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Article Info Abstract
Keywords: Apparent movement of the This article aims to express the daily and yearly apparent movement of the Sun in the same
Sun, quaternions, rotational movement curve by using quaternions as a rotation operator. To achieve this, the daily and yearly

2010 AMS: 15A33, 15A66, 70F05, apparent movement of the Sun, the algebraical structure of quaternions, and how quaternions

70F15 work as rotation operators have been examined. For each of the apparent movements of

Received: 22 March 2022 the Sun, a quaternion that will work as a rotation operator has been determined. Afterward,

Accepted: 13 May 2022 these two rotation operators have been applied to the vector that is found between point

Available online: 30 June 2022 (0,0,0) and the accepted starting point of the apparent movement of the Sun. As a result,
a curve on a sphere is obtained. The importance of this study is to emphasize the use of
quaternions in other areas of study and to provide the science of astronomy with a new
outlook with regards to expressing the apparent movement of the Sun.

1. Introduction

Astronomy is considered the oldest science in the world. Humankind has always observed the stars in the sky and especially the Sun. At the
end of these observations, it was noticed that the daily and yearly movement of the Sun followed a certain cycle. By observing the Sun’s
movement in the sky the formation of the night-day and the seasons was noted.

For thousands of years, mankind accepted that Earth was the center of the universe and believed that the Sun, like all other celestial bodies
rotated around the Earth. However, Copernicus proved that this belief was not accurate because it was the Earth that rotated around the
Sun [1]. After this discovery, the expression of “the Sun’s movement” was replaced with the expression of “the Sun’s apparent movement”.
Even though the daily and yearly apparent movement of the Sun occurs at the same time, in calculation these movements are considered
separable. The two main reasons for why these movements are considered separable are: firstly, the dyad Earth-Sun is not alone in the solar
system which means that the problem does not remain limited to the two-body problem. Secondly, the difference between the periods of the
daily and yearly movement is too big.

Showing the daily and yearly apparent movement of the Sun in the same curve is important in helping understand these movements, especially
for young astronomers. At the same time, there exist situations in which great precision is not required but where nonetheless finding
these two movements in the same curve would be useful. In many areas, such as using solar panels, planning agricultural activities, and in
determining prayer time, doing the calculation of this curve would bring many benefits.

In our time astronomy problems that have in their base periodical repetition of the movement find a solution by using spherical trigonometry
and Kepler’s Laws [2]. Solving this problem by using the rotation matrix is theoretically possible from the mathematical perspective,
however, using this method is considerably difficult. Therefore, the question arises, is it possible to obtain a faster mathematical approach to
calculate the apparent movement of the Sun that would take the place of the rotation matrices or the long calculations of Kepler’s equations?
There are some studies done in this direction in the relevant literature. In 1996, M. Kummer proved that one can obtain the orbit’s parameters
by solving Kepler’s equations with the Hamilton systems [3]. This study, on the other hand, has researched whether there can be easier
and faster solutions done by using quaternions and the conclusion has been that quaternions can indeed be used in analyzing the apparent
movement of the Sun.

Email addresses and ORCID numbers: deniz.gucler @yahoo.com, 0000-0003-0376-0294 (D. Giicler), ekmekci@science.ankara.edu.tr, 0000-0003-
1246-2395 (F. N. Ekmekci), yayli@science.ankara.edu.tr, 0000-0003-4398-3855 (Y. Yayl), helvacim @itu.edu.tr, 0000-0002-4049-8072 (M. Hel-
vaci)
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To understand and present the problem the author has benefited from the references [1]- [3] and [5] - [15]. The details about the quaternions
can be viewed from the references [4] and [16] - [22]. The information needed for the other calculations is found in the references [23] - [24].

2. Notations and Preliminaries

2.1. Quaternion algebra

The quaternion, a hyper-complex number of rank 4, was invented by Hamilton. The most important rule of this invention is:

P=P=kK=ijk=-1

i, j and k are the components of the vector part of the quaternion.
Henceforth the quaternions will be denoted with the letters g, p or r. i, j and k will be used to represent the standard ortogonal base of R3.
Accordingly:

i=(1,0,0), j=(0,1,0), k=(0,0,1)

The quaternion, from the Latin kuattur meaning four, can be thought of as a quadruplet of the real numbers. This makes it an element of R?.
Accordingly, quaternion ¢ can be expressed as below where g, q1,g2,¢3 are each a real number

q=1(90,91,92,93)

or the quaternion q is accordingly:

o =iqy+jq2t+kq3

q=qo+ 0 =qo+iq+jq2 +kq3
where g is the scalar part and « is the vector part. Throughout the article, ¢ will be displayed with ¢ = gg + «.
Some algebraic properties of the quaternions are given as follows:

q+p=(q0+po)+ilg1+p1)+j(g2+p2)+k(q3+p3)
aq = aqo +iaq + jaqy +kaqzs , a€R
Multiplication of quaternions is done according to the following rule

==k =ijk=—1and ij=k=—ij, jk=i=—kj.ki=j=—ij
for p=po+ap = po+ipi+jpa+kps and g = qo+ &g = qo +iq1 + jq2 +kqs

p x q=(po+ipi+jp2+kp3) x (qo+iq1 + jg2 +kp3)
= poqo — (P1q1+ P242 + p3q3) + poliqi + ja2 + kq3) + qo(po +ip1 + jp2 + kp3)
+i(p2g3 — P392) +j (P391 — P193) +k(P192 — P2q1)
= pogo — (0, 0ty ) + poClg + qo 0ty + Oty A Oy
“(, )” represents the scalar product of vectors and “A” represents the cross-produc of vectors.
Let g be a quaternion g = qq + iq1 + jg» + kg3 then ¢’s complex conjugent is:
4" =q0—iq1 — jg2 —kq3
Finally, we can state that the set of quaternions together with the addition and multiplication operation satisfies the properties of a field

except that multiplication is not commutative. Before quaternions are expressed as a rotation operator the definition of pure quaternions will
be given.

Definition 2.1. The quaternion whose scalar part is zero is called a pure quaternion.

According to the definition above, the set of pure quaternions is one-to-one correspondent with the v € R3 vector set. It can be shown that for
any v € R3 and for whichever g € R?, there can be found w; = g x v x ¢* vector w; € R3 and wy = ¢* x v x ¢ vector wy € R3.

The unit quaternion g = go + « satisfies the following equality q% + \a\z = 1. It is known that for whichever ¢ angle cos?@ +sin’@ = 1. In
this case, a @ angle which would make possible the equations below can be found:

cos? = g3 and sin’@ = ee|?.

If we select the ¢ angle in —7 < ¢ < 7, this angle will simultaneously have a singular value. In light of this data, the quaternion that will be
used as a rotation operator is:

g=qo+a=cos@+using and g* =gy — & = cos ¢ — usin @

where
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Theorem 2.2. For any Q = Qg + Q = cos ¢ + usin ¢ unit quaternion (where Q is the scalar part and Q is the vector part of the quaternion)
and for any vector v € R3 the action of the operator

Lo(v)=0 xvx Q"

on v may be interpreted geometrically as a rotation of the vector v through an angle 2¢ about Q as the axis of the rotation, [4].

In addition: the action of the operator Ly(v) = 0* x v x Q on v may be interpreted geometrically as a rotation of the vector v through an
angle 2¢ in a negative direction about Q as the axis of the rotation.

Theorem 2.3. Suppose that k and r are unit quaternions that define the quaternion rotation operators:
Li(u) =k x u xk* and L,(v) =r x vx r*.

Then the quaternion product r X k defines a quaternion operator L, which represents a sequence of operators, Ly followed by L,. The axis
and the angels of rotation are those represented by the quaternion product, ¢ =r X k [4].

In this study, two methods will be used to solve the problem. The first method will benefit from the characteristic of quaternions used as
rotation operators. The second method will use the rotation matrix, which is a product of the unit quaternion. This matrix is as below:

for Q = qo +iq1 + jg2 + kg3 unit quaternion, the rotation matrix Dy is shown below [4].

2q3— 14241 2q192—2q093 24193 +2909>
Do = 29192 +2q093 243 —1+243 2g2q3—2q0q: 2.1)
29193 —2q0q2  2q293+2q091  2q5— 14243

and let B = (B, B2, B3) be the vector that is obtained by the rotation of vector & = (¢, 0, @3) then:

B 2¢3— 14247 29192 —2q9093 2q193+2q092| [
Bo| = |2a192+2q0q3 24314243 2q2g3—2q0q: | |02 | - (2.2)
Bs 29193 29092  292q3+2q0q1  2q3—1+245 ] |03

2.2. The Sun’s daily and yearly apparent movement
2.2.1. The Sun’s daily apparent movement

The Earth rotates around its axis in a positive direction every day, so from the west to the east. Because the movement of the Earth cannot
be felt, it is perceived instead that it’s the other celestial bodies that rotate from the east to the west around the axis of the celestial sphere
which in itself is the lengthening of the axis of the Earth. Among these celestial bodies, there is the Sun. So it can be said that the Sun in
appearance moves every day in the negative direction in the celestial sphere. This movement occurs with a particular velocity in an orbit
parallel to the celestial equator plane. The celestial equator plane is the lengthening of the Earth’s equator plane [5].

2.2.2. The Sun’s yearly apparent movement

The Earth orbits around the Sun in an elliptical orbit and a positive direction, in the elliptical plane throughout the year. However, in
appearance, it is the Sun that orbits around the Earth in the same plane and a positive direction. The angle between the elliptical plane and
the equatorial plane is 23°27’. This plane forms a 23927’ angle with the plane of the celestial equator. If in the center of the celestial system
instead of the Sun we placed the Earth and then drew the apparent elliptical orbit of the Sun,the orbit in Figure 2.1 would be obtained. To
obtain this orbit the Earth will be imagined as fixed and the Sun as the body that rotates around it. Because the Earth’s orbit is well-known
the Earth will be fixed in what will be called point A henceforth which is found in its orbit. When the Earth is on day 21 March at the Y;
point the Sun appears in the direction of Aries. If we transfer point ¥ to point A and find point G| for which AG; =Y G and AG] is parallel
to Y1 G, it would mean that the Sun would appear at point G at this date. In the same manner, if P|G to AP, Y,G to AG,, Y3G to AG3, and
Y4G to AG, are transferred a new ellipse is formed which has at its center point A. This is the Sun’s yearly apparent elliptical orbit. Every
year the Sun moves in this elliptical orbit. Below are five important points that concern this orbit [5].

Both orbits are found in the same plane and this plane is the elliptical plane.
The Earth is found in one of the focal points of the apparent elliptic orbit.
These two ellipses are equal in shape and size.

The rotation period is the same in both and it is a one-star year long.

Both rotations are in the positive direction.

Dk WD =
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Figure 2.1: The Earth’s orbit and the Sun’s apparent orbit

3. Obtaining the Parametric Equation of the Curve of Both the Daily and Yearly Apparent Move-
ment the Sun Makes in the Celestial Sphere by Using Quaternions

In this paper, it is assumed the apparent movement of the Sun occurs in ideal conditions. This means that the Earth will rotate around the Sun
with a constant angular velocity (this velocity will be accepted as equal to the yearly average angular velocity of the Earth around the Sun)
and it will be accepted that the orbit of rotation will be circular instead of elliptic. So, it will be accepted that the apparent movement of the
Sun in the ecliptic plane will occur in a circular orbit with a constant angular velocity.

Firstly, it is necessary to define the problem in physical terms.

Let us accept that a celestial body completes a circular motion in plane E that intersects with plane XY in axis x and forms with it an €
angle. Let us also accept that this movement starts from point P = (1,0,0) in a positive direction, and under force, Fj completes a circular
movement with a constant angular velocity wy. Lastly, let us also accept that a force F, = ¢ Fy, ¢ > 2 (there is a linear relationship between
the scalar magnitude of the forces), forces the same celestial body to move parallel to plane XY in a positive direction with a constant angular
velocity wy. In this case, the celestial body whose vectors are linear independent is under the effect of two forces and is bound to both
velocities. This body, however, will not move parallel to either plane XY or plane E instead it will move with the unified velocity in a
different direction. How can we express the celestial body’s interaction with the velocities wy and w;?

Between the scalar magnitudes of wy and w, velocities, a linear relation is found. This linear relation will be the same as the linear relation
between the scalar magnitudes of F} and F,. In the same manner, the 6 and ¢ angles these angular velocities trace in the same unit of time
will also have the same linear relationship between their magnitudes. So ¢ = c8 because the forces are directly proportional to the angular
velocities and the angular velocities are directly proportional to the angles they trace. To conclude, the curve that this celestial body traces on
the sphere is a product of two rotations. One of the rotations will be in a positive direction around the axis of the plane E (let this axis be
called N) and the other will be in a positive direction around axis Z.

Let plane E represent the elliptic plane while plane XY represents the plane of the celestial equator and angle € represents the angle
€ = 23927’ which is the angle that is formed from the intersection of the celestial equatorial plane and the ecliptic plane (Figure 3.1). In this
case, point (0,0,0) represents the Earth. In addition, the positive direction of axis X will represent the Aries constellation. The direction of
the vector (0, —cos €, — sin€) will represent the Capricorn constellation. The direction of the vector (0,cos €, sin€) will represent the Cancer
constellation. The negative direction of axis X will represent the Libra constellation.

