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The algebra of thin measurable operators is directly finite

AIRAT M. BIKCHENTAEV*

ABSTRACT. Let M be a semifinite von Neumann algebra on a Hilbert space H equipped with a faithful normal
semifinite trace 7, S(M, ) be the *-algebra of all 7-measurable operators. Let So(M,T) be the *-algebra of all 7-
compact operators and T'(M, 7) = So(M, 7) 4+ CI be the *-algebra of all operators X = A + A\ with A € So(M, 1)
and X € C. Itis proved that every operator of T'(M, 7) that is left-invertible in T'(M, 7) is in fact invertible in T'(M, 7).
It is a generalization of Sterling Berberian theorem (1982) on the subalgebra of thin operators in B(). For the singular
value function p(t; Q) of @ = Q% € S(M, 1), the inclusion u(t; Q) € {0} U[1, +o0) holds for all ¢ > 0. It gives the
positive answer to the question posed by Daniyar Mushtari in 2010.

Keywords: Hilbert space, von Neumann algebra, semifinite trace, 7-measurable operator, 7-compact operator, singular
value function, idempotent.

2020 Mathematics Subject Classification: 16E50, 46L51.

1. INTRODUCTION

In this paper, we extend the Sterling Berberian’s result [2] (see also [12]) on direct finiteness
of the algebra of thin operators on an infinite-dimensional Hilbert space to the Irving Segal’s
non-commutative integration setting [16]. Let M be a semifinite von Neumann algebra on a
Hilbert space H equipped with a faithful normal semifinite trace 7, S(M, 1) be the *-algebra
of all T-measurable operators. Let So(M, ) be the *-algebra of all 7-compact operators and
T(M,71) = So(M,T) + CI be the *-algebra of all operators X = A + M\ with A € So(M, 1)
and a complex number \. We prove that every operator of T'(M, 7) left-invertible in T'(M, 7)
is actually invertible in T'(M, 7) (Theorem 3.1). Assume that A € S(M, 1) and B € T(M, 7).
We have AB € T (M, ) if and only if BA € T(M,7) (Theorem 3.2). For the singular value
function p(t; Q) of Q = Q* € S(M, 1), we have u(t; Q) € {0} U[1, +o0) for all t > 0 (Theorem
3.3). It is the positive answer to the question by Daniyar Mushtari of year 2010.

The author sincerely thank Vladimir Chilin for useful discussions of the results presented in
this paper.

2. PRELIMINARIES

Let M be a von Neumann algebra of operators on a Hilbert space #, let P(M) be the lattice
of projections in M, I be the unit of M. Also M™ denotes the cone of positive elements in M.
A mapping ¢ : Mt — [0, +o0] is called a trace, if p(X +Y) = p(X) + ¢(Y), p(AX) = Ap(X)
forall X,Y € M™, X\ > 0 (moreover, 0 - (+00) = 0); p(Z*Z) = p(ZZ*) forall Z € M. A trace
o is called faithful, if o(X) > 0 forall X € M*, X # 0; normal, if X; 1+ X (X;,X € MT) =

Received: 28.09.2022; Accepted: 10.01.2023; Published Online: 12.01.2023
*Corresponding author: Airat M. Bikchentaev; airat.bikchentaev@kpfu.ru
DOI: 10.33205/cma.1181495
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©(X) = sup p(X;); semifinite, if o(X) =sup{p(Y): Y e MT, Y < X, ¢o(Y) < o0} for every
X eM*,

An operator on H (not necessarily bounded or densely defined) is said to be affiliated to the
von Neumann algebra M if it commutes with any unitary operator from the commutant M’ of
the algebra M. Let 7 be a faithful normal semifinite trace on M. A closed operator X, affiliated
to M and possesing a domain ®(X) everywhere dense in # is said to be 7-measurable if, for
any ¢ > 0, there exists a P € P(M) such that PH C ®(X) and 7(I — P) < €. The set S(M, 7) of
all T-measurable operators is a *-algebra under passage to the adjoint operator, multiplication
by a scalar, and operations of strong addition and multiplication resulting from the closure of
the ordinary operations [16], [14]. Let £ and L£P denote the positive and Hermitian parts of a
family £ C S(M,7), respectively. We denote by < the partial order in S(M, 7)" generated by
its proper cone S(M, 7). If X € S(M,7), then |X| = VX*X € S(M,7)". The generalized
singular value function p(X) : t — u(t; X) of the operator X is defined by setting

w(s; X) =inf{||XP|: PeP(M)and (I — P) < s}.
Lemma 2.1. (see [10]) We have (s +t; XY) < p(s; X)u(t;Y) forall X, Y € S(M, 1) and s,t > 0.

The sets U(e,d8) = {X € S(IM,7): (|XP|| <eand 7(I — P) < ¢ forsome P € P(M))},
where ¢ > 0, § > 0, form a base at 0 for a metrizable vector topology ¢, on S(M, 7), called the
measure topology [14]. Equipped with this topology, S(M, 7) is a complete metrizable topolog-
ical *-algebra in which M is dense. We will write X,, — X if a sequence {X,,} >~ | converges
to X € S(M, 1) in the measure topology on S(M, 7).

The set of 7-compact operators So(M,7) = {X € S(M,7) : tlirrolo u(t; X) = 0} is an ideal
in S(M, 7). For any closed and densely defined linear operator X : © (X) — #H, the null
projection n(X) = n(|X]) is the projection onto its kernel Ker(X), the range projection r(X) is
the projection onto the closure of its range Ran(X') and the support projection supp(X) of X is
defined by supp(X) = I — n(X).

The two-sided ideal F(M, 7) in M consisting of all elements of 7-finite range is defined by

FM,7)={XeM: 7(x(X)) < oo} ={X € M: 7(supp(X)) < oo}.

Equivalently, F(M,7) = {X € M : pu(t;X) = 0 forsomet > 0}. Clearly, So(M, 1) is the
closure of F (M, ) with respect to the measure topology [9].

3. MAIN RESULTS

Throughout the sequel, let M be an arbitrary semifinite von Neumann algebra, with some
distinguished faithful normal semifinite trace 7.

Lemma 3.2. We have | X| € T (M, 1) for every X € T(M, 7).

Proof. Theideal F(M, 1) is a C*-subalgebra in M. Hence F'(M, 1) = F(M, ) +CI is an unital
C*-subalgebra in M and if X € F(M, ), then | X| € F(M, 7). Assume that X € T(M, 1), i.e,
X = A+ I with A € So(M, 7) and X € C. Since F(M, 7) is t,-dense in Sy (M, 7), there exists a
sequence {4, }7°, C F(M, 1) suchthat 4, -3 Aasn — co. Then the sequence X,, = A, +AI,
n € N, lies in F(M, 7) and t.-converges to the operator X as n — co. According to the results
given above, | X,,| = B, + |\|I with some B,, € F(M,7)", n € N. Since X,, — X asn — oo,
we have X — X* as n — oo by t,-continuity of the involution in S(M, 7). Then via joint ¢,-
continuity of the multiplication in S(M, 7), we have X X,, — X*X as n — co. Therefore, we
obtain |X,,| — |X| as n — oo by t,-continuity of the real function f(t) = /¢, t > 0 [18]. Thus
the sequence {B,,}°° ; t.-converges to a some operator B € So(M,7)?and |[X| = B+ |\I. O
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Lemma 3.3. (see [4, Corollary 24]) If X € T(M, 1) and X X* < X*X, then XX* = X*X.

Lemma 3.4. The idempotents of T'(M, T) are the operators P, I — P, where P runs over the idempotent
operators of So(M, 7).

Proof. Assume that X = A+ X € T(M,7)and X? = X. Then A% + 20\A + 2] = A+ )], i.e,
A€ {0,1}. If A\ =0, then A2 = Aand A € Sy(M, 1) is an idempotent operator. Then I — A €
T(M, 1) and is also an idempotent. If A = 1, then A2 = —4 = (—A)? and —A € Sp(M, 7) is an
idempotent operator. Then I — (—A) € T(M, 7) and is also an idempotent. O

Consider Fo(M,7) = {4 € Soy(M,7) : 7(r(4)) < 400} and A(M,T) = Fy(M,7) + CI.
Then A(M, 7) is a *-subalgebra of T'(M, 7).
Lemma 3.5. A(M, 7) contains every idempotent of T (M, 7).
Proof. Let @) be an idempotent operator of S(M, 7). Then

Q+Q -D*=T+(@Q-Q)Q-Q")

and by [6, Theorem 2.21] there exists a unique “range” projection Q* € P(M), defined by
the formula Q¥ = Q(Q + Q* — I)~! with (Q + Q* — I)~! € M and subject to the condition
Q*-S(M, 1) = Q-S(M, 7). By [6, Theorem 2.23], there exists a unique decomposition Q = P+Z,
where P = Qf € P(M) and Z € S(M,7) is a nilpotent so that Z> = 0 and ZP = 0, PZ = Z.
Thus QP = Pand PQ = Q. Assume that Q € So(M, 7). Since QP = P, wehave P € Sy(M, 7).
Since the singular function p(t; P) = x(o,-(p)(t) for all t > 0, we conclude that P € F(M, 7).
Then by equality PQ = Q, we have Q € Fy(M, 1) and apply Lemma 3.4. O

Lemma 3.6. Fy(M, 1) is a regular ring.

Proof. We show that for every operator A € Fy(M, 7) the equation AXA = A possesses a so-
lution in Fy(M, 7). For A € Fy(M, ), the range projection r(A) and the support projection
supp(A) lie in F(M, 7). Consider the projection P = r(A)\/ supp(4) in F(M, ) and the re-
duced von Neumann algebra Mp = PMP, the reduced faithful normal finite trace 7p with
p(X) = 7(PXP), X € M}. The algebra Mp is finite, therefore S(Mp, 7p) is a regular ring
by [15, Theorem 4.3]. Since A € S(Mp,7p), the equation AXA = A admits a solution in
S(MP,TP) CF()(M,T). O

Idempotents P, Q of a ring R are said to be equivalent (in R), written P ~ @), if there exist
elements X,Y € R such that XY = P and YX = Q (replacing X,Y by PXQ, QY P, one
can suppose that X € PRQ, Y € QRP [13, p. 22]). Projections (=self-adjoint idempotents)
P, @ of a ring with involutions are said to be *-equivalent if there exists an element X such that
XX*=Pand X*X = Q.

Theorem 3.1. If X, Y € T(M, 1) such that XY = I, then Y X = I.

Proof. In the terms of ring theory, we assert that the ring T'(M, 7) is “directly finite” [11, p. 49].
Since Fy(M, 7) (by Lemma 3.6) and A(M,7)/Fy(M,7) = C are both regular rings, A(M, 1)
is a regular ring [11, p. 2, Lemma 1.3]; since, moreover, the involution of A(M,7) is proper
(AA* = 0 implies A = 0), the algebra A(M, 7) is *-regular in the sense of von Neumann [1, p.
229].

If X,Y are elements of T'(M, 1) such that XY = I, then P = Y X is an idempotent of
T(M,7) such that P ~ I in T(M, 7). By Lemma 3.5, we have P € A(M,); since A(M,T)
is *-regular, there exists a projection @ € A(M,7) such that @ - A(M,7) = P - AM,7) [1,
p- 229, Proposition 3]. Then P ~ @ in A(M, ) [13, p. 21, Theorem 14], a fortiori P ~ Q
in T(M,7); already P ~ I in T (M, 1), so Q ~ I in T(M,7) by transitivity. Since T'(M,7)
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satisfies the “square root” axiom (SR) and contains square roots of its positive elements (see
Lemma 3.2 and [13, p. 90]), it follows that the projections P, I are *-equivalent in 7'(M, 7) [13,
p. 35, Theorem 27], say X € T'(M, 1) with XX* = P, X*X = I. By Lemma 3.3, P = I; then
Q- -AM,7)=P- - AM,T) = AM,T) shows that P = I, thatis, VX = I. O

Theorem 3.1 can obviously be reformulated as follows: if A, B € Sy(M, 1) and A+ B+AB =
0, then AB = BA. On invertibility in S(M, 1), see [17], [7] and [8].

Theorem 3.2. Assume that A € S(M, 1) and B € T(M, 7). Then AB € T(M,) if and only if
BA € T(M,T).

Proof. "=". If B € So(M, 1), then BA € Sy(M, 1) C T(M,). Assume that B ¢ Syo(M, ).
Then B = A + K forsome A € C\ {0} and K € So(M, 7). Hence,
(3.1) AB =)+ AK = pl + K,
for some u € Cand K7 € So(M, 7).

Case 1: = 0. Then we have A € Sy(M, 7) by (3.1); hence BA € So(M, 1) C T (M, ).

Case 2: p # 0. Then by (3.1), we have AA = pl + Ky with Ky = K1 — AK € Sp(M, 7).
Therefore, A = £1 + %Kg and

_ PFrile) -
BA = (AI+K)(/\I+ AKz) =T+ K,

with K3 = K1 — AK + %K + %KKl — %KAK S S()(M,T). Thus BA € T(M,T)

"«<". We know that X € T'(M,7) if and only if X* € T(M, 7), and apply the proof given

above to the pair {A*, B*}. O
Corollary 3.1. If A € S(M,7)and B € T(M, 1)\ So(M,T) then the following conditions are
equivalent:

(i) ABeTM,1);
(ii) BA € T(M, 7);
(iii) A € T(M, 7).
Proof. "(i)=-(iii)". Let B = M + K for some A € C\ {0} and K € So(M, 7). Then AB =

M + AK = pl + K, for some p € C and Ky € So(M, 7). Thus ANA = pul + K1 — AK and
A=E4I+ 1K, — tAK € T(M, 7). O

Theorem 3.3. If Q € S(M,7) is such that Q* = Q, then u(t; Q) € {0} U[1, +o0) forall t > 0. For
the symmetry U = 2Q — I, we have p(t; U) > 1 forall t > 0.

Proof. For Q = Q2 ¢ Sp(M,7), we have pu(t;Q) > 1 for all t > 0, see [5, Lemma 3.8]. Let
Q = Q? € So(M,7) and P be “the range” projection of the idempotent Q, see the proof of
Lemma 3.5. Since QP = P and P € P(M)( F(M, ), by Lemma 2.1 we have

L= pu(s + 4 P) = X (s +1) = puls +QP) < p(s; P)u(t; Q) = u(t; Q)
for all s,t > 0 with s +¢ < 7(P). By tending s to 0+, we obtain u(t;Q) > 1forall 0 < ¢ <
7(P). By the right continuity of the function p(¢; -), we have pu(7(P); Q) > 1. If t > 7(P) then
u(t; P) = 0; by the equality PQ = @ and by Lemma 2.1, we obtain
0<pt;Q) = put; PQ) < u(t —e; P)u(e:Q) =0
foralle > 0 witht —e > 7(P).

Let Q € S(M, ) be such that Q* = Q. For the symmetry U = 2Q — I, we have U? = I and
by Lemma 2.1 obtain

1= p(2t;1) = p(2t;U%) < p(t;U)p(t;U) = p(t; U)?
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forallt > 0. O

Note that for Q € M such that Q2 = Q the relation u(¢; Q) € {0} U1, ||Q]|] for all t > 0 was
obtained by another way in [3, item 1) of Lemma 3.8]. Theorem 3.3 gives the positive answer
to the question by Daniyar Mushtari of year 2010.

Acknowledgements. The work performed under the development program of Volga Region
Mathematical Center (agreement no. 075-02-2022-882).
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Banach-valued Bloch-type functions on the unit ball of a
Hilbert space and weak spaces of Bloch-type

THAI THUAN QUANG*

ABSTRACT. In this article, we study the space B, (Bx,Y) of Y-valued Bloch-type functions on the unit ball Bx of
an infinite dimensional Hilbert space X with p is a normal weight on Bx and Y is a Banach space. We also investigate
the characterizations of the space WB,,(Bx ) of Y-valued, locally bounded, weakly holomorphic functions associated
with the Bloch-type space B,,(Bx ) of scalar-valued functions in the sense that f € WB,(Bx)if wo f € B,(Bx) for
every w € W, a separating subspace of the dual Y’ of Y.

Keywords: Operators on Hilbert spaces, Bloch spaces, weak holomorphic.

2020 Mathematics Subject Classification: 47B38, 30H30, 47B02, 47B33, 47B91.

1. INTRODUCTION

The space of classical Bloch functions on the unit disk B; of the complex plane C was ex-
tended to the higher dimension cases. In 1975, using terminology from differential geometry
[5], K. T. Hahn introduced the notion of Bloch functions on bounded homogeneous domains
in C". Further, Bloch functions on bounded homogeneous domains in terms of the Bergman
metric was studied by R. M. Timoney in [12, 13]. In [7], S. G. Krantz and D. Ma considered func-
tion theoretic and functional analytic properties of Bloch functions on strongly pseudoconvex
domain.

Recently, O. Blasco and his colleagues extended the notion to the infinite dimensional setting
by considering Bloch functions on the unit ball of an infinite dimensional Hilbert space (see
[1, 2, 3]) and, after that, Z. Xu continued the study this topic (see [14]). C. Chu, H. Hamada,
T. Honda, G. Kohr generalized the Bloch space to a bounded symmetric domain in a complex
Banach space realized as the open unit ball of a .JB*-triple (see [4]). H. Hamada [6] introduced
Bloch-type spaces on the unit ball of a complex Banach space.

Motivated by the above results, in this article, the space of Banach-valued Bloch-type func-
tions on the unit ball By of an infinite dimensional Hilbert space X with a normal weight
(say Bloch-type space) is introduced. We will consider two possible extensions of the classi-
cal Bloch space. The first one extends the classical Bloch space by considering the Bloch-type
spaces B,(Bx,Y’) of holomorphic functions f on Bx with values in a Banach space Y such
that sup, .5, 11(2)[|0Of(2)|| < oo where p is a normal weight on By and ¢ f denotes either the
holomorphic gradient V f or the radial derivative Rf of f. Basing on the idea in [1] with minor
modifications, we give the connection between functions in B,,(Bx,Y’) and their restrictions
to finite dimensional ones, which leads to the fact that if for a given m > 2, the restrictions of

Received: 28.12.2022; Accepted: 24.02.2023; Published Online: 28.02.2023
*Corresponding author: Thai Thuan Quang; thaithuanquang@qnu.edu.vn
DOI: 10.33205/cma. 1243686
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the function to the m-dimensional subspaces have their Bloch-type norms uniformly bounded,
then the function is a Bloch-type one and conversely. The second one gives the characteriza-
tions of the space WB,(Bx) of Banach-valued, locally bounded, weakly holomorphic func-
tions associated with the Bloch-type space B,,(Bx) of scalar-valued functions in the sense that
f € WB,(Bx) if wo f € B,(Bx) for every w € W, a separating subspace of the dual Y’ of
Banach space Y.

Finally, some open problems are proposed at the end of the paper.

2. THE BLOCH-TYPE SPACES ON THE UNIT BALL OF A HILBERT SPACE

Throughout the forthcoming, unless otherwise specified, we shall denote by X a complex
Hilbert space with the open unit ball Bx and Y a Banach space. By . (Bx,Y), we de-
note the vector space of Y-valued holomorphic functions on Bx. We write .#°(Bx) instead
of ##(Bx,C). Denote

=By Y) = {f € A B, V) sup ()] < ocf.

It is easy to check that ##>°(Bx,Y) is Banach under the sup-norm
[flloc == sup [l f(2)]].
zEBx

Let (e )ker be an orthonormal basis of X that we fix at once. Then every z € X can be written

as
zzg 2k€k, E:E ZLek-

ker ker
Given f € #(Bx,Y) and z € Bx. We will denote, as usual, by V f(z) the gradient of f at z;
that is, the unique element representing the linear operator f’'(z) € L(X,Y"). We can write

vie) = (5L0),

and hence of
4 — -
f(2)(z) = I; e (2)(zrer) Vo e X.
We define the radial derivative of f at z € By as follows:

It is obvious that
IRfF()I < IVF(R)ll2]l Yz € Bx
and

V)= sup  [[V(uo )2)|, [[Rf(2)I:= sup  [R(uo [f)(2)].

ueY’ [Jull=1 ueY’,|Jull=1

Definition 2.1. A positive, continuous function p on the interval [0,1) is called normal if there are
three constants 0 < § < 1and 0 < a < b < oo such that

u(t) . . op®)
W) a—1e is decreasing on [9, 1), }E T
u(t) .. ) . p(t)
(W2) -ty is increasing on [, 1), th_rg -0
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If we say that a function p : Bx — [0, 00) is normal, we also assume that it is radial, that is, pu(z) =
w(||z||) for every z € Bx.

Then, it follows from (W7) that a normal function p is strictly decreasing on [d, 1) and pu(t) —
0 as t — 1. Note that, for every non-increasing, normal weight 1,

1-t°
2.1 S, := sup
P e ()

< 0

Throughout this paper, a weight always is assumed to be normal. For a normal weight y on
By, we denote
el gy
I(z)::/ —— Vz € By.
! 0 A(t)
In the sequel, when no confusion can arise, we will use the symbol ¢ to denote either V or R.
We define Bloch-type spaces on the unit ball Bx as follows:

BIBx,Y) = {f € #(Bx.Y): I laspnry = 590 w)I0F()] < oo}

It is easy to check || - ||, B (Byx,y) 18 @ semi-norm on BS(B x,Y) and this space is Banach under
the sup-norm

11180 (Bx,v) = SO+ 1 lsmg (Bx,v)-
We also define little Bloch-type spaces on the unit ball Bx as follows:

Blo(Bx,Y) = {f € BY(Bx,Y): T u(z)[0f()| =0}

endowed with the norm induced by BS (Bx,Y).Inthecase Y = C, we write Bff (Bx), Bﬁ o(Bx)
instead of the respective notations. For u(z) = 1 — ||z||?, we write B®(Bx,Y) instead of
BS (Bx,Y) and when dim X = m, Y = C we obtain correspondingly the classical Bloch space
B°(B,,,). We will show below that the study of Bloch-type spaces on the unit ball can be reduced
to studying functions defined on finite dimensional subspaces.

