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ON GLM TYPE INTEGRAL EQUATION FOR SINGULAR
STURM-LIOUVILLE OPERATOR WHICH HAS
DISCONTINUOUS COEFFICIENT

Niliifer TOPSAKAL and Rauf AMIROV

Department of Mathematics, Faculty of Sciences, Sivas Cumhuriyet University,
58140 Sivas, TURKEY

ABSTRACT. In this study, we derive Gelfand-Levitan-Marchenko type main
integral equation of the inverse problem for singular Sturm-Liouville equation
which has discontinuous coefficient. Then we prove the unique solvability of
the main integral equation.

1. INTRODUCTION

We consider boundary value problem L as follows:
A
i [ 2 i@ = Nplod 2 e 1= 0. (R, )

U(y) :==y(0)=0,V(y):= y(r)=0 (2)

1, 0<x<d

a € R
o?, d<x<m’ €h

where \ is spectral parameter, A € R*, p(x) = {

a#1l,a>0de (g,ﬂ'>, ¢ (z) is a real valued bounded function and ¢ (z) €
L2 (O, 7T) .

Boundary value problems with discontinuous coefficient often appear in ap-
plied mathematics, geophysics, mechanics, electromagnetics, elasticity and other
branches of engineering and physics. The inverse problem of reconstructing the
material properties of a medium from data collected outside of the medium is of
central importance in disciplines ranging from engineering to the geosciences. For
example, torodial vibrations and free vibrations of the earth, reconstructing the

2020 Mathematics Subject Classification. 34A55, 34B24, 341L.05.
Keywords. Main integral equation, GLM type equation, inverse problem.
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306 N. TOPSAKAL, R. AMIROV

discontinuous material properties of a nonabsorbing media, as a rule leads to di-
rect and inverse problems or the Sturm-Liouville equation which has discontinuous
coefficient. (see [1]- |7]) Discontinuous inverse problems appear in electronics for
constructing parameters of heterogeneous electronic lines with desirable technical
characteristics [6]. After reducing corresponding mathematical model we come to
boundary value problem L where ¢ (z) must be constructed from the given spectral
information which describes desirable amplitude and phase characteristics. Spectral
information can be used to reconstruct the permittivity and conductivity profiles
of a one-dimensional discontinuous medium [7], [1]. Boundary value problems with
discontinuities in an interior point also appear in geophysical models for oscillations
of the Earth [2]. Here, the main discontinuity is cased by reflection of the shear
waves at the base of the crust. Further, it is known that inverse spectral prob-
lems play an important role for investigating some nonlinear evolution equations of
mathematical physics. Discontinuous inverse problems help to study the blow-up
behaviour of solutions for such nonlinear equations. We also note that inverse prob-
lem considered here appears in mathematics for investigating spectral properties of
some classes of differential, integrodifferential and integral operators.

Sturm-Liouville operators with singular potential were studied in [8]- [10]. In [10],
Sturm-Liouville operators generated by the differential expression —y" +¢q (z) y were
considered. Here ¢ (z) is a distribution of first order, i.e., [ ¢ (x)dx € Ly [0,]. The
minimal and maximal operators corresponding to potentials of this type on a finite
interval were constructed in [§]. All self-adjoint extensions of the minimal operator
were described and the asymptotics of the eigenvalues of these extensions were
found there.

The authors in [11]- [14] study asymptotics of eigenvalue, eigenfunctions and
normalizing numbers and solve the inverse spectral problems of recovering the sin-
gular potential ¢ € W5 *(0,1) of Sturm-Liouville operators by two spectra. The
reconstruction algorithm is presented and necessary and sufficient conditions on
two sequences to be spectral data Sturm-Liouville operators under consideration
are given. Unlike these studies, the proposed method in our work is more practical
and more feasible.

In this study, we derive the Gelfand-Levitan-Marchenko type main integral equa-
tion of the inverse problem for singular Sturm-Liouville equation which has dis-
continuous coefficient. Then we prove the unique solvability of the main integral
equation.

In [15] and [16] , we defined y1 (z) =y (2) ,y2 () = (Ty) (z) = ¢ (x) —u(z) y (2),
u(z) = Alnz and got the expression of left hand side of the equation as follows
Uy) =~ 1Ty (@) —ul2) Ty) (@) -’ (@) y +q(@)y = Np@)y,  (3)

then the equation reduced to the system;

{ Yy —y2 = u(x) ) (4)
yh + N p(@)y = —u(z) y2 — u? (2) y1 + g (2) 11
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with the boundary conditions

y1(0) = 0,41 () = 0. (5)
Matrix form of system

() =Comined ) () o

’ . _ u (.%') 1 L Y1
or 3y’ = Ay such that A = ( CXp(z) — ut () + q(z) - u() ),y._ ( v )

x = 0 is a regular-singular end point for equation and Theorem 2 in [17]
(see Remark 1-2, p.56) extends to interval [0, 7]. For this reason, by [17], there
exists only one solution of the system which satisfies the initial conditions
y1 (€) = vy,y2(§) = vy for each € € [0,7],v = (Ul,UQ)T € C?, especially the
initial conditions y; (0) = 1,y2 (0) = A

Definition 1. The first component of the solution of the system which satisfies
the initial conditions y1 (§) = v1,y2 (§) = (Ty) (§) = vy is called the solution of the
equation which satisfies these same initial conditions.

It was obtained in [3] by the successive approximations method that (see 18],
[19]) the following theorem is true.

Theorem 1. [3] For each solution of system (@ satisfying the initial conditions

( zl ) (0) = ( 21/\ ) the following expression is true:
2

y1 = e 4 /K11 (m,t) edt

z T ,r<d
Yo = iNe + b (z) AT + /K21 (x,t) eMNdt + i/\/Kgg (x,t) eMdt
pt ()
Yy = ate (@) 4 g (@) 4 / Ky (z,t) eMdt
—pt(z)
Y2 = i\ (oﬂ‘ei’\“ww) - a‘ei’\“f(l))
s >d

+b(2) [Oﬁeixw(w) I a—em,f(x)}

ut(z) nt (@)

+ / K21 (SC, t) eD\tdt + i\« / K22 (SC, t) Gi)\tdt

—it (@) —it (@)
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where
1 xr
b(.]?) — _1/£ [u2 (8) _ q(s)] eQ!“(t)dtdS
20
at
Ky (z,z) = U (z),
Ko (x,2) =V (x) — %/ [u2 (s) — q(s)] K11 (s,s)ds — %/u (s) Ko1 (s, 8) ds,
0 0

+

Ko (2, 0) = ——- [u(z) + 20 (z)],
K1 (x,2d —z+0) — K11 (2,2d — 2 — 0) = %u(x),
8Kij (I, ) 8Kij (,13, ) .
e 5 € Ly (0,7),i,5=1,2,
ot (z) = % (1:&;(3})) . p () ::I:x\/p(m)—i—d(l:t\/p(x)).

2. THE MAIN EQUATION OF THE INVERSE PROBLEM

Assume that s(z, A) is solution of the equation with initial condition

5(0,\) = ( 5 )

We have
pt(z)
s(z,A) =so(x,\) + / K11 (x,t) sin Mtdt,
()
where

so (7, \) = at (2)sin \u™ (z) + ™ (x)sin \p™ (z) .
Also, let us define a,, a2 and ®y(z,t) as follows:

T

= /p (z) 52 (2, \n) dz,
0

T

al = /p () 82 (x,)\g) dz,

0

@N({Lt) =®n, (l',t) + ¢N2($7t) + (PNS((E,t) + ¢N4($,t),
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N 0 0
b A’” t? )\7l ) >\n t7 An
@N(x,t)zz<8(x Jo(th) _ solahn) o0 )>,
n=0 n n
N 0 0
By (2.1) = Z <50 (z,)\no)é s0 (t,An) S0 (x,)\n(ljo (t,)\n)> ’
n=0 n n
H+(aj) N 0
An
(I)NQ(wvt): / Kll (xag)ZSO( ZSIH Edév
0 n=0 n
N+(m) N 0 0
B (1,1) = / Ko (2.6) Z( sm)\nf S0 (a:,/\nZsm)\ §> .
0 n=0 Qn
ut(x)

N .
(o 1) = / Ky (2,6) 30 2O AN A e
0

n

Here, using
sin A\, &, &<d
so(§&A) =9 1 L P L FI D 7
5 1+a sin Ap (§)+2 1 5 sin Aut (§), £>d
we have

50 (&,\) = aT sin \u™ (&) + a” sp (2d —ut (5)) , £€>d.
Also, since 2d — u™ (£) < d we obtain

sin A (€) = s (6,0) — Tso (24— (€), 1)

Substituting pu* () — &, we get

o so(§A), §<d 7
sin Ang = iso(f, )—afso@d pt (&), N, £€>d "

Now, define Fy(z,t) and F(z,t) as follows:

s0 (£, A2) sin /\,lel

)sin A, T
-y )
and

F(x,t>=§<1+ . >F0<u+<x>,t>+§<1— ! )Fow-(x),t). (9)
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We can write

0 0 0
Flot) = Z lso (:z:,)\nc)k so (L, An) %0 (x,)\no);o (t,\n) ' (10)
n=0 n n
Let f € AC|0, 7], using Theorem 6 in 4],
< 7 (2, 0) 5 (£, An)
=3 [ fit)p(e) A2 gy (11)
and
(2, A0) so (t, /\O)
§j/f Lol ar (12
we get

lim max /f t) Dy (z,t)dt

NS00 0<z<m

/ﬂﬂﬂﬂ}jﬂﬁiﬁi@ﬁﬁm—f@>

< lim max

I

N—oo 0<z<m o (07%
T BUAPNISY
lim max / s ( n)jo( n)dt—f(x) =0.
N—o00 0<z<m 0 (0%
0 n=
Furthermore, uniformly for z € [0, 7],
J\}im /f )Py, (z,t)dt = /f(t)p(t) F(z,t)dt. (13)
— 00
0
Similarly, we have
d
lim /f t) P, (z,t)dt = /f(t)Kn(m,t)dt+
N—o00

0

O%/f(t)f(n(z,w (t))dt — Z—;/f(t)Kll(a:,;ﬁ (2d — 1))dt.
d d

Because for 2d —t > ut (), K(z,pt (2d —t) =0, we have
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lim /f t) Py, (z,t)dt =

N—oc0

/f VKt (2 ())12+ p;()t)dt+/f(t)K11(a?,u+ (2d—t))12+5% ’
0

uniformly in z € [0, 7.

uy ut (@)

Using residue theorem, we get

lim / F)p (t) By, (z,t)dt =

N—oco

\ u't (@)
:QNIgnoo/f 27”% NG / Ky (x,€) sin AS | dAdt
0

here I';, = {\: |A\| = N}.
5 (2) = O ()
and
IA(N)] > Cs A el @]\ e gy
where Cs5 > 0, G5 = {)\ : ‘)\— )\%’ > 5} , for all A € Gs, we get

< G-It (2) -0 (1)
‘A (A)‘ = Che

where Cs > 0 is a constant. Using p (t) < p* (x), we have
A

I AN

By the way, due to Riemann-Lebesgue lemma, we can write

lim /f t) @y, (x,t)dt = 0.
N —o00
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If we use the last equations we obtain

24/p (1)
IFWwro p(t)dt—I-

pt(z)

Zf@ﬂﬁﬂ%u*@d—ﬂ)L+¢~2d_t /} )E/zqu%sﬂ%axmaﬁzo

Since f € AC|0, 7] is arbitrary, the following theorem could be proved:

/f xtdt—l—/f VK1 (2, 1™ (1))

Theorem 2. For every fix x € (0,7), the kernel function Kq1(x,t) of the integral
representation of the solution @(x, \) satisfies the following linear-functional integral
equation.

2./p »2d—1)
1+\/— 1z, (t))+1+mf(11$u (2d — 1)) + F(=,t)+
ut (@)
+ / K (2, ) Fo(€, t)dedt = 0, (14)
0

where the functions Fy(z,t) and F(xz,t) are defined by the formulas (§) and (9)
respectively.

Theorem 3. For every fix x € (0,m), the equation has a unique solution
Ky1(x,t),which belongs to L (0,7) .

Proof. For x < d, equation is written as follows:

Kiy(2,0) + F(o, ) + / Ky (2,€) Fo(€,t)de = 0 (15)

which is a Fredholm integral equation and equivalent to the equation of type
(I+B)f=g (16)

where I is the unit operator, B is a compact operator in the space Ly (0,7), f,g €
Ly (0,7) . Let us prove that in the case x > d the equation is also equivalent

to an equation of type (16]).
If x > d, the equation (|14)) can be written as

Llel (xa ) + Mlel (.’13, ) =—-F (QZ‘, ) )

where
L) (0= 12t (0 0) 4 YRR 0a ), 0 <t <, (17
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ut(x)
0Lh 0= [ HOREDE 0<t<a (1)
0
It was shown in [5] that the operator L, has a bounded inverse in the space Lo (0, 7)
and
l—« —t+ad+d
_ — , t<d
Lzlf(t):{ f(1)+af(t+{m§ d)(j ) t>d (19)
Therefore the equation is equivalent to the equation
Ky (z,.) + LMKy (2,.) = —L;'F (z,.). (20)

Because L, ! is a bounded and M, is a compact operator in Ly (0,7), then the
operator B, = L 'M, is compact in Ly (0, 7). The right hand side of also
belongs to Lo (0, 7) , since M, is invertible in Lo (0, 7). Consequently, the equation
is a Fredholm integral equation type and it is sufficient to prove that the
homogeneous equation

ut(z)

Lok (o) + [ K@ & Fs(€ 0dE =0 (21)
0

has only trivial solution K71 (x,t) = 0. Let K (t) := Kj1(z,t) be solution of equation
(21). Then

T x lﬁ(@)
/ p (1) (LK (O] dt + / p(8) LK (£) dt / K(&)Fole,)dedt = 0. (22)
0 0 0

Using for £ < p~ (z), K (2d — £) = 0 and the formulas and , we have

/ K(€)Fo(€. t)dé = / p(€) LK (6)F (€, 1)de.
0 0

Therefore can be written as

/ p(t) [Lo K (t)]? dt + Z / p(t) so (t, A\n) Lo K (t) dt (23)

n
0 n=0 0

2 2

_iaio /p(t)so (t,A\n) LK (t)dt | =0. (24)
n=0 " 0

Now if we use Parseval’s equality [4],
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/p(t)fQ(t)dt—FZaio /p(t)f(f)SO(tv/\g)dt ;
0 n=0 " 0

for 0
L.K(t), 0<t<u,
f(t){ 0, t>x

which belongs to Ly (0, 7), we have

x

/,0 (8) (Lo K (1)) 50 (b An) dt =0, 1> 0.

0
Since the system of function {sg (¢, A\,)},,>( is complete in Ly (0,7) by the theorem
in 3], we get L, K (t) = 0. Since the operator L, has inverse in the space Lz (0,7),
we obtain K (t) = K (x,.) . It means that, the theorem is proved. O

Using Theorem 1 and the fact that the functions {so (¢, A\n)}, > is a Riesz basis
of the space Ly (0,) (see |3]), we get the following theorem:

Theorem 4. The spectral data {)‘Z’O‘"}nx) uniquely determines the boundary
value problem L. -

The integral equation is called main integral equation of GLM (Gelfand-
Levitan-Marchenko) type for the problem L.

3. PROPERTIES OF THE FUNCTIONS Fy(z,t), F(z,t), K11(z,1).

Lemma 1. Denote

B(x) = i (sin)\nx B sinA2x> . (25)

n=0 An Oé%
Then, B (z) € W3 (0,27), Fy (z,2) € W3 (0,27), F (z,x) € W3 (0,27) .
Proof.

. /sin A,z sin )\235 >, [sin A,z — sin )\?La: 1 1 .10
Z( oo ):Z( o —&-(an—ao)sm)\nx) (26)

n=0 n=0

If we denote &, := A\, — A" and using asymptotic formulas of \,, as follows:(see [3])
dn = kn .
A=A 4 v + —,dy, is a bounded squence, {k,} € ¢, (27)
n

then

. . . . 2&nT .
sin \yz —sin Aoz = £,z cos \) x4 (sine,z — £,) cos A\ — 2 sin? % sin \)z. (28)

B(2) = By (2) + Ba (x),
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where
> dnxcos)\ow
Bi(z) = —_ 29
1( ) ngo Oz%A?L ( )
> 1 1 sin A\gx — sin Nz
By (z) = —_— - — sin/\glx—&—( 0 ) 30
2 (a) Z(a ) - (30)
B Z nxcos)\ T Zcos/\ T (sinenz — en2)
sm/\ :c En
) nZ 2
Z ;
Using
a = /p(x)s% (x,)\g) dz, (31)
0
where
() = 2 (14— st (@) + = (1- it (@) (32)
so (T, A\p) = = sin A\p™ (z) + = sin \u™ (w
2 p(x) 2 VP
and asymptotic behaviour of a,, we obtain By (x), Bs (z ) W3 (0,27) ie.,

B (z) € W3 (0,2m).
It is easy to verify that

e = (14 ) et 0) 15 et )]+
: (1 - ;(ﬂ) (B (z—p~ () + B (s +u (1)]. (33)

So, Fy (z,x) € W3 (0,27) and by formula @D we have F (z,x) € W3 (0,27). O

Now using the main integral equation , the formulas , , ,
and @D we obtain the following theorem.

Theorem 5. The kernel function K (x,t) of the main integral equation and the

functions Fy (xz,t), F (x,t) satisfy the following relations:
OPFy(z,t) 0?Fy(x,t) O*F(z,t) O?F(x,t)
P(t)T =p () EICIE p(t) o2 *P(@Wa

(34)

1
Fla,1) |=0= 3 (1 +
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OFy(z, OF (zx,
l) |, 20— (36)
OFy(u™* (z) ,t OFy(&,t
D) b () PHED |, (37)
Mzo, (38)

F% Ko (1 (2)

= % [Kll(l‘,ﬂ_ (l') + 0) — KH(Z‘,M_ (x) — 0)] . (39)

4. SOLUTION OF THE INVERSE PROBLEM

In this section the following theorem has been proved for the necessary and
sufficient condition for solvability of the inverse problem with respect to the spectral
data.

The following asymptotic relations were obtained in [3]:

Let {)\i, O‘"}n>0 to be the spectral data for a certain boundary value problem
L =L(q(z),A) with ¢ () € Ly (0,7), then

d k
0 n n
n — <0 — \~n 3 4
A An+/\2+n (kn) € 42 (40)
Qn CK’IOl tn 9 (tn) € 82) (4]‘)
n

where \) are zeros of the characteristic function Ag(\) = so (7, ), (d,) is the
bounded sequence
atsin At (1) —a~ sin Ay~ ()

dy, = ,
Ao (An)

ad = /p () 53 (2, \y) da.
0

Let real numbers {\,, an}, 5 be given. We construct function Fo(z,1), F(z,1)
by the formulas and @D of the section 2 and consider the main integral equation
. Let the function Ki;(z,t) is the solution of . We construct the function

¢ (z, A) by the formula

ut(z)
s(xz,\) =so(x,\) + / K11 (z,t) sin Atdt. (42)
0

To prove the theorem we need some lemmas.
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Lemma 2. The following relations hold:

— 8" (z,\) + [;1 + q(x)} s(x,A) = Mp(x)s (z,\) (43)
$(0,0) =0, s(m\) = 0. (44)

Proof. Assume that B (z) € W3 (0,7), where B (z) is defined in equation .
Differentiating the identity

o 2 . - 1-— (Qd—t)
G(Z’7t) = 714_\/@}(11( 7N+( )) 1+m
ut(z)
F (z,t) + / Ki1 (z,8) Fp(§,1)dE =0,0<t < x (45)

0
we calculate

Gy (o) = 2V 0K (ot (1) 1= Vpd—8) 0K (it (24~ 1)
TV ot 1++/p2d—1t) ot
nt(x)

+F; (x,t) + /Ku(%f)

6F0(€7t)
ot

G (:L’ t) . 2\/ t 82K11 CL’ ,u + 17\/ Qd*t 82K11 CL’ ,u (Qd—t))
YT ot 1++/p(2d—t) ot?

/m1 o T80 4 o, (46)

d¢ =0,

(’)t2

G (SL‘ t) L 2\/715 (i‘)Kll -’L',M t +1—\/T_t)8K11 (-’If,u+(2d—t))
T 1+ Ve(® 0z 1+ p@d—t) 9z
ut (@)
o o (et >%<<>ﬁ+(/Kum@%@w%
+Vp (@) (K11 (2,017 (2) +0) — Kyy (2,07 (z) — 0)] Fo(p™ (2),t) =0,
Con (o) = 2 PEn (@t () | 1= Vp(2d—1) 02Ky (@, p* (24— 1))

C1+4p () D 1+/p(2d—1) dx?

uwt(z)
O?F (x,t PK 0K
i) WS (e, e+ o @ ot (@), 2B L

Ox2 0x?
0

0K (x, 0Ky, (x,
+Vp (@) Fo(u™ (2) 1) [%;wi) le=p+ (@)+0 —% le=p+ ()0
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Vo @) Fo(u* dd K (2,17 (2)) +Vp (@)K (2, 1" (2)) W

+m [Kll ($7ﬂ7 1') + 0) — K11 (I,,U7 (;Zj) — O)] W

+FF0 dd [K11 (2,17 (2) +0) — Kiy (2,07 (2) — 0)] = 0. (47)

Using (34)) we can write the last equation as follows:

G (1) = =P g (ot (1) + S V2L D e (0t (20— 1)

1—1—\/7 1+m
i (@)
0? O?Fy(€,t
baeF 0400 [ Ko TR o (15)

0
Then using the formula we have

1 02 201 .. 1—+/p2d—t) 1
Kll( 2 ())+1+ (2d—t)p(t)

M@G(x, )= 1+\/78t2

+(w
xa—zK (z,pn" (2d = 1)) + F (z,t) /K :Ef )5
ozt » p 11
(49)
By integrating in parts we obtain
ut(z)
OF, (&,
/ Ky (,€) P20 g = [Kyy (a4 (2) +0) — Ky (2, 5 () — 0)] Oaf N
0
0 _ 0K11 (x,
i (0067 () 9B (6.0 eyt —Fo (o 0) D |
Ky (z,§) K11 (z,§)
+Fo (x,0) o le—o —Fo (z, 1t () o le=pt (@)—0
0K (.6) e
— x? x’
+ Fo (2,07 (2)) =57 lemum @40 + / e Fa(& e (50)
23 9%¢
0
Therefore ,
1—+/p2d—1t) 0
K —K 2
Gt (z,t) = F@ﬁ 11 (7, p (t))+l+mat2 11 (w,2d —t) +
1 62
,/ 8t2 zt)

0
== Fo (67 t) |€:H_(I)

+ [K11 (2,07 (2) = 0) — K1y (2,17 (2) +0)] 5
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) 0K, (z,
i (007 (0) 9P (6.0 et —Fo (o™ 0) T |
+Fp (2,0) W le=o —Fp (@, u™ () 6}(11623:,5) le=p+ ()0

Tz

w (@)
7] 0?
B (o @) PUED s [ PR R e o)

It follows from (45]), ([46), and (50), the identity
A
G (z,t) — p(2) Gyt (2, ) — [x + q(m)} G (z,t) = 0.

0

Using the identity acording to formulas @D .— ., we get
2O e (gt ) 4 o PCAD O aa )
s “ x, i z,2d —
1+ /p()0a? : 1++/p(2d—1) 6 H

_ _ 2
1—/p(2d—1) 0 K11(2dt)]

2
(@) 1+/p( f’%?K“(x“ (1)) + 1+/p(2d—t) 02
A 2 1—+/p2d—
_ [x+q(x)} WKH (. 1" (1)) + Hmml (2d—t)1
pt(z)

A
Kt (0,0) = () Kure (0.0) — | + 0 (0)] K11 00) | Foles ) =
0
(52)
By the Theorem 3 in the first section, the equation has only trivial solution
ie.,

A
Kiize (z,8) — p(x) K114 (3, 8) — LC +q (1:)] K (z,t)=0, 0<t<z. (53)
Now differentiating equation twice, we have

ut(z)
s (z,\) = s (2, \) + / (K1), (z,t)sin Xtdt + /p () K11 (z, pF (2)) sin Ap™ (2)
0

+Vp (@) [Kn (07 () +0) = Ki1 (2,17 (2) = 0)] sin A\~ ()

pt(2)

s" (z,\) = s (2, \) + / (K11),, (x,t) sin Xtdt
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+/p(z)sin \u™ () [;:Ku (1~ (:v))]

—+ \/p(ia:)sin )\/J_ (l‘) l:aaxKll (I,M_ (.’17) + O) ‘t:/t*(r)-‘ro

t=p~(x)

- %Kll (.T,M_ (LL') - 0) |t:N_(“")_O :|
FVE@s N (o) - (R (o 0)

+Vp(z)sinAu” (2) 3% (K (2,07 () +0) = Ki1 (2,07 (2) = 0)]
00 (@) Kt (2 * (2)) cos Mt ()
+ Ap (2) [K11 (2,07 () +0) — K1 (z, 0~ (2) — 0)] cos Au™ (z)

Lemma 3. For each function g(x) € Lo (0,7) the following relation holds:

[o@ e @iz => ( [ewsce mdt) (54)

0

Proof. Using the formulas , , @ of the previous section it is easy to transform

solution
xT

s (2, \) = so (2, ) + / p(2) s (1) 50 () dt (55)
0
and the main integral equation form the previous section to the form

x

wat) + F(o.0)+ [p(©w(w6 F et =0, (56)
0
where
2y/p(t) (2d —t)
w(x,t) = K (x, 1™ (2d —1)).
Solving the equation with respect to so(z, )\) we obtain
For x < d

x

so (z, A) =s(x,\) + /p (t) H (z,t) s (z, ) dt. (57)

0
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By the standart method (see [20]) it can be proved that

t

H (z,t) :F(x,t)+/p(£)w(t,§)F(x7§)d§,0§t§x.

(58)
0
Denote @ (\) = /p (t) g (t) ¢ (t,\) dt. Then using we have
0
Q= [p@1h(®)s (e de

0
where

h(t):g<t>+/p<5>g<s>w<t,f>ds.

By the similar way, using the formula we obtain

T

n)+ [p©n©H (€D (60)
t
Now according to equation we have

™

/p (t)h(t) F (x,t)dt

g(t)=

(61)
0
+ [ () g(t) [F (@,t)+ [ p (W (&) F (2,8) df] dt.
/ /
Consequently, by the formulas (56| and we obtain
[ewr@F@na= [pos0H@d- [p0s0W @i (©)
0 0

xr
From the Parseval equality we have

U U

/p (t) h? (t) dt + /p (t)p(x) h(t)h(x) F (x,t) dadt
0

0
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— Zai (/h (t)g(t)so (t,)\n)<ﬂ(t,/\n)dt) = ZQ(aLn)'
) n=0 n

n=0 "

Using we get

QO _ [ / [
<0l — o RE @) dt+ | p(t)g(t) () h(z) H (2,t) dz | dt
>t [ JRr [ 1% ]

t

—/p<x>h<x> {/pu)g(wwa,x)dx] d.
0

x

Finally, from and we get

K

Z% :/p(t)h2 (t)dt+/p(t)g(t) (g (1) —h (1)) dt

0

(e}

The lemma is proved. (I

Corollary 1. For arbitrary functions f,g € Lo (0,7), the following relation holds:

s s

[r@ f@a@ar=> = [foserifg@ser)d @)
0 n=0""9 0

Lemma 4. The following relations hold:

™

0,n # k
/s (t, A\g) s (t, M) dt = { an,ni A (64)
0
Proof. Let f(x) € W (0,7), consider the series
f (z) = chs (x,\n) s (65)
n=0
where
1
en=—|[ f(z)s(x,\,)dx. (66)

70
0

Using Lemma 1 and integrating by parts we calculate:

S (hf(O)—f’(0)+8(7r,An)f’(7r)—w(mkn)f(ﬂ)

= 2
Qn A,
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+ s -1 @) + gl i)
0
From the asymptotic formulas for the ¢ (z, A\) and A, in [3], we get
cn =0 (le> ,8(x, M) =0(1)
uniformly for « € [0,7]. Therefore the series converges absolutely and uni-
formly on [0, 7] . Using and we obtain

/ p (@) f (2)g () dx = / 0(8) S ns (2, An) dt = / g (0) £ (1) dt.

0 0 n=0 0

Since g () is arbitrary, we get
Fr@) = f2) = cns (@A) (67)
n=0

Now, for fix k > 0 and take f (x) = ¢ (x, \), then since

- 1
sz, M) = Zocnks (2, \n) s Cny, = a—n/s (2, \) s (z, Ay) d.
n= 0

Moreover, the system {sq (x, An)},,~o is minimal in Ly (0,7), (see theorem 2 of the
previous section), and consequently, in view of (42) the system {p(z,An)}, 5 is
also minimal in Ly (0, 7). Therefore ¢,, = d,, (dn, is a Kronecker symbol). The
lemma is proved. O

Now we can give the algorithm to construct the problem L (¢ (x)) using the
spectral data {\,, an}, as follows:

1- Use formulas and (9)), to construct the functions Fy(z,t) and F(x,t).

2- Construct the function K(z,t) as the unique solution of the main integral
equation.

3- Calculate the function ¢ (x) and coefficient A by the formulas in Theorem 1.
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ABSTRACT. In this study, we define (1,3)-Bertrand-direction curve and (1,3)-
Bertrand-donor curve in the 4-dimensional Euclidean space E4. We introduce
necessary and sufficient conditions for a special Frenet curve to have a (1,3)-
Bertrand-direction curve. We introduce the relations between Frenet vectors
and curvatures of these direction curves. Furthermore, we investigate whether
(1,3)-evolute-donor curves in E* exist and show that there is no (1,3)-evolute-
donor curve in E%.

1. INTRODUCTION

Associated curves are the most interesting subject of curve theory. Such curves
have a special property between their Frenet apparatus. Bertrand curves are one of
the most famous type of such curve pairs. These curves were first discovered by J.
Bertrand in 1850 [1]. In the 3-dimensional Euclidean space E3, a curve a(s) is called
Bertrand curve if there exists a curve « different from « with the same principal
normal line as a. Bertrand partner curves are important and fascinating examples
of offset curves used in computer-aided design [13]. The classical characterization
for the Bertrand curve is that a curve a(s) is a Bertrand curve if and only if its
curvature functions x(s), 7(s) satisfy the condition ak(s) + br(s) = 1, where a, b
are real constant numbers. And, the parametric form of the Bertrand mate of
a(s) is defined by v(s) = a(s) + AN(s), where A # 0 is constant and N(s) is unit
principal normal line of a [17]. It is interesting that for n > 4, there exists no
Bertrand curves in this form. This fact was proved by Matsuda and Yorozu [12].
Considering this fact, in the same paper, they have defined a new type of associated
curves called (1,3)-Bertrand curves in E*.

Moreover, another well-known type of associated curve pairs is involute-evolute
curve couple. These curves were first studied by Huygens in his work [8]. Classically,
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an evolute of a given curve is defined as the locus of the centers of curvatures of
the curve, which is the envelope of the normal of reference curve. Fuchs defined
an involute of a given curve as a curve for which all tangents of reference curve
are normal [3]. In the same study, equation of enveloping curve of the family of
normal planes for space curve has been also defined. Gere and Zupnik studied
involute-evolute curves by considering a curve composed of two arcs with common
evolute [6]. Fukunaga and Takahashi defined evolutes and involutes of fronts in
the plane and introduced some properties of these curves [4,5]. Later, Yu, Pei and
Cui considered evolutes of fronts on Euclidean 2-sphere [18]. Ozyilmaz and Yilmaz
studied involute-evolute of W-curves in Euclidean 4-space E* [16]. Li and Sun
studied evolutes of fronts in the Minkowski Plane [9].

Recently, Hanif and Hou have defined generalized involute and evolute curves in
E4[7]. They have obtained necessary and sufficient conditions for a curve to have
a generalized involute or evolute curve. Another study of generalized involute-
evolute curves has been given by Oztiirk, Arslan and Bulca [15]. They have given
characterization of involute curves of order k of a given curve in E™ and also
introduced some results on these type of curves in E and E*.

Furthermore, Choi and Kim have defined a new type of associated curves in E>
called principal normal (binormal) direction-curve and principal normal (binormal)
donor-curve [2]. Similarly, Macit and Dildil have defined W-direction curve and
W-donor curve in E3, where W is unit Darboux vector of the reference curve [10].
Later, the author has defined Bertrand direction curves, Mannheim direction curves
and involute-evolute direction curves in E? and introduced relations between those
curves and some special curves such as helices and slant helices [14].

In this study, first, we define (1,3)-Bertrand-direction curves and introduce the
relations between the Frenet apparatus of these curves. We show that a curve with
non-constant first curvature x does not have (1,3)-Bertrand-direction curve. Later,
we give that no C*-special Frenet curve in E* is an (1,3)-evolute-donor curve.

2. PRELIMINARIES

Let o : I — E* be a regular curve, i.e., ||[o/(t)|| # 0, where I is subset of real
numbers set R and ||o/(t)|| denotes the norm of tangent vector ¢'(t) in the Eu-
clidean 4-space E*. This norm is defined by ||z|| = \/{z,z) = \/2? + 23 + 22 + 23
where (z, z) is the Euclidean inner(dot) product and z = (x1, x2, x3,x4) is a vector
in E4. The curve a(t) is called unit speed if ||/(¢)|| = 1. The parameter of a unit
speed curve is represented by s and called arc-length parameter. The curve a(s) is
called special Frenet curve if there exist differentiable functions x(s), 7(s) and o(s)
on I and differentiable orthonormal frame field {T', N, By, Bo} along «(s) such that:

i) Following Frenet formulas hold
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T = kN,

N' = —kT + 7B4, (1)
B} = —7N + 0Bs,

Bé = —JBl.

ii) The orthonormal frame field {T', N, By, B2} has positive orientation.

iii) The functions k(s), 7(s) are positive and the function o(s) does not vanish.
The unit vector fields T, N, Bj and Bs are called tangent, principal normal, first
binormal and second binormal of a(s) and the functions k(s), 7(s) and o(s) are
called first, second and third curvatures of a(s), respectively [11].

If we take T' = ny, N = no, By = ng, By = n4, the term “special” means that
the vector field n;y1, (1 <4 < 3) is inductively defined by the vector fields n; and
n;—1 and the positive functions k and 7 [12]. For this, the Frenet apparatus of a
special Frenet curve have been determined by the following steps:

(1) o'(s) =T(s)

(2) £(s) = IT"(s) > 0, N(s) = 755T(s)-
(3) 7(s) = [IN"(s) + K(s)T(s)]| > 0, Bu(s) = 55 (N'(s) + ()T (s))
(4) Ba(s) = Em (Bl/(s) + T(S)N(S)), where ¢ = £1 is chosen as

the frame {T, N, By, B>} has positive orientation and o(s) = (B} (s), Ba(s))
does not vanish.

All these 4 steps should be checked that the curve «(s) is a special Frenet curve
[11].

The plane spanned by the vectors T, Bj is called the Frenet (0,2)-plane and
the plane spanned by the vectors N, Bj is called the Frenet (1,3)-normal plane of
al7,12]

Definition 1. ([12/) A C*-special Frenet curve o : I — E* is called a (1,3)-
Bertrand curve if there exits another C™-special Frenet curve 8 : J — E* and a
C™-mapping ¢ : I — J such that the Frenet (1,3)-normal planes of a and § at the
corresponding points coincide. The parametric representation of B is [ (¢(s)) =
a(s) + zN(s) + tBa(s), where z, t are constant real numbers.

Theorem 1. ([12]) If n > 4, then no C*-special Frenet curve in E™ is a Bertrand
curve.

Definition 2. (/7]) Let a(s) and y(3) be two regular curves in E* such that s = f(s)
is the arc-length parameter of v(3). If the Frenet (0,2)-plane of o and Frenet (1,3)-
plane of v at the corresponding points coincide, then « is called (1,3)-evolute curve
of v and v is called (0,2)-involute curve of a. The (0,2)-involute curve v has the
parametric form y(s) = a(s) + (¢ — s)T(s) + kB1(s), where ¢, k are real constants.
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Let I C R be an open interval. For a unit speed special Frenet curve o : I — E4,
let define a vector valued function X (s) as follows

X(s) =p(s)T(s) + U(s)N(s) + r(s)Bi(s) + n(s)Ba(s), (2)
where p,l,r and n are differentiable scalar functions of s. Let X (s) be unit, i.e.,
PP(s) +12(s) +7%(s) +n*(s) = 1, (3)

holds. Then the definitions of X-donor curve and X-direction curve in E* are given
as follows.

Definition 3. Let a be a special Frenet curve in E* and X (s) be a unit vector
valued function as given in . The integral curve v : I — E* of X (s) is called an
X-direction curve of a. The curve a having v as an X -direction curve is called the
X -donor curve of v in E*.

3. (1,3)-BERTRAND-DIRECTION CURVES IN E*

In this section, we define (1,3)-Bertrand-direction curves and (1,3)-Bertrand-
donor curves for special Frenet curves and introduce necessary and sufficient con-
ditions for these curve pairs.

Definition 4. Let a = «a(s) be a special Frenet curve in E* with arc-length pa-
rameter s and X (s) be a unit vector field as given in . Let special Frenet curve
B(8) : I — E* be an X -direction curve of . The Frenet frames and curvatures of o
and B be denoted by {T, N, By, B2}, Kk, T, 0 and {T,N,Bl,BQ}, R, T, 0, respec-
tively, and let any Frenet vector of a does not coincide with any Frenet vector of 5.
If B is a (1,3)-Bertrand partner curve of o, then B is called (1,3)-Bertrand-direction
curve of a and « is said to be (1,3)-Bertrand-donor curve of (.

From Definition 4, it is clear that at the corresponding points of the curves, the
planes spanned by {N, B2} and {N , Bg} coincide. Then, we have,

sp{NaBZ}:Sp{NaBQ}v sp{T7Bl}:3p{Tvél}7 (4)
Moreover, since f is an integral curve of X(s), we have % = X (s). Also, since

X (s) is unit, the arc-length parameter § of § is obtained as

5:/08 dp dS:/OSdSZS (5)

ds
i.e., arc-length parameters of (1,3)-Bertrand-direction curves o and 8 are same.
Thus, hereafter we will use prime for both curves to show the derivative with
respect to s.

Theorem 2. The special Frenet curve o : I — E* is a (1,3)-Bertrand-donor curve
if and only if there exist non-zero constants r, w, A\, p such that

pPPAri=1, M 4+pi=1, (6)
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pK —TT = ;ra, (7)

(p? = Nk —pr7 #0. (8)
Proof. Let X(s) = p(s)T(s) + 1(s)N(s) + r(s)B1(s) + n(s)Ba(s) be a unit vector
valued function and the special Frenet curve 3 : I — E* be integral curve of X (s)
and also be a (1,3)-Bertrand-direction curve of a, where p(s), I(s), r(s) and n(s)
are smooth scalar functions of arc-length parameter s. Then, we have
T(s) = p(s)T(s) + U(s)N(s) +7(s) B1(s) + n(s)Ba(s). 9)
From , it follows T Lsp {N, By}. Then, multiplying @D with N and Bs, we have
I(s) =0, n(s) =0, respectively, and (9 becomes
T(s) = p(s)T(s) + r(s)Bi(s), (10)
and from (10)), it follows p?(s) +r?(s) = 1, since T is unit. Differentiating with
respect to s and using Frenet formulas (1)), we get
EN =p'T + (pk —r7)N +1'By + roBs. (11)

Multiplying with 7' and By and considering (), we get p’ = 0, v’ = 0,
respectively, i.e., p and r are constants. If p or r is zero, then Frenet vectors of «
and [ coincide. It follows that p and r are non-zero constants. Then, from ,
we get p? 4+ 12 = 1 and we have first equality in @

Now, becomes

RN = (pk — r7)N + roBo, (12)
which gives
R = \/(pn —7r7)2 4+ (ro)?. (13)
Let define
5= pK —TT 7 _ ro . (14)

\/(pfi —7r7)2+ (ro)? H \/(p/@ —7r7)2+ (ro)?
Then, becomes
N = AN +uBy, N +u®=1. (15)
By Definition 4, any Frenet vector of a does not coincide with any Frenet vector of
(. Thus, we have that A # 0, u # 0. Differentiating the first equation in with
respect to s and considering Frenet formulas , it follows
—RT +7B; = AT + NN + (A7 — po) By + i/ Bo. (16)

Multiplying with N and By, we get A’ =0, u/ = 0, respectively, i.e., A\, p are
real non-zero constants. So, we have \?> + 2 = 1, which is the second equality in

Moreover, from and , we have

;@:y:%’. (17)
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Then, gives us px — 77 = 270 and we obtain (7).
n
Now, writing and in , it follows
N By = ((p* — M)k — prr) T + (pre + A\ =) — o) By. (18)
From (7)), we have

> M (19)
r
Writing in and using @7 equality becomes
B _a(r P
7B, = A (T TBl) , (20)

where A = w. Since By # 0, we get A # 0, i.e., (p?> — ANk — prr # 0.
Then we have .

Conversely, assume that relations @, and hold for some non-zero con-
stants 7, p, A, p and « be a special Frenet curve with Frenet frame {T, N, By, Bz}
and curvatures k, 7, 0. Let define a vector valued function

X(s) =pT(s) +rBi(s), (21)

and let 3 : I — E* be an integral curve of X(s). We will show that 3 is a (1,3)-
Bertrand-direction curve of «. Differentiating with respect to s gives

KN = (pk — r7)N + 10 Bs. (22)
Writing in , it follows
EN =ro <2N + Bz> . (23)
From , it follows, o
k=g " (24)
where e; = £1 such that £ > 0. Writing in gives
N =¢; (AN + uBy). (25)
Differentiating with respect to s gives
N'=¢e1 (=M&T + (\7 — po) By) . (26)
Using , and , we have
N' +&T = % ((pro — M\uw)T + (r’c + A\ur — p?o)By) . (27)

Writing in and using (@, becomes
(p* = Ak —prr

NI+FLT:€1 \

From and , we have

= | N4 AT =

(T - §B1> . (28)

2 )\2 o
, (p )k — prt ”
AT

0, (29)
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where €5 = +1 such that 7 > 0. Then,
_ 1, - _
By == (N'+/I) = ? (rT — pBy) . (30)
2

Considering , and , we can define the unit vector By as

_ 1

BQ (/LN - )\BQ) y

e
that is
B, = !
e2v/(pk — r7)2 + (ro)
and we have det(T, N, By, By) = 1. Using and (31)), it follows
o = (B}, By) =¢e1 (u(rs + p1) + pAo). (32)

If we assume that ¢ = 0, then we have u(rx + pr) = —pAo. Multiplying that
with r, we get p(r?k +prr) = —prAo. Since r?2 = 1 — p?, the last equality becomes
w(=p(pk —r7) + k) = —prXo. Using @, it follows pk = 0, which is a contradiction
since 4 # 0 and « is a special Frenet curve. Then, ¢ # 0, i.e., § is a special
Frenet curve. Moreover, since r, u, A, p are non-zero constants, from the equalities
(1), ([@5), and (31)), it follows that no Frenet vectors of o and /3 coincide.
Furthermore, since we obtain sp{N, B2} = sp {N,Bg}, we have that g is (1,3)-
Bertrand-direction curve of a.

= (roN — (pk — r7)Bs), (31)

O

Moreover, since « is a (1,3)-Bertrand curve, by Definition 1, its (1,3)-Bertrand
partner curve [ has the parametric form 3(s) = a(s) + zN(s) + tBa(s) where z, t
are constant real numbers. Differentiating that with respect to s and using the
equality T' = pT + r By, we have pT + 7By = (1 — zk)T + (27 — to) By which gives
that kz = 1 —p. If z = 0, we get p = 1. But this is a contradiction since p? +7r2 =1
and 7 # 0. Then, k = (1 — p)/z is a non-zero positive constant and we have the
followings.

Corollary 1. No C*-special Frenet curve in E* with non-constant first curvature
K is a (1,3)-Bertrand-donor curve.

Corollary 2. If the special Frenet curve o : I — E* is a (1,3)-Bertrand-donor
curve, then there exists a linear relation c1T + coo0 = k where c1, co, k # 0 are
constants and Kk, 7,0 are Frenet curvatures of a.

Corollary 3. Let 8 be (1,3)-Bertrand-direction curve of a. Then the relations
between Frenet apparatus are given as follows

_ _ _ € _ 1
T=pT +7rBy, N=e; (AN + puBs), By = E—l(rT—pBl), By = 5f(,u\r—ABQ),
2 2
(33)
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2 2
ro — X))k —prr
l%:<517>07 7,_:52(1) )\)T P

>0, 7=c(ure+pr)+pro), (34)
where r, @, A\, p are non-zero real constants and e1 = £1, e = +1.
Since we have p2 +r2 =1, A2 + 42 =1, from we also have,

T = pTJrz—;rBl, N = e AN +e9uBo, By = rT — z—;pBl, By = e1uN —e3\By. (35)

Example 1. Let consider unit speed special Frenet curve a(s) given by

1 . 1 1 . 1
a(s) = 7 §Sln2s7 —3 cos 2s, gsis, ~3 cos3s| . (36)

The Frenet vectors of a(s) are obtained as

1
T(s) = — (cos2s, sin2s, cos3s, sin3s), (37)

V2

1
N(s) = 75 (—2sin2s, 2cos2s, —3sin3s, 3cos3s), (38)
1 . .
Bi(s) = 7 (cos2s, sin2s, —cos3s, —sin3s), (39)
1 . .
Bsy(s) = Wi (—3sin2s, 3cos2s, 2sin3s, —2cos3s), (40)

respectively. Then the curvatures are

V26 5v/26 6126
, T= , 0= . (41)
2 26 13

For real constants

1 2v2 262 12

3 \/(5+26\/§)2+144’ V(5+26v2)" + 144

the conditions (6)), (7) and hold. Then «a(s) is a (1,3)-Bertrand-donor curve.
From (33), (1,3)-Bertrand-direction curve 3 of o(s) is obtained as

B(s) = L (M §in2s + ¢y, —2Y24L 00695 4 0y
WA : (43)

+2\/?:$ sin 3s + c3, —2‘/271 cos 3s + 04)

where ¢;; (1 < i < 4) are integration constants.
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4. GENERALIZED INVOLUTE-EVOLUTE-DIRECTION CURVES IN E*4

In this section, we will consider a new type of curve pairs. In ref. [7], the authors
defined (1,3)-evolute curve and (0,2)-involute curve in E* as given in Definition
2. Now, we will show that similar definitions for (1,3)-evolute curve and (0,2)-
involute curve in E* as direction curves don’t exist, i.e., there are no (0,2)-involute-
direction curves and (1,3)-evolute-donor curves. For this purpose, let assume the
converse, i.e., suppose that (0,2)-involute-direction curves and (1,3)-evolute-donor
curves exist. Let a = a(s) be a special Frenet curve in E* with arc-length parameter
s and X (s) be a unit vector field in the form Eq. . Let the special Frenet curve
v(3) : I — E* be an X-direction curve of a. The Frenet vectors and curvatures
of a and v be denoted by {T, N, By, B2}, &, 7, 0 and {T,N, By, By}, &, 7, &,
respectively and let any Frenet vector of o does not coincide with any Frenet vector
of 7. By the assumption, let v be a (0,2)-involute curve of «. Since also 7y is
direction curve of « let we call v as (0,2)-involute-direction curve of a and « as
(1,3)-evolute-donor curve of 4. Then, the Frenet planes spanned by {T, B;} and
{]\7 , BQ} coincide and we have,

sp{T,Bl}:sp{]\_f,Bg}, sp{N,Bg}:sp{T,Bl}. (44)
Similar to the (1,3)-Bertrand-direction curves, since « is an integral curve of X(s)
and X (s) is unit, for the arc-length parameter 5 of v we have § = f; % ds =

fos ds = s. Then, hereafter the prime will show the derivative with respect to s.
Theorem 3. No C*°-special Frenet curve in E* is a (1,3)-evolute-donor curve.

Proof. First, we will show that if such curves exist, then the special Frenet curve « :
I — E* is a (1,3)-evolute-donor curve if and only if there exist non-zero constants
b, d, x1, x5 such that

V4+d*=1, 21 +235=1, (45)
do — br = . (46)

Z1
(d* — 22)k — 1297 # 0. (47)

For this purpose, let define a unit vector valued function X(s) as X(s) =
a(8)T(s) + b(s)N(s) + c(s)B1(s) + d(s)Ba(s) where a(s), b(s), c(s) and d(s) are
differentiable scalar functions of arc-length parameter s. Let the special Frenet
curve v : I — E* be integral curve of X (s) and also be (0,2)-involute-direction
curve of a(s). Then, we have

T(s) = a(s)T(s) + b(s)N(s) + c(s)B1(s) + d(s)Ba(s). (48)

By assumption, T Lsp {T, By }. Then, taking the inner product of with T" and
Bi, we have a(s) = 0, c(s) = 0, respectively, and becomes

T(s) = b(s)N +d(s) Bz, b*(s) +d*(s) = 1. (49)
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Now, differentiating the first equation in with respect to s, it follows
EN = —bkT + V' N + (br — do)By + d' Bs. (50)

Taking the inner product of with N and Bs and considering , we get b =
0, d’' =0, respectively, i.e., b, d are non-zero constants. Also, we have b? +d? =1,
the first equality in .

Now, becomes

KN = —bkT + (b7 — do)B;. (51)

From , it follows
R =/(bk)2+ (br — do)2. (52)

Let define
- —br R br —do . (53)
V (bk)2 + (br — do)? V/ (bk)2 + (br — do)?

Then, becomes

N =o1T+ 2By, 2% +ai=1. (54)

Since, any Frenet vector of a does not coincide with any Frenet vector of 7y, we have
x1 # 0, xo # 0. Differentiating the first equation in with respect to s, we get
— KT + 7By = 2)T + (v1k — 227)N + 25 B; + 120 Bs. (55)

Taking the inner product of with T and By, we get 27 = 0, z}, = 0, respec-
tively, i.e., x1, 2 are non-zero real constants. Then, from , we have the second
equality in (45)).

Moreover, from and , it follows

1R = —bk, X9k = b1 — do, (56)
which gives us do — br = 72bk, we get (46]).
Now, writing (49)) and (56| in (55 gives

= (d? — 23)k — w1227 —bdk + x1290

7B, = . N + o Bs. (57)
From , we get
ox1d = x1b7 + T2bkK. (58)
Writing in and using , we have,
7B, = ¢ (N - ZBQ> , (59)

where
(d? — 23)k — 21227

¢= - (60)

Since B; # 0, it should be (d? — 22)k — x1297 # 0. Then we have ([47).
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Conversely, assume that relations (45)), and hold for some non-zero con-
stants b, d, 1, x2 and « be a special Frenet curve with Frenet frame {T, N, By, B2}
and curvatures k, 7, o. Let define a vector valued function

X(s) =bN(s) + dBs(s), (61)

and let v : I — E* be an integral curve of X(s). We will show that + is a (0,2)-
involute-direction curve of a. Since T'(s) = X (s), differentiating with respect
to s gives

KN = —bkT + (b7 — do)B;. (62)
Writing in , we have
RN = —bk (T + x231> . (63)
T
From , it follows
B bk
K= 5177 (64>
x1
where £; = £1 such that £ > 0. Writing in gives
N = —-& (;C1T + x2B1). (65)
By differentiating with respect to s, we get
N, = —51 ((l’lli—il'QT)N—‘rl'QO'BQ). (66)
Using , and , we have
N'+&T = =L ((v1227 + (25 — d*)k)N + (bdk — z1220)Bs) . (67)
T
Writing in and using , becomes
_ _ 2 d? b
N 4 iT = ¢, T2 = d)n & maaar (N - d32> . (68)
Z1

From and , we have

(22 — d®)k + 21227

7= ||V T = & p #0, (69)
where £, = £1 such that 7 > 0. Then, we get
B = % (N + &T) = % (dN — bBy). (70)
Considering , and , we can define a unit vector
By = — (—2oT + 11By), (71)

1
€2
and the necessary condition det(7T', N, By, By) = 1 for the Frenet frame holds. Using

and , we obtain
& = (B}, By) =&, (dxak + z1(d7 + bo)) . (72)
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If we assume that ¢ = 0, then we have x1(d7 4+ bo) = —dzok. Multiplying that
with b, we get xz1(bdT + b%0) = —bdxok. Since b> = 1 — d?, the last equality
becomes x1 (—d(do — br) + o) = —bdzok. Using (46)), it follows z10 = 0, which is
a contradiction since x1 # 0 and « is a special Frenet curve. Then, ¢ # 0, i.e., yis a
special Frenet curve. Consequently, since b, d, x1, xs are non-zero constants, from
(61), (65), and (71)), we get sp{T, B1} = sp{N, B2} and no Frenet vectors of
« and v coincide. So, we have that ~ is (0,2)-involute-direction curve of «.

Furthermore, from Definition 2, the parametric form of v is v(s) = a(s) + (¢ —
s)T(s) + kBi(s) where ¢, k are real constants. Differentiating that with respect to
s and using the equality T = bN + dBs, we have

bN + dBy = ((¢ — s)k — k1) N + ko Bs

which gives that
k(c—s)=b+kr, ko=d. (73)

From — and , we have that if the special Frenet curve o : I — E* is a
(1,3)-evolute-donor curve then there exists a linear relation

C3k +C4T =0 (74)

where c3, ¢4, 0 are non-zero constants and k, 7, o are Frenet curvatures of c. From
(74), we have that if x (or respectively 7) is constant, then 7 (or respectively
r) must be constant. But considering (73)), it follows if the first curvature s (or
respectively 7) is constant, then 7 (or respectively ) is always non-constant which
is a contradiction and that finishes the proof. O

5. CONCLUSIONS

There is no Bertrand curves in E* given by the classical definition that Bertrand
curves have common principal normal lines. Then, a new type of Bertrand curves
have been introduced in [12] and called (1,3)-Bertrand curves. We considered this
definition with integral curves and define (1,3)-Bertrand-direction curves and (1,3)-
Bertrand-donor curves. Necessary and sufficient conditions for a curve to be a (1,3)-
Bertrand-donor curve have been introduced. Moreover, we investigated whether
(1,3)-evolute-donor curves in E* exist and show that there is no (1,3)-evolute-donor
curve in E*.
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A STUDY ON SET-CORDIAL GRAPHS

Sudev NADUVATH
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ABSTRACT. For a non-empty ground set X, finite or infinite, the set-valuation
or set-labeling of a given graph G is an injective function f : V(G) — P(X),
where P(X) is the power set of the set X. In this paper, we introduce a new
type of set-labeling, called set-cordial labeling and study the characteristics of
graphs which admit the set-cordial labeling.

1. INTRODUCTION

For all terms and definitions, not defined specifically in this paper, we refer to [11]
and for further terminology on graph classes, we refer to [3]. Unless mentioned
otherwise, all graphs considered here are undirected, simple, finite and connected.

After the introduction of the notion of S-valuations of graphs in [§], studies on
graph labeling problems have emerged as a major research area. It is estimated that
more than two thousand research articles have been published since then. Interested
readers may refer to [6] for a detailed literature and for further investigation on
graph labeling problems.

As an extension of the number valuation of graphs, the notion of set-indexers of
graphs has been introduced in [1] as an injective set-valued function f : V(G) —
P(X) such that the induced function f* : E(G) — P(X)—{0}, defined by f*(uv) =
f(u)xf(v) is also injective, where X is a non-empty set, P(X) is the power set of
X and x* is a binary operation between the elements of P(X). Note that in the
literature, * is the symmetric difference of two sets. In [1], it is proved that every
graph admits a set-indexer.

In this paper, a set-labeling of a graph G is an injective function f : V(G) —
P(X). Motivated by the studies on the number valuations and set-valuations of
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graphs, mentioned above, in this paper, we introduce a particular type of set-
labeling called set-cordial labeling and study the characteristics of graphs which
admit this type of labeling.
2. SET-CORDIAL GRAPHS
We define the notion of the set-cordial labeling of a graph as follows:

Definition 1. Let X be a non-empty set and f : V(G) — P(X) be a set-labeling
defined on a graph G. Then, f is said to be a strict set-cordial labeling or simply,
a set-cordial labeling of G if |f(v;)| — |f(v;)] = £1 for all v;v; € E(G). A graph
which admits a set-cordial labeling is called a set-cordial graph.

Definition 2. The minimum cardinality of a ground set X with respect to which
a given graph G admits a set-cordial labeling is called the set-cordiality index of G,
denoted by ¢(G).

An illustration of set-cordial graphs is provided in Figure [f}

{1,3}
{3} {4}

{2,3} 0

{2} {1}
{1,2}
FIGURE 1. An illustration to a set-cordial graph.

In Figure ] it can be noticed that the set-cordial index of the graph G is 4 as
the minimal ground set is X = {1,2,3,4}.

Next, we discuss the admissibility of set-cordial labeling by certain fundamental
graph classes. In order to consider set-cordial labelings on paths on n vertices, we
first show that the hypercube graph @, contains a Hamiltonian path.

Lemma 1. Every hypercube graph Q, contains a Hamiltonian path. Furthermore,
if n > 2, then Q, has a Hamiltonian cycle.

Proof. We first observe that Q; = K5 and hence Qs itself is a Hamiltonian path.
For any positive integer n > 2, let v1 — vg — ... — van—1 be the list of vertices in a
Hamiltonian path in @,_1. Then, the list of vertices

(’Ubo)a (UQa 0)7 LN (UQ"_170>7 (UQ"_lu 1)7 (U2n_1—17 1)7 SERE) (027 1)7 (’U17 1)
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is a Hamiltonian path in @,,, and the list of vertices

(v1,0), (v2,0), ..., (van-1,0), (van-1,1), (Vgn-1_1,1), ..., (va, 1), (v1,1), (v1,0)

is a Hamiltonian cycle in @,, as required. O

Recall that a connected bipartite graph G with bipartition (X,Y), is called
Hamilton-laceable (see [9]), if it has a u—v Hamiltonian path for all pairs of vertices
u € X and v € Y. The hypercube @Q,, is a bipartite Cayley graph on the Abelian
group Z% = [ Z2 with the natural generating set S = {(1,0,0,...,0),(0,1,0,...,0),

n

...,(0,0,0,...,0,1)}. Tt is proved in [4] that a connected bipartite Cayley graph
on an Abelian group is Hamiltonian laceable.

In view of the above-mentioned concepts, the following theorem discusses the
admissibility of set-cordial labeling by a path and the corresponding set-cordiality
index.

Theorem 1. Every path P, is set-cordial. Furthermore, <(P,) = [logy n].

Proof. Let P, denotes a path of order n, whose vertices are consecutively named
by v1,va,...,v,. Let X = {x1,22,...,2,-1} be the ground set for labeling. Start
labeling the vertex v; by the empty set (). For 2 < i < n, label vertices v; by the set
{x1,22,...,2;-1}. Clearly, f(vit+1) — f(v;) = {z;—1} for 0 < i < n — 1. Therefore,
f is a set-cordial labeling of P,.

Let k = [logyn]. Then n < 2% < 2n. By Lemma let v1,va,...,v9r be the list
of vertices in a Hamiltonian path in the hypercube Q. Let X = {1,2,3,...,k}.
We can identify each vertex of @) with a unique element in P(X) and hence we
identify the path P, with the subpath v; —vo—...—v, in Q. Thus, the set-labeling
on P, given by f(v;) = v; is a set-cordial labeling on P,. Since n > 2¥~1  there is
no set-labeling on P, that uses a ground set with fewer than k elements. Hence,
¢(Pn) = k = [logyn]. This completes the proof. O

Theorem 2. A graph G admits a set-cordial labeling if and only if G is bipartite.

Proof. Let G be a bipartite graph with bipartition (X,Y). Choose the set N of
natural numbers as the ground set for labeling. For any positive integer k, assign
distinct k-element subsets of N to distinct vertices in X and distinct (k4 1)-element
subsets of N to distinct vertices in X. Clearly, this labeling is a set-cordial labeling
of G.

Conversely, assume that G is a set-cordial graph and let f: V(G) — P(A) be a
set-cordial labeling on G. Let X and Y be the partite sets of G defined by

X {v e V(G) : |f(v)] is even; and}
Y {veV(G):|f(v)] is odd}.

Let u,v € X. Since f(u) and f(v) have an even number of elements, |f(u)| —
|f(v)] is even. Thus, |f(u)| — |f(v)] # £1. Hence, X is an independent set. A
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similar argument shows that Y is also an independent set. Since V(G) = X UY,
G is bipartite, completing the proof. ([

The following theorem characterises the cycles which admit set-cordial labeling.

Theorem 3. A cycle C, admits a set-cordial labeling if and only if n is even.
Furthermore, ¢(P,) = [log, n].

Proof. First part of the theorem is an immediate consequence of Theorem[2] Hence,
we shall now determine the set-cordiality index of cycles. By Lemmal[l] let v1, vo, . .., vgr
be the list of vertices in a Hamiltonian path in the hypercube Q. Let X =
{1,2,3,...,k}.

Let n = 2m,m € Ny and k = [logyn]. Then, by Lemma [I} we have a list of
vertices

(Ulao)a (U270)7 ceey (UQ’C*%O)’ (UQkfla 1)7 (UQkfl—la 1)7 ceey (v27 1)7 (vla 1)7 (Ulao)a

which are in a Hamiltonian path in ), where vy, vs,...,v9:—1 are the vertices in
the Hamiltonian path in the hypercube Qr_;. Also, we can identify a cycle of
length n = 2m in Qj, whose vertices are

(v1,0), (v2,0),..., (Vm-1,0), (Vim,0), (Vm, 1), (Vm—-1,1),..., (v2, 1), (v1, 1), (v1,0).

Now, let X = {1,2,3,...,k}. As explained in the proof of Theorem [l} we can
identify each vertex of Q) with a unique element in P(X) and hence we identify
the cycle C,, with the sub-cycle in Q. Thus, the set-labeling on C,, given by
f(vi,j) = (vi,5) is a set-cordial labeling on C,,. Since n > 2¥~! in this case also,
we have no set-labeling on C,, that uses a ground set with fewer than k elements.
Hence, ¢(Cn) = k = [logy n|, completing the proof. O

In view of Theorem [2| we notice that graphs consisting of odd cycles will not
admit set-cordial labelings. Therefore, the fundamental graph classes like wheel
graphs, friendship graphs and helm graphs do not admit a set-cordial labeling.
Also, we note that a complete graph K,, admits a set-cordial labeling if and only if
n < 2.

Suppose that a and b are positive integers such that a < b. Let o = a(a,b) be
the smallest positive integer such that

2a 2a 2a
a < and b < + .
o a—1 a+1
Similarly, define 5 = ((a,b) as the smallest positive integer such that
28+1 280+1 28 + 1)
< and b < + .
“—<ﬁ+1) ! —( 8 ) (6+2

Using the above notations,the set-cordiality index of a complete bipartite graph
is determined in the following theorem.
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Theorem 4. A complete bipartite graph Kqp, where a < b, admits a set-cordial
labeling. Furthermore, ¢(Kq4p) = min{2a, 25 + 1}.

Proof. Let (A, B) be the bipartition of K, ; such that |A] = a < |B| = b. Assume
that f is a set-cordial labeling of K, ; with respect to the minimal ground set X.
Then, f(v;) can be an empty set, a single set or a 2-element set. We try to label
the vertices of A by singleton subsets of the ground set X and label one vertex of
B with empty set and other vertices by 2-element subset of X. This labeling is
possible only when b — 1 is less than or equal to the number of 2-element subsets

of the set |J f(v). If this condition holds, then f is a set-cordial labeling which
vEA
yields the minimum ground set |J f(v). If this condition does not hold, we cannot
vEA
label the vertices in A by singleton subsets of X and as a result, the vertices of

B must be labeled by singleton subsets of X. In this case, a — 1 will be less than

the number 2-element combinations of the set |J f(v) and f will be a set-cordial
vEB
labeling of K, .
Now, we shall determine the set-cordiality number of K, ;. Here, the following
two cases are to be addressed.

Case-1: Let n be even, say n = 2m,m € Ny. Let X be a set containing n = 2m
elements, and let f : V(K,,) — P(X) be a set-cordial labeling on K, ;. Suppose
that there exists a vertex ug in one partite set of K, ; such that |f(uo)| = k, and
there exist vertices vg and wy in the other partite set of K, p such that | f(vo)| = k—1
and |f(wo)| = k+ 1. Since |f(u)| — |f(vo)] = £1 and | f(u)| — | f(wo)| = %1 for all
u in the first partite set, we have |f(u)| = k, for all u in the first partite set. Since
|f(v)]—=1|f(uo)| = £1, for all v in the second partite set, we have either |f(v)| = k—1
or |[f(v)]=k+ 1. Since a < b and

(V)= () + ()

we have

Since for all 1 < k < 2m — 1,

<2m> (Zm)
< b
k)]~ \m
we have k = m. Thus, (K, ) = 2m = 2a.
Case-2: Let n be odd, say n = 2m + 1,m € Ny. Let X be a set containing
n =2m+1 elements and let f : V(K, ) — P(X) be a set-cordial labeling on K, .

An argument similar to that in the above paragraph shows that we have | f(u)| = k,
for all u in one partite set, and either |f(v)] =k —1 or |f(v)] = k+ 1 for all v in
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the other partite set. Since a < b and
2m + 1 < 2m + 1 n 2m +1 ,
k —\ k-1 k+1
2m+1 2m+1 2m+1
< < .
() mavs (05 + (00
Since for all 1 < k < 2m,
2m + 1 < 2m +1
k “\m+1)’

we have k = m + 1. Thus, ¢(K, ) =2m + 1 =28+ 1. From, the above two cases,
we have ¢(K, ) = min{2«, 28 + 1}, completing the proof. O

we have

Figure [2] illustrates a set-cordial labeling of a complete bipartite graph K¢ 7, with
respect to the ground set X = {1,2,3,4}.

