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Empirical Voronoi wavelets

JEROME GILLES*

ABSTRACT. Recently, the construction of 2D empirical wavelets based on partitioning the Fourier domain with the
watershed transform has been proposed. If such approach can build partitions of completely arbitrary shapes, for
some applications, it is desirable to keep a certain level of regularity in the geometry of the obtained partitions. In
this paper, we propose to build such partition using Voronoi diagrams. This solution allows us to keep a high level of
adaptability while guaranteeing a minimum level of geometric regularity in the detected partition.

Keywords: Empirical wavelet, Voronoi diagram, adaptive partitioning, harmonic mode decomposition.

2020 Mathematics Subject Classification: 42C40, 65T60.

1. INTRODUCTION

Empirical wavelets have been proposed in [8] in the 1D case, and then extended to 2D in [7]
as an alternative to the empirical mode decomposition [9]. Its purpose is to build data-driven
wavelets, i.e. a family of wavelets which is designed based on the content of the original sig-
nal/image to analyze. The corresponding wavelet filter bank aims at extracting the harmonic
modes (i.e. amplitude modulated - frequency modulated components) plus some residue. This
is achieved by considering that the expected modes should have a compact support (or at least
are rapidly decreasing outside a compact support) in the Fourier domain. Therefore, the adapt-
ability is obtained by detecting the supports of each mode instead of following some prescribed
rule like classic wavelets. A wavelet filter is built for each support providing us the sought
wavelet filter bank. A theoretical analysis of such construction in the 1D case is available in
[2], considering arbitrary partitioning of the Fourier domain. If in 1D, partitions are made of
intervals, partitions in 2D can have more variability in terms of their geometry. For instance,
in [7], several types of geometries have been considered like rectangular boxes (analogous to
a tensor approach), concentric rings centered at the origin (to represent Littlewood-Paley type
operators), and polar wedges (to mimic the behavior of curvelets). A higher degree of flexibility
have been achieved in [1], where partitions of arbitrary shapes are detected thanks to a water-
shed transform. Such level of adaptability is desirable for many applications, however it can
lead to non-smooth geometries, affecting the degree of regularity of the wavelets themselves,
which is frequently a desirable property for particular analyses. In this paper, we propose an
alternative type of partitions based on Voronoi diagrams. This solution provides a trade-off
between a high level of adaptability while keeping some simple geometric constraint on the
partition to keep good properties of the obtained wavelets.

Received: 28.08.2022; Accepted: 28.10.2022; Published Online: 01.11.2022
*Corresponding author: Jérome Gilles; jgilles@sdsu.edu
DOI: 10.33205/cma.1181174

183
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The remaining of the paper is organized as follows. Section 2 gives a brief reminder about
empirical wavelets, in particular the 2D case. Section 3 describes the Voronoi based empirical
wavelets. Some experiments will be presented in Section 4 while conclusions will be given in
Section 5.

2. EMPIRICAL WAVELETS

Empirical wavelets have proven to be very efficient in different problems from science and
engineering, see for instance [3, 4, 5, 10, 11] to cite only a few. Their construction is originally
inspired by the Empirical Mode Decomposition [9]. It aims at writing a signal f as the sum of
harmonic modes f;, (i.e. amplitude modulated-frequency modulated components) and some
residue 7:

N
f(@)=r(@)+ ) ful@).
k=1

The key assumption is that the Fourier transform, fi, of each mode has a compact support, or
is at least rapidly decaying outside of a compact support. Each wavelet filter, ¢, is then built
on top of each support. The expected modes are obtained by filtering the signal f by vy, i.e.
Fre(€) = f()Ur(€), where € is the frequency, and then the inverse Fourier transform is applied
to get f. Note that we will denote v the scaling function that extracts the residue r (i.e. fo =
r). Empirical wavelets follow the same principle as classic wavelet except that the supports
of each wavelet filter in the Fourier domain are not given by a given rule (like the dyadic
decomposition) but are detected from the spectrum of f itself. In practice, given a function
f, we compute its magnitude spectrum, |f|, then partition the Fourier domain to obtain the
supports of the expected harmonic modes. Equipped with this partition, we build the wavelet
filters and finally decompose f. This process describes the empirical wavelet transform. Note
that this transform is not linear since the support detection step is, in general, not linear.

If in 1D, partitions of the Fourier domain are collections of intervals, in 2D, the partition cells
can have very different geometries. For instance, in [7], the authors have re-visited some exist-
ing constructions of classic wavelets, and have shown that building empirical versions of them
is equivalent to partition the 2D Fourier domain with 1) rectangular boxes those edges are par-
allel to the frequency axis, 2) concentric rings centered around the origin, 3) polar wedges. Each
of these types of partitions correspond respectively to tensor wavelets (Figure 1.a), Littlewood-
Paley wavelets (Figure 1.b), and curvelets (Figure 1.c). These partitions have strong geomet-
ric constraints since they are based on boxes, rings and angular sectors. A higher level of
adaptability has been reached in [1], where the authors proposed to use a watershed trans-
form [13, 14, 15] to find the lowest level lines in the Fourier domain that separate the expected
supports, see Figure 1.d. Such approach removes all geometric constraints on the shape of
the partition cells. However, if such flexibility is desirable for some applications, it also has
some drawbacks. More specifically, the curves corresponding to the cell edges may lack some
smoothness which will directly impact the level of regularity of the built wavelets, which can
be an issue in particular circumstances. To mitigate such issue, we propose in the next section
to use Voronoi partitions. This solution allows us to keep a comparable level of flexibility, since
we use the same seeds than in the watershed case to find the Voronoi cells; and the partition
geometry is smoother since the cells edges are made of linear segments.

3. EMPIRICAL VORONOID WAVELETS

In this section, we give the details on the construction of Empirical Voronoi Wavelets (EVW).
In a nutshell, the different steps are: 1) detect the position of meaningful harmonic modes
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FIGURE 1. Existing 2D partitions of the Fourier domain. These different types
of partitions correspond to a) tensor wavelets, b) Littlewood-Paley wavelets,
c) curvelet type, d) watershed wavelets.

within the magnitude spectrum, 2) create the Voronoi partition, 3) build the wavelet filters ac-
cordingly to each Voronoi cell. Finally, the transform is obtained by performing each individual
filtering. Hereafter, we provide details about these different steps.

3.1. Detection of harmonic mode positions. To detect the position of the meaningful har-
monic modes within the magnitude spectrum, | f1, we use the same method as in [1]. It consists
in building a scale-space representation [6] of |f]: S(¢,0) = (| f| * go)(€), where g, is a Gaussian
kernel with variance o. For each value of o (we take the convention that gg = §, the Dirac func-
tion), we detect the set of local maxima, denoted {£7 }nNgl, in S, where N, is the number of such
local maxima for ¢. By increasing o, the spectrum becomes smoother removing the small vari-
ations within it, hence N, is decreasing (this property comes from one axiom of the scale-space
theory that states that no extrema can appear while o increases). We can then obtain a binary
scale-space representation that is zero everywhere except where local maxima were detected,
see Figure 2.a. The main idea is to notice that the maxima that do correspond to the expected
meaningful modes are the ones corresponding to the “longest” curves in that representation.
Therefore, if we denote I, = argmax,{£J exist} the length of the curve associated to &, we
can compute the histogram of {/,,}2° . This histogram will be bimodal: one mode will mostly
count for the shortest curves while the second one for the longest ones. Then, we use Otsu’s
algorithm [12] to automatically find a threshold, T', that separates these two modes. The indices
of the sought longest curves are then given by A = {n|{,, > T'}, the position of the meaningful
modes {2}, extracted from Figure 2.a are depicted in Figure 2.b.

3.2. Voronoi partitioning. The next step consists in using the set {£0},,c4, found previously,
as the seeds of a Voronoi partitioning algorithm [16]. Each position in the domain is tagged
with the label of the closest maxima position (we used the Euclidean distance). Note that, in
the numerical implementation, if a given position is at equal distance from two maxima, some
rule must be implemented to preserve the central symmetry that is expected when real images
are processed. The Voronoi partition corresponding to the set of meaningful maxima depicted
in Figure 2.b is given in Figure 2.c. To enforce a real transform, we pair together the Voronoi
cells that are symmetric with respect to the origin.

3.3. Empirical Voronoi Wavelet transform. The construction of the wavelet filters follow the
same procedure as in [1]. Given a Voronoi cell §2, if we denote 012 its edge, we define a distance
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a) b) <)
FIGURE 2. a) existence of local maxima in the scale-space representation. Each
curve correspond to one originally detected maxima. The vertical axis corre-

sponds to the scale parameter . b) positions of maxima {£2},,ca correspond-
ing to the meaningful modes. c) the Voronoi partition associated with {€2},,cx.

Input :image f
Output: set of EVW filters {1q, }, set of wavelet coefficients { f; }

[ F(f)
Detect position of harmonic modes {€°},,c from |f|
Create the Voronoi partition {0 }2_, from the seeds {£2} e
fork=1to N do
Build 'lZQk using Eq.(3.3)
Extract wavelet coefficients f, = F~1( f 'L/Z;Qk)
end

N S U R WWN =

Algorithm 1: Empirical Voronoi Wavelet Transform

transform by
27 - .
(31) DQ(]C, l) — N2Zrn1n.(p,q)€89 (d(ka lvpa Q)) lf (kv l) €N ,
— N M (p q)eon (d(kvlapv Q)) if (kvl) ¢ Q
where d(k,,p, q) is the quasi-Euclidean distance:

Dl — o s
d(k, 1, p, ):{(ﬂ Dig=1Il+1Ip—kl if [p—kl>|q—1|

(3.2) .
(V2=Dlp—k|l+lg—1 if [p—kl<|qg—1].

The corresponding empirical Voronoi wavelet filter, 1, is then defined in the Fourier domain

by

1 if Do(k,1) > 7
(3.3) Jalk,1) = { cos (38 (D)) i Do(k,1) < I
0 if Dg(k,1) < —,

where 7 defines the width of a transition area along 92 and §(z) = 2*(35 — 84z + 7022 — 202°).
The Empirical Voronoi Wavelet transform (EVWT) is summarized in Algorithm 1 (we denote
F and F~! the Fourier transform and its inverse, respectively).

It is straightforward to see that Proposition 1 in [1] remains valid in the present work since
a Voronoi partition can be seen as a particular case of the more general partition considered
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in [1]. Therefore, the set {1, } forms a frame. The direct consequence is the guaranty of the
existence of the inverse transform by constructing the dual frame {vq, } via

= Yo
Zk:o WJQk ‘

The inverse transform is thus given by
N A =
k=0

4. EXPERIMENTS

The example of an empirical Voronoi wavelet transform is given in Figure 3. The inputimage
(on the top left of the figure) is a toy example made of piecewise objects (the oval and rectangle)
on which four harmonic modes are superimposed. Two pairs of harmonic modes have similar
frequencies but different orientations, i.e their corresponding positions in the Fourier domain
lie in specific rings with different angular positions. The top right image shows the Voronoi
partition plotted on top of the logarithm of the image magnitude spectrum. We can observe
that the method indeed associates some specific cells to the particular harmonic modes. Finally,
the wavelet coefficients, f}, are given in the remaining images. We emphasize that each image
has been re-normalized for visualization purposes most of them contain only information of
very small magnitude compared to the main modes (given by the boxed images). On the other
hand, the boxed images clearly show that some filters are indeed capable of extracting the
different harmonic modes as well as the objects.

5. CONCLUSION

In this paper, we have proposed an alternative on how to create partitions in the Fourier do-
main for the purpose of building 2D empirical wavelets. Our solution, using Voronoi diagrams,
provides a trade-off between having sub-domain with regular edges, and a high level of adapt-
ability like the one previously proposed in the construction of empirical watershed wavelets.
The corresponding Matlab code is publicly available at https://www.mathworks.com/
matlabcentral/fileexchange/42141l-empirical-wavelet-transforms.
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FIGURE 3. Example of an empirical Voronoi wavelet transform. The top left
image is an synthetically generated input image, in particular it contains four
harmonic modes. The top right image depicted the detected Voronoi partition
superimposed on the logarithm of the magnitude spectrum of the input im-
age. The remaining images correspond to the outputs of the different empirical
Voronoi wavelet filters. Note that the images that look black do actually con-
tain some information of very small energy compared to the main harmonic
modes.
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A fast converging sampling operator

BORISLAV R. DRAGANOV*

ABSTRACT. We construct a sampling operator with the property that the smoother a function is, the faster its ap-
proximation is. We establish a direct estimate and a weak converse estimate of its rate of approximation in the uniform
norm by means of a modulus of smoothness and a K-functional. The case of weighted approximation is also con-
sidered. The weights are positive and power-type with non-positive exponents at infinity. This sampling operator
preserves every algebraic polynomial.

Keywords: Sampling operator, sampling series, weighted approximation, direct estimate, weak converse estimate,
modulus of smoothness, K-functional.

2020 Mathematics Subject Classification: 41A17, 41A25, 41A27, 41A35, 41A81, 94A20.

1. INTRODUCTION

The general form of the sampling series or operator of the function f : R — R is given for
w > 0 by

k
(1.1) (GX)(x) == f <) x(wr —k), xR
Here x : R — R is referred to as the kernel of the operator. Under certain assumptions on x,
we have that G, f is well-defined for any f in a given function class and G f converges to f
either point-wise, or in norm, as w tends to infinity. For example, if  is continuous on R, has
compact support and

(1.2) Zx(u—k‘) =1, ueR,
keZ
then (see [10, Theorem 1])
lim G35 f(x) = f(z)
w—r 00

at any point z € R at which f is continuous, as, moreover, the convergence is uniform on R
provided that f is bounded and uniformly continuous on R. More general conditions on the
kernel, which provide such approximation, can be found e.g. in [5, 6, 9, 14, 15, 17].

Clearly, (1.2) implies that G reproduces the constant functions. Given any positive integer
r, Butzer and Stens [10, pp. 165-168] constructed a kernel of compact support such that the
corresponding sampling operator reproduces the algebraic polynomials up to degree r — 1.
Another approach to achieve the same goal is given in [6, Section 3.2]. The purpose of the
present paper is to introduce a sampling operator which reproduces all algebraic polynomials.

Received: 07.08.2022; Accepted: 28.10.2022; Published Online: 01.11.2022
*Corresponding author: Borislav R. Draganov; bdraganov@fmi.uni-sofia.bg
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As a consequence, this sampling operator has the property that the smoother the function is, the
faster its approximation is. We estimate the rate of approximation in unweighted and weighted
uniform norm on the real line. The weights are of power-type with non-positive exponents at
infinity.

The contents of the paper are organized as follows. In the next section, we construct the
kernel of the sampling operator. We will consider and show that this sampling operator is
well-defined for a certain broad class of continuous functions. Then, in Section 3, we state our
main results about estimating its rate of approximation by a modulus of smoothness. Section
4 contains basic properties of the sampling operator, from which the main results are derived.
In the last section, we provide proofs of the main results.

2. THE DEFINITION OF THE SAMPLING OPERATOR

Let C(R) denote the space of the continuous (not necessarily bounded) functions on R and
CB(R) the space of the continuous bounded functions on R. Further, let || o || stand for the
uniform norm in CB(R). Let C"(R) and C'*°(RR) be the spaces of the functions that are r-times
and infinitely many times, respectively, continuously differentiable on R. Also, as usual, let
L(R) denote the space of the Lebesgue summable functions on R.

Let the function 7 : R — R be defined by

1, v =0,

—¢, <1, v#0,

0, lv| > 1.
Lemma 2.1. We have that n € C*°(R).

Proof. The assertion of the lemma is established by elementary calculus. For the sake of com-
pleteness, we include it.

