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Existence Results for BVP of a Class of Generalized
Fractional-Order Implicit Differential Equations

Kadda Maazouz', Dvivek Vivek?*, Elsayed M. Elsayed?®

Abstract

In this paper, we study and deal with the existence of solutions to boundary value problem for implicit differential
equations involving generalized fractional derivative, this study is based on the approach of Nonlinear alternative
and Krasnoselskii fixed points.

Keywords: Boundary value problem, Fixed point, Generalized fractional derivative, Integral equation

2010 AMS: 26A33, 34A08, 34B15

1. Introduction

Because of its wide applicability in biology, medicine and in more and more fields, the theory of fractional differential equations
has recently been attracting increasing interest. Especially, many research papers had devoted to generalized fractional
differential operator, this concept of generalized integral and derivative was given through Katugampola [11, 12]. The use
of Katugampola fractional derivative (KFD) is to generalize the Hadamard and Riemann-Liouville integrals and derivatives
which widely discussed by many researchers, one can refer to [8, 11, 12, 22]. Anderson et al. [1] studied some properties of
KFD with potential application in quantum mechanics. In [8], Janaki et al. established existence and uniqueness of solutions
to the impulsive differential equations with inclusions, and the authors also established some conditions for the uniqueness
and existence of solutions for a class of fractional implicit differential equations with KFD [9]. Recently, Vivek et al. [22]
investigated existence and stability of solutions for impulsive type integro-differential equations. Followed by the work, the
existence and Ulam stability of solutions for impulsive type pantograph equations was considered in [23].

As a result of unifying different techniques for initial or boundary conditions, nonlinear boundary conditions received more
and more attention, see [5, 6, 10], [13]-[18].

In this paper, we consider the following boundary value problem for implicit differential equations with KFD of the form

PD%(r) =W (t,u(t),’ D%u(t)), teJ:=lab], l<a<2, p>0,
ciu(a) —du'(a) = uy, (1.1)
Czu(b) —dzu/(b) = up,

where P D is the generalized fractional derivative of order a;, ¥ : J x R x R — R, is given function, cy,c3,d;,ds,ui,uy € R
and 0 <a<b <o,
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The paper is organized as follows: In Section 2, we present definitions, lemmas, and some results. Section 3 is devoted to
establish our main results. Finally, two explanatory examples are given to illustrate the theoretical results.

2. Fundamental Results

We now introduce some definitions, preliminary facts about the fractional calculus, notations, and some auxiliary results, which
will be used later.

Definition 2.1. [12] The generalized left-sided fractional integral of order oo € C, (Re(@) > 0) is defined fort > a by

1-a o—
Pl“h(r):’;(a) /a' (¢ -+) "0~ h(s)ds, @.1)

if the integral exists, where T(.) is the Gamma function.

Definition 2.2. [/2] The generalized left-sided fractional derivative, corresponding to the generalized fractional integral (2.1)
is defined for t > a by

pa7n+1 - d /-t n—o—1 _1
P — p L p_gP p
D%h(r) rn—a) (t dt) ; (z s ) P h(s)ds,

where n = [a] + 1, if the integral exists.
Lemma 2.3. Let o > 0 and p > 0, then the differential equation
PD%f(t) =0,

has solutions

n=2 40 gP

10 =a+ ¥a(=

Lemma 2.4. Let &¢ > 0 and p > 0, then

o—k
) . @ ERKk=0,1,2....n—2 n=la]+1.

n—2 P — P )(x—k
b

pre ("o () ) = £(t) +ao + k;ak(

for some
@ €Rk=0,1,2,....n—-2; n=|a]+]1.

Theorem 2.5. [7](Nonlinear alternative)
Let X be a Banach space with C C X closed and convex. Assume U is a relatively open subset of C withO € U and T : U — C
is a compact. Then either,

1. T has a fixed point in U, or
2. there is a point u € dU and A € (0,1) withu = ATu.

Theorem 2.6. [19] ( Krasnoselskii’s fixed point theorem)
Let E be a bounded closed convex and nonempty subset of a Banach space X. Let A, B two operators such that Ax + By € E for
every pair x,y € E. If A is a contraction and B is completely continuous then there exists z € E such that Az+ Bz = z.

3. Main Results

The following lemma is essential to state and prove our main result

Lemma 3.1. Let 1 < <2, p > 0and y € C(J,R) be a continuous function. Then the following boundary value problem

PD%u(t) = w(t), telJ,
ciu(a) —du' (a) = uy, 3.1
cou(b) —dau! (b) = uy,
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has a unique solution given by

Ccouy

) = 21—+ g+ [ KEWls)ds

where
o _pa—l p_ pyo—1 p—1 _ tP —aP a1
KE(s) = Frgy 0 =)= (S
1 rcou 1 poa—
bur =5 (2~ + / KEYE)s), K(s) = kg (s) —dapb? ' KE(5),
and

6:dz(a—1)bp’1(bp;ap)aiz—q(bp;ap)ail

Proof. Let u satisfies the problem (3.1) then, by Lemmas 2.3 and 2.3 we have

tP— P\ a1 o—1 rt
u(r) a0+a1< pa ) +1’i(a)/a(tp_sp)aflsp”y/(s)ds

l’p 7ap a—1

ap+ay ( + /: K*(s)w(s)ds.

Then

tP —aP

W (1) = ai (o — 1);%’*1(

Therefore

o—2 't
) e [ K s wl)ds,

u(@)=agp and u'(a)=0

7

so we have
ciu(a) —du' (a) = crap = uy
it follows that
ui
ag=—-
Cl

On the other hand, we have

bP — P
cou(b) :czao—i—czal( a +c2/ KZ (s
and
bP — P\ 0—2 b
dzu’(b):dzal((x—l)b”_l(Ta) +d2pbp_l'/a K& () y(s)ds.

Then we obtain

bP_aP)oc—l bP—aP)a—Z

Czu(b) —dzu/(b) = ag+cra; ( — dzal(OC — 1)bp71 (

+/u'b [QKI?(S) —dzpbP—IKlgx—] (S)} II/(S)ds s

bP —aP \ a—1 bP — P\ a—2
= 24 +C2611( a ) —dra (o — l)bp71 (70)
1 p p

+ /ab [cng‘ (s) — dopbP~1KO"! (S)] w(s)ds = i

_ %—al (dz(a—l)bpl(bp;“p)a_z—cz(bp;“p)a_l>

+/ab [cng‘ (s) —dapbP 'K (s)} y(s)ds.
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From cpu(b) — da/' (b) = up we deduce that

ap = %(% —up +/ab {czK,‘,x(s) —dzpbp’IK,‘f’l(s)} l//(s)ds)
:‘H%?*W+/bQ@%%ﬂww”@“%owwm]
= 3 %_ 2+/ = Qap-
Then we obtain
) = it [ woas
= Ci—?l — U2+ Qg O —0—/{; KX (s)w(s)ds.

Then we can accomplish the purpose desired, which complete the proof.
For sake of brevity, we need the following proposition which is very useful in what follows.

Proposition 3.2. For 1 < o0 <2, p >0, andt,s € J we have
(i) Jo K*(s)ds < [ K (s)ds = gy (b —aP )
(i) J2 K (s)ds = (g2 (b° —aP)e!

bp ap)ot 1 a 2

(i) J7 1K ()lds < L0 8 (eal (6 — aP) +|dalpb? 1) = K.

Proof. The proof of (i) and (ii) is immediate, it remains to prove (iii). Indeed, we have

[ikeas = [

lealp® 2

2K (s) — dopbP 'K (s) ‘ds

|da|pbP ! p* 2

S o (a—l) @ @
(bp_ap)a—lpa—z ‘ P — p—l
< (@) (ool ™=+l 5 =)

(bp _ ap)aflpafz

S @@

(|cQ|(bP —ap)+\d2|pbp_1) — K",
3.1 Existence results
Now, we are in position to first result which is based on Theorem 2.5.

Theorem 3.3. Assume that
() W is continuous.
(%) There exist constants k > 0 and 0 <1 < 1 such that

[W(t,un,v2) —P(t,ur,v1)| < klug —up|+1va — vy

forany uy,vy, up,vo €R, andt € J.
Then the problem (1.1) has at least one solution.

Proof. Let us consider the operator  : € (J,R) — € (J,R) defined by

CaUy

(xu)(t) = o uz + ¢q 507 + /az KX (s)y(s)ds
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Step 1: x is continuous.
Let {u,} be a sequence such that u, — u in € (J,R). Then for each t € J, we have

)@~ @] = [Z [ K6) (vas) o))
b [ R (o)~ i)
< 2 LKl - wiolas
£ IR vals) — v s
where

Wi (s) = (s, un(s), Wn(s)).

In virtue of (%%), we have

¥ () — W) < T () — (o).

It follows that

k O'bK*

) =20 < 15 (2554 [ KE6)S) o) ()

k /opK* p¢
< P aPY )l — t0) .
< (5 +r(oc+1)(b )% =)

Since u, — u, we get that || u, — xull- — 0 as n— . Hence y is continuous.

Step 2: ¥ maps bounded sets into bounded sets in € (J,R).

It is enough to show that there exists a positive constant m for r > 0 such that for each u € 9, = {u € €(J,R) : ||ul. < r} we
have || xul|- < m. Indeed for each 7 € J, and u € &, we have

1
= |2 it gusot [ KOV

cu
< |2 sl + sl + [ KEG)las

According to (2% ) we have

(o)l = [¥(suls),w(s)) —¥(5,0,0) +¥(s,0,0)]
_ Kl +sup,cs [¥(5,0.0)
h 1—1
< kr % , where  ¥* = sup|¥(s,0,0)|.
1-1 seJ

On the other hand, we have

C2M1
L [k

|¢a,b‘ =

cu
< 5(\ : 1\+|u2|+/ K<s||w<s>|ds>
1 [|c kr +¥*
< ||<’ 8l + /\K ||ds>
1 [|c ’ (kr+¥*)K* .
< — _ —_— | = .
|5|< P R R ab
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Then,

kr—i—‘P*
GO < |2+ el + 0500+ L [ K (s)as

‘621/11 kr+‘P

‘+|u2|+¢ahc7b—|— /Kb (8)ds :==m.

It follows that

[gull <m

which implies that y maps bounded sets into bounded sets of € (J,R).
Step 3: x maps bounded sets into a equicontinuous set of € (J,R).
Let u € 9, (as defined in Step 2), and #1, t, € J with ¢; < 1, then

[u(r2) = xu(nr)l
< Wusllon =0y + | [ KE©ws)ds— [ K w(s)as

< @,pl0n — Gzl|+‘/ ds+/ NOL s)ds‘
n
. K[t + W)p 2|
Sq)“’b‘%_d"H((Hl!l)r(oz)ﬂ) / (K, —K d”/ - (5)ds
* (kr+lp*)pa72
S¢a,h‘6t2—011|+m[2(f§—tf) +P* pa}.

As t — 1 the right-hand side of above inequality tends to zero. As a sequence of Steps 1 to 3 together with Arzela-Ascoli
theorem, we conclude that ¥ is completely continuous.

Step 4: A priori bounds.

We show there exists an open set & C €' (J,R) with u # A (u) where A € (0,1) andu € 0. Letu € €(J,R) and u = A (u),
with A € (0,1), then for each ¢ € J we have

ol = A2 bt g+ /’Kﬂs)w(s)ds\
< |== () w(s)lds
< ‘62”1‘+|u2\+¢abcb+% K (s)ds.
Thus
il < m.
Let

O ={uctUR): ulle<m+1}.

By our choosing of &, there is no u € d&, such that u = Ay (u), for A € (0,1). As a consequence of Theorem 3.3 and the
nonlinear alternative of Leray-Schauder’s fixed point theorem, ¥ has a fixed point u € O which is a solution of our problem (1.1).

The second result is based on Theorem 2.6.
Theorem 3.4. Assume that (<)), (25), and

kaK*

=00

<1. (3.2)

Then the problem (1.1) has at least one solution.
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Proof. Let
={u€eC(,R): lulle<ri+r<r},

where

(kr+ W) (b — aP)%p2
(1-Df(a+1)

CoUq
=[G el 00 =

We define two operators S; and Sy by
u
Stu(t) = 2 1y + ¢4 40,
1
Sou(r) / KX (s)y(s)ds

where

w(s) ="¥(s,uls), w(s))-

Step 1: We will show that Sju+ Syv € .
Letu,v € .#,andt € J so we have

cou
Sl < | ZE il +10ulon
coup
< Tl +ouslon
cu
< )i—l‘\ﬂuzlwabcb
< ry,
and
't
S < [ KH@)Iv(s)lds
kr +W¥* b
< M/ K& (s)ds
]_l a
_ ()P —aP)p?
= (1-DC(a+1)
< n.
Therefore
ISt Savle < [Stulle+ [S27]|-

<
< n+n
<

r.

