e—1) y; +Fl.’(v,1)a =0 then ygn+i = y; forallne Ny and i € {0,1,2,3,4,5}.

Proof.

We are going to prove a) and b) rest can be done with same manner.
a) Assuming d =1 and Fl.’ (u#,1) # 0 we have from (3.1)
Xen+i = Xi +F (u,1)n #£0,
when n — oo in this equation |xg;+ ;| — co. If Fl.r(u, 1) =0 then
Xen+i =X +0.6n=x;

forallmeNgandi€{0,1,2,3,4,5}.

b) Suppose that (d —1) x; + Fl.r(u, 1)B#0forie{0,1,2,3,4,5}. Then, it shows xg;,+; # 0. From (3.1)

. . d-1)x;+Fr (u,1 Fr(u1
lim |xg;+;| = lim ( )x’d_l' WP n '{fd)’j
T @-x A B Fr(u,1)B
= |——9— lim d" + lim -5—
n—oo n—oo

Fr(u,1)p

S| tar<,

00, ld| > 1.

If (d—-1)x; + F/ (u,1)f =0and d # 1. Then

Xonsi = d”xi+(%)Fi’(u,l)ﬁ= d”xi+(%)(—(d—l)xi)
=d"x;—(d"-1)x;=x;, VneNy, i€{0,1,2,3,4,5}.

this ends the proof.

Corollary 3.3. Let (x4, y,) be a well-defined solution of the system (1.1) with a=b. Then, the following state-

ments are true.

a) Ifd=-1thenforallmeNyandic€{0,1,2,3,4,5},

{ X12n+i = Xi»

X12n+6+i = —Xi +F,-r(U, 1DB.
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b) Ife=—-1thenforallneNgandie€{0,1,2,3,4,5},

{ Yi2n+i = Vi,
Yizn+e+i = —Yi+ F (v, Da.
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1. Introduction and statement of the main result
Letl<p<oo, 1/p+1/p'=1and A= (ajk)‘]?f’kzl be a p-Hille-Tamarkin infinite matrix, i.e.

1 1/p

0o [ oo PP
cp(A) = Z(Zm,-kv’) < oo0.

j=1\k=1

The paper is devoted to the localization of the eigenvalues of such matrices.

The literature on the localization of the eigenvalues of finite and infinite matrices is very rich, cf. [1, 3, 5, 9,
14, 15, 18, 19] and the references which are given therein. At the same time, to the best of our knowledge, the

location of the eigenvalues of Hille-Tamarkin matrices has not been considered in the available literature.

As is well-known, Hille-Tamarkin matrices represent numerous integral operators, arising in various ap-
plications, cf. [17]. About properties of Hille-Tamarkin matrices, see for instance, [17], [6],[7, Section 18].
In particular, in the well-known book [17], the convergence of the powers of the eigenvalues of these ma-
trices is investigated. The works [6, 7] deal with infinite matrices, whose upper-triangular parts are Hille-

Tamarkin matrices. Besides, the invertibility and positive invertibility conditions are explored, as well as
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upper bounds for the spectra have been derived.

Denote
/ l/p

0o [ oo PP
Tp(A):= Z(k Iajk|”)

j=1 Lk#j
Throughout the paper A;(A) (k = 1,2,...) are the eigenvalues of A taken with their multiplicities and enu-
merated in the non-increasing way of the absolute values: 1.1 (A)| < [Ax(A)| (kK =1,2,...), and o(A) is the
spectrum of A as the operator in [P. Recall that [” is the Banach space of the sequences x = (xx)%2, of

complex numbers with the finite norm

(e 0]
1
Ixllr = (xelP)P.
k=1

The following theorem is the main result of this paper.

Theorem 1.1. Let ¢, (A) < oo for a finite p > 1. Then with the notation
UjplA):={ze C: Iajj —z| = Tp(A)} (j=12,.),

one has
o (4) € U, Uj p(A).

The proof of this theorem is presented in the next section.