{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}

FIGURE 2. An illustration to a set-cordial labeling of K 7.

3. GLUTTING NUMBER OF A GRAPH

As a consequence of Theorem [2| non-bipartite graphs do not admit a set-cordial
labeling. But, by the removal of certain edges from the graph will make the graph
set-cordial. Hence, we have the following notion:

Definition 3. The glutting number of a graph G, denoted by £(G), is the minimum
number of edges of G to be removed so that the reduced graph admits a set-cordial
labeling.

In view of Theorem 2 we note that the glutting number of a bipartite graph is
0. Therefore, £(P,) = 0.
The following discusses the glutting number of a cycle C),.
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Proposition 1.

0; ifn is even
g(Cn) = o .
1; if n is odd.

Proof. The proof is straight forward from Theorem [3 (I

We shall now discuss the glutting number of certain fundamental graph classes.
Recall that a wheel graph is defined by Wi, = K; + C,,. The following result
discusses the glutting number of a wheel graph.

.. T if n is even,
Proposition 2. £(Wy,) {n;l if n is odd
Proof. Note that every edge incident on the central vertex of Wj, is contained
in exactly two triangles of W ,. So, removal of any such edge will result in the
removal of two triangles in W,,. Also, there are n triangles in Wy ,,. Here, we have
to address the following two cases:

Case-1: Let n be even. Then, we need to remove 3 edges incident on the central
vertex to make the graph triangle free. Then, the reduced graph has girth 4 and
has no odd cycles. Hence, in this case, {(W1,,) = 5.

Case-2: Let n be odd. Then, the outer cycle (), is an odd cycle and hence one
edge, say e, must be removed from C),,. Now, there exist n — 1 triangles in the
graph W, — e. Since, n — 1 is even, we need to remove ”;1 edges from W,, — e to
make it triangle free. After the removal of this much edges, the reduced graph has
girth 4 and has no odd cycles (see Figure |3} for example). Therefore, in this case,

§Wn) =1+ 251 = 234 =

A helm graph H; ,, is the graph obtained from a wheel graph W ,, by attaching
one pendant edge to each vertex of the outer cycle C,, of W,,. Then, we have

2, ifn is even;
Proposition 3. {(H;,) = {2_1_1 S 7
5= if n is odd.

Proof. The proof is exactly as in the proof of Theorem O

A closed helm CH, ,, is the graph obtained from a helm graph H,, by joining the
pendant vertices of H,, so as to form an outer cycle of length n. Then, we have
; if n is even;

Proposition 4. ((H,) = {3’

%3 if n is odd.

Proof. In CH,, the central vertex is contained in all triangles. Hence, the only
thing to be noted here is that if n is odd, we need to remove one edge each from
inner and outer cycles. Then, the proof is exactly as in the proof of Theorem[2] O

The following theorem determines the glutting number of a complete graph K,.
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1 o). . )
Theorem 5. ¢((K,) = 411”(” 22), %fn %s even;
i(n—1)% ifn is odd.

Proof. Consider the complete graph K,,. Let G be a spanning subgraph of K,, such
that {(K,,) = |E(K,)| — |E(G)|. By Theorem [2} G is bipartite. Since |E(K,)| —
|E(G)| is a minimum among all bipartite spanning subgraphs G of K,, G is a
complete bipartite spanning subgraph of K,,. Let A and B be partite vertex sets
of G such that |A| = k and |B| = m — k. Since A and B are independent sets in
G, we have

k:(k:—l)—l—%(n—k:)(n—k—l)

)

Here, we have to address the following cases:

Case-1: Let n even. Thus, there exists a positive integer m such that n = 2m.
Then, £(K,) = n? —n + (k —n)?. This value is a minimum when k = m. Thus,
§(K,) =m? —m= "1,

Case-2: Suppose n is odd. Let m be the positive integer such that n = 2m + 1.

Then, (K,) =n?— 1+ (k—n— %)% This value is a minimum when either k = m

or k=m+ 1. Thus £(K,) =m? = %. This completes the proof. O

DN =

§(Kn)

ISES

4. SOME VARIATIONS OF SET-CORDIAL LABELING

Definition 4. Let X be a non-empty set and f : V(G) — X be a set-labeling
defined on a graph G. Then, f is said to be a weakly set-cordial labeling of G if
|| f(vi)| = |f(vj)]| <1 for all v;u; € E(G). A graph which admits a set-cordial
labeling is called a weakly set-cordial graph.

Theorem 6. Every graph G admits a weakly set-cordial labeling.

Proof. If G is bipartite, the theorem follows by Theorem So, let G be a non-
bipartite graph. Let I and be a maximal independent of GG. Then, it is possible to
choose the ground set X, sufficiently large, in such a way that
(i) all vertices in G — I can be labeled by distinct singleton subsets of X,
(ii) one vertex of I is labeled by the empty set and other vertices can be labeled
by distinct 2-element subsets of X.

Clearly, this labeling will be a set-cordial labeling of G, completing the proof. O
Observation 7. It can be noted that the glutting number of G is equal to the

number of edges wv in G having ||f(u)| — |f(v)|| = 0, with respect to a weakly
set-cordial labeling f.

Figure [3| depicts a weakly set-cordial labeling of a wheel graph. The dashed lines
represent the edges uv with | |f(u)| — |f(v)|]| = 0.
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{wa}

{$27$3}

{xl,xz}

F1GURE 3. A weakly set-cordial labeling of a wheel graph.

5. CONCLUSION

In this article, we have introduced a particular type of set-labeling, called set-
cordial labeling, of graphs and discussed certain properties of graphs which admits
this type type of labeling. A couple of new graph parameters, related to the set-
cordial labeling have also been introduced. These graph parameters seem to be
promising for further studies. The set-cordial labeling of the operations, products
and certain derived graphs of given set-cordial graphs can also be studied in detail.
The newly introduced parameters can also be studied. All these facts highlight the
wide scope for further research in this area.
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ABSTRACT. We aim to find the complements of the Bennett-Leindler type
inequalities in nabla time scale calculus by changing the exponent from 0 < ¢ <
1 to ¢ > 1. Different from the literature, the directions of the new inequalities,
where ¢ > 1, are the same as that of the previous nabla Bennett-Leindler type
inequalities obtained for 0 < ¢ < 1. By these settings, we not only complement
existing nabla Bennett-Leindler type inequalities but also generalize them by
involving more exponents. The dual results for the delta approach and the
special cases for the discrete and continuous ones are obtained as well. Some
of our results are novel even in the special cases.

1. INTRODUCTION

The theory of inequalities containing series or integrals has been shown to be of
great importance due to their effective usage in differential equations and in their
applications after the celebrated discrete and continuous inequalities of Hardy have
been obtained. In 1920, when Hardy [24] tried to find a simple and elementary
proof of Hilbert’s inequality [32]

oo 00 e 00 1/2 00 1/2
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2020 Mathematics Subject Classification. Primary 34N05; Secondary 26D10; 26D15.
Keywords. Time scale calculus, Hardy’s inequality, Bennett’s inequality, Leindler’s inequality.
Corresponding author: & zeynepkayar@yyu.edu.tr; “= 0000-0002-8309-7930

& billurkaymakcalan@gmail.com; “2 0000-0002-0763-9128

(©?2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

349



350 7. KAYAR, B. KAYMAKCALAN

o0 o0
where a,,, ¢, > 0 and Z a?, and Z ¢2 are convergent, he showed the following
m=1 n=1
pioneering discrete inequality

Z(nZ“) <(5) Tean =0 o 0

and pioneering continuous inequality for a nonnegative function I' and for a real
constant { > 1, as

/OOO (1 /Otr(s)ds>cdt < (CEI)C/OOO ¢ (8)dt, @)

where / I'S(t)dt < co. In fact, Hardy only stated inequality in [24] but did

0
not prove it. Later in 1925, the proof of inequality , which depends on the
calculus of variations, was shown by Hardy in [25].

¢
The constant (é) that appears in the above inequalities also has been found
as the best possible one, since if it is replaced by a smaller constant then inequalities
and are not fulfilled anymore for the involved sequences and functions,
respectively.
Hardy et al. |26, Theroem 330] developed inequality and derived the following

integral inequality for a nonnegative function I' as

W () ¢ |° e
/O . dt<‘9_1‘/0 D >, 3)

¢
/ I(s)ds, if#>1,
where U(t) = (NS

I(s)ds, if6 < 1.

The exhibition (t)f the results containing the improvements, generalizations and
applications of the discrete and continuous Hardy inequalities can be found in the
books [7}[26132[33]|38] and references therein.

Since various generalizations and numerous variants of the discrete Hardy in-
equality exist in the literature, all of which can not be covered here, we only
focus on the extensions which have been established by Copson [15, Theorem 1.1,
Theorem 2.1]. We refer these inequalities as Hardy-Copson type inequalities. The
discrete Hardy inequality or Copson’s discrete inequalities were generalized
in [9,/14,/34H37] and references therein.

The investigation of the reverse Hardy-Copson inequalities, which are called
Bennett-Leindler inequalities, were started almost at the same time with the origi-
nal inequalities.
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The first reverse discrete Hardy-Copson inequalities were obtained by Hardy and
Littlewood [23] in 1927 for 0 < ¢ < 1 without finding the best possible constants.
Then Copson [15], Bennett [10] and Leindler [35] established discrete Bennett-
Leindler inequalities by means of the following: Assume that the sequences z and
h are nonnegative. If 0 < { < 1, then

¢
mi_l [G% ]ihu)z(j) > cﬁgzm)h%m) Cm) ", 0<o<t,

: (1)

where G(m) = Zz(j) and
> @(;”‘))}9 S| > = 32 2mném @] 0 <0
5)

andfor0<L§Z(;§Ti>l),

¢

=~ z(m - ‘X i
> [Gfms]g Zh(j)z(j) > <0L<1> > z(m)né(m) [Gm)]*™", 6>1.
(6)

There are some results in [36] about the reverse discrete Hardy-Copson inequalities
different than the above ones and in [19] about finding conditions on the sequence
z(m) for 0 < ¢ < 1 to obtain best possible constant.

The following results are interesting due to the fact that in contrast to the
literature, discrete Bennett-Leindler inequalities were obtained for ¢ > 1, which
is the same interval as for the Hardy-Copson inequalities. In 1986, Renaud [45]
established the following discrete Bennett-Leindler inequality for the nonnegative
and nonincreasing sequence h(m) whenever ¢ > 1 as

¢
> (S| =203 Kom), (7)
m=1 j=1 m=1

where Z(() is Riemann-Zeta function.

Similar to the discrete Hardy inequality , the continuous versions or
have attracted many mathematicians’ interests and expansions of these continuous
inequalities have appeared in the literature. The first continuous refinements were
obtained by Copson [16, Theorem 1, Theorem 3] and after these results many papers
were devoted to continuous analogues and continuous improvements of the discrete
Hardy-Copson inequalities, see [8,27,/39,41}/42].
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The first continuous Bennett-Leindler inequality, which is the reverse version of
the continuous Hardy-Copson inequality , when 0 = (, was established in [26,
o0

Theorem 337 for 0 < ¢ < 1 and for H(t) = / h(s)ds as

> @dt > (<>C /OO RS (t)dt, h(t) > 0. (8)

o ¢ “\1-¢/ o
Then Copson derived continuous analogues of the discrete Bennett-Leindler in-
equalities and @7 which are called continous Bennett-Leindler inequalities,

in |16, Theorem 4, Theorem 2], respectively, for z(t) > 0 and h(t) > 0 and
t t

G(t) = / z(s)ds, H(t) = / 2(s)h(s)ds, H(t) = /OO z(s)h(s)ds in the follow-
ing manngrs: fo<¢<i, 0 2 1 then '
by ¢
/0 [G((;)]G[H(t)]cdtz (159> /0 2B)[GW)]hS(t)dt, 0<b<oco. (9)
fo<(<1<86, a>0,then

(b ¢\ [
/ [G(t)]G[Hu)thz(H) | soreron o

Unlike the above classical results, for ¢ > 1, the continuous counterpart of the
discrete Bennett-Leindler inequality (7)) was obtained in [45] as follows: Let ¢ > 1
and for nonnegative and decreasing function h, we have

/OOO ti( [/Ot h(s)ds} C dt > % b RS (t)dt. (11)

- 0

Following the development of the time scale concept [64|12}/13}/20}21], the analysis
of dynamic inequalities have become a popular research area and most classical
inequalities have been extended to an arbitrary time scale. The surveys [1,46]
and the monograph [3] can be used to see these extended dynamic inequalities
for delta approach. Although the nabla dynamic inequalities are less attractive
compared to the delta ones, some of the nabla dynamic inequalities can be found
in [5,[111[221[40.[43].

The growing interest to Hardy-Copson type inequalities take place in the time
scale calculus as well and delta unifications of these inequalities are established in
the book [4] and in the articles [2,|18}/44}|47,/48]/50-54] whereas their nabla counter-
parts and extensions can be seen in [29H31] for ¢ > 1.

In the delta time scale calculus, the reverse Hardy-Copson type inequalities,
which are called delta Bennett-Leindler inequalities, can be found in [17)47,49,54,55]
for 0 < ¢ < 1. These results are unifications of discrete and continuous Bennett-
Leindler inequalities mentioned above except the ones in |45]. In addition to delta
calculus, the above discrete and continuous Bennett-Leindler inequalities can be
unified by nabla calculus and the previous reverse Hardy-Copson type inequalities
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can be obtained for the nabla case, see [28] for 0 < ¢ < 1. Then these inequalities
are called nabla Bennett-Leindler inequalities.

For our further purposes, we will show the nabla Bennett-Leindler inequalities
established for 0 < ¢ < 1 in 28] and use them in the sequel. As is customary, p
denotes the backward jump operator and f°(t) = (f o p)(t) = f(p(t)).

The following theorem presented in |28, Theorem 3.1] asserts a nabla analogue of
the delta Bennett-Leindler type inequalities given in |55, Theorem 2.1] for 0 < ¢ < 1.

Theorem 1. [28] For nonnegative functions z and h, let us define the functions

G(t) = /too 2(s)Vs and H(t) = /t z(s)h(s)Vs. If 0 <0< ¢ < 1, then

H)Vt> [ —— YR ()[GP ()] VL. 12
| aaatrnsvez (£55) [ ooty a2
The following theorem presented in |28, Theorem 3.9] asserts a nabla analogue of
the delta Bennett-Leindler type inequalities given in |55, Theorem 2.3] for 0 < ¢ < 1.
Theorem 2. [28] For nonnegative functions z and h, let us define the functions
t o)
G(t) :/ 2(s)Vs and H(t) :/ z(s)h(s)Vs. If 0 <0 < ¢ < 1, then
a t
oo Z(t) — < ¢ )C/oo - 0
L [H (t)°Vt > | —— 2()RS (1) [G(1)]S V. 13
/a [G(t)]e[ I ’ (®)h°@)[G(1)] (13)

The following theorem presented in |28 Theorem 3.12] asserts a nabla analogue of
the delta Bennett-Leindler type inequalities given in |55, Theorem 2.4] for 0 < ¢ < 1.

Theorem 3. [28] For nonnegative functions z and h, let us define the functions

o o _ LG
G(t) —/a z(s)Vs and H(t) = /a z(s)h(s)Vs. For L = %Ielﬁfr o) >0,if0< (<
1 <6, then
0] CLY ¢ [ N
| e (557) [ sonomerse ay

The following theorem presented in |28, Theorem 3.4] asserts a nabla analogue of
the delta Bennett-Leindler type inequalities given in [55, Theorem 2.2] for 0 < ¢ < 1.

Theorem 4. [28] For nonnegative functions z and h, let us define the functions
oo

G(t) = /too 2(s)Vs and H(t) = /t z(s)h(s)Vs. If 0 < ¢ <1< 0, then

o) Py _ ¢ o
/ [Gp((tt))]e[H”(t)FVt2<e—C1)/ ARED[GPW)IVE (15)

Although delta and nabla Bennett-Leindler type inequalities for the case 0 <
¢ < 1 have been deeply analyzed, the case ¢ > 1 has been investigated neither
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via nabla and delta approaches nor for continuous and discrete cases. Hence the
main aim of this article is to complement aforementioned Bennett-Leindler type
inequalities obtained for 0 < ¢ < 1 to the case ¢ > 1 by using nabla and delta
time scale calculi without changing the directions of the inequalities derived for
0 < ¢ < 1. We preserve the directions of the known inequalities since otherwise
we obtain the reverse Bennett-Leindler type inequalities, which are called Hardy-
Copson type inequalities and have already been established for the case ¢ > 1
in delta [53] and nabla settings [29]. Our results are inspired by the papers [28]
and [55] which contain nabla and delta Bennett-Leindler type inequalities for the
case 0 < ¢ < 1. We notice that the cases § < 0 and 6 > 1 were considered in [28]
and [55] while the case 0 < 6 < 1 was not investigated therein. By taking account
of another constant > 0, we not only generalize the nabla and delta Bennett-
Leindler type inequalities presented in [28] and [55] for n > 0, but also complement
them from the case 0 < ¢ < 1 to the case ( > 1. Furthermore novel discrete
and continuous Bennett-Leindler type inequalites, which are complementary and
generalized inequalities of inequalities -, are established for { > 1 and > 0.

The organization of this paper can be seen as follows. The nabla time scale
calculus and its main properties are introduced in Section 2. The delta version can
be obtained similarly. The contribution of Section 3, which includes the main result,
is to extend the recently developed nabla and delta results, which were established
for 0 < ¢ < 1 and presented in [28//55], to the case ¢ > 1 by using the properties of
nabla and delta derivatives and integrals. Then the special cases of the nabla and
delta ¢ > 1 type inequalities, which are continuous and discrete inequalities, are
stated.

2. PRELIMINARIES

This section is devoted to present the main definitions and theorems of the nabla
time scale calculus. The fundamental theories of the delta and nabla calculi can be
found in [6}[12].

If T # 0 is a closed subset of R, then T is called a time scale. If ¢+ > inf T, we
define the backward jump operator p : T — T by p(t) := sup{r <t:7 € T}. The
backward graininess function v : T — R is defined by v(t) :=t — p(t), for t € T.

The V-derivative of I' : T — R at the point ¢t € T, = T/[inf T, o(inf T)) denoted
by I'V(t) is the number enjoying the property that for all ¢ > 0, there exists a
neighborhood V' C T of t € T, such that

T (s) = T(p(t) = LY (£)(s — p(t))] < e|s — p(t)]

for all s € V.
The nabla derivative satisfies the following.

Lemma 1. [6,|12] Let A: T — R and t € T,.
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(1) If A is continuous at a left scattered point t, then A is nabla differentiable
at t with AV (t) = A®) = Ap(®).
v(t)
(2) A is nabla differentiable at a left dense point t if and only if the limit
AV (t) = lim Alt) — Als)
s—t t—s

(3) If A is nabla differentiable at t, then AP(t) = A(t) — v(t)AVY (¢).

exists as a finite number.

A function I' : T — R is ld-continuous if it is continuous at each left-dense points
in T and lim+ I'(s) exists as a finite number for all right-dense points in T. The set
s—t

C14(T,R) denotes the class of real, 1d-continuous functions defined on a time scale
T

If T € Cjy(T,R), then there exists a function I'(¢) such that fv(t) =TI'(t) and
b

the nabla integral of I' is defined by / I'(s)Vs =T(b) — T'(a).

Some of the properties of the nablaaintegral are gathered next.

Lemma 2. [6,|12] Let t1,to,t3 € T witht; <t3 <ty anda,beR. IfAT:T—-R
are ld-continuous, then

1) /t2[aA(s) +BI()] Vs :a/t2A(s)V(s)+b/t:2 I'(s)Vs.

t1 ty
t1

2) A(s)V(s) = 0.

ty
t3

tz tl

3) A(s)Vs +/ A(s)Vs = A(s)Vs = —/ A(s)Vs.
tl tg tl t2

4) integration by parts formula holds:

to

to

/ ATV (5)Vs = Alto)D(ta) — A(t)D (1) — / AV (s)T(p(s))Vs.

t1 t1

Lemma 3 (Holder’s inequality). [40] Let t1,ta € T. For A, T € Ciq([t1, t2]T,R) and

for constants k,w > 1 with — + — = 1, Holder’s inequality
kK w
ta ta 1/’i ta 1/w
/ [A(s)T(9)|Vs < [/ |A(s)|“Vs] {/ |F(s)|st} holds true.
t1 t1 (31

1 1
If0< k<1 ork <0 with —+ — =1, then the reversed Holder’s inequality
kK w

/tz |A(s)T(5)|Vs > [/tt |A(s)|”Vs} . Ut |r(5)wvs} Ve (16)

t1 t1

is satisfied.
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Lemma 4 (Chain rule for the nabla derivative). [22] If A : R — R is continuously
differentiable and T : T — R is nabla differentiable, then AoT" is nabla differentiable
and

(AoT)¥(s) = T(s) [ [ e + hu(s)r%))dh} |

3. BENNETT-LEINDLER TYPE INEQUALITIES

In the sequel, we will obtain several Bennett-Leindler type inequalities for non-
negative, ld-continuous, V-differentiable and locally nabla integrable functions z
and h and for the functions G, H, G and H defined in Theorem Theorem

The next theorem, which is proven for ( > 1, n > 0 and n + 6 < 0, provides
complements and generalizations of some of the abovementioned Bennett-Leindler
type inequalities given for 0 < ( < 1, n = 0 and 6 < 0. These previous Bennett-
Leindler type inequalities are listed as follows:

(a) The discrete inequality obtained by Saker et al. [55, Remark 2] or Kayar et
al. [28, Remark 3.3].

(b) The continuous inequality obtained by Saker et al. [55, Remark 1] or Kayar
et al. |28 Remark 3.2].

(¢) The delta counterpart of the nabla inequality in Theorem [1| obtained
by Saker et al. |55, Theorem 2.1].

(d) The nabla inequality in Theorem obtained by Kayar et al. |28 The-
orem 3.1].

Theorem 5. Let the functions z,h,G and H be defined as in Theorem [l For a

constant L1 > 0, assume that Cé:((tt)) < Ly fort € (a,00)r. Let ¢ > 1, n >0 be real
constants. If n+ 6 <0, then we have
(1)
= OO LY Q) [ Db E ]
/a [G(t)]+? vtz 1-n—-10 /a [G(t)]7 0T Vi, (17)
SEOI1Z0) a2 o R TS ) I O VRAT)) 2 00 i
/a WVt = 1—777—9 /a [G(t)]n+0—% Vi.
(18)
(2)
> 2()[HP ()] n+C¢ [ z(OhE)[HP ()]
/a [GP(t)|nt? viz 1-n—-10 /a [G()]7 0T Vi, (19)
=@ (L 9] e an @)t
/a WVt Z ﬁ /a [Gp(t)}n+9—% Vit.
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Proof. The same methodology used in the proof of [28, Theorem 3.1] works for the
proof of this theorem except some steps.

(1) We start by the following equation similar to (3.2) in the proof of 28|
Theorem 3.1] as

© P(£)]n+¢ 00
/a WW = / —u(t) [H" (1] Vi, (21)
B < z(s i
where u(t) = —/t WV& Observe that since n + ¢ > 1,
[HT O] = (0 + Q2RO HP (O], (22)

which is different than (3.3) in the proof of |28, Theorem 3.1]. In our case,
when 7+ 6 < 0, since

Y S z(t) (1 z(t)
(0] 2 =00 = O s 2 000
usingand

® L (s)Vs o _ 717+9 1-n—0(g v S n+6 1-n—06
w(t):/t [()v >/t L™ [GT70(s)] " Vs _ LTT[G(#)]

G(s)]nt? — 1-n—20 B 1—-n—290

in implies the desired result (17)). In order to obtain inequality , we
apply reversed Holder inequality (16]) to inequality with the constants

(2) When the above process is repeated for the left hand side of inequality

oo
with u(t) = — &Vs, the desired results can be obtained.
o [GP(s)]rT?

]

Remark 1. The nabla Bennett-Leindler type inequalities - obtained for
C>1, n7>0and n+6 < 0 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in (28, Theorem 3.1] for0 < (<1, n=0
and 0 < 0.

Corollary 1. From inequalities — obtained by the nabla calculus, we can
get the dual inequalities in the delta setting by replacing G°,G, HP, H presented in
Theorem |1 by G, G, H, H?, repectively, where

G(t):/too z(s)As  and H(t):/ z(s)h(s)As (23)

and o : T — T denotes the forward jump operator defined by o(t) :==inf{r >t:7 € T}
with f7(t) = (foo)(t) = f(a(t)).
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Let z and h be nonnegative functions and G and H be defined as in . For
G(t)

0] < M for t € (a,00)r. In this case for

¢(>1,n>0and n+ 6 < 0, nabla Bennett-Leindler type inequalities —
become nowvel delta Bennett-Leindler type inequalities, two of which obtained from

and can be written as follows

a constant My > 0, assume that

EIOIEI0) N M+ ]S o e @)

/a [G"(tWAtZ[I—n—G / T
and

REGILI0 Gy BT il UES5) R T 01110
[ Feapr ez [Pt L e
respectively.

The delta variants of the nabla Bennett-Leindler type inequalities — 0b-
tained for ¢ > 1, n > 0 and n+ 60 < 0 are complements and generalizations of
the delta Bennett-Leindler type inequalities given in [55, Theorem 2.1] for 0 < { <
1, n=0and 0 <O0.

Remark 2. If the time scale is the set of real numbers, then for allt € R, the back-
ward jump operator results in p(t) =t and Ly =1 in -. Hence inequalities
and as well as inequalities and coincide and their delta versions
become exactly the same inequalities as them. Therefore together with their coin-
cident inequalities, inequalities and reduce to the following inequalities
as

/°° 2(H)[H (t)]"F¢ s +¢ o0 Z(t)h(t)[H(t)]n+<—1dt

[G(t)]+? “1-n-60), [G(t)]r+o-1

and

/Oo 2O { nte T/C /°° A EOHOE

[G(t)]"+? 1-n—90 [G(t)]o—¢

respectively, where { > 1, n > 0 and n+ 0 < 0 and the functions G and H are
defined as

G(t) = /t T ds)ds  and H(t) = / +(s)h(s)ds. (24)

For the continuous case, when 0 < ( <1, n =0 and 0 < 0, the first Bennett-
Leindler type inequalities were established in (55, Remark 1] and [28, Remark 3.2/
for the given aforementioned functions G and H. These inequalities are extended to
the cases ¢ > 1, n > 0 and n+60 < 0 by the above novel continuous Bennett-Leindler
type inequalities.
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Remark 3. If the time scale is the set of natural numbers, then for allt € N, the
backward jump operator results in p(t) =t —1 in —.

oo

Using / z(s)Vs = Z z(k), we have G*(t) = G(t — 1) Zz , where
¢ k=t+1 k=t
oo t
G(t) = Z z(k). Moreover H(t) = Z z(k)h(k). For a constant Ly > 0, let us
k=t+1 k=a+1
G(t—1)
assume that G(t) <Li. Fora=0,(>1, n>0andn+6 <0, in the set of

natural numbers, inequalities (|17] — become novel discrete Bennett-Leindler type
inequalities, two of which obtained from and | can be written as follows

1/¢ «

i 2(BH(E -] [L?+9(n+<) Z ()R () [H (t — 1)]7¢ ¢
= @ T 1-n-0 | = G
and
5o QUG- DI { n+¢ ]1/4 L AL 9]
el G G KA E e ) I e S (CA(2n ) AR
respectively.

For the discrete case, when 0 < ( < 1, n = 0 and 0 < 0, the first Bennett-
Leindler type inequalities were established in (55, Remark 2] and [28, Remark 3.3]
for the given aforementioned series G and H. These inequalities are extended to
the cases ¢ > 1, n >0 and n+ 0 < 0 by the above novel discrete Bennett-Leindler
type inequalities.

The next theorem, which is proven for ( > 1, n > 0 and 0 <7+ 60 < 1, provides
complements and generalizations of some of the abovementioned Bennett-Leindler
type inequalities given for 0 < ( < 1, 7 = 0 and 6 < 0. These previous Bennett-
Leindler type inequalities are listed as follows:

(a) The discrete inequality obtained by Saker et al. [55, Remark 2] or Kayar et
al. [28, Remark 3.3].

(b) The continuous inequality obtained by Saker et al. [55, Remark 1] or Kayar
et al. |28, Remark 3.2].

(c¢) The delta counterpart of the nabla inequality in Theorem [1| obtained
by Saker et al. |55, Theorem 2.1].

(d) The nabla inequality in Theorem obtained by Kayar et al. |28 The-
orem 3.1].

Theorem 6. Let the fuctions z,h,G and H be defined as in Theorem [1 For
GP(t 1
a constant Ly > 0, let us assume that 1 < G((t)) < I. for t € (a,00)y. Let
2
¢>1, n>0 be real constants. If 0 <n+ 6 < 1, then we have
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(1)
> 2(t)[HP (1)) LI+ ¢) [ 2(t)h(t)[HP(£)]7+¢
/a Gr@pT VT o= 0 / = )
> 2(t)[HP(t)] " Lo+ O 1S [ 2(0)hYS (@) [HP (1)]7T¢ ¢
/a Ww > {1—77—9} /a o Vt.  (26)
(2)
> () [HP ()] nHC [ 2()[HP ()]
/a [G(e)]rte ViET T o [G()te Vi, (27)

Vt.  (28)

SOOI O g V0T R @H @)
/a [G(t)]n+9 Vit > |:1—77—9:| A [G(t)]nJrg,%

Proof. The same methodology used in the proofs of [28, Theorem 3.1] and Theorem
[6] works for the proof of this theorem except that for 0 <7+ 6 < 1, we have

0] > (1 - 0)[(}’;()?7”'

O

Remark 4. The nabla Bennett-Leindler type inequalities — obtained for
(>1,n>0and 0 <n+6 <1 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in [28, Theorem 3.1] for0 < (<1, n=0
and 6 < 0.

Corollary 2. From inequalities — obtained by the nabla calculus, we can
get the dual inequalities in the delta setting by replacing GP, G, HP, H presented in
Theorem by G,G?,H, H? defined in , repectively.
Let z and h be nonnegative functions and G and H be defined as in . For
G(t 1
a constant Moy > 0, let us assume that 1 < GU((t)) < — fort € (a,00)r. In
2
this case for ¢ > 1, n > 0 and 0 < n+ 0 < 1, the nabla Bennett-Leindler type
inequalities — become novel delta Bennett-Leindler type inequalities, two of

which obtained from and can be written as follows

* AOH O] BUET S R R OUSROIL(0) s
| ez [ e

At

and

/Oo z(t) H(t)]""’CAt > { n+¢ ]UC /OQ z(t)hl/C(t)[H(Z)_]z+C*%At
‘ T Rhaa:

respectively.
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The delta variants of the nabla Bennett-Leindler type inequalities — ob-
tained for ( > 1, n > 0 and 0 < n+ 0 < 1 are complements and generaliza-
tions of the delta Bennett-Leindler type inequalities given in |55, Theorem 2.1] for
0<(¢<1l,n=0and 0 <0.

Remark 5. If the time scale is the set of real numbers, then for allt € R, the back-
ward jump operator results in p(t) =t and Ly = 1 in —. Hence inequalities

and as well as inequalities and coincide and their delta versions
become exactly the same inequalities as them. Therefore together with their coin-

cident inequalities, inequalities and reduce to the following inequalities

[HUE v NG
. GOPT T T O

It
0—

——dt

and

7

< z(t)[H(@)]" n+¢ /¢ poo z(t)hl/C(t)[H(t)]ﬂ‘*‘C—%
o ] / G

respectively, where ( > 1, n >0 and 0 <1+ 6 <1 and the functions G and H are
defined as in .

For the continuous case, when 0 < ( <1, n =0 and 0 < 0, the first Bennett-
Leindler type inequalities were established in (55, Remark 1] and [28, Remark 3.2/
for the given aforementioned functions G and H. These inequalities are extended
to the cases ¢ > 1, n > 0 and 0 < n+ 0 < 1 by the above novel continuous
Bennett-Leindler type inequalities.

Remark 6. If the time scale is the set of natural numbers, then for all t € N, the

backward jump operator results in p(t) =t—1 in —. Suppose that the series

G and H are defined as in Remark[3, For a constant Ly > 0, let us assume that

Gt—-1

1§<G(t))_ I . For a =0, C>1 n>0and 0 < n+6 <1, in the set of
2

natural numbers, inequalities (25) — become novel discrete Bennett-Leindler type

inequalities, two of which obtained from and can be written as follows

Zz H(t - D™ L r/‘ o 2O (H (- D]

el (U L=n=01 = lee-pie
and
iz JH (= D] [ ¢ ]”C 2OV ()[H (t — 1)) E
= Gom L-n-0] H Gy ’
respectively.

For the discrete case, when 0 < ( < 1, n = 0 and 0 < 0, the first Bennett-
Leindler type inequalities were established in (55, Remark 2] and [28, Remark 3.3]
for the given aforementioned series G and H. These inequalities are extended to the
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cases (¢ >1, >0 and 0 <n+6 <1 by the above novel discrete Bennett-Leindler
type inequalities.

The next theorem, which is proven for ¢ > 1, n > 0 and n 4+ 6 < 0, provides
complements and generalizations of some of the abovementioned Bennett-Leindler
type inequalities given for 0 < ¢ < 1, n = 0 and n 4+ 8 < 0. These previous
Bennett-Leindler type inequalities are listed as follows:

(a) The discrete inequality obtained by Copson [15, Theorem 2.3] and by
Bennett [10, Corollary 1] or Leindler [35, Proposition 6].

(b) The continuous inequality obtained by Hardy et al. |26, Theorem 337]
and the continuous inequality @ obtained by Copson [16, Theorem 4].

(c¢) The delta counterpart of the nabla inequality in Theorem [2| obtained
by Saker et al. |55, Theorem 2.3].

(d) The nabla inequality in Theorem [2] obtained by Kayar et al. [28] The-

orem 3.9].
Theorem 7. Let the fuctions z, h,G and H be defined as in Theorem @ For a
constant L3 > 0, assume that Cfp(éf)) < L3 fort € (a,00)r. Let { > 1, n >0 be real
constants. If n+ 60 <0, then we have
(1)
> 2([H)]" LI (n+Q) [ 2(0)h()[H(®)]"?
[ eop iy L S @)
> 2([H)]" LI (n+¢) e g ()RS ([ ()] ¢
AN e e B A i e
(30)
2)
> 2(H)]* n+¢ [ 2Oh)[HE)]!
[ o el S @)
1100 G 7 A RS Y I SR AT (0 i
[ ear e [ s e
(32)

Proof. The same methodology used in the proof of |28, Theorem 3.9] works for the
proof of this theorem except some steps.

(1) We start by the following equation similar to (3.11) in the proof of 28|
Theorem 3.9] as



NABLA BENNETT-LEINDLER INEQUALITIES 363

where u(t) = /t [Z(S])

( " Vs. Observe that since n+ ¢ > 1,
s) "

)
—[H D] > (n+ O2((OE )], (34)
(

which is different than (3.12) in the proof of [28, Theorem 3.9]. In our case,
when n + 6 < 0, since

isna 17 () ()
[G (t)} <(l-n- 9)w§(1—n—9)W7
using and
—1—n— v
, o(t) 2(s)Vs p(t) Lnge {G e(s)} Vs L"+9[§p(t)]1*n*9
u(t):/a [Gp(s)]n+92/a 1-1—6 =3 -

in implies the desired result (29). In order to obtain inequality , we
apply reversed Holder inequality (16]) to inequality with the constants

(2) When the above process is repeated for the left hand side of inequality
t
with u(t) = / ﬂw, the desired results can be obtained.
o [G(s)]7t?

O

Remark 7. The nabla Bennett-Leindler type inequalities — obtained for
¢(>1,n1>0andn+0 <0 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in [28, Theorem 3.9] for0 < (<1, n=0
and 6 < 0.

Corollary 3. From inequalities — obtained by the nabla calculus, we can
get the dual ing]uﬁlitigs’ n the delta setting by replacing ép,@, Fp,ﬁ presented in
Theorem@ by G, GU, H, H’ defined as

t e}
G(t) = / 2(s)As and H(t) = / z(s)h(s)As, (35)
a t
respectively. - o
Let z and h be nonnegative functions and G and H be defined as in . For a
G'(1)

constant Ms > 0, let us assume that

— < Mjs fort € (a,00)r. In this case for
G = 3 [ (a,00)T [

¢(>1, n>0andn+ 0 <0, the nabla Bennett-Leindler type inequalities —
become nowvel delta Bennett-Leindler type inequalities, two of which obtained from

and can be written as follows
H’ M (n+¢)

A (O]
/a ! N

G 2 A

e [ (YO (1))
a G(t))Ho=<
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and

JRECLECIAY R i, Ed v [ ARSI O
O -8 A O

respectively.

The delta variants of the nabla Bennett-Leindler type inequalities — 0b-
tained for ¢ > 1, n > 0 and n+ 60 < 0 are complements and generalizations of
the delta Bennett-Leindler type inequalities given in [55, Theorem 2.3] for 0 < { <
1, n=0and 0 <O0.

Remark 8. If the time scale is the set of real numbers, then for allt € R, the back-
ward jump operator results in p(t) =t and Ly =1 in -. Hence inequalities
and as well as inequalities and coincide and their delta versions
become exactly the same inequalities as them. Therefore together with their coin-
cident inequalities, inequalities and reduce to the following inequalities
as

/oo 2(t) [F(t)]mr( . n+ ¢ * ()h(t) [ﬁ(t)]wrcﬂ W
« [G)te T T 1-m—0J, [G(1)]+o—1

and

Gort

I OO { n+¢ ]” C In () () [H (1)

[@(t)]n+9 1—-n—20

respectively, where ¢ > 1, n > 0 and n + 0 < 0 and the functions G and H are
defined as

é(t):/ z(s)ds and H(t)/toO z(s)h(s)ds. (36)

These novel inequalities complement and generalize the continuous inequality
obtained by Hardy et al. [20, Theorem 337] for 0 < ( <1, n =0 and 6 = ¢ and the
continuous inequality @D obtained by Copson [16, Theorem 4] for0 < (<1, n=0
and 0 < 1 to the cases ( > 1, n >0 andn+6 <0.

Remark 9. If the time scale is the set of natural numbers, then for all t € N, the
backward jump operator results in p(t) =t —1 in —,

t t t—1
Using G(t) = / 2(s)Vs = Z 2(k), we have G*(t) = G(t — 1) = Z z(k).
a k=a+1 k=a+1
Moreover H(t) = Z z(k)f(k). For a constant L3 > 0, let us assume that
k=t+1
G(t) .
m < Ls. Fora=0, (>1, 7>0, and n+0 <0, in the set of nat-

ural numbers, inequalities - become novel discrete Bennett-Leindler type
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inequalities, two of which obtained from and can be written as follows

PEUILIVIAEN ng”’(nH) e

h1/< H(t 77+C**
E 2(t)hVC ()[H ()

=1 [ét_l M S tened —~  [Gt-1)tie
and
S B [ 0] §5 s st
= ot T 1-n-0 =1 [G(e)]Ho=< ’
respectively.

The discrete Bennett-Leindler type inequality obtained by Copson [15, The-
orem 2.3] and by Bennett [10, Corollary 1] or Leindler [35, Proposition 6] for
0< (<1, n=0, 0 <0 is complemented and generalized to the cases ( > 1, n >
0, n+ 6 <0 by Theorem[7 and particularly by this remark.

The next theorem, which is proven for ( > 1, n > 0 and 0 <7+ 60 < 1, provides
complements and generalizations of some of the abovementioned Bennett-Leindler
type inequalities given for 0 < ¢ < 1, n > 0 and n + 6 < 0. These previous
Bennett-Leindler type inequalities are listed as follows:

(a) The discrete inequality obtained by Copson |15, Theorem 2.3].

(b) The continuous inequality obtained by Hardy et al. [26, Theorem 337]
and the continuous inequality @ obtained by Copson |16, Theorem 4].

(c) The delta analogue of the inequality in Theorem [2| obtained by Saker
et al. [55, Theorem 2.3].

(d) The nabla inequality in Theorem [2] obtained by Kayar et al. [28] The-

orem 3.9].
Theorem 8. Let the functions z,h,G and Fl)@ deﬁned as in Theorem @ For
G(t
a constant Ly > 0, let us assume that 1 < Gp((t)) < L— for t € (a,00)r. Let

0< (<1, n>0 be real constants. If 0 < n+ 0 < 1, then we have

(1)

C WA, L (40 [ 2R [H(H)]E?
[ v [é%)w“ Vi B0
o L (VTET(£)]1+< 1/¢ 1/¢ (-t
[ ] [
(2)
< 2(O)[H ()] ¢ [ ahH @)
A G ) e e
< 2(O)[H®)]"C n+ ¢ 1Y 2RV H )]
/a [G”(t))"+ wz[l—n—ﬂ} / (G ()"0 ¢ v (40)
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Proof. The same methodology used in the proofs of [28, Theorem 3.9] and Theorem
works for the proof of this theorem except that for 0 < n+ 60 < 1, we have

—1-n—0 v z(t)
{G (t)] S(l—ﬁ—e)w-

(]

Remark 10. The nabla Bennett-Leindler type inequalities — obtained for
(>1, n>0and 0<n+860 <1 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in [28, Theorem 3.9] for0 < (<1, n=10
and 6 < 0.

Corollary 4. From inequalities - obtained by the nabla calculus, we can
get the dual mg]uglitigs @ the delta setting by replacing @p,é, FP,F presented in
Theorem by G,GU,H,HU defined in , r@ectiveﬁ.

Let z and h be nonnegative functions and G and H be defined as in . For
G (t 1

a constant My > 0, let us assume that 1 < G(Sﬁ)) < — fort € (a,00)r. In
4

this case for ¢ > 1, n > 0 and 0 < n+ 6 < 1, the nabla Bennett-Leindler type

inequalities — become novel delta Bennett-Leindler type inequalities, two of

which obtained from and can be written as follows

/Oo wm > {M477 +G T/C /°° Z(t)hl/cc(ft)[ﬁa(t)}"%_% At

SRV L=n=0 G ()
and
S z(t)[ﬁa(t)]nJrC n+¢ /¢ poo Z(t)hl/g(t)[ﬁg(t)]”""@-—%
e e N A s
respectively.

The delta variants of the nabla Bennett-Leindler type inequalities — ob-
tained for ¢ > 1, n > 0 and 0 < n+ 60 < 1 are complements and generaliza-
tions of the delta Bennett-Leindler type inequalities given in [55, Theorem 2.3] for
0<(<1l, n=0and 6 <0.

Remark 11. If the time scale is the set of real numbers, then for all t € R,
the backward jump operator results in p(t) =t and Ly = 1 in -. Hence
inequalities and as well as inequalities and coincide and their
delta versions become ezxactly the same inequalities as them. Therefore together
with their coincident inequalities, inequalities and reduce to the following
inequalities as

/Oo z(t)[H(t)]"+¢ dt > n+¢ © 2(t)h(t)[H (t)]1¢T dt
« (Gt T T 1-m—0J, [G(1)]+o—1
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and

/OO z(t)[ﬁ(t)]”“(ﬁ > { n+¢ ]UC /°° z(t)hl/C(t)[ﬁ(t)]an%dt

[G(t)]n+e 1—-n—106 [é(t)]n+9—%

respectively, where ( > 1, >0 and 0 < n+ 60 < 1 and the functions G and H are

defined as in .

These novel inequalities complement and generalize the continuous inequality
obtained by Hardy et al. [26, Theorem 337] for 0 < (<1, n=0 and § = ¢ and the
continuous inequality @ obtained by Copson [16, Theorem 4] for0 < (<1, n=10
and 0 <1 to the cases ( >1, n>0and0<n+6 < 1.

Remark 12. If the time scale is the set of natural numbers, then for all t € N,
the backward jump operator results in p(t) =t —1 in —. Suppose that the
series G and H are defined as in Remark|9. For a constant Ly > 0, let us assume
that 7G(t) <
G(t—1) L4
natural numbers, inequalities — become novel discrete Bennett-Leindler type
inequalities, two of which obtained from and can be written as follows

PECLICELSY T“ S <>h1/<<>[ (Bt

Fora=0,¢>1, n>0and0<n+0 <1, in the set of

& G T=n—0] & [@uyt
and

t=1[ n+9_ 1-n-9 t=1 t_l)} -
respectively.

The discrete Bennett-Leindler type inequality obtained by Copson [15, The-
orem 2.3] for0 < ( <1, n=0, 0 <6 <1 is complemented and generalized to the
case ¢ >1, n>0, 0<n+0 <1 by Theorem[§ and particularly by this remark.

The next theorem, which is proven for ( > 1, > 0 and n + 6 > 1, provides
complements and generalizations of some of the previous Bennett-Leindler type
inequalities given for 0 < ( <1, n =0, 8§ >1or (> 1, n =0, § = (. These
previous Bennett-Leindler type inequalities are listed as follows:

(a) The discrete inequality (6)) obtained by Copson [15, Theorem 1.3] and Ben-
nett [10, Corollary 3] or Leindler [35], Proposition 7] as well as the discrete
inequality obtained by Renaud |45, Theorem 1].

(b) The continuous inequality ([10) obtained by Copson [16, Theorem 2] and
the continuous inequality obtained by Renaud in [45, Theorem 3].

(c) The delta counterpart of the nabla inequality in Theorem [3] obtained
by Saker et al. |55, Theorem 2.4].

(d) The nabla inequality in Theorem obtained by Kayar et al. |28 The-
orem 3.12].
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Theorem 9. Suppose that the functions z, h,G and H are defined as in Theorem@
and the constant Ly is defined as in Theorem[§ Let ( > 1, n > 0 be real numbers.
If n 460 > 1, then we have

W
© LOHAOI LI Q) [ (R[]
/a O ?47+9—1/a oo W
O (Lm0 e s n @ et
/ Gy | Tre—1 / ot
(12)
@
(0[P (1)] naC [ RO O]
/ o Cave-1), e Vo W

LI '+
n+6—-1

— 5 Vt.

[ O]
o @ (1))

: / > 2RV () [HP ()¢
G @y)e T o g

(44)
Proof. The same methodology used in the proof of |28, Theorem 3.12] works for
the proof of this theorem except some steps.

(1) We start by the following equation similar to (3.16) in the proof of 28|
Theorem 3.12] as

<z P ()]1+¢ o
/ WW :/ —u(t) [H7(0)] 7 v, (45)

where u(t) = /t‘x’ [CTY(Z;%VS_ In our case, when n+ 6 > 1, since

20 ()

@ e 1)LZ+9[@(7§)}"+ a2

SR \Y
@0 = -m+o-1)
using and

< 2(s)Vs 0o —L*? [6177779(8)}va LI G-
_(t):/t [G(SW,Z/t p— — —

in implies the desired result (41)). In order to obtain inequality , we
apply reversed Holder inequality (16]) to inequality with the constants

(2) When the above process is repeated for the left hand side of inequality

with u(t) = / fpzivts, the desired results can be obtained.
e (G (s)"r?
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d

Remark 13. The nabla Bennett-Leindler type inequalities — obtained for
¢(>1,n1>0and n+0 > 1 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in [28, Theorem 3.12] for0 < <1, n=0
and 6 > 1.

Corollary 5. From inequalities — obtained by the nabla calculus, we can
get the dual inequalities in the delta setting by replacing ép,é, H? H presented in
Theorem@ by G, G’ H,H° defined in and , repectively.

Let z and h be nonnegative functions and G and H be defined as in and
, repectively, and the constant My be defined as in Corollary . In this case for
(>1, n>0and n+ 0 > 1, the nabla Bennett-Leindler type inequalities —
become nowvel delta Bennett-Leindler type inequalities, two of which obtained from

and can be written as follows

/Oo AOHEHOC | MI 0+ 0 e /°° AR OE @Y
a [aa' (t)]n-‘r@ - n + -1 " [éa' (t)]n+0*%
and
< AEO L M 0] e RS E o
[ Tgoprez [T L g
respectively.

The delta variants of the nabla Bennett-Leindler type inequalities — 0b-
tained for ¢ > 1, n > 0 and n+ 6 > 1 are complements and generalizations of
the delta Bennett-Leindler type inequalities given in [55, Theorem 2.4] for 0 < { <
1, n=0and 6 > 1.

Remark 14. If the time scale is the set of real numbers, then for all t € R,
the backward jump operator results in p(t) =t and Ly = 1 in —. Hence
inequalities and as well as inequalities and coincide and their
delta versions become exactly the same inequalities as them. Therefore together
with their coincident inequalities, inequalities and reduce to the following
inequalities as

[HUE ) vl A

cope “Eave-1), — gopet "

and

RG]0 AR IR S R ATV 0112 ()
/a [G(t)]n+? dt > {77+91] /a [@(t)]n%—% dt

respectively, where ¢ < 1, 1 > 0 and n+ 0 > 1 and the functions G and H are
defined as in and , respectively.
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These novel inequalities complement and generalize the continuous inequality
obtained by Copson [16, Theorem 2] for 0 < ( <1, n =0 and 0 > 1 and the
continuous inequality obtained by Renaud in [45, Theorem 3] for( >1, n=20
and 0 = ( to the cases ( > 1, n >0 andn+6 > 1.

Remark 15. If the time scale is the set of natuml numbers then for allt € N, the
backward jump operator results in p(t) =t —1 in . Let the constant Ly be
defined as in Remark[12d Fora =0, ¢ >1, 2 0 and n+ 60 > 1, in the set of
natural numbers, inequalities — become novel discrete Bennett-Leindler type
inequalities, two of which obtained from and can be written as follows

S aHE— 1] LG+ 0] S 2h @ H (- 1))
tzzl [7(t)]77+0 2 n+6-—1 g (t)]nJrg,%
and
i 2()[H (t - 1)+ > LI+ 2 2(H)AY () [H (t - 1)]n+c—%
t=1 t — Dt~ n+0—1 pot Gt — 1)+t )

respectively, where the series G and H are defined as in Remarklg and Remark@
respectively.

The discrete Bennett-Leindler type inequality @ obtained by Copson [15, Theo-
rem 1.3] and Bennett (10, Corollary 3] or Leindler (35, Proposition 7] for 0 < ¢ <
1, n=0, 8 > 1 as well as the discrete inequality obtained by Renaud [45, The-
orem 1] for ¢ > 1, n =0, 0 = ( are complemented and generalized to the cases
(>1,n>0, n+60>1 by Theorem[9 and particularly by this remark.

The next theorem, which is proven for ¢ > 1, n > 0 and n 4+ 6 > 1, provides
complements and generalizations of some of the previous Bennett-Leindler type
inequalities given for 0 < ¢ < 1, n =0 and 6 > 1. These previous Bennett-Leindler
type inequalities are listed as follows:

(a) The discrete inequalities obtained by Saker et al. |55, Remark 4] and by
Kayar et al. |28, Remark 3.8].

(b) The continuous inequalities obtained by Saker et al. |55, Remark 3] and by
Kayar et al. [28, Remark 3.7].

(¢) The delta counterpart of the nabla inequality in Theorem |4] obtained
by Saker et al. |55, Theorem 2.2].

(d) The nabla inequality in Theorem [4 obtained by Kayar et al. [28, The-
orem 3.4].

Theorem 10. Suppose that the functions z, h,G and H are defined as in Theorem
[4 and the constant Ly is defined as in Theorem[6 Let ( > 1, n > 0 be real numbers.
If n 46 > 1, then we have



NABLA BENNETT-LEINDLER INEQUALITIES 371

1)
> 2(O[H()]" LI 4¢) [ 2(t)h(t)[H(t)]rH¢1
/a (G (1)) vtz n+60—1 /a [GP ()]0 Vi, (46)
= WEO [ 0] e o omEmt
/a [GP ()]0 Vit > n+6—1 /a [G"(t)]’”‘e—% Vi
(47)
(2)
> 2(OH )] n+C [ 2()h)[H ()]
/a [G(t)]"H? Vit > -1, G Vi, (48)

_ 1/¢
LI '+

n+0-—1

/°° AORCOEBC
g o)

(49)
Proof. The same methodology used in the proof of |28, Theorem 3.4] works for the
proof of this theorem except some steps.

(1) We start by the following equation similar to (3.7) in the proof of 28|
Theorem 3.4] as

/ ~ WVt -/ T u) {_ ")) V} Vi, (50)

¢
where u(t) = /a [GP?S])UWVS. In our case, when 7+ 6 > 1, since

(G007 < 0 1) D < (40 1)

EO LY [Gr(t)]r+e’
using and
o v
w(o)= | SO\ / 70 Lyt (G s)] T Vs Ly Ge ()t
u [Gr(s)]nt? — n+6—-1 n+6-—1

in implies the desired result ([6). In order to obtain inequality (47)), we
apply reversed Holder inequality (16) to inequality with the constants

E <1 and TC < 0.
(2) When the above process is repeated for the left hand side of inequality

¢
with u(t) = &Vs, the desired results can be obtained.
o [G(s)]™?
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Remark 16. The nabla Bennett-Leindler type inequalities — obtained for
¢(>1, 7n>0and n+6 > 1 are complements and generalizations of the nabla
Bennett-Leindler type inequalities given in [28, Theorem 3.4] for0 < (<1, n=0
and 6 > 1.

Corollary 6. From inequalities — obtained by the nabla calculus, we can
get the dual inequalities in the delta setting by replacing G?, G’,Fp,ﬁ presented in
Theorem by G,G°, H, " defined in and , repectively.

Let z and h be nonnegative functions and H be defined as in and ,
repectively, and the constant My be defined as in Corollary [3 In this case for
(>1, n>0and n+ 0 > 1, the nabla Bennett-Leindler type inequalities —
become nowvel delta Bennett-Leindler type inequalities, two of which obtained from

and can be written as follows

R0 S /TR ) Ry OV RA 0100 G
/a [G(t)]+0 At > n+60—1 /a G-t At
and
<A O M O] o S )
/a [Go (H)]7+? At > n+0—1 /a oot At,

respectively. The delta variants of the nabla Bennett-Leindler type inequalities (46])-
obtained for ( > 1, n >0 and n+ 60 > 1 are complements and generalizations
of the delta Bennett-Leindler type inequalities given in [55, Theorem 2.2] for 0 <
(<1, n=0and 6 >1.

Remark 17. If the time scale is set of real numbers, then for all t € R, the back-
ward jump operator results in p(t) =t and Ly =1 in —. Hence inequalities
and as well as inequalities (A7) and coincide and their delta versions
become exactly the same inequalities as them. Therefore together with their coin-
cident inequalities, inequalities and reduce to the following inequalities

[7HUEO e [ MO

[G(t)]r+? n+0-1J, [G()]o1 dt

and

/ TAOHOM { 6 ]UC / < (RS () H ()] dt,

[G()]+e n+6-—1 [G(t)]"0—¢

respectively, where ¢ > 1, 1 > 0 and n+ 0 > 1 and the functions G and H are
defined as in and , repectively.

For the continuous case, when 0 < ( <1, n =0 and 0 > 1, the first Bennett-
Leindler type inequalities were established in [55, Remark 8] and [28, Remark 3.7]
for the given aforementioned functions G and H. By this remark, these inequalities
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are extended to the cases ( > 1, 1> 0 and n+60 > 1 by the above novel continuous
Bennett-Leindler type inequalities.

Remark 18. If the time scale is the set of natural numbers then for allt € N, the
backward jump operator results in p(t) =t — 1 in . Let the constant Loy
be defined as in Remark[5 Fora =0, (>1, n> O and n+60>1, in the set of
natural numbers, inequalities - become novel discrete Bennett-Leindler type
inequalities, two of which obtained from and can be written as follows

1L 10) KA 2 U o N IR (9] L200) KA
; G- = 727+9— 1 z:: G(t —1)7Ho—¢
and
sz I (28 s O] G s E ()
= n+0-1 = ewrte

respectively, where the series H and G are defined as in Remarklg and Remark@
respectively.

For the discrete case, when 0 < ( < 1, n = 0 and 6 > 1, the first Bennett-
Leindler type inequalities were established in (55, Remark 4] and [28, Remark 3.8]
for the given aforementioned series G and H. By this remark, these inequalities
are extended to the cases ¢ > 1, n > 0 and n+ 60 > 1 by the above novel discrete
Bennett-Leindler type inequalities.
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ABSTRACT. We study a new version of the weak subgradient method, recently
developed by Dinc Yalcin and Kasimbeyli for solving nonsmooth, nonconvex
problems. This method is based on the concept of using any weak subgradient
of the objective of the problem at the currently generated point with a version
of the dynamic stepsize in order to produce a new point at each iteration.
The target value needed in the dynamic stepsize is defined using a path based
target level (PBTL) algorithm to ensure the optimal value of the problem is
reached. We analyze the convergence and give an estimate of the convergence
rate of the proposed method. Furthermore, we demonstrate the performance
of the proposed method on nonsmooth, nonconvex test problems, and give
the computational results by comparing them with the approximately optimal
solutions.

1. INTRODUCTION

In this paper, we focus on nonsmooth problems where the objective function
is lower locally Lipschitz but not necessarily convex or smooth. Many real-world
application such as control theory, machine learning, optimal shape design are
nonsmooth optimization problems.

In nonsmooth convex optimization, a subgradient defines the normal vectors of
the supporting hyperplane to the graph of the function at the relevant point. Thus,
in nonsmooth convex optimization, the projected subgradient methods are well
known and the fundamentals of these methods have been investigated by Polyak
[50], Ermoliev 23], Shor [53]. The main purpose of a projected subgradient method
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is to generate a new point by using a subgradient of the function at the current point
and a positive stepsize parameter. The projection is not computationally expensive
if the constraint set is easy for example box constraints. For the convergence
analysis, the selection of the stepsize parameter is significant. The classical stepsize
types are a (fixed positive) constant, diminishing, and dynamic stepsize. With the
dynamic stepsize, the target value is an estimate of the optimal value of the problem
and it can be defined as a constant or it can be updated throughout the projected
subgradient method. The constant target value may be greater or lower than the
optimal value. Alternatively, the target value may be calculated by a path based
target level (PBTL) algorithm, which guarantees that the target value will converge
to the optimal value [14L27,|45]/56].

When the function is nonsmooth and nonconvex, various definitions of sub-
gradients are used such as Clarke’s subgradient |18] and weak subgradient [3,|4].
Clarke’s subgradient is used in nonsmooth, nonconvex (unconstrained or only box
constrained) optimization problems, and employed in various methods such as
bundle-type methods (see, e.g., [24,[29,/30}/36,/41]), gradient sampling algorithm
(see, e.g., [16,/19,39]), variable metric method (see, e.g., [55]), trust region method
(see, e.g., |1L121L|31,/52]), cutting planes (see, e.g., [25]), proximal algorithms (see,
e.g., [9,11L12/48]), quasi-Newton method (see, e.g., [20,40]). In these methods, the
descent directions are usually computed by solving a subproblem which may be
quadratic.

Besides subgradient based methods, smoothing methods are also proposed in
literature to solve some class of nonsmooth optimization problems. In these meth-
ods, the nonsmooth function is approximated by a smooth function, then the
smooth function is optimized. The nonsmooth function may be convex (see, e.g.,
[8,/104[131/47./54] ), convex composite(see, e.g., [15]), or nonconvex (see, e.g., [10,/17]).

In addition to these methods, for solving nonsmooth, nonconvex optimization
problems, the weak subgradient method [22] is the first to use weak subgradients
which have vector and scalar parts, corresponding the supporting conic surfaces to
the graph of the function at the relevant point. The weak subgradient method is a
generalization of projected subgradient methods, and a convergence analysis of it
is investigated with various stepsize parameters: constant and diminishing as well
as three types of dynamic.

The aim of this paper is to propose a new version of the weak subgradient
method that uses a stepsize parameter computed with PBTL algorithm. Then, the
convergence properties and the convergence rate of the proposed method are also
investigated. We approximately compute the weak subgradient of the function at
the relevant point with the algorithm using the theorem |22, Theorem 2.8] which
establish the relation between the directional derivative and weak subdifferential.
Additionally, we test the performance of the method on nonsmooth, nonconvex test
problems from the literature.
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The rest of the paper is organized as follows. Section 2 gives the main properties
of the weak subdifferentials and the algorithm for the approximate computing of
the weak subgradient is presented. In section 3, we give the convergence proper-
ties and convergence rate of the weak subgradient method with PBTL algorithm.
Section 4 gives the computational results. In section 5 we draw some conclusions.

2. PRELIMINARIES

In this section, we explain the weak subdifferential and the approximate com-
puting of the weak subgradient.

2.1. Weak Subdifferentials. In this section, we give the definition of the weak
subdifferentials and some properties related to this study (see [3}422}33}/34] ).

Definition 1. Let f: S - R and T € S. A pair (v,¢) € R x Ry is called a weak
subgradient of f at T on S if

flx) > f(@)+ v,z —T) — c||Jz — Z||, Vxe€S. (1)
The set
88 £(7) = {(v,c) €R" x Ry : () > f(&) + (.2~ 7) — ez — 7|, Vr €S}

of all weak subgradients of f at Z is called the weak subdifferential of f at Z on S.
As a result of the definition of the weak subgradient, a continuous (superlinear)
and concave function is obtained as follows

9(x) = f(2) + (v,2 — ) — cllz — Z|,
where 2 € S,¢(Z) = f(Z), and (v,c) € 0Y f(Z). In addition, the hypograph of
this function g(x) is a cone and thus supports the epigraph of the function f(x) at
the point (Z, f(Z)).

Assumption 1. Let S C R" be starshaped at T € S, and let f : S — R be a given
function. Suppose that f has a directional derivative at T in every direction x — T
with arbitrary x € S and

flx)—f(x)> fl(z;2 —x) forallz €S — {z}. (2)
When Assumption [I] holds, the following equation
f'(z;h) = max{(v,h) —c||h| : (v,c) € O f(Z),||v|| +c < M}, VheR"

explains the relation between the weak subdifferential 0y f(Z) and the directional
derivative f/'(Z;h) (see [22, Theorem 2.8]), where M is a positive number. The
relation plays an important role in the approximation of the weak subgradients.
In addition, it is known that the weak subdifferential of a function is convex
and closed (see |33l Theorem 2.4]), and also compact (see [22, Theorem 2.9]). The
property of compactness is handled by limiting the scalar part of weak subgradient ¢
with an upper bound L and thus the norm of the vector part of the weak subgradient
v is also bounded with an uper bound D. It means that dg f(Z) is nonempty for
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¢ < L and with the number D > 0, [[v]| < D for all (v,c) € 95, f(z). This
property of the weak subgradient is essential for both the approximation of the
weak subgradients and the convergence analysis of the weak subgradient method.

2.2. Approximation of Weak Subgradients. Dinc Yalcin and Kasimbeyli [22]
presented an algorithm which makes use of the relation between the directional
derivative and weak subgradients, and also the compactness property of the weak
subdifferential and, in addition, utilizes the discrete gradient method given by [6].
The algorithm numerically computes the weak subgradient of a function at a given
point. Note that the approximation is computed more properly when the value of
L which is the upper limit of the scalar part of the weak subgradient ¢ is defined
large enough. In addition, throughout this work Assumption [I| holds. We briefly
explain the method.

Let us consider the set G = {e = (e1,e2,...,e,) € R" : |e;| = 1,7 = 1,n}

and generate the n vectors e/(a) = (aer,a?es,...,ale;,0,...,0), j = 1,n where
e = (6_1762,...,en) € Gand a € (0,1] is a fixed number. Then, the equation
fl(@ed(a)) = (v,e?(a)) — é“ej(a)H is constructed by the relation between the

directional derivative and the weak subdifferential. In addition, with using the
compactness of the weak subdifferential, the set Vz = {v € R™ : (v,¢)} is obtained
for the particular ¢ < L. Thus, the weak subgradient (v,¢) exists, where v € Vz.
Note that L may be defined as the lower Lipschitz constant.

Due to the compactness of the weak subdifferential and the relation with the di-
rectional derivative, a weak subgradient (9, ¢) that satisfies the equation f'(Z; e’ (a)) =
(v,e/(a)) — ¢||e?(a) || exists, where ¥ € V; defined as V; = {v € R" : (v,¢)} for the
particular ¢. Note that ¢ can be taken less or equal to the lower Lipschitz constant
L.

Let take any e € G, and let define A > 0, > 0 and given any ¢ and generate
the points where the zeroth point is the current point z° = Z and the others
are obtained as #/ = x° + Ae’(a), j = 1,n. Furthermore, the points are easily
generated by 27 = 971 + (0,...,0,A\ae;,0,...) for every j = 1,n. After that, the
vector v(e, o, A) € R™ with the coordinates

fa) = f@h) | e

: , J=1n
Aade; €;

vile,a,\) =

is defined and with the given numbers, we can state the set W(e,a) = {(w,¢) €
R™ x C: 3\ = +0,k — +00),w = limg_, 00 v(€, a, Ag) }. Finally, the set Wi(e, a)
is a subset of weak subdifferential, W(e,a) C 0¢ f(Z) Va € (0,a9] (see [22,
Proposition 3.5], also see |22, Proposition 3.1], [22, Proposition 3.3], [22, Corollary
3.4] for more details).

By using the construction given above, Algorithm [l| is constructed in [22] as
follows.
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Algorithm 1 Approximate computing of the weak subgradient (v,c) € 95 f(7).