We deduce that Sju+ Sy € A .
Step 2: S; is a contraction on ..
Foreacht € J,u,ve A, y(s) =P (s,u(s),y(s)), and ¢(s) = ¥(s,v(s),d(s)), we have

O;

% [ k) (wis) - 0(5)es|
|5|/|K I|w(s) = 6()]ds

‘Slu(t)fslv(t)’

N

N

|5| /\K )llu(s) = v(s)lds

kO}](*

< m‘”(s)_v(sﬂ-



Existence Results for BVP of a Class of Generalized Fractional-Order Implicit Differential Equations — 121/123

Therefore
ko b K*

[8](1—=1)

By (3.2) we deduce that S; is a contraction.

Step 3: S, is compact.

It is clear that S; is continuous and uniformly bounded on .Z (||Szu| < 12).

It remains to show that S, maps bounded sets into a equicontinuous set of € (J,R).
Letu € # ,and ty, r, € J with t; < t5, then

[1S1u—Siv|ee < 7|1t — V|-

[Sau(tz) — Sou(ty)| = / (5)‘// s)ds — / ds’
- ‘/ (K =K ) (s)w(s) ds+/1 )ds’
(k||u||°°+LP*)pa_ noa a 2 a
S (1-Dl(a+1) |Ja (K, *Krl)(s)dSﬂL/tl K; (s)ds
L) 2 W
< Gt -]

It is obvious that since t, — #; we get |Sau(t2) — Sou(t;)| — 0. It means that S; is compact. By Theorem 3.4 we conclude
that our problem (1.1) has a solution in € (J,R).

4. Examples

Example 4.1. Let us consider the following boundary problem

) - 3 o, 0.5
u(0) —u/(0) = 3, .
ulf)+ud(5) =%

Let the function ¥ defined by

1
+ —tanv, u,vyER", te]o,

u T
Wt = —
(Luv) =5, +3 3

]

Obviously the function ¥ is continuous. Now we check assumption (). Indeed for each € [0, 5] and u,v € R, we have

1
B (t,100,v2) — (b, w0, 1) = Sfuz’sful+5(tanvrmw)’
5(u2—u1) 1
< ’—‘_,_, tanvy, —tanv
S G Fu)5+u) | nvs !
< 1}uz—u1|—|—%|vz—vl‘.
5 3

Therefore (%) holds for k = 1, and [ = Z. Then according to Theorem 3.3 the problem (4.1) has at least one solution.

Example 4.2. Let us consider the following boundary problem

')
D2u(t)
5 3+u(r)] € [0’ 1]’

D2 u(r)| 4.2)

Set the function W as
V

RY, re]o,1].
sy Tire WVERD €10,1]

Y(t,u,v) =
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It is easy to see that the function ¥ is continuous. On the other hand for each € [0, 1] and u,v € R*, we have

|75 ) ui Vi
W(t,up,vy) —P(t,uy, = - B ’
|W(t,u2,v2) (t,ur,u1)l 3+V2+3+u2 34+vi 34u;
o ‘3uz+u2v173u1*u1v2‘ ‘3V2+V2M1*3V1*”2V1
h (B+u2)(3412) B+v)B+u)

< ~(|3u2 — 3us| + 3v2 —3v1|)

5
< %(|u2—u1|+\Vz—V1|)-
k

Therefore the assumption (2% ) holds fork =1 = % On the other hand we have

16
150(3) 128

= <1
11x 2 495/

By Theorem 3.4 we conclude that the problem (4.2) has at least one solution.

5. Conclusion

In this paper, we studied some existence results of certain type of differential fractional problem involving the concept of the
generalized fractional derivative, in this study we focused on Nonlinear alternative and Krasnoselskii fixed points.
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Shift Filter of Quasi-ordered Residuated Systems

Daniel A. Romano'*

Abstract

The concept of residuated relational systems ordered under a quasi-order relation was introduced in 2018 by S.
Bonzio and I. Chajda as a structure 2l = (A,-,—,1,<), where (4, -) is a commutative semigroup with the identity 1
as the top element in this ordered monoid under a quasi-order <. In 2020, the author introduced and analyzed
the concepts of filters in this type of algebraic structures. In addition to the previous, the author continued to
investigate some of the types of filters in quasi-ordered residuated systems such as, for example, implicative and
comparative filters. In this article, as a continuation of previous author’s research, the author introduced and
analyzed the concepts of shift filters of quasi-ordered residuated systems and then compared it with other types
of filters.

Keywords: Comparative filter, Filter, Implicative filter, Shift filter, Quasi-ordered residuated system
2010 AMS: Primary 08A02, Secondary 06A11

1. Introduction

Let (A,-, 1) be a commutative semigroup with the identity 1. Suppose that on the carrier A there exists another operation — and
one relation R that with multiplication in A have a link (x-y,z) € R <= (x,y — z) € R for each x,y,z € A. A relational system
designed in this way, when R is a quasi-ordered relation on A, is in the focus of this paper.

The concept of residuated relational systems ordered under a quasi-order relation was introduced in 2018 by S. Bonzio
and I. Chajda in [2]. Previously, this concept was discussed in [1]. This paper continues the investigations of quasi-ordered
residuated systems and of their filters which were started in the author article [3]. In particular, the concept of shift filters of a
quasi-ordered residuated system is introduced and analyzed. This type of filter is compared to the concept of filter and the
concept of implicative (introduced in [4]) and comparative filters ([6]) in this algebraic system. It is shown (Theorem 3.2) that
every comparative filter is a shift filter and vice versa does not have to be. In addition, it is shown (Theorem 3.3) that if the
implicative filter F satisfies the added condition

(Vu,veA)(u—v)—>veF = (v—u) >uckF))

then F is a shift filter. The reverse, of course, does not have to be.
It should be said here that a quasi-ordered residuated system, in the general case, it does not have to be a commutative
residauted lattice (see Example 2.8).

2. Preliminaries

2.1 Concept of quasi-ordered residuated systems
In article [2], S. Bonzio and I. Chajda introduced and analyzed the concept of residual relational systems.
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Definition 2.1 ([2], Definition 2.1). A residuated relational system is a structure %A = (A,-,—,1,R), where (A,-,—, 1) is an
algebra of type (2,2,0) and R is a binary relation on A and satisfying the following properties:

(1) (A,-,1) is a commutative monoid;

(2) (Vx€A)((x,1) €R);

3) (Vx,y,z€A)((x-y,2) ER<—= (x,y > 2) €ER).
We will refer to the operation - as multiplication, to — as its residuum and to condition (3) as residuation.

The basic properties for residuated relational systems are subsumed in the following:

Theorem 2.2 ([2], Proposition 2.1). Let 2= (A,-,—, 1,R) be a residuated relational system. Then
4) (Vx,yeA)(x—>y=1= (x,y) ER);
(5) (Vx e A)((x,1 = 1) €R);
6) (Vxe A)((1,x = 1) €R);
T (Vx,y,z€A)(x >y=1= (z-x,y) ER);
8) (Vx,y € A)((x,y = 1) €R).

Recall that a quasi-order relation’ < ' on a set A is a binary relation which is reflexive and transitive (Some authors use the
term pre-order relation).

Definition 2.3 ([2], Definition 3.1). A quasi-ordered residuated system is a residuated relational system A = (A,-,—,1, <),
where < is a quasi-order relation in the monoid (A,-)

Example 2.4. Let A = {1,a,b,c,d} and operations ’-’ and "=’ defined on A as follows:

~‘]abcd —>‘1abcd
1|1 a b ¢ d 1l a b ¢ d
s|la a d c¢ d al|l I b ¢ d
blb d b dd ™ b1 aa c e
clc ¢ d ¢ d c |1 1 b I b
dld d d d d d |1 1 1 1 1

Then A = (A,-,—,1) is a quasi-ordered residuated systems where the relation ’<’ is defined as follows

<= {(1,1),(a,1),(b, 1), (¢, 1),(d, 1), (b,b), (a,a), (¢,a),(d,a),(d;]), (d,c)}.

Example 2.5. For a commutative monoid A, let SB(A) denote the powerset of A ordered by set inclusion and ’-’ the usual
multiplication of subsets of A. Then (B(A),-,—,A, C) is a quasi-ordered residuated system in which the residuum are given by

(VX,Y ePA))Y - X:={z€A: Yz C X}).

Example 2.6. Let R be a field of real numbers. Define two binary operations *-’ and '—’ on A =10,1] C R by
(Vx,y €[0,1])(x-y :=max{0,x+y—1}) and x — y :=min{l,1 —x+y}).

Then, A is a commutative monoid with the identity 1 and (A,-,—,<,1) is a quasi-ordered residuated system.

Example 2.7. Any commutative residuated lattice (A,-,—,0,1,A\,V,R), where R is a lattice quasi-order, is a quasi-ordered
residuated system.

The following example shows that a quasi-ordered residuated system A does not have to be a lattice because:
- in the general case, A does not have to have a common lower bound,
- A doesn’t have to be a lattice.

Example 2.8. Let A = (—oo, 1] C R (the real numbers field). If we define " and =’ as follows, (Vy,v € A)(u-v :=min{u,v})
andu—v:=1lifu<vandu—v:=vifv<uforallu,v €A, then A:= (A,-,—,1,<) is a quasi-ordered residuated system.

The following proposition shows the basic properties of quasi-ordered residuated systems.

Proposition 2.9 ([2], Proposition 3.1). Let A be a quasi-ordered residuated system. Then
9 (Vx,y,z€A)xxy = (x- 25y 2AZ2-x=<2'Y));
(10) (Vx,y,z€ A)xxy = (y 22 x=zAZ—=x<K22Y));
(I1) (Vx,y €A)(x-y K x Ax-y X y).

Estimating that this topic is interesting ([1]-[3]), it is certain that there is interest in the development of the concept of some
substructures such as some types of filters [4]-[7] in these systems.
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2.2 Concepts of filters
In the article [3], in order to determine the concept of filters of quasi-ordered residuated systems, the relationships between the
following conditions are analyzed:

(FO)1 e F;

(F1) Vu,ve A)((u-veF = (ue F AVvEF)),

(F2) Vu,ve A)(ue FANu<gv) = veF);

(F3) Vu,ve A)(ueFANu—veF) = veF).

It is shown ([3], Proposition 3.2) that (F2) = (F'1). In addition, it is shown ([3], Proposition 3.4) that for every nonempty
subset F' of system 2 is valid (F2) = (F0).

Based on our previous analysis of the interrelationship between conditions (F1), (F2) and (F3) in a quasi-ordered residual
system, we introduced the concept of filters in the following definition.

Definition 2.10 ([3], Definition 3.1). For a subset F of a quasi-ordered residuated system 2, we say that it is a filter of A if it
satisfies conditions (F2) and (F3).

Example 2.11. Let 2 be as in Example 2.8. All filters in this quasi-ordered residuated system are of the form (—eo, 1], where
x <1

Lemma 2.12 ([4], Lemma 3.1). Let a subset F of a quasi-ordered residuated system 2l satisfy the condition (F2). Then the
Sfollowing holds
(12) (VueA)(ueF < 1—u€eF).

Lemma 2.13 ([4], Lemma 3.4). Let a subset F of a quasi-ordered residuated system 2L satisfy the condition (F2). Then the
Jfollowing holds
(13) (Vu,v,z€A)u— (v—=2) €F <= v—> (u—2) €F).

Lemma 2.14 ([6]). Let A be a quasi-ordered residuated system. Then
(14) Vu,v,z€A)(u—>v< (v—2) = (u—2z)) and
(15) Vu,v,z€eA)(v =z (u—v) = (u—2)).

Terms covering some of the requirements used herein to identify various types of filters in the observed algebraic structure
are mostly taken from papers on UP-algebras.

Definition 2.15 ([4], Definition 3.1). For a non-empty subset F of a quasi-ordered residuated system 2, we say that the
implicative filter of 21 if (F2) and the following condition
(IF) Vu,v,z€A)(u—= (v—o2)€eFAu—veEF) = u—z€F)

are valid.

