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Blow-up for a Generalized Dullin-Gottwald-Holm
Equation

Nurhan Diindar

Abstract

In this paper, the blow up of solutions for a generalized version of the Dullin-Gottwald-Holm equation
which is a nonlinear shallow water wave equation is studied. The precise blow-up scenario and a result
of blow-up solutions are described. The blow-up occurs as wave breaking. This means the solution
(representing the wave) remains bounded but its slope becomes infinite in finite time. We use an approach
devised in [1].

Keywords: Generalized Dullin-Gottwald-Holm equation; shallow water wave; blow-up.

AMS Subject Classification (2020): Primary: 35B44 ; Secondary: 35Q35; 35G20.

1. Introduction

Dullin et al. in [3] presented the following the nonlinear dispersive evolution equation, then called the Dullin-
Gottwald-Holm (DGH) equation:

g — gzt + koug + 3utiy + Dugey = (2 (2Up sy + UUgzs) t>0,zeR. (1.1)

The DGH equation is an equation modeling the unidirectional propagation of shallow water waves on a flat bottom.
u = u (t, x) is fluid velocity, where ¢ and x are variables related to time and space respectively. 5, I" and k¢ are some
physical positive parameters.

In equation (1.1),if 3 = 0 and I" # 0, the Korteweg-de Vries (KdV) equation is obtained, and if 5 =1and I' = 0,
the Camassa-Holm (CH) equation is obtained. As can be seen, equation (1.1) contains two different integrable
soliton equations for shallow water waves. The DGH equation (1.1) combines the linear dispersion of the KdV
equation with the nonlinear/nonlocal dispersion of the CH equation. Equation (1.1) has important properties.
Some of these important features are: It has the bi-Hamiltonian structure and soliton solutions and it is completely
integrable [3]. For this equation, blow up occurs in the form of wave breaking: This means: while the solution u
representing the wave remains bounded, u,, which is its first derivative with respect to x becomes infinite in finite
time [1, 12, 15].

Since the equation (1.1) was discovered, a great deal of space has been devoted to it in the literature and this
equation has been the subject of intense research. Its mathematical behaviors such as local well-posedness, global
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strong solutions, global weak solutions, blow up solutions in finite time and stability of peakons have been studied
in many works [8, 11, 12, 15-18].
In present paper, we study the following initial value problem for the generalized DGH equation:

_ 32 _32(Q ), 2
{ut B2 Uzet + (P (0)), + Tgze = B ( 5 UerQ(U)Um)r» t>0, xR, (12)

u(0,z) = up (), z €N,

where P(u), Q(u) : R — R are given C3-functions. For P (u) = 2wu + 3u? (where 2w = ko) and Q (u) = u, it is
seen that the (1.2) turns into equation equation (1.1). Some mathematical behaviors of equation (1.2) have been
studied by many authors before. In [13, 14], the authors established the well-posedness a finite time for (1.2) by
using Kato’s theory. Furthermore, the stability of peakons of (1.2) was discussed with P (u) = 2wu + “2u*! and
@ (u) = u*in [13]. In [4], Diindar and Polat investigated the blow up of the solutions of (1.2) with @) (u) = u. Also
in the same article, they proved stability of solitary waves by using the method in [7] for P (u) = 2wu + “F2y*+?

and Q (u) = u®.

In (1.2), if the weak dispersive term T'u,, is changed into the strong dispersive term I' (u — BQler)xmm, we
obtain
up — Buger + (P (u), + T (u— BQUM)MM =32 (%ui +Q (u) um) , t>0, zeR, (1.3)
u(0,2) = ug (), zeR

Diindar and Polat studied the well-posedness for (1.3) a finite time in [6]. Also, they showed the existence of solitary
waves and proved the stability of solitary wave solutions of (1.3) in [5].

The main aim of this paper is to investigate the blow up of the solutions of (1.2) in finite time. In [4], authors
obtained the blow up of the strong solutions of (1.2) with @ (u) = u. In this paper, we remove this restriction and
obtain more general results.

The content of this article is as follows: In Section 2, we will give the notations and some basic informations, and
recall some necessary conclusions. In Section 3, we will examine the blow up of solutions of (1.2).

2. Preliminaries

We introduce by summarizing some notations. The convolution is denoted by x. ||.||; denotes the norm of
Banach space B. Since all space of functions are over R, for convenience, we will not use R in our notations of
function spaces if there is no equivocalness. We denote the norm in the Sobolev space H* by

o, = lv]l . = (/SR (1+ 5|2>s|6(§)2d§)1/2

for s € R. Here 7 (€) is the Fourier transform of v. We use the ||.||;, for the norm of the space L?, 1 < p < co. We
define the operator A® by the formula A* = (1 —92)?, s € R.
From now on, throughout this article, we assume = 1 for convenience. Note that if f (z) = %e*‘”, x € R, then

(1-92%) “'v = fruvforallv € L2 Then (1.2) can be rewritten as follows:

ut—i-(Q(u)—F)uI:f*[Q(u)uI]—(?If*{%uﬁ—b—P(u)—o—Fu}, t>0,xeR, 2.1)
u(0,2) = ug (), zeR. '
Or in the equivalent form:
{ we Q) ~Dus = (1-03) " Qyus] =0, (1= 22) " [Hu2 + Pw) 4 Tu]. 130 2€R oo
u(0,2) = ug (x), z e R

It can be seen that (1.2) is equivalent to (2.1) (or (2.2)) for 5 = 1. So, we will investigate the blow up of solutions of
(2.1) (or (2.2)).
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2.1 Local well-posedness for the Cauchy problem of (2.1)
Theorem 2.1. [14]. Let n > 2 be a natural number, s € (3,n), and P, Q € C™*3, with P (0) = 0. If ug € H*, there exists
amaximal T =T (ug) > 0, and a unique solution u to (2.1) (or (2.2)) such that

u=u(.,up) € C([0,T);H)nC" ([0,T); H*™ ).
Moreover, the solution depends continuously on the initial data, i.e., the mapping
up — u (., ug) : H* = C([0,T); H)nC* ([0,T); H* 1)
is continuous.

In [13], Liu and Yin obtained the local well-posedness theorem of the Cauchy problem (2.1) with the constraint
Q(0) = 0 by applying Kato’s theory [10]. Later, in [14] (Theorem 1.2 and Corollary 1.1), the authors removed the
limiting condition Q(0) = 0, which makes an improvement in the results in [13].

Theorem 2.2. Let n > 2 be a natural number, s € (3,n), and P, Q € C™3, with P (0) = 0. Then T in Theorem 2.1 may
be chosen independent of s in the following sense. If

u=u(,u) € C(0,T);H)NC* ([O,T);Hs_l)
to 2.1 (or 2.2), and if up € Hslfor some s’ # s, % < s’ < n, then
weC ([O,T) H) net ([o,T) ;HS'*l)

and with the same T'. In particular, if P, Q € C* and let ug € H>® = Ng>oH®, u € C([0,T); H>).

Proof. For § = 1, since (1.2) can be rewritten as

%] +KOw+Lt)w=R(), w(0)=Au(0),
where
K(t)w=09,(Qu)-Tw), L{t)w=Q (u)usw,
and

R(t) = u, (Q” (u) e — P (u) 42 (w)u + Q () —r) ,

thus the proof of Theorem 2.2 is alike to the proof of Theorem 1.2 of [6]. The proof is completed with reference the
proof of Theorem 1.2 in [6].

2.2 Some lemmas
We will now give some lemmas that we will use in this paper. We list below without proof.

Lemma 2.1. [9]. Let s > 0. Then we have
A", ) 2ll 2 < K (102yll oo [|A° 2| o + 1AWl 2] e )
Here K is constant depending only on s.

Lemma 2.2. [9]. Let s > 0. Then H* N L™ is an algebra. Moreover

lyzlls < K Iyl 1205 + vl 120 o)
where K is constant depending only on s.

Lemma 2.3. [2]. Assume that G € C"*2 with G (0) = 0. Then for every % < s < n, we have that
IG W), <G (lull o) lull,, — we H?,

where G is a monotone increasing function depending only on G and s.
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Lemma 2.4. [1]. Let T > 0 and u € C* ([0,T); H?) . Then for every t € [0,T) , there exist at least one pair points 6 (t)
O (t) € R, such that

i) = in& Ug (6, ) = ug (8,60 (1)), J(t) = supuy (t,x) = u, (¢,0 (1)),
TE zER

and j (t), J (t) are absolutely continuous on (0,T"). Furthermore,

4 (t)
dt

= u, (t,0 (¢)), %it) = u (¢,0(t)), a.e.on (0,T).

Lemma 2.5. [13]. Let u (t, x) be a solution of (1.2). Then the functionals
E(u) = / (u® + p*u2) da,
R

F(u) = /ER (2‘)3 (u) + B2Q (u) u? — Puz) dx

are constant with respect to t, where P’ (s) = P (s).

3. Blow-up analysis

In this section, we examine the blow-up phenomena of the (2.1) (or (2.2)).

Remark 3.1. Given in Lemma (2.5), £ (u) = [, (u2 + uﬁ) dz (8 = 1) is an invariant for equation (2.1). So, we have
that

Jul2 < /% (u? 1 u2) = € (u) = & (o) = Juo]?.

Remark 3.2. Since Q@ € C™3 with n > 2, by using |u||; < |lull, = |Juo||, which can be seen in Remark 3.1, a
positive constant a; > 0 can be found such that
Q" (w)] < sup |Q(2)] < ar. 3.1)
[z <lluoll,

We will first give the following theorem.

Theorem 3.1. Let P,Q € C""3,n > 2, P(0) = 0and ug € H®, 3 < s < n. Then the solution u (t, ) of (2.2) blows up in
finite time T' < oo if and only if
lim sup ||ug (7,2)| e = +00. (3.2)
t= To<r<t

Moreover, if T' < oo, then

T
| e )l + 1771 = o0
0

Proof. Let I" = ) (0). We can rewrite (2.2) as

ur Q) ~ Q) us = (1-2) Q)] — 0, (1-2) " [(“) P () +Q(0) ] NG

2
If we apply the operator A®, then multiply by 2A°u on both sides of (3.3) and finally integrate with respect to the
variable z over R, we obtain

d u)? = - Sul’® u) — Uy | dx suh® (1—92) " u) Uy ] de
G Lara = =2 [ eun i@ -Q)uldere [ A (1-2) " [Qud

_2/ A*uA®9, (1 - aﬁ)‘1 [Q/z(“) u? + P (u) +Q(0) u] =L+ 1+ I (3.4)
R
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We now estimate I, I3, I3. By using Lemma 2.1, Lemma 2.3 with G (u) = @ (u) — Q (0), Remark 3.1 and Cauchy-
Schwartz inequality as well as (3.1), we obtain

L= 2 /ﬁ A*uh® [(Q (u) — Q (0)) ua] do
= 2 [ AUl (QW - Q) ] - Q) - Q0) A, do
}R
—2/ (Q (u) — Q(0)) A’ ul’uydx
b
- /% A A% (Q (u) — Q (0))] updir — /% Q' (u) up (A°w)? do

< 2K ull, {192 (Q (w) = Q () o [|A° || o + 1A (Q (w) = Q (0)) ] 12 llual| poc ]
Hlull Q" (u) ug| o
< Kl [1Q (w) sl oo ully + 11(Q () = Q (O], Nt e ] + Null? Q" (1) war]| e
< Kl (201 sl + G (luolly) sl
< K full? ull -~ - (3.5)