Now, for each finite subset F' C T', in symbol |F'| = m < oo, we denote by Bz the unit ball
of span{eg, k € F'}. Without loss of generality we may assume that F' = {1,...,m}, and hence
B[z = B,,. For each m € N, we denote

Rm] = (Zla sy Zm) € Byy,.

For m > 2 by
OSm = {(E = (xla s 7xm)v Tk € X7 <xkaxj> = 5kj}v

we denote the family of orthonormal systems of order m. It is clear that OS5 is the unit sphere
of X. Forevery x € OS,,, f € 5 (Bx,Y), we define

() (szxk)

Then

2) 97 ()| = Hw(izkxk) H
k=1
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Definition 2.2. Let By be the open unit ball in C and f € 5#(Bx,Y). We define an affine semi-norm
as follows

1fllsBast (B, vy == HSUP 1£(-2)lsB,B:,v)s

zll=1

where f(-z) : By — Y given by f(-z)(\) = f(Az) for every A € B, and
1 C2)llsr@ vy = sap pAx)|[f(-2)(V]]
AeBy

It is easy to see that || - HsBsz(BXy) is a semi-norm on B, (Bx,Y). We denote
By (Bx,Y) = {f € Bu(Bx,Y) : |fllsmar(nx.v) < 00}
It is also easy to check that BZH(B x,Y') is Banach under the norm

1f It (B, vy == IS O + [|fllsmare (B, v)-

We also define little affine Bloch-type spaces on the unit ball Bx as follows:

B (Bx.Y) = {f € BT (Bx,Y): lim sup u(ha)l|f'(-x)(N)] =0},

Al=11z)j=1

As the above, for u(z) = 1 — ||z||* we use notation B and By instead of B, and B,, o, respec-
tively.

Proposition 2.1. Let f € 5#(Bx,Y). The following are equivalent:
(1) f € BV(BXu Y)7

2 sup |IfzllBy®,, v) < oo foreverym > 2;

3) %iirsewéxlsts m > 2 such that Gbgp ||f1||BV(]Bm7y) < 0.
Moreover, for each m > 2

(2.3) 1fllssy (Bx.yv) = sup [ fallspy @,.v)-

aS m

Proof. (1) = (2): Let m > 2 and z},,) € B,,,. According to (2.2)

19 o) = [ ( 32
j=1

Denote ul™ =y, . Since || 72, zjej{| = [[2m|| we get

HfiHsB IB,,,,Y) = Ssup M[m](z[m])nvfm(z[m])ll

2(m] EBm

m

sup ul (z[ ] HVf(sze]>

Hf”sB,Y(BX,Y)'

2.4)

I A

IN

In particular, we obtain (2).
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(2) = (1): Let z = >, .1 zrex. We denote the partial sums of this series by s,,. Because f is

holomorphic, 5 af are continuous. Then with ef,,,; := (e, ..., ) we have
IVF) = sup  [[V(uo f)(z)]
weY’,||ul|=1

= sup lim [[V(wo f)(sn)]|

weY’ |ul|=1"7°

< suposup [[V(wo fey,)(2m))ll
wEY’ |jul=1 m>2

= sup ||vfz( m)H

z€0S,, ,m>2
Then, it follows from the assumption (2) and ||z, || < |||, that

WM IV < 6™ G IV £ ()]

< sup N[m]('z[m])”vfz(z[m])u < 0.
z€08,,,m>2

(2.5)

Thus f € BY (Bx,Y).

(2) = (3): It is obvious.

(3) = (1): Assume that there exists m > 2 such that sup,cos,, [ fzll5,(Bx,y) < 00. We fix
2z € Bx, z # 0. Consider z = (ﬁ,l@,...,l‘m) € 08y, and put 2, == (]|2]],0,...,0) € By,.
Then ||| = ||z and

26) IV £ = Hw(i) H e

This implies that
1l (5x.3) = sup w)IVF)]

< Sup ”fw“B (Bo,Y) < OO
€08

Thus f € BX(B x,Y). On the other hand, it is obvious that

(2.8) sup || fellgy®,.,v) < Ifllsy (Bxy) ¥Ym > 2.
oS

x m

Hence, we obtain (2.3) from (2.4), (2.5), (2.7) and (2.8). O

Remark 2.1. The proposition is not true for the case m = 1. Indeed, let X be a Hilbert space with the
orthonormal basis {ey, }n>1. Consider f : Bx — C given by

= i <Z\,/€ﬁn> Vz € Bx.

n=1

Then f € 2 (Bx) because

o0 o0
Z““ gZzen =||z||? < L.
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Foreachx =7 (x,e,)e, € OS; and for every 2p) = 21 € By, we have

n=1

V(o) = V() = Vf(fj sl

n=1
and thus, since ||V f(z1) || = |z1]* < 1 we get

sup | fa (21 5o @) = sup (1= eIV Fa (el < 1.
€081 €08,

However, f ¢ BY (Bx) because for every z € Bx, we have

Vi@ =3 sl =3

n=1 n=1

Proposition 2.2. Let f € 7#(Bx,Y). The following are equivalent:

(1) f € BYo(Bx,Y);
(2) Ve > 0390 > 0Vz € Bx with ||zm|| > o for every m > 2

sup  sup (2 |V fa (2|l < &
m>2zx€0S,,

(3) Im >2Ve > 030> 0Vz € Bx with || zj]| > 0
sup  p(2(m) IV fa (zpm) || < e
zeOS,,
Proof. The implications (1) = (2) = (3) are obvious.

(3) = (1): The proof is straight-forward by putting = € OS,, and z(;;,) € By, as in the proof
of (3) = (1) in Proposition 2.1 for each z € Bx with ||z|| > . O

In the next proofs below we need the following lemma.

Lemma 2.1. Forevery f € BX(BX,Y) and x € X with ||z|| = 1, we have

(2.9) Rf(\x) = Af'(-x)(\) VIeB;
and
(2.10) Fea) N () = £/ ) (ua) VA, € By,

Proof. First, it follows from the Bessel inequality that every € X has only a countable number
of non-zero Fourier coefficients (z, e;). Indeed, for every ¢ > O theset {j € I : |(z,¢;)| >
e} is finite. Then we still have z = > . (z,ej)e; = >, pxje; where the sum is in fact a
countable one, and it is independent of the particular enumeration of the countable number of

non-zero summands. Hence, we can write = 3}, x;e;. Then, by the definitions of f(-z)
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and f'(-z)(\), we have

0o k [e's)
%Z ( (Z xje; + tArger + Z ()\—I—t)\)a?jej)

j=1 j=k+1

f(Zk:)\xj@j + Z (A +1t\) zjej)> =M (-z)(N)

j=k+1

= Af'(2)(N)

H )\+t)\)) FOx)

—0 ast—0.

H O+ ) = FEDN) _ o500

Hence (2.9) is proved.
For A\,n € B; we have

Inf' (- 2)(A) = f'(Az) (n)

H Hm fEx)(N) 1)) f(w +t17f) - f(\z) + ) ()
_ th) 1D ool Hf(Athf) —109) 0y ()
—-0 as t—0.
Then f'(-z)(A)(n) = nf'(-x)(A) = f'(Az)(nz), and (2.10) is proved. -

Proposition 2.3. (1) The spaces B}}(Bx,Y ) and BﬁH(B x,Y") coincide. Moreover,

1 fllssr By v) < 1 fllsmar s vy S I flssrsyy) VF € BIH(Bx,Y).
(2) The spaces B} ,(Bx,Y) and B3, (Bx,Y) coincide.

Proof. (1) Let f € BZH(BX, Y). In order to prove f € Br(Bx,Y) it suffices to show that

@.11) Rf(z) = 2f (- 5 )=l v € Bx \{0}.

It is easy to see that (2.11) follows immediately from (2.9) for y = H— and A = ||z|| for every
z € Bx \ {0}. Moreover, it follows from (2.11) that

||stB§-(BX,Y) < ||stB;ff(BX,Y)~

Thus, the first inequality in (1) is proved. Now, let f € B/}(Bx,Y)and x € X be such that |[z|| =
1. Since f is holomorphic at 0 € By, its derivative f’ : Bx — L(X,Y’) is also holomorphic, and
thus there are r € (0,1) and M > 0 such that

1 (Mexyy <M ¥ze B(O,r):={ueX: |lul <r}.
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Then, by (2.10) we have
sup p(Az)[[f'(- )N = sup p(Az) sup [f(-2)(A)(n)]]
[Al<r [Al<r Inl<1

= sup p(Az) sup || f'(Az)(nz)|
IA|<r In|<1

< sup p(Az)|f'(Az)| < M.
IAI<r

For the case where ||z|| > 7, by (2.9), (2.10) and the increasing monotony of the function 17,
similar calculation to [1, Proposition 2.4], we have

(212) PO ()W < (0) 4 ) )[R )]
This implies that

sup uOAD)|F (- 2) V)| <~ sup (=) RF(:)]l
[A[>r T 2€éBx

Therefore, f € B;"(Bx,Y), and we also obtain || f||,s,s(5.,v) < #llflssr(5x v)- Hence, the
second inequality in (1) is proved

(2) Let f € Bf}f%(BX,Y). Then, using (2.11) it is easy to see that f € BﬁO(BX,Y). In the
converse direction, it follows from (2.12) that f € Bff%(BX, Y)if f € Bf,o(BX» Y). O

Next, we will compare the spaces BY (Bx,Y) and Bff(Bx,Y). We need a vector-valued ver-
sion of Lemma 4.11 in [12]. First we note that

(2.13) f€B,(B,Y) ifandonlyif wo fe B,(B;)foralluecY’
and, interchanging the suprema, we have

(2.14) ||f||B§(JBl,Y) = HSIngl fluo f||B§(B1)-

Lemma 2.2. Let f € B (By,Y). If there exists M > 0 such that || f (- @) sgetew, vy < M for any
T = (irl,l'g) € Bo, then

(2.15) 1((21,0) ||V f(x1,0)|| <2V2MR,, Vz; € C,|z1] < 1,
where R, := 1+ maxyeo,5) () 1,.(0).

Proof. We modify the proof of Lemma 4.11 in [12]. Fix u € Y’ with |lu|| = 1. By the hypothesis,
f(-z) € B(B1,Y). Then it follows from (2.13) that w o f(- ) € B, (B1).

luo f2)lssy < l[ullllFC2)llsmye < M-
First of all, the hypotheses imply that

u((xh()))‘a(g;f) (x170)‘ < M,

and so it is sufficient to show that

l(21,0))

Indeed, from the hypotheses, we have

d(uo f)
d

(xl,())’ < 2V2M.
T2

1 [E]
1) =10 = | [ (vsanzaf <r [ < arno).
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Then, using the Cauchy integral formula and a simple estimate, we obtain

(o, )| 2528 01, 0)

i/ [elllf (1, w) = F(0) + £ (0) = f(21,0)[ ,
27 Jjw=1/ 42

<p((21,0))
2M1I,(x1) dw
<p((1,0 $/ — <2v2MR
(@)= | !
as required. O

Theorem 2.1. (1) The spaces BY (Bx,Y) and Bf(Bx,Y') coincide. Moreover,

||f|\Bg}(BX,Y) = || f]
(2) The spaces By o(Bx,Y ) and B[ ((Bx,Y’) coincide.

BY (Bx,Y):

Proof. We prove this theorem by modifying the method of Timoney which was used in [12].
(1) Let us show that ||f||55l7(BX,y) < 2\/§R#Hf||slgiff(BX7y) and the result follows using Pr-
position 2.3. Fix u € Y’ with |lu|]| = 1. Let z € Bx and v € X with ||v|| = 1 be fixed. We may
assume that dim X > 2. Then there exist orthonormal unit vectors e1,es € X and s,t1,t, € C
with |s| < 1and [t1|? + |t2|? = 1 such that z = se;, v = t1e; + taes. For f € B/}f(BX,Y) put

F(z1,22) = (uo f)(z1e1 + 22€2), (22, 22) € Bs.
Then F' € H(Bx) and it is easy to check that F satisfies the assumptions of Lemma 2.2. Then
pn(2)[V (e f)(z)| = u(s)|V(uo f)(ser)| = u(s,0)|VF(s,0)| < 2V2MR,,

hence, || f|ls5y (Bx.v) < 2V2R,|fllsmart (5 ,v) as required.

(2) Because || Rf(z)|| < [[Vf(2)|| for every z € By, it suffices to show that Bf,(Bx,Y) C
BY(Bx,Y). Let f € BE(Bx,Y) and consider the function F(z, z;) defined in the proof of
the part (1). In exactly the same estimates in [6, Theorem 2.8(i)] we obtain that

oF m|21]
2.16 —(21,0)| < ——— su z)|Rf(z)| forl|z1| >m
(2.16) 8z2( 1 )‘ 2u(]z1])8 T”SHzﬁ)\qN( JIRSf(2)] |z1] > 1o
and
aF Rf(zlel) 1
2.17 —(21,0)| = < su 2)|Rf(2)| forl|zi| > rp.
e |- |HE ST S HEIRFG forfa] =

From (2.16) and (2.17), we obtain
1(2){Vf(2),v)| = u(s)[(V f(se1), trex + taez)]

oF OF
= u(s) t1a—zl(s,0) +t2822(8’0)‘
(2.18) op > o 1o
< = —
_,u(s)( 9o (5,0)] + 822(870) )
™
< — sup /LZRf,z7 ZZT7’U:1,
V26 ro<2ll<1 IR N2l = 7o, o]

Now, by the hypothesis, for every ¢ > 0 we can find 7y € (d,1) such that u(2)|Rf(2)|| < €
for ||z|| > ro. Therefore, it follows from (2.18) that lim . u(2)||V f(2)|| = 0, that means f €
BY,(Bx,Y). O
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We can now combine the results of Proposition 2.3 and Lemma 2.2 with an argument analo-
gous to the Theorem 2.6 in [1] and obtain the following theorem:

Theorem 2.2. Thespaces B (Bx,Y ), Bf(Bx,Y) and B3 (Bx,Y') coincide. The spaces By, ,(Bx,Y),
Bf,(Bx,Y)and Bf}%(BX, Y') coincide. Moreover,

1 ll8z(Bx.v) < By (Bx vy < 2V2Ru\f B35t (B v

Next, we present a Mobius invariant norm for the Bloch-type space B(Bx,Y'). Mobius trans-
formations on a Hilbert space X are the mappings ¢,, a € Bx, defined as follows:

(2.19) @a(Z) = - P(:ll(i) <; iz;Qa(Z) 7

where s, = /1 — ||a||?, P, is the orthogonal projection from X onto the one dimensional sub-
space [a] generated by a, and @, is the orthogonal projection from X onto X © [a]. It is clear
that

z € By,

P.(z) = <|fa’|a2>a7 (z€X) and Qu(2)=z-— <||z(;a2> a, (z € Bx).

When a = 0, we simply define ¢, (z) = —z. Itis obvious that each ¢, is a holomorphic mapping
from Bx into X. We will also need the following facts about the pseudohyperbolic distance in
Bx . It is given by
ox(z,y) := [lp—y(2)| foranyz,y € Bx.

For details concerning Mobius transformations and the pseudohyperbolic distance, we refer to
the book of K. Zhu [15]. It is well known that, in the case n > 2, the equality || f o ¢||gv(,,v) =
Il fllzv &, ,v) is false. Our goal is to find a semi-norm on B(Bx,Y) which is invariant under the
automorphisms of the ball Bx.

Definition 2.3. Let X be a complex Hilbert space, Y be a Banach space and f € H(Bx,Y). Consider
the invariant gradient norm

IVF (@) = IV(f 0 9:)(0)]| forany = € Bx.
We recall the following result of Blasco and his colleagues in [1]:
Lemma 2.3 (Lemma 3.5, [1]). Let f € H(Bx). Then

S ()| = sup VLG @l — [1=]%)
IVl = s el T [ E

We define invariant semi-norm as follows

[fllsgine (Bx vy 7= sup [[VF(Z)[[ = sup  sup  [[V(uo f)(z)]]
z€Bx 2€Bx ueY’ ||u||<1

We denote .
B™(Bx,Y) :={f € B(Bx,Y) : [[fllsgm(px,y) < oo}
It is also easy to check that BV (Bx,Y) is Banach under the norm

I fllBiov (Bx,v) = IFO) + 1 lsgnv (B, v)-
Now, applying Theorem 3.8 in [1] to the functions u o f for every u € Y’, we obtain the follow-
ing:
Theorem 2.3. The spaces BY (Bx,Y), and B™¥(Bx,Y) coincide. Moreover,

I fll8v(Bx.v) < |If]

By (Bx,Y) S, ”fHBV(B)mY)'
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3. WEAK HOLOMORPHIC SPACES ASSOCIATED WITH BLOCH-TYPE SPACES

Let X, Y be complex Banach spaces and W C Y be a separating subspace of the dual Y’ of
Y. Let £ C J#(Bx) be a Banach space. We say that the space

WE :={f:Bx =Y : fislocally bounded and wo f € &, Yw € W}
equipped with the norm

3.1) [flwe == sup — Jwo flle
wew,[lwl|<1

is the Banach space W-associated with £ of Y-valued functions.

Remark 3.2. In the case the norm || - ||¢ of Banach space £ is written in the form

LA = 17O+ fllse Vfe&
the space WE can be equipped with the norm

(3.2) [flwe+ == sup  Jwo f(0)|+ sup [wo fllee VfeE.

wew, flw|<1 weW, [lwl|<1

Howeuver, it is easy to check that WE = WE™ and
I lwe =<1 - lwe+
on WE where

WET = {f :Bx = Y : fislocally bounded and  sup  |lwo fllse < oo}.
weW,||lw||<1

Therefore, by WE we always mean that is WWE, || - |we)-

Suppose now that £ C #(By) is a Banach space such that
(el) & contains the constant functions,
(e2) the closed unit ball B¢ is compact in the compact open topology 7., of Bx.

It is easy to check that the properties (el), (e2) are satisfied by a large number of well-known
function spaces, such as classical Hardy, Bergman, BMOA, and Bloch spaces.

Proposition 3.4. Let X,Y be complex Banach spaces and W C Y’ be a separating subspace. Let
& C A (Bx) a Banach space satisfying (el)-(e2) and WE be the Banach space VW-associated with & .
Then, the following assertions hold:

(wel) f+— f®uy defines a bounded linear operator P, : € — WE forany y € Y, where (f @ y)(z) =

f(2)y for z € Bx,
(we2) g — w o g defines a bounded linear operator Q, : WE — &€ for any w € W,

(we3) For all z € Bx the point evaluations §, : WE — (Y,o(Y,W)), where 5.(g9) = g(z), are
continuous.

In the case the hypothesis “separating” of W is replaced by a stronger one that W is “almost norming”,
we obtain the assertion (we3’) below instead of (we3):

(we3’) Forall z € Bx the point evaluations 5, : WE =Y are bounded.
Here, the subspace W of Y is called almost norming if

agw(x) :== sup |w(z)|
weW,||w||<1

defines an equivalent norm on Y.
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Proof. (i) Fix y € Y. In fact, for every f € £ wehave wo (f ® y) = w(y) f. Then
1Py (f)llwe = sup [wo (f@y)lle = sup [w(y)flle

o<1 el <1
< llwll - Nyl - 1 flle
<yl - I£lle-

Thus (wel) holds.
(if) Fix w € W, for every g € WE we have

w
L = e} = —- O
IQuia)lle = llw o glle = Il 20 ]

< Jlwll sup [luogle
lull<1

= [[wl - llgllwe-
Thus (we2) is true.
(iii) Fix z € Bx. Note first that since £ satisfies (el) and (e2), then the evaluation maps 6, € &’

for z € Bx where 6,(f) = f(z) for f € £.Itis obvious that w(d,(g)) = 6. (wog) for every g € WE
and for every w € W. Let V be a o (Y, W)-neighbourhood of 0 in Y. Without loss of genarality

we may assume V = {y € Y : |w(y)| < 1} for some w € W. Then 0. (||6. ||~} |w|| " Bwe) C V,
where Byy¢ is the unit ball of WE. Indeed, for every g € Byys we have

(@ (1811 lwl =) = 116-11 18- (lw] = w o g)]

< NI - [kl w o g]]

< sup |uog|e
weEW,||ul|<1

= llgllwe < 1.

