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’ Research Article ‘

Exact Solutions of Nonlinear Time Fractional Schrodinger Equation
with Beta-Derivative
Volkan ALA ©*

Mersin University, Faculty of Science, Department of Mathematics
Mersin, Tirkiye

Received: 06 March 2022 Accepted: 19 October 2022

Abstract: This article consists of Improved Bernoulli Sub-Equation Function Method (IBSEFM) to get
the new solutions of nonlinear fractional Schrédinger equation described by beta-derivative. Foremost, it
is dealt with derivative of Atangana. Secondly, basic properties of the IBSEFM are given. Finally, the
proposed method has been applicated to the considered equation to get its new solutions. Moreover, the
graphs of the obtained solutions are plotted via Mathematica. It is inferred from the results that IBSEFM

is effectual technique for new solutions of nonlinear equations containing conformable derivatives.

Keywords: Atangana derivative, IBSEFM, Schrodinger equation

1. Introduction

Fractional equations are useful tool to determine numerous nonlinear phenomena of physics
such as chaotic systems, heat transmission, diffusion, acoustic waves, viscoelasticity, plasma waves
[12-17]. Lots of fractional operators have been defined, for instance: Riemann-Liouville, Caputo
derivative [19], Caputo-Fabrizio [9], Jumarie’s modified Riemann-Liouville [13], Atangana-Baleanu
[4]. By the aid of these derivative operators, lots of techniques have been advanced which supply
analytical solutions of fractional equations such as generalized Kudryashov [11], extended direct
algebraic [20], IBSEFM [5, 6], modified trial equation method [18].

In [14] the definiton of conformable derivative is given and then using this derivative exact
solutions of the time-heat differential equation have been investigated in [10]. In addition to this,
a new definition of fractional derivative called beta-derivative is obtained in [4]. Several analytical
methods are improved to get the exact solutions of fractional equations with beta-conformable

time derivative [22-24].

The aim of this study is to get the exact solutions of nonlinear time fractional Schrédinger

*Correspondence: volkanala@mersin.edu.tr
2020 AMS Mathematics Subject Classification: 35C08, 34K20, 32W50
This Research Article is licensed under a Creative Commons Attribution 4.0 International License.

Also, it has been published considering the Research and Publication Ethics.
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equation with beta-derivative using IBSEFM. Before the solution process we will give the basic
properties of Atangana’s conformable derivative and fundamental steps of proposed method in the

rest of the paper.

2. Beta Derivative and It’s Specifications

This section contains some essential concepts of beta derivative that have been utilized in this
work.

Let f(t) be a function defined for all non-negative ¢. Then, S-derivative of f(t) of order

B is given by in [1, 4] as

f(t+€(t+ ﬁ)l_ﬂ) — f(t)

= lim ,
€

where 0 < 8 < 1. In fractional calculus, the S-derivative is known as the generalization of classical
derivative and it’s characteristics properties have been given in [1, 4]. Suppose that w(t) and
v(t) are S-differentiable functions for all ¢ >0 and S € (0,1]. Then

i) D (af(t) +bg(t)) = aD? (f(t)) +bD" (9(1)) (¥ a,b e R),

it) D7 (f(t)g(t)) = g(t) D (f(1)) + f()D? (g(1)),

N8 (£ _ 9D (F(E)-F(R)DP (g(1))
i) D (g(t))‘ (9())? ’

. =B g
D (F(1) = (t+ 1) L2,
It should be noted that these properties provide us an easy way to convert a nonlinear

partial differential equation with (-derivative to a nonlinear ordinary differential equation of

integer-order. There are many works with S-derivative in literature [2, 3].

3. Description of The Proposed Method

In this part, the fundamental properties of IBSEFM is given ([6-8]). There are five main steps of
the IBSEFM below the following;:

Step 1: Let us consider following equation with beta derivative for a function according to

the two variables space x and time t;
P(ué,Dfu,uw,um%...) =0, (1)

here P involves u(x,t) and partial derivatives. The goal is to exchange (1) to nonlinear ordinary

differential equation with a suitable wave transformation as

- _ gl Ly
u(z,t) =V (n), n=mzx- 5(t+F(ﬂ)) , (2)
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m and ~ are arbitrary constants. Using (2), (1) turns into the ordinary differential equation in
the form

NWV, VI V" .)=0, (3)

where N is the function of V, V' V" ... and its derivatives with respect to 7. Integrating (3) term
to term, we acquire integration constants which may be determined then.

Step 2: We hypothesize that the solution of (3) may be presented below;

YioaiQ'(n) _ao+a1Q(n) + a2@Q*(n) + ... + a, Q™ (n)
YiobiQ7(n)  bo+biQ(n) +baQ2(n) + ... + b Q™ (n)

Vi(n) = (4)

where ag,as,...,a, and bg,by,...,b,, are coefficients which will be determined later. m # 0,n # 0
are chosen arbitrary according to the balance principle and considering the form of Bernoulli

differential equation below the following;

Q'(n) =aQ(n) +dQ™(n), d#0,0 0, M eR~{0,1,2}, (5)

here Q(n) is a polynomial.
Step 3: The positive integer m,n, M (are different from zero) are found respect to the bal-
ance principle that is both nonlinear term and the highest order derivative term of (3). Substituting

(4) and (5) into (3) an equation of polynomial Q(Q) of @ is acquired below the following;

Q) = Q1) +... + 1Q(n) + 9 = 0,

where «; are coefficients that will be determined later.

Step 4: The coefficients of Q(Q(n)) which will give us an algebraic equations systems;

Step 5: When we solve (5), we get the following two cases with respect to ¢ and d,

1

—de?( eV 4 g7

_ , d#o0,
0'6‘7(6_1)71

Q(n) = [

(e-1)+(e+1)tanh(o(1-€)2)
1-tanh(o(1-¢€)%)

Q(n):[ ],dza,eeR. (7)

Using a complete discrimination system for polynomial of Q(7), exact solutions of (1) are get via
Wolfram Mathematica and categorize the exact solutions of (1). To achieve better results, 2D and

3D graphs of exact solutions might be plotted taking proper values of parameters.
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4. Mathematical Analysis of The Model

Let us consider the nonlinear Schrédinger equation in [-derivative sense

i DPu+ pugy + qlufu=0, 0<B<1 (8)

and apply the transformation

u(z, t) = e =TI A 1Y _x_2r)\( 1)6
(0= 0@, 0=ros (1o ) eme- 22 (1 ) o)

Here 7, and r are constants, using the basic properties of S-derivative and substituting (9) into

(8), we get the following equation containing the real and imaginary part;

2
z'[—?r)\c(li—g +2p7%] + %—(A +p7r?) U +qU® = 0. (10)

From the imaginary part of (10), r = &-. Moreover, the real part of (10) is
pU"—(/\ +p7'2)U+qU3:O. (11)

When we reconsider (11) for balance principle between U” and U2, we get the relationship as
follow;

M=n-m+1. (12)

(12) shows us the different cases of the solutions of (11) and we can obtain some analytical solutions.

According to the balance, we consider M = 3,m = 1,n = 3 for (12) and the following equations

hold:
_ag+a1Q(§) +aQ*(§) + azQ*(€) _ T(E)
Ve b+ 5:0(6) K16 "
R GL: (3})2—( s(f)st) 10
and
U7 (€) = TP () -T(OT' () [T (O] T*(€) —2T(§)[\I”(€)]2\P(§)’ (15)

w2(¢) (¢)

where Q' =0Q+dQ3, a3#0, by #0, 0 #0, d+0. Using (13)-(15) in (11), we get from coefficients

of polynomial of @ as follow;
QO : qag - )\aobg —p7'2agb(2) =0,

Q': 3qa(2)a1 - )\albg +poQCL1b(2J —p7'2a1b3 - 2Xapbobi — poagbobr — 2pT2agbeby = 0,
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Q" : 3qasa? + 3qaia? + 15d%pagb? + 9d%pasboby + 12dpoaszb? = 0,
2 3 0 1
QB : 3qaza? + 21d*pazboby + 3d*pasb? =0,

Q° : qa3 + 8d*pazb? = 0.

Solving above the equation system of @) via Mathematica, the coefficients are obtained for

o#d:
Family1l.
iv/2/pobo iV2,/Poby 2i\/2d,/pbo 2iv/2d,/pby V- - 2po?
G =——————, @1 =~ ———,02 = ~ ;a3 = = y TE—r .
Vi Vi Vi Va VP
Substituting these coefficients along with (7) in (13), we obtain the following solution of (8)
as follows;

- -\ - 2po?
g1 (1) = Dexp | -VAZT A
2 VP B8

(ST
B mi

Figure 1: 3D-plots of ¢;(x,t) for the values 8 =0.5; d=0.4; r=0.1; e=0.2; A=0.3; 0 =0.5;
p=03;t=04; -3<x <3, 0<t<10, 2D-plots and contoursurfaces

Family2. For o #d,

in/-\ - pr2b i/ -\ - pr2by 2i\/2d,/pbo 2i\/2d. /pby V-A-pr2
_— a1 = — , ag = ,a3 = o =

\/a s W1 \/a 2 \/a 3 \/6 ’ \/_2—\/5

ag = —

Substituting these coefficients along with (7) in (13), we obtain the following solution of (8)
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as follows;

exp{ixr+%<t+ﬁ) }()\+p7-2) 242 exp | - - b (hspr?)

q2 (:C,t) =

— Reiu)
— Imiu) i

Figure 2: 3D- plots of go(x,t) for the values 8 =0.5; d=0.4; r=0.1; e=0.2; A =0.3; 0 =0.5;
p=0.3;t=0.4; -10<z <10, -10< t <10, 2D-plots and contoursurfaces

We can understand the characteristics of the solutions from the figures that for a few
parameter values, the displayed numerical analysis acknowledges that the solutions are periodic
wave shapes in exponential classes. According to the figures, one can see that the formats of exact

solutions in two and three dimensional surfaces are similar to the physical meaning of results.

5. Conclusion

In this paper, the IBSEFM is applied for fractional Schréodinger equation in 3-derivative. Using
wave transformation the considered equation has been converted into the ordinary differential
equation which can be solved according to the IBSEFM. By means of this method, exact solutions
are obtained. Figures of all solutions according to the suitable parameters are plotted by showing
the main characteristic physical properties of the solutions with the help of Wolfram Mathematica.
It seems from the results that the more steps are developed and the better approximations are
obtained. It is inferred from the conclusions that IBSEFM is simple, effective and powerful. Thus,

in mathematical physics it is applicable to solve other nonlinear differential equations.
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On the Analytical Determination of Geometric Characterizations of

Analytic Functions

Alaattin Akyar ©*
Diizce University, Diizce Vocational School, Diizce, Tiirkiye

Received: 27 March 2022 Accepted: 02 January 2023

Abstract: As it is known, there are many sufficient conditions for the classification complex functions of
one variable f(z), which are analytic and univalent in the open unit disc U = {z € C: |z| < 1}, and are also
normalized with f(0) =1 - f'(0) = 0 which are also known as normalization conditions. In this sense, the
main goal of present article is to derive some special sufficient conditions for f(z) to be starlike of order

27" and convex of order 27" in U, with r is a positive integer.