It is known that every implicative filter of a quasi-ordered residuated system 2l is a filter of A ([4], Theorem 3.1) but that the
reverse does not have to be.

Definition 2.16 ([6], Definition 5). For a non-empty subset F of a quasi-ordered residuated system 2l we say that a comparative
filter of 2 if (F2) and the following condition
(FC) Vu,v,z€ A)((u— ((v—=2) >v)EFAueF) = veF)

are valid.

Example 2.17. Let A be a quasi-ordered residuated system as in Example 2.4. Then the set F := {1,a,b} is a comparative
filter of 2.

Since any comparative filter F of 2 satisfies the condition (F2), F* also satisfies the condition (F0): 1 € F.

Proposition 2.18 ([6], Theorem 3.2). Let F be a filter of a quasi-ordered residuated system 2. Then F is a comparative filter
of U if and only if the condition
(16) (W,z€A)((v—z) 2> veEF = vEF)

is valid.
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3. The Concept of Shift Filters

In this section, which is the main part of this article, we introduce and analyze the concept of shift filters of quasi-ordered
residuated system.

Definition 3.1. Let 2 be a quasi-ordered residuated system. A non empty subset F of A is a shift filter of 2 if it satisfies the
conditions (F2) and the following condition
(SF) (Vu,v,z€A)(u— (v—=2)EFAueF) = ((z—v)—=v)—=z€F).

Remark 3.2. In some other algebraic systems, request (SF) is recognized as a fantastic filter.

Example 3.3. Let A = {1,a,b,c} and operations *-* and *— defined on A as follows:

and

o S Q ~|
a8 ~[~
a8 8 als
a8 o
a o 6 oo
o s~
~ o~~~ ~
28 ~als
S~~~
~N O O o8

Then A = (A,-,—,1) is a quasi-ordered residuated systems where the relation ’<’ is defined as follows

<= {(1’ 1),(a,a),(b,b),(c;c),(a,1),(b,1),(c,1), (a,b)}.
Then the subsets {1,b} is a shift filter of 2.

Example 3.4. Let A = {l,a,b,c} and operations *-* and =’ be defined on A as follows:

~‘]abc —)‘]abc
1|1 a b c 1|1 a b c
ala a ¢ ¢ and a |1 1 1 1
b|b ¢ b c b |1 a 1 c
clc ¢ ¢ ¢ c |1 a b 1

Then A = (A,-,—,1) is a quasi-ordered residuated systems, where the relation ’<X’ is defined as follows

<={(1,1),(a,a),(b,b),(¢,¢),(a,1),(b,1), (¢, 1), (a,D), (a¢)}.

Then the subsets {1,b} is a filter of 2 but it is not a shift filter of 2. For example, for u="b, v=a and z = ¢, we have
b—(a—c)=b—1=1€{l,b}andb e {1,b}, but ((c -a) wa) wc=(a—a) >c=1—c=c¢{l,b}.

It can be verified that a shift filter of a quasi-ordered residuated system 2( has the following property:

Proposition 3.5. Let F be a shift filter of a quasi-ordered residuated system 2. Then
(17 (Vu,veA)u—veF = (v—u)—u) >verF).

Proof. Let F be a shift filter of 2. If we putu = 1, v =u and z = v in (SF), we get
(1-u—v)eFANl€EF)= ((v—>u)—u)—veF
whence it follows
u—-veF = (v—u)—u) >veF
by (FO) and Lemma 2.12. ]

Let us show now that the condition (17) is sufficient for a filter F' of a quasi-ordered system 2/ satisfying the condition (17)
to be a shift filter of 2.

Theorem 3.6. Let F be a filter of a quasi-ordered residuated system 2l and suppose that F satisfies the condition (17). Then F
is a shift filter of 2.
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Proof. Suppose that F is a filter of 2 that satisfies the condition (17). Let u,v,z € A be such thatu — (v - z) € Fandu € F.
Then v — z by (F3). Thus ((z — v) — v) = z € F by (17). So, F is a shift filter of 2. O

Our second theorem on this class of filters of quasi-ordered residuated systems is the following:
Theorem 3.7. Every comparative filter of a quasi-ordered residuared system 21 is a shift filter of 2.

Proof. Suppose that F' is a comparative filter of 2. To prove that F is a shift filter of 2(, we will show that F satisfies the
condition (17). For this purpose, let us take elements u,v € A such thatu — v € F.

From u — v € F and from the valid formula (14) in the form u — v < ((v = u) — u) — ((v — u) — v), it follows
((v—=u) = u) = ((v—u) = v) € F according (F2), which it is equivalent to

v—=u)—((vou)—u)—veF

according to (13).
On the other hand, from the valid formula (11), in the form (v < (v — u) — u) — v, with respect to (14), we obtain

(vou)—u)—=v)suxg(v—u).

From here, by acting with ((v — u) — u) — v on the last inequality by the right, taking into account the valid formula (14), we
obtain

vou—=((v=u)—u)—v) =
((v=u)—u)—=v)—=u)— ((vou) —u)—v).
From here it follows

(v=u)—=u)—=v)—=u) = (((vou) —>u)—v)eF.
Since F is a comparative filter in 2, we get ((v — u) — u) — v € F in accordance with (16). Therefore, F is a shift filter. [J

The following example shows that any shift filter of a quasi-ordered residuated system 2( does not have to be a comparative
filter of 2.

Example 3.8. Ler A = {1,a,b,c} and operations > and =’ be defined on A as follows:

and

o SR~
o S Q Qf~
o S
SRS N IS RN
a6 o oo
o e~
NN NN~
~Q ~ Q|8
~~ 9 &S
~ S S o0

Then A = (A,-,—,1) is a quasi-ordered residuated systems, where the relation ’<’ is defined as follows:

<={(1,1),(a,a),(b,b),(c;c),(a,1),(b,1), (¢, 1), (b,a),(c,a), (¢, D) }.

Then the subsets {1} is a shift filter of 2 but it is not a comparative filter of 2. For example, foru=1,v=a and z=>b, we
havel = ((a—b) —a)=1—(a—a)=1—1=1€{1}and 1 € {1}, bura ¢ {1}.

Theorem 3.9. Let F be an implicative filter of a quasi-ordered residuated system 2 satisfying
(18) Vu,veA)((u—v) >veF = (v—u) s uckF).

Then F is a shift of 2.
Proof. The proof of this theorem is obtained by combining Theorem 4 in [6] and Theorem 3.7. O

The following example shows that any shift filter of a quasi-ordered residuated system 2 does not have to be an implicative
filter of 2A.

Example 3.10. Let A = {1,a,b,c} and operations ’-’ and "=’ defined on A as follows:



Shift Filter of Quasi-ordered Residuated Systems — 129/130

-‘]abc —>‘]abc
l|la a b c 1 |1 a b c
ala a b ¢ and a |l 1 a b
b|b b b c b |1 1 1 b
clc ¢ ¢ ¢ c |1 1 1 1

Then A = (A,-,—,1) is a quasi-ordered residuated systems, where the relation '’ is defined as follows:

<={(1,1),(a,a),(b,b),(c,c), (a,1),(b,1), (¢, 1), (b, ), (¢,a), (¢,b) }.

Then the subsets {1} is a shift filter of A but it is not an implicative filter of 2. For example, for u= b, v=">b and z = ¢, we have
b= b—c)=1€{ltandb—b=1c{l},burtb—c=b¢ {1}.

We end this section with the following theorem.
Theorem 3.11. The family §(A) of all shift filters of a quasi-ordered residuated system 2 forms a complete lattice.

Proof. Let {F; }xea be a family of shift filters of 2 where A is index set. It is clear that 1 € (ycp Fi. Let u,v € (gep Fi and
u < v. Then u € F and u < v for any k € A. Thus v € Fj, by (F2) since Fy is a shift filter in 2. Hence v € (Nycp Fi-

Let u,v,z € A be such that u — (v — z) € (gep Fr and u € (e Fr- Then u — (v — z) € Fy and u € F for any k € A. Thus
((z—=v)—v) = z€ Fforall k € A. Hence ((z = v) = v) = 2 € Nrea Fk- So, the intersection (4 Fi satisfies the condition
(SF). Therefore (< Fi is a shift filter of 2.

Let X be the family of all shift filters containing the union (g Fr. Then NX is a shift filter of 2 according to the first part
of this proof.

If we put MiepaFy = Niea Fr and Ligea Fr = NX, then (F5(A),M,L) is a complete lattice. O

Let A be a quasi-ordered residuated system. Before embarking on further conclusions, let us recall the terms *minimum
filter’ and *maximum filter’ in a quasi-ordered residuated system: We shall say that a filter A is a minimal filter of 2( if there
is no a filter B of 2 such that B C A. Also, dually, we shall say that a filter A is a maximal filter of 2 if there is no a filter B
of 2 such that A C B. It is easy to conclude that if A and B are two minimum interiors filters of a quasi-ordered residuated
system 2, then AN B = 0, because, otherwise, according to the previous theorem, A N B would be a filter of 2 contained in A
and contained in B, which is impossible.

Corollary 3.12. Let 2 be a quasi-ordered residuated system. For any subset T of A, there is the unique minimum shift filter of
A that contains T.

Proof. The proof of this Corollary follows directly from the second part of the proof of the previous theorem. L

Corollary 3.13. Let A be a quasi-ordered residuated system. For any element x of A, there is the unique minimum shift filter of
2 that contains x.

Proof. The proof of this Corollary follows from the previous Corollary if we take T = {x}. O

4. Conclusion

The concept of quasi-ordered residuated systems was introduced in 2018 by S. Bonzio and I. Chajda. as a structure 2 =
(A,-,—,1,R), where (A,-) is a commutative semigroup with the identity 1 as the top element in this ordered monoid under a
quasi-order R. In such algebraic systems, the author introduced the concept of filters, and then several types of filters such as
implicative [4], associated [5] and comparative filters [6]. It is shown that a comparative filter is an implicative filter and vice
versa does not have to be.

The concept of shift filters of such algebraic systems was introduced and analyzed in this paper. Also, this class of filters
was compared with previously introduced filters. It is shown (Theorem 3.2) that every comparative filter is a shift filter and vice
versa does not have to be. In addition, it is shown (Theorem 3.3) that if the implicative filter F satisfies the added condition

Vu,veA)((u—v) 2veEF = (v—u) >uckF))

then F is a shift filter. The reverse, of course, does not have to be.
In our paper [8], we analyze a quasi-ordered residuated system (which we call the ’strong quasi-ordered residuated system’)
in which implicative and comparative filters are coincide. It is a quasi-ordered residuated system in which the formula
VuyveA)(u—v)—mvx(v=u)muN(vou) sux(u—v) =)

is a valid formula. We also analyze the possibility of the existence of some new types of filters in such systems as prime and
irreducible filters and their interrelationships ([9, 10]).
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1. Introduction and Preliminaries

In this paper, we focus on the stability of solutions under the sufficent conditions for the following problem

Y

4 A%u — Au — (l{|Vu|2dx> AuA[ulP ' (u) = |u] " u in Qx (0,+00),

u(x,0) =up(x), u (x,0)=u;(x) on x€Q, (1.1

u(x,t)z%u(x,t)zo on x € 0Q,
where y > 0, j' denotes the derivative of Jj (o) [11, n is the outer normal and Q is a bounded domain in R" with a smooth
boundary dQ. Also, here

Y
Au— /|Vu|2dx Au and [ul j' ()
Q

represent Kirchhoff-type term and degenerate damping term, respectively.

1.1 Kirchhoff-type plate problems
To motivation for this problem comes from the following equation so called Beam equation model

Uy + APu— a+ﬁ/\Vu|2dx Au=|ul"u, (1.2)
Q

without source term <|u|q_2 u) was firstly introduced by Woinowsky-Krieger [2] to describe the dynamic bucking of a hinged
extensible beam under an axial force. It was extensively studied by several researcers in different contexs. In [3, 4], the authors
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showed the global attractor, convergence and unboundedness of solutions with |u, |” 24, nonlinear damping term. Then, the
model also was investigated in [5, 6] and the authors obtained the existence, decay estimates of solutions and blow up of
solutions with both negative and positive initial energy with |u;|? ~2 4, nonlinear damping term.

Recently, Pereira et al. [7] and Pigkin and Yiiksekkaya [8] studied the model (1.2) with u,. Pereira et al. studied existence
of the global solutions through the Faedo-Galerkin approximations and obtained the asymptotic behavior by using the Nakao
method. Pigkin and Yiiksekkaya proved the blow up of solutions with positive and negative initial energy.