1: Let e € G ={e = (e1,€2,...,en) ER":|e;| =1,5=1,n} and A > 0, € (0, 1],
Z €S, and L > 0 sufficient large.
Define e/ (a) = (e1a, €202, ..., €;07,0, ...,0),5 = 1,n.
Choose a number 0 < ¢ < L.
Let 2° = 7.
j <+ 1L
while j <n do
27 =20 4+ \el (),
vj = % +o
j—j+1
end while

R B A A

H
e

3. WEAK SUBGRADIENT METHOD WITH PATH BASED TARGET LEVEL (PBTL)
ALGORITHM

In this paper, we focus on the following box constrained nonsmooth optimization
problem:
minimize f(x) 3)
subject to x €S
where f : S — R is a lower locally Lipschitz function not necessarily convex and
smooth. S C R™ defines the box constraints S = {z € R" : | < x < u}, where | and
u shows the lower and upper bounds, respectively.
We present the weak subgradient method with the PBTL algorithm for solving
Problem . The process of weak subgradient method at every iteration k is as
follows:

T+l = Ps(xk - Ozk’Uk). (4)
Here, Ps denotes projection on the set S, (vg, cx) € 95, () is the weak subgradient
and the parameter oy, is a positive stepsize. Since the set consists of box constraints,
the projection is simple.
Some notations is used through this section. z* and f* denote a critical point and
the critical value of the problem (3] in the sense of weak subdifferential, respectively.
We assume that positive numbers D and L exists satisfying

||l < D, (5)

Ck S L, (6)
for all (vg, c) € 95, f(x) for all 74, € S. The diameter of S is denoted by the notion
ds = diam(S) = maxy, z,es |21 — z2||. Then

[zr — 2" < ds, (7)
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where || - || is the Euclidean norm.
The dynamic stepsize is generally defined as

Flzx) = i — erds

o2

Ok = Vg ,0< §7k§’7<2, (8>

=2

where the target value fl¢¥ is an estimate of f*. The convergence analysis for the
various selections of f{¢V is given in [22]. When these selections of f!*¥ are defined
constantly, greater or lower value of f'*” than the optimal value f* occurs. In
this circumstances, the convergence depends on f'¢* and the difference (f* — f¢v),
respectively. When f1¢? is updated during the algorithm with the procedure fi¢¥ =
ming{f(zx)} — d; and the parameter Jj is computed, regardless of whether or not
the current iteration is better than f,lf”, the upper limit of §; has an impact on the
convergence.

In this paper, we analyze the weak subgradient method with a new dynamic
stepsize , where fl°? is defined by the PBTL algorithm given in [14127,145,56] to
ensure f}°° — f*. The pseudocode is given in Algorithm

The algorithm decreases the §; parameter only in Steps 14{16]if the length of the
path o travelled by iterates for all k < k;41 exceeds the prescribed upper bound
R; otherwise, the parameter remains the same. Decreasing §; means increasing the
target level f,lce”. o) is reset when a new point is generated with sufficient descent
of the objective function.

We begin the convergence analysis with the following lemma without proof which
gives a general inequality between the generated points and the critical point that
is true for all stepsizes (also, see e.g. [2,26}[32,[37.38}/45/46,51] for other subgradient
methods) This lemma is essential for the subsequent convergence analysis.

Lemma 1. [22, Lemma 2] Let {x;} be the sequence generated by the weak sub-
gradient method. Then for all £ > 0, we have

ks — 2|1 < e — 2|* = 20l f (xx) = F* — exlle® — zall] + a]|vel|.

We start with a lemma which explains that if §; is nondiminishing, then the target
values fl¢v are updated infinitely through iterations which means infy>q f(z1) =
—00. The lemma holds true regardless of whether the computation of the weak
subgradient is exact or approximate.

Lemma 2. Algorithm 2 generates infinitely many values of I which means | — oo.
Thus we have either infy>¢ f(xr) = —00 or limy_, 6; = 0 for the sequence {xj}
generated by the weak subgradient method with the PBTL algorithm.

Proof. Assume that [ takes only a finite number of values, let [ > 0 be the upper
bound of [. In this case, we have

Uk"‘akllq)k” <op+arD =01 <R
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Algorithm 2 Weak subgradient method with PBTL algorithm

1: Select a starting initial solution zg € X, and Jg > 0, R > 0, let the incumbent
solution be z°¢** = z(, and 0o = 0, f"5° = cc.

2: Define tolerance tol, and let iteration counter £k = 0 and [ = 0, k; = 0.
3: while §; > tol do

4: Calculate f(zy).

5: if f(ar) < f129, then

6: Set fre¢ = f(zx), xbest = oy,

7 else

s Set frec — ricl

9: end if

10: if f(zr) < fie — %, then

11: Set kl+1—k‘,Uk:O,éH_l:(sl,l:l—l-l,

12: Go to

13: end if

14: if o), > R, then

15: Set kl+1Zk,UkZO,(lerl:%,l:l—‘rl.

16: end if

17: Set flev — frec _

18: Compute a weak Subgradlent (vk,cx) € 08, f(wx) of f at z via Algorithm

[Min Sect. 22
19: Calculate x4 via and .
20: Ok+1 :O'quOzkH’Uk”.
21: k< k+1.
22: end while

from and Step for all k¥ > k;. This would mean that limg_, ., o = 0, which
is impossible. Since for all k > ky, from Step [I7] we have

fk) = fle”>5z~ 9)

f(zR) ="
ds

Furthermore, ¢ is chosen less than since the stepize is a positive param-

eter. Thus, with @ and the way of choosmg the vale of ¢, we have

f(@k) — fi° — crds
[[ok]|?
This implies that for all k¥ > kj, the stepsize oy, is bounded below with a positive
value which means limy_,., ap > 0. As a consequence [ cannot be finite: [ — oo.
Since [ goes to infinite, there should be a limit § = lim;_,, §;. If § = 0, then

lim;_, o, 0; = 0. Otherwise, let [ is large enough so that for all [ > [y, we have §; = §
from 10413l and 14{16] and

> 0.

k="K

fTCC TeC
ki1 = 9
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implying that infx>g f(z)) = —o0. -

Remark 1. Algorithm[3is terminated when 6, is less than tol. According to Lemma
[3 if the function f goes to megative infinity, then while I goes to infinity, 6; has a
limit point 0. In this case, Algorithm [4 runs infinite iterations since the stopping
condition §; < tol cannot be hold. Therefore, another termination rule such as a
time limit or an iteration limit may be used to prevent this situation.

The convergence property of the weak subgradient method with the PBTL al-
gorithm is given in the following proposition.

Proposition 1. For the sequence {xy} generated by the weak subgradient method
with the PBTL algorithm, we have

e (a) if lim;_, o 0; > 0, then
inf _
inf f(wx) = —oo,
o (b) if im0 6; = 0, then
inf = f*.
inf f (xk) = f
Proof. If lim;_,, 0; > 0, according to Lemma we have infy>¢ f(zg) = —oo. Thus
the proof is completed for part (a).

Now, we prove part (b).
Let % be the set of [ given by

b = {l|§l - 512—*175 > 1}.

We obtain
k—1
o = g1 + ap-1fop-all = D sl
Jj=ki
from Steps 10{16] and 20]. When the length of the path becomes greater than the

upper value Ej;liz a;D > Zf;;l ajllvi|l > R at Steps 14 k141 becomes equal

to iteration number kj;1 = k where [ + 1 € ¢ . Thus, the sum gives

k—1

R
42 a;> 5 VIEY,
j=ki_1

and, since the cardinality of v is infinite, we have the inequality,

00 k—1
;aj>ZZaj>Zg—oo. (10)

lE’L/J ki_1 ey

Now, assume to contrary that there exists some € > 0

ég%f(mk) > f*+e,
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Ig%f(xk) —e>f"

Since lim; o 0; = 0, let [ be large enough so that there exits some ¢ such that
0; < e for all [ <. Thereby for all k¥ < kj we obtain,

lev _ frec _ > i _ *
ko=t 0= ig%f(l’k) e>f (11)

By using the inequality obtained in and by Lemma and in addition, with
assumption ([5), the diameter of S given in (7)), the dynamic stepsize (8], and finally
using the fact that v, < 2,7% <, 0 <y <7, £7 < 2, the following inequality
is obtained B

(f (wr) = fi" — cuds)?

k4 = 2| < g — 2| = 2(2 =) T2 : (12)
By summing these inequalities over k > k7, we have
« " 7(2 - ’7) - ev
zp1 — 2| < |2k, — 2| — 7,# Z (f(zk) — Ilc — cpds)?. (13)

k=k;

Due to (8) and (10)), the last term Zzikl(f(xk) — flev — ¢1.ds)? of the inequality
goes to infinity. Then, the relation cannot hold true. Thus, we obtain the
contradiction. O

Now, we give a convergence rate analysis.

Proposition 2. If the weak subgradient method with the PBTL algorithm termi-
nates after a finite number of K iterations, then K is the largest positive integer
such that

K—1 9
(0k — Lds)* < ———|lzo — «*||?
pors 2(2-7)
and we have
i < f* .
OgliléKf(xk) < f"+do
Proof. Assume to the contrary that
fzk) > f*+ o (14)

forall k =0,..., K.
Since fi*¥ = mings;>x f(x;) — 6 and dj, < Jp for all k > 0, with (14) we have

e e A T (15)

forall k =0,..., K.
Hereby, by using the inequality f,lf” > f* obtained in and by Lemma |1}
and in addition, with the diameter of S given in , the definition of the dynamic
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stepsize (8),0 <y <), <7 < 2 (similar to the Proposition|[)), we get the inequality
@
When we combine the inequality using the fact f(zy) — fi¢° > 0, Vk and
¢, < L given in @, for all £ < K the following inequality
* * (5k - Ld§)2
lzpsr =271 < fla — 27| = 72 = 1) ——pz——
is obtained.
By summing these inequalities over k = 0, ... K, we have

K

. ez 22=7)
loscer = oI < lao — 2| = =55 >~ (0 — Lds)”.
k=0

The last relation cannot hold for sufficiently large K because of the compactness
of the set S. Thus, it implies

9 D
kzzo((sk — Ldg) < 17(2 — ’_)/)

lwo — 2|

O

Remark 2. Let the Assumption 1 hold true. Then, there exists a weak subgradient
(vk,cr) € Wie,a) C 9. f(xr) and thus, we have

@) = flar) > flap ™ —zp) = (o, @ — zx) — cp [l2" — 23|
for all k > 0, which plays an important role in proving Lemma (1} Since Lemma
is essential to prove the results on the propositions of convergence analysis and
convergence rate, all the results of this section are valid if the weak subgradient is
computed via Algorithm 1.

4. COMPUTATIONAL RESULTS

In this section, we verify the performance and analyze the efficiency of the weak
subgradient method with the PBTL algorithm by solving completely 49 nonsmooth,
nonconvex test problems, of which 19 are small scale, P-SS, (P1-P19) with 2 to 10
decision variables and 15415 are large scale (P20-P34), with 50, P-LS-50, (shown
as P20-50 to P34-50) and 200, P-LS-200 (shown as P20-200 to P34-200) decision
variables, respectively. Table[I]shows the properties of the test problems, including
the names given in the literature and references to where they were taken from,
the variable numbers, n, and the optimal values of the problems, f*. Note that the
optimal values of some problems are approximate, P12 and P13 are the L; version
of the Rosenbrock and Wood functions, respectively, and P21 is the nonsmooth
version of the Brown function.
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Table 1: Nonsmooth nonconvex test problems

Small Scale n f* Large Scale Problem n f*
Problem

P1 Crescent 35 2 0 P20 Active faces w any 0
P2 Mifflin 2 2 -1 P21 Brown function any 0
P3 WF 2 0 P22 Chained crescent | any 0
P4 SPIRAL \\ 2 0 P23 Chained crescent IT [29] any 0
P5 EVD52 \\ 3 3.5991193 P24 Problem 6 in \\ any 0
P6 PBC3 [42] 3 0.0042021427 P25 Problem 17 in |43 any 0
P7 Bard [42] 3 0.050816327 P26 Problem 19 in [43 any 0
P8 Polak 6 \\ 4 —44 P27 Problem 20 in (43 any 0
P9 El-Attar 6 0.5598131 P28 Problem 22 in any 0
P10 Gill 10 9.7857721 P29 Problem 24 in \ any 0
P11 Problem 1 [5] 2 2 P30 DC Maxl [5] any 0
P12 Rosenbrock H 2 0 P31 DC Maxlq H any 0
P13 Wood |5, 4 0 P32 Problem 6 in |7] any 0
P14 EXP [42] 5 0.00012237125 P33 Problem 7 in (7] any 0
P15 Kow.-Osb. [42] 4 0.0080843684 . s 50 —34.795
P16 OET5 [42 4 00026359735 o4 Chained Mifflin 2 200 —140.86
P17 OETS6 [42 4 0.0020160753

P18 PBC1 \\ 5 0.022340496

P19 EVD61 |42 6 0.034904926

The constraint set is S = {z|z; € [-5,5] ¢=1,...,n} in the problems, however
if any component of the optimal solution is not in this interval, then the constraint
set is updated as [z} — 5,2F + 5] 4 € {1,...,n}. In addition, the starting points of
the problems needed in the algorithm are the same in reference to the corresponding
problems.

We code the weak subgradient method with the PBTL algorithm in the Python
programming language and carry out numerical experiments on MacBook Pro with
2.5GHz Intel Core i7 processor and with 16GB 1600 MHz DDR3 RAM. The al-
gorithm is terminated if d; becomes less than tol = 0.001 or the CPU (s) time
reaches 3600s for all test problems. dg is defined as |f(zo)|. The prescribed upper
bound R is defined as 100,5000 and 50 for P-SS, P-LS-50 and P-LS-200, respec-
tively. For P7, R is defined as 10000. The parameters a and A is set as 1 and 0.001
for the approximate computing of the weak subgradient via Algorithm 1, respec-
tively. The upper bound ¢ of the scaler parameter ¢; of the weak subgradient is
k

Cr = M to ensure the positiveness of the stepsize. The scaler parameter

¢ 18 defined ¢ = Cr x 0.5 to compute the vector part vy of the subgradient in
Algorithm 1.
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The computational results, the CPU times, and iteration numbers of nonsmooth,
nonconvex test problems obtained via weak subgradient method with the PBTL
algorithm are given in Table 2, where the following notations are used:

e WSM — Path: The weak subgradient method with the PBTL algorithm.

o WSM — Dyn: The weak subgradient method with dynamic stepsize with
dynamic f}¢v from [22].

e fPath: The best value of the objective function, computed using WSM —
Path.

e fdUn. The best value of the objective function, computed using WSM —
Dyn.

e iter: The number of iterations at which the weak subgradient method with
the PBTL algorithm is terminated.

Table 2 compares the results with the (approximate) optimal solutions obtained so
far and the results obtained by W.SM — Dyn. The better results are shown in bold.
The results show that W.SM — Path outperforms W.SM — Dyn in 29 out of 49 test
problems and two algorithms find the same value in 7 out of 49 test problems.
f-r .
L+ |f —
We evaluate the results with the evaluation criteria given above, where f is the
results obtained by the relevant method (f247 or fPah in this paper). When the
evaluation criteria of each result is less than e, the results is accepted as successful.
The successful percentage is computed by the total number of successful results
over the total number of the problems. We take ¢ as 1072,1073, and 5 x 107°. We
summarize the results in Table Bl
If we take the ¢ = 1072, then W SA — Path reaches the optimal value with
%95, %60 and %40 percentages for P-SS, P-LS-50, and P-L.S-200, respectively. Sim-
ilar, If we take the ¢ = 1073, then %95, %46 and %33 percentages are obtained.
Last, if we take the ¢ = 5 x 1075, then %68, %40 and %27 percentages are ob-
served. Additional, WSA — Path finds better solution for P14 (EXP). Moreover,
WSA — Path outperforms the successful percentage of WSM — Dyn.

(16)

5. CONCLUSION

In this paper, we propose a new version of the weak subgradient method with
the PBTL algorithm (W SA— Path). A weak subgradient of the current point with
a version of dynamic stepsize is used to produce a new solution at each iteration,
where the weak subgradient is computed with Algorithm 1 using the theorem about
the directional derivative and weak subdifferential. The target level in the dynamic
stepsize is computed with the PBTL algorithm. Then, the difference with the PBTL
algorithm compared to the other dynamic stepsizes is the method of defining the
target level to ensure fj°° — f*. We give the convergence analysis and converge
rate of the method. Furthermore, we show the tests performed using the method
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Table 2: Computational results for nonsmooth test problems for
test problems

Prob. fr fium, fgi%lWSM Péth
5

P1 0 0 0 86.19
P2 —1 -1 —1 80.41
P3 0 0 0.00000169 81.30
P4 0 0 0 1.14
P5 3.5991193 3.59984305 3.59973074 123.51
P6 0.0042021427  0.00421077 0.00420479 429.55
P7 0.050816327 0.0508552 0.050829 232.20
P8 —44 —43.99 —43.99 215.58
P9 0.5598131 0.56171104 0.55993735 1859.47
P10 9.7857721 9.813723 9.79246244 2739.11
P11 2 2 2 118.39
P12 0 0.00015433 0 16.50
P13 0 0.0090316 0 0.04
P14 0.00012237125 —0.0024076 —6 552.60
P15 0.0080843684  0.00815057 0.00810742 114.80
P16 0.0026359735  0.00325996 0.0026544 367.68
P17 0.0020160753  0.00317971 0.00209686 353.22
P18 0.022340496 0.11826176 0.02251701 155.31
P19 0.034904926 0.03578041 0.07816864 12.48
P20-50 0 0.004235249 0 90.75
P21-50 0 0.01909278 0 1656.90
P22-50 0 0.045976722 O 3606.05
P23-50 0 0.0048727756 O 3636.80
P24-50 0 0.004071199 0.00300322 3544.41
P25-50 0 0 0.87361276 200, 47
P26-50 0 0.002417618 0.18014279 4106, .27
P27-50 0 0.0073205 0.103582595  552.50
P28-50 0 0.000680983 0.00068109 0.004
P29-50 0 0.012916485 0.00928192 3019.05
P30-50 0 2.575630571 O 1054.63
P31-50 0 1 1 906.04
P32-50 0 0.028024848 0.02395819 3548.23
P33-50 0 0 0.07654164 3684.00
P34-50 —34.795 —34.70324 —34.774069 2517.02
P20-200 0 0.01170317 0.76033843 27.00
P21-200 0 0.096967 0 3600.04
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Prob. f* fi‘gﬁz ng%LWSM Pét}})lU
(5)

P22-200 O 0.662850133 0 1211.46
P23-200 0 0.08312041 0 3600.07
P24-200 O 0.0093181 0.00489712 1698.22
P25-200 O 0 0.83829569  544.62
P26-200 0 0.00852129  0.0300995 398.30
P27-200 0 0.505147266  0.2388156 1018.13
P28-200 0 0 0 0.04
P29-200 0 0.01205072 0.02550528 1037.98
P30-200 O 9.54184555  0.0787 3600.05
P31-200 0 1 1 152.23
P32-200 0 0.00613751490.09293225 3600.28
P33-200 0 1.170935921  0.32948383  3600.28
P34-200  —140.86 —139.8939 —140.75363 3196.39

Table 3: Success percentage of W.SM — Path for nonsmooth test prob-
lems versus the optimal value and W SM — Dyn

Type of Criteria % fdun -~ ppath
Prob.
<5x107° 63% 68%
P-SS <1073 4% 95%
<1072 95% 95%
<5x10°° 14% 40%
P-LS-50 <1073 20% 46%
<1072 60% 60%
<5x107° 14% 27%
P-LS-200 <1073 14% 33%
<1072 34% 40%

on nonsmooth, nonconvex optimization problems. The performance of WSA —
Path over the (approximate) optimal values and W.SM — Dyn is shown by the
computational experiments. Besides W.SM — Path shows good performance in
reaching the optimal values, it also outperforms WSM — Dyn in 29 out of 49 test
problems and the two algorithms find the same value from 7 out of 49 test problems.
We intend to investigate the ways of weakening Assumption 1 as a part of our future
work. Additionally, we would like to solve other nonsmooth optimization problems,
such as those found in machine learning problems.
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ABSTRACT. In this paper, we give some characterizations of quaternionic Bert-
rand curves whose torsion is non-zero but bitorsion is zero in R* according to
Type 2-Quaternionic Frame. One of the most important points in working on
quaternionic curves is that given a curve in R?*, the curve in R3 associated with
this curve is determined individually. So, we obtain some relationships between
quaternionic Bertrand curve a(®) in R%and its associated spatial quaternionic
curve a in R3. Also, we support some theorems in the paper by means of an
example.

1. INTRODUCTION

Bertrand curve was introduced by Bertrand in 1850 (see [1]). When a curve is
given, if there exists a second curve whose principal normal is the principal normal
of that curve, then the first curve is called Bertrand curve and the second curve
is called the Bertrand mate of the first curve. The most important properties of
Bertrand curves in Euclidean 3-space are that the distance between corresponding
points is constant and there is a linear relation between the curvature functions of
the first curve, that is, for A\, € R, Ak 4+ u7 = 1, where k is curvature and 7 is
the torsion of the first curve. Also, the absolute value of the real number A in this
linear relation is equal to the distance between corresponding points of Bertrand
curves. The Bertrand curves in Euclidean 3-space were extended by L. R. Pears
into Riemannian n—space and gave general results for Bertrand curves [13]. If
these general results were applied to Euclidean n—space, then either torsion ko or
bitorsion k3 of the curve vanishes. In other words, Bertrand curves in R™ (n > 3)
are degenerate curves. Also, for n > 3, some studies about Bertrand curves in
Euclidean n—space and Lorentzian n—space were made in [3], [5], [15].
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Bharathi and Nagaraj introduced spatial quaternionic curve in R3 and quater-
nionic curve in R*. By using the quaternionic multiplication, they obtained the
Serret-Frenet equations of the curve in R? and then they formed the Serret-Frenet
formulae of a quaternionic curve in R* by means of the Frenet vectors and cur-
vature functions of the spatial quaternionic curve in R? [2]. After then by using
these quaternionic frames defined by Bharathi and Nagaraj, a lot of paper about
quaternionic curves were made in R® and R* ( [4], 6], [7], [9], [10], [11], [12], [14],
(1), (7). [i3))-

Kahraman Aksoyak introduced a new quaternionic frame in R*. This new type
of quaternionic frame was called Type 2-Quaternionic Frame [8].

In this paper, we investigate quaternionic Bertrand curves whose torsion is non-
zero but bitorsion is zero in R* according to Type 2-Quaternionic Frame. One
of the most important points in working on quaternionic curves is that given a
curve in R?*, the curve in R? associated with this curve is determined individually.
Hence we obtain some relationships between quaternionic Bertrand curve o in
R* and spatial quaternionic curve a in R? associated with o® in R%. For example,
we obtain that quaternionic curve o® in R* is a quaternionic Bertrand curve if
and only if the curve o in R® associated with o) in R?* is a spatial quaternionic

Bertrand curve. Also, we show that result: if (a(4), 8 (4)) is a quaternionic Bertrand
curve couple then («, 8) is a spatial quaternionic Bertrand curve couple, where «

and 8 are curves in R? associated with quaternionic curves a®) and 5(4) in R*,
respectively. And then we give an example about these results.

2. PRELIMINARIES

The quaternion was defined by Hamilton. A real quaternion is as:

q = qo + q1e1 + q2€e2 + qses

where ¢; € R for 0 < ¢ < 3 and ey, es, ez are unit vectors in usual three dimensional
real vector space. Any quaternion ¢ can be divided into two parts such that the
scalar part denoted by S, and the vectorial part denoted by Vj, that is, for S, = qo
and V; = qie1 + g2e2 + gze3 we can express any real quaternion as ¢ = Sy + V.

If g = S,+V, and ¢' = Sy +V, are any two quaternions, then equality, addition,
the multiplication by a real scalar ¢ and the conjugate of ¢ denoted by ¢ are as:

equality : q=¢ ifand only if S, =Sy, and V, =V
addition : q+q =(Sq+Sy)+ (Vg+Vy)
multiplication by a real scalar : cq =cSq+cVy
conjugate : vq = Sq — Vg

Let us denote the set of quaternions by H. H is a real vector space with above
addition and scalar multiplication. A basis of this vector space is {1, e1, ea, es}.
Hence, we can think of any quaternion ¢ as an element (qo, q1,q2, g3) of R*. Even a
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quaternion whose scalar part is zero (it is called spatial quaternion) can be consid-
ered as a ordered triple (q1,q2,q3) of R3.

The product of two quaternions is defined by means of the multiplication rule
between the units e, es, es are given by:

€1€1 = €2€9 = €3€3 — €1€2€3 — —1. (1)
So, by using (1), quaternionic multiplication is obtained as:

g xq =848y — Vg, V) + SgViy + Sy Vg + Vg AV for every q, ¢' € H, (2)
where (,) and A denote the inner product and cross products in R?, respectively.
Also, H is a real algebra and it is called quaternion algebra.

Now, by using (2) the symetric, non-degenerate, bilinear form h on H is given
by :
h:Hx H — R,

1
ha,q) = 5(axvq' +d xvq) for g, ¢ € H (3)

and the norm of any ¢ real quaternion is defined by
lall* = h(g,q) = ¢ x vq = S2+ (Vy, V) -

So the mapping given by (3) is called the quaternion inner product [2].

We note that a quaternionic curve in R* is denoted by o® and the spatial
quaternionic curve in R? associated with a(* in R* is denoted by «.

Bharathi and Nagaraj introduced the Serret-Frenet formulas for spatial quater-
nionic curves in R? and quaternionic curves in R* follow as:

Theorem 1. (see [2]) Let I = [0, 1] denote the unit interval in the real line R and
S be the set of spatial quaternionic curve

a:ICR— S,

s — a(s) = ai(s)er + aa(s)ea + asz(s)es

be an arc-lenghted curve. Then the Frenet equations of a are as follows:

t/ 0 k0 t
n |=|-k 0 r n |,
b 0 —r 0 b

where t = o is unit tangent, n is unit principal normal, b = t X n s binormal,
where x denotes the quaternion product. k = ||t'|| is the principal curvature and r
is the torsion of the curve 7.

Theorem 2. (see [2]) Let I = [0, 1] denote the unit interval in the real line R and
a®:ITcR— Q,

s —> a(4)(s) = a((J4)(s)+a§4)(s)el—i—agl)(s)eg—kagl)(s)eg
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be an arc-length curve in R*. Then Frenet equations of o' are given by

T 0 K 0 0 T
N | | -K o0 k 0 Ny
N T 0 —k 0 (K —r) N, |
N 0 0 —(K-r) 0 N;

where T' = d(;—(:), N1, Na, N3 are the Frenet vectors of the curve o® and K = HT/

is the principal curvature, k is the torsion and (K —r) is the bitorsion of the curve
a® . There exists following relations between the Frenet vectors of o'% and the
Frenet vectors of a

Ny (s) =t(s) x T'(s), Na(s)=n(s) xT(s), N3(s)="0b(s)xT(s).

Type 2-Quaternionic Frame which is introduced by Kahraman Aksoyak in [8] is
given as:

Theorem 3. (see [§]) Let I = [0,1] denote the unit interval in the real line R and
oW TcR—Q,

s — a@(s) = af (5)+al (s)er+af? (s)eatal’ (s)es

be an arc-length curve in R*. Then Frenet equations of a¥) are given by

/

T 0 K 0 0 T

N{ _ —K 0 —Tr 0 N1 (4)
N} 0o r 0 (K — k) Ny |7

N} 0 0 —(K—-k 0 N;

’

where T = d(é(:) ., N1, Na, N3 are the Frenet vectors of the curve a®) and K = HT

is the principal curvature, —r is the torsion and (K — k) is the bitorsion of the
curve o). There exists following relations between the Frenet vectors of ¥ and
the Frenet vectors of «

Ny (s) =b(s) x T(s), Na(s)=n(s) xT(s), N3(s)=t(s)xT(s).

3. CHARACTERIZATIONS OF (QUATERNIONIC BERTRAND CURVE

In this section, we consider the quaternionic curve whose the torsion (—r) is
non-zero and bitorsion (K — k) is zero according to Type 2-Quaternionic Frame in
R* given by (4) and obtain various characterizations for cases where such curves
are quaternionic Bertrand curves. Also, we give some relationships between quater-
nionic Bertrand curves in R* and spatial quaternionic curves in R? which are related
to these curves and discuss some theorems in this section on an example.

Definition 1. Let a® : I ¢ R — E* and 6(4) : I C R — E* be quaternionic curves
gwen by the arc-length parameter s and s, respectively.
{T(s), Ni(s), Na(s), N3(s)} and {T(5), N1(5), Na(5), N3(5)} are Frenet vectors
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of these curves. If the principal normal vectors Ni(s) and Ny(3) of the curves
a® and B(4) are linearly dependent, then these curves are called quaternionic
Bertrand curves. Let (a(4), 6(4)) be quaternionic Bertrand curve couple, where a'¥
is a quaternionic Bertrand curve and 5(4) is quaternionic Bertrand mate of oY,

Theorem 4. Let o/ : I ¢ R — E* and 6(4) : I ¢ R — E* be quaternionic
curves with arc-length parameter s and s, respectively. If (a(4)75(4)) s a quater-

nionic Bertrand curve couple, then the distance at corresponding points is constant,
that is

d(aW (s),8W (5)) = const., forall s 1.

Proof. We assume that o* is a quaternionic Bertrand curve and 5(4) is a quater-
nionic Bertrand mate of a®). From Definition (1), we can write

BY (5) = a® (s) + A(s)N (s)

where A : I — R is a differentiable function. If we take the derivative of the above
equation with respect to s and use the equations of Type 2-Quaternionic Frame
given by (4), we get

T(3) = 2 [0 MK ()T + X () M () =A@ () Mo ()] . (6)

Since h(T (%), 1\71(5)) =0 and h(Ny (s) ,N1(§)) = =+1,
N(s)=0
and we have that ) is a constant function on I. O

Theorem 5. The measure of the angle between the tangent vector fields of quater-

nionic Bertrand curve couple (a(4), 6(4)) s constant, that is
h(T(s),T (5)) = cos ¢, = const. (6)

Proof. 1f we derivative h (T'(s), T (5)) and use the equations of Type 2-Quaternionic
Frame, we obtain following equality:

w _ h(ﬁ?7f<s>)+h(T<s>’T;§)§Z)

DK ) N9, T ) + 0 (T K (6 M5 ).

Since Ni(5) = £N;(s), we find
dh (T(s),T (3))
ds
which implies that h (T(s), T (5)) is constant. O

=0
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Theorem 6. Let o : T € R — E* be a quaternionic curve with arc-length param-
eter s whose torsion is non-zero and bitorsion is zero. Then a9 is a quaternionic
Bertrand curve if and only if

AK +pur =1,
where X\ and p are real numbers, K is the principal curvature, —r is the torsion of
the curve a®.

Proof. We suppose that a® is a quaternionic Bertrand curve such that r # 0 and
K —k = 0. Then there exists a quaternionic Bertrand mate of a(* denoted by 6(4).
5(4) can be expressed as:

BW (s) = a™ (s) + ANy (s), (7)
where A is non-zero real number. Since the angle between the tangent vector fields

of a® and B is constant, from (5) and (6), the tangent vector of 3 can be
written as:

T (3) = cos ¢T () + sin ¢y Na(s)

in here J
cos gy = (1= AK (s)) 7, (8)
sin gy = —Ar (s) % 9)

cos ¢

Since A and r (s) are non-zero, sin ¢, is non-zero. If we take as _>\sin¢>
0

= p and
ratio the equations given by (8) and (9) side by side, we find
AK + pr = 1.
Conversely, let a® : I ¢ R — E* be a quaternionic curve whose the curvatures
K and —r hold the relation AK + pr = 1 for A and p real numbers. Let define a
quaternionic curve by using A real number as:
BW (s) = o (s) + ANy ().

It is clearly shown that the principal normal lines of a(* and B(4) are linearly
dependent. O

Theorem 7. Let (a(4),5(4)> be a quaternionic Bertrand curve couple, then the

product of torsions r(s) and 7 (8) at the corresponding points of the curves « and
B is a constant, where o and B are spatial quaternionic curves in R related to
quaternionic curves a®) and 5(4) in R*, respectively.

Proof. Let consider that 5(4) is a quaternionic Bertrand mate of «(®). Then we have
BY (s) = al (s) + AN (s) -
If we displace the position vectors a® (s) and 8@ (s) , we get

a® (s) = BW (s) = ANy (5) . (10)
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By differentiating (10) with respect to s and using the equations of Type 2-Quaternionic
Frame, we obtain
_ _ _ ds
T(s) = [(1+ AK (5))T(5) + A7 (5) N2 (5)] d{.
So, we can rewrite
T(s) = cos ¢y T(5) — sin gy N2 (5)
where
_ .. ds
cosgy = (1 + AK (5))£» (11)

sin ¢y = —A7 (5) % (12)

Multiplying the equations (9) and (12) side by side, we find

sin? ¢,

rr = 53— = const.
A

O

Theorem 8. Let (a(4),ﬂ(4)) be a quaternionic Bertrand curve couple. Then the

curvatures K (s), —r(s) and K (3), —7 (5) of the curves a™® and BY respectively,
satisfy the following equation

ME+K)+p(r—7)=0. (13)

Proof. We assume that (a(4), 6(4)) is a quaternionic Bertrand curve couple. Then
if we ratio the equations given by (8) and (9) side by side, we find

cosgy  1—AK
sing,  —Ar

and similarly if we proportion the equation (11) to equation (12),

cos¢y 1+ AK
sing, -\

C

If we take as — q?;j:" A = p1, we have
= 0

AK 4 pur =1 (14)
and
AK — pi = —1. (15)
From (14) and (15), we obtain

MK +K)+p(r—7)=0.
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Theorem 9. Let a® : I ¢ R — E* be a quaternionic curve whose the torsion is
non-zero and bitorsion is zero and o : I C R — E? be a spatial quaternionic curve
associated with oY quaternionic curve. Then o is a spatial quaternionic Bertrand
curve if and only if o' is a quaternionic Bertrand curve.

Proof. We assume that o : I € R — E? is a spatial quaternionic Bertrand curve.
Then there are A\, u are real constants such that the curvatures k(s) and r(s) of «
satisfy

Ak +pr=1. (16)
Since the bitorsion of the quaternionic curve a(* vanishes, we have
K =k. (17)
From (16) and (17), we get
AK + pr = 1.

From Theorem (6), the above equality says that o*)(s) is a quaternionic Bertrand
curve.

Conversely it is clearly shown that if «®) is a quaternionic Bertrand curve whose
the bitorsion vanishes, then « is a spatial quaternionic Bertrand curve. O

Theorem 10. If (a(4),6(4)> is a quaternionic Bertrand curve couple then (a, 3)

is a spatial quaternionic Bertrand curve couple, where o and B are curves in R3
associated with quaternionic curves o' and ﬁ(4) in R*, respectively.

Proof. We consider that a(*) is a quaternionic Bertrand curve and @ s a quater-
nionic Bertrand mate of o). Then from Definition (1), N (s) and Ny (5) are linearly
dependent. On the other hand, from Theorem (9), we know that if a® and ﬁ(4)
are Bertrand curve then the curves o and § in R? which are associated with ()
and 6(4) in R*, respectively are Bertrand curves, too. Now, we show that 3 is
quaternionic Bertrand mate of a.

From Type 2- Quaternionic Frame, the binormal b of 3 is written as:

b= Ny x~T (18)
T

Since [3(4) is a quaternionic Bertrand mate of o, we have N; = N; and
cos ¢TI + sin ¢y Na. So we can rewrite (18) following as:

b = Nj x~vy(cospyT + sin ¢y,N2)
= cos¢y (N1 xT) + sin ¢y (N1 x yN3) .
In last equality, if we use N1 x T = b and Ny = n x T, we obtain
b = cos ¢yb + sin Pyt. (19)
Differentiating (19), we find

—7i— = (— cos ¢yr + sin gpk) n
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and it implies that 7 = £n. Hence [ is a Bertrand mate of a. ([

Now, we will see an application of some theorems in the paper by means of
following example.

(4) - 4
Example 1. Let o' (s) = (cos \/g,sm f f \f) be a quaternionic curve in R

which is given by arc-length parameter s. The Frenet vectors and the curvatures of
the curve o' in R* are as:

s
Ny (s fcos—,fsin—,0,0 ,
0 = (e i )
1 s s
No(s) = — | —2sin—,2cos —,—1,—1],
() = g (~esin Jp 2o 51 -1)
1
NB(S) E(anaflvl)
and
k= K =t kQ:—r:—@, ks = K —k = 0.

3’ 3
By using the definition of Type-2 Quaternionic Frame, the curve o in R® which is
associated with o'*) is obtained as:
a(s) = L (28 08 = — §in —=, cos —= —sin8> .
V2 \ V3 V3 V3 V3 V3

The Frenet vectors and the curvatures of a are computed as:

t(s) = (ZCOS\;EJFSin\;g’COS\% jg)

S S s s
0, cos —= + sin —, — cos + sin — )
( V3 V3 V3 V3
( 1 s s s s )
,C08 —= ,C sin —
VBV AV V3
1 2
k=—, r= £
3 3
From the definition of Type-2 Quaternionic Frame, there exists following relations
between Frenet vectors of oY in R* and o in R? :

Ny (s) =b(s) x T(s), Na(s) =n(s) x T(s), N3(s)=1t(s) x T(s).

a® s a quaternionic curve whose torsion is non zero and bitorsion is zero and

we can see that the curvatures of o' hold NK + pr = 1, for A\ = —2 and p = %

B e =

and

1)
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So it is a quaternionic Bertrand curve. From Theorem (9), we know that if o/® is
a quaternionic Bertrand curve then « is a spatial quaternionic Bertrand curve. We

can easily see that A\k+pur =1, for A\ = =2 and p = % Since oY is a quaternionic
Bertrand curve, we can determine the quaternionic Bertrand mate of it as:
BU(s) = a®(s)—2Ny(s)

(3f vt f)

v

where s = ¢ (s) = [ H T3S and s is arc-length parameter ofﬂ( ). Now

by using Type-2 Quatermomc mee, we can determine the Frenet vectors and the
curvatures of the curve ﬁ(4) as follows:

B (5) = <3cos\ﬁ 3s1n\ﬁ \/i \/i>
(o

T() = \/>3cosr )

a\w s:
E

Ny (5) = (

1

Vil

— cos —sin800>

117 /1177 b)
_ 1 S S
Ny (5) = —— | —2sin ,2c08 —,—3,—-3 ),
) m( e g 9)
. 1
and

_ _ 3 - N _
kl—K—ﬁ, kQ—_T—_H, k?,—K_k—O

The curve B which is associated with 6(4) is found as:

B (3) ! (2 5 3 < si s cos 5 > 3 ( si d + cos d )>
5)=—1|2—,3| —sin—= — — ],3| —sin—= — ).
V2 \ Vil V11 V11 V11 V11

The Frenet vectors and the curvatures of 8 are found as:
_ 1 S S
t(s) = —12,3 + sin —C0S ——= — sin ——= ,
& = 7 (3 (e gz o ) 3 (oo g o )

n(s) = %(O,Coerrsm\ﬁ \ﬁ+sm\ﬁ>

) = g7 (Bem g~ e S+ )
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From the definition of Type-2 Quaternionic Frame, there exists following relations
between Frenet vectors of 5(4) in R* and B in R3

N (3) = b(3) x T(3), N2 (5) =n(3) x T(3), N3(5)=1t(3) x T(3).
Since ,8(4) is a quaternionic Bertrand curve, 8 is a spatial quaternionic Bertrand
curve and the curvatures of B satisfy Nk + pr = 1, for A = 2 and o = % real

numbers. From Theorem (10), we know that B is Bertrand mate of a. In factn =n
and B(s) = a(s) —2n(s).
Also, in this example, we can see that the equation (13) in Theorem (8) holds for

A:—Q,M:%,K:%,ng,[_(:%7f:\/§ tha/tZSA(K“FR)‘FM(T—’f):

11>
0.
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ABSTRACT. In this work, we study several approximation properties of Szdsz-
Mirakjan-Durrmeyer operators with shape parameter A\ € [—1,1]. Firstly,
we obtain some preliminaries results such as moments and central moments.
Next, we estimate the order of convergence in terms of the usual modulus
of continuity, for the functions belong to Lipschitz type class and Peetre’s
K-functional, respectively. Also, we prove a Korovkin type approximation
theorem on weighted spaces and derive a Voronovskaya type asymptotic the-
orem for these operators. Finally, we show the comparison of the convergence
of these newly defined operators to certain functions with some graphics and
an error of approximation table.

1. INTRODUCTION

One of the famous linear positive operators in the theory of approximation,
Szész [29] and Mirakjan 18] introduced following operators

Smliiy) = ﬁ_ojm (). 1)

m

where m € N, y > 0, p € C[0,00) and Szész-Mirakjan basis functions s, ;(y) are
defined as below:

—my (MY) @)

Sm,j(y) =e ]l
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In 1985, Mazhar and Totik [17] proposed Durrmeyer type integral modifications
of operators as follows:

Don(i9) = 55 (0) / Smg (D1 () dt, y € [0, 00), 3)

where s,;(y) given as in (2).

Recently, some various approximation properties of operators have been
introduced by several authors. We refer the readers some papers on this direc-
tion [1,3L{L11H15].

A short time ago, the Bézier basis with shape parameter A € [—1,1] which is
presented by Ye et al. [30], has attracted attention by some authors. Firstly, Cai et
al. [7] introduced A—Bernstein operators and obtained various approximation theo-
rems, namely, Korovkin type convergence, local approximation and Voronovskaya-
type asymptotic. Acu et al. [2] proposed the Kantorovich type A—Bernstein opera-
tors and established some approximation features such as order of convergence, in
connection with the Ditzian-Totik modulus of smoothness and Griiss-Voronovskaya
type theorems. In 2019, Qi et al. [25] introduced a new generalization of Szdsz-
Mirakjan operators based on shape parameter A € [—1, 1] as below:

S (115 9) Zsmyky ( > (4)

where Szdsz-Mirakjan basis functlons Sm,;(A;y) with shape parameter A € [—1,1] :

Nm A = Sm - m 5
8m,0(A1Y) = sm,0(y) m+15 +1.1(y)
~ m—2i+1
Sm,i(AY) = Smi(y) + A <mz_13m+1,i(y)
m—2t—1 .
S i) (=12 y €. (6)

For the operators defined by 7 they studied some theorems such as Korovkin
type convergence, local approximation, Lipschitz type convergence, Voronovskaja
and Griiss-Voronovskaja type. Also, we refer some recent works based on shape
parameter A € [—1, 1], see details: [5,/6L(8/19+24,26[{28].

Motivated by all above-mentioned papers, we construct the following A\—Szdsz-
Mirakjan-Durrmeyer operators as:

Dyr(1159) mzsmmy/smm (Hdt, ye0,00), (6)
where 5., j(A;y) (j =0,1,..00) given in and A € [—1,1].

This work is organized as follows: In Sect. we compute some preliminaries
results such as moments and central moments. Then, in Sect. we obtain the
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order of convergence in respect of the usual modulus of continuity, for the functions
belong to Lipschitz class and Peetre’s K-functional, respectively. Next, In Sect.
we prove a Korovkin type convergence theorem on weighted spaces also in Sect.
we establish a Voronovskaya type asymptotic theorem. Finally, with the aid of
Maple software, we present the comparison of the convergence of operators @ to
certain functions with some graphics and error of approximation table.

2. PRELIMINARIES

Lemma 1. [25]. For the A—Szdsz-Mirakjan operators Sm, A (1;y), following results
are satisfied:

Sma(Liy) =1;

1
Smat;y) =y + [

— e (mtly _ 9y \
m(m — 1) ’

2 —(m+1)y_1_4 1)
Sm7/\(t2;y):y2+7i+|:y+e (m+ )y:|/\7

m?(m —1)
3 2
Smaty) =y* + = + 2
m m
1—e Dy 2y 4 3(m — 3)(m + 1)y? — 6(m + 1)y°
+ A
m3(m —1)
6y>  Ty?
S’m,)\(t4;y) = y4 + v =+ % + %
m  m2  m
e~ DY 1 4 2my 4+ 2(3m — 11)(m + 1)y?
_|_
m4(m —1)
A(m —8)(m +1)%*y® — 8(m + 1)%y*
+ A
mi(m —1)

Lemma 2. For the operators defined by (@, we obtain the following moments

Dia(Liy) = 1 (7)
1—e(m+y _9
e y] A

m(m — 1)

1
Dpa(t;y) =y + — + [
m

dy 2 1—e (MDY 2y — 2(m + 1)y?
D n(P5y) =y* + = + — 2); 9
Alt5Y) =y +m+m2+{ m2(m — 1) ’ )

9y 18y 6

Dy 59)=9y* + — + — + —
At y) y+m+m2 m3

N [2 —2e= MDY 4y 4 (m — 11)(m + 1)y? — 2(m + 1)y?

m3(m — 1)

] 3)\(;10)
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16y 7 2y 96y 24

Dy, m,A <t7y) m3 m

)y

2

N {24 — 24e <m+1>y +y(m —25) +18(m — 7)(m + 1

m*(m —1)

2(m? — Tm — 23)(m + 1)y® + 4(m + 1)3y4] o)

m*(m — 1)

Proof. In view of the following relation

_ T(j+u+1)
/Smj(t)t“dt=m (i) v — 7
’ L(j+1

/ (G+1)

o0
it is easy to get > S ;(A;y) = 1, hence we find (7).
§=0

(11)

Now, with the help of Lemma |1}, we will compute the expressions and (@

e (mit)?
Dya(tiy) =m) s, )\y/ mtl 7 tdt
Z J i

N gy L TG +2)
= s v9) m2T(j + 1)

1
= Sm (s *Sm 1;
A y)+m A(Ly)

— e (mthy _ 9y \
m(m —1) '

|
<
4+
|
+
—

~ T —mt (M)
Dm7,\(t2;y) = stm,j(/\;y)/e t(j!)tdt

3 2
= S (t?y) + —Smalty) + 5 Sma(Liy)

dy 2 [1 — e~ (MY _ 9y 9(m + 1)y?

a2y 42
_y+m+m2+ m2(m —1)
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Similarly, from Lemma [, we can get expressions and by simple compu-
tation, thus we have omitted details. [l

Corollary 1. As a consequence of Lemmal[3, we arrive the following relations:

— e (mthy _ 9y

() Dty = = + [

- m+e—(m+1)y +2y .
- m(m —1) '
.. 2y 2
2.,
(i1) DA ((t —y)%5y) = pous + oo
L[ (m — V)ye= DY 4 (m + 2)y + (2m — 2(m + 1)?)y?
m2(m —1)

m(m —1)

= an(y);

2

2y 2
m - m?

2+ 2(m — 1)ye= (MDY 4 2(m 4 2)y + 2(2m — 2(m + 1)?)y?
’ m2(m — 1)

IN

= B (y);
1292 48y 24
(iid) D ((t —9)*y) = 2 + puve R ey s
24 — 24e~ (MDY 4 y(m — 25) + 18(m — 7)(m + 1)y?
+
m4(m —1)
2(m? = Tm = 23)(m + 1)y® + 4(m +1)%y*
mi(m —1)

N 12ye~ (MY — 12y 4 2492 — 6(m — 11)(m + 1)y° + 12(m + 1)y*

m3(m —1)
+6y2(1 —e DY) 1293 — 12(m + 1)%y*
m2(m — 1)
2y3(1 — e~ (m+Dy) 4 4y4)2)\
m(m — 1) '

3. DIRECT THEOREMS OF D, » OPERATORS

In this section, we discuss the order of convergence in connection with the usual
modulus of continuity, for the function belong to Lipschitz type class and Peetre’s
K-functional, respectively. Let the space Cg[0,00) denotes the all continuous and
bounded functions on [0, 00) and it has the sup-norm for a function u as below:

[0,00) = SUp lu(y)l -
y€[0,00)

2]
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The Peetre’s K-functional is defined as

Ko(pu,m) = Veci;l[gm) {llw=vIl+nlv"I},

where 7 > 0 and C%[0,00) = {v € Cp[0,00) : V', " € Cp[0,00)}.
From [9], there exists an absolute constant C' > 0 such that
Ky (psm) < Cwa(ps /), n>0, (12)
where

wa(psn) = sup  sup |u(y +22) — 2u(y + 2) + p(y)|,
0<z<n y€[0,00)

is the second order modulus of smoothness of the function u € Cg[0, c0). Also, we
define the usual modulus of continuity of u € Cg[0,00) as follows

w(p;n) == sup  sup |u(y+z) — p(y)l.
0<a<n ye€[0,00)

Since n > 0, w(p;n) has some useful properties see details in [4].
Further, we give an elements of Lipschitz type continuous function with Lipr,(¢),
where L > 0 and 0 < ¢ < 1. If the following expression

() —p@)| <Lit—y*,  (tyeR)
holds, then one can say a function p belongs to Lipy(¢).

Theorem 1. Let p € Cpl0,0), y € [0,00) and X € [—1,1]. Then, the following
inequality is satisfied:

[ Do x(13y) = p(y)] < 2w(ps v/ B (9)),
where B,,(y) given as in Corollary[1

Proof. Using the well-known property of modulus of continuity |u(t) — u(y)| <
(1 i |t—5y|> w(p;0) and operating D, A(.;y), we arrive

Dalpis) = )] < (1+ 3Dmallt = ol59) ) wlps),

Utilizing the Cauchy-Bunyakovsky-Schwarz inequality and by Corollary |1, we get

Do) = )| < (14 5y/Dal€ = 00) ) wlis

< (1 + ;JW) w(p; 6).

Choosing 6 = +/,,,(y), thus we have the proof of this theorem. O

Theorem 2. Let p € Lipr(€), y € [0,00) and X € [—1,

—

]. Then, we obtain

<
2

| Draox(159) — p(y)| < L(B,(y)) 2.



SZASZ-MIRAKJAN-DURRMEYER OPERATORS BASED ON SHAPE PARAMETER X\ 413

Proof. Taking into consideration the linearity and monotonicity properties of the
operators @, it gives

Do (1) — 19)] < Do a(11(t) — uw)]39)
<mzsmj (M / e (T ) ) de
0
<LIm) Smj(X\ e I dt
JZO y{ —y

Utilizing the Holder’s inequality with p; = Z and ps = 2%4, from Corollary |1f and
Lemma [2| we arrive

N

o0

Do) = )] < E§ i3, 00 [ R 0= )2
J=0 0 I

2—¢
2

ng,j ()‘7 y)
=0
2-¢

= LD ((t— )%} (Doa(1i9)}

< L(B,(y))2.

Hence, we obtain the required sequel. (I

Theorem 3. For all p € Cg[0,00), y € [0,00) and X\ € [-1,1], the following
inequality holds:

1D r(159) = 1) < O (15 53/ B3 F (@ ()2) + (1t o (1))

where C' > 0 is a constant, ou,(y), B,,(y) defined as in Corollary[i]

Proof. We denote v, \(y) := y+L+ {w

[0, 00) for sufficently large m. We define the following auxiliary operators:
DA (1:y) = Dma(13y) = (V2 (1) + 1) (13)
From @ and , we find

] A, it is obvious that v, \(y) €

m(m—1)

ﬁm,)\(t - Y y) =0.
Using Taylor’s formula, one has
t
€0 = €W+ - €W+ [E- 0 Wdu, (€€ CRo.0). (1)

Yy
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Operating lA)m,\(.; y) to , it gives
t

DA (&) — £(y) = Do A ((t — 1) (9);y) + ﬁm)\(/(t —u)&" (u)du; y)

t Y A (Y)
— Dy / (t — w)E" (u)dus y) / (Yo () — W)E" (u)d.
Yy Yy

Taking Lemma [2| and into the account, we get
¢

Duna(€9) = €0)| < D [ (0~ 0 (i)

<[l [ {Dmallt = )% 0) + () — )"}
< {Bm(y) + (am@))?} [[€"]]-
From @, and , it deduces the following

[Donr (5:)] < 1D (15 )|+ 2 il < sl Do (1) + 2 ) < 31l

Also by and using above relation, we get

Do (13y) — ()| < ‘f)m,x(u —&y) — (L&)
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| Do €9) = €| + () = (v w)

< Al =€l + {Bm®) + a @) 7] +w (s lam ()] -
Hence, if we take the infimum on the right hand side over all ¢ € C%[0,00) and by

, we arrive

D) — )] < s P OmOITE o)
< Clos (i 5/ Bra) T (o)) + (1l 1))
Thus, the proof is completed. O

4. WEIGHTED APPROXIMATION

In this section, we will establish the Korovkin type convergence theorem on
weighted spaces. Let B,2[0,00) be the space of all functions & verifying the con-
dition |k(y)] < M.(1 + %), y € [0,00) with constant M,, which depend only
on k. We denote with Cy2[0,00) the set of all continuous functions belonging to

l=(w)]
1+y2

B,2[0,00) and it is endowed with the norm [|s||,. = sup and also we define
[

y€[0,00

C2[0,00) :={x: Kk € Cp2[0,00), lim Wl 50},

y—00 14y?

Theorem 4. For all p € C;2[0,00), we arrive

Dm ) -
lim  sup | DA (115 y) — p1(y)]

=0.
M=y€[0,00) 1+y?

Proof. Considering to the Korovkin type convergence theorem presented by Gadzhiev
[10], we want to show that operators verifies the following condition:
) D a(t759) = °| _
im  sup 3 =
M %0y€(0,00) l+y

By @, the first condition in is clear for s = 0.
For s =1, using , we have

0, s=0,1,2. (15)

|Di(ty) —yl _ |m—1+A 1 3A y
sup 5 < sup s+ sup =
y€[0,00) 1+y m(m —1) | yeo,00) 1 + ¥ m(m —1)| yejo,00)L +¥
Hence,
Doa(ty) —
lim sup L‘ygyl = 0.
M=y €[0,00) 1+y

Similarly for s = 2, using @7 we get
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sup
y€[0,00) 1+y2

dm(m — 1) — 6\
m2(m —1)

Dy A (t%5y) — o2 2((m —1) + A 1
| Din,x (%5 9) y|<' ((ﬂ;b )+ A) sup .
m?(m—1) |00l Y
Yy 4(m + 1)\
sup ) )
yelo,00) L T Y m?(m — 1)

y2

sup )
y€[0,00) 1+y2

It follows
. | D (t%5) — 92|
lim sup 5
M=%, c[0,00) 1+y

This gives the proof of this theorem. O

=0.

5. VORONOVSKAYA TYPE ASYMPTOTIC THEOREM

In this section, we will prove Voronovskaya type asymptotic theorem. Firstly we
consider the following lemma, which we will use in the proof of our main theorem.

Lemma 3. Lety € [0,00) and X € [—1,1]. Then, the following results are satisfied:
(1) lim mDp \(t = y;9) =1,

(i1) lim mDo 5 ((t = y)*y) = 2y(1 = 2y),

(ii) lim m? Do a((¢ = y)*y) = 4y*(1 - )(2y +3).
Theorem 5. Let € Cy2[0,00) such that i, " € Cy2[0,00) and A € [—1,1], then
we have for any y € [0,00) that

im o [Di (13 9) = 1(y)] = 1/ (y) +y(1 = 29)” (y)-

Proof. Suppose that u, 1/, " € Cy2[0,00) and y € [0, 00). Using Taylor’s expansion

formula, we find

u(t) = p(y) + (t—y)p'(y) + %(t — )2 (y) + (t —y)’Alt; y). (16)

In (16), A(t;y) is a Peano of the remainder term and by the fact that A(;;y) €
C;2[0,00), we arrive tlimA(t;y) =0.
( un,

After operating D,, (.;y) to , then
1
Din(p3y) = 1(y) = D n((E = 9); )1’ (y) + 5 Dm (= v)% )" (y)
+ D n((t = y)* At ) ).

If we take the limit of the both sides of above expression as m — 0o, hence
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lim m (Do x (139) — 1(y))

= lim m <Dm,>\((t —y)siyk(y) + %Dm,/\((t =)%Y (Y) + D ((t = ) Altsy); y)) :
(17)

Utilizing the Cauchy-Bunyakovsky-Schwarz inequality to the last term on the right
hand side of the above relation, it gives

im m Do 5 ((E=y)* Altsy)iy) < \/n}iglmDm,A(AQ(t;y); y)\/n}gnoomQDm,x((t —y)hy)-

Since A(t;y) € Cy2[0,00), then from Theorem tli_r}lA(t; y) = 0. It becomes
y

lim Dy, z(A%(y);y) = A%(y;y) = 0. (18)

m—r oo

Combining — and by Lemma (iii), one has
lim mDmA((t = y)*Altsy)iy) = 0.
m—oo
Hence, we obtain the following desired sequel
Hm m (D (3y) — p(y)] = 1/ (y) +y(1 = 291" (y).

m— 00

6. GRAPHICAL AND NUMERICAL ANALYSIS

In this section, with the aid of Maple software, we present some graphics and
an error of approximation table to see the convergence of operators @ to certain
functions with the different values of m and A parameters.

In Figure [I] we show the convergence of operators (6)) to the function u(y) =
ysin(y)/2 (black) for A = 1, m = 10 (red), m = 30 (green) and m = 75 (blue). In
Figure we show the convergence of operators @ to the function u(y) = ysin(y)/2
(black) for A = —1, m = 10 (red), m = 30 (green) and m = 75 (blue). It is obvious
from Figure[l]and Figure [2| that, as the values of m increases than the convergence
of operators (6) to the functions x(y) becomes better. In Figure 3] we compare
the convergence of operators (green) and operators (6)) (red) with the function
u(y) = 1 —sin(my) (black) for A = 1 and m = 10. It is clear from Figure [3| that,
operators @ has better approximation than operators . Also, in Tabl we
present an error of approximation of operators (6) to function u(y) = ysin(y)/2
for the certain values of m and A € [—1,1]. We can check from Table 1] that, as
the value of m increases than the error of approximation of operators @ to u(y) is
decreases. One the other hand, for A > 0, the absolute difference between operators
(6) and p(y) is smaller than between operators and p(y).
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function
— m=10 =1
s =30

— =75

FIGURE 1. The convergence of operators Dy, x(u;y) to the func-
tion u(y) = ysin(y)/2 for A =1 and m = 10,30, 75

function
— m=10 =1

| m=30

—m=75

FIGURE 2. The convergence of operators Dy, x(u;y) to the func-
tion p(y) = ysin(y)/2 for A = —1 and m = 10, 30,75
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— function
D
— )

10
10,1

0.5

FIGURE 3. The convergence of operators D,, x(p;y) and Dy, (1; y)
to the function u(y) =1 — sin(wy) for A =1 and m = 10

TABLE 1. Error of approximation D,, x(u;y) operators to u(y) =
ysin(y)/2 for m = 10, 30, 75,150

A w(y) = Do)

m =10 m = 30 m="75 m = 150
-1 0.0779267654 0.0274289801 0.0110996263 0.0055687488
-0.75 0.0778118774 0.0274227761 0.0110991971 0.0055686940
0 0.0774672138 0.0274041639 0.0110979093 0.0055685292
0.75 0.0771225502 0.0273855517 0.0110966215 0.0055683644
1 0.0770076622 0.0273793477 0.0110961923 0.0055683096
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ABSTRACT. The bihyperbolic numbers are extension of hyperbolic numbers
to four dimensions. In this paper we introduce the concept of Pell and Pell-
Lucas bihypernomials as a generalization of bihyperbolic Pell and Pell-Lucas
numbers, respectively.

1. INTRODUCTION

Let consider Pell and Pell-Lucas numbers which belong to the family of the
Fibonacci type numbers, for details see [14]. We recall that the nth Pell number P,
is defined by P, = 2P,,_1+ P,,_o for n > 2 with Py = 0, P; = 1. The nth Pell-Lucas
number @, is defined by Q,, = 2Q,,_1 + Q,_2 for n > 2 with Qo = Q1 = 2.

For the nth Pell number and the nth Pell-Lucas number the explicit formulas

have the form
(1+Va)" = (1= VB
2V2
Qn=(1+V2)" +(1-V2)".
The above equations are named as Binet type formulas for Pell and Pell-Lucas
numbers, respectively. For other properties of P,, and @, see [5,649]. In [7] Horadam

and Mahon introduced Pell and Pell-Lucas polynomials and next their properties
were studied among others in [4].

P, =
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Let = be any variable quantity. Polynomials P, (z) and @, (z) defined as follows
P,(x) =2z Py_1(x) + Py—2(x) for n > 2 with Py(x) =0, Pi(x) =1

Qn(z) =2z Qn_1(x) + Qn_o(x) for n > 2 with Qo(z) = 2,Q1(x) = 2z
generalize Pell and Pell-Lucas numbers and they are called as Pell polynomials and
Pell-Lucas polynomials, respectively. Clearly P,(1) = P, and Q,(1) = Q,.

Let
alz)=xz+Va2+1, Bx)=z—Va?+1 (1)
be roots of the characteristic equation for the Pell and Pell-Lucas polynomials.
Then solving this equation we have

(2)
and

Qn(z) = a"(z) + 8" (2), (3)
respectively.

We recall selected identities for Pell and Pell-Lucas polynomials, which will be
used in the next part of this paper.

Theorem 1. [7] Let n be an integer. Then

Poii(x) + Pooi1(2) = Qn(z) =22 - Py(x) + 2P,—1(x), for n > 1, (4)
Qni1(z) + Qu_1(x) = 4(x® + 1)P,(z), for n > 1, (5)
; P(z) = Pul) + Zl_l(x) — 1, for n > 2, (6)

For Pell numbers and Pell polynomials we can find different generalizations given
by the kth order linear recurrence relations, k£ > 2. One of the fundamental gener-
alization of Pell polynomials is Horadam polynomials which describe a wide family
of polynomials defined by linear recurrence relations of order two. Some properties
of the Horadam polynomials can be found in [8]. Horadam polynomials play an
important role in the theory of hypercomplex numbers, for details see [12414]. In
this paper we will use Pell and Pell-Lucas polynomials in the theory of bihyperbolic
numbers.

Let Hy be the set of bihyperbolic numbers ¢ of the form

¢ =xo + 121 + J2z2 + Jaws,
where ¢, 21, 22,23 € R and ji, jo, j3 ¢ R are operators such that

Jt =js =343 =1, jijo = joji = Js, jijs = jsj1 = jo. jojs = jajo=sj1. (8)
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From the definition of bihyperbolic numbers follows that their multiplication can
be made analogously to the multiplication of algebraic expressions. The addition
and the subtraction of bihyperbolic numbers is done by adding and subtracting
corresponding terms and hence their coefficients.

Since the addition and multiplication on Hy are commutative and associative,
so (Hg, +,-) is a commutative ring.

Note that bihyperbolic numbers are a generalization of hyperbolic numbers. For
the definition of hyperbolic numbers and their properties see [10,/11]. For the
algebraic properties of bihyperbolic numbers see [1].

A special kind of bihyperbolic numbers, namely bihyperbolic Pell numbers, were
introduced in [2] in the following way.

The nth bihyperbolic Pell number BhP, is defined as

Bth :Pn +jlpn+1 +j2Pn+2 +j3Pn+3- (9)
By analogy

BhQn - Qn +j1Qn+1 +j2Qn+2 +j3Qn+3 (10)

is the nth bihyperbolic Pell-Lucas number. Note that some combinatorial properties
of bihyperbolic Pell numbers we can find in [3].

Based on definitions of BhP,, and BhQ, we introduce Pell and Pell-Lucas bihy-
pernomials.

For n > 0 Pell and Pell-Lucas bihypernomials are defined by

BhP,(z) = Pp(z) + j1 Ppy1(z) + j2 Pry2(z) + j3 Prys(z) (11)
and

BhQn(7) = Qn(x) + j1Qn+1() + j2Qnr2(w) + j3Qni3(x), (12)

respectively. Note that BhP,(1) = BhP, and BhQ,(1) = BhQ,.

2. MAIN RESULTS

In this section we will give some identities for Pell bihypernomials and Pell-Lucas
bihypernomials.

Theorem 2. Let n > 0 be an integer. For any variable quantity x, we have
BhP,(z) = 2x - BhP,_1(z) + BhP,_2(x) for n > 2 (13)

and BhPy(z) =1+ ji - 22 + jo - (422 + 1) + j5 - (823 + 4x).
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Proof. If n = 2 we have
BhPy(x) = Pa(z) + j1P3(x) + jaPa(x) + jaPs(x)
=22+ 41 - (42 + 1) + jo - (82% + 4a) + jz - (162* + 1222 + 1)
=2z (14 j; - 22+ jo - (422 + 1) + js - (82° + 4z))
+ 1+ jo - 27 + j3 - (42® + 1)
= 2z - BhPi(z) + BhPy(x).
Let n > 3. By the definition of P, (x) we obtain
BhP,(z) = Pp(z) + j1Pp41(2) + joPoy2(2) + 3 Poys(z)
= (22 Po—1(2) + Pp—2(2)) + 5127 - Py () + Pro1(2))
+ J2(22 + Pog1(2) + Pa(2)) + j3(22 - Poy2(2) + Poya(2))
=22 (Po—1(®) + j1Pn (%) + j2Pagr () + s Poya ()
+ Po—2(%) + j1Pp1(2) + j2Pn(2) + jsPry1 ()
=2z - BhP,_1(z) + BhP,_s(x),
which ends the proof. O

Using the same method we can prove the next result.

Theorem 3. Let n > 0 be an integer. For any variable quantity x, we have
BhQ,(z) = 2z - BhQp—1(x) + BhQp_2(z) for n > 2

with BhQo(x) = 2 + j1 - 2z + jo - (422 4+ 2) + js - (823 + 62)

and BhQ1(x) = 2z + j1 - (422 4+ 2) + ja - (823 + 62) + j3 - (162 + 1622 + 2).

