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Abstract  
 

In the present study, an approximation is applied to study the sound speed in liquids as a function of pressure at 

different temperatures. The relation obtained is applied in the case of biofuel component liquids.  The calculated 

results for each liquid were found to be in good agreement with the experimental results throughout the range of 

pressure and temperature. The maximum percentage error and average percentage error are not more than 5.2 and 1.9, 

respectively, in the entire range of pressure and temperature for all liquids.  Furthermore, the internal pressure and 

nonlinear Bayer's parameters are also computed as a function of temperature at one atmosphere from sound speed for 

the first time in biofuel component liquids.  

 

Keywords: Sound speed; pressure; temperature; biofuel component liquids; internal pressure; nonlinear Bayer’s 

parameter. 

 

1. Introduction 

The exhaustive use of fossil fuels to sustain and develop 

the economy not only puts pressure on fossil fuel reservoirs 

but also abuses our environment due to the ejection of 

greenhouse gases (CO2, NOx, etc.). As a result, a large 

community of scientists and engineers are engaging 

themselves and coming up with alternatives to fossil fuels to 

reduce their dependency and minimize greenhouse gas 

emissions [1] – [2]. Different sources of renewable energy 

have been presented so far, such as biofuel, wind energy, 

solar photovoltaic solar thermal, and geothermal energy. 

Biofuels have attracted attention as an alternative, at least in 

the transport sector [3]. Transesterification reactions occur 

when biofuels are derived from vegetable oils or animal fats, 

where fats/oils are blended with alcohol (methanol or 

ethanol) to form fatty acid alkyl esters.  Broadly, alcohol 

alongside biodiesel is the most suitable type of biofuel [4]. 

However, conventional diesel fuel can be blended in 

optimized proportions with biodiesel to decrease toxic gas 

emissions in existing diesel engines or be used without any 

adulteration as renewable energy for diesel engines. 

However, the major challenge with biofuels is that they are 

derived from various sources, and consequently, fatty acids 

have diff erent chain lengths and may differ in the degree of 

undersaturation. The chain lengths of fatty acids derived 

from different sources (palm, soybean, rapeseed, and 

sunflower) have a chain of 16 and 18 carbons, whereas 

chains of 20 and 22 carbon atoms may not be ruled out (rape 

species and animal fats). However, a chain of 10 to 14 

carbons was also observed, particularly in the fatty acids 

derived from palm kernel and coconut oils [5] – [7]. The 

varying nature of chain length and degree of unsaturation 

affect the thermo-physical properties of biofuels obtained 

from different sources and, consequently, influence the 

engine's overall performance. In addition, optimization of the 

fraction of biodiesel and diesel fusion requires accurate 

familiarity of thermal-physical physiognomies in biodiesel 

based on pressure and temperature. The density, bulk 

modulus, thermal expansion coefficient, internal pressure, 

and nonlinear Bayer’s parameters play an essential role in 

designing the engine and injection process [8] – [10]. 

The thermo-physical properties of biofuels can be estimated 

from the properties of biofuel components using mixing 

rules if these properties of the components are available. The 

study of thermos-physical properties as function pressure 

and temperature of liquids from sound speed measurement is 

comparatively more accurate as the measurement of sound 

speed as a function of pressure and temperature is more 

precise than the equation of state.   

Therefore, this study aims to develop a model that can 

describe the sound speed as a function of pressure at different 

temperatures from which other thermophysical properties 

can be derived. To the best of our knowledge, the internal 

pressure [11] – [14] and nonlinear Bayer's parameter, which 

are strongly correlated with the structural properties of 

biofuels, are rarely studied in the case of biofuels. Generally, 

the value of (B/A) lies in the range of 5–13. A lower value 

was observed in water, while the highest value was observed 

for fluorocarbons [13] – [15]. Therefore, both parameters are 

also computed as function temperatures in biofuel 

component liquids, where the experimental data are 

available in a wide range of pressures and temperatures. 

Methyl caprate, ethyl caprate, methyl oleate, methyl 

linoleate, methyl myristate, ethyl myristate, and methyl 

palmitate were considered for this study. The experimental 

data for these liquids were obtained from [4], [7], [16]. 
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2.  Methodology  

The investigation of the sound speed u(p, TR) as a 

function of pressure (p) at the reference temperature (TR) in 

the biofuel component liquids, the ratio of the second 

pressure derivative of sound speed to the first pressure 

derivative of sound speed, is independent of pressure is used 

and given by Eq. (1) 

 

(∂2u
∂p2⁄ )

TR

(∂u
∂p⁄ )

TR

= −z                                                                      (1) 

 

This approximation was successfully applied to describe 

the sound speed as a function of pressure and temperature in 

liquid metals [17]. Moreover, this approximation also 

explains the anomalous behavior of sound speed in water 

[18]. Integrating the Eq. (1) successively in the pressure limit 

of p0 to p yields the following equations [17]: 

 
u′(p, TR) =  u′(p0, TR)exp (−z(p − p0))           (2) 

 

u(p, TR) = u(p0, TR) +  (
u′(p0, TR)

z⁄ ) [1 − exp (−z(p −

p0))]                                                      (3) 

 

where, u′(p0, Tr) is the first pressure derivative of sound 

speed, u(p, Tr) at pressure, p0 and temperature, TR.  

Eq. (3) reveals that the sound speed increases as a 

function of pressure and converges to u(p0, TR) +

 (
u′(p0, TR)

z⁄ ) as the pressure approaches infinity. 

The following relation between u′(p0, T) and u(p0, T) is 

proposed to include the temperature effect. 

 

u′(p0, T) =  a exp {−bu(p0, T)}                          (4) 

 

The pressure in the liquids is the sum of the external and 

internal pressures [13]. Since Eq. (4) is applied at a constant 

external pressure, and it may be written as 

 

(
du(p,T)

dpi
)

p0

=  a exp {−bu(p0, T)}                       (5) 

 

The integration of Eq. (5) under the limit of temperature 

Tr to T gives 

 

pi(T) − pi(TR) =  
1

ab
[ebu(p0,TR) − ebu(p0,T)]                     (6) 

 

Eq. (6) suggests that 

 

pi(T) =
ebu(p0,T)

ab
                                                      (7) 

 

The thermal pressure coefficient, ξ given by Eq. (8) is 

computed by linear fitting between pi and T, which is used 

to introduce the temperature effect into Eq. (3).  

 

pi =  ξ T + C                                  (8) 

 

To study the sound speed as a function of pressure at 

different temperatures, Eq. (2) and Eq. (3) can be written as 

[15]: 

 

𝑢′(𝑝, 𝑇) =  𝑢′(𝑝0, 𝑇𝑅)𝑒𝑥 𝑝[−𝑧(𝑝 − 𝑝0) + 𝜉(𝑇 − 𝑇𝑅)]             (9) 

 

u(p, T) = u(p0, TR) +  (
u′(p0, TR)

z⁄ ) [1 − exp {−z(p − p0) +

+ξ(T − TR)}]                                                       (10) 

 

The sound speed as a function of pressure at different 

temperatures can be computed using Eq. (10) indicates that 

u(p0,  Tr), u′(p0,  Tr), z, and ξ are known as the liquids of 

interest. 

Moreover, the internal pressure as a function of 

temperature at atmospheric pressure can also be computed 

from its thermodynamic definition [11], as given by Eq. (11) 

 

pi(T) =
α

kT
T                                                                           (11) 

 

where α and kT are the isobaric thermal expansion 

coefficient and isothermal compressibility, respectively.   

This study is further extended to determine nonlinear 

Bayer parameters as a function of pressure and temperature. 

The nonlinear Bayer parameter is well understood to 

understand the molecular dynamics of the liquid along with 

the distortion of a finite amplitude of the wave due to 

nonlinearity associated with the medium. Moreover, the 

estimation of the Bayer parameter may be considered as a 

corresponding parameter to understand biofuels. 

The Bayer Parameter can be expressed as [15] 

 
B

A
= 2ρu (

∂u

∂p
)

s

 

    = 2ρu (
∂u

∂p
)

T
+

2uTα

Cp
(

∂u

∂p
)

p
                                (12) 

B

A
=  (

B

A
)

′

+ (
B

A
)

′′

 

 

The first pressure derivative of the sound speed as a 

function of the pressure and temperature is given by Eq. (9), 

while the first temperature derivative of the sound speed as a 

function of pressure and temperature can be determined by 

differentiating Eq. (10) for temperature and is given by Eq. 

(13). 

 

(∂u(P, T)
∂T

⁄ )
p

= ξu′(p0, T𝑅) exp[−z(p − p0) + +ξ(T − TR)]

                                  (13)  

3. Results 

The proposed Eq. (3) was used to study the sound speed 

as a function of pressure at different temperatures for all 

liquids. As a first step, the adjustable parameters u(p0, TR), 

u′(p0, TR) and z in Eq. (3) were determined using a non-

linear fitting toolbox in MATLAB. The values of these 

parameters are reported in Table-1, along with R2 for all 

liquids. The value of R2 indicate the applicability of Eq. (3) 

to describe the sound speed as a function of the pressure and 

temperature for all liquids of concerned. 

In the second step, nonlinear fitting is used to determine 

the values of constants a and b in Eq. (4) at ambient pressure, 

p0. The values of u′(p0, T) and u(p0, T) are listed in Table-

1. The values of a and b obtained are reported in Table-2, 

along with R2. 

The values of R2 give us the confidence to use it to 

calculate the internal pressure. However, fitting in all Biofuel 

components is relatively poor, particularly in ethyl myristate, 

but Eq. (7), we can calculate the internal pressure directly 

from the sound speed. The internal pressure calculated from 

Eq. (7) are plotted in Figure 1 at different temperatures for 

all Biofuel components. 
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In the third step, the value of the thermal pressure 

coefficient ξ in Eq. (8) is computed by a linear fitting 

between the internal pressure and temperature. Figure1 

shows that there is an almost linear relationship between the 

internal pressure and temperature. The values of the 

adjustable parameters ξ and C are reported in Table-2 along 

with the values of R2. It should be noted that the second-order 

polynomial gives a better fit between the internal pressure 

and temperature.

Table 1. The fitting parameters of Eq. (3) along with R2 at different temperatures in all biofuel component liquids of study. 

 

Table 2.  Fitted parameters of Eq. (4) and Eq. (8 ) along with values of R2. 
Liquid  Equation (4) coefficients Equation (8) coefficients 

TR A b (x 10-04) 

 

R2 𝜉 C R2 

Methyl Caprate 283.15 13.14 7.916 0.9944 -0.6325 

 

459.3 

 

0.9931 

 

Ethyl Caprate 283.15 16.39 9.722 0.9934 -0.6134 

 

404.4 

 

0.9867 

 

Methyl Oleate 283.15 14.66 8.762 0.9972 -0.6681 

 

462.6 

 

0.9939 

 

Methyl Linoleate 283.15 13.68 8.196 0.9941 -0.6791 

 

484.1 

 

0.9951 

 

Ethyl Myristate 293.15 17.32 9.317 0.9812 -0.5695 

 

384.6 

 

0.9941 

 

Methyl Myristate 303.15 22.03 1.136 0.9985 -0.5782 

 

355.7 

 

0.9947 

 

Methyl Palmitate 313.15 19.85 1.039 0.9981 -0.5640 

 

366.2 

 

0.9975 

 

Liquid 
T(K) u(p0, TR) 

(m s-1)) 
u′(p0, TR) 

(m s-1 MPa-1) 

Z(x10-3) 

(MPa-1) 

R2 Pressure Range 

(MPa) 

Reference 

Methyl Caprate 

283.15 1365 4.505 4.472 0.9999 0.1013-140 

[7] 

303.15 1295 4.678 4.109 0.9998 

0.1013-210 

323.15 1222 4.980 4.396 0.9997 

343.15 1152 5.330 4.723 0.9996 

363.15 1093 5.462 4.711 0.9997 

383.15 1030 5.826 5.029 0.9997 

403.15 969 6.128 5.258 0.9996 

Ethyl Caprate 

283.15 1357 4.403 3.769 0.9999 

0.1013-210 

303.15 1281 4.731 4.184 0.9998 

323.15 1212 4.989 4.278 0.9997 

343.15 1142 5.374 4.707 0.9996 

363.15 1077 5.722 5.057 0.9995 

383.15 1044 6.060 5.358 0.9994 

403.15 953.45 6.447 5.737 0.9991 

Methyl Oleate 

283.15 1447 4.089 3.478 0.9999 

0.1013-200 

[16] 
 

303.15 1375 4.406 3.869 0.9999 

323.15 1307 4.684 4.135 0.9998 

343.15 1242 4.951 4.372 0.9998 

363.15 1178 5.270 4.716 0.9998 

383.15 1119 4.473 4.784 0.9996 

393.15 1090 5.623 4.936 0.9996 

Methyl 

Linoleate 

283.15 1457 4.214 3.988 0.9999 0.1013-150 

303.15 1388 4.323 3.701 0.9998 

0.1013-210 

323.15 1318 4.619 4.033 0.9998 

343.15 1252 4.891 4.278 0.9997 

363.15 1188 5.185 4.566 0.9997 

383.15 1127 5.441 4.760 0.9997 

393.15 1098 5.564 4.841 0.9997 

Ethyl Myristate 

293.15 1360 5.034 7.805 1 0.1 – 50 

 

 
 

[4] 

303.15 1322 5.072 6.191 1 

0.1-100 

323.15 1253 5.264 5.659 1 

343.15 1186 5.658 6.193 0.9999 

363.15 1123 6.010 6.565 0.9999 

383.15 1059 6.495 7.339 0.9999 

403.15 999.7 6.901 7.718 0.9998 

Methyl 
Myristate 

303.15 1336 4.793 5.5556 1 0.1 – 70 

323.15 1265 5.280 5.9440 1 

0.1 – 80 

343.15 1196 5.674 6.4670 1 

363.15 1132 6.0660 7.1190 1 

383.15 1068 6.559 7.8690 1 

403.15 1038 6.767 8.141 0.9999 

Methyl 
Palmitate 

313.15 1317 5.041 6.357 1 0.1 – 40 

 

323.15 1284 5.202 6.201 1 

0.1-50 

343.15 1216 5.661 7.604 1 

363.15 1151 6.022 7.768 0.9999 

383.15 1088 6.400 6.942 0.9999 

403.15 1057 6.608 7.390 0.9999 
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Figure 1. The variation of internal pressure as a function of temperature at atmospheric pressure as calculated from Eq, (7) 

and Eq. (11) for all biofuel component liquids of interest. 
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In the final step, Eq. (10) was applied successfully in all 

liquids to study the sound speed as a function of pressure at 

different temperatures. Moreover, the internal pressure is 

also calculated by calculating the thermal pressure 

coefficient, ξ =
∂pth

∂T
=

α

kT
, from the density data given in 

reference papers and compared with the internal pressure 

calculated from the sound speed in Figure 1. Moreover, Eq. 

(12) is used to compute the nonlinear Bayer's parameter [20] 

as a function of temperature for all biofuel components. The 

computed values of the nonlinear Bayer's parameters are 

listed in Table-3. The variations in density ρ, α and Cp as a 

function of pressure-temperature were taken from the source 

papers [4], [7], [16]. 

 

4. Discussion 

The computed speed as a function of pressure at different 

temperatures was compared with the experimental data for 

all liquids, and the maximum percentage error (MPE) is 

plotted in Figure 2. 

Figure 2 shows that the MPE is not more than 5.2, over 

the entire range of pressure and temperature for all biofuel 

components of the study. 

This error may be due to multiple reasons, such as the 

slight deviation of Eq. (8) from the linear fit as depicted in 

R2 value in Table-2 or experimental error at high pressure 

and high-temperature regions or the approximation given by 

Eq. (1) may become temperature-dependent at high 

temperatures. However, the second-order polynomial fits the 

internal pressure vs. temperature curve more accurately, and 

the values of R2 were found to be very close to unity in all 

cases. The thermal effect through a second-order polynomial 

is also included in Eq. (3) by adding pth= (T − TA)[a(T + 

TA)+b] in the pressure term. In that case, the MPE is not more 

than 4.9, in the entire pressure and temperature range. 

Moreover, the average errors in both approaches were found 

to be 1.9% and 1.0%, respectively. Because the error 

obtained from second-order polynomial fitting is not far 

better than linear fitting, a linear approximation was used for 

this study. 

The internal pressure is also computed as a function of 

the temperature for each liquid from Eq. (7) and plotted in 

Figure 1, and the internal pressure computed from Eq. (11).  

The ratio of the isobaric thermal expansion coefficient and 

isothermal compressibility required in Eq. (11) are computed 

from the density measurements [4,7,16].  Figure 1 shows that 

the internal pressure decreases as the temperature increases 

and possesses a negative thermal pressure coefficient, which 

is consistent with the results reported for ethyl caprate [12] 

and methyl linoleate [18]. To the best of our knowledge, the 

study of internal pressure as a function of temperature in 

biofuels has hardly been investigated. However, the internal 

pressure, computed from Eq. (7) is smaller than that 

computed using Eq. (11), but the values of ξ are found to 

close from both equations, except in methyl myristate, where 

the difference is quite significant. However, the difference 

between the internal pressures calculated from Eq. (7) and 

Eq. (11) does not introduce much error on the inclusion of 

the temperature effect in Eq. (3) as the internal pressure from 

Eq. (7), is negatively biased. 

At atmospheric pressure, internal pressure varies from 

0.2 to 0.8 GPa for non-associated and associated liquids over 

the temperature range below their boiling points [14]. Based 

on the discussion given in [14], liquids are characterized into 

two classes based on the temperature dependence of the 

internal pressure. Liquids with a positive thermal pressure 

coefficient include n-alkanes, carbon tetrachloride, and 

benzene with comparatively weak intermolecular 

interactions. On the other hand, liquids with a negative 

coefficient of thermal expansion coefficient include the 

spatial networks of H-bonds such as water, ethylene glycol, 

1,2-, and 1,3-propanediol. In the present study, the observed 

internal pressure was near the lower limit for the non-

associated liquids.  

Moreover, to the best of our knowledge, the calculations 

of nonlinear Bayer's parameters as a function of temperature 

for all biofuel component liquids. Table-3 shows the fragile 

dependence of  (
B

A
) on temperature. However, the values of  

(
B

A
)

''

is negative but small compared to the (
B

A
)

'

 increase with 

an increase in temperature for all liquids of concern.  The (
B

A
) 

values obtained here are consistent with the results reported 

for various classes of molecular green liquids at room 

temperature and atmospheric pressure [19]. 

 

Table 3.  Variation of Bayer’s parameters as a function temperature in biofuel component liquids of study. 
Liquids  283.15K 303.15K 323.15K 343.15K 363.15K 383.15K 403.15K 

Methyl 

Carpet 

(B/A)′ 10.82 10.76 10.64 10.46 10.20 9.87 9.46 

(B/A)′′ -1.01 -1.11 -1.20 -1.29 -1.36 -1.41 -1.44 

B/A 9.81 9.65 9.44 9.17 8.85 8.46 8.01 

Ethyl Carpet 

(B/A)′ 10.41 10.27 10.09 9.85 9.56 9.22 8.83 

(B/A)′′ -1.04 -1.18 -1.30 -1.39 -1.46 -1.50 -1.51 

B/A 9.37 9.10 8.79 8.46 8.10 7.72 7.32 

Methyl Oleate 

(B/A)′ 10.42 10.33 10.19 10.01 9.78 9.50 9.34 

(B/A)′′ -0.93 -0.99 -1.05 -1.11 -1.17 -1.22 -1.25 

B/A 9.49 9.34 9.14 8.90 8.62 8.28 8.09 

Methyl 
Linoleate 

(B/A)′ 10.63 10.44 10.22 9.99 9.76 9.53 9.41 

(B/A)′′ -1.01 -1.08 -1.15 -1.22 -1.30 -1.37 -1.41 

B/A 9.62 9.36 9.07 8.77 8.47 8.16 8.00 

Ethyl 

Myristate 

(B/A)′ 11.61 11.95 12.23 12.42 12.49 12.41 12.15 

(B/A)′′ -0.65 -0.70 -0.77 -0.85 -0.93 -1.03 -1.12 

B/A 10.97 11.25 11.46 11.57 11.55 11.38 11.03 

Methyl 
Myristate 

(B/A)′ 10.97 11.01 11.02 10.99 10.89 10.70 10.40 

(B/A)′′ -1.13 -1.09 -1.09 -1.12 -1.20 -1.33 -1.48 

B/A 9.83 9.92 9.94 9.86 9.68 9.37 8.92 

Methyl 

Palmitate 

(B/A)′ 11.02 11.21 11.34 11.40 11.38 11.27 11.05 

(B/A)′′ -0.70 -0.8057 -0.9052 -0.9981 -1.081 -1.1503 -1.2019 

B/A 10.32 10.4044 10.4363 10.4047 10.3019 10.1189 9.84501 
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Figure 2. Error Vs pressure and temperature contours for all 

biofuel component liquids of study. Error color code bar for 

each liquid is included alongside of the figure. 

 

5. Conclusion 

In conclusion, we can say that Eq. (10) is successful in 

describing the sound speed as a function of pressure at 

different temperatures for biofuel component liquids. 

Moreover, for the first time, the internal pressure as a 

function of temperature was computed using two different 

approaches and used to make Eq. (3) temperature 

dependence. However, the calculations of internal pressure 

from sound speed measurement show lower values than the 

calculations from the thermodynamic definition of internal 

pressure in all liquids of interest, but the coefficient of 

thermal pressure is found to be close for both approaches. In 

addition, the nonlinear Bayer's parameter is also computed 

as a function of temperature in all liquids for the very first 

time, to the best of our knowledge. The calculated values of 

B/A were found to be in reasonable agreement with the 

values reported by other workers for other liquids. 
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Nomenclature 

u, Sound speed (m s-1) 

p, Pressure (MPa) 

p0, Atmospheric pressure (MPa) 

T, Temperature (K) 

TR, Reference Temperature (K) 

𝑢′, First pressure derivative of sound speed (m s-1 MPa-1) 

pi, Internal pressure (MPa) 

pth, Thermal pressure (MPa) 

𝜉, Thermal pressure coefficient (MPa K-1) 

𝛼, 𝐼𝑠𝑜𝑏𝑎𝑟𝑖𝑐 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑥𝑝𝑒𝑛𝑠𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡(K-1)  

𝑘𝑇, Isothermal compressibility (MPa-1) 



 
Int. J. of Thermodynamics (IJoT)  Vol. 25 (No. 4) / 007 

Cp, Heat capacity at constant pressure (Joule mole-1 K-1) 

B/A, Bayer’s parameter 

𝜌, Density (kg m-3) 
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Abstract 

 

A study on thermodynamic properties of the liquid mixture is used in the industrial process, which often extends to 

solution chemistry. Density(ρ), Viscosity(η), and Ultrasonic velocity(U) were determined for binary liquid mixtures 

of furfural with chlorobenzene, nitromethane, diethyl malonate and 1- butanol at temperature of 308.15K and 

318.15K at atmospheric pressure over the whole range of mole fractions. The calculated thermodynamic properties 

and some excess parameters such as Excess Volume(VE), Deviation in Isentropic Compressibility(∆KS), Deviation 

in Viscosity(∆η), Deviation in Intermolecular Free Length(∆LF), Deviation in Intermolecular Free Volume(∆VF), 

Deviation in Internal Pressure(∆π) and Deviation in Acoustic Impedance(∆Z) were calculated and applied to the 

Redlich-Kister type polynomial equation to determine the appropriate coefficients. The effects of composition and 

temperature on thermodynamic parameters have been studied in terms of molecule interaction in these liquid 

mixtures. Further, IR spectra of these liquid mixtures were recorded and the data were utilized to examine the 

mixing behavior of the components. 

 

Keywords: Furfural; molecular interaction; Redlich-Kister equation; thermodynamic parameters. 
 

1. Introduction  

Furfural is the only unsaturated large-volume organic 

chemical created from carbohydrate resources and is a critical 

derivative for producing essential chemicals that cannot be 

acquired from petroleum, it is an important substance 

accessible from biomass [1]. The petrochemical, agricultural 

and polymer industries all employ it as a solvent [2]. The 

aprotic solvent nitromethane [3] has a strong polarity and is 

employed in a range of applications. Adhesives, paints, 

paint removers, polishes, dyes and medications are all made 

with chlorobenzene as a high boiling solvent. Diethyl 

malonate is a chemical that is utilized in the production of 

vitamins B1 and B6, as well as medicines, agrochemicals, 

flavor, and aroma compounds [4]. 1-Butanol is a useful 

solvent that is affordable and readily accessible in high 

purity. It’s utilized in chemical and technical operations [5]. 

We investigated the molecular interaction between binary 

liquid mixtures of furfural with chlorobenzene, nitromethane, 

diethyl malonate and 1-butanol. Thermodynamic properties 

of Density (ρ), Viscosity (η), and Ultrasonic velocity (U) 

were measured over the entire composition range at 

temperature of 308.15K 318.15K. Excess Volume (VE), 

Deviation in Isentropic Compressibility (∆KS), Deviation in 

Viscosity (∆η), Deviation in Intermolecular Free Length (∆LF), 

Deviation in Intermolecular Free Volume (∆VF), Deviation 

in Internal Pressure (∆π) and Deviation in Acoustic Impedance 

(∆Z) have all been calculated based on the above measured 

data. The thermodynamic properties of liquid mixtures are 

needed in many industries, such as medicine, petroleum and 

chemical engineering [6]. These chemicals prompted the 

current thermodynamic analysis. Thermodynamic and transport 

properties of liquid and liquid mixtures are utilized to 

understand engineering applications such as heat transmission, 

mass transfer and fluid movement[7-8].Using the data from 

the aforementioned measurements, to investigate the nature 

of molecular interactions in liquid mixtures between unlike 

molecules. 
 

2. Experimental  

2.1. Material 

Chlorobenzene (Merck, Mumbai, purity > 99%) was dried 

over anhydrous calcium chloride and distilled. Nitromethane 

(SRL, Mumbai, purity >99%), 1-butanol (Thermo fisher 

scientific, Mumbai, Purity >99%), were purified by 

distillation, and furfural (SRL, Mumbai, Purity >99%), and 

diethylmalonate (SRL, Mumbai, Purity >99%) were used 

without further purification. The purity of the pure 

compounds was also confirmed by comparing the measured 

density, viscosity, and ultrasonic velocity of the pure 

compounds at various temperatures with those described in 

the literature, which showed a fair agreement and is listed 

in Table 1 [9-15]. 

https://orcid.org/0000-0003-2296-4735
https://orcid.org/0000-0002-2233-5827
https://orcid.org/0000-0002-0699-1648
mailto:revathiuthirapathi.22@gmail.com
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2.2. Measurement 

For each mixture, a series of nine compositions were 

prepared, and their physical properties were measured at the 

relevant compositions on a mole fraction scale ranging 

from 0.1 to 0.9 in 0.1 increments [16]. Binary liquid 

mixtures of various compositions were made by combining a 

predetermined amount of pure liquids in 50ml airtight 

stopper bottles using an analytical balance with 0.0001g 

accuracy. 