Thus, (we3) holds.
In the case where W is almost norming, since ¢y, defines an equivalent norm, there exists
C > 0 such that

18- ()1l = lg(2)]| < Caw(g(z))

=C  sup  fuw(g(2))l
weW,[lw]| <1

<C sup [wogl|
weW,||w||<1

= Cllgllwe Vg € WE.
The assertion (we3’) is proved. (]
Now let W C Y’ be a separating subspace of the dual Y’. Applying Proposition 2.3, Theo-

rems 2.2 and 2.3 to functions wo f for each f € H(Bx,Y ) and w € W, we obtain the equivalence
of the norms in W-associated Bloch-type spaces:

I sz = I lwsy sy = - lwsae )

|- llwsrBy) Z 1 wsvsx) Z - llwset sy Z |- sy (sy)-
Hence, for the sake of simplicity, from now on we write B,, instead of Bf. Recall that, the space
WB,,(Bx) equipped with the norm in the form either (3.1) or (3.2). It is clear that for every
separating subspace W of Y’ we have

BS(Bx,Y) C WBY(Bx), BS.(Bx,Y)C WBS (Bx).
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The main result of this section is the following:

Theorem 3.4. Let W C Y’ be a separating subspace. Let yi be a normal weight on Bx . Then W1B,,(Bx)
and W1B,, o (Bx ) satisfy (wel)-(we3).

We need the following lemma whose proof parallels that of Lemma 13 in [11] and will be
omitted.

Lemma 3.4. Let i be a normal weight on Bx . Then there exists C,, > 0 such that
p(r)

< 7

" )

Proof of Theorem 3.4. By Proposition 3.4, it suffices to show that B, (Bx ), B, o(Bx) satisfy (el)

and (e2). It is obvious that B,,(Bx), B,,,0(Bx) satisfy (el). Because B,, o(Bx) is the subspace of
B,.(Bx), it suffices to check (e2) for the space B,,(Bx). In order to prove (e2) holds for 5, (Bx),

we will show that the closed unit ball U of B,,(Bx) is pointwise bounded and equicontinuous.
(i) First, we prove that U is pointwise bounded. It suffices to prove that

(33) ()] < max {1, 1u(2) } | flls,5x) VS € Bu(Bx), ¥z € Bx.

Fix f € Bu(Bx) and put g(z) = f(z) — f(0) for every z € Bx. Note that ¢g(0) = 0 and
l9lls,Bx) = IfllsB.(Bx)- As in Lemma 2.2 by Cauchy-Schwarz inequality, we have

<1 VYrel01).

Y llss, )12l
lg(2)] < / e dt = || fllsB,. (Bx) Tu(2) = 9118, (Bx) Lu(2)-
0 u(tz)

Consequently,
[FEI< 17O +1g(2)] < [FO)] + ll9lls, (Bx)1u(2)

< max {1 1,(2) (7O + 175, 0))
= max {1, 7,(2) } I

(ii) Next, we show that U is equicontinuous. For each f € U, by Proposition 2.1 we can find
m > 2 such that

B.(Bx)

1 fllsB, (Bx) = sup I fyllsB, B,.)-

y€OS,
Fix e[, = (€1,...,em) € OS,,. Then, for every z = (2i)rer,w = (wi)rer € Bx, we consider
2] = (21, -+ .y Zm), Wiy := (W1, ..., wy,). By Theorem 3.6 in [15] and Lemma 3.4, we have

‘fe[m] (Z[m]) - fe[m] (w[m])|
<B(2pm), Wim)) Sup IV fepn @pm) |l
Lm] m
IV fepmy (Tm)> )11 = [[2m) [[?)
<B(Zm]> Wimy) SUp  sup —
@1 €Bm yeB,\ {0} /(1 = 2 DY + [{y, () 2

[m] — 2
_ P2 DIV fepy (@ pm) v/ 1 = 12y
S/B z m 7w m Cl. 1 sup hn]

Gty o) up PRIESE

L —[[zm |12

-1
Sﬁ(z[m]aw[m])cu ||fe[m] )ma

By (Bm
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where 3 is the Bergman metric on B,,, given by
1+ [(pm)s (D)

1
Bls.t) = 318 T o 5 @]

with (¢,,) is the involutive automorphism of B,,, that interchanges 0 and s. If ||z, [|* < d it is
clear that

([ 12) ~ mps
where my, 5 = mingeg 57 f1(t) > 0; if ||z [ [|> > § and b > 1/2, by (2.1) we have
V1= lzmll® - [ ]1)?
pm ([ 12) = I (g [12)
if ||z ||* > 6 and b < 1/2, we get

V1= [z 2 1— ) lI%)°
Hx[ ]” ( Hx ]” ) (1—||5C[m]|| )1/2 b<S ( )1/2 b~ oo

< S, < oo

pmd (g 12) I (g [12)
Consequently,
| Ferm (Zim)) = Fepm (Wim)| < B(2im)s Wim) ) Spll fep 15, Bom)
where R
S, = C;lmax{mué,s (1 5)1/2_b}.

Since (s, t) is the infimum of the set consisting of all £() where + is a piecewise smooth curve
inB,, fromstot (see [15, p. 25]) we have

[ fetmy (2tm1) = Fetmy (@Wpm)| < 1120m) = Wi 15ull feny | BBy < Spllz —wll-
Consequently,

|f(z) - f(w)| = Tr}gnoo |fe[m] (Z[m]) - fe[m] (w[m])| < §[L||Z - w”
This yields that U is equicontinuous. O

Remark 3.3. In fact, the estimate (3.3) can be written as follows

[F < F O+ Lu(2) | £l s8,.-

Finally, we discuss the linearization theorem for spaces W3, (Bx ) which will be usefull in
investigation some related problems, especially the theory of operators between these spaces.
In fact, this theorem holds for spaces W& where £ C J(Bx) is a Banach space satisfying
(e1)-(e2). In this paper, we will state and prove this theorem for the general case.

Theorem 3.5 (Linearization). Let X,Y be complex Banach spaces and W C Y' be a separating
subspace. Let £ C 7 (Bx) be a Banach space satisfying (e1)-(e2). Then there exist a Banach space *€
and a mapping 0x € H(Bx,*E) with the following universal property: A function f € WE if and
only if there is a unique mapping Ty € L(*E,Y") such that Ty o dx = f. This property characterize *€
uniquely up to an isometric isomorphism.
Moreover, the mapping
O: feWE—Tye L(E,Y)

is a topological isomorphism.

We will prove this theorem by Mujica’s method [8, Theorem 2.1], which is based on the
Dixmier-Ng theorem, with a little improvement.
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Proof. Let us denote by *€ the closed subspace of all linear functionals u € &’ such that u] Be
is 7.,-continuous. As in the proof of Mujica [8, Theorem 2.1], we get the evaluation mapping
0x : Bx = *¢€ givenby dx (x) = d, with §,(g) := g() for all g € &, is holomorphic and

(3.4) span{d, : € Bx} is a dense subspace of €.

Now, we show that *€ and dx have required universal property. First, given a locally bounded
function f : Bx — Y. Assume that there exists Ty € L(*¢,Y) such that Ty o 6x = f. Since T
is continuous and dx is holomorphic, it follows that u o f € J#(Bx) for every u € W. Since
W is separating, according to [10, Lemma 4.2] we have f € #75(Bx,Y). Next, it follows from
(*€) = & (see [9]) that wo f € & for each u € W, and then f € WE. Now, we will prove the
converse of the statement. Fix f € WE.

(i) The case of Y = C: We define Ty := Jf, where J : £ — (*€)’ is the evaluation mapping
given by (J f)(u) = u(f) for all u € *€, which is a topological isomorphism by the Ng Theorem
[9, Theorem 1]. Since (Jg) o 0x(x) = d,(9) = g(x) forall g € £, © € By, it implies that
Ty o 0x = f. From (3.4) we obtain the uniqueness of 7.

(ii) The case of Y is Banach: We define T : "¢ — W' by

(35) (Tyu)(@) = Tpop(uw) = ulwo ) Vu '€,V eW,
i.e. T,,or is defined as in the case (i).
It is easy to check that Ty € L(*¢,W') and ||T¢|| = || fllwe, hence, ® is a isometric isomor-

phism. Furthermore,
(T5d:) () = (p o f)(2)
for every © € Bx and ¢ € W and, therefore, since W is separating we get T;0, = f(z) € YV
for every x € Bx. Then, by (3.4) Ty € L(*¢,Y’). The uniqueness of T follows also from the fact
(3.4) that 6x (Bx ) generates a dense subspace of *€.
Finally, the uniqueness of * up to an isometric isomorphism follows from the universal
property, together with the isometry ||7¢|| = || f|we. This completes the proof. O

Our results suggest the following questions.
Problems.

(1) Let &, © = 1,2, be spaces of holomorphic functions on the unit ball Bx of a Banach
space X and WE; be the Banach spaces W-associated with &; of Y-valued functions.
Let ¢ be a holomorphic on Bx and ¢ a holomorphic self-map of Bx. Consider the
extended Cesaro composition operators Cy, , : & — Ea, Cy 1 WEL — WEs, and the
weighted composition operators Wy, ,, : &1 — &, Ww o i WEL = WEs.

Is there any relationship between the boundedness as well as the (weak) compact-
ness of Cy.,, Wy, and of Cy Ww »? How does separating subspace W C Y” affect
that relationship?

(2) In the case where & = B, (Bx), & = B, (Bx) with v and  are normal weights on the
unit ball Bx of a infinite dimensional Hilbert space X, is it possible to characterize the
boundedness as well as the (weak) compactness of CNQM,, WWP via the estimates for the
restrictions of ¢ and ¢ to a m-dimensional subspace of X for some m > 2?
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Branched continued fraction representations of ratios of Horn’s
confluent function H

TAMARA ANTONOVA, ROMAN DMYTRYSHYN*, AND SERHII SHARYN

ABSTRACT. In this paper, we derive some branched continued fraction representations for the ratios of the Horn’s
confluent function He. The method employed is a two-dimensional generalization of the classical method of constructing
of Gaussian continued fraction. We establish the estimates of the rate of convergence for the branched continued fraction
expansions in some region 2 (here, region is a domain (open connected set) together with all, part or none of its
boundary). It is also proved that the corresponding branched continued fractions uniformly converge to holomorphic
functions on every compact subset of some domain ©, and that these functions are analytic continuations of the ratios
of double confluent hypergeometric series in ©. At the end, several numerical experiments are represented to indicate
the power and efficiency of branched continued fractions as an approximation tool compared to double confluent
hypergeometric series.

Keywords: Hypergeometric function, branched continued fraction, convergence.
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1. INTRODUCTION

This paper deals with branched continued fraction representations for the ratios of the Horn's
confluent function Hg, which occurs in [27] (see also [24, Subsection 5.7.1]) of second-order
hypergeometric series of two variables. The branched continued fraction representations under
consideration will be two-dimensional generalization of the classical Gaussian continued fraction,
or rather its confluent case. Necessarily, due to the convergence of branched continued frac-
tions, this requires restrictions on the allowed values of the parameters of the Horn’s confluent
function Hg.

J. Horn [27] listed all convergent hypergeometric series of the second order: 14 complete
series, including Appell’s hypergeometric series Fy, F2, F3, and F4, dating back to 1880 [6], and
20 of their confluent cases. In [24, Section 5.9], for each function in Horn’s list a system of two
partial differential equations is given, which has this function as a solution. For the basics of
hypergeometric functions of two variables, see, for instance, [7, Chapter 9], [24, Section 5.9-2.12],
and [25, Chapter 1].

In order for a branched continued fraction to be a representation of a function, it is required
to solve such problems: to construct the branched continued fraction expansion, to prove the
convergence of the constructed expansion, and last, more important, to prove the convergence
of the branched continued fraction to the function of which it is an expansion.

For Appell’s hypergeometric functions, branched continued fraction representations were
derived in [8, pp. 244-252] for Fy, in [15] for F3, and in [16, 26] for F4. A branched continued
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fraction expansion for function F, was constructed in [13], but the problem of its convergence
remains open. In [1], it is represented a branched continued fraction representations for the
Horn’s function Hs. At last, in [18], it is indicated which three- and four-term recurrent relations
give similar expansions for the Horn’s function Hy. Some interesting and different branched
continued fraction representations of other hypergeometric series can be found in [2, 3, 14, 28, 29,
31], and some special analytic functions of one or several variables in [19, 20, 21, 22, 23, 30, 32].

The contents of this paper are as follows. In Section 2, we derive three different formal
branched continued fraction expansions for three different ratios of the Horn’s confluent func-
tion Hg. In Section 3, we establish the estimates of the rate of convergence for the branched
continued fractions mentioned above. We also prove that the branched continued fraction
expansions converge to the functions, which are analytic continuations of Horn’s confluent
function Hg ratios in some domain (here, domain is an open connected set), i.e., our main result
is formulated in the Theorem 3.3. Finally, in Section 4, we present some numerical experiments
to indicate the power and efficiency of branched continued fractions as an approximation tool
compared to double confluent hypergeometric series.

2. EXPANSIONS

The Horn's confluent function Hg [27] is defined as double power series by

oo

(@)2mtn 2725
2.1 H 1Z) = E —_— <1/4
( ) 6(‘13 G Z) (C)m+n minl’ |Zl| / ;

m,n=0

where a, c are complex numbers, ¢ ¢ {0,—1,—-2,...}, (); is the Pochhammer symbol, z =
(2:1, 2’2) € C2.

Throughout the paper, let [-] be an integer part of a number. We set Z;, = {1, 2,3} and for
k € N we introduce the following sets of multiindices

Ik:{l(k) = (ZO>21722aazk) ZO EIO? 27[(27”_171)/2] SZT S?’*[(Zr—lfl)/ﬂ? ].ST'S]C}

Using the idea of combining several branched continued fraction expansions into one form
using the Kronecker delta symbol, proposed in [1], we will prove the following theorem.

Theorem 2.1. Let for all ig € Iy

Hs(a, c; z)
2.2 ) e = R )
2) Bio(0.0:8) = a3 162 ¢ 1 62 4 6712)

(o 107

where &7 is the Kronecker delta. Then for each io € Ty, the ratio Ry, (a,c;z) has a formal branched
continued fraction expansion of the form

3—[(i0—1)/2] 3—[(i1—1)/2]
a Py(1y(2) Py(2)(2)

2.3 1——6 +
@3 D> > el

i1=2—[(ip—1)/2] i9=2—[(i1—1)/2]
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where for i(1) € I,

Py1)(2) = pig.i, (a,¢;2)

_2a—|—1

-2 ifio=1, i1 = 3,
(c2c—a)(a—|—1)

YT fie=2. 1 =2,

21, ifiozl, il :27

_ cle+1
@4) - c—(a ) . ,
—mzm ifip =2, i3 =3,
%, ifio=3, i = 1,
a e .
20(0—‘,—1)22’ ZfZO :3, 11 :2,
fori(k+1) € Iptq, k> 1,
k—1 k—1
Piri1)(2) = Digigss <a +h=> 6 c+k=) 8 ; z>
r=0 r=0
2a+k—YF 062 +1) . .
_ Z ;(11 Tl 21, zfzk = 1’ Zk:-l—l — 2’
- - ) Jig =1, 1g+1 = 9,
O
(2c —a+ IQJSZTH(&% — 26 N(a+k—Sr"0 03 +1)
o r=0\"4, O r=0 Yi, . ZfZ —9 —9
(cthk—Yr 06l etk —2r g6l +1) bR e
@5 = c—a+ Yl (s —ob) o
IR S N T I S s T Piem b =
kizloagw r=0 "4,
a+k— r= 3 . .
2(C+ k ék_—ol (;I )’ lflk = 37 te+1 = ]-7
- r=0 “i,
atk—Yr 8 - .
2c+k— S lsl Tk LSl ifin =3, inp1 =2,
(C+ Zr:O i,‘)(c—’— + Zr:ﬂ i,‘)

and for i(k) € Tp,, k > 1,

k—1 k—1
r=0 r=0

k—1
(2.6) PP VS 1 A
2ct+k—Yryot) "

Proof. The formal identities

2 1 1
(2.7)  Hg(a,c;z) =Hgla+1,¢;2) — leHG(a +2,c+1;z) — —29Hg(a+ 1,¢+ 1;2),
c c

(a+1)(2¢—a)

Hg(a,c;z) = Hgla+ 1,¢+ 1;2) — et 1)

z1Hg(a + 2,¢ + 2;27)

c-a zoHg(a + 1, ¢ + 2;2),

28) a c(c_—i- 1)
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and

a 2c—a
Hﬁ(av G Z) - ?CHG(G' +1lc+1; Z) + TCHG(av c+1; Z)
a
2. —_— ;
(29) +26(c+1)22H6(a+1;C+2,Z)
are easily verified from (2.1). Dividing (2.7) by Hg¢(a + 1,¢;2), (2.8) by Hg(a + 1,¢ + 1;2), and
(2.9) by Hg(a, ¢+ 1; z), we get

2(a+1) 1 1 1
210) R jz)=1-— -
( ) 1(G,C,Z) 21R2(a+1’c;z) CZQR?)(CL—FI,C;Z)’

(a+1)(2¢—a) 1 c—a 1
211) R 1z)=1~— -
@11 Bafa,ci2) ct1)  "Ralat etz cle+ D) Ryla+ e+ 1)
and

_ 1 1

(2.12) Ry(a, c;2) = 2c—a a a

2c * 2¢ Ry(a,c+ 1;2) + 2¢c(c+ l)zQRg(a,c—F 1;2)’
respectively. It is obvious that for i € Z; the identities (2.10)—(2.12) can be written as
a 3—[(i=1)/2]
2.1 i(a,c;2) =1 — —63
(2.13) Ri(a,ciz) =1— 50 + >
3=2-[(i-1)/2]

where p; ;(a,c;z), (i, ) € I, are defined as (2.4).
Now, we can construct branched continued fractions for ratios R;,(a, c;z) for all iy € Zy.

Setting ¢ = i¢, on the first step, from (2.13) for iy € Zy, we obtain

3—[(0—1)/2]

a
R, (a,c;z) =1— 2—05?0 +

Pi,j(a,c; z)
Rijla+1—63,c+1-46}2)

pio,’il (a7 C; z)
Ri(a+1-=6},c+1-46};2)

10

i1=2—[(i0—1)/2]

3—[(io—1)/2
—1- 248 g [Oz:) | Fun(@)
2¢ % Ri(a+1—-063,c+1-0};2z)

11=2—[(i0—1)/2] o’ 20’

It follows from (2.13) that for i; € Zg
Ri(a4+1—-082,c+1—06);2)

107 107
3—[(i1—1)/2]
=q,(a+1-6,c+1—-0,)+
i0=2—[(i1—1)/2]

3—[(i1—1)/2
=Q;1) + [IZ | Fix(2)
W Riy(a+2-5" 8 ct2->" 6;2)

ia=2—[(i1—1)/2] r=0 %, r=0 %,

where P;5(z), i(2) € Iy, and Q;(1), i(1) € Ty, are defined by (2.5) and (2.6), respectively. Then,
on the second step for iy € Z, we have

pil’iz(a-ﬁ- 1 _5§0’C+ 1 —51-10;Z)

Ri(a+2-%"'_ 8 c+2-3!_0l:2)

r=0 "1, r=0 Y,

3—[(i0—1)/2]
a Py1)(2)
Ryaco)=1- 26+ Yy S0
o(@:¢2) 2¢ "0 * T Qi(1)
i1=2—[(i0—1)/2]

3—[(i11—1)/2

Z Ri(a+2-%"' 6 c+2-2! . 0!:2)

i2=2—[(i1—1)/2] r=0 Y%, 7=0 %4,
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Next, applying (2.13) after nth steps, for iy € Z, we get

3_[(7;0—1)/2] B(l)(z) 3_[(i1_1)/2] Pz(2) (Z)

Ri,(a,c;z) =1— 2305?0 + Z Z

i1=2—[(i0—1)/2] @iy + ia=2—[(i1—1)/2] Qi(2)
3—[(in—2—1)/2] M
ot in-1=2~[(in-2-1)/2] Qi(n-1)
s Pi(n)(2)
=2y B (@4 = 20 00 e+ 2= 30000 6 52)

where P;1)(z),i(1) € I, Py (2), i(k) € Ty, 2 < k < n,and Q;), i(k) € I, 1 <k <n —1, are
defined by (2.4), (2.5), and (2.6), respectively. Finally, by (2.13), we obtain the formal branched
continued fraction expansions (2.3) for ratios (2.2) for all iy € Zy. O

3. CONVERGENCE

In this section, we consider some question of convergence of the branched continued fractions
(2.3). We refer the readers to [1, 5, 12] for the notations and definitions used below.

