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many authors have been interested this type equation. They show that if there exists some
relation about the coefficients p (x), ¢ (x), and r (x) then the general solution of this equation
can be given in a closed form. We also determine some relations between these coefficients
and find the general solutions to the given equation. Finally, we give some examples to
illustrate the importance of the presented method.

1. Introduction

The general Riccati differential equation (GRDE) is a well-known first-order nonlinear type of differential equation that arises not only a
whole range of mathematics but also physics and have many applications in different areas of science. Riccati differential equation was
named after the Italian mathematician Jacopo Francesco Riccati [1]. In particular, the GRDE is given by

w () = p (x) +q (x) w (x) + 7 (x) w* (x), (1.1)

where we assume that w, p, ¢, r € C(R,R) are real functions and the integral [ g (x)dx exists. In case r(x) = 0, the GRDE reduces a
first-order linear ordinary differential equation of the form

W' (x) = p(x) +q (x)w(x)

and its general solution can be expressed in closed form as

w(x) = exp ( /q(x)dx) { / p(x)exp (_ /q(x) dx) dx + constant} .

Similarly in case p (x) = 0, the GRDE reduces a first-order ordinary differential equation and called Bernoulli differential equation of the
form

W (x) = g () w(x) +r (0w’ (x),

and general solution can be expressed in closed form as

W (x) = exp (f / a() dx) {f / r(x)exp ( / ) dx) dx+ Constant}

Thus, in this paper, we consider the case p (x) r (x) # 0 for all x. Because the GRDE has many application areas in fields of applied science,
the solutions of the GRDE play a significant role see [2]. For instance, optimal control, random processes, diffusion problems, stochastic
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realization theory, robust stabilization, network synthesis, and more recently, financial mathematics [3—5], Kalman filtering systems such as
orbiting satellites [3,6]. Additionally, it is well known that the GRDE of the form

w (x)+p(x) +w? (x) =0 (1.2)
plays an important role in studying qualitative analysis of the second order linear differential equation of the form

0" (x)+p(x) ¢ (x) =0. (1.3)

In fact, if Eq. (1.3) has a positive solution ¢ (x) on an interval /, then the function w(x) = ¢’ (x) /¢ (x) is a solution of Eq. (1.2). The
substitution w(x) = ¢’ (x) /¢ (x) for the Eq. (1.3) is embedded in the Picone identity and it can be considered a link between the so-called
Riccati technique and variational technique in the oscillation theory of Eq. (1.3) [7-9].

It is well known that there is not a general method for solving method for the GRDE, but recently, there have been several papers which have
presented methods for solving of the GRDE under certain conditions [10-14].

Let wy = wo(x) be a particular solution of the GRDE, then the general solution of the Eq. (1.1) can be written as:

w(x) = wo(x) +@ (x) {c— /r(x)d)(x)dx] o
where
@) =exp [ 2r(woto) gl
and C is an arbitrary constant, see [12].
The aim of this paper is to find a general solution to the GRDE by using the relations between the coefficients p (x), ¢ (x), and r(x) for

which the Eq. (1.1) can be solved in closed form.
It is well known that if r (x) # O for all x, the substitution

/
Y (x)
wx)=———~ (1.4)
O]
into the GRDE, Eq. (1.1) can always be reduced to the second-order linear ordinary differential equation of the form
1 v (x) /
¥ ) - e +q () |y (x)+p)rx)y(x) =0. (1.5)

As we mentioned above, in general, for any real functions p (x), g (x), and r (x) the Eq. (1.1) cannot be solved in closed form. However, if
there exist some specified relations between these coefficient functions, then Eq. (1.1) can be transformed into a second order linear ordinary
differential equation, which can be easily solved, for example see [15-17].

In this paper, we treat a special case of the GRDE Eq. (1.1) where the functions p (x) and r (x) are not identically zero for all x. More
precisely, we consider the case where the functions have the following relations for all x > x(

rwexs ([ atar) =a, ~pesp (- [atoax) =p.

where @ and f are some real constants. We shall also use the obtained results to provide the solution of the linear second order ordinary
differential equation corresponding to the considered GRDE. As far as the author is aware, the explicit solution of the class of ordinary
differential equations considered here does not exist in the literature.

2. Solution Method

In order to be able to solve the GRDE there are some concepts which need to be introduced as given in [18].
In this section, we give the general solution of a class of GRDE. The following theorem gives a relationship between the GRDE and the
homogeneous systems of first order differential equations.

Theorem 2.1. Assume that p, q, and r are real functions and the integral [ q(x)dx exists. Then the GRDE Eq. (1.1) has a solution u(x),
without zeros for x > xq iff the homogeneous system of first order differential equations

() =Ax)-z(x) 2.1)

= 0 rx)exp ([ ¢ (x)dx)
A= ( —p(v)exp(—[q(x)dx) 0 ) : 22)
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Proof. Let w(x) be a solution of Eq. (1.1) and let w (x) = — % Then y(x) satisfies the second order linear differential equation Eq. (1.5)

X

7= (T8 +a00) 5 )+ p ()59 =0,

Multiplying Eq. (1.5) by the integrating factor (r (x)) ™' exp (— [ ¢ (x) dx) for the first two term, we obtain
, 1 .
(e (- fatar)y @] +pesn (- o) o =0

Hence, if we let (r(x)) ! exp(— [q(x)dx)y (x) = & (x) and z(x) = y () , then z(x) is a solution of the homogeneous system of first
& (x)
order differential equations, Eq. (2.1) with A(x) is given (2.2). O

The following theorem summarizes the present study:

Theorem 2.2. Assume that p (x), q(x), and r(x) hold the relations

r(x)exp (/q(x) dx> =a, —p(x)exp (f /q(x) dx) =B. (2.3)
Then the general solution of Eq. (1.1) is given

NCT 1 —Cexp (2@x>

. r() \ 14 cexp (2\/@x> sif aB >0,
J/=ap (sin (\/WX_CCOS <\/Wx>) if af <o,

r(x) cos (\/7(1!3)6) +Csin<\/faﬁx>
where C is any real constant.

Proof. If the conditions of (2.3) are fulfilled, the homogeneous system of first order differential equations Eq. (2.1) becomes a first order
homogeneous system with constant coefficients

z’(x):( g o )~z(x). 2.4)

Then, the eigenvalues of the coefficient matrix A = ( 2 g ) arer; = —y/af and r; =/ af. If of > 0 the eigenvalues of the coefficient

matrix A are real constants such as r; = —/aff and r, = \/af. Similarly if aff < 0 the eigenvalues of the coefficient matrix A are

exp (—\/@x> exXp <\/@x>

complex constants such as rj = —iy/—af and r, = i\/—af. In case, aff >0, P(x) = _\/gexp (_ aﬁx> \/gexp < aﬁx>

is a fundamental matrix of Eq. (2.4). Then general solution of Eq. (2.4)
exp (—\/@x> exp (J@x) ¢l
~VEexo(~vapx) /Eexw(VaBr) ) ( ) ’
where ¢; and ¢ are real constants. Thus the general solution of Eq. (1.5) is

y(x) =cjexp (— \/@x> +crexp (\/@x> .

Therefore,

7(x) =®(x)-C= o

v _ Jap (oe(oveBs) —aen(Vapy)
ry@) - r) c1exp <f\/@x> +crexp <Mx>

When ¢; = 0, the function w (x) = — Vr(z)ﬁ is a solution of the Eq. (1.1). When ¢; # 0 we can divide the numerator and denominator by

cle*\/@x to get that
NGT 1—-Cexp (2@){)
r() \1 +Cexp (2\/@x> 7

is general solution of the Eq. (1.1), where C = 25 any real constant. Thus the proof of the first part is complete. Similarly if af§ <0
1

o) cos (\/W)O sin (mx>

- B sin (\/WJQ . ;Ocﬁ cos <\/Wx>

w(x) =

B
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is a fundamental matrix of Eq. (2.4). Then general solution of Eq. (2.4)
cos (\/faﬁx> sin (w/focﬁx) ( .
(@ )

WTEET (e o ()

where ¢ and c; are real constants. Thus the general solution of Eq. (1.5) is

y(x) =cqcos (mx) + ¢y sin <mx> .

Therefore,

2

¥ (x) B —aB [ sin (\/W)O —cpcos (mﬂ
r(x)y(x) r(x) c1cos (mx) +cpsin (mx)

/_aﬁ
r(x)

\/@ sin (mx> —Ccos (\/Wx)
r(x) \ cos <mx> +Csin (mx)

is general solution of the Eq. (1.1), where C is any real constant. Thus the proof is complete.

When ¢; = 0, the function w (x) = —

tan (\/7(ZBX> is a solution of the Eq. (1.1). When ¢ # 0

w(x) =

I

O

Remark 2.3. If the functions p (x), q(x), and r (x) are constants such as p (x) = a, q(x) = b, and r (x) = c. Then, the conditions of (2.3)
are fulfilled as o = ¢ and B = —a for b = 0 and we can use the Theorem 2.2 for the general solution of Eq. (1.1). But when b # 0, the
conditions of (2.3) not satisfied. In general case a,b,c € R and ac # 0, the Eq. (1.1) becomes a first-order separable ordinary differential

equation which is defined by

dw

—— =dx.
a+bw+cw? x

Based on the integral involving the rational algebraic functions of the form

2 2ew+Db
————arctan (L) ;if4ac—b2>0,
4ac — b? 4ac — b?
dw . 2 2ew+b—+v/b2—4dac . 5
—— = In ;if 4ac—b” <0,
a+bw+cw Vb*—4ac  |2ew+b+ Vb2 —4ac
2
s if 4dac—b* =0,

" 2ew+b

in view of this, the general solution of Eq. (1.1) is given in a closed form by
1
i {ber 4ac — b tan (E\/4acfb2x+C>} s if dac—b* >0,

N 14+ Cexp <7@x)
w(x) = = s if 4ac —b% <0,
2¢ 1 *CeXp < Vb £4acx)

2
1 . 2
5 4 =Y,
2¢ (b x+C) if 4dac—b“ =0

where C is an arbitrary constant.

3. Some Examples

Here, we illustrate some examples to consider some special cases. In these examples, we assume that the above conditions are satisfied and

the general solutions of the GRDE are obtained easily.
Example 3.1. Consider the first-order nonlinear differential equation for x > xo > 0
4 2

w (x) = 2 ;w(x)—i—x2 2 (x).

4 2
For this equation the conditions of (2.3) are satisfied with p (x) = —, q(x) = —=, and r (x) = —x2. Thus, by Theorem 2.2 o3
X x

and the general solution of Eq. (3.1) is obtained as

()_3 sin2x — Ccos 2x
W= cos2x+Csin2x )’

where C is an arbitrary constant.

3.1)

4<0
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Example 3.2. Consider the first-order nonlinear differential equation

9exa.rctanx o
w (x) = Ny + (arctanx) w (x) + (4e7“f°t““x x2+ l) w? (x). (3.2)
x

Qexarctanx ¢ >
—————,q(x) = arctanx, and r(x) = 4e” @5/ x2 4 1. Thus, by
Va2 +1

Theorem 2.2 off = —36 < 0 and the general solution of Eq. (3.2) is obtained as

) 3erarctanx /sin6x — Ccos6x
X)) =
Y 2vx2 +1 \ cosb6x+Csinbx )’

where C is an arbitrary constant.

For this equation the conditions of (2.3) are satisfied with p (x) =

Example 3.3. Consider the first-order nonlinear differential equation for x > xo > 0
w (x) = xe ™ + (Inx) w (x) — (x ") w? (x). (33)

Note that the conditions of (2.3) are satisfied with oo = 3 = —1, p(x) = x*¢™, g(x) = Inx, and r(x) = —x"*¢*. Thus, by Theorem 2.2
off =1 > 0 and general solution of Eq. (3.3) is

where C is any constant.
Example 3.4. Consider the first-order nonlinear differential equation
w (x) = 145w (x) +9w? (x). 3.4)

For this equation p (x) =1, q(x) =5, and r (x) = 9 are constant functions and conditions of (2.3) not satisfied. Thus, we can not use the
Theorem 2.2 for the general solution of the Eq. (3.4). But we can use the Remark 2.3 for the general solution of equation, Eq. (3.4) and the
general solution obtained as

w(x) = 1 <1+Cexp(%x)>
~ 6\ 1-Cexp(3x) )’
where 4ac — b* = —9 < 0 and C is any real constant.
Example 3.5. Consider the first-order nonlinear differential equation
W (x) = 144w (x) +4w? (x). 3.5)

If we use the Remark 2.3 for the equation Eq. (3.5) we get the general solution as

W(x):_i <2+xiC)’

where 4ac — b* = 0 and C is any real constant.