By using Lemma 2.3 with G (u) = G; (u) — G1 (0) and Remark 3.1, Cauchy-Schwartz inequality and Sobolev
embedding (H* — H*®"'), we obtain

I, = 2/§RASuAs (1- 8‘%)71 (Q (u) uy] dzx

_ /m A*uh®0, (1—82) 1[Gy () — Gy (0)]dz (where G} (u) = Q (u))

< K |ull, |G (w) — G1 (0)]],_,
< KG (luolly) llull, llull,_,
< K |ul?. (3.6)

By using Lemma 2.2, Lemma 2.3 with G (u) = Q' (u) — Q' (0) and Remark 3.1, Cauchy-Schwartz inequality, Sobolev
embedding (H* < H*~!) and (3.1), we obtain

I3

IN

IN

IN

IN

IN

IN

—2/§RASuA58x (1-03)"" {Q/Q(“)ui + P (u) + Q(0) u}

;u)uiw(u)w(om
K Jul, \( ”Q'”)uz ) +||P<u>||81+|cz<o>||u||s1]
Kl 1@ () = @ )], +1Q O], + lull,_, +1QO) el ]

1" () = Q" (O)l e 12—, + 2] 1927 () = Q@ (O)l—y ) + K (il + sl )]

’U.()1

K Jjull, [
K ull, K swp 1@/ (2 |> lutell o lull, + G (o) o2l u||s+<1+||uz||m>u||s]

K ) [or ltall o + e + 1+ e - |
2 2
K )2 (1 ot ). (37)

Combining (3.5)-(3.7) with (3.4), we get

d
77 ull? < K Jull (U fuall ) (3.8)
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When we apply Gronwall’s inequality to (3.8), we obtain
el < e (el 1) 2 (39)

If the solution to (2.2) blows up in finite time, in other words,

lim sup |jul, = +oo, (3.10)
t— TOSTSt
then from (3.9), we have
lim sup ||ug (7,2)| e = +00. (3.11)
t= T o<r<t

If (3.11) is valid, since [|u| ;- < [|ul,_; with s > 3, we have (3.10). When the maximal existence time T < oo, if

T
| e )l 4177 < o,
0

from (3.9), we know that ||u||, < oo which contradicts with the fact that T is the maximal existence time. We get the
same result for I' # Q(0). We complete the proof of Theorem 3.1.

Theorem 3.2. Let P,Q € C"*3,n >3, P(0) = 0. Given up € H*,3 < s < n. If Q' (u) > ag > 0, then the corresponding
u (t, z) of (2.1) blows up in finite time T' < oo if and only if

lim inf inf u, (7,2) = —c0. (3.12)
t— T 0<7<t zER

Proof. If (3.12) is valid, then the corresponding solution u (¢, z) of (2.1) blows up in finite time 7" < oo since
ull oo < [Jull,_; with s > 3. We prove (3.12) by contradiction. Assume that (3.12) is invalid, then there exists J > 0
such that inf ex u, (¢, 2) > —J, then we make inference that the solution will not blow up in finite time. Let’s take
the differentiate of (2.1) with respect to x, so we get

o @ )+ Q) uas ~ Ty =0/ * Q] ~ 227 ¢ | L2 Py 4] )

Since 92 (f xv) = fxv —vand 9, (f *v) = f xv,, we have

o+ @ )+ Q) s ~Tuas = £5[Q ()0 + Q)] — 1 [T a2+ Py 41
+ wui + P (u) +Tu. (3.14)

From Lemma 2.4, we define
J(t) =uz (1,0 (1)) = sup [ug (¢, z)]
zeR

and
50 = (4,0(0)) = inf [ (1,2)].

Since we deal with a maximum, u,, (t,0 (¢)) = 0 for all t € [0,T), it follows that a.e. on [0,T)

Jt) = —wﬂ )+ £ [Q (w)ul] (¢,0(t) + P (u(t,0 (1)) + Tu(t,O())
—f % wui + P (u) +Tu| (£,0 (1)) . (3.15)

By Young's inequality and f (z) = 2e~1%l, we have

1
If*vll e < [ fll g lollpe < 5 0]l
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and
1f % vl < M fllzr [0l pee < 0l pee -

By using these inequalities, (3.1) and Remark 3.1, we obtain

£+ (@ (wu) ]| 1£ll e [|Q () uz ] s

< Qg a2
< S llullf = 3 ol (3.16)
Similarly, we have
I£ P @l < IP@le £ st 1P (3.17)
and
1 5l e < Ml < Juolly - (3.18)

Using (3.16)-(3.18) and the assumption in lemma, it then follows from (3.15) that a.e. on [0, T),

J' () < f%ﬁ (t) + A, (3.19)
where
3
a=2( s [P+ 2a fuol? + uoll, (3:20)
12I<]lwoll, 8

If J(t) > %, then J’ () < 0 and J () is decreasing. Otherwise, J (t) < %. Thus we obtain that

—J<j(t)Suzgj(t)gmax{J(O),\/?}, te[0,7).

From this inequality, we obtain the fact that u,, that is, the slope of solution of (2.1) is bounded. When Theorem 3.1
is applied, the solution of (2.1) will not blow up in finite time. We finish the proof of Theorem 3.2.

Now, we present the following blow up result.

Theorem 3.3. Assume that P,Q € C"*t3,n>2, P(0) =0,uy € H%, 3 <5 <n, Q" (u) > ay > 0. If there exists a point

xo € R such that uy (xo) < — %, then the corresponding solution u (¢, x) of (2.1) blows up in finite time T < oo and
re Ly (VE0) VA
V2Aay  \ \/Bul (z0) +VA )
where

3
A=2( sup |P(2)|+ Za1lluoll; + fluoll; | -
|2 < luoll, 8

Proof. By Theorem 2.1- Theorem 2.2 and a simple density argument, we only need to prove that theorem
provides for s = 3. Let T'be maximal existence time of the solution u € C ([0,T); H*) N C* ([0, T); Hs_l) of (2.1).
Differentiating (2.1) with respect to z, since 92 (f xv) = (f v —v) and 9, (f xv) = f * v,, we have

P @ () + Q)] — e [Wuiw(u)wu

2
Q' ()
2

Uty + Q/ (U) ui + Q (u) Ugy — Fuzw

u? + P (u) + Tu. (3.21)
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Now define j (t) = inf,er [us (¢, 2)] = ug (¢,0 (1)) by Lemma 2.4 and let 6 () € R be a point where this infimum is
attained. For x = 6 (¢), since u,, (t,6 (t)) = 0, we have
Q" (u(t,0(1))

J) = W+ f+[Q () uz] (8,60(1) + P (u(t,0 (1) + Tu(t,0 (1)

—f* [Q/Z(u)ui + P (u)+ Fu} (t,0(1)). (3.22)

Using (3.16)-(3.18) and the assumption in lemma, it then follows from (3.22) that a.e. on [0, 7)),
. az .o
J) < =507 (6) + 4, (3.23)

where

3
A=2 ( sup |P(2)| + Zan [Juoll} + ||UO1> -

|21 <ol 8
Note that if j (0) < —y/ 2 A, then j () < —\/ 2 A, folall ¢ € [0,T). By (3.23), we get

FIOAVA ooy WA,

Fj(0)-vA T VRIO-VAT

V#i(0)+VA

Dueto 0 < VEZi(0)—Va

< 1, there exists

0<T< a;j(o)\/z)

1
Mhl(\/@(owm

such that lim,;_, 7 j (¢) = —oo. For this reason, the solution u does not exist globally in time. Thus, the proof of
Theorem 3.3 is completed.

4. Conclusion
In this study, we investigated the blow up of solutions of the Cauchy problem (2.1) (or (2.2)), which we obtained

by taking 8 = 11in (1.2).
Our main results can be summarised as follows:
1. We give the precise blow up scenario for solutions of the Cauchy problem (2.1), see Theorem 3.2.
2. We also give a blow up result of solutions of (2.1), see Theorem 3.3.
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1. Introduction

The main topic in the classical approximation theory is approximating a continuous function f : [a,b] — R
with more elementary functions such as polynomials, trigonometric functions, etc.. The well-known Korovkin’s
theorem, which gives a simple proof of Weierstrass theorem, is based on the approximation of functions by linear
and positive operators. The underlying algebraic structure of these mentioned operators is linear over R and
they are also linear operators. In 2006, Bede et.al [4] asked whether they could change the underlying algebraic
structure to more general structures. In this sense they presented nonlinear Shepard-type operators by replacing the
operations sum and product by max and product. They proved Weierstrass-type uniform approximation theorem
and obtained error estimates in terms of the modulus of continuity. Following this paper Bede et. al. [5] defined
and studied pseudo linear approximation operators. Based upon these studies, there appeared an open problem in
the book of 5.Gal [10] in which the max-product type Bernstein operators were introduced. Related to this open
problem, a nonlinear modification of the classical Bernstein operators were first studied by Bede and Gal [3] (see
also [2]). The idea behind these studies were also applied to other well-known approximating operators. Several
authors introduced the nonlinear versions of the stated operators and studied order of approximation [3,4,12]. Also
see [6] for the collected papers.

The nonlinear Favard-Szasz-Mirakjan operators of max-product kind is introduced in [2] as (here \/ means

Received : 17-08-2021, Accepted : 10-03-2022
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maximum)

foe) k
Vel

= BV
e

EM(f)(z) =

whose order of pointwise approximation is obtained as wi (f; v/x/v/n). In [7], the authors dealed with the same
operator in order to obtain the same order of approximation but by a simpler method. They also presented some
shape preserving properties of the operators.

In 1972, Jain [11] introduced the following operators to generalize classical Szdsz-Mirakyan operators : for A > 0
and 0 < g8 <1,

PP (fia) = ng(k: n) ( ) feC0,\,neN

where the basis function is
k_1 € (m“l’k’ﬁ)

k!

Zwﬁ (k,z) =1.
k=0

It is easy to see that for 8 = 0, the operator reduces to the classical Szdsz-Mirakyan operators. Farcas [9] proved a
Voronovskaja type result for Jain’s operators. Dogru et. al. [8] investigated a modification of the Jain operators
preserving the linear functions. Recently, Ozarslan [12] introduced the Stancu type generalization of Jain’s operators
and investigated the weighted approximation properties and Olgun et. al. [13] introduced a generalization of
Jain’s operators based on a function p. Also, Bernstein and generalizations of Jain operators were studied by many
authors (see [14]-[21].) The aim of this study is to introduce the nonlinear Jain operators of max-product type and
estimate the rate of pointwise convergence of the operators. The non-truncated Jain operators are defined by

wg (k,z) =z (z + kB) 1k=0,1,2,.

and

\/ Wn,k,ﬁ (33) f(%)
T (fr2) = =0 neN (1.1)
V Wakp (z)
k=0
—(nz+kpB)
where W, 1. g () = (nz + kﬂ)’“leT and f : [0,\] — R is considered as a bounded function on [0, A], A > 0.

2. Preliminaries

Here, it is emphasized some general notations about the nonlinear operators of max-product kind. Over the set
of positive reals, R, we deal with the operations \/ (maximum) and - (product). Then (R, \/, -) has a semiring
structure and it is called as Max-Product algebra.

Let I C R be a bounded or unbounded interval, and

CBy(I)={f:1— Ry; f continuous and bounded on I}.