Now let us show the daily apparent movement of the Sun. This movement occurs in a negative direction parallel to the celestial equatorial
plane. In this case, the second rotation movement in the negative direction of the celestial body that was presented in the problem above
represents the movement of the daily apparent movement of the Sun.

Finally, above, it was stated that between the scalar magnitudes of w; (if we adapt w to the velocity of the Sun this corresponds with the
velocity of the Sun’s movement in the elliptical plane) and w; (if we adapt w, to the velocity of the Sun this corresponds with the velocity of
the movement the Sun makes parallel to the celestial equatorial plane) exists a linear relation. The same linear relation exists between the
angles these velocities trace. In this case; because wy = 365,25w (when the Sun rotates once around the ecliptic axis it rotates 365,25
times parallel to the celestial equatorial plane) ¢ = 365,256. So, ¢ = 365, 25.



46 Universal Journal of Mathematics and Applications

Equatorial Plane

Figure 3.1: The system in which the apparent movement of the Sun occurs

Let Q) be the quaternion that will realize the movement in the positive direction around axis N. Let Q> be the quaternion that will realize the
movement in the positive direction around axis Z. With the help of these two quaternions, the parametric equation of the curve of the daily
and yearly apparent movement the Sun makes in the celestial sphere will be obtained. The starting point of the movement is P = (1,0,0)
which coincides with the Aries constellation. The vector OP that is found in the direction of the Earth-Aries constellation is v = (1,0,0) .
First, let this vector be transferred to the quaternion space so:

vi = (1,0,0) vector — w; = 0+i+0j+ 0k = i corresponds to a pure quaternion. The first rotation movement will be realized around axis
u = —jsin€ 4 kcos € with 6 angle. The second rotation movement will be realized around axis k with a ¢ angle in a negative direction. In
this case, the Q| and Q, quaternions that will operate as rotation operators are: For a = sin€ and b = cos e,

0 . . (06 . (6
Q| = cos <§) — jasin (5) +kbsin (5)

) = cos (%) +k sin (g) .

and

It is stated that the second rotation movement (daily movement) occurs around axis k in the negative direction. If the necessary adjustments
are made, instead of O, = cos (%) +k sin (%) for the second rotation, the complex conjugate of Q, will be used.

05 =cos <g) —ksin (g) .

According to Theorem 2.3, for Lo, (w1) = Q1 X wy x Q7 , Los(w2) = Q3 X wp X Qa, and wy = Q1 X wy x Qf

Lg:g, (w1) = (@5 x Q1) x wy x (@5 x Q1)".

If 05 x Q1 = Q and w| = i then

LQEQ] (W]):Q X i X Q*.

So the calculations are as such:
0=0"x Q1= (cos (%) —ksin(%)) X <cos (g) — jasin (g) +kbsin (g))
Q0= (cos (g) cos (g) + b sin <§> sin <g)> —iasin <§> sin <§) — jacos (%) sin <g)
+k (b cos (%) sin (g) —sin (%) cos (g))

L=0xix Q" =Ly+iLi+jLy+kL3

Ly=0
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Ly =cos@cosO+bsingsinf.

Likewise:

Ly, =bcos@sinf —sing cos O

Ly =asinf

then

Lo,<g, w1) =Q x i x Q" =i(cos@ cos® +bsing sin®) + j(bcos @ sin® —sin cos )
+kasin® =w.

When vector w that was obtained in the quaternion space is transferred to vector v in the real space:

v=(x,y,z) = (cos@cos O +bsin@sinO, bcos@sin® —sin@cosH, asinh).

Ifc>2,0<60<2n0< ¢ <nm, nand c are constants and ¢ = ¢ are kept in mind then:

X = cos O cos(ch) + bsinOsin(cH)
Y = bsinBcos(cO) —cos Osin(ch)
Z =asinf

¢=365,25 and 0 < O < 27, a = 5in23%27 and b = cos23°27'.
The quaternion that will be used for the first rotation movement, was defined before as:
Q1 =cos (g) — jasin (%) + kbsin <g> . From here, we have:

—cos(?
410 = COs 3

q11=0

— —asin( @
q12 = —asin| >
0
q13=bsin(§>
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According to (2.1) rotation matrix A which is produced by the unit quaternion above is:

2cos? (%) —2bcos(g> sin(%) —2acos(g> sin(%)
2
A= |2bcos (%) sin ( ) 2cos? ( > 1+2( asin (g)) —2absin (g) i
2003( )a51 ( ) —2absin (g) sin (g) 2cos? (%) —14+2
The quaternion that will be used for the second rotation movement, was defined before as:
0" = cos (§) —ksin (%) From here:

eos(?)
220 —608(2
21" =0
g2n" =0

q23" = —sin (%)

According to (2.1) rotation matrix B which is produced by the unit quaternion above is:

2cos? (4) -1 2cos (9)sin(4) 0
B= 72cos(%)sin(%) 2cos? (%) 1 0
0 0 1

Let matrix be the resultant matrix of matrixes and then:

C=BA
When the necessary calculations are done:
25— 14291 2q192—24093 29193 +24092

C=|2q192+2q093 2q3—1+2g5 2g2q3—2q0q1
2q193 — 29092 29293 +2q0q1  2q5— 14243

where

3.1)

As expected, the values in equation (3.1) are the same as the values of Q = 0,* X Q.
According to (2.2), the vector w = (w1, wy, w3 ) obtained when rotation matrix C is applied in vector ¥ = (1,0,0) is:

w=CV

wi 2314242 2q192—290q3 29193 +249092] [1
w(wi,wo,ws) = |w2| = |2q192+29093  2g3— 14295 29293 —2q0q1 | |0
w3 29193 — 24092 2q293+2q091  2q5—1+243 ] |0

wy = 2q(2) -1 +2q% = 2(003 <g) cos (g) + b sin (%) sin (2))2 -1 +2(—a sin (%) sin (2))2

w1 = cos @ cos 0 4 bsin@ sin O
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w2 = (29192 +24093)

=2 (-asin(§) sin (5 ) ) (~acos (%) sn($) )
+2 (cos (%) cos (g) +bsin (%) sin (g)) (bcos (%) sin (g) ~sin (g) cos (g))

wo = bcos @ sin@ —sin @ cos 0

Wy =2 (fasin (%) sin @)) (b cos (%) sin (g) —sin (
~2 (cos (%) cos (§ ) osin (%) sin (5) ) (—acos

)eos
) sin(

)
))=2en(3)n(3)

SIESESIRS
R D

w3 = asin @

w = (wi,wz,w3) = (cos@cos B + bsin@sin O, bcosPsin® —sin@cosH, asinf).

Ifc>2,0<60<2r0< ¢ <nm nand c constants and ¢ = c6 , are kept in mind then:

wi =X = cos 0 cos(ch)+bsinOsin(ch)
wy =Y = bsin 6 cos (cO) — cos Osin(ch) 3.2)

w3 =Z=asin0

c=365,25and 0 < 6 <27, a = sin23°27 and b = c0s23%27

If the graphic of the equation (3.2) we obtained above was drawn, the three-dimensional graphic shown in Figure 3.2 will be acquired. This

curve covers the entirety of the sphere found between the planes z = — sin23°27" and z = sin23°27’ because the constant ¢ is ¢ = 365,25.
For this reason, to be able to comprehend the shape of the curve, ¢ = 12 is chosen instead of ¢ = 365,25 and this way the graphic shown in
Figure 3.3 is obtained. As shown in Figure 3.3, the curve is a spherical spiral limited between the planes z = — sin23°27' and z = sin23%27’.

If in equation (3.2) € = 90° then the parametric equation of the spherical spiral is procured.

Figure 3.2: The curve of the apparent movement of the Sun for ¢ = 365,25
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Figure 3.3: The curve of the apparent movement of the Sun for ¢ = 12
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1. Introduction
In this paper, we are concerned with the following problem:

e — Au—Auy + g (0 g )P 2w = o (1) w9 2w, x€Q,1>0,
u(x,t) =0, x€dQ, >0, (1.1)
u(x,0) =up (x), wu(x,0)=uj(x), xeqQ,

where Q is a bounded domain in R" (n € N), with a smooth boundary dQ, p > 2, ¢ > 2, u (t) is a non-negative function of ¢ and i, () is
a positive functions of z. The quantity |u, \1’72 u; is a damping term which assures global existence, and |u|‘172u is the source term which
contributes to nonxistence of global solutions. ; (¢) and Uy (¢) can be regarded as two control buttons which can dominate the polarity
between damping term and source term.

In the absence of the strong damping term Au,, and iy (¢) = Up (¢) = 1, then the problem (1.1) can be reduced to the following wave equation

e — Au+ g P2y = |ul 92 .

Many authors established the existence, nonexistence and decay of solutions, see [1-6]. The interaction between nonlinear damping
(Juz|P~% u;) and the source term (|u|9~% u) makes the problem more interesting. Levine [2,3] first studied the interaction between the linear
damping (p = 2) and source term by using Concavity method. But this method can’t be applied in the case of a nonlinear damping term.
Georgiev and Todorova [1] extended Levine’s result to the nonlinear case (p > 2). They showed that solutions with negative initial energy
blow up in finite time. Later, Vitillaro in [6] extended these results to situations where the nonlinear damping and the solution has positive
initial energy.

In [7], Yu investigated the equation with constant coefficients

Ut — A — Auy + P~y = |u 72w (1.2)

He showed globality, boundedness, blow-up, convergence up to a subsequence towards the equilibria and exponential stability. Gerbi and
Said-Houari [8] proved exponential decay of solutions (1.2) for p = 2.

Email addresses and ORCID numbers: episkin@dicle.edu.tr, 0000-0001-6587-4479 (E. Piskin), afidanmat@gmail.com, 0000-0001-6988-8333 (A.
Fidan)
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Zheng et al. [9] considered the Petrovsky equation
g + A%uky () " e = ko (1) )P

in a bounded domain. They proved the blow up of solutions.

In this paper, we established the nonexistence of solutions. To our best knowledge, the nonexistence of solutions of the wave equation with
variable coefficients not yet studied.

This paper is organized as follows: In the next section, we present some lemmas, notations and local existence theorem. In section 3, the
nonexistence of global solutions are given.

2. Preliminaries

In order to state the main results to problem (1.1) more clearly, we start to our work by introducing some notations and lemmas which will be
used in this paper. Throughout this paper [u||,, = ||ul| (o) and [|ul|, = [|u| denote the usual L? (Q) norm and L? (Q) norm, respectively.

Also, Wé"’z (Q) = Hi' (Q) is a Hilbert spaces (see [10, 11], for details).
Lemma 2.1. [4]. Assume that

{2§q<oo, n<2,

2<g< il p>3

Then, there exist a positive constant C > 1, depending on Q only, such that
Jully < € (I1Val+ ) @

foranyueH(% (Q)and2<s5<gq.

Lemma 2.2. Assume that p > 2, q > 2, i (t) is a nonnegative function of t, U (t) is a positive functions of t and ) () > 0. Let u(r) be a
solution of problem (1.1) then the energy functional E (t) is non-increasing, namely E' (t) < 0.

Proof. Multiplying the equation (1.1) with u, and integrating with respect to x over the domain Q, we obtain

d (1, o 1 2 (), g » 2 (1)
E(E””’H + 5 1Vl —THMH(, ==ty (1) [[ue]lf — [ Vaae | —Tlluﬂq- (22
By the equality (2.2), we get
1 (1)
B/ (0) = = (1) o = |V = B2 g < 0,
and E (1) < E (0), where
1 1 I (1)
E(0) = 5l + 5 1Vl = 22 2, @3)
and
1 2 1 2 M2(0)
== ~ Vol = 22 lug|2.
E(O) = 3 1+ 5 190l = 222 o

In order to obtain our main results, we set
H(t)=—E(t). 24

In the following remark, C denotes a generic constant that varies from line to line. Combining (2.1), (2.3) and (2.4), we obtain

Remark 2.3. Assume that

{2§q<00, n<2,

2<q<2(nn:21>, n>3

and energy functional E (t) < 0. Then, there exist a positive constant C, depending only on Q, such that

t
ety < € (#1) P + (222 41 ) @)
foranyu € H} (Q) and2 < s <gq.

Next, we state the local existence theorem that can be established by combining arguments of [1, 12].
Theorem 2.4. (Local existence). Suppose that

2< g <oo, n<2,
2<q<2(”:21>7 n>3.

n

Then, for any given (up,u;) € (HO1 (Q) x L2 (Q)) , the problem (1.1) has a local solution satisfying
ue ([0.7]: Hy (@), € € (10,T]:L2()) NLP (Q,[0,7]))

for some T > 0.
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3. Nonexistence of Global Solutions

In this section, we will consider the nonexistence of global solutions for the problem (1.1). By using the same techniques as in [9].
Theorem 3.1. Let the assumptions of Lemma 2.2 hold. And assume that Wy () is a nonnegative function of t, U (t) is a positive functions of
t, ph (1) >0 and
i a(p—1)
Jim gy () pa (1)
exists, where
) _
0<asmin{® 2 0
2q "q(p—1)
Then the solution of Eq. (1.1) blows up in finite time T* and
T* < 177‘10{
ayL™a (0)
if ¢ > p and the initial energy function
E(0) <0,
where

L(0)= [H(O)}17a+£/gzu0u1dx > 0.