For a positive integer n, let C"*" be the set of n x n-matrices and A, = (ajk);?kzl € C™*", Recall that by the
Gershgorin theorem [15],

0 (An) cUT_, Uj(An),

where
n

Uj(An) ={zeC: Iajj —-z| < Z Iajkl} (j=1,..,n).
k=1k#j
This result can be easily extended to the infinite dimensional case, provided
oo
sup Z laj| < oo.
J k=1

Thus, Theorem 1.1 can be considered as an extending of the Gershgorin theorem to a finite p > 1. Further-
more, the quantity $(A) :=sup; ; |1;(A) — Ax(A)| is called the spread of A. In the finite dimensional case the

spread plays an essential role, cf. [15, Section III.4]. Since
IA;(A) = A (AN = A (A) = ajjl + Ak (A) — arkl + ajj — akl,
for a p-Hille-Tamarkin matrix A Theorem 1.1 gives us the inequality

$(A) =suplajj— argl + 27, (A). (1.1
Jk

Similarly, let A = (aj) and B = (bji) be two p-Hille-Tamarkin matrices. Then the quantity s(4, B) := sup x I1A;(A)—
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A (B)| will be called the mutual spread of A and B. Since
[Aj(A) = Ap(B)| =11 (A) — ajjl + |Ak(B) — brgl +1ajj — brl,
Theorem 1.1 gives us the inequality

s(A,B)Ssuplajj—bkk|+rp(A)+Tp(B). (1.2)
jk

Let r;(A) denote the spectral radius of A. Then clearly, |r;(A) —rs(B)| < s(A, B). Now we can apply inequality
(1.2).

2.Proof of Theorem 1.1

Let A, = (ajk);?kzl e C"", ueo(Ay) and x = (x;) be the eigenvector of A, corresponding to p:

n
Y ajixi=pxj (j=1,..n).
k=1

Then

n
(w—ajpxj= ) ajxx
k=1k#]

and

n
lajj—pllxjls ). lajillxgl (j=1,...,n).
k=1,k#]

So by the Hélder inequality,

n n
! //
lajj—plPlxilP < Y, lajel”)P'P Y 1xlP

k=1,k#j i=1
and
n n
Y lajj—plPlxjlP < (A Y IxilP.
j=1 i=1
Here
" n p/pr l/p
Tp(Ap) = ( Y |ajk|”)
j=1\k=1,k#j
Consequently,

mjinlajj —pl = Tp(Ap).

In other words, for any eigenvalue p of Ay, there is an integer m < n, such that |@mm — pl < 7, (A,). We thus

have proved the following result.

Lemma 2.1. Let A, € C"*". Then for any finite p > 1 we have
o(A,) c U?lej,p(An),

where
Ujp(Ap) = {zeC: Iajj —z| < Tp(An)}.
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Proof of Theorem 1.1: By the Hélder inequality we have
I Allzr < cp(A), 2.1)

where [ All;» means the operator norm of A in [P. Since 7,(A;) — 7,(A) as n — oo, according to (2.1),
A, — Ain the operator norm and therefore, by the upper semicontinuity of spectra [11, Theorem IV.3.1], for

any finite k we have A1y (A;) — Ar(A) as n — co. Now Lemma 2.1 implies the required result. O

3. Applications to entire functions

Let us consider the entire function

00 k

aiz
h(z) =
,é) (kD

O<a<1,zeC ap=1,a,€C k=1). (3.1)

Denote the zeros of h with the multiplicities in non-decreasing order of their absolute values by z(h) :

|zi (Bl < |zg+1(B)| (kK=1,2,...) and assume that fora p > 1/«,

(e8]
0,(h):= ) lagl” <oo (1/p+1/p' =1). (3.2)
k=2

Introduce the quantity
b,(h) =677 (h) + i L upZ 9Py 1 g apy - 1P
p —Wp . 2jap —Wp P !
]:
where
[e.°]
{(2)=) k" Rez>1)
k=1

is the Riemann zeta function. Our aim in this section is to prove the following theorem.

Theorem 3.1. Let / be defined by (3.1) and condition (3.2) hold. Then for any zero z(h) of h we have either
la; — ﬁl <bp(h) or |z(h)| = %.