 

2.2.1. Density(ρ) 

Densities of pure liquids and liquid mixtures were measured  

by specific gravity method [17] with 10 mL relative density  

bottle and weighed with an exactness of ± 0.001 kg m-3. 

 

0

0

W d

W

 
   

 
          (1) 

 

Where ‘w’ is the mass of the liquid or liquid mixtures, ‘w0’ 

is the mass of the water, and ‘d0’ is the density of the water. 

 

2.2.2. Viscosity (η) 

Viscosities were determined by Oswald viscometer 10 mL 

capability with an accurateness of ± 0.001 cP [18]. From 

the measured values of density and flow time ‘t’, viscosity 

‘η’ was calculated. The values of constants were occurred 

by measuring the flow time with distilled water and pure 

nitrobenzene as standard liquids. The flow time were measured 

with electronic stop clock.  

 

B
At

t

 
    

 
          (2)  

                                                                                            

Where, ‘ρ’ is the density of a pure liquid or a combination 

of liquids, ‘t’ is the time flow in seconds, and A and B 

characteristic constants at the specified temperature. 

 

2.2.3. Ultrasonic Velocity 

The ultrasonic velocity pure liquid and liquid mixtures 

values were measured using an ultrasonic interferometer (Pico, 

Chennai, India) with a frequency of 2MHz was calibrated [19] 

using water and nitrobenzene. The overall accuracy in the 

measurement is ±0.2%. All the measurements were taken 

using a digital thermostat with a temperature precision of 

0.01K at 308.15K and 318.15K. The details of the methods 

and techniques of the measurements have been described 

earlier. 

 

2.3. FTIR Study 

The FTIR (Fourier transform infrared spectroscopy) 

spectra were recorded using a Perkin Elmer spectrum RX1 

(PerkinElmer, inc., Waltham, MA, USA). FTIR properties 

have been used to study a specific interaction, such as the 

formation of a hydrogen bond between molecules that are 

dissimilar in liquid mixtures. 

 

3. Theoretical approach 

3.1. Excess Molar Volume (VE) 

The difference between the volume before and after 

mixing is called excess volume. 

 

1 1 2 2 1 1 2 2

1 2

( ) ( )E X M X M X M X M
V

     
       

         
       (3) 

   X1, M1 and ρ1, X2, M2 and ρ2 are mole fraction, molar 

mass, and density of pure components 1 and 2 respectively 

[20]. 

 

3.2. Isentropic Compressibility (KS) 

Densities and ultrasonic velocities of liquids and liquid 

mixtures are used to indirectly and directly calculate isentropic 

compressibility. 

 

2

1
SK

U



                       (4) 

 

Where, ‘U’ is the speed of sound and ‘ρ’ is the density of 

the liquid mixtures. 

 

3.3. Deviation of Isentropic Compressibility (∆KS) 

 

1 1 2 2( )S S S SK K K K                          (5) 

 

Where, ‘∆KS’ denotes the mixtures isentropic compressibility, 

Φ1, K1, S1 and Φ2,K2 S2 denote the volume fraction and isentropic 

compressibility of pure components 1 and 2, respectively [21]. 

 

3.4. Excess viscosity (∆η) 

 
'

1 1 2 2( )X X               (6) 

 

Where, η1 and η2 are the viscosity values of pure 

component 1 and 2 respectively. 

 

3.5. Free Length 

Values of ultrasonic velocity u and density of mixture 

ρAB were used to calculate inter molecular Free Length (Lf), 

Acoustic Impedance (Z) and intermolecular Free Volume 

(Vf) using the following relation [22] by 

 

1/2F

K
L

U



          (7) 

 

Where, U is ultrasonic velocity of pure liquid and liquid 

mixtures, and ρ is the density of pure and mixture, where K 

is Jacobson’s constant which is temperature-dependant 

constant but independent of the nature of the liquid.    

 

3.6. Acoustic Impedance 

 

Z U             (8) 

 

Where, U is ultrasonic velocity of pure liquid and liquid 

mixtures, and ρ is the density of pure and mixture.   

 

3.7. Free Volume 

Intermolecular free volume has been calculated using 

the following relation [23].  

 
3/2

( )

eff

F

M U
V

K

 
  

 
          (9) 

 

Where, K is a temperature independent constant that is 

equal to 4.28 × 109 for all the liquids and Meff is the 

effective molecular weight of the mixture. 

 



 
Int. J. of Thermodynamics (IJoT)                                                                                                                        Vol. 25 (No. 4) / 011 

3.8. Presentation of the research findings 

The excess properties of Excess Volume (VE), deviation 

in Isentropic Compressibility (∆KS), deviation in Viscosity 

(∆η), deviation in intermolecular Free Length (∆LF), deviation 

in intermolecular Free Volume (∆VF), deviation in Internal 

Pressure (∆π) and deviation in Acoustic Impedance (∆Z) 

were fitted to Redlich–Kister type [23] polynomial equation. 

 

 1 2 1 2 1 2( ) ( )A X X a b X X c X X         (10) 

 

The least-squares method was used to derive the 

adjustable parameters a, b and c. 

The standard deviations (σ) presented in this work were 

computed using 

 

 
1/2

2
exp( ) |calX X N n           (11) 

 

Where, N is the number of data points, and n is the number 

of co-efficient. Coefficient values of the Redlich-Kister 

type polynomial equation (Eq.10) and standard deviation 

(Eq.11) at different temperatures are presented in Table 4. 

 

4. Results and discussion  

4.1. Excess thermodynamic parameters 

Tables 2 and 3 signify the investigational values of density 

(ρ), viscosity (η), and ultrasonic velocity (U) and calculated 

values of excess volume (VE), deviation in isentropic 

compressibility (∆KS) and deviation in viscosity (∆η) of all 

the four binary liquid mixtures at 308.15K and 318.15K. 

In the pure state, furfural molecules are known to exist 

as associated molecules [25]. Over the entire range of 

composition, Excess Volume (VE) and deviation in Isentropic 

Compressibility (∆KS) values of furfural with nitromethane 

are low negative (Figure 1 and Figure 2). The oxygen atom 

of furfural attracts the nitrogen atom of the nitro group, 

resulting in dipole-dipole interaction. However, there will 

be less nitro group interaction between the unlike molecules. 

Over the entire range of composition, Excess Volume (VE) 

and deviation in Isentropic Compressibility (∆KS) values of 

furfural + chlorobenzene are negative (Figure 1 and Figure 2). 

The furfural carbonyl group has a polarity, which allows it 

to interact with the chlorine atom in chlorobenzene. As a 

result, it involves a dipole-dipole interaction. 

Over the entire range of composition, Excess Volume (VE) 

and deviation in isentropic compressibility (∆KS) values of 

furfural + 1-butanol are large negative (Fig. 1 and 2) values. 

The presence of substantial interactions between dissimilar 

molecules is demonstrated by the large negative VE values 

of (furfural + 1-butanol) binary liquid mixtures. These findings 

suggest that furfural has a stronger interaction with 1-butanol, 

but alcohols are strongly self-associated by H-bonding, 

with degrees of association varying depending on chain 

length and temperature [26]. The presence of a significant 

dipole-dipole interaction between furfural and 1-butanol is 

shown by the negative VE values. 

Over the entire range of composition, Excess Volume 

(VE) and deviation in Isentropic Compressibility (∆KS) values 

of furfural + diethyl malonate are negative (Figure1 and 

Figure 2). Because both esters and aldehydes have a carbonyl 

group, they become somewhat dipole due to the inductive 

action. The –O atom of the furfural can attract the –C atom 

of the ester group, resulting in dipole-dipole interaction [27]. 

An alkyl group is an electron-donating group, and its ability 

to do so increases with the length of the ester molecules 

chain. Furthermore, the negative values found in this study 

indicate the effective packing effect generated by interstitial 

accommodation as the chain length of ester molecules rises, 

increasing intermolecular contact. 

Over the entire composition range, the viscosity deviations 

of all four liquid mixtures are positive show figure 3. Figure 3 

depicts the decline in positive values as temperature rises. 

Furfural + nitromethane have the lowest positive values, 

indicating that the intermolecular forces are greater than in 

other mixtures. This backs with the earlier theory that 

nitromethane interacts with furfural dispersion forces between 

furfural and 1-butanol and that the deviation from ideality is 

greater. Because the positive values of deviation in viscosity 

(∆η) for nitromethane, chlorobenzene, diethylmalonate, and  

1-butanol are all greater than nitrobenzene and lower than 

1-butanol, the interaction is less than nitromethane and 

higher than 1-butanol. Deviation in viscosity (∆η) graph’s 

values are in the same order as excess volume (VE) and 

deviation in isentropic compressibility (∆KS) values[27]. 

The observed values of intermolecular free length (∆LF), 

intermolecular free volume (∆VF) and intermolecular internal 

pressure (∆π) (Figures 4, 6 and 7) reflect the same idea as 

obtained above. For the four liquid mixtures, when the 

temperature rises, the intermolecular internal pressure (∆π) 

values of the liquid mixtures decrease and the intermolecular 

free volume (∆VF) values rise. Due to an increase in the 

thermal motion of interacting molecules, the nature of 

interaction for the four liquid mixtures reduces when the 

temperature is increased. Dispersion forces between mixing 

liquids cause negative values, while attractive forces like 

dipole-dipole interaction cause positive values. 

Positive and negative deviation of the mixtures shows 

the level of association or dissociation between the mixing 

components [28-29], whereas deviation in acoustic impedance 

(∆Z) acts in the opposite direction to intermolecular free 

length (∆LF). The observed values of deviation in viscosity 

(∆η) and deviation in acoustic impedance (∆Z) are positive 

throughout the range (Figures 3 and Figures 5), confirming 

the stated hypothesis. Furfural + nitro methane < furfural + 

chlorobenzene < furfural + diethylmalonate < furfural +           

1-butanol is the order of the interactions between the systems. 

 

4.2. FTIR Results 
Figures 8 to 11 show FTIR results for nitromethane, 

chlorobenzene, diethyl malonate, and 1-butanol in the binary 

liquid mixtures with furfural in a molar fraction of 0.5. 

According to FTIR  analysis, a pure furfural molecule 

shows a peak at 1686.93 cm-1 which is due to the C=O bond, 

while an equimolar mixture of nitromethane, and chlorobenzene 

(Figure 8, 9) exhibits a peak at 1689.80 cm-1, 1678.78 cm-1 

and 1679.30 cm-1. Pure nitromethane liquid molecule shows 

a peak at 1576.88 cm-1 which is due to the N=O bond, 

while an equimolar mixture of furfural + nitro methane 

(Figure 8) exhibits a peak at 1566.42 cm-1. The change in the 

frequency and intensity confirms the existence of intermolecular 

interaction between –C=O and –N=O. Hence, it involves 

weak dipole-dipole interaction. Pure chlorobenzene liquid 

molecule shows a peak at 743.20 cm-1 which is due to the -

C-Cl bond, while an equimolar mixture of furfural + 

chlorobenzene (Figure 9) exhibits a peak at 751.30 cm-1. The 

changes in the frequency and intensity confirm the existence of 

intermolecular interaction between –C=O and –C-Cl, hence, 

it involves dipole-dipole interaction. 



 
012 / Vol. 25 (No. 4)                                                                                                             Int. Centre for Applied Thermodynamics (ICAT) 

A pure diethyl malonate molecule shows a peak at 

1745.13 cm-1 which is due to the C=O bond. The equimolar 

mixture of furfural + diethyl malonate (Figure 10) shows a 

peak at 1691.24 cm-1 and 1740.38 cm-1 which is due to the 

C=O bond. The changes in the frequency and intensity 

confirm the existence of intermolecular interaction between 

carbon atom of the ester group and the oxygen atom of 

furfural, hence it involves dipole-dipole interaction.   

A pure 1-butanol molecule has a peak at 3343.65 cm-1 

which is characteristic of the –OH group. The equimolar 

mixture of furfural + 1-butanol (Figure 11) shows broad 

band at 3417.52 cm−1. The change in frequency from 

3343.65 to 3417.52 cm−1 and changes in intensity confirms 

the existence of an intermolecular hydrogen bond form 

between the –OH and –CHO group. These findings suggest 

that furfural has a stronger interaction with 1-butanol, but 

alcohols are strongly self-associated by H-bonding, with 

degrees of association varying depending on chain length 

and temperature. Hence it involves dipole-dipole interaction. 

 

5. Conclusion  
In this study Excess Volume (VE), Deviation in Isentropic 

Compressibility (ΔKS) and Deviation in Viscosity (∆η) for 

liquid mixtures of furfural with aromatic and aliphatic 

compounds are studied. The magnitude of Excess Volume 

(VE), Deviation in Isentropic Compressibility (∆KS), Deviation 

in Viscosity (∆η), Deviation in Intermolecular Free Length 

(∆LF), Deviation in Intermolecular Free Volume (∆VF), 

Deviation in Internal Pressure (∆π) and Deviation in 

Acoustic Impedance (∆Z) has been interpreted in terms of 

molecular interactions between these molecules. Both VE 

and ΔKS values are negative and the high positive value of 

∆η for furfural + 1-butanol shows more interaction between 

furfural and 1-butanol. For furfural + nitrometane mixtures 

the VE and ΔKS values are negative and ∆η values are less 

positive due to less interaction between the mixing liquids. 

The existence of strong dipole-dipole interaction between 

furfural + chloro benzene, furfural + diethyl malonate, and 

furfural + 1-butanol, as well as less dipole-dipole interaction 

between furfural + nitromethane is proved by the values of 

excess properties. Because of thermal motion, the intermolecular 

interaction reduces as the temperature rises. To determine 

the variable coefficients, the corresponding thermodynamic 

excess parameters were calculated with the formulas reported 

earlier and fitted to a Redlich-Kister type polynomial equation. 

Based on the experimental and calculated results, the behavior 

of the liquid mixtures and deviation from ideality has been 

examined. An analysis of FTIR spectroscopy showed the 

establishment of hydrogen bonds between unlike molecules. 

 

Nomenclature 

VE        Excess volume  

KS          Adiabatic compressibility 

K         Jacobson’s constant  

Xi        Mole fraction of the ith component  

Ai        Parameters of the ith component 

           (Redlich–Kister equation Coefficients)  

ρmix      Density of liquid mixture 

 n         Number of measurements 

 m        Number of adjustable parameters 

 t          Flow time

Appendix 

Table 1. Comparison of Experimental Density (ρ), Viscosity (η), Ultrasonic Velocity (U) of Pure Liquids with literature 

Value at 308.15K and 318.15 K. 

Liquids T(K) 
ρ(g cm-3) η(mPa s-1) U(ms-1) 

Exp. Lit. Exp. Lit. Exp. Lit. 

Furfural [9,10] 
308.15 1.1447 1.1440 1.2716 1.2600 1406.5 1403.77 

318.15 1.1324 1.1330 1.0921 1.0900 1370.5 1367.81 

Chlorobenzene[11,12] 
308.15 1.0892 1.0894 0.7002 0.7009 1221.5 1228 

318.15 1.0768 1.0794 0.5630 0.5629 1201.5 1208.5 

Nitromethane[13] 
308.15 1.1172 1.1176 0.5637 0.5640 1285 1277.1 

318.15 1.1038 1.1042 0.5171 0.5100 1278 - 

1-Butanol[14] 
308.15 0.7981 0.7979 2.0021 2.0080 1218 1209 

318.15 0.7935 0.7901 1.9022 1.5800 1207 - 

Diethylmalonate[15] 
308.15 1.0440 1.0418 1.6019 1 .6003 1245 1277.0 

318.15 1.0254 1.0283 1.4200 1.4235 1223 1235.5 
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Table 2. Physical and Thermodynamic Parameters for Binary liquid Mixtures of Furfural + Chlorobenzene, Furfural +  

Nitromethane, Furfural + 1-Butanol, and Furfural + Diethylmalonate at 308.15 and 318.15 K. 

308.15K 318.15K 

X1 

ρ 

(g cm-3) 

η 

(mPa s-1) 

U 

(ms-1) 
∆VE (cm3mol-1) 

∆Ks 

(Tpa-1) 
X1 

ρ 

(g cm-3) 

η 

(mPa s-1) 

U 

(ms-1) 

∆VE 

(cm3mol-1) 

∆Ks 

(Tpa-1) 

Furfural+ Chlorobenzene Furfural+ Chlorobenzene 

0.0000 1.0892 0.7002 1221 0.0000 0.0000 0.0000 1.0768 0.5630 1201 0.0000 0.0000 

0.1236 1.0958 0.7786 1259 -0.0866 -22.2245 0.1236 1.0833 0.6342 1235 -0.0742 -20.2950 

0.1755 1.0987 0.8119 1274 -0.1219 -28.9691 0.1755 1.0860 0.6653 1248 -0.0997 -27.1024 

0.2884 1.1049 0.8840 1300 -0.1803 -36.8044 0.2884 1.0923 0.7326 1273 -0.1574 -35.5091 

0.4132 1.1121 0.9610 1325 -0.2380 -40.3508 0.4132 1.0995 0.8046 1296 -0.2142 -39.2356 

0.5509 1.1200 1.0412 1351 -0.2631 -39.8437 0.5509 1.1072 0.8787 1320 -0.2288 -38.5934 

0.6416 1.1252 1.0905 1366 -0.2528 -36.4652 0.6416 1.1124 0.9240 1333 -0.2169 -35.1921 

0.7380 1.1305 1.1403 1381 -0.2149 -30.9757 0.7380 1.1177 0.9694 1346 -0.1767 -29.3556 

0.8042 1.1341 1.1736 1390 -0.1737 -25.3147 0.8042 1.1213 1.0000 1354 -0.1336 -24.0008 

0.9147 1.1401 1.2294 1400 -0.0837 -11.9791 0.9147 1.1275 1.0510 1363 -0.0635 -10.5845 

1.0000 1.1447 1.2685 1406 0.0000 0.0000 1.0000 1.1324 1.0921 1375 0.0000 0.0000 

Furfural+ Nitromethane Furfural+ Nitromethane 

0.0000 1.1169 0.5635 1266 0.0000 0.0000 0.0000 1.1073 0.5145 1257 0.0000 0.0000 

0.0955 1.1216 0.6352 1285 -0.0418 -2.6842 0.0955 1.1114 0.5725 1273 -0.0307 -2.1122 

0.1822 1.1254 0.7006 1301 -0.0753 -4.4546 0.1822 1.1148 0.6271 1288 -0.0582 -4.0730 

0.2729 1.1289 0.7691 1317 -0.1015 -5.6512 0.2729 1.1180 0.6842 1301 -0.0830 -5.1218 

0.3996 1.1333 0.8624 1336 -0.1380 -6.0063 0.3996 1.1220 0.7620 1318 -0.1166 -5.4251 

0.4968 1.1362 0.9316 1349 -0.1544 -5.9680 0.4968 1.1247 0.8190 1329 -0.1355 -5.2815 

0.5907 1.1382 0.9960 1361 -0.1383 -5.4164 0.5907 1.1265 0.8722 1340 -0.1197 -4.8871 

0.6954 1.1403 1.0655 1374 -0.1164 -4.6632 0.6954 1.1283 0.9281 1350 -0.0987 -4.0243 

0.7999 1.1420 1.1342 1385 -0.0848 -3.6761 0.7999 1.1299 0.9838 1360 -0.0667 -2.8708 

0.8929 1.1434 1.1948 1394 -0.0493 -2.3409 0.8929 1.1311 1.0332 1367 -0.0355 -1.5479 

1.0000 1.1447 1.2685 1406 0.0000 0.0000 1.0000 1.1324 1.0921 1375 0.0000 0.0000 

Furfural + 1-Butanol Furfural + 1-Butanol 

0.0000 0.7985 1.9466 1201 0.0000 0.0000 0.0000 0.7909 1.8234 1183 0.0000 0.0000 

0.0912 0.8292 1.9065 1255 -0.2284 -66.4956 0.0912 0.8210 1.7743 1226 -0.1899 -57.5297 

0.1863 0.8621 1.8635 1298 -0.4670 -106.0557 0.1863 0.8534 1.7224 1268 -0.4144 -99.8946 

0.2536 0.8857 1.8319 1322 -0.6250 -121.4938 0.2536 0.8768 1.6867 1291 -0.5833 -116.773 

0.3530 0.9208 1.7811 1350 -0.7981 -130.9608 0.3530 0.9114 1.6326 1317 -0.7557 -127.415 

0.4675 0.9609 1.7113 1374 -0.8883 -127.8928 0.4675 0.9512 1.5584 1340 -0.8489 -125.136 

0.5561 0.9920 1.6478 1386 -0.8929 -116.6501 0.5561 0.9820 1.4880 1351 -0.8674 -114.568 

0.6619 1.0291 1.5656 1395 -0.8483 -96.2282 0.6619 1.0188 1.3988 1358 -0.8220 -93.2678 

0.7833 1.0716 1.4652 1401 -0.7007 -66.5358 0.7833 1.0605 1.2933 1364 -0.6599 -63.5723 

0.9015 1.1119 1.3630 1406 -0.4166 -33.2236 0.9015 1.1005 1.1843 1369 -0.3762 -30.4705 

1.0000 1.1447 1.2685 1406 0.0000 0.0000 1.0000 1.1324 1.0921 1375 0.0000 0.0000 

Furfural + Diethylmalonte Furfural + Diethylmalonte 

0.0000 1.0440 1.6019 1245 0.0000 0.0000 0.0000 1.0254 1.4200 1223 0.0000 0.0000 

0.1678 1.0556 1.5726 1303 -0.2250 -43.0370 0.1678 1.0374 1.3865 1273 -0.1977 -39.6491 

0.2467 1.0619 1.5554 1327 -0.3393 -56.5555 0.2467 1.0439 1.3692 1296 -0.3021 -54.1231 

0.3357 1.0696 1.5329 1350 -0.4662 -66.9954 0.3357 1.0518 1.3475 1317 -0.4240 -65.0450 

0.4376 1.0792 1.5027 1372 -0.5845 -73.3277 0.4376 1.0619 1.3175 1338 -0.5491 -71.8324 

0.5016 1.0853 1.4827 1382 -0.6116 -73.6144 0.5016 1.0684 1.2973 1348 -0.5845 -72.5150 

0.5836 1.0932 1.4535 1393 -0.5740 -70.4455 0.5836 1.0768 1.2683 1357 -0.5481 -68.9323 

0.6801 1.1031 1.4157 1401 -0.4792 -62.1206 0.6801 1.0873 1.2303 1364 -0.4462 -60.3671 

0.7553 1.1114 1.3849 1404 -0.3812 -51.6762 0.7553 1.0961 1.1992 1367 -0.3389 -49.6422 

0.8499 1.1228 1.3425 1405 -0.2291 -34.8472 0.8499 1.1086 1.1582 1370 -0.2077 -34.2550 

1.0000 1.1447 1.2685 1406 0.0000 0.0000 1.0000 1.1324 1.0921 1375 0.0000 0.0000 
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Table 3. Thermodynamic Parameters for binary liquid mixtures of Furfural + Chlorobenzene, Furfural + Nitromethane, 

Furfural + 1-Butanol and Furfural + Diethylmalonate at 308.15 and 318.15 K. 

308.15K 318.15K 

∆η 

(mPa.s) 

∆LF 

(10-10 m) 

∆VF 

(10-14 m3mol-1) 

∆Z 

(kg m-3 s-1) 
∆π(Pa) 

∆η 

(mPa.s) 

∆LF 

(10-10 m) 
∆VF(10-14 m3mol-1) 

∆Z 

(kgm-3 s-1) 
∆π(Pa) 

Furfural+Chlorobenzene Furfural+Chlorobenzene 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0079 -44.0821 -0.6831 15.2021 -18.5088 0.0059 -39.2563 -1.5300 12.1844 -16.97 

0.0115 -57.5586 -0.8664 20.2562 -25.2567 0.0095 -52.7518 -1.9272 16.8683 -23.12 

0.0191 -71.6937 -1.1163 25.3895 -37.3985 0.0170 -68.3330 -2.4204 22.2611 -34.22 

0.0247 -77.7808 -1.1711 28.1975 -46.6535 0.0230 -74.8265 -2.4944 24.9890 -42.61 

0.0263 -76.9120 -1.0451 29.3235 -51.1063 0.0243 -73.3177 -2.1913 25.5580 -46.72 

0.0238 -70.4550 -0.8909 27.7817 -50.1193 0.0215 -66.6731 -1.8525 23.9089 -45.90 

0.0184 -60.4403 -0.6824 25.0664 -45.0989 0.0158 -55.5401 -1.4112 20.6267 -41.40 

0.0140 -49.5817 -0.5236 21.1800 -38.5872 0.0115 -45.4179 -1.0781 17.3416 -35.57 

0.0065 -23.0278 -0.2395 9.9586 -20.5165 0.0040 -18.8559 -0.4877 6.8425 -19.07 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.00 

Furfural+ Nitromethane Furfural+Nitromethane 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0046 -21.3651 -0.1520 8.9699 -5.4167 0.0029 -18.9283 -0.1479 7.6592 -5.37 

0.0092 -35.5900 -0.2339 15.2748 -8.4448 0.0074 -33.0545 -0.2426 13.7694 -8.26 

0.0141 -45.5582 -0.2808 19.9551 -10.1756 0.0121 -42.2654 -0.3016 17.9214 -9.87 

0.0184 -51.4519 -0.2947 23.0342 -10.8150 0.0167 -47.7103 -0.3270 20.6227 -10.40 

0.0193 -51.7365 -0.2756 23.6062 -10.2863 0.0175 -47.7379 -0.3088 20.9569 -9.85 

0.0179 -47.7381 -0.2397 22.0683 -9.1640 0.0165 -44.2652 -0.2702 19.6811 -8.75 

0.0139 -40.5031 -0.1857 19.0770 -7.3646 0.0119 -36.9853 -0.2060 16.6496 -7.02 

0.0092 -30.2718 -0.1247 14.5941 -5.1267 0.0072 -26.6581 -0.1366 12.1316 -4.88 

0.0046 -18.1270 -0.0668 8.9392 -2.8594 0.0030 -15.0560 -0.0719 6.8818 -2.72 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Furfural+ 1-Butanol Furfural+ 1-Butanol 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0215 -173.3999 -0.0393 22.1752 -157.5226 0.0176 -151.1061 -0.0741 14.8381 -149.49 

0.0429 -282.9059 -0.0896 38.7503 -253.0650 0.0353 -267.5252 -0.1456 30.9964 -247.79 

0.0568 -328.3991 -0.1189 46.9876 -290.6030 0.0488 -317.0196 -0.1935 39.1950 -285.10 

0.0732 -359.2705 -0.1581 54.4988 -314.6294 0.0674 -350.9433 -0.2592 46.3873 -307.85 

0.0808 -354.9281 -0.1931 57.4490 -310.0351 0.0769 -348.5912 -0.3202 49.1777 -302.94 

0.0772 -325.8910 -0.2098 54.4753 -287.3289 0.0712 -321.4549 -0.3497 46.8838 -282.17 

0.0665 -270.8575 -0.2143 46.6146 -241.3832 0.0594 -263.6740 -0.3616 38.1562 -237.57 

0.0483 -188.8896 -0.1895 33.9520 -168.7042 0.0427 -181.0233 -0.3263 26.0477 -166.35 

0.0260 -95.2550 -0.1175 19.3192 -81.7851 0.0201 -87.4339 -0.2043 12.7601 -81.34 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Furfural+ Diethylmalonate Furfural+ Diethylmalonate 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0261 -71.9542 0.0598 24.5378 -48.8113 0.0215 -60.4147 0.0674 16.9742 -43.32 

0.0350 -93.8008 0.0764 33.3132 -70.3294 0.0301 -83.5236 0.0897 25.1250 -62.42 

0.0419 -109.7558 0.0877 40.6589 -92.9290 0.0375 -99.6305 0.1012 31.5104 -82.44 

0.0453 -118.1871 0.0938 45.8595 -115.6474 0.0410 -108.4466 0.1093 36.0901 -102.55 

0.0465 -116.1241 0.0889 45.9599 -127.4323 0.0417 -107.1919 0.1057 36.4373 -112.99 

0.0444 -106.8960 0.0810 43.0712 -138.6472 0.0397 -96.5939 0.0950 32.9721 -122.86 

0.0385 -89.1171 0.0679 36.4185 -143.6568 0.0333 -78.2090 0.0818 26.5077 -127.27 

0.0325 -69.4722 0.0514 28.2102 -138.2061 0.0268 -58.1819 0.0640 18.8192 -122.47 

0.0213 -42.2410 0.0320 16.7363 -113.5611 0.0168 -36.5278 0.0457 11.5587 -100.79 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
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Table 4. Coefficient values of Redlich-kister type polynomial equation and standard deviation at different temperatures. 