1.2 Problems with degenerate damping
This kind of degenerate damping effects was firstly investigated by Levine and Serrin [9] and considered the following equation

(|ut|172u,> —aV. (\Vu|’172 Vu) +blul Ju " 2w = clulP 2 u.
t

The authors considered the blow up of solutions with negative initial energy for the case p +m < p under several other
restrictions imposed on the paremeters m, p, p,q. But Levine and Serrin obtain only blow up solution with negative initial
energy without any guarantees that the solution has a local solution. Then, Pitts and Rammaha [10] proved global and local
existence for p +m > p and for the case p < 1 established uniqueness. Also, the authors obtained blow up solutions for
negative initial energy and p +m < p

On the other hand, the hyperbolic models with degenerate damping are of much interest in material science and physics. It
particularly appears in physics when the friction is modulated by the strains. There is a wide literature has degenerate damping
terms, namely & (u)h(u;) where &(u) is a positive function and / is nonlinear, (see [11]-[27]).

The remaining part of this paper is organized as follows: In the next section, we study the stability result.

Now, we present some preliminary material which will be helpful for the proof of our result. Throughout this paper, we
denote the standart L (Q) norm by ||.|| = [[-l22(q) and L7 () norm [|.|[, = || z4(q) -

(A1) p,p,g>0;p < S5 q+1 < HZT”Z if n > 3. There exist positive constants ¢, cg, ¢; such that for all @, € R
j(&):R— RbeaC! convex real function satisfies
oj(0) >clal™,
e j/ (@) is single valued and |’ (@)| < co|a|”,
o (/(@)=j (B)(a—p)=ci]a—p|"*".
(A2) up (x) € H (Q), u1 (x) € L*(Q), |u(7)|” j(ur) € L* (2 x (0,T)).
The said solution of (1.1) satisfies the energy identity

E’(t):f/ (D) j (ur) (v) dxdz < 0 (1.3)
Q
where
1 2 2 2 1 2y+1) 1 +1
E()=~ A Vil 4+ —— [V 2D | = jju)? 1.4
=5 [l Bl 19l 0] - g 19
and
1 2 2 2 | 2(y+1) 1 gt
E(0)= 5 [||u1| + | Auo " + | Vuo | +7}/+1 [Vuo| a1 lJuollg1 - (1.5)

Moreover, by computation, we get E (¢) is a non-increasing function, then

E (1) <E(0). (1.6)
Now, we define
-2 1 1
=1, E=(—————)a,
e : (2(%1) q+1>1

=
o (Grom) 2 (Gt
Wo={(a,E) eR*,0< a<;,0<E<E},
V={(0,E)eR a>a,0<E<E}
where 2, is the embedding constant (where H3 () is embedded into L7! (Q)).



Stability of Solutions for a Krichhoff-Type Plate Equation with Degenerate Damping — 133/136

2. Stability

This section is devoted to prove the stability of solutions for problem (1.1).

Lemma 2.1. Assume that (A1) and (A2) hold and (||u0||qul JE (O)) € Wy, then
(Ile)llyy - E () € Wo, 120, @1
and

1 1 1
E0)>2{wh0H2+|Au0m2+y+1|Vu@)“ﬂ”}+4HVuum2,r>0. (22)

Proof. By using the embedding theorem and (1.6), we get

E;, > E(0)>E(@)

> 5 O A+ 19u )
—i& ||Vu(t)||2+%leHM(I)H;H - % Hu(z)HZi}
& ;_”“f<f>|2+lAu(r)thfH|vu<t>|2<y“>:
+£ Va8 + (Hu(l)HqH) : .

where (o) = 1A72a% — a4l for @ > 0. It is not difficult to verify that /2 (c) reachs its maximum E; for o = o, h(c)
is strictly decreasing for a > 0 and i (@) — —oo as & — . By the continuity of |[u(t)|,,, and & (0) = [lul|,,; < a2,
o (t) < ap for all ¢ > 0. Further, E (t) < E; by (2.3). Then, (2.1) holds.

To obtain (2.2), it remains to the note that 4 (o) > 0 whenever 0 < o < . Then (2.2) comes after at once. ]

Lemma 2.2. Assume that (A1) and (A2) hold, then

1
IVa @) 2 2[u(@)§55 or [Vu@I? ~llu@lgs = 5 1Va @), 2.4)

Furthermore, we have for constant C

{ [[ur (1) || € L* (Q), 2.5)
[Vu@®) <C, Nu(®)ll,41 <C, u @) <C, [[Au(t)]] <C. '

Proof. By using the embedding theorem, we get

Y

1 1 | 1 1, 1 |
SIVR@OIP =S w @I = 5 IVa @I+ A O = 5 )14}

% IV (@)|>+h (IIM(I)lqu) :

Since i(a) > 0,if 0 < o < ap and O < [[u(#)], | < & by Lemma 1, (2.4) is true.
The initial result in (2.5) comes from the assumption (A2). The remainder of results in (2.5) follows (1.6), (2.2) and
2.4). O

Lemma 2.3. Let (Hu0||q+1 JE (0)) € Wy and E (t) > m, where 11 > 0 is a constant, then there exists 6 = 6 () > 0 such that

Jut (O + 1A (0) >+ [V (0) >+ [V (0) 27D = (1) 241 > 5, 1> 0, 2.6)
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Proof. From the definition of E (t) and E (¢) > 1, we get
g ()12 + [ Au ()] + [V (1) |+ [ Vae ()27 = 2m, 1 > 0, 2.7

Now, we suppose by contradiction that (2.6) does not hold. By (2.4), there is a sequences t, C R™ as follows

Mt 1) 1%+ 11800 G ) 1 + V0 1) 1P 4 1Vt 1) PV = e (1) 573

1
2 o eI 1A ) [P [V () [P0 3 [Vt (1) 0, (s o0).

Then, we get
e (1) |* = 0, [| At (2> = 0, [ Ve (8,) 7D = 0, Ve (2)||* — 0, 1 — .

This is imposible since (2.7) and yield the desired result. This completes the proof of lemma. O

Theorem 2.4. Assume that (A1) and (A2) hold, we get
limE (7,) = 0, Tim [[Au ()] = 0. 2.8)

Proof. Assume that (2.8) fails, then there exists 7 > 0 such that E (¢) > n for all # > 0 since (1.6) and E (¢) > 0. Multiplying
both sides of (1.1) by u, integrating them over [T,#] x Q (0 < T <t < o) and integrating by parts, we have

IORIE)
[ 121 1 = (o 5)1P + 1 5) P+ 172 5) P+ [ ()27 = ()11

-/ u<s>|*’u<s>f<ut><s>dx} ds

- /T (Ky + Ky + K3) ds. 2.9)

By (1.6), (2.2) and (2.5), we have

/TKlds:/T2||ut(s)uzdsg4E%(0) (/T u,(s)||2ds>2 (/T ds>2 <c </T ds>2. (2.10)

Here and in the next positive constant C; not depend on ¢ and 7. From Lemma 3, we have

t
/ szs
T

= [ (1 6P+ )P+ 9 )P+ 19 ()P = )25 ds

IA

—S/Tds. (2.11D)
Set
H(t)=E —E).

From (1.3), we have

H'(0)=—E' ()= [ [u(@)] j(u) () dx = 0. 2.12)
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Form (2.12) and since E () > 0 for t > 0 and H (¢) € C(0,) we reach at [q |u(t)|P j/ (u;) (t)dx € L' (0,0, using Holder
inequality, (2.4) and embedding theorem HZ (Q) — LPT7 (Q), we have

13 13

/TK3ds 7/7" /Q|u(s)|pu(s)j/ () (s) dxds
t p+1 p+1

[ [P ) (5) s
T .Ja

(/1 |up,-<u,)(s>dxds)”¢‘ )/ u(s>|P+P“dxds)”L
& ([ o) ([ mogia)”
G (/ 1Vae (s ||P+P+1ds> & < ¢y </ ds>]+l. 2.13)

Then from (2.9)-(2.13), as p+ 1 < 2, we know

IN

IN

IN

IN

(w (s),u(s))[_, <C1 </Ttds>é+C4 (/ ds)i—ﬁ/ds<C5 (/ ds)il—é/;ds. (2.14)

Moreover, by applying Holder inequality and (2.5),
|(us (5) u(s))] SCs(IIMz )+ lAu (5)[[> + [V (5)]* + | Vaa () | 27+ ) <o,

In turn, we arrive a result that is in contradiction with (2.14) for fixing 7" when ¢ — c. Therefore, we derive tlimE (t)=0and
—So0

tli_}rn || Au (£)||* = 0 by (2.2). This completes the proof. O
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1. Introduction

In this work, we will be focused on the existence, uniqueness, and exponential decay of global weak solution to the problem
associated with the degenerate hyperbolic equation

K(x,0)u" —M </ Vu|2dx> Au—Au' =0,in Q=Qx(0,T), (1.1)
Q

u(x,t) =0, onX2=9Q x (0,T), (1.2)

u(x,0) = ug(x), u'(x,0) =u;(x), x€Q, (1.3)

where Q is a bounded open set of R" (n > 1), with smooth boundary dQ and T > 0 is a fixed but arbitrary real number. u(x,7)
represents the transversal displacement of a spacial variable x = (x1,xp,- -, x,) € R" at time ¢ > 0, «’ denotes the derivative
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of u with respect to time. M(-) is a C'([0,o0)) function such that M(A) > 0, for all A € [0,c0) and the operator coefficient
K(x,t) € C'([0,T], L*(Q)) satisfying suitable properties. By standard notation,

n 32
|Vu(x, 1) = Z’au()” ‘ and Az4)ct)—2:aa(2 aF

is the Laplace operator.

Equation (1.1) with K(x,#) = 1 has its origin in the nonlinear vibration of an a stretched string and was considered in [1].
Existence of global solution was proved for K (x,#) > 0 and M = 1 in [2], see also [3]. For a background and physical properties
of this model we refer the reader to [4]-[7].

In fact,

M—M(/ |Vu2dx>Au+au’:01nQ:Q><(O,T), (1.4)
Q

when M(A) > mg > 0 is known as non-degenerate, and for a = 0, global solutions have been obtained by several authors under
various assumption, see [8]-[13].

The operator coefficient K (x,#) plays an important role in the asymptotic behaviour for equation (1.1). The energy of the
equation (1.1) is given by

E() = 5 [IKY24 (0 + Mau(r))]

:/t M(s)ds (1.5)
0
and

a(u,v) = / VuVvdx the Dirichlet’s form, for which we write a(u) instead of a(u, u).
o

When K (x,7) = 1, for non-degenerate case, with & > 0, exponential decay properties was studied in [23]-[26]. However,
the decay rate of the solutions is not so fast in the degenerate case. In fact, in [1], for example was showed that the problem

(1.4) was a polynomial rate of decay given by E(¢) <C (),
Another example presented by J. G. Dix [27], fully transcribed here, shows that decay of solutions is not necessarily
exponential. Consider for Q = (0,27) € R,

u”—M(||ux||2)uxx+u':0 xEQ 1>14V2,
(x H—\f) \/E /(1+v2) sin(x),

u <x, 1 +\f2) = ﬁel/““ﬁ) sin(x),

u(0,1) =0, u(2m,t) =0, forr > 142,
where M is the non-negative and continuous function defined as

16

1 .
M(r) _ flnz(r)(474ln(r) 7]n2(r))7 if1<r< eZ/(lJrﬁ)’
0, otherwise.

1
Then u(x,1) = —=e'/"sin(x) is a solution. Since

Nz

1 1 2 1
u/:fﬁu, u' = (t4+t3)u’ ux:ﬁel/tcos(x), Uy = —U,
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1 2 1
[lue||? = ¢!, and M (/! )= PR e for t > 1++/2, it follows that u satisfies the initial-value problem. Notice that ||u||

1
decays polynomially rather than exponentially as t — oo. In fact, ||u/||> = tjez/ ’.

Moreover, when is considered the nonhomogeneous equation u” — M (||ux||?) uxx +u’ = f(x,t), and a general non-constant
function M, in spite of the convergence of Hu’ || to zero remains illusive, that is, was not verified it and was not presented a
counter-example, was proved in [27] that if || f(x,#)|| is square integrable on [0, o) then ||#|| is square integrable on [0, o).

