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Article Info Abstract
Keywords: (1, 72)-g-closed  soft, In this paper, we present two new generalizations of the pasting lemma using soft mixed
(71, 72)-gpr-closed soft, Pasting lemma structure. To do this, we introduce the notions of a (7}, 7;)-g-closed soft set and a (71,7, )-
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Accepted: 22 February 2022 g-soft continuous mapping and the mixed gpr-soft continuous mapping.
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1. Introduction and motivation

“Soft set theory” was introduced as a general mathematical tool for dealing with encountered difficulties and problems in
medical science, social science, engineering, economics etc. [1]. Many researchers have been studying some topological
concepts with basic properties and some generalizations of a soft topological space via different approaches (for example, see
[2]-[15]). Also some applications of the soft set theory were obtained to other sciences such as medical science, food science,
insurance, investment etc. (see [16]-[26] for some examples). Recently, different decision making applications have been
studied (for example, see [27]-[30]).

“Mixed structure has”’been studied on various topological spaces such as a soft topological space, a generalized topological
space etc. Using the mixed structure, some topological notions have been generalized with a new approach. For example,
some mixed sets and mixed continuities were defined on a generalized topological space (resp. on a soft topological space)
(see [31]-[37D).

“Pasting lemma” is one of the most important notions on a topological space for continuous functions. Especially, it has a
significant place in algebraic topology. Recent years, some new forms of the pasting lemma have been introduced by many
mathematicians (for example, see [15], [38]-[42] and the references therein).

Motivated by the above studies, we present two new version of the pasting lemma using mixed structure on a soft topological
space. For this purpose, we introduce the notions of (7, 7;)-g-closed soft set, a (7, 72)-gpr-closed soft set, mixed soft
pre closure and mixed soft pre interior. We prove some topological properties of these new notions. Also we give some
counter examples for necessary relationships. We define the notions of mixed g-soft continuity and mixed gpr-soft continuity
between two soft topological spaces (X, 7;,A1), (X, T2,A;) and a soft topological space (X, T,A;). Finally, we establish two
new versions of the pasting lemma for mixed g-soft continuous functions and mixed gpr-soft continuous functions on a soft
topological space.

Email address and ORCID number: nihaltas @balikesir.edu.tr, 0000-0002-4535-4019
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2. Preliminaries

In this section, we recall some basic concepts related to soft set theory. Throughout this paper, we assume that X is an initial
universal set, A is a nonempty set of parameters and Aj, Ay C A.

Definition 2.1. [/] Let ¢ : Ay — P(X) be a mapping. Then a pair (§,A;) is called a soft set over X. SS(X)a denotes the
family of all soft sets on X.

Definition 2.2. [7] Let (¢,A}) be a soft set over X.

(1) (9,A) is called a null soft set if ¢ () = 0 for all e € Ay. It is denoted by 0. N
(2) (¢,A1) is called an absolute soft set if ¢(e) = X for all e € A;. It is denoted by X.

Definition 2.3. [7] Let (¢,A1) € SS(X)a, and (¢,Az) € SS(X)4a,.
(1) (¢,A1) is called a soft subset of (¢,Az) if Ay C Ay and §(e) C @(e) for all e € Ay. It is denoted by

(¢7A1)§((P,A2)
(2) (¢,A1) is called soft equal to (¢,A) if (¢,A1)C(9,Ar) and (@,A2)C(9,Ay). It is denoted by

(¢7A1) = ((P7A2)
Definition 2.4. [10] Let (¢,A,), (¢9,A1) € SS(X)a,.
(1) The complement of (¢,A) is defined as
(¢7A1)C = (¢CﬂA1)’
where ¢¢(e) = (¢(e))° =X — ¢ (e) forall e € Ay.
(2) The difference of (¢,A1) and (@,A}) is defined as
(¢7A1) - ((P,Al) = (‘P - (PaAl)’
where (¢ — @)(e) = ¢(e) — @(e) forall e € Ay.

Definition 2.5. [14] Let J be an arbitrary index set and {(¢;,A) };; be a subfamily of SS(X)a.
(1) The union of these soft sets is the soft set (Q,A), where

o(e) = U ¢ile),

icJ
for each e € A. It is denoted by U(q),-,A) =(9,A).
icJ

(2) The intersection of these soft sets is the soft set (0,A), where

6(e) = N dile),

ic

for each e € A. It is denoted by ﬁ(qﬁi,A) =(6,A).

ieJ
Definition 2.6. [10] Let (¢,A1) € SS(X)a, and x € X. The point x is called in the soft set (¢,Ay) if x € ¢(e) forall e € Ay. It
is denoted by x € (¢,A)).

Definition 2.7. [10] Let (¢,A) € SS(X)x and Y a nonempty subset of X. The sub soft set of (¢,A) over Y, denoted by (¥ ¢,A),
is defined by

"o(e)=YNo(e),
forall e € A. In other words, (Y ¢,A) =Y N (9,A).

Definition 2.8. [10] Let T be the collection of soft sets over X. Then T is called a soft topology on X if the following conditions
hold:

(11)0,X € 7.

() The intersection of any two soft sets in T belongs to T.

(t3) The union of any number of soft sets in T belongs to T.

The triple (X,T,A) is called a soft topological space over X.

Definition 2.9. [10] The members of T are said to be T-soft open sets or soft open sets in X and also a soft set over X is called
soft closed in X if its complement belongs to T.

OS(X,1,A) or OS(X) denotes the set of all soft open sets over X and CS(X,t,A) or CS(X) denotes the set of all soft closed
sets.
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Definition 2.10. [/0] Ler (X, 7,A) be a soft topological space over X and Y a nonempty subset of X. Then
v ={("9,4): (¢,A) € T}
is called the soft relative topology on'Y and (Y, ty,A) is called a soft subspace of (X, T,A).

Theorem 2.11. [10] Let (Y, Ty, A) be a soft subspace of a soft topological space (X,T,A) and (¢,A) be a soft set over X. Then

(1) (¢,A) is soft open in Y if and only if (¢,A) = ?D (9,A) for some (¢,A) € 7.
(2) (¢,A) is soft closed in Y if and only if (¢,A) =Y N (@,A) for some soft closed set (¢,A) in X.

Theorem 2.12. [10] Let (Y,ty,A) be a soft subspace of a soft topological space (X, 7,A) and (¢,A) be a soft set over X. If
Y € tthen (§,A) € 1.

Definition 2.13. [10] Let (X, T,A) be a soft topological space and (¢,A) € SS(X)a. The soft closure of (¢,A) is the intersection
of all soft closed super sets of (¢,A). It is denoted by cl(¢,A) or T—cl(,A).

Definition 2.14. [14] Let (X, 7,A) be a soft topological space and (§,A) € SS(X)a.The soft interior of (¢,A) is the union of
all open soft subsets of (¢,A). It is denoted by int(¢,A) or T —int(§,A).

Theorem 2.15. [43] Let (X T,A) be a soft topological space and (¢,A),(@,A) € SS(X)a. Then

(1) cl® =0, cIX = X, inth = V)and intX =X.

(2) (9, A)Ccl(6,A) and int(9, A)(9,A).

(3) cl(cl(9,A)) = cl(9,A) and int(int($,A)) = int(@,A).

(4) (¢,A) is a closed soft set if and only if (¢, A) =cl(¢,A).

(5) (¢,A) is a soft open set if and only if (¢,A) = int(¢,A).

(6) (¢,A)C ((p A) implies both cl(¢,A)Ccl(@,A) and int(¢ A)Cint(@,A). B

(7) (6, 0)0(9,4)) = cl(6, A)cl (9, A) and int (6, M), A)) = int (9, A)int (9, ).
(8) cl((¢,A)D(@,A))Cel(d,A)Ncl(@,A) and int((¢,A)T(@,A))Dint(¢,A)Tint (@, A).

Definition 2.16. [14, 44] Let SS(X),, SS(Y)a, be two families of soft sets, u: X —Y and p : Ay — Ay mappings. Then the
mapping fpu : SS(X)a, = SS(Y)a, is defined as:

(1) Let (¢,A1) € SS(X)a,. The image of (¢,Ay) under fp,, written as fpu(9,A1) = (fpu(9), p(A1)), is a soft set in SS(Y)a,
such that

xep~l(y)na;
0 otherwise

Tru(9)(y) =

{ u(o(x)) if pT'(y)NAI#0

forally e Ay.
(2) Let (¢,A2) € SS(Y ), The inverse image of (¢,A2) under fp,, written as fp’u1 (0,Ar) = (f;u1 (0),p~ " (A2)), is a soft set in
SS(X)a, such that

otherwise ’

f;;}((P)(x):{ u_l((Pép(x))) if plx) e

forall x € Ay.

Definition 2.17. [15] Let fp, : SS(X)a, — SS(Y)a, be a soft mapping and Z C X. Then the restriction of fp, to SS(Z)a, is the
soft mapping fpu ‘SS from SS(Z)a, to SS(Y)a, which defined by the functions p : Ay — Ay and u|z : Z —Y where u|z is
the restriction of u to Z

Definition 2.18. [36] Let Ty, Ty be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is said to be

(1) (71, 72)-semi open soft if (¢, A)E’L'z —cl(t —int(¢,A)),

(2) (11, 72)-pre open soft if (9,4)CT — int (T2 — cl(9,4)),

(3) (11, ™)-0-open soft if (¢, A)Crl int(7 —cl(t) —int(¢,A))),

(4) (11, 72)-B-open soft if (¢,A)C v —cl (v —int (7, — cl(9,A))),

(5) (71, ™)-regular open soft if (¢,A) = 1| —int (12 —cl(9,A)).

The complement of a (t1,T)-semi open soft set ((T{,T2)-pre open soft set, (T, Ty)-q-open soft set, (T),T,)-B-open soft set,
(T1,T2)-regular open soft set) is called a (T1,T2)-semi closed soft set ((T,T2)-pre closed soft set, (1), T2)-a-closed soft set,
(11, T2)-B-closed soft set, (T1,T>)-regular closed soft set).

3. Main results

In this section, we present two new versions of the pasting lemma on a soft topological space.
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3.1. (71, 7)-g-closed soft sets and a pasting lemma

In this subsection we introduce the notion of a (7, 7, )-g-closed soft set and investigate some properties of this new notion to
obtain a new pasting lemma on a soft topological space.

Definition 3.1. Let 171, Ty be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is called a (71, 72)-generalized
closed soft if v» — cl(9,A)C(@,A) whenever (¢,A)C(@,A) and (@,A) is T1-soft open. It is denoted by (1, T2)-g-closed soft.
The complement of a (T, Ty)-g-closed soft set is (11, T)-g-open soft.

Example 3.2. Let X = {a,b,c}, A={ej,er}, 11 = {6,)?, (0, C)} and T = {67)?} where (¢,C) is a soft set over X defined
as

(€,4) = {(e1,{a}) (e, {b})}.

Then the soft set (¢,A) = {(e1,{a,b}),(e2,{a,c})} is a (11,72)-g-closed soft set. Indeed, if we take (,A) = X € Ty then we
have

7 —cl(¢,A)C(@,A)
and
(¢,A)C (9, A).

Theorem 3.3. Let Ty, Ty be two soft topologies over X such that T, C Ty. If((p,A)i((]),A) CX, (0,A) isa (1, Tz)—g;closed
soft set relative to (¢,A) and (§,A) is a (T1,72)-g-closed soft set in X, then (@,A) is (71, 72)-g-closed soft relative to X.

Proof. Let (¢,A)C(6,A) and (8,A) is 7;-soft open. Then, using the hypothesis (¢,A)C (¢,A)CX, we have
(9.4)C(6,4)1(6,4)
and
T2y —cl(@.0)Z(6,A)7(,4).
It follows that
(6,807 (72— cl(9,4)) C(9.A)71(6,4)
and
(9.4)C(6.4)0(% — cl(9,4))".
Since (¢,A) is a (11, 72)-g-closed soft set and 7, C 71, then we have
T —cl(9,A)C(0,A) (12— cl(9,A)) .
Therefore, we obtain
T —cl(@,A)CT —cl(¢,A)C(0,A)T (12 — cl(@,A))"
and so
7 —cl(9,A)C(0,A).
Consequently, (@,A) is (11, T2)-g-closed soft relative to X. O

In the following theorem, we see that the union of two (71, 7,)-g-closed soft sets is a (7}, T2 )-g-closed soft set.

Theorem 3.4. Let 11, T2 be two soft topologies over X and (¢,A), (@,A) € SS(X)a. If (¢,A) and (@,A) are two (T1,72)-g-
closed soft sets then (¢,A)U(@,A) is (T1,T2)-g-closed soft.

Proof. If (¢,A)J(@,A)C(6,A) and (6,A) is a 7;-soft open set, then using the hypothesis, we get
T —cl[(9,4)0(9,A)] =1 — cl(¢,A) U1, — cl(9,A)C(6,A).
Hence (¢,A)U(@,A) is (11, T2)-g-closed soft. O

The intersection of two (7, T2 )-g-closed soft sets is generally not a (71, 72)-g-closed soft set as seen in the following example.

Example 3.5. Let X = {a,b,c}, A={ej,ex}, 11 = {6,)?, (¢,A)} and T = {ﬁ,)?} where (¢,A) is a soft set over X defined
as

(9,4) = {(e1,{a}), (e2, {a})}.
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Then the soft sets (¢,A) = {(e1,{a,b}),(e2,{a,c})} and (6,A) = {(e1,{a,c}),(e2,{a,b})} are two (11, T2)-g-closed soft sets.
We get

(¢7A)ﬁ(6’A) ={(e1,{a}),(e2,{a})}
and so (9,A)N(6,A) is not a (1, T2)-g-closed soft set.

Proposition 3.6. Let 7|, T, be two soft topologies over X such that T, C 1. Let (¢,A) be a (11, T2)-g-closed soft set and (@, A)
a Ty-soft closed set. Then (¢,A)N(@,A) is a (t1,72)-g-closed soft set.

Proof. Since (¢,A) is T,-soft closed, then (¢,A)N(@,A) is a To-soft closed set in (¢,A) and so it is (71, 7»)-g-closed soft.
From Theorem 3.3, (¢,A)N(@,A) is a (11, T2)-g-closed soft set. O

Theorem 3.7. Let (¢,A)CYCX and (¢,A) be a (T1,T2)-g-closed soft set in X. Then (¢,A) is (1, T)-g-closed soft relative to
(Y,E).

Proof. Let (¢,A)CYN(@,A) and (@,A) be a 71-soft open set in X. Then (¢,A)C(@,A) and so by the hypothesis, we get
T 7Cl(¢7A)§(q’aA)
It follows that YA\ [, — cl(¢,A)] CYTI(@,A). Consequently, (¢,A) is (7, 72)-g-closed soft relative to (Y, E). O

Theorem 3.8. Let 1), Ty be two soft topologies over X such that ©y C T). If a soft set (¢,A) is (71, T2)-g-closed soft then
[t2 —cl(9,A)] — (¢,A) contains no nonempty t-soft closed set.

Proof. Let (¢,A) be a To-soft closed set of [ty — cl(¢,A)] — (9,A). So we get (¢,A)C(@,A)°. Since (¢,A) is (11, T)-g-closed
soft, we have
T _Cl(¢7A)§((PaA)C
or
(9, 8)C 22 —cl(9,4)]".
Thus we obtain
(9,8)C [72 = cl(9, A)]Fi[r2 — cl(9,4))° =0,
that is, (¢,A) is a null soft set. O

As a consequence of Theorem 3.8, we give the following corollary.

Corollary 3.9. Let 1, T2 be two soft topologies over X such that T C 7). A (T1,T2)-g-closed soft set (¢,A) is Tp-soft closed if
and only if [ta — cl(9,A)] — (¢, A) is T2-soft closed.

Proof. If (¢,A) is T-soft closed, then we have [, — cl(¢,A)] — (¢,A) = 0. Conversely, assume that [, — cI(9,A)] — (¢,A) is

Tp-soft closed. But (¢,A) is (71, 72)-g-closed soft and [12 — cl(¢,A)] — (¢,A) is a T»-soft closed subset of itself. From Theorem
3.8, we have [12 — cl(§,A)] — (¢,A) =0 and so T — cl(9,A) = (§,A). O

We introduce the notion of mixed g-soft continuity as follows:

Definition 3.10. Let X,Y be two initial universe sets, A1,A» C A two sets of parameters, Ty, Tr two soft topologies over X and
T a soft topology over'Y. Assume thatu:X —Y, p: Ay = Ay are two mappings and fp, : SS(X)a, — SS(Y)a, is a function.
Then fp, is called mixed g-soft continuous (briefly, (T172, T)-g-soft cts) iffI;A1 (,Ar) is a (11, T2)-g-closed soft set for every
T-soft closed set (¢,A;) inY.

Now we present a new version of the pasting lemma in the following theorem.

Theorem 3.11. (Pasting lemma for (T, T2)-g-closed soft sets) LetX =AUBbea soft topological space with two soft topologies
71, T and Y a soft topological space with a soft topology t. Let fy,u, : SS(A)a, = SS(Y)a, and fp,u, : SS(B)a, — SS(Y)a, be
two mixed g-soft continuous mappings where p1 = p> : Ay — Ay, u1 : A — Y and up : B — Y are functions. Assume that A B
are two (71, T2)-g-closed soft sets and t, C 1. If uy(x) = uz(x) for every x € ANB, then f,,,, and fp,u, combine to give a
mixed g-soft continuous mapping fp, : SS(X)a, — SS(Y)a, defined by the functions p = p1 = p> and u(x) = uy(x) ifx € A
and u(x) = up(x) if x € B.

Proof. Let (¢,A;) be a T-soft closed set in Y. Then we can easily seen that
f[;u] ((p7A2) = fp:lll ((P7A2)Ofp;ll,lz ((P?Az)

From the mixed g-soft continuity of f,,,,, then fp’ﬁ” (@,A) is a (1, T)-g-closed soft set in A. Since A is (7, 72)-g-closed
soft, by Theorem 3.3, fp_l}“ (@,A7) is a (11, T2)-g-closed soft set relative to X. Similarly, fp_zbz (,Ay) is a (11, T2)-g-closed soft

set relative to X. Also using Theorem 3.4, we get that fp’ul (9,A2) is (71, T2)-g-closed soft in X. Therefore, Spu 1s a mixed
g-soft continuous mapping. O
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3.2. (71, 72)-gpr-closed soft sets and a pasting lemma

In this subsection, we define the notion of a (7;, 72 )-gpr-closed soft set. To do this, we introduce the notion of a mixed soft pre
closure and a mixed soft pre interior. We investigate some basic properties of these new notions.

Definition 3.12. Let X be a soft topological space with two soft topologies T, T and (¢,A) € SS(X)a.
(1) The mixed soft pre closure of (§,A) is defined by

717 — pel(9,A) =N {((p,A) :(9,A)C(@,A) and (¢, A) is (71, T)-pre closed soft}.

(2) The mixed soft pre interior of (¢,A) is defined by

717y — pint(¢,A) = U {((p,A) :(@,A)C(9,A) and (@,A) is (T1,72)-pre open soft}.

We give some properties of (7, 72 )-pre open soft sets to obtain some basic theorems related to mixed soft pre closure and
mixed soft pre interior.

Theorem 3.13. Arbitrary union of (T1,T2)-pre open soft sets is a (71, T2)-pre open soft set.
Proof. Let of = {(¢,A); : i € I} be a collection of (7, 72)-pre open soft sets. Then we have
(¢,A):Cty — int (12 — cl(9,A);),

for each (¢,A); € o7 Therefore, we get

0(9,A);C0 11 —int (12 — cl(¢,A);)] C1 — int (O] — el (¢, A)i]) Ct1 — int (2 — ¢l (TU(9,A);)) -
Consequently, U(¢,A); is a (71, 72 )-pre open soft set. O
As aresult of Theorem 3.13, we give the following corollary.
Corollary 3.14. Arbitrary intersection of (11, Ty )-pre closed soft sets is a (T1,Ty)-pre closed soft set.

Finite intersection of (7, 72 )-pre open soft sets is not always a (7, T, )-pre open soft set as seen in the following example.

Example 3.15. Let X = {a,b,c}, A= {e,es}, 7 = {'(5,52, (91,4), (¢2,A)} and © = {6,)?,(¢,A)} where (91,A), (¢,4)
and (@,A) are soft sets over X defined as

(91,4) = {(e1,{a}), (e2,{b,c})},

(¢27A) = {(61,{17,6’}),(62,{61})}

and

(QO,A) = {(el?X)’ (62’{a7b})}'

Then the soft sets (0,A) = {(e1,{a}),(e2,{a,c})} and (y,A) ={(e1,{b}),(e2,{b,c})} are two (11, 72)-pre open soft sets. We
get

(G,A)ﬁ(l[/, A) = {(61 30)3 (623 {C})}
and so (0,A)N(y,A) is not a (), 7, )-pre open soft set.
Now we prove the following theorems.

Theorem 3.16. Let X be a soft topological space with two soft topologies 1, T» and (¢,A) € SS(X)a. Then the followings
hold:

(1) (¢,A) is (11, 72)-pre closed soft if and only if (¢,A) = 71T, — pcl(9,A).

(2) (¢,A) is (11, T2)-pre open soft if and only if (¢,A) = 1112 — pint(9,A).
(3) 111 —pclﬁ =0and 11T —pcl)? =X.

4) 111 — pint@ =0 and T — pint)? =X.

(5) T T —pcl [T1T2 —pCl(Qb,A)} =TT —pCl((ILA).

(6) TI T — pint [T] T — pint(d),A)] =TT —pii’lt((P,A).

(7) [T] T — pCl((P,A)]C =TT — pint((])”,A).

(8) [t172 — pint(¢,A)]° = 1172 — pcl(¢€,A).
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Proof. (1) Let (¢,A) be a (71, T2)-pre closed soft set. Since (¢,A) is the smallest (7, 72)-pre closed soft set containing itself,
using Definition 3.12 (1), we have (¢,A) = 1717 — pcl(¢,A). The converse statement of the proof is clear from Corollary 3.14.
(2) Let (¢,A) be a (71, 72)-pre open soft set. Since (¢,A) is the largest (71, 72)-pre open soft set contained (¢,A), using
Definition 3.12 (2), we have (¢,A) = 7172 — pint(¢,A). The converse part of the proof can be easily from Theorem 3.13.

(3) Since 0 and X are (7, 7 )-pre closed soft sets, then using (1), we get 7, 7> — pcl(Z) 0and 775 — pch X.

(4) Since 0 and X are (7|, T;)-pre open soft sets, then using (2), we get 7,7, — pint® = 0 and 7,7, — pintX = X.

(5) Using (1), we obtain

71T — pel [T17 — pel(§,A)] = 1172 — pel (9, A),

since 717, — pcl(9,A) is (71, T )-pre closed soft.
(6) Using (2), we get

TIT) — pint [T] T —pint(¢7A)} =TT —pint(¢,A),

since 7)1, — pint(9,A) is (71, T2)-pre open soft.
(7) Using Definition 2.4 (1) and Definition 3.12, we get

[t172 = pel(9,A)]°
= [ﬁ{( A): (¢,A)C(@,A) and (@,A) is (11, T2)-pre closed softHc
= {((p LA (0°,A)C(9¢,A) and (¢€,A) is (1, T2)-pre open soft}
= 77— pint(9°,A).
(8) By the similar arguments used in the proof of (7), it can be easily proved. O

Theorem 3.17. Let X be a soft topological space with two soft topologies T, T and (§,A),(@,A) € SS(X)a. Then the
Jollowings hold: B
(1) If (o, A) (@,A) then 7172 — pint (¢,A)C 1172 — pint (@, A).
) If (9,4)C(9,4) then 717y — pel(9,4) CT172 — pel(,A).
) 1172 — pel [(¢,4)0 ( A)| =111 — pel(¢,A) 0T — pel(@,A).
) T1 T2 — pint [(q) )] =111y — pint(¢,A)N71 72 — pint(@,A).
5) 112 — pel [(9,0)7(9,A)] C1im — pel (9, A) V772 — pel (@, A).
6) 717, — pint (9, ) ( A)] 2111 — pint(9,A)Ut1 72 — pint (@,A).

(2
(3
(4
(
(
Proof. (1) Using the hypothesis, we have
717y — pint(¢,A)C(¢,A)C(@,A) = 17172 — pint(¢,A)C(,A).
Since 117, — pint(¢,A) is the largest (71, T2 )-pre open soft set contained in (¢,A). Therefore, we get
71T — pint(¢,A)C 11Ty — pint(@,A).
(2) Since (¢,A)C 117, — pel(¢,A) and (9,A)CT172 — pel(@,A), we have
(9,8)C(9,A)CT172 — pel(9,4) = (9,A)C7 T — pel(9,A).
Because 717, — pcl(¢,A) is the smallest (71, T )-pre closed soft set containing (¢,A), then we obtain
ut —pel(9,A)CT1n — pel(9,A).
(3) We have
(¢,4)C(9,4)0(9,A) and (9,4)C(9,4)0(¢, A).