Keywords: Analytic function, convex function, starlike function, univalent function.

1. Introduction

Let’s take A as the class of functions of the form
w=f(2)=z+Y a2t =z+a2’ +..., (1)
n=2

which are analytic in the open unit disc U4 and additionally satisfy normalization conditions
f(0) =1-f'(0) = 0. If being univalent is imposed as an additional condition on the elements
of class A, class S, which is a subclass of class A, is obtained. The fact that a complex-valued
function f(z) is univalent in the unit disk I indicates that w = f(z) for distinct z elements in U
are also distinct [2]. In other words, the equation f(z) = w has at most one root in the unit disk I .
Under these conditions, the regions f(U) of the functions f(z) belonging to the class S exhibits
very interesting geometries. Moreover, these functions are classified using common geometries. We
denoted by S* the subclass of class S consisting of functions f(z) in class A, which exhibit a
starlike geometry with respect to the origin and also denote by C the subclass of class S consisting

of functions f(z) in class A, which exhibit a convex geometry. These two classes can be given

*Correspondence: alaattinakyar28@gmail.com.tr
2020 AMS Mathematics Subject Classification: 30C45, 33A30
This Research Article is licensed under a Creative Commons Attribution 4.0 International License.

Also, it has been published considering the Research and Publication Ethics.
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analytically as

*= z)eA: 2I'(2) Z€
S {f( Je A SR( ) )>O, U} (2)

and

reanfis H O ol
C—{f .A.i)%(1+ f’(z))>0’ L{}, (3)

respectively [2, 3, 6].
Furthermore, we denote by S*(a) the subclass of S consisting of functions f(z) in class A, which

2f'(2)
f(2)

are satisfies the condition 9‘{( ) >a (0<a<1), and analytically this subclass is given as

2f'(2)
f(z)

S*(a):{fEA:iR( )>a,ae[0,1),zeb{}. (4)

Similarly, also we denote by C(«a) the subclass of S consisting of functions f(z) in class A, which

2f"(2)
f'(2)

are the satisfies the conditions R (1 + ) >a (0<a<1). Analytically this subclass is given

as

2f"(2)
f'(2)

C(a):{feA:i)%(1+ )>a,ae[0,1)7261/{}. (5)

Functions belonging to subclasses S*(a) and C(«), respectively, are called starlike of order «v and
convex of order « functions in the open unit disc U4. For proofs of analytical characterizations
given so far, we refer to [1, 9, 12]. Since it is very difficult to classify analytic functions with
different domains, it would be good to remember that the domain of definition is taken as the open
unit disc U in the studies carried out in this field in the light of the Riemann mapping theorem. In
this sense, the information given is only valid for the analytic f(z) functions defined in the open
unit disc U and satisfying the relevant conditions. Moreover, it is clear that the common geometric
characterization of analytic functions belonging to a subclass cannot be generalized to all elements
of the classes that cover this class. At this stage, it is clear from the subclass relationship that
Cla) c S*(a) c S* c S c A and §*(0) = §* and C(0) = C for o = 0. When interpreting the
subclass relationship given above, it will be helpful to remember that any convex region is also a
starlike region with respect to every point. Since the functions belonging to the class A meet the
normalization conditions, functions that are starlike according to the origin are mainly used in the

studies in this field.
Theorem 1.1 The classes S*(a) and C(a) satisfies Alexander duality relation

2f/(2) €§*(a) < (=) €C(a), 0<a<l, (6)

10
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The basic argument provided by this theorem, also known as the Alexander’s theorem that f(z)
is univalent and convex if and only if zf’(z) can be univalent and convex [2]. In this case, it can
be said immediately that f is convex, according to the argument of Alexander’s theorem. This
brilliant theorem, which is not difficult to prove, is used as a very useful mathematical tool in

obtaining many results set forth in univalent function theory.

Definition 1.2 Let’s take f(z) and g(2) be analytic in the open unit disc U . If there is an analytic
function w(z) in U that satisfies the conditions w(0) =0, |w(z)| <1 and f(2) = g(w(z)), then

the f(z) function is said to be subordinate to the g(z) function and denoted as g(z) < f(z) [2].

Lemma 1.3 (Jack’s Lemma) Let the (none constant) function w(z) be analytic in the open unit
disc U with w(0) = 0. If |w(z)| attains its mazimum value on the circle |z| =r <1 at a point

zow'(20)

zo €U, then c=
w(zo)

, where ¢ is a real number and c>1.

It is well known that Jack’s lemma is a very useful mathematical tool used in many applications
in the theory of geometric functions [2, 5]. In this sense, we start by reminding that it is also used

as a basic tool in the proof of our results.

2. Main Results

Theorem 2.1 Let f(z) be a function in class A. If f(z) satisfies

z2f"(2) 3+27"
2}{(1+ 70 )<2(1+2_T), |z] <1 (7)

for some 2+ 27" (r e N), then

2f'(z) (2+277)(1-2)

O CET R )
and

2f'(z) 2427 2+277

1) 3var |S3ez A<t )

This implies that f(z) e S*(277).

Proof As in many studies in this field, let’s define the function w(z) by

2f'(z) _(2+277) (1 -w(z))
f(2) (2+27) —w(2)

,w(z)#2+27" (10)

11
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to prove the result of the theorem under the given conditions. It is clear that the function w(z) is
analytic in the open unit disc & and also w(0) = 0. Thus, we need to prove that |w(z)| <1 in U

according to the Jack’s Lemma Lemma 1.3. Since

N 2f"(z) _(2+27) (A -w(z)) 2w'(z) zw'(2)
Ty T e —wl) Tew() @i —w(z) (11)

we have that

- 1+zf (2) _m (2+27) (A -w(z)) =zw'(z) . 2w’ (2) 7
f1(2) (2+27)—w(z) 1-w(z) (2+27)-w(z)
so R (1 + Zf,”(z)) = 3427 |z| <1 for some 2+27"(r € N). At this stage, using the exponential
f'(z) 2(1+2°7) 5

form of the complex number provides ease of operation. Now, if there is a point zo in U/ such that

4
max = |w(ZO)| = 17 then w(Zo) = eia and c= oW (ZO)

———=, ¢>1 by Jack’s Lemma 1.3. So, we have
|zl<]zo] w(20)

zof"(20) _ (2+27") (1 -w(20)) 2w'(20) . 2w’ (2p)

f'(20) (2+27) —w(20) 1-w(z0) (2+27)-w(z0)

1 c
(2+27)—e® 1-¢if’

=(2+27)+(2+2)(1-(2+2") +¢)

Thus, if follows that

m( 1 ): L (2+27)* -1
(2+277) =) 2(2+27)  9(2427) (1+(2+277)" - 2c0s0)

1 1
and so | ———— | = =. This implies that, for 2+27" (reN),
1-w(zg) 2

m(l . zof"(zo)) 34277 . (3+2)(1-(2+27") +¢)

>
f'(z0) ) 2 2(1+2™)

5 3+27" N (3+27)(-2T)
2 2(1+27)

o 3+27
S 2(1+27)

This contradicts the hypothesis of our theorem. Therefore, there is no zg € U such that |w(zg)| =1

for all z €U, that is

2f'(z) (2+27)(1-2)
f(2) (2+27) -2

, |zl < 1.

12
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Furthermore, since

@ (48

zf'(2) _ -r
1) (2+2™)

w(z) =

and |w(z)| <1 (Jz| <1), we conclude that

zf'(z) 2+27"
f(z) 3+2

which implies that f(z) e S*.

O

While r - oo in the theorem, the following corollary due to Singh R. and Singh S. is obtained

with a different calculation [11]. The proof is obtained directly from the proof of Theorem 2.1.

Corollary 2.2 Let f(2) be a function in class A. If f(2) satisfies

"
9%(1+Z (2))<3, |z| < 1,
! 2

f'(2)
then
FERE =l
and
) 218 ey

Theorem 2.3 Let f(z) be a function in class A. If f(z) satisfies

r -
m(1+zf (z))> 7+3.2 o<1

1'(2) 2(2+27)(3+27)’

for some 1+27"(r e N), then f(z) EC(%)

Proof We define the function in U by

f() _@2+27) (0 -w(z))
2f'(z)  (2+27)-w(z)

, (w(z) #2+27", reN),

(13)

so that w(z) is analytic in & and |w(z)| < 1. In this case, if the logarithmically derivative of both

sides of equation (13) is taken and necessary simplifying are made,

2f"(z)  (2+27") - w(z) . 2w’ (2) . 2w’ (2)

frz)  @+27)(1-w(z) 1-w(z) (2+27)-w(z)

13
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and hence

2f"(2)\ (2+27) —w(z) 2w’ (2) 2w'(2)
21 L) (Gt s T e

N 7T+3.27"
2(2+27)(3+27)

for 1+277(r e N). Now, if there is a point zy in U such that max‘ = Jw(z0)| = 1, then w(zp) = '

|21<|z0
zow'(20)
and c= ————, ¢>1 by Jack’s Lemma 1.3. So, we have
w(zo
—r\2
ER(1-’—20‘][//(20))_1+ 1 ~ C((2+2 ) +1)
F'(z0) ]2 2(2+27) 2(14+(2+27)° -2(2+27) cosd)

and, for 1+27" >0 (reN),

z0f" (20)
9%(H f'(20) )S

1 1+27"

To@v27) 2(3+27)

1
2
B 7+3.27"

C2(2+2)(3+27)°

This contradicts the hypothesis of our theorem. Therefore, there is no zg € U such that |w(zp)| =1

for all z €U, that is

) @r2)(-2)

2f'(2) 2+27)-2 J2 < 1.

Furthermore, since

(2+27) (1- 22

f(2)
w(z) = ,
1-(2+27) Z;f(g)
and |w(z)| <1 (|z| <1), we conclude that f(z) e C(%) O

Corollary 2.4 Letting r — oo in Theorem 2.3, then f(z)€C(3/4).

3. Conclusion

As it is known, geometric functions basically aim to classify complex functions that are analytic
on the open unit disk, provided that they meet some additional conditions such as being univalent
and satisfying the normalization conditions. While doing this, a relationship is established between
the analytical properties of the functions in question and the geometric properties of their images,

as an interaction of analysis and geometry. If the function can be easily graphed, it will be fairly

14
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easy to classify the image set according to its geometric characterization. Unfortunately, that may

not always be the case. In this case, there are many analytical methods that can be used in the

literature. In this sense, we tried to give a different perspective to the conditions existing in the

literature.

Declaration of Ethical Standards

The author declares that the materials and methods used in their study do not require ethical

committee and/or legal special permission.

Conflict of Interest

The author declares no conflicts of interest.

[

2]

(3]

(4]

(5]

(6]

(7l

(8]

(9]

(10]
(11]

[12]

References
Akyar A., A new subclass of certain analytic univalent functions associated with hypergeometric
functions, Turkish Journal of Mathematics, 46(1), 145-156, 2022.
Duren P.L., Univalent Functions, Springer Science, Business Media, Vol. 259, 2001.
Goodman A.W., Univalent Functions, Polygonal Publishing House, Vol. I Vol. II, 1983.