A discrete max-product type approximation operator L,, : CB4(I) — CB4(I), has a general form

n

Ly (f) () = \/ Kn(z,2:) - f (22),

=0
or

L(f \/Kxxl l)

wheren € N, f € OB (I),K,(-,z;) € CBy(I)and z; € I, foralli = {0,1,2,--- }. These operators are nonlinear,
positive operators and satisfy a a pseudo-linearity condition of the form
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Lu(a- fVB- g)@)=a- L(f)@)VB- Lu(g)(x), Ve, B € Ry, frg: T — Ry

In order to give some properties of the operators L,,, we present the following auxiliary Lemma.
Lemma 2.1. ([2]) Let I C R be a bounded or unbounded interval,

CBy(I)={f:1— Ry; f continuous and bounded on I},

and L,, : CBy(I) = CB(I), n € Nbe a sequence of operators satisfying the following properties :
(i) (Monotonicity)
f,g € CB4(I) satisfy f < g then L, (f) < L,(g) foralln € N;
(ii) (Subadditivity)
Lu(f +9) < La(f) + Ln(g) forall f,g € CB.(I).
Then for all f,g € CB,(I),n € Nand x € I we have

| Ln(f)(2) = Lu(9)(@)] < Ln(|f = g])(2)-

Remark 2.1. Max-product for Jain operators defined by (4) verify the conditions in Lemma 2.1, (i), (ii). In fact, instead
of (i) it satisfies the stronger condition

Ln(fV g)(x) = Ln(f)(x) V Ln(9)(x), f, 9 € CBy(I).

Indeed, taking in the above equality f < g, f,g € CB,(I), it easily follows L, (f)(x) < L,(g)(z).
Furthermore, the Jain operators of max-product type is positive homogenous, that is L,,(Af) = AL, (f) for all
A>0.

Corollary 2.2. ([2]) Let L,, : CB4(I) = CBL(I), n € N be a sequence of operators satisfying the conditions
(i)-(ii) in Lemma 1 and in addition be a positive homogenous operator. Then for all f € CB,(I),n € Nand z € I we
have

[f (@) = Ln(f)(2)] < %Ln(%)(xHLn(eo)(x) w(f;0) + f(x) - |Ln(eo)(z) — 1],
where § > 0, eq(t) = 1forallt € I, ¢, (t) = |t —x|forallt € I,z € I.

w(f;0) = max [f(z) - f(y)|

is the first modulus of continuity. If I is unbounded then we suppose that there exists L, (¢,)(z) € Ry [ J{+o0}, for
anyz € I,n € N.

Corollary 2.3. ([2]) Suppose that in addition to the conditions in Corollary 2.2, the sequence (L, ),, satisfies
Ly(eg) = ep, foralln € N. Then for all f € CB(I),n € Nand z € I we have

6) = L)@ £ [14 3 Lol )] wl:0).

3. Construction of the Operators and Auxiliary Results

Since TT(LAé ) (f)(0) — f(0) = 0 for all n, throughout the paper we may suppose that z > 0. We need the following
notations and Lemmas for the proof the main results.

. . B
Foreach k,j € {1,2,...,} and x € %,W},]’:O {0 _‘—/j} = [O,e} ,a=¢e% —B,0<B<1,let
: n

us denote X
Wi k,6 (%) ’E - $| Wi ks (T)

Wi (%) Wajp (2)
where W, j; g is defined as in the operators (1.1). It is clear that if £ > j + 1 then

W ks(z) (£ —x)
Wh,j5(2)

Mk,n,j($) = ,mk,n,j(m) =

My, p,i(x) =
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and if £ < j then

W kp(2) (z = %)
Wh,j,8(2)

ef(mijk,B)
k!

Mpn,(2) =

Lemma 3.1. Denoting W,, 1 5(z) = (nz + kB)*~! , we have

\/ W () = Wi s (x), foralla € {‘”;6, a(d +n)+ﬁ} ,
k=0

wherea=¢% -3, j=1,2,...,2 € {O, #} = 0,% .
Proof. Firstly, we show that for fixed n € Nand 0 < k we have

kE+1
0 < Wy k41,8(x) < Wy i () if and only if € [0, W] .
Indeed, writing the the above inequality explicitly, we have
—(naz+(k+1)8) e~ (na+kp)
< (na B e ——— < (n St
0< (nz+ (k+1)p) G 1 < (nx + kp) o

If x = 0, this inequality is true. For x > 0, after simplifications it becomes

<m~+(k+1)5>k . e? (k+1)

nx + kf nx + kB
k
(n:c—i—kﬁ)(W) < S k+1)
3 k
(n:c+k:,6)<1+m+k6> < P k+1)
nr < %eﬁ(lﬁ—i—l)—kﬁ
(1+ﬁ)
< eB(k:Jrl)_%
i n n
P+ kB (P =p)(k+1)+ B
N n B n
_ak+1)+p
= = .
wherea = (e’ — 3), 0 < 8 < 1. Then
nggwia:eﬂ,ﬂ.

n

By taking k£ = 0, 1,2, ... in the inequality just proved above, we get

Wpaplz) < Wyoa(x), ifand only if z € |0,

Wheplz) < Wyia(x), ifand onlyif z € |0,

IN

Wi kt1,8(x) Wi k,s(2), if and only if z €

_07a(k+1)+6}

n
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From the above inequalities, we obtain,

ifz € |02 * B] then W,  g(x) < Wy 0,5(), forallk =0,1,...
ifr € a+ﬁ72a+ﬂ} then W,k 5(x) < Wy 1,5(2), forallk =0,1,...
n n

ifzx €
n

20+ B, W} then W, 1, g(x) < Wy 2 5(x), forallk =0,1, ...
n

and proceeding in the same manner,

ifr e

. -
aj+5 alit Hﬁ} then Wi, . 5(2) < Wi (x), forall k=0,1,2, ...
n n

then we have

‘ 1
0 < Wy pt1,8(x) < Wy s(x)ifand only if x € {aj;— B, aly +n) _Hq .

. . B
Lemma 3.2. Forall k,j € {1,2,...,},and = € [%, W},]’ =0,z € [0, W} = [O, e] , we have

My n,j(x) < 1.

Proof. We have two cases: 1) k > jand 2) k < j.

Let k > j . Since the function g(z) = — is nonincreasing on {%’ W} it follows
x
s o~ (na+kp)
mag@) W@ (e RT—a—
Mt 1,n,5(2) Whkt1,8 (2) o~ (na+(k+1)B)
k+1)B)e—
(e + (k+ DB —7755

’

n n

(nx+kﬁ)k66(k¢+1) v e {aj—l—ﬁ a(j+1)+5}
(nz + (k+1)8)k(nx + kB)’
> 1

)

which implies

My (&) 2> Mjp1 0, (T) > Mjgon;(z) >
We now turn to the case k < j
o1 e—(n.r+kﬁ)
Mg (T) (nz + k5) k!
Mk—1.n,; (.%') e—(n:c+(k—1)ﬁ)
— 1)8)k-2
(na+ (k= DY,

_ a+kp)2  faj+B a(G+ 1)+
 (nz+ (k- 1)B)k2’ n n
> 1,

(nx +kp)*—2 3 e (na + kB)

A T eV N T A

which implies

My, (€) 2 Mj1,0,5(2) 2 Mj—2,,5(T) 2 ...
Since mj , ;(x) = 1, the proof of the lemma is complete.
Lemma 3.3. Let z € |248 oUtL+s
e n n

(i)  Ifk>(j+1)issuch that

7

k= /Bk2 + ark + azj + az — aBkj > aj,
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then
My p (%) > Myi1.55(x)

where a; = —32 +2e? + 28 — 1,00 = —2af — 2a — ae®, a5 = — B2 + 2¢® + 5 — eP.
(i) If & < j is such that

k+\/Bk2 + ask + asj — B2 — afkj < aj,

then
Mi . j(2) > My_1 5 ().

where ay =28 — 8%+ a + 1,a5 = —2fa.

Proof. (i) We observe that

1 e—(nz+kﬂ)

Myny) @+ kBT (E g
]\4“_1 n ](x) e—(n:c+(l<a+1)/3) (k+1 B x)
)T, 1 k n

(nz + (k+1)8) HE

<1_ 6] )kl Pk +1) (k — nz)
ne+ (k+1)8 ne+ (k+1)8 (k+1—nz)

(k+1) (k — nzx) (_ B >“eﬁ
nz+ (k+1)8 (k+1—nx) nx+ (k+1)8
(k+1) (k—(j+1)a)
(G+VDa+(k+1)8 (k+1—ja)’

x € %, W] . Then, since the condition

k— /Bk2 + a1k + asj + as — afkj > aj,

where a; = —32 +2¢® + 28 — 1,as = —2af — 2a — ae®, as = — B2 + 2¢° + 5 — Bef, we obtain

M@)o
Mii1,n,5 ()
(ii) We observe that
o1 e—(nz+k6)
Myy(x)  _ EERT— @k
My —1,n,5(x) e~ (na+(k=1)F) (;p — k=1
n, g TR -
(na+ (k= D8

<1 B )knx—l—kﬁ (nx — k)
nr + (k—1)8 Bk (nx—k+1)
ja+B+EkB ja+pB—k
- k ja+p—k+1

Then, since the condition

k+/Bk2 + ask + asj — B2 — aBkj < aj,
where a4 = 26 — 82 + a + 1, a5 = —2fa, we obtain

Mp,n,j(x)

kg ) g
My—1,5,5(2) ~

which proves the lemma.
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4. Approximation Result

For the function f € CB (1), we obtain the degree of approximation by using the Shisha-Mond Theorem given
in [1],[2].

Theorem 4.1. If f : [0, \] = R, is a bounded and continuous function on [0, \],A > a+1,a=¢® —3,0< < 1,
then we get the following estimate

100 (1))~ 1(0)| < 63 (7= ) foralln e N € 0.4

L
Vvn
where

wi(f,0) = sup{[f(z) = f(): 2,y € [0, A], [z —y| < 6}
Proof. Since T)\"") (e0)(z) = 1 and using the Shisha-Mond Theorem, we have
1

TOO(f)(@) - f(@)] < (1 S

OO (5,) (x)) w1 (£,5)

where (p;) (t) = |t — z|. Hence, it is sufficient to estimate the following term

o k
V Whks (@) £ -zl
k=0

Ey () :=TM (¢) (z) = =
k-\:/o Wi k,8 (2)

Letx € [#, a(ﬁ#} and j € {1,2, ..., } is arbitrarily fixed. By Lemma 3.1 we get

= max {My,;(x)},z€ {a] + 6, a+1)+ 5} .
k=0,1,2,... ’ n n

For j = 0, we get

kp

o
Min,0(x) = na(nz + kﬂ)’%lT

5 B
Mo,np(fﬂ)—w—ﬁﬁéﬁﬁ—\/es < 1/%

B
,x € [076}
n

k>0

——z
n

)

If £ = 0, then we have

If K =1 then

e k8 |k
My no(z) = nz(nz+ kﬁ)k—lT ’n o

_6‘1

= nz(nz+ ﬁ)oeT ——z

ze P = \/E\/Ee_ﬁ

[ xef [eBA
PR S _—
n n

e kB |k
k!
e~ kB

(k— 1)

IN

IN

If £ > 2 then

My n0(z) nx(nx + kﬂ)k_l

IN

z(nx + kp)F!