Proof. From (2.2)-(2.4), we have

%H@):umnmmm+quW+ﬁ%ﬂnwzzo G0
for almost, every 7 € [0,T) . Therefore

0<H(0)<H() < “Zq(’) lul?, ¢ € 0,T). (32)
Define

L(t):Hl’a(t)—i-e/guutdx—l-;HVuH2 (3.3)
where € > 0 is small to be chosen later, and

0<a§min{q;2,ﬂ}. (3.4)

29 "q(p—1)

Differentiating (3.3) with respect to ¢ and combining the first equation of (1.1), we have
L) = (1—o)H *@)H (1)+e /Q (s 1) -2 / VuViydx
— (- H () H (1) +s/vuvu,dx
+£/Q (uAu +uluy — puy (t) [P w4 (0) u? + ut2> dx
= (1—o)H *()H (1) +&u’ e[ Vul®
ety (0l — et ) [ ]~ (35

Due to the Holder’s and Young’s inequalities, we have

o 0) [l s <) [l ads
p=l 1
P P
< (fmoura) ([ moura)
Q Q
—1 _r or
< %Tmawvﬁmw+;wmmwg (3.6)

where 8 is positive constant to be determined later. According to the conditions i (£) > 0,15 (£) > 0 and (3.1), we get

H' (1) >y (¢) [Jue |7 (3.7)
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Combining (2.3), (2.4), (3.5), (3.6) and (3.7), we have
/ —a p—1 _» ,
e > {(1 o) H )P ,,,1} H (1)

op
ve (a0 - 2 0 )
e (24 1) > +e (5 —1) Ivul. (3.8)
Since the integral is taken over the variable x, it is reasonable to take 8 depending on variable 7. From (3.2), we obtain
0<H %*@)<H *(0),

for every 7 > 0. Hence H % (1) is a positive function and bounded. Thus, by taking & T = mH (t), for large m to be specified later, and
substituting in (3.8), we get

L@ > {(l—a)—ijlem]H_“(t)H’(t)

e (24 1) el +e (5 —1) [vul?
1—-p

p

reart )= L (1P (0l 39)

By using the (2.3), (2.4), (3.2) and the embedding L7 (Q) < L” () (¢ > p), we arrive at [|u[|}) < C||u[|7 and

L > {(1—04)—”17;18;11}11*“(;);1’(;)

e (21) P+ (2 1) IvulP

1-p a(p-1)
a0 " 0 (217 |u||5;+"°‘<"—‘>} (3.10)

+£

From (3.4), we get2 < s = p+qo (p—1) < g. Combining (2.3), (2.4), Remark 2.3 and (3.10), we obtain

re > l0—a)= P em| Ho (o)1 (1) e (% + 1) e |* + € (% - 1) 1Vu|?

‘e [gH (1) = Com Py (07 iy (1) (H<z>+||u,u%+“27(’)+1) Huuz}

Y

(1-a) -2 Len| ey +e (# —Cmt Py (1)) gy <r>) H (1)

Py (00D gy (tﬂ 2

+e %Hz (1) = Cim' Py (1)*07V g (1) (MT(Z) + 1)] l[ulld, G.1D)

where C = %. Since limy o0 11 (¢) U2 (t)‘m’*l) exists, iy (¢) o (t)‘x(pf1> is bounded for every ¢ > 0. Then, we choose m large enough

so that the coefficients of H (1), |ju;||* and [|u]|d in (3.11) are strictly positive. Therefore, we arrive at

L' > {(1—05)—”7713411—“@)#(:)

+ep {H(z) 3+ (”2;’) + 1> Hu||2} 7 (3.12)
where
B o= min{qu—clmlff’m(z)““’*”m (0,
ﬂ

o Cm P (0 (1),

-2 _
qTquz (1) = Crm' Py ()*P~ Y gy (f)}

is the minimum of the coefficients of H (), [|u||* and H”HZ . Once m is fixed, we can take € small enough so that 1 — o — pT?lsm >0 and

L(0)=H'"® (0)+s/ uouydx > 0. (3.13)
JQ
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Then (3.12) becomes

L'(1)>ep {H (6)+ |2+ (“Zq(t) + 1) \|u||g} > 0.
Then, we have
L(r)>L(0)>0.

For the definition of L(r) (see (3.3)) we have

IN

ol e |

‘ / uurdx
Q
using Holder’s inequality and the embedding LY (Q) < L () (¢ > p). Thanks to Young’s inequality, we have

/ uusdx
Q

A

Clluel g [luel

1
I-a

R 1
Cllullg™ [l || ™=

2
~2a 2
coww—ww)

IN

IN

from (3.4), we arrive at ﬁ <q.
Combining (3.17) and Remark 2.3, we get

1
T-a t
/umdr gc(Ha»me%+(““)—+ang>.
Q q

Therefore, we obtain

L
I-o

Lta () = {Hlfa(z)Jrs/Quu,dx}

1
=
2T (H(t)+ 8/ uudx >
JQ

o+ ut+ (M2 41) jug)

IN

IN

Combining (3.14), (3.15) and (3.19), we have
L)z yLre (1)

where 7 is a constant depending only on C, 8 and €. Integrating (3.20), we arrive at
LT (1) > —

If

1- - «
t— 7(106 , L’W(O)f—a 1t — 0.
ayLT< (0) «
Hence, L () blows up in finite time 7* and
-«
e (0)

*

which complete the proof of the Theorem.

4. Conclusion

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

In this paper, we obtained the nonexistence of global solutions for a strongly damped wave equation with variable coefficients. This improves

and extends many results in the literature.
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1. Introduction

Nowadays, many types of interconnection network topologies have been extensively studied by researchers. The most popular of these are
trees, cycles, grids, tori, meshes and hypercubes. A new network topology will be introduced in this study. This new network structure is
obtained using squares and called the Connected Square Network Graph (CSNG). Two different definitions are given for the connected
square network graph. Firstly, it is obtained by combining a finite number of squares in 2D space. Secondly, it is obtained recursively from
square and compound cubes in the first way.

In the literature, hypercube, and its variants (Folded Hypercube, Crossed Cube and the Hierarchical Cubic Network) have been studied
extensively in the interconnection network [1-9]. Karc1 and Selguk introduced new hypercube variants and investigated it’s Hamilton-like
features. These; Fractal Cubic Network Graph (FCNG) [10] uses the fractal structures and Connected Cubic Network Graph [11] uses
hypercube. They investigated the topological properties of new hypercube variants.

Motivated by the [10] and [11], a new network structure will be defined in this study. The outline of this study is as follows. Section 2
informs basic information about graph theory and explains the definitions of CSNG. Section 3 investigates the analytical properties of
CSNG and is obtained Hamiltonian properties of CSNG is obtained. Labelling algorithm for this graph is given in Section 4. In Section 5,
topological features of CSNG are obtained and a projection for future work is presented.

2. Preliminaries

Rest of the study, G = (V,E) is a graph where V is a vertex set and E is a edge set. (x,y) is an edge in E where (x,y) € G. The degree of
vertex x € V(G) is denoted by deg(x) and d(x,y) is a shortest path from x to y in G.

’||” indicates the concatenation of two strings. The Hamming distance is 2?;01 (a; @ b;) since & is bitwise-XOR operation. S(2) is denoted a
square in 2D space. The 2D coordinate system is given below:

Figure 2.1: Two-dimensional coordinate space

Two different definitions be given to obtain these graphs, in this section.

Email addresses and ORCID numbers: bselcuk @karabuk.edu,tr 0000-0002-5141-5148 (B. Selcuk)
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Definition 2.1. (CSNG): Let CSNG(0,0) = S(2) (Fig 2.(a)). CSNG(k,m) can be defined in two steps.
Case 1. Construction in one direction

(i) Suppose Y" 2! squares with common two nodes (an edge) are connected along the y-axis. This graph will be called a CSNG(0,m).
For example, the mesh structure given in Figure 2(b)-(c) are CSNG(0,1) and CSNG(0,2).
(i) Suppose 25.‘:0 squares with common two nodes (an edge) are connected along the x-axis. This graph will be called a CSNG(k,0).

Case II. Construction in two directions

(i) Suppose Y" 2! CSNG(k,0)s with common two nodes (an edge) are connected along the y-axis. This graph will be called a
CSNG(k,m).

(ii) Suppose Z{.‘ZO 2! CSNG(0,m)s with common lower and upper surfaces (one surface) are connected along the x-axis. This graph will
be called a CSNG(k,m).

CSNG(0,0) is represented by S(2) in the Figure 2.2-(a). In Figure 2.2-(b) (Figure 2.2-(c)), CSNG(0,1) (CSNG(0,2)) is obtained by
combining 3 (7) squares with one side in common. CSNG(1,2) is obtained by combining 3-CSNG(0,2)s which have top and bottom
horizontal surfaces to be in common in Figure 3.1-(b).

Figure 2.2: a. CSNG(0,0), b. CSNG(0,1), c. CSNG(0,2), respectively

Figure 2.3: CSNG(1,2)

Definition 2.2. Two CSNG(k,m — 1)s (or CSNG(k — 1,m)s) can be merged to construct a new mesh of size doubling the size of
CSNG(k,m) = G(V,E),k > 0,m > 0. There are two situations:

(i) If doubling dimension is x, then the nodes and edges in O||CSNG(k — 1,m) and 1||CSNG(k — 1,m) are also included in
CSNG(k,m) = G(Vy, Ex). It Vv, €V, p=0,...k+m—1, 2P < Label(v;) <2P + 1, |k —m| < 1, then V(0||v;, 1||v;) € Ey.

(ii) If doubling dimension is y, then the nodes and edges in O||CSNG(k,m — 1) and 1||CSNG(k,m — 1) are also included in
CSNG(k,m) = G(Vy,Ey). If Vv; € V, Label (v;) is even, Label (v;) < 25" |k —m| < 1, then V(0||v;, 1||v;) € Ey.

CSNG(0,1) and CSNG(0,2) can be constructed using definition 2.2-(i) in Fig. 2.4-(a) and Fig. 3.1-(a), respectively. Similarly, CSNG(1,0)
and CSNG(1,2) can be constructed using definition 2.2-(ii) in Fig. 2.4-(b) and Fig. 3.2-(a), respectively.

000 001

Original
Square
010 011

—— T yaxis

110 111
Reflecting
Square

100 101

X axis

Figure 2.4: a. CSNG(0,1), b. CSNG(0, 1), respectively
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1110 1111 1011 1010

0010 0011 0111 0110

X axis

0000 0010 0110 0100 1100 1110 1010 1000

0001 0011 0111 0101 1101 111 1011 1001

Figure 3.1: a. Construction of CSNG(0,2) using Definiton 2.2, b. Labelling of CSNG(0,2), respectively

3. Topological Features of Connected Square Network Graphs

3.1. Hamilton features of CSNG(0,m) (CSNG(k,0))

In this subsection, we analyzed Hamilton features of CSNG(0,m) (CSNG(k,0)). Firstly, we give an example. CSNG(0,2) is a Hamilton
graph labelled with a 4-bit gray code in Fig. 3.1-(b).

Theorem 3.1. Suppose Y.\ 2i-squares with common two nodes (an edge) are connected along the y-axis in definition 2.1-(a). This graph,
CSNG(0,m), has 3 x 2m+1 _ 2 edges and 2"+2 nodes. Further, CSNG(0,m) is a Hamilton graph and is labeled with a m + 2-bit gray code.
Proof. The total node number of nodes of CSNG(0,m) can be calculated by using definition 2.1-(a) and mathematical induction.

First Step: Let m = 2. Suppose )21-2:0 2! = 7-squares with common two nodes (an edge) are connected along the y-axis. The total number
node is along the y-axis 2 (¥ (2 + 1) =222,

Hypothesis Step: Let m = n — 1. Suppose Z;’;OI 2i_squares with common two nodes (an edge) are connected along the y-axis. Assume that
CSNG(0,n — 1) has 2+ nodes.

Final Step: Let m = n. Suppose Y.\ 2i_squares with common two nodes (an edge) are connected along the y-axis. The following equation
applies for the proof of final step:

n . n=l
Y=Y 242"
i=0 i=0

CSNG(0,n) is obtained by adding 2" S(2) to the CSNG(0,n — 1) with 2 edges in common. Namely,

[

CSNG(0,n) = CSNG(0,n— 1) +2"5(2).

Hence, total node number of CSNG(0, n) is 21 42" % 2 = 21+2,

Secondly, the total number edge is along the x-axis 2}/ 20=2 (2’”*1 — 1) =22+l _ 2. The total number edge is along the y-axis
Y72 +1=2""1 Total edge number of CSNG(0,m) is 3.2" 1 —2.

Finally, we showed that CSNG(0,m) is a Hamilton graph. Mathematical induction will be used for proof.

First Step: Let m = 2. CSNG(0,2) is a Hamilton graph which is labelled with help of 4-bit Gray code seen in Fig. 3.1-(b).

Hypothesis Step: Let m = n— 1. Suppose CSNG(0,n — 1) is a Hamilton graph which is labelled with help of n+ 1-bit Gray code and has
2"*1 nodes.

Final Step: Let m = n. The following equality is obtained

D=

2") $(2) = (rl):l 2") S(2) +2"5(2),
i=0

0

CSNG(0,n) = 0||CSNG(0,n — 1) U1||CSNG(0,n— 1)

since CSNG(0,n) has 22 =2.2"+! nodes. Suppose x; and x; are two nodes in CSNG(0,n— 1) and x; ®x; = 1. The edges (0||Label (x;), 1||Label(x;))
and (0||Label(x;), 1||Label(x;)) are in CSNG(0,n — 1) and they are in Hamilton circuit in CSNG(0, ). Namely, CSNG(0, ) is a Hamilton

graph which is labelled with help of n + 2-bit Gray code and has 2"*2 nodes.