4. Conclusion

In this paper, we have obtained the general solution of a class of first-order nonlinear ordinary differential equation, which called GRDE.
We have converted the GRDE into a homogeneous system of first-order differential equations. In order to do this we use two well-known
transformations as explained above. The first transformation converts the nonlinear first-order ordinary differential equation Eq. (1.1) to
a linear second-order ordinary differential equation Eq. (1.5). The second one converts Eq. (1.5) to a homogeneous system of first order
differential equations Eq. (2.1). Then, by using the fact of the Section 2, we give general solution of a particular class of GRDE. Examples
were given here for each case demonstrate the present method.
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1. Introduction and Background

Let E 13 be the three dimensional Minkowski space with the metric < dx,dx >= dx% + dx% — dx% where x1,x,x3 denotes the canonical
coordinates in E3. An arbitrary vector x is said to be spacelike if < x,x >> 0 or x = 0, timelike if < x,x >< 0 and lightlike or null if
< x,x >=0. The norm is defined by ||x|| = \/|< x,x > for x € E;. A regular curve in E3 is called locally spacelike, timelike or null, if all
its velocity vectors are spacelike, timelike or null, respectively [1]. For any two vectors x = (x1,xp,x3) and y = (y1,y2,y3) in E ?, the inner
product is the real number < x,y >= x1y| +x2y2 —x3y3 and the vector product is defined by x Ajp y = (X3y2 — X2¥3,X1Y3 — X3)1,X1Y2 — X2)1 )
See for more information on Minkowski space in [1,2].

Bézier curves are represented by Pierre Bézier in 1968. Bézier curves are essential among the curves since they are applicable to computer
graphics and related areas. See for more detailed information in [3,4]. Recently, the geometry of Bézier curves have been investigated by
many researechers due to the fact that they have several important properties. Incesu and GAVarsoy studied the curvatures and principal form
of the Bézier curve in [5]. Georgiev worked on the shapes of planar and cubic Bézier curve in [6, 7].

In the theory of curves in the Minkowski space, one of the interesting problem is the characterization of a regular curve. In [8], Georgiev
studied on the geometry of the spacelike Bézier curve. He also examined the spacelike Bézier surfaces in Minkowski 3—space in [9].
Chalmoviansky, Pokorna studied quadratic and planar cubic spacelike Bézier curves in Minkowski 3—space in [10, 11]. In [12], Ugail,
Marquaez and Yilmaz handled the conditions of timelike and spacelike Bézier surfaces. The Serret-Frenet frames, curvatures and torsion of
the timelike and spacelike Bézier curves were calculated at the end points in [13—16]. Our aim in this paper is to investigate the timelike and
spacelike Bézier curve of degree m at all points.

A classical Bézier curve of degree m with control points p; is defined as

m

b(t)=Y p;B} (1)t €[0,1] (1.1)
Jj=0

where

_ml Ml .

Bjm(t) = (=0, 0 < j<m
Jm :

0, otherwise

are called the Bernstein basis functions of degree m. The polygon formed by joining the control points pg, py, ..., pm in the specified order is
called the Bézier control polygon.

If a curve is differentiable at its each point in an open interval, in this case a set of orthogonal unit vectors can be obtained. And these unit
vectors are called Frenet frame. The rates of these frame vectors along the curve define curvatures of the curves. The set of these vectors and
curvatures of a curve, is called Frenet apparatus of the curve.

Email address and ORCID number: ayilmazceylan @akdeniz.edu.tr, 0000-0002-8051-2879 (A. Yilmaz Ceylan)
Cite as ”A. Yilmaz Ceylan, The Geometry of Bézier Curves in Minkowski 3—Space, Univ. J. Math. Appl., 6(1) (2023), 7-14



https://orcid.org/0000-0002-8051-2879

8 Universal Journal of Mathematics and Applications

Theorem 1.1 ( [14]). Let i,V and w vectors in El3 Then

(i) <uhjpv,w>= —det(u,v,w),

(i) (uALv)ANiLw=—<u,w>v+ <vw>u,

(iii) <uNjpv,u>=0and <uNjv,v >=0,

(iv) <UNLVUNLY >= — <u,u>< Vv > +(<u,v>)2.

Let B be acurve in E f’ Then B is called timelike (resp. spacelike, null) at ¢, if the tangent vector ’(¢) is a timelike (resp.cspacelike, null)
vector.

Theorem 1.2 ( [17]). For a regular curve 3 with speed v = %, and curvature K > 0,

(i) B is spacelike non-unit speed curve, then the derivative formula of Frenet frame is as follows:

T’ =vkN,
N' =v(—8«T +1B),
B =vTN.

(ii) B is timelike non-unit speed curve, then the derivative formula of Frenet frame is as follows:

T’ =vkN R
N' =v(xT + 1B),
B =vIN.

Theorem 1.3. Let ii and V be vectors in Minkowski 3—space.

(i) If ii and V are future pointing (or past pointing) timelike vectors, then i AV is a spacelike vector, < i,V >= —||i|| 1 ||V||; cosh 0 and
|l Az V|| = ||| ||¥)| 1z sinh O where 6 is the hyperbolic angle between i and V.
(ii) If W and V are spacelike vectors satisfying the inequality |< @,V >| < ||d||i||V|li, then @ Ay V is timelike vector,
< i,V >= ||i]|sL||V|| 1z cos 6 and ||ii App V|| = ||i||1L]|V] 1z sin @ where O is the angle between i and V.
(iii) If @ and V are spacelike vectors satisfying the inequality |< i@,V >| > |d||iL||V|li, then & NV is timelike vector,
< i,V >= —||i||]|V| 1 cosh 8 and ||ii Az, V|| = ||id]| 1 ||V]| 1 sinh O where 6 is the hyperbolic angle between i and V.
(iv) If i and V are spacelike vectors satisfying the inequality | < i,V >| = ||i||1L]|V| 1L, then i@ AjpV is lightlike.

See more [1,2,18, 19].
Theorem 1.4 ( [8, 14]). Let b(t) be a Bézier curve. If all the vectors of the Bézier control polygon is spacelike (timelike), then b(t) is

spacelike (timelike) curve.

Definition 1.5. Timelike Bézier curves and spacelike Bézier curves with spacelike or timelike normal vectors are called Frenet Bézier curves.

2. Main Results

2.1. Timelike Bézier curves

In this section, we give Serret-Frenet frame, curvature and torsion of timelike Bézier curves.

Theorem 2.1. Let b(t) be a timelike Bézier curve and p; are control points. The Serret-Frenet frame T,N,B, curvature x and torsion T of
b(r) is given by

m—1
L B/ 0ok
T(t) =———" -, @1
(=% BB (1) < Lpj,Lpi>)
j,i=0

m—1m—2m—1 1 5 1 2
‘Zo ‘Zo kZO B (0)B ()BT (1)(Apj AL A7pi) AL Apk
J=0 i=0 k=

N(t) == ——— - ) (2.2)
me m—1 m—2 2 m m—1
X X By (0B () (Apj A A%pi)licll ¥ By () Apellie
j=0i=0 - k=0
molm=2 m—1 m—2 2
'Zo ‘):0 B (0)B (1) (Apj AL A pi)
S0 =
B(t) =—1— : 2.3)
l 'Zo _):0 B;"fl(f)B;-"*z(f)(APj AL A2 pi)lie
J=0 1=

molm=2 m—1 m—2 2
- I ,ZO ,ZO B ()B () (Apj AL A%pi) |l
—1"'/ %02

k() == — : 2.4)
IS BTN (0)Apjly
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m—1m—2m—3 1 5 3 ) 3
Y By (0B ()By " (t)det(Apj, A%pi, A7 py)
_ m—2 j=0i=0 k=0
T([)_i m m—1m-2 el 2 ) ’
I 'Zo ZOB,- (B2 (1)(Dpj A A2pi) |l
J=0 i=

where Ap; are in the same cone, Apj = pji1 —pj, Azpj =Apji1—Apjand A3pj = A2Pj+l fAij.

Proof. Since all the vectors Ap; are timelike vectors, the norm of Apj is

[Apilli=1/—<Apj,Apj >

for 7 € [0, 1]. The tangent vector is calculated as:

b'(1)
T(t) =i —
=Tl
m—1
B (A
- j;o bi (t)Ap;j
- 1
I"E B () Ap i
j=

From the equation (2.6) and (2.7), the equation (2.1) is handled.
The binormal vector is obtained by

. b/(l) /\ILb”(l‘)
B0 = 100 he b0

m—1 | m—2 2
(E B 020 (S BI200%)
J= 1=

m—1 m—2 ’
II( r BT (6)Apj) A ( X B (1) A2pi) i

j= i—

(2.5)

(2.6)

2.7)

Since the tangent T of the timelike Bézier curve is timelike, N and B are spacelike vectors, the principal normal vector N is provided by

N() =~ B() A T(0)

m—1 m— m—1

2
(X B 0)Ap) A (X BI2(0)A%p) L BT (04,

j=0 i=0 Jj=0

=- AIL

m—1 _— m—2 2 ) m—1 1
II( L Bj (t)Apj)/\IL(‘ZO B =) A%pi)liw || L Bj ) Apj]
j= = j=

The curvature of timelike Bézier curve is

[16(#) AL b" (1) |l

K(t) =
D=0,
m—1 m—2
(X B} 0 Ap) (X B 2(6)A%pi)
m—1j=0 i=0

m m—1 _1
Hj;o BT (1) Apjlliy

and the torsion of timelike Bézier curve is

<V (@) ALY (1),6" (1) >

=0 A 0
m—1 1 m—2 2 m—3 3
< ¥ BTN 0)Apja X BT (0)Ap), ¥ BIT () A py >
m—=2  j=0 i=0 k=0
- m m—1 I m—2 m2 )
Il( 'ZOBJ- ) Apj) A ( ZOB,- () A2pi)llie
J= J=

From the Theorem 1.3 and Theorem 2.1, the following results can be handled.
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Corollary 2.2 ([16]). Let b(t) be a timelike Bézier curve and pj are control points. The Serret-Frenet frame T,N,B, curvature K and torsion
T of b(t) att =0 is given by

T(0) = 2P0 7
V= <Apo,Bpo>
Apo Apy
N(0) =————coth® — ————csch0,
B(0) = Apo AiL Apy
HAPOHILHA]nH[LSinhG’
x(0) _m—1[Api||rsinh &
moApoly,
—2det(Apgy, Apy, A
o(0) = — =2 48P0, Ap1, o)

m | ApoADprl
where 0 is the angle between Apg and Ap.

Corollary 2.3 ([16]). Let b(t) be a timelike Bézier curve and pj are control points. The Serret-Frenet frame T,N,B, curvature k and torsion
T of b(t) art = 1 is given by

App—
r(1)= Lt :
\/_ < ApmflyApmfl >
App— Apm—
N(l):#cschﬂ— Pl oth,
[Apm—2liL [ APm-1liL
B o Apmfl AIL A‘pmfZ
(])7_ . k]
HApmfl”ILHAI)mfZHILSlnhe
m—1 HA]) _2H1LSil’lh9
(1) = 2l sih®,
m H I’m71H1L
(1) :m,2 det(Appu—1,Apm—2,Apm-3)
m | Apm_t ML Dpm—alF,

where 0 is the angle between Apy,_» and Apy, 1.

2.2. Spacelike Bézier Curves

In this section, we calculate Serret-Frenet frame, curvature and torsion of spacelike Bézier curves with spacelike and timelike normals.
2.2.1. Spacelike Bézier Curves with Spacelike normal

In this subsection, we calculate Frenet apparatus of a spacelike Bézier curve with spacelike normal.