Let ig be an arbitrary index from the set Z,. For the "tails’ of the approximants of the branched
continued fraction (2.3), we set

(3.14) G\\(2) = Qiry, i(r) €T, 7> 1,
and
3—[(ix—1)/2 3—[(ir+1—1)/2]
G (2) = Qi + [ kz 2 Pir1)(z) ki Pi+2)(2)
i(k)\2) = Wi(k) Qithrt Q'(k+2)
in=2—[(ix—1)/2)  CFFD TG e (a2
3—[(ir—1-1)/2]
o - Pl(’!) (Z)
Gy, QO
where i(k) € 7, 1 <k <r —1, r > 2. Then, it is easily seen that relations
3—[(ix—1)/2]
P;
(315)  GY)(2) = Qiw + 3 ((’“fi”(z) k) €Ty, 1<k<r—1,r>2

=2 (G —1)/2) Girrn)(2)
hold. It follows that for each n > 1 the nth approximant
3—[(i0—1)/2] 3—[(i1—1)/2]
_ P, P,
£U0)(z) = 1 — 215;30 Py C;1)(2) N 3 C;m (2)
O a=lGen/a T T am G-y O
3—[(in—1-1)/2]
[ Zl: P (2)
+ 4+ Qi(n)

in:Q*[(in—lfl)/Q]

can be written as

3—[(0—-1)/2]
i a o3 Pz‘(l)(z)
f7(l 0)(Z) =1- ?C(Sio + Z G(n) ’
in=2-1Go-1)/2) Gi(1)(2)
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In addition, it can be shown (see [12, p. 28]) that form > nandn > 1

a2 (2) = fi)(2)

3—[(io—1)/2]  3—[(i1—1)/2] 3—[(in—1)/2] Hn+1 ) (2)
_ n k 1
=" X > X —r
i1=2—[(i0—1)/2] ia=2—[(i1—1)/2]  ini1=2—[(in—1)/2] 1lk= 1 G )Hk 1 z(lc( )

provided Gz(.(rli)(z) # 0foralli(k) € Zy, 1 < k < r,r € {m,n}, which for convenience we will
write as

. . 3—[(io—1)/2] 2 po)
R RO C LD DD D= 0
in=2-1Go-1)/2]  ins1=2-[(m-1)/2) Gi(1) ()

n+1)/2 n/2
[(n+1)/2] Pi(Qk) (Z) [n/2] Pz(2k+1)( )
(3-16) < 1 - oo 11 (@) ’
=1 G, (2k—1) (= )Gi(Qk)(z) k=1 Gz(2k)( )Gz(2k+1 ()
where ¢ = m, r = n, if nis even, and ¢ = n, r = m, if n is odd.
To prove the main result, we will state the following theorem.

Theorem 3.2. Let a and c be real constants such that
(3.17) a>0, c>a+1+46, forall iy€ .
Then for each iy € I :
(A) The branched continued fraction (2.3) converges to a finite value () (z) for each z € €2, where
(3.18) Q={zcR?: —L[, <2 <0, —Ly < 2z <0},

Ly and L are positive constants such that 2Ly < ¢+ 1, and it converges uniformly on every
compact subset of an interior of 2.

(B) If i) (z) denotes the nth approximant of the branched continued fraction (2.3), then for each
z € Qandn>1

3.19 (io) _ £(io) < M; <77) ,
(.19) £09@) = £ @) < My, (
where
2(a+l)L1 2(C+1)L2 e
=1
c cle+1—Ly)’ fio =1,
(2¢—a)(a+ 1)L, 2(c—a)Lsy .
3.20 M;, = , =2,
(3:20) 0 c(e+1) * cle+1— L) ifio
o, ol ifio =3
2¢  2c(c+1)’ 0=
and
2Ls(c+1) c+1+ Lo
21 = 2L .
(3.21) K max{ 1+C(C+1—L2)7 c—i—l—QLg}

Proof. The proof is similar to that of Theorem 1 in [1]. In this case, it follows directly from (2.6)
that for all i(k) € 7, k > 1, the elements Q;x) = 1if ix # 3. When i}, = 3 from (2.6), we have

k— k— 153
(3.22) Qi(k) =1- o ZT kO 127 > 1 for all Z(k‘) €Ty, k> 1.
2e+2k—23 " 6L 2
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Since
k—1 k—1
—Z(s => (6, —62)=> 6! forall i(k)eTLy k>1,
r=0 r=0

then to prove the Vahdlty of (3.22), provided (3.17), it suffices to show that

k—1
(3.23) >l —62) <o) forall i(k) €Ly, k>1.
r=0

Indeed, if £ = 1, then for any iy € Z, inequalities (3.23) are obvious. If i(k) is a fixed arbitrary
multiindex in Z, k > 2, then for any r, 1 < r < k — 1, there is a possible pair of indices (i,_1, %),
such as (1,2), (1,3), (2,2), (2,3), (3,1), or (3,2). It clearly follows that (3.23) is valid in these
cases.

Let z be an arbitrary fixed point in (3.18) and n be an arbitrary natural number. It is easy to
see from (2.4)—(2.6), (3.14), (3.15), and (3.18) that inequalities

(3.24) G\ () >1 forall i(k) €T, 1<k<n,

hold for all i, # 3. By induction on k, we show that the following inequalities

n c+1—1L
(3.25) G (2) > 2

_— ) <k<
2 ST 1) forall i(k) € Zy, 1 <k <mn,

valid for i, = 3.

For k = n and for each i(n) € Z,,, inequalities (3.25) are obvious. By induction hypothesis
that (3.25) hold for k = r + 1, where r + 1 < n, and for each i(r + 1) € Z,y1, using (2.4), (2.5),
(3.14), (3.18), and (3.22) for any i(r) € Z, we get

Piy1(z)  Pyyy2(2)

G\ (2) = Qigry + -
" G\ (2) G (2

‘R, r) 2( )|
> Qi) — —m
Gl(r)2( )
o1 a—i—r—zg;ééf’p ]
> - - - - z
2 2etr— 0 hdl)etrtloyial)
C+ 1-— L2
2(c+1)
Next, we prove that
R LT 1< >|
(3.26) Z i(kt1) 1 i il o forall (k)€ T k> 1,

where 7 is defined by (3.21), which are equivalent to

3 [(ir—1)/2 3—[(ix—1)/2

[(Zk e M G (z)] — [(i :)/] |Pigrn) (2)]
Gl (@) e G 1) ()]

inr1=2—[(ix—1)/2] I7i(k+1) i1 =2=[(bs=1)/2] TMi(k+1)

for all i(k) € Iy, k > 1. Again, let n be an arbitrary natural number. Since it follows from
(2.4)-(2.6), (3.14), (3.15), (3.18), (3.22), (3.24), and (3.25) that, for any k, 1 < k < n, and i(k) € T4,
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and for any z € 2

atk—1-Yr28

| 22|

3
(n) | Pi(k+1)(2)]
|Gi(k)(z)| - Z ™l
ipt1=2 | i(k+1)(z)|
if iy, # 3, and
2
n | Pi(t1) (2)] |Pi(r) 2(2)]|
G (2)] = > S > g, :
W G (=) G 2
1
Z P
2 (c+k-1-%
1 |z
2 c+1
c+ ]. — 2L2
= 2(c+1) 7

if i;, = 3, then we obtain

Maol ek - kIhal)

29

|22

k—
23: Py ()] _ 2a+k— 30200 + 1)| . 2(c+1) \22|
n — k— k—
w2 G ()] et k=370 (ct+k—327208] (e +1~Ly)
2Lo(c+1)
<2L
=2t clc+1—Lo)
<,
if i, =1,
. k—1 k—1
i: |Pik+1)(2)] < (2c—a+k+3"0(07 =200 )a+k =356 +1) 24|
n — k—1 k—1
Thp1=2 |G§(;2+1)(Z)| (c+k—=>"20 52_1T)(c +k =20 6ilr +1)
(c—a+ 3,20 —0,))c+1) "
(c4 k=320 ) e+ k=025 0L +1)(c+1—Ly)
2L,
< 2L _
- L c+1— L2
<n,
if i, =2, and
i |Puesny(@)| _ a+ k=705 atk—308
n = k— k— k—
W |G @) T 20t k=308 ) 2et k=008 et k=206 + 1)
< 1 n Lo
2 20c+1)
o C—|—1+L2 C+1—2L2
e+ 1-2Ly 2(c+1)
c+1—2Ls
eyl

2(c+1)
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if i, = 3. Now, it is easy see from (2.4), (3.18), (3.20), (3.24) and (3.25) that

3—[(io—1)/2] |P (Z)|
(3.27) Z iOA ] <M,, forall izeZy and ¢>1.
& G\l (2)]
in=2-[Go-1/2 1Gi1)
From (3.18), (3.24), and (3.25) it follows that G}, (z) # 0 for all i(k) € Zy, 1 <k < ¢,¢ > 1,and

for all z € Q. Hence, applying (3.26) and (3.27) to (3.16) for any m > n > 1 and for any z € (2,
we obtain

3—[(i0—1)/2] n
- - Pi(2)
(i0) () _ f(i0) |Piyy "
0@ @ <Y ; (-2)

(@)
i1=2—[(i0—1)/2] G, )(Z)\

T] n
- <77+1) ’

where ¢ = m, if nis even, and ¢ = n, if n is odd. From this (A) follows if n — oco. At last, passing
to the limit as m — oo, we get (B). a

Now, we prove our main result.

Theorem 3.3. Let a and c be real constants satisfying the inequalities (3.17), and v, va, vs, i1, [i2, 13
be positive numbers such that

2V1 . 129] Vo } Vs 1
3.28 — < min<1-— —7,1— — s < -=-- .
(3:28) p2 { ST BT e Dus ( 2 18

Then for each iy € Iy :

(A) The branched continued fraction (2.3) converges uniformly on every compact subset of
(3.29) O ={zcC?: |z| +Re(z1) <21, |2a] + Re(za) < 2va, |22 — Re(zs) < 2v3}

to the function f(")(z) holomorphic in ©.
(B) The function fU)(z) is an analytic continuation of (2.2) in the domain (3.29).

Proof. The proof of (A) is similar to the proof of Theorem 2 [1]. Let z be an arbitrary fixed point
in (3.29). Since a and c satisfy (3.17), it follows from the proof of Theorem 2 that inequalities
(3.22) hold for iy = 3, and that for all i(k) € Zy, k > 1, the elements Q;(;) = 1 if iy, # 3. Now, for
any i(k) € Z, k > 1, from (2.4)-(2.6) and (3.29) with i, = 1, we have

2a+k—32508 +1)
c+ k=Y lal

r=0 "1,

| Pik).2(2)] — Re(Pi),2(2)) = (Iz1] + Re(z1))

< 41/17

|z2| + Re(22)
ct+k— Zf;é 51'1T
2V2

b

Cc

|Pi(r),3(z)| — Re(Pyr) 3(2)) =



Branched continued fraction representations of ratios of Horn’s confluent function Hg 31

and, thus,
§~ P = RelPuern(@) _ dn , 2
ies1=2 Hipq 2 Cu3
<2(1-pm)

= 2(R6(Qz’(k)) — p1).
If i, = 2, we obtain
|Pi(ky 2(2)| — Re(Pir),2(2))
(2c—a+k+ 0008 —25L)(a+k— 30063 +1)

(c+hk—F 08t )e+k—r ol +1)

(1] + Re(z1))

< 41/1,
|Pi(r),3(2)] — Re(Pyx),3(2))
c—a+ 3 o(0% —oL)

= - e (|22] + Re(z2))
(ct+hk—Y0 g0l )e+k—3rgal +1)
21/2
c+1’

and, thus,

< —
Hig4r p2 - (e+1)us

< 2(Re(Qir)) — p2)-

23: |Pik+1)(2)] — Re(Pik41)(2)) 414 2v

ip41=2

At last, if i, = 3 we get

a+k-YEle avk-YE s
|Pitky1(z)| — Re(Pir)1(2)) = Z — T T
2(0 =+ k — ZT:O 5“) 2(C + k— ZTZO 5ir)
-0,

k—1
_ a+k—Zr:0 513T
20c+k - 0ot etk +1—r 00l

r=0 Y1,

|Pz'(lc),2(z)| - Re(Pi(k),2(Z)) (|22] — Re(22))

2V3
c+1’
and, thus,

22: | Pi(k+1)(z)| — Re(Pjr41)(2)) <9 (; _ #3>

ig41=1 Fig4a
< 2(Re(Qiqk)) — 13)-
Thus, by Lemma 1 [4], for all i(k) € Z;, 1 < k < n,n > 1, and for all z € O the following
inequalities hold

Re(Gy(}) (2)) > pr.
where GE&)) (z),i(k) € Iy, 1 < k < n,n > 1, are defined by (3.14) and (3.15). The approximants

fffo) (z),n > 1, of (2.3) form a sequence of functions holomorphic in (3.29).
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At last, it remains to show that the branched continued fraction (2.3) converges uniformly
on compact subsets of ©. Let K is an arbitrary compact subset of (3.29). Then there exists an
open ball around the origin with radius R, containing C. By (2.4), for the any z € K and for any
n > 1, we get

3—[(i0—1)/2]
; a [Pigy (=)
O [ e S D DI e

in=2-[Go—1)721 V)
:Cio(K:)v
where
1
2(a+ )R_~_£7 ifig =1,
et at VB (c—a)R
() = 4 Bezalla CTUR iy =2,
et Dz ele+ g
a aR .
1fl():3.

+ )
2cp1 2¢(c+ g

It follows that for each i € Z, the sequence { fn ( 0)( )} is uniformly bounded on K, and hence it
is uniformly bounded on every compact subset of the domain (3.29). We set 6 = min{c/4,v1,v3}.

Then, by Theorem 2, the sequence { fr (i 0)( )} converges in
A={zcC?: —§<Re(z) <0, Im(zx) =0, k=1,2},

which is the real neighborhood of the point z(?) = (—§/2, —§/2) in ©. Furthermore, it is clear
that A C ©. Thus, by Theorem 3 [1] (see also Theorem 2.17 [12]), for each iy € Z, the branched
continued fraction (2.3) converges uniformly on compact subsets of © to the function f(%)(z)
holomorphic in ©. This proves (A).

Finally, the proof of (B) is analogous to the proof of Theorem 2 [1]; hence it is omitted. [

Setting a = 0 and ig = 1 (or ¢p = 2 and replacing c by ¢ — 1) in Theorem 3.3, we get a corollary.

Corollary 3.1. Let c be real constant such that ¢ > 2, and vy, va,v3, 11, pi2, p3 be positive numbers
satisfying the inequalities (3.28). Then for ig = 1 (or iy = 2):

(A) The branched continued fraction

3—[(i1—1)/2 3—[(ir_1-1)/2
1 3 ) [(i1—1)/2] Pz(2)(z) [(ir—1 )/2] Pz(k:)(z)
(3.30) T4 Z Q1 Oim 4+ 4 > O 4
=2 i) in=2—[(i1—1)/2] 42 ir=2—[(in_1—-1)/2] <R
where for i(1) € T,
——Z1, lfil =2
-, 1_le =3
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fori(k+1) € Iptq, k > 1,

Pi(k+1)(2z)
2k —SF 163 +1
_ ( erklillr ) . ifiy =1, igp1 =2,
c+k72r=1 521’7‘71
A . )
_ — R 1 Zk:L Zk+1:3,
ctk =3I 0 —1 ’

Rc—1)+k+30@ —20 )k =S8 +1) .
- et o 21,  Ifik =2, kg1 = 2,
(c+k— Zr:l 524 —D(c+k— Zr:l 5@)

332) = e+ YPIE —8l) 1 - |
Tt kYol (et k_yrlel) Y ifir =2, i1 =3,
kT=11 31} r=1 9%,
k— Zr;l 51‘,\ L )
2(c+k—2k:% ok _1)’ ifix =3, ips1 =1,
Tik _Zrzk—l 53
r=1 ", 2'27 y(lk, e 37 Zk-‘rl — 27

2c+k— 30210k —D(c+k— 01 6))
and fori(k) € Iy, k > 1,

k—Yrlss
(3.33) Qi) =1~ Zrk__ll " 57,
2c+k—->,4 (511 -1

converges uniformly on every compact subset of (3.29) to the function f(z) holomorphic in ©.
(B) The function f(z) is an analytic continuation of He(1, ¢; z) in the domain (3.29).

4. NUMERICAL EXPERIMENTS

From [24, Formula (37), p. 236], it follows that Horn’s confluent function Hg (1, 2; z) satisfies
the system of two partial differential equations

8%u 0%u 0%u ou ou
1—4z)—= 1—4z)——— — 22~ 2—-1 — —4dzo— —2u =
2 Zl)@z% + 22( Zl)azlazg = 023 +( 021)821 =2 0729 u=0,
(4.34) 9 9
z &—i—z @—22 Ou +(2-=2 )iu —u=0
192,02, 26‘2% ) > Bz, -

where u = u(z) is an unknown function of independent variables z; and z,. If the conditions of
Corollary 3.1 are satisfied, the branched continued fraction (3.30) satisfies (4.34).

Setting ¢ = 2,11 = v, = v3 = 1/20, and p; = pe = pg = 1/5 it is easy to see that the
conditions (3.28) are satisfied. Thus, by Corollary 3.1, the approximations of (3.30) with ¢ = 2
can be used to approximate the solution of (4.34) in the domain (3.29). From (3.31)—(3.32), we
have such the approximations as

_ 3
_3—321—22’27

The values of these approximations f,,(z) are given in Table 1 together with the values of the
partial sums S, (z) of Hg(1,2,z) for 1 < n < 10 and for the various values of z. This table shows
the rate of convergence of f,,(z) and S,,(z) to u(z) as n increases. We also see that the branched
continued fraction gives better approximations of the solution of (4.34) than double confluent
hypergeometric series.

etc.

fi(z) =1, fa(z)
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TABLE 1. Approximation of the solution of (4.34) by branched continued frac-
tion (3.30) with ¢ = 2 and confluent hypergeometric series Hg(1, 2, z)

S

fn(—0.2,—0.04)

S,(—0.2,—0.04)

7n(0.04,0.04)

S,,(0.04,0.04)

= O 00NN UIk WN -~

o

1
0.8152173913043479
0.8436283082662936
0.8390655552756958
0.8397705605715909
0.8396627464248548
0.8396790254380795
0.8396765860675122
0.8396769494594616
0.839676895549416

0.78
0.8682666666666666
0.824104
0.8488421546666667
0.8339969065244445
0.8433291477625905
0.8372627668078485
0.8413072281608152
0.8385568865940254
0.8404571814141544

1
1.0714285714285714
1.066142202005891
1.0656278844624396
1.0656448968469723
1.065647430637354
1.0656473978749492
1.0656473883827595
1.0656473883916724
1.0656473884206237

1.06

1.0650666666666666
1.0655813333333333
1.0656393813333334
1.0656463745422222
1.0656472558998347
1.0656473706761305
1.0656473859992222
1.0656473880852033
1.0656473883736706

From [17, §3.4], it follows that

(4.35)

H6(17 272) =

+

[ (e

2(t — 2)1/ %2

F=21;
1 <272,a

(1 —4tz)B(1/2,3/2)

11 #(1—t)z2

1—4t21
3 3 t(l—1t)z32

2'2 1~ 4tz

F2<v

)

)

(A) M —5th, M — (4.35), @ - 10th

(B) M - 5th, M — (4.35), M - 10th

FIGURE 1. The plots of values of the nth approximants of (3.30)

In Figure 1 (A)—(B), we can see the plots of the values of 5th and 10th approximations of (3.30)
approaches to the plot of the function (4.35). Figure 2 (A)—(D) shows the plots where the 10th
approximants of (3.30) guarantees certain truncation error bounds for function (4.35). Finally, in
Table 2, we can see that the 5th approximant of (3.30) is eventually a better approximation to
(4.35) than the corresponding 5th partial sum of (2.2).
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FIGURE 2. The plots where the 10th approximants of (3.30) guarantees certain

truncation error bounds for (4.35)

TABLE 2. Relative errors of 5th partial sum and 5th approximant for the Horn’s

confluent function Hg(1, 2, z)

z (4.35) (2.2) (3.30)
(—0.01,0.01)  0.9951138277 3.8606 x 107 8.8026 x 10~%
(—0.1,0.1) 0.9593510752  6.2346 x 107%°  9.4458 x 10796
(—=0.1,—0.01)  0.9118965224 1.1498 x 1079 6.5181 x 1079
(0.09,0.05) 1.1425549298  1.1470 x 107 5.0158 x 1079
(—0.15,-0.2)  0.8094560924 2.3880 x 1079 2.0638 x 10~%4
(0.2,0.2) 1.5918307333 2.6823 x 10792 2.7319 x 1073
(0.2,-5.0) 0.1998004145 2.0382 x 10t%°  2.5676 x 1079
(—5.0,0.3) 0.3782185176  3.1579 x 1019 2.0912 x 10~°*
(—=10.0,—10.0) 0.0932899388 7.0858 x 10797 3.8248 x 10702
(

0.0395665845

1.6635 x 10110

6.6127 x 10791

35
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5. CONCLUSIONS

The paper considers the problem of representing the ratios of the confluent hypergeometric
Horn’s function Hg by branched continued fractions. It is proved that the branched continued
fractions converge to the ratios of the confluent hypergeometric series of which they are expan-
sions, but the conditions of their convergence impose additional restrictions on the parameters
of the function. The expediency and effectiveness of using branched continued fractions as
an approximation tool are confirmed by numerical experiments. Nevertheless, the problems
of improving and developing new methods of researching the convergence of such and sim-
ilar branched continued fractions are open. Along the way, let us note the recent interesting
and promising ideas regarding the study of the convergence of branched continued fractions
proposed in papers [9, 10, 11].

ACKNOWLEDGEMENTS

We sincerely thank the reviewer for his/her valuable comments that helped us improve the
paper to its current form.