IN

z
ePA

n

IN
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So, we obtain an upper estimate for each My, ,, j(x) where j € {1,2,..., } is fixed, = € [%, W} and

k=1,...,. Actually, we will prove that
M (2) < masx \/max{azl,%}—}—2&7 657)\7\/max{a1,a2} 7

forall z € [0,A],n € N.
The proof of the inequality (2) will be investigated by the following cases:
k> (G+1)and 2)k < 5.
Case 1) Subcase a) Initially, let take

k — /Bk2 + a1k + asj + as — aBkj < aj,

then we get

My j(x) = mpa;(x) (fl — x)

< (k_x)g(k_w)
n n n

- 57§+V%M+am+ag+aqum
T onoon n
< \/ﬁk2+a1k+a2j+a3—aﬂkj
- n

Vi j 1
< ng/max{al,ag}—.

n Vn

Subcase b) Now let k — /Bk2 + a1k + asj + a3 — aBkj > aj.
Since the function g(z) = = — \/ Bx? 4+ a1z + azj + az — afxj is nondecreasing, it follows that there exists

k € {2,3,..., },of maximum value, such that k& — \//BEQ + a1k + azj + az — afkj < aj. Then for k; = k + a we get
ki — /BE? + arky + azj + az — afBkij > aj,

Merans® = 400500

k+a ‘
—x
n

n

- (k+a k—\/ﬁk2+a1k+a2j+a3—aﬂkj)
n

The last above inequality follows from the fact that

= \/ﬁEQ + a1k + azj + az — afBkj < aj necessarily implies k < 3aj . Also, we have k; > (j + 1). Indeed, this
is a consequence of the fact that g is nondecreasing and because is easy to see that g (j) < j. By Lemma 3.3, (i) it

follows that My, () = Mg, , () = ...

Hence, we get M, ,, j(z) < y/max {al,ag}ﬁ forany k€ {k+1,k+2,....}.
Case 2) Subcase a) Firstly, let k + \/ﬁkQ + ask + asj — % — afBkj > aj. Then we get,

k
Mins(a) = mins(e) (o F)
ai+1)+8 k
B n n
k+ Bk +ask +asj— B2 —apkj+ Bk
- n

vmax {aq,as} + 8
NG )

IN
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Subcase b) Suppose now that k + \/Bk2 + ask + asj — B2 — aBkj < aj. Let ke {1,2, ..., } be the minimum value
such that

k+ \/ﬂ%2+a47€i+a5jfﬁ2fa67€ij>aj.

Then ks = k — a satisfies ko + \/ﬁkg + agks + asj — B2 — afkoj < aj and

k—a
sza,n,j('r) = mzfa,n,j (il?) <l‘ - )

n

a(j—&-l)—h@ig—a

<
n n

k+ \/6E2+a4g+a5j—ﬁ2—aﬂgj+a k—a

< _
n n

vmax{a4,as} + 2a
< .
< n

For the last inequality we used the obvious relationship k, = k — a,

b+ \/ Bk + asks + asj — 52 — akej < aj

which implies E<(j+1)andky <j.
By Lemma 3.2, (ii) it follows that

ngfa,n,j (:E) Z M~ (I) Z ME

k—2a,n,j I) 2 2 Mom’j(x).

73a,n7j(

V/max {aq, a5} + 2 , 5 ali
We thus obtain M, ,, ;(z) < max {f}af’} + for any k< jandz € [%, (J+nl)+6 .
N n

Collecting all the above estimates we have the proof of case (2). Thus, the proof is completed.

5. Conclusion

In this study, we introduced the nonlinear Jain operators of max-product type. We also estimate the rate of
pointwise convergence of these operators.
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Why Flc-Frame is Better than Frenet Frame on
Polynomial Space Curves?

Mustafa Dede

Abstract

It is well known that the binormal and normal vectors of Frenet frame rotate around the tangent vector.
That is why the Frenet frame is not suitable for some applications such as tube surfaces. However, there
is not enough information about why the vectors of the Frenet frame rotate around the tangent vector.
In this paper we will deal with this problem. Moreover we show the advantages of Flc-frame over the
Frenet frame.
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1. Introduction

Recently, the study of the frames along a space curve has arisen some engineering applications [18, 22, 24]. For
intance in [19], the authors investigated the Mannheim curves with a new frame called modified orthogonal frame.
Despite the fact that Bishop frame (rotation minimizing frame) is more suitable for engineering applications [9], this
frame can not be computed analytically. Therefore a number of approximation methods have been proposed for
RMF computation [4]. In this paper we will compare the frames which can be computed analytically on polynomial
space curves.

The Frenet frame is the most known frame along a space curve [4, 5, 23]. Let «(t) be a regular space curve. The
Frenet frame is defined as follows,

O/ O/ X Oé//

" ™ s ™ 7P .
The well-known Frenet formulas are given by,
t/ 0 & 0 t
n | =[] -k 0 7 n |, (1.2)
b’ 0 -7 0 b
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where the curvature x and the torsion 7 of the curve are given by

B Ha/ X Oé”” _ det(a/7a//,a”/)

3
lo]

(1.3)

o x|
The Frenet frame has inflection points and two type of singular points [5, 11].

Definition 1.1. Let a(t) : I — R® be a space curve. A point ¢, € [ is said to be singular point of order 0 of the curve
if &/ (to) vanishes.

We say that ¢, € I is a singular point of order 1 if o’ (¢1) vanishes.

Definition 1.2. Let a(t) : I — R3 be a space curve. A point ¢, € I is called inflection point if o/ (t2) Ao (t2) vanishes,
namely curvature is zero [16].

Apart from Frenet frame we can define more frame along a space curve [1, 25]. Recently, Dede [15] introduced a
new frame along a polynomial space curve, called as Flc-frame. The computation of Flc-frame is easier than the
both Frenet and Bishop frames [1, 2]. Moreover they showed that to have a inflection point on Flc frame is less
possible than Frenet frame. Discussion of the Flc-frame and its application to the tube surfaces can be found in [15].

Let a(t) be a polynomial space curve of degree n. The Flc-frame is given by

! o' Aa®

«
C= 1P T o et P

2=Di At (1.4)

Where the prime ’ indicates the differentiation with respect to ¢ [15]. If the order of derivative exceeds three, we
replace prime by the superscript (n), such as o = ¥, The new vectors D; and D, are called as binormal-like
vector and normal-like vector, respectively.

The local rate of change of the Flc-frame called as the Frenet-like formulas can be expressed in the following
form

% 0 d ds t
D, | = | —di 0 ds D, |. (1.5)
Dll —d2 —d3 0 D1

The curvatures of the Flc-frame are given by

(o' Ao o' Aal™) det[o, o, a(™)]
= 3 s 2 = ) s (16)
[P Aa®] " = Pl Aat)]
and . .
det /7 "7 n /7 n
s = etfa/, o, a™](o/, a(™) a7

lovI? [ja’ A et |?

Corollary 1.1. If the degree of polynomial space curve is two, then the Flc-frame coincides with the Frenet frame with
curvatures dy = k,dy = 0and d3 = 7 = 0.

2. Flc-frame vs Frenet frame

There are three main drawbacks associated with the Frenet frame. In this chapter we discuss the drawbacks
of the Frenet frame. Moreover we explain why the Flc-frame is better than Frenet frame from points of these
drawbacks. As an application we consider tube surfaces.

e Singular point of order 1.

One of the most important advantages of the Flc-frame over the Frenet frame is that when the second derivative
of the curve vanishes the Frenet frame behaves erratically. This is why the rotation minimizing frame (RMF) is
widely used in surface modeling such as tube (pipe) surfaces.

Theorem 2.1. Let «(t) be a polynomial space curve of degree n. The Flc-frame doesn’t have singular point of order 1.
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Proof. From point of Definition 1.1, since the n-th derivative of polynomial space curve of degree n never vanishes,
the Flc-frame doesn’t have singular point of order 1. O

Here’s an example about this case.

Example 2.1. Assume that a curve «(t) is given by

It follows that o (0,t> — t,6t — 6) therefore the point t = 1 is a singular point of order 1. When ¢t = 1 the

7t

Figure 1. The normal and binormal vectors of Frenet frame (Left) and the normal-like and binormal-like vectors of
Flc-frame (Right) along the curve t € (—2,2).

binormal vectors of the Frenet frame suddenly exhibits 180 degree rotation (highlighted by an arrow in Figure 1).
The Figure 1 compares the behaviour of the binormal (black) and the normal (red) vectors of the Frenet frame with
the binormal-like (black) and the normal-like (red) vectors of the Flc-frame.

AR

Figure 2. The tube surfaces generated by Frenet frame (Left) and the Flc-frame (Right) ¢t € (—2,2), v € (—4,4).
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As a result, the sudden rotation of normal and binormal vectors of the Frenet frame causes deformation in tube
surface. The tube (pipe) surfaces with radius r = 0.8 generated by the Frenet frame and Flc-frame are illustrated in
Figure 2.

o Inflection points; at the points where the curvature  is zero, namely ||’ A o] = 0.

In the case of Flc-frame it corresponds to ||a’ A o|| = 0. Dede [15] showed that to have a inflection point on
Flc-frame is less possible than the Frenet frame. However since Flc frame permit analytical computation, it has
inflection points when ||/ (t2) A @™ (t2)]| = 0 at the point ¢.

Example 2.2. In this example, we would like to deal with the inflection points. Let us consider a curve given by
aft) = (83, 63,1% — 2t). (2.1)
By using the derivatives of the curve, we have
o (t) Ao (t) = (=6t + 12t,6t> — 12t,0),

and
o/ (t) Aa”(t) = (12 — 12t,12¢ — 12,0).

Observe that the Frenet frame has two inflection points at ¢ = 0 and ¢t = 2 whereas the Flc frame has one at the
pointt = 1.

Note that it is all about the degree of a curve. Since the degree of o/ (t) A a™(t) is less than o/ (t) A & (¢), it has
fewer possible roots. The Figure 3 compares the behaviour of the vectors of Frenet frame with the Flc-frame. Similar

One inflection point

Two Inflection points

Figure 3. The normal and binormal vectors of Frenet frame (Left) and the normal-like and binormal-like vectors of
Flc-frame (Right) along the curve t € (-2,2).

to the case of singular point of order 1, the vectors of the Frenet frame suddenly exhibits 180 degree rotation at the
inflection points.

Figure 4. The tube surfaces generated by Frenet frame (left) and the Flc-frame (right) ¢ € (—2,2), v € (—4,4).

The tube (pipe) surfaces with radius r = 1.9 generated by the Frenet frame and Flc-frame are illustrated in
Figure 4.

The solution of this problem is not hard. The following theorem and algorithm demonstrate a good way to solve
this problem.

Theorem 2.2. Let o(t) be a polynomial space curve of degree 3. The Flc-frame has just one inflection point which never
coincidences with the inflection points of the Frenet frame.

Proof. : Three-dimensional cubic polynomial curve is of the form

3 3
Oé(t) = (Z aiti7 bltz7zcztz)a

3
=0 =0 =0
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which we represent by its polynomial coefficients, a;,b; and c;.
The inflection point of the Flc-frame is

12(b263 — b302)t -+ 6(b163 — b301) =0
o' ANa™ =1 12(—azcs — azea)t + 6(azc; —ares) =0
12(a2b3 - agbg)t -+ 6(a1b3 — a3b1) =0

The solution of the above system of equations is obtained as

b361 — b103 - albgcz — a2b301 - a3b162 + a3b261
2b203 — 2[)3627 '

C3 =

b2a1 - a2b1
O

The nice result is that this point is not the inflection point of the Frenet frame. For matlab program, we can write
an easy algorithm to construct tube surface as follows

begin
fori=1tojdo
if ||/ Aa™|| >0 then Flc— frame (use Flc-frame for tube)
else Frenet frame (use Frenet frame for tube)
break (to stop to use of Frenet frame)
end

fork=1i+4+1tojdo
continue use — Dy and — Dy (to avoid 180 degree rotation)
end

end

Figure 5. The tube surface generated by the above algorithm ¢ € (—2,2), v € (—4,4).