Similar results can be obtained in CSNG(k,0).

3.2. Hamilton features of CSNG(k,m)

In this subsection, we analyzed Hamilton features of CSNG(k,m). Firstly, we give an example. CSNG(1,2) is a Hamilton graph labelled
with a 5-bit gray code in Fig. 3.2-(b).
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00000 00001 00101 00100 01100 01101 01001 01000

CSNG(1,1

00010, 00011, 00111 00110 01110, 01111
1 1 |
1
1

01011, 01010,

1 ' h ! ! y axis
10010, 10011, 10111 10110 11110, 11111, 11011 11010!
CSNG(1,1)
10000 10001 10101 10100 11100 11101 11001 11000
00000 00010 00110 00100 01100 01110 01010 01000

00001 00011 00111 00101 01101 01111 01011 01001

10001 10011 10111 10101 11101 11111 11011 11001

10000 0010 10110 0100 11100 11110 11010 11000

Figure 3.2: a. Construction of CSNG(1,2) using Definiton 2.2, b. Labeling of CSNG(1,2)

Theorem 3.2. Suppose ZfZO-CSN G(0,m)s with common lower and upper surfaces (one surface) are connected along the x-axis. This graph
will be called a CSNG(k,m). CSNG(k,m) has 25+"+2 nodes and 2K+7+3 —pm+1 _ ok+1 edges. Further, CSNG(k,m) is a Hamilton graph
and is labeled with a k + m + 2-bit gray code.

Proof. Firstly, CSNG(k,m) is consist of YX_,-CSNG(0,m)s. Besides, CSNG(0,m) is consist of Y7 y-CSNG(0,0)s where CSNG(0,0) is a
S(2) square. Hence,

k k m
CSNG(k,m) =Y CSNG(0,m) =Y ) CSNG(0,0)S(2).
i=0 i=0 j=0

Node numbers of CSNG(k,m) is

k
<Z 21+1) (in: 2]_,’_1) :2k+12m+1 :2k+m+2‘
i=0 j=0

Because there are ):f‘zo 2/ 4+ 1 nodes along the x-axis and ):;f’:o 2/ 41 nodes along the y-axis.
Secondly, total number of edges along the x-axis is ( o 2 ) (ZI;-:O 2+ 1) and, total number of edges along the y-axis is ():fzo Zi) (Z?:O 2/ + 1) .
Total number of edges of CSNG(k,m) is

k k
i=0 j=0 i=0 j=0

A similar proof of Theorem 3.1 can be done to show that CSNG(k,m) is a Hamilton graph.

4. Labelling Algorithm

In this section, an algorithm will be designed to label CSNG(k,m) with the help of the reference [12].

Example 4.1. Let k = 1,m =2 and S = {00 01 11 10}, inv_S = {10 11 01 00}. Assume that CSNG(0,0) = S, inv-CSNG(0,0) = inv_§
where inv_CSNG is reverse sorting of CSNG. It can be calculation for k 4+ m = 3 iteration.
1. Iteration (k=0,m=1):
CSNG(0,1) = 0||CSNG(0,0) U 1||inv-CSNG(0,0)
=0]|{0001 11 10}U1|[{10 11 01 00}
={000001 011010110 111 101 100}

and
inv.CSNG(0,1) = 1||CSNG(0,0) U0||inv-CSNG(0,0)
=1/|{00011110} UO||{10110100}
= {100 101 111 110 010 011 001 000}
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2. Iteration (k=0,m =2):

CSNG(0,2) = 0||CSNG(0,1) U 1||inv-.CSNG(0, 1)
=0[/{000 001 011010 110 111 101 100} U1||{100 101 111 110 010 011 001 000}
= {0000 0001 0011 0010 0110 0111 0101 0100 1100 1101 1111 1110 1010 1011 1001 1000}

and

inv_.CSNG(0,2)

1||CSNG(0,1) UO||inv.CSNG(0,1)
1/1{000 001 011 010 110 111 101 100} U0|[{100 101 111 110010 011 001 000}
{1000 1001 1011 1010 1110 1111 1101 1100 0100 0101 0111 0110 0010 0011 0001 0000}

3. Iteration (k=1,m =2).
CSNG(1,2) = 0]|CSNG(0,2) U1||inv-CSNG(0,2)
= 0]/{0000 0001 0011 001001100111 0101 0100 1100 1101 1111 1110 1010 1011 1001 1000} U
1/]{1000 1001 1011 1010 1110 1111 1101 1100 0100 0101 0111 0110 0010 0011 0001 0000}

That is, labelling of nodes of CSNG(1,2) is

00000 00001 00011 00010 00110 00111 00101 00100
0110001101 01111 0111001010 01011 01001 01000
11000 11001 11011 11010 11110 11111 11101 11100
10100 10101 10111 10110 10010 10011 10001 10000.

Remark 4.2. The Algorithm 1 finds the labeling of CSNG(k, m) using recursive process. The running time of the Algorithm 1 is O(p) where
p = max(k,m). (Algorithm 1 in Appendix)

5. Comparison Results

Connected square network graphs are scalable. It has been shown that CSNG(k,m) is an Hamiltonian graph and is not an Euler graph.
CSNG(0,m) (or CSNG(k,0)) has nodes with 2 and 3 are degree nodes and total node number of is 2”2 in Table 1. CSNG(k,m) has nodes
with 2,3 and 4 are degree nodes and total node number of is 2*+2 in Table 2. The edge-node relationship for CSNG(0,m) and CSNG(k,m)
is given in Table 3 and Table 4, respectively. (Tables in Appendix)

Remark 5.1. (see [13]) Sum connectivity-index of CSNG(0,m) is calculated as follows

Xa(G)= ), (degx+degy)”
(xy)EE

=2.4% 44.5% 4 (28T _gmil_oktl_6)6®
and sum connectivity-index of CSNG(k,m) is calculated as follows

Xa(G)= Y (degx-+degy)*
(xy)€E
— 85(1 + (2m+2 4 2k+2 _ 12)6“ + (2m+2 4 2k+2 _ 8)7(1 + (2k+m+3 _ 2m+1 _ 2k+1 _ 2m+3 _ 2k+3 + 12)811
where o € R.
The general Randic index Ry (G) of CSNG(0,m) is calculated as follows

Ra(G)= Y (degxdegy)®
(x,y)€E

—2.4% +46a + (2k+m+3 _ 2m+l _ 2k+1 _ 6)906
and, the general Randic index Ry (G) of CSNG(k,m) is calculated as follows

Ro(G)= ) (degxdegy)”
(xy)EE

= 8.6% 4+ (22 £ 2kH2 _12)9u | (gmH2 4 ok+2 gy 0@ 4 (gktmt3 _pmtl okl _gmt3 k43 | 1py16@
where ¢ = —1,—1/2,1/2,1.
6. Conclusion
In this paper, connected square network graphs are introduced. Two different definitions are given to obtain connected square network graphs.

The topological properties of these graphs have been investigated and it has been proven to be a Hamilton graph. These graphs can be
thought of as a hypercube variant. A labeling algorithm is given that reinforces this idea.
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7. Appendix

Algorithm 1: This algorithm calculate labelled of CSNG(k,m).

Data: k,m, S = {00 01 11 10}, inv_S = {10 11 01 00}
Result: labelled of CSNG(k,m)
1 begin

CSNG(0,0) = S
inv.CSNG(0,0) = inv_S
for j=1tomdo
CSNG(0, j) = 0[|[CSNG(0, j — 1)U 1]]inv-CSNG(0, j — 1)
inv_CSNG(0, j) = 1||CSNG(0, j — 1) U0||inv_CSNG(0, j — 1)
f(;r i=1tokdo
CSNG(i, j) = 0||CSNG(i — 1, /) U1||inv_CSNG(i — 1, )
| inv-CSNG(i, j) = 1||CSNG(i — 1, j) U0||inv-CSNG(i — 1, )
return CSNG(i, j)

Table 1: The number of degree of nodes of CSNG(0,m)

H deg(2) \ deg(3)) \ Total Node H
[ 4 [2m7-4] 27
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Table 2: The number of degree of nodes of CSNG(k,m)

H deg(2) \ deg(3)) \ deg(4)) \ Total Node H
H 4 ‘ 2m+2 +2k+278 ‘ 2k+m+272m+272k+2 4 ‘ 2k+m+2 H

Table 3: The number of the edges of CSNG(0,m)

[

H (deg(2),deg(2)) ‘ (deg(2),deg(3)) ‘ (deg(3),deg(3)) ‘ Total Edge
|

‘ 2 ‘ 4 ‘ 2k+m+3 _ 2m+1 _ 2k+1 —6 ‘ 2k+m+3 _ 2m+1 _ 2k+1 H

Table 4: The number of the edges of CSNG(k,m)

|

Total Edge

(deg(4),deg(4))

m+2 k+2 m+2 k+2 _ k+m+3 _ Am+1 _ ~k+1 _ »m+3 _ ~Hk+3 k+m+3 _ Aam+1 _ Ak+1
\2 +2 12\2 +2 8\2 2 2 2 2 +12\2 2 2

[ [es(2),deg(3)) | (des(3),dez(3)) | (des(3).desd) |
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1. Introduction and Preliminaries

In this study, we shall denote by N the set of natural numbers. Let (E, ||.||) be a Banach space and C be a nonempty convex subset of E. The
distance from a x € E to a nonempty subset C C E is defined by

dist (x,C) :=inf{||x—z|| : z € C}.
The radius of C relative to x is defined by

R(x,C) = sup{[x—z] : z€ C}.

Definition 1.1. A Banach space E is said to be uniformly convex if for each € € (0,2], there is a 8 > 0 such that for every x,y € E

[[x] <1
Iyl <1 ;»L;“y” <1-6.
[x—yll > €

We shall denote the family of nonempty compact subsets of C by K(C). The Hausdorff metric H on K(C) is defined as follows:
H (A,B) = max < supdist (x,B), supdist(y,A)  for A,B € K(C).
xX€A yEB

A multivalued mapping T : C — K(C) is said to be nonexpansive if

H(Tx,Ty) <|x—y||, foreach x,yeC.

A point x € K is a fixed point of a multivalued mapping 7 : C — K(C) if x € T (x). Moreover,if T (x) = {x}, then x is called an endpoint (or
a stationary point) of 7 . We shall denote the set of all endpoints and the set of all fixed points of T by E7 (or End(T)) and Fr, respectively.
It is clear that End(T) C Fix(T). Endpoint for multivalued mappings is an important concept. Many researchers have studied the exsitence
of an endpoint of a multivalued mapping. In 1980, Aubin and Siegel [1] proved that every multivalued dissipative mapping on a complete

Email address and ORCID ber: mkaplan@sinop.edu.tr, 0000-0002-7962-702X (M. Kaplan Ozekes)
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metric space has always an endpoint. In 1986, Corley [2] showed that a maximization with respect to a cone is equivalent to the problem of
finding an endpoint of certain multivalued mapping. In 2018, Panyanak [3] showed that the modified Ishikawa iteration process converge to
an endpoint of a multivalued nonexpansive mapping in Banach spaces. In 2020, Laokul [4] proved Browder’s convergence theorem for
multivalued mappings in Banach space without the endpoint condition by using the notion of diametrically regular mapping. Abdeljawad et
al. [5] introduced the modified S- iteration process for finding endpoints of multivalued nonexpansive mappings in Banach spaces. Ullah et
al. [6] proved the strong and A-convergence results of endpoints for multivalued generalized nonexpansive in Metric spaces.

Definition 1.2. A Banach space (E, ||.||) is said to have Opial property [7] if for each sequence {x,} in E which weakly converges to x € E
and y # x, it follows that

limsup ||x, — x|| < limsup||x, — y]|.
n—yoo n—soo
Definition 1.3. [3] A mapping T : C — K (C) is said to satisfy condition (J) if there exists a nondecreasing function h : [0,00) — [0,0) with
h(0) =0, h(r) >0 forr € (0,c) such that
R (x,T(x)) > h(dist(x,End(T)) for all x € C.
Definition 1.4. [3] The mapping T : C — K (C) is said to be semicompact if for any sequence {x,} in C such that

lim R (x4, T (x,)) =0,

n—oo
there exists a subsequence {xn, } of {xn} and q € C such that limy_, e Xy, = q.

Definition 1.5. A sequence {x,} in E is said to be Fejér monotone with respect to C if

%1 = pll < llxn = pl|
forallpeCandneN.

The purpose of this paper is to introduce a modified iteration process to approximate endpoints of multivalued nonexpansive mappings in
Banach space.

Let C be a nonempty subset of a Banach space and 7 : C — K(C) be a nonexpansive multivalued mapping. Let 04, B, % € [a,b] C (0,1) are
real sequences. We introduce our iteration process as follows: x| € C

2n = (1= %) Xn+Yvn, n€N
where v, € T (x,) such that||x, —v,|| = R (x,, T (x,)), and

Yn = (1= PBn) v+ Bawn (1.1
where wy, € T (z,) such that||z, —wy|| = R (24,7 (z4)), and

Xpr1 = (1= ) vy + Quuyp

where uy, € T (y,) such that ||y, — un|| = R (yn, T (yn))-
Following lemmas will be useful to prove our main results.