T/K a b c σ 

Furfural+ Chlorobenzene 

VE(cm3mol-1) 

308.15 -1.0337 -0.0300 0.0214 0.0018 

318.15 -0.8987 -0.8987 0.0329 0.0031 

η (mPa.s) 

308.15 4.0455 0.2869 0.9811 0.1026 

318.15 3.4041 0.2654 0.8203 0.0856 

∆KS(Tpa-1) 

308.15 -160.6080 8.0902 -4.5168 0.6174 

318.15 -155.6480 7.9220 -2.5607 0.4235 

∆η(mPa.s) 

308.15 4.0455 0.2869 0.9811 0.0005 

318.15 3.4041 0.2654 0.8203 0.0007 

∆Z (kg m-3 s-1) 

308.15 120.4250 -0.5614 3.5045 0.3478 

318.15 105.3910 -1.0116 0.5962 0.0483 

∆LF (10-12 m) 

308.15 -3.1776 0.0860 -0.0914 0.0082 

318.15 0.0989 0.1264 -0.2291 0.0217 

∆VF (10-14 m3mol-1) 

308.15 -4.3863 0.2856 -0.0995 0.0053 

318.15 -9.2586 0.6909 -0.2810 0.6780 

∆π(10-05 Nm-2) 

308.15 -204.4740 -7.4226 -0.9531 0.1846 

318.15 -186.9700 -6.9596 -1.1874 0.2027 

Furfural+ Nitromethane 

VE(cm3mol-1) 

308.15 -0.5755 -0.0023 0.0160 0.0016 

318.15 -0.4946 -0.4946 0.0255 0.0025 

η (mPa.s) 

308.15 3.7323 0.3501 0.9192 0.0863 

318.15 3.2806 0.2880 0.7972 0.0757 

∆KS(Tpa-1) 

308.15 -24.3693 -0.5687 -0.3952 0.0428 

318.15 -22.2040 -0.4114 0.3189 0.0375 

∆η(mPa.s) 

308.15 3.7323 0.3501 0.9102 0.0004 

318.15 3.2807 0.2880 0.7972 0.0006 

∆Z (kg m-3 s-1) 

308.15 94.0036 -1.1537 0.7473 0.0801 

318.15 83.9778 -1.6584 -0.4472 0.0328 

∆LF (10-10 m) 

308.15 -2.0647 0.0517 -0.0179 0.0021 

318.15 0.0692 0.0564 -0.1191 0.0119 

∆VF (10-14 m3mol-1) 

308.15 -1.1049 0.0841 -0.0151 0.0016 

318.15 -1.2319 0.0822 0.0046 0.0912 

∆π(10-04 Nm-2) 

308.15 -414.0070 25.8787 -6.7420 0.8219 

318.15 -396.8830 26.2209 -7.7625 0.9232 
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Table 4. Coefficient values of Redlich-kister type polynomial equation and standard deviation at different temperatures 

(Continued). 
Furfural+1-Butanol 

VE(cm3mol-1) 

308.15 -3.5997 -0.1167 -0.0219 0.0001 

318.15 -3.4603 -3.4603 0.0256 0.0048 

η (mPa.s) 

308.15 6.7471 -0.3380 1.6016 0.1633 

318.15 6.1194 -0.3654 1.4453 0.1498 

 
∆KS(Tpa-1) 

308.15 -495.3510 38.1970 -112.4146 0.8741 

318.15 -485.6340 35.4538 -114.8937 0.1754 

∆η(mPa.s) 

308.15 6.7471 -0.3380 1.6016 0.0007 

318.15 6.1195 -0.3654 1.4454 0.0012 

∆Z (kg m-3 s-1) 

308.15 225.1470 -5.1840 1.8690 0.2817 

318.15 192.2600 -4.9386 -4.6036 0.3568 

∆LF (10-10 m) 

308.15 -13.9677 0.7926 -0.2574 0.0403 

318.15 0.6291 0.4396 -0.9361 0.1000 

∆VF (10-14 m3mol-1) 

308.15 -0.9385 -0.0608 0.0257 0.0082 

318.15 -1.4682 -0.1074 0.0008 0.1082 

∆π(10-05 Nm-2) 

308.15 -122.9580 7.1849 -2.6324 0.3945 

318.15 -120.7240 6.8046 -2.3832 0.3629 

Furfural+ Diethylmalonate 

VE(cm3mol-1) 

308.15 -2.3454 -0.0364 0.2180 0.0141 

318.15 -2.2077 -2.2077 0.2422 0.0157 

η (mPa.s) 

308.15 5.9313 -0.1673 s1.4348 0.0934 

318.15 5.1895 -0.1665 1.2493 0.0812 

∆KS(Tpa-1) 

308.15 -274.3760 33.9457 -67.8867 0.6873 

318.15 -268.7230 33.5111 -66.2114 0.5818 

∆η(mPa.s) 

308.15 5.9313 -0.1673 1.4349 0.0001 

318.15 5.1896 -0.1665 1.2493 0.0004 

∆Z (kg m-3 s-1) 

308.15 181.6370 -4.2740 -8.5935 0.5842 

318.15 140.8350 -4.0531 -11.2746 0.7592 

∆LF (10-10 m) 

308.15 -4.6094 0.2074 0.1029 0.0077 

318.15 0.1865 0.2522 -0.5622 0.0357 

∆VF (10-14 m3mol-1) 

308.15 0.3389 -0.0214 0.0081 0.0008 

318.15 0.4023 -0.0189 0.0121 0.0333 

∆π(10-03 Nm-2) 

308.15 5.1216 -0.6018 -0.2647 0.8672 

318.15 -4.5666 -0.5331 -0.2364 0.0180 
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Figure 1. Excess volume (VE) against the mole fraction (X1) of Furfural at 308.15K and 318.15 K for the binary liquid 

mixtures of Furfural with Nitromethane, Cholobenzene, Diethylmalonate and 1-Butanol. 

 

 

 

Figure 2. Deviation in isentropic compressibility (∆KS) against the Volume fraction (Φ1) of Furfural at 308.15K and 318.15 K for 

the binary liquid mixtures of Furfural with Nitromethane, Cholobenzene, Diethyl malonate and  1-Butanol. 
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Figure 3. Deviation in viscosity (∆η) against the mole fraction (X1) of Furfural at 308.15K and 318.15 K for the binary 

liquid mixtures of Furfural with Nitromethane, Cholobenzene, Diethyl malonate and 1-Butanol. 

 

 

 
Figure 4. Intermolecular free length (∆LF) against the mole fraction of Furfural at 308.15K and 318.15 K for the binary 

liquid mixtures of Furfural with Nitromethane, Cholobenzene, Diethyl malonate and 1-Butanol. 
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Figure 5. Deviation of acoustic impedance (∆Z) against the mole fraction (X1) of Furfural at 308.15K and 318.15 K for the 

binary liquid mixtures of Furfural with Nitromethane, Cholobenzene, Diethyl malonate and 1-Butanol.  

 

 

 
Figure 6. ∆VF against the mole fraction of Furfural at 308.15K and 318.15 K for the binary liquid mixtures of Furfural with 

Nitromethane, Cholobenzene, Diethyl malonate and 1-Butanol 
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Figure 7. Intermolecular internal pressure (∆π) against the mole fraction (X1) of Furfural at 308.15K and 318.15 K for the 

binary liquid mixtures of Furfural with Nitromethane, Cholobenzene, Diethyl malonate and 1-Butanol. 

 

 
Figure 8. FTIR spectrum. (a) Pure furfural liquid, (b) equimolar mixture of furfural + nitromethane, (c) Pure nitromethane 

liquid. 

 

 

 
Figure 9. FTIR spectrum. (a) Pure furfural liquid, (b) equimolar mixture of furfural + chlorobenzene, (c) Pure 

chlorobenzene liquid. 
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Figure 10. FTIR spectrum. (a) Pure furfural liquid, (b) equimolar mixture of furfural + diethylmalonate, (c) Pure 

diethylmalonate liquid. 
 

 
Figure 11. FTIR spectrum. (a) Pure furfural liquid, (b) equimolar mixture of furfural + 1-butanol, (c) Pure 1-butanol 

liquid. 
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Abstract  
 

Laser processing is becoming increasingly important in industrial applications. The success of the process relies on 

two fundamental parameters: the surface temperature of the medium and the thickness of the hardened layer. One of 

the most important factors during a laser process is certainly the temperature, which presents high temperature 

gradients. The speed at which a material undergoes a phase transition, the chemical reactions that take place during 

processing and the properties of the material are all dependent on temperature changes. Consequently, the measure of 

temperature is a demanding undertaking. This study proposes to measure temperature for the duration of laser welding 

with the infrared camera (IR) Optris PI. To restore the real temperature based on the brightness temperature values 

measured by the IR camera is needed to evaluate the emissivity to be attributed to the IR camera. For this purpose, 

firstly, the isotherms consistent with the melting point of aluminum (785 K) were assessed and then compared with 

the temperature distribution gauged in the zone of irradiation of the laser. Such data were then compared with the 

thickness of the melted zone.  The use of the melting point isotherm allowed the calculation of the value of emissivity 

and the restoration of the temperature.  Thermography software data acquisition wrongly presupposes the emissivity 

value does not change. This generates incorrect thermographic data. The surface emissivity normally hinges on 

temperature. Therefore, the values on which the literature relies may not work for materials of interest in the conditions 

of the process. This is particularly the case, where welding is carried out in keyhole mode (Tmax = Tvap). However, the 

physical phenomena involved, including evaporation and plasma plume formation, high spatial and temporal 

temperature gradients, and non-equilibrium phase transformations, influence the optical conditions of the brightness 

of the emission of light from the molten pool, making, De Facto, the emissivity value not constant. Thus, what we 

propose here is a methodological procedure that allows the measurement of the effective emissivity of the surface, at 

the same time taking into consideration the consequence of physical phenomena and the conditions of the surface. 

Two procedures (Standard and Simplified) capable of providing the correct emissivity value in relation to the working 

parameters have been proposed. The results showed that the procedures are correct, fast, and easy to use. 

 

Keywords: Laser welding; emissivity; thermography; IR camera calibration. 

 

1. Introduction 

Typically, the temperature of the object is one of the 

fundamental parameters of thermal processes [1,3,10], such 

as example, melting. As a consequence,  it must be evaluated 

accurately. But this is not an easy task for several reasons. 

Primarily under laser processing, the temperatures reach 

high values with high-temperature gradients. A few 

metrological points are evident here. These include: a range 

of temperature that goes up to 2000 K and remarkable 

temperature gradients (∼ 105 –107 K/m) both in the pool 

where melting is performed and the zone affected by heat; 

elevated rates of heating and cooling (∼ 103 –106 K/s); 

flexible laser beam diameter in the plane of focus (ranging 

from 50 μm to 500 μm), a reflection of the laser beam, 

phenomena of the plume where the laser works, and 

emissivity of temperature dependence [4]. Compare to 

photoelectric detectors, thermal detectors such as 

thermocouples or semiconduction bolometers, which are 

much more susceptible to change in temperature on the 

sensor, possess a lower sensitivity and their reaction time is 

much slower. Photoelectric detectors can instead register 

infinitesimal changes in the flow of thermal radiation. In this 

case, only a minimal part of the full flow of the heat released 

by the surface of a heated body could be recorded. Laser 

metalworking temperature measurements are typically 

executed with thermocouples, infrared cameras, and 

pyrometers [7]. In any case, the need to obtain temperature 

data that are extremely precise and with a high resolution in 

space and time is a remarkable task for experimenters, where 

temperatures, gradients, and rates of heating and cooling are 

severely extreme [8]. There are other crucial problems for 

the infrared camera in such an environment. The problem 

here is that the emissivity of the hot metal is both low and 

inconsistent in this environment, where the temperatures are 

deducted, and therefore apparent (or better relative), and thus 

not true (or better absolute). Infrared (IR) thermography is 

the use of an IR camera to measure the apparent temperature 

of an object derived from its emissivity [9]. Therefore, the 

measurement of temperature through infrared radiation 

necessitates knowing the value of the emissivity of the 

heated surface both in the whole spectrum of range

https://orcid.org/0000-0003-0337-8490
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sensitivity and  in the full space of the temperature used in 

the process. The surface emissivity usually depends on the: 

 

•    Material 

•    Surface quality (geometry, roughness, oxidation, etc.) 

• IR Camera (wavelength and the direction of 

observation) 

•   Temperature 

      • physical phenomena : phase change, evaporation, 

plasma plume formation, etc. 

 

Most of the existing literature, that employs 

thermography in the evaluation of the welding process, is 

grounded on unchanging values of emissivity. This is the 

consequence of insufficient knowledge of the modification 

of the emissivity in the material through the process of 

welding. Examples of this literature, that gauge thermal 

signature in the processes of welding through a method of 

thermography grounded in an unchanging value of 

emissivity, are Boillot et al., Chen and Feng and Woo et al. 

Others [11,12,13] have evaluated the emissivity as a function 

of temperature, not going beyond the melting temperature, 

thus neglecting the effects due to the phase change. Thus, 

most of the available data did not consider the effects of the 

physical phenomena on the emissivity value. For this 

purpose, some authors [3,7] have proposed an alternative 

method for the evaluation of emissivity during laser welding. 

The isotherms consistent with the melting point of aluminum 

(785 K) were assessed and then compared with the 

temperature distribution gauged in the zone of irradiation of 

the laser. Such data were then compared with the thickness 

of the melted zone.  The use of the melting point isotherm 

allowed the calculation of the value of emissivity and the 

restoration of the temperature [4]. In this way, the emissivity 

is evaluated by considering the effects due to phase change 

and evaporation. However, the authors hypothesize that the 

value obtained is constant. The physical phenomena 

involved, including evaporation and plasma plume formation 

and in general, all those physical phenomena that influence 

the emissivity, mostly depend on the working parameters 

chosen as they determine the energy supplied during laser 

processing which in turn determines the temperature 

gradient. The temperature gradient determines the speed of 

phase transitions, evaporation rate, chemical reactions, 

microstructure and properties of the material, [2-3]. As is 

evident, that whenever the parameter values change, supply 

energy and the width of the melted zone change, and 

consequently the emissivity value changes [3,6]. This 

requires the need to carry out preliminary tests. The purpose 

of this work is to create a methodology that allows one to 

obtain an emissivity as a function of a wmz and evaluate it 

without carrying out tests on the laser machine. 

Once the material for a process by laser is chosen, the tests 

are made with the identical quality of the surface, and the IR 

camera is selected and placed, the emissivity will be the 

outcome of temperature and other associated physical 

phenomena. Furthermore, if the welding takes place in key-

hole mode, and then in conditions where the maximum 

temperature reached is always the same (Tmax = Tvap), the 

functional dependence of the emissivity can be reduced 

exclusively to the development of the physical phenomena 

involved. The evolution of the physical phenomena 

described largely depends on the working parameters ( P -  

laser supplied power, v - welding speed, d - defocus), 

consequently, the emissivity was evaluated as a function of 

these ɛ = f (d, P, v). It has also been noted that if the defocus 

value is fixed, the width of the melted zone depends on the 

working parameters P and v, thus obtaining the relation: 

wmz=fd(P,v).  In this way, it was possible to obtain a 

relationship between the emissivity (ɛ) and the width of the 

melted zone (wmz) for a fixed defocus value. 

 

𝜀0 = 𝑓0(𝑤𝑚𝑧)                                                                    (1) 

 
𝜀−6 = 𝑓−6(𝑤𝑚𝑧)                                                                (2) 

 

With this methodology it is possible to evaluate the 

emissivity as a function of width of the melted zone. The 

emissivity was then obtained by carrying out two types of 

tests by setting the defocus to two different values (d0, d-6) 

and varying the other two parameters P and v. After the tests, 

the experimental sets of (wmz, ɛ) were fitted by the empirical 

model. Through interpolating procedure, the functions 

relating to the other defocus values have been obtained. The 

emissivity map (Figure 1), which establishes the relationship 

between the emissivity and the width of the melted zone is 

then obtained. Then, a FEM model, using COMSOL 

Multiphysics software, was created. The FEM model was 

validated by comparing the isotherm corresponding to the 

melting point ρy to the width of the melted zone (wmz) 

derived from experimental tests. 

 

 

Figure 1. The emissivity map. 

So, it is possible to evaluate the emissivity for different 

working parameters by first evaluating the isotherm 

corresponding to the melting point ρy, obtained through the 

FEM model.  (Standard procedure).  

To reduce times, and to obtain a faster and more practical 

procedure, the parameter map was obtained. The knowledge 

of the parameter map allowed a relationship between specific 

energy and the width of the melted zone, corresponding to a 

preselected value for the defocus. It was able to value the 

width of the melted zone 𝑤𝑚𝑧 = 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) after fixed 

parameters and calculated the specific energy. From the 

emissivity map, the emissivity value is then obtained. 

(Simplified procedure). 

 

2. Materials and Method   

It was considered a base metal corresponding to the 

standard EN 45100 (AlSi5Cu3Mg – UNI EN 1676) 

aluminum with a thickness of 6 mm (Table 1). The 

rectangular section plates have been obtained from a single 

slab with surface roughness Ra = 1.4 μm. 
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Table 1.  Nominal Chemical Composition (wt %) of 

Base Metals. 

chemical 

components 
% 

Si 4.5÷6 

Fe 0.5 

Cu 2.6÷3.6 

Mn 0.55 

Mg 0.20÷0.45 

Cr / 

Ni 0.1 

Zn 0.1 

Sn 0.05 

Ti 0.2 

 

For the purposes of this work, a Yb: YAG disk laser 

source supplied in fiber, operating in continuous wave 

emission, was considered (Table 2). 

 

Table 2. Laser Welding System Technical Data. 

Chemical Components % 

Maximum output power [kW] 4.0 

Laser light wavelength λ [nm] 1030 

Beam Parameter Product [nm x mrad] 8.0 

Focal beam waist d [mm] 0.3 

Rayleigh range [mm] 2.81 

Focal length f [mm] 200 

Maximum power density [kW/mm2] 56.6 

Laser beam diameter at defocus 0 [mm]  0.3 

Laser beam diameter at defocus -2 [mm] 0.44 

Laser beam diameter at defocus -4 [mm] 0.71 

Laser beam diameter at defocus -6 [mm] 1.01 

Laser beam diameter at defocus -8 [mm] 1.32 

 

An integrated 3-way power nozzle was attached to the 

laser head, which was moved by a 6-axis industrial robot 

with a dedicated controller. Argon was injected as a carrier 

gas at a flow rate of 30 L/min, and helium was coaxially 

blown to the laser beam at a flow rate of 10 L/min as a 

shielding gas on the melting bath (Figure 2). 

 
 Figure 2. Schematic of the laser head with three-way feed 

nozzle; components not to scale. 

 

A tilt angle of 4◦ was set for the laser head, in accordance 

with common practice for processing highly reflective 

metals [8] to prevent rear reflections from entering the 

optical train. The infrared (IR) camera (Optris PI 400, 

spectral wavelength λ=8 μm) was positioned at 0.5 m with a 

zenith angle of 90° and an azimuth angle of 90°, with respect 

to the work area, to detect the surface temperature range. An 

inclination of 45° has been assigned to the IR camera [9]. 

Therefore, the thermo-chamber mainly acquires emissions 

from the weld seam visible through the vapor plume. (Figure 

3). 

 
Figure 3. Configuration used for observation with a 

Optris PI 400 thermal camera. keyhole mode laser welding 

(1. laser beam, 2. plasma/vapor cloud, 3. molten metal. 4. 

keyhole. 5. solidified melt). 

 

The calibration of the IR camera was performed by an 

M390S black body. Emissivity values are defined by 

Planck's law [24] 

 
1

𝑇𝑣
=

1

𝑇𝑏
+

𝜆

𝑐2
𝐿𝑜𝑔(𝜀)                                                           (3) 

 

with Tv - real temperature (K), Tb – brightness temperature 

(K), c2 - constant = 14390 (μm K). To measure the geometric 

characteristics of laser welding, in particular the dimensions 

of the weld bead, it was using an optical microscope. The 

experimental sets of (wmz, ɛ) were fitted, for a fixed defocus 

value, by the empirical model: 

 

𝜀𝑑𝑒𝑓,𝑖(𝑤𝑚𝑧) = 0.37 + 𝐿𝑜𝑔 (
𝑥0.7

𝐶𝑑𝑒𝑓,𝑖
+ 1)                                  (4) 

 

where 𝐶𝑑𝑒𝑓,𝑖are the best fit parameters (Table 3). 

 

Table 3. Best Fit Parameters. 

 

 

 

 

 

 

For each test the specific energy supplied is evaluated as 

shown: 

 

𝑒𝐿𝐵 =
𝑃

𝐴
⋅

𝑠

𝑣
                                                                          (5) 

 

where P is a laser supplied power, v is a welding speed, s is 

the length of the weld (10 cm for all tests) and A=π·(d/2)2 is 

a beam spot area. The experimental sets of (eLB, wmz) were 

fitted, for a fixed defocus value, by the empirical model: 

 

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) = 𝐿𝑜𝑔 (
𝑥1.1

𝐶𝑑𝑒𝑓,𝑖
′ + 1)                                          (6) 

where 𝐶𝑑𝑒𝑓,𝑖
′ are the best fit parameters (Table 3). 

 

3. Mathematical Formulation 
For heat transfer and fluid flow modeling, conservation 

of energy Eq. (7) and mass Eq. (14), and momentum balance 

Eq. (13) are solved. The following assumptions are made in 

the model. 

   Emissivity Map          Parameter Map 

Cdef,0 19.307 Cˈdef,0 11.107 

Cdef,-2 10.586 Cˈdef,-2 3.915 

Cdef,-4 13.755 Cˈdef,-4 1.477 
Cdef,-6 8.540 Cˈdef,-6 0.572 

Cdef,-8 31.534 Cˈdef,-8 0.285 
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o Liquid metal is incompressible Newtonian under  

flow 

o Gaussian heat source 

o Boussinesq approximation is valid 

 

𝜌 · 𝑐𝑝
𝑒𝑞 𝜕𝑇

𝜕𝑡
+ 𝜌 · 𝑐𝑝

𝑒𝑞
𝑢 ⋅ 𝛻𝑇 = 𝛻 ⋅ (𝑘𝛻𝑇)                              (7) 

 

with ρ - local density (kg·m-3), 𝑐𝑝
𝑒𝑞

– local equivalent heat 

capacity (J·kg-1K-1)), k – local thermal conductivity (W·m-

1K-1), T – solved temperature (K) and t – time (s). Latent heat 

of fusion and evaporation are taken in account by means of 

equivalent enthalpy approach [14]. 

 

𝑐𝑝
𝑒𝑞

= 𝑐𝑝 + 𝐷𝑚𝐿𝑚 + 𝐷𝑣𝐿𝑣                                                  (8) 

  

where cp is heat capacity as function of temperature, Lm and 

Lv – latent heat of fusion and evaporation, and Dm and Dv are 

Gauss function normalized around melting and evaporation 

temperature Tm and Tv respectively: 

 

𝐷𝑖 =
𝑒

−(
𝑇−𝑇𝑖

𝛥𝑇 )
2

√𝜋𝛥𝑇
                                                                            (9) 

 

where ΔT is smoothing interval of 50 K. The initial condition 

is given by Eq. (10), 

 

𝑇(𝑥, 𝑦, 𝑧, 𝑡) = 𝑇0                                                                     (10) 

 

where the initial temperature T0 is maintained at 293 K. The 

convective cooling and surface to ambient radiation 

boundary conditions were applied to the whole geometry. A 

heat source was introduced as a top surface Gaussian thermal 

source. Heat loss due to evaporation was modeled using a top 

surface vaporization heat flux [15]:  

 

�̇�𝑣𝑎𝑝 = −𝛽𝑟  𝐿𝑣√
𝑀

2𝜋𝑅𝑇
𝑃𝑠𝑎𝑡                                                 (11) 

 

where 𝛽𝑟– the specific energy coefficient, 𝐿v – local latent 

heat of vaporization (J·kg-1), M – molar mass (kg·mol-1), R – 

ideal gas constant (J·mol-1 K-1), Psat – saturated vapor 

pressure (Pa). The boundary conditions, heat flux and heat of 

vaporization, applied on the top, is expressed in Eq. (12) 

 

𝑘
𝜕𝑇

𝜕𝑧
|

𝑧=6
= −�̇�𝑔𝑎𝑢𝑠𝑠 + ℎ ⋅ (𝑇(𝑥, 𝑦, 0, 𝑡) − 𝑇∞) + 𝜀 ⋅ 𝜎 ⋅

(𝑇4(𝑥, 𝑦, 0, 𝑡) − 𝑇∞
4) + �̇�𝑣𝑎𝑝                                            (12)      

 

where �̇�𝑔𝑎𝑢𝑠𝑠 is the specific energy of the beam with a power 

P with a Gaussian function. 