Theorem 2.4. Let b(t) be a spacelike Bézier curve with spacelike normal and p; are control points. The Serret-Frenet frame T,N,B,
curvature X and torsion T of b(t) is given by

m—1 1
;OBJ' )Ap;j
T(t) = — - -, (2.8)
(X B OB (1) < £pj i >)?
Ji=

m—1m—2m—1

r B! (OB 2(0)B (1) (Lpj A A2pi) AL Ly

/=0 i=0 k=0
N(t):— milmLZ 1 s (29)
'L X B 0B 2(0)(2p; A A2p) el T By~ () Apelie
j=0 i=0 k=0
m—1m—2 1 " 5
4):0 420 B (0)B (1) (Apj AL A pi)
=0 i=
B(t): mjflm72 s (210)
L, E B OB 2050 h )
J=0 i=
m

—1m-2
- [ 420 4):0 BTN (OB (0)(Api ML A pi) i
1R S

K(t) = _ : @.11)
'Y B ()Ap)17,
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m—1m—2m—3 1 5 3

Y BT (t)B" ()BT (t)det(Apj,A2pi,A3pk)

. m—2j=0i=0k=0 ’ 5 12

T(t)__ m m—1m—2 1 ) 2 ’ ( ’ )
'Y X B (0)B" () (Ap; ML A2pi) T

Jj=0 i=0

where Apj are in the same cone.

Proof. Since all the vectors Ap; are spacelike vectors, the norm of Ap; is

IApjliL=+/<Apj,Apj>. (2.13)

for ¢ € [0, 1]. The tangent vector is calculated as:

0!
"0 =150
m—1
L B (1)Ap, (2.14)
j=0

T om—1 '
(';037;1—1 (OB (1) < Apj, Api >)?
Joi=

From the equation (2.13) and (2.14), the equation (2.8) is handled.
Since the tangent T, N spacelike and B is timelike, N is given by the equation

N=BA;,T.
The rest of the proof is similar to Theorem 2.1. O

From the Theorem 1.3 and Theorem 2.4, the following results can be seen easily.

Corollary 2.5 ([13]). Let b(t) be a spacelike Bézier curve with spacelike normal and pj are control points. The tangent vector T of b(t) at
t =0 is given by

A
T(0)= — 2P0
V< Apo, Apo >
If the inequality |< Apo, Apy > < [|ApolliL||&p1 i holds for Apg and Apy, N,B, k and T of b(t) at t = 0 is given by
A A
( ):i scO— icote,
APl | &polliw
Apo AL A
B(0) = Do /NIL 2P

[ApollicllAptlliLsin®’
m—1[|Ap1]lsin®
k(0) = P
m ” PO”[L
_ m—2det(Apo, Ap1,Ap2)

m || ApoAiOSpi|7

7(0) =

and if the inequality |< Apo, Apy >\ > || ApolliLl|ApiliL holds for Apg and Apy, NyB, K and T of b(t) at t = 0 is given by

Apy Apg
N(0) =————csch®+ ———coth0,
O =12 2ol
AN AN
B(O) _ poNiL Apy . 7
lApolliLll&pilliz sinh €
K'(O) :m— 1 HAPI ||1LSil'11‘197

m HAPOH%L
~ m—2det(Apo, Ap1, Apa)
m||Apo AL Lprllf,

7(0) =

where 0 is the angle between N\ py and Ap;.

Corollary 2.6 ([13]). Let b(t) be a spacelike Bézier curve with spacelike normal and p ; are control points. The tangent vector T of b(t) at
t = 1is given by

T(I)Z Apmfl ]
\/< Apm—1,Dpm—1 >
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If the inequality |< Apm—2,Dpm—1 >|IL < HAPm72”1L”APm71 HIL holds for Apy, o and Apy,—1, N,B, K and © Ofb(t) art = 1is given by

App—2 App—i

N(l)=———cscOH+ cot0,
M 1Apm—2lli |Apm—1llie
Apm—1 NiL Ap—

B(l)zf Pm—1 /NIL XPm—2 : ’
|APm—1 il Apm—2|liLsin®
—1||App— in @

K‘(l) :m H IZl 2H1L521n 7
m I pmleIL

T(l) :m -2 det(Apm,1 ’ A[Jm72: Apme)

m HApmfl AIL AmezH%L '
and if the inequality |< Apy—2, Apm—1 >iL > | Apm—2 liL| A pm—1liL holds for Apy,—o and Apy,—1, N,B, k and T of b(t) att =1 is
given by

Apm— App—

N(1)=— —=Pm=2  oseng— —2Pm=l oo,
HAPm72”1L ||ApmlelL

B(l) _ Apm_1 AL A‘pmfZ
| Apm—1lil| Apm—2|iLsinh €’

«(1) :mfl HApm_zHlLsiznhO’

m HAPmAHIL

‘C(l) :m,Z det(Apm—lepm—ZaApm—3)

m | Apm—1 AL Dpm—|?

where 0 is the angle between Apy, o and App, 1.

2.2.2. Spacelike Bézier curves with timelike normal

In this subsection, we calculate Frenet apparatus of a spacelike Bézier curve with timelike normal.

Theorem 2.7. Let b(t) be a spacelike Bézier curve with timelike normal and p j are control points. The Serret-Frenet frame T,N,B, curvature

K and torsion T of b(t) is given by

m—1
Y BY N (0)Ap;

=
T(t) = m—1 - 1 ’
(X B 0B 0) < Apjy Api>):
Ji=
m—Im—2m—1 el 2 el 2
L ;o k)—:o BN (0)B ()BT (1) (Apj AL A7pi) AL Apy
N(t): mjf_lmlf_Z 771771 m—?2 m-1 m—1 7
l 'Zo -Zo B (0B (1) (Apj AL AZPi)\\IL\|kZOBk () Aprllie
j=0 i= =
m—1m—2 1 2 5
X 4;0 B (0)B (1) (Apj ML A pi)
B(t): mj—71 ml—; ’
[ _ZO _ZO BTN 0)B (1) (A AL A2 pi) |l
Jj=0 i=
m—1m—2 1 "2 )
X X By (0B ~(1)(Apj AL A%pi)lie
(t) = m—1"j=0i=0
- m m—1 1 3 ’
[ ERIOVNA
j=0
m—1m—-2m-3 1 2 3 5 3
Y B (0B ()By (1) det(Apj, Api, A7 py)
_ m—2 j=0i=0 k=0
T(l) - m m—1m—2 1 M2 ) ’
I ‘):0 ‘Zo BN ()BT () (Apj AL A%pi)lli,
j=0 i=

where Ap; and Ap; are in the same cone.
Proof. Since the tangent T, B spacelike and N is timelike, N is given by the equation
N=BA;,T.

The rest of the proof is similar to Theorem 2.4.

(2.15)

(2.16)

2.17)

2.18)

(2.19)
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From the Theorem 1.3 and Theorem 2.7, the following results can be obtained.

Corollary 2.8 ([15]). Let b(r) be a spacelike Bézier curve with timelike normal and p j are control points. The tangent vector T of b(t) at
t =0 is given by

Apo
TO0)= —————.
© V< Apo, Apo >

If the inequality |< Apo, Apy > < ||Apolli||2ApiliL holds for Apg and Apy, N,B, k and T of b(t) at t =0 is given by

Api Apo
N(0) = - csc O + cot @,
© 1Aprlie | Apolli
VAN LAY/ AN
B(O) _ P0o/NIL 2AP1 i 7
|Apollicl|&pt | sin®
m—1|[Apilisin®
k(0) = R
m 1Apollr
—2 det(Apg, Apy, N
T(O) — _m ~ ( Po,AP1, PZ)

m || Apo A Opi|3

and if the inequality |< Apgy, Apy >|iL > || ApolliLl| Ap1lliL holds for Apy and Apy, NyB, K and T of b(t) at t = 0 is given by

Apy Apo
N(0)=— csch — coth 9,
O=1an 2ol
Apo AL Apy

B(0) = —
© lApolliLl|Api|liLsinh €
_m—1 |Apy]lsLsinh 6

K(0) =

I

m HAPOH%L
~ m—2det(Apg, Ap1,Apa)
m|[AporiSpilly

7(0) =

where 0 is the angle between Apg and \p.

Corollary 2.9 ([15]). Let b(t) be a spacelike Bézier curve with timelike normal and p j are control points. The tangent vector T of b(t) at
t =1 is given by

T(I)Z Apmfl )
\/< Apm—1,Apm—1 >

If the inequality |< Apm—2, Apm—1 >iL < | Apm—alliLl|Apm—1||iL holds for Ap,,_2 and Apy, 1, N,B, x and T of b(t) att = 1 is given by

Apm—2 Apm—1

N(1) = — cotf,
O =12l 8~ T2pmilz
Apm—1 NLDAp—
B(l):* Pm—1/\IL 22Pm 2' ’
[Apm—t il Apm—2|liLsin 6
m—1 HA]) ,2H1Lsin6
() =" L0 2li sind
m lApm-1ll7
T(]) :m_z det(APm—laAPm—LAmeﬂ
m [ APm—1 AL Dpm—allfy,

and if the inequality |< Apy—2, Apm—1 >|iL > | Apm—2liL| Apm—1 i holds for Apy—» and Apy,—1, N,B, K and T of b(t) att =1 is
given by

N(1) _ _Obm2 cschd + _OPnot coth@,
| Apm—2lli [ Apm—1lli

B(l) _ Apmfl AIL Apm72 : ,
[Apm—1llLl| Apm—2|zsinh 6

K‘(l) :m -1 HApm,2‘|1LSinh9 7
m | Apm-ili

(1) _m- 2 det(Apm—1,Apm—2,Apm-3) 7
m HAPm—l AL APW%ZH%L

where 0 is the angle between Ap,, > and Ap,,_.



14 Universal Journal of Mathematics and Applications

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for their helpful
comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.
Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the CC BY-NC
4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and ethical principles
were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References

[1] B. O’Neill, Semi-Riemann Geometry with Applications to Relativity, Academic Press, New York, 1983.

[2] R. Lopez, Differential geometry of curves and surfaces in Lorentz-Minkowski space, Int. Electron. J. Geom., 7(1) (2014), 44-107.

[3] G. Farin, History of Curves and Surfaces in CAGD, in: Handbook of CAGD, 2002.

[4] D. Marsh, Applied Geometry for Computer Graphics and CAD, Springer- Verlag, Berlin, 2nd ed, 2005.

[5] M. Incesu, O. Giirsoy, Bézier Egrilerinde Esas Formlar ve Egrilikler, XVII Ulusal Matematik Sempozyumu, Bildiriler, Abant Izzet Baysal Universitesi,
(2004), 146-157.

[6] G. H. Geoergiev, Shapes of Plane Bézier Curves in Curve and Surface Design, Avignon, edited by P. Chenin, T. Lyche and L. L Schumaker, Nashboro
Prees, Brentwood, TN, (2006) 143-152.

[7]1 G. H. Georgiev, On the shape of the cubic Bézier Curve, Proc. Of International Congress Pure and Applied Differential Geometry- Brussels, edited by F.
Dillen and I. Van de Woestyne, Shaker Verlag, Aachen,(2007), 98-106.

[8]1 G. H. Georgiev, Spacelike Bézier curves in the three-dimensional Minkowski space, Proceedings of AIP Conference, 1067(1) (2008), 373-380.

[9] G. H. Georgiev, Constructions of spacelike Bézier surfaces in the three-dimensional Minkowski space, Proceedings of AIP Conference 1184 (1)(2009),

199-206.
[10] P. Chalmoviansky, B. Pokorna, Quadratic space-like Bézier curves in the three dimensional Minkowski space, Proceeding of Symposium on Computer

Geometry, 20 (2011), 104-110.

[11] B. Pokorna, P. Chalmoviansky, Planar cubic spacelike Bézier curves in three dimensional Minkowski space, Proceeding of Symposium on Computer
Geometry, 23 (2012), 93-98.

[12] H. Ugail, M. C. Marquez, A. Yilmaz, On Bézier surfaces in three-dimensional Minkowski space, Computers and Mathematics with Applications, 62
(2011), 2899-2912.

[13] H. Kusak Samanci, S. Celik, The curvatures of the spacelike Bézier curve with a spacelike principal normal in Minkowski 3—Space, International
Journal of Mathematics and Computation, 29(4) (2018).

[14] S. Celik, Investigation of Bézier curves and surfaces from computer aided geometric design elements in Minkowski space, Master Thesis, Bitlis Eren
University, 2017.

[15] H. Kusak Samanci, Some geometric properties of the spacelike Bézier curve with a timelike principal normal in Minkowski 3—space, Cumhuriyet
Science Journal, 39(1) (2018), 71-79.

[16] H. Kusak Samanci, O. Kalkan, S. Celik, The timelike Bézier spline in Minkowski 3—space, Journal of Science and Art,47(2) (2019), 357-374.