Lemma 1.6. [3] For a multivalued mapping T : C — K(C), the following statements hold.

() x € F(T) & dist(x,T(x)) = 0.
(i) x € End(T) < R(x,T (x)) =0.
(iii) If T is nonexpansive, the mapping g : C — R defined by g(x) := R(x, T (x)) is continuous.

Lemma 1.7. [8] A Banach space E is uniformly convex if and only if an arbitrary k > 0, there exists a strictly increasing continuous
Sunction ¥ : [0,00) — [0,00) with ¥ (0) = 0 such that

Jim [Joce+ (1 — o)yl < a1l + (1= &) 311> = e (1 = o) ¥ ([|x =y,

forallx,y € B(0) = {x € X : ||x|| <k}, and o € [0,1].
Lemma 1.8. [9] Let {04, },{Bn} be two real sequences such that

DO< oy, B <1,
(ii) B, — 0 as n — oo,
(iii) Y oy, B, = oo,

Let {3, } be a nonnegative real sequence such that }" 0,3, (1 — B,) 8, < co. Then {8, } has a subsequence which converges to zero.

Definition 1.9. [10] Let T : C — CB(C) be a multivalued mapping. A sequence {x,} in C is called an approximate fixed point sequence
(resp. an approximate endpoint sequence) for T if lgll dist(xn, T (x,)) = 0 (resp. lgn R(xn,T(x,)) =0). The mapping T is said to have
n—oo n—oo
the approximate fixed point property (resp. the approximate endpoint property) if it has an approximate fixed point sequence (resp. an

approximate endpoint sequence) in C.
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Let C be a nonempty subset of a metric space (X,d) and {x,} be a bounded sequence in X. The asymptotic radius of {x,} relative to C is
defined by

r(C,{x,}) =inf {limsupd(xn,x) xe C} .

The asymptotic center of {x,} relative to E is defined by

A(C{xn}) = {x ecC: linmjgpd(xn7x) =r(C, {xn})}

Lemma 1.10. [/1] Let C be a nonempty closed convex subset of a uniformly convex Banach space and T : C — K(C) be a mutlivalued
nonexpansive mapping. Then the following implication holds:

{xn} CC, x = x, R(x, T (x)) > 0=x € End(T).

Proposition 1.11. [10] Let C be a nonempty subset of a metric space (X,d),{x,} be a sequence in E, and T : C — K(X) be a mapping.
Then R(xp, T (xn)) — 0 if and only if dist(x,, T (x,)) — 0 and diam(T (x,)) — 0.

Theorem 1.12. [10] Let (X,||.||) be a uniformly convex Banach space, C be a nonempty bounded closed convex subset of X, and
T : C — K(C) be a nonexpansive mapping. Then T has an endpoint if and only if T has the approximate endpoint property.

2. Main Results

We start with the following lemma.

Lemma 2.1. Let C be a nonempty closed convex subset of an uniformly convex Banach space E and T : C — K (C) be a multivalued
nonexpansive mapping with Er # 0. Let {x, } be a sequence as defined in (1.1). Then lim,_ ||x, — p|| exists for each p € E7.

Proof. Let p € End (T). By (1.1), we have

[%n41 =PIl = I(1 = 0) vy + Gty — |
< (1 =0o) [lva = pll + & ||un — |

= (1—ay)dist(vy,T (p)) + Ondist (un, T (p))

<(I=an)H(T (xa), T (p)) +auH (T (yn). T (p))

S(l_an)Hxn p||+anHyn PH 2.1
and

lyn = pll = [I(1 = Bu) v + Buwn — p|

S(1*ﬁn)”vnfp”+ﬁn”wnfp|‘

= (1= By)dist(va,T (p)) + Budist(wn, T (p))

< (1=PB)H(T (xn), T (p)) + BnH (T (zn) . T (p))

< (1= Bu) I = pll + Bu llzn — pl (2.2)
and

llzn = pll = [[(1 = %) xa + Yava — pll
< (1=%) % = pll+ % llva — pll
= (1= ") [lxn — pll + Wudist (va, T (p))
< (=) [|xn = pll +1H (T (xa) , T (p))
< (1 =7) %0 = Pl + 1 [l = |
= |lxa—pll- (2.3)

Using (2.3) and (2.2) ,we obtain

[y =PIl < (1= Bn) [lxn = pll + Bu [0 — pll = % — |
which implies that

%1 = Il < (1= 00) [l = pll + & [|x0 — pll = [0 — |-

Thus{||x, — p||} is nonincreasing sequence and bounded, which implies that lim,_,. ||x, — p|| exists for each p € E7. Also {x,} is
bounded. O

Theorem 2.2. Let E be a uniformly convex Banach space with Opial property, C be a nonempty closed convex subset of E and T : C — K (C)
be a multivalued nonexpansive mapping with Ep # 0. If {x, } is the sequence defined by (1.1) with 0y, By, Yn € [a,b] C (0,1) forall nin N,
then {x,} converges weakly to an element of Et.
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Proof. Fix p € Er. Then, as in the proof of Lemma 2.1,{x, }is bounded and so {y, },{z,} are bounded. Therefore, there exists k > 0 such
that x, — p, yn — p, zn — p € By(0) for all n > 0. Since E is a uniformly convex, by Lemma 1.7, there exists a strictly increasing continuous
function W : [0,00) — [0,00) with ¥ (0) = 0 such that

”Zn_I’Hz:”(l '}/,,)x,,—i-)/,,vn—sz

2 2

S (=) xn = plII" + ¥ [V — PN = %0 (1= %) P (|30 — vall)
(1= 1) ltn = pII> + wdist® (va, T (p)) = a (1 = ) ¥ (|0 — vl
(1=%) Ixn = pIP* + 9H? (T (x) , T (p)) = Y (1 = ) P ([l — vull)
< Jlxa = Pl =90 (1= %) ([l — vall) - (2.4)

By Lemma 1.7 and (2.4), we have

IN A

IN

lyn = pIP=11(1 = Ba) v+ Bawa — p|I*

< (1=B) va = pIIP +Ba wn = pII* = Bu (1= Ba) ¥ ([|vi = wall)
< (1= Ba)dist® (v, T (p)) + Badlist® (wn, T (p)) = B (1 = Bu) ¥ ([l — wall)
< (1= Ba) H> (T (0), T (p)) + BaH? (T (z) . T (P)) = Bu (1= Ba) ¥ ([[va = wi)
< (1= Ba) lotn = P> + Ba llza = pII* = Bu (1= Ba) ¥ ([[ v = wall)
(1= B) 0 = pII* + Ba llz = pII?

< [lan = pI? = Bt (1= 1) ¥ ([l —val) 25)

from (2.4), (2.5) and by Lemma 1.7 , we have

lln-+1 _pH2: [I(1 = 04) v + Ottty — P||2

< (1= ) [[va— pII* + 0 [lun — pI* — 0t (1 — 0) ¥ (|[vn — )

< (1= o) dist® (v, T () + Odist® (14, T (p)) — O (1= 0) ¥ (|| v — )

< (1= ) H* (T (xa), T (p)) + 0uH> (T (), T (P)) = 0 (1 = 0) ¥ (|| v — un)

< (1= 0) [lxn = pI* + & llyn = pII* = &t (1= ) P ([[vn — n])

< (1= au) lxn = pl* + & lyn — pI*

< Jlxw = Pl = 0B (1= ) ¥ (1w — vl - (2.6)

S0,

llx+1 _PH2 < Hxn_PHz_anﬁnYn(l =) (IIxn = vall) -

This implies that

=

Y Y (1= %) ¥ ([l —vall) < e

n=1
By Lemma 1.8, we have lim,_o ¥ (||, — vp||) = 0. As W is strictly increasing and continuous, we get lim,_c [|X, — v || = 0. Hence

lim R (x,, T (x,)) = nlglgo |lx7 — vl = 0. 2.7

n—yo0
We want to show that {x, } converges weakly to an element of E7. For this, it must be showen that {x,} has unique weak subsequential
limit in Er. Therefore, we assume that there are subsequences {x,,} and {xnj} of {x,}such that x,, — u and x,, — v. By (2.7),
1imy;, o0 R(%p;, T () = 0. It follows from Lemma 1.10 that u € E7. Similarly, we can be shown that v € Er. Now, suppose u # v. By
Lemma 2.1 and the Opial property, we get

lim ||x, —u|| = lim ||x,, —ul|
n—oo nj—»oo

A

lim ||x,, — V||
nj—oo

lim [|x—v]]

lim ||x,1 va
nj —roo

A

lim Hx,, qu
nj—oo

lim ||x, —ul|
n—soo

which is a contradiction. Hence {x, } converges weakly to an element of E7.

Next, we prove strong convergence theorems in uniformly convex Banach spaces.
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Theorem 2.3. Let E,C and T be as in Theorem 2.2. Let {x,}be the sequence defined by (1.1) with oy, By, Y € [a,b] C (0,1). If T is
semi-compact, then {x,} converges strongly to an element of E7.

Proof. In view of (2.6), we have

0B ¥ (1= 1) W (|20 — vnll) < oo

By Lemma 1.8, there exists subsequence {vy, } and {x,, } of {v,} and {x,}, respectively, such that limj_,co ¥ (||xXn, — v, ||) = 0. Since ¥ is
strictly increasing and continuous, limy_, ||x,, — vy, || = 0. So,

lim R (x,, T (xn,)) = lim ||, — v, || = 0. 2.8)
k—yoo k—yo0

Conversely, T is semicompact, we may assume, by passing through a subsequence, that x,, — ¢ for some g € C. We need show that g € ET
and x,, — g. By Lemma 1.6 (iii), together with (2.8), we have

R(q,T(q)) = Jim R (Xns T (x,)) = 0. 2.9)

It follows from Lemma 1.6 (ii) that ¢ € Er. By Lemma 2.1 lim,_« ||x, — ¢|| exists for each ¢ € Er and hence ¢ is the strong limit of
{xn}. O

Proposition 2.4. [12] Let C be a nonempty closed subset of a Banach space and {x,} be a Fejer monotone sequence with respect to C.
Then {x,} converges strongly to an element of C if and only if lim,_,edist(x,,C) = 0.

Theorem 2.5. Let E,C,T and {x,} be as in Theorem 2.2. If T satisfies condition (J), then {x,} converges strongly to an endpoint of T.

Proof. Since T is a nonexpansive mapping, E7 is closed. As T satisfies condition (J), limy—se dist(x,, ET) = 0. Lemma 2.1 implies that
{xn} is Fejer monotone with to respect E7. By Proposition 2.4, {x, } converges strongly to an element of E7. O
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1. Introduction

The Woodall numbers {R, }, sometimes called Riesel numbers, and also called Cullen numbers of the second kind, are numbers of the form
R,=nx2"—1.

The first few Woodall numbers are:
1,7,23,63,159,383,895,2047,4607,10239,22527,49151,106495,229375,491519, 1048575, . ..

(sequence A003261 in the OEIS [22]). Woodall numbers were first studied by Allan J. C. Cunningham and H. J. Woodall in [6] in 1917,
inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.
The Cullen numbers {C,,} are numbers of the form

Co=nx2"+1.
The first few Cullen numbers are:
1,3,9,25,65,161,385,897,2049,4609,10241,22529,49153,106497,229377,491521, ...

(sequence A002064 in the OEIS).

Woodall and Cullen sequences have been studied by many authors and more detail can be found in the extensive literature dedicated to these
sequences, see for example, [1,2,6,9,10,11,13,15,16,17,18] and references therein.

Note that {R, } and {C,} hold the following relations:

Ry =4R, 1 —4R, »—1,
Cp=4C,_ | —4Cy_»+1.

Email addressgs and ORCID numbers: ysoykan@beun.edu.tr, 0000-0002-1895-211X (Y. Soykan), vedatirge_1986 @hotmail.com, 0000-0003-
2878-3505 (V. Irge)
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Note also that the sequences {R,, } and {C,} satisfy the following third order linear recurrences:
Ry =5R,—1 —8Ry2+4Ry—3, Ro=—1LRi=1R =T, (1.1)
C,=5C,_1—-8C,_2+4C, 3, Cy=1,Ci=3,C,=09. (1.2)

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e., Woodall, Cullen numbers) via their
third order linear recurrence relations (1.1) and (1.2). First, we recall some properties of generalized Tribonacci numbers.
The generalized (r,s,7) sequence (or generalized Tribonacci sequence or generalized 3-step Fibonacci sequence)

{Wa (Wo, Wi, Was1,5,1) }n>0
(or shortly {W,},>0) is defined as follows:
Wo=W,_ 1 +sW, o +tW,,_3, Wo=a,W=bW,=c, n>3 (1.3)

where Wy, W, W, are arbitrary complex (or real) numbers and r, s, are real numbers.
This sequence has been studied by many authors, see for example [3,4,5,7,8,14,19,20,21,24,25,27,28,29].
The sequence {W, },>0 can be extended to negative subscripts by defining

s r 1
Won==W_u1) = i Won—2) + T W_(3)

forn=1,2,3,... when ¢ # 0. Therefore, recurrence (1.3) holds for all integer n.
As {W,} is a third-order recurrence sequence (difference equation), it’s characteristic equation is

Pl —sx—t=0 (1.4)
whose roots are
’
o=a(rs,t)= 3 +A+B,
B=Blrs.) =5 +wA+0’B,

y=v(rs1) = §+w2A+wB,

where
3 1/3 3 1/3
r rs t r rs t
A_(ﬁ—i_g—i_i—i_\/g) ,B—(ﬁ"‘g"‘i—\/&) s
3 22 3 2 .
r’t res rst s t —1+i/3
A=A 1) = — - — 4 — = —= 2mi/3).
st =57 Tste w7 © 2 exp(27i/3)

Note that we have the following identities

atpry=rn
af+oay+py=-—s,
afy=t.