The heat transfer model was incorporated with the fluid 

flow Multiphysics to determine the deformation of the 

molten weld pool under various boundary conditions such as 

Marangoni convection, Buoyancy Darcy damping force and 

recoil pressure to predict the weld bead morphology. The 

equations of mass conservation Eq. (13) and momentum 

balance (Navier-Stokes, Eq. (14)) were used to govern the 

fluid flow in weld.  

 

(𝛻 ⋅ 𝑢) = 0                                                                       (13)                       

 

𝜌
𝜕𝑢

𝜕𝑡
+ 𝜌(𝑢 ⋅ 𝛻)𝑢 = 𝛻 ⋅ (−𝑝𝐼 + 𝜇(𝛻𝑢 + (𝛻𝑢)𝑇)) −

𝜌(1 − 𝛽(𝑇 − 𝑇𝑚))𝑔 + 𝐹𝐷                                               (14) 

where, FD is the Darcy force (N), 

 

𝐹𝐷 = 𝜌 ⋅ 𝑔 ⋅ 𝛼(𝑇 − 𝑇𝑚)                                                   (15) 

 

g is the acceleration due gravity, α is the coefficient of 

thermal expansion (K-1) and Tm is the melting temperature. 

It is found through Rayleigh’s analysis that buoyancy force 

can make a big difference to the temperature profile of the 

pool via natural convection only when Rayleigh number 

exceeds 1100 in the pool. In a typical laser welding process, 

it is far less than 1100 due to small thickness of workpiece 

and thermal expansion coefficient [16]. Marangoni 

convection is a fluid flow due to the surface tension in the 

molten weld pool. It’s assigned to the boundary on the top 

surface 

 

−𝜇
𝜕𝜇

𝜕𝑥
=

𝜕𝑇

𝜕𝑦
⋅

𝜕𝛾

𝜕𝑇
                                                           (16)          

 

where μ is the dynamic viscosity (Pa·s) and γ is the 

temperature derivative of surface tension. At the top surface 

of the domain, the recoil pressure [17] was applied:  

 

𝑃𝑟 = (
1+0.02

2
) 𝑃𝑠𝑎𝑡                                                            (17) 

 

with pressure of saturated vapor given as: 

 

𝑃𝑠𝑎𝑡 = 𝑃0 ⋅ 𝑒𝑥𝑝 (
𝐿𝑣𝑎𝑝⋅𝑀

𝑅
(

1

𝑇𝑣𝑎𝑝
−

1

𝑇
))                                (18) 

 

3.1 Numerical Modeling: Finite Element Method 

      The FEM model was built using COMSOL Multiphysics 

software. The model is created using heat transfer in fluids 

and laminar flow under phase change conditions. 

Multiphysics coupling is achieved by interrelating the 

equations that describe heat transfer and flow: the velocity 

field in the equation describing convection (heat flow) is 

obtained by solving the Navier-Stokes equations, which 

provide temperature as a function of position; in turn, 

temperature defines thermophysical properties. To build 

FEM model correctly, the following have been defined: 

 

Model parameters: needed to build the numerical model 

such as the type of materials, sample size, wavelength, and 

work parameters: power, scan speed and spot radius (Table 

2). 

Materials' Properties: Since the proposed model 

considers the solid-liquid phase change, the properties at 

ambient temperature for the solid phase and at melting 

temperature for the liquid phase were used.  Specific heat, 

thermal conductivity coefficient [18,22], and density [11,19] 

were then defined (Table 4). The absorption value was 

chosen for aluminum 0.16 [20,21]. The liquid-vapor phase 

transition was not considered. 

 

Geometry and mesh modeling: One of the most important 

steps in FEM modeling is the definition of mesh geometry. 

The geometry of the model consists of a thin sheet. A 3-D 

solid block of (40 x 30 x 6) mm3 was created. To verify that 

the calculated results are independent of the sample size, 

some simulations were carried out with the real dimensions 

of the specimen, and it was verified that the temperature 

profiles are identical. To ensure that the calculated results are 

grid-independent, several grid distributions have been tested. 
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Maximum temperature differences of the fields are less than 

0.1 percent by doubling the mesh nodes. Two parts are 

meshed using tetrahedral geometry meshes. The minimum 

and maximum size of the element for the mesh is 0.1 and 0.2 

mm for the block where one boundary condition has been 

applied and 0.2 and 0.3 mm for the other.  

 

Table 4. Aluminum Thermophysical Properties. 

             Phase State 

 Solid Liquid 

ρ [kg m-3] 2600 2400 

k [W m-1 K-1] 150 90 

μ [Pa s] 0.001 0.0007 

Lm [J kg-1] 3.3·105 

Lv [J kg-1] 1.4·107 

cp [J kg-1 K-1] Eq. (8) 

σ [N m-1] 0.7 

Tm [K] 785 

Tvap [K] 2800 

M [kg mol-1] 0.269 

R [J·mol-1 K-1] 8.314 

 

Boundary conditions and initial conditions: The laser 

beam incident on the surface z = 6 mm was characterized by 

a second type boundary condition where the imposed flux is 

the heat source �̇�𝑔𝑎𝑢𝑠𝑠. In addition, the third type boundary 

condition on face z = 6 mm was considered. In the hypothesis 

of natural convection �̇�𝑐𝑜𝑛𝑣 , the model was given a constant 

thermal convection coefficient h = 10 [W m-2 K-1] [21,23]. It 

was also considering radiative cooling �̇�𝑖𝑟𝑟  a constant value 

was set  𝜀𝑖𝑟𝑟 = 0.15 [12] for aluminum.  Furthermore, the 

third type of boundary convective condition on all faces was 

considered (Figure 4).  

 

 
Figure 4. The schematization of the boundary conditions. 

 

The ambient temperature and the initial temperature 

conditions of the plate are equal to 293 K. The liquid-vapor 

phase transition was not considered. On the other hand, the 

heat loss through evaporation was represented by top surface 

vaporization heat flux �̇�𝑣𝑎𝑝 Eq. (11). The specific energy 

coefficient was introduced to consider the specific energy 

supplied during laser welding. The coefficients have been 

obtained considering that the specific energy supplied during 

laser welding depends mainly on the diameter of the laser 

beam. In particular, the specific energy increases as the 

diameter decreases. Since 𝛽𝑟 and the supplied energy 

coefficients are directly proportional, because if the specific 

energy supplied increases, the energy lost by evaporation 

must increase, βr and the diameter are inversely proportional 

(Table 5) At the top surface of the domain, the recoil pressure 

was applied Pr Eq. (17). Finally, Marangoni effect was 

considered the surface tension coefficient (σ)  at the melting 

temperature Tm was taken into consideration [19].  

 

Table 5. The Specific Energy Coefficient. 

Defocus 
Diameter 
d [mm] 

1/d  𝛽𝑟 - min 
normalization 

def0 0.3 3.33 4.4 

def-2 0.44 2.27 3 

def-4 0.71 1.41 1.9 

def-6 1.01 0.99 1.3 

def-8 1.32 0.76 1 

 

Laser beam modeling: We assume that in the z-direction 

the heat source is concentrated at a level immediately below 

the upper surface (z = 6 mm). The irradiation of the beam 

gradually decreases at the edges (Figure 5). 

 

 
 

Figure 5. Sketch of the workpiece and coordinate system. 

 

To define beam width for Gaussian beams Eq. (19) was 

used a 1/e2 method. 

  

�̇�𝑔𝑎𝑢𝑠𝑠(𝑥, 𝑦) =
2⋅𝑃

𝜋⋅𝑟0
2 𝐸𝑥𝑝 (−

2⋅((𝑥−𝑥0)2+(𝑦−𝑦0)2)

𝑟0
2 )            (19) 

 

The width of the beam is calculated by measuring the 

distance between the two points where the intensity is 1/e2 of 

the peak value (Figure 6). So only about 86.5 % of the laser 

power is contained within the 1/e2 width (Eq. (20), Table 6). 

 

∫ ∫ �̇�𝑔𝑎𝑢𝑠𝑠(𝑥, 𝑦) ⋅ 𝑑𝑥𝑑𝑦
𝜎

𝑦=−𝜎

𝜎

𝑥=−𝜎
= 86.5%𝑃                   (20) 

 

 
Figure 6. Gauss laser beam modelling. 

 

4. Result and Discussion 
4.1 Experimental Tests 

Two types of tests were carried out at different defocus 

values as shown in Table 6. A rectangular section plate of 

sizes (Lx=100 x Ly=50 x Lz=6 mm) was used. 

Each test was analyzed under an electron microscope 

which made it possible to obtain an image of the trace in TIF 

format (Figure 7). 

The traces were divided into 17 sections at 4 mm 

intervals. For each section the size of the trace was evaluated 

(Table 7).  
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Table 6. Welding System Technical Data. 

 
Power 

P[W] 

Welding   
speed         

v [mm s-1] 

Defocus 

def [mm] 

Beam Diameter 

d [mm] 

1AL 2500 50 0 0.30 

2AL 3000 50 0 0.30 

3AL 3000 35 0 0.30 

5AL 3500 50 -6 1.01 

8AL 3750 40 -6 1.01 

9AL 4000 40 -6 1.01 

 

 
Figure 7. Electronic microscope image: Test 1AL weld track. 

 

Table 7. Test 1AL Width of the Melted Zone Sections. 

Sez. s[mm] Sez. s[mm] 

a 2.26 m 2.57 

b 2.34 n 2.49 

c 2.34 o 2.44 

d 2.16 p 2.57 

e 2.34 q 2.39 

f 2.55 r 2.39 

g 2.34 s 2.39 

h 2.49 Mean 2.40 

i 2.34 Dev.St 0.11 

l 2.31   

 

Then, mean values and standard deviations are calculated 

(Table 8).   

 

Table 8. Mean Value of a Width of the Melted Zone. 

Test 
Width of the melted 
zone wmz[mm] 

Dev. st 

1Al 2.40 0.11 

2Al 2.58 0.15 

3Al 2.88 0.15 

5Al 2.87 0.10 

8Al 3.18 0.13 

9Al 3.40 0.08 

 

These results will be used to validate the numerical 

model. For this purpose, the isotherms corresponding to the 

melting point (ρy) were calculated through the finite element 

method. The calculated ρy data were compared with the 

width of the melted zone (wmz). 

 

4.2 FEM Results 

The simulation process allowed us to extrapolate the 

values corresponding to the fusion isotherm (785 K) on the 

plane at z =6 mm.  

The data were fitted using an ellipsoidal model, Eq. (21)   

 

{

𝑥(𝑟) = 𝑋0 + 𝑎 ⋅ 𝑐𝑜𝑠 𝜃𝑟

𝑦(𝑟) = 𝑌0 + 𝑏 ⋅ 𝑠𝑖𝑛 𝜃𝑟

0 ≤ 𝜃𝑟 ≤ 2 ⋅ 𝜋
                                                                  (21)     

 

with a - sub axis (radius) of the X axis of the non-tilt ellipse, 

b - sub axis (radius) of the Y axis of the non-tilt ellipse, X0 - 

center at the X axis of the non-tilt ellipse, Y0 center at the Y 

axis of the non-tilt ellipse, ρx - size of the long axis of the 

ellipse, ρy - size of the short axis of the ellipse, φ - orientation 

in radians of the ellipse (tilt). In this way, it was possible to 

quickly obtain the value of the diameter corresponding to the 

melting point (ρy) (Table 9, Figure 9). 

 

 
Figure 8. FEM Test 1AL, ρy isotherm at T=785K. 

 

Table 9. FEM Fit Parameter. 

 1AL. 2AL 3AL 5AL 8AL 9AL 4AL 6AL 

a 1.772 1.874 1.924 2.473 2.485 2.513 1.897 2.286 

b 1.236 1.287 1.350 1.532 1.649 1.659 1.293 1.458 

φ -0.006 -0.007 0.025 -0.010 0.005 0.003 -0.008 -0.016 

X0 19.310 19.253 15.79 19.006 16.813 16.83 19.29 19.19 

Y0 14.855 14.845 15.387 14.779 15.074 15.03 14.81 14.67 

ρx 3.544 3.748 3.849 4.946 4.971 5.026 3.795 4.573 

ρy 2.473 2.574 2.719 3.045 3.299 3.318 2.586 2.917 

Err 

% 
0.225 0.26 0.268 0.402 0.684 0.109 0.211 0.107 

 

 
Figure 9. 1AL numerical data fit time = 0.2 s 

 

As shown in Table 10,  

 

Table 10. Isotherm Corresponding to the Melting Point 

Compared with the Width of the Melted Zone. 

 P[W] v [mm s-1] 
def 

[mm] 
wmz ρy err % 

1AL 2500 50 0 2.40 2.477 3.02 

2AL 3000 50 0 2.58 2.575 0.20 

3AL 3000 35 0 2.88 2.720 5.75 
5AL 3500 50 -6 2.87 3.045 5.92 

8AL 3750 40 -6 3.18 3.299 3.67 

9AL 4000 40 -6 3.40 3.318 2.44 
4AL 3000 50 -4 2.60 2.586 0.50 

6AL 2500 50 -8 2.87 2.917 1.63 

 

fixed beam diameter and scan speed, as the power delivered 

by the laser increases, the extension of the diameter 

corresponding to the melting temperature increase (Tests 

1AL and 2AL). The diameter ρy also increases with 

decreasing speed.  For each test, the percentage error 
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between the isotherms corresponding to the melting point (ρy 

numerically evaluated) and the extension of the melted zone 

(wmz, obtained through experimental tests) was evaluated. As 

shown in Table 10, the error for all types of test results is less 

than  6%. Thus, the constructed FEM model can provide a 

useful approximation to reality with a low average error. 

Then two further tests with defocus values def-4 def-6 were 

carried out, to verify the goodness of the FEM model (Table 

11).  

 

Table 11.  Test Coefficients and Parameters. 
 P[W] v[mm·s-1] def[mm] d[mm] 

 3000 50 -4 0.71 

 3500 50 -8 1.32 

 

It was compared the isotherm corresponding to the 

melting point to the width of the melted zone (Table 10). 

Also, in this case, the error is less than 6%. 

 

4.3 Method of Brightness Temperature Definition and 

Emissivity Evaluation: The Emissivity Map 

The thermal image of cladding zone registered by IR 

camera is presented in Figure 10.  

 

 
Figure 10. False-color: infrared image of melt pool 

registered by IR camera optris in 8 μm spectral wavelength, 

Test 1AL 

 

The laser beam's maximum energy density flux has a 

pseudo-Gaussian form, which raises the temperature at the 

beam axis. The periphery portion of the molten pool, where 

oxides and other nonmetallic inclusions are typically 

concentrated    by thermocapillary convection and in the 

nearby solid phase sections, correlates to the ring-shaped 

zone with strong thermal emission. It is possible to define the 

emissivity value using Planck's law [24] at a spectral value 

λ=8 μm Eq. (3), assuming that the value of temperature 

stabilization at solidification corresponds to the known 

melting point of AL, which is equal to 785 K under 

equilibrium conditions. The comparison of the width of the 

molten zone obtained by irradiating the laser beam of the 

surface aluminum and the IR camera signal value is 

presented in Table 12. 

A different type of palette (integrated in the Optris PI 

connect program) was used to display the images in such a 

way as to have well defined the different isotherms (Figure 

11).  

For each test 8 frames were evaluated (1 every 1 s). The 

obtained mean value was used to calculate the emissivity 

Table 13. 

 

 

Table 12. Mean Brightness Temperature and Emissivity, λ=8 

μm. 

 wmz[mm] 
Brightness 
temperature 

Tb [K] 

Empirical 

ɛ 

1AL 2.40 623 0.550 

2AL 2.58 635 0.581 
3AL 2.88 641 0.597 

5AL 2.87 587 0.461 

8AL 3.18 596 0.486 
9AL 3.40 600 0.493 

4AL 2.60 609 0.515 

6AL 2.87 577 0.437 

 

 
Figure 11. Rainbow-colors: infrared image of melt pool 

registered by IR camera optris in 8 μm spectral wavelength, 

Test 1AL frame 4. 

 

Table 13. Brightness Temperature, Frame 1-8. 
Frame 1AL 5AL 

1 615 579 
2 630 577 

3 635 594 

4 620 597 
5 621 598 

6 617 579 

7 632 581 
8 614 590 

�̅� [𝐾] 623 586.9 

 

The experimental sets of (wmz, ɛ) were fitted, for a fixed 

defocus value, by the empirical model, Eq. (4). 

Coordinate (0, ɛ0) has been identified as a reference. In 

fact, the condition wmz = 0 represents the case in which the 

temperature reached is lower than the melting point so that 

melting does not occur. The value of ɛ0 = 0.37 was chosen 

which corresponds to the emissivity at a temperature of 785 

K [25]. The functions relating to the other defocus values 

have been obtained through interpolating procedure (Table 

3, Figure 12).  

 

 
Figure 12. The emissivity map. Functions ɛ (wmz) at different 

defocus values. 
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In this way, the emissivity map, which coupled with the 

FEM model allows us to obtain a procedure capable of 

providing the emissivity value without carrying out tests on 

the laser machine,  was obtained. A relative error between 

the emissivity value evaluated experimentally and that 

obtained from the emissivity map using experimental wmz 

was evaluated (Table 14).  

 

Table 14. Experimental Emissivity vs Emissivity Obtained 

from the Emissivity Map - Input wmz . 

 
wmz 

[mm] 
Empirical 

ɛ 

Emissivity 

map 

ɛdef,i(wmz) 

Err % 

1AL 2.40 0.550 0.551 0.2 

2AL 2.58 0.581 0.560 3.7 

3AL 2.88 0.597 0.574 4.0 
5AL 2.87 0.461 0.465 1.0 

8AL 3.18 0.486 0.472 2.8 

9AL 3.40 0.493 0.478 3.2 
4AL 2.60 0.515 0.503 2.3 

6AL 2.87 0.437 0.434 0.7 

 

As shown, the error is ≤ 4 %. So, through the parameter 

map, it is possible to evaluate the correct emissivity value, to 

be attributed to the IR camera in relation to the working 

parameters, knowing the width of the melted zone. Since, as 

previously seen, wmz = ρy with less than a maximum error of 

6 % to the diameter corresponding to the fusion isotherm, it 

was possible to use the ρy value, obtained from the FEM 

model as input data for the evaluation of the emissivity with 

the use of the emissivity map. For 4AL and 6AL tests, 

respectively to defocus def-4 and def-8, the emissivity was 

evaluated starting from the value of the width of the melting 

zone wmz, experimentally evaluated, and compared with 

temperature distribution measured in the laser irradiation 

zone (Table 14). Also, in this case, a relative error between 

the experimentally emissivity value and that obtained from 

the emissivity map using experimental wmz , was evaluated . 

Then, through the FEM model, the width of the melted  zone 

was evaluated. The emissivity was obtained through the 

emissivity map ɛ (ρy),  (Figure 13, Table 15).  

 

Figure 13. ɛ (ρy)  value obtained through the emissivity map. 

Tests 4AL,6AL. 

 

It has been observed that the use of the methodology 

involves an error ≤ 5% . 

 

We can sum up, what will be called the standard 

procedure, as follows (Figure 14):    

 

o Known the working parameters, through the FEM 

model the value wmz = ρy was obtained. 

 

o Using the emissivity map, the value ɛ(ρy) was 

obtained. 

 

 
Figure 14. Standard procedure. 

 

Table 15. Experimental Emissivity vs Emissivity Obtained 

from the Emissivity Map - Input ρy - Standard Procedure. 

 
ρy 

[mm] 
Empirical 

ɛ 

Emissivity 

map 

ɛdef,i(ρy) 

Err % 

1AL 2.477 0.550 0.569 3.5 
2AL 2.575 0.581 0.574 1.1 

3AL 2.720 0.597 0.582 2.6 
5AL 3.045 0.461 0.476 3.4 

8AL 3.299 0.486 0.482 0.7 

9AL 3.318 0.493 0.484 2.0 
4AL 2.587 0.503 0.502 0.1 

6AL 2.917 0.434 0.435 0.2 

 

4.4 Method of Specific Energy: The Parameter Map  

      Through the FEM model, which allows us to evaluate the 

width of the melting zone for fixed working parameters, and 

next through the emissivity map, it was possible to obtain the 

emissivity value to be attributed to the IR camera for correct 

calibration. In this way, it is possible to predict the 

emissivity, for fixed working parameters, without having to 

carry out tests on the laser machine, but simply by obtaining 

the 𝜌𝑦 value from the FEM model and then using the 

emissivity map. Since the computational times are not short 

(about 4 hours), a streamlined procedure has been 

implemented. For each test, the specific energy supplied is 

evaluated (Eq. (5) – Table 16): 

 

Table 16. Specific Energy. 

 
P  

[W] 

v 

[mm·s-1] 

d 

[mm] 

A 

[mm2] 

eLB 

[kJ mm-2] 

wmz 

[mm] 

1AL 2500 50 0.30 0.070 70.735 2.40 

2AL 3000 50 0.30 0.070 84.882 2.58 

3AL 3000 35 0.30 0.070 121.261 2.88 

5AL 3500 50 1.01 0.801 8.730 2.87 

8AL 3750 40 1.01 0.801 11.705 3.18 

9AL 4000 40 1.01 0.801 9.985 3.40 

4AL 3000 50 0.71 0.395 15.154 2.60 

6AL 3500 50 1.32 1.369 5.115 2.87 

 

 
Figure 15. The parameter map. Functions wmz(eLB) at 

different defocus values. 

 

The experimental sets of (eLB, wmz) were fitted, for a fixed 

defocus value, by the empirical model, (Table 3, Eq. (6)). In 
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this case, the point (0,0) corresponding to the condition in 

which 𝑒𝐿𝐵 = 0 consequently wmz = 0, has been identified as 

a reference. The parameter map (Figure 15), which allows us 

to predict the width of the melted zone as a function of the 

working parameters, thus was obtained. 

A relative error between the width of the melted zone and 

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) obtained from the parameter map, was evaluated 

(Table 17). 

 

Table 17.  Width of the Melted Zone wmz vs 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) 

Obtained from the Emissivity Map.  

 
wmz 

[mm] 

eLB 

[kJ mm-2] 

Parameter Map 

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) 

[mm] 

wmz 

Err % 

1AL         2.40 70.735 2.37 1.1 

2AL 2.58 84.882 2.55 0.9 
3AL 2.88 121.261 2.92 1.6 

5AL 2.87 8.730 2.99 4.2 

8AL 3.18 11.705 3.30 3.7 
9AL 3.40 9.985 3.16 7 

4AL 2.60 15.154 2.67 2.6 

6AL 2.87 5.115 3.02 5.1 

 

The methodology relating to the 4AL and 6AL tests was 

used. After setting the parameters, the specific energy was 

evaluated (Table 16).  

The 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) was evaluated using the parameter map 

(Figure 16),  

 

 
Figure 16. Width of the melted zone obtained through the 

parameter map. Tests 4AL,6AL. 

 

through the emissivity map (Figure 17) the ɛ(𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵))  

was obtained. 

 

 
Figure 17. wmz(eLB)  obtained through the emissivity map. 

Tests 4AL,6AL. 

 

The results showed that it is possible to approximate the 

width of the melted zone wmz with the value 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) 

obtained from the parameter map with an average error equal 

to 3.3 % and a max error of 7 % (Table 17). The error 

between the emissivity evaluated empirically and that 

obtained from the emissivity map using the  

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) value obtained from the parameter map is small. 

The results showed an average error of 1.5 % with a 

maximum of 3.2 % (Table 18).  

 

Table 18. Empirical Emissivity vs Emissivity Obtained from 

the Emissivity Map - Input wmz(eLB) -  Simplified Procedure. 

 

Parameter 

Map

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) 

[mm] 

Emissivity 

Map 

ɛ (wmz(eLB)) 
[mm] 

Empirical 

ɛ 

ɛ 
Err 
% 

1AL         2.37 0.564 0.550 2.6 

2AL 2.55 0.574 0.581 1.2 

3AL 2.92 0.592 0.597 0.9 
5AL 2.99 0.475 0.461 3.2 

8AL 3.30 0.482 0.486 0.6 

9AL 3.16 0.480 0.493 2.7 
4AL 2.67 0.505 0.503 0.4 

6AL 3.02 0.436 0.434 0.5 

 

A simplified procedure, that allows us to evaluate the 

emissivity value using the 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) value obtained from the 

parameter map as input for the emissivity map, was obtained. 

(Figure 18). We can recap it as follows: 

 

 
Figure 18. Simplified procedure. 

 

o Known the working parameters, through the Eq. (5) 

the value of specific energy eLB is calculated.  

 

o Using the parameter map, the value wmz = 

𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵)  was obtained. 

 

o Using the emissivity map, the value ɛ(wmz(eLB)) 

was obtained. 

 

The simplified procedure was faster and leaner than the 

standard one. In fact, the simplified procedure foresees to use 

as input for the emissivity map the value 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵)  

obtained through Eq. (5) and parameter map. This process is 

much simpler and faster than using the FEM model. 

 

5. Conclusion 

To use an infrared camera to measure the temperature 

during laser welding, it is necessary to know the emissivity. 

For this type of processing, the emissivity value is obtained 

by comparing the width of the melted zone with the 

temperature distribution measured in the laser irradiation 

zone. The apparent temperature value corresponding to the 

width of the molten zone is obtained.  Finally, using Planck's 

law, the emissivity value may be calculated. 

Since the emissivity is not constant, every time the 

working parameters are set, it will be necessary to carry out 

a preliminary test. This results in a waste of time and 

materials. The methodology is not very workable and 

laborious to use. In this work, two procedures, that can 

overcome the limits seen, have been proposed. Both 

procedures (Standard – Simplified) require the use of the 

emissivity map. The knowledge of the emissivity map 

allowed a relationship between the width of the melted zone 
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and the emissivity, corresponding to a preselected value for 

the defocus. This allowed it to value the emissivity after 

setting parameters and measuring the width of the melted 

zone (wmz = ρy) by FEM model (Standard procedure). The 

time needed to obtain the emissivity value corresponds to the 

time needed to obtain the value ρy using the FEM model 

(about 4 hours). To reduce the time required, and thereby 

obtain a more practical procedure, a parameter map was 

calculated. The knowledge of the parameter map allowed a 

relationship between specific energy and the width of the 

melted zone, corresponding to a preselected value for the 

defocus. It was able to value the width of the melted zone 

𝑤𝑚𝑧 = 𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵) after fixed parameters and calculated the 

specific energy. The 𝜀(𝑤𝑚𝑧,𝑖(𝑒𝐿𝐵)) value is obtained through 

the emissivity map. In this way, a more streamlined and rapid 

procedure was obtained (Simplified procedure), for which 

calculation times are, de facto, zero. In this way, after setting 

the working parameters,   it is possible to get an instant 

evaluation of the emissivity without having to perform 

preliminary tests. Both methods are quick and allow us to 

determine the emissivity value considering the physical 

phenomena involved and the conditions of the surface.   
 