By the condition (2), we get

71T — pel(¢,A) St — pel [(9,4)0(9,A)],

717 — pel(@,A) ST 1 — pel [(9,4)0(,A)]

and so

(K% _pCl((PvA)OTlT2 _pCl((va)éfl (%] _PCI [(¢7A)O(¢7A)] . (31)
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Conversely, we have

(¢,0)Cn172 — pel(9,4), (9,4)C1172 — pel(9,A)
and so

(¢,8)0(9.A)C01T — pel(9,A)0T1 72 — pel (9, 4),

thatis, 7,7 — pcl(¢,A)UT1 7 — pcl (@, A) is a (71, 2)-pre closed soft set containing (¢, A)J(¢,A). Since 717, — pel [(¢,A)U(@,A)]
is the smallest (71, 72)-pre closed soft set containing (¢,A)U(@,A), we obtain

7T — pel [(¢,4)0(9,A)] C1112 — pel(¢,A) U117 — pel (@, A). (3.2)
From the inequalities (3.1) and (3.2), we get
717 — pel [(9,0)0(9,A)] = 117 — pel(¢,A) U772 — pel (@, A).
(4) By the similar arguments used in the proof of (3), we prove
77 — pint [(¢,A)0(@,A)] = 717 — pint (9, A)NT1 T2 — pint (@, A).
(5) Since (9,4)7(@,A)C(9,4) and (9,4)7(9,4)C (¢

717 — pel [(9,A)10(9,A)] ST — pel(9,A),

,A), we get

717 — pel [(9,A)0(9,A)] CT11y — pel(,A)
and so
71T — pel [(¢,4)0(9,A)] Tt — pel (9, M) 12 — pel (9, A).
(6) By the similar arguments used in the proof of (5), we obtain
T\ T — pint [(¢ A)J(p, )} 2111, — pint(9,A)UT T2 — pint(@,A).
O

Theorem 3.18. Ler X be a soft topological space with two soft topologies T1, T» and (¢,A) € SS(X)a. Then the followings
hold:

(1) Tlfz—pcl((]) A) (¢,A)D~Tl—Cl(Tg—int((P,A)).
(2) 17 — pint(¢,A) = (¢,A)NT —int (10 — cl(@,A)).

Proof. (1) We have
T —cl [Tz —int [((P,A)O’L'] — Cl(’fz — il’ll‘((]),A))H
Cr —cl [v—int(¢,A) 011 — cl(w2 — int(¢,A))]
= 1 —cl(t—int(¢,A)C (¢, ATty —cl(tr — int(,A)).

Therefore, (¢,A)Ut; — cl(To — int(¢,A)) is a (71, 72 )-pre closed soft set whence
717 — pel(¢,A)C(9,A)Ut) — cl(ty — int (¢, A)). (3.3)
Conversely, since 7)1 7, — pcl(9,A) is (11, 72)-pre closed soft, we get

7 —cl(ty — int (9,A))C 11 — el (T2 — int (1172 — pel(9,A)))
Ctim— pel(¢,A)

and so

(¢,A)Ut) — cl(ta — int(9,A)) 1172 — pel(9,A). (3.4)
By the inequalities (3.3) and (3.4), we obtain

71T — pel(9,A) = (9,A)Ut) — cl(1p — int(9,A)).

(2) Tt is a consequence of (1). O
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Proposition 3.19. Let Ty, Ty be two soft topologies over X and (¢,A) € SS(X). If (¢,A)CYCX and Y € 1, then we have
1T — pCly(¢7A) =TT — pClx(¢,A)ﬁ?
Proof. From Theorem 3.18, we get

TI1T) — pcly((b,A) s ) [‘L’l —cly (T2 —inty ¢7A))]

0,A
0,A)J[1) —cly (1o —int(¢,A))]

0,4)0 [rl—cl(rg—int( A)HY)}
(6,A)0t1 — cl (72 — int(,A))] A [(¢,A)Gﬂ
= 77— pclx(9,A)NY

(
=
(
I

O

Proposition 3.20. Let 1), 7 be two soft topologies over X and (¢,A) € SS(X)a. IfY e andY isa (11, T0)-pre closed soft
set then we have

71T — pely (9,A) = 111 — pelx (9, A).
Proof. From Proposition 3.19, we have
71T — pely (9,A) =111 —pclx(q&,A)ﬁ?
Since Y is a (71, T2)-pre closed soft set, we get
717y — pelx (¢,A)CY

Consequently, we obtain

71T — pely (¢,A) = 1172 — pelx (9, A).

We introduce the notion of a (71, 72)-gpr-closed soft set.

Definition 3.21. Let 71, T2 be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is called a (71, T2)-generalized pre
regular closed soft if 11Ty — pcl(¢,A)C(@,A) whenever (¢,A)C(@,A) and (@,A) is (T1,T2)-regular open soft. It is denoted
by (11, T2)-gpr-closed soft. The complement of a (71, T,)-gpr-closed soft set is (T, T2)-gpr-open sofft.

Example 3.22. Let X = {a,b,c,d}, A= {e1,e2}, 71 = {6,2,(¢1,A),(¢2,A)} and T = {6,52,@2,@} where (¢1,A) and
(¢2,A) are two soft sets over X defined as

(¢13A) = {(61,{a,b}), (eg,{c,d})}

and

(¢27A) = {(617 {Cad})v (627 {avb})}
Then the soft set (¢,A) = {(e1,{a}),(e2,{c})} is a (T1,72)-gpr-closed soft set.

Now we give the following implications:

(11, Tp)-regular closed soft

4

(71, T2)-pre closed soft

4

(11, T2)-gpr-closed soft

The inverse implications of these are not always true as seen in the following example.
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Example 3.23. Let X = {a,b,c}, A= {e}, T = {6,)?7 (61,A), (62, A), (¢3,A)} and t, = {6,)?7 (93,8) } where (91,4), (92,4)
and (§3,A) are soft sets over X defined as

(¢1,4) = {(e, {61}, ($2,4) = {(e, {c})}
and
(¢3,4) = {(e,{b,c})}.

Then the soft set (¢1,A) = {(e,{b,c})} is a (11, 72)-gpr-closed soft set, but it is not (T1,72)-pre closed soft. Also the soft set
(¢2,A) ={(e,{a})} is a (11,72)-pre closed soft set, but it is not (71, T2)-regular closed sofft.

Now we prove some necessary properties and theorems related to the notion of a (7, 72 )-gpr-open soft set.

Theorem 3.24. Let X be a soft topological space with two soft topologies Ty, 7. (¢,A) € SS(X)g is (1, T2)-gpr-open soft if
and only if (¢,A)C 1Ty — pint(9,A) whenever (@,A) is (T, T2 )-regular closed soft and (¢,A)C(¢,A).

Proof Let (¢,A) be a (1, 72)-gpr-open soft set, (¢,A) be a (11, 72)-regular closed soft set and (¢,A)C(¢,A). Then we have
— (o, A)CX (¢,A) where X — (¢,A) is (71, 72)-regular open soft. Since X —(,A) is (11, T2)-gpr-closed soft, then we get
717 — pcl (X — (¢,A))CX — (¢, A). Hence we obtain
5(’ —Un —pll’lt((]),A)é?— ((p7A)

and so (@, A)CT1 15 — pint (9, A). Conversely, we suppose that (¢,A) is (71, 72)-regular closed soft and (¢, A) (¢,A) implies
(0,A)CT1Ty — pint(¢,A). Let X — (¢,A)C(0,A) where (6,A) is (11, T2)- -regular open soft. Then we have X — (0,A)C(¢,A)
where X — (0,A) is (71, T»)-regular closed soft. By the hypothesis, we get X — (8,A)C 1y, — pint(¢,A), that is, X — C11 75 —
pint(¢,A)C(8,A). Hence we obtain

17— pel (X — (9,A))C(6,4)
and so X — (¢,A) is (11, T2 )-gpr-closed soft, that is, (¢,A) is (7, T2)-gpr-open soft. O

Theorem 3.25. Let X be a soft topological space with two soft topologies T\, Tp. If (9,A) is (11,72)-gpr-closed soft and
(0,A)C(9,A)CT1Ty — pcl(9,A), then (@A) is (T1, T2 )-gpr-closed soft.

Proof. Let (¢,A)C(60,A) where (0,A) is (71, 72)-regular open soft. Then (0,A)C(,A) implies (¢,A)C(6,A). Since (¢,A)
is (11, T2)-gpr-closed soft, we get 772 — pcl(¢,A)C(0,A). Also (@,A)C1T2 — pcl(¢,A) implies

17 — pel(Q,A)C T 12 — pel(¢,A).
Thus we obtain
717 — pel(9,A)C(6,A)
and so (@,A) is (171, T2)-gpr-closed soft. O

Theorem 3.26. Let X be a soft topological space with two soft topologies t1, To. If (¢,A) is (T1,T2)-gpr-open soft and
11Ty — pint(9,A)C(9,A)C(9,4), then (@,A) is (11, T2)-gpr-open soft.

Proof. 17— pint(¢,A)C(@,A)C(¢,A) implies
X = (9,8)CX — (9,0)CX — [1172 — pint (9,A)],
that is,
—(¢,A)CX — (9,0)CT11T — pel(X — (9,4)).

Since X — (¢,A) is a (1, T )-gpr-closed soft set, from Theorem 3.25, X — (@, A) is (71, 72)-gpr-closed soft and so (@, A) is
(71, 72)-gpr-open soft.

The union and the intersection of two (7, 72)-gpr-closed soft sets can not be always (7|, T2)-gpr-closed soft as seen in the
following examples, respectively.
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Example 3.27. Let X = {a,b,c,d;e}, A={e'}, 11 = 1 = {0.%,(01,4), (92,4, (¢3,A)} where (¢1,A), (¢2,A) and (¢3,A)
are soft sets over X defined as

((bl,A) = {(6’,{(1,6‘})}, (¢27A) = {(6/,{b,d})}
and
(¢37A) = {(e,a{a’bvcad})}'

Then the soft set (¢,A) = {(¢/,{a})} and (8,A) = {(¢/,{c})} are two (71,72)-gpr-closed soft set, but (¢,A)U(0,A) =
{(¢,{a,c})} is not (11, 72)-gpr-closed soft.

Example 3.28. Let X = {a,b,c}, A={'}, 11 = T» = {6,52, (01,A), (9, A), (¢3,A)} where (¢1,A), (¢2,A) and (¢3,A) are
soft sets over X defined as

(¢1aA) = {(e/v{b})}’ (%,A) = {(e/v{c})}
and
(93,4) = {(¢/,{b,c})}

Then the soft set (@,A) = {(¢',{b,c})} and (6,A) = {(¢/,{a,b})} are two (11,T2)-gpr-closed soft set, but (¢,A)N(6,A) =
{(e/,{b})} is not (11, T2)-gpr-closed soft.

Proposition 3.29. Let X be a soft topological space with two soft topologies T\, T, and (0,A),(@,A) € SS(X)a- If (@,A) is
(T1,72)-gpr-open soft and T\ 7o — pint(Q,A)C (¢, A) then (¢,A)N(@,A) is (T1,72)-gpr-open soft.

Proof. Since (@,A) is (1, 72)-gpr-open soft and 7,7, — pint(¢,A)C(¢,A) then we have

5% — pint(9,0)C(9,0)7(9,8) (9, 4).
From Theorem 3.26, (¢,A)N(@,A) is (71, 72)-gpr-open soft. O
The class of all (7, 72)-pre-open soft sets is denoted by PO(X, 71, T2).

Proposition 3.30. Let X be a soft topological space with two soft topologies 11, T2, (9,A),(@,A) € SS(X)a and PO(X, 71, T2)
closed under finite intersections. If (¢,A) and (¢,A) are two (71, T)-gpr-open soft sets, then (¢,A) (@, A) is (T, 7 )-gpr-open
soft.

Proof. Let us consider

~[(0.8)7i(p,4)] = [£— (6,8)| T [X - (9.4)| £(6.4),

where (6,A) is (11, 72)-regular open soft. Then we have X — (¢,A)C(6,A) and X — (¢,A)C(6,A). Since (¢,A) and (@,A)
are two (71, Tp)-gpr-open soft sets, we have

11— pel (52 - (¢,A)) C(0,4)
and
1% — pel (5? - ((p,A)) E(8,4).
By the hypothesis, we find
e —pel | (X—(9,4)) 0 (X~ (9,4))]
Ctity— pel (XL (¢,A)) Uty — pel (g, (<p,A)) C(8,A),
that is,
©% = pel [ X~ ((9,8)7(9,4))| £(6,4).

Consequently, (¢,A)N(@,A) is (71, T2)-gpr-open soft. O

The following lemma will be used in the proof of a proposition related to a (71, 7, )-gpr-closed soft set in a soft subspace.
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Lemma 3.31. Let YCX, X bea soft topological space with two soft topologies Ty, T, and (¢,A) € SS(X)a. If)~’ is a T-soft
open set and T, C Ty, then (¢, A)YY is a (T1,T2)-regular open soft set relative to Y for some (¢,A) which is a (ty,72)-regular
open soft set relative to X.

Proof. Let (¢,A) be a (71, 7,)-regular open soft set and (@,A) = (¢,A)"Y. Then we have
T —int (Tz —cl (((p,A)ﬁY)) = 1T —int (Tz —cl ((P,A) ﬁ?)
71 —int (T —cl (¢,A)) NY

(¢7A) AY = ((P’ A).
Hence (,A) is a (71, T>)-regular open soft set relative to Y. O

Proposition 3.32. Let X be a soft topological space with two soft topologies Ty, T such that T, C 7| and (¢,A)§l~/ CX. Then
the followings hold:

(1) If Y is a Tp-soft open set and (§,A) is a (T1,T»)-gpr-closed soft set in X then (¢,A) is a (T1,Tr)-gpr-closed soft setinY.
(2) IfY is a Ty-soft open set and a (71, 7)-pre closed soft set in X and (@,A) is a (t1,7)-gpr-closed soft set in'Y then (¢,A)
is a (T1,T2)-gpr-closed soft set in X.

Proof. (1) Let (¢,A) be a (71, 72)-gpr-closed soft set in X and (0,A)C(@,A) where (@,A) is a (17, T2)-regular open soft set
in Y. By Lemma 3.31, we have (¢,A) = (6,A)NY where (6,A) is a (71, 72)-regular open soft set in X, that is, (¢,A)C(0,A).
Since (¢,A) is a (71, 72)-gpr-closed soft set in X then we get
17— pel($,4)C(6,A),
which implies
1T —pch(¢,A)ﬁ)7§(97A)ﬁ)~’
By Lemma 3.20, we have

172 —PCZY(‘PaA)i((P:A)

Therefore, (¢,A) is a (71, 72)-gpr-closed soft setin Y. N
(2) Let (¢,A) be a (11, T2)-gpr-closed soft set in Y. Then (¢,A)C(¢@,A) where (¢,A) is a (7, 72 )-regular open soft set in X.
Hence we get

(9.4) = (9,4)V (g, AV,
where (¢, A)ﬁf’ is (71,72 )-regular open soft in ¥ by Lemma 3.31. Using the hypothesis, we get
711 — pely (¢,A)C (@, A)NY.
By Lemma 3.20, we obtain
T — pelx (9,8)C(,A)Y C(9,A),
that is, (¢,A) is a (71, 72)-gpr-closed soft set in X. O

We introduce the notion of mixed gpr-soft continuity as follows:

Definition 3.33. Let X,Y be two initial universe sets, Aj,A» C A two sets of parameters, Ty, Tr two soft topologies over X and
T a soft topology overY. Assume thatu:X —Y, p: Ay — Ay are two mappings and fp, : SS(X)a, — SS(Y)a, is a function.
Then fpy is called mixed gpr-soft continuous (briefly, (7172, 7)-gpr-soft cts) iffp’u1 (0,A2) is a (11, T)-gpr-closed soft set for
every T-soft closed set (¢,Ay) in'Y.

Using the concept of mixed gpr-soft continuity, we present a new version of the pasting lemma in the following theorem.

Theorem 3.34. (Pasting lemma for (7|, Ty)-gpr-closed soft sets) Let X =AUB be a soft topological space with two soft
topologies Ty, Tp, Y a soft topological space with a soft topology T and the family of all (71,7, )-gpr-open soft sets closed under
finite intersections. Let fp,u, : SS(A)a, = SS(Y)a, and fpu, : SS(B)a, — SS(Y ), be two mixed gpr-soft continuous mappings
where py = p2 : A1 = Ay, u1 : A — Y and up : B— Y are functions. Suppose that g, B are Ty-soft open and (71, Ty )-pre closed
soft and © C 1. If ui(x) = ua(x) for every x € ANB, then fp,,, and f,,., combine to give a mixed gpr-soft continuous
mapping fpu : SS(X)a, = SS(Y)a, defined by the functions p = pi = p> and u(x) = u;(x) if x € A and u(x) = us(x) ifx € B.

Proof. Let (¢,A;) be a t-soft closed set in Y. Then we can easily seen that
Fpud (©:82) = Fy04 (9:80)0f 0, (9, 82).

Since fp,,, is mixed gpr-soft continuous then f[;lul (p,A;) is a (11, Ta)-gpr-closed soft set in A. Since A is To-soft open and
(11, To)-pre closed soft, then fpm (@,A) is a (1, T2)-gpr-closed soft set in X by Proposition 3.32 (2). Similarly, fpm((p Ay)is

a (11, T2)-gpr-closed soft set in X. Also we get that fpu (¢,Az) is (11, T2)-gpr-closed soft in X from the hypothesis. Therefore,
fpu 1s a mixed gpr-soft continuous mapping. O
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4. Conclusion and future work

In this paper, two new versions of the pasting lemma for mixed g-soft continuous functions and mixed gpr-soft continuous
functions are presented on a soft topological space. As a future work, some applications of these pasting lemmas can be
investigated to analytic continuation on a complex plane.
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1. Introduction

Let X be a topological space. Then we have a singular simplicial set. C.(X)which is chain complex is obtained with its singular
homology H,(X;Z). Any singular homology of X can be get from S, (X). So the concept of simplicial sets was defined as
combinatorial models of spaces. In the following diagram, one can see relations among simplicial sets and spaces:

Simplical sets l> ’ CW- complexes ‘

Seol 4 LIJoS.

Simplical sets | < | Topological spaces |

In [1], J.C. Moore defined simplicial groups. Author also gave the isomorphism

.(|%) = H.(NY),

where N¥ is Moore chain complex of and|¥| is geometrical realization of ¢. J.W. Milnor [2] shown that a loop space is
homotopy equivalent to the geometric realization of any simplicial group. Hence, the homotopy groups of any space is defined
as the homology of a Moore chain complex.

The simplicial modules and simplicial algebras are developed by M. André [3] and D. Quillen [4]. They constructed ways of
building simplicial resolutions of algebras and defined a homology and cohomology of commutative algebras. Also Z. Arvasi
[5, 6], analyses the Higher order Peiffer elements of simplicial algebras.

In this work, firstly we will give some preliminaries for simplicial modules and their homology and homotopy. Then we will
proof the main theorem called as Hurewicz Theorem and also its corollary called as Poincaré Theorem. These theorems are
applications for homology and homotopy of simplicial modules.
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2. A-sets
For details of this section you can see [7].
A A-set, X = {X, }n>0, is a sequence with the maps, d; : X, — X,,—1, satisfying the A-identity:
did; =djdi
fori>jand 0 <i<n.
Remark: We can write A-idenitity:
dii (ro,r1,- s rn) = (10s++ \Tim 1, Tt 15+ Tn).

A A-set M = {M, },>¢ is defined a A-module satisfying M, is a module, and d; is a module homomorphism. Given any category
%, a A-object is a sequence of objects in ¥, with faces as morphisms in %’.

We have a category &' with the objects which are finite order sets, morphisms which are monoton functions. We can write the
objects as n > 0,[n] = {0,1,--- ,n}, and the morphisms generated by d' : [n — 1] — [n] such that

‘ J J<i
d(j)=qJ/+1 Jj=i,
0<i<n.
Corollary 2.1. A-sets has one to one correspondence to contravarient fuctors from O™ to S.

A A-map is a sequence of f := f,(X, — Y,) satisfying the following commutative diagram, that is n > 0, fod; = d;f.

x, L v,
1 1
Xn—1 7> Y,
A A-subset of X is any sequece of ¥;,, C X, satisfying
dl (Yn) C Ynfl

where X is a A-set, 0 < i <n < . Suppose X and Y are A-set. If there exists a bijective A-map between X and Y, then X is
isomorphic to Y.

2.1. Geometric realization of A-sets
Suppose A is a A-set. A geometrical realization of A, |A|, is determined as
A= | @)/ ~= A <A ~
n=0

X €A,
n>0

where ~ is obtained by (z,d;x) ~ (d'z,x) for x € A,, z € A"~ ! is labeled by d;x.
2.2. Homology of A-sets

It is well known that a chain complex is a collection of C = {C, } with diferantial d, : C, — C,—1 which is satisfy Im(d,11) C
Ker(d,), namely 9, dy1 is trivial. Then the homology can be defined as

Hy(C) = Ker(9,)/Im(3pa1).

Proposition 2.2 ([7]). For a A-abelian group G, G is a chain complex with d, where

n
O Y (=1)'di: Gy — Gy
i=0
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Proof. We must show that d, od,,y is trivial.

Oh-100, = nil(_l)idiZ(_l)jdj?

i=0 Jj=0
= Y (-0)Vadi+ Y (-1)"dd,,
0<i<j<n 0<j<i<n—1
n . . n . .
= Z (—1)l+]didj+ Z (_1)l+jdjdl'+la
0<i<j<n 0<j<i+1<n
n n
= Y (O)Vddi+ Y (-1)"'d;d,
0<i<j<n 0<i<j<n
= 0.

For a given A-set X , the homology H,(X;G) of X with coefficients in an abelian group G can be defined as
H.(X;G) =H.(Z(X)®G, ).

Here Z(X,) is a free abelian group with generator X,,, Z(X) = {Z(Xy) }n>0-
3. Simplicial modules
Let R be a fixed commutative ring. Fore more details about simplicial modules and algebras, we refer to [5, 6], [8]-[10].

A simplicial R-module (shotrly simplicial module) is a A-module M with degeneracies and faces satisfying the following
identities:

djdi = difldja for j < i,
sjsi = sip18), for j <,
also

Sl;ldj j<i
djsi = id j=1ii+1
Sidj,1 j>i+1.

These are defined as simplicial identities.

A simplicial module homomorphism f : M — M'is a sequence of module homomorphisms f, : M,, — M/, (n > 0) satisfying the
following commutative diagram, i.e f,_| d; = d;f, and f,;s; = s fn+1 :

S d;
Mn+1 — Mn — Mn,1

far1 d fad 3 fut
My, <— M, T M,
Si i

M is defined as simplicial submodule of M’ if each M,, is a submodule of M/,. A simplicial module M is said to be isomorphic
to a simplicial module M’, if a bijective simplicial module homomorphism f : M — M’exists.

3.1. Geometric realization of simplicial modules

The standart n-simplex A" is
n
A" ={(ro,r1,--1n) | i > 0and Zri =1}
i=0
where d' : A""! — A" and 5" : A™"! — A are given as

di(r()arlv“'vrnfl) = (r(),"',ri,],O,ri,"',I"n,]),

$'(rosri, s tag1) = (F0, S Fim L, FiF Tty S Fagd)s
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where 0 <i<n.

Suppose M is a simplicial module. Its geometric realization |M| is a CW-complex such that

=

M| = || (&) ~= A x M)/~
xEeEM, n=0
n>0
Here (A", x) is A" associated with x € M,,, ~ is generated by
(z,dix) ~ (d'z,x)
X €M,, 7€ A" ! associated with d;x,
(z,5:%) ~ (5',%)
X € M, 7 € A"t! associated with s;x.

3.2. Homotopy and fibrant simplicial modules

Suppose f,g : M — N are simplicial module homomorphisms. If we have a simplicial module homomorphism F : M xI — N
satisfying F|y«<0 = f, F|ux1 = & then we can say that f homotopic to g and can be written as f ~ g. Suppose that X is any
simplicial submodule of M, f;g : M — N are simplicial module homomorphisms satisfyingf|x = g|x. If we have a homotopy
F : M x I — N satisfying F|y«o = f and F|yx1 = g and F|x«; = f, then we say that f homotopic to g relative to X, and can
be shown as f ~ g rel X.