Clearly, 7(v) is continuous on R and, for any j € N, n¥)(v) exists and is continuous on
R\{0, +1}. It remains to demonstrate that 1\/) (v) exists and is continuous at v = 0, +1. We set
§0) == s v (~L\{0}

First, by means of Faa di Bruno’s formula we get

2.1) D) =n) Y

mi,ma,...,MmM;

=i (¢™@)"™", ve-1L\o)

where the sum is over all non-negative integers my, mo, ..., m; such that

j' (_1)m1+m2~~~+7nj

(mﬂ 1|m1)(m2' 2lm2) cee (mj!j!mj)

1m1+2m2+-~-—|—jmj :j.
Next, we verify by induction that

2.2) () = &0 S e pae@?), ve (1L, 1\{0},

3n
v
(=1

where p,, ¢(x) are algebraic polynomials of degree n — 1.
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Now, using (2.1)-(2.2), we see by induction on j € N that ) (v) exists at v = 0,41 and is
equal to 0. Here, we use that 7(v) is continuous at these points and lim, 0, +150 7" (v) = 0 for
all ] S N+. O

We need the Fourier transform of functions in L(R). We use it in the form
v) = / fwe ™"du, ucR.
R

Lemma 2.2. There exists 0 € L(R) such that §(v) = n(v), v € R. Moreover,

1
(2.3) O(u) = l/ n(v)cosuvdv, u€R,
0

™
0 € C=(R) and 0Y9) (u) = O(Ju|~™) as u — oo for all j,n € Ny.

Proof. The existence of 6 as well as its representation (2.3) can be established by means of e.g. [8,
Proposition 6.3.10] (see also its proof; let us note that the Fourier transform is normalized dif-
ferently in [8]). The last two assertions of the lemma are established directly from the theorem
for differentiation under the integral sign and by integration by parts, as it is more convenient
to write f(u) in the form

1
O(u) = % / 1 n(v) cos uv dv

and use that (™) (£1) = 0 for all n € Nj,. O

We will consider the sampling operator
Gw = Gz;»

where GY is defined in (1.1) with x := 6 given in (2.3). As we will establish now, G, f(z),
z € R, is well defined for any f € C(R) of at most polynomial growth at infinity. Actually,
more is valid.

Proposition 2.1. If f € C(R) is such that f(z) = O(|z|") as © — oo with some v € Ny, then
Gy f € C®(R), w > 0, as, moreover,

(2.4) (G f)U _wJZf< )9@ wx —k), z€R,jeNy,
kEZ

the series being uniformly convergent on the compact intervals of R.

Proof. Below, we will denote by ¢ positive constants, not necessarily the same at each occur-
rence, which are independent of x € R and k. We have that

2.5) @) <+ )", zeR
Let j € Ny. By Lemma 2.2, we have
(2.6) 09 (2)] < e(1+|z])™"72, zeR.

Let [a, b] be an arbitrary compact subinterval of R. Let v := wmax{|al, |b|}. Then for all
x € [a,b] and k € Z such that |k| > ~, we have
LRSS

1+ |we —k| >1+ k| —v> ;
y+1
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hence, using (2.5) and (2.6), we arrive at the estimate
‘f (k> 09 (wzx — k)‘ <c <1 + |k> (1 + |wz — k|) 772
w w
c

<——Q) € la,b], |k| > 7.
< o Tl K=y

Now, the Weierstrass M-test implies that the series

S f (k> 09 (wax — k)

w

keZ

is uniformly convergent on [a, b] for each j € Ny. Consequently, G, f € C*(R) for every w > 0

and (2.4) holds. ]

Remark 2.1. As it follows from Propositions 4.2 and 4.4 below, (G., f)9) (x), j € Ny, is at most of the
same polynomial growth at infinity as f(z).

3. ESTIMATES OF THE RATE OF APPROXIMATION OF G,
We will consider approximation by G, in the weighted uniform norm with the weight
|m‘7aa z < _1a
Pa,p(T) =141, —-1<zx<1,
x_ﬁ, z>1,

where o, 8 > 0. Let us explicitly note that the results obtained include the unweighted case
po,0(z) = 1. In the case o = 3, we can instead write p, o, equivalently, in the concise form

pa,a(x) : z € R.

T 14 faf

As we observed earlier (Proposition 2.1), G, f is a well-defined infinitely continuously differ-
entiable function on R for any f € C(R) such that p, gf € CB(R) with some «, 8 > 0.

Let f € C(R) be such that p, gf € CB(R). We will use the modulus of smoothness of order
r € Ny of f, defined for ¢ > 0 by

wr(fyt)a,p = JSup | pa,s A1,

where Ay f(z) := f(x 4+ h/2) — f(x — h/2), 2 € R, h > 0, and A} := A,(A;™!). Clearly,
Pa,pA} f € CB(R) for every f € C(R) such that p, gf € CB(R), and every h > 0.
We will establish the following direct estimate of the rate of approximation of G,,.

Theorem 3.1. Let o, 5 > 0and r € Ny. Then for all f € C(R) such that p, sf € CB(R), and all
w > 1 there holds

||pa7B(wa - f)” < er(f7 1/w)a,,8-
Above c is a positive constant whose value is independent of f and w.

This theorem and basic properties of the modulus of smoothness, or more directly Proposi-
tion 4.3 below imply that if f € C*°(R) and p, 5" € CB(R) for all r € Ny, then

1pa,8(Guwf — ) =0(w™)asw — 0o Vr € Ny;
in particular, if f € C>°(R) and f(") € CB(R) for all r € Ny, then
IGuf = fll=0(w ") asw — oo Vr e N,.
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Also, let us note that Theorem 3.1 yields that G, preserves any algebraic polynomial (see
also Corollary 4.1 and Remark 4.2 below).

Estimates of the rate of approximation of general sampling operators (1.1) in spaces of con-
tinuous functions associated with the weight ps » have been recently obtained in [1]. Similar
results for integral modifications of the general sampling operator were established in [2, 3].
Also, such results were proved for an integral form of general exponential sampling operators
in function spaces equipped with a logarithmic weight in [4, Section 5].

The assertion of Theorem 3.1 in the unweighted case follows from the one-dimensional form
of the general assertion in [15, Theorem 6, (8)]. A direct estimate of a different type than the one
in Theorem 3.1 was established for a very general class of sampling operators, in particular, in
the essential supremum norm with the weight p, o under certain additional assumptions on
f in [13, Theorem 31 and Remark 34]. There the rate of approximation of a general class of
multivariate quasi-projection operators in weighted L -spaces was considered.

The direct estimate in Theorem 3.1 is essentially best possible-the following equivalence
result holds.

Theorem 3.2. Let o, 8 > 0,7 € N;, 0 < X < rand f € C(R) be such that p, gf € CB(R). Then
[pa,6(Guwf — Il = O(w_A) = wfit)as= O(tA>'

We will prove these theorems in the last section.

4. BASIC RELATIONS AND ESTIMATES
We will often apply the following auxiliary result (cf. [1, Proposition 1]).
Lemma 4.3. Let o, 8 > 0and j,¢ € No. Then for all z € R and w > 1, there holds

-1
@) S o ()l = 8w = )] < pn o)
w
keZ

Above c is a positive constant whose value is independent of x € R and w > 1.
Proof. First, let us note that it is sufficient to establish (4.1) for « > 0. This readily follows from
the relations
pa,p() = ppa(—2), = €R,
and

E\ ! 4
S pa (£) o 169w~ 1)

kEZ
E\ ,
=Y s (w) jw(—z) — 69 (w(-z) — K)], = €R.
kEZ

In the latter formula, we have taken into account that 6(u) is even; hence 6(2) (u) are even too,
and 0?**1) (y) are odd. Thus, let z > 0. We will estimate the sum on the negative k. We have

BN k
(4.2) Pa,B ( ) <1+ ‘
w

e

<20k < 2wz — k)Y, k< -1, w>1.

- ’
w

Let n € N, be such that a + ¢ — n < —1. By virtue of Lemma 2.2, for any fixed j € Ny there
exists a positive constant c such that for all v > 1 there holds

(4.3) 109) (u)] < cu™.
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Since wx — k > 1 for k < —1, using (4.2) and (4.3), we get

-1
Z Pa.B (Z) lwa — k|09 (we — k)| < ¢ Z (wx — k)oTen
(44) k<-1 k<—-1
< CZ gott-n <.

k>1

To estimate the sum on the non-negative k, we take into account that

-1 B B
paﬁ(Z) §1+<Z) Sl—l—c(‘f}—x +x5>

<c(l4 |we — k[P +27), k>0, w>1.

Letn € N be such that 3+ /¢ —n < —1. By virtue of Lemma 2.2, there exists a positive constant
c such that

09 (W) < e(1+u))™, wueR.

Consequently, similarly as in the previous case, we arrive at

E\ ,
S o (2] = k16w - )

k>0
< cZ(l + Jwz — kP + 2P) | wx — k(1 + |wz — k)"
k>0
<ed (U |wa — KP4 e (1 fwa — K
k>0 k>0
<c(1427)) (1 + |wa — k)P
k>0
< (1427,

as at the last estimate we have taken into consideration that the series >, (1 + |u — k[)#+¢—"
is convergent for every u > 0 and its sum is bounded on [0,00). The latter can be easily
verified if we consider instead the series >, (1 + [u — k|)? ™" for u € R. Clearly, it is
uniformly convergent on each compact interval; hence its sum is a continuous function on R.
In addition, the sum is 1-periodic; consequently, it is bounded on R. Combining the estimates
we established above on the sums on k < 0 and k& > 0, we arrive at

k7 ,

> Pas <> lwa — k|09 (wz — k)| < c(1+2P), z>0;
w

kEZ

hence (4.1) follows for « > 0. In view of the observation, we made in the beginning about the
symmetry of the cases < 0 and « > 0, the proof of the lemma is complete. O

We proceed to the basic properties of the operator G.,, which we will later use to establish
estimates of its rate of approximation. We begin with showing that the family of operators
{Gy }w>1is uniformly bounded in the weighted spaces of continuous functions associated with
the uniform norm with the weight p,, g.

Henceforward, ¢ denotes positive constants, not necessarily the same at each occurrence,
which are independent of the function and the operator order w.
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Proposition 4.2. Let o, 3 > 0. Then for all f € C(R) such that po gf € CB(R), and all w > 1 there
holds

1pa,6Gw Il < ¢llpasfl-
Proof. We have

-1
P (@) G f(@)] < pos(a Zpaﬁ(> 0(wz — k)| [papfl, = €R.

kEZ

Then the assertion follows immediately from Lemma 4.3 with j = ¢ = 0. O
The discrete moment of § of order j € Ny is defined by
mj(u) = Z(k —u) O(u—k), ucR.
kEZ

The following assertions for the discrete moments of 6 holds true.
Lemma 4.4. We have mo(u) = 1and m;(u) =0, j € Ny, forallu € R.

Proof. The proof is standard—based on the Poisson summation formula (see e.g. [16, Theo-
rem 4.2.8] or [8, Propositions 4.1.5, 5.1.28 and 5.1.29, and (3.1.22)]) and connected with certain
Strang-Fix type conditions on 6 (see e.g. [10, Lemma 3]). For the readers’ convenience we in-
clude it. We apply the Poisson summation formula to the function 6;(u) := w/6(u), j € No. We
have 6; € L(R) by virtue of Lemma 2.2. The Fourier transform of §; is

(4.5) 0,(v) =769 (v) = D (v), wveR,

where we have taken into account Lemma 2.2. Trivially, the series ), ., |9A] (27k)| is convergent.
Now, the Poisson summation formula, (4.5), n)(0) = 0 for j > 1 (see Lemma 2.1) and
7Y (v) = 0 for |v| > 1and j > 0 yield

—1)7 >0 (u— k) = (-1)7 Y 0;(2mk)eh

keZ keZ

- (—z’)j Z 77(]‘) (ka)eizwku

kEZ

o I, weR, j=0,
)0, weR, jeN,.

The following Jackson-type inequality holds true for G,,.

Proposition 4.3. Let o, 3 > O and v € Ny. Then for all g € C"(R) such that pa. 59, pa.pg™” €
CB(R), and all w > 1 there holds
c T
lp0.5(Gwg = DIl < — llpa,59™ |l

Proof. We expand g(k/w) by Taylor’s formula at the point = € R to get

wo o5 z D (kY A [T R o
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Then, taking into account Lemma 4.4, we get the relation

@47)  (Gug)(z) —glz :T_I,Z/

Consequently,
/k/w

(r) r—1
Pa g
48) [(Gag)(a) — g(o)] < 1022221 S
The function p, g(u)~! is positive, decreasing on (—o0, 0], and increasing on [0, +-c0); hence

k _
Pa.p (W) Ldu

— R.
” |0(wz — k)|, z€

—Uu

( ! kEZ

B\ k
Pap() ™ < pas(x)™t + pas <) for u between x and —.
w w

Therefore, we deduce from (4.8) that

[(Gwg)(x) = g()]

o, (r) k/w k r—1 i _1
< |,0T ﬁgl | Z / < ) du (Pa,ﬁ(x)_l + Pa,p <w) ) |60(wz — k)|
keZ

”paﬁg( )H r 1 B\t
lwr D lwe —k[" | pa,s(@) " + pas " |0(wz — k)|

kEZ

l[pa, g(T)H _ -
:#Pa,ﬁ(w) ! kz lwx — k|"|0(wz — k)|
ez

(r) !
||Pa/39 HZ Do ( ) |wx_k;|r|9(wx—k‘)\, r € R.

rlw”
keZ

Now, the assertion of the proposition follows from Lemma 4.3 with j = 0 and ¢ = r, as to
estimate the sum ), _, lwx — k["|f(wz — k)|, we apply it with o = 8 = 0. O

If p is an algebraic polynomial of degree at most n, then p,, ,p € CB(R) and Proposition 4.3
with 7 = n + 1 implies that G,, preserves p for all w > 1.

Corollary 4.1. We have G,p = p for any algebraic polynomial p and all w > 1.
Remark 4.2. Actually, as it is quite easy to see, the assertion of the corollary holds for all w > 0.
We will need a Bernstein-type inequality for G,.

Proposition 4.4. Let o, 5 > 0 and r € N_. Then for all f € C(R) such that p, gf € CB(R), and all
w > 1 there holds

1pa,s(Gu )Nl < cw” |pa s f-

Proof. Let us first recall that G,,f € C*°(R) (see Proposition 2.1). Then, by virtue of (2.4), we
have

1P (@) (G f) ) f(@)] < W pa,p(a Zpaa( ) 07 (we — k)| llpa,sfll, = €R.

kEZ

Now, the estimate in the proposition follows from Lemma 4.3 with j = 7 and ¢ = 0. O
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The last auxiliary result for G, we will need, is an estimate of the weighted uniform norm
of the derivatives of G, ¢ for smooth g. In order to establish it, we will make use of a property
of the discrete moments of the derivatives of 6, which is similar to Lemma 4.4. We set

my j(u) :== Z(k —w) 0 (u—k), ueR
kez

The following assertions for the discrete moments of (") holds true.
Lemma 4.5. Let r € N. We have m, j(u) = 0 for all u € R, where j =0,...,r — 1.

Proof. Just similarly as in the proof of Lemma 4.4, we apply the Poisson summation formula
but to the function 6, ;(u) := w0 (u), j € Ny. Since (") (v) = (iv)"G(v) = (iv)"n(v), v € R
(recall Lemma 2.2), we get

— ——(J) i

0y(0) =000 () = (), veR
We have for j =0,...,r —1

(v’"n(v))(j) = Z (‘2)7“(7" — 1) (r =€+ 1)vr_é77(j_£) (v);

£=0

hence, we get 5,\](27#@) =0forallk € Z.
Now, the Poisson summation formula yields

mej(w) = (=173 05 (u—k) = (=1)7 > 0, (2rk)e>™ = 0.

kEZ kEZ
(]

Proposition 4.5. Let a, 3 > 0and r € N. Then for all g € C"(R) such that p, 39" € CB(R), and
all w > 1 there holds

P8 (Guwg) || < ¢ llpa,s9™ .