In the case of two distinct roots, i.e., & = 8 # 7, Binet’s formula can be given as follows:

Theorem 1.1. (Two Distinct Roots Case: o. = 3 # ) Binet’s formula of generalized Tribonacci numbers is
Wy, = (A] +An) x o + Azy"

where

_ W +2aW) — Y(2a — )Wy

Ay

(a—7)° ’
W, — (OC +Y)W + ayWy
Ay = ;
a(o—7)
Ws — 20W; 4+ o2W
As = . .
(a—7)

Next, we give the ordinary generating function Y. W, x" of the sequence W,,.
n=0

Lemma 1.2. Suppose that fw, (x) = Y, Wyx" is the ordinary generating function of the generalized (r,s,t) sequence (the generalized

n=0

Tribonacci sequence) {Wy},>0. Then, Y, W,x" is given by
n=0

i o — Wot Wi = o)+ (W — Wy — sWo)?

1.5
P 1—rx—sx2 —tx3 15)
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Matrix formulation of W,, can be given as

n

Wota ros t 13
Wyt = 1 0 O Wi . (1.6)
W, 01 0 Wo

For matrix formulation (1.6), see [12]. In fact, Kalman gave the formula in the following form

n

W, 0 1 0 Wo
Wi+1 = 0 0 1 W
Wito ros t W,

Now, we present Simson’s formula of generalized Tribonacci numbers.

Theorem 1.3 (Simson’s Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wi Worr Wy W, Wi W
Worr Wo Wy |=t"| W1 Wo W |, (1.7)
Wo o Wi Wy Wo W_1 W

Proof. For a proof, see Soykan [23]. [J
Next, we consider two special cases of the generalized (r,s,) sequence {W),} which we call them (r,s,) and Lucas (r,s,t) sequences. (r,s,f)
sequence {Gp },>0 and Lucas (r,s,7) sequence {H, },>0 are defined, respectively, by the third-order recurrence relations

Gpi3 =1rGyya +5Gp1 +tGy, Go=0,G1=1,G, =r, (1.8)
Hyy3 = rHypo+SHyy1 +tHy,  Ho=3,H, =r,Hy =2s+1%. (1.9)
The sequences {Gy, },>0 and {H, },>0 can be extended to negative subscripts by defining

s r 1
Gn==76G(-1) = ;0-(r-2) + ;G-(n-3),

s r 1
Hop=—"H_ (1) = 7H_(n-2) + 7 H_(5-3)

forn =1,2,3,... respectively. Therefore, recurrences (1.8)-(1.9) hold for all integers n.
In the case of two distinct roots, i.e., @ = 8 # ¥, for all integers n, Binet’s formula of (r,s,7) and Lucas (r,s,t) numbers (using initial
conditions in (1.8)-(1.9)) can be expressed as follows:

Theorem 1.4. (Two Distinct Roots Case: o = 3 # y) For all integers n, Binet’s formula of (r,s,t) and Lucas (r,s,t) numbers are
-7 1 n Y
Gy=|——+—n| xod"+ ——7",
' ((awz <a—y>> (=)’
H, =2a"+7",
respectively.

Lemma 1.2 gives the following results as particular examples (generating functions of (r,s,#) and Lucas (r,s,¢) numbers).
Corollary 1.5. Generating functions of (r,s,t) and Lucas (r,s,t) numbers are
- X
Gp'=— —5——
ngb " 1 —rx— sx? —tx3
2

e n 3—2rx—sx
E H,x I ok
= —FX — sX* —tx

respectively.

The following theorem shows that the generalized Tribonacci sequence W, at negative indices can be expressed by the sequence itself at
positive indices.

Theorem 1.6. For n € Z, we have

_ 1
W, =1 (Way, — H Wy, + E(H,% — Hy)Wp).
Proof. For the proof, see Soykan [26, Theorem 2.]. [J
Now, we present a basic relation between {H, } and {W, } which can be used to write H,, in terms of W,,.

Lemma 1.7. The following equality is true:

(W5 + (t+rs)WP +2W5 + (12 — s)WEWs — 2)W W3 — sWoW5 + rtWgWs + (5% + rt) WoWE + 2stWE Wy + (rs — 3t ) Wo Wy Wa)Hy, = (3W3 +
(r2 = )WZ + rtWg — 4rWyWa — 2sWoWa + (rs — 3t ) WoW1 ) Wyyi0 + (—2rW3 + 3tWE — 2sWy Wa — 3tWoWa + 3rsW + 2st W3 + 22 Wy Wi +
252WoW, + rsWoWa + 2itWoW1 )Wyt + (—sW3 + (2 + rt)WE -+ 3C2Wg + (rs — 3t )Wy Wa + 2t WoWa + 4st Wy Wy )W
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Proof. It is given in Soykan [25]. OJ
Using Theorem 1.6, we have the following corollary, see Soykan [26, Corollary 6].

Corollary 1.8. Forn € Z, we have

(a)

G_p=

= (@ —52)G2 411Gy +5G12Gp — (3t 4+ 75) Gy 1 Gp).

(b)

1
H ,= ﬁ(H,% —Hy,).

Note that G_, and H_,, can be given as follows by using Gy = 0 and Hy = 3 in Theorem 1.6,
_ 1 _
G,=t ”(G2n—HnGn+§(H;%_H2n)GO) =t n(GZn_HnGn)7

1
(H? — Hap),

_ 1
H ,=t n(HZn —HyH, + 7(Hr% 7H2n)H0) = ﬁ

2

respectively.

2. Generalized Woodall Sequence

In this paper, we consider the case r = 5,5 = —8,1 = 4. A generalized Woodall sequence {W, },,~0 = {W,,(Wop, W|,W2)},>0 is defined by the
third-order recurrence relations

Wy = 5W,,_1 — 8W,_o +4W,,_3 Q2.1

with the initial values Wy = co, W) = ¢, W5 = ¢, not all being zero.
The sequence {W;, },>0 can be extended to negative subscripts by defining
5 1

Won =2W_(u-1) = 7 W-(n-2) + g W-(n-3)
forn=1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.
Theorem 1.1 can be used to obtain Binet formula of generalized Woodall numbers. Binet formula of generalized Woodall numbers can be
given as
(two distinct roots case: @ = f§ # ¥)

W, = (A] +Azn) x a" +A3Y"

where
A —Wsr +20W; — Y20t — 7)Wy
1= )
(@—7)°
A sz(a+Y)W1 +(X7WQ
2= )
ala—7y)
W, —20W; + OCZWQ
Az = 5 .
(=)

Here, o, 3 and 7 are the roots of the cubic equation
X524 8x—4=(x—2)*(x—1)=0.

Moreover

ﬁ:2’
L.

(04
Y
So,

W, = (A1 +Azn) x 2"+ A;
where

A = W, +4W; —3W,,
W —3W +2W,
i —
Az = W, —4W| +4W,,

As
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W, —3W; +2W,

Wy, = ((—Wo +4W; —3Wp) + 3

n) X 2"+ (Wo — 4W +4W). 2.2)

The first few generalized Woodall numbers with positive subscript and negative subscript are given in the following Table 1.
Table 1. A few generalized Woodall numbers

n W, W_,

0 Wo Wo

1 Wi 1 (8Wo —5W; + W)

2 W (11Wy — 9W; +2W,)

3 AWy — 8W; + 5W> & (52Wp — 4TW + 11W5)

4 20Wy —36W, + 17W, (57W() —54W; + 13Ws)

5 68Wy — 116W, -+ 49W, & (240W) — 233W) + 57W)

6 196W, — 324W, + 129W, (247Wp — 243W, + 60W,)

7 516Wp — 836W) +321W, 55 (1004Wy — 995W) +247W,)
8 1284W, — 2052W, + 769W> 221— (1013Wy — 1008W; +251W,)
9 3076W, — 4868W; + 1793W, % (4072Wy — 4061W; 4 1013W5)

(4083W, — 4077W; + 1018W5)
16356W, — 16343W; +4083W5 )
16369Wy — 16362W; +4089W5 )
65504W, — 65489W; + 16369W5)

10 T172Wy — 11268W 4-4097W,
11 16388Wy —25604W; +9217W,
12 36868Wy — 57348W +20481W,

4
56 (
o6 (
13 81924W, — 126980W; +45057W, (

INIEN
—o_ __

Now, we define four special cases of the sequence {W,,}. Modified Woodall sequence {G, },>0 , modified Cullen sequence {H,},>0,
Woodall sequence {R, } and Cullen sequence {C,} are defined, respectively, by the third-order recurrence relations

Gp=5G,_| —8G,_»+4G,_3, Gy=0,G;=1,G,=>5, 2.3)
H,=5H,_| —8H,_»+4H, 3, Hy=3,H =5H, =09, 2.4)
Ry=5R,_1 —8R,_2+4R,_3, Ro=—1,Ri=1,Ry=17, 2.5)
Cp=5C,_| —8C,_2+4C,_3, Co=1,C1=3,C,=09. 2.6)

The sequences {Gy, },>0, {Hn }n>0, {Rn}n>0 and {Cy},>0 can be extended to negative subscripts by defining

5 1
Gn=2G_(_1)— ZG,(,,,Z) + ZGf(n73)7
5 1
H_, = 2H7(n71) - ZHf(an) + ZHf(nf3)7
5 1
R, = 2R7(n71) - ZRf(th) + ZRf(rhS)v
5 1
Con=2C_(-1) = 3C-(n-2) + ;C-(n-3):

forn =1,2,3, ... respectively. Therefore, recurrences (2.3)-(2.6) hold for all integer n.

Next, we present the first few values of the modified Woodall, modified Cullen, Woodall and Cullen numbers with positive and negative
subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
G, 0 1 5 17 49 129 321 769 1793 4097 9217 20481 45057 98305
G 0 1 1 11 13 57 15 247 251 1013 509 4083 4089
—n 1 2 16 16 64 16 256 256 1024 512 4096 2096
H, 3 5 9 17 33 65 129 257 513 1025 2049 4097 8193 16385
H 2 3 5 9 1 33 65 129 257 513 1025 2049 4097
—n 2 7 8 16 k) 64 128 256 512 1024 2043 2096
R, —1 1 7 23 63 159 383 895 2047 4607 10239 22527 49151 106495
R .3 3 _u 5 _33 _3 _135 _33 _ 521 _s17 2059 _ 1027 __ 3205
-n 2 2 3 1 32 32 128 2 512 512 2048 1024 8192
Cy 1 3 9 25 65 161 385 897 2049 4609 10241 22529 49153 106497
c., 1 1 5 3 27 29 121 31 503 507 2037 1021 8179
- 2 2 8 z 32 n 128 2 512 512 2048 1024 8192

Gy, Hy, R, and C,, are the sequences A000337, A000051 (and A048578), A003261 and A002064 in [22], respectively. Note that {H,}
satisfies the following second order linear recurrence:

H, =3H, | —2H, 3, Hy=3,H =5
and satisfies the following first order non-linear recurrence:

Hy,=2H,_ | —1, Hy=23.
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For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers (using initial conditions in (2.2)) can be expressed using
Binet’s formulas as

Gy=(n—1)2"+1

Hy=2"""+1

R,=nx2"—1

C,=nx2"+1
respectively.

Next, we give the ordinary generating function Y. W, x" of the sequence W,,.
n—

Lemma 2.1. Suppose that fy, (x) = Y. Wpx" is the ordinary generating function of the generalized Woodall sequence {Wy},>¢. Then,
n=0
Y, W,x" is given by
n=0
i Wt — Wort (Wi = SWo)x+ (Wa — SW; + 8Wp)x?
= " 1 —5x+8x2 —4x3 '
Proof. Take r =5,s = —8,f =4 in Lemma 1.2. O
The previous lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of modified Woodall, modified Cullen, Woodall and Cullen numbers are

nd X
G'= ———
ngb nt 1 —5x+8x2 —4x3

inn, 3— 10x + 8x?
= T 1 —5x 4 8x2 —4xd’

inn_ —1+46x — 617
= 1S58 —4x
iCx,_ 1—2x+2x°
= T 1 —5x 4 8x2 —4xd’

respectively.
3. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F;, }, namely,
FopiFy —F} = (1)
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be written in the form
T e
The following theorem gives generalization of this result to the generalized Woodall sequence {W,, },,>0.
Theorem 3.1 (Simson Formula of Generalized Woodall Numbers). For all integers n, we have
Wi Worr Wy

Wort  Wu o Wy | = —22"74(Wy — 4W) +4Wp) (Wa — 3W; +2Wp)*.
Wn anl Wn72

Proof. Take r = 5,5 = —8,# =4 in Theorem 1.3. [J
The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, Simson formula of modified Woodall, modified Cullen, Woodall and Cullen numbers are given as
Gn+2 Gn+1 Gn

Gus1  Gn Gy |=-2272
Gn Gn—l Gn—2
Hn+2 Hn-H Hy,
Hn+1 Hy, Hy, |= 07
Hn Hn—l Hn—2
Rn+2 Rn+1 Ry S
Rn+1 Ry n—1 | = 2% )

R
Ry Ri-1 Ry

Cn+2 Cn+1 Cn S
Cn+l Cn Co1 | =2 "
Cu Co1 G

respectively.