Note that some identities for BhP,(z) and BhQ,(z) can be found based on
identities for Pell and Pell-Lucas polynomials mentioned in the introduction of this

paper.
Theorem 4. Let n > 1 be an integer. Then
BhP,+1(x) + BhP,_1(x) = BhQ,(x) = 22 - BhP,(z) + 2BhP,,_1(z).
Proof. Using we have
BhP,11(z) + BhP,_1(z)
= Poy1(@) + j1Pota(z) + jaPoys(@) + JzPata(z)
+ Po-1(x) + j1Pu (%) + j2Pagr () + 3 Poy2 ()
= (Pot1(2) + Pooa(2)) + j1(Pasa(2) + Pa(z))
+ J2(Pat3(®) + Pog1(2)) + j3(Pota(@) + Pota(2))
= Qn () + 1Qn+1(2) + j2Qn+2(2) + j3Qn+3(7)
= BhQ,(x).

-~
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On the other hand

2x - BhP,(z) + 2BhP,_1(x)
=2z (Pu(2) + j1 Poy1(2) + jaPrta(z) + j3 Pats())
+ 2 (Po—1(2) + j1Pa(2) + joPrti(2) + J3Pata ()
= (2z- P,(z) 4+ 2P,—1(2)) + j1(2x - Ppy1(z) + 2P, (x))
+ j2(22 + Pyyo(z) 4+ 2Ppi1(2)) + j3(23 - Poys(x) 4 2P, 12(2))
= Qn() + j1Qn11(2) + j2Qni2(x) + j3Qn+3(z)
= BhQ,(x).

Theorem 5. Let n > 1 be an integer. Then

BhQpi1(x) + BhQ,_1(z) = 4(2® + 1)BhP,(z).

Theorem 6. Let n > 2 be an integer. Then

n—1
S BB (x) = BhPy(x) + Bth—l(Z‘gm— BhPy(x) — BhPy(z)
=1

Proof. For an integer n > 2 we have

n—1
> BhPi(z) = BhPi(z) + BhPy(x) + - -+ BhP,_1(x)
=1

= Pi(z) + j1P2(2) + j2 Ps(z) + js Pa()

+ Pa(z) + j1P3(w) + ja Pa(w) + jaPs(x) + - -

+ Pp1(x) + j1P0(2) + j2Pos1(2) + Ja Prta(z)

=Pi(z) + Py(x) +-- -+ Poo1(x)

+j1(Pa(2) + P3(z) + - + Pu(z) + Pi(z) — Pi(z))

+ J2(Ps(x) + Pa(z) + - + Poga(2) + Pi(z) + Po(2) — Pi(z) — P2 ()
+ j3(Pa(x) + P5(x) + -+ - + Poya(z) + Pi(z) + Pa(z) + Ps(x)

— Pi(z) — P2(z) — Ps(2)).
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Using @ we obtain

ZBth _ Ple)+ Paci) =1

+ <Pn+1( x) + Po(x )—1_P1(x))

Prya(z +Pn+1() 1

—Pi(x) - Pg(x))

— Pi(z) — Py(x) — P3(m))

P (z )+Pn( )—1-2x
2x
- Ppio(z) + Poyr(z) — 1 — 20 — 422
+ 2
2x
Poi3(z) + Puyo(z) — 1 — 22 — 422 — 22(42? + 1)
2x
_ Pu(@) + 51 Poga (2) + jaPoya(z) + jaPoys(z)
2x
Poo1(z) + j1Pn(2) + j2Pos1 () + JiaPrya(2)
2x
—(0+1) — j1(1+22) — jo (22 + (422 + 1)) — js((42® + 1) + (823 + 4x))
2x
_ BhP,(z) + BhP,_1(x) — BhPy(x) — BhPy(x)
o 2z '
Thus the Theorem is proved. ([

+ 73

+

Theorem 7. Let n > 2 be an integer. Then

BhQn( ) + BhQn_l(LIJ) — Bth(x) — BhQ (l‘)
Z BhQi(x o .

Now we give Binet type formulas for Pell and Pell-Lucas bihypernomials.

Theorem 8. (Binet type formula for Pell bihypernomials) Let n > 0 be an integer.
Then

7) = = (14 jra(e) + 203 (@) + jsa*(2)
(14)
- (14 51B(@) + 2B @) + 5a8°(2))



428 A. SZYNAL-LIANA, I. WLOCH, M. LIANA

where a(x), B(z) are given by (1)).
Proof. Using and we obtain
BhPy(z) = Pp(2) + j1Poy1(2) + j2Pata(z) + j3 Prys(w)

_ '@ - p) amt(z) — g (x)
T el =@ T al@) = B@)
Ca2a) — ) | at) - 5 )
TP e =@ T el - A)
and by simple calculations the result follows. (|

In the same way, using and , we obtain the next theorem.

Theorem 9. (Binet type formula for Pell-Lucas bihypernomials) Let n > 0 be an
integer. Then

BhQu(x) = o™ () (1 + jra(@) + jao(2) + jao” ()
+ 8" (@) (1+ j18(2) + 2 (2) + s () |
where a(z), B(z) are given by ().

Using Binet type formulas for Pell and Pell-Lucas bihypernomials we can obtain
Catalan type identity, Cassini type identity and d’Ocagne type identity for Pell and
Pell-Lucas bihypernomials.

For simplicity of notation let

(15)

a(z) =1+ jia(z) + j20°(2) + jsa’ (x),
Blz) = 1+ j1B(@) + j2B°(2) + jaB* (x).
Consequently we can write and as
a"(x)a(z) — 8" (z)B()

BhP,(z) = o(z) = Blx) (16)
and
BhQn(z) = a"(2)a(x) + 5" (2)B(x). (17)
Moreover,
a(z) - Bz) = -1,
a(z) + B(x) = 2,
a(z) - Bla) = 2/a2 + 1,
() + 5 (x) = (a(z) + B(2))’ - 3a(x)f(z)(a(z) + B(z)) = 8z° + 6z,
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and
a(z) - Blx) = Bx) - &(x)
= 14 j1B(x) + 52 (x) + ja5° (2) + jro(x) — 1 = jsP(x) — 25 ()
+ ja0®(x) = jaa(x) + 14 j1B(x) + jaa® (x) — jao®(z) + jre(x) — 1
= j1 20(2) + 2B(x)) + js (o’ (x) + B°(x) — a(z) — B(x))
=71 -4+ 73 (8x —|—4x).

Theorem 10. (Catalan type identity for Pell bihypernomials) Let n > 0, r > 0 be
integers such that n > r. Then
BhP,_,(x) - BhPy i, (x) — (BhP,(z))?

_ (=)= (2 + \/ﬁ;— (x — m)r)z (jl Az + js (8953 + 4m)) .

Proof. By formula we have

BhP,_(2) - BhPo () — (BhP,(2))?

@) B o BT e
= "o 8@ e =@ W a@ - @ Vat) — s
atz) . f) B2) . . a'(z)

T o - @ V- s W T o - @ W atw) — s )

@) s 20 @) () — (@) - (o @)
(@) - B(a))? (@(@)B(@)"
 @@BE)" () - (@)
(o) — A2 P D )y
)@ @)
(a(@) — B@)? (@)5().
so the result follows. 0

Theorem 11. (Catalan type identity for Pell-Lucas bihypernomials) Let n > 0,
r > 0 be integers such that n > r. Then

BhQp—p () - BhQpiy(x) — (BhQn (z))?
= (1) (" (z) — B (x))” - &(w)B(x)
=(-D""((z+Va2+1)" = (z — Va2 + 1)")? (j1 - 4z + js (82° + 4z)) .

Note that for r = 1 we get the Cassini type identities for Pell and Pell-Lucas
bihypernomials.
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Corollary 1. (Cassini type identity for Pell bihypernomials) Let n > 1 be an
integer. Then

BhP,_1(2) - BhPoi1(z) — (BhP,(2))?
= (=)™ (jr - 4o + s (82" + 4z)) .

Corollary 2. (Cassini type identity for Pell-Lucas bihypernomials) Let n > 1 be
an integer. Then

BhQp_1(x) - BhQpi1(x) — (BhQn(z))?
= (=1)""'(42® +4) (j1 - 4o + js (82° + 42)) .

Theorem 12. (d’Ocagne type identity for Pell bihypernomials) Let m > 0, n > 0
be integers such that m > n. Then

BhP,,(2) - BhP,,1(x) — BhPyy1(2) - BhP,(z)

D@ = BT )

Proof. By formula we have

BhPy,(2) - BhPyy1(2) — BhPpi1(z) - BRP, ()

o™t @) oy @@
(a(z) — B(z))? (a(z) — @)’ (z)B(z)
(

el +

EEEE QL
B3(z)é(x) — wA2 x
pw)a) - s SR @)
B@) _am@)B"(@)(ale) = B@) . a0
(a(z) — B(x))® (a(z) — B(z))? > (2)B(x)

am+n+l (.’E

I
T~ —
S
3
&
®
3
-
2
&
\

(a l’)ﬂ(ll?))n m—mn — B ")) &z xT
ol g W @)@
_ (=D (am T (x) _ﬂm_n(gj))a x)B(x
- a(r) — B(x) (05

so the result follows. O
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Theorem 13. (d’Ocagne type identity for Pell-Lucas bihypernomials) Let m > 0,
n > 0 be integers such that m > n. Then

BhQum(x) - BhQpi1(x) — BhQpy1(z) - BRQy ()
= (=)™ (a(x) = B@) (@™ " (x) = 87" (2)) &lx) B(x).
Theorem 14. Let m > 0, n > 0 be integers. Then
BhP,,(x) - BhQ,(z) — BhQp,(z) - BhP,(x)
2@ ) - B
Proof. By formulas and we have
@@ @) o Yany .
=5t 5" @ o) — B @)
B (z)a" (z) B (x)B" (x) 2
a(z) — B(z) a(z) — B(z)
Q" (@) (@) o L A @)EE)
a(@)— Bla) a@)— Bla) )
"(z) "
(2)

B ()

n

B(x)a(z) -
&2 (z) +

a(z) — Bz Alo) )+a(x —5(3:)5 (=)

_ 2a™m(@)"(x) = 26" (z)a"(z) o v

- o)~ p(@) ()(e)

_ 2(_1)n(am—n(m> _ ﬁmfn@j)) .
a(z) - B(x)

so the result follows. O

Theorem 15. The generating function for the Pell bihypernomial sequence
{BhP,(x)} is
Jitda- 2w+ s - (42 +1) + (1 +jo + js - 20)t
1—2xt —t2 ’
Proof. Suppose that the generating function of the Pell bihypernomials sequence

{BhP,(z)} has the form G(t) = > BhP,(x)t". Then
n=0

G(t) =

G(t) = BhPy(x) + BhPy(x)t + BhPy(x)t* +
Multiply the above equality on both sides by —2xt and then by —t? we obtain
—G(t) - (22)t = —BhPy(x) - (2x)t — BhPi(z) - (22)t* — BhPy(x) - (22)t> —
—G(t)t?* = —=BhPy(z)t* — BhPy(2)t> — BhPy(2)t* — - --
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By adding these three equalities above, we will get
G(t)(1 — 22t — t*) = BhPy(x) + (BhPy(z) — BhPy(z) - (22))t

since BhP,(z) = 2z - BhP,_1(2) + BhP,_5(x) (see (13)) and the coefficient of ¢",
for n > 2, are equal to zero. Moreover, BhPy(z) = j1 + j2 - 22 + j3 - (4% + 1),
BhPy(x) — BhPy(z) - (22) = 1+ jo + js - 2. d

Using the same method we give the generating function g(t) for Pell-Lucas bi-
hypernomials.

Theorem 16. The generating function for the Pell-Lucas bihypernomials sequence
{BhQn(x)} is
olt) = 24 j1 - 22 4 ja - (42° 4 2) + j3 - (82° + 61)
1— 2t — 12
" (=22 + 241 + j2 - 22 + js - (4:172 +2))t
1— 2t — 2 ’
At the end we will give the matrix generator of Pell and Pell-Lucas bihypernomi-
als.

Theorem 17. Let n > 0 be an integer. Then

[ Dibuale) Bibua) | [ D) Bt | T2 1"

Proof. (by induction on n)
If n = 0 then assuming that the matrix to the power 0 is the identity matrix the
result is obvious. Now suppose that for any n > 0 holds

BhP,yo(x) BhPuii(z) | _ [ BhPy(x) BhPi(z) ] [ 2z 11"
{Bth_H(x) BhP,(x) } [BhPl(x) Bhpo(x)} [1 o}

We shall show that

{ BhP,,5(x) BhPpio(z) } _ [ BhPy(z) BhPy(z) } . { 20 1 r“
BhPpyo(z) BhPoii(z) BhPi(z) BhPy(x) 1 0 '

Using induction’s hypothesis we have

BhPy(z) BhP(z) 2¢ 1 2z 1]
[ BhPi(z) BhPy(x) } [ 1 0 ] ‘ [ 1 0|
_ [ BhPyya(2) Bth+1 x
{BthH() BhP,( ] [ ]
_ [ 22+ BhPpio( )+Bth+1(m) BhP, () |
22+ BhPoi1(x) + BhPy(z)  BhPhii(z) |

B { BhPp3(x) Bth+2(x)]
= | BhP,ys(x) BhP,iy(z) |’

which ends the proof. O
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Theorem 18. Let n > 0 be an integer. Then
BhQni2(z) BhQuii(z) } [ BhQs(z) BhQ:(z) ] ' [ 2¢ 1 ]”
BhQni1(x) BhQn(z) BhQ1(z) BhQo(x) L0 '

Using algebraic operations and matrix algebra, properties of these bihypernomi-
als can be found.
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SKEW ABC ENERGY OF DIGRAPHS
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ABSTRACT. In this paper, skew ABC matrix and its energy are introduced
for digraphs. Firstly, some fundamental spectral features of the skew ABC
matrix of digraphs are established. Then some upper and lower bounds are
presented for the skew ABC energy of digraphs. Further extremal digraphs
are determined attaining these bounds.

1. INTRODUCTION AND PRELIMINARIES

Let G be a simple connected graph with vertex set V(G) = {v1,ve,...,v,} and
edge set E(G). An edge joining vertices v; and v; is denoted by v;v; € E (G) and
degree of a vertex v; is denoted by d;. The atom-bond connectivity index ABC' of
G is introduced by Estrada et al. [6] as

ABC(G)= >

v;v; EE(G)

which is a significant predictive index in the studies about the heat of formation
in alkanes (see [8]- [6]), for further information about mathematical and chemical
applications about atom-bond connectivity index, also see ( [9]- |11]- [13]- [15]-
[27]). The concept of graph energy is defined as sum of the absolute values of the
eigenvalues of a graph by Gutman [16]. The energy of a graph has been widely
studied by many mathematicians and chemists, as it has close links with chemistry
(see |17]). So, several kinds of graph energy are introduced and examined such as
Laplacian energy, Randi¢ energy, distance energy, Zagreb energy, etc.

Estrada |7] defined the generalized ABC matrix S, (G) = (sfj) of order n, where

the (4,7) — th entry is (%ﬁ) ,if viv; € E(G) and 0, otherwise. If v = 3, the
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generalized ABC matrix is called as ABC matrix of a graph and will be denoted by
Q(G). Let g; be the eigenvalues of (G) (also called ABC eigenvalues of G). ABC

energy of a graph is defined by FQ(G) = Z lsi]- As Q(G) is a real symmetric
i=1

matrix, the ABC eigenvalues of G are real numbers. Recently, some bounds have
presented for the ABC' eigenvalues and ABC energy of graphs by Chen [5] and
Ghorbani et al. [12].

Let G be a digraph with vertex set V(G) = {v1, va, ..., v, } and arc set ['(G). An
arc from v; to v; is denoted by v; — v;. Throughout this paper, all the digraphs are
simple and do not have loops and if there is an arc from v; to v;, then there is not
an arc from v; to v;. Hence, a digraph G without orientation gives the underlying
graph G is simple.

Graph energy concept is extended to digraphs in [22]. Then the skew Laplacian
energy of a digraph is defined by Adiga et al. [3] and new definitions are proposed
for the skew Laplacian energy (see [2]- [4]). The skew energy of a digraph is defined

by Adiga et al. [1] as ES(@) = Z |Ai|, where \; are the eigenvalues of the skew
i=1

adjacency matrix S(G) of order n. Let S(é):(sij), where the (i,7) — th entry is

1, if v; = vj; —1, if v; = v; and 0, otherwise. Since A\; (1 < i < n) are purely

imaginary numbers, the singular values of S ((_f) equal to the absolute values of A;.

For recent studies about kinds of skew energy, also see the survey in [21] and the

references therein.

1
The Randié¢ index is introduced as ”branching index” by R (G) = —_
& Y ( ) qu%(G) Vdydy
in [24]. The general Randi¢ index of a graph is defined by R (G) = Y. (dudy)”
wveE(G)

in [20]. R_; is called as modified second Zagreb index. The skew Randié energy of
a digraph is introduced by Gu et al. |[14] and some bounds are presented for this
energy kind. Inspired by the studies of the skew energy kinds of graphs, we will
introduce skew ABC matrix of a digraph and its energy.

Skew ABC matrix of a simple digraph G is Q.=Q, (C_j):(bij) of order n and we
define the (i,7) — th entry of Q as

1
ditd; -2 2 T )
<W) lf V; — U]
bij = ditd;—2\ 2
ij = _ (ditdi— i )
( &id; ) if v; = v
0 otherwise,

where d; and d; are the degrees of the corresponding vertices in the underlying graph
G. The skew ABC matrix of a simple digraph can be considered as a weighted skew
1

di+d;—2

adjacency matrix with ( 0, )5 weights.
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Let {91,9s,...,9,} be ecigenvalues of the skew ABC matrix of G, namely be
skew ABC' eigenvalues. Since € (é) is a skew symmetric matrix, the skew ABC
eigenvalues are purely imaginary numbers. We can define skew ABC' energy of a
digraph as

EQ(G) =) v
J=1

This paper is only concerned with the mathematical aspects of the skew ABC
energy of digraphs. The rest of the paper is composed of two sections. In the next
section, the spectral features of the skew ABC' matrix of digraphs are presented.
In the last section, some upper and lower bounds are obtained for the skew energy
and the extremal digraphs are determined attaining these bounds.

2. SKEw ABC EIGENVALUES

In this section we consider some fundamental spectral properties of the skew
ABC matrix of digraphs.

Proposition 1. Let G bea digraph of order n with no isolated vertices. If¢(é; 19) =
det(¥I, — Qg) = cpd" + 19"+ . +¢, is the characteristic polynomial of (é) ,
then

(’l) Co = 1, C1 = O,

(ii) co =n —2R_; (G),

(tii) c¢; = 0, for all odd j.

Proof. (i) Let tr(.) stands for trace of a matrix. Obviously we have ¢y = 1 and
Cc1 = 219] =1tir (QS) = 0.
j=1

(ii) 2 equals to the sum of the determinants of all 2 x 2 principal submatrices
of Qg (G), thus

cg = Zdet( bgj bg“ > =D —babe = ()= D G2 J;i;k2

i<k i<k i<k v, €E(G)
; 1
RN R S
vjvaE(G) 3%k vjvkEE(G) 3%k
= Tl*?R_l(G),

where R_1 (G) = Y, ! .

wweE(G) dudy
(iii) Let j be odd. ¢; equals to the sum of the determinants of all j x j principal
submatrices of (é) is 0 as a principal submatrix of a skew symmetric matrix is
skew symmetric. (Il



SKEW ABC ENERGY OF DIGRAPHS 437

Proposition 2. Let G be a digraph of order n(> 3) with no isolated vertices and
{ith, i¥q, ...,10,} be the skew ABC eigenvalues ofé such that 91 > 99 > ... > ¥,
Then

(i) Vj = =Onq1-j for all 1 < j < n. If n is even, then Jn > 0 and if n is odd,
then 19% =0.

(ii) Z 191> =2 (n—2R_, (G)).

Proof. (i) The proof is clear.
(ii) Obviously we have

n

D (@0;)7 = tr(()) =YD bjxbry =—>_ > (bjr)* = —2(n—2R_1 (G)),

Jj=1 j=1k=1 j=1k=1

which completes the proof. O

From Proposition 1 and Proposition 2, we also have

n 2 n
> 0, :% (Zm) — > 07| =2R_1(G) —n.
i=1 i=1

1<i<j<n

Sp (Qs (é)) denotes the skew ABC spectrum of G which is a multiset consist of

eigenvalues (with multiplicities) of € (é) Also, Sp (2(G)) is the ABC spectrum
of the underlying graph G.

Example 1. Let Cy be a directed cycle of order 4 with the arc set {(1,2),(2,3), (3,4),
(4,1)}. The skew ABC' spectrum of G is Sp(QS (64)) :{—%i ,—%\/5, %z\/i, %\/5}
and the skew ABC energy of Cy is EQ, (64) = 2v/2. Consider the underlying
graph Cy. The ABC spectrum of Cy is Sp(Q(Cy)) :{—\/5,0(2),\/5}. Hence,
EQ,(Cy) = EQ(Cy).

Example 2. Let I_('WI (p,q # 1) be a complete bipartite digraph in which the vertex
set is a disjoint union AU B with |A| = p and |B| = q. Consider the elementary
orientation that is, orienting all the edges from A to B and writing the elements of

A firstly, form the matriz Qs (K,,) = ( 5(3) 5<{)qu ), where f = 1/%
—Fdaxp a
and J, is the order n matriz with all entries are 1.
> _ 9,  —BJpxg
det(Vpqq — Qs (K q)) = det ( By 9l .
Since VI, is nonsingular, then

—

det(@ 1 — Qu(Rpa)) = det (91)det (91, + By (91,) 7" Blpxq)
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1
= det (JI,)det (19],1 + 5qupq9]pﬁ<]pxq> ,

(see [25]). Recall JyxpJpxq = pJq, thus

det(piq — Qs (Kpq)) = 0P det (Mq + ﬁ;pJq)

= 9P %det (9’1, + B7pJy) .
BQpJq has eigenvalues B°pq of multiplicity 1 and 0 of multiplicity ¢ — 1, since
Sp(Jq) = {q,09~V} . Then
6 (Qu(Kpg)i0) = 075972 (% + Bpa)
and Qg ([_('WI) has eigenvalues —B./pqi, B+/pqi and 0 of multiplicity p+ q — 2, i.e.,
VPp+q—2i, —/p+q—2i and 0 of multiplicity p+ q — 2, hence
EQ.(Kpq) =2p+q-2,

and Sp(Qs (K’nq)) ={-vp+a—2, O(”72),\/mi}. It is seen that there

—

is an orientation such that Sp(QS (an)) = 1Sp(QUK, q)). Orienting all the edges

from B to A and writing the elements of B firstly, form the matriz Qg (K"pyq) =

( 0g Bgxp
_BJPX q Op
skew ABC eigenvalues.

) . Obuviously, carrying out the process above gives the same

The relationship between the skew spectrum of a digraph and spectrum of its
underlying graph is firstly analyzed in [25]. By Example 2, it is concluded that

—

there is an orientation such that Sp(QS (Kpﬂ)) = iSp (2 (K,,4)) . An analogous

relation that can be seen in Theorem 1, exists between the skew ABC' spectrum
and ABC spectrum.

Lemma 1 ( [25]). If A = ( YOT 15 ) and B = ( 7$,T }(; ) are two real

matrices, then Sp(B) = iSp(A).

Theorem 1. G is a bipartite graph if and only if there is an orientation such that

Sp(Qs (é)) = iSp(Q(G)).

Proof. If G is bipartite, then by suitable labelling the vertices, the ABC matrix

of G takes the form Q(G) = ( ;?T }(; ) . Let G be an orientation such that the
0 Y

skew ABC matrix is of the form €, (é) = ( _vT

) . By Lemma 1, the proof

is obvious.
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Conversely, assume that Sp (QS (C_j)) =iSp(Q2(G)) for some orientation. As Qs (63)

is a real skew symmetric matrix, Sp (QS (é)) has only pure imaginary eigenvalues,
thus the skew ABC eigenvalues are symmetric with respect to the real axis. Hence,
Sp (Qs (é)) = —iSp(Q(G)) is symmetric about the imaginary axis. So, G is bipar-
tite. ([

3. BOUNDS FOR THE SKEW ABC ENERGY

In this section, we intend to obtain bounds for the skew ABC' energy of digraphs
by using the mathematical inequalities and properties of the skew ABC eigenvalues
and examine the equality case of these bounds. In recent studies, many bounds are
presented for R_; (G). Using these bounds, one can also obtain different bounds
for the skew ABC energy of digraphs by combining the bounds will be presented in
this section. Now, we consider the bounds for R_; (G) in [19] and [26]. Throughout
this section, it is assumed that {id, s, ...,10,} be the skew ABC eigenvalues of
G with H> 99 > ... > ¥,. Moreover K, denotes the complete graph of order n
and G = (%) K3 stands for the vertex-disjoint union of % copies of Ks.

Theorem 2 ( [26]). If G is a graph of order n(> 2) with no isolated vertices with
maximum verter degree A and minimum vertex degree d, then
n

n
< <
CSRA(G) <o 1)

with equality if and only if G is regular.
Theorem 3 ( [19)). If G is a graph of order n with no isolated vertices, then

ﬁ <R.(G) <5 2)

Equality in lower bound holds if and only if G = K,,. Equality in upper bound holds
if and only if either (i) G = (%) Ko when n is even or (i) G = K1 2 U253 Ky when
n s odd.

Initially, we can give the following upper bound involving R_; (G) and n for the
skew ABC energy of digraphs.

Theorem 4. Ifé is a digraph of order n(> 3) with no isolated vertices, then
EQ,(G) < /2n(n —2R_1 (Q)). (3)
with equality if |0;| = |9;| for all 1 <i# j <n.

Proof. Applying Cauchy-Schwarz inequality and using Proposition 2 yields

n

EQ,(G) = Y Wil <

i=1
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= V2n(n-2R_1(Q)).
Equality case is obvious from the equality in . (Il

Using the lower bound of in , we can obtain a new upper bound in terms
of n and A as follows.

Corollary 1. If G is a digraph of order n(> 3) and A (> 1) is the mazimum vertex
degree of the underlying graph G, then

= 1
EQ(G) < 2(1——, 5
@ <mf2(1-3) o
with equality if and only if n is even and G= (g) K.

Proof. From and , clearly we get FEQ (é) <4/2n (n — %)7 so the proof is
obvious. We will focus on the equality case. Equality holds in if and only if
equality holds in 7 namely |¢;| = |9;| forall 1 <14 # j <n and G is regular. Thus
Y=ty = ... =9, = 0 that is, Qs(é) = 0 and we have n is even and G = (g) ]’?2,
for an arbitrary orientation. O

The following bound presents a relationship between the skew ABC' energy of a
digraph and ABC energy of complete graph K.

Corollary 2. Ifé is a digraph of order n(> 3) with no isolated vertices, then

BQ,(G) < ( ) EQ(K,). (6)

n
2vn —1
Proof. If G = K,,, then K,, has two distinct ABC' eigenvalues such that v/2n — 4
of multiplicity 1 and —¥22=% of multiplicity n — 1 (see Proposition 3.1, [5]). Then
EQ(K,) = 2/2n — 4. Using this fact with (2) and

EQ,(G) < 2n(n—2R_i(G))

2 _
< 2n<n 2n>
n—1
n
= \/271-4
vn—1

(i)

yields the result. ]

The following theorem presents a new upper and lower bound in terms of det (QS (é)) ,
R_1 (G) and n.
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Theorem 5. If G is a digraph of order n(> 3) with no isolated vertices and
P :det(Qs (é)), then

V2 —2R (@) +n(n—1)p% < BQ,(G) <\/2(n—1)(n— 2R, (©)) +np,
(7)

with equality if and only if n is even and G= (g) K.

Proof. Recall the arithmetic-geometric mean inequality in [18], where 1, xa, ..., T,
are non-negative numbers and

1
n

1 n n
n E E LL'j — Hﬂ?j
j=1 j=1

IN

2
ny w— Y vE (8)
j=1 j=1

3=

1 n n
< _ - o )
< n(n-1) ng xj ij ,
Jj=1 Jj=1
with equality if and only if 21 = 29 = ... = z,,. Choosing z; = |¥;|" in yields

2
nK < n) 0,7 - (z w) <n(n-1)K,
=1 j=1

J

where K = %zn: |19j\2 - (ﬁ |19j|2> . Hence
j=1 j=1
N2
nK < 2n(n—2R_, (G)) — (EQ (G)) <n(n-1)K. (9)

From Proposition 2, we have K = 1 [2(n — 2R_4 (@))]—p=, where p = det (QS (é))
From the left hand side of @, we obtain

(EQs(é)>2 <2(n—1)(n—2R_1 (G)) +npr,

ie.,

EQ,(G) < \/2(0—1) (n— 2R, (G)) + np*.
From the right hand side of @

o (n—2R_1 (G)) —n(n—1)K < (EQ (é))z.

Asn(n—1)K=2(n—1)(n—2R_1(G)) —n(n—1)p=, we have

EQ,(G) > \/2(n723_1 (@) +n(n—1)pn.
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Note that if n is odd, then p = 0. Consequently, we have
V2(n—2R_1 (G)) < EQy(G) < v/2(n— 1) (n—2R_1 (G)).
The equality holds in if and only if |191|2 = \192|2 .= |19n|2 . Thus ¥1=195 =
—

... =1, = 0. So, (G) = 0 and we have n is even and G = (%) I?g for an arbitrary
orientation. [l

Il

Lemma 2 ( [10]). If z1,22,...,2 > 0 and r1,79,...,75 > 0 such that Y r; =1,
j=1

then
n n 1 n n 1
T by
Za:jrj - ij” >nr EZI] - H:z:j ) (10)
Jj=1 Jj=1 j=1 j=1
where r = min {ry,ra, ..., } . Equality holds if and only if x1 = z9 = ... = z,,.

Finally, we give a new lower bound involving det (QS (8)), |91] and n.

Theorem 6. If G is a digraph of order n(> 3) with no isolated vertices and
P :det<Qs (é)), then

2n—1
. oD 1
EQ(G) Z 1] +2(n—1) |- = 3p* (11)
|191|2(n—1) 2
with equality if and only if n is even and G= (%) K.
Proof. Setting x; = |[¥;] for j = 1,2,...,n, r1 = ﬁ, rj = 23(”7;11) for j =2,..,n
and r = % in , we obtain
[01] Mm—1 & 1 -1
- - 9 — |94]2n 9, ]2ntn=1)
e =R [
1 [1 AT
S N e (T
n<
Jj=1 Jj=1
1 = 1 2
= —FEQ(G)—-p~»
2, P42 (G) = 5P
’ﬂ 2n—1 L 2n—1 %
Note that 01|27 [ |9;]|70D = |94 7D [ |9,|700 = 220 anq
j J ——
j=2 j=1 ‘,,91|2(n—1)
n —
Z |19J‘ = EQS (G) — "191| 5 thllS
j=2
1 -1 m—1 1 men 1
n — n — 5 pIn(n=T N
= 9 o J(G) > —— — Zpu,
2n 2n(n—1)]| 1|+[2n(n—l) 2n (6) = |191|m 2P
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then

2n—1
1 1 p?n(n—l) 1
— U
2(n—1) O] + 2(n—1)

Hence, we have

3=

EQ,(G) >

>3 =P
a2

3=

. men 1
BQ(G) > [01]+2(n—1) | T — Spr ]
|191‘2<n71) 2

If n is odd, then EQ; (é) > |91]. The equality holds in if and only if |t4| =

|¥2|=...=|¥y], then $1=105 = ... = &, = 0. So, we have p =0 and Q; (é) =0, that
is, n is even and G= (%) K, for an arbitrary orientation. O
CONCLUSION

In recent studies, the ABC matrix and ABC energy of graphs have introduced.
This paper expands these concepts to skew ABC matrix and skew ABC energy of
digraphs. The skew ABC matrix of a digraph is defined and its spectral features
are established. Further, some upper and lower bounds for the skew ABC energy
of digraphs are presented with extremal digraphs attaining these bounds.
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ABSTRACT. We prove that for any finite strongly orderable (generalized strong-
ly chordal) graph G, the independence complex Ind(G) is either contractible
or homotopy equivalent to a wedge of spheres of dimension at least bp(G) — 1,
where bp(G) is the biclique vertex partition number of G. In particular, we
show that if G is a chordal bipartite graph, then Ind(G) is either contractible
or homotopy equivalent to a sphere of dimension at least bp(G) — 1.

1. INTRODUCTION

An independent set in a graph is a subset of its vertices which are pairwise non-
adjacent. The independence complex Ind(G) of a graph G is an abstract simplicial
complex whose simplices correspond to independent sets of G. The topology of in-
dependence complexes of graphs has been the central subject of many papers (see,
for instance [8}(9,[12/13]). In the present work, we are mainly concerned with the
homotopy type of independence complexes of strongly orderable graphs.

The class of strongly orderable graphs is firstly introduced by Dahlhaus [5] under
the name “generalized strongly chordal graphs” as it constitutes a generalization
of strongly chordal graphs and chordal bipartite graphs. Dragan [6] also provided
vertex and edge elimination ordering characterizations of strongly orderable graphs.
In our study, we benefit one of these characterizations of strongly orderable graphs,
described in terms of quasi-simple vertex elimination schemes.

It turns out that the biclique vertex partititon number has a role to play in
determining the homotopy type of independence complexes of strongly orderable
graphs (and possibly of many other classes). Our main result is the following.

2020 Mathematics Subject Classification. 05C69, 55P15.

Keywords. Independence complex, strongly orderable, strongly chordal, chordal bipartite,
convex bipartite, homotopy type, biclique vertex partition.

Hakifyetim@sdu.edu.tr; ©20000-0002-3482-5137

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

445



446 M. A. YETIM

Theorem 1. If G is a strongly orderable graph, then Ind(G) is either contractible
or homotopy equivalent to a wedge \/ S of spheres, where d; > bp(G) — 1 for each
1.

Denote by v(G), the domination number of the graph G. A simple observation
shows that bp(G) = v(G) for every graph G which does not contain Cy as a sub-
graph (see, [7]). Moreover, we show that this is also the case for Cy-free graphs.
This naturally helps unifying several of earlier results regarding to the homotopy
type of independence complexes of graphs. Recall from [12] that the independence
complex of a chordal graph G is either contractible or homotopy equivalent to a
wedge of spheres of dimension at least v(G) — 1. Since bp(G) = ~(G) for ev-
ery chordal graph G, it can be said that the independence complexes of strongly
orderable graphs and chordal graphs have similar topological structure.

As Theorem [I] generalizes the current characterization for homotopy type of
independence complexes of strongly chordal graphs, it is further possible to achieve
an improvement in the case of bipartite graphs, since we have the advantage that
any bipartite graph which is strongly orderable is a chordal bipartite graph.

Theorem 2. If G is a chordal bipartite graph, then Ind(G) is either contractible
or homotopy equivalent to a sphere of dimension at least bp(G) — 1.

Theorem [2| also generalizes a result from [14]. In their seminal paper [14], Nagel
and Reiner introduce some classes of graphs parametrized from shifted-skew shaped
diagrams and determine the homotopy type of the independence complexes cor-
responding to these graphs via rectangular decompositions. As bipartite graphs
related to such diagrams constitute a subclass of chordal bipartite graphs, we are
also able to determine the homotopy type of their independence complexes.

Our paper is structured as follows: Section [2] provides the necessary background
on graphs and simplicial complexes. In the subsequent section, we recall the struc-
tural properties of strongly orderable graphs and provide the characterization on
the homotopy type of their independence complexes. In Section [ we describe
the bipartite graphs associated to shifted-skew diagrams from [14] and decide the
homotopy type of their independence complexes.

2. PRELIMINARIES

We start with recalling some basic notions from graph theory.

2.1. Graphs. All the graphs we study on are simple, i.e., do not have any loops or
multiple edges. By writing V(G) and F(G), we mean the vertex set and the edge
set of G, respectively. The edge e := uv is contained in F(QG) if and only if u and v
are adjacent in G. If S C V(G), the graph induced by S is written G[S]. A graph
G is said to be H-free, if it does not contain any induced subgraph isomorphic to
H. We abbreviate G[V'\S] to G — S, and write G —z whenever S = {z}. The open
and closed neighborhood of a vertex v are Ng(v) = {u € V(G) : wv € E(G)} and
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N¢g[v] = Ng(v) U {v}, respectively. The cardinality of the set Ng(v) is called the
degree of the vertex v in G and denoted by degq(v).

A bipartite graph G = (X,Y, E) is a graph with the vertex set X UY such that
each of its edges is between a vertex of X and a vertex of Y. A bipartite graph
G = (X,Y,E) is called convex on Y if the vertices of Y can be ordered in such a
way that the neighbours of any vertex v € X are consecutive. A bipartite graph G
is called convez bipartite if it is convex on X or Y. If GG is both convex on X and
Y, then it is called biconvex or doubly convex.

Throughout, C}, denotes the cycle graph on k > 3 vertices and K, ,, denotes the
complete bipartite graph, for any m,n > 1. In particular, the complete bipartite
graph K , is called a star. A graph is called chordal if it is Cy-free for k > 4. A
bipartite graph is called chordal bipartite if it is Cy-free for k > 6.

A biclique in a graph G is a complete bipartite subgraph of G which is not
necessarily induced. A set B = {Bj,Bs,..., B} of bicliques of a graph G is a
biclique vertex partition of G of size k, if each vertex of G belongs to exactly one
biclique in B. Biclique vertex-partition number of a graph G, denoted by bp(G), is
the smallest integer k£ such that G admits a biclique vertex-partition of size k.

A subset S C V(G) is called a dominating set of G, if each vertex of G is either
in S or adjacent to a vertex in S. The minimum size of a dominating set of G,
denoted by v(G), is called the domination number of G.

We also use the notation [n] := {1,2,...,n} throughout, for any integer n > 1.

Let G = (X,Y, E) be a bipartite graph with |X| = m and |Y| = n. Then the
m x n matrix A(G) = [a;;] is called the bipartite adjacency (biadjacency) matriz of
G, where

0 — 1, ;Y € E(G)
Yo 0, otherwise.

Now let A(G) be the biadjacency matrix of G indexed by any ordering of X and
convex ordering Y = [y1 < y2 < ... < yp]. It is clear that A(G) has consecutive 1’s
in each row (i.e, no induced submatrix [1 0 1]). Therefore, one may observe that
if A(G) is a biadjacency matrix of a convex bipartite graph G, then columns (or
rows) of A(G) can be permuted so that all the 1’s in each row (or each column)
appears consecutively in the resulting matrix.

2.2. Simplicial Complexes. An (abstract) simplicial complex A on a finite set
of vertices V is a collection of subsets of V such that

(i) {v} € AforeveryveV
(ii) if 0 € A and 7 C o, then 7 € A.

The elements of A are called faces. The dimension of a face o € A is dim(o) :=
|o| — 1 and the dimension of A is dim(A) := max{dim(c) : o € A}. The join of
two complexes Ay and Ay is defined by Ay x Ag = {7Uo: 7€ Ay, 0 € Ag}.

In particular, the join of a simplicial complex A and zero-dimensional sphere
SY = {0,{a},{b}} is called the suspension of A and denoted by SA = S% x A.
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Similarly, the join of A and the simplicial complex {0, {a}} is called the cone of
A with apex a. A topological space is called contractible if its identity map is
homotopic to a constant map. Note that a simplicial complex is contractible if it
is a cone of another simplicial complex. It is also well-known that the suspension
of a k-dimensional sphere is homotopy equivalent to k + 1-dimensional sphere, that
is, 8% ~ §k+1,

One can associate to a graph G, the simplicial complex Ind(G), namely the
independence complex of G, whose faces are independent sets of G.

We now provide some well-known facts from combinatorial topology, for which
we use as a tool while computing the homotopy type of given graphs.

Theorem 3. [9,15] Let G be a simple graph. If Ng(u) C Ng(v) for some distinct
vertices u,v € V(Q), then the homotopy equivalence Ind(G) ~ Ind(G — v) holds.

Theorem 4. [13] If v and u are distinct vertices with Ng[v] C Nglu], then
Ind(G) ~ Ind(G — u) V E(Ind(G — Ng[u]).

Note that a vertex v is called simplicial in G if Ng[v] induces a complete graph
in G. If v is a simplicial vertex in the graph G, then for any u € Ng(v), we have
N¢g[v] € Nglu]. Since v remains simplicial in the graph G — u, applying Theorem
repeatedly for each neighbor of v leads us to the following property (see also [1]).

Corollary 1. [9] If v is a simplicial vertex of the graph G, then
Id(G)~ \/ (Ind(G - Ng[u)).

uENg (v)
3. HoMoTOPY TYPE OF STRONGLY ORDERABLE (GRAPHS

In this section, we determine the homotopy type of independence complexes of
strongly orderable graphs. We start with describing strongly orderable graphs.

Definition 1. [6] Let 0 : vy, va,...,v, be an ordering of the vertices of a graph G.
Then o is called a simplicial ordering of G, if i < j, i < k and v,v;,v;vx, € E(G)
implies that v;vg, € E(G). On the other hand, o is called a strong ordering of G, if
V05, V0%, V50 € E(G), i <1 and j < k implies that vju, € E(G). The ordering o
is called a strong simplicial ordering of G if it is both strong and simplicial.

Chordal graphs are well-known to be the class of graphs admitting a simplicial
ordering |11], while graphs admitting a strong simplicial ordering are known as
strongly chordal graphs, which is introduced by Farber [10].

A graph G is called a strongly orderable if G has a strong ordering of its vertices.
Thus by definition, the class of strongly orderable graphs is a natural generaliza-
tion of strongly chordal graphs. A strong simplicial ordering of a strongly chordal
graph G is known to have further properties. A vertex v of G is called simple if
Nglz] € Ngly] or Ngly] € Nglz] for any z,y € Ng(v), that is, the closed neigh-
borhoods of neighbors of v are linearly ordered under inclusion. Then an ordering
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0 v1,Ve,...,0, is called a simple elimination ordering if v; is a simple vertex in
the graph G; := G[{vi, Vit1,...,vs}] for each i € [n]. Farber [10] showed that a
graph is strongly chordal if and only if it has a simple elimination ordering of its
vertices. Dragan [6] gave a similar characterization for strongly orderable graphs.

Definition 2. [6] Any two vertices u and v are said to be comparable in the graph
G, if there holds Ng(v)\{u} C Ng(u)\{v} or Ng(u)\{v} C Ng(v)\{u}, otherwise
they are noncomparable. A vertexr w € E(G) is called quasi-simple if for every

u,v € Ng(w), the vertices u and v are comparable. An ordering vy, v, ..., v, of
the vertices of a graph G is called a quasi-simple elimination ordering if for each
i € [n], the vertex v; is a quasi-simple vertex in G; := G[{vi, Vit1,...,Un}].

Theorem 5. [0] A graph G is strongly orderable if and only if G has a quasi-simple
elimination ordering.

Now our task is to investigate the homotopy type of the independence complexes
of strongly orderable graphs. In order to do that, we first need a structural property,
namely hereditary property of strongly orderable graphs. We show that being a
strongly orderable graph is closed under taking induced subgraphs.

Lemma 1. If G is strongly orderable, then so is G — x for any verter x of G.

Proof. Let a : vi,v9,...,v, be a strong ordering of the vertices of G. We show
that removal of any vertex x from G still preserves the ordering. The case when
x = vy is clear. Thus we assume that « = v; for some 7 € {2,3,...,n} and consider
the graph G' := G — v;. We claim that the ordering 3 : vy, ..., vi_1,Vis1,...,Un
is a strong ordering of G — v;. For every s € {2,3,...,n}\{i}, we need to verify
that the vertex v, is quasi-simple in the graph G := G*\{vy,...,v,_1}. Firstly,
if s > 4, then it is straightforward because of the strong ordering a of G. Now
let s < i and assume on the contrary that v, is not quasi-simple. Then for some
Vg,V € NG@ (vs) with s < k < I, the vertices vy and v; must be noncomparable
in G%, while they are comparable in G. Therefore the set Ng: (vx)\Ng, (v;) must
contain a vertex v, with r > s and r # 7. However, this is a contradiction, since
Ne. (vi)\{vi} C N¢, (vi)\{vi} because of the ordering a of G. O

Lemma 2. [ Let G be a graph. If Ng(u) C Ng(v) for some distinct vertices
u,v € V(G), then bp(G) < bp(G — v) holds.

Proof. Let {By,Ba,..., B} be a biclique vertex partitioning of G — v. Assume
without loss of generality that u € B;. Then observe that {B; U {v}, Ba,..., By}
is a biclique vertex partitioning of G. O

Remark 1. The inequality bp(G) > bp(G —v) is not true in general. For the graph
G in Figure[l, we have bp(G) =2 < bp(G —v) = n+ 1 while N¢:(u;) € Ng(v) for
each i € [n].
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FIGURE 1. A graph G such that bp(G) =2 <bp(G —v) =n+1

Proof of Theorem [II We use induction on the number of vertices. The theorem
is trivial if G has fewer than 3 vertices. Let G be a strongly orderable graph
and o : v1,v2,...,v, be a quasi-simple elimination ordering of the vertices of G.
Suppose that the theorem is true for the graphs with fewer than n vertices. Since
vy is quasi-simple in G, all of its neighbors are comparable. First assume that vy
have two neighbors v;,v; (with ¢ < j) which are not adjacent to each other. In
this case, we must have Ng(v;) € Ng(v;), since v; and v; are comparable in G.
Then it follows that Ind(G) ~ Ind(G —y) by Theorem [3] Therefore, if Ind(G —y) is
contractible, then Ind(G) is also contractible. If Ind(G —y) is not contractible, then
by induction hypothesis, Ind(G — y) ~ \/ S%, where d; > bp(G — y) — 1 for each i.
Since Ind(G) ~ Ind(G — y) and bp(G —y) — 1 > bp(G) — 1 by Lemma [2] we obtain
that Ind(G) ~ \/ S%, where d; > bp(G) — 1. Thus we may further assume that all
the neighbors of v; are pairwise adjacent. Notice that the vertex v; is simplicial in
such a case. Following Theorem [ we have

md(G)~ \/ S(Ind(G - Ng[u]) (%)

u€ENg(v1)

Recall that G — N¢g[u] is a strongly orderable graph for each u € Ng(v1), by
Lemma By the induction hypothesis, we know that for each u € Ng(vy), the
complex Ind(G — N¢g[u]) is either contractible or homotopy equivalent to a wedge
sum \/ S% of spheres, where d, > bp(G — Ng[u]) — 1. Now, if Ind(G — Ng[u])
is contractible for each u € Ng(vy), then so is Ind(G). Therefore, we let u be an
arbitrary neighbor of v; such that Ind(G — Ng[u]) ~ \/ S%. Then it follows that
Y(Ind(G—Ngu])) ~ \/ S%F1. For any biclique vertex partition { By, Bs, ..., By} of
G — N¢|u], observe that the collection { Ng[u], By, Ba, . .., By} is a biclique partiton
of G, which implies that bp(G) < bp(G — Ng[u]) + 1. Thus we have d, + 1 >
bp(G — Ng[u]) > bp(G) — 1. Hence the theorem follows from (). O

As every strongly chordal graph is strongly orderable, we have the following.

Corollary 2. If G is a strongly chordal graph, then Ind(G) is either contractible
or homotopy equivalent to a wedge \/ S% of spheres, where d; > bp(G) — 1 for each
i.
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Note that Corollary [2] is well-known since every strongly chordal graph is a
chordal graph and the biclique vertex partition number coincides with the domina-
tion number on Cy-free graphs. Although it is not hard to see, we include its proof
for the completeness.

Proposition 1. If G is a Cy-free graph, then bp(G) = v(G).

Proof. If S is a dominating set of G, then it is clear that V(G) can be partitioned
into stars each of which has its center from S, thus bp(G) < v(G).

Conversely, let B = {Bj, Ba, ..., Bx} be a biclique partition of G. We claim that
for each i € [k], the subgraph B; has at least one vertex v; which is adjacent all
other vertices in B; so that {v; : 4 € [k]} is a dominating set in G. Let B; € B
be an arbitrary biclique of G, with the partitioning X; U Y;. Note that X; and Y;
need not to be independent. The claim is trivial if |X;| = 1 or |¥;] = 1. Thus we
let min{|X;|, |Y:|} > 2 and assume on the contrary that there is no such vertex in
B;. This forces that there exist some vertices z;,,z;, € X; and y;,,¥;, € Y; such
that x;, and z;, (resp. y;, and y;,) are nonadjacent in G. This is a contradiction,
since the set {x;, 2;,, yi,, ¥i, } induces a Cy in G. This completes the proof. O

Since chordal graphs are Cy-free, Proposition [ allows us interpret the homotopy
type of independence complexes of chordal graphs in terms of biclique vertex parti-
tion number, when they are homotopy equivalent to a wedge sum of spheres. Recall
from [12] that if the complex Ind(G) of a chordal graph G is homotopy equivalent
to a wedge of spheres, then each of the spheres has dimension at least v(G) — 1.
Hence, Proposition [] helps us unify the results for chordal and strongly orderable
graphs.

Remark 2. It is known that chordal graphs are verter-decomposable, since they
are codismantlable [5]. Therefore, the homotopy type of independence complexes of
chordal graphs can also be inferred from vertex-decomposability [2]. However, unlike
the class of chordal graphs, strongly orderable graphs are not vertex-decomposable.
Cy is an easy example of chordal bipartite (thus a strongly orderable) graph which
is not vertex decomposable.

Strongly orderable bipartite graphs coincide with the class of chordal bipartite
graphs. Any quasi-simple vertex turns out to be a weak simplicial vertex in a
chordal bipartite graph. A vertex z in G is said to be a weak simplicial if for any
u,v € Ng(x), either Ng(u) C Ng(v) or Ng(v) € Ng(u) holds [15]. This leads to a
refinement of our main result on chordal bipartite graphs.

Lemma 3. FEvery connected chordal bipartite graph with more than one edge has a
pair x,y of vertices such that Ng(x) C Ng(y).

Proof. Let G be a chordal bipartite graph with more than one edge and let v be a
weak simplicial vertex of G. First assume that deg,(v) = 1 and let Ng(v) = {w}.
Then for every u € Ng(w)\{v}, we have Ng(v) C Ng(u). If deg,(v) > 2, then any
two neighbors of u form such a pair. O
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Theorem 6. If G is a chordal bipartite graph, then Ind(G) is either contractible
or homotopy equivalent to a sphere of dimension at least bp(G) — 1.

Proof. Once again, we use the induction on the number of the vertices. Let G
be a bipartite graph. We may assume that G has a component with more than
one edge, since otherwise the claim is clear. Let H be such component of G. By
Lemma H has a pair of vertices z,y such that Ng(z) C Ng(y). It follows that
Ind(G) ~ Ind(G — v), by Theorem By induction hypothesis, the subcomplex
Ind(G — v) is either contractible or homotopy equivalent to a sphere of dimension
at least bp(G — v) — 1. If Ind(G — v) is contractible, then so is Ind(G). Assume
further that Ind(G — v) is homotopy equivalent to a sphere of dimension at least
bp(G — v) — 1. Since bp(G — v) > bp(G) by Lemma 2| and Ind(G) ~ Ind(G — v),
the complex Ind(G) is homotopy equivalent to a sphere of dimension of at least
bp(G) — 1. O

We also have the following corollary, since every convex bipartite graph is a
chordal bipartite graph.

Corollary 3. If G = (X,Y, E) is a convez bipartite graph, then Ind(G) is either
contractible or homotopy equivalent to a sphere.

4. BIPARTITE GRAPHS RELATED TO SHIFTED-SKEW DIAGRAMS

In [14], Nagel and Reiner introduced graph classes associated to shifted-skew
shaped diagrams. They also compute the homotopy type of such constructed
graphs. In the case of bipartite graphs, our results from previous section gener-
alize the mentioned classification. We first provide the necessary background about
these diagrams and then conclude the homotopy type of independence complexes
of bipartite graphs corresponding such diagrams. For more detailed description of
shifted-skew shapes, we refer to [14].

Definition 3. [14] A shifted diagram is an interpretation of the lattice points
{(i,j) e Nx N: 1 <i < j} by replacing each point with unit squares/cells where
the first coordinate i (row index) increases from top to the bottom and the second
coordinate j (column index) increases from left to the right, as in matrices.

(1,2)((1,3)|(1,4)

(2,3)((2,4)

(3,4)

FIGURE 2. A shifted diagram
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A shifted Ferrers diagram Dy with respect to the strict partition A = (A, Ao, .. .,
At) (where A1 > Ao > ... > A\ > 0) is a finite shifted diagram consisting of \; cells
in the row i. For instance, given partition A = (13,12,11,9,6, 3,2, 1), corresponding
diagram is depicted in the Figure (a).

Now let A and p are such partitions with A C p, that is p; < A; for all ¢, and
possibly p has less number of parts than A has. Then one can form the shifted
skew diagram D := D)/, by removing the diagram D,, from the diagram D). An
example with partitions A = (13,12,11,9,6,3,2,1) and x = (9,7,6,5,3,1) given
below (compare Figure [3}(a) with Figure [3}(b)).

12345678 910111213 123456 78910111213

0O Ui W

0O U W

.(a; D.A_ Coe &b).D;/M

FIGURE 3. A shifted Ferrers diagram D) and shifted skew diagram D) ,,.

For any shifted skew diagram and linearly ordered subsets X = {z1 < 23 <
o< zprand Y = {y1 < y2 < ... < yp} of positive integers, let Dx y denote
the diagram consisting of cells in the position (4, j) whenever the cell (x;,z;) is
present in D, i.e., we restrict the diagram D to the rows indexed by X and columns
indexed by Y. For instance, if we set X = {x1, 22,23, 24,25} = {1,3,5,6,7} and
Y = {y1,92,93,94} = {8,9,11,13} for the diagram D := D,/, in Figure [3| the
corresponding diagram Dx y is drawn as in the Figure

Given shifted-skew diagram Dx y, Nagel and Reiner [14] define the bipartite
graph G(Dxy) = (X,Y; E) on the vertex XUY = {z1, 22, ... 2w }U{y1,%2,.. ., Yn}

§ 91113 woomwm
161:1
.T2:3
.133:5
Ty =0 | Ts5 Ty r3 T2 T
£C5:7_

FIGURE 4. Shifted skew diagram Dx y and the bipartite graph G(Dx y).
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such that (z;,y;) € E(G) if the cell (4,7) is present in Dx y. One may observe
that there is a one-to-one correspondence between the biadjacency matrix and the
diagram of the graph G(Dx y ), such that the cells in the diagram corresponds to
1’s in the matrix (see, Figure [5]).

A(G(Dxy)) =

_ == OO
OO~ O
OO O~
O OO = =

FIGURE 5. Biadjacency matrix of G(Dx y)

Consequently, we deduce that all the 1’s in each row (and each column) are
consecutive, which in turn implies that the graph G(Dx y) is a doubly convex
graph. Note that this fact is independent from the choice of the sets X and Y. In
fact, the bipartite graph G/(D) corresponding to the diagram D := Dy, is clearly
a convex bipartite graph. Therefore, the choice of the sets X and Y will determine
an induced subgraph G(Dx,y) of G(D) which is again convex bipartite. Hence the
following fact is an immediate consequence of Corollary

Corollary 4. [14]] Let G(Dx y) is the bipartite graph associated to a shifted-skew
diagram Dx y . Then the complex Ind(G(Dx y)) is either contractible or homotopy
equivalent to a sphere.

The same argument can be further applied to a bipartite graph G(D) paramet-
rized (in the similar fashion) from any diagram D whose cells in each row (or each
column) appear consecutively, since G(D) is a convex bipartite graph.

5. CONCLUSION

In our study, we characterize the homotopy type of the independence complexes
of strongly orderable graphs. We further refine the mentioned characterization in
the case of chordal bipartite graphs. These characterizations extend several known
results and unify them in terms of biclique vertex partitions. There is, however,
a natural question which arises in this context: “For which classes of graphs, the
biclique vertex partitions is also relevant to the topology of independence com-
plexes?”.
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ABSTRACT. In this paper a new quantum analog of Hermite-Hadamard in-
equality is presented, and based on it, two new quantum trapezoid and mid-
point identities are obtained. Moreover, the quantum analog of some trapezoid
and midpoint type inequalities are established.

1. INTRODUCTION

A function f:J C R — R is said to be convex on the interval J, if the following
inequality

flte+ (1 —t)y) <tf(z)+ (1 —1)f(y),
holds for all z,y € J and t € [0, 1].

One of the most useful inequalities for convex functions is Hermite-Hadamard’s
inequality, due to its geometrical importance and applications, which is described
as follows:

Let f: J CR — R be a convex function on the interval of real numbers and
a,b € J with a < b. Then

b
1 < [ ar < 19210, )

2

Hermite-Hadamard’s inequality is investigated for several classes of functions in
a number of papers and different types of inequalities have been obtained from it.
For more details, see [16,[18}21[22,|28] and references therein.
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In recent years Tariboon and Ntouyas in [31], generalized the classic quantum
derivative and integral. Also, in 23], the authors by using the notions of left and
right quantum derivative and integral have derived a similar generalization of classic
quantum derivative and integral. In many research papers, the quantum analogue
of Hermite-Hadamard type inequalities has been obtained via the generalized form
of quantum integral, which were given in [31]. For more information in this regard,
the reader is refer to [1]- [6], [8]- [15], |17], [19], [24]- [27], [29]- |36]

In this paper, we use the notions of left and right quantum derivatives and
integrals together to introduce a new quantum analogue of Hermite-Hadamard
inequality and based on it we obtain two new quantum trapezoid and midpoint
type identities. In addition by using these new identities, we establish quantum
analogue of some trapezoid and midpoint inequalities. We get the results of the
trapezoid and midpoint inequalities as a special case when ¢ — 1. The idea and
techniques of this paper may help the interested reader for further research in this
area.

2. PRELIMINARIES

In this section, we recall some previously known concepts.

In [31], Tariboon and Ntouyas introduced the concepts of quantum derivative
and definite quantum integral for the functions of defined on an arbitrary finite
intervals as follows:

Definition 1. [31] A function f (t) defined on [a,b] is called quantum differentiable

on (a,b] with the following expression:

_ SO -flet+(A-qa)
(I-¢q)(t—a)

and quantum differentiable on t = a, if the following limit exists:

oDy f (a) :tlim+ aDof (t)

oDy f (1) €R, t#a, (2)

for any a < b.
Clearly, if a = 0 in (2), then oDgf (t) = D,f(t) where D,f (t) is familiar

quantum derivative of the function f defined by

f(t) — f(qt)
(1—q)t

Definition 2. (31| Let a function f be defined on [a,b]. Then the quantum integral
of f on [a,b] is defined by

D,f (1) = H#0, D f(0) =lmD,f(1). @R ()

b 0
[ 1@ st =0-0 -0} @b+ -a. @)

n=0
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If the series in the right-hand side of (4]) converges, then f is said to be quantum
integrable on [a,b]. Also, for any ¢ € (a,b)

b b c
/ f(t) adqt :/ f(t) adqt _/ f(t> adqt : (5)
Clearly, if a = 0 in 7 then

/Obf(t) oyt =/Obf(t) dot |

where fob f(t) dgt iswell-known Jackson integral of f on [0, b]. For more details,
see [7}20].

In 23], the authors have denoted and (4]) respectively as left quantum deriv-
ative and definite left quantum integral and it has been written in this wise:

aqu (t) at qu (t)a

b b
[ r@ it = [ 1) wedat
a a
We use these notations in the rest of the paper.

Lemma 1. [31] Let f : [a,b] — R be a differentiable function. Then we have

, _df ()
ng{ a+qu(t) T (6)

Lemma 2. [31] Let f : [a,b] = R be an arbitrary function. If fabf (t) dt is exist,
then we have

b

b
Jim f@)a+%t::/‘fU)ﬁ. (7)

q—1- a
Recently, Kunt et al. [23|, presented the notions of right quantum derivative and
right definite quantum integral as follows:

Definition 3. [23] A function f(t) defined on [a,b] is called the right quantum
differentiable on [a,b) with the following expression:
fO)—flat+(1-q)b)
_D t =

and quantum differentiable on t = b, if the following limit exists:

v Duf (6) = lim 4 Duf (1)

ER, t#£b, (8)

for any a <b.
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Definition 4. [25] Let a function f be defined on [a,b]. Then the right quantum
integral of f on [a,b] is defined by

/f(t) pdgt =(1—q)(b—a) S "f (@"a+ (1 - q")b). (9)

If the series in right hand side of @D converges, then f is said to be right quantum
integrable on [a,b]. Also, for any ¢ € (a,b)

/f bdtf/f bdt—/f p-dyt (10)

Lemma 3. [23] Let f : [a,b] — R be a differentiable function. Then we have

. _df (@)
qgf{lf b-Dof (t) = T (11)

Lemma 4. [25] Let f : [a,b] — R be an arbitrary function. If flff (t) dt is exist,
then we have

b b
lim [ f(t) pdgt = / F(b) dt. (12)

3. AUXILIARY RESULTS

In this section, we describe some auxiliary lemmas which are used in the obtain-
ing of main results.

Lemma 5. Let 0 < g <1 be a constant, then the following equality holds:

1

1
1—qt|t g+dgt = . 13
f et ot = "

Proof. By using the definition of g-integral, we have
1 1
/ |1 —gqt|t g+dgt = / (1—qt)t g+dgt
0 0

1 1
/ t o+dgt —/ qt? o+dgt
0 0

_ ! q
T 14q l4+g+e?
B 1
(9 +g+e?)
The proof is completed. O

Lemma 6. Let 0 < g <1 be a constant, then the following equality holds:

1
q
1—gqt|(1-t det = ———. 14
[ -atia=n s =y (14



460 A.W. BAIDAR, M. KUNT

Proof. By using Lemma and the definition of g-integral, we have

1 1 1
/ 1—qt|(1—t) grdgt = / 11— qt| o+dgt —/ 11— qt|t grdyt
0 0 0

1
1
= 1—qt) og+d,t —
f om0 edt -~
1 1
- 14g (1+q(1+g+e?)
_ q
14+q+q¢*
The proof is completed. O

Lemma 7. Let 0 < g <1 be a constant, then the following equality holds:

q2

1
/Ot(lft) ot = o a T T (15)

Proof. By using the definition of g-integral, we have

1 1 1
/ t(l—t) grdgt = / t ordgt —/ 2 grdyt
0 0 0

1 1

1+q 1+q+¢

q2

I+ +q+q?)

The proof is completed. U

Lemma 8. Let 0 < g <1 be a constant, then the following equality holds:

1
1—g¢q
P _
/O P o+dgt = gt (16)

Proof. By using the definition of g-integral, we have

1 o)
/ #ooedgt = (1—q))_ q"(¢")"
0 n=0

[e.e]

= (1-¢)> ()"
n=0

_ _1l-gqg

1 =gt

The proof is completed. O
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4. MAIN RESULTS

In this section, we use Definition [2] together with Definition (4] of the quantum
integrals to present a new quantum form of the Hermite-Hadamard inequality.
Let a function f be defined on [a,b] C R, then from and @, we can write

/aa;bf(t) edyt +/ibf(t) s dyt

_ d-db-a Q)Q(b_ @) gq” {f (qn (b;a> +a> +f (q” <a;b> + b)] (17)

For shortness we write the left-hand side of , as follows:

a+b
2

/abf(t) appdgt = /aif(t) ardgt +/ab+bf(t) podgt .

If the series in the right-hand side of converges or f is left quantum integrable

on [a, “%] and right quantum integrable on [“£2,b], then f: f(t) egpdgt s exist.

Lemma 9. Let f : [a,b] — R be an arbitrary function. If f:f(t) dt converges,
then we have

b b
lim [ F(t) epdgt = / £t dt. (18)

q—=>1= Jq

Proof. By using and lemma [2] and lemma 4], we get

b atb b
lim f () atedgt = lim [/ f(t) q+dgt +/ f@ bdqt]
q—1= Jq 2 —1= | Jq ath
atb b
= lim f@) a+rdgt + lim f(t) p-dgt
qg—1— a g—1— GTer
a;b b
:/ f(t)dt+/+bf(t)dt
. 2
- / £ () dt.
The proof is completed. O
Lemma 10. Let f:f(t) GTerdqt be exist. Then we have
b b
[ 1@ wpdit = [ flasb-t) wadyt (19)

Proof. By direct computing from , we get

b
/ fla+b—1) GTH?dqt
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S e () e
_ (1—61)2(1?—@);_:0(],1_f<qn(a;b>+b>+f(qn(b2a>+a>}
- /abf(t) d

This complete the proof. O

Theorem 1. Let f : [a,b] — R be a convex function and 0 < ¢ < 1. Then we have

<“+b> /f ssndyl <7f() (20)

Proof. Clearly f f(t) egpdgt s exist. By using , we have

/fta+1 t)b) osidgt

) (1=0) 5= o[ 7 (Ja" (55%) +0]a+ 1~ (g" b
= f D4 {+f(£([1q"<(‘2)++01} at—%l —(?q"((g‘g)iolg]z)]
(

n=0

2 2
_ i <1—q>2<b—a>iqn [f(q"<c;—b>+b> (10

n=0

/f(tb+(1 fa) sidyt
_ =0~ L[ ([ () +0] b+ [1= (¢ (352) +0)]a) +
= 2 D4 [ fg[q" ! w(d 1; a }

n=0

_ bl (1—q)2(b—a)§:oqn [f<Q" b2—a)+a)+f(q"(a2—b)+b>}

- —/f (22)

Again by applying |) we get

1 1
a+b a+b
‘/O f( 5 ) O-;ldqt = f< 5 )/0 1 041 dqt
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_ f<a—|—b> (1—q)(1—0)zqn[1+1]

2 2 =
a+b
- (o). o
and
AORS O fW%ﬂ”“/dlwdt
0 2 ER 2 o =
_ f@+fO) (-9 (1-0) ¢ L
= 5 5 nz:%q [1+1]
_ [+ )
= s (24)
Since f is convex on [a,b], then we can write
(552) <5l a-on+ @+ a-na) < L0
for all t € [0,1], and
Y o (a+b
[(e2%)
1
< [ (GUtata-on+reea-na) s
0
_ w vdyt |
0
Therefore by using , , and , we get
b I b
f(“j ><b_a/a Ft) epdgt < LOEIO
This complete the proof. |

Remark 1. If ¢ — 1, then by using Lemma@ the inequality reduce to .