The image of fy, : A[0] — M is a simplicial submodule of M which has only element f,(0,0,---,0) = S;(xo) for each dimen-
n+l

——
sion where M is any simplicial module and xo € M. So a basepoint * of M is a sequence of { f,(0,0---,0)},>0 correspond to
X9 € M.

A pointed simplicial module is a simplicial module with basepoint. Suppose M and N are pointed simplicial modules. A

pointed simplicial module homomorphism f : M — N is a simplicial module homomorphism which preserve the basepoints.
We usually use * for defining the basepoint.

For given pointed simplicial module homomorphisms f, g : M — N, pointed homotopy means that f and g are homotopic rel .

We should assume that there is a homotopy relation ~ on the module of simplicial module homomorphisms from M to Nwhere
N is a fibrant simplicial module. So, we will define fibrant simplicial module.

Given a simplicial module M, if d;x; = dixjy 1, where j > k; k, j+1 2 i, then the elements ag, - ,a;_1,ai1, a4y € My_1
are called matching faces w.r.t i.

If the simplicial module M provides the homotopy extension condition, then it is called fibrant. Suppose the elements
ap, -+ ,ai-1,diy1,** ,ap € My are matching faces w.r.t i, we have an element w € M,, such that d;w = a; for j = 1. This
condition is called homotopy extension condition.
3.3. Homotopy modules
The homotopy module 7, (M) is defined by

(M) = [$",M]

and so m,(M) = m,(|M|) where M is a pointed fibrant simplicial module.

An element x € M,, satisfying the condition d;x = * for all 0 <i < n, is named spherical. For a spherical element x € M,,,
the map f; : A[n] — M sends to quotient simplicial module S" = A[n]/JdA[n]. In contrast, a simplicial map f : " — M gets a
spherical element f(c,) € M,, where G, is a nondegenerate element in $”. So we have one to one correspondence such as

| Spherical element in M, |<—| Simplicial module homomorphism $" — M. |
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Theorem 3.1. (Homotopy Addition Theorem) For pointed fibrant simplicial module M and spherical elements x; € M,, the
equation in 1t,(M)

o) = fei] + [ea] -+ 4 (= 1) 1] = 0
satisfies if and only if there is x € K11 such that dix = x; where 0 <i <n+ 1.
Proof. See [7], for details. O]

Suppose M is a fibrant simplicial module. If f;, f, are homotopic relative to dA[n], then x,y € M,, is x ~y. So a fibrant
simplicial module M is named minimal if it satisfies x >~y = x =y,

3.4. Homology of simplicial modules
For a simplicial module M, we define

N.M = (\Ker(d; : My —> My ),
j=1

such that x € N,M, i.e x € M,, such that djx = 1 for j > 0. That is,
dk(d()x) = dodk+1x =1
forany 0 <k <n-—1.

A chain complex (C,d) consists of modules and module homomorphisms

9, 9,
i = Gyl 2 C I Gy — -

satisfying Im(d,,+1) C Ker(d,), i.e d, 0 9,11 is trivial. The homology H,(C,d) is written as Ker(d,)/Im(dy,+1).

Proposition 3.2. Given a simplicial module M, if

then d,_1 00, =0, i.e M is a chain complex.
Proof. Similar to proposition 2.2. O

Remark The homology H, (M;A) of M with coefficients in a Z-module A is defined by
H.(M;A) =H.(Z(M)®zA,0d,),
where M is a simplicial module, Z(M) = {Z(M,) }»>0 and Z(M,,) is the free Z-module generated by M,,.

The Moore chain complex of simplicial R-module M, denoted NM, is the sequence of R-modules

s Ny M 2 N N M —s

The elements in Z,M, are called Moore cycles and the elements B, M are called Moore boundaries.
By definition,

Hn<NM,d()) = Ker(do)/do(N,,+1M),
= mKer(dj)/BnM,
=0

Z,M |B,M
= m,(M).

So, for the simplicial module M, we can write
H,(NM,dy) = mt,(M) = 7, (IM]).

The significiance of this corollary is that the homology modules can be defined as the homology of chain complex.
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4. Hurewicz and Poincaré theorems for simplicial modules

Suppose M is a simplicial module and Z(M) = {Z(M,) },>0 is a sequence of the free Z-module generated by M,,. By using
di My, — M,_1, s; : M, — M1, we can write

d™™  7.(M,) — Z(M,,_y)

and the degeneracies

S 7 (M) — Z(Mysy).

1
Hence Z(M) is a simplicial Z-module. The homology of M is defined by
H.(M)=H.(Z(M)) = H.(Z(M),0).

Clearly, a simplicial module homomorphism f : M — M’ induces a simplicial Z-module morphism Z(f) : Z(M) — Z(M').
So we have a functor such that M — Z(M), f —— Z(f). If f ~g: M — M’ (suppose that M’ is fibrant), we have
Z(f) ~Z(g) : Z(M) — Z(M'"). Hence if M ~ M’ with M and M’ fibrant, we get Z(M) ~ Z(M') and so H,(M) = H,(M").

As the geometric realization of any simplicial module is A-complex, the homology H,.(M) = H,(|M]) is the simplicial homol-
ogy of the A-complex [M|. So, if |M| ~ |M’|, then H,(M) = H,(|M']).

Thus the homology H,(M;A) with coefficients in A is defined by
H,(M;A) = 1, (Z(M)®zA) = H,(Z(M) ®zA,d),
where A is a free Z-module, Z(M) @7 A = {Z(M) @7 A },>0.

As using redued homology, one can obtain a single relation on Z(M). Suppose Z[M] is the quotient Z-module of Z(M) the
simplicial submodule with the basepoint *. So the reduced integral homology H, (M )can be defined as

H. (M) = 7.(ZIM)) = H.(Z]M), ).

The reuced homology with coefficients in A is defined by

H.(M;A) = n,.(Z[M| @7 A) 2 H(Z[M] ®7A,9).
The inclusion j : M < Z(M) is a simplicial module homomorphism and the composite
JjiM < Z(M) - Z[M]

is pointed simplicial module homomorphism. (Note that the basepoint in M is * and the basepoint in Z(M) is 0.) The map j
induces a Z-module homomorphism

hy = ji: wy(M) — 7w, (ZIM]) = H,(M)
where M is a fibrant simplicial module and n > 1, then this homomorphism is called Hurewicz homomorphism.

Theorem 4.1. (Hurewicz Theorem) Suppose M is any fibrant simplicial module with n;(M) = 0 for i < n withn > 2. Then
H;(M) =0 fori<nandh,:n,(M)— H,(M) is an isomorphism.

Proof. Suppose M is a minimal simplicial module. Think that

j:M—Z[M)|.
We can write M, = * for ¢ < n and M,, = m,,(M), since M is minimal. Hence Z[M], = {0} for ¢ < n and Z[M), = Z[M,).
(1). hy, is onto: As the following diagram is commutative

M, —  Z[M,]
[

1
Tn(M) —  Hy(M)

H,(M) is generated by M,, as a Z-module. As h,, is a Z-module homomorphism and every generator of H, (M) is in its image,
it should be onto.
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(2). Ker(h,) = {0} : Assume that x € Ker(h,). As xis 0 in
H,(M) = H,(Z[M],9),

t
we have an element ¢ € Z[M],, 41 such that d(y) =xin Z[M|,. Lety= Y. njy; withn; € Zand y; € M. Then ¢ : Z[M,] —
i=1

J
7y (M) is the Z-module homomorphism such that ¢|y, : M, — 7,(M) = M, is the identity map seen as the commutative
diagram

Z[Mn-&-l} — Z[Mn]

t (N
M1 M, = ﬂn(M).
Fory; € M, 11, we get
n+1 ‘
$od(y;) = o() (—1)dy;
i=0
n+l ‘
= Y (-Do(dy))
i=0
n+l ‘
= Y (=1)diy; (. diyj € My)
i=0

in 7r,(M). By using Homotopy Addition Theorem, we can get ¢ (d(y;)) = 0 for each j. So
X=0jn(x) =9(d(y)) =0
in m,(M) and i.e Ker(h,) = {0}. O

Theorem 4.2. (Poincaré Theorem) Suppose M is a connected (that is wo(|M|) = 0) fibrant simplicial module. Then there is an
isomorphism

W (M) [ (M), 72 (M)] — B (M)
induced by hy : T, (M) — H;(M).

Proof. Assume that M is a minimal simplicial module. By similar way, one can show that /' is onto. To proof that that 4’
is one to one, let ¢ : Z[M] — 71 (M)/[m1(M),71(M)] be the Z-module homomorphism such that ¢|y, : My = (M) —
1 (M)/[m (M), 71 (M)] is the quotient homomorphism consider the commutative diagram

Z[MQ] — Z[M]}

T TN
M; My~ m(M)/[m (M), 7t (M)].
From after, one can continue the proof by same way of Hurewicz Theorem. O

5. Conclusion

By using simplicial theory, we give applications for simplicial homology and simplicial homotopy. Also, we proof the
Hurewicz and Poincaré Theorems for simplicial modules.
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structures on 5 dimensional nilpotent Lie algebras.

1. Introduction

Differentiable manifolds having almost paracontact structures were introduced by [1] and after the work of [2] many authors
have made contribution, see [2]-[6] and references therein. Almost paracontact metric manifolds were classified according to
the covariant derivative of the structure tensor. The space of tensors having the same symmetry properties as the structure
tensor is decomposed into the direct sum of twelve subspaces. Thus there are 12 basic classes and 2% classes of almost
paracontact metric structures. The defining relations and projections onto each subspace are given in [4] and [3].

There are six classes of non-isomorphic non-abelian nilpotent Lie algebras in five dimensions [7]. In this work, we give the
explicit classes of some almost paracontact metric structures defined on 5-dimensional nilpotent Lie algebras by calculating
projections onto each subspace. In addition, we show that a 5-dimensional nilpotent Lie algebra does not have the structure of
an 1— Einstein manifold. For the existence of some classes of almost paracontact metric structures on 5-dimensional nilpotent
Lie algebras, see [8].

2. Preliminaries

Let M>"*! be an odd dimensional differentiable manifold. An ordered triple (@, &,n) of an endomorphism, a vector field and
a 1-form, respectively, with the following properties is called an almost paracontact structure on M

P’ =I-n®& &) =1,9&) =0,

there is a distribution D : p € M — D, = Kern.

In this case M is called an almost paracontact manifold. If M also admits a semi-Riemannian metric g with the property that

(@), 9(v)) = —g(u,v) +n(u)n(v)

Email addresses and ORCID numbers: ummu.kocabas@hotmail.com, 0000-0003-0946-5544 (U. Kocabas), sirins@eskisehir.edu.tr, 0000-0003-
2792-3481 (S. Aktay)
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for all u,v € X(M), where X(M) is the set of smooth vector fields on M, then M is called an almost paracontact metric manifold.
The 2-form defined by

CID(u, V) = g((Pu7V)

for all u,v € X(M), is called the fundamental 2-form. We denote the vector fields and tangent vectors by letters u, v, w.
212 classes of almost paracontact manifolds are obtained by using the covariant derivative of ®. Consider the tensor F defined
by

F(u,v,w) = g((Vu)(v),w),
for all u,v,w € T,M, where T,M is the tangent space at p and V denotes the covariant derivative of g. Then F satisfies

F(u,v,w) = —F (u,w,v), 2.1

F(u, @v,ow) = F (u,v,w) + n(v)F (u,w,8) —n(w)F (u,v,). (2.2)
The Lee forms associated with F are
e(u) = gijF(eiaejau)a 6*(1") = gijF(eia(peﬁu)a Q)(M) = F(§7§7u)a

where u € T,M, {e;,&} is a basis for T,M and g is the inverse of the matrix g;.
Let .# be the set of (0,3) tensors over T, M having properties (2.1), (2.2). .Z is the direct sum of four subspaces W;, i=1,...,4
where projections F"i onto W; are

F" (u,v,w) = F((pzu7 0°, ¢2w),
F" (u,v,w) = = (v)F (9%, >, &) + N (W)F (¢°u, 9*v, ),
F" (u,v,w) = n(w)F (&, pv, pw),
FY (u,v,w) = n(w){n()F(§,&,w) —n(w)F(§,§,v)}.
In addition W; can be written as a direct sum of subspaces G;, i = 1,...,4, W, is a direct sum of subspaces G;, i =5,..., 10,
and denote W3 and Wy as G and Gy, respectively. Then .% is a direct sum of twelve subspaces G;, i = 1,...,12. An almost
paracontact manifold is said to be in the class G; @© G, etc if the tensor F is in the class G; © G; over T,M for all p € M. The

defining relations of basic classes G; of almost paracontact metric structures and projections F' onto each G, are listed below
(3, 4].

Gi: Flu,vw) = ﬁ{g(uwﬂﬂp(fpw—g(m(PW)@F(fPV)—g(<Pu,<PV)9F(<P2W)

+g(Qu, pw) 6 (9°v)
Gy : F(ou,pv,w) = —F (u,v,w),0F =0
Gs: F(&,v,w) =F(u,&,w) =0,F(u,v,w) = —F (v,u,w)

Gy : F(§7V,W) = F(u,é,W):O,

ZF (u,v,w) = 0 where Z denotes the cyclic sum over u,v,w
cyc cyc
e}
Gs: Pl = & tegu puin() ~ s(ou. grin(w)
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*

Gt Fluw) = - &) (e ouin() - s(uw.grm(v)

G7: F(M,V,W) = 7”(V)F(uvwa§)+n(W)F(u’V7§)7
F(“v"?é) = _F(vauvg):_F((puv(pvaé)’ 6;((5):0

Gs: F(u,v,w) = —nWFu,w,&)+nw)F(u,v,§),
Fuv,§) = F(vu,§)=—F(ou,¢v,§), 6r(8)=0

Go: F(uv,w) = —n)F(u,w,&)+n(w)F(u,v,§),
F(”"V’é) = _F(V7u7§):F((pu7(pV7‘§)

Glo: F(M,V,W) = *T](V)F(M,W,é)+T](W)F(u,v,§),
F(“’V7§) = F(V’uvé) :F((puv(PV7é)

Gy : F(”7V7W)ZTI(M)F(@‘PV)"PW))

Gz : Flu,v,w) =n(w{n(F(S,6,w) —n(w)F(E,6,v)}

Projections F' onto each subspace G; are

Flunon) = 5o 800,090 (9w) — (o 0w)6p1 (99)

—8(pu, v)Bp1 (¢°w) + g(Pu, pw) 01 (97V) },
1
FZ(M,V,W) = E{F((qua (szv (PZW) —F((Pl/t, (szv (PW)} _Fl (M,V, W)

]

F3(M, Vs W) = 6 {F((qu, (pzv’ (pzw) + F((Pu7 (sza (PW)
+F (9%, *w,9u) + F (Qv, 9w, ou)
+F (9w, 9u, 0*v) + F (ow, 9*u, @v) }

F*(u,v,w) = %{F((pzu, 0%, *w) + F (ou, 9*v, ow)} — F3(u, v, w)

FS (M7 v, W) _ 6F5 (5)

5, N)g(@u, ow) —n(w)g(Qu, ev)}

0%
F6(M,V,W) = _%é){n(v)g(l’ﬁ (pW) - T'(W)g(l/t, (pv)}
Fluww) = —n0) {F(0u,9°m.8) ~ F(pu, o)

(0w, 0%, E) + F(pw, 0u. )} 00) {F(070,9%0.8)
—F(ou,¢v.8) — F(¢v,0%u,&) + F(¢v,0u,§) } — F®(u,v,w)

2.3)

(2.4)

(2.5)
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F(uvw) = —fn v) {F(@%u, *w,&) — (wu,ww,é) (2.6)

+F (97w, @*u,&) — F (ow, ou, £) }+ n(w) {F(¢*u,p*v,&)
—F((pu,(pv,§)+F((p2v,(p2u,§)— ((pV7(PM7 )}—FS(M,V,W)

Fou,v,w) = —711 v) {F( O%u, *w, &) + F(ou, ow, &) 2.7

—F(¢*w,9*u,&) — F(ow, pu, ) }+ n(w) {F(¢*u,9*v,&)
+F((PM,(PV,€)*F((P2V,(P2M,§)* ((pv,(pu,é)}

FGuvw) = —fn V) {F(9%u, *w,&) + F (pu, pw, ) (2.8)

+F (97w, 0°u,&) + F (ow, pu, &) }+ n(w) {F(9*u,¢*,&)
+F(<pu7<pv,é)+F(<p2v7<p2u,¢§)+F(<Pv,</>u,€)}

F' (u,v,w) = n(u)F (&, 9y, 0*w) (2.9)

F2(u,v,w) = n(){n(F (&, 0*w) —n(w)F(&,&, 0%v)}. (2.10)

It is known that & is Killing in G| ® G2 ® G3® G4 ® G5 D Gg @ Go @ Gy, that is F® = F7 = F10 = F12 = () in this case and
& is parallel in the basic classes G, G3, G4, Gy;. Also for five dimensional manifolds, the dimension of Gj is zero, so F 3-0
[3].

A K-paracontact manifold (M, @,n,&, g) is called an n-Einstein manifold if its Ricci tensor is of the form

Ric(u,v) = ag(u,v) +bn(u)n(v),

where a, b are constants. Also, the Ricci curvature in the direction of & satisfies

Ric(€,E)=—2n @2.11)

on a K-paracontact metric manifold of dimension 2n+ 1 [2].
Let G be a connected Lie group and (¢, &, 7, g) a left invariant almost paracontact metric structure on G, that is,

QoLs=Ls00, La(é) =¢,

where L, is the left multiplication by @ € G in G and g is left invariant. The almost paracontact metric structure on G induces
an almost paracontact metric structure on the Lie algebra g of G denoted by (¢,£,1,g).

In this study, we determine the classes of some almost paracontact metric structures on 5-dimensional nilpotent Lie algebras.
We use the classification of 5 dimensional nilpotent Lie algebras in [7]. There are six non-isomorphic non-abelian algebras g;
with basis {ej,...,es} and non-zero brackets:

g1 le1,e2] = e5,[e3,e4] = e5

o0 le1,e2] = e3,[e1,e3] = e5,[e2,e4] = €5

o0 [e1,e2] = e3,]e1,e3] = eq,[e1,e4] = e5,[e2,e3] = e5
04 [e1,e2] = e3,[e1,e3] = eq,[e1,e4] = e5

s e1,e2] = e, [e1,e3] = e5

96 le1,e2] = e3,[e1,e3] = ey, [e2,e3] = e5

In addition, we show that a five-dimensional almost paracontact metric manifold (G, ¢,&,n,g) can not be an 1n-Einstein
manifold, where G is a connected Lie group with 5 dimensional nilpotent Lie algebra.
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3. Classes of almost paracontact metric structures on g;

Assume that (¢, &, 1n,g) is a left invariant almost paracontact metric structure on a connected Lie group G; with corresponding
Lie algebra g;. Denote the corresponding almost paracontact metric structure on g; by the same quadruple.
The algebra g;: Consider the basis {ey,...,es} with non-zero brackets

[61762] = és, [63784} = es.

Let g be the semi-Riemannian metric such that {ey,...,es} is orthonormal and & = g(e;,e;) = £1. The nonzero covariant
derivatives are evaluated in [8] by Kozsul’s formula:

1 1

Ve e2 = 55 Ve es = —5E28sez,
1 1

Vezel = _5857 VezeS = 58185617
1 1

Ve,eq = 55 Ve,e5 = —5&gses,
1 1

Ve,e3 = 565 Vee5 = S Es€ses,

1 1 1 1
Vesel = — 5 &8sz, Veser = SE18se1, Vesez = — 5 Eagses, Veseq = S Es8ses.

For each Lie algebra we consider two different almost paracontact metric structures and determine the class of the structure.

* Let (¢,&,n,g) be the quadruple such that

gler,e1) =glez,e2) = gles,e3) = —gles,eq) = —g(es,es) =1,
E=e,n=¢,

ple1) =0, @(e2) = eq, p(e3) = €5, P(es) = €2, P(es) = e3.

(9.£.1,8) 3.1

is an almost paracontact metric structure on g;. Note that & = ¢ is not Killing and 1 = ¢! is the metric dual of & = e,
such that 1 (x) = g(x,e;) for all vectors x. We evaluate the projections F' and determine the class of the structure.
The nonzero structure constants F(e;,ej,ex) = g((Ve,@)(e}),ex) are given below.

F(ey,ey,e3) =F(ey,e3,e2) = —F(e1,e2,e3) = —F(e2,e3,e1) = 1/2,

F(ey,es,e4) = F(es,er,e4) = —F(eq,e4,e5) = —F (es5,e4,€1) = 1/2,
F(e3,e5,e2) = F(es,e3,e2) = —F (e5,€2,e3) = —F(e3,e2,e5) = 1/2,
F(e3,e3,e4) = —F(e3,e4,e3) = F(es,es,e4) = —F (es,es,e5) = 1/2.

By Theorem 3.4 in [3] the dimension of G3 is zero in 5-dimensions. Thus for each almost paracontact metric structure
in 5 dimensions F> = 0. Since (V,, ¢)(e;) = 0, we have

F(&,&,9°2) =F(e1,e1,9%2) = g((Ve, 9)(e1),9?z) = 0 and F'2 = 0 from (2.10).

For any vector u = Y u;e;, ¢ (1) = uze + uzes + ugeq + uses and from (2.9),

Fl (u,v,w) = ujF(e1,vaes+vie3+vaes+vses,worer +wses + waes + wses)

1
EM]{—V2W3 +v3wy —vgws +vswa}

# 0.
Now since
F(9%u,9’w,&) = —%{M2W3 +uswa}
and
F(pu,ow,&) = _%{’MWS +uzwa },
we have

F(@%u, 0w, &)+ F(Qu, pw, &) = F(¢*w,0*u,&) + F (w, pu, ).
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Thus from (2.8), (2.7), (2.5), (2.6) respectively, we get

1
Fuvw) = ZYI{M2W3+U3W2+M4W5+MSW4}

1
_ZWI {upv3 +usva + uqvs + uzvy }
# 0,
F?=0,F>+F8=0and thus F° = F8 = 0. Also since F"2 = F> + FO + F7 + F8 4+ FO 1 F10
and F> = F8 = F% =0, we get
(FC+FNY(u,vyw) = F"™2(u,v,w) — F'Ou,v,w)
1 1 1
= ZM2V1W3 + ZM5V1W4 — ZM4V1W5
1 1 1

——U3VIW) — —UQVIW] — —U5V4W]
4 4 4

1 1
+ZM4V5W1 + Zuszwl .

Let 7 = FO+ F7. The nonzero structure constants of the tensor 7' are

T(ez,e1,e3) = —T(es,e3,e1) = —T(e3,e1,e2) =T (e3,e2,e1) = 1/4,

T(€5,€1,€4) = *T(€4,€17€5) = *T(€5,€4,€1) = T(€4,€5,€1) == 1/4
We show that T satisfies the defining relation (2.3) of G7.
—nW)T (u,w, &) +n(w)T (u,v,8)
1

1 1 1
= —Vl{—1u2W3 — ZMSW4 + Zu4W5 -+ ZquQ}

i | 1 1 + 1 n 1 )
w1 4u2\/3 4u5\/4 4M4V5 4M3V2
= T(u’v7 W)?

1 1 1 1
—Tu,&)=—-T(v,u,e;) = —vous + —vsug — —vaus — vag =T(u,v,&),

4 4 4

T(Qu,pv,E) = T(user+uses+uzes+uzes,vaer +vsez +vaeq +v3es,e)
- - + v+ sy = —T ()
= 4144\15 4u3V2 4142\/3 4.L{5V4 = u,v, .

According to the basis {1, f2, f3, fa, fs} = {€2,€3,e4,¢5,§ = €1}, since g;; = diag(1,1,—1,—1,1) and
g7 =diag(1,1,—1,—1,1), we have

6:(8) = 67(er) =g"T(fi,0f},8)

T(f1,0f1,e1) +T(f2,0/2,e1) =T (f3,0f3.1) = T(fs, 9 fa,e1)
T(ez,per,e1)+T(e3,@e3,e1) — T (e, Pes,e1) — T (es, Qes,er)
= T(ey,es,e1)+T(e3,es,e1) —T(es,en,e1) —T(es,e3,e1)

|
=

Asaresult T = FO+ F' € Gy, in particular F®=0and F’ 2 0. In addition,

1 1 1 1
F(q)2Lt, (pzv7 ¢2w) = —§M3V2W5 + §M3V3W4 - §u3V4W3 + §u3V5W2

1 1 1 1
—§M5V2W3 + 5M5V3W2 — §u5V4W5 + §u5VSW4

= F(ou,¢*v,pw)
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together with (2.4) implies

1
F4(M,V,W) = E{F((pzua (p2u7¢zw)+F((pu7(p2V7 (PW)}7F3(M7V5W)
- F((quv(pz‘}?(l)zw)
= FVi(u,vw)
1 +l 1 +l
= —ZUzvw —U3VIW4 — ZU3V4W —Uzvsw
2”32523342'43432352
1

1 1 1
—§u5V2W3 + §u5V3W2 - §u5V4W5 + §u5V5W4

£ 0.