With this algorithm, the tube surface generated by the curve given in Equation 2.1 is shown in Figure 5. The
following case is the most interesting. Because currently there is not exact description for this error. Let’s begin with
the most convenient one.

o At the points where the curvature of curve is small and the absolute value of the torsion is large.

Sometimes, despite the fact that where the Frenet frame doesn’t have singular point of order 1 and inflection
point, interestingly the normal and binormal vectors still exhibit rotation around the tangent vector, but not 180
degree. There are some instances in the literature to explain why the Frenet frame behaves badly. In this section we
focus on this problem, and review some recently published comments that are used to explain the unpredictable
behavior of the Frenet frame.

In [8] the authors have tried to explain what causes abnormal behavior of the normal and binormal vectors
of the Frenet frame. They realized that the small curvature and large absolute value of torsion produce so much
twisting in the tube. The Figure 6 shows that this is a highly convincing explanation. Let us consider a curve given
by

a(t) = (8 + cos(5t) cos(2t), (8 + cos(bt)) sin(2t), 5 sin(5t)). (2.2)
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(a) The curvature (Red) and the torsion (Blue) of the ~ (b) The tube surface generated by
curve a(t) t € (—2,2). Frenet frame of the curve «(t) t €
(=2,2),v € (—4,4).

Figure 6.

(a) the curvature (Red) and the torsion (Blue) of the  (b) The tube surface generated by
curve B(t) t € (—2,2). Frenet frame of the curve B(t) t €
(—2,2),v € (—4,4).

Figure 7.
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40

-40

-60 -40 -20 0 20 40

(a) The second derivative of the curve  (b) The second derivative of the
o(t). curve S(t).

Figure 8. The top view from z-axis

In [8] the authors pointed out that at the plot of the tube shows that this increased twisting occurs in four
different places where simultaneously the curvature is small and the absolute value of the torsion is large. However
the small curvature and large torsion is a relative concept. For instance, let us consider a curve given by

B(t) = (8 + 3 cos(bt) cos(2t), (8 + 3 cos(5t)) sin(2t), 5 sin(5t)). (2.3)

The Figure 7 shows that despite the fact that the graph of the curvature and torsion is similar, the tube surface
generated by the curve 5(t) doesn’t have any deformation on it.

In addition, a different approach has been given for this case in [14]. The author claimed that when the the
second derivative of the curve becomes very small, the Frenet frame behaves erratically which causes twisting in
the tube.

Now let us plot the graph of the second derivative of the curves given in (2.2) and (2.3). In Figure 8, observe
that the curve o’/ (t) approaches to zero at the four points, 5”(t) is not. Note that this explanation also shows that
why the Fle-frame is better than the Frenet frame? Because we use highest order derivative instead of second order
derivatives of the curve to construct the Flc-frame. The following example shows these advantages.

Example 2.3. Let us consider a curve given by

alt) = (t, 3 — 2 + 3t,13). (2.4)

Figure 9. The tube surfaces generated by Frenet frame (left) and the Flc-frame (right) ¢t € (—2,2), v € (—4,4).

It is easy to see that although this curve doesn’t have neither singular point of order 1 nor inflection point, the
Figure 9 shows that the tube surface generated by the Frenet frame is deformed.

3. Conclusion

In this paper we investigated three drawbacks of the Frenet frame and compared the Frenet frame with a new
frame called as Flc-frame. Moreover, we tried to explain what causes the last drawback of the Frenet frame. Where
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as the Frenet frame, the Flc-frame has just one drawback, for which we constructed an easy algorithm. As a result,
this new frame not only decreases the singular points, but it also decreases the undesirable rotation around the
tangent vector of the curve which is a advantage in computer graphics and related fields.

the
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o Whereas the Frenet frame, the Flc-frame does not have singular point of order 1.

o To have a inflection point on Flc frame is less possible than the Frenet frame.

e Whereas the Frenet frame, the normal and binormal vectors of the Fle-frame does not exhibit rotation around
tangent vector.
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Abstract
In this paper, the notion of almost convergence is used to obtain a space as the domain of a regular matrix.
After defining a new type of core for complex-valued sequences, certain inclusion theorems are proved.
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1. Introduction and preliminaries

The classical summability theory concerns with the generalization of the concept of convergence for series or
sequences by assigning a limit for non-convergent series or sequences. For this purpose, infinite special matrices are
used.

One of the fundamental subject of summability is the study of the theory of sequence spaces. By a sequence
space, we mean any subspace of w consisting all sequences with real or complex terms. We use the classical sequence
spaces

c = {z=(2;) €w:limz; =0},
J
¢ = {z=(v;) €w:limuz; exists },
J
b = {wz(xj)szsup|xj| < oo},

and

Received : 01-12-2021, Accepted : 04-11-2022
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In the theory of sequence spaces, the concept of Banach limit has rised as a fascinating application of the famous
Hahn-Banach extension theorem. The Banach limit is known as extension of limit functional on c to the space (..
This notion has used by Lorentz [1] to introduce a new type of convergence called almost convergence. The spaces
f and fy of almost convergent and almost convergent to zero are given by

_ _ ) T ‘ Ij+p _ . . .
f= {x— () € oo ilgga[;i—kl =A unlformlymj}

and
i

_ _ ) BT xj«l»p _ . . .
fo= {x = (zj) €l : 711)%102 i1 0 umformlym]}.
A Banach limit £ defined on /., is a non-negative linear functional such that £L(Pz) = Lz and L(e) = 1, where
P :w — w, Pj(x) = x;41 is the shift operator. A sequence z = (x;) is said to be almost convergent to the
generalized limit A if all Banach limits of = are coincide and are equal to A. It is denoted by f — limz; = A. If PP is
the p-times composition of P with itself, we use the notation
Z(P”x)j foralli,j € N.

p=0

1
P41

aij(z)

It is proved by Lorentz [1] that f — limz; = A if and only if lim;_, « a;;(x) = A uniformly in j. It is a known fact
that a convergent sequence is almost convergent such that its ordinary and generalized limits are equal. See the
papers [2-14] for more on almost convergence and Banach limit.

Given any sequence spaces X and ), an infinite matrix S = (s;;) is considered as a matrix mapping from & into
Y if the sequence Sz = {(Sxz);} = (X, sijx;) € Y for every z = (z;) € X. By (X : V), we denote the class of all
such matrices. It is said that S regularly maps X into Y if S € (X : V) and lim;(Sz); = lim; z; for all z € X. This is
denoted by S € (X : V)yeq.

By fs, we mean the domain of an infinite matrix S in the space f; that is

fs={r=(z;) €w: Sz e f}.

For more on matrix domains and new sequence spaces, see [15-25]

Let z = (z;) € wand C; be the least convex closed region in complex plane containing «;, z;+1, Zj+2, ... for
each j € N = {1,2,...}. The Knopp Core or K — core of = (z;) is defined as the intersection of all C; ([26]). If
x € fo, we have that

K — core(z) = ﬂ {eC:|z— 2 <limsup|z; — 2|}
zeC J

([271).

Knopp Core Theorem [26, p. 138] states that IC — core(Sz) C IC — core(z) for all real valued sequences = and a
positive matrix S € (¢ : ¢)reg-

Statistical convergence is another generalization of usual convergence. It is defined by the aid of natural density
of a subset in N. The natural density of a set IV is

1
S(N) =lim ~|{i < j:i € N}
7]
provided that the limit exists. Here || gives the cardinality of the set written inside it. It is said that a sequence
x = (x;) is statistically convergent to D if for every ¢ > 0 the natural density of the set
{jeN:|z; —D| > ¢}

equals zero. It is denoted by st — limx = D ([28]). By sty and st, the spaces of all statistically null and statistically
convergent sequences are denoted.

The notion of the statistical core or st — core of a statistically bounded sequence z is defined by Fridy and Orhan
[29] as

st — core(x) = ﬂ {eC:|z -2 < st—limsup|z; — 2|}
zeC J
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For some papers on core theorems, see [30-34].

The Jordan’s function J, : N — N of order r is an arithmetic function, where r is a positive integer. The
value J,.(n) equals to the number of r-tuples of positive integers all less than or equal to n that form a coprime
(r + 1)-tuples together with n.

In a recent paper, {lkhan et al. [35] define a new matrix Y" = (v”,) as

G
Unk = "

S - R 3

0 , ifk{n
for each r € N. It is also observed that this special transformation is regular; that is a limit preserving mapping c
into c.

The inverse (Y")~! = ((v7,) ) is computed as

()t = KSR ik n
n 0 , ifkin

Here and what follows p is the Mobius function. By using usual matrix product, the Y"-transform of a sequence
z = (x;) € w is the sequence

y="T"z=((T"2); ZJ

d|j

In this study, it is aimed to introduce and study on a new sequence space f(TT) as the domain of T" in the
space f. Further, Jordan Totient Core (Y"—core) of a sequence is defined and characterization of matrices satisfying
Y™ — core(Sz) C K — core(z) and T — core(Sz) C st — core(x) with z € £ are given.

2. Domain of T in the space f and Jordan Totient Core

In this section, we introduce the space Frm consisting of all sequences whose Y"-transforms are in f. That is,

T5'3J+p
t+1

Frm = {9: = (z) €l hm Z = A uniformly inj} .

One can prove that the spaces f(TT) and f are linearly isomorphic.
The 8-dual of a space X consists of all sequences o = (a;) € w such that za = (z;a;) € csforall z = (z;) € X.
In order to determine the S—dual of the space f(Y"), we need the following result.

Lemma 2.1. [36] S = (s;5) € (f : ¢) if and only if

supz [sij] < o0, (2.1)
€N ;
lim s;; = s; € C foreach j € N, (2.2)
71— 00
111}12025” =s5€eC, (2.3)
J
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Theorem 2.1. The B—dual of the sequence space F(XT) is the intersection of the following sets

L )
By = {t(tj)Ew:s_upZ Z J(d)jtd <oo}
N =1l amjijla
o)
By = { =(t;) Ew: lim I Tt exists},
2 (t) Z.Hood_zld T.(d) d
op(9)
By = {t =(tj;) €w: lim Z { Z _]de:| exists},
’L—>OO] T Py |d T )
By = {t:(tj)EM:ilir&Z‘ { Z J(d) Ttd—a]} —0}
J d=j,jld

Proof. Given any t = (t;) € w, the equality

R I o

Jj=1 3 (
L )
(2 a7
Jj=1 “d=j,j|d
= Biy); (i €N) (2.5)
holds, where the matrix B = (b;;) is defined by
Lou(d) -
B Z Jitg 1<j<i,
bji =\ w5 Jr(d) (2.6)
0 otherwise

for all j,7 € N. It follows from (2.5) that tz = (t;z;) € cs whenever & = (z;) € cif and only if By € ¢ whenever
y = (y;) € f. Thatis, t = (t;) € {f(Y")}? if and only if B € (f : ¢). Hence the result is obtained by using Lemma
2.1. O

Now, we define Jordan totient core or Y"—core of a complex valued sequence.

Definition 2.1. Let C; be the least closed convex hull containing (Y"z);, (Y");+1, .... Then, Y" — core of z is the
intersection of all Cj, i.e.,

YT" — core(x) = m C
j=1

The following result is immediate since the Y" — core of z is the K — core of the sequence Y"z.