On the other hand, when the greatest lower bound for M(A) is zero, the equation (1.4) is known as degenerate, see [14]-[16].
The degenerate equation (1.1) studied in this manuscript has been considered in just a few publications, see for instance [17, 18]
and references therein.

It is well known that the Cauchy problem is well-posed for strictly hyperbolic differential equations. However, in dimension
one, the Cauchy problem associated with degenerate hyperbolic equations is not well-posed. See [19]. Despite this, nonlinear
degenerate hyperbolic equations are one of the most important classes of partial differential equations. We present some results
in the literature in several contexts. For linear and semilinear equations of Tricomi type, existence, uniqueness, and qualitative
properties of weak solutions to the degenerate hyperbolic Goursat problem, which play a very important part in applied
and engineering sciences, was established in [20]. In [21] was considered the generalized Riemann problem for the Suliciu
relaxation system in Lagrangian coordinates. The Suliciu relaxation system can be considered as a simplified viscoelastic
shallow fluid model. Recently, the mixed Cauchy problem with lateral boundary condition for noncharacteristic degenerate
hyperbolic equations was analyzed in [22], where, unlike other works on mixed Cauchy that the problems under consideration
are obtained in weighted spaces, authors obtained all solutions in classical Sobolev spaces. Then, in the context above, the
degenerate equation gives us a feature yield several striking phenomena that require new mathematical ideas, approaches, and
theories.

The outline of this manuscript is the following. In Section 2 we introduce the notation, necessary assumptions and the main
results. The proof of the existence theorem is performed in section 3, in three steps: approximate problem, a priori estimates
and passage to the limit in the approximated equation. The uniqueness of the solution is given in section 4. Finally in section 5
the asymptotic behaviour is studied where we prove the exponential decay by using the Nakao method.

2. Preliminaries and Main Results

Let Q C R" be a bounded open set with sufficiently smooth boundary dQ. By H™(Q), m a non-negative integer, we denote
the Sobolev space of order m. For m = 0, H(Q) = L*(Q). Further, we set H}'(Q) = the closure of Z(Q) in H™(Q), where
2(Q) is the space of infinitely continuously differentiable functions with compact support contained in Q. The inner product
and norm in L?(Q) and H{} (Q) are represented by (-, ), | - | and ((-,)), || - || respectively. The space H}(Q)NH?(Q) is
equipped with the norm |Au|.

As in [29] for T > 0 a real number and B a Banach space, we denote

T 1
p
</ u(f)IZdt> <oo,if 1 < p < oo,
0

supess ||u(t)||p < oo, if p = co.
0<t<T

LP(0,T,B) = | u mensurable from [0,T] into B

From now and on, let us assume that the volume density function K(x,¢) satisfies:

(H.1) K(x,t) € C'([0,T], L*(RQ)), K(x,t)>0and K(x,0) > Cy > 0 for some Cy € R.

K
J (x7t) ’ < ,J/_'_(/’('J/)[((_x’l‘)7 for all Y > 0.

In this manuscript, we deal with a degenerate case, then we consider that M(A), A > 0, a real function satisfying
(H.3) M(A) € C'([0,0)) with M(1) > 0, for all, A > 0.

The well-posedness of problem (1.1) is ensured by
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Theorem 2.1. For ug, u; € H} (Q) NH?(Q) there exists a unique function u : [0,T) — L*(Q) with the following regularity

ue L(0,T;H (Q)NH*(Q)), (2.1)
u' € L2(0,T:H} (Q)NH*(Q)), (2.2)
u" € L*(0,T;H} (Q)), (2.3)

such that
K(x,0)u" — M (a(u(t)) Au—Ad' = 0in L*(Q), (2.4)
u(x,t)=00n 2=09Qx (0,T), (2.5)
u(x,0) = up(x), u'(x,0) =u;(x), x € Q. (2.6)

Remark 2.2. From (2.1), (2.2), (2.3) we have that u € C°([0,T],H}(Q)NH?*(Q)) and u' € C°([0,T],H}(Q)) so the initial
conditions (2.6) are well set.

For asymptotic behaviour the exponential stability is given by
Theorem 2.3. Under the hypothesis of Theorem 2.1, the energy E(t) associated to equation (1.1) satisfies

E(t) < Coe ™, forallt > 0, where Cy and « are positive constants.

3. Existence of Solution

The aim of this section is to prove the theorem (2.1). For this goal, we use the Faedo-Galerkin method, a standard technique
well described in the book by Temam [30].

3.1 Step 1. Perturbed approximate problem
Let (wy)ven be a basis of H} (Q) NH?(Q) consisting of eigenvectors of the operator —A, that is,

—ij:kjwj, j=1,2-n,--

where 0 <Ay <Ay <+ <A <o) Ay —o0asn — oo, wj 90=0,j=12,-- andV, = Wi, Wi istheHé(Q)ﬂHz(Q)
subspace generated by the first m eigenfunctions.
For all w € V,,, let

m
uf‘?m(t) = Zgjsm(t)wj, O<e<l,
=1

be a local solution of the approximated problem

(K + €)utgyy,v) +M(a(ugm)) a(uem,v) + a(uy,,v) =0, Vv € Vy, 3.1
tem(0) = uom — up strongly in Hé (Q)NH*(Q), (3.2)
Ul (0) = 1,y — uy strongly in H} (Q) NH?(Q), (3.3)

which exists in a interval [0, Tgp,), 0 < Tgp, < T, by virtue of Carathéodory’s theorem, see [28]. The extension of the solution to

the whole interval [0, T] is a consequence of the following priori estimates.

3.2 Step 2. Priori estimates
(D) Replacing w = u,,,,(¢) in perturbed approximate equation (3.1), we get

1d
2 dt

ed 1 d
Kot + 5 ol + 5 M (aluten) - altem) + |y > =

10K ,

5 W,Mgm . (34)

From (1.5) we get

d ~ d
M (a(uem)) = M(a(uen)) - aluten),
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then, (H.2), (3.4) leads to

d _
K 2) + el P+ M a(utn)) |+ 2ludl P < 11t +C(0 (K ),

12

where 1/~ is the Poincaré constant. Performing integration from O to ¢, 0 < ¢t < Tg,,, we obtain

e ot N t
(K»uéfn)+8|uém\2+M(a(usm))+(2—7’#)/0 [ty * s < (K(O),Mfm)+8|u1m|2+M(a(u0m))+C(7’)/O (K gy, ds.
(3.5)

Since K(0) € L*(Q), by using (3.2), (3.3) and choosing y < 2/C we obtain

~ 4 t
(K.t ) i+ 11 (aten) + (2= 10) [ |l P < Co4-C() [ (Kol s, (36

being C; > 0 a real constant independent of €,m and ¢. Now, applying Gronwall’s inequality in (3.6), we come to
A~ 't
(Kt )ity |* + M (autem)) + (2 — w)/o [l P ds < s,

with C, > 0 a real constant independent of €,m and ¢. Therefore,
(K'/%u,.) is bounded in L*(0,T;L*(RQ)),
(V/€ul,,) is bounded in L(0,T;L*(Q)),
(ul,,) is bounded in L (0, T; H} (Q)). (3.7)

t
From (3.7) and of Fundamental Theorem of Calculus, that is, uen (f) = ugn(0) + / U, () ds, we have
0

(Uem) is bounded in L™ (0, T Hj (Q)). (3.8)
(IT) Replacing v = u},, (¢) in equation (3.1), we get

1d
(Kv ”lelr%t) + 8|“f€lm|2 +Zu(“(”‘gm)) a<u8n17 ufe/m) +5

5 ;| 1enll* =0, (39

Note that

M (0()) ) = M) | 5 ) )

= % [M(a(uem)) aluem we,,) | —2M'(alttem))altem, ey )a(uem, uey) — M (a(uem)) a(ig,,)-

Thereby

| Mtaton)) atuems i) ds

< |M(a(uem)) aluem, ugy)| + M (a(uon)) a(uon, ul,,)|

12 /0 | M (@t )a(ttem, )2 ds + /0 M (auem)) alil)| ds.
Since, M(1) € C'([0,c0)), then

M(a(uem)) < ilg{M()L) :0<A< sup||ugm||Lw<03T;Hd(Q))} <c

and

M'(a(ugm)) < sup{M(1) : 0< A < sup||u£m||Lw<0,T;H(}(Q)>} <&,

m>1

with ¢, ¢ positive constants independent of €, m and 7.
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Then,
t t 13

/OM(a(ugm))a(ugm,uZm)ds < c||ueml| ||uémH+C3 +ZE/0 H”emHzH”:smHZ ds+c/0 H”fsmHZ ds.

From (3.7) and (3.8) we have

/ M(a(uem)) a(uem,u,)ds| < Cy+ o Huém ||2 , with Cy4, a positive constants independent of €, m and t. (3.10)

Integrating (3.9) from O to ¢, 0 <t < T, and using the estimate (3.10) we obtain
/(K u”z)ds+8/ ! |2ds+(f—a)\|u8m|\2<c4 3.11)

Choosing properly 0 < o < 1/2 we obtain directly from estimate (3.11)

(K'/24” ) is bounded in L2(Q),
(vV/eu!! ) is bounded in L*(Q),
(L) is bounded in L=(0, T; H} (Q)). (3.12)

(IIT) Now we will get an estimate for u,,(r). At this point we have an additional degree of difficulty. We first obtain an
estimate for u,,(0). In this direction, takmg t=0and v =u},(0) in equation (3.1) we obtain

((K(0), tgyn(0)) +&lugy, (0)* + M(a(ttom)) a@(ttom, gy, (0))- +aludy 1, (0)) =
Since K(0) > Cp > 0 we have
(Co+ €)ugy, (0) < |M (alutom)) Attgm + Auryn| |1, (0)]
therefore
|ug,, (0)| < ¢, where ¢ is a positive constant independent of €,m and ¢. (3.13)

Deriving the approximate equation (3.1) with respect to ¢ and making v = u),,(t) we obtain

(Kt gm)+( é’m, ) € (e g )+%{M(a(uem))]a(usmvu'e'mHM( (tem))a(theyn: tigyn) + altte,) =0,

that is,
**( Upy) + 1(81( ”2)+**| |+ [|ut|I* = —2M' (a(utem) )a( em)a( em) — M (a(uem))a(ug,,, g,
2dr Uem 2 or Uem 2 dt Uem Uem a\Uegm ) )A\Ugm, Ugp, )A\Uem, Ugyy, A\Uem ) )\ Ugpys Ugp )
and then,
1d "2 2 2 ('}’) "2 : :
37 (K, ul2) + €|ul, ] + ||l ]|* < Cs +,uf|\ nll” + ——(K,uly), with Cs independent of &€,m and . (3.14)

Integrating (3.14) from O to ¢, we obtain

1 t
3 1)+ el P+ - ) [l ds < G5e[| (Kl ds+ 3 (KO 0) + el OF] . 315

By using (3.13) and Gronwall’s inequality, (3.15) leads to

1
3 [(K, ul2) +elull |* / |l ||? ds < Cs, with Cs a positive constant independent of €, and 7.
Therefore,
(K'2u! ) is bounded in L™ (0, T;L?(R)), (3.16)
(vVeul,) is bounded in L=(0,T;L*(Q)), (3.17)

(ull,)) is bounded in L (0, T; H} (Q)). (3.18)
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(IV) Replacing v = —Aug, in the approximate equation (3.1), we obtain

(K + &)y, —Auem) + M(a(uem)) a(uem, —Autem) + a(ttey,, —Attem) =0,

that leads us to

1d
2 dt

Performing integration from O to ¢, using Young’s inequality and (3.18), we obtain

ot
| — Attgm? < C1 4 Cs / | — Autgm(s) 2ds.
0

Applying Gronwall’s inequality we get
| — Augy|* < Co.

Then we obtain,

Husm || H(Q < Cy, where the constants C7,Cg, Cy are positives and independent of €,m and 7.

In fact we have the following regularity

(tten) is bounded in L™(0,T; H?(Q)).

(V) Replacing v = —Au,, in approximated equation (3.1), we get

((K+8) Ugm> —Au :Sm) +M(a(u€m))a(u€ma _Aulé‘m) +a(u/€m7 _Aulsm)

then,

| — Al | < Kol — Aty [ty | + [M(a(um)) || — Autgr|| -

Performing integration from O to ¢, using Young’s inequality, (3.18) and (3.19) we obtain

13 r t
/0\—Au;m(s)|2dsgcm+a/o |— Adl, (s)2ds, thus(l—a)/o |— Adl, (5)[2ds < Cro.