To prove this theorem introduce the polynomial

n akzn—k
(z) =
I ,;0 (ke
and n x n-matrix

—aq —ay . —Aap-1 —Aap

1/(2%) 0 0 0

F, = 0 1/33%) .. 0 0

0 0 v 1/(n% 0

Let zr(fn) (k =1,...,n) be the zeros of f;, with their multiplicities enumerated in non-increasing order of
their absolute values, and Ay (F;) be the eigenvalues of F;, taken with the multiplicities enumerated in the

non-increasing order of their absolute values.
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Lemma 3.2. One has A, (Fy) = zr(fn) (k=1,...,n).

Proof.

Clearly, f;, is the characteristic polynomial of the matrix

—a -2
1 0
B= 0 1
0 0
Following [8, Lemma 5.2.1, p. 117], put
1
my = @ and Yy =
Then
my
F, = 0
0
and
—ay —@y;
1 0
B= 0 1
0 0

(khe

_ an-1
(n=1)H«

0
0

—Adp-1

0
0

mp

—ap-1¥n-1

0
0

1

__Gn
(nh®

=mmy---my (k=1,..,n).

—ap
0
0

—anYn
0
0

0

Let 1 be an eigenvalue of B, i.e. for the eigenvector (xk)Z: | € C", we have
—a1X1 — WY2X2— ... — Ap-1Yn-1Xn-1 — An¥PnXn = UX1,

Xp = WUXpr1 (k=1,...,n-1).

Since v = 1, substituting xy = yi/y, we obtain

—a1y1— az2y2...— Ap-1Yn-1— QnYn = K)1

and
Ve oy Y o1, n-1).
(43 Vi+1
Or
Mi+1 Yk = 1i¥ie1 =Uyr+1 (k=1,..,n-1).

Vi

13

These equalities are equivalent to the equality F,y = puy with y = (y¢). In other words TBT~! = F,,, where
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T =diag(1,v2, ..., ¥,) and therefore

1 1
7! =diag(1, —, ..., —).
Y2 Yn

This proves the lemma. O

The simple calculations show that

n n
! ! ].
Tp(En) =1 laglP)P'P + 3 —1VP.

k=2 j=2J

Due to Lemmas 2.1 and 3.2, for any zero z(f;,) of f;, either

lay — z(f)| < Tp(Fp), or [2(fu)] < Tp(Fp). (3.3)
With .
n & 4z
hn(Z):Z fn(]./Z)—kZ:()W’
we obtain
1 1
zi(hy) = (k=1,...,n).

zk(fa) ~ Ak(Fn)
Here zy(h;) are the zeros of h, with their multiplicities enumerated in non-decreasing order of their abso-

lute values. According to (3.3) for any zero z(h,) of h, either

lay - | < 7p(Fn), or |2(hp)| = Tp(Fp). 3.4)

z(hy)

Proof of Theorem 3.1: Clearly, 7, (F,) — by(h) as n — oco. In each compact domain Q € C, we have h,(z) —
h(z) (n — oo) uniformly in Q. Due to the Hurwitz theorem [16, p. 5] zx(h;) — z(h) for zi(h) € Q. Now (3.4)

prove the theorem. O

From Theorem 3.1 it follows

1
inflz;(h)|= ————
12 () la1| + by (h)

. 1 . _ .
So the disc |z| < T b, is a zero-free domain.

Note that the classical results on the zeros of entire functions are presented in [13]; the recent investigations
on localization of the zeros of entire functions can be found, for instance, in the works [2, 4, 8, 10, 12] and

the references which are given therein.
4. Example

The following example characterizes the sharpness of Theorem 1.1.

Let A=diag (Bj)‘j’.il, where

[%

=

) (j=1,2,..).