Proof. Since p, 59" € CB(R), then g(z) = O(|z|") as * — +oc with some v € N,. Then, by
(2.4), we have

(4.9) (Gwg) ™ (z) =w Zg( )9(’") (wx — k), zeR

kEZL

We substitute g(k/w) with its Taylor’s expansion (4.6) and apply Lemma 4.5 to arrive at

(Gug) " (@) = rfl'z/

We complete the proof with the same argument, used to establish Proposition 4.3, but with §(")
in place of § and we apply Lemma 4.3 with j =/ = r. O

r—1
( - u) g () du 0 (wz — k), = eR.

5. ESTIMATES OF THE RATE OF APPROXIMATION OF (G, BY A K-FUNCTIONAL

In this section, we will establish a direct inequality and a matching weak converse inequality
for the rate of approximation of G, in the uniform norm on R with the weight p, 3 by means
of a K-functional. These estimates follow from the basic properties of the operator given in the
preceding section by means of standard techniques (see e.g. [11, Chapter 7, §§3 and 5] or [12,
Chapters 9 and 10]).



A fast converging sampling operator 199

The K-functional we will use is defined for f € C(R) such that p, sf € CB(R), and t > 0
by

K (f,)ap = inf{[|pa,s(f — 9)|| + t11pa,9T | : g € C"(R), pa.39 pa,s9" € CB(R)}.

We proceed to the direct estimate.

Theorem 5.3. Let o, > 0 and r € Ny. Then for all f € C(R) such that p, pf € CB(R), and all
w > 1 there holds

1P0.5(Guw f = DIl < Ko (fy w0 )ap-

Proof. Let g € C"(R) be such that p, 59, pa.s9™ € CB(R). Then, by virtue of Propositions 4.2
and 4.3, we get

1Pa,8(Guwf = NIl < lpa,sGuw(f = 9l + llpa,8(Gwg = 9)l| + lpa,8(g — FII
1 T
< (007 = 91+ o loaa 1)
Now, we take the infimum on g to arrive at the assertion of the theorem. |

The following weak converse inequality holds.

Theorem 5.4. Let o, 3 > 0and r € N. Then for all f € C(R) such that p, gf € CB(R), and all
w, v > 1 there holds

Kol as < Noap(Gof = Dl +¢ (=) Kolf 0 s

Proof. By virtue of Propositions 2.1, 4.2 and 4.4, we have G, f € C"(R) and po sGo f, pa.s(Go f))
€ CB(R). Then

1
(5.1) Ko (f,w s < 1pas(F = Gl + = pa,s(Gu )l

Let g € C"(R) be such that p, 59, pa.sg9'") € CB(R). Then, we use Propositions 4.4 and 4.5 to
estimate the second term on the right above as follows:

190,6(Gof) N < [1pa,8(Gul(f — 9) N + [|£a,5(Gug) ™|

(5.2) . 1 r
<o’ (Ipas(f =9l + 5l pa ™).

Combining (5.1) and (5.2), we arrive at

r 1
K0 s < 0G0 = D+ (2) (Ionslf = 0+ e

Finally, we take the infimum on g to derive the assertion of the theorem. O

Theorems 5.3 and 5.4 yield the following characterization of the rate of the approximation
of Gy.

Corollary 5.2. Let a, 8> 0,7 € N;, 0 < A < rand f € C(R) be such that p, sf € CB(R). Then

1pas(Guf = P = 0w™) = K. (f.t)ap = OE").
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Proof. If K,.(f,t)a.s = O(t"/*), then Theorem 5.3 implies || pa.5(Guwf — f)|| = O(w™).

To establish the inverse implication, we will use the Berens-Lorentz Lemma [7]. We will
apply it in the form given in [11, Chapter 10, Lemma 5.2]. We set ¢(z) := K, (f,2%)a,5,0 <z <
1,and p :=2X/r € (0,2). Then Theorem 5.4 implies

2
¢(I)§0f<y“+zg¢(y))7 0<z<y<l,

where ¢y is a positive constant whose value may depend on f, but not on « and y. Now, the
Berens-Lorentz Lemma yields

d(z) < depat, 0<a <1,
with some positive constant ¢/; hence K.,.(f,t)a.5 = O(t*7). O

The K-functional above and the modulus of smoothness given in Section 3 are equivalent,
that is, there exist constants ¢,ty > 0 such that for all f € C(R) with p, gf € CB(R), and all
t € (0,t] there hold (see [12, Theorem 6.1.1 with ¢ = 1 and p = ])

(5.3) c_lwr(f, Dag <Ko (f,t)ap < cwr(f,t)a,s-

Actually, it can be shown by means of the standard method to prove the above equivalence
in the unweighted case (see e.g. [11, p. 177]) that it holds for any fixed positive tq (with ¢
depending on ty).

Combining Theorem 5.3 and Corollary 5.2 with relations (5.3) with ¢, = 1, we immedjiately
get Theorems 3.1 and 3.2.
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1. INTRODUCTION

For [t| < 1, let us consider the expansion
et = th "k
1.1 = a — o — i k—1
a T = L ma) =2 ()0
Recall that, for i € N, (z); = z(x +1)--- (x + ¢ — 1), while (x)9 = 1. If we take y = n and
t=xa/(x+1), then

T

For a > 0, Mihesan [9] defined

B0 = W@ (5), where Wity @) = emesttonn Pl
n e n/’ " K1 + z)ntk’
We also write B2(f(t),x) instead of BZ(f,z). Notice that, for a = 0, B%(f) is just a Baskakov
operator.
In this paper, we present a Voronovsakaja type result for the operators By in a weighted
space C,[0, co) defined as follows: for the weight o(x) = 1/(1 + x)? (¢ > 0 a fixed real),

C,l0,00) = {f € Cl0,00) : |fll, < o<}

where || f||, = sup,>¢ |o(z) f(z)|. In order to present a simple proof, here we only consider the
case q > 3/2. -

It is known (see [9]) that, if f € C[0, 00) and there exist positive constants A and B such that
|f(x)| < BeA?, then BE(f) is well defined. Hence, B%(f) is defined for all f € C,[0, 00).
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In [11] and [13] some pointwise asymptotic expansions were given for Mihesan operators.
But we remark that the results are not correct. For instance, in Theorem 4.1 of [11] and in
Theorem 2.2 in [13] a term ¢’ () BZ(t — x, z) should be added.

The paper is organized as follows. In Section 2 we recall some known results. Section 3 is
very technical. We need estimates for the moments of the operators M7, (z) for 1 < k < 6.
Finally, in Section 5 we present the Voronovskaja type theorem. We remark that some different
quantitative Voronovskaja theorems were given in [6] and [7]. An inverse result will appear in
another paper.

In what follows C' and C; will denote absolute constants. They may be different on each
occurrence.

2. KNOWN RESULTS

It is known that (see [9])

o B a . ax
2.2 Bi(l,z) =1, Bi(t,x) =+ n(+a)
and
a Q¥ @) 1 ax (a+Dz+1  @(2) a a’x
(2.3) By((t—x)*,z) = n +ﬁ(1+x) 14+z)  n (1+n(1—|—x)2 +n(1+m)3)'

It was verified in [10] that

d

(2.4) (@) (W) = (k= na = S )W ().

Theorem 2.1. (see [4]) If a > 0and q > 0 are real numbers, there exists a constant M,(a) such that

Br((1+¢)% )
M,(q) :=sup sup —2~—2 1"~
(q) n>I; wzlg (1 + I)q

Proposition 2.1. (see [4]) If a > 0, r € [0, 1], there exists a constant C such that for each integer
n > 1and each x > 0,

Ba( 1 ’m)<(n)f‘ 1 .
"\ 4t “\n—-1/ (1+az)r

Remark 2.1. It is known a similar result for a = 0. We can use the arguments in [4] to verify
that, if « > 0 and r € [0, 2], there exists a constant C' = C(a, r) such that, forn > 2,

1 C
2.5) Bn(m,x) < Trar

(see also [5]).

Lemma 2.1. (see [8, Prop. 3.3]) Assume r > 0, m,p € R, and m —r + 1 > 0. Then for x > 0 and
t >0, one has

t _ m _ m—+1
/ u(l T u)Pds| < e
- s" (m—r+1)a"

((1 )P+ (14 t)P).
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3. ESTIMATES FOR THE MOMENTS
The moment of order j € Ny of the operator B} is defined by
My () = By((t — 2), ).

n,j
In this work, we need estimates of M} ;(z) for 0 < j < 6. We remark that in Lemma 2.3 of
[13] some computations were given for M;; ;(z) and My} ,(z), but they are complicated. Here,
we follow a different approach. In Lemma 1 of [2], it is asserted that M2 ;(x) = O(n~11/2),
where [ denotes the integer part of «, but the estimate is not correct (see (2.3)). A similar
assertion was given in [1], where the authors defined the Mihesan operators in the form

2) = iw;;,k(x)f(nﬁ D).
k=0

Notice that

(3.6) “o(x) =1 and M (2) = —=

n(l+z)

We can use an iterative process to obtain representation for other moments of the operators.

Lemma3.2. Ifa >0, j,ne€ N,n>1,and x > 0, then

M 4 (2) = @T(x)( M () + g M) + 4 Mg @),

Proof. Taking into account (2.4), one has

My () = Bo((t — @)t — z), z)
CEBICEOLCRE
k=0

:l ax Miﬂx)—l—%i(k}—nm— @ )(%—I)] k()

nx+1 P z+1
~ M) i@g(—a o
:@27§$)(MM @)+ MO, (@) + ddM (a:)).

O

Since in Lemma 3.2 the derivative appears, in order to estimate M,; () we should study
other derivatives of the previous moments.

Lemma 3.3. Assume a > 0. There exists a constant C such that, if n > 1and x > 0, then

2 2
a o™ (x) " 1tz d ¢
<(C——= < —_— < —
Moy < 20 | e )] <ot M) <
43 c d* c
- a D - a < .
da3 Mn2(m)‘ ~ n?2(1+x)? and dx?t Mn2(m)‘ “n?2(1+x)°



Directs estimates and a Voronovskaja-type formula for Mihesan operators 205

Proof. It follows from (2.3) that

d 1 a 2a°x
LMo () = - (1 2 )
dx n.2(?) n tert n(l + x)2 + n(l+ x)3
Hence
0< iMSQ(x) < 1422+ a(l + 2ax) < C(l—l—x).
de ™ n n
The estimates for the other derivatives follow from the identities
d? 1 2a 2a2(1 — 2x)
= 2o )
dx? n.2(%) n n(l + )3 n(l+x)*
d? 1 6a 4a*(1 —z)
s~ - 25,
da3 n.2(7) n2 \(1+ xz)* (1+2x)°
d* 1 4la 4a?(6 — 4x)
2y -
dx?* n.2(7) n? ((1 + )5 (1+ )8 )

O

Assume nx > 1. Notice that 1 + x < nx + x = (n + 1)x. Hence (1 + z)? < (n + 1)¢?(x) and

1+ < Vvn+ 1o(x) < \[290(3:)

o .

n

Lemma 3.4. Suppose that a > 0. There exists a constant C' such that, for n > 1 and x > 0, one has

a (14 z)p?(x) d o Cp? ()
M 5(@)] < O~ %MAMS >
e C(1+x) B c
dx? n,g(«x)‘ - n2 and dr3 n,S(x)’ < ﬁ

Proof. From Lemma 3.2, one has

MZ,S(QU) _¥ T(LCC) {QMSJ(JC) + ﬁM%Q(l‘) 4 %Mﬁ’g(ﬂf)}
‘P2(30) 2ax a . d .
T {n(l + ) + (1+ x)zMn,z(w) + I nz(m)}

Taking into account (2.3) and Lemma 3.3, we obtain

(1+2)0*(2)

2
“ ©*(x) x x 1+
M < + + <
| "3(x)| <G n {n(l +z) n(l+zx) n } <0 n2

Moreover, for z > 0,

d . d (2az? ar “ d .
{5+ TS M (@) + ¢2(0) M () |

M - =
"z n.3(?) de \ n (1+x)
4ax a ar d d?
= — - M° -~ M“ 2 - M )
w ' (14 )2 nal®) + (14 ) dz n2(@) + (@) dx? n2(2)
Hence,

d Cr%(z) [ 4 1 a 1 1 Cy

— M2 < _ - —) < 22

dr n,S(x)‘ > n (n2 n(l +$)2 + (1 +.’L‘) n + n) Sz
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On the other hand
d? 4a 2a 2a d

—M® —- M = pe
ndl’Q n,S(:E) n (1 + I’)B n,2(x) + (1 + l’)2 dr n,2(‘r)
i d2 a 2 d3 a
+ ((1 R 20)) 25 M o) + 2(2) 5 My o ().

Therefore,
d? Cy /1 03 () 1+ 1+ 0% ()
— M. < —(-
A2 n3<x)‘ ~n (n + n(l+z)3 + n(l+z)? T n2(1+:r)4>
< 02(1 +l‘)
Finally
43 6a My 5(x) 6a d d*
2 pe — M 2 —_M°
e na(®) = (1—1—33) - (1 +a)3de na2(®)) + 0 (x)das‘1 n2(T)
+( sa +2)d—2M“ ( )+(7az +2(1+42 )) @ —M?,(2)
(14 2)? g2 2\ (14 2) ¥ ) dgd 2
and we obtain
d? C1/ ¢*(x) (1+x) 14z ©?(r) Cs
—M? < — 1 < —.
7 Mia@)] < ((1—|—x)4 It27  ndtar n(1+x)5) =

Lemma 3.5. Suppose that a > 0. There exists a constant C' such that, for n > 1 and x > 0, one has

a al C(1 +2)¢*(x) @ O +a)?
0< M) < 08 [ Tuzw)] < R ana | g < S
Proof. First, we consider the representation
2
o ()= £ @) (ahra @ e Ky
M af@) = 55 (3M (o) + o Mita(e) + o Mia(e) ).