Universal Journal of Mathematics and Applications 75

4. Some Identities

In this section, we obtain some identities of generalized Woodall, modified Woodall, modified Cullen, Woodall and Cullen numbers. First,
we can give a few basic relations between {W, } and {G,}.

Lemma 4.1. The following equalities are true:

(@) 16W, = (52Wo — 47TWy + 11W2) Gy g + (199W; — 216Wy — 4TW5) Gy 13 +4(5TWo — 54W) + 13W5) G 1.

(b) 4W;, = (11Wy — W) +2W2) G 13 + (40W) — 4TWo — IW5) Gy + (52Wo — 4TW; + 11WL) G 1.

(c) 4W,, = (8Wp —5W) +Wa)Gpin + (25W) —36Wy — 5W2) G +4(11Wy — OW; +2W5) G-

d) W, =WoGpr1+ (—=5Wo+W1)Gy + (8Wo — 5W +W1) G,y

(€) Wy =W1G,+(=5W + WZ)anl +4W Gy .

(F) 4(4Wo — 4W; +Ws) (2Wy — 3W; +W5)?G,,
= (8W2 — SW\ Wa — 4Wo W) + W3 )Wpyia + (—36W2 — SWF +20WoWy — 4WoWa -+ 25W W2 )W,y 3 +4(4WE + 16W2 +2W3 — 16Wo W) +
SWoWa — 1LIW;Wa) W, 5.

(8) (4Wp —4W) +W2)(2Wy — 3W) +W1)2G,
= (W2 — WoWa) Wy 3 + (4WZ — 8WoWi + SWoWa — Wi Wa) Wi + (W2 + W — AWW) — SW W)Wy 1.

(h) (4Wp — AW, +Wa)(2Wy — 3W; +W5)2Gy,
= (WG +5WE — 8WoW) — Wi Wa) Wi + (W3 — AWoW) + 8WoWa — SWiWa) Wiyt +4(WE — WoWa) W

(i) (4Wo—4W| +Wa)(2Wp — 3W; +W5h)2G,
= (20W§ +25W3 + W5 — 44WoW; +8WoWs — 10W, Wa )Wy g +4(—8WG + 16WoW) — WaWp — W + 2Wa Wy )Wy, +4(4W3 + SWE —
SWoWi — W W2)W,,_1.

G) (4Wy — AW +W,) (2Wo — 3W; 4+ W2)2G,,
= (68WF +89W? + 5W3 — 156Wo Wi + 36WoWa — 42W; Wa )W, +4(—36WZ + 80WoW) — L6WoWs — 45W2 -+ 19W W — 2W2) W,y +
4(20W5 + 25W + W3 — 44WoW; + 8WoW, — 10W, Wa) W, _s.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wi =axGypa+bxXGpiz+cxXGpip

and solving the system of equations
Wo=axGy+bxGs+cxGy

Wi=axGs5+bxGy+cxGj
Wo=axGg+bxGs+cxGy

we find that a = 11—6(52W0 —4TW + 11W,),b = f%(216W0 —199W; +47W;),c = %(57WO — 54W, + 13W,). The other equalities can be
proved similarly. [J

Note that all the identities in the above Lemma 4.1 can be proved by induction as well.

Next, we present a few basic relations between {W, } and {H,}.

Lemma 4.2. The following equalities are true:

(a) 2 (ZW() —3W +W2) (4W0 —4W, +W2)Hn = (SWO —10W; +3W2)Wn+4 -+ (36W1 —28Wy — IIWZ)W,H_:; +2(12WO —16W, +5W2)Wn+2.
(b) (2Wy —3W; +W,) (4Wy — AWy + Wh)Hy, = (6Wy — TWy +2Wa )W, 3 + (24W) — 20Wy — TW2 )W, 0 + 2(8Wy — 10W) +3W,) W, .

(c) (2Wp —3W) + W) (4Wp —4W) +Wa)H, 10Wy — 11W) + 3W2) W0 + 2(18W) — 16Wy — SWo) W, 11 +4(6Wy — TW) + 2W5)W,,.
)
) )

P

=(
(d) (2Wy —3W; +W,)(4Wy — AW +Wo)Hy = (18Wy — 19W) + 5Wa )W, 1 +4(15W) — 14Wy — 4Wh) )W, + 4(10Wy — 11W; + 3Wo )W, 1.
(e) (2Wp —3W; +Ws,)(4Wp — 4W) +Wa)Hy, = (34Wy — 35W) + IW, )W, + 4(2TW) — 26Wy — TWo )W,,—1 + 4(18Wy — 19W) + 5W,)W,,_».

—

Now, we give a few basic relations between {W, } and {R, }.

Lemma 4.3. The following equalities are true:

(a) 8W, = (42W; —39Wy — 11W2)R, 4 + (151Wy — 161W; +42W5)R,, 43 + (151W) — 144Wy — 39W2)R,, 1.
(b) 8W, = (49W; — 44Wy — 13W5) R,y 3 + (168Wy — 185W) +49W5)R 15 +4(42W; —39Wy — L1W5)R,,1 1.
(c) 2W, = (15W) — 13Wy — 4W5) R, 0 + (49Wy — 56W + 15W5)R, 1 1 + (49W) — 44Wy — 13W,)R,,.
(d) 2W, = (19W; — 16Wy — 5W2)Ry 4 1 + (60Wo — TIW; 4 19W2)R,, +4(15W) — 13Wy — 4W5)R,,_1.
(e) W, = (12W; — 10Wy — 3Wa)Ry, +2(19Wy — 23W; + 6Wo)R,, 1 +2(19W; — 16Wy — 5W1)R,,».
() 2(4Wy — 4Wy +Ws) (2Wp — 3W; +Wh)?R,
= (—12W3 +36WoW; — 13WoWa —26W7 + 18W Wa — 3W3 ) Wiys 4 + (52WG -+ 108WE + 12W3 — 152Wo W) + 53WoWa — T3W Wa )Wy, 3+
(—48Wg + 140WoW; — 48WoWa — 100W?2 + 6TW Wa — 11W3 )Wy,
(8) 2(4Wp — AW, + W) (2Wp — 3W| + W1)?R,
= (—8WG +28WoW) — 12WoWa — 22W7 + 1TW Wa — 3W3 )W, 3 + (48WF + 108W7 + 13W3 — 148WoW; +56WoWa — TTW Wa ) Wyp0 +
4(—12W3 +36WoWi — 13WoWa — 26W7 + 18W; Wa — 3W3 )Wy 1.
(h) (4Wp —4W, +Wo)(2Wy — 3W; +W1)?R,,
= (AWG — W — W3 — dWoWy — 2WoWa +4W; Wa) Wy, j0 + 2(4WG + 1I8WE + 3W5 — 20Wo Wy + LIWoWa — 16W1 Wa) Wi, +2(—8W3 +
28WoW) — 12WoWs — 22W72 + 1TW W, — 3W3 )W,
() (4Wp —4W; +Wa)(2Wy — 3W; +W2)?R,
= (28W3 +31WE + W5 — 60WoW) + 12WoWa — 12W, Wa )W, +2(—24W5 +44Wo Wy — dWo W, — 18WE + Wi Wa + W3 )W, +4 (AW —
W2 — W3 — 4WoW; — 2WoWs + 4W, W)W, .
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() (4Wo —4W; +W,)(2Wy — 3W; +Ws)2R,,
= (92WZ + LIOWZ +TW3 —212Wo Wy + 52Wo W) — 58W) Wa )W), +4(—S2WE + LL6Wo W) —26WoWa — 63W2 +28W Wo —3W3) W, +
4(28WF + 31W2 + W3 — 60WoW; + 12WoWs — 12W W )W,,_s.

Next, we present a few basic relations between {W, } and {C,}.

Lemma 4.4. The following equalities are true:

(a) 8W, = (ZSWO —22W; +5W2)Cn+4 + (95W1 —105Wy — 22W2)Cn+3 + (1 12Wy — 105W, +25W2)Cn+2.

(b) 8W, = (20Wp — 15W; + 3W5)Cpyi3 + (T1W) — 88Wy — 15W2)Cran +4(25Wp — 22W1 + 5W5)Cy 1 -

(©) 2W, = (3Wp — W1 )Cpia + (8W) — 15Wy — Wa)Cypp1 + (20Wo — 15W; +3W3)C,.

(d) 2W, = (3W) —W2)Cpr i1 + (BWa — TWy — 4Wy)Cy, +4(3Wo — W1 )G,y 1.

(e) W, = (4W) —2Wy —Wh)Cp +2(3Wy — TW1 +2W5)Cy—1 +2(3W) — Wh)Cp—s.

(f) 2(4Wy — 4W; +Ws) (2Wp — 3W) +W»)?C,
= (4WZ + 10WE + W3 — 12WoW) + 3WoWa — 6W i W)W + (—12WF + 40WoW; — 11WoWs — 36W2 + 23W1 W — 4W3)W,pi3 +
(16WG + 44W2 + 5W5 — 52Wo W + 16WoWa — 29W; Wa )W 2.

(8) 2(4Wp —4W| +Ws)(2Wy — 3W; +W,)2C,
= (SWG + 1AW + W3 —20WoW; +4WoWa — TWi Wa) Wy, 53+ (— 16WS +44Wo Wy — 8WoWa — 36WZ + 19W; Wa — 3WS )Wy, 2 +4(4W3 +
10W2 + W3 — 12WoW; + 3WoWs — 6W; W)Wy 1.

(h) (4Wo —4W| +Wa)(2Wo — 3W; +W1)2C,
= (12W3 + 1TWE + W3 — 28WoW; +6WoWa — 8Wi Wa )Wy 0 +2(— 12W3 +28Wo Wy — SWoWa — 18WP +8Wi Wa — W)W,y g +2(8W§ +
14W2 + W3 — 20WoW; + 4Wo W, — TW, Wa) W,

(i) (4Wo—4W +Wo)(2Wo — 3W) +W5)2C,
= (36W5 +49W + 3W5 — 84WoW; + 20Wo W) — 24W W))W, 1 + 2(—40WG + 92Wo Wy — 20Wo W) — S4W + 25W, Ws — 3W3 )Wy, +
4(12W3 + 1TWE + W2 — 28Wo Wy + 6WoWa — 8W  Wa)W,,_1.

G) (4Wo — AW, +Wy) (2Wo — 3W; +W3)2C,
= (100WZ + 137TW2 +9W3 —236Wo W) +60WoWa — TOW; Wa )W, +4(—60Wg + 140WoW) — 34WoWa — 81W2 +40W, Wa — SW3 )Wy, +
4(36WZ +49W2 + 3WF — 84Wo W) + 20WoWs — 24W; Wa) W, _».

Now, we give a few basic relations between {G, } and {H,}.

Lemma 4.5. The following equalities are true:

4Hy = 5Gpyia — 19Gy 3 + 18Gosa,
2H, =3Gpy3 — 111Gy 2 + 110G, 11,
Hy =2Gy12 —TGpy1 +6Gy,
H, =3G,4+1 —10G,+8G,_1,
Hy = 5Gp — 16Gy_1 +12G,y_1.

Next, we present a few basic relations between {G, } and {R, }.

Lemma 4.6. The following equalities are true:

8G, = —13R, 44 +49R, 13 — 44R,,2,
2G, = —4Ry13+ 15R, 12 — 13R, 11,
2Gy, = —5R; 42+ 19R, 11 — 16R,,

G = —3R,+1 +12R, — 10R,_1,

Gn = —3R,+14R, | —12R, 5,

and

8Ry = —11G, 44 +43Gpy3 —40G, 12,
2Ry = —3Gpi3+12Gpin — 11Gpy 1,
2Ry = —3Gpi2 413G,y — 12G,,

Ry =— n+1 +6Gn*6Gn—lv

Ry =Gy +2G,_1 —4G,_».

Now, we give a few basic relations between {G, } and {C, }

Lemma 4.7. The following equalities are true:

8Gy =3Cy 44 — 15C, 43 +20C, 42,
2Gp = —Cuy2+ 3Gy,
Gn=—Cy +4C, —2Cy—1,
Gy =—C,+6C,_1 —4C,_»,
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and

8Ch = 5G4 —21Gy13 +24Gy 42,

2Cy = Gpy3 —4Gp2 + 5G4,

2Cy = Gpy2 —3Gpy1 +4Gy,
Cp=Gpt1 —2G, +2G, -1,
C,=3G,—6G,_1+4G,_».

Next, we present a few basic relations between {H, } and {R, }.

Lemma 4.8. The following equalities are true:

4H, = —3R;14+13Ry 13 — 14R, 5,
2Hy, = —Rp+3+ 5Ry12 —6Ry 41,

Hyp = Ry+1 — 2Ry,

H, =3R, —8R,_1+4R,_».