[17] Y. Unliitiirk, Z. Savci, On non-unit speed curves in Minkowski 3—space, Scientia Magna, 8(4) (2012), 66-74.

[18] S.Birman, K. Nomuzi, Trigonometry in Lorentzian geometry, Am. Math. Monthly, 91 (1984).

[19] W. H. Greub, Linear Algebra, Academic Press, New York, 434 p., 1963.



Universal Journal of Mathematics and Applications, 6 (1) (2023) 15-22
Research paper

UJMA
77 Vi

UJMA Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma.1207010

Theorems of Second Korovkin Type with respect to Triangular
A-Statistical Convergence

Selin Cinar!

! Department of Mathematics, Faculty of Arts and Sciences, Sinop University, 57000 Sinop, Tiirkiye

Article Info Abstract
Keywords: Positive linear operator, Ko- This article is a continuation of our previous works. We mainly investigate a Korovkin
rovkin type theorem, Triangular A - type theorem for double sequences of positive linear operators defined in the space of all

statistical convergence.

2010 AMS: 40C05, 41A25, 41A36.
Received: 18 November 2022
Accepted: 23 January 2023
Available online: 28 March 2023

27-periodic and real valued continuous functions on the real two-dimensional space with
help of the concept of triangular A-statistical convergence, which is a kind of statistical
convergence for double real sequences. Also, we analyze the rate of convergence of double
operators in this via modulus of continuity.

1. Introduction

Fast [?] (independently, Steinhaus [?]) introduced the concept of statistical convergence, which is an advantageous approach. This concept
is studied in various fields and its generalization and properties are investigated. Bardaro et al. [?], introduced the concept of triangular
A-statistical convergence which is a variant of statistical convergence in 2015. This new convergence offers another perspective as it is not
comparable to statistical convergence. In addition, there are other studies in the literature [?,?,?, ?].

The Korovkin type theorem has an important place in approximation theory as it enables us to check convergence with minimum
calculations [?]. This theorem has been studied by many mathematicians in different spaces and with various types of convergence,
with the aim of obtaining more general results [?,?,2,2,2,2,2,2,2,2,2,?].

Let C* (R?) stands for the space of all 27-periodic and continuous functions on R

Our main aim in this study is to present a theorem of Korovkin type on C* (Rz) in the light of the triangular A-statistical convergence given
by Bardaro et al.

Before proceeding we recall some notation on the paper.

A double sequence x = (x,,,) is said to be convergent in Pringsheim’s sense if, for every € > 0, there exists N = N(¢g) € N, the set of
all natural numbers, such that |x,, , —| < € whenever m,n > N, where 1 is called the Pringsheim limit of x and denoted by P —limx =
(see [?]). We shall call such an x, as P-convergent. By a bounded double sequence we mean there exists a H > 0 such that |x,,,| < H
for all (m,n) € N2 = N x N. It is worthy of note that unlike the single sequences, the double sequence does not have to be bounded.
Let A = (ag s m) be a four-dimensional summability matrix. For a given double sequence x = (x,), the A-transform of x, denoted by
Ax := ((Ax)x), is given by

A= Y. aimaXmn
(m,n)eN?

provided the double series converges in Pringsheim’s sense for every (k,/) € N2,

If two dimensional matrix transformation of a given x = (x,,,,) sequence preserve (Ax)y ; limit, that is P —limx =1 whenever P —lim(Ax) ; =1
then the matrix A = (ay ., ) is called a regular matrix.

Let’s remember a four dimensional matrix A = (ay ;) is said to be RH-regular if it maps every bounded P-convergent sequence into a
P-convergent sequence with the same P-limit. The well establish characterization of regularity for four-dimensional matrices is known as
Robison-Hamilton conditions or RH-regularity (see, [2, ?]) state that a four dimensional matrix A = (a ;) is RH-regular iff

Email address and ORCID number: scinar @sinop.edu.tr, 0000-0002-6244-6214 (S. Cinar)
Cite as ”’S. Cinar, Theorems of Second Korovkin Type with respect to Triangular A-Statistical Convergence, Univ. J. Math. Appl., 6(1) (2023),
15-22”



https://orcid.org/0000-0002-6244-6214

16 Universal Journal of Mathematics and Applications

—hmak,mn =0 for each (m,n) € N2,

(i
(ll PillmzmneNzaklmn_l

)
)
(i) P—hm Z |ak1m,,]—0foreachneN
(iv) P—hm Z |ak1mn| 0 for each m € N,
)

(v ‘ak Imn| is P-convergent for each (k,I) € N2,
(m, n)eN2
(vi) there exist finite A, B > 0 such that }ak Lm, n‘ < A holds for every (k,I) € N2

mn

Firstly let A = (ay,; u ») be a non-negative RH-regular summability matrix, and let K C N2, Then A-density of K is given as below

61‘% (K) Z=P*1]icr}1 Z Ak.l.m,n
" (mn)eK

provided that the limit on the right-hand side exists in Pringsheim’s sense. Now recall the definiton of A-statistical convergence by considering
the concept of A-density. A real double sequence x = (X, ) is said to be A-statistically convergent to a number L if, for every € > 0,

52 ({(m,n) eN?: xpn—1| > 8}> =0.

At this state, we can show it as stﬁ —limx = 1. Also, while P —limx =1, stf —limx = is true but when stg — limx =1 is not always
P —limx = 1. Furhermore, the double sequence does not require to be bounded when stﬁ —limx =1 is exist.

It is worth noting that now with the special choices of the A matrix in concept of A-statistical convergence for double sequences, the following
relations are obtained. If one replaces the matrices A the double Cesdro matrix, then A-statistical convergence coincides to the statistical
convergence i.e., stg(l,l) —limx = st2 — limx [?].

2. Triangular Statistical Convergence

Let x = (xp,,) be a double sequence and suppose that x = (xmyn) is neither A-statistical convergent nor convergent in the Pringsheim’s sense.
On the question of whether a different convergence is considered in such a case, Bardaro et al. introduced the notion of triangular A-statistical
convergence in [?]. First, consider the regular matrix for double sequences [?].

The Silverman-Toeplitz conditions, which have an important place in the literature for the regular characterization of the two-dimensional
matrix transformation, are as follows (see, for instance, [?]).

(&) llA]l = sup Z lam,n| < oo,

m n*
(i) limay,, =0 foreachn €N,
tmdym,

o

(iif) lim ¥ amp = 1.

n=1

Let A = (am ) be a nonnegative regular summability matrix, K denotes the set {(m,n) eN?:n<m } and K, is the m-section of K, i.e., the
set of all n € N such that (m,n) € K, then we define triangular A-density of K by

5Z(K) :=lim Z Amn

nek,

provided that the limit on the right-hand side exists [?].
Also,

(i) 8 (N*) =1,
(i) if K C L then 8T (K) < 81 (L),
(iii) if K has triangular A-density then 8] (N?/K) = 1 — 8] (K),
triangular A-density has the above properties.

Definition 2.1 ( [?]). Let A = (am,) be a nonnegative regular summability matrix. The number sequence x = (Xp, ) is triangular
A-statistically convergent to 1 provided that for every € > 0

hnI1n Z amn =0,
nek,,(g)

where Ky, (€) ={neN:n<m, |xm,—1| > e} also written as stAT —limx;, , = 1.
m

The case in which A = C} the Cesaro matrix of order one reduces to the triangular statistical convergence i.e., stf{ —limx = stgl —limx.
Triangular density 87 (K) is given by

sT(k )_llm |Kon|
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or equivalently

o

87 (K) = 1im (C1xx,, (), = im ¥ cm ki, ()

n=1

if it exists. The number sequence x = (x,,) is triangular statistically convergent to ¢ provided that for every € > 0, the set K := K, (€) :=
{neN:n<m, |xmy—1| > e} if 8T (Ky (€)) = 0; then we can write st — limux,, , = t.
: m :

Let stAT be the set of all triangular A-statistically convergent sequences. As we mentioned before, triangular A-statistical convergence is a
variant of statistical convergence. Here we give examples showing that these two convergences cannot be compared.

Example 2.2. Let A =Cj and

2, m=n=j*
3(jj+1)7 m:2],n:2/+1 .
Xm,n = 2j . . , J € N.
3(j+2)° m:2j—1,l’l:2(j+1)
0, otherwise
X = (Xm,n) be given as above. For every € > 0,
m=j?

,JEN

1 1
—H{neN:n<m, |xpn—0|>e}=< J
- { <m, |xmn—0| > €} { 0, otherwise

clearly,
1
lim— |[{neN:n<m, |xu,—0>e}=0.
m m

So, we obtain s)fgl - li'Ilnx,,,’n = 0. Nevertheless, x = (X, ) is not Pringsheim’s and C (1, 1)-statistically convergent.

Example 2.3. Take A =C(1,1) and
{ \/mn, m:n=j2
Xm,n =

3 .
o otherwise

,jEN.

X = (Xmn) be given as above. Obviously, sté(l - limx,, , = 0 but x is not Pringsheim’s and triangular statistically convergent.
, ; ™

Example 2.4. Let A =Cj and

-2, m=n=j*
Hmn = { 0,  otherwise ’ jeN.

X = (Xp) be given as above. Similarly, sl‘gl —limx,,, = 0 and Stg(l n— limx;;, , = 0.
’ m ) mn

Example 2.5. Let A =Cj and

1, m=n=j*
ﬁ, m=2j+1,n=2j—1
Xm,n = ﬁ7 m:2j7n:2(j+1) 7j6N-
k, m=j7n=j7+1
0, otherwise

X = (Xmn) be given as above. So, we can easily see that stgl —limxy, , = 0. Neither x = (X ) is Pringsheim’s and C (1,1)-statistically
X, ;

convergent nor bounded.

Remark 2.6. (i) Triangular statistical convergence and statistical convergence are incompatible; i.e., stZ ¢ stﬁ and stﬁ ¢ stZ.
(i) A P-convergent double sequence is A-statistically convergent and triangular A-statistically convergent to the same value but the inverse
implications are not true, i.e., stﬁ g 2 and stZ g 2.

3. A Korovkin-Type Approximation Theorem

In this section using the concept of triangular A-statistical convergence for double sequence and test function 1, sins, coss, sint, cost, we
provide a Korovkin type theorem for positive linear operators on the space C* (Rz) .
If a function f on R? has a 2m-period, then, for all (s,7) € RZ,

Fls,0) = [ (s+2km,1) = f (s, +2kn)

holds for k = 0,£1,+2, .... This space is equipped with the supremum norm

Iflle-ey = swp 1f ol (fect (B?)).

(s.1)eR?
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Theorem 3.1 ( [?]). Let A = (aymn) be a non-negative RH-regular summability matrix and let (Ly, ) be a double sequence of positive
linear operators acting from C* (Rz) into C* (Rz) . Then, for all f € C* (Rz)

st% —lm || L. (f) —ch*(R2) =0

iff the following statements hold:

$Ix =l | L (f) = frll o rey = 00 7= 0,1,2,3,4,

where fo(s,t) =1, f1(s,t) =sins, fo(s,t) = sint, f3(s,t) = coss and f4(s,t) = cost.