Guo L., Wang Y., Liu J., On the starlikeness for certain analytic functions, International Journal of
Mathematical Research, 1(2), 21-25, 2012.

Jack 1.S., Functions starlike and convex of order a, Journal of the London Mathematical Society,

2(3), 469-474, 1971.

Noor K.I., On Close-to-Convex and Related Functions, Ph.D. Thesis, University of Wales, Swansea,
UK, 1972.

Noor, K.I., On quasi-convex functions and related topics, International Journal of Mathematics and

Mathematical Sciences, 10(2), 241-258, 1978.

Nunokawa M., Aydogan M., Kuroki K., Yildiz I., Owa S., Some properties concerning close-to-

convezity of certain analytic functions, Journal of Inequalities and Applications, 245, 2012.

Owa S., Saitoh H., Srivastava H.M., Yamakawa R., Geometric properties of solutions of a class of

differential equations, Computers and Mathematics with Applications, 47(10-11), 1689-1696, 2004.
Pommerenke C., Univalent Functions, Vandenhoeck and Ruprecht, 1975.

Singh R., Singh S., Some sufficient conditions for univalence and starlikeness, Colloquium Mathe-

maticum, 47(2), 309-314, 1982.

Yildiz 1., Akyar A., An analytical investigation on starlikeness and convexity properties for hyperge-

ometric functions, Turkish Journal of Mathematics, 44(4), 1453-1465, 2022.

15



Fundamentals of Contemporary Mathematical Sciences

F C M S mll doi:10.54974 /fcmathsci. 1142404
(2023) 4(1) 16 - 30

‘ Research Article ‘

Smarandache Curves According to Flc-frame in Euclidean 3-space

Siileyman Senyurt ©®', Kebire Hilal Ayvaci ®'f Davut Canli ®!

1 Ordu University, Faculty of Arts and Sciences, Department of Mathematics, Ordu, Tiirkiye
'senyurtsuleyman52@gmail.com, davutcanliQodu.edu.tr

Received: 08 July 2022 Accepted: 26 December 2022

Abstract: The paper investigates some special Smarandache curves according to Fle-frame in Euclidean
3-space. The Frenet and Flc frame vectors, curvature and torsion of the new constructed curves are
expressed by means of the initial curve invariants. For the sake of comparison in view, an example for

Smarandache curves according to both Frenet and Flc frame is also presented at the end of paper.

Keywords: Flc-frame, natural curvatures, polynomial curves, Smarandache curves.

1. Introduction

Characterizations of curves in classical differential geometry are generally expressed with the help
of Frenet framework. However, the disadvantage of this frame is that the frame cannot be settled at
points where the second derivative of the curve is zero. In this case, an alternative frame is needed.
Bishop defined Bishop frame which we call alternative parallel frame in 1975 [5]. This frame is
formed by rotating the normal vectors at a certain angle by keeping the tangent vector in the
Frenet framework constant and can be defined including the points where the second derivative of
the curve is zero. Even if the Bishop frame is suitable for applications, it is not an analytical frame.

Recently, Dede has introduced a new framework called Flc (Frenet like curve) frame along a given

polynomial curve, and provided some insight into the geometric meaning for the n*” derivative of
a given curve [8]. Calculations made according to this frame are easier than the Frenet frame and
Bishop frame. The most important advantage of the Flc Frame is that it has less singular points
compared to the Frenet frame. Thus, by hindering the sudden rotation of the tangent vector of
the curve, the deformation that may occur on the surface is prevented, and the problem of sudden
ruptures and bends on the surface are removed. The Smarandache curve is defined as the regular
curve with the place vector generated by the Frenet vectors of a regular curve.

In Euclidean space, the first studies for this subject were given by Ali in [2]. Turgut and

Yilmaz, described the Smarandache curves in Minkowski space [15]. Later, at either Euclidean
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or Minkowski space, some features of the Smarandache curves are investigated according to the
Darboux frame, Bishop frame, alternative frame, q frame and Sabban frame, [1, 3, 4, 6, 7, 9, 11—
14]. In this study, we introduce special Smarandache curves according to the new Flc frame in
Euclidean 3-space. The Flc apparatus of each new curve are calculated and the graphs of the

curves are also presented.

2. Preliminaries

In this section, we recall some basic concepts that we refer in the context of the paper. Let

a: I C R — R? be a regular curve in E2. The general forms of Frenet vectors and formulas are

given as

Ts)= 28 N = Bs)AT(s),  B(s)=

_ lla’(s) Aa"(s)]|

)= EE

{o/(s) A a(s),a"(s))
la’(s) Aa(s)]>

7(s) =

T'(s) = vi(s)N(s),  N'(s) =v(=r(s)T(s) + 7(s)B(s)),  B'(s) = —v7(s)N(s), (3)
where v = ||&/(s)]|, & is the curvature and 7 is the torsion of the curve [10].

Moreover, a point sg € I is said to be a singular point of order 0 of the curve «, if o/(sg)
vanishes. Another point s; € I is said to be a singular point of order 1 if o'/(s;) vanishes. If
o’ (s2) Aa”’(s2) = 0 that is the curvature vanishes at a point so € I, then sy is called an inflection
point. Therefore as known to be the main disadvantage of the Frenet frame, it has inflection points
and two type of singular points. However, recently, Dede introduced a new frame moving along a
polynomial space curve of degree n and named it as Flc-frame. The vector elements of this new

frame is defined as following;

a(s)

~ o)

_ o' (5) A al™(s)
Ho/(s) A a(”)(s)H ’

T(s) Dy(s) = D1(s) NT(s), D1 (s)

(4)
where the prime (n) stands for the n'" derivative with respect to s [8]. The new vectors D
and Dy are called as binormal-like and normal-like vectors, respectively. The curvatures of the
Fle-frame dy, do and d3 are defined as

<T/7D2> <T/7D1> <D2/7D1>

dl = fa d2:Ta d3 = T (5)

17
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The relationship between the Frenet and Frenet like frame (Flc) is given by

T 1 0 0 T
Dy | =] 0 cosf sinf N (6)
D, 0 —sinf cosf B

and the relations between the curvatures of two frames are

d do
di1 = kcosb, dy = —ksind, 0 = arctan <_d2> , d3=—+r, (7)
1 1%

where § = (N, D3). Therefore, the local rate of change for the Flc-frame or namely the Frenet-like

formulas can be expressed as in the following form

T 0 dy do T
D2/ =V 7d1 0 dg .D2 : (8)
Dy’ —ds —ds 0 D,

3. Smarandache Curves According to Flc Frame

Let us consider the curve B(s) : I C R — R® as a regular polynomial curve in Euclidean space
and denote {T'(s), Da(s), D1(s)} as its moving Flc frame. We define and consider the following

Smarandache curves. Note that for simplicity we omit to denote the parameter s throughout the
paper.

3.1. TD>; Smarandache Curve

Definition 3.1 The curve 31 defined by the linear combination of two vectors T and D5 is called

the T Dy Smarandache curve and is defined as;

1
Pi(s) = E(T‘FD?)- (9)
We examine the Flc frame invariants of the T'Dy Smarandache curve [$; by means of the
main curve 8. To do so, we first differentiate (9) with respect to s and recall the relations given
at (8) to get

/_V

61_\/5

(—=diT + dy Dy + (d2 +ds3) D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tp, as;

—d1T + d1Dy + (d2 + ds) Dy
Tg, = - > .
\/2d1 + (d2 + ds)

18
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On the other hand, by recalling (8) again, the second order derivative of (9) with respect to

s is given as
B =mT +n2Dy + 13D,
where

m 1 v? (d12 + dads + d22) 4+ (l/dl)/
Mo = ﬁ 2 (d12 + dods + d32) — (le),
73 V2 <d1d2 — dldg) — (Vdg)l + (Udg)/

Then, the cross product of first and second order derivatives is given

By A BY =GT + (oD + (3Dy,

where
G o | (dins —m2(d2 + ds))
G | = 7 (d1m3 + 1 (da + d3))
G —dy (N1 +12)
Hence, we express the principal normal and the binormal vector field of 8, as in the following;
N, = v (G (da+d3) — G3di) T — (Gi (d2 + d3) + (3d1) Do + (C1d1 + adi) Dy
V2
V2 <\/2d12+(d2+d3)2) (\/ C12+C22+C32)
B — GT + C2Da + (3D
B = 2 2 7
VASRE I CHE €'
The third derivative of 8; Smarandache curve is
U"=p1T + p2D2 + p3Dy,
where
_ i vd,? (1/2d1 — 31/) +d; (1/3 (d22 + d32) —3v2d, — 1/”)
PL= \/§ —ds <3UV/ (dg + d3) + 2 (Sdgl + 2d3/)) — d2/1/2d3 — 2V/d1/ — lell ’

. i —Z/d12 (Z/2d1 + 3V/) —dy (I/3 (d32 + d22) + 31/2d1, — V”)
2=\ —vdy (vds' —30/ds) — 3v/vds® — v2dy (2dy’ + 3ds') + vdy" +2/dy )

L —13dy% (do + d3) — vdy (v (do — d5') + 3V (do — d3)) — v3ds” (da + d3) — v3d35®
—ds (1/2 (Vd32 + 2d1’) — V”) + (2V2d1/ + 1/’) ds +v (dg” + dg”) + 2/ (dzl + dg/)

Hence, the Frenet curvatures « and 7 of 3; are given as

1

V2V G+ G+ G N C1p1 + Gap2 + (3p3
) 1 — ) 2 5 -
v (2% + (d3 + ds)°) QGG

3
2
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Therefore, by using (6), the Flc apparatus of 8; can be given by means of the Flc components

of B as

—diT + d1 Dy + (da + ds) Dy

T, = )

n/V2

1 (1/00501 (CQ (d2 + dg) — CSdl) + uszn@lgl) T

2B, C - (1/60891 (Cl (dg + dg) + ngl) — usin@lgg) D2 y
H + (veosy (C1dy + Cady) + usind 1 (3) Dy
1 — (vsinby (Ca (d2 + d3) — (3d1) — pcosh1 (1) T

Dlﬁl = Q + (ysint91 (<1 (d2 + d3) + <3d1) + [LCOSHlCQ) D, R

— (vsinty (C1dy + Gady) — pcosdi(3) Dy

where p = \/4d12 +2(dsy -l—dg)27 =/ C12 +C22 +C32, 0L =< (N,@17D2B1) and

d C12 + C22 + C32
18, = = | cosbq,

V3 (2d12 ¥ (dy + dg)Q) :

2

2V2V/ G + G+ G5

dag, = — 5 | sinfy,
V3 (2d12 ¥ (do + dg)z) :

_ dajs, dig, — dop,dip,  Cip1+ Gapa + Csps
v (dif, +daj,) G+ G2+ G

d3g, =

3.2. T'D; Smarandache Curve

Definition 3.2 The curve By defined by the linear combination of two vectors T and Dy is called

the T D, Smarandache curve and is defined as:

1
52(3)ZE(T+D1)- (10)
We examine the Flc frame invariants of the T'D; Smarandache curve [ by means of the
main curve 3. To do so, we first differentiate (10) with respect to s and recall the relations given
at (8) to get

A

52_\/§

(—dQT + (dl — dg) Dy + daDy) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector
Tp, as;
 —dT + (d1 — d3) Do+ daDy

T,
V22 + (dy — dy)?
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On the other hand, by recalling (8) again, the second order derivative of (10) with respect
to s is given as

By =&T + & Do + &3Dy,

where

& 1 V2 (do® + di® — dids) + (vdp)'
& = 7 —V2d2 (d1 + dg) + v/ (dl — d3) +v (dll — d‘g/)
& 2| <02 (do? - duds + ds?) + (vds)

Next, the cross product of first and second order derivatives is given

By A BY = x1T + x2D2 + x3Dx,

where

X1 L | & (dy — d3) — d2&o
X2 | = 7% ds (&1 + &3)
X3 & (dq +ds) — do&o

Hence, we express the principal normal and the binormal vector field of 35 as in the following;

(x2d2 — x3 (d1 — d3)) T — dz (x1 + x3) D2 + (x1 (d1 — d3) + x2d2) Dy

TV (\/26122 + (d1 — d3)2> (\/ X12 + x2? + X32)

Ng

)

_ xaT + x2D2 + x3Ds

’ vxai? + x2? + x3? .