Now, we give a few basic relations between {H, } and {C, }

Lemma 4.9. The following equalities are true:

4H, = 5Cy 14 —19C, 13 + 18Cy12,
2H, =3Cpy3 — 11Cy42 + 10Cy 11,
H, =2Cpy2 —7Cp1 +6Cy,
H, =3Cy11 —10C, +8C, 1,
H, =5C,—16C,_1 +12C,_,.
Next, we present a few basic relations between {R, } and {C,}.
Lemma 4.10. The following equalities are true:
4R, = —6C, 14 +23C, 13 —21Cy 42,
4Ry = —TCy13 +27Cy12 —24Cp1 1,
Ry=—2Cy22 +8Cy1 — 7Co,
Ry = —2C 1 +9C, —8Cy 1,
R,=—-C,+8C,_1 —8C,_2,
and
4C; = —6Ry+4 +23Rp13 —21Ry 40,
4C, = —TRp+3 +27Rp12 —24Ry 41,
Co = —2Ry 2 +8Rys1 — TRy,
Ch=—2Rpy1+9R, —8R, 1,
Cy=—R,+8R,_1 —8R, 5.

5. On the Recurrence Properties of Generalized Woodall Sequence

Taking r = 5,5 = —8,f = 4 in Theorem 1.6, we obtain the following Proposition.

Proposition 5.1. For n € Z, generalized Woodall numbers (the case r =5,s = —8,t = 4) have the following identity:
- 1
W_p = 47" (Wa, — Hy Wy, + E(H,% — Hap)Wo)

where

((IOWO — 11w, + 3W2)Wn+2 — 2(16W0 — 18W; -I-SWZ)W,H_] +4(6W() —TW, + 2W2)Wn)

H, =
" (2Wy — 3W| + Wa) (4Wp — 4W| +Ws)

5.1

Note that if we take r = 5,5 = —8,7 =4 in Lemma 1.7 (or using Lemma 4.2 (c)) we get (5.1).

From the above Proposition 5.1 and Corollary 1.8, we have the following Corollary 5.2 which gives the connection between the special cases
of generalized Woodall sequence at the positive index and the negative index: for modified Woodall, modified Cullen, Woodall and Cullen
numbers: take W, = G, with Gy = 0,G|; = 1,G, =5, take W,, = H,, with Hy =3,H| =5,H, =9, W,, =R, withRy = —1,R| = 1,R, =17
and W,, = C,, with Cy = 1,Cy = 3,C, =9, respectively. Note that in this case H, = Hj,.

Corollary 5.2. For n € Z, we have the following recurrence relations:
(a) Modified Woodall sequence:
G_p=4""(—6G> 4 Gop —2G42Gn + 7G4 1Gy).
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(b) Modified Cullen sequence:
H =221 <H,$ —Hz,,) .
(¢) Woodall sequence:
Ry =2"2"" =Ry, | +Rop1+2Rnp1Rn).
(d) Cullen sequence:
Copn=272""14C2,, +49C2, | +24C2 —2C210 +TCopi1 — 4Cay — 28Cy41Cri2 +20C,Cra — T0C,Cri 1)
6. Sum Formulas

The following Theorem 6.1 presents some formulas of of generalized Woodall numbers numbers with indices in arithmetic progression.

Theorem 6.1. For all integers m and j, we have the following sum formula:

n
1
Wik j = ———— 1+ +13
1;) mk+j 2(2’"71)2( )
where

Ty = ((j+mn—=2)2"2" 0 — (jmmn—2)2" " 4 (m— j42)2" 4 (j=2)2 +2(n+1)(2" = 1)*)Wa,
[ = (—(3j43mn—8)2™ 2 4 (34 3m+3mn—8)2" " 4 (3j —3m—8)2"/ — (3j—8)2/ —8(n+1)(2" —1)*)W,
I3 = 2((j+mn—3)2"F2m0 _ (G m4-mn—3)2"" 4 (m— j+3)2"H 4 (j—3)2) +4(n+1)(2" —1)*)W.

Proof. Use the Binet’s formula of generalized Woodall numbers, i.e.,

W, —3W; +2W,

Wy, = ((=Wo +4W; —3Wp) + 3

n) X 2"+(W2 74W1 +4WQ). O

The following Proposition 6.2 presents some formulas of generalized Woodall numbers numbers with positive subscripts.
Proposition 6.2. For n > 0, we have the following formulas:
@ Y o We=((n=3)2"4+n+3)W, — ((3n—11)2" +4n+11)W; + ((n— 42" L 4n+ W,

(b) Y7o War = §(((3n—4)22+2 + 9n + 16)W, — 12((3n — 5)22" + 3n+ 5)W; + ((6n — 11)22+2 4 360+ 53)Wp).
(©) Xi_ oW1 = s (((6n—35)22"+2 4 9n 4 20)Ws — 3((6n — 7)22"2 + 120+ 25)W; +4((3n — 4)22"2 +-9n + 16)W)).

Proof. Takem=1,j=0;m=2,j=0and m =2, j = 1, respectively, in Theorem 6.1. [J
From Theorem 6.1, we have the following Corollary.

Corollary 6.3. For all integers m and j, we have the following sum formulas:

@) Yi—oGOmi+j = ﬁ((j—‘rmn — 1)2mm2mE — (ot mAmn— 1)2MM 4 (n41)22" — (n+1)2" — (j—m—1)2"H
+(j—1)27 +n+1). . '

(b) ZZ:O Hmk+j = (2}71171) (2mn+m+j+1 + (n+ 1)2m _ 2]+1 —n— 1).

© Y7 oRuktj = ﬁ((j +mn) 22T (A mn) 2T (4122 4 (n )27 - (m— )2 42— —1).

(@ TXCkerj = e (U mm)2 2050 — (e ) 20 o (o 1)22 = (- 1027 o (m = )27 42T jm 1),

From the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.4 which gives sum formulas of modified Woodall
numbers (take W,, = G,, with Gg =0,G; = 1,G, =5).

Corollary 6.4. For n > 0 we have the following formulas:
(@ Y7 (Gr=(n—2) 2 4

(b) Yi_oGor = ((6n—5)22"*2 +-9n+20).

(©) Xi_oGour1 = §((3n—1)22+4 4+ 9n425).

Taking W, = H,, with Hy = 3,H| = 5,H, =9 in the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.5 which
presents sum formulas of modified Cullen numbers.

Corollary 6.5. For n > 0 we have the following formulas:

@) Y oHi=2""24n—1.

(b) Y} oHau = 5(22"3+3n+1).

(© YioHasr =52 +3n—1).

From the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.6 which gives sum formulas of Woodall numbers
(take W, =R, withRy = —1,R; = 1,Ry =17).

Corollary 6.6. For n > 0 we have the following formulas:
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@) X} _oRe=(n—1)(2"1—1).
(b) Y4 R = §((3n—1)22+3 —9n—1).
(© X7 oRopr1 = 5((6n+1)2213 —9n+1).

Taking W, = C,, with Cy = 1,C; = 3,C, =9 in the last Proposition 6.2, we have the following Corollary 6.7 which presents sum formulas of
Cullen numbers.

Corollary 6.7. For n > 0 we have the following formulas:

@) Y oG =(n— 12" 403
(b) Yi_oCor = §((3n—1)22"3 490+ 17).
(©) XioCour1 = §((6n+1)223 490+ 19).

7. Matrices Related With Generalized Woodall numbers

We define the square matrix A of order 3 as:

5 -8 4
A= 1 0 O
0O 1 0

such that detA = 4. From (2.1) we have

Witz 5 -8 4 Wat1
Weer |=1 1 0 0 W, (7.1)
Wy 0O 1 O W,—1

and from (1.6) (or using (7.1) and induction) we have

n

Wita 5 -8 4 W,
Woir | =1 1 0 W,
Wa 0O 1 0 Wo
If we take W = G in (7.1) we have
Gn+2 5 —8 4 G,H_l
Gu1 |=| 1 0 0 Gy
G 0 1 0 G
We also define
Gn+1 —8Gy +4Gn—l 4G,
B, = Gp —8G,-1+4G,—» 4G,
Gp-1 —8Gp—2+4Gy-3 4Gy
and
Wn+l —8Wy, + 4Wn—l A
Cn = Wa —8W,—1+4W, o 4W,
Wir —8W, 2+ 4Wn—3 AW, 2

Theorem 7.1. For all integer m,n > 0, we have
(a) B, =A"

(b) C1A" =A"C,

(©) Chtm =CyBy = B,,Cy.

Proof. Take r = 5,5 = —8,# = 4 in Soykan [25, Theorem 5.1.]. [J
Some properties of matrix A” can be given as

A" =541 A2 4pn 3
and

AT ATAT = ATA™
and

det(A™) = 4"
for all integer m and n.

Corollary 7.2. For all integers n, we have the following formulas for the modified Woodall, Woodall and Cullen numbers.
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(a) Modified Woodall Numbers.

5 -8 4 Gui1  —8G,+4G,_, 4G,
A= 1 0 0] =| Gy, -8G,1+4G,n 4G,
0 1 0 Gpoi —8G,_2+4G,_3 4G, »

2] 4x2"—6x2'n—4 4x2'm—4x2"+4
p—2M41 5x2"—3x2'n—4 2x2'n—4x2"+4
$2m—or41 2230 g 2" —3x2"+4

(b) Woodall Numbers.

1 *SRn+3 + 19Rn+2 - 16Rn+1 24Rn+2 - 92Rn+l +76R, 4(75Rn+2 + 19Rn+l - 16Rn)
A"= | “SRuia+19Ru1 —16Ry  24Ry) —92R,+T6R, 1 4(=5Rys1+19R, —16R, 1)
—5Ry41+19R, —16R,_;  24R,—92R,_ | +76R,—2 4(—5Ry+19R,_; — 16R,_2)

(¢) Cullen Numbers.

—Cpi2+4C,41 —2C, 6C,11 —26C, +16C,_; 4(—Cn+1 +4C, — 2Cn_1)
A" = —Cyy1 +4C, —2C, 6C, —26C,_| +16C,_, 4(—Cyr+4C,_1 —2C, )
—Cy+4Cy—1 —2Cp—p  6Cy_1 —26C,_»+16C,_3 4(—Cy—1+4Cy_2 —2C,_3)

Proof.

(a) Itis given in Theorem 7.1 (a).
(b) Note that, from Lemma 4.6, we have

2Gp = —5R,42+ 19R, ;1 — 16R,,.

Using the last equation and (a), we get required result.
(¢) Note that, from Lemma 4.7, we have

Gp=—Cyy1+4C, —2C,_1.
Using the last equation and (a), we get required result. [
Theorem 7.3. For all integers m,n, we have

Waim = WnGm+l +Wio1 (_8Gm =+ 4Gm71) +4W,2Gp, (7.2)
= WnGm+1 + (_8Wn71 +4VVI‘172) G +4W,1Gy

Proof. Take r = 5,5 = —8,¢ = 4 in Soykan [25, Theorem 5.2.]. J
By Lemma 4.1, we know that

(AW — 4W) +Wa) (2Wy — 3W +W2)2 Gy = (AWG +SWE — 8WoWy — Wi Wa)Wyin
+ (W3 — AWQW) + 8WoWs — SWy Wa) Wit +4(WE — WoWa) Wi

0 (7.2) can be written in the following form

(AWo — AW} + Wa) (2Wo — 3W) + Wa) Wy = W ((4WE + SWE — 8WoWy — Wi Wa)Wii3 + (W3 — 4WoWy + 8WoWa — SWiWa)Wyin +
4(WE = WoWa) Wi 1) + (—8Wi_ 1 +4W,,2) (4WG + SWE — 8WoWi — Wi Wa )W io

+(WE —AWoW) +8WoWa — SWi Wa )Wyt +4(WE — WoWa) W) +4W,, 1 (AWE +5W2 — 8WoW) — Wy Wa) Wyt + (W3 — 4WoWy +8WoWs —
SWiW2) Wy +4(WE —WoWa)Wy_1).

Corollary 7.4. For all integers m,n, we have

Guim = GnGps1 +Gn1(—8Gm +4Gy—1) +4G,—2Gpy,
Hpm = HyGpy1 +Hp— (_8Gm +4Gm71) +4H,2Gp,
Rytm = RnGmi1 +Ry—1(—8Gp +4Gpy_1) + 4Ry_2Gim,
Chtm = CiGpi1 +Cy—1(—8Gn +4Gy—1) +4C,—2Gpy,

and
2Rpin = —5RyRyu.3+(19R,+40R,_1 —20R, )Ry i2
+4(—4R, — 43R, _1 +19R,_»)R, 1 +4(51R,_1 — 16R, )Ry —64R, R, 1,
2Cm+n = 7CnCm+3 + (3Cn +8C—1— 4Cn72)cm+2

+4(=7Cp_1 +3Cp_2)Cpy1+12Cy_1Cp.
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Taking m = n in the last Corollary we obtain the following identities:

and

Gy = 4G, +(Gpy1 —8G, 1 +4G, 2)Gy,

Hop = HyGpy1 —4(2H,—1 —Hy2) Gy +4H,_1Gy_1,
Ron = RyGuy1 —4(2Ry—1 — Ry 2) Gy +4R,1Gy 1,

Con =CnGyy1 —4(2C-1 —C12) Gy +4C 1G5

2R2n = 75Ran+3 + (19Rn +40Rn_| — 20Rn—2)Rn+2 +4(74Rn — 43Rn—1 =+ 19Rn_2)Rn+1
+ 4(51Rn—1 - 16Rn—2)Rn —64R, 1Ry 1,
2Cy, = —CuCpi3 + (3C, +8Cy—1 —4C—2)Cpio +4(=T7Ch—1 +3C1—2)Cpy1 +12C,—1Cy.
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