Theorem 3.2. Let A = (am ) be a nonnegative regular summability matrix and (L, ) be a double sequence of positive linear operators
from C* (Rz) into C* (Rz) . Then, for all f € C* (Rz)

Stf{_lirilnHLm,n (f)‘f”c*(Rz) =0 (3.1)

iff the following statements hold:

stg — lirzn ILmn (fr) — fr C®) = 0, foreveryr=0,1,2,3.4 (3.2)
where fo(s,t) =1, f1(s,t) = sins, fo(s,t) = sint, f3(s,t) = coss and f4(s,t) = cost.
Proof. Under the hypotheses, since 1, sins, coss, sint and cost belong to C* (]Rz) , the necessity is clear. Suppose that (??) hold and let

fec (Rz) and D, F be closed subinterval of length 27 of R. Fix (s,¢) € D x F. As in the proof of Theorem 2.1 in [?], it follows from the
continuity of f that

2M
F )= f(s.0)] <&+ -5 9 ()
s 2
which gives,
\Linn (f38,0) = f (5,0)| Lo (| (,v) = f (s:0)[18,0) + [ f (8,0)[ |1Lmn (for5) = fo(s,1)]
2My :
Ly <8+ o (p(u,v),s,t)

S1 2

< +Mf|Lm,n(f0;s)_f()(s7t)‘

M
< (8+Mf) |Lm,n (f();S) _fO(SJ)‘ + Slll% {2|Lm,n (fO;S) _fO(sJ)‘
7
+[sinx| [Lin (f158,8) = f1(s:0)| +[siny| [ Linn (f255,1) = f2(s,1)]
+[cosx| [Lmn (f335,1) = f3(s,0) | ++[cost| |Lmn (fa35,1) — fa(s,1)|} + €

4
<EFN Y, [Limn(fris) = fr(s,)]
r=0
where My = || fllc+ (m2) - @ (u,v) = sin? 455 +sin? Y5 and N := e+ My + s?:;lfg . Then, taking supremum over (s,7) € R?, we obtain
2
4
”Lsz (f) 7f C*(RZ) <é& +N Z ”Lm,n (fr) 7fr‘ C*(]Rz) . (33)
r=0

Now given g > 0, choose € > 0 such that € < 8/, and define

Dy, := {neN:ngm, HLmﬁn(f)_fHC*(]R2> 28’}7

£ —¢
C*(]RZ) 2 5]\]}7 r2071a27374'

D;, :—{neNzngm7 | Linn (f+) — fr

It is easy see that from (??)
4
Dy C | D).
r=0
Hence, we may write
4
Z amp < Z Z Am,n-

neD,, m=0 neDy,

Now taking the limit m — oo, (??) yield the result. O
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Example 3.3. We consider the following the double sequence of Fejer operators on C* (Rz)

T T
. 1 .
Omn (f38,1) = W / /j (u,v) Fy (1) By (v) dudv (3.4)
—T—T
sin? Mle=s) LT )
where Fy () = ——2~ and — [ F, (u)du = 1. Analyze this
2sin” 5% T
m—1
Om,n (f();S,t) = f0(57[)7 Om,n (f];S,l) = m fl (Svl)v
n—1 m—1
Om,n (fZ;svt) = TfZ(Sat)a Om,n (f3;s7t) = " f3(5'7[)7
n—1
Om,n (f4;s,t) = Tf4(sat)- (3.5)
Let A = C) and define a double sequence (up ) by
1, m=n=k>
k
=2k+1,n=2k—1
_ ) 3@+ M , k
Uy = i B . , ke N. (3.6)
ST m=2k,n=2(k+1)
0, otherwise
In this case, observe that
sté —limuy,, = 0. 3.7)
m

Nevertheless, the sequence (um ) is not statistically convergent. Also using (??) and (??), we define the following double positive linear
operators on C* (Rz) as follows:

Lm,n (f;SJ) = (1 +um,n) Om,n (f;s7t) . (3.8)

Then, observe that the double sequence of positive linear operators (Ly, ) defined by (??) satisfy all hypotheses of Theorem ??. Therefore,
by (??) and (??), we have, for all f € C* (R?),

Stf{ —li’Ln |Linn (f) _ch*(RZ) =0.

Since (ump) is not statistically convergent, the Theorem ?? does not work for our operators (L, ) defined by (??).

Example 3.4. Fejer operators be the same in Example ??. Now let A = C(1,1) and define a double sequence (B ) by

— \/’ﬁv m=n= kz’
Bnn = { ﬁ otherwise. -

Obviously

St 1,1y~ limpnp = 0. (3.10)

Combing (??) and (??), we define the following positive linear operators on C (Rz) as follows:
Linn(f35,8) = (1+ Bnn) Omn (f55,1) - 3.11D)

So, by the Theorem ?? and (??), we are seeing this

Sl‘% *lrilgll”lzmﬂ (f) -f |

cr®e) =0-
Also, since (Bm,n) is not triangular statistical convergent, here we can explain that the Korovkin theorem in triangular statistical sense does

not work for operators defined by (??).

4. Rate of Triangular A-Statistical Convergence

Definition 4.1 ([?]). Let A = (amn) be a nonnegative regular summability matrix and let (0, be a positive non-increasing sequence. A
double sequence x = (Xi,) is triangular A-statistically convergent to a number 1 with the rate of o(0y,) if for every € > 0,

lim Y aw.=0,

" Om nek,,(€)
where

Kn(€):={neN:n<m, |xp,—1|>¢€}.
We may write

X —1= stg —0(04y) as m — oo,
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Definition 4.2 ( [?]). Let A = (am,) and (04,) be the same as in Definition ??. Then, a double sequence x = (Xmy) is triangular
A-statistically bounded with the rate of O(04y,) if for every € > 0,

1
sup— Z Amp < 0,
m a,n neLm(e)

where
Ly(e):={neN:n<m, |xpul>€}.
In this case, we write Xp n = stAT —O(ty) as m— oo.

We now use the modulus of continuity ©(f;38), expressed as below:
0(738) = sup {If (1) = £ 5:) s (1), () € B2 w5+ (1) < 8

where f € C* (R?) and § > 0. We will use the fundamental inequality to obtain our main result, for all f € C* (R?) and for 1,5 > 0,
o (f;A0) <(1+[A]) o (f;0) 4.1

where [A] is defined to be the greatest integer less than or equal to A.
To obtain our main result we require the following theorem.
Theorem 4.3. Let (L, ) be a double sequence of positive linear operators acting from C* (Rz) into itself and let A = (ap,,) be a nonnegative

regular summability matrix, and let (04,) and (By) be positive non-increasing sequences. Then, for all f € C* (]RZ) ,

| Linn () _fHC*(]RZ) = stg —0( Ym), as m — oo, with Yy, := max{ 0y, B} for each m € N
provided that the following conditions hold:
(@) | Lmn (fo) — fol c®e) = stZ —0(04y) as m — oo, with fo(u,v) =1,

(@) o (f;0mn) = Stg —0(Bm) asm — oo, where 8y n := /|| Linn(¥) |C*(R2) with P (u,v) = sin? =4 sin? "T*’for each (s,t), (u,v) € R2.

Also, analogue results holds when the symbol “0” is replaced by “O”.

Proof. To express it, we first assume that (s,#) € [, 7] x [~7, 7] and f € C* (R?) be fixed, and that (i) and (ii) hold. Let § > 0. Also, it
is as in the the proof Theorem 9 in [?]. Using the definition of modulus of continuity and the linearity and the positivity of the operators L, ,
for all (m,n) € N2, we get

‘Lm,n(f§s7t)_f(s7t)| SLm‘n(lf(mv)_f(sJ)

;Svt)+|f(s7t)| ILm,n (f();S,t) _f()(&t)‘

o (f;0
<0(7:8) L (o) + 72 2L L (050) 417 (520 [ U5.0)— fo(5.0)]
Taking supremum over (s,¢) on the both-sides of the above inequality and & := &, 1=, /||Linn (¥) | - (r2)» then we get
L ()= f C*(R?) <o (f;8) |Lmnn (fo) — fo C*(R?) + (1 +7l'2) O (f:8) +M || Ly (fo) _f0||c*(]R2) 4.2)

where the quantity M := || f|

C(R?) is a finite number since f € C* (Rz) . Then, given € > 0, define the following sets:

szz{neN:nSW [ Limn (f) = £

CH(R?) > 8} )

Dy :={neNin<m o (f:8) |Lmn (fo) ~ fo

>

3

W M

C(®)

D,

I

3
.—{neN.n<m, w(f,5)>3(1+,r2)}7

€
Diyi={neN:n<m, |Lna(f0) ~ folo-) = 507}

Then, thanks to (??) that D,,, C D}, UD2 UD3,. Also, defining

€
Dfn;:{neN:ngm, o(f;8)> \/;}
€
D;::{HENIHSH’!, ||Lm,n(f0)_f0‘c*<Rz>Z 5}7
we have D}, € D}, UD;),, which yields
5
Dy C | D).

r=2
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Therefore, since ¥, := max {0, B}, we get the result for all m € N,

1

—_ Z ampn <o Z amn+ Z ampn + o~ Z amn+ Z Am,n- 4.3)
l3m ﬁm

Yin neDy, neD?, M neD3, neD? M neDs

m m

Letting m — oo on both sides of (??), we get

lim i Z amp = 0.

m—roo
Yin neD,,
Thus ends the proof. O
Now, having experienced from Theorem ??, we can introduce the ordinary rates of convergence of a sequence of positive linear operators

defined on the space C* (Rz) . Firstly, we should point out if we choose oy, = B, = 1 for all m € N, then Theorem ?? is get from Theorem
?? at once. So our theorem gives us the rate of triangular A-statistical convergence in Theorem ??.

S. An Application to Theorem ??

Let A = (am,) be a nonnegative regular summability matrix. Then, we consider the following operators defined by (??) on C* (Rz) :

Linu(f38,t) = (1 +tmn) Onn(f;5,1). 5.1)
Then, we take A = C| := (cm,n) , the Cesdro matrix. Then, setting (¢y,,) = <im) , we get, for any € > 0,
1 1 2 2
— Y cwn=Vm Lo2vm_ 2 (5.2)
O n:‘u,_jlze nt\um.n\zs m m \/,,T,l
Taking the limit as m — oo in (2?), we get, for any € > 0,
lim— Y 0
im— Cmn =
" am "i\um,n|28
which gives,
Umn = stl —o( ! )asm— (5.3)
man = Sly — ﬁ oo, .

Also, observe that
L (foss,t) = (1 +tmn) ,

Lm,n(fHSJ) (IJF”mﬁn)m_]fl (sat)a

Lm,n (f2§57l)

(1 +um,n) nn;lfi (S,t)7

Linn (f3:8,1)

—1
(1 +um,n) mTffs (S,l‘),
Lm,n (f4;57t) :(] +um,n) nn;lf4 (S,l),

where fo(s,t) =1, fi(s,1) =sins, fo(s,t) =sint, f3(s,1) =coss and fa(s,1) = cost. Since ||Ly.» (fo) — fol
7

C+(R2) = Umn, W obtain from

L. (fo) _fOHC(RZ) = st —o(04,) as m — oo. (5.4)
Now, we calculate the quantity L, ,(W;s,t), where ¥(u,v) = sin? U=y sin? . After some calculations, we have
14+u 1 1
Linn(Wss,t) = 2m,n (E N ;) .
So, we get O p 1= HLm,n(LP)”C*(Rz) — l+;tmﬁ (% + %) In this case, setting (B,,) = (ﬁ) we have, for any € > 0,
1 1 2¢Ym 2
5 L cuima=vm ¥ Wm_ 2
M |8 > € 1:| S| e m m

which gives that

hm— Z Ckimn = 0.
"B e
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Hence, we obtain 0, , = stgI — o(i) as m — oo, By the uniform continuity of f on RZ, we can write as follows:

U
1
O (f:8mn) = st¢, —o(%) as m — oo, (5.5)
Then, the sequence of positive linear operators (L, ) satisfy all hypotheses of Theorem ?? from (??) and (2?). So, we have, for all
fect(R?),

1
L) = Fllay = 518, — 0 5=) as m — oo

3
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—y +qx)y=0’p(x)y, xeR;

[6@ywax+n' ©)-63(0)=0
0

and the non-standard weight function

px)=-1

where |y| 4 |0] # 0. There are an enormous number of papers considering the positive
values of p (x) for both continuous and discontinuous cases. The structure of the weight
function affects the analytical properties and representations of the solutions of the equation.
Differently from the classical literature, we used the hyperbolic type representations of the
fundamental solutions of the equation to obtain the spectrum of the operator. Moreover, the
conditions for the finiteness of the eigenvalues and spectral singularities were presented.
Hence, besides generalizing the recent results, Naimark’s and Pavlov’s conditions were
adopted for the negative weight function case.

1. Introduction

Differential equations, particularly the ones with integral boundary conditions, have been inevitable tools in modeling natural phenomena
such as thermodynamics, liquid flow, and demographics, see [1]. Modeling the vibration of a loaded string, equations of gas dynamics, and
the theory of shock waves are a few quite interesting examples of a vast research area in mathematical physics that makes use of boundary
value problems with a boundary condition involving spectral parameters in it [2]. Therefore in this paper we will focus on Sturm-Liouville
operator generated by well-known one dimensional Schrodinger equation

—y +qx)y=0’p(x)y, xeRy (1.1

where o is a spectral parameter and p is the weight function under the integral boundary condition.
The utility stemmed from the interconnection of studies on direct and inverse problems with the methods of solving many problems in
mathematical analysis, keeps this research area vigorous [3—7]. This productive and efficient subject area, originated by the pioneer work of
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Naimark dealing with the singular non-self-adjoint problem for p(x) = 1, finds itself specialized sub-areas governing different but connected
techniques, for example, cases considering positive weight [8—13], non-continuous weight [14—17], sign-changing weight [18-20] as well as
discrete cases [21-28]. Especially, the spectral singularities of the non-selfadjoint problem under the integral boundary condition has been
investigated in [9, 10].