Since FM1 = F! + F2 4+ F3 + F* = F*, we obtain F! = F2 = 0.
To sum up, since the only nonzero projections are F*, F7, F'9 and F!!, the almost paracontact structure (3.1) belongs to
the class G4 D G7B G1o P Gy

* Consider now the almost paracontact metric structure

(9,8,1,8) (3.2)

defined by g(e1,e1) = g(ea,e2) = —g(e3,e3) = —g(eq, e4) = gles, e5),

E=es,n=¢,

p(e1) = e3, @(e2) = eq. P(e3) = €1, P(eq) = €2, P(es) =0.

Note that £ = es is Killing [8], and thus, F® = F7 = F'0 = F12 = 0 by Proposition 4.7 in [3]. The 1-form 1 = ¢’ is the
metric dual of £ = es. Nonzero structure constants of F are

F(61,€4765) = —F(€17€57€4) = —F(€2,€37€5) :F(€2,€5,€3) = 1/27

*F(€3,€5,€2):F(€3,€2,€5) :*F(€4,€],€5) :F(€4,€5,€1): 1/27

—F(es,ei,e4) = F(es,eq,e1) = F(es,er,e3) = —F (es,e3,e2) = 1.

Then by (2.9),
Fl (u, v, w) = us{—viws +vowz —vawy +vaw; } £ 0.
Since
1
F((pzu, (pzw, &) = §{u1W4 —upw3 +uswy —uawy }
= F(ou,ow,8),
from (2.7),
9 1
Fo(u,v,w) = —3Vs {urws —upw3 +uzwy —ugw }
1
—|—§W5 {M1V4 —Uupvs +uzvy — u4v1}
# 0.

Also since F(@u, p*w,&) = F(ou, ow, ), by (2.5) and (2.6) we have F> + F8 = 0 implying F° = F® = 0. In addition,
FM=F'+F>+F3+F*=0andthus F' = F>=F*=F*=0.
As a result the structure (3.2) is in Gg ® Gy;.

Note that the almost paracontact structures (3.1) and (3.2) can also be considered as almost paracontact structures on other Lie
algebras g;, i = 1,2,...,6. By calculating projections F' for each structure, we determine the class of two different structures
(3.1) and (3.2) on each Lie algebra. We omit calculations for other Lie algebras since they are similar to those for g;. We only
write the class of the structures.

The algebra g;:

* Let (¢,&,n,g) be the almost paracontact structure (3.1) on g,. The class of this structure is G; & G7 & G 19D Gy.
* (3.2) considered as an almost paracontact structure on g; is in G4 ® Gs.

The algebra g5:

¢ The structure (3.1) on g3 belongs to G4 & Gs © Gg © G7 B Gg & G119 D G-
* The structure (3.2) on g3 is of type G| & G, & G4 ® Gg.
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The algebra g4:

e B1DongsisinGsBGeP G DGgBG1oD G-
e 32)ongsisin G DGy B Gy Gy P Gy;.

The algebra gs:

e (3.1) on g5 lies in Gyp.
* (3.2) on gs is in the class G4 ® G5 @ Gg.

The algebra gg:

* (3.1) on g¢ belongs to G4 & G7 D G19 P G;.
* 32)ongeisin G BGs B Gy P Gy B Gyy.

Note that almost paracontact structures obtained here belong to the given direct sum properly, that is, they contain summand
from each subclass, since corresponding projections are nonzero. Thus we give examples of almost paracontact metric
structures which contain summands from several classes.

4. n-Einstein manifolds of 5-dimensions

It is known that paracontact structures exist only on g1, g2, g3 for five dimensional nilpotent Lie algebras. In addition a vector
field is Killing iff £ €< e5 >, see [8].
We state

Proposition 4.1. Let G be a connected Lie group whose Lie algebra is isomorphic to g;, i = 1,...,6. Then a K-paracontact
metric structure (G, ®,&,1,g) is not N-Einstein.

Proof. A five-dimensional almost paracontact metric manifold (G, @,&,1,g) is not an 1-Einstein manifold, if the Lie algebra
of the connected Lie group G is isomorphic to g4, g5, ge since there are no paracontact structures on g4, gs, g¢, paracontact
structures exist only on g1, g2, g3, see [8]. Thus it is enough to check the existence of 1n-Einstein manifolds only on g;, g2, 93.
Assume that (G, ,&,1M,g) is N-Einstein, where G is a connected Lie group whose Lie algebra is isomorphic to g;. Since & is
Killing, 5 = 5565.

N(&) =1=2g(&,&) = g(&ses, &ses) = E3es implies & = 1 and &5 = +1.

From the equation (2.11), we have

Ric(&,E) = E2Ric(es,es5) = Ric(es,es) = —4.

On the other hand, by direct calculation

ReSemeS = V[€5,€m]e5 - Ves (Vem 65) + Vem (Vé’s 65) = _Ves (Vem eS)
and
1 1 1 1
Rese €5 = _Ves (VeleS) = _Ves(_§82£562) = 58285(5818561) = 1818261’
1 1 1
Rese,e5 = 8180, Reseses = g 838403, Rese,e5 = el
yields
5
Ric(es,es) = Z Eng(Rese,€5,€m)
m=1

1 1 1 1
= Slg(zelgzelael) + 828(1618262762) + 83g(18384€37€3) + 84g(18384e4,€4)

= 18 &+ 18 &

= a8t 84
Since & = =1, Ric(es,es) = S€1& + Le3€4 # 4. Thus (G, 9,&,7, ) can not be n-Einstein. The proof is similar for g, and gs.
In g2, & = &ses and by (2.11), Ric(&,&) = E2Ric(es, es) = Ric(es, es) = —4. By direct calculation,

5
Ric(es,es) = Z £mg(Resem€57em)

m=1

= 188+18£
= FasT84

£ 4.
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In g3, & = &ses and

5
RiC(€5,€5) = ngg(ReSe,,,eS7em)
m=1
= 18 &4+ 18 &
= ) 1¢4 ) 2€3,

which contradicts with (2.11). O

5. Conclusion

In this manuscript new examples of almost paracontact metric structures on some five dimensional nilpotent Lie algebras are
given. These examples contain summands from several classes of almost paracontact metric structures. In addition, we show
that a K-paracontact metric structure (G, @,&,1,g) on a connected Lie group G is not n-Einstein.
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1. Introduction
The systems are
Y (1) =Ay(t) (1.1)
and
yin+1)=Ay(n), nezZ, (1.2)

respectively differential equation system and difference equation system considered.

In the system (1.1) y(¢) = (y1 (), y2(2), ...,yN(t))T, yi(t) (i=1,2,---,N) are differentiable functions. The coefficient matrix
of systems is A € My(C). M%(C) and My(C) respectively will denote the set of all N x P matrices and set of square matrices
of size N x N that matrices elements are complex numbers.

Hurwitz stability is well known in the literature. Regarding the equation system (1.1), in order for system to be Hurwitz stable,
the real part of all the eigenvalues of A must be less than zero. Another qualification of Hurwitz stability of equation system
(1.1) is concerning with continuous-time Lyapunov matrix equation

A*H+HA=—1I (1.3)

that has a unique solution under H = H* > 0 condition where / is unit matrix and A* is adjoint of the matrix A.

Schur stability is well known in the literature too. In accordance with the spectral criterion, all eigenvalues of the matrix A
must fall into the unit disc so that the equation system (1.2) get Schur stable [1, 2]. Another occurrence for equation system
(1.2) is that there exists and unique positive definite H = H* matrix satisfying the discrete-time Lyapunov matrix equation

A"HA—H = —I. (1.4)
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2. From Lyapunov matrix equations to linear algebraic equation
The Kronecker product of B and C denoted as B® C and the Kronecker sum of A and D, denoted by A @ D, is defined in [3] as
the expression A® D = A®Is+ Iy ® D. The VEC operator is a vector valued function of the U matrix, denoted by VEC (U)
which represent a N - M dimensional vector defined in [3] as follows

VEC(U) = [u11,u21, - un1,u12, - ,uns]"
A property of Kronecker product that, in [4] is

U=CXB*"<VEC({U)=(BRC)VEC(X)

where B € MZ(C), C € M5(C), D € Ms(C), U € M$(C) and X € MZ(C).
2.1. Transormation for continuous-time Lyapunov matrix equation

When matrix equation (1.3) is considered,

—I = A*HI+IHA
VEC(-I) = VEC(A*HI+IHA)
— VEC(A*HI)+VEC (IHA)
= (IQA*+A*®I)VEC(H)
VEC(-I) = (A*@®A")VEC(H)

is obtained. G € M2 (C) and G = (A*®A*), h=VEC(H) and z = VEC (—I) is formed the

Gh=z (2.1)
matrix-vector equation. This linear algebraic equation has a unique solution if G is non-singular. As well this linear algebraic
equation is affair with continuous-time Lyapunov matrix equation. Let G = (g;;), gij € C and A = (a;;), a;; € C. The G
matrix’s computation algorithm entitled as LyapunovC is follows.

LyapunovC algorithm

GiFa i=jik=1,

_ ) ai i=jik#l,
8(i—1)N+k, (j—1)N+l = a; itjik=1,
0 i#jik#1,

fori,j k,l=1,2,--- /N.
2.2. Transormation for discrete-time Lyapunov matrix equation
If the matrix equation (1.4) is taken into account,

VEC(—I) = VEC(A*HA—H)
= VEC(A"HA)—VEC(H)
= (A*®A"VEC(H))—VEC(H)
VEC(—I) = (A"®A"—I)VEC(H)
is obtained. On this situation, the matrix vector-equation (2.1) is composed by G = (A*®A*—1I), h = VEC(H) and
z=VEC(-I). This equation is affair with discrete-time Lyapunov matrix equation and has a unique solution if G is
invertible. The matrix G computation algorithm entitled as LyapunovD is follows.

LyapunovD algorithm

_ aklaij—l i:j;k:l,
8(i—1)N+k, (j—1)N+1 = aca;; it jik#l,

fori,j,k,l=1,2,--- /N.
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3. Solving the Gh = 7 linear algebraic equation

The equation (2.1) may be solved by varied methods. Iterative decreasing dimension method(IDDM) is one of them which is
decreases by one dimension at every step for get to the solution without any pre-processing. This method and the algorithm
that processes this method is given in detail in [5, 6]. As synopsis, framework computation of this method has given with
equation (3.1) by [5, 6].

k=1 \I=1

N (k=1 .
=Y (TIR" | n{ (3.1)

(k)

h(()k) is a special solution that h(()k) — (0 ) % 0-- -O)T, where ggks) which is the first non-zero elements of first row of
81s
matrix G®). G®) and z® are reduced matrix and vectors, of equation (2.1).
G ifk=1 _ Ty j=1.---.N>—k
(k) — [ (k=1) _ (k=1) ] ) ) )
¢ B { gkil)ﬁ(k_l) 1fk7é 1 ’ G2 _gl/ l:2,,N2—k,
k) * ifk=1, (k=1) — =) 5 p 0 N2k
< { V(kfl) _ng—l)hg(—l) if k # 1 sV Z] ) J ) ) .
N 2
RM e M ((xz _]]:;r D (C) are matrices which are composed of the base vectors of solution space as
I 0
a )
RK) — 0 K ,#Sgﬂ_lzrﬁ“:_(f;); j=1,2,--- N> —k—s+1.
81s
0 I
- . = I . .
In the condition of s = N2 — k4 1, particular cases of R*) = are evident. This method has been arranged
,,,,,,,, T

for equation (2.1) and has been prepared for computer aided computation. The algorithm named IDDMforLyapunov that
calculates matrix H with IDDM has been given follows.

IDDMforLyapunov algorithm
Step 1. Settlementing of input matrix; G =aG.

Step 2. Checking input matrix at initial situation;

s = min(j) as provided by gilj) #0, for j=1,2,--- ,N?, if s is not available,there is no exist or unique solution for the G,

the algorithm is terminated.

Step 3. Establishing initial values;

1) -1 ifi=], .
Z<i1>N+J‘_{ 0 ifigj, OTHI=L2N,
. n<1>=L iftNG—1)+i=s
l’ll(): () ’ fori?jzlaza"'aNa
J 81
0 if j#s,
RO
(1):_ 1,S+j, fOrj:1,27"'7N2—s,
(1)
815
A =1 if j<s,
5 i) e . 2
R(l): ?§+la] =1 lf.]ZSa for.]zlaza"'aN -1
1 1 [P
A7, itz
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Step 4. Iterative computation of solution of matrix H;
Overall iteration of substeps on hereinafter is continuing for k = 2,3,--- N> — I;

Step 4.1. Dimension decreasing for vector z and matrix G;

R TR R

(k) .

k g . lfJ <S’ o

gEJ')—{ ’@6 (k—1) (k—1) e fori,j=1,2,--- ,N>—k+1.
it1s Tiosi1 T8t jy 2,

Step 4.2. Checking reduced matrix;

s = min(j) as provided by gik)j #0, for j=1,2,--- ,N?>—k+1, if s is not available, the algorithm is terminated.

Step 4.3. Accumulating the solution;

(k)

021 (k) g (k=1) | k=1) . o
n”—(T)’hii —hij +rN(j71)+i,s'n()7 for j=1,2,--- ,N.
ls

Step 4.4. Successive multiplication of k\;

(k)

81 gy .
rgk):fM’ for j=1,2,--- N> —k—s+1,
: (k)
815
0 ilﬁz 0 if j <, fori.:l,z,...,N22’
ij Tl 'rj—S+l+ri,j+1 if j >, for j=1,2,--- , N> —k.

Step 5. Computation of IDDMforLyapunov algorithm is completed with the output solution
matrix H.

Thus, if the IDDMforLyapunov algorithm gives a solution, this solution require be a symmetric positive defined matrix.

4. Maple procedures

The ComputeSystem main procedure calls the some procedures according to the sequence. These procedures are executed the
algorithms defined previous sections. This procedure takes four parameter. The first parameter named ErrTolerance is a small
number that describes the tolerance of comparison with respect to zero in Step 2 and Step 4.2 in the Gh = z computation. The
second parameter, TestTolerance, is a small number used to corroborate that a unique H solution matrix was symmetrically and
positively defined. Distinctly, this tolerance value was defined an acceptability limit by any one for special purpose. The third
parameter, is allows the choice either continuous time system or discrete-time system computation. At last, fourth parameter is

being the coefficient matrix that belong the system (1.1) or (1.2).

> restart
>with (Linear Algebra, Dimension, Eigenvalues)
> Continuous :: integer, := 0; Discrete :: integer, :=1;

> LyapunovC := proc(A :: Matrix) :: Matrix

local i, j,k,I,N,G; N :=Dimension(A);

G :=Matrix(N; - N, Ni - N», datatype = complexg);

for i from 1 to N; do for j from 1 to N, do

for k from 1 to Ny do for [ from 1 to N, do

if i#j and k#1[ then next fi: if i=j and k=1 then
G(i—1)N, +k, (j—1)-Np+1 -= conjugate(Ar ; +4; j); next; fi:

if i=j then G(i_1).N 4k (j—1)-N,+1 ‘= conjugate(A; y);next;fi:
G (i 1)-Ny +k,(j—1) N+ -= conjugate(A; ;);

od: od: od: od:return G; end proc:

> LyapunovD := proc(A :: Matrix) :: Matrix

local i, j, k,I,N,G; N :=Dimension(A);

G :=Matrix(N; - Na, Ni - N2, datatype = complexg);
for i from 1 to N; do for j from 1 to N, do



102 Fundamental Journal of Mathematics and Applications

for k from 1 to N; do for [ from 1 to N, do
if i=j and k=1 then

G(i—1).N, &, (j—1)-No+1 ‘= conjugate(4; ;- Ay ) — 1 else
G(1_1>.N1+k7<j_1)AN2+l = conjugate(Aj‘,wAl’k) fi:

od: od: od: od:return G; end proc:

> IDDMforLyapunov := proc(W :: Matrix) :: Matrix

global ConclusionSituation; local i, j,k,n,r,z, H, G, R, Temp
DimBase, DimVec, DimMat, RowNumber, CoulumnNumber,
IndexNONZERO; ConclusionSituation :=

"Exist and unique solution been computed that provide the
Lyapunov equation."; DimMat :=Dimension(W);

RowNumber := DimMat, ; CoulumnNumber := DimMaty;

DimVec := DimMat,; DimBase := sqrt(DimVec);

z:= Vector(DimVec, datatype = complexg);

for i from 1 to DimBase do Zpipase(i-1)+i:=—1 od:

G :=Matrix(DimMat, datatype = complexyg);

for i from 1 to DimMat; do for j from 1 to DimMat, do

G j:=W;;; od: od:

H :=Matrix(DimBase, DimBase datatype = complexyg);

R :=Matrix(DimMat;, DimMat, — 1, datatype = complexg);

for IndexNONZERO from 1 to DimMat, do

if |G1, imdexvonzero| > ErrTolerance then break fi: od:

if IndexNONZERO > DimMat, then ConclusionSituation :=

"Has no unique solution so system can’t provide the
Lyapunov equation!"; return Matrix([0]); fi:

n:=zu 'GI}ndexNONZERO?

for i from 1 to DimBase do for j from 1 to DimBase do

if DimBase-(i—1)+ j=IndexNONZERO then H;;:=mn;fi:od:od:
r:=Vector(DimMat, — IndexNONZERO, datatype = complexyg);

for j from 1 to DimMaty —IndexNONZERO do

i = =G IndexNONZERO+j * Gli }ndexNONZERO od:

for j from 1 to DimMaty—1 do if j<IndexNONZERO then
Rj j:=1 else RywiexNONZERO,j ‘= Tj—IndexNONZERO+15Rj+1,j := 1;fi:0d:
Temp := Vector(DimMat,, datatype = complexg);

for k from 1 to DimMaty —1 do

for i from 1 to RowNumber—1 do z; :=zit1 — Git1,IndexNONZERO * 1] 04 :
for i from 1 to RowNumber—1 do for j from 1 to CoulumnNumber —1 do
if j<IndexNONZERO then Gj;:= Gy, else

Gi,j = Git1,indexNONZERO * V'j—IndexNONZERO+1 + Git1, j+1fi:0d:od:
RowNumber := RowNumber — 1;CoulumnNumber = CoulumnNumber — 1,
for IndexNONZERO from 1 to CoulumnNumber do

if |G1,imdexNonzero| > ErrTolerance then break fi: od:

if IndexNONZERO > CoulumnNumber then ConclusionSituation :=

"Has no unique solution so that system can’t provide the
Lyapunov equation!"; return Matrix([0]); fi:

n:=zu 'G;}ndexNONZERO;

for i from 1 to DimBase do for j from 1 to DimBase do

H; j:= H; j + Rpimpase-(i—1)+j,IndexNoNzER0 " T 0d 1 od:
r:=Vector(CoulumnNumber — IndexNONZERO, datatype = complexg);
for j from 1 to CoulumnNumber —IndexNONZERO do

i = =G, IndexNONZERO+ j * G[}ndexNONZERO od:

for i from 1 to DimMat; do Temp;:= R; jpgexNnonNzERO ©0d:

for j from IndexNONZERO to CoulumnNumber—1 do

for i from 1 to DimMaty do R; j:=Temp; 7j_indexNoNZERO+1 + Ri, j+1
od: od: od: return H; end proc:

> IsCorroborate := proc(H :: Matrix) :: boolean

global ValidationTest; local i, j, N, EigVal, N :=Dimension(H);
for i from 1 to Nj—1 do for j from i+ 1 to N, do

if |Hj;—H; j| < TestTolerance then next fi:
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ValidationTest := "Symmetry situation is out of accepted tolerance
value!";return false; od: od:EigVal :=Eigenvalues(H);

for i from 1 to N; do if R(EigVal;) > TestTolerance then next fi:
ValidationTest := "Positivity of solution matrix is out of

accepted tolerance value!";return false; od: ValidationTest :=
"Both situations that symmetry and positivity of solution matrix
been in accepted tolerance range."; return frue; end proc:

> ComputeSystem := proc
(argErrTolerance :: float,argTestTolerance :: float,
EqType :: integer,,A :: Matrix) :: boolean
global ErrTolerance,TestTolerance,boolResult, txtResult; local G, H;
if argErrTolerance < 10.7'3 then ErrTolerance :=10.713
elif argErrTolerance > 10.7* then ErrTolerance :=10.7*
else ErrTolerance := argErrTolerance £1i :
if argTestTolerance < 10.”'3 then TestTolerance :=10.713
elif argTestTolerance > 10.”* then TestTolerance :=10.7*
else TestTolerance := argTestTolerance fi :
if EqType =1 then G :=LyapunovD(A) elif EqType =0 then
G :=LyapunovC(A) fi: print('G' = G);
H := IDDMforLyapunov(G); print(ConclusionSituation);
if H=[0] then return false fi: print('H' =H);
boolResult := IsCorroborate(H);
print(ValidationTest,tolerance value is = TestTolerance);
print("The related system is asymptotic stable.");
return boolResult; end proc:

Example 4.1.
> A = Matrix(2, 2, [[1, —3], [2, —4]], datatype = complexg)

4o [ 10400 —3.0+01
T 20400 —4.0+0.1

> ComputeSystem(10~13,1071°, continuous, A)

20+07 2.0+00  2.0+0.J 0.+0.1
—-3.0+0.7 -3.0+0.1 0.401 20+0J
-3.04-0. 0+01 -3.0+01 2.0+0.J1
0.+01 -3.04+0.1 -3.040.I -8.04+0.1

G:

s

“Exist and unique solution been computed that provide the continuous-time Lyapunov matrix equation.’

- 1.833333332999999904-0.1 —1.16666666700000010 + 0.1
| —1.16666666700000010 + 0.7 1.0+0.1

“Both situations that symmetry and positivity of solution matrixbeen in accepted tolerance range.”,
tolerace value is 1.000000000 - 10710, “The related system is asymptotic stable.”

> ComputeSystem(10713, 10710 discrete,A)

0.0+07 2.0+01 2.0+01 4.0+0J
-3.0+07 -5.0+01 —-6.0+01 —-8.0+0.1
-3.04+01 —-6.0+01 -50+0.0 -8.0+0.1
9.040./ 12.04+0.7 12.04+0.1 150+0.1

G =

“Has no unique solution so that can’t provide the discrete-time Lyapunov matrix equation!”

Example 4.2.
> A = Matrix(2, 2, [[0, 0], [0, 0]], datatype = complexg)

0.040.1 0.040.1

A= 100401 00+01
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> ComputeSystem(10~13,10710 discrete,A)

—-1.0+07 0.0+01 0.0+01 0.0+0.J
00+071 —-1.0+01 00+01 0.0+0.J
00+071 00+01 —-1.0+01 0.0+0.J1
0.0+01 0.0+01 0.0+01 —-1.0+0.J

G =

>

“Exist and unique solution been computed that provide the discrete-time Lyapunov matrix equation.’

1.0+0.7 0.040.1

H=100+01 10+01

“Both situations that symmetry and positivity of solution matrix been in accepted tolerance range.”,

tolerace value is 1.000000000 - 10~'°, “The related system is asymptotic stable.”

5. Conclusion

On discrete set of double precision computer numbers, Y the base of number system, & the minimal positive number, €. the
maximal number, and €; is the step of computer numbers on the interval from 1 to . Thus, let be v € [— €., —&] U €y, €], any
memorizable double precision computer number is vy, = v(1 + ) + B, [v—vg,| < &|v| + &0, || < &, [B]| <&, a-B=0
(see for example[1] and [2]). The selected tolerance values from a particular interval [10_13, 10_4] were used in the evaluation
of the inequalities. The lower bound of the interval was chosen to be a larger number than €1, depending on the & which
determines the size of computation error. TestTolerance should always be larger than ErrTolerance so that the assessment be
efficient.

DDM which is inspiration for IDDM is described as type of Schur complement domain decomposition method in [7].
Decreasing dimension method (DDM) divides a large system into two smaller systems to be solved separately. To give a
general understanding of the computational quantum of DDM was used DDM and Gaussian elimination method to solve a
system of n dimension linear algebraic equations in [7]. The explanation in [7] tell us that the computational quantum of the
two methods are approximately the same to solve the system whose coefficient matrix is full, but the quantum of DDM is
much less than that of Gaussian elimination to solve band matrix equations. IDDM have made an improvement by modifying
the method in [7]. Notwithstanding DDM needed some pre-processing situations, without any pre-processing IDDM decreases
the dimension of the linear systems, by one order in every step (see for example ([6]). By its very nature, IDDM performs
division by a number away from 0 bound up with the ErrTolerance value. Thus inherently prevents the error of division by 0.
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1. Introduction

A generalized cylinder is constructed by the constant motion of a straight line called the ruling through a given curve called the
base curve. The generalized cylinders are a class of developable ruled surfaces that have no singularities points and can be
produced from paper or sheet metal with no distortion. For this construction, the generalized cylinder has been investigated as
a basic modeling surface in various fields of science including geometric modeling, computer graphic, architectural designing
and manufacturing [1]-[4].