Nomenclature 

 
def Focal beam waist mm 

𝑟0 Radius beam mm 

v Welding speed mm s-1 

wmz Width of the melted zone mm 

ρy Isotherm corresponding to the melting point   mm 
P Power W 

Lx Slab length mm 

Ly Slab width mm 
Lz Slab depth mm 

Cabs Absorption coefficient / 

k Thermal conductivity Wm-1K-1 

h Convective heat transfer coefficient Wm-2K-1 

𝜀𝑖𝑟𝑟  

Aluminum emissivity constant value for a 

FEM model 
/ 

ρ Mass density  Kg m-3 

cp Specific heat.   J kg-1 K-1 

µ Dynamic Viscosity Pa s 
σ Surface tension coefficient N m-1 

Lm Latent heat of fusion J kg-1 

Lv Latent heat of vaporization J kg-1 
Tm Melting temperature K 

Tvap Evaporation temperature K 

M Molar mass kg mol-1 
R Ideal gas constant  J·mol-1 K-1 
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Abstract 
 

Air is one of the most important substances used in industrial and technological applications. Applications of air 

require a consistent set of reliable data on its thermodynamic and thermophysical properties. Over the last few decades, 

researchers have developed a number of empirical and theoretical models for the correlation and prediction of the 

thermodynamic and thermophysical properties of pure fluids and mixtures. The ideal gas Equation of State (EoS) is 

used in gas thermodynamic property calculations extensively, but in applications with higher pressure zones, the error 

levels are increasing. For most applications, an equation of state with better accuracy of thermodynamic properties 

will be required for extreme cases. In this study, Schreiber-Pitzer EoS is considered for better accuracy of the 

thermodynamic properties for air mixture. A set of computer programs were developed in java language to calculate 

the thermodynamic and thermophysical properties of air as a mixture of Nitrogen, Oxygen and Argon. The Schreiber-

Pitzer EoS results are compared with Peng-Robinson EoS, Redlich-Kwong EoS, Van der Waals EoS, and ideal gas 

EoS utilizing cubic spline curve fitting for cp values. The thermodynamic and thermophysical property results and 

percentages of differences are calculated. The percentages of differences are increasing with increasing pressure and 

decreasing temperature. 

 

Keywords: Schreiber-Pitzer EoS; thermodynamic properties of air; thermophysical properties of air; cubic spline.  

 

1. Introduction 

Accurate knowledge of the thermodynamic properties of 

gases and mixtures is needed for efficient design and 

operating processes. A variety of equations of state are 

available in the literature. The simplest and best known 

equation of state for substances in the gas phase is the ideal 

gas EoS, but its range of applicability is limited. The first 

cubic equation of state was proposed by J. D. Van der Waals 

in 1873 [1,2]. Van der Waals intended to improve the ideal 

gas EoS by including two of the effects not considered in the 

ideal gas model: the intermolecular attraction forces and the 

volume occupied by the molecules themselves. Redlich 

Kwong EoS, which is a considerably more accurate cubic 

equation than Van der Waals, was proposed in 1949 [3]. 

Cubic equations of state are rather simple and easy to extend 

to new components because only a few substance specific 

parameters are needed. They are accurate enough for high 

pressure applications. The Peng-Robinson EoS, which was 

suggested by Ding-Yu Peng and Donald B. Robinson in 

1976, achieves simple and accurate predictions [4,5]. Peng-

Robinson EoS has been widely used in thermodynamic 

calculations in industrial and scientific studies since 1976 

[6]. Some of the researchers discussed the Peng-Robinson 

EoS in depth [7,8]. Zabaloy and Vera in 1998 compared 

Peng-Robinson EoS with other equations of state. They 

found, that Peng-Robinson EoS was clearly superior to the 

other forms considered in their study [9]. Valderrama gave 

general recommendations for using the Peng-Robinson EoS 

for reliable application [10].  

Schreiber-Pitzer EoS utilizes Pitzer’s acentric factor, 

which is a modified form of Benedict-Webb-Rubin EoS [11]. 

It is basically a quadratic curve fitting equation to reference 

fluids by using Pitzer’s acentric factor as a variable. A rich 

list of curve fitting reference fluids, including hydrocarbons 

and other gases, is used to obtain curve fitting coefficients of 

the EoS. In this study, specific heat values are added into the 

program as cubic spline curve fitting values. In order to 

create actual data for specific heat data, it is assumed that air 

is a mixture of Nitrogen, Oxygen and Argon. By getting 

specific heat and critical properties of these gases, 

pseudocritical properties of air are calculated and used as 

input parameters to Schreiber-Pitzer EoS. The Schreiber-

Pitzer EoS results are compared with Peng-Robinson EoS, 

Redlich-Kwong EoS, Van der Waals EoS, and ideal gas EoS. 

The property results and percentages of differences are given 

and interpreted. 

 

2. Theory 

2.1 Formulation of EoS and Thermodynamic Properties 

In this paper, the Schreiber-Pitzer equation of state was 

considered for air as a mixture of Nitrogen, Oxygen and 

Argon. The specific heat and the pseudocritical properties of 

air are calculated from the critical properties of the gases and 

used as input parameters to the Schreiber-Pitzer EoS. Details 

of the Schreiber-Pitzer EoS is given in Eq. (1). 

https://orcid.org/0000-0001-9024-4751
https://orcid.org/0000-0003-1873-2640
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𝑍 =
𝑃

𝜌𝑅𝑇
= 1 + 𝐵(𝑇𝑟 , 𝜌𝑟)𝜌𝑟 + 𝐶(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

2 + 𝐷(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
3 +

                     𝐸(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
5 + 𝐹(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

7 + 𝐺(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
8 +

                     𝐻(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
10 + 𝐼(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

12  (1) 

 

𝐵(𝑇𝑟 , 𝜌𝑟) = 𝑐1 +
𝑐2

𝑇𝑟
+

𝑐3

𝑇𝑟
2 +

𝑐4

𝑇𝑟
6  (2) 

 

𝐶(𝑇𝑟 , 𝜌𝑟) = 𝑐5 +
𝑐6

𝑇𝑟
+

𝑐7

𝑇𝑟
3 +

𝑐8

𝑇𝑟
4 exp(−𝜌𝑟

2)  (3) 

 

𝐷(𝑇𝑟 , 𝜌𝑟) = 𝑐9 +
𝑐10

𝑇𝑟
+

𝑐11

𝑇𝑟
2   (4) 

 

𝐸(𝑇𝑟 , 𝜌𝑟) =
𝑐12

𝑇𝑟
2 +

𝑐13

𝑇𝑟
3   (5) 

 

𝐹(𝑇𝑟 , 𝜌𝑟) =
𝑐14

𝑇𝑟
2 +

𝑐15

𝑇𝑟
3   (6) 

 

𝐺(𝑇𝑟 , 𝜌𝑟) =
𝑐16

𝑇𝑟
3 + (

𝑐17

𝑇𝑟
3 +

𝑐18

𝑇𝑟
5) exp(−𝜌𝑟

2)  (7) 

 

𝐻(𝑇𝑟 , 𝜌𝑟) = (
𝑐19

𝑇𝑟
3 +

𝑐20

𝑇𝑟
4) exp(−𝜌𝑟

2)  (8) 

 

𝐼(𝑇𝑟 , 𝜌𝑟) = (
𝑐21

𝑇𝑟
3 +

𝑐22

𝑇𝑟
4) exp(−𝜌𝑟

2)  (9) 

 

𝑐𝑖 = 𝐶𝑖,0 + 𝐶𝑖,1𝜔 + 𝐶𝑖,2𝜔
2 (10) 

 

“ω” coefficient is called Pitzer’s acentric factor in 

Schreiber-Pitzer EoS. Acentric factor is given in Eq. (11). 

 

𝜔 = −𝑙𝑜𝑔10𝑃𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑒𝑑 𝑣𝑎𝑝𝑜𝑟(𝑎𝑡 𝑇𝑟 = 0.7) − 1  (11) 

 

The coefficients of Schreiber-Pitzer EoS in Eq. (10) are 

given in Table 1. 

 

Table 1. Coefficients (ci,j) of Schreiber-Pitzer EoS. 

 j=1 j=2 j=3 

C1,j 0.4422590000 0.7256500000 0.0000000000 

C2,j -0.9809700000 0.2187140000 0.0000000000 

C3,j -0.6111420000 -1.2497600000 0.0000000000 

C4,j -0.0051562400 -0.1891870000 0.0000000000 

C5,j 0.1513654000 2.3067060000 -10.4117400000 

C6,j -0.0438262500 4.6960680000 15.1414600000 

C7,j 1.1026990000 3.1293840000 -9.5214090000 

C8,j -0.6361056000 0.3266766000 2.9046220000 

C9,j 0.0087596260 -3.2040990000 8.0023380000 

C10,j 0.3412103000 8.8721690000 -14.4038600000 

C11,j -0.8842722000 -6.6874710000 11.7685400000 

C12,j 0.1375109000 0.2432806000 -0.5515101000 

C13,j -0.1443457000 1.2869320000 -2.1809880000 

C14,j -0.0059695540 0.0454196100 0.0000000000 

C15,j 0.0245053700 -0.4158241000 0.7914067000 

C16,j -0.0041995900 0.0910596000 -0.1786378000 

C17,j 0.0004665477 -1.2620280000 -2.8267720000 

C18,j -0.0194510100 0.7812220000 4.1900460000 

C19,j 0.0408364300 1.3988440000 0.0000000000 

C20,j -0.0354691700 -1.4560410000 0.0000000000 

C21,j -0.0028779550 0.2104505000 0.0000000000 

C22,j 0.0058962650 0.2191255000 0.0000000000 

 

Derivatives of the Eq. (1) are given in the Eqs. (12)-(26). 

 
𝜕𝐵(𝑇𝑟,𝜌𝑟)
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=
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7]  (12) 
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1
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5) exp(−𝜌𝑟

2)]  (19) 

 
𝜕𝐵(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

𝜕𝐷(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

𝜕𝐸(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

𝜕𝐹(𝑇𝑟,𝜌𝑟)

𝜕𝜌
= 0  (20) 

 
𝜕𝐶(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

1

𝜌𝑐
[−2𝜌𝑟

𝑐8

𝑇𝑟
4 exp(−𝜌𝑟

2)]  (21) 

 
𝜕𝐺(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

1

𝜌𝑐
[−2𝜌𝑟 (

𝑐17

𝑇𝑟
3 +

𝑐18

𝑇𝑟
5) exp(−𝜌𝑟

2)]  (22) 

 
𝜕𝐻(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

1

𝜌𝑐
[−2𝜌𝑟 (

𝑐19

𝑇𝑟
3 +

𝑐20

𝑇𝑟
4) exp(−𝜌𝑟

2)]  (23) 

𝜕𝐼(𝑇𝑟,𝜌𝑟)

𝜕𝜌
=

1

𝜌𝑐
[−2𝜌𝑟 (

𝑐21

𝑇𝑟
3 +

𝑐22

𝑇𝑟
4) exp(−𝜌𝑟

2)]  (24) 

 
𝜕𝑃(𝑇𝑟,𝜌𝑟)

𝜕𝑇
|
𝜌
= 𝜌𝑅𝑇 [

𝜕𝐵(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟 +

𝜕𝐶(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
2 +

𝜕𝐷(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
3 +

                        
𝜕𝐸(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
5 +

𝜕𝐹(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
7 +

𝜕𝐺(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
8 +

           
𝜕𝐻(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
10 +

𝜕𝐼(𝑇𝑟,𝜌𝑟)

𝜕𝑇
𝜌𝑟
12] + 𝜌𝑅[1 + 𝐵(𝑇𝑟 , 𝜌𝑟)𝜌𝑟 +

           𝐶(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
2 +         𝐷(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

3 + 𝐸(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
5 +

           𝐹(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
7 + 𝐺(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

8 + 𝐻(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
10 +

            𝐼(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
12]  (25) 

 
𝜕𝑃(𝑇𝑟,𝜌𝑟)

𝜕𝜌
|
𝑇
= 𝑅𝑇[1 + 𝐵(𝑇𝑟 , 𝜌𝑟)𝜌𝑟 + 𝐶(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

2 +

                        𝐷(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
3 + 𝐸(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

5 + 𝐹(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
7 +

                        𝐺(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
8 +𝐻(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

10 + 𝐼(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
12] +

                        𝜌𝑅𝑇 [
𝜕𝐶(𝑇𝑟,𝜌𝑟)

𝜕𝜌
𝜌𝑟
2 +

𝜕𝐺(𝑇𝑟,𝜌𝑟)

𝜕𝜌
𝜌𝑟
8 +

                        
𝜕𝐻(𝑇𝑟,𝜌𝑟)

𝜕𝜌
𝜌𝑟
10 +

𝜕𝐼(𝑇𝑟,𝜌𝑟)

𝜕𝜌
𝜌𝑟
12] +

                        𝑅𝑇[𝐵(𝑇𝑟 , 𝜌𝑟)𝜌𝑟 + 2𝐶(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
2 +

                        3𝐷(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
3 + 5𝐸(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

5 +
                        7𝐹(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

7 + 8𝐺(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
8 +

                        10𝐻(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
10 + 12𝐼(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

12]  (26) 
 

The Helmholtz energy equation is given in Eq. (27). 

 

𝑑𝐴 = (
𝜕𝐴(𝑇,𝑣)

𝜕𝑇
)
𝑣
𝑑𝑇 + (

𝜕𝐴(𝑇,𝑣)

𝜕𝑣
)
𝑇
𝑑𝑣  (27) 

 

𝑑𝐴 = −𝑠𝑑𝑇 − 𝑃𝑑𝑣     (28) 
 
𝜕𝐴

𝜕𝑣
|
𝑇
= −𝑃  (29) 

 

𝑑𝐴 = −𝑃𝑑𝑣 =
𝑃

𝜌2
𝑑𝜌  (30) 
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𝐴 − 𝐴0 = ∫
𝑃

𝜌2
𝑑𝜌

𝜌

𝜌0
= ∫

𝑃

𝜌2
𝑑𝜌

𝜌

0
+ ∫

𝑃

𝜌2
𝑑𝜌

0

𝜌0
  

 

              = ∫
𝑃

𝜌2
𝑑𝜌

𝜌

0
+ ∫

𝜌𝑅𝑇

𝜌2
𝑑𝜌

0

𝜌0
  (31) 

 

The second term (limits between low density ρ0 and zero 

density) can be defined as an ideal state case where P=ρRT. 

After adding and subtracting the ideal gas density term, the 

equation can be written as Eq. (32). 

 

𝐴 − 𝐴0 = ∫
𝑃

𝜌2
𝑑𝜌

𝜌

0
+ ∫

𝜌𝑅𝑇

𝜌2
𝑑𝜌

0

𝜌0
  

 

                 + ∫
𝜌𝑅𝑇

𝜌2
𝑑𝜌

𝜌

0
− ∫

𝜌𝑅𝑇

𝜌2
𝑑𝜌

𝜌

0
  (32) 

 

Considering the equation P=ZρRT for real EoS, Eq. (33) 

is obtained. 

 

𝐴 − 𝐴0 = ∫
𝑍𝜌𝑅𝑇−𝜌𝑅𝑇

𝜌2
𝑑𝜌

𝜌

0
+ ∫

𝜌𝑅𝑇

𝜌2
𝑑𝜌

𝜌

𝜌0
  (33) 

 

𝐴 − 𝐴0 = ∫
𝑅𝑇(𝑍−1)

𝜌
𝑑𝜌

𝜌

0
+ ∫

𝜌𝑅𝑇

𝜌2
𝑑𝜌

𝜌

𝜌0
  (34) 

 

𝐴 − 𝐴0 = ∫
1

𝜌𝑟
𝑑𝜌𝑟

𝜌𝑟
0

+ ∫
𝑅𝑇

𝜌𝑟
𝑑𝜌𝑟

𝜌𝑟
𝜌𝑟0

  (35) 

 

𝐴 − 𝐴0 = 𝑅𝑇 ∫ [𝐵(𝑇𝑟 , 𝜌𝑟) + 𝐶(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
 + 𝐷(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

2 +
𝜌𝑟
0

               𝐸(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
4 + 𝐹(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

6 + 𝐺(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
7 +

               𝐻(𝑇𝑟 , 𝜌𝑟)𝜌𝑟
9 + 𝐼(𝑇𝑟 , 𝜌𝑟)𝜌𝑟

11]𝑑𝜌𝑟 + 𝑅𝑇𝑙𝑛
𝜌𝑟

𝜌𝑟0
  (36) 

 

The terms in Eq. (36) include exponential and power 

multiplication terms. The integration can be carried out as 

Eq. (37). 

 

𝐾(𝑚, 𝜌𝑟) = ∫ 𝜌𝑟
𝑚 exp(−𝜌𝑟

2) 𝑑𝜌𝑟

𝜌𝑟

0

 

                  = ∫ ∑(−1)𝑛
𝜌𝑟
2𝑛+𝑚

𝑛!
𝑑𝜌𝑟

∞

𝑛=0

𝜌𝑟

0

 

                  = ∑ (−1)𝑛
𝜌𝑟
2𝑛+𝑚+1

(2𝑛+𝑚+1)𝑛!

∞
𝑛=0   (37) 

 

It is easier to take the Taylor series than take numerical 

integrals. The Helmholtz energy equation can be written as 

Eq. (38). 

 

𝐴 − 𝐴0 = 𝑅𝑇 (𝐵𝜌𝑟 + 𝐶1
𝜌𝑟
2

2
+ 𝐶2𝐾(1, 𝜌𝑟) + 𝐷

𝜌𝑟
3

3
+ 𝐸

𝜌𝑟
5

5
+

                   𝐹
𝜌𝑟
7

7
+ 𝐺1

𝜌𝑟
8

8
+ 𝐺2, 𝐾(8, 𝜌𝑟) + 𝐻2𝐾(10, 𝜌𝑟) +

                  𝐼2𝐾(12, 𝜌𝑟)) + 𝑅𝑇𝑙𝑛 (
𝜌𝑟

𝜌𝑟0
)  (38) 

 

Entropy function is given in Eqs. (39) and (40).  

 

𝑠 − 𝑠0 = −
𝜕(𝐴−𝐴0)

𝜕𝑇
|
𝜌

  (39) 

 

𝑠 − 𝑠0 = 𝑅 (𝐵𝜌𝑟 + 𝐶1
𝜌𝑟
2

2
+ 𝐶2𝐾(1, 𝜌𝑟) + 𝐷

𝜌𝑟
3

3
+ 𝐸

𝜌𝑟
5

5
+

                 𝐹
𝜌𝑟
8

8
+ 𝐺1

𝜌𝑟
9

9
+ 𝐺2, 𝐾(8, 𝜌𝑟) + 𝐻2𝐾(10, 𝜌𝑟) +

                 𝐼2𝐾(12, 𝜌𝑟)) + 𝑅𝑇 (
𝑑𝐵

𝑑𝑇
𝜌𝑟 +

𝑑𝐶1

𝑑𝑇

𝜌𝑟
2

2
+

               
𝑑𝐶2

𝑑𝑇
𝐾(1, 𝜌𝑟) +

𝑑𝐷

𝑑𝑇

𝜌𝑟
3

3
+

𝑑𝐸

𝑑𝑇

𝜌𝑟
5

5
+

𝑑𝐹

𝑑𝑇

𝜌𝑟
8

8
+

𝑑𝐺1

𝑑𝑇

𝜌𝑟
9

9
+

               
𝑑𝐺2

𝑑𝑇
𝐾(8, 𝜌𝑟) +

𝑑𝐻2

𝑑𝑇
𝐾(10, 𝜌𝑟) +

𝑑𝐼2

𝑑𝑇
𝐾(12, 𝜌𝑟)) +

               𝑅𝑙𝑛 (
𝜌𝑟

𝜌𝑟0
)  (40) 

 

Internal energy function is expressed as Eq. (41). 

 

𝑢 − 𝑢0 = (𝐴 − 𝐴0) + 𝑇(𝑆 − 𝑆0)  (41) 

 

Enthalpy energy function can be evaluated as Eq. (42). 

 

ℎ − ℎ0 = (𝐴 − 𝐴0) + 𝑇(𝑆 − 𝑆0) + 𝑅𝑇(𝑍 − 1)  (42) 

 

Gibbs energy function is given in Eq. (43). 

 

𝐺 − 𝐺0 = (𝐴 − 𝐴0) + 𝑅𝑇(𝑍 − 1)  (43) 

 

The fugacity-pressure ratio can be evaluated as Eq. (44). 

 

𝑙𝑛
𝑓

𝑃
=

(𝐴−𝐴0)

𝑅𝑇
+ 𝑙𝑛

𝑣

𝑣0
+ (𝑍 − 1) − ln(𝑍)    (44) 

 

Thermodynamic properties of air are calculated by 

assuming air as a gas mixture of Nitrogen, Oxygen, and 

Argon. The air mixture ratios are given in Table 2. 

 

Table 2. Air mixture ratios. 

Gas Formula Mole (%) Molar mass, M (kg/kmol) 

Nitrogen N2 0.78112 28.014 

Oxygen O2 0.20954 31.998 

Argon Ar 0.00934 39.948 

Air  1 28.96029 

 

The NIST-JANAF tables are used to solve the cp(T) for 

air as a mixture of Nitrogen, Oxygen, and Argon [12]. 

Mixing rule is applied to establish cp(T) of air which was 

given in Eq. (45). 

 

𝑐𝑝,𝑎𝑖𝑟(𝑇) = 𝑁𝑁2𝑐𝑝,𝑁2(𝑇) + 𝑁𝑂2𝑐𝑝,𝑂2(𝑇) + 𝑁𝐴𝑟𝑐𝑝,𝐴𝑟(𝑇) (45) 

 

In this paper, cubic spline interpolation is used to 

calculate the cp(T) values. In the cubic spline interpolation, a 

third-degree polynomial equation is considered, which is 

given in Eq. (46). 

 

𝑠𝑘(𝑥) = 𝑎𝑘(𝑥 − 𝑥𝑘) + 𝑏𝑘(𝑥𝑘+1 − 𝑥) +

                
[(𝑥−𝑥𝑘)

3𝑐𝑘+1+(𝑥𝑘+1−𝑥)
3𝑐𝑘]

6ℎ𝑘
  

1 ≤ 𝑘 ≤ 𝑛  (46) 

 

The first and second derivative of the third-degree 

polynomial is given in Eq. (47) and Eq. (48). 

 

ℎ𝑘 = 𝑥𝑘+1 − 𝑥𝑘      1 ≤ 𝑘 ≤ 𝑛  
 

𝑠′𝑘(𝑥) = 𝑎𝑘 − 𝑏𝑘 +
[(𝑥−𝑥𝑘)

2𝑐𝑘+1−(𝑥𝑘+1−𝑥)
2𝑐𝑘]

2ℎ𝑘
  (47) 

 

𝑠"𝑘(𝑥) =
[(𝑥−𝑥𝑘)𝑐𝑘+1−(𝑥𝑘+1−𝑥)𝑐𝑘]

ℎ𝑘
  (48) 

 

The equations are evaluated through additional rules. 
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𝑆𝑘(𝑥𝑘) = 𝑦𝑘  (49) 

 

𝑆𝑘(𝑥𝑘+1) = 𝑦𝑘+1  (50) 

 

𝑆𝑘(𝑥𝑘) = 𝑦𝑘 = 𝑏𝑘(𝑥𝑘+1 − 𝑥𝑘) + [
(𝑥𝑘+1−𝑥𝑘)

3

6ℎ𝑘
𝐶𝑘]  

              = [𝑏𝑘ℎ𝑘 +
ℎ𝑘

3

6ℎ𝑘
𝐶𝑘]  (51) 

 

𝑆𝑘(𝑥𝑘+1) = 𝑦𝑘+1 = 𝑎𝑘(𝑥𝑘+1 − 𝑥𝑘) + [
(𝑥𝑘+1 − 𝑥𝑘)

3

6ℎ𝑘
𝐶𝑘+1] 

                   = 𝑎𝑘ℎ𝑘 + [
ℎ𝑘

3

6ℎ𝑘
𝐶𝑘+1]  (52) 

 

The “ak” and “bk” coefficients can be evaluated as Eqs. 

(53) and (54). 

 

𝑎𝑘 =
[6𝑦𝑘+1−ℎ𝑘

2𝑐𝑘+1]

6ℎ𝑘
     1 ≤ 𝑘 ≤ 𝑛  (53) 

 

𝑏𝑘 =
[6𝑦𝑘−ℎ𝑘

2𝑐𝑘]

6ℎ𝑘
     1 ≤ 𝑘 ≤ 𝑛  (54) 

 

The equations are evaluated considering the boundary 

conditions. 

 

𝑆′𝑘−1(𝑥𝑘) = 𝑆
′
𝑘(𝑥𝑘)  (55) 

 

𝑆′𝑘(𝑥𝑘) = 𝑎𝑘 − 𝑏𝑘 − [
(𝑥𝑘+1−𝑥𝑘)

2

2ℎ𝑘
𝐶𝑘]  

                 = 𝑎𝑘 − 𝑏𝑘 [
ℎ𝑘

2

2ℎ𝑘
𝐶𝑘]  (56) 

 

𝑆′𝑘−1(𝑥𝑘) = 𝑎𝑘−1 − 𝑏𝑘−1 + [
(𝑥𝑘−𝑥𝑘−1)

2

2ℎ𝑘−1
𝐶𝑘]  

                    = 𝑎𝑘−1 − 𝑏𝑘−1 + [
ℎ𝑘−1

2

2ℎ𝑘−1
𝐶𝑘]  (57) 

 

𝑎𝑘 − 𝑏𝑘 − [
ℎ𝑘

2
𝐶𝑘] = 𝑎𝑘−1 − 𝑏𝑘−1 + [

ℎ𝑘−1

2
𝐶𝑘]  (58) 

 

[
6𝑦𝑘+1−ℎ𝑘

2𝐶𝑘+1

6ℎ𝑘
] − [

6𝑦𝑘−ℎ𝑘
2𝐶𝑘

6ℎ𝑘
] − [

ℎ𝑘

2
𝐶𝑘]   

= [
6𝑦𝑘−ℎ𝑘−1

2𝐶𝑘

6ℎ𝑘−1
] − [

6𝑦𝑘−1−ℎ𝑘−1
2𝐶𝑘−1

6ℎ𝑘−1
] + [

ℎ𝑘−1

2
] 𝐶𝑘  (59) 

 

Eq. (60) is obtained by deriving from Eq. (59). 