Theorem 2.2. For any = € £, we have

T" — core(x) = m {2 €C:|zZ—z <limsup|(Yz); — z|} .
zeC J

Recently, [lkhan et al. [37] introduced the following spaces by the aid of Jordan totient function.

co(Y") = {z =(z;) cw: hm ( ZJ ) }
dlj
(YT = {x =(zj) €w: hm ( ZJ ) exists} .
dlj

and
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In order to give the necessary and sufficient conditions for an infinite matrix S = (s;;) be in the classes
(c:¢(X7))reg and (st(S) N Lo : c¢(YT)) ey, we firstly have some auxiliary results.

Lemma 2.2. S = (s;;) € (lo : ¢(Y7)) if and only if

ZJ (j)sij| < o0, 2.7)
Jli

1 . )

11?1 - Z Jr(4)sij =  foreach j, (2.8)

ili

=0. (2.9)

ZJ (J)si; —

Jjli

Lemma 2.3. S = (s;;) € (¢ : ¢(Y7))peg if and only if (2.7) and (2.8) hold with ~; = 0 for each j and
l1mZ Z Jr(§)sij = 1. (2.10)
Jjli

Lemma 2.4. S = (s;;) € (st Nlog : ¢(Y7))peg if and only if S € (¢ : ¢(X7))req and

=0. .11)

ilr Z Jr(j)sij

Jli

lim Z

JEN,6(N)=0

Proof. Ttis a known fact that ¢ C st N/ holds. So we have S € (¢ : ¢(Y"))req- Now let 6(N) = 0 and z € {o,. Define
asequence & = (Z;) as &; = x; if j € N and &; = 0 otherwise. Clearly & € sto. Hence we have S € ¢o(Y"). Further

the equality
1 .
Z DT (G)siEi =) o > Je()sig;
jle JEN jle

yields that § = (3;;) € (£a : ¢(T7)), where

A ar E]llJ )S’Lj 5 if] eN
%ij = , ifj ¢ N.

Thus we deduce (2.11) from Lemma 2.2.
Conversely, choose a sequence x € st N o, with st — limz = D. Given any ¢ > 0, we have §(N) = 6({j :
|z; — D] > e}) = 0. By letting ¢ — oo in the following equality

ZZTZJ )sija; = ZZTZJ )si;(x +DZ ZJ 7)sij, (2.12)
Jli Jjli jli

the inequality

Z Jr(J)845

gl

ZJ (4)si

Jjli

Z ZJ(J sij (@

Jjli

<=l ) |

JEN

)

and (2.10) with (2.11) yield that

hmz ZJ J)sijx; = D.

Jli

This means that S € (st N lso : ¢(Y7))req- O
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Lemma 2.5. [30] Let S = (s;;) be a matrix satisfying the conditions 3 |s;j| < oo and lim; s;; = 0. Then we have
lim sup $3x; = limsup Sij
i ; 3] ; ; | 7,J|
for some x € Lo with ||z|| < 1.
Now, we are ready to give our main theorems.

Theorem 2.3. Let S € (¢, c(Y"))req and x € Loo. The inclusion X" — core(Sx) C K — core(zx) holds if and only if

11mz ZJ 7)sij| = 1. (2.13)

Jli

Proof. By combining Lemma 2.3 and Lemma 2.5 we obtain the equality

weC:|w < hmsupz ZJ J)sijzj p =qweC:|w < hmsupz ZJ (7)sij

Jli jli
for some z = (z;) € {s with ||z]| < 1. Since the inclusions
YT" — core(Sz) CK —core(z) C{weC:|w| <1}

hold, (2.13) follows from the inclusion

weC: |w\<hmsupz ZJ J)sij| p C{w e C: |w| <1}.

J Jli
Now, let w € T" — core(Sx). We have
|w —w| < limsup|(Y"(Sz)); — w| (2.14)

= limsup|w — Z ZJ J)siix;

1
Jli

< limsup ZZTZJ J)sii(w —x;) +11msup|w| l—z ZJ J)sij

K3
Jgli Jli

= limsup Z = ZJ J)sij(w — ;)

?

for any w € C. Put limsup, [z; — w| = I. Given any ¢ > 0 there exists jo such that |z; —w| <1+ ¢ for j > jo. Hence,
it follows that

1 .
w—x;)| = ZNZJ 9)sij(w —fﬂj)+zi72u7r(2)8w(w—$j) (2.15)
]Iz Jj<Jjo jle JjZJo jli
1 . 1 .
< swhw—agl 3 |G S| + (e 3|5 D (s
Ji<jo jli JjZJjo jli
1 .
< sup|w—xj|z 7ZJT(3)S1;J +(I+¢) Z ZJ J)si;l -
J<jo jli gl
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Hence (2.14) and (2.15) yield that

| — w|<hmsup Z ZJ(] sij(w—axj)| <l+e.

Jli

This implies that w € K — core(z). Hence the desired inclusion holds. O

Theorem 2.4. Let S € (st Nloo : ¢(Y7))peg and x € Log. The inclusion Y7 — core(Sxz) C st — core(x) holds if and only if
(2.13) holds.

Proof. Since st — core(xz) C K — core(x) holds, the inclusion Y — core(Sz) C st — core(z) implies (2.13) by Theorem
2.3.

Now, let @ € " — core(Sz). Similarly we have inequality (2.14). Put st — limsup |z; — w| = [. Given any ¢ > 0,
we have §(N) = 0({j : |&; — w| > [+ £}) = 0 (see [38]). Hence it follows that

1 .
ZT 51] _xj) = Z ZTZJ 51] _'Z'j)+zi72jr(.7)8ij(w_xj)
gl jEN gl j¢N gl
1 . A 1 .
< bup lw — ] Z i Z Jr(G)siz| + (I +¢) Z i Z Jr(5)si
JjEN Jli jgN Jli
1 .
< sup|w—rj|z —TZJT(j)sij +( Z ZTZJ )Sij| -
JEN Jjli Jli
Consequently, by (2.11) and (2.13), we have
lim sup Z Z Jr(4)si5(w — ;)| < [+e. (2.16)
Jli
If we combine (2.14) with (2.16), we deduce that
| — w| < st —limsup |z; — w|.
J
This implies that @ € st — core(x). Hence the desired inclusion holds. O

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Author’s contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.



206

M. Ilkhan Kara & G. Ornek

[1]
[2]
[3]
[4]

[5]
[6]
[7]
[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]

[24]

References
Lorentz, G.G.: A contribution to the theory of divergent sequences. Acta Math. 80, 167-190 (1948).

Basar, F,, Kirisci, M.: Almost convergence and generalized difference matrix. Comput. Math. Appl. 61, 602-611 (2011).
Kirisci, M.: Almost convergence and generalized weighted mean I1. ]. Inequal. Appl. 2014 93, (2014).

Kirisgi, M.: The spaces of Euler almost null and Euler almost convergent sequences. Commun. Fac. Sci. Univ. Ank.
Series Al. 62(2), 85-100 (2013).

Mursaleen, M.: Invariant means and some matrix transformations. Indian J. Pure Appl. Math. 25(3), 353-359 (1994).
Basar, F,, Colak, R.: Almost-conservative matrix transformations. Turkish J. Math. 13(3), 91-100 (1989).
Basar, F.: f—conservative matrix sequences. Tamkang J. Math. 22(2), 205-212 (1991).

Qamaruddin, Q., Mohuiddine, S.A.: Almost convergence and some matrix transformations. Filomat. 21(2), 261-266
(2007).

Demiriz, S., Kara, E.E., Basarir, M.: On the Fibonacci almost convergent sequence space and Fibonacci core. Kyungpook
Math. J. 55, 355-372 (2015).

Demiriz, S., Ilkhan, M., Kara E.E.: Almost convergence and Euler totient matrix. Ann Funct Anal. 2020 1-13.

[lkhan, M.: Certain geometric properties and matrix transformations on a newly introduced Banach space. Fundam. J.
Math. Appl. 3(1), 45-51 (2020).

[lkhan, M., Demiriz, S., Kara, E.E.: A new paranormed sequence space defined by Euler totient matrix. Karaelmas
Science and Engineering Journal. 9(2) 277-282 (2019).

[lkhan Kara, M., Bayrakdar, M.A.: A study on matrix domain of Riesz-Euler totient matrix in the space of p-absolutely
summable sequences. Commun. Adv. Math. Sci. 4(1), 14-25 (2021).

[lkhan, M., Kara, E.E.: A new Banach space defined by Euler totient matrix operator. Oper. Matrices, 13(2), 527-544
(2019).

Polat, H.: Some new Pascal sequence spaces. Fundam. J. Math. Appl., 1(1), 61-68 (2018).

Ayd,S., Polat, H.: Difference sequence spaces derived by using Pascal transform. Fundam. J. Math. Appl., 2(1),
56-62 (2019).

Erdem, S., Demiriz, S.: A study on strongly almost convergent and strongly almost null binomial double sequence
spaces. Fundam. J. Math. Appl., 4(4), 271-279 (2021).

Candan, M.: A new aspect for some sequence spaces derived using the domain of the matrix B. Fundam. J. Math. Appl.,
5(1), 51-62 (2022).

Khan, V.A., Abdullah, S.A., Alshlool, K.M.: Paranorm ideal convergent Fibonacci difference sequence spaces. Commun.
Adv. Math. Sci., 2(4), 293-302 (2019).

Ellidokuzoglu, H.B., Demiriz, S., Késeoglu, A.: On the paranormed binomial sequence spaces. Univers. ]. Math.
Appl., 1(3), 137-147 (2018).

Polat, H.: Some new Cauchy sequence spaces. Univers. ]. Math. Appl., 1(4), 267-272 (2018).
Roopaei, H., Yaying, T.: Quasi-Cesaro matrix and associated sequence spaces. Turkish J. Math., 45(1), 153-166 (2021).

Yaying, T., Hazarika, B.: On sequence spaces defined by the domain of a reqular Tribonacci matrix. Math. Slovaca,
70(3), 697-706 (2020).

Mursaleen, M., Roopaei, H.: Sequence spaces associated with fractional Copson matrix and compact operators. Results
in Math., 76, 1-20 (2021).



Domain of Jordan Totient Matrix in the Space of Almost Convergent Sequences 207

[25]

[26]

[27]

[28]
[29]
[30]
[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Roopaei, H., Basar, F.: On the spaces of Cesaro absolutely p-summable, null, and convergent sequences. Math. Meth.
Appl. Sci., 44(5), 3670-3685 (2021).

Cooke, R. G.: Infinite Matrices and Sequence Spaces, Mcmillan, New York (1950).

Shcherbakov, A. A.: Kernels of sequences of complex numbers and their reqular transformations. Math. Notes. 22,
948-953 (1977).

Steinhaus, H.: Quality control by sampling. Collog. Math. 2, 98-108 (1951).

Fridy, J.A., Orhan, C.: Statistical core theorems. ]. Math. Anal. Appl. 208, 520-527 (1997).

Simons, S.: Banach limits, infinite matrices and sublinear functionals. ]. Math. Anal. Appl. 26, 640-655 (1969).
Connor, J., Fridy, J. A., Orhan, C.: Core equality results for sequences. J. Math. Anal. Appl. 321, 515-523 (2006).

Demiriz, S., Cakan, C.: On some new paranormed Euler sequence spaces and Euler core. Acta Math. Sin. (Engl. Ser.).
26, 1207-1222 (2010).

Demiriz, S. Cakan, C.: Some new paranormed difference sequence spaces and weighted core. Comput. Math. Appl. 64,
1726-1739 (2012).