It follows from Lemma 3.4 that

G R

For the first derivative, we obtain

d d
n M (@) = (1+20) (3M; 5 (@) + My 5(x) + M 5(a))

_*
dx (1+2)?
d 2aM? 5(x) a d d?
2 a _ n,3 7 aga 7 Aga
+ (@) (3 M @) Trop " Arard s T g Mi5(@))

a a a
Mn,2($) + 7Mn,3 (I)

= 3(1+2z) M} 5(z) + 3<p2(93)i

dx (1+2)?
+(1+2x+( @ ))diM 3(z) + @ (x )%Mﬁ,s(x)-



Directs estimates and a Voronovskaja-type formula for Mihesan operators 207

Hence
L ag (o) < G (Lr2ete) |, (Lr0efe) | (L4 0)ph))
L Gl+ )P @)

For the second derivative, we consider the identity

d2 a a d a 2 d2 a
e na() =6Mpo(x) +6(1+ 2x)%Mn72(x) + 3¢ (95)@ no(T)

2a a a d

_ _ M e 2— —— | —M°
(1+x)3 na(@) + ((1 +z)? + ( (1 —|—x)2) dx n3()
ax . 0, A3
+((1+20) - Tt 20)) <=5 M 5(2) + 6% () 5 My 5 (@)
= M () + 6(1 + 20)- L MO (1) + 3 (@)~ MY () — 2 M ()
- n,2 z € dr n,2 € T2 dx2 n,2 € (1 -|—£C)3 n,3 €z
d . . ax . 0, A3
+ 2% na(z) + (2(1 +2z) — m) @Mnﬁ(x) + (ﬂf)@ ().
Therefore
o, Crre*(x)  (+2)? | $*(2)
@M”A(x)’ = 7( n * n + n
(14 z)p*(x) | ©*(x) | (1+2)*  o*(2)
+ n?(1+z)3 + n? + n? * n? )
Ci(1 1 2 1 Cs(1 2
:¥<2x+(1+x)+—+—x+( +m)) < Glta)
n n n n n
O

Corollary 3.1. Suppose that a > 0. There exists a constant C such that, if n > 1 and x > 0, then
3
o ¢ (2)
By s(|t — 2], x) < C s

Proof. It follows from the inequalities

a 3 a a 1/2
B a(lt - af*,2) < (Maa(@)Mia@) <G

Lemma 3.6. Suppose that a > 0. There exists a constant C' such that, if n > 1 and x > 0, then

(1+2)p*(2) d
B — and ‘%

Proof. For the fifth moment, one has

(1+2)°(2)

Mg 5(a)] < € —

My o) < €

2 €T a
M (o) = S (40024(0) 4 s MEalo) + M )
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It is clear that
a 2(x 1+ 2(x
245 5(0)) < 0, E 1D (D)
o

<(Cy

For the first derivative one has

d a _ (1 + QZ) a a a d a
Jo M) = S (M) i M) + M)
2 a 2
g (x)(, d 2a My 4(x) a d d
4—M? - : — M — M} .
+ n ( dx n,S( ) (1+1‘)3 (1+I)2 dx n4(x) + dz2? n,4(x))
Therefore
d Ci(l+2)°%* @) ¢'z) | (1+2)%*(2)
2 Mo < 2t
‘dx "5(x)‘ ~n ( n? * n?(l+ x) n?
PP Cleate) | (L aPee))
n? n?(1+z)3 n2(1+x)? n?
1 2,2
< 0, U+ a)
n
O
Lemma 3.7. Suppose that a > 0. There exists a constant C' such that, if n > 1 and x > 0, then
a 1+ 2)p'(z) 1
< <o~ ).
O_Mn’G(x) <C 3 (m—i—n)
Proof. Asin Lemma 3.5, we obtain
2
a _ ¥ (:C) a a a i a
Mn,G(‘T) - n (5M7L,4(x) + (1 =+ w)gMn,Eo(x) + d.’EMn’5(I)>
Taking into account Lemmas 3.5 and 3.6, we obtain
2 4 4 2,2
o p (x) (pix)  (A+2)ei(x)  (1+2)°¢ ()
< <
0= Mogle) < Cr n ( n? * n3(1+ z)? * n3 >
(1+ 2)p'(2) *(x) (1+x) (1 +2)¢*(2) 1
< < — .
=G n3 <m+n3(1+x)2+ n ) < G n3 (x—|— )
O

4. THE RATE OF CONVERGENCE

Set
47) K(f,0)= inf (IF = gllo+ (I¢*"llo +alleglly) -
9€D(0)

Theorem 4.2. Assume a,q > 0 are real numbers, and o(x) = 1/(1 + x)?. There exists a constant
C = C(a,q), such that for n > 2 and f € C,]0, o), one has

1B2(5) = £l < CK(£,7) |
here K (f,t), is defined in (4.7).
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Proof. If x > 0 and g € D(p), we will use the representation
t

g(t) = g(x) + ¢'(x)(t — x) + / g"(s)(t — s)ds.

x

It follows from Proposition 2.1 that

[ e =sias] < 1e29] [ =2as
g [ (14 sas|
< e "||g%<<1+w>q-l ]

Taking into account (2.3), Holder inequality, Theorem 2.1 (see also (2.5)), and Lemma 3.5, we

obtain
‘Bg(/ g"(s)(t — s)ds,x)‘

2 1
”‘Px ”9((1+x)q LBA((t - @)%,w) + Ba((t— o)2(1+ )1 w))

e I/H"(Cl(l +m)q,ﬁOT(f@+<B;;((1+t)2q*2,ac>>1/2 My (@)

2.1 q 2 2 1
B I LE LN PN '
n n no(x)

Since ,
Bi(g.) ~ g(a) =g/ @Bt~ v.2) + B3 [ 9"(6)(t -~ s)dsia),

from the previous estimate and (3.6), one has

o(z)|By(g, ) — g(x ‘ < ‘Q (x)Ba(t — )‘ + ‘Bﬁ(/ﬂ: g’ (s)(t — s)ds,x)‘

")

< o(a)|g' (@) Ba(t = a,2)| + Ba

[ o6 - sy

2 1
ax g
< 0(a)lg'(x)| + 0,17 e

n(l+ )
ayz Gl
i aprled et Gt e < S 1%+ alled' o).

n(l+
Therefore, for any g € D(p),
1B (f) = flle < Ilf = gllo + ||B“(f —9)lle +11Ba(9) —glle

< c{lf = gllo+ (162"l + allegl,) }

Remark 4.2. For g € D(p), the previous proof also yields the inequality
1
1B2() = flle < {11 = gllo + — (I llo +all'll0) }-

But, the estimate with ||pg’||, is more convenient to study the inverse result.
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5. A VORONOVSKAJA-TYPE THEOREM

Theorem 5.3. Assume a,q > 0and o(x) = 1/(1 + x)9. There exists a constant C such that, if n > 1,
g € C3[0,00) and g, p%g", o>g" € C,[0,0), then

+

2 1
a aeq ©w g
HBn(g) -9 -

_ ; < C(IIsozg”IIng l*g™ e
n(l+eq) 2n -

29" |l
n? ’

n3/2

0
where e1(x) = x.
Proof. For g € C3[0, ), we use the Taylor expansion

g0) = g(a) + g @)t — ) + 5" @)t~ 0+ 5 [ 9”50 - 9)ds,

to obtain the representation

Bilg. )~ @il 0) = 5B [ o)t - 9)ds.).
with
Qi(9.) = 9(&) + ¢/ (2)BA(t — 2,2) + 5" (@) Ba((t — 2, 2)
= 9(2) +9/(2) M3, (2) + 59" (0)M o (2).

We should estimate

z(| [ (s)(t — )%

,x) = i ‘ /k/n g"(s) (% — S)QdS‘WT‘ik(m).
k=0 “%F

o0

(A) Suppose 0 < z < 1/n. In this case, we consider the inequality
k/n k 2
" a
> JAACICEREALANE

Nk N2 ds
<2 ‘ n ‘ a .
7”80 g HQI; A <7’l S) @2(S)Q(S) Wn,k(‘r)

For k = 0, one has

a * 52 g = a (r J?S S qg—1 S ‘TQ(]' +1.)q*1
Wialo) || oy = Wiae) [ st < S
(1+2)"
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On the other hand, if ¢ > 1, then
> B (ke — s)2 1 & Bn (k/n — s)2
2 #(s)els) 2 . Vs(l+s)
1 & kin g
< — We ()14 /)T (k/n — x)? —
ﬁ; s(@) A+ E/n)* (k/n — ) 5
2 oo
= =) W) (A +k/n) (k/n— x)*(Vk/n — Vx)
et
2 o0
< — W ()1 + k/n)T Y (k/n — x)>/?
ﬁ; K@)+ k/n)*(k/n—x)
2 > 1/2
< \/M 1 2g=2ypa
< n,5<x>(k§%< k/m)M W ()
V1+x50() -1 NG Ci1(1 4 2)4
< \/3? 372 (1+x)? SC’QW(1+x)q§T,
where we use Lemma 3.6 and Theorem 2.1.
If ¢ < 1, the proof is simpler because, for z < 1/n,
1 1
< .
L+ k/n)=0 = T+ a)ia
Therefore
a a c 2 ///
o()|Br(9,2) = Qulg,2)| < 507" |-
(B) Assume that nxz > 1. In this case, we consider the inequality
k/n 2
S| [ (- afco
Mk 2 (s
<|l¥’g NIHQZ / (5—5) W‘Wﬁ,k($)~

k=0

Since 1/n < z, it follows from Lemma 3.7

Moreover

a 3 a @()
BY(|t — x| 7x)§\/m<20 i
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Thus, we can use Lemma 2.1, Lemma 3.6 and Theorem 2.1 to obtain

a a 1 " a K (t_5)2
0fe) 1B (0.2) = Qilo. )] < 5ol 1,5 (| [ Jiirsds] o)
t(t_ )2 5)a—3/2
= se@le s (| [ G0 )

1 3 a g (L)% (14132
so@)le* ”'||Bn(|t—x|( At ),x)

1 a(lt = :
= 216"l ( 22 wg(x + 200 otz ()B4 075,

3 m Q(ff) 0% () 3/2 ll©° 9"l
< Cslle"g™llo ( 32 T 32 ;32 (1 42)* /)<C 3z

Taking into account (2.2) and (2.3), we obtain

2 1
aex r P9

\ /\

Bi(g) —9 - g9 -
n(l+e;) 2n ||,
< HB?L(Q) —g—gM;, - *g”M“
e
LL]¢%" @) (1 L e . da ) g
2| n n(l+z)2 n(l+2z)3
1 a a’x
— Ba o /Ma —*HMa . ( ) 2 1
H n(9) =9 =9 My~ 59 +n2 (1+%)2+(1+$)3 ©°g )
<c le*g" o + 929" e ||s039”'||g
n2 n3’2 )
O
Corollary 5.2. Under the assumptions of Theorem 5.3, one has
2 1
, ae; ©2g
lim n(Bg — )— f— =0,

where e1(x) = .

Remark 5.3. In Theorem 3.2 of [13], a Voronovskaja-type theorem was given for functions f € C3[0, 00)
such that f, f', f", """ € C,[0,0), but the authors only considered the case ¢ € No. Moreover, they
only obtained pointwise convergence.
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Exponential approximation in variable exponent Lebesgue
spaces on the real line

RAMAZAN AKGUN*

ABSTRACT. Present work contains a method to obtain Jackson and Stechkin type inequalities of approximation
by integral functions of finite degree (IFFD) in some variable exponent Lebesgue space of real functions defined on
R := (—o00,+00). To do this, we employ a transference theorem which produce norm inequalities starting from
norm inequalities in C(R), the class of bounded uniformly continuous functions defined on R. Let B C R be a
measurable set, p(xz) : B — [1,00) be a measurable function. For the class of functions f belonging to variable
exponent Lebesgue spaces Ly, (B), we consider difference operator (I —T5)" f (-) under the condition that p(z)
satisfies the log-Holder continuity condition and 1 < ess inf, ¢ p p(x), ess sup, ¢ g p(x) < oo, where I is the identity
operator,r € N :={1,2,3,---},8 > 0and

1 é
() Tgf(q;):g/ fle+t)dt, c€R, To=1,
0
is the forward Steklov operator. It is proved that
() 1T =T5)" £l
is a suitable measure of smoothness for functions in L) (B), where ||-|| p() I8 Luxemburg norm in L, ) (B) . We

obtain main properties of difference operator ||(I — T5)" f|| p() I Lp(a) (B) . We give proof of direct and inverse
theorems of approximation by IFFD in Ly,(,) (R) -

Keywords: Variable exponent Lebesgue space, one sided Steklov operator, integral functions of finite degree, best
approximation, direct theorem, inverse theorem, modulus of smoothness, Marchaud inequality, K-functional.
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1. INTRODUCTION

Some inequalities of Approximation Theory in a Homogenous Banach Spaces (HBS) can
be obtained their uniform-norm counterparts. This information is known for a long time,
(see e.g., [20] for definition of HBS). This elegant method was generalized to some variable
exponent Lebesgue spaces functions defined on R (see Theorem 1 of [9]). Generally, these
scale of function classes are non-translation invariant with respect to the ordinary translation
z — f(x+a). Here, we give several uniform-norm inequalities on C'(R) and apply them
to obtain several inequalities of approximation by IFFD in some variable exponent Lebesgue
spaces L) (R). Under some condition on p(z) of L,,)(R), we obtain main inequalities of
exponential approximation by IFFD such as Jackson-Stechkin-Timan type estimates and equiv-
alence of K-functional with suitable modulus of smoothness () given in abstract for functions
of L, (R). Note that many results of approximation by IFFD can be obtained easily their
uniform-norm counterparts in C'(R).
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Approximation by entire IFFD on the real line 215

Consider an entire function f(z) and put M (r) = max . —, | f(2)| for z = x + iy. We say that
an entire function f is of exponential type o if limsup, .7 'InM(r) <o, o < oco.

The approximation by entire function of finite degree in the real line was originated in the
beginning of twentieth century by Serge Bernstein [15] and became a separate branch of analy-
sis due to the efforts of many mathematicians such as N. Wiener and R. Paley [45], N.I. Achiezer
[4], S.M. Nikolskii [42], L. Ibragimov [29], A.F. Timan [52], M.F. Timan [53], R. Taberski [54, 55],
E.G. Nasibov [41], V. Yu. Popov [46], A.A. Ligun [43], and others.

Studying function spaces with variable exponent is now an extensively developed field af-
ter their applications in elasticity theory [58], fluid mechanics [47, 48], differential operators
[19, 48], nonlinear Dirichlet boundary value problems [40], nonstandard growth [58], and vari-
ational calculus. See the books [16, 18, 51] for more references. Nowadays, many mathemati-
cian solved many problems for the approximation of function in these type spaces defined on
[0,27] C R (see e.g. [7, 8, 26,30, 31, 34], [1, 2, 3, 11, 12], [5, 6, 9, 13, 14],[22, 24, 25, 28, 32, 33,
36],[37, 38, 44, 49, 50, 56]). In this paper, we propose generalized our last results in [10] which
we obtained a direct and inverse theorems for approximation by entire functions of finite de-
gree in variable exponent Lebesgue spaces on the whole real axis R with

(1.1) sup [|(Z = Th) fllp()
0<h<é

as modulus of continuity Q;(f,d),.). Instead of (1.1), here we will use

(12) 12 =T5)" fllpc)

as modulus smoothness €..(f,d),(.) and we obtain stronger Jackson inequality than obtained
in [10].

_ Let B C Rbe ameasurable set and p(z) : B — [1,00) be a measurable function. We define
P (B) as the class of measurable functions p(x) satisfying the conditions

(1.3) 1 <pp :=essinfepp(x), ph = esssup,cpp(r) < co.

Wealsosetp™ :=pgandpt := p} We define the L,.y(B) as the set of all functions f : B — R
such that

(1.4) Ly.s (O ;:/B N

for some A > 0. We set I,y (f) := I(.y,r (f). The set of functions L,.,(B), with norm

: f
I fllpc), := inf {77 >0:1Ip0),B (71 <1

is Banach space. We set L.y := L) (R).
For i € N, all constants ¢; (z,y, - - - ) will be some positive number such that they depend on

p(y)
dy < oo

fy)

the parameters x,y, - -- given in the brackets. Also, constants ¢; (x,y, - --) can be change only
when the parameters z,y,--- change. Absolute constants cy,cs,... will not change in each
occurrence.

Definition 1.1. For a measurable set B C R, a measurable function p(-) : B — R is said to locally
log-Holder continuous on B if there is a positive constant ¢y (p) such that

(1.5) Ip(z) — p(y)|log (e + 1/|z — y|) < 1 (p) < o0

forany x,y € B. We say that p satisfies log-Holder decay condition if there is a constant co (p) > 0 and
Poo > 1 such that

(1.6) Ip(z) — Poollog (e + |2]) < ca (p) < 00
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forany x € B.

Define the class P19 (B)
max {c1 (p) ,c2 (p)}-
Definition 1.2. ([27, p.96]) Let N := {1,2,3, - - - } be natural numbers and Ny := N U {0}.

(a) A family Q of measurable sets E C R is called locally N-finite (N € N) if
Z xe () <N
E€Q

almost everywhere in R, where xy is the characteristic function of the set U.

(b) A family Q of open bounded sets U C R is locally 1-finite if and only if the sets U € @ are
pairwise disjoint.

(c) Let U C R be a measurable set and

1
Auf = U/ £ (1) dt.

(d) For a family Q of open sets U C R, we define averaging operator by

{p € P(B): % is satisfy (1.5)—(1.6)}. We set c3(p) =

Tq : Lip. — L,
X
Tof (x) =Y xv(z)Avf = Z ol /|f Ndy, =€ R,
UeQ UeQ

where L is the set of measurable functions on R.

For a measurable set A C R, symbol |A| will represent the Lebesgue measure of A.
We consider Transference result.

Definition 1.3. For 0 < § < oo, 7 € R, we define family of Steklov operators
1 z+5/2 5/2

(1.7) Ssf(x) := / fx+t)dt, ze€R,
6 Ju sy T 5/2

where f is a locally integrable function defined on R.