 

ℎ𝑘−1𝐶𝑘−1 + 2𝐶𝑘(ℎ𝑘−1 + ℎ𝑘) + ℎ𝑘𝐶𝑘+1  

                      = 6 [[
𝑦𝑘+1−𝑦𝑘

ℎ𝑘
] − [

𝑦𝑘−𝑦𝑘−1

ℎ𝑘−1
]]  (60) 

 

The system of equations is given in Eq. (62) with the 

application of Eq. (61) definition. 

 

𝑤𝑘 =
𝑦𝑘+1−𝑦𝑘

ℎ𝑘
=

𝑦𝑘+1−𝑦𝑘

𝑥𝑘+1−𝑥𝑘
    1 ≤ 𝑘 ≤ 𝑛  (61) 

 

[
 
 
 
 
 
 
1   
ℎ1 2(ℎ1 + ℎ2) ℎ2
 ℎ2 2(ℎ2 + ℎ3)

  

 
 
 

⋯ ⋯ ⋯
   
   

⋯               ⋯ ⋯
… . 2(ℎ𝑛−3 + ℎ𝑛−2) ℎ𝑛−2
 ℎ𝑛−2 2(ℎ𝑛−2 + ℎ𝑛−1)

⋯
 

ℎ𝑛−1
    1 ]

 
 
 
 
 
 

{
  
 

  
 
𝑐0
𝑐1
𝑐2
⋯
𝑐𝑛−2
𝑐𝑛−1
𝑐𝑛 }
  
 

  
 

=

{
  
 

  
 

𝐴
6(𝑤2 − 𝑤1)

6(𝑤3 −𝑤2)
⋯

6(𝑤𝑛−2 −𝑤𝑛−3)

6(𝑤𝑛−1 −𝑤𝑛−2)

𝐵 }
  
 

  
 

  (62) 

The system of equation has “n-2” terms to be solved. In 

the equation there are second derivative at the end 

conditions. “A” and “B” values should be defined by the 

users. The matrix which is given in Eq. (62) is a band matrix, 

it can be solved by using band matrix algorithms such as 

Thomas algorithm or another method. The cubic spline 

interpolation, which is given above, was used to calculate the 

cp(T) values of air as a mixture. 

The cubic spline curve fitting for air cp(T) data is given 

in Figure 1. 

Figure 1. Specific heat of air (cp(T), kJ/kmolK). 

 

The pseudocritical property approach is used to calculate 

the gas mixture properties. Mixing rules for Schreiber-Pitzer 

EoS are given in the equations. 

 

𝑁 = ∑ 𝑁𝑖
 
𝑖   (63) 

 

“Ni” is the mole number of each substance in the mixture. 

 

𝑦𝑖 =
𝑁𝑖

𝑁
  (64) 

 

“yi” is the mole percentages of each substance. 

 

Mixture properties can be calculated by assuming 

pseudocritical values from mixing equations and air is 

assumed as a single gas instead of gas mixtures [13]. 

 

𝑇𝑐𝑚 = ∑ ∑ 𝑦𝑖𝑦𝑗𝑇𝑐𝑖𝑗
 𝑚

𝑗=1
𝑚
𝑖=1   (65) 

 

𝑉𝑐𝑚 = ∑ ∑ 𝑦𝑖𝑦𝑗𝑉𝑐𝑖𝑗
 𝑚

𝑗=1
𝑚
𝑖=1   (66) 

 

To calculate the mixture interaction, combination rules 

must be devised to obtain Tcij, Pcij, and wij. Leland and 

Chappelear [14] and Ramaiah and Stiel [15] investigated the 

mixture interactions. 

 

𝑇𝑐𝑖𝑗
 = √𝑇𝑐𝑖

 𝑇𝑐𝑗
 (1 − 𝑘𝑖𝑗)  (67) 

 

𝑃𝑐𝑖𝑗 =
𝑍𝑐𝑖𝑗𝑅𝑇𝑐𝑖𝑗

 

𝑉𝑐𝑖𝑗
   (68) 

 

𝜔𝑖𝑗
 =

1

2
[𝜔 𝑖

 + 𝜔 𝑗
 ]  (69) 

 

𝑉𝑐 𝑖𝑗
 =

1

8
[(𝑉𝑐𝑖

 )
1

3 + (𝑉𝑐𝑗
 )

1

3]
3

  (70) 

 

𝑍𝑐𝑖𝑗
 =

1

2
[𝑍𝑐𝑖

 + 𝑍𝑐𝑗
 ]  (71) 
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“kij” is the binary interaction coefficient, which is given in 

Eq. (72). Tsonopoulos [16] investigated the prediction and 

correlation of interaction coefficients. The guidelines for 

estimating the interaction coefficients have been given by 

Tarakad and Danner [17]. 

 

𝑘𝑖𝑗 = 1 −
(𝑉𝑐𝑟𝑖𝑡 𝑖𝑖

 𝑉𝑐𝑟𝑖𝑡 𝑗𝑗
 )

1
2

𝑉𝑐𝑟𝑖𝑡 𝑖𝑗
   (72) 

 

2.2 Formulation of Thermophysical Properties  

The thermophysical properties of air, such as thermal 

conductivity and viscosity, are calculated with the equations 

suggested by Kadoya et al [18]. 

 

η(𝑇𝑟 , 𝜌𝑟) = 𝐻[η
0
(𝑇𝑟) + Δη(𝜌𝑟)]  (73) 

 

η
0
(𝑇𝑟) = 𝐴0𝑇𝑟 + 𝐴1𝑇𝑟

0.5 + 𝐴2 +
𝐴3

𝑇𝑟
+

𝐴4

𝑇𝑟
2 +

𝐴5

𝑇𝑟
3 +

𝐴6

𝑇𝑟
4  (74) 

 

∆η(𝜌𝑟) = ∑ 𝐵𝑖𝜌𝑟
𝑖4

𝑖=1   (75) 

 

k(𝑇𝑟 , 𝜌𝑟) = Λ[𝑘0(𝑇𝑟) + ∆k(𝜌𝑟)]  (76) 

 

𝑘0(𝑇𝑟) = 𝐶0𝑇𝑟 + 𝐶1𝑇𝑟
0.5 + 𝐶2 +

𝐶3

𝑇𝑟
+

𝐶4

𝑇𝑟
2 +

𝐶5

𝑇𝑟
3 +

𝐶

𝑇𝑟
4  (77) 

 

∆k(𝜌𝑟) = ∑ 𝐷𝑖𝜌𝑟
𝑖4

𝑖=1   (78) 

 

𝜌𝑟 =
𝜌

𝜌∗
  (79) 

 

𝑇𝑟 =
𝑇

𝑇∗
  (80) 

 

In Eq. (73) and Eq. (76) “H” is equal to 6.1609 (10-6 Pa), 

“Λ” is equal to 25.9778 (10−3 𝑊/(𝑚𝐾), 𝜌* is equal to 314.3 

kg/𝑚3 and 𝑇* is equal to 132.5 K. The coefficients of Eqs. 

(73) and (76) are given in Table 3. 

 

Table 3. Coefficients of Eq. (73) and Eq. (76). 

i Ai Bi Ci Di 

0 0.128517 0.465601 0.239503 0.402287 

1 2.60661 1.26469 0.00649768 0.356603 

2 -1 -0.511425 1 -0.163159 

3 -0.709661 0.2746 -1.92615 0.138059 

4 0.662534  2.00383 -0.0201725 

5 -0.197846  -1.07553  

6 0.00770147  0.229414  

 

Additional properties derived from EoS are given in 

Table 4. 

 

Table 4. Additional properties derived from EoS. 

Properties Equation 

Prandtl number 𝑃𝑟 =
𝑐𝑝𝜇

𝑘
  

Speed of sound 𝑎 = √−(
𝑣2𝑐𝑝

𝑐𝑣𝑀
) (

𝜕𝑃

𝜕𝑣
)
𝑇

  

Thermal expansion 

coefficient 
𝛽 = −

1

𝜌
(
𝜕𝜌

𝜕𝑇
)
𝑃

  

Isothermal 

compressibility 
𝛽𝑇 = √

𝑣

(
𝜕𝑃

𝜕𝑣
)
𝑇

  

 

3. Results 

The Java language is used to carry out the analysis. The 

list of programs is given in Table 5. The programs are 

available on the internet web site for free utilization by 

researchers [19]. 

 

Table 5. Java program list. 

Java program  Explanation 

Interface if_x The basic interface for the general definition of the 

function f(x), including derivatives, integrals, and 

root-finding algorithms. 
air_SP_CS The Schreiber-Pitzer EoS was considered for air, 

utilizing cubic spline curve fitting for cp values. 

air_PR_CS The Peng-Robinson EoS was considered for air, 
utilizing cubic spline curve fitting for cp values. 

air_RK_CS The Redlich-Kwong EoS was considered for air, 

utilizing cubic spline curve fitting for cp values. 
air_VDW_CS The Van der Waals EoS was considered for air, 

utilizing cubic spline curve fitting for cp values. 

air_PG_CS The ideal gas EoS was considered for air, utilizing 
cubic spline curve fitting for cp values. 

 

Comparisons of five EoS results for air as a mixture are 

given in Table 6 and the comparisons of additional property 

results derived from EoS for air are given in Table 7.  

 

Table 6. Comparisons of different EoS results.

 
 

Table 7. Comparisons of additional properties derived from 

EoS. 
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The Schreiber-Pitzer EoS results are compared with 

Peng-Robinson EoS, Redlich-Kwong EoS, Van der Waals 

EoS, and ideal gas EoS utilizing cubic spline curve fitting for 

cp values. The enthalpy percentages of differences are given 

in Figure 2 to Figure 5. The enthalpy percentages of 

differences are increasing with increasing pressure and 

decreasing temperature.  

The enthalpy values obtained from Schreiber-Pitzer EoS 

have maximum difference percentages of %-13.37 from 

Peng-Robinson EoS values, %-9.808 from Redlich-Kwong 

EoS values, %3.595 from Van der Waals EoS values and %-

21.9 from ideal gas EoS respectively for investigated region. 

The enthalpy percentages of differences decrease when the 

pressures decrease or the temperatures increase. 

Figure 2. The enthalpy percentage of difference for 

Schreiber-Pitzer EoS and Peng-Robinson EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. The enthalpy percentage of difference for 

Schreiber-Pitzer EoS and Redlich-Kwong EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. The enthalpy percentage of difference for 

Schreiber-Pitzer EoS and Van der Waals EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. The enthalpy percentage of difference for 

Schreiber-Pitzer EoS and ideal gas EoS. 

 

The Schreiber-Pitzer EoS entropy results are compared 

with Peng-Robinson EoS, Redlich-Kwong EoS, Van der 

Waals EoS, and ideal gas EoS results. The entropy 

percentages of differences are given in Figure 6 to Figure 9. 
The entropy percentages of differences are increasing with 

increasing pressure and decreasing temperature. 

The entropy values obtained from Schreiber-Pitzer EoS 

have maximum difference percentages of %0.5828 from 

Peng-Robinson EoS values, %0.8808 from Redlich-Kwong 

EoS values, %0.6244 from Van der Waals EoS values and 

%1.319 from ideal gas EoS respectively for investigated 

region. The entropy percentages of differences decrease with 

increasing temperatures or decreasing pressures. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. The entropy percentage of difference for 

Schreiber-Pitzer EoS and Peng-Robinson EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. The entropy percentage of difference for 

Schreiber-Pitzer EoS and Redlich-Kwong EoS. 
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Figure 8. The entropy percentage of difference for 

Schreiber-Pitzer EoS and Van der Waals EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9. The entropy percentage of difference for 

Schreiber-Pitzer EoS and ideal gas EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10. The speed of sound percentage of difference for 

Schreiber-Pitzer EoS and Peng-Robinson EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. The speed of sound percentage of difference for 

Schreiber-Pitzer EoS and Redlich-Kwong EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12. The speed of sound percentage of difference for 

Schreiber-Pitzer EoS and Van der Waals EoS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13. The speed of sound percentage of difference for 

Schreiber-Pitzer EoS and ideal gas EoS. 

 

Comparisons of additional properties derived from EoS 

for air are investigated and the differences occurred in the 

speed of sound are given in Figure 10 to Figure 13. The speed 

of sound percentages of differences are increasing with 

increasing pressure and decreasing temperature. 

The speed of sound values obtained from Schreiber-

Pitzer EoS have maximum difference percentages of %13.76 

from Peng-Robinson EoS values, %6.739 from Redlich-

Kwong EoS values, %4.506 from Van der Waals EoS values 

and %-0.4075 from ideal gas EoS. 

 

3. Conclusions 

The ideal gas EoS is usually used in gas thermodynamic 

property calculations, but in applications with higher 

pressure zones, the error levels are increasing, so better 

accuracy of thermodynamic properties will be required for 

extreme cases. In this study, Schreiber-Pitzer EoS is 

considered for better accuracy of the thermodynamic 

properties of air mixtures.  

The Java language is used to calculate the 

thermodynamic and thermophysical properties of air as a 

mixture of Nitrogen, Oxygen, and Argon. The Schreiber-

Pitzer EoS results are compared with Peng-Robinson EoS, 

Redlich-Kwong EoS, Van der Waals EoS, and ideal gas EoS 

utilizing cubic spline curve fitting for cp values. The 

percentages of differences for thermodynamic and 

thermophysical properties are calculated, and the 

percentages are increasing with increasing pressure and 

decreasing temperature. When the pressures decrease, the 
percentages of differences decrease rapidly. On the other 

hand, the percentages of differences decrease and have very 

small values when the temperatures increase.  

The Schreiber-Pitzer EoS is the most accurate one 

compared to the other EoS. It should be noted that all these 
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equations are general models. For better accuracy, equations 

of state are developed by using actual laboratory 

measurements. In the literature, there are not many studies 

that have been examined in this context. Coban in 2021, 

considered Schreiber-Pitzer EoS to calculate the 

thermodynamic properties of Nitrogen utilizing polynomial 

curve fitting for cp values. The Schreiber-Pitzer EoS results 

are compared with Peng-Robinson EoS, Lee-Kesler EoS and 

ideal gas EoS [20]. Coban developed the stoichiometric 

chemical equilibrium algorithm by using Schreiber-Pitzer 

EoS. Equilibrium calculations are based on atomic mass 

balances and the minimization of Gibbs energy [21]. 

The Schreiber-Pitzer EoS is not known like other EoS, so 

it is not widely used. Even though main idea of Pitzer (Pitzer 

acentric factor) are heavily used in other well-known 

equation of states such as Peng-Robinson, Redlich-Kwong, 

Lee-Kesler EoS etc. The main reason for this is the simplicity 

of the other EoS. For example, Lee-Kesler EoS utilizes linear 

interpolation between two reference fluids based on Pitzer 

acentric factor, but Schreiber-Pitzer EoS utilizes higher 

degree curve fitting values utilizing 22 gases. Schreiber-

Pitzer EoS can be used for compressibility factor 

calculations, real gas mixtures including moist gas mixtures 

and combustion processes due to its better accuracy compare 

to other known equation of states. 

 

Nomenclature 
A Helmholtz energy (kJ/kg) 

a Speed of sound (m/s) 

B,C,D,E,F,G,H,I Schreiber-Pitzer EoS constants 

cp Specific heat at constant pressure (kJ/kgK) 

cv Specific heat at constant volume (kJ/kgK) 

G Gibbs energy (kJ/kg) 

h Enthalpy (kJ/kg) 

k Thermal conductivity (W/mK) 

M Molar mass (kg/kmol) 

N Mole 

P Pressure (kPa) 

Pr Prandtl number 

R Universal gas constant 

s Entropy (kJ/kgK) 

T Temperature (K) 

Tc Critical temperature (K) 

Tr Reduced pressure 

u Internal energy (kJ/kg) 

v Specific volume (m3/kg) 

w Pitzer’s acentric factor 

Z Compressibility factor 

 Density (kg/m3) 

 Thermal expansion coefficient (1/K) 

 Viscosity (Pa.s) 

T Isothermal compressibility (1/Pa) 
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Abstract 

 
Effects of the pregnancy and the following lactation periods on the lifespan entropy of the women has been evaluated. 

In the case of singleton pregnancy, a wealthy woman may generate 1.5% and in the case of twin pregnancy 2.1% of 

the total lifespan entropy of a non-pregnant wealthy women. In the case of a poor woman the singleton pregnancy, 

may generate 1.8% and in case of the twin pregnancy 2.1% of the total lifespan entropy generated by the non-pregnant 

wealthy woman. Results of the diet-based thermodynamic calculations for the poor women are compared with the 

demographic data collected across pre-industrial Europe and a good agreement was found. 

 

Keywords: Thermodynamic assessment; entropy generation; diet-based entropic age; telomere length-based energy 

efficiency; pregnancy; lactation; historic demographic data. 

 

1. Introduction 

The ageing research is carried in different paths: 

morphological cellular changes are traced with highly 

advanced observation techniques [1,2]. Joseph et al, [3] 

argued that the chemical reactions of cellular energy 

metabolism produce reactive oxygen species as byproducts; 

the oxidative damage accelerates aging via damaging the 

DNA, proteins and lipids. Mechanisms of occurrence of the 

ageing related distortion of the DNA strands and the struggle 

of the cells to counter this constitute another major ageing 

research path [4-10]. Although the organisms have a defense 

mechanism against the oxidative damage, it can still occur, 

especially if the organisms are not taking in adequate 

antioxidants from their diets. Accumulation of oxidative 

damage in the tissues accelerates aging [11, 12]. Living 

organisms are far from equilibrium structures, and they have 

a great tendency for approaching the equilibrium, which 

implies aging and increased entropy [13]. To survive at far 

from equilibrium, a living being should develop an entropy 

gradient with their surroundings. Such gradients are 

maintained only by utilizing energy imported from outside, 

so an open system may move away from near towards far 

from equilibrium. One of the major paths of the ageing 

research employs the fundamental principles of the 

thermodynamics and refers to the “entropic age” concept to 

study the ageing associated overwhelming of the 

maintenance systems of the body and the loss of molecular 

functions [14-16]. Silva and Annamalai [17, 18] and 

Annamalai, and Silva [19] quantified the entropy generation 

related ageing stress on individual organs. Living organisms 

maintain a highly organized structure by exporting entropy 

[20]. A fraction of the generated entropy accumulates in the 

body increases disorder and structural impairment [13]. All 

the living beings die after reaching the lifespan entropy 

generation limit, since their bodies cannot stand 

accumulating more damage. Genetically induced repair and 

replacement processes are capable of maintaining the 

balance in favor of the functioning molecules when the 

organisms are young, but with ageing the balance between 

these processes tends toward inactivation and 

malfunctioning [14-16]. Following exactly the same 

behavior as the other dissipative systems, energy is needed 

to prevent entropy accumulation and heal the collected 

damage [21]. As explained by Yalcinkaya et al. [22] with the 

decline of the mitochondrial energy conversion, organisms 

start experiencing structural impairment. The concept of 

“entropic age” helps to quantify the damage accumulation by 

an organism in a systematic manner. The rate of living 

slowly wears out the cellular machinery, so a faster 

metabolism will "wear out" it more quickly. In their studies 

on thyroid function, Jumpertz et al [23], after following their 

subjects for 11 to 15 years, and deaths from natural causes 

concluded that for each 100-calorie (418 J) of additional 

nutrient uptake, corresponding to approximately 

100*100/1500= 6% additional intake, the risk of natural 

mortality increased by 25 to 29 percent. Caloric restriction 

and negative energy balance have been shown to reduce 

resting metabolic rate, and in contrast overeating increases 

resting metabolic rate [24,25]. Furthermore, caloric 

restriction has been consistently shown to extend maximal 

lifespan by up to 60 % in animals [26].  

Kuddusi (2015) after noting that the people living in 

different regions of Turkey have different food habits 

calculated the lifetime entropy generation per unit mass of a 
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person and found substantial difference among their life 

expectancy. Kuddusi [27] determined that the metabolic 

entropy generation rate was 0.46x10-5 kW/kg K in the 

Marmara district of Turkey with the expected lifespan of 

78.61 years, whereas in Eastern Turkey, metabolic entropy 

generation rate was 0.52x10-5 kW/kg K with the expected 

lifespan of 69.54 years. Patel and Rajput [28] performed 

similar calculations for different climate zones of India and 

Öngel et al [29] improved these analyses by incorporating 

the telomere effects. Entropic age concept suggests that a fast 

metabolism by generating more entropy could make people 

age more quickly. 

 

1.1. Telomere Length as the Measure of the 

Thermodynamic Efficiency  
Telomere length is birth-inherited and becomes about 

50–100 base pair shorter every time the cell replicates [30]. 

At birth, there is no significant difference in telomere length 

between men and women. Telomere length remains higher 

in women than that of men as they age, probably because of 

their higher estrogen levels [31]. Estrogen has antioxidant 

properties that play a massive role in human reproduction 

and the menstrual cycle [32]. The disposable soma theory 

states that the organisms have limited resources to spend for 

their cellular processes; therefore, an investment for growth 

and reproduction will reduce the investment for DNA repair 

and open the way for cellular damage, shortened telomeres 

and accumulating mutations [33]. During energy deficiency, 

telomeres may interfere with signaling and re-direct critical 

resources to immediately important processes [34]; the 

longer telomeres may increase energy utilization efficiency 

[35]. An inappropriate pregnancy diet may lead to telomere 

shortening and chronic diseases [35]. Caloric restriction may 

change the energy allocation preference of the organisms. 

Roberts et al [36, 37] reported a significant effect of the food 

restriction to energy efficiency of milk production in baboon 

and rats. In the first trimester of pregnancy, estrogen and 

progesterone are secreted from the ovaries with stimulation 

of human chorionic-gonadotrophin originating from the 

placenta [38]. The circulating estrogen levels are elevated by 

approximately 100-folds in pregnancy and increase with 

gestational age [39]. The levels of sub-types of estrogen, i.e., 

estradiol, estrone, estriol, and estetrol, also increase [39]. 

During pregnancy, the estradiol levels are associated with 

consecutive pregnancies of the same woman [40]. Increased 

estradiol levels cause the plasma volume to increase and the 

up and downregulation of metabolizing enzymes and hepatic 

production of certain proteins. It improves binding of 

corticosteroids, sex steroids, thyroid hormones, and vitamin 

D to proteins [41, 42].  

 

1.2. Effect of the Pregnancy and Lactation on the 

Longevity of Women 

The effect of giving birth to babies and lactation on the 

longevity of women is ambiguous; there are conflicting 

observations in the literature, a negative relationship was 

reported by [43]. Smith et al [44], after employing the data 

available in the Utah Population Database regarding 13,987 

couples married between 1860-1899 concluded that the 

women with fewer children as well as those bearing children 

late in life live had longer post-reproductive lives. Lycett et 

al [45] reported that the married women who did not give 

birth to babies did not live longer than the women who had 

babies and the women who had a few children did not live 

longer than the women who had many children, but reported 

a trade-off between reproduction and longevity in the poorest 

social groups. Hsu et al [46] studied the fertility-longevity 

relationship by employing the data set of 81,924 women and 

103,642 men born between 1601 and 1910 in Europe and 

concluded that higher fertility had a significantly negative 

effect on longevity and pointed the need for further research 

due to the multiple mechanisms of human ageing. Present 

study aims to contribute a thermodynamic opinion to this 

discussion.  

 

2. Methods 

2.1 Calculation of the Calories and the Macronutrients 

of Pregnancy and Breastfeeding Diets 
Dietary Guidelines for Americans 2020-2025 [47] 

recommend the daily calorie intake range for healthy women 

aged 19 through 30 to be between 1,800 to 2,400 kcal/day. 

Trumbo et al [48] state that energy requirements in the first 

trimester would be the same as for non-pregnant women. 

During the second and third trimesters, energy needs 

increase by 340 cal/day (1,421 J/day) and 452 cal/day (1.889 

J/day), respectively [49]. Kominiarek and Rajan [42] 

recommend carbohydrate intake should be 45-64% of the 

daily calories during pregnancy, and it should consist of 6-9 

servings of whole-grain daily, and 20 to 35 % of the daily 

calories should be obtained from the healthy fats. The 

amount of protein intake should be increased by 25 g/day 

during the second and the third trimesters [48] and the 

breastfeeding period. Elango and Ball (2016) recommended 

the average daily protein intake for early and late pregnancy 

as 79 and 108 g/day, representing between 14-18% of the 

daily calories. Energy requirement (ER) during pregnancy 

and the lactation period for the 19–50 years old women were 

estimated by following the recommendations of Trumbo et 

al [48] and presented in Table 1. 

 

Table 1. ER (daily energy requirement) of the pregnant or 

the lactating women, when calculated as the (ER of the non-

pregnant woman) + (additional energy expended during 

pregnancy) + (energy deposition). 

1st trimester: Adult ER + 0 + 0 

2nd trimester: Adult ER + 160 kcal (8 kcal/week, 

approximately for 20 weeks) + 180 kcal = 673 kJ (33 

kJ/week, approximately for 20 weeks) + 752 kJ 

3rd trimester: Adult ER + 272 kcal (8 kcal/ approximately 

for 34 weeks) + 180 kcal= 1,137 kJ (33 kJ/week for 34 

weeks) + 752 kJ 

lactation period: Adult ER of pre-pregnancy + milk 

energy output 

Weight loss calories during the 1st 6 months after 

pregnancy: ER + 500 kcal– 170 kcal =ER+2090 kJ – 710 

kJ 

  

Table 1 implies that in the second trimesters 160 kcal/day 

(669 kJ/day) plus 180 kcal/day (752 kJ) of calories and in the 

third trimester, 272 kcal (1,137 kJ) and 180 kcal/day (752 kJ) 

of calories should be allocated to the pregnant women. One 

g of fat corresponds to 9 kcal (38 kJ); therefore, in the 

formulations 180 corresponds to 20 g of daily fat storage by 

the pregnant women. The diet therapy used in twin and triplet 

pregnancies is based on diabetic diet treatment, including 

three main meals and three snacks per day [48]. During twin 

breastfeeding, an extra maternal calorie intake of 1,200-

1,500 kcal/day (5,016-6,270 kJ/day) is required depending 

on the production of 1.2-2 L of milk/day. The diet should 

contain 20% protein, 40% fat and 40% carbohydrate, similar 
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to the twin pregnancy period [51]. It is also recommended 

that women with twins consume an additional 50 g/day 

protein at the beginning of the second trimester [49]. 

For normal-weight women, the diet list was prepared to 

comply with the recommendations that the twin-pregnancy 

weight gain will be between 17-25 kg. This recommended 

weight gain may be slightly lower for overweight women 

with 14-23 kg and for obese women with 11-19 kg [52]. The 

weight gains during pregnancy include the approximate 

weights of the placenta (1 kg), babies (2.5 kg each), amniotic 

fluid that surrounds the baby in the womb (1 kg), 

enlargement of the uterine (1 kg), enlargement of the breast 

tissue (2 kg), increase in the blood (2 kg), maternal tissue 

fluids (2 kg) and the rest may be maternal tissue fat stores. 