Geodesic and line of curvature are characteristic curves that lie on the surface. The geodesic curve gives the shortest path
between two given points on curved spaces. A curve is a line of curvature if its direction always points in the principal
directions, i.e., the direction in which the surface bends extremaly. Geodesics and lines of curvature have been used in shape
analysis, therefore, the problems of computing and visualizing them on the surface have been investigated [5]-[7]. The rulings
of the generalized cylinder are geodesics and lines of curvature.

Surface parameterization is the process of mapping a surface to a planar region [8]. Extracting and transferring the geometric
information from shapes or between them depends on the parameterizations that are used as coordinate systems on the
shapes. Several types of parameterizations are constructed on a surface and differ by their characterizing properties. During
the parameterization some geometric quantities can be lost or distorted, therefore, designing and choosing the suitable
parameterizations that minimize, maximize or preserve the desired geometrical properties is an interesting problem and hot
topic in many areas of applications such as computer graphic [9]-[11], geometric modeling [12], and robot motion planning
[13].

A parameterization on a surface is said to be geodesic or line of curvature if the two families of parametric curves are geodesics
or lines of curvature. Parametrizations of smooth surfaces by curvature line exist on non-umbilical points as orthogonal curves
on the surface. Geodesic and line of curvature parameterizations mean that the shape is charted or covered by two families
of lines that are characterized by special directions. Parameterizing the surface along their geodesics or lines of curvature
are widely investigated in many areas of sciences such as CAGD [14]-[16], surfaces motions [17, 18], architectural design
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[19, 20], and discrete differential geometry [21]-[23].

The main goal of this paper is to design a generalized cylinder whose parametric curves are geodesics or lines of curvature in
Euclidean 3-space. A generalized cylinder has two families of parametric curves, rulings, and base curves. It is well known that
the rulings are geodesics and lines of curvature on a generalized cylinder. Consequently, throughout this paper, our focus lies
on the family of base curves. The generalized cylinders are a class of ruled surfaces, therefore, we start from a ruled surface
parametrization, then with additional three conditions called the cylindrical conditions, the generalized cylinder is defined.
After that, under some geometric constraints, we obtain the resulting cylinder that is parameterized by geodesic or line of
curvature base curves. The main results show that the generalized cylinder with geodesic or line of curvature parameterization
is a rectifying cylinder or a right cylinder respectively. In this article, we used the same approach that was used in [24] and
with the developable surface.

The rest of this paper is organized as follows: In section 2, some basic notations, facts, and definitions of the space curve,
regular surface, and special curves in Euclidean 3-space are reviewed. The main results are studied in section 3, where
the generalized cylinder is defined in the first subsection, then the generalized cylinder with geodesic and line of curvature
parameterizations are constructed subsequently in the other two subsections respectively. Examples to illustrate the main
results are presented in section 4. Finally, the conclusion is given in section 5.

2. Preliminaries

This section introduces some basic concepts on the classical differential geometry of space curves and surfaces in three-
dimensional Euclidean space. More details can be found in such standard references as [25]-[27].

2.1. Curves in Euclidean 3-space

A smooth space curve in 3-dimensional Euclidean space is parameterized by amap y: 1 C R — E?, yis called a regular curve
if ¥ # 0 for every point of an interval I C R, and if |Y(s)| = 1 where |Y'(s)| = /(¥ (s), ¥ (s)), then ¥ is said to be of unit
speed (or parameterized by arc-length s). For a unit speed regular curve ¥(s) in E>, the unit tangent vector #(s) of 7 at y(s) is

given by t(s) = ¥/(s). If ¥’ (s) # 0, the unit principal normal vector n(s) of the curve at y(s) is given by n(s) = % The unit
vector b(s) = 1(s) x n(s) is called the unit binormal vector of y at ¥(s). For each point of y(s) where y’(s) # 0, we associate

the Serret-Frenet frame {z,n,b} along the curve y. As the parameter s traces out the curve, the Serret-Frenet frame moves
along 7 and satisfies the following Frenet-Serret formula :

1'(s) = k(s)n(s),
n'(s) = —x(s)t(s) + Tb(s), 2.1)
V' (s) = —t(s)n(s),

where k¥ = k(s) and T = 7(s) are the curvature and torsion functions. When the point moves along the unit speed curve with
non-vanishing curvature and torsion, the Serret-Frenet frame {¢,n,b} is drawn to the curve at each position of the moving
point, this motion consists of translation with rotation and described by the following Darboux vector

w=1t+ Kb

where the unit Darboux vector is given by

T K
t+ b
V2?2 V24 k?

Direction of Darboux vector is the direction of rotational axis and its magnitude gives the angular velocity of rotation. A
necessary and sufficient condition that a curve be of constant slope (or general helix ) is that the ratio of torsion to curvature is
constant (£ = ¢ ). The general helix lies on a general cylinder and also known as a cylindrical helix. The circular helix ( a
helix on a circular cylinder) is a special helix with both of k(s) # 0 and 7(s) are constants. The Darboux vector is constant for
circular helix. For the cylindrical helix, the unit Darboux vector is constant as following

d):

2.2)

T K c 1

D= t+ b= t+ b
V4?2 Vit V4l V4l

(2.3)

2.2. Surfaces in Euclidean 3-space

A smooth surface in 3-dimensional Euclidean space is parameterized by a map X (u,v) : U C R?> — R3. The variables (u,v)
are called the (curvilinear) coordinates on the surface, the two families of u-curves (v = const), and v-curves (u = const), are
called the parametric curves (or coordinate curves). Their directions are defined by the tangents vectors X, and X, respectively.
The surface X (u,v) is called a regular if the condition X,, x X, # 0 is satisfied for all points, that means the vectors X,, and X,
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do not vanish and have different directions. Consequently, the surface normal is defined at every point on the regular surface as
a unit vector on the tangent plane and given by

X, XX,

S Kain 2 (2.4)
1X, < X,

N(u,v)

The first and second fundamental form of the parameterized regular surface are given by
I = Edu® +2Fdudv+ Gdv?, Il = edu® +2fdudv + gdv*
where their coefficients can be calculated respectively as
E = (X, Xu), F = (X, X,),G = (X, X,),e = (N, Xu), f = (N, Xony), andg = (N, X,.).

The fundamental quantities I and II are important tools to describe the intrinsic and extrinsic geometry of surface. In particular,
type of the parametric curves and their characteristics properties are described by the coefficients of the fundamental quantities
I and II. For example, the coordinate curves are orthogonal if F = 0, conjugate if f = 0, and lines of curvature if satisfy both
conditions.

Theorem 2.1. [28] A necessary and sufficient condition for the coordinate curves of a parametrization to be lines of curvature
in a neighborhood of a nonumbilical point is that F = f = (.

For a regular curve on a surface, there exists another frame {#(s),g(s),N(s)} which is called Darboux frame. In this frame #(s)
is the unit tangent of the curve, N(s) is the unit normal of the surface and g is a unit vector given by g = N x t. The relations
between Frenet frame and Darboux frame can be given by the following matrix representation

t 1 0 0 t
gl =10 <cos¢ sing nj. (2.5)
N 0 —sin¢g cos¢ b

A unit-speed curve on a surface is a geodesic if and only if the principal normal z to the curve and the surface normal N are
parallel to each other at any point on the curve. Equivalently, a curve ¥(s) on the surface is a geodesic provided its acceleration
vector ¥’ (s) is always normal to the surface, i.e.

Y'(s) x N =0. (2.6)
3. Generalized cylinder with geodesic and line of curvature parameterizations

This section is the main part of this paper, it consists of three subsections that are devoted to defining and covering the
generalized cylinder with geodesics and lines of curvature parametrizations. A generalized cylinder has two families of
parametric curves, rulings and base curves. It is well known that the rulings are geodesics and lines of curvature on a
generalized cylinder. Consequently, this section is devoted to providing the necessary and sufficient conditions for the base
curves to be geodesics or lines of curvature. We show that the generalized cylinder with geodesic parametrization is a rectifying
cylinder, and the generalized cylinder with a line of curvature parametrization is a right cylinder. The following first subsection
aims to parametrize the generalized cylinder, we start from the ruled parametrization, and with the cylindrical condition that is
described by the constrains three equations that are must be satisfied, we obtain the cylindrical parametrization.

3.1. Generalized cylinder

A generalized cylinder is generated by a constant moving of a straight line on a given curve and defined by the following ruled
parametrization

X(s,v) = y(s) +vD(s),0 < s < £, v € R, where D'(s) = 0. 3.1

A unit regular curve ¥(s) is called a base curve, and the line passing through y(s) that is parallel to D(s) is called the ruling.
D(s) is a unit director vector field that gives the direction of the ruling, D’(s) = 0 is the cylindrical condition which means that
the ruling moves in a constant direction. The unit normal vector field (shortly surface normal) of the generalized cylinder is
defined by using (2.4) as

X, xX, (YxD)+v(D'xD) Y xD
XX X[ (Y xD)+v(D'x D) ¥ x D’

N(s,v)
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D(s) is a unit vector field that lies in the space formed by the frame {,n,b} and can be written using (2.5) as following
D(s) =cos 0(s)t(s) +sinO(s)g(s), where g(s)=cos@(s)n(s)+sing(s)b(s).
Therefore D(s) can be decomposed as the following [29]

D(s) = cos 0(s)t(s) +sin O(s)(cos ¢ (s)n(s) + sind(s)b(s)), (3.2)
where 0 (s) and ¢ (s) are two scalar functions called the first and second angular functions [30]. The derivative of D(s) is given
by
D'(s) = —sinf[kcos ¢ + %]t + [cos 9(K+cos¢%) —sin 6 sinq)(s)(% +7)|n+ [sin ¢ cos 9% + sin@cosq)(% +1)|b.
Definition 3.1. The ruled parametrization with base curve Y(s) and a unit director vector D(s) (3.2) is defined by

X(s,v) =7v(s)+vD(s),0<s<L,veR, (3.3)
where

D(s) = cos 0(s)t(s) +sin O(s)(cos @ (s)n(s) +sin@(s)b(s)).

In the following theorem, we give the necessary and sufficient conditions to construct a generalized cylinder parametrization
from a ruled parametrization (3.3), we call them the cylindrical conditions.

Theorem 3.2. The ruled parametrization (3.1) is a generalized cylinder if and only if the following conditions are satisfied
Kcos ¢ + % = 0,
cosG(K+cos¢%)—sin9sin¢(%+r) = 0, (3.4
sin¢cos€%+sin9cos¢(%+r) = 0.

Definition 3.3. The generalized cylinder with base curve y(s) and a unit director vector D(s) (3.2) is parameterized by

X(s,v) = y(s) +v[cos O(s)t(s) +sinO(s)(cos @ (s)n(s) +sing(s)b(s))],0 < s <L,v € R, (3.5)
where
de a. . . d¢ _ . de . d¢ _
Kcos ¢ + s =0, cosO(k+cos¢ ds) smGsm(])(ds +1) =0, and sin$ cos 6 7 +sinBcos ¢ ( R +1)=0.

The first and second derivatives of the generalized cylinder parameterized by (3.5) are given in the following equations
X5 = t(S), X5 = K(S)I’Z(S), Xow=0,X, = D(S), Xy =0. (3.6)
The inner and cross products of the tangents vectors X; and X, are given by

(X5, X,) = cos O(s),
X, x Xy = —sin@(s)n(s) +cos @ (s)b(s).

By using (2.4), the unit normal of the generalized cylinder (3.5) is defined everywhere and given by the following

N(s,v) = —sin@(s)n(s) +cos(s)b(s). 3.7
The main result of this paper is the following theorem which is proved in the next subsections.
Theorem 3.4. Let X(s,v) = y(s) +vD(s),0 < s < L,v € R be a generalized cylinder, where y(s) is a unit speed regular curve

with non vanishing curvature , D(s) is a unit director vector defined by (3.2) satisfying D'(s) = 0. Then the generalized cylinder
with geodesic or line of curvature parameterization is a rectifying cylinder or a right cylinder respectively.
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3.2. Generalized cylinder with geodesic parameterization

Theorem 3.5. All base curves of the generalized cylinder parameterized by (3.5) are geodesics if and only if the following

conditions are satisfied.
de
cosP(s) =0, i 0, cosO(s)k(s) —sinO(s)T = 0. (3.8)

Proof. According to (2.6), the base curves on a generalized cylinder (3.5) are geodesics if and only if their acceleration vector
X, is normal to the surface, or equivalently N(s,v) x Xy, = 0. From (3.6) and (3.7), it follows that N(s,v) X X, = —cos @ ¢(s),
the geodesic condition N(s,v) X X;; = 0 is satisfied if and only if cos¢(s) = 0 which is the first condition of (3.8). By
substitution it in the cylindrical conditions (3.4), we get the other conditions of (3.8). O]

Definition 3.6. A generalized cylinder with geodesic base curves is defined by

X (s,v) = y(s) +v[cos O(s)t(s) +sinBO(s)b(s)],0<s < L,v € R, (3.9)

7(s)sinB(s) — k(s)cos O(s) =0, and 0'(s) = 0.

Proposition 3.7. [24] Suppose that D(s) = cos 0(s)(s) 4 sin 0 (s)b(s) is a unit rectifying vector defined along a unit speed
curve Y(s) with non vanishing curvature and torsion, then D(s) is a unit Darboux vector field if and only if Kk cos 6 — Tsin0 = 0.

Proof. Let D(s) = cos 0(s)z(s) + sin 0(s)b(s) be a unit Darboux vector. From (2.2),

cosf = " sin O (s) _r d coth=-_
= , sin@(s)= , an =—.
VK212 VK2 + 12 K

This implies that Kk cos @ — 7sin @ = 0, and vice versa. ]

Definition 3.8. A generalized cylinder with geodesic base curves is defined by

X(s,v) =7(s)+vD(s),0<s<LveR

where
T(s K(s
:7( ) t(s +7( ) b(s),
VK2 +12 VK2 +12
As discussed in (2.3), the condition for unit Darboux vector to be constant is equivalent to the base curve is a helix. As well
known, the base curve and director vector are responsible to build the generalized cylinder, so the following theorem gives the

conditions that can be applied on the base curve and director vector at the same time to generate a generalized cylinder with
geodesic base curves.

D(s) D'(s)=0.

Theorem 3.9. Ler X (s,v) = y(s) +vD(s),0 <s < L,v € R be a generalized cylinder, where y(s) is a unit speed regular curve
with non vanishing curvature and torsion, D(s) is a unit director vector defined by (3.2) satisfying D’(s) =0. Then every ruling
is a geodesic and the base curves are geodesics if and only if Y(s) is a helix and D(s) is a unit Darboux vector.

Definition 3.10. A generalized cylinder with geodesic parameterization is defined by

X(s,v) =y(s)+vD(s),0<s<L,veER, (3.10)

where

7(s) K(s) . .
D(s) = ——=—=1(5) + ——=—===b(s), andy(s) is a helix.
O= Tera Ot Japatth e
The developable ruled surface whose director vector is a unit Darboux vector has been studied by many researchers and it has
been called the rectifying developable surface, (see, e.g., [31]). The generalized cylinder defined by (3.10) is a special case
where the unit Darboux vector is a constant and we call it the rectifying cylinder. The base curve is a geodesic on its rectifying
developable is a classical result has been stated in the classical differential geometry books [26], but according to theorem (3.9)

all base curves are geodesics on their rectifying cylinder.
Corollary 3.11. A generalized cylinder with geodesic parameterization (3.10) is a rectifying cylinder.

Theorem 3.12. Among all generalized cylinders parameterized by (3.5), only the rectifying cylinder (3.10) can be equipped
with geodesic parameterization.

In the above definition (3.10) we remark that for the rectifying cylinder (3.10) whose parametric curves are geodesics, the base
geodesic curves have the same curvature and torsion, and differ only by the rigid motion modeled by a constant unit Darboux
vector with fixed direction and fixed angular velocity. Therefore, it is interesting to end this subsection with the following result

Corollary 3.13. The geodesic parametric curves of the the rectifying cylinder (3.10) are lines and helices.



Fundamental Journal of Mathematics and Applications 111

3.3. Generalized cylinder with line of curvature parameterization

Theorem 3.14. All base curves of the generalized cylinder parameterized by (3.5) are lines of curvature if and only if the
following conditions are satisfied

cosO(s) =0, cos@(s) =0, 7(s) =0. (3.11)

Proof. By Theorem (2.1), the base curves on a generalized cylinder (3.5) are lines of curvature if and only if F = f = 0. From
(3.6) and (3.7), f = (N,X,s) = 0 is satisfied without further condition, and F = (X;,X,) = cos 0, therefore, F =0 if and
only if cos @ = 0 which is the first condition of (3.11). By substitution it in the cylindrical conditions (3.4), we get the other
conditions of (3.11). O

Definition 3.15. A generalized cylinder with line of curvature base curves is defined by

X(s,v) =7v(s)+vb(s),0<s<L,veR, where 7(s)=0.

The plane curve (7(s) = 0) has no binormal unit vector b(s), therefore, the binormal of plane curve coincides with the normal
vector to the plane of the curve. Without loss in generality we may assume that the unit vector (0,0, 1) is the normal to the
plane of planar curve ¥(s).

Theorem 3.16. Let X (s,v) = y(s) +vD(s),0 < s < L,v € R be a generalized cylinder, where Y(s) is a unit speed regular curve
with non vanishing curvature, D(s) is a unit director vector defined by (3.2) satisfying D’(s) =0. Then every ruling is a line of
curvature and the base curves are lines of curvature if and only if Y(s) is a plane curve and D(s) is a unit normal vector to the
plane of y(s) .

Definition 3.17. A generalized cylinder with line of curvature parameterization is defined by
X(s,v) =7(s)+vD(s),0<s<L,veR, (3.12)
where
D(s) =1(0,0,1) and v(s) is a plane curve.

The generalized cylinder whose base curve is a plane curve and the director vector is a unit normal vector to the plane of the
base curve is called a right generalized cylinder [32] or shortly right cylinder.

Corollary 3.18. A generalized cylinder with line of curvature parameterization (3.12) is a right cylinder.

Theorem 3.19. Among all generalized cylinders parameterized by (3.5), only the right cylinder (3.12) can be equipped with
line of curvature parameterization.

Corollary 3.20. The line of curvature parametric curves of the the right cylinder (3.12) are lines and plane curves.

4. Examples

In this section, we give two examples of a generalized cylinder with geodesic and line of curvature parametrization and draw
their pictures by using Mathematica. It is worth noting that the results are satisfied even the base curve is not a unit speed as
shown in the second example.

Example 4.1. Let y(s) = (\? sin(s), 3, ‘[ 0s(s)) be a unit speed helix curve, therefore the unit tangent and binormal vectors

are given respectively by t = (? cos(s ) 7, i n(s )) and b = (—3 cos(s), ‘2[, 1sin(s)). Their curvature and torsion are

K= ? and T = % According to definition (3.10), the generalized cylinder with geodesic parametrization is defined by
ORI
s
V2412 V2412

By substitution ——— = 5 L and \f , and for 0 < s <2m, 0 <v < 7, the constructed cylinder is a rectifying cylinder
VK212 \/rc2+r2

X(s,v) = 7(s)+v] b(s),0<s<LyveR.

with geodesic parametrization as shown in Flgure I(a).

Example 4.2. Let y(s) = (s,sin(s),0) be a plane curve. According to definition (3.12), the generalized cylinder with line of
curvature parametrization can be defined by X (s,v) = y(s) +v(0,0,1), 0 <5 < 21,0 <v < 1/2. The constructed cylinder is
a right cylinder with line of curvature parametrization as shown in Figure 1(b).
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(a) Rectifying cylinder with (b) Right cylinder with line of
geodesic parametrization curvature parametrization

Figure 4.1: Generalized cylinder with geodesic or line of curvature parametrizations

5. Conclusion

In this paper, using a ruled parametrization (3.1), and with three conditions called the cylindrical conditions (3.4) we constructed
a generalized cylinder parametrization (3.5). After that, through many geometric constraints we obtained the resulting cylinder
that is parameterized by geodesics or line of curvatures. The main results asserted that the generalized cylinder with geodesic
or line of curvature parametrization is a rectifying cylinder (3.10) or a right cylinder (3.12) respectively.

Acknowledgements

The author would like to express his sincere thanks to the editor and the anonymous reviewers for their helpful comments and
suggestions.

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

References

[1]1 K. H. Chang, Product Design Modeling using CAD/CAE, The computer aided engineering design series, Academic Press, 2014.

[2] R. Goldman, An Integrated Introduction to Computer Graphics and Geometric Modeling, CRC Press, 2009.

[3]1 S. Guha, Computer Graphics Through OpenGL: From Theory to Experiments, Chapman and Hall/CRC, 2018.

[4] P. Helmut, A. Andreas, H. Michael, K. Axel, Architectural Geometry, Bentley Institute Press, 2007.

[5] H.K.Joo, T. Yazaki, M. Takezawa, T. Maekawa, Differential geometry properties of lines of curvature of parametric surfaces and their visualization,
Graph. Models, 76 (2014), 224-238.

[6] X.P.Zhang, W. J. Che, J. C. Paul, Computing lines of curvature for implicit surfaces, Comput. Aid. Geom. Des., 26(9)(2009), 923-940.

[7]1 1. Hotz, H. Hagen, Visualizing geodesics, In Proceedings Visualization 2000, VIS 2000 (Cat. No. 00CH37145), IEEE, 311-318.

[8] Y. L. Yang, J. Kim, F. Luo, S. M. Hu, X. Gu, Optimal surface parameterization using inverse curvature map, IEEE Transactions on Visualization and
Computer Graphics, 14(5)(2008), 1054-1066.

[9] A. Sheffer, E. Praun, K. Rose, Mesh parameterization methods and their applications, Foundations and Trends in Computer Graphics and Vision,
2(2)(2006), 105-171.



Fundamental Journal of Mathematics and Applications 113

[10]
[11]
[12]

[13]

[14]
[15]

[16]
[17]
[18]
[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
(30]

[31]
[32]

K. Hormann, B. Lévy, A. Sheffer, Mesh Parameterization: Theory and Practice, 2007.
M. Desbrun, P. Alliez, U. S. C. Inria, M. Meyer, P. Alliez, Intrinsic parameterizations of surface meshes, Comput. Graph. Forum, 21(3)(2002), 209-218.
M. S. Floater, K. Hormann, Surface Parameterization: A Tutorial and Survey, In Advances in multiresolution for geometric modelling, Springer, 2005,

157-186.
B. H. Jafari, N. Gans, Surface parameterization and trajectory generation on regular surfaces with application in robot-guided deposition printing,

IEEE Robotics and Automation Letters, 5(4)(2020), 6113-6120.

R. R. Martin, Principal Patches-A new class of surface patch based on differential geometry, Eurographics Proceedings, (1983).

L. Garnier, L. Druoton, Constructions of principal patches of Dupin cyclides defined by constraints: four vertices on a given circle and two perpendicular
tangents at a vertex, XIV Mathematics of Surfaces (Birmingham, Royaume-Uni, 11-13 September 2013), pp.237-276.

M.Takezawa, T. Imai, K. Shida, T. Maekawa, Fabrication of freeform objects by principal strips, ACM T. Graphic., 35(6)(2016), 1-12.

N. Giirbiiz, The motion of timelike surfaces in timelike geodesic coordinates, Int. J. Math. Anal, 4(2010), 349-356.

Y. Li, C. Chen, The motion of surfaces in geodesic coordinates and 2+ 1-dimensional breaking soliton equation, J. Math. Phys., 41(4)(2000), 2066-2076.
E. Adiels, M. Ander, C. Williams, Brick patterns on shells using geodesic coordinates, In Proceedings of IASS Annual Symposia, Hamburg, Germany,
September 25-28, 23(2017), 1-10.

X. Tellier, C. Douthe, L. Hauswirth, O. Baverel, Surfaces with planar curvature lines: Discretization, generation and application to the rationalization
of curved architectural envelopes, Automation in Construction, 106(2019), 102880.

S. Pillwein, K. Leimer, M. Birsak, P. Musialski, On elastic geodesic grids and their planar to spatial deployment, 2020, arXiv preprint arXiv:2007.00201.
H. Wang, D. Pellis, F. Rist, H. Pottmann, C. Miiller, Discrete geodesic parallel coordinates, ACM T. Graphic., 38(6)(2019), 1-13.