The following result was obtained by Drihem for every cubes or balls in R®. We write below
its restricted version with constants. The proof of this is the same with Theorem 2 of [23].

Proposition 1.1. ([23]) Suppose that p € PL°9 (R) and Q is a bounded interval of R having Lebesgue
measure > 1. For every m > 0, there is ¢4 (m, c3 (p)) = exp (—4mcs (p)) € (0, 1) such that

p(z) oy

ca (m, ¢ (p (w+7) 37
2N e M d p d -

+ 37 ‘1/7@ "
J (e+ly+7))

holds for all x € Q, 7 € Rand all f € Ly(.) + Lo (R) with || f[|,.) + [ fll =1

Theorem 1.1. Suppose that p € PL°9 (R). Then, the family of operators {U, f} < r defined by

+1/2

L{Tf(x):zslf(m+7):/_1/2 fle+7+t)dt, 2€R, TER
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is uniformly bounded (in 7) in L.y, namely,
6l < 5 (0%oc3 ) £l
holds with c5 (p*, c3 (p)) := 20 +13v" (1 2.3t [0k 2}) exp (8¢ ().
Proof of Theorem 1.1. Let us consider f € L., with || f[|,,., < 1/2. Suppose that
Q:={U C R: U openinterval and |U| =1}

be a locally 1-finite family of partition of R. Choose m = 2 > 1 (constant ¢s (p*) below becomes

a finite number)
co (pt) =27 37" (1 +2.37" [ZH 9k 4 2D < o0

We can select ¢4 (2, c3 (p)) = exp (—8¢3 (p)) € (0, 1) as in Proposition 1.1. Then, using Corollary
2.2.2 of [27, p.20] we obtain

p(z)
c1 (2,3 (p)) > 1 / /“/2
V| ————————Uf | = cq (2,c r+T7+1t)dt dx
pp() ( s (p+) f e (p+)R 4( 3(p)) 172 f( )
1 +1/2 p(x)
< cq (2,¢c3(p / flx+74+1t)dt dx
ce (p) UeQ[/ +(2:5(p)) —-1/2 ( )
i p(x)
2P cy (2,c
< / & (223 (7)) /XQU W fy+7)dy| dx
wh) ) [ Rl )
<- / Dau /If (y+ )" dy+
Ul
UEQU 2U
_l’_

E +X2U(y)/ 3y |
(e+lzl)® UL J (etly+])°

<2ZE;J?:Z; /[XZU / £ ()" ds

veq 2U+T1

N 3p"-19 N / 3p" 145
2 2
For (e +1s])

op’ 130" ds
S onl PR I ERE A e
o) \ & J (et lsh)
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and hence
||quHp(.) < 27105 (p+, C3 (p)) .
General case f € L,.) can be obtained easily by re-scaling:
||Urf||p(.) <¢s (p+, e3 (P)) ||f||p(.) .
O
Theorem 1.2. ([18, Theorem 4.4.8]) Suppose that p € PL°9 (R) and f € Ly.). If Q is locally 1-finite

family of open bounded subintervals of R having Lebesgue measure 1, then the averaging operator Tg
is uniformly bounded in L, .y, namely,

ITQ fll,y < er(ea @) I f 1y
holds with c7 (¢ (p)) := 2exp (8¢s (p)) .

Let C(R) be the class of continuous functions defined on R. For r € N, we define C”
consisting of every member f € C(R) such that the derivative f(*) exists and is continuous on
Rfork =1,...r. Weset C™ := {f € C" for any r € N}. We denote by C. (R), the collection
of real valued continuous functions on R and support of f is compact set in R. We define
Cl=C"NC.(R)forr €e Nand C¢° := C* NC.(R). Let L, (R), 1 < p < oo be the classical
Lebesgue space of functions on R.

Theorem 1.3. [18, Corollary 4.6.6] Let p € PL°9 (R) and f € Ly.y. Then

1l
(1.8) SO sup /R @) g (@) dz <2 fll,. -

12¢7 (¢3 (P)) ™ geL,ynCeilgll, ) <1

Definition 1.4. Let p € P*°9 (R). Foran f € L., we define

(1.9) Fy(u) == / (S1f) (x +u) |G (z)|dx, u€ R,
R
where G € Ly )N Cg® and |G|,y < 1.

Let W;(.), r € N, be the class of functions f € L.

k=1,..,r—1, f=1 absolutely continuous and e L.
Some properties of the function F¥ (-) is given in the following theorem.

Theorem 1.4. Let p € P9 (R), 0 < § < oo, and f € Ly.). Then,
(a) the function Fy (-) defined in (1.9) is a bounded, uniformly continuous on R,
(b) (Ssf) =Ss (f)on Rfor f € W
Main theorem of this section is as follows.

Theorem 1.5. Let p € P9 (R). If f, g € L, and

y such that derivatives f (k) exist for

HFch(R) <c HE(]HC(R)
holds with an absolute constant ¢y > 0, then norm inequality
(1.10) £y < es (e, 0, ¢3 () [lgll,y
also holds with cs (c1,p™, c3 (p)) := 48¢7 (c3 (p)) c1cs (P, e3 (p)).

Remark 1.1. Theorem 1.5 is a powerful tool to obtain norm inequalities in L., (and other non-
translation invariant Banach spaces of functions) for p € PL°9(R). In this work, we will use it
frequently. See for example the following result.
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As a corollaries of Theorem 1.5, we get the following two results:

Theorem 1.6. Suppose that p € PL°9 (R), 0 < § < oo and 7 € R. Then, the family of operators

{Ss,+ [} defined by
1 z+7+6/2
f/ f(s)ds, z€R

+7—06/2

Ssrf(x) :=Ssf (-+7)
is uniformly bounded (in § and 7) in Ly .), namely,
1S5, f 1L,y < 48¢7 (s (p)) e5 (T, c3 () 1f 1,
holds.
Corollary 1.1. Let p € PL°9(R), 0 < § < oo, and f € L. If 7 = 6/2, then

Ss.s/2f (x 5/ flx+t)ydt =Tsf (x),

(1.11) HTBprp)f§48C7(03(p)) es (0%, es (0) 1,0 -
17 = T5)" fllpy < (14 48e7 (e3(0)) e5 (5 e3 (0)))" £l -
For the proof of these results, we will need the following Propositions.

Proposition 1.2. (1) C, (R) and C2° are dense subsets of L, (R), 1 < p < oo (Theorems 17.10 and
23.59 of [57, p. 415 and p. 575]).

(b) C. (R) contained L, (R), but not dense (Remark 17.11 of [57, p.416]) in L, (R) .

(c)Ifr € Nand f € C, then S5 (f) € C7.

Proof of Proposition 1.2. (a) and (b) are known. (c) is follows from definitions. ]

Proposition 1.3. ([18, Theorem 2.26]) Let B C R be a measurable set. If 1 < p(z) < pjg < 00,
p'(x) = p(x)/(p(x) = 1), f € Ly)(B), and g € Ly (.y(B), then Holder’s inequality

(1.12) /f )z <2l 51900
holds.

Proof of Theorem 1.4. (a) Since C. (R) is a dense subset ([39, Theorem 4.1 (I)]) of L,,.), we con-
sider functions H € C. (R) and prove that Fy; (-) = [(S1H) (z + u1) |G ()| dz is bounded and
uniformly continuous on R, where G € L) N C and |G|,y < 1. Boundedness of F (-) is
easy consequence of the Holder’s inequality (1.12) and Theorem 1.1. On the other hand, note
that H is uniformly continuous on R, see e.g. Lemma 23.42 of [57, pp.557-558]. Take € > 0 and
up,uz, x € R. Then, there exists a ¢ := § (¢) > 0 such that

9
H (@ +w) = H @+l < ga g

for |u; — ua| < 4. Then, for |u; — ug| < 0, u1,us € R we have

|F'u (u1) — F (u2)] =

/Rs1 (H (2 +w1) — H (2 +u)) |G (2)] do

(1+\Supp /'Sl NG (@) de = (1+|Supp /'G ) dw

(1+ |supp (G)) |Gl ) <&

§a+mwm®n
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Now, the conclusion of Theorem 1.4 follows for the class C.. (R). For the general case f € L.,
there exists an H € C. (R) so that

If = Hll,.y <&/ (8¢5 (pT,c3(p)))
for any £ > 0. Then, for this ¢,

|Fy (u1) = Fy (ug)] < ‘/ Si(f = H) (z +w) |G (z)| dw

’/ Sy (H (z+uy) — H (z +u2)) |G (2)| da:

+ ’/RSl(H—f) (@ +u2) |G ()] d

<2|Su (f = H) (- + 1)y + ‘/Rsl (H (z+w) = H (z + u2)) |G ()| dz
+2[IS1 (f = H) (- +u2)
<des (pToes(0) If — Hll oy +€/256/2+€/2=¢

As a result F; is bounded, uniformly continuous function defined on R.
(b) can be obtained easily from definition. O

Proof of Theorem 1.5. Let f € L,y be non-negative. If Hf||p(_) = 0, then the result (1.10) is
obvious. So we assume that co > || f|,,., > 0. In this case

/ S, (9) (u+2) |G (2)] da
R

HFfHC(R) <c HFg”c(R) =C

C(R)
=c max /RSl (9) (u+2) |G (z)] dx

< 2ermax [1Sy (9) (u+ ),y < 265 (P73 (p) €1 llglly

where we used hypothesis, Holder’s inequality and Theorem 1.1, respectively. On the other

Hpr(.) . ~
hand, for any € € (O7 m) and appropriately chosen G. € L, (. o[ < 1 (see
e.g. Theorem 1.3)
1
[ 19@) |62 @)]do > s Nl -

one can find

1Ffllomy > 1 (0)] > /R S, (f) (@)1C (@) da

=51 ([ 1 @16@Idr) 28 (G 1) <)

1
= 2o (e () o)

In the last inequality, we take as ¢ — 0+ and obtain

1Fslocm > Trorereyy M b
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Then for f € Ly, we get

11l < 24e7 (s () 1 Fll o my < 2407 (3 (p)) €1 [ Fyllomy
< 48¢7 (c3(p)) c1c5 (P+703 (P)) ||9||p(.) :
(]

Definition 1.5. For p € P9 (R), f € Ly, 0 <6 < oo, 7 € No, we can define modulus of
smoothness as

Qr(f,0)py =T = T5)" fllpey,
Qo(f,0)p) =l fllpey =2 Qe (f,0)p(.y-

2. UNIFORM NORM ESTIMATES

In this section, let Q@ C R be a measurable set and C () be the collection of functions con-
tinuous on . If @ # Rand f € C(2), we will extend f to whole R by “f (s) = 0 whenever
s ¢ Q.” when necessary. For f € C'(2) and 6 > 0, we define the modulus of smoothness as

(2.13) Q- (f.0)cw) =IU =Ts)" fllew, r€N,
Qo(f,)ew =lfllcw)

with T f of (x).

Lemma 2.1. Let 0 < § < oo, 7 € Nand f € C" (Q). Then

ar dr
dor T(;f (.23) =Ts dur f (JJ) on .

The following theorem states the main properties of (2.13).

(2.14)

Theorem 2.7. For f € C'(2),0 < J < oo, and r € N, the following properties hold.
(1) Qr (f,6)c(q) is non-negative, non-decreasing function of 6,
(2) Q. (f,0)c(q) is sub-additive with respect to f,
) 1 Tsflloge) = Ifllew) -
@) Q0 (£ 0o < 2% 1 (f: Oy <+ <2710 (£ <2 Iflowys (9
5) 0 (0o < 27001 (1 8) ey - S 270 ||fO o i F € CT(9).

Let X be a Banach space with a norm ||-||y and » € N. We define Peetre’s K-functional for
the pair X and W as follows :

Ky (£.6.X) 5 = it {If —gllx+0 o)
X

X} 5> 0.

Weset T7 f:= (T5f)".
Lemma22. Let0 < <oo,r—1€N,and f € C" (Q) be given. Then

dr r d dril r—1

dur Té‘ f (CC) = %Tg WT(S (fL') on Q.

Lemma 2.3. (see e.g.[17, p.177]) Let Q@ C R be a measurable set, § > 0, f € C () and T5f () =
f (-4 0). Then, for any r € N, there holds

(2.15)
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A O
20 T K (f,6,C(9) 0

Main result of this section is the following theorem.

Theorem 2.8. Let Q C R be a measurable set, 0 < § < oo, f € C (), r € Nand g € C? (). Then,
the following inequalities

d 2
|2 @] < 2iflew.
c()
d? 2
ni@| <3| Eme
Hd 2 c(Q) 0 ||dx c(Q)
6 d 52| d?
9(z) —Tsg (z) + 5 -9 (z) < —\l5=9 :
H 2dx c@ 6 l1dz*7 g

(2.16) (s () Kr (£,6,C D)ey < 1T =T5)" fllo@) < 27K (£,6,C () gy
are hold with cg (1) = 36, cs (r) =27 (r" 4 (34)") for r > 1.
As a corollary of Theorem 2.8, we can state the following result.
Proposition 2.4. If0 < h < < ooand f € C(Q), then
(217) (I =Th) fllo@ < 721 = T5) fllo) -
As a corollary of (2.16) and Lemma 2.3, we can write

Corollary 2.2. Let Q C R be a measurable set, § > 0, f € C' () and r € N. Then,

(i) there holds
11T
G- 2) g,
= T =T fllew
(ii) for 0 < 61 < &9, there holds
(14+2777) Q0 (f,01) ooy < 8 (1) 27 (f,02) ()
Remark 2.2. From Theorem 23.62 of [57, p.579], we have
(2.18) }i\% Qi (f.0)cr) = }i{‘% (I =T5) flle(m) =0

< 2"¢g (1),

Corollary 23. If f € C (R), 0 < § < oo, and r € N, then, by (2.18) and (***),
LS Q- (f,0)cwm) = g 1T =T5)" fllem) =0

holds.

Let G, (X) be the subspace of entire function of exponential type o that belonging to a Ba-
nach space X. The quantity

219) Ao(f)x = t{lf — gllx + g € Go (X))

is called the deviation of the function f € X from G, (X).
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Let Gy () := Go (Ly()) be the subspace of integral function f of exponential type o that
belonging to L,.). The quantity
Ao (D) =S = gllp) + 9 € Gop}
is the deviation of the function f € L., from G,.
Remark 2.3. Let 0 > 0,1 <p < oo, f € L, (R),

9 (z) = 2sin (z/2) s21n(3x/2)

T T
and

J(f,a)za/Rf(x—u)ﬂ(au)du

be the de la Valée Poussin operator ([13, definition given in (5.3)]). It is known (see (5.4)-(5.5) of [13])
that, if f € L, (R), 1 < p < oo, then

(i) J(f,0) € Gaw (Ly (R)),
(i) J(9o,0) = go for any g, € G, (L, (R)),
(i) |7 (f,0)llL,m) < 311z, m),
(iv) (J(f,o))") =T (f,0) foranyr € Nand f € (L, (R))",
@ 17 (f, %) — fllL,(r) — 0 (as ¢ — o) and hence
k
” (J <f7%>)( )*f(k)HLP(R) —0aso — o0
for f e WEP(R) and 1 < k <r.