Then

||u€m||h,2 < Cio, Co independent of €,m and .

Therefore
(l,,) is bounded in L*(0,T; H*(Q)).

3.3 Step 3. Passage to the limit

| = Atten|* < Ko| — Atem]|tdl| 4 €| — At || + M (a(ttem))|| — Atten]?, whereKozorgaLxT<

At | + €[ty | —

supess K (x, s)) .

(3.19)

(3.20)

(3.21)

From estimates (3.9), (3.12), (3.16), (3.17), (3.18), (3.20), and (3.21), there exists a subsequence of (ug, ), denoted by same

way, such that,

Uem — uin L=(0,T; HLH(Q) NH?(Q)),

— 4 in L*(0,T; H} (Q) NH?*(Q)),
)
)

(

i, (
ull =" in L2(0,T; H(Q)),

(

2

Em

Veul!, —0in L*(0,T;L*(Q)).
Kul,, — Ku' in L*(Q).

(3.22)
(3.23)
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From compact immersion H} (Q) NH?(Q) < H{ (Q), by Aubin-Lions’s lemma [29] follows that ug,, — u in L*(0,T; H} (Q)),
and so a(ugy) — a(u) in L*(0,T), and, as M € C'([0,0)) we obtain

M(a(ugm)) — M(a(u)) in L*(0,T).
From (3.22) and (3.23) we wave that Aug,, — Au in L*(Q), and Aul,, — Au’ in L*(Q). Thereby,
M (a(uem))Autgm — M(a(u))Au in L*(Q).
Now consider the approximated equation
(K +€&)ul, — M(a(uem))Augm — Autl,, = 0.
Making the inner product in L?(Q) by ¢ € L?(Q) we obtain
(K +&)ugy, @) — (M(a(uem)) Aem, @) — (Attg,,, @) = 0
Taking the limit with m — o and € — 0, we get
(K", @) — (M(a(u))Au, ) — (A, @) =0, for all ¢ € L*>(Q), and then (2.4) is proven.

The verification of the initial data (2.6) is obtained in a standard way.

4. Uniqueness of Solution

Consider u and & with the hypotheses of regularity (2.1), (2.2) of Theorem 2.1. Then, w = u — i is solution of the equation
Kw" — (M (a(u))Aw — [M(a(u)) — M (a(i))] Ai — Aw' = 0, 4.1)
with initial conditions
w(0) =0 and w'(0) = 0. 4.2)
Taking the inner product in L?() on both sides of (4.1) with w,w’ and w” respectively, we get

(Kw",w) + (M(a(u))a(w) + [M(a(u)) — M(a(@))] a(@,w) +a(w',w) =0,
(Kw",w') + (M(a(u))a(w,w') + [M(a(n)) — M(a(i))] a(@,w') +a(w') = 0
(

(K, w"2) + (M(a(u))a(w,w") + [M(a(u)) — M(a(ir))] a

") +a(w ,w") =0,
that is
(Kw",w) + (M(a(u))||w]| + [M(a(u)) — M(a(@))] a(i, w) + %%HWHZ =0,
1d, . 109K ,. 1 d . S
QE(K,WZ)—E(W»W2)+§(M(a(u))a||w\|2+||w\|2+[M(a(u))—M(a(u))]a(mW)f07

(K7W//2)+(M(a(u))a(ij//)+[M(a(u))7M(a(’u\))]a(’u\7w//)+%%Hw/”2:0.

Adding the last three equations above and integrating from O to ¢, we obtain
i "2 1 12 1 2 1 2 ] /112 ! /112
| o2y ds S ) 4 S al) [P+ Il 5 P+ [P

*/ {; %If ?) (Kw’ﬁw)M<a<u>)|w|2M<a<“>>“(w’wﬁ)}ds

+/ M(a(it)) — M(a(u))] [a(@,w) +a(@,w) + a(it,w")] +M’(a(u))a(u,u’)||w||2}ds

Note that

1,0K

222 < /112 /2
5 (5, w'2) < 8CIWIP +C(8) (K W),
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and
t t 0K t
/(Kw"7w)ds:(Kw'7w)—/(—7wlw)ds—/ (K,w'?)ds
0 o Ot 0
t rt 1
<ol +Ca [ I/ wllds+C()Ct [ I/ wllds+ [ (K.n')ds.
Then we have,
! 1 2. G 2 ! 2
| w)ds < a2+ P+ [ (Kow) s
1 1 t
< alw/|P+Cq [ IwlPds+Cs [ IwIPds+ [ (Kw?)ds.
0 0 0
Besides that,

M (a(@)) — M(a(u))] a(@,w) +a(@,w') +a(@,w")] < |M'(&)lla(@) —a)|llal [w] + 1zl w[| + [@]w"|
= M (E)INClzll = eell 1z + [eel Izl + w1+ w1
< 1M (&)la— wll)(l1zl] + Nl DUl Al + (1wl + w11
= M (E) W Nl + Nl Dl Al =+ w1+ w1
< Collwll® +Col[w'[I? + Csl[wl "]

and
1! d / /
M(alw))atw ") = M(a(w) | atww') =)
= & [M(a(u))atw,w')] — 20 (a(w)alu,u Yalw,w') — M (a(u))a(w),
then,
1 1 t
| M(atw)atun!yds < Collwl |+ Cuo [ Il s+ Cur [ '[P ds
t t
§a||w’\|2+C12/0 |\w|\2ds+cl3/0 WP ds.
Therefore,
Lo + S P+ w2+ (£ - 20 ) w2
2 2 2 2
! 12 2 2 1112 ! i
< [ 10+ COEW2) 4 M(alu)) ]+ CralwlP+ 5 w'|] ds-+-Cs [ vl " s
Then,

(K, ')+ M (a(u)) | w]]* + [lwl* + (1 — 4a) [|w']
hS C/Ot [(K,w'2)+M(a(u))|w]|* + [[w]*+ (1 — 4c) |w'||*] ds+E/Ot l[wl|||w”|| ds.
Now, we denote
(1) = (K,w') +M(a(u))|[w]® + | wl> + (1 —4a) [w'||?
and we obtain

o) < c/ot (p(s)ds+6/(:g(s)(pl/2(s)ds, where g(s) = |w”| € L'(0,T).

Then, we have ¢(r) =0, for all7 € [0,T] and finally w = 0, that is, u = & which proves the uniqueness of solution.
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5. Asymptotic Behaviour
In this section we prove the exponential decay of solution to the problem (1.1)-(1.3). Let start by present the following result:

Lemma 5.1 (Nakao’s Lemma, [31]). Suppose that E(t) is a bounded nonnegative function on R*, satisfying

supess E(s) <C[E(t) —E(t+1)], fort >0, where C is a positive constant.
1<s<t+1

Then, we have
1
E(t)<Ce™™ witha = cr1 forallt > 0.

The main result of this section is given by the following theorem:
Theorem 5.2. Under the hypotheses of Theorem 2.1, the energy associated with the system (1.1)-(1.3) satisfies
E(t) <Ce ™, forallt >0, where C and o are positive constants.

Proof. Multiplying (1.1) by &, and integrating over €2, we obtain

%% ‘Kl/zul(l‘)|2+1\//}(a(u(t)) + ||Ml(l‘)||2 = %(aa—]t(,ul(t)), where, M(f) = /OIM(S)dS'
By (H.2) we have
(O 2] < P O) + CIK.0))] < 15 +CDK ' ()

with

Ko = max (supessK()@s)) , and p > 0 is a constant such that ||> < |||, ¢ € H} (Q).

=<7\ ren

Whence follows that
3 [k 0 - Mitaue)] + 1 -+ DR W) <0, (5.1)
where 7y > 0 is sufficiently small such that 1 — u(y+C(y)Ko) > 0.
Now, its important to remember that E(¢) = % [\K'/zu'(t)|2 + M(a(u(t)))] .

Integrating (5.1) from ¢ to ¢ + 1, we obtain

def

t+1 t+1 u
/ 1l (s)Pds < u/ ()2 ds < Cus [E(t) — E(t+ 1)) & F2(1), with C15 =
t t

1 —p(y+C(7)Ko)

Therefore, from (5.2), there exist#; € [¢,7+ 1] and 1> € [t+ 3, + 1] such that |/ (t;)| < 2F (1), i=1,2.

> 0. (5.2)

The inner product in L2(Q) of (1.1) with u(z) implies

d

o (K () u0)) = K2 (6) 2+ M(a(u) )a(u) + ((d (0),u(r))) = (5, (@), u(1)).

Integrating from ¢#; to #, and by using (H.2) we have

® M(a(u))a(u)di < Kolu! (1) u(er)| + Kolu! (12)][u(z2)|

4|

o [ WP ds-+ [0 (o) ds
V[0 uls) s+ CORoE [ 9] () 53
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Now,

M(a(u))a(u) > moa(u) = mo||u||®, where my = min M(s) > 0. (5.4)

m
0<s<a(u)

Then, by (5.2), (5.3) and (5.4), we obtain

) 3 &
mo [ u(s)]*ds < 4uKoF (1) supess u(s)| + CoF>(0) + Smo [ u(s)|ds,

n t<s<t+1 151

1 2 C2 K2
where Cig :,LLKO+7_|_&+%

> 0.
mg my mg
Then we have,
2 4uK, 4C
/ lu(s)|[2ds < C17F () supess ||u(s)|| + C1sF2(1) & G2(t), being C17 = ~—2 and Cyg = —. (5.5)
3 1<s<t+1 mo myg
From (5.2) and (5.5) we obtain
"ty
/ [/ ()* + [|u(s)|[*] ds < F?(1) + G*(r). (5.6)
5l
Thus, by (5.6) there exists 1* € [t;,1,] such that |u’ (£*)[> + ||u()||* < 2[F*(1) + G*(1)]. (5.7)
Now, not that,
M(a(u((t)))) < my||lu(t*)||* < 2my[F2(£) + G2(¢)], with m; = max ))M(s). (5.8)
0<s<a(u(t*
From (5.7) and (5.8), we have E(t*) < Ci6[F*(t) + G*(1)]. (5.9)
141
Since that E(z) is increasing, we obtain supess E(s) < E(+*)+[1 — u(y+ C(}/))Ko/ [ (5)|]% ds. (5.10)
t<s<t+1 t

1
Now, by (5.2), (5.9) and (5.10), we get supess E(s) < Cy7[F*(t) + F(¢) supess ||u/(s)|| < C1sF?(¢) +  supess E(s).
t<s<t+1 1<s<t+1 2 t<s<t+1

Then, by (5.2) supess E(s) < C[E(t) — E(t+1)], where C;, i = 15,16,17,18 and C are positive constants.
1<s<t+1

1
Therefore, by Nakao’s lemma, we obtain E(t) < Ce™ ™ with @ = ERE foralls > 0.

The exponential decay of the solution was been proven. O

6. Conclusion

We prove the existence, uniqueness, and exponential stability of the solution to a degenerate hyperbolic equation where the
greatest lower bound for Kirchhoff function M(-) is zero. We consider strong damping as a stabilization mechanism. We have
improved previous results in the literature, mainly because the exponential decay for this type of problem, as far as we know,
has not been previously considered.
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1. Introduction

Throughout the paper, N and R denote the set of all positive integers and the set of all real numbers, respectively. The concept
of convergence of a sequence of real numbers has been extended to statistical convergence independently by Fast [15] and
Schoenberg [34].

The idea of .#-convergence was introduced by Kostyrko et al. [27] as a generalization of statistical convergence which is
based on the structure of the ideal .# of subset of N [15, 16]. Das et al. [8] introduced the concept of .#-convergence of double
sequences in a metric space and studied some properties of this convergence. Gokhan et al. [20] introduced the notions of
pointwise and uniform statistical convergence of double sequences of real-valued functions. Gezer and Karakusg [19] investigated
# -pointwise and .# -uniform convergence and .# *-pointwise and .# *-uniform convergence of function sequences. Also, they
examined the relationships between them. Balaz et al. [5] investigated .#-convergence and .#-continuity of real functions.
Balcerzak et al. [6] studied statistical convergence and ideal convergence for sequences of functions. Diindar and Altay [10, 11]
studied the concepts of #-pointwise and .#-uniform convergence and .%;- pointwise and ., -uniform convergence of double
sequences of functions and investigated some properties about them. Furthermore, Diindar [12] investigated some results of
#,-convergence of double sequences of functions.