The third derivative of 82 Smarandache curve is

Bg

i

5 =w T 4+ waDy + w3Dy,

where
_ b vd,? (dgl/2 — SV’) —vdy (3Vd1 —2uds’ — 3V'd3) +13dy® — 3udy?V
wr = \/§ + (I/2 (I/d32 — 3d2/) — I/”) dz + dl/l/ng — QV/dQ/ — I/dz/, ’
1 —03dy? (dy — ds) — dy (V3 (do? + ds?) + 2dy'v? + Buday' — V) + 13dy?ds
w2 = \/§ —vds (V (dll + d3/) + 3V’d3) + V3d33 —ds (2V2d2/ + l/”) +v (dlu — dgll) + 20/ (dl/ - d3’) ’

1 —3dody? +vdy (vds' + 30'd3) — vdy® (V2da + 3V) — do (V2 (vds® + 3dy") — V)
ws = —3V/Vd32 +ds3 (27/2d1/ — 3V2d3/) + Vdg// + 21//d21 '

Hence, the Frenet invariants x and 7 of S5 can be expressed as

2v2y/x12 + x2% + xs? Lo Xawi t Xows F Xaws
3 - .

% <2d22 + (dy — d3)2> )

K =
P 2 X12 + x2? + x32
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By using again (6), the Flc apparatus of 3 can be given by means of the Flc components

of B as
V2
Ty, = 7( —diT + di Dy + (ds + ds) Dl),
1 (vcosBsy (xads — x3 (d1 — d3)) + 9sinbax1) T
Dsg, = @ — (veosbs (da (x1 + x3)) — Usinfax2) Do ,

+ (veostz (x1 (d1 — d3) + x2dz2) + Vsinfzx3) D1

— (vsinbs (xada — x3 (d1 — d3)) — Fcosbax1) T
Dyg, = " + (vsinds (da (x1 + x3)) + Ycosbax2) Da ,
X — (vsinby (da (x1 + Xx3)) — Ycosbaxs) Dy

where 9 = \/4d22 +2(dy — d3)2, X =vXx12+x22+ x32, 6 =<« (NﬁQ,Dgﬁz) and

2v2y/x12 + x22 + x32

dig, = = | cosbs,

v3 <2d22 + (dy — 43)2> :

2

2v/2¢/x12 + x22 + x32

d252 = — 3 sin@z,
V3 (2d22 + (dl — d3)2)

dap,dip, —dag,dis, | xawn + Xows + X3ws

dsg, =
7 v (di3, + da3,) X12 + x2% + x3?

3.3. DyD; Smarandache Curve

Definition 3.3 The curve B3 defined by the linear combination of two vectors Do and Dy of Flc

frame is called the Do Dy Smarandache curve and is defined as;

1
Bs(s) = E(D2+D1)~ (11)
We examine the Flc frame invariants of the Dy D; Smarandache curve 83 by means of the
main curve 8. By differentiating (11) with respect to s, first and referring the relations given at
(8) to get

1%
By = —= (—(di + d2)T — d3sDy + d3 D).

V2

By taking the norm of above and considering the equations (1), we obtain the tangent vector
Tp, as;
(d1 + d2)T + dsDs + d3Dy

Tp, = —
\/2d32 + (dy + dy)?

3
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On the other hand, by recalling (8) again, the second order derivative of (11) with respect

to s is given as
5 = 1T + 2Dy + 3D,

where

¢1 1 V2d3 (dl — dg) — (le)/ — (Vdg)l
¢2 = ﬁ —V2 (d12 + dg —+ d32) — (Vdg)l
¢3 —l/2 (dldQ —|— d22 + d32) —|— (Vdg)/

Next, the cross product of first and second order derivatives is given

B5 A By =v1T + vaDy + v3Dy,

where
o o | —ds (62 + ¢s3)
vy | = 7 #3 (dy + da) + p1d3
U3 —¢2 (d1 + d2) + ¢1d3
Hence, we express the principal normal and the binormal vector field of 83 as in the following;
Nﬁ o L (d3 (’Ug + ’U3)) T — (U1d3 + ’U3(d1 + dg)) D2 — (Uldg — Ug(dl + dg)) D1
3 T )
\/5 (\/2d32 + (dl + d2)2) (\/ v12 +v? + U32)
’UlT -+ U2D2 + U3D1
B, = — 2 7
U1 + U2 + U3
Moreover, the third derivative of 53 Smarandache curve is
B4 = e T + eaDy + €3D1,
where
- i d12V3 (dl + dQ) + d1 (I/3 (d22 + d32) + 3l/d31/, + 21/2d3/ - Z/N) + V2d3 (dll - dg/)
1= \/5 +d23U3 + d2 (lldg (V2d3 — 31//) — 21/2d3/ — I/N) — QVI (dll + d2/) — VvV (dln + dgn) ’

_ i I/d12 (1/2d3 - 31//) - I/d1 (31/d2 +v (3d1/ + 2d2/)) + d22l/3d3
2= \/5 -V (d1ld2V — U2d33 + 3d32V/ + dgll) —ds (—3V2d3/ + Z/N) — 21//0331 ’
o — i —d12l/3d3 —vd; (31//d2 + dQIV) — l/d22 (l/2d3 + 31/’)
3 \/§ —U2d2 (lel + 3d2,) — Vd32 (1/2d3 + 3U/) —ds (31/2d3/ — UH) + QV/dgl + l/dg” '

Therefore, the Frenet curvatures « and 7 of 83 can be expressed as

2v/2v/012 + 192 + v32 V1€] + U262 + U3€3

Kps = ) TBs = 2 ) )
V3<2d32+(d1+d2)2) v1® + U2 + U3

(M)
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By using again (6), the Flc apparatus of 5 can be given by means of the Flc components

of B as
V2
Tp, = T( —(dy + d2)T + d3Ds + dgpl),
1 (veosBs (ds (vy + v3)) + dsinfsv,) T
DQBS 5* — (1/60593 (Uldg + Ug(dl + dg)) — 5Sin93U2) D2 5
v + (VCOSgg (’Uldg — V2 (dl + d2)) + 5sin03U3) D1
1 — (vsinbs (ds (v2 + v3)) — dcosbsv1) T

Dig, = 50 + (vsinds (vids + v3(dy + d2)) + dcosbzva) Do ,
v + (vsinbfs (v1ds — va(dy + d2)) + dcosbzvs) Dy

where § = \/4d32 +2(dy + d2)27 v =112+ 12 +v32, O3 =« (NBS,D253) and

2v/2v/012 + 092 + v32
V3 (2d32 + (d1 + d2)2> ?

d1 By — 60803,

dog, = — = | sinfs,
2\ 2
V3 <2d32 + (dl + dg) )

d dap,dip, — dag,dij, — vier + Vaes + Vzes
3B — .

RS R TR TR

3.4. TD>,D; Smarandache Curve

Definition 3.4 The curve B4 defined by the linear combination of the vectors T', Dy and D1 of

Flc frame is called the T Dy Dy Smarandache curve and is defined as;

1
Ba(s) = E(T+D2+D1)~ (12)
We examine the Flc frame invariants of the Dy D Smarandache curve 4 by means of the

main curve 8. By differentiating (12) with respect to s, first and referring the relations given at

(8) to get

8l = % (—(dy + d2)T + (dy — d3) D2 + (da + d3) D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tp, as;

Ty — —(d1 +d2)T + (d1 — d3) D2 + (d2 + d3) D
’ V(di +d2)? + (dy — d3)? + (da + d3)?

24



Stileyman Senyurt, Kebire Hilal Ayvaci and Davut Canli / FCMS

On the other hand, by recalling (8) again, the second order derivative of (12) with respect

to s is given as
By =T +~v2Da +v3D1,

where

7 1 12 (di® — dids + do” + dods) — V' (di + d2) — v (di + da)
Yo = % —2 (d12 + dido + dods + d32) +v (dl/ — dgl) + v/ (dl — d3)
s —12 (do® + didy — dids + ds”) + v (do' +d3') + v/ (dy + ds)

The cross product of first and second order derivatives is given

By A By = rT + 2Dy + 13 D1,

where

P1 | (dy — d3) — 2 (d2 + d3)
Yo | = 7 73 (dy + d2) + 71 (da + d3)
Vs 3 v (ds —di) =2 (di + da)

Hence, we express the principal normal and the binormal vector field of 84 as in the following;

(Y2 (da +d3) — Y3 (d1 — d3)) T — (¢1 (d2 + d3) + 3 (d1 + d2)) D2

No — v + (1 (dy — d3) 4+ 12 (d1 + d2)) Dy
Bs — 5

V3 (\/(dl +d2)? + (dy —ds)? + (d2 + d3)2) (\/ Y1+ e’ + 1/)32>

_ T + 2Dy + 93Dy

. Vi ? + 1% + s

B

Moreover, the third derivative of 5, Smarandache curve is

"

y = 1T + 12D + 13D,

where
1 di 33 + vdy? (u2d2 — 3V’) +dy (V3 (d22 + d32) +3Vvds — V' — V2 (3d1' — 2d3’))
L= Wi vds? (V2dy — 3V') + do (vd3 (v2ds — 3V') — V" — 12 (3dy" + 2d5")) )
I/2d3 (dll — d2/) — 21/, (dll + dg/) — VUV (dl// + dg//)
1 7d131/3 + l/d12 (l/2d3 - 31//) - dl (l/3 (d22 + d32) + 3d21//V - I//, + V2 (3d1/ + 2d2/))
Lo = ﬁ —|—l/3d22d3 — I/dg (31/’6[3 +v (dll + dgl)) + I/d32 (I/2d3 - 31//)
—ds (I/” + 12 (3d3/ + 2d2/)) + 2 (dll — d3/) +v (d11/ — d3//)
1 —l/3d12 (d3 + dg) —d; (31/1// (dg + d3) -2 d3’ — dgl)) — V3d23
L3 = ﬁ +do (V” — V3d32 — 2 (2d1/ + 3d2,)) — (Vd2 +Vd32) (V2d3 + 31//)