Corollary 2.4. Let 0 < o < 0.
(i) If1 <p < oo, f €Ly, (R). Then, using (v) of the last remark, we conclude

Jim Ay (f)z,m) =0
(ii) Let g : R — C be bounded on the real axis R. Then (see [14])
Jim As(9)cr) =0
if and only if g is uniformly continuous on R.
Theorem 2.9. Letr € N, o > 0,6 € (0,1) and f € C(R). Then, the following Jackson type inequality
(2.20) As (Femy < 5m4" les (1) Q0 (f,1/0) oy

and its weak inverse
1/8
(2.21) Qr (f, 0oy < (L +227 1) 277 1e <Ao (Nery + /
1

are hold.

u"t A, (Ner) du)
/2

Weset |o] :=max{n €Z:n <o}.
Theorem 2.10. Letr € N, f € X&R) and o > 0. Then
(a) (i) there exists (see [13, Proposition 25]) a g, € G, (C(R)) such that
om 4" .,
As (f)c(R) <|f —gch(R) = **Hf( )HC(R)v

4 o"



224 Ramazan Akgiin

(i) and its weak inverse

B = (v41)
I Wl < (1425 22y () S U2 (e

0
holds whenever k = 1,2, ;rand 3272 (v + 1)" 1Ay (f) () < o0
(b) (i) the following inequality (see [29, p.397])

(ii) and its weak inverse

A (1) gy <17 = (717 5)
< (1 4 227"—1) 27217 g (1) ( C(R) ijj ul + i f)c(R))

v=|o|+1

hold when 3~7" (v + 1) Ay (f)ery < 0

Theorem 2.11. Letr k € N,0<t<1/2,0< 6 <ooand f € C(R). Then
(i) there holds
Qe (£, 0)e(ry < 2" (£,0)c(my
(ii) and its weak inverse (Marchaud inequality)

! QT—HC (fv u)
Q- (f:t)e(ry < Co (1K) tr/t Tamdu

with Cy (r, k) = 107 (1 4 227—1) 22r+3keg (r 4 k) .

Theorem 2.12. Let o > 0and f € C(R). If 3272 (v+1)* "' A, (f)¢(g) < o0, holds for some k € N,
then

(i) the following Jackson type inequality for derivatives
—k (k) —1
s Neqmy < 60 es o0, (10,071)
(ii) and its weak inverse (see Theorem 6.3.4 of [29, p.343])

o] r+k
1 , 1 & (w+1)
Q, (k) — < 92k+r+1 = S A,
(f ‘o C(R) - or Z v+1 + Z C(R)

v=0 v=|o|+1
are hold.

2.1. Proofs of the results of section 2.

Proof of Lemma 2.1. For 6 = 0 (2.14) is obvious. For 0 < § < 0o, and r = 1, one can find

em -} [rerna) <} [ L

_ %/0 (iﬂf) (x—&—T)dT:Té%f(x)'

For r > 1, (2.14) follows from (2.22). O
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Proof of Theorem 2.7. (1)-(3) is known. (4) is seen from binomial expansion. To prove (5), it is
sufficient to note inequality (see [10])

I =T5) fllogy <2700 oy, 0>0
for f € C* (). Then

I—T5)" <27 ‘I—T =y <o <27 || M
I = T)" Flloy <278 || (0 =T 7| ) <o <27 1))
for f € C" (Q), because
(1 =T5)" f]' = (I =T5)" f'.
(]
Proof of Lemma 2.2. For r = 2, by Lemma 2.1,
d? d d d d
- 3T f = ~—-—Ty W V=T
d25fdd of =y | of]
d . d d . d
= — _ = — 7T
deédm\I’ d:cTéd:v 2
and the result (2.15) follows. For r = 3, by Lemma 2.1,
d? d d? d & _, d d, . d
i = g = g ddT‘sdT‘S\II
d d, ., d d . dd d
— 7 22— 2. 7T
L Al et el LRt
and (2.15) holds. Let (2.15) holds for k € N:
dk d dk—l
(2.23) = TS T
Then, for k + 1, (2.23) and Lemma 2.1 1mp11es that
dk“kl d d* _, d d* _, d d, . d~=t .
e R Al e 6f:(7@ oV G T 1T v
d d dk=1 d dF1!
:ﬁdedxkléf_* ddkléf— kéf
O
Proof of Theorem 2.8. For f € C (Q), we have
d
’d:ﬂ (:v) dxé/fx+t )dt
Q)
1d [=F 1 2
e =L [ H5<f<x+6>f<x>> < 2 leqsy-
T c®) c(Q)
Inequality (2.24) also implies
d\? 2
() mrw| <3| Ems
z c@) c(Q)
for f € C(Q). If f € C?(Q), one can get
5 d 52 | d?
.25 lro-nrw+gpr@| <%l
2 dx oy 6 dx? c©)
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To obtain (2.25), we will use the Taylor formula

Fot) = F@) + 0 f@) + 5 7 (E)

for some £ < [z, + t]. Then, integrating the last equation with respect to ¢

5 s d s P2
%/0 f(fﬂth)dt:f(ﬂc)Jr%/0 tdt—— f( )+%/ £t f(€).

Tof (2) = 1(@) + 3 f (a) + o (E)

and (2.25) holds.
Now, (2.24) and (2.25) imply that

(2.26) (1/36) K1 (f,6,C(Q) ) < 1L =1T5) fllo@) < 2K1(f,6,C (D) ¢ -
Firstly, let us prove the right hand side of (2.26). For any g € C! (Q)
1f =Tsflley < 1 —glle@) + Hg = Tsglloy + 175 (9 = Hllew

<2[f =9gllc@ *+5 ||9 o) < 2K1(£,6,C(2))¢q) -
For the left hand side of inequality (2.26), we need inequalities

d

—T
e if

<34f - Tsfllow -

(2.28) 5 ‘
c@)

First we prove (2.27). Then
|f - T(sQfHC(Q) <SWfF =Tsfllow + 1Tsf = TsTs fllowy < 21 = Tsfllcw -

Now, we consider inequality (2.28). In (2.25), we replace f by 77 f and obtain

6 d 52 || a2
[zt @ -nnzr@ g <G| G
@) @)
On the other hand, by (2.24),
d> 21 d
T < - T

‘de o c@ 5‘dx 5/ o)
2 d
2 H%f +MTH%f—ﬁ
5 @) dzx @

2 4
<3|, 5 Ims Sl
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Hence,

dTZf

dr " °

d

5

0
2

< |z2s- H T2 = T3 o

c(Q) c()

= 6 ||da?
{ + 2t - £ }+HT2f—fH

< 6 3 5 Q) s Q)

+ || Ts (T3 f - f)||c(9) H1T5f = fllcw -

o) d o
6 || dx

d
~ T2
5de 5 f

+ HT52f - T‘sT(ngC(Q)

Then

17
< 5 ITf = Fllew

c(Q)

< 34|Tsf = flleg -
o)

To finish proof of the left hand side of inequality (2.16) with r = 1, we proceed as

K1 (£,6,C(Q)c@ < |If - T5f||0<9>+5H 71

<36 |T5f — fllog) -
Q)

The proof of (2.16) with r = 1 now completed.
Let r > 1 be a natural number and we define

s =30 (Do,

=1
Then,
1f = gllo = | =T 1] ) < @I =T Flleqey -
On the other hand,
dr dr—l
57’ T27‘f _ 57‘ 16’ ( >T2r2
ETI | da dar=1) 70 c@)
dr—1
<346 (I = Ty) ——— T3 f
dx o)
< (342672 ||(I - Ty)? - T27 4f
dz’™— )
< <G IT =T Flloge
Then
ST - 2Tlf §(34)r (I T) 2rl 1fH
da: o)

= (34)

T =Ty ] < G0N =T Flog)-

227
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Using the last inequality, we find

d’" d" & =1 (T 2rl
r = r Z (_1) ( )T(Sr f
dx o) dx =1 ¢ c(Q)
i T B ™\ d" -
=9 Z(‘ R (z)ng f
c(©)
57 2rlf
( ) dl”" o)
)N —Ts)" flle@
and
T dT‘
K, (f> 67 C (Q))C(Q) < ||f o gHC(Q) +9 ’ dll?rg
c(Q)

<270+ (B3 I = T5)" flloy
For the opposite direction of the last inequality, when g € W ()7

Q- (f,0) ) 2" 1f = 9llc@) + 2 (9:0) o
(2.29) <27 ||f =gl +2776" [|lg")

o)’
and taking infimum on g € W/, in (2.29), we get

(f7 )C(Q < 2TK’I‘ (fv 67 C (Q))C(Q) .

]
Proof of Proposition 2.4. Let f € C (£2). Then
(I =Th) fllc@) < 2K1(f,h,C (Q))C(Q)
< 2K (£,6,C (Q)o(q) < 21T =T5) fllog) -
]

Proof of Theorem 2.9. (i) We consider Jackson type inequality (2.20). For any g € X7 ), we have
Ao (flery < Ao (f = 9ery + A0 (9)e(r)

sra |

4o || dar?

‘C(R) .

Ao (flery < 57214T (f’ - ))C(R) = %CS ()4 (I a Ti)TfHC(R)

(if) We give the proof of inverse estimate (2.21). Let ¢ > 0 and g, € G, (C(R)) be the best
approximating IFFD of f € C(R). Suppose thatr € N, 0 < § < 1. Then, there exists a m € N
such that [1/§] = 2™~1. Hence, 2™~ ! < 1/§ < 2™. Now, we have

Q- (f,0)cr) < (f — g2, 8)c(r) + 2 (92, 0)c(m)

T

A" g2

<If=glew +

Taking infimum on g € X¢ ) in the last inequality, we have

< 2" Agn (feqry + 27707

C(R)
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On the other hand

dT‘
dz” gam

S (- Y (g
C(R) - dx” g2 dx” gar—t dz” 9 dz” go

r=1

C(R)

<

NE

277 |lg2r — gav— ||C(R) + llgr — QOHC(R)
1

Ao (Nery + A1 (Her) + Z 27 (AW (Nery + Az (f)C(R))
y=1

< Ao (Her +2" 41 (fer) +2 Z 27" Ayr1 (fle(my

y=1

2
Il

IN

<2 (Ao (Pery + D2 A (f>C(R)> :
y=1

Then,

dr
wQQm,

3

o
2

2 m
fyy@“mm+xfmwwm®)
y=1

C(R)
Hence,

2(m+1)r 2 m
mumam_WTAwqum+wﬁ<%umm+§ﬁﬂ%uumm>
~y=1

A

y—1
m 2

(1 + 227‘—1) 21—7'227'67‘ AO (f)C(R) + Z / uTl_lAu (f)C(R) du

7:12772

IN

S (1 + 227-_1) 27'_167' (AO (f>C(R) + 12

< (1+2¥hy2rlsT (AO (f)C(R)qL/1 u Ay (Fe(ry du>.

/2
]

Proof of Theorem 2.10. Results a) () and b) (i) are known. Let us consider a) (ii). Suppose that

3 (”Vtrll)r Ay (f)e(ry <ocand k € {1,2,---,r}. Then, using Nikolskii inequality, one gets

v=0

15Ol = m 17 (79, 2 ey = Jm 11 (7 (£,2))" llewm

o—00
sup

\K
I-T J(f, 3 o
7 |h<s ( h> ( (f 2)> cry _ 2 es (k) (J (f7 5) 7(S)C(R)
= 2k o+ = o o+
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[1/4] (v + 1)F o
< (142257 28 2rkeg (k) ) BRI (J (f’ §)>C(R)

v=0

_ = (v+1)
< (1+22k 1) ok+2 ko (k)z%fly (Nery -
v=0

Note that (ii) b) is follow from (i) b). a

Proof of Theorem 2.11. (i) follows from properties of modulus of smoothness. We consider Mar-
chaud type inequality (ii). Let 0 < ¢ < 1/2. Assume that 2~ < 1 < 2™ for some m € N.
Then,

Q(fi)em < (L+22071) 207t <Z 27" Agr-1 (flery + Ao (f)C(R)>

v=1
< ST 1 227‘—1 2r+2k D | A ¢ YT () 1
S5 (1+ ) cs (r+k)t" | Ao (flem) + ;1 ktr (S 27)C(R)
g—v+1

o™ 2r—1y 92r+3k Qerr (fyu)

<5 (14227 1) 223 g (1 + ) £ | Qo ( f, Z um Dhtrd D CER) gy,
2—m+l

5 . 1 Qper (fru)e

< = (1 492 1) 92r+3k (r+ k)t | Qs (f, §)C(R) + / %du

2—1

r+1 r+1
1/2 t

1
T [ Qg (fu)e(r
<107 (1+22 1) 92 +3k08(r+k,)tk/T()

t

Q T\J > Q r\J>»
< 5 (14227 1) 22 (4 k) /’H(f)d +/k+(f)ﬂ'>d

du.

O

Using this section’s estimates and Transference result Theorem 1.5, in the next section we
will give several results on difference operator ||(I — Ts)" f|| »(-) and approximation by IFFD in

Lp(')'
3. APPLICATIONS ON DIFFERENCE OPERATOR AND APPROXIMATION

Notation . Since the 48c7 (c3 (p)) ¢s (p, c3 (p)) of (1.11) will be used very frequently in the next parts,
we will set c1p:=c10 (pT, c3 (p)):=48¢c7 (c3 (p)) c5 (pT, ¢35 (p)) -

Lemma 3.4. Let p € PL°9 (R),r € N,and 0 < § < co. Then

(I = T5)" Fllpy S €c1p2776" AR () fewr,
hold.
We will use notation K. (f,6,p(-)) = K, (f,, Lp(.))Lp(A) forr € N, p € PL°9(B),§ > 0and
J € Ly (B).

As a corollary of Transference result, we can obtain the following Lemma.
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Lemma3.5. Let 0 < h < 6 < oo, p € PL°9 (R) and f € Ly.y. Then

(3.30) (= T) fllpy < es (72,075 e (0)) 1 = T5) £,
holds.

In the following theorem, we show that K-functional K.(f,d,p (-)) and Q,.(f,d), ., are equiv-
alent.

Theorem 3.13. Let p(-) € PL°9 (R). If L), then the K-functional K, (f,0,p (-)) and the modulus
Q. (f,9) () are equivalent, namely,

1 < KT (fv(svp())
48¢7 (e (p)) 27¢cs (pt,es (p)) = Q(f,0)p()
< 48¢7 (c3 (p) {(2r)" +27(34) Y e5 (pF, ¢5 (1)) -

Theorem 3.14. For p(-) € P9 (R), f,g € Ly, and § > 0, the modulus of smoothness Q. (f, ) ()
has the following properties:

(1) Q- (f,0),. is non-negative; non-decreasing function of .
(2) For f,g € Ly.yand 6 > 0,

(3'31) Qr(f +9, 6);7(-) < Qr(fa 6)}7(-) + QT(Q? 6)1}(-)'
(3) For f (S Lp(.),
(3.32) %lir(l) QT (f7 (5)],(.) =0.

As a corollary of Theorem 3.13,
Corollary 3.5. Let p(-) € PX°9 (R). If 6, A € (0,1), f € L., then

Q. (f,78)

(L+ [A)" Qe (£,0),y < (48)° 2 (3 (p) 272 (pT, c3 (p)) ((2r)" +27(34)")

holds.

Theorem 3.15. Let p(-) € PL°9 (R), r € N, o > 0and f € L,.. Then,

(3.33) Ao (F)yey € et |(T=Tyo) £l

with c11 := c11(r, pt,c3 (p)) := 30m8"¢cs (pT, ¢35 (p)) c7 (c3 (p)) cs (7).
Now, we present the inverse theorem.