Lemma 11. Let f : [a,b] — R be a continuous function. If ,+ Dgf (t (‘%b) +(1-1¢) a)
and

b-Dof (t (“TH) + (1 —1t)b) are left quantum integrable on [0,1], then the follow-
ing identity holds:

T f(a)+ f (b)
Ft) appdgt — 22
b—a/a :

2
_ b—a [t at Dof (H () +(1—1t)a)
- [ (CSENEN T ) v @
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Proof. Since o+ Dgf (t(%2) + (1 —t)a) and ,-Dgf (¢t (%) + (1 —¢)b) are

left quantum integrable on [0, 1], using the linearity of left quantum integral, then
we have
b—a [* + Do f (¢ (% (1—t)a) >
1—gqt @ dgt
s (T ) e
b —a

- Udu—w ) e Daf (1(252) + (1 1)a) oedyt

1—qt bDf( (a;b)—k(l—t)b) 0+dqt}

© My — M) (26)

Since f is continuous on [a, b], we get

(e () 0-0) o (59 01

- 1(%5) 1. (1)

S (r(457) ramn) 2 (v (57)  0)
- (%) -ro. (28)
Using (27), we achieve
Mlz/ol(l—qt) Dol (£ (22) + (1~ t)a) oedyt

1
[ it ) 100 oedt

—(J/Olta+Df(( D) 4 (1—t)a) o dyt
:/*V@<+> ~0)a) ~ f (gt (5*) + 1—mmw Y

(1—q) (5" —a)t

_qénkﬂ< )+ ELDE, <<T%+ﬂ—wmﬂ eyt

S (2 oo
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oo
" a+b "

_Zf(q +1< 5 >+(1_q +1)a)]

n=0
2q > a+b

_ n n 1 _ n
b_aLZ%q f(q ( 5 >+( q )a)
> a+b

,anf (qn+1 ( 5 ) + (1 —q”“) a)]
n=0

=l () o)

n=0
_ 4 (17(])(17 (l) - n n a+b —adVa
(ba)Q[ 5 nz_:oqf(Q(Q)Jr(l q))]
4 f(a)
b—a 2
T = 4 f(a)
_(b—a)2/a ) wrdgt - (29)

Similarly, using 3, we get

M, = /0(1—qt) b-Dof (t(4F2) + (1 —1)b) oedgt
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e
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_ 4 Fe
 b—a 2
4 (17(])(1}7(1) > n n a+b n
(ba)2[ ; Z f( ( 5 )+(1(J)b>]
_ 4 f@
T b-a 2 b—a) / F{t) p-dgt . (30)
Combining , and ( . , we obtain
b;a[Ml—M2]

- (/Zf(t)a+dt+/ f bdt> M

f(a) + [ (b)
bfa/f a+bdt —f7

which gives . This complete the proof. O
Remark 2. If f is differentiable on [a,b] and ¢ — 1, then the identity reduce

to
L[ rwa- L0210
5t fa-a( ! (§(<§2> )

1

See also [21, Lemma 1, for x =

Next, we present quantum analogue of some trapezoid type inequalities as fol-
lows:
Theorem 2. Let f : [a,b] — R be a continuous function, ,+ Do f (t (%42) + (1 —t) a)
and
b- Do f (¢ (%22 ) + (1 —1t)b) are left quantum integrable on [0,1]. If |,+Dyf| and
|- Dqf| are convex on [a,b], then the following inequality holds:

/bm) wdyy S I0)

b—a 2
oo [ L Pat (55 Dus (552
< (1+q)(1+q+q?) (31)
= 4 +q(|a+Dq4f(a)\+\b7qu(b)\)
1+q+q?

Proof. By using Lemma (11)) and convexity of |,+ Dy f| and |,- Dy f| , we have
b

b

/ It a;bdqt _ w

b—a
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’b_a/ol(l—qt)( a+ Do f (¢ (*5%) + 1—t)a)) ) 0+dqt‘

4 —b_Df(t(Q”)Jr (1—t)b

_ b—a fo (1= gt)| |as Dof (£ (%£2) + (1 —t)a)| ordyt
= 4 +f0 1—qt\|bDf(t(a BY+ (1 —1t)b) | ordyt
DS (211010 =0

< b—a +‘a+qu f( 1 —qt 1—t)0+d t

4| - Dof (5£2)] Jo 11— gt)[ t ordgt
|+ 1o Dof B)] fy 11— qt)] (1 — t)ordyt

Applying Lemma [f] and Lemma [6] we have

/ £t _ fla) + f(b)
—a 2
[ ot Daf(%22)| | dlas Daf(a)]
< b—a (1+q)(1+qiq2) e
= T | yendE) bl
(1+9)(1+g+q?) 1+g+q?
b I ‘aJquf(aTH)‘Jr‘b*qu(aTHN
_ 2-a (IT+a)(T+q+4%)
4 +Q(|Q+qu(a)‘+‘bfqu(b)‘)
L 1+q+q?
This complete the proof. O
Remark 3. If f is differentiable on [a,b] and ¢ — 1, then the inequality reduce
to
f(a) + f(b) 1t b—a a+b
‘ P TO i < P (1@ + || + 17 0)

See also (21, Corollary 2].

Theorem 3. Let f : [a,b] — R be a continuous function, .+ Dqf ( (%) (1-1) )
and

v-D f( (%) + (1 —1t)b) are left quantum integrable on [0,1]. If |+ Dof|" and
|- Dy f|" are convex on [a,b] where r > 0, then the following inequality holds:

b f(a) + £(0)
[ 10 it - HOTIE

b—a

3=

1
|a+ qf(u+b)| Q|a+qu(a)|T "
b—a( 1 )1 ((1+f1)(1+4+f12) R +

IIANEY (o

(32)
P) + (I|b—qu(a)|T
(1+9)(1+g9+q?) 1+q+q?
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Proof. Since |,+ D, f|" and |- D, f|" are convex functions, so from Lemma |11] and
using the power mean inequality, we have

/bf(t) wndyt — L@ FSO)

b—a 2
o |b=a gt a+Dof (t(42) + (1 —1t)a)
= ‘ 1 /0(1 qt)<quf(( )-‘rl—t)b) > 0+dqt’
< b-o fo ] |a+ Do f (¢ (“F2) + (1= t)a)| o+dgt
R 1fqt|lquf(t L) L (1—1)b) | grdgt

- (fo (1—qt)] 0+dt)_% ]

vma| <RIl D (1) + 00 )’

! (fo (1 —qt)] 0+dt> i

< (B0 =gl | 1D (0 (452) + (1 —1)0) | ordgt )"

< b;a /|1—qt| 0+dt> '

1

|+ Dy f(a2b)| 1—qt [t gedyt B
—|—|a+Df(a) f 1—qt (1 —t)o+dgt

|bDf(“ )| (1= qt)t grdgt \~
+\b qof (D) fo l—qt (1 —t)o+dgt

b

Applying Lemma [f] and Lemma [6] we have

£ @)+ £ (b)
/af(t) epdgt - UL

b—a

1
<|a+qu(“2“’)’" n q|a+qu(a)|T>T

< L < : > o (1+9)(1+a+q?) 1+g+q?
- 1
4 1+4+¢ " |b7qu(a<2Fb)|"‘ N q|b7qu(a)|T =
(1+9)(1+q+q?) 1+g+q?
This complete the proof. 0

Remark 4. If f is differentiable on [a,b] and ¢ — 1, then the inequality reduce

to
b
’f(a);f(b)—bia/a foyt
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< (59) <1) (170 +21r @)’
IR A N (FUC DR ITA O]

See also [21, Corollary 4].

5

i

Theorem 4. Let f : [a,b] — R be a continuous function, .+ Dqf ( (%) (1-1) )
and

b-Dof (t (“+b) + (1 —1t)b) are left quantum integrable on [0,1]. If |+ Dof|" and
ly- Dy f|" are convex on |a,b] where p,r > 1, 1%—|—% =1, then the following inequality
holds:

/bf(t) wndyt — 1@

b—a /, 2
(|Q+D 2 F(250)| +a| 4 Do f(a)]” )
b—a 1 (1+q)
< S ) P G
+ o= Daf (“5°)| +a|,- Daf(a)]”
(1+4q)
where
1
Si0) = [ (1 -at) ordat
0
is fulfilled.

Proof. From Lemma [I1] and using Holder’s inequality, we have

f(a)+ 1 (b)
/f a+bdt -

b—a

- \bf/ (1=t (“ZDD‘/}(@(( 2) ll—tif% )W\

)+ (1—t)a) | o+dgt

|
\
-
\
L=}
=
5]
T
S
&h
—
~~

|
>
|
<)
7 N
o\
2.
—~
—
|
)
=
S—
(=)
T
ISH
_
~
\_/
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By applying the convexity of |+ D, f|" and |- D, f|", we get

/bf(t) wndyt — @S0

2
| t o+dgt
1—t o+dqt

b—a

3=

( |a+qu(
I A

S 4 ) 1 )
N lo—Dq f (% )Lfotwdt ’
+[o-Dof )" o (L —1t) ordgt
Also,
1 1
1 q
t grdg,t = , 1-—t dgt = ——.
\/0 0+ Uq 1+q \/0 ( ) 0+ Hq 1+q
Therefore
b
a)+ f(b
[ ) g - L0
1
(| ot D (52| +a| o+ Daf(a)|” )
b—a 1 1+q
< Sa)? - A
+ (lwqf(a: )| +aly- Dut )] )
1+4+q
This complete the proof. O

Remark 5. If f is differentiable on [a,b] and ¢ — 1, then S; (p) = ﬁ and the
inequality reduce to

|f(a) O sa
L Syt [rr If’
Gl

See also [21, Corollary 3].

Lemma 12. Let f : [a,b] — R be a continuous function. If ,+ Dy f (t ("T'H’) +(1—1t)a)
and

»-Dgf ( (‘ITH’) + (1 —1t)b) are left quantum integrable on [0,1], then the follow-

ing identity holds:
/ f a+b d t

2+

il—'

3=
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_b—a ! et Dyf () +(1-t)a
=t L BCEY ST ) e

Proof. By using the similar proving argument as in Lemma [TI] we have

bl&f“(wf(((( 2>+< >3> )‘“dq’f

_ q(b—a) fo t o+ Dof (¢ (—) t)a) o+dgt
4 —folt b= Do f (t(%£2) + 1 t)b) ordgt
=1 (b4_ a) [Ki — K. (35)

o+dqt
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- q(bia)Q [(1 _Q);b_a) gq”f (q" <a—;b) +(1 —q”)aﬂ

- Q(b2— a)f (a;rb> - q(b4a)2 /aa;rb S0 ardat 59

1
K2:/0 t o-Dof (t(52) + (1 —1)b) o+dgt

:/1tlf(t(“2+b)+(1—t)b)—f(q () +A-ab) |,
0 (1-q) (55" - b)t o
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Combining (35), and (7)), we get

b—a
% [ — K]
atb

:f(a;—b> bia</2f(t) atdgt +/;f(t) bdqt>
f(a+b>

which leads to the (34)).This complete the proof. ([l
Remark 6. If f is differentiable on [a,b] and g — 1, then the identity reduce

to
b
150 - 52 | s

- LA )

See also [18, Lemma 2.1].

Next, we establish quantum analogue of some midpoint type inequalities as fol-
lows:

Theorem 5. Let f : [a,b] — R be a continuous function, .+ Do f (t (%F2) + (1 —t) a)
and

»-Dyf ( (a+b) —1)b) are left quantum integrable on [0,1]. If |,+Dgf| and
lo- Dq f| are convex on [a,b], then the followmg inequality holds:

f(a+b)
< 5 ) oD (5] 42y (49)
- 4 \l+4gq+¢ +1+q(|a+D fla )|+|b*qu( )

Proof. From Lemma 12| ﬂ and using convex1ty of |4+ Dy f] and |,- D, f| , we have
atb dgt

f(a—i—b)
b—a [ a+Df(t( ) +(1—1t)a)
‘ 4 /oqt< (( l’) +(1—-1)b) >0+dqt‘
|a+Df( | 0+dqt
g(b—a) |+t Dyf (a)] [y (t—12) ordgt
4 +\bDf( U’Ot2 o+dgt
+|o- Dy f (0)] [(t —2) ) o+dqgt

a+bdt

] . (38)

\+

Qk\'}

IN

%Nwo%\_/
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Applying Lemmal [7] we get
a+b
()

b—a q
<
- 4 \l+gqg+¢?

This complete the proof. O

a+bdt

|a+qu (252)]+ oD (232)
155 (a+ Do f (@) + |- Do f (D)) |

Remark 7. If f is differentiable on [a,b] and ¢ — 1, then the inequality reduce

to
f<a+b>
< boo (2
- 12

See also [18, Theorem 2.1 for s =m =1].

Latb | @)+ 170
@ >\+ iren,

Theorem 6. Let f : [a,b] — R be a continuous function, ,+ Do f (t (%F2) + (1 —t) a)
and

b qu( (2E2) + (1 —t)b) are left quantum integrable on [0,1]. If |,+Dof|" and
ls- Dy f|" are convex on [a,b] where r > 0, then the following inequality holds:

a+b
(450
(b—a) 1 v
Z(lJrq) ((1+(J+q2)>
(les Daf (42)]" (1 + ) + o Do (@) )
(b= Dof (5£2)]" (L4 ) + |- Dy ()] ¢?)

a+hd t

1
r

(39)

S

Proof. Since |,+Dyf|" and |,- Dy f|" are convex functions, so from Lemma [12| and
using the power mean inequality, we have

‘f<a+b)

< ‘ba/o qt< a+D,{(t(;) 1—t1a)) > 0+dqt‘

4
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(folt o+dqt )1_T
a0 —a) | % (Jot] wrDaf (£(252) + (1L =1)a) | ordyt )

e

< s
+(fyt ovdat )
% (o tlo-Daf (¢ (%52 + (1= 0)|" ordyt )’
L |a+qu( )L fol 0+ dqt '
_ ab—a) (1 = ot Dof @) [y t(1—1) grdgt
< 0 () 1

+< |bDf( b)l 2 gedgt )

+ o~ Do f O)" [t 1 — 1) o+dgt
Applying Lemmal7], we get

f(a+b) /f ) et

. ‘a+D f( 2 )| 1+t£+q )
q(b—a) (1>1_T +lat Dy f (a)| W 1
+< ‘b Df(a )‘ 1+t£+q )T

+1o-Daf (0)" Tro0Tar

IN

~ q(b—a) 1 "
- 4(1+9) <(1+Q+q2)>
(los Daf (52" (14 @) +lar Do (@) )

+ (Jo-Daf ()] (14 0) + 1o Dof B ¢?)
This complete the proof. O

1
T

Sh

Remark 8. If f is differentiable on [a,b] and ¢ — 1, then the inequality reduce

to
b
‘f(“§b>—b_la/ () dr

§ b—a(ly (21F (=52 >l+|f’a’")i |
N e o)

Theorem 7. Let f : [a,b] — R be a continuous function, .+ Dqf (t (“T'H’) +(1-1¢) a)
and
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- Do f (¢ (%22) + t)b) are left quantum integrable on [0,1]. If |,+Dgf|" and
lp- Dy f|" are convezx on [ a,b] where p,r > 1, %Jr% =1, then the following inequality

| <a;rb> _a/abf(t) agodgt
)

1

lo+ Daf (“52)| +a|u+ Daf(@)]" | "
=

1

1—grtt N (|bqu(‘g“’)|*+q|b_qu<b)|*) E

14+q

S

(40)

s true.

Proof. From Lemma [12| and using Holder’s inequality, we have

a+b 1 b
‘f( B )_b— f(t) “T*”dqt

‘b—a/olqt< o+ Dyf ( (“3"2+(1’5>“)) ) 0+dqt‘

4

ab—a) | *(Jo | o Daf (2
4 +(
X (fo1 |b*qu t(

Applying Lemma and convexity of |,+D,f|" and |- D, f|", we get

b
f(a—;b>_bia/ F(t) axndgt

IN

=

)+ (1-08)[" gedgt )

lat Do f (S2)[" i1t o+ dyt B
1 1
< q(b—a)< 1—g¢q >p + o+ Dy f (a)]" [5 (1 —1) ordgt
= 4 1—grtl r G
K ‘b D f 2b)k folt o+dqgt
L + |T fo (1_t) O*dqt
. at Daf(
- q(b—a)< l1—gq > 1+q
- 4 1—qrt! lo- Dot (2£2)| +al,— Do )]
1+4q

This complete the proof. O
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Remark 9. If f is differentiable on [a,b] and ¢ — 1, then the inequality reduce

to
b
‘f(“j”) - [ rwa

1
1 [ ()@ T
ba( 1 >P 2

-4 el (If’(“#)lWIf'(b)lT)
+ 2

1
r

5. CONCLUSIONS

We have introduced a new quantum analogue of Hermite-Hadamard inequality
and based on it we obtained two new quantum trapezoid and midpoint type iden-
tities. In [21] and [18], respectively by taking = “t2 and s = m = 1, trapezoid
and midpoint type inequalities for convex functions have been presented. We have
established quantum analogs of some of these inequalities by using the new quan-
tum trapezoid and midpoint type identities. For ¢ — 1 the obtained results give
refinement of some trapezoid and midpoint type inequalities in [18}/21]. The idea
and techniques of this paper may help the interested researcher in this field for
further research.
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ABSTRACT. Orthogonal metric space is a considerable generalization of a usual
metric space obtained by establishing a perpendicular relation on a set. Very
recently, the notions of orthogonality of the set and orthogonality of the metric
space are described and notable fixed point theorems are given in orthogonal
metric spaces. Some fixed point theorems for the generalizations of contrac-
tion principle via altering distance functions on orthogonal metric spaces are
presented and proved in this paper. Furthermore, an example is presented to
clarify these theorems.

1. INTRODUCTION AND PRELIMINARIES

The well-known theorem on the presence and uniqueness of a fixed point of exact
self maps defined on certain metric spaces were stated by Stefan Banach [3] in 1992:
Every self mapping h on a complete metric space (€2, p) satisfying the condition

p(hz, hy) < Ap(z,y), for all z,y € Q, A € (0,1) (1)

has a unique fixed point.
This gracious theorem has been used to show the presence and uniqueness of the
solution of differantial equation

y'(x) = F(z;y);y(z0) = Yo (2)
where F' is a continuously differantiable function.
Consequently, after the Banach Contraction Principle on complete metric space,
many researchers have investigated for anymore fixed point results and reported
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new fixed point theorems intended by the use of two very influential directions,
assembled or apart ( See [2], [4], [5], 6], |7], [8], [9], [10], |11], |L6], |L7], |L8]).

One of them is involved with the attempts to generalize the contractive conditions
on the maps and thus, soften them; the other with to attempts to generalize the
space on which these contractions are described.

Among the results in the first direction, Khan et al. [15] installed fixed point the-
orems in complete and compact metric spaces by using altering distance functions
in 1984. Then, Alber and Guerre-Delabriere [1] presented anohter generalization
of the contraction principle in Hilbert spaces in 1997. In 2001, the results of [1]
were shown to be valuable in complete metric spaces by Rhoades [19]. On the other
hand, among the results in the second direction, Gordji et al. |13] introduced the
concepts orthogonality of the set and orthogonality of the metric space in 2017. In
the mentioned paper, a generalization of Banach fixed point theorem is presented
in this exciting defined construction and also, acquired results in the mentioned
paper is implemented to indicate the presence of a solution of an ordinary differen-
tial equation. In this paper considerable fixed point theorems on orthogonal metric
spaces via orthogonal contractions are introduced inspired by [13], [15] and [19].
Furthermore, an example is presented to illustrate these theorems.

The main difference between studies in orthogonal metric spaces and studies in
general metric spaces is that instead of a contraction condition provided by any
two elements of the space, it is sufficient to provide a contraction condition given
only for orthogonally related elements. Another important point is that orthogonal
complete metric spaces do not have to be complete metric spaces. So the results of
this paper, not only generalize the analogous fixed point theorems but are relatively
simpler and more natural than the related ones.

In the sequel, respectively, Z, R, RT denote integers, real numbers and positive
real numbers.

Definition 1. ([15]) Let Q be a non-empty set and LC Q x Q be a binary relation.
(Q, L) is called orthogonal set if 1 satisfies the following condition

Fko € Q; (Ve Q1 L ko) V (VIe€Q kg L1). (3)
And also this ko element is named orthogonal element.

Example 1. ( [12]) Let Q = Z ( Z is integer numbers) and define a L b if there
exists v € 7 such that a = ~vb. It is effortless to see that 0 L b for allb € Z. On
account of this (Q, L) is an orthogonal set.

This kg element does not have to be unique. For example;

Example 2. ( [129]) Let Q = [0,00), define k L 1 if kl € {k,l}, then by setting
ko =0 orko=1, (Q,1) is an orthogonal set.

Definition 2. ( [13]) A sequence {k,} is named orthogonal sequence if
(Vn e N;jky, L kpt1)V (Vn € Nikyy1 L ky). (4)
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In the same way, a Cauchy sequence {k,} is named to be an orthogonally Cauchy
sequence if
(VneN;k, Lknpy1)V(VneN; k1 L ky). (5)

Definition 3. ( [15]) Let (2, L) be an orthogonal set, p be a usual metric on €.
Afterwards (2, L, p) is named an orthogonal metric space.

Definition 4. ( [15]) An orthogonal metric space (2, L, p) is named to be a com-
plete orthogonal metric space if every orthogonally Cauchy sequence converges in
Q.

Definition 5. ( [13]) Let (2, L, p) be an orthogonal metric space and a function
h : Q — Q is named to be orthogonally continuous at k if for each orthogonal
sequence {kyn} converging to k implies hk, — hk as n — oo. Also h is orthogonal
continuous on € if h is orthogonal continuous in each k € Q.

Definition 6. ( [13]) Let (Q,L,p) be an orthogonal metric space and A € R,
0 < X< 1. A function h : Q — Q is named to be orthogonal contraction with
Lipschitz constant A if

plhk, hl) < Ap(k, 1) (6)
for all k,1 € Q whenever k L 1.

Definition 7. ( [13]) Let (Q, L, p) be an orthogonal metric space and a function
h:Q — Q is named orthogonal preserving if hk 1 hl whenever k L [.

Remark 1. The authors of [12] gave an example which shows the orthogonal conti-
nuity and orthogonal contraction are weaker than the classic continuity and classic
contraction in classic metric spaces.

Theorem 1. ( [13]) Let (Q,L,p) be an orthogonal complete metric space and
0<A<1andleth:Q — Q be orthogonal continuous , orthogonal contraction (
with Lipschitz constant X ) and orthogonal preserving. Afterwards h has a unique
fized point k* € Q and lim,,—, oo h"(k) = k* for all k € Q.

Definition 8. ( [15]) Let ¢ : [0,00) — [0,00) be a function which satisfies

(1) 1(s) is continuous and nondecreasing,

(i) Y(s) =0 < s=0

properties. Then 1 is named altering distance function. And ¥ is denoted as the
set of altering distance functions .

And in [14], notable fixed point theorems on orthogonal metric spaces via altering
distance functions are presented by Bilgili Gungor and Turkoglu.

2. MAIN RESULTS

Firstly, in the following theorem, by giving a contraction condition that will
generalize the previous works using alterne distance functions is presented and
proven.
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Theorem 2. Let (Q, L, p) be an orthogonal complete metric space, h : Q@ — Q be
a self map, n,k € ¥ and n is a sub-additive function. Assume that h is orthogonal
preserving self mapping satisfying the inequality

n(p(hk, hl)) < n(p(k,1)) = w(p(k, 1)) (7)

for allk,l € Q where k 1L 1 and k # 1. Under this circumstance, there exists a point
k* € Q so that for any orthogonal element ko € Q, the iteration sequence {h™ko}
converges to this point. Also, k* € Q) is a unique fized point of h if h is orthogonal
continuous at k* € Q).

Proof. Because of (€2, 1) is an orthogonal set,
Fko € Q; (Ve Q1 L ko) V (VIe€Q kg LI). (8)

And from h is a self mapping on 2, for any orthogonal element kg € €2, k1 € Q can
be chosen as k1 = h(kg). Thus,

ko L hko V hkg L ko (9)
= ko L k1 Vk Lkg.

Then, if it continues similarly
k1 = hko, ko = hky = hko, ..., kp = hkn_1 = A"k (10)

so {h™kg} is an iteration sequence.

If any n € N, k,, = k41 then k, = hk, and so h has a fixed point. Suppose that
ky # kpy1 for all m € N,

Since h is orthogonal preserving, {h"ko} is an orthogonal sequence and by using
inequality

n(p(knt1,kn)) n(p(hkn, hkn—1)) (11)

; n(p(kns kn-1)) — £(p(kn, kn—1)).

Using the monotone property of n € ¥, {p(kn+1,kn)} is a sequence of decreasing
nonnegative real numbers. Thus there is a § > 0 and lim,, o p(kp+1, k) = 0. It
can be shown that § = 0. Assume, on the contrary, that § > 0. At that rate, by
taking the limit n — oo in inequality and using 7, k are continuous functions,

n(0) < n(0) — r(0) (12)
is obtained. This is a contradiction. Therefore § = 0. Now it can be proved
that {k,} is an orthogonal Cauchy sequence. If {k,} is not an orthogonal Cauchy
sequence, there exists € > 0 and suitable subsequences {r(n)} and {s(n)} of N
satisfying r(n) > s(n) > n for which

p(‘rr(n)axs(n)) > € (13)
and where r(n) is selected as the least integer satisfying , that is

P(krn)—1,Es(n)) < € (14)



EXTENSIONS OF ORTHOGONAL CONTRACTIONS 485

By (13),(14) and triangular inequality of p, it can be easily derived that
€< p(kr(n)a ks(n)) < p(kr(n)v kr(n)—l) + p(kr(n)—lv ks(n)) < p(kr(n)v kr(n)—l) + €.

(15)
Letting n — oo, by using lim,, o p(knt1, kn) =0
nll)rréo p(kr(n)a k‘;(n)) =€ (16)

is obtained. Also, for each n € N, by using the triangular inequality of p,

p(k7(n)a ka(n)) - p(k7(n)a kr(n)-‘rl) - p(ks(n)—i-l’ kb(n))
< p(kr(n)+17 ks(n)-‘rl) (17)
< p(kr(n)a kr(n)Jrl) + p(kr(n)7 ks(n)) + p(ks(n)+1a ks(n))

Passing to the limit when n — oo in the last inequality

p(kr(n)+la ks(n)Jrl) = €. (18)
By using the inequality ,
< n(p(kr(n)v ke(n))) - H(p(kr(n)a ks(n)))

Passing to the limit when n — oo in the last inequality

n(e) < nle) — rle). (20)

It is a contradiction. Therefore {k,} is a orthogonal Cauchy sequence. By the
orthogonal completeness of €2, there exists k* € Q so that {k,} = {h™ko} converges
to this point.

Now it can be shown that k* is a fixed point of h when h is orthogonally continuous
at k* € Q. Assume that h is orthogonally continuous at k* € €. Thus,

k* = limy— o0 kpt1 = limy 00 Ak, = hE*. (21)

so k* € Q is a fixed point of h.

Now the uniqueness of the fixed point can be shown. Suppose that there exist two
distinct fixed points k* and [*.Then,

(i) f k* L I*VvI* L k*, by using the inequality

n(p(k*,1%)) = n(p(hk*, hi*))
< n(p(k*, 1)) = w(p(k*,1%)) (22)

This is a contradiction and k* € 2 is a unique fixed point of h.
(ii) If not, for the chosen orthogonal element kg € €,

[(ko L E*) A (ko LIM)]V (K™ L ko) A(I" L ko) (23)
and since h is orthogonal preserving,

[(hkn L E*) A (Bky L)V [(k* L hky) A (1% L hky)] (24)
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is obtained. Now, by using the triangular inequality of p, ¥ is nondecreasing sub-
additive function and the inequality

n(p(k*,1%)) = n(p(hk*, hl*))
(p(hk*, hk:n+1) + p(hkpy1, hl*))
< n(p(hk*, h(hkn))) + n(p(h(hkn,), hi*))
(p(k*, hkp)) = K(p(K*, hkp)) + (p(hkml*))—ﬁ(p(hkn,l*))(-%)
and taking limit n — oo, k* = [*. Thus, k* € Q is a unique fixed point of h. (]

If assumed to be x(s) = (1 — A)n(s), for all s > 0 where 0 < A < 1 in Theorem
the following Corollary is obtained.

Corollary 1. Let (2, L, p) be an orthogonal complete metric space, A € R,0 < A <
1, h: Q — Q be a self map , n € U be a sub-additive function. Assume that h is
orthogonal preserving self mapping satisfying the inequality

n(p(hk, hl)) < Xn(p(k,1)) (26)

for all k1 € Q whenever k 1.1 and k # 1. Under this circumstance, there exists a
point k* € Q such that for any orthogonal element kg € Q, the iteration sequence
{h"ko} converges to this point. Also, k* € Q is a unique fized point of h if h is
orthogonal continuous at k* € €.

If assume 7(s) = s, for all s > 0 in Theorem [2| the following Corollary is gotten.

Corollary 2. Let (2, L, p) be an orthogonal complete metric space, h : Q — £ be
a self map, k € V. Assume that h is orthogonal preserving self mapping satisfying
the inequality

for all k,1 € Q where k L 1 and k # 1. Under this circumstance, there exists a point
k* € Q such that for any orthogonal element ko € Q, the iteration sequence {h™ko}
converges to this point. Also, k* € Q is a unique fized point of h if h is orthogonal
continuous at k* € Q).

If assume 7(s) = s and k(s) = (1 — A\)n(s), for all s > 0 where 0 < A < 1 in
Theorem [2| the following Corollary which is the main result of [12] is obtained.

Corollary 3. Let (2, L, p) be an orthogonal complete metric space, A € R,0 < A <
1, h: Q — Q be a self map. Assume that h is orthogonal preserving self mapping
satisfying the inequality

p(hk, hl) < Ap(k, 1)) (28)

for all k,l € Q where k L1 and k # 1. Under this circumstance, there exists a point
k* € Q such that for any orthogonal element ko € 2, the iteration sequence {h™ko}
converges to this point. Also, k* € Q) is a unique fized point of h if h is orthogonal
continuous at k* € ).
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Example 3. Let Q =[0,1) be a set and define p: Q x Q — Q such that p(k,l) =

| k—1|. Also, let the binary relation L on Q such thatk L1 < kl € {k,l}. Then,
(Q, L) is an orthogonal set and p is a metric on Q. So (Q, L, p) is an orthogonal
metric space. In this space, any orthogonal Cauchy sequence is convergent. Indeed,
suppose that (ky) is an arbitrary orthogonal Cauchy sequence in Q.Then

kn-kn+l =k, V kn+1-kn = knJrl

= =0,k € [0, 1)V kniy = 0, kn € [0,1) (29)

and for each € > 0, there exists ng € N, such that for alln € N, n > ny we have
| Kk — Kngr [< € (30)

is provided. So, for any € > 0 and for all n € N, that is n > ng, | k, — 0 |< € that
is {kn} is convergent to 0 € Q. So (Q, L, p) is a complete orthogonal metric space.
Remark that, (2, p) is not a complete sub-metric space of (R, p) because of Q is not
a closed subset of (R, p).

Letn : [0,00) — [0,00) be defined as n(s) = s and let & : [0,00) — [0,00) be defined
as k(s) = g, Also let h: Q — Q be defined as

h(k):{ -4

In this case, one can see that n,k € ¥, n is a sub-additive function. Also h is
orthogonal preserving mapping. Indeed,

<
<

A A

k<
’ 1
k<1. (81)

NES
i~ O

)
)

kLl =kl=kVki=1
=k=0,1€[0,1)VIi=0,kel0,1)
= hk=0Vhli=0
= hk L hlV hi L hk.

(32)

On the other hand, h is orthogonal continuous at 0 € §). Indeed, assume that {ky}
is an orthogonal sequence and k, — 0. In this case,

kn-kn+l = k'n vV kn+1.kn = kn-‘,—l

= by =0,k € [0.1)V kniy = 0, kn € [0,1) (33)

and for any € > 0 there exists ang € N, for alln € N that isn > ng, | k,—0 |< € is
obtained. So, for alln € N that is n > ng, k, € [0, %} Thus, from the definition of
h, for the same ng € N that isn > ng , | h(kn)—h(0) |< € that is h(k,) — h(0) = 0.
Now, it can be shown that h is a self mapping satisfying the inequality (@ for all
k,l e Q wherek L1 and k # 1.

Assume that k,1 € Q two element of Q, k L1 and k # 1. In this case

kl=kVkl=1=k=01€[0,1)VvI=0ke][0,1). (34)
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Without loss of generality, assume that k = 0,1 € [0,1).
Case I: If k= 0,1 € (0, %], then hk = 0,hl =1 — % And

n(p(hk,hl) =0 — (1 - E)|=1-L <1- &

, (35)
=0—1|—10—-% |=n(p(k,1)) — K(p(k,1)).
Case II: If k = 0,1 € (3,1), then hk = 0,hl = L. And
n(p(hk,hl)) =0~ L=t <1 L =[0—1]| - 0— & |=n(p(k,1)) - n(p(k,Z(». |
36

Consequently, h is a self mapping satisfying the inequality (@ for all k,1 € Q
whenever k L 1 and k # 1. Thus, all hypothesis of Theorem[3 satisfy and so, it is
obvious that h has a unique fixed point 0 € Q.

3. CONCLUSION

In the first part of this study, as a result of a comprehensive literature review,
the developments related to the existence of fixed points for mappings that provide
the appropriate contraction conditions from the beginning of the fixed point theory
studies are mentioned, and then the general subject of this study is emphasized.

In this paper, some fixed point theorems in orthogonal complete metric spaces
are presented by employing altering distance functions. The results of this paper,
not only generalize the analogous fixed point theorems but are relatively simpler
and more natural than the related ones. The results of this paper are actually
three-fold: a relatively more general contraction condition is used, the continuity
of the involved mapping is weakened to orthogonal continuity, the comparability
conditions used by previous authors between elements are replaced by orthogonal
relatedness.
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ABSTRACT. The square of a graph G is obtained from G by putting an edge
between two distinct vertices whenever their distance in G is 2. A graph is
well-covered if every maximal independent set in the graph is of the same size.
In this paper, we investigate the graphs whose squares are well-covered. We
first provide a characterization of the trees whose squares are well-covered.
Afterwards, we show that a bipartite graph G and its square are well-covered
if and only if every component of G is Ky or Ky, for some r > 1. Moreover,
we obtain a characterization of the graphs whose squares are well-covered in
the case a(G) = a(G?) + k for k € {0, 1}.

1. INTRODUCTION

A set of vertices in a graph is independent if no two vertices in the set are ad-
jacent. If every maximal independent set of vertices has the same cardinality, then
the graph is called well-covered. These graphs have been introduced by Plummer
in [11] and many researches have been done related to them. Most of the research
on well-covered graphs appearing in literature has focused on certain subclasses of
well-covered graphs such as well-covered line graphs [4], very well covered graphs [6]
and well-covered graphs that are 3-regular [3].

The square of a graph G, denoted by G2, is the graph whose vertex set is the
same as (7, and where two vertices are adjacent in G? if and only if their distance
is at most 2 in G. Particularly, a graph G is called square-stable if it satisfies
a(G) = a(G?) where a(G) denotes the size of a maximum independent set in G.
Levit and Mandrescu showed in [§] that every square-stable graph is well-covered,
and well-covered trees are exactly the square-stable trees. On the other hand,
Konig-Egervéry square-stable graphs have been studied in [9]. In addition, it has
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been proved in [10] that G2 is a Kénig-Egervary graph if and only if G is a square-
stable Konig-Egervary graph.

In this paper, we study the graphs whose squares are well-covered. We first
present some observations for certain graph classes; cycles, paths, Py-free graphs,
and Ps-free graphs. Later, we consider trees, and we define a family T of trees (see
Section . Our first result is that the square of a tree is well-covered if and only if
the tree is a member of 7. We also extend this result to the bipartite graphs that
are well-covered. We show that a bipartite graph G and its square are well-covered
if and only if every component of G is K; or K, , for some r > 1. Finally, we
consider the graphs satisfying a(G) = a(G?) +k for k € {0,1}. For the case k = 0,
we prove that G? is well-covered if and only if every component of G is a complete
graph. By using this result, we also provide a characterization of the graphs whose
squares are well-covered in the case a(G) = a(G?) + 1.

The paper is structured as follows. We start in Section [2] with some definitions
and preliminary results on square graphs. In Section |3} we present a characteriza-
tion of trees whose squares are well-covered, also we extend it to well-covered bipar-
tite graphs. Sectionis devoted to the square of graphs satisfying a(G) = a(G?)+k
for k € {0,1}. We finish the paper with Section [5 in which we discuss the results
that we obtain.

2. PRELIMINARIES

All graphs in this paper are assumed to be simple i.e. finite and undirected,
with no loops or multiple edges. We refer to [14] for terminology and notation not
defined here. Given a graph G = (V, E) and a subset of vertices S, G[S] denotes
the subgraph of G induced by S, and G — S = G[V — S]. We denote G — S by
G — v when S consists of a single vertex v. For a vertex v, the open neighbourhood
of v in a subgraph H is denoted by Ny (v) while the closed neighbourhood of v is
Ny (v) U {v}, denoted by Ng[v]. We omit the subscript H whenever there is no
ambiguity on H. For a subset S C V, Ng(S) (resp. Ng[S]) is the union of the
open (resp. closed) neighbourhoods of the vertices in S. We use the notation [k]
to denote the set of integers 1,2, ..., k.

A connected graph with no cycles is called a tree. We denote by K,,, C,, and P,
the complete graph, the cycle and the path on n vertices, respectively. Also, we
denote by K, s, the complete bipartite for any r,s > 1. A star Sy, is the complete
bipartite graph K ;. The complete bipartite graph K 3 is also known as the claw.
A subset S C V(G) is called a clique of G if G[S] is isomorphic to a complete graph.
We denote by dg(u,v) the distance (i.e., the length of the shortest path) between
vertices u and v in G.

We say that G is F-free if no induced subgraph of G is isomorphic to F. The
degree of a vertex x, the maximum and the minimum degrees of a graph G are
denoted by dg(x), A(G) and 6(G), respectively. A leaf is a vertex with degree one
while an isolated vertex is a vertex with degree zero. An edge of a graph is said
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to be pendant if one of its vertices is a leaf vertex. If a vertex is adjacent to every
other vertex in G, then it is called a full vertex. In a graph G, a vertex v is called
stmplicial if its neighbourhood N¢(v) induces a complete graph in G.

A matching is a set of edges of G having pairwise no common endvertex. A
perfect matching of a graph is a matching in which every vertex of the graph is
incident to exactly one edge of the matching.

We start with some known results and observations on the well-coveredness of
square graphs.

Theorem 1. (2] In a graph G, an independent set S is mazimum if and only if
every independent set disjoint from S can be matched into S.

Observation 1. The following properties can be easily obtained.

(i) The only paths whose squares are well-covered are Py, Py, P3, Py.
(ii) The only cycles whose squares are well-covered are Cs,Cy,...,Cs, Cp.

Since the square of a P,-free graph is a complete graph, the following holds.
Observation 2. The squares of Py-free graphs are well-covered.

For a graph G, a subset S C V(G) is called a dominating set of G if any vertex
which is not in S is adjacent to a vertex in S. A set S of vertices is said to dominate
another set T if every vertex in T is adjacent to at least one vertex in S.

Theorem 2. [I] Every connected Ps-free graph has either a dominating clique or
a dominating Ps.

By using Theorem [2] we shall show that the Ps-free graphs whose squares are
well-covered are complete graphs.

Proposition 1. Let G be a Ps-free graph. Then, G? is well-covered if and only if
G? is a complete graph.

Proof. The sufficiency is clear since complete graphs are well-covered. Thus, we
suppose that G? is well-covered. Since G is Ps-free, each pair of vertices in G is at
distance at most 3. By Theorem [2| we deduce that G has a vertex v which is at
distance at most 2 from each vertex of G, and so v is a full vertex in G2. It follows
that G2 is a complete graph since G? is well-covered. ([

3. THE SQUARE OF BIPARTITE (GRAPHS

In this section, we first consider the square of trees and provide a characterization
of those which are well-covered. Later, we extend this result to the bipartite graphs
that are well-covered.

For a tree T, we define a class C(T') of trees as follows. Any member of the
class C(T') is a tree obtained from T by replacing each vertex v with a star Sy, for
k > 2, and where if two vertices u,v € V(T') are adjacent, then we add precisely
one edge between two leaf vertices of the corresponding stars so that each star has
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a pendant edge in the resulting graph. If a graph G is in C(T), we denote it by
G = T(Sk,,Sky»- -+ > Sk, ) for some stars {Sk, }ic[n) and the tree T' with n = |T'|. For
instance, Ps = P5(S2,52), Sk = P1(Sk), and the graph G depicted in Figure
is G =T(S9,S54,53,55,52) for the tree T depicted in Figure

Let 7T stand for the family of all trees that belong to a class C(T") for some tree
T.

V2 V3
v
./:)m .
(a) T ) G

FIGURE 1. A tree T and a member G of C(T)).

Notice that if G = T'(Sy,, Sk,,...,Sk,) for some stars {Sk, }icn) and a tree T
with |T| = n, then we have a(G?) = |T| = n by taking the centres of all stars,
where the equality holds because each star corresponds to a clique in the square of
G.

Proposition 2. [7] If G is a well-covered graph and I is an independent set of
vertices in G, then G — Ng[I] must also be well-covered. In particular, a(G) =
a(G — Ngl[S]) + S|

A vertex v of a graph G is called shedding if for every independent set S in
G — Ng[v], there is a vertex u € Ng(v) so that S U {u} is independent. In other
words, v is a shedding vertex if there is no independent set I C V(G — N¢[v]) which
dominates Ng(v).

Lemma 1. For a tree T, the square of every graph in C(T) is well-covered.

Proof. Given a tree T with n vertices, suppose that G € C(T') and G = T'(Sk,, Sks,
.o+, Sk, ) for some star {Sy, }icin). Let H; be the subgraph induced by the vertices
of S, in G for i € [n]. By the definition of G, each H; has at least one vertex
that is a leaf in G. Thus the center of each star Sg, is a shedding vertex in G, also
in G?. This implies that each maximal independent set of G2 contains a vertex of
H; for each i € [n]. Moreover, any maximal independent set of G? cannot contain
two vertices of H; for i € [n] since each H; induces a clique in G2. Hence G? is a
well-covered graph. O

We next give a complete characterization of the trees whose squares are well-
covered.
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Theorem 3. The square of a tree is well-covered if and only if the tree belongs to

T.

Proof. The sufficiency has been proved in Lemmal[l] So we assume that G is a tree,
and G? is well-covered. The claim follows when G has at most three vertices, so
let |G| > 4. Consider a leaf vertex v in G, let wy be its unique neighbour. Set
G = G1, we similarly pick a leaf vertex v; in G; = G;—1 — Ng,_, [w;—1] for 2 <i <p
so that G, — Ng, [wp] is an edgeless graph where w; is the unique neighbour of v; in
the graph G; for each i € [p]. Obviously, each Ng[w;] induces a star Sy, in G with
k; = dg,(w;) for i € [p]. We write S = {v1,v2...,v,}, T = {w1,we,...,w,} and
H = G, — Ng,[wp]. Clearly, S is an independent set in G2, also H is an edgeless
graph. On the other hand, V(H) does not need to be an independent set in G?
while V(H) is an independent set in G. That is, some pair of vertices in V(H)
may have a common neighbour in G — V(H). For u,v,w € V(H), if each pair of
u, v, w has a common neighbour ¢; in G for j € [3], then ¢; = ¢z = c3 since G has
no cycle. Also, in such a case, we deduce that the vertices u, v, w induce a clique
in G2. Therefore, V(H) induces a graph in G? whose each component is a clique
or an isolated vertex.

Let R be a maximal subset of V(H) containing no pair having a common neigh-
bour in G. Thus, S U R is a maximal independent set in G2, and it follows that
a(G?) = |R| + p since G2 is well-covered. In particular, at most |R| vertices of
H can be contained in any maximal independent set of G? since V(H) induces a
graph in G? whose each component is a clique or an isolated vertex. On the other
hand, let H; be the subgraph induced by the vertices of Ng,[w;] in G for i € [p].
Obviously, for each i € [p], the graph H; is a star of size at least 2, and so V(H;)
induces a complete graph in G2. Therefore, any maximal independent set of G?
contains at most one vertex from each V(H;) for ¢ € [p]. If there exists a maximal
independent set L of G2, and /¢ € [p] such that L contains no vertex in V(Hy), then
we deduce that |L| < |SU R|, since any maximal independent set of G2 contains at
most | R| vertices of H and contains at most one vertex from each V(H;) for i € [p)].
However, this contradicts that G? is well-covered. Hence any maximal independent
set of G? contains exactly one vertex from each H; for i € [p].

We now claim that 7" is an independent set in G2. Indeed, if there exist w;, w; €
T with ¢ < j having a common neighbour z in G, then z is adjacent to all vertices of
V(H;)UV(H,) in G*. Extending of z into a maximal independent set in G? gives a
set that does not contain any vertex from H;. This is a contradiction with the fact
that any maximal independent set of G? contains exactly one vertex from each H;
for i € [p]. Thus, T is an independent set in G2. Moreover, T is a dominating set
in G? since every vertex of H is adjacent to some vertices of Ng, (w;) for w; € T
in G. In this manner, T is a maximal independent set in G2. Since G? is well-
covered and |S| = |T|, we infer that H has no vertex, ie., V(H) = 0. Hence
a(G?) =S| =|T| =p.
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Next, we claim that each w; € T for j € [p] is a shedding vertex in G. Assume
for a contradiction that there is a vertex w; € T such that all vertices of Ng(w;)
are dominated by an independent set A C V(G — N¢[w,]) in G. Suppose that A
is a minimal set with respect to this property. Then, the path between any pair of
vertices in A is of size 5 in G since the graph G is a tree. This implies that A is an
independent set in G? as well. Clearly, A dominates w; in G* due to dgz(a,w;) = 2
for every a € A. The extension of A into a maximal independent set in G? gives
a set that does not contain any vertex in V' (H;). This is a contradiction with the
fact that any maximal independent set of G2 contains exactly one vertex from each
H; for i € [p]. We then conclude that each w; for j € [p] is a shedding vertex in G.

Finally we claim that for each ¢ € [p], H; consists of at least three vertices.
Assume to the contrary that there exists ¢ € [p] such that Ng,[w;] induces a K3 in
G, so Ng, [w;] = {w;,v;}. Note that w; cannot be adjacent to a leaf vertex of a star
Hy, for k € [p] \ {i} since T is an independent set in G2. It then follows from the
connectivity of G that there exists a star H; induced by Ng,[w;] for j € [p] \ {i}
such that v; is adjacent to a leaf vertex z of the star H;. This implies that z is
adjacent to all vertices of V(H;) UV (H;) in G?. Hence (T — {w;,w;}) U {z} is a
maximal independent set in G?, a contradiction.

Consequently, we have a tree L such that G = L(Sy,,...,Sk,) where Sy, = H;
for i € [p], and L is the graph on the vertex set T' = {wy, wa, ..., w,} such that two
vertices are adjacent in L if they are at distance 3 in G. Observe that the centres
of two stars Sy, and Sk; have no common neighbour in G since T is an independent
set in G2. Also, each S, has a pendant edge in G since L is connected and each
w; is a shedding vertex in G. Hence, G belongs to C(L). O

We now turn our attention to the square of bipartite graphs. Let us first give a
useful result on well-covered bipartite graphs as follows.

Theorem 4. [12,|15] Let G be a connected bipartite graph. Then G is well-covered
if and only if G has a perfect matching M such that for every edge uwv € M,
Negl[{u,v}] induces a complete bipartite graph.

Lemma 2. Let G be a connected bipartite graph with at least 2 vertices. If G and
G? are well-covered, then G = K., forr > 1.

Proof. Suppose that G is a connected bipartite graph with a bipartition /; and
Iy where |I;] > 1 for i € {1,2}. Assume that G and G? are well-covered. By
Theorem [4] G has a perfect matching M, and clearly |I;| = |I3] = r for r € N.
Let I} = {z1,22,..., 2.}, In = {y1,v2,...,4r}, and M = {z1y1, 2202, ..., 2,y }.
It follows from Theorem [4] that for every edge x;y; € M, Ng[{z;,y;}] induces a
complete bipartite graph.

Assume for a contradiction that G # K,,. Then, there exist ¢,j € [r] with
i # j such that x;y; ¢ E(G) and z;y; € E(G) since G is connected. We may
assume, without loss of generality, that ¢ = 1 and j = 2. Recall that for every
edge zryr € M, Ng[{xk, yx}] induces a complete bipartite graph. Therefore, every
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vertex in Ng(x1) is adjacent to each vertex of Ng(yp). Similarly, every vertex in
N¢(y2) is adjacent to each vertex of Ng(x2). This implies that Ng(x1) is complete
to Ng(y1), also Ng(y2) is complete to Ng(x2). Thus, Ng(z1) € Ng(z2) and
Nea(y2) € Ng(y1). Consequently, yp is adjacent to all vertices of Ng[{z1,y2}] in
the graph G2.

Consider the graph G2 — Ngz[y1], clearly it is a well-covered graph by Proposition
Since y; is adjacent to all vertices of Ng[{z1,y2}] in the graph G2, we deduce
that none of x1,ys is adjacent to a vertex of the graph G? — Ngz2[y1], i.e., they
are isolated vertices in G? — Ngz[y1]. Then for a maximal independent set S in
G?—Ngz=[y1], we observe that SU{y; } and SU{z1, y2} are two maximal independent
sets in G2 with different sizes, contradicting to the well-coveredness of G2. Hence,
G=K,, forr>1. [l

The following is an immediate consequence of Lemma [2| together with the fact
that the square of K., for r € N is a complete graph.

Theorem 5. A bipartite graph G and its square are well-covered if and only if
every component of G is either Ky or K, , for some r > 1

It was shown in [12] that a tree with at least two vertices is well-covered if and
only if it has a perfect matching consisting of pendant edges. Then we have the
following by Theorems [3] and

Corollary 1. A tree T and its square are well-covered if and only if T is either Ky
or K.

4. SQUARE-STABLE AND WELL-COVERED (GRAPHS

Recall that a graph G is square-stable if it satisfies a(G) = «(G?). It was
shown in [§] that square-stable graphs are well-covered. However, the square of a
square-stable graph does not need to be well-covered; e.g., the square of Py is not
well-covered.

In this section, we investigate the squares of square-stable graphs as well as the
squares of graphs satisfying a(G) = a(G?) + 1.

Theorem 6. [8] Any square-stable graph is well-covered.

In what follows, we state our first result in this section, which is the characteri-
zation of the square-stable graphs whose squares are well-covered.

Theorem 7. Let G be a square-stable graph. Then, G? is well-covered if and only
if every component of G is a complete graph.

Proof. The sufficiency is clear since any complete graph is well-covered. Thus,
we suppose that G2 is well-covered. Note that every component of a well-covered
graph is also well-covered. In addition, every component of a square-stable graph
is also square-stable. Let H be a component of G. Then, H is square-stable,
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and H? is well-covered, so a(H) = a(H?) = k. By contradiction suppose that
H is not a complete graph. Then, there exist w,v,w € V(H) such that u,v are
non-adjacent and u,v € Ng(w). Consider the graph H? — Np=[w], it is clearly
well-covered by Proposition [2, and «(H? — Ny2[w]) = k — 1. Also, if S is an
independent set in H? — Npy2[w], then S is independent in H — Npz2[w] as well.
Thus, a(H — Ngz[w]) > k — 1. Notice that H — Ny=[w]| has neither u, v nor their
neighbours in H. However, S U {u,v} induces an independent set in H, and so
a(H) > |SU{u,v}| =k + 1, contradicting that a(H) = a(H?) = k. Hence, H is a
complete graph. (I

A graph G is called almost well-covered, which is introduced in [5], if any maximal
independent set is of size a(G) or a(G) — 1.

Unlike square-stable graphs, we now consider the graphs satisfying a(G) =
a(G?) + 1.

Proposition 3. If G is a graph with o(G) = a(G?) + 1, then G is either well-
covered or almost well-covered.

Proof. Assume for a contradiction that G has a maximal independent set T' such
that |T] < a(G) — 2. Let a(G) = k, we pick a maximum independent set S in
G?, and so |S| = k — 1. Obviously, S is an independent set in G as well. Also,
dg(u,v) > 3 for every u,v € S.

First we assume that S is maximal in G. Then, every vertex of T'— S has a
neighbour in S — T. Notice that a vertex of T'— S cannot have more than one
neighbour in S — T since dg(u,v) > 3 for every u,v € S. We also note that
S| > |T| + 1, and let R := Ng(T — S)NS. It then follows that T U (S — R) is a
maximal independent set including 7" in the graph G with [TU(S—R)| > a(G) —1,
contradicting to the maximality of T'.

We now assume that S is not maximal in G. Then, there exists a vertex u €
V(G@)—S such that SU{u} is an independent set in G. In fact, SU{u} is a maximum
independent set in G since a(G) = a(G?) + 1. We write S’ := SU {u}, and clearly
|S’] = a(G). Similarly as before, consider T' and S’, if uw € T'N.S’, then it turns
out the previous case. Thus, we further assume that u ¢ T, i.e., u € S —T. Let
R = Ng(T—5")NS’. It then follows that T'— S’ has at most |T'— 5’|+ 1 neighbours
in S’ since dg(z,y) > 3 for every z,y € S’ — u. In particular |R| < |T'— 5’| + 1.
We therefore deduce that T'U (S’ — R) is a maximal independent set including T in
the graph G with |T'U (S" — R)| > a(G) — 1, contradicting to the maximality of T
Consequently, G has no maximal independent set of size at most «(G) — 2. This
completes the proof. ([

We next deal with the graphs satisfying a(G) = a(G?) +1 under the assumption
that G? is well-covered. We manage to characterize those graphs in Theorem
with a series of lemmas.
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Lemma 3. Let G be a graph with a(G) = o(G?) + 1. If G? is well-covered, then
G s claw-free.

Proof. Let G? be a well-covered graph. Assume for a contradiction that G contains
a claw. Let {x,y, 2} be an independent set in G, and suppose that w is adjacent to
all vertices of {z,y, z} in the graph G. Pick a maximal independent set S containing
w in G2, clearly S is also maximum in G? due to the well-coveredness of G2. Thus
a(G?) = |S| and a(G) = |S|+1. On the other hand, G? — Ng=[w] is well-covered by
Proposition and a(G? — Ngz[w]) = |S| — 1. Notice that S —w is an independent
set in G — Ngz[w]. Tt then follows that (S —w) U {z,y,x} is independent set in G.
However, this contradicts that o(G) = «(G?) + 1. Hence, G is claw-free. O

Lemma 4. Let G be a graph with o(G) = o(G?) + 1. Suppose that G? is well-
covered. If v is a non-simplicial vertez in G, then every component of G — Ngz[v]
is a complete graph.

Proof. Suppose that v is a non-simplicial vertex in G, and let a(G?) = k. Then
v has two non-adjacent neighbours z,y in G. Consider a maximum independent
set S containing v in G2, obviously it is an independent set in G as well. Also
a(G) = |S| +1 =k + 1 since a(G) = a(G?) + 1. Note that S’ = (S —v) U {z,y}
is an independent set in G. Since a(G) = a(G?) + 1, we then deduce that S’ is a
maximum independent set in G. Consider now the graph H = G — Ngz[v], if there
exists an independent set 7' larger than S — v in H, then T'U {z,y} would be an
independent set in G of size at least |S|+2 = «(G) + 1, a contradiction. Therefore,
S — v is a maximum independent set in H, and so a(H) =|S| - 1=k — 1.

Now we claim that H? is a well-covered graph. Obviously, S —v is an independent
set in H?, so a(H?) > k — 1. If H? has a maximal independent set T larger than
S — v, then T would be an independent set in H as well, which contradicts the fact
that S—v is a maximum independent set in H. Hence, a(H?) = |S|—1 = k—1. This
implies that H is square-stable, and so H is well-covered by Theorem [f] It remains
to show that H? has no maximal independent set smaller than S —v. Assume to the
contrary that H? has a maximal independent set T with |T'| < k — 2. Obviously, T
is not independent set in G2 — Ng2[v] since otherwise 7' U {v} would be a maximal
independent set in G2, contradicting that G? is well-covered with a(G?) = k = |S)|.
This implies that some vertices of T are adjacent in G? — Ngz[v] while they are
non-adjacent in H2. Then there exists p,q € T and a vertex z € Ngz(v) which
is at distance 2 from v in G such that z is a common neighbour of p and ¢ (see
Figure . However, we observe that w, z,p,q induce a claw in G where w is a
common neighbour of v and z in G, a contradiction by Lemma/[3] Consequently, H
is square-stable, and H? is well-covered. Hence, the result follows from Theorem

|

We now ready to prove our second main result in this section.
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p

FIGURE 2. An illustration of the vertices v, w, z, p, ¢ in the graph
G.

Theorem 8. Let G be a graph with a(G) = a(G?) + 1, and k € N. Then, G? is
well-covered if and only if for every non-simplicial vertex v, the graph G — Ng=[v]
consists of k complete graphs such that any pair of such components has no common
neighbour in G.

Proof. The sufficiency follows from Lemmas [3| and [4] So we assume that for every
non-simplicial vertex v, the graph G — Ngz[v] consists of k complete graphs such
that any two such components have no common neighbour in G. Let C1,Cs, ..., Ck
be the components of G — Ngz[v] for a non-simplicial vertex v in G where each C;
is a complete graph. Let z,y be two non-adjacent neighbours of v in G, and let
u; be a vertex of C; for ¢ € [k]. Note that dg(u;,u;) > 3 for any pair u;,u; € I
with ¢ # j since no pair of the components Cy,Cs, ..., Ck has a common neighbour
in G. Counsider the set {x,y,ui,us,...,ur}, it is an independent set G. Thus,
a(G@) > k + 2. On the other hand, any maximal independent set containing v in
G? can have at most one vertex from each C;. Thus, such a maximal independent
set has at most k + 1 vertices, and so a(G?) < k + 1. By combining a(G) > k + 2
and a(G?) < k + 1 together with the fact that o(G) = a(G?) + 1, we deduce
that a(G) = k + 2 = a(G?) + 1. This also implies that {z,y,u1,us,...,ux} is a
maximum independent set in G.

It only remains to show that G2 has no maximal independent set of size less
than k£ 4+ 1. Assume to the contrary that there exists such a maximal independent
set I of size r in G? with r < k. Clearly, dg(u,v) > 3 for each pair u,v € I. If
a vertex v € [ is a non-simplicial vertex, then G — Ng2[v] consists of k complete
graphs. Also each vertex in I — v belongs to a component of G — Ngz[v]. Since
|I —v] =7 —1 <k, the set I does not contain any vertex of some component of
G— Ng:[v], a contradiction with the maximality of I in G?. We further suppose that
all vertices of I are simplicial in G. Clearly I is an independent set in G. However,
it is not maximal in G by Proposition [3] since a(G) = k+2 > | S|+ 2. Then, there
exists an independent set 7' C V(G) — I such that I UT is a maximal independent
set in G. Let u be a vertex in T. Recall that I is a maximal independent set in G2,
and so u is at distance 2 from some vertices of I. It follows that there exist w € I
and z € V(G) — (IUT) such that z is a common neighbour of v and w in G, and so
z is a non-simplicial vertex in G. By assumption, the graph G — Ng=z[z] consists of k
complete graphs such that any two of such components have no common neighbour
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in G. Similarly as before, let Dy, Ds,..., Dy be the components of G — Ngz[z]
where each D; is a complete graph. Let u; be a vertex of D; for i € [k].

Notice that every vertex in I — w is at distance at least 2 from z in G since
I is a maximal independent set in G2. By the same reason, for a vertex = €
(I — w) N Ngz[z|], we have dg(x,s) > 3 for every s € I. We then deduce that
x ¢ Nglz]. Also, x ¢ Ng(u) since SUT is an independent set in G. Thus, if
there exists a vertex x € (I —w) N Ngz2[z] such that = is not adjacent to any D,
then this gives a contradiction since the set {u,w,x,us,us,...,ur} would be an
independent set in G of size a(G) + 1. Thus, every vertex x € (I — w) N Ngz[2]
is adjacent to a D;. However, if there is such a vertex z, then x would have two
non-adjacent neighbours; one is from Ng(z), and the other is from a C; for i € [k],
it contradicts that all vertices of I are simplicial in G. Consequently, we deduce
that (I — w) N Ngz[z] = 0. Thus every vertex of I — w comes from the D;’s. But,
this again contradicts that I is maximal in G since |I —w| =71 —1 < k. Hence, G*
is well-covered. O

5. CONCLUSION

In this paper, we studied the graphs whose squares are well-covered. After we
introduced some basic observations on those graphs, we exhibited an infinite family
T of trees. We provided a characterization of the trees whose square well-covered
which is based on the family 7. Also, we extended this result into bipartite graphs
that are well-covered.

In the second part, we were interested in the graphs satisfying a(G) = a(G?) +k
for k € {0,1} where the case a(G) = a(G?) is also known as the square-stable
graphs. Levit and Mandrescu showed in [8] that every square-stable graph is well-
covered, and well-covered trees are exactly the square-stable trees. By using this
result, we first proved that for the case k = 0, G2 is well-covered if and only if
every component of GG is a complete graph. Moreover, the graphs for the case k = 1
have been characterized. In fact, we showed that if G? is well-covered, and v is
a non-simplicial vertex in G, then every component of G — Ngz[v] is a complete
graph. We conjecture that indeed G — Ngz[v] consists of a unique complete graph.
That is, we believe that a(G?) = 2 when G? is a connected well-covered graph with

a(G) = a(G?) + 1.
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ABSTRACT. The paper deals with the second-order tangent bundle T2 M with
the deformed Sasaki metric g over an n—dimensional Riemannian manifold
(M, g). We calculate all Riemannian curvature tensor fields of the deformed
Sasaki metric g and search Einstein property of T2M. Also the weakly sym-
metry properties of the deformed Sasaki metric are presented.

1. INTRODUCTION

Let (M, g) be an n-dimensional Riemannian manifold and T2M be its second-
order tangent bundle. Second-order tangent bundles are of importance in differan-
tial geometry. The geometry of the second-order tangent bundle T2M over an
n—dimensional manifold M which is the equivalent classes of curves with the
same aceleration vector fields on M was studied in [9412]. Dodson and Radi-
voiovici proved that a second-order tangent bundle T2M of finite n—dimensional
M becomes a vector bundle over M if and only if M has a linear connection in [6].
The lifts of tensor fields and connections given on M to its second-order tangent
bundle T2M were developped in [12]. In [7], Ishikawa defined a Sasaki-type lift
metric in T?2M of a Riemanian manifold and investigated some of its properties.
Moreover, in [3], the geometry of a second-order tangent bundle with a Sasaki-type
metric was studied in detail. All forms of Riemannian curvature tensor of Sasaki
metric on T2 M were computed and some curvature properties were examined in [8].
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In the present paper, motivated by the above works we study some geometric
properties of the second-order tangent bundle T2M equipped with the deformed
Sasaki metric g. We introduce the deformed Sasaki metric on T72M over M and
obtain the global results. Throughout this paper, all geometric objects assumed to
be differentiable of class C*°.

2. PRELIMINARIES

Let M be an n—dimensional Riemannian manifold endowed with a linear connec-
tion V and T?M second-order tangent bundle be 3n—dimensional manifold. T2M
has a natural bundle structure over M, my : T?M — M denoting the canonical
projection. If the canonical projection is denoted by miy : T2M — TM, then
T?M has a bundle structure over the tangent bundle TM with projection 5. Let
(U, z’) be a coordinate neighborhood of M and f be a curve in U which locally
expressed as o' = f7 (). If we take a 2—jet 52 f belonging to 75 ! (U) and put

) ) . di . d2i
d= 0, v =0, =10,

then the 2—jet j2f is expressed in a unique by the set (.Z'i, Y, z‘) Thus a system of

coordinates (mi, Y, zi) is introduced in the open set wo =1 (U) of T?M from (U, gcz)
The coordinates (xi,yi,zi) in 7o~ (U) are called the induced coordinates. On
putting -

51‘ _ ﬂﬂi,fz _ yi’gi _ Zi7
the induced coordinates (xﬂyﬂ zi) are denoted by {§A}. The indices A, B,C, ...

take values {1, 2,..., n; n+1, n+2,...,2n; 2n+1, 2n+2, ...,3n}.
Let X = X° a?ﬁ be the local expression in U of a vector field X on M. Then the

vector fields X o, XH1 and XH2 on T?M are given, with respect to the induced
coordinates {€1}, by [4]

XM = X109, — T, X"0; — O] X", (1)
XM = X795 — 20°T], X0 (2)
ve

with respect to the natural frame {04} = { 0;, O, 5%} in T?M, where C,Z =

2T 4 wSu (9T, + T T — 209 ), T, are the coefficients of the Levi-
Civita connection V on M and 9; = %, 0 = 8%1., &Z = 8‘21. For the Lie bracket
on T?M in terms of the A\—lifts of vector fields X, Y on M, we have the following
formulas:

[xHo yHo] =[x, V] — (R(X,Y)u)™ — (R(X,Y)w)™,
[xPo vH] = (VxY)™, p=12 [xT Y] =0, pa=1,2
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where R is the curvature tensor field of the connection V on M defined by R (X,Y) =
[Vx,Vy] = Vixy [5.