REFERENCES

[1] T. Antonova, R. Dmytryshyn and V. Kravtsiv: Branched continued fraction expansions of Horn's hypergeometric function
H3 ratios, Mathematics, 9 (2) (2021), 148.
[2] T. Antonova, R. Dmytryshyn and R. Kurka: Approximation for the ratios of the confluent hypergeometric function CDS:J)V)
by the branched continued fractions, Axioms, 11 (9) (2022), 426.
[3] T. Antonova, R. Dmytryshyn and S. Sharyn: Generalized hypergeometric function 3 F» ratios and branched continued
fraction expansions, Axioms, 10 (4) (2021), 310.
[4] T. M. Antonova, N. P. Hoyenko: Approximation of Lauricella’s functions Fpp ratio by Norlund's branched continued
fraction in the complex domain, Mat. Metody Fiz. Mekh. Polya, 47 (2) (2004) 7-15. (In Ukrainian)
[5] T. M. Antonova: On convergence of branched continued fraction expansions of Horn's hypergeometric function Hz ratios,
Carpathian Math. Publ., 13 (3) (2021), 642—650.
[6] P. Appell: Sur les séries hypergéométriques de deux variables et sur des équations différentielles linéaires aux dérivées
partielles, C. R. Acad. Sci. Paris, 90 (1880), 296-298.
[7] W. N. Bailey: Generalised Hypergeometric Series, Cambridge University Press, Cambridge (1935).
[8] P.I. Bodnarchuk, V. Y. Skorobogatko: Branched Continued Fractions and Their Applications, Naukova Dumka, Kyiv
(1974). (In Ukrainian)
[9] D.I. Bodnar, L. B. Bilanyk, Estimation of the rates of pointwise and uniform convergence of branched continued fractions
with inequivalent variables, J. Math. Sci., 265 (3) (2022), 423-437.
[10] D.I. Bodnar, I. B. Bilanyk: On the convergence of branched continued fractions of a special form in angular domains, J.
Math. Sci., 246 (2) (2020), 188-200.
[11] D.I. Bodnar, I. B. Bilanyk: Parabolic convergence regions of branched continued fractions of the special form, Carpathian
Math. Publ,, 13 (3) (2021), 619-630.
[12] D.I. Bodnar: Branched Continued Fractions, Naukova Dumka, Kyiv (1986). (In Russian)
[13] D.I. Bodnar: Expansion of a ratio of hypergeometric functions of two variables in branching continued fractions, J. Math.
Sci., 64 (32) (1993), 1155-1158.
[14] D. I Bodnar, N. P. Hoyenko Approximation of the ratio of Lauricella functions by a branched continued fraction, Mat.
Studii, 20 (2) (2003), 210-214.
[15] D. 1. Bodnar, O. S. Manzii: Expansion of the ratio of Appel hypergeometric functions F3 into a branching continued fraction
and its limit behavior, ]. Math. Sci., 107 (1) (2001), 3550-3554.
[16] D.I. Bodnar: Multidimensional C-fractions, J. Math. Sci., 90 (5) (1998), 2352-2359.
[17] Yu. A. Brychkov, N. V. Savischenko: On some formulas for the Horn functions H3(a, b; c; w, z), é.c) (a; c;w, z) and
Humbert function ®3(b; ¢; w, z), Integral Transforms Spec. Funct., 32 (9) (2020), 661-676.
[18] R.I. Dmytryshyn, I.-A. V. Lutsiv: Three- and four-term recurrence relations for Horn’s hypergeometric function Hy, Res.
Math., 30 (1) (2022), 21-29.
[19] R. I Dmytryshyn: Multidimensional regular C-fraction with independent variables corresponding to formal multiple power
series, Proc. R. Soc. Edinb. Sect. A, 150 (5) (2020), 1853-1870.



Branched continued fraction representations of ratios of Horn’s confluent function Hg 37

[20] R. L Dmytryshyn: On the expansion of some functions in a two-dimensional g-fraction independent variables, J. Math. Sci.,
181 (3) (2012), 320-327.

[21] R. L. Dmytryshyn, S. V. Sharyn: Approximation of functions of several variables by multidimensional S-fractions with
independent variables, Carpathian Math. Publ., 13 (3) (2021), 592-607.

[22] R. I Dmytryshyn: The multidimensional generalization of g-fractions and their application, J. Comput. Appl. Math.,
164-165 (2004), 265-284.

[23] R. I Dmytryshyn: Two-dimensional generalization of the Rutishauser qd-algorithm, J. Math. Sci., 208 (3) (2015), 301-309.

[24] A.Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi: Higher Transcendental Functions, Vol. 1, McGraw-Hill
Book Co., New York (1953).

[25] H. Exton: Multiple Hypergeometric Functions and Applications, Halsted Press, Chichester (1976).

[26] V.R. Hladun, N. P. Hoyenko, O. S. Manzij and L. Ventyk: On convergence of function F4(1,2;2,2; z1, z2) expansion
into a branched continued fraction, Math. Model. Comput., 9 (3) (2022), 767-778.

[27] J. Horn: Hypergeometrische Funktionen zweier Verinderlichen, Math. Ann., 105 (1931), 381-407.

[28] N. Hoyenko, T. Antonova and S. Rakintsev: Approximation for ratios of Lauricella-Saran fuctions F g with real parameters
by a branched continued fractions, Math. Bul. Shevchenko Sci. Soc., 8 (2011), 28-42. (In Ukrainian)

[29] N. Hoyenko, V. Hladun and O. Manzij: On the infinite remains of the Nérlund branched continued fraction for Appell
hypergeometric functions, Carpathian Math. Publ., 6 (1) (2014), 11-25. (In Ukrainian)

[30] J. A. Murphy, M. R. O’'Donohoe: A two-variable generalization of the Stieltjes-type continued fraction, J. Comput. Appl.
Math., 4 (3) (1978), 181-190.

[31] M. Pétréolle, A. D. Sokal and B. X. Zhu: Lattice paths and branched continued fractions: An infinite sequence of
generalizations of the Stieltjes-Rogers and Thron-Rogers polynomials, with coefficientwise Hankel-total positivity, arXiv,
(2020), arXiv:1807.03271v2.

[32] W. Siemaszko: Thile-type branched continued fractions for two-variable functions, J. Comput. Appl. Math., 6 (2) (1983),
121-125.

TAMARA ANTONOVA

Lviv POLYTECHNIC NATIONAL UNIVERSITY
DEPARTMENT OF APPLIED MATHEMATICS

12 STEPAN BANDERA STR., 79013, Lviv, UKRAINE
ORCID: 0000-0002-0358-4641

E-mail address: tamara.m.antonova@lpnu.ua

ROMAN DMYTRYSHYN

VASYL STEFANYK PRECARPATHIAN NATIONAL UNIVERSITY
DEPARTMENT OF MATHEMATICAL AND FUNCTIONAL ANALYSIS
57 SHEVCHENKO STR., 76018, IVANO-FRANKIVSK, UKRAINE
ORCID: 0000-0003-2845-0137

E-mail address: roman.dmytryshyn@pnu.edu.ua

SERHII SHARYN

VASYL STEFANYK PRECARPATHIAN NATIONAL UNIVERSITY
DEPARTMENT OF MATHEMATICAL AND FUNCTIONAL ANALYSIS
57 SHEVCHENKO STR., 76018, IVANO-FRANKIVSK, UKRAINE
ORCID: 0000-0003-2547-1442

E-mail address: serhii.sharyn@pnu.edu.ua



CONSTRUCTIVE MATHEMATICAL ANALYSIS

6 (2023), No. 1, pp. 38-54 A
http://dergipark.org.tr/en/pub/cma l =‘
ISSN 2651 - 2939 colmemEe A

Research Article

Moving least squares approximation using variably scaled
discontinuous weight function
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ABSTRACT. Functions with discontinuities appear in many applications such as image reconstruction, signal pro-
cessing, optimal control problems, interface problems, engineering applications and so on. Accurate approximation
and interpolation of these functions are therefore of great importance. In this paper, we design a moving least-squares
approach for scattered data approximation that incorporates the discontinuities in the weight functions. The idea is to
control the influence of the data sites on the approximant, not only with regards to their distance from the evaluation
point, but also with respect to the discontinuities of the underlying function. We also provide an error estimate on
a suitable piecewise Sobolev Space. The numerical experiments are in compliance with the convergence rate derived
theoretically.

Keywords: MLS approximation, Meshfree methods, variably scaled discontinuous kernels, discontinuous function
approximation.
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1. INTRODUCTION

In practical applications, over a wide range of studies such as surface reconstruction, nu-
merical solution of differential equations and kernel learning [6, 10, 15], one has to solve the
problem of reconstructing an unknown function f : & — R sampled at some finite set of data
sites X = {x;}1<i<n C Q C R? with corresponding data values f; = f(x;), 1 <1i < N. Since
in practice the function values f; are sampled at scattered points, and not at a uniform grid,
Meshless (or meshfree) Methods (MMs) are used as an alternative of numerical mesh-based
approaches, such as Finite Elements Method (FEM) and Finite Differences (FD). The idea of
MMs could be traced back to [18]. Afterwards, multivariate MMs existed under many names
and were used in different contexts; interested readers are referred to [23] for an overview over
MMs. In a general setting, MMs are designed, at least partly, to avoid the use of an underlying
mesh or triangulation. The approximant of f at X can be expressed in the form

N
(1.1) spx(x) =Y ai(X)fi.
i=1

One might seek a function sy x that interpolates the data, i.e. sy x(x;) = fi;, 1 <i < N, and
in this case «;(x) will be the cardinal functions. However, one might consider a more gener-
alized framework known as quasi-interpolation in which sy x only approximates the data, i.e.,
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sr.x(x;) = f;. The latter case means that we prefer to let the approximant s, x only nearly fits
the function values. This is useful, for instance, when the given data contain some noise, or the
number of data is too large. The standard approach to deal with such a problem is to compute
the Least-Squares (LS) solution, i.e., one minimizes the error (or cost) function

N

(1.2) D lspx(xi) = i

i=1
A more generalized setting of LS is known as the weighted LS , in which (1.2) turns to

N

(1.3) D lspx (xi) = filPw(xi),

=1

which is ruled by the weighted discrete ¢, inner product. In practice, the role of w(x;) is to
add more flexibility to the LS formulation for data f; that influence the approximation process,
which are supposed, for example, to be affected by some noise. However, these methods are
global in the sense that all data sites have influence on the solution at any evaluation point
x € Q. Alternatively, for a fixed evaluation point x, one can consider only n-th closest data
sites x;, i = 1,...,n of x such that n < N. The Moving Least-Squares (MLS) method, which is a
local variation of the classical weighted least-squares technique, has been developed following
this idea. To be more precise, in the MLS scheme, for each evaluation point x one needs to solve
a weighted least-squares problem, minimizing

N

(1.4) D lspx(xi) = filPw(x, x;)

=1

by choosing the weight functions w(x,x;) : R? x R? — R to be localized around x, so that few
data sites are taken into account. The key difference with respect to (1.3) is that the weight func-
tion is indeed moving with the evaluation point, meaning that it depends on both the x; and
x. Consequently, for each evaluation point x, a small linear system needs to be solved. Also,
one can let w(-, x;) be a radial function i.e., w(x,x;) = ¢(||x — x;||2) for some non-negative uni-
variate function ¢ : [0,00) — R. Doing in this way, w(-, x;) inherits the translation invariance
property of radial basis functions. We mention that (1.4) could be generalized as well by letting
w;(-) = w(-,x;) moves with respect to a reference point y such that y # x, (See e.g [13, Chap
22)).

The earliest idea of MLS approximation technique can be traced back to Shepard’s sem-
inal paper [25], in which the author considered the approximation by constants. Later on,
the general framework of MLS was introduced by Lancaster and Salkauskas in [16], where
they presented the analysis of MLS methods for smoothing and interpolation of scattered data.
Afterwards, in [8] the author analyzed the connection between MLS and the Backus-Gilbert
approach [4], and showed that the method is effective for derivatives approximations as well.
Since then, MLS method showed its effectiveness in different applications [20, 21]. The error
analysis of MLS approximation has been provided by some authors, mainly based on the work
of Levin [17]. In [27, Chap. 3 & 4] and [26], the author suggested error bounds that take into
account the so-called fill-distance, whose definition is recalled in Subsection 2.1. Other works
focusing on the theoretical aspects of MLS method include [3], in which the authors provided
error estimates in L, for the function and its first derivatives in the one dimensional case, then
[2], where they generalized this approach to the multi-dimensional case. In both these works,
the error analysis is based on the support of the weight functions and not on the fill distance.
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More recently, in [19] the author obtained an error estimate for MLS approximation of func-
tions that belong to integer or fractional-order Sobolev spaces, which shows similarities to the
bound previously studied in [22] for kernel-based interpolation.

The MLS method has rarely been used for approximating piecewise-continuous functions,
i.e, functions that possess some discontinuities or jumps. In this case, it would be essential
that the approximant takes into account the location of the discontinuities. To this end, in this
paper, we let the weight function be a Variably Scaled Discontinuous Kernel (VSDK) [12]. VSDK
interpolant have been employed to mitigate the Gibbs phenomenon, outperforming classical
kernel-based interpolation in [11]. Similarly in MLS approximation framework, the usage of
VSDK weights allows the construction of data-dependent approximants (as discussed in [17,
§4]) that are able to overcome the performances of classical MLS approximants, as indicated by
a careful theoretical analysis and then assessed by various numerical experiments.

The paper is organized as follows. In Section 2, we recall necessary notions of the MLS, VS-
DKs and Sobolev spaces. Section 3, presents the original contribution of this work, consisting in
the use of variably scaled discontinuous weights for reconstructing discontinuous functions in
the framework of MLS approximation. The error analysis shows that the MLS-VSDKs approxi-
mation can outperform classical MLS schemes as the discontinuities of the underlying function
are assimilated into the weight function. In Section 4, we discuss some numerical experiments
that support our theoretical findings, and in Section 5, we draw some conclusions.

2. PRELIMINARIES ON MLS AND VSKSs

2.1. Moving Least Squares (MLS) approximation. In this introduction to MLS, we resume
and deepen what outlined in the previous section. The interested readers are also referred to
[13, Chap. 22].

Let Q2 be a non-empty and bounded domain in R? and X be the set of N distinct data sites
(or centers). We consider the target function f, and the corresponding function values f; as
defined above. Moreover, P¢ indicates the space of d-variate polynomials of degree at most
¢ € N, with basis {p1, ..., pg } and dimension Q = (zzd).

Several equivalent formulations exist for the MLS approximation scheme. As the standard
formulation, the MLS approximant looks for the best weighted approximation to f at the eval-
uation point x in P¢ (or any other linear space of functions /), with respect to the discrete ¢,
norm induced by the weighted inner product (f, g)., = Zfil w(x;, x) f(x;)g(x;). Mathemat-
ically speaking, the MLS approximant will be the linear combination of the polynomial basis
ie,

(2.5) sfx(x) = Z ¢ (x)p;(x),

j=1
where the coefficients are obtained by locally minimizing the weighted least square error in
(1.4), which is equivalent to minimizing ||f — s¢|l.,. We highlight that the local nature of
the approximant is evident from the fact that the coefficient ¢;(x) must be computed for each
evaluation point x.

In another formulation of MLS approximation known as the Backus-Gilbert approach, one
considers the approximant sy, x (x) to be a quasi interpolant of the form (1.1). In this case, one
seeks the values of the basis functions «;(x) (also known as generating or shape functions) as
the minimizers of

1 1
- 2ix)——
2 ; “ (X>w(xi,x)
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subject to the polynomial reproduction constraints

N
> p(xi)ai(x) = p(x) forallp € P{.
i=1

Such a constrained quadratic minimization problem can be converted to a system of linear
equations by introducing Lagrange multipliers A(x) = [A\1(x), ..., \g(x)]?. Consequently (e.g
see [27, Corollary 4.4]), the MLS basis function «; evaluated at x is given by

Q
(26) Oéi(X) = U)(X,Xi) Z Ak(x)pk(xl)7 1<i< Na
k=1
such that A\, (x) are the unique solution of
Q N
2.7) Do) D wlx,x)pr(x:)ps (x:) = ps(x), 1<s<Q.
k=1 i=1

We observe that the weight function w;(x) = w(x,x;) controls the influence of the center x;
over the approximant, so it should be small when evaluated at a point that is far from x, that is
it should decay to zero fast enough. To this end, we may let w;(x) be positive on a ball centered
at x with radius r, B(x, ), and zero outside. For example, a compactly supported radial kernel
satisfies such a behaviour. Thus, let I(x) = {i € {1,...,N},||x — x;||2< r} be the family of
indices of the centers X, for which w;(x) > 0, with |I|= n <« N. Only the centers x; € I
influence the approximant sy y(x). Consequently, the matrix representation of (2.6) and (2.7)
is

= W(x)PTA(x),
= (PW(x)P")"'p(x),

a(x

)
A(x)
where a(x) = [a1(x), ..., an(x)]T, W(x) € R™*" is the diagonal matrix carrying the weights
w;(x) on its diagonal, P € RE*" such that its k-th row contains p;, evaluated at data sites in
I(x), and p(x) = [p1(x), ..., po(x)]T. More explicitly, the basis functions are given by

(2.8) a(x) = W(x)PT(PW(x)PT)"'p(x).

Moreover, it turns out that the solution of (2.5) is identical to the solution offered by the Backus-
Gilbert approach (see e.g. [27, Chap. 3 & 4]).

In the MLS literature, it is known that a local polynomial basis shifted to the evaluation point
x € Q) leads to a more stable method (see e.g. [27, Chap. 4]). Accordingly, we let the polynomial
basis to be {1, (- — x),..., (- — x)}, meaning that different bases for each evaluation point are
employed. In this case, since with standard monomials basis we have p; = 1 and p;(0) = 0 for
2 < k <Q,then p(x) = [1,0,...,0]T.

To ensure the invertibility of PW (x)P7 in (2.8), the centers in I(x) needs to be P¢-unisolvent.
Then as long as w;(x) is positive, PW (x) PT will be a positive definite matrix, and so invertible;
more details are available in [13, Chap. 22].

Furthermore, thanks to equation (2.6), it is observable that the behaviour of «;(x) is heavily
influenced by the behaviour of the weight functions w;(x), in particular it includes continuity
and the support of the basis functions a;(x). Another significant feature is that the weight
functions w;(x) which are singular at the data sites lead to cardinal basis functions i.e., a;(x;) =
0ij, i, j = 1,...,n, meaning that MLS scheme interpolates the data (for more details see [17,
Theorem 3]).

We also recall the following definitions that we will use for the error analysis.
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(1) A set Q C R?is said to satisfy an interior cone condition if there exists an angle © €
(0,7/2) and a radius r > 0 so that for every x € { a unit vector £(x) exists such that the
cone

C(x,6,0,7r) = {x+ty:y € R [[yla=1,c08(0) < y"&t € [0,7]}

is contained in (.

(2) Aset X = {x1,...,xy} with Q < N is called P¢-unisolvent if the zero polynomial is the
only polynomial from ]P’? that vanishes on X.

(3) The fill distance is defined as

hix.o = sup min lx = x;ll2.
(4) The separation distance
L .
ax = 5%2?”’(1 = x|-
(5) The set of data sites X is said to be quasi-uniform with respect to a constant ¢y, > 0 if
ax < hxao < cqugx-

2.2. Sobolev spaces and error estimates for MLS. Assume k € Ny and p € [1,00), then the
integer-order Sobolev space W} (€2) consists of all u with distributional (weak) derivatives D°u €
L? |6|< k. The semi-norm and the norm associated with these spaces are

ulwpo= (10 0) " Tulhwor= (3 10l
|6|=Fk |6|<k

Moreover, letting 0 < s < 1, the fractional-order Sobolev space W) 4((2) is the space of the
functions u for which semi-norm and norm are defined as

_ [D°u(x) — DOuly)[P\1/»
|u|W§+S(Q = Z // |X— ‘d-l—ps )

|6]=k

1/p
llyer gy = (Illwe oy Hulhyren @) -

Consider certain Sobolev spaces W} () with the condition that 1 < p < co and k > m + d/p
for p = 1 the equality is also possible), then according to [22, Theorem 2.12] the samplin
(for p quality P g pling
inequality

lullwgn oy < Chis g™ PP |y

holds for a function u that satisfies u(X) = 0, with hx o being the fill distance associated with
X and (y);+ = max{0,y}. For more information regarding Sobolev Spaces and sampling in-
equalities, we refer the reader to [1, 7] and [24], respectively.

Getting back to the MLS scheme, let D® be a derivative operator such that |§|< ¢ (we re-
call that / is the maximum degree of the polynomials). Assuming w € C*(Q), [19, Theorem
3.11] shows that { D?«;(x)}1<i<n forms a local polynomial reproduction in a sense that there exist
constants hy, C1,s, Cz such that for every evaluation point x

o N Dooy(x)p(x;) = p(x )foraupepg

N
b Zi=1|D6al< IN< Gy Jhx Q
e D%a;(x) = 0 provided that ||x — x;||2> Cahx o



Moving least squares approximation using variably scaled discontinuous weight function 43

for all X with hx o < ho.

The particular case of |§|= 0 was previously discussed in [27, Theorem 4.7] in which it is
shown that {a;(x)}1<i<n forms a local polynomial reproduction. However, in this case the
basis functions {;(-)}1<i<n could be even discontinuous but it is necessary that w;(x) are
bounded (for more details see [27, Chap 3,4]). Consequently, we restate the the MLS error
bound in Sobolev Spaces developed in [19].

Theorem 2.1. [19, Theorem 3.12] Suppose that Q@ C R? is a bounded set with a Lipschitz boundary.
Let £ be a positive integer, 0 < s < 1, p € [1,00), ¢ € [1,00] and let § be a multi-index satisfying
¢ > |8|+d/p forp > Land £ > |8|+d forp = 1. If f € WiT(Q) and w € C*(), there exist
constants C' > 0 and hy > 0 such that for all X = {xy,...,xn} C Q which are quasi-uniform with
hx o < min{hg, 1}, the error estimate holds

l+s—|6|—d(1/p—1
(29) 1f = srxllpge 0y S ChY G D i .