+ (VN -2 (3d3/ — 2d1/)) ds + 21/ (dgl + dgl) + (dg” + d3”> v
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Therefore, the Frenet curvatures x and 7 of 34 can be expressed as

3V3V1” + b’ + bs” Y1+ ate +Psis

3 Ba — .
V3((dy + do)? + (dy — ds)2 + (da + d3)?) o+ s

KB4

By using again (6), the Flc apparatus of 4 can be given by means of the Flc components

of B as

V3
Ts, = X( — (dy + do)T + dsDs + ngl),

1 (1/00894 (1/)2 (dg + dg) - 1/)3 (dl - dg)) + ASZTL94’(/)1) T
Dsg, = Ao — (vcosly (Y1 (dg + ds) + 3 (dy + d2)) — Asinbyipz) Dy
v ¥ (vcosBs (1 (di — ds) + s (dy + d2)) + Asinfabs) Dy

9

1 — (Z/Sine4 (1#2 (dg +d3) — s (dl — d3)) — A00894¢1) T
Dy, = i + (vsindy (11 (da + d3) + 3 (di + d2)) + Acosb4ps) Do
v — (vsinby (11 (dy — d3) + 2 (di + da)) — Acosbyrps) Dy

)

where A = /3 ((di + d2)? + (di — d3)2 + (da + d3)?), ¥ = V1 ” +¥2” + 3%, 014 = < (Ng,, Dap,)

and

d o ( w12+¢22+¢32 )

18, = 5 | cosOs,
V3((d1 + d2)2 + (d1 — d3)2 + (d2 + d3)2)2
( 3V3V U + ha? + hs? ) )

dag, = — 5 | sinfly,

v3((dy 4+ d2)? + (dy — d3)? + (da + d3)?) 2
d dog,dip, — dag,dig, | i1+ Yats + P3is
3By —

v (d1%4 + d2%4) 11}12 + 'l/)22 + 'll)32 .

Example 3.5 Let us consider a = a(t) be a 4" order polynomial curve parametrized by

23 ¢4
)= (t? = —}.
o= (2.5 5)

The corresponding Frenet apparatus of this curve are given as

_ 2t 20t |t _(_ 21t _ |tlt=2sign(t) 2]t]
T(t)_(|t\(t2+2)7t2+27t2+2 7N(t)— TRy 1242 ) 1242 )

— (2 _ _2t  2t(t[t+sign(t) -2 = __2
B(t) = (t2+2’ 2420 T [H[(t2+2) )7 =T T e
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On the other hand, as ||/| = |t| (t? + 2), the corresponding FLC apparatus of o are

tlt] I¢]® 2(t|t|+sign(t))

Dy(t) = (_(t2+2)\/ﬁ’ (242)ViE+1° (2+2)VI2+1 ) )

_ t 1 __t — _ sign(t) — __tt
Dl(t)_( t2+17_\/m70)7 dl—m» d2—_ma d3—2(t2+1)~

To compare the two frames namely the Frenet frame and the Frenet like frame, let us denote

a1 and By as the TN -Smarandache curve and T Do -Smarandache curve, and define these as

T(t) + Da(t)

al(t) = T = 61(t) = \/i

The graph of these curves are given in Figure 1.

(a) a1 alone (b) B1 alone (c) a1 and Bi together

Figure 1: TN— vs TDy— Smarandache curves for ¢ € (—1,1)

Next let us denote this time as and (2 as the TB and T D;-Smarandache curves, respec-

tively, and define these as

() + Di(t).

a(t)=—"—=——,  fa(t)= 7

The corresponding pictures for these curves are provided in Figure 2.
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(a) ag alone (b) B2 alone (c) a2 and B2 together

Figure 2: TB— vs T'D;— Smarandache curves for t € (—1,1)

If we define a3 and B3 as the NB— and D;D;— Smarandache curves, respectively, then

we have

where these curves are presented in Figure 3.

-0.66
-0.67

Px 068
2 069
04y o

-047
-0.6

02 04
0.3-0.6

(a) as alone (b) Bs alone (c) az and B3 together

Figure 3: NB— vs DyD;— Smarandache curves for ¢ € (—1,1)

Finally, if we take oy and g4 asthe TN B— and T'Ds Dy — Smarandache curves, respectively,

then we write

ay(t) = T(t) + N\/(;)) + B(t)’ Ba(t) = T(t) + Do(t) + Dl(t)-

&

The Figure 4 shows these curves.
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-04

(a) ay alone (b) B4 alone (c) as and B4 together

Figure 4: TNB— vs TDyD;— Smarandache curves for ¢t € (—1,1)
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1. Introduction and Preliminaries

A regular curve in Minkowski space-time, whose position vector is composed of Frenet frame vectors
on another regular curve, is called a Smarandache curve [17]. Special Smarandache curves have
been studied by some authors. Turgut and Yilmaz’s article deals with interesting knowledge of
special Smarandache curves in the space E}. For example, they obtained another orthonormal
frame [17]. In the light of the reference [17], Ali adapted Smarandache curve to regular curves in
the E3 [2]. Ergiit et al. defined the isotropic types of Smarandache curves. Then they examined
these kinds of isotropic Smarandache curves according to the Cartan frame in the complex 4-space
[6]. By using the Darboux frame, Bektag and Yiice obtained the results about Smarandache curves
[4]. In another study, they studied the spatial quaternionic curve and the relationship between
Frenet frames of the involute curve of the spatial quaternionic curve which are expressed by using
the angle between the Darboux vector and binormal vector [15]. Senyurt et al. used special curves
as a base to create Smarandache curves, and then studied their geometric properties [12-14]. Al-
Dayal and Solouma study some properties of spacelike Smarandache curves regarding Bishop frame
of a spacelike curve in Minkowski 3-space [1]. There are many studies about Smarandache curves
[9, 11, 16]

Huygens discovered an involute-evolute curve while trying to build a more accurate clock.

The involute of a curve is a well-known concept in the Euclidean space [7, 8, 10]. The involute-
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evolute curve has attracted mathematicians’ attention. In [5], authors found the relationships
between the Frenet frames of the timelike curve and the spacelike involute curve. In another study,
Bishop curvatures of the involute-evolute curve were examined and some important results were
found [3].

In this paper, the invariants of the Smarandache curves, which consist of Frenet vectors of
the involute curve, are calculated in terms of the evolute curve.

The inner product can be given by

(,)=a%+a5+a3,

where (x1,%2,73) € E3. Let o : I — E® be a unit speed curve with the moving Frenet frame
{Vi(s),Va(s),V5(s)} the moving Frenet frame. For an arbitrary curve o € E3, with first and

second curvature k; and ko, respectively, the Frenet formulas are given by [7]

Vi'(s) = k1(s)Va(s),
V2'(s) = =k1(s)Vi(s) + ka(s) Vs (s),
V3'(8) = —ka(s)Va(s).

For any unit speed curve a: I - E?, the vector W is called Darboux vector defined by
W= ]CQVl + kl‘/g

If we consider the normalization of the Darboux vector C = H—MW, we have

sing = ﬂ cos @ = il
Wi’ W

and
C =sin@V; + cos @Vs,

where (W, V3) =@.

Theorem 1.1 [10] Let the Frenet frames of « and oF be {Vi(s),Va(s),Vs(s)} and
{Vi*(s), V2" (s), V3" (s)} respectively. The relations between the Frenet frames are as follows;
Vi'(s) = Va(s),

V2" (s) = —cos@Vi(s) +sin@Vs(s), (1)
V3*(s) =sin@Vi(s) + cos aV3(s).

Definition 1.2 [7] Let unit speed reqular curve o: I - E3 and o : I - E? be given. For all sel,
the curve a* is called the involute of the curve « if the tangent at the point a(s) to the curve «

passes through the tangent at the point a*(s) to the curve o* and (V1(s),V1*(s)) =0. The curve

« 15 called the evolute curve.
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Theorem 1.3 [7] The distance between corresponding points of the evolute-involute curve in E?

is, for all sel
d(a(s),a*(s)) =le— s,

where ¢ is a constant.

Theorem 1.4 [10] Let (a,a*) be a evolute-involute curves in E3. For the curvatures and the

torsions of the evolute-involute curve (o, ) we have

\VJ k‘12 + ]{122

k¥ =
! (c—s8)ky

,A=c— s,

. kiks' = k1'ky
5" = .

(C - S)kl(klz + k22)

2. Smarandache Curves of Involute-Evolute Curve Couple According to Frenet Frame

In this subsection, special Smarandache curves belonging to involute curves such as Vi*V5",
Vo V3™, Vi*Vs* and V"V Vs* drawn by Frenet frame are defined. Curvatures and torsions of

involute curves are expressed depending upon the evolute curve and some related results are given.

Definition 2.1 Let (a,a*) be a evolute-involute curves in E®. Vi*Va* - Smarandache curve can
be defined by
1

V2

If equation (1) is taken into account, the above expression is

ﬂl(s) = (V1*+V2*).

—cos@Vi + Vo +singVs

ﬁl(s) = \/§

Theorem 2.2 Frenet vectors of Smarandache curve By are given as follows;

(@'sin@ — k1) Vi = |[W|Va + (2" cos @ + k2) V3
T, = 5 ) (3)
@' +2|W|>2

n V1 +wa Vo + w3 Vs
Nﬁ _ wi1Vi twaVa +wWsVs

1 — — — )
\/w12 +w22 +W32

(—HW”LJg - (@’ cos g + ]fg)(ﬁg)‘/l + (ajl(@, cosg + k‘g) —CJ3(®, sing@ — kl))‘/g
V(22 +2|W2) (@) + W +w3)

1

. (dg(@'sing - k‘1) + Wi HW”)V3 .
V(@ +2|W2) (@) + @y + ws)
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Here, the coefficients are
w1 = (2" sing+ @' cos @ — k' + by [W])\/ 22 + 2| W2
~(ofsing - k) (VI T AW |
G = WP - W1+ 210 + (W] (o7 + 2IW )
W3 = (2" cos@ - @' sin@ + ko' — ko |[W|)\/ @2 + 2| W |2

(& cos @ + k) (VT +2[WIE) .