The concept of 2-normed spaces was initially introduced by Géhler [17, 18] in the 1960’s. Since then, this concept has been
studied by many authors. Giirdal and Pehlivan [24] studied statistical convergence, statistical Cauchy sequence and investigated
some properties of statistical convergence in 2-normed spaces. Sahiner et al. [36] and Giirdal [26] studied .#-convergence in
2-normed spaces. Giirdal and A¢ik [25] investigated .#-Cauchy and .#*-Cauchy sequences in 2-normed spaces. Sarabadan and
Talebi [32] presented various kinds of statistical convergence and .¥ -convergence for sequences of functions with values in
2-normed spaces and also defined the notion of .#-equistatistically convergence and study .#-equistatistically convergence of
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sequences of functions. Recently, Savas and Giirdal [33] concerned with .#-convergence of sequences of functions in random
2-normed spaces and introduce the concepts of ideal uniform convergence and ideal pointwise convergence in the topology
induced by random 2-normed spaces, and gave some basic properties of these concepts. Arslan and Diindar [1, 2] investigated
the concepts of .#-convergence, .# *-convergence, .# -Cauchy and .#*-Cauchy sequences of functions in 2-normed spaces
and showed relationships between them. Yegiil and Diindar [39] studied statistical convergence of sequence of functions in
2-normed spaces. Also, Diindar et al. [13] investigated .#-uniform convergence of sequences of functions in 2-normed spaces.
Futhermore, a lot of development have been made in this area (see [7, 28, 29, 30, 35, 37]).

2. Definitions and Notations

Now, we recall the concept of 2-normed space, ideal convergence and some fundamental definitions and notations (See
[1,2,3,4,5,6, 13, 14, 15, 16, 19, 21, 22, 23, 24, 25, 26, 27, 31, 32, 36, 38]).

Let X be a real vector space of dimension d, where 2 < d < eo. A 2-norm on X is a function ||-,-|| : X x X — R which
satisfies the following statements:

(i) ||x,¥|| =0 if and only if x and y are linearly dependent.
i) [, vl = [Iy, x]l-
(iii) [lox,y|| = [al[lxyl, & € R.

Q) [lx,y+zll < [leyll + llx 2l

The pair (X, ||-,-||) is then called a 2-normed space. As an example of a 2-normed space we may take X = R? being equipped
with the 2-norm ||x,y|| := the area of the parallelogram based on the vectors x and y which may be given explicitly by the
formula

;X = (X17X2)ay = ()’1»)’2) S R2~

[, ¥l = Pe1y2 —xay1

In this study, we suppose X to be a 2-normed space having dimension d; where 2 < d < co.
A sequence (x,) in 2-normed space (X, ||-,-||) is said to be convergent to L in X if 1i_I>n |lx, — L,y|| =0, for every y € X. In
n—oo

such a case, we write lim x, = L and call L the limit of (x,).

LetX #0. A clas; } of subsets of X is said to be an ideal in X provided:

i)0e .7, (1) A,Bec 7 impliesAUB € .7, (iii)A € &, B C Aimplies B¢ .¥.

# is called a nontrivial ideal if X ¢ .#. A nontrivial ideal .# in X is called admissible if {x} € .#, for each x € X.

Throughout the paper, we let .# C 2N be an admissible ideal.

Let ¢ be the family of all finite subsets of N. Then, .#r is an admissible ideal in N and .#; convergence is the usual
convergence.

Throughout the paper we take .#, as a nontrivial admissible ideal in N x N.

A nontrivial ideal .#, of N x N is called strongly admissible if {i} x N and N x {i} belong to ., for each i € N.

It is evident that a strongly admissible ideal is admissible also.

I ={ACNxN: (Im(A) € N)(i,j >m(A) = (i,j) ZA)}. Then .#) is a nontrivial strongly admissible ideal and clearly
an ideal .#; is strongly admissible if and only if %) C .%5.

We say that an admissible ideal .# C 2NV*N satisfies the property (AP2) if for every countable family of mutually disjoint
sets {A1,A,, ...} belonging to %, there exists a countable family of sets {By,B, ...} such that A;AB; € 9. ie., AjAB; is
included in the finite union of rows and columns in N x N for each j € N and B = U‘;-":] Bj € 4 (hence B; € % for each
JEN).

Let X # 0. A non empty class .% of subsets of X is said to be a filter in X provided:

H0¢g 7, ()A,Be F impliesANBe %, (ili)A € #,A C Bimplies B € Z#.

If .# is a nontrivial ideal in X, X # 0, then the class

F(F)={MCX:(3Ae 7)(M=X\A)}

is a filter on X, called the filter associated with .7 .
A sequence (x,) in 2-normed space (X, ||-,-||) is said to be .#-convergent to L € X, if for each € > 0 and each nonzero
z€X,A(g,z2) ={neN:|x,—L,z| > €} € .. In this case, we write .¥ — li_r>n X, —L,z|| =0or . — li_r>n 1%, 2|l = ||IL, z]|-
n—ro n—roc0
A sequence (x,) in 2-normed space (X,]|-,-||) is said to be .#*-convergent to L € X if and only if there exists a set M € F,
M={m; <my<---<my <---} such that klim||xmk —L,z]| =0, for each nonzero z € X.
—$o0
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Throughout the paper, we let X and Y be two 2-normed spaces, { f, }nen and {gn }nen be two sequences of functions and
f,g be two functions from X to Y.
The sequence {f, }nen is equi-continuous on X if

(Vz € X) (Ve >0) (38 > 0) (Vx,x0 € X) [|x —x0,2][x < & = [[fu(x) = fu(x0) | <&.
The sequence {f;} is said to be .#-uniformly convergent to f (on X) if and only if
(VzeY)(Ve>0)(IM e #)(Vne N\M) (Vx € X) || fu(x) — f(x),z|ly < e.

[l

We write f, = , f.
The sequence of functions {f,} is said to be .#*-uniformly convergent to f on X, if for every € > 0 there exists a set
K e 7(5) (N\K € .#) and Inp = ny(¢) € K such that for all n > ng, n € K and for each nonzero z € Y, || fu(x) — f(x),z|| < &,

[l->-lly
for each x € X and in this case, we write f;, = s« f.

{fx} is said to be .#-uniformly Cauchy if for every € > 0 there exists s = s(€) € N such that for each nonzero z € Y,
{neN:|fulx) = fs(x),z]| > €} € £, foreach x€X. (2.1)

The sequence of functions {f; } is said to be .#*-uniformly Cauchy sequence, if there existaset M € Z (¥ ),M = {m; <
my <...<my < ...} C Nsuch that for every € > 0 there is an ko = ko (€) such that for each nonzero z € Y, || fi, (x) — fin, (x), 2] <
€, for each x € X and for all k, p > k.

Throughout the paper, we let .% C 2N*N be a strongly admissible ideal, X and ¥ be two 2-normed spaces, { fmn}(m,n)eNst
{&mn Y mmyenxn and { Ay } (o ey be three double sequences of functions, f, g and & be three functions from X to Y.

The double sequence of functions { fi, } in 2-normed space (X, ||.,.||) is said to be convergent (pointwise) to f if, for each
point x € X and every € > 0, there exists a positive integer ko = ko (x, €) such that for all m,n > ko implies || i, (x) — £ (), 2| < €,

for every z € Y. In this case we write f,, HLUY f.
The double sequence of functions { f;,;; } in 2-normed space (X, ||.,.||) is said to be uniformly convergent to f if, for every
€ > 0 there exists a positive integer ko = ko (&) such that for all m,n > ko implies || fiun (x) — f(x),z|| < €, for all x € X and every

ll-o-lly
z €Y. In this case we write f,,, = f

The double sequence of functions { f;,;» } in 2-normed space (X, ||.,.||) is said to be .#-convergent (pointwise sense) to f if,
for each x € X and every € > 0, A(g,z) = {(m,n) € NXN: || fun(x) — f(x),z|| > €} € &, for each nonzeroz € Y.
This can be expressed by the formula

(VzeY) (VxeX) (Ve >0) (3H € A) (V(m,n) € H) || finm(x) — f(x),2]| < €.

In this case, we write 75— Tim_||fyn(x), 2]l = £ (5), 2 o7 fym % 5 1.
m,n—oo

The double sequence of functions { f;, } in 2-normed space (X, ||.,.||) is said to be % -convergent (pointwise sense) to f,
if there exists a set M € .7 (%) (i.e.,H=Nx N\ M € .%) such that for each x € X, each nonzero z € Y and all (m,n) € M
[l--lly

lim_[| fiun (), 2l| = [[f (), 2| and we write 75" — lim_ || foun (%), 2]l = £ (%), 2] OF foun == 5 [
m,n—yoo m,n—oo

A double sequence of functions {fy,, } is said to be .#,-Cauchy sequence, if for every Ve > 0 and each x € X there exist
s =s(g,x), r =1(g,x) € N such that

{(mvn) €NxN: ”fmn(x) 7f$f(x)7z|| 2 8} € jz’

for each nonzeroz € Y.

A double sequence of functions {f,, } is said to be .#; - Cauchy sequence, if there exists a set M € % (%) (i.e.,H =
N x N\M € %) and for every € > 0 and each x € X, ko = ko(€,x) € N such that for all (m,n),(s,r) € M and each z € Y
| frn (%) — fu (%), z|| < €, whenever m,n,s,t > ko. In this case, we write . nlivrtnﬁw || finn(x) = for(x),2]| = 0.

Now we begin with quoting the lemmas due to Yegiil and Diindar [40, 41, 42] which are needed throughout the paper.

Lemma 2.1 ([41]). For each x € X and each nonzero z €Y,

I3 = B[ fon(x). 2l = [1£(x) 2l implies 55— tim_| fon(x). ]| = [1£(x) 2]



#,-Uniform Convergence of Double Sequences of Functions In 2-Normed Spaces — 153/160

Lemma 2.2 ([41]). Let .# C 2"*N be an admissible ideal having the property (AP2). For each x € X and each nonzero z € Y,
Sy lim | fun(0).2] = [1£C5). 2l implies 75— lim [ fn().2]) = 1/2). 21|

Lemma 2.3 ([42]). If { fin} is F2-convergent if and only if it is { fun } is 2-Cauchy double sequence in 2-normed spaces.

Lemma 2.4 ([40]). Let D be a compact subset of X and f and f,, (m,n = 1,2,...), be continuous functions on D. Then,

[l--lly
fom = fonDifandonly if lim cu, =0, where ¢y, = max || foum (x) — f(x),z]]
m,n—yoo xeD

3. Main Results

In this paper, we define concepts of .#,-uniform convergence, .#; -uniform convergence, .#>-uniformly Cauchy and .7’ -
uniformly Cauchy sequence of functions and investigate relationships between them and some properties such as continuity in
2-normed spaces.