At first, Gasymov’s approach in considering the sign-changing weight function for the inverse problem of the Sturm-Liouville type operator
yielded different results from the previous literature [18]. Besides the fact that the appearance of these weight functions enriched the study
area with applications in physics, the analytical difficulties arising from the negative sign made the problem even more attractive.

In the Sturm-Liouville problem, hyperbolic-type solutions obtained depending on the negative weight function cause some analytical
difficulties, as well as the necessity of re-evaluation of conventional techniques. In this paper, the spectral properties of the non-selfadjoint
singular Sturm-Liouville type operator, under the integral boundary condition and the non-standard weight function p (x) = —1 shall be
analyzed. We engage with this problem owing to the deficiency in the studies investigating the requirements of the analytical solutions of
Sturm-Liouville equation in distinct regions.

Let us also remark that, while the transformation chosen for the eigenparameter determines the analytical properties of the Jost solutions in
discrete problems; the structure of the weight function affects the Jost solution in differential case. Hence, based on this idea, this paper may
also lay the groundwork for new research topics in both inverse and direct problems. This paper has also a crucial importance since this is
the first study which considers the negative value of a weight function for singular non-selfadjoint operators under the integral boundary
condition. Therefore, we adopt the recent results to the negative weight function case and obtain new results which might give rise to the new
research topics.

This article is structured as follows: Section 2 presents the general solution to (1.1) subject to the integral boundary condition in terms of the
fundamental solutions to the boundary value problem (1.1) with negative weight function. Later in the same section, we obtain resolvent set
in terms of these solutions. In Section 3, more general theorems for eigenvalues and spectral singularities concerning some additional and
more strict conditions on the potential function are provided.

Notation. Let  be a complex parameter. In this paper, for the complex left half-plane, we set the notation Cy,f; := {w e C:Rew < 0}. As
usual topological relatives, we use Cy, 11 for its completion, and dCy, g, for its boundary set. We denote number of elements in a set A with
#A and the linear Lebesgue measure of a Lebesgue measurable set A with [L(A).

2. Solutions of the problem

In this part, we present some preliminary results for the negative weight function case which can be deduced similar to the theorems and
techniques in [4-6, 8, 9].
Let 7 be the operator in le, (R ) generated by the differential equation

—y +q()y=0%p(x)y, xRy @1

with the integral boundary condition

o

/ G (x)y(x)dx+7y (0)—6y(0) =0 (2.2)
0

and the non-standard weight function
px)=-1, xeRy (2.3)

where 7, 0 are complex numbers with |y| + |6| # 0, and @ is spectral parameter. Note that ¢ and G are complex valued functions, such that
Ge L}, (Ry) ﬂL’z, (R.), and ¢ satisfies the following condition:

oo

/s|q(s)\ds < oo, (2.4)
0

Let us denote by S (x,®) and C (x, @), the solutions of (2.1) subject to the initial conditions

S(0,m) =0,
C(0,m) =1,
d
as(wi) —0 - 17
d
EC(X,CO) o =0.

Consider the case g (x) = 0. Then, (2.1) takes the form
yU = a)zy7 xeR,.
Thus, S (x, ) and C (x, @) can be represented by the hyperbolic type functions

inh
S(x,0) = smwwx’

C (x,®) = cosh ox.
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Using the results of [4] and constant coefficients method, one can easily show that the fundamental solutions S (x, @) and C (x, ®) have the
Volterra type integral representations as

X
inh @ inhw (x—1t
S(x,0) = smw x+/s"‘ afx ) a(0)S(t, @) dt,
0

and

sinho (x — 1)

C(x, ) 7c09ha)x+/ (1) S (1, @) dr.

Moreover, both functions S (-, @) and C (-, ) are entire in @. They are also analytic on @eﬂ. Existence and uniqueness results of the
solutions S (x, ) and C (x, ) can also be proven analogous to [4]. Also, Wronskian of the solutions S (x, ®) and C (x, @) can be written as

WS (x,0),C(x,0)]=-1, wecC.
Now, let us denote the Jost solution of the operator .7 by e (x, ) which is the solution of (2.1) satisfying the asymptotic condition
: —x __
xlgge(x, w)e =1, 0ecCppy. 2.5)

Under the condition (2.4), this solution can be found as
e(x,0) = e + /l((x7 s)e®ds, (2.6)

where the kernel K is uniquely determined by the potential function ¢ such that K (x,.) € L; (0,0) and it is continuously differentiable with
respect to its arguments. -

On the same manner with [4], we deduce that the Jost solution e (-, ®) is analytic in C;, 7; and continuous on Cy, f; from the validity of the
inequality

\K(x,s)\gc/|q(f)\d'r, X< 5 <o, 2.7
T
2

for any constant ¢ > 0 independent of the variables x and s.
Denote by g (x, ®), another solution of (2.1) satisfying the asymptotic conditions

: wx __ el
xlgrolog(x7w)e - 17 wE(CIgft,

; ox = 2.8)
Xll_l)ggx (x,m)e™ = -0, ©cCpp.
By the help of the asymptotic identities (2.5) and (2.8), the Wronskian of e and g can be found as
Wle(x,0),g(x,0)] = 20, ®€Cpp, 2.9)

which concludes that e and g form the fundamental system of solutions for (2.1) on dCy, ;.
For the complex parameter ®, define the functions

=)

G(s)e(s,m)ds+vex (0,0)— Oe (0, ),

0
©) = [ G(5)g(5,0)ds + 2. (0,0) ~ 63 (0.0),
0

and fort € Ry,

u(t,(o):_—w g(t,o /G e(s,0)ds—e(t, a))/G(s)g(s,w)ds+M(a))e(t,a))

t

Clearly, resolvent operator of .7 can be obtained as

=)

Rw(ﬁ)qb:/%(x,t;(o)q)(t)dt, () eleJ (Ry).
0

Here we set the notation ¢ (x,#; @) for the Green’s function of .7 defined as

G (x,1;0) =9 (x,1;0) + 9P (x,1; 0),
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with the functions

91 (x1,0) = —— e
erhou(t.o) o o
g(2> X 1) = — 20 ; 07t<)€7
( ) ALOME®) ¢ < < oo,

Hence, the resolvent set Ry (7) is given by

Ry(T) = {n:n:coz,Rew<07N(a>);£O}.

3. Spectrum of .7

In this section in order to deal with the quantitative structure of the spectrum of .7, we will investigate the sets of zeros of the function N on
left half plane and on its boundary, respectively. Let us denote these sets by

Zy = {a) 1@ € Crepr, N() :0}7
Zy:={w:®€dCyp, N(w)=0}.

Recall that the multiplicity of a zero in the region Cy, 7+ 1s called the multiplicity of the corresponding eigenvalue and spectral singularity of
the operator [7,8]. According to this definition, Z3 denotes the set of all the accumulation points of Z; and Z; denotes the set of all zeros of
NinC,, ¢+ with infinite multiplicity.

Notice that the set of eigenvalues of .7 is related to the set of zeros Z;

Gd(g):{z:z:w27wezl}7 3.1
and the set of spectral singularities .7 is related to the set of zeros Z,
0 (7)={z:z= 02w e\ (0. (32)

Within the same circle of ideas in the proofs of the theorems from [4, 8,9], by the classical definition of spectrum of a differential operator we
obtain that the set o, (.77) defined as

0. (7)={z:z2=1it,7>0}
is the continuous spectrum of .7.
Lemma 3.1. Suppose G € L}, (Ry) ﬂL%, (Ry) and (2.4) holds, then
(i) Zy is bounded, #Z, is at most countable, and Z3 is a subset of a bounded interval of B(CIef,,

(ii) Zy is a compact set with L(Zy) = 0.

Proof. Using the inequality (2.6) and the expression of N (®), it can be easily seen that N (®) is analytic with respect to @ in C;, 7, and
continuous on the imaginary axis. Also, it yields the asymptotic

N(@)=y0+0+0(1), ®€Cpp,|o]— oo, (3.3)

for |y + 16| # 0. The boundedness of the sets Z; and Z, follows from (3.3). Hence, the proof of part (a) results from analicity of N (@) in
Cief; and continuity on the imaginary axis. For the part (b), we shall consider the boundary uniqueness theorems of analytic functions [29].
Using these theorems, we get that Z is a closed set and i (Z;) = 0. O

The following theorem can be stated easily using (3.1), (3.2) and Lemma 3.1 :

Theorem 3.2. Suppose G € Ly, (R1) L3 (Ry) and (2.4) holds. Then,

(i) 04(T) is bounded, #6, () is at most countable, and the set of its limit points is contained in a bounded interval of dCjey,.
(ii) 055 () is a bounded set with zero measure.

From now on, we will consider the spectral properties of .7 under more strict conditions on the potential. Firstly we consider the Naimark’s
condition

o

[ la@I+16(@)de <=, 34
0
for any € > 0, which enables us to use analytic continuation properties of the Jost function for the proof.

Theorem 3.3. Suppose the condition (3.4) holds true. Then T possesses finitely many eigenvalues and spectral singularities and each one
has finite multiplicity.
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Proof. (2.7) and (3.4) make it clear that
£(x+s)

IK (x,5)] < Ae™ "2, (3.5)
for arbitrary positive constant A. Considering the expression of N (@) and (3.5), it is clear that N (@) continues analytically from Cy,, to the
right half-plane {® : Rew < §}. As a consequence, the limit points of the zeros of N (@) in Cy s, cannot lie in the imaginary axis. From the
results of Lemma 3.1, we can see that the sets Z| and Z; are bounded and both have a finite number of elements. Also taking into account the
analicity of N (w) for {@ : Rew < £}, we deduce that the zeros of N (@) in Cy,; are of finite number and they are of finite multiplicity,
which concludes the assertion of theorem. O

However, there is more strict condition for the potential called Pavlov’s condition which pushes us to use new methods to prove the finiteness
of the sets 0, (:77) and o (7). Let the following integral condition holds true:

oo

[ex(es®) (a(x)]+1G (@) dr <=,
0

<d<1 (3.6)

N =

for any € > 0. Clearly, N (o) is analytic in the complex left-half plane C;. 7, and continuous on the imaginary axis. Nevertheless, analytic
continuation property does not hold from the left-half plane to the right-half plane. We will also benefit from the subsequent relations
between the sets Z1, Z,, Z3 and Z, in order to verify the following theorem which can be inferred directly from the boundary uniqueness
theorems of analytic functions [29]:

ZiNZy =0, Z3CZ4yC2, 3.7
and

W(Z3) = p(Zs) =0.
Theorem 3.4. If the condition for the potential (3.6) holds to be true, then Zy = 0.

Proof. Using Lemma 3.1., we obtain that

_T o0
In|N (w)] In|N ()]
/1+w2‘*’<’ [ e el <= 3.8)

for sufficiently large values of T > 0. Moreover, N (@) is analytic in Cy, , all its derivatives are continuous up to the imaginary axis and

(N“) (a))‘ <C, ©€Cup, r=12,.., |o|<2T, (3.9)
where
C, ::c/sr\K(O,s)|ds. (3.10)
0

If we make use of (3.8), (3.9) and Pavlov’s theorem, we get

w
/ Int(s) dp(Zag) > —oo, G.11)
0
where ¢(s) := inf % for s > 0, and p(Zy ) is the linear Lebesgue measure of the s—neighborhood of Z4 [8,9]. We can also estimate C,
Mo
from above
C-=c /sr|K(O,s)\ds <c /s’efgsds <Bb'r'r!, (3.12)
0 0

for constants B and b depending on ¢ and 6. When estimate (3.12) is substituted in the definition of ¢ implies that

. Crsr . rr.r —sle1p!
t(s) = inf r' < Binf{b"s"r"} <Be . (3.13)
r ! r

It follows from (3.12) and (3.13) that

[0]

C 8

/s_ =8 dU(Zy5) < oo. (3.14)

0
Then the inequality % > 1, together with (3.14) ensures that, for arbitrary s, 11(Zs ;) = 0 or Z4 = 0. O

Theorem 3.5. Suppose that the condition (3.6) holds true. Then  possesses finitely many eigenvalues and spectral singularities and each
one is of finite multiplicity..