Proof The derivative of the equation (2) is

g =T dsp, _ (&'sing — k1)Vi = [W|[Va + (&' cos @ + ko) V3
1 B1 ds \/5

By taking the norm of the above equation, we can write

dss, |27 +2[W|?
ds 2

If necessary operations are taken, the tangent vector is

(2'sin@ — k1)Vi = |[W|Va + (&' cos @ + k2) V3

Vo't + 2| W2

TBI (5) = <4)
In the light of the pieces of information, the principal normal and the binormal vectors are
respectively given by

w1 Vi + w2V + w3V

No = -2, -2, -2
w1+ w2 + w3

(—HW”LJ;), - (@’ COsSJ + kQ)LJQ)Vl + (uﬁ(@l Ccos J + kg) —CJ3(®, sin@ — k‘l))‘/g
V(@ + 2| W2) (@) + s +w3)

. (w2(@'sin@ - k1) +wi [W]) Vs
V(@ +2|W[2) (w1 +ws +ws)
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Theorem 2.3 Curvature and torsion belonging to Smarandache curve By are, respectively

2
kig Ls ((@"sin®+®’2cos®—k1'+k1\|WH) @'% + 2| W2
' (2% +2|W[?)>
]
~(@'sing- k) (Vo 2 W2) )+ (W1 - W 2w
r 2
4wvvn(\/@ﬂ-+zanw) ) + (2" cos @~ sing + k'~ ko[ W)
1
r.2\?2
\/@’2+2HW\|2—(@'cos®+k2).(\/®’2+2\|W||2) ) ) :
V2[i(2" sing + 30'0" cos @ - &' sing ~ ky" + ky |W || + 2k, [ W
ki [W2) + (@ | W = kika = koko' + [W2 = 2| W[ [W] + [W|")
+173(2" cos @ - 30’ 2" sin@ — &> cos @ + ko' — ko' |[W | = 2k [ W' - kQHW“2):|
k ;
25 512 + 522 + I/E),2
where

7=~ [W(2" cosz - & sing + ks’ ~ ko[ W) + (|W[2 + [W|')(& cos B + k»),
7 = (& cos@ + k) (2" sin@ + @ cos @ — ki + ki|W|) - (2" sin@ - k1) (2" cos @

—g?sing + ko' — ko |[W]),

3= (@' sing — k) (= |[W|* = [W]") + |W|(2" sine + @ cos - ki’ + ki |W]).

Proof The first curvature is

kg, = T3, I
Taking the derivative of the equation (4), we obtain

wi V1 +waVa +w3Vs
(2% +2|W|2)2

T4, (5) = V2

If the expression (6) is written in (5), the first curvature is

- 2 5.2 5.2
Vwie +we® +ws
kig, = |T4, || = V2

(2 +2|W|?)3

If the coefficients are written instead, the desired result is obtained.

To calculate the torsion of the curve 3y, we differentiate



Selin Sivas, Siileyman Senyurt, Abdussamet Caligkan / FCMS

"o @( [ ) W2 (ks = ki kp)?
1 (c=9)k1)  (c-s)2ki®  (c-9)hk2[W]*

r_ / r_ ’ , 2
csing( W1 b Gk kaka))))vﬁ( W

(c—5)2k 2 |W 4 (c=s)ki|[W|? (c—5)2k,>

& ) sin ( Wi ),‘ W12 (kike' = ko)
+(<c—s>k1 )V( Q( (c=9)kr)  (e=sks®  (c=9)k” [ W

/ / / / !
+COS®( W (k1ks' - krk2) +((k1k:2 ey kg)) ))V3

(c= )2k W4 (c=s)ka|[W]?
and thus
(=1 cos@ +n3sin@) Vi +m Vo + (Mo sin@ + 173 cos @) Vs
1 = 9
V2
where

M =2"sing+30'0" cos@ - @' sing - k" + k' |[W| + 2k [W | + ke [W] 2,
_ 2
=@ |W| - kiky' = kaks + [WI° = 2|W W]+ [W]",

i = @" cos @ - 302" sin@ - &' cos @ + ky" — k' |[W | = 2k [ W] = ko |[W .
The torsion is then given by

L det(B1.BY. )
R TN

\/5[171(®’" sing + 300" cos@ - @' sing — k" + k' |W| + 2k, [W’
+hr [W2) + (@2 |W | = kika = koks' + |W|? = 2| W] [ W]’
W) + v3(2" cos @ - 3072" sin@ — @ cos @ + ks" — k' |[W||

2 | W~ ko | W)

kog, =
& 12+ 1752 + 32
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Definition 2.4 Let (a,a*) be a evolute-involute curves in E3. Vo*Vs* - Smarandache curve can
be defined by
1

Pa(s) = \/i(Vz* +V5").

If equation (1) is taken into account, the above expression is

(sin@ — cos@)V; + (sin@ + cos @) V3

Ba(s) = 7

Theorem 2.5 The Frenet invariants of the Ba curve are given as follows;

(&' cos @+ @' sin@) Vi — |W||Va + (' cos @ — @' sin @) V3

Ts, =
’ 202 + [ W2 ’
GVi+QVa+GVs
N, = /=2, -2, —2
G1” G2 +¢3
By, - —HWHq},—(@’cos@—@’sin@)(gv

V27 + [W]2(a% + &%+ G2)

. (&' cos @ - @' sin@)$ — (&' cos @ + &' sin @)z

Va
V20 + [W]2(a2% + @2+ G?)

. [Wé + (@' cos@ + @' sin@)&

39
V20 + [W]2(a% + @2+ G2)

V2

kig, = (2/2|VV|2)3(((Q"COS@—®’2sin®+®”sin®+®'2cos®
g+ 2

N
kW20 + W2 - (\/2®’2+ IW[?) ) (& cose

+@'sin@) + ((IWI@' —[WiNV2e? + W2+ W]

"2
( 2@’2+|W|2)) +((cos@(@"—@'Q)—sin@(@"+®'2)—k2||WH)

N

.2
\/2®’2+HWHQ—(@'COSQ—@'sin@)( 2@'2+\|wn2) ) ) ,
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\/i[hl(g"’ cos@ - 30’ sin @ — @' cos @ + 2" sin @ + 302" cos @
~@"sing + k| W + 2k [W|' — ka2’ |[W]) + ha(22" |[W | + 22 |W|
+H W3+ [W|'e" = [W|") + hs(2" cos @ - 30" 2" sin @ — 2" cos @
~" sin@ - 302" cos @ + @' sin@ — ko' |[W || - 2k | W’ + ko' W)

;
h12 + h22 + h32

k2g,

where

G =(2"coso -2 sing+ 2" sing+ 2" cos @ + ky |[W|)\/2272 + |W |2
!
—(@' cos@ + @' sin @) (\/2@’2 + ||WH2) )
4
&= (IWle! - IWI/20 < W + 1) (/227 < [W2) |
G = (2" cosg -2 sing - @ sing - @' cos @ - ky|[W|)\/20'% + |[W|2

!
—(&' cos @ - &' sin @) (\/2@’2 + ||WH2) .

hy = —|W[(2" coso -2 sing - @" sing - &' cos @ — ko |[W])
-(@'cos@ - a'sinz) (W2’ - [W]'),
hy = (2 cos@ - &' sin@) (2" cos @ — @' sin@ + @ sin@ + &' cos @ + ky [W])),
(' cos @+ &' sin@) (2" cos@ - @' sin@ - @ sin@ - &' cos @ — ko |[W])
hs = [W|(2" cos@ - 2" sing + @ sing + @ cos @ + ky |[W])

+(@' cos@ + @' sin@) (|W|a' - |[W]')-

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O
Definition 2.6 Let (a,a*) be a evolute-involute curves in E®. Vi*V3* - Smarandache curve can
be defined by

B3(s) = %(Vl* +V3").

If equation (1) is taken into account, the above expression is

_sin@Vj + V5 + cos oV

Ba(s) = NG
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Theorem 2.7 The Frenet invariants of the B3 curve are given as follows;

(@’COS@ - k’l)‘/l + (—@l sin@ + k’g)Vg

Tsy = >
Vo't =20 |W |+ [W]2
01 Vi +03Vo +03V3
Nos = ~2 .2, ~2
01 +01° + 03
B [(QISiHQ - k2)62]V1 + [(@l sin@ — k2)61 - (@’ Ccos & — ]ﬂl)&g]%
Bz =

V(012 +01% +032) (2% - 20/ |W | + [W]?)

[(2' cos@ - k1)02]V3
V(a2 +01%+032) (27 - 20/ |[W| + |[W]2)

V2 2
k1. @' cos@ - @' sing - k' )\ 2% - 20 |W | + |[W ]2
R P emETT T Tmr MV W +1w]
2
(@ cosz - k1) (27 ~ 20 [ W]+ [W]?)') + (@ W] - W22
(27 =20 |W| + |[W]?) + ((—@”sin@ — "% cosD + kg')\/®’2 — 20! |[W | + |[W2
1
A 2 2
—(—@’sin®+k2)(\/®’2—QQ’HWH+||WH2)) ) ,
\/5[(@'”005@- 300" sing - @' cos @ — k" — k1@ | W] + k| W(2)p
"W = kiki” = koko" + " |W [ + 2| W] = 2|W [ [W]")p
+(-2"sin@ - 30’0 cos @ + @ sing + ko + ko |W | - ko |W(2)ps
k2, 512 4 92 4+ pal )
p1~ +tp2” +p3
where

01 = (2" cos@ - sing - kll)\/®’2 =20/ |W| + |W|?

—(2' cos @ — kl)(\/Q’Q -20'|W| + HWHQ),a

@ W] - [W]*)\ 27 - 227 | W + [ W2,

02

(-2"sing - @' cos@ + kg')\/®’2 =20 |W || + |W|?

03

~(~2'sing + k) (V&? — 22 [W] + [W]2)’;
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1= (2'sing — ko) (&' [W] - [W]?),
P = (&' sing - k) (2" cos @ - @' sing — k') — (& cos @ — ky)

(~2" sing - @"* cos @ + ky'),

Ps = (&' cos @ = k1 )(&'|W] - [W]?).

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O

Definition 2.8 Let (a,a*) be a evolute-involute curves in E3. Vi*Vo*Va* - Smarandache curve

can be defined by

1

54(8) = \/g

(F+ Vo™ + V3™).

If equation (1) is taken into account, the above expression is

(sin@ - cos @)V + Vo + (cos @ + sin @) V3

Ba(s) = 7

Theorem 2.9 The Frenet invariants of the B4 curve are given as follows;

T (Q'cos@ +@'sing - k‘l)Vl —[W Vs + (Q’COSQ— o' sin @ + kg)Vg
Bs = ,
V22 - |W+ W)

Vi +g2Va+g3Vs

G2+ a2+ gs?

B ( ~[W|gs - (& cos@ - &' sin@ + k) i )V
B = 1
’ V22 -2 [W +[W][2)(6:% + 322 + g5°)

((Q' cos@— @' sing + kg)g’l - (@’COSQ +@'sing - k‘l)g}, )V
2
V2(2” - [W] + [W[2)(g:2 + 522 + g52)

( W g1 + (&' cos@ + &' sin@ — k1 ) o )V
+ 3
V22" - [W] + [W[2) (42 + 522 + g52)
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V3
2((2 - 22/ |W| + [W2)?)