Definition 3.1. The double sequence {fun} is said to be S-uniformly convergent to f (on X) if for every € > 0 and each
nonzero 7 €Y,

{(m,n) e NXN: || frn(x) — f(x),z|| > €} € S, foreachx € X.
This can be written by the formula
(VzeY) (Ve >0)(IM € A) (Vm,n € N\M) (Vx € X) || fun(x) — f(x),2]ly < €.

ll->-lly
We write fun = oz, [

Theorem 3.2. For each x € X and each nonzeroz €Y,

[l ll--lly

Som = fimplies fun = S f

Proof. Let € > 0 be given. Since
m || fon (%), 2l = [ £ (%), 2]l
m,n—soo

for each x € X and each nonzero z € Y, therefore, there exists a positive integer ko = ko(€) such that || i, (x) — f(x),2]| <&,
whenever m,n > kg. This implies that for each nonzeroz € Y,

A(g,2) = {(m,n) € NXN: | fymn(x) = f(x),2] <€}
C (Nx{1,2,...,(ko—1)HU{1,2,..,(kg— 1)} xN)).
Since .#, be a strongly admissible ideal, therefore
(Nx{1,2,..,(ko— D} U({L,2,..,(ko— 1)} xN)) € .%.
Hence, it is clear that A(g,z) € %, and consequently we have

[y
fmn = BZ f

Theorem 3.3. Let D be a compact subset of X and f, { fn}, m,n = 1,2, ... be continuous functions on D. Then,

[l--lly

=

on D if and only if for each nonzero z €Y,
87! _m},i,glm l|cmn (%), 2]l =0,

where

Cmn = r{leag(”fmn(x) _f(x)aZH'
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[l--lly
Proof. Assume that f,,, = , f on D. Since f and {f,,,} be continuous functions on D, s0 ( fu(x) — f(x)) is continuous on

D, for each m,n € N. By % —uniform convergence, for every € > 0 and each nonzero z € Y

{(m,n) ENXN: |fom(x) = f(x),2]| > g} c .7,

for each x € D. Hence, for every € > 0 and each nonzero z € Y, it is clear that
£
Cmn = maXHfmn(x) *f(x)7Z|| > Hfmn(x) 7f(x)7ZH >,
xeD 2
for each x € D. Thus, we have

S5 — 1lim cpy =0.
m,n—oo

Now, conversely, suppose that .#, — lim ¢y, = 0. For every € > 0 and each nonzero z € Y, we let following sets
m,n—yoo

A(e) = {(m,n) € Nx N max|| fun(x) — f(x), 2]l = €}
X
and
B(g) = {(m,n) € NxN: || foun(x) = f(x),2l| = €},
for each x € D. Since % — lim ¢, =0, then A(€) € #,. Now, we let (m,n) € A°(€). Since for every € > 0 and each nonzero

m,n—oo

z€Y,
[ fon (x) = £(x), 2] < max || fonn (6) = f0), 2] <&,

for each x € D, then (m,n) € B°(€) and so, A°(g) C B¢(€). Hence, we have B(e) C A(¢) and so, B(g) € .#,. This proves the
theorem. H

Definition 3.4. The sequence of functions { fiun} is said to be 75 -uniformly convergent to f on X, if for every € > 0 there exists
asetK € F(5) (e, NxN\K € #) and Ing = no(€) € K such that for all m,n > no, (m,n) € K and for each nonzero z €Y,

[ fonn () = f (x) 2| <&,

[[%
for each x € X and in this case, we write f,,, = 75 f-

[l->-lly
Theorem 3.5. Let {fun} be a sequence of continuous functions and f be function from X to Y. If fun = 75 f, then fis

continuous on X.

[l--lly

Proof. Assume fi, = gy f on X. Then, for every € > 0, there exists a set K € F (%) (i.e., H=NxN\K € .%) and
ko = ko(€),l0 = lo(€) € N such that

fn) = 161,211 < 5. (mim € K)

for each nonzero z € Y, each x € X and all m > kg,n > ly. Now, we let xo € X is arbitrary. Since { fk()[o} is continuous at xg € X,
there is a & > 0 such that for each nonzero z € Y,

lx —x0,z|| < &
implies

€
ka()l() (x) _fk()l() (XO),ZH < g

Then, for all x € X for which ||x —x,z|| < 8, we have
[f(x) = f(xo)szll < (1 () = folo (X0), 2l =+ [| froty (X) — ity (X0), 2]l
kot (%) = £ (x0), 2]
€ € €
< g + g + g =E€,
for each nonzero z € Y. Since x¢ € X is arbitrary, f is continuous on X. O
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Theorem 3.6. Let . C 2"*N be a strongly admissible ideal with the property (AP2), D be a compact subset of X and { fyun }
be a sequence of continuous function on D. Assume that { fiu, } be monotonic decreasing on D, i.e.,

f(m-&-l)7(n+l)(x) S ﬁnn(x)a (m7n = 1727 )

Jor every x € D, fis continuous and for each nonzero z €Y,

A= Jim_ (02l = 170,

on D. Then,
[y
fon = 5 f
on D.
Proof. Let
8mn = fmn — f 3.1

be a sequence of functions on D. Since { f;, } is continuous and monotonic decreasing and f is continuous on D, then {g, } is
continuous and monotonic decreasing on D. Since

o= lim || fiun (%), 2] = || f(x), 2],
m,p—soo
for each x € D and nonzero z € Y, then by (3.1),
S — lim ||gma(x),z|| =0
m,p—oo
on D and since .%; satisfies the condition (AP2) then, by Lemma 2.2, for each nonzero z € Y, we have
fZ* — lim Hgmn(x)aZH =0,
m,n—soo
for each x € D. Hence, for every € > 0 and each x € D there exists K, € .% (.#,) such that
€
0 S g'l(x) < 57 ((m,n), (m(x) = m(x,s),n(x) = n(xvg)) € Kx)

for m > m(x) and n > n(x), (m,n) € K,. Since {g.» } is continuous at x € D, for every € > 0 there exists an open set A(x) which
contains x such that for each nonzeroz €Y,

€
Hgm(x)n(x) (t) = 8m(x)n(x) (X)72|| < 5’
for all 7 € A(x). Then, for every € > 0, by monotonicity for each nonzero z € Y, we have

0 < gmn(x) < gmn(t) < Em(x)n(x) (t) = Em(x)n(x) (t)— Em(x)n(x) (x) + &m(x)n(x) (x)
< Hgm(x)n(x) (t) = 8m(x)n(x) (X),Z” + Em(x)n(x) ()C)

for every ¢ € A(x) and for all m > m(x) , n > n(x) and for each x € D. Since D C |J A(x) and D is a compact set, by the Heine-
xeD
Borel theorem D has a finite open covering such that

D C A(x1) UA(x2) UA(x3)... UA(x;).
Now, let

K =Ky NKy Ky N..NKy,
and define

M = max{m(x,),m(x2),m(x3),....m(x;) },
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N = max{n(x),n(x2),n(x3),...,n(x;) }.

Since for every Ky, belong to .7 (%), we have K € . (.%). Then, when all (m,n) > (M,N)

0<gm()<e,(mn)eK,
for every € A(x). So

Iy

8mn = ﬂz* 0>
on D. Since .# is an admissible ideal

Il--Ily

8n j fz 0
on D and by (3.1) we have

[l--lly

fn = fz‘f
on D. O

Definition 3.7. The sequence { fun }nen is equi-continuous on X if
(Vz € X) (Ve > 0) (36 > 0) (Vx,x0 € X) [[x —x0,2l[x <& = [|finn(x) = finn(x0) 2]l < €.

Theorem 3.8. Let .# C 2NN be a strongly admissible ideal, X and Y be two 2-normed spaces with dimY < oo. Assume that

Jon |ﬂ;ﬂ2 fonX, where fi, : X — Y, m,n € N are equi-continuous on X and f : X — Y, then f is continuous on X. If X is

[l-o-lly
compact then, we have f, = » fonX.

Proof. First we will prove that f is continuous on X. Let xo € X and € > 0. By the equi-continuity of f,,,’s there exists § > 0
and for each nonzero z € Y such that

€
| fonn (%) = fonn (X0), 2] < 3
) ] ) ] [l--lly
for every m,n € N, x € Bs(x0) (Bs(xo) stands for an open ball in X with center xo and radius 8.) Since f,,, = 4, f. The set

{(omm) € NXN | fun(x0) = £(x0), 2l 2 5 PO { (mem) € NXN [ fn ) = £ 0,2 2 5 }

is in % and is different from N x N. Hence, for each nonzero z € Y, there exists (m,n) € N x N such that

fmn(x0) = £(x0)o2ll < 5 and || fyn () = (), < 5

Thus, for each nonzero z € Y we have

£ Cro) = fC)szll < 1 (ro) = fonnx0) 2 - L fonn (00) = fonn () 2l - {1 fon () = £ (). 2]
< §+§+§:s

so f is continuous on X. We assume that X is compact. Let € > 0. Since X is compact, it follows that f is uniformly continuous
. . . . / .
and f,,,’s are equi-uniformly continuous on X. So, pick & > 0 such that for any x,x € X with

lx—x 2| < 8,

then, by equi-uniformly and uniformly continuous for each nonzero z € Y, we have
£

fn () = fom),2l] < 5 and L) = £(6), 2l < 5
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By the compactness of X, we can choose a finite subcover
By, (6),Bx,(0),Bx;(6),...,Bx ()

[y
from the cover {B,(8)}xcx of X. Using fi.u, = , f pick aset M € .%; such that for each nonzero z € Y,

[
Hfmn(xi>7f(xi)vzll < 57 16{1727“'7](}7
for all m,n ¢ M. Let m,n ¢ M and x € X. Thus, x € By,(8) for since i € {1,2,...,k}. Hence, for each nonzero z € Y we have
[ fonn () = f)2ll < (] fonn () = o (i) 2l W fonn () = f (i) 2l + (1S (i) = f (%), 2]l

< E+E+E*£
33 3

ll-5-lly
and so fyn = 4 fonX. ]

Definition 3.9. {f,.,.} is said to be .%-uniformly Cauchy if for every € > 0 there exists s = s(€) € N, t =t(€) € N such that for
each nonzero 7z €Y,

{(m,n) e NXN: || fin(x) — fu(x),2|| > €} € F, foreach x€X. 3.2)
Now, we give .#-Cauchy criteria for .#;-uniformly convergence in 2-normed space.

Theorem 3.10. Let .% C 2N x N be a strongly admissible ideal with the property (AP2) and let { f,,,} be a sequence of
bounded function on X. Then, { fiun} is F>-uniformly convergent if and only if it is .%-uniformly Cauchy sequence on X .

Proof. Assume that { f,,,} -#>-uniformly convergent to a function f defined on X. Let € > 0. Then, for each nonzero z € Y, we
have

{(mn) € NXN: | fonl) = £ ()20 < £ } £ 2

for each x € X. We can select an m(€),n(€) € N such that for each nonzero z € Y,

€
{(m,n) € NXN: | foernie) () = F(0).2 < 5 | & 72,
for each x € X. The triangle inequality yields that for each nonzero z € Y

{0m,n) € NXN: || fn(X) = fineyn(e) (%), 2l| < €} € A2,

for each x € X. Since ¢ is arbitrary, { f,u,} is #-uniformly Cauchy on X.
Conversely, assume that { fy, } is -#-uniformly Cauchy on X. Let x € X be fixed. By (3.2) for every € > 0 there is an
s=s(&) and r =1(€) € N such that for each nonzero z € Y,

{(m,n) € NXN | fimn (x) = fir (%), 2| < €} & S

Hence, {fiun} is #2-Cauchy, so by Lemma 2.3 we have that { f,,, } is .#;-convergent to f.Then, fu, ‘ﬁ{ o fonX.
Now we shall show that this convergence must be uniform. Note that since .#; satisfy the condition (AP2), by (3.2) there is
a K ¢ .#, such that for each nonzero z € Y,

Hfmn(x)_fst(x)»ZH <E§, ((m,n),(s,t) GK) (33)
for all m,n,s,t > N and N = N(¢&) € N and for each x € X. By (3.3) for s, — o and each nonzero z €Y,

[[fnn (x) = f(x),2]| <&, ((m,n) € K)
for all n,m > N and each x € X. This shows that

[l--lly

fmn = I f
on X. Since . C 2NN is a strongly admissible ideal we have

ll--lly
fmn = B2 f

on X. O
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Definition 3.11. Let ., C 2"*N be a strongly admissible ideal and { f,u,} be a double sequence of function on X. { fun} is
said to be 5 -uniformly Cauchy sequence, if there exist a set K € F (%), (i.e., H=NxN\K € %), for every € >0 and
each x € X, ko = ko(&,x) such that for all ((m,n), (s,t)) € K and each nonzero z €Y,

[fonn () = faa ()21 <€,

whenever m,n,s,t,> ko. In this case, we write

lim ||fmn(-x)_f€t(x)7z|| =0.

m,n,s,t—oo
Theorem 3.12. If { f,un} is a Z5 -uniformly Cauchy sequence then it is %>-uniformly Cauchy sequence in 2-normed spaces.

Proof. Let {fiun} be a .#; -uniformly Cauchy sequence in 2-normed spaces then, by definition there exists the set K €
F(H),(i.e., H=Nx N\ K € .#) such that for every € > 0 and for each nonzero z € Y, ko = ko(€) and ((m,n), (s,7)) € K

| fon (x) — fia (%), 2]| <&,

for each x € X and m,n,s,t > ko. Let N = N(&,z). Then for € > 0 and for each nonzero z € Y, we have

[ fonn (x) = fiv (x) 2]l <&,
for each x € X and m,n > ko. Now put H = N x N\ K. It is clear that H € .%, and
A(g,z) ={neN: | fum(x) — fn(x)]| > €} CHUK.
Since .#, is an admissible ideal then H UK € .#,. Hence, for every € > 0 we find N = N(g,z) such that A(g,z) € %, i.e.,

{finn} is H-uniformly Cauchy sequence. O
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