Demiriz, S., Cakan, C.: Some new paranormed sequence spaces and o-core of a sequence. Pure Appl. Math. Letters.
2016, 32-45 (2016).

[Ikhan, M., Simsek, N., Kara, E.E.: A new regular infinite matrix defined by Jordan totient function and its matrix
domain in {,,. Math. Methods Appl. Sci. 44(9), 7622-7633 (2021).

Siddiqi, J.A. Infinite matrices summing every almost periodic sequences. Pacific. ]. Math. 39(1), 235-251 (1971).

Kara, E.E., [lkhan, M., Simsek, N.: A study on certain sequence spaces using Jordan totient function, 8th
International Eurasian Conference on Mathematical Sciences and Applications IECMSA-2019), August 27-30,
2019, Baku, Azerbaijan.

Demirci, K.: A-statistical core of a sequence. Demonstratio Math. 33, 43-51 (2000).

Affiliations

MERVE ILKHAN KARA

ADDRESS: Diizce University, Faculty of Arts and Sciences, Department of Mathematics, 81620, Diizce, Turkey.
E-MAIL: merveilkhan@duzce.edu.tr

ORCID ID:0000-0002-0831-1474

GIZEMNUR ORNEK

ADDRESS: Diizce University, Faculty of Arts and Sciences, Department of Mathematics, 81620, Diizce, Turkey.
E-MAIL: gng92@ghotmail.com

ORCID ID:0000-0001-7339-7502



SCIENCES

E-NOTES AND APPLICATIONS

MATHEMATICAL SCIENCES AND APPLICATIONS MATHEMATICAL ﬁ
E-NOTES

https://doi.org/10.36753 /msaen.1125031
10 (4) 208-216 (2022) - Research Article
ISSN: 2147-6268

©MSAEN
Some Results on WWs-Curvature Tensor in
a-Cosymplectic Manifolds
Selahattin Beyendi
Abstract

The object of this paper is to study W;s curvature tensors in a-cosymplectic manifolds.

Keywords: Ws-curvature tensor; c-cosymplectic manifold; n-Ricci soliton.

AMS Subject Classification (2020): Primary: 53C25; Secondary: 53D15.

1. Introduction

The geometry of contact Riemannian manifolds and related issues have received great attention in recent years.
One of the most important of these is the almost cosymplectic manifolds presented by Goldberg and Yano [11] in
1969. A special variant of almost contact manifolds was presented by Kenmotsu [15] in 1972. Afterwards Kim and
Pak in [16] described a new class of manifolds known as almost a-cosymplectic manifolds by combining almost
cosymplectic and almost a-Kenmotsu manifolds, where « is a real number. Almost cosymplectic manifolds have
been studied by many mathematicians in literature ([1], [2], [3], [7], [10], [16], [17], [20], [21], [28]) and many others.
On the other hand, many different kinds of almost contact structures are defined in the literature. Pokhariyal
and Mishra [23] have presented new tensor fields. In 1982, W-curvature tensor have been studied by Pokhariyal
[22]. Pokhariyal, described the curvature tensor Wy in this work. Many authors have worked on W curvature
tensors ([4], [19], [25], [27], [29]). Ingalahalli et al. [13] have been studied the Ws-curvature tensor on Kenmotsu
manifolds. Also, Ruganzu et al. [26] have been studied the Ws curvature tensor on para Kenmotsu manifolds. By
the motivations of all these studies, we, authors, in the present manuscript, are going to study the Ws curvature
tensor on a-cosymplectic manifolds.

This manuscript has been structured as follows: After a brief presentation of a-cosymplectic manifolds we
examine the cases {—Ws; flat, ¢y —Wsg semisymmetric, R(£, X1). Ws = 0, Ws. R = 0, Ws. Wg = 0, Wi-Ricci pseudosym-
metric, Ws.Q = 0. Also, we examine 7-Ricci solitons on a-cosymplectic manifolds satisfying Ws(¢, X1).Ric = 0
and ch(f, Xl).Wg =0.

Received : 02-06-2022, Accepted : 19-07-2022
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2. Preliminaries

Let (M™, ¢,£&,n, g) be an n-dimensional (n = 2m + 1) almost contact metric manifold, in which ¢ is the structure
vector field, p is a (1, 1)-tensor field, g is the Riemannian metric and 7 is a 1-form. The (¢, £, 7, g) structure satisfies
the following conditions [6].

eE=0, n(ps) =0, n() =1,
©* X1 = —X1 +n(X1)€, g(X1,8) =n(Xy),

9(pX1,0Xo) = g(X1, X2) — n(X1)n(X2),

for any X1, X5 € x(M); in which x (M) represents the collection of all smooth vector fields of M.
If moreover

Vx, &= —ap?Xy,

(Vx,m) X2 = alg(Xi, X2) — n(X1)n(X2)],

in which V indicates the Riemannian connection and « is a real number, in that case (M", ¢, &, n, g) is known a
a-cosymplectic manifold [16].
Then, it is also well known that [21]

R(X1, X2)§ = o?[n(X1) X2 — n(X2) X1], (2.1)
Ric(X1,€) = —a?(n — )n(X,), (2.2)
Ric(€,€) = —a?(n—1), (2.3)

Q¢ = —a*(n —1)¢ (2.4)

for all X;,X, € x(M), in which R, Ric, Q indicates the curvature tensor, Ricci tensor and Ricci operator
9(QX1, Xs) = Ric(X1, X2) on M. Using (2.1), one can easily conclude that

R(& X1) Xz = o®[(X2) X1 — g(X1, X2)¢] (2.5)
R(X1,6)¢ = o”[n(X1)€ — Xu]. (2.6)

An a-cosymplectic manifold is known to be an n-Einstein manifold if Ricci tensor Ric satisfies condition
RiC(Xl,XQ) = Alg(Xl,Xg) +)\27](X1)7’}(X2) (27)

in which A1, Ay are certain scalars. The manifold is known as Einstein when A, = 0 in eq. (2.7).
On the other hand, n-Ricci solitons on a-cosymplectic manifolds have the following properties [30]:

Ric(X1, Xo) = —(a+ A)g(X1, X2) + (a — p)n(X1)n(X2), (2.8)

Ric(X1,8) = —(A + p)n(X1) (2.9)
for all X1, Xs € x(M).

3. £ — Ws-flat a-Cosymplectic Manifolds

In this part, we consider £ — Ws-flat in a-cosymplectic manifolds.
Definition 3.1. An a-cosymplectic manifold is known to be £ — Ws-flat if

Ws(X1, X2)€ =0 (3.1)
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for all X1, X5 € x(M). Ws-curvature tensor [22] is defined as
1 ) .
Wg(Xl, XQ)X5 = R(Xl, XQ)XC} + E[RZC(XM XQ)X3 — RZC(XQ,X3)X1] (32)

in which Ric and R are Ricci tensor and the curvature tensor of the manifold, respectively. By using of (3.1) in (3.2),
we get

R(X1, X)E + ﬁ[Ric(Xl, Xo)€ — Ric(Xa, ) Xy] = 0. (33)

By virtue of (2.1), (2.2) in (3.3) and on simplification, we have
1 .
a2[77(X1)X2 — 77(X2)X1] + m[RZC(Xl,XQ)f + az(n — 1)77(X2)X1] =0. (34)

When the inner product is taken with ¢ in eq. (3.4) and on simplification, one has
Ric(X1, X2) = —a?(n — 1)n(X1)n(Xz).
In conclusion, one has the theorem given below:
Theorem 3.1. Let M be an a-cosymplectic manifold satisfying & — Ws-flat condition, then the manifold is a special kind of

n-Einstein manifold.

4. o — Ws-semisymmetric condition in a-cosymplectic manifolds
At this part, we examine ¢ — WWs-semisymmetric condition in o cosymplectic manifolds.

Definition 4.1. An a-cosymplectic manifold is known to be ¢ — Ws-semisymmetric if

Ws (X1, X2).0 =0 (4.1)
for all X;, X5 € x(M).
At this time, eq. (4.1) becomes
(Ws(X1, X2).0) X5 = Wa(X1, Xo)p X3 — oWs(X1, X2) X3 = 0. (4.2)
Making use of (3.2) in (4.2), we obtain
R(X1, X2)pXs — oR(X1, X2) X35 + ﬁ[RiC(XQ,Xg)gOXl — Ric(Xa, pX3)X1] = 0. (4.3)

By using X; = £ in (4.3) and with the help of (2.2), (2.5) equations and on simplification, we get
?9(Xa2, pX3)€ + an(X3)pXo + ﬁmc()@, ©X3)€ =0. (4.4)
When X3 by ¢.X3 is replaced in eq. (4.4), one has
02g(Xa, Xg)6 = ——RielXa, X)E. 5)
By taking inner product with ¢ in (4.5), we obtain
Ric(X, X3) = —a*(n — 1)g(Xa, X3).

In conclusion, one has the theorem given below:

Theorem 4.1. Let M be an a-cosymplectic manifold satisfying ¢ — Ws-semisymmetric condition, then the manifold is an
Einstein manifold.
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5. a-cosymplectic manifolds satisfying R (¢, X;).Ws = 0 condition

At this part, we examine a-cosymplectic manifold satisfying R (&, X1).Ws = 0. Then, we get

R(&§, X1)Ws(Xa, X3) X4 — Ws(R(§, X1) X2, X3) Xy 5.1)
—Ws (X2, R(§, X1)X3) Xa — Ws(X2, X3)R(€, X1) X4 = 0. '

By using (2.5) in (5.1), we have

CE27](W8(X2,X3)X4)X1 — CYQg(X17W8(X2,X3)X4)€
70[277(X2)W8(X1,X3>X4 + Oé2g(X1,X2)W8(f,X3)X4
—a®n(X3)Ws(Xa, X1) Xy + @®g(X1, X3)Ws(X2, €)Xy
70[27’}(X4)W8(X2,X3)X1 + QQQ(X17X4)W8(X2,X3)§ = O

By using inner product with £ in (5.2) and the aid of (3.2) and on simplification, we obtain

a?n(Ws(Xa, X3) Xa)n(X1) — a?g(X1, Ws(Xz, X3)X4)
—a®n(X2)n(Wa(X1, X3) Xy) + o®g( X1, Xo)n(Ws (&, X3)X4)
—a?n(X3)n(We(Xa, X1) X4) + ®g(X1, X3)n(Ws(Xa, §) X4)
—a®n(X4)n(Wa(Xa, X3)X1) + o g(X1, Xa)n(Ws (X2, X3)§) = 0.

By using (2.1), (2.2) and (2.6) in (5.3), we get

—a?g(X1,R(X2, X3)X4) — a*g(X1, X2)g(X3, X4a) + a’g(X1, X3)9(Xa, X4)
—atg(Xa, X1)n(Xa)n(Xs) + o’g(X1, Xa)n(Xa)n(X3) (54)
— 7 @?[Rie(Xa, X1)n(X3)n(Xs) — Rie(X1, Xa)n(Xs)n(X2)] = 0.

It is assumed that {e; : i = 1,2, ...,n} is an orthonormal frame field at any point of the manifold. Then contracting
X1 = X5 =¢;in (5.4), we have

scal

Ric(Xs, X4) = o*(1 —n)g(X3, X4) — | Tt no?In(Xs)n(Xaq).

In conclusion, one has the theorem given below:

Theorem 5.1. Let M be an o-cosymplectic manifold satisfying R (&, X1).Ws = 0 condition, then the manifold is an n-Einstein
manifold.