(((Q"cos@ -2 sing + 2" cos@ + & cos @ - ki’

I\ 2
k[ WI 2 -2 |W ]+ W2 - (Ve -/ [W] + [W]2) ) (2 cos o

2 sing - k) + ((|W]e' - [W]? - [WIe? -2 W]+ [W]2

\2
+HW\|(\/®’2 - |W| + HWHQ) ) + ((Q"cos@—@'2 sing - " sing - @' cos @

’ 2
k'~ kW22~ | W[+ W2 - (Vo -] + [w]))

2
(@' cosg - sing + kg)) ,

\/§[(®"' cos@ - 302" sing - @' cos@ + " sin @ + 30’ D" cos B - B sin @ - ky”
7 2

(W + 2k [ W' = k@ [W ] + K [W[?) o+ (2" | W] + & |W ] [W?

~kiky = koo + & W+ & |W = 2|W W]~ [W]") f2 + (2" cos @

-30'2" sing - @'° cos @ - @ sin @ - 30’2 cos @ - @ sin@ + ko' — ko' |[W||

=2 [W' + ko' | W = ks | W[2) s |

f12 +f22 +f32

g1 = (2" cos g - @?sing + " cos@ + @ cos @ — ky' + ki |[W])

/
)

NG W[+ W2 - (& cosg +2'sinz - k) (V& - ' [W[ + W)

G = (IW]2' - [W? - [WI')W 22 -2/ [W] + [W]2

4
)

HwI(Ve? - W]+ W[?)

Gz = (2" cos @ - @?sing - @ sin@ - @ cos@ + ky' — ka|[W])

VB =& [W]+ W2 - (&' cos g -2 sinz + k>) (V& -2/ [W] + [W]?);
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fi==|W|(&" cos @ - @sing - & sin@ - @ cos @ + ky' — ka|W|) - (2" cos @
2" sing - @ sin@ - @' cos @ + ky' — ko |[W|) (@' cos@ — &' sin@ + k),
fo=(2'(cos @ —sin@) + k2) (20" cos @ — & (sin @ — cos @) — ki’ + k1 |[W]),
(2 (cos @ +sin@) — k1) (cos @(&" - @) —sin@(@” + &?) + ky' - ko |[W])
fs= (@' cos@ + @' sing - k1) (|[W]a' - |[W]* - [W]")

+|[W (2" cos@ - @ sin@ + @ cos@ + &% cos @ — k' + k1 |[W]).

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O

3. Examples

Example 3.1 Let us consider the unit speed heliz curve and involute curve:

a(s) = (3005(%) ,3sin(§) , %),

a*(s) = (—*SIH(S)C+§Sin(§)8+3COS(§)7§COS(§)C—§COS(E)S+3Sin(§),%)-
5 5 5 5/ 5 5 5 5 5/ 5

The Smarandache curves, which consist of Frenet vectors of the involute curve, are, respectively,

giwen as follows;

e (5) () 55

£ty
es(2) 255
V2

2

;fcos(é)’fz Sm(é)’;of)’ . .
2 . (s S 2 s 2 . (s\ 1092

TSIH( ) 7008( ), cos( )— ( ), )

-— ——sin
2 50

5

5

5

(

) - (n()
(
(

2
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Figure 1: The black curve is the involute curve of the curve a (c¢=1). The blue, red, brown
and purple curves are Smarandache curves, which consist of Frenet vectors of the involute curve,
respectively

Example 3.2 Let us consider the unit speed curve and involute curve:

a(s):((1+8)g (1-5)2 8\/5)
3 7 3 2 )

cx/1+s_sx/1+s+ (1+5)3 _C\/1—$+S\/1—S+ (1-5)2 cﬁ)

O‘(S):( 2 2 3 2 2 3 2

The Smarandache curves, which consist of Frenet vectors of the involute curve, are, respectively,

gwen as follows;

ﬂl(s) _ [ =/1+s + Vi1-s

2 2 7 2
ﬂQ(S): - 21+S’ 1278372),
ﬂ?}(s) = 12_87 12+S7§ )
_ (=1 1-s /1- 1 V2
134(8)— 2+s+ 257 23+ 2+s,7).

Figure 2: The black curve is the involute curve of the curve a (¢=1). The green, orange, turquoise
and purple curves are Smarandache curves, which consist of Frenet vectors of the involute curve,
respectively
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4. Conclusion

We examined the Smarandache curves formed by the Frenet vectors of the involute curve. Then
curvatures and torsions of Smarandache curves are calculated. These invariants (Frenet vectors
and curvatures) which depend on the evolute curve are explained. Besides, we illustrate the

Smarandache curves formed by taking the helix curve.
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Abstract: This paper presents some important classes of the continuous functions defined from the set of
real numbers to the space of complex intervals. These function spaces have an algebraic structure named
as a quasilinear space which is suggested by Aseev in 1986. In this work, we analysis the quasilinear
structure on the classes of the continuous and complex interval-valued functions. Further, we show that

these spaces are the normed ()-spaces. Finally, we examine the dimension of these function spaces.

Keywords: Normed quasilinear space, complex interval, continuous function, dimension of a quasilinear
space.

1. Introduction

As is known the Fourier transform is the main building block of many application areas, especially
in the electrical engineering. This transform that is used for analyzing the signals in the frekans
domain has a wide range of applications in the digital signal processing.

Many real world problems may contain uncertainties due to environmental factors, especially
in signal processing [7-9, 14]. Such problems are modelled with intervals. For this reason there has
been increasing interest in interval-valued functions [1, 2, 4]. We need the space of the continuous
functions defined from R to the set of complex intervals to analyzes the signals with inexact data.

An interval z is the compact-convex subset of real numbers and x is denoted by = = [z, T]
where z and T are the left and right endpoints of x, respectively [13]. Further, if z = Z, then
we say that x is a degenerate interval and it can be shown by {z} or [z,z]. The set of all real
intervals is denoted by Iy.

To get a comprehensive and healthy interval-valued signal processing we need the notion of

the complex interval. Therefore, we defined the space I¢ which is the set of all complex intervals

*Correspondence: halisebanazili44@gmail.com
2020 AMS Mathematics Subject Classification: 32A70, 46C50, 47TH04, 54C60, 65G40.
This Research Article is licensed under a Creative Commons Attribution 4.0 International License.
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n [11]. A complex interval is defined by
u= [ur, T] + i [us, 7]

where [&, 1TT] and [%, szs] are real intervals and ¢ = y/—1 is the complex unit. [%, 1TT] and

[us, Us] are called real and imaginary part of u, respectively. Unfortunately, both Ig and I¢ have
an algebraic structure which is not linear space which is called as a “quasilinear space”by Aseev
in 1986 (for details, see [3]). The most popular examples are Q(FE) and Q¢ (E) which are defined
as the sets of all nonempty closed bounded and nonempty convex closed bounded subsets of any
normed linear space E, respectively. Both are a quasilinear space with the inclusion relation “C”,

the algebraic sum operation

A+B={a+b:a€ A, be B},
where the closure is taken on the norm topology of E. The real-scalar multiplication

M ={Xa:a€ A}.

Especially, Irg is a quasilinear space with the Minkowski sum and scalar multiplication

operations are defined by
r4+y=[z,7]+ [y.7] =z +y,T+7

and

z,y € Ig and A € R, respectively.

The Minkowski sum and scalar multiplication on ¢ are defined by

utv = [ur, 0] +i [us, T + [or, 7] +1 [vs, 53]
= [ty + 00, Uy + 0] + i [us + v, Us + 5]

={a+ib:a€ [u+v, U +7], b€ [us+ v, + 05 }

and
A=\ g, ]+ (N [ug, T5))

= {/\a—l—i)\b ta € [&,Uj] , be @,uﬁ]}
on I, where ¢ = v/—1 and A € C. Further, the relation

w20l [up, ] C [or,T7] and [us, @] € [vs, 5]
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is a partial order relation on I¢. Thus, I¢ is a quasilinear space.

This article is organized as follows: In Section 2, we present some definitions and theorems
with respect to the normed quasilinear spaces. In Section 3, we introduce some the classes of the
continuous complex interval-valued functions defined from R to I¢. Further, we prove that these

function spaces are the consolidate spaces and we investigate the dimensions of these spaces.

2. Preliminaries

We will start by giving some main definitions and notions.

Suppose that X is a quasilinear space and Y C X. Then Y is called a subspace of X
whenever Y is a quasilinear space with the same partial order and the restriction to Y of the
operations on X. Y is subspace of a quasilinear space X if and only if for every z,y € Y and
a, B €K, ar+ By € Y. Proof of this theorem is quite similar to its classical linear space analogue.
Let Y be a subspace of a quasilinear space X and suppose each element = in Y has an inverse in
Y. Then the partial order on Y is determined by the equality. In this case, Y is a linear subspace
of X [16].

An element x in a quasilinear space X is said to be symmetric if —x = x and Xy, denotes
the set of all symmetric elements. Also, X, stands for the set of all regular elements of X while
X, stands for the sets of all singular elements and zero in X . Further, it can be easily shown that
Xr, Xsym and X, are subspaces of X. They are called regular, symmetric and singular subspaces
of X, respectively. Furthermore, it isn’t hard to prove that summation of a regular element with
a singular element is a singular element and the regular subspace of X is a linear space while the
singular one is nonlinear at all. Further, I¢ is a closed subspace of Q(C) [6].

A real-valued function .|| on the quasilinear space X is called a norm if the following

conditions hold;

lz]| > 0if 2 #£ 0, (1)

lz+yll < ll=ll + llyll, (2)

ozl = lal =], (3)

if # <y, then =[] <y, (4)

if for any € > 0 there exists an element z. € X such that (5)

x 2 y+az.and |z:| <e, then x <y,

here z,y,x. are arbitrary element in X and « is any scalar. A quasilinear space X with a norm

defined on it, is called normed quasilinear space [3].
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For a normed linear space E, a norm on (FE) is defined by
[Allg = sup llal|g -
acA

Hence Q¢ (F) and Q(E) are normed quasilinear spaces. A norm on I is defined by

[l = Iz, 7]l = sup [t

€lz,T]

Moreover, I¢ is a normed quasilinear space with the norm

X[y, = sup {lz| : z € X}

sup{la+ib| : a € [x,,T7] b € [24, T4}

for X = [@, 7] +i [2s,75] [15],

Now we will give the notion of consolidate quasilinear space defined in [15]. Thanks to this
definition, we were able to give a representation to every element in a quasilinear space and we

were able to define an inner-product quasilinear space.

Definition 2.1 [15] Let X be a quasilinear space and y € X. The floor of y is the set of
all regular elements y of X such that © =< y. It is denoted by FyX and FyX C X. Hence

Ff={zeX,:x=y}

For example, [3,7] is an element of (Ir), and hence of Iz since (Ir), C Ig. The floor of

(3,7] in (Ig), is empty set, that is,
In),
Fior ={ze(r),), 2 CB3 7} ={re{0}:aC 3,7} =0
since ((Ir),), = {0} . But, the floor of [3,7] in Iy is
F[]gﬁﬂ ={ze(r),: 2 C[3,7]} =[3,7]
since (Ig), =R.
Definition 2.2 [15] A quasilinear space X is called consolidate or Solid-Floored whenever

sup{z € X, :x Sy} = supF?;X
= =

exists and

y=sup{z € X, : z <y}
=

for each y € X. Otherwise, X is called a nonconsolidate QLS, or briefly, a nc-QLS.
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From above example immediately we can see that Ir is consolidate while (Ir), is not.