The employed polynomial basis are shifted to the evaluation point x and scaled with respect to the fill
distance hx o, and w;(-) is positive on [0, 1/2], supported in [0, 1] such that its even extension is non-
negative and continuous on R.

Remark 2.1. The above error bounds holds also when s = 1. However, recalling the definition of (semi-
Jnorms in fractional-order Sobolev space, we see that in this case we reach to an integer-order Sobolev
space of £ + 1. Therefore, it requires that £ + 1 > |8|+d/p for p > 1 or £+ 1 > |8]| for p = 1 in order
that (2.9) holds true. The key point is that in this case, the polynomial space is still P{ and not Py, .

2.3. Variably Scaled Discontinuous Kernels (VSDKs). Variably Scaled Kernels (VSKs) were
firstly introduced in [9]. The basic idea behind them is to map the data sites from R? to R¢*! via
a scaling function ¢» : 2 — R and to construct an augmented approximation space in which
the data sites are {(x;,¥(x;)) ¢ = 1,..., N} (see [9, Def. 2.1]). Though the first goal of doing so
was getting a better nodes distribution in the augmented dimension, later on in [12] the authors
came up with the idea of also encoding the behavior of the underlying function f inside the
scale function 1. Precisely, for the target function f that possesses some jumps, the key idea is
the following.

Definition 2.1. Let P = {Qq, ..., 2, } be a partition of Q and let 3 = (f1, ..., B,) be a vector of real
distinct values. Moreover, assume that all the jump discontinuities of the underlying function f lie on
Uj=1 0Q;. The piecewise constant scaling function yp g with respect to the partition P and the vector
B3 is defined as

Yp.a(x)|a; = Bj, x € Q.

Successively, let ®¢ be a positive definite radial kernel on Q0 x Q) that depends on the shape parameter
€ > 0. A variably scaled discontinuous kernel on (2 x R) x (2 x R) is defined as

(2.10) 5, (x,y) = 2°(¥(x), ¥(y)), xye
such that U(x) = (x, ¢ (x)).

Moreover, we point out that if ¢ is (strictly) positive definite then so is ®, and if ®° and ¢
are continuous then so is @3, [9, Theorem 2.2]. Figure 1 shows two different choices for the dis-
continuous scale function for the univariate case. In any case, it matters that the discontinuities
of the target function f are assimilated into the kernel ®,.
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FIGURE 1. Discontinuous scale functions

3. MLS-VSDKs

Let f be a function with some jump discontinuities defined on 2, P and ¢p s as in Definition
2.1. We look for the MLS approximant with variably scaled discontinuous weight function such that

(3.11) wy (x,%;) = w(¥(x), U(x;)).

We assume that the node points that remain in the support of the weight functions after the
scaling retain the unisolvency with respect to P¢. In this case PW (x)PT is positive definite,
meaning that (2.8) is solvable and so, the basis functions a(x) uniquely exist. However, with
new weight functions, from (3.11) also «(x) might be continuous or discontinuous regarding
to the given data values f;. Therefore, our basis functions are indeed data-dependent thanks
to (3.11). From now on, we call this scheme MLS-VSDK, and we will denote the corresponding
approximant as s;f’_ x-

Since the basis functions are data dependent, one might expect that the space in which we
express the error bound should be data dependent as well. Towards this idea, for k € Z, k > 0,
and 1 < p < oo, we define the piecewise Sobolev Spaces

Wy (@) ={f:Q—Rst fi, €W (), je{l,...n}}

where f| o denotes the restriction of f to ©;, and W} (£2;) denote the Sobolev space on ;. We
endow WF () with the norm

1w )= ZHvav;(Qj)-
=1

When k = 0 we simply denote WJ(Q) by £P(Q2), which is the space that contains functions that
are piecewise L? on (). Moreover, it could be shown that for any partition of ) the standard
Sobolev space W;(Q) is contained in WI’f(Q) (see [11] and reference therein). We assume that
every set {}; € P satisfies Lipschitz boundary conditions which will be essential for our error
analysis.

Lemma 3.1. Let P be as in Definition 2.1 and set the derivative order 6 = 0. Then, by assuming
¢ > d/p (equality also holds for p = 1) and using Theorem 2.1, the error satisfies the inequality

e+1—d(1/p—
(3.12) 1f — 81;_’X||L2(Qj)§ th)al)j (1/p 1/2)+Hf||W£H(Qj) forall Q; €P
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with hx qo; < min{hg, 1} the fill distance with respect to §2;.

Proof. Recalling Definition 2.1, we know that the discontinuities of f and subsequently w;(-) are
located only at the boundary and not on the domain €2;, meaning that w;(-) is C* ;. Further-
more, the basis {a;(x)}1<i<, forms a local polynomial reproduction i.e., there exists a constant
C such that ZZ\; la|< C. Letting s = 1 and ¢ = 2, by noticing that W (€;) = L?(£2;), then the
error bound (3.12) is an immediate consequence of Theorem 2.1 and the Remark 2.1. |

From the above proposition, it could be understood that s“ff  behaves similarly to sy x in
the domain 2, where there is no discontinuity. This is in agreement with Definition 2.1. Con-
sequently, it is required to extend the error bound (3.12) to the whole domain 2.

Theorem 3.2. Let f, P, yp g be as before, and the weight functions as in (3.11). Then, for f €
WETL(), as long as € > |8|+d/p (equality also holds for p = 1), the MLS-VSDK approximant 3?,)(
error can be bounded as follows:

(313) ||f _ 8;{-)7)( HCQ(Q)S Ch£+17d(1/p71/2)+ ||fHW:,+1(Q)’
where h = max{hx q,, ..., hx,q, } such that hx q, is the fill distance associated to the subdomain 2.

Proof. By Lemma 3.1, we know that (3.12) holds for each €2;. Let hx o, and C; be the fill
distance and a constant associated with each €;, respectively. Then, we have

{+1—d(1/p—1/2
SO =54 ez < Y G P e g
j=1 j=1

By definition, we get >-7_, ||f—s?’X lz2(0,)= Hf—s?’x | 22 (). Moreover, letting C' = max{C4, ..., Cy }
and h = max{hx q,, ..., hx,q, }, then the right hand side can be bounded by

e+1-d(1/p—1/2
Cptti—d/p=1/ )+||f||wf7“(ﬂ)'

Putting these together we conclude. O

Some remarks are in order.

(1) One might notice that the error bound in (2.9) is indeed local (the basis functions are
local by assumption), meaning that if f is less smooth in a subregion of (2, say it pos-
sesses only ¢ < £ continuous derivatives there, then the approximant (interpolant) has
order ¢ + 1 in that region and this is the best we can get. On the other hand according
to (3.13), thanks to the definition of piecewise Sobolev space, the regularity of the un-
derlying function in the interior of the subdomain §2; matters. In other words, as long
as f possesses regularity of order ¢ in subregions, say 2; and €;,, the approximant
order of £+ 1is achievable, regardless of the discontinuities on the boundary of €2; and
Q G+1-

(2) Another interesting property of the MLS-VSDK scheme is that it is indeed data depen-
dent. To clarify, for the evaluation point x € §; take two data sites x;, x;11 € B(x,7r)
with the same distance from x such that x; € Q; and x;41 € ;1. Due to the Definition
(2.10), wy (x,x,41) decays to zero faster than w,; (x, x;) i.e., the data sites from the same
subregion €2; pay more contribution to the approximant (interpolant) sjf - rather than
the one from another subregion €2, beyond a discontinuity line. On the other hand in
the classical MLS scheme, this does not happen as the weight function gives the same
value to both x; and x; .



46 Mohammad Karimnejad Esfahani, Stefano De Marchi and Francesco Marchetti

(3) We highlight that in MLS-VSDK scheme we do not scale polynomials and so the poly-
nomial space P¢ is not changed. We scale only the weight functions and thus, in case the

given function values bear discontinuities, the basis functions {c;(-)}1<i<, are modi-
fied.

We end this section by recalling that the MLS approximation convergence order is achievable
only in the stationary setting, i.e., the shape parameter ¢ must be scaled with respect to the
fill distance. It leads to peaked basis functions for densely spaced data and flat basis function
for coarsely spaced data. In other words, the local support of the weight functions B(x, ), and
subsequently basis functions must be tuned with regards to the hx ¢ using the shape parameter
¢. Consequently, this holds also in MLS-VSDK scheme, meaning that after scaling w; we still
need to take care of . This is different with respect to VS(D)Ks interpolation, where ¢ = 1 was
kept fixed [9, 12].

4. NUMERICAL EXPERIMENTS

In this section, we compare the performance of the MLS-VSDK with respect to the classical
MLS method. In all numerical, tests we fix the polynomials space up to degree 1. Considering
the evaluation points as Z = {z, ..., zs }, we compute root mean square error and maximum
error by

S

RMSE= | X > (f(zi) = spx(z))%  MAE = max|f(z) — sy.x(2)]-
S P 2,€Z
We consider four different weight functions to verify the convergence order of s?r to a given
f, as presented in Theorem 3.2.

(1) wh(x,x;) = (1 —ellx — x;]|)4 - (4e]|x — x;]|+1), which is the well-known C? Wendland
function. Since each w} is locally supported on the open ball B(0, 1), then it verifies the
conditions required by Theorem 3.2.

(2) w?(x,x;) = exp(—¢||x — x;||?), i.e. the Gaussian RBF. We underline that when Gaussian
weight functions are employed, with decreasing separation distance of the approxima-
tion centers, the calculation of the basis functions in (2.8) can be badly conditioned.
Therefore, in order to make the computations stable, in this case we regularize the sys-
tem by adding a small multiple, say A = 1078, of the identity to the diagonal matrix
w.

(3) w3(x,x;) = exp(—e|x—x;]|)(15+15]x — x;]|+6||x — x; || >+ || x — x;]|®), that is a C® Matérn
function.

4) wi(x,x;) = (exp (e]|x — x;]|)* — 1)1, suggested in [17], which enjoys an additional
feature which leads to interpolatory MLS, since it possesses singularities at the centers.

One might notice that w?, w® and w* are not locally supported. However, the key point is
that they are all decreasing with the distance from the centers and so, in practice, one can
overlook the data sites that are so far from the center x. As a result, one generally considers a
local stencil containing n nearest data sites of the set Z of evaluation points. While there is no
clear theoretical background concerning the stencil size, in MLS literature, one generally lets
n = 2 x Q (see e.g [5]). However, it might be possible that in some special cases one could reach
a better accuracy using different stencil sizes. This aspect is covered by our numerical tests,
which are outlined in the following.

(1) In Section 4.1, we present an example in the one-dimensional framework, where the
stencil size is fixed to be n = 2 x Q. Moreover, we consider w', w? and w3.
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(2) In Section 4.2, we move to the two-dimensional framework and we keep the same sten-
cil size. Here, we restrict the test to the weight function w' and verify Theorem 3.2.

(3) InSection 4.3, we remain in the two-dimensional setting but the best accuracy is achieved
with n = 20. Moreover, in addition to w? and w?, we test the interpolatory case by con-
sidering w? as weight function.

(4) In Section 4.4, we present a two-dimensional, experiments where the data sites have
been perturbed via some white noise. We fix n = 25 and w?, w? are involved.

4.1. Example 1. On Q = (—1,1), we assess MLS approximant for

et —l<ax<—-05
filz)=<2a%, —05<x<05
1, 0.5<z<l1

)1, x€(-1,05)and [0.5,1)
o) = {2, z €[-0.5,0.5).

We note that the function v is defined only by two cases. The important fact is that has a jump
as fi.

To evaluate the approximant consider the evaluation grid of equispaced points with step
size 5.0¢ — 4. Tables 1 and 2 include RMSE of f; approximation using w' as the weight
function. Again, in order to investigate the convergence rate, consider two sets of uniform

| number of centers | ¢ value [ RMSE MLS-VSDK [ RMSE classic MLS ||

9 0.25 3.58e-1 3.95e-1
17 0.5 1.99e-1 3.02e-1
33 1 3.10e-3 2.17e-1
65 2 8.42e-4 1.54e-1

257 4 5.67e-5 7.68e-2
513 8 1.43e-5 5.35e-2

TABLE 1. Comparison of the RMSE for f; approximation at uniform data sites

| number of centers | ¢ value [ RMSE MLS-VSDK | RMSE classic MLS ||

9 0.25 3.53e-1 3.77e-1
17 0.5 1.99e-1 3.01e-1
33 1 3.08e-3 2.17e-1
65 2 8.3%-4 1.54e-1

257 4 5.67e-5 7.73e-2
513 8 1.43e-5 5.41e-2

TABLE 2. Comparison of the RMSE for f; approximation at Halton data sites

and Halton nodes with the size from Table 1. In order to generalize our results to globally
supported weight functions, we take into account w? and w?, Gaussian and Matérn C° ra-
dial functions, respectively. For the uniform data sites let the shape parameter values to be
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el = [5,20,40,80,160,320] and €Y,,, = [5,10,20,40,80,160] for w? and w®. Our compu-
tation shows convergence rates of 2.54 and 2.26 for MLS-VSDK scheme, shown in Figure 2.
Accordingly, for Halton points let e, . = [5,10, 20,50, 200, 400], eZ , = [10, 20, 30, 50, 100, 200].
The corresponding convergence rates are 2.38 and 2.33. On the other hand, using non-scaled

VSDK w? VSDK w?
VSDK w® VSDK w®
Standard w’ Standard w?

= = = 'Standardw® = = = ‘Standard w®
———- hZ ——— hZ

0.002 0.004 0.016 0.031 0.063 0.125 0.004 0.008 0.031 0.083 0.125 0.250
fill distance fill distance

FIGURE 2. Convergence rates for approximating f; with MLS-VSDK and
MLS-Standard schemes using uniform data sites (left) and Halton data sites
(right)

weight functions, the standard MLS scheme can hardly reach an approximation order of 1, in
both cases.

4.2. Example 2. Consider on 2 = (-1, 1)? the discontinuous function

2 2 2 2
exp(—(z° +v*)), 2*+y*<0.6

fQ(fL',y): ( ( )) 2 2
T+, ¢ +y>0.6

and the discontinuous scale function

1, x2 4+ y2 < 0.6

1/1(% y) {27 72 =+ y2 > 0.6 !

As evaluation points, we take the grid of equispaced points with mesh size 1.00e — 2. Figure 3
shows both the RMSE and absolute error for the classical MLS and MLS-VSDK approximation
of fo sampled from 1089 = 33 uniform data sites taking w' as the weight function. Figure 3
shows that using classical MLS, the approximation error significantly increases near the dis-
continuities, while using MLS-VSDK the approximant can overcome this issue. In order to
investigate the convergence rate, we consider increasing sets of {25, 81,289, 1089, 4225, 16641}
Halton and uniform points as the data sites. To find an appropriate value for the shape pa-
rameter, we fix an initial value and we multiply it by a factor of 2 at each step. Thus, let
e = [0.25,0.5,1, 2,4, 8] be the vector of shape parameter which is modified with respect to the
number of the centers in both cases of uniform and Halton data sites. The left plot of Figure 4
shows a convergence rate of 2.58 for the MLS-VSDK and only 0.66 for classical MLS methods,
while these values are 2.04 and 0.70 in the right plot.
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Standard MLS Appr ti MLS-VSDK Approximation %102
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FIGURE 3. RMSE and abs-error of f> MLS (left) and MLS-VSDK (right) aprox-
imation schemes using w! weight function
“-k 10
w
g
o 102
VSDK w' 107 e VSDKw' ||
= = = standardw’ | ‘ * = - - 'Standard w’
—— h2 ——— h2
0.0088 00177 00354 00707 0.1414 02828 (].0'227 0_01‘139 0.0‘788 0.11193 0.2‘543 0.5‘334
fill distance fill distance

FIGURE 4. Convergence rates for approximation of function f, with MLS-
VSDK and MLS standard schemes using Uniform data sites (left) and Halton
data sites (right)
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4.3. Example 3. Consider the following function

2(1 — exp(—(y +0.5)%)), |z|< 0.5, [y|< 0.5

4(x +0.8), —0.8 <z < —-0.65,]y|< 0.8
fa(z,y) =

0.5, 0.65 <z <0.8,|y|<0.2

0, otherwise

defined on 2 = (—1,1)2. Regarding the discontinuities of f3, the scale function is considered
to be

|z|< 0.5, |y|< 0.5

—0.8 <2 < —0.65,|y[< 0.8

, 0.65<x<0.8,|y/<0.2

0, otherwise

1/)(9073/) =

W N =

Moreover, let the centers and evaluation points be the same as the Example 4.1. Table 3 and
4 shows RMSE of MLS-VSDK and conventional MLS approximation of f; using w* which
interpolates the data. We underline that our experiments show that the stencil of size n =
20 leads to the best accuracy. Figure 5 shows RMSE and Absolute Error for standard MLS

| number of centers | ¢ value [ RMSE MLS-VSDK [ RMSE classic MLS ||

25 1 3.67e-1 1.47e+0
81 2 3.68e-1 8.86e-1
289 4 1.49e-2 7.44e-1
1089 8 4.23e-3 7.72e-1
4225 16 1.06e-3 6.64e-1
16641 32 2.65e-4 5.25e-1

TABLE 3. RMSE of f3 interpolation with uniform data sites

| number of centers | ¢ value | RMSE MLS-VSDK | RMSE classic MLS |

|

25 1 8.84e-1 1.53e+0
81 2 8.95e-2 1.05e+0
289 4 1.42e-2 8.74e-1
1089 8 4.18e-3 6.48e-1
4225 16 1.09e-3 6.68e-1
16641 32 3.02e-4 7.07e-1

TABLE 4. RMSE of f3 interpolation with Halton data sites

and MLS-VSDK approximation of fs sampled from 1089 uniform points using w, as weight
function. Once again, Figure 5 shows how MLS-VSDK scheme can improve the accuracy by
reducing the error near the jumps. Eventually, letting €%, = [2,4,8,16,32,64] and €Y, =
10, 20, 40, 80, 160, 320], Figure 6 shows that h? convergence is achievable. To be more precise,
the rate of convergence in the left plot is 2.54 and 2.69 for we and w3, respectively. On the other
hand, letting 2, = [1,2,4,8,16,32] and €, , as the uniform case, convergence rates of 2.50
and 2.73 is achievable when Halton data sites are employed.
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FIGURE 5. RMSE and abs-error of f3 MLS(left) and MLS-VSDK(right) aproxi-
mation(interpolation) schemes using w* weight function
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4.4. Example 4. In applications, the discontinuities are likely to be unknown. To overcome this
problem, one can consider edge detector method to extract the discontinuities. However, in this
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way the approximation depends also on the performance of the edge detector method as well
[11]. In this direction, in this final experiment the location of the discontinuities are not exact.
This is modeled by adding some noise drawn from the standard normal distribution multiplied
by 0.01 to the edges of Q2; € P. We take the test function f> and the data sites in Section 4.2. We
fix n = 25, and egq = [0.25,0.5,1,2,4,8], epar = [1,2,4,816, 32] for both Halton and uniform
centers. Figure 7 shows that the suggested MLS-VSDK is still able to obtain a good convergence
rate compared to classical MLS even when the discontinuities are not known exactly.

RMS
3
%
\
A
A
\
\
AY
A
RMSE
3
%

VSDK w?
VSDK w?
= = = ‘Standard w?

= = = 'Standardw®
J— h2

0.009 0.018 0.035 0.071
fill distance

0.141  0.283

VSDK w?
VSDK w®
= = = 'Standard w’

= = = ‘Standard w®
P 2

0.023

0.044  0.079 0.149 0.254 0.533
fill distance

FIGURE 7. Convergence rates for approximation of function f,, based on noisy
given data values, with MLS-VSDK and MLS standard schemes using Uniform
data sites (left) and Halton data sites (right)

5. CONCLUSIONS

To approximate a discontinuous function using scattered data values, we studied a new
technique based on the use of discontinuously scaled weight functions, that we called the MLS-
VSDK scheme, that is the application of discontinuous scaled weight functions to the MLS.
It enabled us to move toward a data-dependent scheme, meaning that MLS-VSDK is able to
encode the behavior of the underlying function. We obtained a theoretical Sobolev-type error
estimate which justifies why MLS-VSDK can outperform conventional MLS. The numerical
experiments confirmed the theoretical convergence rates. Besides, our numerical tests showed
that the suggested scheme can reach high accuracy even if the position of the data values are
slightly perturbed.
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Construction of rational interpolations using
Mamquist-Takenaka systems
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ABSTRACT. Rational functions have deep system-theoretic significance. They represent the natural way of model-
ing linear dynamical systems in the frequency (Laplace) domain. Using rational functions, the goal of this paper to
compute models that match (interpolate) given data sets of measurements. In this paper, the authors show that using
special rational orthonormal systems, the Malmquist-Takenaka systems, it is possible to write the rational interpolant
T(n,m), forn = N —1,m = N using only N sampling nodes (instead of 2N nodes) if the interpolating nodes are in the
complex unit circle or on the upper half-plane. Moreover, the authors prove convergence results related to the rational
interpolant. They give an efficient algorithm for the determination of the rational interpolant.