With the connection V of g on M, we can introduce a frame field in each in-
duced coordinate neighborhood 7o =1 (U) of T2 M. In each coordinate neighborhood

(U, xi), using X; = %, from — we have

. 0
b= (XZ)H - (axi

Hyp
) — 0, —u'Th o — Cho,

o \™"
B =(X;)™ = <axi> 0; — 2u°T}, 0=

18 E?
Hy
bz = (X, = (aii) =0

with respect to the natural frame {94} in T2M [4].

3. THE DEFORMED SASAKI METRIC AND ITS LEVI-CIVITA CONNECTION

Definition 1. Let (M, g) be a Riemannian manifold and T>*M be its second-order
tangent bundle. The deformed Sasaki metric on the second-order tangent bundle
over (M, g) is defined by the identities:
g (XM, yH) = fg(X,Y),
§(XHG,YHZ’) =0, a#b
g (XM yHh) =g (X", yH) =g(X,Y),

for all vector fields X andY on M, where f is a positive smooth function on (M, g).

The deformed Sasaki metric g and its inverse have components

fgi; 0 0 } ¢ 0 0
o= 0 95 0 Jandg™®=| 0 g¢* 0
0 0 g 0o 0 g*

with recpect to the adepted frame {Ej3}. In adapted frame, the followings satisfy
[Eg, Ey] = Qs, E,

k_ .pp.  k k _ 1k
Q;;" =uPRj;p", Qij =17

k_ s k k_ 1k
Qij = w Rji57 Q’J —F”

Using the formula

1
7§5a (Eﬁya'y + E’)’gaﬁ - Ea?ﬁ'y)

=€
Fﬁ’y 2

1
+§ (QBVE + Q-Eﬁ'v + Q-E’yﬁ) )
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where 5, = gaggé,yﬁag‘s, the non-zero components f27 are given by

=k
Fij = Fk + ﬁ (fzfsk +fj f~kgij> s
=k 1 k —k 1 s k
Fij - §upRjip ’ Fij - iw Rjis ’
fk _ 1 P k fk _ 1 P k fE . Fk
;] - gu sz] 5 i; - ﬁu Rp]z , 23 =T,
T = Lo & e _ 1. . fff—rk
i ﬁw Rasig™ ij ﬁw Rgji™, i — Lij

with respect to the adapted frame {Eg}.
Proposition 1. Let (M,g) be a Riemannian manifold and ¥V be a Levi-Civita
connection of (TQM, g). Then we have

1) Vg, E; = {rfs. = (fi5§+fj5f—f.kgij)}Ek+ LuPRY, By + w*RY, B-

2) vETE] = u Rk Ek,

Dj

B)WELE;: =7 U Rk Ek—‘rFkE

o PJi
4) VE?E]’ = SRblj Ek7
5) ?ETE?, = SR’;ﬂEk + T3 E=,

6) WE?E]—. = 0, VE?EE =0, VE?EJ- =0, WE?ng =0
with respect to the adapted frame {Eg}.
Proof. 1) By applying
—e 1_ _ _ _
Ty = 397 (EsGay + ErGas — Eabp,)
1
+§ (Qﬁve + Q~E,6’7 + Q~EW3)

and direct calculation we get

— —K —k % —k
Vi Bj =T Ex = U Bp + T Bp + T P

=k 175 _ 1
T, = 2 k (E Gy + EjGa; — Esgij) + 3 (Qijk + Q.kij + Qkﬂ)
175
= 2 k( (f95j)+8 (fgsz)*as(fgij))
1 sk 1 sk
= 59 (&-gsj +0jgsi — 0sgij) + Yl (figsj + f39si — fs9i5)
= Fk + ﬂ <f15k + f]ék f~kgij) f”

L %o _ _ 1 Lok 3
= 59 (Eiggj + Ejgs — Eggij) + By (Qij +Q.5, +Q ji)
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1 k —=k 17316 —
= §“pRsz Fij = 3 (Eiggj + E;g5; Esgw)
1 k E E
+§ (ng +Q zj+Q ]z)
1 s pk
= 5&) Rjis'

Thus we obtain

inEj = {Fk + 53 (fzak + fj fkglj)}Ek + ’U,ka E + wstzs

2f Jip
The rest can be proven by following the same method in the proof of 7). We omit
them to avoid repeat. (I

Proposition 2. The Levi-Civita connection V of the deformed Sasaki metric g on
T?M is given as following

VY = (VxY + A (X, V)70 + % (R(Y,X)u)™ + % (R(Y, X)w)™
Tan ¥ = o (R X) V)
Tam V= S (R Y) X)7 (T
VymYH = %(R(w,X)Y)HU,
Vim Y2 = %(R(W,Y)X)HO-F(V)(Y)HZ

Vym YA =0, Vym YT =0, Vyn, Y2 =0, Vym, Y2 =0
for all vector fields X, Y on M, where

27 (X (DY =Y (DX —g(X.Y) o (@)).

4. RIEMANNIAN CURVATURE TENSORS OF THE DEFORMED SASAKI METRIC

Af (X,Y) =

Let F be a smooth bundle endomorphism of T72M. Then we have the lifts of F:
FHo(u) = Y u'F@,)", F™ (u)=> u'F(0
Ffz(u) = Y u'F(0,)", F™ (w Zw F(d
FHo(w) =) w'F(0)™, F* (w ZwlF

Morever, the followmg expressions are obtained by direct standard calculations
Vxnou' = XH0 (uf) = —uT%, X",
val Ui = _)(i7 vazui = 07 vXszi = Xi,
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Vymw' = -Ci X", Vymw' = —2uT%, X"

Lemma 1. Let (M, g) be a Riemannian manifold and ¥ be a Levi-Civita connection
of (T?M,g). Let F : T>M — T*M be a smooth endomorphism, then

Voo F0 () = (VxF (u) + Ag (X, F(w)"™
5 (R(F (), X)u)™ + L (R(F (), X)w)™

VP () = 5z (R F () X)™ + (VxF ()
Va1 () = o (R F (1) X)™ + (VxF (u)™
Vo P () = (F(0)™ + 32 (R (. X) F ()"
Toom F () = (FOO)™, Toom ¥ (u) = (F (X)),
WXHQFHO (u) = 0, WXHzFHl (u) =0, WXHZFI” (u) =0,
Vi FTo (W) = (VxF (w) + Ap (X, F(w)"™

+ 3 (R(F @), X)u)™ + 2 (R(F ), X)w)™,

Van P @) = 5z (R, F@) X)™ + (VxF @)™
Voo 2 () = %(R(w,F(w)X)HO+(VXF(w))H2,
Vam P @) = 52 (R X)F @)™,

WXHIFHI (w) = 0, VXHl FH> (OJ)ZO,

Vam P @) = (FX0)™ + 52 (R, X)F @)™,
VomFM (W) = (FX)™, VP () = (F (X))

for any vector field X on M and u,w € T>M.

Proposition 3. Let (M, g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki metric g. The curvature tensor
R of the Levi-Civita connection ¥V of g on T*>M s given by the following formulas:

1R (X Ho yHo) zHo
= {R(X,Y)Z+ (VxAf) (Y, 2) = (VyAy) (X, Z) + Ap (X, Af (Y, Z))
—Ay (Y, A5 (X, 2)) — %R(u,R(X, Y)u)Z — %R(w,R(X, Yiw)Z
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1 1
+ER(u,R(Z,Y)u)X+ ER(U,R(Z,X)u)Y

Ho
+$R(w,R(Z, Y)w) X + ZEfR(w,R(Z,X)w)Y}

Hy
+{;sz(X, Y)u+ %R (Y, Ay (X, Z))u — %R (X, Ay (Y, 2)) u}

Hy>
H{GVLRECY 4 JROCAS (X, 2) w0 =GR A (2w}

2R (XM, yHo) ZHo

_ { (vy2f) R(u.X) Z - (VyR) (u,X) Z

oF
1 o
R0 X) (45(Y.2)) = LA (YR(uX) 2)]
Hy Hy
+{;R(Y,Z)X+41fR(YaR(U,X)Z)U} {41f Y, R(u,X) Z)w } )

3R (X Mo, yHo) ZM

= {(VX21f)R(uZ)Y+2f(VXR)( 2)Y (VY2

1
——f(VyR) (u, Z)X+7Af (X.R(w2)Y) = 5

Hy
{R(X Y)Z—i—%[ (R(u,Z)Y,X)u—R(R(u,Z)X7Y)u]}

+H{[R(R(u7Z) Y,X)w—R(R(u, 2) X,Y)w]}™

f) (u, Z) X

Ho
LA v R, 2) X)}

Ho
4R (X yHry zHo {1R(X Y)Z+—[ (u, X)R(u,Y)ZR(u,Y)R(u,X)Z]} ,

f Af?

— 1 1 Ho
5)R (XHo, vty zH = {—QfR(Y, 7)X — 4fQR(u,Y)R(u,Z)X} ,

6)R (X2 yHoy zHo

— {5 v R@x2) - (Vv

—ﬁAf (Y, R (w, Z) X)}HO + {

1
)R (w, X)Z+§R(W7X)Af(1€2)

R(Y, R (v, >Z>u}H1

f
1

Af
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1 1 Ha
+{2R(Z,Y)X+HR(Y,R(M,X)Z)M} ,

TR (XM, yHo) zM1

= {2fVXR(w 2)Y — —nyR(w Z)X +(Vx

+(Vy

f) (W, 2)Y

f) (w, Z)X—l——fAf(X ,R(w,2)Y) — T

+$ {R(R(w,2)Y,X)u—R(R(w,Z)X,Y)u}"

LA (VR (w, Z)X)} )

1 >
+{R(X,Y)Z—4f[R(R(w,Z)Y,X)w+R(R(w,Z)X,Y)w]} ,
8)R (X2, y M) zHo
Ho
- {}R(XY)Z—&-W[ (w,X)R(w,Y)Z—R(w,Y)R(w,X)Z}} ,
9)R (X Ho yH2) zHz2 — L v, 2) X = L R, V)R ZXHO
R (v 2% = - LR (Y. 2) ‘w(“’”“”)}’
Ho
10)R (X, yHo) ZH> = {4f2R(u X)R Y}
11)E(XH1,YH2)ZH0:&{R(u,xm( Y)Z - R(w,Y)R(u,X)Z}",
12)R (XHo yHe) ZH = {—4}23(&; X}HO

L
4f2
)R (X7 Yy zM = 0, R (X, yT) z72 =0 R (XM, v) 22 =0,
15)R (XM, y) zM = 0, R (X2, y™2) 2 = 0, R (X2, y2) 212 = 0
for all vector fields X, Y on M.

13)R(XH2,YH°)ZH1_{ R(w ,X)R(u,Z)Y} ,

Proposition 4. Let (M, g) be a Riemannian manifold and T?M be its second-order

tangent bundle with the deformed Sasaki metric g. The sectional curvature tensor
K on T*M satisfies

DK (X", yHo) = %K(X,Y)—i—%{g(VXAf (V,Y),X)—g(VyA; (X,Y),X)

+g (Af (X, A (YY), X)) —g(Af (Y, Af (X,Y), X))}
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[|R (X,Y)ul* + |R(X,Y)w]?

4f2
= (vH vH _ 2
2)K (XM vty = 4f|R(u,X)Y\,
7= (vH2 v H _ 1 2
K (X2, yHo) = 4f|R(w,X)Y| ,
HK (X y™) = 0K (xH,yH) =0, K (X2, y") =0

for all orthonormal vector fields X,Y on M.

Proposition 5. Let (M, g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki Metric g. The scalar curvature
S of T?M with the metric § given by

= 1 1
S = ﬁs + ﬁ{g (Vx,Ap (X;,X;),X;) — g (Vx, Ay (X3, X;), X;)
+g (Ap (Xi, Ay (X5, X;), X3)) — g (A (X5, Ay (X3, X;), X0)}
3-2fVF &
ST 2 IR X ul R (X X el
i,j=1
where {X1,..., X;m} is a local orthonormal frame for M and S is the scalar curva-

ture of M.

Proof. The set {Y7,...,Y3,,} is an orthonormal basis on T?M with #XZHO =Y,
XH — Y+ and Xl-H2 = Yo 4i we get

?

3m m
SR = 3 K (X0, X,M) K (X,5, X,
i,7=1 i,7=1

+K (X2, X ;72) + 2K (X0, X)) 2K (X0, X 72) 4 2K (XM, X))

S

— Z{fQK (X, X;) + fg{ 9(Vx, Ay (X;,X;),X:) — g (Vx, Ar (X5, X;), X;)
3,j=1
+9(Af (Xi, Ay (X5, X5), Xa)) — g (Af (X5, Ay (X4, X)), Xa))

i 5 IR X5l + 1R Xz,X>w| )

(u, X5) Xil* + 2——=| R (w, X;) Xi| .

#2577 IR v

Standard calculations give that

Z f2 XzaX f2 {g (VX Af (Xjrxj) 7X1) -9 (vXjAf (Xian) 7Xi)

1,7=1

+9 (Ap (X, Ap (X5, X;), X)) — g (A (X5, Ap (X, X;) , Xa))}
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2
_ 4ff3fz|3 (X5, X;)ul®> + |R (X, X;) w|?,
4,j=1

O

Let Ricy and Ricg denote Ricci tensors of (M, g) and (TQM , 5), respectively.
We can write

(= 1 1
Ricy (XHa yHy) = 7 <R <XH“, XiHO) XZ-HO,YHb>
7 ) = 29 ) 7

+> g(R (XH“7X1'H1)X1‘H1,YH")

s

=

1=
m

+) g (R(XM, X)X v )

i=

ﬁXiHO =v;, X, = i and X, = Yom+i, where a,b =

=

for orthonormal basis
0,1,2.
After a straightforward computation, the components of the Ricci tensor Ricy
of the deformed Sasaki metric g are characterized by
Ricg (X ™o, yHo) (4)
= Ricy (X,Y)

+> 9(VxAy) (X3, X3),

=1

~S g

K3

Y) 3 Vix,Ap) (X, X5),Y)
—|—Zg (Af (X, Af (XiaX’i)> 7Y)

((
— Zg(Af (Xi,Af (X7 Xz))ay>

fZg (Xi, X)u, R(X;,Y (Xi, X)w, R(X;,Y)w)

Ju) + %Z (R(X;, X)
=1
Y)—%Zg(mwm(au,xnx,n,

Ricg (XH” YHl) = ;fZ (Vx, R(X, X;)u,Y) (5)
+% ST (R(Xi, Af (X, X)) u,Y)
i=1
_%Z (R(X, Ay (Xi, Xi))uw,Y),
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m
Ricg (Xt yH2) g(Vx,R(X,X))w, Y) (6)
=1

1
2f
+21f§g<R<Xi,Af (X.X))w.Y)
fZg (X, Ap (Xi, X)) w, Y),
Ricg (XM, yH) = fQZg R(u, X)X, R(u,Y) X;),
Ricg (X "2, yH) = fQZg (w, X) Xi, R (u,Y) X;)

}ﬁ0§(Xﬂb7)”H2 — 4f2§£:g X)X;,Rw,Y)X;),

for all vector field X,Y,Z on M and u,w € T?*M.

Theorem 1. Let (M,g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki metricg. (TZM, y) is an Einstein
manifold if and only if (M, g) is flat and

ST 9 ((Vx, Ap) (X0 X0), X)) = Y g (V. Ap) (X5, Xi) . X;)

"j—l i,j=1

+ Z (A (X5, Ap (X0, X)), X5) — > g(Ap (Xi, Ay (X5, X)), X;)
1,j=1 i,7=1

= 0.
Proof. Theset {Y1,..., Y3y} be an local orthonormal basis on T2 M with ﬁXiHU =Y,

XM =¥, and X;72 = Y5,,,;. At first, suppose that (T?M,g) is an Einstein
manifold. Then it must be

Ricz (X.Y) = X (X,Y)
for all vector field X, Y on T2M, where ) is a constant. If X =Y = X is put into

, and @, it follows that

A = Ricg(X‘ X;) (7)

+Z (Vx,Ap) (X5, X0), X;)

1,j=1

—Z (Vx,Ay) (X5, X3), X5)

1,j=1
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+ > g (Ap (X5, Ap (X4, X)), X5)
ijfl
- Z Af XZvAf (vaXz)) 7Xj)

1,7=1
Z (X, X;) ul® + 57 Z|R X, X;)

7,7=1

|2
Zj 1

i7 2 IR
%z

Restricting the last identity to the zero section of T2M, it follows
VX Af XlaXl)aX])+ Z g((VXlAf) (XjaXi)vXj)

i,j=1

Ricy (X;,X;) =
4,j=1
Y A (X A (X, X0). X))
i,j=1
+30 004y (X Ay (X,,X)). X))
i,j=1
and we obtain ", IR (X;, X;)ul> = 0and -1 |R (X, Xj)w|” = 0. Replacing
u and w by Xy, in the last identiy we see that
> IR (X, X)) X =0.
i,j, k=1
m and we deduce R =0. (M, g) is flat

Thus R (X;, X;) X =0 forall 4,5,k =1
If we reconsider the equation @, we obtain

Z (Vx,Af) (X3, X3), X5) = > 9 (Vx, Ap) (X5, Xi), X;)
j=1 i,j=1
Z X, A (X0, X)), X)) = 3 g (A7 (X, Ap (X5, X)) X))
=1 i,j=1
= 0.
Conversely, we assume that R = 0 and the equation above, then Ricci formulas
become Ricg = A\g and A = 0. Thus T?M is an Einstein manifold. (Il
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5. WEAKLY SYMMETRY PROPERTIES OF THE DEFORMED SASAKI METRIC

The Riemannian manifold (M, g) is called weakly symmetric if there exist two
1—forms «, as and a vector field A, all on M, such that:

= ay(W)R(X,Y)Z+aa (X)R(W,Y)Z
T (V)R(X,W)Z + 03 (Z) R(X,Y)W + g (R(X,Y) Z,W) (az) #,

where A = (a2)® and ;9" = of = a#, that is, A is the g—dual vector field of
the 1—form ag. In [1], Bejan and Crasmareanu proved that the weakly symmetry
property of the Sasaki metric on the tangent bundle over base manifold, generalising
the result obtained in [2]. The weakly symmetry property of Sasaki metric on
the second-order tangent bundle T?M proved in [8]. In this section, we consider
the result for the second-order tangent bundle with the deformed Sasaki metric
(T°M, 7).

Theorem 2. Let (M,g) be a Riemannian manifold and T?>M be its second-order
tangent bundle equipped with the deformed Sasaki metric g. (T2M7 §) is weakly
symmetric if and only if the base manifold (M, g) is flat and

(VxAp) (Y, Z) = (VyAp) (X, Z2) + A (X, Ap (Y, Z)) — Ay (Y, A (X, Z)) = 0,

where Ay (X)Y) = % (X(NHY =Y (/)X —g(X,Y)o(df)") is a (1,2)—tensor

field. On account of this, (TQM, g) 18 flat.

Proof. In the proof, we apply the method used in [1]. If R = 0 then R = 0 and so
we have as null equality. Primarily we take into account the condition for
WHo  xHo yH: and ZH2 and we obtain

oy (WHO) R (XM Yy H2) 212 4 ay (XTo) R (WHo Y T2) Z1H2 (9)
top (YT) R (X o Who) 270 4 oy (Z272) R (X o, Yy H2) Wi
+9 (R (Xt yHz) zHz yyHo) (q,)%

- 1 1

o ( (Vw X)™ 4 (Ag (W, X )™ + (3R (X, W) )™ ) 2

Ho
(W, )R (w, Z) X}

+(AR(X,W)w) 2, v H

Hy
—-R (XHO, <21fR(w,Y) W> + (VWY)H2> VA
1 Ho

—R (XM, Yy') (2f (R(w,2)W) + (VWZ)H2> .
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Thereafter we consider the Hs part of both sides of the above equation and we get

ag (Y12) (R(X W)Z - L~ R(R(w,2)W,X)w - ~R(R (w,Z)X,W)w)

Af Af
1
+as (Z12) (—QR(W, X)Y — ER(X,R(W,Y) W) w)
L4 1 R w "
f (2f (YZ)X+4f2R( JY)R( ,Z)X,W) 2
1
= ——fR(R(Y,Z)X,W)w—@R(R( Y)R(w, Z) X,W)w

1<R(X,R(w,Y)W)Z+ #R(R (W, Z) R (w, Y)W, )w)
2f +$R(R(wZ)XR( Y)W)w
—21f<—;R(R(w Z)WX)Y+H (R (w Y)R(w,Z)W,X)w). (10)

By setting Y = w and Z = w respectively we get

Qg (wH2) (R(X,W)Z+ L (R(R(w,Z)VV,X)w—R(R(w,Z)X,W)w)>

4f
tas (71) (—§R<vv,x>w) 70 (gpR@ DX ) as
1
= ER( (w, Z)XW)MH (R(w, Z) W, X)w (11)

and
as (YH2) (R (X, W) w)

my (1 _ b w
+ay (w )( RW,X)Y fR(X ,R(w, )W) >

—%g (;fR(Y,w) X, W) ™

1
= RE (Yw)XW)wf—fR(XR( V)W)w. (12)

Now we replace Y by Z in equation
az (Z") R(X, W) w

+a (W) (— RW,X)Z — —R(X R(w, Z)W) )

4f
S (gars)ar

= iR(R(Z,o.))X,W)w—%

7 R(X,R(w,Z)W)w. (13)
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And by adding and we produce

(14)
3
502 (Z")R(X,W)w
3 1 1
+as (w) <2R(X, W) Z + ﬁR(R(w,Z) W, X)w— ER(R(W’ 2) X, W) w)
3
HR(R(W, )W, X)w.
The equation with Z = w we obtain that:
az (W) R (X, W)w = 0. (15)

If as (sz) # 0, then we have result. Suppose now that as (sz) = 0 then
Ho
((ag)#) ~0.
Returning to equation it results

az (272) (—;R(W, X)w) - ﬁR(R (@, 2) X, W)w+ %R(R(W, 2)W, X)w.

By setting now W = X we get
R(R(w,Z)X,X)w =0.
And we take the inner product with Z, it follows that:
g(R(w,Z)X,R(w,Z)X) =0.

Thus

R(w,Z)X =0.
Now the inner product with an arbitary Y gives

g(R(X,)Y)w,Z)=0.

For Z being an arbitary vector field we get R (X,Y)w = 0, for every X, Y and w.
Hence, we have R = 0. In the case the Riemannian curvature tensor reduce to

R(XxMoyto) 7z = {(VxAp) (Y. Z) - (VyAy) (X, Z)
+Af (X, Ap (Y, 2)) = Ay (V. Ap(X, Z2)) 10
and also Levi-Civita connection is
Vo Yo = (VxY + Af (X, V).

Next we again consider the equation (8] for X o, yHo zHo i

oy (W) R (X Ho yHo) ZHo 4 ay (XHo) R (WH2, Y Ho) ZHo

Fo (YHO) R (X Ho WH2) ZHo 4y (Z270) R (X o, Yy Ho) Wit

+g (R (X o, YHo) ZHo WH>) (ag) #
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= —VymR (XM, YHo) ZHo — R (Vyyu, X Ho Yy Ho) ZHo
—R (XM, Wy, YHo) Z2Ho — R (XHo Y HO) NV ypn, 210
Hence, we get
oy (WH2) R (XM yHo) zHo 4 g (R (X Mo, yHo) ZzHo WH2) (as) # = 0,
ar (WH2) R (XM, yHoy zHo =,
ar (W) [(Vx Ap) (Y, Z)=(Vy Ap) (X, Z)+A5 (X, Af (Y, 2))=Ag (Y, Af (X, 2)))° = 0.
Since ay is arbitrary, we find
(VxAp) (Y, 2) = (Vv Ap) (X, 2) + Ap (X, Ay (Y, 2)) — Ap (Y, Ay (X, Z)) = 0.

The proof is complete. O
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ABSTRACT. Split-complex (hyperbolic) numbers are ordered pairs of real num-
bers, written in the form z + jy with j2 = 1, used to describe the geometry
of the Lorentzian plane. Since a null split-complex number does not have an
inverse, some methods to calculate the exponential of complex matrices are
not valid for split-complex matrices. In this paper, we examined the exponen-
tial of a 2 X 2 split-complex matrix in three cases : i. A =0, ii. A # 0 and
A is not null split-complex number, iii. A # 0 and A is a null split-complex
number where A = (trA)? — 4det A.

1. INTRODUCTION

The exponential of a matrix could be computed in many ways: series, matrix
decomposition, differential equations and, polynomial methods. The matrix expo-
nential gives a connection between any matrix Lie algebra and the corresponding
Lie group. The matrix exponential does not satisfy some properties of the number
exponential since matrix multiplication is not commutative. For example, the prop-
erty e®t? = e%? is not true for matrix exponential. The equality eAt? = edef
is only true in the case the matrices A and B commute. Detailed information on
the exponential matrix can be found in many sources. In this study, especially
references [2], [26], [16], [3] and, |4] were used.

The purpose of this article is to determine the exponential of split-complex num-
ber matrices and to give useful formulas by classifying them. The formulas of calcu-
lating the matrix exponential for 2 x 2 complex numbers can be found in Bernstein’s
study [4]. Standard methods can be used to calculate the exponential of a matrix
defined on a field such as complex numbers. However, for a set of numbers defined

2020 Mathematics Subject Classification. Primary 15A16; Secondary 16R40.
Keywords. Split-complex numbers, hyperbolic numbers, matrix exponential.
“hasan.cakir@erdogan.edu.tr-Corresponding author; “0000-0003-4317-7968
“mozdemir@akdeniz.edu.tr; “20000-0002-1359-4181.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

518



EXPLICIT FORMULAS FOR EXPONENTIAL OF 2x2 SPLIT-COMPLEX MATRICES 519

on a ring such as split-complex numbers, some problems are encountered in using
these methods. The methods used in the literature for complex numbers can be
useless, since some elements do not have an inverse in the ring of split-complex
numbers. Diagonalization and finding eigenvalues and eigenvectors of a matrix de-
fined on a ring is not as easy as in matrices defined over a field. There are many
studies on this subject in the literature |18], [21], [15]. In particular, exponential of a
matrix defined on the ring of quaternions can be found in Casey’s paper [17]. Casey
constructed a transformation from quaternionic square matrices to complex square
matrices to compute the exponential of the quaternionic matrix. Also, Ablamowicz
computed matrix exponential of a real, complex, and quaternionic matrix, using
an isomorphism between matrix algebras and orthogonal Clifford algebras |1]. The
exponential of a matrix defined in the rings of split and hyperbolic split quater-
nions can be found in the references [7], [§] and [20]. In this paper, exponential of
a matrix defined over the split-complex numbers is studied. In the first part, some
basic information and definitions about split-complex numbers are given. In the
second part, the cases where some methods and formulas are insufficient are deter-
mined. In the last chapter, it is examined with the help of isomorphism between
split complex matrices and real matrices.

2. PRELIMINARIES

The set of split-complex numbers is defined as follows:
P={z=2 +4jz: 2,20 € R}

where the split-complex unit j satisfies j2 = 1 and j # 1. In the literature, these
numbers are also called double, spacetime, hyperbolic or perplex numbers [10], [28],
[27), [5], 111], [25], |24], [9], [12]. For any z = z; + jz2 € P we define the real part
of z as Re(z) =z and the split-complex part of z as Im(z) = z5. The conjugate
of z is denoted by z and it is Z = z1 — jz2. The inner product of z = z; 4+ jz2 and
w = wi + jws is defined as

(,):PxP >R
(z,w) = Re (Zw) = w121 — wazs.

This product is a nondegenerate, symmetrical bilinear form, known as the scalar
product in the Lorentzian plane. Since this scalar product is not positively defined,
we will need to classify the split-complex numbers, as in the Lorentzian plane [6],
[23], [13], [22], [14]. We will call a split-complex number z = z; + jzo spacelike,
timelike, or null, according to (z,z) = zz > 0, < 0 or = 0, respectively. So, for a
split-complex number z = z1+ 722, we can call z spacelike, timelike or null according
to |z1| > |z2|, |21] < |22] and z1 = £z, respectively. Null split-complex numbers
have no inverse. In this paper, the set of null split-complex numbers is denoted by
Py. Norm of z = 21 + jzo is defined as
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The square root of the split-complex number z = z; 4 jz5 is found by

Vatim=Yatatvath vatha-ovaTa;
A necessary and sufficient condition for the square root of a non-null split-complex
number to be defined is that this number is spacelike. Moreover, for the null split-
complex number z = x + yj, we have x = t+y and obtain

. V2 .
If =y, \/w+yy=7(1+3)
V2

If x = —y, v$+yj=T(1—j)'

In this paper, by a split-complex matrix, we mean simply a matrix with split-
complex number entries. We denote the set of m x n split-complex matrices with
M, xrn (P). We may write X = X; 4+ j X5 for any X € M,,«,, (P) where X3, X5 €
M, 5n (R) . There exists a ring isomorphism between M,,x,, (P) and the algebra of
the matrices of the form

X X
{&;ﬁ%Mm%wun&emmmﬁ

for X = X1 + j X5 € M, (P). In this study, split-complex numbers and matrices
will be shown in bold small and bold big letters, respectively.

According to the fundamental theorem of the set of split-complex numbers, every
polynomial of the n-th degree has a split-complex root of n?. For example, a second-
order polynomial defined in the split-complex number has exactly 4 split-complex
roots, and the polynomial can be factored in two different ways. Since the roots of
polynomial P (z) = z? — 4 are z; = 2, 2o = —2, z3 = 2j, z4 = —2j we can factorize
two kinds as

P(z)=(z—-2)(z+2)=(z—2j)(z+2j).
Also, the characteristic polynomial of a 2x2 split-complex matrix has 4 roots and
can be factored into 2 different forms. Thus, a 2 x 2 matrix has 2 sets of eigenvalues
and eigenvectors. Detailed information on this subject can be found in Poodiack’s
and LeClair’s excellent article [19]. For example, characteristic polynomial of
3—j 142§
A‘[z—% j ]

is P(z) =22 —3z+j+1, and it can be written as

P(z):(z—5;j) (z—l—;J):(z—l—j)(z—Z—i—j).
Let

ai; a2
A= e M P
[321 322] 2X2( )
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be given. A 2 x 2 matrix A has two different eigenvalues set S; = {A1, A2} and
Sz = {p1, iz} where
trA VA trA " VA
—J

Mz = o E o and = 52

and A = (ter)2 — 4 det A. Here, A1 and Aq are called primary roots of A.

3. EXPONENTIAL OF A SPLIT-COMPLEX MATRIX

In this section, we will examine exponential of a 2 by 2 split-complex matrix.
First, let’s give the exponential of an upper triangular 2x2 matrix. These formulas
are given in Bernstein’s article for complex matrices [3]. The following lemmas can
be proved similarly. However, as stated in Lemma [1] if the split-complex number
a1 —ags is null, the formulas for the complex numbers will not work. For example,
exponential of the matrix

A {2+3j 2+j‘]
0 1425
cannot be found by this method, since j + 1 is not an inverse.

Lemma 1. Let A = [a;;] be an upper triangular 2 x 2 split-complex matriz with
ag] — 0.
1. If a;7 = ags, then we have

1 a
A aj 12|,
A [0 1},

ti. If a;1 # ase and ayy — asy are not null, then we have
A

allr __ pa22
A aig (6 e )
€ = aj;—ag
0 ed22
Proof. Both formulas can be proved by induction, similar to complex numbers. [J

In the above theorem, a solution is not given when aj; — ass is null. We will use
a different method for such matrices in the next section. In the most general case,
we will calculate the exponential of matrix

ailp a2
A= e M P
[321 322] 2x2 ()

with diagonalization, and in which cases this method will fail for split-complex
numbers.
We will examine the exponential of a 2 x 2 split-complex matrix A in three cases

i A=0,

ii. A #0 and A is not null split-complex number,
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iii. A #£0 and A is a null split-complex number

where A = (trA)? — 4det A.

3.1. Case 1 : A =0. In the case A = 0 for the matrix A =J[a;;] € Mayx2 (P), we
encounter 4 special cases that will change the result.
i. a;; —agg,a;5 ,a9; are not null
ii. aj; — age,ay; are null, a;5 is not null
iii. a;; — agy, a;, are null, as; is not null
iv. a;; — agg, ays, asy are null
Lemma [2] and Theorem [I] can be easily proved using elementary linear algebra
knowledge for first three cases. We will only give proofs for the fourth case.

Lemma 2. Let A =[a;;] € Mayo (P) be a split-complex matriz with A = 0. Then,
the only eigenvalue is X = 3“7;32’“ So, we have different cases to determine the
matriz P, satisfying the equality A = PDP™! where,

o5 ]

i): If a1 — agg, ay4,a9; are not null

_|a;p—ax 1
P = |: 2&21 0:| ’

ii): If a;; — agg, a9, are null, ajo is not null

2312 0
azp —aj;; 1|’

iii): If a;; — agg, a5 are null, as is not null

_|a;p—ax 1
P = |: 2&21 0:| ’

Theorem 1. Let A =[a;;] € Mayo (P) be a split-complex matriz with A = 0. Then
A_ ap |l 1/2| 5
et =e"P {O 1 P

where P should be chosen according to the cases given in above Lemma.

Example 1. Let’s calculate exponential of the split-complex matriz
| 3= 1+25
A= { 2—-25 143 }
Since A =0, agy is null and a5 is not null, we find

P— 2a1o 0 . 45+2 0
o ago—aj] 1 - 2]—2 1|
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_ -1 2
Therefore, using the theorem and (2j + 1) = 5 + §j’ we obtain

A =PePP! =¢2 2_‘7, 2‘7—.|—1 .
2—-2j J

In the case of A = 0, if the numbers a;; — as2, a5, ay; are null, then there will

be a different case other than the three cases given in lemma. Before calculating
exponential of a matrix for this case, let’s give a lemma.

Lemma 3. Let A = [a;;] be a 2x 2 split-complex matriz with A = 0. If the numbers
ai] — asg, ayg, Az are null, then the matriz A in the form

t+jy  —uy(+e)
Jte .
x —2ye — jy

u

where u # 0, ¢,y € R and e = £1.

Proof. If the numbers a;; — ass, ajs, as; are null, all of them are same type since
A = 0. They can be written as a;; — ase = pq (L +€h), aja = py (1 +€h) and
agy = g (1 + €h) for p; € R. So, we have
. N2 2
ann —az =y (1+¢j) & pf (1+¢j)° = —dpgps (1 +€j)” & pi = —4pgps.
Let the number be aj; = z + yj, then ass = x + yj — py (1 +€j). So, A will be
A_| =ty pe(L+ej)
ps (L+€j) z4+yj—p (1+€j)

Suppose that U= (u,1), 0 # u € R is an eigenvector corresponding to the eigen-
a; +az

value \ = . So, from the equality AW = AW and equality of split-complex
numbers, we obtain
Py trA
Ho = —€uy, jig=ioen, Toey=——

Moreover, from the equality u? = —4puyju13, we find
2
i = deypy — 4y* = i —deypy +4y* = 0= (—py +2ye)” = 0= py = 2ye.

Therefore, we obtain py = 2ey, py = —euy, g = il and
U

vtjy —uy(j+e)
A= Jj+e ) .
T — 2ye — jy
U
Also, the only eigenvalue of this matrix is = — ey. O

Theorem 2. If the entries aj1 — ags, a12, a1 of the matriz A are null, then
ey+ijy+1 —uy(j+e)
1 . .

ay(3+6) 1—jy—ey
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where a;1 =« +yj and U= (u, 1) is the only eigenvector of the matriz A.
Proof. The matrix A can be written as A= PDP ! where

T — ey %(j+6)

P:{u 1] and D=
Lo 0 T — ey

Therefore, we have

and

1 0 1
ey+jy+1 —uy(j+e)
1 . .
ay(3+e) 1—jy—ey

g .
GA = :PQ]D:Pi1 =¥~ |: u (1) :| [1 U (] * 6)

Example 2. Let’s calculate exponential of the split-complex matrix
A 4].—&-3 —8].—8 '
2j4+2 —453-5
Since A = 0 and a;qy — ass, ajs, as; are null, we use above theorem. From the
equalities, a11 = x+yj = 3+4j, a1 = —uy (j + €) = —8j—8, we get © = 3, y = 4,
e =1 and u = 2, thus we obtain
oA 1 5445 -8(j+1) .
2(j4+1) —4j-3
Theorem 3. Let A = [a;;] be a 2 x 2 split-complex matriz with A = 0. Then,
eA=er[(1-N)T+A]. (2)

Proof. In the case A = 0, we can write A = PDP ™! where P and D can be chosen
as Lemma [2| above. Therefore, according to Lemma

oA 12l oA sl 12]
A—P{0 )\}P =>e —ePO 1 P

is written. Hence, we get

A =P [1 1/2] P!

0 1
CoaellmARA 12 T4
_6P[ 0 1-a+AlF

— AP (1-A) TP !+ P [g‘ 1;\2] p
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=AM ((1-A)T+A).

On the other hand, if the entries a;; — ass, ajs, as; of the matrix A are null, the
only eigenvalue is A = x — ye, and eigenvector is = (u,1). So, we can write as
A = PDP~! where

P:H (1)] ve D:[/\ k} k:@.

So, we get again

et =P B 11‘] Pl=*PL-NIP'+A) = ((1-XNI+A).

If we write the matrices, we have

+iy —uy(j+e

A A 1 0 z -

et =e (1—m+ye){ + j+e .
0 1 — e —

< v T 2ye—jy

eytiy+1 —uy(j+e)
1 .
;y(J+€) 1—jy—ey

[l
Corollary 1. Let A = [a;;] be a 2 x 2 split-complex matriz with A = 0. Then,
aj; —ags
A antas |1+ f a2
er=e 2 a;; —ag |- (3)

2
Proof. According to Theorem [3]

A = )\)I+A

311+322 a a
( |: :| |: ., 12:| >
g1 a2

( all a22

311+322 0 a a
o 4|2 12
- ai] + ag

1 == <2 A1 A22
2
ay] — a22

a11+a22 1+ —= aj2

= aj] —ag
1—
2

is obtained. O
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32. Case 2 : A # 0 and A ¢ Py. Now, we will deal with how to find the

exponent of a split-complex matrix, when discriminant (A) is not a null number.

1
In this case, we have two primary eigenvalues A; o = 3 (trA + \/Z) , since A # 0.

we can write as A = PDP ™! where

trA — VA 0
{ 0 trA+\/Z]

For the split-complex matrix A = [a;;],, o,

aj; —asn — VA 2a9; ]

1
and D = -
2a12 agy —air + VA

P =
2

Notice that detP = 2v/A (311 — agy — \/Z), so the matrix P does not have an
inverse, if aj; —agy — \/Z € Py.
For example, for the split-complex matrix
A— j+1 3+2j
1+25 57+3)°

we have
pP_ —45—6 45+2
Tl 45+6 45+6

and this matrix has no inverse.

Theorem 4. Let A1 and Ay be the eigenvalues of any matric A € Mayo (P). If
A #0 and A ¢ Py, then, A1# Ay and Aa—Aq is not null. So, exponential of A is

)\1 _ >\2 >\2 — >\1
A_ Aze Ale 4 © e (@)
Az —Ag Az—A1

Proof. Let A1 and Ay be the eigenvalues of the matrix A € Mayys (P). So we can
write
_ A1 0 1
acefy O]e

Similarly, the matrix P here is a matrix of eigenvectors whose columns correspond
to the eigenvalues A; and Ay. Therefore, we can write

A1
A e 0 —
e :P[O GAQ}Pl.

Hence, we get

A =P 631 |
_>\16A1 — )\16A2 -+ )\16)‘2 — )\26)‘1 0
-P A1—A2 p-1
0 )\16/\2 - )\26)\1 + )\26)\1 — AQG)\Q
L A=Az
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)\26)‘1 — )\16)‘2

0
— )\27)\1 —1
P 0 )\26)‘1 - )\1€>‘2 P
Az—A1
)\1€>‘2 — A1€>‘1 0
)\27)\1 -1
+P 0 )\28>‘2 — )\26)‘1 P
A2—Ap
_ AgeM — )\16)‘2], n er? — eM A
)\2—)\1 >\2—)\1

Theorem 5. Let Ay and X be the eigenvalues of any matriz A = [a;;] € Mayo (P).
If A #0 and A ¢ Py, then, A\1# Ay and A2 — A1 is not null. So, exponential of A
18

eA - 9 \/ZCOSh \/Z + (au — a22) sinh \/Z 2a719 sinh \/Z
A 2a51 sinh VA VA cosh VA — (a;; — ag) sinh VA

()
where m = ¢TA)/2 gnd A = (trA)® — 4det A.

Proof. Let A1 and Ag be the eigenvalues of the matrix A € Mayo (P). We know
that

x —X xT

e e .
coshr = —— and sihg = ———.
2 2

1 1
On the other hand, we have A, = - (trA - \/Z) e =3 (trA n \/Z) and Ay —
A1 = A. Therefore, using the Theorem [4] and the equalities

oAz — o(trA+VA)/2 _ (trA)/2 VA _ mk,
eM = mk_l,
where k = e‘/z7 we find
AL _ A2 A2 _ o\
A_ Aqe Ae I+ e A
A=A A=A
_ Aomk ! — Amk | mk — mk
A A
m 4 .
=K((A2k —Alk)I+(k—k )A)
_ E }\Qkil — Mk +aj; (k kil) aio (k*kil)
A asy (k—k_l) )\Qk_l — Ak + ax (k—k_l)
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_mm )\21{,1 — Mk + 2a;; sinh \/Z 2a19 sinh \/K
A 2as1 sinh \/Z Azk_l — A1k + 2a59 sinh \/Z '

If we write \; = % (trA — \/A) and A\ = % (trA + \/A) , we have
1 1
-1 _ 2 -1 4 _
Aokt = Ak = 2 (trA+\/A) k-3 (trA \/A) k
k'-k k'+k
NS

2
= VA cosh VA — (a11 + ag2) sinh VA.

Thus, we obtain U

Notice that if A is a null number, this formula does not work.

3.3. Case 3: A#0 and A €P,.

Theorem 6. Let A =la;;] € Maya (P) be a split-complex matriz with A € Py and
A #£ 0. If eigenvectors of A are not a real vector, A cannot be diagonalized.

Proof. If A € Py, then we can write that A = (14 ¢h), x € R. Therefore we

have
V2
A= Tx (1+¢5).
So, eigenvalues of A will be

2trA + 2z (1 4 &j)
A2 = 1 .
Also, the eigenvector matrix P can be found as
pP— 2 (a1 —agg) —V2r(1+ej) 2(an —aze)+ v2r (1 +¢j)
4as; 4ag;

Determinant of this matrix is
det P = —8v2zas; (1 —|—j€) e Py.
So, P! is not defined. O

Example 3. For the matrix,

(142 1—j
A{2+2j j}’ (6)

we have A = 2j + 2 € Py. Although the primary eigenvalues of this matriz are
different from each other, it cannot be diagonalized. We have to use another method
to find the exponential of this matriz.
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Remark 1. Using the fact that A(1+j) = 0 < X = 0, we can write the eigen-
vectors of some matrices as real vectors. Some of this case, A can be diagonalized.

For example, the matrix
3 —j—1
2j+2  =3j
can be written as,

3 —j-17 [1 1][2-5 o 111!
2742 =33 I ) 0 1-2j 1 2 ’
Notice that a1 — ass, ai1, as1 and A are null split-complex numbers in the form

z(1+4j), z € R and we do not need to use the identity j> = 1. Here, A is also a
square of a split-complex number.

Remark 2. The exponentials of the n X n split-complex matricr A = X +Yj can
be computed by converting them to 2n x 2n real matrices with the isomorphism
X Y}

P(A):[Y X

and using the help of Jordan form and the useful property eF(X) = P (ex). The
matriz P (A) is called the real matriz representation of the split-complex matriz A.
It is known that any n X n complex matriz A can be written as sum of a diagonal-
izable matriz B and nilpotent matriz No where the matrices B and N commute.
Remember that if N is a nilpotent matriz, then N* is zero matriz for k € Z+. The
Jordan matriz decomposition of a square matriz A is A = PJP~! where J is a
Jordan matriz [29]. It means that a square complex matriz A is similar to a block
diagonal matriz J. In this case, we can write as

J=D+N

where D is the diagonal and N 1is strictly triangular and thus nilpotent matrix.
Then, we have
A=P(D+N)P'=pPDP~ ! + PNP!,

Therefore, any n X n complex matriz A can be written as the diagonalizable matriz
B = PDP~! and nilpotent matrizx No = PNP~1, since

(PNP Yt = PN(P7'P)N(P™'N-.-NP)NP~! = PNFP~!1 = .
Also, the matrices B= PDP~ and Ng = PNP~' commute. This property allows
us to simplify the calculation of a matrix exponential.

-1 -1
oA — PIPTN _ P(D+N)P™' _ p,D+Np-1 _ p,D,Np-1

Example 4. Let’s find the exponential of the matriz[q

1425 1—3j
A= . .
{2—&—23 7 }
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We know that it is not diagonalized and A = 2j + 2 € Py. Therefore, we convert it
to the 4 x 4 real matrix

1 1 2 -1
2 0 2 1
PA)=1y 11 1
2 1 2 0

This matriz also cannot be diagonalized. But, we can write in Jordan form as
P(A)=P'JP=P ' (D+N)P
where N2 = 0. Therefore, we obtain
eP(A) — PeNeDP71

01 1/2 —1]fet 0 o0 0 -1 1/2 -1 1/2
{12 =12 0|0 ¢ 0 0 1/2 0 1/2 0
001 —-1/2 1|0 0 ' 0 0 -1 0 1

1 2 1/2 0 0 0 et' et |-1/2 —1/2 1/2 1/2

et+ed 27t e3—el —2e7!
1|23 -2 el+e 23—2 e—e!
T2 et —et —2e7l eled 2e7!

23 -2 e—e ! 222 -2 e l4e
since eV =T+ N. As a result, according to equality ePA) =P (eA), we find

A Llet+ed—j(et— 63) 2e7! —2je7 !
2e3 — 2 —j 26—263) e_l—l—e—j(e_l—e)

2

Conclusion Let A = [a;;] be a 2 x 2 split-complex matrix, we can compute expo-
nential of A using the formulas :
o If A =0, then e® = e*[(1 — ) I + A], where X is only eigenvalue of A.
o If A #0 and A is not a null split-complex number, then

A A1 A A2 A2 oA
A _ 2€ 1€ I + e e A
)\2 7)\1 )\2*)\1
e If A is a null split-complex number, we do not give a direct computation

formula without converting it to a real matrix.
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ABSTRACT. In this paper, we define and explore the new family of exponen-
tially convex functions which are called exponentially s—convex functions. We
attain the amazing examples and algebraic properties of this newly introduced
function. In addition, we find a novel version of Hermite-Hadamard type
inequality in the support of this newly introduced concept via the frame of
classical and fractional calculus (non-conformable and Riemann-Liouville inte-
grals operator). Furthermore, we investigate refinement of Hermite-Hadamard
type inequality by using exponentially s—convex functions via fractional inte-
gral operator. Finally, we elaborate some Ostrowski type inequalities in the
frame of fractional calculus. These new results yield us some generalizations
of the prior results.

1. INTRODUCTION

Convex functions are significant in the hypothesis of numerical inequalities, some
notable outcomes are immediate ramifications of these functions. The ideas of
different sorts of new convex functions are developed from the basic definition of a
convex function. The generalizations, extensions and refinements of these functions
are proved to be very beneficial in mathematical analysis, financial mathematics,
mathematical statistics, optimization theory, etc. For the attention of readers, see
the reference [1H4].
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In literature, the celebrated Hermite-Hadamard double Inequality [5] for convex
function on an interval of the real line, discovered by C. Hermite and J. Hadamard
individually, has been the hot topic for extensive research, which is stated as,

Let a function ¢ : A — R is a convex function on A in R and 41,02 € A with
01 < (52, then

d2
() <l [

Let ¢ is a concave function, then this inequality [I]is reversed. The inequality [I] pro-
vides upper and lower bounds for the integral means of the convex function ¢. The
inequality [1| has different kinds of forms with correspondence to different kinds of
convexities such as s—convex function, h—convex function, p—convex function, log—
convex function, exponential convex function, exponential type convex function,
MT—convex function, tgs—convex function, n—polynomial convex function, prein-
vex functions etc.

Recently, few researchers have been studying on the properties and applications of
exponential type convexity, for more information, we refer interested readers to go
through [6H9).

In the literature of inequalities the Hadamard inequality and Ostrowski type in-
equality appear in different forms for various convex functions. In [10] and [11] for
the first time, Hermite-Hadamard inequality and Ostrowski inequality was stud-
ied for Riemann-Liouville fractional integrals respectively and after it, researchers
started to get many versions of these for different kinds of fractional integral oper-
ators and functions.

In the literature, Ostroswki Inequality [12] is defined as follows:

Let ¢ : I C [0,00) — R be a differentiable mapping on I°, the interior of the
interval I, such that ¢’ € L[d1,d2], where 01,02 € I with §; < d2. If |¢'(2)] < M,
for all z € [01, 2], then the following inequality holds:

< 2 =01 5 )

02 2_12 2_22
90(2)‘5;51/5 o) de] < M [( 51)° + (32 — 2)

which gives an upper bound for approximations of the integral average by ¢(z) at
point z € [0, 2]

For some recent generalizations about this inequality please see [13], [14] and the
references therein. In [15], the authors have established some Ostrowski type in-
equalities for s-convex function in the second sense. In the recent past many gener-
alizations for Ostrowski type inequality have been performed via different directions
like on coordinates, on quantum calculus, on different fractional integral operators
like Riemann -Liouville, Katugampola, Caputo, Caputo Fabrizio, - generalized
fractional operator, etc.
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2. PRELIMINARIES
In this section, we recall some known concepts.

Definition 1. [16] Let ¢ : A — R be a real valued function. A function ¢ is said
to be convex, if

@A+ (1= A)d2) < Ap (01) + (1 = A) ¢ (d2), (3)
holds for all 61,02 € A and X € [0, 1].

Definition 2. [17] Let s € (0,1], then ¢ : [0,+00) — R is known as s—convez in
the 2™¢ sense, if

@ (A1 + (1= A)d2) < X% (1) + (1= A)* ¢ (d2), (4)
holds ¥ 61,92 € [0, +00) and X € [0,1].

Dragomir et al. investigated and explored a novel version of Hadamard’s inequal-
ity in the mode of s—convex functions in the 2"? sense in the published article [18].
In the last few decades or so, fractional calculus can be seen gaining a lot of atten-
tion as the most researched subject of mathematics. Its importance is prominent
from the fact that many real-life problems are well interpreted and modeled using
the theory of fractional calculus. It is also seen that various branches of engineering
and applied science have been using the tools and techniques of fractional calcu-
lus. It is mainly due to the two mathematicians, L’Hospital and Leibnitz that
fractional calculus is so popular nowadays. After this many mathematicians devel-
oped different new types of fractional operators and worked upon them to generalize
inequalities like Hermite-Hadamard, Ostrowski, Opial, Jensen, Hermite-Hadamard-
mercer, Oslen type, etc. The authors examined and celebrated conformable and
non-conformable derivative in the published articles [19] and [20]. Both fractional
integral operators have a lot of meaningful and useful applications, see the refer-
ences [21H29].

Definition 3. Let ¢ : A C [0,00) — R be a real valued function, then the non—
conformable derivative of ¢ is defined by
P(A+eX?) — (V)

vgp(e) = lim . )

where a € (0,1) and X\ € A.

If 3 nep(A) and is finite, then ¢ is a a—differentiable at .
If ¢ at A is a differentiable, then

Ngp() =A% (3).
Definition 4. [30] For each ¢ € L[d1,02] and 0 < §; < 02, we define
wlgela) = [ AT

for every x,u € [01,02] and o € R.
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Definition 5. [30] For each function ¢ € L[d1,02] and 61 < 2, we define the
fractional integrals

xoTgole) = [ (o= 27" o,

P
s el = [ =0T i

for every x € [y1,7,] and a € R.

Remark 1. In the above definitions, if we put a = 0 then we get the classical
. S s
integrals which is represented by N, J%rnp(x) =N J% p(x) = [57 p(N)dA.

It is remarkable that M.Z. Sarikaya et al. (see in [10] ) proved the follow-
ing interesting inequalities of Hermite-Hadamard type involving Riemann-Liouville
fractional integrals.

Theorem 1. [10] Suppose ¢ : A = [§1,d2] = R is a positive mapping with do > 0,
and ¢ € L[d1,d2]. If ¢ is a convex function on [d1, d2], then the following inequalities
for fractional integrals holds:

546 T (a+1)
w( 12 2>§ 2(62 —61)

{7 o0+ T et < 2OLTE0)

with o > 0.

Definition 6. [10] Let ¢ € L[1,d2]). Then Riemann—Liouville fractional integrals
of order a > 0 with 7 > 0 are defined as follows:

J(;"Tgo(z) = ﬁ /; (z=N""" o) d\, 2>
and
82
T e(2) = ﬁ/ A=2)"""p(\) d\, 2 <6 (5)

where T'(r) is the Gamma function defined by

I‘(r):/ e Yy ldy.
0

Since a(a > 0) will stand for the parameter of the incomplete gamma function
(see [31]:8.2.1)

T
v (a,r) = / e Yyt ldy.
0

For further details one may, see [32,|35,35].
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We compose the paper in the following manner, In section [3] we will give the idea
of exponentially s—convex functions, examples, and its properties. In section |4 we
will give the generalizations of (H-H)—type inequality in the support of the newly
introduced idea. In section [} we will investigate the new version of Hermite-
Hadamard type inequality and its refinements for exponentially s—convex function
via a fractional integral operator. In section [6] we will also obtain some Ostrowski
type inequalities for the exponentially s—convex function ¢ for fractional integral
inequalities. In section[7] a brief conclusion will be given as well.

3. EXPONENTIALLY s—CONVEX FUNCTION AND ITS PROPERTIES

The main aim of this section is to define the new family of convex functions,
which are called exponentially s—convex functions. In the manner of this newly
introduced concept, we obtain some examples and algebraic properties.

Definition 7. Let s € [In2.4,1]. Then ¢ : A C R — R is known to be exponentially
s—convex function, if

PG +(1=0)8) < (N =1 p 6+ (0N 1) p(52),  (6)
holds V61,02 € R and X € [0,1].

Remark 2. In above Definition[7, if s = 1, then we get exponential type convezity
given by Iscan in [6].

Remark 3. The range of the exponentially s—convex functions for some fized s €
[In2.4,1] 4s [0, 400).

Lemma 1. The following inequalities (e5* — 1) > A\* and (es(*= — 1) > (1 — \)®
are holds, if for all X € [0,1] and for some fized s € [In2.4,1]

Proof. The proof is evident. (]

Proposition 1. FEvery nonnegative s—convex function is exponentially s—convex
function for s € [In2.4,1].

Proof. By using Lemmall for s € [In2.4,1], we have
@ (A0 + (1= A)d2) < XN (01) + (1 = A)°p (d2)

< (e =) e (@) + (7 1) (82).
O
Proposition 2. Every exponentially s—convex function for s € [In2.4,1] is an h—
convez function with h(\) = (e — 1)
Proof.
(p()\(51 + (1 — )\) 62) S (6)\ — 1) (p(él) + (61_)\ — 1) (,0(62)
< h(A)p(d1) +h(1 = A)e(p2)-
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Example 1. Dragomir have investigated that in the published article [18], the non-
negative function ¢(x) = a2, x > 0 is s—convex function for the all mention
conditions s € (0, 1), where 1 § 1 < %, . Then according to Proposition@ it 1s also
exponentially s—convex function for some fized s € [In2.4,1).

Example 2. ¢(z) = miqwq + for m > 1,q > 1 is a non-negative s-convex

function. Then according to Proposition[3, it is also exponentially s—convex function
for some fized s € [In2.4,1).

Theorem 2. Let ¢ : [0,6] — A be s—convex function for s € [In2.4,1] and ¢ :
A — R is non-decreasing and exponentially convex function. Then the function
po:[0,0] = R is exponentially s—convex function.

Proof. For all 61,82 € [0,6] and A € [0,1], and for s € [In2.4,1], we have
(@op) (A1 + (1= A)02) = ¢ (A1 + (1 = A) 62)) < 6(A°p (01) + (1 — A)*0 (d2))

< (e = 1) (6op) (1) + (7 1) (60) (52).
]

Remark 4. If we choose s =1 in above Theorem (@, then we get Theorem (2.2)
m [6/.
4. NEW GENERALIZATIONS OF (H-H) TYPE INEQUALITY USING
EXPONENTIALLY s—CONVEX FUNCTIONS

The aim of this section is to find the new generalization of Hermite-Hadamard
type inequality for the exponentially s—convex function for ¢ in the frame of simple
calculus and also we attain the novel version of Hermite-Hadamard type inequality
in the manner of newly introduced idea in the frame of fractional calculus by the
non-conformable integral operator.

Theorem 3. Suppose s € [In2.4,1], a € (0,1], 2 > 61 and ¢ : A = [61,02] = R is
exponentially s—convex function such that ¢ € L[d1,02]. Then one has

(631_ w(élgéz) < 52:51 /(:290(@ du (7)
g(e‘“*)pwn+w@@.

Proof. Let z1, 29 € A. Then it follows from the exponentially s—convex function for
@ on A that

[\V]

o(252) < (- D) +pla) ®

Suppose
21:)\52+(1—)\)51 and 22:)\(514—(1—)\)52.
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Then (8) leads to

(51+52
o —=2

. )g (€5 — 1) [p(Mat (1=N)d1 ) +eN+(1—-Nd)]. (9

Now integrating on both sides in the last inequality with respect to A from 0 to 1,
we obtain

@(51;52) < (er —1) [/014;;()\624—(1—/\)51 )d/\+/01gp(>\51+(1—)\)62) dA| .

1 81+ 0o 1 /52
£ < d )
2(62—1)80( 2 ) - 52—51 51 QO(U) v

which gives the proof of first part of inequality of . Next, we show the second
part of inequality of . Let A € [0,1]. Then from the fact that ¢ is exponentially
s—convex function, we obtain

PG+ (1= )< (e = 1) 9 (@) + (Y =1) o) (10)

and
P+ (1 =N)dy )< (e —1) 0 (61) + (eS<H> . 1) 0(d:).  (11)
By adding the above inequalities, we obtain

PN+ (1=XN)d1 )+eA1+(1—=X)d2 ) (12)
< o) +e (52)1{ (= 1)+ (070 1) }

Now integrating on both sides by above equation with respect to A from 0 to 1,
then making the change of variable, we obtain

1 %2
2 u) du.
52—51/51 o ()

< [p(81) + ¢ (82)] /0 1 { (™ = 1) 4 (Y —1) }dx

which leads to the conclusion that

The proof is completed. O

Remark 5. If we choose s =1, then Theorem@ becomes to [ Theorem 3.1, [0] |.

Theorem 4. Let ¢ : A = [§1,02] — R be a positive function with 0 < §; < d2 and
@ be a integrable function on closed interval set 61 and d5. If ¢ is exponentially
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s—convex function, then the following inequalities for fractional integral namely non-
conformable integral operator with « < 0 and s € [In2.4,1] holds:

e (M) < G | i) e e 9

< (1= a)lp (61) + ¢ (62)] /0 1 A‘“{ (e = 1) + (07 = 1) }dk-

Proof. Let 01,09 € A. Then it follows from the exponentially s—convex function
for ¢ on A that

¢ (01;02> < (2 =1)[p(o1) + ¢ (02)]. )

Suppose
o1 :)\524—(1—)\)(51 and o9 = A\ +(1 —)\)52.
Then leads to

so(él;%s (7 =DMz + (1= Nd1 )+ A1+ (1 -N))]. (15)

Now integrating on both sides in the last inequality with respect to A from 0 to 1
and multiply both sides by A%, we obtain

1ia¢(51+62> < (ef-1) Uolk‘%(kézﬂt(l—w&l)dx

2
1

+ [ AT (AL + (1= N)6s) dA},

0

1 01+ 09 11—«
< N3J* N3 J*
(G% — 1)90 < 2 ) = ((52 — 51)170[ l: 3Ja+%0(x) + 3Jb (,O(J?):|7

which gives the proof of first part of inequality of . Next, we show the second
part of inequality of . Let A € [0, 1]. Then from the fact that ¢ is exponentially
s—convex function, we obtain

PO+ (1=N61 ) < (e 1) (@) + (N 1) p@) (1)

and
PG+ (1—A)5y ) < (e —1) o (61) + (es(l—*> - 1) 0(d:).  (17)
By adding the above inequalities, we obtain
@A+ (L=A)d1 )+ (Ao +(1—A)d2 ) (18)

< lp(d) +¢ (62)1{ (e =1) + (63(17” - 1> }
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Now integrating on both sides by above equation with respect to A from 0 to 1 and
multiply A™% both sides, then making the change of variable, we obtain

W { Na S p(@) +ng Jp- @(w)]

< lp(01) + ¢ (d2)] /01 A‘”‘{ (e —1)+ (e‘““—” —~ 1) }d)\,

which leads to the conclusion that
1 -« o o
| T2 (o) i T plo)

(52 _ 61)1—(1

< (1 —a)|e(81) + ¢ (52)] /01 /\“’{ (e —1) + (eS“*A) - 1) }d/\.

The proof is completed. O

Remark 6. (i) If we choose s =1 and a = 0 then Theorem@ becomes to [Theorem
3.1, [6] ].
(#4) If we choose a =0 then Theorem then we attain the Theorem @

5. HERMITE-HADAMARD TYPE INEQUALITY AND ITS REFINEMENTS FOR
EXPONENTIALLY s—CONVEX FUNCTION VIA FRACTIONAL INTEGRAL
OPERATOR

The main key of this section is to obtain the new sort of Hermite-Hadamard
inequality in the manner of new introduced concept in the frame of fractional cal-
culus namely Riemann-Liouville integral operator. Also we attain the refinement
of this inequality.

Theorem 5. Let ¢ : A = [§1,02] — R be a positive function with 0 < §; < 0
and p be a integrable function on closed interval set 01 and d2. If @ is expo-
nentially s—convex function, then the following inequalities for fractional integral
namely Riemann-Liowville with o > 0 and s € [In2.4, 1] holds:

1 0 +6 F(a+1> a e!
e (P50 < Gy eton + o) 1

< afp (51) + ¢ (52)] /1 X“{ (e* —1) + (es(l_)‘) — 1) }d/\.

0

Proof. Let 01,09 € A. Then it follows from the exponentially s—convex function
for ¢ on A that

(T52) < @ -Dlelon el (20)

Suppose 01 =Aia+ (1 —=X)d1  and o2 =X+ (1 —A)0da.
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Then leads to
(B52) < (- DE0s+I-N6 )+ o086+ N @)

Now integrating on both sides in the last inequality with respect to A from 0 to 1
and multiply both sides by A*™!, we obtain

1
i@(51;52> < (63—1)[/0 A oAby + (1= N) 3y ) dA

L _
+/ A o (MG + (1= N)6a) dA|,
0

1_ o (51 +52> < I'(a) {J%(P((;Q) + 5o (81)

afe? 2 b2 — 1) I
1 61 +52 F(Oé+ 1) o @ i
(G% — 1) "2 ( 2 > S (52 — 61) J(;TSO((SQ) + ‘]62— 50(51)_ B

which gives the proof of first part of inequality of (19).
Next, we show the second part of inequality of (19). Let A € [0,1]. Then from the
fact that ¢ is exponentially s—convex function, we obtain

P+ (1=2)01 )< (€ = 1)@ @)+ (Y =1) o) (22)
(61)

and

@(A61+(1—=N)d2 )< (e = 1) + (es(l_k) - 1) ¢ (d2) . (23)

By adding the above inequalities, we obtain
Ao+ (1=A)d1 )+ +(1—-A)d2 ) (24)

< lp(1) + (cw{ (e = 1) 4 (Y —1) }

Now integrating on both sides by above equation with respect to A from 0 to 1 and
multiply A>~! both sides, then making the change of variable, we obtain

T 52“_“351) {Jé pl02) + T2 so(cm}

1
< @) +p ) | A{ (e~ 1) + (0= —1) }dx,
0
which leads to the conclusion that

et + 72 ot0)

1
< afe (1) + @(52)]/ Aal{ (e —1) + (es(l_’\) - 1) }d/\.
0
The proof is completed. O
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Remark 7. (i) If we choose s =1 and o =1 then Theorem@ becomes to [ Theorem
3.1, [6] ].
(#i) If we choose o =1 then Theorem@ then we attain the Theorem @

Next we find the refinement of Hermite-Hadamard type inequality using expo-
nentially s—convex function via fractional integral operator. In order to obtain the
following result, we need the following lemma.

Lemma 2. [34] Let ¢ : A — R be a differentiable mapping on A°, where 1,02 €
A° with 0 < 61 < 0a. If ¢ € L[d1, 03], then the following equality for fractional
integral holds

©(01) +p(62)  T(a+1)

T M —E)F [1200(02) + I o(61)]

_ (‘52‘% {/01 (1= N = A (A6y + (1 — A)éz)d)\} .

Theorem 6. Let ¢ : A = [§1,d2] C [0,00) — R be a differentiable mapping on
(01,02) with §1 < 02 such that ¢’ € L[d1,02]. If |¢'|? is an exponentially s-convex

function on [61,0z]for some fized s € [In2.4,1] and ¢ > 1. Then the following
fractional inequality holds true.