A e
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Under consideration we have

o0
3
T2(A=[2) F]“2 =1/3((2)/2 =~ V3-1.645/2 < 1.570.
j=1%]

By Theorem 1.1
1
o(A) < U?ZI{ZEG:: |z— =] <1.570}.
J

Simple calculations show that A, (B;) = 2%., A2(Bj) = % (j=12,..).
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1. Introduction

Crossed modules have been introduced for Lie algebras by Kassel and Loday in [6], as well as they initially
originate in Whitehead’s work for groups,[10]. It is known that the notion of crossed modules modelling
homotopy 2-type has become an important tool in various contexts. Some of related works with crossed
modules of Lie algebras are [2], [8], and [9]. The notion of 2-crossed modules of groups based on that of
crossed modules has been introduced by Conduche [3] as an algebraic models of homotopy 3-types. In [5],
Ellis has also presented the Lie algebra version of that for getting the equivalence between the category of 2-
crossed modules and that of simplicial Lie algebras with Moore complex of length 2. Ak¢a and Arvasi apply

higher order Peiffer elements in simplicial Lie algebras to the Lie 2-crossed module in [1].

In this paper, we invented the concept of quasi 2-crossed modules of Lie algebras. In [4], Carrasco and Porter
have mentioned this notion for group cases. We have also intend to use it to work on functorial relations,
similar to how algebraic models of homotopy 2-types are used. We will see that the roles of quasi 2-crossed

modules in Lie algebras and those of pre-crossed modules are similar except dimensionally.
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2. Preliminaries
2.1.Crossed modules of Lie algebras

If Y and Z are two Lie algebras, then a left Lie algebra action of Z on Y is a k-bilinear map

ZxY — Y
(z,y) +— zxy,

that satisfies the following two axioms:
L) zx[y,y1=[zxyY1+[y,z*)],
L2) [z,Z]*y=z* (2 xy)—2 x(z2xy)

foreach z,z’ € Zandeach y,y' € Y.

A pre-crossed module over Lie algebras (Y, Z, d) is given by a Lie homomorphism 0: Y — Z, together with

a left Lie algebra action of Z on Y such that the condition
XMod;1 0(z * y) = [z,0(y)] is satisfied for each z€ Z and each ye Y.

A crossed module over Lie algebras (Y, Z, 9) is a pre-crossed module satisfying, in addition “Peiffer identity”

condition:
XMod;2 d(y) xy =1y,)']

forally,y €Y.

Example 2.1. An inclusion map i : I — Z is a crossed module where [ is any ideal of a Lie algebra Z.

Conversely given any crossed module 0: I — Z, one can easily verify that (Y) = I is an ideal in Z.

Example 2.2. Any Z-module Y can be considered as a Lie algebra with zero multiplication, and then0: Y —

Z is a crossed module by 0(y) * ¥ =0y’ = [y,y'1 and 0(z * y) =0=[z,0(y)], forall y,y' € Y,z € Z.
Example 2.3. A Lie k-algebra morphism

p: S — Der(S)
s — u®=us: § —- S

s = ps(s)=1s,5]
with the action of Der(S) on S given as

Der(S)xS — S
d,s) — d=*s=d(s)

is a crossed module where Der(S) is a set of derivations of S,i.e.
Der(S)={d|d:S— S, d([s1, s2]) = [s1,ds2] + [ds1, $2] 51, 52 € S}.

(See for detail [7].)
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A crossed module morphism f: (Y, Z,0) — (Y',Z',d") isapair (fy : Y — Y/, fo : Z — Z') of Lie algebra mor-

phisms, making the diagram below commutative:

Y 9 A
fll Lfo
Y' VA
a’

also preserving action of Zon Y.

Although the following discussion may be found in various algebraic cases, we include it here since we will

need to generalize it later.

If : M — P is a pre-crossed module of Lie algebras then d:M/M — P given by 5([m]) = 0(m) is a crossed
module where M is the ideal generated by the elements [m, m'] —d(m) * m/, for m, m' € M. It is not difficult

to see that following equations are satisfied

a([m)) * [m'] = d(m) = [m'] = [0(m) * m'] = [[m, m']] = [[m], [m']]

A(p * [m1) = d([p * m]) = d(p * m) = [p,d(m)].