6. a-cosymplectic manifolds satisfying WWs. R = 0 condition

At this part, we examine a-cosymplectic manifold satisfying Ws.R = 0 condition. Then, we have

Ws (&, X4)R(X1, Xo) X5 — RWs(&, X4) X1, X2) X3

CR(X), W€, X4)X2) X5 — R(Xy, Xo)Ws(€, X4) X5 = 0. 6D
If X3 = £ is used in eq. (6.1), then one gets
Ws(§, Xa)R(X1, X2)€ — R(Ws(§, X4) X1, X2)€ 62)
—R(X1, Ws(§, X4) X2)§ — R(X1, X2)Ws (€, X4)§ = 0.
By taking (2.1) in (6.2) and making the necessary simplifications, we get
— (W (€ Xa)X1) X2 + a®n(Ws(€, X4) X2) X1 — R(X1, Xo)Ws (€, X4)€ = 0. (6.3)
If egs. (2.2), (2.5) and (3.2) is used in eq. (6.3), then one obtains
a*lg(X1, Xa) Xz — g(Xa, X2) X1 + n(Xa)n(X1) X2 — n(Xa)n(X2) X1 6.4)

—a?R(X1, X2) X4 + 2 [Ric( X4, X1)Xs — Ric(X4, X2)X1] = 0.

n—1
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Putting X, = £ in (6.4) and the aid of (2.2), (2.5), we have

A(Xa)n(X1)E+

i 1RiC(X47 Xl)f =0. (65)

n—
When the inner product is taken with £ in eq. (6.5), one has
Ric(X1, Xy) = —a?(n — D)n(X1)n(Xy).
In conclusion, one has the theorem given below:
Theorem 6.1. Let M be an a-cosymplectic manifold satisfying Ws. R = 0 condition, then the manifold is a special kind of
n-Einstein manifold.
7. a-cosymplectic manifolds satisfying Ws. W5 = 0 condition

At this part, we examine a-cosymplectic manifolds satisfying Ws.Ws = 0 condition. Then, we have

Wi (&, Xa)Ws (X1, X2) X3 — Ws(Ws (€, X4) X1, X2) X3

W (X1, We(€, X14) X2) X5 — Wa(X1, Xa)Wa (€, X4) X = 0. @1)
By using (3.2) in (7.1), we obtain
R(E, Xa)Ws( X1, X2) X3 + 25 [Ric(€, Xa)Ws (X1, X2) X3 — Ric(Xy, Wa(X1, X2) X3)¢]
—R(Ws(&, X4) X1, X2) X3 — 15 [RicWs (€, X4) X1, X2) X5 — Ric(Xz, X3)Ws (€, X4)X1] (7.2)

—R(X1, Ws(&, X1)Xo) X3 — L5 [Ric(X1, Ws(€, X4) X2) X5 — Ric(Ws (€, X4)Xo, X3)X1]
—R(X1, Xo)Ws(€, X4) X3 — 27 [Ric(X1, Xo)Ws(€, Xu4) X3 — Ric(Xa, We(€, X4) X3)X1] = 0.

1
Putting X, = X3 = £ in (7.2) and with the help of (2.2), (2.3), (2.6), (3.2) equations and on simplification, we get
Ric(X1, X4)é = —a?(n — 1)g(X1, X4)E. (7.3)
When the inner product is taken with £ in eq. (7.3), one has
Ric(X1, Xq) = —a?(n — 1)g(X1, Xy).
In conclusion, one has the theorem given below:

Theorem 7.1. Let M be an a-cosymplectic manifold satisfying Ws. Ws = 0 condition, then the manifold is an Einstein
manifold.

8. a-cosymplectic manifolds satisfying JVs-Ricci pseudosymmetric condition

At this part, we examine Ws-Ricci pseudosymmetric a-cosymplectic manifolds.
The notion of Ricci pseudosymmetric manifold has been presented by Deszcz ([8], [9]). In the case of Riemannian,
the geometric comment of Ricci pseudosymmetric manifolds has been presented by [14]. A Riemannian manifold
(M, g) is known Ricci pseudosymmetric ([8], [9], [12], [24]) if the tensor R.Ric and the Tachibana tensor Q(g, Ric)
are linearly dependent, where

(R(X1, X2).Ric)(X3, X4) = —Ric(R(X1, X2) X3, X4) — Ric(Xs3, R(X1, X2)X4),

Q(g, RZC)(Xg, X4; Xl, XQ) = —Ric((X1 Ag XQ)X3,X4) — Ric(X:;, (X1 /\g X2)X4)

and
(X1 Ny X2) X3 = g(X2, X3) X1 — g(X1, X3) X2

for all X1, X0, X3, X4 € x(M). R indicates the curvature tensor of M.
An a-cosymplectic manifold is known to be Ws-Ricci pseudosymmetric if its curvature tensor satisfies

(Ws(Xl, XQ).RiC)(X3, X4) = LRicQ(97 RiC)(Xg, X4; Xl, XQ), (81)
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holds on X4p;. = {z € M : Ric # %‘”g at x},in which Lg;. is some function on X 45;.. By using eq. (8.1), one
obtains

RiC(WS(Xl, )(2))(37 X4) + RiC(Xg, Wg(Xl, XQ)X4)
= Lpiclg(Xa, X3)Ric(X1, X4) — g(X1, X3)Ric(X2, Xy) (8.2)
+9(X2, X4)Ric(X1, X3) — 9(X1, X4)Ric(Xa, X3)].

Taking into account of X3 = £ in (8.2) and by using the egs. (2.1), (2.2), (3.2) and making the necessary simplifications,
we get

20%[Ric(Xo, X4)n(X1) — Ric(X1, Xo)n(X4)]
+at(n —1)[g(Xy, X2)n(X1) + g(X1, Xa)n(X2)]
= LRiC[RiC(XQ, X4)7](X1) — RiC(Xl, X4)’I7(X2)
—a?(n — 1)(g(X1, Xa)n(Xa) + g(X2, Xa)n(X1))].

Putting X, = £ in (8.3) and by using (2.2) and making the necessary simplifications, we obtain

n—1)(a* — a®Ly;.
( )( R )g(X17

‘(n-1)
L’Ric i

. (%
RZC(Xl,X4) = X4) — LR

n(X1)n(Xa).

In conclusion, one has the theorem given below:

Theorem 8.1. Let M be an a-cosymplectic manifold satisfying Ws-Ricci pseudosymmetric condition, then the manifold is an
n-Einstein manifold.

9. a-cosymplectic manifolds satisfying Ws.O = 0 condition

At this part, we examine a-cosymplectic manifold satisfying Ws.Q = 0 condition. Then, we obtain
Ws (X1, X2) QX35 — Q(Ws(X1, X2)X3) =0. 9.1)
When X, = £ is putin eq. (9.1), one gets
Ws(X1,6) QX5 — Q(Ws(X1,£)X3) =0. 9.2)
If eq. (3.2) is used in eq. (9.2), then one gets

R(X1,€) QX5 + ;13 (Ric(X1, ) QX5 — Ric(€, QX5)X1)

. . 9.3
SOIR(X1, X5 1y (Rie(X1.6)X; — Riel€. X)X1)] = 0. )

Taking into account of (2.2), (2.4), (2.5) in eq. (9.3) and making the necessary simplifications, we get
a®Ric(X1, X3)é 4+ a’(n — 1)g(X1, X3)¢ = 0. (94)

Taking inner product with £ in (9.4) and making the necessary simplifications, we obtain
Ric(X1, X3) = —a*(n — 1)g(X1, X3).
In conclusion, one has the theorem given below:
Theorem 9.1. Let M be an a-cosymplectic manifold satisfying Ws.Q = 0 condition, then the manifold is an Einstein
manifold.
10. n-Ricci solitons on a-cosymplectic manifolds satisfying Ws(¢, X;).Ric = 0

At this part, we examine 7-Ricci solitons on a-cosymplectic manifold satisfying Ws(¢, X1).Ric = 0. The
condition that must be satisfied by Ric is [5]:

RZ'C(Wg(é, Xl)XQ, Xg) + RiC(Xg, Wg(&, Xl)X3) =0 (101)
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for all X1, X5 and X3 € x(M). By using (2.5), (2.8), (2.9) and (3.2) in (10.1), we have

[eANCaRA) 02 (o — p)][g(X1, Xao)n(X3) + g(X1, X3)n(Xz)]
2OENOI g3y X3 )n(X1) + 202 (o — p)n(X1)n(Xa2)n(Xs) =0

n—

(10.2)

for all X1, X5 and X3 € x(M). Putting X; = ¢ in (10.2), we obtain
200+ X — p)n(X2)n(X3) + (A + p)g(X2, X3) =0
forall X5, X3 € x(M). Buta+A=n—1,502a+ A — = 0and A = —p and we can state:
Theorem 10.1. If (p, &, n, g) is an almost contact metric structure on the n-dimensional a-cosymplectic manifold M, (g, &, A, 1)
is an n-Ricci soliton on M and Wg(§, X1).Ric=0,then A= —a+n—landp=a —n+ 1.
11. n-Ricci solitons on a-cosymplectic manifolds satisfying Ric(¢, X;).Ws = 0

At this part, we examine 7-Ricci solitons on a-cosymplectic manifold satisfying Ric(§, X1).Ws = 0. The
condition to be satisfied by Ric is [5]:

R’iC(Xl, Wg(XQ, X3)X4)£ — RZC(&, WS(X27 X3)X4)X1
FRic(X1, X2)Ws(€, X3) Xy — Ric(€, X2)Ws(X1, X3)Xs

. . 11.1
+RZC(X1,X3)W8(X2,§)X4 —RZC(f,Xg)Wg(Xg,XﬂX;; ( )
FRic(X1, X4)Ws(Xa, X3)& — Ric(€, X4)Ws(Xa, X3) X1 = 0
for all X1, X2, X3 and X4 € x(M). By taking an inner product with ¢ in (11.1), we get
Ric(X1, Ws(X2, X3)X4) — Ric(§, Ws(Xa, X3) Xa)n(X1)
+Ric(X1, Xo)n(Ws (€, X3)X4) — Ric(§, Xo)n(Ws (X1, X3)X4) (112)

+Ric(X1, X3)n(Ws(X2,£) Xa) — Ric(€, X3)n(Ws (X2, X1)X4)
+Ric(X1, Xa)n(Ws(Xz, X3)§) — Ric(§, Xa)n(Ws(X2, X3)X1) =0

for all Xy, Xo, X3 and X4 € x(M).
By taking Xy = X3 = ¢ in (11.2) and by virtue (2.5), (2.8), (2.9) and (3.2) and making the necessary simplifications,
we have

(a+ N)[g(X1, X4) = n(X1)n(X4)] =0 (11.3)
or
(a+N)g(eX1,pX4) =0

forall Xq, X, € x(M). Buta+ u=n—1,s0 (a+ \) = 0 and we can state:

Theorem 11.1. If (p, &, n, g) is an almost contact metric structure on the n-dimensional a-cosymplectic manifold M, (g, &, A, 1)
is an m-Ricci soliton on M and Ric(§, X1) Ws =0, then A = —aqand p = —a+n — 1.

By using (11.3) from (2.8), we have
Ric(X1, X2) = —(A+ p)n(X1)n(X2).
So, one has the corollary given below:
Corollary 11.1. If (¢, &,n, g) is an almost contact metric structure on the n-dimensional a-cosymplectic manifold M, (g,&, A, 1)
is an n-Ricci soliton on M and Ric(§, X1).Ws = 0, then the manifold is a special type of n-Einstein manifold.
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