M. Rabinovich, T. Hoffmann, O. Sorkine-Hornung, Discrete geodesic nets for modeling developable surfaces, ACM T. Graphic., 37(2)(2018), 1-17.
N. M. Althibany, Construction of developable surface with geodesic or line of curvature coordinates, J. New Theory, 36(2021),75-87.

M. D. Carmo, Differential Geometry of Curves and Surfaces, Prentice-Hall, New Jersey, 1976.

D. J. Struik, Lectures on Classical Differential Geometry, 2nd Edition, Dover Publications Inc., New York, 1988.

A. N. Pressley, Elementary Differential Geometry, Springer Science & Business Media, 2010.

F. Dogan, Y. Yayli, The relation between parameter curves and lines of curvature on canal surfaces, Kuwait J. Sci., 44(1)(2017), 29-35.

M. 1. Shtogrin, Bending of a piecewise developable surface, Proceedings of the Steklov Institute of Mathematics, 275(2011), 133-154.

A. Honda, K. Naokawa, K. Saji, M. Umehara, K. Yamada, Curved foldings with common creases and crease patterns, Adv. App. Math., 121(2020),

102083.
S. Izumiya, H. Katsumi, T. Yamasaki, The rectifying developable and the spherical Darboux image of a space curve, Banach Center Publ., 50(1999),

137-149.
G. H. Georgiev, C. L. Dinkova, Focal curves of geodesics on generalized cylinders, ARPN J. Engineering and Applied Sciences, 14(11)(2019),

2058-2068.



Fundamental Journal of Mathematics and Applications, 5 (2) (2022) 114-126
Research Article

% FuiMa
Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.org.tr/en/pub/fujma
ISSN: 2645-8845
doi: https:/ldx.doi.org/10.33401/fujma.1035387

Analysis of a System of Nonlinear Hadamard Type Fractional
Boundary Value Problems

Tugba Senlik Cerdik

Department of Mathematics, Beykent University, 34550, Buyukcekmece, Istanbul, Turkey

Article Info Abstract
Keywords: Fixed-point  theorem, The aim of this work is to analyze the existence of positive solutions for a coupled system
Hadamard  fractional  differential of Hadamard type fractional boundary value problems. By using the five functional fixed

systems, Positive solutions

2010 AMS: 34A08,34B15
Received: 11 December 2021
Accepted: 19 March 2022
Available online: 28 March 2022

point theorem, the conditions for the existence of positive solutions are derived. Finally, to
show the applicability of the main result, an illustrative example is also involved.

1. Introduction

Fractional calculus and fractional differential equations have recently gained significance due to the expansion of the application
fields against real world problems in the areas of applied mathematics, engineering, physics, system control, etc. One reason for
such interest is that fractional differential equations can explain more precise results with respect to integer order models, see
[1]-[5]. Moreover, a lot of scientists have been studying on the existence results of positive solutions for fractional boundary
value problems and the systems of fractional differential equations by means of methods of nonlinear analysis. The importance
of the area of coupled systems of fractional order differential equations comes from that they can be observed in a large number
of problems of applied nature. For details and examples on the topic, see [6]-[15] and the references therein.

Other than the commonly mentioned Riemann-Liouville and Caputo fractional differential equations, there is a gap in in-
vestigation of Hadamard fractional differential equations and coupled systems under different boundary conditions on an
bounded/unbounded domain. One of the main speciality of Hadamard fractional derivative is that the definition contains
logarithmic function of arbitrary exponent. For some recent results on boundary value problems of Hadamard fractional
differential equations and coupled systems, we refer to [16]-[33].

In [23], Zhai and Wang investigated the following coupled Hadamard type fractional boundary value problems:

HpPut) + fe,v(t) =a, 1<p<2, te(le),
Hpay(t) + gtbu®)=>b, 1<qg<2, te(l,e),
u(h)=0, "Drtute)= ) ufl 1),

i=1

w(1)=0, ADIlye) = 20'7 Piu),
=1
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where /D denotes the Hadamard-type fractional derivative; 71 is the Hadamard-type fractional integral. By the use of
increasing ¢ — (h,r) concave operators, the authors obtained the existence and uniqueness of solutions for Hadamard fractional
differential systems.

Motivated particularly by the above mentioned papers, we are interested in investigating a coupled system of Hadamard
fractional differential equations, which include both integral boundary conditions and m-point fractional integral boundary
conditions:

Hp" ut) + filt,u(t),v(£) =0, n—1<9 <n, te(l,e),

b

HD2y(0) + frtu@® () =0, m-1<8<m, re(l,e),

uD) =/ (D) =...=u"I(1) =0, HD?l Yue) = fgl(t)u(t)—+z/lHI u(oy), (1.1)

(D) =v (1) =..=v" (1) =0,  HDI i) = fgz(z)v(r)—+zaf’1fjv(a;),

where n,m e N, nm > 3, # D’fl and HD?% are the Hadamard-type fractional derivatives of order ¢, J,, respectively.

Hl’fi and Hlf;f are the Hadamard-type fractional integrals of order 8; >0 (i =1,2,...,p), a; >0 (j = 1,2,...,q9), fi.f2 €
C([1,e] X [0,00) X [0,00),[0,00)), g1,82 € C([1,€],(0,0)) and 4; >0 (i = 1,2,...,p), 0; 20 (j = 1,2,....9), 0},05 € (1,e) are
given constants.

We deal with the analysis of existence result of positive solutions for Hadamard differential systems. We accentuate that there
are a lot of studies on Riemann-Liouville or Caputo type fractional differential systems. To the best authors’ knowledge, there
are a little number of papers which are studied on the systems of nonlinear Hadamard fractional differential equations. Here,
unlike other papers, we attempt to study new Hadamard differential systems which consist of both integral boundary conditions
and m-point fractional integral boundary conditions on an bounded domain.

We prepare the following sections of this paper as follows: Section 2 includes some preliminaries. We also summarize all
properties of the corresponding Green’s function. We indicate the existence of positive solutions of the problem and an example

illustrating our result is ensured in Section 3.

2. Preliminaries

In this section, basic concepts, notations and some lemmas about the Hadamard-type fractional calculus are demonstrated for
the convenience of the readers.

Definition 2.1 ([4]). The Hadamard fractional derivative of fractional order v > 0 for a function k : [1,00) — R is defined as

(5 [ s H0 nmtrnnzpis,
1

where [v] denotes the integer part of the real number v and log(-) = log,(-).

HD11/+ () = I'n-v)

Definition 2.2 ([4]). The Hadamard fractional integral of order v > 0 for a function & : [1,00) — R is defined as

H v _ vl
Iok(t) = r()f( k() y>0,

provided the integral exists.

Lemma 2.3 ([4]). If a,v,u > 0, then

L'(p) X rv-1 Hpyv oo Lty - L@
l"(p+v)(10g5)ﬂ . (CDg(log ) )(x)_l"(,u—v)

in particular, (/D}(log £ ~/)(x) = 0, j = 1,2,...,[v] + 1.

H 1 (log Ly 1)) = (log Sy,
a a

Lemma 2.4 ([4]). Let v > 0. Assume that ¢ € C[1,00) N L![1,c0), then the solution of Hadamard-type fractional differential
equation H D‘l’+ c(t) = 0 can be denoted as

ct)= ) eillogn’™,
i=1

and the following formula holds:
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m
M1 DY ey = e0) + ) eillogn)’™,

where c; eR,i=1,2,...n,n—1<v<n,n=[v]+ 1.

Lemma 2.5. If x,y € C[1,¢], then, for the functions u,v € C[1,e], the following system

Hp' ut) + x(t) =0, n—-1<d <n, te(l,e),

HDzlffv(t) +y(H)=0, m—-1<%<m, te(le),
u()=u' (1) = ... = u"2(1) = 0, HDfi‘lu(e)zf gl(t)u(t)d—t +Z/1H1ﬁ’ (o)), .1
v =V()=..=v" D) =0, HD"ye)= f gg(t)v(t)— +Zaf[fjv(ag),

can be given in the integral representations of the form

u(t) = feHl(f, S)x(S)Q,
1 S

v(t):f Hz(t,s)y(s)—ds,
1 N
where

Hy(t,s) = G1(t,5) + Galt, 5), (2.2)

H(t,5) = G3(t,5) + Ga(t, 5), (2.3)

and

Ai(logn)?1~!
Gi(t.) =g1<r,s)+z T(F("jtlﬁ)gﬁ (@},

1 9 -1
Gza,s)—% f Gitt 9810,

1 tﬁz 1 o
Ga(t,5) = a2, s)+ZT*(°g) & @39,

L@ +aj) )

(log 1)1

Gu(t,5) = o
1

¢ d
f Gat.9)g2(0,
1 t

with

g1(t,s) =

1 {(1ogt)ﬂ1—1—(1og§)ﬂ1—l, l<s<t<e, 24

T'(¢) (logt)ﬂl_l, 1<t<s<e,

&(t,8) =

1 {(logt)ﬂz‘l—(logi)ﬂz‘l, I1<s<t<e, 2.5

T'(¢) (logt)ﬂfl, 1<t<s<e,

Fiotos) = (loga*l‘)ﬁl*ﬁi (log )ﬁ”ﬁl , I<s<o}<e,
1 1° (10g0_>|1<)191+ﬁ1 1< O_T <s<e,
(o s) = (10go-*)02+“1 — (log 2)192*“1_1 l<s<oj<e,
2 2° (loga_ )192+(l, 1 <o ; <s< e,
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o ;iI'(9)
j=1T(O+a))

where T =T'(¢) — l-p:1 1-/};91“1(?2)3) (IOgO'T)ﬁlJrﬂi_l and T* =T(%) - 34 (lo g0;)ﬁ2+aj_l

‘ 9,141
Ty :T—f gl(t)(logt)” 7 >0,
1

and

‘ 9,141
=T - f g2(n)(log™ ! = > 0.
1

Proof. Using Lemma (2.4), the above system (2.1) can be given by

u(t) = _W f (log - )ﬂ' lx(s)— +c1(ogH ™ + ey(log "1 7% + .+ ¢, (log )1 7",
w(t) = —m f (log - )”2 1y(s)— +di(logH)”™ ! + dy(log "> ™% + ... + dp(log ">,
where ¢;,d; €R,i=1,..,nand j=1,..,m. Using the boundary conditions, we derive c; =c3=...=¢, =0anddr =d3 = ... =
d,, = 0. Then,
u(t) = @D f (log - )’9l 1x(s)— +c1(logn?1 =1, (2.6)
!
L 9,-1 ds 9y—1
H=-— log =) = +di(log)? 1, 2.7
W) F(ﬂz)flwgs) ¥+ dilogn @.7)
By using Lemma (2.3)

HDl?I—l _ 4 dS
pou@=cl'(@) - 1 x(8)—

_ T ds
HD?E 1v(t)=dll"(192)—jl‘)’(S)?~

Using 7 D71~ u(e) = f gl(t)u(t)— + Z/lH P u(o}), and D% v(e) = f gz(t)v(t)— + 20'7 I7v(c3), we have

p
er= ol f gl(r>u(t>—+ f ()— Zr T f (log )w, x(s)—) (2.8)

i=

Ul (s oy (T 0 ds
dl—‘r*(jl‘ 82(1)V(l)7+j;y(s)?—jz:;r(%—wﬁ (IOgT)Z ~ Y(S)T)- (2.9)
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Substituting (2.8) into (2.6), we get

<1ogt>l"1 ! <logt)ﬂl ! 91-1
u(t) =—=-— f () Tf (r)u(r)t mJ( og - >1 (s)

9-1
/l(logt)l f(log )01+,Bz x(s)—

Tl“(ﬂl B8
"(lorg(gljl) lf () (F(ﬁl)'rg()go)gt)ﬂl | f () (logt)ﬁl : f g1 (t)u(t)—
g )f tog "1 Zfr(rl(oﬁgltf;a,l “"ng)ﬁ”B a()
—(101%(3?; : f o ,ﬂr(rl(olfl’f; fl ogarpy" -1 2

(logy?1 ! 1 T tg_y, ds
Tf (t)u(t)t 1"(19 )f(log;) ! X(S)?

/1 logn)”1~! d
( Ogt) f” (lOg )191+ﬁ, (S)TS

‘rrwl B
[ ds Ai(logn”r—1 g,; (logr)?1—1
- fl gl(”s)x(s)7+2m f o™ + 8T f our %!
e 9-1
f G, s)x(s) DL . f (r)u(t)—

Similarly, substituting (2.9) into (2.7), we get

1 ¥r—1
W) = fcza o™+ B0 f v,

4 d e e d d
f1 g10u() " = f Q1) f Gitt 9

+— f g1(Hlogn™1~ 14 f g1 (t)u(t)—

e d e e d d
f1 gz(:)v(r>7’= f (1) f Ga(tsv(9) >

Tl,* ga0logn)’ 1‘i f gz(f)v(l)—

dsd
f 81<f>u(t>—=— f g1(0) f Gl(r,s>x<s)§7t,

¢ r*
f ool - [ 0 f G, s)y(s)——
t Tl

Furthermore,

and

which provide

Then,

u(t) = j‘eGl(I,s)x(s)ﬁ + fer(t, s)x(s)ﬁ
1 N 1 Ky

- f CHi(9)x() %,
1 N

¢ d ¢ d
W) = f Galt. (92 + f Galt, ()
1 N 1 s

- f Hatt,s)y() 2.
1 N

The proof is completed. o
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Lemma 2.6. The functions gi(t, s), (i=1,2) given by (2.4) and (2.5) satisfy
(i) gi(t, s) are continuous functions and gi(t,s) > 0 forany t,s € [l,e], i =1,2.
(ii)gi(t,s) < gi(e,s) forany t,s € [l,e], i =1,2.

(iii)g1(2,5) > ()" g1 (e, ) and ga(t,5) = ()" gale,s) for any 1 € [e4,e7] and s € [1, ],

Proof. To show (i), it is easy to check that the functions g;(¢, s), (i=1,2) are continuous functions. Next, for 1 < s <t <e, we
have

0109 = o ((logn ™" ~ (g -y~

(@)
1 _ _ logs g _
— 1 tﬁll_l tﬁlll_ #1—1
—r(ﬂl)((og) (log)”"1™( _logt) )
1 _ P
> m((logt)”‘l (1 - (1 -logsy™h)
>0.
1
Forl <t<s<e, g(t,s) = I )(logt)ﬂl_1 > 0. Using a similar proof, we obtain g»(¢,s) > 0 for any ¢, s € [1,e]. To prove (ii),
1
for | <s<t<e, we get
() - (®1 — D(logy" =21 — (@) - 1)(log £)"1 21
gll > - F(ﬁ])
@i- D(logn”172[1 - (1 - log s)"172)] -
B L@t -

Then, g1,(¢, s) is increasing on [s, e] according to 7. That is, g1(¢,s) < g1(e, s) is obtained. It is easy to see that g1(z, s) < gi(e, 5)
when 1 <f< s <e. Thus, g((t,5) < g1(e,s) for any ¢, s € [1,e]. Similarly, we have g1(t, s) < g2(e, s) for any ¢,s € [1,e]. To
demonstrate (iii), for | < s<t<eandre [e%,e%],

0109 = o ((logn” ™" ~ (g -y~

(@)
_ 1 -1 _ 9-1,, _10gs 5
= la(ﬁl)((bgt) 7 = (logn™ (1 1Ogt) ')
; h=11 _(1_ 91-1
2 1a(ﬂl)((lOgt) T =(1-logs)™ )

|
2 (Z)ﬂ] ‘g1, 9).

Itisclearthatfor 1 <r<s<eandte [e%,e%], g1(t,8) > (%)ﬂl_lgl (e, s). In a similar manner, we get ga(%, s) > (}T)ﬂ2_1g2(e, s)

for any t € [ei,e%] and s € [1,e]. The proof is completed. O

Lemma 2.7. Let Ki(s) = g1(e,s) + Zle m‘gf"(a’[,s), K>(s) = go(e,s) + 23:1 %g?(a;s), for s €[l,e] and

w =1+ TLI flegl(t)%, wy =1+ Tll fle gz(t)%. Then, the functions Hi(t,s), i = 1,2 defined by (2.2) and (2.3) ensure the

following properties:
(i) Hi(t,s) are continuous and Hi(t,s) > 0, for (t,s) € [1,e] X [1,e], i =1,2;
(ii)H(t,5) < Ki(s)@y, for (t,s) € [1,e] X [1,e€];
(ii)min 1 3 Hi(t,8) 2 ()" 2 Ki(s)@y, for s € [1,el;
teled el ]
(iv) Hx(t,5) < Ka(s)wo, for (¢,5) € [1,e] X [1,e€];

(vymin 1 3 Ha(1,) 2 (3)*"272Ka(s)wo, for s € [1,el.
teled ,e4]
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Proof. We can evidently see that (i) holds. To show (ii), for (¢,s) € [1,e] X [1,e], we have,

Hi(t,5) =G(t,5) + Ga(t,s)

Ai(log)?1~!
=g1<t,s)+z.r;(°§” PGt

(10gf)l91 !
Ty

p .
<gile,s)+ Z; mgfz‘(a—?,s)

f Gitt, 9510

o [t B L B AL
T TR M
= Ki(s)wq.

To prove (iii), for (¢, s) € [1,e] X [1, €], we get,

Ai(logr)91~1
min Hi(r,5)= min_ [gl(t,s) QO8N Pirt.)

t€fe4 e4] t€fed e4] Tr(ﬂ +B)
1 91-1
% f Gi(t.9g1 (02 ]
51 (!
="z, S”Zmﬂ s tCHD

LG )’91 ‘ Ailogny"=! 4 d
fgm )+Z D) JC

YT + B)
1 d1—1

>(; Lin-1g 5+ 3 T

f (" site s>+Zngﬂf<cr* D)
&1 YT, + g St )80

1 (12 dt
z<z)ﬂ1—1K1(s)+ 4T1 Kl(s) fl g1
(K ().

The proofs of the parts (iv) and (v) can be shown similar to the proofs above (ii) and (iii).
The proof is completed. o

We deal with the Banach space E = C[1,e] x C[1, e] with the norm [|(&, v)||£ = [|ul| + [[VI| for (u,v) € E and [jull = maxe[1,¢] lu(t)I.
‘We introduce the cone P C E,

= {(u, v)eEE u(t)>0,v(r) >0,Yre[1,e], mln (u(®) +v() > Y||(u, v)II} (2.10)

te[e4 e4]
where ¥ = min{(;{)wl‘z, (;{)2’92‘2}. Define the operator F : P — E by

F(u,v)(t) = (F1(u,v)(®), Fa(u,v)(t)),for all t € [1,e], 2.11)

with F1,Fy : P — C[1,e] are given by

¢ d
Fi(u,v)(®) = fl Hy(2, ) f1(s, u(S),V(S))TS, (2.12)

¢ d
Fa(u,v)(0) = fl (e, 5) s, 1), V(5D

Lemma 2.8. Consider that (u,v) is a positive solution of the system (1.1) if and only if (u,v) is a fixed point of the operator F.
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Proof. Tt is obvious that a positive solution of the system (1.1) is a fixed point of the operator F.
In fact, if u(r) = F1(u,v)(f), by applying the operator 7 D?}, on both sides of (2.12), after some arrangement, for x(s) =
S1(s,u(s),v(s), s € [1,e] in Lemma (2.5), we get

Hp? (logy1~! /1HDﬂ1(1ogt)ﬂ1 !
H nth U S O H+Bi—1
DL Fy ) =— s f o I f(l 2o}
AHDﬁ‘(logt)ﬂ' 1 o ds
Hpnt H 191 _ Z L\ +Bi-1 il
—#DNH I () le T (log DI k()=
Hp”! (logryh1~!
2 ([Ca0 [ G )
1

Applying Lemma (2.3), we have
HDULFy(u,9)(0) = -x(0),

which implies that the system (1.1) is satisfied. Then by a direct computation, it follows that u satisfies the boundary conditions
of (1.1). Similarly, we obtain that v(¢) = F>(u,v)(¢) is a solution of the system (1.1). The proof is completed. ]

Lemma 2.9. F :P — P is a completely continuous operator.

Proof. Let us indicate that F(P) C P. The continuity of H{,H>, f1, f>, it follows that F is continuous. Lemma (2.7) and the
nonnegativity of f| and fi ensure that F(u,v)(t) > 0, Fo(u,v)(t) > 0 for ¢ € [1,e]. Also, for (u,v) € P

¢ d
IF1u)l < @1 fl Ki(5)fi s, u(5), ) %

¢ d
IF2u ) < 2 fl Ka5) ol 1), v(s)

and

min_ Fy(,v)(0) 2 (5 byon-2g;, f eKl(S)fl(s,u(S),V(S))%
1

t€[L4 e4]

1 _
> (ZW] 2|1F 1 (u, V).

1
Similary, we get mm3 Fr(u,v)(t) > (1)202_2||F2(u, v)||. Hence,
t€fe4 e4]

1 1
min_{F1v)(0) + Fa)(0) 2 () 2 IF1 )l + (P21 Fa )l

t€le4 e4 )
= WIF 1 @)l + | F2(u, )]
=YIFu, v,

so F : P — P. Moreover, we can use the Arzela—Ascoli theorem, we obtain that F is a completely continuous operator. The
proof is completed. O

Let @, A, 6 be nonnegative continuous convex functionals on P and , i be nonnegative continuous concave functionals on P.
Then for nonnegative real numbers %, s,d, [ and h, we define the following convex sets:

P(®,h) = (O € P: D) < h},

P(®,k,5,h) = {9 €P: 5 < k(®),D®) < h},

O(D,A, L) ={)eP: AW <1, D) < h},
P(®,0,k,5,d,h) = {9 € P: s <k(®),009) < d, D) < h},
0D, A, 0, k,1,h) = {9 € P : k < (), A(9) < [, D) < h}.

In ensuring positive solutions of (1.1), the following theorem will be essential.



122 Fundamental Journal of Mathematics and Applications

Lemma 2.10. [see [34]] Let P be a cone in a real Banach space E. Assume there exist h > 0 and M > 0, nonnegative,
continuous, concave functionals k and  on P, and nonnegative, continuous, convex functionals ®, A, and 0 on P, satisfying

k() < A@) and 9] < MO®9)

for all 9 € P(®,h). If .
S : P(D,h) — P(D,h)

is completely continuous and there exist nonnegative numbers k,l,d, s with 0 <1 < s such that:
@) {9 € P(D,0,k,s,d,h) : k(F) > s} # 0 and k(S) > s for 9 € P(D,0,«, s,d, h),

(i) {9 € QMO Ay, k, Lh) : A(3) <1} #0 and A(SP) < L for & € Q(O, A, .k, L h),

(iii) k(S P) > s for ¢ € P(Q,«k, s,h) with 6(SI) > d,

i) A(SP) < for 9 € Q(D,A,L,h) with y(SV) < k.

Then, S has at least three fixed points $1,1%,,93 € W satisfying;

A(h) < 1,5 <k(r),

and
[ < A(3) with k(93) < s.

For the readers convenience, let us denote

W:min{[wl fleKl(s)d—ss]_l,[WQﬁeKz(s)%]_l},

‘ dsy-1 ¢ 1
KT G [

1 1
ed ed

5

B
Bl

e /4

V= max{[(i)zﬁl—zwl Kz(s)d—ss]_l}.

Now, we introduce the nonnegative continuous concave functionals &,  and the nonnegative continuous convex functionals S,
6, o on P by

Eu,v) =yY(u,v) = H}in (u(®) +v(v)), 6(u,v)= mlaX3 (u(t) +v(1)),
]

1 3 1 3
teled ed teled ,ed]

Bu,v) =o(u,v) = IIE?.X](M(I) +v(1)).
tell,e

3. Main result

Theorem 3.1. Assume that there exist constants 0 < £ < x < g < h such that kV < hW. If f;, i = 1,2 satisfy the following
conditions:

(My) fi(t,u,v) < €7Wf0rt€ [1,e], (u+v)e[0,£],
(My) filt,u,v) > %forte le,e3], (u+v) € [k &1,

(M3) fi(t,u,v) < hTWfor te[l,e], (u+v)e[0,h]

Then the problem (1.1) has at least three positive solutions (u;,v;) (i = 1,2,3) such that B(uy,v1) <€, k < E(ua,v2), € < Bu3,v3)
with &(uy,vy) < k.