For any pre-crossed module Enorphism (fi, fo) : (M, P0) — (M, P',0"), we get the crossed module morphism
(f1, fo): (MIM,B0) — (M'/M', P',d"), where f,([m]) = [f1(m)],m € M. Since

fillm,m' —=0(m) *m') = fi(lm,m']) — f1(O(m) x m')
= [fim), fi(mM)] = fo(0(m)) = f1(m)
=[fitm), A(M)] -0 (fi(m)) * fi(m") e M’

]_”1 is well-defined morphism. Thus, it can be given a functor
F:PXMOD — XMOD

defined as F((M, P.9)) = (M’/]\;I’,P’,a’) on object and as F((f1, fo)) = (]_”1,f0) on morphism.

Furthermore, it is clear that there is forgetful functor G: XMOD — PXMOD and the functor F is left adjoint
to G.

2.2.2-Crossed Modules of Lie algebras

In this section, we recall the definition of 2-crossed modules over Lie algebras given [5].

A pair of Lie homomorphisms L 2, M 4, P with an action of P on M and L, and a bilinear function {,} :
M x M — L such that below axioms are satisfied for every m,m’,m" € M, I,I € L and p € P are defined as a

2-crossed module of Lie algebras
1. 016,=0

2. 02(P1)=7(02D),01(Pm) = [p,01(m)]
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. Oodm,m'y =@M — [(m,m]

w

021,051y = [1,1]

=~

{021, m} +{m, 0,1} =]

o

. Pim,m’y = Pm,m'y + (m,Pm'}

=2}

7. (mm L, m"y =0 m Y+ i, [, m 1 =0 (m,my - () I, m 1)

’ " ! " " ’ ’ " " " ’ ’
Am,m,m =0 m,m Y =0 mym =m0 m — (m,m 1+ 9 m — [m, m 1)

o]

It is denoted by (L, M, P,0-,01,1,}). If the below diagram is commutative

MxM—" o % oy p
flell lfz lfl Lfo
M x M’ r M P
W % 9
that is, the equations
A1 fi = fodr
d2 f» = fi02,

Rbi=0) (A )

are satisfied and

AP m)=5P £ m)
LPH=1P 0

then a triple (f2, f1, fo) is called by the morphism of between 2-crossed modules (L, M, P,d,,0:,{,}) and
(L,M,P,3d,,8,{}).
As a result, the category of 2-crossed modules is obtained, with 2-crossed modules as objects and mor-

phisms between them as morphisms and it is denoted by L2XMOD.

When the morphisms f; and fj above are the identity, we will get a subcategory L2XMOD/ (M, P), the cat-

egory of 2-crossed modules, over fixed pre-crossed module 0, : M — P ..

2.3. Quasi 2-Crossed Modules of Lie Algebras

A quasi 2-crossed module of Lie algebras is a sequence L Oz, M 9, P of Lie algebra homomorphisms to-

gether with a bilinear map {,} : M x M — L satisfying the below axioms

LQ2X1) 010, =0
LQ2X2) 02(P1) =P (021), 01(Pm) = [p,01(m)]

LQ2X3) P{moy, 1} = {P mg, m1} + {mo,P my}
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LQ2X4) 02{mg, m1} =" my — [mg, m]

LQ2X5) {my, [my, mol} = 9" {mg, ma} — "2 {mg, m1} — {my, % my — [mg, myl}
+{my, 2" my — [mg, m 1}
LQ2X6) {[mg, m1], ma} =210 {my, ma} + {mg, [m1, mal} — O™ {my, my}

—{my, [my, mol}

LQ2X7) [{mg, m1},%™ (my < )] = {91 [my,8211,0,{mg, my}}
for all m, mgy, my, mp € M and [ € L. Also, the action on L of M is given by

m<l=%"]_{m, 0,1} = {0,1, m}.

We get the category LQ2XMOD quasi 2-crossed modules of Lie algebras by defining whose morphisms
similar to that of L2XMOD and it is obtained a subcategory L2XMOD/ (M, P) with baseAA 0,: M — P, [7].