Theorem 3.16. Let p(-) € PL°9 (R),r € N, § € (0,1) and f € L,.y. Then,

1/6

2 (f,0)p() < c120" | Ao (f)p<»>+/“HAu/2 (Fp(y du
1/2

holds with c¢12 := c12 (1, pT, c3 (p)) := c1312¢7 (c3 (p)) (1 + 22"_1) 2", where
c1z3 = ez (ph, ez (p)) == 2¢5 (0T, e3 () (1 + 727 (3 (p)) ¢5 (0T, ¢3 (D)) -

In this section, we obtain Marchaud inequality.
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Theorem 3.17. Letr,k € N,p € PL°9 (R), f € L,y and t € (0,1/2). Then,

L0, (),
0 (£ < eut” |

holds with c14 = c14(r, k, p*, c3 (p)) := 48¢7 (c3 (p)) Co (v, k) c5 (pT, 3 (p)) -
Theorem 3.18. Let p € PL°9 (R), r € Nand f € Ly.). If

Z’/ Avya (fyy <00

holds for some k € N, then f*) € L., and

Lo}
1 1
k r+k—1
(334) Q, (f< )’a>p(,)§014 (Jj%(wl) Aypa (Fyey + Z Aypa ( >(.))

v=lo]+1
with c1q := c1a(r,k,p*, e3 (p)) = 48¢7 (c3 (p)) c5 (T, c3 (p)) 227472,
3.1. Proofs of the results of section 3.
Proof of Lemma 3.4. We note that (see [10]) the following inequality
(3.35) 1 =T5) Flly) <27 erod [F Ly 60
holds for f € L. Then

Q. (f, 5);,,(.) = ||(I*T5)Tpr(~) <. <277¢p0"

f’l"

,0>0
p()
forfewy .
Proof of Theorem 3.13. For any g € Wi (Q), we have F; € C" (2). Since FY is linear in f,

(I = T5)" Fy = Fy_myry and (F)" = Fyo,

using Theorem 1.5 we obtain
1= Ts)" ) < 24er (s (0)) | Fa—rys ey = 246 (e @) 10T = Ts)” Fill o
< 24¢q ( C3 (p)) 2"K, (Ff7 6,C (Q))C(Q)
oo}

)

< 4scr (ea ) s (e ) {17 = il + 9 [

< 24cr (cs (p)) 2" {”Ff - FQHC(Q) +0" H(Fg)(r)

= 24c7 (cs (p)) 2" {HF(ffg)Hc(Q) +0" || Fyer

(r)

P() } '
Taking infimum and considering definition of K-functional one gets,

1= T5)" Fllyg < 48cr (es () 275 (T3 () K (£.5,p())

Now, we consider the opposite direction of the last inequality. For

(=3 (-1 (l) T2F (),

=1



Approximation by entire IFFD on the real line 233

we have

T

d
Ko (10.00) < 1S =gl +0 | 10

‘p()

< 24cq (e3(p HF(f 9) Hc @ T [ Fg

co)

(Fy)" cm)}

. ()
< 24c7 (e3(p { 2" FfHC(Q 5T (Z (_1)171 (?)TE”Ff)
=1
{

—2467 63 ||Ff F, ||C'(Q +5T

cQ)
(r)
7)

o=y w35 o}

(@) (L = T5)" Fyllpq + 27 (34 nu—Ta)rFch(m}
= 2der (e (P) {2r)" + 2"} [ Fu 1yt ey
< 48¢r (e3 () {(2r)" +2°(30) o5 (03 (1) (T~ T)" Sl -

< 2487 c3 p

O

Proof of Theorem 3.14. Properties (1) and (2), by definition of €2, (f,4),., and the triangle in-

equality of L, are clearly valid. By using [21, Theorem 10.1] and [35 Lemma 2], the relation
(3.32) is satisfied. O

Proof of Corollary 3.5. We have

Q- (£,20),9 < A8er (e3(p)27¢s (T, 3 (p)) Ky (f, A0, p(4))
)

(L+ (A" Q0 (f,0),) I+ [AD)" Q (f,0),)
(48)" F (3 (p) 272 (pT 3 () (1 + |A))" L or (AT
< WAz LDy 4 27aay)

= (48)" 3 (c3 (1)) 273 (p", 3 (p)) {(2r)" +27(34)"} .

Proof of Theorem 3.15. First we obtain
(3.36) Aoy (f)py <30m87cs (pT, 3 (p)) e1 (e3 (p)) es (7) (I = Tij20))" pr()

and (3.33) follows from (3.36). Let g, be an exponential type entire function of degree < o,
belonging to C(R), as best approximation of Fy € C(R). Since Fy,; = V,F; and V,9, = go,
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there holds
Ao (f)p(~) <Ir- Vapr(‘) < 24cr (cs (p)) ||Ff—Vach(R)
— 24cr (ca (9) I1Fs = Vo Frllo(
= 24cz (c3 (P) 1Fy — 9o + 9o = Vo Frlle(m)
— 2der (e3 (9)) I1Fy — o + Vodo — Vo Fyllo(n

= 12¢7 (c3 (p)) A, (Ff)C(R) .
Forany g € We g,
A (Wery < Ao (W= 9)e(r) T 40 (9e(r)
d’l’
dar?

IN

lu=gllew + 4 o=

C(R)
o) <k (uibom)

IN
t
3
=
S
=
RS
£

IN
>~
)
o0
—~
E
S~—
~
I
~
-
~—
5
£
2
3

Therefore,
Azy (f)p(~) < 12¢7 (c3 (p)) Ao (Ff)c(R)

< 15787 ¢y (c3 (p)) es (1) H(I - Tﬁ) FfHC(R)

= 15778TC7 (C3 (p)) Cg (T) HF(IiTl/(2o'))TfHC(R)
< 30m8"¢cs (p*, s (p) er (e3 (0) es () [[(1 = Taj20)" £ o,
O

Proof of Theorem 3.16. Let g, be an exponential type entire function of degree < o, belonging to
LP(), as best approximation of f € LP(). Then

Qe (£,0) 0y = I =T5)" fllc
< 2er (3 (0) || Fu-myy sl gy

= 24eq (e3 (p) (1 = T5)" Flle(my
1/6

< 1207 (CS (p)) (1 =+ 227"—1) T ST (AO Ff C(R) +/ u' 1A )C(R)d >
1

/2

1/6
< cugler (ea () (1+27 ) 28 < b, o a9 <.>d“> |
1/2

because

Az (Ff)c(R) < ||Fy — VUFch(R) = ||Ff*Vach(R) < 2¢; (p+,C3 (p)) If - Vof”p()
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= 2¢5(p"c3(0) If = 9o + 90 — Vo fllp

< 2¢5 (5%, s (0) (I = 9ol + Vot = Vil )

< 205 (s ) (I — gl + 7267 (e 0 es (%5 ) o — )
= 205 (p"e3(p) (1+72¢7(c3(p)) s (p7,e3 (0))) Ao (f) -

O

Proof of Theorem 3.17. Let g, be an exponential type entire function of degree < o, belonging to
LP(), as best approximation of f € Ly,.,. Then

Q (.0 = 10 =T Fllyy < 2der (es () || Fumriyr
= 2der (e3 () (T~ T)" Fillogny
o)

r C(R
< 2ter (ca () Co ()" [ ]
N
, u C(R
= 24c7 (c3(p)) Cy (ﬁk’)t/t w1 &
! H(I_T“)ka 0
< 487 (ea () Co () s (0 e () ¢ | S

! QT ’ .
= 48¢7 (3 () Co (1, k) 5 (P73 (p))tr/t Wdu‘

O
Proof of Theorem 3.18. Proof of (3.34) is similar to that of proof of Theorem 3.17. O
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Localization of the spectra of dual frames multipliers
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ABSTRACT. This paper concerns dual frames multipliers, i.e. operators in Hilbert spaces consisting of analysis,
multiplication and synthesis processes, where the analysis and the synthesis are made by two dual frames, respectively.
The goal of the paper is to give some results about the localization of the spectra of dual frames multipliers, i.e. to
identify regions of the complex plane containing the spectra using some information about the frames and the symbols.
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1. INTRODUCTION

Frame multipliers have been objects of several studies [6, 9, 17, 18, 19, 20, 21] and appli-
cations in physics [13], signal processing (in particular, Gabor multipliers [12, 16] attracted
interest as time-variant filters) and acoustics [4, 5]. Details about applications are discussed
also in the survey [22].

Frame multipliers are part of the Bessel multipliers which were introduced in [2] and we are
going to recall. A Bessel sequence of a separable Hilbert space H is a sequence ¢ = {¢;, }nen Of
elements of H such that there exists B, > 0 and

S Hf o) < BlIfI2,  Vf€H.

neN

The constant B,, is called a Bessel bound of ¢. A sequence ¢ = {¢, }nen is a frame of H if there
exist A, B > 0 (lower bound and upper bound of ¢, respectively) such that

(11) AIFIP <Y K en)? < BIFIP,  VfeH.

neN

Now, let ¢ = {¢n }nen, ¥ = {¥n }nen be Bessel sequences of H and m = {my, }nen € £, ie. a
bounded complex sequence. The operator M,, . given by

Mm,ga,w.f = Z mn<f7 w71,>80n7 f eH,

neN

is called the Bessel multiplier of o, 1) with symbol m. Correspondent versions of Bessel multipliers
have been studied also in continuous and distributional contexts (see [3, 10, 23]). A Bessel
multiplier M,, ., is called a frame multiplier if ¢ and 1) are frames.
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This paper deals with the spectra of dual frames multipliers, i.e. multipliers M,, . ,,, where
¢ and 1 are dual frames and m € ¢°*°. Two frames ¢ and v of H are called dual if f =
S nen( S on)tn for every f € H (or, equivalently, f = Y= _(f,¥n)¢n for every f € H). In
particular, the study of this paper is inspired by the result for Bessel multipliers shown in
Proposition 1 below, which is an immediate consequence of [2, Theorem 6.1], i.e. of the fact
that

11
(1.2) ||Mm,w,w|| < Sg§|mn|3w23w2a

where M,, . ., is any Bessel multiplier with B, and By, some Bessel bounds of ¢ and v, respec-
tively.

Proposition 1. The spectrum of any Bessel multiplier M,  y is contained in the closed disk centered

the origin with radius sup,,cy |my, \BﬁBw 3, where B, and By, are Bessel bounds of ¢ and ), respec-
tively.

Proposition 1 provides information about the location of the spectra of Bessel multipliers
in the complex plane. However, the given estimate may be too large for the spectra of dual
frames multipliers'. The main results of the paper, Theorems 4.1 and 5.2, provide more accurate
localization results for the spectra of dual frames multipliers M,, , , under some conditions on
v and 1. We also stress that these conditions are satisfied by many frames used in applications
(see Remark 4.2).

A localization of the spectrum of M, , ,, may show that M,, ., ., is invertible. The invertibil-
ity of multipliers was a subject faced in [6, 9, 17, 18, 19, 20] and Theorems 4.1 and 5.2 bring new
results in this direction (see Remark 5.4).

Moreover, the knowledge of a region containing the spectrum of M,, ., ,, gives, in particular,
information about the distribution of the possible eigenvalues of M,, . In connection with
this subject, recently in [9] some types of dual frames multipliers with at most countable spectra
have been studied.

The paper is organized as follows. In Section 2, we recall some basic notions of frame theory,
while we give some preliminary localization results about the spectra of dual frames multipli-
ers in Section 3. Finally, Sections 4 and 5 contain the main results mentioned above together
with examples.

2. PRELIMINARIES

Throughout the paper, # indicates a separable Hilbert space with inner product (-,-) and
norm | - ||. Given an operator T acting between two Hilbert space H; and #2, we denote by
R(T) and N(T) the range and kernel of T, respectively, and by T* its adjoint when T is bounded.

If T : H — H is a bounded operator, then we write p(T') and o(T') for the resolvent set and
spectrum of T, respectively. We recall that p(T) is the set of A € C such that T'— A has bounded
inverse (T'— \I)~! everywhere defined on H and o(T') is the complement set of p(T'). We recall
that two bounded operators T,7" : H — H are said to be similar if there exists a bounded and
bijective operator S : H — H such that T = S~'T'S. Throughout the paper, we will apply
the following standard perturbation result (for a reference see, for instance, Theorem IV.1.16 of

[15]).

!Indeed, if m € £°°, ¢ and v are dual Riesz bases (for the definition see the end part of Section 2), then the spectrum
of My, is the closure of the set {mn}nen (see [1, Proposition 2.1] or [8, Section 5.1]), which is in general smaller

1 1
than the closed disk centered the origin with radius sup,,cy|mn|By 2 By 2.
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Lemma 2.1. Let T, B : H — H be bounded operators. If T is bijective and || B|| < || T~ =, then
T + B is bijective.

We denote by 2 (respectively, /°°) the usual spaces of square summable (respectively, bounded)
complex sequences indexed by N. A limit point for m € ¢*° is the limit of a converging subse-
quence of m.

In the introduction, we gave the definitions of Bessel sequences and frames. Here, we recall
some other notions and elementary results about frame theory [7]. A sequence ¢ = {p,, }nen is
complete in H if its linear span is dense in A if and only if (¢, f) = 0 for every n € N implies
f = 0. A frame for # is, in particular, complete in H.

Let ¢ be a frame for H. We say that ¢ is a Parseval frame if (1.1) holds with A = B = 1. The
operator S : H — H, defined by

Sf=> (fiondpn, [EH,
neN

is well-defined, bounded, bijective and it called the frame operator of . The sequence { S~ ¢, }nen
is a dual frame of ¢, called the canonical dual, and {S _%apn}neN is a Parseval frame for H.
A Riesz basis ¢ for H is a complete sequence in H satisfying for some A, B > 0

Z Cn¥n

neN

2
<B Z|C”|2’ V{c,} € 2.

neN

(2.3) AN enl® <

neN

A Riesz basis ¢ for H is a frame for #, the constants in (1.1) can be chosen as in (2.3) and the
canonical dual of ¢ is a Riesz basis too (called dual Riesz basis of ).

3. BASIC LOCALIZATION RESULTS

In this section, we give two preliminary localization results of the spectra of dual frames
multipliers (Propositions 2 and 3) without requiring specific properties of the two frames. For
the first one, we need the notion of numerical range. Given a bounded operator T": H — H the
numerical range of T is the set ny = {(T'f, f) : f € H, || f|| = 1}. We recall also that the spectrum
of T'is contained in the closure of nr (see [15, Corollary V.3.3]).

In addition, we are going to use the following lemma, which states that to examine the
spectrum of a dual frame multiplier M,, , ,, where ® is, in particular, the canonical dual frame
of ¢, we can just consider a multiplier determined by a Parseval frame.

Lemma 3.2. Let ¢ be a frame for H, 1) its canonical dual frame and m € £°°. Then M,, , . is similar to
M, ., where p is the Parseval frame associated to @, and s0 0(Mp, ) = (M., p). In particular, if
m is a real (resp., non-negative) sequence, then M., ., is similar to a self-adjoint (resp., non-negative)
operator and o (M, ) is real (resp., non-negative).

Proof. Let S be the frame operator of ¢, which is a bijective operator. It is immediate to see that
Ch m,WpS% = M,,,p,p, Where p = S~3¢ is the Parseval frame associated to ¢. The rest of
the statement follows easily. O

Proposition 2. Let ¢ be a frame for H, 1) its canonical dual and m € ¢>°. Then o (M, ) is contained
in the closed convex hull of m, i.e. the closure of the set {3 . anmy = Y, cnlan]® = 1}

Proof. By Lemma 3.2, we can confine to the case where ¢ = 1) is a Parseval frame. We note that

<Mm,<p,<pf7 f> = Z mn|<f> @n>|27

neN
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therefore, because || f[|> = Y, cn|(f, ¢n)[?, the numerical range (and then also the spectrum) of
M, ., is contained in the closed convex hull of m. O

Remark 3.1.

(i) Under the hypothesis of Proposition 2, if in addition m is a real sequence, we have that o(M,, , ) C
[inf,en My, SUP,, ey ).

(ii) If @ is not a Parseval frame and ) is its canonical dual, then the numerical range of My, o .
is not necessarily contained in the closed convex hull of m (even though by Proposition 2
0 (M p.) is). For example, let

Sﬁ:{61’61+62,637...,€n,...}and'¢):{61762762,63,...,67“...},

where {e, }nen is an orthonormal basis of H and m = {2,1,1,... }. The sequences are frames
and ) is the canonical dual of ¢. Moreover, 35 belongs to thi numerical range of M, o v,
3+i

because (M, . f, f) = 2EL, where f = eﬁ% Nevertheless, 2+ is not in the convex hull of

m.
The statement of Proposition 2 may not hold if 1 is just a dual frame of ¢. For example, take
v =1{e1,e1,e2,...,€n,...and ¢ = {ie1, (1 —i)er,ea,...,€n,...},

where {e;, }nen is an orthonormal basis of H and m = {2,1,1,...}. Then, a straightforward
calculation shows that M,, o f = f + (1 —)(f,e1)e1 for every f € H, so M,, . is not self-
adjoint and, in particular, its spectrum is not contained in the closed convex hull of m, which is
a subset of the real line. For generic dual frames, we can actually state the following.