5 FY a « @
’w ey _ Lletl) [Iﬁgo((h) +162_s0(51)H

q—1

< i [ 1 )]

272 V44203 —ae’ 234 (24a—c?)] 22279 [_2(31a) + (14a)e’]

X3 l#'(00)] Fa)@ra) — ' (01l (T+a)@+a)
272744 20— —ae’+2CF) (—2—a+(1+a)e’ S o a)e’
+ 1’ (62) [ (1+a)(2+a)( (reded] IO Elif;glz)(“ =
1(2(=2427%) | (4=27%)e* 20727 [—2(24a)+(34a)e’]
+lp@n)]ed (A 4 G20 () e Tra)z+a)

Q=

2072744203 —ae—221) (24 a—e”)] 2(72-9)[2(24a)+(1+a)e’]
+]i' (82)]¢ TFa)@Ta) —l¢(62) ) (T2 ta)

Proof. Suppose that ¢ = 1. From lemma and using properties of modulus, we
have

‘ (61)+¢(62)_ (Faiajég [6#(52)” o(d1 )H

{/ (1= N = A [’ (A1 + (1 — >\)52)|d)\}
: (6%51) {/0 == [@“ - DI+ 0 - D] i

. 1/2
- w {/0 (1= M) =\ [(esA — D]’ (81)] + (5 — 1)|sa’(6z>l} dA
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! /1/2 A" = (1= ] (€ = DI @0)]+ (07 = Dl 6] dA}
(02— 1) , 1/2 o s / 12 .
_221{4,0((51”/(; (1—/\) (e)‘_l)d)\_‘<p(51)|/0 A (ek—l)d)\

1/2 12
¢ (6)] / (1= (0N — 1)dx — |/ (52)] / A" (0N 1)
0 0
1 1

H' @) [ A (e = Ddx = (61)] [ 1 =N (e = 1)dx
1/2 1/2

1 1
14 (65)] / X (N~ 1)dx — |/ (52)] / (1— 2 (0 — 1>dA}
1/2 1/2

e {2 e e e S e )
A
b (o) 2 _<1afa+>é(2++j>(_2 ot (Lt a)e)
A ey

ey (e B0

1+« 24«
o 20279 [22(2 4 ) + (34 a)ef]
I (@)l (1+a)(2+a)
2022790 [4 4 20 — 3e® — ae® — 24 (2 + o — €))]
1+a)2+a)
/ 2(=2-9) [22(2 4 a) + (1 + a)e’]
1 (%)l I+ a)2+ta) ’

+ [’ (82)]

where,

/1/2(1 (e 1ya = 202279 [4 4+ 20 — € — ae® + 2279 (=2 — a + (1 4+ a)e?)]
0 (1+a)2+a)
/1/2 )\a(es(lfA) _ 1) d\ = 2(~2-e) [_2(2 + a) + (3 + a)es]
0 (I+a)(2+a)
/1/2(1 SR - 1) dh = 207279 [4 4+ 20 — 3e® — ae® — 2+ (2 + a — €%)]
0 (1+a)2+a)
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1/2 )\a( SA 1) d\ 2(—2—a) [ (2 + a) (1 + a) }
e —_ =
(1+a)(2+ )

! o s ~ 20279 [2(2 4 a) + (3+ a)e?]
1= ~1)dAr = (1+a)2+a)

/
I
/1 (e 1) dA = - (2(—“2““) e 2-a)ea>
I
I

1+« 2+
20727 [—2(2 4+ @) + (1 + a)e’]
1+a)(2+a)
207279 [4 4+ 20 — 3e® — ae® — 2CF9) (2 + a — €)]
14+a)2+a) '

This completes the proof of this case. Suppose now that ¢ > 1, since |p|? is an
exponential s-convex function, we have

|/ (A01 + (1= A)d2)|* < (e = D]p(61)]7 + ("™ — 1) (62) |

Now using Holders Inequality for % + % =1

‘ap(é)w(&z)_ (Pa(fjai; [6+30(52)+I @01 )H

{/ (1= A = A% [/ (M1 + (1 —>\)§2)|d)\}
= (52%51 {/ (1= X)® = A9 (1 = N> = XM (MG + (1 — A)(sg)w}

<= 7Y 52_5 {(/ (1= ) )\a|d)\>%l(/01|(1)\)a)\“|go’()\51+(1>\)52)|qd)\>é}

q—

<G 2 (1) v ([ 10—t = gt

q—1

, . 207279 [4 + 20 — 3e® — ae® — 2+ (2 + o — €%)]
{"P(al) (1+a)2+a)
e 20T Y 224 @) + (1 + a)e?]
—leen)l 1+a)(2+a)
, q2(_2_0‘) [4+ 20 —e® —ae® + 2049 (=2 —a + (1 + a)e’)]
10 (+a)2+a)
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207224 a) + 3+ a)e’]
1+ a)(2+a)
1 <2(—2 vy (4- 2a)ea>
+

/6 q_
He (Ol 1ta 2t o

_|¢,(61)|q2(*2*a> [-2(2 + @) + (3 + a)e’]
1+ a)(2+a)
207279 [4 4+ 20 — 3e® — ae® — 2CF) (24 a — €)]
1+a)2+a)
a2 [(123 +a) + (1+a)e’] }
a)(2+4 a)
which completes the proof of the Theorem. O

—[’(02)]

+ 1’ (62)°

6. OSTROWSKI TYPE INEQUALITIES FOR EXPONENTIALLY s—CONVEXITY VIA
FRACTIONAL INTEGRAL

In this section, we established new Ostrowski type inequalities for exponentially
s—convexity via Riemann-Liouville fractional integral. A useful and interesting fea-
ture of our results is that they provide new estimates on these types of inequalities
for fractional integrals. In order to prove our results, we need the following iden-
tity.(see in [11,/35]).

Lemma 3. Suppose a mapping ¢ : A C R — R is differentiable on A°, where
81,02 € A with 61 < d2. If ¢ € L[d1,02], for all z € [61,82] and a > 0, then the
following equality holds:
(z—61)" + (02 — 2)° I'(a+1)
( 52— b1 ey

{J2 ¢ (61) + J3 ¢ (d2)}

_ a+1 1

= %/ AT @ Az + (1 =) d1) dA
2 — 01 0
(5 _ a+1 1

where I" is the Euler gamma function.

Theorem 7. Suppose a mapping ¢ : A C R — R is differentiable on A°, where
51,02 € A with &1 < 2. If |¢'| is exponentially s—convex on [61,02] for some
s € [In2.4,1], ¢' € L[61,02] and |¢'(2)] <M, for all z € [01,d2], a > 0, then the
following inequality holds:
(z—61)" + (02 — 2)° F(a+1)
‘( e o) =55
2 — 01 2 — 01
M
g -
25

{J2 0 (01) + T ¢ (d2)}
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((’Y(a+1,s)8a+f(a+1))esJrail)}
+ (85— 2)oH v(a+1,:2);sf(a+1)_a1
o
sl a+1 '

Proof. From Lemma [3[ and since |¢’| is exponentially s—convexity and |¢’(z)| < M,
we have

(Z . 51)04—‘1-1 1 (52 OL+1

< e [ XYY Az + (1= N)61)|dA 7/ AY @ (A2 + (1 = N) d2)| dA.
(52_51 0 6 _61

(z—6y)*"

S P /01 Aa{ (e = 1) ¢ ()] + (07 = 1) |’ (81)] }d/\
@52—2');:1 /01 )\a{ (es”\ —1) ¢ (2)] + (es(l_)‘) - 1) lo" (61)] }d)\

( 61 o / a (8 a (s(1=X) _
S e LAl B 1) dA + |’ (61) iy A\ 1) X
-

+

5272a+1 / a (sh a 8(1 A)
+ ol "\ (e = 1) dA+ |¢/ (55)] A\ )d)\
(52—(51
1— -I 1 1
< X (2 — 8,)* v(a+1,—s) (e + )_ >
((527 ) S a+l

(Gt rene )

M a1 Y(a+1,—-s) =T (a+1) 1 )
+—— x (65— 2)°T -
CERCEE R (= o+
B (’y(a+1,s)—F(a+1))es+ 1
satl a+1) )
After simplification, we get. The proof is completed. ([l

Corollary 1. Under the similar consideration in Theorem [], by choosing s = 1,
we obtain

\((z“*gfé‘?”) ) - Sz w0 + 2 (6
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M
S R
(62— 61)

| { (FE - )

( a+1,1) =T (a+1)) aL)}

Z)aJrl{ (v(a+1,z_1)1):r(a+1) B a-lu)

- (('y(oz+1,1)l“(a+1))e+_1i_1> H

Theorem 8. Suppose a mapping ¢ : A C R — R is differentiable on A°, where
01,00 € A with 61 < 2. If |¢'|? is exponentially s—convex on [01,02] for some
s € n24,1], ¢ > 1, ¢t = 1—p7t ¢ € L[61,02] and |¢'(2)] < M, for all
z € [01, d2), with a > 0, then the following inequality holds:

(E=0 0 ) Tt D e o) 4z o)

- 23 M ( 1 )é
T (62 —01) \ap+1

[ (Y e (<)

Proof. From Lemma [3| and famous Hélder’s inequality, we have

‘ ((z—al)w(aQ—z)a) o (2)— M

+ (02 —

I (61 + 2, go(csg)}\

52—(51 52
_5 a+1 1
_%/ A g (A2 + (1= A) 1) dA
2—01 Jo
5o — a+1 1
+%/ A [ (A= + (1= A)82)| dA
2—01 Jo
. a+1 %
A () ([ v v
2 — 01
B a+1 1 p %
+(52‘Z)</ xxm) </ |<p'(>\z+(1>\)52)|qd)\> - (28)
02 — 61 0 0

Since |¢'|? is exponentially s—convexity and |¢’(z)| < M, we obtain

/ e+ (1 )80 d = / 1 { (e =) I N + (07 = 1) |/ (Gu)]" }dA
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M ef—s—1 M9 ef—s—1
s s

< oM (651> (29)

IA

and
/ O+ (1 082 A = / 1 { (e =) I (I + (07 = 1) | (32)]" }dA

ef —s—1 ef—s—1
< M M
< e (S ) v (S5)

< oM (6_5_1> . (30)

s
By connecting and with , we get . The proof is completed. ]

Corollary 2. Under the similar consideration in Theorem [§, by choosing s = 1,
we obtain

(B2t em T - Het D e s o+ i)

<@ (@) [ {en) v o {e-a) ]

Theorem 9. Suppose a mapping ¢ : A C R — R is differentiable on A°, where
01,02 € A with 61 < 2. If |¢'|? is exponentially s—convex on [01,d2] for some
s € [In24,1], ¢ > 1, ¢t = 1 —p7 L, ¢ € L[61,82] and |¢'(2)] < M, for all
z € [01, 03], with o > 0, then the following inequality holds:

(=) -2 v+ e

M 1 \'"%
52—61) (a+1)
x[ s {( (0‘“(__2));:(““) oz«lkl)
( atls)~T(at1)s a15a+1>
+ (g — o) {( Y(a+l-s)-Tla+l) )
} (31)

Q=

(=5)%s

.Q\H-|— —

_((7(a+1,s)—r(a+1)) ! S_oz+1>}
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Proof. From Lemma [3] and power mean inequality, we have

2 — 6, a+1 1
s(agi)a/o A" (Az + (1= A)81)] dA

5o — a+1 1
+%/ AT " (A2 + (1= N)d2)| dA
2—01 Jo

(2_51)04+1 ! «a 1_% ! a| q %
<= U A%dA A" (Az + (1= X)61)]7 dA
d2 — 01 0

0
(5 o Z)OéJrl 1 1_% 1 %
NI Y </ )\ad)\) </ A" Az + (1= N) 62) [ d)\> (32)
02 — 01 0
Since |¢'|? is exponentially s—convexity and |¢’(z)| < M, we obtain

0
1
/ A L Az + (1= A) 61)[* dA
0

= /01 A { (e = 1) ¢ )"+ (e = 1) | (8)° }d)\
SM(I{('V(O‘+1’5)F(0¢+1) 1 >

o T
—((’y(a+1,3)—F(a+1))s‘a_les—a_li_1>} (33)

and
/01 A% " Az + (1= N)62)|? dx
= /01 XY (e =1) ' ()] + (es(l‘” - 1) [0 (32)" }dA
< Mq{(*y(a—i—l,—s)—F(a—i—l) 1 )

(—s)"s a+1
- <(’y(a+1,s)1“(a+1))salesa_li_l>}. (34)

By connecting (33]) and with (32), we get (31). The proof is completed. [

Corollary 3. Under the similar consideration in Theorem[9, by choosing s = 1,
we obtain
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M ( 1 )1—3
(62 —61) \a+1

N
—( (a+1,1) r(a+1))6_ai1>}3‘
o (et )

- ((w(a+1,1)—r<a+1))e—aL)}é]

7. CONCLUSION

In this article, the authors showed the new class of exponentially s—convex functions,
derive several new versions of the Hermite-Hadamard inequality using the class of
exponentially s—convex functions in the frame of classical and fractional calculus.
We have obtained some refinement of Hermite-Hadamard inequality. Finally, we
have attained some Ostrowski type inequalities for exponentially s—convexity via
fractional integral. We hope the consequences and techniques of this article will
energize and inspire the researchers to explore a more interesting sequel in this area.
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ABSTRACT. The upper triangular double band matrix U(ao, a1, a2;bo, b1, b2)
is defined on a Banach sequence space by
Ul(ao, a1, a2;bo,b1,b2) (zn) = (antn + bnni1)neg
where az = ay, by = by for © = y(mod3). The class of the operator
Ul(ao,a1,az;bo, b1, b2)

includes, in particular, the operator U (r,s) when a = r and by = s for all
k € N, with r;s € R and s # 0. Also, it includes the upper difference operator;
ar = 1 and by, = —1 for all k£ € N. In this paper, we completely determine the
spectrum, the fine spectrum, the approximate point spectrum, the defect spec-
trum, and the compression spectrum of the operator U(ao, a1, az;bo, b1,b2)
over the sequence space c.

1. INTRODUCTION

Spectral theory is an important branch of mathematics. It also has many ap-
plications in physics. It is used, for example, to determine atomic energy levels in
quantum mechanics. The resolvent set, which is the complement of the spectrum
set of band matrices, can be used in such problems.

In this paper, we will calculate spectral decomposition of U(ag, a1, as;bg, b1,b2)
matrix. Ul(ag, a1, asz;bo, b1, be) matrix is studied in ¢y sequence space by Durna and
Kilig [9] therefore some result is omit becuse it is similar with [9].
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A: X — Y be abounded linear operator where X and Y are two Banach spaces.
We will show the image set of A withset R(A) ={y €Y :y= Az, z € X}. B(X)
is defined as in B : X — X all bounded, linear operators.

A:D(A) — X is a linear operator including D(A) C X, where D(A) show the
domain of A and X is a complex normed space. Let Ay := A — A for A € B(X)
and A € C where I show the identity operator. A;l is defined as the resolvent
operator of A.

The resolvent set of A consist from the set of complex numbers A of A such that
A;\l exists, is continuous and, is defined on a set which is dense in X, signified by
p(A, X). The complement of p(4, X) i.e. o(A4,X) = C\p(A, X) is the spectrum of
A.

Spectrum o (A, X) is the union of three sets which are disjoint, as follows: If A;l
does not exist A € C belongs to the point spectrum. If A;l is defined on a dense
subspace of X and is unbounded then A € C belongs to the continuous spectrum
0.(A, X) of A. If A" exists, but its domain of definition is not dense in X then
A;l may be bounded or unbounded. In this case A € C belongs to the residual
spectrum o,.(A, X).

7(A, X) = 0p(A, X)Uce(A, X) Uo, (A, X) (1)

is obtained by from above definitons and these sets are two by two discrete between
them.

The all, bounded, convergent, null and bounded variation sequences are denoted
by w, f, ¢, co and bv, respectively. Moreover the spaces of all p—absolutely
summable sequences and p—bounded variation sequences are denoted by ¢, bvy,
respectively.

We notice that the dual space of ¢ is norm isomorphic to the Banach space

élz{m:(xk)ew:i|xk|<oo}.

k=1

Many Authors studied the spectrum and fine spectrum of linear operators on
some sequence spaces. Some of the operators studied on the spectrum are as follows:
The g-Cesdro matrices with 0 < ¢ < 1 on ¢y was studied by Yildirim [19] in 2020,
the difference operator over the sequence space bu, by Akhmedov and Basar [1]
in 2007 and forward difference operator on the Hahn space by Yesilkayagil and
Kirigei [16] in 2016.

2. FINE SPECTRUM

The upper triangular double band matrix U(ag, a1, as; bo, b1, b2) is defined on a
Banach sequence space by

U(a07 ai, a2; b(), b17 b2) (xn) = (anxn + bnanrl)ZO:()
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where a, = ay, by = b, for x = y(mod3). The class of the operator U(ag, a1, as; b, b1, b2)
includes, in particular, the operator U (r, s) when a; = r and by = s for all k € N,
with ;s € R and s # 0. Also, it includes the upper difference operator; ar = 1
and by = —1 for all k¥ € N. These operators have been studied in [14] and [11],
respectively. Ul(ag, a1, az;bg, b1,b2) is an infinite matrix of form

_ao bo 0 0 0 0 0 i
0 al b1 0 0 0 0
0 0 an b2 0 0 0
Ul(ao, a1, az; by, b1, b2) = 8 8 8 %0 Z(i l?1 8 (bo, b1, b2 # 0).
0 0 0 0 0 a9 b2

2)

In this work, we will calculate spectral decomposition of above matrix.

Lemma 1 ( [3], p.6). The matriz B = (byy) gives rise to a bounded linear operator
T € (¢;¢) from c to itself if and only if

(i) the rows of B are in {1 and their £1 norm are bounded,

(ii) the colums of B are in c,

(iii) the squence of row sums of B is in c.

The operator norm of T is the supremum of the ¢; norms of the rows.

Corollary 1. Ul(ag, a1, a2;bo,b1,b2) : ¢ — ¢ is a bounded linear operator and the
norm s ||U(ag, a1, as; bg, b1, b2)|| = max {|ao| + |bol, |a1]| + |b1], |az| + |b2|} -

Notation 1. Throughout this study we will demonstrate as
M ={AeC:|x—aol[A—ar| [A = az| < [bof [br][b2]},
OM is the boundary of the set M and M s interior of the set M.
Theorem 1. ¢,(U (ao, a1, az; by, b1,b2) ,¢) = M.
Proof. Proof is similar to proof of |9, Theorem 1]. O

Lemma 2 ( [3], p.267). Let T : ¢ — ¢ be a bounded linear operator. If T* : {1 — {1,
T*g=goT, g € c" =¥, then T and T* have matriz representations B = (byx)
and B* respectively. In here

X Y—X v1—X UV2—X
uo boo —ug bio—uog bao —ug
B* = ur bor —ur bin—ur b —wy
Uz bog —uz big —uz bag —up
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where

oo
Up = lim by , v, = E bn,m
m—00
m=0

and

X = lim wv,.
n—oo

In this section, we will take a,, + b, = an41 + bpt1 = s, herein a, = ay, by = by,
=y (mod3).

From Lemma the adjoint of Ul(ag, a1, az; b, b1,b2) : ¢ — ¢ is the matrix

« 0
Ul(ao, a1, az; bo,b1,b2)" = < 8 Ut )

and U(ao, ai,ag; bo, b1, bg) B (61)
Lemma 3 (Goldberg [13| p.59]
Lemma 4 (Goldberg 13| p.60]
Theorem 2. 0,(U (ag, a1, az;bo,b1,b2)", c*=01) = {s}.

)

. T has a dense range < T is 1-1.

— —

. T has a bounded inverse < T* is onto.

Proof. Let i be an eigenvalue of the operator U (ag, a1, az; bg, b1, bg)*. Then there
exists u # 6 = (0,0,0,...) in £; such that U (ag, a1, az; bo, b1, b2)" u = nu.
Then, we obtain

Sug = Nug (3)

apuy = Nug (4)

bou1 + ajus = Nus (5)

biuz + asuz = nug (6)

bauz + apug = Nuy (7)

Then we have if n = s, then from ug € C , from and etc. u; = ug =
U3 =+++=U, =---=0. Ifn;és,thenfromu():&fromn:ao. Therefore
fromugzo,from@ug :O,fromul =0andetc. Soug=u; =ug =+ =
u, = --- = 0. Hereby, 0,(U (ag,a1,az2; bo, b1,b2)" ,c*=t1) = {s}. O

Theorem 3. o,.(U (ag, a1, az; bo, b1,b2),c) = {s}.

Proof. Owing to o,(A,¢c) = o,(A*, c*=l1)\op(A4,c¢), required result is given by
Theorems [1] and [2] O

Lemma 5.

fe’e] 3n+t [e%s) e’}
Z (Z akbnk> = Za3k+t (Z bn,3k+t> , t=0,1,2
n=1 k=1 n=~k

k=0
herein (ar) and (bny) are real numbers.
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') 3n+t
E g arbni
n=1 k=0

3+t 6+t 9+t 3n+t

D arbik + > arbor + > arbsk + -+ Y agbpp -
k=0 k=0 k=0 k=0

agbio + a1bi1 + azbiz + azbiz + agbig + asbys

+agbag + arbar + azbaz + aszbas + asbay + asbas + agbog + azbar + agbag
+agbso + a1b31 + a2b32 + azbss + asbzs + asbss + agbsg + arbsr + agbss
+agbzg + a1obs 10 + a11b3 11

+...

+agbno + a1bpy + -+ + azpt2bp 3042

+ e

oo o0 (o) o0 o
a0 > bno+ a1 Y buy+a2 Y bna+asr Y bnsir+aope D bnere
n=1 n=1 n=1 n=1 n=2

o0
+ o+ a3t Z bn 3K+t
n==k

o0 (o)
> askir | Y boskte
k=0 n=~k

Theorem 4.
O'C(U (ao,al,ag;bo,bl,bQ),C) = 8M\ {S} CLTLd O'(U (ao,al,ag;bo,bl,bg) ,C) = M

Proof. Let v = (v,) € £1 be such that (U (ag, a1, az;bo, b1,b2) — AI)*u = v for some
u = (up). Then we get following system of linear equations:

(s = Nug = vg
(0,0 — )\)Ul = V1

boui + (a1 — )\)Ug = VU9

(s —Nug =g
(ao — )\)ul =1
bausn + (a0 — A)Usnt1 = V3ni1
bousnt+1 + (@1 — AN)Usnt2 = V3ni2
biusnt2 + (a2 — A)Usnt3 = V3n43
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Solving above equations, we have

1
up =
1 3n—+t 3n+t—k—1 b
Ugnge = —— | D (1R T R =012 n=1,2
) ) ) Y ) LA
a2 = A | £ o @ntirlov — A

—1
Herein a, = ay, by = by for z = y(mod3) and we accept that [] _benttiioy

=1.
v=0 A3n+t+1—v — A

Therefore we get

o0

Do lunl = fuol + fua] + Jus| + Jug| +---
n=0

o0
Juo| + |ua| + Jua| + D luzn o]

n=1

= \u0|+|ul\+|U2|

3n—+t 3n+t—k—1 b3 L
3n+t—k 3n+t+1—v
Nt POLCTE A | |

A3n+t+1—v — A

k=1 v=0

1 N N bo
v v vy — v
S—A " ag— A ar— X ° (aof)\)(alf)\)l

) 3n+t 3n+t—k—1 b
3n+t+1—v
Vg _—
e S [ e

Thus the inequality is gotten;

Zu < G+max i rit \Uk|3n+ﬁk_1 b?ertJrl—VH (8)
n=0 ! 1 o @8ngrr—y — A
where
1 1 1 bo
T ao—AU1’+ a A2 (a0 =N (a— N

oo [3n+t 3n+t—k—1
Now, we consider the sum [ vl T1

b?m+t+1—H I Lemma
A3n4t+1—v — A

n=1 [ k=1 v=0
3ntt—k—1| .
. 3ntt+1—
if we take ay = |vi| and b, = BTV | then we have
v=0 A3n4t+1—v —

o) 3n+t 3n+t—k—1
A3nttil—v — A

> ,;1'”’“‘ I1

n=1 v=0

b3nttr1—v H
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oo 3n+t—(3k+t)—1

Z U3k 44| Z H

b3n+t+17u ‘
A3nttt1—v — A

oo 3n—3k—1 b
3n+t+1—v
U3k o i A Y
- Sl |3 TL [
3n—3k—1 b _ B
Alsosince  [[ | ——"E=) = |d|" "1 = 0,1,2 setting
V=0 | @3ndgtyi—v — A
bab1bg . . _
d= ( V1 2 ( N while |d| < 1, the last equation turns into the sum
ag — ayp — ag —

oo 3n—3k—1

e [z il

b3n+t+1—l/
A3ngt+1—v — A

f o5k [i |d|”"“]
- 2t ()

#u ||
1—[q "
Then since |d| < 1 we get
Zun <G+max;7||v|| )
0 m= |a | 1— |d| £y
bob1b
SO’Wehavew(vn)efl,u=(un>ezlif|d=' — <1

(ag — )\)(al — )\)(CL() — /\)

Consequently, if for A € C, |az — A||a; — A||ao — A| > |ba] |b1] |bo]|, then (u,) € £;.
Thus, the operator (U (ag, a1, az; bo, b1, b2)—AI)* is onto if |A — ag| |A — a1 |A — az| >
|bo| |b1] |b2]. Then by Lemma U (ag, a1, az; bo, b1, ba) — Al has a bounded inverse
if I)\ — a0| |)\ — a1| |)\ — a2| > ‘bo‘ |b1| |b2| Therefore,

O'C(U (ao,al,az;bo,bl,bg),c) Q {)\ eC: |)\ - a0| |)\ - al\ |)\ - a2| S |b0| |b1| |b2|} .
Owing to o(4, ¢) is the disjoint union of ¢,(4,¢c), 0,(A4,c) and o.(4, ¢), thence

O’(U (ao,al,ag;bo,bl,bg) ,C) Q {)\ eC: ‘)\ - ao‘ |>\ — a1| ‘)\ — ag‘ S |b()| |b1| |b2|} .
By Theorem [1] we get

{/\ S C: |/\—a0| |)\—a1| |/\—a2| < |b0| |b1| Ibg‘}

op (U (a0, a1, a2;bo,b1,b2) , ¢)
C U(U (a07a17a2;b07b17b2)70)'

Since, o (4, ¢) is closed

{Ae C: A= aol |A = ar] [A = az| < |bof b1 | [b2]}

N

(U (ao, a1, az2; b, b1,b2) , c)
= O—(U(a07a1ua2;607b17b2)70)7
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and hence {A cC: ‘A — CLo| |)\ — (11| |)\ — (12‘ S |b0| |b1| |b2|} C O'(U (ao,al,az;bo,bl,bz),c).
Therefore, o(U (ao, a1, az;bo, b1,b2),¢) = M and so o¢(U (ao, a1, az;bo, b1,b2) , c) =

M\ (M U {s}) = OM\ {s}.

O

3. SUBDIVISION OF THE SPECTRUM

Subdivision of the spectrum; consists of three subsets of the spectrum that need
not be discrete as follows:

The sequence (z,) € X that satisfy the conditions of ||z,|| = 1 and ||Az,| — 0
as n — oo is called a Weyl sequence for A.

The set
oap(A, X) :={\ € C : there exists a Weyl sequence for \I — A} (9)
show the approximate point spectrum of A. The set
os(A, X) :={A€ (A, X): M — A is not surjective} (10)
show defect spectrum of A. Finally, the set
7oA, X) = {A € C: R\ — A) # X} (11)

show compression spectrum in the literature.
The below Proposition is extremely important for obtaining the subdivision of
the spectrum of U (ag, a1, ag; bo, b1, b2) in c.

Proposition 1 ( 2], Proposition 1.3). The spectrum and subspectrum of an oper-
ator A € B(X) and its adjoint A* € B(X™*) are related by the following relations:
(a) J(A*vX*) = U(AvX)} (b) UC(A*aX*) - UGP(A?X)7

(c) oap(A*, X*) = 05(A, X), (d) 05(A*, X*) = 04p(4, X),
(e) U;D(A*vX*) = UCO<AaX); (f) UCO(A*vX*) 2 Up(A7 X):
(9) 0(A, X) = 04p(A, X)Uop(A*, X*) = 0,p(A4, X) Uogp(A*, X*).

Goldberg’s Classification of Spectrum

If A € B(X), then there are three cases for R(A):

(I) R(A) = X, (II) R(A) = X, but R(A) # X, (II]) R(A) # X
and three cases for A~

(1) A=! exists and bounded, (2) A~! exists but boundless, (3) A~! does not
exist.

If these cases are combined in all possible ways, nine different states are created.
These are labelled by: Iy, Is, Is, I1y, II, 113, 111y, 1115, 1113 (see [13]).

(A, X) can be divided into subdivisions Iro(A, X) = 0, Is0(A, X), [Ir0(A, X),
II30(A,X), I1o(A,X), I[II,0(A,X), III50(A, X). For example, if T = A — A
is in a given state, I1I5 (say), then we write A € I[1I,0(A, X).

By the definitions given above and introduction, we can write following Table 1.
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TABLE 1. Subdivisions of the spectrum of a linear operator

1 2 3
A;l exists A;l exists A;l
and is bounded | and is unbounded | does not exists
A€ oy(4,X)
I |RAMT-A)=X A€ p(A X) - A€ ogp(A X)

A€ o.(A4,X) A€ op(4,X)
II | RAM-A)=X| Xep(4,X) A€ 0gp(AX) A€ ggp(A,X)
)\EO'(;(A,X) AEUg(A,X)
A€o (A, X) A€o (A X) Aeop(4,X)
| R —A) £ X | Aeos(A4,X) | N€oap(A X) | A€ oup(A, X)
)\EO‘5(A,X) )\EUg(A,X)
A€ 0eo(AX) A€ 0e(AX) A€ Te(AX)

The articles mentioned in the Section 2, are related to the discretization of the
spectrum defined by Goldberg. However, subdivision of the spectrum was examined
on certain sequence space in [4], [6], [7]. Moreover, the spectrum and fine spectrum
was calculated in [5], [8], [10] , [12], [15], [17], [1§].

Theorem 5. If |A — ag| |\ — a1] |\ — az| < |bo| |b1]]b2|, then

AE I30'(U (ao, ay,ao;bg, by, b2) s C).
Proof. Proof is similar to proof of |9, Theorem 5]. |
Corollary 2. I1110(U(ag, a1, az;bo, b1,b2),¢) =0, I1150(U(ao, a1, az; bo, b1, b2), c) =
{s}.
Proof. If |\ — ao| |A — a1| |A — az| > |bo| |b1] |b2] then the operator U (ag, a1, az; by, b1, ba)—
Al has a bounded inverse from proof of Theorem [3| and A = s does not satisfy the
inequality |A — ao| |A — a1| |A — az| > |bo| |b1] |b2|. Owing to

or(Ulao, a1, a2;b0,b1,b2),¢) = II1Io(U(ao,a1,az;bo,b1,b2),c)
UIIIQU(U(G'()7 a1, a; bOv b17 b2)7 C)

from Table 1, we obtain IT1T0(U(ag,a1,as;bg,b1,b2),c) =0,

IIIQJ(U(CL(),al,CLQ;bo,bhbg),C) = {S} O
Corollary 3. II30(U(ag,a1,a9;bo,b1,b2),¢) = IT130(U(ag, a1, a2;bg,b1,b2),¢) =
0.

Proof. Since
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op(Ulao,a1,a2;b0,b1,b2),¢) = I30(U(ao,a1,az;bo,b1,b2),c)
UII30’(U(CLO,CL1,ag;bo,bl,bg),c)
UIIIgU (U(ao,al,ag;bo,bl,bg),c)
in Table 1, 0,,(U(ao, a1, az; bo, b1, b2),¢) = I30(U(ao, a1, az; bo, b1, ba), c) from The-

orem [I] and Theorem 5l Thus
IIgO'(U(ao,al,ag;bo,bl,bg),C) = IIIgJ(U(ao,al,a2;b0,b1,b2),c) = @ D

Theorem 6. (a) 05(U(ag, a1, az;bg,b1,b2),¢) = OM,
(b) Uap(U(aoaalaGQ;bOablabQ)ac) = M7
(c) 0co(U(ag, a1, az;bo,b1,b2),c) = {s}.

Proof. (a) From Table 1, we obtain
0s(U(ao, a1,az2;bo,b1,b2),¢) = o (U(ao, a1, az; bo, b1, b2),c)\Iso(U(ao, a1, az; bo, b1, b2),c) .
So using Theorem [ and [f] with a,, 4+ by, = an41 + bpg1 = S, the required result

is gotten.
(b) From Table 1, we obtain

Uap(U(ao,aJ,az;bo,bl,bz),c) = O'((U(a()7al,az;bo,b17bz),C)\III1O’(U(0,07a1,a2;b0,b1,b2),c).

And so 04, (U(ag, a1, az; bo, b1,b2),c) = M from Corollary
(¢) By Proposition [1] (e), we obtain

op(U(ao, a1, a2; b, b1,b2)*,¢*) = 0co(Ulag, ar, az; bo, b1, b2), c).

Using Theorem 2| with a,, + b, = a5, +1 + byt1, the required result is gotten. O

Corollary 4. (a) O'ap(U(ao,al,ag;bo,bl,bg)*,C* = [1) = 8M,
(b) o5(U(ao, a1, az;bo, by, b2)*,c* = £y) = M.

Proof. By Proposition [I] (¢) and (d), we obtain

Oap(Ulag, a1, as;bo,b1,b2)*,c* = 41) = 05(U(ao, a1, az; by, b1, b2), ¢)
and

os(U(ao, a1, az2; by, b1,02)", ¢* = 1) = 04p(Ul(ao, a1, az; bo, b1, b2), ¢).

from Theorem |§| (a) and (b) with a,, + b, = ap41 + b1 = S, the required results
are gotten. (I
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4. RESULTS

We can generalize our operator

=)

o

2 o

- o
5o

o o

o O
oo oo

Ulag,ai,...,an-15b0,b1,...,bp_1) =

O OO OO

0 0 ag bo

OO OO (e}
cococo
o
S
S
[
AN
S
3
|
AN

where b()7 bl, ey bn—l 7é 0.
In parallel with our study, the following results are valid for the n-entry upper
triangular double band matrix above.
n—1
Theorem 7. The following results are valid, where T = {)\ eC: ] 5 < 1},
k=0 k

T be the interior of the set T and OT be the boundary of the set T and for
Qp + by = ap4+1 + bn+1 =t

)\—ak

(1) O'p(U((l(),(ll,‘ . ,an,l;bo,bh. . ,bnfl),c) = T,

(2) O'p(U(a07(117. .. ,an,l;bo,bh. .. ,bnfl)*,c* = 1) = {t}7
(3) aT(U(aO,al, N 7an,1;b0,b1, .. .,bn,1)70> = {t},

(4) O'C(U(Clo,a1,...,an_l;bo,bl,...,bn_l),c) :8T\ {t},
(5) U(U(ao,al,...,an_l;bo,bl,...,bn_l),c) =T.
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A FRACTIONAL ORDER MODEL OF HEPATITIS B
TRANSMISSION UNDER THE EFFECT OF VACCINATION
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ABSTRACT. In this paper we present a fractional order mathematical model to
explain the spread of Hepatitis B Virus (HBV) in a non-constant population.
The model we propose includes both vertical and horizontal transmission of
the infection and also vaccination at birth and vaccination of the susceptible
class. We also use a frequency dependent transmission rate in the model. We
give results on existence of equilibrium points of the model and analyze the
stability of the disease-free equilibrium. Finally, numerical simulations of the
model are presented.

1. INTRODUCTION

Hepatitis B is a serious liver infection caused by Hepatitis B Virus (HBV). Ac-
cording to World Health Organization (WHO), an estimated 296 million people
are living with HBV infection and in 2019 almost 820000 people died due to HBV
related liver diseases [33]. However, immunization of newborns and susceptible in-
dividuals is a very effective strategy to control the transmission of the disease [34].

There are basically two different transmission types for HBV. When blood, semen
or another body fluid from a person infected with HBV enters to the body of a non-
infected person, horizontal transmission occurs. The virus can also be vertically
transmitted [33]. Vertical transmission is the transmission of the virus from an
infected mother to the baby at birth. Most of the infected individuals recover
from the disease and gain immunity, however some develop chronic HBV infection.
Chronic HBV infection can lead some life-threatening diseases like cirrhosis and
liver cancer. The incubation period for HBV is an average of 120 days [21]. Once
an individual is diagnosed with HBV, the infection is considered as acute infection
for 6 months but if the infection lasts more than 6 months, it is considered as
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chronic infection [21]. For adults, recovery rate from acute infection with immunity
is 95% while for infants and children, this rate is dramatically low [7].

In early 1980’s a general dynamical model considering immunization, composed
of partial differential equations is proposed and the idea of suitability of the given
model for HBV transmission was put forward for the first time [1]. In 1994, the first
differential equation model specifically for transmission of HBV infection including
vaccination is proposed [16]. Since then, many researchers studied on models with
vaccination (See [12]).

Medley et al. introduced a compartment epidemic model for HBV infection with
immunization of children born to carrier mothers and newborn babies [22]. In this
study population in the absence of disease is assumed to be constant. Zou et al.
modified the model given in [22] considering the lifelong immunity gained after
recovery and waning vaccine-induced immunity in a non-constant population by
assuming only horizontal transmission of the disease [35]. In both of these models,
transmission rate is assumed to be density dependent and also transmission occurs
only through carriers ans acute infectious individual. However, HBV may transmit
during its incubation period [33].

In recent years many mathematicians studied on fractional order epidemic mod-
els ( [3], [17], [18]). Ullah et al. introduced a fractional order epidemic model for
HBYV transmission with density dependent transmission rate using Caputo-Fabrizio
derivative in which only the immunization of children born to carrier mothers is con-
sidered [29]. Farman et al. analyzed an epidemic model for HBV infection consists
of differential equations in Caputo sense. In this model, the population is assumed
to be constant in the absence of the disease [6]. In this study we propose a more
general model using fractional differential equations of Caputo sense considering
newborn vaccination and also vaccination of susceptible individuals regardless of
age. The reason for using fractional differential equations is to reflect the memory
effect in the spread of the disease to the mathematical model ( [4], [23]). In this
model we consider both horizontal and vertical transmission of the disease. HBV
infection is a long term infection so, ignoring the demographic structure of the
population is not realistic. In the model we propose, we also consider the demo-
graphic properties of the population. Transmission rates used in epidemic models
can be classified in two major forms: density dependent transmission rate and fre-
quency dependent transmission rate [9]. Density dependent transmission rate is
commonly assumed for smaller populations and specifically in modeling airborne
transmitted diseases, nevertheless frequency dependent transmission rate is com-
monly assumed for large, heterogeneous populations and in modeling vector-borne
or sexually transmitted diseases ( 9], [§]). In all of the above mentioned models,
transmission rates are assumed to be density dependent, however we assume fre-
quency dependent transmission rate. We first introduce the model then analyze
the equilibrium points of the model and finally we give the numerical simulations
for the constructed model.
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FIGURE 1. The schematic diagram of the proposed model.

2. MODEL DERIVATION

Definitions of fractional order integral and fractional order derivative in Caputo
sense 19| are presented in the Appendix. Due to its nature, Caputo fractional
derivative is widely used in mathematical modeling of real life problems. We also
use Caputo derivative in our model. The main reason for using fractional derivative
rather than the integer order derivative is the memory effect that is considered in
the fractional order differential equations. Like most of the biological dynamics,
dynamics of the transmission of epidemic diseases have a short memory effect |23].

The schematic diagram of the proposed epidemic model to explain the spread
of HBV infection is given in Figure The total population, N(¢), is partitioned
into five classes namely susceptible, exposed, acute infectious, chronic infectious
and recovered classes denoted by S (t), E (t),I; (t), Iz (t) and R (t), respectively.
The individuals in susceptible class are healthy individuals who are candidates
for contracting the disease. The individuals in F (t) class are infected individuals
for whom the virus is in its incubation period. In the model there are two more
infectious classes. After the symptoms are seen in an infectious individual, he/she
is assumed to pass to the acute infectious class. If an acute infectious person cannot
recover from the disease in a specific time interval which depends on the structure of
the disease, he/she is assumed to be chronic infectious. Acute and chronic infectious
compartments are denoted with I; (¢) and I (), respectively. d is the natural death
rate of the population and 6 is the death rate related to the fatal diseases caused by
the infection. Particularly for HBV infection, secondary fatal liver related diseases
arise for the chronic infectious individuals that enhances the death rate. We assume
that vaccination rate at birth is pu and the rate of vaccination of susceptible class
is €. Also vaccinated individuals gain immunity and pass to the recovered class.
Since, HBV is a virus that can be vertically transmitted which means an infected
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TABLE 1. Variables and parameters used in the model.

(t) : | Number of susceptible individuals at time ¢

(t) : | Number of exposed individuals at time ¢

Number of acute infectious individuals at time ¢

)
t): | Number of chronic infectious individuals at time ¢

(t): | Number of recovered individuals with immunity at time ¢

Immunization rate by vaccination at birth

Natural death rate

Probability of having an exposed baby for exposed and infectious classes

Transmission coefficient (both exposed and infectious individuals can transmit the disease)

Immunization rate of susceptible class

I

Iy

R

J

A Number of recruits per unit time
d

p

T

£

q1

Recovery rate from acute HBV infection

gsa: Rate of developing chronic disease after acute Hepatitis B infection.

0: Disease related death rate

B The rate at which exposed individuals pass to acute infectious class

individual (we only consider the vertical transmission from mother) may transmit
the disease to its babies before birth, the parameter p is defined as the probability
of having an exposed baby for the infected individuals. All of the parameters used
in the model are explained in Table [1].

These assumptions lead to the following system of differential equations with
0<a<l,

DS = (1= ) A (1 - PEEER)) g (HEEER) 4 gy ¢)),

D°E = (rS + pA) EHLEL) _ (54 g) B,
DIy = BE — (q1 + g2 + d) 11, (1)
DaIQ = q2.[1 — (0 + d) IQ,

DR = quly +p (1 - 2EERH) 4 65— aR
and the initial conditions
S(0) =Sy, E(0)=Ey, I (0) = I10, I2(0) = Is, R(0) = Ry, (2)

where N (t) = S (t)+ E (t) + I1 (t) + I (t) + R (t) and (S, E, 1, I>, R) € R5.. Using
system , we obtain
D°N(t) = A —dN — 01. (3)

Theorem 1. The initial value problem —(@ has a unique solution and the solu-
tion remains in RS,

Proof. The existence and uniqueness of the solution of (I)-(2) in (0,00) can be
shown by using [|13]. We now show the positive invariance of the domain Ri.
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Since,

E+1T I
DS | soo=A(l—p) (1_1’(+N1+2‘)) >0,
o T‘S(Il —‘rIQ) pA(Il —1—12)
DYE | g=o= >0,
S+L+L+R S+L1+1L+R
DL | n=0=BE >0,
DI, | 1,=0=g¢2l1 >0,

p(E+Il+Ig)

_PAETAT) ) L eg >0,
S+E+I1+I2) teez

D*R | Rr=o=ql1+pA <1

on every hyperplane bounding the nonnegative orthant, the vector field points into
5
R3.
O

It is clear that N (t) also remains nonnegative.
Lot @ = {(S (1) B (), 1y (). Ia (1) R (1) € R : 1< N (£) < A/d}
Lemma 1. The set § is positively invariant with respect to system .
Proof. implies that

DON(t)
0

—dN (£) + A,

<
< a<l.

So,

Consequently, N (t) < %7 if Ny

IN
$\>

For the sake of simplicity in calculations, we use the system

DS = (1— p)A (1 _ p(E+]{;+12)) _g (T(E+]{]1+12) +d+§) 7

DYE = (rS 4 pA) EHtR) (54 ) E,

DI = BE — (1 + g2 + d) 14, (4)
DQIQ = q2[1 - (9 + d) 12,

DeN(t) = A — dN — 01,

that can be obtained by (1)) and (3]) with the initial conditions
S(0) =Sy, E(0)=Ey, I (0) = Lo, I5(0) = Iz, N(0) = No.
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3. EQUILIBRIUM POINTS AND STABILITY

System 1) has a disease free equilibrium (DFE) at Hy = (A(lf"),O,O,O, %)

d+€
The positive equilibrium appears at H; = (S*, E*, I7, I;, N*) where
N N*ApA; 1
s = (gt A
AgAr + A +1 r
E* = AoA L7,
Iy = Ao}
A—0I3
N* = 2
d
and
d+46
AO = ki ’
q2
A, = (d+aq +QQ)’
B
if the condition
ApA; (d
041 (d+¢) > 1, p<l

r(1—p)d(AogAr + Ao +1)

holds true.

Basic reproduction number, denoted by Rg, for an infection is the number of
secondary infections caused by one infected individual introduced to a totally sus-
ceptible population. Therefore, it is assumed to be a treshold value for the infection
to persist. Jacobian method is commonly used to determine the value of Rj in epi-
demic models. However, it is not easy to overcome the algebraic work needed to
apply Jacobian method to models with multiple infectious compartments. Next
generation matrix (NGM) method is an alternative method to find the value of Rf.
The details of the NGM method can be found in [2], [30], [31] and [32]. We first
give the outline of the NGM method and apply it to the model given by .

Consider the system given with

dX

— =G (X).

o (X)
Let X = (x1, 2o, ..., xn)T be the number of individuals in each compartment of the
epidemic model and let the first m compartments (m < n) are composed of infected
individuals. Consider the equations represented in the form

dx i
dt

where F; (X) is the rate of appearance of new infections in compartment ¢ and
V; (X) is the rate of transitions between the infected compartments. Here F; and

— Fi (X))~ Vi (X), i=1,2,....,m (5)
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V; are assumed to be in C2. FV ! is called the next generation matrix where

F—[a}-i(X )} andV—[avi(X)}, 1<4,5<m
81‘]' 8.Tj

and the spectral radius of the NGM is the basic reproduction number.

Theorem 2. ( [32]) If X is a disease free equilibrium of the system dft" =F (X)—
V; (X) then Xq is locally asymptotically stable if RS = p (FV’l) < 1, but unstable
if Ry > 1.

Remark 1. Consider an epidemic model given by the integer order system

dXx

— =G (X 6
2 =ax) (6)
and its fractional order counterpart
d* X
=G (X). 7
o) @

Systems @ and @ have the same equilibrium points. Let X* be the disease free
equilibrium point for both models. If X* is stable for (@, then it is also stable

for (@ But the converse is not always true. Therefore, Theorem 1 gives only a
sufficient condition for the stability of X* for @

We now consider the system consisting of three infected compartments of the
model ,
DYE = (rS +pA) EHtR) (g1 gy E

DI =BE — (q1 + g2 + d) 1 (8)
DIy = qoIy — (04 d) I,

and split the system in the form .
Let X = (S,E, I,,15, N) and define

(r+pA)S(E+ L + 1)

s

F1(X) N )
F2 (X) 0,

F3 (X) = 0,

Vi(X) = (B+d)E,

W(X) = -BE+(d+aq+aq)l,
Vs (X) (d+0) I — qi 1.

So,

rd(1— rd(1— rd(1—p)
flfgu)—i-pd §+5H)+Pd C(Hg” +pd
F = 0 0 0 7
0 0 0
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(B+d) 0 0
V| w,= -3 d+q1 +q 0
0 —q2 d+6

and
d+&+d(1—p)r

(8 +d) (d+&)

Theorem 3. DFE of system is locally asymptotically stable, if R§ < 1 and
unstable if R§ > 1.

Ry=p(Fv-1) = 2

Proof. The first part of the theorem is a direct consequence of NGM method and
Remark 1. In order to prove the unstability condition, we apply the Jacobian
method. The characteristic equations of system for the DFE is

(—d=&=AN)(=d=AN)P3(A\) =0
where Ps (A) = =A% + ap\? + ay A + ag with

ay = (d+B)(Ry—1) = (Ai1f + Aoga)

a1 = (Ai1f+ Aoge) (d+ B) (Ry — 1) — AgA1Bge + (d + B) Ry 8

ap = (d+B)Bg2(AoAr (Ry— 1)+ R5(Ag+1)).
If R§ > 1 then ap > 0. Applying Descartes’ rule of signs, we see that P; has at
least one positive root, that is DFE is unstable. [

Theorem 4. DFE of the system is globally asymptotically stable in Q if R < 1
and the following condition holds:

(1 + g2+ ad)[(B+d) (0 +d)+ g2 (r +p)] >

(r+p) (g1 +q+d+B)(0+d+ Rig) )
Proof. Consider the Lyapunov function
L=AF+ AxI; + A3,
where
A = (@ +q+4d)(0+d) Rg,
Ay = (r+p) (O +d+ Rog), (10)
As = (r+p) (@ +q+d) R;.

Using system , we have
D*L < E[Ai(r+p)— A (B+d) + Af]
+11 [A1 (r+p) — A2 (q1 + g2 + d) + A3
+1 [A1 (r+p) — A3 (0 +d)].
Substituting A;, As and A3 as given in , we obtain
DL < (E+N)(B;—1) (g1 +q+d)(r+p)(0+d)
+E[(B+ a1 +g2+d) (r+p) (0 +d+ Riqz)
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(i +@+dR((0+d) (B+d) + g (r+p))]
S 07

if Rf < 1 and @ holds. Consequently, using LaSalle’s invariance principle, we
conclude that DFE is globally stable in (2. O

4. NUMERICAL SOLUTIONS OF THE MODEL USING DATA OF TURKEY

Hepatitis B virus infection is a serious public health issue in Turkey as well as the
rest of the world. There are two phases of the infection namely acute and chronic.
Once a person is diagnosed with chronic HBV infection he/she may develop new
HBYV related fatal diseases like cirrhosis and liver carcinoma. A traditional SIR
model is performed for explaining HBV transmission in Turkey and transmission
coefficient for this model is estimated for two different values for birth and natural
death rate of the population [10]. We also simulate our model using data of Turkey.

According to the data provided by Turkish Statistical Institution (TUIK), the
average number of people born in Turkey every year is 1303000 and the average
death rate in Turkey is 0.00521 between the years 2010 and 2020 [2§].

The most effective method to control the spread of HBV is the immunization of
the individuals in the population. In our model there are two parameters related
to the immunization. The first one is p that represents the efficient immunization
rate of the newborns. In Turkey since 1997, every baby born in hospitals is being
vaccinated after birth. The immunity is gained after three doses of vaccine with
95% [20]. In Turkey nearly 94% of the births take place in hospitals and the
newborns receive the first dose after birth but only 75% percent of them take three
doses of vaccine ( |24]). For the parameter that represents the efficient vaccination
rate at birth, u, we use the estimated value 0.66975 that is the product of 0.95, 0.94
and 0.75.

Vertical transmission of HBV is important for the models explaining the dy-
namics of the spread of HBV because the rate of developing chronic Hepatitis B
is 70% — 90% for the babies who are born infected ( [25]). The rate of having an
exposed baby for the infected mothers is known to be almost 90% and according
to TUIK ( [28]), the rate of giving birth for the population is 1.7% in Turkey. So,
we set the parameter p = 0.0153. 3 is assumed to be the the rate at which the ex-
posed individuals pass to the acute infectious compartment, that is closely related
with the incubation period of the virus. The incubation period of HBV is known
to be 60 — 180 days and for the simulations we assume it to be 120 days and set
B8 =360/120 = 3.

The average recovery rates from acute infection for adults, children and babies
are 95%, 50% and 10%, respectively. Using the demographic data of Turkey we use
the weighted average for the recovery rate for Hepatitis B as 3.5008 considering the
average recovery duration 90 days. We also use the value 0.2496 for the parameter
q2, that is the rate of developing chronic HBV infection for the acute infectious
compartment. This value is calculated by g2 = 2(1 — ¢q1/4).
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TABLE 2. Initial values for system .

N (0) 74724.269(x 10°)
Hepatitis B prevalence ( [26]) 4.57%

Number of HBV infectious people | 3414.899(x10%)
5(0) (15) 406.372(x 10°)
I (0) 3008.526(x 10°)
E(0) (assumed) 100(x10%)

R(0) ([27)) 23837.041(x10°%)
5(0) 47372.33(x10°%)

Chronic HBV infection causes liver related fatal diseases and chronic HBV re-
lated deaths are due to liver cancer with 55% and cirrhosis and other liver diseases
with 45% ( [15]). Disease related death rate, 6, is estimated to be 2.2 x 1075 ( [14]).
We also assume that the vaccination rate for the susceptible compartment is 0.0001.

Transmission coefficient of the disease does not only dependent on the type of
the virus but also depends on the social structure of the population we work on. So,
we simulate the model for different values of transmission coefficient, r (r = 0.8, 1).

We start the simulation from 2011, when the prevalence of HBV in Turkey
was 4.57% ( [26]). According to the Annual Epidemiological Report (2010-2014)
on Hepatitis B of European Center for Disease Prevention and Control (ECDC),
11.9% of reported Hepatitis B cases are acute ( [5]). Also the rate of anti-HBs
positivity which is a marker for gained immunity rate for Turkey is 31.9% ( [27]).
We use the values given in Table [2| to determine the initial values of system .

Basic reproduction numbers are calculated as 0.0862849 and 0.107849 for » = 0.8
and r = 1, respectively. The solutions of the proposed model using the above
mentioned parameters for different values of o are represented in the figures -

(©)-

5. CONCLUSION

Epidemic diseases and their health and economic consequences are one of the
major problems in the world. The first step to control the spread of a disease is
to understand its dynamics. Mathematical models are very convenient tools to
understand how a disease spread. Although statistical analysis of the data about
the spread of a disease gives a foresight about the future, it generally ignores the
dynamical feature of the process. Also, collecting appropriate data needs a long time
and also it is too expensive. In this paper we propose an epidemic model to explain
the spread of Hepatitis B. Hepatitis B epidemic is a long term epidemic unlike the
seasonal diseases. So, the population in the model is assumed to be non-constant.
Also, due to the nature of HBV both vertical and horizontal transmissions are
considered in the model. We also use a fractional order system to reflect the memory
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effect of the epidemic. After determining the equilibrium points of the model, we
give local stability analysis of the disease free equilibrium. We also give numerical
simulations for the model. The parameters used in the simulations are obtained
using previously published research and the numerical solutions are plotted for
two different values of the transmission coefficient. The solutions are presented for
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a =1,0.9,0.8. Data for the incidence of the disease is easily reachable for Hepatitis
B. But for the simulations of the proposed model, we need the prevalence data and
the only comprehensive data for the prevalence of HBV infection in Turkey is given
in 2011 ( [26]). This model may give a foresight for the future of HBV infection in
Turkey under the mentioned scenario.
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Appendix

Definition 1. [19] Riemann-Liouville fractional order integral of order o > 0 for
a function f: R™ — R is defined by

1 ! a—1
W/o (t— 7)Y f(r)dr

and Caputo fractional order derivative of order a € (n — 1,n) of f (t) is defined by
Def(t) =I"""Df (t)

1°f (1) =

where n = |a|] — 1 and D = d/dt. Here and elsewhere T' denotes the Gamma
function.
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ABSTRACT. In the present paper we introduce and study Orlicz lacunary con-
vergent triple sequences over n-normed spaces. We make an effort to present
the notion of g3-ideal convergence in triple sequence spaces. We examine
some topological and algebraic features of new formed sequence spaces. Some
inclusion relations are obtained in this paper. Finally, we investigate ideal
convergence in these spaces.

1. INTRODUCTION AND PRELIMINARIES

Several authors involving Duran [16], King [32], Lorentz [38], Moricz and Rhoades
[46], Schafer [57] have worked the space of almost convergent sequences. The no-
tion of strong almost convergence was considered by Maddox [39]. In [40], Maddox
defined a generalization of strong almost convergence. Related articles with the
topic almost convergence and strong almost convergence can be seen in [3[8H1553].

In 1922, Banach defined normed linear spaces as a set of axioms. Since then,
mathematicians keep on trying to find a proper generalization of this concept. The
first notable attempt was by Vulich [60]. He introduced K-normed space in 1937. In
another process of generalization, Siegfried Gahler [20] introduced 2-metric in 1963.
As a continuation of his research, Géhler [21] proposed a mathematical structure,
called 2-normed space, as a generalization of normed linear space which has been
subsequently worked by many researchers [2226],33},/35]41},45|.

In order to extend convergence of sequences, the notion of statistical convergence
was given by Fast [17] for the real sequences. Afterward, it was further researched
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from sequence point of view and connected with the summability theory (see |5l
7,18L131},42-441|47]) and has been generalized to the thought of 2-normed space by
Giirdal and Pehlivan [27]. Recently, Alotaibi and Alroqi [1] extended this concept
in paranormed space. The concept of paranorm is a generalization of absolute value
(see [48]). We can refer to [|4,/34] which are connected with this topic. The studies
of double and triple sequences have seen rapid growth. The initial work on double
sequences was establised by Bromwich |6]. The concept of regular convergence for
double sequences was introduced by Hardy [29]. Quite recently, Zeltser [61] in her
Ph.D thesis has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Recently, Mursaleen and
Edely [50] and Sahiner et al. [58] considered the idea of statistical convergence for
multiple sequences. Fridy and Orhan [19] defined the concept of lacunary statistical
convergence. The double lacunary statistical convergence was worked by Patterson
and Savag |55]. For details about definition of sequence spaces, Orlicz sequence
spaces and paranormed spaces one can see [37(511[54L(56].

Since sequence convergence plays a very significant role in the essential theory
of mathematics, there are many convergence notions in summability theory, in
classical measure theory, in approximation theory, and in probability theory, and
the relationships between them are examined. The concerned reader may consult
Giirdal et al. [26], and Hazarika et al. [30|, the monographs [2| and [49] for the
background on the sequence spaces and related topics. Inspired by this, in this
chapter, a further investigation into the mathematical features of triple sequences
will be made. Section 2 recalls some known definitions and theorems in summability
theory. In Section 3, we study the concept of Musielak-Orlicz lacunary almost and
strongly almost convergent triple sequences over n-normed spaces and introduce the
notion of gz-ideal convergence in a paranormed triple sequence spaces, where the
base space is an n-normed space. In addition we investigate some topological and
algebraic features of newly formed sequence spaces. In addition to these definitions,
natural inclusion theorems shall also be presented.

Now we remind the n-normed space which was determined in 23| and some
definitions on n-normed space (see |28]).

Definition 1. Let n € N and X be a real vector space of dimension d > n (Here

we allow d to be infinite). A real-valued function ||.,...,.|| on X™satisfying the sub-
sequent four features

(1) |lz1, 22y ooy xnl] = 0 iff @1, 22, ..., zy, are linearly dependent;

(i) ||z1, @2, ..., Ty s invariant under permutation;

(141) ||x1, T2y ooy Bne1, axy|| = || |21, 22, vy Tne1, Tnl|, for any a € R;

() ||z1, 22y ooy Bn—1,y + 2|| < |21, @2, ooy 1, Y| + |21, T2y ooy T, 2
is called an n-norm on X and the pair (X, ||.,...,.||) is called an n-normed space.

It is well-known fact from the following corollary that m-normed spaces are ac-
tually normed spaces.
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Corollary 1. ( [25]) Every n-normed space is an (n — r)-normed space for all
r=1,...,n— 1. Especially, every n-normed space is a normed space.

Example 1. A standard example of an n-normed space is X = R"™ equipped with
the n-norm is

lz1, 22, ..oy 1, Tnl| := the volume of the n-dimensional parallelepiped spanned
by x1,%o,...;Tp_1,Ty in X.
Observe that in any n-normed space (X, |.,...,.||) we acquire

|21, 22,y X1, xn|| >0
and
|21, 22, ooy 1, n|| = |21, T2, ooy 1, T + 121 + oo+ Q1T —1 ||
for all z1,xs,...,z, € X and ay,...,a,_1 € R.

Definition 2. A sequence (xy) in an n-normed space (X, ||.,...,.||) is said to con-
vergent to an l € X if

lim ||$k — 1,91, 92, -~-ayn—1|| =0
k—o0

fO’F every Y1,Y2, -, Yn—1 € X.

Definition 3. A sequence (xy) in an n-normed space (X,||.,...,.||) is called a
Cauchy sequence if
lim ||Ik — T, Y1,Y2, "'7yn—1|| =0
k,l—o00

for every y1,y2, ..., Yn—1 € X.

By the convergence of a triple sequence we mean the convergence in the Pring-
sheim sense, i.e. a triple sequence x = (z;;;) has Pringsheim limit ¢ (indicated by
P —limx = §) provided that given € > 0 there is n € N such that |z, —&] < ¢
wherever i, j, k > n, (see |58]). We shall denote more briefly as P—convergent. The
triple sequence « = (z;j%) is bounded if there is K > 0 such that |z;;| < K for all
i, 7 and k.

Definition 4. A subset K of N is called to have natural density 63(K) if

B . | Kt

exists, where the vertical bars signify the number of (n,k,l) in K such that p < n,
g <k, r <. Then, a real triple sequence & = (xpqr) is named to be statistically
convergent to £ in Pringsheim’s sense provided that for every e > 0,

03 ({(n7k7l) e N’ p<n,q<kr<li, |$Cpqr_f| 25}) =0.
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Statistical convergence was further generalized in the paper [36] utilizing the
notion of an ideal of subsets of the set N. We say that a non-empty family of sets
Z C P(N) is an ideal on N if 7 is hereditary (ie. B C A€ I = B €7 ) and
additive (i.e. A, B € T implies AUB € ). An ideal Z on N for which 7 # P (N) is
named a non-trivial ideal. A non-trivial ideal Z is named admissible if Z includes all
finite subsets of N. If not otherwise stated in the sequel Z will signify an admissible
ideal. Let Z C P (N) be any ideal. A class F(Z)={M Cc N:JA e T: M =N\A4}
named the filter connected with the ideal Z, is a filter on N.

Definition 5. Let Z be an admissible ideal on N and x = (x) be a real sequence.
We say that the sequence x is T-convergent to & € R provided that for each € > 0,
the set A(e) ={keN: |z & >} €.

Take for Z the class Z; of all finite subsets of N. Then Z; is a non-trivial
admissible ideal and Zg-convergence coincides with the usual convergence. For
more information about Z-convergent, see the references in [52].

Definition 6. ( [59]) Let I3 be an admissible ideal on N3, then a triple sequence
(xjk1) is named to be I-convergent to & in Pringsheim’s sense if for every € > 0,

{(G k) €N : |2y — €| > e} € T,
In this case, one writes I3-limx;p; = &.

Remark 1. (i) Let Z3 (f) be the family of all finite subsets of N3. Then I3 (f)
convergence coincides with the convergence of triple sequences in [58)].

(it) Let I3 (8) = {A C N3 : 65 (A) = 0} . Then I3 (8) convergence coincides with
the statistical convergence in [5§].

2. MAIN RESULTS

Following the above definitions and results, we aim in this section to introduce
some new notions of Orlicz lacunary convergent triple sequences and g3-ideal conver-
gence over n-normed spaces. In addition to these definition, also some topological
and algebraic properties of newly formed sequence spaces have been established.

A triple sequence x = (x;;) of real numbers is called to be almost convergent
to a limit £ if

a+p—1p+qg—1v+r—1

lim Z Z Z Tijk — =0. (1)

P,q,r—>00 r
aB'y>O pq i—a

In this case, £ is called the f3-limit of x and the space of all almost convergent
triple sequences is denoted by f3,

f3 = {x = (xiyjr) : lm  |hpgrapy () — €] = 0, uniformily in a,ﬁ,’y} ,

p,q,v—
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where

hpqm{ﬁ'y ( )

(p+ )(Q+1 ) (r+1) ZZZCEH’O‘JJrﬁkJr’y

=0 j=0 k=0
The set of all strongly almost convergent triple sequences is denoted by [f3].

Let M = (Myn0) be a Musielak-Orlicz function, © = (tmne) be a triple sequence
of positive real numbers and p = (pmno) be a bounded sequence of positive real
numbers. We indicate the space of all sequences defined over (X, ||., ..., .||) by w(n—
X). Now we itendify the following sequence spaces for some p and for every nonzero
Y1,92, s Yn—1 € X

[M,u, F,p,|.,.., Il ={x € win — X) :
— Pmno
hmp»‘]ﬂ"—)OO Z [umnoano (‘ %M,yl, ...,yn_1H>j| = O,

m,n,0=1,1,1

uniformly in a, 8,7 > 1}

and
[M,u, [F],p,]- -] = {z € win — X) :

0,000,000

: — _ Pmno
limp g,r—o0 Z [umnoano (hpqraﬁ'y (H %7 Y1y -5 Yn—1 H)>:| =0,

m,n,0=1,1,1

uniformly in a, 8,7 > 1},

where hpgrapy(z) is defined as in (I). We write [M, u, [F],p, ||.,...,.|[] = limz = &.
Also we have
My, [F] [y ey ] C MG uy By py ||y ooy |l C M0, €0y ||y ooy -]
holds from the inequality:
q T
BT ETD 2 2 2 (Tita,j+8,kry—E)
_ GO DFD 2 2 i
’ %%M7y17"'7yn71“ = S ;k - yYls -5 Yn—1

q T
1+ay+ﬁ bty —&
< (p+1)(q+1 (r+1) . Z Z §

s YLy ey Yn— 1H hpqrozﬁ’y (H » yYly ooy Yn— 1”)
Furthermore, the triple sequence 83 = 0, ,, - = {(my, Ny, 0-)} is called triple lacu-
nary sequence if there exist three increasing sequences of integers such that

mo =0, hy, =my, —Mmy_1 — 00 as v — 00,

ng =0, hy =n, —ny_1 — 00 as N — o0,
and

00=0, hy =0, —0,_1 — 00 as T — 0.