Proposition 2.4. Every 2-crossed module is a quasi 2-crossed module.

Proof.

Let (L, M, P,0,,01,1,}) be a 2-crossed module. To complete the proof, just axiom 7 has to be verified.

02{mg, my} <%0 {0, 1, m}

= 82{mo, m1} <{%™8,1, m} + {021, my }

= B2{mg, m1} <{%™8,1, m} + 02{mg, m1} <{021,90 my}
= {02 ({9m08,1, m}),02{mg, my}} +

[{myg, m1},% (my <))

{82 (1021,9 my}), 02 {mg, my }}
= {(al(@'"oagm m— [0, |, m]} +

{(61 (021) (67710 my) — 021, omyg ml]}

= {10m001@:D1p — [0m0§, 1, m], 90 my — [mg, my ]} +

{0—[021,9 my 1,90 my — [mg, my 1}

= {=[°"0,1,m],%™ my - [mg, m]}+
{=[021,9M0 my 1,90 my — [myo, my 1}

= {[my,9™0,1] + [°™ my,021],82{mog, m}}

= {9™[my,0211,021mq, my}}
forall m,mg,m; e Mand [ € L.

Proposition 2.5. If (L, M, P,d,,01, {,}) is a Lie quasi 2-crossed module, then ideal L generated by the elements
of the type

m*1=%"]—{m, 0,1} — 821, m}
I®1 =1[1,11-1021,0,1}

is a P-invariant ideal in Lie algebra L, forall [,/ € L, m € M.
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Proof.

Pimsl) = POM]—{m,d,1}—{0,1,m})
= PO —Pim,0,1} - P{0,1, m}
= (p,oym}-1+©@m)-(p-1)—{Pm,021} — {(m,05(P 1)} — {02(P1), m} — (021, m}
= mxPl+0UM ] _(p, 6,1} —1{021,P m}
= m*Pl+Pm=Del

forpe P, me M, l€ L, and we also get

P(LTT—{821,050'})

= [LPI1={Pds1,0,1} —{021,P0,1'}

= [PLIT+[LPI=1{02(P1),021'} = 1021,02(P 1)}
= [PLIT={02(°D),050'} + (1,11~ 1021,0,(P1)}
= (Plel)+U®Pl)el

rael)

forpeP,,l'eL
Theorem 2.6. Let (L, M, P,0»,01,{,}) be a Lie quasi 2-crossed module and L be as in previous proposition.
Then (L/L, M,P,5,61,{,_}) is a 2-crossed module where 0 : L/T — M, is given by A+ = 0yl and {,}: M x

M — L/L is defined by {,Y(my, my) = {my, my} + Lfor l € Land my, m» € M, respectively.

Proof.
drmx1) = 0,0 —{m,0,1} — (021, m})
= 0;01) —05({m, 021}) — 02 (1021, m})
= almagl—almazl+[m,azl]—al(azl)m+[agl,m]
= 0+[m,0,11-"m—[m,0d,1]
=0
and
o(l®l) = 0.(,11-1{0l,0l})

= 02(11,1) - 02(101,01'})
(021,001 =923, — (351,051 ]
=0

forallme M, 1, I e L, that is d»(L) = 0. Thus

0: LIL - M
I+L — d(+L) =05l

is well-defined. It is seen that some of the axioms of the 2-crossed module are verified.

{021,021}
021,050} + L
[,I1+L ({021,000}~ [1,11 € L)

{0(+1),0(l' +L)}
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U +L),m}+{m,0o(l+L)} = {0.1,m}+{m,0,1}
= {0, m}+L+{m,0,1}+L
= Omp, T
= 0m(4T)

dTmumal = 8(imy,mal+I)
= 02({my, my})

= OMimy —my, myl

for all m,my,my € M, I+L,I +L € L/L. The validity of other axioms can be seen similarly. Therefore we

have following result:

Corollary 2.7. There is (F, G) adjoint functor pair,

F
LQ2XMOD = [2XMOD.
G

Proof.
Let ¥ =(L,M,P,0,,01,{}) and &£ = (L',M’,P/,G’Z,a/l, {,}') be two Lie quasi 2-crossed module and (f, f1, fo)

be morphism between them. The functor
F:LQ2XMOD — L2XMOD

is given by F(£) = (L/L,M,P3,01,1,), F(£) = (L’/f,M,,P’,g,O’pW) and F(f2, fi, fo) = (f;', fi, fo) where
frU+T) = fo(l) + L. We have

Lmxl) = LOMI—{m,0,1} {821, m})
= £~ fr(im, 0210 — f2({021, m})
= SOm £ ()~ {fi(m), fi(@2D} — {f1(02D), fi (M)}
= BAM £ (1)~ (), 8y (LY — 10, (f(D), fi(m))
= fim*frDel

and ’ ’
Lh®h) = fa(ll,1,]1-1{021,0211)

= fall, k] = f2(10211,0212})
= [foh, ool = (f2(1D)(0211,0212))
= [fahy, falol =1} (fi, f2) (0211, 0210)
= [f2h, folol = {fi0211, 102 1a}
= [foh, ool - {5’2f2 ll»alng LY
= fl)xfrllel

form*land, ® e L andso (L)< L.

The morphism f; : L/IL— L' /L givenby f; (I+L) = fo(D) + L is well-defined, since fli-b)e fr(L)< L for
ll - lg € Z
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We have - _ - .
0,(fy(I+L) = 0,((foh)+L)
= 0,(fD)
= fi(02(D)
= fi@U+1L)
and also
0,fi = fodu

since (f2, f1, fo) is a morphism of quasi 2-crossed modules of Lie algebras. Therefore we get following com-

mutative diagram:

L/L M P
R
Ul ——sM ———>7p
0, 0

Furthermore we have below equations:

Fr 0 my, my) fy (imy, ma} + 1)
flimy, moh) + L
{fi(my), fi(ma)y

L1, f1)(my, my)

L}

Mx M : L/L M P
leﬁL lfz* lfl Lfo
MxM ——L/l ——>M ———>P

8 i) 0

Thus (f5, f1, fo) is a morphism of 2-crossed modules, as seen above.

For # = (K,N,Q,0,,0,,,}) and (f, fi, fo) : F(&) — & € Mor(L2XMOD), the morphism (fq,, fi, fo) : £ —
X isin Mor(LQ2XMOD), where g, : L — L/L. Conversely, for (f2, fi, fo) : & — G(&) € Mor(LQ2XMOD),

(fz*)fl;fo) : (L/eryRaya)m) - (K)Nr Q)a;;ally{;}/)
is a morphism in Mor(L2XMOD). Thus, we get the bijection
L2XMOD(F(¥L), )= LQ2XMOD(%Z,G(X))

such that this family of bijections is natural in £ and % . Clearly; for ki : (hy, hy, ho) = £ — £ € Mor(LQ2XMOD),

we have following commutative diagram

Ne.x

L2XMOD(F(£), X) LQ2XMOD(Z,G(X))

F(h)*=-oF(h) —oh=h*

L2XMOD(F(£), %) LQ2XMOD(¥',G(X))
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since

LR +1)
folha()+ 1)
folg, (ha (1)),

f2 h;: qL (l’)

and for k: (ky, k1, ko) = X — & ‘eM or(LX>, MOD), we get commutative diagram

L2XMOD(F (%), *) X 1Q2XMOD(Z,G(X))

k*=ko— G(k)o—=G(k)*

L2XMOD(F(%), %) —> LQ2XMOD(Z,G(X))
LK

because of
(k2f2)q, = ka(f2q,).

Hence, it is concluded that there is an adjunction between LQ2XMOD and L2XMOD.
3. Conclusion

In this paper, the category of quasi 2-crossed modules for Lie algebras has been introduced, and an adjunc-
tion between this category and that of 2-crossed modules for Lie algebras is constructed. It is concluded
that this category has a similar role to that of pre-crossed modules in corresponding adjunction to their

1-dimensional analogous.
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