Their diet may consist of 20% proteins, 40% carbohydrates, 

and 40 % fats [48]. The lower carbohydrate percentage 

provides better glycemic control, and the higher the fat rate 

provides more calories with less bulk. Low glycemic index 

carbohydrates in the diet content prevent wide fluctuations 

in blood glucose concentrations [53].  It was argued that the 

adequate daily intake of 3,500 kcal (14,630 kJ) composed of 

350 g of carbohydrate, 175 g of protein, and 156 g of fat per 

day for normal-weight women with twins [53].  

Low-calorie healthy foods generally cost more than 

energy dense foods [49,53]; therefore, poor pregnant women 

are more likely to choose high carbohydrate-containing, 

energy-dense foods due to their lower price [54]. Low 

socioeconomic pregnant women's diet may be 300 kcal 

(1,254 kJ) lower than the healthy pregnant women's diet. The 

diet of the poor women may consist of 55-60 % 

carbohydrates, 15-20 % proteins, and 30 % lipids (Rajikan, 

et al (2017). In poverty, singleton and twin pregnancy diets 

are 300 kcal (1,254 kJ) less than the diets of a normal healthy 

pregnant woman. The percentage of macronutrients in the 

diet; is set to be 55-60% carbohydrate, 15-20% protein, and 

30% fat [54]. Nutritional values of the foods used in the 

menus are taken from USDA Food Composition Data [55]. 

 

2.2 Thermodynamic Considerations 

Calculations presented in this study consider a 30 years 

old pregnant woman having her first pregnancy; four 

different types of diets are designed for each trimester and 

lactation. A thermodynamic system describing a pregnant or 

a lactating woman is described in Figure 1.  
 

 
Figure 1. Schematic description of the thermodynamic 

system boundaries of pregnant woman. Nutrients, water and 

O2 are the inputs of the system and products of the 

metabolism, i.e., water, carbon dioxide and urine and feces 

are exiting the system. 

 

Equations (1)-(5) are related only with what is happening 

within the system boundaries, e, g., the woman and the baby. 

The rest of the universe is outside of the system boundaries 

and are not the subject of our analyses. For the calculations 

of total input and output in the body: 

 

C6H12O6 + 6O2 6H2O + 6CO2                                          (1) 

                               

C6H32O2 + 13O2 6CO2 + 16H2O                                    (2) 

                             

C4.57H9.03N1.27O2.25S0.046 + 4.75O2     

                        3.245H2O +  3.935CO2 + 0.635CH4N2O   (3)                                                

 

Glucose represents carbohydrates, palmitic acid 

represents lipids, and a mixture of 20 amino acids represents 

proteins. They are metabolized in the body via O2, and they 

leave as H2O, CO2, and urea (CH4N2O). Equations (4) and (5) 

describe the enthalpy and entropy change of the metabolic 

reactions and neglect the heat released from the body. 

Enthalpy change upon the metabolism of glucose, 

hmetabolism, was actually enthalpy change of reaction (1) and 

calculated as 

 

∆ℎ𝑚𝑒𝑡𝑎𝑏𝑜𝑙𝑖𝑠𝑚 = 6∆ℎ𝑓,𝐶𝑂2 + 6∆ℎ𝑓,𝐻2𝑂 − ∆ℎ𝑓,𝐶6𝐻12𝑂6
𝑜 −

6∆ℎ𝑓,𝑂2
𝑜                                                                                (4)         

where, ∆ℎ𝑓,𝐶𝑂2 and ∆ℎ𝑓,𝐻2𝑂  are the enthalpies of formation 

of the metabolic products at the body temperature (37 oC), 

and ∆ℎ𝑓,𝐶6𝐻12𝑂6
𝑜  and ∆ℎ𝑓,𝑂2

𝑜  are the enthalpy of formation of 

the reactants at room temperature (25oC). Thermodynamic 

data are presented in Table 2.   

Specific entropy generation rate from the metabolism of 

glucose was:  

 

∆�̇�𝑟𝑥𝑛
𝑜 = 6�̇� 𝐶𝑂2 + 6�̇�𝐻2𝑂 − �̇�𝐶6𝐻12𝑂6

𝑜 − 6�̇�𝑂2
𝑜                             (5)                  

 

where, �̇� 𝐶𝑂2 and �̇�𝐻2𝑂 are the absolute entropy exit rates of 

the products at body temperature from the metabolism, and 

�̇�𝐶6𝐻12𝑂6
𝑜  and �̇�o

O2 are the absolute entropy entrance rates of 

the reactants at room temperature to metabolism. Equation 

(5) refers to entropy of the reaction for carbohydrate as 

described in Eq (1). Similar calculations as those of 

equations (4) and (5) were also done for the lipid and amino 

acid utilization in the energy metabolism by replacing the 

thermodynamic properties of glucose with those of palmitic 

acid and average amino acid, respectively. We have carried 

out the calculations for 30 years old healthy and moderately 

active women. As seen in Table 3, the first, second, third 

trimester and breastfeeding diet calories employed in this 

study are 2,000 kcal/day (8,360 kJ/day); 2,350 kcal/day 

(9,823 kJ/day); 2,450 kcal/day (10,617 kJ/day), and 2,330 

kcal/day (9,739 kJ/day), respectively. Diet lists were 

prepared according to the dietary guidelines presented in the 

references [48, 49, 51]; then the nutrients provided by these 

diets are presented in Table 3 to establish the basis for further 

calculations. In Table 3, if one adds the uptakes and subtracts 

the amount of products of the metabolism, there would be no 

mass conservation, since the difference is employed to 

synthesize the babies and the changes occurring in the body 

of the mother. The term calculated with equation 5 is actually 

the rate of entropy change of the chemical reactions 

representing the human metabolism. Considering the 

standard definitions of classical thermodynamics, this term 

would equal the rate of entropy generation only in stationary 

processes, also neglecting any heat flows. In Table 3, all the 

women were assumed consuming 2.L of water, every day 
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and wealthy and the poor women may not be from the same 

country. 

 

3. Results and Discussion 

In the present study, recommendations of the nutritionists 

are considered while formulating the diets; therefore, all the 

cases (with the exception of the nutrition of the poor women 

in case of twin pregnancy) discussed in this study actually 

lead to optimal entropy generation rates as described in Table 

4. Entropy generation reported in this study is actually those 

of the metabolic reactions. Increase in the weight of the fetus 

would be the result of larger amounts of nutrients entering in 

these reactions; therefore, cause an increase in entropy 

generated by the pregnant women. The fetus gains weight as 

we go from the first trimester to the second and then to the 

third trimester Table 4 shows the associated increase in the 

entropy generation.  
Poor women consume more carbohydrate than the 

recommended level; therefore, their entropy generation rate 

is not optimal. By following the same procedure as Öngel et 

al. [29], a telomere length-based energy efficiency factor  

is employed while calculating the entropy generation in each 

stage of the pregnancy and lactation as: 

 

Entropy generation rate in each group = Δṡ𝑟𝑥𝑛/η             (6)  

 

and then the total pregnancy and the lactation period entropy 

generation is calculated as:  
 

total pregnancy and lactation period entropy =

                ∑(Δṡ𝑟𝑥𝑛/η)𝑖(𝑡𝑖𝑚𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡) (7) 

where, Δṡ𝑟𝑥𝑛 is the nutrition-related entropy generation 

calculated based on equation (5) for carbohydrates or its 

equivalents for lipids or proteins. Equations (6) and (7), in 

agreement with the disposable soma theory which states that 

when the organisms have limited resources the entropy-

accumulated, e.g., the damage collected, building blocks, are 

recycled, by doing so the cells may both get rid of the 

defective building elements and reuse the energy stored 

there. According to the Merriam Webster dictionary, “soma” 

means a part of the body. Although telomere lengths may not 

have direct correlation with energy efficiency, the shortening 

of the telomeres goes parallel with the decrease in the energy 

efficiency. 

Telomere length data were adapted from Huang et al 

[56], as presented in Table 4. The percentage of the entropy 

generated in the pregnancy and lactation period, when 

compared to the non-pregnant woman's lifespan entropy is 

presented in Table 5. In the case of singleton pregnancy, 

eating less, e.g., in reasonable amounts, leads to smaller 

amounts of entropy generation; therefore, may be cherished, 

but in the case of twin pregnancy, eating non-nutritious food 

in insufficient amounts is something to be avoided. Placenta 

plays a major role in hormone production during pregnancy 

[57]. In multiple pregnancies, placental lactogen and 

progesterone hormone secretion increase more than that of a 

singleton pregnancy. An increase in these hormones affects 

glucose metabolism, thus increases the risk of gestational 

diabetes mellitus and insulin resistance [40].  

Multiple pregnancies involve significant maternal 

physiological changes, including increased plasma volume, 

increased resistance to carbohydrate metabolism, and 

increased basal metabolic rate [58]. Only 3% of all births are 

multiple pregnancies but they account for 20% of low birth-

weight (less than 2,500 g) and 19–24% of very-low-birth-

weight (less than 1,500 g) and for 15% of preterm births in 

the United States [58]. In  twin pregnancy,  especially in the 

second half of pregnancy glycogen stores are depleted faster 

[52].  

Maternal resting energy expenditure increases by 10% in 

twin pregnancies than singleton pregnancies [58]. The diet 

lists of this study were prepared to address this information. 

The results of this study should be interpreted with caution, 

in case of sarcopenia or famine human body may consume 

its own building blocks in its energy metabolism and such an 

experience do not extend the lifespan. On the other hand, Ulu 

et al [59] showed that intermittent caloric restriction via 

skipping a meal for 30 days in a year without increasing the 

caloric content of other meals might extend the life span 

approximately 3%. A high-entropy generation process 

shortens the expected longevity more than a low-entropy 

generation process, as evidenced in Table 5. In twin 

pregnancy, entropy generated in the first trimester is 235 

kJ/(kg K) corresponding to 2.1% of the lifespan entropy limit 

of the non-pregnant woman, whereas entropy generation by 

non-pregnant women in the same period is 135 kJ/(kg K), 

corresponding to 1.2% of her lifespan entropy limit. 

Metabolic entropy generation is not necessarily based on the 

externally provided nutrients. In case of famine or 

sarcopenia, human body consumes its own building blocks 

in its energy metabolism and generate entropy [60]. Such an 

experience does not contribute to entropy generation only, 

but also damages the muscles and decreases the muscle work 

efficiency II defined in equation 11. Helle and Lummaa [61] 

after analyzing the data collected in pre-industrial Finland, 

where conditions were similar to pregnancy and lactation in 

poverty, reported that the decrease in longevity of the women 

was related with the number of the pregnancies they had. 

Since the baby boys had higher body weight at birth than the 

baby girls, more energy is needed to synthesize them than 

what is needed for the baby girls; therefore, more entropy is 

generated in the pregnancies for the baby boys. The decrease 

in the longevity of the mothers was more striking in the 

mothers of the baby boys, when compared to those of the 

baby girls.  

The oxidation reaction involves “shuffling” of electrons 

of the nutrient atoms with those of the oxidizing agent, 

oxygen, which serve as electron acceptor. Recently the 

relation between numbers of electron moles transferred to 

oxygen per mole of fuel is shown to be 4 times of the 

stoichiometric moles for C-H-O-S fuels [62]. Thus, for 

carbohydrates, it is 24 electrons/mole; for fat, it is 92 

electrons/mole. Each electron mole transfers results in 

release of 111 kJ/electrons mole [63]. Thus, protein has low 

metabolic efficiency (η=10 %) compared to carbohydrates 

(almost η=40 %) and fat; therefore, causes higher entropy 

generation. Protein is used mainly for bodybuilding or 
replacing cells. Longevity may be assed according to the 

Rubner’s hypothesis [64] based on the first law limit or 

according or according to the Silva’s hypothesis, which is 

based on the second law of thermodynamics. In the present 

study, the second law analyses are performed. This study was 

formulated with the same principles as those of Öngel et al 

[29], Yildiz et al [65,66] and Semerciöz et al [67] and offers 

thermodynamic assessment to the issue of whether 

pregnancy affects longevity of the women or not. Todhunter 

et al [68] achieved documenting the consequences of entropy 

accumulation in the tissues visually.  
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Heat released from the body was neglected while 

establishing equations (4) and (5), based on our discussion 

of exergy balance in reference [67]. Exergy balance is the of 

the other way of making second law analysis is as:   

 

∑ [Ṅ ex]inin − ∑ [Ṅ ex]
outout − ∑ [1 − (Ts Tb,i)⁄i  ] Q̇i −

                                         Ẇ − Eẋdest = d[N ex]system dt⁄    (8)   

when exergy accumulates in the system slowly the right hand 

side of the equation may be neglected and assumed zero. 

Traditionally, the “useful work potential” of the metabolic 

heat discarded from the body is assessed in terms of its work 

potential in a Carnot engine operating between the system 

and the environment temperatures as “�̇� =  �̇�[1 −
(𝑇𝑟 𝑇𝑏)]⁄ ” where, Tb is 310.15 K, i.e., the body temperature 

on its surface and Ts is the room temperature in the 

immediate surrounding and taken as the average of the body 

surface (310.15 K) and the room (298.15 K) temperatures. In 

the assessments with pregnant mice, the calculated 

magnitude of �̇� was very small; therefore, considered “not 

useful for performing work” [67], implying that neglecting 

the  heat released from the body, do not actually cause a 

considerable error in the present study. In the present study, 

entropy generation does not result in increase in the entropy 

of the body since the body is at steady state. It is like hot 

water kettle where electric input overcomes heat loss and 

maintain water at steady temperature. Entropy generated is 

flushed out. Entropy of water remains constant since water 

is at steady temperature. However, entropy generated within 

the body is due to electron transfer and hence the reactive 

oxidative species damage keeps occurring in proportion to 

entropy generated [62]. In the present study the telomere 

shortening was considered within the context of the 

disposable soma theory and not elaborated further. But, in 

the literature estrogen levels are reported to be increasing 

during the pregnancy [39] and their levels are related with 

the telomere lengths [69]. 

 

4. Conclusion 

Our assessment recommends strongly that the women 

should choose their diets carefully during pregnancy and the 

lactation stages of their lives to minimize their metabolic 

entropy generation rates to avoid filling up their lifespan 

entropy generation limit. Based on the diets designed 

exclusively for each of them, our assessments showed that a 

wealthy woman in a singleton pregnancy may generate 1.5% 

and in the case of twin pregnancy 2.1% of the total lifespan 

entropy generation by a non-pregnant wealthy woman. A 

poor woman may generate in the case of the singleton 

pregnancy 1.8% and in case of the twin pregnancy 2.1% of 

the total lifespan entropy generated by a wealthy woman. It 

should be remembered here that; in the multiple pregnancies 

the babies are usually smaller when compared to those of the 

singleton pregnancies. If the lifespan of the women should 

be determined exclusively by the entropic age concept; 

longevity may exceed 100 years. Under these circumstances 

the percentages, which are presented here to quantify the 

effect of the pregnancy and lactation on the lifespan of the 

women does not appear to be significantly different from 

each other. Therefore, we may conclude that if the pregnant 

and the lactating women should have diets designed by 

knowledgeable nutritionists according to the scientific 

nutritional recommendations and guidelines. In such a case, 

the number of the pregnancies they have may not decrease 

their expected lifespan. In real life, women may not stick to 

such diet lists; therefore, there may be fluctuations in the 

observed longevities. The small differences, which are 

calculated in the present study, may actually explain the 

reason for conflicting longevity and fertility relations 

reported in the previous studies. 
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Table 2. Thermodynamic properties of the nutrients and the products of the metabolism at 1 atm (adapted from Kuddusi, 

[27]). Where hi
o describes the specific enthalpy of formation of the reactants of the metabolism at 273 K, hi

 
,298 K describes 

the specific enthalpy of formation of the reactants of the metabolism at body temperature; si
o and si,

 
310 K

 are the absolute 

entropies of the reactants of the metabolism under the standard conditions and those of the products of the metabolism at the 

body temperature. 

Nutrient 

hi
o 

(kJ/kmol) 

at 273 K 

hi
 
, 298 K

 

(kJ/kmol) 

hi
 
, 310 K

 

(kJ/kmol) 

si
o 

(kJ/kmol K) at 

273 K 

si,
 
310 K

 

(kJ/kmol K) 

at 310 K 

Glucose (C6H12O6) -1260 x 103 - - 212  

Palmitic acid (C16H32O2) -835x103 - - 452.4  

Average amino acid 

(C4.57H9.03N1.27O2.25S0.046)  
-385x103 - - 1.401x119  

O2  8,682 - 218.0  

H2O  9,904 - 215.5 219 

CO2,   9,807 240.4 243.6 

N2   9,014  193.7 

 

Table 3. Calories, the composition of the uptake of the nutrients of and the excreted feces and the urine with each diet in the 

cases of the pregnancy and lactation of wealthy and poor women for singleton and twin pregnancies. 

 

Table 4.  Telomere length (relative units) and entropy generation rate (kJ/K kg) in each trimester and the lactation period. 

 1st trimester 2nd trimester 3rd trimester Lactation period 

 Normal pregnancy for a singleton baby 

Telomere length 1.40 1.57 1.57 1.41 

Entropy generation rate  2.70x10-6 2.88x10-6 2.98x10-6 3.20x10-6 

Entropy generated in pregnancy and 

lactation 
171  

 1st trimester diet  2nd trimester diet  3rd trimester diet lactation diet  

 Singleton baby 
Twin 

babies 

Singleton 

baby 

Twin 

babies 

Singleton 

baby 

Twin 

babies 

Singleto

n baby 

Twin 

babies 

 WEALTHY WOMEN 

Nutrients 

uptake  

2,000 kcal/day 

(8,360 kJ/day) 

2,000 

kcal/day 

(8,360 

kJ/day) 

2,350 

kcal/day 

(9,838 

kJ/day) 

3,300 

kcal/day 

(13,794 

kJ/day) 

2,450 

kcal/day 

(25,090 

kJ/day) 

3,450 

kcal/day 

(14,421 

kJ/day) 

2,330 

kcal/day 

(9,838 

kJ/day) 

3,500 

kcal/day 

(14630 

kJ/day) 

Carbohydrate 

(g/day) 
317 200 331 324 329 348 339 362 

Fat (g/day) 52 84 75 138 83 154 66 169 

Protein 

(g/day) 
73.6 105 96.6 128 100 175 103 149 

O2 (g/day) 581.5 596 692 904 717.5 1,037 683 1,060 

H2O (g/day) 285 270 330 412 340 468 328 480 

CO2 (g/day) 715 687 832 1,039 857 1,188 828.6 1,210 

Feces (g/day) 1,347 840 980 480 921 1,438 877 142 

Urine (g/day) 1,201 1,719 1,576 2,086 1,636 2,852 1,681 2,432 

 POOR WOMEN  

Nutrients 

uptake 

1,700 kcal/day 

(7,106 kJ/day) 

1,700 

kcal/day 

(7,106 

kJ/day) 

2,050  

kcal/day 

(8,569 

kJ/day) 

2,800  

kcal/day 

(11,704 

kJ/day) 

2,150  

kcal/day 

(8,569 

kJ/day) 

3,000  

kcal/day 

(12,500 

kJ/day) 

2,050  

kcal/day 

(8,569 

kJ/day) 

3,200  

kcal/day 

(13,376 

kJ/day) 

Carbohydrate 

(g/day) 
271 271 260 397 292 398 267 460 

Fat (g/day) 47 47 73 85 66 96 75 105 

Protein 

(g/day) 
50 50 109 129 83 119 72 98 

O2 (g/day) 488 488 627 832 607 852 592 917 

H2O (g/day) 240 240 292 397 290 405 280 442 

CO2 (g/day) 599 599 741 1,003 730 1,020 702 1,105 

Feces (g/day) 1,787 1,787 774 465 1,200 627 1,377 965 

Urine (g/day) 810 810 1,786 2,101 1,350 1,936 1,171 1,591 
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 Tubal pregnancy for a singleton baby 

Telomere length 1.54 1.43 1.43 1.47 

Entropy generation rate 2.46x10-6 3.16x10-6 3.27x10-6 3.07x10-6 

Entropy generated in pregnancy and 

lactation 
171 

 Normal pregnancy for twin babies 

Telomere length 1.40 1.57 1.57 1.41 

Entropy generation rate  2.83x10-6 3.71x10-6 4.35x10-6 4.84x10-6 

Entropy generated in pregnancy and 

lactation 
235 

 Tubal pregnancy for twin babies 

Telomere length 1.54 1.43 1.43 1.47 

Entropy generation rate  2.57x10-6 4.08x10-6 4.77x10-6 4.64x10-6 

Entropy generated in pregnancy and 

lactation 
235 

 Normal pregnancy in poverty for a singleton baby  

Telomere length 1.4 1.57 1.57 1.41 

Entropy generation rate 2.22 x10-6 2,67 x10-6 2.52x10-6 2,69x10-6 

Entropy generated in pregnancy and 

lactation 
146 

 Normal pregnancy in poverty for twin babies 

Telomere length 1.4 1.57 1.57 1.41 

Entropy generation rate 2.22 x10-6 3.50 x10-6 3.53 x10-6 4.13 x10-6 

Entropy generated in pregnancy and 

lactation 
201 

 Tubal pregnancy in poverty for a singleton baby 

Telomere length 1.54 1.43 1.43 1.47 

Entropy generation rate 2.02x10-6 2,92 x10-6 2,76 x10-6 2,58 x10-6 

Entropy generated in pregnancy and 

lactation 
146 

 Tubal pregnancy in poverty for twin babies 

Telomere length 1.54 1.43 1.43 1.47 

Entropy generation rate 2.02x10-6 3.84x10-6 3.88x10-6 3.97x10-6 

Entropy generated in pregnancy and 

lactation 
201 

 A non-pregnant woman, generating 

entropy in a similar period 

A man generating entropy in a 

similar period 

Telomere length 1.41 1.47 1.42 1.49 

Entropy generation rate 2.46 x10-6 2.36x10-6 3.52x10-6 3.35x10-6 

Entropy generated in pregnancy and 

lactation 
135 1.94 

 

Table 5. Total and percentage of the entropy generated in the pregnancy and lactation period when compared to the non-

pregnant woman's lifespan entropy. We performed the calculations according to the dietary guidelines [48], which do not 

require a specific weight; the results are applicable to 60 kg, 170 cm tall women. 

 

Total entropy 

generation during 

pregnancy and 

lactation period 

[kJ/(K kg woman)] 

Percentage of the 

non-pregnant 

woman's lifespan 

entropy (%) 

Total entropy 

generation during 

pregnancy and 

lactation period 

[kJ/(K kg woman, 

kg)] 

Percentage of the 

non-pregnant 

woman's lifespan 

entropy (%) 

 NP TP 

Singleton pregnancy 171 1.5 171 1.5 

Twin pregnancy 235 2.1 235 2.1 

Singleton pregnancy in 

poverty 
146 1.3 146 1.3 

Twin pregnancy in poverty 201 1.8 201 1.8 

Non-pregnant women 135 1.2   

Men 194 1.7   
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Nomenclature 

hi
o specific enthalpy of formation at 273 K, (kJ/kmol) 

hi
 
,298 K specific enthalpy of formation at body temperature 

(kJ/kmol)  

si
o absolute entropy the standard conditions (kJ/kmol K) 

si,
 
310 K

 absolute entropy at the body temperature (kJ/kmol K) 
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Abstract 
 

Liquid-liquid equilibrium data were measured and  analyzed for two ternary systems (biodiesel + methanol + glycerol 

and methyl palmitate + methanol + glycerol). Biodiesel, produced by the conventional chemical route at 60 °C for 60 

min, using methanol and soybean oil at a molar rate of 10:1 and potassium hydroxide concentration (KOH) of 1 wt% 

exhibited thermal decomposition at  temperatures between 100 and 250 ºC, reaching mass loss of approximately 

98.8%, confirming soybean oil conversion into biodiesel by gas chromatography and thermogravimetry. Tie line 

composition quality was verified using Othmer-Tobias and Hand correlation equations. The distribution and 

selectivity coefficients were calculated for the immiscibility regions. The experimental tie line data exhibited good 

correlation in the UNIQUAC and NRTL thermodynamic models. The biodiesel system displayed deviations of 0.66 

and 0.53% for the UNIQUAC and NRTL models, respectively. In addition, the methyl palmitate system showed a 

1.23 and 0.48% deviation for the UNIQUAC and NRTL model, respectively. The individual behavior of the main 

biodiesel esters , based on the UNIQUAC model parameters, demonstrated that the type of fatty acid does not interfere 

in model correlation, likely due to the similarity between their composition and properties. 

 

Keywords: Liquid-liquid equilibrium; methyl palmitate; biodiesel; UNIQUAC; NRTL; othmer-tobias correlation. 

 

1. Introduction  

The production and indiscriminate use of fossil fuels 

should decline in the coming decades due to global warming 

caused by greenhouse gas emissions, which lead to serious 

climatic disorder. Diversification of the global energy matrix 

has broadened and strengthened renewable energies and 

biofuels aimed at combining energy safety with sustainable 

development [1,2]. Responding to the technical, economic 

and environmental challenges to diversify the biodiesel-

producing processes, the scientific community has 

conducted extensive research on adding new raw materials 

and catalysts to the biodiesel production chain aimed at 

improving its performance and reducing greenhouse gas 

emissions by transforming an environmental liability into an 

energy asset [3,4].  

Biodiesel is a feasible alternative to diesel owing to its 

similar properties and applications, without requiring 

changes to internal combustion engines [5]. It is superior to 

fossil fuels because of its biodegradable, sustainable and 

environmentally friendly nature. In addition, its cetane 

number is higher, it contains practically no sulfur or 

aromatics and 10-11% oxygen by weight, characteristics that 

help reduce hydrocarbon emissions, carbon compounds and 

gases such as sulfur dioxide (SO2) and nitrogen oxide (NOX) 

[6–9]. 

The conventional biodiesel production route is based on 

the transesterification reaction of vegetable oils/animal fats, 

in the presence of an alcohol and catalyst. Biodiesel 

composition is directly related to the raw material used, 

conversion rate of the transesterification reaction and 

separation process efficiency of the resulting products. The 

compounds commonly found in soybean-based biodiesel 

include the following fatty acid methyl esters (FAMEs): 

methyl palmitate, methyl stearate, methyl oleate and methyl 

linoleate [10]. On an industrial scale, biodiesel production 

generates multiple impurities, including large amounts of 

glycerol that may reach 10% of the total, far higher than the 

market demand for the reuse of this by-product in other 

processes [11]. In this respect, a number of studies seek ways 

to optimize the transesterification reaction and reinsert  

glycerol into new production chains, making the process 

more economically and environmentally efficient [12,13]. 