Proof. It would clearly have been necessary to show that N (@) acquires finitely many zeros with finite multiplicities in C;, rr- When we
applied the previous theorem, the relation (3.7) just amounts to saying that Z3 = @. That is to say, the bounded sets Z; and Z, cannot possess
accumulation points. Therefore, the zeros of N (@) in Cy.f; are finitely many. The fact Z; = 0 concludes that these zeros are of finite
multiplicity. O



28 Universal Journal of Mathematics and Applications

4. Conclusion

In this paper, we investigated the spectrum of the operator constructed by the help of differential Sturm-Liouville type operator and negative
valued weight function. The specific feature of this study is that we obtain the spectrum using the hyperbolic type fundamental solutions. We
also impose an integral boundary condition and this also effects the structure of the Naimark’s and Pavlov’s conditions. There are so many
papers considering the trigonometric type fundamental solutions. Also, this paper is the differential analog of the hyperbolic type problems
in discrete operators. Therefore, we bring a novel viewpoint to the recent papers and this paper may lay the goundwork for future studies.
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Keywords: Bifurcation, Chaos control, ~ We studied a host-parasite model qualitatively. The host-parasitoid model is obtained by
Nicholson-Bailey model, Stability. modifying the Nicholson-Bailey model so that the number of hosts that parasitoids cannot
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the model is controlled by implementing two control strategies. The theoretical studies are
backed up by numerical simulations, which show the conclusions and their importance. A
low rate of escaping of a host may lead to instability.

1. Introduction

The Nicholson-Bailey model [1] was proposed by Nicholson and Bailey in 1935 to model and study a biological system involving two insects:
a host and a parasitoid. The parasitoid is a free-living adult parasite that lays eggs on the host larvae, and these eggs may survive to give birth
to the next generation. The parasitoid hosts die, and the non-parasitoid hosts produce their offspring. There are some unnatural suppositions
in the Nicholson-Bailey model, for instance, a homogeneous environment, a constant searching efficiency, and the reproductive rate of the
host. These assumptions produce unstable positive fixed points for all the parametric values and lead to oscillations in the Nicholson-Bailey
model at low parasitoid densities. By relaxing the homogeneous environment assumption and assuming a patchy environment, a proportion
of the host population could hide away or refuge and be secure from the attack of parasitoids. Therefore, a modified Nicholson-Bailey model
has been proposed by MP Hassell [2] and is given as

H; 1 = r(1—Y)H; 4+ ryH;exp(—aP;), (w1

Py = eyH; (1 —exp(—ah)),

where H; is the population size of the host in generation ¢ and P is the parasitoid population size in generation ¢, r refers to the reproductive
rate of the host, a to the efficiency with which the parasitoid searches for a host, and e represents the average number of viable eggs laid by a
parasitoid on a single host, 7y is the percentage of hosts that are vulnerable to parasitoids, and 1 — ¥ shows how many are safe from parasities
when they are in a refuge. It is evident to see that if we take Y =1 in the system (1.1), then we retrieve the classical Nicholson-Bailey model
H; | = rH;exp(—aF), (1.2)
P = eHy(1 —exp(—aR)), '

where 7,a, and e are positive constants. The parameters r,a, and e have the same biological interpretations as those in the previous model
(1.2). Unfortunately, this classical model failed to produce a stable equilibrium. Several authors attempted to modify the model in order to
achieve a more realistic and stable system.

Email addresses and ORCID numbers: rizwanahmed488 @gmail.com, 0000-0002-4900-0488 (R. Ahmed), shahraz5768 @gmail.com, 0000-0002-
9212-6887 (S. Akhtar)

Cite as ”R. Ahmed, S. Akhtar, Qualitative Analysis of a Nicholson-Bailey Model in Patchy Environment, Univ. J. Math. Appl., 6(1) (2023),
30-42”



https://orcid.org/0000-0002-4900-0488
https://orcid.org/0000-0002-9212-6887
https://orcid.org/0000-0002-9212-6887

Universal Journal of Mathematics and Applications 31

Another way to model the effect of a refugee can be achieved by sheltering a certain quantity of hosts denoted as Hy, which are immune to
being attacked by parasitoids, and another modification [3] in the Nicholson-Bailey model is given by

{H,H = rHy + r(H, — Ho) exp(—aP,), 13

Fri1 = e(H; — Ho)(1 —exp(—aFy)).

The mathematical modeling of population dynamics has been developed as a significant area of research within the last decade. The
mathematical models described by exponential difference equations are extensively used to study population dynamics [16]. Nonlinear
difference equations appear naturally in mathematical modeling as they provide a more flexible framework to model different biological
systems’ dynamics [4, 5]. These equations are the discrete-time counterparts of differential equations, which are used extensively in
engineering and the biological sciences [6,7]. The study of the consequences of the hiding behavior of host on the dynamics of host-
parasitoid systems can be recognized as a major issue in applied mathematics and theoretical ecology. Some of the empirical and theoretical
work have investigated the effect of host refuges and drawn a conclusion that the refuges used by host have a stabilizing effect on the
considered interactions and host extinction can be prevented by the addition of refuges.

A complete examination of the qualitative behavior of models given by nonlinear difference equations, including local and global stability,
bifurcation analysis, and chaos control, may be found in [8—15]. Q. Din [16] examined the qualitative behavior of the model (1.3). Specifically,
the author examined the boundedness and persistence, the presence and uniqueness of steady-state, the local and global stability of the
unique positive fixed point, and the rate of convergence of all solutions that converge to the fixed point for the model (1.3).

The motivation of our work is to study the impact of the refuge effect on the host population in the modified Nicholson-Bailey model. In this
research, we investigate the qualitative behavior of the model (1.1) by identifying the unique positive fixed point, the parametric conditions
for the local stability of the unique positive fixed point, and the presence of the Neimark-Sacker bifurcation at the positive fixed point, and by
implementing the control strategies to control the Neimark-Sacker bifurcation in the model (1.1). In the end, some numerical examples are
provided, followed by a necessary discussion on the qualitative behavior of the model (1.1).

The following describes the structure of the paper:

The derivation of a necessary and sufficient condition for the local asymptotic stability of the fixed point of the model (1.1) is given in
Section 2. The Neimark-Sacker bifurcation at the unique positive fixed point is the subject of Section 3. In Section 4, two control techniques
are employed to control the bifurcation in the model. The dependence of the model on the parameters ¥ and r is illustrated in Section 5.
Section 6 has some final observations.

2. Local Stability of Positive Fixed Point

ae(r—1) (1-7)

(Hx, P,) is the unique positive fixed point of system (1.1). The system will have to be linearized for stability analysis using the variational

In( —r—
It is simple that (0,0) and (H.,P.) = (m(”(]w), %ln (]_rry)> are the fixed points of the system (1.1). Also, for 7 > 1 and y > %,

rin( —74—
matrix at the fixed point (H,, P, ). For the fixed point, (H,,P,) = ( a(e‘(’r’fl’)”) ,1in ( ) )) , the variational matrix is

r(1=r(1-v)) ry
<11> s n(=i)
e(r— —r(l=v ry
T -1 1“(14(17;/)

J(H,,P.) =

The characteristic polynomial of the variational matrix is given by

=2 (1 B (i) ) e (=) e

The following lemma is very important for both the topological categorization of the fixed points and the determination of the criteria that are
necessary as well as sufficient for the local stability of the fixed points.

Theorem 2.1 ([17]). Let C(z) =z —AA +B, and C(1) > 0 with z1,z3 be the roots of C(z) = 0. Then the following results hold:

(i) |z1] < 1 and |z2) < 1iffC(—1) > 0 and C(0) < 1.
(ii) |z <land|z] > 1, or |z > 1l and |z| < 1iff C(—1) < 0.
(iii) |21 > 1 and 22| > 1iff C(—1) > 0 and C(0) > 1.
(iv) zi=—land zp # 1 iff C(—1) =0 and C(0) # 1.
(v) z1 and z5 are complex and |z1| = 1 and |zp| = 1 iff A — 4B < 0 and C(0) = 1.

By using simple computations, we have

ot = (in(;— 7)) (=rl1-7),

(=) (=1 =)+ 1)
(r—1) ’
r (=) 1= r(1=7)
(r=1) '

c(-1)=2+

C(0) =
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Notice that for all » > 1 and y > %, we have C(1) > 0 and C(—1) > 0. Therefore, cases (ii) and (iv) of Theorem 2.1 are not possible. It
means that (Hy, P;) in the system (1.1) is not a saddle point because case (ii) of Theorem 2.1 is not true and period-doubling bifurcation is
not possible because case (iv) of Theorem 2.1 is not true.

Theorem 2.2. Suppose that r > 1, and y > % The unique fixed point (Hy, P,) of the system (1.1) is
(i) stable iff

r(ln (#T_y))) (1—r(1—y) <r—1,

(ii) unstable iff

r(ln <#71/—7))> (1—r(1—9)>r—1,

(iii) non-hyperbolic iff

r(ln(#b))(l—r(l—y)):r—l, 2.2)
and
1+ 1n(1r:ffly)) (1=r(1=7) 274 rln(“g(yr’)_(i)r(lﬂ) <0. (2.3)

3. Bifurcation Analysis

In this section, we use bifurcation theory to investigate the Neimark-Sacker bifurcation at (H.,, P.), using ¥ as the bifurcation parameter in
the system (1.1). The existence of the Neimark-Sacker bifurcation ensures that dynamically invariant closed curves are produced. We refer
to [18-23] for the relevant literature concerning the bifurcation analysis of such types of discrete dynamical systems.

We are looking for conditions on the system (1.1) that will allow us to have a non-hyperbolic point (Hx, P,) with a pair of complex conjugate
eigenvalues that have modulus values that are equal to one for J(Hx, Px). The characteristic polynomial (2.1) has complex roots zj » with
|z1 2] = 1 in the following region

-1
0= {(n y):r>1,y> r—7 (2.2) and (2.3) are satisﬁed} .
r
We select 7y as a bifurcation parameter. When parameters vary in a local region of ®, the system’s unique positive fixed point (1.1) undergoes
Neimark-Sacker bifurcation. We consider the following perturbation of the system (1.1):

Hewt|  [r(1—v—8)H; + r(y+ 8)Hiexp(—aP;)
[ml}*{ e(y+8)Hy(1 - exp(—aP,)) } @-D

where |§| < 1 is used as a small perturbation parameter.
We now consider the transformation u; | = H;y1 — Hy, v;11 = P11 — Py to transfer the fixed point (Hy, P.) of the system (1.1) to origin:

| _r<17r<1fy75>)1n< r(y+9) )
i 1) CAy 8 ) | ] [ ve) (32)
Vi+1 N e(r—1) (l_r(l_y_&)l"(lf:gjzé)) Vt fz(”hvz) ’ ’
r (r—1)
where
ar(1=r(1—y=8)In (a2 )\
Jilug,ve) == (a(1=r(1—y=28)))urvi + 2e(r—1) Vi
2 r(r+6)
l 20 o > ar(l—r(l—y—S))ln(m> 3
+2(a (I=r(l=y=98)))uv; 6e(r—1) Vi,
and
r(y+6
) (=== a(l=r(1=y=8)n (o)
Salur,ve) = , rve 2(r—1) K
) (1= r(1—y=8)n (L2
_ (e =r(=v=8))\ a2, =(1=7-8)) | 3
2r g 6(}’*1) r

The characteristic polynomial of the linearized part of (3.2) evaluated at the fixed point (0,0) of (3.1) is given by

2 —p(8)z+4q(8) =0, (3.3)
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where
A )
)
The roots of (3.3) are
a2= 2221 fag(0) - 2)
satisfying
212l = V/4(9),
and
et vr(1-rtrrin (=)

We also have p(0) = | 1+

> 0.

27\/(r7 D1 =r(1=7))In (#H)

ln(#ﬁw)

r—1

) (I—r(1 y))) and (7,7) € © which means p(0) # 42,0,1. So z},z5 # 1 foralln =1,2,3,4 at

0 = 0. Thus the roots of equation (3.3) do not lie in the unit circle intersection with the coordinate axes when & = 0. We use the following
transformation to get the canonical form of the linearized part of (3.2) at § = 0.