Keywords: Rational interpolation, Hardy spaces, Malmquist-Takenaka systems, discrete biorthogonality.
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1. INTRODUCTION

Rational functions have deep system-theoretic significance. They represent the natural way
of modeling linear dynamical systems in the frequency (Laplace) domain, because the Laplace
transform of a sum of complex exponentials is a rational function; more precisely, the transfer
functions (or frequency responses) of such systems are rational functions. Using rational func-
tions, our goal is to compute models that match (interpolate) given data sets of measurements.

We give first a short summary related to the general solution of the rational interpolation
problem. Let us consider a function f : H — C, H C C, and a general rational function of the
form:

T T) = =<m 5 -
(n,m)( ) Z;n:o Bjx] ;
where «;, 5;, v € C, and m and n are not necessarly equal natural numbers. To find a rational
interpolant r(,, ,,,) of type (n, m) requires n 4 m + 1 sample points (or in other word nodes), be-
cause we have to determine the o; and f3; coefficients (one coefficient can be set to 1). Knowing
(xk, f(xr)), k =1,...,n+m+ 1, we search the solution of the interpolation problem satisfying
the following conditions

Tinm) (@) = f(ar), k=1,...,n+m+ 1.

In this paper, we show that using special rational orthonormal systems, the Malmquist-Takenaka
systems, it is possible to write the rational interpolant 7(,, ,,), for m = N,n = N — 1 using only
N sampling nodes (instead of 2N nodes) if the interpolating nodes are in the unit circle or on
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the upper half-plane, moreover we can prove convergence results related to the rational inter-
polant. We give an efficient algorithm for the determination of the rational interpolant. We
will introduce new rational interpolation operators of type (N — 1, N) using N special nodes
in the closed unit disc. These nodes are solutions of certain equation related to the Malmquist-
Takenaka systems and its dual systems, and we will study the properties of the new interpola-
tion operators. We will study the analogue of the problem also for the closed upper half-plane.
Before we present our results, let us revise the classical method to find r,, ,,,) (see for example
Berrut, Trefethen or Ionita [1, 11] and the reference list therein). We write our interpolation
conditions in the following form:

(gaiw?;) - f(xk)(jéﬁij = 0.

In matrix form, this is equivalent to

Ab =0,

where

(1 2o a3 ... ap —f(xo) —f(zo)zo —flxo)xd ... —f(xg)z™ ]

1 oz 22 ... a2t —f(m)  —f(x)x —flx)a? ... —f(x)a™

A=

1 zy 2y . 2y —flem) —flesm)en —flea)el, ..o —flem)ly]

and
b= [O[(),O[l, A2,y ..., Qp, /607B15 527 v BHL]T-

However, there is no any guarantee that the solution exists, and it is unique. It is possible that
there are more b vectors satisfying the equation -if it exists at all. When y = 1,81 =2 = ... =
Bm = 0, then the problem reduces to the construction of a polynomial interpolant. In this case,
if the nodes z, are different from each other and we have M = n + 1 samples, the problem
has unique solution. If we want to express the interpolation polynomial r(, oy(7) = P,(z) =
Yo ciatin the basis @4 (z) = a* satisfying the condition P, () = f(zy), k=1,...,M = n+1,

then the solution ¢ = (g, c1, . . ., ¢, ) of the system is ¢ = ®~!f, where f = (f(z1),..., f(zns1))T
and
1 af ... af

O =V(xg,x1,...,2y) =

1z ... an

We don’t have to solve the linear equation system if we write the interpolation polynomial in

Lagrange form. In this way, we reduce the number of operations. Let us consider the Lagrange

interpolation polynomials corresponding to the n + 1 sample points defined by
(z—zo)(x—21) ... (z —2im1)(@ — Tig1) ... (x — xp) H;—;O,j#(l‘ — )

Li(z) = (i —z0)(wi — 1) ... (g — im1) (@i — Ti1) -+ - (25 — Tp) - H?:(J’#i(xi —zj)

Because
1 ifi=k
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the solution of the interpolation problem has the following form:
n
Po(w) = Ln(z) = ) Li(2) f(:)-
=0

The set {l;(z), ¢ = 0,...,n} is the so-called Lagrange basis, thus the resulted interpolation
polynomial is the linear combination of the Lagrange basis. There is only one unique Lagrange
polynomial basis perfectly fitting to the set of different sample points {(z;, f(x;)), ¢ =0,...,n}.
Unfortunately, using the Lagrange method, the basis have to be recalculated when we add a
new sample point, requiring O(n?) operations. A solution for this problem, to diminish the
number (cost) of the operations, is the Barycentric Lagrange polynomial interpolation. Using
the divided differences method, we get a much faster algorithm than the Lagrange interpola-
tion, mainly when we have a new, additional sample point. First let us consider the Lagrange
polynomial of constant function 1:

en(T) =

- { [0 zile — ) }

H;‘L:O,j;ti(xi - zj)

Using this, we can write for any function f the interpolant L, (z) in the following form:

no M=)
Lo () Z”{if(”“”)}_

;I:O,j;éi(%*mj)

= en (T - n H;_‘z . L(J'_'I’)
() Z—o{rm}

Jj=0,j#i

Simplifying by [[}_,(z — ;), if we consider that [T}_ ., (z — ;) = [Tj_(z — z;) ;=5-, we
arrive to the following:

n 1 f(xq)
Zi:O {H?Oﬁh(zl%) T—x; }

Ln(z) = .
n 1 1
Zi:O {H?o,jyﬂ(mz—@j) T—x; }

Let be e

J=0,j#i

y = i, then

(@i —x;

Z?:o {)‘u—la }

is called polynomial Barycentic formula. After the determination of each J;, it is relatively
fast to calculate the polynomial in this form, it requires O(n) operations. Another advantage
of the Barycentric formula is that it is numerically stable. In case if we choose \; freely, we
get a rational interpolant r, ,) fitting to the sample points (when \; = Ty oGy We get
the Lagrange polynomial L, (x)). These rational functions satisfy the interpolation condition
T(nm) (k) = f(zr),k = 0,...,n. These rational interpolants are called Lagrange rational inter-
polants. Freely choosing the \;-s, there are more rational functions fitting to the sample points.
In order to determine 7, ,,) uniquely, we need to fix n + 1 more \;-s. We can get the Lagrange
rational interpolation which satisfies

Py (@r) = flzr), k=1,....2n+1

without solving the system of equation in the following way:
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1. We have to divide the 2n+1 sample points {z; } into two subgroups, n+1 Lagrange nodes
denoted by 7; and the remaining n sample points denoting by (11,). Similarly, also the set of the
corresponding function values ({ f(x;)} ) has to be partitioned.

2. We express 7(,, ) with the Lagrange basis [[}_ ;_;(z — n;) associated to the Lagrange
nodes 7, in the following form:

S {a I o= 1)
S (BT ule -1}

This rational function can be written in barycentric form:

r(TL,TL) (x) = ¢ 5
o {nts |

Similarly to the polynomial barycentric formula, also this rational barycentric formula requires

a;

only O(n) operations. When z = n;, then r(,, ., (17:) = §* = f(n:), so if we set a; = b; f(n;), then

i

7(n,n) Will exactly interpolate f at the 7; nodes and we get back our earlier formula when the
coefficients were the same in the numerator and denominator.

3. Now, what we have to do is only to determine the unknown coefficients b; using the re-
maining n sample points (x;) and the corresponding f(1;) values (which were still not used).
Using that a; = b; f(n;), for the p; points j = 1, ..., n the rational function satisfies the follow-

T(n,n) ([IJ) =

ing:
n bif(ni)
Zi:o { K= }
T (#3) = Fg) = ————"
2imo {uj—lm }
Rearranging these equations, we get the equivalent forms for j = 1,...,n:
Xn: {bif(ﬂj)} _ zn: { bi f (1) }
imo (Mg T = g —mi )
3 {bi(f(uj) - ) } .
i—0 Mg =T

These conditions can be written in a matrix form:

(f (o) — £ (10)) (f (o) —f (1))
Ho—"no T Ho—"Nn bo
| =o.
() =F00)  Fln)=FGm) | Lbn
Hn—1—T0 Hn—1—""n

The matrix is called Loewner matrix (L) and it is an n - (n + 1) matrix.

4. The Loewner matrix and its null space has to be computed using the partitioned nodes
and the corresponding sample values solving the Lb = 0 equation. In this way, we get the b
vector of the coefficients.
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5. After the above-mentioned steps, we can form the Lagrange rational polynomial using
the barycentric formula:
n bif(ni
{4}

T(n,n) (‘T) = —b
Zi:O {xim }

If the number of sample points is large, then the number of operations to determine the rational
interpolant fitting the data is still high. Our goal is to find new methods to write the rational
interpolant using less initial data and to reduce the number of operations if it is possible.

The paper is organized as follows. In Section 2, we present rational interpolation using
Malmquist-Takenaka systems for the unit disc and also for the upper half plane. In both cases,
we give the algorithms how the rational interpolant can be described. We study also the con-
vergence properties of the interpolants. In Section 3, we introduce new rational interpolation
operators with special nodes related to discrete biorthogonality of Malmquist-Takenaka sys-
tems and we study their properties.

2. RATIONAL INTERPOLATION USING MALMQUIST-TAKENAKA SYSTEMS

In what follows, we focus on the determination of a rational interpolant of type (N — 1, N).
According to the algorithms presented in the previous section, to write a rational interpolant
of type (N — 1, N) in general, we would need 2N nodes and the values of the function in
these nodes. In this section, we show that choosing a good basis of rational functions, the
Mamquist-Takenaka system, we can reduce the number of the data and we can avoid to solve
the system of equations associated to the interpolation problem. We will work with some
assumptions regarding the nodes and the function f. We assume that the nodes are in the unit
disc or in the upper half-plane and the function f belongs to the Hardy space of the unit disc
or the Hardy space of the upper half-plane, respectively. Using the corresponding Malmquist-
Takenaka systems, we show that it is possible to write a rational interpolant of type (N —
1, N) using only N nodes and the values of the function in these nodes. Moreover, we give
an algorithm for the determination of the rational interpolant, and we study the convergence
properties of the rational interpolant.

2.1. Rational interpolation with nodes in the unit disc related to Malmquist-Takenaka sys-
tem of the unit disc. Let D denote the open and D denote the closed unit disc, D := {z € C :
|z| < 1}, D := {z € C: |z| < 1}, and let us denote the unit circle with T, T = {z € C : |z| = 1}.
Let us denote the set of analytic functions over D with A(D), the Hardy space of the unit disc
with

™ 1/2
H3(D) = {f € AD): Iy =sup (5 [ IsePar) < oo} .
r<l1 T J_x
For every function f € H?*(D) and for a.e. t € [—, ), there exists the finite limit f(e") :=
lim,_,1 f(re"). Moreover for the limit function holds that f € L*(T), and || f||g2m) = ||| 22(m)-
The set of the limit functions of H?(D) is the Hardy space of the unit circle denoted by H?(T).
The Malmquist-Takenaka system ([13, 20]) is an orthonormal system of rational functions,
products of Blaschke factors, in the Hardy space of unit disc, which contains as special case
the classical “trigonometric” system. In system identification, it is frequently applied in order
to approximate the transfer functions of the systems. Let us consider a sequence a = (a1, az, .. .)
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of complex numbers, a,, € D of the unit disc D, and denote the Blaschke functions by

zZ—a

ba(z) :=
The Malmquist-Takenaka (MT) system ®,, = ®¢ (n € N*) is defined by

n—1
(2.2) oy(z) = VIOl g oy o VIZlelP

1—aiz 1—a,z

T  (a€D,zeC 1-bz#£0).

n > 2.

)

When all parameters are equal, i.e., a,, = a, n € N*, we obtain the so called discrete Laguerre
system and particularly, when a,, = 0, n € N*, we obtain the trigonometric system. Conse-
quently, these systems can be viewed as extensions of the trigonometric system on the unit
circle. These functions form an orthonormal system on the unit circle, i.e.,

1

(®n, Orm) = o

27
/ ®,,(e")®,,(et)dt = 0y (m,n € N¥).
If the sequence a = (aq, aq, . . .) satisfies the non-Blaschke condition

2.3) > (1= Jan]) =+,

n>1

then the corresponding MT system is complete in the Hardy space of the unit disc. Let us
consider the orthogonal projection operator of order N of an arbitrary function f € H?(T) with
respect to the MT system:

N
(2.4) Py f(z) =Y (f Pi)Pi(z
k=1

For a special sequence a = (a1, as,...), Pap proved in [15] that the analytic continuation in
the unit disc of the projection Py f is at the same time a rational interpolation operator in the
unit disc for the analytic continuation of f in the unit disc. In this paper, we show that this
interpolation property is true in general for any sequence a = (a1, as, . . .), with elements from
D, different from each other.

Theorem 2.1. Let us consider a sequence a = (a1, as, . ..), with elements from D, different from each
other (ay, # aj, k # j). For every f € H?(T), the projection operator Py f is a rational interpolation
operator of type (N — 1, N) at the points a1, ag, . .., an for the analytic continuation of f in the unit
disc.

Proof. In order to prove the interpolation property of Py f, let us consider the kernel function
of this projection operator:

N
(2.5) (2,6) = Z

According to the Christoffel-Darboux formula (see [12, 16, 2]), the kernel function can be writ-
ten in closed form

) AP S
26 Kn(z,8) = (=207 (1= [ 7t T =
k=1
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From this relation, it follows that the values of the kernel-function at the points (a,,, m =
1,...,N) are equal to localized Cauchy kernels

K () = —

1- amg.
From this property and the Cauchy integral formula, we get that the interpolation property
holds, i.e.,

Paf(am) = (s K (o)) = i/o T s faw)  (m=1,...N).

2 1—apme
O

For special choice of a = (a1, a2,...), a; € D,i € {1,..., N} (in Pap [15]), it has been shown
that the coefficients of the projection operator Py f can be computed exactly if we know f at
a1,as,...,ay. We show that this algorithm can be extended in general, when we can measure
fatai,as,...,any € Dwitha; # aj, i # j, i,j,€ {1,..., N}. Consequently, Py f can be written
exactly if we know the values of f(a;). We present here the steps of the algorithm.

1. Step: For k = 1,..., N, we write the partial fraction decomposition of ®y:
Z o T
o Lot

Using the orthonormality of the functions {®,/, ¥’ = 1,...,k} and the Cauchy formula, we get
that

5 q)n,q)k chk’ ak/ (’rL:].,,k)
k'=1
If we order these equality’s so that we write first the relations for n = k then for n = k — 1 etc.,
this is equivalent to

1

0 Qp_1(ar) Pr—1(ar—1) 0 ... 0 Chk—1
— | Pr—2(ar) Pr—2(ar—1) Pr_2(ar—2) 0 ... 0 Ckk—2

(‘) D4 (ak) O (ar—1) Qi (ak—2) ... D4 (aq) Cr1

2. Step: We solve the previous system of equations. Because of the elements from the main
diagonal are different from zero, this system has a unique solution
(%7 Ckk—1,Ckk—2,- - - 7@)11

3. Step: For k = 1,..., N, we determine the vectors (Cix, Cik—1,Ckh_2, - - -, k1) , then based
on Cauchy formula, we can compute the exact value of (f, ®;) knowing the values of f on the
set ai,...,ay. Indeed, using again the partial fraction decomposition of ¢, and the Cauchy
integral formula, we get that

(f, @) = Xk: W<f(§), 1_1ak§>

k'=1

k
= ).

k'=1
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FIGURE 1. The first 85 elements of the sequence a

4. Step: We write
N
Prnf(z) =Y (f, ®k) k(=
k=1

which is in the same time a projection operator and a rational interpolation operator of type
(N — 1,N) at the points aj, as,...,an. A Matlab code was developed for the interpolation
process on the unit disc (see code). In the code, we defined the sequence a = (a1, as,...) asitis
givenin [15], in equations (2.4), (2.6) and (2.7), where the points of the sequence form concentric
circles. For k = 3, we get the first 85 elements of the sequence (see on Figure 1). We apply the
Steps 1-4 mentioned above to create P, f for the function

1
2 — 22"

f(z) =

We plot the function f and the projection operator Py f at the points z; = a;. As one can see on
Figure 2, the values of the function and the projection operator are equal at these points, as it
was stated in Theorem 2.1. In general, it is a hard task to study the convergence properties of
an interpolation operator. In this case using that Py f is at the same time projection operator,
we can derive more easily convergence results. The properties of orthogonal projection Py f
on the unit circle were studied by Malmquist and Takenaka [13, 20]. If the sequence a is non-
Blaschke sequence, i.e., >~ (1 — |ay,|) = oo, then the Malmquist-Takenaka system is complete
in the H?(T) for 0 < p < oo (it follows from K. Hoffman, (1962, pp. 64) [10], J. B. Garnett,
(1981, pp. 53) [9] and Z. Szab¢ [19, 18]), and Py f converge to f in norm on the circle and the
convergence is compactly uniform on the disc for every f € H*(D).

2.2. Rational interpolation with nodes on the upper half-plane related to the Malmquist-
Takenaka systems on the upper half-plane. Let us denote the upper half-plane withC,,C; =
{z € C: ¥z > 0}. Let us denote the set of analytic functions over C; with A(C_.), respectively,
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FIGURE 2. The interpolated function f (star) and the interpolation operator
Py f (circle) at z; = a;

and consider the Hardy space of the upper half-plane

1/2
H(Cy) = {f € A(C4) : I flm2(cy) = sup ( / | ( +iy>|2dx) < oo}.
o<y

If f € H?(C,), for a.e. x € R there exist the finite limit f(z) := lim,_,o, f(z + iy), the limit
function of f satisfies the following conditions f € L*(R) and | f||.2®) = ||fllm2(c,)- The set
of limit functions is the Hardy space of the real line denoted by H?(R). The Hardy space of the
upper half-plane and the Hardy space of the unit disc H?(D) may be connected through the
Cayley transform. The conformal mapping from C_. to D defined by

1 —w
(2.7) C(w) = o (weCy)
is called Cayley transform and it extends continuously as a bijective mapping from the ex-
tended real line to T. With the Cayley transform, the linear transformation from H?(D) to
H?(C, ) defined for f € H*(D) by

1 1
. T =—=
8) f)i= =i
is an isomorphism. Consequently, the theory of the real line is a close analogy with what
we have for the circle. Using the Caley transform given by (2.7) and (2.8), we can make the
transition of MT system to the upper half-plane. The system
U, (2) :=cn(TP,)(2) = (Tf)(2) := cn%H%CI)n(C(z)) (82 >0, neN")
is the analogue of the Malmquist-Takeneka system for the upper half-plane. It is easy to check
that for a € D with a* := 1/7,

(foO)(2)

1- - VI[P
(29) >\a = Cil(a) =1 a4 S (C+, )\a* = Aa, 1_'_a| = %)\a,
a
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and

(2.10) bu(z) = b (DI 7ue) = () (€T

’)

This implies that the functions ¥,, = ¢, T®,, (n € N*), ¢,, = @V ( 1) are of the form

1 /S,

Ve = H

an — a‘k

(2.11) Uy (2) =

The system of functions {¥,,}>2, is orthonormal on the entire axis in the following sense

+oo
(2.12) / U, () Urn (Ot = Sy

Moreover, if the following non-Blaschke condition for the upper half-plane is satisfied

(oo}

y
S
=14 Mg,

then (¥,,, n € N*) is a complete orthonormal system for H*(C,). Let us consider the or-
thogonal projection operator of order N of an arbitrary function f € H*(C,) with respect to
Oy ={¥,,n=1,2,---,N} given by

N
(2.13) Qnf(z) =D (f, UR)W(z
k=1

Let us consider the kernel function of this projection operator

K N(w, w) Z Uy (w
Then the projection operator can be expressed as a scalar product:
(.14) Qi(z / FORn (2,0t = (1), Ry (,2).

According to [3], the kernel function can be written in the following form:

1 — By (w)By(w)

(w, w)n kz::l k(W) Vg (w) @) # W,
where
N(w)_kl;[lw_)\akaa Tk = 1+A(21k

is the Blaschke product on the upper half-plane. Eisner and Pap [4] proved the following
interpolation property of the projection operator:

Theorem 2.2 (Eisner, Pap [4]). Forany f € H?(C.), the projection operator Q n f is an interpolation
operator of type (N — 1, N) on the set {\a,, j,k=1,...,N}, Aoy, # Ao, k # j, 1€,

QNf(/\ak):f()‘ak) (kzlv""N)'
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If condition (2.2) is satisfied, {Uy, k =1,...00} is a complete orthonormal set in the Hilbert
space H?(C, ) and we have ||f — Qn flluzc,) — 0as N — oo. Since convergence in H?(Cy)
implies uniform convergence to the analytic continuation of f on the upper half-plane on every
compact subset, we conclude that Q@ f — f uniformly on every compact subset of the upper
half-plane. For Ay = (Aa;sAass---)s Aa,, € C+ and A, # Ag,, n # k, we show that the coef-
ficients of the projection operator Q) f can be computed exactly if we know f in Ay, Ag,, - - -
Consequently, Q) f can be written exactly if we know the values of f(\,,). We present here the

steps of the algorithm.
1. Step: For £ = 1,..., N, we write the partial fraction decomposition of ®:
= kk’ .
k=1 € - )‘ak/

Using the orthonormality of the functions {¥/, ¥’ = 1,...,k} and the Cauchy formula, we get
that

5kn - anaqjk Z bkk’ ak/ (n: 17ak)
k'=1
If we order these equality’s so that we write first the relations for n = k then for n = k — 1 etc,,
this is equivalent to

1 _
0 Uy (A ) 0 0 0o ... 0 bk
0 Uy I(Aak) Vi1 (Aay_y) 0 0 0 brk—1
Uy, 2()‘ ) Uy 2()\0%—1) \I]k*Q()‘akfz) 0 0 brk—2
(') U1 (Aay) V1(Aax_y) V1(Aax_») s V1(Aay) br1

2. Step: We solve the previous system of equations. Because of the elements from the main
diagonal are different from zero, this system has a unique solution

(Brokes brk—1: brk—2, - -, 1)
3. Step: If we determine the vector (b, bxk—1,bkk—2,-- -, bk1)”, then based on Cauchy for-
mula, we can compute the exact value of (f, U;) knowing the values of f ontheset A\, , ..., Aq,.