Biodiesel requires a high purity grade and must undergo 

rigorous purification to prevent traces of glycerol, water, 

catalyst or alcohol. These products are easily separated by 

forming two immiscible liquid phases: the heavy (glycerol) 

and light (biodiesel) phase. Alcohol is also divided into the 

two phases [14]. In this regard, understanding liquid-liquid 

equilibrium (LLE) is an indispensable tool to raise the 

conversion rate of the transesterification reaction with an 

increase in biodiesel selectivity [15]. On the other hand, 
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thermodynamic modeling with the excessive use of Gibbs 

free energy levels, governed by the contribution of functional 

groups (UNIFAC) or the local composition theory 

(UNIQUAC, NRTL, among others), is important in 

predicting phase separation behavior [16–19].  

In recent years, a number of studies on experimental data 

and and thermodynamic modeling involving systems 

containing biodiesel + glycerol + alcohols were reported in 

the literature. Nunes et al. [20] assessed experimental data to 

define miscibility regions and determine parameters for the 

UNIQUAC model, applying the liquid-liquid equilibrium   of 

sunflower oil biodiesel – methanol – glycerol ternary 

systems. Bazooyar et al. [21] provided an accurate intelligent 

model for the behavior of biodiesel – alcohol – glycerol 

system phases, comparing it with activity models  

(UNIQUAC). Noriega and Narváez [22] correlated the  

UNIFAC model from experimental data in order to 

accurately describe and predict the liquid-liquid equlibrium 

of the systems involved in the biodiesel process. However, 

there are few studies on liquid-liquid equilibrium for ternary 

systems containing pure esters, including ethyl palmitate + 

ethanol + glycerol [23], methyl oleate + methanol + water 

[24]. Thus, experimental liquid–liquid equilibrium data of 

systems involving pure fatty acid esters (such as methyl 

palmitate) are scarce in the literature, requiring more robust 

and conclusive studies [25]. In this context, the present study 

aimed at promoting methylic biodiesel using commercial 

soybean oil in a homogeneous route with potassium 

hydroxide (KOH). In addition, the LLE data of the two 

ternary systems were obtained as follows: system 1 

(biodiesel + glycerol + methanol) and system 2 (methyl 

palmitate + glycerol + methanol). Finally, the experimental 

data were validated by  Othmer-Tobias [26] and Hand [27] 

correlations and fit to the NRTL and UNIQUAC 

thermodynamic models.  

 

2. Materials and Methods  

2.1 Raw Material 

Soybean oil (Soya®), methyl alcohol (Dinâmica Química 

Contemporânea, 99.8%) and potassium hydroxide (KOH) 

(Ciavicco®, 88%) were used in the transesterification 

reaction to produce biodiesel. Methyl palmitate (Sigma-

Aldrich, 97.0%) and glycerol (Dinâmica Química 

Contemporânea, 99.5%) were used only in the liquid-liquid 

equilibrium study.  
.  

2.2 Biodiesel Synthesis 

The biodiesel was produced by the methyl 

transesterification reaction of soybean oil, using potassium 

hydroxide as catalyst. The reaction was performed at 60 °C 

for 60 min, using a methanol to oil molar ratio of 10:1 and 

KOH concentration of 1 wt.%. The biodiesel was then 

separated from glycerol, added with hydrochloric acid to 

neutralize the catalyst and then washed with distilled water. 

Next, the biodiesel was distilled to remove any trace of 

methanol and unreacted oil residue (diglycerides and 

monoglycerides) [28]. Product composition and the amount 

of methyl ester were determined using a gas chromatograph 

(GC) (GCMS-QP2020 - Shimadzu) under the following 

conditions: SH-Rtx-5MS column (length, 30 m; diameter, 

0.25 mm); injector temperature 230 °C; column temperature: 

90-160 °C (10 °C.min-1), 160-180 °C (2 °C.min-1) and 180-

230 °C (4 °C.min-1); carrier gas: 1.0 mL.min-1 of helium 

and thermogravimetric analysis (TGA) using a Shimadzu 

DTG-60 analyzer, with a heating rate of 10 °C/min, ambient 

temperature up to 1000 °C and flow rate of 50 mL/min in a 

nitrogen atmosphere. 

 

2.3 Isothermal Phase Diagrams 

Ternary phase diagrams were constructed based on the 

mass titration method using visual observation via the cloud 

point, in line with the methodology developed by 

Evangelista Neto et al. [29]. The experimental points 

representing the miscibility curves were prepared using a 

base calculation of 10 g and placed in an equilibrium cell 

with magnetic agitation (Matoli, model 100M028). The 

operating temperature was controlled by circulating water in 

a thermostatized water bath (Solab, model SL-155), that is, 

300.15 K for biodiesel and 308.15 K for methyl palmitate 

(MP), the latter selected based on the melting point of ester 

(303.15 K). The equilibrium lines were determined from the 

mass weight of the constituents, assuming a base calculation 

of 30 g, following a previously established ternary 

composition. Next, the samples were placed in an 

equilibrium cell under agitation for 3 h and then maintained 

at rest for 18 h for complete phase separation by decantation, 

similar to the study by Sena and Pereira [30]. Aliquots from 

each phase were collected to determine their mass fractions 

by measuring density in a digital densimeter (Anton Paar 

DMA 4500M). All measurements were performed in 

duplicate. Tie lines were used to determine the distribution 

() and selectivity (S) coefficients in order to quantify the 

extraction power of the solvent. The calcium of these 

parameters was determined by Equations (1), (2) and (3), 

where 2 represents the distribution coefficient of methanol; 

3,  the distribution coefficient of glycerol; S, the selectivity 

coefficient; w21, the mass fraction of methanol in the 

biodiesel or MP-rich phase of glycerol; w23,  the mass 

fraction of methanol in the glycerol-rich phase; w33, the mass 

fraction of glycerol in the glycerol-rich phase and w31, the 

mass fraction of glycerol in the biodiesel or MP-rich phase.  

 

𝛽2 =  
𝑤21

𝑤23

                                                                                   (1) 

 

𝛽3 =  
𝑤31

𝑤33

                                                                                   (2) 

 

𝑆 =  
𝛽2

𝛽3

                                                                                        (3) 

 

2.4 Thermodynamic Models 

The Othmer-Tobias [26] and Hand [27] correlations were 

applied to assess the thermodynamic consistency of the 

experimental LLE data observed by the tie lines. Model 

filling considered the mass fractions of the components in the 

glycerol and biodiesel or MP-rich phases, according to 

Equations (4) and (5), respectively, where w11 is the mass 

fraction of the biodiesel or MP in the biodiesel or MP-rich 

phase, a, the linear coefficient and b, the slope. 

 

𝑙𝑛 (
1 − 𝑤33

𝑤33

) =  𝑎 + 𝑏 (
1 − 𝑤11

𝑤11

)                                      (4) 

 

 𝑙𝑛 (
𝑤23

𝑤33

) =  𝑎 + 𝑏 (
𝑤21

𝑤11

)                                                     (5) 

 

In addition, thermodynamic modeling is assessed by 

using excess Gibbs energy models, in order to establish the 

reliability of the experimental data. In this sense, Non-
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Random Two Liquids (NRTL) and Universal Quasi-

Chemical (UNIQUAC) thermodynamic models were 

assessed based on the behavior of the binary interaction 

parameters of the ternary systems (biodiesel + glycerol + 

methanol and methyl palmitate + glycerol + methanol)]. The 

regression parameters of the UNIQUAC and NRTL models 

were obtained by the objective function (OF) shown in 

Equation (6), where j, I, and k indicate the phase, component 

and tile line, respectively; M represents the number of tie 

lines; wexp, experimental mass composition and wcal, the mass 

composition. The binary interaction of parameters was 

determined using the TML computational tool [31].  

 

𝑂𝐹 = ∑ ∑ ∑ [(𝑤𝑖𝑗𝑘
𝑒𝑥𝑝

− 𝑤𝑖𝑗𝑘
𝑐𝑎𝑙)

2
]

3

𝑖=1

2

𝑗=1

𝑀

𝑘=1

                                   (6) 

 

 To evaluate the accuracy of the two models, the root-

mean-square deviation (RMSD) was calculated by Equation 

(7), where k, j, i, 𝑤𝑒𝑥𝑝 and 𝑤𝑐𝑎𝑙  are the same as expressed in 

Equation (6). 

 

𝑅𝑀𝑆𝐷(%) = 100𝑥 [∑ ∑ ∑
(𝑤𝑖𝑗𝑘

𝑒𝑥𝑝
− 𝑤𝑖𝑗𝑘

𝑐𝑎𝑙)
2

6𝑀

3

𝑖=1

2

𝑗=1

𝑀

𝑘=1

]

1
2

        (7) 

 

The van der Waals molecular volume (r) and molecular 

surface area (q),  parameters of the UNIQUAC model, were 

determined by the sum of the individual terms of each 

subgroup in the molecule of each component, as established 

by Equations (8) and (9) [32], where i is the system 

component; k, group identification; vk
(i), the number of k 

subgroups of component i; Rk, the value of the UNIFAC 

group volume parameter and Qk, the value of the UNIFAC 

surface parameter. In the case of biodiesel, the parameters 

were determined using the weighted average that considered 

the composition of the principal esters.  

 

𝑟𝑖 = ∑ 𝑣𝑘
(𝑖)

𝑅𝑘

𝑘

                                                                          (8) 

 

𝑞𝑖 = ∑ 𝑣𝑘
(𝑖)

𝑄𝑘

𝑘

                                                                          (9) 

 

3. Results and Discussion 

3.1 Biodiesel Synthesis 

Figure 1 presents the TGA curve obtained from the 

biodiesel produced in the transesterification reaction. The 

biodiesel TGA curve showed only one mass loss event, 

reaching 98.8%,  between 150 and 250 ºC, which 

corresponds to the volatilization and/or decomposition of 

fatty acid methyl ester, according to the results obtained by 

Andrade et al. [28]. Freire et al. [33] evaluated the thermal 

decomposition of biodiesel obtained  between 243 and 266 

ºC, which indicated the volatilization and/or combustion of 

the esters, mainly ethyl oleate and ethyl linoleate, and total 

mass decomposition above 266 °C. 

Table 1 shows the composition of distilled biodiesel, 

according to GC-MS analysis. The main compounds in the 

biodiesel are methyl linoleate, methyl oleate and methyl 

palmitate, as observed by [34]. According to [35], the main 

fatty acids present in soybean oil are linoleic (52.83%), oleic 

(25.85%), and palmitic (11.05%), and the biodiesel produced 

from soybean oil contains a larger amount of their esters.  

 
Figure 1. TGA curve of the distilled biodiesel. 

 

Table 1. Biodiesel Composition. 

Compound Content % 

Methyl caprate 2.93 

Methyl laurate 4.74 

Methyl palmitate 16.97 

Methyl linoleate 42.69 

Methyl oleate 27.36 

Methyl stearate 5.02 

 

3.2 Liquid-liquid Equilibrium 

3.2.1 Ternary Diagrams 

Knowledge of the biphasic region on a ternary diagram 

depends on the mutual solubility of the constituents present 

in the mixture, which must precede the implementation of 

the extraction or purification processes [18,36]. The 

miscibility curve (binodal) and tie line data of system 1 

[biodiesel (1) + methanol (2) + glycerol (3)] and 2 [methyl 

palmitate (1) + methanol (2) + glycerol (3)] are presented in 

Tables 2 and 3 and plotted on the ternary diagrams of Figure 

2.  

 

Table 2. Experimental binodal curve data of the systems: 

[biodiesel (1) or MP (1)] + methanol (2) + glycerol (3). 

Biodiesel  

(300.15 K) 

Methyl Palmitate  

(308.15 K) 

w1  w2   w3 w1  w2   w3 

0.07488 0.73697 0.18815 0.10046 0.71866 0.18087 

0.03956 0.67011 0.29033 0.05238 0.66333 0.28429 

0.02704 0.58028 0.39268 0.03195 0.57846 0.38958 

0.01503 0.49122 0.49375 0.03169 0.48607 0.48224 

0.01047 0.39438 0.59515 0.02506 0.38919 0.58574 

0.00594 0.29722 0.69684 0.03541 0.28836 0.67623 

0.00527 0.19831 0.79642 0.03543 0.19294 0.77163 

0.00398 0.10069 0.89533 0.03995 0.09587 0.86418 

0.18028 0.72000 0.09971 0.17475 0.69444 0.13081 

0.28011 0.65186 0.06804 0.27364 0.63767 0.08870 

0.38136 0.57215 0.04649 0.37461 0.56322 0.06216 

0.48162 0.48210 0.03628 0.47958 0.48006 0.04036 

0.58474 0.38936 0.02589 0.58063 0.38935 0.03002 

0.69095 0.29595 0.01310 0.68456 0.29376 0.02168 

0.79084 0.19822 0.01094 0.78582 0.19678 0.01740 

0.88824 0.09974 0.01202 0.88237 0.09810 0.01954 
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Table 3. Phase equilibrium composition of the constituents. 

Biodiesel-rich phase Glycerol-rich phase 

w1 w2 w3 w1 w2 w3 

Biodiesel (1) + methanol (2) + glycerol (3) at 300.15 K 

0.95030 0.03499 0.01471 0.00746 0.30918 0.68336 

0.96835 0.01573 0.01592 0.00968 0.35745 0.63287 

0.88841 0.09995 0.01163 0.02024 0.58708 0.39268 

0.89162 0.09663 0.01175 0.05620 0.68287 0.26093 

MP (1) + methanol (2) + glycerol (3) at 308.15 K 

0.89414 0.08829 0.01756 0.05783 0.65770 0.28446 

0.90542 0.07465 0.01993 0.03473 0.57018 0.39509 

0.92375 0.05071 0.02554 0.02026 0.34881 0.63094 

0.93157 0.03941 0.02902 0.02977 0.22871 0.74152 

 

The binodal curves (Figure 2) obtained with system 1 

(containing biodiesel) and 2 (with MP) show similar 

behavior, consisting of an external biphasic zone due to the 

low miscibility of the constituents, indicating a large region 

favorable to the extraction process. This low miscibility is 

attributed to the fact that the polar molecules methanol and 

glycerol show no affinity for biodiesel because it is a mixture 

of nonpolar substances. This behavior was also observed in 

the Sterculia striata biodiesel + glycerol + ethanol [37] and 

soybean FAME + water + glycerol systems [17]. 

Analogously,  the tie lines obtained here are similar in both 

systems, and their slopes demonstrate that methyl alcohol 

solubility in the biodiesel-rich (Figure 2a) and MP-rich phase 

(Figure 2b) is lower than in the glycerol-rich phase, 

indicating that a small amount of methanol and glycerol 

needs to be removed in the FAME-rich phase during 

biodiesel production via fatty acid esterification with 

methanol. The volume of the soluble component in the 

alcohol generally depends on its intermolecular strength 

[38]. With respect to the experimental points representing the 

two equilibrium phases of the tie lines, good agreement was 

observed with the respective binodal curves, ensuring the 

reliability of the equilibrium data obtained. These results 

corroborate the studies reported by Esipovich et al. [39], who 

assessed FAMEs + vegetable oil + methyl alcohol  + FAMEs 

+ glycerol + methyl alcohol ternary systems, and Asoodeh et 

al. [7] who evaluated linseed oil biodiesel + methanol + 

glycerol. 

 

 
(a) 

 
(b) 

 

Figure 2. Ternary diagram for LLE of (a) system 1, with 

Biodiesel (1) + Methanol (2) + Glycerol (3) at 300.15 K () 

and (b) system 2, with Methyl palmitate (1) + Methanol (2) 

+ Glycerol (3) at 308.15 K (■). 

 

3.2.2 Distribution and Selectivity Coefficients 

Liquid-liquid extraction, the selective transfer of a solute 

or impurity from a medium to a solvent, can be used in 

biodiesel purification to remove the glycerol obtained with 

the by-product in the transesterification reaction. The 

efficiency of biodiesel and MP extraction was assessed by 

the selectivity (S) and distribution coefficient (β). While 

selectivity indicates the capacity of the solvent to extract the 

solute without the need to extract other primary components 

from the solute, the distribution coefficient estimates the 

ability of the solvent to dissolve the solute, and can 

determine whether the number of extraction stages declines 

[40–42].  

The distribution coefficients for systems 1 and 2, 

biodiesel and MP exhibited low values (2  1), indicating 

the preferential distribution of methanol in the glycerol-rich 

phase (Figure 3). The effect of the number of carbons in the 

FAME chain on the distribution coefficients of methanol 

remains unclear [43]. On the other hand, the distribution 

coefficients of methanol are smaller for MP than for 

biodiesel. A more marked decline was observed for system 

1, given that it contains a mixture of methyl esters from 

longer and more saturated carbon chains than those of system 

2. This behavior has a significant influence on the separation 

and purification stages involved in the optimization of 

methylic biodiesel, since higher distribution coefficients 

indicate a greater trend for biodiesel to absorb the solute 

(alcohol). Cavalcanti et al. [25] observed the same behavior 

in an LLE study for systems containing fatty acid, ethanol 

and glycerol ethyl esters. Analysis of the standard error of all 

experimental data showed that the value did not exceed 0.01, 

demonstrating dataset uniformity, indicating that the values 

obtained are concentrated around the mean. 

Figure 4 shows that the selectivity values decline with an 

increase in the amount of methanol and are greater than one 

in all cases. This behavior demonstrates that most of the 

methanol is concentrated in the glycerol-rich phase, as 

confirmed by the tie lines in the LLE diagrams in Figure 2. 

However, selectivity values indicate a biodiesel-rich 

contamination phase and an increase in methyl ester 
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concentration in the glycerol-rich phase due to excess 

methanol [44,45]. This means that the cost of biodiesel 

purification rises owing to the higher amount of excess 

methanol and its effect on glycerol and biodiesel or MP 

distribution between the two phases. The results corroborate 

those reported by Melo et al. [46], who reported that the 

selectivity coefficients obtained were higher than 1, 

indicating that methanol is an excellent solvent for glycerin 

extraction in the biodiesel-rich phase. 

 

 
Figure 3. Experimental solute distribution coefficient (2) as 

a function of methanol mass fraction for system 1, with 

biodiesel () at 300.15 K, and system 2, with methyl 

palmitate (■) at 308.15 K. 

 

 
Figure 4. Experimental selectivity value (S) as a function of 

methanol mass fraction for system 1 () at 300.15 K, and 

system 2 (■) at 308.15 K. 

 

3.3 Thermodynamic Models 

3.3.1 Othmer-Tobias and Hand Correlations 

The reliability of LLE experimental data, represented by 

the tie lines, was assessed by Othmer-Tobias and Hand 

correlations (Figure 5). These correlations can reproduce the 

tie lines using a straight line as a function of molar fractions 

[36,38]. Applying the Othmer-Tobias and Hand 

thermodynamic models to the experimental data obtained for 

the systems analyzed proved to be reliable and consistent, 

since they exhibited correlation coefficients above 0.97 

(Table 4). Mousavi et al. [47] reported that the Othmer-

Tobias and Hand correlations consistently represented the 

experimental equilibrium data of the systems containing 

glycerol + methanol + organic solvents.  

 

Table 4.  Othmer-Tobias and Hand and linear coefficient 

(R²) for the systems studied. 

Correlation a b R² 

Biodiesel (1) + Methanol (2) + Glycerol (3) 

Othmer-Tobias 1.91225 3.70232 0.97314 

Hand 1.72081 3.46989 0.97169 

Methyl palmitate (1) + Methanol (2) + Glycerol (3) 

Othmer-Tobias 4.14445 9.78547 0.99941 

Hand 2.37475 6.3189 0.99955 

 

 

 
(a) Othmer-Tobias correlation 

 

 
(b) Hand correlation 

 

Figure 5. Thermodynamic consistency of the experimental 

data for system 1, with biodiesel () and system 2, with 

methyl palmitate (■). 

 

3.3.2 NRTL and UNIQUAC Models 

The structural q (van der Waals molecular surface area) 

and r parameters (van der Waals molecular volume) (Table 

5) used for the UNIQUAC model were calculated from the 

contributions of the groups contained in the molecules of 

each component, in line with Prausnitz [32]. The binary 

interaction parameters of the UNIQUAC and NRTL models 

and parameter and non-randomness in a mixture (αij) were 

treated as adjustable parameters (Table 6). The root mean 

square deviation (RMSD) used to measure the accuracy of 
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the correlations was calculated from the difference between 

the experimental and calculated experimental mass (Table 

6). 

 

 

Table 5. The UNIQUAC structural parameters (r and q) for 

pure components. 

Component r q 

Biodiesel (Mix) 13.0726 10.7601 

Methyl Oleate 13.3625 11.003 

Methyl linoleate 13.1304 10.79 

Methyl palmitate 12.2458 10.136 

Methanol 1.4311 1.432 

Glycerol 4.7957 4.908 

 

 

Table 6. The binary parameters and the root mean square 

deviation (RMSD) of the Solvents (1) + Methanol (2) + 

Glycerol (3) ternary systems 

Model i-j Aij Aji αij 
RMSD 

(%) 

Biodiesel (1) + Methanol (2) + Glycerol (3)  

UNIQUAC 1-2 2996.4 -311.8   

 1-3 -93.41 388.9  0.65952 

 2-3 -85.932 654.33   

NRTL 1-2 2571.6 623.14 0.33632 

0.52932  1-3 824.9 946.37 0.20003 

 2-3 794.92 640.74 0.4472 

MP (1) + Methanol (2) + Glycerol (3)  

UNIQUAC 1-2 -1196.8 2532.8  

1.2319  1-3 -123.83 373.31  

 2-3 91.692 -148.54  

NRTL 1-2 747.88 -73.203 0.20206 

0.47579  1-3 781.03 920.07 0.27373 

 2-3 5736.7 995.66 0.26746 

 

 

Table 6 shows that both thermodynamic models 

correlated accurately with the experimental data for system 

1, obtaining RMSD values below 0.66%. The NRTL model 

correlated the experimental data of system 2 more accurately 

than its UNIQUAC counterpart, obtaining an average RMSD 

of approximately 0.48% (NRTL) compared to 1.23% 

(UNIQUAC), similar to the studies conducted by [16,48]. 

The results presented in Table 6 can be visualized in Figures 

6 (a) and (b), which show the fitting of the two models to the 

experimental data. In both systems (with biodiesel and MP), 

the NRTL model obtained smaller deviations, akin to the 

results presented by Rocha et al. [49], who obtained a good 

fit of this model to the experimental data of ternary systems 

with ethylic biodiesel from palm oil, obtaining an RMSD of 

0.180% at 298.15 K for NRTL model. Do Carmo et al. [50] 

assessed four different thermodynamic models of activity 

coefficients that can be used for biodiesel in 34 different 

systems. The best results for NRTL and UNIQUAC models 

exhibited an RMSD of 9.1 and 8.2%, respectively, obtaining 

higher deviations than those presented here 

 
 (a) 

 

 
(b) 

 

Figure 6. Ternary phase diagram for LLE of a) Biodiesel (1) 

+ Methanol (2) + Glycerol (3) at 300.15 K (system 1) () and 

(b) Methyl palmitate (1) + Methanol (2) + Glycerol (3) at 

308.15 K (system 2) (■). Experimental tie-line points (▲), 

NRTL model (∆) and UNIQUAC model (□). 

 

The UNIQUAC tie line parameters of system 1 were 

assessed in order to determine the best fit when applying the 

model and justify the difference in residual error.  Figure 7 

shows that any of the components can be selected to calculate 

the parameters and apply the model to the biodiesel. The 

components with the highest concentrations in biodiesel and 

a weighted average of the mixture were considered. All of 

these exhibited good fit to the experimental data. Lee et al. 

[51] found that methyl esters, methyl linoleate and methyl 

oleate in the presence of glycerol and methanol showed 

optimal results in terms of the experimental data fit to the 

UNIQUAC model. Mohadesi [52] reported that the 

UNIQUAC model is highly accurate considering the 

biodiesel (methyl ester), glycerol and methanol ternary 

system. Both studies demonstrate that the contributions of 

the subgroups contained in the molecules do not interfere in 

correlating the UNIQUAC model to the experimental data. 

Thus, the UNIQUAC model with optimized parameters 
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provides a reliable base to simulate separation of the FAME 

and glycerol-rich phases in biodiesel production processes. 

 

 
Figure 7. Experimental tie-line points for system 1: Biodiesel 

(1) + Methanol (2) + Glycerol (3) at 300.15 K and FAME 

parameters for the UNIQUAC model. 
 

4. Conclusion 

In the study of LLE, the solubility curves for system 1 

(biodiesel + methanol + glycerol at 300.15K) and 2 (methyl 

palmitate + methanol + glycerol at 308.15 K) showed a curve 

with a large region of two phases. The tie lines constructed 

exhibited a marked decline, indicating good separation 

between biodiesel and the other components of system 1. 

Methanol content was higher in the glycerol-rich phase, 

resulting in important savings in the biodiesel purification 

stage. The study of equilibrium data consistency conducted 

using the Othmer-Tobias and Hand correlations show model 

fit, with R² values above 0.97. The Hand correlation 

exhibited better fit for both systems, confirming the good 

thermodynamic consistency of the experimental data. The 

UNIQUAC and NRTL thermodynamic models provided a 

good representation of experimental data, displaying an 

average square deviation of 0.66 and 0.53%, respectively for 

system 1. For system 2, the deviations were 1.23 and 0.48%, 

indicating better fit of the NRTL thermodynamic model. 

Assessment of UNIQUAC parameters, considering 

individual principal esters present in the biodiesel and a 

mixture of the respective esters, was conducted, showing that 

any of the components can be selected to calculate the 

parameters and apply the model to the biodiesel. The 

experimental data measured and presented in this study on 

pure biodiesel components and biodiesel system may be 

useful in building a database for researchers involved in 

biodiesel process development and optimization. The 

increasing diversification of the world energy matrix aims to 

combine energy security and sustainable development. For 

future research, the goal is to completely replace fossil fuel 

(diesel) with biodiesel and evaluate the effect of fuel  on 

compression ignition engines in order to reduce carbon 

dioxide emissions and global warming. 
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Nomenclature 

Symbol  Variable 

     β  distribution coefficient 

     S  selectivity coefficient 

    wexp  experimental mass composition 

   wcal  mass composition 

      r  van der Waals molecular volume 

     q  molecular surface area 

    vk,  the number of k subgroups 

    Rk,   UNIFAC group volume parameter 

    Qk,   UNIFAC surface parameter. 

 

Subscripts 

       1  Biodiesel or MP 

       2  Methanol 

       3  Glycerol 

        j  phase 

       i  component 

       k  tie lines 

      M  number of tie lines 

 

Abbrevations 

LLE  Liquid-Liquid Equilibrium 

MP  Methyl palmitate 

GC  Gas Chromatography 

OF  Objective Function 

TGA  Thermogravimetric analysis 

RMSD  Root-mean-square deviation 

R²  Regression coefficient   
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