Let my,p,r = mynyor, by = hohyhs and I, , - is determined as follows:

Iy nr={(m,n,0) :my_1 <m < my,n;—1 <n<ny,ando,_; <o<o;},
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_ M _ My _
Sy = 787] - y S =
My—1 Np—1 Or—1

Let D € N x N x N. The number

and sy .- = 545,57

8% (D) = lim [{(m,n,0) € I, 4+ : (m,n,0) € D}|
UTT My,m, T
is named to be the 63-density of D, provided the limit exists.
The spaces of lacunary almost and strongly almost convergent triple sequences

in n-normed spaces are identified as follows:

[M,’U,, Fy, p, ||a ) ||] - {.13 € (xijk) € ’LU(?’I, - X) :
00,00,00 Pmno
hmvﬂ]ﬁ—mo Z UmnoMmno P Z Wﬂﬂv ---vyn—l) ]
m,n,0=1,1,1 U4 k€ oy
= 0, uniformly in a, 8,7 > 1}
and
M, (Fo] s [l ] = {2 € (i) € w0 — X)
00,00,00 Pmno
lim,, 1, T—00 hvln - Z Z |:umnoano (%Ma Yty -y yn71> ]

4,5,k€lunr m,n,0=1,1,1
= 0, uniformly in «, 5,7 > 1},

where
_ T 1
F = T = (xwk) : hmv,n,'r—)oo I Z (xiJra,jJrﬁ,kJr’Y - f) y Y1y oy Yn—1
6= KRN TEY
uniformly in «, 5,y
and

T4 k€ Ly
uniformly in «, 8,y

[F } { T = (xijk) limy, 57— 00 o —— ! Z |‘(mi+a,j+ﬁ,k+7 — &), Y15 Yn—1ll }
0] = .

Lemma 1. For a given € > 0 and let x = (z;;,) be a strongly almost convergent
triple sequence. Then there exist po, qo, To, o, By and vy such that
pm,no
)] <e

a+p—1pB4+qg—1v+r—1 o0,00,00
YD VD M M T
for all prmno Z 1, P 2P0, 42 qo, 7 2 T, @ 2 o, 2 Bo, 7 2 70, for every nonzero

= = k=vy m,n,o=1,1,1
Y1,y Yn—1 € X. Then x € [M,u,[F], 0, -|l] -

Tijk — &
yYls -5 Yn—1

Proof. Given € > 0. Take pj, qf, 74, @0, Bos Yo such that

a+p—1p+qg—1vy+r—1 o0,00,00
qu‘ Z Z Z Z [umnOano(

= = k=~ m,n,o=1,1,1

Tijk — &
yYly ey Yn—1

Pmno

(2)

DO ™



ORLICZ-LACUNARY CONVERGENT TRIPLE SEQUENCES 587

for all p > pf, ¢ > q(’)7 r > 7"6, a > ap, B> By, ¥ > 7 Now we have to prove
only that there are pjj, ¢(, r{ such that for p > p{j, ¢ > ¢, ¥ > r{, 0 < a < ay,
0<B< By, 0y <.
Pmmno
)] <E.

3)
By selecting po = max (pj, pjj), 9o = max (g, q) and rog = max (r{, (), will
holds for p > po, ¢ > qo, 7 > 19 and Ve, 8,y. Take ag, By, v be fixed,

ﬂpm — Ky (4)

Pmno
s

Pmmno
s

Pmno
x.7 ik — é’
”Tvyla"'ayn—l ‘>:| :K4-

Tijk = §
yYls ooy Yn—1

a+p—1p+qg—1vy+r—1 o0,00,00
zzgjz[mm4

=« = k=~v m,n,o=1,1,1

qu

y Y1y s Yn—1

ag—1Bo—17v9— 00,00,00
3D zpww(

=0 j=0 k=0 m,n,o=1,1,1

Tijk — &
0

—1ly+r—1 o0,00,00

aozj Z Z l:Umnoano (“W,yl,...,yn_l

j=B k=7, m,n,o=1,1,1

ap—1B+q—17—1 00,00,00

Z Z Z Z |:Umnoano (’ %jf,yl,...,yn,l

i=a j=f, k=vy m,n,0=1,1,1

ap—1B+g—17+r—1 00,00,00

DI Sl VD S [Tt

i=a j=By k=vo m,n,0=11,1

a+p—1B8y—1~vy— 00,00,00 Tiik f
E : 2 : § : } : 4,9,k
m —— PREEY) —
|:’U, noano <‘ P Y1 Yn—1

i=ag j=p k=vy m,n,0=1,1,1

a+p—1By—lvy+r—1 oo0,00,00

)OI Db D SN [T

i=ag j=B k=7, m,n,0=1,1,1 -

ik _g 7 Pmno
%75
p y Y1y -5 Yn—1 ‘) = Kﬁ'

a+p—1p+qg—179—1 oo0,00,00

)OI MDD SN [T

i=ag j=py k=y m,n,0=1,1,1 "

ik _g T Pmno
]
D y Y1y -5 Yn—1 ‘) = K?-




588 O. Kisi, M. GURDAL

Now taking 0 < a < ap, 0 < < 5y, 0 <v <7 and p > ag, ¢ > By, 7 > Yo, We

have from (4H10))

atp—1B4q—1y+r—1 ©950,0

2D YNED SERD SN S (.7 A

i=a  j=p  k=y m,n,o=1,1,1

=L <%Z1+a+i 1) (ﬁozlf%j (W(’Elﬁg 1)

Pmno
Ma Y1, - '7ynle)i|

1=Qq j=B J ﬂo Y k Yo

00,00,00

5" fan

m,n,0=1,1,1

Pmno
Mayh . '7yn—lH)i|

K1+K2+K3+K4+ o+K6+K7+

- pqr par pqr par pqr pqr par

ag+p—1Bot+g—1vyy+r—1 00,00,

T XY Y Y [wmmeMue (

i=ao  j=Bo k=7 m,n,o=1,1,1

Pmno
Ma Y1, - '7ynle):|

Kl K2 K3 K4 K5 K5 K7 k= f
rom
—pqr+pq7‘+pq’r‘+qu+qu+qu+pq7’+ .

Taking p, g, r sufficiently large, we can obtain

Kl KQ Kg K4 K5 K6 K7 3
— =S - <
pqr pgr pgqr - pgr - pqr - pqr - pqr 2

gives ([3). This concludes the proof. O
Theorem 1. Let pino > 1V m,n, o and for every 05 we have [M,u, [Fp],p, ||, ..., .|| =
(M, [F], s - - -]

Proof. Let {zijr} € [M,u,[Fp],p,|.,.....|]]. Then for given & > 0, there exist po,
qo, ro and & such that
Prmno
)<

forv>wvg,n>ny, 7>10and a =Up_1+1+a,B=V,_1+14a,vy=Z,_1+1+a,
a>0. Let p> hy, ¢ > hy, 7> h, write p =ch, + 6, ¢ =0bh,+0,r=dh, +0

Tigk — L

yYly ooy Yn—1

a+h,—1B+hy—=1y+h,—1 o00,00,00
Z Z Z Z |:umnoano (

UaTLT k=y myn,o=1,1,1
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where b, ¢, d are integers. Since b, ¢, d > 1. Now

a+p—1pB4+q—1~y4+r—1 9,00,

REED VRED VRED VRN N [T VA

Pmno
Ti,j,k—§
Lﬂl/lw ‘7yn71H):|
i=a  j=f k=y m,n,0=1,1,1

a+(c+1)hy—1 B+(b+1)hy—1 y+(d+1)h,—1 9,99,

IN

Pmno
[umnoano ( M; Y1,y Yn—1 H)]

pqr £ £ £
1= Jj=B =7 m,n,0=1,1,1

a+(u’+1)hv—1 b ﬂ-i—(u'-‘rl)hn—l d 'y+(u'+1)h7—1

— Ly Yy Yy Y

w'=0 i=a+tu'h, uw'=0 j=p+u'h, uw'=0 j=y+v'h,

00,00,00

5 ot

m,n,0=1,1,1

pmno
Ti,jk—§
oL ayl,'ﬂynle)}

S (d+1)(c+1)(b+1)h h h < 4cbdhyhyhre (d C,b Z 1) )
pqr pqr ’
By hohr . chdhyhyhr
For o < 1, since = 1

a+p—1pB+qg—1vy+r—1 o0,00,00

pqr Z Z Z Z |:umnoano <HW,ZJ17 ey Yn—1

= j=pB k=~ m,n,0=1,1

Pmno
)] < 4e.

Using Lemmal[l] we get [M,u, [Fg] Dyl ees Il C My, [F] s s ey -] - O
Lemma 2. Assume for a given € > 0 there exist po, qo, o and oo, By, Vo such that
00,00,00 atp—1pf+g—1y+r—1 Pmno
Z UmnoMmno oar Z Z Z (mw LA Y ..~7yn1> <e
m,n,0=1,1,1 i=a

for all p > po, ¢ > qo, 7 > 10, @ > g, ﬁ > By, ¥ = 7o, for every monzero
Y1y s Yn—1 € X and for some p > 0. Then x € [M, F,u,p,||., ..., .||]-

Proof. Assume € > 0. Take p{, ¢, 70, o, By, Yo such that

Pmmno

00,00,00 a+p—1B+q—1~v+r—1
} : } : 2 : 2 : xlm
umno mno 7917 sy Yn—1 <

m,n,0=1,1,1 pqr =«

(11)
for all p > pfy, ¢ > g, r > 1, @ > ag, 8> By, 7 > 7. By Lemmal[i] it is enought to
denote that there exist pf, ¢(, vy such that for p > p{, ¢ > ¢(, r > r{, 0 < a < ay,
0<B<Bp, 0<y <7

| ™

Pmno

00,00,00 a+p—1B+q—1~v+r—1
mmk
Z 7-hnno mno Z Z Z ayla 5 Yn—1 <e€
qu

m,n,0=1,1,1 i=a =B k=~
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Since ag, B, 7o are fixed, let 0 < a < ap, 0 < 5 < By, 0 < v < v, and p > aop,
q > By, > 7. According to (4f10]), we obtain

Pmmno

00,00,00 a+p—1p+q—1~v+r—1
E § E : E : Li,g,k
umnoano ” ( 7y1a -~-ayn1)
m,n,o=1,1,1 pq =
[ Pmno
©0,00,00 ag—1Bo—17vo—
< M xm k—
— Ummno mno r 7y17 ey Yn—1
m,n,0=1,1,1 Pq i=a j=0 k=v
00,00,00 i ap—1Bpg—1y+r—1 . 7 Pmno
z : j : 5,k —
+ um,noanO r ( 7y1, "';yn—l)
m,n,0=1,1,1 pq i=a j=B k=v,
00,00,00 i ap—1pB+qg—17v9— 7 Pmno
M xw,
+ UmnoMmno r ) y17 s Yn—1
m,n,0=1,1,1 pq i=a j=B, k=v
00,00,00 [ 1 ag—1p+qg—1~y+r—1 . Pmmno
@7,k
+ § Umnoano —_— § § < 7y17'~-7yn1>
— pqr
m,n,o0=1,1,1 i=a j=B, k=,
00,00,00 i a+p—1Bo—1vy— 1 Pmno
Li,jk —
+ Z UmnoMimno § : § : E ( ’ yla vy Yn—1
m,n,0=1,1,1 i=ag j=f k=v
00,00,00 [ at+p—1B+q—1v,— . 7 Pmno
i,7,k
+ § UmnoMmno § E § < ) 1117 oo yn—1>
m,n,0=1,1,1 i=ag  j=B, k=~
00,00,00 i a+p—1B+q—1~y+r—1 Pmno
E E § : Ti 5,k —
+ umnoano § ( ) yla s Yn—1
m,n,0=1,1,1 i=ag j= 60 k= =70
K Ko Ks Ky Ks K¢ Ky
— pgr + pqr + pqr + par + pgr + pgr + pqr+
©00,00,00 1 a+p—1pB+q—1~vy+r—1
+ E umnoano W Z (12)
m,n,0=1,1,1 i=ao  j=By k=7¢

Let p — ap > pp,

(TL] k=&

r— 9 > 4. Then, for 0 < a < ag, 0 < 8 < 3,,

q—Bo > 40,

Pmno
y YLy ees ynfl) H:|

0<y<vp weget p+a—ag>ph, qg+B8—By>aqh, r+v— v = rf. From (TI),



ORLICZ-LACUNARY CONVERGENT TRIPLE SEQUENCES 591

we have

00,00,00

ao+pta—ag Bot+q+B—Bo Yo+r+rv—70

1
> [“mnoMmm (rFatao) (@ +B+Bo) rF7+70)

m,n,0=1,1,1 i=ag i=Bo k=,
Pmmno
Tijk—§ €
( ]p aylv"'vyn—l>‘:| < bR
(13)

From and , we have

00,00,00

Z [umnoano

m,n,0=1,1,1

a+p—1B+qg—1~y+r—1

1 Ti g k—E
W Z Z ( Jp 7y17"'7yn—1)
i=a =5 k=x

J

‘| Pmno

K K K K Ks K K
< Koy Ko 4 Kz | Ky 5 Ke | K7
— pqr + pqr + pqr - pqr + pqr - pqr + pqr

4 (pra—a0)(@+B—Bo)(r+7=70) ¢
pqr 2

Ky | Ky | K3 | Ky Ks Ks | K7 | €
—qu'+pqr+pqr+pq7'+pqr+pqr+pqr+2<€’

for sufficiently large p, q, . O

Theorem 2. (i) For every 0,

M, Egy ps [y ooy [0 [Mw, 129 py s ooy [l = M s By s s ]
(ii) For every 0, [M,u, Fp,p,|., ..., ||| € [M,u,1?p, ||, .....]|].
Proof. (i) Let {x;jr} € [M,u, Fp,p,|., ..., ||| N [M,u, 1, p,||.,...,.]|] Ve > 0 there

exist vg, 7y and 7o such that

_ 1
hay

21T

a+h,—1B+hy=1~+h,—1
00,00,00 M
Zm,n,o:LlJ Umnomno (

xq i k—L
Up 7y17“'7yn71)
i—a =B k=

Pmno
£

(14)
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fOI' Uan77—ZUO7T}O?7—07a2aOaBEBOa’YZ’YOaO‘:UU—1+1+a7ﬂ:Vn—1+1+aa
v=2Z;-1+1+a,a>0.Let integers p > hy, ¢ > hy, r > h,, b,c,d > 1. Then

00,00,00

Z [umnoano

m,n,0=1,1,1

atp—1B4+q—1y+r—1 ©°,00,°

1 Tijk—§
ol X X X Mu(®

= J=B k= m,n,o=1,1,1

> Yt "'7yn—l)

‘| Pmno

00,00,00

< Z [Umnoano

m,n,0=1,1,1

c—1 a+(p+1)hy—1 p—1 B+(b+1)hy—1 d—1 y+(p+1)h,—1
par , ,
p=0 di=a+ph, P=0 jF=B+yYh, =0 k=v+ph,

(M7y1a EE) yn—l)

Pmno 1
} T par

©0,090,00 at+p—1 B+g—1 ~y+r-1

- Z [umnoano Z Z Z

m,n,o=1,1,1 i=a+chy j=f+bhy j=v+dh.

Pmno
’(M Yty -y Yn— 1)H‘| .

(15)

pm,no
[

Pmno

§ |:umnoano
00,00,00 a+p—1pB+q—1~vy+r—1

Since {x;jx} € [M,u, 1%, p,|.,...,.||] for all i, j, k, we have
= (in,j,k —¢ )‘
— Y1, Yn—1
m,n,o=1,1,1 p
From and , we have
Lijk —
Z umno mno Z Z Z ( y17"'7yn1)
m,n,0=1,1,1 =

1 e Kh
< —dceb.hyhph, = + — 0T
pqr 2 pqr

for % < 1, since M <1 and T can be made less than 5, taking p,
q, r sufficiently large so

00,00,00 a+p—1B+q—1~y+r—1 . Pmno

gk~
S e SR ID Sl G ST | | IR

m,n,0=1,1,1 pqr 1=

fOT v,n, T 2 U0777077—O7 (6% 2 g, ﬁ Z BO7 vy Z ’70'

Therefore, [M, u, Fo,p, ||, .. [[] N [M,u, 1%, p, || oo [} © (M, Epy |, s I

(ii) Let {zijr} = (—1)7* (ijk)" where ¢ is constant with 0 < ¢ < 1. Then
a+hy,—1B+hy—=1~y+h, —1

Z Z Z Lijks 67 720)

Let X = R™. It is straight forward to verify that {z;;1} € [M,u, Fy,p,|.,...,.|l]
with £ = 0. But {z;;;} is not bounded. O



ORLICZ-LACUNARY CONVERGENT TRIPLE SEQUENCES 593

Theorem 3. The sequence space [M,u, [F],p,|., .., -|l] is a linear topological space
total paranormed by

93 (T) = SUPp,g.r>1, a,8,9>1

a+p—1pB+q—1~y+r—1
DqT
0Zy1rym1ex \P?

XX X S [tmno Moo
i=a  j=B k=v '

Pmno
‘T“,,"k',yh-u,ynle)] )
Pmno
1; 7y17--'7yn—1H>>1| .

Proof. Obviously g3 (x) =0 < z =0, g3 () = g3(—z) and g3 is subadditive. Let
(™) in [M,u,[F],p,]., -, .||] such that gz(z(™ —x) — 0 as m — oo and (Vo)
be any sequence of scalars such that v,,,, — v as m,n,o0 — co. Since

g3 (x(m)) <g3(x)+gs (fc(m) — x)

holds by subadditivity of g3, g3 (x(m)) is bounded. Thus, we acquire

00,00
= SUPp,q,r>1, a,8,7>1 Zm mo=1,1,1 UmnoMimno thqmﬂ’y (’
0#Y1,-.Yyn—1EX

93 (vmnorﬂ(m) = l/rc>

a+p—1p+q—1~v+r—1

sup 22 X

p,q,r>1, a,B y>1 pqr

0#Y1,..sYn—1€X =
00,00,00 ( ) Pmmno
vmnoml]k VT k
lumnoano( yYls -5 Yn—1 )] )
m,n,0=1,1,1 p

a+p—1pB+q—1~vy+r—1

|Umno - U| sup Z Z Z

p,g;r>1, o,B,y>1 PCI?"

IN

0FY15eYn—1€X =a
00,00,00 (m) Pmmno
M Tijk
Umno mno( yYly ey Yn—1 ) )
m,n,0=1,1,1

a+p—1B+q—1~vy+r—1

ol e > > X

p,q,r>1, o,f,y>1 pqr i—a
0#£Y1,..,yn—1€X
(m)

0,000,000 _ .
Ly gk — Tijk

Z lumnoano (

m,n,o0=1,1,1

= |Umno —v| g3 (Jc(m)) + |v| g3 (a:(m) - z) -0

yYls -5 Yn—1

)])

as m,n, o — oo. This concludes the proof. (I
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Definition 7. A triple sequence © = (z;,) is named to be strongly p-Cesaro I-

summable (0 < p < 00) to a limit & in (M, [F],u,,p, -] ,93) if
‘ 1 m,n,o

g k) e N® . —— ik — &e))P > T

(i,4,k) € mnoijgll(gs(m ge))" z e €13

for every e > 0 and we write it as xij, — §[C, g3 (T)],, -

Definition 8. A triple sequence © = (z;;) s said to be gs-ideal convergent to a
number L in ([M,u,[F],p, ||, -ll],93) if for each e >0

{(7’7]7k) € N3 $ 93 (mijk —fe) > 5} 61.37

where
93 (T — &)
a+p—1pB+q—1~vy+r—1
- pqr>fuaﬁ'y>1 pqr Z Z Z
0#Y1, s Yn—1€X ma g=p k=y
00,00,00 Pmno
Tk — &e
Z |:Umnoano < =R~ yYls -5 Yn—1 ):| .
m,n,0=1,1,1
3 .
By I([M W [FLps s gs) WE denote set of all g3(T)-convergent sequences in
([M,U, [F] » Dy |'7 ey ||] ag?)) .
Definition 9. A triple sequence x = (zi;i) ts said to be gs-ideal Cauchy in
(M, u, [F],p, I -5 -ll] 5 g3) if for every e > 0 there exist three numbers P = P(g),

Q = Q(e), R = R(e) such that
{(i,j.k) € N° : g3 (wij — xpor) > €} € Ts.
Theorem 4. If a triple sequence is ideal convergent in ([M,u, [F],p, |, -], 93),

then its limit is unique.

Proof. For given € > 0 we define sets as:
. €
K (e) = {(i.3.k) € N2 gs (s — 1) > T}

and

. €
K () = { (i k) € N2 g (@ign =€) = £ }
and suppose ¢3(Z) — limz = &; and g3(Z) — limz = &,. Since g3(Z) — limz = £,
we have Ki(e) € Zs. Similarly, g3(Z) — limz = £, we have Ks(e) € Z3. Now let
K(e) = K1(¢) U Ka(e). Then K(e) € I3 and therefore, K°(¢) is a non-empty set
and K¢(e) € F(Z3). If (i,5,k) € (Nx N x N)\ K (¢), then we have

93 (61— £2) < g3 (wige =€)+ 93 (i — ©) < 5 + 5 =¢
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Since € > 0 is arbitrary, we get g3 (§; — &) = 0 and hence &, = &,. d

Theorem 5. Let x = (zi;;) € ((M, v, [F],p, ||, ..., .|l ,93) be ideal convergent to §

iff there exists a set

K = {(ip,Jg,kr) €EN? iy <ig < 0. <ip <oy 1 < J2 < oo < g < ooy k1 < ko
< <k.<.}

with K € F (I3) such that g3(x;,j,k, — &) — 0 as iy, jg, kr — 00.

Proof. Let g3(Z) — limz = £. Now write for v = 1,2, ...

Ks (5) = {(pv%r) € NS ‘g3 (xiqukT _5) S 1+ :;}

and )
MU (5) = {(pv Q1r) S NS : 93 (xiqukT - f) > } .

v
Then K, € Z3. Also
My DMy D ...DM; D Mit1D ... (16)
and
M, e F(Z3),v=1,2,.. (17)
As we know {xiqukr} is gs-convergent to . Assume {x;;;} is not gsz-convergent to

§. Therefore, there is € > 0 such that gz(z;,;,x, — &) < ¢ for infinitely many terms.
Let

M. = {(p,q,r) € N*: g3(w;,j,k, — &) >}
and € > %, (v=1,2,...). Then M, € Z3 and by M, C M,.. Hence, M, € I3
which contradicts and we get that {x;;x} is gs-convergent to £.
Conversely, suppose that there exists a subset
K = {(ip,jg.kr) EN> 1y < . <ip <oty 1 <o <Jg <oy k1 <o <hp <.}

with K € F (Z3) such that gs-limy, 4 r 00 T4,j,k, = & then there exists an N (g) such

r

that
g3(xijk — &) < e fori,j, k> N.
Let
K. = {(i,j7 k) € N®: g3 (@ije — &) > 5}
and

K' = {(in41,in+1,kns1)  (ing2, N2, kng2) 5o -
Then K’ € F(Z3) and K. C (N x N x N)\ K’ which implise that K. € Z3. Hence
93(Z) — limx = €. O

Theorem 6. Let g3(Z) — lima = &, and g3(Z) — limy = &,. Then
(1) g3(Z) —lim(z £ y) = & £ &,
(i) g3(Z) — lim(ax) = a&y, a € R.

Proof. Tt is easy to prove, so we omit it. (]
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Theorem 7. If 0 < p < oo and x;j — &[C,g35(2)], , then (x;1) is gs-ideal
J P J

convergent to g in ([M,’U,, [F] » Dy H7 weey ||] ag3) .
Proof. Let x;jr, — £[C, g3 (Z)]. Then we have
L m,n,o ) m,n,o
e 2 (g3 (zigE —€e) > > (95 (zijr — &e))”
%,5,k=1,1,1 1,5,k=1

(93(zijx—Ee))>e

> o {0, k) € N2 g3 (aign — €e) > e}
and
1 ngjo (95 (ijr — €e))” = L [{(i,4, k) € N* : g3 (i — Ee) > e}
epmmno i k=1,1,1 ~ mno -
That is
{(i,5.k) € N*: g3 (wijx — &e) > e} € Ts.

Hence (x;51) is gs-ideal convergent to & in ([M,w, [F],p, ., ...,.|l], g3) - O
Theorem 8. If x = (x;;1) is g3(Z)-convergent to & in (M, [F],u,p,|.,...,-|l] s 93)

then x5 — £[C, g3 (1)), -

Proof. Suppose that = (z;;1) is gs-ideal convergent to ¢ in ([M, [F],u,p, ||, ..., .|I],

Then for € > 0, we have K, € 73, where K, = {(z’,j, k) € N3 : g5 (w55 — Ee) > E}.

Since z = (z;1) € [M, 4,1, p, ||, ..., .]|], then there exists K > 0 such that
|:umnoM'rrmo (

pr‘n,no
)] =x
for all 4, j, k. Thus,

a+p—1p+q—1
93 (Tijk — Ee) = sup
. TIPS
Hence

p,q,r>1, o,B,72>1 i—a
Pmno
>:| S K'
m,n,o m,n,o

0#1}17 SYn—1€X
—— Y (gs(wgr—&e)’ == > (gs(zyk—Ee))”
i k=1,1,1 i k=111
g

Tije — &€
p

s Yls -5 Yn—1

Tijk — &€
yYls o5 Yn—1

y+r—1
Z [umnOano (

k=~

toms > (g3 (g —€e))’ < KK,

i,5,k=1,1,1
i,5, k€K

Then the set K. on the right hand side of above inequality belongs to Z3. Therefore,
ziji — € [C, g3 (T)],- Hence the proof is concluded. O

g3) -
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Let X and Y be two triple sequence spaces. We use the notation X,cq C Y¢q
to mean if the triple sequence = converges to a limit & in X then the sequence z
converges to the same limit in Y.

3 _
Theorem 9. (I<[M7u,[F],p,n.,...,.m,gs))reg = ([Cv 93 <I)]p)mg~
Proof. By combining Theorem and Theorem we have the proof. (|
Theorem 10. Let a complete paranormed space be ([M,u, [F],p,]-, -, ] s 93) -
Then a sequence in [M,u, [F],p,|.,...,.||] is gs-ideal convergent iff it is gs-ideal
Cauchy.

Proof. Let g3(Z3) —lima = £. Then, we get X (&) € Z3, where

X (e) = {(i,3. k) € N s go (i — ) > S}
This implies
xX° () = {(i,3, k) € N* o (wije — ) < 5
Let m,n,0 € X¢(¢). Then g3 (Tmno — §) < 5. Now let

Y (e) = {(i,4,k) € N> : g3 (wijp — &) > €} .
We need to demonstrate that Y (¢) C X (¢). Let (4,7,k) € Y (¢) . Then g3 (Zmno — Tijk)
> ¢ and therefore g3 (x5 — &) > ¢, thatis (4, j, k) € X (¢). Otherwise, if g3 (x5, — &) <
€ then

}ef(zg).

€ €
£ < g3 (Tijk — Tmno) < 93 (Tijk — &) + 93 (Tmno — &) < 5"'5 =€

which is not possible. Thus, Y (¢) C X (¢) and therefore, = (x;;1) is gs-ideal
convergent sequences.

Conversely, let © = (z;51) is gs-ideal Cauchy but not gs-ideal convergent se-
quences. Then there exist (¢, w’,v’) € N® such that

D(E) = {(7’5]7 k) € Ns 1 g3 (Iijk - xt/w/v’) > 5} €13
and G (g) € Iz, where
. €
G () = {3, k) €N g (i — ) < 5}

that is, G° (¢) € F (Z3) , since g3 (Tijk — Tmno) < 293 (Tijk — &) < e.1f g3 (zijr — §) <
S then D¢ (e) € T3, that is, D (¢) € F (Z3) which leads to a contradiction. Hence,
the result is obtained. (]

Author Contribution Statements The authors contributed equally to this work.
All authors read and approved the final copy of this paper.

Declaration of Competing Interests The authors declare that they have no
known competing financial interest or personal relationships that could have ap-
peared to influence the work reported in this paper.



598

(1]
2]
{i}
[5]
(6]

[7

(8]

(9]
[10]
(11]
(12]
(13]
[14]

(15]

[16]
(17]
(18]

[19]
[20]

21]
22]
23]

[24]

O. Kisi, M. GURDAL

REFERENCES

Alotaibi, A., Alroqi, A. M., Statistical convergence in a paranormed space, J. Ineq. Appl.,
2012(1) (2012), 1-6. https://doi.org/10.1186,/1029-242X-2012-39

Basgar, F., Summability Theory and Its Applications, Bentham Science Publishers, Istanbul,
2012. https://doi.org/10.2174/97816080545231120101

Bagarir, M., On some new sequence spaces, Riv. Math. Univ. Parma., 51 (1992), 339-347.
Basarir, M., Konca, §., Kara, E. E., Some generalized difference statistically con-
vergent sequence spaces in 2-normed space, J. Ineq. Appl, 2013(177) (2013), 1-12.
https://doi.org/10.1186,/1029-242X-2013-177

Belen, C., Mohiuddine, S. A., Generalized weighted statistical convergence and application,
Appl. Math. Comput., 219 (2013), 9821-9826. https://doi.org/10.1016/j.amc.2013.03.115
Bromwich, T. J., An Introduction to the Theory of Infinite Series, Macmillan and Co. Ltd.,
New York, 1965.

Connor, J. S., The statistical and strong p-Cesaro convergence of sequences, Analysis, 8
(1988), 47-63. https://doi.org/10.1524/anly.1988.8.12.47

Das, G., Mishra, S. K., Banach limits and lacunary strong almost convergence, J. Orissa
Math. Soc., 2(2) (1983), 61-70.

Das, G., Patel, B. K., Lacunary distribution of sequences, Indian J. Pure Appl. Math., 20(1)
(1989), 64-74.

Das, G., Sahoo, S. K., On some sequence spaces, J. Math. Anal. Appl., 164 (1992), 381-398.
Das, B., Tripathy, B. C., Debnath, P., Bhattacharya, B., Statistical convergence
of complex uncertain triple sequence, Comm. Statist. Theory Methods, in press.
https://doi.org/10.1080,/03610926.2020.1871016

Das, B., Tripathy, B. C., Debnath, P., Bhattacharya, B., Almost conver-
gence of complex uncertain double sequences, Filomat, 35(1) (2021), 61-78.
https://doi.org/10.2298 /F1L.2101061D

Das, B., Tripathy, B. C., Debnath, P., Nath, J., Bhattacharya, B., Almost convergence of
complex uncertain triple sequences, Proc. Nat. Acad. Sci. India Sect. A, 91(2) (2021), 245-
256. https://doi.org/10.1007/s40010-020-00721-w

Das, B., Tripathy, B. C., Debnath, P., Bhattacharya, B., Characterization of statistical
convergence of complex uncertain double sequence, Anal. Math. Phys., 10(4) (2020), 1-20.
https://doi.org/10.1007/s13324-020-00419-7

Das, B., Tripathy, B. C., Debnath, P., Bhattacharya, B., Study of matrix transformation
of uniformly almost surely convergent complex uncertain sequences, Filomat, 34(14) (2021),
4907-4922. https://doi.org/10.2298 /FIL2014907D

Duran, J. P., Infinite matrices and almost convergence, Math. Zeit., 128 (1972), 75-83.

Fast, H., Sur la convergence statistique, Collog. Math., 2 (1951), 241-244.

Fridy, J. A., On statistical convergence, Analysis, 5 (1985), 301-313.
https://doi.org/10.1524 /anly.1985.5.4.301

Fridy, J. A., Orhan, C., Lacunary statistical convergence, Pacific J. Math., 160 (1993), 43-51.
Gahler, S., 2-metrische Raume und ihre topologische Struktur, Math. Nachr., 26 (1963),
115-148. https://doi.org/10.1002/mana.19630260109

Gahler, S., Linear 2-normietre rume, Math.  Nachr., 28 (1965), 1-43.
https://doi.org/10.1002/mana.19640280102

Gunawan, H., On n-inner product, n-norms and the Cauchy-Schwartz inequality, Sci. Math.
Jpn., 5 (2001), 47-54.

Gunawan, H., Mashadi, M., On n-normed spaces, Int. J. Math. Sci., 27(10) (2001), 631-639.
https://doi.org/10.1155/s0161171201010675

Giirdal, M., Sahiner, A., Statistical approximation with a sequence of 2-Banach spaces, Math.
Comput. Modelling, 55(3-4) (2012), 471-479. https://doi.org/10.1016/j.mcm.2011.08.026



[25]

[26]

27]
28]
[29]

30]

31]

32]
33]

[34]

(35]

[36]
37]
[38]

[39]
[40]

[41]

[42]

[43]

[44]

[45]

ORLICZ-LACUNARY CONVERGENT TRIPLE SEQUENCES 599

Giirdal, M., Sahiner, A., Agk, 1., Approximation Theory in 2-Banach spaces, Nonlinear
Anal., 71(5-6) (2009), 1654-1661.

Giirdal, M., Sari, N., Savag, E., A-statistically localized sequences in n-normed
spaces, Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 69(2) (2020), 1484-1497.
https://doi.org/10.31801 /cfsuasmas.704446

Giirdal, M., Pehlivan, S., The statistical convergence in 2-normed spaces, Southeast Asian
Bull. Math., 33(2) (2009), 257-264.

Giirdal, M., Pehlivan, S., The statistical convergence in 2-banach spaces, Thasi. J. Math., 2(1)
(2004), 107-113.

Hardy, G. H., On the convergence of certain multiple series, Proc. Camb. Phil. Soc., 19 (1917)
86-95. https://doi.org/10.1112/plms/s2-1.1.124

Hazarika, B., Alotaibi, A., Mohiudine, S. A., Statistical convergence in measure for
double sequences of fuzzy-valued functions, Soft Comput., 24(9) (2020), 6613-6622.
https://doi.org/10.1007 /s00500-020-04805-y

Kadak, U., Mohiuddine, S. A., Generalized statistically almost convergence based on the
difference operator which includes the (p, ¢)-Gamma function and related approximation the-
orems, Results Math., 73(9) (2018), 1-31. https://doi.org/10.1007/s00025-018-0789-6

King, J. P., Almost summable sequences, Proc. Amer. Math. Soc., 17 (1966), 1219-1225.
https://doi.org/10.1090/S0002-9939-1966-0201872-6

Konca, S., Basarir, M., Almost convergent sequences in 2-normed space and g-statistical
convergence, J. Math. Anal., 4 (2013), 32-39.

Konca, §., Basarir, M., Generalized difference sequence spaces associated with a mul-
tiplier sequence on a real n-normed space, J. Ineq. Appl., 2013(335) (2013), 1-18.
https://doi.org/10.1186/1029-242X-2013-335

Konca, §., Idris, M., Gunawan, H., A new 2-inner product on the space
of p-summable sequences, J. Egyptian Math. Soc., 24 (2016), 244-249.
https://doi.org/10.1016/j.joems.2015.07.001

Kostyrko, P., Macaj, M., Salat, T., Z-convergence, Real Anal. Ezchange, 26(2) (2000), 669-
686.

Lindenstrauss, J., Tzafriri, L., On Orlicz sequence spaces, Israel J. Math., 10 (1971), 379-390.
https://doi.org/10.1007/BF02771656

Lorentz, G. G., A contribution to the theory of divergent sequences, Acta Math., 80 (1948),
167-190. https://doi.org/10.1007/BF02393648

Maddox, I. J., A new type of convergence, Math. Proc. Camb. Phil. Soc., 83 (1978), 61-64.
Maddox, I. J., On strong almost convergence, Math. Proc. Phil. Soc., 85 (1979), 345-350.
https://doi.org/10.1017/S0305004100055766

Misiak, A., m-inner product spaces, Math. Nachr., 140 (1989), 299-319.
https://doi.org/10.1002/mana.19891400121

Mohiuddine, S. A., Alamri, B. A. S., Generalization of equi-statistical convergence via
weighted lacunary sequence with associated Korovkin and Voronovskaya type approximation
theorems, Rev. R. Acad. Cienc. Ezactas Fis. Nat. Ser. A Math., 113(3) (2019), 1955-1973.
https://doi.org/10.1007/s13398-018-0591-z

Mohiuddine, S. A., Asiri, A., Hazarika, B., Weighted statistical convergence
through difference operator of sequences of fuzzy numbers with application
to fuzzy approximation theorems, Int. J. Gen. Syst.,, 48(5) (2019), 492-506.
https://doi.org/10.1080/03081079.2019.1608985

Mohiuddine, S. A., Hazarika, B., Alghamdi, M. A., Ideal relatively uniform convergence with
Korovkin and Voronovskaya types approximation theorems, Filomat, 33(14) (2019), 4549-
4560. https:/ /doi.org/10.2298/FIL1914549M

Mohiuddine, S. A., Sevli, H., Cancan, M., Statistical convergence in fuzzy 2-normed space,
J. Comput. Anal. Appl., 12(4) (2010), 787-798. https://doi.org/10.2298 /FIL1204673M



600

[46]

[47]

(48]

[49]

[50]
[51]
[52]

(53]

[54]
[55]
[56]
[57]
(58]
[59]
(60]

[61]

O. Kisi, M. GURDAL

Moricz, F., Rhoades, B. E., Almost convergence of double sequences and strong regularity of
summability matrices, Math. Proc. Cambridge Philos. Soc., 104 (1988), 283-294.
Mursaleen, M., Karakaya, V., Erturk, M., Gursoy, F., Weighted statistical convergence and
its application to Korovkin type approximation theorem, Appl. Math. Comput., 218 (2012),
9132-9137. https://doi.org/10.1016/j.amc.2012.02.068

Mursaleen, M., Elements of Metric Spaces, Anamaya Publ., New Delhi, ISBN 81-88342-42-4,
2005.

Mursaleen, M., Bagar, F., Sequence Spaces: Topics in Modern Summability Theory, CRC
Press, Taylor & Francis Group, Series: Mathematics and Its Applications, Boca Raton Lon-
don New York, ISBN 9780367819170, 2020.

Mursaleen, M., Edely, O. H., Statistical convergence of double sequences, J. Math. Anal.
Appl., 288 (2003), 223-231. https://doi.org/10.1016/j.jmaa.2003.08.004

Mursaleen, M., Generalized spaces of difference sequences, J. Math. Anal. Appl., 203 (1996),
738-745. https://doi.org/10.1006 /jmaa.1996.0409

Nabiev, A., Pehlivan, S., Giirdal, M., On Z-Cauchy sequences, Tatwanese J. Math., 11(2)
(2007), 569-576.

Nath, J., Tripathy, B. C., Das, B., Bhattacharya, B., On strongly almost A-convergence and
statistically almost A-convergence in the environment of uncertainty, Int. J. Gen. Syst., in
press. https://doi.org/10.1080/03081079.2021.1998032

Parasher, S. D., Choudhary, B., Sequence spaces defined by Orlicz function, Indian J. Pure
Appl. Math., 25 (1994), 419-428.

Patterson, R. F., Savag, E., Lacunary statistical convergence of double sequences, Math.
Commun., 10 (2005), 55-61. https://doi.org/10.1186,/1029-242X-2014-480

Raj, K., Sharma, S. K., Applications of double lacunary sequences to n-norm, Acta Univ.
Sapientiae Mathematica, 7 (2015), 67-88. https://doi.org/10.1515/ausm-2015-0005
Schaefer, P., Infinite matrices and invariant means, Proc. Amer. Math. Soc., 36 (1972), 104-
110.

Sahiner, A., Giirdal, M., Diiden, F. K., Triple sequences and their statistical convergence,
Selguk J. Appl. Math., 8(2) (2007), 49-55.

Sahiner, A., Tripathy, B. C., Some Z-related properties of triple sequences, Sel¢cuk J. Appl.
Math., 9(2) (2008), 9-18.

Vulich, B., On a generalized notion of convergence in a Banach space, Ann. Math., 38(1)
(1937), 156-174. https://doi.org/10.2307/1968517

Zeltser, M., Investigation of Double Sequence Spaces by Soft and Hard Analytical Methods,
Diss. Math. Univ. Tartu, 25, Tartu University Press, Univ. of Tartu, Faculty of Mathematics
and Computer Science, Tartu, 2001.



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 2, Pages 601-[615] (2022)
DOI:10.31801 /cfsuasmas.988880

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: August 31, 2021; Accepted: December 14, 2021 SERIES Al

POISSON AND NEGATIVE BINOMIAL REGRESSION MODELS
FOR ZERO-INFLATED DATA: AN EXPERIMENTAL STUDY

Gizem YILDIRIM,! Selahattin KACIRANLAR,? and Hasan YILDIRIM3

1Social Security Institution, 70200 Karaman, TURKEY
2Department of Statistics, Cukurova University, 01330 Adana, TURKEY
3Department of Mathematics, Karamanoglu Mehmetbey University,
70100 Karaman, TURKEY

ABSTRACT. Count data regression has been widely used in various disciplines,
particularly health area. Classical models like Poisson and negative binomial
regression may not provide reasonable performance in the presence of exces-
sive zeros and overdispersion problems. Zero-inflated and Hurdle variants of
these models can be a remedy for dealing with these problems. As well as
zero-inflated and Hurdle models, alternatives based on some biased estimators
like ridge and Liu may improve the performance against to multicollinearity
problem except excessive zeros and overdispersion. In this study, ten different
regression models including classical Poisson and negative binomial regression
with their variants based on zero-inflated, Hurdle, ridge and Liu approaches
have been compared by using a health data. Some criteria including Akaike
information criterion, log-likelihood value, mean squared error and mean abso-
lute error have been used to investigate the performance of models. The results
show that the zero-inflated negative binomial regression model provides the
best fit for the data. The final model estimations have been obtained via this
model and interpreted in detail. Finally, the experimental results suggested
that models except the classical models should be considered as powerful al-
ternatives for modelling count and give better insights to the researchers in
applying statistics on working similar data structures.
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1. INTRODUCTION

From past to present, due to it’s interpretability and simplicity abilities, regres-
sion analysis have been widely used in various fields. Particularly, it has been more
attractive in machine learning field as a result of processing increasing data in this
information era. The aim of a classical regression is to establish a mathematical
model between a response variable and a group of explanatory variables to get some
insights and some inferences. The structure of response variable is critical to deter-
mine an appropriate regression model. Although a continuous response variables is
the most common one in regression models, there has been great interest to develop
models on discrete variables. Count data regression is an effective way for this pur-
pose. When the response variable is the count of some occurrences of an event and
non-negative valued, count data regression models can produce convincing results.
Classical regression models are based on some assumptions like normality, linearity
and homoskedasticity. These assumptions are adversely affected in the existence of
count response variable. In a such model’s results may be to biased, unstable and
poor on generalization.

In order to more suitable models for count data, some alternative models based
on poisson and negative binomial distributions have been proposed. Poisson re-
gression (PR) and negative binomial regression (NBR) models have been used with
great interest in many areas like medicine, biostatistics, biology, finance, demog-
raphy, astronomy, business and management, earth sciences, communication and
insurance [1,2]. The underlying remarks of attention to count data regression can
be given as follows: (1) interpretability, (2) easy-implementation, (3)good perfor-
mance and (4) wide application area. However, it is not rare to face excessive zero
values meaning no-occurrence in the variable of interest. In such situation, classical
PRR and NBR models may not be sufficiently enough for count data modelling.
For example, the number of cigarettes smoked daily or the number of weekly deaths
due to the cancer in a hospital may be zero. The excess zeros cause a problem calles
overdispersion which has the effect on increasing the sample variance [3]. Due to
the overdispersion,the conditional variance could be bigger than conditional mean
unlike the assumption based on the equality of them. That’s why, the effect of
overdispersion over classical poisson regression is more severe than negative bino-
mial regression. Even NBR can be used to a certain extent in the existence of
excessive zeros, zero inflated poisson regression (ZPR), zero inflated negative bino-
mial regression (ZNBR), poisson Hurdle regression (PHR) and negative binomial
Hurdle regression (NBHR) models have been proposed to deal with overdispersion
problem. On the other side, a phenomenon call multicollinearity corresponding
high correlations between two or more explanatory variables is another common
problem in real word applications. In count data regression models, multicollinear-
ity affected the significance of each variable and the stability performances. As a
solution to multicollinearity in classical linear regression models, ridge regression
estimator and Liu estimator were proposed by Hoerl and Kennard [4] and Liu [5],
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respectively. The superiorities of ridge estimator have been extended to count data
regression via poisson ridge regression (PRR) and negative binomial ridge regres-
sion (NBRR) models which were proposed by Mansson and Shukur [6] and Mansson
[7], respectively. Similarly, poisson Liu regression (PLR) and negative binomial Liu
regression (NBLR) models based on Liu estimator were developed by Mansson and
Kibria [8] and Mansson [9], respectively.

Both classical poisson and negative binomial regression models and the corre-
sponding zero-inflated versions have been extensively used in real word applica-
tions. Wang and Famoye [10] were used the generalized poisson regression (GPR)
and classical poisson and negative binomial regression models to investigate house-
hold fertility decisions. Famoye and Singh [11] proposed zero-inflated generalized
poisson regression (ZGPR) model to make predictions on domestic violence data
set and found this model adequate over its competitors like PR, GPR, ZPR and
ZNBR. Bandyopadhyay et al. [12] used Hurdle and zero-inflated regression models
on drug addiction data set. Similarly, Buu et al. [13] developed a new variable se-
lection method for ZPR on a data set related with alcohol addiction. Mouatassim
and Ezzahid [14] applied PR and ZPR models to make estimation on private health
insurance data set. Xie et al. [15] made a comparison between zero-inflated models
and NBR model by using a smoking data set and found that NBR model could pro-
vide convincing estimations for predicting zero-excessive data. Liyanage et al. [16]
used PR model to estimate the prevalence of end-stage kidney disease and world-
wide use of renal replacement therapy (RRT) and made some projections about the
needs to 2030. Martinez et al. [17] compared PR and NBR models performance on
a data set related with severe chronic obstructive pulmonary disease. Oliveira et
al. [18] presented a comparative study on the usage of ZPR and ZNBR models for
radiation-induced chromosome aberration data and developed a score test for ZPR
model. Tang et al. [19] studied on zero-and-one-inflated poisson models, proposed
a sampling approach with a simulation study and evaluated the performance via
two real data sets. Chai et al. [20] used ZNBR model to estimate ship sinking acci-
dent mortalities. This study investigated the effective factors on medical visit and
the performance of regression models on it’s estimation. Ten different regression
models including PR, NBR, ZPR, ZNBR, PHR, NBHR, PRR, PLR, NBRR and
NBLR have been considered in evaluation. The data set is obtained from Deb and
Trivedi’s study [21].

The rest of this study is organized as follows. The background methodology is
reviewed in Section 2. The appropriate selection methods of ridge and Liu biasing
parameters are presented in Section 3. In Section 4, some information about data
set are described. Performance evaluation is given in Section 5. Some conclusion
and discussions are summarized in Section 6.



604 G. YILDIRIM, S. KACIRANLAR, H. YILDIRIM

2. BACKROUND METHODOLOGY

In this section, we review the aforementioned models briefly. Firstly, we give
models related with conventional poisson regression including PR, PRR, PLR, ZPR
and PHR. Secondly, models based on negative binomial regression including NBR,
NBRR, NBLR, ZNBR and NBHR are presented.

2.1. Models based on Poisson Regression. Poisson regression models have
been widely used and popular in various fields due to its advantages like the inter-
pretability and suitability on inference count data. The conventional PR models
are based on poisson distribution which is given as follows:

efl"i’uii’
f(yz|1‘l)= y.' , y=0,1,2,...

'

where p is the mean parameter defined by E [y;|z;] = p; = exp <x;ﬁ>7 x; corre-
sponds the ith row of X, (,+1) data matrix, 8, 1), is the coefficients vector and
y is the response variable. Poisson log likelihood function is defined as follows:

L(py) =Y {yiln(p;) — p; — In ()}
i=1

Then, poisson log likelihood function can be expressed by considering u; =
exp (:dﬂ) equation as follows:

L6.) = 3 {s (518) - exp (48) ~ n ()}

The first derivative or gradient vector of L (.) likelihood function can be obtained

as
a L " ! ’
( gg,w) _ g (v —exp (2:8) ) =,

An iterative algorithm like iteratively reweighted least squares [22] can be used
to get the solutions of above equation. Based on IRLS algorithm the maximum

likelihood estimations of 8 can be given as follows:

~ VPN -1 ’oA N
Bpr = (X WIRLsfPRX) X WirLs—pPRrZ

where

W]RLsfPR = diag [ﬂl (BPR)} and z; = log (ﬂz (BPR))-F(.%‘ — [y (BPR)) /i (BPR)
The steps of IRLS are repeated until a converge criterion is met. Each of W and z
parameters is updated to maximize likelihood function. The threshold for converge

is usually determined as 1076 [23]. The matrix (X "WinLs—prX) is adversely

affected due to multicollinearity. In other words, when the explanatory variables
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are highly correlated, the deviations of coefficients will be unstable and the esti-
mation variance increases. Similar to classical linear regression, ridge regression
estimator can be integrated to poisson regression to deal with this issue. Mansson
and Shukur [6] proposed PRR method which considers ridge regression estimator
in poisson regression estimation process to deal with multicollinearity and defined
as follows:

~ RN -1 '3 2
Bprr = (X W]RLS_PRX+I€I) X WirLs—-prXPBpr, k=0

As an alternative to ridge regression, Liu estimator which was proposed by Liu [5]
can compete with ridge estimator for dealing with multicollinearity. One superiority
of Liu estimator over ridge is to have a linear form of biasing parameters unlike
non-linear form in ridge estimator. That’s why, PLR was proposed by Mansson et
al. [8] as follows:

N J A -1 ) A N
BpLr = (X Wirrs—prX + I) (X Wirrs—prX + dl) Bpr, 0<d<1

As well as multicollinearity, overdispersion is a critical problem on the perfor-
mance of models based on poisson regression. The main reason of this problem
is to observe excessive zeros in data set and this situation is not rare in practi-
cal real applications. The positive count values can be estimated more accurate
via poisson distribution but zero counts cause zero-inflation on the model. To deal
with overdispersion, zero-inflated and Hurdle regression models have been proposed.
These models account excessive zeros separately in estimation process. The mod-
elling stage consist two parts, one for estimation of positive counts and the other
one for estimation of zero count values. Generally, while logistic or probit model is
used to estimate zero values in a binary logic, classical poisson distribution is used
for positive count values. Although zero inflated and Hurdle models have similar es-
timation process, there are some differences between them. Firstly, Hurdle models
consider zero values independently from count values and creates a different process
(i.e. different distribution) generating zeros. So, only one process can produce zero
count values. At the end of estimation process, the likelihood function is calculated
by using the mixture of different distributions. In zero-inflated models, the observa-
tion is possible in each of two processes. Unlike Hurdle models, the process used in
estimation count values can produce zero values. Secondly, the distribution used in
second part of estimation is the truncated version of conventional distribution. For
example, the truncated poisson distribution is considered in Hurdle regression and
non-zero count estimations are guaranteed in this way. ZPR model was proposed
by Lambert [24]. The assumption underlying ZPR model is expressed as follows:

_ 0, with probability 1 — o
vi Poisson (u;) , with probability o;
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The unconditional probability distribution of ZPR model can be given as

i+ (1—ai)e i, y; =0 }
Yi

(1—o) 4, ;> 1, 0<a; < 1

Pzpr(y:i) = {

Similar to ZPR models, the distribution of ZHR model is defined as follows:

{ (17041')3 yz:() }
ai%a ylzja .7: 1727"'

where f(j;u;) is a truncated poisson distribution.

Pzar(y:)

2.2. Models based on Negative Binomial Regression. Negative binomial re-
gression model is a powerful tool which is highly effective on a wide range of count
data applications. Various types of NBR model have been described. The most
well-known and used type is termed as NB2 model referring quadratic form of vari-
ance function. Unlike to conventional PR model, the conventional NBR model can
deal with over-dispersion problem. NBR model accounts over-dispersion by adding
an additional term into probability function and this function is defined as follows:

[ Ty (1 N Ly
PNBR(yi)_{F(yiJrl)r(l/g) (1+9M) (1_1Jr6’u) }

where 0 is the overdispersion parameter. It is clear that 6 is becomes zero, NBR
model will be equivalent to PR model. The log likelihood function of NBR model
can be expressed as

- Op; 1 1 1
L(p,y,0)= Zyl In <1 +M91M'>9 In (14 0u;)+InT (yz + 9> —InT (y; +1)—InT (9)
i=1 i

This likelihood function can be re-expressed in terms of coefficients vector as
follows:
n 6 exp xiﬂ ’
L (/6]-7%9) =37 yiln (ﬁ) — éln <1 + 0 exp (I16)> +Inl (y,- + %) —InT(y; +1) —InT (%)

Similar to approach in PR model, IRLS algorithm can be used to obtain the
solution of this likelihood function and the solution is described as

N J A -1 ., .
BNBR = (X WIRL.S‘fNBRX> X WirLs—NBRZ

where WI rLS—NBR and Z are obtained via IRLS algorithm. In order to improve the
conventional NBR model against to multicollinearity problem, NBRR and NBLR
model have been propose by Mansson [7] and Mansson [9], respectively. NBRR
model is defined as follows:

- 1A -1 7oA A
BNBRR = (X Wirrs—nBrX + k‘f) X WirLs—NBrXBNpRr, K>0
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NBLR model is also given as

o /A -1 /A N
BnBLR = (X WirLs-NBrX +I) (X WirLs-NBrX +d1> Bypr, 0<d<1

Although NBR model is actually effective on dealing with overdispersion prob-
lem, some alternatives have been also proposed to improve NBR model’s perfor-
mance. By carrying similar process like in poisson models, zero-inflated negative
binomial regression and negative binomial Hurdle regression models are defined as
follows:

Pznpr(y:i) = {

1/
a¢+(1—ai)<ﬁ) , ¥i =0
C(vi+3) L\ o\

(1= ai)l‘(yﬁl);(%) (1“"9“1‘) <1+Z%‘i) RIES

P () { a;, ¥, =0

NBHR\Yi) = r(yit3)™ 1\l e ¥ }
1—a . , yi =1
e [lf(ﬁ)l/g}r(yﬁlﬁ(%) (Hm) ( ) v=

where « corresponds the probability of zero counts.

3. SELECTION RIDGE AND L1U PARAMETERS

The selection of ridge and Liu biasing parameters significantly affect on the
performance of PRR, NBRR, PLR and NBLR models. Although there have been
extensive literature on the determination of these parameters, there is no consensus
among these studies. Various different methods have been proposed for each model.
For the models based on ridge estimators, the most well-known method is defined
by Hoerl and Kennard as follows:

52
()
amax

where & = yf3,,;, and 7 corresponds the eigenvector of X WX. W matrix is ob-
tained via each model, separately. Some alternative estimators have been proposed
in order to avoiding underestimating of optimal k value via above method. The
following estimator has been suggested by Mansson [6] and Mansson [7] for PRR
and NBRR models and considered in this study:

k1 = max (1)
m;
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Similarly, Mansson et al. [8] and Mansson [9] suggested the following selection
method on the selection of Liu biasing parameters for PLR and NBLR models:

d; = max | 0, min

where 5\j is the jth eigenvalue of X'WX.

4. PERFORMANCE EVALUATION

In order to investigate the performance of regression models, a real data set has
been used. The data set has been obtained from Deb and Trivedi’s study [21] and
is available in [25]. This data set includes 4406 individuals and 12 attributes. The
dependent variable is the number of pysician office visits. The number of days
of hospital stays, the health status, age, gender, marital status, education, family
income, private insurance status, the number of chronic diseases, job status and
disability status are considered as the explanatory variables in this study. There
is no missing values in data set. The existence of outliers has been examined by
using the range of +3 standard deviation of eah variable. To investigate the exis-
tence of outliers, we considered both z-score and individually +3 standard deviation
approach with some graphical methods including box-plot. Mahalanobis distance
was used to investigate the multivariate outliers but there have been no critical
outliers in terms of this measurement potentially affecting the performance. At the
end of univariate outlier deletion process, the remain 4182 individuals are used in
experiments.

The data set has been splitted as train and testing data sets with the ratios %70
and %30, respectively. Regression models have been fitted via train data set and
tested via testing data set. The distribution of frequencies for each split is given
in Fig. 1. All the experimental study has been carried out via R software [26] and
related packages including MASS [28], lmtest [29], pscl [30] and countreg [30].

4.1. Training Regression Models. In the training phase, six models including
PR, ZPR, PHR, NBR, ZNBR and NBHR have been fitted on the training data set.
Akaike information criterion (AIC) and log likelihood values have been calculated
to determine the best fit. The obtained results has been given in Table 1. According
to results in Table 1, NBR, ZNBR and NBHR models which provide the minimum
AIC and LL values, have been found as the best models on the training data set.
Although the performances of these models are similar to each other, the best one
among them is the NBHR model. The worst model for our training data set is the



REGRESSION MODELS FOR ZERO-INFLATED DATA 609

10 20 30 40 50 G0 70

=

10 20 30 40 50 60

L=

Frequency

- =1

0 10 20 30 40 50 60 70
The number of physician visits

FIGURE 1. The distribution of frequencies in each data split

classical PR model.

Table 1. AIC and LL values of regression models for training data set
Model AIC LL

PR 23239.538 -11606.769

NBR  16091.514 -8031.757

ZPR 20968.239 -10458.119

ZNBR 16003.561 -7974.781

PHR  20968.497 -10458.249

NBHR 15993.192 -7969.596
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A log likelihood ratio test has been carried out in nested models to decide whether
an overdispersion parameters in negative binomial regression model is necessary.
Models based on negative binomial regression and poisson regression have been
examined among themselves, separately. The results are given in Table 2. Based
on Table 2, it can be said that all comparisons of nested models have been as
significant. This result means that models based on negative binomial regression
can be seen as more suitable at the point of dealing with overdispersion. Besides,
Vuong test [27] is applied training results for non-nested models to determine the
model’s performance of dealing with excessive zeros. A positive value of test statistic
in Vuong test means that the first model is more reasonable than the second one.
The test statistics and significance values are given in Table 2. According to Vuong
test’s results, PHR and ZPR are more preferable as statistically than PR. Similarly,
ZNBR and NBHR are found as more suitable than classical NBR model. Only the
differences between ZNBR&NBHR and ZPR&PHR are not statistically significant.

Table 2. LRT and Vuong test results based on pair comparisons on training data set

LRT NBR-PR ZNBR-ZPR NBHR-PHR

Value 7150 (p<0.001) 4966.7 (p<0.001)  4977.3 (p<0.001)
Vuong test PR-PHR  ZNBR-NBHR PR-ZPR NBR-ZNBR ZPR-PHR NBR-NBHR
z statistic  -14.183  -1.037 -14.186  -5.008 0.745 -5.352

D (p<0.001) (p=0.1499)  (p<0.001) (p<0.001)  (p=0.2508) (p<0.001)

As well as LRT and Vuong tests, rootogram graphs have been obtained to examine
the model fits as visually. In rootogram graphs, the closeness of the bars to the x
axis, is proportional to the goodness of fit. These graphs are given in Figure 2. It
can be said that models based on negative binomial regression are seen more better
than the models related with poisson regression. Among these models, ZNBR and
NBHR are seen more suitable than PR. Although the basic NBR model can be a
convincing alternative in the existence of excessive zeros and overdispersion, it’s
zero inflated and Hurdle variants is more powerful for an effective estimation.

4.2. Testing Regression Models. In the training phase, all regression models
have been fitted to the training data and some performance measurements like AIC
and LL have been given to compare six models except the ones based on ridge
and Liu estimators. All outweights vectors have been obtained for all models. By
using these outweights, regression models including PRR, PLR, NBRR and NBLR
have been tested on the unseen (i.e. testing) data set. The mean squared error
(MSE), it’s square root (RMSE) and the mean absolute error (MAE) are used
as performance criteria. Unstandardized residuals have been considered in the
calculation of these measures. The testing results are given in Table 3. Based on
Table 3, it is shown that ZNBR, PHR and ZPR models provide better results than
their competitors. These models give the smaller MSE, RMSE and MAE values.
Although the performances of ZNBR, PHR and ZPR models are similar each other,
the best fit is obtained with PHR model. Models based on ridge and Liu estimators
are slightly poorer than the rest of models. Overall, the NBLR model is found as
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the worst model for our data set.

Table 3. The comparison of regression models on the testing data set

Model MSE RMSE MAE

PR 39.8572 6.31325 3.9699
NBR  40.7568 6.38410 3.9847
ZPR 39.6489 6.29673 3.9449
ZNBR 39.8083 6.30938 3.9318
PHR  39.6447 6.29640 3.9450
NBHR 40.0699 6.33007 3.9500
PRR  40.8191 6.38898 3.9842
PLR 40.8198 6.38903 3.9844
NBRR 41.0495 6.40698 3.9919
NBLR 41.0499 6.4070  3.9920
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4.3. Determination of the Best Model and Interpretation. When the results
in training and testing phases are examinated together with the rootogram graphs,
ZNBR model can be seen as the best model for the data set in this study. In
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the training phase, NBR, ZNBR and NBHR models have similar performances
according to the AIC and LL values. NBR, ZNBR and NBHR models show the
best fit as visually in rootogram graphs. Finally, ZPR, ZNBR and PHR models
are found better than their competitors based on testing performance. Besides,
LRT tests is found significant between ZPR and ZNBR models. By virtue of these
comments, it can be said that the most suitable model for the data set is ZNBR.
The final fit and coefficients have been obtained using ZNBR model. All results
of final modelling are given in Table 4. The number of days of hospital stays,
the health status, education, age, gender, marital status, family income, private
insurance status, the number of chronic diseases, job status and disability status

Table 4. The fitting results of ZNBR model

Count Part Zero Part
Variable B exp (B) Se B exp(8) Se
Intercept 1.593*  4.920 0.21580 4.574*  96.9350 1.45082

#Days of hospital stays ~ 0.280*%  1.324 0.02995 -0.533  0.587 0.34171
Health status (perfect) -0.276* 0.759  0.06445 0.406  1.500 0.28061

Health status (bad) 0.264*  1.303 0.04949 -0.505  0.603 0.58746
#Chronic diseases 0.137* 1.147  0.01308 -1.127* 0.324 0.16908
Disability status (yes) 0.117* 1.124 0.04180 0.039 1.040 0.34310
Age (/10 years) -0.057* 0.945 0.02730 -0.600* 0.549 0.18999
Gender (male) -0.026  0.974 0.03552 1.044*  2.840 0.24176
Marital status (married) -0.111* 0.895  0.03699 -0.747* 0.474  0.25823
Education 0.020%  1.020 0.00471 -0.097* 0.908 0.03041
Family income (x10000$) 0.007 1.007  0.00882 -0.022 0.978 0.06752
Job status (yes) -0.022  0.978 0.05314 -0.334 0.716 0.37298
Private insurance (yes) 0.137* 1.147  0.04292 -0.172* 0.310 0.22918

Coeflicients for each part of zero-inflated negative binomial regression have been
given separately. Count part corresponds the modelling results on the individuals
who are visited by the pyhsician more than zero. Similarly, zero part results belong
the the people who are never visited by the pyhsician. As mentioned before, zero-
inflated models present a mixture of different distributions who are able to model
count and zero dependent values in a separate process.

According to the count part results in Table 4, the significant variables are #days
of hospital stays, health status, #chronic diseases, disability status, age, marital
status, education and private insurance (p < 0.05). The physicians tend to visit
about %24 more to people whose perception of health is perfect than the ones having
normal perception. The people having some disabilities in their normal life are
more likely to be visited (approximately %15). Similarly, private insurance status
is effective on the number of visits. The existence of private insurance provides
more visits (%14.7) than normal status. Married people are approximately %10
less likely to be visited than single people. On the other hand, gender, family
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income and job status are not statistically significant on the number of physician
visits (p < 0.05).

When observed the results in zero part, it can be seen that #chronic diseases,
age, gender, marital status, education and private insurance are statistically sig-
nificant on the modelling the zero counts (p < 0.05). The results show that people
with chronic diseases are less likely (approximately %67) not to be visited by the
physicians. This results is reasonable because of the risk of those people. The
physicians tend not to visit men 2.84 times less likely than women. The comments
is supportive with count part when marital status, education and private insurance
variable are examined. The more likely situation in count part corresponds the less
likely one in zero part. While an occurrance for a particulary variable in count part
can increase the possibility of visits, it can decrease for the zero-part or vice versa.
Compared with count part, there is more insignificant variables in zero part. #days
of hospital stays, health status, disability status, family income and job status are
not the effective factors (p < 0.05).

5. CONCLUSIONS AND DISCUSSIONS

In this study, we have used poisson and negative binomial regression models and
their variants based on zero-inflated, Hurdle, ridge and Liu approaches to model a
medical data. Zero-inflated, Hurdle and biased (i.e. ridge and Liu) models have
been considered in order to get better solution in the presence of excessive zeros
and overdispersion. Because of the prevalence of these problems in real word appli-
cation, classical regression models can be a remedy. As a result of comprehensive
experimental study, it can be said that zero-inflated and Hurdle models may pro-
vide better results than their competitors. The researchers facing excessive zeros
and overdispersion problems may consider these models as powerfull alternatives
to get useful insight about their application. Moreover, poisson and negative bi-
nomial regression models based on ridge and Liu estimators should be taken into
consideration in the presence of multicollinearity in addition to excessive zeros and
overdispersion problems.

Although the mentioned models can provide useful insights for modeling count
data, it should be noted that the performance comparison is valid for data sets
having similar underlying structure. In the future works, we will carried out a com-
prehensive simulation study to achieve better generalization performance. Different
types of data sets belonging various domains, larger dimensions and more detailed
parameter selection process can be seen as the limitations of this study.
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