Analogous results are also true for the spaces I¢ and (Ic), .

3. Main Results

In this section, we present some important class of the continuous functions defined from R to I¢

and we show that these sets are the normed quasilinear spaces.

Definition 3.1 The support of the set-valued function F : R — lc is the smallest closed set

outside which the function is equal to zero:

suppF = {x € R: F(x) # {0}}.

If suppF is a bounded set, then we say that F' has compact support.

Definition 3.2 (Classes of Continuous Set-Valued Functions) Consider a set-valued function

F:R— I[([j.
(i) The set C.(R,I¢) consists of all continuous set-valued functions having compact support:

C.(R,Ig) ={F :R = 1I¢ | F is continuous and has compact support }.

(ii) The set Co(R,I¢) consists of all continuous set-valued functions that F(x) — {0} with respect

to Hausdorff metric on I¢ as v — +o0:

Co(R,Ic) ={F :R = I¢ | F is continuous and F(z) — {0} as x — too}.
Example 3.3 Consider the complex interval-valued functions F,G : R — I¢ given by

F(t)—{ {i} , forte]0,1];

{0} otherwise
and
co={ 5
respectively. Since F and G are continuous and suppF = [0,1], suppG = [—1,1] we say that

F,G € C.(R,I¢). In fact, F is a regular element of C.(R,Ic) while G is a singular element of
C.(R,1¢).

Theorem 3.4 Cy(R,I¢) is a quasilinear space with the operations of algebraic sum, multiplication

by complexr numbers and partial order relation are defined as follows;

(I + F2)(z) = Fi(z) + Fa(x),
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(aF) = aF ()

and

F g Fy & Fi(x) C Fy(x) for any x € R.

Proof Verification of first five axioms to be a quasilinear space is to straighforward. Further,
the function F = {0} is the identity element of the addition. Obviously, 1.F' = F and 0.F =0,
for 1,0 € C and F € Cy(R,I¢), easily see that a(BF) = (af)F and o(F + G) = oF + oG for
a,f €C and F,G € Cp(R,1¢). For any = € R,

((a+ B)F)(z) = (a+ B)F(z) C aF(z) + BF(z) = (aF)(z) + (BF)(z)

and so (a+ B)F g aF + fF. If Fy < F5 and F3 < Fy, then Fi(x) < Fy(x) and Fs(z) < Fy(x)
for any x € R. Since Fi(z), Fa(z), F3(x), Fy(x) € Ic, we write Fy(z) + F5(z) < Fa(z) + Fy(x).
This means F; + F3 < F» + Fy. Suppose that Fy < F». Then aF(z) < aFy(z) for any x € R,

a € C since I¢ is a quasilinear space. Thus, we have aF) < aFs. O

Lemma 3.5 C.(R,I¢) is a subspace of the quasilinear space Co(R,I¢).

Proof It is not hard to see that C.(R,Ic) C Cop(R,Ic). Suppose that A, Ay € C and
F,G € C.(R,I¢). Let us take an arbitrary y € A = {z € R : \M{F(z) + \2G(x) # 0}. Then
we say that A\ F(y) + A2G(y) # 0. In this case it is either \{F(y) # 0 or A\oG(y) # 0. If
MF(y) #0, then y € B={z € R: F(z) # 0}. This means A C B. Thus,

A = supp(M F + X\2G) C B = suppF.

Further, there exists at least an interval [a,b] such that suppF C [a,b] since F € C.(R,I¢).
Consequently, we say that supp (A1 F+X2G) C [a,b] and so M F+XG € C.(R,1¢). If A2G(y) #0,
then the proof is similar. Now suppose that both A1 F(y) # 0 and A2G(y) # 0 are satisfied. Then

we have that
{zeR: MF(2)+ XG(x)£A0} C{zeR: F(z) A0} N{z eR: G(z) # 0}

since y € {& € R : A\ F(z) + \aG(x) # 0}. This implies A C B. Because of the fact that
A C B we write A =supp (M F + X\oG) C B =suppF. Thus, supp (A F + X\2G) is bounded and
MF + G € C.(R,Ig). O

Theorem 3.6 The expression

1F] oo = max || ()l

defines a norm on Co(R,I¢) and this space is a normed quasilinear space.
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Proof It is obvious that the above equality is well-defined. It can be shown similarly to the
classical analysis that the first three conditions of norm are satisfied. Let us only verify the last
two conditions. Let F; and F5 be arbitrary elements of Cy(R,I¢). If Fy < Fy, then Fi(z) =% Fy(x)

for every z € R. This implies [[Fi(2)ll;. < [[F2(2)[l,. and so [Fi]l, = maD%(HFl(x)HH” <

max [ F2(@)[l, = |I#2]|, - For the last condition of the norm, let € > 0 be arbitrary and there

rEe

exists an element F. € Co(R,Ic) such that F < G + F. and ||F.| = maﬂgHFE(aB)HHC <e. By
e

the assumption, we write that F(r) < G(z) + F.(z) and |[F.(2)[;, <e. By the last condition of

norm on I¢ we say that F(z) < G(z) for every z € R. Thus, we obtain that F' < G. O

Now we will show that C.(R,I¢) and Cy(R,I¢) are consolidate spaces. Thus, we can give

a representation to every element in these spaces.

Lemma 3.7 C.(R,I¢) and Co(R,I¢c) are the consolidate quasilinear spaces.

Proof We will give only the proof for the space C.(R,I¢) since a similar proof can be made for
Co(R,I¢). Let us take an arbitrary g € C.(R,I¢). Because of the fact that I¢ is consolidate, we

write for t € R

sgp{x € (Ig)r:x=xG(t)} = sgp Fé?(t) = G(t) = [Gr(t), Gr(t)] + i[Gs(t), Gs(t)]-

Now let us choose an element {x¢g, )} +i{zq, @)} € Ic for each ¢ € R such that let be

{za.)} +i{za,m} 2 [Gr(t), G ()] +i[Gs(1), G (1)) (6)

Consider the function h: R — (I¢), given by

h(t) = {za, )} +H{ra, v} (7)

where {z¢g, 1)} +i{zc, (1)} is the regular element of I¢ that satisfies the condition (6). Now we

will prove that sup FgC(R’HC) =G, ie.,

sup{h € C.(R,I¢c), : h(t) < G(t),Vt € R}.

First we have h < G since h(t) = {vq, @} + i{rq, )} = G(t). This means Fgc(R’HC) #+ 7.

Further, the set FgC(R’HC) is the upper bounded since h < G for h € FgC(R’HC). Suppose that
the function F' is another upper bound of the set FgC(R’HC). Now let us assume that G £ F.

Then there exists an element ¢y € R such that G(tg) A F(to). This implies that it is either
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(G (t0), Gr(to)] € [Fr(to), Fr(to)] or [Gs(to), Gs(to)] € [Fslto), Fis(to)]. If [Gr(to), Gr(to)] €

2
3
—~

o~
(=)
—

[Fy-(to), F;-(to)], then there exists the singleton {z¢, ()} such that {zq, )} € [Gr(to)

while {z¢, 1,)} € [Fr(to), Fr(to)]. Further, we have that {r¢ )} + i{zc. )} = G(to) and

{zc, )} + i{zc. o)} £ F(to). Thus, we write that h(tg) = G(to) while h(tg) £ F(to) for the

function h defined in (7). Therefore, h £ F. This is a contradiction. If [G,(to), Gs(to)] &

[Fs(to), Fs(to)], then the proof is given in a similar way. Consequently, the proof is complete. O

Now we will examine the dimension of the quasilinear spaces C.(R,I¢) and Cy(R,I¢). For
this purpose, firstly let us give some algebraic definitions in a quasilinear space (for details, see
[5]). Let X be a quasilinear space and {x;}}_, be a subset of X, where n is a positive integer.

A (linear) combination of the set {z)}7_; is an element z of X in the form
a1 + @y + ... + apT, = 2,

where the coefficients aq, as, ..., o, are real scalars. On the other hand, a quasilinear combination

of the set {xy}7_, is an element z € X such that
a1x1 + s + ... +apx, X2

for some real scalars a1, as, ..., a, . Hence,the quasilinear combination, briefly gl-combination, is
defined by the partial order relation on X. Further, for any nonempty subset A of a quasilinear

space X, span of A is given by following known definition

n
SpA = {Z QTR T1,T2, .., Ty € A, a1,02,...,an, € R, n € N}
k=1

However, QspA, the quasispan (g-span, for short) of A, is defined by the set of all possible

quasilinear combinations of A, that is,

n
QspA={zx e X: Zakxk 2T, T1,T2, ..., Ty € A, a1,0Q3,...,a, € R, n €N}
k=1

A given set A = {x1,x2,...,2,} in a quasilinear space X is called quasilinear independent

(ql-independent, briefly) whenever the inequality
0 < A\x1+ Xoxo + ... + Ap2n (8)

holds if and only if Ay = Ag = ... = A\, = 0. Otherwise, A is called quasilinear dependent (ql-
dependent, briefly ). A gl-independent subset A of a quasilinear space X which g-spans X is called

a basis (or Hamel basis) for X .
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Let S be a gl-independent subset of a quasilinear space X. S is called mazimal gl-

independent subset of X whenever S is gl-independent, but any superset of S is ql-dependent.

Definition 3.8 [5] Regular (Singular) dimension of any quasilinear space X is the cardinality of
any mazimal gl-independent subsets of X, (Xs). If this number is finite then X is said to be finite
regular (singular)-dimensional, otherwise; is said to be infinite reqular (singular)-dimensional.
Regular dimension is denoted by r-dim X and singular dimension is denoted by s-dim X . If

r-dimX =a and s-dim X = b, then we say that X is an (a,,bs)-dimensional quasilinear space.

Using these information we can give the following theorem.

Theorem 3.9 The quasilinear spaces C.(R,I¢) and Co(R,Igc) are the (oo, 00s)-dimensional
spaces.

Proof Consider the functions x,, : R — I¢ given by

xn(t){ {t} , forte[-1,1];

{0} , otherwise

for n = 0,1,... and the set M = {xp,z1,...}. It is obvious that M is a subset of the regular
subspace of C.(R,I¢). Now we will prove that M is ql-independent. Let us take an arbitrary and

finite subset {xy,,zk,,..., Tk, } of M. Suppose that
Chy Thy + ClyThy + ... + Tk, =0

for ¢k, Ciyy .- Ck,, € C. Then we write

e {tF Y+ ep, {72} + 4o, {tP ) = {0}

and so cg, tF* + ¢, t*2 + ... + g, tF» = 0. This implies that ¢, = ¢, = ... = ¢, = 0. Thus, we
say that r-dim C.(R,I¢) = co. Further, s-dim C.(R,I¢) = oo since C.(R,I¢) is a consolidate
quasilinear space. Furthermore, we can say that r-dim Cy(R,I¢) = s — dim Cp(R, I¢) = 0 since

Co(R,I¢) is a subspace of C.(R,I¢). ]
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