Proof. We introduce P and F as above equations (2.10) and (2.11). For any (u,v) € P,

&(u,v) < Bu,v),

1 1 1
|,V < = min_ (u(®) + v(t)) < — max (u(t) + v(t)) = —o(u,v).
13 Y te(le] b4

teled ed]
Next, we denote that the operator F ensures all conditions in Lemma (2.10). According to Lemma (2.9), F' is completely
continuous. As a beginning, we prove that F' : P(c,h) — P(o,h). If (u,v) € P(0,h), then o-(u,v) < h, 0 < ||ul| + ||| < h. With
respect to (M3), we obtain that,
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4 d e d
cr(F(u,V))=trEIE?>e<][ f1 Hl(t’s)fl(S,u(s)aV(S))Ts"' fl Hz(t,S)fz(s,u(S),V(S))?s]
¢ d ¢ d
< fl Ki )i (5,9 () + 3 f K2<s)fz<s,u(s>,v<s)>§
< gwl feKl(s)— + h—wzf Kz(s)
1

<-+==h

NSRS
[NSRE

Hence, we ensure F : P(o,h) — P(o,h).

To verify condition (i) of Lemma (2.10), by choosing, (th$“ , K‘E’( ), we get that (Kj’;’( , KZJ\;SK ) € P(0,0,&,k, ., h) and f(u v) > K.
Thus, {(u,v) € P(0,0,¢,k, q,,h) E(u,v) > K} # 0. Let (u,v) € P(0,0,¢,k, ‘P,h) then (u(t) + v(1)) € [, LP] forany r € [64 e4] By
(M?2), we obtain

§(F(u,v) = min_ f H (1, 5) fi(s,u(s), V(S))— +f Hy(1,5) fo(s, u(s), V(S))—]

te e4 e4]

SN
Bl

e 4

1 d 1 d
> (" o | K1<s>f1<s,u<s>,v<s>>§+<Z>21’2-2w2 ) Kz(S)fz(s,u(S),V(S))TS

e4 e4
3 3
«V 1 _ ed ds «kV 1 e ds
— ("2 f , K=+ )22 f | K=
24 ed S P R
>g+§=,<

Then, the condition (i) of Lemma (2.10) is satisfied. Now, we demonstrate that the condition (if) of Lemma (2.10) is fulfilled.
Let (X4, 2220) then (XL, 22 € O(0, 8,1, 'L, €, h) and B(u,v) < L. Hence, {(u,v) € Q(c-,B,y,' VL., h) : B(u,v) < £} # 0. Let
(u,v) € Q(o,B, ¥, V¢, L, h), then (u(?) +v(1)) € [0,£] for any ¢ € [1,e]. By (M1), we obtain

¢ d ¢ d
B(F(u,v)) = max [f H(t,5) i (5. u(5). v(s) = +f Ho(t,5) fo(s.u(s). v(s) = |
te[l,e] 1 S 1 s

¢ d ¢ d
<o fl Ki )i (5,9 () S + 3 f] Ka5) (1), ) =

W ¢ ds (W ¢ d
< —wlf Ki(9= + —wzf Ka(9)=
2 1 N 2 1 N

;
itog
<272

Now, we can show that the condition (iii) of Lemma (2.10) is satisfied. Let (u,v) € P(0, &, «, h) with 8(F(u,v)) > % Then, we
have,

teled,

{Fw)= min f H1 0, 5) i, u(5) ) + f it 5) o, u(5), V()
e¥]

d

> (7w, f Ki(5)fiCs,u(5), W) S + (577 fl Ka(s) s, uts), v(s)
¢ d
tor [ Ko o [ Ko

> ¥ max | f H (8, ) fi(5.u(s). v(s>>—+ f Ha(t, ) fa(s.u(s). v(s))—]

te[1,e]

> max f H16,5) i u(5), W) + f it 5) o, u(5), V)

te| e4 e4

=YO(F(u,v)) =«.

Finally, we can verify that the condition (iv) of Lemma (2.10) ensures. Let (&, v) € Q(c,8,€, h) with Y (F(u,v)) < V¢,
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¢ d ¢ d
BFw.) = max | fl (1 9)fi (5.u(s).0() = + f1 Ha(t,9)fa(5.1(5).(5)

<

¢ d ¢ d
(Yo [ KA S + ¥ [ Kalo) o)

min
1
tele4 e

= é(ﬂ(F(M,V)) <.

¢ d ¢ d
[ fl Hi(1,)fi(5,1(5).(5) - + f] Ha(t.9)fo(s.u(). ()= |
]

3

Because the conditions of Lemma (2.10) are satisfied, the system (1.1) has at least three positive solutions (u;,v;) (i = 1,2,3)
such that B(u1,vy) <€, k < &(up,v2), £ < B(uz,v3) with £(uy,vy) < k. The proof is completed. m]

Example 3.2. Consider the system of Hadamard fractional differential equations

Hl)éu(t) +h@u@®,v(0)) =0, re(l,e),
HD2 vt + f(tu),v(6) =0, te(l,e),

3 ¢ dr 1 1 3
u(l)=u'(1) =0, HD12+u(e)=f w0+ 3 e+ 1 uceb), G-1)
1
; < dt 3oy ]
W()=v(D=0, "D} we)= f W=+ 5 Miutes) + 2 u(ed),
1

inWhiChﬂlZﬁzz%’n=m=3’p=q=2’/llZ%’/lzzl’o—l2%’0—222’0—126%’0—326%’ﬁ1:%’ﬁZZ%’QI:%’QQ:%;
g1 =g =1jorte(l,e],
&+%2 tellel, (u+v)e[0,4],
filt,u,v) = {5 +170(u +v) =679, r€[l,e], (u+v)e[4,6],

I+ Wr2T098 e [lyel,  (u+v) € [6,00),

oy + Lo, relliel, (u+v)e[0,4],
fot,u,v) = %+170(u+v)—679, te[l,e]l, (m+v)el[4,6],

+v)+135371
o+ ST tellel, (u+v)el[6,0).

By direct calculation, we get ¥ = 0,015625,

EN[N)

W = min [, f Kl(s)@]_l, [ f Kz(s)@]_l} ~ min {0.8842, 1.0435) = 0.8842,
1 S 1 S
3
4

Ve [} 0T G e [} o

zmax{106.383,111.1111} =111.1111.

Choosing the constants as € =4,k =6,h =800, then 0 < £ <k < % < h such that kV < hW. Then, f;, i = 1,2 satisfy the following
conditions:

oW
(My) fi(t,u,v) < > ~ 1.7684 fort € [1,e], (u +v) € [0,4],
1% :
(M) fit,u,v) > % ~ 3333333 fort € [ed,ed], (u+v) € [6,384],

hW
(M3) fi(t,u,v) < BN ~ 353.63 fort e [1,e], (u +v) €[0,800].
Then, all the hypotheses of Theorem (3.1) are satisfied. Thus, the system of fractional differential equations (3.1) has at least
three positive solutions.

4. Conclusion

In our main result, it is obtained positive solutions for Hadamard differential systems. By using the five functionals fixed point
theorem, the conditions for the existence of positive solutions are derived. There are a little number of papers which are studied
on the systems of nonlinear Hadamard fractional differential equations. Here, unlike other papers, we attempt to study new
Hadamard differential systems which consist of both integral boundary conditions and m-point fractional integral boundary
conditions on an bounded domain.
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of B-Riesz transforms generated by a generalized translate operator that is assomated to the
Laplace Bessel operator for 0 < p < 1 < g < oo with p # ¢ through atomic decomposition
and molecular characterization.

1. Introduction

The notion of classical Hardy-Morrey space HM} originates from Jia and Wang [1, 2]. Since then, this theory received
continuous development and now is increasingly mature; see, for example [3]-[5].

It is well known that the classical Hardy-Morrey space generalizes both Morrey (MY ,q > 1) and Hardy (H” ,p < 1) spaces
[6]. It plays important roles in several fields of harmonic analysis and PDEs. Also, these spaces are important because they
have close relations with L? spaces, Hardy spaces and BMO~! spaces, and etc.

In recent years, studies in the classical theory of Hardy-Morrey spaces related to some operators have gained great interest and
importance. Therefore, our study focused on these spaces. Similar results in other function spaces can be developed in this
spaces. These results can be seen in decomposition of Hardy-Morrey spaces, decomposition of Hardy-Morrey spaces with
weighted, and decomposition of weighted Hardy-Morrey spaces with variable exponent in [1],[3]-[5].

In this paper, our main purpose is to prove that some properties of Hardy-Morrey spaces, and Hardy-Morrey characterization of
the operators depend on conditions via atoms can be obtained. For example, the boundedness of an singular integral operators
can be often proved by estimating 7a when a is an atom. While it is generally not true that atoms are mapped into atoms,
for many convolution type operators Ta is a function enjoying many of the properties of atoms. Such functions were called
molecules. Moreover, classical Hardy spaces and Hardy-Morrey spaces have molecular characterizations that are completely
analogous to their atomic characterizations.

We define Hardy-Morrey spaces called H. Mp , Hardy-Morrey spaces which was similar with Hardy spaces associated to the
following Laplace-Bessel differential operator [7]

2
Zaa v v>0.

x xn Ix,’

The main conclusion of this article is to prove that the B-Riesz transformation defined in (4.1) is a bounded operator from
Hardy-Morrey spaces HM; a, to Hardy-Morrey spaces HM(’;_ a,- Here Rs,k)7B—Riesz transform related to Laplace-Bessel

Email address and ORCID number: cansu.keskin @dpu.edu.tr, 0000-0002-0998-4419
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differential operator A,. This operator has been studied by many mathematicians on weighted Lebesgue spaces (see [8]-[11]).
Even though the boundedness of B-Riesz transform is well known for 1 < p < o0 on Lebesgue spaces, we cannot say for
0 < p < 1 on Lebesgue spaces. But these transformations are bounded in Hardy spaces for 0 < p < 1 (see [7]). Therefore, in
this study, a new characterization of the B-Riesz transform obtained by generalized translation has been obtained for 0 < p <'1
in Hardy-Morrey spaces HM,, ,

We investigate the Hardy- Morrey spaces characterizing boundedness properties of related Riesz transforms called B-Riesz
transforms. These operators give us the most popular examples of Calderon-Zygmund singular integral operators. Also these
transforms are related to generalized translate operator. Furthermore, they present some applications especially in the area of
partial differential equations. To characterize the boundedness of these transforms, we apply the atomic decomposition. By
using this decomposition we give the molecular characterizations for HM (’;" », Hardy-Morrey spaces. We follow the ideas in [7]

to obtain the boundedness of high order B-Riesz transforms on HM; », Hardy-Morrey spaces at the end of Section 4 as an
application of our main result. For this reason, we pass by other characterizations of HMP , Hardy-Morrey spaces.

The remainder of this paper is structured as follows. The HMP , Hardy-Morrey spaces are introduced, also their atomic
decompositions are given in Section 2. In Section 3, we will glve approprlate definition of molecule is given. We will show
that each such molecule has an atomic decomposition. As an application, we present the B-Riesz transforms and give its
boundedness properties on HMp , Hardy-Morrey spaces extending the results in [7].

Throughout this paper, we denote dyadlc cubes with Q or J. Moreover, C indicates constant depending on 2, V, p, g.

2. Preliminaries

Let R” be the n dimensional Euclidean space and R, = {x = (x',x,) € R" : x, > 0}. We write x = (x',x,,), ¥’ = (x1,...,X—1) €
R E(x,t)={y€R"; |x—y| <t} and E(x,t)° = R%\E(x,t). Let us take a measurable set E on R, we can define

|E]y = / X, dx,
JE

where v > 0. Denoting |[E(0,r)|y = o(n,v)r"t , where

nlo iyl
T2 -
o(n,v) :/ xydx = ( % )
E(0,1) 2 (H3=2)
The generalized translate operator 77 is defined by
! T T , ,
) =y [ [ £ =Y (i) avie), @1
1
LAY (% s ov—1 :
where ¢, = (v) s (X, ¥n)o = /X2 —2x,y,c080 +y2,dv (8) =sin"~' 8 d8 [9, 10, 12, 13]. Note that the generalized
2
translate operator is closely connected with A, -Laplace-Bessel differential operator denoted by
ol 92 22 v d
Av_282+ Xn 3 BX”ZT)C,%—i_xnaxn v>0.

The B, -convolution operator related to 77 is defined by
o9 = [, s

Let Ly = Ly (IR") be the space of measurable functions with a finite norm

it = [ 1rorezac)

is denoted by L} = LJ(IR"), 1 < p < .. We denote by .7 = .7 (R’i) the topological dual of ., is the collection of all
tempered distributions on R’} .
First, let’s start by giving the definition of Morrey space [14, 15].

+

Definition 2.1. For p and q satisfying 0 < g < p < oo, the homogeneous Morrey spaces M} are defined as
1.1
My ={feLl Nfllyp=sup |BCR)""7||fllramur) <}
x€R™ R>0

where B(x,R) is the closed ball of R" with center x and radius R.
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Let je€Z,k € Z". The set
ij = {XGRn:Z_jki <x; Sz_jkilea i= 1327"'7/1};

is called a dyadic cube. We remark that

1_1
A lla = sup 174 ][ f]1a(s)-
J:dyadic

We now introduce the Hardy-Morrey spaces that we work mainly on and give their decomposition results.
The HMZ », Hardy-Morrey spaces is given by the set of all distributions f € .7, \ & with the quasi-norm
1/ ez, = [[50p19r @ f1[ g,

is finite. Here ¢ € .77 (R'} ) satisfies [ ¢(x)x)dx = 1. Also, & indicates the set of polynomials.
For the Hardy-Morrey space, if 1 < p < g < oo, it is obvious that HM; A = Mf; A, since the Hardy-Littlewood maximal

operator associated with the Laplace-Bessel differential operator A, is bounded on Mg’ v- Moreover, the HM;7 », Hardy-Morrey
spaces cover Hardy spaces for 0 < p < 1. In general, HXV = HM[’;‘Av C HM(’;Av for p < g < oo and HMfAV £ M{’Av. Here ,
the Hardy spaces H gv are defined by

H, = {11lg, = 5009111, <=}
v >0 P

[2].

Now, let us start with to give the definition of (p, g, s)-atoms.

Definition 2.2. Let 0 < p <1 < g <cowith p # qand s € NU{0}. For a dyadic cube Q, a function ag is called a (p,q,s)-atom
of HM(’; A if the following properties are satisfied:

(i) ag be supported on a cube Q, namely, supp ag C Q,
1 1

(ii) llagr,, <O ",
(iii) f]m ap(x)x%xydx =0 for all s > [(n—&-k—i—v)(% —1D)],1 <k <n,with |a| <s.

Also, we introduce atomic decomposition theorem in HM;’ a, Space is as follows:

Theorem 2.3. Let 0 < p <1 < g <oowith p# g, {ag: Q dyadic} be a collection of (p,q,s)-atoms and {Ag : Q dyadic} be a
sequence of scalars with

1 1-p/q 1 p/a 1/p
|wm:&wQ1) Y lol} Mw} <o
J v ocJ

Then the sum

F=Y Agag (2.2)
0

converges in 5@; \ & and f € HM;AV with HfHHqu.AV < C||A||pg» where C=C(n,p,q,v). Conversely, Vf € HM;AV has

atomic decomposition (2.2) in 54 \ &. Here ag are (p,q,s)-atoms and A = {Ag} satisfies ||A|pq < C|\f||H,‘,ﬂvA , where
4:8v
C > 0 independent of f.

Proof. The proof of Theorem 2.3 can be found in [1, 16], so we omit it here. O
3. Molecular characterizations of HM5 A,

Next, we continue to give the notion of molecule related to HM;" A, - The following definition for molecule is modified from
the corresponding definition of molecule from [2]. '

Definition 3.1. Let 0 < p<1<g<oowithp#gq, s = [(n—&—k—i—v)(%—l)] and € > (n—l—k—l—v)(%—%),l <k<n A

measurable function mg(x) is called a (p,q,s,€)-molecule for a dyadic cube Q if and only if

(i) URi lmo(x)[>(1+ |x—xQ\v/€Q)25x,‘,’dx)l/2 <|QW* VP, (this means that Lo is large )
(i) flRCL mo(x)x%xydx =0, |0 <s.
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Similar to the atomic decomposition of HM; », Hardy-Morrey space, the decomposition in terms of molecule is given as
follows: '

Theorem 3.2. Let 0 < p<1<g<oowithp#qande>n+k+ v)(f — %) There is exists a sequence of scalars

{A¢ : Q dyadic}, a collection of (p,q,s,€)-molecules {mg : Q dyadic} for HM;AV, the series

=Y Aomg 3.1
Q

converges in er \Z and f € HM[;7 A, With
1 e, = ClIALLpg,
where C > 0 independent of f.
Proof. The proof of this theorem has a similar technique to those of [2, 17, 18]. Let us start with consider the sets

Eo={xeR] :|x| <o}

EjZ{XERZ,:zj_10'§|x|<2jG}7 j=12,...,

1 1
where 0'<"+k+v)(1777) = ||l|\;12 Set mj = my;, where xg; is the characteristic function of E;. Forall j=1,2,..., a a
multi-index such that |ot| <'s, let (pj‘-x be the function on E; (the restriction to E; of a polynomial of degree at most s). If
P; = ¢@;y; then
J X

/ (mj—Pj)x%x,dx =0,|a| <s.
IR”

Since m = Y7 om; = Y.(m; — P;) + L P}, to show both }.(m; — P;) and ¥ P; in HMgAV, it suffices to verify that

(i) each (m;— P;) is a multiple of a (p,q,s)-atom with coefficients sum appropriately,
(ii) the sum Y P;j can be written as an infinite liner combination of (p, e, s)-atom with coefficients sum appropriately.

For a dyadic cube Q, we define Eg = Q and forall j > 1, Q; = 2/Q and E;j=Q;j—Qj_1. For j >0, let {(pgj o] < s} (or
{CD“ |a| < s}, respectively) be the Gram-Schmidt orthonormalization of monomials {x* : |o| < s}(or the dual basis of
monomlals {d)"‘ |er] < s}, respectively) on E; according to the weight 1/|E;|,. We consider the function (pg‘ to be defined
on R", having the value zero outside E;. (namely, if x ¢ E;, then we set ®F ( ) = 0.) By homogeneity and the uniqueness of
Gram-Schmidt orthogonalization process (see [18]), we obtain the followmg estimate

|(pg/_(x)\ <C, forx€Ej, (3.2)
and
[®F (x)| <C(270) 71, (3.3)

where C depends on s. Let mg be a molecule function. We set mg; (x) = mg(x) xg,(x) and

Pg,(x) = Pg,(mo)(x) = Y. af ¢F (x) = Y, mf ®F (x), (3.4)
lo|<s la|<s
where
-/ 5=/ i

a® = |m mg, (x)x%x), )

= ) meit ww CRAR
From [19], we obtain

/ (g, — Pe,)xxdx = 0, forall | <s,
me; = Pejllz e,y < Cllmells e, 3-5)

We may write a decomposition of the molecule mg(x) as folllows

=

%@:ZWQJWW+2%@~ (3.6)
L

j=0
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By the equality (3.4), and the cancellation properties of the molecule, we get

o

iPEi<x) _ i Z ( q)E_j+l . ¢g] )EQjaﬂ (37)
j=0 Ejrilv  |Ejly ‘

J=0|a|<s

here

Egyo =), /mEj (x)x%xy dx = /m(x)xo‘xnvdx: 0,
j=0

Eg,, = Z/mEJ (x)x%x) dx = / ~ mg(x)x%xydx, forall j>1.
’ l=] ‘X‘ZZ-IG
By using (3.6) and (3.7), we may write

mQ(x) = Z lg;ag; (x) + Z Z 6Qj.aij.a (x)7 (3.8)
J=0

7>0|al<s
where for each j > 0

_1 mg. —Pr.)(x 1_1
g = )

1
P
1%

to; = llme; = Pe,ll 2 (£, Q]

and

o a
CI)E_HI _ o y

|Ejrilv  |Ejlv

Ly -1
A0, = E0;, |07 (270)71%, by, , (x) = ( >|Qj|v 7 (2o)l.

From the inequalities (3.2), (3.3) and (3.5), it can be easily seen that ap; and ijta are supported in a cube Q; and they are
(p,q,2)-atoms and (p, g,0)-atoms respectively. For simplicity, we now just consider the sum (3.1) is finite. Then by (3.8), we
obtain

F=Y Aotgag,(x)+Y A0 Y. 80,.b0,,(x) (3.9)
0.

Q.j lal<s

in &/(R"). Let J be a fixed dyadic cube. We consider the following equality

Z |/1QtQ,-|p|Qj b_p/q = Z |/1Q\1’ Z |fQ,~|p\Qj lv—p/q.

0;cJ ocJ J:Q;CJ

By the Holder’s inequality, (3.5) and € > (n+k+ V) (% - %), we find that

Y lig, 710517 < clofy . (3.10)
705l

Combining (3.9) and (3.10), we get

‘ Z)LQtQJ.H <Al p.g- (3.11)
0.j HM)

qAvy

From an argument similar to that used in above (3.9)-(3.11), it also follows that

|LE Yo,

0 j=00,j

< ClIAllpg- (3.12)

P
HM‘IAV

Combining the inequalities (3.11) and (3.12), we end of the proof if the sum (3.1) is finite. Also, this sum converges in the
sense of distributions. O

With the above theorem, we are ready to give the following section which offers an important estimates for Hardy-Morrey
spaces related to Laplace-Bessel operator used in the proof of our main result.
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: p
4. The B-Riesz transform on Hardy-Morrey spaces HM 2A

In this section, we restrict ourselves to the high order B-Riesz transforms and give its boundedness properties on Hardy-Morrey
spaces. We recall the high order B-Riesz transform.

Definition 4.1. ([8, 9]) Let 1 < p < oo and f € LY. B-Riesz transform of f with high order is defined

RO = dePVﬁ;ﬁﬁw®fﬂ@%1SkSm
= Ckyv[p.v (K®f)} (x)
_ . Pi(y) \
~ Ciylim | G T @.1)

where Cy y = 2" F("H‘%) [F(%)] ! and Pi(y) = Pi(y1,Y2,- -+, Yn_1,Y2) is a homogeneous polynomial of degree k which
holds \yPi(y) =0 on R”.. Also, the following two conditions are satisfied for this polynomial:

P.(6)(6')'d6 =0 (4.2)
Sy
and
sup |P(0)] =M < oo, 4.3)
9€S+

here Sy ={y R :|y|=1}and 6 = I%I Also, here T? denotes the generalized translate operator given in (2.1).

Before establishing the B-Riesz transform characterization of HM; A (R"), we first introduce some background on this kernel
of this transform.

Let Rs,k) f:=K® f be defined as in (4.1). There exists a bounded distribution function K (x) with |Fy [K(x)]| < C. We give the
following equality

Fo[RY f](x) = #*Pe(x) x| *Fy () ()

forall f € L%. Here, for any f € . (R’i), we use Fy f to denote its Fourier-Bessel transform, which is defined by setting

va(x) = - f(y) e7i<x,yl)jVT*1 (ann) yr‘z/dya forall x € Ria
+

where (X'y') =x1y1 + ...+ X—1Yn—1, jv, (V> —1/2) is Bessel function and C,,,y = (27)" 12"~ 'I2((v+1)/2) = 20(2,v).
This transform is also associated with Laplace-Bessel differential operator.
Moreover, K (x) satisfies the following Hérmander’s condition,

IT7K (x) — K (x)|x;y dx < Az, (4.4)

[x[>A; |yl

for some Aj,A; < o (See more detail [20]). So, we conclude that property (4.4) and the L%-boundedness of R(vk) f maps
HM;”Av to itself for 0 < p < 1 < g < oo with p # q.
However, we make stronger assumption on kernel, that is K € C*(R", \ {0}) satisfies for all |et| < s and x # 0,

IDTYK (x)| < AM|x| " F=V=lal,
We also have the following LY, and H ﬁv boundedness of high order B-Riesz transform.

Theorem 4.2. ([8, 21]) Let P, be the characteristic of the singular integral (4.1) satisfiying the conditions (4.2) and (4.3).
Then there exists a constant C > 0 such that for all 1 < p < ccand v >0

k
1R (F)lag < M| £l
where C is a constant independent of f and Py is a homogeneous polynomial of degree k.
Theorem 4.3. ([7]) Let R(vk>f :=K® fand0 < p < 1. Then there exists a constant C,, , , such that for all f € Hi’v

1K fllgr < Cupyllfllar v>0.
Ay .at

Ay at
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The following main theorem demonstrate B-Riesz characterization of HM;’ A Hardy-Morrey spaces.

Theorem 4.4. Let 0 < p <1 < g <o with p # q. Then B-Riesz transform can be extended to the bounded transform on
Hardy-Morrey spaces HM ; Ay

Proof. In order to prove this theorem, it is sufficient to show Rs,k> (f)is a (p,q,s,€)-molecule whenever f is a (p,q,s)-atom.
We prove this theorem by following the similar strategy used in [7]. Let us take the function supported in the upper half ball
B(0,1) with [ @(x)¥dx on R”.. We define K") = ¢, ® K. Then the function K") satisfies the following inequalities

sup Fy (K") (x) < ClIFy e

t>0

and

sup(K1)(x) < CoM|x|"*V710 || <.