Proposition 3. Let ¢, be dual frames for H with upper bounds B,,, By, respectively. Let m € £>°. If
A€ Cand

(3.4) suplmy — | By? By? <|u— A,
neN

then X € p(My, o). In particular,
(1) if m is contained in the disk of center y with radius r, then o(My, ;) is contained in the disk
of center p with radius TB¢%B¢%;
(2) if m is real, then o(M,,,, ) is contained in the disk of center (sup,,enymn + infpen mm)
with radius 3 (sup, ey My — inf,en mm)B@%Bwé.
Proof. For simplicity, we write m — A and m — u for the complex sequences {m,, — A} and
{m,, — u}, respectively. If (3.4) holds, then by (1.2) we have ||M,—, .| <|@# — Al and by

Lemma 2.1 we have A — pu € p(Myp—p,p,0), 1.€. A € p(M,. ). Now, the rest of the statement is
immediate. O

When 4 is the canonical dual of ¢, Proposition 2 gives a more accurate result than Proposi-
tion 3.

4. MAIN RESULT 1

For the localization result in this section, we make the assumption that a frame contains
a Riesz basis. Note that this is not a very strong requirement. Indeed, it is satisfied by many
frames used in applications (see Remark 4.2 below for a consideration about Gabor and wavelet
frames). For simplicity, we write the statement of the result in terms of the resolvent set.
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Theorem 4.1. Let o, be frames for H such that for some I C N, {¢, : n € I}, {¢,, : n € I} be
Riesz bases for H with lower frame bounds A, 1 and Ay, 1, respectively. Moreover, let B, o and By o be
Bessel bounds of {y,, : n € N\I} and {1, : n € N\I}, respectively. Let m € ¢>°. If
(4.5) sup |mn\B%2%Bw’2% < inf |mn|A¢,1%A¢,1%,

neN\T nel
then My, is bijective.
If, in addition, @ and 1 are dual frames and

(46) sup |mn — A‘BLP_Q%BQ/) 2% < inf |mn — >\|Atp 1%141/) 1%,
neN\I ’ ’ nel ’ '

then A € p(M,. )

Proof. We can write M,, , , = M + My, where M, = M, 1) o) and My = M, o) pe),
m® = {m, :nel}, m? = {m, :neN\I}, oM = {p, : nec I}, @ = {p, : n € N\I},
YO = {4, :n e I}, @ = {4, : n € N\I}. First of all, inf,,c; |m,,| > 0 holds by (4.5), so M, is
bijective by [17, Theorem 5.1]. Moreover, (4.5) allows to apply Lemma 2.1 because

1 1
[Ma]| < sup |mn|Bg 22 By 22
neN\T

by (1.2), and
inf [, |Ap 12 Ay ? < MY
nel ' :

by Propositions 7.7 and 7.2 of [2] and the fact that a Bessel bound of the canonical dual of ¢
(resp., ¥) is A, 1! (resp., Ay1~"). The second part of the statement now follows from the fact
that M., ., — A = Mp,_» . When ¢ and ¢ are dual frames (here, we write m — A for the
sequence {m,, — A}). O

We show an application of Theorem 4.1 with an example of multiplier with 0 — 1 symbol (i.e.
a sequence made only of 0 and 1)2.

Example 4.1. Let ¢ be a Parseval frame for H such that {pap, }nen is a Riesz basis for H with lower
bound A. Clearly, we have 0 < A < 1. Consequently, {@aon—1} is a Bessel sequence with bound 1 — A.
Let, moreover, m be a sequence of 0 and 1. With these choices, we apply Theorem 4.1 to My, , .
Condition (4.6) is

4.7) sup|man—1 — A|(1 — A) < inf |ma, — A|A.
neN neN
We have
=\, A <0,
A o<a<i
inf {| = Al [T =X} =17 N
neN 1—)\7 5 <)\§ 1,
A—1, 1<),
and
1-X, A<O,
1—X 0<A<1i
sup{| — Al, |1 - A} = , ;
neN A, 5 <A< 1,
by 1< A

2Such a multiplier often occurs in applications, see e.g. [22].
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Since, by Proposition 2, we already know that o(M,, ,.,) C [0,1], we need to check the validity of
(4.7) only for 0 < X < 1. We note that if 0 < X < 3, then (4.7) is true if and only if X\ > 1 — A, which
makes sense only if A > L. On the other hand, if 3 < X < 1, then (4.7) is true if and only if X < A,
which makes sense again only if A > 1. Thus, by Theorem 4.1, we can write that if A > §

(M) C 0,1 — AJU[A,1].

m,p,e
As particular case of Theorem 4.1, we get the following.

Corollary 1. Let ¢ be a frame for H with bounds A and B such that for some I C N {p, :n € [} isa

Riesz basis for H with lower frame bound A’. Let 1 be the canonical dual of ¢ and m € £°°. If

!/ /
f e L
<7lzlél‘mn MB’

sup |m, — A|
neN\T

then X € p(Mn,e.)-

Proof. The statement follows by Theorem 4.1 once noticed that {¢,}ner = {S '¢n}ner is

a Riesz basis with lower bound g%, {%n}nem has Bessel bound B — A" and {9, }nen s

{S~ ¢n}nen s has Bessel bound BZ{‘/ . O

Remark 4.2. Gabor and wavelet frames are classical frames which occur in applications (see [7, 11, 14]).
A (regular) Gabor frame for L*(R) is a frame of the form
g(g7 a, b) = {ElznT;lg}m,n627

where g € LA(R), a,b > 0, (Tof)(z) = f(x — a) and (Epf)(z) = > f(x) for x € R. A Gabor
frame which is a finite union of Riesz bases can be easily constructed in this way. Let N € N and
G(g,a,b) a Riesz basis for L*(R). A simple calculation shows that G(g, %,b) (as well as G(g, a, %)) is
a frame for L*(R) which is a union of N Riesz bases.

Frames which are unions of Riesz bases can be found also in the context of wavelet frames. In par-

ticular, the frame multiresolution analysis technique (see [7, Ch. 17]) gives a way to construct wavelet
frames which are unions of Riesz bases.

5. MAIN RESULT 2

In this section, we consider Parseval frames ¢ for H which are unions of multiples of or-
thonormal bases. In other words, we can think that there exists k& € N such that

(5.8) {@a-1yhts 11 €N} = {aze] 11 € N},

where a; € C\{0} and {e : i € N} is orthonormal basis for H for j = 1,...,k. Also here,
we remark that this condition occurs for frames used in application. For instance, following
Remark 4.2, if G(g,a,b) is an orthonormal basis for L(R), then %G(g, %,b) and +G(g,a, &)
are Parseval frames and unions of N multiples of orthonormal bases.

Theorem 5.2. Let p beasin (5.8), m € £ andly,...,l; € C.If A € Cand

k k
(5.9) D lagPsuplm 1y — Ll < | lagPl = Al
=1 ieN =1
then X € p(M,y,.,.,). As a consequence, if m is a real sequence, then
k k
(5.10) o(Mpm,p.0) € Z|04j\2 Zilellgm(iq)kﬂ’ Z|047‘\2 ilelg M (i—1)k+j

j=1 j=1
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Proof. First of all, we note that A ;é Z§:1|O(j‘2lj by (5.9). We have M,, ., .f = Z§:1|aj|21jf +
My o o, where m’ = {m/,} and m = Mm(i—1)p+; — lj fori € Nand j = 1,..., k. Thus,

(i-1)k+5 —
the first statement follows by Lemma 2.1 noting that
k
[ Mo o0l < Z|ag| Sup|m(L Dk+j — il
j=1 €

Now assume that m is real, i.e. M,, ., is self-adjoint. Therefore, (5.9) implies that o (M, )
is contained in the interval

k k

(5.11) > eyt - Sg§|m(ifl)k+j =1, oy + $2£|m(i71)k+j — 1)
j=1 ’ j=1 @

Choosing in (5.11), first [; < inf;eym_1)ry; and then [; > sup,cymi—1)x4; for every j =
., k, we find (5.10). |

Example 5.2. Let ¢ = {- 561 f fi, = 7562 f fa,...}, where {e,} and {f,} are orthonormal bases
for H. Furthermore, let m = {m,, } be such that map_3 = 0, Myy_o = %, Map—1 = % and myy, = 1,
n € N. Taking into account Proposition 2, the spectrum of M,, ., ., is contained in [0, 1]. This estimate

can be improved by Theorem 5.2: in particular, we obtain that o(Mp, o) C [, 3].

Remark 5.3. Theorem 5.2 is not a special case of Theorem 4.1 (and vice-versa). In particular, Theorem
4.1 gives no improvement on the localization of the spectrum in Example 5.2. On the other hand,
Theorem 5.2 does not add any further information about the spectrum of the multiplier in Example 4.1,
even in the case where {pap }nen and {pan+1 }nen are multiples of orthonormal bases.

Remark 5.4. Theorems 4.1 and 5.2 give, in particular, new criteria of invertibility in comparison to the
results in [17]. For instance, let

QD ) f ) K }

{\f VoA f “ f
where {e,} and {fn} are orthonormal bases for H and m = {m,} is such that mg,_1 = %_H and
Moy = 2 — m, n > 1. Both Theorems 4.1 and 5.2 show that (M, ,.,) C [2,3]. In particular,

M, . is invertible. However, Propositions 4.1, 4.2 and 4.4 of [17] do not apply to this multiplier
Mo -

ACKNOWLEDGMENT

This work was supported by the European Union (FSE - REACT EU, PON Ricerca e Inno-
vazione 2014-2020) and by the “Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le
loro Applicazioni” (GNAMPA - INdAM).

REFERENCES

[1] F. Bagarello, A. Inoue and C. Trapani: Non-self-adjoint hamiltonians defined by Riesz bases, J. Math. Phys., 55 (2014),
033501.

[2] P.Balazs: Basic definition and properties of Bessel multipliers, ]. Math. Anal. Appl., 325 (1) (2007), 571-585.

[3] P.Balazs, D. Bayer and A. Rahimi: Multipliers for continuous frames in Hilbert spaces, ]. Phys. A: Math. Theor., 45
(24) (2012), 244023.

[4] P.Balazs, N. Holighaus, T. Necciari and D. T. Stoeva: Frame theory for signal processing in psychoacoustics, excursions
in harmonic analysis, In: Radu Balan, John ]. Benedetto, Wojciech Czaja, and Kasso Okoudjou, eds., Applied and
Numerical Harmonic Analysis, Vol. 5, Basel: Birkhduser, 225-268, (2017).



Localization of the spectra of dual frames multipliers 245

[5] P.Balazs, B. Laback, G. Eckel and W.A. Deutsch: Time-frequency sparsity by removing perceptually irrelevant compo-
nents using a simple model of simultaneous masking. IEEE Transactions on Audio, Speech, and Language Processing,
18 (1) (2010), 34-49.

[6] P.Balazs, D.T. Stoeva: Representation of the inverse of a frame multiplier, ]. Math. Anal. Appl., 422 (2) (2015), 981-994.

[7] O. Christensen: An Introduction to Frames and Riesz Bases, second expanded edition, Birkhduser, Boston (2016).

[8] R. Corso: Sesquilinear forms associated to sequences on Hilbert spaces, Monatsh. Math., 189 (4) (2019), 625-650.

[9] R. Corso: On some dual frames multipliers with at most countable spectra, Ann. Mat. Pura Appl., 201 (4) (2022),
1705-1716.

[10] R. Corso, F. Tschinke: Some notes about distribution frame multipliers, in: Landscapes of Time-Frequency Analysis,
vol. 2, P. Boggiatto, T. Bruno, E. Cordero, H.G. Feichtinger, F. Nicola, A. Oliaro, A. Tabacco, M. Vallarino (Ed.),
Applied and Numerical Harmonic Analysis Series, Springer (2020).

[11] I Daubechies: Ten Lectures on Wavelets, SIAM, Philadelphia, (1992).

[12] H. G. Feichtinger, K. Nowak: A first survey of Gabor multipliers, in: Advances in Gabor analysis, H. G. Feichtinger
and T. Strohmer (Ed.), Boston Birkhduser, Applied and Numerical Harmonic Analysis (2003).

[13] J.-P. Gazeau: Coherent States in Quantum Physics, Weinheim: Wiley (2009).

[14] K. Grochenig: Foundations of Time-Frequency Analysis, Birkhdauser, Boston (2000).

[15] T. Kato: Perturbation Theory for Linear Operators, Springer, Berlin (1966).

[16] G. Matz, F. Hlawatsch: Linear time-frequency filters: On-line algorithms and applications, in: A. Papandreou-
Suppappola (Ed.), Application in Time-Frequency Signal Processing, CRC Press, Boca Raton, FL (2002).

[17] D. T. Stoeva, P. Balazs: Invertibility of multipliers, Appl. Comput. Harmon. Anal., 33 (2) (2012), 292-299.

[18] D. T. Stoeva, P. Balazs: Detailed characterization of conditions for the unconditional convergence and invertibility of
multipliers, Sampl. Theory Signal Image Process., 12 (2-3) (2013), 87-125.

[19] D.T.Stoeva, P. Balazs: Riesz bases multipliers, In M. Cepedello Boiso, H. Hedenmalm, M. A. Kaashoek, A. Montes-
Rodriguez, and S. Treil, editors, Concrete Operators, Spectral Theory, Operators in Harmonic Analysis and Ap-
proximation, vol 236 of Operator Theory: Advances and Applications, 475-482. Birkhduser, Springer Basel (2014).

[20] D.T. Stoeva, P. Balazs: On the dual frame induced by an invertible frame multiplier, Sampling Theory in Signal and
Image Processing, 15 (2016), 119-130.

[21] D. T. Stoeva, P. Balazs: Commutative properties of invertible multipliers in relation to representation of their inverses, In
Sampling Theory and Applications (SampTA), 2017 International Conference on, 288-293. IEEE, (2017).

[22] D.T. Stoeva, P. Balazs: A survey on the unconditional convergence and the invertibility of multipliers with implemen-
tation, In: Sampling - Theory and Applications (A Centennial Celebration of Claude Shannon), S. D. Casey, K.
Okoudjou, M. Robinson, B. Sadler (Ed.), Applied and Numerical Harmonic Analysis Series, Springer (2020).

[23] C. Trapani, S. Triolo and F. Tschinke: Distribution Frames and Bases, ]J. Fourier Anal. and Appl., 25 (2019), 2109-
2140.

ROSARIO CORSO

UNIVERSITA DEGLI STUDI DI PALERMO
DIPARTIMENTO DI MATEMATICA E INFORMATICA
VIA ARCHIRAFI 34, 90123, PALERMO, ITALY
ORCID: 0000-0001-9123-4977

E-mail address: rosario.corso02@unipa.it



	kapak
	5.4
	1
	1. Introduction
	2. Empirical wavelets
	3. Empirical Voronoid wavelets
	3.1. Detection of harmonic mode positions
	3.2. Voronoi partitioning
	3.3. Empirical Voronoi Wavelet transform

	4. Experiments
	5. Conclusion
	6. Acknowledgement
	References

	2
	1. Introduction
	2. The definition of the sampling operator
	3. Estimates of the rate of approximation of Gw
	4. Basic relations and estimates
	5. Estimates of the rate of approximation of Gw by a K-functional
	References

	3
	1. Introduction
	2. Known results
	3. Estimates for the moments
	4. The rate of convergence
	5. A Voronovskaja-type theorem
	References

	4
	1. Introduction
	2. Uniform norm estimates
	2.1. Proofs of the results of section 2

	3. Applications on Difference operator and Approximation
	3.1. Proofs of the results of section 3

	References

	5
	1. Introduction
	2. Preliminaries
	3. Basic localization results
	4. Main result 1
	5. Main result 2
	Acknowledgment
	References
	References