Indeed, using again the partial fraction decomposition of ¥}, and the Cauchy integral formula
for upper half-plane, we get that

(f, Vi) = Zbkk’< 1>

k=1 Cd - >\ak/
= Z bk f(Aay)
k=1
4. Step: We write
N
Qnf(2) = (f, U)W (2),
k=1

which is in the same time a projection operator and a rational interpolation operator of type
(N—1,N) atthe points Ay, , Aays - - -, Aa,,- We also developed a Matlab code for the interpolation
process on the upper half-plane (see code). In the code, we use the sequence ¢ = (a1, as,...)
as it is given in [15], in equations (2.4), (2.6) and (2.7), and we defined the A\, = (Ag;; Aays---)
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FIGURE 3. The first 21 elements of the sequence )\,

FIGURE 4. The interpolated function f (star) and the interpolation operator
Qn f (circle) at z; = g,

sequence with Cayley transformation, see in (2.9). On Figure 3, the first 21 elements of the A,
sequence can be seen. Following Steps 1-4 mentioned above, we create () f for the function
1
==
Representing the function f and the projection operator () f at the points z; = A,,, we can see
that the values are equal at these points as it was stated in Theorem 2.2 (see Figure 4).

3. RATIONAL INTERPOLATION WITH SPECIAL NODES RELATED TO DISCRETE
BIORTHOGONALITY OF MAMQUIST-TAKENAKA SYSTEMS

Discretization results connected to MT systems for unit disc and the upper half-plane were
published in [16, 17, 4, 8]. Based on these results, an analogue of discrete Fourier transform
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(DFT) was developed and the discrete versions was applied successfully for compression and
representation of human ECG signals [5, 6]. In paper [7], Fridli and Schipp introduced the dual
of the Malmquist-Takenaka system on the unit disc and proved discrete biorthogonal property
on a set of points of the unit disc. Nagy-Csiha and Pap recently introduced the dual system of
the Malmquist-Takenaka system on the upper half-plane and proved discrete biorthogonality
result on a set of discretization points on upper half-plane [14].

In this section, using the discretization points as nodes on closed disc and on closed upper
half-plane respectively, we introduce new rational interpolation operators and we study their
properties.

3.1. Rational interpolation based on the dual of the Mamquist-Takenaka system in the unit
disc and discrete biorthogonality. Let us denote by z* = 1/Z. Let Q denote the set of rational
functions. For any f € Q, the domain will be extended to C := C U {oo} by f(a) = xifaisa
pole of f and f(o0) :=lim, o f(2). Let us consider the following two types of inversions:

@) =), f(2)=fE) (:€C,feQ).

It is obvious that for any z € T, we have
2=z [2) =)= f(z) (feQ)
Moreover, in case of Blaschke-products By (z) = H]kvzl ba, (2), the operations coincide:
Bi(2) = By() = Bn(z) (2 €0).

Let us consider the following functions:

(3.15)

1_ n2n711_ _ n—1
Br = @, (2") = 7Y L1l [[=—22=r &) [[t:(z) (neN),zeC\D.
k=1

The system ®* := ((®,,)*,n € N*) is called the dual of the MT system & = (®,,,n € N*). If
z € T, then &7 = ®,,,n € N*. If |u| <1, itis easy to see that the equation By (z) = u has exactly
N solutions in the closed unit disc counting with multiplicities. In particular, if v € T, then all
of the roots are of multiplicity one and they are on the unit circle. If |u| > 1, then |u*| < 1. In
that case By (z) = u if and only if B} (z) = u*. But By (z) = Bn(z*), which implies that the
equation By(z) = u has N solutions outside of the open unit disc. In the following, we will
consider an u € D for which the equation has N distinct roots. Let us introduce the set:

2. =1{2€C:Bn(2) =u, (By)'(2) #0} (0<|u] <1).

If it has IV different elements, denote the elements by z;, and 2%, = {z, k = 1,...,N}. We
recall Theorem 2.1. of Fridli and Schipp in [7]. It is easy to verify (see the proof in [7]) that the
following theorem holds not just for 0 < |u| < 1 as it is mentioned in [7], but for u € C \ {0}.

Theorem 3.3 (Fridli, Schipp [7]). Let 0 < [u| < 1 be a parameter for which the set Z3; , has N different
elements. Then the ®,,, @}, (1 < n < N) systems are biorthogonal with respect to the following discrete
scalar product

[(bny (b:n]a,u = Z (I)n(z)q):n(z)/KN(za Z*) = 6mn (1 <m,n < N)7

ZEZY
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where K (z, z*) is the Dirichlet kernel,
N N
e (1= lax]?)=
2) =) Op(2)Pr(z*) = .
)= 2 BERE) =D Tty

On the unit circle, the MT system is orthonormal with respect to the continuous measure,
ie.

1 2w L
/ B, (2)Bm(2)dz = / By (€YD (@)t = Sy
T 27 Jo

From the definition of the dual system, it follows that the original system and the dual system
are equal on the unite circle T, i.e, if z € T, then ®} = ®,,n € N. As a consequence, on the
unit circle the original system and the dual system are biorthogonal with respect to the scalar
product generated by the continuous measure:

1 27

/ P, (2)®% (2)dz = — D, (M) Ox (eit)dt = 6.
T

2

The continuous projection operators connected to the MT and dual MT system for f € H*(D)
are the following:

N
Pyf(z) =Y (f, ®1)®k(2), z €D, f € H*(D),
k=1

(f, ®x)®i(2), 2 € C\D, f € H*(C\D),

M=

Prf(z) =

k

I
—

where
o) = [ FEE = [ f6FEE: = .00,

Taking into account, that on the circle ¢, = @3, the projection Py f is the same projection
which was studied in the previous section and the projections are related to each other in the
following way:
N N
PR () =) (£, 90)Pi(z) = Y _(f, ®[)®u(2") = Py f(2"), 2 € C\D.
k=1 k=1
For z € T, the two projection operator are the same: Py f(z2) = Pnf(z). Consequently, it
is enough to study the properties of Py f(z),z € D. In the previous section, we proved that
Py f(2) is a rational interpolant of type (N — 1,N) of finay, k = 1,...,N. Then Py f(z) will
interpolate the analytic continuation of f (if this exists) outside of the discin a},, k =1,..., N.
In analog way, we can consider the discrete projection operator associated to the discrete scalar
product denoted by Py f, expressed as follows:
N
P f(2) = I, flaa®i(2),
k=1
where the coefficients are expressed by the discrete scalar product as follows

f Z_]
[f, ®)la, .
= 5 med

The question naturally arises, weather Py, f is an 1nterpolation operator or not. In what follows,
we will study the properties of this discrete projection operator. In [19], Szab6 studied the
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properties of Py f for u = 1 and z € T. For this special case, he proved that this projection
operator is also an interpolation operator on the set of discretazation points

Z{1={2€C: Bn(2) =1},

which are on the the unit circle. In this paper, we will extend the results obtained by Szabé for
PR f(2) whenu € D\ {0}, z € D and the discretization point are in the closed unit disc.

Theorem 3.4. Let 0 < |u| < 1 be a parameter for which the set Z%; ,, has N different elements and

Py, f defined as before. For every f € C (D), the projection operator Py, f is a Lagrange type rational
interpolation operator of type (N — 1,N) at 2, € 2%, i.e.,

Py f(zr) = f(2k), 21 € ZR .-

Proof. Let us consider the kernel function of the discrete projection operator:

N
(3.16) K} (2,¢) =

Z‘I)k = Kn(2,£%).

k=1

The discrete projection can be expressed using K N(z, ¢) and the discrete scalar product more
explicitly:

PRf) = FO K3 aw = 3 KN o )
zJGZNu J? ]
Let us consider
KN(Z Kn(2,§")
el = Zee ey

From the definition, it follows that ¢ ¢({) = 1. According to the Christoffel-Darboux formula
for z # &, the kernel function can be written in closed form

(3.17) Kn(z,67) = (1= 28) 7" (1= By (€)Bn(2))
Un¢(2) is a rational function in z of type (N — 1, N). Because of By (2*) = Bx(2) = 1/Bn(2),
1— BN(Z)

K& €)1 )
From here and the definition of /y¢(z), we get that for z;,2x € 2%, 25 # 2 we have

{N,2;(2x) = dji, so these functions, behave like the Lagrange interpolation polynomials. Con-
sequently, Py f has the following interpolation property

Kn(zk, 2 a
PNf Zk Z KN Z J)f(zj) f(zk)a szZN,u'
ZE€EZN W %

O

We consider ¢y ,~, the dual of / .. For these functions, we can prove the following orthog-
onality properties.

Theorem 3.5. Let 0 < |u| < 1 be a parameter for which the set Z% ,, has N different elements. For
Zjy 2m € 23, the functions €y .-, and U . satisfy the following bzorthogonalzty relation

1 2w o 1

NN L VIV T T p——
2w Jy N O = gy O
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In addition, {n , satisfies the following discrete orthogonality relation:
1

V4 z ’f Zmla,u —5nm7
[N 20 IN 20 |2 K2 (2, 2%)

Proof.

1 [%7 P
(O, Onns ) = / O, (€)Tn o ()t
0

m 2 T

_ i 2 KN(eitaZ;() (KN(eit,Zm) )d
2m Jo  Kn(zj,25) \Kn(25:2m)

1 1 2 N . o
= — O () D * D (e)Dps (2., )dit
2wKN<zj7z;>KN<zm,z:n>/o 2 2{BGE) ), B (e e

N N 2m
1 1 L ——
= EE— D () By (25)Br (68D (21, ) dt
K (20 2 ) K (o 250) 2 /0 b€ 2w (z]) B ()P (2m)

1 N N ) o R
KN(Zjvz;)KN(Zm,z;T) kg Z k(zj) K (2 )2 /0 k(e") P (e)

N N
1
- By (25) s (2m) Oro
R G 21 B G 7] 2 2 ) B ()i

k=1k'=1
1 N
- DOr(25) O (2,
Kn(zj, 25 ) KN (2m, 27, ; k(27) Pk (2m)
1

©EnN(2,2) KN (2, 25)

From here if z,,, = z;, then ({n ..., N 2x ) If 2, # z;, then

wl = KN(zm,z;‘n)
(o 21) 17BN(Zm)BN( ) 1*BN(Zm)EjV(Zj) _ l—uz _0
1-— zmzj 1— Zm?Z] 1-— Zm 7]
We get that for every u € D \ {0}
O R e R LI
- 2 zx (€7 = 7 7 . 9mj-
27 Nozy W& BN 25 Kn(zm, 25) ™
If u € T, then z; € T for every j = 1,..., N, consequently {y .. = KNyz;. In this case, we

have that the system {/x ., j—1,.. v} is orthogonal. If specially v = 1, then we get the result
of Szabé [19]. The discrete orhtogonality of the system {E Nz>Jj=1,...,N } is true for every
u € D\ {0}. Indeed

—_— 1
[ZN,Z,”ZN,Z,”]a,u = Z gN,zn (Zj)EN,zm (ZJ)K

2;€2% . ;(Zj’z;)

= > 5m5mJKa(

ZEZY L
5 1
= Onm .
K3y (#n, 23,)

Zjs ;)
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O

Beside the interpolation property, Py f and Py f reconstruct f exactly in some cases if we
measure the function in the N interpolation points. Let us denote by P, the space of poly-
nomials of degree at most k. Let us consider the polynomials of the following form: n(z) =
Hfl\f:l(l — za,) and the set

RN ::{f;: pEPN_l}.

The system
&% ={®,,n=1,...,N}

forms an orthonormal basis in R y:

Ry =span{®;,l=1,...,N}.

N

For every f € Ry, wehave f = Pyf = Py f. Indeed, if f(2) = > ¢x®Pi(2), the continuous
k=1

biorthogonality implies that

(f, ®%) ch @y, @ ch&w = ¢j,

from which we get that f = Py f. Similarly, from discrete biorthogonality, we get

[f, ®7]a, ch Oy, O chékj = ¢j,
which implies that f = Py f.

3.2. Rational interpolation based on the dual of the Mamquist-Takenaka system on the up-
per half-plane and discrete biorthogonality. Recently Nagy-Csiha and Pap introduced the
dual system for the Malmquist-Takenaka system on the upper half-plane. It was proved that
these systems are also discrete biorthogonal with respect to the discrete inner product over a
set of discratization points in closed upper half-plane (see [14]). In this subsection, we prove
that on the discretisation nodes belonging to the closed upper half-plane, we can construct an
interpolation operator of type (N — 1, N).

First, we introduce the notations and we present a short summary of the discrete biorthogo-
nality of Malmquist-Takenaka and it’s dual on the upper half-plane. We consider the isometric
transform of the Malmquist-Takenaka and it’s dual to the upper half-plane. With straightfor-
ward computation, it is easy to see that for

i— A\
=K(\,) = A, €C k=1
ag (k) Z_'_)\k) k€ +> ’ , 00
the dual system of (2.11) is equal to
1 SA 13
1+ Z "/ i+7Z
U}(2) = —— Y = (3,
1+ 27—\ 1+ z
+ S)\n n—1 _ )\ +
~ (2 z T Z — AL 2 z —
W)(z) = el | ot 16
1+2Z— Ay Z—Ap 1tz
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For arbitrary values of the variables w and w from C and for any IV, 1 < N < oo, the kernel
function corresponding to the system (2.11) and its dual can be written also in closed form as
follows [3]:

N T —N
IN{N(w,w) = Z\P?(w)@i(u}) _ (Z +w>
k=1

o)) = Lot L B @B) -,

N
o
i+w ];1 w—1i 2ir(w—w)
N 1 w—i & Sk

Ky(w,w) = TN (w) TN w) =: — —.

) = 3 RT) = i = ES —e
For ap, = K(\;) = Zii, we assume that the following equation has N different solutions
denoted by zj:

Z—a1 Z—as z—an

(3.18) =u, u € D\ {0}.

1—612’1—622'”1—61\12

We present the analogue of Theorem 3.3 for the upper half-plane. Let us consider ¢;, where

2z = K(ty) = ;32 is the solution of the equation (3.18), and the following set of nodes on the
closed upper half-plane
(319) CN:{tkik:L...,N}.
Let us denote by w = K~ '(2) = i132, w = K~'(¢) = z% yar = K(\y) = %, 2 = K(ty,) =
1. Then
(3.20) Zl+§ Ak |1+ X .12_/\k|1+)‘i_<€_ak>z_ak
' e LHAR Sl N 1N L@l ) L —age
According to (3.20) and the property w = K ~1(£*), we get

By (@)By (w) = By (£7) By (2).

From this and the definition of z, it follows that

(3.21) Bn (%) By (t:) = Bn(2)Bn(z) = % -1

Consider the following discrete scalar product:

(F.G)n = > F®)G()pn(1).

teCn

Theorem 3.6 (Nagy-Csiha, Pap, [14]). The finite collection of ¥, (1 < n < N) and YA (0<n<
N) are discrete biorthogonal systems with respect to the scalar product

(F,G)ny = Y F(t)G(t)pn(1),
teCn
namely
(WA UMy =0 (1< m,n<N).
Forw € R, U (w) = ¥ (w). If we choose in the proof of the theorem u € T, then the discreti-
sation points are all real numbers, ie., t; € R, k =1,..., N, and from Theorem 3.6, we reobtain

Theorem 2.2 of Eisner and Pap [4]. For the Hardy space of the upper half-plane, it is possible
to introduce similar projection operators by using the biorthogonal systems (¥,,, ¥,,,n € N*).
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They are also biorthogonal with respect to the continuous measure on the real line. Indeed, for
t € R, we have that ¥} (t) = U3(¢), consequently

/OO A ()T, (t)dt = /Oo W)X, () dt = .

— 00

Similarly as in the case of unit disc, we can consider the following projection operators:

N
QnF(t) = (f,U)WR(t), t € Ty, [ € Hy(Cy),
k=1

N
QNF(1) = Y (£ UR)WR(D), t € C\Cy, f € Hy(C\Cy),
k=1
where

(3.22) = e = [ T pwiar

If ¢ € R, then the two projection operators are the same, Qn f(t) = Q% f(t), and for ¢t € C4
we have %Q N f(t) = Q% f(t). In the previous section, we saw that Qy f(z) is a rational inter-
polant of type (N —1, N) of fin A, k = 1,..., N. With Q% f(z), we can construct interpolation
for the analytic continuation of f (if this exists) outside of the disc with nodes Ay, k =1,..., N.
In the case of the upper half-plane, the discrete projection operator is the following:
N ~
QVF(t) =D (£, TN TR(),
k=1
where

f)\I’AN— Z ])
t;eCn ( )

The question, whether %, f is an interpolation operator or not, naturally arises. In what fol-
lows, we will study the properties of this discrete projection operator.

Theorem 3.7. Assume that C defined by (3.19) has N different elements. For every f € C(Cy),
the projection operator QS f is a Lagrange type rational interpolation operator of type (N — 1, N) at
tp € Cy, ie.,

QN f(tr) = f(tr), tr € Cn.

Proof. Let us consider the kernel function of the discrete projection operator:

(3.23) K3(2,6) : Z v = Kn(z,6).
The discrete projection can be expressed also by the kernel function, i.e.,

Q) = (T Rt v = 32 =2bli)

~ f(t))-
t;eCn KN(tjatj) !

Let us consider
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If t # &, then

§—i 1-Bn(©By(t)

§— 1 Kn(§€)2im(§ — 1)

If u # 0, then for ¢,t, € Cy, according to (3.21), we have gy, (tx) = dir, so these ratio-
nal functions behave like the Lagrange interpolation polynomials. Consequently, the discrete
projection operator %, f has the following interpolation property

K (ti.t;)
K (t):t))

ane(t) =

Qnf(tr) = Z

t;€Cn

f(t;) = f(tx), tx € Cn.

]

We introduce ¢y ;, the dual of gy ;. Similarly to the disc, a biorthogonal property and a
discrete orthogonality of these functions can be proved for these functions.

Theorem 3.8. Assume that Cy defined by (3.19) has N different elements. For t;,t,, € Cuy, the
functions qy 3, , and £y ., satisfy the following biorthogonality relation
o tm — 1 1

Nt AN T =/ ant, (Vg g (B)dt = = - —
< 3 N,tm> - j Nt tm — K(tm7tm)

Sim-

In addition, qn 4, satisfies the following discrete orthogonality relation:

1
(AN £,y AN 1) )N = Op =

Proof. We have

o I ° Kn(tt)) Kn(tim)
(an.t;5 AN 7, :/ an,t; (D an g, ()dt = K ) #dt
oo —o0 KN(tj7tj) KN(tmatm)
1 oo e E—
=— ﬁ/ KN(t7t])KN(t7tm)dt
Kn(tj t) KN (tms ) /=0

—
I?N(tjatj)kl\’(%ma%m) - Lo =0

[?N(tjatj)I?N(%ﬂLviﬁL) it tm k=0
1 Z+tm iy
= — — — = R % KN(tn’htj)'
KN(tjatj)KN(tm7tm) Lt tm
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If t,,, # t;, then if u # 0, according to (3.21),

~ _ty—i1— Bx(t;)Bn(tn)

Rt t : =0.
N(m J) tj_i ZZﬂ(tj*tm)
Since
_ N—1 _
En(fm, tm) = ) Wi (tm) Vitm)
k=0
N-1 ;
t+tm = ittt
_ =W (b ) e W ()
7 + tm 1 + tm
k=0
_ N-1
1+ tm tm — 1 A T
_ t Ut )T (¢
k=0
P4t b, — 1
_ b t
T i o)

then for every u € D \ {0}, we get
> _ tm — 1 1
ane ()ang (Bdt = 22— 5.
[ O =

When the nodes t,,, are all on the real line, then ¢,,, = t,,,, we obtain that the system {qn, (t),t; €
Cn} is orthogonal, and we reobtain the result proved by Eisner, Pap in [4]

(ANt AN £ )N = Z %N(tj»tn) {?N(tj’tm) — ! =4 %
o o tjECN KN(tnvtn) KN(tm7t’m) KN(t]7tJ) KN(tn,tn)

O

Beside the interpolation property @ f and Q% f reconstruct exactly f in some cases if we

measure the function in the N interpolation points. If f has the form f(t) = Z,Igvzl cUR(1),
then the continuous biorthogonality implies that

N—1 N—1
(FU) = (U, 03) = cnbry = 5,
k=0 k=0
therefore we get that f = Q) f. From discrete orthogonality, we get that
N N—1 N N—1
0w = ) an[¥, U aw = Y cbij = ¢,
k=0 k=0
which implies, that
f=Qyf
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