>0

For a dyadic cube Q, mg(x) be a (p,q,s)-molecule and ap be a (p,q,s)-atom of HMCI;_’ A, Finally, the proof rests on the

checking that mg(x) = R(vk) (ag)(x) satisfies the moment and size condition. Namely,
N 1/2 -
@) (Jun IR ag(x) 21+ [x—xolv/0)*xbdx) /* < [QV/* 17,
(ii) fRi Rg,k)aQ(x)xo‘x,‘l’dx =0, |of <s.
So, we omit the details and leave it to the reader. O
S. Conclusion

In this study, the decomposition of Hardy-Morrey spaces related to the Laplace-Bessel differential operator are introduced in
terms of atoms and molecules. Also, we give the HMp a, boundedness of higher order B-Riesz transforms for 0 < g < p <o
by using this atomic decomposition and molecular characterlzatlon We follow the similar approach for developing the atomic
decomposition and molecular characterization as classical Hardy-Morrey spaces. The interesting of our result depends on the
existence of the different differential operator.
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nitions and some properties of modulus of continuity for functions of two variables are
given. Voronovskaya and Griiss Voronovskaja type theorems are used to determine the order
of approximation. The GBS (Generalized Boolean Sum) operator of Bivariate Bernstein-
Durrmeyer type on a triangular region is studied. Lastly, some numerical examples are
given and related graphs are plotted for comparison.

1. Introduction

Classical approximation theory, including polynomial approximation is a fundamental research area in applied mathematics.
Development in approximation theory plays an important role in numerical solution of partial differential equations, image
processing as well as in data sciences and many other disciplines. For example, radial basis functions and shift-invariant
spaces are widely used for geometric modeling in aerospace and automobile industries [1]. In this paper we intend to study
the approximation properties of functions of two variables by means of Bernstein-Durrmeyer operator in a triangular domain.
Several studies have been conducted on the classical Bernstein operators, as well as using two variables.

From literature , Kingsley [2] proposed the Bernstein operator of two-variables. Pop [3] added some features to the Bernstein
operators, defined by Kingsley. Stancu [4] defined two variables of Bernstein operators on the triangular region. Pop and
Farcas [5] researched the approximation features of the Bernstein-Kantorovich operators on the triangular region. In [6],
authors examined the weighted approximation features of two-variables by Bernstein -Stancu-Chlodowsky polynomials in a
triangular region. In 1992, Zhou [7] defined the two variables of Bernstein-Durrmeyer polynomials and obtained the rate of
convergence of the functions in L, spaces.

Some generalization of these polynomials in the one-dimensional case may be found in [8]-[18].
In the light of these studies, we defined the new generalized operator that we think will get better results.

Let V:={(u,v) ER?*: =1 <v<1,—1<uandu+v <0} and h € C(V), we will examine the Bernstein-Durrmeyer operator
of two variables on a triangular region as

Email addresses and ORCID numbers: haruncicek @harran.edu.tr, 0000-0003-3018-3015 (H. Cicek), aizgi @harran.edu.tr, 0000-0003-3715-8621
(A. Tzgi)
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n(hiu.v) Z Z Pkl ( W//%,k,z(s,t)h(s,t)dsdt

—1-1

e () () (5 (59 0555

In this paper, the approximation features and the speed of approximation of Modified Bivariate Bernstein-Durrmeyer Operators
on a Triangular Region will be examined. Furthermore, definitions and some features of moduli of continuity of two variables
function are given.We examine the order of approximation by Voronovskaya type theorem and Griiss Voronovskaja type
theorem. The GBS (Generalized Boolean Sum) operators of Bivariate Bernstein-Durrmeyer type on a triangular region will be
studied. Lastly some numerical examples and the graphics will be drawn.

in which

2. Preliminary results

Theorem 2.1. For e;;=s't/,(i,j) € N’ x N, N® =NU{0}, we have
i) H,,(eoﬁo;u,v) =1.

3u+1
ii) Hy(e1.0;u,v) = u— .
ii) Hy(eyosu,v) =u gz+31
v+
i) H, o _
iit) Hy(eg 1;u,v) =v n+% 2
8nu” 4+ 2nu —2n+12u” — 4
) Hn su, = 2
iv) Hy(e203u,v) =u CECE)
82 +2nv —2n+ 122 — 4
H, SUu, = 2
v) Hy(eg2su,v) =v 3t d)
. (8n+3)uv—3n(u+v)—2n
Hn u, - -
vi) Hy(ey 1;u,v) = uv D
24n3 41081 + 3481 + 360) (—4n +12n° — 8n)
i H : — a_( 4 3
vil) Huleaoiusv) = = e 1 5) it 6) . T i Nt D n ) (1 06)"
(1213 + 12n% — 24n) 5 (—24n> —48n) (12n% +60n +72)
u u .
(n+3)(n+4)(n+5)(n+6) (n+3)(n+4)(n+5)(n+6) (n+3)(n+4)(n+5)(n+6)
Vi) Hy(e0.0.v) = v* — (24n> + 108n> +348n+360) (—4n’ +12n° — 8n) 3
0 (n+3)(n+4)(n+5)(n+6) | (n+3)(n+4)(n+5)(n+6)
(12n° +120* —24n) (—24n> —48n) (12n% 4+ 60n+72)

13+ B (n15)nt6) | (n13)ntd)n+5)(nr6)  nt3)(ntdntd)nt6)
Theorem 2.2. Fork; ;= (s—u)'(t —v)7, (i, j) € N’ x N, we have

i) Hn(ko_’();u,v) =1.

.. 3u+1
ii) Hy (k1 osu,v) = — P
3v+1
iii) Hy (ko 1;u,v) = — P
. 8nu? +2nu —2n+ 12u> — 4
) Halko030,v) = = (n+3)(n+4)
8m?+2m—2n+ 1202 —4
v) Hn(ko.2;u,v) = = (n+3)(n+4)
12n% — 5881 — 936 1445 + 480
N, (ka.ou,v) = 4 3
Vi) Hn (ko311 v) 13+ D15 n16)" T hF 1) n+6)"
—24n* 43120+ 720 2 144n+288 .
u .
(n+3)(n+4)(n+5)(n+6) (n+3)(n+4)(n+5)(n+6)
121% — 5881 — 936 1445 + 480
i) H,y(hoa:u,v) = 4 3
viE) Hy(ho45u,) )t D15 16) 3t n+5)nt6)
—24n*4+312n+720 1445+ 288

3+ D15 16) 13t n+5)n+r6)

Theorem 2.3. For the bivariate operators H,(f;u,v), we have
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i)nlﬂv}man((s —u);u,v) =—Cu+1).
ii) lim L nHy ((t—v);u,v) = —(3v+1).

iiz) lzm nH,((s —u)?;u,v) = —(8u®> +2u—2).
. 2. .
iv) nlﬂ)rzwnH L((E—=v)%5u,v) = —(8V2 +2v —2).

v) lim nH,((s —u)(t —v);u,v) = —2uv+4(u+v)+2.

n—yoo

Theorem 2.4. From Theorem 2.1, we get

Hy((s—u)%u,v) <

E\U)

Hy((t—v)%u,v) <

S W

Proof. For all u € [—1,1], we write

8nu® +2nu —2n+12u% —4

Hy((s—u)*su,v) = — n+3)(n+4)

82 +2nv —2n+ 12v* — 4

Hy((1 = v)%u,v) = — (n13)(n+4)

If we take the max values of the equations we have obtained, we get u = sandv = From here

8n+1 Sn:-n12'
_ 8nu® 4+ 2nu —2n+12u> — 4
(n+3)(n+4)

1361 465212 + 10561 + 576 3
n

Hn((s—u)z;u,v) =

= <
64n* +640n3 +2112n2 +3456n+ 1728 —

and

_8nv2—|—2nv—2n+ 12v2 — 4
(n+3)(n+4)
13613 4 652n% 4 10561 + 576 3
n

= <
64n* + 64013 +2112n2 +3456n+ 1728 —

Hy((t—v)u,v) =

are obtained and proof is completed. O

3. Main results
Basic convergence theorem.

Theorem 3.1. Let V := {(u,v):v<1,—1<uandu+v <0} and h€ C(V) :={h:V — R, f is continuous} ; H,(h,u,v) :
C (V) — C(R) be linear positive operators.If
i)nlztszn(l;u,v) =1
ii)n@an(s;u,v) =u
m)an)ann(t;u,v) =v
) lim Hy((s> +t%u,v) = u®> +1*
n—>o0
H, converges to h, forh e C(V).
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3.1. Degree of approximation by H,(h;u,v)

For h € C(V), the complete moduli of continuity for the two-variable functions is defined as:

o (h,0)= max |l (uy,vi) —h(up,v2)]
\/(ul —w) (v =) <8

here (u1,v1),(uz,v2) € V.
In addition, partial continuity moduli according to u and v are defined as ;

V(h,8) = max | (u1,v) — h(uz,v)|
|u1 —I/l2| S 6
here (u1,v), (u2,v) € V.
2 (h,8) = max | (u,v1) — h (u,v2)]
|V1 — Vz‘ <6

here (u,v1), (u,v2) € V.
It is seen that they provide the characteristics of the continuity modulus. In what follows,
(%im ®(h,0)=0

—0

Theorem 3.2. Let h € C(V), we have

1
V(s ) (19) ey < 30 (h ﬁ)

Proof. From the well-known features of modulus of continuity, we have

|h(s,t) —h(u,v)] < @(h,5) (1 +% ((s—u)2+(t—v)2)i>

Using Cauchy-Schwartz inequality and Theorem 2.2, we obtain

v)z;u,v))

|Hy(hsu,v) —h(u,v)| = |Hy(h(s,t) —h ( v)iu,v)|
< Hy(|h(s,t) — )I V)
1
< o (h,6 ( ((s—u) —|—(t—v)2)2>;u,v)
1
< <1 (s —u)? +(tv)2);u,v)2)
= < u)z;u,v)Jan ((r—
(—Sn—12)u2—2nu+2n—4
= oho)|1+=
( )< +5< (n+3)(n+4)
1
(—8n—12)1/2—2nv—i—2n—4>2
(n+3)(n+4)
Moreover, if we calculate maximum value of the square root and 6=-L NG then we obtain

o (15 (¢)) -5 (45 0)') (050

Theorem 3.3. Let h € C(V), then the following inequality holds.

[z 20,9) — ) gy < (14V3) (a,m (h %) o <h %

o (h,0) <

D=

(14+24)

)

o (h,0) and
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Proof. From the well-known features of modulus of continuity, we have
1 1 1 1
) =) < 00 .8) (145 (5 -102)* ) + 0 08) (145 (6 -v)* )

Using Cauchy-Schwartz inequality and Theorem 2.2, we obtain

|Hyy (hyu,v) — A (u,v)]

IN
=K
=

> S
==

\.% “%

-~ -~
S
| |
S S
~ —~

IN
=
//~
SR
=
=7]
_|_

IN

1 ((—8n—12)u> —2nu+2n—4 :
ol (8) (”5( (n+3)(n+4) ) )

—8n—12)v? —2nv +2n — 3
o2 (1,9) (1+<1s<( : (;213)<n2+4)+2 4))

Moreover, if we calculate maximum value of the square root and 5:%, then we obtain

o' (h,8) (1 +% (2)é> + 0@ (h,8) (1 +% (i)%>
o <h’\}ﬁ> (1.,.\/5(’3;)5) L@ (h’ln) <1+\/ﬁ<i>;>
(oo )

3.2. The Voronovskaja-type result

IA

Theorem 3.4. ForV h € C*(V), we have

limn. (H,(hu,v) —h(u,v)) = (=3u—1)h,(u,v)+ (=3v—1)h,(u,v)

fi—o0
+ (=4 —u+ 1) hy o (u,v) + (—4uv +8(u+v) +4) hyy (u,v)
+ (—4\/2 —v+ 1) Iy (1, v)
uniformly in (u,v) € V.
Proof. If we apply Taylor’s formula to 1 € C? (V) ,
h(s,t) = h(u,v)+h,(u,v)(s—u)+h,(u,v)(t —v)
—|—% { P (u,v) (s — 1) 4 2R (u,v) (s — ) (£ — V) 4 By (u,v) (£ — v)z}
+0(s,1) (s —u)*+ (1 —v)?)

here U(.,.;u,v) = U(.,.) € C(V) represents the remainder of the Taylor formula. U(.,.) € C(V) is defined in this way

Vs—uH(—v)*

h(s0)—h(u,v)—hy(s—u)—hy (t—v)— % {hu w(5—=10) 2420y (s—11) (1—v) +hyy (tfv)z} (
(5,0) # (u,v)

U(s,t;u,v) = s
{ 0 i (5,1) = (u,v)
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Then, H, is a linear-positive operator, we write
H, (h(s,t);u,v) = h(u,v)+ hy(u,v)H, ((s —u);u,v) + hy(u,v)Hy ((t = v);u,v)
—l—% {hu u(u,v)H, ((s — u) ;u,v) + 2 (u,v)H, ((s — u)(t — v);u,v)
+ hyy (u,v)Hy, (£ — v)z;u,v) Y4+ H, (O(s,1) ((s— u)? 4 (1 — v)z) s, V)
Now, let us use the Cauchy-Schwarz inequality in the last term of the last equation,

|Hn (U(s,t) ((sf u)2 + (¢ fv)z) ;u,v)|

IN

AN
—~
=
—~
o

LS}
—~
g

~
S~—
=

<

[N}
~—
=
—~
—
h
'S
~—
=
<
~—
Jr
—~
—
~
I
<
~—
<
<
~
——
D=

= {Hn (Uz(s,t);u,v
Since U(.,.;u,v) € C(V) and U(s,t;u,v) — 0as (s,¢) = (u,v)
lim H,, (Uz(s,t);u,v) = Uz(s,t) =0

limn, (H,, (U(s,t)\/(s—u)4 4t —v)4;u,v)> —0

Then applying Theorem 2.3 and last equality, we have

as a result

1i_r>nn. (Hy (h(s,0);u,v) —h(u,v)) = (=3u—1)h,(u,v)+(=3v—1)h,(u,v)+ (74u2 —u+1) hyu(u,v)
n—oo0
+(—4duv+8(u+v)+4)hyy(u,v) + (—4\/2 —v+1) by (u,v)
Thus, the proof is completed. O

3.3. The Griiss Voronovskaja-type result

Theorem 3.5. Let h" € C? (V) ,w" € C2(V) then we write

r}l_r}rolon{H (hwyu,v) —h(u,v)w(u,v)} = (2 —2u — 8u* )y (1, v)wy (1, v)
+ (4(u+v) —2uv+2) [hy, (u, v)wy (u,v) + hy (1, v)wy (u,v)]
+(2—2v—8v))hy, (u,v)wy (1, v)

Proof. In this study, we examine n{H, (hw;u,v) —h(u,v)w(u,v)}
= n{H, (hw;u,v) — h(u,v)w(u,v) — [h(u,v)wy(u,v) + hy, (u, v)w(u,v)| H, ((s — u); u,v)
— [ (u,v)wy (u,v) + iy (u, V)W (u, v) | Hy (£ —v);u,v)
-1 [h(u,v)wu W (1) 20, (1, V) wy (1, v) + By (10, V) w (e, )] Hy, ((s—u)*;u,v)
— [h(u,v)wyy (u,v) + hy, (u v)wy (u,v) + hy (e, v)wy, (u,v) + By (u, v)w(u, V) Hy (8= v) (s — u);u,v)
! {h(u V)W (18, v) 20, (1, )Wy (14, v) + Py (10, v) W (u, )] o ((E=v)%5u,v)

—w(u,v) [Hy (hyu,v) — h(u,v) — by, (u,v)Hy, ((s — u);u,v) — by (u,v)H, ((£ —v);u,v)

— S hu (V) Hy (s — )50, v) = (u, V) Hy (8= v) (s — u)su,v) — éhw(u,v)H,, ((t=v)%u,v)]

—H,y (h;u,v) [Hy (Wyu,v) — w(u,v) — wy, (u,v)Hy ((s — u)5u,v) —wy, (w0, v)Hy, ((£ —v);u,v)

— 3w () Hy (s — )%50,v) — Wiy (u, V) Hy (s — ) (£ = v)3,v) — 2w (u,v)Hy ((s — u) %3 u,v) |

—Wu(1t,v) B (s — w0)su0,v) [Hy (s, v) =, v)] = we (4, v) H, (1 — V)it v) [Hy (h0,v) = h(u,v)]

LD 1, )~ =) 22 1, )~ )
—W (u, V) Hy ((£ =) (s — u);u,v) [Hy (hyu,v) — ( v)]+h (14, v) Wi (u, v)Hy (s — u)?3u,v)

+hy, (u, v)wl(u VIH, (¢ —v) (s —u);u,v) + by (u,v)wy (u, v)Hy, (= v) (s — u);u,v)

(s, VY wy (1, v)Hy (£ = v)u,v) }
Then, applying Theorem 2.2, Theorem 2.3, Theorem 2.4 and Theorem 3.4, we have

r}l_r}rolon {H,, (hw;u,v) — h(u,v)w(u,v)y = (2 —2u — 8u® Yy (u, v)w, (u,v)
+ (4(u—+v) —2uv +2) [y (1, v)wy, (1, v) + by (1, V) Wy, (1, v)]
+(2—2v — 8V Iy (1, V) wy (1, v)

the proof is completed. O
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4. GBS of Bivariate Bernstein-Durrmeyer Operators on a Triangular Region

In [19, 20], the author has defined B-continuous and B-differentiable functions. The expression of Generalized Boolean Sum
(GBS) operators was first defined by Badea in [21, 22]. Dobrescu and Matei [23], introduced the approximation features
of the two-variable Bernstein GBS operators. Recently, some researchers have made different researches on GBS in the
approximation theory [24]-[27]. In this study, we examined the uniform approximation of B-continuous functions using
bivariate Bernstein-Durrmeyer GBS operators on a triangular region.

Let V(,,)h [u0, vo; u, v] be mixed difference and ® and A be compact real spacing of 4 defined by

V (v [uo,vo3u,v] = h(u,v) — h(u,vo) — h(uo,v) + h(uo,vo)
The function 4 :® x A — R is called B-continuous function for (ug,vy) € ® X A.

lim  V, \h{ug,vo;u,v] =0

(u,v)— (ug,vo)

for each (u,v) € ® x A. Let Cp(V) indicate the space of whole B-continuous functions on V. Here, C(V) C C,(V) [19, 20].

The GBS (Generalized Boolean Sum) associated with H, (h;u,v) defined as

B 1t
(R u,v) Z Z On et (1, v) %//(pmk’l(s,t) (h(u,t) +h(s,v) —h(s,t)) dsdt 4.1)
k=01=0 —1-1

for every h € C,(V) at each point (u,v) € V. It is clear that E, (h;u,v) is a linear and positive operator.
4.1. Approximation by GBS operator E, (/;u,v)
The mixed modulus of smoothness of i € C,(V) is defined by

Onived (1501, 82) = sup {|VA[(s,2); (u,v)]| : [u =] < &1, |v—1] < 8}

for all (u,v),(s,t) €V and for any 61,5, € RT.
The features of mixed moduli of continuity ;

Opmixed (13 A101,A102) < (14 A1) (1 + A2) @pixea (B3 1, 62)

we can write,

[VA[(s,1); (u,v)]]

IN

WOpixed (h ‘S - ul ) |t - V|)

|s —ul |t —u ,
<1+ 5 ><1+ 5 >wmixed(h’61752)

Theorem 4.1. ForV h € C, (V) at all point (u,v) €V, the E,(h;u,v) operator provides the following disparity

IA

|En(R;u,v) — h(u,v)| < 8 Opixea (h; 61 (1), 62(n))
Proof. From the well-known features of mixed moduli of continuity and by the definition of mixed difference, we have
Vi [(t,8);u,v] = h(u,t) +h(s,v) — h(s,t)
and
Ey(hyu,v) —h(u,v) = —Huy (Vi) h[(s,1); (u,v)] 50, v)
Then using Cauchy-Schwarz inequality, we have,

|E, (Ryu,v) —h(u,v)] < H’ Y ((s,t);u ]u,v)‘

< (H(€00)+5 L (5= 0)0) 4+ 8 1\ JHy (0= )a)

+6f] 6{1 \/Hn ((S_ u)z;u,v) H, ((t _V)z;uuv)) WOpixed (/’1;51 (I’l)7 52(”))
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Then, applying Theorem 2.1 and Theorem 2.4

Ea(hi) —hu)| < Hy (Vi (5.0)30 5000
-1 /3 —1\/§ 11 (33 , )
Q*ﬁ VReart a6 22 s 581,

Therefore, taking §; = n~% and &= n’%, We achieve the desired result

|En(hyu,v) — h(u,v)| < 8 Opixea (h; 81(n),62(n))

IN

O

4.2. Approximation for the E,(h;u,v) operators with functions in Lipschitz class
The Lipschitz class Lipg(u,1) with g, 1 € (0, 1] for i € C,(V) B-continuous functions is defined as

Lipg(u,n) = {h € Co(V) : [Viumh[(s,0): (w,v)]| < B s —u* [t —v|"} (4.2)
here (s,1), (u,v) € V.
Theorem 4.2. For h € Lipg(u,n), we have

(i, v) = h(u,v)| < B ()2 () ?
where W, (u) = H, ((s — u)*;u,v) and ¥, (v) = H, ((1 —v)%u,v)
Proof. From (4.1) and (4.2), we may write
|En(hsu,v) —h(u,v)| < Hy (|Vuuh[(s:0): (u,)]] 5u,v)
< BH, (Js—ul" |t —v|";u,v)
= BH, (|s—ul";u,v) Hy (|t —v["5u,v)
Applying the Holder’s inequality with (p;,q1) = (%, ﬁ) and (p2,q2) = (%, 2%,,) we get
2 5 u
|Eq(h;u,v) —h(u,v)] < B <Hn ((s—u)*;u,v) 2 Hy (e0,03u,v) 2
7 2
xH, ((t — v)z;u,v) ’H, (eo,o;u,v)%)
u n
< B(u)2¥a(v)2

the proof is completed. O

For (u,v) = (0.05,—0.05) in Table 1, we calculated the error in the approximation of H, (h;u,v) operator and E, (h;u,v) GBS
operator at certain n values. Here i1 : V — R; h(u,v) = ]u2v2’

n |H, (h;u,v) — h(u,v)| |E, (Byu,v) — h(u,v)]
10 0.008858399150 0.008704518631
25 0.003920956488 0.003831667796
50 0.002201491056 0.002140252626
100 0.001415762625 0.001310766823

Table 1: Error bounds at different n values for H, (h;u,v) and E, (h;u,v) GBS operator .

Example 4.3. The convergence of H,(h;u,v) operator for n=1 (brown),n=>5 (yellow),n=10 (green), n=20 (red) to the function
h(u,v) = |u2v2’ (blue) is pictorial as shown in Figure 4.1.
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Figure 4.1: The convergence of the H, (h;u,v) operator to the function i(u,v).

Example 4.4. The convergence of E,(h;u,v) GBS operator for n=1 (brown),n=>5 (yellow), n=10 (green), n=20 (red) to the
Sunction h(u,v) = |u2v2| (blue) is pictorial as shown in Figure 4.2.

Figure 4.2: The convergence of the E, (h;u,v) operator to the function A(u,v).

Example 4.5. For n =50 ,The convergence of H,(h;u,v) operator (green) and E,(h,u,v) GBS operator (red) to the function

h(u,v) = |u2v2| (blue) is pictorial as shown in Figure 4.3.
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Figure 4.3: The convergence of H, (h;u,v) operator and Ey,(h;u,v) GBS operator to the function A(u,v) = }u2v2|

() [Ho(,v) — ()] [Eu(riae,v) — h(u,)
(1,—1) 0.8495540691 0.7663879599
(0.9,—1) 0.6861251394 0.6206321071
(0.9,-0.9) 0.5459929013 0.5080926891
(0.8,-0.9) 0.4291121293 0.4016625079
(0.8, —1) 0.5397625418 0.4901649946

Table 2: Error bounds at different (u,v) points for Hy,(h;u,v) and E,(h;u,v) GBS operator .

In table 4.2, we have computed the error in the approximation of H,,(h;u,v) operator and E, (h;u,v) GBS operator at certain
(u,v) points for n = 200. It was observed that the convergence rate of E,,(h;u,v) GBS operator to the function 4(u,v) is much
better than H, (h;u,v) operator.

5. Conclusion

We proved that bivariate Bernstein-Durrmeyer type operators and GBS form of these operators in a triangular region are better
than the classical Bernstein-Durrmeyer type operators.
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