1
- 0
Ur+1 e Xt+1
= . 34
[WH} 1—r _M [Yrﬂ} S
L 2r
Under the transformation (3.4), the system (3.2) becomes
[ 4—(1+1y
[xm} T H + {F ww} (3.5)
Vit 4-(14+1p Lir yi] - |Glx,y)]’
L 2 2r
where
a(r—1)(14+3r+42(—1+ a@—(1+1)2)
) 2= D342 (1) 2
8r 8
+a(l+r+2r2(—1+}2’))\/—1—2r+3r2xy+az(—1+r)2(1+5r3+6r2(—1+Y))x3
4r 48r
2 2 2 2
a 12323, a (=1=2r43r")(14+r+2r (-147))) »
2 (4—(1+=
g0+ 1613 v
A (=14+r)(1+3r+4r2(=14+y)V—1—2r+32
. ) 23+ 0((l + b)),
16r
and

G(xvy) =-

B a(l4+r)(14+r422(-1+7))

B A (—1+r)(1+r)(1+3r+4r2(—1+7))

a(—=1+r)(1+r)(1+3r+4r2(=1+7))

a(l4+r)vV—1-2r+3r% ,
8r2v/—1—2r+3r2 Y

8r2
a* (=147 (1+r)(1+5r+6r2(—1+7))

*? +

P

2 W
4r 48r3v/—1—=2r+3r2
2(_1_ 2 3 2(_1_ 2 3 2(_
A(-1-3r+r243r) 5 @(-1-3r+2437) (141427 (-147)
4813 16r3v/—1—2r+3r2 '

2y +0((xl + ).

1613

We define the real number L, which analyzes the direction of the closed invariant curve in a system undergoing Neimark-Sacker bifurcation

[24].

(i

1-2z4 72
(17)271207111
—2

)

0=0

1
> - §|7711 * =m0z +Re(zzn21)} )
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where
1 .
o =g [Fre = Fyy +2Gyy +i(Gxx — Gyy = 2Fyy)]
1 .
=y [Frx+ By +i(Grx + Gyy)
1 .
MNo2 = g [Fxx - Fyy - 2ny + I(Gxx - ny +2ny)} 5
21 = R [Fxxx + nyy + Gxxy + nyy + i(Gxxx + nyy - Fxxy - Fyyy)] s
and

—_ 2 — 2
FXX:a( L+r)(143r+472(=1+7)) Fyy__ia<4_(]+l) )

4"2 ’ r
a(l14+r+2r2(=1+7)vV—-1-2r+3r2 A (=14+r)2(1+5r+6r2(=147))
FX.V: 2 s xXxx = 3 s
4r 8r
3
1 1\%)? 2(—1—2r+32)(1 22(—1
Foy=—-a*|4— 1+ Ry = r37)(+r+2r(-1+y)
Ratd 8 r i 8r3
F _a (=14 (1+3r+4r2 (=14 7)V—-1-2r+3r2 G _a(=14+0)(1+r)(1+43r+47(=1+7))
o 81 o 42 /1= 2r+ 32 ’
a(l+r)V—-1-2r+372 a1+ (1 +r+272(—1+7))
G}’y - 472 ’ ny = - 4,2 y
G A (=1+r) (141 (1+5r+6r(—1+7)) G _a (—1-3r+12+3r)
e 8r3v/—1—-2r+43r2 ’ Wy 8r3 ’
(=1 =3r+r2+3r) (147427 (= 1+7)) (1) (1 +r)(1+3r+47(-1+7))
Gy = — Gy = — .

8r3

8r3v—1—2r+312 ’
Due to the above calculations, we have the following theorem for the existence and direction of Neimark-Sacker bifurcation.

Theorem 3.1. Assume that (r,y) € ©. If L # 0, then the system (1.1) experiences Neimark-Sacker bifurcation at the unique positive fixed
point (Hy, P.) when the parameter vy differs in a small neighborhood of ®. Moreover, if L < 0, then an attracting closed invariant curve
bifurcates from the fixed point (Hy,Py), and if L > 0, then a repelling closed invariant curve bifurcates from the fixed point (H,, Py).

4. Chaos Control

Controlling bifurcation in discrete models has recently fascinated the interest of many researchers, and practical approaches are being

used in a variety of fields, including cardiology, physics laboratories, laser and plasma systems, biochemistry, turbulence, communications,

mechanical and chemical engineering [25,26].

We use the state feedback control technique [7, 19,27-29] to stabilize the unstable fixed point of the system (1.1). We consider the controlled

system in compliance with (1.1) as follows:

Hy 1 =r(1 —y)H; + ryH; exp(—ab) — Uy, @1
Py = eyH; (1 —exp(—ah)), ‘

where Uy = h(H; — H..) + p(P; — P.) is the feedback control and p, h are feedback gains. The variational matrix of the system (4.1) evaluated
at (H., P) is given by

- _p_r(l;r(lf}’))ln( ry )
B (—1) 1-r(1-y)
Je(HeP) = |, ) (ot (o
- —1) 1-r(1-y)

The characteristic equation corresponding to J¢ (Hx, Py) is given by

2 (1-r(1-7)) ry pe(r=1) ((h=r)(1-r(1-7)) ry _
2= (1o S () ) - (e e () ) o *2
If z; and z; are roots of the system (4.2), then we have
g d=rl=7) ry
ara=ton G (i) @

and

= P ((h_r)il —r(1-7) m( ry )) )
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To get marginal lines of stability, we assume z; = &1 and zzp = 1 which implies |z; 5| < 1. If we assume that z;z = 1 then (4.4) gives

n (e () ) () = ()
Next, if we assume that z; = 1 then (4.3) and (4.4) implies

ta: (1= O () o (7 ) p= =i (5 )
If we assume that z; = —1 then (4.3) and (4.4) yields

s (10 O () ) (5 =2 PR ()

It is easy to see that the triangular area bounded by the straight lines L, L,, and L3 have stable eigenvalues.
Next, we use a hybrid control technique [22,30-33] to control the chaotic behavior of (1.1) at fixed point (H,, P) due to Neimark-Sacker
bifurcation. We consider the following controlled system associated with the system (1.1):

H,y1 = o(r(1 —y)H; + ryH;exp(—aPB)) + (1 — o) H;, 8)
Py1 = aeyH; (1 —exp(—aP;)) + (1 — )P,

where 0 < o < 1. The fixed points of the controlled system (4.8) and the original system (1.1) are the same.

By using theorem (2.1), we have the following result for local asymptotic stability of fixed point (Hx, Py) of the controlled system (4.8).

Theorem 4.1. Letr > 1 and v > % The unique positive fixed point (Hy, P.) of the controlled system (4.8) is locally asymptotically stable

iff

(1= a)(r=1)+a(l+a(r—1)(1-r(1 -7 (=7=;) 1

< 1.
(r=1)
Proof. The variational matrix of the system (4.8) at the fixed point (Hy, Py) is
1 112:|

Jo(Hy P =

e ") {121 Jn
where

— — -
o wlio in ()
12 e(r—1) ’
ae(r—1
121:¥7
r
ry

, :r—H—Oc(l—r)+(a+ar(y—1))ln<m)

2 r—1 ’
The characteristic polynomial of J¢ (Hs, P;) is

(a+ar(y—1)In( —2—
Fe)=2-|2—a+ <1 ra ”) +K,

r—1

where

L rolrali-nra(irat—1) —r(l—y))m(#LM.

r—1

By simple computations,

Fe(1) = a2(1— (1 —7))In (#’1:”) >0,

a2+ a(r=1)(1=r(1 =) (57 )

r—1

Fo(—1)=4—2a+

>0,

and

(1= a)(r=1)+a(l+alr=1)(1 = (1 =Y)in (7= )

Fe(0) = =)
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5. Numerical Examples

Some interesting numerical examples are provided in this section to strengthen our theoretical findings on different qualitative characteristics
of the model (1.1).

5.1. Neimark-Sacker bifurcation by using 7 as bifurcation parameter
Setting the parameters r = 2,a = 4,e = 1 and initial condition Hy = 0.5, Py = 0.2 for the system (1.1), the bifurcation value is Y ~ 0.698976
and the fixed point is (Hy,P;) ~ (0.628216,0.314108). The eigenvalues of J(Hy,P;) are z; » = .75 +0.661438i having |z; 2| = 1 which

confirms that the system (1.1) undergoes Neimark-Sacker bifurcation at (Hx, Py). It is observed that the fixed point is locally asymptotically
stable for ¥ < 0.698976, and the fixed point is unstable for y > 0.698976 due to the Neimark-Sacker bifurcation as shown in Figure 5.1.
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Figure 5.1: Bifurcation diagrams for system (1.1) and their amplifications.
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The closed invariant curves and periodic orbits are observed for Y > 0.698976 as shown in Figure 5.2.
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Figure 5.2: Phase portraits for system (1.1) for different values of 7.

Figure 5.3 displays the maximum Lyapunov exponent which affirms the stability and bifurcation regions obtained for the system (1.1).
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Figure 5.3: Maximum Lyapunov exponent for system (1.1).
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5.2. Feedback control method

Setting the parameters r =2,a =4,e = 1,y = 0.7 and initial condition Hy = 0.5, Py = 0.2 for the system (4.1), the unique positive fixed
point of the system (1.1) is unstable and the marginal stability lines for the controlled system (4.1) are

Ly : h=0.9977945005p — 0.9955890011,

Ly : h=—1.002215271p — 1.004430524,

and

L3 : h=0.3330879170p 4-2.333824167.

Figure 5.4 depicts the stable triangular area bounded by the marginal lines Ly, L, and L3 for the controlled system (4.1).

I~Jd

~

Figure 5.4: Stability region for controlled system (4.1).

5.3. Hybrid control method

Setting the parameters r = 2,a = 4,e = 1 and initial condition Hy = 0.5, Py = 0.2 for the system (4.8), the bifurcation diagrams for H; are
displayed against the bifurcation parameter ¢ in Figure 5.5, for different values of y. These graphs show that the fixed point (Hy, P;) of the
controlled system (4.8) is locally asymptotically stable for a wide range of the control parameter .
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Figure 5.5: Bifurcation diagrams for controlled system (4.8) for different values of 7.

Furthermore, bifurcation diagrams for H; are displayed against the bifurcation parameter ¥ in Figure 5.6 for different values of o. These
graphs confirm that the bifurcation is delayed in the controlled system (4.8) compared to the original system (1.1).
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Figure 5.6: Bifurcation diagrams for controlled system (4.8) for different values of a.

5.4. Sensitive dependence on the initial conditions

Figure 5.7 shows two perturbed trajectories in blue and red colors to highlight the sensitivity of the system (1.1) to initial conditions. The
two trajectories are initially overlapping and indistinguishable, but after a few iterations, the difference between them grows fast. With initial
values (Hy,Py) = (0.5,0.2) and (Hy, Py) = (0.50001,0.20001), Figure 5.7 illustrates a sensitive dependence on the initial conditions for the

system (1.1).
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Figure 5.7: Sensitivity to initial conditions of the system (1.1).

6. Conclusion

The qualitative analysis of a host-parasitoid system (1.1) is carried out. The system (1.1) is a modification in the classical Nicholson-Bailey
model, which is achieved by relaxing the uniform environment assumption with the patchy environment in which the number of hosts safe
from attack by the parasitoid is fixed. The unique positive steady state of the system (1.1) is found to be

ry
(H P): rln<17’(1*7’>> lln ry
o ae(r—1) ’a 1—r(1—7)

The unique positive steady-state (Hx,Ps) is topologically classified by linearization. The local stability of the steady-state (H,P;) is
characterized by the following set of inequalities;

r(ln(#b))(l—r(l—y))<r—l, r>1, 7> r;l.

The necessary and sufficient parametric conditions are derived for the local stability of the steady-state (Hx,Py). In addition, sufficient
conditions (2.2), 2.3)and r > 1, y> % are derived for the steady-state (H,, Ps) to be non-hyperbolic. The Neimark-Sacker bifurcation is
carried out using the theory of normal forms by taking ¥ as a bifurcation parameter. The state feedback control and hybrid control strategies
are used to stabilize the unstable steady state of the system. Finally, numerous numerical examples have been presented to illustrate the
significance of the bifurcation parameter ¥ and the reproductive rate r of the host in the model (1.1). We show that the presence of a safe
refuge, where a portion of the host is in a safe refuge from predation, has a stabilizing effect on the model. It is clear, therefore, that ¥, the
percentage of hosts that are vulnerable to parasitoids, can have a crucial impact on the stability of a host-parasitoid interaction. A small rate
of escaping of a host, 1 — ¥, may lead to instability.
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